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Freface

In autumn 1986 a school on the theory of homogeneous nuclea-

tion and phase transitions was organized by the Department of

Physics of the Wilhelm Pieck University Rostock, German Demo-

cratic Republic. This school was devoted to the following

three topice in the field of phase transitions:

- thermodynamics of heterogeneous systems and problems of
surface tension

~ theory of the kinetics of first-order phase transitions,
deterministic and stochastic description and computer simu-
lations

- practicel experiences with known nucleation theories and
relatigns to experimental necessities.

We were very glad to welcome 25 participants who are inter-

ested in an intensive interchange of ideas. Thus a lot of

valuable suggestions could bé given and many remarkable re-

sults have been discussed,

Our thank goes to all who supported this school with sug-

gestions and collaboration in the organization.

This booklet contains a selection of papers presented at the

autumn school,

We thank R. Mshnke and A, Budde for their help in the pre-

paration of the manuscripts and last but not least, we thank

Mrs, Hiltrud Bahlo, who typed the whole manuscript, and Mrs.

Renate Nareyka for preparing the figures.

H. Ulbricht F. Schweitzer
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Program of the Autumn School

Thuesday, 14, 10, 1086
H, Ulbricht (Rostock): Opening

P, Brauer, M. Heuchel (Leipzig):

Thermodynamics of sorption processes on the basic of excess
values

1. Basic equations, gas adsorption on solids

2, Adsorption of binary liquids on solids

W. Vogelsberger (Jena):
Considerations on the correct interpretation of the deriva-
tive [2g/dr] in the theory of interface of liquids

Wednesday, 15, 10. 1986

F. Schweitzer, J. Schmelzer (Rostock):
Thermodynamic analysis of nucleation processes for different
constraints

F. Siegmann, H. Ulbricht, F, Schweitzer (Rostock):
Thermodynamics of nucleation in binary mixtures

D. Stock, H, Geiler (Jena): ;
Deterministic description of laser-induced nucleation and
growth processes in silicon

U, Lembke (Rostock): ;

Experimental investigations of nucleation, growth processes
and Ostwald ripening of metal halogenide phases in photo-
chromic model glasses

H. Linck (Wolfen):
Precipitation of silverhalogenide for producing photographic
emulsions

H, Ulbricht (Rostock):
Nucleation in porous media

A, Hoell gRoatock):
On the influence of elastic strains on growth processes in
solids and on a solid surface



Thursday, 16. 10. 1986

A. Richter, W, Pompe (Dresden):
On the kinetics of nucleation for the precipitation of thin
layers by means of laser induced plasma

J. Barthels (Rostock), A. Richter (Dresden):
Kinetics of nucleation for isothermal processes

F. Schweitzer (Rostock):
Stochastic description of nucleation in finite systems: theory
and results of computer simulations

H, Tietze, F, Schweitzer (Rostock):
The nucleation barrier in finite systems: an investigation of
the thermodynamic potential

R, Mahnke (Rostock):
On the kinetics of Ostwald ripening in finite systems

A, Budde (Rostock):
On the kinetics of nucleation in finite and isolated systems

N. F. Patsegon (Kharkov, USSR):
The strong discontinuities in the steady flows of partially
dissipative micropolar ferrofluids

Fridesy, 17. 10. 1986

G. Répke (Rostock):

Quantum statistical approach to cluster formation and phase
transition in dense systems

B, Lorenz (Potsdam): 3

Theory of grain size distribution in nuclestion and growth
processes

T. Boseniuk, R, Feistel (Berlin):
Nucleation in bistable reaction-diffusion systems

L. Schimansky-Geier (Berlin):
Nucleation and activation

H. Ulbricht (Rostock): Conclusions
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pPeter Brauer; Matthias Heuchel

Thermodynamice of Sorption Processes on the Basic of Excess
Values

1., Introduction

In our lectures we try to develop an uniform thermodynamic
description of wvarious problems concerning systems with inter-
faces /1/. We want to start always from the given experimental
situation, This will be shown mostly by means of problems of
adsorption.

At least two homogeneous parts of a heterogeneous system are
necessary for an interface., That is the resson why interfaces
are not independent objects. A usual thermodynamic description
can not give exact results for this isolated unstable region.
The correct approach is to treat the interface on the basis of
excess values, An excese means an accumulation or a diminution
of any componant of the system in the interfacial region with
respect to the homogeneous parts of the system. From this point
of view the thermodynamic formalism is treatable in an uniform
way. It must specialized for all physically different inter-
facial systems (i.e. liquid-liquid, liquid-gas, solid-gas,
solid-licuid) and also for the different experimental situa-
tions (e.g. either volumetric or gravimetric method in gas ad-
sorption). The thermodynamic description of interfaces has a
long history. It has started with the famous pioneer work of
Gibbs /2/. The following derivation given here bases on the ge-
neralized results of Lopatkin and Vernov /3,4/. For our own
contributions to the following representation the reader is re-
fered to page 1 in our detailed paper /1/. In case of gas ad-
sorption we refer also to /1/. ]



2. Basic Equations

For simplicity we consider a heterogeneous system consisting
only of two homogeneous parts % and A and one interface (for
detail see /1/). Usual thermodynamics of heterogenegus systems
neglects the influence of interfaces and treats every extensi-
ve quantity of a heterogeneous system yhet and the related to-
tal differential dyhet as a sum of the corresponding values in
the two homogeneous phases:

het het
y'ot = y%e yo °F s dy ™+ dyB. (1)

This assumption of simple additivity neglects the contribution
of the interface and causes an error y°. called excess, which
is a measure for the influence of interfacial processes, It

g by

can be shown, that in experiments only excess values are re-
sulting quantities /1/. That's why a correct description of the
homogensous system paying attention to the interface is given

by
het = A

y - y%s yP, yo; dyhat

= dy %+ dy Py dy® . (2)

Contrary eq. (1) could be considered as a reference system of
just hypothetical nature. Eq. (2) is the definition of the ex-
cess quantities.

There exists a fundamental equation contsining the informa-
tion of the first and second law of thermodynamics for any of
the extensive quantities in eq. (2). We find in casse of inter=-
nal energy y=u for t components in the system and k generali-
zed thermodynamic forces

quhet _ phet, h Z: xhet g het 2: f&etdn (3)
= & ind
I" {r
L
du” = TMds" +Jz.’xdx1fz’,u.idni,r-°h/3 (4)

Because of the validity of Euler's theorem for the homogeneous
phases o and /2 the extensive quantities y* and y'e‘can expres-
sed by partisl molar qusntities



ér
r 1
Y= i e SRR (5)
t%and t® are the corresponding numbers of components in phases
® and A respectively. It is not necessary that t¥ = t2 | with
(5) we get from (2) the equation

4% 8
e het z: Ry, A 8.8
yrraty TRE 1 nE 4 ¥y s (61
= 1=

In this representation of excess quantities yB the amounts of
substances nf and nj’_q' in both phases « and /2 of the reference
system are undetermined coefficients of a linear combination.
They must be determined in dependence on the actual interfacial
problem and on the appropriate experimental method. Finally we
get Gibbs-Duhem squations for the homogeneous phases and /2

i

-vidp" ¢ 2 aldul =0 r=o,p . (7)
T

s"dT

-
Every homogensous part is fixed by t"+1 intensive variables.
The corresponding variables in the phases « and /3 respectively
must not be egual in any case, because these phases could be
considered as independent ones. This is in contrast to Gibbs,
who formulated equilibrium conditions. Fixing intensive para-
meters in eq. (6) determines the partial molar quantities but
not the coefficients of this linear combination. For it two
extensive parameters are necessary (e.g. the volumes of both
phases o and A ). In general it cen be done by specifying
either one parameter for every homogeneous phase or one for
the whole heterogeneous system and the other for one of the
phases o and /2 respectively. If the unknown coefficients in
eq. (6) are determined, than the reference system and the ex-
cess quantities are simultaneously completely fixed.




3. Rules for Uetermination the Reference System and the
Excess Quantities /3,4/

Comprimising the results of our paper /i/ we give four rules
for determination of the reference system. The actual choose
of the quantities depends on the real experimental situation.
The following gquantities must be fixed:

i) the components in both phases of the reference system (num-
bers t “and t 4 )

ii) the force acting on the systom (numbers k* , k/ ). Usually
it 16 k%= k®= 1 and X" = -pr; x" = viir =c, /3

1ii) the intensive parameters, their equality or nonequality
in the phases o , 2 and in the real heterogeneous systenm

iv) two extensive parameters; either one for every phase « ,/3
or one for the whole system and one for one of the phases o or
/A .

With these rules it is possible to calculate in an uniform way
the thermodynamic functions of any surface system which has
been investigated before by any experimentel method of adsorp-
tion.

4, Peculiarities of Adsorption on Solids /3,4/

In this section we want to give a short list of problems con-
cerning adsorption on solids. This should be kept in mind for
the next sections, where we will give two examples for the
application of the general excess formalism.

The properties of a solid and hence of its surface depend
on the previous treatment, A reproducible preparation is very
difficult, The phase boundary of highly dispersed powders is
not observable and for adsorbents with narrow pores without
sense.

The surface tension for powders is not measurable. The pri-
mary experimental quantity is the adsorption amount,

The specific surface 0ap can be determined only inaccurate-
ly and becomes senseless in micropores. Therefore it is better
to choose the mass of adsorbent ;A es independent variable
characterizing the solid adsorbent.

A lot of information concerning adsorbents (e.g. structure

10



and chemical properties of the surface region, character of
porosity, extent of heterogeneity etc.), which should be known
before establishing a theory, results only from adscrption in-
vestigations. :

5, Reference System and Excess Values for Gas Adsorption of
One Component on a Solid Surface

This is a first example for application the rules given in sec-
tion 3. The procedure is shown in Fig., 1. Phase /2 is a solid,
which is considered as one component. We use index A to charac-
terize the solid adsorbent, Fhase o is a pure gas (adsarptiv),
which is characterized by index g.

Rule i:

It is easy to see, that t®= 1 and t%= 1, Hence the whole system
consists of two components. We exclude absorption from consi-
deration, i.e. nfzrﬁko. Further we postulate that the vapoun
pressure of the adsorbent is negligible, i.e. “g*‘”a‘o- Then
eq. (6) gives

e _ het Ol Ot o o

Yy ¥y - ng =My YA.Bp . (8)
Y:;sp is a specific quantity related to the adsorbent mass m,.
Rule 1i:
Only mechanical work must be considered, i.e.

B P i X aap® x om0 Xaag® e B, (9)
Rule idi:

The temperatures in the reference and in the heterogeneous sy-
stem are equal, i.e.

A gl ik (10)
and the pressures are equal on a plane surfaces, i.e.
p% = pB= pMeta p | (11)

For curved surfaces it is generally p*«+p#? .
The chemical potential of the gas has the same value in the
referance system and in the heterogensous system, i.e,

Mg ‘/“2”‘/‘ . _ (12)



In comparison the chemical potential of the adsorbent in the
het
heterogeneous system u , sp‘/"&.spois different from that of

the reference ay“"/ﬂ:,sp'ﬂ“h.sp' It is

o TR s (13)

because the solid is disturbed in the heterogeneous system by
adsorbate. We introduce the difference of both potentisls as a
new quantity &

= '(/“A, sp'/u:.sp} 3 (14)
P is a measure of the disturbance of the adsorbent. For the
so called "inert adsorption” it is P =0,
Rule div:
The choose of the extensive parameters for the reference system
depends on the kind of adsorption and on the used experimental
method. We consider here the volumetric method as an example,

Before the direct meassurement can be started the volume of the
et aust be known. Then the free volume Vye for
the gas is determined with a He-expansion method using the
assumption that He is not adsorbed. The adsorbent volume is
found by v: = vh“ het

whole system v

“Vie* The volumes v + Ve 8nd v: are consi=-
dered as fixed during the experiment, Wwith v = Vie' vAa v:
it follows from eq. (3) (y=v):

e het i
v = v -VHB-VR-O. (15)

The first coefficient of the linear combination (8) is fixed by
Ruvel, Lie, n: = "Ha/v;( . V® is the molar volume of the gas
under the present conditions of the adsorption experiment.

v

Now we consider the balance of the adsorbent mass in the sy-
stem. The adsorbent mass m, has to be known. Because of m% =0
it is in (2)

het
AR R S e (16)

For physical adsorption, where we exclude any formation of che-
mical species between gas and surface atoms and therefore any
possible appearance of adsorbent in the gas phase, it is

mﬂatnnf- m, n:-O. . (17)

12



The reamining second coefficient of eq. (B) mf =m, is fixed
and all excess quantities are determined in an uniform way.
Nith the expressions (15) and (17) the phase boundary is fixed
on the adsorbent surface. For the adsorption excess it follows
with nf - ﬂg’g = 0 and y=n froa (2)

(-] het o nhet il VHefvg \ (18)

n =n -ﬂgl
In case of isothermic conditions nhBt has to be determined for
any equilibrium pressure. vHe/V; is under this condition e
constant guantity provided that the pressure dependence of the
molar volume is negligible.

In case of adsorption gravimetry the coefficients of the 1i-
near combination (6) are determined in a similar way /1/.

6. The Derivation of Thermodynamic Formalism in Case of Gas
Adsorption on Solid Surfaces

with the rules in section 5 we get from eq. (2)-(4) in case of
a plane surface the equations

du® = duP®t - dug - duf (19)
du"®t = TasM®t - pav"®t & wdn™t 4 p, op %A (20)
= F - 2
dug ; dsg pdvg + ;Jdng (21)
4] ] (=] 0
du, = Tds, - pdv, + f‘A,apdmA (22)

and consequently
du? = Tril;e - “udne - ?dmA; ue = Tor ¢ /une - ‘PnA (23)

with P from eq. (14). If the adsorbent surface is a measurable
quantity and the linear expression

o=0 (24)

sp"A
is valid, where o is the absolute surface area and Os the spe-
cific surface, it is possible to eliminate the mass in eq. (23).
Simultaneously the surface pressure T can be introduced in-

stead of ¥ ., It exists the relation
-Pdn, = - (?/Ospjdo = =Tdo; = -(ng/do}T'ne «  (25)

By Legendre transformations we get the other thermodynamic po-
tentials, i.e,

13



dg® = -8%dT + udn® - Pdn, ; g% =un® - P, (26)
and finally the Gibbs-Duhem equation
-s%dT - n®du + @, dP =0, (27)

From egs.(26) and (27) it can be seen, that there exists the
following two representations of the chemical potential:

HPUTin mp) m (T, 7 )5 o= a®/mps =i (T, 8) o (28)

In particular it is
.e e

dpe= =53, ¢cdT » (a/A/ar')Tdr; dp= =S; dTe(1/")dP (29)
with the integral and differential molar excess entropies

e e, e e e e

Sint= 8 /n i Sgu¢5 = (P8 /2n JT.mA - (30)
For the chemical potential of the gas phase the following equa-
tion can be written

= =« 5 _dT v
d/ug g + gdp 5 (31)

where Vg and S_ are molar quantities, From the equilibrium con-
dition du= qf‘g and from eqs. (29) and (31) result three equa-
tions:

.(s':nt - §g)dT = Vodp « (1/r)dP= o0 (32a)
-(sgi” - $g)dT - Vodp - (O /Or);dr= o (32b)
~(S3ne = S3yse)dT - (Bp /3T )7dlM = (1/1)d®=0 . (32¢)

By fixing one variable it is possible to derive partial diffe-
rential coefficients from eq. (32), which could be instruc=-
tions for experimental measurements in order to determine ther-
modynamic adsorption quantities, We illustrate this with three
examples. From eq. (32a) we get a relation allowing to calcula-
te under isothermic conditions ? or 7U from adsorption iso-
therms:

' P o
® = RT 5 Pz dinp ; X= RT S %T z dlnp; T=const., (33)
0 0
whare
zZ=p Vg/RT =1+ (D 1nf/B1lnp); (34)

is a correction term for the resl gas, which could be measured

14



by the pressure dependence of the fugacity coefficient. Usually
it is z=1, which means that.a perfect state for nonadsorbed

gas is supposed. For " -const. in eq. (32b) & relation for cal-
culating the isosteric heat of adsorption Q . from adsorption
isosteres lnp=f(1/T), follows. It is

Q. = - (W3 ¢¢ - Hg) = R z[@ 1p/a(2/mM)], - (35)

Eq. (32c) yields finally a connection between differential and
integral quantities of adsorption, e.g.

Hine = Mg = Maugs = Hg = [B(EMI/200/M] /T« (38)

7. Reference System and Excess Quantities for Adsorption of
Binary Liquid Mixtures of Nonelectrolytes on Solids

Fig, 2 shows a principal diagram for the real adsorption system

and the reference system in the case of adsorption from binary

liquid mixtures on solids. We apply again the rules of section

3 to fix excess quantities corresponding to the special adsorp-

tion system and to the special experimental method of measure-

ment .

Rule i: We have a two-component liquid mixture (t® =t=2) in the

o -phase and exclude by mzao any dissolution of the solid in

the liquid phase. The solid is considered as one component

{tﬂ =1). As in cese of gas adsorption we exclude again any ab-
‘.sorptian of the liquid component into the solid, i.e. nf =0

and nf= 0.

Rule ii: The same assumptions are valid as for gas adsorption.

Rule iii: We take over the assumptions of section 5 with one

exception. Because of two ligquid components it is now

"“2“ -,u"is/ui; 1=1,2 . (37)

Instead of eq. (6) it is now

e het of ol oy el BB
Yoyt wiRgiteositiy Yo = M Ve o ¢ (38)

Rule iv: We have to determine the unknown coefficients n? =
ng‘ and mgﬁ in the linear combination (38) by fixing two ex-
tensive parameters for both phases of the reference system. We
start with tne mass balance. The mass of adsorbent m, is equal

15



in the adsorption system and in the reference system and eq.
(17) is valid. In order to fix the second extensive parameter
we need information about the special extension of the adsorp-
tion experiment, Here we discuss the following possibility:

In the initial aolution with total number of moles n°-n2+ng
and molar fraction x ’“2/" (T.p=const) the solid adsorbent

is diped in. Due to different interactions of both components
with the surface of the solid a new molar fraction x, in bulk
phase is adjusted, which is usually different from X5. We ob-
tain the excess adsorption f‘z. i.e. the excess amount of com-

ponent 2 per mass of adsorbent, It is

r‘; = ng/nA = no(xg - X3 )/my, (39)
where on the r.h.s. only measurable quantities appear. The
function l";=f(x2}T is called excess adsorption isotherm. If
this is messured for different temperatures, a calculation of
the. thernodynamic quantities from the obtained set of isotherms
is possible. A second approach to thermodynamic quantities uses
the measurement of heat effects during wetting or changes of
adsorption in a calorimeter /1/. At present we can return to
eq. (38). with n:et ni and the fact, that the molar fraction
of the bulk phase of the real adsorption system should be equal
to the same of the o -phase (xiﬁxg). it follows

nr = n° x; i is1,2 , (40)

For the excess amount we get asgain the result of eq. (39). It
is easy to see, that

ng +ng'= 0. ; 34 P2 =0, (41)
With eq. (40) all remaining coefficients d? and n; of the li-
near combination (38) are fixed experimentally and the excess

quantities are definitely adjusted to the experiment.

8, The Derivation of Thermodynamic Formalism in Case of
Adsorption of Binary Liquid Mixtures of Nonelectrolytes on
Solids

The thermodynamic formalism is treated in the same way as in
case of gas adsorption, provided that the excess quantities

16



are fixed by equations (36), (17) and (18). The difference re-
lated to the existence of two components is removed formally
by dn; = - dng (eq. (41)) and hence one quantity can be elimi-
nated, In this way we get instead of (26) and (27) the equa-
tions

dg® = -s%dT+v%dp+ ,uzldng— Pdn,; g°= ;len;-s"’ma (42)

e e e | B

s dT =v dp+n2d}121-mAd?’=O. Moy = po= Ay (43)
It can be ssen from these equations, that the following repre-

sentations of the difference of chemical potentisls ,, is
possible:

. (-] e
g™ Fog (Topangomy) = po0 (Tups M3)i Mpg=py (Tips P)o (44)
It is in particular f

il e e ¢
dpny = =SGipeadT + VageeadP ¢ (Bpipy/0 Mp)p 405 (452)
-8 8 a8
Aoy = =Sine2dT ¢ Vineodp + (1/ Fa)‘ﬁ’ (43b)

with F; = ng/m, and with the integral and differential molar
quantities

e e e e e e
Yint2= Y /Mg i Ygiee2 = (RY /3N3)1 o0, Gl

We can obtain & third equation for 6}421 from the properties
of the liquid mixture (o -phase of reference system) 71/

d/;zi = “521dT + V21dp + L21dx2 (47)
with the differences of partial molar quantities
Yo, = Y, =Y, ;s Y=S, V (48)
and
RT 1
gy > [Q' + (31nfy/Bx)r o] - (49)

f2 is the activity coefficient of component 2 in the mixture.
The equality of 1l.h.s. of (45a), (45b) and (47) leads in com-
parison to eq. (32) to three a little bit more complicated equa-
tions:

17



=Sint9T+Vin 9P+ (1/ M 3)d P =L, dx, = O (50a)
a a e e
~Sasff9T+Vas£eIP+(Opp, /A M)y od Mo=Lyydx, = 0 (50b)

‘{Sgnt'sgiff}‘”*(V:nt"’giff]dp‘“/r;}d‘P"{aﬂzi/ap;)r,pdr;’o

(50¢c)
a e a <
w: have used the abbreviations Yint- Yintz'Yzl and Ydiff
Ydiffz'Yzi' In analogy to gas edsorption we obtain from (50a)

with T,p=const, by integration the relation

A2

P (x,)- Py = RT |
L

re 1
-——3-1_x2 [g + (91nf2/3x2)1..p] dx, (51)

"P{xz}-‘?ﬁ can be calculated from an adsorption excess iso-
therm[ﬁg = f(x,)y, if the dependence on the activity coeffi-
cients f2 of pure mixture from molar fraction is known. If the
specific surface 0e is also known, than it is possible to in-
troduce by

K-TGu = -(P - 2,000,
the surface pressure U, P as well as T can be fixed only ex-
cept a constant, e.g. the surface tension of pure component 1
Ki*_. But Trl* could be calculated from gas adsorption (eq.

(33)), if the integration is extendend to the saturated vapour
pressure p,.. In analogy to (35)

p

(52)

2
a e RT 1
Hasts =Hasrra~Ma1™ 1o [“"‘xz +(2 1nf /2 "2JT,p]fa"2’aT)p, e
(53)

is an estimstion of the differential change of enthalpy from
excess adsorption isosteres xz=f(T] e if a change in molar
fraction from X5 to x2+dx2 occurs.

At least we want to point out without derivation, that bet-
ween ¥ - ?’1* calculated from an adsorption excess isotherm
(eq. (51)) end heats of wetting measured with & calorimeter the
following relation exists /1/:

(ayh= dyh, ) /my = = [B[(P- $,,0/7]/ 3(2/T) poxgem, (34)

18



where A h and A, h,, are enthalpies of wetting of the liquid
mixture and the pure liquid 1 respectively. These and other
equations sllow thermodynamic consistency tests between comple-
tely different thermic and calorimetric measurements.
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Considerations on the correct interpretation of the derivative
[@y/dr] in the theory of interface of liquids

The thermodynamic description of systems with two or more pha~
ses and interfaces needs a definition of the dividing surface
between the adjacent phases. The resson is that the trsnsition
zone has a finite thickness and the density varies contineous-
ly between the phases., We restrict our considerations on & sy~
stem containing two phases « and 3 and only one component-

The most important dividing surface in such system is the
equimolecular dividing surface. It is given by the relation

N=N*4+ NP (1)

This specisl position of the dividing surface is well defined
if the total number of molecules in the system N, the total vo-
lume V and the densities of the two phases are fixed. (N and
N7 are the numbers of the molecules in the two phases o and
A .) An other definition of a dividing surface is the surface
of tension originally introduced by Gibbs /1/. Kondo et al,
gave an interpretation of the surface of tension /2,3/ which
is erroneous.

To show this we first summarize the model of Kondo et al.
/3/. They consider a system at constant temperature T, compo-
sed of two phases o and /3 separated by a spherical interface
as shown in Fig. 1. The esystem consists of the part of the
cone between the two radii R® and R? where R™ < R%nd w 1is
the solid angle. The two phases are separated by the dividing
surface, r. The total volume V is now divided into two volumee
vV ¥and V~given by

v“-§wfr3- (R*)3] (2)
vha} o [(rR2) - 7] (3)
The area of the dividing surface A, is
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A=cr? (4)

The pressures p * and p” inside the two phases « and A are rela-
ted to the densities by the constitutional equations of state,

(5)

o N® ’

vﬂ

2k

V!
(For simplicity we used a linear dependency in both cases.)
The two constants K™ and k? are functions of temperature, The
work done by the system if the solid angle is increased from
Zzero to the value <« , keeping all other variables constant is
given by

o

i N

S?:-p"v“-pﬂvﬂ+y;\ (7}

It is equal to the grand potantial,gl . and y means the surface
tension. By use of egs. (2) to (4) and differentiation of eq.
(7) with respect to r kaapinggz , @ , p*and p8 constant Kondo
et al. /3/ obtain the following relation

yodr $L a3t : (8)
The derivative Jdy/dr in eq, (8) is ascribed by Kondo to a
-pure mathematicel displacement of the dividing surface "kee-
ping all the physical quantities inside the system and the ex-
ternal conditions unaltered". This interpretation is erronsous.
It is cenvenient to keep $2 constant during the derivation of
eq., (7) beceuse the work should not be affected by an arbitra-
ry displacement of the dividing surface, Kondos derivation of
eq. (7), however, contains the change of the volumes V * and

V@ during the displacement of the dividing surface. If the vo=-
lumes V *and V”are altered then the pressures p™ and pA can
only be kept constant by an additional change of & physical
Quantity in the system. From eqs. (5) and (6) we see that this
additional change can be a change of the number of molecules.
Thus the derivative Oy /dr is not as stated by Kondo et al.
/2,3/ the change of the surface tension by an arbitrary pure
mathematical displecement of the dividing surface “keeping all
the physical quantities inside the system and the external
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conditions unaltered®, It rather gives the change in surface
tension by the displacement when e.g. the number of particles
of the system is changed in such & manner that its pressure is
kept constant., A pure mathematical displacement of the dividing
surface must keep the volumes V™ and vA constant. From the ma=-
thematical point of view we have the following situation. In
the system considered we are concerned with the quantities: T,
V, VX, vA, p%, pA, N, N*, NA y , r, A, 0, R¥, R%and
@ . The following ones of these quantities are fixed to be
constant by definition: T, p*, ail e, RE, RA, % and N =
N, @8 well as the total volume of the system, V, for we have
V= V(w, R*, RP), The remaining veriables are: V™, V7, r,
A, N*, NPand y .

Among these seven variables we have seven relations, eqs.
(1) to (7). These seven equations are independent on each other
since the functional determinant |D| is not zero,

« A A
IDI-QrzAu_[ﬁ_L]*Q. (9)
vava [ y=  yA

Therafore all the seven variables ars determined by these squa-
tions. The equations (1) to (6) define the equimolecular divi-
ding surface (indicated by the index e) since Ny moleculss in
the system considered can only form one determined amount of
phase = , N:‘ , with pressure p® . The radius of this equimole-
cular dividing surface is r = ra and the corresponding surface
tension y = y . is given by eq. (7). Eq. (8) introduces a new
quantity Oy /Qr . Combination of eq. (8) with egs. (1) to
(7) gives the value of Jy /3r at the equimolecular dividing
surface,

Thus all the gquantities V%= v¥ 6 vA= Vf s rEr,, A=A,
N* = NS, N2 = Nf, Y = Yo 2nd dy/or = [ayfarje are
fixed by the egs. (1) to (8). There is not possibility to
change one of them arbitrarily.

The surface of tension is defined by the condition /3/

9y/Br =o0. (10)
Introducing this definition into eq. (B) gives
Y=%r (*-p2). (11)
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Now we would have eight independent relations among seven va-
riables, Of course such situation is mathematically impossible.
This clearly shows that if eq. (11) is applied to the defini-
tion of a special position of the dividing surface the validity
of one of the seven other relations, egs. (1) to (7) can no
longer be maintained, or one of the quantities fixed by defi-
nition must become variable. In principle it is possible teo
drop the constancy of each of the quantities, T, N, p=, p#,
& and V., In view of the aim of the model of Kondo et al, 73/
we discuss a change in the total number of molecules in the
system, N, and its physical consequences. Introducing the ex-
cess amount of moleculss, Ns. by the definition /3/

N°=N+NS=N“+N‘G+N8 (12)

and combining the two forms of eq. (7) for the equimolecular
dividing surface and for an arbitrary dividing surface we ob-
tain

A

L Ae pﬂ_ pﬁ NS I
Y -YegSe gt 2 (13)
-NT 2 FJT

eq. (13) shows that the change of the surface tension accompa-
nying the arbitrary displacement of the dividing surface in
the model of Kondo et al. /3/ is composed of two parts. One
part, the first term of the right-hand side of eq. (13),re-
presents the change of the surface tension if it is referred
to an arbitrary dividing surface A and not to the equimolecu-
lar dividing surface (pure mathematical displacement). The se-
cond part, second term on the right-hand side of eq. (13), re-
presents the change of the number of molecules in the system
accompanying the arbitrary displacement of the dividing sur-
face necessary to guarantee the constancy of the pressures p®
and p? ,

Use of egs. (1) - (4) gives eq. (7) in the form

% = 3[R - (RH%2]- For®(p*-p2) +wry (14)
As we have already shown a change of r in eq.(14) is only pos-

sible if the number of molecules is changed in the system.
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Since the other quantities are fixed by definition the change
of r causes a change of & (r, ¥= constant) or a change of y
(r.ﬂ = constant) or a simultsneous change of both thess quan-
tities, 8 and ¥ « Derivation of eq. (14) results in

49 = [2w y r ~wrP(p-pf) ] + wridy (15)
The two conditions
d? =0 and dy =0 (16)

lead to eq. (11). This equation, eq. (11), is therefore valid
if one of the gquantities R and y is e constant and the other
has an extremum or if both of them have an extremum, The ma-
thematical analysis shows the extremum of % (r, y = constant)
to be & maximum and that of y (r,% = constant) to be & mini-
mum., This situation is illustrated in Fig. 2. As we can see
the line E, M connectes all the maxima of §2 determined by eq.
(11). Furthermore eq. (11) selects all those functions y
(r, R = constant) having their minimum also at line E, M.~
Setting the first term of eq. (14) equal to zero and w=
47x , i.e. the investigation of one droplet, yields the follo-
wing expression for the extrema of the grend potentisl, @

9’-% YA (17)

This is the work to form a critical nucleus in classical nuclea-
 tion theory.

The model of Kondo et al, /3/ therefore considers the ef-
fect of changing the number of molecules in the system on sur=-
face tension. It shows that critical clusters have minimal
surface tension.
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Jarn Schmelzer

Curvature Dependence of Surface Tension of Drops and Bubbles
in Multicomponent Systems

1, Introduction -

Equations, describing the curvature dependence of surface ten-
sion were proposed by different authors (see, e.g. /1-9/) for
one-component systems mainly. Since the investigation of nuoc-
leation in multicomponent systems is a field of active current
ressarch a formula describing the effect of the curvature on
the surface tension in multicomponent systems is believed to
be of interest.

For an exact calculation of this dependence the chemical
potential and the surface tension as functions of the composi-
tion and pressure have to be known. Since such & complete
knowledge is, in general, not available an epproximstive equa-
tion is derived here, which is of a relatively general nature
and allows in addition to take into account specific proper-
ties of the system of interest.

2. General Thermodynamic Relations

The general thermodynamic relations the derivation is based on
are the Gibbs adsorption equation (1)

4 =_£1 r;d d-)u't'a !To' ni'a/A (1)
the Gibbs~Duhem equations (2)
k k
dpy= i;f Sia d/-“;.,L © dp,= g{ s d/"ip (2)

and the necessary conditions for a thermodynamic equilibrium
(3)
Mig =Mia =M Pu =Py =26/ Ry 3
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Nyo 18 the superticial mole number of the different components
(L£=1,2,5es:k), ¢ is the molar dsnsity,}x the chemical potential,
p the pressure, A the surface area of the cluster (drop or
bubble), R, its radius (both taken with respect to Gibbs' sur-
face of tension). The subscript « specifies the thermodynamic
parameters of the cluster, B2 the parameters of the medium sur-
rounding the cluster,

3. Approximations and Results

If we consider first the case of formation of drops we obtain
from the general relations (1) - (3) eq. (4):

k
- : 26 (4)
g; {g“‘ ?”‘} ‘t“w - ‘i{'ﬁlj
Assuming the gas can be considered as & perfect one, the change
of the chemical potential of the different components is given

by

du, =RT dilIn 2 4 1y 5. ) prpimoL I (5)
! P iﬁ I
> Nia

p' being the value of the pressure of gas and liquid in stable
equilibrium at a planar interface,

If it is assumed further, that the composition of the gas
does not depend significantly on the size of the drop, eq. (5)
yields

RT
d/u;p T Edpﬂ (6)

and finally we get

ag .. - 2& 1 o 5 (7)
= =m——=_m_ __ AL =y !
i 14+ 26 (FE ) é%n :

‘_?jﬂ Z:(?h'*?m)

The general solution (8) of the differential equation (7) has
the same form as obtained earlier for the one-component case

/8.9/
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P R 1;&;
LR e rer 8
) PR exp{zaé SN dr { (8)
R, r

Again, eq. (8) can be solved only if the curvature dependence
of the generalized Tolman parameter 6 as a function of R, is
known, In a first approximation S = 5 - const., we get a
Tolman-like formula (9):

GLRS) e 6;8 (9)
1+ o
T

5
Moreover, the same proposala (10) and (11)

S (R = el v 0
Smo Q(T) *Rs (10)

R
8, (R) = Smaéﬂ (11)
Ry +a(T)

as for one-component systems can also be used to find other
classes of equations for the curvature dependence of surface
tension in multicomponent systems (see /8,9/).

The egs. (10) and (11) were proposed based on two arguments;
first, 6 has to become equal to the constant value 6no for
aufficicntly large clusters, and, second, as the result of in-
tegration physically reasonable (non-divergent) expressions
for 6 have to be obtained. In addition, specific properties
of the system of interest have to be reflected (here expressed
by the parameters a and b).

For a derivation of the equations for the curvature dapen-
dence of bubbles instead of eq. (4) we have to apply eq. (12);

Z{gu-gip Jdpy = d{%} v5e)

Since the subscript « specifies the gas phase, now, eq. (6)
can be used to replace d p, in eq. (12), which results in eq.
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(7)., egain. But note, that 6. for a given value of the sum
:Er-io has different signs in dependence, whether the forma=
tion of drops or bubbles, respectively, is considered.

If 6.0 is greater than zero eq. (10) is to be applied
which results for different values of the parameters in curves
for the curvature dependence of surface tension as presented
qualitatively in Fig. 1, Eq. (11) has to be used in the case

§ mo < O leading to a behaviour shown in Fig. 2,

4. Discussion

The final results of our analysis, in particular, eqgs, (7)

are based upon two approximations, the assumption of a perfect
gas law for the description of the gas (which is believed not
to be & serious limitation) and the assumption of a constant
molar fraction of both phases independent of the size of the
cluster, This second approximation will not lead to signifi-
cant deviations, if the surface tension does not depend strong-
ly on composition. It means, that the second term in eq., (13)

£
do - RTE L d{n B e}

has to be small compared with the firet. Whether this condition
is fulfilled, depends, of course, on the special system consi-
dered,
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Frank Schweitzer, Jirn Schmelzer

Thermodynamic Aspects of Nucleation in Finite Systems

This paper deals with a short summary of thermodynamic aspects
of the nucleation process in finite systems, For detsiled ex-
planations see the given references and literature therein.

1. Description of the two-phase systenm

The phase transition in & metastsble system, e.g, in a super-
saturated vapor, leads to a heterogeneous system (Fig. 1). The
new phase o consists of the spatially distributed nuclei, e.g.
the droplets, The phase 8 is given by the surrounding medium,
e.g. the vapor., The droplet is characterized by its particle
number N, and its volume V, « If we assume the droplet to be
spherical (V, — r, ) and incompressible (cy = Ny/Vy= const.),
only one variable is needed for the droplet description., The
droplet surface is approximsted by the Gibbsian surface of
tension /1/. A thermodynamic analysis shows that the surface
tension & depends on the curvature of the droplet /2,3/. A
general formulae for &6 (r) which includes well known formulaes
of 6 (r) by several suthors as special cases is given in /4,5/.

The phase /3 contains a vapor mixture, which is approximate-
ly described as an ideal gas with only free particles. From
an experimental point of view a carrier gas is used which is
not condenserable but able to change the special properties
of the liquid drop (e.g. the saturation pressure Pec: the sur=-
face tension 6 or the sticking coefficient X at the droplet
surface). ;

For a theoretical description in the given sense Pon s &
¢y are expressed by the parsmeters of the flat macroscopic li-
quid phase (droplet model),
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2. Thermodynamic constraints

The thermodynamic constraints, e.g. system volume V, overall
particle number N, temperature T, pressure p, are represented
by the supersaturation of the initisl vapor state. Considering
in the following an ideal one-component vapor, the initial su-
persaturation is given by:
L} Nk37___ P
T IR Poa (T}
Here we assume an initial state with N free particles. Further
in this paper only isothermal processes are supposed (T =

y, (NV.T) (1)

const, ). In general cooling rates change the supersaturation

rapidely. The classical nucleation theory has been worked out

for a constant pressure of the system, that means the actual

supersaturation is always equal to the ipitial supersaturation.
Instead of this in finite systems the constraints

N, V, T = const, (2)

are hold, Here the actual supersaturation y changes because the
number of free particles and thus the vapor pressure decreases
by the formation of droplets., Such depletion effects lead to

& new stable state of the droplets in finite systems /6,7/.

3. Thermodynamic potential

For the given thermodynamic constraints (2) the free energy is
the thermodynamic potential to describe the heterogeneous sy-
stem. It consists of three pagte, which represent the free
energy of the droplet phase (F,) respectively of the vapor
phase (Fg) and the surface energy [Fojz

Fhet =F, +F; =+ Fo (3)

The droplet phase is spatially distributed, that means

ANy R S
Vs 3 I L I N O ) (4)
(=1 (=1 g £=1
({1} i
where Vi ¢ NJ and d: are the volume, the particle number
and the surface ares of a given droplet (1).

Generally the potential difference aF = F .. - F  is
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discussed, where Fho- means the free energy of the initial ho-
mogeneous system: Fho. = = pV + uN with i being the chemical
potential. Considering the relations V = Vy, + V53 = const., N =
Ny, + Ny = const. we receive from thermodynamics /7/:

aF = (p-ps)V +Cua-pe) N

s
*’Z{('P POV & = g WY +€O“‘]
l=1 (5)
F is interpreted as the reversible work of formation of the
given droplet distribution. Egq. (5) can be calculated with the
assumptions for the phases o and /A given in section 1.

From a statistical point of view another form of the free
energy is obtained if we consider the droplets of different
sizes end free particles as an ideal gas mixture. Then the par-
tial pressure and the mixing entropy of the droplets give a
part to the free energy /8,15/.

4. Equilibrium conditions and stability

The equilibrium conditions are obtained from d AF = 0., A mini-
mum of A F corresponds to a stable state of the heterogeneous
system (coexistence of droplets and vespor), but & maximum or
an extremum of a saddle-point type is due to an instable equi-
librium state. General investigations on equilibrium and sta-
bility conditions for a k-component system under different
thermodynamic constraints are given in /7,9/. Here the dis-
cussion is hold for an one-component system with only one
droplet.

Because the droplet is described by two independent variab-
les, N, and V., , we have two equilibrium conditions:

ﬁ-;“u(Nuc-v«) -,‘—‘A(N,‘!»VAJ =0

fo= P (Noe, Vo) = s (Mg, Vs ) = € < 0
with Na = N - Ny and Vg = V = V, =
f1 and f, define implecitely two functions N (V ) and
5 (V ) /10/, which represents the oquilibriul conditions. A
scha-atically plot of them is shown in Fig. 2. The points of

(6)
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intersection of both functions give the equilibrium states of
the droplet with the equilibrium values N“a‘and Vaeq - One
can prove /10/ that for isothermal-isochoric conditions two
points of intersection exist (Fig. 2a), but for isothermal-
isobaric conditions only one point is found (Fig. 2b).
A stability analysis leads to the sufficient stability con-

dition /10/:

N BN

AV, 3 Ve (7)
In Fig. 2 it is to be seen that we have only one stable equi-
librium state obtained under isochoric conditions. The other
equilibrium state for lower values of N, and Vieq is an
instable one because of (7). It has a saddle-point type /7,9,
10/. If we use the approximation of an incompressible droplet
it can be characterized by the droplet radius r, only. The
free energy in this case is shown in Fig. 3. Now only one equi-
librium condition is heold similar to the known Kelvin equa-
tion /11/

(8)

g o (fe ) 20 1
P CakyT | ps Cakd

ps is the vapor pressure

B = Nﬁk&Ta (N‘quka-r
A

and the ratio p,/p. gives the actusl supersaturation instead
of the initial supersaturation (1). Eq. (8) has two solutions
/11/ (Fig. 4). The lower value of r, is the critical radius,
where the free energy (Fig. 3) has ite maximum, the greater
value of r, gives the radius of the stable droplet. Both so-
lutions are determined by the thermodynamic constraints. For
larger initial supersaturations the criticael radius becomes
smaller and the stable radius becomes larger /12/.

S. Finite size effects

The thermodynamic behaviour of the system is influenced by
the system size. Here we noteonly some aspects of this:
(1) The work of formation of equilibrium droplets is obtained
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from (5) and (6) as follows /7/:
Fq =3 60+ (p-pa) V+ (peg=pIN (9)

The first term on r.h.s. is denoted as Wsibbs' because Gibbs
has found W = é 80 as the work of formation of a critical
droplet in an infinite system, The. second term gives correc-
tions to the Gibbsian work, because the medium is changed in
the finite system when a droplet will be formed., This term,
denoted as sW(V), is always negative but only of second or=-
der in the density changes /7/. Both terms depend on the sy-
stem volume, but their behaviour is characteristically deter-
mined by the stability of the equilibrium state 7/

(i1) The equilibrium values Ncuq and V ., of the droplet
depend on the system size too. If we diminish the system vo-
lume (V =~V - aV) and the overall particle number (N =N = aN)
in such & way that the overall density c = N/V = (N~ AN)/

(V - aV) is constant then we find & change of Nueq 8nd Vyeq
which also depends on the stability /7/. E.g. for a stable
droplet Noeg 8nd Y, o0 decreases with a decreasing system
size, but for a critical droplet Vieq increases,

(i1i) In finite systems critical thermodynamic parameters
exist for the formation of a stable respectively an overcri-
tical droplet /12,13/. So we find a critical system volume Ve
or a critical particle number N. or a critical temperature Te
for the phase transition by nucleation. The critical parame-
ters can be discussed in terms of a.critical initial Supersa=
turation Yo /12/

M T

Yo has to reach at least to realize a certain probability to
find & thermodynamically stable droplet. In fact only for su-
persaturations larger than-yc a stable droplet is really exi-
sting in the system over a long time /14/.

6. Applications

The existence of critical parasmeters for a nucleation process
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should be of practical importance for phase transitions in
small systems. Moreover, a thermodynamic analysis allows to
predict the critical and stable droplet sizes and the hight
of the activation barrier what has to cross over when a phase
transition occurs /15/.

The thermodynamic results have been used to derive & growth
equation /16/

'%% = a2 i*ﬂmfa°¢ (11)
v, L N

which describes the deterministic growth or shrinkage of the

droplet size, 4P is the thermodynemic potential what consi-

ders the critical radius and the depletion of the medium when

the droplet grows.

The thermodynamic concept has been applied also to the for-
mation of bubbles in a metastable liquid /17/, further the
thermodynamics of nucleation under adiabatic constraints is
investigated recently /18/.
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Fig. 1: The finite heterogensous system for the condensation
process in a supersaturated vapor,
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N

Va

Fig. 2: Sketch of the functions N:J (V) and ij (V,) repre-
senting the equilibrium conditions (6). The points of inter-
sections give the equilibrium states tNdeq . vueq )

(a) N,V,T = const., (b) N,P,T = const. /10/
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r. - The initial supersaturation of plot (b) is larger than
this of plot (a). The dashed line gives the free energy for
the droplet formation in an infinite system.
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droplet is found only for initial supersaturations larger
than Yo (eq. (10) /12/).
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Nikolai F, Patsegon, Ivan Ye. Tarapov

Thermodynamic Description of Ferrofluids: Dissipated Mechanisms
in Micropolar Ferrohydrodynamics

1. Introduction

In the simplest mathematical models of ferrofluid as a media
with intrinsic moment of momentum /1/ asssigment of internal
energy of unite mass V is postulated depending on constituent
parameters: mass density @ .+ entropy of unite mass S , magnetic
field strength W, aagnetization'ﬁ and intrinsic moment of mo=-
mentum Kk - in the following form:

- 2
o B
V=V°{9.S.k.§-) * 8% (1)

The basic equations of continuum mechenics and electrodynamics
are completed by constitutive relations using equetion (1) and
nonequilibrium thermodynamic methods. Thus a differential equa-
tions of the relaxation type is obtained for M.

Such approach to getting equations of ferrohydrodynamics is
somewhat limited becasuse there are more basic differential
equations than equstions of variations in integral form. Hence,
in particular it follows that system of jump conditions on dis-
continuity surfaces in ferrohydrodynamics with internal rota-
tion appears to be not completed.

Besides, dissipated mechanisms playing significant role in
large gradients regions of constitutive parameters appear not
to be taking into account in the obtained equations.

2, The General System of Equations in Integral Form and Jump
Conditions

In quasistationary magnetic field the following laws of chan-
ging mass, momentum, moment of momentum and energy of closed
thermodynamic system "medium, electromagnetic field"™ hold /2/:



%?fpd'r. S -g?fpvidfszikﬂkdz (2.1)
i

Tff“‘ + SigiXyVi)9T = _f ;k“k"z*_/gijk 1PkeNsd <
¢>

E‘[P (Ve T]dr-.‘/

Here: T is an individual volume of medium, bounded by the sur=-
face 2 with normal N, V - velocity of the medium, {Eijki - an=-
tisymmetric unite tensor, p,, and Q. =~ components of stress
tensor and momentum stress tensor (tensor of intrinsic moment
of momentum diffusion) respectively, - energy flux density
vector, X - radius-vector of elementary volume dT in the refe-
rence frame.

Eqs. (2.1) should be completed by the equation of guasista-
tionary electrodynamics in integral form.

Besides mass, momentum, moment of momentum and energy there
is a volume magnetic momentum as an additive function of medium
volume /3/. As volume density of a magnetic momentum is magne-
tization " of medium, we postulate the equation of changing me-
dium individusl volume magnetic momentum in the following ba=-
lance equation form

.u...f L & / m N dZ +_[ r 7 (2.2)

where {'ik} - tensor of magnetization diffusion, ¥ - the volume
source of magnetization. The presence of the source in this
equation is due to the fact, that magnetization ﬁ'only descri-
bes the medium, which is a part of the closed system "medium,
electromagnetic field". The addend in the surface integral form
in eq. (2,2) represents changing individual volume magnetic mo-
mentum of the medium with time under the influence of the ad-
jacent volumes field of magnetization. Such interaction is of
magnetodipole nature; in the ferrofluid it is, in general, of
short distances action and is transfered through the surface,
as its potential with the distance d decreases as d'3 /3/ and
damps at the distances of the order of dispersed ferromagnetic
particles sizes (d ?-10-6 m). Its intensity can be described
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by vectors m_

face with normal ®. Then -'-n = ';k“k’ where i'k are the pairs on
the three perpendicular surfaces. For gyromagnetic media
(_pdi: = ;1-. « - gyromagnetic ratio) the eq. (2.2) must coincide
with the equation of changing of intrinsic moment of momentum
in the system (2.1), so that the codponento of tensors {_liks
and {Qik} will be proportional (®Q, = m, ) . Hence, tensor
{'ik} ie refered to as "tensor of magnetic momentum tensions"”.
In general, tensors of momentum and magnetic momentum tensions
are defined independently in ferrofluids,

From egs. (2.1), (2.2) and equations of electrodyneamice in
integral form the following conditions on the steady disconti-
nuity surfaces are obtained

<OVa? = 0 i LPuk= €ViVnd = Ry (2.3)

of generalized force pairs acting on unite sur-

.
(= €Vpky 2 = K= EijstR.; (Y, + 9Vn{V+ %—)) = - W

{B,?» = 0; <Er>' 4? Txm

{Mk = MVp? =B,y
Here: n, T - unite vectors of normal and tangent to disconti-
nuity surface, Vo= normal constituent of vector V r:}stive
discontinuity surface, [ - surfacadgurrant density, B =
Hedx M - magnetic induction; ﬁ. ﬁ;?n, W - the surface densi-
ties of external force, momentum of force, magnetic momentum
and energy respectively. (...»> denote the Junﬁ of quantity
contained in them on the discontinuity surface.

For tangential difcgptinuitian (vn = 0) in the absence of
surface phenomena (R, K,¥1, W all equal to zero) from egs.(2.3)
the continuity of tensions, momentum tensions, normal compo-
nents of flux energy vector and magnetic momentum tension fol-
low. Note that without using eq. (2.2) in integral form the ab-
sance of the last condition (2.3) occurs, so that the number
of jump conditione becomes less than the member of constitutive
pareameters and corresponding differential equations.
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3, Complete System of Diferential Equations

In regions of continuity of constitutive parameters with their
derivations to the second order including the fluid flows are
described by the following system of differential equations
d vy
V=0 P ® Puk,k (3.1)
dk M
Sa * Ui,k * €13kPky’ %T?é' S Mikak e

2
e v ==Y,

2l

divgn 0, rot -H-=t—x.T , rot E--

ol

where £ - electric field st rength, J = volume current density,
comma before the index denotes the covariant derivative.

From the expression (1.1) for internal energy, assuming iso-
tropy of medium, Gibb's identity is written in the following
form /1,4/:

dv = TdS - pd(}) + A%k + i (3.2)

g0 48
ertIR"®
where: T - temperature, p - pressure, {1® . effective angular
velocity of ferroparticles, H® - effective magnetic field

-

.ﬁ‘-i‘nug: ﬁ’-/%..ci' (3.3)

Effective phenomenological parsmeters: 1 - average inertial mo-
mentum of ferroparticles in unit mass, X - equilibrium magnetic
susceptibility, o - gyromagnetic ratio - are introduced in the
following way

oy L degein eV el
I 2 Py . PX 2 !!1:, ol m (3.4)
¢
In the case, when I, X, £ depends only on @ and T, using (3.2)
we obtain 2 i -
P = poleT) 7=+ ?(.'E):e + gd.,,(i:ﬁ] - "—25 S (3.5)
2 i 2
M kM k
8 =8 5 Kpp = == o, ;I
of 9T) ¢ ComB T T g Tt T T
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where B, denotes the partial derivetive of a with respect to u
P,+8, = pressure and entropy in the absence of the field and
internal moment of momentum. Using the methods of nonequilibri-
um thermodynamice /5/ and egs. (3.1)-(3.5) we get the following
expressions for the vector of flux energy density f?, stress
tensor {pikE and entropy production 8 ;

Eﬁ - -
Yy = (o= 72) Vi » FolExAL + a = vy [y -0%0,, - hem,,

: . H, B, (3.6)
Pik == POgue 5 + My,
A a
8- - g ‘nik"ik ¥ Q:.k'Q:.,k *Phy k- z'iak‘n;.ﬂ ks *
“' A‘
¢ TE = hy(rys Ay &M 2] + 2 T Hekk + 77 E1ekMetk!
- vxB

Here: g - vector of heat flux density, h = HO-H, E'=Es s
Agr A 2.3 3 = rendom functions of constitutive parameters, sa-
tisfying the condition

Ry D o His

Hence, essuming the symmetry of phenomenological coefficients
in linear spproximation we get the following material equations,
closing egs. (3.1):

2 -
Pag = P&y v v 20V v (3-30) dv V8, 4+ (3.7)
gl e flu
+_ (2,-8,) - hg
21, E1ks v
Oy = 8305, +( 8= 63) SR ® 6, 4+ 6,00 ; soyhy o
+( 65 03)dav i e 3ty o+ €4 £44oi@p EqpgT,

- e
By = Wyhy o+ (mymmg)div h &y ¢ mghy, 40, 07+

R '
+( 6 - 65)div]® it 3L -0, EikeT, 0% €2 Eqyefy

ag_a e"'-E-A-b g-h_x-o- -i! & o
P Tﬂ{ﬁ-.-.ﬂ) 2 -a Fxil A fix =2 Wil



J=oE --;-'- v & rotQ° - ¢, rot h;

=4 | e ne _ -
§=- AvT + EE w, T rotf2 w, T rot h;

Qw%'rot'\f.

where {v, } is rate deformation tensor.
According to the second law of thermodynamics, dissipative
coefficients satisfy the following inequalities:

Az 0, 320, 720, 20, el/t30, 1/120 (3.8)
m,-03 0, my+mg 20, §- 8520, 8,48 520

3 82..2 83+ §,20, 3m,-2m;4m, 2 O

{5‘1-6'3)24 (mlﬂms){gi—g:s}i {6'14‘0'2}2‘ (811‘83)(“!1#\'!3)
1/7} ¢ elhy, 20,27 sMmy=m,), aufn M8, -85)

262 ¢ 6 (8,=05) . 285 46 (my-my), E58A0T

Equality to zero of the following dissipated coefficients:
541800 O30 £90 £ E 30 04, u)z.'r;i - corresponds to consider-
ing only direct effects in egs. (3.1)-(3.7). Setting in this
case <, AZ' «\3, )\sd-'i. Mgy My, My equal to zero we get the
equations of the work /1/. With additional assumptions 81 =
52 = 6, = 0 equations of the work /6/ are obtained. Note,
that inequalities (3.8) lay the restrictions on the character
of tending to zero of dissipated coefficients.

4, Results

The general system of equations describing diffusion of in-
trinsic moment of momentum and magnetization both is obtained.
The complete system of jump conditions on discontinuity sur-
faras 1in micropolar ferrchydrodynamics is analyzed.
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Transient Nucleation Effects

Abstract

Transient nucleation is investigated under isothermal and non-
isothermal conditions with a quench rate as well as for deple-
tion effects, These processes are characterized by deviations
from the steady state nucleation, so that time regimes play an
idportant role, Time dependent cluster populations, time lag

and nucleation frequencies are calculated by a numerical simu-
lation which models directly the reactions by which clusters

are produced during time and temperature changes. A simple esti-
mation is presented for determining when transient effects are
important, 3

1, Introduction

Many phase transformations occur as a complex process of nuc=
leation end growth. The transient period in a nucleation pro-
cess will be refered to as the time during which the nuclei
production rate is increesing to.its steady value. In selscted
systems this period can be long, so that experimental observa-
tion is possible. In these cases it is important to take account
of transient nucleation behaviour in interpretation of phase
transformation kinetics.

Transient effects are important under different conditions.
At constant temperature, time dependent cluster populations
exist characterized by an effective time lag, since it will
take some time for the steady state nucleation rate to be
established. If the system has a low steady state nucleation
rate, the depletion of the number of atoms in the initial state
does not affect tige process and can be ignored. Time dependent
monomer and/or preexisting cluster distributions of the ini-
tisl state including also depletion result in an additional
time dependence of the nonstationary nucleation rate beyond
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conventional time lags. Transient effects are especially impor-
tant, if supersaturation varys rapidly by changes of temperatu-
re, pressure and/or chemical compositions. An example may be
found in the formation of an amorphous structure, which occurs
if crystallization is bypassed because the transient periods
are relatively long. This can be established by high cooling
rates,

The aim of the present paper is to investigate deviations
from the steady state solutions in the context of classical
nucleation theory. A numerical technique was developed to in-
vestigate the time dependent cluster populations in the iso-
thermal and non-isothermal case. Results are applied to obtain
conditions under which transient effects dominate. The influen-
ce of transient nucleation kinetics on experimental methods is
discussed.

2. Basic Rate Equations

Classical nucleation theory /1/ describes the nucleation of a
phase by the occurrence of clusters., The free energy of forma-
tion of a cluster of n atoms 4G is given by

4G, =ndg + 6A, . (1)

where &g is the Gibbs free energy per atom of the new phase,
@ is the interfacial free energy per unit area and A, is the
surface area of a cluster of n atoms. In the classical theory
&g and G are taken to have macroscopic values independent of
n. There may be additional contributions to AG_ resulting
from phonons and elastic deformations in solids /2/ not expli-
citely given in (1). In this paper spherical clusters with
A n?/3 are considered, but extensions to other cluster
shapes can be obtained, too. The driving force for the reac-
tion in non-isothermal processes is proportional to the under-
cooling

Sg = as(T - T) . (2)

In this paper we only consider this case mainly relevant for
transformations from & liquid to a solid., However, in deposi-
tion from the vapour, the supersaturation depends strongly on
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the pressure and the deposition rate and modified, but similar
temperature treatments have to be used /3/.

The free energy of a cluster goes through a maximum as the
cluster size is increased and defines a critical cluster Nee
Smaller clusters tend to shrink, large clusters tend to grow.
Assuming that growth and decay of these clusters occur only
through attachment and detachment of single atoms, we can write
the following equations

dz _(t) i1 1 % L

=seseeri Dn-ift}zn-1[t1’0n+1{t)zn+1(t)"Dn{t}zn{t]'unzn{t)

= In-l(t)-rn(t) . (3)
Here 0;(:) and D;(t) are the frequencies of a single atom
attachment to and detachment from a cluster of n atoms. Zn{t)
denotes the time dependent population of a cluster with size
n. I_(t) is the net nucleation rate, in general a function of
time and cluster size, Expressions for the frequency D¥ (tj
suppose a time independent constant proportional to the number
of single atoms on the surface of a cluster with size n and to
the jump rate y which is related to the adatom diffusion coef-
ficient D;'“ yn /3. The atomic jump frequency was calculated
from the diffusion coefficient which was assumed to be

0 =D, exp (- ?:%: ) 8 (4)

Contrary to tne usual Arrhenius temperature dependence, a
Vogel-Fulcher expression is used indicating a slowing down of
the atomic motion, if the temperature reaches a lower limit
Tige The detachment frequency is related to D; by means of the
equilibrium distribution

z:(:) = N(t) exp (- 4G /kT) : (5)
for clusters of size n y
22(t)

I'H-:I.(tJ

DL(t) = D*(t) (6)

N(t) is the time dependent number of single atoms when the
system is in quasi-equilibrium. Depletion of monomers is taken
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4

into account by the boundary condition

Z,(t) = N(t,) = 5 nZ,(t) . (7)

n>2
Solution of equation (3) is performed by numerical simulation
of the reactions involved in cluster formation. The essence of
the approach is to devide time into small intervals Sit, If
the number of clusters is Zn(t) at the start of the intervall,
then at the end of the interval we have

z (te8t) =z (t) + St I (tr)-I(r) . (8)

The expression does not take into account the alteration in
the cluster population during the intervall and is true only
in the limit &t — 0, The value of &t depends on the molecu-
lar jump rate y and on the minimum and maximum cluster size n
considered in the model calculations. The extension of this
method to the non-isothermal case is more sophisticated, since
the time interval cannot be chosen constant. Moreover, at high
temperatures critical nuclei are verv large, so that simula-
tion can be started only at an appropriate temperature deter-
mined by the range of cluster size. Starting values for the
nucleation rate at that temperature are steady state frequen-
cies, Actual temperatures are defined by quench rates T and
time intervals. The calculation of nucleation rates at that
temperature continues using the cluster distribution inherited
from the previous temperature,

3, Deviations From Steady State Solutions

In the transient regime, unlike the steady state, the nuclea-
tion rate at any instant is a function of cluster size in the
isothermal case (Fig. 1). Although all the rates converge to
the steady state nucleation rate, there is an overshoot for
n<n.. Similar results are presented by Kelton et al. /4/.
The cluster population Z (t) (Fig. 2) increases monotonically
to the steady state distribution, which obviously depends on
the cluster size, Large clusters need more time to reasch the
level of constant population than smeller ones., Therefore,
time deg and related particle size control phase transforma-
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tion kinetics in the isothermal case. An effective time lag
was estimated from the relation between cluster populsation of
size n and time /5/. At different temperatures under isother-
mal conditions, the effective time lag varys over a large time
scale (Fig. 3). Small temperatures correspond to large time
lage and vice versa. However, an Arrhenius dependence with a
modified activation energy due to transient effects as discus-
sed in /4/ could not be obtained, Deviations mainly occur be-
cause of a different temperature behaviour of the diffusion.

Depletion of atoms in the initial state as described by (7)
is demonstrated in Fig., 4. In the beginning of the nucleation
process no deviations frim the known behaviour with reference
to transient stages are observed. The effect of a vanishing
monomer density manifests itself in the halt of the nucleation
process after a characteristic time /6/. This result in a mo-
dification of the behaviour shown in Figs. 1 and 2. The tran=-
sient nucleation rate reaches only a portion of the stationa-
ry value (e.g. 30%), which strongly depends on the value of
the steady state nucleation frequency. Large clusters are not
produced, and the population of smaller clusters does not reach
the steady state value,

Non-isothermal nucleation shows qualitatively new features,
Since the temperature changes during the whole process, the
steady state nucleation frequency is a function of temperature.
Its value corresponds to the steady state frequency at the ac-
tual touperafure calculated in the isothermal limit. The tgm-
perature dependence of the stationary nucleation rate is gover-
ned by the interplay of the nucleation driving force and atomic
mobility described by diffusion. Therefore, & maximum nuclea-
tion rate exists at a temperature characteristic for the set
of parameters considered, Quench rates result in nucleation
frequencies below the steady state value (Fig. 5). At high tem-
peratures all curves approach the stationary rate. Deviations
from the steady state with decreasing temperature reflecte de-
creasing atomic mobility. Increasing quench rates lower dra-
stically the transient nucleation frequency and displace the
maximum nucleation rate to higher temperatures., The larger de-
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viations from the steady state, the more increases the proba-
bility that crystallization is bypassed and an amorphous struc-
ture is formed. Since transient effects can gradually lower the
nucleation rate at a given temperature, the crystalline volume
fraction may be very small, even with high growth velocities,
Therefore, transient nucleation kinetics lowers the limiting
cooling rates required to obtain an amorphous structure in com-
parison with estimations obtained with steady state frequencies.

The importance of transient effects on crystallization is
connected with a criterion for the transformed volume fraction
q during the effective time lag aaff:

Betf :

q = Ezn q, with g = éEodt zn(r.; ¥ (9)
If a sufficient volume fraction during that period is crystal-
lized, time stages play a dominant role in phase transformation
kinetics, Since g has to be chosen arbitrarily, a range of va=-
lues is given in Fig. 6. The tendency to distinguish between
thermodynamically and kinetically controlled nucleation is ob-
vious. The size of the critical nucleus and the activation
energy barrier can be changed by several experimental techpi-
ques, Low 4 Gc values as well as small critical nuclei favour
transient behaviour of nucleation.

Laser plasma deposition of thin films /7/ reveals as an ex-
perimental method to control crystallization by time stages.
With the use of laser pulses it is possible to define time in-
tervals experimentally. High heating and cooling rates are al-
so involved n that deposition process, which can be varied by
the power density of the laser beam and the time of flight of
the plasma. Substrate heating can gradually decrease the time
lag. Moreover, high deposition rates indicate a low activation
energy aGc for crystallization. In this respect we could de-
monstrate that transient effects are importent in interpreta-
tion of experimental results and in controlling the crystalli-
zation process. A simple analysis could be presented to eva-
luete these effects, y
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Fig. 5: Nucleation rate as a function of undercooling and
quench rate
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Reinhard Mahnke

On the Kinetics of Ostwald Ripening in Finite Systems

1. Introduction

A complete theory of the dynamics of first-order phase transi-
tions in equilibrium and nonequilibrium systems would give an
important impetus to investigate such physical processes like
nucleation, spinodal decomposition, growth of clusters and
late-stage coarsening in different materials. But until now
such theories have to be confined to certain aspects of the to-
tal dynamics starting from an initial quench to the establish-
ment of full phase separation. In general such a quenched sy-
stem evolves from a nonequilibrium situation (metastable or un-
stable state) to an thermodynamic equilibrium state, which con-
sists of two coexisting phases. Recent reviews concerning the
highly nonlinear dynamics of phase transitions can be found in
VEVETETE

In this work we are dealing with a one-component system af-
ter- a quench from the one phase region intc the metastable re-
gion. After an initial nucleation (compare /4/ for the stocha-
stic formation of clusters) where the supersaturation is high
enough a growth of all precipitating droplets of the newly for-
med phase takes place. In the late-stage of phase separation
where the supersaturation is small and near to the equilibrium
value, we find that larger drops grow at the expense of smaller
ones which disappear. This process is called Ostwald ripening
or coarsening and it is closely related to the competitive
growth of selfreplicative units in selforganizing systems /5/.

The dynamics of Ostwald ripening is investigated by studying
the set of kinetic equations recently derived for the interme-
diate as well as late stage of first-order phase transitions
/6/. Besides the standard theory of Lifshitz-Slyozov-Wagner /3/
a number of attempts has been made to include new aspects /7/-
/11/.
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Starting from the basic equations of the competitive growth
problem we derive a set of ordinary nonlinear differential equa-
tions governing the constrained growth of a droplet ensemble
with s components. Numerical solutions for the evolution of the
droplet ensemble are given. We conclude that the average curva-
ture of all droplets is a non-increasing function of time. Fi-
nally we present the kinetic equation for the mean curvature and
discuss the analogy in modeling phase transitions on the one
hand and evolution processes in biophysics on the other /11/.

2. Basic Equations of the Competitive Growth Problem

In the following we consider a model of the quenched system
where spherical clusters are located in the otherwise homoge-
neous surrounding medium. We have to distinguish between free
monomers (phase 8) and bound states of monomers (clusters or
droplets as phase o). A detailed explanation of the model is
given elsewhere /6,13/. Our basic quantities describing a clo-
sed two-phase system in volume V are:

- for the vapour phase

clt]) = Hﬂ(t)/v concentration of free monomers (1)
y(t) = (c(t)-ceq(oon{ceq{on) supersaturation (1)
- for the liquid phase
f(n,t) = N(n,t)/V —cluster density distribution (2)
function

We mention that the distribution function (2) is normalized to
the total droplet density

-

{f(n,t) dn = NV (3)

(1]
and for the first moment of (2) we get the total number of

bounded monomers M, per volume
oo

fn f(n,t) dn = M /V (4)

0
The basic equations of the competitive growth problem read as
follows (compare e.g. /1,3,5/):
(i) Continuity aquation

?f(ni)



(ii) Growth law

dn/dt = v(n,y) = D 1% A(n) (e(t)=cyq(n)) (6)

with

caq{n] = ceq{no)exp(lok(n)} asceq(OG)(1+1Dk[n)} (7)

where

1, = 26 (cukgT) ™~ 1 nm  capillary length (8)

A(n) = 4Jr(qa4n73]'2/3 n2/3 surface of a size-
n-droplet (9)

k{n) = (cq4ny3}1/3n'1/3 curvature of a
size-n-droplet (10)

(111) Conservation of monomers (closure condition)
c(t) + {n f(n,t) dn = M /V (11)
(]

These basic equations embody much of the physics of phase tran-
sitions. So the well-known droplet kinetics (6), (7) indicates
that monomers will flow from regions of high to low curvature.
But in the balance equation (5) we neglect the production-decay
term (r.h.s. equals zero) which would introduce new droplet of
a given size class into the system. In comparison with a Fokker-
Planck-Equation we deal with drift contributions only. Proces-
ses, which create a second derivative term in (5), arise from
statistical correlations among the droplets /10/. Finally we
consider the depletion of monomers in a finite system by the
conservation law (11).

From the general theory of Fokker-Planck-Equations it is well
known, that a kinetic equation like the Liouville or continuity
equation (5) describes the deterministic motion of the droplet

ensemble in the s-dimensional size space NyresseNg . Starting
with e cluster distribution in the form
&
f(n.t) = Z Ny (1) §(n=ny(x)) (12)

where Ni(t} is the number of clusters and ni(t) the size (number
of bounded monomers) of the clusters of class i at time t. After
inserting the ansatz (12) into (5) we get for i=1,2,...,s

Ni(t) = N;(0) dn,/dt = vi(ni,....ns.y,dy/dt} (13)

Now we calculate (13) explicitely, The details can be found in
/12/. The result obtained is the following equation
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s i Ceg(e@)V 1
S0 w L AG[L, (ck> - ki) - = AR 5—5] (14)

dr z AL
with
_df_ e T L A s Ca e
T —ﬁ—w «) [y, c_“.ch)v-""'m l,<k>] (15)
where
Aulr) = i N:Aln,) total surface of all
=t droplets (18)
3
= 1 total volume of all
Ve ) E; % dgoplets (17)
<ky(T) = Z Kin) N; ACn;) mean curvature (18)
Z Nl. A(ﬂl)

Note, that we use for simplicity instead of time t the reduced
time T = t/to with to c‘lg {ce (oo)a)'i. To find trajectories
of the time evolution of the droplet ensemble in state space
(n1'"2""'"s] we have to solve the set of coupled nonlinear
equaticns (14,15) numerically. Results will be given in the
next chapter, the one-dimensional case (s=1) was already stu-
died in detail /6,13/.

3. Results and Discussion

The basic equations (14,15) describe the rapid growth of the
droplet ensemble (second term on r.h.s. of (14)) and the slow
selection process between the droplets (first term on r.h.s.

of (14)). Numerical solutions, for a droplet distribution with
three classes of drops (s=3) are given in Fig. 1a and Fig. 2a.
Ina short time regime the size of all drops (number of bounded
molecules) is increasing end the two phase system will reach a
so-called internal equilibrium, & nonstationary situation where
the o -phase (liquid) is in a quasi-equilibrium with its sur-
rounding p-phase (vapor). Since the raw materisl (monomers) is
limited at the end of this stage the total volume V, (or mass)
of the new phase is very close but not equal to its equilibrium
value (Fig. 1b). In the final long-time regime a competitive
ripening process takes place which minimizes the total surface
Ax . At the end of the coarsening process the dynamic system
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has reached a stable fixed point where only one droplet is pre-
sent (Fig. 1a, 2a). The other smaller clusters dissclved to give
mohomers to the winner, the biggest drop. Fig. 2b shows the mean
curvature <k> (18) as a non-increasing function of time. The
step-like behaviour of the mean curvature corresponds to the
shrinkage of small droplets, compare Fig. 2a with Fig. 2b.

We have calculated the quantity <k> () for each time step
using formulae (1B) with the actual values of the sizes ny com-
ming from the numerical integration of the basic kinetic equa-
tions (14,15). An other way is to derive a kinetic equation for
the mean curvature. Derivating <k> (18) with respect to time
and inserting n; (14) we get

Gr<k> = = 12(<k®> =3¢k><k®> s2dk5) -
S Lx@V 1 dy g2y 552 (19)
Cy A, dr
Solutions of (19) agree with the curves shown in Fig. 2b,

Finally we focus our attention on the similarities between
the theory of Ostwald ripening presented here and the theory of
natural selforganization in biophysics. As was pointed out by
Eigen and others that Darwinian evolution can be characterized
by an extremum principle, which defines the behaviour of self-
replicative units. Selection and evolution of selfreproductive
biological macromolecules can be describes appropriately by a
system of differential equations based on the feormalism of de-
terministic chemical kinetics. In the Fisher-Eigen model of
prebiotical evolution /14/

dxi s
= (E,~ <E) )x with ®: =0 20
T - (& )%y & x5 {20)

the species with the highest reproduction rate Emamax{Ei,...,EJ
(selection value) will increase to the finite value C and all
others must die out (xi—-vo for i#m). Eq. (20) describes ex-
plicitely a selection procedure: Under stated selection con-
straints (constant overall organization in Fisher-Eigen model)
the population numbers of all but one species will decay.

It is obvious that our derived basic equations (14) are a
realistic physically motivated example for natural selforgani-
zation. Note that in both cases (Fisher-Eigen model with popu-
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lation average fitness <E> , Ostwald ripening of precipitates
with mean curvature of the droplet ensemble <k> ) the inter-
action of the different species is modeled by an overall dilu-
tion flux only which corresponds to the mean-field concept of
many body physics. For the mean productivity <E) 'Z:EixifE:xi
we obtain

2

§?<s>: <E®> - ¢E>° >0

in comparison to (19).
.

Figure Captions

Fig. 1a: Growth and competition of a droplet ensemble with
three size classes (s=3). The time evolution of the
droplet sizes n,,n,,n; is shown (initial values:
n1(0]-40, n,(0)=50, n3{0)=?5) in comparison with the
critical value N

Fig. 1b: Time dependence of total volume V., resp, total sur-
face A, of the newly formed phase « showing the diffe-
rences between growth and ripening regime.

Fig. 2a: Same situation as in Fig. 1a, but initial values are
n1(0)=20, nz(o}-so, nz(0)= 43.

Fig. 2b: Time dependence of the mean curvature of the evolving
droplet ensemble.

List of parameters used for the calculations of the figures:
Cq = 33.5 psrticles/nm3
¢ (=) = 3.35-10"° particles/nm”

6 = 7.3-10"29 we/nn>

T = 293 K

D= 10* nn?/ns

i, = 2G'£c,k )t = 1.078nm

ty = cﬂlg(ceq(°°}9}- = 1,16 ns

vV = 52 453 nm

My = 10° particles

S (M, 7V = °eq(°°))/°eq(°°) = 4,691
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Bernd Lorenz

Grain Size Distribution in Nucleation and Growth Reactions

1. Introduction

The kinetics of first-order phase transitions has been a sub-
ject of increasing attention. The time development of the
stable phase within the metastable initial phase of a thermo-
dynamic system is frequently described by the Kolmogorov model
/1/ for nucleation and growth. This model is characterized by
random nucleation and linear growth of nuclei of the stable
phase within the untransformed phase. Accordingly, the kinetic
process is determined by two quantities,
i) the nucleation rate I(t) is the number of nuclei created in
the unit volume of the initial phase per unit time
ii) the growth rate v = dR/dt represents the growth velocity
of the growing particle in any linear dimension (for simplici-
ty we consider isotropic conditions where the nucleli are sphe-
rically shasped). For interface controlled phasse transforma=
tions the growth rate v is constant /2/.

1f two growing particles impinge they continue to grow at
the same rate, except at their common interface.

The nuclestion rate I(t) can be an arbitrary function of
time t, We will consider the two limit cases,
I(t) = n_& (t) heterogeneous nucleation
and 2

I(t) = I, = constant homogeneous nucleation.

n, is the density of nuclei per unit volume and S (t) is the
Dirac & -function.

Only few exact results of the Kolmogorov model are known.
The volume fraction of the transformed phase is given by the
Johnson-Mehr-Avrami equation /1/

x(t) = 1 - exp{ - $xv3 [1(te)(t-t*) ae: (1)
0
and the total number of nuclei at time t follows from (1),

’
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1t

z(t) = § I(t')(1-x(t')) dt* . (2)

Furthermore, the kinetics of the one-dimensional model has been
treated rigorously /3/.

During their growth neighbouring particles impinge and form
larger aggregates which we denote as grains. Grains consisting
of a given number of nuclei differ in their shape and volume.
The time dependent grain size distribution is a characteristic
function which strongly depends on the nucleation process, In
this paper a general formalism for the calculation of the
grain size distribution is given (Section 2) and applied to
the cases of heterogeneous and homogeneous nucleation (Section
3.

2, Grain Size Distribution

We calculate the grain size distribution function W(R) =

%; W, (R) by the suczessive calculation of the partial distri-
bution functions wl(R) (1=1,2,3...) for grains consisting of

1 nuclei. To characterize the size of a grain we introduce an
effective radius R by §'ﬂ'R3 = V_, where Vg denotes the volume
of the grain., By this definition W(R)dR is the number of
grains per unit volume with effective radii between R and
R+dR, :

The problem results in the calculation of the volume distri-
bution at time t in an ensemble of grains built up by nuclei
of radius ry = v(t-ti). t{ is the creation time of thei-th
nucleus. We assume that the nuclei grow spherically with con-
stant velocity. Depending on the nucleation process there re-
sults a distribution of radii of the growing nuclei n(r,t)
which is the basic function for the calculation of W(R). In or-
der to treat nuclei of different radii as statistically inde-
pendent we allow for the creation and growth of phantom nuclei
in the already transformed phease. This procedure corresponds
to the extended volume concept applied to the derivation of
(1) /2/. In the calculation of the grain size distribution the
phantom nuclei have to be excluded.

The distribution n(r,t) is then given by
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n(r.t) =3 1(t -5) 6 (c-3) . (3)

where O (x) is the step function. In what follows we consider a
fixed time t and suppress the time argument in n(r,t).

2.1. Isolated nuclei, 1=1
The distribution of nuclei which show no impingement with other
ones is written as

W, (R)dR = n(R) wo(R)dR . (4)

WP(R) is the probability that a growing nucleus with radius R
does not impinge with any other nucleus and is calculated by

simple statistical considerations for &n infinitely large sy-
stem,

R )
Wo(R) = exp{ - ;-;ggf(r+r)3-(R-r)3]n(r)dr- §-':r S{Ror}sn(r}dr} .
] R (5)
Let us note that the volume fraction of the untransformed phase
is given by oo "
1 - x = WO(R=0) = axp{_- §7r5r3n{r)dr} .
0

Substituting r = v(t-t') equation (1) is derived.

2.2, Two connected nuclei, 1=2
The probability distribution of 1=2 cluster is given by

W,(R,, Ry, 4)dR, dR 4 = 'ﬁ‘zcni,Rz.a)wg(nl,ﬂz.a}daidazda 2 (6)
Rl' R, and 4 are the radii of the two nuclei and their overlap
distance, respectively. The distance between the centres of the
two nuclei is R1+R2- A . The probability wg that the cluster
has no contact to other nuclei is calculated analogous to the
former case l=1. ﬁé(Rl,Rz,a) denotes the density of pairs of
nuclei with radii Ri' R, and overlap 4 ,

Wy(Ry.Rp048) = n(R,IN(Ry)2 X (Ry 4Ry 7, B\ (7)

The volume of that cluster is calculated as
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VpRy-Rpia) = 3T + 83 - (§)% [«}(3R,- o, B)vod3r,m , §)]]
(8)
%= (2R 4)/(Ry4Ry=4)
The three-parameter distribution (6) is raduced to a one-para-
meter probability distribution by summation over all cluster
with equal volume. Introducing the effective radius R defined
above we get

Wo(R)GR = fW(Ry Ry, 4) S(R=[F5 V, (R, Ry 8)] 23 )dR,dR,d 0 R .
(9)

2.3. Larger aggregates, 1>2
/The partial distribution functions W, for 1=1,2 are given ri-
gorously by (4), (9). However, for 1>2 approximations have to
be introduced. For the calculation of W; we substitute the 1=2
cluster by a spherically shaped nucleus with effective radius
R and density n2[R) which is ddfined by

Wy(R)dR = n,(R)WP(R)dR . (10)

The distribution of the 1=2 cluster is thus approximated by

that of spherical nuclei with the renormalized density n,(R)

and the algorithm described above can now be applied to the cal-
culation of ws. Repeating this procedure we get & recursion re-
lation of Wy

Wy (R)dR =Jnl_l(Rl)n(Rz}z7’:(R1+R2-a)2 W5 (R, Ry,8)
o 8 (Rl Vu(Ry Ry, 2)] /3 )dR R A A OR (11)

Wy_4(R) = ny_,(R) wo(R) dR .

3. Results and discussion

With the partial grain size distribution functions (11) some
characteristic quantities can be calculated. The total number
of grains per unit volume consisting of 1 nuclei and the net
volume fraction of these grains are given by

z) = fwm(R)R ,  x; -ngnlwl(n} dr . (12)
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In the following we consider the two cases of heterogeneous and
homogeneous nucleation as defined in Section 1 and give some
explicit results for 1l=1,

3.1. Heterogeneous nucleation

In this case all nuclei sre created at the beginning of the ki-
netic process and have the same radius Rosvt during their growth.
The density distribution is given by

n(R) = n, S (R-R)) . (13)

with (13) we get
WI(R} {115 S(R-RO) axp{- %gatno R: f

" 32 3 o A3
o G exp[- E NG S Xy = XL (14)
The result (14) has also been obtained in /4/. z;, X; (L>1)

are calculated from (11), (12) with (13).

3.2, Homogeneous nucleation
In the absence of preferred nucleation sites nuclei are created
by thermal fluctuationc in the metastable initial phase at con-
stant nucleation rate I . The density distribution is obtained
as

n(R) = -& I, 6 (R-R) . (15)
R, = vt represents the largest possible radius of the nuclei
at time t. For l=1 we get

. Ry Ro

z, = éloé W(R)R , x, =g &I, § ROWO(R)dR , (16)
Wy (R) = 21 w°(R) 6 (R -R) ,

with WO(R) = exp{ - & I, [(ReR))* - zn‘j} .

Inserting (15) into (11) the corresponding quantities for 1>1
are calculated.

3,3, Grain size distributions
In Fig. 1 the grain size distributions W(R) = ZZWI{R) for he-
L
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terogeneous and homogeneous nucleation are shown at a reaction
time corresponding to & transformed volume fraction of x=0.1.

Obviously, both distribution functions show considerable dif-

ferences,

In the case of heterogeneous nucleation (Fig. 1a) at least
three sharp pesaks are resolved. The first one resulting from
witk) is a & -function singularity at R-Ro. The second peak is
mainly due to W,(R) and shows a divergence at R=R_¥2 . The
partial distributions for larger cluster (1 >2) give rise to
some further peaks with decreasing height and increasing width,

On the other hand, the grain size distribution for homoge-
necus nucleation is a continuous function except of a remark-
able step at R=R°. the largest radius for the nuclei (Fig. 1b).
For R:?Ro no isolated nuclei contribute to W(R) end it decrea-
ses discontinuously.

The experimental determination of the dominant nucleation
mechanism in a nucleation and growth reaction is a complicated
task. Usually, the time exponent in the exponential of the
Johnson-Mehl-Avrami equation (1) is determined by very careful
measurements of the transformed volume fraction x(t) in order
to select the physical nucleation mechanism /2,5/., As demon-
strated above the grain size distribution function is very sen-
sitive to the underlying nucleation scheme and yields important
information on the physics of nucleation and growth processes.

The author wishes to thank M. Riedel and I, Orgzall for valuable
discussions.
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Gerd Répke

Quantum Statistical Approach to Cluster Formation and Phase’
Transition in Dense Systems

1. The kinetic properties of systems in the vincinity of a
first order phase transition, especially the kinetics of nuc-
leation, are described as usually within a mesoscopic picture.
Nucleation is simulated by a master equation which describes

a stochastic process. Specific properties as, e.g., mobility
and diffusion, attachment probebility, free energy of clusters
and surface energy are introduced in a phenomenological way.

In contrast, a rigorous microscopic epproach to the beha-
viour of systems near the phase transition region should start
from the Hamiltonian of the system. Using the concept of sta-
tistical mechanics of equilibrium and non-equilibrium, the
macroscopic processes should be derived, in principle, from
the elementary interaction between the constituents. However,
at present such a concept cannot be realized because of the
mathematical effort. Furthermore, the phenomenological treat=-
ment provides us with intuitive heuristic approximations which
are not immediately evident from a throughout microscopic
approach, Parameters which enter the mesoscopic description
can be motivated by a microscopic approach,

A special problem to be considered here refers to the con=-
nection between density fluctuation, cluster formation, and
nucleation. Given the elementary interaction potential bet-
ween the constituents, clusters or bound states are obtained
by solving the Schrédinger equation, and therefore a quantum
statistical espproach is necessary to describe cluster forma-
tion and nucleation near the phase transition region. An in=-
teresting, generally accepted hypothesis is that with increa-
sing particle number a cluster, i.e. a bound state in the sen-
se of quantum mechanics, behaves like a droplet of the new,
dense phasse. Usually, the properties of clusters with arbi-
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trary size are described by interpolation between a droplet
model including the concept of a surface and a few-particle
cluster.

Such interpolation formulae are known along time before in
nuclear physics as, e.g., the Bethe-Weizsdcker formula for the
binding energy of nuclei /1/, and ere used in the last time to
describe cluster formation in metallic vapors /2/.

2., We shortly outline the quantum statistical approasch to
cluster formation in dense systems, Using a formalism given
in /3/ for the inclusion of two-particle states, in /4/ a ge-
neral approach for arbitrary cluster size was formulated and
spplied to nuclear matter. This formalism which starte from
the normalization conditien of the single particle Green func-
tion was further applied to plasme physics, see /5/ and refe-
rences given therein,

The starting point is the relaticn betwsen the density 9
as function of the chemical potential i and the temperature
T, and the single particle Green function G(p,z), where p de=-
notes momentum (spin and species are not considered explici-
tely) and z & complex frequency variable:

1 i

‘j‘(ﬂ.T)-"m ZP S_%rﬂ flw) Im G(p, w+io), 19
flw) = (expfBlw=u) + 1.)'1 is the Fermi distribution func-
tion in the case of 8 system of Fermions. The Green function
6(p,z) = (z - E(p) = X (p.2))"" is determined by the self-
energy J (p,z) which can be treated by a cluster decomposi-
tion /2,3/ given in short by a diagram notation

= &

2 (pz)= T + i 0 (2)

where Th are the n-particle ladder t-matrices. As a result we
find
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?gﬂij = 5? e‘gufr) +#(scattering contributions) (3)
A=1

where
3 . -
?A(/“-T.J” 2; S% [eﬂ(EAgP /“'43_’ (_.,”.n] 1 (4)

is the partial density of A-particle bound state clusters,
denotes the internal quantum state, Ma = Ap. The bound state
energy

1
EAU.P T E:u ¥ zﬁapz ¥4 EAaP (3)

contains the binding energy Egu of the isolated Anparzicla
cluster in the quantum state = , the kinetic energy P /2M, and
the energy shift LB, b of the A-particle cluster due to the
interaction with the surrounding medium. The binding energy of
the isolated A-particle cluster follows from the A-particle
Schrodinger equation

HA“‘;GP(1' A) o E:HP \P&aﬁ(4' AJ (6}

The energy shift AZ, o p can be obtained from an effective me-
dium Hamiltonian (optical potential) which needs a more de-
tailed treatment of the influence of the surroundings on the
A-particle cluster as given, e.g., in /4,5/. A typical con-
tribution is the Hertree-Fock shift of the single particle
anergy

4E(p) = %[V(pp'.pp'l - V(pp'.p'p)] F(E,.) - (7)

This mean field contributioncan account for a first order pha-
88 transition, see /4/.

In a simple approximation, the energy shift AE, ,p in (5),
the scattering contributions in (3) and the effects of quantum
degeneration in (4) can be neglected, end we end up with the
equation of state
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o : -IBEO
QCF-T)=§1/\A3(§E M) e Al (8)

where 6,(T) = Efsxp( JﬁEA ) is the 1ntsrnal partition function
of the A—particle cluster, and Azt 2 wh /HAk T is the thermal
weve length of the A-particle cluatar. Eq. (8) is the equa-
tion of state of an ideal mixture of non-interacting clusters
with possible chemical reactions so that a lew of mass action
for the concentration of different clusters holds.

From the equation of state ¢= Q (4, T) the free energy
f( §,T) is obtained by resolving = }L( ?.T) and integration

floT)= %{f#(g',r)dew ggf(qu,T)}‘ (9)

L]
so that all thermodynamic properties can be derived if this
thermodynamical potential (9) is known in an appropriate appro-
ximation.

3, The determination of the energy eigenvalues Egc*and the in=
ternal partition function & ,(T) within the frame of quantum
mechanics is possible for special models. For instance, within
the jellium model a metallic A-particle cluster is described
by a positive homogeneous background charge with density @ .
The electrons are considered as & inhomogeneous gas of inter=-
acting Fermions moving in the potentisl of this positively
charged background. For the formalism to evaluate the ground
state energy and electron density see refs. /6-8/. For instan-
ce, the surface energy of metals is well reproduced /8/, the
surface energy of finite droplets can be evaluated, and, ae a
special example where excellent values for cluster binding
energies are known, the Bethe-Weizedcker formula /1/ provides
us with a remarkable good interpolation formula up to few-
nucleon clusters.

The internal partition function can immediately evaluated
for the simple model of a Fermi gas included in a volume cor-
responding to the A-particle cluster. Expressions for the
density of states D,(E) may be found, e.g., in /1/, so that
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BA(T) = § dED,(E) e™5/%aT | . (10)

4, To obtain transport coefficients and reaction rates, quan-
tum statistical approaches are possible as, e.g., the method
of Zubarev or the technique of non-equilibrium Green functions.
For the application to a system of charged particles see /5:,9/.
With the help of these quantum statistical methods a first
principle approsch to attachment and diffusion is possible,

but at present the epplication to complex systems is not in
reach,

In conclusion, & quantum statistical approach to cluster
formation should be taken into account if nucleation is mo-
deled, but explicite results are available at present only for
simple systems as metallic droplets or nuclei.
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Torsten Boseniuk

Stochastic Nucleation in a Discrete Reaction-Diffusion System

Abstract

For a special bistable reaction-diffusion system nucleation is
described by a new simulation algorithm, The model is especial-
ly suited for systems with small particle numbers. Stochastic
effects play an important role.

1. Introduction

The description by reaction-diffusion systems is well estab-
lished in physics, chemistry, biology and ecology. Among the
phenomena occuring in RD-systems nucleation processes play an
important role. There exist a whole range of works dealing with
nucleation /e.g. 2,3,4,6,8,10,11/.

Many types of equations have been developed to describe RD=-
systems. The simplest type is the deterministic equation:

dtn(g,t) = f(n(r.t) +« Dan(c,t) (1)

which consist of two parts describing reaction processes and
diffusion. n(r,t) is the concentration of particles which de-
pends on coordinates r and time t. Another way describing reac-
ting systems is the Master equation formalism. It especially
takes the discretness of pnﬁticles into account. Thus it ie
well suited for systems with a small number of particles, It
automaticly includes the stochasticity of the reaction process.
Diffusion can be involved by dividing the volume into small
boxes /5,13/. Then the exchange of particles from one to ano-
ther box can be described like a reaction. But this is not a
good reflection of homogeneous systems. Feistel proposed ano-
ther way for describing diffusion /1,3/.
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2, Functional Master Equation

This formalism is detailed described in 1. Here we give only a
short outline of the basic ideas which is necessary to under-
stand the simulation algorithm. The FME describes the probsbili-
ty p(N'Li"'—N't) to find N particles at the positions Lyeeely
at the moment t:

deP = W (P) + Wy ee(P) (2)

The right-hand side of (2) again consist of two parts. The
first describes reactions. Now the reaction probability depends
on the distance between the particles. So the probability for a
two particle reaction can be expressed by CZ(LI'EOJ which is
only a function of the distance r=lr=r5l. In our simulation we
used the ansatz cy(r) = ny* O(ro-lr!). The reaction function is
normalized to 1. The diffusion part is similar to (1) but the
Laplacian acts on all particle-coordinates. The FME can be used
for analytical calculations. But for describing nucleation phe-
nomena Monte-Carlo-Simulation is more suited. Before explaining
the simulation algorithms we give a short introduction of the
used model.

3. The Schlégl Model

The simplest reaction-model showing bistability was introduced
by Schlégl /6,3,12/. It contains only one reacting substance X.
We will use the following notation:

A E
0 =——=x 2X ==———=73x (3)
B c

That yields the deterministic equation:
dyn(t) = f(n) = A = Bin + Een? = Con’ (4)

Fig. 1 shows f(n) for the parameters A = 2.0; B = 23,0; E =
4.0; € = 0.05. In this case (4) has the 3 stationary solutions
n, = 0.2, n, = 6.0; Ny = 74.0. Two of them ny and ny are
stable. But it is obvious that the stability of ny is greater
then this of Nye If we add an diffusion pert to (4) this eque-
tion con describe nucleation. If we start with the metastable

79



concentration n, in the whole system and only a small nucleus
of n, the last will push away the other if it is sufficiently
large. There exist a lot of works calculating criticel radius
and other values for the Schlégl system /2,3,11/. The obtain
Vapis (2-D/c}1/2/[n1+n3-2-n2] for the two dimensional case. It
is also possible to calculate r. by numericel integration of
(1). Here we want determine the critical radius by Monte-Carlo-
Simulation. Following we give a description of the used algo-
rithm.

4, Simulation Algorithm

There are a lot of Monte=Carlo techniques for solving Master
equations often based on waiting time distributions /2,5,7/.

For spatisl distributed systems however it can be useful to

work with discrets time steps of length at. Eesch step again con-
sist of a reaction and a diffusion step.

In the reaction step we compute which psrticles decay and
where new particles arise. Therefore we have to calculate dis-
tances between two or three particles, Since r <& 1 (1 - length
of the reaction volume) it is not necessary to compare all
pairs of particles. So we divided the volume into small boxes
and compared only particles from one box and their neighbour
particles, But this is only a technical trick to reduce compu-
tation expense and does not result into an inhomogeneous space.
The size of this boxes depends on r, and also on the particle
concentration which can be expected.

After putting all particles lying in one box and their neigh=
bourhood into a new array we compute at firet where new par-
ticles arise. The probability pp for each reaction can be deter=-
mined easy:

The probability that one particle arises in the volume Vbcu

due to reaction A is p, = A-Vbox* at,

The probability that one perticle decays due to reaction B is
pg = Br at.

The probability that one particle arises near r, due to reac-
tion E is pg= E-EZ co(fy _J)- At. (Don't forget the oposite

probability PEJI}
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The probability that particle i decays due to C is P =
¢ & Calfpry) ep(epr) at.

't must be choosed in such a way that all PR« 1. After de-
terming PR for one particle it must be deceided whether the
reaction occurs or not. This is done by the help of a random
number between O and 1, If the random number is lower than PR
then the reaction occurs in the opposite case not. Because most
of the p, are very low we did not calculate a random number for
each reaction but calculated when the next random number PR
will occur. This can-be done similar to calculation of waiting
times /2/. That reduces computing time again by a factor of 10.

After determing the numbers of decaying particles and the
birthplaces of new particles for all boxes we can change our
particle array and the reaction step is finished.

In the diffusion step all particles get new coordinates due
to diffusion in the intervall at. This was done in the kind
of random walk with an average ar of <A£?> =2 B @&t for
the two dimensionacacase. We made all nucleation simulations
for a two dimensional square with an area V. For determing pro-
bability-distributions we also made one dimensional simulations
/4.

But the algorithm can easily be transfered to three dimen-
sional problems.

5. Results

The parameters used in the simulation were A=2.0; B=23.0; E=
4.0; €=0,05; ry=0.2 and V=50,0., The diffusion constant D was
varied from 10 to 200. The stable concentrations were n,=0.1
and n;=74.0 and the corresponding particle numbers for the
whole system about 5 and 3500. So we startet with a nucleus of
N particles in the centre of the volume (N: 2,..100) to avoid
boundary effects. These N particles were distributed with the
concentration n;. The concentration in the outer space was O
(nl). The resulting development then depends on the size of
the initial nucleus (see Figs, 2,3). If the nucleus is over-
critical it grows otherwise it decays. After a certain time
(c in 2 and 3) this is obvious; then we stopped simulestion,
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To determine critical radius we started with nuclei of diffe-
rent size No and performed 50 simulation stepts with at =
0.001.

Fig. 4 shows the dependence of the particle number after 50
Monte-Carlo steps from initiasl nucleus size for different va-
lues of diffusion constant D. At first we see that the probabi-
lity for nucleation increases with the initial size of nucleus,
This agrees with the existence of a critical radius which can
be obtained by analytical and numerical calculations. But in
the deterministic case all nuclei with a size greater than =
grow., Our simulation shows the stochastic character of nuclea-
tion. This represents the natural behaviour of nuclei with a
small number of primary particles or under conditions with high
noise., The size of critical radius strongly depends on the va-
lue of the diffusion constant. With growing D the size of r_ .
increases. This corresponds to the analytical results (r_ .~
01/2]. The stochastic simulation very good shows the reason for
this dependence. At first nearly all nuclei start to grow. But
due to diffusion the size of the nucleus grows faster than the
number of particles in the nucleus. As a result the concentra-
tion in the nucleus decreases. If the concentration is lower
than n, the nucleus decays. But as can be seen from 4 the dif-
fusion also can accelerate nucleation. For D=50 the number of
particles after 50 Monte-Carlo steps is always lower than 400;
but for D=100 numbers up to 500 cen be ré@ached. This is a re~
sult of higher front velocity. Analytical calculations don't
show an growing velocity but the were made for high r and our
simulation is limited to small nuclei,

At least Fig. 5 shows the dependence of critical particle
number from D. We used a critical particle number and not a
critical radius because it is more suited for numerical simu-
lation. However Ncr{N} shows the same qualitestive behaviour
like rcr{D). Here must be said that the determination of a
average critical particle number was not easy because of the
high variance for small numbers,
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6, Conclusions

A stochastic description of the Schlégl model was given, It
shows the effects of small particle numbers. Nucleation for
different values of the diffusion constant was investigated.

I would thank R, Feistel for fruitful discussion.
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Fig. 2: Growing overcritical nucleus; N=1
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Frank Schweitzer

A Stochastic Approsch to Nucleation in Finite Systems

1., The considered model

The theory of first-order phase transitions, e.g. of condensa-
tion processes, include a variety of deterministic theories
which describe sufficiently the dynamics of a given number of
nuclei of the new phase (see e.g. /1-3/). But the initial for-
mation of the nuclei is an intrinsic stochastic process and
can't be explained in a deterministic sense.

Here we present e stochastic spproach for a nucleation pro-
cess in a finite system consisting of the formation of clusters
by free particles /4,5/. Apart from other theories we fix the
overall particle number N, the system volume V and the tempera-
ture T of the system:

N, V, T = const, (1)
Due to intersctions between the particles the N particles will
bound in clusters, Thus we have a perticle configuration

N = {m1 Ny sae Ny Ny g eee Ny (2)
where Ny is the number of free particles and Ny (1=2,...,N)
the number of clusters with 1 bound particles. N describes the
cluster distribution in the finite system. Because of (1) it
helds

N = 1¥11 Ny 5 0SN <Y (1=1,.000N) (3)

In the following we are interested in the probability P(N,t)
to find & given cluster distribution N at the time t.

The time evolution of P{N,t) can be described by a Master
equation /4,5/:

A P(NE) = 2 w(NINTIP(N', € )-w(N' | N)P(N, ) (4)
Nl

N' specifies those distributions which are attainable from the
assumed distribution N with the transition probabilities per
unit time w(N'|N).
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2. The equilibrium probability distribution
The equilibrium state is characterized by the condition of de-
tailed balance:

w(N'{N)PO(N) = w(NIN*)PO(N*) (5)

where Po(ﬁ} is the equilibrium probability of the distribution
N. The maxima of Po(g) denote the equilibrium cluster distri-
bution in agreoment with the deterministic theory,

Po(ﬂ] is given by the following relation /4/:

PO(N) = ZTT‘,i'V_N}' exp {- r:;r F(T,v,g)} (6)

Here Z(T,V,N) is the canonic partition function of the inter-
acting N particle system, It is a constant and stands for the
normalization. F(T,V,N) is the free energy of the considered
cluster distribution N assuming the clusters and free partic-
les as an idesl mixture /4,5/:

N ,
F(T,V,N) = {Zf ul{ fyekgT(1n :,l-lf' -.1)} (7)
F(T,V,N) considers the partial pressure of the clusters and
free particles and the mixing entropy (see also /6/). 11 is
the de~Broglie wave length. f, is a potential term which in-
cludes the binding energy of the cluster and the surface ener-
gy. For large clusters we choose /4/:

£, = - ALsB12/3 (e)
while for emall clusters
A
fy==-%1 (1-1) (9)
is hold /5/. A and B are temperature depending constants /7/:
3 -
A= kgl In P22, 8- ax(dfe, ) e (10)

with B being the surface tension of the cluster, c_, the par-
ticle density in the cluster, p_, the saturation pressure over
a8 macroscopic flat liquid surface.



3. Kinetic assumptions
To determine the transition probabilities per unit time
w(N'IN) we choose the following kinetic ansatz

e

AL+ AR Ay (11)
It means that the growth or shrinkage of a cluster of size 1
occurs only by the attachment or evaporation of a free par-
ticle, w' and w™ are the probabilities of the given reactions.

We assume further that the probability of en attachment of
a free particle to & cluster of the size 1 increases with the
surface of the cluster, with the number of clusters of size 1
and with the density of particles /4/

wh(NNy) = « 123N :,1- . Ny Ezwl (12)
o« is a constant what depends from the specific properties of
the cluster. It determines the time scale.

With the condition of detailed balance (5) and (7),(10) we
find the transition probability of the opposite process (eva-
poration) /4,5/:

- Poo o
w(Ny) = u12/3n1wexp{§;§1-1 1/3} (13)
B B
The transition probabilities characterize the mean life time
W of a given cluster distribution N /5/:

(1
'\9;;-[}: u(NIN]} -1 : (14)

The real 11fa time of the cluster distribution is determined by
a random process and can be investigated by means of computer
simulations. We use the stochastic dynamic technique /5/.

4, Discussion of the stochastic evolution
(i) First we discuss the time evolution of a single cluster in
the system /3/. In this case the transition probabilities are
a function only of the cluster size 1 and the thermodynamic
constraints, We obtain them from (12), (13):
12/3 (N=1) kBT

Poo

exp{§ 0 €

"1

- w23 1"3] (15)
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w'(1) eand w™(1) ere presented in Fig. 1. The points of inter-
section are hold for the equilibrium states of the cluster /7/.
The first point of intereection gives the critical cluster size
(instable equilibrium staste), the second point gives the stable
cluster size, It is determined by the thermodynamic constraints
and represents a coexistence of the cluster and the free par-
ticles, In Fig. 2 the stochastic droplet evolution is shown
/5/. The time to reach the stasble cluster state depends strong-
ly from the initial supersaturation Yo NkBT/p,,v which in-
cludes the thermodynamic constraints. For lower initisl super=-
saturations the cluster has only a short time to stey in the
thermodynamicelly determined stable state.

(ii) The evolution of the cluster distribution is discussed in
terms of the probability distribution p(l,t) /5/. It gives the
probability to find clusters with size 1 at a given time t and
has to be found by averaging over a large number of simula-
tions. (In Fig. 3 there is presented only a single simulation.)
For the evolution of the probability distribution we distin-
guish two characteristic time scales. First in a quasistatio=-
nary scale the initial state of the N free particles relaxes
into a state with free particles and small clusters. That's

the metastable state, characterized by a poisson-like proba-
bility distribution near the initial state (Fig. 3a). This
state is left in a stationary time scale if fluctuations allow
to form some overcritical clusters (Fig. 3b). When the stable
state of the system is reached a poisson-like distribution

near this state is built up (Fig. 3¢). Thus the nucleation
process is characterized by a stochastic tunnel process through
unprobable states to reach the final squilibriun state which
exiets for finite systems,

Acknowledgements: The author is indebted to Prof. Dr. W.

Ebeling and Dr. sc. L, Schimansky-Geier, Berlin, for many sug-
gestions and valuesble discussions,
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Axel Budde, Reinhard Mahnke

Isoenergetic Nucleation in Finite Systems

In this paper we consider the kinetics of nucleation under dif-
ferent thermodynamic boundary conditions. This contribution ie
based on investigations concerning the condensation of liquid
drops from a supersaturated vapour under isothermic-isochoric
boundery conditions /1/. We use here the same droplet model as
for the isothermic cese, which is described in detail else~
where /1-3/. The dynamics of isothermic nucleation (condensa-
tion of water droplets with fixed temperature and volume of
the system) is summarized in Fig. 1.

In the following we consider an ensemble of clusters with
the distribution N = (Nz'Nz""'Nn""'Nn) in a finite system

= Z: n N, = const, The theory starts with the following free
enargy as state function comming from statistics (F=-kT 1ln Z,
ideal gas)

3
F(T,V,N)== ¥ kTNolnT/TO-anaan/V°+kT}?__annNn-kTNo (1)

-%RT?_;annnc.Zz:Nf (m)

with the reference velues T = 293 K, V -(h/VE?FiET’W ~ 1.4
10"%ne> and No= §:N as overall number of particles, The func-
tion f (T) givas the potential contributions of & size-n-clu-
ster, Taking into account bulk ( }4_{T) n) and surface (6 A(n))

terms we use (compare /2,3/)

£o(T) = fe(T)n + GA(n) (2)
with 4 (T) = - % KT1nT/T, + kTln(€,o(T)V,) (28)
and c‘q(T) = cO(T/To)'iaxpfe (1/70—1/T3 { £ =5000 K) (2b)
Inserting (2) in (1) we get

F(T,V,N)=-KT (3N + gﬂ,)lnT/Tu-k'rNolnwvookT};unlnnn )

3
=kTN = ERT§ N,1n n+ GA +kTM 1nc V +k € M T/T ~k e M
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with M = § N, A -g nA(n)

This state function (3) is the basic quantity to understand the
nucleation in closed systems. But it may be that the exchange
of heat takes longer time than the nucleation itself, Therefore
we calculate from (3) the inner energy

U(T,V,N) = KT(3N_+ 3M,) + @A, - k&M, (4)
which is decressing for growing nuclei.

Now we replace the condition T=const by the energy conserva-
tion U=const. The corresponding state function is the entropy
S=5(U,V,N), which we calculste from (3) by S(T,V,N)==-BF/3T
and replacing the temperature T=T(U,V,N) using (4). The result
is

S V) =k (EN+ 3 M) tn Lo TRt kEMa |y 1y
H;(ZNo + % Mut) (5)

kI Ny LN, + 3 kN, + 3k T Nplnn + k(5 - % -lnel )M,
The temperature in the whole system is given by

T(U,V,N) = (U= 6A ok e M)/ [ k(3N + 3M.)] (6)
Fig. 2 shows the properties of entropy S (5) and the changing
of temperature (6) in the case of one cluster in the surroun-
ding gas.

The kinetics of nucleation in isolated systems is very si-
milar to that with fixed temperature., From the isothermic tran-
sition probabilities per unit time /1,3/, which read exactly
/2/

WA(Ny) = (D/1(T)) A(n)N N, /v

Wi(Ng) = (D/1(T)) A(1)N,(Ny=2)/V
where D - diffusion coefficient, 1(T) = 2% /(c, kT) capillarity

length, we get in the isocenergetic case the following rates of
attachment

Wa(N,) =

(7)

DC“ u_E'Aﬁ-‘-k&MH
26 3N, +3 M. Aln) Ny N, 1V (8)

and for the reverse process (eveporation rates)

WalNa) = WOy (N, _gst)expff [B(U, v, N )-s(u, VY]] . (9)
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Figqure Captions
Figs %: ﬂEcIeatiun under isothermic-isochoric boundary condi-

tions. Evolution of the droplet ensemble by solving the master
equation numarically. Snapshoots of the distribution function
for different times. B
Parameters: T=293 K; V=26000 nm”, M =300 _,
cu= 33,5 nm ; ¢ =578 - 100 na  ;
D= 10*nm%/ns; &° = 0.073 kg/e?

a) 0 collisions (initial situq}ion}: t =0 ns ; N1-3OO; y = 19

b) 100 collisions: t = 7,5-10"ns; y = 10.4

c) 2000 collisions: t = 0,177 ns; y = 8,85

d) 13000 collisions: t = 1.21 ns; y = 8,25

e; 52000 collisions: t = 4.85 ns; y = 7.0

f) 55000 collisions: t = 5,31 ns; y = 5.85

g) 56000 collisions: t = 5,59 ns; y = 3,33

h) 57000 collisions: t = 6.04 ns; y = 2,93

i) 58000 collisions: t = 6.87 ns; y = 1.66

Fig. 2a: State function entropy S = S(U,V,n) showing the cri-
tical (ncr) and ntabge ("atJ size

Fig. 2b: For fixed energy U = const the temperature is increa-
sing for growing clusters.
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eqloclexp(l k(n)) eq{ @) (1+1 k(n)) (7)
[CukpT) ~ = 1 nm capillary length (8)

o (Codr/3)™</° n®° surface of a s
n-droplet (9)

1/3'_‘.“1,/3

P dm/3) curvature of a
size-n-droplet (10)

ition of monomers (closure condition)

po

\n f(n,t) dn = Hﬂyv (11)

;Jaaxuns embody much of the physics of phase tran-
e well-known droplet kinetics (6), (7) indicates
will flow from regions of high to low curvature.
tance equation (5) we neglect the production-decay
pquals zero) which would introduce new droplet of
tlass into the system. In comparison with a Fokker-
'n we deal with drift contributions only. Proces-
tate a second derivative term in (5), arise from
yrrelations among the droplets /10/. Finally we
lepletion of monomers in a finite system by the

aw (11).

yneral theory of Fokker-Planck-Equations it is well
kinetic equation like the Liouville or continuity
lescribes the deterministic motion of the droplet

'e s-dimensional size space NysesseN_ e Starting

- |
distribution in the form

5
1 50 A
Y Z Ny(t) §(n-ny () (12)
=
} the number of clusters and n,(t) the size (number
Pomers) of the clusters of class i at time t. After

ansatz (12) into (5) we get for i=1,2,...,s

§4110) ; dnifdr = vi[nl,...,ns,y,dy/dr) (13)

St

gite (13) explicitely. The details can be found in
Ilt obtained is the following equation
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