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Introduction

Though the actuary of the 20th century used to model the lifespan of an insured
stochastically, he usually relied on a deterministic prognosis of interest rates and
mortality probabilities, denoted as ’actuarial assumptions’ or ’technical basis’. The
past has shown that these assumptions can vary significantly within a contract period.
Especially in recent years financial markets have experienced increased volatility, and
life expectancies have risen in many developed countries with an unforeseen rate.
As changes of the technical basis can have a crucial effect on profits and losses, the
actuary of the 21st century is well advised to pay attention to the financial and the
systematic biometrical risk, in particular the longevity risk. This need is also reflected
in the International Financial Reporting Standard (IFRS) No. 4 of the International
Accounting Standards Board (TASB, 2004).

Already in 1905 Lidstone studied the effect of interest rate and mortality rate changes
on premium values. Since then his sensitivity analysis concept has been improved by
various authors leading to a number of insights. A younger and very capable approach
of sensitivity analysis in life insurance is to study partial derivatives with respect to
the parameters of the technical basis. Classically this works for (actuarial) functionals
with an infinite-dimensional domain. However, if one wants to employ that sensitivity
analysis concept for continuous time models where the technical basis parameters are
functions on the real line, some kind of generalized gradient for functionals on func-
tion spaces is needed. This paper presents a proper approach, which will turn out to
have some similarities to concepts of robust or nonparametric statistics. Applying the
generalized sensitivity analysis concept to typical life insurance contracts will show
that not only a change of interest rates but also of mortality or disability rates can
have a significant influence on profits or losses.

Though a sensitivity analysis is a helpful approach for studying risks, it does not
take into account the diversity of the volatilities of the technical basis parameters,
neither in respect it different rates (e.g., interest rate, mortality rate, etc.) nor in
respect to time (e.g., interest rate at different time points). For an exhaustive risk
study it is therefore inevitable to model the technical basis stochastically.

Regarding the financial risk, the thriving development of financial theory during
the last decades has inspired many actuaries to model capital profits in life insurances
stochastically, too. It proved to be fruitful to adopt techniques and insights of financial
mathematics for actuarial tasks such as valuation or pricing. Today the literature
offers quite a number of life insurance models with stochastic interest rates.

In contrast, the systematic biometrical risks were for a long time widely ignored.
Hoem (1988, p. 192), for example, recommended to cover the systematic mortality risk



8 Introduction

by a generous security loading on the interest rate. Lately, the unforeseen increase
of life expectancies directed the attention to the systematic mortality risk. In the
meantime, the literature offers several life insurance models with stochastic mortality
rates.

For quantifying and comparing the financial and biometrical risks, the overall un-
certainty of actuarial quantities such as present benefit/premium value has to be
decomposed with regard to its different sources. Though the literature offers sev-
eral approaches for studying financial and biometrical risks, it is up to now lacking
a concept that allows for (a) quantifying financial (interest rate) risk, unsystematic
biometrical risk, systematic mortality risk, systematic disability risk, et cetera simul-
taneously (b) with risk measures which are comparable to each other (c¢) for a wide
variety of life insurance contract types. This paper wants to fill that gap, presenting
some uncertainty analysis concept.

Applying that concept to typical life insurance contracts will show that even though
the financial (interest rate) risk is largely predominant over the systematic biometrical
risks, the latter are in many cases of significant size.

The structure of this paper is as follows:

After a short overview over the types of risk considered here, chapter 1 introduces
the life insurance model of Milbrodt and Helbig (1999), which is one of the most
general modeling frameworks of individual contracts in life insurance and includes
both discrete time and continuous time approaches. Section 1.3 expands this model
on a very general level to a stochastic technical basis, which will be further specified
in chapter 4. Section 1.4 addresses the task of decomposing the overall randomness
to its different sources.

Modeling the compounding factor and the transition probabilities as functions on
the real line, the prospective reserve and the premium level have as mappings of the
technical basis a function space as domain. For this reason it is not possible to perform
a classical sensitivity analysis on them by just calculating their partial derivatives.
Chapter 2 presents a new concept for a sensitivity analysis of functionals on specific
function spaces by introducing a kind of generalized gradient vector. The latter has
some similarities with concepts in robust statistics and nonparametric statistics; a
comparison is given in section 2.3.

Using the tools of chapter 2, chapter 3 performs a sensitivity analysis on the actuar-
ial functionals 'prospective reserve’ and 'premium level’ as mappings of the technical
basis. Several realistic examples in section 3.5 exemplify the capability of the intro-
duced concept. An empirical study of the basic life insurance contract types ’annuity
insurance’, 'pure endowment insurance’, temporary life insurance’, 'disability insur-
ance’, and their combinations yields valuable hints for risk management.

Based on the preliminary work of section 1.3, in chapter 4 the technical basis is
modeled stochastically by assuming that the interest rate and the transition inten-
sities are linear combinations of diffusion processes. Section 4.2 enhances the risk
decomposition of section 1.4, and allows one to separate the financial risk, the un-
systematic biometrical risk, and the systematic biometrical risks such as systematic
mortality risk or systematic disability risk. In section 4.3, the approach of section



4.2 is applied to examples of of typical life insurance contracts. An empirical study
leads to the following insights: Contrary to the statement of Hoem (1988, p. 192), the
systematic mortality risk can be of great importance, especially for temporary life in-
surances. For annuity insurances it plays a smaller role but is still not negligible. For
disability insurances the systematic disability risk is as well of significant size, having
about the same dimension as the financial risk. Further on typical combinations of
basic insurance contracts are studied with regard to lowering the technical basis risk.






1 Financial and biometrical risks in life
insurance

This chapter presents the modeling frameworks for the study of financial and biomet-
rical risks. After a short classification of risks in section 1.1, section 1.2 introduces
‘classical’ life insurance modeling, where the lifespan of an insured is stochastic but
interest rates and life tables are deterministic. Section 1.3 extends this classical model
in order to allow for a stochastic technical basis. This is done on a very general level,
including many models to be found in the literature. It will be further specified in
chapter 4. Section 1.4 addresses the task of identifying the contributions different risk
sources make to the overall risk.

1.1 Classification of risks

The modeling framework of section 1.3 will contain two sources of risk:

(a) A financial risk brought into the model by a stochastic compounding factor,
which is linked to the general economical situation. The term financial risk is
here synonymous to ’interest rate risk’.

(b) A biometrical risk brought into the model by a stochastic jump process, which
represents the biography of an individual insured.

Despite these two sources there are many other uncertainties an insurer is faced
with, for example, the regulatory policy or the administration costs. However, these
circumstances are not taken into consideration here.

Following Dahl (2004) and Cairns et al. (2005) the biometrical risk splits into

(bl) the unsystematic biometrical risk referring to the randomness of the biography
for given transition probabilities (random fluctuations around expected values),
and

(b2) the systematic biometrical risk referring to the uncertain future development of
the underlying transition probabilities (systematic deviations of observed values
from expected ones).

The distinction of unsystematic and systematic biometrical risk is convenient, since
the former is largely diversifiable under the usual assumption that the biographies of
different individuals in a portfolio are independent random variables, whereas the sys-
tematic biometrical risk is non-diversifiable. In contrast, a distinction of unsystematic
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and systematic financial risk is not implemented here as both are non-diversifiable.
The financial risk (a) and the systematic biometrical risk (b2) correspond to the un-
certainty of the technical basis, hence denote them summarized as technical basis
risk.

Some authors propose a more subtle risk classification, introducing an estimation
risk referring to misguided estimations caused by random fluctuations in the data
(cf. Farny (1995), section 1553). This kind of risk is disregarded here. Further note
that the unsystematic biometrical risk is here only studied for an individual contract
and not for a portfolio of contracts.

The aim of this paper is to quantify the risks (a), (bl), and (b2) and to compare
them with each other. ’Comparing of risks’ is a topic frequently met in actuarial
literature, but in many cases the intention differs from the approach presented here:
for example, Kaas et al. (2003, chapter 10) or Miiller and Stoyan (2002, chapter 8)
assume the different risks are available as separate random variables, and the task
is to find a stochastic order for comparing them. In contrast, the starting point is
here just one random variable — the present value of future payments (see (1.2.5) and
(1.3.7)) or functions of it — and the task is first of all to isolate the different risks from
this one quantity.

1.2 Life insurance model

In this section, ’classical’ life insurance modeling for individual contracts is intro-
duced, where classical means that the actuarial assumptions ’compounding factor’
and ’transition probabilities’ are deterministic.

The model presented here follows the outline of Milbrodt and Helbig (1999) and
differs from it mainly in postulating weaker requirements for the compounding fac-
tor. In contrast to a wide range of actuarial literature, the approach of Milbrodt and
Helbig combines continuous time and discrete time approaches.

Consider a life insurance policy whose random state shall be represented by a
Markovian jump process ((X;,2;)):>0 on a finite state space S. Denote by J C S xS
the set of possible direct transitions. With & being finite, there exists a transition
probability matriz p,

Pyz(8,t) = P(Xy = 2| X, =v), (y,2) eS8 s<t,

for which the Chapman-Kolmogorov equations hold (cf. Proposition 4.21 and Defini-
tion 4.18 in Milbrodt and Helbig (1999)). According to Milbrodt and Helbig (1999,
Definition 4.28), it corresponds to a so-called cumulative transition intensity matriz q
— but differing from them use a one parameter notation, ¢(t) := ¢(0,t). (The equation
q(s,t) := q(t) — q(s) translates the results presented here back into the notation of
Milbrodt and Helbig.)

Let the cumulative transition intensity matriz q be regular, (1.2.1)
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where regularity is defined in accordance with Definition 4.30 in Milbrodt and Helbig
(1999). This allows for calculating p out of ¢ via product-integration®

p(s,t) = L (I+ dg) €[0,1]15*ISI 0<s<t<oo. (1.2.2)
(5:1]

Payments between insurer and policyholder are of two types:

(a) Lump sums are payable upon a transition (y,z) € J between two states. The
amounts falling due are specified by nonnegative functions D,, € BVC (Bounded
Variation on Compacta, see section A.2). The actual payment date may differ
from the time of transition. The monotone nondecreasing function DT : [0, 00) —
[0,00), DT (t) >t for all t > 0, specifies that difference.

(b) Annuity payments fall due during sojourns in a state, modeled in a cumulative
manner via functions F, € BVC._, z € §. (For the definition of BVC._ see
section A.2.) If the policy stays during the time interval (s,t] in state z, then
F,(t) — F,(s) is the accumulated amount falling due. Benefits paid to the insured
get a positive sign, premiums paid by the insured get a negative sign.

Differing from Milbrodt and Helbig (1999) the functions D,, are not only Borel-
measurable but also have finite variation on compacts. This restriction does not
matter in practice.

The value of a payment depends on the payment date. This interrelation is specified
by the accumulation factor K : [0,00) — (0,00). (A payment of one at time zero
has at time ¢ the value K (¢).) The function K shall be representable by the product-
integral

K(t) = Ko(t) = J{ (1+ d®), (1.2.3)
(0.4

where @ is the so-called cumulative interest intensity satisfying
e BVC_, AD(t):=d()—P(t—-0)>Cs>—-1 VteR. (1.2.4)

Remark 1.2.1. Like many other authors Milbrodt and Helbig (1999), let the accu-
mulation factor K be nondecreasing. In contrast, Norberg and Mgller (1996, p. 45)
argue that a decreasing of the accumulation factor ”is credible in a world where in-
surance companies may suffer losses on their investments”. For this reason, and to
allow for analyzing variations of the interest in both positive and negative directions,
the weaker condition (1.2.4), when compared to Milbrodt and Helbig, is claimed here.

Replacing the second part in (1.2.4) with the even weaker condition A®P(t) > —1
would be sufficient to ensure that the accumulation factor K is positive, which is
essential to the existence of the discounting factor ¢ — 1/K(t). Nevertheless the
stronger condition A®(¢) > Cgp > —1 is postulated: If there is no lower bound
Cgp > —1, the accumulation factor could drop arbitrarily low by just one jump. Then,
the sensitivity with respect to interest is unlimited, which conflicts with boundedness
required later on.

IFor some introduction to product-integration see Gill (1994) or Gill and Johansen (1990).
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Prospective reserve

Let DBg be the present value at time s of all transition benefits that are triggered
(strictly) after s, and let SBy be the present value at time s of all payments falling
due during sojourns in a state due at and after time s. Write

B, := SB, + DB, (1.2.5)

for the (total) present value at time s (cf. Milbrodt and Helbig (1999), p. 435). If
DT(t) = t, the time when a benefit is triggered coincides with the time when a
benefit is payable. Otherwise denote by DB; ,,, s < u, the present value at time s of
all transition benefits triggered (strictly) after time s and payable at and after time .
Further on, let SB, , be the present value at time s of all payments during sojourns
in a state payable at and after time w. Write By, := SB;s,, + DBs 4.

Assume that the integrability conditions

InCogp 1= Z/ )K |F|(dt) (1.2.6)

zes V10,

InCopp := Z /0 o) K DT )DZC(t) qzC(dt) < oo (127)

(z,0)eT

hold (cf. (10.2.1) and (10.4.2) in Milbrodt and Helbig (1999)). Under these conditions
denote

Vs = E(Bs| X5 = ) (1.2.8)
as the prospective reserve at time s > 0 in state y € S, and write for s < u
Vs = E(Bs,u’ Xs = y) . (1.2.9)

Another useful quantity is the conditional variance of the present value By for given
initial state X € S. Define

Vy,s 1= Var(BS| X, = y) , s>0,yeS, (1.2.10)

provided the conditional variance exists. Following Milbrodt and Helbig (1999, Propo-
sition 10.4) the prospective reserve is representable as follows:

Proposition 1.2.2. Under integrability conditions (1.2.6) and (1.2.7)

a.s. K(s)
€S [s,00) K(t)

"> /s,oo)K(Il(?(;zt))Dzﬁ(t)pyz(s’t_o)qzc(dt),

V;J’S pyz(S,t) Fz(dt)

(1.2.11)

forall s > 0 andy € §. For any y € S the right hand side is, as a function of
reference time s, bounded on compacts.
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Proof. According to Proposition A.4.1, the accumulation factor K (see (1.2.3)) has
finite variation on compacts. Hence, it is representable as a difference of two mono-
tonic functions (see Theorem A.2.1) and thus Borel-measurable. The further proof is
analogous to that of Proposition 10.4 in Milbrodt and Helbig (1999). O

From now on let the expression 'V, s’ always denote the representative (1.2.11).
Whenever the specification of the actuarial assumptions ¢ and ¢ plays an important
role, write

Vy.s[®, q] := 'representative (1.2.11) of the prospective reserve
. . . (1.2.12)
with actuarial assumptions ® and ¢’.

Similar to Proposition 1.2.2 one can show that for all0 < s <wu and y € S

ysuas Z 1[uoo) E:)) pyZ( )FZ(dt>

z€S [s,

+Z/

(z,0)eg 7 (5:00)

1{r | u<DT(r)} (t) I((I;(;zt)) DZC (t) pyz(57 t— O) qz¢ (dt> .

(1.2.13)

Applying Corollary 10.39 in Milbrodt and Helbig (1999) yields also some representa-
tion for the conditional variance:

Proposition 1.2.3. Suppose the integrability conditions

YES ( zc e
D,. (1) Qyz (d7) QCn(dt) < 00
(¢med ( yz)eJ/OOO)/too) K(DT(7))

hold. For s >0

B 3

(z,0)ed (8,00)

B /( @RZC(t)RZ,](t)pyz(&t—O)qzq({t})qzn(dt%

2
2€8 ¢,neS\{z} §,00) K(t)

(Rac(1))” pys(s,t — 0) gac(dt)

(1.2.14)

where R,¢(t) := Ve — Vi1 + D,e(t) fort € R is the so-called 'sum at risk’.

Proof. In case of s = 0, equation (1.2.14) is a consequence of Corollary 10.39 in
Milbrodt and Helbig (1999). (The present value By is equal to their loss function at
t = 00.) For s > 0 the proof is analogous. O
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9

Analogously to the prospective reserve, let from now on the expression 'V, . al-
ways denote the representative (1.2.14). Whenever the specification of the actuarial
assumptions ® and ¢ plays an important role, write

Vy,s[®, q] := representative (1.2.14) of (1.2.10) with actuarial assumptions ® and ¢’.

In case the cumulative transition intensity matrix g is continuous, the right hand side
of (1.2.14) reduces to

Visl®idl = / )Ki (Ra(t)” pya(s,t = 0) guc(dt) (1.2.15)

(z,0)eJd (s,

Calculation of premiums

The prospective reserve Vs is the mean present value of all future benefits (with
respect to time s) minus all future premiums, assuming that the policy is at present
in state y € §. This is roughly the amount an insurer needs on the average to meet
all future obligations. Therefore, the so-called equivalence principle states that a fair
contract satisfies the condition

Va0 . 0, where Xy = a is the initial state,

that is, the mean present value of all benefits is equal to the mean present value of
all premiums at the beginning s = 0 of the contract. In fact, this approach is widely
used to calculate net premiums. Typically the procedure is as follows:

First, the desired benefits (e.g., death grant, disability pension, etc.) are selected
and a premium scheme (e.g., monthly rates, single lump sum, etc.) is chosen, whose
mean present values are here denoted by VB, ¢ and VE, (, respectively. Because of
the linearity of the prospective reserve regarding the benefit and premium payments,
the overall mean present value is V40 = VBq o+ C - VE, o. Then the premium level
C € R is determined in such a way that the equivalence requirement

Vao=VBag+C-VE,=0 (1.2.16)

is met (note that benefits get a positive sign and premiums get a negative sign), which
is equivalent to

—VBa,0

C =
VEaq,0

(1.2.17)

1.3 Expanded life insurance model

Now the actuarial assumptions ’cumulative interest intensity’ and ’cumulative tran-
sition intensity matrix’ are modeled as stochastic processes. The general framework
presented here includes various other models of the literature (cf. Example 1.3.5), but
it is to be noted that only an individual insurance contract is modeled here, not a
portfolio of contracts.
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Condition 1.3.1. (a) Let the cumulative interest intensity be a stochastic process
(®y)i>0 on (2,2, P) with paths t — ®,(w) in

Fc{Fenvo. ’F satisfies (1.2.4) }. (1.3.1)

Defining § := F N (B(R))1%°) | the process (®;) as a whole is (Q,2A, P)-(F,F)-
measurable (cf. Bauer (1992), Theorem 7.4).

(b) Let the cumulative transition intensity matrix be a stochastic process (g¢)¢>0 on
(Q,2, P) with paths ¢t — ¢;(w) in

QcC {Q € (BVC_)ISIXISI' @ is a regular cumulative intensity matrix} .
(1.3.2)

Defining Q := QN (B(R))[>) | the process (¢;) as a whole is (2,2, P)-(Q,Q)-
measurable (cf. Bauer (1992), Theorem 7.4).

According to Milbrodt and Helbig (1999, Theorem 4.35), for any regular cumulative
transition intensity matrix () € Q and initial distribution 7 = E(ng |P) there exists
a corresponding Markovian jump process

(XtQ)tZO : (Q7QI’P) - (X,:f),

where X C 8[0°) is a set of right-continuous trajectories with, at most, a finite
number of jumps on any compact interval and X := X N (25)[%°°) (cf. Milbrodt and
Helbig (1999), Definition 4.1). For an arbitrary but fixed initial distribution 7 define

K@Q,):=£L(X2)|P), QeQ. (1.3.3)

Proposition 1.3.2. The mapping K : (Q,X) — R, (Q,A) — K(Q, A) is a Markov
kernel from (Q,9Q) to (X,X%).

(The second half of the following proof is due to a personal comment of F. Liese,
University of Rostock, Department of Mathematics.)

Proof. At first, it is shown that for each y,z € S and s,t € R, s < ¢, the mapping

Pil(s,t) Q= R, Qs pl(st) = [(7[] T+ dQ)} (1.3.4)
s,t yz
is (Q,9)-(R,B(R))-measurable: By means of Theorem 2 in section 2 in Gill (1994)

[J’( (H+dQ>

(s,t]

— Llij&]‘[ (1+ Q) —Q(t“))] . V(y2) €S,
Tn

Yz Yz
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for any sequence (7,,) of interval decompositions s < t; < --- < t, < t satisfying
i+1 — t;] = 0. Since the projection functions

Q3Q— Quu) eR,  we (s, (g,1) €S>
are (Q,Q)-(R,B(R))-measurable, the mapping péﬁ(s, t) is as well. As

POXTedn . Xped) =3, 3 o D (o) Py, (Ota) oo by, (bnms )

YoES y1€A1 yn€A,

for Ay,..., A, €25 and t1,...,t, € [0,00), the finite dimensional marginal distribu-
tions of (X<) are (Q,Q)-(R, B(R))-measurable, too.
Now the measurability of K(-, A) for each A € X is shown: The set

A= {A €ex ‘ Q— K(Q,A) =P(XP) e A)is (Q,D)—measurable}
is a Dynkin system, as (i) the mapping @ — P((XtQ) € X) = 11is (Q, Q)-measurable,
(i) the mapping Q — P((XtQ) eX\A) =1- P((XtQ) € A) is (Q,Q)-measurable
for all A € §l7 and (iii) for each pairwise disjoint sequence (D, )nen C 2 the mapping

Q—P <(X?) € [j Dn> = iP((XtQ) € D,)

n=1

is (Q, Q)-measurable. The set

is contained in 2 since the finite dimensional marginal distributions of (XtQ ) are
(Q, Q)-measurable. For each pair C, D € C the intersection C' N D is itself an element
of C. Now Theorem 2.4 in Bauer (1992) yields

A D6(C) =0(C) =X,

where §(C) and o(C) denote the smallest Dynkin system and the smallest o-algebra
containing C , respectively. O

This property of K is the key for a consistent extension of the classical life insurance
model to a model with a stochastic technical basis:

Theorem 1.3.3. There exists a probability space ( QAP P) and stochastic processes
(Xe)iz0 ¢ (Q,2) — (X, %),
(&)t)t>0 : (Qvﬁ)

(Qt) t>0 - (Qaé[)
such that L((®:)|P) = ((<I>t)IP) L((G)|P) = £((g:)|P), and
P((X) €-](@) =Q) & LX) |P), VQeQ. (1.3.5)
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Proof. Let Q := X x F x Q be the domain of the new probability space. The

projections px : Q> (X,F,Q) — X € X, ps : Q3 (X,F,Q) — F € F, and
P 3 (X,F,Q) — Q € Q are measurable on A := X @ F® Q = o(px, pa, Pq)-
Define the new stochastic processes by (X;) := px, (®:) := pe, and (G;) = pq.

Proposition 1.3.2 allows for defining

P(4) = / / 1x r@yen K(Q,dX) Pay qy((F,Q), A, (136)

This mapping is a measure since 0 = P(@) < P(A) < P(Q) = P(X x Fx Q) =1 for
all A € 2, and by means of the Monotone Convergence Theorem

p (U An) = //ZI(X,RQ)EAn K(Q,dX) P(,),(q)) (d(F, Q)
n=1 n=1

=2 // Lix.rQea, K(Q,dX) Pa,) () (A(F, Q)
n=1

P(A,)

M

Il
-

n

for each sequence (A;,)nen C 2 of pairwise disjoint sets. Because of

ﬁ(((jt) €A) = //1(X,F,Q)€X><]-'><A K(Q,dX) Pya,),(q) (d(F,Q))

:/1(F’Q)€fo P@,),(:))(dA(F,Q))
=P((q) € A)

for all A € Q one has £((G)|P) = £((¢;)|P). In the same way, one gets L((®;)|P) =
L((®)|P). Equation (1.3.5) holds as

/ P((XE) € A) Pg)(dQ) = / K(Q, A) Py, (dQ)
C C

/ / 1x.r.0)eanmxe K(QdX) Py (o (d(F, Q)

=P((X;) € A, (@) € C)
forall Ae X and C € 9. O

Instead of (X;):>0 as defined in section 1.2, regard henceforth (Xt)tzo as the biog-
raphy of the insured. In case (‘i’t)tgo and (§¢)¢>0 are deterministic, this new approach
coincides with the classical model because of property (1.3.5). To simplify the no-
tation write from now on (®;);>0, (¢)t>0, and P instead of (‘i’t)tzoy (G1)t>0, and

P.
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Remark 1.3.4. The jump process (Xt)tzo is not necessarily Markovian: Let Q =
{Qa, Qp} with (X2*),50 being (almost sure) in the state space {0,1} and with
(Xth)tZO being (almost sure) in the state space {1,2}. Assume that P(X3* =
0| X$* =1)>0and 0 < P((¢) = Qa) < 1. Then,

0<P(X3=0[Xs=1) # P(X3=0/Xo=1,X; =2)
=P(X3=0,(q) = Qu|X2 =1, X1 =2, (q:) = Q3) =0,

that is, (X;);>0 is not Markovian.

Example 1.3.5. As suggested by Norberg (1999), let the interest intensity ¢ and
the transition intensity matrix p be controlled by a Markovian jump process (Y;)¢>0
with finite state space R:

p(t) = Z ly,=e @e, Hjk(t) = Z ly,=c Hjkie(t)

e€ER eER

where the ¢, are constants and the ,ujk;e(t) are piecewise continuous intensity func-
tions, all deterministic. Assume the process (Y;):>o is homogenous with transition
intensities Ac¢ for e, f € R. This implies that the trajectories have almost sure only
a finite number of jumps in any compact interval. The corresponding cumulative
intensities

o)= [ wndr.  qut)= [ pumdr
(0,t] (0,t]
satisfy Condition 1.3.1 (cf. Milbrodt and Helbig (1990), Exercise 20, pp. 197-198).

Conditional expectation and conditional variance of the present value

Analogously to the present value B, in section 1.2, which has according to Proposition
A.1.1 a representation of the form B, = by((X,), ®), denote by B, the present value
corresponding to the stochastic state trajectory ()N(t)tzo and the stochastic cumula-
tive interest intensity (®;);>0. Since the mapping by is (¥ x F,X @ §)-(R, B(R))-

measurable, B, is representable by
By = b,((X1), (@) . (1.3.7)

The two following theorems yield some form of ’insertion rule’ for the conditional
expectation and the conditional variance of B; for given actuarial assumptions (®,q) €
F x Q and given initial state X, € S.

Theorem 1.3.6. For s € [0,00), FEF, Q€ Q,andy €S

[

E(bs((XtQ)’F) ’X? = y) E E<bs((Xt)a ((I)t)) ’Xs =y, (®) = F,(¢) = Q) )

(1.3.8)

provided the conditional expectations exist.
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The theorem will be proven with the help of the two following Propositions:

Proposition 1.3.7. The mapping K5 : (S x @,%X) = R,

K(@QAN{XZ=y}) B
(4,Q),4) — { K(Q,{X8 =y} F K(Q X3 =y} #0, (1.3.9)
K(Q,A) P K(Q{X2 =y}) =0,

is for any fized s € [0,00) a Markov kernel from (Sx Q,25®9) to (X,X). Particularly
K ((3,Q),4) = P(X2) € A|x%=y), VAeX,yeS,QeQ. (1.3.10)

Proof. Since {w : X%(w) = y} € X, the mapping K is well defined. As K(Q,-) is —
according to Proposition 1.3.2 — a probability measure for each Q € Q, the mapping
Ks((y,Q),-) is for each s € [0,00), y € S, and @ € Q a probability measure as well.
Since for each A € X and B € B(R) Proposition 1.3.2 yields
{Qe Q‘K(Q,AO{XSQ —y}) eB} €q,
the set
{(.Q) €5 % Q|K(Q.AN{X2 =y}) € B}
= Ut x{Qee|k(@anix?=y})en}
yeS

is an element of 2° ® . That means the mapping (y, Q) — K(Q, AN{XQ = y}) is
(S x 9,25 ® Q)-(R, B(R))-measurable for each A € X, and consequently

K(QAN{XZ =
1K(Q,{X9:’U})7éo(y’ Q) : E:{(Q {;Q _ y}z;}) + ]—K(Q,{X?:U}):O(yv Q) ' K(Q» A)

is (S x Q,2% ® Q)-(R, B(R))-measurable, too. Equation (1.3.10) is equivalent to the
Radon-Nikodym equation

/S K ((5,Q), A) P(X2 = dy) = 3" K, ((5,Q), 4) P(XQ = )

yeSs
=K(Q,AN{XZ e}
=P((X?)e A, X2¢e8), VS e2S.
O

Proposition 1.3.8. For each measurable function g : (X x F,X ®F) — (R, B(R))
and for any s € [0,00), FEF, Q€ Q, andy €S

E(g((X2), F) | X2 = y) = E(g((X0), (@) | X, =y, (9) = F(a) = Q) ,
(1.3.11)

provided the conditional expectations exist.
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Proof. Because of Proposition 1.3.7, for any F € F, Q € Q,andy € S

B(s((XP),F)[X2 =) = [ 90X, F) P((X2) € X | X2 =)

LS /g(X,F) K ((y,Q),dX).

With that, and by using (1.3.6) and (1.3.3) combined with (1.3.10) one gets

[ B (a6 )|X2 =) Pes 0,00 @0 . Q)

= [[1urarea [ 90X F) K00 4%) Pis, a0 (00 F. Q)

= //1(y,F,Q)eA/g(X7 F) K((y,Q),dX) K(Q, X2 = dy) Py(a,) (a1 (A(F, Q)
= // Lix..r@ea 9(X, F) K(Q,dX) P(a,), (g (d(F,Q))

Z// Lix. . r@ea 95 F) Pz, ), (AX, F,Q))

-/ g0 (%), (@) dP
(Xs,(P1),(qe))€A
for all A € 2° @ F @1, where it is to be noted that K and K, are Markov kernels. [

Proof of Theorem 1.3.6. Equation (1.3.8) is a consequence of Proposition 1.3.8 and
Proposition A.1.1. O

Theorem 1.3.9. Forse€ [0,00), FEF, Q€ Q,andye S

Var (b, (X)), F) | X2 = y) = Var(b, (%), (@) | £, =y, (@) = F,(a) = Q) ,
(1.3.12)

provided the conditional variances exist.

Proof. Because of Proposition A.1.1 and Theorem 1.3.6 the mapping
2
9((XP), F) = (b3(<X?>,F) ~E(b((X2), F) | X2 = y))
2
= (bs((X?), F) = E(bs((X0), (@) | £, =, (@) = F, (@) = Q))

is (XX F,X®75)- (R, %(R))—measurable. Now apply Proposition 1.3.8. O
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1.4 Decomposition of risk

Unfortunately the risk contributions of the financial risk, the unsystematic biometrical
risk, and the systematic biometrical risk are not on hand as separate random variables,
but are only available in merged form in terms of the present value B,. For studying
the different risks separately the present value needs to be decomposed to separate
components referring to the different risk contributions.

In a first step, the unsystematic biometrical risk is separated. Therefore, follow
the concept in Fischer (2004, section 3.5) to obtain some orthogonal decomposition
by means of conditional expectations. (Note that already Biithlmann (1992, 1995)
used conditional expectations to decompose financial risks.) Building the conditional
expectation

E (Bs

(@), (a2)) = E(b:((%0), (@) | (@0), (@) (1.41)

averages out the randomness of the biography ()N(t), but keeps the uncertainty of
the technical basis ((®;),(¢:)). That means the unsystematic biometrical risk is
eliminated but the financial and the systematic biometrical risk are still at hand.
This motivates to decompose the present value B, to

B, = (B, —E(B.|(@1). (a) ) +E(B, | (@), (). (1.4.2)

With the second addend corresponding to the technical basis risk, the first addend
may be interpreted as representative for the unsystematic biometrical risk. (Fischer
(2004) did not implement stochastic transition probabilities; that means his technical
basis risk is only a financial risk, but apparently his concept also works for a technical
basis with stochastic transition probabilities.)

Due to the 'projection property’ of conditional expectations, the two addends of
decomposition (1.4.2) are uncorrelated (provided their second moments exist). Cal-
culating the variance on both hand sides leads to the following well-known variance
decomposition:

Proposition 1.4.1. Assume that Condition 1.3.1 holds and E(B;)? < co. Then,
Var(B,) = E(Var(1§8| (@), (qt))) + Var (IE(BS| (@), (qt))> . (1.4.3)

Proof. As the second moment of By is finite, the same holds for the two addends of
decomposition (1.4.2). Since they are uncorrelated, one gets

Var(Bs) - Var(Bs —E(B, | (®,), (qt))) + Var(IE(BS| (@), (qt))) L (1.44)
The first addend on the right hand side is equal to
. . 2 - - 2
]E(Bs - ]E(Bs | ((I)t)a (Qt))) = E<E<(Bs - E(Bs } (‘I)t)» ((Jt))) ((I)t)» (%))) .
The equality is a consequence of the linearity, the ’chain rule’, and the 'pull-out

property’ of conditional expectations (cf. Kallenberg (1997), pp. 81-82). O
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This variance decomposition or similar versions have been used by various authors
in the actuarial literature to decompose an overall risk to separate components. See,
for example, Parker (1997), Olivieri (2001), or Helwich (2003).

Now let (Xm), cel (Xm) denote independent biographies of a homogenous port-
folio of n € N insured. The term

n

LS (Rei), (0)

n
i=1

is the arithmetic mean of the corresponding present values. Similar to Parker (1997),
calculating its decomposed variance components in terms of (1.4.3) shows the diver-
sifiability of the unsystematic biometrical risk,

E(Var(rll il bs((Xt,i)a (‘I’t))‘ (), (Qt)))

= %IE (Var(bs((f(t,l), (@t))’ (D), (qﬁ)) — 0, n— oo,

and the non-diversifiability of the technical basis risk,

Var <E<711 é b ((Xm), (q)t)) ’ (®y), (%)))

— Var (]E(bs((f(t,l), (@t))‘ (@), (qt)>> = const, VneN.

Hence it is convenient to pay some special attention to the financial and the sys-
tematic biometrical risks, which correspond to the uncertainty of (1.4.1). In case of
the classical life insurance model as stated in section 1.2, the conditional expectation
(1.4.1) is a deterministic functional of the technical basis. Taking Theorem 1.3.6 into
account, this motivates to perform a sensitivity analysis on the prospective reserve
(1.2.8) in order to study the effect of fluctuations of interest rate and transition prob-
abilities. Such a sensitivity analysis will be performed in chapter 3.

The task of decomposing the present value B to its risk components is not finished
yet. Although the unsystematic risk was separated, the financial risk and the sys-
tematic biometrical risks, such as systematic mortality risk or systematic disability
risk, are still cumulated in (1.4.1). The sensitivity analysis tools of chapters 2 and
3 will allow for a linearization of (1.4.1), resulting in a sum whose addends uniquely
correspond to the different risk factors, see section 4.2.



2 A sensitivity analysis approach for
functionals on specific function
spaces

Suppose F' is a real-valued mapping on the Euclidean linear space R", and assume
that it is differentiable at © = (21, ..., x,) € R™. If one is interested in the sensitivity
of the output to variations of the argument z, a common approach of sensitivity
analysis is to analyze the gradient of F' at z,

OF OF .

According to Saltelli et al. (2000, section 2.3), the partial derivatives are called ’first-
order local sensitivities’, which is motivated by the two following characteristic prop-
erties of gradients:

(a) The directional derivatives can be composed as a bilinear mapping of gradient and
direction. That means here
d n

| Fa+th)=<V.Fh>= > (VuF)ihi, VheR". (2.0.2)

t=0 i=1

The i-th entry of the gradient corresponds to the sensitivity of F' to changes of
the ¢-th argument.

(b) If the gradient is not equal to zero, it is the unique orientation in which the
directional derivative at x has the largest value. That means here

h d V. F
F (x + t> < —=| F (x + it ) (2.0.3)
=0 [[72] dt |, IV F||

for all h € R™, which are linearly independent of V,F'.

4
dt

Unfortunately many functionals of interest, including various actuarial quantities, de-
pend on an infinite number of parameters.

Is it possible to generalize the gradient concept to functionals on infinite-dimensional
spaces, while preserving the properties (a) and (b) ?
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For functionals on L,(v)-spaces, where 1 < p < oo and v is a Borel-measure on
R, section 2.1 shows the answer is ’yes’ if one replaces (2.0.2) by

| Fle+tn) = /Vthdy, Vhe L), (2.0.4)
t=0

and substitutes some transformation of the gradient for the original one in (2.0.3). In
case of p = 1 one also finds a solution V,F € Lo (v) for (2.0.4), but has to abandon
the maximality property (b). With property (a), the representation of the directional
derivatives by some bilinear mapping of gradient and direction, being worthwhile on
its own, it will solely be the defining property of generalized gradients.

This conforms with Courant and Hilbert (1968, p. 193), who define generalized gra-
dients for mappings on function spaces by a condition similar to (2.0.4): In their ap-
proach, v is the Lebesgue-Borel measure, and the functional F' needs to be Hadamard
(or compact) differentiable, which is a stronger condition than Condition 2.1.1 will be.
While Courant and Hilbert do not mention anything about existence or uniqueness,
such statements are the objective of section 2.1.

For later purposes it is convenient to free the L;(v)-functionals from their depen-
dence on the dominating measure v. To this effect they will be embedded into the
set of functionals on BV._ by identifying each x € L;(v) with a measure p = av,
which in turn corresponds uniquely to an element X € BV_ via X (t) = p((—o0,t]),
provided v is a Borel-measure concentrated on [0, 00). Equation (2.0.4) gets

% F(X 4+ tH) = /vxﬁdH, VH e BV_. (2.0.5)
=0

Section 2.2 will show that a solution VyF of (2.0.5) exists for a wide bandwidth
of functionals F : BV_ — R. Because the maximality property (b) cannot be
maintained for L, (v)-functionals, it also will not hold for BV._-functionals.

If the arguments X +tH € BV_ correspond to probability measures, the gradient
concept (2.0.5) looks similar to the so-called ’influence function’ and to generalized
gradients in the field of robust and of nonparametric statistics, respectively. Section
2.2 will go into detail as regards the differences and similarities.

Differing from (2.0.1) the term ’gradient at z’ is frequently used for the linear and
continuous mapping h — < V,F,h >, which is an element of the corresponding dual
space. From this perspective, many authors denote the generalized differential D, F'
(cf. section A.3) as generalized gradient of a functional F'. To distinguish this ap-
proach from the gradient concept used here, the term gradient vector is used from
now on in referring to (2.0.1) or generalizations (2.0.4) and (2.0.5).

2.1 A gradient vector for functionals on L,(v)

As indicated above, let equation (2.0.4) be the defining property for generalizing
the gradient vector to functionals on L,(v). The left hand side of (2.0.4) implies the
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existence of the directional derivatives. Therefore, a natural condition to claim here is
the existence of the Gateaux derivative (cf. Definition A.3.1), which is a generalization
of the directional derivative for mappings on function spaces:

Condition 2.1.1. Let the functional F' : L,(v) — R, 1 < p < o0, be Gateaux-
differentiable at x € L,(v), and let the Gateaux differential D, F' be an element of
the dual space (L,(v))’.

Géateaux differentials are in general homogenous (cf. (A.3.2)), but not necessarily
linear and continuous. As a result of the Riesz Representation Theorem, these two
additional conditions are necessary and sufficient for existence and uniqueness of
representation (2.0.4):

Definition 2.1.2 (gradient vector I). Given that Condition 2.1.1 holds, denote the
unique solution V. F' € Ly, /,—1)(v) of

D, F(h) = /Vthdu, Vhe L), (2.1.1)

as gradient vector of F at x.

The idea to generalize the gradient vector concept to functionals on Hilbert spaces
(here Lo(v) is a Hilbert space) appears already in Golomb (1934, pp. 66, 67), who
implicitly uses Fréchet differentiability. Since then, many authors used this idea, com-
bined with the Riesz Representation Theorem, to obtain generalized gradient vectors,
as for example Flett (1980, Exercise 3.5.1). Particularly in the field of nonparametric
statistics this idea plays an important role (cf. Bickel et al. (1998, pp. 58, 178)). Par-
allels of the latter concept to the one presented herein are discussed more in detail in
section 2.2.

Remark 2.1.3. In case of 1 < p < oo, the gradient vector (2.1.1) has an equivalent
to property (2.0.3): By applying Hoélders Inequality one can show that

sign (Vo F () [V F ()Y ®=D € L,(v)

is the unique orientation, in which the Gateaux differential D, F has its largest value
with respect to the L,(v)-norm. Note that for p = 2 the above vector coincides with
the gradient vector V,F'. For p = 1 the maximizing orientation is not unique. This
is seen by the following example: Define the functional F' by

FZLl(V)Bl‘H/LUdVER.

The Géteaux differential at © € L;(v) is linear and continuous and is equal to
D,F(-) = F(-). Now any vector h € Ly (v) with h > 0, v-almost everywhere, exem-
plifies a maximizing orientation.
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2.2 A gradient vector for functionals on BV_

Section 2.1 provided a gradient vector concept in particular for functionals F on Ly (v).
Now let v be a Borel-measure concentrated on [0,00). Sometimes it is convenient to
get rid of the dependence on that dominating measure. This can be achieved by
embedding the L;(v)-functional F into the set of functionals on BV._ :

(1) Identify each = € Li(v) with its cumulative counterpart X € BV._ via the iso-
metric isomorphism

I,:Li(v) = I,(Li(v)) C BV, z+— /( ) xdv =: X(-). (2.2.1)

(2) Let F € {BV_ — R} be a functional which satisfies F(X) = F(I,(x)) < F(x)
for all x € Li(v).

Since the gradient vector I according to Definition 2.1.2 was implicitly defined by
(2.0.4), a consistent gradient vector extension should satisfy equation (2.0.5), at least
for all H € I,(L1(v)). Aiming to get rid of the dependence on v, let (2.0.5) for

H € BV_ be the defining property for gradient vectors of F':

Definition 2.2.1 (gradient vector II). Let the functional F : BV. — R be Géteaux
differentiable at X € BV._ with Gateaux differential Dx F' € (BV._)'. If there exists
a representation of the form

DxF(H) = /gdH, VH € BV_, (2.2.2)

the function g is called the gradient vector of F at X. Write Vxﬁ =g.

As the mapping I, is isometric, that is, || X||py = ||L(z)|lsv = |||z, for all
x € L1(v), and L;(v)-functionals have no equivalent for the maximality property
(2.0.3) (cf. Remark 2.1.3), the gradient vector II has no maximality property either.

Proposition 2.2.2. The gradient vector II of a Gateaux differentiable functional is
unique on [0, 00).

Proof. The uniqueness is a consequence of Vy F/(u) = D Xﬁ(l[u,oo)) for all u > 0 (see
(2.2.2)). O

The following proposition shows that the gradient vector I of the embedded func-
tional F' and the gradient vector II of the corresponding enlarged functional F' are
indeed consistent.

Proposition 2.2.3. Let F': BV_ — R be Gateauz differentiable at X = I,(z) €
BV_, x € Li(v), with Gateauz differential DxF € (BV._)' and existing gradient
vector Vx F according to Definition 2.2.1. Then, F = Fol, is Gateauz differentiable
at © with Gdteaux differential D, F € (L1(v)) and gradient vector Vx F'.
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I, ol 71
BV_ (L1(v) = R) z (BV_ — R)

=

L1 (l/)

Fol, F Ve Vi, (2)

R Loo(v)

Figure 2.2.1: Illustration of Proposition 2.2.3

Proof. Per Definition A.3.1 and the linearity of I, is for any h € Ly (v)

= i15(1U(:g) +tI,(h)) L:O =Dy, @) F(L,(R)).

d

Since the functional D Xﬁ was supposed to be linear and continuous, the same holds
for D, F', using the linearity and isometry of I,,. Hence, the gradient vector V,F of
F at x exists (cf. Condition 2.1.1). Consequently,

/Vthdz/ =D,F(h) =Dy, () F(L,(h) = /V,y(x)ﬁdll,(h) = /V;y(x)ﬁhdu

for all h € L1(v). The Riesz Representation Theorem states then V,F' = V Iy(x)ﬁ
v-almost everywhere. O

While the existence, the linearity, and the continuity of the Gateaux differential
of Ly (v)-functionals implied already the existence of a unique solution of (2.0.4), the
same conditions are not sufficient for the existence of gradient vector II:

Example 2.2.4. According to the Lebesgue Decomposition Theorem (see Hewitt
and Stromberg (1965), p. 326), each function H € BV_ is uniquely decomposable
into H = H* + H+, where H® is absolutely continuous and H + is singular with
respect to the Lebesgue-Borel measure. Now define F' € (BV._)" by

F(H) := /dH‘“ +2/dHL.

Because of the linearity of F its Gateaux differential exists at any X € BV_ and
has the form DxF = F € (BV ). Assume now F has a gradient vector VxF at X
in accordance with Definition 2.2.1, that is,

DxF(H) = /vxﬁdH VH € BV_. (2.2.3)

Then, Vx F(u) = Dxﬁ(l[u,oo)) = ﬁ(l[um)) = 2 for all u > 0, which is a contradiction
to D~Xﬁ = F. Hence, a representation of the form (2.2.3) does not exist, although
DxF € (BV_).
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In constructing the gradient vector I (Definition 2.1.2), it was the Riesz Represen-
tation Theorem which allowed for solving (2.0.4). In contrast, no completely satisfac-
tory representation for the dual space of BV._ seems to be known (cf. Dunford and
Schwartz (1988) pp. 374, 378, 392-393).

In the following, a theorem is given that provides representations for at least a com-
prehensive subset of (BV._)’. This subset is chosen in such a way that it will contain
the actuarial functionals 'prospective reserve’ and 'premium level’. It is characterized
by the following conditions:

Condition 2.2.5. Let G : BV_ — R be an element of (BV._)".
(a) Let the function ¢ — G(1j;,0)(+)) be an element of BVC), (cf. appendix A.2).

(b) For all monotonic nondecreasing sequences (Hy,)nen C BV.F converging uniformly

to an H € BV let there be a subsequence (Hy,)nen C (Hp)nen, for which

lim G(H,)=G(H).

n—oo

Theorem 2.2.6. (a) Let y be an element of BVCy. Then,
G:BV_ —R, G(H):= /de (2.2.4)

is a functional which satisfies Condition 2.2.5.
(b) For each functional G satisfying Condition 2.2.5 there exists a unique function
y=t— G(1y00)(")) € BVG,
for which representation (2.2.4) holds.

The proof is based on the ideas of the proof of Theorem 2.31 in Milbrodt and Helbig
(1999).

Proof. At first, part (a) is proven: The functional G is linear, since integration is a
linear operation, and bounded, as with C' := sup,cp [y(t)| < oo

G ()| = \/de‘ < C||H] sy .

Condition 2.2.5(a) holds because of G(1j;)(-)) = [ydlye) = y(t). Applying
Proposition A.2.4 yields Condition 2.2.5(b).

Now, part (b) of the theorem is shown: At first, let H be an element of BV .
Subject to Proposition A.2.5(a) there is a monotonic nondecreasing sequence of step
functions (H,)nen C BV converging uniformly to H . Using Condition 2.2.5(b) and
applying Proposition A.2.5(b) lead to

G(H) = lim G(H,) = lim [ G(1j.e0)) dH,(t)

n—oo n—oo
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for a subsequence (Hy)pen C (Hp)nen. According to part (a) of Theorem 2.2.6,
which has already been proven, the integral on the right hand side is a functional
satisfying Condition 2.2.5. Thus, one has

lim G (Lt 00)) AH, (1) = / G(Ljt,00)) dH(t) .
Hence, Theorem 2.2.6(b) holds for functionals on BV . The Jordan-Hahn decom-
position (Theorem A.2.1) allows now to extend the result to functionals on BV._ :
Using the linearity of G (Condition 2.2.5(a)), for any H € BV._ with Jordan-Hahn
decomposition H = H, — H_

GUHL) = G(H-) = [ GlLuo) AH (1) = [ GlL) AH- () = [ Gl dH(0).

O

That means the mapping
T:BVC,—GC (BV_), (Ty)(H):= /de

is an isomorphism, where G denotes the set of all functionals in accordance with
Condition 2.2.5. Hence, for any Gateaux differentiable functional I : BV_ — R
whose Gateaux differential Dx F' is an element of G there exists a gradient vector II.

The additional properties (a) and (b) in Condition 2.2.5 are sufficient, but not
necessary, for the existence of a solution of (2.2.2). For example, let in definition
(2.2.4) the function y be continuous and bounded, but not necessarily of finite varia-
tion on compacts. Then, the functional G is still linear and bounded. However, for
the intended actuarial applications, continuity of the gradient vector is not on hand.
Condition 2.2.5 will turn out to be loose enough to comprehend various actuarial
functionals.

2.3 Comparison with concepts of the statistical
literature

The gradient vector concepts presented are quite similar to approaches used in ro-
bust and in nonparametric statistics. In both areas, the functionals considered are
mappings of probability measures. They can be embedded into the set of functionals
on BV_ in case the probability measures are Borel-measures concentrated on [0, 00).
Throughout this section, write X for elements of BV._ as well as for their corre-
sponding signed measures. The actual meaning has to be interpreted according to
the context.

In robust statistics, the influence function — originally called ’influence curve’ — was
introduced by Hampel, who gives a definition with very weak existence conditions:
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The influence function ofﬁ at X is given by

(2.3.1)

[F(u: B, X) = im F(1-t)X+ ttl[u,oo)) - F(X)

in those X where this limit exists (cf. Hampel (1986), p. 84). In Hampels approach,
X is the distribution function of a probability measure, which is infinitesimal con-
taminated at point u. Note that 1;, ) is the distribution function of the probability
measure which puts mass 1 at point u. The existence of the limit in (2.3.1) is an even
weaker condition than the existence of g in (2.2.2) (cf. Huber (1996), p. 10).

Proposition 2.3.1. Let ﬁNbe a functional in accordance with Definition 2.2.1 and
existing gradient vector Vx F at X . Then, (2.3.1) exists as well and

IF(F,X) =VxF(") —/vxﬁdx. (2.3.2)
Particularly
DxF(H — X) = /IF(-;ﬁ,X) dH (2.3.3)

for all H € BV_ that correspond to a probability measure.

Proof. Applying equation (2.2.2) with H = 1, o) — X yields

iﬁ(X F (100 — X)) — F(
dt t

X ~ ~ ~
) == /VXFd(l[u,oo) — X) = VXF(U) - /VXFdX

for all w > 0. That means the limit (2.3.1) exists and is equal to (2.3.2). Applying
equation (2.2.2) together with (2.3.2),

DxF(H — X) :/vXﬁdH—/vXﬁdX/dH:/IF(.;ﬁ,X) dH .

Note that [ dH = 1 when H is the distribution function of a probability measure. [

Equation (2.3.3) motivates to locally approximate the functional F by its first order
Taylor expansion

F(H) = F(X) + /IF(-;ﬁ,X) dH + Remainder . (2.3.4)

This idea was introduced by R. von Mises in 1947 to obtain asymptotic distribution
results (cf. Fernholz (1983), pp. 7, 8). With Dx F' in (2.3.3) being a Gateaux differen-
tial, the convergence of the remainder to zero is not uniformly. Therefore, oftentimes
Fréchet differentiability of F' at X is claimed, which implies a uniform convergence of
the remainder with respect to ||H — X||. Some authors vary this approach by claim-
ing the convergence of the remainder with respect to some distance function 6(X, H)
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instead (cf. Pfanzagl and Wefelmeyer (1982), p. 66).

In nonparametric statistics, representations of the form (2.3.4) play an important
role, running under the name ’gradient’. There, the concept was introduced by Ko-
shevnik and Levit and further developed by Pfanzagl and Van der Vaart.

Instead of convergence of the remainder (to zero) on linear paths — this is the case if
D Xﬁ represents a Géateaux differential —, the convergence of the remainder is claimed
on L,-differentiable paths. (Following Pfanzagl (1982), various authors use a differing
but equivalent approach instead. Compare Exercise 1.50 in Witting (1985).) On the
one hand, this is a stronger condition, as not only linear paths, but also paths that are
just asymptotic to linear paths (quasi the Hadamard differentiability of F') are con-
sidered. On the other hand, only tangential directions with existing Radon-Nikodym
derivative with respect to some fixed dominating measure are taken into account,
which makes this concept rather similar to Definition 2.1.2 in section 2.1. The gra-
dients in nonparametric statistic are equal to the corresponding influence function,
provided they exist. That means their relation to the gradient vector concept pre-
sented here is analogous to (2.3.2).

Both in robust statistics and in nonparametric statistics, statements about the exis-
tence of influence functions and gradients are rare. An analogous result to Theorem
2.2.6 is Proposition 5.1 in Huber (1981, p. 37), where he claims weak continuity and
Fréchet differentiability for the functional F to ensure a representation of the form
(2.2.2). However, the condition of weak continuity allows only for continuous gradients
g. In contrast, Theorem 2.2.6 allows the gradient vector II to have discontinuities,
which will turn out to be inevitable for later purposes.

2.4 An extended gradient vector for L!(v)-functionals

In sections 2.1 and 2.2 the considered functionals are mappings on one-dimensional
function spaces. Now the domain shall be extended to d € N dimensions. Let x be
an element of the linear space

Lﬁ(y) =L,(v) x---xLy(v), deN,

d times

where multiplication by a scalar and summation is defined componentwise. A combi-
nation of L, (v)-norm and I,-Norm,

d 1/p
Il = (Z ||a:z»|'zp<u)> = ||y i, %= @) € L),
i=1 P
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yields a norm on Lg(u) for all 1 < p < oo. Based on the Riesz Representation
Theorem, the linear mapping

d. rd d l d — ) _ d .
T Ly () = (L) (Ty)(b)i= [y-hdv =3 [yihidv  (24.2)

is an isometric isomorphism for any 1 < p < oco.

Definition 2.4.1 (gradient vector I). For each functional F' : L%(v) — R whose Géteaux
differential Dy F" exists and is an element of the dual space (L%(v))’, denote the unique
solution Vi F € L;‘f/(p_l)(y) of

d
D, F(h) = /VXF-hdu = Z/(VXF)i hidv, he L), (2.4.3)

as gradient vector of F at x.

Remark 2.4.2. Applying Holders Inequality for L,-spaces and for [,-spaces consec-
utively (cf. Hewitt and Stromberg (1965), pp. 190, 194) yields

@1y, zaya) ||, < 1=y 1y llp -1 » VxeLi(v),y €Ly, ),

for 1 < p < co. Equality is obtained if and only if there are nonnegative real numbers
a and 3, not both zero, in such a manner that

a(lzafP, ... |zal?) = By [P/ PV, yaP/ 7).

With that, analogously to Remark 2.1.3, one gets a unique maximizing orientation
for the differential Dy F',

(Sign((VxF)z‘) ’(VxF)ill/(p_l))i:L..i,d '

2.5 An extended gradient vector for BV?-functionals
Now let X be an element of the linear space

BVe .= BV_ x..x BV_, deN,

d times

where multiplication by a scalar and summation is defined componentwise. Then,

d
IXllpv =Y IIXilpv, X=(X1,...,Xq) € BV?, (2.5.1)
=1

defines a norm on BV . Extend Definition 2.2.1 as follows:
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Definition 2.5.1 (gradient vector II). Let the functional F : BV — R be Géteaux

differentiable at X € BV with Gateaux differential Dx F' € (BV.2). If there exists
a representation of the form

d
DxF(H) = /g-dH = Z/gi dH;, VYHeBV?, (2.5.2)
i=1

g =(91,-..,9a4) is called gradient vector ofﬁ at X. Write Vx F := g.
Similar to Proposition 2.2.2 the extended gradient vector II is still unique:

Proposition 2.5.2. The gradient vector II of a Gdteauz differentiable functional

according to Definition 2.5.1 is unique on [0,00).

Proof. The uniqueness is a consequence of
Vxﬁ(u) = ((Vxﬁ)l(ul), ey (Vxﬁ)d(ud)) == Dxlf;‘v((l[ul’oo)7 ey ]-[ud,oo))) N

for all u = (uy,...,uq) € [0,00)%. O

Naturally the question arises, whether the extended gradient vector Definitions
2.4.1 and 2.5.1 still complement one another as Definitions 2.1.2 and 2.2.1 did in
Proposition 2.2.3. In fact, by extending (2.2.1) to

I, L{(v) — BV, I(x):= (L(21),..., L, (2q)),
Proposition 2.2.3 adapted to the multidimensional setting holds; in particular
Vi(Fol,)= V[V(x)ﬁ v-almost everywhere. (2.5.3)
The proof is analogous to that of Proposition 2.2.3.
A beneficial property of the extended gradient vector is that its d entries are equal to

the separate gradient vectors of the functional F restricted to its d one-dimensional
function spaces:

Proposition 2.5.3. Let VxF = ((Vxﬁ)l, el (Vxﬁ)d) be the gradient vector of

FatX= (X1,...,Xq) € BVZ in accordance with Definition 2.5.1, and define the
mappings e; : BV_ — BV by Y v (X1,...,X; 1,Y, Xi11,...,Xq). Then,

(VxF)i =Vyx,(Foe), Vie{l,...,d}, (2.5.4)

where Vx, (ﬁ o e;) s a gradient vector in accordance with Definition 2.2.1.

Proof. For an arbitrary but fixed ¢ € {1,...,d}, let H:= (0,...,0, H;,0,...,0) and
H; := 1}, o). Because of (2.5.2), (A.3.1), and (2.2.2)

(Vx F);(u) = /(vxﬁ)i dH; = DxF(H) = Dy, (F o ¢;)(H;) = Vx,(F oe;)(u), u€R.

O
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Rewriting Condition 2.2.5 to fit the multidimensional case, one gets an analogue to
Theorem 2.2.6 for

d
G:BVY R, G(H):= /y- dH := Z/yz dH;, y € (BVCy)?, (2.5.5)
i=1

and

y(u) == (Gl 0005 0,...,0),...,G(0,...,0, 1}, &), u=(u,...,uqg) € R?.



3 A sensitivity analysis of life
insurance contracts

As pointed out in the introduction, the actuarial assumptions such as interest rate
or mortality rate can vary significantly within a contract period. For studying the
influence of such changes on profits and losses or premiums a sensitivity analysis can
help.

A first attempt was made by Lidstone (1905), who studied in a discrete time set-
ting the effect on reserves of changes in technical basis and contract terms. However,
Lidstone dealt only with simple single life policies with payments dependent on sur-
vival and death. The same did Norberg (1985), who transferred Lidstones ideas to
a continuous case where premiums and annuities are payable continuously. Likewise
using Thieles differential equations, Hoem (1988), Ramlau-Hansen (1988), and Lin-
nemann (1993) obtained further results on a more general level. All of these studies
have in common that they mainly yield qualitative and less quantitative results. They
show which direction the prospective reserve or the premium level are shifted to by a
parameter change, but hardly quantify the magnitude of that effect.

Another approach is to calculate different scenarios and to compare them with each
other, as for example Olivieri (2001) or Khalaf-Allah et al. (2006), but this idea only
works for a small number of parameters.

A third way is to study sensitivities by means of derivatives, which turned out to
be a very efficient concept. References using such an approach are Dienst (1995),
Bowers et al. (1997), Kalashnikov and Norberg (2003), and Helwich (2003, 2005):

Dienst (1995, pp. 66-68, 147-150) uses a finite number of partial derivatives of the
net premium with respect to time-discrete disablement probabilities to approximate
the relative change of the net premium caused by altered disablement probabilities.

Bowers et al. (1997, pp. 490, 491) calculate the first order derivative of the expected
loss with respect to the interest rate, which they assume to be constant.

Kalashnikov and Norberg (2003) differentiate the prospective reserve and the pre-
mium level with respect to one arbitrary real parameter. This also includes parameters
such as contract terms. Similar to Thieles differential equation for the prospective re-
serve they present differential equations for their derivative. In section 5, Kalashnikov
and Norberg generalize their approach to a finite number of real parameters.

Helwich (2003, 2005) models the actuarial assumptions as finite dimensional and
real-valued vectors, allowing for parameter changes at a finite number of discrete
time points. He calculates the gradient (2.0.1) of the expected loss of a portfolio of
insurance contracts with respect to yearly constant interest and retirement rates.

All of those studies have in common that they only allow for a finite number of
parameters. This chapter presents a sensitivity analysis based on the generalized
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gradient vector concept of chapter 2. This makes it possible to study sensitivities
with respect to an infinite number of parameters, which meets, for example, the more
realistic idea of actuarial assumptions (e.g., mortality) being functions on the real line
rather than on a discrete time grid. Nonetheless, the present approach is including
also discrete time models, and thus it generalizes Helwichs (2003) chapter 5 in case
of just a single contract.

Sections 3.1 to 3.4 calculate the gradient vectors of the prospective reserve and
the premium value in general as mappings of the technical basis. Interpreting there
gradient vectors as sensitivities, section 3.5 performs a sensitivity analysis for several
typical examples, yielding some substantial insights.

Actuarial functionals of interest

Since the prospective reserve (1.2.8) and the premium level (1.2.17) are largely the
crucial quantities for shaping fundamental contract terms, calculating premiums, or
evaluating future obligations, they are the actuarial functionals for which a sensitiv-
ity analysis shall be performed here. As shown later in section 3.4, the generalized
gradient vector of the premium level is easily deducible from that of the prospective
reserve. Hence, focus initially only on the latter:

Taking into consideration (1.2.2) and (1.2.3), the prospective reserve V, ; given by
(1.2.11) may be seen as a functional of the cumulative interest intensity ® € BVC_
and the cumulative intensities of transition ¢,. € BVC._, (y,z) € J. However, the
sensitivity analysis concept of sections 2.2 and 2.5 allows only for arguments with
finite total variation! For example, finite total variation for the cumulative interest
intensity ® would imply that the discounting factor 1/K has an upper bound on
[0,00), which disagrees with established notions of the economical reality. How to
handle that discrepancy?

A possible solution is to distinguish between initial point and deviation: Decompose
the cumulative intensities to

(®,q) = (¥*,¢") + (Hs,H,),  He € BV_ ,H, € (BV_)ISIXISI, (3.0.1)

where ®* € BVC._ and ¢* € (BVC_)!SI¥ISI build an arbitrary but fixed initial
point which varies with deviation (Hg, H,) € BV._ x (BV._)!SI*IS|. Now regard the
prospective reserve as a functional of the deviation only. This ambivalent approach
allows for lifelike actuarial assumptions on [0, 00); but note that a sensitivity analysis
considers just a shortened set of fluctuations! In most practical cases it suffices to act
on the assumption of finite time horizons, where the distinction of initial point and
deviation vanishes. (In case of a finite time horizon T' < oo, all cumulative intensities
may, without loss of generality, be multiplied with 19 77 or 1o pr (7)), which makes
them elements of BV._.)

Remark 3.0.4. Facing the unusual split between ’initial point’ and ’deviation’, one
could ask: why not expanding Definition 2.2.1 to functionals on BVC_?7 The two
following items run contrary:
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(i) The directional derivative of the prospective reserve as a functional on (BVC._ )¢
usually does not exist for all directions H € (BVC._ ). Moreover the set of direc-
tions with existing directional derivative depends highly on the contract terms,
which is problematic if one aims to compare the sensitivities of heterogenous
insurance contracts.

Look at the following simple example: Let the state space have just a single
state S = {z} and define F, by

- 1

Then, the prospective reserve at ®* = 0 exists,

=1
F,.(dt) = — < 00
ZXG‘;/ o) Kq;.* z:: n2
Defining
=1
Hg := Z _5 1[n,oo) )
n=1

the cumulative interest intensity ® = ®* + 71Hg = 0 4+ 7Hg meets condition
(1.2.4) for all 0 < 7 < 1, but the prospective reserve at ® does not exist for any
0<7T<1,

— 1 1
2 Joo Tt ™= 2 (e =

z€S n=1

that is, the directional derivative at initial point ®* does not exist in direction
Hg.

Similar examples can be constructed for deviations of the cumulative transition
intensities. Note that the choice of ® is not just a theoretical example but a
customary model for the financial development. That means directions with no
existing directional derivative are not only on the fringes.

(ii) The prospective reserve according to (3.0.1) as a functional of the deviation will
prove to be even Fréchet differentiable, that is, the convergence of the directional
difference quotients is even uniform. But extending the domain to functions of
bounded variation on compacts, the total variation is not a norm anymore,
and one loses the Fréchet differentiability, which is only meaningful on normed
spaces.

Taking Proposition 2.5.3 into consideration, at first gradient vectors are calculated
with respect only to the cumulative interest or one of the cumulative transition in-
tensities.
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3.1 Gradient vector with respect to interest

In this section, regard the prospective reserve as a functional solely with respect to the
cumulative interest intensity ®. As stated in (3.0.1), let ® decompose to ® = ®*+ H,
where the starting point ®* satisfies (1.2.4) and the integrability conditions (1.2.6)
and (1.2.7), and H € BV_ is a deviation from ®*. Write

VE(H) =V, [®* + H,q"].

Y,8

Unfortunately, this functional does not generally exist on the whole of BV, as & =
®* + H does not necessarily satisfy the lower jump bound condition A®(t) > —1,¢ €
R, in (1.2.4). Aiming to obtain the gradient vector IT of quf; at zero, one needs at least

the existence of Vy‘f); (H) for H in a neighborhood of zero. Within this neighborhood,
the corresponding cumulative interest intensity ® = ®* + H ought to satisfy the lower
jump bound in (1.2.4). This motivates the definition

Egn 1= {H € BV_ ‘A(cI)* + H)(t)>Cy-, Vite R} , (3.1.1)

where Cg- is the lower jump bound of ®* according to (1.2.4) and Cp- is an arbitrary
but fixed constant satisfying —1 < Cg+ < Cpx < 0.

Proposition 3.1.1. For each H € £p«, y €S, and s > 0, one has |V,*, (H)| < co.
The proof of that Proposition is based on the following useful Proposition:

Proposition 3.1.2. For all H € Eg« with corresponding Jordan-Hahn decomposition
H=:H, — H_ (c¢f. Theorem A.2.1)

* 1 *
(gﬂ (1+d(®@*+ H)) < 5o (ZE] (1+ do*) (gﬂ (1+dH), (3.1.2)
N A+d@ +H)>C T (1+d®*) T (1+d(-H_)) >0 (3.1.3)
(s,t] (s,t] (s,t]

Jor C:= (14 Co-) /(1 4 Cp-)(1 4 Cg+ — Cg-)) € (0,1].
Proof. Because of 1 + A®*(t) > 1+ Cgp~ forallt e Rand 0 <1+ Cgpx <1

(1+A®*(1)) (14 AH(t))

14+ AP*(¢t 14+ AD*(¢t
1+ A@* + H)(1) < LA | 1+ AT
1+ Cop~

T 14 Co~ 1+ Co»

AH(t) =
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for all t € R. Combined with Proposition A.4.2 this leads to (3.1.2),
U (1+d(®*+ H))

(s,t]

— exp (cp:(t) — @7 (s) + He(t) - Hc(s)> [1 (1+a@ +mm)

TE(s,t]
* * 1 *
< exp (D1() = B (s) + Holt) — Hels)) o el:[ﬂ (1420 (n) (1+aH(T))
1
=—— U (1+4d®%) T (1+dH).
1+ Cor (s ( ) (gﬂ ( )

Since for all a € [Cpx,00) and b € [5@* — Cs+,0]

1+a+b 14 Co-
(I1+a)(1+0) (1+C¢*)(1+5¢>* — Cgp~)

one gets 1 + A(®* — H_)(1) > C (1 4+ A(®*)(1)) (1 — A(H-)(7)) for all T € R.
Combined with Proposition A.4.2 this leads to (3.1.3),

U (1+d(®*+ H))
(5,t]

> exp (@:(t) — B (s) + Ho(t) — Hc(s)> I1 (1 NG H,)(T))

TE(s,]
Di(s) + Ho(t) = He(s)) © [ (1420 () (1-AH- (7))
TE(s,1]

7( (1+d®*) U (1+d(-H-)) >0.

(s:t]

—CTe0,1],

O

Proof of Proposition 3.1.1. As ®* + H has finite variation on compacts, the corre-
sponding accumulation factor K- p(s) is finite for any fixed s > 0 (cf. Proposition
A.4.1). Therefore, it suffices to show

1
/[0’00) | 0.y (1 +d(®* + H))| [F[(dt) < o0

1
DZ(:(t) QZC(dt) < o0
/(0’00) | To,preey (1 +d(@* + H))|

since 0 < py.(s,t) < 1 for any 0 < s < ¢ and any y,z € S. With (3.1.3) and
Proposition A.4.2

1 1 111(1 + 5@* - Ccp*)
) p

<C .
N1 +d(@* +H)) = Jq1+de* Co- — Co-

ses (3.1.4)

(2,0)€J

0<

H—||Bv) .
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That means

1

1
< const et sy ¢ > (3.1.5)
[Ko-4u ()] ~ [Ko- (1)

and analogously

1 1

< const et IHlsv ¢ > (3.1.6)
|Ko-+u(DT (1)) ~ [Ko-(DT'(t))]

which allows to bound the terms in (3.1.4) with the terms of (1.2.6) and (1.2.7)
multiplied with factor const ecostIHllsv < o, O

That means the prospective reserve at ® = ®* + H as a functional of the deviation
H is well-defined on &g+ ,

Ve &y =R, H—V, [0+ H,q". (3.1.7)

Y,s

Note that the space Eg+ contains all continuous functions of BV, and is not, in
contrast to BV_ | linear anymore. As £+ contains even a whole ball around zero

Be~ 1= {H € BV_ ’ ||HHBV < Cp» — 5@*} C Ep~ (3.1.8)

(note that Cg- —Cp- > 0), not only Gateaux but also Fréchet differentiability of Vf’;
at zero may be studied. In fact, even the stronger Fréchet differentiability holds here:

Theorem 3.1.3. The functional Vy‘f’; is Fréchet differentiable at zero with differential

DoV,!, (H) =
_ Ll ) e
Zez;s/[s,o@ </<1 X TnR ) K- (1) P D)
1 Ko+ (s)
(Z%:GJ /<s,oo></(s,DT<m 1+ A% (u) dH(u)) R (DT (@) D=0 4=0) a:cld)
(3.1.9)
for He BV _.

The proof of this theorem is split into several pieces — following now — with some
of them being formulated as an own proposition:

Proposition 3.1.4. For all H € Bg~ and —0o < s <t < 00

1 1 o _const |H| v

Moy A+d@ +H)) Ty @ +d®) |~ T, (1 +der)’ (3.1.10)
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1 B 1 Joonras HW | const | H|%,
Nog(L+d(@*+H)) Ty (L +dP*) o (L+d®*) |7 Tl (1 +de)
(3.1.11)
For all continuous functions H € BV._ and —oco < s <t < o0
ﬂ(s,t] (1 + d((I)* + H)) H(s,t] (]‘ + dq)*) H(s,t] (1 + d(I)*) ’ o
1 - 1 o) Trawey AH (u)

s (L+A@* +H)) T, q(1+de) N (1+dP*) ( )
3.1.13

|Hly (14 e70-00)
B H(s,ﬂ (1 —i—d@*)

Proof. The proofs of (3.1.10) and (3.1.12) are just simpler forms of the proofs of
(3.1.11) and (3.1.13). Thus, only the latter are presented here.

Applying the equation of Duhamel (see equation (14) of section 2 in Gill (1994))
two times and using (3.1.2) and (A.4.3) leads for ||H||py < Cp» — Cop= to

1
1+ d@* + H)) — T (1+dd*) — T (1 + dod* dH(u
(sT,[t]( @) <§t1( +do) (th]( i )/w] 1+ A®*(u) )

U (1+d@ +H) - T (1+d<1>*)/( ) U (1+de*) T (1+do*)dH (u)

(s,t] (s,t] ,t] (s,u) (u,t]

/( ]</( ) T (1+d@* +H) T (1+dq>*)dH(v)> T (1+d0%) dH ()
s,t S,u (

(s,0) () w,t]

IN

Jon </< N (+d@m+ 1) T (“dq’*)lel(v)) (1 +a9%) dlH](w)

s,u) (s,v) (v,u) (u,t]

5]z
gu/ ( T (1+d®*) U (1+de7)dH|(v) JT (Hd‘b*)) d|H|(u)
L+ Cox Jisg \J(s,u) (s0) (vu) (u.t]

const/(st] /Su 1—|—AQ>* ))(1+A<I>*(u)) d[H|(v) d|H|(u)

IN

1H| %y
const 1+do*)———2Y
(ZE] ( )(1 ¥ Co-)2

const [|H||%y TU (1+ do*).
(s:1]

IA

IA
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Analogously, applying the equation of Duhamel only one time,

U (1+d(@* +H)) — T (1+do*)
(s,t] (s,t]

< const [|[H|[py T (1+ d®*).

(s7t]

These two inequalities combined with the inequality

1 1 c (a—b)? a—b—c
— =7+t 5 < Va,b>0,ceR
a b b2 — ab? + b2 ’ a, , € 5
property (3.1.5), and ||H| gy < Cop- — Cg- yield
1 _ 1 Jis.) TrmETm AH (W)
H(S,t] (1 +d(P* + H)) H(s,t] (1 + dq)*) H(s,t] (1 + dq)*)
2
< <const | H | v H(s,t] (1 + d@*)) const || H|| %y, T[(s,t] (1 + d@*)
< 5 .
N (1+d(®* + H)) (J’((Syt] (1+ d@*)) (ﬂm} (1+ dq,*))
const et llzv | 7|2, const | H||%y
T Ty (14 d27) Ty (1+do")

_const [y
B ﬂ(s,t] (]‘ + d(I)*)

Now assume that H is an arbitrary but continuous function of BV._ . Because of
(A4.1)

M (1+d(@ +H)) =D 1 (14 d0%).
(s,t] (s,t]

Further on, the finite variation of ®* on (s,t] implies that the set {u € (s,t] :
A®*(u) # 0} has, at most, a countable number of elements and is therefore a null set
with respect to H. Consequently,

1
———dH(u) = dH(u) = H(t) — H(s).
/(s,t] 1+ AdP*(u) (u) (5.1 (u) (t) (s)
Since |e* —1 — x| < [z[* (1 + €”) for z € R, one gets
1 _ 1 o) Trmeey AH ()
N A+d(@* +H)) Tl (1+d2*) Tl (1+d2)
1

_ GHEO-HWB _ 1 _ (H(s) —
N Moy (14 d®*) ‘ 1= (H(s) H(t))’

[H(t) = H(s)? (14 ¢H6)-10)
<
- Tsy (1 +d27)
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Proposition 3.1.5. Define for an arbitrary but fized s > 0 the Borel-measures

psp(A) = / pyz s,t) F.(dt), VAeB(R),
2€8 AN[s,00)
(3.1.14)
poe()i= 3 [ D) pyelst = 0) acldt), VA€ BE).
(z,0)ed AN(s,00)
Then, the mapping
Vs : Egpr —>L1(\MSB\+|MDB|°DT_1)7 Hi— | t— !
Tsq (1 +d(®* + H))
(3.1.15)

is Fréchet differentiable at zero with differential

1
—————dH(u

T (14 do¥)
(s:]

Dovs : BV — L (lussl + DT(upsl)),  Hw |t

(3.1.16)
Proof. The mapping (3.1.15) is well defined as for any H € Eg«

””S(H)HLl(|us3|+mDB|oDT—1)

1 @ + 1
T v @+ ) "2 i a@ + m)
Koy 1(s) Koyn(s)
Ko (t) Ko g (DT(t))

< const st [1H [ sv Ko+1p(s) (IHCOSB + IHCOSDB) < 0,

lups| o DT~H(dt)

lnsp|(dt) + lupp|(dt)

where the inequality is due to (3.1.5) and (3.1.6), and the constants InCogp and
InCopp are defined according to (1.2.6) and (1.2.7). With (3.1.11) and the above
estimation

() = () = Dova ()],

| H| 5y
. 2
const || H|| %y ||Vs(0)||L1(

/LSB|+\/LDB|ODT*1)

|ﬂSB\+|uDB\oDT—1) (3.1.17)

<
| H| 5y

< const ||H|| v

for all H € Bg«. The differential Dy, is linear and continuous, the latter property is
due to

| H[ v
HDovs(H)IILI(‘MSBMHDB‘()DT,I) S 11 Co. [[vs (0 )||L1(WSB|+|HDB‘0DT71)

O

= const || H|| sy -
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Proof of Theorem 3.1.3. Let F be the sum of two Fréchet differentiable mappings of
the form (A.3.4) with measures psp and pupp o DT ! according to (3.1.14),

F:L1(|MSB|+\MDB|0DT‘1> —R, vl—>/vd,u53—|—/vd,uDBoDT_l.

As stated in Example A.3.3, F' is Fréchet differentiable at zero with differential Do F' =
F. As V;I”S* = F ov;, the chain rule (A.3.6) yields

DoV,?, = Do(F ovy) =D, o) F o Dgvs = F o Dovs.
Now (3.1.16) leads to (3.1.9). O

Remark 3.1.6. In case H is an arbitrary but continuous element of BV, property
(3.1.13) yields analogously to (3.1.17)

HVs(H) —v5(0) — DOVS(H)HLl(\MSBHWDB\ODT*I)

< 113y (14710 )y,0)

LI(WSB|+\/JDB\0DT*1) '
With F being defined as in the above proof, one gets
‘ch* (0) — DoV, (H)‘
= ’FOZ/S(H) — Foug(0) — FoDoys(H)‘
(3.1.18)
— ’F o (vs(H) — v4(0) — Dous(H))‘

< 113y (1+ OO ), (0)|

Ll(\ﬂSBlJrlMDB\ODT*l) ,
which is a useful property for later purposes.

As Fréchet differentiability implies Gateaux differentiability with coinciding differ-
entials, the task is now to find a representation for DoV,", in accordance with (2.2.2).

Theorem 3.1.7. The gradient vector II of V;I’S exists at zero and has the form

* 1 s,t (u) Ko+ (s
VoVl () = =Y /[S’OO) R KZ((t)) Pye(s,1) Fu(d)

_ / 1. pry(u)  Kg-(s)
(8,00) 1+ Ad*(u) Keo-(DT(t))

D, (t) pyz(sa t—0) qz¢ (dt)
(z,0)eJ
_ 1(5,00) (U)
T+ AD~ () "

is)
®

VueR.
(3.1.19)
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That means the gradient vector at u > s is equal to the negative of the present
value at time s of all payments falling due not before u and triggered not before s,
normalized by the relative height of a possible jump of the accumulation factor K at
u.

Proof. Apply Fubinis Theorem to (3.1.9). Note that the functional DOVy‘f’; is contin-
uous at zero, that is, |D0qu?;(H)| < const |H||py < oo for all H € BV._. O

If the Fréchet differential DOVy?; satisfied Condition 2.2.5, Theorem 2.2.6 would
already imply the existence of the gradient vector VOV;’; , which could then be easily
calculated by VOVy‘If; (u) = DOV;’; (L[u,00))- In fact, one can verify Condition 2.2.5,
but calculating the gradient vector by Fubinis Theorem turns out to be easier here.

Remark 3.1.8 (Computing the gradient vector). Though having the explicit formula
(3.1.19) for the gradient vector VOVf; , it can still be challenging to compute it. Since
(3.1.19) looks very similar to (1.2.11), one could aim to find an analogon to the Thiele
Integral/Differential Equations (cf. Milbrodt and Helbig (1999), section 10.C). In case
payments due to transitions are paid immediately, that is, DT = Id, there is no need

for it: Using the Chapman-Kolmogorov-equations, the gradient vector has the form
VoV, (w)
1(5’00)(11) Ke- (u)
)

= - 1+ A(I)*(u) Ko (S Zpyz(sa u) ‘/z,u + Z DzC(u) pyz(sa U — 0) AQZC(U)> .
z€S (z,¢)eJ

The only challenge in this formula is to compute the prospective reserves V., ,, and the

transition probabilities p, . (s, u—0). For the former, use the Thiele Integral/Differential

Equations already mentioned. Provided the transition intensity matrix p exists, the

latter are easily calculable with the Kolmogorov Forward/Backward Equations.

3.2 Gradient vector with respect to a single transition

In this section, the prospective reserve is regarded as a functional solely with respect
to an arbitrary but fixed transition (g,1) € J. As stated in (3.0.1), let the cumulative
intensity decompose to qq = q;l + H , where q;l € BVCY is a starting point satisfying
the integrability conditions (1.2.6) and (1.2.7), and H € BV_ is a deviation from ¢, .
Let ¢* be a regular transition intensity matrix.

A remark on notation:
e Denote by [M];; the element of the i-th row and the j-th column of matrix M.

e Let I;; be a zero matrix except of the element in the i-th row and the j-th
column being 1.
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e Let | - | denote the maximum-row-sum norm when it is applied to a matrix.
Note that the same symbol applied to a measure p denotes the measure |pu| :=
Wy + p—, where pp = py — p— is the unique Jordan-Hahn decomposition of p.

With the cumulative intensity g;; being shifted by H, the matrix of the cumulative
transition intensities gets

9() = ¢ () + (g = Lgg) H(:) =2 q(; H), (3.2.1)

since .. = — >, ¢ ¢z for all 2 € S. Via (1.2.2) it corresponds to
p(s,t) = U (I+dg(H)) =:p(s,t; H). (3.2.2)

(s,t]

For a shorter notation write p*(s,t) := p(s,t;0). Since only the influence of changes
of g shall be studied here, define

Vi2 BV — R, H V[0 q" + (Iy — L) H] . (3.2.3)
The following proposition shows that this functional is well-defined.
Proposition 3.2.1. Let t +— Dgl(t)/{((DT(t)) be bounded on [0,00). For each H €
BV_,ye&8, ands >0, one has |V, % (H)| < co.

The proof of that Proposition is based on the following useful Proposition:

Proposition 3.2.2. For all H € BV_ and s < t, |p(s,t; H)| < e2IHlsv |

Proof. Equation (14) in Gill (1994, p. 126), the submultiplicativity of the maximum-
row-sum-norm, and the property of the stochastic matrix p* to have row sums of one,
yield

(s, t; H)| =

(L+ dg") Z / T+ dg") (Lt — Tg) dH (ur)-
(S t] s<Ut <o LUy, <t (3

u1)

JU (I+dq") (g — Lgg) dH (uz) ... (g —Igg) dH (um) JU (I+dg”)

(u1,uz2) (wm,t]

§1+Z/ (0, w1 — 0)| 2d|H|(ur) -
m=1 v s<u1 <+ <uUpm <t
P (uryuz — 0)| 2d|H(us) - .. 2d|H] (1) [P (i, )|

=1+> / 2d|H|(uy) 2d|H|(uz) ... 2d|H|(um)
s<uy <o <Up <t

m=1

Z —~ / 2d|H|(u1) 2d|H|(ug) ... 2d|H|(um)

- 2||HHBV

<D
m=0
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Proof of Proposition 3.2.1. Applying Proposition 3.2.2 yields

1
Z/( ) Ko Lo (s 1 H) Fo(dD)] < ¢? 1=V InCogp < oo
ZES 5,00

with constant InCogp defined according to (1.2.6). Further on,

1
o Pec(t) pyz(s,t — 0; H) gz (dt; H)
’ Oe,/@,oo) K(DT(1) :

Z DT Dz( (t) pyz(sa t— 0; H) ng‘ (dt)
(z.0)e7 7 (5:%0)

/( ) m Dy (t) pyg(s, t — 0; H) dH (1)

H D (t) H
< 2| ”BVI _Pgl\Y) 2| H||sv H
e IICODB + iup ( (t)) e || ||BV < 00,

+

with constant InCopp defined according to (1.2.7). O

A necessary condition for qu, % having a gradient vector II at zero is its Gateaux
differentiability. In fact, it is even Fréchet differentiable at zero.

Theorem 3.2.3. Let t — Dy (t)/K(DT(t)) be bounded on [0,00). Then, the func-

tional quf;’ is Fréchet differentiable at zero with differential

W =3 | K

s /( )K([;(;zt)) Dec(t) gl (t— 0 H) gZe(dt)  (3.2.4)
(z,0)eg 750

_(t; H) F.(dt)

KO o,
+/(S,OO) K(DT(t)) Dgl(t)pyg( b 0) dH(t),

for H € BV._ | where

0,.(t; H) := [/ ]p*(s7u—0)(]lgl—]Igg)p*(u,t)dH(u) , (y,2) €S xS,s<t.
s,t
yz

The proof of this theorem is split into several pieces — following now — with some
of them being formulated as an own proposition:

Proposition 3.2.4. For all H € BV_ with |H||py < ¢ < oo for an arbitrary but
fixed constant ¢ and all —co < s <t < o0

|p(s,t; H) — p*(s,t)| < const ||H||pv, (3.2.5)
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pmum—ﬁww—/ P (5,1 = 0) (It — Tg) p* (s ) dH ()

< const ||H||%y -
(s,t]

(3.2.6)

For all H € BV_ with q(-; H) being a regular cumulative transition intensity matriz
and all —co < s <t < oo

Ip(s,t; H) — p*(s,t)| < 2| H|| v, (3.2.7)
p(s,t; H) — p*(s, 1) —/( ) P (s,u = 0) (Ty — Lyg) p* (u, t) dH (u)| < 4| H|%y -
| (3.2.8)

Proof. The proofs of (3.2.5) and (3.2.7) are just simpler forms of the proofs of (3.2.6)
and (3.2.8). Thus, only the latter are presented here.

Applying the equation of Duhamel (see equation (14) of section 2 in Gill (1994)) two
times, and using Proposition 3.2.2 and the property of p* being a stochastic matrix
(that is the row sums are equal to one) leads for | H||py < ¢ < o0 to

p(s,t; H) —p*(s,t) — / p*(s,u—0) (Igy — Iog) p* (u, t) dH (u)

(Sat]

/( t]</(, )P(va = 0:H) (It = Lgg) p* (v, u = 0) dH(U)) (I — Tog) p* (u, £) dH (u)

S/ (/ [p(s,v—0;H)|2

(s,t] (s,u)

smﬁ/ O"dmwﬂdmm
(s,t] (s,u)

<4e* | Hl[Gy -

p*(v,u—0) dIHI(U)> 2[p* (u,t)| d| H|(u)

If ¢(-; H) is a regular cumulative transition intensity matrix, one has |p(s,v—0; H)| =
1, which leads to the upper bound (3.2.8). O

Proposition 3.2.5. The mapping

P BV = Bi= { R = RIS | g i= sup (1)) < o0}
teR (3.2.9)
Ho (1 () pls. 85 H)

is Fréchet differentiable at zero with differential

Dop® (H) :/ (5,0 —0) (i —I,y) p(u, ) dH(u),  VH € BV_. (3.2.10)
(Sw']



3.2 Gradient vector with respect to a single transition 51

Proof. The mapping p® is well defined as by means of Proposition 3.2.2 |,05 (H)(t)’ <
exp(2 ||H||pv) for all t € R. Property (3.2.6) yields for ||H||py < ¢ < o0

p*(H)(t) — p*(0)(t) — Dop®(H)(t)
15l sv

According to Definition A.3.2, it is left to show that the functional H +— Dgp*(H) is
linear and continuous. Linearity is obvious. Continuity is here equivalent to bound-
edness,

< const ||H|| v , VteR. (3.2.11)

[Dop*(H)| 5 < Slelp/l(s,t](U)lp*(Sau = 0)| [Tgr = Lgq| [p"(u, t)[ d[H|(u) < 2| H][py -

(3.2.12)
O

One gets an analogous result when altering p*(H) to
7°(H) = (t > 1g00) (E) (s, — O;H)) ., HeBV_. (3.2.13)

The corresponding Fréchet differential has the form

Dop* (H) = / P 0) Ot~ L)y —0)dH (), H € BV
(s,-—0
(3.2.14)

Proof of Theorem 3.2.3. Denoting by F,  and F, . Fréchet differentiable mappings
of the form (A.3.4) with measures

/K F,, VAeBR),

N:¢(A) == /A Ko DTDZC dqze, VAeBR),

the prospective reserve at ¢ = ¢* + (I;; — I4q) H is equal to

qugel Z/ pyz sty H) 77z dt Z / pyz - 03H) nZC(dt)

z€S (z,0)eg ’ (5:2)

K(s) ,
+/( OO)mDm(t)pyy(Svt—O»H)dH(ﬂ

:ZFnz(pyz(sf;H))"‘ Z Fnzc(pyz(sv'_()?H))

z€S (z,¢)ed
K(s)
——D —0;H)dH(t).
* /(s,oo) Ko DT(t) gl(t) pyg(svt O’ )d (t)
(3.2.15)
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By means of the linearity of Fréchet differentials, the chain rule (A.3.6), the property
Do F = F for mappings in accordance with Example A.3.3, and Proposition 3.2.5, the
Fréchet differential of the first two addends has the form

ZFz(pyz(S";H>)+ Z Fnzc(pyz(37'_O;H)) (H)

zZES (2,0)e]
- ZDO (Fnz ° [ps]yz>(H) + Z Do (Fnzc ° [ﬁs}yz)(H)
zeS (2,0)€T
N Z (P01, Fa ) o (Dololy= ) () + 3= (Do, Fiec ) © (Polp™lye ) ()
(z,0)eJ
_ZF (0 ) ZFnc ( P’y )(H)
z€S (z,0)ed
s) s . )
. [m)f{((t) 0,.(t; H) F(d?) t%:e] /( oo>l<(li;(th)) D.c(t) 05, (t—0; H) ¢ (dt),

which is equal to the first two addends of (3.2.4). For the third addend in (3.2.15)
Proposition 3.2.4 yields

_K(s) o K
/(s,m)K(DT(t))Dgl(t)pyg( t—0; H)dH(t) /(S,OO)K(DT(t))Dgl(t)pyg( t—0)dH(2)

< / K(I;(;zt)) Dyi(t) ‘pyg(s’t —0;H) = py(s,t = 0)’ dH|(t)

Dy
< g
< 55 sup{ 72100 conse 7w [ alrre)

< const | H |5y

for all ||[H||py < ¢ < co. It is left to show that the differential is linear and contin-
uous. The linearity is a consequence of the linearity of integration. The continuity
is equivalent to boundedness, which holds because of (3.2.12), the boundedness of
Dy (-)/K(DT(-)), and the integrability conditions (1.2.6) and (1.2.7). O

Remark 3.2.6. In case H € BV_ is chosen in such a way that ¢(-; H) is a regular
cumulative transition intensity matrix, property (3.2.8) allows for replacing the upper
bound in (3.2.11) by 4 |H|| gy without the necessity of an upper bound ||H| v < c.
With that and (3.2.7) one gets — following the lines of the above proof —

Vi (H) = V% (0) = DoV (H)|

D
< 4y K () (1xCosn + nCone) + K (5) sup { 2-0%(0) ) 21171
(3.2.16)

which is a useful property for later purposes.
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The functional qu, % is not only differentiable at zero, but also has a gradient vector
II in accordance with Definition 2.2.1:

Theorem 3.2.7. Lett — Dy (t)/K(DT(t)) be bounded on [0,00). Then, the gradient

vector II of V;, % exists at zero and has the form

VoVih (1) = 15 0 (1) P (50— 0) K ) { BY ol CACRATR) EXCD

5 o) K1)
£ [ epm P (bt =0) vyt - 0)) aictan
+K(Dlwpgl<u)}
= 10y 1) 55 50— 0) T (Vi = Vi + e Dat)

Proof. Since for all (y,z) € S x S

03 (8 Luoe)) = Lsar (1) [ (5,0 = 0) (It = Tyg) 9" ()|

yz

= 1o (W) Dy (5, = 0) (b, t) = i (u, )

and DoV, is continuous at zero, that is, |DoV,4 (H)| < const |H| gy for all H €
BV_, equation (3.2.17) is obtained by applying Fubinis Theorem to (3.2.4). O

Similar to section 3.1, it is here easier to apply Fubinis Theorem to DOqu,“;l than
to verify Condition 2.2.5 and to apply Theorem 2.2.6 in order to obtain the gradient

vector VOV;, 9! The factor

K(u)

Ry(u) :=Viy—Vyu+ K (DT (u))

Dy (u), u>0, (3.2.18)
is the so-called sum at risk associated with a possible transition from state g to state
[ at time u (cf. Milbrodt and Helbig (1999), p. 470). That means the gradient vector
at u > s is a product of (i) the probability to be in state g just before u, (ii) a
discounting factor, and (iii) the sum at risk.

Remark 3.2.8 (Computing the gradient vector). Starting from equation (3.2.17),

the only challenges for computing the gradient vector VOqufs" are to get to know the
transition probabilities py (s,u — 0) and the prospective reserves V.,V .. For the
former. use the Kolmogorov Forward/Backward Equations (provided the transition
intensity matrix p exists) and, for the latter, use the Thiele Integral/Differential
Equations (cf. Milbrodt and Helbig (1999), section 10.C).
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3.3 Gradient vector with respect to interest and all
transitions simultaneously

Now regard the prospective reserve as a mapping of the cumulative interest intensity
® and all cumulative transition intensities g.¢, (z,() € J, simultaneously. As stated
in (3.0.1), let the cumulative intensities decompose to

(®,q7) = (®*,q7) + (Ho, Hy) = (2", (¢}) 2. 00ea) + (Ha, (Hog)(z0)es), (3.3.1)

where (®*,¢%) denotes an arbitrary but fixed starting point and (He, Hy) is a devi-
ation of it. Let ®* satisfy (1.2.4) and the integrability conditions (1.2.6) and (1.2.7).
Further let ¢* be a regular transition intensity matrix. Analogously to (3.2.1) and
(3.2.2), write

q(Hy)=q"()+ > (e —I.2) Hae (),

(=:0)e] (3.3.2)
p(s,t; Hy) = [ (]Ierq(‘;HJ)), —0<s<t<oo.
(st]

Again, for a shorter notation write p*(s, t) := p(s, t;0). Regard the prospective reserve
as a functional of the deviation (Hg, Hy) and write

V&) (Hy, Hy) = Vyy o [0 + Ha,q( Hy)) -

Since quf; is not well-defined on all of BV_, the functional Vy(q; ) ig not well-defined

on all of (BV_)"tI7I. A suitable domain is obtained by restricting it to the subset
Eqn X (BV)MI,

V) g x (BVO) SR, (He,Hy) — Vs [®* + Ho,q(sHy)] . (3.3.3)

Proposition 3.3.1. Let t — D.c(t)/Ks-(DT(t)) be bounded on [0,00) for each
(2,¢) € J. For all (Hy,Hy) € Ep- x (BV)I, y € S, and s > 0, one has

V) (Hg, Hy)| < 00.

Before presenting the proof, another useful proposition is shown:
Proposition 3.3.2. For all Hy € (BV_)l"l and —co < s <t < o0

p(s,t; Hy)| < e2I1Hlsv (3.3.4)

(For the definition of ||H|| gy, see (2.5.1).)

Proof. Since
Z (HZC - L) Hee()] <2 Z HHZC”BV =2[H,| v,
(z,¢)eJ (z,0)ed

the proof is analogous to that of Proposition 3.2.2. O
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Proof of Proposition 3.3.1. Follow the lines of the proof of Proposition 3.2.1, and take
into account (3.1.5), (3.1.6), and (3.3.4). O

In the same way Proposition 3.2.2 was generalized to Proposition 3.3.2, one gets
analogously to Proposition 3.2.4

|p(s,t; Hy) —p*(s,t)’ < counst ||Hy||Bv , (3.3.5)

p(s,t; Hy) —p*(s,t) — Z / p*(s,u—0) (L¢ —L.) p*(u, t) dH.¢ (u)| < const || Hy||5y
(z,0eg” (51
(3.3.6)

for all H; € (BV_)W! satistying ||Hs|py < c for an arbitrary but fixed constant
¢ < oo, and

lp(s,t; Hy) — p*(s,t)| < 2||HyllBv, (3.3.7)
p(SthHJ) - Z - (]IZC - ]Izz)p*(u,t) deC(U) <4 HHJHQBV
(zyC cJ st
(3.3.8)

for all Hy € (BV._)I’! for which q(-; H;) is a regular cumulative transition intensity
matrix. In the same way Proposition 3.2.5 is expandable to the mapping

o (BV) = B= { R RISl 2= sup | (1)] < oof
S
Hy = (82 L o0 (O pls, 1))

with Fréchet differential

Dop*(H) = Y / (s,u—0) (L — L.)p"(uw, ) dHoe(w),  VH, € (BV_)).
(z.0er
(3.3.9)
In the same manner, Theorem 3.2.3 holds for

qu,; : (BV<—)|]| - Rv HJ — ‘/y,s [(I)*aQ(';HJ)] 5

provided the mappings ¢ — D,(t)/Ke-(DT(t)), (2,¢) € J, are bounded on [0, c0).
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The Fréchet differential at zero is

Ko (s
DoV4'(H;) 0. (t; Hy) F.(dt
VI =3 [ G et i) Fan

z€S
Ka-(s)
i Z /(soo) Ko (DT(t)) () 0y, (t — 0; Hy) g2 (d?)
B Kg-(s) (3.3.10)
oS
+ 2 D) ph(s,t — 0) dH.c(t
2 /(oo>K¢>*(DT(t)) () Py ) dHxc(?)
(z,¢)ed
3 DoV (Ha)
(2,0)€J

for H; € (BV_)I"! where for (y,2) € SxSand t >0

0.t Hy) = | 3 / (8,0 — 0) (e — L) p*(us £) dHoe ()
(z.0es 78 o
Yz
Because of the second equation in (3.3.10), the existence at zero of the gradient vectors

of V%, (2,¢) € J, (cf. Theorem 3.2.7) implies the existence at zero of a gradient
vector according to (2.5.2) for quz . That means the concept of section 3.2 is expanded
to a simultaneous study of all cumulative transition intensities. Now the task is to
include the cumulative interest intensity as well.

Theorem 3.3.3. Lett — D.¢(t)/Kg-(DT(t)) be bounded on [0,00) for each (z,() €
J. Then, Vy(q; ) s Fréchet differentiable at zero with differential

DoV, % ) (Hy,Hy) = DoV,', (He) + DoV (Hy), Y (He,Hy) € Eo- x (BV_)I.
(3.3.11)

Proof. At first (A.3.3) is shown. For all (Hg, Hy) € £p- x (BV_)I

m‘v (V) (Ho, Hy) = VSE7)(0,0) = DoV, (Ha) — DoVl (Hy)| <
m VS (Hy, 0) = VS9(0,0) — DoV,Ys (He)
' m Vi (0, Hy) = ViE(0,0) = DoVl ()

m V) (Hy, Hy) — VA (0, H) — VI (Hg,0) 4 VA1) 0, 0)‘ |

(3.3.12)

The first and the second addend converge to zero, because the functionals Vy(g)* ") (-,0) =

qu’s() and Vy(i*’q*)(o, ) = Vy‘{;(~) are Fréchet differentiable (cf. Theorem 3.1.3 and
(3.3.10)).
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Now look at the third addend. Let puspo and uppo be defined by (3.1.14), and
denote by psp m, and ppp, r, analogous measures for which ¢* is replaced by ¢(-; Hy)
and p* is replaced by p(-,; Hy). Then,

‘V(s NHe,Hy) -V 210,Hy) - VT ’“(H@m+V;F;*’q*>(0,0>‘

K¢*+H S ch* (S) _ —
‘/( K@Jer N Ko (D) (HSB,HJ + up,a, o DT~ — pspo — pppoo DT 1) (dt)].

Applying (3.1.10) the integrand is bounded by
Kowrriy(s)  Ko-(s)
K¢*+Hq>(t) K@* (t)

Looking at the integrator, for any H; € (BV_)lY with |H;||py < ¢ < oo for an
arbitrary but fixed constant ¢ the properties (3.3.4) and (3.3.5) lead to

K@* (8)
Ko« (1)’

‘ < const ||H¢>||BV VHg € Bo+ C Eqp .

‘MSB,HJ +upp,a, o DT — pspo — pppoo DT |(A)

<[ et - a0 1)
zes Y AN[s,00)

+ Z / Dz((t) ‘pyz(s>t_0;HJ) _pZz(S7t_O) ng(dt)
(z,0)e] DT-1(A)N(s,00)
vy Dc(6)|pye(s,t — 0: Hy)| Ll 1)
(z,0)ed DT-1(A)N(s,00)
< const |HJ||BV( / |FL|(dt) + / Doc(t) qjc(dt))
z;g AN[s,00) z):e g/ DT~ 1(A)N(s,00)

+ const Z / ch(t)d|Hz<|(t)>
(2,00 PT=H{A)N(s,00)

for all A € B(R). Consequently,
’Vy(fg*”f)(H@, Hy) = VE0)(0,Hy) = VI29) (He,0) + VT 4)(0, 0)'
< const ||H<I>||BV ||HJHBV (IHCOSB + IHCODB)

Ko«
+ const [ Hallpy 3 / ﬁtzg(t)d\sz(t) (3.3.13)
(z,0)eT

< const |Hs||pv |HJ| BV

< const ||(He, Hy)|| By -

Hence, the functional V;f*’q* satisfies (A.3.3) with differential (3.3.11). The linearity
and the continuity of DoV’ and DOV‘IS imply the same for DOVy(E; ) O
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Remark 3.3.4. In case Hy € (BV_)V! is chosen in such a way that ¢(-; Hy) is a
regular cumulative transition intensity matrix, the properties (3.3.7) and (3.3.8) yield
analogously to Remark 3.2.6

Vi (Hy) = Vi(0) = DoVt ()|
D.c
< 4||H; || By Ko+ (s) (InCogsp + IHCODB)+( %:e fcq)* (s) sup {W(t)} 2| Hac|By -
(3.3.14)

If additionally Hg € Eg+ is continuous, properties (3.1.12) and (3.3.7) allow for re-
placing the upper bound in (3.3.13) by

VAT (He, Hy) = VIS0, Hy) = VIS (Ha, 0) + V(0 0)’

Y,s

<2 [Hyllov [ Halloy Ko-(s) [ (1 €010

D, )=
+ | Hall sy Ko-(s) > sup{W(t)} /( (1+ M= PTO ) a7, | 2),

(z.0es 20 0,00)
(3.3.15)
where
1
1) = / —— |F|(d)
zze;s An[0,00) Ko+ (1)
1
i / iy Dzc(t) g¢(dt) VAeBR).
(z,0)eg ? PT7H(A)N(0,00) Ko~ (DT(t)) ¢ ¢

(3.3.16)

Thus, following the line of the proof of Theorem 3.3.3, the properties (3.1.18), (3.3.14),
and (3.3.15) yield

VA (Ho, Hy) = VS (0) = DoVfs ) (o, )

< |Ha |2y Ko~ (s) / (1 +qu>(s)*Hq>(t)) ~(dt)

D
Hyl%y Ko« (s) (401 I 2 (¢
sl Ko o) (4nCosn + o) 2 35 s {250 )

HIH v [Holav Kar(5)2 [ (14 007160

D¢ He(s)—Ha (DT (t))
+ || H. Ko-(s) ) sup{t}/ 1+ efle(s)—Hal( )de ¢
H <1>HBV o ( )(Z,C)GJDO Ko- oDT() (0.,00)( | C|()

(3.3.17)
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for all (Hg, Hj) € Ep- x (BV._)!'I with Hg being continuous and ¢(-; Hy) being
a regular cumulative transition intensity matrix. This property will be needed in
chapter 4.

Theorem 3.3.5. Lett— D,(t )/ch* (DT( )) be bounded on [0, 00) for each (z,¢) €

J. Then, the gradient vector of Vy s ! ") exists at zero and has the form
P, qq
Vovy(ys )= (VO y,8 9 (VOVy Sl)(gJ)eJ) . (3.3.18)

Proof. Because of (3.3.11) and the existence of VOV;I?S* and V()Vy‘{;, there exists a

gradient vector II for V;,(E*’q*) at zero. According to Proposition 2.5.3, it is of the

form (3.3.18). O

Occasionally, it can be convenient to assume that some subgroup of the cumulative
transition intensities varies synchronously, for example, mortality changes of healthy
and of disabled persons evolving similarly.

Let I := {(¢1,1),...,(gn,1)} be an arbitrary but fixed subset of J. Without loss
of generality, write Hy = (Hj\7, Hg,1,. .., Hyg,1). Taking into account (3.3.3), define
the functional

Wys : (‘:@,* X (BVH>‘J\I‘+1 — R7
(Hg, Hp1,G) = VS ) (Hg, Hp\1,G, ..., G)). (3.3.19)
————
n times

From Theorem 3.3.3 it follows that

DoWy,5(0,...,0,G) = DoV,2"17) (0, ,o, ZD Vl(G), VG e BV

n tlmes

The uniqueness properties of Proposition 2.2.2 and Proposition 2.5.3 yield that the
gradient vector VoW,  is in its 1+|J\ I| first dimensions equal to that of V()Vy(ff )

and its last entry is equal to the sum of the n last entries of VOVJE*"I*).

3.4 Gradient vector of the premium level

In classical life insurance with deterministic actuarial assumptions, the premiums are
commonly calculated by using the equivalence principle according to section 1.2. In
order to study the influence of changes of actuarial assumptions on premiums, regard
the premium level (1.2.17) as a functional of the cumulative interest and transition
intensities,

VB (He, Hy)
VE'Y ") (He, Hy)

C®H9) g x (BVI SR, (Hg, Hy) — ) (3.4.1)
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where a denotes the initial state of the insured at time zero, and the mappings

VBSI:) ) and VE(<I> ) are functionals in accordance with (3.3.3), but solely with
benefit and with premlum payments, respectively. It is well-defined as long as the
denominator is not equal to zero.

Theorem 3.4.1. Let VE((I%*’Q*)(O, 0) #£ 0. Under the assumptions of Theorem 3.3.3,
the functional C\®"9") s Fréchet-differentiable at zero with differential

DoV, s ) (Ha, Hy)
VELS 7 (0,0)

DoC* ) (Hg, Hy) = — . Y(Hs, Hy) € (BV_)"HI

(3.4.2)

and has a gradient vector II at zero,

1

VoC @) =
VELS 77 (0,0)

VoVie ). (3.4.3)

Proof. With VB( ) and VE( 7" being Fréchet differentiable at zero, one gets

DoC 1) (Hg, Hy)
D VB( ,q )(H<I> HJ) VE( 4 )(0 0) VB(q)*’q*)(0,0) DOVE( »q )(H<I> HJ)
(VES (0, o))

= ! ('1> ,q") (®*,q%)
- _W(WB (Ha, Hy) +C*0(0,0) - DoVEL, )
1

= g g Dan (e Ha), Y (Ha ) € BV,
a,0 ’

As DoC(®"47) differs from DOVG(%*’(I*) only in the constant factor —l/VE((;IB*’["’*)(O7 0),
the same holds for the corresponding gradient vectors. O

For a better comparability it is sometimes convenient to normalize the gradient
vector VoC'(®"¢") by dividing it by C(®"+97)(0,0). Then, (3.4.3) implies

1
C@(0,0)

1

VoC ™ (H) = — -
C@*a)(0,0) - VELS (0,0

VoV 1), (3.4.4)

where the denominator on the right hand side is equal to the mean present value of all
premiums at time zero. That means the normalized gradient vector of the premium
level is — despite a factor of minus one — equal to the gradient vector of the prospective
reserve normalized by its mean present value of premiums payments. Hence, in many
cases it suffices to concentrate solely on the prospective reserve.
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3.5 Sensitivities of typical life insurance contracts

Now a sensitivity analysis, based on the gradient vector (3.3.18), is performed for
some typical life insurance contracts. The following examples are either two-state
or three-state models with state spaces S = {a,d} and & = {a,i,d}, where the
states 'a’, ’i’, and ’d’ stand for ’alive and fit’, ’incapable of working’, and ’'dead’,
respectively. The corresponding sets of possible direct transitions are J = {(a,d)}
and J = {(a,1), (a,d), (i,a), (i,d)}.

Starting from state ’a’, the annual mortality probabilities and the annual disability
probabilities are taken from the life table 2002/2004 of the ’Statistisches Bundesamt
Deutschland’ and from the disability table DAV 19971 of the 'Deutsche Aktuarvere-
inigung’. Both tables provide so-called 'independent probabilities’ (cf. Milbrodt and
Helbig (1999), Definition 3.25), which are transformed to ’dependent probabilities’ as
stated in Exercise 3.17(c¢) in Milbrodt and Helbig (1999, pp. 131-132). The procedure
is similar when coming from state ’i’. For the transition (i,d) the ultimate table of the
select life table DAV 1997 T1 is used, which is a special life table for disabled. For the
transition (i,a) the ultimate table of the select recovery table DAV 1997 RI is used.

As the tables provide only yearly probabilities, one needs additional assumptions
to obtain a real continuous time model. Assume that the integer truncated durations
of stay in a state are independent of their remainders, where the latter are uniformly
distributed. As a result the transition intensities as derivatives of the cumulative
transition intensities exist and are easily computable according to Theorem 6.24 in
Milbrodt and Helbig (1999, p. 289). The transition probabilities are now numerically
computable using the Kolmogorov forward/backward differential equation.

Further on, suppose the annual interest is at 4% and the accumulation factor has
the form Kg-(t) = (1.04)%, t > 0, that is, the interest intensity (or rate) is constantly
at In(1.04). For the sake of simplicity, let DT = Id, that is, any benefits due to a
change of state are paid immediately.

Because of Theorem 3.3.5, the effect of simultaneous interest and transition inten-
sity changes is equal to an aggregation of the individual effects of changes of single
intensities. Thus, at first the gradient vectors (3.1.19) and (3.2.17) are analyzed
separately before simultaneous parameter changes are studied.

Sensitivity with respect to interest

At first, gradient vectors with respect only to interest are studied.

Example 3.5.1. Consider a male who contracts an insurance at the age of 30. At
first, look at simple two state models with state space S = {a,d}.

(a) Consider a pure endowment insurance with a sum insured of 1 payable upon termi-
nation of the contract — here at the age of 65 — in case of survival. The premium
is paid yearly in advance with a constant fee of 0.01123, which approximately
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satisfies the equivalence condition V, o = 0.

34
Fa(t) == 0011231}, 50)(t) + 15,00)(t), Fa(t)=0,  VteR.
=0

(b) Instead of paying a yearly premium one could have a big lump sum at the begin-
ning of the contract. The equivalence principle yields

Fa(t) = —0.21151 - 1[0700)@) + 1[35’00)(7,‘) R Fd(t) =0, vVteR.

¢) Now look at a temporary life insurance with a sum insured of 1 and premiums
Now look at a ¢ life i ith i d of 1 and i
paid monthly in advance till death or termination of the contract, here the at age
of 65. With the equivalence principle one gets

34
Fa(t) ==Y 0.003467 - 1j;00)(t), Fa(t) =0, Daa(t)=1oss5(t), VtER.
=0

(d) Consider an annuity insurance with premiums paid yearly in advance till death
or the age of 65 and a yearly annuity payment of 1 starting at age 65 till death.
Taking into account the equivalence principle, one gets

34 0o
Fa(t) == 0132721} 0)(t) + Y 1uoo)(t), Fa(t)=0, VteR.
i=0 =35

The last example is a three-state model with S = {a,i,d}:

(e) Consider a disability insurance with a yearly disability annuity of 1 payable up
to the age of 65 as long as the insured is in state 'i’. A constant premium has to
be paid yearly in advance till the age of 64, as long as the insured is in state ’a’.
The equivalence principle yields

33 34
Fo(t) == 0.05410-1j50)(t), F(t) = 1uoy(t),  Falt)=0, VteR.
=0 =0

For the sake of comparability the insurance contracts (a) to (e) should be normalized,
which means the payments are scaled in such a way that all contracts have the same
mean present premium values C'- VE, o or mean present benefit values VB, ¢ at time
zero in initial state ’a’ (cf. (1.2.16)). The reciprocals of these mean present values are
proper scaling factors.

’ H pure endowment ins. \ temporary life ins. \ annuity ins. \ disability ins. ‘
| VBay | 0.21151 \ 0.06531 | 250038 [ 0.95658 |
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Figures 3.5.1 and 3.5.2 show the normalized prospective reserves s — Vj, ; of Ex-
amples 3.5.1. Figures 3.5.3 and 3.5.4 illustrate the corresponding gradient vectors
U — VOVfS (u). With the gradient vector II in Definition 2.2.1 being some form of
generalization of classical gradient vectors on R™, the graphs of Examples 3.5.1 (a),
(¢), and (d) in Figures 3.5.3 and 3.5.4 are similar to the "Zinsdurationen’ of Helwich
(2003, p. 113).

Conspicuously, all gradient vectors are nonpositive. In fact, this points to a deeper
insight: Contrary to the insured, the insurer has in many cases no legal right to cancel
the contract. To avoid arbitrage possibilities in favor of the insured, the insurer aims
to keep the prospective reserve nonnegative at any time for any state, that is, V,, s > 0
for all y € S and all s > 0, which induces the nonpositivity of the gradient vectors:

Corollary 3.5.2. If the prospective reserve V, ¢ is nonnegative for any state y € S
at any time s > 0, the gradient vector of the prospective reserve with respect to the
cumulative interest intensity is nonpositive,

VOV;?;(U)SO, VyeS,s>0,u>0.

The inequality is even strict for all u > s if there exists at least one state w € S,
for which the transition probability py.,(s,-) and the prospective reserve s — V,, s are
always strictly positive.

Proof. Analogously to Remark 3.1.8, the Chapman-Kolmogorov equations

py(s,t) = Y phu(s,u)ph.(ut),  s<u<t, y,z€S,
weS
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and Theorem 3.1.7 yield

* 1 ( Ko~ 8
o (s, oo) o
vovyas ('LL) - 1 + A(I)*( K<I> U <7;Spyw S, 'LL wu

¢ X [ ez O DL (05— 0) (a1 )

(z,0)eJ

(3.5.1)

Now the nonnegativity of the prospective reserves V,, ., the regularity of the cumu-
lative intensities ¢}., and the nonnegativity of 1 + A®* and K¢« (cf. (1.2.4) and

Proposition A.4.2) lead to the nonpositivity of VoV,%, . O

That means higher interest rates normally diminish the prospective reserve and
lower interest rates raise it. This agrees with the existing literature on this subsect,
e.g., Hoem (1988, section 8), Linnemann (1993, section 6), or Milbrodt and Helbig
(1999, Bemerkungen 9.19(c)).

Comparing Figures 3.5.1 and 3.5.2 with Figure 3.5.3 and 3.5.4 unveils another in-
sight: As interest is borne by the aggregated reserves, the sensitivity to interest is the
lower, the closer the prospective reserve is to zero.

For example, with the temporary life insurance (c) having a consistently lower
prospective reserve than the pure endowment insurances (a)&(b) and the annuity
insurance (d), it shows throughout a lower sensitivity to interest rate changes. Com-
paring the two pure endowment insurances (a) and (b), paying the premium in yearly
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rates produces a lower reserve than a lump sum premium and by that a lower sensi-
tivity.

The lowest sensitivities are obtained if the 'natural premium’ (cf. Milbrodt and
Helbig (1999), pp. 376, 380, 381) is charged, which is just the amount needed to cover
all benefits for the next short period and by that minimizes the reserves. However,
lowering the interest rate sensitivity by altering the premium scheme is not a panacea.
In practice, there is often little room to vary the premium scheme, since balancing
premium loads within contract periods is a core service of insurers.

Seemingly the disability insurance deviates from the above rule as its prospective
reserve is consistently lower than that of the temporary life insurance (c), whereas
the gradient vectors show the opposite behavior. Looking at Figures 3.5.1 and 3.5.5
explains the discrepancy: While the normalized prospective reserve starting from
state ’a’ is comparatively low, the one starting from state ’i’ is tremendous. With
DT = Id and the continuity of the transition probabilities, the gradient vector (3.5.1)
is here equal to
Ko-(s)

VoVl (#) = ~Lis) () 2 5 (Pl ) Ve 4 p0(5s0) Vi ), w20, (352

which shows the influence of Vj ..

o
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Figure 3.5.5: normalized  prospective Figure 3.5.6: normalized gradient vec-
reserve Vi. of Example tor VOVf; of Example
3.5.1(e) 3.5.1(d) with s = 0,10, 20

More interesting insights are gained by studying the progression of the gradient
vectors in time. For example, the pure endowment insurance (a) with yearly fees
has an increasing sensitivity towards termination of the contract, whereas the pure
endowment insurance (b) with a lump sum premium has a constant gradient vector.
The temporary life insurance (c¢) and the disability insurance (e) react most sensitively
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to interest rate changes after half of the contract period. The annuity insurance (d)
has the greatest sensitivity at about the age of retirement.

Another interesting question is which role the reference time s plays in VOVy‘If; . For
the two-state models of Example 3.5.1 with DT = Id and existing interest and mor-
tality intensity the gradient vector (3.5.1) is of the form

* K *(8)
(I> =1 2 . a,u
vOV'a,s (’U,) (é,w)(u) Kq>* (U) paa(57 u) V. >
Kq;.* (S) Kq;.* (g) 1 .~
:_lsoo [ = aalS, U Va,u
K * 1 5
:1(5,00)(14)@7(8)7%1/&%(@, VO<s<s,u>0.

Kg+(5) pia(s,s)

That means the gradient vectors with respect to reference times s and s differ on
(s,00) only in the real number K¢« (s)/ (Ko« (5) pk, (8, 8)). The gradient vectors of the
two-state models with continuous transition probabilities and DT = Id do not vary in
their fundamental shape if the reference time s is shifted. Hence, mostly it suffices to
solely concentrate on s = 0.

Having more than two states complicates the dependence on s. If one assumes
the prospective reserves are nonnegative, at least the sign of the gradient vector is
not changing (cf. Corollary 3.5.2). Figure 3.5.6 shows the gradient vector VOVfS* of
Example 3.5.1(e) for s = 0,10,20. The shape of the three plots remains quite similar,
but in contrast to the two-state models the location of the minimum moved.

Sensitivity with respect to single transitions

Now gradient vectors of Examples 3.5.1 with respect to single cumulative transition
intensities are studied. §

Figures 3.5.7 and 3.5.8 show the gradient vectors with respect to mortality VOV;’E‘;‘
of Examples 3.5.1 (a) to (d). They are similar to the so-called 'Biodurationen’ of
Helwich (2003, p. 113).

Clearly, the temporary life insurance is most sensitive towards mortality changes,
especially at the beginning of the contract. Comparing the two pure endowment in-
surances, the lump sum premium in (b) produces a constant sensitivity throughout
the contract period, whereas the yearly fees in (a) lead to a sensitivity, which starts
nearly at zero and then rises monotonously to the level of the former towards termi-
nation of the contract. The gradient vector of the annuity insurance (d) is on the
interval (0,35) equal to that of the pure endowment insurance, having its maximum
as well at contract time 35, the time of retirement.

One of the most significant differences between the pure endowment insurances (a) &
(b) and the temporary life insurance (c) is the sign of the gradient vectors. The former
show a so-called survival character (cf. Milbrodt and Helbig (1999), Definition 5.31),
that is, a decreasing mortality always raises the prospective reserve, and vice versa.
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In contrast, the temporary life insurance has a positive gradient vector throughout
and hence a so-called occurrence character (cf. Milbrodt and Helbig (1999), Definition
5.31), that is, an increasing mortality raises the prospective reserve, and vice versa.

In practice, these characteristics are commonly taken into consideration by using
different life tables depending on the contract type. For example, for calculating the
premium level of temporary life insurances or pure endowment insurances, life tables
are used that overstate or understate the present mortality, respectively (cf. Ramlau-
Hansen (1988), pp. 225, 231).

Corollary 3.5.3. With Ry being the ’sum at risk’ according to (3.2.18), for any
yeS, (g,l)eJ, and s >0

sgn(Rgi(u)) = sgn(Voqu,;SL (v)), for all u € (s,00) with py,(s,u—0) > 0.
Proof. With the second equation in (3.2.17) and with (3.2.18)

q; * K‘I’* (S)
VoVy5'(-) = 1(s.00) () Pyg (55 - = 0) Ko () Ra(-) - (3.5.3)
The accumulation factor K¢« is strictly positive because of (1.2.4) and Proposition
A4.2. O

The sign of the sum at risk at time u determines the direction the prospective

reserve Vy({ % is shifted to if the cumulative intensity q;; is raised from w on. This
result agrees with the existing literature on this subject, e.g., Ramlau-Hansen (1988,
p. 231), Linnemann (1993, section 6), or Milbrodt and Helbig (1999, Bemerkungen
9.19(c)).
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Note that Ry (u) and with it the sign of VoV, (u) is independent of time s and
state y! That means the proper decision between overstating and understating mor-
talities et cetera in order to reduce the insurers risk is independent of the increasing
information about the insured due to progression of time.

Analogously to section 3.5, for the two-state models not only the signs but also the

shapes of the gradient vectors VOVa‘{:Sd are independent of reference time s: With
(3.5.3)
* qu« (8) 1 * ~
VoVaad () =1 )t ———— VoV () V0<5<s, 3.5.4
oVai(+) (s,00)(*) Ko-(3) pi(5s) L 0Vas () <5<s ( )
that is, the gradient vectors with respect to reference times 5 and s differ on (s, c0)
only in a constant factor. For models with three or more states, the dependency on
s is more complex.

While Examples 3.5.1 (a) to (d) are two state models, Example 3.5.1(e) has two
ways of reaching state 'd’ from initial state 'a’: either by directly jumping to ’d’ or
by detouring via ’i’. Figure 3.5.9 illustrates the gradient vectors with respect to the
cumulative transition intensities ¢¥; and ¢f;. While in the first half of the contract
period a mortality change of active persons has a greater influence on the prospective
reserve than a mortality change of disabled persons, the situation is contrary in the
second half.

Occasionally, it may be convenient to assume that general mortality changes affect
Gad and giq likewise. Following the approach in (3.3.19), the sensitivity of the prospec-
tive reserve with respect to mortality ’in general’ is equal to the totalized gradient
vectors of transitions (a,d) and (i,d). Denoting by '’ the subset of states {a, i} C S
in which the insured is still alive, Figure 3.5.9 shows the effect of 'general’ mortality

changes, VoVl = VoV 4 VoV

Figure 3.5.10 illustrates the influence of reference time s. Contrary to the two-state
models (cf. (3.5.4)) the gradient vectors with respect to s = 0,10, 20 differ in more
than just constant factors, for example, the location of the minimum drifts. However,
the principal shape remains here quite similar.

Now look at the transitions (a,i) and (i,a). Figure 3.5.11 shows that the gradient
vector with respect to reactivation is very similar to the one with respect to mortality
of disabled.

Figure 3.5.12 illustrates the sensitivity with respect to changes of the cumulative
disablement intensity. Compared to the other transitions, it has by far the greatest
effect on the prospective reserve.

Combining different insurance contract types

Aiming to reduce the sensitivities to cumulative transition intensity changes, a pop-
ular way is to combine different types of insurance contracts. The gradient vector
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Figure 3.5.9: normalized gradient vec- Figure 3.5.10: normalized gradient vec-
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ple 3.5.1(e ) with respect ple 3.5.1(d) with s =
to transitions (z,{) = 0,10,20

(a,d), (i,d), (1,d)

calculus is a convenient tool for studying the effect of such combinations as the gradi-
ent vectors of the prospective reserve are linear with respect to premiums and benefits.

Example 3.5.4.

(f1) Combining the pure endowment insurance (a) and the temporary life insurance
(c) of Examples 3.5.1 leads to an endowment insurance with

34

Fa(t) == 0.01469 - 1(; ) () + Liz5.00)(t), Fa(t) =0, Daalt) = 1(o,35(t) .
=0

(f2) If one doubles the survival benefit, one has

34

Fa(t) ==Y 002592 1 00) (1) + 2 L(35,00)(t), Fa(t) =0, Daalt) =1(035(t).
=0

(g) A popular combination is to connect disability insurances with temporary life
insurances. Combining (c¢) and (e) of Examples 3.5.1 leads to

33 34
Fo(t)=—=> 005730 1j00)(t),  F(t) = 1j00)(t)
i=0 =0

Fa(t) =0,  Daa(t) = 1¢0,35(t)
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to transitions (z,() =

(i,a), (i,d)

(For the sake of simplicity, the premium scheme of the temporary life insurance
is adapted to that of the disablement insurance.)

(h) Frequently, disablement insurances are combined with annuity insurances; here

let
33 o] 34
Falt) = — 3 016875 - 1(; o) (1) Z oo (B F(E) =D Ljjo(t)
i=0 =0

Fd(t)207 Dad(t)zo'

The corresponding mean present benefits, which are needed for normalizing, are:

’ | example (f1) | example (2) | example (g) | example (h) |
[ VBao || 027663 | 048824 | 1.01325 [ 2.98404 |

Figure 3.5.13 shows the gradient vectors VOV;%’ of examples (a), (c), (f1), and
(f2): With the temporary life insurance and the pure endowment insurance having
gradient vectors of opposite signs, combining them lets their sensitivities partly cancel
out each other.

In example (g), the situation is similar. Figure 3.5.14 shows the gradient vectors
with respect to transition (1,d) for examples (c), (e), and their combination (g).

Looking at the gradient vectors in Figure 3.5.15, combining a disability and an
annuity insurance as in example (h) seems to be of no advantage. As both insurances
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have a survival character, there is no cancelation effect of the mortality sensitivities.
This arises the question why such combinations are so popular in practice. A possible
answer can be found by plotting the normalized gradient vectors with respect to
disability, see Figure 3.5.16. While the mean present benefit value VB, ¢ of the annuity
insurance is comparatively large, the sensitivity with respect to disability in example
(h) is not absolutely lower than in example (e), but it is relatively lower. That means
a proper risk loading has relative to the netto premium less weight.

Sensitivity with respect to interest and all transitions simultaneously

Now sensitivities with respect to interest and all transitions simultaneously are stud-
ied. As already mentioned above, because of Theorem 3.3.5 this can be done by just
aggregating the results of the above subsections.

Figure 3.5.17 compares the normalized gradient vectors with respect to interest and
with respect to mortality of Example 3.5.1(c). The prospective reserve of temporary
life insurances is much more sensitive to interest than to mortality changes.

For the pure endowment insurances (a) and (b) and the annuity insurance (d), the
gradient vectors with respect to interest and to mortality look similar. In fact, they
are even equal:

Corollary 3.5.5. Suppose the transition probabilities are continuous in time. Then,
for each ( € S with V;. =0 and D, =0, z € S\ {C}, one has

(1+A2° () VoV2l () = S VoV (),  Vs20,y€8. (3.5.5)
z€S
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Proof. With (3.5.1) it follows that
VoV () = —teeal)_ Ko () 0 2 P
0Vy,s 1 +A(I)* yw u),- .
U)GS
On the other hand equation (3.5.3) yields
Kq)* (S)
\Y qu‘ ‘) = 5,00) 2¢
;2 0Vy, 1 K@*( ) ; R.c()
Kq:.* (S)
=1 $,00 z,~ .
K0 % )

O

In the special case of a pure endowment insurance, the equality of the sensitivi-
ties with respect to interest and with respect to mortality is already mentioned in
Kalashnikov and Norberg (2003, p. 248).

Remark 3.5.6. In case of the two state model § = {a,d}, one can abandon the
continuity condition for the transition probabilities by replacing (3.5.5) with

1
1—Ag,(+)

since p;a(& ) = p;a(& T 0) p;a(' - 07 ) = pza(& T 0) (1 - Aq;d()) .

(1+A%*(-) VoVE () = VoVa (), 520,
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In particular, the corollary implies that for the disability insurance of Example
3.5.1(e)
VoVilh = VoVilst + VoVl = VoVils . VWb = VoVl + VoVit =: VoV
that is, the sensitivity of the prospective reserve with respect to interest rate changes is
equal to the one with respect to general mortality changes. However, for the disability
insurance these sensitivities are clearly outweighed by the sensitivity with respect to

the disability probabilities (cf. Figures 3.5.3, 3.5.9, 3.5.11, and 3.5.12).
At last, look at another typical insurance contract type:
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Example 3.5.7.

(i) Combine a pure endowment insurance, a temporary life insurance, and a dis-
ability insurance to an endowment insurance with disability waiver,

33

Fa(t) == _0.01570 - 1j; ) () + Lizs.e0)(t),  Fi(t) = 1ig5.00)(1)
i=0

Fy(t) =0, Daa(t) = 1(35(t), Diq(t) = 10,35 (t) -

Figure 3.5.18 illustrates the gradient vectors with respect to interest '®’, general
mortality ’(1,d)’, disability ’(a,i)’, and reactivation ’(i,a)’ in one coordinate system.
The sensitivity as regards the reactivation is negligible. Mortality probability and
disability probability changes have greater effects on the prospective reserve towards
the beginning of the contract, where the former outweighs the latter. The sensitivities
to interest rate changes have the same order of magnitude, but they rise towards
expiration of the contract.

Financial risk versus systematic mortality risk

It is a popular opinion that the financial risk (interest rate risk) is generally much
more important than the systematic mortality risk and that the latter is sufficiently
covered by choosing a generous safety loading for the former (cf. Hoem (1988), pp. 191-
192). This idea emanated from the empirical observation that mortality rates have
been smaller and more stable than interest rates. In recent years, several authors
questioned this notion in case of term insurances and brought up arguments against
it; see, for example, Norberg (2001, section 8.4) and Helwich (2003).

The previous performed sensitivity analysis also strengthens the impression that for
term insurances the systematic mortality risk is no less important than the financial
risk: For the temporary life insurance of Example 3.5.1(c), the sensitivity to mortality
changes by far exceeds the sensitivity to interest rate changes (see Figure 3.5.17). Even
if one assumes the mortality rate has a significant smaller volatility than the interest
rate, it is unlikely that the systematic mortality risk is negligible compared to the
financial risk. Similarly the systematic disability risk of the disability insurance in
Example 3.5.1(e) is likely not to be outnumbered by the financial risk (see Figures
3.5.3 and 3.5.12).

In order to decide which of the two contrary opinions meets the reality, one has to
quantify the volatility of the interest and transition rates, preferably with respect to
time. This is done in the next chapter.



4 An uncertainty analysis of life
insurance contracts

Based on the preliminary work of section 1.3, the technical basis is here modeled
stochastically in order to specify the uncertainty of the actuarial assumptions. The
aim is then to quantify the financial risk, the unsystematic biometrical risk, and the
systematic biometrical risks such as systematic mortality risk or systematic disability
risk of individual insurance contracts.

In financial theory, stochastic interest rate approaches have already been exten-
sively studied, resulting in a great variety of different interest rate models. Some of
them found their way into the actuarial literature. A popular idea, which will be
taken up here, is to model the interest rate by means of diffusion processes. See, for
example, Beekman and Fuelling (1990, 1991), Parker (1994a, 1994b, 1997), Norberg
and Mgller (1996), Persson (1998), Perry et al. (2001, 2003), and Dahl (2004). Since
Persson (1998) argued that under stochastic interest rates the classical principle of
equivalence is an improper method for pricing, it became more and more accepted to
valuate insurance contracts under risk-adjusted probability measures as it is common
in financial mathematics. Such financial market modeling is not implemented here, as
the aim is not to calculate market values but to quantify risks, which will be mainly
done with the help of second order moments.

Lately, the uncertainty of mortality tables draws attention of actuaries. Some ref-
erences dealing with stochastic mortality rates are Dahl (2004), Cairns et al. (2005),
Biffis (2005), or Dahl and Mgller (2005). Many authors just adopt interest rate mod-
eling frameworks, which enables them to use common tools of financial mathematics.

Recalling that the aim here is to quantify and compare the financial risk, the
unsystematic biometrical risk, and the systematic biometrical risks such as systematic
mortality risk or systematic disability risk, the literature offers the following:

Frees (1990), Beekman and Fuelling (1990, 1991), De Schepper et al. (1992), Parker
(1994a, 1997), Mgller (1995), Norberg and Mgller (1996), Marceau and Gaillardetz
(1999), Bruno et al. (2000), Helwich (2003), and Fischer (2004) present moments of
second and higher order or approximative probability distributions of the present value
of an insurance contract. However, they all use deterministic mortality rates, that
means they do not consider systematic biometrical risks. (Though Helwich (2003)
studies the systematic mortality risk by using some form of sensitivity analysis, his
risk measures for systematic and unsystematic mortality risk are not comparable to
each other.)

Norberg (1999) uses a homogenous and Markovian jump process with finite state
space to model the interest rate and the mortality rate stochastically. His perspective
of view in terms of profits and losses is not that of the insurer but of the insured.
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He presents differential equations for calculating moments of the future bonuses an
insured is awaiting. However, the risk contributions of the stochastic interest rate
and the stochastic mortality rate are not separated. Olivieri (2001) uses a scenario-
based method to study the uncertainty of mortality probabilities, but disregards the
financial risk. Khalaf-Allah et al. (2006) use a model with deterministic interest rates
and stochastic mortality. They quantify the systematic mortality risk of annuities at
different ages by simulating the probability distributions of the present values.

Most authors in the actuarial literature who deal with stochastic mortality rates
concentrate on valuation and hedging of life insurance liabilities. The quantifying of
the various financial and biometrical risks of life insurance contracts in general is still
an open field. This chapter offers at least approximative methods for decomposing the
overall risk to its different sources and calculating risk measures for its components.

The structure of this chapter is as follows: In a first step, the cumulative interest
intensity process and the cumulative transition intensity matrix process of Condition
1.3.1 are further specified.

The task is then to further decompose the technical basis risk (second addend in
(1.4.2)) to components referring to the uncertainty of the interest rate, the mortality
rate, the disability rate, et cetera. This is done asymptotically in section 4.2, where
a further approximation approach is presented in order to study the probability dis-
tributions of the elements of the decomposition.

An empirical study in section 4.3 applies the methods of section 4.2 on typical
life insurance contract types. It shows that none of the analyzed risks is, in general,
negligible and studies the advantage of combining different insurance contract types
concerning the technical basis risk.

Throughout this chapter assume that the following condition holds:

Condition 4.0.8 (finite time horizon). Let F.|g\jo,;7 = 0 for all z € S, and let
D.¢lr\jo,r) = 0 for all (2,¢) € J, where T' < oo is the time horizon.

As a consequence the distinction of ’starting point’ and ’deviation’ as stated in
(3.0.1) vanishes, since for the compact intervals [0, DT(T")] and [0, T

Vy,s[®,q) = Vy s[1o, 07 ®, 10,77 4] -

4.1 Probabilistic model for the technical basis

In this section, the cumulative interest intensity process and the cumulative transition
intensity matrix process of Condition 1.3.1 are further specified.

Modeling stochastic interest

The literature offers various approaches for modeling stochastic interest. A compre-
hensive reference is the book of Brigo and Mercurio (2001). According to Parker
(1994b), most approaches in the actuarial literature are of one of the two following
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forms: The first approach is to let the interest intensity ¢ be a stochastic process,
the second approach is to model the cumulative interest intensity ® as a stochastic
process. The first approach is adopted here, because contrary to the second one it
will ensure that the cumulative interest intensity ® has finite variation on compacts
(cf. Condition 1.3.1(a)).

A popular approach of financial mathematics is to let the interest intensity ¢ be a
stochastic diffusion process,

dor = alp, t)dt + (e, t) AW, t> 0,99 = const, (4.1.1)

where the drift term a(p,t) and the diffusion term o(p,t) are proper R x [0,00) — R
functions and W; is a standard Wiener process. Commonly the drift or diffusion
term are called linear if a(ps,t) = aq1(t) @ + aa(t) or o(p,t) = o1(t) i + oa(t) for
all t > 0, respectively. If additionally o1(t) = 0, it is said that (4.1.1) is a linear
stochastic differential equation with additive noise.

The following proposition defines the interest rate modeling framework used here.

Proposition 4.1.1. Let the interest intensity be of the form
pri=eo(t)+ Y ei(t)gis,  t€[0,DI(T)],n €N, (4.1.2)
i=1

where the (¢, ) are stochastically independent and t-continuous solutions of (4.1.1)
with linear drift term, and the e; are Lebesgue-measurable and bounded functions on
[0, DT(T)].

Then, the cumulative interest intensity () is a well-defined stochastic process on
[0, DT(T)] that meets Condition 1.3.1(a).

Proof. As the processes (¢;+) are t-continuous on [0, DT'(T)], the mappings (t,w) —
¢i1(w) are into (R, B(R)) measurable (cf. Elliot (1982), Theorem 2.32). With the help
of Tonellis Theorem, the cumulative interest intensity at arbitrary ¢ € [0, DT(T)],

n

P, = /( y (60(7) +) eiln) ¢¢,T> dr, (4.1.3)

i=1

is measurable as well. Note that for arbitrary but fixed w the processes (¢; +)(w) are
bounded on [0, DT(T')], that is, the integral (4.1.3) is finite. This also implies that
the paths ¢ — ®;(w) have finite variation on compacts. The continuity of the paths
implies the validity of the lower jump bound condition in (1.2.4). O

The linearity of the drift term is not necessary here, but will be needed later on.
Now look at some examples. First of all, consider linear diffusions with additive noise:
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Example 4.1.2.

(a) Vasicek Model: Vasicek assumed that the interest intensity evolves as an Ornstein-
Uhlenbeck process with constant coefficients,

dor =10 — @) dt + o dWy, n,0,0 >0.

(b) Hull-White extended Vasicek Model: Hull and White introduced time-varying
parameters in the Vasicek Model,

where ¢, A, and o are deterministic functions of time.

Assuming the initial interest rate ¢ is a deterministic constant, the above examples
are all Gaussian processes, which is a general property of linear diffusion processes
with additive noise (cf. Kloeden and Platen (1992), pp. 110-111, 564). That implies
they can get negative with probability greater than zero. Referring to Remark 1.2.1
the opinions in the literature differ in whether negative interest rates meet the reality.
In order to avoid this negativity, several non-Gaussian interest rate models have been
developed:

Example 4.1.3.

(¢) Dothan Model: Dothan proposed 'multiplicative noise’ instead of "additive noise’,

dpy =0 dt + oy AWy, feR,0>0.

(d) Coz-Ingersoll-Ross Model: Cox, Ingersoll, and Ross inserted a ’square root’
term in the diffusion coefficient of the interest intensity dynamics proposed by
Vasicek,

d@t:n<9_¢t)dt+0\/§0tth7 na9a0->0'

Upon starting from a positive initial value ¢q, this process remains positive if
2160 > o2.

(e) Hull-White extended Coz-Ingersoll-Ross Model: As for the Vasicek Model, Hull
and White introduced time-varying parameters in the Cox-Ingersoll-Ross Model,

dpy = (9(t) = A1) 1) dt + o(t) /pr AW,
where ¢, A, and o are deterministic functions of time.

The Examples 4.1.2 and 4.1.3 are all one-factor diffusion processes. A frequently
used generalization is to form linear combinations of them according to (4.1.2).
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Modeling stochastic transition probabilities

Compared to the modeling of stochastic interest, the modeling of stochastic transition
probabilities has been much less studied so far. Recently, an unforseen increase of
life expectancies has provoked several approaches to stochastic mortality rates. A
reference with a good overview is Cairns et al. (2005). It is a popular concept in
the literature to treat the force of mortality in a similar way as short-term rate of
interest. With stochastic diffusions being the most frequently used continuous time
models for interest rates, various authors employ them to model stochastic mortality
rates, e.g., Dahl (2004), Biffis (2005), or Cairns et al. (2005).

Following that idea, let here all transition intensities be linear combinations of
stochastically independent diffusion processes. More precisely:

Proposition 4.1.4. Let the transition intensities be of the form
n
Hz¢t = ezg‘,O(t) + Zezg,i(t) UPTR AR te [OvT] ,meN, (Za C) eJ, (414)
i=1

where the (Tyci4)i>0 (1 € {1,...,n}, (2,{) € J) are stochastically independent and
t-continuous solutions of (4.1.1) with linear drift term, and the e,c,; are Lebesgue-
measurable and bounded functions on [0, DT(T')]. Further, let the processes (fz¢,t)i>0
be nonnegative.

Then, the cumulative interest intensity (q:) is a well-defined stochastic process on
[0, DT(T)] that meets Condition 1.3.1(b).

Proof. The proof is analogous to the proof of Proposition 4.1.1. For the regularity
see Milbrodt and Helbig (1999, pp. 197-198, Exercise 20). O

The linearity of the drift term is not necessary here, but will be needed later on.

While nonnegativity was a matter of opinion for the interest intensity, it is in-
evitable for the transition intensities. This disqualifies all linear diffusion processes
with additive noise. Because of their positivity, the processes of Example 4.1.3 could
be a good choice. For instance, Dahl (2004) suggests to use extended Cox-Ingersoll-
Ross models (cf. Example 4.1.3(e)) for modeling the mortality rate, whereas Korn et
al. (2006, p. 408) prefer log-normal processes such as Dothans model (cf. Example
4.1.3(c)).

Note that the time parameter ¢ of the transition intensities stands for both proceed-
ing time and increasing age. Considering, for example, the mortality, the stochastic
process (aq,+) models a cohort life table. Note that the reference time ¢ = 0 relates
here to the beginning of the contract period and not to the date of birth of the cohort.

4.2 Decomposition of risk and approximation of its
components

The task is now to further decompose the overall technical basis risk (second addend in
(1.4.2)) to components referring to the uncertainty of the interest rate, the mortality
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rate, the disability rate, et cetera.
Using Theorem 1.3.6 the conditional expectation (1.4.1) is representable by

E (BS

(1), (Qt)) S Z P(Xs =Y { (1), (Qt)) Vy,s[(‘pt), ()] - (4.2.1)

yeS

For the sake of simplicity, from now on let the reference time s be zero. In case
the reference time s is greater than zero and the history up to time s is completely
known, the following results hold analogously by means of a time shift. Supposing
X is deterministic with initial state y € S, equation (4.2.1) gets

E(BO ( (®,), (qt)) Ly o [(@e), ()] - (4.2.2)

A common concept in "Uncertainty Analysis’ is to approximate functionals of ran-
dom variables by their first order Taylor expansion (cf. Saltelli et al. (2000), section
5.9.1). Generalizing that idea, the prospective reserve V, o as a functional of the tech-
nical basis is now expanded to a Taylor series of first order by means of the gradient
vector (3.3.18) (cf. (2.3.4)): Following (3.0.1) and (3.3.1), decompose the cumulative
interest and transition intensities to

(@,q) = (2%, ¢") + (H<I>qu) = (9%, ¢") + (Ho,q(;Hy) — ¢%) € FxQ,
(@.q7) = (D*.0)) + (Ha, Hy) = (D", (2 z. )+ (Ha, (Hag) 2 00eg) € (BVO)HHH,
(4.2.3)

where (®*,¢*) or (®*,¢%) form some ’starting point’ and (He, Hy) or (He,H ) are
‘deviations’ of it. In case the deviation is small, the prospective reserve at (®,q)
equals approximately its first order Taylor expansion at (®*, ¢*) (see Theorem 3.3.3):

Vyol®,q) = V9 (He, Hy) = V5 (0) + DoVt ") (Ha, Hy) +R® ) (Hy, Hy)

first order Taylor expansion

(4.2.4)

where the remainder satisfies

R®7)(Hy, Hy)
I(He, Hy)| BV
Assume that Hg and Hj; have Radon-Nikodym derivatives with respect to some

dominating measure v, write he := dHg/dv and h,¢ = dH,¢/dv for (z,({) € J. By
applying Theorem 3.3.5, the first order Taylor expansion is equal to

HO, fOI" H(Hq;.,HJ)”BVHO.

y,0

V@*’q*)(o) + /Vo‘/;/(%*’q*) - (he,hy)dv

.. . . (4.2.5)
— Vy(fg 4 )(O) + /Voqufo he dv + Z /VOV;,BC hae dv
(z,0)eJ
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Suppose now the starting point (®*,¢*) is deterministic and only (he, k) accounts
for randomness. Then, the conditional expectation (1.4.1) is in (4.2.5) asymptoti-
cally decomposed into a sum of random variables, which uniquely correspond to the
uncertainties of the different components of the technical basis.

In case the intensities ho and h.¢, (z,¢) € J, are Gaussian processes and v is the
Lebesgue measure, the integrals are normally distributed random variables:

Corollary 4.2.1. Let the interest intensity (¢+) be defined in accordance with Propo-
sition 4.1.1, and let the processes (¢i) in (4.1.2) be linear diffusions with additive
noise. Further, let the transition intensities (t.c+) be defined in accordance with
Proposition 4.1.4, but here skip the nonnegativity condition, and let the processes
(Tz¢t) in (4.1.4) also be linear diffusions with additive noise. Perform the decompo-
sition (4.2.3) as follows:

t t
Dy = O*(t) + Hp s = / Ep, dr +/ (¢r —Egp,)dr, te€[0,DT(T)],
0 0 (4.2.6)

t

t
Qe = qe(t) + Hac o = / Bt dr + / (s — Epscr)dr, t€[0,T].
0 0

Then, under the assumptions of Theorem 3.3.5, the first order Taylor expansion
(4.2.5) equals a constant plus a sum of stochastically independent and normally dis-
tributed random variables with zero expectation.

Proof. With ®* and ¢} e being deterministic, the prospective reserve V( ’q*)(O) is a
constant. Applying Proposition A.5.3, the integrals in (4.2.5) are normally distributed
with zero expectations, as the stochastic processes (ha ) = (¢r — Eg:) and (huc ) =
(ttz¢t — Epize,r) have zero expectations as well.

In order to calculate the corresponding variances, decompose the intensities (¢y)
and (pz¢,:) as stated in (4.1.2) and (4.1.4), and apply Proposition A.5.3 for each of
the stochastically independent (¢; ;) and (m.¢;¢) separately. Note that the supports
of the gradient vectors in (4.2.5) are subsets of [0, DT(T)].

Remark 4.2.2. The decomposition (4.2.6) is by no means exclusive. As long as the
starting point (®*,¢*) is deterministic, various other decompositions are imaginable.
However, the purpose should always be to keep the deviation (Hg, Hy) small (in
a proper sense) in order to have a negligible remainder R in (4.2.4). Having this
intention in mind, decomposition (4.2.6) is motivated by the forthcoming Proposition
4.2.3.

Unfortunately, letting the intensities be linear combinations of linear diffusions with
additive noise implies they can get negative with probability greater than zero. While
such a model property is a matter of opinion for the interest intensity, it is definitely
unrealistic for the transition intensities. Some authors ignore this fact (cf. Biffis
(2005), p. 459), arguing that the parameters of the model can be chosen in such a
way that the intensity processes take negative values with negligible low probability.
For convenience this approach is adopted here, approximating diffusions with linear
drift term and non-additive noise by linear diffusions with additive noise:
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Proposition 4.2.3. Let for 0 < ¢ <1 the process (¢¢)i>0 be the (unique) solution of
doy = (a1(t) ¢ + az(t)) dt + <o (¢, t) AWy, ¢ € [0, DT(T)], ¢ = const, (4.2.7)
where the drift term a(x,t) := a1 (t) z+as(t) and and the diffusion term o(x,t) satisfy

conditions (a) to (c) of Proposition A.5.1 on [0,DT(T)]. Further, let (fi)i>o0 be the
(unique) solution of

dfy = (a1 (t) fe + az(t)) dt + <o (B, t) dW,, t € [0,DT(T)], fo = ¢o = const.

(4.2.8)
Then, for each (k,l) € N3 there exists a constant Cy; < oo in such a way that
B = B¢ — fi) (90— Eg)!| < Cu ™, Ve [0,DT(T)],0<c < 1.
(4.2.9)

That means approximating (¢;) by its mean (E¢;) is of order 1, an approximation
by the process (f;) is of order 2. Supposing the interest and transition intensities are
linear combinations of processes of the form (4.2.7), approximating them by linear
combinations of processes of the form (4.2.8) allows for applying Corollary 4.2.1.

Proof. For a shorter notation define $t := E(¢;), which, according to Kloeden and
Platen (1992, p. 113), is a deterministic function satisfying d¢; = (o (t) ¢ +aa(t)) dt
for t € [0, DT(T)]. The (twice continuously) differentiable function

|| el = e
'R 0,00 T
Ge _)(’ )’ H{8€£x4+ix2+3§:x|<5

is for any € > 0 a majorant of  — |z| on R. Thus, property (4.2.9) holds if for an
€ > 0 there exists a constant C; . < oo with

EML < B = Egs((¢t — fo) (¢ — 5t)l) < Chie G2kt vVt e [0,DT(T)].
(4.2.10)

Aiming to apply the Ito Formula, function g. has in contrast to the absolute value
function the advantage of being differentiable at zero. Now use the principle of math-
ematical induction to proof (4.2.10):

Induction basis: Let (k,1) = (0,0). Then, B =Eg.(1) =: Cyp < 0.

Induction step: The succession of the induction steps is tricky here. At first, several
induction arguments are presented, after that the succession is explained. To avoid
case differentiations, define < z >:= max{z,0} and E®! := 0 for all (k,1) € Z2 \ N3.
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The Ito Formula (cf. Kloeden and Platen (1992), pp. 96, 97) leads to
ge((¢t - ft)k(¢t - gt)l)
= /0 gé(((bs - fs)k((bs - (Zs)l) (k (¢s — f5)<k_l>(¢s - QES)I a1(s) (s — fs)
100 = 140, - 305 aa(0) (0 - 3 ) o

+; / PgL((ds — £ (s = 65)") (z (L= 1) (85 = £ (65 = 6577 (0(6,9))”
0
+ 2kl(¢s - fs)<k_1>(¢s - $S)<l_1> ( ((bsv ) (¢sa U(¢sa5

(= 1) (00 = £ (00 ) (00615) ~ 0(69)° ) ds
1 ! 2 1 _ k Y/ 2 _ 2k 2<l 1>
+2 ) NS ((¢s fs) (¢s ¢s)> ! (¢s fs) d)s (U (bsa )
+2kl(¢s—fs)<2’f‘1>(<z>s—c$s)<2l—1>( (¢, 5) = 0(Ds, 5)) (S5, 9)

+ k? (¢)5 - fs)2<k_1>(¢s - &s)Ql (U(¢sa 3) - U(¢sv 5)) ) ds

t
—|—/...dWS.
0

Taking expectations on both sides makes the last integral zero (cf. Kloeden and Platen
(1992), pp. 87, 88). (The quadratic integrability of the integrand is a consequence of
Theorem 4.5.4 in Kloeden and Platen (1992, p. 136) and Hoélders inequality.) As

o —1<gl(z)<land 0<=xg/(x)<3/2forall zeR,
e |ai(s)| < K for all s € [0, DT(T)],
o |0(ds,5) — 0(ds, 5)| < K|ps — &g for all s € [0, DT(T)],

o [0(6s,9)| < |0(ds,5) = 0(Ds,5)| + [0(Ds,5)| < K|bs — bs| + |0(6s,5)] for all
s €10, DT(T)] and

o [0(ds, )2 < 2K2|ps — ds|? + 2|0 (s, 8)|2 for all s € [0, DT(T)],
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the expectation of the right hand side has for £ # 1 and [ # 1 an upper bound of

Ege ((¢¢ — fo)F (e — th)l) < /0 (k+1)EM K ds

§2

t

+ 5/ <l(l —1)EM2K2 +1(1—1) E*22|0(¢s, 5)|?
0

+2kIEF Y K2 4 2k I EF VY K (o (6s, 8))|

+ k(k — 1) ER=2142 K2> ds
§2 t 3 ~
+ 5/0 2 (FE“ 2K+ 12 EM2200(gs,5)
+2kIEF Y K2 4 2k I EF VY K (o (6s, 8))|

+ k2 pR2i42 KQ) ds.

Since the deterministic function s — ¢, is bounded on the compact interval [0, DT(T)],
the mapping s — |o(¢s, s)| is bounded as well, which leads to

t
Bk < Ef’l < / (const E*! 4 const ¢2 (Ek’l*2 + BF-LL L phlitl Ekz’l+2)> ds.
0

In case (4.2.10) holds for {(k,I —2),(k —1,1),(k — 1,1+ 1), (k — 2,1+ 2)}, one gets
¢
ERil < / const EF! ds + const ¢2 <<2k+l—2 4 2Rl | 2k24IHL | g2k74+l+2> .
0

Then, from Gronwalls Inequality (cf. Kloeden and Platen (1992), Lemma 4.5.1) it
follows that

EF < const <2 (g2k+l—2 4 2R | 2k—24141 _|_g2k—4+l+2) < const ¢+ (4.2.11)
for all (k,l) € N3 with k£ 1 and | # 1.

Assume now k =1 and [ # 1. Then, the inequality 0 < gZ(z) < 3/(2¢), Vz € R,
yields analogously to the above

t
1
EY < EM < / const BV ds + const 2 (§2+l_2 +¢h 4 ECQHQ) ,
0

if (4.2.10) holds for {(1,7 —2),(0,1), (0,1 + 1), (0,1 +2)}. Using Gronwalls Inequality
again, for arbitrary but fixed € > 0 and | € Ny \ {1}

B! < const ¢? <§2+l_2 +t ettt 4 g2l+2) < const ¢*. (4.2.12)
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Now suppose that (4.2.10) holds for an arbitrary but fixed (k,!) € Ny x N and the
corresponding (k,0) € Ny x {0}. Define the finite measure v by dv/dP = (¢; — f;)*.
Then, from Hoélders Inequality it follows that

BRI = / g — fel|pr — $t|l_1 dP
— [16:= " an

(1-1)/1 1/1
< 7 (l—l)l/(l—l)d ) (/1ld )
< (/|¢t o p 1 (4.2.13)

= (/last—ft|’“|¢t—5t|ldP>(l_1)/l</|¢t —ft’“dP)l/l
_ (Ek,z)(l’l)/l (E(k,o))l/l

< const §2k+l_1 .

Using (4.2.11), (4.2.12), and (4.2.13), let the induction steps be in the following
order:

(1) Starting from the induction basis (0,0), use (4.2.11) to approve (4.2.10) for the
pairs (0,2),(0,4), (0,6),... and so forth.

(2) Now apply (4.2.13) to obtain (4.2.10) for {(0,1), (0,3), (0,5),...}.

(3) As with (1) and (2) the property (4.2.10) holds for all {0} x Ny, use (4.2.12) to
approve it for (1,0),(1,2),(1,4),... and so forth.

(4) Again apply (4.2.13) to show (4.2.10) for the odd numbers {(1,1), (1,3),(1,5),...}.

(5) Analogously to (1), use (4.2.11) to approve the statement for (2, 2), (2,4), (2,6), ...
and so forth.

(6) Analogously to (2), apply (4.2.13) for approving the pairs {(2, 1), (2,3), (2,5),... }.

(7) Proceeding with k = 3,4,5,..., repeat the steps (5) and (6).

The procedure for analyzing (4.2.2) is now as follows:

e Firstly, approximate (4.2.2) by its first order Taylor expansion (4.2.5).

e Secondly, approximate the intensity processes of the technical basis by Gaussian
processes in terms of Proposition 4.2.3.

The result is a sum of normally distributed random variables, which correspond
uniquely to the different risk sources, and whose distributions are calculable by ap-
plying Proposition A.5.3.

For example, if one uses the variance as risk measure and assumes the intensity
processes are stochastically independent, the technical basis risk approximately equals

Var(E(Bo| (‘I)t),(qt))> zvar</vovfg he dy) Var(/Vo ha du) .

(4.2.14)

z,0)eJ
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(The right hand side is easily calculable, not only if he and h,¢, (2,() € J, are Gaus-
sian processes. With the help of Fubinis Theorem it suffices to know the expectation
functions and covariance functions of (he ) and (h.ct), (2,¢) € J, provided ®* and
q* are deterministic.)

Now look at the first addend of decomposition (1.4.2), which refers to the unsys-
tematic biometrical risk. Calculating its probability distribution is very challenging.
Again a linearization can help to calculate at least its variance asymptotically: Fol-
lowing the proof of Proposition 1.4.1 and applying Theorem 1.3.9 leads to

Var (B, — E(B, | (@), (a)) ) = E(Var(B,| (®0) () )

=5 X P(%. = o] @0, (1) Vol )]

yeS
(4.2.15)

Similar to the study of (4.2.1), for the sake of simplicity only the special case s = 0 is
studied here. Supposing X is deterministic with initial state y € S, equation (4.2.15)
gets

Var(Bo — E(Bo [ (@0), (@) ) = B(Vyol(®0). ()] (1216)

Since it is still very challenging to calculate the mean of V, [(®:), (¢¢)], the idea is now
to approximate V, s[(®:), (¢+)] by its first order Taylor expansion similar to (4.2.4). As
the modeling framework of section 4.1 implies that the cumulative transition intensity
matrix is continuous, it suffices to study the special case (1.2.15) instead of the general
formula (1.2.14).

Theorem 4.2.4. Let t — D,(t) be bounded on [0,T] for each (2,¢) € J. With
the cumulative intensities (®,qy) being decomposed in accordance with (4.2.3), the
conditional variance (1.2.15) — regarded as a functional of deviation (Hg,Hy) —

Vys: € x (BVO)VI =R, (He, Hy) = Vy i [®* + He,q5 + Hy],  (4.2.17)
is Fréchet differentiable at zero.

Proof. The finite time horizon condition allows for substituting (®*, ¢%) and (He, H )
by 10, prry(®*,¢5) and 1o prr)(He, Hy); that is, without loss of generality one
may assume finite total variation for the cumulative intensities. Now Proposition
3.1.5, Theorem 3.3.3, and property (3.3.9) imply that for any ¢t € [s,T] the dis-
counting factor K (s)/K(t), the prospective reserves V, ; (y € S), and the transition
probabilities p,.(s,t —0) ((y,z) € J) are Fréchet differentiable at zero as mappings
of the deviation (Hg, Hj). Because of (3.1.11) combined with the boundedness of
1/K(t) (cf. (A.4.2)), (3.3.14) combined with the boundedness of K (t) (cf. (A.4.3)),
and because of (3.3.17), the convergence (A.3.3) is uniform on ¢ € [s,T]. Using
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the product rule for Fréchet differentials (cf. Flett (1980), Exercises 3.5 No. 2), the
product

s 2
G(tv (H<I>,HJ)) = I;(v((t))z (VC,t -Vt ch(t))zpyz(s,t - 0)

as a mapping of the deviation (Hg, Hy) is for arbitrary y € S and (z,¢) € J at zero
Fréchet differentiable as well for any ¢ € [s,T]. Again the convergence (A.3.3) is
uniform on ¢ € [s, T], that is,

‘G(t, (Ho, Hj)) — G(t,0) — DoG(t, (Hq,,HJ))‘ < Rem(Hs,H;), Vtels,T],

where the remainder satisfies imgr, #,)(| 5y —0 Rem(Hs, Hy)/||[(He, Hy)||pv = 0.
Consequently, for arbitrary y € S and (z,() € J

\ /( G (o ) e+ Huo)an = [ 60.0)azan

- [ oGt 1) gz = [ 6000 o)

(SvT}

< Rem(Ha, Hy) laigllav + sup [G(t (Ha, H)) = G(.0) |Haclav
tefo, T

= o(|l(Ha, H))llsv )

(Note that the convergence |G(t,(Hg, Hy)) — G(t,0)| — 0 is uniform on ¢t € [s,T],
cf. (3.1.10) and (3.3.5).) Thus, the mapping (4.2.17) is Fréchet differentiable at zero
with Fréchet differential

/( |y Do (i FL) () + ) G(t,0) Hac(dt)

(2.C€) (z,ceq) 7 (O]

O

That means V, o[®, q] has for continuous ¢ a first order Taylor expansion of the
form

Vyol®,q] = Vyo(He, Hy) = Vy,0(0) + DoVyo(He, Hy) +RC9) (He, Hy), (4.2.18)

first order Taylor expansion
where the remainder satisfies

]:Z(‘I’*"J*)(Hq), Hj)
|(Hs, Hj)| BV
Now assume again the deviations Hg and H ; have Radon-Nikodym derivatives hg :=

dHg/dv and h,¢ := dH,¢/dv with respect to some dominating measure v. Since the
mapping (2.2.1) is Fréchet differentiable, the variance V, o is also Fréchet differentiable

— 0, |(Hs,H;)|lBv —0.
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at zero as a mapping of its intensities (hg,hs) because of the chain rule (A.3.6).
According to section 2.1, the first order Taylor expansion in (4.2.18) may now be
rewritten to

Vy0(0) + / VoVy,o - (he, hy)dv, (4.2.19)

where V), s is the gradient vector given by Definition 2.1.2. Supposing (®*,¢*) is
deterministic and only (he, ;) accounts for randomness, it is quite easy to calculate
the expectation of (4.2.19) because of the linearity with respect to (he,hy). (With
the help of Fubinis Theorem it suffices to know the expectation functions of (he ;) and
(hzc.t)-) In doing so, one gets an approximation of (4.2.16). For deviations (He, H )
in accordance with Corollary 4.2.1, the expectation is always zero,

E(/VOV%O : (hé,hj)dy> =0. (4.2.20)

Convergence of the approximations

The former section yielded approximations (i) by using Taylor expansions of first order

and (ii) by applying Proposition 4.2.3. This section studies the convergence rates of

these approximations. Again for the sake of simplicity, the following theorems are

only formulated for reference time s = 0. In case of s > 0, one gets similar results.
To begin with, look at the first order Taylor expansions in (4.2.4) and (4.2.18):

Theorem 4.2.5. Let the interest intensity (@) and the transition intensities (fxc ¢)
be stochastically independent and defined in accordance with Propositions 4.1.1 and
4.1.4, and let the cumulative interest intensity (®:) and the cumulative transition
intensities (gzct) be decomposed as stated in (4.2.6). Analogously to (4.2.7), let 0 <
¢ <1 be a scaling parameter of the diffusion terms of the processes (¢ ) and (T.¢ it)
in (4.1.2) and (4.1.4).

Then, there exist a constant C' < oo and for each k € N constants C), < oo with

. k L. o o .
E|R(®"a )(HéaHJ)‘ —E Vy(fg a )(H¢,HJ) _ Vy(% q )(0) —DOVy(fIS q )(Hq>,HJ)
< COpsk sup Ee~(+e)kHa(s)
B 0<s<DT(T)
(4.2.21)
ER® ) (Hy, HJ)’ = ‘]E (Vy,o(H<1>, Hyj) =V, s(0) —DoVyo(Ho, HJ))‘
(4.2.22)

< Cc2 sup F e~ (+e) QHe (s1)+(Ha(s2)—Ha (s3))+(Ha (s4) —Ha(s5)))

51,..,85€[0,DT(T)],
sg>83,854>55

for an arbitrary but fired e > 0.
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Proof. Since t — Hg ; is continuous and the cumulative transition intensity matrices
(g+) and ¢* are regular (cf. Exercise 20 on p. 197 in Milbrodt and Helbig (1999)), the re-
mainder R(®"+9")(Hg, Hy) has an upper bound of the form (3.3.17). Because of the fi-
nite time horizon (Condition 4.0.8), one may replace (Hg, H ) by 1j0, pr(r)(He, Hy).

Holders Inequality implies

(a1 +-+a)" <n Yaf +--+al),  V(a,...,a,) €[0,00)" ,neN,k>1.
(4.2.23)

This inequality, again Holders Inequality, Fubinis Theorem, Proposition 4.2.3, and
the boundedness of the e; in (4.1.2) lead to

DT(T) n

k
E|[1j0, pr(ry Hell By < E(/ > lei(m)] |¢ir — Ei - | dT)
0 i=1

DT(T) k
E(/ \ei(7)| |¢i,rE¢i,r|dT>
0

i=1

n DT(T) . DT(T) N k—1
< pk1 Z E(/ \ei(T)"C ‘¢Z_7T - IE(;SZ-’T| d7-></ d7'>

i=1 0 0

DT(T) A
(/ lei ()" E|¢s,r — Egb; - | dT> DT(T)*!
0

< constr s,

for each k € N. Analogously, IE||1[0’DT(T)]H24||’]§V < const ¥, which can be extended
to the vector H,

k
IE||1[0,DT(T)]HJ||’}§3vZ]E( Z |1[0,DT(T)]Hzc||Bv>
(z,)ed

< |JFt Z IE||1[0,DT(T)]H,ZC||]1€3V
(2,0)ed

< consty gk .

As the support of 7y (cf. definition (3.3.16)) is a subset of [0, DT(T)], using Holders
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Inequality twice and applying Fubinis Theorem yield for 1+ =1+ 1/m, m € N,
DT(T) E
B(IoorayHolby [ e 0a)
0
1/(m+1) DT(T) E(1+e)y 1/(1+e)
< (@1l ) (5[ e mos@n) )
0

DT(T) 1/(1+4¢)
< (Constk <2’f<m+1>)1/ (1) (E / e~ (HEk Ha (1) () DT(T)’““*E)”)
0

DT(T) 1/(1+4¢)
< consty, g% (/ sup Ee—(1+e)k Ha(s) V(dt) DT(T)k(1+e)—1)
0 0<s<DT(T)

< consty ¢2F sup Ee(He)kHals)
0<s<DT(T)
where the last inequality uses supg< < pr(py Be™ (TR Ha () > o=k Ha(0) — 1 > .
Analogously, with the stochastic independence of interest and transition intensities,

DT(T) k
E <|| Lo, prry Hall v |1 10,00y Hill BV / e_H‘P(t)y(dt))
0

< consty, ng sup Ee—(1+e)k Ha(s)
0<s<DT(T)

Similarly one gets

DT(T) k
E(ll[O,DT(T)]Hq;HBV/ e~ Halt) d|Hz<|(t)>
0

DT(T) rare )M+
< consty ¢* <COHStk/ Ee~ kR Ao b (6)|F E|pag.¢ — Bpac e dt)
0

< consty, ¢¥ sup (Ee_(1+5)k Hé(s)) consty ¢* .
0<s<DT(T)
Now (4.2.21) follows from applying all these inequalities to (3.3.17) at 1o, pr(r) (Ha, Hy).
Taking into consideration Proposition 3.1.4, property (3.3.7), property (3.3.8), and
the ideas of Remark 3.3.4, the proof of (4.2.22) is similar to that for (4.2.21). O

This theorem is of help only if the suprema in (4.2.21) and (4.2.22) are finite. At
first glance, this seems to be a strong requirement. However, it holds for Examples
4.1.2 and 4.1.3: For the latter, the nonnegativity of the interest intensities lets the
mapping s — ®, be nonnegative, which means

E e~ (kb Hels) — ((14)k 7 (s) g o=(I+e)k s ((14)RS(5) < congty,, Vs € [0, DT(T)].

For Examples 4.1.2; Proposition A.5.3 yields that for each s > 0 the random variable
®, is normally distributed with some expectation p; € R and some variance o2 €
[0,00). Consequently, e~ (14e)k ®s js Jog-normal distributed with expectation

Ee—(tek®, _ e(—(1+a)kus+(1+a)2k20§/2) ’ VEEN.s>0.
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The boundedness of the mappings s — pus and s — o2 on s € [0, DT(T)] lets the

S

above expectation be bounded on [0, DT(T)] as well. Hence,
Ee~(+ekHa(s) — ((A+)k®7() g o=k P < consty, , Vs € [0, DT(T)].

Using Holders Inequality twice leads to

E e~ (1+e) (2Ha (s1)+(Ha (s2)—Ha (s3))+(Ha (s4)—Ha (s5)))

<E e~ (1+e)d Ha(s1) g o —(1+e)4 (Ho(s2)—Ha(ss)) g o= (14e)4 (Ha(s4) —Ha(ss5)) |

Analogous to the above arguments, in case of Examples 4.1.2 and 4.1.3 each of the
three factors is bounded on [0, DT(T')], that means the supremum in (4.2.22) is finite,
too.

Now look at the error resulting from approximating interest and transition inten-
sities in terms of Proposition 4.2.3.

Theorem 4.2.6. Assume to be in the setting of Theorem 4.2.5. Denote by (p;) and
(fizc,t) the intensity processes corresponding to (¢i)i<o and (Wzc.i)i>0, for which the
diffusions (¢i1) and (ms¢,ie) in (4.1.2) and (4.1.4) are substituted by diffusions with
additive noise in terms of (4.2.8). Analogously to (4.2.6), define

t t
O, = d*(t)+ Hpy = / Eg, dr +/ (- —E@,)dr, te[0,DT(T)],
0 0
B t t
q_zg“,t = ng(t) + Hz{,t = / E/jz(,r dr +/ (ﬂz(,r - Eﬂz(,r) dT, te [Oa T] 3 (Zv C) eJ.
0 0

(4.2.24)

Then, (®*,7*) = (®*,¢*), and for each k € N there exists a constant Cy, < oo with
E(DoVy® ) (Ha, Hy) = DoVy® ) (o, I?J))k < Crps?, (4.2.25)
B(DoV(E ) (Ha, Hy) - DoV ") (Ha, ) < Cuc?. (1.2.26)

Proof. The equality (®*,¢*) = (®*,¢*) is due to Ep; = E@; and Epscyr = Efisey

(cf. Kloeden and Platen (1992, p. 113) for the calculation of the expectations). Using
the gradient vector calculus, one can write

Dovy(,f*’q*) (He, Hy) — DOVy(,qs)*’q*)(ch, Hy)

DT(T) . B B
- / VoV ) L d(Hy — Ho, Hy — Hy)
0

DT(T) . DT(T) o
= / V()qu; () ((pT — @T) dr + Z / VoV (1) (Mz(,r — ﬂzm) dr.
0 (z.0)et 70
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By dint of (4.2.23), Holders Inequality, and Fubinis Theorem, one gets
. ey = k
E(DoVi® ) (Ha, Hy) = DoV ) (Ho, H)))

DT(T) .
< (1L+|JD* ( ’/ VoVyoo (1) (o7 — @7) dr

DT(T)
+ ’/ VOVZ/S()(UZCT NZCT)d

k)
(z,0)ed

- DT(T) k/(k—1) k=1 .DT(T) A
sarly ([ nme " a) [ e - e

DT(T) . k/(k—1) k=1 .T
+ Z (/ ‘VOV({ZC(T)‘ dT) / E|uz<’7—ﬂzc,7|kd7 .
0 0

(z,0)ed

k

Applying (4.2.23) to |¢r — @-|* and |pzc.r — fizc|F combined with (4.2.9) and the
boundedness of the gradient vectors on [0, DT(T)] yields (4.2.25). The proof of
(4.2.26) is completely analogous. O

Corollary 4.2.7. Under the assumptions of Theorems 4.2.5 and 4.2.6, there exist a
constant C' < oo and for any k € N constants C}, in such a manner that

k
VG 1)) = Vi 0) = DoV (e, )
(4.2.27)
< Oy §2k sup ]Eef(lJre)k Hg(s) ,
a 0<s<DT(T)
‘ (Vi (Ha Hy) = VG (0) = DoV (o, HJ))‘
(4.2.28)
<Cce2 sup E e~ (14e) 2Ha(s1)+(Ha (s2)— He (s3))+(Ha (sa)—Ha(s5)))
- sl,...,ise[o‘D:(T)]‘
§2>83,84>85
Proof. The corollary is a consequence of Theorems 4.2.5 and 4.2.6. O

Corollary 4.2.8. Suppose the assumptions of Theorems 4.2.5 and 4.2.6 hold, and let
the supremum in (4.2.27) be finite. Writing D. and D. for the probability distribution
functions of Vy(fg ’q )(H<I>,HJ) and Vy(’q(; 4 )(0) + DOVy(:g ’q )(H-Q,H]), respectively,
one has

D 'y)-D ' (y) — 0, <—0, (4.2.29)

for each y € (0,1).
Proof. According to Corollary 4.2.1, the term

V) (0) 1 DoV ) iy, )
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is normally distributed with expectation Vy(%*’q*)(O) and has a variance of the form
const - 2. For ¢ — 0 it converges in quadratic mean to the probability distribution
e., which puts mass 1 at point ¢ := V. § )(O). Due to (4.2.27) for k = 2, the

y,0
random variable Vy(%) " )(Hq>, H ) also converges in quadratic mean to e.. Since con-
vergence in quadratic mean implies weak convergence of the corresponding probability
distributions, Theorem 5.67 in Witting and Miiller-Funk (1995) yields
Dy) —ety), s =0,  D'y) — e t(y), s —0,

S

for each y at which e_! is continuous. O

4.3 Uncertainties of typical life insurance contracts

Similar to section 3.5, the following examples are either two-state or three-state mod-
els with state spaces S = {a,d} and S = {a,i,d}, where the states 'a’, ’i’, and ’d’ stand
for ’alive and fit’, ’incapable of working’, and ’dead’, respectively. The corresponding
sets of possible direct transitions are J = {(a,d)} and J = {(a,i), (a,d), (i,a), (i,d)}.

Scenario 1: For modeling the interest intensity, follow the statistical investigation of
Fischer et al. (2004) of the German bond market. They propose to model the German
yield curve by some CIR-2-model, for which they supply parameter estimations based
on market data from 1972 to 2002 (see p. 381). The short-rate (r;) is then a sum of
two independent CIR-processes,

Tyi=¢re+ Por, VE>0,
ey = (0.0187 — 0.4833 ¢y ) dt + 0.11561/dy  dW1,, ¥t >0,
dpas = (0.0010 — 0.0586 ra.¢) dt + 0.0453\/Pag dWay, ¥t > 0.

The processes (¢1,¢) and (¢2 ;) have long-term means of 0.0187/0.4833 and 0.0010,/0.0586,
respectively. Let ¢1,0 = 0.01806 and ¢2¢ = 0.00797 be the initial values, which are
chosen in such a way that (a) their quotient equals the quotient of their long-term
means and (b) their sum — the initial value of the short-rate — equals ¢1.9 + ¢20 =

ro &~ In(1 4 0.02637), where 0.02637 is the ’one-week Euribor’ of the 29th March in
2006 (see ’http://www.Euribor.org’). As insurers are commonly able to leverage the
higher interest rate returns of long-term bonds, not the short-rate but the 10-year
spot-rate is chosen here as the interest intensity (¢), which according to Fischer et
al. (2004) equals

@r = 0.22014 ¢ ; + 0.98898 ¢, +0.03756, ¥t >0. (4.3.1)

To get an idea of the volatility, Figure 4.3.1 illustrates 10 simulations of (¢;);>o for a
period of 35 years.

For modeling the mortality intensity, the concept is to start from a realistic scenario
and then to add some fluctuations on it. As a realistic actuarial assumption, use the
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Figure 4.3.1: 10 simulated trajectories Figure 4.3.2: mortality intensity of first

of the interest intensity order u!, and second or-
der p¥;, and mapping
(4.3.2) (dotted)

annual mortalities of the life table DAV 2004 R (aggregated table of second order
for men, reference year 2005) for transition (a,d) and the ultimate table of the select
life table DAV 1997 TI (for men) for transition (i,d). The probabilities at times in
between are calculated by assuming the integer truncated lifetime is independent of
its remainder, where the latter is uniformly distributed. This leads to time-continuous
mortality probabilities with existing mortality intensities ;1 and pf;. Now add some
random fluctuations,

fad,t 7= faq(t) + Maqr, t>0,
Midyt = pig(t) +mias, t>0,

where (maq,¢) and (m;q,¢) are proper diffusion processes. In contrast to the interest in-
tensity, modeling the mortality intensity as stochastic process has not yet been studied
very well. Not only the adjusting of some parameters but the fundamental selection of
a proper modeling framework is still an open question. Cairns et al. (2005, pp. 10-11)
argue that long-run improvements in mortality should not be strongly mean revert-
ing. With (maq,:) and (miq,c) being the deviations from the anticipated mortalities
pig and pfy, it may be convenient to set the drift terms of (maq+) an (mia¢) to zero.
For the diffusion term, intuition says the volatility should rise with increasing time
parameter ¢. The suggestion of Dahl (2004) to use Cox-Ingersoll-Ross models means
the diffusion term is proportional to the square root of the mortality. This implies a
strong increase of the mortality after a medium term and a moderate volatility in the
long run. The composers of the life table DAV 2004 R (Deutsche Aktuarvereinigung
(2004)) assume a direct proportionality of mortality and its volatility. This leads to
a more moderate volatility in mid-terms and a quite high volatility in the long run.
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Korn et al. (2006, p. 408) also see Dothans model (cf. Example 4.1.3) without mean
reversion as the most qualified one concerning the class of diffusion processes. Hence,
let

dmad’t =0.08 (uzd(30 + t) + mad’t) dWad,t , Vt>0, Mad,0 = 0,
dmid’t =0.08 (/J?d(30 + t) + midyt) dVVi(Lt , Vt>0, mig,0 = 0,

where the Wiener processes (Waat), (Wiar), (Wiy), and (Wa,) are stochastically
independent. The constant factor 0.08 was chosen in the following way: The life
tables DAV 2004 R also include an aggregated life table of first order. According to
its authors, it represents a lower bound for the mortality in such a way that some
standardized annuity produces no losses in mean at confidence level 95% (cf. Deutsche
Aktuarvereinigung (2004), pp. 20-21). Now the factor 0.08 was chosen in such a
manner that the mapping

[0,35] 5t +— E(uaa,) — 1.6454/ Var(pad,i)

t 12 (4.3.2)
= paa(t) — 1.645 (0.082/ 12 4(30 + ) 0087 (=) ds)
0

nearly fits the life table of first order mentioned above, see Figure 4.3.2. If oq + was
normally distributed for each ¢ > 0, the above mapping would yield its 5% quantiles.

For modeling the disability and the reactivation intensity process there is even less
empirical evidence about the proper framework and proper parameters. Therefore,
the approach of the mortality intensity processes is simply adopted here. The annual
disability probabilities and reactivation probabilities are taken from the disability
table DAV 1997 I and the ultimate table of the select reactivation table DAV 1997
RI, respectively. (Note that the ’independent probabilities’ of the mentioned tables
have to be transformed to 'dependent probabilities’. See section 3.C in Milbrodt and
Helbig (1999).) Again calculate the probabilities at non-integer times by assuming
the integer truncated lifetime is independent of its remainder, where the latter is uni-
formly distributed. Let p}; and puf, be the corresponding disability and reactivation
intensities. Random fluctuations are added analogously to the mortality intensities,

Pt = fai(t) + Maig,  dmaie = 0.08 (5 (30 + ) 4+ maie) AWaie,  Maio =0,
Hiat = :u’;ka(t) + Mia,t , dmia,t =0.08 (:U’1*a(30 + t) + mia,t) dVViaA,t ) Mia, 0 = 07

where the Wiener processes (W,i ) and (Wi, ) are stochastically independent of the
other Wiener processes and of each other. In contrast to the construction of the
interest intensity process and the mortality intensity processes, which was based on
empirical evidence, the modeling of the disability and the reactivation intensity pro-
cesses has to be seen with caution.

Denote by (X;) and (X;) the to x* and u corresponding biographies of the insured.
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Further, let (®;) be the cumulative version of (). Following Proposition 4.2.3,
approximate the short-rate (r;) by

Tei= @14+ gop, VE>0,
dé1 = (0.0187 — 0.4833 ¢y ;) dt + 0.11561/E¢1 , dW1 ., V>0,
dea ¢ = (0.0010 — 0.0586 ¢ ;) dt + 0.0453\/Eco ; dWo,, YVt >0,

and denote by (@) and (®;) the corresponding 10-year spot-rate and cumulative
interest intensity. Again with the approach of Proposition 4.2.3, approximate the
transition intensities by

frad, = piq(t) + Maae,  dimagr = 0.08 uiq(30 + 1) AWad s,  Mado =0,
Hid,t = pig(t) +miae, dmige = 0.08 iy (30 +¢) dWiq,, g0 =0,
fait = pia;(t) + Maig,  dimaie =0.08 1530 + ) dWaie,  Maio =0,
iat i= pin(t) + Miae,  dmuay = 0.08 1155 (30 +8) dWiay,  Miap = 0.

Now, following the ideas of section 4.2 and supposing Xy = X, = a, the variance of
the present value By is approximately decomposable to

*

Var(Bo((Xt),(]EQDt))) +Var( / A @dA) +Var( / VoV la mad,.dA)

+ Var( / VoV, .. d)\) + Var( / VoV,33 1. dA) +Var( / VoV ia, d)\)
2 2 2 2 2 2
= 0(xy) + 9(@,) + 9 (gaq,s) + 9 (gia,e) + 9 (qai,e) + 9 (giat)

(4.3.3)

which uniquely correspond to (i) the unsystematic biometrical risk, (ii) the financial
risk, (iii) the systematic mortality risk in state ’a’, (iv) the systematic mortality risk
in state "', (v) the systematic disability risk, and (vi) the systematic reactivation risk.
(To see that, start from decomposition (1.4.4), apply (4.2.15), (4.2.22), and (4.2.20)
to the first addend, and apply (4.2.1) and (4.2.27) to the second addend.) All these
variances shall now be calculated for Examples 3.5.1 (a), (c), (d), and (e). With the
integrals in (4.3.3) being normally distributed, the variance or its square root is a
convenient risk measure. The quantity
2

2 2 2 2 2
T(@)ya)) "= @) T qua) T %aia) T %aie) T g

approximates (4.2.1) at reference time s = 0 and corresponds to technical basis risk.
The term

2

2 I 2
9(g) "= 9(gaa.e)

2 2
+ 9 (gia,e) + 9 (gai,e) + 9 (gia,i)

corresponds to the total systematic biometrical risk.
Applying the equivalence principle for interest intensity (Ey;) and transition in-
tensity p*, and scaling the contracts to a present benefit value of 1 at time zero, the
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yearly premium is 0.06466 for examples (a)&(c)&(d) and 0.06800 for example (e).
The benefit in case of survival for the pure endowment insurance is 8.4159, the death
grant for the temporary life insurance is 48.4534, the yearly annuity for the annuity
insurance is 0.6766, and the disability annuity for the disability insurance is 1.5861.

SCENARIO 1 H pure endowment ins

. \ temp. life ins.

\ annuity ins. | disability ins.

I(x,) 0.2286 4.5165 0.3210 2.7902
0(a,) 0.2485 0.0601 0.3312 0.1177
T(q) 0.0101 0.1384 0.0232 0.1356
T (gar) 0.0101 0.1384 0.0232 0.0014
T laias) — - 0.0150
O'(qai +) - - 0.1097
O’(qia ¢) - - 0.0784
T(@0u(a) 0.2487 0.1509 0.3320 0.1796
O simulated 0.2092 0.1534 0.2762 0.1717

As these standard deviations are just approximations, the total technical basis risk
O((®,),(g,)) 18 compared with a simulation of the standard deviation of (4.2.1) at time
zero, here denoted as osimulateda- Therefore, the stochastic processes (¢1¢), (P2.t),
(faa.t) (piat) s (Hait), and (fia¢) were simulated 10* times using the Milstein Scheme
(cf. Kloeden and Platen (1992), section 10.3) with equidistant time steps of step size
1/24. Looking at the results, the approximation errors seem to be acceptable. For
the temporary life insurance and the disability insurance, the approximation is even

pretty good.

One could argue that in reality the mortality fluctuations in state ’a’ and in state i’
are not really independent. An alternative is to let the Wiener processes (W,q,:) and
(Wia,) be equal, that is, the relative fluctuations of (aq,+) and (fiq,¢) are similar. The
joint standard deviation is then at about 0.0164 compared to (0.(2(]ad.t) + g(qud t))1/2 =
0.0151, which means that it does not really make a big difference. 1

The above table disproves the myth that financial risk (interest rate risk) is gener-
ally much more important than systematic biometrical risks and that the latter are
sufficiently covered by choosing a generous safety loading for the former. For the
disability insurance, the systematic disability risk has the same order of magnitude as
the financial risk. For the temporary life insurance, the systematic mortality risk is
here even greater than the financial risk. For the latter contract type, Norberg (1999,
p. 389) comes to a similar conclusion.

For the pure endowment insurance, the annuity insurance, and the disability insur-
ance, the systematic mortality risk seems to be negligible. At least for the annuity
insurance this is astonishing, since the so-called ’longevity risk’, which is included in
the systematic mortality risk, attracts more and more the attention of the practi-
tioners, and deservedly so. The unforeseen increase of life expectancy especially in
recent years had and still has a great impact on the life insurance industry, e.g., the
subsequent reserving in Germany due to the new life table DAV 2004 R. Why is the
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model not reflecting that experience?

Not surprisingly, the above results heavily depend on the choice of the stochastic
intensity processes. Therefore, an alternative scenario is studied:

Scenario 2: In Scenario 1, the interest intensity is mainly driven by the process
(¢2,t) (cf. (4.3.1)), whose relative small mean reversion factor lets the interest inten-
sity have great values with substantial probability. Especially in case of the annuity
insurance with a contract period of 90 years, an increase of the interest rate towards
extraordinary 20% is quite likely. Hence one could argue that the interest rate risks
0(®,) of Scenario 1 are immoderate. Alternatively, model now the interest intensity
(¢¢) by a CIR-1-model following Fischer et al. (2004, p. 380, again use the 10-year
spot-rate),

@ = 0.62362 ¢ + 0.03547, VYt >0,
Ao+ = (0.0097 — 0.1780 o) dt + 0.0461+/do s dWo s, VE>0.

The mean reversion factor of 0.1780 keeps the interest intensity process in a narrower
bandwidth (cf. Figure 4.3.3). Trying to reconstruct the historical situation associated
with the introduction of the life table DAV 2004 R, use as initial value the 10-year
spot-rate of the Deutsche Bundesbank from December 2001, ¢g = 0.0512 (cf. Fischer
et al. (2003), p. 202). One may criticize in this new approach that Fischer et al. (2003)
themselves reject their CIR-1-model: In their opinion, the yield curve is too plain and
the dynamics of the short-rate is not realistic. Nevertheless, the CIR-1-model is used
here, as their criticism does not affect the dynamics of the 10-year spot-rate.

The life table DAV 2004 R suggests a strong future decline of the mortality (though
using the second order table). This leads to a comparatively small systematic mortal-
ity risk in state active o(q,, ). Alternatively, for the construction of u}, use the life
table 2002/2004 of the Statistisches Bundesamt Deutschland’, which represents the
actual mortality between 2002 and 2004 in Germany. Figure 4.3.4 shows a comparison
of the mortality intensities of Scenario 1 and 2.

Applying the equivalence principle as in Scenario 1 under the new assumptions, and
scaling the contracts to a present benefit value of 1 at time zero, leads to a yearly pre-
mium of 0.07019 for examples (a)&(c)&(d) and 0.07332 for example (e). The benefit
in case of survival for the pure endowment insurance is 12.3024, the death grant for
the temporary life insurance is 26.2620, the yearly annuity for the annuity insurance
is 1.3005, and the disability annuity for the disability insurance is 1.9076.
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Figure 4.3.3: standard deviation func- Figure 4.3.4: mortality intensity p},
tion of (¢;) for a period between age 30 and 80 for
of 90 years for Scenario 1 Scenario 1 and Scenario 2

and Scenario 2

SCENARIO 2 H pure endowment ins. \ temp. life ins. \ annuity ins. \ disability ins.

(X)) 0.4026 2.9342 0.5387 2.8765
0(s,) 0.1462 0.0538 0.1690 0.0713
T(q) 0.0230 0.1106 0.0487 0.1357
T (gae) 0.0230 0.1106 0.0487 0.0025
J(Qid +) - - - 0.0144
O (gait) - — — 0.1104
U(Qia.t) - - - 0.0775
T(@0ua) 0.1480 0.1230 0.1759 0.1533
Osimulated 0.1457 0.1265 0.1749 0.1549

For all four examples a comparison of o((s,),(q,)) and Tsimulatea Shows the approxi-
mation approach works pretty well here. If one assumes that the Wiener processes
(Waa,t) and (Wiq+) are equal instead of independent, the joint standard deviation for
mortality is 0.0146 compared to (U%qad ot J(qud t))1/2 =0.0168.

The systematic disability risk for the disabilify insurance and the systematic mor-
tality risk for the temporary life insurance are not only of great importance as in
Scenario 1, but clearly exceed now the financial risk. For the pure endowment insur-
ance, the annuity insurance, and the disability insurance, the systematic mortality
risk still plays a minor role compared to the financial risk. But in contrast to Scenario
1 its importance increased:

e For the annuity insurance the ratio o(q,, ,)/0(@,) rose from about 7% to about
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29%. That means although the volatility of the financial markets still con-
tributes a greater risk than the uncertainty of future life expectancies, the sys-
tematic mortality risk is definitely not negligible.

e For the pure endowment insurance the ratio o(q,, ,)/0(®,) changed from about
4% to about 16%.

Interestingly, in Scenario 2 the summarized risks o((s,),(q,)), Which correspond to
the uncertainty of the technical basis as a whole, have all about the same size. That
means if one calculates a proper safety loading by using a standard deviation ap-
proach, the risk premiums for the technical basis risks would all be of about the same
size.

Comparison and combination of different insurance contract types: Study-
ing the tables of Scenarios 1 and 2 suggests to divide the four examples into two
groups: (i) the pure endowment insurance and the annuity insurance, and (ii) the
temporary life insurance and the disability insurance. The characteristics within
these groups are quite similar: Group (i) is more vulnerable to changes of the interest
rate than group (ii), whereas group (ii) needs a much greater portfolio than group (i)
to diversify its unsystematic biometrical risk.
For both scenarios the annuity has clearly the greatest "technical basis risk’ o (@), (4,)) -

This is not surprising: With the contract not terminating until death, it has mostly
a much longer contract period than the other examples.

Among other things, section 3.5 studied the effects combinations of different in-
surance contract types have on the sensitivities. Now the combinations of Example
3.5.4 shall be reappraised by calculating their decomposed (approximative) standard
deviations analogously to the above. Again the premiums are calculated by using
the equivalence principle for the technical basis ((Eg:), u*), and the contracts are
scaled to a present premium value of 1 at time zero. The (approximative) standard
deviations for Example 3.5.4(f1) are:

’ pure endowment & temp. life ins. (f1) H T(®,) ‘ O (Gaa.s) ‘ T(®:),(a1)) ‘
Scenario 1 0.2201 0.0129 0.2205
Scenario 2 0.1153 0.0219 0.1174

In section 3.5, this kind of combination was motivated by some cancelation effect of
the corresponding gradient vectors with respect to mortality (cf. Figures 3.5.13). In
fact, in case of Scenario 2 the systematic mortality risk o(q,, ,) is lower than that for
single contracts. The same holds for the aggregated ’technical basis risk’ o((a,),(¢,))
for combination (f1) it is around 0.1174, for the pure endowment insurance and the
temporary life insurance it is around 0.1480 and 0.1230. However, in case of Scenario
1 the cancelation effect is not strong enough to let the combined contract have a
better risk situation than each of the two single contracts.
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The magnitude of the cancelation effect heavily depends on the weight the two basic
contracts have. Figure 4.3.5 shows the (approximative) technical basis risks o((s,),(4,))
of combined pure endowment and temporary life insurances subject to their ratios
between survival and death benefit. The abscissa is logarithmic, a x-coordinate of k
means the ratio of survival and death benefit is 2. The optimal ratio with minimal
(approximative) technical basis risk greatly depends on the chosen scenario. Here the
best ratios are around 27° for Scenario 1 and 272 for Scenario 2.

As seen in Figure 3.5.14, Example 3.5.4(g) features also some cancelation effect.
Figure 4.3.6 shows a plot analogous to Figure 4.3.5.
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T((®,),(q)) ©Of combined O((®:),(q)) ©f combined

pure endowment & tem-
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death benefit (logarithmic
scale!)

disability & temporary
life ins. subject to the
ratio of yearly disability
annuity and death benefit
(logarithmic scale!)

While combination (h) does not feature a cancelation effect, section 3.5 gave another
motivation for its existence: The tremendous sensitivity of the disability insurance
to changes of the disability probabilities calls for a huge safety loading. A combina-
tion with an annuity insurance lowers this sensitivity relative to the overall present
premium value (cf. Figure 3.5.16). Figure 4.3.7 shows the technical basis risks for
several ratios of disability annuity and pension annuity. For Scenario 1, the optimal
combination of disability and annuity insurance is a pure disability insurance. The
approach of reducing the relative size of a proper risk loading for the disability insur-
ance by combining it with the annuity insurance does not work here! Interestingly,
this is not always the case. In Scenario 2, a risk reduction takes place due to a general
property of variances: Since the variance is a risk averse risk measure, a sum of two
independent and medium risks produces a lower variance than a comparable inde-
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pendent sum of a huge and a small risk. Although no cancelation effect takes place,
a combination of disability and annuity insurance can produce a technical basis risk
that is lower than the technical basis risks of each single contract.
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Figure 4.3.7: technical basis risk Figure 4.3.8: approximated  (dotted)
T((®:),(q)) Of a combined and simulated  (solid)
disability & annuity ins. distribution function of
subject to the ratio of (4.2.1) for the pure en-
disability —annuity and dowment insurance under
pension annuity (loga- Scenario 2

rithmic scale!)

Outlook: Until now, only variances or standard deviations of the components of
decomposition (4.2.5) have been calculated approximately. In fact, Corollary 4.2.7
allows for more: the moments of higher order and the quantiles on the interval (0, 1)
converge as well. Given the approximation error is small enough, this enables one to
use also other risk measures than the variance, e.g., the 'value-at-risk’.

Unfortunately, the approximation of the quantiles is not satisfying for all of the
above examples and scenarios. Positive examples are the two-state contracts in case
of Scenario 2, see Figures 4.3.8 to 4.3.10. The approximation in Figures 4.3.8 and
4.3.10 are despite a small bias amazingly well. This enables, for example, to calculate
premiums on the safe side by using a percentile principle, which offers a much better
risk management than calculating premiums with the equivalence principle for some
technical basis of first order.
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Figure 4.3.9: approximated  (dotted) Figure 4.3.10: approximated (dotted)
and simulated  (solid) and simulated (solid)
distribution function of distribution function
(4.2.1) for the tempo- of (4.2.1) for the an-
rary life insurance under nuity insurance under

Scenario 2 Scenario 2
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A Appendix

This section presents definitions and propositions that are largely common folklore,
but for the most part not found in the literature in the form they are needed here.

A.1 Representation of the present value

Proposition A.1.1. The present value (1.2.5) is representable as a (X X F,X R F)-
(R, B(R))-measurable mapping of the biography of the insured (X;) and the cumulative
interest intensity P,

By =by((Xy),®) .
For the definitions of X and F, see section 1.3.

Proof. (i) Because of § = F N (B(R))*>) the mapping

Fs Kp(t)= JT (1+dF) = lim [] (1 FE(t;) — F(ti_l))
(0,t] n—oo

n

is (F,3)-(R,B(R))-measurable for each t € [0,00), where (7,) is a sequence of
interval decompositions s < t; < .. < t,, < ¢ satisfying lim,,_, o, maxz, |t;iy1 —
t;| = 0. According to Theorem 2.32 in Elliot (1982), it is even (Rx F, B(R)®F)-
(R, B(R))-measurable. The same holds true for (¢, F) — 1/Kp(t), as Kp is
strictly positive (cf. Proposition A.4.2).

(ii) Applying Theorem 2.32 in Elliot (1982) again, the right-continuous mapping
t— 1x,=.(t) is (R x X,BR)® X%X)-(R, B(R))-measurable.

(iii) Using (i) and (ii) and Tonellis Theorem, the mapping (cf. (6.15.2) in Milbrodt
and Helbig (1999))

1
Kp(T)

(X, F) > sbe (X, F) =) / 1x. —.(7) F.(dr)

ze8 7 [5,%9)
is (X x F, X ®F)-(R, B(R))-measurable.

(iv) Since the mappings D, are of bounded variation on compacts, they are (R, B(R))-
R, B (R))-measurable. As |J| < oo, the mapping ((z,(),t) — D,¢(t) is even
¢
(J x R,27 @ B(R))-(R, B(R))-measurable.
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Following Milbrodt and Helbig (1999, see (4.8.4)), define
to(X):=0,  tpn(X)=min{t>t, (X)X, # X, ,(x)}, meN.
According to Theorem 4.12 in Milbrodt and Helbig (1999),
tm : X 2 X — tp(z) € ]0,00] and X3Xm— X, (x)€ES

are (X, X)-(R,B([0,00]))- and (X, X)-(S,25)-measurable, respectively. Thus,
X = Dx, X, 0 (Em(X)) is (X, X)-(R, B(R))-measurable.
Using (i) and the measurability of DT and of the t,,, the mapping

1
KpoDT

is (X x F, X ®F)-(R, B(R))-measurable. Thus,

(X, F) = 1s<tm(X)<oo (tm(X))

DXtr,,H(X)Xtmm
KpoDT

(X, F) = dbs(X, F) = Z Lot (X)<oo (tm (X))

(cf. (6.15.1) in Milbrodt and Helbig (1999)) is (X xF, X®F)-(R, B(R))-measurable
as well.
Combining (iii) and (iv), the mapping (cf. (1.2.5))

by : (X, F) v sby(X, F) + dby(X, F)
is (X X F, X®%F)-(R, B(R))-measurable for any s > 0. By construction bs((X;), P)

oo

B;
A.2 Functions of bounded variation
With 7 being any finite partition ¢; < t3 < --- < t,, of the interval I C R, let
Vi(z) := sup Z |z (tivr) — ()| (A.2.1)
TCIF
be the variation of ©: R — R on I. The functional || - ||py := Vr(:) is denoted as

total variation of x.

Denote by BVC' the linear space of functions on R with finite total variation on
compacts and support in [0,00). The subset BV := {z € BVC|||z|lgy < oo} is a
normed space with the total variation as its norm. The super- and subscripts <7, ’—’,
'b’, and '+’ stand for the additional restrictions 'right-continuous’, ’left-continuous’,
'bounded’, and 'monotonic nondecreasing’, respectively.

Theorem A.2.1 (Jordan-Hahn decomposition). Each element x of BVC_ or BVC_,
is decomposable to v = x4 —x_ , where x4 and x_ are elements of BVCT or BVCY,,
respectively. If additionally x € BV._ or x € BV_, , then the functions x4 and x_ are
elements of BVY or BVT, respectively.
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Proof. The definitions
1 1
Tyi= g Vicoo, (@) + ), = 3 (Vicoo, (@) — 2) (A.2.2)

provide a suitable decomposition * = x4 — x_ . Firstly, the functions z, and x_
are nondecreasing and elements of BVC' (cf. Riesz and Sz.-Nagy (1968), pp. 8, 9),
secondly, they remain right-(left-)continuous (cf. Riesz and Sz.-Nagy (1968), p. 14),
and third x € BV implies z,z_ € BV. O

Proposition A.2.2. Fach element © of BV is decomposable into a sum of a right-
continuous function x._ and a left-continuous function x_, with finite total variations.

Proof. According to Riesz and Sz.-Nagy (1968, pp. 11-13), = decomposes into a sum
of a continuous function x. and a step function x, of the form

Ty = Z an i1, 00) + Z bn 1(s,,0)

with a,,, b, € R as the step heights and t,,, s,, € R as the countable locations of jumps.
Then, for example,

1 1
T = Zan 11, ,00) T ixc e BV_, T, = an 1,00 + 3 r. € BV_,

is a proper decomposition. O

With p, being the Borel-measure corresponding to x € BVC._ (or x € BVC_,),
the so-called Lebesgue-Stieltjes integral is defined by

/ydw :=/ydux

for any Borel-measurable und p,-integrable function y. Applying Proposition A.2.2
leads to a generalization of Lebesgue-Stieltjes integration: Provided the integrals exist,

define for x € BV
/ydx ::/deCH—i—/ydncH

for any Borel-measurable function y, where x = x._ + z_, represents a decomposition
according to Proposition A.2.2. The integral is well defined as it is independent of
the chosen decomposition.

Proposition A.2.3 (partial integration). For any x,y € BV, with y = y— + y_.
being a decomposition according to Proposition A.2.2,

/ ydzr = y(b+0)z(b+0) —/ z(-—0)dy—
ot o (A.2.3)

—/ z(-+0)dy— — y(a —0) z(a — 0)
[a.b]

for all —o0o <a <b< .
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Proof. Let fiz, py_, and p,  be the Borel measures corresponding to z, y—, and
1y . Proposition A.2.2 allows for writing

/ ydx:/ ygdx—f—/ y_ dx.
[avb] [avb} [a’b]

Using Fubinis Theorem, the first addend equals
/[ o= [ o) (=00, 7 )

- / / a5 (T) L(=o0,m (t) Hy._ (dF)
= //1[a,b]ﬁ[t,oo)(7'> 112 (A7) . (dt)

:/( )ug;([a,b])uyg(dt)jt - (1 ((—00,b]) — po((—00, 1)) py._ (dt)

:x(b—l—O)yH(b—i—O)—/[ b]x(-—O)dyH—x(a—O)yH(a—O).

Analogously, one gets
/ y—dr=2z(b+0)y_(b+0) —/ z(-+0)dy—, —z(a—0)y—(a—0).
[a,b] [a,b]

O

Proposition A.2.4. Let (Hy)pen € BVE be a monotonic nondecreasing sequence
converging uniformly to H € BV . Then, for each y € BVC) there exists a subse-

quence (Hyp)nen C (Hp)nen satisfying

lim ydf[n:/de.

n—oo

Proof. (See also Proposition 2.32 in Milbrodt and Helbig (1999).) Since for functions
of BV T the total variation norm is equal to the supremum on R and the sequence
(H,)nen is monotonic nondecreasing, one gets

|Hnllpv = sup |H,(t)] < sup|H(t)| = ||H|pv, VneN.
teR teR
Consequently,

‘/den

Hence, there exists a subsequence (f[n)neN C (Hp)nen for which fydﬁn is converg-
ing. By defining y,,(t) := L_yn m(t) - y(t) € BV for any m € RT and by partial

< / lyl dH < sup ly()] - [ Hullzy < sup ly(®)] - [Hlsy < oo
teR teR
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integration according to Proposition A.2.3,

lim ydH, = lim Y AH,,
n— o0 [7m’m] n—oo [7m’m]

~ lim (ym(m SO o +0) = [yl 0)dyne
[77”’777']
—/ Hy, (-4 0) Ay — Yo (—m — 0) ﬁfn(—m—())),
[_mvm]

where ¥, — +Ym,— is a decomposition of y,, according to Proposition A.2.2. Applying
the Monotone Convergence Theorem and using partial integration in reverse to the
above, the limit gets

Yo 1+ 0) H(m + 0) — / H(- — 0) dypn

[7m>m]

[ HC O om0 H (-0

_ / Yo A = / ydH .
[=m,m)] [=m,m)]

Consequently,

n—oo

‘/de— lim [ ydH,

/ ydH — lim ydH,
R\[—m,m]

=00 JR\[-m,m]

<[ st [ A
R\ [—m,m] =00 JR\ [-m,m]

< sup [y(t)] - Vs —mm) (H) + sup [y(£)] - Tim Vi ) (o)
teR teR n—0o0

m— 00
800,

O

Proposition A.2.5. (a) For each H € BV there exists a monotonic nondecreasing
sequence of step functions converging uniformly to H ,

oo
H, = Zafl[t?m) € BVt a> >0, t">0.
=0

(b) For all step functions Z as declared in (a) and all functionals G satisfying Con-
dition 2.2.5,

G(2) = /G(ytm)(.)) az(t).
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Proof. (See also Proposition 2.34 in Milbrodt and Helbig (1999).) Ad (a): Without
loss of generality, set H(co) = 1. Define

on on
) 1
Hy = ool cnesiny = g0 2 Limi(.00)
i=0 i=1
Consequently,
1
lim sup |[H(t) — H,(t)] < lim — =0,
n—0o0 tcR n—oo 2N

that is, the sequence converges uniformly. The functions H,, are elements of BV "
because as they are monotonic nondecreasing and bounded.
Ad (b): Let Z be represented by

Z = Zaz [t;,00) s azZoﬂszO

Then, the sequence

n
= Z a; 14, o0)
=0

is monotonic nondecreasing and converging uniformly to Z, since > a; = Z(o0) <
oo. The functions Z,Z;,Zs,... are elements of BVY. According to Condition
2.2.5(c), there is a subsequence (Zy,)nen C (Zn)nen for which

G(Z)=G(lim Z,) = lim G(Z,).

n—oo n—o0

Because of the presumed linearity of G, this is equal to

nhigozal G(l[ai,oo Zaz l[tl,oo) /G(l[tpo))dZ(t) .
=0

Notice that the series

S a0 G ) |f/\G )| 42(8) < 519 G112y < o6

1=0

is convergent, as sup;cp |G(1[,o0))| is finite according to Condition 2.2.5(b). O

A.3 Derivatives

Let F' be a mapping from a normed vector space X to another normed vector space
Y.
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Definition A.3.1 (Gateaux differential). The mapping F' : X — Y is said to be
Gateauz differentiable at x € X if the limit

i @I ZF@) 4 oo —u R (A.3.1)

7—0 T dr 7=0

exists for each h € X. The functional D, F : X — Y is called the Gateauz differential
at x.

The Gateaux differential D, F' is homogenous, that is,
D,F(och)=0D,F(h), VoeR, (A.3.2)

but not necessarily linear. Gateaux differentiability is a generalization of directional
derivatives. Note that Definition A.3.1 includes the existence of the directional deriva-
tive in all directions.

Now let X and Y be normed.

Definition A.3.2 (Fréchet differential). The mapping F : X — Y is said to be
Fréchet differentiable at * € X if there exists a linear and continuous mapping
D.F : X — Y, the Fréchet differential at x, with

f I+ ) = P@) = DRy

=0. A3.3
l[lix—0 Al x ( )

In case the Fréchet differential D, F exists, the Gateaux differential does as well,
and the two differentials are equal. Hence, the same notation is used.

Example A.3.3. Define the mapping
F:Li(jp)) R, zw~ /a:d,u (A.3.4)

for any o-finite and signed Borel-measure p. Then,

F@ )~ F@) = FW) @b da— [adu= [hdp|
=0 1Al ) [l —0 1Nz ()

b

that is, the Fréchet differential of F' at x exists and is equal to D, F' = F.

Definition A.3.4 (Hadamard differential). The mapping F' : X — Y is said to be
Hadamard (or compactly) differentiable at x € X if there exists a linear and continuous
mapping D, F : X — Y, the Hadamard differential at x, in such a way that

|F(z + Tnhn) — F(z)

Tn

=0 (A.3.5)
Y

lim
n—0

— D, F(h)

for any 7, — 0 and any {hy}n>0 C X with ||k, — ho||lx — 0.
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Fréchet differentiability at = implies Hadamard differentiability at x, which in turn
implies Gateaux differentiability at x. All three differentials coincide, provided they
exist. A helpful survey of these derivatives is given in Bickel et al. (1998, Appendix
AL5).

Proposition A.3.5 (chain rule). Suppose that FF : X D A — B C Y is Fréchet
differentiable at © € A and G :' Y D B — Z is Fréchet differentiable at F(x) € B,
where X, Y, and Z are normed vector spaces. Then, G o F is Fréchet differentiable
at © and

D,(G o F)(-) = (Dp)G) o (D F). (A.3.6)

Proof. See (3.1.4) in Flett (1980). O

A.4 Some properties of product integrals

General references for this section are Gill (1994) or Gill and Johansen (1990).

Proposition A.4.1. Let x € BVC._ and Ax(t) := z(t) — z(t — 0) > const > —1 for
allt € R. Then,

(tH i (1—|—dw)> € BVC._.

(0,¢]

Proof. Denote by * = ;1 — x_ the Jordan-Hahn decomposition of x according to
Theorem A.2.1. As Ax(t) > const > —1 and «x is dominated by |z| := x4 + 2_, one
has

0< U (1+de) < U (L+dfz|), Vs<t.
(s,t] (s,t]

Thus, with the multiplicativity of product-integration and two times the Forward
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Integral Equation in Gill (1994, p. 125) one gets

U (1+dz)— U (1+dz)

(0,ti41] (0,t]

V0o, (T[ (1+dx)> = sup Z

(0,] TClot]

= sup 1+dx
TCo,t] 27: (OTL] ( )

U (1+dz) -1

(tastiya]

/ U (1+dz) dz(w)
(tistita] (

ti,u)

= sup 1+dx
TCo,t] 27: (OTL] ( )

< sup ST (udiel) [T (1 dlel) el
TCl0,t] T (0,t4] (ti tiga] (ti,u)

JU (t+dlzl) = JU (1+dlz))

(0,ti41] (0,¢4]

= Vo1 (T( (1+d|z|)> :
(0,°]

= sup
7 Cl0,t] ;

The function ]"[(0 ] (1 + d|z|) has finite variation on compacts, since it is monotone

nondecreasing and finite for each ¢ € R. Hence H(O,-] (1 + dz) has finite variation
on compacts, too. The right-continuity is due to integrating over the right-closed
intervals (0, t]. O

Proposition A.4.2. Let x € BVC_ and Az(t) := xz(t) — z(t —0) > C > —1 for all
t € R. Denote by x. the continuous part of x (see the proof of Proposition A.2.2).
Then,

i (1+dx): I1 (1+Ax(7')>~exp (zc(t)) (A4.1)

(0,¢] T€(0,t]

for all t > 0 with upper and lower bounds of

In(1+C
(0.4
i (1 +dx) < exp (|\1[0,t]x\|Bv). (A.4.3)
(0.]

The proof follows that of Theorem 2.7 in Milbrodt and Helbig (1999):

Proof. According to Gill (1994, pp. 126, 127), the product-integral in the scalar case
is just the unique solution of the Volterra integral equations (also denoted as forward
and backward integral equations). Therefore, it is shown that

w(t) := H (1+ Az(7)) -exp (zc(t)), t>0,

T€(0,t]
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solves the forward integral equation
w(t)—1= / w(r —0)dz(r), t>0. (A.4.4)
(0,t]

Decompose w into a product of the functions

y:t»—>H(1—|—AJ:(T)), z:itexp (zo(t), t>0,

T<t

which are well defined, as a function of finite variation on compacts has, at most, a
countable number of jumps, and because

In ( H (1+ Ax(T))) < ZAQ?(T) <z(t) < .

<t <t

(i) The function y is strictly positive as (without loss of generality let C' < 0)

In ( H (1+ Aw(T))) > In (H (1- Am,(T)))

<t <t
S (- Ae )
> )
ZZ_AJ;_(T)M
<t
In(14+C
> - oy 2D 5 oo,

where x = x4 — z_ denotes the Jordan-Hahn decomposition according to The-
orem A.2.1. The second inequality is due to 0 < Az_(¢) < —C < 1 and the
concavity of the logarithm.

(if) With the strict positivity in (i),

Ay(t) = y(t — 0) (yé/(f)o) - 1) = y(t—0)Az(t), t>0. (A.4.5)

(iii) Arguing analogously to the proof of Proposition A.4.1 yields that z is an ele-
ment of BV C._ . The corresponding measure to z is absolutely continuous with
respect to that corresponding to z. with density

dz
=z. A.4.6
. ¢ ( )

To proof this, it suffices to show

dz=/ zdz., forall —co<a<b<oo. (A4.7)
(a,b] (a,b]
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For any fixed —0o < @ < b < oo and any finite interval segmentation 7 with
a=ty<ti <---<t,=0>,

/ de®e®) — / e ® dz,(t)

(a,b] (a,b]

> / de®et) — / e dz,(t)

T |/ (titia] (i tis1]

< Z( / de®e® —/ e (1) dz (¢)
T (titita) (titig1]

SN

T

<

+ / (ezc(ti) - ez“(t)) dz.(t)
(ti,tit1]
ereltir)=me(t) 1 (g (t;11) — xc(ti))’

)

+3 sup [eme) — e

T t€(tistiy1]

(lzel(tis1) = lel(t)) -

As z. is continuous on the compact interval [a,b], it is bounded and for each
€ > 0 there exists a finite interval segmentation 7 with |z.(t;y1) — z.(t;)| < €.
The same holds for |z.| and e*<(t) | Uniting the three corresponding interval
segmentations lets |x.(ti11) — zc(ti)] < €, 0 < |z|(tig1) — |zc|(t;) < €, and
|e®e(titr) — goe(ti) i sly. Further on, |e¥ — 1 — y| < y? for any
ly| < 1. Consequently, the upper estimate continuous to

.< sup €” t)z Te(tiv1) — (ti))2

te(a,b)

+ Z sup ePe(ti) _ gre(t)

T t€(titita]

< sup e®® (lzel(0) = |zcl(a)) €

+ (|7el(0) = |zc|(a)) €

=const - €

(el (tivn) — || (t:))

for any 0 < € < 1 and proper interval segmentations 7 . This implies (A.4.7).

Partial integration (Proposition A.2.3), equation (A.4.6), and (A.4.5) lead to the
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forward equation (A.4.4),

1—w(t) = y(0) 2(0) — y(t) 2(¢)

A.5 Integration of stochastic diffusions with additive
noise

Proposition A.5.1. The differential equation (4.1.1) has a unique and t-continuous
solution on [0,T) if

(a) (Measurability) the mappings a = a(z,t) and o = o(z,t) are jointly square
integrable on (x,t) € R x [0,7],

(b) (Lipschitz condition) there exists a constant K > 0 in such a way that
la(z,t) —a(y, )| < K|z —y|, lo(z,t)—o(y,t)| < Klz—yl  (A51)
for allt € [0,T) and z,y € R, and
(¢) (Linear growth bound) there exists a constant K > 0 in such a way that
la(z,t)> < K (1+z]?), |o(z,t)> < K?(1+ |z]?) (A.5.2)
for allt €]0,T) and z € R.
Proof. See Kloeden and Platen (1992, section 4.5). O

Proposition A.5.2 (linear stochastic differential equation with additive noise). Let
the functions oy , s, and oo be Lebesque measurable and bounded on [0,T]. Then,

t t
¢t:¢oeféa1<5>d5+/ efia1<5>dsa2(7)d7+/ eJr @by (ryaw,  (A5.3)
0 0

is for t € [0, T] a solution of the stochastic differential equation
doy = (o (t) ¢y + aa(t)) dt + o2(t) AW, ¢ = const. (A.5.4)

Particularly, the stochastic process (¢1) has a t-continuous version.
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Proof. For the explicit solution (A.5.3), see section 4.4 in Kloeden and Platen (1992),
for the continuity, see Theorem 3.2.6 in Kloeden and Platen (1992). O

Proposition A.5.3. Let the functions oy, as, oo, and f be Lebesgue-measurable
and bounded on [0,T], and let (¢¢) be a t-continuous solution of (A.5.4). Then, for
any fized t € [0,T] the term

/Otf(S)qﬁsds

is normally distributed with expectation

t s 5 s
L1t ::/ f(S) (¢0 610 i (u) du +/ eju oq(v)dva2(u) du) ds
0

0

and variance
2

t t . .
o? :z/ ((/ f(u) el ar(w)dv du) e o al(”)d”02(8)> ds.
0 s

Proof. With (¢+) being t-continuous, the integral is well-defined pathwise. Applying
Proposition A.5.2 leads to

t t s
/0 f(8)¢sd8:/0 f(s)<¢oef08a1(u)du+/ ef:al(v)dvaz(u)du> ds

0
t s
+/ f(s)(efosal(”)d”/ emal(”)dvag(u)qu> ds.
0 0

Integration by parts (see Kloeden and Platen (1992), formula (4.10) in Example 3.4.1)
yields for the second addend

t s
[ e ([ et o, aw, ) as
0 0

t t
:/ f(s) efdso‘l(”)d”ds/ e~ Jo @ dvg, () dw,
0

0
t s - s
([ seli o ) e sim g, aw,
o \Jo
t t . .
:/ (/ fu) elo ar(w)dv du) e Jo e dvg, (o) dw, .
0 s

The latter term is normally distributed with expectation zero and variance

2

t ¢
/ ((/ f(u) efo ca(v)dv du) e~ Jo () dvg, (8)) ds,
0 s

which is a consequence of the Isometry Property of Ito integration (cf. Kloeden and
Platen (1992), Theorem 3.2.3). O
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