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Habilitation thesis

Abstract

Quantum physics is one of the most profound achievements of the twenties century, which
predetermined the technological progress of our time. Its fundamental backgrounds can
be tested with presently available experimental techniques. These experiments open ex-
citing perspectives for developing entirely new information technologies related to secure
data transfer and extremely powerful computation. Nonclassicality, i.e. the impossibility to
describe an observed phenomenon with principles of classical physics, is a resource for
quantum communications and quantum computations.

Many nonclassical phenomena appear to be fragile against interactions of quantum sys-
tem with an environment, which manifests itself in distinct, unavoidable noise. For practical
purposes of quantum communications, one often uses nonclassical light as a carrier of
quantum information. In this thesis I summarize my research at the Universität Rostock and
at the National Academy of Sciences of Ukraine related to the impact of the environment
during generation, propagation, and detection of nonclassical light. First, I will analyse un-
wanted effects in light sources, which are implemented with leaky cavities. Second, I will
consider effects of imperfect photodetection. Third, I will present our theoretical considera-
tion of free-space channels, which is the first self-consistent quantum-optical model involving
the atmospheric turbulence.

Zusammenfassung

Quantenphysik ist eine der tiefgreifensten Errungenschaften des zwanzigsten Jahrhunderts,
welche den technologischen Fortschritt in unserer Zeit geprägt hat. Ihre fundamentalen
Grundelagen können mit heutigen experimentellen Technologien getestet werden. Diese
Experimente eröffenen aufregende Perspektiven für die Entwicklung prinzipiell neuer In-
formationstechnologien bezüglich sicherem Datentransfer und extrem starker Rechenka-
pazität. Nichtklassizität, d.h. die Unmöglichkeit ein beobachtetes Phänomen mit den Geset-
zen der klassischen Physik zu beschreiben, ist eine Ressource für Quantenkommunikation
und Quantencomputer.

Viele nichtklassiche Phänomene sind anfällig gegenüber Wechselwirkungen des Quan-
tensystems mit einer Umgebung, was sich in ausgeprägten und unvermeidbaren Rauschen
manifestiert. Für praktische Zwecke der Quantenkommunikation wird oft nichtklassiches
Licht als Träger der Quanteninformation verwendet. In dieser Habilitationsschrift fasse ich
meine Forschungsergebnisse an der Universität Rostock und der Nationalakademie der
Wissenschaften der Ukraine bezüglich des Einflusses der Umgebung auf nichtklassiches
Licht während der Erzeugung, der Ausbreitung und der Detektion zusammen. Zunächst,
werde ich ungewollte Effekte in Lichtquellen analysieren, wobei der Fokus auf Resonator-
quellen gelegt wird. Daraufhin, werde ich Effekte in nicht-idealer Photodetektion betrachten.
Zuletzt, präsentiere ich unsere theoretische Beschreibung von Freiraumkanälen, die das
erste selbstkonsistente quantenoptische Modell einschließlich atmosphärischer Turbulenz
darstellt.
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1 Introduction

My cumulative habilitation thesis is devoted to the consideration of effects of noisy envi-
ronments on nonclassical properties of light. It includes a short review of twenty attached
publications and one preprint with original research results. These papers and the preprint
are listed on page 66 and referred in the text with Roman numerals. Other references are
denoted by Arabic numerals.

In this chapter, I will briefly consider a general motivation of the research by giving special
attention to applications in quantum communication. Particularly, I give a short introduction
of the notion of nonclassicality and its connection to Bell non-locality and entanglement. I
also consider why these phenomena can be regarded as a resource in quantum information
and communication. I will give a short overview of the linear coupling of radiation fields with
noisy environments and consider a procedure of local sampling of quantum phase-space
distributions.

1.1 Classical and quantum information

The great technological leap forward occurring in the last decades is mostly related to the
active development of information technologies. Today, these technologies are inherent tools
of scientific, cultural, economical, governmental, and social activities as well as an important
part of our everyday life. In this context, it is very important to understand the physical
background, which lies behind the notion of information.

The mathematical fundamentals of information theory have first been proposed by Shan-
non [1, 2]. In physics, the notion of information is uniquely related to states of physical sys-
tems. The simplest systems used in quantum technologies have only two possible states,
characterized by discrete values of a certain physical observable, usually referred to as bit.
Another example is the state of a point-like particle, which is given by the position, q, and
the momentum, p, or, equivalently, by a complex number α = 1√

2
(q + ip). The same math-

ematical structure is inherent to a description of an electromagnetic-radiation mode, see,
e.g. [3,4]. In this case q and p are physical observables known as mode quadratures and α
is the field-mode amplitude. Here, a complex value α encodes a particular message.

The quality of information is typically characterized by an uncertainty. In this case, states
of the system are characterized by probability distributions, %(α) ≡ %(q, p). In classical
physics this uncertainty is caused only by the lack of our knowledge. Such states are usually
referred to as mixed classical states. For the pure classical states, the value of α is well
defined.

Pure quantum states cannot be characterized by points in phase space. Instead, such
a state is described by a vector |ψ〉 in the Hilbert space of states, or equivalently by the
density operator %̂ = |ψ〉 〈ψ|. After interactions with the environment, the quantum state
cannot be described by a single Hilbert-space vector. Instead, it can still be described by a
density operator [5, 6] as %̂ =

∑
n pn |ψn〉 〈ψn|, where |ψn〉 are certain orthogonal vectors in

the Hilbert space, and pn satisfies the conditions
∑

n pn = 1, pn ≥ 0. The evolution of the
pure state into the mixed state is known as the decoherence process [7].

A typical communication task usually consists of three stages. At the first stage, the
sender prepares a state, %in(α) in classical or %̂in in quantum communication. At the second
stage, the state is transferred via a communication channel, which typically modifies it by
introducing more uncertainties,

%out(α) = L%in(α) or %̂out = L%̂in, (1.1)

where %out(α) (%̂out) is the output state obtained at the receiver, L is the channel operator
(superoperator in the quantum case), describing the influence of the channel on states of
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the system. At the third stage, a certain observable is measured. The outcome of this
measurement is presented by numbers A with the probabilities

P (A) =

∫

C
d2α%out(α)Π(A|α) or P (A) = Tr

(
%̂out Π̂(A)

)
, (1.2)

where d2α = d(Reα) d(Imα). In this relation, {Π(A|α), A ∈ I} [{Π̂(A), A ∈ I}] is the set of
functions [operators] forming the positive-valued measure (PVM) [positive operator-valued
measure (POVM)] for the given measurement procedure [8,9] with the set of outcome values
I. The classical PVM can be interpreted as a probability to get the outcome value A under
condition that the field amplitude is α. The PVM [the POVM] is the positive-definite function
[operator], which satisfy the completeness relation,

∑

A∈I
Π(A|α) = 1 or

∑

A∈I
Π̂(A) = 1̂, (1.3)

where 1̂ is the unity operator.
Cryptographic key distribution [10] is an important part of communications protocols. A

typical realization of this task with the Rivest-Shamir-Adleman (RSA) algorithm [11] assumes
the computational hardness of the integer factorization with classical algorithms. However,
this problem can be resolved by quantum computers [12] with Shor’s algorithm [13,14]. Even
a potential possibility of its implementation in the nearest future, results in serious problems
for the secure data transfer.

Quantum physics proposes a solution to this problem. Quantum key distribution (QKD)
protocols [15,16] utilize fundamental quantum properties in order to realize key distribution.
As a physical carrier of information, these protocols use electromagnetic radiation in the
optical domain. Depending on the measured observables, which may attain discrete or
continuous values, the QKD protocols can be subdivided in discrete-variable (DV) [17–27]
and continuous-variable (CV) [28–39] encodings, respectively.

In this context, natural questions arise, which have both applied and fundamental as-
pects. From a practical point of view, it is important to know if we can use classical systems
in order to realize quantum algorithm and protocols. From a more fundamental point of
view, it is interesting to understand if there exists a more general classical theory, which can
explain quantum phenomena.

We will consider nonclassicality as the impossibility to describe observable phenomena
in the framework of classical theory. And this defines what we can consider as a resource
of quantum information and communication. Indeed, if given phenomena, which we use for
quantum algorithms and protocols, can be explained with a classical theory, we can find
a classical system, which can solve the corresponding task. It is therefore important to
understand how stable nonclassicality is at all three stages of the communication protocols.

1.2 Nonclassicality and phase-space functions

If we aim to understand whether the given phenomena can be explained with classical the-
ory, we should first give a clear definition for the notions of classical and quantum theory.
Moreover, for a proper comparison of both theories, they should be formulated in the same
“language”. Traditionally, the classical theory is formulated in terms of space-phase func-
tions; whereas the quantum theory is presented in terms of operators on the Hilbert space
of states. This difference, however, can be avoided by the formulation of quantum physics in
terms of phase-space functions. For a review see [40].

As it has been shown by Shirokov [41], non-commutativity of observables, also in the
phase-space representation [42], is the only difference between quantum and classical the-
ories. An important consequence of this statement is the fact that the space of states es-
sentially differs in quantum and classical theories. Indeed, the phase-space distributions in
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quantum theory may have negative values. This fact does not have any classical explanation
and it even contradicts classical probability theory.

We can consider nonclassicality of states from the operational point of view. Let us
suppose that the given observable depends on a parameter a. In this case, the classical
variant of Eq. (1.2) can be rewritten as

P (A|a) =

∫

C
d2α%(α)Π(A|a;α), (1.4)

where P (A|a) is the probability to get the value A of the measured observable under the
condition that the value of the parameter is a; Π(A|a;α) is the classical (i.e. non-negative)
conditional PVM, i.e. the probability to get the value A under conditions that the value of the
parameter is a and the value of the field amplitude is α. If the classical theory holds, the
system of integral equations1 for %(α), which is given by Eq. (1.4), has at least one positive
semi-definite solution. If the solution is unique, the corresponding measurement procedure
is referred to as tomographically complete.

Let us consider typical tomographically-complete measurements, which are often used
in quantum optics. The schemes of the measurements and the related classical PVM are
presented in the first and second row of Table 1, respectively. The balanced homodyne
detection (see for reviews [3, 4, 43]), enables us to measure the phase-dependent field
quadrature [44–50], x(ϕ) = q cosϕ + p sinϕ = 1√

2

(
αe−iϕ + α∗eiϕ

)
. The tomographic com-

pleteness of this procedure [51] has been used for reconstruction of phase-space distri-
butions, %(α), [52]. As an example, we consider a so-called single-photon-added thermal
state (SPATS). The reconstructed phase-space distribution in this case has clear negative
values [53]. This fact cannot be explained by the classical theory and, as that, it shall be con-
sidered as a manifestation of nonclassicality. The reconstructed phase-space distribution is
the Wigner function W (α) [54].

It turns out that negative values of the Wigner function are sufficient but not necessary
certifiers of nonclassicality. In order to show this, let us consider the procedure of unbal-
anced homodyne detection, see the second column of Table 1. If we take only the probability
of no counts, P (n=0|αo), the corresponding system of equations will still be tomographically
complete, since Eq. (1.4) is the invertible Weierstrass transform [55] in this case. The re-
constructed function for SPATS differs from the Wigner function obtained with the balanced
homodyne detection. As it follows from the quantum theory of photodetection [56, 57], the
reconstructed distribution is the Glauber-Sudarshan P function [58,59].

A key property of the P function is the possibility to present the density operator in the
form

%̂ =

∫

C
d2αP (α) |α〉 〈α| , (1.5)

where |α〉 is a coherent state [3, 56, 60]. Consequently, the non-positivity of P function
can be interpreted as the impossibility to present the given quantum state as a statistical
mixture of coherent states [3, 61]. Note, that highly-singular values of P functions require
an application of special methods for the verification of nonclassicality [62–65]. This kind
of nonclassicality is also a key resource [66] for boson-sampling [67, 68], which is a special
type of non-universal quantum computing based on the photoncounting procedure.

Nonclassicality with respect to the P function has important manifestations for photo-
counting experiments. A famous example is the sub-Poissonian statistics of photocounts.
The Mandel Q parameter [56,69],

Q =
〈∆n2〉
〈n〉 − 1, (1.6)

1The system of linear algebraic equations in the case of discrete variables.
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BHD UHD 8HD

1

2

3

4

Π (x|ϕ;α) =δ
(
x− 1√

2

(
αe−iϕ + α∗eiϕ

))
Π (n|α;αo) =

|α−αo|2n
n!

exp
(
−|α− αo|2

) Π (αo|α) = δ (αo − α)

Wigner function P function Q function

0.1

-0.1

-0.2

-0.3

Reα

0.1

-0.1

-0.2

-0.3

Reα

0.1

-0.1

-0.2

-0.3

Reα

Table 1: The first row depicts different measurement schemes: balanced homodyne de-
tection (BHD), unbalanced homodyne detection (UHD), and eight-port homodyne detection
(8HD). Here BS are beam splitters (50:50 BS for BHD and 8HD, and large-transmittance BS
for UHD), LO is the local oscillator (a laser signal of high [BHD and 8HD] and low [UHD] in-
tensity), D and S are detectors and sources, respectively. The sign “−” denotes subtraction
of photocurrents. The second row represents the corresponding classical PVM for quadra-
tures, displaced photocounts, and field amplitude (from left to right). The third row illustrates
the phase-space distributions (for Imα = 0) of a SPATS, reconstructed with the correspond-
ing scheme. In quantum theory they correspond to the Wigner function, the P function, and
the Q function, respectively. The last row shows relations between sets of classical and
quantum states in the corresponding phase-space representations.
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can be negative only when the corresponding P function is non-positive. In this case we deal
with sub-shot noise measurements.

Therefore, operational nonclassicality of quantum states is a relative notion. It depends
on the measurement procedure. For example, experimental results can be explained clas-
sically for a specific quantum state while operating with the balanced homodyne detection.
For the same states, the results cannot have a classical explanation while operating with the
unbalanced homodyne detection. In this context, it is interesting to note that the measure-
ments with the procedure of eight-port homodyne detection [70] or heterodyne detection [8]
have classical explanations in all cases, see the third column of Table 1. The quantum theory
of this procedure (see e.g. [3,43]) results to the conclusion that the reconstructed function is
the Husimi-Kano Q function [71,72], which is always non-negative.

An important consequence from the non-uniqueness of quantum-classical correspon-
dence is that the relation between sets of quantum and classical states is also non-unique,
see the last row of Table 1. For the Wigner representation, the sets of quantum and classi-
cal states have a certain intersection, where the Wigner functions are positive, cf., e.g., the
Gaussian states [73]. Nonclassical states are the quantum states out of this domain. In this
representation one can also consider non-quantum states, for example the pure classical
state W (α) = δ(α − αo). These states, however, are not physical because the quantum
theory represents a more general description of the Nature comparing with the classical
theory. In the P representation, the set of classical states is completely included in the set of
quantum states. The state P (α) = δ(α− αo) is feasible in this representation and is, in fact,
a coherent state. Nonclassical states in this case are all quantum states out of the classical
domain. A completely opposite situation takes place for the Q representation. In this case,
the set of quantum states is completely included in the set of classical states.

A very special role in this description is played by the phenomenon of quadrature squeez-
ing [74–76]. Since the variance of quantum quadrature 〈∆q̂2〉 can be expressed in terms of
the normal-ordered quadrature variance, 〈: ∆q̂2 :〉, as

〈∆q̂2〉 = 〈: ∆q̂2 :〉+ 1/2, (1.7)

its value for the vacuum state is 〈∆q̂2〉vac = 1/2. The quadrature-squeezed states [77–79]
have negative normal-ordered quadrature variance, 〈: ∆q̂2 :〉 < 0, because their P function
is nonclassical. As that the quadrature variance of such states is less than the vacuum
variance, 〈∆q̂2〉 < 1/2.

It is, however, important that the quadrature is measured with the balanced homodyne
detection. Such a measurement is related to the Wigner function. The Wigner function
of squeezed coherent states is positive. Hence, we can propose a classical theory, which
explains quadrature squeezing. Of course, such a theory shall include a certain noise (so-
called vacuum noise), whose nature is explained by quantum physics. Nevertheless, in the
considered experiment this noise has completely classical characteristics.

Quadrature squeezing, however, is an important resource in quantum information. First,
if we consider unbalanced homodyne detection or photocounting, the squeezed states will
manifest nonclassicality. This can be used, e.g., in boson-sampling experiments [66]. An-
other application of the quadrature squeezing lies in a large group of CV QKD protocols
[28, 33, 34, 38]. The main resource for these protocols, as well as for the coherent-state
protocols [35, 36], is the Heisenberg uncertainty relation [80] 〈∆q̂2〉〈∆p̂2〉 ≥ 1/4. The im-
possibility to violate this relation means that we cannot go outside the quantum domain
(also in the classical domain outside its intersection with the quantum domain) in the Wigner
representation. Therefore, for such protocols the main resource is quantumness rather than
nonclassicality. With this example, it is clearly seen why it is important to distinguish between
quantumness and nonclassicality.
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1.3 Bell nonlocality

The operational nonclassicality considered in the previous subsection has a loophole. The
problem is that the PVM Π(A|a;α) depends on properties of the measurement device.
Therefore, our conclusions depend on the corresponding knowledge. This leaves some
loopholes for explaining the experimental results with classical theory. This feature also
represents a security loophole for QKD protocols in the case when an eavesdropper may
control the measurement device, i.e. the function Π(A|a;α) [24,25].

In order to overcome the problem, we have to exclude the information about the mea-
surement device from Eq. (1.4). This can be done only in the case of a system with several
degrees of freedom. Such a type of nonclassicality, which is known as Bell nonlocality [81],
is better studied for discrete-variable systems.

We consider the following configuration of measurement, see Fig. 1.1. Two parties,
Alice (A) and Bob (B), can measure observables, σA and σB, respectively. The observable
σA (σB) depends on the parameter θA (θB), which in the considered scheme takes only two
values θA = {θ(1)

A , θ
(2)
A } (θB = {θ(1)

B , θ
(2)
B }). This means, that in the experiment, we can

reconstruct the set of four probabilities P
(
σ

(i)
A , σ

(j)
B |θ

(i)
A , θ

(j)
B

)
, which is usually referred to as

the behaviour. We denote with σ(i)
A (σ(i)

B ) the value of the observable σA (σB) when the value
of parameter is θ(i)

A (θ(i)
B ). If the measurement result assumes a classical description, then

such a probability distribution should exist, %
(
σ

(1)
A , σ

(2)
A , σ

(1)
B , σ

(2)
B

∣∣θ(1)
A , θ

(2)
A , θ

(1)
B , θ

(2)
B

)
≥ 0, for

which the elements of the behaviour are marginal distributions, i.e.

P
(
σ

(i)
A , σ

(j)
B |θ

(i)
A , θ

(j)
B

)
=

∑

σ
(k)
A ,σ

(l)
B

%
(
σ

(1)
A , σ

(2)
A , σ

(1)
B , σ

(2)
B

∣∣θ(1)
A , θ

(2)
A , θ

(1)
B , θ

(2)
B

)
, k 6= i, l 6= j.

(1.8)

If such a function does not exists, the behaviour cannot be described with classical theo-
ries. It is very important that in contrast to Eq. (1.4), Eq. (1.8) does not depend on any
characteristics of the measurement device.
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Figure 1.1: The standard scheme of Bell-nonlocality verification. See the text for more
detailed explanations.

The Bell inequalities [82] in the Clauser-Horn-Shimony-Holt (CHSH) form [83] state a
necessary and sufficient [84] condition for the existence of at least one positive semi-definite
solution of the system of linear equations (1.8). If such a solution exists, the following in-
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equalities are satisfied,

B =
∣∣∣E
(
θ
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)
+ nE

(
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)
+mE

(
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B

)
− nmE

(
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)∣∣∣ ≤ 2, (1.9)

where n,m = ±1, and
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=
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B
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(1.10)

is the correlation coefficient. Quantum physics can violate the CHSH inequalities. The
maximal possible value in quantum theory, known as the Tsirelson bound [85], of the Bell
parameter B is BQ = 2

√
2. In the case, when at least one of the CHSH inequalities (1.9) is

violated, the measurement result cannot be explained by the classical theories.
Since the measurements for Alice in Bob are assumed to be separated by a space-like in-

terval, a very important question is whether quantum correlations do not violate the causality.
This means that the measurement statistics of one party should not depend on the choice of
another party [86]. Both classical and quantum correlations satisfy this non-signalling con-
dition. It turns out that non-signalling correlations allow the violation of CHSH inequalities
even beyond the Tsirelson bound up to the value, BNS = 4. Hence, quantum theory can
be considered as a particular case of more general non-signalling theories. However, up to
now, there is no experimental evidences about the post-quantum physics.

Bell nonlocality has been verified in many experiments. Let us mention just a few. The
first violation of the CHSH inequalities has been verified by Freedman and Clauser in 1972
[87]. A disadvantage of that test was the fact that the settings of parameters θA and θB have
been static. Aspect et al. have demonstrated for the first time in 1982 the Bell test with
time-varying settings [88]. For the purposes of quantum communication it is important that
violations of Bell inequalities have been demonstrated for long distances such as a 144km
channel between the Canary Islands [89,90] and a satellite-mediated 1200km channel over
China [91].

Bell nonlocality is an important resource for QKD protocols. One of the first DV protocol,
the Ekert protocol E91 [23], is based on checking the violations of Bell inequalities. Because
Bell non-locality can be considered as a device-independent type of nonclassicality, the
corresponding device-independent protocols have been considered in Refs. [24,25].

1.4 Entangled states

The superposition principle is one of the most fundamental laws of quantum physics. Entan-
glement [92] is the manifestation of this property in the case of systems with two and more
degrees of freedom. The first example of an entangled state has been considered in the
famous paper be Einstein, Podolsky, and Rosen [93] for the demonstration of inconsistency,
as it was suggested by the authors, of quantum theory. Werner has generalized the notion
of entanglement to the case of mixed states [94].

There exist several different methods, which allow one to determine if a given state is en-
tangled. For example, the separability-eigenvalue method [95] and the entanglement quasi-
probability representation [96] proposed by Sperling and Vogel directly utilize the impossi-
bility of presenting entangled states as a convex combination of separable states. There
exists also a number of powerful sufficient conditions of entanglement, which can be used
for analysis.

The Peres-Horodecki separability criterion [97–99] states that if the partial transpose of
the density operator is not a positive semi-definite operator, then the state is entangled. The
Shchukin-Vogel (SV) criterion [100] adapts this statement for the case of continuous-variable
systems. If at least one minor of a specially-constructed matrix of moments is negative, than
the state is entangled.
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For our purposes it is important to consider only two of such minors, which result in the
Simon [101] and Duan-Giedke-Cirac-Zoller (DGCZ) [102] criteria. According to these criteria
a state is entangled if

W = detV PT < 0, (1.11)

where V PT is the partial transposition of the matrix

V=




〈∆â†∆â〉 〈∆â†2〉 〈∆â†∆b̂〉 〈∆â†∆b̂†〉
〈∆â2〉 〈∆â∆â†〉 〈∆â∆b̂〉 〈∆â∆b̂†〉
〈∆â∆b̂†〉 〈∆â†∆b̂†〉 〈∆b̂†∆b̂〉 〈∆b̂†2〉
〈∆â∆b̂〉 〈∆â†∆b̂〉 〈∆b̂2〉 〈∆b̂∆b̂†〉


 (1.12)

for the Simon criterion and the submatrix

V =

(
〈∆â†∆â〉 〈∆â†∆b̂〉
〈∆â∆b̂†〉 〈∆b̂†∆b̂〉

)
(1.13)

for the DGCZ criterion. Here â, and b̂ are field annihilation operators for the mode associated
with the party A and B, respectively. The Simon criterion is a necessary and sufficient con-
dition for the entanglement of Gaussian states, i.e., for such states, which have a Gaussian
Wigner function.

Gaussian entanglement is a resource for many quantum communication scenarios. For
example, it is of importance for some CV QKD protocols (see, e.g. [38]), for CV teleporta-
tion [103], and for CV entanglement swapping [104]. It is also a resource for CV quantum
computing [39, 105]. However, because the Wigner function of any Gaussian state is posi-
tive [106], nonclassical computing is impossible with homodyne detection only [107,108]. To
overcome this problem, one can use non-Gaussian states [109], photocounting measure-
ments [110], or non-linear operations [105].

1.5 Coupling light modes with the environment

An interaction of quantum systems with an environment results in unavoidably diminishing
nonclassical properties. In the case of relatively weak light fields, such as typically used in
quantum information and communication, this interaction is reduced to linear coupling be-
tween light and environmental modes. The latter corresponds to scattering and absorption.

We consider a light mode, which is described by the field operator âin before interaction
with an environment. We note that it can also represent a non-monochromatic mode, an
intracavity mode at the initial moment of time, etc. This mode is coupled to the number
of environmental modes, which can be combined in one effective environmental mode de-
scribed by the operator ĉ. The linear character of coupling between light and environment
modes yields the input-output relation,

âout = T âin +
√

1− |T |2 ĉ. (1.14)

Here âout is the field operator of the noisy light mode. The complex number T , which is
referred to as the transmission coefficient, can be conveniently given in the form T =

√
ηeiϕ,

where η ≤ 1 is noted as the efficiency and ϕ represents the phase shift between output and
input fields. In fact, Eq. (1.14) means that the considered noise effect can be described by
a certain replacement scheme, which models the interaction by an effective beam splitter
combining the light and the environmental mode.

The operator input-output relations (1.14) are easily transferred to the quantum-state
input-output relations in the phase-space representation [3, 4]. In the optical domain the
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state of environment can be considered as vacuum. This corresponds to losses (linear
attenuation) of the light field. Particularly, for the P function the input-output relation reads

Pout(α) =
1

|T |2Pin

(α
T

)
. (1.15)

This means that the attenuated state always preserves its nonclassicality with respect to the
P function. For the Wigner function the input-output relation is given by

Wout(α) =

∫

C
d2βWin

(
β

T

)
1

π|T |2(1− |T |2)
exp

(
−2|α− β|2

1− |T |2
)
, (1.16)

which adds Gaussian vacuum noise to the input state. The state, which is initially nonclas-
sical with respect to the Wigner function, can loose the nonclassicality under linear attenua-
tions.

1.6 Local sampling of phase-space functions

If the measurements, which are described by Eq. (1.4), are tomographically complete, the
corresponding scheme can be used for the reconstruction of the density operator in the
phase-space representation. For example, the balanced homodyne detection is used for
the reconstruction of the Wigner function [51, 52]. Here, we briefly consider an alternative
procedure for the local reconstruction of the Cahill-Glauber s-parametrized phase-space
distributions [111,112] proposed in [113,114] and implemented in [115,116].

The idea of local reconstruction is based on the fact that the s-parametrized phase-space
distribution in the point α, P (α; s), is the mean value of the operator

P̂ (α; s) =
2

π(1− s) : exp

[
− 2

1− sn̂(α)

]
:, (1.17)

where

n̂(α) = (â† − α∗)(â− α) (1.18)

is the displaced photon-number operator [113]. The measurement of this observable can be
performed with the unbalanced homodyne detection, see Table 1, first row, second column.
With a small amount of loss, this procedure enables to get the measurement outcomes, n, of
the observable (1.18). This renders it possible us to reconstruct the corresponding displaced
photon-number distributions, Pn(α), and to evaluate the needed mean value of the operator
(1.18) with it.

1.7 Outline

In this cumulative habilitation thesis, I consider the effect of noise, based on the linear cou-
pling between light modes and the environment, on nonclassical, non-local, and entangle-
ment properties during the stages of generation, detection, and transmission of quantum
states of light. In Chapter 2, we consider the role linear losses play in the cavity quantum
electrodynamics (cavity QED). Imperfections of the photodetection, such as background ra-
diation, dark counts, and impossibility to distinguish between adjacent photon numbers, is
considered in Chapter 3. In Chapter 4, we study free-space channels and the effect of the
turbulent atmosphere on the nonclassical light. The main conclusions of of my research
results are summarized in Chapter 5.
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2 Cavities with unwanted losses

In this chapter I briefly review the main results obtained in my publications [I, II, III, IV, V, VI],
in which we consider leaky cavities with unwanted noise, a necessary part of many sources
of nonclassical light. In these publications I contributed in the following activities:

• Publication [I] – discussions of the main idea, analytical calculations, numerical simu-
lations, discussions of the results;

• Publications [II,VI] – discussions of the main idea, analytical calculations, discussions
of the results;

• Publications [III, IV] – discussions of the results;

• Publication [V] – part of analytical calculations, discussions of the results.

2.1 State of the art

A leaky cavity is a device which is a necessary part of many sources of nonclassical light.
Besides the well-known fact that cavities are an important part of lasers [117], they are
also used in optical parametric amplifiers for the generation of quadrature-squeezed light
[3, 56, 74, 75, 118]. Another application of optical and microwave cavities in the framework
of cavity QED is the manipulation of atoms inside cavities, for a review see, e.g., [119–
121]. Particularly, they are used for quantum-state engineering of Schrödinger-cat states
[122–128]. Quantum nondemolition measurements, first proposed in 1970’s [129–131], are
realized with atoms crossing a cavity [132–135]. Such a measurement reduces a quantum
state of light to Fock states, which can also be used for the conditional generation of such
states. Cavity QED enables also a preparation of Fock-states [136–139] and, in principle,
any state on demand [140, 141]. There are also schemes for the generation of entangled
states of different intracavity modes [142] and of ions in remote cavities [143,144]. By using a
special design of light pulses, one can consider the intriguing possibility of creating quantum
networks with distant nodes [145].

Another important problem is quantum-state reconstruction of an intracavity mode. Two
proposals have been discussed in the literature. The first one, the so-called quantum en-
doscopy method [146], probes the intracavity field by atoms. Another proposal [147] uses
balanced homodyne detection for the reconstruction of the quantum state of a mode escap-
ing from the leaky cavity.

Quantum noise theory [118, 148–150] (QNT) is the main theoretical tool in cavity QED.
The radiation field in the framework of this approach is subdivided in an intracavity mode
and the external field. We consider the case of a cavity without atoms, which is a good
approximation in many cases of high-Q cavities for which the atom-transition time is much
less than the decay time of the intracavity mode. In the Heisenberg picture, the field dynamic
is described by the quantum Langevin equation,

˙̂acav(t) = −
(
iωcav +

Γ

2

)
+
√

Γ b̂in(t), (2.1)

and the input-output relation,

b̂out(t) =
√

Γ âcav(t)− b̂in(t). (2.2)

Here âcav(t) is the annihilation operator of the intracavity mode; the external field is described
by the operators of input and output fields, b̂in(t) and b̂out(t), respectively, which are defined
here with respect to a certain phase. Such a cavity is defined by two parameters – ωcav is
the frequency of the intracavity mode and Γ is the cavity decay rate.
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Equations (2.1) and (2.2) are obtained in Refs. [118,148–150] from a Hamiltonian which
assumes a Markovian type of interaction between the intracavity mode and the external field.
The phenomenological coefficients in this Hamiltonian can be derived from first principles
[151, 152] by using the so-called Feshbach projection formalism [153]. Alternatively, Eqs.
(2.1) and (2.2) are obtained directly from quantum field theoretical approaches [154–156].

The mentioned approaches do not consider the effect of unwanted losses caused by
absorption and scattering. For high-Q cavities, such as considered, e.g., in Ref. [157], the
amount of these losses can be rather small and the corresponding contribution may seem
to be not significant. However, in such cavities unwanted losses are of the same order of
magnitude as the wanted losses associated with the transmittance of the coupling mirror
[158–160].

2.2 Complete model of unwanted noise

In this Section I will briefly discuss a generalization of quantum Langevin equation (2.1) and
input-output relation (2.2) to the case of cavities with absorption and scattering proposed in
Refs. [I, II, III, IV]. The first idea of how to treat unwanted losses in the quantum noise theory
consists in modifications of the original Hamiltonian in Refs. [118,148–150] by including the
bath related to the absorption oscillators and scattering modes. Let us assume that only
the intracavity field interacts with the bath. This results in a modification of the quantum
Langevin equation (2.1),

˙̂acav(t) = −
(
iωcav +

Γ

2

)
+ T (c) b̂in(t) +A(c) ĉin(t), (2.3)

where ĉin(t) is the input-noise operator of the absorption/scattering system, and coefficients
are related to each other as Γ = |T (c)|2 + |A(c)|2. In fact, the input-output relation resembles
Eq. (2.2) in this case. Such a model is equivalent to the introduction of an additional input-
output port for the cavity, such as it is done, e.g., for the two-sided cavity.

In realistic situations the absorption oscillators and the scattering fields also interact with
the external field. This results in the appearance of noise terms not only for the quantum
Langevin equation but also for the input-output relation. The complete model of a noisy
cavity [I, II] is then described by the quantum Langevin equation

˙̂acav = −
[
iωcav + 1

2Γ
]
âcav + T (c)b̂in (t) + Ĉ(c) (t) , (2.4)

and the input–output relation

b̂out (t) = T (o)âcav (t) +R(o)b̂in (t) + Ĉ(o) (t) . (2.5)

Here, the complex coefficients T (c), T (o), and R(o) characterize the injection of a pulse
into the cavity, extraction from the cavity, and reflection from the cavity, respectively. The
operators Ĉ(c) (t) and Ĉ(o) (t) satisfy the commutation rules,

[
Ĉ(c)(t1), Ĉ(c)†(t2)

]
=
∣∣∣A(c)

∣∣∣
2
δ(t1 − t2), (2.6)

[
Ĉ(o)(t1), Ĉ(o)†(t2)

]
=
∣∣∣A(o)

∣∣∣
2
δ(t1 − t2), (2.7)

[
Ĉ(c)(t1), Ĉ(o)†(t2)

]
= Ξ δ(t1 − t2), (2.8)

where A(c), A(o), and Ξ are complex absorption/scattering coefficients.
The set of coefficients ωcav, Γ, T (c), T (o), R(o),A(c), A(o), and Ξ characterizes leaky

cavities with unwanted noise. However, the requirement of preserving the commutation
rules, see [I, II], leads to the constraints for these coefficients,

Γ =
∣∣∣A(c)

∣∣∣
2

+
∣∣∣T (c)

∣∣∣
2
,
∣∣∣R(o)

∣∣∣
2

+
∣∣∣A(o)

∣∣∣
2

= 1, T (o) + T (c)∗R(o) + Ξ = 0. (2.9)
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These constrains define a manifold. Each realistic cavity is characterized by a certain point
on this manifold.

As it has been analysed in Ref. [II], the commutation relations (2.6), (2.7), and (2.8)
enable us to give a geometrical interpretation for the noise operators Ĉ(c) (t) and Ĉ(o) (t) as
complex vectors. This means that there exists a basis ĉ(k)

in , in which these vectors can be
expanded,

Ĉ(c)(t) =

n∑

k=1

A(c)
(k) ĉ

(k)
in (t) and Ĉ(o)(t) =

n∑

k=1

A(o)
(k) ĉ

(k)
in (t), (2.10)

were A(c)
(k) and A(o)

(k) play the role of the corresponding coordinates. The minimal dimension-
ality of this basis is n=2.

Figure 2.1: Complete and consistent replacement scheme, describing realistic cavities with
unwanted noise.

It is also convenient to use the dimensionality n = 3. In this case, the unwanted noise
can be modelled by internal cavity losses, by two beam splitters for the input and output
ports, and by a beam splitter which models a feedback. The obtained replacement scheme,
see Fig. 2.1, leads to the noise parameters in the form (2.10), with basis vectors ĉin, ĉ(1)

in , and
ĉ

(2)
in , respectively. All parameters of the realistic cavity in this case are expressed in terms of

beam-splitter parameters. This parametrization completely and consistently describes the
manifold given by Eq. (2.9).

In Refs. [III, IV], we have used the methods of the quantum field theoretical approach
[154] in order to derive the quantum Langevin equation and the input-output relation. As a
result we have obtained Eqs. (2.4) and (2.5) from first principles. This confirms the validity
of the proposed phenomenological result.

2.3 Noise-induced mode coupling

Here we briefly discuss the analysis of solutions of the quantum Langevin equation in Ref. [I].
We assume that the quantum state of the intracavity mode is generated at the zero point of
time. The input and output fields can be expanded with orthonormal functions (pulses or
nonmonochromatic modes), U in(out)

n (t1), as

b̂in(out)(t1) =
+∞∑

n=0

U in(out)
n (t1) b̂in(out);n , (2.11)

where b̂in(out);n are annihilation operators of an input (output) photon in the corresponding
nonmonochromatic mode. For our purposes we choose the following nonmonochromatic
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modes, see Fig. 2.2. First, we introduce the cavity-associated output mode (CAOM),

Uout
0 (t1) =

F ∗ (t1)√
ηext

, where F ∗ (t1) = T (o)e−(iωcav+ Γ
2 )t1Θ (t1) , (2.12)

i.e. the output-field pulse in which the intracavity mode is extracted; here

ηext =

+∞∫

−∞

dt1 |F (t1)|2 =

∣∣T (o)
∣∣2

Γ
(2.13)

is interpreted as the extraction efficiency. Second, we present the matched input mode
(MIM),

U in
0 (t1) = Uout

0 (t1) e−iϕ, (2.14)

which only contributes into the CAOM under the reflection from the cavity and differs from it
by a certain phase ϕ. Third, we consider the additional output mode (AOM),

Uout
1 (t1) =

√
Γeiχ (Γt1 − 1) e−(iωcav+ Γ

2 )t1Θ (t1) , (2.15)

in which the MIM is reflected additionally to the CAOM2. All other input and output modes
are chosen to span the orthogonal completion of these modes.

Figure 2.2: Nonmonochromatic modes of the external field: the cavity-associated output
mode (CAOM), the additional output mode (AOM), and the matched input mode (MIM).

The input output relations for the considered modes are given by

b̂out;0 =
√
ηext âcav(0) +

√
η

ref
b̂in;0 + Ĉ0, (2.16)

b̂out;1 =
√
ηref b̂in;0 +

+∞∑

m=1

G∗m,1 b̂in;m + Ĉ1, (2.17)

Here,

η
ref

=

∣∣∣∣∣
T (o)T (c)

Γ
+R(o)

∣∣∣∣∣

2

and ηref =

∣∣T (o)
∣∣2 ∣∣T (c)

∣∣2

Γ2
(2.18)

are the efficiency of the MIM reflection into the CAOM and the AOM, respectively.
Equation (2.16) describes the coupling of the intracavity mode and the input field in an

output mode of the cavity. This effect is only possible if η
ref
6= 0. As it follows from Eq.

(2.18), this efficiency is always zero for cavities, which do not have losses on absorption and
scattering. Therefore, unwanted losses introduce a coupling between intracavity and input
modes.

2See Ref. [I] for the explicit form of the phases ϕ and χ.
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2.4 Quantum-state extraction from the cavity

Let us consider a typical scenario of quantum-state extraction from the cavity, see Ref. [V].
A quantum state of the intracavity mode is generated at the zero time point. Then this
mode leaks out of the cavity through the semitransparent mirror in the CAOM, and becomes
available for further manipulations. In this case the input field is assumed to be in the vacuum
state.

We rewrite Eq. (2.16) as

b̂out;0 =
√
ηext âcav(0) +

√
1− ηext ĉ, (2.19)

where ĉ combines the input field, scattering modes, and absorption oscillators being in the
vacuum state. This equation completely resembles Eq. (1.14), which describes linear at-
tenuation. Hence, input-output relations for the P function and the Wigner function between
the intacavity mode and the CAOM are given by Eqs. (1.15) and (1.16), respectively, with
T =

√
ηext.

This means that the nonclassicality with respect to the P function will be preserved for
all cavities. In other words, experiments involving unbalanced homodyne detection or pho-
tocounting may demonstrate results, which are impossible to explain in the framework of
classical theory. However, the nonclassicality with respect to the Wigner function appears
to be more fragile. This is why some experiments with nonclassical light in the cavity, which
involve the balanced homodyne detection, can still be explained by a classical theory.

For example, the Wigner function of the single-photon state is always positive semi-
definite for ηext ≤ 1/2. Because absorption/scattering losses are of the same order of mag-
nitude as losses associated with the transmittance through the coupling mirror [158–160],
the efficiency ηext, see Eq. (2.13) together with Eq. (2.9), can be of order 1/2. Therefore,
the nonclassicality for the Wigner function of the single-photon state is a hardly accessible
task with presently available technologies.

2.5 Quantum endoscopy without atoms

The noise-induced mode coupling, which is described by Eq. (2.16), can be used for
quantum-state reconstruction of the intracavity field. This proposal has been considered
in Ref. [I]. We prepare the MIM in a coherent state and use it as a local oscillator for the
intracavity mode. The CAOM in this case includes a combination of quantum states from the
intracavity mode and the local oscillator. This can be used for quantum-state reconstruction
with unbalanced homodyne detection [113,114], see also Sec. 1.6.

The problem is that the reflected pulse also includes the AOM. In practice, it is difficult
to filter out this mode, since the spectral characteristics of the CAOM and the AOM are very
similar, see Ref. [I]. In order to overcome this problem, we propose to use the related scheme
of cascaded homodyne detection [161] for local sampling of the Cahill-Glauber distribution.
In this case, the balanced homodyne detection is used for the reconstruction of photon-
number statistics [162, 163]. Therefore, the scheme of cascaded homodyne detection, see
Fig. 2.3, includes two local oscillators. The first one, LO1, is prepared as the MIM. This pulse
is reflected from the cavity. The second one, LO2, is prepared in the form of the CAOM. This
local oscillator is phase randomized, i.e. it does not need a proper phase control. This form
of the local oscillator in the balanced homodine detection scheme enables one to completely
exclude the influence of the AOM on the measured photon-number statistics.

The phase-space distribution of the intracavity mode, Pcav(α; s), is locally reconstructed
as, cf. [161],

Pcav(α; s) =

∫ +∞

−∞
dxS (x; s, η) p(x;α), (2.20)
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Figure 2.3: Cascaded homodyne detection of the intracavity mode.

where p(x;α) is the measured quadrature distribution,

S (x; s, η) =
η

π [η(1− s)− 1]
f00

(
x√

η(1− s)− 1

)
, (2.21)

and f00(x) = 2 − 4xe−x
2 ∫ x

0 dt et
2
. The phase-space variable α is related to the amplitude

of the LO1 β as α = −
√
η

ref
/ηext β. This equation also assumes the loss compensation

during the quantum-state extraction and phtotodetection, such that η = ηextηc with ηc being
the detection efficiency.

The proposed scheme enables one to provide a quantum endoscopy. The approach in
Ref. [146], which deals with the same problem, assumes the usage of atoms crossing the
intracavity field. Instead of atoms, we propose to use the light field for probing the quantum
state of the intracavity mode. Our scheme utilizes the effect of noise-induced mode coupling
for interfering the intracavity mode with the local oscillator.

2.6 Reconstruction of cavity parameters

The proposed theoretical description of leaky cavities with unwanted noise assumes that the
cavities are characterized by a set of parameters. These parameters have been obtained
from first principles in Refs. [III, IV]. The parameters such as the free spectral range (FSR),
the cavity-decay rate Γ, and the Q-factor are measured with transmission of light through
the cavity [158, 164]. Another technique consists in the usage of squeezed states of light
[165]. Here we discuss the procedure proposed in Ref. [VI], which enables to reconstruct
the parameters characterizing the cavities.

Due to the constraints (2.9), only the parameters ωcav, Γ, T (o), T (c), and R(o) completely
characterize the cavity. We assume that ωcav is already known. We also suppose that the
FSR, characterizing the distances between neighbouring intracavity modes, is also mea-
sured independently.

The idea of measuring the parameters is based on the reflection of the test pulses (TP)
of the form

U in
0 (t1) =

√
Γ(k)e

−
(
iωcav+ Γ(k)

2

)
t1
eiϕ

(k)
Θ(t1) (2.22)

from the cavity. The TPs are reflected into the CAOM, cf. Eq. (2.12) and into the AOM with
the efficiencies η(k)

ref and η(k)
ref , respectively. The particular form of the AOM is not relevant for

our consideration. The total reflection efficiency is η(k)
ref = η

(k)
ref + η

(k)
ref . The cavity parameters

are reconstructed with a four-step measurement.
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At the first step, one uses the TP with Γ(k) satisfying the condition Γ � Γ(k) � FSR.
In this case η

(k)
ref = |R(o)|2. The phase of R(o) also corresponds to the phase of the total

reflected pulse. Hence, by measuring the total efficiency of the reflection and the corre-
sponding phase, we reconstruct the value of the cavity reflection coefficient R(o).

At the second step, one measures two efficiencies, η(k)
ref , k = 1, 2 for the TP’s character-

ized by Γ(k). From this measurement we get the cavity-decay rate

Γ =
Γ(2)

(
η

(2)
ref −

∣∣R(o)
∣∣2
)
− Γ(1)

(
η

(1)
ref −

∣∣R(o)
∣∣2
)

η
(1)
ref − η

(2)
ref

. (2.23)

Also from the measurement results we evaluate another parameter

D = Γ
(

Γ + Γ(k)
)(

η
(k)
ref −

∣∣∣R(o)
∣∣∣
2
)
, (2.24)

which will be used in the next step.
At the third step, we apply the procedure of balanced homodyne detection with the local

oscillator being in the CAOM in order to measure the efficiency of reflection into CAOM, η(k)
ref .

The cavity decay rate needed for the knowledge of the CAOM is supposed to be measured at
the previous stage. Without loss of generality, we can consider Γ(k) = Γ. This measurement
enables us to reconstruct T (o)T (c). Its absolute value is given by

|T (o)|2|T (c)|2 =
D

2
+ Γ2

(∣∣∣R(o)
∣∣∣
2
− η

ref

)
, (2.25)

and the phase

arg T (o)T (c) = arccos
D − 4|T (o)|2|T (c)|2

4Γ|T (o)||T (c)| − argR(o). (2.26)

With the forth step of the measurement, we have to separate T (o) and T (c). In general,
it is impossible to do this with the reflection only. The value of T (o) can be obtained by
measuring the efficiency and the corresponding phase for the pulse extracted from the cavity.
This gives a possibility to evaluate also T (c) by using the value of T (o)T (c) evaluated at the
previous step.

2.7 Summary

To summarize this section, we note that based on the quantum noise theory we provide
the complete description for leaky cavities with unwanted noise. The obtained results are
consistent with our parallel consideration of this problem in the framework of the quantum
field theory approach. Particularly, we derived the quantum Langevin equation and the input-
output relations describing such realistic cavities. The values of the cavity parameters are
calculated from first principles via the quantum field theory approach. We also propose an
operational procedure, which enables one to measure these parameters.

In many experimental situations the extraction of the quantum state of light generated
in the cavity is important. We have shown that for high-Q cavities the efficiency of such an
extraction can be of the order of 50%. This means that the extracted pulse always preserves
the nonclassicality with respect to the P function. However, the nonclassicality with respect
to the Wigner function will be lost in many experimental scenarios.

We have also considered the reflection of pulses from the cavity. From this consideration
we have found that the coupling between the intracavity mode and the input pulse is only
possible in the case of cavities with absorption/scattering losses. We proposed to use this
effect for the local quantum-state reconstruction of the intracavity mode.
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3 Imperfect photodetection

In this chapter, a brief review of my publications [VII,VIII,IX,X] and the preprint [XXI] is given.
These works are devoted to the imperfect and noisy photodetection, which is an important
measurement procedure in quantum optics. My contribution to these works consists in

• Publications [VII,X] – discussions of the main idea, analytical calculations, discussions
of the results;

• Publication [VIII] – discussions of the main idea, discussions of methods, discussions
of the results;

• Publication [IX] – discussions of the main idea, numerical simulations of data, discus-
sions of numerical methods, analytical calculations, discussions of the results;

• Preprint [XXI] – discussions of the main idea, part of the analytical calculations, nu-
merical simulations, discussions of the results.

3.1 State of the art

Photoelectrical detection of light is a key measurement procedure, which is used in quantum-
optical measurements. The quantum theory of photodetection [56,57] states that the POVM
[cf. Eq. (1.2) and the corresponding discussions] of counting n photons in the most ideal
situation is a projector on the related Fock state,

Π̂n = |n〉 〈n| =:
n̂n

n!
exp (−n̂) :, (3.1)

where n̂ = â†â is the photon-number operator and : · · · : denotes normal ordering. However,
not all photons of the incoming radiation are counted by detectors. Some of them are missed
for different reasons, for example, due to reflection of light from the detector surface. All
these losses can be effectively modelled with a replacement scheme, which includes an
effective beam splitter prior to an ideal detector. The field at the second port of the detector
is assumed to be in the vacuum state. As a result the photodection POVM reads

Π̂n =:
(ηn̂)n

n!
exp (−ηn̂) :, (3.2)

where η is the detection efficiency.
There exist several proposals for the compensation of losses in photodetection. The

method of active compensation assumes preamplification of the signal [166, 167]. Another
idea consists in numerical compensation of losses [168–170]. The corresponding methods
require advanced mathematical techniques since this task is an example of the so-called
ill-posed problems [171].

Another problem of photocounting detection is given by noise counts originating from the
detector dark counts and stray light. Although a consistent theory of this phenomena for the
classical light has been considered in 1969, cf. Refs. [172, 173], it was not adapted to the
case of quantum light. In some later proposals, the model of dark counts with a single-mode
thermal state at the second port of the effective beam splitter has been considered [174].
However, this theory is not in agreement with experiments since noise counts demonstrate
clear Poissonian statistics, which significantly differs from the statistics of single-mode ther-
mal states. An alternative suggestion uses phase-randomized coherent states in the second
port of the effective beam splitter [175]. However, this idea leaves an open question about
the physical backgrounds of such noise. To my best knowledge, only in Ref. [170] an ad-hoc
quantum model of noise counts has been considered, which is consistent with experimental
data and with earlier considerations for classical light in Refs. [172,173].
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In this chapter, I also refer to another problem of realistic photodetection. For most
realistic detectors, it is hard to discriminate between adjacent photon numbers. Such on/off
detectors may only distinguish between presence and absence of photons. If the source of
light is weak enough, one may assume, that one click of the detector corresponds to one
detected photon. This technique is applied for the realisation of the BB84 protocol [17] and
similar single-photon QKD protocols, including the decoy-state protocol [21]. In such a case,
one should apply special methods, so-called squash models [176–178], for correct mapping
between infinite- and finite-dimensional Hilbert spaces related to the field mode and the
measurement outcomes, respectively. A similar situation takes place for the realization of
the E91 protocol [23] and other protocols based on checking the Bell inequalities including
device-independent protocols [24, 25]. In practice, for checking the Bell inequalities, see
e.g. [89,90], one usually uses light pulses, which include more than one photon [179,180].

In order to operate on/off detectors with light that contains more than one photon, dif-
ferent experimental techniques have been proposed. One of them assumes temporal [181–
183] or spatial [184–187] splitting of light and then detecting each part with an on/off detec-
tor [188], see Fig. 3.1. The theory of such detectors has been formulated by Sperling, Vogel,
and Agarwal [189]. See also [190–193] for more discussions about this theory. The number
of clicks of such detectors, which are usually referred to as click detectors, is an observable
value. This value can be described by the POVM

Π̂n = :

(
N

n

)[
1̂− exp

(
− n̂
N

)]n
exp

(
− n̂
N

)N−n
:, (3.3)

where N is the number of on/off detectors in the array, n = {0, N} is the number of clicks.
For this equation, we have assumed the unit efficiency and absence of dark counts.





Signal

Vacuum

U(N) N

..
.

Vacuum

Figure 3.1: The scheme of click detectors. The initial signal is split in N beams, each of
them is sent to the corresponding on/off detector.

A practical realization of local quantum-state reconstruction with unbalanced homodyne
detection [113, 114], cf. also Sec. 1.6, requires very special conditions [115]. Two ap-
proaches to overcome this problem have been discussed in the literature. The first one
proposes to reconstruct the click counterpart of the Cahill-Glauber distribution [194, 195];
see [196] for its experimental realization. Another approach [116] utilizes the technique of
fitting of data patterns [197].

3.2 Dark counts and stray light

In this section, I will briefly present results of Ref. [VII], which also uses the results obtained
in Ref. [VIII]. The main purpose of this consideration is to find the POVM of the photo-
counting theory, which generalizes Eq. (3.2) to the case of non-zero noise counts. As it
was mentioned above, the simple beam-splitter model with thermal or phase-randomized
coherent noise [174,175] yields no acceptable results.

Our idea is based on the observation reported in Refs. [56, 198, 199] that multimode
thermal light is characterized by Poissonian statistics of photocounts. As that we assume
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a multimode thermal noise at the second port of the effective beam splitter, see Fig. 3.2.
Specifically, we suppose that the noise port is irradiated by µ modes of thermal radiation
each of them consists ν/µ thermal photons3. Only one thermal mode is considered to be
interfered with the signal field; see Ref. [VII] for a more general case.

Figure 3.2: The model of a detector with losses and noise counts. Losses are modelled by
a beam-splitter. However, the second port of the beam-splitter is irradiated by µ modes of
thermal light. One of these modes interferes with the signal.

Using the mathematical tool considered in Ref. [VIII], we have obtained the POVM for
single-mode thermal noise. Including the rest of µ− 1 non-interfered modes in the obtained
result, we get for the POVM of the detector

Π̂n =

(
ν
µ

)n

(
1 + ν

µ

)n+µ : exp

(
− η

1 + ν
µ

n̂

)
Lµ−1
n


− η

ν
µ

(
1 + ν

µ

) n̂


 :, (3.4)

where Lmn (x) is the generalized Laguerre polynomial. The number of thermal modes can be
approximately evaluated as µ ≈ ∆ωτ , where ∆ω is the bandwidth of heat bath and τ is the
detection time. For the most practical applications in the optical domain, µ is large such that
ν/µ� 1. However, in the microwave domain this condition may not be satisfied.

In the limit ν/µ→ 0, the POVM (3.4) becomes

Π̂n =:
(ηn̂+ ν)n

n!
exp [−ηn̂− ν] : . (3.5)

The first important consequence of this equation is that the interference between signal and
noise completely disappears. Hence, the noise counts represent an additive Poissonian
noise. This fact was considered in Ref. [170] as an ad-hoc assumption. The parameter ν
is the mean number of noise counts during the detection time τ , i.e. the intensity of noise
counts. If we now apply the rule (1.2) to Eqs. (3.4) and (3.5) for a coherent state of light, we
get the result obtained in Refs. [172,173].

An interesting consequence of this consideration is the effect of noise counts on the
sub-Poissonian statistics of photocounts. We consider the relation between the Mandel Q-
parameters (1.6) without losses and noise, Qin, and with them, Qout,

Qout =
η2〈n〉

η〈n〉+ ν
Qin. (3.6)

It is clearly seen that the initially sub-Poissonian light with Qin < 0 is characterized by sub-
Poissonian statistics of photocounts because in this case Qout < 0. However, the amount of
this negativity is diminished.

3For the sake of compatibility with other parts of the thesis, the notations differ from that in Ref. [VII].
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3.3 Reconstruction of photon-number statistics

In Ref. [IX], we have presented a method, which enables one to compensate the effect of
losses and noise in the measured photocounting statistics. We will distinguish between the
photocounting statistics, %n, recorded by a detector with the efficiency η and noise-count
intensity ν, and the photon-number statistics, pn, obtained with POVM (3.1), i.e. without
losses and noise4. These probability distributions are related to each other as [VII, IX,170]

%m =

+∞∑

n=0

Tm
npn, (3.7)

with

Tm
n = e−ννm−nηn

n!

m!
Lm−nn

(
ν(η − 1)

η

)
(3.8)

for m ≥ n and

Tm
n = e−ν(1− η)n−mηm Ln−mm

(
ν(η − 1)

η

)
(3.9)

for m ≤ n.
Equation (3.7) can be analytically inverted [IX, 170], which gives a formal solution of

the problem. However, this approach appears to be not practical since small experimental
inaccuracies for the photocounting statistics, %n, result in large errors for the photon-number
statistics, pn. This equation represents a typical ill-posed problem [171].
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Figure 3.3: The numerically simulated photocounting statistics, %n, (asterisks) and the
reconstructed photon-number statistics (triangles) of the SPATS are shown. The circles
correspond to the theoretically-predicted photon-number statistics. For details see the text.

The regularization of the ill-posed problem consists in finding the minimum of the L2
discrepancy of Eq. (3.7) for the given %m, which satisfy some additional conditions including
pn ≥ 0,

∑+∞
n=0 pn = 1. This problem was resolved by us with the method of projected

Landweber iterations [200–202]. The method demonstrate good results also for the case of
imperfect knowledge of the matrix Tmn, for example, when the efficiency, η, or noise-count
intensity, ν, are known with an error.

In order to check the method, we have performed numerical simulations. First, we sim-
ulate the photocounting statistics, %n, for some quantum states. Second, we apply the

4For the sake of compatibility with other parts of the thesis, the notations differ from that in Ref. [IX].
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Landweber projected iterations by assuming an error for parameters η and ν. The re-
constructed photon-number statistics, pn, is compared with the corresponding theoretically-
predicted statistics.

The result for the example of a SPATS [53, 203] is shown in Fig. 3.3. We have used the
state with the mean number of thermal photons n̄th = 10. The photocounting distribution,
%n, is simulated with 5× 103 sampling events for η = 0.7764, ν = 0.748. The photon-number
distribution pn is reconstructed with η̃ = 0.77, ν̃ = 0.75. This result is in a good agreement
with the theoretically-predicted photon-number distribution.

3.4 Beating the Tsirelson bound

Here, we discuss an interesting consequence from the impossibility of detectors to distin-
guish between different adjacent photon numbers. This result is presented in Ref. [X]. We
consider a typical scheme for testing Bell nonlocality, see Fig. 3.4. The source, S, irradiates
photon pairs in a special polarization state. Each pair is analysed by Alice (A) and Bob (B)
with polarization analysers. The polarization analyser includes the half-wave plate (HWP),
which rotates the polarization by an angle θA (θB), polarization beam splitter (PBS), and
two detectors DTA(B)

and DRA(B)
. For the given angle θA(B) we associate the value of the

corresponding observable σA(B) = +1 if the photon registered by the detector DTA(B)
and

σA(B) = −1 in the case of the detector DRA(B)
. I refer to Sec. 1.3 for more details about

the used notations. An important point is that we discard all other events such as no- and
double-clicks at both detectors on one side.

Figure 3.4: An experimental setup for checking the Bell nonlocality in optical experiments
is shown. See the text for more details.

Let us consider the parametric down-conversion (PDC) source, which generates the
state [179,180]

|Ψ〉 = (cosh ξ)−2
+∞∑

n=0

√
n+ 1 tanhn ξ |Φn〉 , (3.10)

where ξ is the squeezing parameter and

|Φn〉 =
1√
n+ 1

n∑

m=0

(−1)m |n−m〉HA
|m〉VA

|m〉HB
|n−m〉VB

. (3.11)

The indices HA(B) and VA(B) correspond to the horizontally and vertically polarized modes,
respectively. We have calculated the coefficients E (θA, θB), cf. Eq. (1.10) taking into ac-
count that no- and double-click events are discarded. The result is substituted in the Bell
parameter (1.9) for which we are looking for the maximal value with respect to the parame-
ters θ(1)

A , θ(2)
A , θ(1)

B θ
(2)
B .

The result is presented in Fig. 3.5. Using on/off detectors we observe violations not
only for the classical bound B = 2 but also for the Tsirelson bound of quantum theory,
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BQ = 2
√

2. However, the result still does not beat the non-signalling bound, BNS = 4. The
effect disappears when the detectors can distinguish between numbers of photons and we
additionally discard all the events with more than one detected photon. This means that
the violation of the Tsirelson bound is related to the impossibility of discriminating between
different numbers of photons.

(a)
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Figure 3.5: Maximal value of the Bell parameter, B, for on-off (solid lines) and photon-
number-resolving (dashed lines) detectors as the function of the squeezing parameter
tanh ξ. The noise-count intensity is ν = 10−6; the detection efficiency is (a) η = 0.9, (b)
η = 0.6, and (c) η = 0.4.

Of course, this result cannot be interpreted as witnessing the post-quantum physics be-
cause all calculations have been made in the framework of quantum theory. Similar effects
have been discussed in the literature [204–206], and one of them has been experimentally
tested [207]. We have discussed for the first time that this effect is observed with a typical
scheme. The key point here is discarding the double-click events. Such a scenario leads
to a security loophole when one applies it in QKD protocols. The above mentioned squash
model [176–178] assumes that we should ascribe a random bit to each double-click event.
In such a case the violation of the Tsirelson bound disappears.

3.5 Geometrical model of photocounting

In this section, I will give a brief review for the main results of Ref. [XXI]. We consider a
method for the estimation of mean values of observables, which are functions of the photon-
number operator, B̂ ≡ B(n̂), based on measured data obtained from the click detectors.
This result has many applications listed in [XXI]. One of them is the possibility to use click
detectors for local quantum-state reconstruction with unbalanced homodyne detection [113–
115], see also Sec. 1.6.

The main idea of the geometrical model of photocounting consists in the fact that the
spectral resolution,

B̂ =
+∞∑

n=0

B(n) |n〉 〈n| , (3.12)

can be interpreted as the resolution of B̂ with respect to the basis |n〉 〈n|. The set of projec-
tors |n〉 〈n| corresponds to the POVM for ideal photodetection, cf. Eq. (3.1). This basis is or-
thonormal with respect to the Hilbert-Schmidt (HS) scalar product, that is Tr

(
Π̂nΠ̂m

)
= δnm.
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This is why the coefficients B(n) = Bn can be considered as coordinates of a vector asso-
ciated with the operator B̂.

The POVM of the click detectors (3.3) does not form such an orthonormal basis. More-
over, in the most general case it does not span the entire space of the considered class of
observables. This means, that the resolution similar to Eq. (3.12) for this case is given by

B̂ =
N−1∑

n=0

BnΠ̂n + R̂. (3.13)

Here Bn is the so-called contravariant coordinate of the observable and R̂ is the orthogonal
completion to the space spanned by the POVM (3.3). The term with n = N is excluded from
the consideration since it can be uniquely expressed via other operators of POVM. As it is
shown in Ref. [XXI], this term does not contribute to the sum.

The contravariant coordinates can be obtained by the standard methods of analytical
geometry, see e.g. [208,209]. For this purpose, we introduce the basis of the operators Π̂m,
which form the contravariant operator-valued measure (COVM), such that

Tr(Π̂nΠ̂m) = δnm. (3.14)

The contravariant coordinates are given by

Bn = Tr(Π̂nB̂). (3.15)

By averaging over Eq. (3.13), we find the rule for evaluating the mean value 〈B̂〉,

〈B̂〉 =

N−1∑

n=0

Bn%n + 〈R̂〉, (3.16)

where %n is the experimentally-reconstructed click-counting statistics and 〈R̂〉 is the system-
atic error. The rules for evaluating the latter are discussed in Ref. [XXI].

We apply this method for a local quantum-state reconstruction with unbalanced homo-
dyne detection. After the displacement of the initial state by combining it with a weak local
oscillator, we reconstruct the mean values of the operator P̂ (α; s), cf. Eq. (1.17) with the
rule (3.16). Our estimation demonstrates that an acceptable result can be obtained even for
small values of α for some positive values of the parameter s, which is usually a hard task.

In order to test the method, we perform a numerical simulation. First, we simulate the
displaced click statistics with 105 sampling events for a squeezed-vacuum state with the
squeezing parameter ξ = 0.8. We assume a click detector with N = 8, the detection ef-
ficiency η = 0.7, and no dark counts, ν = 0. Second, we use the simulated data for the
reconstruction of the Wigner function (s = 0) and the Cahill-Glauber distribution with s = 0.2.
The results are shown in Fig. 3.6. From this simulation, we conclude that acceptable results
are obtained for the Wigner function as well as for small values of α for distributions with
s > 0.

3.6 Summary

In this chapter, we considered realistic scenarios of photocounting as well as the effect of
different inherent imperfections on nonclassical properties. First, we presented a consistent
description of dark-count and stray-light noise. Our model of multimode thermal radiation
explains the Poissonian statistics of noise counts and the additive character of the corre-
sponding noise. We obtained the corresponding POVM, which includes the intensity of noise
counts as an additional parameter. Also, we have found that noise counts can not destroy
the sub-Poissonian character of the statistics completely. However, the amount of negativity
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Figure 3.6: The theoretical (dashed lines) and reconstructed from the simulated data (solid
lines) Cahill-Glauber phase-space distributions with (a) s = 0 [Wigner function, W (α)] and
(b) s = 0.2 [the distribution P (α; 0.2)] for squeezed vacuum for (i) Imα = 1 and (ii) Imα = 0.

of the Mandel Q parameter can be diminished. We have also considered a numerical tech-
nique, which enables one to reconstruct the photon-number statistics from lossy and noisy
photocounting statistics.

Furthermore, we have studied the impossibility to discriminate between adjacent photon
numbers. In optical tests of Bell nonlocality, this feature may result in surprising violations
of Bell inequalities beyond the quantum Tsirelson bound. This phenomenon shall not be
considered as a witnessing of post-quantum physics. The effect takes place only in the case
of discarded double-click events. Such a discarding represents a security loophole while
applying the Bell test for QKD protocols.

Finally, we also addressed the reconstruction of mean values of observables based on
the data obtained from click detectors. This appears to be possible with the suggested
procedure, which uses the basic analogy between quantum measurements and analytical
geometry. We have applied this method to the local quantum-state reconstruction with un-
balanced homodyne detection. Numerical simulations have demonstrated the applicability of
the proposed technique also in the case of positive values of the Cahill-Glauber s parameter.
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4 Quantum channels in the turbulent atmosphere

In this chapter I give a brief review of publications [XI,XII,XIII,XIV,XV,XVI,XVII,XVIII,XIX,XX],
which are devoted to the quantum theory of the atmospheric communication channels. My
contributions in these publications are

• Publications [XI, XVI] – discussions of the main idea, analytical calculations, discus-
sions of the results;

• Publications [XII, XIV, XVIII, XIX] – discussions of the main idea, part of analytical cal-
culations, discussions of the results;

• Publications [XIII,XV,XX] – discussions of the main idea, discussions of the results;

• Publication [XVII] – discussions of the main idea, part of numerical simulations, dis-
cussions of the results.

4.1 State of the art

Free-space quantum channels have a number of practical advantages for establishing quan-
tum communication. First, one should note their flexibility — that means a possibility of the
communication through hardly-accessible regions, in regions without fibre networks, and
also with moving objects. Second, free-space channels open the intriguing perspective of
establishing the satellite-mediated quantum communication, also on global scales. More-
over, free-space links can be used for other tasks such as improving global timekeeping sys-
tems [210] and interferometric telescopes [211]. They can also be applied for fundamental
experiments, testing relativistic and gravitational effects in the quantum domain [212–214].

There exists a number of implementations, which demonstrate the feasibility of QKD
protocols in free-space channels. Horizontal links have been tested for relatively short
distances [215–220] as well as for long, more than 100km, channels [89, 90, 221–224].
In the last years an impressive progress in the satellite-mediated quantum communica-
tion [91,225–236] has been achieved.

Atmospheric turbulence is the main disturbance factor for free-space channels. Classical
optics of the turbulent atmosphere is a well-developed field of the research since the 1960’s,
see, e.g., Refs. [237–242]. Also, the classical-light propagation in the presence of haze,
rain, and fog has been well studied [238, 243–251]. In earlier works [252–255], a model of
log-normal intensity modulation for quantum light passing through the atmosphere has been
proposed. Unfortunately, this theory exhibits some contradictions with fundamental laws of
quantum physics. Its direct application may lead to unphysical results like creation of photons
by the atmosphere [254]. Another approach proposed by Chumak et al. in Refs. [256–261]
introduces a quantum distribution function of photons. This method satisfies all requirements
of the quantum theory, and it appears to be especially useful for considering the effects for
which the spatial or wave-vector structure of light modes is important.

The free-space QKD implementations can be subdivided in two big groups. One group
includes QKD protocols, which use the spatial structure of optical modes by measuring, e.g.,
optical angular momentum [262]. This approach uses the spatial degrees of freedom of a
radiation mode. It was demonstrated that this technique can also be practically applicable
for free-space quantum communications [263–266].

In my habilitation thesis, I address another group of communication schemes, which
use photocounting, homodyne detection, and polarization analysis. The idea of homodyne
detection in atmospheric channels has been proposed and implemented in Refs. [267,268].
Based on this idea quadrature squeezing has been transferred in a 1.6km channel [217].
Bell nonlocality has also been experimentally checked in a 144km channel [89, 90] and in
a satellite-mediated 1200km channel [91]. The theoretical description of these experiments
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as well as other ideas for quantum schemes in free-space channels are discussed in this
chapter.

4.2 Fluctuating-loss channels

In this section, I will discuss the results of Ref. [XI]. To our best knowledge this is the first
theoretical proposal which correctly describes quantum effects in the free-space channels.
From the viewpoint of quantum-optical implementations, free-space links are linear lossy
channels, which can be described with the methods presented in Sec. 1.5. An important
feature of such channels is the fact that the transmission coefficient T is a random vari-
able. This means that quantum-state input-output relation requires an additional averaging.
For example, in the Glauber-Sudarshan P representation the input-output relation (1.15) is
rewritten as

Pout(α) =

∫

|T |2≤1
d2T P(T )

1

|T |2Pin

(α
T

)
. (4.1)

Here Pin/out(α) is the P function of the input/output state and P(T ) is the probability dis-
tribution of the transmission coefficient (PDTC), which is the main characteristics of the
atmospheric channel.

Equation (4.1) is the starting point for the research presented in this chapter. The analy-
sis of quantum properties of light passing through such a fluctuating-loss channel is reduced
to two main problems:

• Find an explicit form of the PDTC. According to the Ehrenfest theorem [269], the PDTC
has the same form in classical and quantum optics. Hence, this problem can be re-
solved with the methods of classical optics.

• Analyse nonclassical (quantum) properties of the output state based on the given
PDTC.

In the most of practical applications, one uses phase-insensitive measurements. More-
over, even the balanced homodyne detection can be designed in such a way, that the de-
phasing is negligible5 [XVI, 267, 268]. This means that we can consider only the real trans-
mission coefficient T =

√
η, where η is the transmission efficiency (transmittance). In this

case, the input-output relation (4.1) is reduced to

Pout(α) =

1∫

0

dηP(η)
1

η
Pin

(
α√
η

)
, (4.2)

where P(η) is the probability distribution of the transmittance (PDT). Applying this equa-
tion to the photocounting problem of output light, one gets an equation, which resembles
considerations in Refs. [252–255]. The difference is that the support of the corresponding
probability distribution in those approach is η ∈ [0,+∞). The unphysical values of η > 1
result in inconsistencies similar to creation of photons by the atmosphere [254].

4.3 Probability distribution of the transmittance

In this section, I will review the models of the PDT, which we proposed in Refs. [XII, XIII,
XIV, XV]. As mentioned, this part of the problem is resolved by methods of classical optics.
We consider a Gaussian beam transmitted through the atmosphere in the direction of the
axis z. The atmospheric turbulence randomly destroys the initial beam shape and randomly

5Nevertheless, see Ref. [XI] for discussing the case of dephasing.
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deviates the beam centroid. Only a part of the beam passes through the aperture at the
receiver point z = L. The corresponding transmission efficiency reads as

η=

∫

A
d2r I(r;L), (4.3)

where A is the aperture area and I(r;L) is the intensity normalized in the r = {x, y} plane.
We assume that the effect of the atmosphere is reduced to the beam wandering and to

random deformations of the beam in the elliptic form. With this assumption the intensity at
the aperture plane is given by

I(r;L) =
2

π
√

detS
exp
[
−2(r−r0)TS−1(r−r0)

]
, (4.4)

with r=(x y)T. Here r0 = (x0 y0)T are the coordinates of the beam centroid and the matrix
S characterizes the spot shape. This matrix is uniquely defined by the set

{
W 2

1 ,W
2
2 , φ

}
,

where W 2
i are squared semiaxes of the ellipse and φ is the angle between W1 and x.

By using the approximation method proposed in Refs. [XII, XIV] (see Ref. [XIII] for more
mathematical details), we have been able to find an analytical approximation for the inte-
gral (4.3) after substituting the intensity (4.4). Therefore, the aperture transmittance can be
considered as a function, η (v, φ), of the random vector v=

(
x0 y0 Θ1 Θ2

)T and the angle φ.
Here W 2

i =W 2
0 exp Θi are parameters characterizing the beam shape, and W0 is the initial

beam-spot radius. We assume that φ is uniformly distributed. For the vector v we assume
the Gaussian distribution ρG(v;µ,Σ) with the mean µ and the covariance matrix Σ. For
the cases of weak-to-moderate and strong turbulences we have found the analytical expres-
sions for µ and Σ by using the Huygens-Kirchhoff method and the Kolmogorov turbulence
spectrum [270–273]. With such assumptions the PDT is given by [XIV]

P (η) =
2

π

∫

R4

d4v

π/2∫

0

dφ ρG(v;µ,Σ)δ [η−η (v, φ)] . (4.5)

The integral in this expression can be numerically evaluated with a Monte Carlo method.
In the case when the beam does not change its shape, which happens for the weak

turbulence, only beam wandering contributes to the PDT. In this case the integral in Eq. (4.5)
can be analytically evaluated and the PDT is reduced to the log-negative Weibull distribution
[XII],

P(η)=
R2

σ2λη

(
ln
ηo
η

) 2
λ
−1

exp
[
− 1

2σ2
R2
(

ln
ηo
η

) 2
λ
]
, (4.6)

for η ∈ [0, ηo], and P(η) = 0 else. Here

ηo = 1− exp
[
−2

a2

W 2

]
. (4.7)

is the maximal transmittance, a is the aperture radius, W 2 ≡ 〈W 2
1,2〉, the parameters R and

λ are certain functions of a and W , cf. Ref [XII], and σ2 is the beam-wandering variance.
A similar consideration for the first two moments of the intensity of classical light has been
investigated in Ref. [274].

In the case of weak-to-moderate turbulence, the PDT can be compared with the exper-
imental data obtained in the 1.6km channel in the city of Erlangen [275], see Fig. 4.1(a).
The data are fitted well with our elliptic-beam model and somewhat worse with the beam-
wandering model. The truncated log-normal model is completely failing in this case.

As it has been demonstrated in the experiments over the 144km channel on the Canary
Islands, see Ref. [223], the PDT in the case of strong-turbulence channels has a form that
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(a) (b)

Figure 4.1: Different models of the PDT are shown: beam-wandering, elliptic-beam, and
log-normal. (a): The case of weak-to-moderate turbulence for the 1.6km channel is com-
pared with the experimental data (shaded area), see Ref. [275]. (b): The case of locally
strong turbulence for the 2km channel is presented. See Ref. [XIV] for more details about
the parameters.

resembles a truncated log-normal distribution. We consider a short-distance channel, which
can still be described by the Kolmogorov turbulence spectrum, with strong local turbulence.
Such conditions can be realized in a hot summer day. The corresponding PDT is shown in
Fig. 4.1(b). The elliptic-beam PDT in this case is in a very good agreement with the truncated
log-normal model. At the same time, the beam-wandering PDT shows a completely different
behaviour.

Therefore, in the case of strong-turbulence channels, the PDT demonstrates a good
agreement with the truncated log-normal model, which is given by

P(η) =
1

ηF (1)σ
√

2π
exp


−

(
ln η + µ

)2

2σ2


 . (4.8)

Here F (x) is the cumulative probability distribution of the log-normal distribution. The pa-
rameters σ and µ are related to the first two moments of η as

σ2 ≈ ln
〈η2〉
〈η〉2 and µ ≈ − ln

(
〈η〉2√
〈η2〉

)
. (4.9)

In turns, these moments are given by

〈η〉=
∫

A
d2rΓ2(r;L) and 〈η2〉=

∫

A
d2r1

∫

A
d2r2 Γ4(r1, r2;L), (4.10)

where Γ2(r;L) = 〈I(r;L)〉 and Γ4(r1, r2;L) = 〈I(r1;L)I(r2;L)〉 are the field correlation
functions, which are evaluated by methods of classical atmospheric optics [238–242, 270–
273]. These modifications of the standard log-normal distribution fix the problem in Refs.
[252–255] such that the PDT (4.8) is applicable in the quantum domain.

Apart from geometrical losses related to the finite size of the receiver aperture, the light
beam also suffers from the losses related to absorption and scattering. This is especially
clear for diverse weather conditions when dust particles, aerosols, and precipitations play
the role of random scatterers. These scatters also contribute to additional deformations
of the beam shape. In the work [XV], which has been performed in collaboration with the
experimental group from the Max Planck Institute for the Science of Light (Erlangen), led by
Ch. Marquardt, we considered an extension of the elliptic-beam approximation for the case
of rain and haze.
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The results of our theory have been compared with experimental data obtained from
measurements at the 1.6km-long channel in Erlangen. The measurements have been
performed with rain of intensity 3.2mm/h and in the presence of haze. Both results have
demonstrated a good agreement between the theory and the experimental data, see Fig.
4.2. Neither rain nor haze contributes to the beam wandering. In the case of low-intensity
rain, contributions to the beam-shape deformations are minor and the main effect consists
in additional deterministic losses. In the case of haze, contributions to the beam-shape
deformations are significant.
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Figure 4.2: The theoretical and experimental PDTs in the case of low-intensity rain and
haze. See the text and Ref. [228] for more details.

4.4 Bell nonlocality in atmospheric channels

In this section, I will briefly recall our theoretical considerations of the Bell inequality test
for light passing through the atmosphere, cf. [XVI, XVII]. The scheme of the experiment
coincides with those discussed in Sec. 3.4, see also Fig. 3.4. However, the presence of the
atmosphere between the source and the polarization analysers shall be taken into account.

Along with the channel losses, noise counts caused by detector dark-counts and stray
light are serious disturbing factors for the considered experimental schemes. Indeed, such
noise clicks can be counted instead of lost photons. Since noise counts represent an uncor-
related process, they significantly diminish the measured Bell parameter.

Additionally to a counterpropagation scheme, in which both modes propagate in different
directions (channels), we also consider the copropagation scheme [90], which was imple-
mented for the 144km channel on the Canary Islands, see Fig. 4.3. In this scheme both
photons are sent in the same direction with a small delay interval, which is much smaller
than the time for which the atmosphere is changed. This scheme includes a 50:50 beam
splitter, which randomly selects the photons propagating to the receivers A and B. This beam
splitter additionally introduces 3dB losses.

First, we consider the coprapagation scheme. We will distinguish between the cases
with discarding and incorporating double-click events, see the corresponding discussion in
Sec. 3.4. Because the time interval between pulses of two modes is very small, one can
consider that both channels to be correlated. Such channels may demonstrate violations of
Bell inequalities much better than the deterministic-loss channels with the transmittance ηo
equal to the mean transmittance of the considered channel, 〈η〉. This result can be explained
by the fact that in such correlated channels the probability that photons in both channels
reach the detector, 〈η2〉, as this probability, η2

o , in the case of deterministic-loss channels.
This fact is a consequence of the Cauchy-Schwarz inequality, 〈η2〉 ≥ 〈η〉2. Indeed, in the
case of strong turbulence, such as for the 144km channel, the Bell inequality can be violated
in the case when the corresponding deterministic-loss channel does not demonstrate such
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Figure 4.3: The copropagation scheme for checking the Bell inequalities as used in
Ref. [90]. For more details, see the text.

violations, See Fig. 4.4(a). However, this effect disappears for the case of weak-to-moderate
turbulence, such as in the 1.6km channel in Erlangen, see Fig. 4.4(b).

Figure 4.4: The Bell parameter, B, vs the squeezing parameter, ξ, for the scenario of
copropagation in the case of the PDC source generating the state (3.10). (a): The strong-
turbulence 144km-long channel on the Canary Islands (the PDT is reconstructed from the
experimental data in Ref. [223]), the noise-count intensity is ν=1.7×10−5. (b): The weak
to- moderate-turbulence 1.6km-long channel in Erlangen, ν=3×10−3. The lines 1 and 2
correspond to fluctuating-loss channels without and with the incorporation of double-clicks
events, respectively. The lines 3 and 4 correspond to the deterministic-loss channels with
η0 = 〈η〉 without and with the incorporation of double-click events, respectively. For more
details see Ref. [XVII].

In the scenario of counterpropagation, the advantages of fluctuating-loss channels com-
pletely disappears. However, in this case we can use a strategy similar to the one proposed
in Ref. [223] for the decoy-state QKD protocol. For this purpose one sends intense light
pulses before the weak pulses of the nonclassical light. With these pulses one can check
the transmittance of the channel. We propose to postselect only such events, which have
the transmittance in both channels exceeding a certain threshold value, ηps. The feasibility
of such a procedure is characterized by the probability that such events appear,

FAB(ηps) = FA(ηps)FB(ηps) , where FA(B)(ηps) =

1∫

ηps

dηPA(B)(η) . (4.11)

The results of the corresponding calculations are presented in Fig. 4.5. We have chosen the
noise-count intensity such that the verification of Bell nonlocality is impossible. However, the
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Figure 4.5: The Bell parameter, B, vs the postselection efficiency, ηps, (solid line)
and the feasibility (4.11) of the postselection procedure, FAB (dashed line). (a): The
strong-turbulence 144km-long channel on the Canary Islands; the noise-count intensity is
ν=4×10−4, the squeezing parameter ξ=0.25. (b): The weak to- moderate-turbulence 1.6km-
long channel in Erlangen; ν=2×10−2, the squeezing parameter is ξ=0.31. For more details
see Ref. [XVII].

proposed postselection procedure improves the situation and violations of the Bell inequality
become feasible.

4.5 Transmitting quadrature squeezing

In order to test quadrature squeezing for light sent through the turbulent atmosphere, one
has to realize balanced homodyne detection at the receiver station. For this purpose, one
should synchronize the phases between the signal and the local oscillator. Moreover, the
spatial structure of their modes shall also be identical. Usually, this is realized by originating
the signal and the local oscillator from the same source. However, in the case of atmospheric
channels, this experimental task is tricky enough since the atmosphere randomly changes
both the phase and the spatial structure.

This problem has been experimentally resolved in Refs. [267, 268], see Fig. 4.6. The
main idea utilizes the fact that the polarization effect of the atmosphere is negligibly small
[237]. As that, one can send the signal and the local oscillator in the same spatial but
orthogonally polarized modes. Experiments in Ref. [267] confirmed the absence of phase
noise.

Figure 4.6: Scheme of homodyne detection for quantum light passing through the turbulent
atmosphere as proposed in Ref. [267, 268]. The signal and the local oscillator are sent
in the same spatial but orthogonally polarized modes. The half-wave plate (HWP) and
the polarization beam-splitter (PBS) interfere the signal and the local oscillator. The output
signals from the PBS are analysed at the detectors D1 and D2.

In Ref. [XVIII] we provided a theoretical analysis of this scheme. As mentioned previ-
ously, the phase of the local oscillator is perfectly controlled. However, the amplitude contin-
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uously fluctuates. It can be independently monitored by another detector or by adding the
intensities at both detectors. We also assume a bright stray light of the intensity6 ν. Let ηm

be the measured transmission efficiency, which can randomly differ form the actual trans-
mittance η. In this case, the reconstructed output state will contain a certain postprocessing
noise, which is caused by our imperfect knowledge of the atmosphere transmission. The P
function of the noisy output state, Pout, is related to the P function at the transmitter, Pin, as

Pout(α) =

1∫

0

dη

1∫

0

dηm P(η, ηm)
ηm

η2
exp

[(
η − ηm

8ηm
+

ν

4r2η2
m

)
∆α

]
Pin

(√
ηm

η
α

)
, (4.12)

where P(η, ηm) is the joint PDT of the actual and measured transmittances, r is the am-
plitude of the local oscillator at the transmitter, and ∆α= ∂2

∂2 Reα
+ ∂2

∂2 Imα
. For simplicity, we

consider a unit detection efficiency. The P function Pout may not correspond to a real physi-
cal state since it includes the postprocessing noise. This noise may even result in negative
eigenvalues of the reconstructed density operator. This does not mean violations of quantum
physics. This result is an artefact of our imperfect knowledge of the system parameters.

For the case of noiseless measurement of the transmittance, P(η, ηm) = P(η) δ (η − ηm),
Eq. (4.12) is reduced to

Pout(α) =

1∫

0

dηP(η)
1

η
exp

[
ν

4r2η2
∆α

]
P

(
α√
η

)
. (4.13)

From this equation, we conclude that very small values of the transmittance, η � r2/ν,
may significantly destroy the nonclassical properties of output state. For this reason, one
should always discard the events with very small transmittances in the presence of bright
stray light. If the local oscillator is strong enough, Eq. (4.13) is reduced to the ordinary
input-output relation in the fluctuating-loss channels, cf. Eq. (4.2).

Figure 4.7: The value of squeezing in dB vs. the postselection threshold, ηmin, obtained
with different PDT models. The shaded area corresponds to the experimental data obtained
in Ref. [217]. See Ref. [XIV] for more details.

The normal-ordered variance of the quadrature, 〈: ∆q̂2 :〉, according to Eq. (1.7), can
be considered as a certifier of quadrature squeezing. We apply input-output relation (4.2) in
order to connect these variances at the input and output,

〈: ∆q̂2 :〉out = 〈T 2〉〈: ∆q̂2 :〉in + 〈∆T 2〉〈q̂〉2in, (4.14)

6For the sake of compatibility, the notations differ from that in Ref. [XVIII].
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where we remind that T =
√
η. The first term in this equation resembles the same for the

deterministic-loss channels. The second term appears due to the effect of the atmospheric
turbulence. It is clearly seen that the effect of turbulence disappears if the state is not
displaced in the direction of the squeezed quadrature, i.e. 〈q̂〉in = 0.

The possibility of real-time monitoring of the channel transmittance can be used not only
for discarding the stray-light effect but also for improving nonclassical/quantum effects, e.g.
quadrature squeezing. For this purpose, one should postselect only the events with the
transmittance exceeding a chosen postselection threshold ηmin. The corresponding idea
has been discussed in Ref. [XII]. It was experimentally implemented in the 1.6km channel
in Erlangen [217]. In Fig. 4.7, we presented the results of the corresponding theoretical
consideration for three models of the PDT, which are compared with the experimental data.
One can clearly see a very good agreement between the experimental data and our elliptic-
beam approximation.

4.6 Gaussian entanglement in the atmospheric channels

The idea of analysing quadrature squeezing with the input-output relation for the correspond-
ing certifier, cf. Eq. (4.14), can be clearly generalized to other nonclassical and quantum
effects. For example, one can consider a similar input-output relation for the Simon cer-
tifier of Gaussian entanglement, cf. Eq. (1.11). Of course, after passing atmospheric
channels, the initially Gaussian entangled state is not Gaussian in general. However, in
many quantum CV protocols, only the Gaussian part of the state plays a role. For this
reason, the certification of Gaussian entanglement is of substantial interest. After publish-
ing Refs. [XII,XVIII], considerations of some particular scenarios of Gaussian entanglement
have been presented [275, 276], in which the results of our works have been used. Our
study in Ref. [XIX] introduces the complete analysis of this problem.

We assume that the measurement is performed with balanced homodyne detection. This
gives us a possibility to use a two-mode variant of the quantum-state input-output relation
(4.2). The channel associated with the party A(B) is characterized by the real transmission
coefficient Ta =

√
ηa (Tb =

√
ηb). The input-output relation for the Simon certifier, see Eq.

(1.11) and all related denotations, reads

Watm =W〈T 2
a 〉,〈T 2

b 〉,1
+N + ν†Sν + µ†Fµ. (4.15)

Here, W〈T 2
a 〉,〈T 2

b 〉,1
is the Simon certifier for a deterministic-loss channel with transmittances

〈T 2
a 〉 and 〈T 2

b 〉 [277]; ν=
(〈
â
〉
,
〈
â†
〉
,
〈
b̂†
〉
,
〈
b̂
〉)T; µ=

(〈
â
〉〈
b̂
〉
,
〈
â†
〉〈
b̂
〉
,
〈
â†
〉〈
b̂†
〉
,
〈
â
〉〈
b̂†
〉)T; N ,

S, and F are a scalar and 4× 4 matrices, respectively, which depend on the elements of the
matrix V , cf. Eq. (1.12), and on the first two moments of the transmission coefficients Ta
and Tb, see Ref. [XIX] for details 7.

Similar to Eq. (4.14) for the squeezing certifier, we separate the contributions from the
deterministic loss channel [the first term in Eq. (4.15)] from the atmospheric turbulence
(the three other terms) for the Simon certifier. Unlike the case of quadrature squeezing,
for which the turbulence-related term is always positive, in Eq. (4.15) only the terms N
and µ†Fµ are positive in the general case. An important consequence of this input-output
relation is the dependence on the coherent amplitudes of the state at the receiver, i.e. on
the vectors ν and µ. This is a special feature of fluctuating-loss channels, which differs from
the deterministic-loss channels as well as from other Gaussian channels. One should also
note that there exists a broad class of Gaussian entangled states, which always preserves
Gaussian entanglement in deterministic-loss channels, i.e. W〈T 2

a 〉,〈T 2
b 〉,1

< 0 if the initial state
is entangled [277,278].

7N , S, and F are related to N , S, and F in Ref. [XIX] as N = (1 − Γ2)(N −W〈T2
a 〉,〈T2

b
〉,1), ν†Sν = ~ν†S~ν,

µ†Fµ = (1−∆Γ2)F .
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First, we consider the scenario of uncorrelated channels, i.e. P (Ta, Tb) = P (Ta)P (Tb).
This is realized in the most common case of counterpropagation. In this case, the matrix S
in the input-output relation (4.15) is positive definite. Hence, the best scenario for preserving
the entanglement is the case of zero coherent amplitudes, 〈â

〉
= 〈b̂

〉
= 0. In this scenario an

interesting effect appears if we consider the dependence on the squeezing ξ of the two-mode
squeezed vacuum state |TMSV〉 = (cosh ξ)−1

∑∞
n=0(tanh ξ)n|n, n〉 , see Fig. 4.8. It turns

out that for large values of the squeezing parameter the Gaussian entanglement vanishes.
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Figure 4.8: The Simon entanglement certifier Watm is shown for a two-mode squeezed
vacuum state for two uncorrelated atmospheric channels. The solid and dashed line cor-
responds to the 144km-long channel on the Canary Islands and to the 1.6km long channel
in Erlangen, respectively. Watm is scaled by 106 for the solid line. For more details see
Ref. [XIX].

Second, we consider the case of completely correlated channels, P(Ta, Tb) =P(Ta)δ(Ta−Tb).
In this case, the input-output relation (4.15) is reduced to

Watm =W〈T 2
a 〉,〈T 2

b 〉,1
+ ν†Sν, (4.16)

i.e. N = 0, F = 0. This means that in absence of coherent displacement, ν = 0, the
entanglement dynamics corresponds to the case of deterministic-loss channels. Moreover,
because the matrix S in this case is sign indefinite, there exist such directions of coherent
shifting, which always preserve entanglement, see Fig. 4.8.

The scenario of correlated channels can be realized in the case of copropagation as it is
considered in Ref. [90] for the Bell nonlocality test. Another way to realize such a correlation
is to apply the adaptive scheme proposed in Ref. [XIX]. For this purpose we should perform
the following steps: (i) measure the transmission coefficients in both channels; (ii) share this
information via classical channels; (iii) attenuate the channel with the higher transmittance
up to the level of channel with the lower one. Despite of the fact that in this scheme we
introduce more losses in the channel, correlations of the corresponding transmittances ap-
pear to be more important for preserving the Gaussian entanglement. In Fig. 4.9, we have
shown the regions of the coherent amplitudes where the entanglement is preserved for the
displaced two-mode squeezed vacuum state. It is important that there exists a channel-
independent part of this region, which is defined by applying the same consideration with
the matrix of the DGCZ criteria, cf. Eq. (1.13).
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Figure 4.9: The regions (grey area) of the coherent amplitudes 〈â〉 =
∣∣〈â〉

∣∣eiφ, 〈b̂〉 =
∣∣〈b̂〉
∣∣eiχ

preserving the Gaussian entanglement for the displaced two-mode squeezed vacuum state
with ξ = 0.5. We consider the case with

∣∣〈â〉
∣∣2 +

∣∣〈b̂〉
∣∣2 = 50. (a): The weak to- moderate-

turbulence 1.6km-long channel in Erlangen. (b): The strong-turbulence 144km-long channel
on the Canary Islands. See Ref. [XIX] for more details.

4.7 Higher-order nonclassical effects

In this section, I will give a brief overview on some results of Ref. [XX], where we have con-
sidered non-Gaussian entanglement and higher-order nonclassicality effects in atmospheric
channels. Similar to the case of quadrature squeezing and Gaussian entanglement, we
consider input-output relations for the corresponding certifiers. The first example, which was
also considered in Ref. [XI], is the sub-Poissonian statistics of light. For the corresponding
certifier, the Mandel Q parameter (1.6), the input-output relation reads

Qout =
〈η2〉
〈η〉 Qin +

〈∆η2〉
〈η〉 〈n̂〉in. (4.17)

This input-output relations resemble other nonclassicality tests such that the first term is
similar to that for deterministic-attenuation channels and the second term is caused by the
atmospheric turbulence. An important consequence of this consideration is that for intense
light, for which

〈n̂〉in ≥ −
〈η2〉
〈∆η2〉Qin, (4.18)

the sub-Poissonian light statistics cannot be verified anymore.
Another example is the kth-order amplitude squeezing [279], for which the certifier is

given by

dk = detAk < 0, (4.19)

where

Ak =

(
〈∆â†k∆âk〉 〈(∆âk)2〉
〈(∆â†k)2〉 〈∆â†k∆âk〉

)
. (4.20)

The input-output relation for this certifier reads

dout
k =〈T 2k〉2dk + 〈(∆T k)2〉(〈â†k〉, 〈âk〉)Ak

(
〈âk〉
〈â†k〉

)
. (4.21)

The first term of this relation resembles the input-output relation for a deterministic-loss
channel and the second one is caused by the atmospheric turbulence.
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We also consider entanglement criteria beyond the Gaussian certifier. For this purpose
we consider one of the higher-order minors of the SV criteria, cf. Sec. 1.4,

W = det

(
1 〈âb̂†〉
〈â†b̂〉 〈â†âb̂†b̂〉

)
< 0. (4.22)

This certifier has been used in Ref. [280] for the experimental verification of entanglement in
the case when the Gaussian test fails. The input-output relation for this certifier is given by

Wout = 〈T 2
aT

2
b 〉Win +

(
〈T 2
aT

2
b 〉 − 〈TaTb〉2

)
|〈âb̂†〉|2. (4.23)

The parts corresponding to deterministic losses and the atmospheric turbulence are also
clearly separated for this certifier. In Ref. [XX], we are reporting on an example, which shows
that non-Gaussian entanglement can be more robust in atmospheric channels compared to
the Gaussian entanglement, assuming that the mean number of photons is equal in both
cases.

4.8 Summary

In this chapter, I have reported on our results related to quantum optics in atmospheric
channels. Although the atmospheric turbulence is a very complicated phenomenon, the
propagation of quantum light through free-space channels can be represented by compact
input-output relations. The main characteristics of such channels is the probability distribu-
tion of the transmittance (PDT). Depending on the atmospheric conditions and the beam
parameters, the form of the PDT varies between the log-negative Weibull and the truncated
log-normal distributions.

Furthermore, we have studied nonclassical phenomena for light at the receiver after
transmission through free-space channels. Despite of disturbing effects of the atmosphere,
many nonclassical and quantum effects can still be verified for such scenarios. We can
also consider special procedures, which enables us to preserve the corresponding prop-
erties. The postselection assumes the direct measurement of the channel transmittance
and choosing only those events with highly transparent channels. For transmitting Gaussian
entanglement, one can use an adaptive scheme, which makes the transmittances of the
communication channels correlated at the expense of of additional losses. In the case of co-
propagation, the Bell-nonlocality test has an internal postselection procedure: In this case,
the events with transparent channels have a larger probability to be counted compared to
the case of opaque channels.

Therefore, the proposed theory makes a significant contribution to the atmospheric quan-
tum optics. Our findings describe experimental data very well, such as those obtained at the
Max Planck Institute for the Science of Light (Erlangen). We believe that our results will be
useful for the optimal design of QKD protocols in free-space channels.
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5 Conclusions

In my cumulative habilitation thesis, I have reported of new theoretical concepts to describe
the effects of noisy environment and imperfect measurements on nonclassical and quantum
properties of light. Nonclassicality as well as quantumness is the main resource in quantum
information and communication. We define nonclassicality as the impossibility to explain
observed phenomena in the framework of classical theory. Hence, nonclassical phenomena
cannot be effectively modelled by any classical system. At the same time, quantumness
is the need for the system to follow boundaries restricted by the quantum theory even if
these boundaries are allowed by the classical theory. We have considered important exam-
ples, which appear at three stages of communication protocols—generation, detection, and
transmission of quantum states of light.

Leaky cavities are important devices, which are included in many sources of quantum
light. We have proposed a noise-theory approach, which completely describes unwanted
losses in such cavities also in the case when quantum-state extraction is combined with
reflection of light from the cavity. The phenomenological parameters, which appear in our
consideration, can be reconstructed with the proposed operational procedures. Also, these
parameters are obtained from first principles in the framework of a quantum-field-theoretical
approach.

Based on the proposed theory, we have analysed the quantum-state extraction from
cavities. If we use leaky cavities for generating single-photon states, the nonclassicality
with respect to the Wigner function is very hard to preserve with the presently available
technologies. This means, that it is very hard to verify the nonclassical properties of single-
photon states from such sources by using the balanced homodyne detection. At the same
time, the nonclassicality with respect to the Glauber-Sudarshan P function will be preserved
for any amount of losses. Hence, the measurements performed with photocounting or with
unbalanced homodyne detection may have properties, which are impossible to explain by
classical theories.

A consequence of our theory is the predicted effect of the loss-induced mode coupling.
It turns out that only in the presence of losses through absorption and scattering, the intra-
cavity mode can interfere with a pulse reflected from the cavity. Because such losses are
unavoidable for cavities, we propose to use this effect for local quantum-state reconstruction
of the intracavity mode.

Another chapter is devoted to the consideration of noise and imperfect measurement ap-
pearing in the photodetection process. Particularly, we have introduced a consistent model
of multimode thermal light, which demonstrates why dark counts and stray light can be con-
sidered as additive Poissonian noise. We have proposed a numerical method, which gives
a possibility to reconstruct the photon-number statistics from the measured noisy and lossy
photocounting statistics. We have also shown that noise counts do not destroy the sub-
Poissonian statistics of photocounts.

The impossibility to discriminate between adjacent photon numbers may result in surpris-
ing results for Bell-inequality tests. We have considered a standard scheme for testing Bell
nonlocality involving a parametric down-conversion source. In this case, the measured Bell
parameter may demonstrate violations beyond the quantum Tsirelson bound. This result
shall not be explained as witnessing of post-quantum physics, because all calculations have
been performed in framework of standard quantum theory. However, it demonstrates the
importance of a correct mapping between indefinite- and finite-dimensional Hilbert spaces—
the so-called squash model.

We have also found that the quantum measurements allow a clear interpretation with
the methods of analytical geometry. By introducing the concept of the covariant operator-
valued measure (COVM), we have proposed the method of reconstructing the mean values
of observables based on measured statistics of another observable. Our theory has been
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applied to the click (array and time-multiplexing) detectors, which give only a finite set of
outcomes. Particularly, we have applied the developed method to the local quantum-state
reconstruction with the unbalanced homodyne detection.

A theory of quantum atmospheric channels has been also considered in the thesis. We
have formulated quantum-state input-output relations for such channels. The most important
characteristics of the free-space channels is the probability distribution of the transmittance
(PDT). We have proposed three models of the PDT, which are applicable for different atmo-
spheric conditions. Our theoretical results are in good agreement with experimental data
obtained at the Max Planck Institute for the Science of Light (Erlangen) including the case
of diverse weather conditions.

We have analysed a Bell-nonlocality test using the developed techniques. For the co-
propagation scenario, as it has been used in an experiment of Anton Zeilinger’s group on the
Canary Islands, we have found that fluctuating-loss channels may demonstrate much better
violations of Bell inequalities in comparison with the deterministic-loss channels of the same
transmittance. For the counterpropagation scenario, we have considered a postselection
scheme, which tests the channel transmittance by intense light-pulses.

For a number of nonclassical phenomena, we have obtained the input-output relations
for the corresponding tests. As a rule of thumbs, many important properties disappear by
increasing the light intensity. Particularly, this this is the case for quadrature squeezing.

We have studied a postselection procedure which significantly improves the quadrature
squeezing. Our theoretical consideration of this fact is in good agreement with the experi-
mental data obtained earlier at the Max Planck Institute for the Science of Light (Erlangen).

The input-output relation for the Simon test of the Gaussian entanglement have also
demonstrated that in the most general scenario, the transfer of entangled states with zero
coherent amplitudes are the best choice to preserve Gaussian entanglement. However, it
turns out that in the case of counterpropagation, large squeezing parameters of Gaussian
entangled states may destroy the entanglement at the receiver. Hence, for the correspond-
ing experiments, large squeezing can be disadvantageous. We have proposed an adaptive
scheme which enables to preserve Gaussian entanglement at the cost of additional losses.
With this scheme, we are able to transfer not only entangled states with the zero coherent
amplitudes but also displaced Gaussian entangled states. We believe that this finding will
be useful for design of CV QKD protocols in free-space channels.

Outlook

As an outlook for my future research, I have to note that the considered topics still have a
number of open questions. From my point of view, a much better consideration should be
applied to the clarification of the most fundamental relations between classical and quantum
theories. Particularly, we have to understand better the relations between Bell nonlocality,
contextuality and negativities of the phase-space functions. This shall provide a deeper
understanding of the resources of quantum information and communication.

In the photodetection theory, there still exist some schemes which require consistent the-
oretical considerations. For example, the often used scheme of continuous-wave detection
shall be analysed and disturbing effects, such as the detector dead time and after-pulses
shall be included in the theory.

For the atmospheric channels, we still need a unified approach which enables us to better
understand the changes of the PDT between log-negative Weibull and log-normal distribu-
tions. We also have to analyse time coherence in atmospheric channels, which gives us an
answer on the question about the applicability of postselection procedures with high intensity
light pulses. Also, a very promising idea is the use of dispersion-free light beams proposed
in the group of Prof. A. Szameit for realizing high-transmittance free-space channels. This
requires a generalization of our PDT theory for such beams. I believe that with such an
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approach, one can design long-distance satellite-mediated channels with much better char-
acteristics as it is used now. In my future research, I hope to contribute to these promising
scientific activities.
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[134] Ch. Guerlin, J. Bernu, S. Deléglise, C. Sayrin, S. Gleyzes, S. Kuhr, M. Brune, J.-M. Rai-
mond, and S. Haroche, Progressive field-state collapse and quantum non-demolition
photon counting, Nature 448, 889 (2007).

55



[135] M. Brune, J. Bernu, C. Guerlin, S. Delglise, C. Sayrin, S. Gleyzes, S. Kuhr, I. Dot-
senko, J. M. Raimond, and S. Haroche, Process Tomography of Field Damping and
Measurement of Fock State Lifetimes by Quantum Nondemolition Photon Counting in
a Cavity, Phys. Rev. Lett. 101, 240402 (2008).

[136] J. Krause, M. O. Scully, and H. Walther, State reduction and |n〉-state preparation in a
high-Q micromaser, Phys. Rev. A 36, 4547(R) (1987).

[137] B. T. H. Varcoe, S. Brattke, M. Weidinger, and H. Walther, Preparing pure photon
number states of the radiation field, Nature 403, 743 (2000).

[138] S. Brattke, B. T. H. Varcoe, and H. Walther, Generation of Photon Number States on
Demand via Cavity Quantum Electrodynamics, Phys. Rev. Lett. 86, 3534 (2001).

[139] J. McKeever, A. Boca, A. D. Boozer, R. Miller, J. R. Buck, A. Kuzmich, H. J. Kim-
ble, Deterministic Generation of Single Photons from One Atom Trapped in a Cavity,
Science 303 1992 (2004).

[140] C. K. Law and J. H. Eberly, Arbitrary Control of a Quantum Electromagnetic Field,
Phys. Rev. Lett. 76, 1055 (1996).

[141] A. S. Parkins, P. Marte, P. Zoller, O. Carnal, and H. J. Kimble, Quantum-state mapping
between multilevel atoms and cavity light fields, Phys. Rev. A 51, 1578 (1995).

[142] W. Lange and H. J. Kimble, Dynamic generation of maximally entangled photon mul-
tiplets by adiabatic passage, Phys. Rev. A 61, 063817 (2000).

[143] C. Di Fidio, S. Maniscalco, W. Vogel, and A. Messina, Cavity QED with a trapped ion
in a leaky cavity, Phys. Rev. A 65, 033825 (2002).

[144] C. Di Fidio and W. Vogel, W-type entanglement of distant atoms: conditional prepara-
tion, J. Opt. B: Quantum Semiclass. Opt. 5 105 (2003).

[145] J. I. Cirac, P. Zoller, H. J. Kimble, and H. Mabuchi, Quantum State Transfer and En-
tanglement Distribution among Distant Nodes in a Quantum Network, Phys. Rev. Lett.
78, 3221 (1997).

[146] P. J. Bardroff, E. Mayr, and W. P. Schleich, Quantum state endoscopy: Measurement
of the quantum state in a cavity, Phys. Rev. A 51, 4963 (1995).

[147] M. F. Santos, L. G. Lutterbach, S. M. Dutra, N. Zagury, and L. Davidovich, Reconstruc-
tion of the state of the radiation field in a cavity through measurements of the outgoing
field, Phys. Rev. A 63, 033813 (2001).

[148] M. J. Collet and C. M. Gardiner, Squeezing of intracavity and traveling-wave light fields
produced in parametric amplification, Phys. Rev. A 30, 1386 (1984).

[149] C. W. Gardiner and M. J. Collet, Input and output in damped quantum systems: Quan-
tum stochastic differential equations and the master equation, Phys. Rev. A 31, 3761
(1985).

[150] C. Gardiner and P. Zoller, Quantum Noise: A Handbook of Markovian and Non-
Markovian Quantum Stochastic Methods with Applications to Quantum Optics,
(Springer-Verlag, Berlin, 2004).

[151] C. Viviescas and G. Hackenbroich, Field quantization for open optical cavities, Phys.
Rev. A 67, 013805 (2003).

56



[152] C. Viviescas and G. Hackenbroich, Quantum theory of multimode fields: applications
to optical resonators, J. Opt. B: Quantum Semiclass. Opt. 6, 211 (2004).

[153] H. Feshbach, A unified theory of nuclear reactions. II, Ann. Phys. N.Y. 19, 287 (1962).
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