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ABSTRACT

Determination of the load-carrying capacity of structures is very important for the assessment of their
safety. Constantly subjected to dynamic loads marine and offshore structures experience the
significant rise of inertial forces in structural elements, often leading to buckling, plastic deformations
or fatigue cracks. To ensure safety and reliability of structures under dynamic loading it is necessary to
estimate the influence of the transient effects on the collapse behavior of plate panels.

As a possible tool for the ultimate strength analysis, the Finite Element Method (FEM) is widely spread
among engineers. In spite of the great effectiveness, the transient Finite Element Analysis (FEA)
remains very time consuming and sometimes difficult to accomplish well. Therefore, the Idealized
Structural Unit Method (ISUM) can be applied for collapse analysis of large structures.

Within the present thesis the applicability of the ISUM is extended to dynamic collapse analyses of
steel plate panels by taking the inertia and damping terms into account. Formulation of the consistent
mass matrix for ISUM plate element is based on integration of the bilinear and trigonometric shape
functions, which interpolate the nodal point displacements and internal deflections respectively. The
latter depend on a direction of the applied load and describe buckling behaviour of plate panels. Since
the investigations on a dynamic buckling behaviour of rectangular plates showed similarity with static
buckling modes, shape functions for static ISUM formulation are used.

Damping effects are included to analysis by formulating the damping matrix, using Rayleigh model:
damping parameters are determined for each examined plate type performing modal analysis. Based
on the validation of the Rayleigh damping model on an example of the square plate panel, the damping
ratio is chosen for the dynamic collapse investigations of rectangular plate panels.

The explicit central difference scheme (CDM) and the implicit Newmark’s method (NMK) are
introduced to perform the numerical integration of the system of nonlinear differential equations of
second order. Validation is carried out on examples of simple spring-mass system (1D linear problem),
4-node membrane element (2D linear problem) and 4-node ISUM element (3D nonlinear problem).
Particular attention is paid to the stability of the central difference method by adjustment an
integration time step, since the prescribed scheme is only conditionally stable.

Current force control formulation does not allow to obtain the post-buckling region of the average
stress - average strain curve. To provide the complete understanding of the buckling process, the
enforced motion method is introduced. Corresponding numerical schemes are adjusted to the
enforced motion method and validated on example of the 4-node ISUM element: new formulation
provides desirable results, since the total buckling behavior of the plate structure can be obtained.

Having introduced the transient ISUM formulation, dynamic collapse analyses of different rectangular
plate panes are performed. Validation of the obtained results is based on a comparison with FEA. The
influence of the inertia and damping effects on the dynamic buckling behavior of rectangular plate
panels is shown by the corresponding average stress - average strain curves. Factors, which effects the
rise of the ultimate strength are outlined. According to the loading art, typical dynamic buckling modes
are demonstrated. Newly implemented explicit central difference and implicit Newmark’s time
integration methods are analyzed in terms of results’ reliability and computational costs. Finally, the
applicability of the Idealized Structural Unit Method on dynamic collapse analyses of rectangular plates
is assessed.
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1 Introduction

1.1 Ultimate Strength Assessment by the Idealized Structural Unit Method

Science and Technology have been developing with enormous speed in recent years. Innovations have
covered all fields of knowledge, trying to make it ideal in terms of getting higher quality, increasing
reliability, reducing costs and improving user friendliness.

All these benefits concerning engineering would be difficult to reach without developing of modern
numerical methods and deeply studying mechanics. Taking into account nonlinearities and material
behavior, initial imperfection of structures and the development of new finite element types, it has
become possible to revise old regulations and to assess the load-carrying capacity from the point of
the limit state. In other words, a certain structural element can operate until it reaches the ultimate
strength by losing its stiffness, resulting in collapse. This means that it is necessary to analyze also the
buckling behavior of structural members, since it is better when the failure takes place in the plastic
range, allowing the structure to reallocate internal stresses.

The ultimate limit state design is based on the buckling analysis of steel plates, being the core element
of all marine structures. There are many factors such as loading and boundary conditions, material and
geometrical properties, initial imperfections, which define the buckling behavior. For example, thin
plates buckle even in the elastic range, and in contrast, thick plates — at the plastic range, experiencing
significant spread of yielding. Imperfect structures have a lower ultimate strength value compared with
ideal ones, Figure 1:

@ Ultimate Strength

Stress

4 ~—
Perfect thick plate
Perfect thin plate
“““ Imperfect plate

Strain

v

Figure 1: Ultimate capacity of steel plates under axial loading

Buckling of the ships’ steel plates takes place under large in-plane compressive loads, caused by
longitudinal hull bending. One can define this bending as hogging and sagging, then the middle part of
the ship hull, idealized as a girder with variable characteristics of the cross-section, bends upwards and
downwards respectively, Figure 2. In case of hogging, the compression of plates acts below the neutral
axis. Considering sagging, plates above the neutral axis experience compression.




B i

Figure 2: Hogging (left) and Sagging (right) bending modes of the ship hull

There are two principal methods to calculate the ultimate strength of steel plates [1]:
=  The membrane stress method, [2]
= The rigid-plastic theory method, [3]

The first one allows getting the membrane stresses by solving the nonlinear governing differential
equations of large deflection plate theory, namely the equilibrium and the compatibility equations.
These will be discussed in detail in Chapter 2. As the membrane stresses reach the yield stress, collapse
will occur. The spread of the yielding can be assessed by using the Mises-Hencky yield criterion, which
determines the possible locations for the initial yielding as plasticity at corners and plasticity at
longitudinal or transverse edges. The second approach presumes for the ultimate limit state the
presence of kinematical mechanisms so that the internal strain energy is in equilibrium with the
external potential energy.

According to the Common Structural Rules (CSR) safety of marine structures must be proved
performing the hull girder ultimate strength check. Within the rules, collapse analysis based on the
Smith’s method is presented, where the ultimate hull girder capacity is defined as the maximum
value of the curve, which depicts vertical bending moment versus the curvature of the ship cross
section [5]. Due to this method the hull cross-section is to be divided into small elements. Vertical
curvature of the hull is assumed to occur incrementally. Therefore, corresponding incremental strains
can be calculated. Element stresses are derived from the incremental strains and integrated over the
cross-section to obtain bending moment increments. Finally, incremental curvatures and moments are
being summed to get cumulative values. Taking into account the assumption that the shear strains are
neglected, the nonlinear Finite Element Method (FEM) is approved and recommended for the
assessment of the ultimate strength.

The Finite Element Method (FEM) is one the most effective tools to solve such a complicated nonlinear
behavior of structures. The idea of the method is to find the approximate solution of a certain problem.
For this aim, the solution area is subdivided into a lot of small finite elements, representing the
geometrical shape of the structure. As the approximate solution is found for each element and the
equilibrium conditions are satisfied, the unknown displacements and stresses can be evaluated. The
fundamental principles of the Finite Element Method were depicted in the papers of Clough [6], Argyris
[7], Turner et al [8], Hrennikov [9] and many others. With the development of the computer
technologies, the application of the perspective Finite Element Method grew significantly. In 1967
Zienkiewicz and Cheung [10] published the first book with the title “The Finite Element Method in
structural and continuum mechanics”, where they used a weighted residual Galerkin method and the
least squares approach for the derivation of equations. This attracted attention of the mathematics
community and gave a boost to the usage of FEM for the solution of linear and nonlinear differential
equations. FEM found its application to a wide range of engineering tasks, namely for equilibrium time-
independent problems, eigenvalue problems and propagation or transient problems. Some popular
computer programs, which perform the Finite Element Analysis, are listed below:




=  ABAQUS - Finite Element Analysis, 1978 .:l

= ANSYS - Finite Element Analysis is, 1970
* COMSOL Multiphysics - Finite Element Analysis, 1986
* Femap - Finite Element Analysis, Siemens PLM Software, 1985 %

=  FreeFEM++ - Finite Element Analysis, 1987 .:l

= LS-DYNA - nonlinear transient dynamic Finite Element Analysis, 1987
= MSC.Nastran - Finite Element Analysis, 1963 %

= SAMCEF - Finite Element Analysis, 1965 .]

= K Jlupa - Finite Element Analysis, 1963 -

= MK CTAZMO - Finite Element Analysis, 1991 [N

In spite of all the advantages of the Finite Element Method, it remains very time consuming because
of the large number of unknowns involved in the solution procedure. A possible way of making analysis
process faster would be the usage of special finite elements, which are larger as standard ones and
therefore structures modelled with such elements would have less unknowns.

This idea of creation of the Idealized Structural Unit Method (ISUM) belongs to Ueda and Rashed [11].
The uniqueness of the method lies in the fact that unlike the traditional nonlinear FEM, one idealized
structural element can model the whole structural component. Thus, the nonlinear structural analysis
of square panel using ISUM takes ca. 1 x 10* less computational time than performing traditional FEA
with mesh 50 x 50 elements.

Within the original ISUM formulation the geometrical and material nonlinearities were included in an
idealized manner [12]-[16]. These idealizations are considered by special failure functions, which take
the current stress-strain state of the element into account, and by the stiffness matrices defining the
relationship between nodal force increments and nodal displacement increments depending on the
failure functions. Material nonlinearities are included by usage of the plastic flow theory. These
assumptions let a large structural unit be modeled as one element. Therefore a whole structural
system can be discretized by some elements and the computational time with ISUM becomes much
lower in comparison to FEM. The basic engineering concept for the plate element was defining the
effective breadth of a plate after buckling.

Later, Masaoka et al. [17] have proposed to treat the amplitude of the lateral deflection of the plate
panel explicitly as additional degree of freedom. This was reached by using eigenfunctions, depicting
the buckling modes of the plate panels. The summation of these buckling mode shapes provided a
common deflection function, where the coefficient is considered as degree of freedom.
Unfortunately, this formulation was not suitable for determining the post-ultimate strength of
structures accurately. The investigations of the collapse behavior of the stiffened plates did not provide
accurate results as the ultimate strength was overestimated.




In the newest ISUM formulation proposed by Fujikubo and Kaeding [18] special shape functions were
developed to reach highly accurate results for axially loaded plate panels with plate slenderness ratios
up to 3.5. It was noticed that the deflection shape changes from the buckling mode shape to the
collapse mode shape with the localization of plasticity. To simulate this complicated behavior and
consider the plastic deformations, a few ISUM elements with the appropriate buckling- or collapse
shape function have to be taken for modeling of one rectangular plate panel. These assumptions
enabled also the combination of a beam-column element with the ISUM plate element. The
applicability of the new formulation was demonstrated on examples of a double bottom structure of
a bulk carrier by Fujikubo et al. [19], on a pontoon-type VLFS by Kaeding et al. [20], on different box-
girder specimens in longitudinal bending by Kaeding et al. [21] and even on the 1/3 scaled welded
steel frigate model by Fujikubo et al. [22].

Kaeding et al. [23] proposed further improvements of this formulation regarding the consideration of
lateral pressure effects, by using the corresponding amplitude of the lateral plate panel deflection as
separate degree of freedom. Ishibashi et al. [24] examined the collapse behavior of the plate panels
under inplane bending and developed an approach to consider the presence of cutouts in plate panels
under transverse thrust. Pei et al. [25], [26], [27] investigated the collapse behavior of the non-
rectangular plates, by introducing the isoparametric ISUM element formulation. Gao et al. [28] carried
out the collapse analysis of double bottom structures, taking the influence of the welding residual
stresses on the ultimate strength into account.

A condensation procedure proposed by Lindemann et al. [29] was applied to the ISUM formulation
and validated for plate panels and stiffened plates. This condensation allows to reduce the ISUM plate
to nodal degrees of freedom so that it can be implemented in conventional FE software. Nonlinear FEA
was performed to determine the collapse behavior of thin plate panels under inplane thrust and an
approach to improve the shape function for such thin plates under longitudinal thrust. A new ISUM
plate element formulation was developed by Lindemann [30] to perform collapse analysis of plate
panels and stiffened plates under lateral pressure in geometrically nonlinear bending.

In June 2016, the world famous International Conference on Ocean, Offshore and Arctic Engineering
OMAE dedicated a Special Symposium in honor of Professor Yukio Ueda, where scientific experts,
industry and academic leaders, researchers and engineers discussed about modern computational
methods for welding mechanics and strength of structures. Special attention was payed to the
Idealized Structural Unit Method as about one third of the presentations was connected with ISUM,
underlining its relevance and importance. By today, there are six available elements, ensuring the
efficient analysis of the nonlinear behavior of marine structures, [31]:

= |SUM deep girder element

= |SUM plate element

= |SUM stiffened plate element

= |SUM tubular pipe element

= |SUM tubular pipe element with internal damage

= |SUM tubular joint element

Obviously the Idealized Structural Unit Method has its future and the field of application will broaden.
This work is intended to enable transient analyses of shipbuilding structures within ISUM, using ISUM
plate element.




1.2 Subject of the Thesis

Marine and offshore structures are subjected to dynamic loads during the lifetime. The values or
directions of dynamic loads rapidly change in time, causing the significant rise of inertial forces in
structural elements. Dynamic loads appear as result of ship’s movement at sea, wind and wave acting,
machinery operation, hull vibration and sometimes even as result of collision or explosion. Considering
the ship’s motion, three translational — surge, sway, heave — and three rotational — pitch, roll and yaw
— degrees of freedom can be observed. According to these movements, the corresponding dynamic
forces and moments act on the ship hull provoking the appearance of stresses, often leading to
buckling, plastic deformations or fatigue cracks of the structural members.

To ensure the safety and reliability of structures under dynamic loading it is necessary to estimate the
transient effects on the collapse behavior of plate panels. It was found that the strain rate, or in other
words the derivative of the measured displacement with respect to time influence the mechanical
properties of the steel. Lindemann et al. [32] have performed uniaxial tensile tests of mild and high
tensile steel specimens to analyze this phenomenon. The experimental data showed interesting
results: one could observe an increase of the yield strength. This demonstrated a good agreement with
the Cooper-Symonds equation [33], which determines dynamic yield strength, using strain rate value
and empirical coefficients. Due to these investigations one can presume that the load-carrying capacity
of the steel marine structures under dynamic loading can be higher compared with the static loading.

To simulate dynamic collapse behavior of ship hull girder in waves, Pei at al. [34] developed a
simulation system combining load/motion analysis of a ship’s hull and progressive collapse analysis on
a full ship model. The time domain load/motion calculation was performed to obtain time history of
pressure distribution and acceleration of the ship. Then, the obtained pressure distribution and
corresponding inertia force are applied to the full ship model, and the progressive collapse analysis is
performed with combined ISUM/FEM analysis. Within the present thesis the applicability of the
Idealized Structural Unit Method is extended to dynamic collapse analyses of steel plate panels. Since
the transient analysis can be considered as set of equilibrium states at particular time points, the
following additions were implemented to the static ISUM FORTRAN code:

= Inertia effects, by formulating the consistent mass matrix for ISUM plate element. In contrast
to the previous investigations mass matrix construction method is based on a variational
formulation, according to the FEM philosophy.

= Damping effects, by formulating the damping matrix, using the Rayleigh damping model;

= New solution procedures, which enable to find the unknown displacements and internal
forces. The explicit central difference scheme and the implicit Newmark’s method are
implemented to perform the numerical integration of the system of nonlinear differential
equations of second order.

This thesis covers a thorough study of the Idealized Structural Element Method, Finite Element Method
and the numerical integration schemes. The following chapters give the detailed description of the
mentioned theoretical aspects and include the practical implementation mechanisms and the results,
presented by stress-strain relationships.




1.3 Composition of the Thesis

The present thesis consists of seven Chapters, which reflect the essence of the performed research
and give the gradual presentation of information.

The Introduction in Chapter 1 provides a general information about the ldealized Structural Unit
Method, gives an overview of the method’s evolution, making a bridge to the objective and scope of
the present study.

In Chapter 2 Formulation and Application of the Idealized Structural Unit Method the idea and the main
theoretical aspects of ISUM are expounded. On an example of the rectangular plate panel under static
longitudinal and transverse thrust the description of the new shape functions developed by Fujikubo
and Kaeding [18] is presented. A brief introduction of the principle of virtual work and its application
to the finite element formulation of ISUM is outlined. The assessment of the load- carrying capacity is
successfully performed using the average stress-average strength curves.

In Chapter 3 Fundamentals of the Transient Analysis the derivation of the linear and nonlinear dynamic
equilibrium equations is introduced. The direct explicit central difference scheme and the implicit
Newmark’s method are presented as suitable numerical solution procedures. Both schemes are
analyzed in terms of stability, possible advantages and disadvantages are discussed. The
comprehensive procedure description enables the direct implementation of these methods in ISUM
program code.

In Chapter 4 Application of the Direct Time Integration Methods using Force Control the validation of
the explicit central difference and the implicit Newmark’s time integration methods is outlined on an
example of the simple spring-mass system (1D linear problem), of the 4-node membrane element (2D
linear problem) and of the 4-node ISUM element (3D nonlinear problem). The consistent mass matrix
for ISUM plate element subjected to the uniaxial and biaxial loading is presented using the bilinear and
trigonometric shape functions of the static formulation in [18].

In Chapter 5 Application of the Displacement Control Procedure to the Direct Time Integration Methods
the formulation of the enforced motion method is introduced. This technique is applied to the explicit
and implicit time integration schemes; results of the dynamic collapse analysis of the 4-node ISUM
element performing displacement control (enforced motion) and force control are compared to each
other.

In Chapter 6 Dynamic Collapse Analysis of ISUM Plate Panels the dynamic buckling behavior of different
square and rectangular plate panels under longitudinal, transverse and biaxial thrust is investigated.
The Rayleigh damping model is introduced. The influence of the damping forces is considered. The
explicit central difference and the implicit Newmark’s time integration methods are analyzed in terms
of reliability of the obtained results and reducing the computational costs.

The last Chapter 7 Conclusions introduces the summary of the main features of the present study,
denotes the possible improvements and future tasks.




2 Formulation and Application of the Idealized Structural Unit
Method

2.1 Theoretical Aspects

The basic idea of the Idealized Structural Unit Method is to perform nonlinear analyses of marine
structures faster than with using of the standard Finite Element Method. Since the number of
equilibrium equations is equal to the degree of freedom number, the possible way of producing results
effective in terms of time is to reduce the number of elements. With smart idealizations, it has become
possible to model the standard shipbuilding steel plate even with very few elements.

Rectangular ISUM plate element developed by Fujikubo and Kaeding [18] with four corner nodes is
taken as basis in this thesis. In Figure 3, a simply supported plate is subdivided by three ISUM plate
elements indicated by Roman numerals. Three translational degrees of freedom u, v and w,, are
defined at each node and interpolated bilinear within ISUM plate element. Overall bending
deflection w;, is used in analyses of stiffened plates so that the plate panels “follow” the deflections of
stiffeners modelled by beam elements, as described in [35]. In analysis of plate panels, w,, is equal to
zero.
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Figure 3: The rectangular ISUM plate element [18]

The deflection of the plate panel can be represented by the sum of two functions w; and w;, each
describing according to the subscripts the buckling modes of the plate under longitudinal and
transverse loading, Eq. 1:

w(x,y) =w +w, = A fi(x,y) + Ar - fr(x,y) (1)

The shape functions f;(x,y) and f;(x,y) are multiplied with the amplitudes 4; and A;, which are used
within ISUM formulation as the additional degrees of freedom. In case of the biaxial thrust, the both
amplitudes A; and A; are nonzero. Under longitudinal thrust the transverse amplitude A; becomes
zero and vice versa. Thereby one can describe the nodal degrees of freedom U; at node i with Eq. 2
and the total degrees of freedom d’ of element @ with Eq. 3:

U; = {uy, vi, wp;} (2)

d' = {0, 0,0, 0, A, a1}" (3)




2.1.1 Square Plates under Uniaxial Thrust

To understand the collapse behavior of the plate panels the FEA was performed. As the first case, the
simple supported square plate with the following dimensions and material properties was considered:

Table 1: Dimensions and material properties of the square plate
Length, breadth a,b 1000 mm

Thickness t 155 mm
Yield strength oy 313.6 MPa
Young’s modulus E 2058 MPa
Poisson’s ratio v 0.3 -

Hardening rate H' 0 -

The FE-model simulates the shipbuilding plating between longitudinal and transverse stiffeners. All
edges of the plate are kept straight within the coupling conditions to satisfy the condition of continuity
of plate edges. A discretization scheme of 50 X 50 shell elements is used. Initial lateral deflection with
a magnitude of 10% of the thickness value is applied to simulate the buckling state. Uniaxial thrust is

applied by inplane edge displacements. The buckling behavior and spread of yielding on the middle
layer is shown in Figure 4:
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Figure 4: Buckling behavior of the square plate under uniaxial thrust at the ultimate strength &, /&y" =
1 (left) and at the post-ultimate strength €,. /&y = 3 (right). Deflection scale: 6

Due to the analysis the sinusoidal buckling shape can be observed at the ultimate strength but at the
post-buckling region it changes to the roof mode. Fujikubo and Kaeding [18] expressed this change of
the shape by the coefficients of the Fourier series, Eq. 4. Numbers of half-waves in x - and y- directions
are represented by indices i and j respectively.

_ Cimx | jmy
W—ZZAijSln7SlnT (4)
L

*
&, - Average compressive strain

Ey - Yield strain




The coefficients A;; and A3, are playing the main role by describing of the buckling behavior of the
square plates, since the building of the roof mode can be explained by the great influence of the
coefficients A3, beyond the ultimate strength. The relative values of the coefficients are presented in
Figure 5 (left). As A3, becomes negative, the overlapping of the both shapes with one and three half-
waves leads to the straightening in x- direction and as result to the formation of the roof mode.
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Figure 5: Fourier coefficients of deflected shape (left).
Definition of the coefficients m and p (right), [18]

To model the same behavior using the Idealized Structural Unit Method, Fujikubo et al. [36] created

the shape function, which accounts the above considered transformation of the buckling mode in the
post-ultimate range, Eq. 5:

= Aosi nnx | ny+ Aosi 3nnx Ty
w = Aisin—-sin— fA;sin p (5)

The parameter f, Eq. 6, reproduces the relationship Az;,/A;; and becomes the nonzero value, as the
buckling mode must change to the roof mode. Itself it is a function of the dimensionless relation ¢, /&y
and special coefficients m and p, obtained by the FEA of the buckling behaviour of square plates [36],
Figure 5 (right). One can see that the increasing of the slenderness ratio 8 (for e.g. by reducing of the
plate thickness) speeds up the changing from the sinusoidal to the roof mode. The numbers of half-

waves n for the square plate is equal to one and therefore, such a plate panels can be modelled using
only one ISUM plate element.

&
0, —=<1-p

&
f= (e . (6)
— = —=>1-
mn(€y+p), €Y_ p




2.1.2 Rectangular Plates under Longitudinal Thrust

Considering the collapse behavior of the rectangular plates under longitudinal thrust the FEA showed
that they buckle unlike the square plates into several number of half-waves. Exemplary, the
rectangular plate panel, which buckles into three half-waves, is represented on Figure 6. The principal
dimensions and material properties of the FE-model of the rectangular plate are given in Table 2.
Discretization scheme of 10 X 30 shell elements is used.

Table 2: Dimensions and material properties of the rectangular plate

Length a 2400 mm
Breadth b 835 mm
Thickness t 155 mm
Yield strength oy 313.6 MPa
Young’s modulus  E  205.8 MPa
Poisson’s ratio v 0.3 -

Hardening rate H' 0 -
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Figure 6: Buckling behavior of the rectangular plate under longitudinal thrust at the ultimate strength
&,/&y =1 (a) and at the post-ultimate strength €, /ey = 4 (b). Deflection scale: 6

One can see that the deflections are not the same in different half waves. This is the result of the non-
symmetrical initial deflection, taking place in real structures. Like the square plate, one half-wave
changes its shape from the sinusoidal to the roof mode beyond the ultimate strength. This half-wave
collapses and the rest of the plate unloads. The initial deflection of the rectangular plate panels being
a part of marine structures has a complicated non-uniform shape. It represents the so-called hungry-
horse mode, Figure 7, and can be described by Eq. 7.

Figure 7: initial deflection of rectangular plate 2400 x 835 x 15 mm in hungry-horse mode.
Deflection scale: 6
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The coefficients Ay; were defined experimentally by Ueda and Yao [37] for different rectangular plates

according to the number of half-waves. For the considered rectangular plate with three half waves the

coefficients Ay; are presented in Table 3:

Table 3: Coefficients Ay;, [mm] for initial deflection definition of rectangular plate 2400 x 835 x 15 mm

A01 AOZ A03 A04- A05 A06 A07 A08 A09 AOIO A011
3.96 022 1.20 0.09 036 0.02 -0.02 0.08 -0.14 -0.02 -0.02

To model the same buckling behavior using the Idealized Structural Unit Method the shape function
given by Eq. 5 is used, which enables describing the change from the sinusoidal to the roof mode within
one half-wave. For this purpose, the number of elements of ISUM model has to be equal to the number
of the buckling half-waves. The prescribed half-wave, which is going to reach the roof mode, gets the
non-zero coefficients m and p, Figure 5, and therefore parameter f can be evaluated, Eq. 6. Only one
component of the initial deflection is used for the ISUM model. The full value A, is assigned to the
one ISUM element, and half of this value to the others. Exemplary the above-examined plate with
three buckling half-waves gets for the first element the initial deflection Ayz equal to the 1.20 mm,
and the two rest elements the value of 0.6 mm. Keeping equal degrees of freedom 4, for the second
and third element, but different from the degree of freedom A; of the first element enables the
modelling of localization of the plastic deformation, Figure 8 (left).

I I _ gl
Ay Ay = A AL = All = gl \
\-//'\

|| O @O @

Figure 8: Amplitudes A; (left) and A; (right) as additional degrees of freedom for simulation of plastic
deformation localization, [18]
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2.1.3 Rectangular Plates under Transverse Thrust

To analyze the collapse behavior of the rectangular panel under transverse thrust, the FEA of the plate
with dimensions and material properties given in Table 2 was performed. The FE-model with
discretization scheme of 10 X 30 shell elements is used and the initial deflection in a hungry-horse
mode according to the Eq. 7 was applied. The rectangular plate under transverse thrust buckles into
one half wave, Figure 9. At the ultimate strength the cylindrical middle part is already formed. It
remains longitudinally constant but in transverse direction represents the sinusoidal shape. The end
parts behave as half of a square plate. Beyond the ultimate strength, the roof mode seems to be
formed as the shape becomes more and more straightened in loading direction.
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(b)

Figure 9: Buckling behavior of the rectangular plate under transverse thrust at the ultimate strength
&./&y =1 (a) and at the post-ultimate strength €, /ey = 4 (b). Deflection scale: 6

To repeat the same buckling behavior using the Idealized Structural Unit Method at least three ISUM
plate elements must be used, Figure 8 (right). The first and the third elements simulate the collapse of
the end parts, which behave like the half of the square plate. That is why the length of these elements
should be equal to the half of the plate breadth so that bringing them together would build the square
plate. The second element is the biggest one and it simulates the cylindrical buckling behavior of the
middle part of the rectangular plate. Keeping for each element the same degree of freedom,
represented by the amplitude A, guarantees the continuous deflection all over the plate panel.

The shape function, Eq. 8 proposed by Fujikubo et al. [36] describes the buckling behavior of the
rectangular plates under transverse thrust. Divided on three intervals according to the current x-
koordinate it shows the good agreement with FEA.

(sin™ sin™ <x<?
smasmb, O_x_2
.y b b
w=A4 — —-<x<a-—-— 8
¢ Slle, 2_x_a > (8)
n(x—(a—>b T b
ksinMsin—y, a—=<x<a
a b 2
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2.2 Solution Procedure

The principle of virtual work is the basis of FE-solution process. According to this principle, the
deformable body is in equilibrium if for any small virtual displacement, applied on the body, which was
in equilibrium state, the total internal virtual work is equal to the total external virtual work, Eq. 9. The
term “virtual” in this context means that the virtual displacements are not the real ones, which appear
during the loading. It is just used to derive the governing differential equations of motion, integrating
the principle of virtual work by parts.

[ ey @ar = [wayaniav + [ (san)(r)as + ) (oa') (RE) 9
i
In the above given equation one can see:
{6d}, {6} - virtual displacement vector and corresponding virtual strain vector;
{&isf} - virtual displacement vector on surface area S¢, on which known tractions are applied;
{r} - stress vector, which balance the externally applied forces;
{fB}, {fsf} - externally applied force vector per unit current volume and area;
{RE} - externally applied concentrated force vector;
S,V - body surface and volume.

For ISUM plate element the stress-state is defined by stress resultants per unit width:
{r} = {N} = {N,, ny' ny:Mx: My: Mxy}T (10)

N, N.

xy» Nxy —membrane force components per unit width;

My, M,,, My, — bending moment components per unit width.

Analogously to the stresses, the vector of the applied nodal forces can be expressed as:

E,

Wna

ji”’ng:{F}:{Fu1 F, Fu, B0, B, B, o, By, K

4 Wn1

Fy,, B

Wn3

Fy, F4 )" (11)

Components of vector {F} are defined according to the degrees of freedom of ISUM plate element.

A distinctive feature of the nonlinear analysis is that the obtained displacements d are no more the
linear function of the applied load F. Within the geometrical and material nonlinearities, the current
body configuration can significantly change during the loading history. Therefore, the main difficulty
of the nonlinear analysis is that the equilibrium equation must be satisfied at any possible
configurations, whether the large displacements or large rotations appear. The incremental approach
is successfully applied to cope with this problem. To build such a scheme one can presume that for the
certain moment the solution is known and to get the solution in the next step the incremental values
must be found.
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Thus, performing two-dimensional analysis without consideration of surface and concentrated forces
(f5f=Ré=O) the principle of virtual work in an incremental form can be written as:

f (84YT (N} + {AN})dA = (54d)T ({F} + {4F}) (12)

In the following paragraphs a brief summary of the solution procedure is given based on [38]. The total
strain increment A& represents the updated Green Strain Increment [39], which introduces the
difference between the two adjacent configurations. It consist of the linear part (the first term on the
right-hand side), obtained from the nodal inplane displacements and of the nonlinear part (the second
term on the right-hand side), calculated using the Elastic Large Deflection Analysis (ELDA):

Agx Ag)lcinear ASELDA
Agy, } = Agsl,inear +{ AeftP4 (13)
Ayyy Aygg}ear AYELDA

The linear inplane strains can be obtained calculating the partial derivatives of the bilinear shape
functions, which represent the interpolation of the nodal inplane displacements u and v. The
subscripts by the displacements u and v mean the node number according to the Figure 3, a, and b,
represent the length and breadth of the element respectively:

) JAu 0 X
R (e R 0 R YO
e e e e e e
. d0Av 0 X
I ay[(l__)z_ vt (1-20) (1-2) dwy + 202 gy 1 22 (1—Z—‘3) awy| (14)
e e e e e
pylinear — 6Au+6Av
Vay = dy  Ox

The derivation of the nonlinear strain can be performed by the Elastic Large Deflection Analysis (ELDA)
for the certain shape function w, which depends on the loading direction. For longitudinal thrust
application Eq. (5 is taken as shape function, for transverse — Eq. (8 and for biaxial — Eq. (1. The chosen
shape function w can be substituted into the compatibility condition for large deflections, [40], [41],
where w, represents the initial value of the internal deflection described by the same shape
function w:

(15)

a4ﬁ+2 O4F +a4ﬁ_ 2w\’ 92waiw (92w, 2+62w062w0
ox* dx2dy? = ay* dxdy d0x? dy? dxdy d0x? 0y?

Having solved the Airy’s stress function F, the nonlinear strain components can be found using the
following equation, where E is the Young’s modulus and v is the Poisson’s ratio:

0°F 0°F
AgELDA — gr
Cx ((?y —V 6x2>

0°*F 0°F
AgELDA (axz (’)y2> (16)
AVELDA _ 9°F 2(1+v)
Vay ox dy E
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Having found the total strain increment, Eq. 13, the increment of the stress resultants AN can be
calculated by:

{4N} = [D]{4e} (17)

Vector {Ag} composes the inplane strain increments of Eq. 13 and the classical three curvature terms
of Kirchhoff plates, which are evaluated linearly, as given in detail by [38].

The material matrix [D] depends on the stress state. In the elastic range, taking into account the

- 3
inplane stiffness C = Et/(1 — v?) and the bending stiffness D = %/(1 —v?) of the plate element

with a certain thickness t, matrix [D] can be obtained as:

[c cv 0 0 0 0
cv C 0 0 0 0 |
o 0 ca-vyz 0 o0 0
DI=]4 o 0 D Dv o | (18)
lo o 0 bv D _ 0 |
lo o 0 0o o Da-v),2l

In the plastic range, the material matrix [D] can be evaluated using the plastic flow law, yield functions
and the yield criteria, based on the von Mises hypothesis and giving the estimation, whether the initial,
intermediate or fully plastic state takes place, Eggers and Kroplin, [42]. A complete description of the
evaluating of the material matrix is given by [30].

Finally, the principle of virtual work in an incremental form yields:
[K1{Ad} = {AF} + ({F} — {R}), (19)

with tangential stiffness matrix [K], incremental displacement vector {Ad}, applied force vector {F}
and its increment {AF} and internal force vector {R}. Element stiffness matrices and internal force
vectors are assembled over the whole structure as in conventional FEA. Taking into account the
material nonlinearities, the order of integration plays an important role for a large ISUM element, as
the check of yielding is performed at the integration points.

This means that usage of the low integration order would not give an accurate picture of material
nonlinearities distribution. Therefore, within the Idealized Structural Unit Method (ISUM) 7 X 7
integration points placed equidistant over the element area are used for each plate element.
Integration of stiffness matrix and internal force vector is carried out numerically, by the trapezoidal
rule. Solution of the above-obtained incremental Eq. 19 is performed numerically by the widely used
Newton-Raphson Method. It is an effective scheme, which allows reaching an equilibrium state within
a certain tolerance for each new body configuration, performing an iterative procedure for
determination of the approximate displacement values. Formulation of the Newton-Raphson Method
will be discussed in Chapter 3.3.1.
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2.3 Average Stress-Average Strain Relationships for Square and Rectangular
Plates

One of the main purposes of engineering analysis is to predict how material will respond to the loading,
acting on the structures. This analysis can be performed experimentally by applying forces to a
specimen and then determining the resulting stress using sensors. Using the obtained results one can
derive the stress—strain curve, which enables determination of the material properties such as yield
strength, ultimate strength, Young’s modulus, Poisson’s ratio and others. Performing the FEA of the
structures the stress—strain curve gives analogously the comprehensive information on the collapse
behavior, giving the opportunity to analyze the whole loading process.

The dimensionless average stress-average strain curves will be presented within this work for both FEA
and ISUM to make the data handling more convenient. Assuming the applied by displacements
longitudinal or transverse thrust, according to the current deformation the resulting internal forces
are summed up on a subjected by the loading element face and divided by area of this face, Figure 10.
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Figure 10: Plate panel under longitudinal and transverse thrust, [18]

Exemplary, the average stress-average strain relationships for square and rectangular plates are
presented in Figure 11 and Figure 12 respectively. The obtained stresses o, and g,, are divided by the

yield strength value oy, and the obtained strains €, and &,, are divided by the yield strain &y = %
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Figure 11: Average stress-average strain relationship for the square plate with different slenderness
ratio
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Three square plates with slenderness ratios § equal to 2.5, 3.0 and 3.5 with dimensions and material
properties given in Table 1 have the similar collapse behavior under uniaxial loading. Buckling is
observed by the change of the slope of the corresponding average stress-average strain curve. After
buckling, the initial yielding is reached. This means that the material extension takes place more quickly
with little increase in load. The peak points on the diagram correspond to the ultimate strength, which
is the maximum strength that material is able to withstand before breaking.

On can see that the ultimate strength values increase with increasing slenderness ratio. In other words,
the logical assumption that the load-carrying capacity of the thicker plates are higher is proved by the
obtained average stress-average strain curves. In the post-ultimate strength range the load-carrying
capacity decreases. The results of FEA (by “ANSYS 15.0”) and ISUM analysis have very good agreement.
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Figure 12: Average stress-average strain relationship for the rectangular plate under longitudinal and
transverse thrust

The collapse behavior of the rectangular plate with dimensions and material properties, given in Table
2 under longitudinal and transverse thrust is no more the same, Figure 12. The first thing that catches
the eye is that the ultimate strength value of the longitudinally loaded plate is two times higher as of
the transversely loaded plate. This can be explained theoretically by the comparison of the Euler’s
stresses [43]: under the uniaxial compression along the long side of the plate the Euler’s stress is
- A
Oputer = 412D /b?t, and Ogyier = (1 + (Z) ) 2D /b?t under the uniaxial compression along the
short side of the plate, with bending stiffness D and plate geometrical characteristics a, b and t.
2

Assuming that the value (g) is small compared to 1, the Euler’s stress for the plate under longitudinal
loading is approximately four times higher as under transverse loading. That is why the longitudinal
framing is more preferable for maritime structures from the point of considering the hull’s bending.

As one can see, ISUM solution exactly follows the FE-curve for both longitudinal and transverse thrust
cases, and only in the post-buckling range they slightly depart from the FEA results.
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2.4 Concluding Remarks

In Chapter Formulation and Application of the Idealized Structural Unit Method the following subjects
were highlighted and discussed as basis for the developments in the following Chapters:

=  Formulation of the rectangular ISUM plate element developed by Fujikubo and Kaeding [18]:
within the new ISUM formulation the amplitudes of the shape functions are treated as
additional degrees of freedom.

=  Main features of the buckling behavior of rectangular plates under longitudinal and transverse
thrust: for rectangular plates under longitudinal thrust, the sinusoidal buckling shape is typical.
However, the presence of the initial deflection causes the non-symmetrical yielding
distribution that leads to the formation of the roof mode beyond the ultimate strength for one
half-wave. The same happens to the square plate, which collapses in the only half-wave. For
rectangular plates under transverse thrust, the cylindrical middle part forms at the ultimate
strength. It remains longitudinally constant during the buckling process and in transverse
direction it represents the sinusoidal shape, becoming more and more straightened as the
deformations increase.

= New shape function, presented by Fujikubo and Kaeding [18] for rectangular plates under
longitudinal and transverse thrust: in case of the longitudinal loading, the special parameter is
introduced within the new formulation, which multiplied with the trigonometric function
models the change from the sinusoidal to the roof mode. In case of the transverse trust, the
shape function is defined on the intervals, limited by the length of the elements. According to
the buckling behavior the amplitudes of the shape functions are whether the same for each
element (by transverse thrust) or not (by longitudinal thrust). The number of ISUM plate
elements must be equal to the number of half-waves.

= The principle of virtual work in application to the static ISUM formulation: the incremental
approach for derivation and solution of the equation of motion is introduced together with
the technique of the Green Strain Increment definition [39]. Importance of an integration
order for establishment of the stiffness matrix and internal force vector is highlighted.

=  Average stress-average strain relationship as a suitable tool for the buckling behavior analysis:
the assessment of the load-carrying capacity is presented on examples of the uniaxial loaded
square plate with different slenderness ratios and on examples of the longitudinally and
transversely loaded rectangular plate. The results obtained by the static ISUM analysis show
very good agreement with the static FEA results. The visible advantage of the ldealized
Structural Unit Method is that the calculation time with ISUM is much shorter than with FEA.
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3 Fundamentals of Transient Analyses

3.1 Formulation of the Dynamic Equilibrium Equation

The main difference between static and transient analysis is that the dynamic loads are time-
dependent. They are applied as a function of time and therefore, time represents the additional
parameter in transient analysis. Moreover, the dynamic loads induce the time-varying response of
internal forces and stresses, displacements, velocities, and accelerations. These time-dependent
parameters make dynamic analysis more difficult to perform, but one should not forget that
considering the real physical processes as well as the operation conditions of machineries and
structures the influence of the dynamic effects can play the significant role in the total force-balance.

Let us consider the interpretation of forces on an example of the brick, lying on a horizontal surface:

F F m
X X
T/ -

R TN R N
(@) (b)

Figure 13: a) Force balance for a resting brick; b) Force balance according to d’Alembert’s principle

The ground reactions can be simply evaluated from the static equilibrium equations, Figure 13 a). But
as soon as the brick starts to move with acceleration a, the Newton’s second law yields F — R = ma,
where the inertia force ma turns the task to the transient one. This dynamic problem can be brought
to the equilibrium rewriting F — R — ma = 0. This technique is known as d’Alembert’s principle, [44],
which means that for the dynamic equilibrium the inertia force - ma, acting opposite the motion’s
direction must be considered in addition to the real forces, acting on a structure, Figure 13 b). For
solution of the dynamic problems the d’Alembert’s principle is widely used and its’ application will be
shown below.

There are some important assumptions and hypotheses, which must be clarified to derive the dynamic
equilibrium equation for the finite element application. Performing the FEA a real structure is treated
as an assemblage of the finite elements, connected at the nodal points. Apart from a global coordinate
system u, v, w each element has its’ own local coordinate system x, y, z and the displacements inside
each element {d(x,y,z)} are represented as a function of the nodal displacements {ﬁ(u, v, W)},
where [H(x, y, z)] is the displacement interpolation matrix (shape function):

{d} = [H]{d} (20)
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Analog to displacements, the components of strain {e(x, y, z)} can be described as a function of the
nodal displacements {d(u, v, W)}, where [B(x,y, z)] is the strain-displacement matrix, based on the
shape function:

{e} = [B){d} (21)

The stresses in the finite elements {t(x,y,z)} can be calculated using the material matrix [D] and
strains {e(x,y,2)}:

{r} = [D]{e} (22)
Substitution of the above given equations 20-22 into the principle of virtual work, Eq. 9, without

consideration of surface and concentrated forces (f5f=Ré=0) yields the static finite element
equilibrium equation, [45]:

f [B7|[D][Blav (@} = f (") av 23)

Stiffness matrix [K] Force vector {F}

Finally, according to the d’Alembert’s principle it remains to include the inertia forces to the acting
body forces. Apart from it, due to the energy dissipation, which takes place during vibration of real
structures, the damping forces depending on velocities should be also added to the body forces.
Assuming that velocities and accelerations can be approximated by derivatives of displacements in
Eqg. 20 the body force vector yields:

(F} = f [HT1((F%) — p[H1{d} — k[H1{d})aV (24)

In Eq. 24 the parameters p and k denote density and damping properties of the elements, {d} and {d}
represent the vectors of the nodal point velocities and accelerations respectively. For further
convenience it is considered that {d} = {d}. Thereby, the dynamic equilibrium equation in finite
element formulation can be written as:

f p[HT][H]dV |{d} + Hlav|{d} + f [BT][D][BlaV|{d} = f [HT1{fB}av (25)

[ s
~ ~ ~ ~

Mass matrix [M] Damping matrix [C]  Stiffness matrix [K] Force vector {F}

Practically, it is quite difficult to get the damping properties of the elements as they depend on the
frequencies. Nevertheless, damping matrix [C] can be obtained using the mass and stiffness properties
of the whole finite element model together with the experimental data on the damping characteristics.
Damping will be considered later by the Rayleigh damping model.
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3.2 Direct Time Integration Methods

The dynamic equilibrium equation represents the linear differential equation of second order whose
solution can be successfully obtained performing the direct time integration. The term “direct” means
that there is no need to transform the primary differential equation into another form. The solution is
searched on the discrete time intervals At where the displacements, velocities and accelerations are
supposed to vary.

10
Building the solution scheme it is assumed that at time t = 0 the displacements {d}°, velocities {d}

.n 0
and accelerations {d} are known. The complete time range T is divided into n equal time intervals At,
therefore, the approximate solution is determined on time intervals 0, At, 2At, 3At ... T — At, T.

3.2.1 Explicit Time Integration Method

A grate number of finite difference expressions can be employed for approximation of the velocities
and accelerations in terms of displacements within the time interval At. One of the most effective
schemes is the central difference method, which represents the direct explicit time integration
procedure. The term “explicit” means that utilization of the equilibrium conditions at time t yields the
required solution at time t + At. Let us consider the basic approximation relationships for the explicit
time integration method [46]:

{d}t — %({d}HAt _ {d}t—At)

(26)
1

en t
{d} = (At)z

({d}t+At _ Z{d}t + {d}t—At)
Considering the dynamic equilibrium equation at time ¢, the Eq. 25 can be introduced in the way:

MI{d)" + [C){d}" + [K]{d}t = {F}t (27)

Substituting Eq. 26 into Eq. 27 the governing central difference equation can be solved relative
to {d}t+At:

M- o[ @y (28)

1 1 + —
(e 1M1+ 5 1) iy = rye = (1K1 - a5 M - 75

o (1) (a3’ - (

(At)?
On the first time step a starting procedure must be used to get {d}~t. Assuming thatt =t, = 0

and {d}° with {d}t are known, accelerations {éi}ocan be obtained by Eq. 27. Then, the required vector
{d} 2t is evaluated from Eq. 26:

(At)?

(@ = (@)° - ae{d) + == {d)’ (29)

The important role for the accuracy and stability of the central difference method plays the choice of
the time step value At, which must not exceed a special critical value: At < At,,. This critical value can

be assessed by At = AL\E , where AL is the lowest distance between the element nodes [45]. Such

a requirement makes the central difference integration scheme only conditionally stable. In other
words, the time step At must be very small, to get adequate results.
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For example, assuming the lowest distance between nodes AL = 0.1 m and material properties for
steel with p = 7850 kg/m3 and E = 2.058 - 101! MPa, the critical time step is At., ~ 2 - 107°. This
means that performing the transient FEA of a structure, subjected to the dynamic loading during two
seconds, 10° steps have to be reviewed. That is why the central difference method is worth doing,
when the governing Eq. 28 can by simplified — by neglecting of the matrix [C] in case of no damping
influence or by consideration of the diagonal mass matrix [M] since the solution can be easily obtained
without matrix factorization.

3.2.2 Implicit Time Integration Method

The Newmark’s implicit time integration method is implemented and primary used in most FEM
programes, as in contrast to the central difference scheme it is an unconditionally stable tool with the
certain parameters. Term “implicit” means that the equation of motion is considered at time t + At:

() + [){d) ™ + KTy = (ryeee (30
Approximation relations for the Newmark’s implicit time integration method are presented by [46]:

(d}t+0 = {d}t + {d}tAt + [(% B 0() {d}t + a{d}”“] (AD)? (31)

{d)™™ ={a)" +[@ - o)) +s{d) | ac (32)

Parameters a = 1/4 and § = 1/2 ensure an unconditional stability of the Newmark’s time integration
method, which represents in this case the constant-average-acceleration approximation scheme.

-y t+AL
Solving Eq. 31 with respect to {d} " and then substituting the obtained expression into the Eq. 32,

. E+AL -y EHAE
the unknown velocities {d} and accelerations {d} can be inserted to the equation of motion,
Eg. 30 that yields:

1 1)
(—a G M+ g L]+ [K]) ()P = (R} 4[] [ ( At)z{ ¥+ m{d} + (— - 1) {d} ]

(33)

el [t + (G- 1)@ + 3 (G-2) @]

As it was already mentioned, the Newmark’s implicit time integration method is an unconditionally
stable scheme with the parameters taken asa = 1/4 and § = 1/2. This means that there is no
restrictions in choosing the time step At. That would be an advantage in case of the dynamic loading,
acting on the structure during a relative long period. Exemplary, let us consider such a period equal to
20 seconds: due to the explicit scheme with a required time step At not less then 2 - 10~° s one need
to perform 10° calculation steps. Using the Newmark’s implicit method one could accept the time step
At = 2 - 1072 s and calculate the same problem performing only 103 integration steps. Nevertheless,
in case of the impact loads, acting in a short period of time, 2-10~! seconds exemplary, the
Newmark’s implicit method with time step At = 2+ 1072 s would not be able to supply an accurate
structural response within 10 steps. Considering a new time step At = 2-10"*s for an implicit
Newmark’s scheme versus time step At = 2 - 1075 s for an explicit central difference scheme one can
benefit no more so much in computational time as in the case of long-lasting dynamic loading. Thereby
the choice of one or another method depends on the problem formulation, but the Newmark’s implicit
time integration scheme seems to be more versatile.
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3.3 Nonlinear Structural Analyses

As it was already mentioned in Chapter 2, due to the geometrical and/or material nonlinearities, the
obtained deformations are no more a linear function of the applied loads, and therefore, the nonlinear
structural analysis has to be performed.

Considering the operation conditions of the shipbuilding structures the presence of the tensile
stresses, which would exceed the yield strength, often lead to the formation of the plastic zones. In
this case, the deformations can be small but the danger of possible cracks generation appears.
Analysing such a process the material nonlinearities must be taken into account. Studying the collapse
behaviour or assessing the load-carrying capacity, we consider the structure in its critical state, just
before it collapses, and in this case not only material nonlinearities are to be considered, but also the
geometrical nonlinearities, as large deformation appears.

Performing the nonlinear structural analysis it is important to categorize the real physical problem
since the different formulations are used for each analysis type. In Figure 14 the classification of the
nonlinear analysis types is presented [48]:

(a)
dl<004 dl<004 i 0.04
L . L . T >> .
= Displacements are small = Displacements are large = Displacements are large
= Strains are small = Strains are small = Strains are large
= Stress-strain relationship = Stress-strain relationship = Stress-strain relationship
is nonlinear is linear or nonlinear is apparently nonlinear

Figure 14: Classification of the nonlinear analysis types. a) Materially-nonlinear-only analysis;
b), c) Geometrically-nonlinear analysis

Considering the materially-nonlinear-only analysis, the presence of the nonlinear effect can be
described by the nonlinear stress-strain relation. The displacements and strains are infinitesimally
small and therefore the usual engineering stress and strain measures can be employed in the equation
of motion. The geometrically-nonlinear analysis is the most common case since the large displacement
and the nonlinear stress-strain relationship most likely cause the appearance of the large strains.
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3.3.1 Incremental Step-by-Step Solution Process

Within an incremental nonlinear analysis it is presumed that the externally applied forces or
displacements represent the function of time and that the body configuration, subjected to the loading
is changing. Simultaneously, the initial configuration at time t is known and one searches for a solution
for the next configuration at time t + At, where At represents the chosen time increment. Thus,
applying the principle of virtual work for the unknown state at time t + At one can write an equilibrium

}t+At

equation for the vector of externally applied nodal point forces {F and for the vector of nodal

point forces {R}t+2f, equivalent to the internal element stresses, [48]:

{F}t+At _ {R}t+At =0 (34)

It is important to point out that in case of the static analysis, when the frequencies of applied forces
are much smaller than the natural frequencies of the structure, time variable t only denotes the
different state configurations due to the different load intensities. For the transient analysis with the
frequencies of loads, lying in the range of the natural frequencies of the structure, time t is an actual
physical variable and the force vector {F}**2¢ must include the inertia forces. Considering that the
internal reactions {R}! at time t are known, the required reactions {R}'*2¢ at time t + At can by
expressed by adding of the increment value of {AR} to the {R}':

{R}*4 = {R}* + {AR} (35)

Approximately, the incremental vector {AR} can be calculated multiplying the tangential stiffness
matrix [K]t , corresponding to the geometrical and material nonlinearities, with the increment of the
nodal point displacements {Ad} :

{AR} = [K]*{Ad} (36)

Substitution Eq. 35 into the Eq. 34 gives:
[K]*{Ad} = {F}**4 — {R}' (37)

Solving the above equation with respect to {Ad} one can approximate the required displacements at
time t + At:

{d}*50 = {d}*" + {ad} (38)

Further, one can repeat the incremental procedure to get the exact displacements by using the
Newton-Raphson approach [49] within corresponding iterations i =1, 2, 3... N4, assuming for the

first iteration that {d}”At(O) = {d}* and {R}”At(o) = {R}':

[K]EH{Ad}® = {F}t+At — {R}t+At(i—1)

{d}t+At(i) — {d}t+At(i_1) + {Ad}(l) (39)

The updating of the nodal point displacements continues until the out-of-balance force

JeHaL _ {R}t+At(i_1)

vector {F is small enough.
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3.3.2 Incremental Equations of Motion

In nonlinear structural mechanics an effective analysis can be performed considering the Lagrangian
formulation of the problem meaning that from the original to the final configuration of the body we
follow all the particles and “record” the trajectory of motion. Using this formulation the equilibrium of
the body in an incremental Lagrangian analysis at time t + At can be expressed introducing the
principle of virtual work in this way [50]:

f[T]t+At{5E}t+Atht+At — f{5d}T{fB}t+Atht+At (40)

In the above given equation one can see:

[T]HM - Cauchy stress tensor " at time t + At;

{8e}t+At - Virtual strain vector at time t + At;

ptrat - Volume attime t + At;

{6d} - Virtual displacement vector;

{fB}tTAt - Externally applied force vector per unit volume at time t + At.

The main problem in the formulation of Eq. 40 is that the configuration of the body at time t + At is
unknown and therefore, one cannot integrate over the unknown volume. Apart from it, the Cauchy
stresses at time t + At cannot be calculated by adding to the Cauchy stresses at time t the stress
increment, since the rigid body rotation of material influence on the stress-state.

To deal with this problem special stress and strain measures have to be introduced. Such a principal
measure of the deformation of the body can be given by the deformation gradient [X]§, [51]:

roxt  oxt  9xt]
axY 0x) 0x?
axt  axt axd

2 2 2
ax? 0x) 0x?
axt oxi oxt
x? 0x) 9xd]

(41)

The deformation gradient [X]§ describes the deformations and rotations that material have

experienced from time O (coordinates x?, xJ, x2) to time t (coordinates x}, x&, x).

Oz
* Tzx -
Cauchy stress tensor [T], [52], consist of the nine components Tij that completely zy
define the stress-state at a point inside a material in the deformed state. The VA T
. . . . Xz T
Cauchy stress tensor is used for linear analysis, presuming the presence of small vz

deformations. For nonlinear analysis the Piola—Kirchhoff stress tensor is required.

Oy  Txy Txz
[t] =|Tyx 9y Tyz

Tzx Tzy Oy
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Using the deformation gradient [X] one can describe the Green-Lagrange strain tensor [£]§, which
measures the stretching deformations, and the 2" Piola—Kirchhoff stress tensor [S]}, [48]:

(42)

©
o
I
i~}
2,

To obtain the incremental equation of motion one can now implement the Green-Lagrange strain
tensor []§ and the 2" Piola—Kirchhoff stress tensor [S]§ to the Eq. 40 and refer them to the known
equilibrium configuration. Here, one can choose between two common configurations, namely the
initial configuration at time O (Total Lagrangian TL formulation) or the last calculated configuration at
time t (Updated Lagrangian UL formulation), [48]:

[istrectoergrocave = [sayrismygcare i)
(43)
[iswreetoeyireeave = [waygrgave i

The both TL and UL formulations for the equation of motion can be linearized by performing the

incremental decompositions of stresses and strains . Detailed description of the linearization
procedure is given in [48]. These two formulations are almost similar and they supply the identical
results with the only difference that the incremental linear strains in the TL formulation contain the
initial displacement effect that makes the strain-displacement matrix more complicated compared
with the UL formulation.

*
Within the TL and UL formulation the Green-Lagrange strain tensor and the 2nd Piola—Kirchhoff stress tensor can be
decomposed into the linear and nonlinear parts [48]:

TL formulation: UL formulation:
t+At — t o= e L CUHAL o o= e .
gijo - sijo + gijo Eljo euo + 771}0 Sut - gut . gut el]t + nut
with: with:
t+At _ ot o=1D.. t+At _ ot o=1D..
Sijo = Sijo + Si]'o SUO Dursoerso Sijt = Sijt + Sijt Sz]t DL]TSteTSt

Where Dijrso and Dl’jrst represent the incremental stress-strain tensors at time t referred to the configurations at times 0

and t respectively.
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3.3.3 Incremental Matrix Equations for Finite Element Formulations

The approach for the formulation of the nonlinear matrix equations for the FEA is the same as for the
linear analysis — the chosen displacement interpolations can be substituted directly to the governing
equation of motion. Let us review the linearized equations of motion for different types of nonlinear
analysis without surface and concentrated forces (fo:Ré:O) and rewrite them into a matrix form [48]:

Materially-nonlinear-only analysis
fDijrsers(SeijdV =f{6d}T{fB}6+Ath0 - f aij(SeijdV
(BB ) tad) = [1H17 (r2384avo ~ [ 8,17 (2)av )

[K]*{Ad} = {F}**5 — {R}*
Geometrically-nonlinear analysis. TL formulation
fDijTSOeTSQSeideVO + f 511367’]1]0(1‘/0 :f{6d}T{fB}6+Ath0 - fSijg(?eideVo

([ B8 2otz v ) oty + ([ 1Bunl8" 53608l v° ) o) = 117 (r35ave =[BT av® ()

Tangential stiffness [KLS + KNLS]{Ad} = {F}**At — (R}}
mati

Geometrically-nonlinear analysis. UL formulation
fDijrsterstSeijtht + fSl]§6nl]tht = f{6d}T{fB}g+Ath0 - fSij§6eijtht
tT t gyt tTreye t gyt — T [ £B1t+At 3170 tT et gyt
([ B 0181t ave ) ady + ([ 1o IV Bl @V ) (ad) = [T r=¥reave - [ (8,17} ave  (46)

Tangential stiffness [KL(t) + KNLS]{Ad} = {F}*At — {R}}
matrix ~_ 7

(K¢, (K15, (K, )L - Linear strain incremental stiffness matrices;

[Kn.15, (K]t - Nonlinear strain incremental stiffness matrices;

{Ad} - Unknown displacement vector;

{F}t+at - Vector of externally applied forces at time t + At;

{R}, {R}, {R}: - Vectors of nodal point forces equivalent to the element stresses at time t;
[B.], [BL1§, [BL]E - Linear strain-displacement transformation matrices;

[Binlb, [Bin]E - Nonlinear strain-displacement transformation matrices;

[D],[Dlo, [D]; - Stress-strain material matrices;

[H] - Displacement interpolation matrix;

{z} - Stress vector, containing components of ij;

[ST15, [S1E,{S35, {S}t - Matrices and vectors of second Piola-Kirchhoff stresses.
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3.4 Direct Time Integration Methods for Nonlinear Structural Analyses

To perform the transient nonlinear structural analysis the direct explicit and implicit time integration
schemes are used. These procedures can be realized in the same way, as it was discussed for the
transient linear analysis application, but using as a basis nonlinear incremental equation of motion
obtained in the previous subchapter. Although the required equation was derived for the static
analysis, one can just add the inertia (and damping) forces to the acting body forces according to
d’Alembert’s principle, see Eq.24.

3.4.1 Explicit Time Integration Method for Nonlinear Structural Analyses

The explicit central difference scheme is successfully used for the transient nonlinear structural
analysis. Analogously to the linear analysis we consider the equilibrium equation at time ¢t to get the
structural response at time t 4+ At, [48]:

M1{d)" + [C){d)" = {F}t — (R} (47)

Substitution of the approximations for velocities {d}tand accelerations {d}t(see Eqg. 26) to the above
given equation yields:

1 1

(caesz (M1 + 57 [€1) (32 = () — (R + 7M1 -

G M+ 75 (e -

— — C) dyt=at (48
T8 7 (1) @y (4g)
As one can see, the obtained formula is very similar to the one, derived for the linear analysis.
Nevertheless, the nodal point force vector {R}' includes the nonlinear effects due to the second Piola-
Kirchhoff stresses and must be evaluated using the Eqns. 44 -(46. The advantages and disadvantages
of the central difference scheme discussed within the linear analysis also remain valid for the nonlinear
analysis.

3.4.2 Implicit Time Integration Method for Nonlinear Structural Analyses

The Newmark’s method with integration parameters a = 1/4 and § = 1/2 represents a very effective
tool for the performance of the nonlinear dynamic analysis, [48]. Being an implicit scheme, the
equilibrium is considered at time t + At. Therefore, dealing with the nonlinear analysis it is necessary
to fulfill the iteration procedure, exemplary Newton-Raphson method, see Eq. 39, to reach the
equilibrium state minimizing the out-of-balance vector:

. ® . ) i . .
[M]{d}t+At + [C]{d}t+At n [K]t+At:(l 1){Ad}t(1) — {F}t+At _ {R}”Af(l 1)

| | (49)
@yret® = (@rac Y 4 agy®

Approximations for the displacements and velocities can be obtained using the trapezoidal rule:
eent _ e o DUt i+At
(@) = {d)f + = ({&}" + (&™) (50)

{d}t+At _ {d}t 4 % ( {d}t 4 {d-}t+At) (51)
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-y t+AL
Solving Eq. 50 with respect to {d} "and then substituting the obtained expression into Eq. 51, the

- AL . N t+AL
unknown velocities {d}  and accelerations {d}  can be expressed by:

(@™ =7 ({d}““ @) - {a)’

(52)
A 4 . .
(@ = (W (a3t — () = - {d) — ()’
In the incremental form, Eq. 52 can be written as:
@ = 2 (@3 4 g - ayr) - (d)'
(53)

(@@ _ (At)z e (@ 4 (A} — gyt - o) — (d)

Using the obtained incremental approximations, the nonlinear equilibrium equation yields, [48]:

(JW [M] + é[C] + [K]”At(i_l)> (Ad}®D = (F)t+at _ {R}t+At(i—1)
—[M] ((At)Z ({ }t+At(l 1) _a) )——{d} ) ) -
~ 161 (o (1@ — fayt) - (@)

The tangential stiffness matrix [K]¢ and the nodal point force vector {R}'*2t contain the nonlinear
effects and can be obtained using Eqns. 44 - 46.

As it was already mentioned, the iteration procedure with i = 1, 2, 3 ... n;;.,- repeats until the out-of-
balance vector becomes small enough. For this aim, the convergence check should be performed after
each iteration, and if the chosen convergence criterion is satisfied, one can proceed to the next step.
As a possible convergence criterion, the out-of-balance convergence [53] can be introduced:

Jeryees s gy ey | <ol e

i— . @i-0
In the above given equation {F}!*4t — {R}”At(l v _ [M]{d}HAt

the out-of-balance (residual) vector.

3 [C]{d}t+At(i_1)

represents

The tolerance is represented by y and ||{F}t+“|| is the reference force value.
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3.5 Concluding Remarks

In Chapter Fundamentals of the Transient Analysis the following subjects were highlighted and
discussed:

= Derivation of the linear dynamic equilibrium equation: using the principle of virtual work the
static equilibrium state is described in matrix form for the finite element application, [45]. The
required kinematic parameters such as displacements and strains are presented in
dependence on the nodal displacement values, using special shape functions. The extension
on the dynamic analysis is introduced by application of d’Alembert’s principle, [44].

= Numerical integration methods for the solution of the linear dynamic differential equation of
2" order: the direct explicit central difference method and direct implicit Newmark’s method
are presented as the most common techniques, [46]. Approximation relationships and a
comprehensive description are given that enable the direct implementation of these methods
into ISUM program code. The discussed advantages and disadvantages of both schemes,
connected with important characteristics such as stability of the method or time step
definition, give a helpful starting point performing dynamic structural analyses.

= Special features of nonlinear structural analysis: the classification of nonlinearities is
performed taking into account varying body configurations with corresponding nonlinear
stress-strain relationships, large displacement and large strain values, [47]. Derivation of the
nonlinear dynamic equilibrium equation is presented by usa of the principle of virtual work,
which is related to the body configuration varying in time, [50]. This assumption do not allow
Cauchy stresses and variations in small strains to be used as it was done within the linear
analysis, since these quantities now refer to the unknown configurations. The deformation
gradient is introduced to solve this problem and to move from the linear parameters to the 2™
Piola—Kirchhoff stress tensor and Green-Lagrange strain tensor, [48]. The corresponding
nonlinear dynamic incremental equilibrium equations are presented according to the type of
nonlinear analysis and the body configuration — initial configuration (total Lagrangian
formulation) or previously calculated configuration (updated Lagrangian formulation), [48].

=  Numerical integration methods for the solution of the nonlinear dynamic differential equation
of 2" order, [48]: the direct explicit central difference method and direct implicit Newmark’s
method can be successfully extended on the nonlinear analysis with some considerations.
Using the central difference method an incremental solution procedure is not required. This
means that it totally repeats the corresponding integration scheme used for the linear analysis,
taking into account the nonlinear effects that appear in the formulation of the finite element
matrices. The implicit Newmark’s integration method additionally requires for the nonlinear
analysis an iterative approach to fulfill the equilibrium state within each time step. Newton-
Raphson technique with the out-of-balance convergence check enables minimization of the
residual force vector with prescribed tolerance, [49], [53].
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4 Application of Direct Time Integration Methods using Force
Control

Having defined in the previous chapter the basic principles of the transient Finite Element Analysis, we
get closer to the subject of the present thesis and shall focus on the implementation of the inertia and
damping effects to the Idealized Structural Unit Method. But as one could see in Chapter 2, being a
kind of Finite Element Method, the ldealized Structural Unit Method has its’ specific features
concerning the element sizing: treatment of the internal deflection [18]. That is why one should start
from simple examples first performing the transient analysis of systems without considering the
nonlinearities and damping effects. The present chapter is devoted to verify the direct explicit and
implicit time integration methods on a couple of simple examples.

4.1 Dynamic Analysis of a Spring-Mass System

Let us consider the simple spring-mass system with a mass m = 1 kg, spring stiffness k = 1000 N/m,
Figure 15. The applied dynamic force F(t) increases linearly in time interval 0 < t < t; from zero value
to Fax = 10 N and then stays constant. The purpose of the analysis is to get the structural dynamic
response in terms of displacements using the explicit and implicit time integration schemes.

For the both schemes the initial conditions are set to: d° = d° = d° = 0. The time step is considered
to be At = 1-1072s. The Newmark’s integration parameters are @« = 1/4 and § = 1/2. The loading
is provided by force control — the dynamic force F(t) is substituted into Eqns. 28 and 33 directly,
according to the prescribed loading path and varying within time. In the present analysis, four test
cases describe different loading paths:

Test1l: t; = 0.015s; Test2: t; = 0.255;
Test3: t; = 1.00s; Test4: t; = 10.00s;
1-103 t
—F,0<t<t
| F(t) — t1 max 1
X - dF Epaer t>t
k dt

m

* F ( f) «e"y\’\/ @s& %

I
’\Q’(} »\@5&

Figure 15: Spring-mass system subjected to dynamic force F(t)
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For the given system with one degree of freedom, the dynamic equilibrium equation in explicit form,
Eqg. 28, reduces to:

1
(At)?

m) dt — ( 1 m) dt—ae (56)

dt+At — Ft _ (k _
" (802

(At)?

The dynamic equilibrium equation in implicit form, Eq. 33, yields:

1 1 1 . 1 ..
- k) dt+At — Ft+At ( dt dt (_ _ 1) dt) 57
(a(At)Z m+ tm a(At)? + alt + 2a (57)

To assess the structural response of the system, here, and on the following examples presented in this
thesis, the results obtained with the Newmark’s (NMK) and central difference (CDM) methods are
compared with the results from the Finite Element Analysis (FEM), performed using the program
complex “ANSYS 15.0”. The following element types are used within the “ANSYS analysis” for the
prescribed task:

= 2-D longitudinal spring-damper of unit length COMBIN14;

= 2-D structural mass without rotary inertia MASS21.

(1) Test 1
——FEM
0.02 10
——NMK
= = -
é_ 0.01 F2 oM
>
© —— Load-path
0 0
0 0.2 0.4 0.6 0.8 1
T, [s]
(2) Test 2
—NMK
E .z
i 001 o ——CDM
o
—— Load-path
0 0
0 0.5 1 1.5 2 2.5 3
T, [s]
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(3) Test 3

—FEM
0.02 10
—— NMK
€ o001 -5 & ——CDM
><\ L
o
—— Load-path
0 0
0 0.5 1 15 2 2.5 3
T, [s]
(4) Test 4
——FEM
0.02 10
—— NMK
E 001 -5 Z ——CDM
£ o
—— Load-path
0 0
0 5 10 15 20
T, [s]

Figure 16 (1)-(4): Structural response of the spring-mass system

The first conclusion which can be made analyzing the presented results, Figure 16 (1)-(4), is that the
considered numerical integration schemes supply reliable results: the curve obtained with the
Newmark’s (NMK) method completely coincides with the curve depicting the results of the Finite
Eement Analysis (FEM). The curve, which corresponds to the central difference method (CDM), slightly
delays the (NMK) and (FEM) solutions, within the first and second test cases. This can be explained by
the fact that exactly the Newmark’s scheme is used as a time integration tool within the program
complex “ANSYS 15.0”. On the other hand, analyzing the test cases three and four one can note that
the (CDM) solution coincides with the two other curves. This happens since the inertia effects decrease
and therefore, the problem turns from the dynamic formulation to the quasi-static one. Indeed, on
this simple example one can clearly observe the influence of the inertia: the same system with the
same properties, subjected to the dynamic force with the same maximum value shows completely
different behavior, according to the way how the load was applied. In the first test case the load
reaches its’ maximum value very rapidly, within only one time step. This causes the significant
undamped oscillations. In the second test case, the amplitude of the oscillations becomes smaller,
since the dynamic load grows up within twenty-five time steps. In the third test case we can distinguish
just small oscillations, which disappear in the fourth test case completely. Here the frequency of the

applied load is much smaller than the natural frequency of the system: 1/t; < 2m./k/m that enables

considering the static formulation of the problem and the displacements are linearly proportional to
the applied load: kd = F.
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4.2 Dynamic Analysis of a 4-Node Membrane Element

As a second example let us examine the dynamic structural response of a 4-Node membrane, which
can be considered as a prototype of ISUM element without internal deflection, Figure 17. Constraints
are applied where the edges between nodes 1-2 and 1-3 can move in x and y direction and the other
two edges are fixed. Dimensions and material properties are given in Table 4.

Analogously to the previous example the dynamic force F(t), applied on the nodes 1 and 2, increases
linearly in time interval 0 < t < t; from zero value to F,,4, = 1-10° N and then stays constant. Four
different test cases are presumed for this analysis:

Test1: t; = 0.0001 s; Test 2: t; = 0.0025s;

Test3: ¢ 0.0075 s; Test4: t4 0.03s;

Table 4: Dimensions and material properties of the 4-node membrane element

Length, breadth a,b 1000 mm

Thickness t 15.5 mm

Yield strength oy 3136 MPa
Young’s modulus E 2058 MpPa
Density p 7850 kg/m?
Poisson’s ratio \Y, 0.3 -

1-10° t
—E. ...,0<t<t
F(t) — t1 max 1
dF Fpoax t> 1t
dt
y 4
X, 12
& & % &
« '\@ «Q‘)‘ @6\'

Figure 17: Set-up for numerical test as a 4-Node membrane element [54]

Within the FEA performed with the program complex “ANSYS 15.0” one 4-node structural shell
element SHELL181 is used to model the membrane. Material and geometrical properties of the
element are specified according to the Table 4. Bending stiffness of the shell element is not considered
by activating the option KEYOPT (1) = 1, [55]
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To define the stiffness [K] and mass [M] matrices for the 2-dimentional structural analysis of the 4-
node membrane element, one should determine the integrands [H], [B] and [D] and perform the
integration over the element’s area A:

K] = f [B7][D][B]dA
(58)

[M] = f plHT][H]dA

For two-dimensional elements, we can assume that the local element displacements u and v are
represented by polynomials in the local coordinate variables x and y with the unknown coefficients
a4, a5 ... B4, which are called the generalized coordinates [48]:

u(x,y) = a; + ayx + azy + a,xy

(59)
v(x,y) = By + Box + B3y + Paxy
In matrix form one can rewrite Eq. 59 as:
u(x.y)}
= |®|{a
b} = @)@
where
[(D]_lxyxy 0000 (60)
(0000 1 xy xy
{a}' ={a; a, az ay B1 Bo B3 Pa}
Therefore, the nodal point displacements can be described as:
{d} = [Al{a} (61)

where the matrix [A] contains the local coordinates x; and y; of the point i. Thus, for the examined
membrane with the local coordinate system, placed in the area center of gravity, matrix [4] looks like:

i a b ab 1
1 —— - =
2 2 4
dl o] 1 x; Y1 X1 1 2 b ab
A 0 ‘ 1 x, Y2 X2)2 7 2 2 4
Al = . Al = 2 Al = 62
141 [[0] [A]] [] 1 X3 Y3 X3Y3 [] a b ab (62)
1 X4 Ya X4)s 1 2 2 4
1 4 b ab
2 2 4 |
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Solving from Eq. 61 for {a} and substituting into Eq. 60, one obtains the interpolation matrix [H]:

{“(x' y )} = (][] {d} (63)

v(x,y) )—

Displacement
interpolation matrix [H]

du(x,y) ov(xy) ou(xy) n 6v(x,y)}

ax ay ay ax )
therefore, the strain-displacement matrix [B] is to be obtained by taking the partial derivatives of the
displacement interpolation matrix [H].

For plane stress conditions the strains can be calculated as {¢}7 = {

According to the isotropic linear elastic material behavior, the material matrix [D] can be defined as:

1 v 0

E |v 1 0
[D]=1_V20 . 1—v (64)

2

Having established the integrands [H],[B] and [D], the stiffness [K] and mass [M] matrices are to be
defined as:

b a b a
k1= [ [ apyrons axay; 1= [ [ peln) i) dudy (65)
2 2 2 2

The integration was performed using the program complex “Mathcad 14”. The obtained matrices [K]
and [M] have dimension 8 X 8. Reducing the matrices to the nodal degrees of freedom, we obtain:

1.527+-10° —5512-108 1.696-108 4.24-107 13.083 0 6542 0
K] = —5.512-10% 1.527-10°  4.24-107 1.696-108 mj=| O 13.083 0 6.542

1.696-108  4.24-107 1.527-10° —5.512-108 6.542 0 13.083 0

424-107  1.696-10%8 —5512-10%8 1.527-10° 0 6.542 0 13.083

Proceeding to the implicit and explicit integration procedures, we set for both methods the zero initial
conditions: d® =d® =d® =0 and assume the time stepAt =1-10"%s according to the

recommendation given in [45]: At < AL\/%. For the implicit integration scheme Newmark’s integration

parameters are « = 1/4 and § = 1/2. The influence of damping is not considered.

For the examined membrane with four degrees of freedom, the dynamic equilibrium equation in
explicit form, Eq. 28, yields:

g M@ = (FY = ([K] = G M) () = 7 (M) (66)
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The dynamic equilibrium equation in implicit form, Eq. 33, yields:

1 t+At _ t+At 1 t 1 ot 1 . Sl
(—a G [M]+[K]){d} = P M | () + o (d) +(ﬁ 1){d}] (67)

Note that the searched vector {d} contains four displacements: two displacements in x-direction for
nodes 1 and 2 and two displacements in y-direction for nodes 1 and 3. Taking into account that the
external dynamical loading applied on node 1 is equal to the external dynamical loading applied on
node 2, the displacements of these nodes are the same in x-direction. Analogously, the displacements
of nodes 1 and 3 are the same in y-direction. Therefore, on the diagrams below the displacements
in x-direction (dx) and the displacements in y-direction (dy) are displayed only for node 1.

(1) Test 1
1.5E-4 - 1.2E+5 FEM dx
1.0E-4 - 8.0E+4 FEM dy
E A ; ; i _ —— NMKdx
- i [ H 0" ! |= \f 2
25085 |I; :'E ‘ ’: i 5": i NI := -= [ 4.0E+4 e NMK dy
o R A i i iR I '
S F A ! LI —— CDM
0.0E+0 i a:'; .J v d Y ';': Y ‘\} BTN B ¥ 0.0E40
R /0.00 | :': 0|,0 valo15 § gJ fpp2 o CDM dy
¥ e
-5.0E-5 L -4.0E+4 Load-path
T, [s]
(2) Test 2
8.0E-5 1.0E+5
—— FEM dx
------- FEM dy
= = —— NMK dx
§ 4.0E-5 - 5.0E+4 R NMK dy
>
< NN LY. V.V O WY RV AWy N —— CDM dx
AEAARERRANREANARGGRANAERNS
P CDM dy
.v'
0.0E+0 U 0.0E+0 Load-path
0 0.005 0.01 0.015 0.02

T, [s]
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(3) Test 3

8.0E-5 1.0E+5 —— FEM dx

4.0E-5 I 5.0E+4

F, [N]

dx; dy, [m]

0.0E+0 0.0E+0
0 0.005 0.01 0.015 0.02
T, [s]

Load-path

(4) Test 4

8.0E-5 1.0E+5 —— FEM dx

F, [N]

4.0E-5  5.0E+4

dx; dy, [m]

/

B CDM dy

0.0E+0 0.0E+0
0 0.01 0.02 0.03 0.04 0.05 0.06

T, [s]

Pl

Load-path

Figure 18 (1)-(4): Structural response of the 4-node membrane

Analogously to the spring-mass system, one can observe large oscillations of the solution for the first
test case. The displacements in x-direction (dx) and the displacements in y-direction (dy) take also
negative values and the amplitudes of the oscillations are high. This happens due to the significant
influence of the inertia effects, since the frequency of the externally applied dynamic force is much
bigger than the natural frequencies of the structure. Indeed, the externally applied force reaches its’
maximum value within a very short period of time (10 time steps).

Examining the other test cases one can notice that the inertia effects decrease and the corresponding
curves tend to oscillate closer and closer to the static solution. In the fourth test case, we cannot
observe any swaying of the curves that means that the inertia forces can be neglected and the task

can be considered as the static problem. As for the reliability of the explicit and implicit time integration
schemes, one can see that they supply adequate results.

The curves obtained with the central difference (CDM) and Newmark’s (NMK) methods coincide with
each other and show good agreement with the FEM solutions. In the first two test cases,
demonstrating especially strong inertia effects, one can notice the similar characteristics but also a
difference in results, provided by the central difference (CDM) or Newmark’s (NMK) method and the
FEM. A reason is that within the “ANSYS 15.0” there is an isoparametric finite element formulation,
[55], which is different to the one used for CDM and NMK.
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4.3 Dynamic Analysis of a 4-Node ISUM Element. Formulation of consistent mass
matrix

Having obtained the reliable results of the linear dynamical structural analysis of the spring-mass
system and four-node membrane using the explicit and implicit integration methods, one can proceed
to the nonlinear structural analysis of ISUM plate element and introduce the mass matrix formulation.

Within ISUM element formulation, the internal deflection is considered for a one ISUM element set-
up, as shown in Figure 19. Again, constraints are given in such a way that the edges between the nodes
1-2 and 1-3 can move as straight lines in x and y direction and the other two edges are fixed. The
difference compared to the previous membrane test is that ISUM element possesses the additional
degree of freedom A;, which multiplied with the shape function f;(x,y), Eq. 5, gives the distribution
of the lateral deflection w; within the element [18]:

Figure 19: Set-up for numerical test as a 4-node ISUM element, [54]

The dynamic force F(t) is applied on the nodes 1 and 2 within one time interval 0 < t < ¢, linearly
increasing from the zero value to the maximum value E,,,,. This maximum value F,,, is defined
according to the dynamic collapse analysis of the square plate, performed with “ANSYS 15.0” and
corresponds to the ultimate force, Figure 20. Thus, one obtains for four test cases with different edge
velocities VV the maximum values of externally applied load F,, .

For the nonlinear FEA a discretization scheme of 50 X 50 shell elements SHELL181 is used. Geometrical
and material properties of the finite element model are given in Table 1. Initial lateral deflection with
a magnitude of 10% of the thickness value is applied to simulate the buckling state. Influence of
damping is not considered.

FEM Test 1
0.8 - 4.E+06
0.7 — FEM Test 2
0.6 ) F 3.E+06  ceeeeeenn FEM Test 3
.
5 0° =  ----FEMTest4
X 04 - 2.E406 2
o w- F(t) Test 1
0.3
0.2 - 1.E+06 F(t) Test 2
o1 |/ L e F(t) Test 3
0 0.E+00 ----F(t) Test 4
0 0.5 1 1.5 2 2.5 3

SX/ ey
Figure 20: Definition of the maximum applied force from the average stress-average strain curves
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Before implementing the implicit and explicit time integration methods into ISUM program code, one
needs to formulate the finite element matrices. The tangential stiffness matrix [K] is already presented
within ISUM program code for the static analysis [38]. To enable the dynamic analysis, the consistent
mass matrix [M] must be added to the program, Eq. 65. For ISUM plate element without nodal lateral
deflection the displacements d(x, y, z) can be interpolated as:

u(x,y) fifaofafo 00 00 00 (68)
v(x,y) :[0 0 00 f1i f2fsfa 00 ]{u1u2 Uz Uy V1 Uy V3 Uy A Ag}T
w(x,y) 00 00 00 0O f5 fe

A=(1-2) R=(-2) (1 -5) A=t = (1-7) (69)

Qe be Qe

Integrands f5 and fg are represented by trigonometric shape functions, which interpolate internal
deflection of ISUM plate element according to the loading case, [18]:

longitudinal thrust application, A; # 0, A; = 0, see Eqg. 5:

nmwx T 3nmx 18
f5 = sin 2 Sin& + fsin 2 sin& (70)
ae be ae be

transverse thrust application, A; = 0, A; # 0, see Eq. 8:

( X T b

sin esin&, 0<x<-

ae b, 2

} sin™e b o, _b (71)

fo = smbe, 2_x_a >

n(x, —(a,— b T b
sin (xe — (@ ensin&, a—=<x<a

\ a, b, 2

biaxial thrust application, A; # 0, A; # 0, see Eq. 1:

The integrands f5 and f, can be obtained using Eqns. 70 and 71.

In the above given expressions parameters a, and b, represent the length and breadth of the element
respectively. For any rectangular plate panel subjected to the axial loading, the obtained shape
functions [H] allow to perform a numerical integration of mass matrix [M] by the trapezoidal rule with
7 X 7 equidistant integration points over element area, Eq. 65.
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Coming back to the collapse analysis of 4-node square ISUM element, Figure 19, the degree of freedom
A is equal to zero. Stiffness and mass matrices are reduced to the nodal degrees of freedom — two
translations in x- and y- directions (displacements dx and dy for the first node) and lateral deflection
Ay, according to the set-up for numerical test. The integrand f; of the shape function [H] correspond
to Eqg. 70, since the sinusoidal buckling shape of square plate changes into the roof mode at the post-

buckling region, Figure 4.

To start the calculations one need to know the time t; during that the externally applied dynamic force
reaches its’ maximum value. Within the FEA, the maximal applied edge displacement and the
prescribed edge velocity define the total time of the thrust’s application T. Further, using the average
stress-average strain relationship and determining the strain (displacement), corresponding to the
ultimate strength (force F,,4,) the required time t; can be found. Bringing together all discussed
above, one can formulate the conditions for four test cases:

Table 5: Source data for the problem’s description
V,mm/s EueoN T,s t,s
Test 1 5 339-10° 1 03
Test 2 25 3.40-10° 0.2 0.06
Test 3 50 3.55-10° 0.1 0.03
Test 4 83 3.67-10° 0.06 0.02

Visually the applied dynamic force F(t) can be presented for four test cases as:

4.E+6
! i F(t) Test 1
3.E46 ! //
P — —-F(t) Test 2
= 246 | | NNcreys;
= | § N0 O ing
w 1y deffec,s ] e F(t) Test 3
)
1.E+6 |17/
1/
17 ----F(t) Test4
0.E+0
0 0.05 0.1 0.15 0.2 0.25 0.3

t, [s]

Figure 21: The applied dynamic force F(t) on a 4-node ISUM element

The dynamic equilibrium equations in explicit and implicit forms without consideration of damping are

presented by Eqns. 72 and 73 respectively:

1
(At)?

M)+ = (FY: = (RY + s M) = s M 72
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([K]t + [M]) {Ad}(l) — {F}t+At _ {R}t+At(i_1)

(At)?
4 (73)

(tay= ™ ) - (a) ~ (@)

mid ( At

(a6

For both schemes the zero initial conditions d® = d° = d° = 0 are presumed. For the implicit
integration scheme Newmark'’s integration parametersarea = 1/4and § = 1/2.

Here and further the time step At is calculated using the formula: At = T /n, where for the current
task the total time of the thrust’s application T = t;. The number of calculation steps n should be a
multiple of 100. Being only a conditionally stable scheme, the time step for the explicit time integration
method must not exceed the value At = 1-107%s according to the recommendation given in [45].
Thus, the obtained time step values for the explicit (CDM) and implicit (NMK) integration methods are
presented by:

CDM NMK
Test1 3-107° 3-107*
Test2 6-107° 6-107*
Test3 3-107° 3-107*
Test4 2-107° 2-107*

In Figure 22 (1), (2) the structural response of the 4-node ISUM element is presented. The FEA results
are presented by two curves for each test: one obtained with displacement control — external
dynamical thrust is applied by displacements FEM DC — and one obtained with force control — external
dynamical thrust is applied by force.

0.8 - 4.E+6 FEM DC Test 2
0.7 ——— FEM FC Test 1
0.6 - 3.E+6
s os | /| FEM FC Test 2
o =
< 04 L 2E46 = ——— |SUM NMK Test 1
o w
e ISUM NMK Test 2
0.2 - 1.E+6
01 —— ISUM CDM Test 1
0 N2 —— ISUM CDM Test 2
0 0.5 1 1.5 2 2.5 3

ex/ey
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(2) Test 3, 4 FEM DC Test 3

0.8 . r4E6 FEM DC Test 4
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§ 0.4 L 2 k6 £ —— ISUM NMK Test 3
© W
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Figure 22 (1),(2): Structural response of the 4-node ISUM element

The results obtained using the implicit (NMK) and explicit (CDM) integration schemes, successfully
implemented in the Idealized Structural Unit Method, completely coincide with the results provided
with the commercial finite element program FEM FC. This proves the correctness of the consistent
mass matrix formulation and implementation in the program code.

For the first and second test cases, the results obtained using the force control thrust application ISUM
NMK, ISUM CDM and FEM FC exactly follow the solution performed with the displacement control
thrust application FEM DC from the beginning until reaching the ultimate strength. For the third and
fourth test cases, the differences in results provided with force and displacement control thrust
application can be seen in the early plastic range. The ISUM NMK, ISUM CDM and FEM FC curves bend
around the FEM DC solution and the ultimate strength is reached slightly beyond the yield strain
(ex/ey = 1.12)

As one can see the direct application of the dynamic external load in the numerical implicit and explicit
schemes — force control realization — does not lead to the full picture of the buckling behavior, since
the increasing deformations in the post-buckling range do not imply a further increase in externally
applied loads. In contrast, the loads tend to decrease in an oscillating manner (FEM DC), and the
amplitudes of these oscillations are the most significant in the fourth test case. Small oscillations are
already visible in the elastic region and they develop into large ones in the plastic region. With the
growth of average strains (g,/ey > 1), the oscillation amplitudes of the applied loads gradually
decrease in spite of the absence of damping.

Since the presented algorithms provide incomplete information about the buckling behavior of ISUM
element, which is based on the average stress-average strain diagram, it is necessary to adjust the
above considered implicit and explicit numerical schemes so that the external thrust can be applied by
displacements (displacement control realization).
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4.4 Concluding Remarks

In Chapter Application of the Direct Time Integration Methods using Force Control the following
subjects were highlighted and discussed:

Validation of the explicit central difference time integration method (CDM) and the implicit
Newmark’s time integration method (NMK) on an example of a simple spring-mass system,
assuming the one-dimensional problem formulation: for four test cases with different
frequencies of the applied load, the displacements obtained with the (CDM) and (NMK)
integration schemes show good agreement with the results provided by the commercial
program complex “ANSYS 15.0”. The corresponding diagrams depict the influence of the
inertia effects on the system’s response, which is expressed in increasing oscillations of
displacements at high frequencies of applied load.

Validation of the explicit central difference time integration method (CDM) and the implicit
Newmark’s time integration method (NMK) on an example of a 4-node membrane element,
assuming the two-dimensional problem formulation, [54]: the integration of the stiffness and
mass matrices for the 4-node membrane element is performed using the program complex
“Mathcad 14”. Again, four test cases with different frequencies of applied load are considered
and the corresponding displacements in x- and y-directions are presented as a result of the
dynamic analysis. The curves obtained with the central difference (CDM) and Newmark’s
(NMK) methods coincide with each other and follow the FEM solutions quite well.

Formulation of the consistent mass matrix for ISUM plate element: based on the bilinear and
trigonometric shape functions, [38], described for longitudinal, transverse and biaxial thrust
applications, the integration of mass matrix for the 4-node ISUM element is performed
numerically by trapezoidal rule with 7 X 7 equidistant integration points.

Validation of the explicit central difference time integration method (CDM) and the implicit
Newmark’s time integration method (NMK) on an example of the 4-node ISUM element,
assuming the three-dimensional problem formulation, [54]: the maximum values of the
applied dynamic load for each of four test cases correspond to the ultimate strength values,
provided with the FEA of the square plate.

The central difference time integration method (CDM) and the Newmark'’s time integration
method (NMK) are directly implemented into the ISUM FORTRAN program code so that the
externally applied dynamic thrust is applied by forces (force control). The results of the
dynamic collapse analysis are presented by the average stress-average strain curves. The ISUM
CDM and ISUM NMK solutions completely coincide with the FE-solutions FEM FC, obtained for
the square plate with a 50 X 50 elements discretization that proves correct implementation
of the consistent mass matrix and the integration procedures in the ISUM program code. The
dynamic collapse analysis of the same structure performed with ISUM takes much less
computational time than with the standard FEA. Comparing the implicit and explicit time
integration schemes, the implicit one seems to be less time consuming, since the time step
values can be much larger than for the explicit scheme.

To provide the full picture of dynamic collapse behavior, including the post-buckling region,
the formulation of the central difference and Newmark’s time integration methods must be
redefined so that the externally applied dynamic thrust can be applied by displacements
(displacement control).
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5 Displacement Control Procedure for Direct Time Integration
Methods

Within the fourth chapter the important milestone was reached: consistent mass matrix of ISUM plate
element was formulated and the explicit central difference time integration method (CDM) together
with the implicit Newmark’s time integration method (NMK) were successfully implemented in the
Idealized Structural Unit Method. At the same time the current formulation of the numerical dynamic
equation, assuming that the external thrust is applied by forces, does not provide the complete
understanding of the buckling process. That is why the present chapter is dedicated to the new
formulation of motion equation considering application of external dynamic thrust by displacements.

5.1 Enforced Motion Method in Structural Analysis

The enforced motion method is widely used to find the structural response of buildings, fundaments,
bridges, etc., subjected to vibrations, earthquakes, and other loads, which can be described rather by
displacements than by forces, [55]. Thus, the enforced motion method can be explained on an example
of the linear dynamic equation of motion:

e g e[ B

Here, the displacements (also velocities and accelerations) are subdivided into two parts, where {d; }
are the “free” degrees of freedom and {d,} are the “enforced” degrees of freedom. According to this,
the components of the load vector applied on the “free” degrees of freedom {d; } contains zeroes and
the components of the load vector applied on the “enforced” degrees of freedom {d,} contains the
unknown forces. The upper part of the Eq. 74 can be rearranged as:

[Mll]{dl} + [Cll]{dl} + [Kq111{dq} = —[Mlz]{dz} [C12] {dz} [K121{d,} (75)

The above given equation can be solved for the displacements {d; } since the accelerations {dl} and
velocities {dl} can be approximated by displacements {d;} and the “enforced” displacements {d,},
velocities {dz} and accelerations {dz} are known. Having obtained all the kinematic parameters the
unknown applied forces {F} are to be evaluated from the lower part of the Eq. 75.

The same tactic of the external loads treatment can be used dealing with the nonlinear dynamic
equation of motion performing the explicit and implicit time integration procedures. The detailed
derivation of the numerical nonlinear dynamic equations assuming the enforced motion technique is
introduced in the following subchapters.
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5.2 Explicit Time Integration Method with Enforced Motion Technique

To enable the formulation of the explicit central difference time integration scheme with respect to
the enforced motion technique, the nonlinear Eq. 48 should be rewritten according to the concept,
considered in the previous subchapter, Eq. 74:

( 1 [[Mn][Mlz]]+ 1 [[cn][clz]]){{dl}}”’“+ {{Rl}}f_ 2 [[Mn][Mm]] {{dl}}f

(At)? [[Mp1][Mp2]1 * 24t L[Co1][Co211) {d,} {R2} (At)? [[M31][M3,]] {d,} (76)
76

_ 1 [IMydMp]] 1 lCnllCRI] (dih ™ _ (o}

* ((At)z [[M21][M22]] 2At [[C21][C22]]> {{dz}} B {{F}}

Having established the initial conditions for displacements at timet andt — At, the unknown
displacements {d; }!*2t can be obtained from the upper part of Eq. 76:

1 1 1 1
(w [My4] + m [C11]) {dl}t+At - _ (W [M,] + E [Clz]) {dz}t+At _ {Rl}t

(77)
d 1 d t—At
(At)z[Mn Mlz]ﬁdj} ((W[Mu [(My]] - ZAt[[cnnclzu){gdj}

To solve the above given system of equations the Gaussian elimination algorithm is implemented to
the ldealized Structural Unit Method. It is necessary to note that the correct arrangement of the
degrees of freedom and the corresponding components of the mass and damping matrices is very
important performing such an analysis. Thus, within the Idealized Structural Unit Method the
“enforced” degrees of freedom get the last (highest) sequence number to be placed in the lower line
in the displacement vector. The lower part of the Eq. 76 yields the solution for the applied load {F}*:

1 RN P
((At)Z[M21 Mzz]] 2At[[C21][C22]]){§dﬁ} + {R,} — (At)Z[M21 MZZ]&dﬁ}

(78)

1 d. 1A
((At)2 [[Ma1][M22]] = oAt [[621][C22]]> {idﬁ} = {F}t

The obtained results can be concluded as correct if the equilibrium state of the system is satisfied on
each time step:

M{d}" + [C{d}" = {F}* — (R}
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5.3 Implicit Time Integration Method with Enforced Motion Technique

The same procedure of matrix subdivision with respect to the “enforced” and “free” degrees of
freedom should be realized to enable the formulation of the implicit Newmark’s time integration
scheme within the enforced motion technique. In contrast to the explicit time integration scheme, the
implicit numerical formulation requires the performance of the iteration procedure for the nonlinear
analysis, and the Eq. 54 yields:

i [M11][M;,] i [C11][C12] [K111[K12] ra(t=D {Ad,} ® {Ry} t+at (=1
((At)z [[M21] [MZZ]] ¥ [[CZI][sz]] " [[K21][K22]] {{Adz}} * {{Rz}}

At
(i—l) . t
[My11[M;,] 4 {d,} it _ {d,} ‘ {dl}} {{dl}}
i [ivi1ivm] ((sz <{{d2}} {{dz}}> At{{dz} @y )
[leulicia) (2 {{dl}}”““’”_ {{dl}}t _{{dl}}t ={{0}}”M
[Co1][Co2 0\ At \ Hd,} {d,} {dz} {F}

Having established the initial conditions for displacements, velocities and accelerations at time t, and

assuming that fori=1 {R}”At(i_l) ={R}* and {d}”At(i_l) = {d}', the unknown incremental
displacements {Ad; } can be obtained from the upper part of Eq. 79:

2 i-1 4 2 .
[+ 7 Gl + [ ) (80)© = — (s Ml + (6ol + (Kl ) (4)©

—{Rl}f”t“‘“—[[Mn][Mlzﬂ(ﬁ(&gﬁ}ﬁmaﬂ)_{gg}t) Atﬁzi} {gm %0
e (3 ()™ 16))- {4

The unknown kinematic parameters can be obtained using the defined incremental displacements:

((Aétt)2

{dl}t+At(i) — {dl}t+At(i_1) + {Adl}(i)

+ar® _ i- '
(d) " = 2 (a0 4 (adO — (a)) ~ (dy) (8)

() = (@ 200 — ()) —  (d) (0

(At)2
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The externally applied forces {F} are to be updated within the Newton-Raphson iterations using the
obtained displacements:

{F}t+At(i) — {F}t+At(i_1) + {AF}(i)
(82)

() .
0RO = [[RallReal] {fag5) — (3 = (RY),

where

t+at(i-1)
o (4 [IM]IMp]] | 2 [[C4][C2] [K111[K:,]
k= ((At)z [[Mn][Mzz]] * At [[C21][C22] * [[K21][K22] >

(i-1) N st
51 — (p yesatl-D) 4 (g™ ) _4 {{dl}} _ {{dl}}
{R} = {R;} + [[M21][M;,]] ((At)z ({{dz}} {{dz}} > A \{d,) {d,)
HIClic]] (2 {{dl}}HM(i_D () - {{dl}}t
2zl A\ Wdy} {d,} {dz}
The illustration of the first step of the Newton-Raphson iteration procedure is presented in Figure 23.

A characteristic of this iteration is that a new tangent stiffness matrix is calculated in each iteration,
which is why this method is called the full Newton-Raphson method, [48]. The iterations continues

until the out-of-balance force vector {F}”At(l_l) — {R} (vertical dashed lines) is small enough, Eq. 55.

=

AF(®)

AFD

AL |p®

dt+At

»
»

AV Ag@ d

Figure 23: Full Newton-Raphson iteration procedure
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5.4 Displacement Control vs. Force Control

Algorithms of the enforced motion technique described in the previous subsections application to the
implicit and explicit time integration procedures were implemented into the Idealized Structural Unit
Method. On an example of the dynamically loaded 4-node ISUM element the two considered
approaches of the load application — force control and displacement control (enforced motion) will be
shown and compared with the results of the Finite Element Analysis. Geometrical and material
properties of ISUM element are given in Table 1.

The task formulation for the force control load application remains the same, see subchapter 4.3.
Exemplary, the cases Test 3 and Test 4 are considered. To perform the dynamic analysis of the 4-node
ISUM element using the enforced motion method (displacement control), the external dynamic load
is applied by displacements, with the edge velocity of 50 mm/s (Test 3) and 83 mm/s (Test 4). Within
the FEA the external loads are applied in the same way (displacement control).

Here and further, the following interpretation of the edge velocity will be used: V = dy;4. /7,

where d;, 4, is the maximum applied edge displacement and T is the total time of the thrust’s
dmax/ﬂ — &
a

application. In case of the longitudinal thrust action, the d,,,, can be obtained from: o
Y

. d
In case of the transverse thrust action: %/% = z—y The parameters a and b represent the length
Y

and the breadth of the plate respectively, and the values &, /&y and €,/ &y correspond to the maximum
average strain value, which is expected to be on the average stress-average strain diagram. Strain rate
values € can be also calculated for longitudinal ¢ = V /a and transverse € = V /b thrust application.

The results of the dynamic analysis of the 4-node ISUM element are presented in Figure 24 for two
applied edge velocity values. The curves, corresponding to the force control load application were
already shown in subchapter 4.3, Figure 22. Here, they get the additional description FC, which means
force control, ISUM NMK FC and ISUM CDM FC. The newest results, obtained using the implicit and
explicit time integration schemes and considering the external thrust applied by displacements are
given by two curves respectively ISUM NMK DC and ISUM CDM DC.

(1) v=50 mm/s

0.8 —FEMDC
0.7 FEM FC
0.6
s 0s ——1SUM NMK DC
X o4 ISUM NMK FC
0.3
03 ——1SUM CDM DC
0.1 ISUM CDM FC
0
0 0.5 1 1.5 2 2.5 3
SX/SV
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Figure 24

(2)v=83mm/s
——FEM DC

FEM FC
——ISUM NMK DC
ISUM NMK FC

—ISUM CDM DC

ISUM CDM FC

0 0.5 1 15 2 25 3
ex/ey

(1),(2): Displacement control vs. force control on example of the dynamic collapse analysis of
the 4-node ISUM element

Analyzing the results presented in the Figure 24 (1)-(2) one can make three important conclusions:

The displacement control load application is more suitable for the dynamic collapse analysis
of the plate panels than the force control load application. As one can see, the curves FEM
DC, ISUM NMK DC and ISUM CDM DC describe also the post-buckling behavior of ISUM
element, which is missing in case of the force control thrust application, since the curves
FEM FC, ISUM NMK FC and ISUM CDM FC terminate reaching the ultimate strength value.

The explicit central difference and implicit Newmark’s time integration schemes
implemented in the ldealized Structural Unit Method, adjusted to the enforced motion
technique, supply reliable results. The corresponding curves ISUM CDM DC and ISUM NMK
DC just slightly differ from each other in the post-buckling regime and follow quite well the
finite element solution FEM DC.

Leaving the range of elastic deformations behind, the solution starts to oscillate and the
amplitudes of the oscillations depend on the edge velocity — with the increase of the applied
edge velocity values, or in other words decreasing the time of the thrust-application, the
amplitudes of the oscillations also increase due to the growth of the inertia effects.

In addition one can see from the presented graphs that the amplitudes of the ISUM CDM DC and ISUM
NMK DC curves are higher than the amplitudes of the FEM DC curves. The difficulty is that we consider
the nonlinear dynamic problem and the numerical solution can even become unstable especially for
large deformations. To avoid this undesirable event or to increase accuracy of the numerical
integration schemes the physical damping should be added to ISUM model.
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5.5 Concluding Remarks

In Chapter Application of the Displacement Control Procedure to the Direct Time Integration Methods
the following subjects were highlighted and discussed:

Formulation of the enforced motion method: the subdivision of the matrix dynamic equation
of motion is performed in terms of the “enforced” and “free” degrees of freedom, [55].

Application of the enforced motion technique to the explicit and implicit time integration
methods: the corresponding numerical schemes are adjusted to the enforced motion
technique by rewriting them according to the considered formulation. These transformations
bring the additional difficulties in terms of the computational costs, since not only the
displacement vector, but also the applied load vector should be updated. This remark mainly
concerns the Newmark’s implicit time integration method, where the updating carries the
iterative character for the nonlinear analysis.

Implementation of the explicit central difference and implicit Newmark’s time integration
schemes to the Idealized Structural Unit Method: validation was performed on an example of
the 4-node ISUM element, uniaxial-loaded by displacements with two different edge
velocities. The results of the dynamic collapse analysis under assumption of the external thrust
applied by displacements (enforced motion or displacement control) are presented by the
average stress-average strain curves and compared with the results of the dynamic collapse
analysis of the 4-node ISUM element, uniaxial-loaded by forces (force control), subchapter 4.3.

The enforced motion technique applied to the explicit and implicit time integration methods
provides desirable results, since the total buckling behavior of the plate structure can be
obtained in contrast to the previous formulation, which considers the thrust applied by forces.

The correctness of the applied enforced motion technique is proved by the finite element
results, since the obtained ISUM average stress-average strain curves for both implicit and
explicit time integration methods follow the FEM-solution very well. The differences in the
oscillation amplitudes between ISUM and FEM curves can be avoided by addition of the
physical damping properties to the ISUM formulation.
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6 Dynamic Collapse Analyses of ISUM Plate Panels

Based on the results of the previous Chapter the explicit central difference and the implicit Newmark’s
time integration methods with the enforced motion formulation will be used for further investigations
on the dynamic collapse analysis of the ISUM plate panels. The present Chapter will give answers to
the following questions:

1. What is the typical dynamic collapse behavior of ISUM plate panels under longitudinal and
transverse thrust?

2. How does buckling behavior change with increasing velocity of the applied displacements?

3. Is it possible to make an unambiguous conclusion that one numerical time integration
scheme is superior?

As it was already mentioned, addition of physical damping to ISUM model could increase the accuracy
of the numerical integration schemes. That is why the subchapter 6.1 is dedicated to the building of
the damping models. The subsequent sections 6.2 — 6.5 present the results of the dynamic collapse
analysis of ISUM plate panels.

The following conditions are the same for all test cases:

= validation of the obtained ISUM results is based on a comparison with the FE-solution,
provided by the program complex “ANSYS 15.0”, [55];

= static solutions are obtained from FEA performed with program complex “ANSYS 15.0” and are
shown to assess the significance of dynamic effects. Results of static collapse analyses of
rectangular plates with ISUM are widely represented in [36];

= external dynamic thrust is applied by displacements with a prescribed edge velocity;

= spread of yielding in images of collapse modes corresponds to the middle layer of plate
material and is presented in percent by color gradient from dark blue (zero plasticity) to bright
red (full plasticity);

= principal dimensions, FE-discretization and material properties of examined plates are pointed
out in Table 6;

= solutions are presented according to the undamped (¢ = 0, marked with odd numbers) and
damped (¢ # 0, marked with even numbers) test cases;

= Newmark’s time integration parameters a and 8 are equal to 1/4 and 1/2 respectively.

The following conditions are unique for each test case and are given in the corresponding paragraphs:

=  consistent mass matrix for each plate panel;

= obtained for each test case collapse modes, corresponding to ultimate and post-ultimate
stress states;

= jnitial deflection values of FE- and ISUM-models;

= time step values.
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Table 6: Properties of the examined plate panels

Dimension FE-discretization, ISUM/FEM
Plate number
LxBxT, [mm] Longitud. thrust  Transverse thrust Biaxial thrust
plate 1 1000 x 1000 x 15.5 1/50 x 50 - -
plate 2 2400 x 835 x 15 3/10 x 30 3/10 x 30 -
plate 3 4200 x 835x 13 5/10x 70 3/10x 70 -
plate 4 4200 x 835 x 22 7/10x 70 3/10x 70 9/10x 70
yield strength Oy 313.6 MPa
Material properties young’s modulus E 205.8 MPa
for all plate panels: density p 7850 kg/m?
poisson’s ratio v 0.3 -

Subjected to axial compressive loads rectangular plate panels buckles into several number of half
waves, [20]. As discussed in Chapter 2, buckling modes can be sinusoidal with a distinct plasticity
localization zone (under longitudinal loading) or cylindrical (under transverse loading) according to the
direction of applied thrust, Figure 8. The number of buckling half waves under longitudinal thrust
depends on dimensions and material properties of plates: if a theoretical buckling strength exceeds
the yield strength, plastic buckling occurs and the aspect ratio of each buckling half wave tends to 0.7.
Otherwise, elastic buckling with aspect ratios around 1.0 per half wave takes place, [36]. Thus, due to
the high thickness and therefore increased strength margin, plate 4 has more buckling half waves than
plate 3. Number of ISUM elements must be equal to the number of buckling half waves. At transverse
thrust, for the shape function reflecting the cylindrical collapse mode an mesh with three ISUM
elements is required, [36]. For plate panels subjected to the biaxial thrust, a combination of two
meshes (for longitudinal and transverse thrust) is needed, [36]. ISUM-discretization is presented in
Table 6 and visualized in Figure 25:

Uniaxial thrust Longitudinal thrust Transverse thrust Biaxial thrust
Plate 1 Plate 2 Plate 2

/ANEERYAN

Plate 3 Plate 3

A\ c \

Plate 4 Plate 4 Plate 4

Figure 25: ISUM-discretization for rectangular plate panels
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6.1 Rayleigh Damping Model

Damping can be introduced as a physical process, which represents the dissipation of the mechanical
energy stored in the oscillations. As a result, damping leads to reducing or preventing of the
oscillations. Since this phenomenon is directly connected with vibration and oscillation, it makes sense
to introduce the finite element equilibrium equation of motion on the basis of the eigenvectors:

X} + [2]"[Clle X (O} + [2°1{X ()} = [@]7{R(t)} (83)

Here, the nodal point displacements are transformed so that{d(t)} = [®@]{X(£)}, [56]. The
transformation matrix [®] is represented by eigenvectors ¢;; vector {X(t)} contains the generalized
displacements; diagonal matrix [2?] stores the eigenvalues wiz. Unfortunately the damping matrix [C]
cannot be constructed from element damping matrices, as it is performed for the mass and stiffness
matrices of the element assemblage. To approximate the overall energy dissipation it is assumed that
damping represents a linear combination of the stiffness and mass matrix parameters. This formulation
corresponds to the Rayleigh damping with the unknown constants @ and S:

[C] = a[M] + BIK] (84)

On the other hand, damping depends on the damping ratio {¢} and angular frequency {w}:

[@]"[Cl[P] = 2{w}{$} (85)

Using the above given Eq. 84 and Eq. 85 one obtains:

[@]7 (aM + BK)[@] = 2{w}{}, or
(36)
a+pof = 20

Having defined two damping ratios &; (can be also equivalent) and having chosen two modes,
according to the typical or expected collapse behavior, with the corresponding angular frequencies w;,
the damping parameters @ and 8 can be obtained from:

§1wy — §wq
w? — w?
(87)
$rwy — &y
w; — wf

B=2

The damping ratio ¢ determines behavior of the system and can be understood as the level of damping
in a system relative to critical damping. According to this definition, one can classify the system as:

= undamped, £ = 0: the motion is periodic, system oscillates with constant amplitude;

= underdamped, 0 < & < 1: the system oscillates with a slightly different frequency than in
the undamped case with the amplitude gradually decreasing to zero. The angular frequency
of the underdamped harmonic oscillator is given by w = wy+/1 — &2, where w, represent
the undamped angular frequency of the oscillator;
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= critically damped, & = 1: the system returns to equilibrium state as quickly as possible
without oscillating. This is the border between the overdamped and underdamped cases,
which is often desired in many cases where engineering design of a damped oscillator is
required;

= overdamped, & > 1: the system exponentially decays to equilibrium state without
oscillating. The larger the values of damping ratio ¢ are, the slower the system returns to its
steady state.

Material damping depends on many factors such as type of material, stress amplitude, internal forces,
size of geometry, the quality of surface and temperature. For steel structures, the typical range of
damping ratio is 0.02 — 0.05. However, it is possible to consider for structures with joints higher values
of damping ratio up to 0.1, [57].

To determine the damping parameters a and 8 for the four examined plate panels, modal analysis was
performed with the program complex “ANSYS 15.0”. Two required angular frequencies w; are
extracted according to the expected buckling behavior. For each plate, Table 7, the first undamped
angular frequency w,, is obtained for the vibration mode with one half wave. The second value w,,
corresponds to the vibration mode with a number of half waves equivalent to the number of buckling
half waves (also ISUM elements) under longitudinal loading. For the square panel (plate 1) wy, is
calculated for three vibrational half waves.

Table 7: Damping parameters for the examined plate panels

plate 1 wo, Wy, a B plate 3 Wy, Wo, a B
£=0.02 478 2365 15905 1.407.10° §=0.02 09 9% 8.066 4.499-10°
§=0.05 39.763 3.517-10° | £=0.05 20.164  1.125-10°
_ . -5 = ’ '
§=0.10 79.527 7.034-10° | §=0.10 40.329  2.250-10°
plate 2 wo, Wy, a B plate4 wq; o, a B
g=002 M0 718 10454 3543.10° | =002 7 17 14954 207310°
£=0.05 26.135 8.857-10° | £=0.05 37.384 5.182-10°
§=0.10 52271 1.771-10* | §=0.10 74.768 1.036-10*

According to the assumed damping ratios (§= 0.02, 0.05 and 0.10), validation of damping models is
presented on an example of the square plate panel (plate 1), with the high-applied edge velocity
of 100 mm/s. The Rayleigh damping is used within the FEA and ISUM to include the damping forces
to the nonlinear differential equation of motion. Time step At = 5-107% s is assumed for FEM and
ISUM NMK, and At = 5 - 107> s for ISUM CDM. Corresponding results are presented on Figure 26. The
third damping model with the damping ratio {= 0.10 provides minimal difference between the
obtained ISUM and FEM results. The ISUM CDM curve shows very good agreement with the FEM curve
and becomes smooth in the post-buckling range. The ISUM NMK has in general the similar behavior as
ISUM CDM, but at the same time, the implicit solution provides the additional tiny oscillations, which
come up during the whole calculation period. The first damping model with damping ratio £=0.02 does
not supply the desired damping level so that the ISUM and FEM curves would get closer to each other.
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Figure 26 (1)-(3): Dynamic collapse behavior of 15 mm square plate with different damping models

The second damping model with the damping ratio = 0.05 provides a sufficient matching between
FEM and ISUM results. ISUM NMK and ISUM CDM coincide with each other very well and follow the
FEA solution, gradually reducing the amplitude of oscillations. Having considered the fact that the
damping ratio = 0.10 is rather an exception for steel structures, the damping ratio £= 0.05 and the
corresponding damping parameters a and § will be used for further investigations of all plate types,
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unless damping is specifically not considered.
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6.2 Dynamic Collapse Analyses of Square Panels under Uniaxial Thrust

Dynamic collapse behavior of the square plates with different thickness values is presented in Figures
26-28. Time step At = 5-10~% s is assumed for FEM and ISUM NMK, and At = 5+ 107> s for ISUM
CDM. Consistent mass matrix is obtained from Eq. (65 with appropriate shape functions, Eq. (70. The
influence of damping is not considered for this basic examples.

ox/oY

ox/oY

ox/oY

(1) plate 1000 x 1000 x 11mm; v=10 mm/s

——static —— FEM ——ISUM NMK ——ISUM CDM

ex/ey

(2) plate 1000 x 1000 x 11mm; v=20 mm/s

static FEM ISUM NMK ——ISUM CDM

ex/ey

(3) plate 1000 x 1000 x 11mm; v=30 mm/s

—— static —FEM
—ISUM NMK ——ISUM NMK f=0
——ISUM CDM
1 2 3
ex/ey

100

0_ I mEm
Yielding, %

Figure 27 (1)-(3): Dynamic collapse behavior of the 11 mm square plate under uniaxial thrust
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For three applied edge velocities each average stress-average strain diagram is supported by two
images of the collapse modes, which corresponds to the ultimate (top image) and to the post-ultimate
(&,/ey = 3, bottom image) stress states. Performed investigations on the dynamic collapse behavior
provided the interesting results: collapse modes and the corresponding stress-strain relationships of
the thin plate, Figure 27 (2), (3), differ from the typical buckling behavior. Indeed, the square plate with
thickness of 11 mm and slenderness ratio § = 3.5 tents to build a plateau in loading direction in the
post-buckling regime instead of the expected roof shape. Moreover, this tendency depend on the
applied velocity values: before reaching the certain “critical” velocity, the examined 11 mm square
plate shows the classical roof mode (here at applied velocity of 10 mm/s). Increasing the applied
velocity up to 20 mm/s, the collapse mode changes from the roof mode to the plateau that provides
the decrease of the load-carrying capacity (see the corresponding average stress-average strain
curves). Therefore, the ISUM NMK and ISUM CDM curves differ from the FEM curve in the post-
ultimate strength range, since the implemented ISUM parameter f, which is responsible for the
current shape function representation, see Eq. 6, is tuned for the formation of the roof mode in the
post-buckling regime, [18]. Setting the parameter f zero does not provide any positive changes, (see
curve ISUM NMK f = 0, Figure 27 (3)). The other examined 15.5 and 19 mm square plates with
slenderness ratios f = 2.5 and 2 respectively do not show any changes in the collapse modes even at
the high applied velocity of 100 mm/s. ISUM NMK and ISUM CDM curves follow the FEM solution very
well, Figures 28 and 29.

(1) plate 1000 x 1000 x 15.5mm; v=10 mm/s

1
0.8
> 06
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x
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0 1 2 3
ex/ey
(2) plate 1000 x 1000 x 15.5mm; v=30 mm/s
1
0.8
>~ 0.6 e > o
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[~ ]
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(3) plate 1000 x 1000 x 15.5mm; v=100 mm/s

static FEM ISUM NMK ——ISUM CDM

ex/ey

Figure 28 (1)-(3): Dynamic collapse behavior of the 15.5 mm square plate under uniaxial thrust
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(3) plate 1000 x 1000 x 19; v=100 mm/s
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Figure 29 (1)-(3): Dynamic collapse behavior of the 19 mm square plate under uniaxial thrust

At the high applied edge velocity of 100 mm/s the average stress - average strain curves oscillate with
a significant amplitude around the static solution. Therefore, the maximum applied dynamic thrust
that the prescribed structure can withstand turns to be 12% higher (for 15 mm square plate) than in
case of the static load application. The ISUM NMK and ISUM CDM solutions predict this ultimate
strength level with a great accuracy; at the high applied edge velocities one can distinguish that the
ISUM NMK and ISUM CDM curves slightly overtake the FEM curve, starting from the average
strains &, /ey < 1.5 + 2.

Summarizing the presented results one can conclude that the dynamic collapse behavior of the square
plate panels with the slenderness ratio § < 3 can be unrestrictedly analyzed using the Idealized
Structural Method. Square plate panels with the slenderness ratio 3 < 8 < 3.5 belong to the
intermediate category and the simulation of the dynamic collapse behavior within the up to date ISUM
provides reliable results only for low applied edge velocity values. For thin square plate panels with
the slenderness ratio § > 3.5 =+ 3.7 the roof mode does not take place at any applied velocity since
even performing the static analysis other complicated collapse modes come up, [29].
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6.3 Dynamic Collapse Analyses of Rectangular Panels under Longitudinal Thrust

The rectangular plate panel is a common structural member of a ship. It is part of the bottom, side and
deck plating, stiffened by framing for collapse prevention. According to the Common Structural Rules,
[4], if a ship's length exceeds 120 m, it is preferable to adopt a longitudinal frame system. Besides,
tankers greater than 200 m in length must be framed longitudinally. In this case, performance of the
structural analysis of the deck and bottom plating subjected to the compressive stresses represents
the analysis of the rectangular plate panels under longitudinal thrust. Within the present subchapter,
the dynamic collapse behavior of three rectangular plate panels is considered.

6.3.1 Plate Panel 2400 x 835 x 15 mm

Dynamic collapse behavior of the rectangular plate is presented in Figure 30 (1)-(6). Analogously to the
previous subchapter, the given images of the collapse modes correspond to the ultimate (top image)
and to the post-ultimate (g, /&y = 4, bottom image) stress states. The initial deflection values of the
FE-model are presented in Table 3. Consistent mass matrix is obtained from Eq. 65 with appropriate
shape functions, Eq. 70. Time step values At for each test case are assumed as follows:

applied edge velocity ISUM NMK  ISUM CDM FEM

50 mm/s 3.0-107% 3.0-1075 3.0-1073
100 mm/s 1.5-107% 15-107> 1.5-1073
200 mm/s 75-107* 75-107°® 7.5-107*

For all applied edge velocity values of 50 mm/s, 100 mm/s and 200 mm/s the ISUM CDM solution
supplies high, frequent oscillation of the average stress-average strength curve, which starts from the
ultimate strength and goes through the whole post-buckling range. To check the influence of the
specially developed shape function, which enables the transformation of the buckling mode from
sinusoidal to the roof mode within one half-wave [18], the parameter f was set on zero, Figure 30 (1).
In this case, all three half-waves of ISUM plate model have the same amplitude 4;. As one can see, the
ISUM CDM f = 0 and the ISUM CDM f # 0 curves have the similar behavior, featuring significant
oscillations. This fact excludes the possible influence of the shape-parameter f on the heightening of
the oscillations, performing the explicit time integration scheme.
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Figure 30 (1)-(6): Dynamic collapse behavior of longitudinaly loaded plate 2400 x 835 x 15 mm

The consideration of the damping forces helps to avoid the excessive oscillations of the ISUM CDM
solution. In this case, for all applied edge velocities one can distinguish one major peak direct after the
ultimate strength, but then the solution stabilizes, Figure 30 (2), (4). Even for the highest applied edge
velocity of 200 mm/s one cannot observe such an apparent oscillative manner of the average
strength-average strain curve as in case of the square plate. Nevertheless, the 6.7 % rise of the
ultimate strength is detected compared with the static load application case.

Having performed the dynamic collapse analysis of the rectangular plate panel one can conclude that
the ISUM NMK and ISUM CDM results are very similar to the FEM solution for all applied velocities.
Buckling behavior stays invariant to the increase of the applied edge velocity and remains as it was by
the static calculations: one half-wave collapses and the rest of the plate unloads. However, rise of the
applied edge velocity leads to the increase of the ultimate strength. This can be seen from the average
stress-average strength curve and from the figures, which show the spread of yielding at the middle
surface of the plate panel. The excessive implausible oscillations, which come up performing the
explicit time integration (see ISUM CDM curve), can be prevented taking damping into account. The
explicit solution can be very effectively damped so that any oscillations disappear in the post-buckling
range. Unfortunately, the same conclusion cannot be made relative to the implicit scheme, since the
tiny frequent oscillations stay in spite of the employed damping.
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Trying to avoid the oscillations of the explicit solution (without considering of damping, ¢ = 0) and of
the implicit solution (with presence of damping, & = 0.05), it was decided to reduce the integration
time step At for the both methods. Exemplary, the dynamic buckling behavior of the rectangular plate
panel under the applied velocity of 200 mm/s is considered, Figure 31. The prescribed attempt does
not supply any qualitative changes, since the oscillations are still present on the diagram. In case of the
implicit time integration scheme, the oscillations have even become more frequent.

v =200 mm/s
1
——ISUM NMK; At=7.5e-4; £=0.05
0.8 M
)
VAW ISUM NMK; At=7.5e-5; £=0.05
> 0.6 { ,/ ,\ A "
3 | ) e
5 04 N ‘ J .J ——ISUM CDM; At=7.5e-6; £=0
fy
02 | W
y ISUM CDM; At=7.5e-7; £=0
0 i
0 1 2 3 4

ex/ey

Figure 31: Influence of the reduced time step on the ISUM NMK and ISUM CDM oscillations

6.3.2 Plate Panel 4200 x 835 x 13 mm

Dynamic collapse behavior of the rectangular plate is presented in Figure 32 (1)-(6). Analogously to the
previous subchapter, the given images of the collapse modes correspond to the ultimate (top image)
and to the post-ultimate (&, /ey = 4, bottom image) stress states. Consistent mass matrix is obtained
from Eq. 65 with appropriate shape functions, Eq. 70. The initial deflection values of the FE-model are
presented in Table 8. Time step values At for each test case are assumed as follows:

applied edge velocity ISUM NMK ISUM CDM FEM

50 mm/s 52-107% 52-107% 5.2-1073
100 mm/s 26-1073 26-107> 2.6-1073
200 mm/s 1.3-10™* 1.3-107° 1.3-107*

Table 8: Coefficients Agi, [mm] for initial deflection definition of rectangular plate 4200 x 835 x 13 mm

AOl AOZ A03 A04 AOS A06 A07 A08 A09 AOlO A011
1.862 0.3439 1.0984 0.3603 0.5491 0.2338 0.1545 0.0026 0.164 -0.0081 -0.0597
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Figure 32 (1)-(6): Dynamic collapse behavior of longitudinaly loaded plate 4200 x 835 x 13 mm
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The dynamic collapse behavior of the presented rectangular plate is very similar to the dynamic
collapse behavior of the rectangular plate, examined in the previous subchapter (2400 x 835 x 15 mm).
For all applied edge velocity values of 50 mm/s, 100 mm/s and 200 mm/s the ISUM CDM solution
provides strong oscillations of the stress-strain curve, which can be avoided by including the damping
effects. At the applied velocity of 50 mm/s the middle half-wave starts its transformation from the
sinusoidal to the roof mode at the post-buckling regime that causes the loss of the load-carrying
capacity, Figure 32 (1), (2).

At the applied velocity of 100 mm/s the collapsing half-wave is no more in the middle of the
rectangular plate, in comparison with the other test cases (50 mm/s, and 200 mm/s). It develops
within the second half-wave, near to the left edge. However, this difference in direction and location
of the collapsing half-wave does not influence on the average stress-average strain relationship, Figure
32 (3), (4).

At the applied velocity of 200 mm/s one can observe the significant oscillations of the average stress-
average strain curves at the ultimate strength and direct after it. These oscillations lead to a relocation
of the stresses, slightly modifying the buckling mode: the right-hand side of the rectangular plate
unloads at ultimate strength, Figure 32 (5), (6).

Although the slenderness ratio of § = 2.5 is in the range of suitable values for the ISUM formulation,
subchapter 6.2, for the considered rectangular plate panel one can notice that the ISUM NMK and
ISUM CDM solutions start to depart from the FEM curve at the ultimate strength, and then, with the
growth of the deformations this difference becomes significant (up to 28 % at the average strength
&,/&y = 4). The same phenomenon was observed during the investigations on the dynamic collapse
behavior of 11 mm square plate with the slenderness ratio § = 3.5. This means that the ISUM
overestimates the stresses, which the prescribed thin plates can withstand. Thereby, further
improvements of the shape function may be performed to enable the dynamic collapse analysis of thin
plate panels.

6.3.3 Plate Panel 4200 x 835 x 22 mm

Dynamic collapse behavior of the rectangular plate is presented in Figure 33 (1)-(6). Introduced
collapse modes correspond to the ultimate (top image) and to the post-ultimate (ex/ey = 4, bottom
image) stress states, except for Figure 33 (5). Consistent mass matrix is obtained from Eq. 65 with
appropriate shape functions, Eq. 70. The initial deflection values of the FE-model are presented in
Table 9. Time step values At for each test case are assumed as follows:

applied edge velocity ISUM NMK  ISUM CDM FEM

10 mm/s 26-107* 26-107> 2.6-107*
50 mm/s 52-107* 26-107> 5.2-107*
100 mm/s 26-107* 26-107> 2.6-107*

Table 9: Coefficients Agi, [mm] for initial deflection definition of rectangular plate 4200 x 835 x 22 mm

AOl AOZ A03 A04- AOS A06 AO7 A08 AO9 AOlO A011
0.4787 -0.04 0.1955 0.0585 0.1073 -0.0214 0.1294 0.026 0.0985 0.0285 0.0897
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Figure 33 (1)-(6): Dynamic collapse behavior of longitudinaly loaded plate 4200 x 835 x 22 mm
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In the presented diagrams one can see that for all applied velocities of 10 mm/s, 50 mm/s and
100 mm/s the examined 22 mm rectangular plate panel undergoes plastic buckling. The collapsing
half-wave starts its’ transformation into the roof mode slightly beyond the ultimate strength,
&./ey = 1.3. Then, the abrupt loss of the load-carrying capacity takes place and the rest of the plate
unloads within a short period of time, Figure 33 (5). For the plate panels with an aspect ratio a/b <
0.8 per element (as the examined one) it may be better to use the old shape function, with the
parameter f set to zero, Eq. 5, [36]. Indeed, for the ISUM solutions the parameter f set to zero provide
better results as with non-zero parameter f, since the ISUM NMK f = 0 and ISUM CDM f =0 curves are
shifted closer to the FEM solution as the ISUM NMK f # 0 and ISUM CDM f # O curves, Figure 33 (1).
The corresponding results with f = 0 are presented in the diagrams, Figure 33 (2)-(6). Nevertheless,
there is a gap between the ISUM and FEM results at the ultimate strength region meaning that the
ISUM solutions overestimate the load-carrying capacity of the examined plate panel. Consideration of
the damping forces helps to avoid the additional oscillations of the stress-strain curves, Figure 33 (2),
(4), (6). It is necessary to notice, that ISUM NMK curve lies closer to FEM solution than ISUM CDM curve
for applied velocity V = 10 mm/s and ¥V = 50 mm/s, Figure 33 (1)-(4). But at the higher applied
velocity V = 100 mm/s the central difference method (ISUM CDM) supplies better results than
Newmark’s method (ISUM NMK), being closer to FEM and providing less oscillations, Figure 33 (5),(6).
Therefore, one can make a conclusion that the explicit solver is more suitable for dynamic scenario
with high frequent forces applied: impact loading caused by slamming, earthquake and crash
simulations etc.

6.4 Dynamic Collapse Analyses of Rectangular Panels under Transverse Thrust

As it was mentioned in the previous subchapter, rectangular plate panel is an essential element of any
shipbuilding structure. Plates of double bottom in longitudinal framing are subjected to compressive
stresses under transverse bending, which includes hydrostatic pressure on the outer shell, weight of
cargo load acting on the bottom structure, ballast water pressure inducing deformation of ballast
tanks, etc. Thus, the dynamic collapse behavior of the three rectangular plate panels under transverse
thrust is investigated within the present subchapter.

6.4.1 Plate Panel 2400 x 835 x 15 mm

Dynamic collapse behavior of the rectangular plate is presented in Figure 34 (1)-(6). Analogously to the
previous subchapter, the given images of the collapse modes correspond to the ultimate (top image)
and to the post-ultimate (&, /ey = 4, bottom image) stress states, except for Figure 34 (5). Consistent
mass matrix is obtained from Eq. 65 with appropriate shape functions, Eq. 71. The initial deflection
values of the FE-model are presented in Table 3. Time step values At for each test case are assumed
as follows:

applied edge velocity ISUM NMK  ISUM CDM FEM

35 mm/s 1.5-107% 1.5-107°> 1.5-1073
50 mm/s 1.0-107® 1.0-107> 1.0-1073
80 mm/s 64-107* 6.4-107% 6.4-107*
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Figure 34 (1)-(6): Dynamic collapse behavior of transversely loaded plate 2400 x 835 x 15 mm
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The first thing that catches the eye is that the load-carrying capacity of the examined rectangular plate
panel under dynamic transverse thrust is significantly lower as in case of the dynamic longitudinal
loading. Thus, the ultimate strength values of the analogous rectangular plate under dynamic
longitudinal thrust are approximately two times higher than under dynamic transverse thrust.
Nevertheless, one can see an apparent decrease of the load-carrying capacity of plates under

axlex/é:y:l

longitudinal thrust: =~ 0.6, while under transverse thrust the decrease of the load-carrying

Oxlex/ey =4

Uy'sy/ey =1

capacity is less distinct: =~ (.8. For all applied edge velocity values of 35 mm/s, 50 mm/s

Oyley/ey =4

and 80 mm/s, buckling modes at the ultimate strength are represented by the cylindrical middle part
and by the collapsing end parts, which behave as half of a square plate each. Beyond the ultimate
strength, the roof-like mode develops due to the straightening in loading direction. Since the same
collapse modes were introduced performing the static analysis of the rectangular plate panels [18],
Figure 9, one can conclude that the transient effects do not influence the typical buckling modes of
rectangular plates under transverse thrust. The strong oscillations of the average stress-average
strength curve around the static solution provoke the reallocation of stresses; meanwhile the buckling
shape stays invariant to the stress-jumps, Figure 34 (5). Compared with the static load application case,
a 11 % rise of the ultimate strength of the prescribed rectangular plate is observed at the highest
applied velocity of 80 mm/s. As for the reliability of the ISUM NMK and ISUM CDM results, one can
see that the corresponding curves follow the FEM solution very well. The explicit ISUM CDM curve tend
to overtake the ISUM NMK and FEM curves, which both represent implicit solutions. Nevertheless, the
damping effects can be better introduced on an example of the explicit solution, since the ISUM CDM
curve does not demonstrate any oscillation in the post-buckling regime.

6.4.2 Plate Panel 4200 x 835 x 13 mm

Dynamic collapse behavior of the rectangular plate is presented in Figure 35 (1)-(6). Images of the
collapse modes correspond to the ultimate (top image) and to the post-ultimate (e, /ey = 4, bottom
image) stress states. Consistent mass matrix is obtained from Eq. 65 with appropriate shape functions,
Eg. 71. Initial deflection values of the FE-model are presented in Table 8. Time step values At for each
test case are assumed as follows:

applied edge velocity ISUM NMK ISUM CDM FEM

20 mm/s 26-107% 26-107> 2.6-1073
50 mm/s 1.0-1072® 1.0-107> 1.0-1073
80 mm/s 64-107* 6.4-107°% 6.4-107*
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Figure 35 (1)-(6): Dynamic collapse behavior of transversely loaded plate 4200 x 835 x 13 mm
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For the given 13 mm rectangular plate panel one can observe significant oscillations of the average
stress-average strain curves around the static solutions. At the applied velocity of 80 mm/s, the ISUM
CDM and ISUM NMK solutions even supply the negative average stress values meaning that the
average stress is no more compressive, but tensile. To understand closer the nature of such a process
let us consider the stress state of the prescribed plate panel under the applied velocity of 250 mm/s
so that the FEM solution also goes to the negative range of the average stresses, Figure 36:

v=250mm/s; £€=0

0.6
1 —FEM
0.4 L 0.9
: &,/ey = 0.
2 02
B 2: gy/ey = 1.0
0 \S 3: gy/ey = 1.3
1) 1 2 3 4
0.2 3 eyfey

Figure 36: Collapse behavior of transversely loaded plate under high applied velocity of 250 mm/s
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Figure 37: Collapse modes of transversely loaded plate under high applied velocity of 250 mm/s
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At the average strain €, /ey = 0.9, point 1 on the stress-strain diagram, the plotted in Figure 36 applied
forces (red arrows) and the stresses gy, are compressive. As the buckling develops and the prescribed
plate straightens in loading direction, point 2 on the stress-strain diagram, a part of the forces changes
the direction and becomes negative. Correspondingly, a zone with the tensile stresses develops on the
left-hand side of the plate panel. Nevertheless, the sum of the total applied forces along the edge stays
positive. At the average strain sy/ey = 1.3, point 3 on the stress-strain diagram, a significant part of
the forces becomes negative so that the sum of the total applied forces along the edge also becomes
negative. In this case, the great part of the plate undergoes tension.

Coming back to the dynamic collapse analysis of the prescribed plate under applied velocities
of 20 mm/s, 50 mm/s and 80 mm/s, the ISUM CDM and ISUM NMK solutions provide reliable
results, when the damping forces are considered.

6.4.3 Plate Panel 4200 x 835 x 22 mm

Dynamic collapse behavior of the rectangular plate is presented in Figure 38 (1)-(6). Images of the
collapse modes correspond to the ultimate (top image) and to the post-ultimate (e, /ey = 4, bottom
image) stress states. Consistent mass matrix is obtained from Eq. 65 with appropriate shape functions,
Eq. 71. Initial deflection values of the FE-model are presented in Table 9. Time step values At for each
test case are assumed as follows:

applied edge velocity ISUM NMK  ISUM CDM FEM

20 mm/s 26-1073 26-107> 2.6-1073
35mm/s 1.5-107% 1.5-107°> 1.5-1073
50 mm/s 1.0-1072® 1.0-107> 1.0-1073

The ultimate strength of the examined thick plate panel is significantly higher compared with the
above-considered rectangular plates under transverse thrust. The average stress-average strain curves
oscillate around the static solution with a grate amplitude and therefore, the ultimate strength of the
dynamically loaded plate panel is higher than in case of the static load application. The higher the
applied edge velocity the greater is the load-carrying capacity of the plate. Thus, at the applied velocity
of 50 mm/s the dynamic ultimate strength exceeds 30 % the corresponding static value. As
mentioned in previous subchapters, covering the investigations on dynamic collapse behavior of
rectangular plates under longitudinal thrust, ISUM NMK and ISUM CDM solutions start to depart from
FEM curve at ultimate strength and further. Under applied transverse thrust one can see the same
tendency. Nevertheless, the obtained dynamic solutions ISUM CDM and ISUM NMK oscillate around
static ISUM curve, (as the FEM curve oscillates around static one), which is not shown in diagrams, but
can be found in [36].

The collapse modes of the prescribed plate panel are the same as by the above-considered rectangular
plates under transverse thrust. Due to the increased strength margin of the given plate, one can
observe the more visible straightening of the plate in loading direction in the late post-buckling range.
The ISUM CDM and ISUM NMK solutions provide very good results, especially when the damping forces
are considered.
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Figure 38 (1)-(6): Dynamic collapse behavior of transversely loaded plate 4200 x 835 x 22 mm
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6.5 Dynamic Collapse Analyses of a Rectangular Panel under Biaxial Thrust

Within the latest test case we consider more complicated dynamic collapse analysis of the rectangular
plate panel under biaxial thrust. As an example, the bottom plating experiences such a loading
condition when the longitudinal compression from the hull bending together with the transverse
compression from the bending of framing take place. Varying the constant ratios of applied transverse
and longitudinal strains &, /&,, one can build an ultimate-strength interaction curve, which represents
the relationship between the stresses o, and g,,.

Dynamic collapse behavior of the rectangular plate is presented in Figure 39 (1)-(6). Consistent mass
matrix is obtained from Eq. 65 with appropriate shape functions, Eqns. 70 and 71. The initial deflection
values of the FE-model are presented in Table 9. Time step values At for each test case are assumed
as follows:

applied edge velocity ISUM NMK  ISUM CDM FEM
v, = 50mm/s

€y/€x = 0.3 44-107* 22-107> 4.4-107*
gy/ex = 1.0 1.6-107* 1.6-107° 1.6-107*
£y/€x = 2.0 14-107% 14-107° 1.4-107*
gy/€x = 3.0 14-107* 1.4-10"° 1.4-107*
v, = 100 mm/s
€y/€x = 0.3 22-107* 22-107° 2.2-107*
&y/€x = 1.0 8.0-1075 8.0-107° 8.0-107°
&y/€x = 2.0 7.0-107> 7.0-107% 7.0-107°
&y/€x = 3.0 70-1075 7.0-107% 7.0-107°

Presented in Figure 39 (1)-(6) envelope interaction curve is the boundary of static, [36], and dynamic
solutions. Values, which lie on horizontal and vertical axis correspond to the maximum average-stress
values oy /oy and g,, /oy, obtained for longitudinal and transverse thrust applications respectively. For
two applied edge velocity values v,, = 50 and 100 mm/s the comparison between static and dynamic
interaction curves allows to make a conclusion that the transient effects (oscillation of the stress-strain
curve and the corresponding rise of the load-carrying capacity) increase as the relation between the
transverse and longitudinal strains €, /&, grows. It is necessary to note that this difference becomes
more significant with the growth of the applied velocity.

With the dominance of the applied transverse strains the total stress level, which correspond to the
maximal applied average transverse stresses a,, /oy, decreases and the hungry-horse mode develops
into the cylindrical buckling-mode like in case of the uniaxial transverse loading. Only for the first
applied strain relation ¢, /e, = 0.3 the collapsing half wave can be observed as the average
longitudinal stresses g, /oy reach the maximum value.

The ISUM NMK and ISUM CDM solutions show very good agreement with the FEM results. Interesting
to note that performing a dynamic collapse analysis of rectangular plate, ISUM CDM supplies the most
reliable solution, since both ISUM NMK and FEM curves provide tiny, high frequent oscillations even
within a damped analyses, Figure 39 (2), (4). The ISUM CDM solution can be in contrast very effectively
damped.
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Figure 39 (1)-(4): Dynamic collapse behavior of rectangular plate 4200 x 835 x 22 mm under biaxial thrust
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6.6 Concluding Remarks

In Chapter Dynamic collapse analysis of the ISUM plate panels the following subjects were highlighted
and discussed:

Determination of the damping parameters a and 8 for the four examined rectangular plate
panels within the modal analysis, Table 7: based on the validation of the Rayleigh damping
model on an example of the square plate panel, Figure 26, the damping ratio £= 0.05 is chosen
for the dynamic collapse investigations of rectangular plate panels since this value provides a
sufficient matching between FEM and ISUM results.

Dynamic collapse behavior of the square plate panels with different slenderness ratio under
uniaxial thrust without consideration of damping: both ISUM NMK and ISUM CDM solutions
provide reliable results. Due to the oscillation of the average stress-average strain curves the
load-carrying capacity turns to be higher (12% for the 15 mm square plate at the applied
velocity of 100 mm/s) than compared with the static load application. For thin square plates
with slenderness ratio f > 3, the collapse mode represents plateau in loading direction
instead of the roof shape. Therefore, the shape function of ISUM plate element might be
modified to enable the accurate dynamic collapse analysis of the thin square plates.

Dynamic collapse behavior of rectangular plate panels under longitudinal thrust: plate panels
with dimensions 2400 x 835 x 15 mm and 4200 x 835 x 13 mm were subjected to dynamic
loading with edge velocity of 50 mm/s, 100 mm/s and 200 mm/s. The ISUM NMK and ISUM
CDM solutions yield similar characteristics of the buckling behavior for both rectangular plates:
the ISUM CDM solution supplies high, frequent oscillations of the average stress-average
strength curve, which starts from the ultimate strength and goes through the whole post-
buckling range. The consideration of the damping forces helps to avoid the excessive
oscillations of the ISUM CDM solution, but as for the ISUM NMK solution, tiny oscillation are
still present on the average stress-average strain diagram. Again, for the thin 13 mm
rectangular plate panel the shape function of ISUM plate element might be modified, since the
ISUM NMK and ISUM CDM solutions start to depart from the FEM curve at ultimate strength
as for the thin square plate, and then, with the growth of the deformations this difference
becomes significant (up to 28 %). Nevertheless, the ISUM NMK and ISUM CDM solutions
predict the ultimate strength of prescribed rectangular plates with great accuracy.

Rise of the applied edge velocity leads to a slight increase of the ultimate strength. For the
highest applied edge velocity of 200 mm/s one cannot observe such an apparent oscillative
manner of the average strength-average strain curve as in case of the square plate.
Nevertheless, the 6.7 % rise of the ultimate strength of the prescribed 15 mm rectangular
plate is detected compared with the static load application case. Buckling behavior stays
invariant to the increase of the applied edge velocity and remains as it was by the static
calculations: one half-wave collapses and the rest of the plate unloads. For all applied edge
velocities of 10 mm/s, 50 mm/s and 100 mm/s, the rectangular plate panel with dimensions
4200 x 835 x 22 mm undergoes plastic buckling. The ISUM NMK and ISUM CDM solutions
follow the FEM results very well and depict the abrupt loss of the load-carrying capacity, which
takes place slightly beyond the ultimate strength. As long as an aspect ratio per element a/b <
0.8, the old shape function with the parameter f set on zero yields better results.

Dynamic collapse analysis of the rectangular plate panels under transverse thrust: the ISUM
CDM and ISUM NMK solutions provide very good results for all panels, especially when
damping is considered. The load-carrying capacity of all examined rectangular plate panels
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under dynamic transverse thrust is significantly lower than in case of the dynamic longitudinal
loading. Nevertheless, due to the strong oscillations of the average stress-average strain curves
around the static solution, the ultimate strength of the dynamically loaded plate panel turns
to be higher than in case of the static load application: for the rectangular plate panel with
dimensions 2400 x 835 x 15 mm a 11 % rise of the ultimate strength is observed at the highest
applied velocity of 80 mm/s; for the rectangular plate panel with dimensions 4200 x 835 x 22
mm this increase of the load-carrying capacity reaches 30 % at the applied velocity
of 50 mm/s. The transient effects do not influence the typical buckling modes of rectangular
plates under transverse thrust, since they are completely the same as the buckling modes,
obtained from the static collapse analysis.

Dynamic collapse analysis of the rectangular plate panel with dimensions 4200 x 835 x 22 mm
under biaxial thrust: the ISUM NMK and ISUM CDM solutions show very good agreement with
the FEM results and can be successfully used for the dynamic collapse analysis of plate panels
under biaxial thrust. ISUM CDM supplies the most reliable solution, since both ISUM NMK and
FEM curves provide tiny, high frequent oscillations even within a damped analyses. The ISUM
CDM solution can be in contrast very effectively damped. With a growth of the relation
between the applied transverse and longitudinal strains the dynamic effects also increase,
producing stronger oscillations of the stress-strain curve and the rise of the load-carrying
capacity. With the domination of the applied transverse strain the cylindrical collapse mode,
as in the case of the pure transverse loading, takes place.

Trying to conclude whether the implicit or explicit time integration method is more suitable
for dynamic collapse analyses of rectangular plates with ISUM, it would be essential to take
various aspects into account. In terms of reliability of the obtained results the explicit central
difference method CDM would seem to be more effective if there were not the unrealistic
oscillations, which come up during the longitudinal loading and do not disappear totally when
damping effects are considered. Having noticed that CDM can be successfully damped in case
of transverse and biaxial thrust application, one can presume that the complex longitudinal
buckling mode should be additionally investigated in terms of possible shape function
modification. This can be proved by the fact that CDM shows good results (without oscillations
in damped case) for longitudinally loaded thick plate 4200 x 835 x 22 mm. Possessing the high
strength margin this plate experience small deflections, and therefore, the influence of
buckling mode on the solution decreases. The implicit Newmark’s time integration scheme
NMK provides reliable results in terms of ultimate strength prediction and supplies the correct
behavior of stress-strain curve, but it cannot be properly damped: for all examined plates
under uniaxial and biaxial thrust small oscillation are still present. From point of computational
costs, implicit NMK seems to be more attractive than the explicit CDM method for the
considered investigations. With the particular integration parameters the NMK method is
unconditionally stable, and therefore, time increment values can be much higher that enables
performing approximately 10° times less calculation steps than using CDM. Generally, explicit
time integration scheme can be a very effective algorithm, since it does not require the
calculation of inverse of stiffness matrix, itself being a function of unknown displacements.
Moreover, solution is obtained for a current step without an iteration procedure. These
advantages can be fully utilized only within a dynamic scenario, covering impact loading
caused by slamming, earthquakes, crash simulations etc. ISUM was extended on transient
analyses with a purpose to assess the dynamic load-carrying capacity and to get an insight into
dynamic pre- and post-buckling behavior. Taking the up to date ISUM formulation together
with its goals into account one can give a preference to the implicit time integration method.
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7 Conclusions

Within the present thesis the extension of the Idealized Structural Unit Method to the dynamic collapse
analysis has been performed. The thorough study of the transient processes helped to understand the
nature of dynamic buckling behavior of plate structures and to develop a solution concept, which
subsequently supplied reliable results.

The derivation and profound consideration of the linear and nonlinear dynamic equilibrium equations
of motion led to a close insight into the dynamic problems. Consistent mass matrix, which reflects the
inertial properties of the body, was implemented in ISUM using the shape functions developed for the
static analysis, since no significant change between the static and dynamic buckling modes is observed.
The damping effects are included in dynamic analysis by formation of the damping matrix according
to Rayleigh formulation, which represents a linear combination of mass and stiffness matrices.

As solution procedures, the nonlinear explicit central difference scheme and the nonlinear implicit
Newmark’s scheme were implemented in ISUM for time integration. Validation was performed on an
example of the 4-node ISUM element, uniaxialy loaded by dynamic forces. This direct approach does
not give the full picture of buckling behavior, as long as force control is used. Formulation of the
enforced motion method in terms of the “enforced” and “free” degrees of freedom and application of
this technique to the nonlinear explicit and implicit schemes let performing displacement control
instead of force control. Due to this formulation, obtained stress-strain curves provide the desirable
results, since total buckling behavior of the plate structure can be obtained by displacement control.

The included inertia and damping effects have a significant influence on the dynamic buckling behavior
of rectangular plate panels. The inertial component provokes strong oscillations of the average stress-
average strain curves around the static solution, especially when the rectangular plate is subjected to
transverse and biaxial thrust. Moreover, the ultimate strength of the dynamically loaded plate panels
under transverse and biaxial loading turns to be higher than in case of static load application.
Nevertheless, the transient effects do not influence the typical buckling modes of rectangular plates,
since they are completely the same as obtained from static collapse analysis.

Having noticed that the explicit central difference scheme can be successfully damped in case of
transverse and biaxial thrust application, but provides the unrealistic oscillations of the average stress-
average strain curve during the longitudinal loading one can presume that the complex longitudinal
buckling mode should be additionally investigated in terms of possible shape function modification.
This is especially true for the thin rectangular plate panels, since the ISUM implicit and ISUM explicit
solutions start to depart from the FEM curve beyond ultimate strength. The implicit Newmark's time
integration scheme provides reliable results in terms of ultimate strength prediction and supplies the
correct behavior of stress-strain curve, but the tiny oscillation of the stress strain curve are still present
even within the damped analyses.

In conclusion, it is shown that the explicit central difference and implicit Newmark’s time integration
methods newly implemented in the ISUM provide reliable results and can be used for dynamic collapse
analysis of plate structures. Both time integration schemes have been successfully coupled with the
enforced motion technic to allow for analyses under displacement control. Performance of the ISUM
dynamic analysis is much less time consuming than by using common FEM. Although the nonlinear
explicit central difference scheme requires neither the calculation of inverse of stiffness matrix nor an
iterative solution search, the unconditionally stable Newmark’s method takes less computational time
in the application considered here and can be recommended for further investigations.
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