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Vorwort

1949, im Griindungsjahr der Deutschen Demokratischen Republik,

wurde Professor Hans Falkenhagen auf den Lehrstuhl fiir theo-

retische Physik der Universität Rostock berufen. Es gelang

ihm hier, in kürzester Zeit eine Schule der Theorie elektro-

lytischer Flüssigkeiten aufzubauen.

Als Hans Falkenhagen 1971 nach einem schaffensreichen und er-

füllten Leben verstarb, konnte seine Elektrolyt-Gruppe, deren

Leitung inzwischen Professor Günter Kelbg übernommen hatte,

auf über 200 wissenschaftliche Publikationen zurückblicken.

Der vorliegende Band enthält eine Sammlung von Arbeiten zu

Problemen, die heute - 30 Jahre danach - Falkenhagens Schiiler

und ihre PFPachkollegen bewegen.

Frau Margarete Thémlitz und Frédulein Hiltrud Prestin sei

herzlich gedankt dafür, daß sie wiederum in bewährter zuver-

lässiger Weise das Schreiben des Manuskriptes übernommen

haben.

Prof .Dr.¥W.Ebeling, Dipl.-Phys.H.Kliinstner





Go Kelbg

Wilhelm Ostwalds Beitrag zur Elektrolytforschung.

Am 2, September 1978 jdhrte sich zum 125, Mal der Geburtstag

Wilhelm Ostwalds, Dieser Tag gibt uns Anlaß, des großen Ge-

lehrten zu gedenken. Denn Wilhelm Ostwald hat auf vielen

Wissenschaftsgebieten Neuland erschlossen und sein Wirken hat

die Entwicklung zahlreicher wjissenschaftlicher Disziplinen

entscheidend beeinflußt. Besondere Bedeutung besitzen seine

Arbeiten auf den Gebieten der Katalyse und den chemischen

Reaktionsprozessen, für die er am 10, Dezember 1909 den

Nobelpreis für Chemie erhielt,

Wilhelm Ostwald hat auch fundamentale Beiträge zur Elektrolyt-

forschung geleistet, Durch Verbreitung und Weiterentwicklung

der neuen Ideen seiner Zeit auf diesem Gebiet können wir ihn

heute als Mitbegründer der modernen Elektrolyt-Theorie und

modernen Elektrochemie ansehen,

Vor allen Dingen ist es das Verdienst Wilhelm Ostwalds, daß

8ich die Ideen von Svante Arrhenius aus dem Jahre 1883 über

den Zerfall der Salze, SHuren und Basen in wässrigen Lösungen

in freie Ionen trotz mancher Widerstände der Fachgenossen

rasch durohsetzen konnte.

Die in der damaligen Zeit von van't Hoff entwickelte neue

Lösungstheorie und das neue Konzept der Theorie der elektro-

lytischen Dissoziation stützten sich gegenseitig und führten

letzten Endes zum Entstehen einer neuen Wissenschaftsdiszi-

plin der physikalischen Chemie.

Die von Ostwald und J.H, van't Hoff neugegriindete Zeitschrift

für physikalische Chemie enthielt im ersten Band im Jahre

1887 bereits Artikel über die neuen Theorien,Indenfolgenden

Jahren veröffentlichte Wilhelm Ostwald zahlreiche Arbeiten

über elektrolytische Dissoziation und damit zusammenhängende

Physikalisch-chemische Prozesse.

Daß Ostwald die Zusammenhänge besonders klar durohsohauen

konnte ist auch darauf zurückzuführen, daß er sich lange und



intensiv schon in seinen frilhesten Arbeiten mit chemischen

Gleichgewichtsproblemen beschäftigt hat, Dem Thema der elektro-

lytischen Leitfähigkeit hatte er sich schon in Riga zugewendet

und Messungen durchgeführt und Dissoziationskonstanten be-

stimmt,

Nach seiner Berufung von dem kleinen Ordinariat an dem Poly-

technikum in Riga im Jahre 1887 nach Leipzig und Übernahme des

Lehrstuhls für physikalische Chemie wurden diese Untersuchun-

gen am zweiten chemischen Laboratorium mit großer Intensität

und Erfolg fortgeführt.

Wir können sagen, daß die 19 Arbeits jahre Wilhelm OstwaldsAn

Leipzig bis 1906 zu den fruchtbarsten in seinem Leben gehören.

Bereits 1888 entwickelte er das nach ihm benannte Ostwaldsche

Verdünnungsgesetz, in dem sich die Gedanken der elektrolyti-

schen Dissoziation, der osmotischen Theorie und des Massen-

wirkungsgesetzes vereinigten,

Diese wissenschaftliche Leistung findet eine besondere Würdi-

gung durch die Gestaltung der Nobelpreis-Urkunde. Der Kopf

der zweiten Seite des Diplems enthält den formelmäßigen Aus-

druck des Verdünnungsgesetzes unter einer schematisch gezeich-

neten Figur des Ostwaldschen Thermostaten,1/ der bei der

Messung der Leitfähigkeit elektrolytischer Lösungen Verwen-

dung fand,

Bemerkenswert ist, daß Wilhelm Ostwald bezilglich der Salzlssun-

gen schon viele Jahre vor Arrhenius und van't Hoff den Ein —

fluß gelöster Salze auf die Eigenschaften von Lösungen erkannte.

Er kam zur Aussage " das Wasser zersetzt alle Salze ".

Wilhelm Ostwald hat viele schöpferische Kräfte zur Fortent-

wicklung neuer Ideen und Gedanken freigesetzt. Er durchschaute

sein Fachgebiet mit einer seltenen Klarheit und erkannte die

entscheidenden Zusammenhänge, Z.B., schreibt Wilhelm Ostwald

in seinem ArtikeV 2/ * Zur Dissoziationstheorie der Elektro-

lyte ",

* Die nachstehenden Erörterungen über die Salzbildung sind die



erweiterte Wiedergabe des Inhaltes eines Vortrages, welchen

ich am 1. Mai 1889 in der chemischen Gesellschaft zu Leipzig

gehalten habe, Ich kann von dem sachlichen Inhalt derselben

für mich nichtsals Eigentum in Anspruch nehmen, denn derselbe

ist die Auseinandersetzung einer Reihe von Ideen, welche mein

Freund Svante Arrhenius zum Teil ausgesprochen, zum Teil ange-

deutet hat, Was mir angehört, ist nur die Form der Darstellung.

Ioh bin durch verschiedene Anfragen von Fachgenossen darüber

belehrt worden, daß sie Schwierigkeiten empfinden, sich über

die durch die Dissoziationstheorie der Elektrolyte notwendig

gewordene Umgestaltung der chemischen Anschauungen Wahrheit zu

verschaffen, und es schien mir daher nützlich, zunächst die

einfachsten chemischen Vorgänge, wie sie bei der Salzbildung

in Frage kommen,imLichteder neuen Theorie zusammenhängend

darzustellen ",.

Die Tragfähigkeit der neuen Ideen wurde an den Vorgängen der

Salzbildung bei der Mischung von Säuren und Basen demonstriert,

W. Ostwald schreibt welter:

" Man ist somit zu der Behauptung berechtigt, daß die Dissoa-

ziationstheorie der Elektrolyte nicht nur nirgend mit den

Tatsachen in Widerspruch gerät, sondern daß sie zum ersten .

Male eine Anzahl bisher unverstanden und unerklärt gebliebener

Beziehungen als notwendig hat voraussehen lassen, wobei der

Erfahrung nur der Zahlenwert der auftretenden Konstanten zu

entnehmen war ".

Im übrigen hat auch M; Planck die Richtigkeit der entwickelten

Ideen erkannt und sie unterstützt und gegen Angriffe ver-

teidigt.

Die Dissoziation von Ionen in Elektrolyten wird wie jedes

andere ohemische Gleichgewicht durch das Massenwirkungsgesetz

beherrscht, Dieser Gedanke führte Wilhelm Ostwald zum Verdin-

nungsgesetz. Es stellt eine besonders bedeutende und frucht-

bare Entdeckung auf dem Geblet der Elektrolytforschung dar.



Nahezu 250 verschiedene organische Säuren wurden untersucht?/

und das Gesetz wurde fast durchweg bestätigt gefunden,

Die Messungen Ostwalds zeigen eine hohe Genauigkeit. 2,B.

wurden von DA,Mo Imes und Th. Shedlovsky die Meßreihe Ostwalds

an Essigsäure bei 25 °C im Jahre 1932 unter Präzisionsmeß-

bedingungen wiederholt. Sie zeigte wie genau die experimentelle

Bestimmung der Dissoziationskonstanten von Ostwald mit viel

primiti veren Hilfsmitteln war,

In ubrigen ist zu erwähnen, daß die Messungen der Dissozia —

tionskonstanten in Riga von nicht erheblichen, doch beständig

einseitigen Abweichungen behaftet waren, Der spurenweise

Ammoniakgehalt des in Riga benutzten Wassers hatte dies verur-

sacht. Das Leipziger Wasser war von diesen Verunreinigungen

frei und so wurden zahlreiche Meßreihen in Leipzig wiederholt

und korrigiert.

Das Verdünnungsgesetz, das einen Zusammenhang zwischen der

molaren Leitfähigkeit und der molaren Verdünnung beschreibt,

wird von Wilhelm Ostwald wie folgt abgeleitet,

Anknüpfungspunkt ist das Massenwirkungsgesetz in partialdruck=-

formılierung

—— = const,

wobei p der Druck des unzersetzten und Pq 008 gersetzten An~
teils ist, Ostwald argumentiert weiter so /;

" Nun 1äßt.,8sich nach den oben erwähnten Arbeiten der "Druck"

in der Lösung proportional den vorhandenen Mengen &amp;. und @,der

Stoffe und umgekehrt proportional dem Volun setzen; die

Gleiohung wird, dap : p, = x ‚Me, zu

(1)

7 = const.

Ferner lassen sich die Mengen W und U4 aus dem elektrischen

Leitvermögen berechnen wie Arrhenius (1.c.) gezeigt hat,

Nennt man Ar die molare Leitfähigkeit eines Elektrolyts

beim Volumen und Aw den Grenzwert der Leitfähigkeit bei

(2)

| ©



unendlicher Verdünnung, so ist U:W, = (Aw-A+) Aw da die

Leitfähigkeit Ar proportional der diss.oziierten Menge des

Elektrolyts U4ist. Daraus folgt als für alle binären Elektro-

lyte gültige Verdünnungsgesetz

(Aa = Av)v = const,
Ar

Bedeutet o = Av/Am, So ist diese Größe ein Maß für die Dissozia-

tion,

In reziproker Form nach Einführung der Dissoziationskonstanten

K und der molaren Konzentration € Af lautet das Gesetz

LG - X

A-

(3)

Mit dieser Formel legte Wilhelm Ostwald den Grundstein zur

theoretischen Interpretation der Leitfähigkeitseigenschaften

schwacher Elektrolyte.

Aus dem Ostwaldsohen Verdtinnungsgesetz (3) folgt nach einer

linearen Ndherung nach der molaren Konzentration ¢ , fiir die

molare Leitfähigkeit

As Ans cd
(5)

Ein entsprechendes Gesetz ergibt sich nach der Theorie von

van't Hoff für die osmotischen Koeffizienten g

gE =1 = wim
2 K

8 (6)

Danach nimmt die molare Leitfähigkeit und der osmotische

Koeffizient linear mit der Konzentration © ab.

Diese Gesetze sind nur für schwache Elektrolyte gültig.

Im Jahre 1900 wies K,F. Kohlrausch nach, daß für die molare

Leitfähigkeit im Falle starker Elektrolyte ein Quadratwurzel-

gesetz besteht



A= Ne - AVC
(7)

Ein gleiches Gesetz gilt auch für die osmotischen Koeffizien-

ten starker Elektrolytewie von Lewis und Randall aufgezeigt

wurde

q=4- AYe) (8)

Diese Eigenschaften der starken Elektrolyte hängen mit den

beträchtlichen Coulombkräften zwischen den Ionen zusammen, Die

elektrischen Wechselwirkungen haben einen entscheidenden Ein-

Fluß auf das thermodynamische und Transportverhalten der

Lösungen starker Elektrolyte. In diesem Falle ist dann die

Leitfähigkeit kein Maß mehr für den Dissoziationsgrad &amp; .

Auch Ostwald hatte schon einen Gang für die Dissoziationskon-

gtanten festgestellt. Er deutet diese Abhängigkeit jedoch als

Einfluß der Viskosität des Lösungsmittels auf die Ionenbewsg-

lichkeiten,

Der dialektrische Widerspruch zwischen dem linearen Gesetz und

dem Quauratwurzelgesetz leitete eine umfangreiche Entwicklung

auf diesem Wissensgebiet ein.

Die Berücksichtigung der elektrischen Wechselwirkungen der

Ionen führte zu einer neuen Interpretation des Verhaltens hoch-

verdünnter Lösungen, In der modernen Theorie der Elektrolyte

im Falle erhöhter Konzentrationen zeigt es sich aber, daß 8So-

wohl der Ostwaldsche-Arrheniussche Aspekt der Assoziation-

Dissoziation als auch der Aspekt der zwischenionalen Wechsel-

Wirkungen gemeinsam berücksichtigt werden müßen, Die Arbeiten

Ostwalds über die elektrolytischen Lösungen sind daher als ein

erster aber bedeutender Schritt auf dem Wege zu unserer heuti-

gen Erkenntnis auf diesem Fachgebiet anzusehen.

Im Zusammenhang mit Ostwalds Arbeiten über die Dissoziation

in Elektrolyten ist bemerkenswert, daß sich diese Untersuchungen

gut in die sich Ende des 19. Jahrhunderts immer stärker ausbrei-

tenden Vorstellungen über die atomistische Struktur der Materie



einordneten, Anfang der neunziger Jahre prägte sich bei

Ostwald die Tendenz gegen den Atomismus immer stärker aus,

Zunächst bezog Ostwald zwar seine Ansichten noch nicht auf

den Zustand der freien Ionen in Elektrolyten, dann aber ver-

suchte er auch die Theorie der elektrolytischen Dissoziation

mit Hilfe der energetischen Lehre von der Atmovorstellung zu

befreien,

Über den Wissenschaftler und Lehrer, den Philosophen Wilhelm

Ostwald und sein Leben und sein Wirken gibt das Buch von

Rodny3 und Ju. I. Solow jew Auskunrt’”/

Literaturverzeichnis,

/A/

/2/

/3/

/4/

/5/

W, Ostwald, 2,Phys.Chem, 2 (1888) 566

W. Ostwald. 2.Phys.Chem, 2 (1888) 270

W, Ostwald, 2.Phys,Chem, 3 (1889) 419

W, Ostwald, Z.Phys.Chem, 2 (1888) 37
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Teubner Verlagsgesellachaft, Leipzig, 1977.
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Prof, Dr, sc.nat.Glinter Kelbg

Wilhelm=Pieck~Universitdt Rostock

Sektion Physik

DDR = 25 Rostock

Universititaplatz 3





W. Ebeling, K, Scherwinski

Bestimmung thermodynamischer Funktionen aus Potentialpara

metern fiir die interionische Wechselwirkung.

Abstract

Thermodynamic properties of strong aqueous 1-1-electrolytes

are studied using a simple approximation for the oorrelation

function and a step potential model for the short-range inter-

action, Predictions for all thermodynamio functions can be

made if the potential parameters for the ion-ion interaction

are known, As an example the mean activity coefficient is

calculated for alkali chlorides on the basis of an earlier

determined set of potential parameters, The experimental data

are well described up to 0.5 mol/l, Furtheron it is shown

for several examples that osmotic coefficients of mixtures

can be predicted in the same concentration range using the

above mentioned set of potential parameters and simple appro-

xdmations for the potential parametersoftheinteraction

between two unlike anions or two unlike cations respectively.

1. Thermodynamische Funktionen in der DHX-Niherung.

Die thermodynamischen ExzeBfunktionen elektrolytischer Lisun-
gen hängen nach einem Satz von Mc Millan und Mayer/1/ allein

von den Potentialen der mittleren Kräfte zwischen den Ionen

ab.Für den Bereich kleiner und mittlerer Konzentrationen, auf

den wir uns in dieser Arbeit beschränken, lassen sich relativ

ainfache analytische Gleichungen für die thermodynamischen

Funktionen finden/2/, In der vorliegenden Arbeit werden aus-

gehend von bereits bestimmten Parametern für die Potentiale

der mittleren Kräfte zwischen den Ionen thermodynamische Ex-

zeßerößen für wässrige 1-1 Elektrolyte berechnet,

Wir beschrinken uns auf den Fall von Paarwechselwirkungen,Mit

Hilfe der bindren Verteilungsfunktionen Fes (Wyw;) berechnen

wir den osmotischen Koeffizienten gq aus der Virialformel



g= 1- 38 Sx, \r Erde (1.1)

und die freie ExzeBenergie liber einen Aufladeprozes

ar = inex | dr PERE.

DO

Hierbel ist n=N/y die Gesamtteilchendichte der Ionen, X,

der Molenbruch der Teilchensorte a und A ein Aufladungs-

parameter.

Ein anderer Weg zur Berechnung der freien Exzeßenergie führt

Uber eine Volumer*-*ecgration des osmotischen Druckes

Y .

FF” -{[P_- P“ ]dv (1.3)
or

Cay

Den mittleren rationalen Aktivitätskoeffizienten fr erhalten

wir aus der bekannten Beziehung

7nf. = ov (45-
TV 9 n TVX;

Das Wechselwirkungspotential ¥, beschreiben wir durch ein

sortenabhiingiges Stufenpotentialmodell

(1.4)

 DO

¥.(r) = has

A

Rap =

Rab, ;

7 Rat, (1.5)
 rT Reb,

Ras = R. + Rı,

R., = R., + d



Dabei ist D, die makroskopische DK des Liusungsmittels, d ein

mittlerer Durchmesser eines Losungsmittelmolekils (d=2,76 2

fur H,0) und R,, Ry sind die kristallographischen Ionenradien,

Die Stufenhöhe has ist ein sortenabhängiger freier Parameter,

der eine spezifische Beschreibung kurzreichender Wechselwir-

kungen ermöglicht. Für einfache Elektrolyte wurden die Stufen-

höhen durch Anpassungen an den osmotischen Koeffizienten’&gt;/

und an Daten der elektrischen Leitfihigkeit’/ fur alle Alkali

halogenide bestimmt. Die so ermittelten Potentialparameter er-

lauben es, Aussagen über individuelle Ionenwechselwirkungen

zu treffen und ermöglichen theoretische Voraussagen über

weitere thermodynamische Größen.

Tabelle 1:

Table 4:

Na

kt

Rot

cs?

Potentialparameter Bhy 4 fiir Alkalihalogenide
in H,0 bei 25 °c,

The potential parameters Bhy for alkali halides
in water at 25 °c.

1” Ry -

Bh.
Bh

0.92 4.44 1.19 1.28

0.84

0.68

0.91

1.94

1.54

(= 0,70)

~1.20

- 1,0

= 1.08

- 0.99

~ 0,66

1.09

yor

- 0.53 =0,03

- 0.99 -0.95

- 1.22 =1.19

- 1.40 =1.42

- 1.45 =1,47

Yebu

- 1,48



Aus den in /3/ angegebenen verschiedenen Varianten wählten wir

im folgenden den in Tabelle 1 angegebenen Satz von Potential-

parametern aus, Da fiir die Li-F -Wechselwirkung bisher kein

Parameterwert bekannt ist, haben wir die vorliegenden Daten

interpoliert, Zielstellung dieser Arbeit ist, daß mit Hilfe

dieser Parameter der mittlere Aktivitätskoeffizient und der

osmotische Koeffizient von Mischungen voraussagbar sind,

Für die binäre Verteilungsfunktion Fr verwenden wir eine

nichtlinsare Debye-Hückel-Näherung (DEX-Näherung)/?/,

F DHX
ab = exp IT

Hier ist Sr das Potential der m‘‘*leren Kraft

r

OO r~ &amp; Ras &gt;

(1.7)

¢ =
ze

{ hoi rn Rpo&lt;T&lt;R,,
=X=% expleeRap —oer] !

(Der 1+R, 2 Ras -

Dabei ist der? — ‘proke Debye Radius

wie AT 3 nel
D.kT

und p= (kT)
Berechnet man mit (1.5) und (4.6) den osmotischen Druck nach

(1.1), ®o erhilt man nach (1.3), (1.4) für den mittleren

Aktivititske-?Sizienten



In f,'= =203 x0, LR * my Flee

+ [Rip+(Ras — Ras) expf-Bhas+3b}x

[Ya SC TR
+ 2M, tnSC] , (1.8)

1 co .

My = dt §r[eP—1+pE [dr
© RR

$ = 8 expleRy—wx'r]
ab Dr 1+%¥R,

 vr = 08
Ya”

Ls = Zach
OkT

Die Funktionen Ya sind gegeben durch

Ya = Ars {exp (- rät) [A +

La + 3eluB|— exp(- ft) [Rist Lu | +

(de + 2)[Eil rf) - Ei]



2. Vergleich mit HNC- und MSA = Daten fiir das Modell

geladener starrer Kugeln,

Nach (1.1) berechnen wir den osmotischen Koeffizienten für

ein Modell geladener starrer Kugeln, Yır hat dabei die Form

co &gt; &lt; Rab

Ya Ca Ch 7 &gt; Rap

Dr £87
Die Resultate wgrden in Tabelle 2 mit HNC-Daten von Rasai

(R, = R_=4.2 A ) und von Rasaiah und Friedman’ 7/ verglichen,

In Spalte 3 sind zusétzlich die aus der MSA Theorie’8/ f£olgen-

den Werte für g angegeben, wobei für den Anteil der ungelade-

nen starren Kugeln eine Formel von Carnahan und Starling’9/

benutzt wurde, Aus der Tabelle ist erkennbar, daß die Abweich-

ungen der DHX-Theorie von den HNC Werten bis zu ¢ = 0.5 mol/

Liter kleiner als 1 % sind,

Die für c &gt; 0.5 auftretenden größeren Abweichungen sind in

erster Linie auf die Nichtberücksichtigung des 3. Virialkoef-

fizienten für ungeladene starre Kugeln zurückzuführen, Für

¢ £ 0,1 liefert die DHX-Theorie eine bessere Übereinstimmung

mit den HNC Daten als MSA, Für höhere Konzentrationen liefert

die MSA-Theorie kleinere Abweichungen, Der Vergleich deutet

auf einen Gültigkeitsbereich der DHX-Theorie bis zu © = 0,5

mol/l hin,

3. Der mittlere rationale Aktivititskoeffizient,

Nach (1.8) wurden die mittleren Aktivitätskoeffizienten für

Alkalichloride unter Verwendung der in Tabl.i angegebenen

Parameter für die Wechselwirkungsparamter berechnet und mit

experimentellen Werten verglichen, Die thermodynamischen

Funktionen beziehen sich in der statistischen Theorie auf ein

osmotisches Gleichgewicht fiir ein vorgegebenes Volumen V und

vorgegebene Temperatur T (Mc Millan-Mayer-System), während

L ww



Tabelle 2. Osmotischer Koeffizient fiir das Modell geladenex

starrer Kugeln für wässrige 1-1-Elektrolyte bei

25 °C. c ist die Konzentration in mol/l.

Table 2.

0, 001

0, 0,1

0.1

0.2

0.4

3,0

0. 002

0,02

0.1

0.2

0.4

1.0

0,05

0.1

0.2

0.5

0.7

1.0

Osmotic coefficient for the model of charged

hard spheres for aqueous solutions of J=-i=-electro-

lytes at 25 °C, C is the concentration in moles/

liter.

4 HC MSA DHX

R, =

U

R = 2.1 A

0.9885

0,9691

0.9442

0.9479

0.9719

1.0829

0.9885

0.9694

0.9443

0.9480

0.9727

1,0872

0.9885

0,9689

0.9439

0.9480

0.9716

1.0687

o 0

R, = 0,95 A, R_=1.81 A

0.9832

0.9534

0.9179

0,9021

0.8911

0.8973

0.9833

0.9543

0.9151

0.8985

0.8870

0,8932

R 0
, = 1.8 4,

0,9547

0.9542

0.9669

1,035

1.092

1.191

R_=2.81%

0.9547

0.9541

0.9669

1.037

1.095

1.196

0.9544

0.9539

0,9665

1.028

1.074

1.147



die experimentellen Daten fiir ein System mit vorgegebenem

Druck P und vorgegebener Temperatur T vorliegen, Die experi1-

mentellen Daten müssen deshalb vor dem Vergleich mit der

Theorie ins MMM-System umgerechnet werden, Außerdem muß man

berücksichtigen, daß für die Meßdaten die Konzentration in

mol/kg Lösungsmittel angegeben wird, während die Theorie auf

pine molare Konzentration ( c = mol/Liter Lösung ) führt, Zur

Umrechnung wurden die Formeln”10/

[nfule) = Iny. (m) + In(mde)— a + coe (3.3)
und

r= md.-Am*+ Bm’

(3.2)
benutzt. Hier sind dp und 8, Dichte bzw. Kompressibilitit

des Lusungsmittels und é, ist das scheinbare partielle molare

Volumen der Lösung, Die Koeffizienten der empirischen Formel

(3.2) wurden dem Werk von Harned-Owen/11/ entnommen,

In Fig.1 ist der mittlere Aktivititskoeffizient fiir KC1 in

wässriger Lösung mit dem Experiment verglichen, Außerdem wurde

nach /5/ der Aktivitätskoeffizient über (1.2), (1.4) für die-

gelben Potentialparameter berechnet, Der nach (1.8) erhaltene

Aktivitätskoeffizient stimmt bis zu c = 1 mol/l sehr gut mit

den experimentellen Werten überein, Die bei der Berechnung

von Inf Uber die Aufladeformel gemachten Niherungen sind

die Ursache für die größeren Abweichungen im angegebenen Kon-

gentrationsbereich, In Abbildung 2 sind die nach (1.8) erhal-

tenen Resultate für die Alkalichloride gezeigt, Bis zu c=0,5

mol/l werden die experimentellen Daten von allen Kurven gut

beschrieben, Dies entspricht der Übereinstimmung von Theorie

und Experiment, wie sie in /3/ bei der Anpassung der Poten-

tialparameter an osmotische Koeffizienten erzielt wurde.

Die angepaßten Potentialparameter ermöglichen also eine dqui-

valent gute Beschreibung des mittleren Aktivitétskoeffizien =

ten durch G1.(4.8). Es ist daher zu erwarten, daß die Poten-
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tialparameter zur VYoraussage aller thermodynamischer Funktio=

nen benutzt werden können,

1
~ 03d

04

05 — 10

c[mol/l]

Fig.1: Mittlerer Aktivititskoeffizient für

KC1 (25 °C).eExperiment /41/;

1 - Theorie nach (1.8); 2 - Theorie berechnet

über eine Aufladeformel fiir die freie Energie.

Fig.1: Mean activity coefficient for KC1 at 25 °C.

» Experimental values /11/; 1 - theoretical

result according to Eq.(1.8);

2 = calculated, using a charging process

to obtain the free energie (Eq.(1.2).

zu“



02) «Li Cl
~~

El
-0.31

NaCl

“041
KCl

-05
RbCl

CsCl

J

Fig.2:

Fig,2:
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Mittlerer Aktivitätskocffizient fir wässrige

Alkalichloride bei 25 °C, o Experiment /11/;

= theoretischer Verlauf nach (4.8). °

Mean activity coefficient for alkalichlo-

rides in water at 25 °C, 7 experimental

values /11/;

=~ theoretical curves obtained from Eq.(1.8).



4, Osmotischer Koeffizient für Mischungen von wässrigen

1-1-ElektrolytenmiteinemgzemeinsamenIon,

Für die meisten einfachen Elektrolyte stehen bel Raumtempera=

turen für den osmotischen Koeffizienten MeBreihen über einen

großen Konzentrationsbereich zur Verfügung. Im Gegensatz dazu

gibt es für gemischte Elektrolyte nur eine geringe Zahl von

Meßdaten, die außerdem meist auf wenige Mischungsverhältnisse

beschränkt sind. Daher 8ind jene theoretischen Formeln und

Ausdrücke von besonderem Wert, die es erlauben, für eine große

Anzahl von Mischungen in einem bestimmten Konzentrationsbe-

reich relativ genaue Vorhersagen für die thermodynamischen

Eigenschaften zu treffen, Im folgenden wird nach (1.1) der

osmotische Koeffizient in der DHX-Näherung für Mischungen von

1-1-Elektrolyten mit einem gemeinsamen Ion für Konzentrationen

bis zu I = 0,5 mol/1 ( I ist die Ionenstärke.I=4)CZ};Z;-

elektrochemische Wertigkeit) berechnet, “

Wir betrachten eine Mischung aus einem Elektrolyten A und

einem Elektrolyten B,Fiir die Potentiale der mittleren Krifte

zwischen den Ionen benutzen wir die in Tab,1 angegebenen

Stufenpotentialparameter Bhi; für die einfachen Elektrolyte.
Die zusätzlich in der Mischung auftretenden Stufenhöhen der

Anion A - Anion B bzw. Kation A = Kation B Wechselwirkungen

werden zunächst als freie Parameter betrachtet, deren Wert

durch Anpassung an experimentelle MefSdaten bestimmt wird. Vor

einer Anpassung milssen die experimentellen Daten ins MMM-Sys—

tem umgerechnet werden, Dazu wurde eine von Krienke/ 10/ ange-

gebene Formel benutzt, In Fig.3 sind die Resultate der Anpas-

sung fir drei Mischungen von Alkalihalogeniden fiir I=0,5 mol/l

in Abhängigkeit vom Ionenstärkebruch Ya des Elektrolyten B

(=I /I) angegeben, Sowohl für die NaCl-KCl Mischung als

auch für die NaBr-KBr Mischung folgt aus der Anpassung Phy,

= 0,68, für die Natrium-Cäsium Wechselwirkung folgt fh, -c

= 1.22. Aus der Abbildung ist ersichtlich, daß die theoreti-

schen Kurven die experimentellen Daten gut beschreiben, Die

7



größeren Abweichungen der Kurve 3 von den experimentellen

Meßwerten sind im wesentlichen darin begründet, daß die in

/3/ verwendeten Meßdaten für reines CsCL von den Daten in der

Mischung abweichen, Es ist also für eine möglichst genaue

Bestimmung des in der Mischung zusätzlich auftretenden

Wechselwirkungsparameters notwendig, daß die experimentellen

Meßwerte für die Mischung eine gleichgute Qualität besitzen,

wie die zur Bestimmung der Wechselwirkungsparameter der

reinen Stoffe herangezogenen Meßdaten. Für den Fall der hier

betrachteten Mischungen mit 3 verschiedenen Ionen ist bereits

ein einziger Meßwert ausreichend, um den Potentialparameter

der beiden ungleichen Kationen bzw. der beiden ungleichen An-

ionen zu bestimmen, Damit 1äßt sich dann der osmotische Koef-

fizient für beliebige Ionenstärken I&lt; 0.5 mol/l berechnen.

In Fig.4 wurde fiir eine NaBr-KBr Mischung der Einfluß des

Bhy. - x Parameters auf den osmotischen Koeffizienten der

Mischung untersucht. Der Vergleich der Kurven 2 und 3 zeigt,

daß eine Änderung des Bh, _, Parameters um etwa 15 % nur

eine Anderung von g¢ um rund 0.1 % bewirkt. Dieser geringe

Einfluß auf den osmotischen Koeffizienten ermiglicht es,

durch Wahl einer geeigneten Niherung fiir Bhp. _ i eine An-

passung zu umgehen,

Ag
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Fig,3: Osmotischer Koeffizient
für Mischungen von 1-i=~

Elektrolyten. Der Poten-
tialparameter fir die

Wechselwirkung ungleicher
Kationen wurde angepaßt.
I = 0,5 mol/l,

1-NaCl1l-KCl; 2 NaBr-KBr;
3 NaCl-CsCl; x Experi-
ment /12/.

Fig.3: The osmotic coefficient

for mixtures of i1-1-elec-

trolytes with fitted po-
tential parameter for the
interaction of unlike cat-

ions I = 0,5 mol/l.

41 NaCl-KCl; 2 NaBr-KBr;

3 NaCl-CsCl; x experi-
mental values /12/.

Fig.4:

Fig. 4:

J 0.5 Y—

Osmotischer Koeffi-
zient einer widssri-

zen NaBr-KBr Lösung
für einige Werte des

Potentialparameters
der Na-K Wechselwir-

kung.I = 0.3 mol/l,

x Experiment /12/.

Osmotic coefficient

of an aqueous NaBre

KBr solution for seve-

ral values of the po-

tential parameter of
the Na-K interaction.

Is 0,3 mol/l.

x experimental values

/12/.
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Wir wdhlen den Parameter so, dal er sich als arithmetisches

Mittel aus den Potentialparametern der Na~Na und K-K Wechsel-

Wirkung ergibt, d.h.

Bh, = 7Na-K 2 Ph, t Z ph
K-K

(4.4)
Dieser Wahl entspricht die bereits diskutierte Kurve 3 in

Fig.4. Wir testen die Ndherung an zwei weiteren Mischungen

(Fig.5 und 6). Fir I = 0.1 und I = 0.3 ist eine gute Uberein-

atimmng mit dem Experiment festzustellen. Noch für I = 0.5

sind die Abweichungen kleiner als 0.3 %. Die größten Abweich-

ungen treten für reines NaCl bzw, KBr auf. Dies weist darauf

hin, daß die Potentialparameter für die reinen Stoffe nicht

genau genug bestimmt worden sind und ist nicht in erster Linie

auf die Näherung (4.1) zurückzuführen, Eine andere Möglich-—-

keit der Wahl des Bh,_, - Parameters wire z,B.

Bh, =\ph, Bh,_. (4.2)

Für die hier untersuchten Mischungen unterscheiden sich die

beiden Varianten (4,1) und (4.2) nur geringfügig, so daß eine

in etwa gleich gute Beschreibung der experimentellen Daten

erfolgt.

Die Anzahl der Mischungskomponenten ist durch die Theorie

nicht begrenzt.Aus Alkalihalogeniden kidnnen etwa 450 verschie~

dene Mischungen gebildet werden, Durch Benutzung einfacher

Mittelungsregeln fiir die Wechselwirkungen ungleicher Anionen

bzw. ungleicher Kationen z.B.

A 1 A 4 A

(4.3)
K 1 ,K 1 kK

hi; = 2 hi * 2 hi

 2 A



©
0941

_ |

1=05

1=01

F03.

093:

Fig.5:

Fig.5:

0 05 Ye Sr — 10

Osmotischer Koeffizient fiir NaCl-NaBr in Wasser bei

25 OC, Der Bhyq_p = Parameter wurde nach Gl.(4.3)
bestimmt, “ST x Experiment /12/.

Osmotic coefficient for NaCl-=NaBr in water at 25 9,

The Sh.,_g,-Parameter is obtained from Eq.(4.3).
X ene Nantel values /12/.
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nl“

092-
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Fig.6: Osmotischer Koeffizient fur KC1-KBr. x Experiment/12/.
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Potentialparameter wie in rFig.b5.

Fig,6: Osmotic coefficient for KCl-KBr, x experimental values.
For the value of the potential parameter see Fig.b5.

können alle thermodynamischen Größen bis I £ 0,5 mol/l hinrei-

chend gut beschrieben werden, Der großen Anzahl möglicher

Mischungen steht dabei eine relativ geringe Anzahl von 29

notwendigen Wechselwirkungsparametern gegenüber, Bis auf den

genauen Wert für die Li-F-Wechselwirkungen sind die Wechsel-

Wirkungsparameter zumindest näherungsweise bekannt und können

der Tab.1 entnommen werden, Die hier beschriebene Methode ist

damit zumindest im Prinzip geeignet, die thermodynamischen

Funktionen beliebiger Mischungen von Alkalihalogeniden bis zu

Ionenstédrken von etwa 0.5 M theoretisch vorherzusagen.
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H.L. Friedman, W, Ebeling.

Theory of a Fluid of Interacting and Reactive Particles

Abstract.

Density and fugacity expansions of the thermodynamic functions

are combined in a way that preserves the best features of

pach, The pressure of a given system of interacting and

reactive particles is divided into two parts. The first eon-

tribution represents the pressure of a reference system which

is computationally simple and is treated in the density repre=-

sentation, The deviations from the reference pressure are

treated by a fugacity expansion,

4. Introduction.

The aim of this work is to find an effective method for esti-

mating the equilibrium properties of those Hamiltonian model

systems in which the attractive forces within specified small

sets of particles are relatively strong so that complexes such

as dimers or trimers are dominant structural features in the

model fluid, Furtheron we try to find a representation which

is at the same time computationally simple and is imbedded in

a stronger formlation,The simplest representations satis-

fying the requirement of computational simplicity seem to be

the cluster series in the density’1/ or in the fugacity

respectively’21&gt;/, The problem connected with the use of

these expansions is that density and fugacity expansions have

quite different convergence properties depending on the na —-

ture of the forces between the particles’4/. As is well known

for systems with only repulsive interactions, e.g. hard

sphere systems, the density expansion converges morerapidly

than the fugacity expansion. In order to show this we have

represented in Fig,1 the result of the density expansion up

to the n2-term as well es of the fugacity expansion up to



the z°-term in comparision with the exact result which was

calculated by using the Carnahan ~ Starling formula. On the

other hand for system with attracting forces the convergence

of fugacity series is much batter. This is also true for Cou-

lomdb systems in the region where the hard core contributions

are not dominant, In order to show this we compare the known

tensity series up to the second order’ 1,5/,for a primitive

model

Bp = In -(En) Ernte (La) G0
2

N - density, Q. - diameter 3 {= ße /D, (1.2)

nm__4_ by
kb) =3-3 +Z; (2m) (2m-3)

with the corresponding fugaoity expansion for the same model

up to the z?_ term ? , ? ;

Bp = 22+ ptevtl sae (2) ]
1 ¥2 o 23 (2) 1743

n=Z + ——(8rzf) +8rz'a [B.(£)4(£) |
(1.3)

The results .or a 2-2-electrolyte with a = 4.2 A®, D=78,358,

PT = 298,16 K have been compared with the HNC-caloulations

(Fig.2). The fugacity expansion has a better overall shape

but clearly it is wrong at high densities where the hard

oore contributione dominate. Recently fugacity expansions

were successfully applied to pardally ionized plasmas by

Rogers and De witt/ 6/5Pp1ied to ionic solutions by Wood,
Lilley and Thompson’ « It 18 the aim of this paper to find a

mixed representation which 1s some where between density and

fugacity expansions. As desoribed below, density and fugacity

expansions may be combined in a way that seems to preserve

the best features of each, This work is a generalization of
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Fig.1 Comparision of a density expansion up to n? with a fuga-

city expansion up to 22 and with the (exact) Carnahasn~

Starling expression for a hard sphere system.
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Fig.2 Comparision of a density expansion (eq.41.1) with a

fugacity expansion (eq.1.3) and with HNC-results for

a charged hard sphere aystem.
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the use of mixed expansion techniques used in earlier papel?

which was applied to partially ionized plasmas’2/ and weak elec=

trolytes’ 57 .

The basic ideas are first presented for the simplest possible

case of a one-component neutral fluid and then are genralized

to apply to an ionic fluid.

2. Association in a One-Component Non-Ionic Fluid.We assume

first that only dimers are formed. Then we consider an ideali-

zed reference system with attracting forces which make big

positive second order coefficients bs. If higher order terms

are neglected the fugacity expansion for the reference system

reads * 21 *
Bp” = z+ z2%b,

n
nn = Z +

(2.1)

and dimers 2, byIntroducing the fugacities of monomers z,*

7 as

r 21*
= z°b,

(2.2)

the pressure reduces to an ideal pressure

Bp* = z
(2.3)

In the " star-picture " the gas 1s considered as a mixture of

noninteracting monomers and dimers. Using

* * / *

(2.4)
ge find from (2.1)

nn =
* *

nn, + 2n,
(2.5)

Pa
oil



Also we notice that the Helmholtz free energy corresponding to

Pp” 1s
x in bz

FA (nn) = nl 1+ fn lH i] (2.6)

N= kh] orm kT 1737
Let us include now simple interactions between the quasispecies

using a Hamiltonian for which the cluster function is {'tr) =

—4—— , In the usual graphical notatiof’ / the pressure of

this new reference system is given by

Bp'V = © + ros LS wf +]Fo
(2.8)

where the circles denote a z,* - factor. We assume that we

have still a convenient and accurate approximation method for

the calculation of the free energy A' (nt n,*) of this new

reference system,The density expansion of the excess free

energy reads

 BAL rin) = 040 + AI +

(2.9)

The equation of state (2.8) may be considered in relation to

the exact equation of state of the given system

BpV = * AAT (2.40)

the bounds denote the cluster functions for the

Hamiltonian of interest

(2.11)
Now it is our aim to choose a rcference system whioh is as

Ar) = exp(-Butr))- 1 =



near as possible to the original system. A procedure for

doing this is described below.

Let us split the pressure of the real system into the contri-

bution of the reference system and the remaining contributions

p=p+p (2.12)

Now we examine the remaining contributions which are due to

the difference between f-bonds in the real system and £lbonds

in the reference system and due to introducing z* _ circles

instead of z-oircles.For a graphical representation of p we

introduce the £'~ bonds by

- f=2

(2.13)
and star-bonds by

= VzSSrv) == Vz?b}*„olr)

(2.14)
Using this notation the remaining contribution may be repre-

sented by the following graphs

Bp'V = Blp-p)V = Ju

AX AN IN +k

“N+ IX

E

Kal DATA

IX + LF + TTF {
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Note that here all circles are z-circles.

The remaining contributions appear as the difference of two

parts were in the first paren theses all terms are collected

which are due to the difference between the f- and f'- bonds,

The second paren thesis contains the terms which are due the

expression of 2¥-. circles by z-circles.As the examples 1llus-

trate the replacement of z*_ciroles by z-circles 1introduces

star~bonds into a graph of f£'- bonds in all possible ways

subject to the constraint that no two star~bonds meet at a

vertex,Clearly the star-bond i.e. the expression for b," can

be adjusted to cancel a £'L bond.By choosing b,* in such a

way many diagrams in eq,(2.5) cancel, The numbers at the dia-

grams show which terms in (2,15) are cancelled.

Assuming that the calculation of the pressure for the refe -

rence system is a solved problem the estimation of the pres-

sure for the real system reduces to the calculation of the

following diagram expression

ze



BpV=RPV + VX
A

KE

SNC EEE
Bvidently p'' consists of the set of all possible diagrams

vith at least two £'' ~ bonds at one of the vertices.

There is no diagram with two nodes i,e. p has at least the

order 0 (z3). Including trimer associotion with an appropriate

trimerization constant bE into the reference system one can

reach that at least two of the third order diagrams are inclu

ded in p' eto, Therefore the technique of mixed representation

seems to be a systematic procedure to include the contribution

of more and more important diagrams into a reference system

which is computationally simple in the density representation,

The remaining terms are to be calculat&gt;d in the fugacity re-

presentation with fugacities which are given by the free~par-

ticle fugacities zx = Z in the reference system,

3. Assoziation in Many-Component Ionic Fluids.

Let us consider an ionic system consisting of s components

i =1,2,...8 with the cluster expansion

Bp=2z +20 A Zn be +
 Cc

2, 2,7, ob, t.

(3.4)
“ * b
a... |

’ a, a, Lot

If a cluster ccefficient contains a bi g positive contribution

caused by attracting forces i we shall interpret the

expression

¢
Ö-

?-

L a

7

ry

(3.2)

 Rn



as the fugacity of the corresponding complex’ 4 . Here Ya a

is the number of different permutations corresponding to thé

same composition,e.g. Yab =1 if a =Db and Yet =2 if a ¥ Db.

Assume that there are t kinds of complex species with densi =
ties n, charges ep and effective radii R, . If % denotes
the number of particles of kind 1 in the complex £ we have

the relations

N. = N.

t

.

bo -

DD 4

hn,
(3.3)

=

2 ne

(rn) = ¢

[me =P=s+1 re = 0

£3
 WR
a=

(3.4)

(3.5)
*

where ¥!; are the densities of free ions, TR; their effective

radii and 2 certain factor £77 which takes into account the

incomplete f£illing of the space by spheres. Now we choose as

the reference system a chemical model including mass action

equilibrium between the complexes and the free particles and

interaction terms described by the mean spherical approxima-

tion’ 9. Assume that the free energy of the reference system

is given by

ll,

BA
; nn
— 2

Pst “°F

S$ -1

TY = Lori + fn WIE

LP Ke (1) 7B AMA « ©

" ar Je | yPex (iT)



MsA
where A. is the known MSA-expression for the excess free

energy of a system of hard charged spheres which is for sym .-

metrical systems of the form

MSA 1 [ 6 2 9 3/2 7= — ————|bx + 3x37 2(1+ 2x)Au 127173 ( ]

 xX = R(&amp;rBnel MA 3.7)

Furtheron the mass action constant Hp and the thermal wave

length A; are defined by

Ss {
* * T vr

Ky (7) = Ya... be, .a,(T) / A, den A; (3.8)
Using these expressions we find the set of particle numbers

ny ... nr by minimizing of A with respect to ohanges of

ny taking inte account the balance relations (3.3). Now we

define fugacities by

M

A)e Pp An k=1..srs
(3.9)

Note that consistency requires

-* _ :

=, = Zz, +L k=12.3
(3.10)

and the relations (3.2) if k= s+, ...y st, ze equations

(3.2) may be considered as mass action laws for the complex

formation, The pressure of the reference system follows from

(3A/aV)+%* T) - —pink.
(3.11)

conn= (FT av),

15



These expressions define a oertain set of diagrams.In the den=-

sity representation we have for the refersnce system

Bp =
Ide

m,

/ x

+ 4 f

3

4 wn

i. 1
|TV

(3.12)

Here the way lines correspond to Coulomb interactions outside

the hard core and optimized interactions inside (CS - bonds

in the sense of Andersen and Chand1e£8/ ) The dashed lines

correspond to hard core Mayer bonds, The black circles are

affected with W - factors.

In the fugacity representation we find the same diagrams in-

cluding additionally all the reducible combinations and with

7 = factors at the nodes.Similar as in part 2 we may intro-

duce now instead of the zn = oircles star-bonds corresponding

to eas8.(3.2)

‘A ete
(3.13)

Therefore we find the graphical expansion in terms of the origie

nal fugacities

Bp'V= (3.14)
77

I.

J



Now we are able to write down the graphical expression for the

remainding terms by subtracting eq.(3.14) from eq.(3.1). It

follows for the total pressure which is the sum of p' and

these remainding contributions

BpV = BelluTy+f+

{
hy

 AN

(3.15)

Here the black oircles correspond to the original fugacities

which may be calculated from eqs.(3.9 - 3.10), Clearly the

star-bonds in eq.(3.15), i.e. the choice for Kos Ky eto., can

be adjusted to cancel as much diagrams as possible. Especially

the second-order contribution can always made to be zero. This

is a kind of optimization of the reference system by choosing

appropriate values for the mass action constants,Clearly the

diagram expansion in 6q.(3.15) may contain divergent terms

which are to be renormalized by the usual procedure of chain

rt



summations’ 1/ .Therefore the final result will have the form

I “a 14

Bp = Bp (ny, T) +L 2,7, byg +2 zZ beg.
(3.16)

~My

where the coefficients be / babe denote the renormalized

convergent cluster coefficients. Incontradictiontothecom-

mon density expansions were one soreens usually all the Cou-

lomb lines it seems to be useful to soreen in the fugaoity

pxpansion only the divergent diagrams,

~~ 1

4, The Distribution Functions,

The unspecified pair distribution funotions for our system

may be obtained by functional differentiation of thermodynamio

potentials. Due to our assumption p = p' + p'' the pair

distribution function consist of two parts

Ny, (r) = nee) + np (v) (4.1)

where the first part corresponds to the reference system,By

functional differentiation of eq.(3.6) follows

/ * * * X

nly (e) _ _dA _ Na Sb +) Nabe dbase
- - * NE TH Sy ZRH

! 3(-p ur) beg . (pu) c Dre X-Busg)
(4.2)

=
MSA

N,e (1)
*

where U ab denotes the short range part, of the interactions,

ig the density of (ab)-complexes, V1, the density of

(abc)=complexes etc. and EO) the MSA-expression for

the p.d.f.. The second part of the p.d.f. we calculate by

functional differentiation of eq.(3.16)

N A i

har) _ o(Bp") =z7 dba, +7202 RY +
ql = *\ “ag * at NR .

pug) Cpu) BEE Aug) a
.3



Therefore the finel result is

PY PY

Np(r) = ONO gu tr) + ngCop Cr)

nig Iba +27 Sh )
\ by pup) ME S-Bup)

J bute )bate + ZZ )z. SCRE)rs SE* Tr bg. 3
(4.4)

Here Qu denotes the Percus-Yevick expression for the hard

sphere reference system and on the generalized chain sum

evaluation using the PY-approximation for the short range bonds

and using a perturbation inside the core that makes

(4.5)

This optimization procedure was discussed 8.8. by Andersen

and Chandler/9/.

5. Ion Association in the Primitive Model.

Consider of charged hard spheres with the

kinds of lon complexes will be considered:

(1) ion pairs (+ =)

(2) don triples (+ ~ + Con43

diameters a .Three

in



For simplicity we shall assume here that in the reference

system the complexes have also the diameters (OL . Then the

free energy and the pressure of the reference syatem reads

EN = nitetac ent [10 0a

Kor * Ky

«nt [1460 hel [14 8 VE

x Ars

+ nt, |1+ = pepe]
(x)?

FTI (xa) (5.1)

Bp’ = (nto nemo ns or Jegret-y?)
(1-4)?

3e*

(2¢*)?
29T (za ) (5.2)

2 brRe(wn” * * eden ent ont) D. (53)

xhere

Y = 1a’ (vrs nn nt) (5.4)



The concentrations N, are found by minimization of the free

energy under the constraint

Nn =h =n'un “no n_,
(5.5)

Here we may use the symmetry condition

 mn
Ae

 oe ”

N, }

*

(5.6)

The optimal chedce for the dimerization constant is

* 2

x -Bu,./ Er Ar L
Ko (Ty = 26% = (die 2 ©

DE

© 5
= Era

war}
(2 . 4 3= )

(5.7)

-
e .

= —Z 1

DUT
This is exactly the choice which makes the second order con-

tributions Oz?) to p' to zero and therefore one has at least

N 5/2ol = Of- SA)

(5.9)

The mass action constant (5.7) was already used in earlier

papers’ 1/7 based on more intuitive arguments.

For Coulomb systems there is no possibility to make the higher

order contributions also exactly to zero by an appropriate

ohoice of the trimerization constant, Therefore all what we

can do, is to make the contribution of the third order inte-

grals as small as possible. A reasonable choice seems to be

02)~Bu 13) Bu(23):Ke _ {dn din exp|- Butz) Bu (13 Bu,aba = 91

iS



» exp [- te] 1( gl

Lali
(em

2
ve ) +

Lol
.

Ach, 2 of ;

(e mr. Tot J
23 AV /

7 ab:

e

oad
1

Yan

a Ly bi)
Viz 2n 2)

(5.10)

9

Am

vl

where b £ a i.e. we have the configurations (- +=) or

(+ = + ). The asymptotio expression for this integral is

given vy’ 10/

2 x

K., _ SRS _ exp| (2g Rat) + (2.2%,
aba a 3

(RN a4) 204)|
(5.11)

In order to check these formulae the pressure has been calou-

lated from eqs.(5.1-5.8) neglecting the trimer formation,

The resulting system of equations is up to the different

treatment of the hard core contribution identical to the

MSA-MAL-theory by Ebeling and arigo’?’, For a model 2—2-eleo-

trolyte with d = 4,2 AO the result of explicite calculations

is in very good agreement with the HNC=calculations by

Rasaiah ; the deviations are in the whole region c &lt; 2 M

smaller than 3% (see Fig.1). Therefore we may conclude that

7

A



the representation given here yields a reasonable description

of associating electrolytes. A continuation of this work is in

preparation’ 12/ .
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W. Ebeling and H. Krienke

Statistical Thermodynamics and Conductance of Strong Electro-

lytes with Exponential Interaction Potential

Abstract

Some formulae for equilibrium and transport excess properties

of electrolytes on the MMM-level are developed, based on more

realistic solvent~averaged ionic interaction potentials es-

pecially in the region of cosphere overlapping. For several

1-1 aqueous ionic solutions the parameters of specific ionic

interactions for two potential models are given, consisting

of a hard core part and combination of Yukawa-terms,

1. Introduction

In recent years several models were used for the description

of the potentials of mean forces between ions in solution

/1-5/ They mostly propofe an more or less hard core for the

Pauli-exclusion region of the interaction of the ions, and an

adjustable functional form in the overlapping region of the

first solvation shells around the ions where very little is

known about the exact form of interionic interactions up to

now. To this class belonges e.g. the step potential

f= jr ReRe
1

; R+Ry sr &lt;ReRerd

Rat Rn +dGS
L Zr J

(Ras Ry = crystallographic radii of the ions, d = diameter of

a solvent molecule).

For this potential thermodynamics ae’ well as transport proper-

ties were calculated recently’415+8/ A disadvantage of the

step potential are unrealistic edges or jumps at distances

r= (Ry#R,) and r = (R +R +d). In order to avoid this diffi-

culty we shall develope here the first approximation to a sta

tistical theory for exponential potentials of the followingtype

5%



where

and

y, /
ak

!

far,

Vie
rz (Rot Rp)

&gt; (B+ Re)

Vans Sach At +0 rrab Der + Ba RR +. ( =
. XP - j

Pl Rd

’ 2)

(3)

or in another variant

7

-r ~d

ut 52 (1-e )+ Au 25 (e
The parameters X and Y may be correlated with the thickness

of the solvation shell (Gurney-cosphere), for instance we will

make the choice

w: 2

d

 Tr

Both variants are rather equivalent with respect to their be

haviour for r &gt; (R +R). An edventage of the variant (4) is

the nonsingular behaviour in the point r=0 which gives rise to

rather shortrange Pourier transforms Vop(k)e In Fig. 1 we pre-

sent the shape of the potential for parameters which should

correspond to KCl-solutions (see Tab.1)’3/

Bgoy = 0.30 Agcy = 0.27

Ber = «0.84 App = =0.78

Bgycy= =0.03 Anıcı= 0.04

2, Pairdistribution functions and thermodynamic potentials in

equilibrium

For the class of fouriertransformable potentials discussed here

it seems to be of advantage to use the standard method of

cluster expansions for the pairdistribution function (p.d.f.)

/6/, Defining the first order correlation function Say as the

solution of the screening integral equation for the non hard

core part of ¥, s

(7)

as U2) + PUL (2) + BS (V(43) g, (23)d3 =0
-4



we find in the low density regime for the p.d.f. the cluster

expansion 00). Geo "Plan. [A+ Zn, Gy 3((e% Bloc: 4).

(Fe BVic. 1 ) “ac Juc )+
(8)

¥

v5 is the hard core potential).

Por higher densities another expansion with the full hard core

p.4.f. gH as reference p.d.f. may be useful. We can start

from an perturbation expansion of the excess free energy (see
9

e.g. ) ex = \

Fo FM FD- kT(B,+38,+. ny
(9)

EM. 4 NaMe foF 1 SMR (m0 4) out (6 ge
Dr (10)

Co

M 2 Ve

D145 Ml (do [le ne Gao
F “20 VU 2

are mean field and modified Debye-terms, respectively, and from

the higher order virial coefficients B, has the structure

3,7 4 M(T HC Gan 4_ „4a?2 1235 fe (e A Jas 19) (12)

and

«2 r HC7% ( be — M1 dar
Functional differentiation of (9) with respect to the poten-

tials V_, gives us the p.d.f. £2 . In a first approximation

we got 1/9,

FOr) = EC das (13)

Possible is also another choice of the reference system: the

inclusion of the coulombic part of Vab in  . In this case the

reference p.d.f. will be that of hard chargedspheres, which

may be approximated by its MSA variant (at least for electro-

lytes in the low Bjerrum-parameter regime). We can follow the

lines of thermodynamic perturbation theory’ 10/ and put

ex = SHA 1 _N, .

id nun festa) diz te **%) aw
 ue
po



contains in a proper form the perturbation part of the poten-

tial, e.g.

Cp: BV, (r) or
27 PK) 4 (15)

The equilibrium p.d.f. Which corresponds to this approximation

we may construct as _

59. MSA ~ Van :
mS En e pP Or oh the basis

of a definition of a renormalized perturbation potential as in

mode~-expansion~theories /1/ as

© MSA J

fe fede
where = is the solution of (7) for the potential

Gas -— C
Veo = eo = I"

The solution of eq.(7) may be easily found by the Pourier-

transformation technique. We follow in this direction earlier

work of Kelbg /12/ In general the correlation function “

is connected with the screened potential Vab by Gau? Bl

We note that the Fourier-transforms of the potentials (3) and

(4) are given by

A 3

V.(k)= ee, , 3 . br (RarRotd)
2 a

ab k 1+ KR+Rel)?
resp.

A Ä Tee, of N

(0: Aza|A Ar CVYu: a A FE Ga
Trangbrming eq.(7) into the Pourier-space and defining matri-

ces C and H with elements a
A

Gok= Von, BYG 5 Ho: Vun, 89,(0ceo
we can solve the resulting algebraic matrix equation to

- y Se -

H=Cx{1:¢}™
( x denotes a convolution and ir‘ the inverse of a matrix).

For potentials of typ (18) and (19) the Fourier-transforms

H.p(k) are rational functions of k2 » i.e. quotients of poly



noms of k*. We find

2

PK): Z PR
é=o0

For two-component electrolytes (a,b=1,2) we find for B-type

potentials (19):

_ 4 2,2 Y,,6 2,13 2,22

fos xa, Uy t Tey CA X, B, +4, X 3)
2 2,2 2

2, “4, «,, #,%,38,

1 20

£

Hao
 Qu(i
PCL 3

„x?
pe, id A + (x, A

. 2?

 xy

“&gt;

TZ 9.

Ge) +4, (x,4,
 744 Z 12

aa, (2%,+8,)
219 4 &gt;

az 3), G: Bü He g +)J)

[2 = (2, +d). 4

: an

„A, ng

ET 7, 2,2, 2 4

Sa A lan (ar ga ) 4)
— 4 .

CL 0
At

= Zu _

WS) Be edu fa?) a La?)„2

— - . 5 2 2 ft,

5 BA 2; he 1.3%) -48, RX, 2+, ta, ) + 24} 8,8,

„2127?
(a Kg) B,

+ at+’

3 +B. )(a

’ + a + (%%+3,, +B, )( Un “ap

2

2S) +

(a2. 3B, Y(t 2+B,) - CE Biz)

2
2 +124 = &amp; +, er2

AA

’ 2 = -

Lex +B +B, } Ps = A

30 2 = 47 mq ed

‘a D. KT
a: (R + R, +d)

(23)

B = 4 fran, Be
aL kT

sf



For A-type potentials we have:

Por CE + 57h, ~ 22 A) CT) &lt;

Pfs Hp)(itsRe)
(hye 2h 2, BD PI oe R220) pH

R= 2ECANY (PT

Beh pie cof enints (,-K, Jt J)
P. 7 2(x?+}') 4  Pp. =A

A = biz Yaa 1s As
ap kTy

(24)

The Q ap—POlynomials ares

 Qu Me Be MOSh)

Q., ©): (x, It +k, 43. X auto . 4k2)% FLeile KR)

(ay kl" BK)" (m2, 4,2HlaBR)

(«,3,) (4? +8,)f
respective

DE) = (wu aD EYINVEENXE

Qu) (2 (6) oh (A FU) G2

(224, + £4, Sx 2A, JENA +

(47 +47 - 20% (x? 7)?

(25)

26)

no



for A-type according to eq.(19).

The back transform may be performed to give ©)
71 . =

Yan gl: (°% Mn K)simlrk)dkTCA,
0

(27)

Sta the sum over the residues of

€ 26,29 (12
{(2)= zy ©

Pe)
in the upper half-plane. fc) must be regular on the positive

real axis. If all poles of fe) are simple, the residuum £1

given by cr
(2,2) eC Ze(€)

+.
(22-27)

Kk kl ¢

(29)

BD): Plez): O
(30)

In the low density limit with nearly equal radii we

that the Ze are all on the imaginary axis, so that

gwN erpl-Set)

Gaur) * &gt; Cus) EEE
E=a

can prove

(31)

with

eV 50M (9) 4 (19 ; S
Gl ==%7

(32)

3. Pairflistribution function in nonequilibrium and conductance

If an external field E is applied to the electrolyte the p.d.f.

is disturbed — 0 A

fan: Ft Fe (33)

Pollowing other papers 15,77 we renresent the perturbation in

the following way

mo fu [feet Geo ( 34)

5



whe re far is defined as the solution of
=

Au + Va: Ua = Mag(EVE): Ves (35)

th

Ma, = Blewb-c uw? w, © id 4)

else) (36)

( §,S, = friction coefficients).

Neglecting the nonlinear terms and introducing the expression

(34) we get the d.e. 5
= (k)

4_ Sn 5 erp (-S, 7)Ad, « pas (E7E) V2(eu(se) 1 (37)

The solution ip easily found to be

1 3 5 00), (exp(-$,1) = A

fan A (EE)-D[ Ge 5) 3 py | (38)
For the function 9b holds in certain approximation /5/

9 4

A Gu GA [fo9m]
Strictly speaking we have neglected here the influence of

short-range forces on 94 + In the linear approximation ES
may be replaced by one and we find the d.e.

(39)

(4g E pnfeV5(LesCsr)a) (40)

where ( =0,5 for symmetrical electrolytes,
This equation is solved by

- rf
4 = 1 _(k) 2 Set © A

 FIC (ogry A © LLfo pu EI ab (st-qa?) Ss Tr (sg) FT 87 (41)

Pinally the molar conductance may be expressed by the set of
Pormulae

A: A, (4+S Pe Joe f Int)
~

(42)

g +



Col ~(n$;+ N, $1) bir 2 9 2) — 0 5
TS {dre DL A 2 (ZCP
orol-S.T) - exp(-+x 18)

(s 2-822)+
(43)

Qa 1 e.\? p | 2- 5g) [nee +44 6,2) eG 2) J : ; 7Z G. ro37 id + ap (44)

Gos (3,4)(n,n)d12

(45)

. A . _ 2 zZ AT 5 ) 3

Lay, (ofr Bag Shfrsets]
By means of these formulae the calculation of conductance is

reduced to simple integrations.

4. Potential parameters

A calculation of the potential parameters A, and Bap from

first principles is difficult at the present stage of our

knowledge on the interionic forces. In order to get an idea

about the order of magnitude of these parameters we have cal-

culated here the Agp and Bap from the parameters of the step

potential hoy which are known from earlier work. Similar as

in the theory of real gases we have assumed that two poten-

tials are equivalent if they include the same area with the

x-axis. Therefore a step potential and an exponential poten~

tial are equivalent if

ge gop op
(ar(%, R Vu): _

Paths Ra+Ry
The Coulombic part was subtracted in order to make the inte~

grals convergent. Introducing the formulae (3) or (4) into

eq.(47) the B,, and A,-paremeters can be calculated from the

h.,. We have used for the alkali halides a weighted mean of

&gt; ex ad

(Car (ag: Ly (47)

+



the kh,-parameters from thermodynamic data (factor 2/3) and

from conductance data (factor 1/3). For the acids, ammonium

salts, nitrates as well as for the tetraalkyl-ammonium salts

we have used new results of Faigl and Krienke /8/, All para-

meters refer to 25°C with the exception of the tetrazlkyle-

ammonium solutions which correspond to 0°C. In combination

with the formulae presented in parts 2-3 of this paper the po-

tential parameter Lop and Bay given in Tab. 4 should fit the

thermodynamic and conductance data in the region up to 0.1 i

in a reasonable way.

We thank Prof. Kelbg and Dr. Kilimenn for discussions.
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Tab. 1

"RP
Clcl BrBr JJ NO NO, OH-OH

hoy 0.92 1.44 1.19 1.28 1.02

Bap -0.80 -0.03 -0.18 0.00 -0.06

Aon =0.74 0.04 0.22 -0.05 -0.13

7 301.

-1.67
~0.65 be IE

Lili +

0,84;
=1,75
=0,88

NaNa

0.68
-1.42

2.35

-0.78 0.53 =0.03 1.10 =-1.77

1.06 1.22 1.58 0.45 0.36
0.89 1.11 1.61 0.46 0.21

-1.20 1.11 0.90 =0,92 1.42 =1.19

0.74 0.63 0.75 0.65 0.05 0.68
0.54 0.55 0.74 0.70 &lt;=0.01 0.52

KK

0.91 ~1.06 -1.30 1.18 -1.17 1.58 -1.18

~0.84 0.69 0.30 0.36 0.29 -0.19 0.52
~0.78 0.61 0.27 0.3 0.34 -0.37 0.47

RbRD
1.94 -1.08 1.42

0.21 0.61 0.14
0.33 0.55 0.08

=1.35 1.42
0.16 0.04
0.13 &lt;0.0?

=1.61
=0.25
 0, 4f

CsCs +

1.54 0,99 =1.55 =1.50 =1,51 ~1.67
=0.01 0.61 =0.04 0.03 0.10 =0.2¢
0.08 0.63. 0.14 =0.1° =0,22 =0.5"

NH,NH,
0.98

=0.69
=0.66

Me Nite ,N
0.00

0,68
-2 92

-1.45
-0.10
=0_27

=1.25  =1.30 1.45
-0.14  -0.20 0,35
=0,44 1,29 o1.0¢

Ad



Et NET AN
0.40

=0.27
=1.50

PraFPr )

0.45
=0,17
=.

Bu,NBu,X
0.60

=0.,03
~0,""

C1C1 BrBr ad

-1.28 1,40 1.55
0,22 =0.34 0.48
0.78 «1.18 1,57

1.30 =1.44 1.62
„0129 0.42 -0.5T
“1.16 «1.68 =2.44

„1.40 =1.44
-0.40 0.45
„1.79 =2.05

-1.60
-0.58
„2,823

NO JNO 3 OH-OH

Tab, 1:

Parameters of specific ionic interactions in agueous 1-1 elec-

trolyte solutions for different models:

hy from (1), Bay from (3) and A, from (4). (in kT)

The TAA=halides refer to solutions of 0°C, all other to such

at 25°C. In hard core R, are Pauling-radii for alkali- and

halide-ions and Robinson-Stokes-radii for TAA-lons. The re-

maining were taken:

Roy = 1-50, Ry = 0.45, Bo, = 2.46 8.

To estimate the Asp parameters we have taken the choice

„2 4 ;

o: and v4 with d = 2.76 8.

Values in parentheses are extrapolated.

+)

ha She Lh, (ne
+21 (ne, all other hy: 2 (eg) 3 h(i y



"BY, In, A

|e

Ln |andC

Pig.1:

Models of potentials of mean forces

between ions in infinitely delutecd aqueous

K-Cl solutions at 25°C

As after equ.(4), B: after squ.(3), C-

Coulombpotential. For parameters see (6),

Pauling radii.

r
80

r LA]

}
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D. Kremp, U., Lau and W.D. Kraeft

Conductance theory forelectrolvies at higher concentration

1.Introduction, Basic equations

One of the most essential tasks in the theory of the electro-

lytic conductance turns out to be the generalization of pre-

vious theories (e.g. of the KKE theory’ V) towards higher con-

centration ranges’? In this paper, we want to propose such

an improvement of the theory by introducing a better approxi-

mation of the three particle distribution function Paper -

The starting point for a conductance theory is the current den-

sity of the ions

}= 2 Nn, EU, = 6E

The problem of the statistical theory of the conductivity

consists mainly in the derivation of a relation for the calcu-

lation of the mean velocity Ug of the ions from the external

fields and the interactions between the ions. Such a theory is,

e.g., the well-known Debye-Onsager-Falkenhagen theory. That

theory shows especially that the square root law found experi-

mentally by Kohlrausch has its origin in the long range charac-

ter of the Coulomb interaction.

Experimental investigations show that at higher concentrations

different electrolytes show different deviations from the Kohl-

rausch behaviour. These individual behaviours are determined

by short range interactions, e.g. by the influence of different

ionic radii.

The Onsager-Palkenhagen theory is not appropriate to take into

account in a systematic way the short range interactions. Only

in the simplest case of the hard sphere potential, Kelbg succe-

ded in taking into account these interactions in the theory by

boundary conditions, Further progress in the theory of the con-

ductance was achieved on the basis of more rigorous methods of

the statistical mechanics. A statistical theory of the conduce

A



tance was formulated by Falkenhagen and Ebeling V ‘and further

developed by Kremp, Kraeft and Ebeling (Kr)! 7,

The basic idea is as follows, A system of N neutral particles

and N ions is considered under the condition N, &gt;&gt; N. The state

of the ions is then determined by the distribution functions

of the ions, Fy (rN pW),

For the determination of Fy» by Klimontovich and Ebeling’ 4/ the

so-called stochastic or Brownonian model was developed. In this

model, the motion of the ions is combined of the mechanical mo-

tion of the ions under the influence of the external forces and

the interactions with the ions, which is characterized by the

Liouvillean Lys and of the stochastic motion caused by the col-

lisions between the ions and the neutral solvent particles,

which is characterized by the collision operator Sy. The basis

of this model is the stochastic Liouville equation

of. LaF + SvFy - (1)

As a consequence of the high collision frequency, the momentum

distribution approaches in a very short time to thet of a local

Maxwell distribution. For this reason, the basic equations of

the transport theory are balance equations in the conf.guration

space, which follow from (1) by hydrodynamic approximations.We

use the Falkenhagen-Ebeling transport equations in the follo-

wing shape

- the equation of motion for the mean velocity

u = Ale E-Zn [dr F,{ Mee_faUa |a FR pg, La 2 Jr Als ow (3 +LL
“y for the two particle fluxthe equation of contin

Pfs 2 ,,b 2 yea
At tog4aBetan,Ur fa =O

the equation of motion for the two particle flux

( 3)

br =1 2 25

Mabe=flB BE -frE,-£2$7
(4,

AA



3 de. Yat _ on [oy Fabe dr
og Ta 2h &amp; ce JOR Tac Fao ©

Here, as usual, For Fab and Fave are the single, two and three
particle distribution functions, Ug are the relative velocities,

Pa are friction constants, Ya is th6 true two particle poten-

tial, and de is the effective two particle potential. The Fal-

kenhagen-Ebeling equations (2-5) have a clear physical meaning.

They may be interpreted as particle and force balances for the

motion of particles in a liquid under the influence of friction

forces.

(5)

Prom eq.(2) we see that the two particle distribution function

is the key information quantity for the determination of trans-

port properties. This function must be determined from eqs.

(3-5). Here we meet the difficulty, which is characteristic of

all interacting many particle systems ,that Pav is coupled with

higher distribution functions, For systems with short range

interactions, in the case of small concentrations the binary

collisions play the most important role, and one could neglect

the higher distribution functions, i.e. F_,  =s0. Because of

the collective behaviour of systems having Coulomb forces in

systems of ions such an approximation is not appropriate. For-

mally, this approximation would lead to the well-known Coulomb

divergencies. In thie paper we apply a generalization of the

previously developed theory’ using the nonlinear approxima-

tion!

(6)

Ty
In this approximation we get for the effective potential 92,

= vl

using YP, = Vo, + Vay

d bd ( / (7)

an, dx = an. Vo + Vis) -2n, far LAE, .
Thus the equations (3,4,7) represent a system of equatbns from

which Pav may be determined selfconsistently. $2 may be inter-

preted as a screened potential.

la



Because the short range potential Vab must not be screened

necessarily, in the integral of (7) we shall only retain the

Coulomb potential Vou?
A

ov + db. d ged 8)
Bst Es er HEN(deVaFE).
The structure of the equations then implies the substitution

EL =e fle £ (9)

Combining (3) and (4) we get after some rearrangements for the

stationary case and using r,-ry=r, P, (r)=F, (-r)

e Phe TAR, + VE, Vu + Bead, VE, =)

+ Ve Mang KT Ve Ta RTaa EE }=0 09)
Here we used (Ebeling, Feistel et al.’/2/)

bib a a

Pa = Ww be, + wd,
where u» are the relative friction coefficients

(11)

we=d (442)
(12)

and

Map = Ble We — e, w2)E[=P q (ei-ep),

9=CaWe —e,wi)(ea-e)™", ash.
As usual, Fav Fulfills the following conditions

fing ab Cr) =&gt; 1
FL ote = ECP) — continuous

gab LyVE + Ro VPbar Pe (Came) EEL]

(13)

(14)

- continuous.

The first property is known as the decay of the correlation,

while the second property follows from that of the integro-dif-

ferential equation (8), (10) for F_..+The third condition re-

kL.



presents the continuity of the particle flux, which follows

immediately from the equation of continuity (4). We will see

that this third property in the case of stepwise constant short

range potentials (hard spheres, square well) will act as boun-

dary condition at the discontinuity points of the potential

Yan"

2, Boundary value problem for the determination of the distri-

bution function

The main task in the theory of electrolyte conductance is the

determination of the binary distribution function, The corres-—

ponding equations are given in section 41. ~ In order to get

explicit solutions for Fope we adopt some simplifications.

The most essential one is the restriction to small external

electrical fields, i.e. we consider only smell deviations from

the equilibrium distribution. This means that we shall consider

only the range of validity of Ohm's law,

In this case all Yentitiee a expanded in the manner= (1

Bo = B+ EL OEL,
1 ° b

Pe = 42° + $20 + OEY ,
with these expansions we get from (3-5) or (8), (10) respecti-

vely for the equilibrium quantities
a — °

VER +BERVAL°=0
bo (16)

fe =Vie + z a. CR. -1)dg .
The solution of (15) yields together with (9)

/ bo
© - BY,

(17)

©
The explicit expression for = depends on the special choice

of the short range potential. In this paper we shall use a hard

sphere potential which ie defined by

/ 9, raa
Vab Cr) = {&gt; r&lt;a

it



independently of the species, From (16) and (17) we get then

with a linearization of (17) with respect to

2°(r) = ee =e”. ©&amp; Ta bya PF Tab (18)

This is the well known Debye-Hiickel potential. This approxima-

tion indicates the character of the theory we get in this way:

We deal with the nonlinear Debye-Hiickel theory which was dise

cussed extensively during the course of the last years’®/, It

was shown that this approximation provides for a calculation

of thermodynamic properties of 1-1 valent electrolytes up to

an accuracy which is comparable with that of HNC and Monte

Carlo calculations.

For this reason we may assume that a conductance theory on the

basis of (8), (10), (18) gives formulae which are valid at

higher concentration ranges.

For the deviations from the equilibrium we get from (10)
- PV, EW = = “)

Pe [ARDY VER VA + VEL Opel +
= “w= = -

+ fab Apdo + NF A. VES { = (19)

=gePek foE® Fo 0 0 20 E =o
ve? 2 VES thw Vpda, + Fae VAdow abe) Br }

simplification of (19) is achieved using the substitution’2/

Ft_ = Bde
fe =Yaue

For Yap We get the equation

e PY fag Vor ° o a)
Yabo +V Gab Vidal, VfL Veen +

(4) =&gt;

+ Apdat ~ pa EPI, b=
BV fo — or

=— { ® _u, E=-Ve P { ab +V Ray Mo Eb

(19a)



For the hard Sphere potential we may write
-RV =

ve lee oT §(r-a) .
In the eq.(20) for Ye have thus a singularity at r=a, which

may be excluded by subdividing the total r-interval into two

regions:

0 &amp; rd a; ar&amp;9%

The differential equation must be fulfilled in the regions and

must fulfill the boundary conditions at r=a and r= ® , The

boundary condition at r=a is given by the expression in curly

brackets at the right hand side of (20) and corresponds to

(14,3).

Ne restrict ourselves to a system having two species with

eq==€oe Taking into account the electroneutrality and

(DD) _ (MM) _ 4. (1) _ CD)

2 - Poo =0: Pop‘ = -Foa

we get the following equation for the determination of the ef-

fective potential

a 2 ~(1)

+ ° (4)

In eq.(20) we will neglect the term Vß®ab + VAPab ,

The direction of the external field is arbitrarily fixed to the

x-axis, and for Y we apply the substitution

— -»

Yo CF) = Mua Y.2(F) cod
where

cx RENTE)
With (21) and (22) we get from (20) the following boundary va=-

lue problem for Yız =Y

Say (FB) a) y= lad S ira

ye] = 0 3 [Ly tea 4(8432) 1] 0)
73



Here two more approximations were applied: The potential da

in the nonlinear term Ver Vas was replaced by a Coulomb

one, and the expression (21) was used replacing the exponential

° ESQ)exp(—P Pas) occuring in gg” by unity. The abbreviations

mean (3 gm e*YG+x%a) and {= eE/MRT’D,) - Landau length;

xt= q wl,

The boundary value problem (23) differs from that derived in

previous work’ 1 by the following points:

~ There is an opposite sign in the f/r? term,

The function Y is only influenced by the order t of the

equilibrium distribution function, and

= the boundary conditions are simpler.

These differences have their origin in the special approxima-

tion for Pove®

The nonlinear approximation used here seems to be more appropri=

ate not only because it extends probably the range of validity

but also because now it is possible (as a result of the special

structure of the approximation) to isolate the equilibrium distri.

bution function, @Xp(— Ach), see (19a).

The remaining boundary value problem has thus a simpler struc-

ture than that in 717.

3s Determination of the binary distribution function

Aes in mV, we cannot find here a closed analytical solution of

the boundary value problem (23).

For this reason we apply a perturbation procedure and determine

Y up to the order £2. However, especially on account of the

fact that association effects shall be taken into account we

are not allowed to consider et a small quantitiy; thus we de-

termine the higher power contributions of u with respect to e

from the so-called unscreened problem (23), 1.6, with X-—&gt;— 0,

o =Vq — © - Such a procedure is justified, because the

Coulomb divergencies occuring during the course of the calcus=

4



lation of @ are restricted to the orders £ and £4 and con=

sequently only the lower orders must be screened. Thus Y is

decomposed as follows

The perturbation theory yields for the k'th order of £

dye 2 dye 2,2 er
ar: triy =(= +) He = Ee lof Spt (25)

+L Apcre “Ar

Y=Yot Yr + Ya + Yr
(24)

with the boundary conditions

d KK — oO
[ in Solar 9 Ye =0
In the boundary condition the term with SD weas neglected be=-

cause it leads to higher concentration contributions.

The general shape of the solutions is

Y = A 4 er part.
k kdr 7 + Fr

_ part. 2

BE (Ta),

(25a)

(26a)

T(xa) =e”? (1+xa + Lx*a?) .

Consequently, the most essential problem consists in the deter—

mination of the particular solutions yooh of each order. This

task is solved by means of the method of the "variation of the

constantats 4° .
Ye = CL Yar + cir) Yaz

20

} 17) — | dr 2
with CLC) = IX Yas Ten) cier)=-[d Yeo IS,

Here Lj(Pis the inhomogeneity of (25), Yi and Yaaere li-
nearily independent solutions of the homogeneous equation (25)

which are for any &amp;

d e de”
=z SF, Y2=% =

7A



with the Wronskiand = 2 3/2,

In this way we get for the zeroth order

~xr

bert a4 a’ de“
° 2 T@&amp;a) dr Ur

and for the first order

(27)

moledel ted [Lathde TeaarTr Tyrant rt
For the constant A, we get

3 3 —-unq

=a [lo 2 _fae "3 ‚3 of
A= Zl ot a3 1 6a) 4T(xa) G a +%) (29)

re
The second order VE is determined by the inhomogeneities

“) —urr2 , dot |, $*
I, = £ {Ae (h+% +2)

(2) _ PN 2 23% x2 — Hr
La + Fe

8)_ _ La} 8 3 a?) —wr

Lp (Rr Eee
The pa Pra solutions read thenpare) VA ol
2 =z A, ce (5 + =)

part, 2 £2 4 x3 1 2 4 ~ Jer

B= LGheReLe
A 4

i tir (Es — o) (U-wrG)f 7°
Y ‘ =_fa urs 3 3 -o(2

2 Frais (H+ 3% 42d )
2 Sr 1Sra +

200%, PA

+75 Eil-2wr)e” (%— $)}
Here we used the abbreviation

U ol. —ar

IB =-—e Ei(-(x+«) D+{1}e EI(-(x-00D)



and E(09 1s the exponential integral function. The constant A,

Ant [Ce (2+3+o)-22 ier | Sr (+ 3+ f= Ta) +

+ aes (3+3xa +0f+Lefer“(xh+ Eos
+) EEE &lt;) (Ue) — wa 6())-

T(28 — wa)(2ne win U(a))} - £2

x 0 (— ota 20a - 2) — = (la — al) ee” ar]

(31)

By egs.(26-31) the distribution function is known up to the

order t?. Now we have to determine the higher power contribu-

tion, i.e. Yeo -

AS already mentioned, we consider now the equation
2.

Garde)ASCB oo
The general solution Y“tot the unscreened eq.(32) is given by

y= Ce WB) 6 0, (1- 40) + r. oe»
un.

Y contains all powers of t , and it is easily to be seen that

(33) does not fulfill the boundary conditions (25a). But we

shall not use the entire solution %“ but only a part of it,

Yr . Thus we may determine the constants C4 and Cp in the

following way: One of the constants is fixed in such a way that

the highest power with respect to PI of (33) vanishes; the

other one is then determined by the first boundary condition
HE i un.

(25a) which reads (dy dr — I... = 0 (34)

7



while the vanishing coefficient of r gives

42/8 —Cr2/8 +1=0

From ON and (35) we get 1
~tlarg ft 2 21°

G=[e (3+5+%)- 2] , C2=C,t £ (36)
Thus we get 2 e 1

Un Lo [Fg L20 arf ar2 2\_21"y (N="Lsle (5) + 1-2] [e a(246,+3) 2] om

(35)

Yr follows from (37) by sub traction of the terms of the or-

ders ee, €!and £2ana turns ry be
“|a=Cfrr, . 2r 2rif ta 27-1

fe=le™ (3) +1- FE (2+ Lo 2)- 2] +
3 2 2

a 3, 21 £5 3€* 38% (38)+ A .

4. Relations to_the theory’/

An immediate comparison between the theory given here and those

versions given in // and by Ebeling et al, /2/ is not pos=ihle

because in the present work the exponential exp (-p Pas)
was separated. For the comparison with, e.g., the KK theory’ V

we must consider the expression 3
°

ePoes (y, + Yıtyı)+ e Bas Ya. (39)

This expression (39) must be expanded according to Pat -

powers, and the corresponding powers of £ must be compared.

As a result we get (using = ey °))

v. = KKE # 4 Ferd
° °

and for the orders 7 and er
A °

Yo = BY +1,

rs = Yo 9 2 © .

 = (pL) fda Y, + Ya
For the first order we get

a d e7“" Pa} — ur
h=A SZ =~42 1 de
= 57 br Tea) dr pt

(40)

(44)

8



of de fad *Tot vt TT =Ll oS rE (we “Vr Se om

Taking into account the different definitions of Ay» we find

o® keg ada) =1+3 ad O(a
Bh=ASOat) =143 (=)

It follows that eg.(40a) coincides with the corresponding quan=-

titiy Ye only up to higher powers in 988, i.e, if the last

term in (40a) is neglected.
A

For Ya we may not achieve a full correspondence between the

theories. There is only agreement for the lower orders with

respect to 3 . Let us now consider the quantitiy

fd o

Yo = Yr exp (Ady). 1 the "unscreened limit" the exponen=

tial reads @Xp(f/r). Prom (33) follows

~~ un. un. Ey | un, KKE

= exp(R) =F
For the remainder, UR , we have to consider obviously

N &amp;y, un. 2 2) uno ung , U2Fe = ep (Dy — (oe£1) yy)
For the product of the two brackets we get 2

3 2

a Sa) (rtp $.)-EL tr]2 1405 +37) +0 goat tamtoore)” qv ~ ov J.

Thus we have, up to some approximation with respect to higher

concentrations, agreement between Yr exp( - Pia) and
KKE

URSKE,

5, Relaxation and Electrophoresis

The conducfan must be determined from I (
= or 17 ri rel. e

SE 2NaCaUa , UMa=U + Ua .
Using (2) we pet after carrying out the integration over the

angles’ V

IQ



So ©
- do dr+

6=6, +2. 3p. "an, 3 Fa |
4m pda

+5 cakatnn, Met a Pay
Calan ( ° a i. da

+Z 3%, “fare [2a Merge f “ dla
—- &amp;Ta lee Ylaye Pde]

) (43)
&amp; 2

with So= us
Yo LE The second and third terms represent the rela-

xation contribution, while the remaining contributions are due

to electrophoretic effects. Now the summation over the species

is carried out,.Here we take into account

Maa=Mpy =0, Mab =-Mpp , Na =—Wye,,

For a two component VLE we eo £4; G )
6. — 9%2[(aPP’ _a* = = 30)=, Low [fe yadı Se Yd

co © °

+a&gt; LETD. | drr Por) - da297, + „Ce _ ef ) +
dr - Cr) - (a)

+2¢ | Tyme Bra -2a€ Abi y@] wo
Eq.(44) is written as in oarlier work

Ss _4_ ab  Geab)r rel

8“ 1-6) + az [Q Creab)+En ab]
; A 27 nel.

A nab +5 (wab)” [Q* (xa,6) Alm ab]
 am

A= 00. DAT/(3%7. (p,0,) 2) +



In contrast to /V/ the functions Qe and a" are now functions

of ®&amp; . These quantities Resin by the integrals
- ) b

xab)=- 2 [ a dr ba= {fe , HOA em)
 a

o T exp(-pda(a) y(a)] — bn sab;
- lic

Q (wa) = an [4 [dre (explpgrn]-espl-pgie)en
*®

+2 § e Puy mdr _ 2g ePPR®yayAL]4AGE,
Now the solutions (26-38) and (18) may be applied, and the func-

tions (46,47) may be evaluated numerically, This task will be

solved in a subsequent paper.
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R, Sdndig, R, Feistel, H. Klinstner

The z ~ 9 - theory of electrolytic conductance.

1, Basic Equations for the binary distribution functions.

In recent papers [1,2] was demonstrated how to calculate the

electrical molar conductivity A and the individual conducti -

vities Ao, respectively,in the stationaty case

- „2000 ela iyA-Z Aas 22 5 fee po, Ko EUR] (1.1)
Here the A's are measured in {em /¢ 2 -mo1)]; C- ZCa/ZVa
is the stoichiometric concentration in [no1/1] 3 Sa is the

number of ions of kind " a " forming a salt molecul;

§-§A0"[s/Acm]pis the particlenumber density m [ on] of the
jons of kind " a " with the electrical charge €4 in eleotro-

static units ( es=4.80298 + 10710 [cm “3/2g1/26™Y]) and

Q, is the ions friction coefficient in [g/s]).

The electrical field strength  ¥ in N /om] is supposed to be
small. The relaxation force Ket and the eleotrophoretic

force KE are functionals of the set of binary distribution

functions {F_,} . Neglecting the three-body electrophoretio

contributions the Falkenhagen - Ebeling equation for Fav

reads [1 ,2,3]

{(6-er) [VFon+FsTBpusFeE 1] = 0
(1.2)

Here d ig the unit tensor and Xae 1s the hydrodynamic cou=

pling tensor, With 8 =A /kT the nonequilibrium perturbation

parameter Al, has the form

jeuneRe-RE (1.3)

qs



with  Wo~ Qa" (83¢¢i’)

linearized theory:

and the effective external force

=~ &gt;
Ka" aE

= — gel EL (1.4)

feedback theory: K = eB +Ka + Ka

AM may be interpreted as a reciprocal perturbation length

of order AO*[V=JwE [V/cm] , Under the usual experimental

{ E ,~10 V/cm) the deviationfrom the equilibrium state may be

oh ed by the ratio u E ~ 1072 [cmv] . E [v/cm] .
ab "ab

Eq. (1.2) is the continuity equation for the relative probabi-

lity flow. The boundary conditions for Foy were first derived

by Kelbg [4] .

(1) Fp (r=) =1

(11) exp (8 Yo ) Fp, 1s continuous ve

(111) the relative probability flow proportional to

[v Fab * Far V8 8 A ]ıs continuous VF (4.7)

The two particle relaxation force in eq.(1.2)approximated by

-v §.. is given by

V Pau (7+ wa V be (F)- wu? ot)
re (1.8)

VE (7) + Znefo acim 2 - £7 ap

Here ¥ av is the Mc Millan/Mayer interionic potential at in-

finite dilution. Further Poi denotes any approximation

of the ternary distribution function which guarantees the

conservativity of the two particle relaxation force. This is

a restrictive assumption for the nonequilibrium contributions

of Foo only.

Now we expand Fan and {ar with rereci

trical field strength

Fan (F)= Fac tr) + BL (rT) + O(EY)

4



Baul?) = Go (r) + Pe (rn) ® O(E?)

Faw (1) = exp{- B Bar Cr)}

Fault )= Hae Fue {r) [ Zap (r)- fau(r)] cos J
(19)

Brtrit)s KT sao fae (1) cos

Jy &gt;
Here Vv denotes the angle between F and E In what follow

we assume that the equilibrium radial distribution function
0 8

Far is known,

Inserting ea. (1.9) in eq. (1.2) we get an ordinary differen-

tial equation for Z,.(r)

Fay’ ' 2 Far{a [89] # 2 Jab _ ab

(A-Xar -Xas ) [Zar e(F* Fo )Zas Eas © To ]
ab FL

er 2 2
[2 Zur“ S zu ]-0 (1.10)

with the hydrodynamic funct ons
a 1

@W a ANA A 4° Sat Sv
Ye = (3* 80) rn, r [4 v3 (67m)? ra I

va (1.41)

« 4 Sa t+ Se ]A 4 vA _ 2ao (G0 =) Pr [1+ (6 Tm.)* r

In what follows we neglected the “&gt; contributions in A

and restrict ourselves to binary symmetrical electrolytes. We

suppress now the index (ab) keeping in mind that

.-: Fi=0 pt,
JEST ) Fz Fe

Then eq. (1.11) reads

 rr 2eZ

at u t

(“x= 6h= (1.12)

Jp



with h= ww H/(WAL+2L);HeDKTN.8/2¢77.

and fz. =-e,e./DkT

Now we expand Z in eq. (1.10) with respect to the dimension -

less hydrodynamic parameter h and get the following

squations

2a Z,+hz, vr Oh) (1.13)
x 2 F* ol

2, v(m). -2,2,- E
of . £2.)

 (ke BE) -2 a ain l(2
(1.14)

(1.15)

The higher order contributions Zzetc. may be neglected since

h«4 for the usual electrolytes. The boundary conditions

for zZ are derived from eq.(1.5 ~ 1.7) and eq. (1.9)

(1) 2(r—o)=0

(11) 2 is continuous Vr

(111) F°(z'-1) is continuous Vr

Now we shall give the equation for §.

Bere we start with the following approximation for Fave

(unsymmetric superposition approximation after Kremp [5] for
the nonequilibrium part )

(1.16)

(1.17)

(1.18)

A

oe, ¢) + Fa ReFase = Re)ese Fy = (Fürs
abe

Far
(1.19)

Then eq.(1.8) reads

Ved)=[Lame VE (F-F) +1in vE. (17-71) ] »

Foe of (1.20)
with the Kirkwood function

Eat) = | Faery 4
. J as (1) To (ter) dr (1.24)

26



Introducing spherical coordinates in eq.(1.20) we shall derive

an inhomogeneous Fredholm integral equation of 2.kind for the

radial part of @1,Weget

2

Ey.
a

~ -a

.

@

Jdr = (do de sino Jar

1

i (1.22)

COSß = sin &amp; Cos © sind+Coscod

an

From eq, (1.20) together with eq.(1.9) and (1.22) we find
vo

fry = for) + f Kr, r') fern) dr!
oO

with the kernel

(4.23)

T

Kerr)=„20re} Cr) (Own BGF ann, EFF (1.24)
[3

. %5ind-cos&lt; do

[F-F'l= (rt -2rricos «)

and the inhomogenity

fier = = (Kerr) zer) dr (1.25)

The solution of eq.(1.23) may be obtained using the facilities

of modern computers, In this paper we do not discuss this

possibility.
To solve eq.(41.20) analytically we approximate in eq.(1.21)

Pop? by 1 and Y. by the Coulomb potential V,, = ee. /Derx,

Then E_, has the form

Exp = 8 Vay

and the divergence of eq.(1.20) may be calculated taking into

(1.26)

12



account that AL =- uw S(O)

AP = -kTLF’ (1.27)

with x*ega*' Go (Yet Ve.) (e,7 €) (e.-e-)"

aod Y= 47Xna ea /DKT

For the radial part of { we get now after expansion with

respect to the hydrodynamic parameter h

fir) = for) +h fir) + O0 (6)

LF okt) = LF amt)

PR (REF = -
OT

The boundary conditions for the Y- are

(1) Flraw)=o

(11) f. is continuous Vr

(111) 4! 1s continuous Vr

“Foz;

(4.27)

(1.29)

(1.30)

(1.31)

(1.32)

2. Analytical solution for 2(r) for hard core potential.

For charged hard core systems the potential Y= %- has the

form

co o&lt;r&lt; R
4 =

" 1

Tr

In what follows we use the Debye-Hückel approximation for F°

(2.1)

0

|
o&lt;r&lt;R

exp{g(r)}] RS r&lt;oo
(2.2)



fr =

with g(r) = fe

and £

F.0d?/ (4+ xR)

JD kT

2.1 Zeroth order in electrophoresis Zz,

In the region REr&lt; 2 the eq. (1.14)

general solution

has the following

2o=A, zh +A, at + 2f
(2.3)

Here z} and 2. are two independent solutions of the homo-

geneous equation where zh (r-+o0) is divergent, 20 is a parti-

al solution of the inhomogeneous equation, From the boundary

condition eq. (1.16) we get A,=o0

and from eq.(41.18)

F(R-0)[A, 2.tR-0) + 2 (R-0) - 1] = F(R+0)[A 2% (Re0)+ 2 Rs0)]

or together with eq. (2.2)

r 4=[1 =f] / 2H)

To solve eq.(1.14) we expand Zo (X&lt;h,4ıf) respect to powers

of €

- x

2” = Zi Zon,

(2.5)
= ee" * cowhere Zon “ and Zen F for n&lt;o.

Then we get the system of perturbation equations

S$ (2.6)
Here O a,b is the Kronecker symbol. A fundamental system of

solutions of eq. (2.6) 1s

FF Logi Bek = upg m9 2

-2

ZB." r and 2x =r

with the Wronskian W = 3 ¥2, Then the par’ ial solutions ave



caloulated using the method of variation of constants (Rw(r)=

Z rhs. ; Proportional to i")

v' ‘ .

Zan=- 2; fer de! + Ex far dr’
(2.7)

All the appearing Yıh.S. of eq.(2.6) and the corresponding

solutions after eq.(2.7) are given in table 1 up to order Fr

The result is

Eon * Ex

zt, * Zz

2d, - Zw

P34 © Ba:

(2.8)

(2.9)

¢

E..

f
2oa

FE

 Er ;nh

+44 art zer 2)* Ze) A

(2.10)

2?

The higher order parts Zon (nr2) are not of interest here.In

28, and al convergent homogeneous solutions were added to

avoid divergenales at a+ 0 , To calculate approximately the

remainders (x= g,p )

zZ
nel (2.11)

we use the following procedure. For vanishing concentration

#-* 0 we have F°/F* = § —-pv' =

Then eq.(1.14) reads with 3, = 2, (»x—o0)

— 2 ad —

ze (BA-CA)-Lra (2.12)
with the solution

2 1oO ha 2. + x Ze Ze
(2.13)

30



Zher- ty (2.14)

sv. ru3 L 7 -7 zr) expl- ef 4+ +]

Zz?

» ke+4 k

Zen (9)

Py2

(2.15)

(2.16)

Since the boundary condition eq.(1.16) cannot be fulfilled

in the unscreened case »— © we shall demand that the diver-

gent at r-»oco contribution zZ" vanishes or a, ¥ 0. TheSolu=

tion Z does not diverge at r-»co . The constant cAy is to be

determined by the boundary condition at r=R 0q.(2.4)

e’

Qq= FTI(RY  A2[T(b)=~1)
(2.17)

vith the Bjerrumparameter be Yr and

Toxo= € (exe x2)
To caloulate the remainders Zer we neglect the lowest

 - orders in eq.(2.15) and eq.(2.16) up to ¢* and resubstitute

=&gt; -rtg‘ = ED(er) = Gier) with Dex)» e*(4+%)

This last step first proposed by Ebeling we shall call the

" gtatio screening of the higher t- ordes",

Formally this means

gr=[E7¢rt)—all-orders up to tl, ¢
p= I Dlr)7Ger) (2.18)

Now we find immediately al = OÖ (2.19)

3



nl

Cu) :
g Mr Curry SF Gry Cum. 6% 6821. we Fg bn Ge Gr Oeor cin [€ ze) © Ter “az * Zer+ £2]

‚65 k+1 (- Sem)“
ol (ke3)! r

(2.20)

The function

(2.21)

has the properties to be solution of eq.(1.14) and (1.16-1.18)
+ “

up to Et” and to solve this equations correct in the limiting

case R—&gt;O.

Finally we give the vomplete expansion with respect to £ (ae ¢’)

Zoo® Age zd
.

201% Aga 2% tAg. 2%. + Zen

2.5 Ap 2d, tA el cA) sols
with

? &gt;»

Eo = Ag (ef. +2tie25av 2d) + zf, tf Roa

Ao [1722 Tear

A, =-[(2de2dSlwe )/ (2d2) reR

“9 243 INE ELLI ‚88 oy (2.23)
Aq s-[ (2 Zor -C 2,7) - Zoe Zot 2. +(2:2)2.0)/(23)] 2

2.2 First order in eleotrophoresis Za.

In the region R&lt;F&lt;ethe eq.(1.15) has the following general

solution

Ea + I + By 2! «2! (2.24)

Iz



We note that the homogeneous solutions are the same as for Zo.

From the boundary conditions we get

Br =0

Ba*- -z'f(R) / z¥Y(R)
(2.25)

To get the function 2! we follow the procedure described in

ch.2.1, with

= P

27. &gt; Zan
n n=0

and 20 Af we get the perturbation equations

(2.26)

np
Zan

"we

2 Zam
P a2 f Zocm-1) y/

 Bun 579 Zum 7 A (SE) (2.27)

All the appearing r h.s. - of eq.(2.27) and the corresponding
2

solutions after eq.(2.7) are given in table 1 up to order t.

The result 1s

zl =o
(2.28)

P
Zua 5 Ass 2 (5)

Atl x ft
3 = Age 26) +Agı Ze) * Zu) * x Be) + x 21

The unscreened equation for 24 = 24 (X29 reads

—-_ =; 2 = 2 2, ’
zu 2-L)EL- LE, --u25 (%)

(2.29)

with the solution

(2.30)
=h =

The homogeneous solutions 2. and 2% are given in eqn.

(2.14, 2.15). A partial solution created by a, Zt} in eq.

(2.29) has the form

 ZT = bTh +b Zt +Ef

J



25 = a {EES ta ko]

be
cle£-tn)-ik[Ecf)a+

tLt 2 - ?

Fated inde 4-4}
(2.31)

The expansion with respect to t gives

amor 2 fu MR) 5 pump
and (2.32)

f(x) § x
zZ 8

* 3

fo(eb)=-% X, + 3X

fC „23 x}OASYS LE =b 11 A. atx 0 b

A further partial solution comes from od in eq.(2.29)

El, ~az2rq{ [ei(£)- In L -c] e
Ur ¢

(+ £e) (2.733)

-(1-FE)R—2]
Here the [ - expansion gives

Zag ”2 ++ = 2 = [A+ ( 4 2 Pr 721 rv
r £ 3 0 }

(2.34)
- -— =r =

Nox the unsoreened solution Z.=b, zz} + Zr +E

is complete with b,=0 as argued in ch.2.1 and

34
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by = - (Za (R)+ Zaf (RY) /23CR) (2.35)

After doing the static screening the higherlorder remainder

reads

Af Gyo. GE), Gun
Zar T(%®)-1 {u 2r Mei v) bn " cl

x

ary zerA)e [e()-me]
+(4+ 360 , Gen &amp; ;

ar 2 Ye oq. Gm]
sr (2.36)

r v ) ve) G(R)

care fo(82, CR) op (Si, GRY) (G2, AER E

fe ) ar) _ 7
“ye [ein - ar)razr (a+ Sr

(4-8 RSM) ak SO, en
Ww rt

The completesolution Za

r r

2a" By (22 +z1..22 +24) + za +t Zar

has the following expansion with respect to ¢

(2.37)

£,.*&gt; 0

Z wn By 2da co «af

(2.38)
r

E a2 * Bar zl + By, 28, + Bas

v&lt;th

Ban 20 (2.39)

of ’

B,, »- [25/228 ],un

yd



Bom [ (22d —2f2d)/ (a2) Tear

3. Analytical solutions for ‘(») for hard core potentials,

The potential and the approximation for FO are given in ch.2,

In the region O&lt;r&lt; R  eq.(4.29) reads

of +294-2%24=0 (3.1)

with the solution fiy=+ and Y,r= Fr“ . Since % is

limited for Pr-—&gt;0. fr is the only relevant solution in this

region. Then the boundary conditions eq.(1.31, 1.32) are

equivalent to ¢.(R-0) = Y,(R+0)

7. (R-0) = fi (R+0)
or (With &lt;:(r)e y (cr! in 0&lt;r&lt;R )

(3.2)

7; (R+0) = R - fi (R+0)

As in the case of 2&lt; we expand “f; with respect to ¢

(3.3)

(3.4)

Then the perturbation differential equations for both So and

4, have the structure (x = gshyD)

co

fir Z Fin with Pein
9

ke 2 (EL) Sup) EEE 5)

Here [f],denotes the "order contribution of £. We get

[Fez;1, = ai

[Fea], = Bin * tec.

[ FPa:l, = zi 2733274 z 9*80

(3.6)

3°



[(Fr)4 I= ©

[FoF], = g 9.0 (3.6)

[CFr=1) = 9 15, Et

~

Since even the correct solution of eq.(3.5) up to { is

rather complicated we restrict ourselves in what follows on

symmetrical electrolytes i.e. «= 4%, x* or 9= "a

In the region R&lt; Tr &lt; 0 the eq.(3.5) has the following gene-

ral solutions

fo= Cf) + Cel

% =Dfe+DgFS
(3.7)

Here Fr and td are the homogeneous solutions divergent

and convergent in the limit r— oo respectively. From the

boundary condition eq.(1.30) follows Ch=0 and D=0 ,

Further we get after eq.(3.3) for the constants

CI PCR vr 24m)]Lg (3.8

and

D, = [gw -p Be) (Ye -r 2%) ] ra

A fundamental system of solution of eq.(3.5) is Frm DCAF) /r?

and fx = D(«r)/ rt with the Wronskian We ~ 2&amp;7r°%

Using the partial solutions given in table 2 we get the follo=-

wing expressions

ALTE „
LP

=

«

re Van (3.9)

sith

t

For * Fea)

A = Ser)

IA
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ef oe l olen lol (3.10)

with r

foo &gt; A,, 2r

fr = (a,. + Year +Agois)7Zes- 2E/x* fr
~~

4 L ~

7. (Ap + ww )are (4,. + Un) fis) +A or)

+s) feo

Ar $5 A
+ f{ SL L on,5 = + Pn ¥-K _Fa ws ew En 2-32X fr

and

pP Y,
J P r

rel eal aq, (3.11)

’

fe ©

fe By. 21 tA fo

GP (Bga“ ee) 2r «(By 48?) Fes) + Ag. Fez»
re «

*Ayı Ya + Lee) + 33 FE En pre Pr

The higher £ - order remaindera PL, pt and er are not

yet calculated.

vith

4. Comparison of the 2-¥-theory with other formulations.

In this chapter we show the connection of the z-%-theory

with the U =~ theory of Kremp/Kraeft [7] and the y~theory of

Falkenhagen/Kelbg/Ebeling/Kremp/Kraeft [8] in the special

case of hard core potentials, Both. u- and y — formulation are

valid for the zeroth order in the electrophoresis only,

| Av



4.1 The 14 — theory.

We define

(4.1)

Then we get an ordinary differential equation for Weusing

29.(1.14) and eq.(4.29)

Ue = Zo =F

Ar EI -(B ex) un =e ed’ + D. (4.2)

The remainder 7), neglected in the WwW - theory has the form

Dez’ «(gd- Eu +o (Fo-1)u,=&gt;0 (4.3)

The neglection Du =O means

(1) single f, - terms are to be omitted

(it) approximate on the f{.h.s. $° by V

(111) approximate on the lL h.s. F° by 1

For the boundary conditions we get

Ug (Pd) =O

4" (R)  m» At Ru

Here the remainder

(4.4)

(4.5)

(4.6)

R. =z 4 (R) =o

vanishes using the approximation eq. (4.4(1)) .

Comparing the perturbation expansion with respect to xe see

that ®,, (~!") agrees with the z-% - theory. In Upil~L' 150)

discrepances appear with respect to z- from two reasons

(1)

(11)

created by the approximation eq.(4.4(1)) some 4- con-

tributions disappear

higher c—contributions of Wey and Cov Bar (r&gt;4)do

not conincide completely because of the approximations

8a.(4.4 (ii) and (111)).



We note that the static screened higher Ll - order contribu~

tions are the same in both formulations,

4,2 The y = theory.

We define

yo= Fu, = F* (2-9) (4.7)

Using eq.(4.2) we find

gt + (2 eb)gl (Et )ya= FleDy (4.8)

The remainder Dy neglected in the y - theory reads

= _ tet _ tr! ’

DEFRA (pF L)gl
Pg (F-1) gd" 2 3°" Tyo - O (4.9)

The neglection Dy = 0 is correct under the approximations

given in eq.(4.4). So we can conclude that the approximation

level of the u — and the y ~ theory is the same with respect

to the solution of the differential equations (4.2) and (4.8).

From eq.(4.5) and (4.7) we get for the boundary conditions

yo (r= 0) =O

YoCR) + P° (RY 4o(R) = F(R)+Ry (4.10)
Here R is to be understood as R + 0. Now the remainder Ry

has the form

R.= F°(R) A(R) =&gt; 0
(4.11)

As noted above the fundamental solutions and the partial

solution of eq.(4.8) conoide with the corresponding solutions

of eq.(4.2) after expansion with respect to £ and®$$ncentra-

tion, Also constants agree if we use the boundary condition

eq.(4.10) . Usually in the y-theory eq.(4.10) is further

Fo.
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simplified dpy°(r)/ar = &amp;/R® , Then differences appear

in the concentration expansion of the integration constants

for the homogeneous solutions as first mentioned by Kremp,

5. The conductivity functions for stairslike potentials.

To calculate the conductance A after 0g.(1.1) it is necessary
the

to know relaxation force

Re, -Z LI (7% Fa d7 (5.1)

and the electrophoreti¢ force

El _ X = AR =

Res suZon 22 [ef eR Kahu dF (5.2)

We define a stairslike potential as follows:

1

D

£

BE,

A

Bee Ra-1 Rn

 3 R,&lt;rs&lt; Oo

Er if REFER, (5.3)

if R, SHR,
Eoin

R,&lt; F&lt;ifL=p

obviously the wellknown hard core and step potentials are

special cases of the potential given above.

The relaxation force.
We are interested in the contribution proportional to the

external electrical field only. Then eq.(5.1) reads

=&gt; Rel
XK. Zn vt Fon dF (5.4)

|



Since Fay=0 and Rle- Ele F' we get

RQ et n- 25 gh
+ = - A, - -

Ral So. Rel = Rel
sith RK =nfoh FldP « Ko +R

Re denotes

—» Rel « rue
R. =-n.{ ov Fear

(5.5)

. Here

(5.6)
=» Rel

We discuss two ways to calculate K. °

(1) with Fi F°(2-P)cos rm $4 cos d for OR,

and F'*0 for T"&lt; Ri we get

(5.7)
— 0

Ro Hp. KTEmME ( yer dr
KK.

(11) We start from the connection after eq. (1.27)

A= -kTx*F" which is correct in the Kremp approxi-

mation ea.(1.19). Then KR“ reads

—»Rel
Or = JE 1oe vv AQ dF

Nn. 4

vv‘) ~av vd] dF
V Gauss U =
0 “er St kT! (5.8)

Arnlgglo

„Ar CkTn. E
&lt;&gt; fe F (0)

Real 1
For K, we get with V = ¥-vV

al



- Rel

Ke = -n (vWE det

Sn kTmME*
[ ZR; [2 (Ri) = PR) I-[ F(Ri+0)= F(Ri-0)]

Rn

rf Fem [zm - ea] or} (5.9)

x .

—» Rel
We note that the covolume contribution Ka is valid for

square well potentials too after neglecting the integral in

eq.(5.9). Rel
Now we define the relaxation function S [1] by

7 Stu AE Rel

(5.10)
-

Rel Ven. Ao
5 = ° = *

Ve Ao + VAL

N 2 . 9]. F*CR +0) - F*(Ri-0)J+I}{5 zZ Ri [2CRI- PCRM[
(5.41)

In the version (i) given above I reads

vo

[--4ef yerdr
 OR

In the case (ii) we get

(5.1m)

I» firt, 3 . Ra+ 3 t ( Fo(
N z2-P)dr

tl pir, ¢ &amp;= ") tw PRA]
6.12 b)

ry



5.2 The electrophoretic force.

Starting from eq.(5.2) we approximate the two particle relaxa-u. —&gt;
tion force Kay by -7Pav - Further we split up Ka into

two parts

bl EL Ext Ei, Int
Ka = Ka + 5a

The external part 4 Elst

(5.13)

ze BC Ext X &gt; Rei] _o

Ka = n, [ZS [ef +Ka"]FldF,* Sa Zz 6) se [e. - 2's (5.14)

As shown in [1] it is useful to define the external electro-
phoretic function S° by

Ext Ext Ext

Se §. +5

and

Sa = n.e, ( =- ey’ [Gaa“ Gr-] (5.15)
=

2 °

with Ge "57. { rR rydr
The internal response is given by

—o EL Int x n

Ka *-%a Zn, &gt; 7 Bas Far dF,

] „PB

Sa Zz n,LE 76 € [1¢ pac 2er)cesd) + O(EY)]d 7

X ° _

kT, Z, ng f oe [oar 2(r cost V Fag ar (5.16)

Here we introduce the internal electrophoretic function

Int 4 ax!

5° 2-(2+€) (nn) }
(5.17)

on

and 7 x A ( ZDF (Ir . cr)

3%. |} ac Sr dr (5.18)

| nb



For stairslike potential we get

7
A

 Nn

( 3race) Fir dg q
dr r

(5.19)

* zer) Fer) dr

_ Rize) [Frivo) - FoRizo)] |

| x



6. The method of numerical calculation of Zz and ¥ for hard

core potentials.

Po solve the ordinary differential equations (1.14,1.15 and

1.29) for #,,2,.%. and ¥, in the region R&lt; r&lt;oo it is

convenient to substitute r—&gt; x =R/r . In what follows we

have to understand 2. as 2.(x) etc. The following relations

are straightforward

.- X a Tid
d.-2d and d.X[L 2d]

(6.1)

The resulting equations were solved by the Runge-Kutta algo-

rithm with Gill's modification [6] in the region 0=xS 1.

In table 3 a survey of all appearing equations is given.

6.1 Calculation of (X)

In the x ~ space the differential equation for the homogene~-

ous solution z! reads

‘a °

dates _ ded x) dale 2 2% wo)
dx? dx dx x: (6.2)

Here we have introduced -gS° 5 ln F°

From the behaviour at x-

gd (x=p 0) = x*
(6.3)

we get the initial conditions

23C0) =O

(6.4)
The differential equation for the partial solution al has

the form

L edoe.o

{2000 sdb date _ 2 or R ded
aT Ee = GR = Sy EE (6.5)

{ 0



Here the initial conditions

2tco) = 0

come from

 ad Lr
7x EC0= 0

2 (x—0) = Ar

(6.6)

(6.7)

with
Ya? 2

[ “12%R after eq.(2.10)

For the complete 2, solution we get

Zo &gt;= Ag 2? + af

The constant Ay is to be determined from the boundary condi-

tion eq.(2.4) in the Xx =- space

(6.8)

A.=-(R+ 4 alw)/ 2, zen
(6.9)

For x-»o0 the function 2. behaves as

2 (x0)=Ax &amp; (AqtAr)Xt
(6.10)

From eq.(41.15) and eq.(6.1) we derive the differential equa-

tion for the partial solution zf

dz!) $0 def _ 2 7 L ol
pr „ER Ce = 240X) #42 &amp; * RS (x. 8.087)

(6.11)

with the initial conditions

alte)= 0

of of
I 2100)» O

(6.12)

coming from

»

zi (x= - By x*r 1 RA x3

Here is B.=-#(l/2R*" after eq. (2.28). For =z. we

Za Ba al +23

(6.13)

got

(6.14)



with

„x zz? A 3
B, ax 2.0/2 2a (1)

(6.15)

Now it is easily found

t
2, (x+0)= Bx"+ nn Ax’ = (By¢Bp) x“ + Ila x3

R (6,16)

Last not least we give the connection between 2Z(r)and 2(x):

alin = RP 2d (xeRrv)

ely aleve) ; ale = afixeRrr)

Bor) = 2 (x=R/r) ; z4(r) = 2,(x=R/r)

Agr] = R* A, [x] , Bylrl=R*B,[x]

(6.17)

6,2 Calculation of Px)

The differential equation for the homogeneous solution v?

has the form

PRAY) 2 *RIF° '
Ix * (ZH RT ) fix) =o (6.18)

en

The analytical solution eq.(3.9) shows the expontial vanishing

of 2x0) » To avoid numerical difficulties connected with

his behaviour we substitute

Pl) = (LE) ex)

get

(6.19)
and

t

dg) 2 oR daw
dxt  x(x+dR) = (6,20)

fz rR RUF) Toor =
[+ KICRERT = Jy = ©

14"



with the initial conditions

geo) = 0

ol -
x 940) = ©

(6.21)
since ¢ (x—o)
The differential equation for both partial solutions 7] and

£! reads (i=)

2 pf

poh - ( 2 + RFC 7 —%X x“ ) T(x) = -~ CRFXRT.) 7% 2; (x)

(6.22)

Here the behaviour for X~—&gt;O 1s the following

?P(xs0) = h

pP (X— o) B
(6.23)

The constants A and B are defined in eq.(6.10) and eq.(6.16)

respectively. Therefore we get for the initial conditions

P

$f. (0) =0

x r
Tx Pro) v

(6.24)

Nox the complete solutions may be determined

?
P(x) = Ca AICI RALLY

f(x =D Tao + whoo

Here the constants Cy and Dy have to be calculated wm

ling the boundary conditions eq.(1.31) and eq.(1.32) or eq.

(3.3)

Cy = - ($f) + &amp; 20)/(FheRAR)
(6.26)

Dy = (fm) 3 $l) / (Bln = VAISS)



The connection between (r) and Pix) is given now by

$ (r) » predPl{x=R/r)

him. RP x Rer) ; af en) PCK=ER/F)

Ran)= RCXK= RA); Blr= PCweR/P)

C,Er) = R*CyCx] : DyCrl+ R*D,Ex)]
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Table 1 Solutions of the differential equation
dd} 2 d
ir « 32% 2: Rw

Re=0

Er=

ZT
«

Ry- ©

Zp

Zy

= ’

Rw=-9'21
 _ z { ermale (-er2ur-utrte an!) + nt EiGr
24 = £ { zn 7

anrrl€ (app tr) + rt Eier) }

Res ® 79 Be
 at
t „20er, 3 4 A9 a2 4 3.3 2 ut

zu 7 le (Zoo Mt u Art)

+ x ®5rf ECan) + 2 or: Dar) Ei(-xr) }
az

 re I f-2%r4 9 _3 AM ar 43 33.2 ee
Zu) {€ (-S-ur- Br BB wre 2 et)

 Teer Eicon) « wrEi(-2xr)}

Ren” 7
Eo) =~ Le Dar)

Em &gt; AL, T (xr)

143



Rw™ "7 Zo
Ei) * ep 1

' FR e (2+8r)

Zp -L= er"Se (3+3ur+w*r*)

Ro -q2L
es)” 74% SC)

Zus IC/r?
28) - -27 t/r?

Ld ea

Rec) = SEor (= ) -y' Zs)
t „MP 54

LO {e (5-3 are ade. Lert es Laur?)

„+ Ei(er) Sater (44 20%)
foe te - Xr 7

Ze)" gr { € (ston -azaer + Faetrte aclnl Er)

“Ey (~er) wrt (5- z #43) ?

=. d

Rm 42 £ dr (2)
tr „zer

Zo" Ss { e (1Pezur-n"rtea’e?) 4 x°r* Ei G-ur) §
er „xr

Ze = rare | € (St 12200 et’r0’r?)=rtEC)|

with the functions

Dex) = (rex) e™

amd
Tox) w (44x+4xt)eE*

Ea “0 4 .

se | Dex) Ei(yme){ Ef Di-x) Ei(y-x)Es(xy)) = [ roof} #7]
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Table 2: Solutions of the differential equation

dP, 2 df (2,44) =
drt Fo dr (Aare )P = Sch

The solutions Yu... Yıp) are valid for ots 1 ze* only f

5,20

P, = Dir) Zr:

5; 0

Pr = De-kr)/rr

Say «9 Yr
T PK

fro For € Cer-&lt;r)

Say” «'g Far + 1 #£'9* fr
2 „2er

Fray Le { eo " (expr) + turd) EiG-arer)

-2(2e+Ar) Dear) Ei (-28r-2.0r) }

= 2

Say “od Bea)
Ex Fer [

fa“ int e (-4-xer +
2 3
Terr Ea (oLr,-2r )) +X HE: cen f

5 5 - A a7 Jem +ott esr
*

Io 722 293 2
- t

fo = ators { e (5 + der Aber

 rt (1 Ea(dr,-28r) + 143 XEs (&lt;r,-2er)))

_ 3p Dur) Eil-o Der) EiC-#r) + 32 w'r? Eic-20r)

NEE En) Eire) + £7 (a0EB)Eiue-ser))]
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B® — A“ Le)

f, -- Fe 6 { 2as — 4 + — TTart or Ea (otr,-20er) }

Sy = —ottacs)

Sao) = 2 Loi*Ea (atv, 0)

Seu 800-4980 9 fo

Fray = Ite {€X (10 atrr at ict + St Es (ander)

Kt En («rsr) = 2320p Ea (xr,0))

7 (Dev) Var, 0) - Dear) Vi-«r,0)) }

Sw» o 24)

(2?) r { 7 =f = 2 e 13+ir- "rt + 15 E I {JI ¢ 3 r2x ( X a (wr, 9) Ei» 1

5 -- Ler

Po 4/ pl

S= «Lz

F
wipe Der)

with Far
Viarbry= 2 [od fLoartd ror. or

(ar, br) i Fr dr {r € ale Eilervur)-, Ed(brteur) Jf dr
z (@r + br-2r) Ei(ar+br —ger) — armer tity

A . Ar=-Kr-Lr

ein {(reareier +otr) ES (bredr) €
. ar —er +o vr

~(1%arriec-pr) Ei (br-r) e 1

for aA» +0 ~¢ and b= 0, -»

cre



Table 3: Differential equation and initial
conditions ©

Region 0 £44 | Yi (x) = FOX Ya 00, 4x)

gos 28 4a = G2

} = ded), + 2 Ya2}

y,(0) = © j rte)» 0 i Fo)=2

44“ ze i nel
d . rR ol °

1: (08) yı + Bye v0 Ix (83°)

y,l0)= O i %2(0)=0 ji f(0)= ZAs

2hol

yes2h i go-go
fF d ° t

2. F588) ar Lye + Rx [2.0x) +x &amp; 2.00]

Ya(0) = 0 j gam=0 j; fio)=2B.

wd, xxX) = br(4%) gc
x) 3 d

rr]
3 +ALX)=q d

d = *4, dd®
; Dx ’ e*(4+X)

rad
Ye

; a

nm?
X 2 HART LRE(F21)0 yo+[ E+ RTT x* Im

e.(0)»» O 2: Pewe2rt)

Ya ; nr ER
. 153

, RES ot RY -

[oe 25 Jy - SF2.00
(0)© | feo) = 2A

4
we (0

AP
u” TxBa

Cl fa A
m (a8) =a x )g- LE

(0) = eeKT 2,(X)

Co) = 2»

od
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H. Ulbricht und G. Kessler

Individuelle Eigenschaften der Ionen in wäßrigen Elektrolyt-

lösungen

Abstract

The cation transference number of Li-, Na-, and K-ions in

water is analyzed by the Ebeling-S#ndig-Feistel transference

number theory. The limiting transference number of Na-ion

obtained is tg (Na)=0.39636. The limiting ion conductances of

Li-, Na-, K-, C8-, Rb-, P-, Cl-, Br-, and I-ions in water

have been calculated.

Verschiedene Arbeiten auf dem Gebiet der Leitfähigkeit//,

die in den letzten Jahren entstanden sind, gestatten die Er-

mittlung der Grenzleitféhigkeiten und der Kation-Anion-Wech-

selwirkung eines Elektrolyten. Die Kation-Kation~ und Anion-

Anion-Wechselwirkungsparemeter wurden dabei aus thermodynami-
schen Ergebnissen’? entnommen. Die Grenzleitfähigkeiten der

einzelnen Ionen können nur bis auf einen Beitrag A bestimmt

werden! 4/ .

Wir wenden uns nun den individuellen Eigenschaften der Ionen

in einer Elektrolytlésung zu. Aus der molaren Leitfähigkeit

A = ol Flue + uu) (1)

wobei der Dissoziationsgrad, uy die Beweglichkeit des i-

ten Ions (i=+,-) und 7 die Faradaysche Konstante sind, 1äßt

sich die individuelle Leitfähigkeit fir das i-fe Ion mit

(2)
As = of F Us

ablesen.

In dem von uns betrachteten Konzentrationsbereich bis 1 mol/l

kann der Dissoziationsgrad ot fiir die Alkalihalogenide prak-

tisch gleich 1 gesetzt werden. Eine ausführliche Darstellung

ee



der Zusammenhänge findet sich in den Arbeiten von Haase’ 3/

Die individuellen Leitfdhigkeiten werden nicht gemessen, son-

dern über die Beziehung

A=: A (2)

berechnet. Für die Nberführungszahlen ty erhielten Kelbg,
Ebeling, Sändig und Peiste1/1:2/ in der feedback-Theorie als

Ergebnis . .

4 int © ext int

(t+ 85) (4-5) + (12+ 67°) 5,

not

1° = A? Ao '’5]

Linearisiert man diese Gleichung, ergibt sich

int ext int

bo= E(4- gm. 60) + ST HS

Da Gleichung (4) jedoch den Verlauf der Überführungszahlen

wesentlich besser beschreibt, wird im folgenden stets diese

Gleichung verwendet,

tr exp. Wert
{ imma Parameter ous Leitfähigkeit

u.......ParameterausThermodyn.

(6)

t 4

as05 KCl

KJ eric ahem

041 04 No. CA

gie pale
LiCt

ax.

+ — vm”

© Cin melst

Abb.1 Kationeniiberfiilhrungs-
zahlen, berechnet nach
Gleichung ( )

03.
-~

o

A

Abb.2

LiCl

0.1 02
C ia moL/L

Kationeniiberfilhrungs~
zahlen fiir LiCl, NaCl,
KCl
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t |
0.5

04757
05-

PFiir das Stufenpotential wurden

nit den aus der Leitfähigkeit

gemäß/1,2/ erhaltenen &amp;y- -Pa-

rametern Uberfiihrungszahlen

berechnet, die in Abb.2 und 3

dargestellt sind. Beide Abbil-

dungen zeigen die gute Über-

ainstimmung der nach Gl. (5)

sermittelten theoretischen Kur-

ven mit den experimentellen

. Sn Daten.
—7% Abb.1 zeigt uns das Verhalten

01 02 der Uberfiihrungszahlen, bei

denen der §,. -Parameter aus

der Bestimmung der osmotischen

. Koeffizienten verwendet wurde,

Fir KI ist gIEHL gie“ x für LiC1l gilt dagegen ee ye{ttm

Wie der Abb.1 zu entnehmen ist, werden die experimentellen

Ergebnisse auch hier zufriedenstellend wiedergegeben.

0475

05

0475

Abb.3 Kationeniiberfiihrungs-
zahlen fiir KCl, KI,
KBr

Um die Grenzleitféhigkeiten der Ionen genau zu bestimmen, ge-

nügt es, die Überführungszahlen für ein Ion exakt zu ermitteln,

Die übrigen lassen sich dann tabellarisch berechnen!2:57

Abb.4 zeigt uns eine solche Anpassung für NaCl bei 7=25°¢C bis

zu einer Konzentration von 0.05 mol/l. Fir den §,. -Parameter

ergab sich dabei §,.=-2.10638 und fiir £5=0.39636.

Mit der Gleichung fiir die individuelle Leitfähigkeit
i . t 4

pelle Bs) sit) o (Be BST) HST
As n- 5TE gt zZ rd, get

und der Bestimmung von Av und Ae nach

As= the (8)
ließen sich die Anion- und Kationleitfähigkeit in Abb.5 be-

rechnen.

ra



NaCl T=25°C

exp.

Jwerte} heor

040+
!

Anpassung S40 mol/L

€,.* “2.10638

 = 0.3763

"ALLE

La c
02 mmol/l

Abb,4 Darstellung der Kationerpüb--*ührungszahl.

NaCl T=25°C

035

13 of
A

nomad

100-

A

A.

50
Ar

0.05 01 in Sr
Abb,5 Ileitfdhigkeiten fiir NaCl
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In Tabelle 1 sind schließlich die Grenzleitfähigkeiten der

Ionen der Alkalihalogenide aufgeführt.

Tabelle 1

Grenzleitfihigkeiten der Ionen der Alkeli halogenide

T = 25°C

Ion /-o

Na

38.723
50.183

K 73.503

Rb 77.193

77.012ng

Ion

55.637

cl 76.427

Br 78.147

1 76.957
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W. Ebeling

Theory of Ion Pairing for Gurney~Friedman Models of

Electrolytes.

Abstract.

Assuming the existence of a theory of the thermodynamic func

tions and of the conductance in a binary approximation the

extension of the theory to associating electrolytes 1s given.

1. Introduction.

The statistical theory of electrolytes usually starts from the

theory of nonassociating electrolytes.Inearlierwork we have

studied already the question how the theory of nonassociated

slectrolytes may be extended to associating electrolytes’ 192s3/

The main idea of this work has been the idea of consistency

between a physical formulation and the chemical picture in

terms of a mass action law, It is the aim of this paper to

give a generalization of the method developed earliex/11293/

to higher concentration, For simplicity we shall restrict us

to a binary symmetrical electrolyte with the anion number

density nn, and the cation number density h_ where

Vl =n — N

(1.1)

due to electroneutrality.

2. The Definition of Ion Pairs and the Mass Action Law.

As well known’ 1/ there is no unique prescription for the

definition of an ion pair. In the following we shall follow

a generalized Bjerrim-convention, An ion pair 1s considered

as bound if the pair energy satisfies the condition

Wy, (rv) &lt; = kT (2.1)



Such a oonfiguration is relative stable with respect to the

thermal agitation. Note that the definition (2.1) applies to

any short range potential and reduces in the case of a primi-

tive model to the original Bjerrum convention

2 2 )TR. &lt; r&lt;qa= (7% 2D kT (2.2)

R,. = contact distance of the ion pair.

The mass action law will be written as

n = n¥s (WP KT") (2.3)
or

ff“ = effective mass action constant

n* - density of free anions or free cations respectively.

For the mass action constant we propose here two variants:

(1) Using the activity coefficient the MAC reads in the

common form

~ * 2

K(T nf) = KT) £} (2.4)

K(T) = ar Urn? exp[-(2)/KT|
where % and of are the two roots 0

W,_(q;) =~ kl

(2.5)

(2.6)

For the primitive model one finds

. . 2 2/ )
% = ®,. : 9, = (ze anh

(2) If the pair distribution function Fr (r) and the corrss-

ponding potential of mean force

BD, (r) =-kT tn +, (vr) (2.7)
are explicitely known we may define the binding region as

gr 1, Ta

(2.8)

1 96



where 9% and 9 are the roots of

od, (3.) = 2kT
(2.9)

Here the region of bound states is defined by the distances

where the first peak of the pair distribution function ex =

ceeds the value exp (2) = 7.389 .... The corresponding mass

action constant is defined by

KT nt) = 5 dr brrd (r: WT) (2.10)

3. Association Theory of the Pressure

Assume that in the frame work of the physical picture an

axpression for the pressure including the pair interactions

is available which reads

7 = TA

ln) = P(n)+SPln)= AnkT-2Akln Bln 3

where Bln) is the ideal pressure and B,(n) a kind of

second virial coefficient. In the framework of the chemical

picture we propose to replace eq.(3.1) by

Pn) = Pla) +3Ple*) = 2akT- ATSB 5,

An equivalent revoresentation is

Dn) = WTla-n*)+Ple*)

*
where the function "P(n ) 1s to be taken from eq.(3.1).

The underlying physical assumption leading to eqs.(3.2-3) is

that pair interactions act only between free ion which have the

density nt . The value of ww as function of rn and|is defi-

ned by the mass action law (2.3). Another possibility of split-

ting which could be of advantage is

‚27



Pn) = Pac (mn) + AP(n)
(3.4)

where Puc denotes the pressure of a hard core system and

the remainding part of the second virial coefficient. In the

chemical picture eq.(3.4) is to be replaced by

(3.5)
where again N” follows from the massaction law (2.3) but

using in eq.(2.4) activity coefficients without hard core con-

tribution,

Due to the result obtained by iteration of eq.(2.3)

Du) = Pn) + AP)

W* = 9 + On?)

(3.6)
the chemical representations (3.2) as well as (3.5) are auto-

matically consistent with eqs.(3.1) or (3.4) respectively.

4. Conductivity.

Assume that the specific conductivity of a binary symmetrical

plectrolyte is given by the following formula

lw) = 6.(n) + 360)
(4.1)

where dem) is the oc-*-1bution resulting from pair inter-

actions and

Zt Ze?
6.(m)= An ; A=(£LE 22

v8 $2 (4.2)

In a more explicite form given by Ebeling, Feistel and

Geisler we have e.g.

Se(n) = nA S an): nB[S Cu) + Sw) (8.3)

128



where

B. DKId
2479, (4.4)

/
The S~functions are defined elsewhere’ 44

For the chemical description we propose the formılase

6%) = 5 (vn) + 06(n*)
(4.5)

where nn follows by solution of the mass action law,

An equivalent form reads

En) = (n-wW)A + s(n")
(4.6)

The construction (4.5) or (4.6) reduces in the case of small

concentrations to the classical procedure for the derivation

of conductance formulae for associating electrolytes due to

Fuoss. The physical assumption underlying this construction

is that only the free ions may interact by the law correspon-

ding to the original Hamiltonian, The comstruction (4.5)

guarantees automatically the consistency with the physical

picture (4.1) up to higher orders inn due to the condition

(3.6).
In order to transform eq.(4.6) to a more practical form we

rewrite it for the molar conductance

Ne) = (1-o) Na+ ot (xc) (4.7)

shere (X is the degree of dissociation and Ae) is the molar

conductance in the physical picture. Another equivalent form

ig

Nee) = A+ ot (xc)
(4.8)

where dN) is the deviation from the limiting value in the

physical pioture which is defined by

{ pa



Ne) = A+ JAC)
(4.9)

5. Application to CuSO, - Solutions at 25 °C.

In order to give an example the method presented here has

been applied to Cuso, ~ solutions at 25 °C in the region

C&lt; 0.01 M, Following an earlier paper the interactions are

described by the following model

co if ore H2A°
Vr (vr) = J ,

++ 4e!/Dr if rz4.2A

(5.1)

W__(r) =

Y (vr) =

ne)

if
it

r&lt; 46A°

Uor&lt;UA
r&gt; 7UA°

5kT

be? Dv

oo - 30A°

4 -56KT if 308r&lt; 584°
~bepr if 58&lt;r

Following the conduotance theory without feedback effect as

developed in /6/ (LT-variant) it follows the lower curve in

Fig.1. The upper curve given in Fig.1 was calculated using

#q.(4.8) and the mass action law eq.(2.3) and (2.4). The mass

sotion constant was caloulated to be

Ry 2eDUT ° L 2

, Dkir
— rR,

9 U
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Comparision of the chemical desori tion using eq.
(4.8) and the mass action law 808. (2.32.4) with the
physical description after eq.(4.9) and following
Po with the experimental points for CuCO, at 25 °C.
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In the mol/l scale follows

KT) = 6.02310 K(T) = 154.48
(5.3)

Fig.1 shows that the chemical picture gives a rather good fit

of the experimental points up to 0,001 M.A more extended com-

parision of the theory with experimental data is referred to

a later paper.
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W, Ebeling, J. C. Justice

Frequency Dependent Conductance and Dielectric Permittivity

of Electrolytes.

Abstract.

Starting from the basic equations for the pair distribution

function in non-equilibrium, electrolytes in low-frequency

fields are investigated theorwvticelly. For explicite calcula-

tions of the pair distribution functions the strong coupling

approximations for distances smaller than the Bjerrum distance

is used, The influence of rotating ion pairs on the dielectrio

permittivity is discussed.

1. Introduction.

Complex permittivity measurements in a wide frequency range

(107 - 10"! Hz ) show the existence of ionic relaxation pro-

cesses. In the limit of very small concentrations the effects

due to the relaxation of the ion sphere have been explained

by the Debye~Falkenhagen theory’, An extension of this

theory to strong electrolytes at higher concentrations was
given by Kraeft 2/ for the so-called primitive model. The aim

of this paper is the study of the influence of ion pair for-

mation on the dielectric properties. Experimental work shows

that ion pair rotation yields really an observable contribu =

tion to the polarization but evidently there exist other

significant effects’ 314, In recent work Badiali et a1,/3+5/

have studied the relaxation effects in electrolytes by using

the technique of memory functions. In the present work a new

concept of the conductance theory of electrolytes is applied

to the problem of frequence dependence’®/

Let us assume an external electrical field with the time de=

pendence

‚3



E = E, exp (swt)

producing a total current

&gt; —&gt;

 HG

1= 1% 4 Hd)
L

(1.1)

(1.2)
 --

consisting by a first part 1° ane to the center of mass

motion of the solved ions and pA due to the dicplacement

of internal charges in the solvent molecules and even-

tually also in the ions, Further let us introduce a specific

conductivity G¥(w) and a dielectrio permittivity £¥w) vf!?7/

1° = 8%) E

Here

HE) 1 9 J * =

19 = L2P=2ew-1]E

 FF = 16) +22] e%w)-1] LE

c¥- sn ic" E*_ sie"

(1.3)

(1.4)

(1.5)

are oomplex functions. In the following we deal exclusively

with G*(w) . Note that in an earlier paper ystems of ons and

dipoles,both present in low concentration j,have been treated

neglecting ion pair ettects’7/, From the physical point of

view the conductance may be splitted into two parts SL and

Gg originating in free ion movement (long interionio distan-

ces) and bound ion pair movement ( short interionic distances)

E%(w) = 6,(w)+ 6c)
(1.6)

Ch



Evidently this splitting is not free of arbitrariness. Let us

quote here again the gomment made by Onsager 1968 in Montpel=-

lier: " The distinction between free ions and associate

pairs depends on an arbitrary convention, Bjerrum's choice

is good but we could vary it within reason.In a complete

theory this would not matter; what we remove from one page of

the ledger would be entered elsewhere with the same effeot ",

Following earlier papers let us introduce here a characteris—

tical distance R which is identical or near to the

Bjerrum distance (e3/2D,kT). We split the interionio dis

tance into two parts:

The short range part S corresponding to osr &lt;R

and the long range part |. corresponding to R&lt;r&lt; CO

Both parts will be treated with different approximation methods,

The contribution to the short range part Ss (w) corresponding

to ion pair rotation contributes mostly to the 1maginary part

of e™(w). It seems to make sense to interpret this contri-

bution as a dielectric contribution Ae corresponding to

5.(w) = ==Ae(w) + As(w)
(1.7)

Therefore we obtain finally

wl * _ E
7 = J 6) + Al) + [€ (w)+Ag(w) 1

(1.8)

It 1s the aim of this paper to present explicite expressions

for 6 (uw), GW), AG and Ae for symmetrical eleotro-

lytes e,=-¢, = &amp; using the so-called strong coupling appro-

ximation.

ı'%3



2. Basic Bquations for the Pair Distribution Function.

In the foregoing paper’ ®/ the following equation for the dimen-

sionless perturbation of the p.d.f. was derived

V- [9 (3)+ 2(NV(Z,,(F)-recon)

RVR)|+ vp (F) = 0 (2.1)

Vo= — = -

o kT Coop + wy)

where 921 is the equilibrium p.d.f.; Ze, the perturbation

of the potential and Or 02 the mobilities of the ions,

Following the method proposed earl1e/®/ we solve the equation

(2.1) for the region Rg Yr &lt; 00 by perturbation methods with

boundary conditions corresponding to the primitive model with

radius RR .

CO

(2.2)

In the simplest approximation the outside solution of eq.(2.1)

is given vy’ 1.2/

Y (7) = Scoa¥ a ee e
21 DAT)drlTv 1 vr {1+2R (2,3)

/:
 DB = elt ie] ? rh Taek) (2.4

A, = = FFRt]FRY57)

 14 DETR,ez Mit ®)]{[1e2ms 153RY (2.5)

yr of



The second approximation was also given by Kraett/1+2/, In

order to get the inside solution for the region Os r &lt;R

we shall use the strong coupling approximation which includes

the assumptions that

1) The perturbation of the potential may be neglected: Zu=0

2)- The radial flow may be negleoted:

? ° Yo?

Sa“ qa (re?) Veron £19,,= 0 (2.6)
2)= 9and p=-Fng” ’

Introducing MOLANC Tiree and op bag, we get

Vir = €Fa Ye) pln) = 0

Differentiation of eq.(2.7) yields

i - {

Ye ole TaYo+Yo! = O

2.7)

(2.8)

on the other hand we find from eq.(2.1)

v
2.0 2 [BN #2 rl - \

RL YayoYo's2yoiiefrivy=0,
By subtraction of eq.(2.8) from 0q.(2.9) we find

yy! ivy + Yo's LirvY = 0
(2.10)

The exact solution of this equation reads

4 2
V(r) = rexpl-¢- TUT 1

and therefore the p.d.f. is given by

© L 2

YaıC®) = rcosd Qt r)exp - tor |

(2.11)

(2.12)
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In the static case W=0 i.s. v= () follows the static strong

coupling solution given in’ 6/ %

J. The Frequency — dependent Conductance

As shown in earlier papers’ 6.8/ there are two different vari-

ants to express the conductance as a functional of the p.d.f.,

(a) The linear theory

* _ — rel el el
6%w) = 5, [1- TTT,

(3.4)

(b) The feedback theory (echo theory )

e
" 1-T°

6 () = 6, - o_o.

1+ Tre (4-T) - To (3.2)

Here the T- functions may be expressed by the p.d.£./%/, In

the oase of small correlations one may develope with respect

to the | - functions i.e. (3.2) coincides then with (3.1). As

shown earlier/®18/ in principle eq.(3.1) as well as (3.2) are

sxact, but strictly speaking, we have to use in each case an-

other solution for Yt and therefore another T = functions.

In some respect the linear theory is similar to the virial

formula for the pressure and the feedback theory (echo theory)

is the analogon of the compressibility equation” 6,8/ . There-

fore a comparision of both expressions may be used for a test

of the acouracy of the p.d.f, In the frame work of our simple

approximations for the p.d.f. Yat both variants are not con-

sistent except for the case of very low densities, Therefore

we shall prefer €q.(3.1) for applications to strong electro-

lytes, eq.(3.2) for applicatioms to weakly associating electro-

lytes and eq.(3.1) in combination with a mass action law for

applications to strongly associating electrolytes. As shown

XT



parlier/©18/, the feeback-or echo - method corresponds to

taking into account mass-action-effects in a first order,

Now we have to calculate the T- function, Using the formulae

given 1n/8/ and /8/ and the splitting in short-range and long-

range terms we get f~~ n symmetrical electrolyte with

* D=N,=14N

Tre
 re

HE

L

2) l )
; Tr + Tis * (3.3)

7 rel
) = ee er) + 1)6DKT(44+ [ter V2]R) 6 \DKTR 2

_ (21/3)R3 (3.1)

3 = (Srae?/D IT)" ’

_ -1

= Dal] (wr0,)]
(3.5)

—el &lt;_____.Te_0 86)
Li 31 Lop o,) (14% R) 2

rel

Tr.

—el

lag =

Kx .

bre (dr 9 (r)exp [- + ur? | (3.7)

1

¥ N (3.8)
dr (93% 9 = Gr 95)

nur,
i

—el bn fü © 1 2
= —_ dy ru Lt (39(2s 3a} Ya“) exp] I ] )

‚29



Caloulating the short-range parts we have neglected certain

contributions from the upper boundary Y =TR which seems to

be within the limits of the accuracy of the strong-coupling

approximation,

The combination of the feedback- (echo)~formulaeq.(3,2)

with the expressions (3.3) to (3.9) should describe the com-

plex conductivity of weakly associating electrolytes. By in-

speotion one sees that Tr, TH andEi are complex
functions which have to be calculated, The physical meaning

of these oontributions will be clearer in the chemical picture

given in the next section,

4. Chemical Description and Discussion

Led us start from eq.(3.1) and develope with respeot to the

ooncentration C=i. 103N~T . It follows

6 (w) = 6, 1 [octuyBA Jc?

+[2 E(2 + kr 3) + Ye + el) le
Ir yet

[1 et) Kyc UT Tf) 3ayp (ot,) fac

+ O(c? ) (4.1)

(0) = § 1+ [0rior)2 [RY = (EY/DHTR) (4.2)

T, (0) =

R , .

Sov Rexpl- Ys ) [ expl- For’ |

Ci) op 2er)

p=

4 7

(4.3)

Ad



T,(w) =

X

a Sr r exp (2 exp (- Lor”

(ie) Slrr2evp (~~) (4.4)

rh ( U (4.5)bir My farrienp(- 2)fa = 1000 3

f Un Uz

CRU, U,,) = AN “WT WT
Uy Uy) en rte LH)

(4.6)
Here OL is the contact distance and the coefficients x,[, E/
E, have the usual meaning’ 6/ .

Using eqs. (1.6 = 1.7) we get

_ (Ww)

Ag(ew) = br eh Jura) z(w)-gh)Kac _
Now the mass action law will be introducedby

(1-y) = yi (Kye)
(4.8)

¥ - degree of dissociation, {. mean activity coefficient,

The receipt for the transition to the chemical picture reads:

Replace everywhere a single C by ye and a factor Wc?

by (1-r)c . Then eq.(4.7) 1s transformed to

Ast)bretDEM ry TC)915 TE 000 (orate)- a
(4.9)

Furtheron eG.(4.1) is transformed to



- 112 { 1 1

GMX.) = y6.11- [ay pa; (pe) +J2€, Ca
E, 10 3/2
24 (CRU, U | c)+ —Aglw) + 0cAg C (tk 1 7) 1) (x ) Lr Ae ) ( )

For the physical interpretation of eq.(4.9) it is useful to

look at the asymptotic value of the relaxation functions

at large (e?¥/ D.kTa) which read

1.

 sa?
 or oa Tao 100ere

LATS [1 exp mas)

= An (FUT) +5 [cos(407)- 11

T. = a? [2kT(ura)]

(4.11)

(4.12)

(4. 13)

Now one can see that eq.(4.9) is quite similar to the result

of the simple Debye theory which yields for rotating dipoles

consisting of two charges (+e) and (-e) at the distance a

the dieleotric oontridution/?/

ST e‘tp (4.14)
Aelw) - 3 Ro(w+0,) A+i0Ty

,- number density of the dipoles, Evidently the first term

in eq.(4.8) may by interpreted as a Debye contribution of

rotating ion pairs with the number density (1-y)c £1000) . the

second contribution originates from hydrodynamic coupling

of the two charges in the rotating pair,

Finally we mention that the long-range contribution to eq.

(4.10) may be easily improved by taking into account the second

approximation of Kraeft's theory’ 1,2/ .Furtheron we have to

mention that the upper frequenoy limit for the validity of the

strong coupling approximation is not yet known.
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and J.C, Lestrade for helpful discussions.
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oeffizient für Mischungen von wässrigen

ten mit einem zemeinsamen Ion,

infachen Elektrolyte stehen bei Raumtempera-

iotischen Koeffizienten Meßreihen über einen

‚ionsbereich zur Verfügung. Im Gegensatz dazu

ichte Elektrolyte nur eine geringe Zahl von

jerdem meist auf wenige Mischungsverhdltnisse

Daher sind jene theoretischen Formeln und

‚onderem Wert, die es erlauben, für eine große

ıngen in einem bestimmten Konzentrationsbe-

1aue Vorhersagen für die thermodynamischen

treffen, Im folgenden wird nach (1.1) der

izient in der DHX-Näherung für Mischungen von

mit einem gemeinsamen Ion für Konzentrationen

31/1 ( I ist die Tonenstirke.I=4 3c, Z7; Zi-
Wertigkeit) berechnet, ‘

ine Mischung aus einem Elektrolyten A und

mm B,Fiir die Potentiale der mittleren Krédfte

mn benutzen wir die in Tab.1 angegebenen

ırameter Bhi; für die einfachen Elektrolyte,
ı der Mischung auftretenden Stufenhöhen der

3 bzw, Kation A = Kation B Wechselwirkungen

ıls freie Parameter betrachtet, deren Wert

an experimentelle Meßdaten bestimmt wird, Vor

nüssen die experimentellen Daten ins MMM-Sys-

rerden, Dazu wurde eine vonKrienke/ 10/ ange-

autzt, In Fig.3 sind die Resultate der Anpas-

z3chungen von Alkalihalogeniden für I=0,5 mol/l

vom Ionenstärkebruch Ya des Elektrolyten B

aben, Sowohl für die NaCl-KCl Mischung als

r-KBr Mischung folgt aus der Anpassung Phyo

Natrium-Cégium Wechselwirkung folgt Shy.

Abbildung ist ersichtlich, daß die theoreti-

axperimentellen Daten gut beschreiben. Die
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