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Vorwort

1949, im Griindungsjehr der Deutschen Demokratischen Republik,
wurde Professor Hans Falkenhagen auf den Lehrstuhl fiir theo-
retische Physik der Universitét Rostock berufen. Es gelang
ihm hier, in kiirzester Zeit eine Schule der Theorie elektro-
lytischer Fliissigkeiten aufzubauen.

Als Hans Palkenhagen 1971 nach einem schaffensreichen und er-
fiillten Leben verstarb, konnte seine Elektrolyt-Gruppe, deren
Leitung inzwischen Professor Giinter Kelbg iibernommen hatte,
auf iiber 200 wissenschaftliche Publikationen zuriickblicken.
Der vorliegzende Band enthilt eine Sammlung von Arbeiten zu
Problemen, die heute - 30 Jahre danach - Falkenhagens Schiiler
und ihre Fachkollegen bewegen.

Frau Margarete Thimlitz und Frdulein Hiltrud Prestin sei
herzlich gedankt dafiir, daBR sie wiederum in bewdhrter zuver—
ldssiger Weise das Schreiben des Manuskriptes libernommen
haben.

Prof.Dr.W.Ebeling, Dipl.-Phys.H.Kiinstner
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G, Kelbg
Wilhelm Ostwalds Beitrag zur Elektrolytforschung.

Am 2, September 1978 jidhrte sich zum 125, Mal der Geburtastag
Wilhelm Ostwalds, Dieser Tag gibt uns Anlad, des grolen Ge-
lehrten zu gedenken.Denn Wilhelm Ostwald hat auf vielen
Wissenschaftsgebieten Neuland erschlossen und sein Wirken hat
die Entwicklung zahlreicher wjssenschaftlicher Disziplinen
entscheidend beeinfluft. Besondere Bedeutung besitzen seine
Arbeiten auf den (Gebieten der Katalyse und den chemischen
Reaktionsprozessen, filir die er am 10. Dezember 1909 den
Nobelpreis fiir Chemie erhielt.

Wilhelm Ostwald hat auoh fundamentale Beitridge zur Elektrolyt-
forschung geleistet, Durch Verbreitung und Weiterentwicklung
der neuen Ideen seiner Zeit auf diesem Gebiet k¥nnen wir ihn
heute als Mitbegriinder der modernen Elektrolyt-Theorie und
modernen Elektrochemie ansehen.

Vor allen Dingen ist es das Verdienst Wilhelm Ostwalds, dal
sich die Ideen von Svante Arrhenius aus dem Jahrs 1883 Uber
den Zerfall der Salze, SHuren und Basen in wHssrigen Lbisungen
in freie Ionen trotz mancher Widerstinde der Fachgenossen
rasch durchsetzen konnte.

Die in der damaligen Zeit von van't Hoff entwickelte neue
Losungstheorie und das neue Konzept der Theorie der elektro-
lytischen Dissoziation stiitzten sich gegenseitig und filhrten
letzten Endes zum Entstehen einer neuen Wissenschaftadiszi-
plin der physikalischen Chemie.

Die von Ostwald und J,H, van't Hoff neugegriindete Zeitschrift
fUr physikalische Chemie enthielt im ersten Band im Jahre
1887 bereits Artikel Uber die neuen Theorien,In den folgenden
Jahren vertffentlichte Wilhelm Ostwald zahlreiche Arbeiten
tiber elektrolytische Dissoziation und damit zusammenhiingende
physikalisch-chemische Prozesse.

Dal Ostwald die Zusammenhinge besonders klar durchschauen
konnte ist auch darauf zuritickzufithren, daf er sich lange und



intensiv schon in seinen frilhesten Arbeiten mit chemischen
Gleichgewichtsproblemen beschdftigt hat. Dem Thema der elektro-
lytischen Leitféhigkeit hatte er sich schon in Riga zugewendet
und Messungen durchgefilhrt und Dissoziationskonstanten be-
stimmt.

Nach seiner Berufung von dem kleinen Ordinariat an dem Poly-
technikum in Riga im Jehre 1887 nach Leipzig und Ubernahme des
Lehrstuhls flir physikalische Chemis wurden diese Untersuchun-—
gen am gweiten chemischen Laboratorium mit groler Intensitit
und Erfolg fortgefilhrt.

Wir kénnen sagen, dafB die 19 Arbeitsjahre Wilhelm Cstwalds.in
Leipzig bis 4906 zu den fruchtbarsten in seinem Leben gehiren.

Bereits 1888 entwickelte er das nach ihm benannte COstwaldsche
Verdilnnungsgesetz, in dem sich die Gedanken der elektrolyti-
schen Dissoziation, der osmotischen Theorie und des Massen-—
wirkungsgesetzes vereinigten.

Diese wissenschaftliche Leistung findet eine besondere Wirdi-
gung durch die Gestaltung der Nobelpreis-Urkunde. Der Kopf

der zweiten Seite des Diploms enthdlt den formelmiBigen Aus-
druck des Verdinnungsgesetzes unter einer schematisch gezeich-
neten Figur des Ostwaldschen Thermostaten<1/ der bei der
Messung der Leitfdhigkeit elektrolytischer Lisungen Verwen—
dung fand.

Bemerkenswert ist, dall Wilhelm Ostwaldbezilglich der Salzlbsun-
gen schon viele Jahre vor Arrhenius und van't Hoff den Ein -
flub gelbster Salze auf die Eigenschaften von Losungzen erkannte.
Er kam zur Aussage " das Wasser zersetzt alle Salze ",
Wilbelm Ostwald hat viele schopferische Krdfte zur Fortent-
wicklung neuer Ideen und Gedanken freigesetzt. Er durchschaute
seln Fachgebiet mit einer seltenen Klarheit und erkannte die
entscheidenden Zusammenhinge. Z.B, schreibt Wilhelm Ostwald

in seinem Artlksl’ef " Zur Dissoziationstheorie der Elektro-
lyte @,

" Die nachstehenden Ertrterungen fiber die Salzbildung sind die



erwvelterte Wiedergabe des Inhaltes eines Vortrages, welchen
ich am 1. Mai 1889 in der chemischen Gesellschaft zu Leipzig
gehalten habe. Ich kann von dem sachlichen Inhalt derselben
fir mich nichtsals Eigentum in Anspruch nehmen, denn derselbe
ist die Auseinandersetzung einer Reihe von Ideen, weloche mein
Freund Svante Arrhenius zum Teil ausgesprochen, zum Teil ange-
deutet hat. Was mir angehidrt, ist nur die Form der Darstellung.
Ich bin durch verschiedene Anfragen wvon Fachgenossen darilber
belehrt worden, dal sie Schwierigkeiten empfinden, sich liber
die durch die Dissogziationstheorie der Elektrolyte notwendig
gewordene Umgestaltung der chemischen Anschauungen Wahrheit su
verschaffen, und es schien mir daher niitzlich, zunlchst die
einfachsten chemischen Vorginge, wie sie bei der Salzbildung
in Frage kommen,im Lichte der neuen Theorie zusammenhingend
darzustellen ",

Die Tragfihigkeit der neuen Ideen wurde an den Vorgingen der
Salzbildung bel der Mischung von SHuren und Basen demonstriert.
W. Ostwald schreibt weiter:

" Man ist somit zu der Behauptung berechtigt, dal die Disso-
ziationstheorie der Elektrolyte nicht nur nirgend mit den
Tatsachen in Widerspruch gerdit, sondern dal sie zum ersten
Male eine Anzahl bisher unverstanden und unerkldrt gebliebener
Beziehungen als notwendig hat voraussehen lassen, wobel der
Erfahrung nur der Zahlenwert der auftretenden Konstanten zu
entnehmen war ",

Im Uibrigen hat auch M; Planck die Richtigkeit der entwickelten
Ideen erkannt und sie untersttitzt und gegen Angriffe ver-
teidigt.

Die Dissoziation von Ionen in Elektrolyten wird wie jedes
andere chemische Gleichgewicht durch das Massenwirkungsgesetz
beherrscht. Dieser Gedanke filhrte Wilhelm Ostwald zum Verdiin-
nungsgesetz. Es stellt eine besonders bedeutende und frucht-
bare Entdeckung auf dem Geblet der Elektrolytforschung dar.



Nahezu 250 verschiedene organische SEuren wurden untersuchp/
und das Gesetz wurde fast durchweg bestdtigt gefunden.

Die Messungen Ostwalds zeigen eine hohe Genauigkeit. z.B.
wurden von DA,Mo Ires und Th., Shedlovsky die Mefreihe Ostwalds
an Eesigsiure bei 25 °C im Jahre 1932 unter Prdzisionsmel-
bedingungen wiederholt. Sie zeigte wie genau die experimentelle
Bestimmung der Dissoziationskonstanten von Ostwald mit viel
primiti veren Hilfsmitteln war.

Im uﬁrigen ist zu erwdhnen, dal die Messungen der Dissozia -
tionskonstanten in Riga von nicht erheblichen, doch bestindig
einseitigen Abwelchungen behaftet waren, Der spurenweise
Ammoniakgehalt des in Riga benutzten Wassers hatte dies verur-
sacht, Das Leipeziger Wasser war von diesen Verunreinigungen
frei und so wurden zahlreiche MeBreihen in Leipzig wiederholt
und korrigilert.

Das Verdinnungsgesetz, das einen Zusammerhang zwischen der
molaren Leitfdhigkeit und der molaren Verdiinnung beschreibt,
wird von Wilbelm Ostwald wie folgt abgeleitet.
Ankniipfungspunkt ist das Massenwirkungsgesetz in partialdruck-
formilierung ?

wobei p der Druck des unzersetzten und P4 des gersetzten An-
teils ist, Ostwald argumentiert weiter so'™/:

m Nun 148t sich nach den oben erwZhnten Arbeiten der "Druck"
in der Lisung proportional den vorhandenen Mengen i und W der
Stoffe und umgekehrt proportional dem Volunﬂruatzan; die

Gleichung wird, da p : p, = T‘;:%, zu

= gonst. (1)

::. Vv = const. (2)
Fernsr lassen sich die Mengen W und Wy aus dem elektrischen
Leitvermtgen berschnen wie Arrhenius (l.c.) gezeigt hat,
Nennt man Av— die molare LeitfHhigkeit eines Elektrolyts
beim Volumen ¥ und Ae den Grenzwert der Leitfihigkeit bei
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unendlicher Verdiinnung, so ist WU, = (Aw-As) i Av da die
Leitfdhigkeit A, proportional der dissoziierten Menge des
Elektrolyts 4lsist, Daraus folgt als flir alle binkren Elektro-
lyte giiltige Verdlinnungsgesetz

(A‘ : A")v = const. (3)

Bedeutet o= Av/Am, so qgt diese Grofe ein Mad fir die Dissozia-
tion,

In reziproker Form nach Einftihrung der Dissoziationskonstanten
K und der molaren Konzentration € ~ "/v' lautet das Gesetz

&
d ¢ = K
4~ &
Mit dieser Formel legte Wilhelm Ostwald den Grundstein zur

theoretischen Interpretation der LeitfHhigkeitseigenschaften
schwacher Elektrolyte.

(4)

Aus dem Ostwaldschen Verdinnungsgesetsz (3) folgt nach einer
linearen Néherung nach der molaren Kongentration ¢ , fir die
molare Leitfdhigkeit

Ae
A=Aa-cZ
K (5)

Ein entsprechendes Gesetz ergibt sich nach der Theorie von
van't Hoff fdr die osmotischen Koeffizienten g

g=1""'2—1£0 (6)

Danach nimmt die molare Leitfdhigkeit und der osmotische
Koeffizient linear mit der Konzentration c abD.

Diese Gesetze sind nur fiir schwache Elektrolyte gliltig.

Im Jahre 1900 wies K.F. Kohlrausch nach, dal fiir die molare
Leitfihigkeit im Falle starker Elektrolyte ein Quadratwurzel=
gesetz besteht

11



= "AVE.‘
Ein gleiches Gesetz gilt auch fiir die osmotischen Koeffizien-
ten starker Elektrolytewie von Lewis und Randall aufgezeigt

wurde y

3 == }"121 (8)
Diese Eigenschaften der starken Elektrolyte hingen mit den
betrédchtlichen Coulombkréften zwischen den Ionen zusammen. Die
elektrischen Wechselwirkungen haben einen entscheidenden Ein-
£1luf auf das thermodynamische und Transportverhalten der
Liosungen starker Elektrolyte. In diesem Falle ist dann die
Leitfdhigkeit kein Mad mehr fir den Dissoziationsgrad o .
Auch Ostwald hatte schon einen Gang flir die Dissoziationskon—
stanten festgestellt. Er deutet diese Abhdngigkeit Jedoch als
EinfluB der Viskositdt des Losungsmittels auf die Ionenbewsg—
1ichkeiten,
Der dialektrische Widerspruch zwischen dem linearen Gesetz und
dem Quauratwurzelgesetz leitete eine umfangreiche Entwicklung
anf diesem Wissensgebiet ein,

Die Beriicksichtigung der elektrischen Wechselwirkungen der
Ionen fiihrte zu einer neuen Interpretation des Verhaltens hoch-
verdiinnter Losungen, In der modernen Theorie der Elektrolyte

im Falle erhthter Konzentrationen zeigt es sich aber, dal so-—
wohl der Ostwaldsche-Arrheniussche Aspekt der Assoziation-
Dissoziation als auch der Aspekt der gzwischenionalen Wechsel-—
wirkungen gemeinsam berilcksichtigt werden miifen. Die Arbeiten
Ostwalds Uber die elektrolytischen Ldsungen sind daher als ein
erster aber bedeutender Schritt auf dem Wege zu unserer heuti-
gen Erkenntnis auf diesem Fachgebiet anzusehen.

Im Zusammenhang mit Ostwalds Arbeiten llber die Dissoziation

in Elektrolyten ist bemerkenswert, dafl sich diese Untersuchungen
gut in die sich Ende des 19, Jahrhunderts immer stérker ausbrei-
tenden Vorstellungen Uber die atomistische Struktur der Materie

12



einordneten, Anfang der neunziger Jahre prigte sich bei
Ostwald die Tendenz gegen den Atomismus immer stirker aus,
Zunichst bezog Ostwald zwar seine Ansichten noch nicht auf
den Zustand der freien Ionen in Elektrolyten, dann aber ver-
suchte er auch die Theorie der elektrolytischen Dissoziation
mit Hilfe der energetischen Lehre von der Atmovorstellung zu
befreien.

{fber den Wissenschaftler und Lehrer, den Philosophen Wilhelm
Ostwald und sein Leben und sein Wirken gibt das Buch von
Rodny] und Ju.I. Solowjew Ausiunft/”/,

Literaturverzeichnis,

// W. Ostwald, Z.Phys.Chem, 2 (1888) 566

12/ W, Ostwald. Z.Phys,Chem. 2 (1888) 270

13/ W. Ostwald, 2.Phys.Chem. 3 (1889) 419

/8 W. Ostwald, 2.Phys.Chem. 2 (1888) 37

5/ N.I. Rodnyj u. Ju.I. Solowjew, Wilhelm Ostwald,
Teubner Verlagsgesellschaft, Leipzig, 1977.

Anschrift des Verfassers

Prof, Dr, sc.nat.Glnter Kelbg
Wilhelm-Pieck-Universitdt Rostook
Sektion Physik

DDR = 25 Rostock
Universitdteplatz 3
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W. Ebeling, K., Scherwinski

Bestimmung thermodynamischer Funktionen aus Potentialpara -
metern filr die interionische Wechselwirkung.

Abatract

Thermodynamic properties of strong agqueous 1-1-glectrolytes
are studied using a simple approximation for the correlation
funntion and a step potential model for the short-range inter-
action, Predictions for all thermodynamic funotions can be
made if the potential parameters for the ion-ion interaction
are known, As an example the mean activity coefficient is
calculated for alkali chlorides on the basis of an earlier
determined set of potential parameters., The experimental data
are well described up to 0.5 mol/l. Furtheron it is shown
for several examples that osmotic coefficients of mixtures
can be predicted in the same concentration range using the
above mentioned set of potential parameters and simple appro-
xdmations for the potential parameters of the interaction
between two unlike anions or two unlike cations respectively.

1. Thermodynamische Funktionen in der DHX-Ndherung.

Die thermodynamischen Exzeffunktionen elektrolytischer Lisun—
gen hingen nach einem Satz von Mc Millan und Mayar/ / allein
von den Potentialen der mittleren Krdfte zwischen den Ionen
ab.Flir den Bereich kleiner und mittlerer Konzentrationen, auf
den wir uns in dieser Arbeit beschrinken, lassen sich relativ
einfache analytische Gleichungen fiir die thermodynamischen
Funktionen finden/2 . In der vorliegenden Arbeit werden aus=-
gehend von bereits bestimmten Farametern filr die Potentiale
der mittleren Krdfte zwischen den Iomen thermodynamische Ex-
zeBgroBen flr wdssrige 1-1 Elsktrolyte berechnet.

Wir beschrinken uns auf den Fall von Paarwechselwirkungen.Mit
Hilfe der binkiren Verteilungsfunktionen /fys(%;%;) berechnen
wir den osmotischen Koeffizienten g aus der Virialformel

15



g = 3kT Zb:quhs ;—“F(rdr (1.1)

v
und die freie Exeelenergie llber einen Aufladeprozel

1 0o
- 2nn§xnxbjdA! jar PYERED

Hierbei ist H-N/V die Gesamtteilchendichte der Ionen, Xg
der Molembruch der Teilchensorte a und A ein Aufledungs-
parameter.

Ein anderer Weg zur Berechnung der freien Exzefienergie filhrt
Uber eine Volumenintegration des osmotischen Druckes

v
’}-:x" “}‘[E.m Enm ]d\/ (1.3)

L=~]
Den mittleren rationalen AktivitHtskoeffizienten f; erhalten
wir aus der bekannten Beziehung

[nf. = F1_ (aa;f_”JTw : (1.4)

Das Wechselwirkungspotential Y/, beschreiben wir durch ein
sortenabhiingiges Stufenpotentialmodell

] T £ Rnln
Y.) = hab Rab < 7 < Ras, e
U 1.5
5:_5‘ T = R,b,
qu = Rﬁ X Rb)

R;b = Rab+ d.

16



Dabei 1st DD die makroskopische DK des Lusungsmittels, d ein
mittlerer Durchmesser eines Lisungsmittelmolekiils (d=2,76
fur HEO) und R,, Ry sind die kristallographischen Ionenradien,

Die Stufenhthe hcb ist ein sortenabhidngiger freiler Parameter,
der eine spezifische Beschreibung kurzreichender Wechselwir-
kungen ermfglicht. Fllr einfache Elektrolyte wurden die Stufen-
hShen durch Anpassungen an den osmotischen Koeffizienten/>/
und an Daten der elektrischen Leitfﬁhigkeit/4/ filr alle Alkali~
halogenide bestimmt. Die so ermittelten Fotentialparameter er—
lauben es, Aussagen iber individuelle Ionenwechselwirkungen

zu treffen und ermbglichen theoretische Voraussagen liber
weitere thermodynamische Grolen.

Tabelle 1: Potentialparameter Bhij fiir Alkalihalogenide
in H,0 bei 25 °C.

Table 4: The potential parameters ﬂhij for alkali halides
in water at 25 °C,

BT (v Br &
Gh, =
‘ i1 - 0.92 1.44 1,19 1.28
13

1T 0. 84 (= 0.70 ) - 0.66 ~- 0.53 =~0,03
Na* 0.68 - 1.20 -1.09 - 0,99 =-0.95
el 0.91 ~ 1.06 - 1.28 ~1.22 =1.49
Rot 1.94 - 1.08 - 1.42 =40 1,42
cst 1.54 - 0.99 - 1,48 - 1.45 -1.47

17



Aus den in /3/ angegebenen verschiedenen Varianten wiZhlten wir
im folgenden den in Tabelle 1 angegebenen Sats von Potential-
parametern aus, Da fir die Li- F-Wechselwirkung bisher kein
Parameterwert bekannt ist, haben wir die vorliegenden Daten
interpoliert. Zielstellung dieser Arbeit ist, dal mit Hilfe
dieser Parameter der mittlere Aktivitdtskoeffizient und der
osmotische Koeffizient Yon Mischungen voraussagbar sind.

Fir die bindre Verteilungsfunktion Fb verwenden wir eine
nichtlineare Debye-Hiickel-Niherung (DHX-Niherung)/>/,

DHX
Eb T EXP[_péab]. (1.6)

Hier ist %‘lb das Potential der mittleren Kraft

rOO f(&b,

(1.7)
b e ey ® :
ib = 1 h Q,hﬂeR:;J Ru<T <R,

=HEY exp[aeRn;, — aer] > R;b ]

(D T+%R,
Dabei ist der resziproke Debye Radius
2
i 43 ngeel y
D.kT

und p= (kTF.

Berechnet man mit (1.5) und (41.6) den osmotischen Druck nach
(1.1), so erhilt man nech (1.3), (1.4) fir den mittleren
Aktivitdtskoeffizienten

18



["fx T mZx Xb[{ R [ae Tr2R,) -%;—lnﬁ*arfﬂ]
[ (=R Jespl phas Px

(Y- oot ]

+2M, +ndle) (1.8)
4" 6o :

Moo= [ & Jr[e?a-1+pg, ] dr,
o R

§' T expfaef?,b—aer]
b Dr 1+%R,

(gt 3
e _?u.—_-l } [ﬂ.b QkT .

Die Funktionen ){,b sind gegeben durch

K - o o [+
| lb"‘aefbﬁd,]—exp( )[R +l ]

(ﬂm+2l)[fr( ) - Ef'(‘éﬁ”}-

19



2, Vergleich mit HNC- und MSA = Daten fiir das Modell
geladener starrer Kugeln,

Nach (41.1) berechnen wir den osmotischen Koeffizienten fiir
ein Modell geladener starrer Kugeln, Kb hat dabei die Form

oo 7 Rab
L4 £a 6 * > Ra (2.1)

D 6/
Die Resultate wgrdan in Tabelle 2 mit HNC=Daten von Rasaiaﬁ
(R_'_ =R_=4.2 A ) und von Rasaiah und Friedman verglichen.
In Spalte 3 sind zusdtzlich die aus der MSA Thenrie/s/ folgen-
den Werte fiir g angegeben, wobei fiir den Anteil der ungelade-
nen starren Kugeln eine Formel von Carnahan und Sts.rl:l.nglg/
benutzt wurde, Aus der Tabelle ist erkennbar, dai die Abweich-
ungen der DHX~Theorie von den HNC Werten bis zu c = 0.5 mol/
Liter kleiner als 1 % sind,
Die fiir ¢ > 0.5 auftretenden griferen Abweichungen sind in
erster Linie auf die Nichtberiicksichtigung des 3, Virialkoef-—
fizienten flr ungeladene starre Kugeln zurtickzufiihren, Filr
¢ £ 0,1 liefert die DHX-Theorie eine bessere Ubereinstimmung
mit den HNC Daten als MSA. Fiir hohere Konzentrationen liefert
die MSA-Theorie kleinere Abweichungen, Der Vergleich deutet
auf einen GlUltigkeitsbereich der DHX-Theorie bis zu ¢ = 0,5
mol/1 hin,

3. Der mittlere rationale Aktivitdtekoeffizient,

Nach (1.8) wurden die mittleren AktivitHtskoeffizienten fiir
Alkalichloride unter Verwendung der in Tabl, 1 angegebenen
Parameter fir die Wechselwirkungsparamter berechnet und mit
experimentellen Werten verglichen, Die thermodynamischen
Funktionen beziehen sich in der statistischen Theorie auf ein
osmotisches Gleichgewicht fiir ein vorgegebenes Volumen V und
vorgegebene Temperatur T (Mc Millan-Mayer-System), wihrend
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Tabelle 2. Osmotischer Koeffizient flir das Modell geladener
starrer Kugeln fiir wdssrige 1-1-Elektrolyte bei
25 °%C, ¢ ist die Konzentration in mol/1.,

Table 2. Osmotic coefficient for the model of charged
hard spheres for agqueous solutions of 1-1-electro=-
lytes at 25 %C. C is the concentration in moles/
literx,

1] HNC MSA DHX
{¢]
R, =R_=2.14
0. 004 0.9885 0.9885 0,9885
0. 0.1 0,9691 0.9694 0,9689
0.1 0.9442 0,9443 0.9439
0.2 0.9479 0.9480 0.9480
0.4 0.9718 0.9727 0.9716
1.0 1.0829 1.0872 1.0687
o (]
R, = 0.95A, R_=1.814
0, 002 0,9832 0.9836 0,9833
0. 02 0,9534 0,9545 0.9543
0.1 0.9179 0.9186 0.9151
0.2 0,9021 0.9019 0,8985
0.4 0. 8911 0.8894 0.8870
1.0 0.8973 0.8945 0,8932
R, =1.8% R_=2.84%
0,05 0,9547 0.9547 0.9544
0.1 0,9542 0.9541 0.9539
0.2 0,9669 0,9669 0,9663
0.5 1.035 1. 037 1.028
0.7 1.092 1.095 1.074
1.0 1.191 1.196 1.147
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die experimentellen Daten fiir ein System mit vorgegebenem
Druck P und vorgegebener Temperatur T vorliegen, Die experi-
mentellen Daten missen deshalb vor dem Vergleich mit der
Theorie ins MMM-System umgerechnet werden, Auflerdem muf man
beriicksichtigen, daf fiir die Meldaten die Konzmentration in
mol/kg Lbtsungsmittel angegeben wird, widhrend die Theorie auf
eine molare Konzentration ( ¢ = mol/Liter Losung ) filhrt, Zur
Umrechnung wurden die Formeln

lnfi(c) = lny,(m)+ InP2k) - zg%gl + »;%%5 (3.3)

md,— Am*+ Bm’

und

c
(3.2)
benutzt. Hier sind d, und f3, Dichte bzw. Kompressibilitit
des Ltsungsmittels und _é, ist das scheinbare partielle molare
Volumen der Losung. Die Koeffizienten der empirischen Formel

(3.2) wurden dem Werk von Harned-Owen/ 11/ entnommen.

In Pig.1 ist der mittlere Aktivititskoeffizient fiir KC1 4in
wlssriger Losung mit dem Experiment verglichen, AuBerdem wurde
nach /5/ der Aktivitdtskoeffizient iiber (1.2), (1.4) fir die-
selben Potentialparameter berechnet. Der nach (1.8) erhaltene
Activititskoeffizient stimmt bis zu ¢ = 1 mol/l sehr gut mit
den experimentellen Werten {lberein, Die bei der Berechnung
von [nf, tber die Aufladeformel gemachten lidherungen sind
die Ursache fiir die grifleren Abweichungen im angegebenen Kon-
zentrationsbereich, In Abbildung 2 sind die nach (1.8) erhal-
tenen Resultate fiir die Alkalichloride gezeigt, Bis zu c=0,5
mol/l werden die experimentellen Daten von allen Kurven gut
beschrieben. Dies entspricht der libereinstimmung von Theorie
und Experiment, wie sie in /3/ bei der Anpassung der Poten-
tialparameter an osmotische Koeffizienten erzielt wurde,

Die angepaiiten Potentialparameter ermtglichen also eine dqui-
valent gute Beschreibung des mittleren Aktivititskoeffizien —
ten durch G1.(1.8). Es ist daher zu erwarten, dag die Poten—



tialparameter zur Voraussage aller thermodynamischer Funktio=-
nen benutzt werden kidnnen,

t -0.24
w
£
-031
2
-0L41
a4 1
0 DhE===n1h
c [mol/1]

Fig.1: Mittlerer Aktivititskoeffizient filr
EC1 (25 °C).eExperiment /11/;

1 - Theorie nach (1.8); 2 - Theorie berechnet

{ilber eine Aufladeformel fiir die freie Energie.

Fig.1: Mean activity coefficient for KC1 at 25 °C.
e Experimental values /11/; 1 - theoretical
result according to Eg.(1.8);
2 - calculated, using a charging process
to obtain the free energie (EBg.(41.2).
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Fig.2: MittlererAktivitdtskoeffizient fiir widssrige
Alkalichloride bei 25 %C, o Experiment /11/;
~ theoretischer Verlauf nach (1,8).

Fig.2: Mean activity coefficient for alkalichlo=-
rides in water at 25 9C. o experimental
values /11/;
~ theoretical curves obtained from Eq.(1.8).



4, Osmotischer Koeffizient fiir Mischungen von wissrigen
1=-1-Elektrolyten mit einem zemeinsamen Ion.

Fiir die meisten einfachen Elektrolyte stehen bel Raumtempera-—
turen fiir den osmotischen Koeffizienten Meflreihen itiber einen
groBen Konzentrationsbereich zur Verfiigung. Im Gegensatz dazu
gibt es fiir gemischte Elektrolyte nur eine geringe Zahl von
Mepdaten, die aullerdem meist auf wenige Mischungsverhiltnisse
beschrinkt sind, Daher sind jene theoretischen Formeln und
Ausdriicke von besonderem Wert, die es erlauben, filr eins grole
Anzahl von Mischungen in einem bestimmten Konzentrationsbe-
reich relativ genaue Vorhersagen fiir die thermodynamischen
Eigenschaften zu treffen., Im folgenden wird nach (1.1) der
osmotische Koeffizient in der DHX-Ndherung fiilr Mischungen von
1-1~Elektrolyten mit einem gemeinsamen Ion flr Konzentrationen
bis zu I = 0,5 mol/l ( I ist die Ioman.-:'csn-lm.I=-;f_Z.:i 2;2,- Z; -
elektrochemische Wertigkeit) berechnet. 4

Wir betrachten eine Mischung aus einem Elektrolyten A und
einem Elektrolyten B,Filir die Potentiale der mittleren Kridfte
zwischen den Ionen benutzen wir die in Tab,1 angegebenen
Stufenpotentialparameter ﬁhfi fiir die einfachen Elektrolyte.
Die zmusdtzlich in der Mischung auftretenden Stufenhfhen der
Anion A = Anion B bzw, Kation A - Kation B Wechselwirkungen
werden zunidchst als freie Parameter betrachtet, deren Wert
durch Anpassung an experimentelle Mefdaten bestimmt wird. Vor
einer Anpassung miissen die experimentellen Daten ins MMM-Sys-
tem umgerechnet werden. Dazu wurde eine von Krienke 10/ ange-
gebene Formel benutzt, In Fig.3 sind die Resultate der Anpas=—
sung fiir drei Mischungen von Alkalihalogeniden fiir I=0.5 mol/l
in Abhangigkeit vom Ionenstédrkebruch ), des Elektrolyten B
(¥ =Is/I) angegeben. Sowohl fiir die NaCl-KC1l Misohung als
auch fiir die NaBr-KBr Mischung folgt aus der Anpassung ,3‘1 -k
= 0,68, flUr die Natrium—Cdsium Wechselwirkung folgt [h . -c

= 1.22, Aus der Abbildung ist ersichtlich, dal die theoreti-
schen Kurven die experimentellen Daten gut beschreiben, Die
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griferen Abweichungen der Kurve 3 von den experimentellen
Mefwerten sind im wesentlichen darin begriindet, daB die in
/3/ verwendeten MeBdaten fiir reines CsCL von den Daten in der
Mischung abweichen. Es ist also fiir eine miglichst genaue
Bestimmung des in der Mischung zusitzlich auftretenden
Wechselwirkungsparameters notwendig, dafl die experimentellen
MeBwerte fiir die Mischung eine gleichgute Qualitét besitzen,
wie die zur Bestimmung der Wechselwirkungsparameter der
reinen Stoffe herangezogenen Mefdaten. Fiir den Fall der hier
betrachteten Mischungen mit 3 verschiedenen Ionen ist bereits
ein einziger MeOwert ausreichend, um den Potentialparameter
der beiden ungleichen Kationen bzw. der beiden ungleichen An-
ionen zu bestimmen., Damit 1408t sich dann der osmotische Koef-
fizient flr beliebige Ionenstirken 1< 0.5 mol/l berechnen.

In Fig.4 wurde fiir eine NaBr-KBr Mischung der Einflufl des
ﬁb&_“ Parameters auf den osmotischen Koeffizienten der
Mischung untersucht. Der Vergleich der Kurven 2 und 3 zeigt,
daf eine Knderung des ﬂhh -k Parameters um etwa 15 % nur
eine Anderung von g um rund 0,1 % bewirkt. Dieser geringe
EinfluB auf den osmotischen Koeffizienten ermsglicht es,
durch Wahl einer geeigneten Niherung fiir 'Bhﬁh-ir eine An-

passung zu umgehen,
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Fig.3: Osmotischer Koeffizient

Fig.3:

fiir Mischungen von 1-1=
Elektrolyten, Der Foten-
tialparameter fiir die

Wechselwirkung ungleicher
Kationen wurde angepalt.

1= 0.5 mol/1.
1-NaC1-KCl; 2 NaBr-KBr;
3 NaCl-—CsCi; x Experi-
ment /12/.

The osmotic coefficient

for mixtures of 1-i-elec-

trolytes with fitted po-
tential parameter for the
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Fig.4: Osmotischer Koeffi-

Fig.4:

interaction of unlike cat-

ions I = 0.5 mol/1.
1 NaCl-KCl; 2 NaBr-KBr;

3 NaCl-CsCl; x experi-
mental values /12/.

zient einer wissri-
gen NaBr-KBr Lisung
filr einige Werte des
Fotentialparameteras
der Na-K Wechselwir-
kung.I = 0,3 mol/1.

x Experiment /12/.
Osmotic coefficient
of an agueous NaBr-
KBr solution for seve-
ral values of the po=-
tential parameter of
the Na-K interaction.
I= 0,3 mol/1.

x experimental values

/12/.
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Wir wdhlen den Parameter so, dal er sich als arithmetisches
Mittel aus den Potentialparametern der Na-Na und K-K Wechsel-
wirkung ergibt, d.h.

il
phhlk*i( = d ﬁhm-m S %phk—u (4.1)

Digser Wahl entspricht die bereits diskutierte Kurve 3 in
Fig.4. Wir testen die Néherung an zwel weiteren Mischungen
(Fig.5 und 6). Fir I = 0.1 und I = 0,3 ist eine gute (berein-
stimmng mit dem Experiment festzustellen. Noch fir I = 0,5
sind die Abweichungen kleiner als 0.3 %, Die griufiten Abweich—
ungen treten filr reines NaCl bzw. KBr auf, Dies weist darauf
hin, dal die Potentialparameter filr die reinen Stoffe nicht
genau genug bestimmt worden sind und ist nicht in erster Linie
auf die Neherung (4.1) zuriickzufiihren. Eine andere Moglich -
keit der Wahl des 5*&&-« - Parameters wire z.B.

p Na-K L ph Na-Na phk K (4.2)

Fir die hier untersuchten Mischungen unterscheiden sich die
beiden Varianten (4.1) und (4.2) nur geringfiigig, so daBl eine
in etwa gleich gute Beschreibung der experimentellen Daten
erfolgt.

Die Anzahl der Mischungskomponenten ist durch die Theorie
nicht begrenzt.Aus Alkalihalogeniden kdnnen etwa 450 verschie-
dene Mischungen gebildet werden, Durch Benutzung einfacher
Mittelungsregeln fiir die Wechselwirkungen ungleicher Anionen
bzw, ungleicher Kationen z.B,

o 1’ A 4 A
hi= 2 hi* 7 hy
(4.3)
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Fig.5:; Osmotischer Koefiizient fiir NaCl-NaBr in Wasser beil
25 OC, Der Bhy, p - Parameter wurde nach G1.(4.3)

bestimmt. x Experiment /12/.

Fig.5: Osmotic coefficient for NaCl-NaBr in water at 25 °C,
The thi_ﬂr-parameter is obtained from Egq.(4.3).
men

X exper tal values /12/.
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Fig.6: Osmotischer Koeffizient fiir KC1-KBr., x Experiment/12/.
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Potentialparameter wie in fig.5.

Fig.6: Osmotic coefficient for KC1-KBr. x experimental values.
For the value of the potential parameter see Fig.5.

kinnen alle thermodynamischen Griofen bis I < 0,5 mol/l hinrei-
chend gut beschrieben werden. Der grofien Anzahl miglicher
Mischungen steht dabel eine relativ geringe Anzahl von 29
notwendigen Wechselwirkungsparametern gegeniiber. Bis auf den
genauen Wert fir die Li-F-Wechselwirkungen sind die Wechsel—
wirkungsparameter zumindest nZherungsweise bekannt und ktnnen
der Tab.d entnommen werden. Die hier beschriebene Methode ist
damit gumindest im Prinzip geeignet, die thermodynamischen
Funktionen beliebiger Mischungen von Alkalihalogeniden bis zu
Ionenst&rken von etwa 0.5 M theoretisch vorherzusagen.
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H. L, Friedman, W. Ebeling.
Theory of a Fluid of Interacting and Reactive Particles

Abstract.

Density and fugacity expansions of the thermodynamic functions
are combined in a way that preserves the best features of
each, The pressure of a given system of interacting and
reactive particles is divided into two parts. The first son-
tribution represents the pressure of a reference system which
is computationally simple and is treated in the density repre-
sentation. The deviations from the reference pressure are
treated by a fugacity expansion,

1. Introduction,

The aim of this work is to find an effective method for esti-
mating the equilibrium properties of those Hamiltonian model
systems in which the attractive forces within specified small
sets of particles are relatively strong so that complexes such
as dimers or trimers are dominant structural features in the
model fluid, Furtheron we try to find a representation which
is at the same time computationally simple and is imbedded in
a stronger formulation,The simplest representations satis-
fying the requirement of computational simplicity seem to be
the cluster series in the density/1/ or in the fugaoity
reapectively’z’j/. The problem connected with the use of
these expansions is that density and fugacity expansions have
quite different convergence properties depending on the na =
ture of the forces between the partioles’®/. As is well known
for systems with only repulsive interactions, e.g. hard
sphere systems, the density expansion converges morerapidly
than the fugacity expansion, In order to show this we have
represented in Fig,1 the result of the density expansion up
to the na-term as well == of the fugacity expansion up to
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the sz—term in comparision with the exact result which was
oaloculated by using the Carnahan - Starling formula. On the
other hand for system with attracting forces the convergence
of fugacity series is much batter. This is glso true for Cou-
lomb systems in the region where the hard core contributions
are not dominant, In order to show this we compare the known
density series up to the second ardsr/1'5/for a primitive
model

Bp = 2n- E—E—ﬂ-_(ﬁvnf)yz— 91?_"120-3??0(‘8/&) (1.1)
¥ - density, Q. - diameter . ‘f-: Pez/Do

ot 2
el L L
o 3 2  mz2 (2m)!(2m-3)
with the corresponding fugacity expansion for the same model
up to the 2~ term 2 ‘E‘ 1723
Bp = 22+ 1—;1-;(812?) 2+&z2q3[%°(;)+;(;) ]
ene) el ()4 ()]
“‘2‘“161:-(81“{) +8ra’ (R (G) () (1.3)
The results _or a 2-2-electrolyte with a = 4.2 A°, D=78,358,
T = 298,16 K have been compared with the HNC-ozloulations
(Fig.2). The fugaoity expansion has a better overall shape
but clearly it is wrong at high densities where the hard
oore contributions dominate. Recently fugacity expansions
were successfully %plied to partially ionized plasmas by
Rogers and De Witt/®/applied to ionic solutions by Wood,
Lilley and Thompson’“/, It is the aim of this paper to find a
mixed representation which is some where between density and
fugaoity expansions. As desoribed below, density and fugacity
expansions may be combined in a way that seems to preserve
the beat features of each, This work is a generalization of

(1.2)
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Fig.1 Comparision of a density expansion up to n2 with a fuga-

city expansion up to z2 and with the (exact) Carnahsn-
Starling expression for a hard sphere system.
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Fig.2 Comparision of a density expansion (eg.1.1) with a
fugacity expansion (eq.1.3) and with HNC-results for
a charged hard sphere system.
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the use of mixed expansion techniques used in earlier papeég'7/
which was applied to pamially ionized plaamasfaf and weak elec =
trolytea/s/.

The basic ideas are firat presented for the simplest possible
¢ase of a one-component neutral fluid and then are genralized
to apply to an ionic fluid.

2. Association in a One-Component Non-Ionic Fluid.We assume
first that only dimers are formed. Then we consider an ideali-
zed reference system with attracting forces which make big
positive second order coefficients bg. If higher order terms
are neglected the fugacity expansion for the reference system

reads * 2%
Bp" = z+ z°b,
2 1.%
R = z+ 22°b, (2.1)
Introducing the fugacities of monomers 21* and dimers 22* by
-« * 2.1
21 =7 ; Z.Z = 5] LDJ' (2.2)
the pressure reduces to an ideal pressure
* ¥ *
=i
Pr 1, =% (2.3)

In the " star-picture " the gas is considered as a2 wmixture of
noninteracting monomers and dimers. Usinog

n} = z; I(Bp)/oz

we find from (2.1)

(2.4)

* &
Re=a Bt ‘?nz (2.5)



Also we notice that the Helmholtz free emergy corresponding to

PR > . o
* T N il e * =il
= gA (h:nl ) = nf{‘ﬂfn Hrﬂf‘]+ V?z [1*6"2 h:.A:’] (2.6)

= 7-3/2
L h[ 2rm kT] 2.1
Let us include now simple interactions between the quas:}spaoies
using a Hamiltonian for which the cluster function is § (V)=
—Lb—— , In the usual graphical notatio the pressure of
this new reference system is given by

_6p’V= o + o—!—o+°)_f_°+&+m+...

(2.8)
where the circles denote a zi! - factor., We asssume that we

have still a convenient and accurate approximation method for
the calculation of the free energy A' (nf- nzi) of this new
reference system.The density expansion of the excess frse
energy reads

—-\%A:x(n:rn:) = olo + c&) W m +‘..
(2.9)

The equation of state (2,8) may be considered in relation to
the exact equation of state of the given system

e o b A AT

the bounds denote the cluster functions for the
Hamiltonian of interest

fo) = epbpucdt = ——

Now it is our aim to choose a reference system which is as
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near as possible to the original system., A procedure for
doing this is described below.

Let us split the pressure of the real system into the contri-
bution of the reference system and the remaining contributions

I n
=Pt P (2.12)
Now we examine the remaining contributions which are due to
the difference between f-bonds in the real system and ff-bun.ds
in the reference system and due to introducing z* - circles
instead of z-oircles.For a graphical representation of p we
introduce the £'- bonds by

]
i $ = $ (2.13)
and star-bonds by
e = VZ:J(\"): szbzkg(r)
(2.14)

Using this notation the remaining contribution may be repre-
sented by the following graphs

Bel = Blpp = e <N PN
+ﬁ+ﬁ+ﬁ+)k&+)kx
el g s
s N L3 TTE
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Note that here all circles are z-circles,

The remaining contributions appear as the difference of two
parts were in the first paren theses all terms are colleoted
which are due to the difference between the f- and f'- bonds.
The second paren thesis contains the terms which are due the
expression of 2%~ circles by z-circles.As the examples 1illus-
trate the replacement of z -circles by z-circles introduces
star-bonds into a graph of £'- bonds in all possible ways
subject to the constraint that no two star-bonds meet at a
vertex.Clearly the star-bond i.e. the expression for bz‘ can
be adjusted to cancel a £'L bond.By choosing ba! in such a
way many diagrams in eq.(2.5) cancel, The mumbers at the dia-
grams show which terms in (2.15) are cancelled.

Assuming that the calculation of the pressure for the refe -
rence system is a solved problem the estimation of the pres-
sure for the real system reduces to the calculation of the
following diagram expression
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Evidently p'' consists of the set of all possible diagrams
with at least two £'' — bonds at one of the vertices.

There is no diagram with two nodes i.e. p' has at least the
order 0 (22). Including trimer associztion with an appropriate
trimerization constant b;‘ into the reference system one can
reach that at least two of the third order diagrams are inclu-
ded in p' eto, Therefore the technique of mixed representatior
geems to be a systematic procedure to include the contribution
of more and more important diagrams into a reference system
which is computationally simple in the density representation,
The remaining terms are to be calcula‘>d in the fugacity re-
presentation with fugacities which are given by the free-par-
ticle fugacities zf = 2 in the reference system,

N Assoziation in Many-Component Ionic Fluida.

Let us consider an ionic system comnsisting of s components
1i=1,25...8 with the cluster expansion

,E)P = gza =3 Zzazfrbuf»+ quzf-zc bagc it 551
+ZZQ1,..ZquG1...G‘ ‘f'. o

If a cluster ccefficient cuntiina a big positive contribution
caused by attracting forces By qf we shall interpret the
expression

(3:1)

* % i (3.2)
zf S Zq‘__.qf i apaq_. 9 bad_..oe Zq“,...zat
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as the fugacity of the corresponding oomplex/4/. Here X; o
1s the number of different permitations corresponding to thé
same composition,e.g. Yo, =1 if a = b and Taﬁ =2 if a ¥ b,
Assume*that there a:-e t kinds of complex spe*giss wtt? densi -
ties n1, charges eﬁ and effective radii®, . If }Ji denotea
the nulftfher of particles of kind 41 in the complsxlz we have
the relations

T
% *
= V.
n, n, + £Z=:s+1 o h 5:%)
s + L
) nie, + ne, = 0
§=1 f=5+1 (3.4)
(i Zs_vﬁ?a
(3.5)

where ﬂf are the densities of free ions, T?i their effective
radii and /.f certain factor J??‘ 1 which takes into account the
incomplete filling of the space by spheres. Now we choose as
the reference system a chemical model including mass action
equilibrium between the complexes and the free particles and
interaction terms described by the mean spherical approxima-
tion 9/« pssume that the free energy of the reference system
1s given by

5 " ,I
-—%A,(n:‘\/‘T) = i);”i I’f + th n:‘./l.f']

4 oA BN gty
: = e A VT
+~[’2=:s+1nf [1 +tn A Iy e (g, )T
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SA
where A ex is the known MSA-expression for the excess free
energy of a system of hard charged spheres which is for sym -
metrical systems of the form

AMSA = 12 1?3[6x+3x + 42— .2(’['+2x)

ex

3/2 T

X

|\l

f
% (é’rﬁnczyz .7

Furtheron the mass action constant h’ and the thermal wave
length _)1 are defined by

b = vj
KC(T)S 3‘01_.}!2 b%__‘og(T) ) -AE :1E-A.,‘_ (3.8)

Using these expressions we find the set of particle numbers
h:‘ oy V!: by minimizing of A with respect to changes of
n; taking into account the balance relations (3.3). Now we

define fugacities by

* * _,_a__ MsA = s
L = exP[E)n:‘(-eAex )J ey (::9)

Note that consistency requires

¥ :
Zi: = ozaeqb k=25 e
k LS (3.10)
and the relations (3.2) if k= 5*1 5+'£' « The equations
(3.2) may be considered as mass s,atinn la.wa for the complex
formation, The pressure of the reference system follows from

PP('?H Rgpp ! ) (aA/aV)T
b ,‘E of — (9T /oV);

(3.11)



These expressions define a certain set of diagrams,In the den=
sity representation we have for the refersnce system

Bpf,-_- -+0—0+o—--.|+.Q+{.::>

+£§-+='E+"\\+ *L-{
A

_—— -
. = ‘
)

+ ¢ .'

+ (3.12)

Here the way lines correspond to Coulomdb interactions outside
the hard core and optimized interactions inside (P - bonds
in the sense of Andersen and Chandleé® ) The dashed lines
correspond to hard core Mayer bonds, The black circles are
affected with W - factors.

In the fugacity representation we find the same diagrams in-
cluding additionally all the reducible combinations and with
z* = faotors at the nodes.Similar as in part 2 we may intro-
duce now instead of the z:- eircles star-bonds corresponding
to egs.(3.2)

AL y A : etc.

Therefore we find the graphical expansion in terms of the origi=-
nal fugacities

Bp’V_—_ At i SR S i
L e

(3.13)

(3.14)
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Now we are able to write down the graphical expression for the
remainding terms by subtracting eq.(3.14) from eq.(3.1). It
follows for the total pressure which is the sum of p' and
these remainding contributions

BV = Rl T) + § e = ot
Sl S SR
PN DD L
ey G

SN
i ]{ﬁl = /‘ZY\\l } (3.15)

Here the black circles correspond to the original fugacities
which may be calculated from egs.(3.9 = 3.10). Clearly the
star-bonds in egq.(3.15), i.e. the choice for Kys; Ky etc,, can
be adjusted to cancel as much diagrams as possible, Especially
the second-order contribution can always made to be zero,This
is a kind of optimization of the reference system by choosing
appropriate values for the mass action constants,Clearly the
diagram expansion in €q.(3.15) may contain divergent terms
which are to be renormalized by the usual procedure of chain




aummationsﬁ”.Thersfore the final result will have the form

~f y
pp = ﬁp.’{n:; T) L ‘é 2:126 baf, 3 EZC ZRZ{,ZC 26c T
a (3.16)

~ e i
where the coefficients bqf’ y baﬂr_ denote the renormalized
convergent cluster coefficients, Incontradictionto the com—
mon density expansions were one screens usually all the Cou-
lomb lines it seems to be useful to screen in the fugaoity

expansion only the divergent diagrams,

4, The Distribution Functions.

The unspecified pair distribution functions for our system
may be obtained by functional differentiation of thermodynamic
potentials, Due to our assumption p = p' + p'' the pair
distribution function consist of two parts

N (r) = H;&(r‘) + H;:g(r) (4.1)

where the first part corresponds to the reference system.By
functional differentiation of eq (3.6) follows

i = 34w She 5 g dbu

3(-Bul) by 3 ﬁU.z) B} (-pul)
(4.2)

TR e V?qg ("‘)
where u# denotes the short range part of the interactioms
n:a the density of (ab)-eomplexaa, H*i, the density of
(abc)=complexes etc. and '.q E (r) the MSA-expression for
the p.d.f.. The second part of the p.d.f. we calculate by
functional differentiation of eq (5 16)

See") ‘ ae.,sc
) I 5( %) ZZ{;Z % Xpud

h
g (r) =
(&.3)
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Therefore the finel result is
”qs (r) = V?:W;gjg(r) + h'q My C;E’ (")
e b e 5 b
w -puy)  NE 3f—/3u¢c)
gc Bb,g,c E quk )
Z 222,
3( ﬁ ) T i &) (4.4)

Here :Y denotes the Farcus-!eviok expression for the hard
sphere reference system and C the generalized chain sum
evaluation using the PI-approximation for the short range bonds
and using a perturbation inside the core that makes

cj’m:o if r< (Re®,) o

This optimization procedure was discusssd €.2. by Andersen
and Chandle

15 Ion Association in the Primitive Model.

Consider of charged hard spheres with the diameters q .Three
kinds of ion complexes will be considered:

(1) 4on pairs (+ =)

(2) 4on triples (+ -+ ) and (- 4 - )



For simplioity we shall assume here that in the reference
system the complexes have also the diameters (L . Then the
free energy and the pressure of the reference system reads

—-—-A = n {14-{1: ,.AJ [’I+ tn A I

n,_ [’] tn *—qu]* n:_J’] +fn anhE-AJ

K—+- (35*)3 *
iy *‘[“{)" nﬁ..ftf'Af]‘+ r TOR) )

il ¥ I * (1*”,‘1""32_ v
ﬁp ol (n++ vgf-l— lq_:+ Y2+_++ l'?_+_) ‘('1_3)3:1

3
= g?:n_} t]o(ac*q) (5.2)
el == '—I-Tr(?zez(\n:+ n+ nf_++ n:__)/])o (5.3)
where
g = %Trqz (P?:-a- h:“-p Vg;:_-l— n__‘:__& F?:_) (54)
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*
The concentrations }\|{, are found by minimization of the free

energy under the constraint

¥ *

e
= Lk = W:4-W+_+ ?w+_++ Vi ps

i E
Here we may use the symmetry condition
3 * 1 ¥ #*
W= / ey =

The optimal choice for the dimerization constant is

By 2he
B (0= 25 = gd%- e ﬁ“*‘(e S
o ?2“‘?
= 3 e =
=i WZ:Z (210! (20-3)
el , S
£ = DUT g D, kTa

(5250

(5.6)

L

(5.7)

(5.8)

This is exactly the chtr:ice which makes the second order con-
tributions CJ(Z‘?) to P’ to zero and therefore one has at least

PH 3 O(z 5/2)

(5.9)

The mass action constant (5.7) was already used in earlier

pa.pera"“ based on more intuitive arguments.

For Coulomb systems there is no possibility to make the higher
order contributions also exactly to zero by an appropriate
ohoice of the trimerization constant, Therefore all what we
can do, 1s to make the contribution of the third order inte-
grals as small as possible. A reasonable choice seems to be

/F

- 7. 4%, 43 « * kol
Kc_ga = -2—!—‘7&@{ rdrdi exP[ﬂﬁuqa(rz)—‘.euqar_’:z*—{f;’%gfza)j
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“f*P[“f«/ﬁzT‘{( o - "Q_ﬁ)

O

L/ : ~ta/"y
. (e o 13-‘7“_&_5'_ ‘&3)_{. ﬁ‘/1i’[+—{iﬂ—§

2 e
s 23 e i
ey
-l e a6 /{_'___ﬁ__,__"g_z (5-10)
s 213

where b # a i.e. we have the configurations (=+ =) or
(+ - + ). The asymptotic expression for this integral is
given by

K, - &R exp [ /Ree) + (£/2%)]
i GG (LA +(£. /2R, )]

In order to check these formulae the pressure has been calcu-—
lated from egs.(5.1-5.8) neglecting the trimer formation.

The resulting system of equations is up to the different
treatment of the hard core contribution identical to the
MSA-MAL-theory by Eveling and Grigo’/>/. For a model 2-2-elec—
trolyte with d = 4.2 A the result of explicite calculations
is in very good agreement with the HNC-calculations by
Rasaiah ; the deviations are in the whole region c < 2 M
smaller than 3% (see Fig.1). Therefore we may conclude that
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the representation given here yields a reasonable description
of associating eleotrolytes. A continuation of this work is in

preparation

12/,
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W, Ebeling and H. Krienke

Statistical Thermodynamics and Conductance of Strong Electro-
lytes with Exponential Interaction Potential

Abstract

Some formulae for egquilibrium and transport excess properties
of electrolytes on the MiM-level are developed, based on more
realistic solvent-averaged ionic interaction potentials es-—
pecially in the region of cosphere overlapping. For several
1=1 agueous ionic soclutions the parameters of specifilc ionic
interactions for two potential models are given, consisting
of a hard core part and combination of Yukawa-terms.

1. Introduction

In recent years several models were used for the description
of the potentials of mean forces between ions in solution
/1_5/' They mostly propoEe an more or less hard core for the
Pauli-exclusion region of the interaction of the ions, and an
adjustable functional form in the overlapping region of the
first solvation shells around the ions whers very little is
known about the exact form of interionic interactions up to
now. To this class belonges e.g. the step potential

= j e ReRp
’lp‘;b: htb ; ?q"‘Rb sr < E""Rb"d- "

Cuc ; r2 Re®, ed
(Ra' Rb - crystallographic radii of the ions, d - diameter of
a solvent molecule).

Por this potential thermocdynamics ag well as transport proper-
ties were calculated recent13/4'5’8/. A disadvantage of the
step potential are unrealistic edges or jumps at dietances

r= (R #R,) and r = (R #Ry+d). In order to avoid this diffi-
culty we shall develope here the first approximation to a sta-
tistical theory for exponential potentials of the following type
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[
zi{.ﬁVaa + Vap (2)
vf o r!’.:'?q“h,)
where LU (S 3 PSR R :
(3

d 5 R ) 5 T
i Vabz_%;% t B!h _(q+§h+ EKP( 'Q‘-r?b +d )

or in another variant

i B
\/Ob:‘%ﬁl(l?_e“‘JJ,A“bv—T%(e - & ) (4)

The perameters of and a? mey be correlated with the thickness
of the solvation shell (Gurney-cosphere), for instance we will
make the choice

A
M=£ 5 39" .Z:{ (5)

Both variants are rather equivalent with reapect to their be-
haviour for r > {Ra-i-Rh}. An adventage of the variant (4) is
the nonsingular behaviour in the point r=0 which gives rise to
rather shortrange Fourier transforms vab(k}. In Fig. 1 we pre-
sent the shape of the potential for parameters which should
correspond to KCl-solutions (see Tab.‘1)/3

BKC]- = 0,30 AKC]. = 027
BK]'.( = =0.84 AIQ( = ~0.78 (6)
Bclcl= -0.03 .ﬂclcl= 0.04

2. Pairdistribution functions and thermodynamic potentials in
equilibrium

For ihe class of fouriertransformable potentials discussed here
it seems to be of adventage to use the standard method of
cluster expansions for the pairdistribution function (p.d.f.)

. Defining the first order correlation function E.p 28 the
solution of the screening integral eguation for the non hard
core part of 2[_{ t

ah

das 12 + BV (42) + 13 gq_pg’cqs) 9ue43)d3 =0 %
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we find in the low density :regime for the p.d.f. the cluster

expansion ES(r)s o Jee Pl -{4+§h¢5‘d3((eg“"g%"'-4)'
.(gﬁ'bﬂ‘ﬁv"‘_,{] "3«3&)*- ot &

(v;b is the hard core potential).

For higher densities another expansion with the full hard core
pade T, E HC ga reference p.d.f. may be useful. We can start
from an perturbation expansion of the excess free energy (see

/9/
0-8."")  cex oM. FD_ kT(B,+3,+...)

w457 M..V Creke. C ge
1S Ml (Rl D-a) i K 52 o

E;‘ib:g MM’ _fd.r _rdez(a\/‘) Jee (11)

are mean field and modified Debye-terms, respectively, and from
the higher order virial coefficients B, has the structure

32 2 < *Wr{FHC( Sek 4~ ﬂ‘“’ '3“’) (12)
zg"'(‘;b( ,{)}d..r

Punctional differentiation of (9) with respect to the poten-
tiale V,, gives us the p.d.f. S - In a first approximation

we get 9 $ HC
=0 -
G =0 e Gae (13)

Possible is also another choice of the reference system: the
inclusion of the coulombic part of V,, in & . In thise case the
reference p.d.f. will be that of hard chargedspheres, which
may be approximated by its MSA variant (at least for electro-
lytes in the low Bjerrum-parameter regime). We can follow the
linea of thermodynamic perturbation theo:ry/ 10/ and put

T S e 07%)

55

(92)




contains in a proper fbrm the perturbation part of the poten-
tial, e.g.

. -’Blgb(r)
eps U0 er el

The equilibrium p.d.f. Which corresponds to this approximation
we may construct as

; E:: Ehﬂsﬂe*ﬂ‘-ﬁh or on the basis (16)

of a definition of a renormalized perturbation potential as in
mode-expansion-theories /17 as

o MSA (17)
Eua = F gab
where g—” is ths eulution of (7) for the potential
Wl s

The solution of eq.(7) may be easily found by the Fourier-~
transformation technigue. We follow in this direction earlier
work of Kelbg /1 2/. In general the corralation fu.nction

is connected with the screened potential V b BY gau.' -p

We note that the Fourier-transforms of the potentiala (3) and
(4) are given by

V (i() LHJ @E eh + B i“: C&*Ph*'d)z (18)
44 KRR, +d)?
Iresp.

A 1 {liee, «° R i 4,
\/‘bU{J: ksz’“{ ]}thz t qa. 37 Ck2+ 72 (19)

Trangbrming eq.(7) into the Fourier-space and defining matri-
ces C and H with elements

A Eal
C (k)= Vhn, ﬂV (k) ; H“(k )= Vg 1, (93“ (k) (20
we can solve the resulting algebraic matrix equation to

H - C*{l*C’j (21)

( % denotes a convolution and {} the inverse of a matrix).

For potentials of typ (18) and (19) the Fourier-transforms
ab{k) are rational functions of ko » 1.e. quotients of poly-

56



noms of k& . We find @a G(z
H = dbivE: - 7
£ 2t ABTREPIILS) (22)
—P(kz)ieé R{ k in both cases.

For two-component electrolytes (a,b=1,2) we find for B-type
potentials (19):

e, 2.2 AN
fe: 22“4:“;4"(::*“:2 ('o{ ’Q@z*“‘}s%@)

E -
‘z“a LA _:,g 49( 12

Z
AT AR N CA S ol M
25 4 =
%2 Bﬂ)"”‘:«z (affz*EJ(a?z* ) 42 .j(xfao *Ez)

R = (, v Qe oy, + # (0 D ol (Lol ), )
(“' *’-’f"(j‘ "!zf) B-ez (%1 *j“;:@j) ‘iﬂﬁa@’ o lul)s
&%z(x‘f 135,) -2 B, 2 (. P4y l) + 04 2F R -
(""«f”r;.?:) éﬂ 2
P« fyfca s (%% 3, +."b§z)(%fw€; +Guc?) +

14 22
(ac‘%i’f,,ﬂ)fsffﬁé_;) —(9(195;3,2)2 (23)
ﬁ«: P OC‘HZ »q{ *.fo( 49&24'3:,, i :524! J JDS 3 4
2 4iin e? 2 Qs ~A
Q«Q.TDI:T:;— e dna e (R d)
ﬁ = tffr Pnnhh ‘Rﬁb
aby L,T O(qh
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For A-type potentials we have:
Po= ity +(2h, + 2h, - 222, < P)<F*
pE 2y x‘x‘f’(xif’ﬁ( x?q{ﬁ.a:‘—jzz))&tfl)g?)’h
(a?h, e 22 A, Pl ) (B2 R2-202) (L
B2y i) e (i AP )
B4 'ple aef Ve 2284 (4,71, )2 /)
P, = 2(«*7) » PsA

}:1_ < b Vna 1y Aa&
ap k-rag

(24)
The Q_,-polynomials are:
Qule): a2+ e B e 50K, S kN oK)
Q)= 27+ K B Nt N, 4k)% Kl + k3 )
(g b B N, k)™ (w2, 4,7kl +3,)%
(2,8, ) (! fi)j (25)

Q) - (2,4 (74T WP XE- )

Q-uqf!) :'(2_" %2(1’21';")-}5'(4/?_}7%2)(‘4(% ?_)9?} 4
(%?4" - %?J; _2{’)/&;: )dza_z’)p)‘;z_)?;) +
(74 202 ) - i i
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for A-type according to eq.(19).

The back transform may be performed to give

Togn, *+ gwfr) E _gmk Haw (k)sin(rk) dk = rﬂg 4;:.{8) (27)

E-f"ie)ia the sum over the residues of

5 -

f(&)= 2@452%5’ (12 (28)
PE)

in the upper half-plane. F’Ce) must be regular on the positiwve

real axis. If all poles of .F’f.a) are simple, the residuum 'f;,fe"ia

given by 2 gi’&t
%ielz Q. G)e

e 2

¥ U k#e (2‘-{2&')

with v 2 1 (30)
Plz2)-PR2)-0

In the low demsity limit with nearly equal radii we can prove

that the 26 are all on the imaginary axis, so that

(29)

5 -
Gau(r) < : C:::(SK) M) (31
with =
= R
s e Gl v o, 2

1( 1Pl 2 \
N, e ? ((fst )
3. Paiiiatﬂbution function in nonequilibrium and conductance

If an external field E is applied to the electrolyte the p.d.f.
is disturbed

-~ = A
faw = fo * o (33)

Folowing other papers /5,11 we represent the perturbation in
the following way

—d o 9 A
’:\b = Eu, [?ﬂb" %4'9_] (34)
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where ? is defined as the solution of

A{’% i Vgﬂh Vip% ¥ /a%(i-‘/g) Vjab (35)

p(w’~em“9-; s éiq(é‘gi)_d )

( §, 8, - friction coefficients).

with

Neglecting the nonlinear terms and introducing the expression
(34) we get the d.e.

A rxJ, ab(E/E V[} (ch(s) et S 7) J (37)

The solution 18 easily found to be

Pl ]

Por the function . g holds in certain approximation /5/

A g Ga*E, [h+gu] (39)

Strictly speaking we have neglected here the influence of
short-range forces on 3 . In the linear approximation I'
may be replaced by one E.nd we find the d.e,

(ﬁ‘ﬁ(f)gnlv%fju%(fﬁ:)-V[g (SJ_L_F_@QJ-_/LJ (40)

whereg =0,5 for symmetrical eleectrolytes,

This equation is solved by

3 =St #rly
3“ E/f)VZ ﬁ» o e zt + 2 7 s +S’:—'r') (41)

f
s‘-?ac") ST (s*q:oe) 4
Finally the molar conductance may be expressed by the set of
formulae

A=A, foieS g5 S5

(42)
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g1+§-°.
exp(5.7) - exp(- —rae?"") J (43)
(s2-gae%)r

S (22 Telo6.) ns66l)] @1;5?6 (daf> a0

S&l_(ﬂi&*_fb_gll[m‘\odr*z (@1{5,.) =0 9[

(45)

gfnt: % J.j) (n1+HJJJ1a

81 S,
o2 70F 9 prW eplst) %
u‘ 3? fd"”r['f- .{9372 e W Cz 2T J

By means of these formulae the calculation of conductance is
reduced to simple integrations.

4. Potential parameters

A calculation of the potential paramsters A, and B, from
first principles is difficult at the present stage of our
knowledge on the interionic forces. In order to get an idea
about the order of magnitude of these parameters we have cal-
culated here the Agp and By from the parameters of the step
potential hab which are known from earlier work. Similar as
in the theory of real gases we have assumed that two poten-
tials are eguivelent if they include the same area with the
x-axis. Therefore a step potential and an exponential poten-
tial are Equ:.valent if

o G fef*( Tral n

The COulombic part was suhtractad in order to make the inte-
grals convergent. Introducing the formulae (3) or (4) into
eq.(47) the B, and A_,-parameters can be calculated from the
hab' We have used for the alkali halides a weighted mean of
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the h , —parameters from thermodynamic data (factor 2/3) and
from conductance data (factor 1/3). For the acids, ammonium
salts;, nitrates as well as for the tetrasslkyl-smmonium salts
we have used new results of Faigl and Krienke /8/- All para-—
meters refer to 2500 with the exception of the tetrasikyl-
ammonium solutions which correspond to 0%. In combination i
with the formulae presented in parts 2-3 of this paper the po-
tential parameter Ay, and Bab given in Tab. 1 should fit the
thermodynamic end conductance data in the region up to 0.1 W
in a reasonable way.

We thank Prof. Kelbg and Dr. Kilimenn for discussions.
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-0,25
-0.48
=1.45
=0.10

=0.22

=1.42

0.04
-0.02
=1.45
=0.35
-1.09

-1.35
0.16
0.13
-1.30
-0.20

=1.21

~1.42
0.14
0.08
=153
0.23
0.21
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=0.14
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0.61
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FF Ccicl BrBr Jd N03N03 OH-OH

Et4NEt4N

0.40 -1.28 =1.40 =1.55
-0.27 —0.22 -0.34 =0.48
-1.,60 -0.78 =1.18 =1.57
Pr4NPr4R

0.45 -1.30 -1.44 =1.62
=0.17 -0,29 =0.42 -0.57
1,34 -1.16 -1.68 -2.44
Bu4NBu4N

0.60 -1.40 =1.44 -1.60
-0.03 ~0.40 =0.45 =0.58
-0.15 =-1.79 =2.05 =2.83
Tab. 13

Paremeters of specific ionic interactions in agqueous 1-1 elec-
trolyte solutions for different models: g
h,y from (1), By, from (3) and Ay, from (4). (in kT)

The TAA-halides refer to solutions of 0°C, all other to such
at 25°C. In hard core R, are Pauling-radii for alkeli- and
halide~-ions and Robinson-Stokes-radii for TAA-ions. The re-
meining were taken:

Rop = 1458, By =10.45, RN03 = 2.46 %.

To estimate the Aab parameters we have taken the choice
2 4
o= 5 and }7 1 with d = 2.76 R.
d S 2d
Values in parentheses are extrapolated.

! b les) « ”’L (neg) » e11 other hy 2;1 Le9) ’fh'h(ne?)

nb ‘m (1



Fig.1:

Models of potentials of mean forces
between ions in infinitely deluted agqueous
K~C1l solutions at 25°

A: after equ.(4), B: after =qu.(3), C-
Coulombpotential, For parameters see (6),
Pauling radii.
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D. Kremp, U. Lau and W.D. Kraeft

Conductance theory for electrolytes at higher concentration

1, Introduction. Basic equations

One of the most essential tasks in the theory of the electro-
lytic conductance turns out to be the ﬁensralizatinn of pre-
vious theories (e.g. of the KKE theory 1/} towards higher con-
centration ranges . In this paper, we want to propose 8uch
an improvement of the theory by introducing a better approxi-
metion of the three particle distribution function Fabc
The starting point for a conductance theory is the current den-
sity of the ions

g=ﬁz—na.ea.ﬁe =6E .

The problem of the statisticel theory of the conductivity
consists meinly in the derivation of a relation for the calcu=
lation of the mean velocity g of the ions from the external
fields and the interections between the ions,., Such a theory is,
e.5., the well-known Debye-Onsager-Falkenhagen theory. That
theory shows especially that the sgquare root law found experi-
mentally by Kohlrausch has its origin in the long range charac-
ter of the Coulomb interaction.

Experimental investigations show that at higher concentrations

different electrolytes show different deviations from the Kohl-
rausch behaviour. These individual behaviours are determined

by short range interactions, e.g. by the influence of different
ionic radii.

The Onsager-Falkenhagen theory is not appropriate to take into
account in a systematic way the short range interactions. Only
in the simplest case of the hard sphere potential, Kelbg succe-
ded in taking into account these interactions in the theory by
boundary conditions. Purther progress in the theory of the con-
ductance was achieved on the basis of more rigorous methods of
the statistical mechanics, A statistical theory of the conduc-
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tance was formulated by Falkenhagen and Ebelin§/3/ and further
developed by Kremp, Kraeft and Ebeling (!{I{E)‘,‘1 3

The basic idea is as follows. A system of Nc neutral particles
and N ions is considered under the condition N.>> N. The state
of the ions is then determined by the distribution functions

of the ions, FN (f' (NJPfN».

For the determination of Py, by Klimontovich and Eveling/*/ the
go-called stochastic or Brownonian model was developed, In this
model, the motion of the ions is combined of the mechanical mo-
tion of the ions under the influence of the external forces and
the interactions with the ions, which is charascterized by the
Liouvillean LN' and of the stochastic motion caused by the col-
lisions between the ions and the neutral solvent particles,
which is characterized by the collision operator SN' The basis
of this model is the stochastic Liouville equaticn

oF (1)
,S?~= LNFN 1 SNFN .
As a consequence of the high collision freguency, the momentum
distribution approaches in a very short time to that of a local
Maxwell distribution. For this reason, the basic equations of
the traneport theory are balance eguations in the configuration
space, which follow from (1) by hydrodynamic approximations.iWe

use the Falkenhagen-Ebeling trensport equations in the follo-
wing shape

- the equation of motion for the mean velocity

— n 3 b
T F = [ o fa e g
ala P La %bfdgab M, ng"y,l: (S-I-E.C)H
— the equation of continuity for the two particle flux

BRs 2,0 2 yea

—_— s— e (

At tan4a Re tang U, Ea =C) .
~ the eguation of motion for the two particle flux

b L N (4)
Uabo=gleEf-fr2r,-£2 &)
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A
‘ST;_¢¢ 73 ,'3%“" < I’at‘ q)a.c Fab ‘d'r £

Here, as usual, F ar Fab and Fabc aie the Bingle. two and three
particle diBtribution functions, U, are the relative velocities,
?a are frigtion conatants,1p b is thé true two particle poten-
tial, and % is the effective two particle potential., The Fal-
kenhagen-Ebeling equations (2-5) have a clear physical meaning.
They mey be interpreted as particle and force balances for the
motion of particles in a liquid under the influence of friction
forces.

From eq.(2) we see that the two particle distribution function
is the key information quantity for the determination of trans-
port properties, This function must be determined from egs.
(3-5). Here we meet the difficulty, which is characteristic of
all interacting many particle systems,that Fab is coupled with
higher distribution functions. For systems with short range
interactions, in the case of small concentrations the binary
collisions plsy the most important role, and one could neglect
the higher distribution functions, 1'8"Pabc 2= 0. Because of
the collective behaviour of systems heving Coulomb forces in
systems of ions such an approximation is not appropriate. For-
mally, this approximation would lead to the well-known Coulomb
divergencies, In this paper we apply a generalization of the
previously developed theory 1 using the nonlinear approxima-
tion

b =F P (6)

-
In this approximation we get for the effective potential q’z,

= il
using Yoy, = Vg + Vap 9

e b “od ( i (7)
Foy ¢¢' = a?‘(\a-{-vﬁ) —gnc,[d":: u-ﬁ(vqc'i‘vu)ﬁ’c y
Thus the eguations (3,4,7) represent a system of equatins from

which F,y mey be determined selfconsistently. 2 may be inter-
preted as a screened potential.
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Because the short range potential Vab must not be screened
necessarily, in the integral of (7) we shall only retain the
Coulomb potential Vgh’

A
i S e (&)
The structure of the eguations then implies the substitution

Bl ~RVip = )
ab =€ Re -

Combining (3) and (4) we get after some rearrangements for the
stationary case and using T -ry =T, Fab(r)tha(-r)

BV, e = :
e Pt 6T AE, + VE Voo, + Eoady, - VE Sit

'FV;L = e £ 2 (10)
Here we used (Ebeling, Feistel et al./E/)
bib a [a
Pap = Wb+ wlPL i
whera urg are the relative friction coefficients
b -1
W, 5% %+d_) (12)
i a'Ya §p
b
Mab = PleaWo’ — e, w2)[E| =R q(€a-es),
(13)

iy b a -1
Q"(eawa.“ebws)(ea-eb) 3 a=*xb,
As ususl, Fop fulfills the following conditions

e ?:'_?‘m EbCr) =1

sk F;.b ePV;,b = E:b(r) — continuous (14)
-3 -AVap B4 E E

> ePleb LIVE, + qbvpcp@-/&_?_(ﬁ:&gg&s!

The first property is known as the decay of the correlation,
while the second property follows from that of the integro-dif-

ferential equation (8), (10) for F.,- The third condition re-
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presents the continuity of the particle flux, which follows
immediately from the eguation of continuity (4). We will see
that this third property in the case of stepwise constant short
range potentials (hard spheres, square well) will ect as boun-
dary condition at the discontinuity points of the potential

Vap*

2, Boundery vslue problem for the determination of the distri-
buticn fenction

The main task in the theory of electrolyte conductance is the
determination of the binary distribution function. The corres=-
ponding equations are given in section 1. - In order to get
explicit solutions for F_,, we adopt some simplifications.

The most essential one is the restriction to small external
electrical fields, i.e. we consider only smell deviations from
the equilibrium distribution. This meens that we shall consider
only the range of validity of Ohm's law.

In this case &ll quantttiaa are expanded in the manner
R, - R +Fa, + OCY)
Pe = @+ O(E?) .

With these expanaiona we gﬁt from (3-5) or (8), (10) respecti=-
vely for the egquilibrium quantities

VES +f5é§7¢:°=0 5 (15)

bo (16)
- =Va+zn¢“(ﬁ“—1)dr;. !

The solution of (15) yields together with (9)
/ bo
C'Pcvab +¢¢, ) ) 17

0
The explicit expression for ¢: depends on the special choice
of the short range potential., In this paper we shall use a hard
sphere potential which is defined by

Veear)= 45 h2%
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independently of the Bpecies., Prom (16) and (17) we get then
with a linearization of (17) with respect to
&

¢b°(r‘)=ee.2——-.§-———- g(P T (18)
7 &sbtraa WP ab

This is the well known Debye-Hiickel potential. This approxima-
tion indicates the character of the theory we get in thias way:
We deal with the nonlinear Debye-Hilickel theory which was dis=
cussed extensively during the course of the last yearﬂls/. It
was shown that this approximation provides for a calculation
of thermodynamic properties of 1-1 valent electrolytes up to

an accuracy which is comparable with that of HNC and Monte
Carlo calculations,

For this reason we may assume that a conductance theory on the
basis of (8), (10), (18) gives formulae which are valid at
higher concentration ranges.

For the deviations from the equilibrium we get from (10)
- RV, () (-f)
P“{AF (1) Vﬁ¢¢b +VF&B vp¢
) § }
+ Rt ARG +ES AM“ "/"45151 Vﬁu,f' (19)

=PV EO 4 St
=-Ve F 4 VE V “ V N
A simplification of (19) is achieve% using the aubstitution"z/

E’-"(ﬁ) ,y_“ r) e F¢nb. (19a)

For ‘\;‘bwe get ithe equation

e F' b gAgaJ. +v"'aa.b VM:.L. vp¢ab vﬁ‘i"a?"‘
+ Aﬂ"#“‘: _/""“’IEJ R ¢“""’} = i

—_Te Pl {Veg'*.,.v[gq,ﬁ_m_'_é_} |



For the hard eghem potential we may write
- RV s
ve Mt - L str-a)
In the egq.(20) for —ab"e have thus a singularity at r=a, which

may be excluded by Subdividing the total r-interval into two
regions:

(o =iy <A R =l g T I
The differential eguation must be fulfilled in the regions and
must fulfill the boundary conditions at r=a and r= ® . The
youndary condition at r=a is given by the expression in curly

prackets at the right hand side of (20) and corresponds to
(14,3).
We restrict ourselves to a system having two species with

e,==85. Taking into account the electroneutrality and

CA LS ) s (610 ('1)
Faa: =8pp” =05 Fgp' =By

we get the following equation for the determination of the ef-
fective potential

A¢{1> )_ F(") (2‘1)

1)

In €g.(20) we will naglect the term V[S‘P@ Vﬁ¢ ’
The direction of the vuternal field is arbitrarily fixed to the
x=axis, and for ‘g we apply the substitution

Yo () = My Yalr) COSF 2
cs S = r-E/(rE)

With (21) and (22) we get from (20) the following boundary va-
lue problem for y'l‘?- E‘y,

Ly rgy(2-L)-(«=E)y=twd %_- rsa

yol =0 5 [5Ytpad(e62)-1] 20

where

wr
)

3



°
Here two more approximations werg applied: The potential¢
in the nonlinear term V?:b' V¢¢.b was replaced by a Coulomb
one, and the expression (21) wraa used replacing the exponential
exP —_ ?:b) occuring in Fq_; by unity. The abbreviations
mean (4 _eKG/C,H.:xa_) and ‘f'=el/(*.TD,) - Landau length;
o= 9 k.
The boundary value problem (23) differs from that derived in
previous wor 3 by the following points:
-~ There is an opposite sign in the f/f'" ~term,
- The function is only influenced by the order L of the

equilibrium distribution function, and
= the boundary conditions are simpler,

These differences have their origin in the specisl approxima—
tion for F_, ..

The nonlinear approximation used here seems to be more Bppropri-
ate not only because il exiends probably the range of validity
but also because now it ie possible (as & result of the special
structure of the approximation) to isolate the equilibrium distri-
bution function, exp(_[acp;b) » Bee (19a).

The remeining boundary value problem has thus a simpler struc-
ture than that in /77,

Js Determination of the binary distribution function

as 1n /1, we cennot find here & closed analytical solution of
the boundary value problem (23).

For thie reason we apply a perturbation procedure and determine
" up to the order f » However, especially on account of the
fact that association effects shall be taken into account we
are not allowed to consider f a small quantitiy; thus we de-
termine the higher power contributions of with respect to f
from the so-called unscreened problem (23), i.e., with - o’
o -ﬁ".\t —= O . Such a procedure is justified, because the
Coulomb divergencies occuring during the course of the calcu-
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lation of @ are restricted to the orders z and el' and cone-
sequently only the lower orders must be screened. Thus 'y is
decomposed as follows

Y= Yor hit YarYe . 2

The perturbation theory yielda for the k'th order of f
dzﬁx 2 d? e
+ = L 2,2 j_ =k
arx r r (QL =t r:) yk = 8"‘1 Ew rr (25)
.+ £ d K A
with the boundary conditions rz

[% 3 Sk,o]a., s O, "jx(*‘)lmw =0, (258)

In the boundary condition the term with ¢“,waa neglected be-
cause it leads to higher concentration contributions.
The general shape of the solutions is
.-Q;r
y = Ak % part. (26)
ar ~p k )

Ac=(- %y ""‘+ S (ST &)k,
Ta) =~ “*(1+xa + L x%a?) .

Consequently, the most essential problem consists in the deter=-
mination of the particular solutions y:“ﬂ'of each order. This
task is solved by means of the method of the "variation of the

constants", i.e.

g Ce(r) Yoy + Ce(r) Yra
with Cler) = f & Yar Lo (), Cic cr)--j%—r Yea T,

Here L c(Pis the inhomogeneity of (25). YR and g are li-
nearily independent solutions of the homogeneous equation (25)
which are for any Kk

(. = e r

SRidNe
MG S, W4

(26a)
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with the Wronskiand = 2 &3/r2,
In this way we get for the zeroth order
art. 3 -xr _
P 4 a d e (27)
7 2 Tea) 4F

and for the first order

yf’drt.:: ﬁg__ d e =®r fa_ [‘f F_"_}e‘“&d)
1 (9:2 3.) d,r 4—T(°(a.> 2 ‘

For the constant A..' we get

3
2 f..“i 2 3 ot
A‘l# ZT(«a)[ ot a-‘l( i ‘a‘-T(o(a) G" 2 a)}(z)

ré.
The second order 1::’ is determined by the inhomogensities

IC‘U— £ {A —r i.’_*ze( ol )}

3

(2) 3w, 2 2 ur
I G;:f =1 + I:f * | = 3
sty
2 4T (a) {"5 2 f &ty
The (io:reaponulng particular solutions read then
par —otf
72 f A ( ) 3 (30a)
Pl-l';Z E:- { q xa f x — 2r
2 (\r Tt g *r 2t 2r'.3 +
et o tim (% — “)(u rG)f
'3'; =— f { "“'"( + 3% -x?
STC“Q) Sr+ ﬁ +15' a.) oF
. P4 (30¢)
+?§'E'(_2“r)e =% .

Here we used the abbreviation
(28 re. =
{Gf =—e" Ei(-(xt+a) P)+{f}c' m;:-..f'(—(z—a)@
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-
wnd EI®15 the exponential integral function, The constant A,
is determined ?.0 be

2™ T S 2T 6@ NEE L T(m) i

= 3
+ P sesnar e Lol (a0 2

T L Ny St
3

- 3(%8 - w)2xe L wla U@ - Eany

o G B - ) - R ™

2 2 - g

x x*(—olay 2a - 2) — 2% (g — o*a?)e }J
15a :

(1)

By eqs.(26-31) the distribution function is known up to the

order tz. Now we have to determine the higher power contribu-—

tions Leea yﬁ'

A8 already mentionmed, we conslder now the equmion

atrﬁ*%’é( -8)-&y = £ 4 &t . (32)

'he wzeneral solution 1; ‘of the unscraened eqg.(32) is given by

: -t
¥y =ce /r(1+—£—)+cz(‘f-%" e

E:ont&ins all powers of ‘f, and it is easily to be seen that
(33) does not fulfill the boundary conditiocns (25a). But we
shall not use the entire solution }u:but only a part of it,

1’& . Thus we may determine the constants C.r and C, in the
following way: One of the constants is fixed in such a way that
the highest power with respect to I of (33) vanishes; the
other one is then determined by the first bound::ry condition

(25a) which reads (d'ldun/d.r‘ —_ 1)‘ (34)

r=a
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while the vanishing coefficient of r gives

Ci'2/t —Cr2/f +1=0.
From (34) and (35] we get 1

4
[ a(q. a:. 2-")_'?;] ] C‘2=C+%. (36)

Thus we get

Hun(!‘) 2"'[& G+ +1- 2f‘“: a(q+£,+%) f,'] s

yg follow1a from (37) by sub traction of the terms of the or-

(35)

ders f f and and turns outcto be
- -1
Yo = Ie E/r(1+2r)+1 er /a, 2.1__‘4_ )__] +
R 20 SR U

4. Relations to the theor;.rm/

An immediate comparison beiween the theory given here and those
versions given in 1 and by Ebeling et al. 2 is not posiible
because in the present work the exponential eKF C"‘/ab¢q.{,)

was separated. For the comparison with, e. B.y the KKu theory/ /
we must consider the expression

e—foa (Yo + Y1 +Y2) + e~ Yo . (39)

This expression (39) must be expanded according to ¢:" -

powers, and the cormapondlng powers of must be compared.
As a result we gat (using ey ))
ke 7 =y explph
o =
and for the orders and &"

?: = - RY.Pab +%s (40)
140({5 ¢._|,) ﬁcﬁab '51 -+ ?z (41)
For the first order we get

e=%F €a® 4 £ a-XE
4 - 4+ ==, (S
y A f” r 47 Ta) dr ¢ T
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wk d e £q° -er . yd e
toEu®) dr “F--"t.;.r-'f'(xa)(we 1);;: r . (40

Taking into account the different definitions of Ayr we find

A, = AEL 0 etaty =1+ 2o 0(aC)

It follows that eq.(40s) coincides with the corresponding guan=—
titiy y,”"e only up to higher powers in ®88y i.e. if the last
term in (40a) is neglected.

L
For yl we may not achieve a full correspondence between the
theories. There is only agreement for the lower orders with
respect to ® . Let us now consider the quantitiy
'9; = y& &‘P(—ﬁﬁ‘ ,In the "unscreened limit" the exponen=-
tial reads @Xp(f/r). Prom (33) follows

O un. un. £ un, KKE

Y =yTexp(F) = ¥ Sk
For the remainder, ‘g& , we have to consider obviously

Ge = op By — (e £+ L) (™ 5™ ¥

R 2r®

For the product of the two brackets we get =

3 2

a i 21 3 .3 AP fr
5 [1+C(qq +57) +fl(?_0a" +Ir'q"'z'5r¢) al  avd.
Thus we have, up to some approximation with respect to higher

oncentrations, agreement between exp(- 2 and
c-;:nxe _ Yr exp(-Pdas)

5. Relaxation and Electrophoresis
The conduc“;ance must be determined from l ’

< st rel. e
Using (2) we pet after carrying out the integration over the
angles



o ©
&!E ‘e ab _F3¢L*'
6=6, +2"'3?‘n,nbe_‘ﬁb &E'ge Ylr)dr+

Z - 35, 2 kTa*n,n, ):‘é!' e'P“’“b(“)ng.(a) +

5% U3
- &Ta /"‘_“-5’ Y(a) e“ﬁ#’q.b (a)}

+“Zb e_A_Mb{rd.rr l-Ze5 Bl }%-by.e-fw:"a%b]

) (43)
with 6-= n,_E;

» conductance at infinite dilution, and

?e =viscosity. Tnezsecond and third terms represent the rela-
xation contribution, while the remaining contributions are due
to electrophoretic effects. Now the summation over the species
is carried out,..Here we take intc account

Maa "/451. =0, Mab=-Myz , Na& =—Nye,,

For a two component symmetrlc electrolyte we get

6=5, - TS' " “c P ymdr - e ﬁqﬁ,a(a)a‘ﬂ
+at N.QTD‘,[ jd.rr(epcr’ﬂm “F‘#ﬁ&)) =

2J+IF

+2f f dry ey e “pdato _ ‘/5¢*2

g(a)] (44)
Eqg. (44) is written a8 in aarller work

®ab ab rel,
&=1- G(A+17) "'_( = (@ (e 2,6)+&n seab |

P heab g(mb) [ Gea, 3 -Atwre]
A= 9.0, D&T/ (3%7. (9, 40,y €2)
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In contrast to /Y the functions G."[' and ﬂd' are now functions
of #&a . These quantltiea &ra deflned by the integrals

u‘(’*’-ﬂb] Lo, —ﬁ (r) ba_
Q TU‘“e Yeridr acct-m‘,)

o =% exp(-Pda(@) y(a)] - bnxab;
Q% Ceap) = -2, [qid.rr- (explpgnin]- .-_g,.[.)mpﬂtr))m
+2¢ | e‘f"d"t"’gc.-)ﬂ‘ —~2q e P9 @ yay ]+ Al eab

Now the solutions (26=38) and (18) may be applied, and the func-
tions (46,47) mey be evaluated numerically. This task will be
solved in & subsegquent paper.
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R, Sindig, R, Feistel, H. Kinstner
The z — )P - theory of electrolytic conductance.

4., Basic Equations for the binary distribution functions.

In recent papers [1,2] was demonstrated how to calculate the
eleotrical molar conductivity A and the individual conducti -
vities A o, respectively,in the stationary case

[

Here the A's are measured in [cm?/( £2-mo1)]; C= Ecn/{-:‘%
is the stoichiometric concentration in [mo1/1] 3 ?2. is the
number of ions of kind " a " forming a salt molecul;
8-5—#0“‘[5/-‘1‘3"1}:"15 the particlenumber density m [ cn>] of the
ions of kind " a " with the electrical charge e, in electro-
static units ( es= 4.80298 « 10710 [cm /251/2¢7] ) ana

8, is the ions friction coefficient in [g/s]).

Rel E
A-She- 122 5 teee o Ke(R) K (RD] G0
a o

The electrical field atrength_’? in ,'V /cm] is supposed to be
small. The relaxation force 'K.‘d' and the electrophoretic
force a are functionals of the set of binary distribution
functions {Fab} . Negleoting the three-body electrophoretic
contributions the Falkenhagen — Ebeling eguation for Fab
reads [1 ,2,3]

E 1.2
V{(8-%as) [VFar t Bt VB s Fn E T § = 0 (122
Here é- is the unit tensor and Yoo is the hydrodynamic cou~
pling tensor. With 8 =4 /kT the nonequilibrium perturbation

pa.rameter/lab has the form

/uab-F (H‘ ia - uhi").% (1.3
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=y
with = 35" ( 3;“-?;‘) and the effective external force
- =
linearized theory: Ka* €aE
= - =~rgel =—EL (1.4)
feedback theory: K = €aE+Ka +Ka
M may be interpreted as a reciprocal perturbation length
of order AO*[V™'Ix E[V/cm] . Under the usual experimental
( E ~10 V/cm) the deviationfrom the equilibrium state may be
r.ond.-htn% 8 -5 ] [ -l
restimated by the ratio Aoplas ™~ 10 [cm/‘.l' « E |[Vfem] .
Eg. (1.2) is the continuity equation for the relative probabi-
1ity flow. The boundary conditions for Fa_h vere first derived
by Kelbvg [ 4] .
(1) Fab(r-aou) =1 (4550
(i1) exp (8 Y, ) F_p is continuous Vi (1.6)
(111) the relative probability flow proportienal to

[053 + 7y V8 by, ~pnf 110 continuonave 1.7y

The two particle relaxation force in eq.(1.2)approximated by
-V Qah is given by

Vt}“(FJW- V@:{FJ-uN @:(FJ sy
5 [

V@:(FJ = ; ﬂcj? ?nC(IIF'F"J[ 'E;-_:'f su Fae :I' di’

Here ¥ ap 1S the Mo Millan/i[a.yer interionic potential at in-
finite dilution. Further F o denotes any approximation

of the ternary distribution function which guarantees the
conservativity of the two particle relaxation force. This is
a restrictive assumption for the nonequilibrium contributions
of Fah only.

How we expand Fa'h and Qab with respect to the external elec-
trical field stremgth

FAB(FJ” Fa:(") & FAL('"-"}-) ] )



BaolF) = Bor(r) + P (nF) + BCE?)
Faw (1) = exp{ - B Pure )

Fa:(r-'r):/'-ﬂ ﬁn: ("')[ 2,,(r)- ftb(i‘]] cos 1?- Gl
1S

@:&ln’n’ kT/“Ms Tub (r) cos o

-

—
Here ¥ denotes the angle between ' and E ., In xhat follom
we assume that the equilibrium radial distribution function

0 .
Fa‘b is known,

Inserting eq. (1.9) in eg. (1.2) we get an ordinary differen-
tial equation for Z“(rj

!J’ ol
(’l' x.. x::’) [Zuh ( )zab = %,, Zay ~ E’_ﬁ' ]
ab
)
+X::[ “ ﬁ;z“]=o (1.10)
with the hydredynamic funct ons
(CES e S R | 2 L4 $atSe
Yo (31* ) W[’“’j (61 7a)* r I
RO LR g Sar St ] S
Ao (5 So’ k1. 1 ! (6T m.)* e
=1 . (12)

In what follows we neglected the ¥ - contributions in
and restrict ourselves to binary symmetrical electrolytes. We
suppress now the index (ab) keeping in mind that

/“5/‘"=7""i Fai B G = i Fn:-_:o etc .
Then eq., (1.11) reads
1(41-1(&1’ 6h !_ (1.12)
r
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with h=vw H/(wAS +2 L") ; H=DKTM &/2¢77.
and fz2f_ =-e,e./DkT

Now we expand Z in eq. (1.10) with respect to the dimension -
less hydrodynamic parameter h and get the following
equations

E=Z, ¢ hz, v O(K) (1.13)
"'(&*F_)z"_%'z‘:% (1.14)
2! +(k. F.)z - % 2, z%(%ﬁ)

(1.15)

The higher order contributions Zietc. may be neglected since
h<«4 for the usual electrolytes. The bourdary conditions
for 2 are derived from eq.(1.5 -~ 1.7) and eq. (1.9)

(1) 2Z(r—o) =0 (1.16)
(41) 2 is continuous Y (1.17)
(111) F°(z'-1) is continuous Yr (1.18)

Now we shall give the equation for f
Here we start with the following approximation for F

(unsymmetric superposition approximation after Kremp [5] for
the nonequilibrium part )

B oo (frr) v RIS

Fﬂh ab
(1.19)
Then eg.(1.8) reads
VeS| [wam VEw (F-F ) +rin vE_ (1F-71) ] »
* F7(#) o (1.20)
with the Kirkwood function
L]
Equ(r) =£ Fau (1) jJ; (f"l':...(r'JJ dr' (1.21)



Introducing spherical coordinates in eq.(1.20) we shall derive
an inhomogeneous Fredholm integral equation of 2.kind for the
radial part of (§1,WQ get

iv w o
SdF’ = fatrojdat sin e Suh' r*

ad (1.22)

C%F-ﬁnacuasMJ+cmdwaJ

From eq. (1.20) together with eq.(1.9) and (1.22) we find
=0

fer) = Ford ¢ S Kr,r') fer') dr’

with the kernel

(1.23)
s
Kerry= -2 P F e f [(w.n. E_(17-R1) & 4, n, E, (177 = (1.24)
: r ws5ind-cos< o &
[F=F)= (F*s P - 2rricos &)

and the inhomogenity

[--]
e ) 2 ey dpt

for ‘f Krr) z(r') dr Al
The solution of egq.(1.23) may be obtained using the facilities
of modern computers., In this paper we do not discuss this
possibility.
To solve eq.(1.20) analytically we approximate in eg.(1.21)
F,p° by 1 and . by the Coulomb potential Vap = &aty /DeT.
Then Eab has the form

By =58 Vap (1.26)
and the divergence of eq.(1.20) may be calculated taking into
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account that A 4,: = - 47 S(F)

A @4 == kT"IF-I (1.2?)
with «*=gx*; ¢. (4/934/9_]"(&/?,— %) (e.-e-)"
and b= 4T 7 na ea /DKT

For the radial part of §' we get now after expansion with
respect to the hydrodynamic paramester h

fir) = Tory + h ftr) + 0 (h)

y o (1.27)
S(f12e) = - LF (- 1)
o i S 2 Y=o 2 e
Al (= R T e & (1.29)
The boundary conditions for the ¥ are
(1) f:{r—>o0) =0 . (1.30)
(11) Lf- is continuous Vr (1.31)
(141) ¢ is continuous ¥r (1.32)

2. Analytical solution for 2 (r) for hard core potential.

For charged hard oore systems the potential ¥= Te- has the

form
co o<r< R
qf & { L (2.1)

R<rg<oo
In what follows we use the Debye-Hilckel approximation for F°

0 o<r<R

F°=
exp{g(r)] R<r<oo e



~ —pr

=R
with gm=Le /r ; E-0 e /(arxR)
and L =-e.e./DkT

2.1 Zeroth order in electrophoresis Z,

In the region R&r<°® the eq. (1.14) has the following
general solution

Zo= A, 20 vAgal « 2 25
Here Z: and Z:' are two independent solutions of the homo-
geneous eguation where Zh (r~o) 15 divergent. 20 is a parti-
al solution of the inhomogeneous equation. From the boundary
condition eg. (1.16) we get R, = o
and from eqg.(1.18)

F(R-0)[A, 2ehek-o) + 227 (R-0) - 1] = F(R+0)[A) 2 (Re0)¢ 2 (Re0D]
or together with eq. (2.2)
e (]
=l — LRy 2t GR)
A=l 1/ yith (2.4)

x
To solve eq.(1.14) we expand Zo (x=h3.()respect to powera
of £

e R
J‘=2_‘a°“

ao Neo
(2.5)
£ E‘h 2 =0 o
where Zon ™~ and Zaew for n<o.
Then we get the system of perturbation equations
(8 x = (¥
L T RS R 26

Here O a,b is the Kronecker symbol. A fundamental system of
solutions of eq. (2.6) 1s

o o
By =il and Ex

with the Wronskian W =3 1-_2. Then the partial solutions are



caloulated using the method of variation of constants (Rn(r)=
= rhs. ; Proportional to [ “J

. () R (r')
P E;j?f%m dr' + Ex EE: Wer?) dr'

(2.7)
A1l the appearing v h.5. of eq.(2.6) and the oorrespond

solutions after eq.(2.7) are given in table 1 up to order

The result is
le: S (2.8)

z) - 2z

23, < 2w

.,:. = 2w

(|2.9)

e
£.. = 0

r
Boa =2yt @ 2 (2.10)
r

T
£
z:t = 2 ';I.-i- ';t" 2 + Te-‘ 2 (1)

The higher order parts é:n (v¥2) are not of intersst here,In
a:.. and 2., oonvergent homogeneous asoclutions were added to
avold divergencieaat 22—+ 0 , To calculate approximately the
remainders (x=g,p )
x 3 =

Set Es See (2.11)

we use the following procedure. For vanishing concentration
#*—" 0 we have F"/F' = 3’—-9-9\{':-;/?1

Then eq.(1.14) reads with 3z, = 2z, (#—0)

—z:_,_(-’-';-%.)a;“%:-.i. =_[?a. (2‘12)
with the solution

Zea, Z2e ra, B+ ES
° h Eo ¢ (2.13)
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Ear = !/3 ) (2.14)

= [
23 B[40 g7 ) expl- U -4+ 22 ]
& - k+41 k
T ;., (k+3)! © 9’r) (2.15)
- (2.16)

Since the boundary condition eq.(1.16) cannot be fulfilled

in the unscreened case »%— o we shall demand that the diver-
gent at r—»oco contribution 2. Vanishes or @, O.TheSolu-
tion Z does not diverge at r—»co . The constant a4 1s to be
determined Dby the boundary condition at r=R eq.(2.4)

o ek = ¢ (2.17)
Q= FI(R) = A2[T(e)~ 1]

with the Bjerrumparameter b= &/R and

Too = € (4+x+ x72)
To caloulate the remainders 2’%r we neglect the lowest
t - orders in eq.(2.15) and eq.(2. 16) up to th md resubstitute
L= -rig’ = FDrr) = G(r) , with D(x)= € (4+Xx)
This last step first proposed by Ebeling we shall call the
w gtatic screening of the higher [ - ordes".

Formally this means

= o z _
- [Z.’U‘.U — all l-orders up te [}Eﬂ“)(lr)r &n  (z.18)

Now we find immediately ?_'.',, =0 (2.19)
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and

L) 5 . *
AZ AL Gty Lt | Ger  GCe
2l -5 [(“ ) e T =g g = aays t Teny *0"’]

2.20

L e e
f"' k=3 ’B)J

The function

H

‘A?(atn”zz"fzo=‘z-’r] b Z:q "1:: (2.21)

has the properties to be solution of eg.(1.14) and (1.16-1.18)

L .
up to £" and to solve this equations correct in the limiting
case ®—0.

Finally we give the vomplete expansion with respect to £ (ﬁﬁ"j

- !

2= Age 200 (2.22)
(4

Zor™ Aga 21, +A g 20+ Een

Tt AI" z!ﬁ * A’4 E:. + A,c Z!:. + E’.l.
with

=f4/21’.1.-,k
A,.--[(?--fzif?— 7220 T er
(2.23)

Ago =~[(22 28 -C2d) 20220 - (22) 2 )/(2)] .2

2.2 First order in electrophoresis Z .

In the region R<F<ethe eq.(1.15) has the following gemeral
solution

Z.= B =l + Byz! « 2! taige)

1
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We note that the homogeneous solutions are the same as for Z,.
From the boundary conditions wme get
B h =0
' .
By= -2 (R) / ZF(R)
To get the function ?_,’ we follow the procedure described in
ch,2.1. With

oo
7 £
24 = ;o Zan (2.26)

n
and 25,~ [ we get the perturbation equations

(2.25)

P - b ) s r A2k 2ogm-t) y/
z:n + ™ I—an"%; Eun = }flqru-dl = e ( ‘_r.—“") (2'2?)

A11 the appearing r h.s. of eq.(2.27) and the correapondilig
solutions after eq.(2.7) are given in table 1 up to order [ .
The result is

250
r (2.28)
255 = A,, Z s
t!l gLl
zf - Age Z206) *AgaZeer * 2oy = 7 B0 v T 21
The unscreened squation for 2« = 24 (X0 reads
=
2 1 L N e LA
2, +(F r‘) 24~ Fr Ba A2 % ( r) (2.29)
with the solution
- = = =P
= b h + ." + 2,
2, " Buze *by2 (2.30)

—h _
The homogeneous solutions 2. and 2! are given in egn.
(2.14, 2.15). A partial solution created by a, zt  1n eq.
(2.29) has the form
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- A%Y

2 - A {e- f)[Ech)-tn k-]

s r,f-r)[s:(y- tnk-c] e'g/'

L
[ l‘ - b (2-31)
*(4*%;* 5-,—;)& —4—%——,}

The expansion with respect to 4 gives

Shmcn 2 bR it
k
and (2.32)

A further partial sclution comes from E_: in eq.(2.29)

- -
l:"dz:'{ [E;(t;)-ﬂn%--c] e (2+£) e
el 7
(1-5:) b B -2 ]
Here the [ - expansion gives
i{pldﬂl“{'l‘%-%%‘. 1-[:'—1&!2;-..%)%1 *a'(f&)}
(2.34)

Now the unsoreened solution Z.= b, T E0 *E:,
is complete with b,=0 as argued in ch,2,1 and
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—af 5 =ip =9

,l‘ (24.( {R} 24' (R>) /ZE. CR) (2.55)
After doing the static screening the higherlorder remainder
reads

— ALk i
2l amy; -5 EC ) 5o c]

“(e45) € ¥ [6(40)-tale0 -]

= Lee)
3G(r) .Gl” T e = )
sl Sl Lo (2.36)
L R r r
cavef (820 S0 4182 98 o (40, 60

sqzrf (»nc"’) e--"_[E (%oy -

8, &L
-cl
ﬁ
z
(-4 mk L, L O

The completesolution 24

3,(2.,“3..,.3.4t vad ) « 2h. 2l eal,

(2.37)
has the following expansion with respect to ¢
zdﬂ’ O

141' B’- EI?O + 3:«

(2.38)
Zaa” B:._ Eo’o + B,, E’oq * ?.:;
with
B?.Eo (2.39)
" !
B’.‘ i [E-ﬂ /Z.! Jr-ﬂ



o[ (2tfa2 a2z Trav

3. Analytical solutions for ‘f¢r) for hard core potentials.

The potential and the approximation for F° are given in ch.2.
In the region O<r= R eq.(1.29) reads

¢ riy -1 =0 (3.1)

with the solution fip=r and Y= r° . Since % dis
1imited for Pr—0, Yir is the only relevant solution in this
region, Then the boundary conditions eq.(1.31, 1.32) are

equivalent to ¢.(R-0) = f:(R+0)
75(1_0) = ‘f:( R+ o} (3.2)
or (with <f(r)= y #'cr/ in O<r=R )
f; (R+0) = R - Fi(R+0) (3.3)
As 1in the case of 2 we expand “f; with respect to L
- 7 e
7 éo Tin with < (3.4)

Then the perturbation differential equations for both To and
¢, have the structure (x = g,h,p)

T“ z'f“ (%&‘O(l)rr: = ,lrf-.t."[F‘a_,-]n)+,(z[(F‘1r)?,_¥J“

(3.5)
Here [f],denotes the " _order contribution of f. We get
[Foz;]1, = 2i
[Fz], = 24" g2ce (3.6)
[FPai], =zii*tgaiatigiee
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[itrea) 2T = o
[P %1, - g 7 (3.6)

[Cr) 0 Ta= g 72 « £90 00

z
Since even the correct solution of eq.(3.5) up to (T
rather complicated we restrict ourselves in what follows on
symmetrical electrolytes i.e, & = 7% x* or 9-%a
In the region R< T < go the eq.(3.5) has the following gene—
ral solutions
L P
FomlC s iy T
Y (3.7)
% e Dy v Dy F A

Here ‘f.h and "f..’ are the homogeneous solutions divergent
and convergent in the limit r— e respectively. From the
boundary condition eq.(1.30) follows Ch=0 and 3|,.=O .
Further we get after eg.(3.3) for the constants

Cy = ~[¢rfm-r )Ry - £%)] & (3.8
and
D, = -J‘('}:‘:f} =l ;- ?4”('])/(‘{"{?] S ‘r.f’fr))] rtz

A fundamental system of solution of €q.(3.5) is Fra= DCk¥) /F®
and ‘f = D(wr)/ 1t with the Wronskian W= - 2&7r7%
Using the partial solutions given in table 2 we get the follo=-
wing expressions
i 1 ? 7 ¥

?. ) (fﬁc 3 ?01 + 'f.; Ly ":P (3-9)
with T

(S

?oig Z“J

7 - Y
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‘f.l' 'f.,r + 'f.r hd ?of + 'fo'r (3.10)

with ;
‘f.., . A.'. 2r
ol = (K.t Ye)zr + Aty ~2cor - 2L/
~t
Ao f
AR (A,; *aL ? Jar+ (Ag,+ ') fs) A% Fov)
*‘fw"" feo
A Pl R e L R 2ut-ot
st{Fe" 327 Acx s Fewtn " e [ fr
and
AT AR X L P (3.11)
with ’
Tev O

'ﬁ:‘ 3,.11 * A;.‘fm

(3,1_— gLt )Er +(3 o 1EE/e%) Fesn fA;. Fez)
wt

thg, Vo) + Feey * 33 7’7 bn Ir
The higher £ - order remainders ‘f’.’r, ~f=':_ and ‘f,: are not
yet calculated.

4, Comparison of the Z-¥-theory with other formulations.

In this chapter we show the connection of the z-%-theory
with the U - theory of Kremp/Kraeft [7] and the y-theory of
Falkenhagen/Kelbg/Ebeling /Kremp/Kraeft [8] in the special
oase of hard core potentials, Both u- and y - formilation are
valid for the zeroth order in the electrophoresis only,
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4.1 The 14 = theory.
We define

u-o"‘ 2:0_?0 (1‘.1)
Then we get an ordinary differential equation for w.,using
eq.(1.14) and eg.(1.29)

W t(Z-B)ul ~ (B rxDucmgF oD (42

The remzinder T, neglected in the W - theory has the form

Duz pP 1!+ (87~ B)ul + o (FmDue = 0 (43

The neglection Du =©O means

(1) single Y. - terms are to be omitted
(ii) approximate on the f.h.s. (ﬁo by V (4.4)
(iii) approximate on the [h.s. F° by 1

For the boundary conditions we get
Ueg (P> D) = 0O

wh (R) = 4+ Ru (4.5)

tere the remainder (4.6)
Ro= (RN =0

yanishes using the approximation eg.(4.4(1)) .

Comparing the perturbation expansion with respect to t we see

that WU,, (~L') agrees with the 2-% - theory. In Ugi(~1" 1>0)

discrepances appear with respect to z—+% from two reasons

(i) created by the approximation eq.(4.4(i)) some o - con~
tributions disappear

(41) higher o-contributions of Wer and  cev— “. (¥>1)de
not conincide completely because of the approximations
eq.(4.4 (ii) and (141) ).
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We note that the static screened higher [ - order contribu-
tions are the same in both formulations,

4,2 The y - theory.

We define
5,5 Fou, SRS (a-'?-) (4.7)
Using eq.(4.2) we find
r i ol
15+(%*§.)1i-(7~”‘)3-= B+ Dy (4.8)
The remainder Dy neglected in the y - theory reads
el o L 4 f
D‘i =-F " - (p9 Fl)g.
(4.9)

+[&(Fo-1) -8~ 2 p§~']ye =20

The neglection Dy = 0 is correct under the approximations
given in eq.(4.4). So we can conclude that the approximation
level of the u — and the y -~ theory is the same with respect
to the solution of the differential equations (4.2) and (4.8),.
From eg.(4.5) and (4.7) we get for the boundary conditions

Yo(r— o) =0

Yo(R) + B P°(R) 4o(R) = F(R) + Ry (4.10)

Here R 1s to be understood as R + 0. Now the remainder Ry
has the form

Ry= F°(R) £(R) =>o0
(4.11)
As noted above the fundamental solutions and the partial
solution of eqg.(4.8) concide with the corresponding solutions
of 8q.(4.2) after expansion with respect to [ and®$ncentra-
tion, Also constants agree if we use the boundary condition
eq.(4.10) . Usually in the y-theory eq.(4.10) is further
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a

simplified dpin(nj/dr = &/R" . Then differences appear
in the concentration expansion of the integration constants
for the homogeneous solutions as first mentioned by Kremp.

5, The conductivity functions for stalrslike potentials.

To calculate the conductance /A after eg.(1.1) it 1s necessary
to know relaxation force

ﬁ:!lg -Zﬁ: hy Sv‘!ﬂb F“. J?L

and the electrophoretic force

(5.1)

—EL _ Xav s L =
Rﬂ ¢ g‘zh e 5‘ —é.l_ [ebE +Kﬁ +K‘5]F;L dr‘ (502)

We define a stairslike potential as follows:

pY
[ oo if o<reR,

ol IR R By if R<r<Ry (5.3)

i E ‘{ Eq-fr‘aﬁ
3] -*---—“_:

'

8 e )
& . if Rp<r<eo
T e

obviously the wel]lkncwn hard core and step potentials are
special cases of the potential given above.

el The relaxation force.

We are interested in the gontribution proportional to the
external electrical field only. Then eq.(5.1) reads

= Rel

Ka'= - Zonf 7% Rl dR (5.4)
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Since F.; = 0 and F+: e-E = F' we get

e —» Rel Rel
R (L o
Rl ) s Rel s Rel
with K u-n_J'v Y. Fld? = K, +¥Kg .Here
I-'?..“I denotes
— Rel i
Ko =-n.{ oV Fai (5.6)

-
We discuss two ways to calculate K.

(1) with F"x{u F?(2-%) cos J'z(u @4 cosd for K2R,

and F'=0 for r<Ri ye get
. e (5.7)
- Re - ﬂ-’ g_
K, =3 n-kTlug 5‘3“") olr
Ra
(11) We start from the connection after eq. (1.27)
ACP = -kT"F" which is carrect in the Kremp approxi—
mation eq.(1.19). Then K, reads

—s el

K, =-n_jvvr‘dF' = —k%_ jvaq‘,'J‘d?

Foaflviovvd)-aved'] d¥
\g'aauss \/

Jer SR kTL (5.8)

L A

A lkTn

E .,
AT ME T

—sRal -
For K; we get with V = ¥-v
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- Rel

Ky

=-v. [VV’F" dF¥

L3

|

E
i k'Tr“ 5 %

Z R; [ (R) = PR T-[ FCR+0)- F(Ri-0)]
Ra

*ff E%r[zer - ®ery] atr}

R.

— Rel

(5.9)

Wie note that the covolume contribution K2 45 valid for
sguare well potentials too after negkcting the integral inm

eq.(5.9).

Rel
Now we define the relaxation function S [1] by

> Rel VoAt A E Rl
K LA Tl o] E O (5.10)
or
Sfel=_ Vo . A.,. »
Ve A+ AL
o{ 8 3 RE[2(R)- PRl [F (Ri+0) - F*(Ri-0)] o1
3ZR,{1(-' (l) . i=0) }
o (5.11)
In the version (i) given above I reads
(=]
ng?faf yer) dr (5.12)
In the case (1i) we get
f Rll
YA TS o 5l
Ge= o el g fif Fi(a-¢) or
(.12 v)

’
{l-"'! i 2
- -4 [ £(Ra) * ~ rta]
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5.2 The electrophoretic force.

Starting from eq.(5.2) we approximate the two particleﬂnlna_
tion force «,, by -I?Q.. . Further we split up 'Té'. into
two parts

—EL . EL, Ext —EL, Int
Re = K. + 1<. (5.13)
The external part ‘k‘f &8 reads
—EL, Ext Rel
K = AZ:'TJ‘ [“-‘E"* ]Faadr
B Zsie e ) Son; LE6 (5.14)
As shown in [4] it lseuseful to define the external electro-
phoretic funmction S by
Ext Ext

5 =y G s

S:" = n.e, ( “eg:“' ‘;‘:J.' [an‘ G+-J (5.15)

2 °
with W :-3_.‘%. S rRo(rde

The internal response is given by

— ELInk

kl L 2"55%" v é«. Fas d'l"‘.
5B [ 0 € s 2 0

=kT§.Z;‘.m S % [4ae 2(r)cost 7 Fag o (5.16)

Here we introduce the internal electrophoretic function

Int
5 ot ‘ r,) (n,-r'ﬂ]}
(5.17)
P o7 F*
and  F =35 g racr) 2, 2 fr (5.18)

o

1c6



For stairslike potential we get

;=-;7?-: [Ijrur') F%r) %‘—” dr
Ra '

+ [ I "; zer) Fhr) dr
R

(5.19)

v
v 2 R;acm:f?%nno)—F'(m-oJ]f

1.- |
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6. The method of numerical calculation of = and ¥ for hard

core potentials.
To solve the ordinary differential equations (1.14,1.15 and
1.29) for z,,2,,v. and ¢ in the region R<r <oo it is
convenient to substitute r—> x =R/r . In what follows we
have to understand 2. as 2,(x) etc. The following relations
are straightforward

2 2 R b
Lr-g 4t m st ]
(6.1)

The resulting eguations were solved by the Runge-Kutta algo-
rithm with Gill's modification [6] 4n the region o= x< - .
In table 3 a survey of all appearing equations 1s given.

6.1 Calculation of =Z(¢x)

In the x - space the differential equation for the homogene-

ous solution z! reads

dx? dx o x xt (6.2)
- Here we have introduced -f@' = i F*

G
delecd  dpd’) dlww 2 ot) o

From the behaviour at x—= 7

2l (x— o) = x*
(6.3)
we get the initial conditions
z3¢ed) =0
ol ¥
dx 2(92- 0 (6.4)

The differential equation for the partial sclution Zo' has
the form

a.Cx) O % r
L25)- ded def) 2 ale) - B, defl o
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dere the initial conditions

a:(o) = 0

d 2lto)= O (6.6)

dx °° :
come from S

F o Aaise

2, (x—0) r (6.7)

with
~ (- &
Ap= t/c*R*+ [ /42w R* after eq.(2.10)

For the complete 2, solution we get

2. =Agal ¢ 2l (6.8)
The constant A, is to be determinsd from the boundary condi-
tion eq.(2.4) in the X - space

e d .t d _3
Ag==(Re & 2lw)/ L 2o

(6.9)
For x— o the function g, behaves as

2, (x=0) = Ax* = (AqtAr) X"
(6.10)
From eq.(1.15) and egq.(6.1) we derive the differential equa-
tion for the partial solution z!

i . 7
defe)  dpbe deexm _ 2 afm-u% = a"%(x-n.cn)

L : dx
ox 4% (6.11)
with the initial conditions
zfto? =0
alt oo (6.12)
T 2@ o
co:ming from
2l tx—o) = By x*+ 9 %A = (6.13)

Here 1s Br-—P“ /nR"  after eq. (2.28), For =z, we get

Z+= By el + 20 (6.14)
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with

By- -4 2l /4 2l
(6.15)
Now it is easily found

Last not least we give the connection between Zc(r)and 2ex):

2l = R 2d(xeRrr)

2l = 2loarm) i =lee = 2f(x-Rem)
(6.17)
Bolr) = 2, (x=R/r) ; =.(r) = 2.(x=R/r)
Aglr] = R* A [x] ; B,[r]=R*B,[x]
6.2 Calculation of Y (x)
F

The differential equation for the homogemeous solution ¥,
has the form

d £l 2 . LRESY 8
o (e L2) 2l =0 (6.18)
n
The analytical solution eq.(3.9) shows the expnngiml vanishing
of f,’(x-u) « To avoid numerical difficulties connected with

his behaviour we substitute

i) = D(‘i—a) gex) (6.19)
and get i

& e
10\!)* 2R daw (6,20)
dx®  x(xedR) dx

i R RECEEA) Iy o
[X,J }“;[_x:tiji' L}_;_)chxg = o




with the initial conditions
gco) = o
i 9(o)= O
6.21
since ¢ (x=o0) = X" ¢ )

The differential equation for both partial solutions ‘f and
¢ f reads (1=2.1)

pf

B  pe | LRUES) ‘R E

%E‘;(;— *(;:*%;F—)ﬂ(x) = - “KR,F 2; (%)

(6.22)

Here the behaviour for *—=C 1is the following
2.7 (x»0) = A x*

e exso)eB x* (6.23)

The constants A and B are defined in eq.(6.10) and eq.(6.16)
respectively. Therefore we get for the initial conditions

P
f: (o) =

d ‘f{?(o) = 0
dx (6.24)

Now the complete solutions may be determined

fx)= Cq %2 AT A fex)

f.(x)= Dy %7 (.v)+?2(x)

(6.25)
Here the constants Cy and Dy have to be calculated Pulfil~

1ing the boundary conditions eq.(1.31) and 0q.(1.32) or eq,
(3.3)

a - 1) + — (1 ‘.fa'(")
(7o« G vler) [0k« e) (6.26)

= (1 4—- #lw)/ (% («.H'—- 2ln)



The connection between ¥rp) and Pex) is glven now by

glem = R (xersr)

?:P(H- 'f,P(x-R/r) i ‘7’.’(!’)*5‘?.?("'&&)

o6

r)= L lx=Rar); Firy= L (x=r/r)

G Lr] = R*yx] ; DyLrl= R*D,[x]
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Table 1 Solutions of the differential equation

die  avde @

T e Eoare s R
Re=0
2= rt
27 =-ar
RIf! 0
E_x =
A R=07
Ruw=-9'2
am=d—f- [e (-¢ r2ur-wirte s’ )+ w"rT EiGar) |
E:q 4“,{ e («:Prz ar-wr ) e 't E:‘(-kr)}
Ru.} '3'1“;
(2 3
SR “ A9
?‘“’=;_r"{c 2040 Xr* --nr-;‘—swr +—;rr)
+ ;; w5 E/ 2ur) + % Hr*Dexr) B ('i")}
oz
L -1Xre g 3 1 49 F iyl
me'_;-'tiﬂ (’g"gxr ‘o*" o“"*—’f" )
- s
-4 #'r* Tewr) EiGr) + Er #FrfEi(-2xr) j
= r
Ry i

Bgy=~ -t'—' D(xr)

E{"’--— T (xr)

113



Rf”' g ?' z’(!)
P _awr

jae & (2e0r)

2y

. -20r
T = jampe € (303krartrty

Resy™ =42 ¢ L (h)
2‘5} = st/?’

l'“.J - -27 f/l‘"

4 5
Reey =~ Fil'(!“) ~§' 2%
r { (%"-i—i‘f‘r—;‘“'r"- Z’—u’r’\s lx"r")
+Ei(aer) 2 actrt (442 % %) }
) tf o
ztu"é_,-s

Loy =

(-a02 - auwr'*IKr- -%K?‘%"Lk’rr)

-Ev(~%r) s*rt (6- 2 177 }

Ry 2 _E: ;_i, (kcu)
f'

2oy = - T { (12 +2.00r -3¢ rts ety ) +ar"r"E££-ur)}
t? S
T T e (5% t22%r vit ""‘“,"’)"*rrr’-:"(""-)}

with the functions

Dixy =(1+x) €™ i Too = (1exsgxt)e™
and

Ea (x,4)

-y . 28
= e " | Dex) Ei(g+x) Di-x) Ei(y-x)
Es “,:){ % [ ¢ {4-} i (y-x)]



Table 2: Solutions of the differential equation
. by g d.‘f-(%-,q-d‘)? a: Sicr)

ekl L

The solutions T --- Ty are velid for o'e 7 2" only !
z0 =

5; SI =10

fr = Deary/r* fr = Desr) /0"
= T

S(u_ ol 3{'-?1'

—lF=pr
for=gm & (xr-ar)

Say"«gfen t 3 L9 %

%% [ -anr-ar
Ym '-'r'i_r"-i { e (sr-%r) + turDiar) Ei(-2xer)

-2 (2Mp+r) De-otl) Ev (-z.m»-z.eu*)}

Sy el o)
L [ oxF e
AT (-4 =str ss’r- Foskr: - Ea (ocr;xr)) +x'r'E.'(-xr)}

kS
S " L2y L g R+ LG Foy
F‘ it 2
ol - T
o= atore {- e (2-2_"'.5 ¢ Qur-Aba'rt

+ 2Lt (1 Eaar-2ur) 143 X Es (¢ri2xr)))

- 30 Dlwr) Ei(-¥7) + 322617 Ei(-247)

-8, _dr 5
+ 14_58 r[e .c“_‘;) Ei(dr-#r) + e“Tita +E ) EiGur-ur) )}
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sﬂ}' -tz

_ier
Fi “amn € {1+ g Ea(ar, ~2ur) |
xr @

Sty = —ottacs)

ﬁ‘) ! %fd“.’:-afn(l',ﬂ)

i
5m’ -o zm ~'9 2¢e) ~ &' Fic)
- er
fonr = 30 ,.a e (~Aratir ¥ ie'rt + ‘1..(’ F* Es (otr,-ar)
_ux
3 Ea(«rur) - ""5 <p Ea («r,0))

i "35 - (Dear) Viario) - J)tv.u-j V(-«r, ojj}

S o 2w

o _xr 3
fooe B[ n vt e ) st

TR §=-L2y

A ?,}Eq‘ Dcaer)

with |

V(ar, br) = flg'? < {r'érrﬁ.[g:rgl'fbf'-"r?".E-:Uéil(ﬁr'fdrj}f dr
= (ar+br-xr)Eiarsbr -jr) — “"'-*"‘.-r

ar-Kr-gr

L-U'[ (1+ar+ pr+or) E/(br+otr) €
S ar =gy +o v

~(1*ar+er-our) Ei (br-gr) e f

for a= +ol ~gf and b= 0, -3
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Table 3 : Differential equation and initial

conditions |1_"(,g) = 4, (%)

Region : 0 < X £ 4 i (0 = FOx Y00, X))

T 3.-5;1!

f2= }x@q_’.)?s « 5y
Yelo) = 0 ;| y:f0)=0 i fto)=2

31‘1: i a;-f;zf

2| red (064 + Ly ~ g (080

Y.l0)= 0 i gatod)=0 i ftoy=2Ap

P P
Yea = 2. U ’s'%‘!r

° il o
) f'g'xfféjft*%&.i‘-""'Ta_,{[’-"""’xa'xz'[")]
Yalo) =0 i yxtoymo0 ; fiery=2B,

- d
.f’ 'd' X ’ U ?s = I‘x 3 F J
i R g TR IR (P
; = -:I(K‘“K) ,t"[;‘-? xJ(x§‘K’ J

y.fo)=0 j ys(o1=0 i f(m=2

'f‘:(x) -'Dl:‘;-t)’(*) N %x If.}(,:}, 9 g + D% ;. Dexy= B-x(4+x)

¥a “'f-? i 'i‘f;r

L. rolce
{EE [—w"“" £ Ty SRE o e

y(@=0 i fre0)=2 feo) = 2A

S
go = 20 i g 2t

2Bt ee ‘tRLFI
FRIE S e o e
§+(8)= 0 5 gute)=o0 i fCo)=2D

117



References

1]
[2]

(3]
[4]
[51

[61

[71
E24

w.

W.

W,

G

Ebeling, R. Feistel,G.Kelbg, R. S&ndig,
J, Non-Equilibr,Thermodyn. 3,11 (1978).

Ebeling, R, Feistel, R, Sindig,
J. Solution Chem. 8, 53 (1979) in press,
Ebeling, contribution to this paper.

Kelbg, Diss. Rostock 1953.

1. Arbeitstagung der fliissigen Phase 1973 Rostock,

D, Kremp, S5.175

Systemunterlagen-Dokumentation H 4503 - 1003

VOPP NUMERISCHE MATHEMATIK.

D, Kremp, W.D. Kraeft, contribution to this paper.

H, Falkenhagen, W, Ebeling and H,G, Hertz," Theorie

der Elektrolyte ", 5. Hirzel Verlag,
Ledipzig 1971

H, Falkenhagen, W. Ebeling and W,D.Kraeft in " Ionic

Interactions ", Hrsg.S.FPetrucci,New York
1970.

Anschrift der Verfasser:

Dr. R. Séndig, Dr. R. Feistel, Dipl,-Phys. H., Kinstner
Wilhelm-Pieck-~Universitéit Rostock

Sektion Physik

DDR - 25 Rostock

Universititsplatz 3

118



H. Ulbricht und G, Kessler

Individuslle Figenschaften der Ionen in wHBrigen Elektrolyt—
losungen

Abstract

The cation trensference number of Li-, Na-, and K-ions in
water is analyzed by the Ebeling-S#ndig-Feistel transference
number theory. The limiting transference number of Na-ion
obtained is t:(Na}=U.39636. The limiting ion conductances of
Li-, Na-, K-, Cs-, Rb-, P-, Cl-, Br—, and I-ions in water
have been celculated.

Verschiedene Arbeiten auf dem Gebiet der Leitfhhigkeit/1/.
die in den letzten Jahren entstanden sind, gestatten die Er-
mittlung der Grenzleitfdhigkeiten und der Kation-Anion-Wech-
selwirkung eines Elektrolyten. Die Kation-Kation- und Anion-
Anion-Wechselwirkungsparameter wurden dabei aus thermodynami-
achen Ergebnissen °/ entnommen. Die Grenzleitfihigkeiten der
einzelnen lonen konnen nur bis auf einen Beitrag A bestimmt
werden/4 »

Wir wenden uns nun den individuellen Eigenschaften der Ionen
in einer Elekirolytldsung zu. Aus der molaren Leitfdhigkeit

A = o Filuetru) (1)

wobei der Dissoziationsgrad, uy die Beweglichkeit des i-
ten Ions (i=+,-) und ‘F die Faradaysche Konstante sind, 1H8t
sich die individuelle Leitfihigkeit fiir das i-te Ion mit

o= T o i

ablesen.

In dem von uns betrachteten Konzentrationsbereich bis 1 mol/1l
kann der Dissoziationsgrad ot fiir die Alkalihalogenide prak-
tisch gleich 1 gesetzt werden. Eine ausfiihrliche Darstellung
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der Zusammenhinge findet sich in den Arbeiten von HaaaefB/.
Die individuellen Leitfdhigkeiten werden nicht gemessen, son-
dern iiber die Beziehung

A= te A (2
berechnet. Fir die Mberfilhrungszahlen t; erhielten Kelbg,
Ebeling, Sdndig und Feiﬂtrliq &/ in der faadback-Thecrie als

Ergebnis . o2 it
(3 529 el a0 )l
&i_‘ oy sg‘( ':4)
mit
= A Sk (5)

Linearisiert nan diese Gleichung, ergibt sich

+ int n’l it
£, = 68 (4-8%-5"") + + 57 (6)
Da Gleichung (4) jedoch den Verlauf der 'berfiihrungszahlen
wesentlich besser beschreibt, wird im folgenden stets diese

Gleichung verwendet.
52 exp. Wert y t'
Parameter ows Lel‘tf.-hl kert r

t
weereen. Tarameteraus T";ﬂ‘l’lld'n.
05 05 L
e 3 &§;m

K] &-

(J!;. Oji-‘“—““‘*--mn==::::!2§g;

I.al }&t'\l"’!
LicL
\ e \‘- LI CL
03 : — 03 - =5
01 02 0.1 02
¢ C in mbl-ft C iamol/L
Abb.1 Kationeniiberfiihrungs- Abb.2 Kationeniiberfithrungs-
zahlen, berechnet nach zahlen fiir LiCl, NaCl,
Gleichung g Kcl
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'

SEET ert PFiir das Stufenpotential wurden
e d LI mit den aus der Leitfshigkeit
0.5 — _‘EEE_ geméiﬁm 12/ erhaltenen €. -Pa-
0 475- rametern Uberfiihrungszahlen
:: berechnet, die in Abb.2 und 3
05- K] dergestellt sind. Beide Abbil-
0475 e dungen zeigen die gute ('ber—
: b2 einstimmung der nach Gl. (5)
05 ermittelten theoretischen Kur-

-Kg-': ven mit den experimentellen

0475 Daten.

inmﬁ..ﬂ.
T = ,bb.1 zeigt uns das Verhalten
01 0.2 der berfiihrungszahlen, bei
Abb.3 Kationeniiberfiihrungs- denen der £, -Parameter aus

zahlen fiur KCLl, KI,

KBr der Bestlmmung der osmotischen

Koeffizienten verwenda{t wurde.
i - : [ ki

Fiir KI ist & "’{c Efl." , Piir LiCl gilt dagegen §,- }cf il
Wie der Abb.71 zu entnehmen ist, werden die experimentellen

Ergebnisse auch hier zufriedenstellend wiedergegeben.

Um die Grenzleitfihigkeiten der Ionen genau zu bestimmen, ge-
niigt es, die Uberfiihrungszahlen fiir ein Ion exakt zu ermitteln.
Die iibrigen lessen sich dann tabellarisch bersch.nen‘, '5/
Abb.4 zelgt uns eine solche Anpassung fiir NaCl bei T=25°C bis
zu einer Konzentration von 0.05 mol/l. Fir den §£,. —Parameter

ergab sich dabei £, =~2.10638 und fiir t:=0.39636.
Mit der Gleichung fiir die individuelle Leitfdhigkeit

.r'l-o = ‘ . A_ i i i
polir Bse)u-y ) +(Fe 2BST)RST @

A-f T el St = g™ 52!:
* A
und der Bestimmung von Ae und Ao nach
As= s he

(8)
lieBen sich die Anion- und Kationleitf&#higkeit in Abb.5 be-

rechnen.
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t NaCl T=25°C
i }\-url'e
————— t heor.
......... Anpassiung S0 mol/ L
£,.* ~2.10637
040 L} = 0.37636
035 . —
01 02 ingnlﬂ.
Abb,4 Darstellung der Kationenilberfilhrungszahl.
130- NaCl  T=25°C
A \
m om'g A
100-

301 A

005 01 C

" i malfe
Abb.5 Ieitfdhigkeiten flr NaCl
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In Tabelle 4 eind schlieBlich die Grenzleitf#higkeiten der
Tonen der Alkalihelogenide sufgefiihrt.

Tabelle 1
Grenzleitfihigkeiten der Ionen der Alkalihalogenide
7 = 25%

Ion l; Ion A;
Li 38.723 F 55.637
Na 50.183 cl 76.427
K 73.503 Br 76.147
Rb 77.193 I 76.957
Cs T7.013
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W. Ebeling

Theory of Ion Pairing for Gurney-Friedman Models of
Electrolytes.

Abstract.

Assuming the existence of a theory of the thermodynamic func-
tions and of the conductance in a binary approximation the
extension of the theory to associating electrolytes is given.

1. Introduction.

The statistical theory of electrolytes usually starts from the
theory of nonassociating electrolytes.In earlier work we have
studied already the question how the theory of nonassociated
electrolytes may be extended to associlating aleotrolytes/1’2'3!
The main idea of this work has been the idea of consistency
between a physical formulation and the chemical picture in
terms of a mass action law, It is the aim of this paper to
give a generalization of the method developed aarlier/1’2'3/
to higher concentration, For simplicity we shall restrict us
to a binary symmetrical electrolyte with the anion number
density n, and the cation number density h  where

= = (1.1)

due to electroneutrality.

2. The Definition of Ion Pairs and the Mass Action Law.

As well knonn/1/ there is no unique prescription for the
definition of an ion pair. In the following we shall follow
a generalized Bjerrim-convention, An ion pair is considered
as bound if the pair energy satisfies the condition

'LP_‘__ ('r*) < oy 2LYT (2.1)
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Such a configuration is relative stable with respect to the
thermal agitdtion, Note that the definition (2.1) applies to
any short range potential and reduces in the case of a primi-
tive model to the original Bjerrum convention

R £ r<g= (Z2%%/2kT) (2.2)

1?-&- - contact distance of the ion pair.
The mass action law will be written as

* *\2 |- ®Y -
Ak n = n + (YZ ) K(T;VI ) (2.3)
K - effective mass action constant

7" - density of free anions or free cations respectively.
For the mass action constant we propose here two variants:

(1) Using the activity coefficient the MAC reads in the
common form

K(T,n") = KT)4S o
k(T = S:’ar e e [ - o, (r)/KT |

where ﬂo and 11 are the two roots (i
Y, (9;) == 2kl
For the primitive model one finds
90 = R ey e = (Zzez/;?.D,kT)

(2) If the pair distribution function ++_ (f‘) and the corres-—
ponding potential of mean force

@+_ (r) == th’f’nl:_ (Y') (2.7

are explicitely known we may define the binding region as

ﬁoér‘<§1}'}

(2.5)

(2.8)

(2.8)
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where q; and ?1 are the roots of

$,.G) =~ T o

Here the region of bound states is defined by the distances
where the first peak of the pair distribution function ex =
ceeds the value exp (2) = 7.%89 .... The corresponding mass
action constant is defined by

~

K(Tw")= Sz?dr bgr* L, (v Wi T) (2.10)

3., Association Theory of the Pressure

Assume that in the frame work of the physical picture an
expression for the pressure including the pair interactions
is available which reads

PAn) = Pln)+3Plw) = 2akT-2UTn*B )+ o

where ’Pofn) i1s the ideal pressure and 'Bsz) a kind of
second virial coefficient, In the framework of the chemical
picture we propose to replace eq.(3.1) by

Pin) = 'E(vz)JrS‘P(n*) = JnkT- ,?LrT(n*)sz(n* b
An eguivalent representation is

Pn) = T (n-*)+ P rz*)

where the function ,P(*‘I*) is to be taken from eq.(3.1).

The underlying physical assumption leading to eqs.(3.2-3) is
that pair interactions act gnl.v between free ion which have the
density l"l"F . The value of vt &sfunction of N and | is defi-
ned by the mass action law (2.3). Another possibility of split-
ting which could be of advantage 1is

(3.3)
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Pln) = B )+ OP)
(3.4)
whare’FLC denotes the pressure of a hard core system and
the remainding part of the second wirial coefficient, In the
chemical picture eg.(3.4) is to be replaced by

Piw) = PB.(n)+ APG) 2

where again n® follows from the massaction law (2.3) but
using in eq.(2.4) activity coefficients without hard core con-
tribution.

Due to the result obtained by iteration of eg.(2.3)

¥ 2

W* = n o+ 00?)

¢ (3.6)
the chemical representations (3.2) as well as (3.5) are auto=-

matically consistent with egs.(3.1) or (3.4) respectively.

4. Conductivity.

'Assume that the specific conductivity of a binary symmetrical
electrolyte is given by the following formula

o
&(n) = 6,(n)+ 06(n) )
where 55(&1) is the contribution resulting from pair inter-
actions and 95 Z‘-’ :
Ze e
Gv(w) == A n j A - ( - )
i & (4.2)

In a more explicite form given by Ebeling, Feistel and
(Geisler we have e.g.

S&(n) = QAS“l(H)J, nB[Sanh Ssnn)] A
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where

B . DKJ
EWFO

s (4.4)
The S—functions are defined elsewhere/ '’/
For the chemical description we propose the formulae
* ™
6 (n) = & + 06 (n*
(n) (n) (w*) s
where Yt* follows by solution of the mass action law,
An equivalent form reads
* ¥ &
6% w) = (n-nYA + s(r")
(4.6)

The construction (4,5) or (4.6) reduces in the case of small
concentrations to the classical procedure for the derivation
of conductance formulae for associating electrolytes due to
Fuoss. The physical assumption underlying this construction
4s that only the free ions may interact by the law correspon-
ding to the original Hamiltonian, The comstruction (4.5)
guarantees automatically the consistency with the physical
picture (4.1) up to higher orders in fi due to the condition
(3.6).

In order to transform eq.(4.6) to a more practical form we
rewrite it for the molar conductance

J\Yc) = (’r’-'oc’)_/l.o"' cx./L(ofC) “.D

where (¢ d4s the degree of dissociation and‘jL(C) is the molar
conductance in the physical picture. Another equivalent form

B - el i

where B_n.(C.) is the deviation from the limiting value in the
physical picture whioh is defined by
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M) = A+ JACe) (4.9)

5. Application to CuSO, - Solutions at 25 °C.

In order to give an example the method presented here has
been applied to {':l.t.SD4 - solutions at 25 °C 1in the region

C < 0.01 M, Following an earlier paper the interactions are
described by the following model

( oo if re L2A°
qf-n f) - 2 ; o
ke /D,r if rzb42A
(5.1)
0 if v < LeA®
g 5kT if Geg<r<TUA®
(r) = .6 <
Y- ke¥Dyr if r> wua°
r 00 L r< 30N>

i

Y (r) -5kl il 30<r<S5EN
— LFBZIDQY‘ I‘f 5(? She

Following the conductance theory without feedback effect as

developed Ln! 6/ (LT-variant) it follows the lower curve in

Fig.1. The upper curve given in Fig.1 was calculated using

©q.(4.8) and the mass action law eq.(2,3) and (2.4). The mass

aotion constant was caloulated to be

. 2e%/D, kT e
K(—r) !.H-Sdr r EJ(P(S 6) +'{-T§df‘r‘zekp(ng £ ) (5.2)
AR s
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(4,8) and the mass action law eaqs, 2.3~2,4) with the
physical description after eq,.(4.9) and following

Comparision of the chemical dosnr1§tion using eq.
P4 with the experimental points for CuCO, at 25 °C.
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In the mol/1 scale follows

20
K. (T) = 6.023-10°K(T) = 154 4g (5.3)

Fig.1 shows that the chemical picture gives a rather good fit
of the experimental points up to 0.001 M,A more extended com-
parision of the theory with experimental data is referred to
a later paper,
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W. Ebeling, J, C. Justice

Frequency Dependent Conductance and Dielectric Permittivity
of Electrolytes,

Abstract.

Starting from the basic equations for the pair distribution
function in non-squilibrium, electrolytes in low-frequency
fields are investigated theoruticelly., For explicite calcula-
tions of the pair distribution functions the strong coupling
approximations for distances smaller than the Bjerrum distance
is used, The influence of rotating ion pairs on the dielectrio
permittivity dis discussed.

1. Introduction.

Complex vermittivity measurements in a wide Ifrequency range
(10”7 = 10" Bz ) show the existence of ionic relaxation pro-
cesses, In the limit of very small concentrations the effects
dus to the relaxation of the ion sphere have been explained
by the Debye-Falkenhagen thcory/1/. An extension of this
theory to atranﬁ electrolytes at higher concentrations was
given by Kraeft 2/ for the so~called primitive model. The aim
of this paper is the study of the influence of ion pair for-
mation on the dielectric properties. Experimental work shows
that ion pair rotation yields really an observable contribu-
tion to the polarization but evidently there exist other
significant effects/3’4/. In recent work Badiali et a1,/397
have studied the relaxation effects in electrolytes by using
the technique of memory functions. In the present work a new
concept of the conductance theory of electrolytes is applied
to the problem of frequence dependence /.

Tet us assume an external electrical field with the time de=
pendence
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[_":’ — Eo ekp({wt) it

producing a total current
= A £ 7% B A T'D)
=1+
(1.2)
consisting by a first part '3 _,due to the center of mass
motion of the solved ions and f'”due to the dicplacement
of intermal charges in the solvent molecules and even-

tually also in the ions, Further let us introduce a specific
conductivity G (w) and a dielectric permittivity £¥w) vf127/

— o 4 L) =

1“) . Kﬂ.l_rré_c.)tp 2 %«J{[E*(w)-"I]E (1.3)

=5 = —

’} i'G!t( )+ ‘_E (w)- 1]}E (1.4)
Here 6««: G{- ich ) 6*': g_f— iEﬁ (1.5)

are complex functions, In the following we deal exclusively
with G*(w) . Note that in an earlier paper gstems o fons and
dipoles,both present in low concentration,have been treated
neglecting ion pair a:l.’:l.’eots/?/. From the physical point of
view the conductance may be splitted into two parts GL and
E’s originating in free ion movement (long interionic distan-
ces) and bound ion pair movement ( short interionic distances)

6"(w) = 6,(w)* 6g(w) o
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Evidently this splitting is not free of arbitrariness. Let us
quote here again the gomment made by Onsager 1968 in Montpel=-
lier: " The distinction between free ions and associate

pairs depends on an arbitrary convention, Bjerrum's choice

is good but we could vary it within reason.In a complete
theory this would not matter; what we remove from one page of
the ledger would be entered elsewhere with the same effeot ".
Following earlier papers let us introduce here a characteris—
tical distance T? which is identical or near to the
Bjerrum distance (e2/2D,kT) . We split the interionic dis-
tance into two parts:

The short range part S corresponding to O0s r< R

and the long range part | corresponding to R<Er< oo

Both parts will be treated with different approximation methods,
The contribution to the short range part _Gs (m) corresponding
to ion pair rotation contributes mostly to the imaginary part
of B™(w). It seems to make sense to interpret this contri-
bution as a dielectric contribution Ae corresponding to

_ AW
6 (w) = T—Aelw)+ As(w) o)
Therefore we obtain finally

'_j = [ gL{w)+Ag(m)+ %[&“(w)-l-&ﬁ(w)—l]}g

(1.8)
It is the aim of this paper to present explicite expressions
for 6%(w) s EL(u'),f_\,G and \E for symmetrical electro-
lytes €,=-€,= £ using the so-ocalled strong coupling appro-
ximation.
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2. Basic Bquations for the Pair Distribution Funotion.

In the foregoing paper/‘s/the following equation for the dimen-
sionless perturbation of the p.d.f. was derived

V- [V e 3:1(.«)57(221(?)— rcosS’)
-—Ym(?)\?fng;(r)] + 1v Yo (%) = 0 s

(#5)

kT (o, + @) (2.2)
where 2 is the equilibrium p.d.f., 21 the perturbation
of the potential and c.:,“wz the mo‘ni_‘stities of the ions,
Following the method proposed earli / we solve the equation
(2.1) for the region 1W< r< 05 by perturbation methods with
boundary conditions corresponding to the primitive model with
radius TR A

In the simplest approximation the outside solution of eg.(2.1)
is given. by i=

=3 —-Er ‘R
Y (7) = elcon ¥ _i[ex_’_ cgj{ ea&
21 DokT(ac":—f,‘z)d"' r 1T r |1+%R (2.3)

12 = T
o= ae[(1+1'wt)/2] : T e %Rzlf’r(wﬁwz) (2.4)

A1 == eﬂ?‘ae-l?{[1+at?+3‘afq?2]‘ Z;‘szatz-gz)

.[14. D":IT? (1+x'f?)”[’f+ﬁf?+j%52r?2]-1 (2.5)
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The second approximation was also given by K.raaft/""?/. In
order to get the inside solution for the region U< Y <R
we shall use the strong coupling approximation which includea
the assumptions that

1) The perturbation of the potential may be negleoted: ZZIEO

2)- The radial flow may be neglected:

) o B el o
"a_‘l" Yﬂ ’ 321@7‘(\“‘:53%) \61(3\" ﬁqim = O (2 5)
Introducing () by Y. (?)=Y(r)CO)Sf and wp=-Fu S got
from (2.6) 4 Lr j‘“

- !
loey— e T \ffv‘)'{(") =19 (2.7)
Differentiation of eq.(2.7) yields
_ | !
Y"-e- ({,)fe_ it ‘r’a{)’+ Ylfr (0]
On the other hand we find from eq.(2.1)

Y "+ -?Yj Y {"-‘%‘1 \}J = kT/fLFfﬁ- YLF”-F %‘Y(.F’; Lfre_[f-f {uY: O

(2.8)

(2.9)

By subtraction of eg.(2. g) from eq.(2.9) we find
== =AY =
Y- 1Y+ Yo'+ JirvY
The exact solution of this equation reads

Y(r) = rexp [" WS -'—;—v?‘z_] (2.41)

and therefore the p.d.f. is given by

> o 1.2
) = vemsgtorl o]

(2.10)

137



In the static case W=0 1i.e. vr= () follows the static strong
coupling solution given :Ln’ﬁ".

5. The Frequency - dependent Conductance.

As shown in earlier papars/s’a/ there are two different vari-
ants to express the conductance as a functional of the p,d.f.

(a) The linear theory
— rel l
¥ = e AT T
(b) The feedback theory (echo theory )
1 Al —];ef -
1+ T(1-T) - _(;el (3.2)

Here the _|_ ~ functions may be expressed by the p.d.f./s/. In
the case of small correlations one may develope with respect
to the | - functions i.e. (3.2) coincides then with (3.1), 4s
shown earlier/078/ in principle eq.(3.1) as well as (3.2) are
exact, but strictly speaking, we have to use in each case an-
other solution for YJH and therefore another T -~ functions.
In some respect the linear theory is similar to the virial
formla for the pressure and the feedback theory (echo theory)
is the analogon of the compressibility equation 28 « There-
fore a comparision of both expressions may be used for a test
of the acouracy of the p.d.f. In the frame work of our simple
approximations for the p.d.f. \(21 both variants are not con-
sistent except for the case of very low densities, Therefore
we shall prefer eq.(3.1) for applications to strong electro-
lytes, eq.(3.2) for applicatiom to weakly associating electro~
lytes and eq.(3.1) in combination with a mass action law for
applications to strongly associating electrolytes. As shown

(3.1)

Bﬁ(t..:») = &,
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oa.rl:l.ar/ﬁ’s'/, the feeback-or echo - method corresponds to
taking into account mass-action-effects in a first order.

Now we have to calculate the T— function, Using the formulae
given 1n/%/ and /®/ and the splitting in short-range and long-
range terms we get for a symmetrical electrolyte with

e=-¢=e ; M=n=n
—rel el rel —el el el
e il ; 5 =_EL+ e GE)

el e’x a:'i?)z( i)
: 6DkT(¢+[(r+-m)/2]”’) 6 \DKIR 2

— (21/3)n’R>; (34)

= =1
= (Lﬁrnez/l)ul{T)Vz p T-Q[af'?fr'(uﬁoz)]

(3.5)

T = - . T =0 (36

L - 3my (ot ,)(1+%R ) ) AL )
1 ¥ S

T;re = lbrn Sdr rzﬂo (r)exp [—11&:*2] (3.7)

s = 3+ch.,>5°‘*"* G ) 9

—el
(s = ngrrﬂub)&p[——vr ] (39)
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Calculating the short-range parts we have neglected certain
contributions from the upper boundary T =1? which seems to
be within the limits of the accuracy of the strong-coupling
approximation.

The combination of the feedback- (echo)- formula eq.(3.2)
with the expressions (3.3) to (3.9) should describe the com~
plex conductivity of weakly associating electrolytes. By in-~
speotion one sees that T;_"L! .Tsrﬂ and 'T;es are complex
functions which have to be calculated., The physical meaning
of these contributions will be clearer in the chemical picture
given in the next section.

4. Chemical Description and Discussion

Led us start from eq.(3.1) &nd develope with respect to the
concentration ¢ = ip. 103 NL'1 . It follows

%) = Gl [haral 1l

[25 (g‘ 37 ;3)‘?'_/5;; *C(ﬁe:'uﬂ)Ic

s Rl U
[1-ieor ) [ K, At )_3Q? L I,
+O(c3/2) : (4.1)

ol¥(w) {1+[(1+.m:)/2]”'2} 9= (YD UTR) (4.2)

Sdr-r exp(-‘—)[Ekp( —L‘r‘ j]
(-iw) §°‘” exp (- f{.‘) (4.3)

i

T,(w) =
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gdfrem( - )[Q*P("'Wz) 1]

) =
: (‘1:0 ?dvr ekp( Uy ) (Ly)
M= LHTN gdrr exp(-——- (45)
R Uy _Un
C(puﬂ U )_ _Z‘A—NL gdr"r(e kT+e kT)
R (4e)

Her’e 0L is the contact distance and the coefficients o(rﬁ" E
Ez have the usual maningfb/.
Using egs. (1.6 = 1.7) we get

2 N, B T,(w)
Aelw) =tre /TCOOO [(w*ﬂq*)t'l(w) 37:?(1 ]K"C (4.7)

Now the mass action law will be introducedby

(1-x) = h‘sz('{nc) (4.8)

B‘ -~ degree of dissociation, :].P_, mean activity coefficilent,

The receipt for the transition to the chemical picture readsi
and a factor KAC‘z

Replace everywhere a single C Dby
by (1—-5‘)C Then eq.(4.7) is transformed to

2(1- ) L tz(w)
Agle)= et s [(m Ok n?q] e

Furtheron eg.(4.1) ia transformed to

141



gzm; - ped - [y pa iy 25 B e L)

3/2

+ -+ CR Uy () + 2 Ae) + O(c™)
(4.10)

For the physical interpretation of eq.(4.9) it is useful to

look at the asymptotic value of the relaxation functions

at large (€2/D,kTq) which read

; i 2
e 1 1¢90
i = [1 i G*P(- LT (ot coz))] il
= Laim(tor) + 5lem(For)-1] . @@)
T, = o [2kT(w0)] (4.13)

Now one can see that egq.(4.9) is gquite similar to the result
of the simple Debye theory which yields for rotating dipoles
consisting of two charges (+€) and (-€) at the distance a
the dielectric cnntrihution

& e’ty (4.1%)
Aelw) = RS (o, to) T+ 1Ty

Yl - number density of the dipoles, Evidently the first term
in eq.(4,8) may by interpreted as a Debye contribution of
rotating ion pairs with the number demityﬁ-r)c_:\(j‘looo).m‘ho
second contribution originates from hydrodynamic coupling
of the two charges in the rotating pair,

Finally we mention that the long-range contribution to eq.
(4.10) may be easily improved by taking into account the second
approximation of Kraeft's theor 122/ Purtheron we have to
mention that the upper frequenoy limit for the validity of the
strong coupling approximation is not yet known.

Acknowlegdemsnt: The authors would like to thank J.P.Badiali
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ioeffizient filr Mischungen von wissrigen

rten mit einem gzemeinsamen Iom.

yinfachen Elektrolyte stehen bel HRaumtempera=-
notischen Koeffizienten MefBreihen {liber einen
:ionsbereich zur Verfligung. Im Gegensatz dazu
jchte Elektrolyte nur eine geringe Zahl von
jerdem meist auf wenige Mischungsverhiltnisse
Daher sind jene theoretischen Formeln und
sonderem Wert, die es erlauben, fiir eine grole
ingen in einem bestimmten Konzentrationsbe-
naue Vorhersagen fiir die thermodynamischen
treffen, Im folgenden wird nach (1.1) der
lzient in der DH{-Ndherung filr Mischungen von
mit einem gemeinsamen Ion filir Konzentrationsn
51/1 ( I ist die Ionenaté.z-ke.I=-'21_Zf.‘,- Zf,- Z; -
| Wertigkeit) berechnet, :

ine Mischung aus einem Elektrolyten A und
&n B,Flir die Potentiale der mittleren Krdfte
an benutzen wir die in Tab,.q1 angegebenen
aramster fh;; fur die einfachen Elektrolyte.

o der Mischung auftretenden Stufenhthen der

8 bzw, Kation A - Kation B Wechselwirkungen
als freie Parameter betrachtet, deren Wert

an experimentelle MsBdaten bestimmt wird, Vor
missen die experimentellen Daten ins MMM-Sys-
xerden, Dazu wurde eine von Kz'j.m:.lce/‘l o/ ange=—
putzt, In Fig.3 sind die Resultate der Anpas-
schungen von Alkalihalogeniden fir I=0.5 mol/l
vom lonenstdrkebruch Ya des Elektrolyten B
pben, Sowohl fiir die NaCl-KC1l Mischung als
r-KBr Mischung folgt aus der Anpassung fg;’h‘g-k
Natrium-Cdsium Wechselwirkung folgt ﬁh*_cs
Abbildung ist ersichtlich, dal die theoreti-
experimentellen Daten gut beschreiben. Die
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