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1 Introduction

Deep brain stimulation (DBS) is a neurosurgical method based on implanting elec-
trodes in selected brain areas to treat symptoms of neurological and psychiatric
disorders. The implanted electrodes are connected to a pulse generator, which
induces an electric field in the proximity of the electrode contacts. These electrode
contacts are located at the tip of the electrode and form the connection between
the electrode and the tissue. The time-varying field changes the activation pattern
of the neurons in the stimulated area. The method became most popular for the
treatment of the symptoms of drug-resistant Parkinson’s disease (PD), but it is now
applied to a growing number of diseases. Several neuropsychiatric disorders, such as
essential tremor, dystonia, Tourette syndrome, obsessive compulsive disorders, and
depression, are clinically field-tested or have been approved by the Food and Drug
Administration (FDA). Since 1995 to date, about 80,000 DBS electrodes from the
market leader Medtronic were implanted into patients suffering from PD, essential
tremor, or dystonia.

Although the method is successfully applied in several clinical situations and has
become a common procedure in clinical practise, the understanding of its mecha-
nisms of action and long-term effects is still scarce. In vitro and in vivo experiments
in animal models and humans as well as in silico computational models are used to
achieve a deeper understanding of these mechanisms. Starting in the last decade,
numerous computational models for predicting the effects of DBS were developed.
These models can be categorized into (1) neural network models examining the
effects of the stimulation pulses on the neural network as well as the activation of
neurons and (2) volume conductor models predicting the field distribution and wave-
form of the stimulation pulse in the proximity of the electrode contacts. Clinical
software aiming at the support in the planning and performance of the complex
procedure of implanting and adjusting the DBS electrode take benefit from these
models. Areas of possible neural activation based on the electrode location and the
stimulation parameters help the physician to optimize the procedure in the pre- and
intra-operative stage. The performance and practical usage of this software depends
on the complexity of the input parameters and their reliability. Information on the
electrical properties of brain tissue varies considerably in the literature. Despite this
uncertainty in the model parameters, recent models of DBS are based on one set
of deterministic values of the model parameters and, therefore, do not regard their
uncertainty and its propagation on the model solution.
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1 Introduction

This thesis examines the influence of uncertainty in the model parameters on the
time-dependent voltage response of the stimulation pulse and its impact on the
neural activation in the proximity of the stimulated target area. An anatomical head
model incorporating heterogeneous and anisotropic tissue properties was generated
based on a digital brain atlas and used to undertake in silico studies. Chapter 2
introduces basics of DBS and hypotheses regarding the mechanisms of PD as well
as of interventional effects of DBS. Recent models of DBS aiming at predicting the
neural activation and the time-dependent voltage response in the proximity of the
electrode tip are reviewed referring to these hypotheses. Various model parameters,
such as the geometry, the electrical properties of the tissue, the stimulated target, and
stimulation parameters, are examined in detail. In Chapter 3, finite element method
and Fourier analysis are introduced as the fundamental methods for solving the field
distribution in the proximity of the electrode contact. The electro-quasistatic and
quasistatic formulation of bio-electrical applications in the human brain requires
certain conditions for the simplification of the full set of Maxwell’s equations, which
are discussed in detail. Based on these conditions, a computationally efficient method
to compute the time-dependent voltage response in a volume conductor model with
finite element method (FEM) coupled with equivalent circuits is proposed. The
generation of the anatomical head model based on the data of a digital brain atlas and
the incorporation of heterogeneous, frequency dependent, and anisotropic material
properties is described. The concept of the computation of the volume of tissue
activated (VTA) and its implementation for the prediction of neural activation is
introduced. The uncertainty quantification (UQ) of the electrical properties of brain
tissue on the field distribution by using a non-intrusive approach is introduced
in Chapter 4. The non-intrusive approach allows to leave the deterministic code
unchanged and to use it similar to a ”black box”. This approach is based on an
approximation of the probability distribution of the model parameters and model
solutions by expanding them on a multi-dimensional orthogonal basis. Different
methods of multi-dimensional cubature using tensor grids as well as sparse grids
necessary to solve the expansion coefficients are described. Chapter 5 comprises the
results and the discussion of the realized studies to validate the implemented methods
and the investigation of the influence of various model parameters on the time-
dependent voltage response and neural activation in the proximity of the stimulated
target. Suggestions on the sensitivity of these quantities on the investigated model
parameters are determined and limitations in the generated volume conductor model
and the proposed methods are discussed. Chapter 6 provides a concluding summary
of the realized work and further objectives.
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2 Fundamentals of deep brain
stimulation and its modelling

Deep brain stimulation (DBS) is a highly effective neurosurgical therapy to treat
symptoms of neurodegenerative disorders. In DBS, small electrodes attached to
a stimulator are implanted into selected brain areas, which are stimulated via the
electrode contacts with short pulses of low amplitude. DBS is approved by the
regulatory authorities in Europe and the US for treatment of PD, essential tremor,
dystonia, and obsessive-compulsive disorder. In addition, the treatment of Tourette
syndrome, cluster headache, addiction, and other neuropsychiatric diseases is studied
in clinical trials [38]. Although the therapy is highly effective, knowledge about the
fundamental mechanisms of action of DBS and its long-term effects is still scarce.
The currently favoured hypothesis assumes that neurodegenerative disorders such
as PD cause oscillatory firing patterns in the deep brain nuclei called basal ganglia,
which are responsible for motor function [19]. The stimulation pulses override the
firing patterns of these abnormally behaving nuclei with a high frequency pattern and
provide a rehabilitation of the motor function close to the healthy state. Besides the
successful treatment of motor symptoms, a misplaced electrode or wrong stimulation
parameters can cause several undesired side effects, such as cognitive impairments
and mental disorders [38].

2.1 Parkinson’s disease

PD is a neurodegenerative disorder and was first described in 1817 by James Parkin-
son. Almost one hundred years later, in 1940, first surgical methods for the treatment
of PD were introduced [18]. Its symptoms comprise the poverty of voluntary move-
ments (akinesia), slowness of voluntary movements (bradykinesia), rigidity, tremor,
and postural instability [64]. PD is caused by the death of dopaminergic cells of
the substantia nigra. Administration of L-3,4-dihydroxyphenylalanine (levodopa),
a dopamin-replacement drug introduced 1961 by Birkmayer and Hornykiewicz, can
result in an ease of the motor dysfunction in the early stage of the disease [15]. PD
can be categorised into hereditary parkinsonism and idiopathic Parkinson syndrome
(IPS), which is the main target for the application of DBS. It is assumed that the
reason for the motor dysfunction in PD correlates with an abnormal firing rate and
pattern in the basal-ganglia neurons, which results in a changing oscillatory activity
and excessive synchronization [19, 48].
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2 Fundamentals of deep brain stimulation and its modelling

2.1.1 Basal ganglia anatomy

The passages about the basal ganglia anatomy and its functional organization are
based on the description of Young and Penney [141]. The basal ganglia are located
at the base of the forebrain beneath the cerebral cortex and are responsible for the
modulation and facilitation of motor and cognitive functions. They consist of a group
of gray matter nuclei and are strongly connected to the thalamus and hypothalamus as
well as to the cerebral cortex. The group of basal ganglia nuclei, which are important
for involuntary motor functions, comprises parts of the striatum composed of the
caudate nucleus and the caudate putamen (CPu), the globus pallidus internus (GPi),
the globus pallidus externus (GPe), the subthalamic nucleus (STN), the substantia
nigra pars compacta (SNc), and the substantia nigra pars reticulata (SNr) (Fig. 2.1).

2.1.2 Functional organization

The basal ganglia are connected via pathways characterised by inhibition and excita-
tion of neural activity within the nuclei. The dopamine pathway from the substantia
nigra pars compacta to the striatum modulates the basal ganglia function by control-
ling its response to cortical inputs, thereby enabling the normal performance of
complex sensomotoric functions such as postural stability and secure gait. The
cortex is responsible for the excitation of the brain stem and is therefore connected
to the control of the muscle fibres as well as the striatum. The basal ganglia are

Figure 2.1: Coronary sections of the brain showing the basal ganglia. Globus pallidus
internus (GPi), Globus pallidus externus (GPe), Subthalamic nucleus (STN), Substan-
tia nigra (SN). Modified from the image Basal ganglia.svg in Wikimedia Commons.
By Andrew Gillies and Mikael Häggström. Licensed under the Creative Commons
Attribution-Share Alike 3.0 Unported and the GNU Free Documentation License, Version
1.2.
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2.1 Parkinson’s disease

Figure 2.2: Direct, indirect, and hyperdirect pathways in the basal ganglia network. Red
arrows refer to excitation, blue arrows to inhibition. Solid arrows indicate the direct
pathway, dashed arrows the indirect pathway and dotted arrows the hyperdirect pathway.
Image based on [141] with extension according to [48]. Abbreviations see Fig. 2.1.

closely connected to the cortex and over the striatum with the thalamus [48]. The
striatum projects in two different directions, forming two distinct and reciprocally
behaving pathways, the direct and the indirect pathway (Fig. 2.2). For the direct
pathway, the striatum projects inhibitory neurons to the SNr and GPi, which send
inhibitory signals to the thalamus. This inhibition by SNr and GPi on the thalamus
results in a reduction of the thalamic activity, which inhibits the excitatory projection
of thalamus to the cortex. For the indirect pathway, the striatum projects inhibitory
neurons to the GPe, which tonically inhibits the STN. This reduction of inhibi-
tion results in an increased activity of the STN and subsequently in an increased
excitation of the SNr and GPi. Both nuclei inhibit the thalamus, resulting in a
decreased stimulation of the motor cortex by the thalamus and, therefore, reduced
muscle activity. In PD, the indirect pathway becomes hyperactive and suppresses
permanently normal involuntary motor functions [48]. Since the antagonistically
acting direct and indirect pathways receive excitatory inputs from the motor cortex
and influence its activity reversely via the thalamus, the hypothesis of feedback loops
in the basal ganglia, resulting in oscillations and synchronous activity patterns has
been developed [20, 48, 64].

However, the oscillations observed at different levels of the basal ganglia network
in PD patients are not sufficiently explained by the simple argument of the direct and
the indirect pathways. Gatev et al. [48] extended the governing model by describing
oscillatory interactions between different nuclei of the basal ganglia. According to
their model, the potential pacemaker is the oscillatory feedback circuit between the
STN and GPi producing synchronised oscillatory activity (Fig. 2.2). This oscillatory
activity is projected to other nuclei of the basal ganglia, e.g. to the GPi by the
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2 Fundamentals of deep brain stimulation and its modelling

STN, resulting in similar local spike patterns, which were confirmed in a local field
potential (LFP) study in humans.

The currently favoured hypothesis of the PD pathogenesis claims that the death of
dopaminergic cells in the SNc causes changes in the oscillatory firing pattern of the
basal ganglia, resulting in excessive synchronization, which leads to the pathological
motor symptoms of the disease [48]. LFP recordings in patients with parkinson-
ism showed synchronous neural activity in a 10 to 30 Hz band correlated with the
frequency of muscle activity for tremor, which could be reduced by treatment with
levodopa [19]. In vivo experiments with parkinsonian monkeys confirmed the patho-
logical oscillation hypothesis by demonstrating oscillatory and synchronous burst
patterns in the STN, GPe and GPi [64]. Another in vivo study with parkinsonian
monkeys showed that a treatment with levodopa resulted in a reduction of this
synchronous activity [48]. However, the exact mechanisms of how the death of
dopaminergic cells generates synchronous oscillatory activity in the basal ganglia
remain unclear.

2.2 Application and mechanism of deep brain

stimulation

Until the 1990s, a surgical lesioning procedure of the thalamus and GPi was performed
to treat the motor dysfunction of the basal ganglia network in PD. The method is
controversial and raised concerns because of its irreversibility and adverse effects such
as strokes and infections, which were in particular a consequence of misplaced lesions
[18]. In the 1970s, DBS was first used to treat chronic central and peripheral pain
[11, 38], and spasmodic torticollis [91]. Its application for the treatment of essential
tremor and PD was introduced by the group of Benabid and Pollak in the
mid 1980s [13, 14]. Since the 1990s, the lesioning procedure was almost completely
replaced by DBS in the industrial countries, which was approved by the FDA for
essential tremor in 1997 and for PD in 2002 [18]. Meanwhile, more than 80,000
clinical DBS electrode implantations have been performed worldwide, mainly by
using devices of the market leader Medtronic [86]. Unlike the irreversible lesioning
procedure, DBS does not destroy nervous tissue when the electrodes are placed
correctly and optimal stimulation parameters are applied. The best predictor for
a beneficial effect of DBS in PD patients is the response to levodopa. In clinical
practise, an initial improvement of 30 % of symptoms in the unified PD rating
scale for motor symptoms should be reached by levodopa administration in order
to recommend DBS therapy, when the efficiency of levodopa therapy vanishes and
motor symptoms reexacerbate [61]. This is regularly the case after five to ten years of
levodopa administration [64]. Referring to Bronstein et al. [18], best results of DBS
in patients with advanced PD symptoms are reached when they meet the following
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2.2 Application and mechanism of deep brain stimulation

criteria: younger age (no clear age cut-off can be provided to date due to insufficient
data), excellent initial levodopa response of PD symptoms, no other motor symptoms
responsive to levodopa, no psychiatric diseases such as depression, and no cognitive
disorders such as dementia. The fulfillment of these criteria is a prerequisite of
adequate patient selection, since 30 % of complications of DBS surgery are ascribed
to inappropriate indications [18].

2.2.1 Electrode lead and stimulation protocol

Clinical DBS is mainly performed using electrodes of the leader company Medtronic.
Their specification is described by Farris and Giroux [38]. Currently, two FDA-
approved electrodes, Medtronic DBS Models 3387 and 3389, are available. Both
electrodes consist of a small-diameter lead wire with 4 electrode contacts at the top.
The cylindrical electrode contacts are made of platinum-iridium and have a diameter
of 1.27 mm and a length of 1.5 mm (Fig. 2.3). The lead is insulated by urethane.
The spacing between the electrode contacts is 1.5 mm for model 3387 and 0.5 mm for
model 3389. The lead is connected to a large-diameter extension, which is implanted
under the skin and connected to the neurostimulator. The neurostimulator is typically
implanted in the subclavicular region (beneath the collarbone) and consists of a
battery and the electronic components necessary to provide the stimulation pulses
to the electrode contacts [85]. The conventional neurostimulator can be continuously
operated for about 2 to 5 years. Recently, a rechargeable neurostimulator has been
introduced, which has a battery lifetime of up to 9 years.

The DBS system can be operated either in a bipolar mode with one active electrode
contact and one electrode contact acting as ground or in a unipolar mode, where
the neurostimulator case serves as ground plate. Currently, stimulation pulses used
in DBS therapy are empirically determined and are delivered as voltage-controlled
square-wave signals [19]. Typical stimulation parameters for chronic unipolar DBS
are (1) a cathodic voltage amplitude of 2.5 to 3.5 V, (2) a pulse duration of 60 to

Figure 2.3: Schematic image of the Medtronic DBS Model 3387 electrode lead based on
[85].
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2 Fundamentals of deep brain stimulation and its modelling

Figure 2.4: Example of a voltage-controlled mono-phasic stimulation pulse used in DBS
therapy.

90µs, and (3) a frequency of 130 to 180 Hz (Fig. 2.4) [61]. In contrast to anodic
stimulation, cathodic stimulation elicits a neural activation at smaller stimulation
thresholds [146]. To avoid charge accumulation in the surrounding tissue of the driven
electrode contact, bi-phasic pulses are applied, in which the cathodic stimulation
pulse is followed by a ”balancing” stimulation pulse with reversed polarity [88].
Despite the fact that voltage-controlled stimulation is the common stimulation type
in human DBS, current-controlled stimulation is more and more regarded as an
alternative. To date, current-controlled stimulation is mostly used in in vivo animal
studies, but because of the increased stability of the delivered current as well as the
reduction of unwanted side effects [78] and the promising results from first clinical
trials [96], it attracts increasing interest for human DBS [112].

2.2.2 Surgery planning and performance

Before DBS can be started, a precise planning and a careful performance of stereotac-
tic surgery is required. According to an expert consensus, the following recommenda-
tions should be considered [18]. Surgery should be performed by an interdisciplinary
team of neurosurgeons, movement disorder neurologists, neuropsychologists, psychia-
trists and neurophysiologists. Since the electrode position in the selected target area
of the brain is crucial for the successful stimulation, detailed knowledge about the
individual anatomical situation and the intended location of the electrode contacts
is required in the pre-operative planning phase as well as in the phase of surgery.
For this purpose, the patient’s head is pre-operatively fixed in a stereotactic frame,
which allows for the precise targeting of deep brain areas. If the STN is chosen
as target region, the correct location of the electrode has to avoid both a position
too much lateral, which can lead to tonic muscle contractions, and a position too

8



2.2 Application and mechanism of deep brain stimulation

much medial, which can cause conjugate eye deviation [5]. The correct positioning
is determined by the imaging techniques computed tomography (CT) and magnetic
resonance imaging (MRI). The imaging data are converted to the stereotactic coor-
dinate system. During the surgery, microelectrode recordings, microelectrode or
macroelectrode stimulation, and tissue impedance monitoring provide information
on the correct location of the electrode contacts. For the adjustment of the stimu-
lation parameters pulse width, frequency, voltage, and electrode configuration, the
patients remain usually awake to monitor the relief of symptoms and to exclude
undesired side-effects. Further optimization of the stimulation parameters is carried
out in the post-operative phase within 4 to 6 months by several programming sessions
in out-patient units [38]. To approve the correct position of the implanted electrode,
post-operative MRI and CT scans can only be performed under careful restrictions
to avoid heating, movement, and induced currents in the electrode system. Data
about the surgical complications of DBS vary in the literature and concern mainly
bleeding (in 1 % to 12.5 % of cases), infections (in about 6 % of cases) as well as lead
fracture and migration (in about 5 % of cases) [18, 38, 61].

2.2.3 Target selection

Several targets for DBS in PD patients have been tested in clinical practise. They
include the STN, the GPi, the pedunculopontine nucleus (PPN), and the thalamic
ventral intermediate nucleus (Vim) [61, 90]. While DBS of the Vim effectively treats
tremor in PD, but has no effect on other symptoms such as akinesia and rigidity
[14], and DBS of the PPN remains experimental, the GPi and STN are the preferred
targets of DBS in this disease [61]. Despite the improvement of motor symptoms,
DBS can lead to cognitive and emotional impairment such as depression and impul-
sivity [18]. For the STN and the GPi similar benefits of motor symptoms in PD have
been reported. However, DBS of the GPi may lead to a slightly better improvement
of the quality of life and less occurrence of depression compared to DBS of the STN
[41, 145]. Nevertheless, methodological differences between published studies could
explain the reported increase of cognitive side-effects of DBS of the STN compared
to the GPi as pointed out by Moreines et al. [90]. Moreover, DBS of the GPi often
allows no reduction of medication [61], requires higher stimulation amplitudes, result-
ing in a shorter battery lifetime [129], and could result in a weakened improvement
over the years [70]. Therefore, the STN remains the favoured target for DBS in PD
patients. Nevertheless, the target selection should also consider effects on non-motor
symptoms of the individual patient besides the possible benefit of motor functions.
With regard to the long-term improvements, stimulation parameters seem to remain
stable in both nuclei and successful treatment of PD symptoms by DBS has been
proven for up to 10 years [27].
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2 Fundamentals of deep brain stimulation and its modelling

2.2.4 Mechanisms of deep brain stimulation

The mechanisms of action of DBS are still a controversial issue in the literature [89].
Current hypotheses comprise depolarization blockade, synaptic inhibition, synaptic
depression, stimulation-induced disruption of pathological network activity, and
stimulation of afferent axons, e.g. of those projecting to the STN [61]. The currently
favoured hypothesis assumes that DBS pulses override the pathologically oscillatory
and synchronous spike patterns of the involved basal ganglia. Neuronal and LFP
recordings in PD patients, who were withdrawn from therapy, showed an increased
synchronous activity in the STN of a frequency between 10 and 30 Hz called the
β-band [19]. In electroencephalography (EEG) measurements, oscillations in the β-
band correlated with the severity of PD symptoms [48]. This oscillatory activity could
be suppressed by levodopa as well as by DBS of the STN [19]. Studies reported an
approximately linear relation between the suppression of bradykinesia and rigidity
during DBS-induced β-band suppression at the cortical level. In addition, long-
lasting in vitro experiments showed the replacement of spontaneous STN spikes by
spikes driven by the stimulation pulses [64]. Currently, it is not clear whether DBS
of the STN suppresses only the pathological activity of PD or maybe also certain
functions of the physiological activity. Speech and cognitive impairments reported
from patients who received DBS of the STN could be a hint on unwanted suppressions
of physiological activity [19].

Several hypotheses of the mechanisms of DBS are based on an inhibitory effect of
the DBS pulses on the stimulated target as recently summarised by Montgomery and
Gale [89]. Historically, the hypothesis of inhibition was based on similar treatment
results of DBS and lesioning procedures. Moreover, several initial studies confirmed
a reduction of neuronal activity in the stimulated target, such as the thalamus and
the STN. However, the situation might not be as simple, since a lesioning of the
GPe can induce PD, while DBS of the GPe can suppress PD symptoms [128]. DBS
of the STN can result in an increased activity in nuclei of the basal ganglia such
as the GPi, which receive projections from the STN. Therefore, inhibition as well
as excitation seem to occur in the nuclei of the basal ganglia network during DBS.
Indeed, complex patterns of inhibition and excitation were reported in the literature
[89].

In addition, the stimulation parameters play a crucial role for the successful
treatment of PD by DBS. Only stimulation frequencies above 50 Hz were shown
to suppress spontaneous activity in the basal ganglia network by imposing a new
activity pattern of the stimulated target. Moreover, low frequencies in the range of 5
to 20 Hz seem to induce and exacerbate PD symptoms [64]. Besides the amplitude,
pulse width and frequency of the DBS pulse, the waveform shape may influence the
neuronal activity in the basal ganglia network. The rectangular waveform shape of
DBS pulses originates from empirical clinical trials [19]. Information about the effect
of different waveform shapes on the therapy success is still scarce. A computational
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study by Yousif et al. [143] showed an effect of the electrical properties of brain
tissue on the waveform shape of differently shaped DBS pulses, which may also
change the neuronal activation in the target region. Investigating the mechanisms
of DBS is of great practical interest and, therefore, it is in the focus of numerous
experimental trials, but the mechanisms themselves and fundamental questions such
as the therapeutical relevance of inhibition or excitation remain still unanswered
[89].

2.3 Computational modelling

Currently, there is a discrepancy between the progress in clinical DBS and the under-
standing of basic mechanisms underlying its effects [64]. In this situation, computa-
tional models, which have been helpful in disclosing pathogenetic mechanisms of PD,
could also contribute to the exploration of DBS effects on the disease. Moreover, they
could lead to the discovery of new therapeutic strategies [88] and to the development
of software tools supporting the physicians in the planning as well as during the
performance of the surgery [29]. Starting in the last decade, several computational
models have been developed, all of them aiming at modelling and simulating the
mechanisms of DBS applied to PD. The scope of computational models of DBS can
be divided into network models of the basal ganglia including neuronal models, and
volume conductor models of the human brain. In this context, network modelling
aims at exploring the neural and network effects, which are causing the symptoms of
PD, as well as the mechanisms of the symptom improvement by DBS [88]. Volume
conductor models reside on a macroscopic level, determining the local electric field
distribution and the influences on the time-dependent voltage response caused by
the application of the DBS pulses in the proximity of the stimulated target, whereby
these field effects are based on the topology and the electrical properties of brain
tissue.

2.3.1 Network modelling of the basal ganglia

The key task in network models of the basal ganglia is to reduce the model complex-
ity by isolating relevant model parameters to which the model is restricted, while
preventing the loss of the model dynamics [88]. Two approaches can be envisaged:
(1) to combine the properties and behaviour of multiple neural populations on the
basis of fundamental equations in a so-called population-based model, and (2) to
model neuronal cells in each single nucleus and interrelating them by coupling equa-
tions in a so-called cellular-based model.

Modolo et al. [88] used a population-based model to explore oscillatory activity in
a 2-population network. The two populations were coupled by exciting and inhibit-
ing each other, similar to the STN-GPi feedback circuit in the PD state, resulting
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2 Fundamentals of deep brain stimulation and its modelling

Figure 2.5: Connections within the basal ganglia network according to the modelling
approach by Pirini et al. [99]. Red and blue arrows indicate excitatory and inhibitory
connections, respectively. Abbreviations see Fig. 2.1.

in a synchronous firing pattern. The model consists of two non-linear and coupled
differential equations, which are able to reproduce experimentally observed activa-
tion patterns. DBS was applied to the model by inducing DBS-like currents in one
population of the network using a common square-wave stimulation pulse with a
frequency of 130 Hz and an increased pulse width of 150µs. The authors reported a
change in the synchronous activity of the model, with the firing rate of the neurons
reaching a state of anti-phase dynamics. The advantage of this model lies in its
limited number of parameters required to describe a large number of neurons within
a neural population. However, this simplification also limits the model, since the
population equations are derived from mean values, which do not take into account
local variations.

To address the question how local variations affect the activity in the network,
cellular-based models are better suited. Pirini et al. [99] used this approach to model
the basal ganglia network in the PD state by including the STN, the GPi, the GPe
and the thalamus. Each nucleus consisted of 16 neuronal cell models, which were
representative for a distinct cell population and were described by a set of differential
equations derived from the Hodkgin-Huxley model. The nuclei were connected by
inhibitory and excitatory projections using coupling equations (Fig. 2.5). DBS pulses
were applied as a train of square-wave stimulation pulses with frequencies between
30 and 180 Hz, and pulse widths between 0.15 and 1.2 ms. It was shown that the
spontaneous spike patterns of the STN, the GPe and GPi have been overridden by
the DBS pulses in DBS of the STN, resulting in a 1 : 1 response of the STN and GPi
cells as well as burst patterns in the GPi with the same burst frequency as the 1 : 1
response (Fig. 2.6). These results confirm the hypothesis of the DBS induced change
in the basal ganglia network activity through an override of their spike patterns by
the DBS pulse. A stimulation at 120 Hz and 180 Hz resulted in lower membrane
potentials and a total inhibition of the GPi activity. The thalamo-cortical activity
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2.3 Computational modelling

Figure 2.6: Membrane potentials of one STN, one GPe and one GPi cell during DBS of
the STN at stimulation frequencies of 30, 120, and 180Hz, respectively. Image courtesy
of Pirini et al. [99].

could be restored by the application of DBS in the model. However, using the GPe
and GPi as stimulation targets resulted in an over-activation and inhibition of this
activity, respectively.

Volume of tissue activated

Although recent network models allow for the simulation of the dynamics between
the nuclei of the basal ganglia and, therefore, a detailed investigation of the mecha-
nisms of action of DBS as well as the pathogenesis of PD, they do not consider the
time-dependent LFPs induced by the stimulation electrode in each nuclei. The consid-
eration of these LFPs would require not only a realistic volume conductor model of
the brain to compute the LFPs, but also a precise knowledge about the location and
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extent of each nuclei, which makes the combination of network models and volume
conductor models challenging. Therefore, a simplified approach allowing for a first
prediction of the neural activation and its sensitivity to the model parameters is well
established in the DBS modelling community [21, 22, 24, 25, 54, 57, 84, 120, 142] and
allows for a prediction of neural activation in human DBS [23]. In this approach, a
distribution of single neuron models in the proximity of the stimulated target is used
to predict the neural activation extent, called the volume of tissue activated (VTA).
For each neuron, the stimulus amplitude required for its activation, meaning to elicit
an action potential, is determined based on the computed LFPs along the neuron
body. The neuron model is based on a double cable model of generalised mammalian
nerve fibres developed by McIntyre et al. [82]. It comprises 21 nodes of Ranvier
separated by 20 internodal sections, the membrane dynamics of which were derived
from experimental measurements. The action potential is characterised by a rapid
change of the transmembrane potential [72], which is the difference between the inner
potential of the axon and the extracellular potential (in this meaning LFP). Rattay
[102] showed that for myelinated axons, the transmembrane voltage at an axon node
is predominantly determined by the extracellular potential at this axon node and
its neighbouring nodes, which corresponded to the second-order spatial difference
quotient of the extracellular potential called activating function. For unmyelinated
axons, the activating function is given by the second-order spatial derivative of
the extracellular potential [102]. The transmembrane voltage in the axon model of
McIntyre et al. [82] is computed by solving a system of differential equations based
on the Hodkgin-Huxley-model, which describes the initiation and propagation of
action potentials in axons [68]. To compute the VTA, a number of axons is aligned
perpendicular in the proximity of the stimulated target. For each axon, the thresh-
old necessary to elicit an action potential is computed based on a given stimulus
amplitude. The resulting spatial information on activated and inactivated axons is
then used to determine the activated volume.

2.3.2 Volume conductor models of the human brain

The time-dependent extracellular potential is influenced not only by the proper-
ties of the DBS pulse, but also by the topology and the electrical properties of
the brain tissue. Especially capacitive effects in the tissue seem to modulate the
time-dependent voltage response in the proximity of the stimulated target, rendering
them a crucial parameter [87]. Volume conductor models can provide the electric
field distribution as well as the time-dependent voltage response in the proximity of
the electrode contact, which can be used as input for network models and the VTA.
Therefore, the combination of these models can help to gain a deeper insight into the
mechanisms of action of DBS. Volume conductor models are based on a discretised
model of the brain, using numerical techniques to find an approximate solution of
the governing equations determined by the underlying physics. Common numerical
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techniques are the FEM, the finite integration technique (FIT), and the boundary
element method (BEM).

The volume conductor models necessary to compute the time-dependent voltage
response of the DBS pulse in the tissue depend on various parameters with the
consequence of long computation times [29]. Therefore, a model reduction to achieve
less complexity is rather challenging. In addition, validation of the simulation results
is required to verify the influence of the various parameters experimentally. This
demands careful consideration of ethical issues. Validation attempts are often carried
out in vitro or, in order to get most reliable results, in vivo, using animal models.
First promising results were obtained by the comparison of voltage distributions in
an in vivo study of parkinsonian monkeys with data of volume conductor models,
which led to the identification of crucial parameters for the theoretical models [87].

The model parameters influencing the time-dependent voltage response of the
DBS pulse in the tissue can be categorised in active factors regarding the stimula-
tion parameters such as amplitude, frequency, pulse width and waveform shape, and
passive factors regarding the model parameters. The latter factors were explored in
several simulation studies including the model geometry [56, 79, 132], the electrode
geometry [53, 59], the dispersive properties of brain tissue [17, 57], the anisotropy of
brain tissue [83, 120], the interactions at the electrode-tissue-interface [21, 26], and
the inflammatory response of the tissue to the implanted electrode resulting in the
growth of an encapsulation layer around the electrode [57, 142]. Studies regarding
the geometry factors reported a strong influence of the model geometry on the result-
ing voltage distribution in the proximity of the stimulated target, suggesting the
supremacy of an anatomically head model resembling the spatial dimensions of the
human brain over simplified cubic models [56, 132]. These studies point out the need
of the generation of anatomically realistic brain models to allow for a patient-specific
investigation of the neural activation to support physicians in the pre-operative plan-
ning and during surgery.

The computation of the time-dependent voltage response in volume conductor
models of DBS are commonly carried out using the well established Fourier finite
element method (FFEM) [21], in which the DBS pulse is transformed into the
frequency-domain using a fast Fourier transform (FFT), modified by the electrical
properties of brain tissue, and transformed back into the time-domain by using an
inverse FFT. For a square-wave DBS pulse, this method accounts for the dispersive
electrical properties of brain tissue and requires the computation of the finite element
volume conductor model for about 500 to 2,000 harmonic frequencies of the funda-
mental frequency of the DBS pulse [17, 57]. Results of the study of Bossetti et al. [17]
suggest that dispersive effects of the electrical tissue properties could be neglected
under current-controlled stimulation, but only solutions of a model with fixed conduc-
tivity values at a single frequency were compared with the dispersive solution using
a non-anatomical homogeneous head model. Grant and Lowery [57] confirmed the
essential results from this study and extended it by computing voltage-controlled
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solutions as well as comparing them to those under current-controlled stimulation
at several single frequencies with the dispersive solution in an anatomical, but also
homogeneous head model regarding the brain tissue.

2.4 Objectives and research goals

Despite the high current interest in models of DBS and their progress in the field
of simulating the action of DBS, several mechanisms of this method are still elusive
and open questions remain unanswered. The time-dependent voltage response in the
tissue around the stimulated target does not itself predict the neural activation in
this area, but interacts with the neurons by varying their membrane potentials and
could be used in several network models. Therefore, knowledge on how the voltage
response in the tissue changes the parameters of the stimulation pulse is necessary to
receive realistic predictions from the network models. To date, no study determined
the influence of the interaction of various dispersive brain tissues on the voltage
response of voltage and current-controlled DBS pulses over a wide frequency range
in one model. The anisotropy of brain tissue was implemented in several models,
but quantitative results about the influence of anisotropic tissue properties in the
proximity of the stimulated target on the voltage response and VTA are still scarce.
This applies especially to slight variations of the electrode location in the target
area, which frequently occur during surgery. The majority of current models of DBS
are deterministic and consider only one set of values for the model parameters. For
example, for the electrical properties of the electrical properties of brain tissue, these
values reported in the literature vary tremendously ranging from 38 % to 70 % of
their mean values [42, 46, 49, 76].

Measuring these properties is challenging due to the number of influencing factors
that have to be controlled and the ethical issues that have to be dealt with in
vivo and in vitro. The dielectric properties of biological tissue depend on various
factors: (1) their water content [43], (2) their temperature [10], (3) their frequency
[113], and (4) their anisotropy [60]. These factors require a careful consideration
during in vitro or ex vivo dielectrical measurements, including the preparation of
the sample, its homogeneity and location in the brain, as well as the time lapse
between the abstraction of the sample and the actual measurement. An in vivo
study in pigs showed a substantial change of the electrical properties of excised
brain tissue of about 15 % after 60 min [107]. This change can be transferred to
human brain tissue, since the difference of the electrical properties between human
and mammalian animal tissue is considered to be small according to Grimnes and
Martinsen [60], who further state that irreversible changes to brain tissue may
occur within 5 minutes. In vitro and ex vivo studies often use excised tissue with
different time lapses after abstraction, which results in different electrical properties
throughout the literature [45]. To date, in vivo dielectrical measurement data is
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scarce due to the challenging invasive measurement process and the corresponding
ethical considerations that have to be dealt with. A promising non-invasive technique
is the magnetic resonance electrical impedance tomography, which was applied by
Oh et al. [94] on biological tissue phantoms to determine their conductivity in
vivo. However, in non-invasive methods, the low conductivity of the scalp will most
likely cause uncertainty in the measured electrical properties of brain tissue [60]. In
addition, electrode polarization effects interfere with the actual electrical properties
of brain tissue in the low frequency range of Hz to several kHz, the consideration of
which is challenging, because it results in uncertainty in the measured data [147] as
well. The differences in the tissue data of the small number of available studies and
the resulting uncertainty in the model parameters claim the necessity of including
the investigation of the influence of these uncertainties on the voltage response and
neural activation in models of DBS.

The resulting aim of this thesis is the investigation of the influence of the frequency-
dependent and anisotropic tissue properties as well as the uncertainties arising from
the electrical properties of brain tissue on the time-dependent voltage response
and the VTA in the area of the stimulated STN during human DBS. Regarding
the available volume conductor models, a consideration of the uncertainty in the
model parameters is only possible with a large computational effort, requiring about
500 FEM computations for one parameter set with a computation time of about
4 min for each simulation on a four Intel®Xeon cores @ 2.4 GHz workstation. The
consideration of uncertainties demands a probabilistic formalism, such as Monte
Carlo simulation (MCS). This would require the evaluation of the volume conductor
model for a large number of random samples of the model parameters. This number
depends on the demanded accuracy of the probabilistic quantities, which converges
relatively slow with 1/

√
N for N random samples [138]. Combining the required

deterministic FEM computations for one parameter set with a large number of
random samples to provide an adequate representation of the probabilistic quantities,
about 500,000 to 1,000,000 model evaluations, including the FEM computation of the
volume conductor model and the solution of the system of differential equations to
obtain the neural activation, would be necessary. Therefore, the investigation of the
influence of the uncertainty in the model parameters on the time-dependent voltage-
response and neural activation in models of DBS requires the application of model
order reduction techniques, such as equivalent circuit models and the generation
of probabilistic surrogate models based on the Polynomial Chaos, to reduce the
computational expense to a compatible level.
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3 Aspects of volume conductor models of
the human brain

This chapter describes the generation of an anatomical head model, which was
used for the studies carried out in this thesis. The model geometry and the tissue
distribution in the brain were derived from the digital SRI24 multi-channel brain atlas,
which comprises MRI data from 24 healthy human volunteers [104]. The fundamental
equations modelling the governing physics were derived from a simplification of
Maxwell’s equations under the assumption of negligible propagation and inductive
effects, which lead to the electro-quasistatic (EQS) and quasistatic (QS) formulation.
The numerical technique of finite elements used to compute the voltage distribution
in the model is described briefly and the used software is introduced. A model
order reduction approach of the Fourier finite element method (FFEM) based on
the application of equivalent circuit models called the Fourier finite element method
with equivalent circuits (FFEMEC) approach is described in detail. This approach
allows for the computation of the time-dependent voltage response in the volume
conductor model of the human brain by evaluating the finite element model only
once for voltage-controlled stimulation and twice for current-controlled stimulation,
instead of computing the voltage response for a large number of harmonics as it is
required for the FFEM approach [17].

3.1 Electro-quasistatic and quasistatic

formulation

The voltage response in the stimulated target area of the brain can be computed
by a simplification of Maxwell’s equations, called the EQS and QS formulations.
These formulations constitute ”slowly” time-dependent and harmonic electrical fields
induced in the biological tissue, if the magnetic induction is negligible [66]. Regarding
the application of DBS, the EQS and QS equation provide a reasonable approxima-
tion for low-frequency fields in the absence of eddy currents [127].

3.1.1 Maxwell’s equations in bio-electrical applications

In 1865, James Clerk Maxwell proposed a theory describing the fundamentals of
transient electric and magnetic fields by introducing a set of differential equations,
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called Maxwell’s equations [81]. This set of equations is used to describe and inves-
tigate electric and magnetic field effects in various situations and forms the basis of
modern electromagnetic and communications technology. In this context, Maxwell’s
equations also form the governing equations of the physics described in this thesis.
In modern electromagnetic applications, the following four differential equations are
used to describe the interrelation of the electric field E, the magnetic induction B,
the electric displacement field D and the magnetic field H , namely

divD = % (Gauss’ law) (3.1)

divB = 0 (Gauss’ law for magnetism) (3.2)

curlH = J +
∂D

∂t
(Ampère’s law with Maxwell’s extension) (3.3)

curlE = −∂B
∂t

. (Faraday’s law of induction) (3.4)

Gauss’ law (3.1) and Gauss’s law for magnetism (3.2) describe the sources of the
electric displacement field and of the magnetic induction. Since magnetic fields are
solenoidal, in addition, equation (3.2) describes the absence of magnetic monopoles.
The origin of electromagnetic waves can be found in the coupling of Ampère’s law
(3.3) and Faraday’s law (3.4), where time-dependent electric fields generate magnetic
fields and vice versa [66]. To determine the electromagnetics in media, this set of
equations is extended by additional material equations, which have the following
form for linear, isotropic, not polarised or magnetised media [71]:

D = εE (3.5)

B = µHH (3.6)

J = κE (3.7)

However, in bioelectromagnetism the material properties of biological tissue can
be anisotropic [137] and frequency dependent [46], which requires the introduction
of tensors and frequency dependent material parameters, as described in section
3.4.2 and 3.1.2, respectively. The displacement field D and the electric field E
are connected by the permittivity ε, whereas the magnetic induction B and the
magnetic field H are connected by the permeability µH in the medium. Equation
(3.7) constitutes Ohm’s law, which connects the current density J with the electric
field E by the medium conductivity κ.

Based on the description of van Rienen [127], a harmonic time-dependence of,
e. g., the electric field can be expressed as

E(r, t) = <
(
E(r)ejφejωt

)
= <

(
E(r)ejωt

)
(3.8)
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with the angular frequency ω, the phase angle φ and the phasor E(r) = E(r)ejφ.
Therefore, Maxwell’s equations (3.1)–(3.4) can be rewritten as

divD = % (3.9)

divB = 0 (3.10)

curlH = J c + J i + jωD (3.11)

curlE = −jωB (3.12)

where the current density J is split up into a conduction current density J c arising
from conductive materials and an impressed current density J i. Using div curl ≡ 0
on equation (3.11) and inserting equation (3.5) results in the expression

0 = div ([κ+ jωε]E) + divJ i . (3.13)

The electric potential ϕ can be derived from equation (3.12) and the vector potential
B = curlA:

E = −gradϕ− jωA (3.14)

Inserting equation (3.14) into equation (3.13) and using the Lorenz gauge

divA+
1

c2

∂ϕ

∂t
= 0 (3.15)

results in the inhomogeneous Helmholtz equation [17]

∆ϕ+
ω2

c2
ϕ =

divJ i

κ+ jωε
(3.16)

where c is the velocity of light in the medium. The solution of the electric potential
can be obtained analytically from [6]

ϕ(r) =
−1

4π(κ+ jωε)

∫∫∫
V

divJ i(r
′)e−j

ωr
c

r
dr′ (3.17)

where r = ‖r − r′‖2 is the Euclidean distance to the source. Plonsey and Heppner
[100] used this equation to introduce several simplifications, which are applicable to
the bio-electrical modelling in the human body. These simplifications comprise the
neglection of the propagation of electromagnetic waves and of the inductive as well
as capacitive effects.
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Propagation of electromagnetic waves

The propagation of electromagnetic waves, i.e. the time in which the wave propagates
in space, is induced according to Helmholtz’ equation (3.16) by the term ω2

c2
ϕ, which

results in the phase shift e−jωr/c in the equation of the electric potential (3.17). The
series expansion of the phase shift leads to

e−j
ωr
c = 1− j

ωr

c
+

(ωr)2

2!c2
− j

(ωr)3

3!c3
+ . . . . (3.18)

The effect of propagation can be neglected if the expression

ωr

c
� 1 (3.19)

is fulfilled for the used angular frequency ω, the spatial dimension of the model r,
and the velocity of light c in the medium. This simplification is consistent with
the neglection of the time-varying magnetic induction ∂B

∂t
in the time-harmonic

Maxwell’s equations (3.9)–(3.10) as described by van Rienen [127], leading to the
omission of the term ω2

c2
ϕ in the Helmholtz equation (3.16).

Inductive effect

The consistency of the neglection of the propagation effect and the omission of the
time-varying magnetic induction ∂B

∂t
yields the basis for determining the inductive

effects in bio-electrical models of human tissue. Regarding the equation of the electric
potential (3.14), the influence of the magnetic induction is given by E ind = −jωA.
Plonsey and Heppner [100] stated that the inductive effect can be neglected in
bio-electrical applications, if the quotient of the absolute value of the influence of
magnetic induction and the gradient of the scalar potential gradϕ is much smaller
than 1 for a differential current source element J i dV :

|ωA|
|gradϕ|

=
∣∣∣ωr
c

∣∣∣2 � 1 (3.20)

For linear media, the impressed current density J i can be obtained from a superpo-
sition of multiple differential current source elements [100]. Therefore, the resulting
condition for the neglection of the inductive effect in bio-electrical applications is
already fulfilled, if the propagation effect is negligible, thereby being consistent with
the requirement of the absence of a time-varying magnetic induction [127].

Capacitive effect

The solution of the electric potential (3.17) depends on the electrical properties of
the medium, which comprise the conductivity κ and relative permittivity εr of brain
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tissue. These material properties are described in equation (3.17) by a complex
conductivity κc

κc = κ+ jωε0εr = κ

(
1 +

jωε0εr
κ

)
(3.21)

where ε0 ≈ 8.854 · 10−12 F
m

is the electric field constant. The capacitive effect results
from the influence of displacement currents in the medium on the electric potential
ϕ. If the absolute value of the influence of the displacement currents jωε0εr is small
compared to the conductivity κ in the medium, then the capacitive effect is negligible:

ωε0εr
κ
� 1 (3.22)

Therefore, the neglection of the capacitive effect would result in a real-valued electric
potential ϕ.

Electro-quasistatic and quasistatic equation

In bio-electrical applications, where the propagation effect (3.19) and the inductive
effect (3.20) are negligible, Helmholtz’ equation (3.16) can be simplified to

div
(
[κ+ jωε0εr]gradϕ

)
= divJ i . (3.23)

These bio-electrical applications can involve heterogeneously distributed biological
tissue types with different material parameters. Under the assumption that the
resting potentials of neurons (≈ −70 mV) are small compared to the stimulation
amplitude of DBS pulses (several Volt), impressed currents can be neglected and
equation (3.23) results in the so-called EQS equation

div
(
[κ+ jωε0εr]gradϕ

)
= 0 (3.24)

applying for resistive and capacitive tissue properties [127, p.17ff]. If also the capac-
itive effect (3.22) is negligible, the term jωε0εr in equation (3.24) can be omitted,
resulting in the QS equation1

div (κgradϕ) = 0 , (3.25)

which applies for purely resistive tissue properties. The decision whether the propa-
gation, inductive and capacitive effect are negligible or not depends on the spatial
dimension of the model, the considered frequency range, and the electrical properties
of its tissue types. These parameters vary for different biological applications, which
require an evaluation of these conditions for each application.

1Here, the quasistatic (QS) formulation actually refers to a stationary current field problem [127].
However, the terms quasistatic (QS) and electro-quasistatic (EQS) are not consistently used
in bio-electrical literature and can refer to the time-dependence of the DBS pulse even if the
problem is related to a stationary current field problem. It should be noted that both terms
are used without desire of universal validity.
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3.1.2 Electrical properties of brain tissue

The electrical properties of biological tissue are crucial parameters of volume conduc-
tor models of the brain. Besides the brain topology, the electrode geometry, and
the stimulation parameters, the electrical properties of brain tissue substantially
influence the voltage response in the stimulated target area of the brain generated
by DBS. As early as in 1957, Schwan [113] described the dependence of the conduc-
tivity and relative permittivity of biological tissue on the frequency in three distinct
regions and the occurrence of ”enormous values” of the relative permittivity at low
frequencies. These regions are called α−, β−, and γ−dispersion and emerge in
different frequency ranges (Fig. 3.1). The dispersion of the electrical properties
of biological tissue characterises its frequency dependence according to relaxation
theory [60]. The different dispersion regions account for the non-symmetrical distri-
bution of the relaxation times in biological tissue and result from dielectric effects
at the membranes of the tissue, which has the following origins [113]:

� α−dispersion (mHz-Hz): Translation of charges on the cell surface.

� β−dispersion (kHz-MHz): Polarisation at the poorly conductive membranes,
resulting in a membrane capacitance.

� γ−dispersion (GHz): Polarisation of tissue water.

Gabriel et al. [46] characterised experimentally the electrical properties of various
biological tissues, including the major brain tissue types white matter, gray matter,
and cerebrospinal fluid (CSF), in the frequency range 10 Hz to 100 GHz. Based on the
experimental data a mathematical model characterising the dispersion regions was
used to parameterise the conductivity and relative permittivity of the investigated

Figure 3.1: Example of relative permittivity (decreasing) and conductivity (increasing)
of biological tissue within the three dispersion regions α, β, γ. Image based on [113]
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3.1 Electro-quasistatic and quasistatic formulation

Figure 3.2: Relative permittivity and conductivity of gray matter, white matter and
cerebrospinal fluid (CSF) in a frequency range from 10 Hz to 100 GHz. Image data based
on the Cole-Cole dispersion parameters by Gabriel et al. [46] and Gabriel, S [47].

tissues. The mathematical model consists of the summation of four Cole-Cole disper-
sions to cover the spectrum of the electrical properties of the tissue by calculating
the frequency-dependent complex relative permittivity εc(ω)

εc(ω) = ε∞ +
4∑

n=1

∆εn
1 + (jωτn)(1−αn)

+
κi

jωε0

(3.26)

where ε∞ is the relative permittivity at high frequencies, ∆εn are the differences
of the static relative permittivities εsn at low frequencies with ωτn � 1 and ε∞,
αn are the Cole-Cole-parameter found experimentally for every Cole-Cole equation,
τn are the relaxation time constants, and κi is the static ionic conductivity [46].
Exploring the relative permittivity and conductivity of the different brain tissue
types, white and gray matter show the ”enormous” relative permittivity values for
low frequencies mentioned by Schwan [113], which diminish with increasing frequency.
This behaviour is characterised by the inertia of the electrical charges, which are not
quick enough to follow the changes in the electric field [60]. The distinct dispersion
regions mentioned by Schwan [113] are scarcely detectable for the gray and white
matter data of Gabriel et al. [46], resulting from much broader dispersion regions in
biological tissue, which overlap and emerge in an almost continuous decrease over
a wide frequency range [60]. The conductivity of both tissue types is especially
variable at frequencies below 100 Hz (Fig. 3.2). CSF is closely related to saline
and includes only a small influence of cell membranes, resulting in almost constant
electrical properties over frequency [10].
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3.2 Finite element method

The following section is based on the work of Schwarz, 1991 [114, ch.2] and Bondeson
et al., 2005 [16, ch.6]. In several applications including complex geometries, the
solution of the partial differential equations used in the volume conductor model
of the human brain in this thesis cannot any longer be computed analytically or
their computation is rather challenging. In these cases numerical computations are
necessary to obtain an approximated solution of the problem. The finite element
method (FEM) is a numerical technique to solve boundary and initial value problems
of partial differential equations on a discretised geometry. The discretisation of the
geometry is carried out by dividing it into subdomains, called the finite elements.
The boundary value problem is then solved by deriving a so-called weak formulation
of the problem as well as by using an interpolated approximation of the solution,
the so-called Galerkin method. For the EQS formulation in equation (3.24) and the
QS formulation in equation (3.25), the application of the FEM results in a system
of linear equations (SLE), the solution of which are the unknown quantities at the
nodes (edges) of the nodal (edge) finite elements.

3.2.1 Galerkin method

In the following section, the Galerkin method is briefly described for a three-dimen-
sional EQS example. A more detailed explanation of this method is described in
[16]. The weak formulation of the partial differential equation is used to discretise
the boundary value problem. Therefore, the solution on each finite element is
interpolated by local basis functions and put into the derived (weak) formulation.
For a three-dimensional problem, tetrahedral as well as hexahedral elements are
commonly used to discretise a domain Ω. The generated model of the human brain
consists of a geometrically complex domain, for which tetrahedral elements are more
feasible as discretisation scheme. Therefore in the following, the description of the
Galerkin method is carried out for these elements.

The EQS formulation in equation (3.24) is solved in a volume conductor model of
the human brain, which forms the computational domain Ω, by applying conditions
to the exterior boundaries ∂Ωi, i = 1, . . . , Nb of the model, where Nb is the number
of boundaries with different conditions. These conditions comprise the application
of a potential

ϕ
∣∣
∂Ωi

= Vie
jφi (3.27)

with the constant amplitude Vi and phase φi to the surface of the electrode contacts
and ground, corresponding to a Dirichlet boundary condition, and the application of
a perfect insulator, where the gradient of the solution ϕ is orthogonal to the normal
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component n of each boundary element

n · ∇ϕ
∣∣
∂Ωi

= 0 , (3.28)

to the exterior boundary of the human brain as well as the electrode lead, i.e.
homogeneous Neumann boundary condition. For the discretisation of the EQS
formulation, the solution ϕ is approximated by an expansion

ϕ(r) =
M∑
j=1

ujψj(r) , (3.29)

using linearly independent basis functions ψj(r). Substituting the solution ϕ in
equation (3.24) by this expansion results in a residual, the integral of which multiplied
by a set of test functions wi should be zero. The Galerkin method consists of choosing
the test functions wi to be the global basis functions ψi for all nodes where the solution
ϕ is unknown∫

Ω

ψi
[
∇ · ((κ+ jωε0εr)∇ϕ)

]
dΩ =

∫
Ω

ψi
[
∇ · (κ∇ϕ)

]
dΩ = 0 (3.30)

where κ = κ + jωε0εr is a complex conductivity. This formulation is the so-called
weak formulation and is equivalent to the so-called strong formulation (3.24) of the
problem. The basis functions ψi are called global, since they are defined on the
whole domain Ω. The weak form of the problem in equation (3.30) can be derived
by integration by parts, resulting in∫

Ω

κ∇ψi · ∇ϕ dΩ = 0 (3.31)

where the second derivatives disappear. It should be noted that the boundary
integral vanishes at the parts of the Dirichlet boundary condition, where the solution
is known, and at the homogeneous Neumann boundary condition [16]. Substituting
ϕ in equation (3.31) with the expansion in equation (3.29) results in a system of
linear equations (SLE) Su = 0 with the elements

Sij =

∫
Ω

κ∇ψi · ∇ψj dΩ (3.32)

where j is the index over all nodes and i only over those nodes, where ϕ is unknown.
By reordering the components of u in a vector ua, where ϕ is known, and a vector
ub, where ϕ is unknown, results in partition of the matrix S

Saua + Sbub = 0

⇒ Sbub = −Saua

(3.33)

where the right-hand side is known and Sb is a symmetric, complex-valued square
matrix.
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3.2.2 Discretisation with finite elements

In the following section, the discretisation of the domain Ω with finite elements and
the affine transformation to map each finite element onto a unit tetrahedron is briefly
described by following the descriptions of Schwarz [114] and Geus [50]. The domain
Ω is partitioned into elements, which are formed in this example by tetrahedra Ek. In
case of linear basis functions ψi(r), the nodes of the tetrahedra correspond to entries
in the solution vector u, which are the degrees of freedom. On each tetrahedron Ek
local basis functions ψEkj (r) are defined. To simplify the evaluation of the integrals
in the components Sij in equation (3.33), the tetrahedra Ek are mapped onto a
reference element, the unit tetrahedron Er, using an affine transformation. The linear
transformation T , mapping the global coordinates r = (x, y, z) of a tetrahedron Ek
with the corner points Pi(xi, yi, zi), i = 1, . . . , 4 onto the unit tetrahedron Er with
the local coordinates r̄ = (x̄, ȳ, z̄), is given byxy

z

 =

x1

y1

z1

+

x2 − x1 x3 − x1 x4 − x1

y2 − y1 y3 − y1 y4 − y1

z2 − z1 z3 − z1 z4 − z1

x̄ȳ
z̄

 . (3.34)

Considering the volume element dx dy dz and using equation (3.34) results in the
following expression:

dx dy dz =

∣∣∣∣∣∣
x2 − x1 x3 − x1 x4 − x1

y2 − y1 y3 − y1 y4 − y1

z2 − z1 z3 − z1 z4 − z1

∣∣∣∣∣∣ dx̄ dȳ dz̄ = det(J)dx̄ dȳ dz̄ (3.35)

where det(J) is the determinant of the Jacobi matrix, containing all derivatives of
x, y, z with respect to x̄, ȳ, z̄. The nodes of the tetrahedron Ek have a prescribed

Figure 3.3: Affine transformation mapping the global coordinates of a tetrahedron T (e)

onto the local coordinates of the unit tetrahedron T (0).
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order so that the directions given by P1P2, P1P3, and P1P4 are forming a right-
handed system (Fig. 3.3). In the case of tetrahedra with no vanishing volume, the
transformation T is regular and its inverse T −1 exists. The transformation T −1 can
be defined by barycentric coordinates L1, . . . , L4 transforming a point P (x, y, z) in
the tetrahedron T (e) into the unit tetrahedron T (0). These barycentric coordinates
have the following form

L1 =
V1

V
, L2 =

V2

V
, L3 =

V3

V
, L4 =

V4

V
,

V =
4∑
i=1

Vi

(3.36)

where V1, . . . , V4 are the volumes of the subtetrahedra opposing the corner points
P1, . . . , P4 and V is the volume of the entire tetrahedron. The local basis functions
ψEr
i , i = 1, . . . , 4 on the unit tetrahedron Er are for a linear ansatz

ψEr
i = ci,0 + ci,1x̄+ ci,2ȳ + ci,3z̄ . (3.37)

The condition of the local basis functions ψEr
i is to have the value 1 at the corner

points P̄i(x̄i, ȳi, z̄i) and the value 0 at the remaining corner points, which results in
the following definition for the local basis functions:

ψEr
1 = 1− x̄− ȳ − z̄
ψEr

2 = x̄

ψEr
3 = ȳ

ψEr
4 = z̄

(3.38)

The local basis functions ψEkj in the tetrahedron Ek can be expressed by the barycen-
tric coordinates in equation (3.36):

ψEk1 = L1, ψEk2 = L2, ψEk3 = L3, ψEk4 = L4 (3.39)

The integral in equation (3.32) is defined over the entire domain Ω and is evaluated
by the combined contribution of the integral evaluated for each tetrahedron T (e).
Therefore, the integral in equation (3.32) has to be evaluated for each tetrahedron
Ek. If the partition of the domain Ω into these elements fulfils the property that the
complex conductivity κ is constant in each element, and using equation (3.35), the
entries of the element matrices SEk can be derived to be

SEkij = κEk
∫
Ek

∇ψEki · ∇ψ
Ek
j det(J) dx̄ dȳ dz̄ . (3.40)
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Element Nodes

1 2 3 4

1 1 2 3 4

2 2 5 3 4

Table 3.1: Elements’ table

Node x y z

1 x1 y1 z1

2 x2 y2 z2

3 x3 y3 z3

Table 3.2: Coordinates’ table

3.2.3 Assembly of the global system of linear equations

The global basis function ψi(r) is composed of the local basis functions ψEkj (r)
assigned to the node i with i = 1, . . . ,M , M being the number of global basis
functions. Thus, only those elements, which have node i in common, contribute
to the global basis function ψi(r), which results in non-zero entries of Sij only for
adjacent finite elements and, therefore, in a sparse system matrix S in equation (3.33).
The system matrix S with the node variables ui numbered globally from i = 1, . . . ,M
is constructed out of the element matrices SEk with the local numbering j = 1, . . . , 4
by adding up the element matrices according to the affine transformations Ek. In
general, the nodes corresponding to the tetrahedra Ek are stored in an elements’
table 3.1 and the coordinates of the nodes are stored in a coordinates’ table 3.2.
The finite element solution is achieved by solving the matrix formulation in equation
(3.33). The obtained solution is just an approximation of the analytical solution (if
existing), the accuracy of which depends on the mesh density, the quality of the
mesh, and the applied solver. In cases where a comparison of the numerical results
with an analytical solution is not possible, error-controlled adaptive mesh refinement
is carried out until a prescribed error in the derived solution quantities is reached.
The obtained solution is then assumed to be close to the physical solution.

3.2.4 Finite element software

The basics of the method described in the previous section can be rewritten for
two-dimensional and three-dimensional geometries by using, for example, triangu-
lar and tetrahedral finite elements of several orders or interpolation degrees (linear,
quadratic, cubic, . . .). However, the implementation of the method for different
dimensions and element orders is rather challenging and time consuming. Nowadays,
various open source and commercial toolboxes exist for finite element computations
of different applications and physics, such as Elmer [33], GetDP [35], and Comsol
Multiphysics� [32]. The finite element computations of the human brain model
used in this thesis were carried out using the commercial software Comsol Multi-
physics� version 4.2a, which is a finite element toolbox offering, among others, a
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3.2 Finite element method

graphical user interface for geometry generation, several mesh algorithms and adap-
tive refinement techniques, consideration of anisotropic material parameters, various
direct and indirect solvers for linear and non-linear problems, and an application
programming interface to MATLAB® , allowing for the control of Comsol Multi-
physics� via script files and functions.

3.2.5 Fourier finite element method

The voltage response in the stimulated target area of the brain is obtained by solving
the EQS equation (3.24) and QS equation (3.25), respectively, in a volume conductor
model with FEM, which is based on a time-harmonic sine-wave stimulus applied to
the electrode contacts of the DBS electrode. To compute the voltage distribution in
the tissue as a function of time for, in this case, a square-wave stimulus, one single
sine-wave computation of the model is not sufficient. Butson and McIntyre [21]
suggested the use of a so-called Fourier finite element method (FFEM) to compute
the time-dependent voltage response in a volume conductor model of the human
brain. This method is carried out in four steps (Fig. 3.4):

1. The stimulation waveform is modelled in the time-domain as a square-wave
signal using parameters similar to those used in clinical practise as described
in section 2.2.1.

2. The stimulation waveform is transformed into the frequency-domain using
Fourier transform.

Figure 3.4: Schematic description of the Fourier finite element method (FFEM).
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3. The partial differential equation is solved for each frequency component of the
Fourier transform. The resulting voltage at a certain point in the model is
then scaled and phase-shifted by the results of the Fourier transform of the
stimulation waveform.

4. The modified signal in frequency-domain is transformed back into the time-
domain by using an inverse Fourier transform.

Since the method uses Fourier transforms for the computation of the time-dependent
voltage response, the material properties and the voltage distribution in the volume
conductor model have to be linear. In addition, the propagation effect in equation
(3.19) and inductive effect (3.20) have to be negligible. This method was used in
several simulation studies [21, 57, 142] and is experimentally validated in vitro [87].
By considering the values of the frequency-dependent electrical tissue properties at
each frequency, it is further possible to investigate dispersive effects on the voltage
response in the tissue [57].

The disadvantage of FFEM constitutes the required computation of the transfer
function within the finite element model, resulting in a large number of FEM compu-
tations. In addition, the costly FEM computations have to be redone, if the control
type of the stimulus is changed from a voltage-controlled to a current-controlled
one and vice versa. For this case, the third step of the method was modified in
this thesis, based on the work of Yousif et al. [143] and Potratz [101]. Instead of
computing each component of the transfer function with FEM, the transfer function
is generated by an equivalent circuit, in which the resistance and capacitance of the
tissue is computed with FEM at a certain single frequency. To obtain the voltage
response at a certain point in the tissue, the results of the Fourier transform of the
stimulation waveform are scaled by the potential at this point. This is possible, since
firstly, the resistance and capacitance do not change with frequency, if assumed to
be non-dispersive, and secondly, the solution obtained from the finite element model
is linear. These parameters are used to generate an equivalent circuit describing
the transfer function, which is then used to scale and phase-shift the results of the
Fourier transform of the voltage waveform.

3.3 Fourier finite element method with equivalent

circuits (FFEMEC)

The method to compute the time-dependent voltage response in the tissue is based on
FEM computations of the volume conductor model of the human brain and a Fourier
transform of the waveform of the DBS pulse (Fig. 2.4). This computation is carried
out in four steps, which will be described in detail in the following paragraphs 3.3.1
to 3.3.4. The proposed method differs from common FFEM only in the third step,
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Figure 3.5: Schematic description of the Fourier finite element method with equivalent
circuits (FFEMEC).

where the transfer function is not obtained directly from the voltage response in the
volume conductor model, but is determined by a surrogate model, which comprises
an equivalent circuit model (Fig. 3.5). This surrogate model requires the impedance
of the volume conductor model to derive the equivalent circuit components. This
impedance can be obtained by only one FEM computation for non-dispersive material
properties.

1. Modelling of the DBS pulse.
The DBS pulse is modelled in the time-domain using the common stimulation
pulse parameters used in clinical practise described in section 2.2.1.

2. Fourier transform of the DBS pulse.
The DBS pulse is transformed into the frequency-domain using a FFT, which
results in the power spectrum of the DBS pulse with the Fourier components
Xk for k = 1, . . . , N with N sampling points.

3. Equivalent circuit model of the tissue.
The electrical tissue properties are modelled at the frequency ωk as a parallel
RC circuit, which is derived from the impedance of the volume conductor
model. This impedance is computed, using the applied voltage and total
current between the stimulation electrode contact and ground. The transfer
function T k obtained from the RC circuit and the electric potential at a certain
spatial point r in the model is used to modify the Fourier components Xk of
the DBS pulse, resulting in the power spectrum of the voltage response X̃k(r).
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4. Inverse Fourier transform of the voltage response in the tissue.
The Fourier components X̃k(r) of the scaled and phase-shifted voltage response
in the frequency-domain at a certain spatial point in the tissue is trans-
formed back into the time-domain using an inverse FFT, resulting in the
time-dependent voltage response.

To be consistent with FFEM, the proposed method requires the computation of
the model impedance for each angular frequency ωk of the signal spectrum Xk with
k = 1, . . . , N , which results in a larger computational expense due to the equivalent
circuit computation compared to FFEM. The computational advantage of the model
arises if the electrical properties of the biological tissue are assumed to be frequency-
independent (non-dispersive). Under this assumption, the equivalent circuit can be
derived from one FEM evaluation of the volume conductor model at the frequency
ωs (Fig. 3.6). Despite the assumption that the electrical properties of each biological
tissue type are non-dispersive, the combined electrical properties of them in a volume
conductor model can be dispersive, as described in appendix A.1, where conditions
for the electrical properties of the biological tissue types are derived, for which the
combined electrical properties in the volume conductor model can be assumed to
be non-dispersive. These conditions are roughly the square of the condition for the
neglection of the capacitive effect in section 3.1.1, but depend on the model geometry
as well. Therefore, the validity of this method has to be examined for the generated
volume conductor model of the human brain.

Figure 3.6: Schematic description of the Fourier finite element method with equivalent
circuits (FFEMEC) with a single frequency approximation of the electrical properties of
the biological tissue at the angular frequency ωs.
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3.3.1 Modelling and Fourier transform of the stimulation
pulse

The DBS pulse is delivered to the electrode in two possible modes, keeping the
voltage or the current at a constant amplitude. These modes are called voltage-
controlled or current-controlled stimulation, respectively. The majority of applied
DBS pulses in human patients are voltage-controlled [130]. Current-controlled DBS
pulses are commonly applied in animal models [52], but recently gained more interest
for the human DBS as well, since the current-controlled stimulation is less influenced
by effects of the electrode-tissue-interface [78]. To avoid harmful side effects caused
by a charge imbalance supplied by the DBS pulse, it is necessary to use a charge-
balanced stimulation signal in clinical practise [85]. Such a signal can be obtained
by providing an oppositely charged stimulation period after each active stimulation
period. Since the charge supply in the tissue depends on the delivered current in
time, the charge-balancing pulse can be set to a relatively low amplitude with a long
time period compared to the active stimulation period.

The mono-phasic DBS pulse y(t) commonly used in DBS of the STN is a square-
wave signal with a repetition frequency of fp = 130 Hz, a pulse duration of dp =60µs
and cathodic amplitudes Avc for voltage-controlled stimulation and Acc for current-
controlled stimulation as described in section 2.2.1. This signal can be modelled as
a periodic discontinuous step function in time

y(t) =

{
A 0 ≤ t < dp

0 dp ≤ t < 1
fp

(3.41)

where A is the amplitude of the signal. The points of discontinuity at t = 0 and t = dp
can result in overshooting if the Fourier components of the signal are truncated. This

Figure 3.7: Theoretical square-wave DBS pulse and smoothed pulses in the time-domain
for different slope coefficients a. The smoothing of the DBS pulse reduces the overshooting
at the points of discontinuity after a Fourier transform of the signal.
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Figure 3.8: Voltage spectrum of the smoothed pulses normalised to the theoretical
square-wave DBS pulse. Cut-off frequencies are determined at −3 dB to be at
37.8 kHz (a = 2.5 · 105 s−1), 75.7 kHz (a = 5 · 105 s−1), and 151 kHz (a = 10 · 105 s−1),
respectively.

overshooting is independent of the numbers of harmonics considered in the Fourier
transform and is known as Gibbs’ phenomenon, which is in the order of 9 % for a
square-wave signal [65]. To investigate the influence of overshooting in the time-
dependent voltage response, the theoretical square-wave DBS pulse in equation (3.41)
was smoothed using the function

y(t) =
A

2

{
1 + tanh

[
a

(
dp
2
− |t|

)]}
(3.42)

where the coefficient a determines the slope of the signal, which influences the
truncation effect, i.e. the cut-off frequency, of the Fourier components (Fig. 3.7).
The time-dependent pulse is transformed into the frequency-domain by a FFT, using
the MATLAB® function fft with a sampling rate of 1 MHz. The smoothing of the
pulse (3.42) acts as a high frequency filter on the theoretical DBS pulse, resulting
in cut-off frequencies depending on the slope coefficient a (Fig. 3.8). For a slope
coefficient of a = 5 · 105 s−1, the overshooting at the points of discontinuity of the
DBS pulse is reduced to a value below 0.1 % [110]. To achieve the time-dependent
voltage response in the tissue, the Fourier components of the DBS pulse are modified
by the transfer function derived from the equivalent circuits, described in 3.3.2, as
well as by the electric potential at the spatial point of interest in the volume conductor
model. These scaled and phase-shifted Fourier components of the time-dependent
voltage response are then transformed back into the time-domain by an inverse
FFT using the MATLAB® function ifft. The modelled DBS pulses in the equations
(3.41) and (3.42) are mono-phasic and, therefore, do not provide a charge-balanced
stimulation over time. The charge-balancing is commonly carried out by using a bi-
phasic DBS pulse with an additional charge-balancing period of substantially smaller
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amplitude compared to the active stimulation period. As described in section 3.6, the
neural activation is predicted in this thesis by computing the thresholds necessary to
elicit an action potential in a myelinated axon model. Considering that the activation
of a neuron is mainly influenced by the amplitude of the DBS pulse, a mono-phasic
signal neglecting the charge-balancing stimulation pulse of low amplitude will most
likely have no influence on the computation of the VTA [57].

3.3.2 Equivalent circuit model

The electrical properties and the heterogeneous distribution of biological tissue in a
volume conductor model of DBS influence the waveform shape of the voltage response
of the DBS pulse applied to the DBS electrode. The bulk properties of the tissue
can be represented in volume conductor models by the parallel combination of its
resistance and capacitance. The computation of these circuit elements in the model
is carried out by determining the phasor I, corresponding to equation (3.8), of the
total current for a peak voltage U of an applied sinusoidal voltage at an angular
frequency ωk between the active stimulation electrode and ground. In the EQS
formulation, the current I is a complex quantity allowing to determine the resistance
Rk,t and capacitance Ck,t of the tissue:

I = <(I) + j=(I) =

(
1

Rk,t
+ jωkCk,t

)
U (3.43)

Rk,t =
U

<(I)
(3.44)

Ck,t =
=(I)

ωkU
(3.45)

In the QS formulation, which only applies for purely resistive tissue properties, the
current I is real-valued and, therefore, the electrical properties of the tissue can be
fully described by the resistance Rk,t.

Electrode-tissue-interface

Beside the electrical properties of the biological tissue, processes at the electrode-
tissue-interface resulting from charge transfers (Faradaic processes) and capacitive
charging of the interface (non-Faradaic processes) influence the voltage response in
the tissue [103]. These processes are responsible for the formation of an electric
double-layer at the electrode-tissue-interface, which can be described by a constant
phase element (CPE)

ZCPE =
K

Ae(jω)β
(3.46)
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where K is the magnitude of the element, Ae is the electrode contact surface area, and
β ∈ [0, 1] is a factor determining the deviation from a pure capacitance (β = 1) and
a pure resistance (β = 0) [103]. Therefore, the constant phase element can be used
to characterise the non-ideal capacitive behaviour at the electrode-tissue-interface
[60]. The values for platinum electrodes in a saline environment, such as the DBS
electrodes used in this thesis, are as follows: K =1.57Wm2s−β and β = 0.91 [57].
The surface area of the electrode contact of a Medtronic DBS Mo. 3387 electrode
is Ae = 5.98 · 10−6m2. Due to non-linear effects at the electrode-tissue-interface,
the CPE is only applicable for small stimulation amplitudes [103]. Wei and Grill
[135] investigated the electrode-tissue-interface at DBS electrodes and confirmed the
non-linear effects, but stated that these effects mainly occur in the low-frequency
range (<100 kHz) and not for higher frequencies [135]. The investigated frequency
range in this thesis is restricted to frequencies between 130 Hz and several kHz. The
spectral energy density below 130 Hz is only about 1.5 % of the total spectral energy
of the applied DBS pulse [110]. Therefore, it is assumed in this thesis that the
behaviour of the electrode-tissue-interface can be described by a CPE.

3.3.3 Current-controlled stimulation

The frequency spectrum of the voltage response X̃k,cc(r) for k = 1, . . . , N at a spatial
point r in the volume conductor model can be directly determined from the FEM
solution at each frequency in the considered frequency spectrum. The aim is to use a
surrogate model of the electrical properties of the volume conductor model based on
an equivalent circuit to avoid the large number of required FEM computations using
FFEM. In the proposed approach, the frequency spectrum of the voltage response
at a spatial point r can be computed with the help of the transfer function of the
volume conductor model, which is derived from the equivalent circuit, and its spatial
distribution of the electric potential.

The equivalent circuit comprises the parallel RC circuit in series with the CPE
representing the electrical properties of the brain tissue and of the electrode-tissue-
interface at the active electrode contact, respectively (Fig. 3.9). Since the current
delivered to the tissue is kept constant for current-controlled stimulation, the voltage
Uk at an angular frequency ωk in the equivalent circuit can be determined by

Uk = T k,ccIk =

(
1

Rk,t
+ jωkCk,t

)−1

Ik (3.47)

with the transfer function T k,cc. According to the constant current delivered, the
transfer function is not influenced by the CPE, which is in agreement with results
of simulation studies, suggesting that the electrical properties of the surrounding
tissue dominate the waveform shape of the voltage response for current-controlled
stimulation [21, 57]. The resistance Rk,t and the capacitance Ck,t can be determined
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Figure 3.9: Equivalent circuit for the current-controlled stimulation with an ideal current
source. The electrical properties of the volume conductor model are described by the CPE
and the resistance Rk,t as well as capacitance Ck,t representing the electrical properties
of the electrode-tissue-interface and of the brain tissue, respectively.

from the impedance of the volume conductor model described in the first paragraph
of section 3.3.2. To obtain the frequency spectrum of the voltage response X̃k,cc(r)
in the volume conductor model, the voltage response Uk of the equivalent circuit is
scaled by the electric potential ϕ

k,cc
(r) at a spatial point r in the volume conductor

model computed for the angular frequency ωk. This is possible if two conditions hold:
Firstly, the field distribution has to be linear, and secondly, propagation effects have
to be negligible. The first condition is met by the application of linear electrical
properties of brain tissue. The second condition has to be checked by equation
(3.19) for the spatial dimension of the area, in which the time-dependent voltage
response is of interest as well as for the frequency-dependent electrical properties
of brain tissue in the considered frequency range. The spatial distribution of the
electric potential ϕ

k,cc
(r) for current-controlled stimulation can then be computed

using the EQS formulation with a constant normal current density applied to the
active electrode contact and a constant electric potential of V0 = 0 V applied to the
ground electrode, resulting in the total current Acc,FEM . The frequency spectrum of
the voltage response X̃k,cc(r) can then be determined by

X̃k,cc(r) =
T k,cc
|T k,cc|

|ϕ
k,cc

(r)|
|Acc,FEM|

Xk (3.48)

which leads for a point rs at the electrode surface to the solution of the equivalent
circuit equation in (3.47)

X̃k,cc(rs) =
T k,cc
|T k,cc|

|ϕ
k,cc

(rs)|
|Acc,FEM|

Xk =
T k,cc
|T k,cc|

|Acc,FEMT k,cc|
|Acc,FEM|

Xk

= T k,ccXk

(3.49)
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where Xk is the applied current phasor Ik of the frequency spectrum of the applied
current-controlled DBS pulse at the angular frequency ωk. Since the transfer function
T k,cc and the electric potential ϕ

k,cc
(r) are computed at each frequency, this model

is also applicable for the dispersive electrical properties of brain tissue. However,
this formulation of Fourier finite element method with equivalent circuits (FFEMEC)
would not have any computational advantage over the common FFEM under these
conditions.

Thus, to use the advantage of the proposed method, non-dispersive electrical prop-
erties and small capacitive effects of the considered tissue types have to be assumed.
For a volume conductor model with frequency-independent material properties and
under the assumptions formulated in section 3.3, the transfer function

T k,cc(ωs) =

(
1

Rs,t
+ jωkCs,t

)−1

(3.50)

and the potential distribution ϕ
s,cc

(r) can each be obtained by only one FEM compu-

tation at the angular frequency ωs, which constitutes a substantially computational
advantage compared to FFEM. The transfer function T k,cc(ωs) and the electric

potential ϕ
s,cc

(r) lead to the frequency spectrum X̃k,cc(r, ωs)

X̃k,cc(r, ωs) =
T k,cc
|T s,cc|

|ϕ
s,cc

(r)|
|Acc,FEM|

Xk . (3.51)

3.3.4 Voltage-controlled stimulation

Constant voltage DBS pulses are applied to the DBS electrode for voltage-controlled
stimulation, which results in the formation of an electric double layer at the electrode-
tissue-interface. Regarding the equivalent circuit in Figure 3.9 for current-controlled
stimulation, the ideal current source is replaced by an ideal voltage source and,
therefore, the CPE has to be considered for voltage-controlled stimulation. Accord-
ingly, the transfer function T k,vc is determined by applying the frequency-dependent
voltage divider rule and equation (3.46), resulting in the following expression:

T k,vc =

(
R−1
k,t + jωkCk,t

)−1(
R−1
k,t + jωkCk,t

)−1
+ Zk,CPE

=
1

1 +
(
R−1
k,t + jωkCk,t

)
Zk,CPE

=

(
1 +

(
1

Rk,t
+ jωkCk,t

)
K

Ae(jωk)β

)−1
(3.52)

where Avc,FEM is the voltage between the active stimulation electrode, which is set
to the constant potential V1 = Avc,FEM, and the ground electrode set to the constant
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3.3 Fourier finite element method with equivalent circuits (FFEMEC)

potential V0 = 0 V. With equation (3.48), it follows that the frequency spectrum of
the voltage response X̃k,vc(r) at a spatial point r in the volume conductor model is

X̃k,vc(r) =
T k,vc
|T k,vc|

|ϕ
k,vc

(r)|
|Avc,FEM|

Xk (3.53)

Instead of requiring 2N FEM computations for determining the impedance as well
as the field distribution for current-controlled stimulation with dispersive material
properties, the computation of the time-dependent voltage response with frequency-
dependent electrical properties of brain tissue for voltage-controlled stimulation
requires N FEM computations, which are as many as with FFEM. Again, the compu-
tational advantage of the proposed method is achieved, if the dispersive material
properties in the considered frequency range are approximated at a certain angu-
lar frequency ωs. The corresponding transfer function T k,vc(ωs) and the frequency

spectrum of the voltage response X̃k,vc(r, ωs) are:

T k,vc(ωs) =

(
1 +

(
1

Rs,t
+ jωkCs,t

)
K

Ae(jωk)β

)−1

(3.54)

X̃k,vc(r, ωs) =
T k,vc(ωs)

|T s,vc(ωs)|
|ϕ

s,vc
(r)|

|Avc,FEM|
Xk (3.55)

With the proposed method, the computation of the time-dependent voltage response
for voltage-controlled stimulation requires only one FEM computation, which is
necessary to obtain the impedance of the volume conductor model and its field
distribution with the EQS formulation for the frequency ωs.

For both stimulation types, the modified frequency spectrum of the DBS signal in
equation (3.51) and (3.55) is transformed back into the time-domain using an inverse
FFT to obtain the time-dependent voltage response at any point r in the proximity of
the stimulated target. With the proposed method it is possible to compute the time-
dependent voltage response in a volume conductor model of the human brain with a
substantially lower computational effort compared to the common FFEM. This fast
computation of the time-dependent voltage response allows for advanced simulations,
such as parameter studies, sensitivity analysis, and uncertainty quantification, which
otherwise would only be possible with a large computational effort using FFEM.
However, the computational advantage of FFEMEC is limited to the assumption of
non-dispersive material properties. Therefore, the validity of this assumption has to
be verified in the used volume conductor of the human brain and for the considered
brain tissue types.
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3 Aspects of volume conductor models of the human brain

3.4 Anisotropy of brain tissue

In contrast to isotropy, anisotropy refers to the directional dependence of a physical
property, e.g. the diffusion of water molecules or the electrical properties of biological
tissue. For example, a medium has an isotropic conductivity if the electric current
in the medium has the same direction as the applied electric field with no change in
its magnitude if the direction of the electric field is changed. In anisotropic medium,
direction and magnitude of the electric current may change according to an applied
electric field, which is not in the main direction of the anisotropy. Regarding the
diffusion of water molecules, brain tissue such as gray and white matter exhibit an
anisotropic behaviour [9]. Water molecules are in constant motion due to thermal
effects, called Brownian motion. The motion of the water molecules in tissue is
constrained by its microscopic structure, leading to a tendential diffusion along
the cells, reflecting the structure of the tissue, which influences the permittivity
and conductivity in different directions. Especially for fibre-like structures such
as axons in brain tissue, the diffusion of water molecules can deliver information
about their location and orientation, while in non-constrained fluids such as CSF the
diffusion is more random and uniform [28]. The anisotropic conductivity of brain
tissue results from the geometry of the neuronal fibres, comprising a small resistance
longitudinal and a large resistance transversal to the fibre. In general, this property
results in conductivity tensors with two similar eigenvalues denoting the transversal
conductivity κtrans and one larger eigenvalue denoting the longitudinal conductivity
κlong (Fig. 3.10). Since the capacitive membranes of axons are short-circuited at
high frequencies, anisotropy of the electrical properties of brain tissue will most likely
occur in the low frequency range of DBS [60]. In 2001, Tuch et al. investigated the
relation between the diffusion of water molecules and the ionic movement in brain
tissue. According to the authors, a linear relation between both properties can be
found, which allows to compute the anisotropic conductivity of brain tissue directly
from the anisotropic diffusion of the water molecules in the tissue. This anisotropic
diffusion in the brain tissue can be measured by diffusion tensor imaging, which is
based on the technique of MRI.

Figure 3.10: Schematic illustration of a neuronal fibre with the longitudinal conductivity
κlong and the transversal conductivity κtrans.
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3.4 Anisotropy of brain tissue

3.4.1 Diffusion tensor imaging

The following section is based on the description of diffusion tensor imaging (DTI) of
Chanraud et al. [28]. DTI is based on the technique of MRI, which generates maps
of the relaxation of hydrogen protons, the spin-echo, resulting from the alignment
of the protons in the applied homogeneous magnetic field of the MRI scanner. This
mapping is dependent on the immediate environment of the water protons restricting
their movement. The detection of this movement is carried out by using magnetic
fields, where the field strength is varied linearly in one direction by the application
of a magnetic field gradient. This inhomogeneous magnetic field results in a larger
movement of freely diffusing water molecules than for those, which are restricted by
physical boundaries. The characterisation of the orientation of the diffusion in the
three-dimensional space is then obtained by applying multiple field gradients with
different non-collinear orientations. The diffusion is quantified by subdividing the
brain into small cubes (voxels) and computing the diffusion tensor D

D =

D11 D12 D13

D21 D22 D23

D31 D32 D33

 (3.56)

which represents the magnitude and orientation of the diffusion, in each voxel. The
diffusion tensor can be mathematically described as a three-dimensional ellipsoid,
the eigenvectors and eigenvalues (d1, d2, d3) of which correspond to the orientation
and length of the semi-axes of the ellipsoid, respectively (Fig. 3.11). The largest
eigenvalue corresponds to the diffusion along an axon (longitudinal diffusivity), while
the smallest eigenvalue reflects the diffusion perpendicular to the membrane of
the axon (transversal diffusivity). The degree of anisotropy within a voxel can be

Figure 3.11: Examples of diffusion tensor ellipsoids estimated from the random movement
of water molecules for a free diffusivity (left), such as in water or CSF, a constrained, but
uniform diffusivity (centre), and a strongly non-uniform diffusivity (right), as in white
matter fibres. Image based on http://www.cabiatl.com/Resources/DTI/images/dti.

jpg, Access: 30.01.2013

43



3 Aspects of volume conductor models of the human brain

Figure 3.12: Diffusion tensor ellipsoids color-coded by their fractional anisotropy (FA) in
a coronary section of a DTI MRI scan of the human brain from the SRI24 multi-channel
brain atlas [104]. The ellipsoids are mainly non-uniform and of large FA in the white
matter fibre tracts, whereas in ventricular CSF, the diffusivity is more uniform with
small FA.

measured by the fractional anisotropy (FA) [9]

FA =

√
1

2

√
(d1 − d2)2 + (d2 − d3)2 + (d3 − d1)2√

d2
1 + d2

2 + d2
3

(3.57)

which is zero if d1 = d2 = d3 in the case of free diffusion, such as in water. If
one eigenvalue is substantially larger than the other two eigenvalues, the FA value
approaches 1. Therefore, a voxel with a FA value close to 1 characterises a highly
anisotropic area, while a voxel with a FA value close to 0 refers to an almost isotropic
area (Fig. 3.12).

3.4.2 Conductivity tensor computation

Tuch et al. [126] described a linear relation between the diffusion of water molecules
and the ionic motion in brain tissue. This relation was confirmed in an in vitro
study, in which the conductivity and diffusivity of an anisotropic silk yarn model
was measured [95]. Exploiting this linear relation, the anisotropic conductivity,
described by the conductivity tensor κ, can be derived from the diffusion tensor D
by multiplying it with a scaling factor s

κ = sD . (3.58)
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3.5 Generation of an anatomical brain model

Different methods are proposed in literature to determine the scaling factor s, which
include but are not limited to: (1) averaging the diffusion tensor data using least-
squares method [106], (2) using an predefined anisotropy ratio of 1:10 for white
matter [79, 69], (3) using an empirical value [126], and (4) mapping the volume
of each isotropic conductivity tensor on the corresponding anisotropic conductivity
tensor [63]. The latter approach can be used if the isotropic conductivity of the tissue
in the voxel is known. The scaling factor s can then be computed by normalizing the
volume of the diffusion tensor ellipsoid and scaling it with the isotropic conductivity
in the voxel. The resulting conductivity tensor eigenvalues are then determined by

κi =
κiso

3
√
d1d2d3

di (3.59)

The average anisotropy ratio Ra in a voxel is computed by determining the quotient
of the longitudinal conductivity and the geometrical mean value of the transversal
conductivities. Assuming without loss of generality that κ1 is the largest eigenvalue,
the average anisotropy ratio Ra is determined by

Ra =
κ1√
κ2κ3

, κ1 ≥ κ2, κ1 ≥ κ3 (3.60)

3.4.3 Limitations of diffusion tensor imaging

Although DTI can provide structural information of the brain by measuring the
magnitude and orientation of the diffusion of water molecules, the method is limited
by its resolution. According to Grimnes and Martinsen [60], heterogeneity of biolog-
ical tissue exists at different levels ranging from the macroscopic structures such
as white matter and gray matter regions, to microscopic structures such as axons
and even smaller cell components. While the microscopic structure of axons and
other brain tissue compartments is in the nm - µm range, the resolution of currently
available DTI remains in the mm range, resulting in a common voxel size of 1− 3
mm3. Therefore, DTI does not provide the structural information of single axons,
but of the summation of the diffusion within one voxel, resulting in only an averaged
anisotropy value within each voxel [60]. In addition, DTI is sensitive to fibre crossing
in which no predominant orientation exists. This could result in a lower FA, which
is not necessarily corresponding to a reduced anisotropy within the voxel.

3.5 Generation of an anatomical brain model

Based on the previous considerations on the bio-electrical conditions for the compu-
tation of the time-dependent voltage response in a volume conductor model using
FFEMEC, an anatomical brain model was generated. The motivation of the genera-
tion of a full brain model incorporating the heterogeneity and anisotropy of brain
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3 Aspects of volume conductor models of the human brain

tissue instead of using a simplified, e.g. cuboid or spherical, volume conductor model
is due to the influence of the geometry of the model on the voltage response and VTA
as described in section 2.3.2 as well as allowing for the application of patient-specific
data in further studies, since patient-specific modelling is a crucial component of
predicting the neural activation in volume conductor models of DBS. To provide
the time-dependent voltage response in the proximity of the stimulated target for an
applied DBS pulse, an anatomical volume conductor model of the human brain incor-
porating tissue heterogeneity and anisotropy was generated using MRI and DTI data
from the SRI24 multi-channel brain atlas. The generation of a volume conductor
model of the human brain constitutes a modelling problem on a multi-scale. While
the overall dimension of the human brain is in the range between 11 cm and 16 cm
[104], the height of the electrode contacts and the surrounding encapsulation layer,
which results from the tissue-implant reaction, are in a range between 0.2 mm and
1.5 mm.

3.5.1 The SRI24 multi-channel brain atlas

The SRI24 multi-channel brain atlas is a digital standard atlas of the human brain
based on MRI data. It was developed by Rohlfing et al. [104]. The atlas comprises
averaged MRI and DTI data as well as tissue segmentations of gray matter, white
matter and CSF of 24 normal human subjects of an age between 19 and 83 years.
This data allowed for the investigation of the neural activation and voltage response
in this thesis on a ”normal” brain, averaging possible patient-specific characteristics,
which otherwise may have occurred if only the data of one patient had been used.
According to Rohlfing et al. [104], the imaging was performed using a 3T MRI
scanner. DTI data was obtained by measuring the diffusion in 30 non-collinear
directions. The MRI and DTI data of each subject was registered non-rigidly and
then registered to a reference coordinate by an affine and nonrigid transformation.
Finally, the co-registered image data of all subjects as well as the tissue probability
maps obtained for each subject were averaged. Based on the tissue probability maps,
the MRI data was segmented into gray matter, white matter and CSF. The averaged
MRI and DTI data have an isotropic voxel size of 1 mm3.

Location of the stimulated target and electrode orientation

One preferred target for DBS is the STN. Since the STN is a small brain nucleus and
almost not visible on the standard T1-weighted MRI images, the determination of the
location of the STN is rather challenging. Therefore, the location of the (left) STN in
the SRI24 multi-channel brain atlas was determined by comparing the MRI data in
3D Slicer [39] with sections of the standard brain atlas by Kretschmann and Weinrich
[74] by using the ventricles, the anterior commissure, and the optic tract as landmarks.
To avoid complications during the surgery, the DBS electrode is implanted not
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3.5 Generation of an anatomical brain model

Figure 3.13: Location of the left (L) and right (R) STN in the MRIs of the SRI24 multi-
channel brain atlas overlaid with a projection of the DBS electrode. Section views: axial
(left), coronary (center), sagittal (right).

directly from top of the head, but under certain spherical angles. These angles were
derived from CT data of a patient who underwent DBS surgery at the University
Medicine Greifswald, Department of Neurosurgery (private communication with Dr.
A. Müller). The resulting information was used to determine the location of the
left and right STN as well as the trajectory of the DBS electrode in the MRIs (Fig.
3.13).

3.5.2 Geometry generation and physical boundary
conditions

Since the time-dependent voltage response is especially of interest in the proxim-
ity of the stimulated target area, which is situated in the deep brain, an accurate
representation of the time-dependent voltage response close to the skull was not
required. Apart from that, it is necessary to obtain a realistic spatial dimension
and representation of the biological tissue in the model to obtain an accurate model
impedance [132]. Therefore, the exterior geometry of the brain model was idealised
by an ellipsoid, overall dimension of which was derived from the MRI data of the
SRI24 multi-channel brain atlas by visually fitting the ellipsoid’s semi-axes on the
brain geometry with 3D Slicer [39]. The semi-axes of the ellipsoid were determined
to be 64 mm transversally, 81 mm longitudinally, and 55 mm sagittally. The added
up volume of the idealised brain is about 1200 cm3, which is in the range of average
brain volumes [105]. A realistic representation of the geometry of the Medtronic
DBS electrode 3387 was generated and positioned at the stimulated target with the
second electrode contact located in the target centre (Fig. 3.14). Since the STN
constitutes a small target area, the Medtronic DBS electrode model 3389 with a
smaller spacing between the electrode contacts would be more suitable in clinical
practise. Nevertheless, both electrodes are used for STN DBS in clinical practise
[34, 73]. The DBS electrode model 3387 is used in several in silico studies, which

47
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Figure 3.14: Coronary section of the magnetic resonance image and the idealised brain
model with the implanted electrode lead. The four electrode contacts and the active
second electrode contact are highlighted in gray and dark gray, respectively. The STN is
illustrated according to the image data by Kretschmann and Weinrich [74]

conclude among others Butson and McIntyre [21], Grant and Lowery [57], and Yousif
and Liu [142]. For comparison of the obtained results with other in silico studies,
the DBS electrode model 3387 was used in this thesis. For the investigation of the
voltage response and VTA, only unilateral stimulation with the left STN as target
area was modelled. In clinical practise, also bilateral stimulation of both STNs is
used [85].

To reduce the model complexity, the electrode geometry was subtracted from the
brain model. Boundary conditions representing perfect conductors and insulators
were applied to the surface of the active and grounded electrode contacts and of
the insulation of the electrode, respectively. Since the electrode materials comprise
platinum-iridium for the electrode contacts and urethane for the insulation, these
idealised boundary conditions provide a reasonable approximation of their electri-
cal properties [21]. Inactive electrode contacts, which are not connected to the
neurostimulator and which are, therefore, devoid of a net current flow through their
surface, were represented by a floating potential boundary condition. The exterior
boundary of the idealised brain model was insulated. Bipolar and unipolar electrode
configurations were modelled by setting the appropriate boundary conditions at
the active electrode contacts and ground. In the bipolar mode, the first electrode
contact was grounded, whereas in the unipolar mode, the ground was formed by a
plane circle with a radius of 22 mm at the bottom of the model. To incorporate the
tissue-implant reaction, an encapsulation layer with a thickness of 0.2 mm surrounds
the electrode lead [142]. Since the focus of the studies was on the time-dependent
voltage response and the VTA in the proximity of the stimulated target, a region of
interest (ROI) in the form of a cuboid incorporating a refined mesh was implemented
to increase the mesh density around the stimulated target (Fig. 3.15). The size of the
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Figure 3.15: Domain geometries of the idealised brain model, the implemented electrode,
and the region of interest (ROI) in Comsol Multiphysics� . The unit of the values is set
to mm.

ROI is determined by computing the maximum relative error between the voltage
distribution of a fully heterogeneous brain model without a ROI and a homogeneous
brain model incorporating a heterogeneous ROI [109], as carried out in section 5.1.

3.5.3 Incorporation of electrical tissue properties and tissue
anisotropy

The electrical tissue properties of gray matter, white matter and CSF were incorpo-
rated into the brain model by using the spatial information of the segmented MRI
data of the SRI24 multi-channel brain atlas and the Cole-Cole equations derived
from the data of Gabriel et al. [46]. The electrical properties of the encapsulation
layer vary over time, from an acute phase immediately after the surgery to a chronic
phase after some weeks, resulting from cell growth in this layer [58]. Therefore, the
electrical properties of the encapsulation layer are adjusted using literature data
[21, 142], depending on whether the acute or chronic phase should be modelled.

The anisotropic conductivity of gray matter and white matter were computed by
using the spatial information of the segmented MRI data to identify the tissue type
at each node of the brain model and scaling the accordingly normalised diffusion
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NRRD00X
<field>: <desc>
# <comment>
...
<key>:=<value>
# <comment>

<data>

Table 3.3: General format of a NRRD file [124].

tensor derived from the DTI data with the electrical properties of the respective
tissue type as described in section 3.4.2. The image data is available in the NRRD
format, which allows to store the three-dimensional raster data of the MRI and DTI
data sets including additional information. Data files in the NRRD format consist
of the raw data and a header comprising the version number, fields, such as the
data type, coordinate system, and the encoding of the data, and keys, including
information about the dimension, size, spacing, and orientation of the data (Table
3.3). The NRRD file can be split in separate files for the header and the raw data
using the open source software package 3D Slicer [39]. The MRI and DTI data from
the SRI24 multi-channel brain atlas are oriented in a clinical right-anterior-posterior
(RAS) coordinate system, which means that the data are aligned from left to right
(x-axis), back to front (y-axis), and bottom to up (z-axis). In this coordinate system
the anatomical x-axis and y-axis are numerically descending. To incorporate the
brain atlas data into the volume conductor model generated with the FEM toolbox
Comsol Multiphysics� , a right-handed coordinate system with ascending axes for
the processing of the data is required. Therefore, the image data was preprocessed
in MATLAB®by transforming the global coordinate system, which describes the
alignment of the voxels, as well as the local coordinate system of each diffusion
tensor to the appropriate coordinate system of Comsol Multiphysics� (Fig. 3.16).
Since only mirroring transformations are used, the NRRD data is required to be in
a non-rotated coordinate system. A set of MATLAB® functions were created to
cover the orientation transformation for further patient-specific data sets in future
studies. The data aligned in a hexahedral grid was mapped onto the tetrahedral
finite element mesh by using a nearest neighbour function. Due to the idealization
of the spatial dimension of the human brain by an ellipsoid, certain regions close to
the exterior boundary of the brain model are not covered by the MRI and DTI data
and were set to the isotropic electrical properties of CSF.
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3.6 Computation of the volume of tissue activated

Figure 3.16: Flowchart of the pre-processing of the MRI and DTI data of the digital
brain atlas for the incorporation in the volume conductor model by applying the software
packages 3D Slicer(green), MATLAB® (blue), and Comsol Multiphysics� (red).

3.6 Computation of the volume of tissue activated

The volume of tissue activated (VTA) was computed using the generalised mam-
malian axon model by McIntyre et al. [82] described in section 2.3.1. The STN axons
are modelled with a fibre diameter of 5.7 µm similar to previous simulation studies
[57, 83, 142]. The model comprises 21 nodes of Ranvier, at which the time-dependent
extracellular potential of the volume conductor model is used as an input parameter
for the computation of the membrane potential of the axon. To achieve a spatial map
of the activation pattern, a set of these axon models are arranged perpendicular to an
intersection of the volume conductor model including the electrode body, which was
set to the coronary plane [21]. The axons are arranged in the rectangular grid with
an equidistant spacing of 0.5 mm parallel and perpendicular to the electrode body
(Fig. 3.17). On each node of Ranvier of each axon, the time-dependent extracellular
potential is determined from the time-dependent voltage response of the volume
conductor model for a stimulation amplitude of Avc = 1 V for voltage-controlled
stimulation and Acc = 1 mA for current-controlled stimulation. For each axon the
minimum stimulation amplitude necessary to elicit an action potential in the axon
is determined by using Brent’s optimisation method for the time-dependent voltage
response at each node multiplied with a scaling factor. It is mentioned again that
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Figure 3.17: Arrangement of the axon model in an intersection of the volume conductor
model including the electrode body of the Medtronic electrode Mo. 3387. The axon grid
is centered to the second electrode contact.

the linear scaling of the time-dependent voltage response in the volume conductor
model is applicable due to the linear properties of the FEM solution. For a certain
stimulation amplitude Avc for voltage-controlled stimulation and Acc for current-
controlled stimulation, in each row (perpendicular line to the electrode body) of the
axon grid, the distance at which the axons are still activated is determined by a
linear interpolation of the threshold-distance relation in this row. These interpolation
points are used to determine a curve fA,iso(y), using the least-squares method, which
corresponds to the isoline of activation for the set stimulation amplitude (Fig. 3.18).
The VTA is computed by revolving the isoline fA,iso(y) around the electrode body
with the disk integration method and subtracting the enclosed electrode body:

VTA = π

b∫
a

f 2
A,iso(y) dy (3.61)

with the limits of the integral determined by the roots a and b of the isoline with an
offset of the electrode radius. The computation of the VTA is limited by two major
assumptions: Firstly, it is assumed that all axons in the axon grid have the same
properties, such as diameter, number of nodes of Ranvier, internodal spacing, and
orientation. Secondly, by only computing the activation pattern in one intersection of
the volume conductor model, it is assumed that the field distribution in the proximity
of the stimulation electrode contact is similar to that in each intersection around the
electrode body.

The computation of the membrane potential in each axon is carried out with
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Figure 3.18: In each row (perpendicular line to the electrode body) of the axon grid, the
distance of activation to the electrode is interpolated. These interpolation points are
used to determine an isoline of activation using the least-squares method.

NEURON (ver. 7.2), which solves the governing differential system of equations
with backward Euler implicit integration [67]. The computation of the VTA is
automatised using a Python script developed in cooperation with Peadar Grant from
the University College Dublin, Dublin, IE. This Python script includes the NEURON
functionalities and computes the minimum stimulation amplitude necessary to elicit
an action potential for each axon as well as the disk integration to obtain the VTA.
To allow for a parallel computation of the stimulation amplitudes in the axon grid,
the script is parallelized using the message passing interface (MPI) standard.
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4 Uncertainty quantification by the
polynomial chaos technique

Volume conductor models of the human brain, as described in section 2.3.2, are a
crucial component for the realistic modelling of the mechanisms of action of DBS.
Current models comprise heterogeneous and anisotropic tissue properties as well as
bio-electrical effects at the electrode-tissue-interface and the inflammatory response
of the body tissue to the implanted electrode [29]. Despite their complexity due
to the incorporation of several input parameters such realistic brain models are
based only on one deterministic set of parameters and, therefore, do not consider
uncertainty in these parameters. This uncertainty leads to not only one deterministic
solution, but to a probabilistic solution. One major goal of this thesis is to quantify
the influence of the uncertainty in the electrical properties of brain tissue on the
time-dependent voltage response as well as neural activation in the proximity of
the stimulated target. The results could suggest sensitive parameters of volume
conductor models of the human brain and their influence on the voltage response,
neural activation and other desired quantities. In addition, the method could be
used in software tools for planning and surgery of DBS to make the physician aware
of the uncertainty in the actual neural activation in the target area. This chapter
comprises a brief description of available methods for uncertainty quantification (UQ)
in computational models and focuses on the non-intrusive projection approach based
on the polynomial chaos technique to quantify the influence of uncertainty in the
parameters of the brain model on the time-dependent voltage response as well as
VTA.

4.1 Overview of available methods for uncertainty

quantification

Uncertainty quantification (UQ) describes the investigation of the solution of a
mathematical model in dependence of the uncertainty in its parameters. The solution
of a mathematical model becomes probabilistic if the parameters are subject to
uncertainty or the mathematical model itself has probabilistic properties. This thesis
focuses on the investigation of the probabilistic time-dependent voltage-response and
VTA of the generated volume conductor model of the human brain for uncertainty
in its parameters. The corresponding stochastic methods have in common that
they recast the original deterministic system as a stochastic system [138]. These
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4 Uncertainty quantification by the polynomial chaos technique

Figure 4.1: Scheme of the Monte Carlo simulation (MCS). The deterministic model is
computed for a sequence of N samples obtained from the probabilistic model parameter
X, resulting in N samples of the probabilistic solution Z of the model.

stochastic methods for uncertainty quantification in engineering can be classified into
non-probability and probability sampling methods. While non-probability sampling
methods use deterministic samples, probability sampling methods are based on
generating independent random samples of the probabilistic model parameters.

The most widely used non-probability sampling methods are perturbation methods,
where the probabilistic quantities are expanded around their mean values via Taylor
series and are incorporated into the system of equations of the mathematical model.
This system of equations becomes extremely complicated for higher order expansions,
resulting in a truncation of the Taylor series at first or second order terms [51]. This
restriction limits the magnitude of uncertainties for the model parameters as well
as the solution to a value of typically less than 10 % [138]. A famous probability
sampling method is Monte Carlo simulation (MCS). For each generated sample
of a probabilistic parameter X, the mathematical model is fixed and deterministic.
The computation of the deterministic solution for each sample results in a set of
solutions from which the probabilistic properties of the solution Z can be derived
(Fig. 4.1) [138]. One probabilistic quantity of interest is the mean value E[Z] of the
probabilistic solution Z, which can be estimated by

Ẽ[Z] =
1

N

N∑
i=1

Z
(
X(i)

)
(4.1)

where X(i) is the i−th sample of the probabilistic model parameters. The mean
value E[Z] can be found most likely in the 95 % confidence interval[

Ẽ[Z]− 1.96σZ√
N

, Ẽ[Z] +
1.96σZ√

N

]
(4.2)

where σZ is the standard deviation of the probabilistic solution Z [31]. The relation
in equation (4.2) implies that the absolute error of the mean value E[Z] converges
with 1/

√
N for N generated samples, which can result in a large number of samples

and, therefore, executions of the deterministic model to obtain a sufficiently accurate
result [40]. In general, to increase the solution accuracy by one digit, about 100 times
more executions of the deterministic model are required [138]. By its definition, the
total computational cost of the method depends directly on the computational cost
of one execution of the deterministic model. Therefore, MCS is not applicable for
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computationally expensive deterministic models, such as volume conductor models
of the human brain with up to several millions of unknowns. Apart from that, the
convergence of MCS does not depend on the number of independent probabilistic
parameters, which makes the method highly applicable for volume counting and
integration in multi-dimensional spaces [40]. Beside the standard MCS, several
techniques such as latin hypercube sampling and quasi Monte Carlo sampling exist
to accelerate the convergence [138]. However, these techniques are limited in appli-
cation and can only reduce the computational expense to a certain level. A similar
approach is the worst-case scenario described by Babus̆ka et al. [4], in which the
uncertainty interval of the quantity of interest is determined for a prescribed uncer-
tainty interval of the model parameters. However, this approach does not specify
the probability distribution of the uncertain parameters and does not allow for an
estimation of the mean value and higher order moments of the quantity of interest.

The polynomial chaos (PC) technique approximates the probabilistic properties of
the model solution by a series expansion in a basis of orthogonal polynomials. The
probability density function of the model solution and further statistical quantities
are obtained by applying N independent samples to its polynomial expansion similar
to MCS. Therefore, the PC technique can be assigned to the probability sampling
methods. The difference to MCS is that the deterministic model is replaced by a
surrogate model, which is represented by the multi-variate polynomial expansion of
the model solution. The computation of the coefficients of this polynomial expansion
requires numerical techniques such as the application of multi-dimensional cubature.
Instead of solving the deterministic model for each sample, as it is the case for MCS,
the model needs only to be executed at the nodes of the multi-dimensional cubature,
the number of which depends on the number of independent parameters. For a suffi-
ciently small number of parameters, the PC technique can provide a computationally
efficient framework for the approximation of the probabilistic properties of the model
solution. A detailed description of the PC technique, its implementation as well as
insights into the multi-dimensional cubature will be given in the following sections
4.2, 4.2.3, and 4.3.

4.2 Polynomial chaos technique

The polynomial chaos (PC) technique was first introduced by Ghanem and Spanos
[51] for solving several engineering related problems including FEM. The authors
used Hermite polynomials to generate the multi-variate basis, which originates from
the work of Wiener [136], who used these polynomials to decompose Gaussian stochas-
tic processes. Contrary to the common physical meaning of chaos as the sensitive
dependence of a dynamical system on small changes in its initial conditions [119], the
term polynomial chaos refers to the dependence of the polynomial basis on random
variables. The method was introduced with the basis generated out of Hermite
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polynomials, but is not restricted to them. Xiu and Karniadakis [139] introduced a
generalization of the classical PC technique, which uses different types of orthogonal
polynomials to generate the basis for the polynomial expansion, allowing for a better
convergence for non-Gaussian distributed parameters. For simplicity reasons, the
term polynomial chaos (PC) in this thesis stands for the generalised PC technique
and estimations of the mean and standard deviation of a probabilistic quantity are
denoted by µ and σ.

4.2.1 Generation of the polynomial basis

By incorporating mutually independent probabilistic model parameters X1, . . . , XM

with known probability density functions (PDFs) fX,1, . . . , fX,M with finite variance
in a deterministic mathematical model, the model is recast as a stochastic system
resulting in a probabilistic solution Z. Results from Xiu [138] allow to expand the
probabilistic quantity Z with finite moments in a series of multi-variate orthogonal
polynomials ψ(ξ)

Z =
∞∑
i=0

ciψi(ξ) (4.3)

where ξ = (ξ1, . . . , ξM) is a multi-variate random variable with prescribed PDF fξ
and mutually independent components with finite variance. The orthogonality of
the multi-variate polynomials ψi(ξ) is defined by the use of an inner product 〈., .〉,
which is in the uni-variate case for the uni-variate polynomial hi(ξ) with degree i
given by

〈hi(ξ), hj(ξ)〉 =

∫
I

hi(x)hj(x)w(x) dx = γiδij (4.4)

where I is the support range of the uni-variate basis polynomial, w(x) the corre-
sponding weight function, γi a non-zero constant, and

δij =

{
1 i = j

0 i 6= j
(4.5)

the Kronecker delta. Regarding the random variable ξ, the expectation of a function
g(ξ) is defined by

E[g(ξ)] =

∞∫
−∞

g(x)fξ(x) dx (4.6)

where E[·] denotes the mathematical expectation [122]. Observing the inner product
equation (4.4) and the mathematical expectation equation (4.6), an optimal set of
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Distribution PDF fξ(x) Polynomial w(x) I

Normal 1√
2π
e

−x2
2 Hermite e

−x2
2 [−∞,∞]

Uniform 1
2

Legendre 1 [−1, 1]

Beta (1−x)α(1+x)β

2α+β+1B(α+1,β+1)
Jacobi (1− x)α(1 + x)β [−1, 1]

Exponential e−x Laguerre e−x [0,∞]

Gamma xαe−x

Γ(α+1)

Generalised
Laguerre

xαe−x [0,∞]

Table 4.1: Overview on different standard continuous PDFs fξ(x) and the corresponding
optimal uni-variate orthogonal basis polynomial including its weight function w(x) and
support range I. Since the integral of the PDF fξ(x) over its support range is required
to be one, the weight function w(x) varies from the PDF by a constant factor. Table
taken from Eldred et al. [36].

orthogonal basis functions can be obtained by considering a set of functions, for which
the weight function w(x) of the inner product and the support range correspond
to the PDFs fξ(x) of the random variable ξ (Table 4.1) [138]. In the multi-variate
case, the inner product in equation (4.4) becomes a multi-dimensional integral. The
requirement on the model parameters X1, . . . , XM to be independent allows for a
decoupling of the multi-dimensional integrals into the product of one-dimensional
integrals and, therefore, into the generation of the multi-variate basis polynomials
ψ(ξ) out of the product of the uni-variate basis polynomials hi(ξj) and j = 1, . . . ,M
[36]. To address the one-dimensional degree of each basis polynomial, a multi-index
α

α = (α1, . . . , αM), αj ∈ N0, j = 1, . . . ,M (4.7)

is introduced. According to Xiu [138], the multi-variate basis polynomial ψα(ξ) is
then determined by

ψα(ξ) =
M∏
j=1

hαj(ξj) (4.8)

with a total degree p

p ≥ ||α||1 =
M∑
j=1

|αj| . (4.9)
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Box sample α multi-variate basis polynomial ψα(ξ)

(0, 0, 2, 0) h2(ξ3)

(1, 0, 1, 0) h1(ξ1) · h1(ξ3)

Figure 4.2: Example of generating the multi-index α for a PC with the systematic
sequence suggested by Sudret and Der Kiureghian [121]. The number of empty boxes
between two neighbouring balls and the exterior boundaries of the box determines the
multi-index α and, therefore, the multi-variate basis polynomial ψα(ξ).

where ||α||1 is the 1-norm of the multi-index α. The generation of the complete set
of multi-variate basis functions of the PC denoted by PMp with the maximal total
degree p and dimension M for the random variables ξ1, . . . , ξM can be obtained by
generating a sequence of α which covers all possible combinations for the condition
in equation (4.9). Based on this condition, the span of PMp is the linear space
of all polynomials of maximal degree p in M random variables [138]. Sudret and
Der Kiureghian [121] suggested a systematic construction of the sequence of α by
solving the problem of distributing (M − 1) balls into (M + q − 1) boxes for each
degree q = 1, . . . , p. Their suggested algorithm will be described in the following
passage.

The equivalence between the distribution of (M−1) balls into (M+q−1) boxes and
the values of α = (α1, . . . , αM) is given by the definition that each value of αj with
j = 1, . . . ,M corresponds to the number of empty boxes between two neighbouring
balls as well as the exterior boundaries of the box (Fig. 4.2). In addition, only one
ball is allowed to be positioned in each box. For a certain degree q with 1 ≤ q ≤ p,
the sequence of α is generated as follows:

1. Start with q = 1.

2. In the initial state, all (M − 1) balls are positioned in the leftmost spaces of
the (M + q − 1) boxes, which corresponds to α = (0, . . . , 0, q).

3. The next state is reached by shifting the rightmost ball one space to the right.
If this shift is not possible, the next rightmost ball is chosen and shifted one
space to the right with all remaining balls right to it positioned in its right
neighbouring spaces.

4. If all balls are positioned in the rightmost spaces, q is increased by one. If q is
not larger than p, the algorithm continues at step 2 and stops otherwise.

This algorithm prescribes a certain order of the sequence of α resulting in a single
index i (Fig. 4.3). The single index i is obtained by introducing the notation i := α(i),
which assigns the i−th multi-index α(i) to the single index i. The polynomial basis
function ψ0(ξ) is the product of the uni-variate polynomials h0(ξj) of degree zero with
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Index i Box sample α multi-variate basis polynomial ψα(ξ)

1 (0, 0, 1) h1(ξ3)

2 (0, 1, 0) h1(ξ2)

3 (1, 0, 0) h1(ξ1)

4 (0, 0, 2) h2(ξ3)

5 (0, 1, 1) h1(ξ2) · h1(ξ3)

6 (0, 2, 0) h2(ξ2)

7 (1, 0, 1) h1(ξ1) · h1(ξ3)

8 (1, 1, 0) h1(ξ1) · h1(ξ2)

9 (2, 0, 0) h2(ξ1)

Figure 4.3: Example of the generation of the sequence of the multi-index α for a dimension
of M = 3 and a degree of q = 1 and q = 2. The first three multi-indices are generated
for q = 1 and the remaining multi-indices for q = 2. The algorithm by Sudret and
Der Kiureghian [121] results in a unique order of the sequence represented by the single
index i.

j = 1, . . . ,M . Therefore, ψ0(ξ) can be determined to be one. By using the single
index i and including the first polynomial basis function ψ0(ξ) = 1, a unique order
for the multi-variate basis polynomial ψi(ξ) in equation (4.3) is defined. According
to Xiu [138], for a certain degree p and dimension M , the basis polynomials ψi(ξ)
form a complete orthogonal set of functions denoted by the polynomial basis PMp .
The number of basis polynomials P can be determined by

P + 1 =

p∑
q=0

(
M + q − 1

q

)
=

(
M + p

p

)
. (4.10)

In practice, the expansion of the model solution Z in equation (4.3) is truncated for
a certain degree p, resulting in an approximation Z̃ of the probabilistic properties
of the model solution Z expanded into the polynomial basis PMp :

Z ≈ Z̃ =
P∑
i=0

ciψi(ξ) (4.11)

Following the results of Xiu [138], the approximation of Z in equation (4.11) can
be applied to classical approximation theory, resulting in the best approximation
Z̃ with the elements of the space PMp . A detailed mathematical description of the
application of the PC technique to classical approximation theory would be beyond
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the scope of this thesis. A thorough investigation of this topic can be found in Xiu
[138] as well as in Malliavin and Thalmaier [80] and Ghanem and Spanos [51].

4.2.2 Numerical evaluation of the expansion coefficients

Practical engineering problems generally result in complex mathematical models for
which an analytic solution does not exist or is only available for certain problem
cases. Since the computation of the coefficients ci for i = 0, 1, . . . , P in equation
(4.11) is based on the solution of the mathematical model, numerical techniques
are required to compute these coefficients. These techniques can be classified into
intrusive methods, in which the PC is incorporated into the deterministic code result-
ing in a probabilistic mathematical formulation of it, as well as into non-intrusive
methods, in which the deterministic code remains unchanged [122].

The stochastic Galerkin approach is a common intrusive method, which is based
on the Galerkin method to minimize the error by Galerkin projection [138]. By
introducing random parameters, the system matrix resulting from Galerkin projec-
tion as well as the solution vector become random quantities and are expanded onto
a finite-order polynomial chaos expansion [122]. This expansion results in a set
of coupled deterministic equations, which can take complicated forms and require
additional effort to solve [138]. Therefore, using the stochastic Galerkin approach
requires to rewrite an already established code.

Contrary to an intrusive method, a non-intrusive method does not require a change
on the deterministic code, but uses it as some kind of a ”black-box”. The coefficients
of the truncated expansion in equation (4.11) are computed either by utilizing inter-
polation in the stochastic collocation method or integration in the projection method.
The collocation method was introduced by Webster et al. [134] and is based on a
least square minimization of the discrepancy between the probabilistic parameters
X1, . . . , XM and their truncated approximations X̃1, . . . , X̃M on prescribed nodes
defined by the probabilistic parameters [122]. These nodes are generally chosen
as roots of the used orthogonal polynomial type. The least square minimization
leads to a linear system, from which the expansion coefficients can be derived by
repetitive execution of the deterministic code [138]. The projection approach, also
known as non-intrusive Galerkin projection, projects the truncated model solution
Z̃ in equation (4.11) against each polynomial basis function ψi(ξ) for i = 0, 1, . . . , P ,
using the multi-variate inner product and exploiting the orthogonality of the basis
polynomials [36]. Each projection results in a multi-dimensional integral which is
evaluated numerically, using multi-dimensional cubature. The deterministic model
has to be executed repetitively on the nodes of the chosen multi-dimensional cubature
rule, which can be generated using a simple tensor grid approach as well as sparse
grid techniques based on the work by Smolyak [118]. Because of the non-intrusive
property of the projection approach allowing for the usage of already available finite
element tool boxes and the application of multi-dimensional cubature rules, the
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non-intrusive projection approach was implemented in this thesis to investigate the
influence of uncertainty in the model parameters of a volume conductor model of the
human brain on the probabilistic voltage response as well as the VTA, as described
in detail in the following section.

4.2.3 Non-intrusive projection approach

In the non-intrusive projection approach of the PC technique, the coefficients ci of
the expanded probabilistic model solution Z̃(ξ) in equation (4.11), which is truncated
at a number P of polynomial basis functions ψi(ξ), are computed by projecting Z̃
against each polynomial basis function ψj(ξ) for j = 0, 1, . . . , P . Using the bilinear
property of the inner product in equation (4.4), the projection of Z̃ against each
polynomial basis function ψj(ξ) is given by

〈
Z̃(ξ), ψj(ξ)

〉
=

〈
P∑
0

ciψi(ξ), ψj(ξ)

〉
= 〈c0ψ0(ξ), ψj(ξ)〉+ 〈c1ψ1(ξ), ψj(ξ)〉+ . . .+ 〈cPψP (ξ), ψj(ξ)〉
= c0 〈ψ0(ξ), ψj(ξ)〉+ c1 〈ψ1(ξ), ψj(ξ)〉+ . . .+ cP 〈ψP (ξ), ψj(ξ)〉

=
P∑
i=0

ci 〈ψi(ξ), ψj(ξ)〉 .

(4.12)
Since the multi-variate polynomial basis functions ψi(ξ) with the multi-index α(i) =

(α
(i)
1 , . . . , α

(i)
M ) are orthogonal, the application of equation (4.4) and equation (4.8)

leads to the inner product of ψi(ξ) with ψj(ξ)

〈ψi(ξ), ψj(ξ)〉 = γ
α
(i)
1
· · · γ

α
(i)
P
δij (4.13)

for the i−th and j-th multi-variate polynomial basis function. The orthogonal
property of the multi-variate polynomial basis function applied to equation (4.12)
results in 〈

Z̃(ξ), ψj(ξ)
〉

= cj 〈ψj(ξ), ψj(ξ)〉 (4.14)

from which the coefficients cj for j = 0, 1, . . . , P can be determined by

cj =

〈
Z̃(ξ), ψj(ξ)

〉
〈ψj(ξ), ψj(ξ)〉

. (4.15)

While the denominator can be evaluated analytically by equation (4.13), the nomina-
tor requires further consideration. Since the probabilistic properties of the truncated
model solution Z̃ depend on the probabilistic model parameters X1, . . . , XM of the
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deterministic model, a transformation Ti has to be defined, which maps the random
variables ξ1, . . . , ξM onto the probabilistic parameters X1, . . . , XM [77]. This trans-
formation Ti is expressed by

Xi = Ti(ξi) = G−1
Xi

(Fξi(ξi)), i = 1, . . . ,M (4.16)

where GXi is the cumulative distribution function (CDF) of the probabilistic parame-
ter Xi and Fξi is the CDF of the random variable ξi, The transformation Ti(ξi) exists
if the CDF GXi of the random parameter Xi is continuous and strictly monotonically
increasing. The application of the transformation on the probabilistic parameters
X1, . . . , XM on the nominator of equation (4.15) results in the expression〈

Z̃(ξ), ψj(ξ)
〉

=

∫
IM

Z̃(X1(x1), . . . , XM(xM)) · ψj(x1, . . . , xM)·

· w1(x1) · · ·wM(xM) dx1 · · · dxM

(4.17)

where IM is the multi-dimensional support range of the uni-variate basis polynomial
functions in Table 4.1 [36]. The computation of the coefficients ci in equation (4.15)
of the truncated expansion of the probabilistic model solution Z requires a numerical
evaluation of equation (4.17) by, for example, multi-dimensional cubature. Applying
a multi-dimensional cubature, the deterministic mathematical model is required to
be repetitively executed to compute the model solution Z(X1(t1,k), . . . , XM(tM,k)) at
the nodes tk = (t1,k, . . . , tM,k) of the used cubature rule. The described non-intrusive
projection approach can be summarised in the following scheme (Fig. 4.4):

1. Transform the probabilistic model parameters Xi on the chosen random vari-
ables ξi for i = 1, . . . ,M .

2. Generate the nodes tk = (t1,k, . . . , tM,k) of the chosen multi-dimensional cuba-
ture rule and determine the model parameters Xi(ti,k) at these nodes, which
results in a list of non-probability samples of the model parameters Xi.

3. Repetitively solve the deterministic mathematical model for each non-probabil-
ity sample of the model parameters Xi to determine Z(X1(t1,k), . . . , XM(tM,k)).

4. Compute the coefficients cj for the generated PC basis up to a total degree p
for j = 0, 1, . . . , P .

5. Use MCS to apply probability samples of ξ1, . . . , ξM on the truncated expansion
of the model solution Z to obtain the probabilistic properties of Z̃.

Comparing the scheme of the non-intrusive projection approach in Figure 4.4 with
common MCS in Figure 4.1, it is evident that the truncated expansion of the model
solution Z constitutes a surrogate model of the deterministic mathematical model.

64



4.2 Polynomial chaos technique

Figure 4.4: Scheme of the non-intrusive projection approach. The deterministic model
is used to compute the coefficients of the polynomial approximation of Z on which the
probability samples of X are applied using MCS.

Therefore, the application of probability samples on this model using MCS can be
carried out in post-processing, using the non-intrusive projection approach. Depend-
ing on the number of probabilistic parameters Xi and the chosen multi-dimensional
cubature rule, the number of deterministic model evaluations and, therefore, the
computational effort can be much smaller than for MCS [77]. The major advantage
of the non-intrusive projection approach relies on using the deterministic model
as some kind of a ”black-box” by not requiring any adaption of the deterministic
code. Furthermore, its mathematical formulation accounts for non-linearities as well
[92]. These properties allow for a fast application to various deterministic models
and, therefore, makes it an attractive technique for many problem-types in engineer-
ing. Although the approach accounts for non-linearities in the mathematical model,
the convergence of the probabilistic properties of the expanded model solution Z
depends on the smoothness in its functional dependencies on the model parameters
X1, . . . , XM [138]. Therefore, non-linearities and discontinuities can limit the appli-
cation of the non-intrusive projection approach.

As described in section 2.4, literature data on the parameters of volume conductor
models of the human brain is scarce, which exacerbates the determination of the
probabilistic properties of these parameters out of a review of the available literature.
In this case, one approach is to determine the upper and lower boundaries of this
model parameter and assuming a uniform probability distribution, which accounts
for the lack of information on the probabilistic properties of the parameter. To
account for the modelling of the probabilistic parameters with restricted intervals,
the PC is generated on standard uniformly distributed random variables ξ1, . . . , ξM
in the support range I = [−1, 1]. An additional advantage of choosing uniformly
distributed random variables with a support range in I = [−1, 1] is the application
of efficient cubature rules defined on this support range, which will be described in
section 4.3. According to table 4.1, the optimal choice of polynomial basis functions
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for uniformly distributed random variables are Legendre polynomials. The genera-
tion of the series expansion and the generation of the multi-variate polynomial basis
functions using Legendre polynomials will be described in detail in the following
section.

Series expansion by Legendre polynomials

The mutually independent and standard uniformly distributed random variables
ξ1, . . . , ξM for M probabilistic model parameters X1, . . . , XM all have the same
prescribed PDF

fξ(x) =

{
1
2
−1 < x < 1

0 else
(4.18)

and CDF

Fξ(x) =


0 x ≤ −1
x+1

2
−1 < x ≤ 1

1 x > 1

(4.19)

in the support range I = [−1, 1]. According to equation (4.4) and equation (4.6) as
well as Table 4.1, Legendre polynomials are the optimal choice for the generation
of the multi-variate polynomial basis PMp , because their weight function w(x) = 1
corresponds to the PDF fξ(x) = 1

2
in the same support range I = [−1, 1] except

a constant factor. According to Funaro [44], the Legendre polynomials Lk(x) for
k ∈ N0 are a subset of Jacobi polynomials with α = β = 0 and can be derived from
the differential equation

(1− x2)
∂2Lk(x)

∂x2
− 2x

∂Lk(x)

∂x
+ k(k + 1)Lk(x) = 0 (4.20)

with the conditions

Lk(1) = 1, Lk(−1) = (−1)k, L0(x) = 1, L1(x) = x . (4.21)

The Legendre polynomials Lk(x) with degree k can be generated using Bonnet’s
recursion formula

Lk+1(x) =
2k + 1

k + 1
xLk(x)− k

k + 1
Lk−1(x)

⇒ Lk(x) =
2k − 1

k
xLk−1(x)− k − 1

k
Lk−2(x), k ≥ 2 .

(4.22)
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Figure 4.5: Illustration of the first five Legendre polynomials L0(x), L1(x), . . . L4(x) in
the support range I = [−1, 1].

Regarding this formula, the first five Legendre polynomials L0(x), L1(x), . . . , L4(x)
in the support range [−1, 1] can be determined to be (Fig. 4.5):

L0(x) = 1, L1(x) = x, L2(x) =
1

2
(3x2 − 1),

L3(x) =
1

2
(5x3 − 3x), L4(x) =

1

8
(35x4 − 30x2 + 3)

(4.23)

Because of the mutually stochastical independence of the parameters X1, . . . , XM ,
the multi-variate basis polynomials ψi(ξ) for i = 0, 1, . . . , P for the polynomial basis
PMp in equation (4.11) can be generated by the product of the uni-variate Legendre
polynomials Lk(x) using equation (4.8). This polynomial basis PMp includes the
multi-variate basis polynomials up to a maximal total degree p. Using equation (4.4)
and the orthogonality of the Legendre polynomials, the inner product of Li(x) and
Lj(x) is

〈Li(x), Lj(x)〉 =
1

2i+ 1
δij . (4.24)

Therefore, the denominator in the coefficients equation (4.15) can be determined by
the multi-variate inner product (4.13) to be

〈ψi(ξ), ψj(ξ)〉 =
M∏
k=1

1

2α
(i)
k + 1

δij (4.25)
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where α
(i)
k is the k−th component of the multi-index α(i) for the i−th polynomial

basis function ψi(ξ).

Uniformly and non-uniformly distributed model parameters

As described in section 4.2.3, the chosen random variables ξ1, . . . , ξM with standard
uniform distributions Fξi(x) ∈ U [−1, 1] for i = 1, . . . ,M have to be mapped on the
probabilistic model parameters X1, . . . , XM . If the prescribed CDFs of the model
parameter Xi is as well a uniform distribution Gi(x) ∈ U [ai, bi] with lower and upper
boundaries ai and bi, the CDF GXi(x) is

GXi(x) =


0 x ≤ ai

(x− ai)(bi − ai)−1 ai < x ≤ bi

1 x > bi

(4.26)

Since the CDF GXi exists and is strictly monotonically increasing in the support
range I = [ai, bi], the inverse CDF G−1

Xi
exists and is

G−1
Xi

(y) = y(bi − ai) + ai (4.27)

with y ∈ [0, 1]. Using the equation for the CDF FXi (4.19) and equation (4.16),
the transformation Ti linearly scales the random variable ξi and determines the
probabilistic model parameter Xi:

Xi = G−1
Xi

(Fξi(ξi)) = Fξi(ξi)(bi − ai) + ai =
ξi + 1

2
(bi − ai) + ai

=
bi − ai

2
ξi +

bi + ai
2

(4.28)

with ξi ∈ U [−1, 1] and Xi ∈ U [ai, bi].
For probabilistic model parameters Xi with a non-uniform distribution, a uni-

variate polynomial expansion of the model parameterXi on the Legendre polynomials
Lk(x) for k = 0, 1, . . . , Pin can be used to obtain a truncated approximation X̃i:

Xi ≈ X̃i =

Pin∑
k=0

ckLk(ξi) (4.29)

Analogous to equation (4.15), the coefficients ck can be determined by the projection
of equation (4.29) against each basis polynomial Lk(x) for k = 0, 1, . . . , Pin. Using
the transformation (4.16), the equation for the coefficients ck results in

ck =
1

〈Lk, Lk〉

1∫
−1

G−1
Xi

(Fξi(x))Lk(x) dx . (4.30)

While the denominator of equation (4.30) can be determined by equation (4.24),
the computation of the nominator generally requires the application of numerical
quadrature [122].
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4.3 Multi-dimensional cubature

The computation of the coefficients in equation (4.30) and (4.15) requires the eval-
uation of one-dimensional and multi-dimensional integrals, respectively. In general,
the solution of these integrals cannot be obtained analytically, as mentioned in
section 4.2.2. Therefore, the integrals in equation (4.30) and (4.15) require a
numerical evaluation by a one-dimensional quadrature or multi-dimensional cubature,
which is based on a one-dimensional quadrature rule, respectively. Therefore, the
domain Ω ⊆ [−1, 1]M comprising the support range I = [−1, 1] of each independent
random variable ξ1, . . . , ξM is discretised into a number of nodes tk = (t1,k, . . . , tM,k)
with corresponding weights w1,k, . . . , wM,k derived from the chosen one-dimensional
quadrature rule. According to equation (4.17), the model solution Z is computed by
executing the deterministic model with the model parameters X1(t1,k), . . . , XM(tM,k)
fixed at the values of the cubature node tk. Since the support range of the random
variables ξ1, . . . , ξM as well as the Legendre polynomials Lk is I = [−1, 1], all quadra-
ture rules applicable to a restricted support range could be used. Because of the
property to generate ”nested” quadrature nodes, the Clenshaw-Curtis rule is used
as the basic one-dimensional quadrature rule in this thesis.

4.3.1 One-dimensional Clenshaw-Curtis rule

A one-dimensional quadrature rule constitutes a numerical integration method to
compute an approximated numerical solution to a definite integral

b∫
a

f(x) dx (4.31)

where the approximated numerical solution is obtained by the one-dimensional
quadrature rule Q

(1)
n :

Q(1)
n f =

n∑
k=1

f(tk)wk (4.32)

where n is the number of quadrature nodes tk and weights wk [115]. To allow for
a reuse of already computed function values f(tk) at the n quadrature nodes tk
for applying finer grid resolutions (larger number of quadrature nodes) as well as
allowing for a fast convergence analysis (smaller number of quadrature nodes) the
quadrature nodes of the one-dimensional quadrature rule should be ”nested”. This
property means that for a number of nodes nnew with nnew > n or nnew < n, the
already computed function values f(tk) at the n quadrature nodes tk with recomputed
weights w1, . . . , wnew can be reused.
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4 Uncertainty quantification by the polynomial chaos technique

Figure 4.6: Illustration of the nested nodes, i. e. Chebyshev points, of the Clenshaw-
Curtis rule for the levels 1 to 4. The reused points of the previous level are shown as
solid circles.

This property is fulfilled by the Clenshaw-Curtis rule, if the number of quadrature
nodes n corresponds to

n := n(l) =

{
2l + 1, l ∈ N
1, l = 0

(4.33)

where l is denoted as the grid level (Fig. 4.6). The nodes of the Clenshaw-Curtis
rule are determined by the extrema of the n−th Chebyshev polynomial Cn(t)

Cn(t) = cos(n arccos(t)), t ∈ [−1, 1] (4.34)

at n equidistant points in [−1, 1]. According to Trefethen [125], the nodes tk of the
Clenshaw-Curtis rule, with k being the index of the n equidistant points, can be
expressed by

tk = cos

(
k − 1

n− 1
π

)
, k = 1, . . . , n . (4.35)

For a number n of quadrature nodes, as described in equation (4.33), the nodes tk
of the Clenshaw-Curtis rule are nested (Table 4.2). For the implementation of the
Clenshaw-Curtis rule, the nodes and weights of the rule were determined by a FFT
based on the results of [133]. The Clenshaw-Curtis rule with n + 1 nodes exactly
integrates polynomials up to a degree n. This is below the optimal degree of 2n+ 1

70



4.3 Multi-dimensional cubature

Level l Number of nodes n Clenshaw-Curtis nodes tk

0 1 0
1 3 −1, 0, 1
2 5 −1,−0.707, 0, 0.707, 1

Table 4.2: Nodes of the Clenshaw-Curtis rule for different grid levels l. The value of the
nodes was rounded to 3-digit accuracy.

as reached with Gaussian quadrature using the roots of the Legendre polynomial
Ln+1(x). However, following the results of Trefethen [125], the Clenshaw-Curtis
rule and Gaussian quadrature can have in practice a similar accuracy for the same
number of nodes. In addition, the nodes of the Gaussian quadrature are not nested.
The similar convergence behaviour of both methods and the property to generate
nested quadrature points makes the Clenshaw-Curtis rule an important technique
for efficient multi-dimensional cubature and will be used as basic quadrature rule
for the generation of the multi-dimensional cubature rules described in the sections
4.3.2 and 4.3.3.

4.3.2 Multi-dimensional tensor grids

The general procedure of expanding the one-dimensional Clenshaw-Curtis rule onto a
multi-dimensional domain is to generate a grid including every possible combination
of the one-dimensional nodes for the multi-dimensional cubature, which is also known
as a tensor grid. A multi-dimensional cubature Q

(M)
N on a tensor grid based on the

one-dimensional quadrature Q
(1)
n in equation (4.32) can be obtained by forming the

tensor product

Q
(M)
N = Q(1)

n ⊗ · · · ⊗Q(1)
n (4.36)

with the number of tensor grid nodes N . The cubature Q
(M)
N of a multi-dimensional

definite integral of a function f(x) with X = (X1, . . . , XM) is

Q
(M)
N f =

n1∑
k1

· · ·
nM∑
kM

f(t1,k, . . . , tM,k)w1,k · · ·wM,k (4.37)

with the multi-dimensional cubature nodes tk = (t1,k, . . . , tM,k) and the weights
Wk = w1,k · · ·wM,k [36]. The product of the sums in equation (4.37) can be rewritten
as

Q
(M)
N f =

N∑
k1

f(t1,k, . . . , tM,k)w1,k · · ·wM,k . (4.38)
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Figure 4.7: Example of a two-dimensional tensor grid with 289 nodes based on the one-
dimensional Clenshaw-Curtis rule with l = 4 (n = 17).

M 1 2 3 4 5 6

l = 1 3 9 27 81 243 729
l = 2 5 25 125 625 3,125 15,625
l = 3 9 81 729 6,561 59,049 531,441
l = 4 17 289 4,913 83,521 ≈ 1.4 · 106 ≈ 24 · 106

Table 4.3: Nodes of multi-dimensional tensor grids depending on the level l of the one-
dimensional Clenshaw-Curtis rule.

If each one-dimensional quadrature rule has the same number n of quadrature nodes,
the number of cubature nodes is N = nM (Fig. 4.7). Using equation (4.38), the
numerical evaluation of the nominator equation (4.17) of the coefficients ck of the
polynomial expansion of the model solution Z can be obtained by

〈Z(ξ), ψj(ξ)〉 ≈
nM∑
k

Z (X1 (t1,k) , . . . , XM (tM,k)) · ψj (tk) ·Wk . (4.39)

According to Table 4.1, the weight function of Legendre polynomials Lk(x) is one and,
therefore, has not to be considered in equation (4.39). Despite the easy implementa-
tion of the tensor grid cubature for the computation of the coefficients ck in equation
(4.15), it has one major disadvantage. Since the number of cubature nodes N and,
therefore, the number of required executions of the mathematical deterministic model
grows exponentially with the number M of multi-variate parameters, it is only effi-
ciently applicable for a small number M of multi-variate parameters X1, . . . , XM .
(Table 4.3). This phenomenon is also known as the ”curse of dimensionality” and
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was introduced by Bellman [12].

4.3.3 Multi-dimensional sparse grids

The efficient computation of the coefficients of the polynomial approximation of
the quantity Z using tensor grids is limited by the ”curse of dimensionality”. As
described in section 4.2.1, the model parameters X1, . . . , XM are mutually inde-
pendent. Therefore, assuming that each model parameter Xi can be represented
by polynomials of a maximal degree p, only multi-variate polynomial basis func-
tions with a maximal total degree p are required to represent the model parameters
X1, . . . , XM . However, the cubature nodes of a tensor grid cover all basis polynomials
with a maximal degree p in each variable, resulting in a maximal total degree pM

of the multi-variate polynomial basis, which includes a large amount of ”unneeded”
cubature nodes. Here it is the idea to use only these cubature nodes that are required
for an exact integration of the polynomial basis functions.

Sparse grids were introduced by Smolyak [118] and are based on a sparse combi-
nation of tensor products which only consider a subset of the tensor grid nodes. The
description of the sparse grid generation in this section follows the results of Nobile
et al. [93], which are adapted to the previously used notations for multi-indices and
quadrature rules.

The sparse combination of the tensor products for a level L and a number M of
mutually independent probabilistic parameters Xi is determined from the Smolyak
equation S(L,M)

S(L,M) =

NS∑
j=1

(∆
β
(j)
1
⊗ · · · ⊗∆

β
(j)
M

) (4.40)

where NS is the number of combined tensor products comprising the difference
operator ∆l,i for i = 1, . . . ,M . This difference operator subtracts the one-dimensional

quadrature rule Q
(1)
n(l) of level l − 1 from that of level l:

∆l := Q
(1)
n(l) −Q

(1)
n(l−1) (4.41)

Similar to the multi-index α in equation (4.7), which represented the degree αi of the
multi-variate polynomial basis function ψ(ξ) in each random variable ξ = (ξ1, . . . , ξM)
with ||α||1 ≤ p, the multi-index β

β = (β1, . . . , βM), βi ∈ N0, i = 1, . . . ,M (4.42)

with

||β||1 =
M∑
i=1

|βi| ≤ L (4.43)
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4 Uncertainty quantification by the polynomial chaos technique

Figure 4.8: Comparison of a two-dimensional level 4 tensor grid with 289 nodes (left)
and a two-dimensional level 4 sparse grid S(4, 2) with 65 nodes (right) based on the
one-dimensional Clenshaw-Curtis rule with l = 4 (n = 17).

M 1 2 3 4 5 6

L = 1 3 5 7 9 11 13
L = 2 5 13 25 41 61 85
L = 3 9 29 69 137 241 389
L = 4 17 65 177 401 801 1,457

Table 4.4: Nodes of multi-dimensional sparse grids depending on the level L and the
dimension M for using a nested quadrature rule.

represents the corresponding grid level β
(j)
i of the j− th tensor grid in equation (4.40)

in each random variable ξ1, . . . , ξM . From the similarity of the multi-index α with
the multi-index β it is evident that the Smolyak sparse grids constitute an optimal
choice for the numerical cubature on polynomial expansions in the polynomial basis
PMp . To avoid the computation of the difference operator, Nobile et al. [93] specified
a rewritten but mathematically identical version of the Smolyak equation (4.40):

S(L,M) =

ÑS∑
j=1

(−1)H(L,M,β̃(j))
(

M − 1

H
(
L,M, β̃(j)

))(Q(1)

n
(
β̃
(j)
1

) ⊗ · · · ⊗Q(1)

n(β̃
(j)
M )

)
(4.44)

where the function H is given by

H
(
L,M, β̃(j)

)
= L+M − ||β̃(j)||1 (4.45)

and the modified multi-index β̃ is determined by the condition

L−M + 1 ≤ ||β̃||1 ≤ L . (4.46)
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Figure 4.9: Example of the generation of the nodes of a level L = 3 and dimension M = 2
Smolyak sparse grid S(3, 2) by combination of the sparse tensor products denoted by

(β
(j)
1 , β

(j)
2 ) for j = 1, . . . , NS̃ .

Due to different conditions of the multi-index β and the modified multi-index β̃,
the number of tensor products NS and ÑS of the corresponding Smolyak equations
(4.40) and (4.44) are not equal. Besides using only a combination of tensor products,
which corresponds to the chosen polynomial basis PMp , the major advantage of the
sparse Smolyak grids originates from using a one-dimensional quadrature rule with
nested quadrature points, such as the Clenshaw-Curtis-rule described in 4.3.1. In
this case, certain nodes occur multiple times when applying the rule to the Smolyak
equation (4.44), which requires only to recompute the corresponding weights, but no
additional nodes have to be added to the sparse grid. These two properties of the
sparse Smolyak grid substantially reduce the number of cubature nodes compared
to a corresponding tensor grid (Fig. 4.8). The fraction of ”saved” nodes to the total
number of nodes in the tensor grid increases with growing level L and dimension
M of the sparse Smolyak grid S(L,M), which reduces the ”curse of dimensionality”
occurring for tensor grids (Table 4.4). The algorithm for the generation of these
sparse grids can be described by the following steps (Fig. 4.9):

1. Generate the multi-index sequence β̃(i) with the condition (4.46) based on
the algorithm for the generation of the multi-index sequence α(i) of the multi-
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dimensional orthogonal basis functions ψi(ξ) described in section 4.2.1.

2. Compute the nodes tk and the weights Wk of the tensor products of the one-
dimensional quadrature rule based on the indices β̃

(i)
j for j = 1, . . . ,M .

3. Assemble the nodes tk and weights Wk of the tensor products by using the
Smolyak equation (4.44).

4. Solve the nominator equation (4.39) for the NS̃ cubature nodes of the sparse
Smolyak grid S(L,M).

The application of sparse grids is based on a quadrature rule with nested nodes and
allows for a computationally inexpensive investigation of the convergence in post-
processing, because the sparse grid S(L,M) contains the nodes of the sparse grids
S(1,M) to S(L − 1,M). Every sparse grid including the nodes for M parameters
X1, . . . , XM contains the nodes for each uni-variate parameter Xi as well. This
property allows for the investigation of the influence of uncertainty on the model
solution for a subset of these parameters, using the already computed solutions.
Therefore, a sensitivity analysis for each parameter and the combination of them
requires only the model solutions at the nodes of the S(L,M) sparse grid.

4.4 Implementation aspects

The PC technique as well as the multi-dimensional cubature based on tensor and
sparse Smolyak grids was implemented using MATLAB® , which allowed for the
application of certain already implemented code fragments. Since the advantage
of the non-intrusive projection approach is its application to various mathematical
deterministic models describing different engineering problems by using these models
as some kind of a ”black-box”, the aim was to allow for an easy and fast change
of the deterministic code. Therefore, several functions for the different parts of the
non-intrusive projection approach, which are, among others, the basis generation,
the polynomial evaluation, and the cubature grid generation, were implemented and
summarised in a MATLAB® library called QUNIPALM (Quantifying Uncertainties
using a Non-Intrusive Projection Approach Library for Matlab). The generation of
the Clenshaw-Curtis rule by using FFT was adapted from the results of Waldvogel
[133] and the Matlab implementation of von Winckel [131]. The implementation of
the algorithm for generating the multi-index sequence in equation (4.7) was adapted
from the results of Sudret et al. [122] and the implemented algorithm of Sudret, B
and Der Kiureghian, A [123].

The implementation of the non-intrusive projection approach can be categorised
in a pre-processing, a deterministic model computation, and a post-processing stage
(Fig. 4.10). The pre-processing is carried out in MATLAB® and comprises the
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Figure 4.10: Flowchart of the implementation of the non-intrusive projection
approach. The scheme is divided into pre-processing and post-processing stage with
MATLAB® (blue) as well as the computation of the deterministic model with Comsol
Multiphysics� (green) and the NEURON library for Python with MPI (red).

transformation of the model parameters X in the support range I of the chosen
polynomial basis, which is in case of Legendre polynomials the support range
I = [−1, 1]. This transformation is obtained by applying a linear transformation
for uniformly distributed model parameters and a polynomial expansion for non-
uniformly distributed model parameters. Based on the chosen cubature grid, which
can consist of a multi-dimensional tensor grid or a multi-dimensional sparse grid of
a certain level L, the parameter samples for the deterministic model are computed.
The time-dependent voltage response is computed for the model parameter samples,
including the solution of the volume conductor model with Comsol Multiphysics� and
the post-processing with MATLAB® . For the computation of the VTA samples,
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these time-dependent voltage response samples are used as parameters for the compu-
tation of the neural activation with the NEURON library for Python with MPI. The
post-processing in MATLAB® comprises the generation of the probability samples
using MCS and the polynomial expansion of the probabilistic time-dependent voltage
response and VTA, based on the computed samples.
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5 Results and discussion

This chapter comprises the results from own publications and additional studies
carried out in this thesis. Since an accurate computation of the distribution of the
electric potential and of the impedance of the volume conductor model of the human
brain described in section 3.5 is essential for the further studies, the mesh properties
of the volume conductor model as well as the solver accuracy are investigated. The
EQS formulation derived from Maxwell’s equations in section 3.1.1 is justified for
the generated human brain model and the proposed method for the fast computation
of the time-dependent voltage response is validated. To benefit from the computa-
tional advantage of FFEMEC over FFEM, a best single frequency approximation of
the dispersive human brain model is determined. This approximated brain model
is further used to carry out advanced computational studies, which comprise the
investigation of the influence of anisotropic conductivity, the electrode position, and
uncertainty in several model parameters on the time-dependent voltage response in
the proximity of the stimulated target and the resulting VTA. Based on the obtained
results, recommendations on the complexity and uncertainty in the parameters of
volume conductor models of the human brain for the simulation of DBS are derived.

5.1 Discretisation and solver aspects of the

volume conductor model

The computation of the time-dependent voltage response in the generated volume
conductor model of the human brain described in section 3.5 is carried out by
solving the discretised EQS formulation in equation (3.24) by FFEMEC described
in section 3.3. The generation of the finite element mesh plays a crucial role in the
accurate approximation of the EQS solution in the volume conductor model by FEM.
Especially in areas with large field gradients, a finer mesh is necessary to ensure
an accurate solution. Therefore, the required size of the ROI (Fig. 3.15), which
ensures a fine mesh in the proximity of the stimulated target, as well as the element
size in this region and at the electrode contacts were determined by computing the
sensitivity of the computed voltage distribution and total current in the volume
conductor model on a set of values of these parameters.
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5.1.1 Discretisation of the volume conductor model

Each of these parameter studies to obtain a robust and sufficiently refined mesh were
performed using the EQS formulation in equation (3.24) at a frequency of 1 kHz.
The electrode was operated in bipolar electrode configuration by setting a potential
of 1 V at the second electrode contact and using the first electrode contact as ground
(Fig. 2.3). The resulting FEM formulation with quadratically shaped basis functions
was generated and solved with the finite element toolbox Comsol Multiphysics� ,
using the generalized minimal residual method (GMRES) with a geometric multigrid
preconditioner with a relative tolerance of 1 · 10−6 if not mentioned otherwise.

The accuracy of the computation of the total current I in the volume conductor
model is an important factor of FFEMEC, since the equivalent circuit components
necessary for the computation of the time-dependent voltage response with this
method are derived from the total current I as described in section 3.3.2. The total
current I of the volume conductor model is computed with the finite element toolbox
Comsol Multiphysics� , using the reaction force operator reacf(). According to
the documentation of Comsol Multiphysics� , this operator allows for an accurate
computation of the current flow with FEM. To investigate the influence of the mesh
resolution at the electrode contacts of the incorporated Medtronic Mo. 3387 electrode
in the volume conductor model of the human brain on the computed total current
I, the mesh density at the electrode contacts is manually refined by controlling the
maximum element size of the triangular mesh at these surfaces. Since each electrode
contact has a height of 1.5 mm, the initial maximum element size was set to 0.8 mm
and was divided into halves in five parametric steps, resulting in a final value of
0.05 mm. A further refinement of the maximum element size at these surfaces was
limited by the automatic meshing algorithm of Comsol Multiphysics� . To ensure a
robust mesh, the maximum element size at the insulation of the electrode was set at
most to the double value of the maximum element size at the electrode contacts. The
maximum element size of the ROI with an edge length of 19 mm and the remaining
computational domain was set to 0.5 mm and 5 mm, respectively. The deviation
in the resulting total current I was determined by computing the relative error of
its absolute value and phase angle between the (k)-th and (k − 1)-th refinement
step (a posteriori). The results showed a decrease of this deviation with decreasing
maximum element size (Fig. 5.1), resulting in an asymptotic convergence with an
order of q ≈ 2 in dependence of the degrees of freedom, which is approximately
the order of the quadratic basis functions. Theoretical considerations on the error
analysis of the potential energy functional for adaptive mesh refinement suggests
a convergence order close to the maximum order of the chosen basis functions [3].
However, this is only an evidence for the observed convergence order, because the
convergence order of the total current I was investigated instead. The final maximum
element size at the electrode contacts was set to 0.1 mm, resulting in a relative error
of the absolute value and phase of the total current I of approximately 0.02 % and
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Figure 5.1: Relative error of the absolute value (blue) and phase (red) of the total current
I in the volume conductor model of the human brain, depending on the degrees of freedom
(ndof) at the chosen maximum element size at the surface of the electrode contacts. The
relative error is successively determined between the (k)−th and (k − 1)-th refinement
step up to a maximum element size of 0.05 mm.

0.01 % with respect to the values obtained for a maximum element size of 0.05 mm.
The voltage distribution in the proximity of the stimulated target is a crucial

factor for the computation of the time-dependent voltage response and VTA. The
accuracy of the voltage distribution is mainly influenced by the size of the ROI,
which has a refined mesh resolution compared to the rest of the human brain model.
Therefore, the influence of the size of the ROI on the accuracy of the computed voltage
distribution was investigated in a parameter study. The influence was quantified by
computing the maximum deviation of the voltage distribution in the ROI between the
human brain model and a partially heterogeneous brain model, where the segmented
tissue data of the digital brain atlas were only incorporated into the ROI, while the
rest of the tissue was assumed to consist of white matter. The deviation between the
resulting voltage distributions in both cases was computed for an edge length of the
ROI between 10 mm and 40 mm with a step size of 1 mm. According to the results
illustrated in Fig. 5.1, the maximum element size at the surface of the electrode
contacts and at the surface of the electrode insulation inside and outside the ROI
was set to 0.1 mm, 0.2 mm, and 0.3 mm, respectively. A maximum deviation of
the voltage distributions was found to be below 1 % for an edge length of the ROI
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Figure 5.2: Maximum relative error between the voltage distribution of the partially and
fully heterogeneous brain model, depending on the edge length of the ROI.

above 19 mm (Fig. 5.2). Therefore, this result allows for a computation of the time-
dependent voltage response for a bipolar electrode setup, using a reduced segmented
tissue data set, which covers the heterogeneous tissue properties in the proximity of
the stimulated target area. However, for a unipolar electrode setup the deviation of
the electric potential and the impedance between the reduced heterogeneous volume
conductor model and the completely heterogeneous volume conductor model was
determined to be about 4.7 % and up to 9.2 %, respectively, which suggests that for
a unipolar electrode setup a full incorporation of the segmented MRI data into the
volume conductor model is necessary to obtain a precise time-dependent voltage
response.

The major motivation for the incorporation of a ROI around the stimulated target
area with a refined mesh resolution was to reduce disconformities at tissue boundaries
occurring by the mapping of the hexahedral data mesh with a resolution of 1 mm in
each spatial dimension on the tetrahedral finite element mesh of the volume conductor
model. Therefore, the maximal element length inside the ROI was reduced to 0.5 mm,
which is half the length of the isotropic data voxels. The investigation of the mesh
conformity for the values of the FA, which is a marker for the anisotropy as described
in section 3.4, at each node of the tetrahedral mesh of the volume conductor model
showed a good agreement with the hexahedral mesh of the digital brain atlas data (Fig.
5.3). The final mesh was generated according to the results of the realised parametric
studies and resulted in a number of mesh elements of approximately 1.3 · 106 with
approximately 1.7 ·106 degrees of freedom for the application of quadratically shaped
basis functions.
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Figure 5.3: Fractional anisotropy (FA) computed for an axial section of the DTI hexahe-
dral data from the SRI24 multi-channel brain atlas (left) and for an axial section of the
tetrahedral mesh of the brain model with the DBS electrode (right).

5.1.2 Numerical solver considerations

Instead of computing a direct solution for the obtained degrees of freedom using a
memory-intensive direct solver, iterative solvers such as conjugate gradient method
(CG) and GMRES compute a sequence of approximate solutions for a given relative
tolerance. Using GMRES, which is implemented in Comsol Multiphysics� , with a
relative tolerance of 1 · 10−6 and a geometric multigrid preconditioner, a solution
of the system matrices was obtained in about 3 minutes on a workstation with
4 × 3.6 GHz processors with a memory consumption of approximately 7 GB for
approximately 1.7 million degrees of freedom. Since the EQS formulation results
in a symmetric and complex-valued system matrix, as described in section 3.2.1,
CG is not applicable and other methods such as conjugate orthogonal conjugate
gradient method (COCG) and Biconjugate gradient stabilized method (BiCGSTAB)
should be applied [30, 127]. From these methods, BiCGSTAB is implemented in
Comsol Multiphysics� . In comparison with GMRES, the solution with the same
relative tolerance was obtained with BiCGSTAB in approximately 3 minutes and
30 seconds. In general, both methods are appropriate for the solution of the system
matrix, but the convergence of BiCGSTAB may stagnate [127], which was noticed in
parametric sweeps of the electrical properties of brain tissue. In the numerical studies
carried out in this thesis, GMRES showed a more stable convergence. Despite the
larger memory consumption of GMRES compared to BiCGSTAB [127], GMRES was
favoured, since a stable convergence was required for the sensitivity analyses carried
out. Solving the system matrices using a direct solver in Comsol Multiphysics� ,
e.g. multifrontal massively parallel sparse direct solver (MUMPS), as for the two-
dimensional and circular-symmetric saline cylinder model described in section 5.2.2
resulted in a memory consumption of approximately 69 GB and a solution time
of 1 hour and 30 minutes on the same workstation. Comparing the computation
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5 Results and discussion

Figure 5.4: Relative error of the absolute value of the total current I of the volume
conductor model (blue) in dependence of the relative tolerance tol of the iterative solver
GMRES as well as the corresponding computation time (green) on a workstation with
4× 3.6 GHz processors. The relative error was computed a posteriori, i.e. between the
actual and the following refinement step. The red curve shows the linear fit of the relative
error with a convergence tolq with q ≈ 1.0997 for bipolar electrode configuration and
q ≈ 0.9971 for unipolar electrode configuration.

time and memory consumption of the direct solver with GMRES, it is evident that
a direct solver is no longer efficiently applicable for such problem sizes. However,
it has to be ensured that the chosen iterative solver converges for a given initial
approximation. Therefore, the influence of the relative tolerance of the iterative
solver on the computed total current I of the volume conductor model for bipolar as
well as unipolar electrode configuration was investigated by computing its a posteriori
relative error. Applying a linear fit to the relative error of the absolute value of the
total current |I| in dependence of the relative tolerance tol of the GMRES shows
a convergence behaviour of tolq of the relative error with q ≈ 1.0997 for bipolar
electrode configuration and q ≈ 0.9971 for unipolar electrode configuration, which,
in both cases, corresponds to an asymptotic convergence of approximately O(tol).
The results suggest that a relative tolerance of the GMRES solver of 1 · 10−6 is
sufficient to ensure a relative error in the computed total current I of approximately
1 · 10−5 % (Fig. 5.4).
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5.2 Fast computation of the time-dependent voltage response

5.2 Fast computation of the time-dependent

voltage response

The fast computation of the time-dependent voltage response with FFEMEC as
proposed in section 3.3 is based on several assumptions, such as the EQS formulation
of Maxwell’s equations and the validity of the representation of the volume conductor
model by equivalent circuits, which have to be verified. In this section, the results
from several studies aiming for the validation of the EQS formulation in human brain
models and the proposed method for the fast computation of the time-dependent
voltage response are presented. Since FFEMEC is only computationally superior to
FFEM for frequency-independent material properties, a best single frequency approx-
imation of the dispersive human brain model is determined for voltage-controlled and
current-controlled stimulation by comparing the time-dependent voltage response
and neural activation for a single frequency approximation of the human brain model
with those for a dispersive human brain model over a wide range of frequencies. The
computation of the volume conductor model is carried out using quadratically shaped
finite elements and the mesh parameters obtained in section 5.1.

5.2.1 Validity of the electro-quasistatic equation

In section 3.1.1 the simplifications of Maxwell’s equations for bio-electrical appli-
cations were determined to be the propagation effect (3.19), the inductive effect
(3.20), and the capacitive effect (3.22), which are based on the work of Plonsey and
Heppner [100]. These simplifications further lead to the EQS and QS formulation
in the equations (3.24) and (3.25), respectively, which depend on the conductivity
κ and the relative permittivity εr of biological tissue at a certain angular frequency
ω, and the spatial dimension r of the model. Since these parameters change for
every specific volume conductor model, the validity of neglection of these effects has
to be verified. As described in section 3.1.2, the electrical properties of biological
tissue are frequency-dependent. In addition, DBS pulses used in clinical practise
are square-wave shaped (Fig. 2.4) and consist of harmonic frequencies in the range
of Hz to several kHz [17]. Therefore, the conditions for the use of the EQS and
QS formulation have to be investigated not only for a single frequency, but also a
range of frequencies. In general, the brain tissue, especially in deep brain areas which
constitute the targets for DBS, consists of gray and white matter. In addition, several
parts, such as the ventricles, are filled with cerebrospinal fluid. Since the electrical
properties of cerebrospinal fluid show a comparatively small frequency-dependence
(Fig. 3.2), the investigation of a possible neglection of the effects characterised by
the equations (3.19), (3.20), and (3.22) is carried out for gray and white matter only.

The diameter of the stimulated target STN varies within the mm range and is
determined to be approximately 10−13 mm [75]. To ensure a precise computation of
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5 Results and discussion

Figure 5.5: Propagation effect ωr
c for a spatial dimension of r = 0.04m and a frequency

range of 10 Hz to 500 kHz considering the electrical properties of gray and white matter.

the voltage distribution in the proximity of the stimulated target by using the EQS
and QS formulation, the limit of the spatial dimension r, in which the neglection
of the effects is investigated, is set to 4 cm, which is substantially larger than the
STN diameter. The power spectrum Xk of the DBS pulses in the kHz range is small
compared to that in the low frequency range (Fig. 3.8). However, to get an estimate
of the worst case, frequencies from 10 Hz up to 500 kHz were used to investigate the
influence of the effects. Considering this frequency range, the maximal propagation
effect in the proximity of the stimulated target composed of gray and white matter is
approximately 2 · 10−4 rad at the frequency component of 130 Hz and approximately
2 · 10−2 rad for the frequency component of 500 kHz of the DBS pulse, and therefore
regarded to be negligible (Fig. 5.5). Since the inductive effect (3.20) is the square of
the propagation effect (3.19), it is also negligible considering the used parameters.

The capacitive effect in equation (3.22) plays a crucial role in the modelling of bio-
electrical applications, because the neglection of this condition determines whether
a real-valued QS formulation or a complex-valued EQS formulation is applicable.
Considering the same frequency range from 10 Hz to 500 kHz and the electrical prop-
erties of gray and white matter, the capacitive effect (3.22) suggests that an EQS
formulation would be appropriate, especially for low frequency components between
10 Hz and approximately 110 Hz. The capacitive effect had a maximal value of
approximately 0.87 for 14 Hz (Fig. 5.6). Common DBS pulses used in clinical prac-
tise have a stimulation frequency of 130− 180 Hz, which could in certain cases allow
for a neglection of the capacitive effect and, therefore, the use of the QS formulation
by only considering purely resistive tissue properties. Nevertheless, the capacitive
effect is shown to be the ”weakest” condition of the mentioned simplifications of
Maxwell’s equations for bio-electrical models of the brain. Therefore, the application
of the EQS formulation was preferred in the studies carried out in this thesis.
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5.2 Fast computation of the time-dependent voltage response

Figure 5.6: Capacitive effect ωε0εr
κ in a frequency range of 10Hz to 500 kHz for the elec-

trical properties of gray and white matter.

5.2.2 Validation of FFEMEC

The studies and results presented in the following section are based on the publica-
tion ”Single Frequency Approximation of Volume Conductor Models of Deep Brain
Stimulation Using Equivalent Circuits” [110] and have been extended to include the
validation for bipolar electrode configuration as well as the time-dependent voltage
response in a saline cylinder model for voltage-controlled stimulation.

To validate the proposed Fourier finite element method with equivalent circuits
(FFEMEC) described in section 3.3, the time-dependent voltage response in the prox-
imity of the stimulated target within the volume conductor model computed with
FFEMEC was compared with that computed with Fourier finite element method
(FFEM). The electrical properties of the brain tissue were taken from Gabriel et al.
[46] at a frequency of 1 kHz. As described in section 3.5.3, the electrical properties
of the encapsulation layer vary over time. To model the longterm effects of DBS, the
electrical properties of the encapsulation layer were modelled to resemble the chronic
phase by using the halved conductivity value of gray matter [21] and the relative
permittivity of brain tissue [142]. The DBS electrode was operated for unipolar
and bipolar electrode configuration mode [85]. The second electrode contact is used
for active stimulation and the ground electrode is allocated at the bottom of the
volume conductor model for unipolar mode and at the first electrode contact for
bipolar mode with a constant potential of V0 = 0 V (Fig. 3.15). The applied DBS
pulse was modelled in the time-domain according to equation (3.41) with a pulse
duration of dp = 60 µs, a frequency of f = 130 Hz and a current-controlled cathodic
amplitude of Acc = 1.5 mA. As described in section 3.3.1, a Fourier transform of
this pulse can result in overshooting if the Fourier components are truncated. To
investigate the influence of overshooting in the time-dependent voltage response as
well, a smoothed DBS pulse according to equation (3.42) with a slope coefficient of
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5 Results and discussion

Figure 5.7: Schematic illustration of a coronary section of the volume conductor model
and the investigated points of interest (red) positioned caudal from the active electrode
contact.

a = 1 · 106 was used, which corresponds to a cut-off frequency of 151 kHz (Fig. 3.7).
The time-dependent DBS pulses y(t) are transformed into the frequency-domain
using a FFT with a sampling rate of 1 MHz, resulting in the Fourier components
Xk with k = 1, . . . , N . According to the Nyquist-Shannon sampling theorem, a
sampling rate of 1 MHz results in frequency components Xk of up to 500 kHz. To
obtain the current-controlled transfer function T k,FFEM, a normal current density
boundary condition corresponding to a current amplitude Acc = 1.5 mA was applied
at the second electrode contact. The values of the electric potential ϕ

k̃
(r) at the

investigated spatial points r of the volume conductor model were determined for
the frequencies fk̃, with a number of 50 logarithmically distributed frequencies in
each decade, and interpolated linearly on k = 1, . . . , N . For the computation of the
time-dependent voltage response with FFEMEC, the resistance R1 kHz,t in (3.44) and
the capacitance C1 kHz,t in (3.45) were determined from the volume conductor model
using a constant potential at the second electrode contact of V1 = 1 V.

To verify the assumption of using only one transfer function in combination
with the electric potential at a spatial point r in the proximity of the stimulated
target to obtain the modified frequency spectrum X̃k(r, ωs) in equation (3.51) using
FFEMEC, the deviation of the normalised transfer functions was computed using
FFEM for spatial points r in a distance of 0.5 mm to 5 mm caudal from the active
electrode contact in a coronary section of the volume conductor model (Fig 5.7)1.

1Figure 5.7 is mirrored compared to Figure 3.13 because the x-axis is descending in the anatomical
coordinate system as described in section 3.5.3

88



5.2 Fast computation of the time-dependent voltage response

Figure 5.8: Deviation of the RMS value
of the normalised transfer function with
respect to the values at a distance of
0.5 mm from the active electrode contact
computed with FFEM.

Figure 5.9: Deviation of the RMS value
of the time-dependent voltage response
for a square-wave DBS pulse (circle data
points) and a smoothed DBS pulse (cross
data points) computed with FFEMEC
and FFEM.

The computation of the deviation between the root mean square (RMS) value of the
normalised transfer function at each investigated point r and its value at a distance
of 0.5 mm from the active electrode contact resulted in a value below 0.4 % for
unipolar electrode configuration and below 0.25 % for bipolar electrode configuration
(Fig 5.8). Therefore, the transfer function in the proximity of the stimulated target
can be considered to be constant for bipolar as well as unipolar electrode configu-
ration, which allows for a computation of the time-dependent voltage response in
this area by using only one transfer function. This result allowed for comparing the
time-dependent voltage responses obtained with FFEMEC and with FFEM. The
deviation of the RMS values of the time-dependent voltage response for a square-wave
DBS pulse computed with both methods remained between 0.52 % and 0.61 % for
unipolar electrode configuration and was below 0.25 % for bipolar electrode config-
uration (Fig. 5.9). A similar behaviour could be observed using smoothed DBS
pulses as stimulation signal. The larger deviation between FFEMEC and FFEM for
bipolar electrode configuration could be a result from cumulative numerical errors
of the total current I, which has to pass a larger area including a less homogeneous
material distribution of brain tissue to the ground electrode. Nevertheless, regarding
these maximal deviations in the time-dependent voltage response, its computation
with FFEMEC for bipolar as well as unipolar electrode configuration is in good
agreement with the time-dependent voltage response computed with the compu-
tationally expensive FFEM. The waveform shapes of the time-dependent voltage
response for unipolar electrode configuration resemble the time-dependent voltage
response for bipolar electrode configuration and only differ in their amplitude (Fig
5.10). A computational study, comparing the distribution of the electric potential in
the proximity of the stimulated target area, showed similar results for bipolar and
unipolar electrode configuration [85]. These results are an evidence that results in
further investigations of the time-dependent voltage response and neural activation
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5 Results and discussion

Figure 5.10: Time-dependent voltage response in 1 mm distance from the active electrode
contact computed with FFEM (blue) and the proposed method FFEMEC (green) for
unipolar as well as bipolar electrode configuration for a square-wave DBS pulse.

for both electrode configurations may be similar. Because of these results and since
unipolar electrode configuration is the typical configuration type in human DBS [85],
the studies in this thesis are solely carried out for unipolar electrode configuration.

Time-dependent voltage response in a saline cylinder model

Based on the study of Miocinovic et al. [87] the computation of the time-dependent
voltage response in a volume conductor model using FFEMEC for voltage-controlled
stimulation was carried out in a circular-symmetric model of a DBS electrode located
in a cylinder filled with saline (Fig. 5.11). Parameters for the electrical properties
of the medium and the electrical double layer were set according to the volume
conductor model of Grant [55], which was computed using FFEM. The circular-
symmetric model consists of 169, 654 mesh elements. Similar to the validation for
current-controlled stimulation, the FEM computations were carried out at a frequency

Figure 5.11: Experimental setup to measure the voltage response of a DBS pulse applied
to a DBS electrode in a cylinder filled with saline based on [87].
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5.2 Fast computation of the time-dependent voltage response

Figure 5.12: Voltage response of a voltage-controlled pulse in saline in 1mm distance from
the stimulating electrode obtained by FFEM (solid line). The black dotted line shows
the DBS pulse normalised to the maximum of the voltage waveform. Image courtesy
by Grant [55]. The image is overlayed by the time-dependent voltage response (scaled)
computed with FFEMEC shown as red dotted line.

of 1 kHz. The resulting system of linear equations (SLE) was solved using the direct
solver MUMPS. The time-dependent voltage response in a distance of 1 mm from
the active electrode contact computed with the proposed method was compared to
that computed by Grant [55] with FFEM and was found to be in good agreement
(Fig. 5.12).
The presented results for current-controlled as well as voltage-controlled stimulation
allow for a fast computation of the time-dependent voltage response for frequency-
independent electrical properties of brain tissue in the presented volume conductor
model of the human brain by executing at maximum two FEM computations. In
contrast, FFEM requires a large number of FEM computations [57]. Therefore, the
proposed method allows for more advanced computational studies, such as parameter
studies, to be carried out within a reasonable time frame.

5.2.3 Single frequency approximation of the dispersive
brain model

The studies and results presented in the following section are based on the publica-
tion ”Single Frequency Approximation of Volume Conductor Models of Deep Brain
Stimulation Using Equivalent Circuits” [110].

As described in section 3.1.2, the electrical properties of brain tissue are frequency-
dependent over a wide range of frequencies, including the investigated frequency
spectrum of the DBS pulse from 130 Hz to 500 kHz. The proposed method for the
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5 Results and discussion

Figure 5.13: Relative RMS error of the time-dependent voltage response for single
frequency approximations of the brain model between 130 Hz and 1.3 MHz with respect
to that for the dispersive brain model for a square-wave DBS pulse (blue) and a smoothed
DBS pulse (green).

DBS pulse Current-controlled stimulation Voltage-controlled stimulation

fbest [kHz] εRMS [%] fbest [kHz] εRMS [%]

square-wave 2.259 0.799 1.186 0.064

smoothed 2.157 0.399 1.241 0.078

Table 5.1: Best single frequency approximation and the corresponding RMS error with
respect to the dispersive brain model.

fast computation of the time-dependent voltage response is limited to the applica-
tion of frequency-independent material properties. However, using the proposed
FFEMEC, the time-dependent voltage response in the proximity of the stimulated
target can be obtained by executing a maximum of two FEM computations to
determine the transfer function as well as the spatial distribution of the electric
potential in the volume conductor model, which facilitates the comparison of the
single-frequency approximation with the dispersive solution of the volume conduc-
tor model across a wide range of frequencies within a reasonable time frame.
The deviation between a single-frequency approximation and the dispersive solution
of the volume conductor model is investigated by computing the time-dependent
voltage response as described in section 5.2.2 for the electrical properties of brain
tissue for each frequency fk̃ based on the data of Gabriel et al. [46]. In addition to
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5.2 Fast computation of the time-dependent voltage response

Figure 5.14: Time-dependent voltage response of the dispersive brain model (blue) and
best single frequency approximation (green) for a square-wave DBS pulse as well as the
best single frequency approximation for a smoothed DBS pulse (red).

the dispersive solution, the results provide the required parameters for determining
the time-dependent voltage response for each single-frequency approximation of the
volume conductor models at the frequencies fk̃. Computations of the best single
frequency approximation of the human brain model with FFEMEC were carried out
for voltage-controlled and current-controlled stimulation. Since the transfer function
was found to be almost constant at different spatial points r in the proximity of
the stimulated target (Fig. 5.8), the time-dependent voltage response for the single
frequency approximation and the dispersive solution of the brain model is investi-
gated at only one representative point in 1 mm distance from the active electrode
contact.

For voltage-controlled stimulation the best single frequency approximation was
found at a frequency of approximately 1.2 kHz with a RMS error of approximately
0.06 % for a square-wave DBS pulse and approximately 0.08 % for a smoothed DBS
pulse (Table 5.1). For current-controlled stimulation, the best single frequency
approximation was found at a slightly higher frequency of approximately 2.2 kHz
with a RMS error of approximately 0.8 % for a square-wave DBS pulse and 0.4 %
for a smoothed DBS pulse. Compared to the RMS errors for the voltage-controlled
stimulation, those for current-controlled stimulation are about one magnitude larger
and substantially increase in the lower and higher frequency range to approximately
58 % and 36 % for 130 Hz and 1.3 MHz, while the maximal RMS error for voltage-
controlled stimulation in this frequency range was approximately 5.1 % at 130 Hz
(Fig. 5.13). Despite the smaller slope of the time-dependent voltage response for a
smoothed DBS compared to a square-wave DBS pulse, no apparent difference exists
between both time-dependent voltage responses for voltage-controlled stimulation
at the best single frequency approximation (Fig. 5.14). Overshooting in the time-
dependent voltage response was only noticeable for current-controlled stimulation
with a magnitude of approximately 3 % for the square-wave DBS pulse, which results
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Figure 5.15: Best approximating frequency and corresponding relative RMS error of the
dispersive brain model for different pulse durations of a square-wave DBS pulse for
current-controlled (green) and voltage-controlled stimulation (blue).

from the truncation in the high frequency spectrum of the DBS pulse by the capaci-
tive filtering of the electrical properties of brain tissue. Since the frequency spectrum
of the smoothed DBS pulse is reduced (Fig 3.7), the truncation effect and, therefore,
the overshooting for the smoothed DBS pulse is smaller. The smaller RMS errors
and overshooting for voltage-controlled stimulation can be ascribed to the influence
of the constant phase element impedance, which reduces the capacitive filtering effect
of the electrical properties of brain tissue by the voltage divider rule used in equation
(3.52).

The best single frequency approximation of the brain model was computed for
a common DBS pulse with a pulse duration of dp = 60 µs. However, in clinical
practise different pulse durations are used as well. Medtronic, Inc [85] mentions a
range of pulse durations from 60µs to 120µs, at which the suppression of symptoms
should occur. Since the pulse duration changes the frequency spectrum Xk of the
DBS pulse, it may change the frequency of the best single frequency approxima-
tion of the brain model as well. To investigate the sensitivity of this frequency on
the pulse duration dp, square-wave DBS pulses in the mentioned pulse duration
range have been investigated with a step size of 10 µs. The frequency of the best
single frequency approximation of the human brain model monotonically decreased
from approximately 2.2 kHz to 1.4 kHz for current-controlled stimulation and slightly
increased from approximately 1.2 kHz to 1.3 kHz for voltage-controlled stimulation,
while the RMS error for both stimulation types remained below 0.8 % (Fig. 5.15).
Similar best approximating frequencies were obtained in a preliminary study of an
anatomical volume conductor model of the brain consisting of white matter [57].
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Influence on the volume of tissue activated

The best single frequency approximation of the human brain model resulted in a
change of the waveform shape of the time-dependent voltage response especially for
current-controlled stimulation (Fig. 5.14). To investigate the influence of this change
on the neural activation, the volume of tissue activated (VTA) was computed for
the best single frequency approximation and the dispersive human brain model for
square-wave and smoothed DBS pulses with a pulse duration of dp = 60 µs based
on the results in Table 5.1. The VTA was computed as described in section 3.6
using 100 axon models aligned in a 10 × 10 grid in a coronary plane of the brain
model caudal to the DBS electrode. The spacing between the axon models was
0.5 mm parallel and perpendicular to the DBS electrode (Fig. 3.17). The threshold
computations were carried out in parallel using MPI with a speedup of approximately
0.81 determined on a workstation with six physical Intel®Xeon cores @ 2.4 GHz
(Fig. 5.16). A linear fit with fourth order polynomials was applied to compute
the activation isoline in equation (3.61) from the threshold pattern obtained for a
stimulus amplitude of 1 V for voltage-controlled stimulation and 0.5 mA for current-
controlled stimulation (Fig. 5.17). The obtained threshold patterns were similar
to the threshold patterns computed for a volume conductor model of the human
brain by Butson and McIntyre [21]. The resulting VTA remained between 58.1 mm3

and 60.6 mm3 for voltage-controlled stimulation and 43.4 mm3 and 46.5 mm3 for
current-controlled stimulation (Table 5.2). The relative error of the VTA between
the best single frequency approximation and the dispersive solution of the human
brain model was below 0.3 % for voltage-controlled stimulation and 5.5 % for current-
controlled stimulation. Similar small deviations of the computed VTA between a
single frequency approximation and a dispersive solution of a point source model
were reported by Bossetti et al. [17]. Compared to the relative RMS errors of the
time-dependent voltage responses in Table 5.1, the deviation between the VTA of the
best single frequency approximation and dispersive brain model slightly increased for

Figure 5.16: Speedup of the parallel Python script using NEURON MPI functionality.
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Figure 5.17: Computed thresholds necessary to elicit an action potential in the axon
models of the dispersive human brain model.

voltage-controlled stimulation and substantially for current-controlled stimulation.
In the latter case, the VTA of the best single frequency approximation was smaller
than the VTA of the dispersive brain model. Taking into account the different
waveform shape of the time-dependent voltage response for both models (Fig. 5.14),
the larger deviation of the VTA for current-controlled stimulation results most likely
from the smaller slope in the best single frequency approximation of the human brain
model. This assumption is assured when comparing the VTA for voltage-controlled
stimulation for the square-wave DBS pulse and the smoothed DBS pulse, which has
a slightly smaller slope, resulting in a deviation of the computed VTA of 4.2 %. Since
no overshooting was noticeable in the time-dependent voltage response for voltage-
controlled stimulation, this deviation is presumably caused by the smaller slope of the
smoothed DBS pulse as it was noticeable in the VTA deviation for current-controlled
stimulation. These results suggest that the slope of the time-dependent voltage
response is a more important factor for the computation of the VTA than a possible
slight overshooting in the time-dependent voltage response. Therefore, a smoothing
of the DBS pulse to reduce overshooting should be relinquished. As mentioned above,
the volume of the STN is about 160 mm3 and differs patient-individually as well. A
VTA deviation of about 5 %, as determined for current-controlled stimulation, would
most likely be of no or only small clinical relevance. Therefore, the computation
of the VTA for the best single frequency approximation of the human brain model
with FFEMEC allows for a first prediction of the activated area in DBS and can
be obtained in a reasonable time compared to utilizing FFEM, which was used in
previous computational studies [21, 57, 142].

Summarizing the results, a frequency of 2 kHz for a DBS pulse with a pulse
duration of dp = 60µs applied to the STN seems to be suitable for a single frequency
approximation of the dispersive volume conductor model of the brain, leading to
relative RMS errors of the time-dependent voltage response of approximately 0.2 % for
voltage-controlled stimulation and 0.8 % for current-controlled stimulation. However,
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DBS pulse Solution type Volume of tissue activated [mm3]

Voltage-controlled Current-controlled

square-wave
dispersive 60.53 46.48

single-frequency 60.60 43.93

smoothed
dispersive 57.96 45.76

single-frequency 58.10 43.38

Table 5.2: Computed VTA for the frequency-dependent and best approximated single-
frequency voltage responses for square-wave and smoothed DBS pulses as well as voltage-
controlled and current-controlled stimulation.

it should be kept in mind that this best approximating frequency may change patient-
individually for different volume conductor models of the human brain, different
target areas and different electrical properties of brain tissue.

5.3 Uncertainty quantification by the polynomial

chaos technique

The time-dependent voltage response and the resulting VTA in the proximity of
the stimulated target in the generated volume conductor model of the human brain
depends on various factors as described in section 3.5. Several of these factors,
such as the distribution of brain tissue, its electrical properties and anisotropy,
and the parameters of the electrode-tissue-interface are subject to uncertainty in
literature [112]. While the uncertainty in the distribution of the brain tissue can be
controlled by using averaged MRI data of different patients such as in the SRI24 multi-
channel brain atlas, which is based on the MRI data of 24 patients, the uncertainty
quantification for the electrical properties of brain tissue and in the electrode-tissue-
interface requires a more profound investigation. The quantification of the resulting
uncertainty in the time-dependent voltage response and VTA in the human brain
model for DBS is carried out by using the non-intrusive projection approach based
on the PC technique as described in section 4.2.3. To allow for a computation of the
uncertainties in a reasonable time, a time-efficient computation of the time-dependent
voltage response is crucial. Therefore, the single frequency approximation of the
human brain model determined in section 5.2.3 is used. Since the modelling of the
anisotropic conductivity of brain tissue is dependent on its isotropic conductivity
as described in section 3.4.2, its influence on the time-dependent voltage response
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is investigated separately in section 5.4. To ensure a precise computation of the
probabilistic time-dependent voltage response and VTA, the method is validated
in a simplified brain model with MCS. Since the time-dependent voltage response
for voltage-controlled stimulation depends on the parameters of the electrode-tissue-
interface, the sensitivity of the time-dependent voltage response and VTA on these
parameters is investigated in a preceding study to the investigations carried out in
section 5.3.3.

5.3.1 Validation of the non-intrusive projection approach

The performance and accuracy of the implemented non-intrusive projection approach
for quantifying the uncertainty in the model parameters of the human brain model
was compared with the MCS. Since MCS requires the execution of the deterministic
model for a large set of probability samples N as described in section 4.1, a simplified
human brain model was generated, which requires substantially less computation
time compared to the anatomical human brain model described in section 3.5. The
simplified human brain model consists of a white matter area with a height of 15 mm
and a width of 30 mm, an ellipsoidal gray matter nuclei with a width of 8 mm and a
height of 2 mm, and a model of the DBS electrode Mo. 3387 described in section 2.2.1
(Fig. 5.18). The two-dimensional and circular-symmetric finite element model was
generated in Comsol Multiphysics� . The mesh was generated with the Delaunay
algorithm using a maximum element length of 0.5 mm, resulting in a number of
4,612 mesh elements. An execution of the deterministic model was obtained using
the direct solver MUMPS in approximately 4 s. The EQS formulation was applied
to the model to compute the probabilistic time-dependent voltage response. The
model was solved for a single frequency approximation of the electrical properties
of brain tissue at 2 kHz and a square-wave current-controlled DBS pulse as used in
section 5.2.3. The electrical conductivity of gray and white matter were modelled as
uniformly distributed probabilistic parameters based on the values of Gabriel et al.

Figure 5.18: Geometry and mesh of the simplified human brain model.
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Brain tissue Conductivity [S m−1] Relative permittivity

White matter U [0.053, 0.075] 40,234

Gray matter U [0.085, 0.121] 93,983

Table 5.3: Electrical properties of white and gray matter in the simplified human brain
model.

[46], with a mean value of κgm = 0.103 S m−1 and κwm = 0.064 S m−1, respectively,
and a relative standard deviation of σr = 10 %, while the relative permittivity of
both brain tissues were kept constant (Table 5.3). A number of N = 10,000 prob-
ability samples were used to determine the probabilistic time-dependent voltage
response 1 mm from the active electrode contact. Based on the description in section
4.3, tensor and sparse grids based on the Clenshaw-Curtis rule with a grid level of
L = 4 and a polynomial expansion of degree p = 3 was used to compute the proba-
bilistic time-dependent voltage response with the non-intrusive projection approach.
The probability density of the probabilistic time-dependent voltage response was
estimated using the MATLAB® function ksdensity with 1,000 sample points.

Probabilistic time-dependent voltage response

The probabilistic time-dependent voltage response was computed for N = 10,000
probability samples of the probabilistic conductivity of gray and white matter with

Figure 5.19: Mean value and 0.025 as well as 0.975 quantiles of the probabilistic voltage
response (left) and probability density of its RMS value (right) computed with MCS.
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Figure 5.20: Relative a posteriori error of the mean (blue) and variance (green) of the
RMS voltage response computed with MCS. A convergence order of approximately
q = 0.66 for the mean and q = 0.69 for the variance was determined using a linear fit
polynomial.

MCS (Fig. 5.19). The convergence of the mean and the variance of the RMS value
shows a slow convergence of MCS as described in section 4.1 (Fig. 5.20). This
result emphasises the requirement of a larger number of probability samples for MCS
and its inapplicability for problems with a computationally expensive deterministic
model.

The number of required executions of the deterministic model, using the non-
intrusive projection approach, was 289 for a tensor grid of level L = 4 and 65 for a
sparse grid of corresponding level, which is in both cases substantially smaller than
the number of probability samples used for MCS. The results computed with the PC
technique were in good agreement with those computed with MCS, using tensor grids
as well as sparse grids (Fig. 5.21). For both grids, the convergence of the variance
of the probabilistic RMS voltage response was similar, which can be explained by
the algorithm for the generation of the sparse grids. As described in section 4.3.3,
sparse grids are composed by the hierarchical combination of tensor grids with a
maximal level sum L. These combinations are generated with the same algorithm
which is used to build the multi-variate polynomial basis of the PC technique and,
therefore, form an efficient choice of integration nodes. However, the convergence
rate depends on the smoothness and continuity of the functional dependencies of the
deterministic model and, therefore, has to be investigated for each model solution of
the used deterministic model. The application of nested integration grids allows for
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5.3 Uncertainty quantification by the polynomial chaos technique

Figure 5.21: Probability density (left) and convergence of the variance (right) of the
probabilistic time-dependent voltage response computed with PC technique with tensor
grids (blue) and sparse grids (green) in dependence of the variance computed with MCS
(black).

Integration method Relative error to MCS [%] (Time: ≈ 11 h)

Tensor grid (L = 4) 5.7 · 10−5 3.4 · 10−3 ≈ 20 min

Sparse grid (L = 4) 5.5 · 10−5 3.9 · 10−3 ≈ 5 min

Sparse grid (L = 2) 7.5 · 10−4 2.8 · 10−2 ≈ 1 min

Table 5.4: Relative error of the mean and variance of the investigated quantity between
the non-intrusive projection method and MCS. Computation time of MCS is based on
the utilisation of N = 10,000 probability samples.

a fast investigation of the convergence and accuracy of the computed probabilistic
model solution, because each solution for a grid level L contains the solutions for the
grid levels L̃ = 1, . . . , L−1. While the results using MCS and PC technique were in
good agreement, the computation time of the probabilistic voltage response in the
simplified brain model could be substantially reduced using the non-intrusive projec-
tion approach (Table 5.4). The relative error of the mean and variance decreased by
the order of one magnitude, using a sparse grid of level L = 2 compared to a sparse
grid of level L = 4, but was still smaller than that of MCS while decreasing the
computation time by a factor of about 750. However, the computation time of the
non-intrusive projection approach would increase for a larger grid level and amount
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of probabilistic model parameters as described in sections 4.3.2 and 4.3.3.
Based on the good agreement of the obtained results using MCS and the imple-

mented PC technique, it is assumed that the non-intrusive projection approach allows
for a precise computation of the probabilistic time-dependent voltage response and
VTA in a volume conductor model of the human brain as long as the convergence
of these quantities to a sufficient value is ensured.

5.3.2 Uncertainty in the parameters of the electrode-
tissue-interface

The studies and results presented in the following section are based on the publi-
cation ”Modelling the Probabilistic Neural Activation in Deep Brain Stimulation:
Influence of Uncertainty in the Parameters of the Electrode-Tissue-Interface” [111].
As described in section 3.3, the electrical properties of the electrode-tissue-interface,
which are modelled by a constant phase element, influence the time-dependent volt-
age response for voltage-controlled stimulation, but have a negligible influence for
current-controlled stimulation. Therefore, the investigation of the influence of uncer-
tainty in the parameters of the constant phase element on the probabilistic voltage
response and VTA are only carried out for voltage-controlled stimulation, which is
to date the common stimulation type for human DBS. The model parameters of
the constant phase element in equation (3.46), which comprise the coefficient K
and the exponent β ∈ [0, 1], are based on an experimental study by Richardot and
McAdams [103] as described in section 3.3.2. Since the parameters obtained from
the experiment are subject to uncertainty, the aim was to investigate the sensitivity
of the probabilistic voltage response and VTA on these parameters. Therefore, the
parameters were modelled as uniformly distributed parameters to present a ”worst-
case” scenario, in which each value of the model parameters has the same probability
within their prescribed boundaries. To ensure an assessment of a large set of possible
parameter values, a relative standard deviation of 50 % on K and 10 % on β around
the corresponding experimental mean values were used for the modelling of the
uniformly distributed parameters (Table 5.5). To investigate the sensitivity of the
probabilistic voltage response and VTA on each probabilistic parameter, different
study cases were defined, in which (1) the exponent β, (2) the coefficient K, (3) and

Parameter Mean U [a, b] Uncertainty σr

Coefficient K 1.57 U [0.21, 2.93] 50 %

Exponent β 0.85 U [0.7, 1.0] 10 %

Table 5.5: Probabilistic model parameters U [a, b] of the constant phase element.
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5.3 Uncertainty quantification by the polynomial chaos technique

Figure 5.22: Convergence of the variance of the probabilistic voltage response 1 mm
from the active electrode contact at a time step t = 64 µs (left) and the corresponding
probability density determined using a tensor grid (black) as well as a sparse grid (red).

β as well as K were modelled as probabilistic parameters. In the first two cases
the non-probabilistic parameter was set to its mean value. The computation of
the time-dependent voltage response was carried out using FFEMEC, which allows
for its fast computation for different samples of the probabilistic parameters of the
constant phase element in post-processing. The VTA was determined for a stimula-
tion amplitude of Avc = −1 V using a 7 × 18 grid of axon models as described in
section 3.6. The probabilistic voltage response was computed using the non-intrusive
projection approach for a degree p = 3 of the multi-variate polynomial basis and
N = 1 · 106 probability samples of each probabilistic parameter. It was ensured that
the application of higher order polynomial approximations resulted in a deviation
of the variance of the probabilistic voltage response below 1 %. For the third study
case, the coefficients of the polynomial expansion were computed with tensor grids
and sparse grids of a grid level L = 5, resulting in 1,089 and 145 executions of the
deterministic model, respectively, whereas for the first and second study case, only
a uni-dimensional polynomial expansion was required. The convergence in each case
was ensured by determining the deviation of the variance of the probabilistic voltage
response 1 mm from the active electrode contact at a time step t = 64µs (Fig. 5.22).
The results showed a decreased convergence rate for the application of the sparse
grid for grid levels L > 3 compared to the application of the tensor grid, which
resembles the convergence of the uni-variate cases. The slow convergence can be
explained by the strong asymmetry of the probability density function of the result-
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Figure 5.23: Mean value and 0.025 quantile as well as 0.975 quantile of the probabilistic
voltage response 1 mm from the active electrode contact for the probabilistic parameters
β (left), K (middle), and β +K (right).

ing probabilistic voltage response, which corresponds to large changes in a small area
of the integration area. These changes are better approximated by the nodes of the
tensor grid compared to the sparse grid [93]. Nevertheless, the estimated probability
density functions using the sparse grid and the tensor grid are in a good agreement,
while the sparse grid solution required only 145 executions of the deterministic model
instead of 1,089 using the tensor grid. The uncertainty in the probabilistic voltage
response is substantially smaller than the prescribed uncertainty in the parameters
of the constant phase element, which were 10 % for the exponent β and 50 % for the
coefficient K (Fig 5.23). Both parameters influenced mostly the waveform shape in
the stimulation period, but less its amplitude. Considering the prescribed magnitude
of uncertainty in the parameters, the uncertainty in the coefficient K had a negligible
influence on the uncertainty in the time-dependent voltage response, but increased
its magnitude when combined with the probabilistic parameter β. An explanation
for the minor influence on the time-dependent voltage response can be ascribed to
the computation of the time-dependent voltage response, which determines the trans-
fer function for voltage-controlled stimulation by application of the voltage divider
rule as described in section 3.3.4. This decreased influence of the electrode-tissue-
interface on the voltage response for voltage-controlled stimulation is in agreement
with results from another computational study in a volume conductor model of the
human brain [21].
Because of the good agreement of the sparse grid and tensor grid solution for the
probabilistic voltage response, the computationally expensive determination of the
probabilistic VTA was only carried out for sparse grids in the third study case. The
convergence of the variance of the probabilistic VTA decreased compared to that
of the probabilistic voltage response (Fig. 5.24). To ensure a relative error of the
variance of the VTA of below 1 %, a sparse grid of level L = 7 was required, resulting
in 705 executions of the deterministic model. The slow convergence is ascribed to the
higher order functional dependencies in the used axon model described in section 3.6,
which especially affect the convergence using sparse grids [93]. A polynomial degree
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5.3 Uncertainty quantification by the polynomial chaos technique

Figure 5.24: Convergence of the variance of the probabilistic VTA with a polynomial
degrees p = 5 for a stimulation amplitude Avc = −1 V (left) and the corresponding
probability density determined using a sparse grid with a polynomial degree p = 5
(black) and p = 9 (red) using a sparse grid of level L = 7 (right).

of p = 5 for the multi-variate expansion of the probabilistic VTA was used to obtain
an accurate representation of its PDF. An increase of the polynomial degree to p = 9
resulted in a relative error of the magnitude of uncertainty σr of below 0.3 % for the
application of sparse grids with a grid level of L = 7. The PDF of the probabilistic
voltage response for an uncertain β and K shows a bimodal distribution with the
major mode located above the mean value of approximately 85.66 mm3, which results
in a most likely larger VTA than presented by its mean value, when assuming a
uniform distribution of the parameters β and K. The bimodal distribution of the
probabilistic VTA results mostly from the influence of the exponent β of the CPE
in equation (3.46), which resembles for β ≈ 1 the properties of an ideal capacitor,
as described in section 3.3.2. This capacitive CPE has only a small influence on the
shape of the time-dependent voltage response. This influence on the waveform of
the voltage response increases with decreasing values of β, because of an increased
resistive component of the CPE, which is at maximum at β = 0.7 for β ∈ U [0.7, 1].
The resulting voltage response for different β shows a larger variation of its waveform
for smaller values of β, which intersect that for values of β ≈ 1 (Fig. 5.23). This
effect results in an inversion of the PDF regarding its mean value in the duration
of the DBS pulse. Since the amplitude and the shape of the stimulation pulse of
the voltage-response mostly influence the VTA, this effect of the exponent β on the
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Uncertainty [%]

Parameter RMS voltage response VTA

Coefficient K 50 0.01 1.47

Exponent β 10 0.47 1.57

K & β 50 & 10 0.66 1.91

Table 5.6: Uncertainty in the probabilistic RMS value of the voltage response within
2.5 mm from the active electrode contact and VTA in dependence of the uncertainty in
the model parameters.

voltage response causes the bimodal distribution of the probabilistic VTA.
To compare the magnitude of uncertainty in the probabilistic VTA with the time-

dependent voltage response in the proximity of the stimulated target, its average
RMS value within a distance of 2.5 mm from the active electrode contact was deter-
mined by considering the probabilistic voltage response at the nodes of a 4 × 4 grid in
the coronary plane, which is a part of the already used grid for the computation of the
probabilistic VTA. The computation of the average RMS value by considering the
nodes in the coronary plane is valid as long as the distribution of the electric poten-
tial is homogeneous in the proximity of the stimulated target. Since the stimulated
target area consists of mostly white matter in the used MRI data set and only voltage
responses in the proximity of the stimulated target area are considered, this assump-
tion is considered to be verified. The magnitude of uncertainty in the average RMS
value of the time-dependent voltage response was between approximately 0.01 % for
the probabilistic parameter K and 0.66 % for the probabilistic parameters β and K
(Table 5.6). These magnitudes of uncertainty for the different cases correspond to
the determined quantiles of the probabilistic voltage responses 1 mm from the active
electrode contact (Fig. 5.23). The magnitude of uncertainty of the probabilistic
VTA remained between approximately 1.47 % for the probabilistic parameter K and
1.9 % for the probabilistic parameters β and K, which qualitatively resembled the
influence of uncertainty in the probabilistic voltage response for the different cases.
Although the magnitude of uncertainty of the probabilistic VTA was slightly larger
than that of the probabilistic voltage response within a distance of 2.5 mm from the
active electrode contact, the uncertainty in the VTA can be considered to be negli-
gible compared to the prescribed magnitude of uncertainty in the parameters of the
constant phase element. Despite the fact that no optimal convergence was obtained
using the sparse grid, the number of 705 required executions of the deterministic
model was substantially lower than the applied number of N = 1 · 106 probability
samples. The number of probability samples was set to this value to ensure that the
probability density of the time-dependent voltage response and VTA was accurately
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represented. Since the evaluation of the polynomial expansion of these quantities is
carried out in post-processing and, therefore, is not computationally expensive, the
used number of probability samples is not critical regarding the computation time,
but a smaller number of samples would also likely be sufficient for the application
of classical MCS. However, the difference in potentially required executions of the
deterministic model using classical MCS suggests that the non-intrusive projection
approach with sparse grids constitutes a computationally efficient alternative, despite
the given non-linearities in the computation of the probabilistic VTA.

The magnitude of uncertainty in the parameters of the constant phase element were
set to cover a large set of possible values. In practice, this magnitude of uncertainty
would be most likely substantially smaller. Considering this fact, the results of this
section suggest that the influence of uncertainty in the parameters of the constant
phase element on the probabilistic voltage response and VTA can be considered to
be negligible in the generated volume conductor model of the human brain.

5.3.3 Uncertainty in the electrical properties of brain tissue

The studies and results presented in the following section are based on the publi-
cation ”Influence of Uncertainties in the Material Properties of Brain Tissue on
the Probabilistic Volume of Tissue Activated” [112] and have been extended by the
prediction of limits in the uncertainty of the model parameters to obtain a prescribed
magnitude of uncertainty in the VTA.

Recent deterministic volume conductor models of the human brain consider only
one parameter set out of the possible range of literature values and do not consider
the uncertainty in these parameters [21, 57, 142]. Therefore, the aim was to quan-
tify the influence of uncertainty in the electrical properties of brain tissue on the
probabilistic time-dependent voltage response and VTA in the generated volume
conductor model of the human brain. The magnitude of uncertainty in the electrical
properties of brain tissue was modelled according to the variation of their values
in experimental studies. To investigate the sensitivity of the probabilistic voltage
response and VTA on the electrical properties of brain tissue, for which no informa-
tion on the distribution of its values is presently available, a uniform distribution
of these parameters was assumed with lower and upper boundaries according to the
literature values to cover a ”worst-case” scenario, in which every value within these
boundaries has the same probability. The probabilistic voltage response and VTA
were computed with PC technique with sparse grids as carried out in section 5.3.

Modelling of the probabilistic parameters

In bio-electrical applications, such as the computation of the time-dependent voltage
response and VTA in a volume conductor model of the human brain, uncertainty in
the model parameters may have a large influence on the desired model solution. A
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White matter
[
S m−1

]
Gray matter

[
S m−1

]
0.0641 0.1031

0.1382 0.2372

0.2113 0.2293

0.3754 0.5384

Table 5.7: Range of conductivity values for white and gray matter at a frequency of 2 kHz
obtained from the following literature: 1 Gabriel et al. [46], 2 Geddes and Baker [49]
scaled, 3 Latikka et al. [76] scaled, 4 Foster and Schwan [42] scaled.

review of the available experimental data for the electrical properties of brain tissue
shows substantial differences in the data. An explanation for these differences can
be attributed to the measurement process, which is made challenging not only by
the occurrence of interfering effects, such as electrode polarization at low frequencies,
but also with the appearance of difficulties associated in in vivo as well as in vitro.
Therefore, literature values on the electrical properties of brain tissue are scarce,
especially for frequencies below 1 MHz, and are based either on experiments carried
out on live tissue or on excised tissue, which is known to be subject to uncertainty
compared to live tissue [45]. According to the substantial variation in the scarce
literature data, a precise deterministic value for the electrical properties of the
human brain model cannot be determined. For the modelling of the magnitude
of uncertainty in the probabilistic electrical properties of brain tissue, conductivity
values from a series of studies reported in literature were considered [42, 46, 49, 76].
Depending on the available measurement devices and the different experimental
methods carried out in vivo, ex vivo, and in vitro, the values reported in literature
are measured at different frequencies. For the fast computation of the time-dependent
voltage response described in section 5.2.3, the electrical properties of brain tissue
are required at a frequency of 2 kHz. To date, the only available literature source for
the electrical properties of brain tissue over a wide range of frequencies is available
from Gabriel et al. [46]. Therefore, the conductivity values in the other experimental
studies were approximated at 2 kHz by scaling the data from Gabriel et al. [46] by the
quotient of the conductivity values reported in literature and the value from Gabriel
et al. [46] at the corresponding frequency (Table 5.7). As an example, the average
conductivity value in the in vivo study from Latikka et al. [76] for white matter was
0.256 Sm−1 at a frequency of 50 kHz. This value was divided by the conductivity value
for white matter at 50 kHz (0.078 Sm−1) and multiplied by the conductivity value
for white matter at 2 kHz (0.064 Sm−1) from the data of Gabriel et al. [46], resulting
in a scaled conductivity value of 0.211 Sm−1 at 2 kHz. Using these pre-processed
values of the conductivity as boundaries for a uniform distribution, where the lower
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boundary was set to the values of Gabriel et al. [46], resulted in relative standard
deviations from approximately 21.1 % to 40.9 % for the conductivity of white matter
and from approximately 22.8 % to 39.2 % for the conductivity of gray matter. To
cover the range of uncertainty in the available literature and to allow for a prediction
of uncertainty limits in the electrical properties of brain tissue in dependence of
a prescribed uncertainty limit in the probabilistic VTA, different magnitudes of
uncertainty in these parameters between 10 % and 40 % were used. As described in
section 3.5.3, the electrical properties of the encapsulation layer vary in dependence of
the time after the surgery. Since the focus was on the investigation of the influence of
uncertainty in the conductivity and relative permittivity of brain tissue, the material
properties of the encapsulation layer were not investigated separately, but were
modelled as a function of the uncertainty in the material properties of brain tissue
to cover the chronic phase of the implant as described in section 5.2.2.

Probabilistic time-dependent voltage response

Similar to the investigation of the sensitivity of the probabilistic voltage response
and VTA on the uncertainty in the parameters of the electrode-tissue-interface in
section 5.3.2, the sensitivity of these quantities on the uncertainty in the conduc-
tivity as well as relative permittivity of gray and white matter was investigated in
three study cases, in which (1) uncertainty in the conductivity, (2) uncertainty in
the relative permittivity, (3) and uncertainty in the conductivity as well as rela-
tive permittivity of brain tissue was investigated. In the first and second case, the
remaining parameters were set to their mean values. The magnitude of uncertainty
in the probabilistic parameters was set to 20 % based on the variation reported in
literature (Table 5.8). The convergence of the truncated polynomial expansion of
the probabilistic voltage response was investigated for the representative voltage
response 1 mm from the active electrode contact at a time step of t = 64µs with a
stimulation amplitude of Avc = −1.0 V and Acc = −1.5 mA for voltage-controlled
and current-controlled stimulation, respectively. To ensure a relative error below 1 %
in its variance, sparse grids with a grid level L = 4 were required (Fig. 5.25). The

Brain tissue Conductivity [S m−1] Relative permittivity

Mean U [a, b] Mean U [a, b]

White matter 0.098 U [0.064, 0.132] 40,234 U [26,297, 54,171]

Gray matter 0,158 U [0.103, 0.212] 93,983 U [61,426, 126,540]

Table 5.8: Probabilistic model parameters U [a, b] of the electrical properties of white and
gray matter for a relative standard deviation of σr = 20 %.
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Figure 5.25: Convergence of the variance of the probabilistic voltage response 1 mm
from the active electrode contact at a time step t = 64 µs (left) and the corresponding
probability density determined using a sparse grid with grid level L = 3 (black) as well as
with grid level L = 4 for voltage-controlled (middle) and current-controlled stimulation
(right) for a probabilistic relative permittivity as well as conductivity. Convergence is
shown for probabilistic relative permittivity (crosses), probabilistic conductivity (circles),
and probabilistic relative permittivity and conductivity (squares) for voltage-controlled
(blue) and current-controlled stimulation (green).

required grid level resulted in the application of a S(4, 2) and S(4, 4) sparse grid corre-
sponding to 65 and 401 executions of the deterministic model for the first two cases
and the third case, respectively. The convergence of the applied S(4, 2) and S(4, 4)
sparse grids in the corresponding study cases was similar for voltage-controlled and
current-controlled stimulation with a minimum in the relative error in the case of a
probabilistic relative permittivity for voltage-controlled stimulation compared to the
other cases. Investigating the magnitude of uncertainty of the probabilistic voltage
response revealed a value of below 0.01 % in this case, which is negligible compared
to the other cases and may be one explanation for the faster convergence (Table 5.9).
While the probability density for voltage-controlled stimulation is almost symmetric,
that for current-controlled stimulation revealed an asymmetric probability density,
which results from the inversely proportional dependence of the impedance of the
volume conductor model described in section 3.3.2 and, therefore, of the transfer
function on the applied stimulation current as stated in Ohm’s law. For voltage-
controlled stimulation, this influence is decreased by the impedance of the constant
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Parameters Uncertainty in RMS voltage response [%]

Voltage-controlled Current-controlled

κ 7.23 18.34

εr 0.01 0.70

κ & εr 7.23 18.36

Table 5.9: Uncertainty in the probabilistic RMS value of the voltage response within
2.5 mm from the active electrode contact for voltage-controlled and current-controlled
stimulation for a magnitude of uncertainty in the model parameters of σr = 20 %.

phase element acting as a frequency dependent voltage divider as described in equa-
tion (3.54) [57]. The different influence of uncertainty on the probabilistic voltage
response for voltage-controlled and current-controlled stimulation is apparent from
the investigation of its 0.025 and 0.975 quantiles for both stimulation types as well
(Fig. 5.26). Similar results were determined for the magnitude of uncertainty of the
probabilistic voltage response within 2.5 mm of the active electrode contact, which
was determined as described in section 5.3.2.

The uncertainty in the probabilistic voltage response for current-controlled stimu-
lation was of the same magnitude as the uncertainty in the probabilistic conductivity
of brain tissue (Table 5.9), while the relative permittivity of brain tissue had a negli-
gible influence on the uncertainty in the probabilistic voltage response for voltage-
controlled as well as for current-controlled stimulation. A similar result was reported
in a computational DBS study for current-controlled stimulation [17]. However, the
mentioned parameter study was limited to the investigation of a halved and doubled
relative permittivity value in a homogeneous analytical model and did not consider
uncertainty in the material properties of brain tissue to quantify the integrated
influence for the conductivity as well as relative permittivity for gray matter and
white matter. The major influence of uncertainty in the probabilistic conductivity
suggests that uncertainty in the probabilistic relative permittivity is negligible in
the generated volume conductor model for DBS, which arises from the domination
of the real part of the complex conductivity compared to the imaginary part, which
represents the capacitive properties of the brain tissue, and is in agreement with the
investigation of the capacitive effect for the frequency spectrum of the DBS pulse
(Fig. 5.6) [100]. Therefore, this result confirms the statement that for the computa-
tion of the time-dependent voltage response in the volume conductor model of the
human brain, the application of the QS formalism could be a good approximation
of the EQS formalism for combinations of the relative permittivity and conductivity
of brain tissue, for which the capacitive effect is negligible. For the application of
the QS formalism, the system matrix would be symmetric positive definite and real
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Figure 5.26: Mean value and 0.025 quantile as well as 0.975 quantile of the probabilistic
voltage response 1 mm from the active electrode contact for a probabilistic conductivity
and relative permittivity with σr = 20 %.

valued, which would allow for the application of the CG method. In addition, CG
method uses short recurrences, while GMRES uses long recurrences, which makes
CG method computationally less expensive than GMRES for these applications [127].
Nevertheless, it should be noted that the QS formalism would result in square-wave
shaped voltage response for current-controlled stimulation. Nevertheless, the devia-
tion of the QS solution from the EQS solution would presumably cause a substantial
deviation in the computed VTA, which strongly depends on the slope of the voltage
response in the proximity of the stimulated target, as described in section 5.2.2.

Probabilistic volume of tissue activated

The sensitivity analysis carried out on the probabilistic conductivity, the proba-
bilistic relative permittivity, and their combination revealed that the uncertainty in
the probabilistic voltage response in the proximity of the stimulated target can be
modelled accurately by only considering the uncertainty in the probabilistic conduc-
tivity. Therefore, the computationally expensive investigation of the uncertainty in
the probabilistic VTA is only carried out for this case. To allow for a prediction of
the maximal magnitude of uncertainty in the probabilistic conductivity to obtain
a prescribed magnitude of uncertainty in the probabilistic VTA, the probabilistic
conductivity was modelled for different relative standard deviations σr of 10 %, 20 %,
and 40 %, corresponding to its variations reported in literature. Depending on the
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Figure 5.27: Convergence of the variance of the probabilistic VTA for a stimulation
amplitude of Avc = −1.5 V and Acc = −1.5 mA (left) and the corresponding probability
density determined using a sparse grid with level L = 5 for voltage-controlled (middle) and
current-controlled stimulation (right) compared to a sparse grid with level L = 4 (black),
respectively for a probabilistic conductivity with σr = 20 %. Convergence is shown for
σr = 10 % (crosses), σr = 20 % (diamonds), and σr = 40 % (circles) for voltage-controlled
(blue) and current-controlled stimulation (green).

application of the computed probabilistic voltage response and VTA in the volume
conductor model of the human brain, such as the deployment as a supportive software
for a clinician in the pre-operative planning stage of a DBS surgery, or for compu-
tational studies in neural networks to investigate the mechanisms of DBS, different
magnitudes of uncertainty in these quantities are required. The computation of a
large amount of different magnitudes of uncertainty in these quantities is computa-
tionally expensive, because it requires the computation of the model solutions at the
nodes of the used integration technique for a large amount of different magnitudes
of uncertainty in the model parameters. Therefore, a polynomial fit is applied to
the magnitudes of uncertainty in the probabilistic VTA for the different relative
standard deviations of the probabilistic conductivity using least-squares method.

It was ensured that the relative error of the variance of the probabilistic VTA for
each case converged to a value below 1 %, which required sparse grids up to a grid
level L = 5, resulting in 145 executions of the deterministic model (Fig. 5.27). To
allow for a better comparison of the absolute uncertainty in the VTA, a stimulation
amplitude of Avc = −1.5 V and Acc = −1.5 mA for voltage-controlled and current-
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Figure 5.28: Coronary section of the MRI data set with the DBS electrode overlayed
with the probabilistic VTA for voltage-controlled and current-controlled stimulation with
Avc = −1.5 V and Acc = −1.5 mA, respectively. The mean value (orange), 0.025 quantile
(dark blue), and 0.975 quantile (green) for a probabilistic conductivity with σr = 20 %
are shown.

controlled stimulation were applied, respectively. Other stimulation amplitudes were
used as well and a relative error in the variance of the VTA below 1 % was ensured in
each case. Similar to the results of the uncertainty quantification for the parameters
of the electrode-tissue-interface, the convergence of the variance of the probabilistic
VTA decreased compared to the convergence of the variance of the probabilistic
voltage response, which could be caused by the non-linear axon model required for
the computation of the VTA and the application of backward Euler implicit inte-
gration to obtain the solution in time-domain as described in section 3.6. Despite
the decreased convergence, an additional fluctuation is noticeable for an uncertain
conductivity with σr = 20 % for voltage-controlled as well as for current-controlled
stimulation, resulting in a local increase of the relative a posteriori error. These
fluctuations are caused by the definition of the relative a posteriori error, which
considers the relative local change from a certain grid level k to grid level k + 1.
Nevertheless, it was ensured that the estimated PDFs for these cases at a sparse grid
level L = 5 are in a good agreement compared to those obtained from their previous
sparse grid level L = 4, which suggests that a further refinement of the integration
grid is not necessary. The symmetry and asymmetry in the probability density of the
probabilistic voltage response for voltage-controlled and current-controlled stimula-
tion (Fig. 5.25), respectively, exists in the probability density of the corresponding
probabilistic VTA as well 2. In addition, the different influence of uncertainty in the
electrical properties on the time-dependent voltage response for both stimulation

2For current-controlled stimulation, the PDF of the probabilistic VTA is mirrored compared to
the PDF of the probabilistic voltage response, because cathodic stimulation amplitudes are
used, which means that larger stimulation amplitudes resulting in larger VTAs are located at
the left side of the plot.
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Figure 5.29: Mean value, 0.025 quantile, 0.975 quantile, and relative standard deviation
of the probabilistic VTA for voltage-controlled and current-controlled stimulation with
different stimulation amplitudes.

types is also noticeable in the corresponding VTAs, resulting in different extents
of activated areas around the DBS electrode with a 0.025, mean value, and 0.975
quantile of approximately (139 mm3, 231 mm3, 370 mm3) for a current-controlled stim-
ulation withAcc = −1.5 mA and (141 mm3, 186 mm3, 231 mm3) for voltage-controlled
stimulation with Avc = −1.5 mV (Fig 5.28). Considering the computed probabilistic
VTA in the generated volume conductor model of the human brain and the result-
ing range of values of the VTA for both stimulation types, the volume of the STN,
which is about 160 mm3 [140], would presumably be activated by these stimulation
amplitudes.

The application of different stimulation amplitudes for voltage-controlled and
current-controlled stimulation results in different extents of uncertainty in the VTA
(Figure 5.29). The different PDFs for voltage-controlled and current-controlled stim-
ulation types result in a symmetric and asymmetric uncertainty around the mean
value, respectively. Although the absolute uncertainty of the VTA increases for
larger stimulation amplitudes in both stimulation types, the relative standard devi-
ation remains almost constant. Nevertheless, a larger absolute uncertainty in the
probabilistic VTA results in a larger uncertainty of over- and underestimation of the
predicted area of neural activation, in which no neural stimulation is desired. For
current-controlled stimulation, the asymmetric PDF suggests that a larger range of
probable VTAs exist above the mean predicted VTA, which results in larger areas
of overestimated neural activation. The relative standard deviation of the VTA
increased from approximately 7 % to 31 % for voltage-controlled stimulation and
from approximately 14 % to 84 % for current-controlled stimulation in dependence
of the magnitude of uncertainty in the probabilistic conductivity from 10 % to 40 %
(Table 5.10). The uncertainty in the average RMS voltage response within 2.5 mm
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Conductivity [%] Voltage-controlled [%] Current-controlled [%]

RMS voltage response VTA RMS voltage response VTA

10 3.6 7.1 8.8 14.0

20 7.2 14.5 18.3 31.9

40 15.7 30.7 43.8 84.0

Table 5.10: Relative standard deviations σr in [%] of the average probabilistic RMS
voltage response within 2.5 mm distance of the active electrode contact as well as of the
probabilistic VTA for a stimulation amplitude of Avc = −1.5 V and Acc = −1.5 mA for
voltage-controlled and current-controlled stimulation, respectively.

distance from the active electrode contact was computed similar to the investigation
of uncertainty in the parameters of the electrode-tissue-interface described in section
5.3.2. The results reveal a larger magnitude of uncertainty for current-controlled
stimulation in the probabilistic voltage response as well as the probabilistic VTA, for
which evidence was noticeable in the probabilistic voltage response (Fig. 5.26) and
the extent of the probabilistic VTA (Fig. 5.28). The uncertainty in the probabilistic
voltage response is almost of the same magnitude as that in the probabilistic conduc-
tivity for different prescribed magnitudes of uncertainty as discussed already for a
σr = 20 %. For a σr = 40 % of the probabilistic conductivity, the relative standard
deviation of the probabilistic voltage response for current-controlled stimulation was
approximately 44 % and, therefore, slightly larger than the parameter uncertainty.
To exclude approximation errors, the relative standard deviation of the probabilistic
voltage response was also computed for an increased polynomial degree of up to 7,
which resulted in a change of below 0.1 % of its variance and almost no change in its
PDF. Therefore, it is assumed that this effect results from the inversely proportional
dependency of the voltage response on the applied stimulation current, as discussed
earlier in this section. The magnitude of uncertainty in the probabilistic VTAs
almost doubled compared to that in the average probabilistic RMS voltage response
for both stimulation cases. It is assumed that this is an effect of the non-linear
membrane dynamics of the mammalian nerve fibres used in the applied axon model
of McIntyre et al. [82]. A larger fluctuation of the VTA compared to the change in
the conductivity of brain tissue was also reported for voltage-controlled stimulation
in an in silico study in which the same axon model was used for the computation of
the VTA [24]. Although the magnitude of uncertainty in the probabilistic VTA for
voltage-controlled stimulation was smaller than for current-controlled stimulation,
impedance changes in voltage-controlled stimulation, caused, for example, by the
post-operative impedance changes in the encapsulation layer described in section
3.5.3, could result in a substantial change of the VTA over time. Measurements
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Figure 5.30: Magnitude of uncertainty in the VTA for voltage-controlled and current-
controlled stimulation in dependence of the magnitude of uncertainty in the uniformly
distributed conductivity of brain tissue overlayed with a polynomial fit of degree p = 2.

of the electrode impedance in an in vivo study performed in non-human primates
showed a substantial change of the impedance and voltage distribution of approxi-
mately 50 % for voltage-controlled and only approximately 7 % for current-controlled
stimulation after 60 minutes of stimulation [78]. This result suggests that the VTA
for current-controlled stimulation would remain more constant over time, while the
VTA for voltage-controlled stimulation could change substantially. Comparing the
determined magnitude of uncertainty in the probabilistic voltage response and prob-
abilistic VTA for uncertain parameters of the electrode-tissue-interface discussed in
section 5.3.2, the determined influence of uncertainty in the electrical properties of
brain tissue on these quantities is substantially larger, emphasising the insensitivity
of the probabilistic voltage response and VTA on uncertainty in the electrode-tissue-
interface in the generated volume conductor model of the human brain. As described
at the beginning of this section, the aim was to predict boundaries for the magni-
tude of uncertainty in the probabilistic conductivity of brain tissue to obtain a
prescribed magnitude of uncertainty in the probabilistic VTA. A polynomial fit
of second degree was applied to their magnitudes of uncertainty in dependence of
the prescribed values for the probabilistic conductivity (Fig. 5.30). Regarding the
minor extent of the predicted neural activation for a magnitude of uncertainty in
the probabilistic VTA of approximately 14 % voltage-controlled stimulation (Fig.
5.28), a value of 5 % was considered to be a proper first estimation boundary for the
magnitude of uncertainty in the probabilistic VTA. Because of the similar magni-
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tudes of uncertainty for different stimulation amplitudes, the determination of the
uncertainty boundaries in the electrical properties of brain tissue was carried out
for a representative stimulation amplitude of Avc = −1.5 V and Acc = −1.5 mA,
which among the investigated stimulation amplitudes would most likely activate the
area of the STN [97]. The results suggest that for a magnitude of uncertainty in the
probabilistic VTA of below 5 %, the magnitude of uncertainty in the conductivity
of brain tissue should remain below approximately 7.0 % for voltage-controlled and
3.1 % for current-controlled stimulation. These estimated boundaries of uncertainty
in the conductivity of brain tissue are substantially lower than the variation of these
values found in literature, as described in section 5.3.3. While this boundary of uncer-
tainty for voltage-controlled stimulation increases almost linear with the uncertainty
in the VTA, a quadratic dependence can be noted for current-controlled stimulation,
resulting in the requirement of more precise knowledge about the electrical properties
of brain tissue compared to voltage-controlled stimulation.

The results suggest that uncertainty in these parameters can have a substantial
effect on the probabilistic time-dependent voltage response in the proximity of the
stimulated target as well as on the predicted probabilistic VTA in the generated
volume conductor model of the human brain. For example, the extent of the VTA
varied by up to 2 mm for a current-controlled stimulation amplitude of Acc = −1.5
mA and a magnitude of uncertainty of 20 % in the probabilistic conductivity (Fig.
5.28), which is still located in the lower value set of uncertainty in this parameter
found in literature (Table 5.7). The stimulated target area, the STN, has a suppos-
able diameter of about 10 mm [97] and can be classified in a limbic, associative and
motoric domain [62], which have different effects on the motor symptoms of PD when
stimulated [41]. Therefore, the results of this study suggest that even small changes
of the electrical conductivity in volume conductor models of DBS can have a relevant
influence on the computed therapeutical effect, especially for current-controlled stim-
ulation. The boundaries for the magnitude of uncertainty in the electrical properties
of brain tissue are determined for a ”worst-case” scenario, assuming uniform distri-
butions. These boundaries could vary for different probability distributions, such as
Gaussian distributions, the application of which could result in sharper boundaries
of uncertainty in the electrical properties of brain tissue.

5.4 Influence of the anisotropic conductivity and

electrode position

The studies and results presented in the following section are based on the publication
”Modeling the Field Distribution in Deep Brain Stimulation: The Influence of Aniso-
tropy of Brain Tissue” [109] and have been extended by investigating the influence
of the anisotropic conductivity and the electrode position on the time-dependent
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voltage response computed for the single frequency approximation of the EQS volume
conductor model of the human brain at a frequency of 2 kHz, as described in section
5.2.3.

Current volume conductor models of DBS include several parameters to allow for
a realistic computation of the time-dependent voltage response and prediction of the
neural activation [21, 57, 142]. Among others, these parameters include the electrode
location as well as the electrical properties of brain tissue. Following the results
and discussions in section 5.3.3, the electrical properties of brain tissue are subject
to uncertainty, resulting in non-negligible uncertainties in the probabilistic voltage
response and VTA in the human brain model. As described in section 3.4, the
electrical properties of brain tissue are anisotropic with different extents, depending
on their location in the brain. The anisotropic conductivity of brain tissue in the
generated volume conductor model is determined out of the DTI data of the digital
brain atlas and the isotropic conductivity of brain tissue at the corresponding loca-
tion as described in equation (3.59). Regarding this dependency, the deviation in the
probabilistic voltage response resulting from influence of anisotropic conductivity is
considered to accumulate with the uncertainties in the probabilistic voltage response
determined in section 5.3.3. Therefore, the influence of anisotropic conductivity on
the time-dependent voltage response was investigated separately to the quantification
of its uncertainties. Both parameters, the anisotropic conductivity and the variation
of the electrode position, increase the model complexity which may lead to a larger
computational expense. Consequently, a small influence of these parameters could
result in volume conductor models with reduced complexity, because no acquisition
and processing of DTI data would be necessary. This would increase the potential
applicability of such a model as a supportive tool in clinical practise. Since the
magnitude of anisotropy varies for the different brain tissue types and their locations
in the brain, an accurate localisation of the electrode in the stimulated target area
is crucial. Therefore, the aim was to investigate the influence of the anisotropic
conductivity of brain tissue on the time-dependent voltage response for different
locations of the DBS electrode in the proximity of the stimulated target area.

5.4.1 Anisotropic time-dependent voltage response

The anisotropic version of the volume conductor model was obtained by incorporating
the anisotropic conductivity of gray and white matter into the ROI according to
the description in section 3.5.3, using the DTI data of the digital brain atlas by
Rohlfing et al. [104]. According to the description in section 3.4, gray matter and
white matter are anisotropic, whereas CSF can be considered to be isotropic. The
anisotropic conductivity at each node of the volume conductor model is denoted
by the conductivity tensor in equation (3.58) with its eigenvalues representing the
conductivity value along its corresponding eigenvector. The range of anisotropic
conductivity values for gray and white matter based on their isotropic conductivity
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Brain tissue Conductivity values [Sm−1]

κiso min(κaniso) max(κaniso)

White matter 0.06 0.03 0.21

Gray matter 0.10 0.07 0.16

Table 5.11: Range of anisotropic conductivity eigenvalues κaniso of gray and white matter
within the ROI. Isotropic conductivity values κiso are taken from Gabriel et al. [46] at
2 kHz.

values from Gabriel et al. [46] at 2 kHz was computed within the ROI to determine
their maximal and minimal boundaries (Table 5.11). According to Wolters et al. [137],
white matter is known to be more anisotropic than gray matter, which is in agreement
with the determined maximal and minimal conductivity values for both tissue types
in the ROI. The influence of the anisotropic conductivity on the time-dependent
voltage response was investigated in the proximity of the stimulated target with the
electrode positioned at the location of the STN as described in section 3.5. Voltage-
controlled and current-controlled stimulation of the previously used square-wave
DBS signal in section 5.2.3 was applied with stimulation amplitudes of Avc = −1.5 V
and Acc = −1.5 mA, respectively. Investigating the resulting time-dependent voltage
response 1 mm from the active electrode contact for voltage-controlled and current-
controlled stimulation showed a minor influence of the anisotropic conductivity on
the amplitude of the time-dependent voltage response and a negligible influence on
its waveform shape (Fig. 5.31). The waveform shape of the time-dependent voltage
response depends mostly on the computed transfer function of the volume conductor
model, which is derived from its impedance. Since the anisotropic conductivity
tensors are determined to resemble the volume of the isotropic conductivity tensors,
the impedance of the anisotropic volume conductor model and, therefore, the transfer
function resemble those of the isotropic volume conductor model, resulting in a
similar waveform shape in both models. In addition to the time-dependent voltage
response 1 mm from the active electrode contact, the distribution of the electric
potential of the anisotropic and isotropic volume conductor model was investigated.
The influence of the anisotropic conductivity deforms the shape and the spatial
extent of the electric potential in the proximity of the DBS electrode (Fig. 5.32),
which was also reported in other computational studies [23, 83]. Similar to the
deviation in the time-dependent voltage response, only a minor deviation between the
isolines of the anisotropic and isotropic electric potential could be noted. Evidently,
the potential isolines of the anisotropic volume conductor model are influenced by
the magnitude of the anisotropic conductivity ratio determined in each voxel by
using equation (3.60). Since the anisotropic conductivity varies in the proximity

120



5.4 Influence of the anisotropic conductivity and electrode position

Figure 5.31: Time-dependent voltage response in 1 mm distance caudal from the active
electrode contact for isotropic (blue) and anisotropic (red) electrical properties of gray
and white matter.

of the stimulated target and around the electrode body, an investigation of the
deviation between the anisotropic and isotropic time-dependent voltage response in
this area is required for its quantification. Therefore, the relative error of the RMS
of the time-dependent voltage response and the electric potential was computed
at the nodes of a 4 × 4 grid revolved around the active electrode contact with
a stepping of 10°, resulting in 576 nodes. The spacing of the nodes was 0.5 mm
parallel and perpendicular to the electrode body. The average deviations for the
time-dependent voltage response and electric potential at the nodes were similar for
voltage-controlled as well as for current-controlled stimulation (Table 5.12). This is in
agreement with previous results on the similarity between the influence of anisotropic
conductivity on the time-dependent voltage response and electric potential in the
proximity of the stimulated target in Figure 5.31 and Figure 5.32. Following these
results, the anisotropic conductivity mostly influences the amplitude of the time-
dependent voltage response in the proximity of the stimulated target, but not its
waveform shape. Therefore, the VTA will most likely resemble these deviations,
similar to the results in section 5.2.3. The magnitude of the deviation between
the time-dependent voltage response in the proximity of the stimulated target was
approximately 4 % for voltage-controlled and current-controlled stimulation (Table
5.12). This minor deviation results from the small anisotropy ratios in this area.
Taking into account the DTI data voxels in the investigated area, which resembles
a cube with the length (x, y, z) = (6 mm, 6 mm, 4 mm), an average anisotropy ratio
of approximately 1 : 1.7 was determined in this area (Fig. 5.33). About 92 % of
the voxels have an anisotropy ratio smaller than 1 : 2. These anisotropy ratios in
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Figure 5.32: Distribution of the electric potential in a coronary section of the human
brain model for isotropic (blue) and anisotropic (red) electrical properties of gray and
white matter. Isolines for electric potential values of 0.3 V (solid) and 0.15 V (dashed) are
shown. Anisotropy ratio of the anisotropic conductivity is illustrated in the background
with dark gray voxels representing areas of a high anisotropy ratio.

Stimulation type Quantity Mean relative error [%]

Voltage-controlled
RMS voltage response 4.06

Electric potential 4.06

Current-controlled
RMS voltage response 4.36

Electric potential 4.35

Table 5.12: Average relative errors of the RMS values of the time-dependent voltage
response and of the electric potential.

the proximity of the STN are much smaller than those used in other computational
studies of an anisotropic volume conductor model of the human brain, where the
anisotropy ratio was set to 1 : 10 [7, 137]. The STN is a nucleus consisting out of
gray matter with axons oriented almost randomly. According to Shimony et al. [116]
this histological property results in a minor average anisotropy ratio. Moreover, the
fibre pathways around the STN are not parallel, thus yielding small anisotropy ratios
in the proximity of the STN [2], which is in agreement with the minor deviation in
the time-dependent voltage response and anisotropy ratio in the proximity of the
stimulated target determined in the volume conductor model.
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Figure 5.33: Histogram of the anisotropy ratio in the proximity of the stimulated target.

5.4.2 Variation of the electrode position

Despite the application of accurate methods, such as MRI, CT, and stereotactic
surgery, the positioning of the DBS electrode in the deep brain target area may vary
from the planned location in clinical practise [98]. To investigate the influence of
a slightly misplaced DBS electrode, the electrode position in the volume conductor
model was varied by ± 2 mm around the stimulated target location used in section

Figure 5.34: Schematic illustration of the variation of the electrode position. For each
of the 125 nodes, the stimulation center, including the DBS electrode and ROI, is
repositioned and the deviation of the RMS of the isotropic and anisotropic time-dependent
voltage response is compared with the anisotropy ratio in the corresponding area.
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Figure 5.35: Relative RMS error (blue) for voltage-controlled (solid) and current-
controlled (dashed) stimulation compared to the average anisotropy ratio (green) at
each investigated electrode location.

5.4.1 with a stepping of 1 mm in each spatial direction resulting in a cuboid grid
with 125 nodes (Fig. 5.34). At each node the deviation of the RMS value of the
anisotropic and isotropic voltage response as well as the average anisotropy ratio in
the proximity of the repositioned DBS electrode was computed as carried out for
the position of the STN in section 5.4.1.
The deviation of the RMS value of the anisotropic and isotropic voltage response for

voltage-controlled and current-controlled stimulation resembled the average aniso-
tropy ratio at each investigated electrode position (Fig. 5.35). Computing the
quotient of the average RMS deviation and the average anisotropy ratio resulted in
a scaling factor of approximately 2.8 for voltage-controlled stimulation and 2.9 for
current-controlled stimulation (Table 5.13). Since the computation of the average
anisotropy ratio in the DBS target area can be carried out with a small computational
expense in pre-processing, these scaling factors allow for a first prediction of the possi-
ble influence of the anisotropic conductivity on the time-dependent voltage response
in the stimulated target area for different electrode locations. The variation of the
electrode position resulted in a deviation of the time-dependent voltage response
between approximately 3.6 % and 9.2 % with a mean value of approximately 5 % for
both voltage-controlled and current-controlled stimulation. Under the assumption
of a similar progression of the deviation in the time-dependent voltage response on
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Stimulation type Average RMS error [%] Average scaling factor

Voltage-controlled 5.02± 1.06 2.80± 0.38

Current-controlled 5.24± 0.86 2.93± 0.29

Table 5.13: Average relative errors of the RMS values of the time-dependent voltage
response and scaling factor for their prediction by the average anisotropy ratio.

the deviation in the corresponding VTA as obtained in section 5.3.3, the deviation
between the anisotropic and isotropic VTA can be predicted to be in the order of
approximately 8 % to 10 %. Considering the extent of the VTA for voltage-controlled
stimulation with a magnitude of uncertainty σr of approximately 14 % in Figure 5.28,
the predicted influence of anisotropic conductivity on the estimation of the VTA
would most likely be of no interest in clinical practise, unless the deviation occurs
more locally, as it would be the case in the proximity of white matter fibre bundles
with the same orientation and a large anisotropy ratio. Nevertheless, as described
in section 3.4, the anisotropic conductivity at each spatial position in the volume
conductor model is dependent on the corresponding isotropic conductivity at this
position, which suggests that the influence of uncertainty in the conductivity of brain
tissue and the influence of anisotropy on the time-dependent voltage response and
VTA would cumulate.

These results suggest that an isotropic volume conductor model of the human
brain could be sufficient for several applications in the modelling of DBS as long as
the electrical properties of brain tissue are known to a certain precision as discussed
in section 5.3.3. The electrode positions at the peaks of the relative RMS error in
Figure 5.35 resemble locations close to areas of a high average anisotropy ratio such
as the internal capsule and corticospinal tract. These brain regions consist of white
matter, have evenly oriented fibre bundles and, therefore, a high anisotropy ratio,
resulting in larger deviations of the time-dependent voltage response [8]. Therefore,
applications of DBS stimulation in which the DBS electrode is positioned in areas
with a high anisotropy ratio may not be properly modelled by an isotropic volume
conductor model of the human brain.

5.5 Limitations of the volume conductor model

and the applied methods

The applied methods for the computation of the time-dependent voltage response
and the VTA in the proximity of the stimulated target as well as the uncertainty
quantification and sensitivity analysis for these quantities in the generated volume
conductor model for human DBS are based on various assumptions and, therefore,
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exhibit several limitations.
The application of a model geometry in the volume conductor model, which resem-

bles the anatomy of the human brain, is based on computational studies, which
determined the model geometry to be a crucial factor for an accurate computation of
the time-dependent voltage response in the human brain [79, 132]. To represent the
real anatomical dimensions of the human brain as well as a realistic distribution and
representation of the electrical properties of different brain tissue types, MRI and
DTI data from a digital brain atlas have been incorporated into the volume conduc-
tor model. These voxel data are available as a hexahedral mesh with an isotropic
resolution of 1 mm in each spatial dimension. Contrary, the fibre diameters of the
deviating oriented neurons in the STN are in the order of µm, resulting in an aver-
aging to mean values in the fibre orientation and anisotropy ratio on a macroscopic
level. In the case of crossing fibre bundles with a presumably large anisotropy ratio
this averaging could result in a prediction of a locally small anisotropy ratio and,
therefore, in a small anisotropic conductivity, which would not accurately represent
accurately the real anisotropy at the corresponding location. An investigation of the
effects of a higher resolution of the anisotropic conductivity within a macroscopic
volume conductor model of the human brain could be obtained for DTI data with
a voxel size below 1 mm3. However, smaller voxel sizes would not only require MRI
scanners, which allow for such high resolutions, but would increase the computational
complexity and intensity of the volume conductor model, for which at least in the
proximity of the stimulated target a finer mesh resolution would be necessary. The
volume conductor model is meshed using the Delaunay algorithm within Comsol
Multiphysics� to discretise the computational domain into tetrahedral elements. To
incorporate the electrical properties of brain tissue into the volume conductor model,
the MRI and DTI data available as hexahedral mesh are mapped on the tetrahedral
mesh of the human brain model using a nearest neighbour function, as described in
3.5.3. The resulting disconformities at the boundaries between the data voxels were
sufficiently reduced by using a maximal element size in the tetrahedral mesh of 5 mm
(Fig. 5.3). The application of a refined ROI around the stimulated target instead
of using this maximal element size in the complete volume conductor model was
necessary to keep the required amount of memory and computation time to obtain
the model solution at a reasonable level. Compared to the approximately 1.4 million
mesh elements in the optimised volume conductor model of the human brain, a
mesh with a maximal element size of 0.5 mm in the complete volume conductor
model would result in approximately 168 million mesh elements with approximately
224 million degrees of freedom for quadratically shaped finite element basis functions.
This increase in the model complexity would result in a substantial increase of the
computational expense for the acquisition of a better conformity of the finite element
mesh with the tissue boundaries, which would most likely result in a comparatively
small increase in the accuracy of the model solution in the proximity of the stimu-
lated target area.
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A possible approach to avoid these disconformities would be to explicitly model the
nuclei of the basal ganglia motor network and their separate incorporation into the
volume conductor model. To date however, no stable and precise automatic segmen-
tation algorithm exists which is able to accurately segment the corresponding deep
brain areas from MRI data of patients, who should undergo DBS surgery. Therefore,
the explicit modelling of these nuclei would still require a manual segmentation of the
MRI data as well as the subsequent volume mesh generation by a team of experts
comprising computational engineers and physicians in the clinical field of neurol-
ogy, which does not allow for a reasonably automated patient specific modelling.
MRI data with a more refined segmentation in deep brain areas could improve the
rendering of the heterogeneous tissue properties by automatic segmentation. The
segmented MRI data from the SRI 24 multi-channel brain atlas agrees well with
the overall anatomy of the brain, but does not fully render the comparatively small
basal ganglia nuclei [104]. In the generated volume conductor model, the applica-
tion of this already segmented MRI data resulted in areas of white matter which are
anatomically consistent with gray matter and further in a prevalence of homogeneous
white matter and, therefore, a small local effect of heterogeneous tissue properties in
the proximity of the STN. Evidence for this almost homogeneous distribution of the
electrical properties of brain tissue in the proximity of the stimulated target within
the generated volume conductor model can be found by investigating the isolines of
the electric potential of the isotropic human brain model (Fig. 5.32) and the thresh-
olds of the axon models required for the computation of the VTA (Fig. 5.17), which
both resembled a distribution of these quantities as they would be expected for a
homogeneous distribution. These results suggest that a computation of the VTA by
using a disk integration on the computed activation isoline in the coronary plane, as
described in section 3.6, is a reasonable approximation for using the actual activation
isolines around the electrode body at discretely distributed rotation angles for the
prediction of the VTA. As described in section 5.3.2, this assumption was applied
on the quantification of uncertainty in the average RMS value of the probabilistic
voltage response in the isotropic volume conductor model as well, as described in
section 5.3.2.

The method used for the computation of the VTA is a well-established procedure
to predict the neural activation in volume conductor models for DBS and is applied
in several computational studies [21, 57, 142]. Nevertheless, the method simplifies
reality by prescribing a mutual parallel alignment of the neurons in the proximity of
the stimulated target perpendicular to the electrode body. Contrary, the neurons of
the STN exhibit a deviating orientation [2] and differ in fibre diameter, internodal
spacing, and nodes of Ranvier, which results in different lengths of the neurons [120].
Considering the values of the axon model of McIntyre et al. [82] in the mentioned
computational studies, the fibre diameter is set to a value of 5.7 µm [83]. However,
the fibre diameters of neurons in the STN could be substantially smaller with values
between 1 µm to 2 µm [1], which would reduce the excitability of the axons and,
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therefore, increase the required stimulation amplitudes [120]. In the method for the
computation of the VTA, predefined values for the parameters of the axon model
are used and kept constant across each axon model at different spatial positions in
the proximity of the stimulated target to compute the threshold voltages necessary
to elicit an action potential in each of these axon models. The method only inves-
tigates whether an axon with the predefined parameters will be activated by the
extracellular time-dependent electric potential of the volume conductor model and,
therefore, does not investigate changes in the firing rate in the neurons of the STN.
Computational studies showed that a change in the firing rate could already result in
a beneficial effect on the pathological firing patterns in the basal ganglia network and
is achieved for smaller thresholds compared to those for the computation of the VTA
[144]. Moreover, since the method only considers neuron models in the proximity
of the stimulated target, which are mutually independent in their activation, no
insights about the effects of DBS on the complex network of the basal ganglia can
be gained, as described in the computational network models of Modolo et al. [88]
and Pirini et al. [99] in section 2.3.1.

The generated volume conductor model of the human brain, which is used to
compute the time-dependent voltage response in the proximity of the stimulated
target, depends on several parameters. Among these parameters, the sensitivity of
the time-dependent voltage response on the electrode location, the parameters of
the electrode-tissue-interface, and the electrical properties of brain tissue, including
its frequency dependence and anisotropy, were investigated. The latter are subject
to uncertainty because of the scarce measurement data of the dispersive electrical
properties of brain tissue in literature [37]. This lack of data can be attributed to
the taxing requirements and ethical questions that have to be dealt with during the
realization of experimental studies [110]. Considering the anisotropy in the electrical
properties of brain tissue, only data on the anisotropic conductivity was available,
because DTI data only allows for its direct estimation [126]. To the author’s knowl-
edge, no applicable data on the anisotropy of the relative permittivity of brain
tissue for volume conductor models of the human brain exists to date. A reasonable
assumption would be to model the anisotropic relative permittivity to be perpendic-
ularly oriented to the anisotropic conductivity along cell membranes [117]. However,
considering the results for the influence of uncertainty in the relative permittivity of
brain tissue on the probabilistic voltage response and VTA as discussed in section
5.3.3, an anisotropic conductivity would most likely have no influence on the compu-
tation of the time-dependent voltage response in the generated volume conductor
model of the human brain. The electrical properties of the encapsulation layer,
which is formed after surgery around the electrode body, were modelled to represent
a stable post-operative state several weeks after surgery, as described in section
3.5.3. The variation of the electrical properties of the encapsulation layer for other
post-operative phases would most likely result in a change of the time-dependent
voltage response and VTA as reported for voltage-controlled stimulation [78].
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The fast computation of the time-dependent voltage response in the generated
volume conductor model of the human brain was carried out using the proposed
Fourier finite element method with equivalent circuits (FFEMEC), which allows for
its computation with a maximum of two executions of the volume conductor model.
Yet, this method only considers frequency-independent material properties, which
resulted in a maximal deviation of the VTA of about 5 % at the best approximating
single frequency volume conductor model compared to that computed with the disper-
sive volume conductor model, using the frequency-dependent electrical properties
data set from Gabriel et al. [46] as discussed in section 5.2.3. This maximal deviation
only occurred for current-controlled stimulation and was substantially smaller for
voltage-controlled stimulation. In addition, considering the results in section 5.3.3,
a deviation of about 5 % would most likely have no substantial influence on the
neuronal activation in clinical practise. However, the application of this method
on other stimulated target areas in the human brain could result in different best
approximating frequencies and orders of deviation in the computed VTA based on
the distribution and characteristics of the dispersive material properties in the prox-
imity of these areas as well as on the applied DBS pulse. Despite the assumption
that the electrical properties of each biological tissue type are non-dispersive, the
combined electrical properties of them in a volume conductor model can be disper-
sive, as described in section 3.3. The square of the capacitive effects allows for a
first estimation whether the combined electrical properties in the volume conductor
model are non-dispersive. It was shown in section 5.2.3 that the proposed method is
valid for the computation of the time-dependent voltage response in the generated
volume conductor model of the human brain. Nevertheless, the application of this
method to different volume conductor models including biological tissue types has
to be validated. For example, the condition (A.7), representing the combination of
different tissue types, suggests that the method is only valid for biological tissue
types, the electrical properties of which are in the same order of magnitude. There-
fore, the proposed method may not be appropriate to model the acute phase of DBS,
as described in section 3.5.3, in which the electrical properties of the encapsulation
layer vary substantially from those of gray and white matter [143].

The quantification of uncertainty in the probabilistic voltage response and VTA
was carried out by computing a polynomial approximation of these quantities, using
the PC technique. This method requires the model parameters to be stochasti-
cally independent. To date, uncertainty quantification for stochastically dependent
model parameters is still challenging. According to Clénet [31], a possible approach
would be to express the stochastically dependent model parameters as a function of
probabilistic parameters depending on stochastically independent random variables,
which is known as isoprobabilistic transformation. In general, for the computation
of the polynomial approximations, a multi-variate basis of order p = 3 was used. It
was ensured that an increase of the polynomial order does not substantially change
the obtained PDFs of the investigated probabilistic quantity as well as its first two
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moments, which were required to compute its relative standard deviation. This
result is in agreement with empirical evidence obtained in other applications of the
PC technique in different problems of engineering, where a polynomial expansion of
third order was found to be the best compromise between accuracy and efficiency
[122]. However, for non-uniformly distributed model parameters and non-linear func-
tional dependencies in the deterministic model, a higher polynomial order might
be necessary to obtain an accurate approximation of the probabilistic quantity. A
higher polynomial order would most likely require an increase in the grid level of the
multi-dimensional cubature rule as well, which would result in a larger computational
intensity. Besides the order of the polynomial approximation and the number of
cubature nodes, the convergence of the polynomial approximation depends on the
functional characteristics of the investigated quantity of the deterministic model,
such as continuity and smoothness, on the model parameters [122]. The EQS and
QS formulations described in section 3.1 describe partial linear differential equations
with mixed Neumann and Dirichlet boundary conditions, the solutions of which
are smooth and continuous, resulting in an exponential convergence of the variance
of the probabilistic voltage response (Fig. 5.25). The convergence of the variance
of the probabilistic VTA decreased compared to that of the probabilistic voltage
response, which is assumed to be an effect of the non-linear membrane dynamics of
the multi-compartment axon model as described in section 5.3.3. Comparing sparse
grid and tensor grid integration, the convergence for the application of sparse grids
substantially decreased in certain cases (Fig. 5.24). These results show the limita-
tion of the sparse grid integration technique, which theoretically reaches the same
convergence order as tensor grids, but may decrease in applications with non-optimal
functional characteristics [93].

In section 5.3.3 the influence of uncertainty in the electrical properties of gray and
white matter on the probabilistic voltage response and VTA was investigated. Both
brain tissue types form the proximity of the STN. CSF, which is mostly located in
the ventricles, is a biological liquid, the electrical properties of which are compara-
tively well known. Therefore, possible uncertainty in the electrical properties of CSF
was not investigated. However, for applications where the stimulated target is closer
to areas of CSF, such as the ventricles, the influence of these uncertainties could
be of interest [112]. Because of the scarce experimental literature for the electrical
properties of gray and white matter, a uniform distribution of these parameters
was assumed to represent some kind of a ”worst case” scenario. For a more realis-
tic representation of the parameter uncertainty, more experimental data would be
required. In the case of the availability of a large data set of measurements with
the same experimental setup, a Gaussian distribution of the data would be most
likely. First tests carried out with Gaussian distributed model parameters showed
a decreased convergence rate compared with that for uniformly distributed model
parameters, which suggests that Legendre polynomials are not an optimal choice
for non-uniformly distributed model parameters, which is in agreement with theory
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as described in section 4.2.3. Especially for the simultaneous application of sparse
grids, a too coarse integration grid can result in multi-modal PDFs, which would
not properly reflect the ”true” solution obtained with MCS. In the case of Gaus-
sian distributed model parameters, a retrieval of the optimality could be obtained by
using Hermite polynomials [108]. Since Hermite polynomials have a different support
range compared to the Clenshaw-Curtis rule, a modification of the multi-dimensional
cubature rule would be necessary to retain the benefits of using sparse Smolyak grids.
Further studies are necessary to investigate the convergence and influence of model
parameters with non-uniform distributions and the application of different sets of
orthogonal basis functions as well as cubature rules on the probabilistic voltage
response and VTA.

Despite the discussed simplifications, the proposed methods to quantify the uncer-
tainty of the model parameters in an optimised anatomical volume conductor model
of the human brain on the time-dependent voltage response and VTA allow for a
first prediction of the uncertainty boundaries of the extent of neural activation with
an optimised computational efficiency.
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This thesis examines the influence of uncertainty in the electrical properties of brain
tissue and the parameters of the electrode-tissue-interface on the time-dependent
voltage response and VTA for DBS in a generated and optimised volume conductor
model of the human brain. The generated volume conductor model was optimised
in its complexity by investigating the influence of the anisotropic conductivity of
brain tissue and the electrode position as well as by developing a method for the
fast computation of the time-dependent voltage response in the proximity of the
stimulated target by using the common Fourier finite element method (FFEM) in
combination with equivalent circuits. The quantification of uncertainty in the time-
dependent voltage response and VTA in the human brain model was obtained by
using a computationally efficient polynomial expansion for the approximation of the
probabilistic properties of these quantities. The results point out sensitive parame-
ters of volume conductor models of the human brain and allow for a prediction of
requirements in the precision of these model parameters, which could be used in
software tools for planning surgery of DBS and to make physicians as well as engi-
neers aware of the uncertainty in the predicted neural activation in the target area.
Supportive software tools could be used in the pre-operative planning phase and
during performance of the surgery, which claims the requirement of patient-specific
human brain models.

The optimization of the computational expense and the reduction of the model
order is carried out on two separate aspects, comprising the deterministic model and
the uncertainty quantification based on probability sampling methods. The EQS
formalism, which simplifies the full set of Maxwell’s equations for bio-electrical appli-
cations, was verified for the human brain and its fast computation was carried out
by the proposed Fourier finite element method with equivalent circuits (FFEMEC),
which for frequency-independent material properties only requires a maximum of two
executions of the finite element computation of the volume conductor model. The
neural activation was predicted by using the well-established concept of the VTA.
The uncertainty quantification of the time-dependent voltage response and the VTA
was carried out using the non-intrusive PC technique, which requires the execution
of the deterministic model only for the computation of the expansion coefficients
instead of for a large number of probability samples in MCS. The required number
of executions of the deterministic model was further reduced by the application of
sparse grids with nested nodes. Besides the substantial reduction of the number of
required model executions, nested sparse grids provide a convenient way of ensuring
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convergence of the computed probabilistic quantity as well. Uncertainty quantifi-
cation allows for several investigations of the probabilistic properties of the model
solution from determining the moments of the probabilistic solution, such as its
mean value and its variance as well as its confidence interval, to deriving functional
characteristics from its PDF and prediction of uncertainty boundaries for the model
parameters in dependence of a prescribed magnitude of uncertainty in the model
solution. In addition, the non-intrusive variant of the PC technique does not require
a modification of the deterministic model by utilizing it as some kind of a ”black-box”
and, therefore, allows for a simple application to other deterministic models subject to
uncertainty in their model parameters. It could be shown that the non-intrusive PC
technique in the present model of DBS is computationally advantageous compared
to the classical MCS. This advantage is limited by the number of stochastically
independent model parameters, which was at maximum four in this thesis. For a
larger number of probabilistic model parameters, the classical MCS may be more
appropriate. However, the computational expense of performing a classical MCS on
the present model of DBS would be challenging to handle and a computation of the
influence of their uncertainty on the model solution in a reasonable time would be
questionable.

The validation of FFEMEC was carried out for the generated volume conductor
model by comparing the time-dependent voltage response in the proximity of the
stimulated target with that computed with common FFEM. The results showed a
good agreement of both methods, suggesting that the proposed method is applicable
in the generated volume conductor model of the human brain. The non-intrusive
PC technique was compared with the classical MCS for 10,000 probability samples
in the conductivity of brain tissue in a simplified volume conductor model of the
human brain. A good agreement between the probabilistic time-dependent voltage
response obtained with the PC technique and with MCS could be reached for the
application of tensor grids as well as for sparse grids.

The computational advantage of the proposed FFEMEC is limited to the appli-
cation of frequency-independent material properties. Since the electrical properties
of brain tissue are frequency-dependent in the frequency spectrum of the applied
DBS pulse, a best single frequency approximation of the dispersive volume conductor
model was carried out, resulting in a best approximation of the frequency-dependent
electrical properties of brain tissue at a frequency of approximately 2 kHz for a
common DBS pulse. However, it should be kept in mind that this best approximat-
ing frequency may change patient-individually for different volume conductor models
of the human brain, different target areas and electrical properties of brain tissue.
Comparing the capacitive effect, which distinguishes the EQS and QS formulation
in the frequency spectrum of the DBS pulse, the minimum of this effect may be a
good predictor for the best single frequency approximation of the volume conductor
model. Beside the application of common square-wave DBS pulses, smoothed DBS
pulses were applied as well to reduce the number of required frequency components
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in their spectrum using FFT. The discussion of the resulting VTAs for both DBS
pulse types revealed that the slope of the pulse mostly influences the results, while
the overshooting in the square-wave DBS pulse was of minor influence. Therefore,
the results suggest that the computation of the time-dependent voltage response
and VTA should be carried out for the application of the actual waveform of the
DBS pulse despite a possible overshooting in the time-dependent voltage response.
The investigation of the influence of uncertainty in the electrical properties of brain
tissue and the parameters of the electrode-tissue-interface revealed a minor influence
in the parameters of the electrode-tissue-interface. In addition, the results suggested
that the uncertainty in the relative permittivity of brain tissue is negligible, and that
consequently the uncertainty in the conductivity of brain tissue mostly influences
the uncertainty in the time-dependent voltage response and VTA in the generated
volume conductor model of the human brain. These results and those for the best
single frequency approximation of the human brain model as well as the investiga-
tion of the capacitive effect, suggest that a QS formulation could be appropriate for
modelling the time-dependent voltage response and VTA in the human brain model
for DBS. The application of the QS formulation would result in a real valued system
matrix, which is efficiently solvable using CG instead of GMRES.

The quantification of uncertainty in the probabilistic VTA revealed that for an
uncertainty in the VTA of below 5 %, the uncertainty in the conductivity of brain
tissue has to be below 7 % for voltage-controlled and 3 % for current-controlled
stimulation. To date, the variation in values of the conductivity of brain tissue
in experimental literature is substantially larger than these predicted uncertainty
boundaries, which demands a more precise determination of the electrical properties
of brain tissue. Comparing the determined uncertainty in the time-dependent voltage
response with the predicted influence of anisotropic conductivity in the proximity of
the stimulated target, an isotropic volume conductor model of the human brain may
be an appropriate simplification of the anisotropic human brain model. However,
if more precise electrical properties of brain tissue are available and if the target
areas are close to areas with a large anisotropy ratio, a consideration of anisotropic
conductivity may be required. The quantification of uncertainty for the electrical
properties of brain tissue and the parameters of the electrode-tissue-interface are
important parameters for the computation of the time-dependent voltage response
and VTA, but the uncertainty in the volume conductor model of the human brain
is not limited to them. Further investigations of uncertainty in the parameters of
the axon model, such as its fibre diameter, internodal spacing, and number of nodes
of Ranvier, could result in a more thorough insight in the actual neural activation
in the stimulated target area. In addition, to gain insight into the mechanisms of
DBS, the computed probabilistic time-dependent voltage response should be used
as a parameter for complex neural network models of the basal ganglia. Such an
investigation would allow for a possible comparison of the simulation results and their
determined uncertainty with experimental results from a closed loop DBS system,
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which records LFPs in the motor cortex. Due to the lack of literature data, the
uncertainty in the model parameters was assumed to be uniformly distributed to
represent a ”worst-case” scenario. The data of the model parameters obtained from
experimental measurements with a large number samples would most likely resemble
a Gaussian distribution. To allow for an optimal computation of the polynomial
expansions with the PC technique for different distributions in the model parameters,
corresponding basis functions and cubature methods have to be added to the already
implemented non-intrusive projection method.
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A Appendix

A.1 Representation of heterogeneous media by

lumped equivalent circuit components

The following section describes the derivation of conditions for the representation
of heterogeneous media in a volume conductor model by lumped equivalent circuit
components. The proposed Fourier finite element method with equivalent circuits
(FFEMEC), which is described in section 3.3, derives the transfer function for volt-
age-controlled and current-controlled stimulation in the proximity of the stimulated
target in the generated volume conductor model of the human brain by using lumped
equivalent circuit components, which are computed at a single frequency ωk. This
approach is only applicable, if the combinations of the electrical properties of the
brain tissue types in the heterogeneous volume conductor model of the human brain
are non-dispersive, which requires the fulfilment of certain conditions. In this section,
these conditions are derived from a simplified volume conductor model comprising a
plate capacitor with two media in series.

The admittance of both media can be described by their conductance G and
capacitance C:

Y1 = G1 + jωC1 (A.1)

Y2 = G2 + jωC2 (A.2)

The total admittance of the volume conductor model is

Y =

(
1

Y1

+
1

Y2

)−1

=
Y1Y2

Y1 + Y2

=
(G1 + jωC1)(G2 + jωC2)

G1 +G2 + jω(C1 + C2)
. (A.3)

The application of a multiplication by one with the complex conjugate of the denom-
inator as well as rearrangement of the terms results in the following expression for
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the total admittance
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=Gtot + jωCtot .

(A.4)

The lumped conductance Gtot and capacitance Ctot depend on the angular frequency
ω, which means that they are dispersive. Assuming that the electrical properties of
the media hold the conditions(

ωC1

G1

)2

� 1 and

(
ωC2

G2

)2

� 1 , (A.5)

the total admittance in equation A.4 can be approximated by

Y ≈ G1G2(G1 +G2)

(G1 +G2)2 + 2ω2C1C2

+ jω
C1G

2
2 + C2G

2
1

(G1 +G2)2 + 2ω2C1C2

. (A.6)

Under the condition that the following term, representing the combination of the
electrical properties of both media, fulfils

2ω2C1C2

(G1 +G2)2
� 1 , (A.7)

the total admittance can be approximated by

Y ≈ G1G2

G1 +G2︸ ︷︷ ︸
=Gtot

+jω
C1G

2
2 + C2G

2
1

(G1 +G2)2︸ ︷︷ ︸
=Ctot

, (A.8)

which results in non-dispersive formulations for the lumped conductance Gtot and
capacitance Ctot. For a straight plate capacitor with constant cross section As and
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length l of each medium, the conductance Gi and capacitance Ci of the media are

Gi =
κiAs

l
and Ci =

ε0εr,iAs

l
(A.9)

where κi is the conductivity and εr,i is the relative permittivity of the medium
i. Substituting the conductance and capacitance in the conditions (A.5) by these
expressions result in the conditions(

ωε0εr,1
κ1

)2

� 1 and

(
ωε0εr,2
κ2

)2

� 1 , (A.10)

which is the square of the condition for the neglection of the capacitive effect in
section 3.1.1. However, it has to be kept in mind that for an arbitrary geometry, the
conditions in equation (A.10) depend on the geometry as well.
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Hiermit erkläre ich, dass ich die vorliegende Dissertation mit dem Titel ”Uncertainty
quantification in a computationally optimised volume conductor model for deep brain
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Thesen

zur Dissertation
Uncertainty quantification in a computationally optimised volume
conductor model for deep brain stimulation
von Christian Schmidt

These 1
Deep brain stimulation (DBS) is a neurosurgical method, in which an implan-
ted DBS electrode causes a time-dependent voltage response in the stimulated
target area by the application of voltage-controlled and current-controlled
stimulation pulses.

These 2
An anatomical brain model incorporating the heterogeneous electrical proper-
ties of brain tissue is required for a realistic modelling of the time-dependent
voltage response and neural activation in the stimulated target area.

These 3
For the frequency spectrum of the DBS pulse, propagation and inductive effects
in the electromagnetic fields in the brain can be assumed to be negligible in
the proximity of the stimulated target, which allows for the application of
the electro-quasistatic formalism for the computation of the time-dependent
voltage response in this area.

These 4
The Fourier finite element method with equivalent circuits (FFEMEC) allows
for a fast computation of the time-dependent voltage response in agreement
with the common Fourier finite element method (FFEM) for non-dispersive
electrical properties of biological tissue, which exhibits a small capacitive
effect.

These 5
The electrical properties of brain tissue are frequency-dependent in the freq-
uency spectrum of the DBS pulse. A single frequency approximation of these
properties in the brain model resulted in a sufficiently accurate approximation
of the time-dependent voltage response.

These 6
The prediction of the neural activation in the stimulated target area is obtained
by the concept of the volume of tissue activated (VTA). The amplitude and
slope of the time-dependent voltage response influences the extent of the VTA.



These 7
The parameters of the electrode tissue interface and the electrical properties
of brain tissue are subject to uncertainty in literature. The polynomial chaos
technique (PCT) allows for an uncertainty quantification in the brain model
for these model parameters by approximating the probabilistic model solutions
by a polynomial expansion in random variables.

These 8
In the non-intrusive implementation of the PCT, the deterministic model
remains unchanged. The coefficients of the polynomial expansions are com-
puted with multi-dimensional numerical cubature. The application of sparse
grids allows for a substantial reduction of the required integration nodes.

These 9
Compared to the influence of uncertainty in the electrical properties of brain
tissue, the influence of uncertainty in the parameters of the electrode-tissue-
interface is negligible.

These 10
The influence of uncertainty in the electrical properties of brain tissue on the
voltage response and VTA was larger for current-controlled stimulation than
for voltage-controlled stimulation. For both stimulation types the uncertainty
in these quantities was mostly influenced by the conductivity of brain tissue.

These 11
Prescribing an uncertainty limit of 5 % in the probabilistic VTA, the electrical
properties are required to be determined more precisely than actually available
in literature.

These 12
The anisotropic conductivity in the stimulated target area has a minor influ-
ence on the time-dependent voltage response, resulting from a comparatively
small anisotropy ratio in this area than in areas with evenly oriented white
matter fibres.

These 13
A comparison of the determined uncertainty in the time-dependent voltage
response with the influence of anisotropic conductivity suggests that an isotro-
pic brain model provides a reasonable approximation of an anisotropic brain
model for the modelling of DBS in this stimulated target area.



Abstract

Deep brain stimulation (DBS) is a neurosurgical method based on implanting elec-
trodes in selected brain areas to treat symptoms of neurological and psychiatric
disorders. Although the method has become a common procedure in clinical prac-
tice, the understanding of its mechanisms is still scarce. Starting in the last decade,
numerous computational models for predicting the mechanisms of DBS and the
volume of tissue activated (VTA) around the DBS electrode were developed, which
are based on several parameters subject to uncertainty. To date, human brain models
for DBS only consider one set of possible parameters and, therefore, do not regard
their uncertainty and probabilistic nature. This thesis examines the influence of
uncertainty in the model parameters on the time-dependent voltage response and
neural activation in the proximity of the stimulated target. An anatomical head
model incorporating heterogeneous and anisotropic tissue properties was generated,
based on a digital brain atlas. The computation of the time-dependent voltage
response in the proximity of the DBS electrode, based on the electro-quasistatic
formulation of Maxwell’s equations, was optimised by combining the common Fourier
finite element method with equivalent circuits derived from the brain model. A best
single frequency approximation of the dispersive volume conductor model could be
determined for the frequency-dependent electrical properties of brain tissue and the
application of a common DBS pulse. The quantification of uncertainty in the human
brain model was obtained by approximating the probabilistic voltage response and
VTA by a polynomial expansion, using the polynomial chaos technique. The reduc-
tion of the required number of executions of the deterministic model was further
reduced by the application of sparse grids with nested nodes. The investigation of
the influence of uncertainty in the electrical properties of brain tissue and the param-
eters of the electrode-tissue-interface revealed a minor influence in the parameters
of the electrode-tissue-interface and suggested that the uncertainty in the relative
permittivity of brain tissue is negligible, and that consequently the uncertainty in the
conductivity of brain tissue mostly influences the uncertainty in the time-dependent
voltage response and VTA in the generated volume conductor model of the human
brain. The determined uncertainty boundaries for the conductivity of brain tissue
demand for a more precise determination of the electrical properties of brain tissue.
Comparing the determined uncertainty in the time-dependent voltage response with
the predicted influence of anisotropic conductivity in the proximity of the stimulated
target, an isotropic volume conductor model of the human brain was determined to
be an appropriate simplification of the anisotropic human brain model.





Zusammenfassung

Die Tiefe Hirnstimulation (THS) ist eine neurochirurgische Methode, bei der Elektro-
den in tief gelegene Hirnareale implantiert werden, um Symptome von neurodegenera-
tiven Krankheiten zu behandeln. Obwohl die THS eine gängige Methode in der klinis-
chen Praxis darstellt, sind die Mechanismen der THS noch weitgehend unverstanden.
In den letzten Jahren wurden zahlreiche computergestützte Modelle zur Erforschung
dieser Mechanismen und zur Prognose des aktivierten Volumens (engl.: volume of
tissue activated - VTA) der THS entwickelt, welche jedoch auf unsicheren Modellpa-
rametern beruhen. Bisherige Modelle betrachten lediglich deterministische Parame-
ter und berücksichtigen nicht deren Unsicherheiten und stochastische Eigenschaften.
Diese Arbeit untersucht den Einfluss dieser Unsicherheiten auf die zeitabhängige
Spannungsantwort und das VTA in der Umgebung der THS Elektrode. Ein anatomis-
ches Kopfmodell, welches die heterogenen und anisotropen elektrischen Eigenschaften
von Hirngewebe wiedergibt, wurde auf Grundlage eines digitalen Hirnatlas erstellt.
Die Berechnung der zeitabhängigen Spannungsantwort, basierend auf der elektro-
quasistatischen Formulierung der Maxwellschen Gleichungen, wurde durch die Kom-
bination der bekannten Fourier Finite Elemente-Methode mit Ersatzschaltbildern
des Modells optimiert. Eine beste Approximationsfrequenz des dispersiven Volumen-
leitermodells für die frequenzabhängigen elektrischen Eigenschaften des Gewebes
konnte für die Verwendung eines typischen THS Signals bestimmt werden. Die Quan-
tifizierung von Unsicherheiten im THS Modell wurde durch eine Reihenentwicklung
der stochastischen Spannungsantwort und des VTA mittels des Polynomialen Chaos
erreicht. Der benötigte Rechenaufwand wurde weiter durch die Verwendung von
Dünngitterverfahren mit verschachtelten Stützpunkten erreicht. Die Untersuchung
des Einflusses von Unsicherheiten in den elektrischen Eigenschaften von Hirnge-
webe und den Parametern des Elektrode-Gewebe-Übergangs zeigte einen geringen
Einfluss dieser Parameter und der relativen Permittivität von Hirngewebe, was auf
einen dominanten Einfluss von Unsicherheiten in der Leitfähigkeit von Hirngewebe
auf die zeitabhängige Spannungsantwort und das VTA im entwickelten Modell des
menschlichen Gehirns schließen lässt. Die daraus bestimmten Schranken für die
Unsicherheit in der Leitfähigkeit von Hirngewebe erfordern eine präzisere exper-
imentelle Messung dieser Parameter. Ein Vergleich der resultierenden Unsicher-
heiten in der zeitabhängigen Spannungsantwort mit dem prognostizierten Einfluss
der anisotropen Leitfähigkeit in der Umgebung der DBS Elektrode lässt vermuten,
dass ein isotropes Modell des menschlichen Gehirns eine angemessen Approximation
eines anisotropen Modells gewährleistet.




