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Preface

In autumn 1986 a school on the theory of homogeneous nuclea-

tion and phase transitions wae organized by the Department of

Physics of the Wilhelm Pieck University Rostock, German Demo-

cratic Republic, This school was devoted to the following

three topics in the field of phase transitions:

thermodynamics of heterogeneous systems and problems of

surface tension

theory of the kinetics of first-order phase transitions,

deterministic and stochastic description and computer simu-

lations

practical experiences with known nucleation theories and

relations to experimental necessities.

Ne were very glad to welcome 25 participants who are inter-

ested in an intensive interchange of ideas. Thus a lot of

valuable suggestions could bé given and many remarkable re-

sults have been discussed.

Our thank goes to all who supported ‘this school with sug-

gestions and collaboration in the organization.

This booklet contains a selection of papers presented at the

sutumn school.

We thank R, Mahnke and A, Budde for their help in the pre-

paration of the manuscripts and last but not least, we thank

Mrs, Hiltrud Bahlo, who typed the whole manuscript, and Mrs.

Renate Nareyka for preparing the figures.

H., Ulbricht F, Schweitzer



Program of the Autumn School

Thuesday, 14. 10. 1086

H., Ulbricht (Rostock): Opening

Pp, Brauer, M, Heuchel (Leipzig):
Thermodynamics of sorption processes on the basic of excess

values

1, Basic equations, gas adsorption on solids

2, Adsorption of binary liquids on solids

N. Vogelsberger (Jena):
Considerations on the correct interpretation of the deriva-

tive [9x/ 9dr] in the theory of interface of liquids

Yednesday, 15. 10. 1986

F. Schweitzer, J. Schmelzer (Rostock):
Thermodynamic analysis of nucleation processes for different
constraints

F, Siegmann, H. Ulbricht, F, Schweitzer (Rostock):
Thermodynamics of nucleation in binary mixtures

D, Stock, H. Geiler (Jena):
Deterministic description of laser-induced nucleation and

growth processes in stlicon

J. Lembke (Rostock):
Experimental investigations of nucleation, growth processes
and Ostwald ripening of metal halogenide phases in photo-
chromic model glasses

H, Linck (Wolfen):
precipitation of silverhalogenide for producing photographic
amulsions

H, Ulbricht (Rostock):
Nucleation in porous media

A, Hoell (Rostock):
on the influence of elastic strains on growth processes in

solids and on a solid surface



Thursday, 16. 10. 1986

A, Richter, W, Pompe (Dresden):
On the “inet.cs r nucleation for the precipit~tion of thin

layer: arn laser induced plasma

J. Barthela (Rostock), A, Richter (Dresden):
Kinetics or nucleation for isothermal processes

F, Schweitzer (Rostock):
Stochastic description of nucleation in finite systems: theory
and results of computer simulations

H, Tietze, F, Schweitzer (Rostock):
The nucleation barrier in finite systems: an inv~2rig-tion of

the thermodynamic potential

R, Mahnke (Rostock):
On the kinetics of Ostwald ripening in finite systems

A. Budde (Rostock):
On the kinetics of nucleation in finite and isolated systems

N. F. Patsegon (Kharkov, USSR):
The strong discontinuities in the steady flows of partially
dissipative micropolar ferrofluids

Friday, 17. 10. 1986

G. Répke (Rostock):
Quantum statistical approach to cluster formation and phase
transition in dense systems

B. Lorenz (Potsdam):
Theory of grain eize distribution in nucle-~tion and growth
nrocesses

I'. Boseniuk, R. Feistel (Berlin):
Nucleation in bistable reaction-diffusion systems

L. Schimansky-Geier (Berlin):
Nucleation and activation

H, Ulbricht (Rostock): Conclusions
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Peter Brauer; Matthias Heuchel

Thermodynamics of Sorption Processes on the Basic of Excess

Values

i. Introduction

In our lectures we try to develop an uniform thermodynamic

description of various problems concerning systems with inter-

faces /1/. We want to start always from the given experimental

situation. This will be shown mostly by means of problems of

adsorption,

At least two homogeneous parts of a heterogeneous system are

necessary for an interface. That is the reason why interfaces

are not independent objects, A usual thermodynamic description

can not give exact results for this isolated unstable region.

The correct approach is to treat the interface on the basis of

excess values. An excess means an accumulation or a diminution

of any component of the system in the interfacial region with

respect to the homogeneous parts of the system. From this point

of view the thermodynamic formalism is treatable in an uniform

way. It must specialized for all physically different inter-

facial systems (i.e, liquid-liquid, liquid-gas, solid-gas,

solid-licuid) and also for the different experimental situa-

tions (e.g. either volumetric or gravimetric method in gas ad~

sorption). The thermodynamic description of interfaces has a

long history. It has started with the famous pioneer work of

Gibbs s2/. The following derivation given here bases on the ge-

neralized results of Lopatkin and Vernov /3,4/. For our own

contributions to the following representation the reader is re-

fered to page 1 in our detailed paper /1/. In case of gas ad-

sorption we refer clao ~~ ‘1/.



2. Basic Equations

For simplicity we consider a heterogeneous system consisting

only of two homogeneous parts &amp; and 3 and one interface (for

detail see /1/). Usual thermodynamics of heterogenegus systems

neglects the influence of interfaces and treats every extensi-

ve quantity of a heterogeneous system yet and the related to-

tal differential dymet as a sum of the corresponding values in

the two homogeneous phases:

het _ vy a yA; ayhet = dy ™a dyB.

Thies assumption of simple additivity neglects the contribution

of the interface and causes an error ye. called excess, which

is a measure for the influence of interfacial processes, It

can be shown, that in experiments only excess values are re-

sulting quantities /1/. That's why a correct description of the

homogeneous system paying attention to the interface is given

by

het ue ule 2 dv | gu ™. gu BP. dv® . (2)

Contrary eq. (1) could be considered as a reference system of

just hypothetical nature. Eq. (2) is the definition of the ex-

cess quantities.

There exists a fundamental equation containing the informa-

tion of the first and second law of thermodynamics for any of

the extensive quantities in eq. (2). We find in case of inter-

nal energy y=u for t components in the system and k generali-

zed thermodynamic forces

4 het - thet _het
k

du’ = TT¢

Yet iv”
t

~~ het het
dn

4 i

2,3.

(3)

(4)

Because of the validity of Euler's theorem for the homogeneous

phases o and A the extensive quantities y* and y can expres-

sed by partial molar quantities



r oN
7

(5)

t % and t/ are the corresponding numbers of components in phases

 » andAreegectively. It is not necessary that t* = tA, with

(5) we get from (2) the equation

€
'y

(6)

In this representation of excess quantities y® the amounts of

substances ng and nfin both phases o and 2 of the reference

system are undetermined coefficients of a linear combination.

They must be determined in dependence on the actual interfacial

problem and on the appropriate experimental method. Finally we

get Gibbs-Duhem equations for the homogeneous phases x and 3

sTat’ - vido"
4r

_ nj19m4 = ) roa ol A (7)

Every homogensous part is fixed by t"+1 intensive variables.

The corresponding variables in the phases o and/3respectively

must not be equal in any case, because these phases could be

considered as independent ones. This is in contrast to Gibbs,

who formulated equilibrium conditions. Fixing intensive para-

meters in eq. (6) determines the partial molar quantities but

not the coefficients of this linear combination. For it two

extensive parameters are necessary (e.g. the volumes of both

phases = and 2 ). In general it can be done by specifying

sither one parameter for every homogeneous phase or one for

the whole heterogeneous system and the other for one of the

phases o« and3respectively. If the unknown coefficients in

eq. (6) are determined, than the reference system and the ex-

cess quantities are simultaneously completely fixed.



3. Rules for Determination the Reference System and the

Excess Quantities /3,4/

Comprimising the results of our paper /1i/ we give four rules

for determination of the reference system. The actual choose

of the quantities depends on the real experimental situation.

The following quantities must be fixed:

1) the components in both phases of the reference system (num-

bers t “and tA)

ii) the force acting on the systom (numbers k* , kf), Usually

it 16 k= k?= 2 and xX" = &lt;p"; x" =v; rea,

tii) the intensive parameters, their equality or nonequality

in the phases « , A and in the real heterogeneous system

iv) two extensive perameters; either one for every phase « ,/3

or one for the whole system and one for one of the phases «x or

A.

¥ith these rules it is possible to calculate in an uniform way

the thermodynamic functions of any surface system which has

been investigated before by any experimental method of adsorp-

tion,

4. Peculiarities of Adsorption on Solids /2,4/

In this section we want to give a short list of problems con-

cerning adsorption on solids. This should be kept in mind for

the next sections, where we will give two examples for the

application of the general excess formalism.

The properties of a solid and hence of its surface depend

on the previous treatment. A reproducible preparation is very

difficult. The phase boundary of highly dispersed powders is

not observable and for adsorbents with narrow pores without

sense.

The surface tension for powders is not measurable. The pri-

mary experimental quantity is the adsorption amount,

The specific surface Op can be determined only inaccurate-

ly and becomes senseless in micropores. Therefore it is better

to choose the mass of adsorbent m, as independent variable

characterizing the solid adsorbent.

A lot of information concerning adsorbents (e.g. structure

 y



and chemical properties of the surface region, character of

porosity, extent of heterogeneity etc. ), which should be known

before establishing a theory, results only from adsorption in-

vestigations,

5, Reference System and Excess Values for Gas Adsorption of

One Component on a Solid Surface

This is a first example for application the rules given in sec-

tion 3. The procedure is shown in Fig. 1. Phase A is a solid,

which is considered as one component, We use index A to charac-

terice the solid adsorbent. Phase o is a pure gas (adsorptiv),

which is characterized by index g.

Rule i:

It is easy to see, that t”= 1 and t%= 1, Hence the whole system

consists of two components. We exclude absorption from consi-

Jeration, i.e. nf=nl-0. Further we postulate that the vapour

pressure of the adsorbent is negligible, i.e. ng ~m,=0. Then

eq. (6) gives

» het nt o
i. TM Ae

-v-gific quantity related to the adsorbent mass m,.
2

bp
Rul~

onl --—~hr ~-Y work must be considered, i.e.

eon oo x _ph (9)JAB

Rule

The tompc.

stem are eau’

: the reference and in the heterogeneous sy-

—— (10)

and the pre~ ros are equal on a plane surfaces, i.e.

oi o Ra  PD (11)

For curved -nfrotg f+ is generally poe p’?

The chemicz. notcntial of the gas has the same value in the

reference system and in the heterogeneous system, i.e.

x hc”

Me =Mg
(12)



In comparison the chemical potential of the adsorbent in the

Toterogeneous oystemuLTL = it, spo 1 different from that of
the reference system Up, ep= A, 8p° It is

/ 0

% sop "Fh, 0p

because the solid is disturbed in the heterogeneous system by

adsorbate. We introduce the difference of both potentials as sa

ew quantity

P= “(Mn, ep=Ma, 8p) :
P is a measure of the disturbance of the adsorbent. For the

so called "inert adsorption” it is P =0.

Rule iv:

The choose of the extensive parameters for the reference system

depends on the kind of adsorption and on the used experimental

method. We consider here the volumetric method as an example.

Before the direct measurement can be started the volume of the

whole system vhet must be known. Then the free volume Vie for

the gas is determined with a He-expansion method using the

assumption that He is not adsorbed. The adsorbent volume is

found by va = VP vee The volumes vhet, Vie and va are consi-

dered as fixed during the experiment. With v¥ = Vie’ vA va

it follows from eq. (3) (y=v):

aut Ly ovo,

The first coefficient of the linear combination (8) is fixed by

v= Vier Lee. ng = Vie Vg ’ vg: is the molar volume of the gas

under the present conditions of the adsorption experiment.

Now we consider the balance of the adsorbent mass in the sy-

stem. The adsorbent mass wm, has to be known. Because of ny =0

it is in (2)

5, = ahnet Ir.

(16)

For physical adsorption, where we exclude any formation of che-

mical species between gas and surface atoms and therefore any

possible appearance of adsorbent in the gas phase, it is

alt. pf a, ; 8 a0.



The reamining second coefficient of eq. (8) nf? = m, is fixed

and all excess quantities are determined in an uniform way.

vith the expressions (15) and (17) the phase boundary is fixed

on the adsorbent surface. For the adsorption excess it follows

with ng = ng = 0 and yen from (2)

n® = ahet - n% - nhet _ Vie/Vo .

In case of isothermic conditions phet has to be determined for

any equilibrium pressure, Vie/Vg is under this condition a

constant quantity provided that the pressure dependence of the

molar volume is negligible.

In case of adsorption gravimetry the coefficients of the 1i-

near combination (6) are determined in a similar way /1/.

(18)

6. The Derivation of Thermodynamic Formalism in Case of Gas

Adsorption on Solid Surfaces

¥ith the rules in section 5 we get from eq. (2)-(4) in case of

a plane surface the equations

du® = duet - dug - dul

het _ het het het
du = Tds - pdv + dn + Ha, apa

d = T - pd d
ug ds, p Vg + HM ng

o _ 0 o 0

du, = Tds, = pdv, + 5, 3p9®A

and consequently

du® = Tde® - wdn® - Pdm,; u® = Te® » un® - Pm, (23)

with P from eq. (14). If the adsorbent surface is a measurable

quantity and the linear expression

0 = OgpMA
(24)

is valid, where o is the absolute surface area and Ogp the spe-

cific surface, it is possible to eliminate the mass in eq. (23).

Simultaneously the surface pressure TU can be introduced in-

stead of $ . It exists the relation

$dn, = - (Prog )do = = To; T= -(dg®/do)y ,e . (25)

By Legendre transformations we get the other thermodynamic po-

tentials, i.e,



dg  -8%dT + pdn® Pdm, ; g° = un® - fo,

and finally the Gibbs-Duhem equation

-3%dT = n®du + 9, dP = 0.

(26)

(27)

From eqs.(26) and (27) it can be seen, that there exists the

following two representations of the chemical potential:

MT,0%my)mT,MY);Man/m;p=i(T,9) (28)
In particular it is

du = =, £697 + (Qu /Or)dl; du= = 4 dT+(1/ 7 )dP (29)

with the integral and differential molar excess entropies

e e,e .e e °

5int= s/n”; Sdiff =(2s7/2n M,m,

For the chemical potential of the gas phase the following equa-

tion can be written

d = «SS dT + V_ dp .
#3 gt + YgoP

vhere Vg and Sq are molar quantities, From the equilibrium con-

dition d= du and from eqs. (29) and (31) result three equa-
tions:

e

=(S{pe = Sg)dT (32a)

~(Sgif = Sg)9T gdp - (Bu /OM)qdlM= © (32b)

~(Sgne = Sqy¢)9T = (Bu /dM)dlM= (1/M)d$=0 . (32¢)

By fixing one variable it is possible to derive partial diffe-

rential coefficients from eq. (32), which could be instruc-

tions for experimental measurements in order to determine ther-

nodynamic adsorption quantities, We illustrate this with three

examples. From eq. (32a) we get a relation allowing to calcula-

te under isothermic conditions P or TU from adsorption iso~-

therms:

P Pp oo
P=rR (Pz dinp : X= RT ( &amp; z dlnp; Taconst., (33)

2

where

? 3

rp Vg/RT = 2 (? Inf/2 lnp)y (34)

correction term for the real gas, which could be measured



by the pressure dependence of the fugacity coefficient, Usually

it is z=1, which means that.a perfect state for nonadsorbed

gas is supposed. For I" -const. in eq. (32b) a relation for cal-

culating the isosteric heat of adsorption Q., from adsorption

isosteres lnp=f(1/T), follows. It is

Je =~ (Hse - Hg) = R z[3 1np/9(a/m)], (35)

Eq. (32c) yields finally a connection between differential and

integral quantities of adsorption, e.g.

e e

Hine = Hg = Mages = Hg = [3(E/miz0a/mM] /T. (36)

7. Reference System and Excess Quantities for Adsorption of

Binary Liquid Mixtures of Nonelectrolytes on Solids

Fig. 2 shows a principal diagram for the real adsorption system

and the reference system in the case of adsorption from binary

liquid mixtures on solids. We apply again the rules of section

3 to fix excess quantities corresponding to the special adsorp=-

tion system and to the special experimental method of measure=

ment.

Rule i: We have a two-component liquid mixture (t® =t=2) in the

x -phase and exclude by ma=0 any dissolution of the solid in

the liquid phase. The solid is considered as one component

(cf =1). As in case of gas adsorption we exclude again any ab-

sorption of the liquid component into the solid, i.e. nA =0

and n= 0.

Rulei The same assumptions are valid as for gas adsorption.

Rule iii: We take over the assumptions of section 5 with one

exception, Because of two liguid components it is now

PPUCE CE CE 0

Instead of eq. (€) it is now

Ew Coax
JF 3

A. sp

Rule :** We have to determine the unknown coefficients ng '

ns! and my in the linear combination (38) by fixing two ex-

tensive parameters for both phases of the reference system. We

start with the mass balance. The mass of adsorbent m, is equal



in the adsorption system and in the reference system and eq.

(17) is valid. In order to fix the second extensive parameter

we need information about the special extension of the adsorp-

tion experiment, Here we discuss the following possibility:

In the initial solution with total number of moles n®=ng+n3

and molar fraction x3=n3/n° (T.p=const) the solid adsorbent

is diped in. Due to different interactions of both components

with the surface of the solid a new molar fraction x, in bulk

phase is adjusted, which is usually different from &lt;8. We ob-

tain the excess adsorption re i.e. the excess amount of com=-

ponent 2 per mass of adsorbent. It is

re = no/m, = n®(x3 - X5)/m, .

where on the r.h.s. only measurable quantities appear. The

function ra=f(x,)r is called excess adsorption isotherm. If

this is measured for different temperatures, a calculation of

the. thermodynamic quantities from the obtained set of isotherms

is possible. A second approach to thermodynamic quantities uses

the measurement of heat effects during wetting or changes of

adsorption in a calorimeter /1/. At present we can return to

eq. (38). With nen? and the fact, that the molar fraction

of the bulk phase of the real adsorption system should be equal

to the same of the a ~phase (xg=x3), it follows

ng = n® xg; i=1,2

For the excess amount we get again the result of eq. (29). It

is easy to see, that

nj +n3=0; ry + rs =o.

Vith eq. (40) all remaining coefficients nf and ny of the 1i-

near combination (38) are fixed experimentally and the excess

quentities are definitely adjusted to the experiment.

(41)

8. The Derivation of Thermodynamic Formalism in Case of

Adsorption of Binary Liquid Mixtures of Nonelectrolytes on

Solids

The thermodynamic formalism is treated in the same way as in

case of gas adsorption, provided that the excess quantities

fm



are fixed by equations (36), (17) and (18). The difference re-

lated to the existence of two components is removed formally

by dn = - dng (eq. (41)) and hence one quantity can be elimi-

nated. In this way we get instead of (26) and (27) the equa-

tions

dg® = -a%dT+vBdp+ Mn, dna Pdm,: n°- Hoqno- Pry (42)
® e e ® 0: em

5°dT =v dp+ngd pt, ~m dS =0; jdyq3MamHy

It can be ssen from these equations, that the following repre-

sentations of the difference of chemical potentials 21 is

possible:

Ma1= Mog (Topunguma) = piog (Tops T3)i Mag=py (Top $10 (44)

It is in particular

d = 8% co dT + VY, coodp + (Buy, /0 M3); 415
M21 diff2 diff2% M21 21,09" 2

I e e
dip; = =S3neadT + Vineadp + (1/75)d9

with re = n/m, and with the integral and differential molar

quantities

(45a)

(45b)

e =  ©,.€ . © e e

Yint2=Y /N5 i Ygigep = (BY /ON)g oon, (46)

Ne can obtain e third equation for d pny from the properties

of the liquid mixture (ot -phase of reference system) /1/

dptgy = =S5,dT + Vy dp + Ly diy

vith the differences of partial molar quantities

(47)

, =,5YES,V (48)

and

roe | ode : J
far7 Tox i + (B1nfy/0x5) of

fy is the activity coefficient of component 2 in the mixture.

The equality of l.h.s. of (45a), (45b) and (47) leads in com-

parison to eq. (32) to three a little bit more complicated equa-

tions:



a a8 e
~SinedT+V ne dP+(1/ Fo)dP-L,,dx, = 0

~S5. ¢¢dT+VE  dpe(Opu,,/3 MS). dI8-L dx, = 0diff diffIP+ioM,, 2'T,p% 27 219%2

~(S3nr Saif )4TH (Vine =Vayg¢)doe(1/ M 3)dP = (Bun, AMS), dM 5=0
{50¢)

5 a e a

vo have used the abbreviations Yint™ Yint2~Y21 and Yaife™
Ydiff2~Y21° In analogy to gas adsorption we obtain from (50a)

with T,p=const, by integration the relation

P(x )-P,. -
re
= [Ee (Bnfyraxg)rJ]dx, (51)

P(x,)-Piu can be calculated from an adsorption excess iso-

therm rs = fx). if the dependence on the activity coeffi-

cients fy of pure mixture from molar fraction is known. If the

specific surface Ogp is also known, than it is possible to in-
troduce bv

LL

the surface pressurr ®t. “- as well as J can be fixed only ex-

Cept a constant, e.g. the surface tension of pure component 1

Thx . But r,, could be calculated from gas adsorption (eq.

(33)), if the integration is extendend to the saturated vapour

pressure p,,. In analogy to (35)

2

Ha1f = Has framHag = js +(2 1Inf,/3 xp)7,p] (@%2/3T) re
(53)

aLe Mn. = -(¢ (52)

is an estimation of the differential change of enthalpy from

excess adsorption isosteres x5=F(T) re if a change in molar

fraction from x, to x,+dx, occurs, 2

At least we want to point out without derivation, that bet-

ween ¥ - ? x calculated from an adsorption excess isotherm

(eq. (51)) and heets of wetting measured with a calorimeter the

following relation e::. fe

(Byh= 2.0 /my = [R[(P-&amp; 0/1) 3(1/m) oux,.m, (34)



where ah and Ouhax are enthalpies of wetting of the liquid

mixture and the pure liquid 1 respectively, These and other

equations allow thermodynamic consistency tests between comple-

tely different thermic end calorimetric measurements,
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Considerations on the correct interpretation of the deriv-+i~

[@y/dr] in the theory of interface of liquids

The thermodynamic description of systems with two or more pha=-

ses and interfaces needs a definition of the dividing surface

between the adjacent phases. The reason is that the transition

zone has a finite thickness and the density varies contineous-

ly between the phases. We restrict our considerations on a sy-

stem containing two phases « and 3 and only one component.

The most important dividing surface in such system is the

pquimolecular dividing surface. It is given by the relation

N= N*4 NP

This speciel position of the dividing surface is well defined

if the total number of molecules in the system N, the total vo-

lume V and the densities of the two phases are fixed. (N% and

N” are the numbers of the molecules in the two phases o and

B .) An other definition of a dividing surface is the surface

of tension originally introduced by Gibbs /1/. Kondo et al.

gave an interpretation of the surface of tension /2,3/ which

is erroneous.

To show this we first summarize the model of Kondo et al.

/3/. They consider a system at constant temperature T, compo=-

sed of two phases x end [3 separated by a spherical interface

as shown in Fig. 1. The system coneists of the part of the

cone between the two radii R® and R” where R® &lt; R%and « 1s

the solid angle. The two phases are separated by the dividing

surface, r. The total volume V is now divided into two volumes

v¥and V/Agiven by

Vea tao [3 - (R*)3]

(1)

(2)

A (LL (3)

The area of the dividing surface A, is



wr” (4)

The pressures p ® and p” inside the two phases o and 4 are rela-

ted + the densi*jies by the constitutional equations of state.
~

(5)

3

(For simplicity we used a linear dependency in both cases, )

The two constants K™ and K® are functions of temperature. The

work done by the system if the solid angle is increased from

zero to the value co, keeping all other variables constant is

jiven bw

$,
~

LT ee  a8’ (7)

It is equal to the grand potential, Gd , and y means the surface

tension. By use of eqs. (2) to (4) and differentiation of eq.

(7) with respect to r keeping + @ , p™and pB constant Kondo

at al. /3/ obtain the following relation

ip OXro =4r (p% 0h). (8)

The derivative Oy/Jdr in eq. (8) is ascribed by Kondo to a

pure mathematical displacement of the dividing surface "kee-

ping all the physical quantities inside the system and the ex~

ternal conditions unaltered”, This interpretation is erroneous.

It is convenient to keep Se constant during the derivation of

eq. (7) because the work should not be affected by an arbitra-

ry displacement of the dividing surface. Kondos derivation of

eq. (7), however, contains the change of the volumes V and

vA during the displacement of the dividing surface. If the vo-

lumes V and V2 are altered then the pressures p and pA can

only be kept constant by an additional change of a physical

quantity in the system. From eqs. (5S) and (6) we see that this

additional change can be a change of the number of molecules.

Thus the derivative Oy /3r is not as stated by Kondo et al.

/2,3/ the change of the surface tension by an arbitrary pure

rathematical displacement of the dividing surface “keeping all

he physical quantities inside the system and the external



conditions unaltered”, It rather givee the change in surface

tension by the displacement when e.g. the number of particles

of the system is changed in such a manner that its pressure is

kept constant. A pure mathematical displacement of the dividing

surface must keep the volumes V* and v8 constant. From the ma-

thematical point of view we have the following situation. In

the system considered we are concerned with the quantities: T,

V, V%, vB, p%, pA, N N¥*, NAy, r, A w, R¥, RAand

@ . The following ones of these quantities are fixed to be

constant by definition: T, p%, ph, , RY, RA, ® and N =

N, es well as the total volume of the system, V, for we have

V = V(w, R®, RA). The remaining variables sre: V%, vA, r,

A, N*, NPand y .

Among these seven variables we have seven relations, eqs.

(1) to (7). These seven equations are independent on each other

since the functional determinant [Dl is not zero.

D | e—= wrl A KTKA
KokvA [4NT NAvA Ie 0 (9)

Frherefore all the seven variables are determined by these equa-

tions. The equations (1) to (6) define the equimolecular divi-

ding surface (indicated by the index e) since Ny molecules in

the system considered can only form one determined amount of

phase « , Ng , with pressure p®, The radius of this equimole-

cular dividing surface is r = rg and the corresponding surface

tension y = y is given by eq. (7). Eq. (8) introduces a new

quantity Oy /Qr . Combination of eq. (8) with eqs. (1) to

(7) gives the value of dy /3r at the equimolecular dividing

surface.

Thus all the quantities V%= Vg , vAa uz, rer, A=A

NY = NS, NB= NE, y =, end By/Or r [Oy/3r], ere

fixed by the egs. (1) to (8). There is not possibility to

change one of them arbitrarily.

The surface of tension is defined by the condition /3/

BylBr =0. (10)

Introducing this definition into eq. (8) gives

r 2dr (p%-ph ) (11)



Now we would have eight independent relations among seven va-

riables., Of course such situation is mathematically impossible.

This clearly shows that if eq. (11) is applied to the defini-

tion of a special position of the dividing surface the validity

of one of the seven other relations, eqs. (1) to (7) can no

longer be maintained, or one of the quantities fixed by defi-

nition must become variable. In principle it is possible to

drop the constancy of each of the quantities, T, N, p=, pA,

@ and V. In view of the aim of the model of Kondo et al, /3/

we discuss a change in the total number of molecules in the

system, N, and its physical consequences. Introducing the ex-

tess amount of molecules, NS, by the definition /3/

N = N+ N a N® 4 NB 4 N°

and combining the two forms of eq. (7) for the equimolecular

dividing surface and for an arbitrary dividing surface we ob-

tain

¢ = ye Re, p- pP N*
A NF NS A

NL ~ yw

(13)

eq. (13) shows that the change of the surface tension accompa=-

nying the arbitrary displacement of the dividing surface in

the model of Kondo et al. /3/ is composed of two parts. One

part, the first term of the right-hand side of eq. (13), re-

presents the change of the surface tension if it is referred

to an arbitrary dividing surface A and not to the equimolecu=-

lar dividing surface (pure mathematical displacement). The se-

cond part, second term on the right-hand side of eq. (13), re-

presents the change of the number of molecules in the system

accompanying the arbitrary displacement of the dividing sur-

face necessary to guarantee the constancy of the pressures p*

and p”?.

Use of eas. (1) - (4) gives eq. (7) in the form

R = 20[(RY3p™ = (RH3p2]- 6rd (p%ap?) + wry (14)

As we have already shown a change of r in eq.(14) is only pos-

sible if the number of molecules is changed in the system.



Since the other quantities are fixed by definition the change

of r causes a change of 8 (r, Y= constant) or a change of y

(r,%= constant) or a simultaneous change of both these quan-

tities, £2 and Y . Derivation of eq. (14) results in

df = [2wy r - wr(p*-p?) ] + wridy (15)

The two conditions

d® = 0 and d  a 0 (16)

lead to eq. (11). This equation, eq. (11), is therefore valid

if one of the quantities Q and y 1s a constant snd the other

has an extremum or if both of them have an extremum. The ma-

thematical analysis shows the extremum of R (r, y = constant)

to be a maximum and that of Yy (r,%2 = constant) to be a mini-

num. This situation is illustrated in Fig. 2. As we can see

the line E, M connectes all the maxima of $2 determined by eq.

(11). Furthermore eq. (11) selects all those functions y

(r, ® = constant) having their minimum also at line E, M.’

Setting the first term of eq. (14) equal to zero and w=

4x , i.e, the investigation of one droplet, yields the follo-

wing expression for the extrema of the grand potential, @"

R¥=% ya (17)

This is the work to form a critical nucleus in classical nuclea-

tion theory.

The model of Kondo et al. /3/ therefore considers the af-

fect of changing the number of molecules in the system on sur-

face tension. It shows that critical clusters have minimal

surface tension.
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Curvature Dependence of Surface Tension of Drops and Bubbles

in Multicomponent Systems

1. Introduction

Equations, describing the curvature dependence of surface ten-

sion were proposed by different authors (see, e.g. /1-9/) for

one-component systems mainly. Since the investigation of nuoc~

leation in multicomponent systems is a field of active current

research a formula describing the effect of the curvature on

the surface tension in multicomponent systems is believed to

be of interest.

For an exact calculation of this dependence the chemical

potential and the surface tension as functions of the composi~

tion and pressure have to be known. Since such a complete

knowledge is, in general, not available an approximative equa-

tion is derived here, which is of a relatively general nature

and allows in addition to take into account specific proper-

ties of the system of interest.

2. General Thermodynamic Relations

The general thermodynamic relations the derivation is based on

are the Gibbs adsorption equation (1)

ds = Fro dus, fo ™ Nig /A

the Gibbs-Duhem equations (2)

k

d py = 2 Sia du, dp,=
 KX

L. Sig du,
(2)

and the necessary conditions for a thermodynamic equilibrium

(3)

Moy =pA Pu — Pa =26/R,
(3)



Njo 18 the superticial mole number of the different components

(1=1,2,...,k), 9 is the molar density, i the chemical potential,

p the pressure, A the surface area of the cluster (drop or

bubble), Rg, its radius (both taken with respect to Gibbs®' sur-

face of tension), The subscript « specifies the thermodynamic

parameters of the cluster, [3 the parameters of the medium sur-

rounding the cluster.

3. Approximations and Results

[f we consider first the case of formation of drops we obtain

from the general relations (1) - (3) eq. (4):

[Quin §dies, = 4{%] (4)

Assuming the gas can be considered as a perfect one, the change

of the chemical potential of the different components is given

by

ig

5 Nig

p* being the value of the pressure of gas and liquid in stable

equilibrium at a plenar interface.

If it is assumed further, that the composition of the gas

does not depend significantly on the size of the drop, eq. (5)

yields

du, =RTdlin284 1px) « (5)

RT
did = = dp (6)

and finally we get

Poin d(L)  s,- hi - ©.)
(7)

The general solution (8) of the differential equation (7) has

the same form as obtained earlier for the one-component case

/8,9/



Ra 1 98
6s rer

6 (Rs) 7+ 25m exp {2 T+ 28m dr}
(8)

Again, eq. (8) can be solved only if the curvature dependence

of the generalized Tolman parameter §a as a function of R, is

known, In a first approximation Sas Spon const,, we get a

Tolman~like formula (9):

FER) = mrEL
4 + 28mo

2
Moreover, the same proposals (10) and (11)

R
R,) = _

Sm ( Smo aT) +R

5, (R) ~§,, Rs+b(T)
R. +a(T)

(9)

(10)

(11)

as for one-component systems can also be used to find other

classes of equations for the curvature dependence of surface

tension in multicomponent systems (see /8,9/).

The eqs. (10) and (11) were proposed based on two arguments;

first, &amp; has to become equal to the constant value 6mo for

sufficiently large clusters, and, second, as the result of in-

tegration physicslly reasonable (non-divergent) expressions

for 6 have to be obteined. In addition, specific properties

of the system of interest have to be reflected (here expressed

by the parameters a and b).

For a derivation of the equations for the curvature dapen-

dence of bubbles instead of eq. (4) we have to apply eq. (12);

&gt; {Q-¢ia 3 dp = d{%&gt;}
(12)

Since the subscript o specifies the gas phase, now, eq. (6)

can be used to replace d Mm ., in eq. (12), which results in eq.

77



(7), again, But note, that Sa for a given value of the sum

Zl 4o has different signs in dependence, whether the forma-

tion of drops or bubbles, respectively, is considered.

If 6 wo is greater than zero eq. (10) is to be applied

which results for different values of the parameters in curves

for the curvature dependence of surface tension as presented

qualitatively in Fig. 1, Eq. (11) has to be used in the case

s$ mo &lt; O leading to a behaviour shown in Fig. 2,

4, Discussion

The final results of our analysis, in particular, eqs. (7)

are based upon two approximations, the assumption of a perfect

gas law for the description of the gas (which is believed not

to be a serious limitation) and the assumption of a constant

molar fraction of both phases independent of the size of the

cluster, This second approximation will not lead to signifi-

cant deviations, if the surface tension does not depend strong-

ly on composition.Itmeans,that the second term in eq. (13)

k

Pga
46 =-RT2Iod{lnBet yp x} (13)

has to be small compared with the first, Whether this condition

1s fulfilled, depends, of course, on the special system consi-

dered. °
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Thermodynamic Aspects of Nucleation in Finite Systems

This paper deals with a short summary of thermodynamic aspects

of the nucleation process in finite systems. For detailed ex-

planations see the given references and literature therein.

1. Description of the two-phase system

The phase transition in a metastable system, e.g. in a super

saturated vapor, leads to a heterogeneous system (Fig. 1). The

new phase a consists of the spatially distributed nuclei, e.g.

the droplets, The phase B is given by the surrounding medium,

8.9. the vapor, The droplet is characterized by its particle

number N, and its volume Vi + If we assume the droplet to be

spherical (Vy — ry) and incompressible (cy = Ny Vy = const. ),

only one variable is needed for the droplet description. The

droplet surface is approximated by the Gibbsian surface of

tension /1/. A thermodynamic analysis shows that the surface

tension &amp; depends on the curvature of the droplet /2,3/, A

general formulae for &amp;(r) which includes well known formulaes

of 6 (r) by several authors as special cases is given in /4,5/.

The phase [3 containsavapor mixture, which is approximate-

ly described as an ideal gas with only free particles. Froa

an experimental point of view a carrier gas is used which is

not condenserable but able to change the special properties

of the liquid drop (e.g. the saturation pressure Pec: the sur.

face tension 6 or the sticking coefficientXatthedroplet

surface).

For a theoretical description in the given sense Poss 6

Cy are expressed by the parameters of the flat macroscopic 1i-

quid phase (droplet model),

2



2. Thermodynamic constraints

The thermodynamic constraints, e.g. system volume V, overall

particle number N, temperature T, pressure p, are represented

by the supersaturation of the initial vapor state. Considering

in the following an ideal one-component vapor, the initial su-

persaturation is given by:

Nike Tp

o Foo V Poa (T)
Here we assume an initial state with N free particles. Further

in this paper only isothermal processes are supposed (T =

const.).In general cooling rates change the supersaturation

rapidely. The classical nucleation theory has been worked out

for a constant pressure of the system, that means the actual

supersaturation is always equal to the initial supersaturation.

Instead of this in finite systems the constraints

N, V, T = const,

are hold. Here the actual supersaturation y changes because the

number of free particles and thus the vapor pressure decreases

by the formation of droplets. Such depletion effects lead to

a new stable state of the droplets in finite systems /6,7/.

3, Thermodynamic potential

For the given thermodynamic constraints (2) the free energy is

the thermodynamic potential to describe the heterogeneous sy-

stem, It consists of three parts, which represent the free

energy of the droplet phase (F,) respectively of the vapor

phase (F,) and the surface energy (F_):

Fret © fx + Fs + Fg

The droplet phase is spatially distributed, that means

&gt;
&gt;

‘
, N = Ww $. =X NY 0, =5 of

Voge o| on

(3 )

(4)

where vy and 4 are the volume, the particle number

and the surface area of a given droplet (1).

Generally the potential difference AF = F__. - Prin



discussed, where From means the free energy of the initial ho-

nogeneous system: From = - pV + uN with(being the chemical

potential. Considering the relations V = Vi + V3 = const., N=

Ng + N, = const. we receive from thermodynamics /7/:

oF=(p-p)V+Cy-pe)N

ce {bpp + (40 WY + 500)
| = +

(5)

ir interpreted as the reversible work of formation of the

given droplet distribution. Eq. (5) can be calculated with the

assumptions for the phases o and 3 given in section 1.

From a statistical point of view another form of the free

snergy is obtained if we consider the droplets of different

sizes and free particles as an ideal gas mixture, Then the par-

tial pressure and the mixing entropy of the droplets give a

part to the free energy /8,15/.

4. Equilibrium conditions and stability

The equilibrium conditions are obtained from d AF = 0, A mini-

num of 4 F corresponds to a stable state of the heterogeneous

system (coexistence of droplets and vapor), but a maximum or

an extremum of a saddle-point type is due to an instable equi-

librium state. General investigations on equilibrium and sta-

bility conditions for a k-component system under different

thermodynamic constraints are given in /7,9/. Here the dis-

cussion is hold for en one-component system with only one

droplet.

Because the droplet is described by two, independent varieb-

les, N, and Vy , we have two equilibrium conditions:

f= ta (Ny, V) =a (Na, Va) =0

by= Pat (Net, Vi) = pg (Ng, Vg) = ia -0
«

with Nga = N - Ny and Vg = V = Vv,

fq and f, define implecitely two functions NO (V4) and

N @ (Vy) /710/, which represents the equilibrium conditions, A

schematically plot of them is shown in Fig. 2. The points of



intersection of both functions give the equilibrium states of

the droplet with the equilibrium values N,,, and Vyoq + One

can prove /10/ that for isothermal-isochoric conditions two

points of intersection exist (Fig. 2a), but for isothermal-

isobaric conditions only one point is found (Fig. 2b).

A stability analysis leads to the sufficient stability con-

dition /10/:

INE NY
3Va 3a

In Fig. 2 it is to be seen that we have only one stable equi-

librium state obtained under isochoric conditions. The other

equilibrium state for lower values of N,.q and Vyeq is an

instable one because of (7). It has a saddle~point type /7,9,

10/. If we use the approximation of an incompressible droplet

it can be characterized by the droplet radius r, only. The

free energy in this case is shown in Fig. 3. Now only one equi-

librium condition is hold similar to the known Kelvin equa-

tion /11/

ln Po. Po Pa),
Peo Cakgd ee

ps is the vapor pressure

Na Rav _
P=

ks5

SF
I

C2

1

~

of

(8)

and the ratio Pa/Pe gives the actual supersaturation instead

of the initial supersaturation (1). Eq. (8) has two solutions

/11/ (Fig. 4). The lower value of r, is the critical radius,

where the free energy (Fig. 3) has its maximum, the greater

value of r, gives the radius of the stable droplet. Both so-

lutions are determined by the thermodynamic constraints, For

larger initial supersaturations the critical radius becomes

smaller and the stable radius becomes larger /12/.

5. Finite size effects

The thermodynamic behaviour of the system is influenced by

the system size. Here we notsonly some aspects of this:

{1) The work of formation of equilibrium droplets is obtained



from (5) and (6) as follows /7/:

A Foo = ! 60, +(p=p,)V + (peq— 4c )N
(9)

The first term on r.h.s. is denoted as Wsibbge Deceuse Gibbs

has found W = 3 60 as the work of formation of a critical

droplet in an infinite system. The.second term gives correc-

tions to the Gibbsian work, because the medium is changed in

the finite system when a droplet will be formed. This term,

denoted as aW(V), is always negative but only of second or=

der in the density changes /7/. Both teras depend on the sy-

stem volume, but their behaviour is characteristically deter=

mined by the stability of the equilibrium state /7/,

(i1) The equilibrium values Nueq ‘and Vy, of the droplet
depend on the system size too. If we diminish the system vo=-

lume (V-+V = AV) and the overall particle number (N =N = AN)

in such a way that the overall density ¢ = N/V = (N= aN)/

(V ~4aV) 1s constant then we find a change of Nyeq and Vqeq

which also depends on the stability /7/. E.g. for a stable

droplet Nyeg and V, oq decreases with a decreasing system

size, but for a critical droplet Vxeq increases,

(iii) In finite systems critical thermodynamic parameters

exist for the formation of a stable respectively an overcri-

tical droplet /12,13/. So we find a critical system volume Ve

or a critical particle number N. or a critical temperature Te

for the phase transition by nucleation. The critical parame-

ters can be discussed in terms of a.critical initial supersa-

turation y_ /12/

$7 % 3,

rene {F(a ( 2
Ye has to reach st least to realize a certain probability to

find a thermodynamically stable droplet. In fact only for su-

persaturations larger than Yc @ stable droplet is really exi-

sting in the system over a long time /14/.

(10)

6b. Applications

The existence of critical parameters for a nucleation process

=



should be of practical importance for phase transitions in

small systems, Moreover, a thermodynamic analysis allows to

predict the critical and stable droplet sizes and the hight

of the activation barrier what has to cross over when a phase

transition occurs /15/.

The thermodynamic results have been used to derive a growth

equation /16/

dM _ cp D 1 . 3a

dE = ker UT an,
which describes the deterministic growth or shrinkage of the

droplet size. AP is the thermodynamic potential what consi-

ders the critical radius and the depletion of the medium when

the droplet grows.

The thermodynamic concept has been applied also to the for-

mation of bubbles in a metastable liquid /17/, further the

thermodynamics of nucleation under adiabatic constraints is

investigated recently /18/.

(11)
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Fig. 3: Schematic plot of the free energy vs. droplet radius

r, » The initial supersaturation of plot (b) is larger than

this of plot (a). The dashed line gives the free energy for

the droplet formation in an infinite system,

tleq

-— Yo
Fig, 4: Equilibrium droplet 3ize (ro eq ) vs. initial super=

saturation y,. The solid line gives the steble droplet ra-

dius, the dashed line the critical radius. An overcritical

droplet is found only for initial supersaturations larger
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Thermodynamic Description of Ferrofluids: Dissipated Mechanisms

in Micropolar Ferrohydrodynamics

1. Introduction

In the simplest mathematical models of ferrofluid as a media

with intrinsic moment of momentum /1/ assigment of internal

snergy of unite mass V is postulated depending on constituent

parameters: mass density OQ , entropy of unite mass S , magnetic

field strength H, magnetization ™ end intrinsic moment of mo=

mentum kK ~ in the following form:

&gt; 32

12 V9.8 .kD) + ip (1)

The basic equations of continuum mechanics end electrodynamics

are completed by constitutive relations using equation (1) and

nonequilibrium thermodynamic methods. Thus a differential equa-

tions of the relaxation type is obtained for ".

Such approach to getting equations of ferrohydrodynamics is

somewhat limited because there are more basic differential

squations than equations of variations in integral form. Hence,

in particular it follows that system of jump conditions on dis-

continuity surfaces in ferrohydrodynamics with internal rota-

tion appears to be not completed.

Besides, dissipated mechanisms playing significant role in

large gradients regione of constitutive parameters appear not

to be taking into account in the obtained equations.

2. The General System of Equations in Integral Form and Jump

Conditions

In quasistationary magnetic field the following laws af chan

ging mass, momentum, moment of momentum and energy of closed

thermodynamic system "medium, electromagnetic field” hold /2/:



d

a [oaro, 4[pviat= fp, Nd=
T T ss

(2.1)

d tr = ,

w/e (kos &amp;yqp7 10 29T [ou aZe [£x piesa Z

ge (V+ yar = fH
Here: T 1s an individual volume of medium, bounded by the sur-

face &amp; with normal N, V = velocity of the ‘medium, 1&amp;5} - ane

tisymmetric unite tensor, py, and Qik - components of stress

tensor and momentum stress tensor (tensor of intrinsic moment

of momentum diffusion) —— energy flux density

vector, X - radius-vector of elementary volume dZ in the refe-

rence frame.

Eqs. (2.1) should be completed by the equation of quasiata-

tionary electrodynamics in integral form.

Besides mass, momentum, moment of momentum and energy there

is a volume magnetic momentum as an additive function of medium

volume /3/. As volume density of a magnetic momentum is magne-

tization M of medium, we postulate the equation of changing me-

dium individual volume magnetic momentum in the following ba-

lance equation form

J MydT -

where {n,.} - tensor of magnetization diffusion, T - the volume

source of magnetization. The presence of the source in this

equation is due to the fact, that magnetization M only descri=

bes the medium, which is a part of the closed system "medium,

electromagnetic field”. The eddend in the surface integral form

in eq. (2.2) represents changing individual volume magnetic mo=

mentum of the medium with time under the influence of the ad-

jacent volumes field of magnetization, Such interaction is of

magnetodipole nature; in the ferrofluid it-is, in general, of

short distances action and is transfered through the surface,

as its potential with the distance d decreases as a3 /3/ and

damps at the distances of the order of dispersed ferromagnetic

particles sizes (d = 1076 m). Its intensity can be described



by vectors a of generalized force paire acting on unite sur-

face with normal ¥. Then [A = nL where wu are the pairs on

the three perpendicular surfaces. For gyromagnetic media

( pt = , « - gyromagnetic ratio) the eq. (2.2) must coincide

with the equation of changing of intrinsic moment of momentum

in the system (2.1), so that the components of tensors {m3

and {9,3 will be proportional (XQ = LD) « Hence, tensor

(mgi} is refered to as "tensor of magnetic momentum tensions”.

In general, tensors of momentum and magnetic momentum tensions

are defined independently in ferrofluids,

From eqs. (2.1), (2.2) and equations of electrodynamics in

integral form the following conditions on the steady disconti-

nuity surfaces are obtained

Ov? = 0 5 CPyyM= @ViVp&gt; = Ry
2

(Qpny= PVpk.D&gt;= K = £,36%sRai (Hy + ovp(Ve Fe.

(B &gt;=0; &lt;H D&gt;: &amp;
“= J
1 *n

/m1k" -M vVa? =m i

Here: nT = unite vectors of normal and tangent to disconti=

nuity surface, Vo = normal constituent of vector V relative

discontinuity surface, [ = surface current density, B=
He4X M - magnetic induction; R, K,9, W = the surface densi-

ties of external force, momentum of force, magnetic momentum

and energy respectively, (...&gt; denote the jump of quantity

contained in them on the discontinuity surface.

For tangential discontinuities (vp, = 0) in the absence of

surface phenomena (R, K,, W all equal to zero) from eqs. (2.3)

the continuity of tensions, momentum tensions, normal compo-

nents of flux energy vector and magnetic momentum tension fol-

low, Note that without using eq. (2.2) in integral foram the ab-

sence of the last condition (2.3) occurs, so that the number

of jump conditions becomes less than the member of constitutive

parameters and corresponding differential equations.



3, Complete System of Differential Equations

In regions of continuity of constitutive parameters with their

derivations to the second order including the fluid flows are

described by the following system of differential equations

dv
de . 1

 FT rfVk "0 PIT "Pick
dk M

i . [- IS

Pa = YUk.k *€a4kPky’ TT

(3.1)

d 2

eH (Ver ¥,d Lk

-&gt; - AX =~ ”~ B
divB=0,rotH== , rot E128

where E - electric field strength, J - volume current density,

comma before the index denotes the covariant derivative.

From the expression (1.1) for internal energy, assuming iso-

tropy of medium, Gibb's identity is written in the following

form /1,4/:
&gt; = -

dv = TdS - pd(}) «A%k + Ha HLH al

where: T - temperature, p - pressure, qe - effective angular

velocity of ferroparticles, H® - effective magnetic field

v ip, = -

Seka, WH a8.ak
Effective phenomenological parameters: 1 - average inertial mo-

mentum of ferroparticles in unit mass, X ~ equilibrium magnetic

susceptibility, of - gyromagnetic ratio - are introduced in the

following way

-1 aV -1 aV aV
[ - 2% —, 0% 2 2 —,, d= ~

art * © aM? a EF
et ¢

In the case, when I, -°, 4 depends only on @ and T, using (3.2)

we obtain 2 2

p= pole:T) ozo Horf:

8,(0.T) + ig Cin
20X

”

Io (3.5)



where a,, denotes the partial derivative of a with respect to u

Por 8, — Pressure and entropy in the absence of the field and

internal moment of momentum. Using the methods of nonequilibri-

um thermodynamics /5/ and eqs. (3.1)-(3.5) we get the following

expressions for the vector of flux energy density &amp; , stress

tensor {Pik} and entropy production 8 :

BH cei e
Yi = 0-3) vio » HEFL + gp =v, 1, -050,, ~ hia,

(3.6)

DJ k == pd,

UH
Oa. *

TR Lohr

H,B
1°K

—= +l,

sd Q &amp;

Mig + Qik + Paichy,kc= £161? ke 4

e X As

Ap EyeMadly 2 Pp T Hoke + =3 E401 Mati)

Here: a - vector of heat flux density, h = H°-H, E'=Es+ 2 :

Aye dos As - random functions of constitutive parameters, sa-

tisfying the condition

he + A, + 2 3 = 1

Hence, assuming the symmetry of phenomenological coefficients

in linear approximation we get the following material equations,

tlosing eqs. (3.1):

HyBy 2 -
Pik = -p &amp;yy +I ot 2) Vy + (3 - 0) div v Sik + (3.7)

pl Eins
a7 bake (Defy) = 3m ng:

Qr = 6,03 +( p= d3) dvfl © ik + &amp;3d0 4 +040x

{6am 3)dav 6s oh 1+ £7 £44 gEa- Wp E4peT,

- e

85 = Ryhy 4 (mp-mg)div h 8, + ash, oe 0,07,

rg e
+( 65 05)divil® Sit s3dly 5- W LT 6p EyypEl

an

» x 23 xiKk - 21“30 Hixk =
5e _ =i A MxDh _ yge.i- bhTm



T-of --&amp; vT - € Qe h4 rot) © - ¢, rot h;

wpe » A Tr
Gq == A?T + E,E' = oT rot ® - w, T rot h;

Q= 1 rot Vv.

where {v,,}is rate deformation tensor.

According to the second law of thermodynemics, dissipative

coefficients satisfy the following inequalities:

Az 0, 320, 720, 020, el/rr0, 1/120

2,-0;3 0, mem; 20, §,-8320, 8+ 4 20

38,-28,+ 8,20, 3m,-2mgem, 3 O

2 2 ’

(4-53) £ (m,-m3) (64-83), (64465) $ (8463) (mg+my)
2 2

1/72 ¢olat, 20,T¢Mm -n;), 26,7 ME, -85)

2¢2 (5 (5,-6,) , 28546 (m,-n;), £2 8A0T4 § 1=03) 5 § 1~03). € 3 €

(3.8)

Equality to zero of the following dissipated coefficients:

54+ Gor O30 £40 E50 &amp; 30 0g, Wo THY - corresponds to consider-

tng only direct effects in eqs. (3.1)-(3.7). Setting in this

case &amp;%, Ao As, Aged, my. m,, my equal to zero we get the

equations of the work /1/. With additional assumptions 8, =

5, = 6, = O equations of the work /6/ are obtained. Note,

that inequalities (3.8) lay the restrictions on the character

of tending to zero of dissipated coefficients.

4, Results

The general system of equations describing diffusion of in-

trinsic moment of momentum and magnetization both is obtained.

The complete system of jump conditions on discontinuity sur-

faraa in micropolar ferrohydrodynamics is anelyzed,
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Transient Nucleation Effects

Abstract

Transient nucleation is investigated under isothermal and non-

isothermal conditions with a quench rate as well as for deple-

tion effects, These processes are characterized by deviations

from the steady state nucleation,sothattime regimes play an

important role. Time dependent cluster populations, time lag

and nucleation frequencies are calculated by a numerical simu-

lation which models directly the reactions by which clusters

are produced during time and temperature changes. A simple esti~

mation is presented for determining when transient effects are

important.

1. Introduction

Many phase transformations occur as a complex process of nuc-

leation and growth. The transient period in a nucleation pro-

cess will be refered to as the time during which the nuclei

production rate is increasing to.its steady value, In selected

systems this period can be long, so that experimental observa-

tion is possible. In these cases it is important to take account

of traneient nucleation behaviour in interpretation of phase

transforeation kinetics.

Transient effects are important under different conditions.

At constant temperature, time dependent cluster populations

exist characterized by an effective time lag, since it will

take some time for the steady state nucleation rate to be

sstablished. If the system has a low steady state nucleation

rate, the depletion of the number of atoms in the initial state

does not affect tigp process and can be ignored. Time dependent

monomer and/or preexisting cluster distributions of the ini-

tial state including also depletion result in an additional

time dependence of the nonstationary nucleation rate beyond



conventional time lags. Transient effects are especially impor-

tant, if supersaturation varys rapidly by changes of temperatu-

re, pressure and/or chemical compositions. An example may be

found in the formation of an amorphous structure, which occurs

if crystallization is bypassed because the transient periods

are relatively long. This can be established by high cooling

rates,

The aim of the present paper is to investigate deviations

from the steady state solutions in the context of classical

nucleation theory. A numerical technique was developed to in-

vestigate the time dependent cluster populations in the iso-

thermal and non-isothermal case. Results are applied to obtain

conditions under which transient effects dominate. The influen-

ce of transient nucleation kinetics on experimental methods is

discussed.

2. Basic Rate Equations

Classical nucleation theory /1i/ describes the nucleation of a

phase by the occurrence of clusters, The free energy of forma-

tion of a cluster of n atoms AG is given by

4G, = ndg + 6A, a

where &amp;g is the Gibbs free energy per atom of the new phase,

© is the interfacial free energy per unit area and A, is the

surface area of a cluster of n atoms. In the classical theory

Sg and 6are taken to have macroscopic values independent of

n. There may be additional contributions to 4G, resulting

from phonons and elastic deformations in solids /2/ not expli-

citely given in (1). In this paper spherical clusters with

A, n2/3 are considered, but extensions to other cluster

shapes can be obtained, too. The driving force for the reac~

tion in non-isothermal processes is proportional to the under-

-T) .as(TSq = (2)

In this paper we only consider this case mainly relevant for

transformations from e liquid to a solid, However, in deposi-

tion from the vapour, the supersaturation depends strongly on



the pressure and the deposition rete and modified, but similar

temperature treatments have to be used /3/.

The free energy otf a cluster goes through a maximum as the

cluster size is increased and defines a critical cluster Nee

Smaller clusters tend to shrink, large clusters tend to grow.

Assuming that growth and decay of these clusters occur only

through attachment and detachment of single atoms, we can write

the following equations

dz _(t) _ _

—0 = Df _,(t)Z,_ (t)eDr (t)Z,  ,(t)-DF(t)Z (t)-D7Z (t)

= I (t)-I_(t) . (3)

Here D(t) and o (1) are the frequencies of a single atom

attachment to and detachment from a cluster of n atoms. Z(t)

denotes the time dependent population of a cluster with size

Ne I(t) is the net nucleation rate, in general a function of

time and cluster size, Expressions for the frequency 0; (t)

suppose a time independent constant proportional to the number

of single atoms on the surface of a cluster with size n and to

the jump rate y which is related to the adatom diffusion coef-

ficient op, ~ yn/3. The atomic jump frequency was calculated

from the diffusion coefficient which was assumed to be

E ) .
D = DB, exp (~ yov- (4)

Contrary to tne usual Arrhenius temperature dependence, a

Vogel-Fulcher expression is used indicating a slowing down of

the atomic motion, if the temperature reaches a lower limit

LD The detachment frequency is related to o;, by means of the

equilibrium distribution

Z2(t) = N(t) exp (= 4G, /kT)

for clusters of size n

z22(t
DO(t) = of (t) ein

Zz ..(t)

(5)

(6)

N(t) ie the time dependent number of single atoms when the

system is in quasi-equilibrium. Depletion of monomers is taken

2



into account by the boundary condition

oO

Z,(t) = N(t,) - &gt; n Z(t) .
n&gt;2

(7)

Solution of equation (3) is performed by numerical simulation

of the reactions involved in cluster formation. The essence of

the approach is to devide time into small intervals &amp;t, If

the number of clusters is z(t) at the start of the intervall,

then at the end of the interval we have

Z (tet) = 2 (t) + $t I,(t)=-I (t)

The expression does not take into account the alteration in

the cluster population during the intervall end is true only

in the limit &amp;t —0. The value of &amp;t depends on the molecu=

lar jump rate y and on the minimum and maximum cluster size n

considered in the model calculations. The extension of this

method to the non-isothermal case is more sophisticated, since

the time interval cannot be chosen constant. Moreover, at high

temperatures critical nuclei are very large, so that simula-

tion can be started only at an appropriate temperature deter=-

mined by the range of cluster size, Starting values for the

nucleation rate at that temperature are steady state frequen-

cies, Actual temperatures are defined by quench rates T and

time intervals. The calculation of nucleation rates at that

temperature continues using the cluster distribution inherited

from the previous temperature.

3, Deviations From Steady State Solutions

In the transient regime, unlike the steady state, the nuclea-

tion rate at any instant is a function of cluster size in the

isothermal case (Fig. 1). Although all the rates converge to

the steady state nucleation rate, there is an overshoot for

n &lt; nee Similar results are presented by Kelton et al. /4/.

The cluster population Z(t) (Fig. 2) increases monotonically

to the steady state distribution, which obviously depends on

the cluster size. Large clusters need more time to reach the

level of constant population than smaller ones. Therefore,

time bag and related particle size control phase transforma-

 "Y



tion kinetics in the isothermal case. An effective time lag

was estimated from the reletion between cluster population of

size n and time /5/. At different temperatures under isother-

mal conditions, the effective time lag varys over a large time

scale (Fig. 3). Small temperatures correspond to large time

lags and vice versa, However, an Arrhenius dependence with a

modified activation energy due to transient effects as discus-

sed in /4/ could not be obtained, Deviations mainly occur be-

cause of a different temperature behaviour of the diffusion.

Depletion of atoms in the initial state as described by (7)

is demonstrated in Fig, 4, In the beginning of the nucleation

procese no deviations frum the known behaviour with reference

to transient stages are observed. The effect of a vanishing

monomer density manifests itself in the halt of the nucleation

process after a characteristic time /6/. This result in a mo-

dification of the behaviour shown in Figs, 1 and 2, The tran=

sient nucleation rate reaches only a portion of the stationa-

ry velue (e.g. 30%), which strongly depends on the value of

the steady state nucleation frequency. Large clusters are not

produced, and the population of smaller clusters does not reach

the steady state value.

Non-isothermal nucleation shows qualitatively new features.

Since the temperature changes during the whole process, the

steady state nucleation frequency is a function of temperature.

Its value corresponde‘tothesteady state frequency at the ace

tual temperature calculated in the isothermal limit. The tqn-

perature dependence of the stationary nucleation rate is gover=

ned by the interplay of the nucleation driving force and atomic

mobility described by diffusion. Therefore, a maximum nucles-

tion rate exists at a temperature characteristic for the set

of parameters considered, Quench rates result in nucleation

frequencies below the steady state value (Fig. 5). At high tem-

peratures all curvee approach the stationary rate. Deviations

from the steady state with decreasing temperature reflecte de-

creasing atomic mobility. Increasing quench rates lower dra-

tically the traneient nucleation frequency and displace the

maximum nucleation rate to higher temperatures, The larger de-



viations from the steady state, the more increases the proba-

bility that crystallizationisbypassedand an amorphous struc-

ture is formed. Since transient effects can gradually lower the

nucleation rate at a given temperature, the crystalline volume

fraction may be very small, even with high growth velocities,

Therefore, transient nucleation kinetics lowers the limiting

cooling rates required to obtain an amorphous structure in com-

parison with estimations obtained with steady state frequencies.

The importance of transient effects on crystallization is

connected with a criterion for the transformed volume fraction

q during the effective time lag 8 ¢¢:

a

Bett

- XZ na, with gq, = 3 Ine)
(9)

If a sufficient volume fraction during that period is crystal-

lized, time stages play a dominant role in phase transformation

kinetics. Since q has to be chosen arbitrarily, a range of va-~

lues is given in Fig, 6. The tendency to distinguish between

thermodynamically and kinetically controlled nucleation is ob-

vious. The size of the critical nucleus and the activation

energy barrier can be changed by several experimental techni-

ques. Low 4 G, values as well as small critical nuclei favour

transient behaviour of nucleation.

Laser plesma deposition of thin films /7/ reveals as an ex-

perimental method to control crystallization by time stages.

with the use of laser pulses it“ is possible to define time in-

tervals experimentally. High heating and cooling rates are al-

so involved in that deposition process, which can be varied by

the power density of the laser beam and the time of flight of

the plasma. Substrate heating can gradually decrease the time

lag. Moreover, high deposition rates indicate a low activation

energy 4G, for crystallization. In this respect we could de-

monstrate that transient effects are important in interpreta-

tion of experimental results and in controlling the crystalli-

zation process, A simple analysis could be presented to eva-

luate these effects,
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Reinhard Mahnke

On the Kinetics of Ostwald Ripening in Finite Systems

i. Introduction

A complete theory of the dynamics of first-order phase transi-

tions in equilibrium and nonequilibrium systems would give an

important impetus to investigate such physical processes like

nucleation, spinodal decomposition, growth of clusters and

late-stage coarsening in different materials. But until now

such theories have to be confined to certain aspects of the to-

tal dynamics starting from an initial quench to the establish-

ment of full phase separation. In general such a quenched sy-

stem evolves from a nonequilibrium situation (metastable or un-

stable state) to an thermodynamic equilibrium state, which con-

sists of two coexisting phases. Recent reviews concerning the

highly nonlinear dynamics of phase transitions can be found in

/1/-/3/.

In this work we are dealing with a one-component system af-

ter-aquench from the one phase region into the metastable re-

gion. After an initial nucleation (compare /4/ for the stocha-

stic formation of clusters) where the supersaturation is high

enough a growth of all precipitating droplets of the newly for-

ned phase takes place. In the late-stage of phase separation

where the supersaturation is small and near to the equilibrium

value, we find that larger drops grow at the expense of smaller

ones which disappear. This process is called Ostwald ripening

or coarsening and it is closely related to the competitive

growth of selfreplicative units in selforganizing systems /S/.

The dynamics of Ostwald ripening is investigated by studying

the set of kinetic equations recently derived for the interme-

diate as well as late stage of first-order phase transitions

/6/. Besides the standard theory of Lifshitz-Slyozov-Wagner /3/

a number of attempts has been made to include new aspects /7/-

/11/.



Starting from the basic equations of the competitive growth

problem we derive a set of ordinary nonlineer differential equa-

tions governing the constrained growth of a droplet ensemble

with 8 components. Numerical solutions for the evolution of the

droplet ensemble are given. We conclude that the average curva-

ture of all droplets is a non-increasing function of time. Fi-

nally we present the kinetic equation for the mean curvature and

discuss the analogy in modeling phase transitions on the one

hand and evolution processes in biophysics on the other /11/.

2. Basic Equations of the Competitive Growth Problem

In the following we consider a model of the quenched system

vhere spherical clusters are located in the otherwise homoge-

neous surrounding medium, We have to distinguish between free

monomers (phase8)and bound states of monomers (clusters or

droplets as phase o). A detailed explanation of the model is

given elsewhere /6,13/. Our basic quantities describing a clo-

sed two-phase system in volume V are:

- for the vapour phase

c(t) = Mu(t)/v concentration of free monomers (1)

y(t) = (c(t)-c g(eo Wey (oo) supersaturation (1)

for the liquid phase

f(n,t) = N(n,t)/V cluster density distribution (2)
function

Ne mention that the distribution function (2) is normalized to

the total droplet density
0

{f(n,t) dn = N/V
D

and for the first moment of (2) we get the total number of

bounded monomers M; per volume
.=

in) f{(n,t) dn
= M,/V (4)

The basic equations of the competitive growth problem read as

follows (compare e.g. /1,3,5/):

(i) Continuity equation

?f(nt) d—_—t 4 % =

34 37 v f(nt) =0



(ii) Growth law

dn/sdt = v(n,y) = D 17? A(n) (c(t)-c  (n))
with

Seq) = Cogqloolexp(l k(n)) ms Coq(9) (241 k(n)) (7)
where

1, = 26 (cukgT)™! ~ 1 nm

A(n) = 47 (cydny3) 2/3 n¥3

k(n) = (c 4n/3)1/3,=1/3

capillary length (8)

surface of a size-

n-droplet

curvature of a

size-n-droplet (10)

(111) Conservation of monomers (closure condition)

c(t) + {n f(n,t) dn = Mo/V

These basic equations embody much of the physics of phase tran-

sitions. So the well-known droplet kinetics (6), (7) indicates

that monomers will flow from regions of high to low curvature.

But in the balance equation (5) we neglect the production-decay

term (r.h.s. equals zero) which would introduce new droplet of

a given size class into the system. In comparison with a Fokker-

Planck-Equation we deal with drift contributions only. Proces-

ses, which create a second derivative term in (5), arise from

statistical correlations among the droplets /10/. Finally we

consider the depletion of monomers in a finite system by the

conservation law (11).

From the general theory of Fokker-Planck-Equations it is well

known, that a kinetic equation like the Liouville or continuity

equation (5) describes the deterministic motion of the droplet

ensemble in the s-dimensional size space NyseeesNge Starting

with a cluster distribution in the form

S

F(a, t) = &amp; 2 Ny(t) §(n-ny(1)

(11)

where N (tT) is the number of clusters and n,(t) the size (number

of bounded monomers) of the clusters of class i at time t. After

inserting the ansatz (12) into (5) we get for i=1,2,...,8

Ny(t) = N; (0) : dn, /dt = vi(ng,..o,ng,y, dy/dt) (13)

Now we calculate (13) explicitely. The details can be found in

/12/. The result obtained is the following equation



dn:
90m cl, Alm)[L,(ck=k(n)- Sglony +L dz;

a by a QT
(14)

with

AY oo Sule 4 _ C= - &lt;

r= ey A lm Gye Lio]

where

(15)

A(z) = &gt; N; An)

Vv, (tv) Lo] 2 N;n

total surface of all

droplets (16)

total volume of all

droplets (17)

Z Kn) N; An)
Ck&gt;(T) = SN, An)

mean curvature (18)

Note, that we use for simplicity instead of time t the reduced

time T= t/t with t = call (cgq(e)0) 7. To find trajectories
of the time evolution of the droplet ensemble in state space

{nyinseena,ny) we have to solve the set of coupled nonlinear

equations (14,15) numerically, Results will be given in the

next chapter, the one-dimensional case (s=1) was already stu-

died in detail /6,13/.

3. Results and Discussion

The basic equations (14,15) describe the rapid growth of the

droplet ensemble (second term on r.h.s. of (14)) and the slow

selection process between the droplets (first term on r.h.s,

of (14)). Numerical solutions, for a droplet distribution with

three classes of drops (s=3) are given in Fig. 1a and Fig. 2a.

Ina short time regime the size of all drops (number of bounded

molecules) is increasing and the two phase system will reach a

so-called internal equilibrium, a nonstationary situation where

the o -phase (liquid) is in a quasi-equilibrium with its sur-

rounding S-phase (vapor). Since the raw material (monomers) is

limited at the end of this stage the total volume V, (or mass)

of the new phase is very close but not equal to its equilibrium

value (Fig. 1b). In the final long-time regime a competitive

ripening process takes place which minimizes the total surface

Ax . At the end of the coarsening process. the dynamic system

20)



has reached a stable fixed point where only one droplet is pre-

sent (Fig. 1a, 2a). The other smaller clusters dissolved to give

mohomers to the winner, the biggest drop. Fig. 2b shows the mean

curvature &lt;k&gt; (18) as a non-increasing function of time. The

step-like behaviour of the mean curvature corresponds to the

shrinkage of small droplets, compare Fig. 2a with Fig. 2b.

We have calculated the quantity &lt;k&gt; (7) for each time step

using formulae (18) with the actual values of the sizes n, com-

ming from the numerical integration of the basic kinetic equa-

tions (14,15). An other way is to derive a kinetic equation for

the mean curvature. Derivating &lt;k&gt; (18) with respect to time

and inserting n; (14) we get

$5 &lt;&gt; = - 120s 23d &lt; kB sad?) -

 La 1 dy (42 2a?
Cu A. dr

5olutions of (19) agree with the curves shown in Fig. 2b,

Finally we focus our attention on the similarities between

the theory of Ostwald ripening presented here and the theory of

natural selforganization in biophysics, As was pointed out by

Eigen and others that Darwinian evolution can be characterized

by an extremum principle, which defines the behaviour of self-

replicative units. Selection and evolution of selfreproductive

biological macromolecules can be describes appropriately by a

system of differential equations based on the formalism of de-

terministic chemical kinetics, In the Fisher-Eigen model of

prebiotical evolution /14/

a:

IT = (BE ~ &lt;E&gt; Ixy with = C (20)

the species with the highest reproduction rate Egp=max{E,,... Eg

(selection value) will increase to the finite value C and all

&gt;thers must die out (x;—0 for i+ m). Eq. (20) describes ex-

plicitely a selection procedure: Under stated selection con-

straints (constant overall organization in Fisher-Eigen model)

the population numbers of all but one species will decay.

It is obvious that our derived basic equations (14) are a

realistic physically motivated example for natural selforgani-

zation. Note that in both cases (Fisher-Eigen model with popu-~-

61



lation average fitness &lt;E&gt; , Ostwald ripening of precipitates

with mean curvature of the droplet ensemble &lt;k&gt; ) the inter-

action of the different species is modeled by an overall dilu-

tion flux only which corresponds to the mean-field concept of

many body physics. For the mean productivity &lt;E&gt; =2E.~ ‘¥~

we obtain

d_&lt;CE&gt;= 3? ¢ex® 0

in comparison to (19).

Figure Captions
Fig. 1a: Growth and competition of a droplet ensemble with

three size classes (s=3). The time evolution of the

droplet sizes ny.Ny, Ng is shown (initial values:

n,(0)=40, n,(0}=50, n3(0)=75) in comparison with the

critical value nee

Time dependence of total volume V, resp. total sur-

face A, of the newly formed phase o showing the diffe-

rences between growth and ripening regime,

Fig. 2a: Same situation as in Fig. 1a, but initial values are

n, (0)=20, n,(0)=30, ng (0)= 43,
Fig. 2b: Time dependence of the mean curvature of the evolving

droplet ensemble.
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Bernd Lorenz

Grain Size Distribution in Nucleation and Growth Reactions

1. Introduction

The kinetics of first-order phase transitions has been a sub-

ject of increasing attention. The time development of the

stable phase within the metastable initial phase of a thermo-

dynemic system is frequently described by the Kolmogorov model

/1/ for nucleation and growth. This model is characterized by

random nucleation and linear growth of nuclei of the stable

phase within the untransformed phase. Accordingly, the kinetic

process is determined by two quantities,

1) the nucleation rate I(t) is the number of nuclei created in

the unit volume of the initial phase per unit time

ii) the growth rate v = dR/dt represents the growth velocity

of the growing particle in any linear dimension (for eimplici-

ty we consider isotropic conditions where the nuclei are sphe-

rically shaped). For interface controlled phase transforma-

tions the growth rate v is constant /2/.

If two growing particles impinge they continue to grow at

the same rate, except at their common interface.

The nucleation rate I(t) cen be an arbitrary function of

time t. We will consider the two limit cases,

I(t) = n_6 (t) heterogeneous nucleation
and ° .

I(t) = I, = constant homogeneous nucleation.

1 is the density of nuclei per unit volume and S(t) is the

pirac © -function.

Only few exact results of the Kolmogorov model are known.

The volume fraction of the transformed phase is given by the

Johnson-Mehr-Avrami equation /1/

x(t) = 1 - exp{ = $xvF {I(t )(r-t*)ar

and the total number of nucled at time t follows from (1),

=



z(t) « I(t')(1~x(t")) dt* . (2)

Furthermore, the kinetics of the one-dimensional model has been

treated rigorously /3/.

During their growth neighbouring particles impinge and form

larger aggregates which we denote as grains. Grains consisting

of a given number of nuclei differ in their shape and volume.

The time dependent grain size distribution is a characteristic

function which strongly depends on the nucleation process. In

this paper a general formalism for the calculation of the

grain size distribution is given (Section 2) and applied to

the cases of heterogeneous and homogeneous nucleation (Section

3).

2. Grain Size Distribution

We calculate the grain size distribution function W(R) =

z Ww, (R) by the suczessive calculation of the partial distri-

bution functions Ww; (R). (1=1,2,3...) for grains consisting of
l nuclei. To characterize the size of a grain we introduce an

effective radius R by T RS a Vg where Vg denotes the volume
of the grain. By this definition W(R)dR is the number of

rains per unit volume with effective radii between R and

RedR.

The problem results in the calculation of the volume distri-

bution at time t in an ensemble of grains built up by nuclei

of radius ry = v(t-t]). ty is the creation time of thei-th

nucleus. We assume that the nuclei grow spherically with con=-

stant velocity. Depending on the nucleation process there re-

sults a distribution of radii of the growing nuclei n(r,t)

which is the basic function for the calculation of W(R). In or=

der to treat nuclei of different radii as statistically inde-

pendent we allow for the creation and growth of phantom nuclei

in the already transformed phase. This procedure corresponds

to the extended volume concept applied to the derivation of

{1) /2/. In the calculation of the grain size distribution the

phantom nuclei have to be excluded.

The distribution n(r,t) is then given by



n(r,t) = 2 I(t -L) 6 (tr = 5) (3)

where O (x) is the step function. In what follows we consider a

fixed time t and suppress the time argument in n(r,t).

2.1. Isolated nuclei, l=1

The distribution of nuclei which show no impingement with other

pnes is written as

¥,(R)dR = n(R) wo(R)dR (4)

#°(R) is the probability that a growing nucleus with radius R

does not impinge with any other nucleus and is calculated by

simple statistical considerations for an infinitely large sy-

stem, 2 -

WP(R) = exp{ = § x{[(rer)&gt;~(R-r*Jn(r)dr- $m (Ror) n(rydr}
A ” (5)

Let us note that the volume fraction of the untransformed phase

is given by wo .
0 4 3

1 = x = WO(R=0)=exp{=~wx|ron(r)drj.{- $x [Pnirrer]
Substituting r = v(t-t') equation (1) is derived.

2.2. Two connected nuclei, 1l=2

The probability distribution of 1l=2 cluster is given by

oy o
Wo(Ry. R,, 4)dR,dR dA = W,(R, Ry, 8)Wo(Ry, Ry, 8)dR dRYd A. (6)

Ry R, end 4 are the radii of the two nuclei and their overlap

distance, respectively, The distance between the centres of the

two nuclei 1s Ry +R A . The probability wo that the cluster

has no contact to other nuclei is calculated analogous to the

former case l=1, Wy(R, Ry,4) denotes the density of pairs of

nuclei with radii R,, R, and overlap A ,

T,(R,,R,4) = N(R In(Ry)2 T (Ry +R, a)

The volume of that cluster 1s celculated as

AR



Va(Ry Rana) = $7{R7 « 8 = ($17 [wl(3R,~ ot,Beol(3Rym x, £)]]
(8)

 = (2R;- 4)/(Ry+Ry= 4)

The three-parameter distribution (6) is reduced to a one-para-

meter probability distribution by summation over all cluster

with equal volume. Introducing the effective radius R defined

above we get

- 3 1/3W,(R)dR SW, (RR, 2) S(R-[F5 Vo(Ry Ry, 8)]*/%)dR dR, d 4a dR
(9)

2.3. Larger aggregates, 1&gt;2

The partial distribution functions LY for 1=1,2 are given ri-

gorously by (4), (9). However, for 1&gt;2 approximations have to

be introduced. For the calculation of Wy we substitute the 1=2

cluster by a spherically shaped nucleus with effective radius

R and density n,(R) which is fined by .

W,(R)dR = n, (RWC (R)dR

The distribution of the 1=2 cluster is thus approximated by

that of spherical nuclei with the renormalized density ny(R)

and the algorithm described above can now be applied to the cal-

culation of Ws. Repeating this procedure we get a recursion re-

lation of Wy

2,0
Wy (R)dR = § ny 1 (RIN(RY)2 7 (R +R y=) W(R,,Ry,8)

] 3 1/3

§(R-[ 7% Vo(Ry, Ry, 8)] 7/7 )dR,dRdAdR,

#1_4(R) = ny (R) WO(R) dR .

35. Results and discussion

Nith the partisl grain size distribution functions (11) some

characteristic quantities can be calculated. The total number

of grains per unit volume consisting of 1 nuclei and the net

volume fraction of these grains are given by

4 3
zy = (Wy (R)R , x; = (gr Wi(R) dR . (12)



In the following we consider the two cases of heterogeneous and

homogeneous nucleation as defined in Section 1 and give some

explicit results for 1l=1,

3.1, Heterogeneous nucleation

In this case all nuclei are created at the beginning of the ki-

netic process and have the same radius Ry=vt during their growth,

The density distribution is given by

n(R) = n, § (R-R))

with (13) we get

32 3

Ww, (R) =n, S(R-R) exp { - x Rn, RS

32 3 4. 53
=n, expf- 5 ma Ry 1. x, = IT XR z,

The result (14) has also been obtained in /4/. z,,

are calculated from (11), (12) with (13).

(14)

(1&gt;1)*y

3.2, Homogeneous nucleation

In the absence of preferred nucleation sites nuclei are created

by thermal fluctuations in the metastable initial phase at con-

stant nucleation rate I_. The density distribution is obtained

n(R) = 2 I, 6 (R,=R) . (15)

R, = vt represents the largest possible radius of the nuclei

at time t. For 1l=1 we get

17 Reo 4x Lb 5

z, ~ Siow (RVR, x, =%% 1, § ROW (R)dR (16)

1
N(R) = SI wo(R) © (R_~R) .

vith WO(R) = exp{-&amp; I_ | (Rer)* - 2r% J} ;

Inserting (15) into (11) the corresponding quan®’~‘as for 1&gt;1

are calculated.

3,3, Grain size distributions

In Fig. 1 the grain size distributions W(R) = &gt; w (R) for he-

er,



terogeneous and homogeneous nucleation are shown at a reaction

time corresponding to a transformed volume fraction of x=0.1.

Obviously, both distribution functions show considerable dif-

ferences.

In the case of heterogeneous nucleation (Fig. 1a) at least

three sharp peaks are resolved, The first one resulting from

Ww, (R) is a &amp; function singularity at R=R. The second peak 1s

mainly due to W,(R) and shows a divergence at Rar ¥2 . The

partial distributions for larger cluster (1 &gt;2) give rise to

some further peaks with decreasing height and increasing width.

On the other hand, the grain size distribution for homoge-

neous nucleation is a continuous function except of a remark-

able step at R=R _, the largest radius for the nuclei (Fig. 1b).

For R&gt;R, no isolated nuclei contribute to W(R) and it decrea-

ses discontinuously.

The experimental determination of the dominant nucleation

mechanism in a nucleation and growth reaction is a complicated

task. Usually, the time exponent in the exponential of the

Johnson-Mehl-Avrami equation (1) is determined by very careful

measurements of the transformed volume fraction x(t) in order

to select the physical nucleation mechanism /2,5/. As demon=-

strated sbove the grain size distribution function is very sen-

sitive to the underlying nucleation scheme and yields important

information on the physics of nucleation and growth processes.

The author wishes to thank M., Riedel and I. Orgzall for valuable

discussions,
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Gerd Répke

Quantum Statistical Approach to Cluster Formation and Phase

Transition in Dense Systems

1. The kinetic properties of systems in the vincinity of a

first order phase transition, especially the kinetics of nuc-

leation, are described as usually within a mesoscopic picture.

Nucleation ies simulated by a master equation which describes

B stochastic process. Specific properties as, e.g., mobility

and diffusion, attachment probability, free energy of clusters

and surface energy are introduced in a phenomenological way.

In contrast, a rigorous microscopic approach to the behe~

viour of systems near the phase transition region should start

from the Hamiltonian of the system. Using the concept of sta-

tistical mechanics of equilibrium and non-equilibrium, the

macroscopic processes should be derived, in principle, from

the elementary interaction between the constituents, However,

at present such a concept cannot be realized because of the

mathematical effort, Furthermore, the phenomenological treat-

ment provides us with intuitive heuristic approximations which

are not immediately evident from a throughout microscopic

approach, Parameters which enter the mesoscopic description

can be motivated by a microscopic approach,

A special problem to be considered here refers to the con-

nection between density fluctuation, cluster formation, and

nucleation. Given the elementary interaction potential bet-

ween the constituents, clusters or bound states are obtained

by solving the Schrédinger equation, and therefore a quantum

statistical approach is necessary to describe cluster forma-

tion and nucleation near the phase transition region, An in-

teresting, generally accepted hypotheeis is that with increa-

sing particle number a cluster, i.e. a bound state in the sen-

ee of quantum mechanics, behaves like a droplet of the new,

dense phase. Usually, the properties of clusters with arbi-



trary size are described by interpolation between a droplet

model including the concept of a surface and a few-particle

cluster,

Such interpolation formulae are known along time before in

nuclear physics as, e.g., the Bethe-Weizsdécker formula for the

binding energy of nuclei /1/, and are used in the last time to

describe cluster formation in metallic vapors /2/.

2. We shortly outline the quantum statistical approach to

cluster formation in dense systems, Using a formalism given

in /3/ for the inclusion of two-particle states, in /4/ a ge-

neral approach for arbitrary cluster size was forsulated and

epplied to nuclear matter, This formalism which starts from

the normalization condition of the single particle Green func

tion was further applied to plasms physics, see /5/ and refe-

rences given therein,

The starting point is the relation between the density Q

as function of the chemical potential M and the temperature

T, and the single particle Green function G(p,z), where p de-

notee momentum (spin and species are not considered explici-

tely) and z a complex frequency variable:

2=2 $42 £0) Im 6p, weio),
{1)

Flw) = (expB(w=~u) - 1)? is the Fermi distribution func-

tion in the case of a system of Fermions. The Green function

G(p.,z) = (z - E(p) =~ &gt; (pz)? is determined by the self-

energy 5 (p.z) which can be treated by a cluster decomposi-

tion /2,3/ given in short bv a diagram notation

&gt;
&gt; (pz)= | {2)

where T are the n-particle ladder t-matrices. As a result we

find



(WT) = 3

Q(u ) 2 ©, (eT) +(scottering contributions) (3)

where

0a (mT)= 5 dp AE, p~T {2051 ¢" har Pa) gar? (4)

is the partial density of A~particle bound state clusters,

denotes the internal quantum state, Ma = Ap. The bound state

energy

= =e 1 pe
AP ES +7M P + aE, p (5)

contains the binding energy = of the isolated A-particle

cluster in the quantum state « , the kinetic energy p/2M, and

the energy shift AE, op of the A-particle cluster due to the

interaction with the surrounding medium. The binding energy of

the isolated A-particle cluster follows from the A-particle

Schrdinger equation

HY WA) = EC oJ (1. 4), (6)

The energy shift AZ, op Can be obtained from an effective me-

dium Hamiltonian (optical potential) which needs a more de-

tailed treatmentoftheinfluence of the surroundings on the

A-particle cluster as given, e.g., in /4,5/. A typical con=-

tribution is the Hartree-Fock shift of the single particle

anergy

aE(p) = 2 [V(pp*.pp*) = V(pp',p'p)] F(E .) . (7)

This meen field contributioncan account for a first order pha-

se transition, see /4/.

In a simple approximation, the energy shift AE, op in (5),

the scattering contributions in (3) end the effects of quantum

degeneration in (4) can be neglected, snd we end up with the

squation of state



Q (mT) = &gt;: A -BE,Zp (Ze “) eo (8)

where 6,(T) = 2 exp(- BERL) is the internal partition function

of the A-particle cluster, and Nes 2 xh? MkT is the thermal

wave length of the A~-particle cluster. Eq. (8) is the equa-

tion of state of an ideal mixture of non-interacting clusters

with possible chemical reactions so that a law of mass action

for the concentration of different clusters holds.

From the equation of state ¢= Q(T) the free energy

f( ¢,T) 1s obtained by resolving u= m(o,T) and integration

F(g.T) = 3 { u(Q. do’ + ef, T)}, (9)

a

so that all thermodynamic properties can be derived if this

thermodynamical potential (9) is known in an appropriate appro-

ximation,

3, The determination of the energy eigenvalues Ex,and the in-

ternal partition function A(T) within the frame of quantum

aechanics ie possible for special models. For instance, within

the jellium model a metallic A-particle cluster is described

by a positive homogeneous background charge with density Co

The electrons are considered as a inhomogeneous gas of inter-

acting Fermions moving in the potential of this positively

charged background. For the formalism to evaluate the ground

state energy and electron density see refs, /6-8/, For instan-

te, the surface energy of metals is well reproduced /8/, the

surface energy of finite droplets can be evaluated, and, as &amp;

special example where excellent values for cluster binding

snergies are known, the Bethe-Weizsdcker formula /1/ provides

us with a remarkable good interpolation formula up to few-

nucleon clusters,

The internal partition function can immedistely evaluated

for the simple model of a Fermi gas included in a volume cor-

responding to the A-particle cluster. Expressions for the

density of states D,(E) may be found, e.g., in /1/, so that

76



6,(T) = (dE D,(E) oeE/kgT (10)

4. To obtain transport coefficients and reaction rates, quan-

tum statistical approaches are possible as, e.g., the method

of Zubarev or the technique of non-equilibrium Green functions.

For the application to a system of charged particles see /5.9/.

With the help of these quantum statistical methods a first

principle approach to attachment and diffusion is possible,

but at present the application to complex systems is not in

reach.

In conclusion, a quantum statistical approach to cluster

formation should be taken into account if nucleation is mo-

deled, but explicite results are available at present only for

simple systems as metallic droplets or nuclei,
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Torsten Boseniuk

Stochastic Nucleation in a Discrete Reaction-Diffusion Systes

Abstract

For a special bistable reaction-diffusion system nucleation is

described by a new simulation algorithm. The model is especial-

ly suited for systems with small particle numbers. Stochastic

effects play an important role.

1. Introduction

The description by reaction~-diffusion systems is well estab-

lished in physics, chemistry, biology and ecology. Among the

phenomena occuring in RD-systems nucleation processes play an

important role. There exist a whole range of works dealing with

nucleation /e.g. 2,3,4,6,8,10,11/,

Many types of equations have been developed to describe RD-

systems. The simplest type is the deterministic equation:

d.n(r,t) = f(n(r,t) + Da n(r,t)

which consist of two parts describing reaction processes and

diffusion. n(r,t) is the concentration of particles which de-

pends on coordinates r and time t. Another way describing reac-

ting systems is the Master equation formalism. It especially

takes the discretness of particles into account. Thus it is

well suited for systems with a small number of particles. It

automaticly includes the stochasticity of the reaction process.

Diffusion can be involved by dividing the volume into small

boxes /5,13/. Then the exchange of particles from one to ano~

ther box can be described like a reaction. But this is not a

good reflection of homogeneous systems. Feistel proposed ano-

ther way for describing diffusion /1,3/.



2. Functional Master Equation

This formalism is detailed described in 1. Here we give only a

short outline of the basic ideas which is necessary to under-

stand the simulation algorithm, The FME describes the probabili-

ty P(N,LgeooDyet) to find N particles at the positione Lieeely
at the moment t:

dP = Wop (P) + Waire(P)

The right-hand side of (2) again consist of two parts. The

first describes reactions, Now the reaction probability depends

on the distance between the particles. So the probability for a

two particle reaction can be expressed by cory ly) which is

only a function of the distance r=lr-ryl. In our simulation we

used the ansatz cy(r) =n, 8 (r,-Irl). The reaction function is

normalized to 1. The diffusion part is similar to (1) but the

Laplacian acts on all particle-coordinates. The FME can be used

for analytical calculations. But for describing nucleation phe-

nomena Monte-Carlo-Simulation is more suited, Before explaining

the simulation algorithms we give a short introduction of the

used model.

3. The Schlégl Model

The simplest reaction-model showing bistability was introduced

by Schlégl /6,3,12/. It contains only one reacting substance X,

Ne will use the following notation:

3 Dt (3)

That yields the deterministic equation:

d,n(t) = f(n) = A = Ben + E&lt;n2 = Cen&gt;

Fig. 1 shows f(n) for the parameters A = 2,0; B = 23,0; E =

3.0; C = 0.05. In this case (4) has the 3 stationary solutions

n, = 0.1, n, = 6.0, ny = 74.0. Two of them ny and ns are

stable. But it is obvious that the stability of ny is greater

then this of n,. If we add an diffusion part to (4) this equa-

tion con describe nucleation. If we start with the metastable

(4)



concentration n, in the whole system and only a small nucleus

of ng the last will push away the other if it is sufficiently

large. There exist a lot of works calculating critical radius

and other values for the Schldgl system /2,3,11/. The obtain

Tap ® (2:0/¢)1/2/n +ng=20n,] for the two dimensional case. It

is also possible to calculate r by numerical integration of

(1). Here we want determine the critical radius by Monte-Carlo-

Simulation, Following we give a description of the used aigo-

rithm,

4, Simulation Algorithm

There are a lot of Monte-Carlo techniques for solving Master

squations often based on waiting time distributions /2,5,7/.

For spatial distributed systems however it can be useful to

work with discrete time steps of length at. Each step again con=

sist of a reaction and a diffusion step.

In the reaction step we compute which particles decay and

where new particles arise, Therefore we have to calculate dis-

tances between two or three particles. Since r &amp; 1 (1 - length

of the reaction volume) it is not necessary to compare all

pairs of particles. So we divided the volume into small boxes

and compared only particles from one box and their neighbour

particles. But this is only a technical trick to reduce compu-

tation expense and does not result into an inhomogeneous space.

The size of this boxes depends on fo and also on the particle

concentration which can be expected.

After putting all particles lying in one box and their neigh-

bourhood into a new array we compute at first where new par-

ticles arise. The probability py for each reaction can be deter-

mined easy:

The probability that one particle arises in the volume Vbox

due to reaction A is p, = AsV, sat,

The probability that one particle decays due to reaction B is

pg = Be at,

The probability that one particle arises near r, due to reac-

tion € 18 ppr= Ee2c,(r;.04)e at. (Don't forget the oposite

orobability pga!) 3 EES

$1)



The probability that particle i decays due to C is Per *

¢  Coliprg) eplepr) at.
" must be choosed in such a way that all pr«1. After de-

terming pg for one particle it must be deceided whether the

reaction occurs or not. This is done by the help of a random

number between O and 1, If the random number is lower than PR

then the reaction occurs in the opposite case not, Because most

of the py are very low we did not calculate a random number for

each reaction but calculated when the next random number PR

#ill occur. This can-be done similar to calculation of waiting

times /2/. That reduces computing time again by a factor of 10.

After determing the numbers of decaying particles and the

birthplaces of new particles for all boxes we can change our

particle array and the reaction step is finished.

In the diffusion step all particles get new coordinates due

to diffusion in the intervall at. This was done in the kind

of random walk with an average ar of &lt;ar?&gt; =2 D at for

the two dimensionacacase. We made all nucleation simulations

for a two dimensional square with an area V. For determing pro-

bability-distributions we also made one dimensional simulations

la/,

But the algorithm can easily be transfered to three dimen=

sional problems.

5. Results

The parameters used in the simulation were A=2,0; B=23,0; E=

4.0; C=0,05; r,=0.2 and V=50,0, The diffusion constant D was

varied from 10 to 200. The stable concentrations were n,=0.1

and n;=74,0 and the corresponding particle numbers for the

vhole system about 5 and 3500. So we startet with as nucleus of

N particlesinthecentre of the volume (N: 2...100) to avoid

boundary effects, These N particles were distributed with the

concentration ns. The concentration in the outer space was 0

(ny). The resulting development then depends on the size of

the initial nucleus (see Figs. 2,3). If the nucleus is over=

critical it grows otherwise it decays. After a certain time

(c 4n 2 and 3) this is obvious; then we stopped simulation,



To determine critical radius we started with nuclei of diffe-

rent size N, and performed 50 simulation stepts with at =

0.001.

Fig. 4 shows the dependence of the particle number after S50

Monte-Carlo steps from initial nucleus size for different va-

lues of diffusion constant D. At first we see that the probabi-

lity for nucleation increases with the initial size of nucleus.

This agrees with the existence of a critical radius which can

be obtained by analytical snd numerical calculations. But in

the deterministic case all nuclei with a size greater than Ter

grow. Our simulation shows the stochastic character of nuclea-

tion. This represents the natural behaviour of nuclei with a

small number of primary particles or under conditions with high

noise, The size of critical radius strongly depends on the va-

lue of the diffusion constant. With growing D the size of Ter

increases. This corresponds to the analytical results (r..~

01/2), The stochastic simulation very good shows the reason for

this dependence. At first nearly all nuclei start to grow. But

due to diffusion the size of the nucleus grows faster than the

number of particles in the nucleus. As a result the concentra-

tion in the nucleus decreases, If the concentration is lower

than n, the nucleus decays. But as can be seen from 4 the dif-

fusion also can accelerate nucleation. For D=50 the number of

particles after 50 Monte-Carlo steps is always lower than 400:

but for D=100 numbers up to 500 can be reached, This is a re-

sult of higher front velocity, Analytical calculations don't

show an growing velocity but the were made for high r and our

simulation is limited to small nuclei..

At least Fig. 5 shows the dependence of critical particle

number from D. We used a critical particle number and not a

critical radius because it is more suited for numericel simu-

lation. However Ne (N) shows the seme qualitative behaviour

like rer(D)e Here must be said that the determination of a

sverage critical particle number was not easy because of the

high variance for small numbers.

XJ



6. Conclusions

A stochastic description of the Schlégl model was given, It

shows the effects of small particle numbers. Nucleation for

different values of the diffusion constant was investigated.

[ would thank R, Feistel for fruitful discussion.
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Frank Schweitzer

A Stochastic Approach to Nucleation in Finite Systems

1. The considered model

The theory of first-order phase transitions, e.g. of condensa-

tion processes, include a variety of deterministic theories

which describe sufficiently the dynamics of a given number of

nuclei of the new phase (see e.g. /1-3/). But the initial for-

mation of the nuclei is an intrinsic stochastic process and

can't be explained in a deterministic sense.

Here we present a stochastic approach for a nucleation pro=-

cese in a finite system consisting of the formation of clusters

by free particles /4,5/. Apart from other theories we fix the

overall particle number N, the system volume V and the tempera-

ture T of the system:

N, V, T = const, (1)

Due to interactions between the particlee the N particles will

bound in clusters, Thus we have a particle configuration

N= {Ng Ny coo Np Npgoeee Ny}

where N, is the number of free particles and Ny (1=2,...,N)
the number of clueters with 1 bound particles. N describes the

cluster distribution in the finite system. Because of (1) 1t

helds

Nr Zt Ny 5 OSN&lt;F (1=1,.00,N)
In the following we are interested in the probability P(N, t)

to find a given cluster distribution N at the time t.

The time evolution of P{N,t) can be described by a Master

squation /4,5/:

ST PINE) = 2 w(NIN )P(N', €)-w(N))P(N,T)
N' specifies those distributions which are attainable from the

assumed distribution N with the transition probabilities per

unit time w(N°'[N).

(4)

IA



2. The equilibrium probability distribution

The equilibrium state is characterized by the condition of de-

tailed balance:

WN" IN)PO(N) = w(NIN')PO(N")

where PO(N) is the equilibrium probability of the distribution

No. The mexima of P(N) denote the equilibrium cluster distri-

bution in agreement with the deterministic theory.

PON) ie given by the folloving relation /4/:

(5)

P(N) = AA exp ¢ = F(T,V,N( ’ Mn} (6)

Here Z(T,V,N) is the canonic partition function of the inter-

acting N particle system. It is a constant and stands for the

normalization. F(T,V,N) is the free energy of the considered

cluster distribution N assuming the clusters and free partic-

les as an ideal mixture /4,5/:

N N

F(T,V,N) = 5 Ny { FyekaT (Ln tt
(=1

F(T,V,N) considers the partial pressure of the clusters and

free particles and the mixing entropy (see also /6/). A is

the de-Broglie wave length. f is a potentiel term which in-

cludes the binding energy of the cluster and the surface ener-

gy. For large clusters we choose /4/:

f= = ALsB12/3

while for small clusters

 == Z 1 (1-1)

ls hold /5/. A and B are temperature depending constants /7/:

ve ak Tle PAY, Be andi ye

with©being the surface tension of the cluster, ¢, the par-

ticle density in the cluster, p_, the saturation pressure over

a macroscopic flat liquid surface.

(10)



3. Kinetic assumptions

To determine the transition probabilities per unit time

w(N'IN) we choose the following kinetic ansatz

wt
 T= Ala

It means that the growth or shrinkage of 8 cluster of size 1

occure only by the attachment or evaporation of a free par-

ticle, w* and w~ are the probabilities of the given reactions.

We assume further that the probability of an attachment of

a free particle to a cluster of the size 1 increases with the

surface of the cluster, with the number of clustere of size 1

and with the density of particles /4/:

wt (NN)) = a 12/3n, 3 » Ny = N f ‘Ny

(11)

(12)

a is a constant what depends from the specific prop~=*i-s of

the cluster. It determines the time scale.

With the condition of detailed balance (5) and (7), (10) we

find the transition probability of the opposite process (eva-

poration) /4,5/:

Poo 2 8B ,-1/3
"(Ny) = «12/3N) 3 exp {$2 } (13)

The transition probabilities charactorize

3 » given cluster distribution N /5/:

the mean life time

&gt; wnt) §
- N'

The real life time of the cluster distribution is determined by

a random process and can be investigated by means of computer

simulations. We use the stochastic dynemic technique /5/.

(14)

4. Discussion of the stochastic evolution

(1) First we discuss the time evolution of a single cluster in

the system /3/. In this case the transition probabilities are

a function only of the cluster size 1 and the thermodynamic

constraints, We obtain them from (12), (13):

= Of 12/3 (N- LD) keTkpT
Poo V "

. 23», [2B 5” ]= OQ ex ITT! p{} wT €
(15)

+5)



w*(1) and w™(1) are presented in Fig. 1. The points of inter-

section are hold for the equilibrium states of the cluster /7/.

The first point of intersection gives the critical cluster size

{(instable equilibrium state), the second point gives the stable

cluster size. It is determined by the thermodynamic constraints

and represents a coexistence of the cluster and the free par-

ticles, In Fig. 2 the stochastic droplet evolution is shown

/5/. The time to reach the stable cluster state depends strong-

ly from the initial supersaturation Yo = NkgT/Pas V which in-

cludes the thermodynamic constraints. For lower initial super=-

saturations the cluster has only a short time to stay in the

thermodynamically determined stable state.

(ii) The evolution of the cluster distribution is discussed in

terms of the probability distribution p(1l,t) /5/. It gives the

probability to find clusters with size 1 at a given time t and

has to be found by averaging over a large number of simula-

tions. (In Fig. 3 there is presented only a single simulation.)

For the evolution of the probability distribution we distin-

guish two characteristic time scales, First in a quasistatio-

nary scale the initial state of the N free particles relaxes

into a state with free particles and small clusters. That's

the metastable state, characterized by a poisson-like proba-

bility distribution near the initial state (Fig. 3a). This

state is left in a stationary time scale if fluctuations allow

to form some overcritical clusters (Fig. 3b). When the stable

state of the system is reached a poisson-like distribution

near this state is built up (Fig. 3c). Thus the nucleation

process 1s characterized by a stochastic tunnel process through

unprobable statee to reach the final equilibrium state which

sxiets for finite systems.

Acknowledgements: The author ie indebted to Prof. Dr, W.

Ebeling and Or. sc. L. Schimansky-Geier, Berlin, for many sug-

gjestions and valuable discussions,
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Axel Budde, Reinhard Mshnke

Isoenergetic Nucle~tion in Fir-to Svw~t ome

In this paper we consider the kinetics of nucleation under dif-

ferent thermodynamic boundesry conditions, This contribution is

based on investigations concerning the condensation of liquid

drops from a supersaturated vapour under isothermic-isochoric

boundary conditions /1/. We use here the same droplet model as

for the isothermic case, which is described in detail else-

where /1-3/. The dynamics of isothermic nucleation (condensa-

tion of water droplets with fixed temperature and volume of

the system) is summarized in Fig. 1.

In the following we consider an ensemble of clusters with

the distribution N = (NgoNgseeesNpsoeoaNy) in a finite system

M, =3 n N, = const, The theory starts with the following free

snergy as state function comming from statistics (Fs=~kT ln Z,

idesl gas)

3

F(T,V,N)=- 3 KTNLAT/T -kTN 1nV/V +kTZN InN, -kTN, (1)

3 KTZ N1n noo ZN f(T)
2

with the reference values To = 293 K, V = (hZTaRTS)® ~ 1.4¢

10™ ne and No= &gt; Ny as overall number of particles. The func-

tion f(T) gives the potential contributions of a size-n-clu-

ster, Taking into account bulk ( FalT)eN) and surface (6°A(n))

terms we use (compare /2,3/)

F(T) = Mao(T)*n + &amp;7A(n)

with A(T) = = 3 KTInT/T_ + KT1n(cqq(T)V,) (2a)

snd CeqlT) = co (T/T) Yexp(e (1/7 ,-1/T)} ( £ =5000 K) (2b)

Inserting (2) in (1) we get

3 5 -—

F(T, V,N)=-kT(3N + BML )INT/T =kTN INV/V +kT2. Na1nN, (3)
3

-kTN,= SKTZNN 1n ne GA +kTM lnc V +k € M T/T~keM

17



with M_ = Z nN, A, nz nA(n)

This state function (3) is the basic quantity to understand the

nucleation in closed systems. But it may be that the exchange

of heat takes longer time than the nucleation itself. Therefore

we calculate from (3) the inner energy

U(T,V,N) = KT(3N, + 3M.) + OA, = kM,

which is decreasing for growing nuclei.

Now we replace the condition T=const by the energy conserva-

tion U=const. The corresponding state function is the entropy

$=5(U,V,N), which we calculate from (3) by S(T,V,N)==B3F/3T

and replacing the temperature T=T(U, V,N) using (4). The result
is :

SVN) =k (BN,+3M)tnUZTAkEMayp)yy
kT, (FN, + 3 My)

« 5 3

 Na lnN,+3 kN,+3kINplnn+k(§=&amp;=1ncyIM,
The temperature in the whole system is given by

T(U,V,N) = (U- eAskem,)/ [KEN + 34.)

Fig. 2 shows the properties of entropy S (5) and the changing

of temperature (6) in the case of one cluster in the surroun-

ding gas.

The kinetics of nucleationinisolatedsystems is very si-

ailar to that with fixed temperature. Froa the isothermic tran-

sition probabilities per unit time /1,3/, which read exactly

r2/
+

Wh(N,) = (D/1(T)) A(nIN N/V

W1(Ng) = (D/1(T)) A(LIN,(Ny=1)/V

vhere DO ~ diffusion coefficient, 1(T) = 20 /(c,kT) capillarity

length, we get in the isoenergetic case the following rates of

attachment

(6)

+ « Deco U-6e A, +keMy

¥a(Nq) 6 RIT An) Ny N/V

and for the reverse process (evaporation rates)

WN) =Wng (Nog +1dexp ld [s(u,v,N* )-5(u,v, 3]

(8)

(9)
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Figure Captions

Fig. 1: Nucleation under isothermic-isochoric boundary condi-
tions. Evolution of the droplet ensemble by solving the master

equation numerically. Snapshoots of the distribution function
for different times. -
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Fig. 2b: For fixed energy U = const the temperature is increa-

sing for growing clusters.
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ition of monomers (closure condition)

fn f(n,t) dn = My/V

Juations embody much of the physics of phase tran-

ie well-known droplet kinetics (6), (7) indicates
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.ance equation (5) we neglect the production-decay

squals zero) which would introduce new droplet of

:lass into the system. In comparison with a Fokker-

mn we deal with drift contributions only. Proces-

late a second derivative term in (5), arise from

yrrelations among the droplets /10/. Finally we
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+ the number of clusters and n,(t) the size (number

iomers) of the clusters of class i at time t. After

ansatz (12) into (5) we get for i=1,2,...,s

5 $1140) i dng/dt =v (ny, ...,n,,y, dy/dt) (13)

gite (13) explicitely. The details can be found in
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