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Preface

Many areas of current interest in material sciences and its

applications require an improved knowledge of the conditions

for and the kinetics of first-order phase transitions. Thus,

despite its long history, investigations of first-order phase

transition remain an intensively developing field of research.

In continuation of earlier publications (see, e.g., Rostocker

Physikalische Manuskripte 8 (1985), 10 (1987)) selected con-

tributions of scientists of the Sektion Physik der Wilhelm-

Pieck-Universitit Rostock (WB I and WB IV) and colleagues

from other institutes are presented in this booklet. The main

topic of the common research activities, reflected here, is

the process of nucleation and growth in multicomponent sy-

stems, in general, and binary systems, in particular. These

processes are described here both from experipental and

theoretical points of view.

We hope that the scientific results outlined will have 2

practical importance for applications in material sciences

and that this booklet will contribute to an intensive inter-

change of ideas.

We thank Mrs. Hiltrud Bahlo, who typed the whole manuscript

in a perfect way, again, and Mrs. Renate Nareyka and Mrs.

Christine BenkiBer for preparing the figures.

Heinz Ulbricht Frank Schweitzer
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Jiicn Schmelzer; Iwan Gutzow; Radost Pascova

On the Theoretical Description of the Influence of Elastic

Strains on the Process of Crystallization in Glasses

1. Introduction

Usually the process of formation and growth of a new phase in

solids, in general, and binary solid solutions, in particular,

is accompanied by the development of elastic strains due to the

evolution of the new phase /1/. These elastic strains modify the

kinetics of growth, they may lead to a stop of the growth or

prevent the formation of the new phase et al. /2,3/. Thus, a

possibly adequate and at the same time sufficiently simple theo-

retical description of the evolving elastic strains is required

to allow a comparison with experimental investigations. In par-

ticular, it is of interest to study, how the size of the system

influences the progess of formation of elastic strains and,

consequently, the kinetics of the transition.

Based on such arguments, in the following paragraphs two ba-

sic models for a description of elastic strains, evolving in

phase transformations in solids, are analyzed. The calculations

are carried out at a sufficiently general level. As far as this

may be required for applications not only the final but also in-

termediate results are given explicitely.

Hereby we restrict ourselves to the case of isotropic and

homogeneous media, where the elastic properties can be described

by two constants, the Young modulus E and the Poisson number § .

The results should allow a qualitative understanding of the in-

fluence of elastic strains on phase transformations also for the

case of anisotropic media, if not the effects due to the ani-

sotropy are the aim of the investigation /&amp;4/. Moreover, the in-

fluence of surface effects on the evolution of the elastic

strains is not taken into account explicitely. If necessary, this

can be done by an appropriate redefinition of the external pres-



2. General Solutions of the Equation of the Linear Theory of

Elasticity in the Case of Spherical Symmetry

The basic equations of the theory of elasticity for the calcula-

tion of the vector of deformation U has in the absence of volume

forces the following form /5/:

grad(div UW) = 0
(2.1)

Due to the spherical symmetry only the radial component of the

vector of deformation u, is different from zero, it is determined

by

1 9
= ST (ru : 3c

“
- constant (2.2)

with the general solution

u, = C,r EN C, - constant (2.3)

The constants ¢, and cg, have to be determined from the boundary

conditions. They reflect the specific properties of the system

under consideration.

The comprehensive description of the state. of deformation

requires the knowledge of the components of the tensor of defor-

mation Usk and the stress tensor T,- In spherical coordinates

they read /5/:

[IE A

Upg = Up -

§.=C ——_r
rr 1 1-2¢ 14

- 0

(2.8)

= ~ E E 1

To Qee=C, 5 + 0, te &amp;

The work per unit volume or the density of free energy f (the

temperature is assumed to be constant) of the elastically de-

formed state. described by eqs. (2.4). is generally given by /S/

p E

201+§) l Uik Ug +rir w; 2] (2.5)

Here the sum convention is used.

For spherical symmetry we get as a special case
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and after substitution of ear r2.4) into eq. (2.6)

~2

LIE 2 bE 21
* i+) | “1 T2w CE

F

(2.6

(2.7)

In the following paragraph the constants Cy and c, are deter-

mined for different boundary conditions which are of relevance

for the considered subsequently models of evolution of elastic

strains.

3. Determination of the Constants from the Boundary Conditions

3.1. Deformation of a Sphere

For the case of the deformation of a sphere with the radius R the,

constants of integration are determined by the boundary condi-

tions (see also /6/)

u_(r=0) = 0 § (r=R) = -

As the result one obtains

C. =10 c, = - 0128 (3.2)

where p is the external pressure on the sphere, which gives rise

to the deformation.

An alternative definition of Cy is possible through the varia-

tion of the volume AV due to the external pressure. Since the

relative variation of the volume resulting from the elastic de-

formations is given by /5/

GVV) Logiy T= U, + Us (3.3)

an integration over the whole volume yields

Thus

Co.
AV

. comparison between eas. (3.2) and (3.4) leads to

o 1228_1AV
£ =F Vv

 3 A)

(3.5)



which interconnects the external pressure with variations of the

volume of the sphere.

3.2. Deformation of a Centred Hollow Sphere

We consider as a second special case the deformation of a cen-

tred hollow sphere with the inner radius Ry and the outer radius

Rye The possible boundary conditions and the resulting expres-

sions for the constants Cc, and , are given below. In these

equations § Ry denotes the variation of the inner or outer ra-

dius of the hollow sphere, respectively.

0; (Ry) =-Pp 2 u_(R;) = fA R,

2 3

n= 126 ZERJ AR Rap, (140)
Eo Te riza-20080

(3.6)

2.3 1.6 PR (1-26)+EAR,
By = RIE 2° te mgibe

E (1+§)R5+2(1-2F)R7

G(R) = = Py, u (R,) = AR,

C. =
(1-29)[26RZ AR y-p, (145 IR?

ef(l+@ 201-2683 ]
(3.7)

Ed 2 3

 Ree er? ARy+p; (1-26 IR)
 ef )Rye2(1-20 OR ]

u (R,&gt; ar vv AR,
303

i RIR AR OR (3.8)ol Te2pn a2 RR? 1 ORC3 | 3 ARy-RY ar, C23 5 4 wR, |
Ro-R3 RoR; 1 2



T..(RcolRy) = - mn GF. (Ry) =p 2

Cy =ct[einen
E(R2-R})

ro

3.3

(1+6)(p,-p IRR
27 CT Teh)

7-R7

(3.9)

These expressions are simplified if special or limiting cases

are considered, e.g., R,~&gt;» €7

4. Elastic Strains in Recrystallization Processes

The first model of evolution of elastic strains, analyzed here,

is based on the following considerations.

Let us assume that in the centre of an approximately spheri-

cal body with the radius R, and the elastic constants E, and ¢,

a spherical cluster of a new phase with the constants Ey and g,

is formed. In the absence of elastic strains the cluster is cha-

racterized by a radius R and a volume V.

The mean volume per particle in both phases is denoted by

(2) and vi, respectively. Introducing the partial molar vo-

lumes vi and the molar fractions of the components X45 these quan-

tities can be written as /7/

. xr

Tow) (0, CD
4 ata

tor the different phases, specified by the superscripts (1) and

(2), n is the number of components.

For perfect mixtures v; can pe replaced by Vie? the volume

per particle of the pour components in the different phases J17.

If v4, (2) the crystallization results in a variation of

the volume of the part of the matrix, which undergoes the trans-

formation. In the absence of elastic strains, this variation

would be equal to

AV. = VE with §= (v(2)_u(D)y,(1)

If the cluster remains in contact with the surrounding mother

phase in the course of crystallization, which is assumed in the

following, then elastic strains occur.

According to eas. (2.3), (2.4), (3.2) and (3.8) for the



cluster phase these s7--~ins are described by

a usc ef). lay

Q.. =F. 4 =Q.. NA £)
Tow, Qik = Usk = 0 i + ke

for the matrix we obtain in a similar way

 0M
. (2)

u.. = C,
(2)

Cy
c?)
3

G -c(2 22
Te 1 1. 2G.

Oee=Ceo = el” * 3

2(1-2¢
c{2) -

(1+0.,)r L201.

3 2

plod. JRA EOR AR,
- 2

2 (1+6,)R3+2(1-26,,)R;

(4.3)

(4.4)

It is assumed here that the outside pressure on the matrix is

equal to zero and the boundary conditions (3.6) are applied.

If one denotes the inner radius of the hollow sphere and the

radius of the newly formed spherical phase both in the elasti-

cally deformed state by R', then the condition of the mechanical

equilibrium at the interface is given by

§ (Dry =F Depry

ar by

20

{ 1+

Ry 21 1 Av
2 (1- =H 26)3 °V

RY R&gt;27r-29,) 7
(4.6)

In eq. (4.6) (1-R3/(R")?) was replaced by (1-R3/R3) which is

possible due to the smallness of the elastic deformations. Simi-

lar approximations are used in the derivation of eqs. (4.8) and

(4.12).

The total variation of the volume av, is in the deformed

state compensated by a change in the volume of the cluster QV

and a variation of the inner radius of the hollow sphere aR,.

Thus we aqet



Av - aFRZAR. 8 (4.7)

Eqs. (4.6) and (4.7) represent a system of two equations for the

determination of aR, and AV and,’ consequently, of the constants

cid), i,3j=1,2. Introducing the notation

a = 3[c1-20) 26,(R2-R2) + E [(1:0,)R3203(1-20)]](4.8)

one obtains

av _ 6 3_g3
AV 68 (1-26)E,(R3-RY)

(4.9)

AR, = - $ £,R, |(1+6,)R3+2(1-2T;, 3 |

The constants c{3 are given, consequently, as

(1) _ § 3_g3
Cy ’ = 2 2£,(1-20,)(R5-RY)

(4.10)

$2) oC 8 R326) cP) - - $e RIR(1E,)

A substitution of these results into eq. (2.7) yields the follo-

wing expressions for the density of energy of elastic deforma-

tions f in both phases

(1) = ge £2(1-26,)(R2-F

(2). g(1-20,)E2€R)
1+§,

1-20) )

(4.11)

Integration over the whole volume results in the total energy of

elastic deformations F connected with the evolution of a cluster

of the volume V
2

eo ge £2(1-20,)(R3-R? $
B

ww 1+0 2
(2) _ 2 3 pd 2 61 11] 4

Fes 6(1-26,)E3E 8}. o-R3 707,) 23 TI a
9 1

(4.12)

rr (1) LL 2)

In the limiting case R,9o*these expressions are reduced to



H(z ©Ep(1-28y) £2
126, (1-20,)+£|(1+T)]2

. e2.

EE 1+0,) . $2

s[26,(1-28) + | (141)
(4.13)

EE
1°2 2

F = $ v

 3728, (1-26,J+,(1G)

As can be verified easily from eqs. (4.12) this limiting case is

realized in a good approximation for R, 2 SR. Vice versa, finite

size effects connected with elastic strains are of importance

only for R, £ 5R,.
If, in particular, the elastic constants of both phases are

nearly the same, then eq. (4.13) is further reduced to an ex-

pression, derived already by Nabarro /8/.

E 2,ct SeT-o§ (4.14)

The calculations outlined here are more general, compared with

Nabarro's results, since, first, the possibility of different

elastic constants of both phases is taken into account, and, se-

cond, in a simple form the dependence of the evolving elastic

strains on the size of the system is reflected.

The considered here model for the evolution of elastic

strains is applicable both for crystallization and segregation

processes /1/, if the evolving strains are due mainly to diffe-

rences in the volume per particle in both considered phases

(Fa 5% in eq. (4.12)). There exist, however, situations where

the strains are due to other mechanisms. One of these mecha-

nisms is analyzed in paraaraph 5.

5. Segregation in Binary Solid Solutions. A Second Model for

the Description of Flastic Strains

Let us assume, that due to segregation processes of one of the

components a spherical cavity in a solid elastic matrix is

filled by a newly evolving phase. The initial radius of the ca-



vity and thys of the cluster is denoted by Ry.

Due to the thermodynamic driving force of the segregation

process the cluster will continue the growth also for a certain

range of values of its radius R &gt; Ris until the driving force is

compensated eventually by the elastic strains.

The calculation of the free energy of elastic deformations:

for the considered, now, mechanism is carried out, again, under

the additional assumption, that the cavity with the radius Ry is

located in the centre of a spherical matrix with the radius Ry.

This assumption allows a simple estimation of finite size effects

also for this second case.

The further growth of the cluster for R 2 Ry is connected with

an ‘increase of the inner radius of the matrix a Ry- Thus, for

the determination of the state of deformation of the matrix we

have to apply the boundary conditions (3.6) and with p,=0 we get

2

(ay | _2a-aGRIAR.

LT qesr carn,
(5.1)

o{?) R23
(1+F YAF

(1-7
(1-25, )R°1-21, )R&gt;

According to eq. (2.7) the density of energy of elastic deforma-

tions for the matrix is niven then as
® 6

(2) | _6E.. isRy 146, ;
V1 2 6 2(1-28,)

(5.2)

From the equilibrium condition at the interface

(2) pry = (Dipry 2

T./(RY)=F7(R')=-0
the constant c{1) is determined as (see eqs. (3.2) and (2.4))

(5.3)-

1-26;
1 (2) (ns 1

Cc = (R') ——=
rr 1

(5.4)

2 3
(1y | 2E5(1-26))RTAR, RS

Ly 2 (1- —=3)
E, [(14G,)R3+2(1-27,)R] | R



Consequently, the expreerinp for £(1) reads

£ wt RS
(1) _ ‘ (1- 2 X

1
3

(5.5)

To obtain the total energy of elastic deformations one has to

carry out an integration of f over the whole volume in the un-

deformed state /5/. Denoting by R® the radius of the cluster in

the absence of elastic strains one obtains

(1) _ ,- p29r = AR (1) p+y3 (5.6)

Oo '

But since the deformations are small we may replace R*'~ R = Ry

and eq. (5.6) is transformed in a good approximation into

(1)

For the main

aL La

-(2)

Zarar. yeZ yg
-

B (5.7)

similar approach yields

(5.8)

WORLARDE 0 5 (15,83 R3
wp23RRy- r-zg,y (3)

° - 1

"2.24,

Both terms F(L and F(2) are proportional to (RIpR HZ, where

by Ry the inner radius of thé hollow sphere and the initial ra-

dius of the cluster were denoted, for which strains of the con-

sidered type start to develop. Consequently, also the total ener-

3y of elastic deformations F is determined by this term.

ro 207 TC RD [Ey RI-RD (145,083 1
iT = © 22a) R]

1 1 2°71 a

(5.9)

But at the srr

ET RI AR, =

Lime

AV (5.10)

fA V being the increase of the volume of the cluster in the

course of its growth from R, to R,+ AR,. Introducing the nota-



tion V, ~ 4 R3/3 eq. (5.9) yields

- yr _3
-2.0 * £ (1+0,)% 1 2

J] E2083-83) 83, 2 2. BN°
70g RRR 2a,| TY,

' (5.11)

In the “miting case this equation is simplified to

E,[2€,(1-20,047 (146,)] av)?
3(1+C. v,

(5.12)

If, further, the elastic constants of both phases are nearly the

same, €q.(5.12) reads .

_EQ-6) (av)?
F = 7 V

(1+C) 0

6. Discussion

The main difference between the results obtained for both models

of evolution of elastic strains consists in the following: v¥hile

in the first case the elastic strains grow proportional to the

volume of the new phase, in the second one F is proportional to

(v-v 2. Such a different behaviour can be expected to lead to

a quite different growth kinetics.

It has been proven /2,3,6/, that this is, indeed, the case.

For strains F ~ V elastic strains result effectively only in a

decrease of the thermodynamic driving force of the phase transi-

tion. Onge the transition is started it cannot be stopped by

this type of strains. However, strains of the second type

F a (v-v)? will always result in a stop of the growth for a

sufficiently large size of the new phase. These conclusions are

valid both for independent growth of the clusters and for the

process of Ostwald ripening /2,3,6/.

The calculations, carried out here, can be generalized to mo-

del the evolution of elastic strains in crystallization processes

from inner and outer surfaces. First steps in this direction

have been undertaken (see /6,9,10/). A comprehensive analysis in-

cluding the detailed discussion of finite size effects on the



process of crystallization under the influence of elastic strains

will be presented later.
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Ulrich Lembke; Wolfhart Gockej; Winfried Blau

Experimental Investigation of Nucleation, Growth and Ripening

in Photochromic Glasses

1. Introduction

Glasses on the basis of borosilicates containing metal halide

microcrystallites are the foundation of the production of photo-

chromic glasses. The photochromic effect of darkening during ir-

radation with ultraviolet light and fading afterwards is caused

by the properties of the microcrystallites precipitated in the

glass owing to a heat treatment. In some glasses a liquid-liquid

phase separation of the base glass is necessary in.order to pre-

cipitate the metal halide within the minor phase of the glass.

In the glasses investigated here the formation of the metal ha-

lide phase was shown to take place without any preceding phase

separation of the glass /1/.

The photochromic properties of the glasses are strongly in-

fluenced by the structure properties of the microcrystallites

(crystal structure, composition, diameter distribution, phase

volume, number of crystallites per volume (particle density)).

These parameters can be controlled by the heat treatment of the

glass. Small Angle X-ray Scattering (SAXS) is an important tool

for the investigation of the correlations between the conditions

of the heat treatment and the structure properties. The results

are used for .the optimization of the production process of pho-

tochromic glasses.

2. Experimental

The SAXS technique is very useful in investigating sub-micro-

scopi¢ composition heterogeneities. In particular, the size

distribution, the shape, the phase volume, the total inner sur-

face and the particle density of a system of dispersed particles

can be determined. In the case of phase separation in glasses



particles of spherical shape are formed. For a system of homo-

geneous spheres the particle diameter distribution ND) is /2/

* 2

co ge |e
dr~

(1)

where D is the diameter of the sphere and C(r) is the correla-

tion function. C(r) is calculated from the measured scattering

curve by a transform technique based on both the Hankel trans-

formation and the sampling theorem of the information theory

/3,4/. The phase volume w of the dispersed particles can be cal-

culated according to (°°

C(O) = w(l

where ad is the difference of the electron density between the

particle and the surrounding glass. a4 was determined by the

means of X-ray diffraction investigations of the photochromic

glasses which contain the precipitated light-sensitive micro-

crystallites.

The calculated distributions N*(D) were normalized in such a

manner that the total volume of all particles together is equal

to the volume fraction w:

N(D)
-,

 mn

{db

(3)

That means that the particle density is represented by the ares

under N(D). .

The SAXS curves were obtained using a Kratky-camera with a

step scanning device (Cu Kg radiation). The errors of the calcu-

lated structure functions N(D) resulting from the statistical

errors of the recorded scattering intensities were estimated by

a special procedure described in /4/.

Four photochromic glasses with different compositions were

investigated. The Na,0- Li,0- K,0- Al,05- B,05- Sig, Slsssgs
with an admixture of metal halide were heat treated at T=610"C

in order to precipitate liquid droplets of the metal halide

which become photoactive alter the crystallization during the

cooling of the glass. The batch compositions of the glasses 1



and II differed in the halide composition (I: AgBr, II:

AgBry 540g 44): The glasses III and IV were melted with an ad-
mixture of fluorine and a higher content of alkali oxides. In

glass III AgBr; 55Clg 49 particles were precipitated, glass IV

contained microcrystallites of CuBr.

3. Results and discussion

For glass I, the evolution of the diameter distribution with in-

creasing time of the heat treatment is shown in Fig. 1 and Fig.

2, respectively.

2

5

Fig. 1,2:

The diameter distribu-

tion functions of glass

I, T=610°C, treatment

timer

1

Ym

,u h

Ninm

Fig. 1 demonstrates that two generations of particles with dif-

ferent diameters grew independently for t¢2 nh. The formation of

two distinct generations of nuclei can be interpreted by the



thermal history of the glass. The temperature region of the ma-

ximum rate of the nucleus formation was passed two times, i.e.

at the cooling procedure from the temperature of melting down to

the room temperature and during the following heat treatment.

Consequently, the nuclei that were already formed during cooling

were in the stage of particle growth when the nucleation of a

new particle generation took place during the heating of the

glass.°

For t{2 h, the crystallites grew according te a reaction-

limited growth mechanism /5,6/ indicated by the fact that Dat,

where DU is the mean of N(B), and wet? obtained by the aid of

(2). For t22 h, the phase volume w remains constant and the

growth law of 03at is valid (see Fig. 5). The smallest crystal-

lites are dissolved. This is shown by the decreasing area under

the peak of the smaller particles that indicates a diminution of

the number of particles of this generation (Fig. 2). Thus it can

be concluded that the stage of coarsening by ripening /7,8/ was

reached.

The same ripening process was observed in the other glasses,

too. For example it is indicated by the evolution of the volume

distribution function of glass III with increasing treatment

time (Fig. 3).

iO

Fig. 3:

The volume distribution

functions T/6 D°N(D) of

glas ~"  T.610°C

3,0 h

‘4,0 h

8 - 8,0 h

9 - 16.0 h

2 J Py

{ow

The fact that w = constant for t »0,25 h is demonstrated, since

the area under the volume distributions remains constant. The

transoort of material from the dissolving small particles to the



growing large particles results in a decreasing phase volume at

smaller diameters and in an increasing phase volume at larger D

for the same amount (compare the area differences left and right

between two consecutive treatment states, Fig. 3).

The evidence for the existence of a diffusion-limited ripe-

ning mechanism is given in Fig. 4. The evolution of the partic-

le density in dependence on -the ripening time t according to

(4) /8/

NCE) = nt) {1+ (tot dconst |?

where t, is the beginning of the ripening, is shown in Fig. 4,

where the sloped of the curves in logarithmic scales are equal

to 1. This is consistent with the time dependence of the mean

diameter of the particle system that ripen according to (5) /8/

Fig. 4:

The evolution of the re-

ciprocal particle densi-

ties during the ripening

process, logarithmic

scales

 nddeg

10° lt-ty)imin

Fig. 5:

The dependence of the

cubed mean diameter on

the ripening time

E——
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B°(t) - 0 (t) = —aagy — (t-t_ (5)

This dependence is demonstratedinFig. §

Using a stoichiometric factor 9= 1 /8/, the molar volumes Vo

at the absolute temperature T of the heat treatment /9/ and the

results of measurements of the interfacial tension in this tem-

perature region (0,20 ... 0,23 Nm) /1/ the diffusion coeffi-

cients 0p were calculated from the slopes in Fig. 5. The solubi-

lity Cc was estimated by equation (6)

cd W
0 = Sa. —

9 M Vv,
(&amp;)

where the symbol c¢ is the total concentration of silver or

copper in the glass, M is the corresponding molar weight and w

and Vo are the experimentally determined phase volume and the mo-

lar volume; d is the glass density at the treatment temperature.

The calculated diffusion coefficients are given in the following

table:

alass

J

10" %02e™seni
1 wi

i  5 10-13

Iv

1.¢ 10-13

The obtained diffusion coefficients for the glasses III and IV

correspond to the data given in /18/ for the diffusion of silver-

halide in c_. c¢rent glassforming melts near the glass temperature

Te The missing fluorine in the batch material should be the

reason ior the smaller diffusion coefficients in the glasses I

and II. Fluorine is known to decrease the viscosity of the melt

Therefore the fuorine addition together with the higher content

of network modifiers (alkali ions) resulted in a higher diffu-

sion mobility in the glasses III and IV in relation to the glas-

ses I and II. These requirements an the glass composition have

to be considered in the production of photochromic glasses. More-

over the lost of the metal halides during the melting can be re-

duced by a small content of fluorine, because it considerably



reduces the melting temperature.

In the investigated glasses particle densities of 7.101%...

2.1016 cm™&gt; were determined by SAXS at the beginning of the

ripening. This is comparable with the experimental data given in

/11/ for the precipitation of silverchloride particles in a so-

dium borate glass melt (ToT). In order to discuss the kinetics

of the nucleation in our glasses some thermodynamical parameters

were estimated.

According to the classical theory /12/ the steady-state homo-

geneous nucleation rate J can be expressed as a function of T by

J = K exp (-(Ag + A) /KT) v (7

where K is a constant, approximately independent of the tempera-

ture T, k is Boltzmann's constant and Ag and Ay are the energies

of activation of the diffusion and the formation of a critical

nucleus, respectively. for nuclei of spherical shape Ay is cal-

culated by

A,
(8)

where Au is the thermodynamical driving force of the precipita-

tion, the difference in the chemical potentials of the initial

state and the precipitated state of the svstem glass/metal ha-

lide.

For pure metal halide precipitates (mole fraction aml) Au

can be expressed by

Au = BT In ww 202 LIB 273
m

{ 9

using the model of regular solutions /13/ which was evidently

shown to be valid for photochromic glasses /11/. R is the molar

gas constant, Xx, is the initial mole fraction of the metal halide

in the glass, &amp; is the measured interfacial tension /1/, L is

Avogadro's constant and®¥ is a semiempirical factor that varies

in the range of 0,1 ... 0.45 for glasses /11.14,15/ (here 2 =

1/3). .

Relating Ag to the viscous flow of the glass melt, J(nuclei-

em 3s) can be expressed in terms of the alass viscosityn



] = K'/n, exp (-A,/kT) (10)

where the constantK'is equal to 1027... 10%! cm 2s” 2pg"1 for

sodium silicate glasses /15/. The viscosity n is equal to 1012

Pa-s for the temperatures ness a used here. Therefore, the

nucleation rates can be estimated considering the calculated va-

lues of A, according to (8).

glass

L

II

III

iv

x 10
so. sp blr

10 ‘Nm/mol

—a———

nuclei cm&gt;5!

Lo ent

65 178!
, 99

yc10 0 4-6

If we compare these results with those which are given in /11/

for AgCl in sodium borate glasses (xq = 4,5 107%; AM =

7,2 + 10" °Nm/mol and consequently J = 1010 |, 10¥%cm=3s71, par-

ticle densities of 10! obtained by homogeneous nucleation) a

heterogeneous nucleation mechanism has to be concluded for our

glasses, because the observed particle densities of 1014 _—

1016 cn” could not be formed by homogeneous nucleation within

the available times of the heat treatment. Therefore, in order

to obtain glasses of the investigated type with good photochro-

mic properties, effective nucleating agents must be contained in

the batch. This can be realized by small additions of zro, or/

and Tig, which are known to fulfil the requirements mentioned

/17/.
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Miscibility Gap Calculation for Nucleation Rate Determination

in Soda-Line-Silica Glasses

1. Introduction

Liquid-liguid immiscibility is a widespread phenomenon in glass-

forming systems /1/ and miscibility gaps, both stable and meta-

stable, are known in many technologically important glass sy-

stems. Inside the gap phase separation can take place by nucle-

ation and growth or by spinodal decomposition, depending

whether the system is in the metastable or in the unstable part

of the miscibili*' gap (see Fig 1).

Fig. 1: Miscibility
gap and free enthalpy

of mixing for a binary

system

noaa.e

N22.

-~szacle

~ges~le

We are dealt with the liquid-liquid phase separation in soda-

line-silica glasses to improve the understanding of nucleation

mechanisms in vitreous materials. This glass system is well



suitable, because many physical properties are known and it is

possible to study liquid-liquid immiscibility without crystalli-

zation effects.

The soda-line-silica glass shows immiscibility in a silica-

rich droplet phase and a matrix phase with reference to the

5i0,, that means the ratio of Na,0 to Cal is in matrix and drop-

let phase the same. Therefore, this system can be described as

an pseudobinary one, signed by:

(1-x)5i0,; x[y-Cad + (1-y) Na,0] Oexél
2 2

Dey el
v= const (1)

where x, y are molar fractions.

The nucleation behaviour was examined by some authors /2,3,

4/. Hammel /4/ studied the immiscibility in a 13 Na,0, 11 Cal,

76 sig, (mol%) glass. He calculated the steady state nucleation

rate for homogeneous nucleation, by using the appropriate ener-

gy difference, determined from the experimental miscibility gap

/3/ and compared the calculated nucleation rate with the nuclea-

tion rate obtained by electron microscopic investigations.

The present paper discuss a possibility for the predigtion

of the immiscibility done in a ternary system using the known

gaps of the binary subsystems. So it will be possible to calcu-

late the miscibility gap, the corresponding driving force and

the nucleation rate for any composition.

It was shown that the classical theory of nucleation in the

Zeldovich-Frenkel formulation is a valuable tool in describing

the nucleation behaviour /5/. In the first approximation it

yields for the nucleation rate

I(t) = I_ exp (-T/t)

where I(t) - momentany rate of formation of critical nuclei,

I; - stationary rate of formation of critical nuclei, T- in-

duction time.

The expression for the stationary rate reads:

I, = const * exp ‘(~(u +W_)/kgT)

where Wy - work of formation of critical nuclei, W, - activation

eneray for the transport.

(3)



The change of the thermodynamic potential Wy due to the forma-

tion of a critical cluster can be written as consisting of

three parts, one bulk term, one surface term and one term due

to the elastic or viscoelastic deformation. In the case of

spherical nuclei by neglecting the deformation term it holds:

rd
_ ls

W, = 227 (4)
Au

where © - interfacial tension, AG - thermodynamic driving

force, Yu - molar volume of the glass..

In the following a method will be described to calculate suit-

able values of AG from the miscibility gap.

2. Calculation of the thermodynamic driving force

Figure 1 shows schematic the free enthalpy of mixing AG, and

the corresponding miscibility gap. xy and x, are the concentra-

tions of matrix and nuclei in the equilibrium state. The expres-

sion for AG, the free enthalpy of mixing driving phase separa-

tion reads (Fig. 1):

dat,
AG = AG, (x,) - 46,(x;) + (x3-%,) =) -

dAG, ?

(¥a-%,) =) (5)

A mathematical model of AG, to calculate values of AG has to

fit the measured immiscibility boundary. Several models were

developed /6-8/.

For the present case of the soda-line-silica system Hammel

/4/ compared the Lumsden model /6/ with the model developed by

Von der Toom and Tiedema /7/. He found that the latter is ex-

trem sensitive to small shifts in position of the immiscibility

boundaries. Similar conclusions were drawn in /9/. According /4/

the Lumsden model /6/ yields good results. In that model is

AG_ = x(1-x) £(x,T) + RT [(1-x)1n(1-x)+x 1n x] ,



here. eT) 2A Zn
£(x,T) = ————+——¢—-(I-X){——"—3753(1-x)+r2x (1-x)+r°x ZRT[(1-x) +10 7 |

The model parameters cy and c, are linear functions of tempera-

ture T and must be determined by using the miscibility gap data,

The Lumsden model is a special correction of the subregular so-

lution model because it takes into account: (1) r, the ratio of

radii of the components j(2) the average coordination number Z,

and (3) the influence of the nonadjacent companents.

Fig. 2: free enthalpy of
mixing curves for the 13

Nay0-11 Ca0-76 510, (mol%’
system for different tem-
peratures T. The critical

temperature is T_=1152°C.

 meres emda
TOMCENTRATION 510»

fig. 3: Variation of the

free enthalpy of mixing
curves for the same system

used in Fig. 2 obtained by

slight variation of the

immiscibility boundary.
The curves from the upper

to the lower correspond to
curve numbers one to six

in Table 1.

ttm—_—

CONRCENTRAT

The free enthalpy of mixing AG, calculated according to the

umsden model are shown in Fig. 2 and 3. Figure 2 shows the va-

riation of AG "in dependence of temperature. For TT, AG,
has two stable concentrations (compare the curve for 625°C), but

for T&gt;T_ the solution is homogen. With (6) and (5) the driving



‘force AG for phase separations can be calculated. Substituting

AG in (:), with (3) and (2), the nucleation rate can be ob-

tained

Table

Curve vy
3

—y

2.98

571

377

4&lt;

fo proof the sensibility of the Lumsden model to small shifts

in positions of the immiscibility boundaries some calculations

were made using the values given in Table 1. The results are

shown in Fig. 3. Curve 1 is the same as used in /4/. It can be

seen from Fig. 3 that slight variations of immiscibility data

effect a drastic shift of the AG values. Taking into account

the limited accuracy of experimental immiscibility data it must

be’ stated that the values of the free enthalpy of mixing calcu-

lated using the Lumsden model must be called in question in some

cases.

5. The calculation of the miscibility dome for a ternary system

using the pseudobinary approximation

Hammel /4/ calculated the free enthalpy of mixing by utilization

of the miscibility gap, which he measured for the ratio of Na,0/

Ca0 of 13/11. However, it would be advantageous to have a possi-

bility which allowed to calculate the miscibility dome of the

ternary system using the known miscibility gaps of the binary

subsystems.

Kawamoto /10/ showed, that the immiscibility boundaries of

some binary alkali or alkaline earth silicate systems can be su-

perposed by normalizing immiscibility temperature To and compo-

sition c¢ to a so called master curve. In Fig. 4 the relative

temperature TalTe is shown in dependence of the relative concen-

tration c/c fe/c, = 1 for T/T. = 0.8]. Hereafter c, at T/T =

0.8 is called c_ for simplicity.
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Fig. 4: Normalized immiscibility
boundaries of some binary sili-

cate systems and the master curve

of immiscibility boundary (solid

line) /10/-

Fig. 5: Composition diagram
for the ternary system

A-B-C.

Furthermore, in /10/ it was predicted that any pseudobinary

system chosen along a tie line in ternary silicate systems (Fig.

5) should have an immiscibility boundary with the same shape as

that of the binary systems. Such behaviour must be expected if

the model of regular mixing is applicable for the binary as well

as the pseudobinary system. In this case the critical temperatu-

re Tc of the pseudobinary system can be calculated, using the

critical temperatures of the binary subsystems by the equation

(1,

T. =v T apy + (1-v) T pny = ¥(1-y) To(gpy -
(7)

Furthermore, the exoression for calculating c_ reads?

c= V Cooany + (1-¥) €_(pny-
(a)

Then, the miscibility gap of the pseudobinary system can be ob-

tained using the molar curve and the Tos Cc, values calculated

from (7) and (8B), respectively.

In most cases values of Teese) in (7) are not available. How-

aver, suitable values of the parameters Teese)? which not neces-

sary must have a physical meaning, can be calculated if the tem-

21



perature To of the miscibility gap of a glass with composition

{(1-x) Aex (l-y) Bexy C

is determined experimentally. From (8) for cle, follows:

c__ X
: ET

Ca¥ Cuca) 1-YIC am)
(9)

Therefore, using the master curve the unknown value Tee) can

be computed, where
*

Tn _ Tm
= - -_ -

TY Tam VT ay YT cacy
(10)

Now, it is possible to calculate immiscibility isotherms for

any temperatures. For that purpose it is only necessary to vary

the molar fraction y in (10) and by using the master curve to

calculate the corresponding molar fractions x from (9). An assem-

bly of computed immiscibility isotherms for the soda-line-silica

system is shown in Fig. 6. The experimental value T used for the

calculation was taken from /3/.

no Fig. 6: Estimated immiscibility

isotherms of the Na,0-Ca0-5iQ, sy-
stem. The circles indicate T_ va-

lues (from the upper to the Mower:

'p=1000°C, 980°C /3/ and 704°C /4/).
The temperature Tn=980°C was used
for the calculations..Thecurves

yield for 600,700,800,%900,980,1000,
1100,1200,1600 and 1800 (all in
°C), from the left to the right
hand side.

The calculated isotherms are in good agreement with the T va-

lues of Table 1 in /3/ and the value T = 704°C which was used

by Hammel for his calculations. (Note, that the temperature To

1140°C (in Table 1 of /3/ must be corrected to T = 1000°C.)

Moreover, the immiscibility isotherms, calculated using other

experimental results from /3/, are in accordance with Fig. 6.

S§light deviations can be observed only in the region of the pha-

se diagram poor on Ca0 where the immiscibility isotherms have a

saddle-point. It must be pointed out. that the saddle-point is



a relative flat one. Therefore, the insecurities of the master

curve and the : values take effect especially in this region of

the phase diagram.

In contrast to Fig. 6 the in /10/ calculated phase diagram of

the soda-line-silica glass has not a saddle-point. This may be

result from the incorrect chose of the value ™ = 1140°C for

the composition 7,5 Na,0-7,5 Ca0-~85 5ig,. Despite of the fact,
that up to now the existénce of a saddle-point in the immiscibi-

lity isotherms of the soda-line-silica system was not proofed ex-

perimentally, there are some evidence that our calculations are

essentially correct. Calculations of the immiscibility isotherms

magnesia-alumina-silica system carried out recently reveal that

a well pronounced saddle-point occurs, the existence of which

was confirmed experimentally /11/.

4. Conclusions

To summarize the results described above it can be concluded that

the values of the free enthalpy of mixing computed by the aid of

the Lumsden must-be handled with care. Maybe that other models,

e.g. those described in /8/, would lead to more stable solutions.

The influence of various AG, values obtained by different mo-

dels on the calculated nucleation rate has to be examined. Note

that an exact determination of th€ interface tension § is an

unsolved problem.

The temperature of the immiscibility boundary is extreme sen-

sitive to small shifts in the composition, particular near the

edge of the miscibility gap where the nucleation theory should

apply. Therefore, a method to calculate exact values of the tem-

perature for any composition would be very useful. It seems to us

that the discussed method of Kawamoto /10/ can be used success-

ful for this purpose. However, it should be noted that this mo-

del can only applied inside the limits of immiscibility which

must be proofed experimentally for every system.
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Investigations of the Crystallization on Fluorocaluminate Glasses

Using Nuclear Magnetic Resonance

In the last few years the applications of fluoroaluminate glas-

ses are increased considerably because of their favourable pro-

perties as for instance the abnormal partial dispersion which

makes the glasses suitable to correct the chromatic aberpation

in dense systems /1,2/. A special problem for manufacturing of

these glasses is the strong crystallization tendency. The cry-

stallization products only were detected and identified up to

now with X-ray diffraction, polarization microscopy, wideline

and high-resolution nuclear magnetic resonance /3-5/. However

the exact knowledge of the nucleation process up to the com-

pletely crystallized sample is necessary to prevent the crv-

stallization. For it exist no results.

One method for structure investigations is the nuclear magne-

tic resonance (nmr). Using wideline nmr it could be shown the

similarity of the short range order in the amorphous ang cry-

stalline state /5/. That means that this method, which is only

sensitive to the nearest neighbourhood, is not suitable ® ob-

serve the crystallization kinetics. High-resolution experiments

showed a line narrowing due to the crystallization /4/. Essen-

tial higher effects were detected measuring the spin-lattice

relaxation time 7 by the transition in the crystalline state
an different systems /6-9/. Therefore it was measured the soin-

lattice relaxation time Ty of the nuclei 1%; in the fluoro-

aluminate glasses and the corresponding recrystallization pro-

gucts of the composition M(PO4), - Caf, - ALF, (M: Ba, Sr) with

a CaF ,/AlF4 ratio from 1,33 to 1,5 (see Fig. 1). In these cases

the T, was changed by a factor in the range from 2 to 10. It is

necessary to describe the process whch is responsible for the

spin-lattice relaxation for a detailed interpretation of these

resi] ts.
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Fig. 1:

Comparison of the.relaxation ra-

tes in the amorphous (open sym-
bols) and polycrystalline (full

symbols) state of the glasses
5 mol% Ba(P0y), - 54 mol% Caf -

41 mol% AlFy (eo) and S mol% .

Sr(PO » - 54 mol% CaF, - 41 molXAlFg lo . Moreover the relaxation

rate of the polycrystalline

sample with the composition

60 mol% Caf, - 40 mol% AlF, is
shown (full line)

x}

It is known from analyzing the fluoroaluminate glasses that in

all samples a certain content of paramagnetic impurities is gi-

ven (ca. 20 ... 30 ppm), mainly as Fel*, which is caused by the

starting materials and the preparation technique. Because of the

strong influence of these ions on the relaxation process it is

necessary to find the relation between their concentration and

the Ty- To that end it was measured I in dependence on the nmr-

frequency and the temperature by a series of samples additional-

ly doped with Fe, 05. From that it could be shown that the rela-

xation rate VAN consists of two parts:

L/T, = vr, + vr,
para : pure

The first contribution to the total relaxation rate T, comes

from the Fe&gt;* incorporation. It can be described from 300 up to

450 K by the diffusion limited relaxation and from 450 K up to

the glass transformation temperature by the atomic diffusion of

the paramagnetic.impurities /10,11/. The second part is induced

by a specific relaxation process of glasses.

In the following the glasses were investigated which were not

additionally doped. It was considered only the measured value at

room temperature "1, for the further calculations. The 7 of

the glass Ty and of the completely crystallized sample



were thasen as reference points. In order to inter-

rt,cryst
prete the experimental results one can assume that the sample is

divided into many regions AV of the, same volume. Supposing that

ny regions show an amorphous and n, regions crystalline relaxa-

tion behaviour, respectively, the reciprocal relaxation time of

the whole sample is given by

rh © —T Ton,+n 17
1. 172 1.4 olass

-”

— (2)
.crvst

Commonly the restriction of motion processes by the glass-cry-

stal transition leads to a prolongation of Ty and with that to
\ rt

a reduction of the rate it . Therefore it is possible to calcu-

rt

late the crystallized part of the volume x by the time dependent

relaxation rate 1! during the isothermal crystallization pro-

cess as follows rt

n
2

x(t) = won

-1
T

LL,

~1
T

Lot ppg

+-1

lrt,0lass
1;

rt.olass

3)

The isothermal crystallization of several samples was inve-

stigated in the neighbourhood of the maximum of the crystalliza-

tion. The samples were quenched to room temperature in fixed

temporal intervals in order to measure Te Besides of them the

degree of crystallization was checked by X-ray diffraction. To

calculate the %ime dependent crystallized part of the volume the

following formula was used /12,13/

c= 1 - exp [-(kt)™M] (4)

n is characterized by the crystalline growth mechanism and K re-

presents the effective rate of reaction containing the activa-

tion energy of crystallization. It could be estimated a value of

n21 for the sample of the composition 5 mol% Sr(P05), - 54 mol%

Caf, - 41 mol% ALF, between B58 and 903 K (see Fig. 2). X-ray

experiments have identified the main crystalline phase to be

Ca ALF. The investigations by means of polarization microscopy

chowed a two dimensional arowih of the crystals in the volume.

by



Fig. 2:

Representation of the crystallized

volume fraction x in dependence on

the time t (assuming nagl)
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Excluding a surface crystallization which was not observed one

can conclude of a process with heterogeneous nucleation and a

diffusion limited growth of the crystals /14,15/.

The summary of these results leads to the conclusion that in

special cases also with the nuclear magnetic resonance spectro-

scopy measuring the spin-lattice relaxation time Ty it is pos-

sible to find informations on the crystallization of glasses.

The advantages of this method are the sensitivity of LY and the

possibility to observe processes with a high reaction rate.
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Rainer Kranold; Wolfgang Schiller

Nonuniformity of Cation Distribution and Crystallization

Behaviour of Single Phase Glasses in the Ba0-5i0,, System

1. Introduction

It is well known that many glasses are chemical and structural

nonuniformly since liquid-liquid phase separation has been dis-

covered 30 years ago. Moreover, evidence has been accumulated

that also thg structure of single phase glasses (one component

glasses or glasses outside the miscibility gap of the phase dia-

gram) often is not so uniform as have been assumed over a long

interval of time /1/. Unfortunately, there are only few investi-

gation methods for recognizing such kind of nonuniformity. A

special problem which can be successfully studied by X-ray dif-

fraction techniques is the distribution of network modifier cat-

ions inside of the glass network /2,3/. Roy /1/ predicted that

if there is compositional and/or structural nonuniformity, this

will result in the crystallization of unexpected phases and al-

most certainly a two-step crystallization. Such two-step cry-

stallization is well known /4-7/ from glasses in the single pha-

se part of the phase diagram of the 8a0-si0, system shown in

Fig. 1. The schematic representation of the DTA diagram of a

glass with composition 3 BaQs5 sig, is given in Fig. 2. In a

previous work /7/ it was shown that during the first step of

crystallization starting at temperature 7 in Fig. 2 the cry-

stallization of a metastable crystal phase, which has a higher

content than the glass composition, takes place followed imme-

diately by the crystallization of another metastable crystal

phase, the boria content of which is lower than that of the

glass. During the second step starting at T, the primary crystal

phases and the residuum glass phase react to form the thermody-

namic stable crystal phase having the same stoichiometric compo-

sition as the glass.
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Fig. 1:

Phase diagram of a section

of the Ba0-5i0, system

(from /8/). The arrows in-

dicate the compositions of

the crystal phases Ba0-

5:i0,, 3 Ba0*5 510,,

“10.3 510,, and 2 Bale
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Fig. 2:

Schematic representation of

the DTA curve of a glass

with composition 3 Bal-

5 Sil, (after /6.7/)
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The aim of the present paper is to investigate by X-ray diffrac-

tion whether there are regions with different boria content in

the rnon-crvstallized origin glass or not. The 3a0-5i0, system



has several ideal features for investigations of this kind. It

exhibits internal (volume) crystal nucleation without deliberate

addition of nucleation catalysts, and the large scattering power

of Ba causes that the Ba-Ba distances have large influence on

the X-ray pattern.

2 Sample Preparation

The starting glass with 37 mol% Ba0, i.e. close to the 3 Ba0-

5 SiC, composition, was prepared from high purity commercial

sand and reagent grade 3aC0y. The components were fused in an

inductive heated Pt-10%Rh crucible “at 1570°C for 7 h. Buring

melting the glass was stirred. Then, the glass was fritted,

finely crushed and remelted twice at 1550°C for 4 h. This melt

was cast on 7a mould, than transferred to an annealing furmace

maintained at 500°C and furnace cooled. Finally, in order to

avoid stresses, the glass was reheated and after a heat-treat-

ment at 600°C for 2 h cooled down with a cooling rate of about

1 Kmin~1, Pieces of the glass wer: isochronal heat-treated at

various temperatures for 2 h from . 0°C to 750°C (the glass-

transition temperature is Tg - 630-1). Subsequently the speci-

mens were visibly clear of good optical quality.

Tne Ba0, 510, contents of the glass determined by X-ray

fluorescence analysis as well as by wet chemical analysis were

obtained to be very close to the nominal ones. The main imparity

vas Sr0 (C.7 wt %) introduced by the 8al0g starting material.

The total content of the other impurities was found to be lawer

than 0.05 wt &amp;

3. X-Ray Diffraction Procedures

Thin polished samples with dimensions of approximately 20 x 10

x 0.09 mm? were used for the X-ray studies. The diffraction pat-

terns were obtained /9/ using a non-focusing diffractometer with

a flat graphite crystal monochromator in the primary beam. A

Rigaku Denki rotating-anode genzrator with an Ag target was ope-

rated at 45 kV and 200 mA. Counts were made in steps of 0.3% in

the interval of the scattering angle &amp; from 2° to 122°. Special

ciforts were made to eliminate the influence of the flunorescencs



radiation, which was produced by the Sr content of the glass, by

combining the measurements carried out with and without a Zn-

filter in the diffracted beam.

The measured intensities were corrected for background, ab-

sorption, polarization, and complex scattering and then conver-

ted to electron units per unit of composition (eu/uc). Subse-

quently the normalized intensity I(s) was fourier transformed to

give the pair function distribution (PFD) introduced by Warren

/16/, where s = 4T /M sin (e/2) and A is the X-ray wavelength.

The PFD is defined by equation (1)

— Ny 2 ~

Sw 2 2

( alg S sin(sr)ds,
5 (1)

with

is) » [1¢s) - &gt; £2 nC
“we we

RK
(2)

where £5 is the atomic scattering factor for atom "3", and f,

is the average scattering factor of an electron. The expression

exp(-d2s?) is a convergence factor, r is a radial distance, ¢,

is the average electron density, Smax js the cutoff-value of s,

z3 is the number of electrons in atom "3", Nis is the number of

neighbours in the i-th shell about atom "J", ij is the distance

from an atom "3" to an atom in the i-th shell, and Py4(0) is the

pair function given by

Sua

p..(r) :

gs 2.2
sd e"*S sin(sr,.)sin(sr)ds. .
 (a id

L208)

I&amp;D

The right-hand side of (1) is the experimental pair function

distribution (PFD) yp An impartant advantage of the PFD method

is given by the possibili{y to compare (PFD) exp with the calcu-

lated pair function distribution (PFO) ac of suitable structu-

ral models using the left-hand side of (1). Full details of

measurements and data analysis are given in /11/.

The X-ray scattering in the small-angle range was measured

with a commercial Kratky camera in the interval of s between

0.2 nm~1 and 1 an~1 using Mo radiation. A Nb filter was used in

the primary beam. and the scattered Ku radiation was detected



with a scintillation counter in conjunction with a pulse-height

analyzer. To convert the measured intensities in electron units

3 calibrated Lupolen standard sample was used. The corrected in-

tensity, which is nearly angle-independent at small s-values,

was extrapolated to the zero-angle using a least-squares method.

The zero-angle intensity Toye, represents a measure for the

fluctuations of the electron density in the glass. Full details

of the accurate determination of the ey, parameter are given

elsewhere /12/.

Using the Bhahia-Thornton formalism /13/, for a binary system

in the liquid,or frozen in state containing components A and B

with atomic scattering amplitudes by and bg, the intensity

I(0);, expressed in electron units per atom can be written

[€0)gy = (B50) + [(og-b,)-F¢DT2s.(0). (4)

The first term results from fluctuations of particle density and

the second term from concentration fluctuations. The parameter

describes the differences in size of the species A,B. for a

structure frozen in a fictive temperature Te both density and

concentration fluctuations can be expressed by the thermodynamic

relationships (5) and (8)

= Id GAN

Sun(0) = k TT Cv

- _ 200m

50000) =k T (06/9
-1

where G is the free enthalpy of mixing, c is the concentration

of component 3, k is the Boltzmann constant, Va, is the average

atomic volume, and %(T;) is the isothermal compressibility at

Tee Mostly, Te is replaced by the glass-transition temperature

r.

4. Results and Discussion

The scattering curve of the unheated glass (Fig. 3) shows a sharg

pronounced main peak at &amp; = 10° (s = 19.5 am Ly. Compared with

the scattering curves of pure vitreous silica, where the main

peaks have their position at about s = 15 am, the 37 mol% Bao

content leads to a considerable peak displacement to the direc-
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Fig. 3: Scattered intensity of the unheated 0.37 Ba0-0.63 510,

glass. The insert shows the T(0)g, parameter in depen-

dence on the temperature of heat-treatment.

tion of higher s-values. This is the characteristic feature ob-

served for the scattering curves of binary silicate nlasses

/14/. There are no remarkable distinctions between the scatte-

ring curves of the unheated glass and the glass sample neat-

treated at 754°C for 2 h. Particularly, crystalline reflectiqgns

of no sort have been observed. However, replica electron micro-

grapns of the heat-treated glass show individual spherulitical

particles of 1Ufi - 500 nm in size /7/. After a second heat-

treatment at 600°C for 5 min, 5 0aU-8 S10, which has a higher

boria content than the average glass composition, was identi-

fied as first crystallization product by X-ray powder diffrac-

tion. Immediately aiter this process, crystallization of the

high-temperature form of 0aQ-2 5i0,, the boria content of which

is less than that of the glass, has bcen observed.

Fig. 4(a) shows the pair function distribution (PFD esp of

the unheated glass (solid line) and that of the glass heat-

treated at 750°C for 2 h (dotted line). There are hardly diffe-

«
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Fig. 4: Pair function distributions of the unheated and the

heal-treated glass samples’ (a) and tne PFUs calculated

for different crystal phases (bh)

rencies between the two curves, but the peaks in the latter are

somewhat more pronounced. The pair function distributions

(PFO) ve of the three boria-rich crystal phases of interest.

here calculated using the crystal structure data given in /15/

are shown in Fig. 4(b). By calculation of the separated pair

functions Zor the crystal phases it can be easily shown that the

main peaks in the (PFD) ave curves nearly r = 0.45 nm are caused

oy the Ba-8a pairs /9/. Therefore, it can be assumed that the

main neaks in the (PFD) yp curves likewise are mainly caused by

the da-ta distances in the glass network. rram rig. 4(a) it be-

comes evident that the 0a ions are not distributed uniformly

throughout the alass but that their average distance, the magm

tude of which is not changed by the heat-treatment. is consi-

derable less than that for a uniform dislribution indicated Dv



the arrow. Furthermore, comparing the Figs. 4(a) and (b), it can

be concluded that the distances of the Ba ions in the glass seems

to be smaller than those in the crystal phases. Note that the

density of the glass (3.95 gem”) is higher than that of the pri-

mary crystal phase 5 8a0+8 SiO, /4/.

The PFD method is insensitive to local variations of the

short-range order beyond the first few atom diameters. There-

fore, it is not possible to make a decision whether the Ba ions

in the glass are concentrated in "clusters" or "ion swarms" or,

if there are discrete, molecule like, groups with small Ba-Ba

distances di#tributed uniformly throughout the glass. The zero-

angle intensity (0), (4), which.is sensitive to variations of

the electron density fluctuations in the glass, may be used to

decide this guestions.

For the present case of the 0.37 3a0-0.63 310, glass, the

thermodynamic data needed for the exact evaluation of (4), (5),

and (6) are not available. Therefore, it was renounced of a col-

limation correction procedure for the small-angle scattering

curves and in the insert of Fig. 3 ‘the "slit-smeared" I(0)g,-

values are shown. The diagram shows that starting from the un-

heated glass the values of the T(0)¢, parameter increase with

increasing temperature of heat-treatment up to a temperature of

700°C and after that decrease to a level less than for the ori-

gin glass. from (5) it is obvious that the observed drastic

changes of the 1(0)p;-values cannot be caused by the particle

density term of (4) because the fictive temperature Te and/or

the isothermal compressibility ®(7,) cannot change to such high

degree for this kind of heat-treatment. Therefore, it must be

stated that the changes in the values of the To), at heat-

treatments near Tg indicate the clustering of 8a ions. The

drop up of Tog, observed for the glass specimens heat-treated

at higher temperatures can be explained by the increasing dearee

of structural order in the separated glass regions which effects

that the total amount of the electron density fluctuations de-~

creases. For the specimens heat-treated at 740°C and 750°C,

where electron micrographs show individual crystalline partic-

les, the To, parameter takes values comparable to those ob-



tained for vitreous silica under the same experimental condi-

tions /16/. It can be supposed that the most developed baria-

rich clusters act as sites for the nucleation of the metastable

primary crystal phase 5 Ba0-8 510,. In fact, the first observa-

tion of particles, larger than 30 nm in size and with a sharp

interface boundary, was made by small-ange X-ray scattering in

the sample heat-treated at 720°C for 2 h /9/, that means immedi-

ately after the Toe, parameter lead off to drop. Note that

this kind of heat-treatment is designated in /5/ as the optimal

one to form crystalline nuclei in glasses of the actual compo-

sition.

5. Summary

The Ba cations are not distributed uniformly in the 37 mol% Bal

single phase 8a0-5i0, glass but there are local separated re-

gions which are baria-rich and other with a lower baria content.

The consequence of this feature is that in the first step of

crystallization of the glass metastable crystal phases with

stoichiometric compositions 5 Ba0¢8 510, and Ba0-2 §i0,, re-

spectively, are formed rather than the thermodynamically stable

5 Bal+5 510, phase.
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~rank Scnweitzer

Thermodynamic Investigations of Nucleation in Binary Finite

Systems

A thermodynamic analysis of a two-phase system may lead to a

deeper insight into the conditions of a first order phase tran-

sition /1/. The knowledge of the exact thermodynamic potential

of the system allows us to calculate the critical and stable

cluster size Tor a pnase-transition /2/, furthermore, critical

thermodynamic constraints for a nucleation process in an one-com-

ponent finite system are determined /2,3/.

Former investigations gave a general thermodynamic analysis

af a heterogeneous k-component system considering the change of

the initial matrix phase by the formation of the new phase /2,

4,5/. These results have been applied mainly to nucleation and

cluster growth in one-component systems /6/, but also the kine-

tics of condensation in binary vapours /7/, the decomposition of

solid solutions /6/, and Ostwald ripening of bubbles in ligquid-

gas solutions ‘.‘ have been discussed based on a thermodynamic

approach.

This paper continues the thermodynamic analysis. As done be-

fore, we consider the limitation of the total particle number

of the svstem, that means a matrix cepletion caused bv the for-

mation oi clusters of a new pilase.

1. Thiernoouvnamics of a ineteroueneous binary svstem

For a homoaeneaus binary svsiem the inner @nerqy is usually gi-

von bv:

1},
10m

TE ~ AN a ny p {1.1)

In the heterogeneous state we have two phases J and Bg, which

are divided byabounuary phase, indicated oy the index o. The in-

ner eneravy oi the heterogencous svstem is then oiven by 79/7:
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(1.3)

(1.4)

u, (1.5)

The boundary phase is here assumed to be the Gibbsian surlace of

tension /9/, G being the surface tension and A the surface area.

io and S, denote excess values caused by deviations from addi-

tivity in hn heterogeneous state:

n= Nig (1.6)

(1.7)5
0

Formally Nig 54 can be interpreted as thermodynamic values of

the surface. For the surface energy u, (ea. 1.5) the Gibbs-Dunen

relation is valid:

5,07, + ADE + nou, + nN, au, 0 (1.3)

For a former discussion of the surface part we use the condition

of an internal equilibrium of both phases eoand g /4,10/, that

means an inner equilibrium and a yuasi-stationary channe of

these states. Because a surface phase has no real autonomy in

general/11/, we are allowed to replace the intensive variables of

the surface by the corresponding values of one df the coexisting

phases &amp; or Bo. It seems to be reasonable that the phase with a

larger density should determine the surface values Ts and Mio

/4/. We denote in the following the matrix phase by B and the

evolving phase by &amp; and assume further od to be the phase with a

higher density (like in gas-liquid phase transitions).

€Eq. (1.8) is then replaced by /4.,12/¢

-d§ = s,aT, + Tad + Mood, (1 9°

with Mo being the suriage particle densities and Sq tne sur-

face entropy density:
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w * 1:2 So = 7 (1.10)

Considering a heterogeneous system established by a nucleation

process eq. (1.9) means that tne surface tension § should be de-

termined by tne quantities describing the evolving phase o£ . In

particular we find for the surface tension dependent on the tem-

perature T, and on the mole fraction x, of the nucleus:

oF7

Dr
~y

My
is

3.

(1.11)

(1.12)

Consequently, the usual approximation n;,&amp;0 results in a depen-

dence of § on the temperature only, but no longer on the molar

fraction of the nucleus.

In the following we restrict ourselves to isothermal systems,

that means Tg = Tg = T., and fix the thermodynamic constraints as

fallows:

- const., + = const., T = const. (1.13)

sow the free energy r = U - TS is the thermodynamic potential to

descrioe tne neterogeneous system. le calculate the change of

the free enargy for a transition from the initial homogeneous to

the tinal heterogeneous system:

AF = Fre+ Foon (1.14)

Nith tiie res stians

FL i = 1,2

(1.15)

and the notation Mi

(1.1)=-(1.5) 74.57

=n. +n. we iind for AF using egs.

2

Av = (pg-p IV, +&amp;A + 2 Quy, - Ua) Mie

(D-p,)V 4 2 (Big-t sn. (1.16)



AF (eq. 1.16) is known to be the reversible work of formation

of a nucleus in a initially homogeneous binary system. The terms

(p-pg) and (Higby) consider the change of the medium by the

formation of the nucleus which is a typical effect for finite

systems /2,4/.

The consistency with Gibbs' thermodynamics requires that the

surface area of the nucleus is unambiguously defined by the vo-

lume ot the ol-phase: A = ACV). Calculating the equilibrium

states from the extremum condition dAf = 0 we find thererlore

the three conditions:

1 = Hig i= 4,7

rr he
av,

(1.17)

(1.18)

It has been shown in a general thermodynamic analysis /5,13/

that the equilibrium states, determined by egs. (1.17), (1.18),

should be either states corresponding © a stable coexistence of

the nucleus and the surrounding matrix phase leading to a mini-

mum- of the free energy, or unstable equilibrium statés of a

saddle-point type.

2. \lork of formation for an incompressible oinary cluster

In order to calculate the work of formation of the cluster and

tne ecuilibrium conditions we now make use o: the common appro-

ximation of an incomoressible bpherical cluster /14/. For this

case an additional relation between the volume and the mole

nufmuers of ithe nucleus uxists:

“TF .

le
(7.15

Since we assume an nearly ideal mixture oi both components (no

volume mixing effects), tne speciiic molar volumes Vid of the

two components in tie nucleus are expressed by the values for

the pure components vi, furthermore, {or spherical clusters it

vietds WA/ OV, = 26/1, , r, being the cluster radius.

The chemicel potential oi the ol-pnase aanz2rally dapends on

the pressure fg the molar Iraction LS ci the i-th component

in the nucleus anu the temperature. A Tavlior cxoansion of Hoy



valid for sufiiciently large clusters leads to:

 (Pgs,Xy,T) = Hyhd(py,ti. od lp,= Pal+... (2.2)

Neglecting derivatives oi the second order and considering

Ape =¥° the work of cluster formation (eq. 1.16) with re-

Re bring ‘
spect to egs. (2.1), (2.2) is now obtained as follows:

A

1.

Tr

FR ET]
39 0

‘n : 23h Tm pe ;

vo XionPde = vldng

Dn (nv, Ta (2.3)

Because of the acvoitional condition (eq. 2.1) we find now trom

the extremum condition dAF = 0 two instead of three equilibrium

conditions for the binary heterogeneous system, given by:

u. (Pa, LT) =v J. Jd i=1,2 (2.4)

rinalliy, we wani t. speci.v the chemical potentials of both pha-

ses for a particular heterogeneous system. As mentioned before

the nucleus should represent an incompressible pinary liquid

phasz, while the surrounding matrix phase is given by a Binary

ideal vapour. Tnus it vields ‘i./:

’ . . n

be (py. v Loon +RTAX. EL) (2.5)

u.
1a

} b

«iTln B= + RT.
no RT1lnx,= (2.6)

Poi 1S chose:

nent i over .

molar fraction

a binary system .

limitation of ws

riables ot the

the portial saturation pressure of compo-

ner .iquio suriace. x., and x. re the
.iq id ip a

omponents { in the do- or the .B-phase. In

I Xig Moreover, cue to the
24

mole number X;n is a function of tne va-

&lt;
ri Xx B Xn

(2.7)



Xx» means the molar fraction of the initial homogenzous state:

Xo = ny/n, x; = 1-x,. The fiw are corrections to the mole frac-

tion Xiq caused by nonideality effects of the liquid mixture.

For ideal mixtures we have fi. = 1, but it is easy to consider

also symmetrical mixtures and mixtures of the Margules-type

using special expressions for the Tig /12/. Pg means the actual

vapour pressure in the system. Assuming an ideal vapour we have

~
n n-n

my rr
€

Inserting the expressions for the chemical potentials into ey.

(2.4) the equilibrium conditions for a binary heterogeneous Sy-

stem read fi. °°

n=

Pai

0

2%(ne-n

0

Yi }

Ee 1. 1,2 (2.9)

The eq$.(2.9) represent a aeneralized form of tne Kelvin equa-

tion known to be the equilibrium condition for amone-component

vapour above a curved liquid surface /i0,l€/. But here the de-

pletion of the vapour caused by the formation of the cluster ir

the finite system is considered. decause the vapour pressure Pg

and the molar fraction xg both depend on the cluster variables.

more than one solution of the system of equations (2.9) should

exist for the finite binary system. That means, in addition to

the critical cluster state a stable coexistence vetween bota

phases snould be possible, dependent on the thermodvnamic con-

straints.

3. Work of formation for a cluster in a guasi-binary solution

with elastic straints

The given results should be applied. now.

cal importance: the segregation of 4

binary supersaturated solid solutio

component 2 segregatcc purel. o.. clus...

fraction of the mat. Fou

Xp  ZS Xe 7 fe = Xp

to a case of precti-

nponent within a

Assuming that only

, 1) the molar

(3.1)



with x = n/n. Instead of the constraints (1.13), we consider

in the tollowing:

 1" = const., p = const., T = const. (3.2)

that means that the pressure Pa is always equal to the external

pressure p. The thermodynamic potential for the given constraints

(3.2) is the free enthalpy G. The work of cluster formation AG

is founo rrom eq. (2.3) considering Pp = P:

» 36 o oy

Vora (Pyxg, T)+ = v0 OngY

 =u, (p,x; ,T)In. (3.3)

Replacing now the pressure p = const. by the concentration c¢ =

n/¥ = const. and neglecting a small term of the order ~vl ep

the differences of tne chemical potentials can be expressed in

accordance with eas. (7 “) (2.6) by:

 Xp
‘oeq

(3.4)

*%
Upp = Hy = RT 1n (FF) (3.5)

Zyeq means the saturation concentration of component 2 in the

matrix which dapends on temperature as follows:

4seq|oq
Conn aT ntl

(3.6)

q ocing the molar solution heat.

Inserting eas. (5.4). (3.5) in eq. (3.3) we finally arrive at:

c &lt;

ao (-1in NY fF, Yon
2eq Ty 2+ 24.
x {

. B (1-xg)
wl m= + (1-

 ~~ + (1-x) ln 5—)n{ (3.7)

Ea. (3.7) takes into account the depletion of component 2 in the

netrix due to the cluster formation oy the change of Xp compared

4ith x. Ii this depletion could be neglected as was assumed in

the classical approximations. xm = Xx results and only the first



contribution to AG (eq. 3.7) remains.

lle want to describe in the following the formation of AgCl-clu-

sters in a silver halogenide /natrium borate solution. It should

be realistic for this phase transition to consider also elastic

strains /15,16/. These strains evolve when the matrix building

units (components 1 and 2) change their places with these of the

segregating units (component 2) which move to form the cluster,

because the components 1 and 2 have a distinct mean molar volume.

Assuming.aspherical cluster phase d with an elastic modulus E

and a Poisson number y similar to the P -phase, the elastic

strains can be described by equations of the Nabarro type /1/,

that means the work of cluster formation eq. (3.7) is completed

by an additional term

asf=gv, =¢°

which reflects the elastic energy, ¢ being

%-%
E 52 3 J = v5£ = 31p Vv,

Vv stands for the mean molar volume of the considered phase. It

vields:

o- o]
LS Vov, 7

of

v n +V. afl

1B 1p ZB 2B _

Ng +P an Vial Xn) +V,pXg
(3.9)

Assuming an ideal mixture, the partial molar volumes Via of the

$ -phase are given by the corresponding values of the pure com-

ponents, ve , in the B -mhase. Further, we note, that the mo-

lar fraction oi tne segregating component is rather small in the

considered casz, x = [.U2. Thereiore we can approximate:

|

— 0

Vag NV.
4 (% 10)

The influence of the elastic energy on the work of cluster for-

mation is presented in fig. 1 oy the difference between the cur-

ves (0), and (c). It is shown that in the presence of elastic

strains the nucleation barrier (maximum of AG) increases, fur-
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Fig. 1:

Free enthalpyAG(kgT)
(eq. 3.7) vs. cluster ra-

dius r (nm)

(a) neglecting depletion

(xg=x), (b) considering
depletion, (c) conside-

ring depletion and ela-

stic strains (eq. 3.8)

I

The calculation was carried out for a silver halogenide/natrium

borate solution, x(AgCl) = 0.02, T = 820 K, €= 7-107 N/m2, total

particle number N = 10%, ¢ = 2.48-10% mol/m&gt;

thermore, the cr.iical cluster size increases too, and the

stable cluster size indicated by a minimum of AG, decreases.

The difference between the curves (a) and (b) demonstrates that

a stable state is obtained only if the depletion of the segre-

pating particles is considzsred. In the case Xp =X WE find only

8 critical cluster size which is smaller than before, and a

lower nucleation barrier.

The influence of the elastic strains on the equilibrium states

of the cluster shall be further discussed. By means of the ex-

tremum conditien “:# "QdY, - 0 we find the equilibrium condi-

tion:

CXp
ln = ,

Ton
(3.11)

The value y = Cxp/Coaq gives a measure of the actual supersatu-

ration of component 2 in the system. Because xp depends on r,

(eg. 3.1), we find two solutions of the equilibrium condition in

a certain range of the temperature. Fig. 2 demonstrates the in-

fluence of the elestic strains on these states. For a given tem-

perature thc smaller value of the radius corressonds to the eri-
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Fig. 2% Critical (---) and stable (—) cluster radius (nm) vs.

temperature (K), (a) € = 7.107 N/mZ, (b) £€=0

T, is obtained as (a) 824 K, (b) B82 K

For the parameters see Fig. 1.

tical cluster size, while the larger value gives the stable

cluster size. It is shown that the elastic strains ocecrease the

stable cluster size and increase the critical cluster size.

That means, in the presence of elastic strains the initial su-

persaturation in the system, given by the ratio €x/Chaq: should

be larger to form a cluster of the same critical size as in the

case € = 0.

The intersection.ofthe stable and the.critical cluster size

for a certain temperature Te indicates the smallest stable clu-

ster in equilibrium with the surrounding phase. For T &gt;T. a

phase coexistence is thermodynamically impossible, that means

for given constrains n = const., x = const., T, is the upper

limit of the temperature where a phase transition can occur in

the system. This critical temperature for the phase transition

depends on the value of the elastic strains as shown in Fig. 2.

Te becomes considerably smaller in the presence of elastic

strains. This fact should be important for the determination of

the appropriate values of the thermodynamic constraints for the

phase transition in a binary solid solution.
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Frank Schweitzery Jirn Schmelzer

Critical Composition for Nucleation in Quasi-Binary Finite

Systems

A first-order phase transition may proceed via homogeneous nhuc-

leation only in a certain range of the thermodynamic parameters

/1/. From classical nucleation theory, e.g., the existence of a

critical supersaturation is known, which must be reached, at

least, in an infinite system, to observe the formation of drops

/2/. -

As was shown in recent investigations infinite systems we

find, in addition, critical system volumes, critical total par-

ticle numbers or critical values of the temperatures, different

from macroscopic ones, which determine the boundaries in the

parameter space, for which homogeneous nucleation may occur /3/.

These preceding investigations of critical thermodynamic parame-

ters have been carried out mainly for one-component systems /3,

4/. But also for nucleation in a quasi-binary system the exi-

stence ofacritical system volume /5/ and a critical tempera-

ture (in the foregoing paper /é/) have been discussed.

The investigations are extended now to the calculation of a

critical initial ‘composition of the quasi-binary system in de-

pendence on temperature which must be reached at least to allow

the formation of supercritical clusters.

1. The free enthalpy of cluster formation in dependence on the

molar fraction

The system considered here is a supersaturated solid solution

with two components under the thermodynamic constraints

n = const., op = const... T = const. (1.1

Taking into account n = np + n,, we define the molar fraction

of the initially homogeneous supersaturated system by x = n/n,

n being the total mole number of the finite system. p the ex-



ternal pressure and T the temperature. The formation of clusters

of a new phase results in the evolution of a heterogeneous sy-

stem, consisting of clusters in the otherwise homogeneous matrix.

Parameters, describing the cluster phase are specified further by

d, parameters of the matrix by B .

Assuming, now, in addition, that the cluster is formed only

by particles of component 2 (quasi-binary system) (xg = 1) and

considering the cluster phase as incompressible vq, = constant)

and of spherical shape, the number of particles in a cluster 0

can be expressed through the radius Ty and the molar volume by

oy = ie tAIv3, . The medium is considered as an ideal mixture

of both components, the molar fraction being defined as

as

0X-ig
’

7
(1.2)

The work of cluster formation is then given by the change of the

free enthalpy connected with the transition from the initially

homogeneous to the heterogeneous state. It has been derived in

the foreqoing paper /¢' as

AG _ (XB 3T
RT ~ c, ‘rT

eq ¢

x

(x1n B + (+

’

NI IY
— a }

om

-

(1.3)

Here c is the initial concentration of the total mole number,

“2eq the saturation concentration of component 2 in the matrix,

od the molar density of the particles in the cluster, § the

surface tension. The existence of elastic strains resulting from

the formation of the cluster in the matrix is not considered

here, it leads to an additional contribution to AG /6,7/.

Fig. 1 presents AG vs. the cluster radius r, for different

values of the initial molar fraction x of the binary system.

First we note the existence of a critical cluster size given by

a maximum of AG, and a stable cluster size where the free en-

thalpy has got a minimum. This stable state is caused by the de-

pletion of the medium due to the cluster formation, because of

 Nn = const
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Fig... 1: Free enthalpy 4G/kgT (eq. 1.3) vs. cluster radius rg (nm)

(a) x = 0.02, (b) x = 0.019, (ec) x = 0.018, (0) x = 0.017,

the calculation was carried out for a silver halogenide/

natrium borate solution, x = x(AgCl), T = 820 kK, c =

3.48.10% mol/m&gt;, total particle number N = 104

The values of the extrema of AG and the equilibrium cluster

sizes both depend on the value of x. As shown in Fig. 1 we find

a critical initial molar fraction 3 where AG has no extrema

but only a point of 'inflexion. That means physically that for

xx, no supercritical resp. no stable cluster can exist in the

system, and a phase separation by nucleation should be impos-

sible from a thermodynamic point of view.

2. Equilibrium cluster sizes and critical molar fraction

The dependence of the extremum states on the initial composition

x can be discussed in more detail calculating the equilibrium

condition. We find for the first derivative of AG:

Ar
KY

cx

caw? [BL ZB 207 Lg
v Cea Ta

24.

(2.1)

The first solution of ea. (2.1) is given.by r, = 0, that means

we have a stable matrix phased where no cluster exists.



The critical and the stable cluster sizes can be obtained from

the following equilibrium condition:

cx ve

In Bo 28 C2
Z2eaq 9

(2.2)

Here the value y = ©Xp/C eq gives a measure of the actual super-

saturation of component 2 in the system. Because Xg depends on

ty » ed. (2.2) possesses two solutions for a.certain range of

thermodynamic constraints. This is demonstrated in Fig. 2 ob-

tained from an iteration of eq. (2.2). For a given value of x

the smaller value for the radius corresponds to the critical

cluster size and the larger value to the stable cluster size

/2,3/. It is shown that for a critical value x. both solutions

coincide, and for x {xg no solution of the equilibrium condi-

tion (2.2) exists. As can be seen from the figure this critical

composition itself depends on temperature: for a larger tempera-

ture x. also has got a larger value. The existenceofalower

boundary of x, for which a decomposition may occur, is known

from macroscopic phase diagrams. The important point, which is

4

£
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0mde
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—

005

Fig. 2: Critical (---) and stable (—) cluster radius

vs. initial mole fraction x

(a) T = 800 K, (b) T= 880 K

X, is obtained as (a) x, = 0.0148, (b) x, = P.01995

For the parameters see Fig. 1.

r, (nm)



to be stressed here, is the deviation of the corresponding value

for finite compared with macroscopic systems. This result should

be of importance in practical situations, if phase transitions

in relatively small cavities are investigated. In the following

this effect is studied ir more detail.

Inserting xa (eq. 1.7) into the equilibrium condition we

find:

Voor
 Tr

o

 282 0
74,0 ) Ty RT

24

2)
In —&amp;

Coeq (n -

(2.3)

For the logarithm of eq. (2.3) we use a power expansion neglec-

ting terms of higher than the first order. Then eq. (2.3) can

be transformed into an algebraic equation for r, /3,8/:

doar, +B=0 (2.8)

sith

A -n(aw/3e vs
1

X cX

=31n = -y {0
2eq

257

3 = n(an/G vont Sy NO

(2.5)

(2.6)

It has been shown analytically /8/ that eq. (2.4) possesses only

two positive solutions which depend on the values of the thermo-

dynamic constraints (compare also Fig. 2). These solutions coin-

cide if the relation (2.7) holds

_\
VT

Thus eq. (2.7) determines the boundaries in the space of the

thermodynamic parameters between thermodynamically stable and

metastable states. From eq. (2.7) we find with (2.5). (2.6):

(2.7)

ntoko3¢primBX 4 26v)1-v n ) = 4 Aw Ar 24.9 ]

ren) Sve 15 —pF} = const. (T) (2.8)
dh.

Neglecting the dependence of § on the composition of the matrix,

the r.h.s. of eq. (2.8) is only a function of temperature. For s

piven total particle number n in the system and a given tempe-

rature we can calculate, now, the critical value of x determinec

py eq. (2.8) The results are given in Fig. 3 for different va-
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Fig. 3% Critical initial mole fraction Xe (%) vs. temperature

(KX), total particle number (a) N = 10%, (b) N = 10°,

{(c) WN ~ 1520

For the parameters see Fig. 1.

lues of n. Only for X&gt;x. a phase transition via nucleation may

occur. It is shawn, that for finite systems Xo increases for a

decreasing total mole number, but in the thermodynamic limit x

converges into the constant value obtained for the infinite S5y-

stem.

3. Temperature dependence of the critical molar fraction

To obtain general analytical results concerning the temperature

dependence of the critical value of the initial molar fraction

x. we apply, now, the theory of implicite functions in an ana-

logous way, as it was done in. an analysis of the size dependen-

ce of a critical temperature in one-component systems /10/.

As it was discussed in the preceding paragraphs (see, in par-

ticular, Fig. 1) the critical value of the molar fraction is gi-

ven bv the conditions (3.1)

DAG

IT, | . Plasx Ap?
(3.1)



The first derivative of AG is given by eq. (2.1). The second

derivative can be calculated as follows:

2 r cx

Ras Nr, fn —t-
Dry : 2eq

’.- "ag

o-
Ni

 2? 0 877

(3.2)

We obtain therefore the following system of equations for the

determination of Xe

CXn

£. (gg ,n,x,T) = ln =:
1 ? Coeq

f,(c, ,n,x,T) = -4Tr,

Cc

bray’

0

26 ‘24
T, RT

n

= 0 (3.3)

For a given value of n both equations define implicitelyafunc-

tion ry (x,T). Combining these two functions, we find an egua-

tion for x (T). A numerical solution of the system of equations

(3.3) is possible, it is eguivalent to the results, given in

Fig.:2, obtained based on eqs. (2.3) and (2.7).

Based on egs. (3.3) and the theory of implicite functions we

may obtain the following differential equations for the cluster

5ize 5 corresponding to the point of inflexion, and the cri-

tical molar fraction v dependence on temperature.

dr

aT
(3 4)

oy

ry

He,

dith

d x
—=C
AT

onl

3 9:

at,

 dc

Bra

of.
__£

er,

3

ger

a1 2
r—

Tv

(3 5)

(3.6)



The partial derivatives of the functions 1 and i, (egs. 3.3)

are calculated approximately, retaining only the dominant terms.

Consequently, the possible temperature dependence of §, Vou is

neglected, ©2eq is expressed through /11/

dc
= —y3ea = A

Coeq T RTS

3 being the molar heat of solution.

This approach yields

Vt,
aT ¥-—RT

i

Ix Xg Ng

of | 2¢

hr, YT

o

1, _ 26v, 1

oT RTZ Ta

~

I~

—

 fy

Aa

2od
&gt;

Inserting these derivatives into egs. (3.5), (3.6) the dependen-

ce of the critical molar fraction on temperature can be ex-

pressed by

Qo

ph pL]0|FF a7
9 ATT - Det NX~

For a discussion of eq. (3.7) we approximate, finally, the de-

rivative again by the largest terms of the numerator and the de-

nominator and arrive at:

(3.7)

dx® Np Xq
I xR a

12 (3.8)

In agreement with the numerical results presented in Fig. 3 we

find that the critical initial molar fraction Xe increases with

an increasing temperature or, in other words with a decreasing

initial supersaturation. The temperature dependence of Xe can be

given also in an alternative form obtained from eq. (3.8)

~A

ie (2 zea) (1 Ze)ar Chog OI Xg 2X (3.9)



it means that the most important contributions to the change of

Xe with temperature are the temperature dependence of req and

the dependence of xg on x reflecting the influence of the total

number of particles n.
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The Effect of Elastic Strains and Depletion on Nucleation and

Growth in Binary Solutions

As discussed in preceding papers /1,2/ elastic strains quantita-

tively and qualitatively modify the kinetics of growth of the

supercritical clusters and the cluster evolution in the late

stage of Ostwald ripening.

In this paper we restrict ourselves mainly to the initial

stage of the phase transition including the formation of clu-

sters and their growth up to an overcritical size.

The investigations are based on a thermodynamic analysis pre-

sented in the foregoing papers /3,4,5/.

1. Rate ecuation

le consiocer a binarv system with the thermodynamic constraints

 hy +n, =const., ps const., T = const. (1.1

where n is the total mole nuwder in tne system consisting of

two components, p the external pressure and T tne temperature.

The wolar fraction of the initial stage is introduced as x =

no/n. In the heterogencous state the total moic number is divi-

ded into the mole numoer of the cluster phase, denoted by od ,

and the mole number of the matrix phase indicated by B . Assu-

ring as before /4,5,7/, that the clusters arc formed only by

particles of cowconent 2 it vields fn, = Nog+ Nn, = const. and we

nay write for the nolar fraction of tne matrixes

y

i]

Ne

Na

(1.2)

The cluster phase shall be spatially distributed in clusters

with the particle number 3 (3s 2)

¥

=

1

=

CN (1.3)



Ny being the number of clusters of size j and My the Avogadro

number. Denoting the particle number of component 2 of the ma-

trix by N, (that means free particles) it yields

Noes (1.6)

and we obtain che following continuous equation resulting from

the conservation of particles in the system /8/

ON

Ya

 HYL
Cin. (1.5)

Ww

The change of the number of clusters oi size 3 with time can be

described by a rate equation. Assuming like in classical nuclea-

tion theory /9/ that the growth oi clusters occurs only by the

attachment of free particles, neglecting collisions of larger

clusters, and assuming further that the clusters shrink de-

taching single particles,the rate equation can be written in

the form:

IN.
ad

3 I. - 1, 1 ‘rrr. (1.86)

Ly is the netto rate of formation of clusters of size j. It

depends on time because the aciual number of clusters of size

as well as the transition rates w' and w~ both uepend on time:

T.(1) = wiCON(E) = wl (EN,(1D) (1.7)

Eq. (1.6) represents a-hierarchy oi differential equations which

must be solved successivelytcknowthe actual cluster distribu-

tion N,(t) (i=1,2,...,H). For a calculation we nave to determine
i p ?

first the transition rates w and w

2. Equilibrium cluster distributic.

In order to determine the transitior

condition of detailled balance /c,

stems in equilibrium the netto rat

every j, resulting in:

+,0 _ .~- ,.0

wots = wi NS

Jaws5 We make use ol the

. means ror Iinite sv-

(ga. 1.7) must vanish for

(2.1)



Ng denotes the equilibrium cluster distribution which can be ob-

tained from a mass action law by:

AG.
0 _ J

Ny = Ny exp { KT 1

Ny = Npe ny gives the normalization. AG, is’ the Gibbs free ener-

gy to form a cluster of size J (not the thermodynamic potential

of the whole system). It is given by /9/

ac, = - Agej + 6323

The first term of eq. (2.3) describes the binding energy in the

cluster (bulk phase), the second term the surface energy caused

by the formation of a (spherical) surface with the surface ten-

sian 6. The oinding energy per particle in the cluster can be

approximated classically by /9/:

bg | in cx
z Em:

kg Cyoqg
(2.4)

Here c is the total particle density in the system being con-

stant, x is the initial molar fraction of component 2 and

€2eqfT) is the equilibrium concentration of component 2 in the

matrix depending on temperature by /10/

1 1

©2eq(T) = €2eq(To? exe { 4 - +] (2.5)

a means the solution heat per particle

The ratio €x/Cyeq is a measure of the supersaturation in the

classically infinite system.

for the finite system we have to consider firstly the deple-

tion oi the matrix, that means, x must be replaced by the actual

wolar fraction xg /6,7/. Secondly, the existence of elastic

strains caused by the cluster formation fn the matrix decreases

the effective supersaturation by a certain amount Evy, as has

been oiscussed in the foregoing paper /4/. §€ is a measure for

the elastic strains. Assuming strains of a Nabarro-type /5/,¢

depencs only on the elastic modul, the PoiSsonian number, the

molar volumes of the pure components 1,2, of the phases and

(see /4/). vo, is the molar volume of component 2 in the clu-

ster. With respect to depletion and elastic strains in the con-



sidered system we introduce now instead of eq. (2.4):

0

Ag® Cxg Y2d
28_ : 1p — -¢ —%

kyT Conall) Ky
(2.6)

Considering the temperature dependence of Coreg (eq. 2.5) we
arrive at:

Ag® Cxp T-T gv
= 1n Sp. 9 g

Ag oy tm

oT Saat) ~ RKyT OT) THT
(2.7)

In the following Agt (eq. 2.7) gives a measure of the effective

actual supersaturation in the system in contrast to the initial

supersaturation (eq. 2.4).

The formation energy AG. (eq. 2.3) has got a maximum for the

critical cluster size r ~ 31/3,

26vy, dn Cxy 3
1 Coen Ty kT

o

i oe (2.8)
Age, T).

This equation for the critical radius r.. agrees obviously with

the equilibrium condition derived before /4/ for the considered

system with respect to elastic strains.

3. Transition rates

Because the aguilibrium cluster cistribution NS is known, now,

we need a kinetic assumption for one of the transition rates w'

 Ww in order to determine the transition rate for the opposite

process from the condition of detailled balance /8/. We decide

for an ansatz for the transition rate of attachment of free par-

ticles.

The Fickian law gives a relation between the flux of free

particles through a spherical surface and the gradient of the

concentration ¢ of free particles:

dN dec, (cr)!
1 2°

—=— = - 0 4WR, —r

ey
(3.1)

Here Rj means the radius of the spherical cluster, r is the

distance from the cluster and 0 the diffusion constant of free

particles of component 2 in the inatrix consisting of components



1 and 2. The gradient Dc / dr must be determined from the dif-

fusion equation

Ac, (rt)
 oon

(3.2)

We assume the boundar' conditions

Cog 2. e,(r=R.

The first condition reflects that the concentration of free par-

ticles apart from the cluster agrees with the actual concentra-

tion of component 2 in the matrix. The second condition means

that all free particles which arrive at the cluster surface will

be bound in the cluster - that is the meaning of the transition

rate of attachment. With egs. (3.3) we find from eq. (3.2):

~(r)

[nserting “hi . result into eq. (3.1) we arrive at:

dN,
FF T-DATR. co

(3.4)

(3.5)

It seems to be sensible now to make the following ansatz for w

in agreement with the solution (3.53% of the Fickian law:

= ol0D 4Tr, ec (3.6)

Sxg means the actual concentration of free particles of compo-

nent 2 in the matrix which form the clusters, rit? is the

cluster radius and ol is a constant which scales the time and

should reflect the properties of the surface, like surface ten-

sion, sticking coefficient and so on. Using the condition of de-

tailled balance (eq. 2.1) with respect to eas. (2.2), (2.3),

(2.6) we find the transition rate for the detachment of free par-

tides from the cluster in the form-

"i
- os 28 .-1/3%

= 4D * 1€2002%P|(Toor j
Yi

= (3.7)

le choose for the time the unknown parameter J to be arbitrary

equal to one and introduce the -capiliary length 9, E 26), /kg

and the equilibrium concentration of free particles above the

curved cluster surface by



Coq (Ts
d

; ‘ «2

© CgqntT) exp { =| (3.8)

After a division of the egs. (3.6) and 7.7) by the constant

exp(-¢ 0, /kgT) the transition rates to describe the cluster

growth and shrinkage with respect to elastic strains afd to the

depletion of the matrix are obtained finally in the form:

 £ Vou

rl
Ww. = 4T Dr Cg (rT.

(3.9)

In contrast to a classical description the transition rate of

attachment of free particles depends on the whole cluster distri-

bution because of the dependence on Xp. This fact has been ob-

tained also in isochoric gases /8,11/. Because we have in the

considered case a diffusion-controlled cluster growth (remember

eq. (3.3) and d=1) and not an interface-controlled growth like

in isochoric gases, w" is here only proportional to ry and not

to #2, Moreover, it becomes clear that elastic strains decrease

the transition rate of cluster growth to a certain extent and

the clusters will form slowlier.

4. Deterministic growth equation for supercritical clusters

It is known from stochastic simulations of the nucleation pro-

cess /B/ that for clusters with an overcritical size the proba-

bility to shrink becomes smaller compared with the one descri-

bing the further growth. Therefore, the evolution of overcriti-

cal clusters can be well described by a deterministic growth

equation which neglects the probability of shrinkage of super-

critical clusters. For the evolution of the cluster distribution

then the following Liouville equation is held /12/

2 (N;vy) + I,

Here Is denotes a source term which agrees in the considered

case with the netto rate (eg. 1.7) of cluster formation. The

first term of the r.n.s., reflects the deterministic cluster

growth and shrinkage. v3 means the deterministic velocity which

can be derived from /12/

IN.
~Nt TF



= 08). to
'+ = dt Wy (4.2)

Inserting the known transition rates w*, w” (eq. 3.9) it yields

for the considered case:

0

€ Vou d
v. = AD r.l|locxgexp(- —=&lt;=)=- _0

3 pexp( Kgl ) Cea P52] (4.3)

Use of power expansion for the exponential functions up to the

first order leads to:

0
cx Ev d

_ » 2d. o

{., = 41D © 1C20q[17 Chegh) - KT -~ =] } (4.8)

Finally, we introduce the critical cluster size given by eq.

(2.8) and grrive at the deterministic growth equation:

1 _ oo)y t X

= ATD do Creat) ry To(0) ; (4.5)

In eq. (4.5) the critical radius rp (1) (eq. 2.8) acts as an se-

lection value! Only clusters with a radius ry larger than Top

are able to grow, clusters with a size ry &lt; Teor must shrink and

diminish again. In contrast to classical nucleation theory the

critical radius depends on time now, because xy depends on time.

It increases from an initial Value

o

cv

c..(t=0) = d_(In To - =f

which agrees with Cop for the classical infinite system, up to

the value of the stable cluster size (compare Fig. 2 in the

foregoing paper /4/) and vy becomes equal to zero in stable

2quilibrium.

Note that eq. (4.5) is related to known equations describing

the selection of different species in self-organizing systems

/5,13/. Deterministic equations for crystdl growth in visco-

clastic and elastic media derived from a quite different ansatz

jut in conclusion similar to ea. (4.5) are given in /1,2/.

In order to solve the kinetic equations (1.6), (1.7), 4.1) for

nucleation and growth of clusters we use now the following boun-

dary conditions:

£



(i) Ny(t=0) = 0 for j» 2; that means initially only free partic-

les of component 2 exist in the system.

(ii) Clusters with a size &gt; i" Jer are no longer considered in

terms of the rate equation. Classically their further growth will

be neglected. We describe the cluster growth for j &gt;i" by a de-

terministic growth equation (4.1) where for J = i" the source

term is given by the netto rate I(t) (eq. 1.7). Fer j 53” the

source term results from the cluster growth only.

(iii) Ny(t) = Ng, for j¢ u, that means the cluster distribution

is equal to the equilibrium distribution (eq. 2.2) up to a small

cluster size u (about five particles).

(1v)2The conservation of the total particle number of component

2 = Ny = const. is always fulfilled.
The ov kinetic equations are applied now to cluster growth in

a solid solution. The parameters are releted to a silver haloge-

nide/natrium borate solution where AgCl-clusters are formed, but

we are not engaged here in a comparison between theory and ex-

periment. Only the initial stage of the phase transition is in-

vestigated. For results in comparison with measurements for lar-

ger times we refer the reader to refs. /1,2,14/.

5. Solution of the kinetic equations

The investigation of nucleation and growth in the solid solution

shall demonstrate

(i) the influence of the depletion of the matrix and

(ii) the influence of elastic strains

on the kinetics of phase transition during the first stage.

(i) The effect of depletion is demonstrated in Fig. 1 which pre-

sents the netto rates of cluster formation in the limit of va-

nishing elastic strains (g€= 0). Curve a is obtained considering

a phase transition without any depletion as assumed in classical

nucleation theory. In this case a stationary nucleation rate is

established (1, = Iya = ... = 1% = const.) which can be appro-

ximated by /3/%

18

; 9 ns

; -1

S * ATT &amp; 2[3 +0 se 1pex {3 KT ro)
2% wil. 8

(5.1)



I, is a constant (about 10°14 m3571y which is derived in classi-

cal nucleation theory /9/. T.p Means the critical radius being

classically constant because the depletion is neglected. It is

obtained from eq. (4.6) keeping in mind that in Fig. 1 ¢ = 0.

In a quasi-stationary approximation /5,15/ the classical formulae

for the nucleation rate (eq. 5.1) is used, but now taking into

account the depletion of the matrix by the already formed clu-

sters. This results in a time dependence of the critical radius

which is now given by eq. (2.8) with £ = 0. Curve b (Fig. 1) pre-

sents the quasi-stationary nucleation rate. Caused by the deple-

tionaslight decreaseofIis obtained in the initial stage of

the phase transition.

But the quasi-stationary approximation still neglects the

further growth of the already formed clusters. This effect in-

creases the depletion of the matrix considerably, it predomina-

tes the depletion caused by the cluster formation only. There-

fore, the nucleation process cannot longer be described as a

stationary process. Instea’ of approximation (5.1) we now have

y

wn

=

qa)
WD)
‘d)

i

Fig. 1.
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Rate of! cluster formation I (clusters/m°s) in dependence
on time (s)

(a) classical nucleation rate (eq. 5.1), (b) quasi-

steady state approximation, (c) IC.) (ea. 1.7), (d)
I(3=250) (eq. 1.7)

The parameters are related to a silver halogenide/na-
trium borate solution, © = 2.1.10"-3 «Xx = 0.02. TT =

130 K., ¢ =n



to solve the system of rate eguatiors (1.7) because both nuclea-

tion of critical clusters and growth of supercritical clusters

depend reciprocally and should be described simultanously /15/.

The nonstationary nucleation rate of critical clusters (cf. also

/16/) is given in curve c¢ (Fig. 1). After a certain time lag,

known already from classical nucleation theory, IG) is nearly

constant in a small range of the time - only for this range a

steady state approximation should be satisfied.

But we note that Ler is always smaller than the value given by

the classical formulae. This fact can be understood only from a

kinetic point of view: Because we start with a distribution of

only free particles first during the time lag a metastable equi-

librium cluster distribution fs established which decreases in

a very short time the initial supersaturation to a certain va-

lue /8/ (compare Fig. 3). Only this value gives the real "ini-

tial" supersaturation for the nucleation of critical clusters.

The classical nucleation theory ignores this relaxation into the

metastable state for a calculation of 15. Curve c shows that

IG.) after a small time decreases rapidly caused by the de-

pletion. Keep in mind, that in the same time the .critical clu-

ster size Jer is increased, too.

Curve d of Fig. 1 gives the nucleation rate to form clusters

with 250 particles. I(j=250) is used to be the source term for

the growth equation (4.1). Clusters with a size j &gt; 250 are al-

ways supercritical for the considered times (t4£0.7 s), there-

fore, their further growth here is described by the determint-

stic growth equation. It is shown that the time lag to form

clusters of 250 particles becomes much greater. As discussed be-

fore, also for I(j=250) no stationary value could be obtained -

after a certain time it decreases again (not clearly to be seen

in Fig. 1.).

The largest cluster obtained in the system after t = 0.64 s

has got a size of L., nm that means nearly 2400 particles. It

becomes clear that such a decrease of the free particles in the

system should be not ignored in the initial stage of the phase

transition.
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Fig. 2: Rate of cluster formation I (clusters/ms) in dependence

on time (s) ’

(a) classical nucleation rate (eq. 4.1), (b) I(3=250)

(eq. 1.7) 7.3
solid lines: € = 0, dashed lines: €=6.1210"Im
For the parameters see Fig. 1.

(ii) In order to investigate the influence of elastic strains

we calculate both the classical nucleation rate I% = const. and

the rate I(j=250) for two values of § . The solid lines in Fig.

2 give the nucleation rates without elastic strains, the dashed

lines consider elastic strains. The curves (a) represent the

classical steady-state nucleation rate (eq. 5.1). It is shown

that elastic strains decrease I° considerably because the effec-

tive supersaturation Ag®/kgT (eq. 2.7) becomes smaller in de-

pendence on § . In contrast to (a) the curves (b) give the non-

stationary nucleation rate I(j=250) obtained from a solution of

the system of rate equations (eas. 1,6, 1.7). After the time lag

the netto rate for £ = 0 increases faster, but also decreases

earlier than the rate in presence of € . This fact must be un-

derstood also kinetically:

Fig. 3 gives the effective supersaturation (eq. 2.7) in de-

pendence on time. Because the initial concentration of free par-

ticles in the system, cx, is equal in both cases, the existence

of elastic strains decreases the initial supersaturation compa-

red with £= 0. A lower supersaturation relaxes slowlier into

its equilibrium value. This fact has been discussed also far

3%



Hig)
C

&lt;«}

ns -

N

Ib]

) 012 02 03 048
— &gt; {[s]

Fig. 3:
Effective supersaturation

Ag /kgT (eq. 2.7) in de-

pendence on time t (s),

(a) ¢=0, (b) €=

6.1.10" an?

For the parameters see

Fig. 1.

stochastic simulations of the nucleation process /8,5/. It be-

comes clear that after a certain time the supersaturation for

€= 0 is more decreased because it reduces faster and the nuc-

leation rate becomes smaller compared with € &gt;0. That means the

period of formation of clusters becomes longer for systems where

elastic strains exist, because the relaxation processes proceed

slowlier.

We summarize the results for the kinetics of phase transi-

tion obtained for the first period, now, as follows:

1. In finite systems a depletion of the matrix is obtained cau-

sed by the formation of new clusters and the growth of already

formed clusters. Therefore, the critical radius of cluster forma-

tion depends on time.

2. Since this depletion cannot be neglected,a nonstationary nuc-

leation rate must be calculated fram a system of rate eguations.

A deterministic growth equation describes the further growth of

the already formed supercritical clusters.

3. The nucleation process of formation of critical clusters

starts with a supersaturation smaller than the initial supersa-

turation, because the system first relaxes in a metastable equi-

librium state.

4. Elastic strains lead to a decrease of the supersaturation.

Smaller supersaturations relax slowlier into the equilibrium va-

lue, therefore, the nucleation period becomes longer in the pre-

sence of elastic strains.
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Jirn Schmelzer

Growth Processes at Non-Spherical Interfaces and the Steady-

State Approximation

1. Introduction

Segregation processes in multicomponen: systems, in general, ‘and

binary systems, in particular, proceer :ysu~1lv diffusion pro-

cesses of, at least, one of the components. Fr. a description of

the growth of the new phase thus, in general, :.he following sy-

stem of equations can be applied /1-..:

dn.
sn! i.e

3

1)

0.c;
-¥— grad bi

; 1 n

Mik is the number of particles of the i-th cémponent in the newly

svolving phase, Dy and J; are the partial diffusion coefficient

and the density of fluxes of particles at the boundary between

both phases, Hy and c; are the chemical potential and the volume

concentration of the considered component in the medium, A is the

surface area of the interface between the two phases, &amp; is a unit

vector perpendicular to the interface, k the Boltzmann constant

and T the absolute temperature.

Restricting ourselves here to the case, that the growth rate

is determined by diffusion processes of only one of the compo-

nents and considering the mixture in the matrix as a perfect ane.

eqs. (1) yield

dn
. -

at = - AWA J e

(2)

5 nrad cl

Cc, 3, and D being the volume concentration, the density of fluxes

and the partial diffusion cnefficient of the cansidered component



in the matrix.

Assuming that D is a constant, the concentration profile in

the vicinity of the interface can be determined by the time-de-

pendent diffusion equation

3c_
5t 0A c (3)

Thus, we get a set of three equations (2) and (3) for the deter-

mination of the growth rate.

2. Growth at Spherical Interfaces

This set of equations (2) and (3) can be simplified if the newly

evolving phase has some special type of symmetry. If, e.g., the

evolving phase consists of spherical clusters with a constant

density S, and the radius R eas. (2) and (3) yield

dR (RY
dt =

 3c _D2-5 ar dy
{ 4)

J(R) =
dc |

R}

For small supersaturations the time-derivative ¥c/ ®t can be

taken as zero /4/ and the concentration profile around the clu-

ster is given by (see also /5/) .

c-cq
c(r) = - —— T + C

c and cp are the concentrations of the segregating particles

sufficiently far away from and in the immediate vicinity of the

cluster, respectively. Moreover, cp is determined by the assump-

tion of a local equilibrium in the immediate vicinity of the

surface of the cluster.

A substitution of eq. (5) into ea. (4) vields

aR SEdR _ op ZR (6)

If instead of volume diffusion the growth is limited by other

transport mechanisms this equation can be generalized ©

dR_OD
at * i) (e¢ - cg)

! 7)



where n may have the values n=1 (volume diffusion), n=2 (grain

boundary diffusion) and n=3 (diffusion along the dislocation lat-

tice) /4/. For kinetic limited growth we have to replace RM by a

constant of molecular dimensions dg,- This case corresponds to

some extent to n=0.

Eqs. (7) are valid for small supersaturations. If this condi-

tion is not fulfilled, eqs. (4) have to be solved /6/, which re-

sult in more complicated growth laws. E.g., for a given size of

a cluster growth and decay may proceed according to different

rate equations (see, e.g., /7/).

3. Growth at Cylindrical Interfaces

The time-independent diffusion equation describing systems with

cylindrical symmetry reads

LR (+39 .q (8)

with the general solution

c(r) = C, Inr + Cc, Cs Cc, - constants { G)

While the boundary conditions for r=R remain the same as for

spherical interfaces

c(r) = cp (10)

for a determination of the second constant of integration in eq.

(9) one has to postulate a certain distance d from the interface.

where the concentration reaches its undisturbed value. Thus, if

one wants to apply the steady-state approximation for cylindri-

cal interfaces, one has to write

c(R+d) = ¢ (11)

resulting in

c-cp c-cq
C. = — Cc, = cq - —_— In R

: In(l+ 3) In(l+ 7)

(12)

Instead of eq. (6) the following growth equation is obtained

hen



dR_D
dt~¢

C-Cp
| EIN

R In(l+ 7)
(13)

In general, d can be a function of the cluster size or of time,

again. Thus, eq. (13) has to be supplemented by an equation for

d=d(t), and with the exception of kinetic limited growth, where

d is known (d=d =const.) eq. (13) is strictly speaking, not

applicable.

But since the dependence of the growth rate on d is weak

(~ (1n(1+d/R¥ 1) in a first approximation we expect RZ~t.

which is verified also by a more rigorous approach /8/.

However, it is necessary to underline, that the steady-state

approach is not accurate, in general. Indeed, we want to show,

now, that for cylindrical interfaces only for growth processes

of the order n=0 this method is theoretically consistent.

A. Application of a General Growth Equation to Growth at

Cylindrical Interfaces

In a number of recent publications a general growth equation was

derived and discussed, which allows, in particular, also the

description of segregation processes at cylindrical interfaces.

In general. this equation reads /5.9.13/

dn
'P
=

(14)

ng describes the number of particles of the segregating compo-

nent in the newly evolving phase, ¢ is the appropriate thermo-

dynamic potential for the given constraints.

If the pressure and the temperature T are kept constant. $

is the Gibbs free energv ( expressed by

Sos ng (15%)

Since the total numb .gregating particles remains con-

stant (3, = Ng © MN, j assuming incompressibility of the cluster

phase (nn, =c, Vg » Vg - volume of the cluster). we obtain after

substitution of eq. (1%) into (14)



Ve Dc
dt =~ c.%

A (16)

Taking d=R and replacing according to the condition of a local

equilibrium Heo aleg) for spherical clusters eq. (6) is obtained

immediately.

For cylindrical interfaces (v,=h WR?, h is the constant length

of the cylinder) eq. (16) yields

dR _ 0c Mats
dt © ~ C.kT — d

(17)

Since, further,

u_, tog)=ule’)+80Ly3J.(cp) = ule + Nn

E.

(18)

u

zt being the reference value of the concentration, it follows

c c+(cp-c) Co-C
. R _ R 7 Rr

u,-H = kT 1n = kT 1n ~ kT = (19)

and eq. «. reads

c-cp
FandR_

dt~¢
(20)

A comparison of eq. (20) with eq. (13) indicates, that both

approaches are equivalent for

= R 1n(1+d/R) (21)

or for

In(1l +sagsile (272)

This equation is fulfilled strictly only for d &gt; 0. Thus we con-

clude in agreement with other authors (e.g., /f’'} that for cy-

lindrical interfic- .1 steady-state approach can be, in gene-

ral, only a morc .. .ccurate approximation. For kinetic

limited growth (u “ep .« R) this approach remains, however,

valid strictly.



5. Growth at Planar Interfaces

For planar interfaces the problems remain the same as discussed

in the last paragraph for cylindrical ones. Instead of eqs. (13)

and (20) we obtain

ax _ D_ c-c,

dt “cc, 4
(22)

and d cannot be determined by a comparison. x in eq. (22) des-

cribes the actual position of the interface.

6. Discussion

It was emphasized in the preceding discussions that due © the

ambiguities in the determination of the diffusion length d the

steady-state approximation cannot be applied, in general, for sa

description of segregation processes at non-spherical inter-

faces. However, in a number of practical situations the value of

d becomes evident from the particular properties of the system

of interest.

If, e.g., a compound (AB) is formed by a solid state reaction

of the types of particles A and B at planar interfaces (see Fig.

1, /11/) then d is equal to the width of the already formed

compound (AB), being equal to d=(x,+|x,!).

Fig. 1: Formatic&gt;» uf = compound (A®) hy solid state reactions
between » anu 3 particles. » and B are transferred to

the reaction sites by diffusion processes.

The rate eauations ff. and  aCe given then by

xy } Dp Cplxy)-cptng) dx, _ Og cglxy)-ep(x)
dt Cy O+ TxD dt Cp Oc +x, y

(23)



cp (x) and cglx) are the volume concentrations of A and B par-

ticles, respectively, in the compound (AB) at the position x.

0, and Lh are the diffusion coefficients of A and B-particles in

the compound (AB).

Another example is ‘the crystallization of oxygen.reduced si-

lica glasses. In this case the diffusion of oxygen from the

boundaries is the rate determining step /12/. For a cylindrical

body we obtain in this case from eq. (10)

dR _ D c(R)-c(R})
dt = © To

with the solution

dR =? op
at = c, [erp-ecn) (25)

Ip)

Fig. 2: Crystallization of a cylindrical glass sample by oxygen
diffusion from the outer boundaries.

It is evident that the derivation of growth equations for

such cases is more straightforward, if one starts with the gene-

ral equation (14) compared with the diffusion equation approach

based on eqs. (2).

Summarizing, we may state that

the general growth equation (14) is applicable also for the

description of growth at non-spherical interfaces

in a number of situations the direct application of eq. (14)

has advantages compared with the diffusion-equation approach

the effective width d of the inhomogeneous region in the vi-

cinity of the cluster may depend, in general, on time

the dependence of the growth rate on d is weak for cylindrical
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Wladimir F. Morosow; Heiko Tietze

Helix-Coil Transitions in Solutions

1. Helix and Coil states of the macromolecule

In this paper a chain-like macromolecule consisting of N partic-

les is considered, N being a large number (N ~» oo). For low tem-

peratures hydrogen bonds can be established between the partic-

les leading to an ordered chain with a so-called Helix structure.

With an increasing temperature this H-bonds will be breaked and

the chain is transformed into a disordered state denoted as a

Coil structure (Fin

700.
Hel:

Fig. 1: Helix and Coil state of a chain macromolecule in depen-
dence on temoerature T

A reversible transition between the Helix and the Coil states is

possible in a certain range of the temperature. It is characte-

rized by a cooperative behaviour of the molecule, that means a

transition occurs only if large groups of hydrogen bonds will be

formed or breaked off. ,

This paper dedls with an estimation of the critical tempera-

ture Te for the Helix-Coil transition and an investigation of the

correlation length which gives a measure for the cooperative be-

haviour of the system. In particular, we consider natural poly-

peptides where in the Helix state the H-bonds are established

between the ,-in anu the (,-4)th perticles of the chain /1/

(Fig. 23

Fig, 2.

J- +1 1472 +3 T+ 1+7

Model of the Helix state of the polypeptide chain. The

nrackets indicate the hvdroaen bonds



2. Partition function of the chain

The theoretical description of the chain in the Helix state (Fig.

2) is based on the Potts model, which starts with the assumption

that every particle of the chain (i=l,...,N) has got §;=1,2,...,

Q discrete states. Q agrees with the number of possible conforma-

tions of every particle in the macromolecule. For Alanin Q is

found to be 64, for Blycerine we have Q=32. Denoting the energy

of a single hydrogen bond in the chain by U we find for the Ha-

miltonian of the chain:

Fw

se is the Kronecker symbol. We have §¥ =] only if ol sequen-
Ga © : a1

ced particles have the same configuration g;=1. For natural poly-

peptides it yields g=3, that means the particles (j+1), (j+2),

(j+3) between the jth and the (j+4)th particles must have the

same configuration (cf. Fig. 2).

The partition function of the chain can be obtained in the

form

@)
3 exofgr] = 2) I (1 - Vg
fo] CES

(6; {stands for all possible conformations in the chain, and

 Vv = exp (BU)-1, B= 1/kgT

(2.2)

(2.3)

is the known Mayer function. Because the Hamiltonian H (eq. 2.1)

can be transformed into a (et 10th matrix, that is the so-

called transfer matrix G, the partition function Z can be ex-

pressed also by: Z = Tr tes. A diagonal transformation of the

GC-matrix leads to:

 at

a, being the eigen value of the matrix 6G. For N=-9o0 eq. (2.4)

can be approximated by Z =a, where A is the largest positive

eigenvalue of G.



3. Critical temperature of the Helix-Coil transition

A can be determined by solving the equation for the eigenvalues:-1
? » 1

cvs AevaenA=0
nse

This equation has got o non-trivial eigenvalues. We have solved

eq. (3.1) by means of an iteration, starting with the value Ay

V + Q. For low temperatures, that means in the Helix state, V is

large compared with @ and we find: A2OV = v. In contrast, for

high temperatures (Coil state) it yields Anieh = Q, because V is

small. It seems to be reasonable to approximate the transition

between the Helix and the Coil‘state by:

plow. phigh = for vo 1,

From this condition we find for the transition temperature T_ in

3 first approximation: }

TY U(kyT In (140)

It can be shown that this approximation is valid for every step

of the iteration and for any value of J.

The result is summarized in Fig. 3.

1-0 ~

a

Fig. 2: Degree of spirality 8 of the chain in dependence on tem-

perature,T_ is given by eaq. (3.3)

The degree of spirality is defined by the ratio of the mean num-

ber of hydrogen bonds compared with the number of particles N.

If all particles are bound in H-bonds (Helix state) it yields

8 =1.

Fig. 3 demonstrates that the Helix-Coil transition is similar

to a diffuse phase transition, because we find a continuous

change of the degree of spirality in a certain range of the tem-

perature.



4. Correlation length for the Helix-Coil transition

Now we investigate the correlation function F(r) for two partic-

les of the chain at the distance r. In agreement with experimental

experiences we choose the following ansatz for FA{r):

F(r) = A exp {-1/}

f being the correlation length which gives a measure for the

cooperative behaviour. The pre-factor A can be derived from the

boundary conditions to be A = 8 (1-8). The degree of spirality©

discussed before can be expressed in the Yorm:

vet a
A Vv

(4.2)

In the

and &amp;

limit o7 large N we find the following relation between 4

c0th (1/24) = (V+1) ClAl - 0

(4.3)

Since the number of conformations Ql, and Nv an approxima-

tion for the correlation length in the range of the Helix-Coil

transition can be derived in the form /3/:

2s ~g&amp;-1)/2 , for T= (4 4°

This approximation has been confirmed by numerical calculations

for Alanin and Glvcerine.

5. Modifications of the Helix-Coil transition in the presence

of a solvent

[{ the macromolecule exists in a solvent, hydrogen bonds between

the chain anc the solvent can be formed in competition to the H-

bonds in the chain. These additional bonds depend on the number

of unbound particles in the chain (in detail: Amino- and Carboxyl

groups) and on the orientation between the solvent molecules and

the chain. The orientation between the Amino groups and the sol-

vent molecules is denoted by Pi=1,2,...,0 and between the carbo-

xyl groups and the solvent molecules oy $;51,2,...,0. Both orien-

tations may have a number g of discrete values. The Hamiltonian

nf the macromolecule is. now. in contrast to eq. (2.1), given by:



© o) (ot)Nl - Tan + EQ Tour) Fs. 4 + Tp
where E denotes the binding energy of a single H-bond between

the chain and the solvent. The partition function Z can be ex-

pressed, instead of ~=q. (2.2), by:
' ree

bas SS)
he» ima

z2d Mayer function introduced as

(5.1

(5.2)

V means a genar'.l

7. da
(a+\)

with Vv = exp( BU)-1 (eq. 2.3) and W = exp(BE)-1 in analogy to V.

The pre-factor (qeu) ZN is not important for a further calculation

of ‘the interesting values Te and 8c If it is chosen to be equal

to one, we are able to calculate Tc in the same way as discussed

in section 3, but now inserting V (eq. 5.3) instead of the former

V. Fig. 4 presents the generalized Mayer function Vin dependence

on the temperature. In order to determine the critical temperature

Te for the Helix-Coil transition in presence of a solvent we use,

again, the condition (eq. 3.2) resulting in V(T)=0Q. For this equa-

tion two solutions may exist in dependence on wie’ univer of con-

formations Q and on the ratio Y= E/U (cf. Fig. 4). For lower va-

Vr -
Fig. a°

V (eq. 5.3) in dependence on

the temperature for q = 10

and different values of the

ratio 'v: E/U
100

15 1 f (2,

(c)

(0, 0.5
(dy, t= 0.52uv u..1

50!

10

lues of Q and €£ &gt;DU/2 we find two critical temperatures /2/. For

this case fig. 5 presents the modification of the Helix-Coil tran-

sition in presence of a solvent in contrast to Fia. 3:



1-0
&gt;

aN

Coil ef

Fig. 5! Degree o. spirality 8 of the chain in dependence on tem-

perature T in the presence of a solvent

Fig. 5 shows that a Helix state of the macromolecule can exist

only between the critical temperatures Ta and Teo: For TexT
the molecules of the solvent effect an ordered orientation of

the particles of the’chain, resulting in a transition into the

Helix state. At the higher critical temperature LF the hydrogen

bonds will be breaked off again, as discussed before in section

3, and a transition into the coil state occurs. The results for

the correlation length in the range of the transition given in

section 4 are not modified by the effect of a solvent on the

chain.
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