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ABSTRACT

Determinationof the loadcarrying capacity of structuresvsry important for the assessment thfeir
safety. Constantly subjected to dynamic loadsmarine and offshore structures experience the
significant rise of inertial forces in structural elements, often leading to buckling, plastic deformations
or fatigue cracks. To ensure safety and reliability of structures under dynamindaadi necessary to
estimate theinfluence of thetransienteffectson the collapse behavior @late panels.

As a possible tool for theltimate strength analysis, thEinite Element MethodFEM)is widely spread
among engineers In spite of the great féectiveness, the transient Finite Element Analysis (FEA)
remains very time consuming and sometimes difficult to accomplish Wedrefore the Idealized
Structural Unit Method (ISUM) can be applied for collapse analysis of large structures.

Within the present thesis the applicability of th&&UMis extended to dynamic collapsaalysesof

steel plate panels by taking theertia and damping termito account Formulationof the consistent

mass matrix for ISUM plate elementtdased onintegration ofthe bilinear and trigonometric shape
functions, which interpolate theéodal point displacements and internal deflections respectively. The
latter depend on a direction of the applied load and describe buckling behaviour of plate panels. Since
the investigatims on a dynamic buckling behaviour of rectangular plates showed similarity with static
buckling modes, shape functions for static ISUM formulation are used.

Damping effects are included to analybis formulating the damping matrix, using Rayleigh model
damping parameterare determinedor each examined plate type performing modal analyBased

on the \alidation ofthe Rayleigh damping model on an example of the square plate panel, the damping
ratio is chosen for the dynamic collapse investigationseofangular plate panels.

The explicit central difference schem@€DM)lF YR (G KS AYLX A OA G(NMKSdrer I NJ Qa
introduced b perform the numerical integration of the system obnlineardifferential equations of

second orderValidationis carried outon examples of simple spriagass system (1D linear problem),

4-node membrane element (2D linear problem) andate ISUM element (3D nonlinear problem).
Particular attention is paido the stability of thecentral difference methodby adjustment an

integration time step, since the prescribed scheme is only conditionally stable.

Qurrent force control formulation does not allow to obtain tlm@st-buckling regiorof the average
stress- average strain curvelo provide thecomplete understandingf the bucklhg process, the
enforced motion method is introducedCrresponding numerical schemes assljusted to the
enforced motion method and validated on example of theode ISUM element: new formulation
provides desirable results, since the total buckling bétraef the plate structure can be obtained

Having introduced the transient ISUM formulation, dynamic collapse analyses of different rectangular

plate panesare performed.Validation of the obtained results is based on a comparison with HEA.

influenceof the inertia and damping effects on the dynamic buckling behavior of rectangular plate

panels is showby the correspondingverage stressaverage strain curves. Factors, which effects the

rise of the Utimate strengthare outlined. According to the&ding art, typical dynamic buckling modes

are demonstrated Newly implementedexplicit central F F SNByYy OS |y R A tifalf A OA {
integratonY SG K2R& FNB |yl feél SR Ay {(SN¥xa 2 7FFimthez GaQ N
applicability othe Idealizedstructural Unit Methoan dynamic collapse analyses of rectangular plates

is assessed.
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1 Introduction

1.1 Ultimate Strength Assessment by the Idealized Structural Unit Method

Science and Technolpbave been developingith enormous speeih recent yearsinnovations have
coveredall fields of knowledge, trying to make it ideal in terms of getting higher quality, increasing
reliability, reducing costs arichproving user friendliness

All these benefits concerning engiering would be difficult taeachwithout developing & modern
numerical methods andeeply studying mechanics. Takinganaccount nonlinearitieand material
behavior,initial imperfection of strutures andthe developmentof new finite element typesit has
become possible toeviseold regulations ando assess the loadarrying capacity from the point of
the limit state.In other words, a certain structural element can operate until it reachesultimate
strength by losing itstiffness resulting i collapse. This meartbat it isnecessary to analyze also the
buckling behavior of struaral members, since it is better when the failure takes placthéplastic
range, allowing the structure to reallocate internal stresses.

The ultimate limit statelesign is based on the buckling arsidyof steel plates, being the core element
of all marine structuresThere aremanyfactors such as loadirand boundanconditions, mateial and
geometrical properties, initial imperfectionghich define the bucklip behavior.For example, thin
plates buckleevenin the elastic ranggand in contrast, thick platesat the plastic rangegxperiencing
significant spread of yieldingmperfect structures have a lower ultimate strengthiue compared with
ideal onesFigurel:

® Ultimate Strength

Stress

y ~—_
Perfect thick plate
Perfect thin plate
------ Imperfect plate

Strain

v

Figurel: Ultimate capacityof steel plates under axial loading
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longitudinalhull bending. One cagefinethis bending as hogging and sagging, then the middle part of

the ship hull, idealized as a girder with variable characteristics of the-sem$®n,bendsupwards and

downwards respectivelyrigure2. In case of hogginghe compression of plates acts below the neutral

axis Considering sagging, plates above the neutralexpsriencecompression.
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Figure2: Hogging left) and Saggingight) bendingnodes of the ship hull

There are two principal methods to calculate the ultimate strength of steel p[ajes
A The membrane stress methpf®]
A The rigidplastic theory methog|[3]

The first one allows getting the membrane stresses by solving the nonlinear governing differential
equations of large deflection plate theory, namely the equilibriund ahe compatibility equations
These will beliscused in detaiin Chapter 2. As the membrane stresses reach the yieg&ks,collapse

will occur. The spread of the yielding can be assessed by using theHiéiseky yield criterion, which
determines the possible locations for the initial yielding as plasticity atezsrand plasticity at
longitudinal or transverse edge3he second approachresumes for the ultimate limit statéhe
presence ofkinematicalmechanismsso that the internal strain energy is in equilibrium with the
externd potential energy

Accordingto the Common Structural Rules (CSR) safety of marine structures must be proved
performing the hull girder ultimate strength chedk/ithin the rules, collapse analysis based on the
SmitlQ @ethodis presented, wheréhe ultimate hull girder capacity @efined as themaximum

value of the curve, which depictsrtical bending moment versus the curvature of the ship cross
section[5]. Due to this method the hull crossection is to be divided into smallements. Vertical
curvature of the hull is assumed to occur incrementally. Therefore, corresponding incremental strains
can be calculated. Element stresses are derived from the incremental strains and integrated over the
crosssection to obtain bending moment incrementsadliy, incremental curvatures and moments are
being summed tget cumulative values. Taking into account #ssumption that theshear straingre
neglected,the nonlinear Anite Hement Method (FEM) is approved and recommendgxa the
assessment of the tilnate strength

The nite HementMethod (FEM)s one the most effective tools to solve such a complicated nonlinear
behavior of structures. The idea of the method is to findaberoximate solution o& certain problem.

For this aim, the solutionraa is subdividednto a lot of small finite elements, representing the
geometrical shape of the structurds the approximate solution is found for each element and the
equilibrium conditions are satisfied, the unknown displacements and stressdse ewaluated.The
fundamental principles of thBinite HementMethod were depicted in the papers Glough6], Argyris

[7], Turner et al [8], Hrennikov[9] and manyothers. With the development of the computer
technologies, the application of the perspectiFmite Hement Method grewsignificantly In 1967
Zienkiewicz and Cheurj@0] LJdzo f A a KSR (KS T A NA HnitoEe@dntMéthod ik G K S
a0 NHzOG dzNI £ | YR Qwhgré they dzddva w¥ighOkKresiiual@alérkin method and the
least squares approador the derivation of equationsThis attracted attention of the mathematics
communityandgavea boost tothe usage ofEMfor the solution oflinear and nonlinear differeinl
equations. FENbund its application to a wide rangd engineering tasks, namely for equilibrium time
independat problems, eigenvalue problems and propagation or transient probl&omepopular
computer programswhichperformthe Finite Hement Analysisare listed below




A ABAQUSHFinite HementAnalysis1978 .:l

A ANSYSFinite HementAnalysiss, 1970

A COMSOL Multiphysicsinite HementAnalysis 1986
A Femap- Finite HementAnalysis Siemens PLM Softwark985 E
A FreeFEM++Finite HementAnalysis1987 .:l

A LSDYNA nonlinear transient dynamiginite HementAnalysis 1987

A MSC.NastranFinite HementAnalysis 1963 %

A SAMCEFFinite BementAnalysis1965 [l

A _ - . "-Tinite HementAnalysis1963 |

A s | “Fipite BementAnalysis1991 i

~
[ €

In spite of althe advantages of thé&inite HementMethod, it remains very time consumingecause

of the large number of unknownsvolvedin the solution procedureA possible way of makiranalysis
process faster would be the usage of special finite elements, which are larger as standard ones and
therefore structuresmodelled with such elements would have less unknowns.

Thisidea of cre&ion of the ldealizedSructural Unit Method (ISUM) belongs tdeda andRashed11].
Theuniquenesf the method lies in the fact that unlike the traditional nonlinear FiBkk idealized
structural elemat can model the whole stictural component Thusthe nonlinear structural analysis
of square panel using ISUM takem 1 x 1@ less computationalime than performingraditional FEA
with mesh 50 x 50 elements.

Within the originalISUM formulatiorthe geometrical and materialanlinearitieswere included in an
idealized mannef12]-[16]. These idealizationare considered by speditailure functions, which take
the current stressstrainstate ofthe element into accountand by thestiffness matrices defininthe
relationship between adal force increments and noddlsplacement incrementdepending on the
failure functions.Material nonlinearitiesare included by usage of thelastic flow theory These
assumptios let a large structural unit benodeledas one element. Therefore whole structural
system can be discretized Bpmeelementsandthe computational time with ISUNMecomesmuch
lower in comparison to AE. The basic engineering concepirfthe plate element waslefiningthe
effectivebreadth of a plate after buckling

Later,Masaoka et al[17] haveproposedto treat the amplitude of the lateral deflection of the plate
panel explicitly as additiml degree of freedomThis was reached by using eigenfunctiotspicting
the buckling mods of the plate panelsThe simmation ofthese bucklingnode shapesprovideda
common deflection function, where te coefficient is consideed as degreeof freedom
Unfortunately, this formulationwas not suitable for deternming the postultimate strength of
structures accuratelyl he investigations of the collapse behavior of stifened platesdid notprovide
accurate resultas the ultimate strength was over@sated.




In the newest ISUM formulation proposed by Fujikubo and KaddBjgpecial shape functionsere
developedto reachhighly accurate resultfor axially loaded plate panels with plate slemdess ratios
up to 3.5 It was noticedthat the deflection shape changesoin the buckling mode lsape to the
collapse mode shape with the localization of plasticity. To simutzdite complicatedoehavior and
considerthe plasticdeformations,a few ISUM elementsvith the appropriatebuckling or collapse
shape functionhave to be taken for modeling of one rectangular plate pamébse assumptions
enabled also thecombiration of a bearcolumn elementwith the ISUMplate element. The
applicabilityof the new formulation wasdemonstraed on examples of a double bottom structure of
a bulk carrieby Fujikubeet al.[19], on a pontoontype VLF®y Kaedinget al. [20], on different box
girder specimens in longitudinal beind by Kaedinget al. [21] and evenon the 1/3 scaled welded
steel frigate modeby Fujikubcet al.[22].

Kaeding et al[23] proposed further improvements of this formulatiogrgarding the consideration of
lateral pressure effectdy using the corresponding amplitude of the lateral plate panel deflection as
separate degree of freedonishibashi et al[24] examined the collapse behavior of the plate panels
under inplane bending and developed an approacbdnsiderthe presence o€utoutsin plate panels
under transverse thrustPei et al.[25], [26], [27] investigated the collapse behavior tife non
rectangular plates, by introducing tligoparametric ISUM element formulatioBao et al[28] carried

out the collapse analysis of double bottom structures, taking the influence of the welding residual
stresses on the ultimatstrength into account.

A ondensation procedw proposed by Lindemann et §29] wasapplied to the ISUM formulation
and validated for plate panels and stiffened plat&his condensatioallowsto reduce the ISUM plate
to nodal degrees of freedomso that it can bémplemented in conventional Feftware.Nonlinear FEA
was performedo determine the collapse behavior of thin plate panels under inplane thrustand
approach to improve the shape function feuch thin plates undelongitudinal thrust.A rew ISUM
plate element formulation was developed hyndemann[30] to perform collapse analysis of plate
panels and stiffened plates under lateral pressure in geometrically nonlinear bending.

In June 2016, thevorld famous International Conference on Ocean, Offslaré Arctic Engineering
OMAEdedicated a Spe@l Symposium in honor of Professor Yukio Uedaere scientific experts,
industry and academic leaders, researchamsl engineersdiscussedabout modern computational
methods for welding mechacs and strength of structuresSpecial attention was payed tihe
IdealizedSructural Unit Method asabout one thirdof the presentationsvas connectedvith ISUM
underliningits relevance and importancdy today, there aresix available elements, ensuring the
efficient analysis of thaonlinear behavioof marinestructures [31]:

A ISUM @ep girder element
ISUM pate element
ISUM ¢sffened plate element

A

A

A ISUM tibular gpe element

A ISUM tibular pipeelementwith internal damage
A

ISUMtubular joint element

Obvioudy the IdealizedIructural Unit Method has its future and the field of application veitbaden
This work is intended tenabletransientanalygsof shipbuilding structuresvithin ISUM usinglSUM
plate element




1.2 Subject of the Thesis

Marine and offshorestructures are subjectetbb dynamic loads during the lifetim&he values or

directions of dynamic loads rapidly change in time, causing the significant rise of inertial forces in
structural elementsDynamic loadsppearr & NB & dzf i 2 T at Se&vikinidland waveagtifgr S v

machineryoperation hull vibrationand sometimes even as result of collision or explosBamsidering

0 KS &KA LIQ a travishatioha; gukge, 8w EeSveand three rotationak; pitch, roll and yaw

¢ degrees of freedontan be observed. Accordirig these movements, the corresponding dynamic
forces and moments act on the ship hull provoking #igpearanceof stresses, often leading to
buckling, plastic deformations or fatigue crackshe structural members

To ensure the safety and reliability structures under dynamic loading it is necessary to estirttege
transienteffects on the collapse behavior glate panelsit was foundhat the strain rate, or in other
words thederivative of themeasured displacementith respect to timeinfluence he mechanical
properties ofthe steel.Lindemann et al[32] haveperformed uniaxial tensile tests of mild and high
tensile steel specimens to analy#ieis phenomenon The experimental data showed interesting
resuls: one ouldobserve aincrease of the yield strengtithisdemonstraedagood agreement with
the CooperSymonds equatiof33], which determines dynamic yield strength, using strain rate value
andempirical coefficierg.Due tothese investigationene can presumehat the loadcarrying capacity

of the steel marine structures undelynamic loading can be higheompared with the static loading.

To simulate dynamic collapse kehavior of ship hull girder invaves,Pei at al.[34] develped a
simulation system comibingt 2 F Rk Y2 0 A 2y | y I {®piogreéssive dollapse @n&lysisJQ a
a full ship model. The time dwain load/motion calculation wagerformed to obtain time histoy of
pressure distriition and acceleration of the shipThen, the obtainedressure distribution and
correspondingriertia force are applied to th&ll ship model, and the progressive collapse analysis is
performed with combined ISUM/FEM analysi/ithin the present thesis le applicability of the
Idealized Structural Unit Method extendedo dynamic collapse analysef steel plate panelsSince

the transient analysis can be considered as sétequilibrium states at particular timeoints, the
followingadditions were imfemented to the static ISUM FORTRANe:

A Inertia effects, byormulatingthe consistentmass mérix for ISUM plate elementn contrast
to the previous investigations mass matrix construction methothdsed on a variational
formulation, according tahe FEM philosophy.

A Damping effects, byormulatingthe damping matrix, using thRayleigtdamping model;

A New solution procedurg which enable to find the unknown displacements and internal

K dzt

forces. The explicit central difference scheme atite implicit NS¢ Y I N)] Qa arer S K2 R

implemented toperform the numerical integration of the system abnlineardifferential
equationsof second order

This thesigoversathorough studyof the Idealized Structural Element Method, Finite Element Method
and the numericé integration schemesThe following chapters give the detailed description of the

mentioned theoretical aspects and include the practical implementation mechanisms and the results,

presented by stresstrain relationships.




1.3 Composition of the Thesis

The present thesis consists of sevehapters, whiclreflect the essence of the performed research
andgive the gradugbresentation of information

The Introductionin Chapter lprovides ageneral information abouthe ldealized Structural Unit
Method, givesan overview of the metho@ évolution making a bridge to the objective and scope of
the present qudy.

In Ghapter2 Formulation and Application of the Idealized Structural Unit Metheddea and the main
theoretical aspectsf ISUM arexpoundeal. On an example of the rectangular plate panel under static
longitudinal and transverse thrust the description of the new shape functieveloped by Fujikubo
and Kaeding18] is presentedA brief introductionof the principle ofvirtual work and itsapplication

to the finite element formulation of ISUM is outlined. The assessment of the-lcadying capacity is
successfully performed using the average stt@gsrage strength curves.

In ChapteB Fundamentals of the Transient #ysisthe derivation of the linear and nonlinear dynamic
equilibrium equations is introduced. The direct explicit central differesceemeand the implicit

Newmarkda YSGK2R FFNB LINBaSyiSR Fa adaaidlofS ydzyYSNA(
analyzel in terms of stability, possible advantages and disadvantages are discussed. The
comprehensive procedure description enables the direct impletatgon of these methods inSUM

program code.

In Chapter Application of the Dect Time Integration Methids using Brce Control the validation of

G§KS SELX AOAG OSYiGNIf RAFFSNBYOS yR GKS AYLX AOAL
example of the simple spriagass system (1D linear problem), of the@de membraneelement (2D

linear problem)and of the 4node ISUMelement (3D nonlinear problem)The consistent mass matrix

for ISUM plate elemerdubjected to the uniaxial and biaxial loadiegpresentedising the bilinear and
trigonometric shape functionsf the static formulation irf18].

In Chapteb Application of the Displacement Control Procedure to the Direct Time Integration Methods
the formulation of the enforced motion meth is introduced. Thigchnique is applied to the explicit

and implicit time integrabn schemes; results of thdynamic collapse analysig the 4-node ISUM
element performing displacement contrafforced motion) and force control are compared to each
other.

In Chapte6 Dynamic Collapse Analysis of ISUM Plate Pmeth/namic bucktig behavior of different

square and rectangular plate panels under longitudinal, transverse and biaxial thrust is investigated.

The Rayleigh damping model is introduced. The influence of the damping forces is consiieeed.

explicit central differenceand KS A Y LI A OA G b S g Yl NJ @ analyzads tekms G S I NI
of reliability of the obtained results and reducing the computational costs.

The last Chapter Conclusiongntroduces the summary of the main features of the present study,
denotesthe possible improvements and future tasks.




2 Formulation and Application of the Idealized Structural Unit

Method

2.1 TheoreticaAspects

The basic idea of the Idealized Structural Unit Method is to perform nonlinear anaf/snarine
structures fasterthan with using of the standard Finite Element MethoSince the number of
equilibrium equatiosis equal to the degree of freedom number, the possible way of produeBgts
effective in terms of time is to reduce tmamberof elements With smart idealizatios, it has become
possible to model the standard shipbuilding steel plate even vetly few elements

Rectangular ISUM plate element developed by Fujikubo and Ka¢ti@gvith four correr nodes is
takenas basis in this thesith Figure3, a simply supported plate is subdivided by thr8&M plate
elementsindicated by Roman numerals. Three translational degrees of freédamand 0 are
defined at each node andnterpolated bilinear withinISUM plate element.Overall bending
deflectiond is used in analyses of stiffened plates so that the plate pand@2 f f 2 6§ (G KS
stiffeners modelled by beam elements, as describel@%. In analysiof plate parels,0 isequalto
zero.

Figure3: Therectangular ISUM plate elemdi8]

The deflection of the plate panel can be represented by the sum of two funchiomsd 0 , each
describingaccording to the subscriptthe buckling modes of the plate under longitudinal and
transverse loadingzq.1:

Voo O 0 0 JQa 6 JQdW ()

The shape function® ¢hw and "Q afto are multiplied with the amplitude§ andd , which are used
within ISUM formulation as the additional degrees of freeddémcase of the biaxial thrugthe both
amplitudesd0 and© are nonzeroUnder longitudinal thrust the transverse amplitude becomes
zero and vice versdherebyone can describe theodal degrees of freedorty at node Qwith Eq.2
and the total degrees of freedoi of element(Q with Eq.3:
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2.1.1 Square Rtesunder Uniaxial Arust

To understand theollapse behavior of the plate panels the FEA was performed. As the first case, the
simple supported square plate with the following dimensiang material propertiesvas considered:

Tablel: Dimensions and material propertiesh@ square plate
Length, breadth ¢hoo 1000 mm
Thickness 0 155 mm
Yield strength ” 313.6 MPa
L, 2dzy3Qa ‘O 205.8 MPa
t2Aaaz2yQ f 0.3 -
Hardening rate O 0 -

The FEnodel simulates the shipbuilding plating between longitudinal and transverse stiffeA#rs
edges of the plate are kept straight within the coupling conditions to satisfy the condition of continuity
of plate edgesA discretization scheme of 1 v t8hell elements is used. Initial lateral deflection with

a magnitude of 10% of the thickness valuapglied to simulate the buckling state. Uniaxial thrust is
applied by inplane edge displacement$e buckling behavior and spread of yielding on the middle
layeris shown irFigure4:

0 100
T =

Yielding, %

Figure4: Buckling behavior dhe square platender uniaxial thrusdt the ultimate strength 7- * =
1 (left) and at the postitimate strength- - = 3(right). Deflection scale: 6

Due to the analysithe sinusoidal buckling shapan be observed at thetirhate strength but at the
post-buckling region it changes to the roof mode. Fujikubo and KaddBjgxpressed this change of
the shape by theoefficients of the Fourier serieEq4. Numbers ohalf-waves inw- andw directiorns
are represented by indicé&nd Qespectively.

V] 0 | Qe-i Qe @)
W w

*

- - Average compressive strain
- - VYeld strain
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The coefficient® andd are playing the main role by describing of the buckling behavior of the
square plats, since thebuilding of the roof mode can be explained by the gréafiuence of the
coefficientsd  beyond the ultimate strength. The relative valuediud coefficientsare presented in
Figure5 (left). As0 becomes negative, the overlapping of the batiapes with one and three half
wavesleads tothe straightening inw directionand as result to the formation of the od mode.

0.06
0.04
0.02

-0.02
-0.04
-0.06
-0.08
-0.10
-0.12

0 o

Figureb: Fourier coefficientsf deflectedshape(left).
Definitionof the coefficientsn and p(right), [18]

To model the same behavior using the Idealized StmattUnit Method,Fujikubo et al[36] created

the shape function, whichccouns theabove considered transformatiosf the buckling mode in the
postultimate range, Edp:

é‘ 'd) “ (b ) ’0.5 13 (b 13 (b

0 O0i Q&1 Qs "Oi QRe—i Qs
® IR 1) ©)

Theparameter'Q Eq.6, reproduces the relationshipd 70 and becomes the nonzero value, as the
buckling modemust change to the roof modétself it is a function ofhe dimensionlesselation- 7-

and special coefficients andn, obtained by the FEA of the buckling behaviour of square plag}s
Figureb (right). One can seg¢hat the increasing of the slendernesatio] (for e.g. by reducing of the
plate thickness) speeds up the changing from #inusoidal to the roof modd&he numbers ohalf-

wavest for the square plate is equéd one and thereforesuch agplate panels can be modelled using
only one ISUNplate element.

0 o ] ©)




2.1.2 RectangularPlatesunder Longituaial Thrust

Considering the collapse behavior of the rectangular plates under longitudinal thrust thehB®&éd
that they buckleunlike the square platesnto several number of halvaves. Exemplary, the
rectangular plate panel, which buckles into thredflvaaves, is represented dfigure6. The principal
dimensions and material propertiesf the FEmodel of the rectangular plate are givem Table2.
Discretization scheme qf 11 o T8hell elements is used.

Table2: Dimensions and material properties of thetangulaplate

Length @ 2400 mm
Breadth ® 835 mm
Thickness 0 155 mm
Yield strength " 313.6 MPa

,2dzy3Qa 'O 205.8 MPa
t2Aaaz2yQ £ 03 -
Hardeningate O 0 -

0 100
T =

Yielding, %

Figure6: Buckling behavior dherectangulamlate underlongitudinalthrustat the ultimate strength
- 7- =1(a) and at the postiltimate strength - = 4(b). Deflection scal 6

One carseethat the deflectionsare not the same in different half waveshis is the resulbf the non
symmetrical initial deflectiontaking place in real structures. Like the square plate, onewelt
changes its shape from the sinusoidal te ttoof mode beyond the ultimate strength. This hakve
collapses and the rest tifie plate unloadsThe initial deflection of the rectangular plate panels being
a part of marine structures has a complicated agmnform shape. It represents the salledhungry
horse modefigure7, and can belescribed by Ed.

e\
MEREEE TR TEEEe
L ST CEREELC CEEREE

Figure7: initial deflectiorof rectangular plat2400 x 835 x 15 mm lungryhorse mode
Deflection scale: 6
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The coefficient® were defined experimentally byeda and Yaf87] for different rectangular plates
according to the numbeof halfwaves. For the considered rectangular plate with three half waves the
coefficientsdO are presented imable3:

Table3: Coefficient® , [mm] for initial deflection defition of rectangular plate 2400 x 835 x 15 mm

0 0 0 0 0 0 0 0 0 0 0
3.96 0.22 1.20 0.09 0.36 0.02 -0.02 0.08 -0.14 -0.02 -0.02

Tomodelthe samebucklingbehavior using thedealizedStructural Unit Methodhe shape function
given by Ecp is usedwhich enables describirthe changdrom the sinusoidal to the roof mode within
one halfwave.For this purposethe number of elements of ISUM model has to be dqoaghe number
of the buckling halfvaves. Therescribedhalf-wave, which is going to reach the roof mode, gets the
non-zerocoefficientsa andn, Figure5, and thereforeparameter’'can be evaluated;q.6. Only one
component of the initial deflection is used for the ISUM mod#le full valued s assigned to the
one ISUMelemen, and halfof this value to the othes. Exemplary the abowexamined plate with
three buckling halvaves gets for the first element the initial deflectibn equal to the 120 mm,
and thetwo rest elements the Vae of 0.6 mm Keepingequaldegreesof freedomo for the second
and third element, but different from the degree of freedotn of the first element enables the
modelling of localization of the plastic deformatidfigure8 (left).

O,-

AOO/\ /AN
~—

€ (op ©

Figure8: Amplitudesd (left) andd (right) as additional degrees of freeddan simulation oplastic
deformationlocalization[18]
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2.1.3 Rectangular Plates under Transveisedt

To analyze the clalpse behavior of the rectangular panel under transverse thrust, the FEA of the plate
with dimensions and material propertiegiven in Table 2 was performed.The FEnodel with
discretization scheme gb 1t o t8hell dements is usednd the initial deflection in a hungilyorse
mode according to the Ed.was appliedThe rectangular plate under transverse thrust buckles into
one half wave Figure9. At the ultimate stength the cylindricalmiddle part isalreadyformed. It
remainslongitudinally constanbut in transverse directiomepresents the sinusoidal shapghe end
parts behaveas half of a square platBeyond the ultmate strength, the roof mode seems to be
formed as theshapebecomes more and morestraightenedin loading direction.

0 100
m ||

Yielding, %

@

Figure9: Buckling behavior dherectangulamplate undertransversehrustat the ultimate strength
- 7~ =1(a) and at the postiltimate strength- ¥- = 4(b). Deflection scale: 6

To repeat the same buckling behavior using the Idealized Structural Unit MatHedst three ISUM

plate elements must be usedkigure8 (right). The first and the third elements simulate the collapse of
the end parts, which behave like the half of the square plakat iswhy the length of these elements
should beequal © the half of the plate breadtko that bringing them togther would build the square
plate. The second element is the biggest one and it simulates the cylindrical buckling behavior of the
middle part of the rectangular plate. Keeping for each element shene degree of freedom
represented by thamplitude! hguarantees theontinuous deflectiorall over the plate panel

The shape functionig. 8 proposedby Fujikubo et al[36] describes the buckling behavior of the
rectangular plates undetransverse thust Divided on three intervals according to the curremt
koordinateit shows the good agreement with FEA.

i Qg1 "Q&h mT O -
w0 ” G
) 8 [H)
0 0 _i Q&h - 0 O - (8)
() _ ¢ C
| 1 R&h ®© - 0w O
w W W C
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2.2 Solution Pocedure

The principle of virtual works the basis oFEsolution process. According to thginciple, the
deformablebody is in equilibrium ifior any small virtual disptement, applied on thbody, whichwas
in equilibriumstate, the total internal virtual work is equal to the total external virtual work, €d-he
term dvirtualk in thiscontextmeansthat the virtual displacements are not theal ones, which appear
during the loading. It is just used to derive thevgrningdifferential equationsof motion, integrating
the principleof virtual work by parts.

1- Qo 1 Q £Qnw 1Q £ QY 1Q Y ©)

In the above given equation one can see:

1 Q1- - virtual displacement vectaand correspading virtual strain vectqr

1 Q - virtual displacerent vector onsurfacearea™Y, on which known tractions are applie
T - stress vectorwhich balance the externally applied forces;

&£, £ - externally applied foce vectorper unit current volume and area;

Y - extermally applied concentrated force vector

Y - body surface and volume.

ForISUMplate element the stresstateisdefined by stress resultants panit width:

t 0 O M WD (10

0O b h) ¢ membrane force components per unit width;

O B M ¢bending moment components per unit width.

Analoguslyto the stressesthe vector of the applied nodal forsean be expressed as:
AQw O O 000 O0O0O0O 0O O O O O (11
Components of vector'O are defined according to the degrees of freedom of ISUM plate element.

A distinctive feature of the nonlinear analysis is that ti#ained displacement&are nomore the
linear function of the applied loa®® Within the geometrical and materialonlinearities the current
body configuration casignificantlychange during the loading historyherefore, the main difficulty
of the nonlinear analysis is thathe equilibrium equation must be satisfied at any possible
configurationswhetherthe large displacements dargerotations appearThe incremental approach
is successfully applied to cope with this probldra.buid such a scheme one can presuthat for the
certain moment the solution is known and to get the solution in the next gtepncremental values
must be found.
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Thus performing twedimensional analysis without considerationsefrface ancconcentratal forces
(£ =Y =0)the principleof virtual work in anincremental form can be written as:

1 w- 0 w0 Q0 1 wQ O O (12

In the following paragraphs a brief summary of the solution proiceds given based di38]. Thetotal
strain incrementw- represents the updatedsreen Strain Incremenf39], which introducs the
difference between the two adjacent configurationscdinsist otthe linear part(the first term on the
right-hand side) obtained from thenodal inplane displacemengndof the nonlinear par{the second
term on the righthand side)calculated using th&lastic Large Deflectichnalysi{ELDA)

3- 3- 3- (13
3r 3r 3r

The linear inplane strasmcan beobtained calculaing the partial derivativesof the bilinear shape
functions which representthe interpolation of the nodal inplane displacementé and 0. The
subscripts by thelisplacement® and) mean the node number according to tiégure3, & and®
represent thelength and breadth of the elememespectively:

(

TY6 T 0w 0., w W o, 0w . w W .,
3- — —. P = Y0 p =— p = Yo -—=Y0 — p = YO
T w ! w W W W w W w W w
TYO ! W 0. w W .. W w. w w
3 —. —. P = =Y P — P = YO —=Y0O —p = Y0 (19
T w1 w W W W w W w w w
TY6 1Y
> — T
w w

The derivation of th@onlinear straincan be performed by th&lastic Large DeflectigknalysiELDA)
for the certain shape function, which depend on the loadingdirection. For longitudinal thrust
application Eq(5 is taken as shape function, for traverse; Eq.(8 and forbiaxial¢ Eq.(1. The chosen
shape function) can be substitutednto the compaibility condition for large de#ctions [40], [41],
where 0 represents theinitial value of the internal defiction descibed by the same shape
functionv :

T O T O 170 1o T 0T v 10 T OT 0
o Tota o T ol @Tola T o & To 1o

15

Having solved th&iry@ stress functiofiQ the nonlinear straicomponents can be found using the
following equation whereOis theYoun@@ modulus and is thePoisso® ratia

p h& B h&
¥ 0w T
p & &
] p he& , n& 16
¥ 0 o TU (16)
h&qp
& Tofo O
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Having found the total strain incremeng. 13, the increment of the stress resultants O can be
calculated by:

w0 O w- 17

Vector 3 Rcomposedhe inplane strain increments dgg.13 and the classical three curvature terms
of Kirchhoff plates, which are evaluated lineadg given in detail bj38g].

The material matrixO depends on the stresstate. In the elast range, taking into account the

inplane stifiess6 O#& p ' and the bending stiffnes® —7p ' of the plate éement
with a certain thickness, matrix ‘'O can be obtained as:

0 0o’ i m T T .

n, Il

@ 0 T m T T

. U T O0p ¢ M T LS
S T T i 0O 0O Iy o (18)

1 It Tt Tt (0} O Tt |"|

urmr T i n nm Op ' IU

In the plastic rangehe material matrix O can be evaluated usirge plastc flow law, yield functions
and the yielctriteria, based on the von Mises hypothesis agiding the estimation, whether thigitial,

intermediateor fully plastic statdakes placeEggers and Kpbin, [42]. A complete descriptionfahe

evaluating of the material matrix is given [30].

Finally, theprinciple of virtual work in an incremental forymelds

b 3Q O O Y, (19)

with tangential stifness matrix 0 , incremental diplacement vector3'Q, appliedforce vedor "O
and its increment 370 and internal forcevector ‘Y . Element stifiess matrices and iatnal force
vectors are assembledver the whole structure as in conventional FHAKking into account the
material nonlinearities, th@rder of integrationplaysanimportant rolefor a large ISUM elemenas
the check of yieldings performedat the integration points.

This means that usage of the low integration order would gioe anaccurate picture omaterial
nonlinearitiesdistribution. Therefore, within the ldealized Structural Unit Method (ISUM) X
integration points placed equidistant over the element area are usetbr each plate element
Integration of stifhess matrix and internal foroeector iscarried outnumerically,by the trapezoidal
rule. Solution of theaboveobtainedincrementl Eq.19is performed numerially bythe widely used
Newton-Raphson Methodt is an effective scheme, which allows reaching an equilibrium state within
a certain tolerance for each new body configuratigmerforming an iterative procedure for
determination of theapproximatedisplacenent valuesFormulationof the NewtorRaphson Method

will be dscussed in Chapter31.
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2.3 Average StresAverage Strain Relationships for Square and Rectangular
Mates

One of the main purposes of engineering analysispredict how material wiltlespord to the loading
acting onthe structures. This analysis can be performed experimentally by applying forces to a
specimenand then determining the resulting stress using senddssng the obtained results one can
derive thestresgstrain curve which endles determination of the material properties suchyasld
strength ultimate strength Yauing@ modulus, Poiss@ ratio and othersPerforming the FEA of the
structuresthe stresg;strain curvegivesanalogouslhthe comprehensive information the collage
behavior, giving the opportunity to analyze the whole loading process.

The dimensionless average streaserage strain curves will be presented within this work for both FEA
and ISUM to make the data handling more conveniefitsuming the applied by splacements
longitudinal or transverse thrusticcording to the current deformatiothe resulting internal forces
are summed up oasubjected by the loadinglement faceanddivided byarea of this facef-igurelO.
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FigurelO: Plate panel under longitudinal and transverse thfast

Exemplary, theaverage stressverage strain relationships for square and rectangular plates are
presented inFigurell and Figurel2 respectivelyThe obtainedstresses, and, are divided by the

yield strength value , and theobtained strais- and- are divided by the yield strain  —.
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Figurell: Average stresaverage straimelationshipfor the square platevith different slenderness
ratio
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Three square plates with slenderness ratiosqual to 2.5, 3.0 and 3.5 with dimensions and material
properties given inTable1 have the similar collapse behaviander uniaxial loadingBuckling is
observed by the change of the slope of the correspondivgrage stresaverage straircurve. After
buckling the initial yielding is reachedr his meanthat the material extension takes place more quickly
with little increase in loadThepeak poinsonthe diagram correspond to the ultimate strength, which
is the maximum strength thahaterialis able to withstandefore breaking.

On can sethat the ultimate strength values increase with increastenderness ratio. In other words,
the logical assumptiothat the loadcarrying capacity of ththicker plates are higher is proved by the
obtainedaverage stresaverage straircurves. In the post-ultimate strength ange the loaetarrying

capacitydecreasesTheNB a dzf G1a 2F C9! 6068 a!b{,{ mpoenéd | yR

0.8
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> 0.6
,;‘ — — - FEM transverse thrust
> 0.4
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0.2 //’ —— ISUM longitudinal thrust
0 0 1 ) 3 — — - ISUM transverse thrust
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Figurel2: Average stresaverage straimelationshipfor the rectangulaplate under longitudinal and
transverse thrust

The collapse behavior tie rectangular platavith dimensions and material properties, giverTiable

2 under longitudinal and transverse thrust is no more the sahigurel2. The first thing that catches
the eyeis that theultimate strength value of the longitudinally loaded plate is two times higher as of
the transversly loaded plate This can be explained theoretically by tbemparison of theEulef
stressegq43]: under the uniaxial compressiadong the long sidef the plate theEuleQ stressis

" 1“ 'Of® o, and, p - “ 'Ofo 0 under the uniaxial compressicalong the
short side of the plate, with bending stiffnes® and plate geometrical characteristics cand 6.

Assuminghat thevalue — is small compared tp, the Eule@stress for the plate under longitudinal
loading is approximatelfour times higher as under transverse loading. That is whyldhgitudinal
framingis more preferable fomaritime structuresfrom the point ofconsideringhe hull@ bending.

As one can see, ISUM solution exactly follows theufte for bothlongitudiral and transverse thrust
cases, and only in the pebtickling range they slightly depart from th&Aresults.
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2.4 Concluding Remarks

In ChaptefFormulation and Application of the Idealized Structural Unit Methedollowing subjects
were highlightedand discusseds basis for the developments in the following Chapters

A Formulationof the rectangular ISUM plate element developed by Fujikubo and Kafiihg
within the new ISUM formulation the amplitudes tie shape functions are treated as
additional degrees of freedom

A Main features othe buckling behavior akctangular plates under longitudinal atrdnsverse
thrust: for rectangular plates under longitudintirust, the sinusoidal buckling shape ipigal.
However, the presence of the initial deflection causes the rgymmetrical yielding
distribution thatleads to the formatiorof the roof modebeyond the ultimate strength for one
half-wave. The same happens to the square plate, which collapseg iontly halfwave. For
rectangular plates under transverse thrust, the cylindrical middle part forms at the ultimate
strength. It remains longitudinally constant during the buckling processimncansverse
direction it represents the sinusoidal shape, loeging more and more straightened as the
deformations increase

A New shape function, preséed by Fujikubo and Kaedirig8] for rectangular plates under
longitudinal and transverse thrush case of the longitudindading,the special parameter is
introduced within the newformulation, which multiplied with the trigonometric funain
models the change from the sinusoidal to the roof mode. In case ofrémsversetrust, the
shape function is defined on the intervals, limitedthg length of the elementsAccording to
the buckling behavior the amplitudes of the shape functions are whether the same for each
element (by transverse thrust) or not (by longitndi thrust). The number of ISUM plate
elements must be egal to the numbe of halfwaves.

A The principle of virtual work in application to tisatic ISUMformulation: the incremental
approachfor derivation and solution ofthe equation of motionis introduced together with
the technique of theGreen Strain Increment definitiof89]. Importance of anritegration
order for establishmenof the stiffness matrix and internal force vectisrhighlighted

A Average stresaverage strain relationship as a suitable tooltfe buckling behavior analysis:
the assessment of the loachrrying capacitys presented on examples of thumiaxialloaded
square plate with differentslenderness ratios and on examples of the longitudinally and
transversely loaded rectangular plate. The results obtained by the static #dlysis show
very goodagreement with the static FEA results. The visible advantage otdiaized
Structural Unit Method is that thealculation time with ISUM is much shorter thaith FEA
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3 Fundamentals ofransient Analyes

3.1 Formulation of thé®ynamic Equilibrium guiation

The main difference between static and transient analysis is that the dynamic loads are time
dependent. They are applied asfianction of timeand therefore, time represents the additional
parameter in transient analysisdoreover,the dynamic loadsnducethe time-varyingresponse of
internal forces and stresseslisplacements, velocitiesand accelerations. These tingependent
parameters make dynamic analysis maddficult to perform, but one should not forgethat
considering e real physical processeas well asthe operation conditions of machineries and
structuresthe influence of the dynamic effects can play the significant irotbe total forcebalance.

Let us consider the interpretation of forces on an examfléhe brick,lyingon ahorizontal surface

O a &
w
—>
4—
Y TU
1) ®

Figurel3: a) Force balander a resting brickb) Force balance accordingd® ! f S Y@isciiE Q &

The ground reactions can be simmyaluated from the static equilibrm equationsFigurel3a). But

as soon as the brick starts to mowéth accelerationy theb Sg G 2 y Qa W\eRIO@ yYR Gl &

where the inertia force cxturns the task to the transient on&@his dynamic problem can be brought

to the equilibrium rewritingO Y & & TU This techniqués knownas@! £ SY 06 SNI, @4, LINRA y O,
which means that for the dynamic equilibrium the inertia focé &) acting opposite the motiaf a

direction must be considered in addition to the tdarces, acting on a structur&igurel3 b). For

solution d the dynamic problems the@! £ S Y 6 S NJiiwidely.ilsdd arl Aa@liGtion will be

shown below.

There are some important assumptions and hypotheses, which must be clarifiedive the dynamic
equilibrium equation for the fiite element applicationPerforming the FEA a real structure is treated
as amassemblagef the finite elementsconnected at the nodal point&\part froma global coordinate
systemohh) each element hagsCwn local coordinate systemduitt andthe displacements inside
each element Q ¢hufx  are represented as a function of the nodal displacemefhh)
where "O ¢hufx is the displacemst interpolation matrix (shape functior)

Q 00 (20)
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Analog to displacementshe components of strain- ¢fuhx can be described as fundion of the
nodal displacementsQ 6fDR) , where 6 ofufi s the strain-dispacement matrixpased on the
shape function

-5 0 1)

The stresses in the finite element$ afuftt can be calculated using the material matrfi®@ and
strains - ofodi

T O - (22
Substitution ofthe above giva equations20-22 into the principle of virtual workEg.9, without

consideration of surface andoncentratel forces fE =Y =0) yields the static firte element
equilibrium equation[45]:

(23)

Stiffness matrix0 Forcevector "O

Finally,according tothe dQ! f S Y 6 S NI iQréamaib3tahinglda thif iertia forces to thacting
body forces Apart from it due to the energy dissipation, which takes place during vibratforeal
structures, the damping forcedepending on velocitieshould be also added to the body forces.
Assuming that velocities and accelerations carapproximatedby derivatives oflisplacements in
Eq.20the body force vedr yields:

O 0 &£ "0Q QOQQw (24)

In Eq24the parameters andQdenotedensity and dampingropertiesof the elemens, Q and Q
represent the vectors of the adal point velocities and accelerations respectivdfpr urther
convenienceit is consideredthat 'Q k Q. Thereby, the dynamic equilibrium equatiom finite
elementformulation can be written as:

"0 0QbQ Q0 0QbQ 6 06Qb0Q 0 EQd (25
Mass matrix O Dampingmatrix 6 Stiffnessmatrix 0 Forcevector "O

Practically, it is quite difficult tget the damping pperties of the elementss they depend on the
frequencies. Nevertheless, damping matix can be obtained using the mass and stiffness properties
of the whole finite element modebgether with the experimental data on tldamping claracteristics.
Damping will be considered later by the Rayleigh damping model.
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3.2 Direct Timentegraton Methods

The dynamic equilibrium equatiarepresens the linear differential equation of second order whose

solution can be suessfully obtained performing the directtime intdd G A2y ® ¢ KS G§SN¥Y daR}
that there is no need to transform the primary differential equation into another fofiwe solution is

searched on theliscrete time interval&¥0o where the displacements, velocities and accelerations are
supposed to vary.

Building tte solution scheme it is assuméuht at time0  1tthe displacementsQ , velocities Q

and accelerationsQ are known The complete timeange”Yis divided intc¢ equal time interval®/o,
therefore, theapproximatesolutionis determined on time intervatsh Yoh¢YohoYo0 8 Y Yoh"Y

3.2.1 Explicit TimentegrationMethod

A grate number ofinite difference expressionsan beemployed for approximation of the velocities
and accelerations in terms of disptaments within the time intervalo. One of the most effective
schemes is the central difference method, which represents thect explicit time integration
proceduret KS (e®INRE & Sthayltilizationof the equilibrium conditions at timéyields the
requiredsolution at timed  Y0o. Let us consider the basic approximation relationstigrghe explicit
time integrationmethod [46]:

(26)

Considering the dynaim equilibrium equation at time, the Eq25 can be introduced in the way:

b Q 6Q 0 Q O (27)

Substituvting EQ26 into Eq.27 the governing central differencequation can besolved relative
to Q 7:

a0 =086 QY 0 0 =0 Q —— 0 06 QY (29

On the firsttime step a starting procedure must based to get’Q ” . Assuming thad o Tt

and 'Q with 'Q are known, accelerationf2 can be obtained by EQ7. Then, theequiredvector
Q Y isevaluatedfrom Eq.26:

Ly " Yo
Q Q YoQ

Q (29

The important role for the accuracy and stability of ttentral difference methogblays thechoiceof
the time step valu&/6, which must noexceeda specicritical valueYo Yo . This critical valuean

be assessed o Y0 -, whereY0 is the lowest distance between the element nodds]. Such

a requirementmakes the central difference integratisstheme only conditionally stable. In other
words, the time steﬁ’(‘)must be very small, to get adequate results.
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For exampleassuming the lowest distance between nodds 1@ i and material properties for
steel with” x @ uEM andO c¢8tv @p 1 - 0 Ahe critical time stedsYd ¢ Jp 1 . This
means that performing the transiefEAof a structure, subjected to the dynamic loading during two
secondsp Tisteps have to beeviewed. That is why the central difference method is worth doing,
when thegoverning Eq28 can bysimplified¢ by reglecting of thematrix 6 in case of no damping
influence or byconsideration of the diagonal mass matrix sincethe solutioncan be easily obtaad
without matrix factorizéion.

3.2.2 Implicit TimeritegrationMethod

The NewmarkQ @nplicit time integration methodis implementedand primary usedn most FEM
programs.as in contrast to the central difference scheme it is an unconditionally stablevitothe
certain mrameters TS NNmplicitt Y Sthayttie equationof motion is consideredit imeo Yo

b’ 89 vaoY oV (30)

Approximation relatios for theNewmark iinplicit time integration methodare presented by46]:

Q9 a9 q%w §| Q |9 Y 31)
ol 9 op1 09 197 W 32

Parameters|y p#t and pZ¢ ensure aruncondiionalstability of theNewmarlQ t&me integration
method, which represents in this case tlewnstantaverageaccelerationapproximationscheme

SolvingEq.31 with respect to 'Q 7 and then substituting the obtained exgssioninto the Eq.32,

Y . Y . , .
the unknownvelocities Q and accelerations Q can be inserted to thequationof motion,
Eq.30that yields:

(33)
T, 1 ; Yo 1 ,
el PR TR

5
As it was alreadynentioned,the NewmarlkQ nplicit time integration methodis an unconditioally
stable schemewith the parameters taken ag pft andi pZ¢. This meanghat there is no
restridions in choosig the time steyo. That would be an advantage in casehe dynamic loading,
acting on the structure duringrelative longperiod. Exemplary, let us consider $ua period equal to
20 seconds: e to the explicit scheme with a required tirseepYonot less thengc p 1 Gone need

to performp Ttcalculation stepsUsing theNewmarlQiénplicit method one could accept the time step
Yo ¢ P m Oand calculate the same problem performing oplytintegration stepsNevertheless,

in case of thempact loads acting in a short period of timeg Jp 11 secondsexemplary, the
NewmarkQ @nplicit method with time stepYd ¢ 3 1 Owould not be able to supply aaccurate
structural response within 10 step€onsidering a nevime step Y0 ¢ O 1t Ofor an implicit
NewmarkQ gcheme ersustime step¥o ¢ 3 1t Ofor an explicit central difference scheme one can
benefitno moresomuchin computational time as ithe case ofong-lastingdynamic loadingThereby
the choice of one or another methatkepends orthe problemformulation, but the NewmarlQiénplicit
time integrationscheme seems to be moxersatile
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3.3 Nonlinear Structural Anas

As it was already mentioned irh&pter 2 due to thegeometrical and/or materiahonlinearities the
obtaineddeformations are no moralinear function of the applied loads, and therefore, the nonlinear
structural analysis has to be performed.

Considering the operation conditions of the shipbuilding structures the presence of the tensile
stresses, whit would exceedthe yield strengthoften lead to the formation of the plastic zonds.

this case,the deformationscan besmall but the danger of possible cracks generation appears.
Analysing such a procett®e material nonlinearies must be taken intoaount.Studying the collapse
behaviour or assessing the loadrrying capacity, we consider the structure in its critical state, just
before itcollapsesand in this case not only material nonlinearities are to be considered, but also the
geometrical notinearities, as large deformation appears.

Performing the onlinear structural analysis it is important to categorize the real physical problem
since the different formulations are used for each analysis thp&igurel4 the chssification of the
nonlinear analysis types is presented]:

Qa Qa Qa
-— T8t -— T8t — I ™1
0 0 0~
ADisplacementsare smalll ADisplacementsare large ADisplacementsare large
AStrainsare small AStrainsare small AStrainsare large
AStressstrain relationship AStressstrain relationship AStressstrain relationship
is nonlinear islinear ornonlinear isapparently nonlinear

Figurel4: Aassification of the nonlinear analysis tygdMaterially-nonlinearonly analysis
b), c) GeometricHy-nonlinearanalysis

Considering thematerially-nonlinea-only analysisthe presence ofthe nonlinear effect can be
describedby the nonlinear stresstrain relation. Thedisplacements and strains aigfinitesimally
small andhereforethe usual engineering sss and strain measures candraployed in theequation

of motion. The gometricallynonlinear analysis the most common case since the large displacement
and the nonlineastressstrain relatiorshipmost likelycause the appeance of the large strains.
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3.3.1 Incremental Stepy-Step SolutionrBcess

Within an incremental nolinear analysis it is presumethat the externally applied forces or
displacements represent the function of time atha@t the body configuration, subjected the loading

is changing.iBultaneously the initial configuration at timéis known and one searches for a solution
for the next configuration at timé Yo, where Y0 represents the chosen time incremenfhus,
applying the principle of virtual work for the unknown state at titne Yoone can write an equilibrium
equationfor the vector of externally applied nodal point forcé® Y andfor the vectorof nodal
point forces 'Y v, equivalent to the internal element stress¢48]:

oY v Y & (34)

It is important to point outhat in case of the static analysis, when the frequencies of applied forces
are much smaller than the naturalefjuencies of the structuretjme variableo only denotes the
different state configurations due to théifferent load intensities. For the transient analysis with the
frequencies of loads, lying in the range of the natural frequencies of the structure,disan actual
physical variable and the force vectodD Y mustincludethe inertia forces. Considering that the
internal reactions’Y at timeo are known, the required reactionsY Y at timed Yo can by
expressed by adding of the increment value ¥¥ to the 'Y :

Y Y Y Yy (35)

Approximately, theincremental vector Y'Y can be calculated multiplying the tangential stiffness
matrix 0 , corresponding to the geometrical and material nonlinearities, with the increment of the
nodal point displacementsYQ :

v

YYe 0 YO (36)
Substitution Eg35into the Eq.34 gives:
v Yo O 7Y Y (37)

Solving the above equatiomith respectto YQ one can approximate theequired displacements at
timeo Yo
Q Ve QY Yo (39

Further, one can repeat the incremental procedure to get the exact displacements by using the
Newton-Raphson aproach[49] within corresponding iterationf2 m X  HeZ , as¥uming for the

first iteration that Q Y Q and 'Y Y Y
o YQ oY v
Q Y Q Y yQ (39

The updating of the nodal point displacements continues until the -afdialance force
vector 'O Y vy is smallenoudh.
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3.3.2 Incremenal Ejuations oMotion

In nonlinear structurainechanicsan effective analysis can be performed considering the Lgigan
formulation of the problemmeaning thatfrom the original to the final configuration of the body we
follow all the particles andrecorde the trajectory of motion.Using this formulation the equilibrium of
the body in an incremental Lagrangian analysis at tmeYo can be expressed introducing the
principle of virtwal work in thisvay [50]:

+
<
<

3
<
5
o}
<
3]
<

(40)

In the above giverquation one can see:

t - Cauchy stress tensoat time 0 Yo,
1 - ¥ - Virtual strain vectoat time® Yo
o Y - Volumeat timed ¥
1 Q - Virtual displacementector,
Q Y - Externally applied fce vectomper unit volumeat time®  Yo.

The main problenin the formulation of Eq40is that the configuration of the bodgt time®  Yois
unknown and therefore, one cannot integrate over the unknown volume. Apart frothdatCauchy
stressesat time® Yo cannot be calculatedy adding to theCauchy stresseat time O the stress
increment since the rigid body rotation of material influenoa the stressstate.

Todeal with this problem special stress and straiaasures have to be introduced. Such a principal
measure of the deformation of the body can be given by the deformation gradient [51]:

rL_d’ T_(*) 1ﬁl’l
Mo T Ton
. To To Torn
W NN 41
ho 1o To) -
1o 1o 1oy

o To Tow

The deformation gradienttd describesthe deformations and rotations that material have
experienced from time Qcoordinatesi ho fro ) to time o (coordinatest Fo f ).

+ "
*Cauchy stresensor T F[52], consist of the nine components that completel’ AT
define the stressstate at a point inside amaterial in the deformed stateThe q t

Cauchy stress tensor is used fiorear analysis presumingthe presence of smi A Aﬁ
deformations. For nonlinear analyshe PiolgKirchhoff stress tensas required. ? %

., T T
t Tow . T
T T »
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Using the deformation gradiento one can describe th&reenlLagrangestrain tensor - , which
measureghe stretchingdeformations, andhe 2" Piola;Kirchhoffstresstensor Y , [48]:

: “ @2

To obtain the incremental equation of motion one can now implement @reenLagrangestrain

tensor - andthe 2" PiolaKirchhoffstresstensor Y to the Eq.40 and refer them to the known
equilibrium configurationHere, one can choose between two common configuratioraenelythe

initial configuration at time 0 (Total Lagrangi@bformulation) or the last calculated configurati@

time 0 (Updated LagrangiadL formulation), [48]:

(43

The bothTLand UL formulationdor the equation of motion can be linearized by performing the

incremental decompositions of stresses and strairBetailed description of the linearization
procedure is given if48]. Thesetwo formulations are almost similar and they supply the identical
results with tke only differencehat the incremental linear strains in the TL formulation contain the
initial displacement effect thatnakes the strairdisplacemen matrix more complicateccompared
with the ULformulation.

*
Within the TL and UL formulation th&reenLagrange strain tensoand the 2nd PioleKirchhoff stress tensocan be
decomposednto the linear and nonlinear part8:

TL formulation UL formulation

- y - - - Q _ _ y _ _ 0 _
. with: . with:

“Y Y nY “Y "Y 'O 'Q uY Yy “Y "Y nY ,O .Q

Where'O andO representthe incremental stresstrain tensorsat time Oreferred to theconfigurationsat times 0
andOrespectivey.
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3.3.3 Incremental Matrix Equatiorisr Finite Elemerformulatiors

The approaclior the formulaion of the nonlinear matrix equations for the FEA is tams as for the
linear analysig the chosen displacement interpolations can be substituted directly to the governing
equation of motion.Let us review the linearized equati®af motion for different types of nonlinear
analysisvithout surface anadoncentratel forces ££ =Y =0)and renrite them into a matrix fornj48]:

Materially-nonlinearonly analysis

0 Q100w 19070 Q0 ,100w
6 06 Qn YQ o 0 Yon 6 Qo 4a)
o Yo oY v
Geometricy-nonlinearanalysis TL formulation
0O Q10 Qw Y- Qw 1 QQ Yoo YI1I'Q Qw
6 0 &6 Qmn YQ 6 Y6 Qe YQ 0 Q Yoo 6 Y Qb (45)
Tangential stiffnes: 0 0 yo o Y v
matix .
Geometricy-nonlinear analysis UL formulation
O Q10 Qw Y- QW 1 QQ Yo YI'Q Qw
6 0 6 Qu YO 6 Y6 Qe YO o @ Yom 8 YQo (46)
Tangential stiffnes: 0 0 yo o Y v
matrix ~_
O ho ho - Linear strain incremental stiffness matrices
0 ho - Noninear strain incremental stiffness matriges
yQ - Unknown displacement vector;
o Y - Vector of externally applied forced timeo 3G,
Y h'Y h'Y - Vectors of nodal point forces equivalent to the element stressetime 0;
6 hd ho - Linear straindisplacement trasformation matrices;
0 ho - Nonlinear strairdisplacement trasformation matrices;
OhO hO - Sressstrain materialmatrices
O - Displacement interpaition matrix;

- Stress vector, containing componentsfof;

Y h"Y h"Y , "Y - Matricesand vectosof second Piokiirchhoff stresses
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3.4 Direct Time Integration &hodsfor Nonlinear Structuralrfalyses

To performthe transient nonlinear structural analysis the direct explicit and implicit imegration
scheme are used.These procedures can be realizedthe same way, as it was discussed for the
transient linear analysis application, but using as a basminear incrementakquation of motion
obtained in the previous subchapteAlthough the required equation waderived for the static
analysis,one can just addhe inertia (and damping¥orces to the acting body forcesccording to
dQ! f S Y priSchile, Q& Eq24.

3.4.1 ExplicitTimeIntegrationMethodfor NonlinearSructural Analyses

The explicit central difference scheme is successfully used for the transient nonlinear structural
analysis. Analogously to the linear analysésconsider the equilibrium equatioat time 0to get the
structuralresponseat timeo 30, [48]:

0 Q o Q O Y 47)

Substituton ofthe goproximations for velocitiesQ andaccelerations’Q (seeEq.26) to the above
given equatioryields

P P .y e < ., P . P . oy

As onecan see, the obtained formula is very similar to the one, derived for the linear analysis.
Neverthelessthe nodal point force vectorY includes the nonlinear effectfue to thesecond Piola
Kirchhoff stresseand must be evaluated using the Eqa4.-(46. The advantages and disadvantages

of the central difference scheme discussed within the linear analysis also remain valid for the nonlinear
analysis.

3.4.2 Implicit Time IntegrationMethodfor Nonlinear Sructural Analyss

TheNewmarlQ@ethodwith integrationparameters|  pAT and pX¢ represents a very effective
tool for the performance of the nonlinear dynamic analysipt8]. Being an implicit scheme, the
equilibrium is consideredt timeo 30. Thereforedealing with the nonlinear analysisis necessary
to fulfill the iteration procedure, exemplary NewteRaphsonmethod, see Eq.39, to reach the
equilibrium stateminimizingthe out-of-balance vectar

(49)

" ¥o N

e’ o — o o g (50)
o yb o

o 0 — o 0 Y (51)
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Solving Eg50 with respectto 'Q 7 and then substituting the obtained expressiomo Eq.51, the
unknown velocitiesQ ° and accelerationsQ ~ can be expressed by:

y C ¥ .
- Q Q
Yo
(52
y T 5 T
Q — Q0 Y Q - Q Q
Yo Yo
In the incrementaform, Eq.52 can be written as:
Q7 o qV %0 Q Q
Yo
(53
y T Y o T
Q < Q 7 YQ Q = Q Q
Yo Yo

! S y Y y y
= = 0 0] YQ @) Y
Yo Yo
b —— 0 Y Q ‘o o (64
Yo Yo
. G y
0 = Q Y Q Q
Yo

Thetangential stiffness matrix) and thenodal point force vectorY ~ contain the nalinear
effects and can be obtained usikgns 44 - 46.

As it was already mentioned, the iteratipnocedure with'Q phcho8 ¢ repeats until the outof-
balance vectobecomes smaknough For this aim, the convergence check should be performed after
each iteration, and if the chosen congence criterion is satisfied, one can proceed to the next step.
As a possible convergence criterion, the-of-balance convergend&3] can be introduced:

oYV v Y b Q 7 5 7 r o Y (55)

y f o Y

In the above given equatioriO Yooy 0 Q 0 Q represents

the out-of-balance (residual) vector.

Thetolerance is represented hyand "O Y isthe reference force value.
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3.5 Concluding Remarks

In ChapterFundamatals of the Transient alysisthe following subjects were highlighted and
discussed:

A Derivationof the linear dynamic equilibrium egation: using the principle of virtual work the
staticequilibrium state $ describe in matrix form for the finiteelement application[45]. The
required knematic parameterssuch as displacements and strains are presented in
dependence on the nodal displacement values, using special shape funditenextension
on the dynamic analysis is introduced by applicatiod®® f SY 6 S NI, [24. LINA y OA LX S

A Numerical integration methods fahe solution ofthe linear dynamic differential equation of
2" order: the direct explicit central difference method and direct implicit Newn@agethod
are presented as the most commadrchniques, [46]. Approximation relationshipgand a
comprehensre descriptionare giverthat enablethe direct implementation of these methods
into ISUM program code.The discussed advantages and disadvantages of &ctiemes,
connected with important characteristics such as stability of the method or time step
definition, give a helpfustarting pointperformingdynamic structural analyse

A Special features ohonlinear structural analysis:hé classification of nonlinearities is
performed taking into accounvarying body configuratianwith corresponding nonlinear
stressstrain relationshipslarge displacement andlarge strain values[47]. Derivationof the
nonlineardynamic equilibrium equatiois presented bysaof the principle of virtuaivork,
whichisrelated to thebody configurathn varying in time[50]. This assumption do nadllow
Cauchystressesand variatiors in smallstrainsto be usedas it was done within the linear
analysis, since these quantities now referthe unknownconfigurations.The deformation
gradientis introduced to solve this problem atolmove from the linear parameters to thé®
PiolazKirchhoff stresstensor and GreerlLagrange strain tenspf48]. The corresponding
nonlinear dynamic incremental equilibriuequations are presented according to the type of
nonlinear analysis andhe body configuration¢ initial configuration (btal Lagrangian
formulation) orpreviously calculated configuration (updated Lagrangian formulat[d8).

A Numerical integration methods for the solution of the nonlinear dynamic differential equation
of 2%order, [48:tKS RANBOG SELX AOAG OSYiNIt RAFTFSNByOS
method can be successfully extendedh the nonlinearanalysiswith some consideratiors.
Using the central difference methaah incrementalsolution procedurds not required This
meansthat it totally repeats thecorresponding integration scheme used for the linear analysis,
taking into acount the nonlinear effectghat appearin the formulation of the finiteelement
matrices.The implicit NewmarR @tegration method additionally requires for the nonlinear
analysis an iterative approach to fulfill the equilibrium state within each timp. $tewtor+
Raphsortechniquewith the out-of-balance convergence check enables minimizatiothef
residual force vector with prescribed toleran¢49], [53].
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4 Application of Direct Time Integration Metts using Force
Control

Having definedn the previous chaptethe basic principles of the transiefinite HementAnalysis we

get closer to the subject of the present thesis amallfocus on the implementation of the inertia and
damping effects to thddealized Structural Unit MethodBut as one could see irh&pter 2, being a
1AYR 2F CAYyAGS 9tSYSyi aSikK2RXZ GKS LRSKHfAlT SR
concerning theelement sizingtreatment of the interral deflection[18]. That is whyne shouldstart

from simple examples firsperforming the transient analysis @&fystemswithout considering the
nonlinearitiesand damping effectsThe present chapter islevoted toverify the direct explicit and
implicittime integration method®n a couple of simple examples.

4.1 DynamicAnalysis of &pringMass System

Let us consider the simple springass systerwith a masst  p E @pringstiffnessQ p m il
Figurel5. The applied dynamic foré®0 increases linearlyntime intervalm 0 0 from zero value
to O p T and then stays constanThe purpose of the analysis is to get the structdsadamic
response in terms of displacemenising the explicit and implicitime integrationschemes.

For the both schemes the initial conditions are set@®: Q 'Q 71 The time step is considered
tobeYo pp m O TheNewmarkQ iategration parametes are pFt and]  pZ¢. The loaihg

is provided by force contrat the dynamic forcéO0 is substituted into Eqns28 and 33 directly,
according to the prescribetbadingpath and varying within time. In the present analysis, four test
cases describe different loading paths:

Test 1:0 0.01s, Test 2:0 0.25s;

Test 3:0 1.00s; Test 4:0 10.00s;

0 .
PP T ., =0 ft o o
: 0o 0
*X - 00 'O h o o

k Q0
m

N

& )2
F(t) e ’&Q'C} '\eﬁc) '\%’&b‘

Figurel5: Springmass system subjected to dynamic fo@e
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For the given system with one degree tdddom, the dynamic equilibrium equation in explicit form,
Eq.28, reduces to:

p Yy 7 C . Y y
Thedynamic equilibrium guation in implicit form, Eq33, yields:
S N A P, P, P ,
- QQ -——Q —Q — Q 5
Yo © ¥ | Yo q P (57)

To assesthe structuralresponse of thesystem here, and on the following examples presented in this

thesis, the result®btained with the Newmarl &NMK) and central difference (CDM) methaute

compared with the results from thé&inite Hement Analysis (FEM), performed usingetiprogram

comgd SE 4! b{,{ mMpdnéd ¢KS TFaitHfinzhe&y B{ S{ S WoFtid & & & I8 5
prescribed task:

A 2-D longitudinal springlamper of unit length COMBIN14
A 2-Dstructuralmass without rotary inerti?VASS21.

(1) Test 1
0.02 10 FEM
—NMK
B L2 ——CDM
2 0.01 5 %
© ——Load-path
0 0
0 0.2 0.4 0.6 0.8 1
T, [s]
(2) Test 2
0.02 10 —FEM
—NMK
E Z
x 001 0w —cDM
——Load-path
0 0
0 0.5 1 1.5 2 2.5 3
T, [s]
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(3) Test 3

——FEM
0.02 10
——NMK
— Z
£ 001 - 5= ——CDM
" L
©
—— Load-path
0 0
0 0.5 1 1.5 2 25 3
T, [s]
(4) Test 4
——FEM
0.02 10
——NMK
E 001 = ——CDM
X LL
©
—— Load-path
0 0
0 5 10 15 20
T, [s]

Figurel6 (1)-(4): Structural response tfie springmass system

The first conalsionwhich can be made analyzing the presented restigurel6 (1)(4), is that the
considered numerical integration schemes supply reliable resthis curve obtained with the
NewmarlQ 8&NMK) method comletely coincides with the curvdepicting the results of théinite
EementAnalysigFEM) The curve, which corresponds to the central difference method (CDM), slightly
delays theNMK) and (FEM) solutions, within the first and second test cas&bis can be explained/b
the factthat exactlythe Newmark2 &cheme is used as a time integration tool within the program
O2 YLX SE & ! ®nfthe pthemharttianadlying the test cases three and four one aaote that

the (CDM) solution coincides with the twther curves. This happens since the inertia effects decrease
and therefore, the problem turns from the dynamic formulation to tieasistatic one.Indeed, on

this simple example one carlearlyobservethe influence of the inertia: the same system with the
same properties, subjected to the dynamic force with the same maximum value dumgetely
different behavior, according to the walyow the load was appliedin the first test case the load
reachesh 1 4 Q YI EAYdzY @I f dzS @ns tkke stéfl Ths Rduses theigrificaft A v
undamped oscillationdn the second test case, the amplitude of tbscillationsbecomes smaller,
since the dynamic load grows up within twerfiye time stepsin thethird test case we can distinguish
just smalloscillations which disappear in the fourth test casempletely Here the frequency of the
applied loads much smaller than the natural frequency of the systg¥ L ¢* “(Xa that enables
consideringhe static formulation of the problerandthe displacements arénearly proportionalto

the applied load’™QQ O
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4.2 DynamicAnalysis of @-NodeMembraneElement

As a second example let us examine the dynamic structural responsé-lbde membrane, which
can be considred as a prototype of ISUBlementwithout internal deflectionFigue 17. Constraints
are applied where the edges between nogeg andp-c can move irwandwdirection and the other
two edges ardixed.Dimensions and material propertiese given inrables4.

Analogously to the previous exampletdynamidorce™O0 , applied on the nodeg and ¢, increases
linearly in timeintervalt 0 0 from zero value t60 p O 1. and then stays constanEour
different test cases are presumed for this analysis:

Test1:0 0.0001 s Test 2:0 0.00255s,
Test 3:0 0.0075s, Test 4:0 0.03s;

Table4: Dimensions and material properties of faigodemembraneelement

Length, breadth ¢hoo 1000 mm

Thickness 0 155 mm
Yield strength ” 313.6 MPa
,2dzy3Qa O 2058 MPa
Density " 7850 kg/m?

t2Xaa2yQ 4 03 -

Figue 17: Setup for numerical test as4-Nodemembraneelement[54]

Within the FEA performeavith 1 KS LIN2 ANJ Y 02 Y L} Z-Hodedsttuttyral shell mp dn é
element SHELL181 is used to model the memhrdviaterial and geometrical properties of the
element are specified according to th@abled4. Bending stiffness of the shell element is not considered

by ectivatingthe optionKEYOPT (1) 5[55]
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To ddine the stiffnessb and mass0 matrices for the Zimentional structural analysis of the
node membrane kEment, one should determine the integrand®, ¢ and ‘O and perform the
AYUGSIANIYGAZ2Y 20SNJ GKS StSYSyiQa | NBt

0 6 0 60Q6
(58)

0 "0 "0Q0

For two-dimensionalelements,we can assume #t the local element displaceents 6 and 0 are
represented bypolynomials in the local coordinate variablesnd wwith the unknowncoefficients

| R 81 ,which are called the generalized coordinai48):

o | | D ® ] OO
(59
DAy T T O T Ow
In matrix formone can rewrite Ep9 as:
6 oo .
ooy B @
where
P WWOWWT T T T (60)
8 MTTTT P OWOWOY
W I N
Therefore, the nodal point displacementan be described as:
Q T ® (61)

where the matrix” contains the local coordinates andw of the point"QThus, for the examined
membrane with the local coordinate system, placed in the area center of gravity, mattookslike:

® - = =1
, . L ¢ <. Lo
po b 00 p L0 0
m PO @ QO . ) ¢ T (g
L p O @ 9O uow e L
p W W Www D C C_ T L’I
p @ W
u g C Y
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Solving fronEq.61for & and substituting intdEq.60, one obtains the interpolation matrixO :

0 ow . o 63)

e 3
U oW
Displacement

interpolationmatrix [H]

. . h h h h
For plane stress conditions thetrains can be calculated as :

therefore, thestrain-displacement matrixd isto be obtained by taking the partial derivativesthe
displacement interpolatiomatrix O.

According to the isotipic linear elastienaterialbehavior, the material matriXO can be defined as:

p "’ T
o !
o — PN (64
P m T

C

Having established thintegrands 'O, 6 and O, the stiffness 0 and mass0 matricesare to be
defined as:

0 06 006 Qu®w O "30 0 QwQ® (65)

The integration was performed using thdN2 I NJ Y O2 Y L)X STheobtankdingi@és® mn ¢ @
and 0 havedimensiony Y. Reducing the matrices to the nodal degrees of freedom, we obtain:

PR CHT VPPN pPpPwP N &P pa&Yo 1 ®TC T

o VB PPT PRCHT TRIPT pH WGP T o T opa@&yYoc m @G
PH WP T TE&TPNT pACHT LvAPPT @Tq m payomn
TETPNT pHPOPNT LVAIPPT PACP T m T C m payo

Proceeding to thémplicit and explicit integration procedures, we set for both methods the retial
conditons Q@ Q '‘Q 1 and assumethe time stepYo pJp mi according to the

recommendation given if#5): Yo Y0 -. For the implicit integration schemidewmarlQiategration

parametes are pft and]  pA¢. The influence of damping is not considered.

For the examined membrane with four degrees of freedom, the dynamic equilibrium equation in
explicit form, Eq28, yields:

o ” . - o ,Q - o ,Q S‘/ 66
56 °© v v 75~ O (66)
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Thedynamic equilibrium equation in implicit form, B8, yields:

P . N Y . . P p . p .
—— Q — Q — Q — Q 6
| Yo v v S v | Yo | Yo q p ( 7)

Note that the searched vectorfQ contains four displacaents: two displacements i-direction for
nodesp andq andtwo displacements inxdirection for nodegp ando. Taking into account thahe
external dynamical loading applied on noplés equal to the external dynamical loading applied on
nodec, thedisplacement®f thesenodesarethe samein awdirection. Analogously, the displacements
of nodesp ando are the samdn wdirection Therefore, on the diagrams below the displacements
in wxdirection Q doandthe displacement cxdirection (Q doare displayeanly for nodep.

(1) Test 1
1.5E-4 - 1.2E+5 FEM dx
1.0E-4 - 8.0E+4 FEM dy
T A _ ——NMKdx
- e i VALY AREY LT Z
_E 5.0E-5 :.:' 5 ': i " ‘:' 4.0E+4 o NMK dy
" AL Hin
o ' U i HIEERY —— CDM dx
0.0E+0 Ty o 0-0E+0
i0 V d t’c‘jols'.j EJ '.J ko 02 e CDM dy
1 [’ \
-5.0E-5 L -4.0E+4 Load-path
T, [s]
(2) Test 2
8.0E-5 1.0E+5
* — FEM dx
------- FEM dy
= = —— NMK dx
2 40E5 r 0B+ NMK dy
=
° AelOARRARARARRANAIRAAARID — CDMdx
2 CDM dy
0.0E+0 0.0E+0 Load-path
0 0.005 0.01 0.015 0.02

T, [s]
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(3) Test 3
8.0E-5 1.0E+5 — FEM dx

e Va A PRI NSNANASOOK]

Load-path

0 0.005 0.01 0.015 0.02
T, [s]

(4) Test4
8.0E-5 1.0E+5 —— FEM dx

4.0E-5 - 5.0E+4 = .. NMK dy

dx; dy [m]

e - CDM dy

0.0E+0 0.0E+0
0 0.01 0.02 0.03 0.04 0.05 0.06
T, [9]

Load-path

Figurel8(1)-(4): Structural response tie4-node membrane

Analogougt to the springmass sym, one can observe large oscillatswf the solution for the first

test cag. The displacements ivdirection Q oandthe displacementsn w-direction Q (ptake dso

negative valus and the amplitudes of the oscillatiorese high. This happens due to the significant

influence of the inertia effects, since tHequency of theexternally applieddynamic forces much

biggerthan the natural frequencies of the structurndeed the externally applied forchl B OKS & A G &
maximum value withira very short period of time (10 time steps).

Examining the other test cases one caticethat the inertiaeffectsdecreaseand the corresponding
curves tend to oscillate closer and closer to the static solutiorthe fourth test case,we cannot
observe any swaying of the curves that means that the inertia forces can be neglected and the task
can be considekas the static problenAs for the reliability of the explicit and implicit time integration
schemes, oacan see that they suppbdequateresults.

Thecurvesobtained with thecentral differencCDM)- Y R b S g(NMKNdetfddiscoincide with

each othe and show good agreement with the FEM solutions. In the first two test cases
demonstratingespecially strongnertia effects, one can notice the similar charagtgcsbut also a

difference in resultsprovided by the central difference (CDM) or Newnfaék 0 baY(0 ME G K2R |
FEMAreasoh a GKIF G @AGKAY {Ksisoparamdtridifite elgmentférmulatios NE A &
[55], which is different to the oneised for CDM and NMK
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4.3 Dynamiddnalysis of @-NodelSUMElementFormuation of consistent ass
matrix

Having obtained the reliable results of the linear dynamical structural anaydise springmass
system and founode membranausing the explicit and implicit integration methods, one can proceed
to the nonlinearstructural analysis ofSUMplate elementand introduce the mass matrix formulation.

Within ISUMelement formulation the internal deflection is considered for a of#®JMelement set

up, as shown ifrigurel9. Again, constraints are @u in such a way that the edges betwebe nodes
p-¢ and p-o can moveas straight linesn wand wdirection and the other two edges are fixethe
difference compared to the previous membrane test is ti&lt/Melement possesses thedditional

degree of freedond , which multiplied with the shape functici® it , Eq.5, gives the distribution
of the lateral délection within the element[18]:

Figurel9: Setup for numerical test as4node ISUMlement [54]

The dynamicforce™O0 is applied on the nodep and¢ within onetime intervalt 0 0, linearly
increasingfrom the zero value tothe maximum valuéO . This maximum valu® is defined

according to the dynamicollapseanalysis of thesquare plate, LIS NF 2 N¥ SR g A0fidad a! b { , {
corresponds to the ultimatéorce, Figure20. Thus,one obtains foffour test casesvith different edge
velociieswthe maximum values of externally applied load .

Forthe nonlinearFEA adiscretization scheme of 1 v 18hell elementSHELL18% usedGeometrical
and material properties of thénite element model are given ihablel. Initial lateral deflection with
a magnitude of 10% of the itkness value is applied to simulate the buckling statéluence of
damping is not considered

0.8 FEM Test 1
0.7 _ — FEM Test 2
0.6 /.’,-"'. .......... FEM Test 3
5 05 ' - --FEM Test 4
x 04
o35 —F(t) Test 1
0.3
0.2 L 1.E+06 — F(t) Test 2
o1/ e F(t) Test 3
0 0.E+00 ----F(t) Test 4
0 0.5 1 15 2 25 3

U O
Figure20: Defnition of themaximumappliedforcefrom the average stress/erage strain curves
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Before implementinghe implicit and explicit time integration methods into ISUpdogram code, one
needsto formulate the finiteelement matrices. Thiangentialstiffness matrixv is already presented
within ISUMprogram code for the static analyg38]. To enable the dynamic analysithe consistent
mass matrixd must be added to the progrankq.65. ForlISUMplate elementwithout nodal lateral
deflectionthe displacement® cfudtt can be interpolated as:

Q O Q,or
0 dhw QO UM AN MR (68)
L whw TMT ImTQQQQOQTT 66 06600LULLOO
0 ahw nTmnnnnnt QQ

Integrands’Q8 "Qarethe bilinear shape functionsvhich describe the nodal point displacements

© @ R N T
Q paa‘nQ papz)—r]Q EZJ—WQ o P T (69)

Integrands "Q and "Q are represented byrigonometric shape functiog) which interpolate internal
deflection of ISUMlate elenent according to the loading cag4é8]:

longitudinal thrust applicatigp 1o T, seeEq.5:

R S ¢V I ¢ BN o A\ I
Q | Qe—i Qe 0 QE—i Qe (70)
W w ()] w

transversehrust applicationd  mhé 11, seeEq. 8:

v | "Qe—1 'Qs—h T W -
rp [5) () C
Q _ i Q&h - 0w 0 - (7
'y ) C C
0 Qe = i @&h o - 0w ®
w () () C

biaxialthrust applicationd  1hd 1 seeEq.1:

Theintegrands'Q and"Qcan be obtained using Eqrn& and71.

In the above given expressionarpmeters® anda represent thelength and breadth of the element
respectively.For any rectangular platpanel subjected to theaxial loadingthe obtained shape
functions "O allow to perform a numericahtegration of massnatrix 0 by thetrapezoidal rle with

X X equidistant integration pints overelement area Eq.65.
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Coming back to the collapse analysis-oidle square ISUM elemeritigurel9, the degree of freedom
0 is equal to zeroSiffness and mass matrices are reduced to the nodal degrees of freedwm
translationsin > and > directions (displacement® cand'Q dhor the first node) and lateral deflection
0 , according to the setp for numerical testThe integrandQof the shapeunction "O correspond
to Eq.70, sincethe sinusoidal buckling shape of squatate changes into the roof mode at the pest
buckling regionFigure4.

To start the calculations one need to know the timeluring that the externally applied dynamic force

NEI OKSa AG&AQ YIFIEAYdzZY @lFtdsSed 2AG4KAY GKS Cc9!s GK
LINBAaONROGSR SR3IS @St 20AG8& RSTA yBFurthér,Sising théverige G A YS 2
stressaverag strainrelationship and determining the strain (displacement), corresponding to the

ultimate strength (forcéO ) the requiredtime 0 can be found. Bringing together all discussed

above, one can formulatihe conditions for four test cases:

Table5: Surcedataf 2 NJ G KS LINRPO6f SYQa RSEAONRLIGIAZY
ohrafi O A "M oh
Test 1 5 o Ppm 1 0.3
Test2 25 o8 pm 0.2 0.06
Test3 50 o® Upm 0.1 0.03
Test4 83 o® ¥p ™ 0.06 0.02

Viaually the applied dynamiforce™O0 can be presented for four test cases as:

4.E+6

F(t) Test 1

3.E+6
— —-F(t) Test 2

Z 2.E+6
wo s S T8laerr, e F(t) Test 3

1.E+6
; ----F(t) Test 4

0.E+0

0 0.05 0.1 0.15 0.2 0.25 0.3
t, [s]

Figure21: The applied dynamiorceO0 ona4-node ISUMlement

The dynamic equilibrium equatioms explicit and implicit formwithout consideration of dampingre
presented by Eqng.2 and 73 respectively:

© " . - o B . o B S’/ 72
6 @) Y Vo 0 Q 6 0 Q (72
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T o o o
- YO oY v Y
Yo
(73
gV Q o
Yo Yo

For both schemgthe zei initial conditionsQ 'Q 'Q 1 are presumed.For the implicit
integration scheméewmark itegration parametes arg pAT and] p7c.

Here and further e time stepYdis cdculated using the formulaYd "W, where for the current
taskthed 2 Gt GAYS 27F {KSO.(TKeNitimdbér QfalclatihdtstepSsholild I8 \a
multiple of 1@. Being onlya conditionally stable scheme, the time step faetexplicit time integration
method must notexceedthe valueYo pp 1 i according to the recommendation given [45].

Thus, the obtained time step values for the explicit (CDM) and implicit (NMK) integration methods are
presented by:

CDM NMK
Testl cpnn oPpm

Test2 epmm P
Test3 cpnn oPpm

Test4 ¢pmnm ¢Ppm

In Figure22 (1), (2)the gructural response of the-hode ISUMelementis presentedThe FEA results
are presented by two curves for each test:eonbtained with displacement contral external
dynamical thrst is applied by displacements FEMd@#®d one obtained with force contrglexternal
dynamical thrust is applied by force.

(1) Test 1' 2 FEM DC Test 1
0.8 - 4.E+6 FEM DC Test 2
0.7 ——FEM FC Test 1
0.6 } 3.E+6
. 05 _ FEM FC Test 2
X 04 L 2.E+6 = — |SUM NMK Test :
[} L
0 - ISUM NMK Test ;
0.2 - 1.E+6
o1 —— ISUM CDM Test .
0 ) =S J— ISUM CDM Test
0 0.5 1 1.5 2 2.5 3

o o

W/ U
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(2) Test 3, 4 FEM DC Test 3

08 . r 4E+6 FEM DC Test 4
07 7 ——FEM FC Test 3
0.6 - 3.E+6
S s FEM FC Test 4
> 0. —
X 04 | 2E+6= —— ISUM NMK Test 3
(] L
U A ISUM NMK Test 4
gi FLEY®  |SUM CDM Test 3
0 0Es0 T ISUM CDM Test 4
0 0.5 1 1.5 2 2.5 3
G/ O

Figure22(1),(2) Structural reponse of the-hodelSUMelement

The results obtained using the implicit (NMK) and explicit (CDM) integration schemes, successfully
implemented in the Idealized Structural Unit Methamhmpletely coincidevith the results provided

with the commercial fiie element programFEM FCThis proves the correctness of thensistent

mass matrix formulation and implementation in the program code.

For the first and second testisesthe results obtained using the ffice control thrust applicatioflSUM
NMK, ISUMCDM and FEM FE&xactly follow the solution performed with the displacem control
thrust application FEM Dftom the beginninguntil reaching the ultimate strength. For the third and
fourth test cases,the differences in results provided with force andpl&cement control thrust
application can be seen the early plastic range. THeUMNMK,ISUMCDM and FEM FC curves bend
around the FEM D&olution and the ultimate strength is reached slightly beyond the yield strain

-7 PP

As one can sethe direct application of the dynamic external load in the numerical implicit and explicit
schemeg; force control realizatiorg does notlead tothe full picture of the buckling behavior, since
the increasing deformations in thgostbuckling rangedo not imply a further increase iaxternally
appliedloads. In contrast, the loads tend to dease in an oscillating manner (FEM D&gid the
amplitudes of these oscillations are the maggnificantin the fourth test case.r8all oscillations are
alreadyvisiblein the elastic region and they develop intirge ones in the plastic region. With the
growth of average strains 7- p , the oscillation amplitudes of the applied loadsadually
decrease in spite of the absence of damping.

Since the pesented algorithms provide incomplete information about the buckling behavior of ISUM
element, which is based on the average stragsrage strain diagram, it is necessary to adjust the
above considered implicit and explicit numerical schemes so thatttezreal thrust aanbe applied by
displacements (displacement contrealization).
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4.4 Concluding &narks

In Qhapter Application of theDirect Time Integration Methods using Force Gontrol the following
subjects were highlighted and discussed:

A

Validation ofthe explicit central difference time integration method (CDM) and the implicit
bS6YIN] Qa GAYS AydSINI (A2 yaswmpe sirhdnass systehp 2y |
assuming the onelimensional problem formul&n: for four test cases with different
frequencies of the appliedoad, the displacements obtained with the (CDM) and (NMK)
integration schemes showood agreement with the resultprovided by the commercial
LINEINIY O2YLX SE a!b{.,{ mMpdPnéd ¢KS O2NNBaLRYF
inertiaSTFSOGa 2y GKS &eé & @dreRel inntkeasihdosdll&iansf g K A OK
displacements at high frequencies of applied load.

Validation of the explicit central difference time integration method (CDM) and the implicit
bSéYlN] Qa (i nfehodiNMKBaR hd ediaingle a#-node membraneelement,

assuming the twalimensional problem formulatigrf54]: the integration of the stiffness and

mass matricegor the 4-node membraneelement is performed using the progranoraplex

dal G KOFR mné & | @ith diffeent ffeguariesibapplied 10dd aré éonsidered

and the correspondingisplacementsn o andcdirectionsare presented as a result of the

dynamic analysisThe curvesobtained with the central difdl 8y O0S 6/ 5a0 | yR bS
(NMK) methods coincide with each other aiotlow the FEM solutionguite well

Formulation of the consistent mass matrier ISUM plate elementased on the bilinear and
trigonometric shape funatins, [38], described for longitudinal, transverse and biaxial thrust
applications, theintegration of mass matrior the 4-node ISUMelement is performed
numerically by trapezoidal rule with ¥ equidistant integration points.

Validation of the explicit cenail difference time integration method (CDM) and the implicit
bSéYIFIN]lQa GAYS AyGS3ANI GA2Y Y SrodedRMetelmenty 6 2y |
assuming the threelimensional problem formulation[54]: the maximum values of the

appied dynamic load for each of four test cases correspond to the ultimate strength values,
provided with the FEA of the square plate.

TheOSY(iNI f RAFFSNBYOS GAYS AyiSaNIGAz2y YSUK2R
method (NMK) aralirectly implemented into the ISUM FORTRAN program cedédhat the
externally applied dynamic thrust is applied by forces (force contiidie results of the
dynamic collapse analysis are presented by the averagesaverage strain curves. THeUM

CDM andSUMNMKSsdutions completelycoincide with the FSolutions FEM FE@btained for

the square plate witta v 11 U Telemens discretization thafproves correct implementation

of the consistentmass matrix and the integration procedures in &&JMprogram codeThe
dynaric collapse analysis of the same structure performed with ISUM takes much less
computational timethan with the standard FEA. Comparing the implicit and explicit time
integration schemes, the implicit one seems to be less time consuming, since the time ste
values can be mudhargerthan for the explicit scheme.

To provide the full picture of dynamic collapse behavior, including the-lpasktling region,

the formulation of the central difference atdl S ¢ Y I NJ Q&4 GAYS Ay dSIANI (A2
redefined sothat the externally applied dynamic thrustan be applied by displacements
(displacement control).
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5 DisplacementControl Procedurefor Direct Time Integration
Methods

Within the fourth chaptethe important milestone was reachedonsistentmass matribof ISUMplate

elementwas formulated and thexplicit central difference time integration method (CDtdyether

withi KS AYLIX AOAG bSoYIF N Qa ivérersBccessfully Snpihettddanythe Y S (i K 2
Idealized Structural Unit Method\t the same timehe current formulation of the numerical dynamic

equation, assuming that the external thrust is applied by forces, does not providedimplete
understandingof the buckling process. That is why the present chapter is dedicated tmdhe

formulation of notion equationconsideringapplication of external dymaic thrust by displacements.

5.1 EnforcedMotion Method inSructural Analysis

The enforced motion method is widely usexfind the structural response of buildings, fundaments,
bridges etc., subgcted to vibrations, earthquakes, and other loads, which can be desardbleer by
displacements than by foreg/55]. Thus, theenforced motion method can be explained on an example
of the lineardynamicequation of motion:

Tt
0 0 Q 06 O Q O 0 Q O (74)

Here, the displeements élsovelocities andaccelerationyare subdividedinto two parts where Q

arethe dfree€ degrees of freedom and are thedenforced degrees of freedomAccording to this,

the components ofthd 2 F R @S OG 2 NJ I LILI és$fReedoyh Qi dorBaing 7BiidS 8l R S 3 NJ
GKS O02YLRySyida 2F (KS f2FR @S0O02N QLidftainStRe 2y K-
unknown forces. The upper part of the Bl can be rearranged as:

0 Q 0 0Q v Q 0 Q 6 0Q v Q (75)

The above given equation can be solvedthe displacementsQ since the accelerationd®2 and
velocities Q can be approximated by displacemen®@ and thed Sy T 2 disp&&rentsQ
velocities Q and accelerationsQ are known.Having obtained all the kinematic parameters the
unknown applied forces'O are to be evaluatedrom the lower part of theEq.75.

The same tactic of the external loads treatment can be used dealing with the nontigaamic
equation of motion performinghe explicit aad implicit time integrationprocedures. The detailed
derivation of the numerical nonlinear dynamic equations assuming the enforced motion technique is
introduced in the following subchapters.
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5.2 BExplicit Time IntegrationMethodwith EhforcedMotion Technique

To enable the formulation of thexglicit central differencdéime integration scheme with respect to
the enforced motion technique, thaonlinearEq.48 should be rewritten according to theoncept,
considered in therevious subchapterEq.74:

p 0 D P 6 & Q 7 Y ¢ O 0 Q
Yo 0 0 Yo 6 6 Q Y Yo 0 0 Q
. (76)
P U] 0 P 0 O Q 7 Tt
yo 0 0 Yo 6 6 Q O

Having established the initial conditions for displacements at tinaado Y0, the unknown
displacementsQ ¥ can be obtained from the upper part of E&f:

P p , v p p , v .
- - Q Y o < Q 7 Y
Yo v ¢Yo ° Yo v ¢Yo °
, @
S 5 5 2 P50 P 5 & =
Yo Q Yo cYo Q

To solve theabove given system of equatisthe Gaussian elimation algorithmis implemented to

the Idealized Structural UnMethod. It is necessary to notihat the correct arrangement of the

degrees of freedom and the corresponding components of the mass and damping méricay

important performing such an alysis. Thus, within the ldealized Structural Unit Method the
GSYF2NOSRé RSIANBSaA 27F seudh&Ra@nmberobéplacedirkit® lolver linéi 6 K A 3 K
in the displacement vectofhe lower part of thd=q.76 yields thesolution for the applied loadO :

q 50 Q
Yo Q

(78)

The obtained resultcan be concluded as correcthie equilibriumstate of the systemis satisfiedon
eachtime step:
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5.3 ImplicitTimeIntegrationMethodwith EnforcedMotion Technique

The same procedure of matrsuldivision with respect to th&x SY F2 NOSR¢ | YR G FNBES:
freedom should beealizedi 2 Syl ot S GKS T2 NXdz | { kinfeyinte@alionti KS A Y
scheme within the enforced motion technique. contrast to the explicit time integration schentee

implicit numericalformulation requires theperformanceof the iteration procedurefor the nonlinear
analysisandthe Eq.54yields:

T 0 0 C 6 0 O U y YQ Y y
Yo 0 O Yo 6 0O O U yQ Y
% , . ,
Q Q
booov T 0 Q@ (79
}] )] Yo Q Q Yo Q ’
6 6 C o 7 (o) Q w7
6 6 Yo Q Q Q "0

Having established the initial conditions for displacemen&docities and acceleratiord time 6, and

assuming thatforQ p Y y Y andQ Y ‘Q , the unknown incremental
displacementsYQ  can be obtained from the upper part of Eff

T, C . Ly y T C . . y
= Y Q —_— = L YQ
v U % ° v Y o Yo ©
y ' Q Q
y b b o 2 Q Ll
Yo Q Q Yo 0 Q (80)
s 5 oo 7 Q Q
Yo Q 0 0

Q 7 yaQ Q Q @1)
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The externally applied force8O are tobe updated within the NewtoiRaphson iterations using the
obtaineddisplacenents:

o ¥ 0 Y Yo
. (82
yo 0 -~ o Y Y h
yQ
where
, L 00 ¢ 6 8 0 000
Yo 0 O Yo 6 6 O 0
v VR T Q y Q T Q Q
vov ) Q Q Yo 0 )
R
Yo Q Q 0

Theillustration ofthe first step of theNewton-Raphson iteratiomprocedure is presenteth Figure23.
A characteristic of this iteration is that a new tangenffséss matrix is calculated in each iteration,
whichis why this method igalled the full NewtorRaphsormmethod, [48]. The iterationscontinues

until the outof-balance force vectoro Y 'Y (vertical dashed lines) is small enoudhg.55.
1\0

O Y
yo 0
yo

Y Y
Q Y
yQ yQ Q

Figure23: Full NewtonRaphson iteration procedure
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5.4 DisplacemenControlvs ForceCGontrol

Algorithms of the enforced motion techniqudescribed in the previous subsectioagplication to the
implicit and explicit time integration procedures were implementetb the Idealized Structural Unit
Method. On an example of the dynamically loadéehode ISUMelement the two considered
approaches of the load applicati@force control and displacement control (enforced motion) will be
shown and compared with the results of thHénite Hement Analysis.Geometrical and material
properties oflISUMelementare given inrablel.

Thetask formulation for the force control load application remains the same, see subchapter 4.3.

Exemplary, the casd est 3and Test 4re considered. To perform the dynamic analysis of theode

ISUMelement using the eforced motionmethod (displacement contro))the externaldynamic load
is applied by displacements, with the edge velocity at | 7Q(Test Jandy d | ¥Q(Test 4. Within

the FEA the external loads are applied in the same (@&placement control)

Here and further, the following interpretation of the edge velocity will be used: 'Q 7TY
whereQ  is the maxinam applied edge displacement ari¥is theli2 G f GAYS 2F

application In case of thdéongitudinal thrust actionthe ‘Q  can be obtained from——7%— —.

In case of the transverse thrust actica— 77— —. The parmetersand Grepresent thelength

and the breath of the platerespectively, and the values - and- #- correspond to the maximum
average strain value, which is expected to be on the average stwesage strain diagrangtrain rate
values- can be also calculated for longitudiral cifcyand transverse  cifathrust application.

Theresults of the dynamic analysis of tHenode ISUMelement are presented irFigure24 for two
applied edge velocity values. The curves, corresponding to the tmneol load g@plication were
already shown in subchapter 4Bigure22. Here, they get the additional description FC, which means
force contro] ISUMNMK FC antSUMCDM FCThe nevest results obtained using the implicit and
explicit time inegration schemesnd considering the external thrust applied by displacements are
given by two curves respectivelgUMNMK DC antSUMCDM DC

(1) v=50 mm/s

0.8 ——FEM DC
0.7 FEM FC
0.6
. 05 ——1SUM NMK DC
o>
X 04 ISUM NMK FC
0.3
0.2 ——ISUM CDM DC
0.1 ISUM CDM FC
0
0 0.5 1 1.5 2 2.5 3
G O
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(2) v=83 mm/s

0.8 ——FEMDC
0.7
FEM FC
0.6
> 0.5 —ISUM NMK DC
X 0.4
= ISUM NMK FC
0.3
0.2 —ISUM CDM DC
0.1
0 ISUM CDM FC
0 0.5 1 15 2 25 3
U O

Figure24(1),(2) Displacement contretks force contol on example of the dynamic collapse analysis of
the 4-node ISUMelement

Analyzing the results presented in thggure24 (1)-(2) one can makehree important conclusions:

1. The displacement control load application is mordahle for the dynamic collapse analysis
of the plate panelshan the force control loaépplication As one can see, the curves FEM
DC,ISUMNMK DC andSUMCDM DGQlescribe also the podiuckling behavior ofSUM
element, which ismissing in case of the ifee control thrustapplication, since the curves
FEM FASUMNMK FC antSUMCDM F@erminate reaching the ultimate strength value.

2. The SELIX AOAG OSyYy (NI f RA F T S Nile/ intégratibny $thended” LIt A OA |
implemented in the ldealized Structurahlt Method, adjusted to theenforced motion
technique supply reliable resudt The corresponding curvéSUMCDM DC antSUMNMK
DCjust slightly differ from each other in the pebtickling regime and follow quite Wehe
finite element solution FEM DC

3. Leaving the range of elastic deformations behind, the solution starts to osdlfatehe
amplitudes of the oscillations depend ahe edge velocity, with the increase of thepplied
edge velociy values, or in other words decreasing the time of theustapplication, the
amplitudesof the oscillations also increase due to @p@wth of the inertia effects.

In additionone can sedérom the presented graphthat the amplitudes of théSUMCDM DC antBUM
NMK DCurves are higher than themplitudes é the FEM DQurves.The difficulty is that we consider
the nonlinear dynamic problem anithe numerical solution casvenbecome unstable especially for
large deformations To avoid this undesirable event or tocrease accuracy of the numerical
integration schemes the physical damping should be added to ISUM model.
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5.5 Concluding &narks

In ChapterApplication of theDisplacemenControl Procedure to theDirect Time Integration Methods
the following subjects were highlighted and discussed:

A Formulation of the enforced motion method:he suldivision of the matrix dynamiequation

of motion is performed interms of thé Sy T 2 aMIBSFRE S¢ RSANIBSaA 2F FTNBS

A Application of the enforced motion technique to the expliaitd inplicit time integration
methods the corresponding numerical schemes aadjusted to the enforced motion
technique byrewriting them according to the considered formulatiofnese transformations
bring the additional difficulties in terms of the computatial costs, sincenot only the
displacement vector, but also the applied load veabould be updated. This remark mainly
02y OSNYya GKS Dbthng riegklio@methadYnhireith@ Aiplating carriesthe
iterative charactefor the nonlinear analysis

A Implementation of theexplicit central differenceand implicitb S & Y | titde Gnéegrtion
schemes to the Idealized Structural Unit Methodlidation was performed on an example of
the 4-node ISUMelement, uniaxialloaded by displacements witltwo different edge
velocities. The results of the dynamic collapse analysis under assumption of the external thrust
applied by displacements (enforced motion or displacement control) are presented by the
average stresaverage strain curves and comparedhwthe results of the dynamic collapse
analysiof the 4-node ISUMelement, uniaxiatloaded by forces (force control), subchapter 4.3.

A Theenforced motion techniquapplied to the explicit and implicit time integration methods
provides desirable resultsince the total buckling behavior of the plate structure can be
obtained in contrast to the previous formulation, which considersttirast applied by forces.

A The correctness of the applieehforced motion techniqués proved by the finiteelement
resuts, shce the obtained ISUM average stsaverage strain curves for both implicit and
explicittime integrationmethods followthe FEMsolution very well. The differences in the
oscillation amplitudes between ISUM and FEMves can be avoided by addition of the
physical damping properties to the ISUtMmulation.
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6 DynamidllapseAnaly®s of ISUMPate Panels

Based on the results of the previous ChapleK S SELX AOA G OSYyidNI f RASFFSNBYC
time integration methods with thenforced motion formulation will be used for further investigations

on the dynamic collapse analysis of the ISUM plate paféie presentChapterwill give answers$o

the following questions:

1. What is the typical dynaroicollapse behavior of ISUM plate panels under longitudinal and
transverse thrust?

2. How doeshuckling behavior changeith increasingselocity of the applied displacements?

3. Is it possible to make an unambiguous conclusion that one numerical time integrat
scheme is superior?

As it was already mentionedgddition ofphysical damping to ISUM mod=luldincreasethe accuracy
of the numerical integration schemeshat is why the gbchapter6.1 isdedicated to the building of
the damping moded Thesubsegent sectionss.2 ¢ 6.5 present the results of thelynamic collapse
analysis of ISUM plate panels

The following conditions aréne same for all test cases

A validation of the obtainedSUM results is based on a comparison with the-sefition,
providedbyiil KS LINEINI ¥ O2 VYV[5H;SE 4! b{,{ mMp®dnéx

A aldlriA0 a2tdziazya NS 200FAYySR FNRY CO9! LISNF2N
shown to assess the significance of dynamic effeRissults of static collapse analyses of
rectangular plates with ISUM are widely representedidfy;

A external dynamic thrust is applied by displacements with a prescribed edge velocity;

A spread of yielding inmages of collapse modemrresponds to the middle layer of péa
material and is presented in percent by color gradient from dark tdaeo(plasticity to bright
red (ull plasticity);

A principal dimensions, Féfiscretization and material properties examined plateare pointed
out in Table6;

A solutions are presented according to the undamped (11, marked with odd numbejsand
damped (1, marked with even numbejdest cases;

A bSsYIN] Qa GAYS A (=GdE A dgualtol/4 dnili 1KRIreSpSciivBIN B

The following condions areunique for each test cassnd are given in the corresponding paragraphs:

A consistentmass matrix for each plate panel;

A obtained for each test case collapse modes, corresponding to ultimate aneufinsate
stress states;

A initial deflection vales of FEand ISUMmodels;

A time step values.
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Table6: Properties of thexaminedlate panels

Dimension FEdiscretization, ISUM/FEM
Plate number ) o
LxBxT, [mm] Longitud. thrust Transverse thrus  Biaxial thrust
plate 1 1000 x1000 x 15.5 1/50 x 50 - -
plate 2 2400 x 835 x 15 3/10 x 30 3/10 x 30 -
plate 3 4200 x 835 x 13 5/10 x 70 3/10x 70 -
plate 4 4200 x 835 x 22 7/10 x 70 3/10x 70 9/10x 70
yield strength " 313.6 MPa
Material properties yOU)/ IQa Y 2 Rdzf dz (0] 205.8 MPa
for all plate panels: density ” 7850 kg/m?
pRAadazyQa NI { ' 0.3 -

Subjected to axial compressive loads rectangular plate panels buckles into several number of half
waves [20]. As discussed in Chapt@r buckling modes can be sinusoidal witldiatinct plasticity
localization zone (under longitudinal loading) or cylindrical (under transverse loadirayang to the
direction of applied thrust Figure8. The number of bucklingalf waves under longitudinal thrust
depends on dimensions and material properties of plates: if a theoretical buckling strength exceeds
the yield strength, plastic buckling occurs and the aspect ratio of each buckling half wave tends to 0.7.
Otherwise, ¢éastic buckling witlaspect ratios around 1.0 per half wave takes pJ§86]. Thus, due to

the high thickness and therefore increased strength margin, plate 4 has more buckling haltheaves
plate 3.Number of ISUM elements miuse equal to the number of buckling half wavéd transverse
thrust, for the shape function reflecting the cylindrical collapse modemeesh with three ISUM
elements is required[36]. For plate panels subjected to the biaxihtust, a combination of two
meshes (for longitudinal and transverse thrust) is needad]. ISUMdiscretization igoresented in
Table6 and visualized ifrigure25:

Uniaxialthrust Longitudinal thrust Transverse thrust Biaxial thrust
Plate 1 Plate 2 Plate 2

/ANEERYAN

Plate 3 Plate 3

A\ c \

Plate 4 Plate 4 Plate 4

Figure25: ISUMdiscretization for rectangar plate panels
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6.1 Rayleigh Damping Model

Damping can be introduced as a physical proosbg;h representshe dissipation othe mechanical
energy stored in the oscillatien As a result,damping leads to reducing or preventing of the
oscillations. Sincthis phenomenoris directly connected with vibration and oscillation, it makes sense
to introduce thefinite elementequilibriumequationof motion on the basis othe eigenvectors

o 6 WO WO YO (83

Here, the nodal point displacements are transformed so tliad ® 0 , [56]. The
transformaion matrix  isrepresented byeigenvector$ée; vector & 0 containsthe generalized
displacements; diagonal matrix ~ stores the eigenvalugs . Unfortunately thedamping matrix 6
camot be constructed from element damping matrices,itis paformed forthe massand stiffness
matrices of theelement assemblage. Tapproximate the overall energy dissipatiitris assumedhat
damping represerstalinear combination of the stiffness and mass matrixgpaeters. This formulation
corresponds to th&kayleigh damping with the unknown constantand :

6 |0 10 84

On the other hand dampingdependson the damping ratio , andangular frequency]

6 ¢l (89)

Using the above given B8 and Eq85 one obtains:

(86)

Having defined twodamping ratios, (can be also equivalen) and having ltosen two modes,
according to the typical axpectedcollapse behavior, with the correspondiaggular frequencies
the damping parametets andf can be obtained from:

87)

The campingratio, determinesbehavior of the systerandcan be understood abe level of damping
in a system relative to critical dampinfyccording to this definition, one can stafy the system as:

A undamped, Tt the motion is periodicsystem oscillatewith constant amplitude

A underdamped,;t , p: the system oscillatewith a slightly different frequency thaim
the undamped caswith the amplitude gradually decreasing tera. The angular frequency
of the underdamped harmonic oscillator is giveyi b 7 p— where]  represent
the undamped angular frequency of the oscillgtor
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A citically damped,  p: the system returns teequilibrium state as quickly as psible
without oscillating Thisis the border between the overdamped and underdamped cases
which isoften desired in many cases where engineering design of a damped oscillator is

required

A overdamped , p: the system exponentially decay® equilibrium state without
oscillating.The &rgerthe values of damping ratip are, the slowethe systenreturnsto its
steadystate.

Material damping depends on many factetsch asype of material, stress amplitude, internal forces,
size of geomey, the qualiy of surface andemperature.For steel structures, the typical rge of
damping ratio is 0D¢ 0.05.However,it is possible to consider for structures wjthints higher values
of damping ratiaup to 0.1,[57].

To determine tie damping parameters and! for the four examined plate panelsiodal analysis was
LISNF2NYSR 6AGK (KS LINE IMd Mquile@ ahgdlas fiequentids {ate{ wmp ®n
extractedaccording to theexpected buckling behavioFor each plateTable7, the first undamped

angular frequency is obtainedfor the vibration mode with one half wavdhe second valge

corresponds to the vibratiomode witha number of half wavesquivalent to thenumber ofbuckling

half waves(alsoISUM elements) under longitudinal loading. For the square panel (plate 1is

calculated for threesibrational half waves.

Table7: Damping parameterfor the examined plate panels

platel o o » 1 plate3 0o © » Iz

, =0.02 478 2365 15.905 1.40710°% |, =0.02 309 580 8.066 4.49910°

, =0.05 39.763 3.51710° |, =0.05 26 164 1'125.104

,=0.10 79.527 7.03410° |, =0.10 ' e
40.329 2.25010

plate2 o o ) Ir plate4d © © > Ir

, =0.02 410 718 10.454 3.54310°% |, =0.02 507 1422 14.954 2.07310°

, =0.05 26.135 8.85710° |, =0.05 37.384 5.18210°

,=0.10 52.271 1.77110* |, =0.10 74.768 1.03610%

According to theassumeddamping ratios, = 0.02, 0.05 and 0.1Q)validation of damping models
presented on an examplef ahe square plate panelplate 1), with the highapplied edge velocity
of p T du &7i. TheRayleigh damping is used within the FEA and ISUM teda¢he damping forces
to the nonlinear differential equation of motiofime stegyo6 v T sis assumedor FEM and
ISUM NMK, ando v p 1t s for ISUM CDMDorresponding results are presented Bigure26. The
third dampgng model with the damping ratio= 0.10 provides minimal difference between the
obtained ISUM and FEM results. The ISUM CDM curve shows very good agreement with the FEM curve
and becomes smooth in the pebtickling range. The ISUM NM&sin generathe similarbehavior as
ISUM CDM, buat the same timethe implicit solutionprovides theadditionaltiny oscillations, which
come upduring the whole calculation perio@he firstdamping model witldamping ratig =0.02 does
not supply the desiredampinglevelso that the ISUM and FEM curwesuld get closer to each other.
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(1) v=0.02
——FEM

—ISUM NMK

——ISUM CDM

BX/8Y

(2)v=0.05
—FEM

—ISUM NMK

——ISUM CDM

BX/8Y
(3)\=0.10
——FEM
—— ISUM NMK

—ISUM CDM

BX/8Y

Figure26 (1)(3): Dynamic collapseehaviorof 15 mm square platevith different damping models

The second damping model with the damping ratio0.05 providesa sufficient matching between

FEM and ISUM results. ISUM NMK and ISUM CDM coincide with each other very well and follow the
FEA solutiongradually reducinghe amplitude of oscillations. Having considered the fact that the
damping ratio, = 0.10is rather anexceptionfor steel structures, the damping ratic= 0.05 andthe
correspondingdamping parameters andf will be used forfurther investigationsof all plate types

unless damping is specifically not considered.
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6.2 DynamiddollapseAnalyses of SjuarePanels undetniaxialThrust

Dynamic collapse behavior of the square plates with different thickness values is pregefigdres

26-28. Time steyd v 1 sis assumedor FEM and ISUM NMK, aiYd

v 1t s for ISUM

CDM.Consstent mass matrix is obtained frofaq.(65 with appropriate shape functions, E.0. The

influence of damping is not considered for this basic examples.

(1) plate 1000 x 1000 x 11mm; v=10 mm/s

0.8

> 0.6

0.4

0.2
—— static — FEM ——ISUM NMK——ISUM CDM

BX/8Y

(2) plate 1000 x 1000 x 11mm; v=20 mm/s

0.8

XY

0.4

0.2
static FEM ISUM NMK——ISUM CDM

BX/BY

(3) plate 1000 x 1000 x 11mm; v=30 mm/s

—— static —FEM
0.2 —ISUM NMK ——ISUM NMK f=0
—ISUM CDM

0 1 2 3 0
BX/BY

100
s 0

Yielding, %

Figue 27 (1)(3): Dynamic collapse behavior of the 11 eguare plataunder uniaxial thrust
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For three applied edge velocities each average stagsage strain diagram is supported by two
images of the collapse modes, which correspotalthe ultimate (top image) and to the pesttimate

- 7 0, bottom image) stress state®erformed investigations on the dynamic collapse behavior
provided the interesting results: collapse modes and the corresponding sttess relationdips of

the thin plate,Figue 27 (2),(3), differ from the typical buckling behavidndeed, the square plate with
thickness op d | and slenderness ratio  o® tentsto build a plateau in loading directioin the
post-bucklirg regimeinstead of the expected roof shape. Moreover, this tendency depend on the
LI ASR @St 20A0G8 Ol tdzSay o0ST2NBE NBI@®OKA gogarel K S
plate shows the classical roof me (here at applied velocity @f 1t | 7Q. Increaing the applied
velocity up tog 1t | 7Q the collapse mode changes from the roof mode to the plateau that provides
the decrease of the loadarrying capacity (see the corresponding average stagssage strain
curves).Therefore, the ISUM NMK an@UM CDM curves differ from the FEM curve in the post
ultimate strength range, since the implementd8UM parameteiQ which is responsible for the
current shape function representatioisee Eg6, is tuned for the formation oftte roof mode in the
post-buckling regime[18]. Setting the parameteiQzero does not provide any positive changes, (see
curve ISUM NMRKQY T, Figue 27 (3). The other examinep & andp o | square plags with
slenderness ratids  ¢® and¢ respectively do not show arghanges in the collapsenodesevenat

the highapplied velocity op it i 7OISUM NMK and ISUM CDM curfabw the FEMsolution very
well, Figures 8 and 29

(1) plate 1000 x 1000 x 15.5mm; v=10 mm/s

0.8

XY

0.4

0.2
—— static—— FEM——ISUM NMK——ISUM CDM

BX/8Y

(2) plate 1000 x 1000 x 15.5mm; v=30 mm/s

static FEM ISUM NMK——ISUM CDM

0 1 2 3 0 00
By /8y - i

Yietling, %
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0.8

0.4

0.2

(3) plate 1000 x 1000 x 15.5mm; v=100 mm/s

static FEM ISUM NMK——ISUM CDM

BX/8Y

Figure28 (1)(3): Dynamic collapse behaviortbé 155 mmsquare platainder uniaxial thrust

0.8

0.4

0.2

0.8

0.4

0.2

(1) plate 1000 x 1000 x 19mm; v=10 mm/s

static FEM ISUM NMK——ISUM CDM

—— static—— FEM——ISUM NMk——ISUM CDM

BX/8Y

(2) plate 1000 x 1000 x 19mm; v=30 mm/s

1 2 3 0 100
BX/8Y N .
Yielding, %
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(3) plate 1000 x 1000 x 19; v=100 mm/s

0.8

XY

0.4

0.2

static FEM ISUM NMKk——ISUM CDM

BX/EY 0 100
EmsmcoEs

Yielding, %

Figure29 (1)(3): Dynamic collapse behaviortibé 19mm square platainder uniaxial thrust

At the highapplied edge velocity gf 1t irti 7Gthe average stressaverage strain curves oscillate with

a significant amplitude around the static solution. Therefore, the maxinapplied dynamic thrust
that the prescribed structure can withstandrns to bep ¢ tigher(forp U | square plate}han in

case of thestatic load application.The ISUM NMK and ISUM CDM solutipredict this ultimate
strengthlevel with a great accuracy; at thaigh appliededgevelocities one can distinguighat the
ISUM NMK and ISUMDM curves slightly overtake the FEM curve, starting from the average
strains- 7- P C.

Summarizing the preented results one can concluttat the dynamic collapse behavior of the square
plate panels with the slenderness ratio o© can beunrestrictedly analyzed using the Idealized
Structural Method. Square plateapels with the slenderness ratic {  o® belong to the
intermediate categonand the simulation of the dynamic collapse behavior withinupeo datelSUM
provides reliable results only for low applied edge velocity values. For thin square plate p#hels w
the slenderness ratib o® o the roof mode does not take place at any applied velosihce
even performing the static analysis other complicated collapse modes configip,
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6.3 DynamiddollapseAnalyse of Rectanguar Panels undetongitudinalThrust

The rectangular plate panslacommon structural member of a shilp is part ofthe bottom, side and
deck platingstiffened byframing for collapse preventiodccordingo the Common Structural Rules
[4], if a ship's length exceegs ¢ i, it is preferable toadopt a longitudinal frane system. Bsides
tankers greater thag Tt it in length must be framed longitudinallin this case, performance of the
structural analysis athe deckand bottom plating subjected tothe compressive stressagpresents
the analysis of theectangularplate panels under longitudinal thruswithin the presentsubchapter,
the dynamic collapse behavior of threectangularmplate panelss considered

6.3.1 PlatePanel2400 x 835 x 15 mm

Dynamic collapse behavior of the rectangular platpresented ifFigure30 (1)-(6). Analogouslyo the
previous subchapter, the given imagdstioe collapse modes correspona the ultimate (top image)
and to the postultimate ¢ 7- T, bottom image) stress state$he initial deflection values of the
FEmodel are presented ifTable3. Consistenimass matrix is obtained froriq.65 with appropriate
shape functions, Eq0. Time step value¥ofor each test case are assumed as follows:

applied edge velocit ISUM NMK ISUM CDNV  FEM

L TO afi otpmn ofipmnm o8iPpm
p TLar afi PP PpRDPT PAIPT
¢ ma afi X8 Ppm X® P x® P

For all applied edge velocity valueswoft | 7Qp mini 7Oand¢ mini 7Othe ISUM CDM solution
suppleshigh, frequentoscillation of the average stresserage strength curve, whigtartsfrom the
ultimate strength and goes through the whole pobtickling rangeTo check the influence of the
specially developed sipe function whichenables thetransformation of the buckling modé&om
sinusoidal to the roof mode withione halfwave[18], the parameter'Qvas set on zerdrigure30(1).

In this caseallthree halfwaves ol SUMplate model have the same amplitude. As one can see, the
ISUM CDMQ mandthe ISUM CDNMQ T1tcurves have the similar behavideaturing signifcant
oscillations. This fa@xcludeshe possible influence of the shagmarameter'Qon the heighteningof
the oscillations, performing the explicit time integration scheme.

(1) v=50 mm/sy=0

1
0.8
> 0.6
> 0.4
—— static ——FEM
0.2 —L{'a baYZ—FISUMNMK, f=0
o L{'a /5as TFISUMCBM,f=0
0 1 2 3 4 0 100

BX/8Y
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(2) v =50 mm/sy=0.05

1
0.8
> 0.6 :‘:‘“
~ \
%04
0.2
—— static —— FEM —— ISUM NMK-——— ISUM CDAN
0 e
0 1 2 3 4
BX/8Y
(3) v=100 mm/sy=0
1
0.8
> 0.6
204
0.2
0
0 1 2 3 4
BX/BY
(4) v=100 mm/sy=0.05
- K
! > . : S OO
08 ‘;_-‘ : w i
> 0.6 ~
> 04
0.2 _ o
static FEM ISUM NMK—— ISUM CDM 0 100
0 ||
0 1 2 3 4
BX/8Y
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