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ABSTRACT 

Determination of the load-carrying capacity of structures is very important for the assessment of their 

safety. Constantly subjected to dynamic loads marine and offshore structures experience the 

significant rise of inertial forces in structural elements, often leading to buckling, plastic deformations 

or fatigue cracks. To ensure safety and reliability of structures under dynamic loading it is necessary to 

estimate the influence of the transient effects on the collapse behavior of plate panels. 

As a possible tool for the ultimate strength analysis, the Finite Element Method (FEM) is widely spread 

among engineers. In spite of the great effectiveness, the transient Finite Element Analysis (FEA) 

remains very time consuming and sometimes difficult to accomplish well. Therefore, the Idealized 

Structural Unit Method (ISUM) can be applied for collapse analysis of large structures.  

Within the present thesis the applicability of the ISUM is extended to dynamic collapse analyses of 

steel plate panels by taking the inertia and damping terms into account. Formulation of the consistent 

mass matrix for ISUM plate element is based on integration of the bilinear and trigonometric shape 

functions, which interpolate the nodal point displacements and internal deflections respectively. The 

latter depend on a direction of the applied load and describe buckling behaviour of plate panels. Since 

the investigations on a dynamic buckling behaviour of rectangular plates showed similarity with static 

buckling modes, shape functions for static ISUM formulation are used.  

Damping effects are included to analysis by formulating the damping matrix, using Rayleigh model: 

damping parameters are determined for each examined plate type performing modal analysis. Based 

on the validation of the Rayleigh damping model on an example of the square plate panel, the damping 

ratio is chosen for the dynamic collapse investigations of rectangular plate panels. 

The explicit central difference scheme (CDM) ŀƴŘ ǘƘŜ ƛƳǇƭƛŎƛǘ bŜǿƳŀǊƪΩǎ ƳŜǘƘƻŘ (NMK) are 

introduced to perform the numerical integration of the system of nonlinear differential equations of 

second order. Validation is carried out on examples of simple spring-mass system (1D linear problem), 

4-node membrane element (2D linear problem) and 4-node ISUM element (3D nonlinear problem). 

Particular attention is paid to the stability of the central difference method by adjustment an 

integration time step, since the prescribed scheme is only conditionally stable. 

Current force control formulation does not allow to obtain the post-buckling region of the average 

stress - average strain curve. To provide the complete understanding of the buckling process, the 

enforced motion method is introduced. Corresponding numerical schemes are adjusted to the 

enforced motion method and validated on example of the 4-node ISUM element: new formulation 

provides desirable results, since the total buckling behavior of the plate structure can be obtained.  

Having introduced the transient ISUM formulation, dynamic collapse analyses of different rectangular 

plate panes are performed. Validation of the obtained results is based on a comparison with FEA. The 

influence of the inertia and damping effects on the dynamic buckling behavior of rectangular plate 

panels is shown by the corresponding average stress - average strain curves. Factors, which effects the 

rise of the ultimate strength are outlined. According to the loading art, typical dynamic buckling modes 

are demonstrated. Newly implemented explicit central diŦŦŜǊŜƴŎŜ ŀƴŘ ƛƳǇƭƛŎƛǘ bŜǿƳŀǊƪΩǎ time 

integration ƳŜǘƘƻŘǎ ŀǊŜ ŀƴŀƭȅȊŜŘ ƛƴ ǘŜǊƳǎ ƻŦ ǊŜǎǳƭǘǎΩ ǊŜƭƛŀōƛƭƛǘȅ ŀƴŘ ŎƻƳǇǳǘŀǘƛƻƴŀƭ ŎƻǎǘǎΦ  Finally, the 

applicability of the Idealized Structural Unit Method on dynamic collapse analyses of rectangular plates 

is assessed.   
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 Introduction 

1.1 Ultimate Strength Assessment by the Idealized Structural Unit Method 

Science and Technology have been developing with enormous speed in recent years. Innovations have 

covered all fields of knowledge, trying to make it ideal in terms of getting higher quality, increasing 

reliability, reducing costs and improving user friendliness.    

All these benefits concerning engineering would be difficult to reach without developing of modern 

numerical methods and deeply studying mechanics. Taking into account nonlinearities and material 

behavior, initial imperfection of structures and the development of new finite element types, it has 

become possible to revise old regulations and to assess the load-carrying capacity from the point of 

the limit state. In other words, a certain structural element can operate until it reaches the ultimate 

strength by losing its stiffness, resulting in collapse. This means that it is necessary to analyze also the 

buckling behavior of structural members, since it is better when the failure takes place in the plastic 

range, allowing the structure to reallocate internal stresses.  

The ultimate limit state design is based on the buckling analysis of steel plates, being the core element 

of all marine structures. There are many factors such as loading and boundary conditions, material and 

geometrical properties, initial imperfections, which define the buckling behavior. For example, thin 

plates buckle even in the elastic range, and in contrast, thick plates ς at the plastic range, experiencing 

significant spread of yielding. Imperfect structures have a lower ultimate strength value compared with 

ideal ones, Figure 1: 

 

 

        

  

 

 
 
 
 
 
 

Figure 1: Ultimate capacity of steel plates under axial loading 
 

BǳŎƪƭƛƴƎ ƻŦ ǘƘŜ ǎƘƛǇǎΩ ǎǘŜŜƭ ǇƭŀǘŜǎ ǘŀƪŜǎ ǇƭŀŎŜ under large in-plane compressive loads, caused by 

longitudinal hull bending. One can define this bending as hogging and sagging, then the middle part of 

the ship hull, idealized as a girder with variable characteristics of the cross-section, bends upwards and 

downwards respectively, Figure 2. In case of hogging, the compression of plates acts below the neutral 

axis. Considering sagging, plates above the neutral axis experience compression. 
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Figure 2: Hogging (left) and Sagging (right) bending modes of the ship hull 
 
There are two principal methods to calculate the ultimate strength of steel plates [1]: 
Á The membrane stress method, [2] 

Á The rigid-plastic theory method, [3]     

The first one allows getting the membrane stresses by solving the nonlinear governing differential 

equations of large deflection plate theory, namely the equilibrium and the compatibility equations. 

These will be discussed in detail in Chapter 2. As the membrane stresses reach the yield stress, collapse 

will occur. The spread of the yielding can be assessed by using the Mises-Hencky yield criterion, which 

determines the possible locations for the initial yielding as plasticity at corners and plasticity at 

longitudinal or transverse edges. The second approach presumes for the ultimate limit state the 

presence of kinematical mechanisms so that the internal strain energy is in equilibrium with the 

external potential energy.  

According to the Common Structural Rules (CSR) safety of marine structures must be proved 

performing the hull girder ultimate strength check. Within the rules, collapse analysis based on the 

SmithΩǎ method is presented, where the  ultimate  hull  girder  capacity  is  defined  as  the  maximum  

value  of  the  curve, which depicts vertical bending moment versus the curvature of the ship cross 

section [5]. Due to this method the hull cross-section is to be divided into small elements. Vertical 

curvature of the hull is assumed to occur incrementally. Therefore, corresponding incremental strains 

can be calculated. Element stresses are derived from the incremental strains and integrated over the 

cross-section to obtain bending moment increments. Finally, incremental curvatures and moments are 

being summed to get cumulative values. Taking into account the assumption that the shear strains are 

neglected, the nonlinear Finite Element Method (FEM) is approved and recommended for the 

assessment of the ultimate strength.     

The Finite Element Method (FEM) is one the most effective tools to solve such a complicated nonlinear 

behavior of structures. The idea of the method is to find the approximate solution of a certain problem. 

For this aim, the solution area is subdivided into a lot of small finite elements, representing the 

geometrical shape of the structure. As the approximate solution is found for each element and the 

equilibrium conditions are satisfied, the unknown displacements and stresses can be evaluated. The 

fundamental principles of the Finite Element Method were depicted in the papers of Clough [6], Argyris 

[7], Turner et al [8], Hrennikov [9] and many others. With the development of the computer 

technologies, the application of the perspective Finite Element Method grew significantly. In 1967 

Zienkiewicz and Cheung [10] ǇǳōƭƛǎƘŜŘ ǘƘŜ ŦƛǊǎǘ ōƻƻƪ ǿƛǘƘ ǘƘŜ ǘƛǘƭŜ ά¢ƘŜ Finite Element Method in 

ǎǘǊǳŎǘǳǊŀƭ ŀƴŘ ŎƻƴǘƛƴǳǳƳ ƳŜŎƘŀƴƛŎǎέ, where they used a weighted residual Galerkin method and the 

least squares approach for the derivation of equations. This attracted attention of the mathematics 

community and gave a boost to the usage of FEM for the solution of linear and nonlinear differential 

equations. FEM found its application to a wide range of engineering tasks, namely for equilibrium time-

independent problems, eigenvalue problems and propagation or transient problems. Some popular 

computer programs, which perform the Finite Element Analysis, are listed below: 
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Á ABAQUS - Finite Element Analysis, 1978     

Á ANSYS - Finite Element Analysis is, 1970     

Á COMSOL Multiphysics - Finite Element Analysis, 1986       

Á Femap - Finite Element Analysis, Siemens PLM Software, 1985      

Á FreeFEM++ - Finite Element Analysis, 1987          

Á LS-DYNA - nonlinear transient dynamic Finite Element Analysis, 1987         

Á MSC.Nastran - Finite Element Analysis, 1963               

Á SAMCEF - Finite Element Analysis, 1965                  

Á ˽  ˴˶ ͙ͪ͊ - Finite Element Analysis, 1963                        

Á ˽  ˴˿ ́ˢ˨ˮ˻ - Finite Element Analysis, 1991            

In spite of all the advantages of the Finite Element Method, it remains very time consuming because 

of the large number of unknowns involved in the solution procedure. A possible way of making analysis 

process faster would be the usage of special finite elements, which are larger as standard ones and 

therefore structures modelled with such elements would have less unknowns.   

This idea of creation of the Idealized Structural Unit Method (ISUM) belongs to Ueda and Rashed [11]. 

The uniqueness of the method lies in the fact that unlike the traditional nonlinear FEM, one idealized 

structural element can model the whole structural component. Thus, the nonlinear structural analysis 

of square panel using ISUM takes ca. 1 x 104 less computational time than performing traditional FEA 

with mesh 50 x 50 elements.  

Within the original ISUM formulation the geometrical and material nonlinearities were included in an 

idealized manner [12]-[16]. These idealizations are considered by special failure functions, which take 

the current stress-strain state of the element into account, and by the stiffness matrices defining the 

relationship between nodal force increments and nodal displacement increments depending on the 

failure functions. Material nonlinearities are included by usage of the plastic flow theory. These 

assumptions let a large structural unit be modeled as one element. Therefore a whole structural 

system can be discretized by some elements and the computational time with ISUM becomes much 

lower in comparison to FEM. The basic engineering concept for the plate element was defining the 

effective breadth of a plate after buckling.  

Later, Masaoka et al. [17] have proposed to treat the amplitude of the lateral deflection of the plate 

panel explicitly as additional degree of freedom. This was reached by using eigenfunctions, depicting 

the buckling modes of the plate panels. The summation of these buckling mode shapes provided a 

common deflection function, where the coefficient is considered as degree of freedom.   

Unfortunately, this formulation was not suitable for determining the post-ultimate strength of 

structures accurately. The investigations of the collapse behavior of the stiffened plates did not provide 

accurate results as the ultimate strength was overestimated.     
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In the newest ISUM formulation proposed by Fujikubo and Kaeding [18] special shape functions were 

developed to reach highly accurate results for axially loaded plate panels with plate slenderness ratios 

up to 3.5. It was noticed that the deflection shape changes from the buckling mode shape to the 

collapse mode shape with the localization of plasticity. To simulate this complicated behavior and 

consider the plastic deformations, a few ISUM elements with the appropriate buckling- or collapse 

shape function have to be taken for modeling of one rectangular plate panel. These assumptions 

enabled also the combination of a beam-column element with the ISUM plate element. The 

applicability of the new formulation was demonstrated on examples of a double bottom structure of 

a bulk carrier by Fujikubo et al. [19], on a pontoon-type VLFS by Kaeding et al. [20], on different box-

girder specimens in longitudinal bending by Kaeding et al.  [21] and even on the 1/3 scaled welded 

steel frigate model by Fujikubo et al. [22].   

Kaeding et al. [23] proposed further improvements of this formulation regarding the consideration of 

lateral pressure effects, by using the corresponding amplitude of the lateral plate panel deflection as 

separate degree of freedom. Ishibashi et al. [24] examined the collapse behavior of the plate panels 

under inplane bending and developed an approach to consider the presence of cutouts in plate panels 

under transverse thrust. Pei et al. [25], [26], [27] investigated the collapse behavior of the non-

rectangular plates, by introducing the isoparametric ISUM element formulation. Gao et al. [28] carried 

out the collapse analysis of double bottom structures, taking the influence of the welding residual 

stresses on the ultimate strength into account.      

A condensation procedure proposed by Lindemann et al. [29] was applied to the ISUM formulation 

and validated for plate panels and stiffened plates. This condensation allows to reduce the ISUM plate 

to nodal degrees of freedom so that it can be implemented in conventional FE software. Nonlinear FEA 

was performed to determine the collapse behavior of thin plate panels under inplane thrust and an 

approach to improve the shape function for such thin plates under longitudinal thrust. A new ISUM 

plate element formulation was developed by Lindemann [30] to perform collapse analysis of plate 

panels and stiffened plates under lateral pressure in geometrically nonlinear bending.          

In June 2016, the world famous International Conference on Ocean, Offshore and Arctic Engineering 

OMAE dedicated a Special Symposium in honor of Professor Yukio Ueda, where scientific experts, 

industry and academic leaders, researchers and engineers discussed about modern computational 

methods for welding mechanics and strength of structures. Special attention was payed to the 

Idealized Structural Unit Method as about one third of the presentations was connected with ISUM, 

underlining its relevance and importance. By today, there are six available elements, ensuring the 

efficient analysis of the nonlinear behavior of marine structures, [31]: 

Á ISUM deep girder element 

Á ISUM plate element 

Á ISUM stiffened plate element 

Á ISUM tubular pipe element 

Á ISUM tubular pipe element with internal damage 

Á ISUM tubular joint element    

Obviously the Idealized Structural Unit Method has its future and the field of application will broaden. 

This work is intended to enable transient analyses of shipbuilding structures within ISUM, using ISUM 

plate element.   
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1.2 Subject of the Thesis 

Marine and offshore structures are subjected to dynamic loads during the lifetime. The values or 

directions of dynamic loads rapidly change in time, causing the significant rise of inertial forces in 

structural elements. Dynamic loads appear ŀǎ ǊŜǎǳƭǘ ƻŦ ǎƘƛǇΩǎ ƳƻǾŜƳŜƴǘ at sea, wind and wave acting, 

machinery operation, hull vibration and sometimes even as result of collision or explosion. Considering 

ǘƘŜ ǎƘƛǇΩǎ ƳƻǘƛƻƴΣ ǘƘǊŜŜ translational ς surge, sway, heave ς and three rotational ς pitch, roll and yaw 

ς degrees of freedom can be observed. According to these movements, the corresponding dynamic 

forces and moments act on the ship hull provoking the appearance of stresses, often leading to 

buckling, plastic deformations or fatigue cracks of the structural members. 

To ensure the safety and reliability of structures under dynamic loading it is necessary to estimate the 

transient effects on the collapse behavior of plate panels. It was found that the strain rate, or in other 

words the derivative of the measured displacement with respect to time influence the mechanical 

properties of the steel. Lindemann et al. [32] have performed uniaxial tensile tests of mild and high 

tensile steel specimens to analyze this phenomenon. The experimental data showed interesting 

results: one could observe an increase of the yield strength. This demonstrated a good agreement with 

the Cooper-Symonds equation [33], which determines dynamic yield strength, using strain rate value 

and empirical coefficients. Due to these investigations one can presume that the load-carrying capacity 

of the steel marine structures under dynamic loading can be higher compared with the static loading.  

To simulate dynamic collapse behavior of ship hull girder in waves, Pei at al. [34] developed a 

simulation system combining ƭƻŀŘκƳƻǘƛƻƴ ŀƴŀƭȅǎƛǎ ƻŦ ŀ ǎƘƛǇΩǎ Ƙǳƭƭ ŀƴd progressive collapse analysis on 

a full ship model. The time domain load/motion calculation was performed to obtain time history of 

pressure distribution and acceleration of the ship. Then, the obtained pressure distribution and 

corresponding inertia force are applied to the full ship model, and the progressive collapse analysis is 

performed with combined ISUM/FEM analysis. Within the present thesis the applicability of the 

Idealized Structural Unit Method is extended to dynamic collapse analyses of steel plate panels. Since 

the transient analysis can be considered as set of equilibrium states at particular time points, the 

following additions were implemented to the static ISUM FORTRAN code: 

Á Inertia effects, by formulating the consistent mass matrix for ISUM plate element. In contrast 

to the previous investigations mass matrix construction method is based on a variational 

formulation, according to the FEM philosophy.   
  

Á Damping effects, by formulating the damping matrix, using the Rayleigh damping model; 

Á New solution procedures, which enable to find the unknown displacements and internal 

forces. The explicit central difference scheme and the implicit NŜǿƳŀǊƪΩǎ ƳŜǘƘƻŘ are 

implemented to perform the numerical integration of the system of nonlinear differential 

equations of second order.   

This thesis covers a thorough study of the Idealized Structural Element Method, Finite Element Method 

and the numerical integration schemes. The following chapters give the detailed description of the 

mentioned theoretical aspects and include the practical implementation mechanisms and the results, 

presented by stress-strain relationships.    
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1.3 Composition of the Thesis 

The present thesis consists of seven Chapters, which reflect the essence of the performed research 

and give the gradual presentation of information.  

The Introduction in Chapter 1 provides a general information about the Idealized Structural Unit 

Method, gives an overview of the methodΩǎ evolution, making a bridge to the objective and scope of 

the present study.  
 

In Chapter 2 Formulation and Application of the Idealized Structural Unit Method the idea and the main 

theoretical aspects of ISUM are expounded. On an example of the rectangular plate panel under static 

longitudinal and transverse thrust the description of the new shape functions developed by Fujikubo 

and Kaeding [18] is presented. A brief introduction of the principle of virtual work and its application 

to the finite element formulation of ISUM is outlined. The assessment of the load- carrying capacity is 

successfully performed using the average stress-average strength curves. 
 

In Chapter 3 Fundamentals of the Transient Analysis the derivation of the linear and nonlinear dynamic 

equilibrium equations is introduced. The direct explicit central difference scheme and the implicit 

NewmarkΩǎ ƳŜǘƘƻŘ ŀǊŜ ǇǊŜǎŜƴǘŜŘ ŀǎ ǎǳƛǘŀōƭŜ ƴǳƳŜǊƛŎŀƭ ǎƻƭǳǘƛƻƴ ǇǊƻŎŜŘǳǊŜǎΦ .ƻǘƘ ǎŎƘŜƳŜǎ ŀǊŜ 

analyzed in terms of stability, possible advantages and disadvantages are discussed. The 

comprehensive procedure description enables the direct implementation of these methods in ISUM 

program code.    
 

In Chapter 4 Application of the Direct Time Integration Methods using Force Control  the validation of 

ǘƘŜ ŜȄǇƭƛŎƛǘ ŎŜƴǘǊŀƭ ŘƛŦŦŜǊŜƴŎŜ ŀƴŘ ǘƘŜ ƛƳǇƭƛŎƛǘ bŜǿƳŀǊƪΩǎ ǘƛƳŜ ƛƴǘŜƎǊŀǘƛƻƴ ƳŜǘƘƻŘǎ ƛǎ ƻǳǘƭƛƴŜŘ ƻƴ ŀƴ 

example of the simple spring-mass system (1D linear problem), of the 4-node membrane element (2D 

linear problem) and of the 4-node ISUM element (3D nonlinear problem).  The consistent mass matrix 

for ISUM plate element subjected to the uniaxial and biaxial loading is presented using the bilinear and 

trigonometric shape functions of the static formulation in [18].  

In Chapter 5 Application of the Displacement Control Procedure to the Direct Time Integration Methods 

the formulation of the enforced motion method is introduced. This technique is applied to the explicit 

and implicit time integration schemes; results of the dynamic collapse analysis of the 4-node ISUM 

element performing displacement control (enforced motion) and force control are compared to each 

other. 
 

In Chapter 6 Dynamic Collapse Analysis of ISUM Plate Panels the dynamic buckling behavior of different 

square and rectangular plate panels under longitudinal, transverse and biaxial thrust is investigated. 

The Rayleigh damping model is introduced. The influence of the damping forces is considered. The 

explicit central difference and ǘƘŜ ƛƳǇƭƛŎƛǘ bŜǿƳŀǊƪΩǎ ǘƛƳŜ ƛƴǘŜƎǊŀǘƛƻƴ ƳŜǘƘƻŘǎ are analyzed in terms 

of reliability of the obtained results and reducing the computational costs.   
 

The last Chapter 7 Conclusions introduces the summary of the main features of the present study, 

denotes the possible improvements and future tasks. 
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 Formulation and Application of the Idealized Structural Unit 

Method 

2.1 Theoretical Aspects 

The basic idea of the Idealized Structural Unit Method is to perform nonlinear analyses of marine 

structures faster than with using of the standard Finite Element Method. Since the number of 

equilibrium equations is equal to the degree of freedom number, the possible way of producing results 

effective in terms of time is to reduce the number of elements. With smart idealizations, it has become 

possible to model the standard shipbuilding steel plate even with very few elements. 

Rectangular ISUM plate element developed by Fujikubo and Kaeding [18] with four corner nodes is 

taken as basis in this thesis. In Figure 3, a simply supported plate is subdivided by three ISUM plate 

elements indicated by Roman numerals. Three translational degrees of freedom ό, ὺ and ύ  are 

defined at each node and interpolated bilinear within ISUM plate element. Overall bending 

deflection ύ  is used in analyses of stiffened plates so that the plate panels άŦƻƭƭƻǿέ ǘƘŜ ŘŜŦƭŜŎǘƛƻƴǎ ƻŦ 

stiffeners modelled by beam elements, as described in [35]. In analysis of plate panels, ύ  is equal to 

zero. 

 

 

 

 

 

 

 

 

Figure 3: The rectangular ISUM plate element [18] 
 

The deflection of the plate panel can be represented by the sum of two functions ύ and ύ , each 

describing according to the subscripts the buckling modes of the plate under longitudinal and 

transverse loading, Eq. 1:  

ύὼȟώ ύ ύ  ὃϽὪὼȟώ ὃϽὪὼȟώ (1) 
 
The shape functions Ὢὼȟώ and  Ὢὼȟώ are multiplied with the amplitudes ὃ and ὃ, which are used 

within ISUM formulation as the additional degrees of freedom. In case of the biaxial thrust, the both 

amplitudes ὃ and ὃ are nonzero. Under longitudinal thrust the transverse amplitude ὃ becomes 

zero and vice versa. Thereby one can describe the nodal degrees of freedom Ὗ at node Ὥ with Eq. 2 

and the total degrees of freedom Ὠ of element   Ὅ   with Eq. 3:  

Ὗ όȟ ὺȟύ  (2) 
  

Ὠ ὟȟὟȟὟȟὟȟὃȟὃ  (3) 

ὃϽὪὼȟώ 
 

 

 
 

 

 

ὃϽὪὼȟώ 
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2.1.1 Square Plates under Uniaxial Thrust   

To understand the collapse behavior of the plate panels the FEA was performed. As the first case, the 

simple supported square plate with the following dimensions and material properties was considered: 

Table 1: Dimensions and material properties of the square plate 

Length, breadth ὥȟὦ 1000 mm 
Thickness ὸ 15.5 mm 
Yield strength „ 313.6 MPa 
¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ Ὁ 205.8 MPa 
tƻƛǎǎƻƴΩǎ Ǌŀǘƛƻ ‡ 0.3 - 
Hardening rate  Ὄ 0 - 

 

The FE-model simulates the shipbuilding plating between longitudinal and transverse stiffeners. All 

edges of the plate are kept straight within the coupling conditions to satisfy the condition of continuity 

of plate edges. A discretization scheme of υπυπ shell elements is used. Initial lateral deflection with 

a magnitude of 10% of the thickness value is applied to simulate the buckling state. Uniaxial thrust is 

applied by inplane edge displacements. The buckling behavior and spread of yielding on the middle 

layer is shown in Figure 4:  

  

 

 

   

 

 

 

Figure 4: Buckling behavior of the square plate under uniaxial thrust at the ultimate strength ‐Ⱦ‐ᶻ = 
1 (left) and at the post-ultimate strength ‐Ⱦ‐ = 3 (right). Deflection scale: 6 

 
 

Due to the analysis the sinusoidal buckling shape can be observed at the ultimate strength but at the 

post-buckling region it changes to the roof mode. Fujikubo and Kaeding [18] expressed this change of 

the shape by the coefficients of the Fourier series, Eq. 4. Numbers of half-waves in ὼ - and ώ- directions 

are represented by indices Ὥ and Ὦ respectively. 

 

ύ ὃίὭὲ
Ὥ“ὼ

ὥ
ίὭὲ
Ὦ“ώ

ὦ
 (4) 

 

F

*
‐ - Average compressive strain 

 ‐ - Yield strain 

 

Yielding, % 

0                                 100 
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The coefficients ὃ  and ὃ  are playing the main role by describing of the buckling behavior of the 

square plates, since the building of the roof mode can be explained by the great influence of the 

coefficients ὃ  beyond the ultimate strength. The relative values of the coefficients are presented in 

Figure 5 (left). As ὃ  becomes negative, the overlapping of the both shapes with one and three half-

waves leads to the straightening in ὼ- direction and as result to the formation of the roof mode.  

 

 

 

 

 

 

 

 

 

 
Figure 5: Fourier coefficients of deflected shape (left).  

Definition of the coefficients m and p (right), [18] 
 

 

To model the same behavior using the Idealized Structural Unit Method, Fujikubo et al. [36] created 

the shape function, which accounts the above considered transformation of the buckling mode in the 

post-ultimate range, Eq. 5: 

ύ ὃίὭὲ
ὲ“ὼ

ὥ
ίὭὲ
“ώ
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(5) 

 

The parameter Ὢ, Eq. 6, reproduces the relationship  ὃ Ⱦὃ  and becomes the nonzero value, as the 

buckling mode must change to the roof mode. Itself it is a function of the dimensionless relation ‐Ⱦ‐ 

and special coefficients ά and ὴ, obtained by the FEA of the buckling behaviour of square plates [36], 

Figure 5 (right). One can see that the increasing of the slenderness ratio ‍ (for e.g. by reducing of the 

plate thickness) speeds up the changing from the sinusoidal to the roof mode. The numbers of half-

waves ὲ for the square plate is equal to one and therefore, such a plate panels can be modelled using 

only one ISUM plate element. 
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2.1.2 Rectangular Plates under Longitudinal Thrust 

Considering the collapse behavior of the rectangular plates under longitudinal thrust the FEA showed 

that they buckle unlike the square plates into several number of half-waves. Exemplary, the 

rectangular plate panel, which buckles into three half-waves, is represented on Figure 6. The principal 

dimensions and material properties of the FE-model of the rectangular plate are given in Table 2. 

Discretization scheme of ρπσπ shell elements is used.  

Table 2: Dimensions and material properties of the rectangular plate 
 

Length ὥ 2400 mm 
Breadth ὦ 835 mm 
Thickness ὸ 15.5 mm 
Yield strength „ 313.6 MPa 
¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ Ὁ 205.8 MPa 
tƻƛǎǎƻƴΩǎ Ǌŀǘƛƻ ‡ 0.3 - 
Hardening rate  Ὄ 0 - 

 

 

 

 

 

 

 

 

 

 
Figure 6: Buckling behavior of the rectangular plate under longitudinal thrust at the ultimate strength 

‐Ⱦ‐ = 1 (a) and at the post-ultimate strength ‐Ⱦ‐ = 4 (b). Deflection scale: 6 
 

One can see that the deflections are not the same in different half waves. This is the result of the non-

symmetrical initial deflection, taking place in real structures. Like the square plate, one half-wave 

changes its shape from the sinusoidal to the roof mode beyond the ultimate strength. This half-wave 

collapses and the rest of the plate unloads. The initial deflection of the rectangular plate panels being 

a part of marine structures has a complicated non-uniform shape. It represents the so-called hungry-

horse mode, Figure 7, and can be described by Eq. 7.  

 
 
 
 

Figure 7: initial deflection of rectangular plate 2400 x 835 x 15 mm in hungry-horse mode.  
Deflection scale: 6 
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The coefficients ὃ  were defined experimentally by Ueda and Yao [37] for different rectangular plates 

according to the number of half-waves. For the considered rectangular plate with three half waves the 

coefficients ὃ  are presented in Table 3: 

Table 3: Coefficients ὃ , [mm] for initial deflection definition of rectangular plate 2400 x 835 x 15 mm 
 

ὃ  ὃ  ὃ  ὃ  ὃ  ὃ  ὃ  ὃ  ὃ  ὃ  ὃ  

3.96 0.22 1.20 0.09 0.36 0.02 -0.02 0.08 -0.14 -0.02 -0.02 

 

To model the same buckling behavior using the Idealized Structural Unit Method the shape function 

given by Eq. 5 is used, which enables describing the change from the sinusoidal to the roof mode within 

one half-wave. For this purpose, the number of elements of ISUM model has to be equal to the number 

of the buckling half-waves. The prescribed half-wave, which is going to reach the roof mode, gets the 

non-zero coefficients ά and ὴ, Figure 5, and therefore parameter Ὢ can be evaluated, Eq. 6. Only one 

component of the initial deflection is used for the ISUM model. The full value ὃ  is assigned to the 

one ISUM element, and half of this value to the others. Exemplary the above-examined plate with 

three buckling half-waves gets for the first element the initial deflection !  equal to the 1.20 mm, 

and the two rest elements the value of 0.6 mm.  Keeping equal degrees of freedom ὃ for the second 

and third element, but different from the degree of freedom ὃ of the first element enables the 

modelling of localization of the plastic deformation, Figure 8 (left).  

 

  

 

 

 

 

 

 

 

 

 
Figure 8: Amplitudes ὃ (left) and ὃ (right) as additional degrees of freedom for simulation of plastic 

deformation localization, [18] 
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2.1.3 Rectangular Plates under Transverse Thrust 

To analyze the collapse behavior of the rectangular panel under transverse thrust, the FEA of the plate 

with dimensions and material properties given in Table 2 was performed. The FE-model with 

discretization scheme of ρπσπ shell elements is used and the initial deflection in a hungry-horse 

mode according to the Eq. 7 was applied. The rectangular plate under transverse thrust buckles into 

one half wave, Figure 9. At the ultimate strength the cylindrical middle part is already formed. It 

remains longitudinally constant but in transverse direction represents the sinusoidal shape. The end 

parts behave as half of a square plate. Beyond the ultimate strength, the roof mode seems to be 

formed as the shape becomes more and more straightened in loading direction.  

 

 

 

 

 

 

 
 
 
 
 

Figure 9: Buckling behavior of the rectangular plate under transverse thrust at the ultimate strength 
‐Ⱦ‐ = 1 (a) and at the post-ultimate strength ‐Ⱦ‐ = 4 (b). Deflection scale: 6 

 

To repeat the same buckling behavior using the Idealized Structural Unit Method at least three ISUM 

plate elements must be used, Figure 8 (right). The first and the third elements simulate the collapse of 

the end parts, which behave like the half of the square plate. That is why the length of these elements 

should be equal to the half of the plate breadth so that bringing them together would build the square 

plate. The second element is the biggest one and it simulates the cylindrical buckling behavior of the 

middle part of the rectangular plate. Keeping for each element the same degree of freedom, 

represented by the amplitude !ȟ guarantees the continuous deflection all over the plate panel.  

The shape function, Eq. 8 proposed by Fujikubo et al. [36] describes the buckling behavior of the 

rectangular plates under transverse thrust. Divided on three intervals according to the current ὼ-

koordinate it shows the good agreement with FEA.        
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2.2 Solution Procedure 

The principle of virtual work is the basis of FE-solution process. According to this principle, the 

deformable body is in equilibrium if for any small virtual displacement, applied on the body, which was 

in equilibrium state, the total internal virtual work is equal to the total external virtual work, Eq. 9. The 

term άvirtualέ in this context means that the virtual displacements are not the real ones, which appear 

during the loading. It is just used to derive the governing differential equations of motion, integrating 

the principle of virtual work by parts. 

 

‐‏ †Ὠὠ Ὠ‏ Æ Ὠὠ Ὠ‏ Æ ὨὛ Ὠ‏ Ὑ  (9) 

 
In the above given equation one can see: 

 ;virtual displacement vector and corresponding virtual strain vector - ‐‏ ,Ὠ‏

Ὠ‏  - virtual displacement vector on surface area Ὓ, on which known tractions are applied; 

† - stress vector, which balance the externally applied forces; 

Æ , Æ  - externally applied force vector per unit current volume and area; 

Ὑ  - externally applied concentrated force vector; 

Ὓ, ὠ - body surface and volume. 

 
For ISUM plate element the stress-state is defined by stress resultants per unit width: 

 

† ὔ ὔȟὔ ȟὔ ȟὓȟὓ ȟὓ  (10) 

 
ὔȟὔ ȟὔ  ς membrane force components per unit width; 

ὓȟὓ ȟὓ  ς bending moment components per unit width. 

 
Analogously to the stresses, the vector of the applied nodal forces can be expressed as: 

ÆὨὠ Ὂ Ὂ
  
 Ὂ

  
 Ὂ

   Ὂ     Ὂ  
Ὂ
   Ὂ  
Ὂ
  
  Ὂ

  
Ὂ

  
Ὂ   Ὂ

   Ὂ  Ὂ  (11) 
 

Components of vector Ὂ are defined according to the degrees of freedom of ISUM plate element. 

 
A distinctive feature of the nonlinear analysis is that the obtained displacements Ὠ are no more the 

linear function of the applied load Ὂ. Within the geometrical and material nonlinearities, the current 

body configuration can significantly change during the loading history. Therefore, the main difficulty 

of the nonlinear analysis is that the equilibrium equation must be satisfied at any possible 

configurations, whether the large displacements or large rotations appear. The incremental approach 

is successfully applied to cope with this problem. To build such a scheme one can presume that for the 

certain moment the solution is known and to get the solution in the next step the incremental values 

must be found.  
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Thus, performing two-dimensional analysis without consideration of surface and concentrated forces 

(Æ =Ὑ=0) the principle of virtual work in an incremental form can be written as: 

‐ῳ‏ ὔ ῳὔὨὃ ῳὨ‏ Ὂ ῳὊ (12) 

 
In the following paragraphs a brief summary of the solution procedure is given based on [38]. The total 

strain increment ῳ‐ represents the updated Green Strain Increment [39], which introduces the 

difference between the two adjacent configurations. It consist of the linear part (the first term on the 

right-hand side), obtained from the nodal inplane displacements and of the nonlinear part (the second 

term on the right-hand side), calculated using the Elastic Large Deflection Analysis (ELDA): 
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The linear inplane strains can be obtained calculating the partial derivatives of the bilinear shape 

functions, which represent the interpolation of the nodal inplane displacements ό and ὺ. The 

subscripts by the displacements ό and ὺ mean the node number according to the Figure 3, ὥ and ὦ 

represent the length and breadth of the element respectively: 
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The derivation of the nonlinear strain can be performed by the Elastic Large Deflection Analysis (ELDA) 

for the certain shape function ύ, which depends on the loading direction. For longitudinal thrust 

application Eq. (5 is taken as shape function, for transverse ς Eq. (8 and for biaxial ς Eq. (1. The chosen 

shape function ύ can be substituted into the compatibility condition for large deflections, [40], [41], 

where ύ  represents the initial value of the internal deflection described by the same shape 

function ύ: 
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Having solved the AiryΩs stress function Ὂ, the nonlinear strain components can be found using the 

following equation, where Ὁ is the YoungΩs modulus and ’ is the PoissonΩs ratio: 
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Having found the total strain increment, Eq. 13, the increment of the stress resultants ῳὔ can be 

calculated by: 

 
ῳὔ Ὀ ῳ‐ (17) 

 
Vector ɝʀ composes the inplane strain increments of Eq. 13 and the classical three curvature terms 

of Kirchhoff plates, which are evaluated linearly, as given in detail by [38].   

 
The material matrix Ὀ depends on the stress state. In the elastic range, taking into account the 

inplane stiffness ὅ ὉὸȾρ ’  and the bending stiffness Ὀ Ⱦρ ’  of the plate element 

with a certain thickness ὸ, matrix Ὀ can be obtained as: 
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 (18) 

 

In the plastic range, the material matrix Ὀ can be evaluated using the plastic flow law, yield functions 

and the yield criteria, based on the von Mises hypothesis and giving the estimation, whether the initial, 

intermediate or fully plastic state takes place, Eggers and Kröplin, [42]. A complete description of the 

evaluating of the material matrix is given by [30]. 

 
Finally, the principle of virtual work in an incremental form yields: 

 
ὑ ɝὨ ɝὊ Ὂ Ὑ , (19) 

 

with tangential stiffness matrix ὑ, incremental displacement vector ɝὨ, applied force vector Ὂ 

and its increment ɝὊ and internal force vector Ὑ. Element stiffness matrices and internal force 

vectors are assembled over the whole structure as in conventional FEA. Taking into account the 

material nonlinearities, the order of integration plays an important role for a large ISUM element, as 

the check of yielding is performed at the integration points.  

This means that usage of the low integration order would not give an accurate picture of material 

nonlinearities distribution. Therefore, within the Idealized Structural Unit Method (ISUM)   χ χ 

integration points placed equidistant over the element area are used for each plate element. 

Integration of stiffness matrix and internal force vector is carried out numerically, by the trapezoidal 

rule. Solution of the above-obtained incremental Eq. 19 is performed numerically by the widely used 

Newton-Raphson Method. It is an effective scheme, which allows reaching an equilibrium state within 

a certain tolerance for each new body configuration, performing an iterative procedure for 

determination of the approximate displacement values. Formulation of the Newton-Raphson Method 

will be discussed in Chapter 3.3.1.  
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2.3 Average Stress-Average Strain Relationships for Square and Rectangular 

Plates 

One of the main purposes of engineering analysis is to predict how material will respond to the loading, 

acting on the structures. This analysis can be performed experimentally by applying forces to a 

specimen and then determining the resulting stress using sensors. Using the obtained results one can 

derive the stressςstrain curve, which enables determination of the material properties such as yield 

strength, ultimate strength, YoungΩs modulus, PoissonΩs ratio and others. Performing the FEA of the 

structures the stressςstrain curve gives analogously the comprehensive information on the collapse 

behavior, giving the opportunity to analyze the whole loading process.  

The dimensionless average stress-average strain curves will be presented within this work for both FEA 

and ISUM to make the data handling more convenient. Assuming the applied by displacements 

longitudinal or transverse thrust, according to the current deformation the resulting internal forces 

are summed up on a subjected by the loading element face and divided by area of this face, Figure 10.  

 

Figure 10: Plate panel under longitudinal and transverse thrust, [18] 
 

Exemplary, the average stress-average strain relationships for square and rectangular plates are 

presented in Figure 11 and Figure 12 respectively. The obtained stresses „ and „ are divided by the 

yield strength value „, and the obtained strains ‐ and ‐ are divided by the yield strain ‐ .     

 

Figure 11: Average stress-average strain relationship for the square plate with different slenderness 
ratio 
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Three square plates with slenderness ratios ‍ equal to 2.5, 3.0 and 3.5 with dimensions and material 

properties given in Table 1 have the similar collapse behavior under uniaxial loading. Buckling is 

observed by the change of the slope of the corresponding average stress-average strain curve. After 

buckling, the initial yielding is reached. This means that the material extension takes place more quickly 

with little increase in load. The peak points on the diagram correspond to the ultimate strength, which 

is the maximum strength that material is able to withstand before breaking.  

On can see that the ultimate strength values increase with increasing slenderness ratio. In other words, 

the logical assumption that the load-carrying capacity of the thicker plates are higher is proved by the 

obtained average stress-average strain curves.  In the post-ultimate strength range the load-carrying 

capacity decreases. The ǊŜǎǳƭǘǎ ƻŦ C9! όōȅ ά!b{¸{ мрΦлέύ ŀƴŘ L{¦a ŀƴŀƭȅǎƛǎ ƘŀǾŜ ǾŜǊȅ ƎƻƻŘ ŀƎǊŜŜƳŜƴǘ.         

 

Figure 12: Average stress-average strain relationship for the rectangular plate under longitudinal and 
transverse thrust 

 

The collapse behavior of the rectangular plate with dimensions and material properties, given in Table 

2 under longitudinal and transverse thrust is no more the same, Figure 12. The first thing that catches 

the eye is that the ultimate strength value of the longitudinally loaded plate is two times higher as of 

the transversely loaded plate. This can be explained theoretically by the comparison of the EulerΩs 

stresses [43]: under the uniaxial compression along the long side of the plate the EulerΩs stress is 

„ τ“ὈȾὦὸ, and „ ρ “ὈȾὦὸ under the uniaxial compression along the 

short side of the plate, with bending stiffness Ὀ and plate geometrical characteristics ὥ, ὦ and ὸ. 

Assuming that the value is small compared to ρ, the EulerΩs stress for the plate under longitudinal 

loading is approximately four times higher as under transverse loading. That is why the longitudinal 

framing is more preferable for maritime structures from the point of considering the hullΩs bending.  

As one can see, ISUM solution exactly follows the FE-curve for both longitudinal and transverse thrust 

cases, and only in the post-buckling range they slightly depart from the FEA results. 
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2.4 Concluding Remarks 

 

In Chapter Formulation and Application of the Idealized Structural Unit Method the following subjects 

were highlighted and discussed as basis for the developments in the following Chapters: 

 

Á Formulation of the rectangular ISUM plate element developed by Fujikubo and Kaeding [18]: 

within the new ISUM formulation the amplitudes of the shape functions are treated as 

additional degrees of freedom.  

 

Á Main features of the buckling behavior of rectangular plates under longitudinal and transverse 

thrust: for rectangular plates under longitudinal thrust, the sinusoidal buckling shape is typical. 

However, the presence of the initial deflection causes the non-symmetrical yielding 

distribution that leads to the formation of the roof mode beyond the ultimate strength for one 

half-wave. The same happens to the square plate, which collapses in the only half-wave. For 

rectangular plates under transverse thrust, the cylindrical middle part forms at the ultimate 

strength. It remains longitudinally constant during the buckling process and in transverse 

direction it represents the sinusoidal shape, becoming more and more straightened as the 

deformations increase. 

 

 

Á New shape function, presented by Fujikubo and Kaeding [18] for rectangular plates under 

longitudinal and transverse thrust: in case of the longitudinal loading, the special parameter is 

introduced within the new formulation, which multiplied with the trigonometric function 

models the change from the sinusoidal to the roof mode. In case of the transverse trust, the 

shape function is defined on the intervals, limited by the length of the elements. According to 

the buckling behavior the amplitudes of the shape functions are whether the same for each 

element (by transverse thrust) or not (by longitudinal thrust). The number of ISUM plate 

elements must be equal to the number of half-waves. 

 

Á The principle of virtual work in application to the static ISUM formulation: the incremental 

approach for derivation and solution of the equation of motion is introduced together with 

the technique of the Green Strain Increment definition [39]. Importance of an integration 

order for establishment of the stiffness matrix and internal force vector is highlighted. 

 

 

Á Average stress-average strain relationship as a suitable tool for the buckling behavior analysis: 

the assessment of the load-carrying capacity is presented on examples of the uniaxial loaded 

square plate with different slenderness ratios and on examples of the longitudinally and 

transversely loaded rectangular plate. The results obtained by the static ISUM analysis show 

very good agreement with the static FEA results. The visible advantage of the Idealized 

Structural Unit Method is that the calculation time with ISUM is much shorter than with FEA.  
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 Fundamentals of Transient Analyses 

3.1 Formulation of the Dynamic Equilibrium Equation 

The main difference between static and transient analysis is that the dynamic loads are time-

dependent. They are applied as a function of time and therefore, time represents the additional 

parameter in transient analysis. Moreover, the dynamic loads induce the time-varying response of 

internal forces and stresses, displacements, velocities, and accelerations. These time-dependent 

parameters make dynamic analysis more difficult to perform, but one should not forget that 

considering the real physical processes as well as the operation conditions of machineries and 

structures the influence of the dynamic effects can play the significant role in the total force-balance.         

Let us consider the interpretation of forces on an example of the brick, lying on a horizontal surface: 

 

 

 

  

 
 
  

 
 

Figure 13: a) Force balance for a resting brick; b) Force balance according to dΩ!ƭŜƳōŜǊǘΩǎ principle 
 

The ground reactions can be simply evaluated from the static equilibrium equations, Figure 13 a). But 

as soon as the brick starts to move with acceleration ὥ, the bŜǿǘƻƴΩǎ ǎŜŎƻƴŘ ƭŀǿ yields Ὂ Ὑ άὥ, 

where the inertia force άὥ turns the task to the transient one. This dynamic problem can be brought 

to the equilibrium rewriting Ὂ Ὑ άὥ π. This technique is known as dΩ!ƭŜƳōŜǊǘΩǎ ǇǊƛƴŎƛǇƭŜ, [44], 

which means that for the dynamic equilibrium the inertia force ɀάὥ, acting opposite the motionΩǎ 

direction must be considered in addition to the real forces, acting on a structure, Figure 13 b). For 

solution of the dynamic problems the dΩ!ƭŜƳōŜǊǘΩǎ ǇǊƛƴŎƛǇƭŜ is widely used and itsΩ application will be 

shown below.                   

There are some important assumptions and hypotheses, which must be clarified to derive the dynamic 

equilibrium equation for the finite element application. Performing the FEA a real structure is treated 

as an assemblage of the finite elements, connected at the nodal points. Apart from a global coordinate 

system όȟὺȟύ each element has itsΩ own local coordinate system ὼȟώȟᾀ and the displacements inside 

each element Ὠὼȟώȟᾀ  are represented as a function of the nodal displacements Ὠόȟὺȟύ , 

where Ὄὼȟώȟᾀ  is the displacement interpolation matrix (shape function): 

 

Ὠ Ὄ Ὠ (20) 
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Analog to displacements, the components of strain ‐ὼȟώȟᾀ  can be described as a function of the 

nodal displacements Ὠόȟὺȟύ , where ὄὼȟώȟᾀ  is the strain-displacement matrix, based on the 

shape function: 

‐ ὄ Ὠ (21) 

 
The stresses in the finite elements †ὼȟώȟᾀ  can be calculated using the material matrix Ὀ and 

strains ‐ὼȟώȟᾀ : 

† Ὀ ‐ (22) 
 
Substitution of the above given equations 20-22 into the principle of virtual work, Eq. 9, without 

consideration of surface and concentrated forces (Æ =Ὑ=0) yields the static finite element 

equilibrium equation, [45]: 

ὄὝ Ὀ ὄὨὠ Ὠ  ὌὝ ὪὄὨὠ (23) 

 
                                           Stiffness matrix ὑ                Force vector Ὂ                    

Finally, according to the dΩ!ƭŜƳōŜǊǘΩǎ ǇǊƛƴŎƛǇƭŜ it remains to include the inertia forces to the acting 

body forces. Apart from it, due to the energy dissipation, which takes place during vibration of real 

structures, the damping forces depending on velocities should be also added to the body forces. 

Assuming that velocities and accelerations can be approximated by derivatives of displacements in    

Eq. 20 the body force vector yields:  

 

Ὂ  Ὄ Æ ”Ὄ Ὠ ὯὌ Ὠ Ὠὠ (24) 

 

In Eq. 24 the parameters ” and Ὧ denote density and damping properties of the elements, Ὠ and Ὠ 

represent the vectors of the nodal point velocities and accelerations respectively. For further 

convenience it is considered that Ὠḳ Ὠ. Thereby, the dynamic equilibrium equation in finite 

element formulation can be written as: 

 

”Ὄ ὌὨὠ Ὠ  ὯὌ ὌὨὠ Ὠ  ὄ Ὀ ὄὨὠ Ὠ  Ὄ Æ Ὠὠ (25) 

  
 

      Mass matrix ὓ          Damping matrix ὅ       Stiffness matrix ὑ           Force vector Ὂ   

 
Practically, it is quite difficult to get the damping properties of the elements as they depend on the 

frequencies. Nevertheless, damping matrix ὅ can be obtained using the mass and stiffness properties 

of the whole finite element model together with the experimental data on the damping characteristics. 

Damping will be considered later by the Rayleigh damping model. 
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3.2 Direct Time Integration Methods 

The dynamic equilibrium equation represents the linear differential equation of second order whose 

solution can be successfully obtained performing the direct time integǊŀǘƛƻƴΦ ¢ƘŜ ǘŜǊƳ άŘƛǊŜŎǘέ ƳŜŀƴǎ 

that there is no need to transform the primary differential equation into another form. The solution is 

searched on the discrete time intervals Ўὸ where the displacements, velocities and accelerations are 

supposed to vary.        

Building the solution scheme it is assumed that at time ὸ π the displacements Ὠ , velocities Ὠ  

and accelerations Ὠ are known. The complete time range Ὕ is divided into ὲ equal time intervals Ўὸ, 

therefore, the approximate solution is determined on time intervals πȟЎὸȟςЎὸȟσЎὸ ȣ Ὕ ЎὸȟὝ.  

3.2.1 Explicit Time Integration Method  

A grate number of finite difference expressions can be employed for approximation of the velocities 

and accelerations in terms of displacements within the time interval Ўὸ. One of the most effective 

schemes is the central difference method, which represents the direct explicit time integration 

procedure. ¢ƘŜ ǘŜǊƳ άexplicitέ ƳŜŀƴǎ that utilization of the equilibrium conditions at time ὸ yields the 

required solution at time ὸ Ўὸ. Let us consider the basic approximation relationships for the explicit 

time integration method [46]: 

Ὠ
ρ

ςЎὸ
Ὠ Ў Ὠ Ў  

 

Ὠ
ρ

Ўὸ
Ὠ Ў ςὨ Ὠ Ў  

(26) 

 
Considering the dynamic equilibrium equation at time ὸ, the Eq. 25 can be introduced in the way: 

 

ὓ Ὠ ὅ Ὠ ὑ Ὠ Ὂ  (27) 

 
Substituting Eq. 26 into Eq. 27 the governing central difference equation can be solved relative 

to Ὠ Ў : 
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ὅ Ὠ Ў Ὂ ὑ

ς

Ўὸ
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ρ

Ўὸ
ὓ

ρ

ςЎὸ
ὅ Ὠ Ў (28) 

 

On the first time step a starting procedure must be used to get Ὠ Ў. Assuming that ὸ ὸ π 

and Ὠ  with  Ὠ  are known, accelerations Ὠ can be obtained by Eq. 27. Then, the required vector 

Ὠ Ў is evaluated from Eq. 26: 

Ὠ Ў Ὠ ЎὸὨ
Ўὸ

ς
Ὠ  (29) 

 
The important role for the accuracy and stability of the central difference method plays the choice of 

the time step value Ўὸ, which must not exceed a special critical value: Ўὸ  Ўὸ . This critical value can 

be assessed by Ўὸ Ўὒ  , where Ўὒ is the lowest distance between the element nodes [45]. Such 

a requirement makes the central difference integration scheme only conditionally stable. In other 

words, the time step Ўὸ must be very small, to get adequate results.  
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For example, assuming the lowest distance between nodes Ўὒ πȢρ Í and material properties for 

steel with ” χψυπ ËÇȾÍ  and Ὁ ςȢπυψϽρπ -0Á, the critical time step is Ўὸ ςϽρπ . This 

means that performing the transient FEA of a structure, subjected to the dynamic loading during two 

seconds, ρπ steps have to be reviewed. That is why the central difference method is worth doing, 

when the governing Eq. 28 can by simplified ς by neglecting of the matrix ὅ in case of no damping 

influence or by consideration of the diagonal mass matrix ὓ  since the solution can be easily obtained 

without matrix factorization.              

3.2.2 Implicit Time Integration Method 

The NewmarkΩǎ implicit time integration method is implemented and primary used in most FEM 

programs, as in contrast to the central difference scheme it is an unconditionally stable tool with the 

certain parameters. TŜǊƳ άimplicitέ ƳŜŀƴǎ that the equation of motion is considered at time ὸ Ўὸ: 

 

ὓ Ὠ
Ў

ὅ Ὠ
Ў

ὑ Ὠ Ў Ὂ Ў (30) 

 
Approximation relations for the NewmarkΩǎ implicit time integration method are presented by [46]: 

Ὠ Ў Ὠ Ὠ Ўὸ
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Ў
Ўὸ  (31) 

 

Ὠ
Ў

Ὠ ρ ‏ Ὠ Ὠ‏
Ў
Ўὸ (32) 

 
Parameters ɻ ρȾτ and ‏ ρȾς ensure an unconditional stability of the NewmarkΩǎ time integration 

method, which represents in this case the constant-average-acceleration approximation scheme. 

Solving Eq. 31 with respect to Ὠ
Ў

 and then substituting the obtained expression into the Eq. 32, 

the unknown velocities Ὠ
Ў

and accelerations Ὠ
Ў

can be inserted to the equation of motion, 

Eq. 30 that yields: 
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(33) 

 
As it was already mentioned, the NewmarkΩǎ implicit time integration method is an unconditionally 

stable scheme with the parameters taken as ɻ ρȾτ and ‏ ρȾς. This means that there is no 

restrictions in choosing the time step Ўὸ. That would be an advantage in case of the dynamic loading, 

acting on the structure during a relative long period. Exemplary, let us consider such a period equal to 

20 seconds: due to the explicit scheme with a required time step Ўὸ not less then ςϽρπ Ó one need 

to perform ρπ calculation steps. Using the NewmarkΩǎ implicit method one could accept the time step 

Ўὸ ςϽρπ Ó and calculate the same problem performing only ρπ integration steps. Nevertheless, 

in case of the impact loads, acting in a short period of time, ςϽρπ  seconds exemplary, the 

NewmarkΩǎ implicit method with time step Ўὸ ςϽρπ Ó would not be able to supply an accurate 

structural response within 10 steps. Considering a new time step Ўὸ ςϽρπ Ó for an implicit 

NewmarkΩǎ scheme versus time step Ўὸ ςϽρπ Ó for an explicit central difference scheme one can 

benefit no more so much in computational time as in the case of long-lasting dynamic loading. Thereby 

the choice of one or another method depends on the problem formulation, but the NewmarkΩǎ implicit 

time integration scheme seems to be more versatile.            
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3.3 Nonlinear Structural Analyses 

As it was already mentioned in Chapter 2, due to the geometrical and/or material nonlinearities, the 

obtained deformations are no more a linear function of the applied loads, and therefore, the nonlinear 

structural analysis has to be performed.  

Considering the operation conditions of the shipbuilding structures the presence of the tensile 

stresses, which would exceed the yield strength, often lead to the formation of the plastic zones. In 

this case, the deformations can be small but the danger of possible cracks generation appears. 

Analysing such a process the material nonlinearities must be taken into account. Studying the collapse 

behaviour or assessing the load-carrying capacity, we consider the structure in its critical state, just 

before it collapses, and in this case not only material nonlinearities are to be considered, but also the 

geometrical nonlinearities, as large deformation appears.  

Performing the nonlinear structural analysis it is important to categorize the real physical problem 

since the different formulations are used for each analysis type. In Figure 14 the classification of the 

nonlinear analysis types is presented [48]: 

 

 

 

 

 

 

 

 

 

 

 

                   

 
 
 

Figure 14: Classification of the nonlinear analysis types. a) Materially-nonlinear-only analysis; 
b), c) Geometrically-nonlinear analysis 

 

Considering the materially-nonlinear-only analysis, the presence of the nonlinear effect can be 

described by the nonlinear stress-strain relation. The displacements and strains are infinitesimally 

small and therefore the usual engineering stress and strain measures can be employed in the equation 

of motion. The geometrically-nonlinear analysis is the most common case since the large displacement 

and the nonlinear stress-strain relationship most likely cause the appearance of the large strains.    
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3.3.1 Incremental Step-by-Step Solution Process 

Within an incremental nonlinear analysis it is presumed that the externally applied forces or 

displacements represent the function of time and that the body configuration, subjected to the loading 

is changing. Simultaneously, the initial configuration at time ὸ is known and one searches for a solution 

for the next configuration at time ὸ Ўὸ, where Ўὸ represents the chosen time increment. Thus, 

applying the principle of virtual work for the unknown state at time ὸ Ўὸ one can write an equilibrium 

equation for the vector of externally applied nodal point forces Ὂ Ў and for the vector of nodal 

point forces Ὑ Ў , equivalent to the internal element stresses, [48]:  
 

Ὂ Ў Ὑ Ў π (34) 
 

It is important to point out that in case of the static analysis, when the frequencies of applied forces 

are much smaller than the natural frequencies of the structure, time variable ὸ only denotes the 

different state configurations due to the different load intensities. For the transient analysis with the 

frequencies of loads, lying in the range of the natural frequencies of the structure, time  ὸ is an actual 

physical variable and the force vector Ὂ Ў must include the inertia forces. Considering that the 

internal reactions Ὑ  at time ὸ are known, the required reactions Ὑ Ў at time ὸ Ўὸ can by 

expressed by adding of the increment value of ЎὙ to the  Ὑ : 
 

Ὑ Ў  Ὑ ЎὙ (35) 
 

Approximately, the incremental vector ЎὙ can be calculated multiplying the tangential stiffness 

matrix ὑ  , corresponding to the geometrical and material nonlinearities, with the increment of the 

nodal point displacements ЎὨ : 

ЎὙ ḙ ὑ ЎὨ (36) 
 
Substitution Eq. 35 into the Eq. 34 gives: 

 

ὑ ЎὨ Ὂ Ў  Ὑ  (37) 
 

Solving the above equation with respect to ЎὨ one can approximate the required displacements at 

time ὸ Ўὸ: 

Ὠ Ў ḙ ὨЎ ЎὨ (38) 
 

Further, one can repeat the incremental procedure to get the exact displacements by using the 

Newton-Raphson approach [49] within corresponding iterations Ὥ мΣ нΣ оΧ ὲ , assuming for the 

first iteration that Ὠ Ў Ὠ  and Ὑ Ў  Ὑ  : 

 

ὑ ЎὨ Ὂ Ў Ὑ Ў  
 

Ὠ Ў Ὠ Ў ЎὨ  
 

(39) 

The updating of the nodal point displacements continues until the out-of-balance force 

vector  Ὂ Ў Ὑ Ў  is small enough. 
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3.3.2 Incremental Equations of Motion 

In nonlinear structural mechanics an effective analysis can be performed considering the Lagrangian 

formulation of the problem meaning that from the original to the final configuration of the body we 

follow all the particles and άrecordέ the trajectory of motion. Using this formulation the equilibrium of 

the body in an incremental Lagrangian analysis at time ὸ Ўὸ can be expressed introducing the 

principle of virtual work in this way [50]: 

 

† Ў ‐‏ ЎὨὠ Ў Ὠ‏ Ὢ ЎὨὠ Ў (40) 

 
In the above given equation one can see: 

† Ў  - Cauchy stress tensor F

*  at time ὸ Ўὸ; 

‐‏ Ў - Virtual strain vector at time ὸ Ўὸ; 

ὠ Ў - Volume at time ὸ Ўὸ; 

 ;Ὠ - Virtual displacement vector‏

Ὢ Ў - Externally applied force vector per unit volume at time ὸ Ўὸ. 

 
The main problem in the formulation of Eq. 40 is that the configuration of the body at time ὸ Ўὸ is 

unknown and therefore, one cannot integrate over the unknown volume. Apart from it, the Cauchy 

stresses at time ὸ Ўὸ cannot be calculated by adding to the Cauchy stresses at time ὸ the stress 

increment, since the rigid body rotation of material influence on the stress-state.        

To deal with this problem special stress and strain measures have to be introduced. Such a principal 

measure of the deformation of the body can be given by the deformation gradient ὢ , [51]: 
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‬ὼ

‬ὼ

‬ὼ

‬ὼ

‬ὼ

‬ὼ

‬ὼ

‬ὼỨ
ủ
ủ
ủ
ủ
ủ
Ủ

 (41) 

 

The deformation gradient ὢ  describes the deformations and rotations that material have 

experienced from time 0 (coordinates ὼȟὼȟὼ)  to time  ὸ (coordinates ὼȟὼȟὼ).  
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*
Cauchy stress tensor †ȟ [52], consist of the nine components †  that completely 

define the stress-state at a point inside a material in the deformed state. The 

Cauchy stress tensor is used for linear analysis, presuming the presence of small 

deformations. For nonlinear analysis the PiolaςKirchhoff stress tensor is required. 
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Using the deformation gradient ὢ  one can describe the Green-Lagrange strain tensor ‐ , which 

measures the stretching deformations, and the 2nd PiolaςKirchhoff stress tensor Ὓ , [48]: 

 

‐
ρ

ς
ὢ ὢ Ὅ  

Ὓ
”

”
ὢ † ὢ  

(42) 

 
To obtain the incremental equation of motion one can now implement the Green-Lagrange strain 

tensor ‐  and the 2nd PiolaςKirchhoff stress tensor Ὓ  to the Eq. 40 and refer them to the known 

equilibrium configuration. Here, one can choose between two common configurations, namely the 

initial configuration at time 0 (Total Lagrangian TL formulation) or the last calculated configuration at 

time ὸ (Updated Lagrangian UL formulation), [48]:  

 

Ὓ Ў ‐‏ ЎὨὠ Ὠ‏ Ὢ ЎὨὠ     Ὕὒ 

 

Ὓ Ў ‐‏ ЎὨὠ Ὠ‏ Ὢ ЎὨὠ     Ὗὒ 

(43) 

 

The both TL and UL formulations for the equation of motion can be linearized by performing the 

incremental decompositions of stresses and strains* . Detailed description of the linearization 

procedure is given in [48]. These two formulations are almost similar and they supply the identical 

results with the only difference that the incremental linear strains in the TL formulation contain the 

initial displacement effect that makes the strain-displacement matrix more complicated compared 

with the UL formulation. 

 

 

 

 

*
Within the TL and UL formulation the Green-Lagrange strain tensor and the 2nd PiolaςKirchhoff stress tensor can be 

decomposed into the linear and nonlinear parts [48]: 

 TL formulation:                                                                                                     UL formulation: 

 

 

Where Ὀ  and Ὀ  represent the incremental stress-strain tensors at time ὸ referred to the configurations at times 0 

and ὸ respectively.    
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3.3.3 Incremental Matrix Equations for Finite Element Formulations 

The approach for the formulation of the nonlinear matrix equations for the FEA is the same as for the 

linear analysis ς the chosen displacement interpolations can be substituted directly to the governing 

equation of motion.  Let us review the linearized equations of motion for different types of nonlinear 

analysis without surface and concentrated forces (Æ =Ὑ=0) and rewrite them into a matrix form [48]: 

Materially-nonlinear-only analysis 
  

Ὀ Ὡ‏ὩὨὠ Ὠ‏ Ὢ ЎὨὠ  ὩὨὠ‏„

ὄ Ὀ ὄ ὨὠЎὨ Ὄ Ὢ ЎὨὠ ὄ   Ὠὠ 

 

ὑ ЎὨ Ὂ Ў Ὑ  

(44) 

 
Geometrically-nonlinear analysis. TL formulation 
  

Ὀ Ὡ Ὡ‏ Ὠὠ Ὓ –‏ Ὠὠ Ὠ‏ Ὢ ЎὨὠ Ὓ Ὡ‏ Ὠὠ 

ὄ Ὀ ὄ Ὠὠ ЎὨ  ὄ Ὓ ὄ Ὠὠ ЎὨ Ὄ Ὢ ЎὨὠ ὄ Ὓ Ὠὠ 

 

ὑ ὑ ЎὨ Ὂ Ў Ὑ  

(45) 

 
Geometrically-nonlinear analysis. UL formulation 
  

Ὀ Ὡ Ὡ‏ Ὠὠ Ὓ –‏ Ὠὠ Ὠ‏ Ὢ ЎὨὠ Ὓ Ὡ‏ Ὠὠ 

ὄ Ὀ ὄ Ὠὠ ЎὨ  ὄ Ὓ ὄ Ὠὠ ЎὨ Ὄ Ὢ ЎὨὠ ὄ Ὓ Ὠὠ 

 

ὑ ὑ ЎὨ Ὂ Ў Ὑ  

(46) 

  

ὑ ȟὑ ȟὑ  - Linear strain incremental stiffness matrices; 

ὑ ȟ ὑ  - Nonlinear strain incremental stiffness matrices; 

ЎὨ - Unknown displacement vector; 

Ὂ Ў - Vector of externally applied forces at time ὸ ɝὸ; 

Ὑ ȟὙ ȟὙ  - Vectors of nodal point forces equivalent to the element stresses at time ὸ; 

ὄ ȟ ὄ ȟὄ  - Linear strain-displacement transformation matrices; 

ὄ ȟὄ  - Nonlinear strain-displacement transformation matrices; 

ὈȟὈ ȟὈ  

Ὄ  

  

- 

- 

- 

Stress-strain material  matrices;  

Displacement interpolation matrix;  

Stress vector, containing components of ʎ ; 

Ὓ ȟὛȟὛ , Ὓ  - Matrices and vectors of second Piola-Kirchhoff stresses. 

Tangential stiffness 

matrix 

 

 
 

 

 

 
Tangential stiffness 

matrix 
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3.4 Direct Time Integration Methods for Nonlinear Structural Analyses 

To perform the transient nonlinear structural analysis the direct explicit and implicit time integration 

schemes are used. These procedures can be realized in the same way, as it was discussed for the 

transient linear analysis application, but using as a basis nonlinear incremental equation of motion 

obtained in the previous subchapter. Although the required equation was derived for the static 

analysis, one can just add the inertia (and damping) forces to the acting body forces according to 

dΩ!ƭŜƳōŜǊǘΩǎ principle, see Eq.24.        

3.4.1 Explicit Time Integration Method for Nonlinear Structural Analyses 

The explicit central difference scheme is successfully used for the transient nonlinear structural 

analysis. Analogously to the linear analysis we consider the equilibrium equation at time ὸ to get the 

structural response at time ὸ ɝὸ, [48]: 

ὓ Ὠ ὅ Ὠ Ὂ Ὑ  (47) 

 

Substitution of the approximations for velocities Ὠ and accelerations Ὠ (see Eq. 26) to the above 

given equation yields: 

ρ

Ўὸ
ὓ

ρ

ςЎὸ
ὅ Ὠ Ў Ὂ Ὑ

ς

Ўὸ
ὓ Ὠ

ρ

Ўὸ
ὓ

ρ

ςЎὸ
ὅ Ὠ Ў (48) 

 

As one can see, the obtained formula is very similar to the one, derived for the linear analysis. 

Nevertheless, the nodal point force vector Ὑ  includes the nonlinear effects due to the second Piola-

Kirchhoff stresses and must be evaluated using the Eqns. 44 -(46. The advantages and disadvantages 

of the central difference scheme discussed within the linear analysis also remain valid for the nonlinear 

analysis.      

3.4.2 Implicit Time Integration Method for Nonlinear Structural Analyses 

The NewmarkΩǎ method with integration parameters ɻ ρȾτ and ‏ ρȾς represents a very effective 

tool for the performance of the nonlinear dynamic analysis, [48]. Being an implicit scheme, the 

equilibrium is considered at time ὸ ɝὸ. Therefore, dealing with the nonlinear analysis it is necessary 

to fulfill the iteration procedure, exemplary Newton-Raphson method, see Eq. 39, to reach the 

equilibrium state minimizing the out-of-balance vector: 

ὓ Ὠ
Ў

ὅ Ὠ
Ў

ὑ Ў ЎὨ Ὂ Ў Ὑ Ў  

 

Ὠ Ў Ὠ Ў ЎὨ  
 

(49) 

Approximations for the displacements and velocities can be obtained using the trapezoidal rule:  

 

Ὠ Ў Ὠ
Ўὸ

ς
 Ὠ  Ὠ

Ў
 (50) 

 

Ὠ
Ў

Ὠ
Ўὸ

ς
 Ὠ  Ὠ

Ў
 (51) 
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Solving Eq. 50 with respect to Ὠ
Ў

and then substituting the obtained expression into Eq. 51, the 

unknown velocities Ὠ
Ў

and accelerations Ὠ
Ў

can be expressed by: 

 

Ὠ
Ў ς

Ўὸ
Ὠ Ў Ὠ Ὠ  

 

Ὠ
Ў τ

Ўὸ
Ὠ Ў Ὠ

τ

Ўὸ
Ὠ Ὠ  

(52) 

 

In the incremental form, Eq. 52 can be written as: 

 

Ὠ
Ў ς

Ўὸ
Ὠ Ў ЎὨ Ὠ Ὠ  

 

Ὠ
Ў τ

Ўὸ
Ὠ Ў ЎὨ Ὠ

τ

Ўὸ
Ὠ Ὠ  

(53) 

 
 
Using the obtained incremental approximations, the nonlinear equilibrium equation yields, [48]: 

 
τ

Ўὸ
ὓ

ς

Ўὸ
ὅ ὑ Ў ЎὨ Ὂ Ў Ὑ Ў  

ὓ
τ

Ўὸ
Ὠ Ў Ὠ

τ

Ўὸ
Ὠ Ὠ  

 ὅ
ς

Ўὸ
Ὠ Ў Ὠ Ὠ  

(54) 

 
 

The tangential stiffness matrix ὑ  and the nodal point force vector Ὑ Ў contain the nonlinear 

effects and can be obtained using Eqns. 44 - 46.  

As it was already mentioned, the iteration procedure with Ὥ ρȟςȟσȣὲ  repeats until the out-of-

balance vector becomes small enough. For this aim, the convergence check should be performed after 

each iteration, and if the chosen convergence criterion is satisfied, one can proceed to the next step. 

As a possible convergence criterion, the out-of-balance convergence [53] can be introduced: 

 

Ὂ Ў Ὑ Ў ὓ Ὠ
Ў

ὅ Ὠ
Ў

‎ Ὂ Ў  (55) 

 
 

In the above given equation Ὂ Ў Ὑ Ў ὓ Ὠ
Ў

ὅ Ὠ
Ў

represents 

the out-of-balance (residual) vector. 

The tolerance is represented by ɾ and Ὂ Ў  is the reference force value.  
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3.5 Concluding Remarks 

 

In Chapter Fundamentals of the Transient Analysis the following subjects were highlighted and 

discussed: 

 

Á Derivation of the linear dynamic equilibrium equation: using the principle of virtual work the 

static equilibrium state is described in matrix form for the finite element application, [45]. The 

required kinematic parameters such as displacements and strains are presented in 

dependence on the nodal displacement values, using special shape functions. The extension 

on the dynamic analysis is introduced by application of dΩ!ƭŜƳōŜǊǘΩǎ ǇǊƛƴŎƛǇƭŜ, [44].  

 

Á Numerical integration methods for the solution of the linear dynamic differential equation of 

2nd order: the direct explicit central difference method and direct implicit NewmarkΩǎ method 

are presented as the most common techniques, [46]. Approximation relationships and a 

comprehensive description are given that enable the direct implementation of these methods 

into ISUM program code. The discussed advantages and disadvantages of both schemes, 

connected with important characteristics such as stability of the method or time step 

definition, give a helpful starting point performing dynamic structural analyses.  

 

Á Special features of nonlinear structural analysis: the classification of nonlinearities is 

performed taking into account varying body configurations with corresponding nonlinear 

stress-strain relationships, large displacement and large strain values, [47]. Derivation of the 

nonlinear dynamic equilibrium equation is presented by usa of the principle of virtual work, 

which is related to the body configuration varying in time, [50]. This assumption do not allow 

Cauchy stresses and variations in small strains to be used as it was done within the linear 

analysis, since these quantities now refer to the unknown configurations. The deformation 

gradient is introduced to solve this problem and to move from the linear parameters to the 2nd 

PiolaςKirchhoff stress tensor and Green-Lagrange strain tensor, [48]. The corresponding 

nonlinear dynamic incremental equilibrium equations are presented according to the type of 

nonlinear analysis and the body configuration ς initial configuration (total Lagrangian 

formulation) or previously calculated configuration (updated Lagrangian formulation), [48].   

 

Á Numerical integration methods for the solution of the nonlinear dynamic differential equation 

of 2nd order, [48]: tƘŜ ŘƛǊŜŎǘ ŜȄǇƭƛŎƛǘ ŎŜƴǘǊŀƭ ŘƛŦŦŜǊŜƴŎŜ ƳŜǘƘƻŘ ŀƴŘ ŘƛǊŜŎǘ ƛƳǇƭƛŎƛǘ bŜǿƳŀǊƪΩǎ 

method can be successfully extended on the nonlinear analysis with some considerations. 

Using the central difference method an incremental solution procedure is not required. This 

means that it totally repeats the corresponding integration scheme used for the linear analysis, 

taking into account the nonlinear effects that appear in the formulation of the finite element 

matrices. The implicit NewmarkΩǎ integration method additionally requires for the nonlinear 

analysis an iterative approach to fulfill the equilibrium state within each time step. Newton-

Raphson technique with the out-of-balance convergence check enables minimization of the 

residual force vector with prescribed tolerance, [49], [53].   



 

 
31 

 

 Application of Direct Time Integration Methods using Force 

Control 

Having defined in the previous chapter the basic principles of the transient Finite Element Analysis, we 

get closer to the subject of the present thesis and shall focus on the implementation of the inertia and 

damping effects to the Idealized Structural Unit Method. But as one could see in Chapter 2, being a 

ƪƛƴŘ ƻŦ CƛƴƛǘŜ 9ƭŜƳŜƴǘ aŜǘƘƻŘΣ ǘƘŜ LŘŜŀƭƛȊŜŘ {ǘǊǳŎǘǳǊŀƭ ¦ƴƛǘ aŜǘƘƻŘ Ƙŀǎ ƛǘǎΩ ǎǇŜŎƛŦƛŎ ŦŜŀǘǳǊŜǎ 

concerning the element sizing: treatment of the internal deflection [18]. That is why one should start 

from simple examples first performing the transient analysis of systems without considering the 

nonlinearities and damping effects. The present chapter is devoted to verify the direct explicit and 

implicit time integration methods on a couple of simple examples.          

 

4.1 Dynamic Analysis of a Spring-Mass System 

Let us consider the simple spring-mass system with a mass ά ρ ËÇȟ spring stiffness Ὧ ρπππ .ȾÍ, 

Figure 15. The applied dynamic force Ὂὸ increases linearly in time interval π ὸ ὸ from zero value 

to Ὂ ρπ . and then stays constant. The purpose of the analysis is to get the structural dynamic 

response in terms of displacements using the explicit and implicit time integration schemes.   

For the both schemes the initial conditions are set to: Ὠ Ὠ Ὠ π. The time step is considered 

to be Ўὸ ρϽρπ Ó. The NewmarkΩǎ integration parameters are ‌ ρȾτ and ‏ ρȾς. The loading 

is provided by force control ς the dynamic force Ὂὸ is substituted into Eqns. 28 and 33 directly, 

according to the prescribed loading path and varying within time. In the present analysis, four test 

cases describe different loading paths: 

Test 1:  ὸ   0.01 s;         Test 2:  ὸ   0.25 s; 

Test 3:  ὸ   1.00 s;         Test 4:  ὸ   10.00 s; 

 

 

 

 

 

 

 

 
 

Figure 15: Spring-mass system subjected to dynamic force Ὂὸ 
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For the given system with one degree of freedom, the dynamic equilibrium equation in explicit form, 

Eq. 28, reduces to: 

 
ρ

Ўὸ
άὨ Ў Ὂ Ὧ

ς

ЎÔ
ά Ὠ

ρ

ЎÔ
ά Ὠ Ў (56) 

 
 
The dynamic equilibrium equation in implicit form, Eq. 33, yields: 

 
ρ

‌Ўὸ
ά ὯὨ Ў Ὂ Ў ά

ρ

‌Ўὸ
Ὠ

ρ

‌Ўὸ
Ὠ

ρ

ς‌
ρὨ  (57) 

 
To assess the structural response of the system, here, and on the following examples presented in this 

thesis, the results obtained with the NewmarkΩǎ (NMK) and central difference (CDM) methods are 

compared with the results from the Finite Element Analysis (FEM), performed using the program 

compƭŜȄ ά!b{¸{ мрΦлέΦ ¢ƘŜ ŦƻƭƭƻǿƛƴƎ ŜƭŜƳŜƴǘ ǘȅǇŜǎ ŀǊŜ ǳǎŜŘ within the ά!b{¸{ ŀƴŀƭȅǎƛǎέ for the 

prescribed task:  

Á 2-D longitudinal spring-damper of unit length COMBIN14; 

Á 2-D structural mass without rotary inertia MASS21.     
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Figure 16 (1)-(4): Structural response of the spring-mass system 
 
The first conclusion which can be made analyzing the presented results, Figure 16 (1)-(4), is that the 

considered numerical integration schemes supply reliable results: the curve obtained with the 

NewmarkΩǎ (NMK) method completely coincides with the curve depicting the results of the Finite 

Eement Analysis (FEM). The curve, which corresponds to the central difference method (CDM), slightly 

delays the (NMK) and (FEM) solutions, within the first and second test cases. This can be explained by 

the fact that exactly the NewmarkΩǎ scheme is used as a time integration tool within the program 

ŎƻƳǇƭŜȄ ά!b{¸{ мрΦлέ. On the other hand, analyzing the test cases three and four one can note that 

the (CDM) solution coincides with the two other curves. This happens since the inertia effects decrease 

and therefore, the problem turns from the dynamic formulation to the quasi-static one. Indeed, on 

this simple example one can clearly observe the influence of the inertia: the same system with the 

same properties, subjected to the dynamic force with the same maximum value shows completely 

different behavior, according to the way how the load was applied. In the first test case the load 

reaches ƛǘǎΩ ƳŀȄƛƳǳƳ ǾŀƭǳŜ ǾŜǊȅ ǊŀǇƛŘƭȅΣ ǿƛǘƘƛƴ ƻƴƭȅ one time step. This causes the significant 

undamped oscillations. In the second test case, the amplitude of the oscillations becomes smaller, 

since the dynamic load grows up within twenty-five time steps. In the third test case we can distinguish 

just small oscillations, which disappear in the fourth test case completely. Here the frequency of the 

applied load is much smaller than the natural frequency of the system: ρȾὸḺς“ ὯȾά that enables 

considering the static formulation of the problem and the displacements are linearly proportional to 

the applied load: ὯὨ Ὂ.               
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4.2 Dynamic Analysis of a 4-Node Membrane Element 

As a second example let us examine the dynamic structural response of a 4-Node membrane, which 

can be considered as a prototype of ISUM element without internal deflection, Figure 17. Constraints 

are applied where the edges between nodes ρ-ς and ρ-σ can move in ὼ and ώ direction and the other 

two edges are fixed. Dimensions and material properties are given in Table 4.  

Analogously to the previous example the dynamic force Ὂὸ, applied on the nodes ρ and ς, increases 

linearly in time interval π ὸ ὸ from zero value to Ὂ ρϽρπ . and then stays constant. Four 

different test cases are presumed for this analysis: 

Test 1:  ὸ   0.0001 s;         Test 2:  ὸ   0.0025 s; 

Test 3:  ὸ   0.0075 s;         Test 4:  ὸ   0.03 s; 

 

Table 4: Dimensions and material properties of the 4-node membrane element 
 

Length, breadth ὥȟὦ 1000 mm 
Thickness ὸ 15.5 mm 
Yield strength „ 313.6 MPa 
¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ Ὁ 205.8 MPa 
Density ” 7850 kg/m3 

tƻƛǎǎƻƴΩǎ Ǌŀǘƛƻ ʉ 0.3 - 

 

 

 

 

 

 

 

 

 

Figure 17: Set-up for numerical test as a 4-Node membrane element [54] 
 
 
Within the FEA performed with ǘƘŜ ǇǊƻƎǊŀƳ ŎƻƳǇƭŜȄ ά!b{¸{ мрΦлέ ƻƴŜ 4-node structural shell 

element SHELL181 is used to model the membrane. Material and geometrical properties of the 

element are specified according to the Table 4. Bending stiffness of the shell element is not considered 

by activating the option KEYOPT (1) = 1, [55]    
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To define the stiffness ὑ and mass ὓ  matrices for the 2-dimentional structural analysis of the 4-

node membrane element, one should determine the integrands Ὄ , ὄ and Ὀ and perform the 

ƛƴǘŜƎǊŀǘƛƻƴ ƻǾŜǊ ǘƘŜ ŜƭŜƳŜƴǘΩǎ ŀǊŜŀ ὃ:  

 

ὑ ὄ Ὀ ὄὨὃ 

 

ὓ ”Ὄ ὌὨὃ 
(58) 

 
For two-dimensional elements, we can assume that the local element displacements ό and ὺ are 

represented by polynomials in the local coordinate variables ὼ and ώ with the unknown coefficients 

‌ȟ‌ȣ‍, which are called the generalized coordinates [48]: 

 
όὼȟώ ‌ ‌ὼ ‌ώ ‌ὼώ 

 
ὺὼȟώ ‍ ‍ὼ ‍ώ ‍ὼώ 

(59) 

 
In matrix form one can rewrite Eq. 59 as: 

 
όὼȟώ

ὺὼȟώ
ɮ ὥ 

where 

ɮ
ρ   ὼ   ώ   ὼώ π   π   π   π
π   π   π   π  ρ   ὼ   ώ   ὼώ

 

 
ὥ ‌   ‌   ‌   ‌   ‍   ‍   ‍   ‍  

(60) 

 
 
Therefore, the nodal point displacements can be described as: 

 

Ὠ ΅ ὥ (61) 

 
 

where the matrix ΅ contains the local coordinates ὼ and ώ of the point Ὥ. Thus, for the examined 

membrane with the local coordinate system, placed in the area center of gravity, matrix ΅ looks like: 

 

΅
΅ π

π ΅
            ̈́  

ρ ὼ ώ ὼώ

ρ ὼ ώ ὼώ

ρ
ρ
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Ụ
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Ụ
Ụ
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ρ
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ς
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ủ
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ủ
ủ
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 (62) 
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Solving from Eq. 61 for ὥ and substituting into Eq. 60, one obtains the interpolation matrix Ὄ : 

 
όὼȟώ

ὺὼȟώ
 ♠ ◒  Ὠ (63) 

 

 

For plane stress conditions the strains can be calculated as ‐
ȟ ȟ ȟ ȟ

, 

therefore, the strain-displacement matrix ὄ is to be obtained by taking the partial derivatives of the 

displacement interpolation matrix Ὄ . 

 
According to the isotropic linear elastic material behavior, the material matrix Ὀ can be defined as: 

Ὀ
Ὁ

ρ ’

ρ ’ π
’ ρ π

π π
ρ ’

ς

 (64) 

       
Having established the integrands Ὄ , ὄ and Ὀ, the stiffness ὑ and mass ὓ  matrices are to be 

defined as: 

ὑ ὸὄ Ὀ ὄ ὨὼὨώȠ            ὓ ”ὸὌ Ὄ ὨὼὨώ   (65) 

 
The integration was performed using the ǇǊƻƎǊŀƳ ŎƻƳǇƭŜȄ άaŀǘƘŎŀŘ мпέΦ The obtained matrices ὑ 

and ὓ  have dimension ψ ψ. Reducing the matrices to the nodal degrees of freedom, we obtain: 

 

ὑ

ρȢυςχϽρπ υȢυρςϽρπ ρȢφωφϽρπ τȢςτϽρπ
υȢυρςϽρπ ρȢυςχϽρπ τȢςτϽρπ ρȢφωφϽρπ
ρȢφωφϽρπ
τȢςτϽρπ

τȢςτϽρπ
ρȢφωφϽρπ

ρȢυςχϽρπ υȢυρςϽρπ
υȢυρςϽρπ ρȢυςχϽρπ

        ὓ

ρσȢπψσ π φȢυτς    π
π ρσȢπψσ       π       φȢυτς
φȢυτς
π

π
φȢυτς

ρσȢπψσ π
          π      ρσȢπψσ

 

 
Proceeding to the implicit and explicit integration procedures, we set for both methods the zero initial 

conditions: Ὠ Ὠ Ὠ π and assume the time step Ўὸ ρϽρπί according to the 

recommendation given in [45]: Ўὸ Ўὒ . For the implicit integration scheme NewmarkΩǎ integration 

parameters are ‌ ρȾτ and ‏ ρȾς. The influence of damping is not considered.  

 
For the examined membrane with four degrees of freedom, the dynamic equilibrium equation in 

explicit form, Eq. 28, yields: 
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The dynamic equilibrium equation in implicit form, Eq. 33, yields: 

 
ρ

‌Ўὸ
ὓ ὑ Ὠ Ў Ὂ Ў ὓ

ρ

‌Ўὸ
Ὠ

ρ

‌Ўὸ
Ὠ

ρ

ς‌
ρ Ὠ  (67) 

 
 
Note that the searched vector Ὠ contains four displacements: two displacements in ὼ-direction for 

nodes ρ and ς and two displacements in ώ-direction for nodes ρ and σ. Taking into account that the 

external dynamical loading applied on node ρ is equal to the external dynamical loading applied on 

node ς, the displacements of these nodes are the same in ὼ-direction. Analogously, the displacements 

of nodes ρ and σ are the same in ώ-direction. Therefore, on the diagrams below the displacements 

in ὼ-direction (Ὠὼ) and the displacements in ώ-direction (Ὠώ) are displayed only for node ρ.       
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Figure 18 (1)-(4): Structural response of the 4-node membrane 
 
Analogously to the spring-mass system, one can observe large oscillations of the solution for the first 

test case. The displacements in ὼ-direction (Ὠὼ) and the displacements in ώ-direction (Ὠώ) take also 

negative values and the amplitudes of the oscillations are high. This happens due to the significant 

influence of the inertia effects, since the frequency of the externally applied dynamic force is much 

bigger than the natural frequencies of the structure. Indeed, the externally applied force ǊŜŀŎƘŜǎ ƛǘǎΩ 

maximum value within a very short period of time (10 time steps).  

Examining the other test cases one can notice that the inertia effects decrease and the corresponding 

curves tend to oscillate closer and closer to the static solution. In the fourth test case, we cannot 

observe any swaying of the curves that means that the inertia forces can be neglected and the task 

can be considered as the static problem. As for the reliability of the explicit and implicit time integration 

schemes, one can see that they supply adequate results.  

The curves obtained with the central difference (CDM) ŀƴŘ bŜǿƳŀǊƪΩǎ (NMK) methods coincide with 

each other and show good agreement with the FEM solutions. In the first two test cases, 

demonstrating especially strong inertia effects, one can notice the similar characteristics but also a 

difference in results, provided by the central difference (CDM) or NewmarkΩǎ όbaYύ ƳŜǘƘƻŘ ŀƴŘ the 

FEM. A reason ƛǎ ǘƘŀǘ ǿƛǘƘƛƴ ǘƘŜ ά!b{¸{ мрΦлέ ǘƘŜǊŜ ƛǎ ŀn isoparametric finite element formulation, 

[55], which is different to the one used for CDM and NMK. 
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4.3 Dynamic Analysis of a 4-Node ISUM Element. Formulation of consistent mass 

matrix  

Having obtained the reliable results of the linear dynamical structural analysis of the spring-mass 

system and four-node membrane using the explicit and implicit integration methods, one can proceed 

to the nonlinear structural analysis of ISUM plate element and introduce the mass matrix formulation. 

Within ISUM element formulation, the internal deflection is considered for a one ISUM element set-

up, as shown in Figure 19. Again, constraints are given in such a way that the edges between the nodes 

ρ-ς and ρ-σ can move as straight lines in ὼ and ώ direction and the other two edges are fixed. The 

difference compared to the previous membrane test is that ISUM element possesses the additional 

degree of freedom ὃ, which multiplied with the shape function Ὢὼȟώ, Eq. 5, gives the distribution 

of the lateral deflection ύ within the element [18]: 

 
Figure 19: Set-up for numerical test as a 4-node ISUM element, [54]  

 
The dynamic force Ὂὸ is applied on the nodes ρ and ς within one time interval π ὸ ὸ, linearly 

increasing from the zero value to the maximum value Ὂ . This maximum value Ὂ  is defined 

according to the dynamic collapse analysis of the square plate, ǇŜǊŦƻǊƳŜŘ ǿƛǘƘ ά!b{¸{ мр.0έ and 

corresponds to the ultimate force, Figure 20. Thus, one obtains for four test cases with different edge 

velocities ὠ the maximum values of externally applied load Ὂ .       

For the nonlinear FEA a discretization scheme of υπυπ shell elements SHELL181 is used. Geometrical 

and material properties of the finite element model are given in Table 1. Initial lateral deflection with 

a magnitude of 10% of the thickness value is applied to simulate the buckling state. Influence of 

damping is not considered.  

 
Figure 20: Definition of the maximum applied force from the average stress-average strain curves 
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Before implementing the implicit and explicit time integration methods into ISUM program code, one 

needs to formulate the finite element matrices. The tangential stiffness matrix ὑ is already presented 

within ISUM program code for the static analysis [38]. To enable the dynamic analysis, the consistent 

mass matrix ὓ  must be added to the program, Eq. 65. For ISUM plate element without nodal lateral 

deflection the displacements Ὠὼȟώȟᾀ can be interpolated as: 

 

Ὠ Ὄ Ὠ, or 
 

όὼȟώ

ὺὼȟώ

ύὼȟώ

 Ὢ
π
π

  Ὢ
π
π

  Ὢ  
π
π

Ὢ
π
π

    π
   Ὢ
   π

π
   Ὢ
π

π
  Ὢ
π

π
  Ὢ
π

  π
  π
   Ὢ

π 
π 
   Ὢ 

ό ό  ό ό ὺ ὺ  ὺ ὺ ὃ ὃ  

(68) 

 

Integrands ὪȣὪ are the bilinear shape functions, which describe the nodal point displacements: 
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 (69) 

 
 
Integrands Ὢ  and Ὢ  are represented by trigonometric shape functions, which interpolate internal 

deflection of ISUM plate element according to the loading case, [18]: 

 
longitudinal thrust application, ὃ πȟ ὃ π, see Eq. 5: 
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transverse thrust application, ὃ πȟ ὃ π, see Eq.(8: 
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 (71) 

 
 
biaxial thrust application, ὃ πȟ ὃ π,  see Eq. 1: 
 
The integrands Ὢ  and Ὢ can be obtained using Eqns. 70 and 71.  

 
In the above given expressions parameters ὥ and ὦ represent the length and breadth of the element 

respectively. For any rectangular plate panel subjected to the axial loading, the obtained shape 

functions Ὄ  allow to perform a numerical integration of mass matrix ὓ  by the trapezoidal rule with 

χ χ equidistant integration points over element area, Eq. 65.  
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Coming back to the collapse analysis of 4-node square ISUM element, Figure 19, the degree of freedom 

ὃ is equal to zero. Stiffness and mass matrices are reduced to the nodal degrees of freedom ς two 

translations in ὼ- and ώ- directions (displacements Ὠὼ and Ὠώ for the first node) and lateral deflection 

ὃ, according to the set-up for numerical test. The integrand Ὢ of the shape function Ὄ  correspond 

to Eq. 70, since the sinusoidal buckling shape of square plate changes into the roof mode at the post-

buckling region, Figure 4.  

To start the calculations one need to know the time ὸ during that the externally applied dynamic force 

ǊŜŀŎƘŜǎ ƛǘǎΩ ƳŀȄƛƳǳƳ ǾŀƭǳŜΦ ²ƛǘƘƛƴ ǘƘŜ C9!Σ ǘƘŜ ƳŀȄƛƳŀƭ ŀǇǇƭƛŜŘ ŜŘƎŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ŀƴŘ ǘƘŜ 

ǇǊŜǎŎǊƛōŜŘ ŜŘƎŜ ǾŜƭƻŎƛǘȅ ŘŜŦƛƴŜ ǘƘŜ ǘƻǘŀƭ ǘƛƳŜ ƻŦ ǘƘŜ ǘƘǊǳǎǘΩǎ ŀǇǇƭƛŎŀǘƛƻƴ Ὕ. Further, using the average 

stress-average strain relationship and determining the strain (displacement), corresponding to the 

ultimate strength (force Ὂ ) the required time ὸ can be found. Bringing together all discussed 

above, one can formulate the conditions for four test cases: 

 
Table 5: Source data ŦƻǊ ǘƘŜ ǇǊƻōƭŜƳΩǎ ŘŜǎŎǊƛǇǘƛƻƴ 

 ὠȟάάȾί  Ὂ ȟὔ Ὕȟί  ὸȟί 

Test 1 5 σȢσωϽρπ 1 0.3 

Test 2 25 σȢτπϽρπ 0.2 0.06 

Test 3 50 σȢυυϽρπ 0.1 0.03 

Test 4 83 σȢφχϽρπ 0.06 0.02 

 
 
Visually the applied dynamic force Ὂὸ  can be presented for four test cases as: 

   

Figure 21: The applied dynamic force Ὂὸ on a 4-node ISUM element 
 

 
The dynamic equilibrium equations in explicit and implicit forms without consideration of damping are 

presented by Eqns. 72 and 73 respectively:  
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Ὠ Ὠ  

(73) 

 
 

For both schemes the zero initial conditions Ὠ Ὠ Ὠ π are presumed. For the implicit 

integration scheme NewmarkΩǎ integration parameters are ‌ ρȾτ and ‏ ρȾς.  

Here and further the time step Ўὸ is calculated using the formula: Ўὸ ὝȾὲ, where for the current 

task the ǘƻǘŀƭ ǘƛƳŜ ƻŦ ǘƘŜ ǘƘǊǳǎǘΩǎ ŀǇǇƭƛŎŀǘƛƻƴ Ὕ ὸ. The number of calculation steps ὲ should be a 

multiple of 100. Being only a conditionally stable scheme, the time step for the explicit time integration 

method must not exceed the value Ўὸ ρϽρπί according to the recommendation given in [45]. 

Thus, the obtained time step values for the explicit (CDM) and implicit (NMK) integration methods are 

presented by: 

 

 CDM NMK 
Test 1 σϽρπ  σϽρπ  
Test 2 φϽρπ  φϽρπ  
Test 3 σϽρπ  σϽρπ  
Test 4 ςϽρπ  ςϽρπ  

          
 
In Figure 22 (1), (2) the structural response of the 4-node ISUM element is presented. The FEA results 

are presented by two curves for each test: one obtained with displacement control ς external 

dynamical thrust is applied by displacements FEM DC ς and one obtained with force control ς external 

dynamical thrust is applied by force.      
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Figure 22 (1),(2): Structural response of the 4-node ISUM element 
 

The results obtained using the implicit (NMK) and explicit (CDM) integration schemes, successfully 

implemented in the Idealized Structural Unit Method, completely coincide with the results provided 

with the commercial finite element program FEM FC. This proves the correctness of the consistent 

mass matrix formulation and implementation in the program code.  

For the first and second test cases, the results obtained using the force control thrust application ISUM 

NMK, ISUM CDM and FEM FC exactly follow the solution performed with the displacement control 

thrust application FEM DC from the beginning until reaching the ultimate strength. For the third and 

fourth test cases, the differences in results provided with force and displacement control thrust 

application can be seen in the early plastic range. The ISUM NMK, ISUM CDM and FEM FC curves bend 

around the FEM DC solution and the ultimate strength is reached slightly beyond the yield strain 

‐Ⱦ‐ ρȢρς 

As one can see the direct application of the dynamic external load in the numerical implicit and explicit 

schemes ς force control realization ς does not lead to the full picture of the buckling behavior, since 

the increasing deformations in the post-buckling range do not imply a further increase in externally 

applied loads. In contrast, the loads tend to decrease in an oscillating manner (FEM DC), and the 

amplitudes of these oscillations are the most significant in the fourth test case. Small oscillations are 

already visible in the elastic region and they develop into large ones in the plastic region. With the 

growth of average strains ‐Ⱦ‐ ρ, the oscillation amplitudes of the applied loads gradually 

decrease in spite of the absence of damping.  

Since the presented algorithms provide incomplete information about the buckling behavior of ISUM 

element, which is based on the average stress-average strain diagram, it is necessary to adjust the 

above considered implicit and explicit numerical schemes so that the external thrust can be applied by 

displacements (displacement control realization). 
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4.4 Concluding Remarks 

In Chapter Application of the Direct Time Integration Methods using Force Control the following 

subjects were highlighted and discussed: 

Á Validation of the explicit central difference time integration method (CDM) and the implicit 

bŜǿƳŀǊƪΩǎ ǘƛƳŜ ƛƴǘŜƎǊŀǘƛƻƴ ƳŜǘƘƻŘ όbaYύ ƻƴ ŀƴ ŜȄŀƳǇƭŜ ƻŦ a simple spring-mass system, 

assuming the one-dimensional problem formulation: for four test cases with different 

frequencies of the applied load, the displacements obtained with the (CDM) and (NMK) 

integration schemes show good agreement with the results provided by the commercial 

ǇǊƻƎǊŀƳ ŎƻƳǇƭŜȄ ά!b{¸{ мрΦлέΦ ¢ƘŜ ŎƻǊǊŜǎǇƻƴŘƛƴƎ ŘƛŀƎǊŀƳǎ ŘŜǇƛŎǘ ǘƘŜ ƛƴŦƭǳŜƴŎŜ ƻŦ ǘƘŜ 

inertia ŜŦŦŜŎǘǎ ƻƴ ǘƘŜ ǎȅǎǘŜƳΩǎ ǊŜǎǇƻƴǎŜΣ ǿƘƛŎƘ is expressed in increasing oscillations of 

displacements at high frequencies of applied load.   
 

Á Validation of the explicit central difference time integration method (CDM) and the implicit 

bŜǿƳŀǊƪΩǎ ǘƛƳŜ ƛƴǘŜƎǊŀǘƛƻn method (NMK) on an example of a 4-node membrane element, 

assuming the two-dimensional problem formulation, [54]: the integration of the stiffness and 

mass matrices for the 4-node membrane element is performed using the program complex 

άaŀǘƘŎŀŘ мпέΦ !ƎŀƛƴΣ ŦƻǳǊ ǘŜǎǘ ŎŀǎŜǎ with different frequencies of applied load are considered 

and the corresponding displacements in ὼ- and ώ-directions are presented as a result of the 

dynamic analysis. The curves obtained with the central diffeǊŜƴŎŜ ό/5aύ ŀƴŘ bŜǿƳŀǊƪΩǎ 

(NMK) methods coincide with each other and follow the FEM solutions quite well. 
 

Á Formulation of the consistent mass matrix for ISUM plate element: based on the bilinear and 

trigonometric shape functions, [38], described for longitudinal, transverse and biaxial thrust 

applications, the integration of mass matrix for the 4-node ISUM element is performed 

numerically by trapezoidal rule with χ χ equidistant integration points. 
 

Á Validation of the explicit central difference time integration method (CDM) and the implicit 

bŜǿƳŀǊƪΩǎ ǘƛƳŜ ƛƴǘŜƎǊŀǘƛƻƴ ƳŜǘƘƻŘ όbaYύ ƻƴ ŀƴ ŜȄŀƳǇƭŜ ƻŦ ǘƘŜ п-node ISUM element, 

assuming the three-dimensional problem formulation, [54]: the maximum values of the 

applied dynamic load for each of four test cases correspond to the ultimate strength values, 

provided with the FEA of the square plate.  
 

Á The ŎŜƴǘǊŀƭ ŘƛŦŦŜǊŜƴŎŜ ǘƛƳŜ ƛƴǘŜƎǊŀǘƛƻƴ ƳŜǘƘƻŘ ό/5aύ ŀƴŘ ǘƘŜ bŜǿƳŀǊƪΩǎ ǘƛƳŜ ƛƴǘŜƎǊŀǘƛƻƴ 

method (NMK) are directly implemented into the ISUM FORTRAN program code so that the 

externally applied dynamic thrust is applied by forces (force control). The results of the 

dynamic collapse analysis are presented by the average stress-average strain curves. The ISUM 

CDM and ISUM NMK solutions completely coincide with the FE-solutions FEM FC, obtained for 

the square plate with a υπυπ elements discretization that proves correct implementation 

of the consistent mass matrix and the integration procedures in the ISUM program code. The 

dynamic collapse analysis of the same structure performed with ISUM takes much less 

computational time than with the standard FEA. Comparing the implicit and explicit time 

integration schemes, the implicit one seems to be less time consuming, since the time step 

values can be much larger than for the explicit scheme.  
 

Á To provide the full picture of dynamic collapse behavior, including the post-buckling region, 

the formulation of the central difference and bŜǿƳŀǊƪΩǎ ǘƛƳŜ ƛƴǘŜƎǊŀǘƛƻƴ ƳŜǘƘƻŘǎ Ƴǳǎǘ ōŜ 

redefined so that the externally applied dynamic thrust can be applied by displacements 

(displacement control).  
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 Displacement Control Procedure for Direct Time Integration 

Methods 

 
Within the fourth chapter the important milestone was reached: consistent mass matrix of ISUM plate 

element was formulated and the explicit central difference time integration method (CDM) together 

with ǘƘŜ ƛƳǇƭƛŎƛǘ bŜǿƳŀǊƪΩǎ ǘƛƳŜ ƛƴǘŜƎǊŀǘƛƻƴ ƳŜǘƘƻŘ όbaYύ were successfully implemented in the 

Idealized Structural Unit Method. At the same time the current formulation of the numerical dynamic 

equation, assuming that the external thrust is applied by forces, does not provide the complete 

understanding of the buckling process. That is why the present chapter is dedicated to the new 

formulation of motion equation considering application of external dynamic thrust by displacements.      

 

5.1 Enforced Motion Method in Structural Analysis 

 
The enforced motion method is widely used to find the structural response of buildings, fundaments, 

bridges, etc., subjected to vibrations, earthquakes, and other loads, which can be described rather by 

displacements than by forces, [55]. Thus, the enforced motion method can be explained on an example 

of the linear dynamic equation of motion: 
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π
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 (74) 

 
Here, the displacements (also velocities and accelerations) are subdivided into two parts, where Ὠ  

are the άfreeέ degrees of freedom and Ὠ  are the άenforcedέ degrees of freedom. According to this, 

the components of the ƭƻŀŘ ǾŜŎǘƻǊ ŀǇǇƭƛŜŘ ƻƴ ǘƘŜ άŦǊŜŜέ ŘŜƎǊŜes of freedom Ὠ  contains zeroes and 

ǘƘŜ ŎƻƳǇƻƴŜƴǘǎ ƻŦ ǘƘŜ ƭƻŀŘ ǾŜŎǘƻǊ ŀǇǇƭƛŜŘ ƻƴ ǘƘŜ άŜƴŦƻǊŎŜŘέ ŘŜƎǊŜŜǎ ƻŦ ŦǊŜŜŘƻƳ Ὠ  contains the 

unknown forces. The upper part of the Eq. 74 can be rearranged as: 

 

ὓ Ὠ ὅ Ὠ ὑ Ὠ ὓ Ὠ ὅ Ὠ ὑ Ὠ  (75) 

 

The above given equation can be solved for the displacements Ὠ  since the accelerations Ὠ  and 

velocities Ὠ  can be approximated by displacements Ὠ  and the άŜƴŦƻǊŎŜŘέ displacements Ὠ , 

velocities Ὠ  and accelerations Ὠ  are known. Having obtained all the kinematic parameters the 

unknown applied forces Ὂ are to be evaluated from the lower part of the Eq. 75.  

The same tactic of the external loads treatment can be used dealing with the nonlinear dynamic 

equation of motion performing the explicit and implicit time integration procedures. The detailed 

derivation of the numerical nonlinear dynamic equations assuming the enforced motion technique is 

introduced in the following subchapters.                   
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5.2 Explicit Time Integration Method with Enforced Motion Technique 

 
To enable the formulation of the explicit central difference time integration scheme with respect to 

the enforced motion technique, the nonlinear Eq. 48 should be rewritten according to the concept, 

considered in the previous subchapter, Eq. 74:  
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(76) 

 
 
Having established the initial conditions for displacements at time ὸ and ὸ Ўὸ, the unknown 

displacements Ὠ Ў can be obtained from the upper part of Eq. 76: 
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To solve the above given system of equations the Gaussian elimination algorithm is implemented to 

the Idealized Structural Unit Method. It is necessary to note that the correct arrangement of the 

degrees of freedom and the corresponding components of the mass and damping matrices is very 

important performing such an analysis. Thus, within the Idealized Structural Unit Method the 

άŜƴŦƻǊŎŜŘέ ŘŜƎǊŜŜǎ ƻŦ ŦǊŜŜŘƻƳ ƎŜǘ ǘƘŜ ƭŀǎǘ όƘƛƎƘŜǎǘύ sequence number to be placed in the lower line 

in the displacement vector. The lower part of the Eq. 76 yields the solution for the applied load Ὂ : 
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(78) 

 
 
The obtained results can be concluded as correct if the equilibrium state of the system is satisfied on 

each time step: 

 

ὓ Ὠ ὅ Ὠ Ὂ Ὑ  
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5.3 Implicit Time Integration Method with Enforced Motion Technique 

 
The same procedure of matrix subdivision with respect to the άŜƴŦƻǊŎŜŘέ ŀƴŘ άŦǊŜŜέ ŘŜƎǊŜŜǎ ƻŦ 

freedom should be realized ǘƻ ŜƴŀōƭŜ ǘƘŜ ŦƻǊƳǳƭŀǘƛƻƴ ƻŦ ǘƘŜ ƛƳǇƭƛŎƛǘ bŜǿƳŀǊƪΩǎ time integration 

scheme within the enforced motion technique. In contrast to the explicit time integration scheme, the 

implicit numerical formulation requires the performance of the iteration procedure for the nonlinear 

analysis, and the Eq. 54 yields: 
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(79) 

 
 
Having established the initial conditions for displacements, velocities and accelerations at time ὸ, and 

assuming that for Ὥ ρ Ὑ Ў Ὑ  and Ὠ Ў Ὠ , the unknown incremental 

displacements ЎὨ  can be obtained from the upper part of Eq. 79: 
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The unknown kinematic parameters can be obtained using the defined incremental displacements: 
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The externally applied forces Ὂ are to be updated within the Newton-Raphson iterations using the 

obtained displacements: 

 

Ὂ Ў Ὂ Ў ЎὊ  
 

ЎὊ ὑ ὑ
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(82) 

 
where  
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The illustration of the first step of the Newton-Raphson iteration procedure is presented in Figure 23. 

A characteristic of this iteration is that a new tangent stiffness matrix is calculated in each iteration, 

which is why this method is called the full Newton-Raphson method, [48]. The iterations continues 

until the out-of-balance force vector Ὂ Ў Ὑ (vertical dashed lines) is small enough, Eq. 55.          

 
  

 

 

 

 

 

  

 

Figure 23: Full Newton-Raphson iteration procedure 

 

ЎὨ  
 

 

Ὑ  
 

 

ЎὊ  
 

 

ЎὨ  
 

 

Ὑ  
 

 

ὑ  
 

 

ὑ  
 

 ЎὊ  
 

 

ὑ  
 

 

Ὑ  
 

 

ЎὨ  
 

 

ЎὊ  
 

 

Ὠ 
 

 

Ὂ Ў 
 

 

Ὂ 
 

 

Ὠ Ў 
 

 



 

 
49 

 

5.4 Displacement Control vs. Force Control 

Algorithms of the enforced motion technique described in the previous subsections application to the 

implicit and explicit time integration procedures were implemented into the Idealized Structural Unit 

Method. On an example of the dynamically loaded 4-node ISUM element the two considered 

approaches of the load application ς force control and displacement control (enforced motion) will be 

shown and compared with the results of the Finite Element Analysis. Geometrical and material 

properties of ISUM element are given in Table 1.  

The task formulation for the force control load application remains the same, see subchapter 4.3. 

Exemplary, the cases Test 3 and Test 4 are considered. To perform the dynamic analysis of the 4-node 

ISUM element using the enforced motion method (displacement control), the external dynamic load 

is applied by displacements, with the edge velocity of υπ ÍÍȾÓ (Test 3) and ψσ ÍÍȾÓ (Test 4). Within 

the FEA the external loads are applied in the same way (displacement control). 

Here and further, the following interpretation of the edge velocity will be used: ὠ Ὠ ȾὝ, 

where Ὠ  is the maximum applied edge displacement and  Ὕ is the ǘƻǘŀƭ ǘƛƳŜ ƻŦ ǘƘŜ ǘƘǊǳǎǘΩǎ 

application. In case of the longitudinal thrust action, the  Ὠ  can be obtained from: 
 

Ⱦ . 

In case of the transverse thrust action: 
 

Ⱦ . The parameters ὥ and ὦ represent the length 

and the breadth of the plate respectively, and the values ‐Ⱦ‐ and ‐Ⱦ‐ correspond to the maximum 

average strain value, which is expected to be on the average stress-average strain diagram. Strain rate 

values ‐ can be also calculated for longitudinal ‐ ὠȾὥ and transverse ‐ ὠȾὦ thrust application.     

The results of the dynamic analysis of the 4-node ISUM element are presented in Figure 24 for two 

applied edge velocity values. The curves, corresponding to the force control load application were 

already shown in subchapter 4.3, Figure 22. Here, they get the additional description FC, which means 

force control, ISUM NMK FC and ISUM CDM FC. The newest results, obtained using the implicit and 

explicit time integration schemes and considering the external thrust applied by displacements are 

given by two curves respectively ISUM NMK DC and ISUM CDM DC.                          
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Figure 24 (1),(2): Displacement control vs. force control on example of the dynamic collapse analysis of 

the 4-node ISUM element  
 

Analyzing the results presented in the Figure 24 (1)-(2) one can make three important conclusions: 

 

1. The displacement control load application is more suitable for the dynamic collapse analysis 

of the plate panels than the force control load application. As one can see, the curves FEM 

DC, ISUM NMK DC and ISUM CDM DC describe also the post-buckling behavior of ISUM 

element, which is missing in case of the force control thrust application, since the curves 

FEM FC, ISUM NMK FC and ISUM CDM FC terminate reaching the ultimate strength value. 

 

 

2. The ŜȄǇƭƛŎƛǘ ŎŜƴǘǊŀƭ ŘƛŦŦŜǊŜƴŎŜ ŀƴŘ ƛƳǇƭƛŎƛǘ bŜǿƳŀǊƪΩǎ time integration schemes 

implemented in the Idealized Structural Unit Method, adjusted to the enforced motion 

technique, supply reliable results. The corresponding curves ISUM CDM DC and ISUM NMK 

DC just slightly differ from each other in the post-buckling regime and follow quite well the 

finite element solution FEM DC.  

 

 

3. Leaving the range of elastic deformations behind, the solution starts to oscillate and the 

amplitudes of the oscillations depend on the edge velocity ς with the increase of the applied 

edge velocity values, or in other words decreasing the time of the thrust-application, the 

amplitudes of the oscillations also increase due to the growth of the inertia effects.  

 

In addition one can see from the presented graphs that the amplitudes of the ISUM CDM DC and ISUM 

NMK DC curves are higher than the amplitudes of the FEM DC curves. The difficulty is that we consider 

the nonlinear dynamic problem and the numerical solution can even become unstable especially for 

large deformations. To avoid this undesirable event or to increase accuracy of the numerical 

integration schemes the physical damping should be added to ISUM model.   
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5.5 Concluding Remarks 

 

In Chapter Application of the Displacement Control Procedure to the Direct Time Integration Methods 

the following subjects were highlighted and discussed: 

 

Á Formulation of the enforced motion method: the subdivision of the matrix dynamic equation 

of motion is performed in terms of the άŜƴŦƻǊŎŜŘέ and άŦǊŜŜέ ŘŜƎǊŜŜǎ ƻŦ ŦǊŜŜŘƻƳ, [55]. 

 

 

Á Application of the enforced motion technique to the explicit and implicit time integration 

methods: the corresponding numerical schemes are adjusted to the enforced motion 

technique by rewriting them according to the considered formulation. These transformations 

bring the additional difficulties in terms of the computational costs, since not only the 

displacement vector, but also the applied load vector should be updated. This remark mainly 

ŎƻƴŎŜǊƴǎ ǘƘŜ bŜǿƳŀǊƪΩǎ ƛƳǇƭƛŎƛǘ time integration method, where the updating carries the 

iterative character for the nonlinear analysis.         

 

 

Á Implementation of the explicit central difference and implicit bŜǿƳŀǊƪΩǎ time integration 

schemes to the Idealized Structural Unit Method: validation was performed on an example of 

the 4-node ISUM element, uniaxial-loaded by displacements with two different edge 

velocities. The results of the dynamic collapse analysis under assumption of the external thrust 

applied by displacements (enforced motion or displacement control) are presented by the 

average stress-average strain curves and compared with the results of the dynamic collapse 

analysis of the 4-node ISUM element, uniaxial-loaded by forces (force control), subchapter 4.3. 

 

Á The enforced motion technique applied to the explicit and implicit time integration methods 

provides desirable results, since the total buckling behavior of the plate structure can be 

obtained in contrast to the previous formulation, which considers the thrust applied by forces. 

 

 

Á The correctness of the applied enforced motion technique is proved by the finite element 

results, since the obtained ISUM average stress-average strain curves for both implicit and 

explicit time integration methods follow the FEM-solution very well. The differences in the 

oscillation amplitudes between ISUM and FEM curves can be avoided by addition of the 

physical damping properties to the ISUM formulation.        
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 Dynamic Collapse Analyses of ISUM Plate Panels 

Based on the results of the previous Chapter ǘƘŜ ŜȄǇƭƛŎƛǘ ŎŜƴǘǊŀƭ ŘƛŦŦŜǊŜƴŎŜ ŀƴŘ ǘƘŜ ƛƳǇƭƛŎƛǘ bŜǿƳŀǊƪΩs 

time integration methods with the enforced motion formulation will be used for further investigations 

on the dynamic collapse analysis of the ISUM plate panels. The present Chapter will give answers to 

the following questions: 
 

1. What is the typical dynamic collapse behavior of ISUM plate panels under longitudinal and 

transverse thrust?  

 

2. How does buckling behavior change with increasing velocity of the applied displacements? 

 

3. Is it possible to make an unambiguous conclusion that one numerical time integration 

scheme is superior? 
 

As it was already mentioned, addition of physical damping to ISUM model could increase the accuracy 

of the numerical integration schemes. That is why the subchapter 6.1 is dedicated to the building of 

the damping models. The subsequent sections 6.2 ς 6.5 present the results of the dynamic collapse 

analysis of ISUM plate panels.  

The following conditions are the same for all test cases: 

Á validation of the obtained ISUM results is based on a comparison with the FE-solution, 

provided by ǘƘŜ ǇǊƻƎǊŀƳ ŎƻƳǇƭŜȄ ά!b{¸{ мрΦлέΣ [55]; 
 

Á ǎǘŀǘƛŎ ǎƻƭǳǘƛƻƴǎ ŀǊŜ ƻōǘŀƛƴŜŘ ŦǊƻƳ C9! ǇŜǊŦƻǊƳŜŘ ǿƛǘƘ ǇǊƻƎǊŀƳ ŎƻƳǇƭŜȄ ά!b{¸{ мрΦлέ ŀƴŘ ŀǊŜ 

shown to assess the significance of dynamic effects. Results of static collapse analyses of 

rectangular plates with ISUM are widely represented in [36];   
 

Á external dynamic thrust is applied by displacements with a prescribed edge velocity; 
 

Á spread of yielding in images of collapse modes corresponds to the middle layer of plate 

material and is presented in percent by color gradient from dark blue (zero plasticity) to bright 

red (full plasticity);   
 

Á principal dimensions, FE-discretization and material properties of examined plates are pointed 

out in Table 6; 
 

Á solutions are presented according to the undamped (‚ π, marked with odd numbers) and 

damped (‚ π, marked with even numbers) test cases; 
 

Á bŜǿƳŀǊƪΩǎ ǘƛƳŜ ƛƴǘŜƎǊŀǘƛƻƴ ǇŀǊŀƳŜǘŜǊǎ ‌ and ‍ are equal to 1/4 and 1/2 respectively.   

The following conditions are unique for each test case and are given in the corresponding paragraphs: 

Á consistent mass matrix for each plate panel; 
 

Á obtained for each test case collapse modes, corresponding to ultimate and post-ultimate 

stress states; 
 

Á initial deflection values of FE- and ISUM-models; 
 

Á time step values.  
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Table 6: Properties of the examined plate panels 
 

Plate number 
Dimension FE-discretization, ISUM/FEM 

L x B x T, [mm] Longitud. thrust Transverse thrust Biaxial thrust 

plate 1 1000 x 1000 x 15.5 1/50 x 50 - - 

plate 2 2400 x 835 x 15 3/10 x 30 3/10 x 30 - 

plate 3 4200 x 835 x 13 5/10 x 70 3/10 x 70 - 

plate 4 4200 x 835 x 22 7/10 x 70 3/10 x 70 9/10 x 70 

Material properties 
for all plate panels: 

yield strength „ 313.6 MPa 

youƴƎΩǎ ƳƻŘǳƭǳǎ Ὁ 205.8 MPa 

density ” 7850 kg/m3 

pƻƛǎǎƻƴΩǎ Ǌŀǘƛƻ ’ 0.3 - 
 

Subjected to axial compressive loads rectangular plate panels buckles into several number of half 

waves, [20]. As discussed in Chapter 2, buckling modes can be sinusoidal with a distinct plasticity 

localization zone (under longitudinal loading) or cylindrical (under transverse loading) according to the 

direction of applied thrust, Figure 8. The number of buckling half waves under longitudinal thrust 

depends on dimensions and material properties of plates: if a theoretical buckling strength exceeds 

the yield strength, plastic buckling occurs and the aspect ratio of each buckling half wave tends to 0.7. 

Otherwise, elastic buckling with aspect ratios around 1.0 per half wave takes place, [36]. Thus, due to 

the high thickness and therefore increased strength margin, plate 4 has more buckling half waves than 

plate 3. Number of ISUM elements must be equal to the number of buckling half waves. At transverse 

thrust, for the shape function reflecting the cylindrical collapse mode an mesh with three ISUM 

elements is required, [36]. For plate panels subjected to the biaxial thrust, a combination of two 

meshes (for longitudinal and transverse thrust) is needed, [36]. ISUM-discretization is presented in 

Table 6 and visualized in Figure 25:    

 

Figure 25: ISUM-discretization for rectangular plate panels 

Uniaxial thrust Longitudinal thrust Transverse thrust Biaxial thrust 
Plate 1 Plate 2 Plate 2  

  
 
 
 
 
 

  

 Plate 3 Plate 3  
  

 
 
 
 
 

  

 Plate 4 Plate 4 Plate 4 
  

 
 
 
 
 

  



 

 
54 

 

6.1 Rayleigh Damping Model 

Damping can be introduced as a physical process, which represents the dissipation of the mechanical 

energy stored in the oscillations. As a result, damping leads to reducing or preventing of the 

oscillations. Since this phenomenon is directly connected with vibration and oscillation, it makes sense 

to introduce the finite element equilibrium equation of motion on the basis of the eigenvectors: 

 

ὢὸ   ὅ   ὢὸ   ὢὸ   Ὑὸ  (83) 

 

Here, the nodal point displacements are transformed so that Ὠὸ   ὢὸ , [56]. The 

transformation matrix    is represented by eigenvectors ‰; vector  ὢὸ  contains the generalized 

displacements; diagonal matrix    stores the eigenvalues ‫ . Unfortunately the damping matrix ὅ 

cannot be constructed from element damping matrices, as it is performed for the mass and stiffness 

matrices of the element assemblage. To approximate the overall energy dissipation it is assumed that 

damping represents a linear combination of the stiffness and mass matrix parameters. This formulation 

corresponds to the Rayleigh damping with the unknown constants ‌ and ‍: 

ὅ ‌ὓ ‍ὑ (84) 
 
On the other hand, damping depends on the damping ratio  ‚ and angular frequency  ‫ : 

 

  ὅ   ς‫ ‚ (85) 
 
Using the above given Eq. 84 and Eq. 85 one obtains:    

 

  ‌ὓ ‍ὑ  ς‫ ‚ȟ or 
 

‌ ‍‫ ς‚‫ 

(86) 

 
Having defined two damping ratios  ‚ (can be also equivalent) and having chosen two modes, 

according to the typical or expected collapse behavior, with the corresponding angular frequencies ,‫ 

the damping parameters ‌ and ‍ can be obtained from: 

 

‌ ς‫‫
‚‫ ‚‫

‫ ‫
 

 

‍ ς
‚‫ ‚‫

‫ ‫
 

(87) 

 
The damping ratio ‚ determines behavior of the system and can be understood as the level of damping 

in a system relative to critical damping. According to this definition, one can classify the system as: 

Á undamped, ‚ π:  the motion is periodic, system oscillates with constant amplitude;  
 

Á underdamped, π ‚ ρ: the system oscillates with a slightly different frequency than in 

the undamped case with the amplitude gradually decreasing to zero. The angular frequency 

of the underdamped harmonic oscillator is given by ‫ ‫ ρ ‚, where ‫  represent 

the undamped angular frequency of the oscillator;  
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Á critically damped, ‚ ρ: the system returns to equilibrium state as quickly as possible 

without oscillating. This is the border between the overdamped and underdamped cases, 

which is often desired in many cases where engineering design of a damped oscillator is 

required; 
 

Á overdamped, ‚ ρ: the system exponentially decays to equilibrium state without 

oscillating. The larger the values of damping ratio ‚ are, the slower the system returns to its 

steady state.   

Material damping depends on many factors such as type of material, stress amplitude, internal forces, 

size of geometry, the quality of surface and temperature. For steel structures, the typical range of 

damping ratio is 0.02 ς 0.05. However, it is possible to consider for structures with joints higher values 

of damping ratio up to 0.1, [57]. 

To determine the damping parameters ‌ and ‍ for the four examined plate panels, modal analysis was 

ǇŜǊŦƻǊƳŜŘ ǿƛǘƘ ǘƘŜ ǇǊƻƎǊŀƳ ŎƻƳǇƭŜȄ ά!b{¸{ мрΦлέΦ Two required angular frequencies are ‫ 

extracted according to the expected buckling behavior. For each plate, Table 7, the first undamped 

angular frequency ‫  is obtained for the vibration mode with one half wave. The second value ‫  

corresponds to the vibration mode with a number of half waves equivalent to the number of buckling 

half waves (also ISUM elements) under longitudinal loading. For the square panel (plate 1) ‫  is 

calculated for three vibrational half waves. 

Table 7: Damping parameters for the examined plate panels 
 

plate 1 ⱷ  ⱷ  ♪ ♫ plate 3 ⱷ  ⱷ  ♪ ♫ 

‚=0.02 
‚=0.05 
‚=0.10 

478 
 
 
 

2365 
 
 
 

15.905 
39.763 
79.527 

1.407ϊ10-5 
3.517ϊ10-5 

7.034ϊ10-5 

‚=0.02 
‚=0.05 
‚=0.10 

309 
 
 
 

580 
 
 
 

 
8.066 
20.164 
40.329 

 
4.499ϊ10-5 
1.125ϊ10-4 

2.250ϊ10-4 

plate 2 ⱷ  ⱷ  ♪ ♫ plate 4 ⱷ  ⱷ  ♪ ♫ 

‚=0.02 
‚=0.05 
‚=0.10 

410 
 
 
 

718 
 
 
 

10.454 
26.135 
52.271 

3.543ϊ10-5 
8.857ϊ10-5 

1.771ϊ10-4 

‚=0.02 
‚=0.05 
‚=0.10 

507 
 
 
 

1422 
 
 
 

14.954 
37.384 
74.768 

2.073ϊ10-5 
5.182ϊ10-5 

1.036ϊ10-4 

 

According to the assumed damping ratios (‚= 0.02, 0.05 and 0.10), validation of damping models is 

presented on an example of the square plate panel (plate 1), with the high-applied edge velocity 

of ρππ άάȾί. The Rayleigh damping is used within the FEA and ISUM to include the damping forces 

to the nonlinear differential equation of motion. Time step Ўὸ υϽρπ  s is assumed for FEM and 

ISUM NMK, and Ўὸ υϽρπ  s for ISUM CDM. Corresponding results are presented on Figure 26. The 

third damping model with the damping ratio ‚= 0.10 provides minimal difference between the 

obtained ISUM and FEM results. The ISUM CDM curve shows very good agreement with the FEM curve 

and becomes smooth in the post-buckling range. The ISUM NMK has in general the similar behavior as 

ISUM CDM, but at the same time, the implicit solution provides the additional tiny oscillations, which 

come up during the whole calculation period. The first damping model with damping ratio ‚= 0.02 does 

not supply the desired damping level so that the ISUM and FEM curves would get closer to each other.     
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Figure 26 (1)-(3): Dynamic collapse behavior of 15 mm square plate with different damping models 
 
The second damping model with the damping ratio ‚= 0.05 provides a sufficient matching between 

FEM and ISUM results. ISUM NMK and ISUM CDM coincide with each other very well and follow the 

FEA solution, gradually reducing the amplitude of oscillations. Having considered the fact that the 

damping ratio ‚= 0.10 is rather an exception for steel structures, the damping ratio ‚= 0.05 and the 

corresponding damping parameters ‌ and ‍ will be used for further investigations of all plate types, 

unless damping is specifically not considered.  
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6.2 Dynamic Collapse Analyses of Square Panels under Uniaxial Thrust 

Dynamic collapse behavior of the square plates with different thickness values is presented in Figures 

26-28. Time step Ўὸ υϽρπ  s is assumed for FEM and ISUM NMK, and Ўὸ υϽρπ  s for ISUM 

CDM. Consistent mass matrix is obtained from Eq. (65 with appropriate shape functions, Eq. (70. The 

influence of damping is not considered for this basic examples.  

 

 

Figure 27 (1)-(3): Dynamic collapse behavior of the 11 mm square plate under uniaxial thrust 
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For three applied edge velocities each average stress-average strain diagram is supported by two 

images of the collapse modes, which corresponds to the ultimate (top image) and to the post-ultimate 

(‐Ⱦ‐ σ, bottom image) stress states. Performed investigations on the dynamic collapse behavior 

provided the interesting results: collapse modes and the corresponding stress-strain relationships of 

the thin plate, Figure 27 (2), (3), differ from the typical buckling behavior. Indeed, the square plate with 

thickness of ρρ ÍÍ and slenderness ratio ‍ σȢυ tents to build a plateau in loading direction in the 

post-buckling regime instead of the expected roof shape. Moreover, this tendency depend on the 

ŀǇǇƭƛŜŘ ǾŜƭƻŎƛǘȅ ǾŀƭǳŜǎΥ ōŜŦƻǊŜ ǊŜŀŎƘƛƴƎ ǘƘŜ ŎŜǊǘŀƛƴ άŎǊƛǘƛŎŀƭέ ǾŜƭƻŎƛǘȅΣ ǘƘŜ ŜȄŀƳƛƴŜŘ ρρ ÍÍ square 

plate shows the classical roof mode (here at applied velocity of ρπ ÍÍȾÓ). Increasing the applied 

velocity up to ςπ ÍÍȾÓ, the collapse mode changes from the roof mode to the plateau that provides 

the decrease of the load-carrying capacity (see the corresponding average stress-average strain 

curves). Therefore, the ISUM NMK and ISUM CDM curves differ from the FEM curve in the post-

ultimate strength range, since the implemented ISUM parameter Ὢ, which is responsible for the 

current shape function representation, see Eq. 6, is tuned for the formation of the roof mode in the 

post-buckling regime, [18]. Setting the parameter Ὢ zero does not provide any positive changes, (see 

curve ISUM NMK Ὢ π, Figure 27 (3)). The other examined ρυȢυ and ρω ÍÍ square plates with 

slenderness ratios ‍ ςȢυ and ς respectively do not show any changes in the collapse modes even at 

the high applied velocity of ρππ ÍÍȾÓ. ISUM NMK and ISUM CDM curves follow the FEM solution very 

well, Figures 28 and 29.  
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Figure 28 (1)-(3): Dynamic collapse behavior of the 15.5 mm square plate under uniaxial thrust 
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Figure 29 (1)-(3): Dynamic collapse behavior of the 19 mm square plate under uniaxial thrust 
 

At the high applied edge velocity of ρππ ÍÍȾÓ the average stress - average strain curves oscillate with 

a significant amplitude around the static solution. Therefore, the maximum applied dynamic thrust 

that the prescribed structure can withstand turns to be ρςϷ higher (for ρυ ÍÍ square plate) than in 

case of the static load application. The ISUM NMK and ISUM CDM solutions predict this ultimate 

strength level with a great accuracy; at the high applied edge velocities one can distinguish that the 

ISUM NMK and ISUM CDM curves slightly overtake the FEM curve, starting from the average 

strains ‐Ⱦ‐ ρȢυ ς.      

Summarizing the presented results one can conclude that the dynamic collapse behavior of the square 

plate panels with the slenderness ratio ‍ σ can be unrestrictedly analyzed using the Idealized 

Structural Method. Square plate panels with the slenderness ratio σ ‍ σȢυ belong to the 

intermediate category and the simulation of the dynamic collapse behavior within the up to date ISUM 

provides reliable results only for low applied edge velocity values. For thin square plate panels with 

the slenderness ratio ‍ σȢυ σȢχ the roof mode does not take place at any applied velocity since 

even performing the static analysis other complicated collapse modes come up, [29].  
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6.3 Dynamic Collapse Analyses of Rectangular Panels under Longitudinal Thrust 

The rectangular plate panel is a common structural member of a ship. It is part of the bottom, side and 

deck plating, stiffened by framing for collapse prevention. According to the Common Structural Rules, 

[4], if a ship's length exceeds ρςπ Í, it is preferable to adopt a longitudinal frame system. Besides, 

tankers greater than ςππ Í in length must be framed longitudinally. In this case, performance of the 

structural analysis of the deck and bottom plating subjected to the compressive stresses represents 

the analysis of the rectangular plate panels under longitudinal thrust. Within the present subchapter, 

the dynamic collapse behavior of three rectangular plate panels is considered.  

6.3.1  Plate Panel 2400 x 835 x 15 mm                

Dynamic collapse behavior of the rectangular plate is presented in Figure 30 (1)-(6). Analogously to the 
previous subchapter, the given images of the collapse modes correspond to the ultimate (top image) 
and to the post-ultimate (‐Ⱦ‐ τ, bottom image) stress states. The initial deflection values of the 
FE-model are presented in Table 3. Consistent mass matrix is obtained from Eq. 65 with appropriate 
shape functions, Eq. 70. Time step values Ўὸ for each test case are assumed as follows:  
 

applied edge velocity ISUM NMK ISUM CDM FEM 

υπ άάȾί σȢπϽρπ  σȢπϽρπ  σȢπϽρπ  

ρππ άάȾί ρȢυϽρπ  ρȢυϽρπ  ρȢυϽρπ  

ςππ άάȾί χȢυϽρπ  χȢυϽρπ  χȢυϽρπ  

 

For all applied edge velocity values of υπ ÍÍȾÓ, ρππ ÍÍȾÓ and ςππ ÍÍȾÓ the ISUM CDM solution 

supplies high, frequent oscillation of the average stress-average strength curve, which starts from the 

ultimate strength and goes through the whole post-buckling range. To check the influence of the 

specially developed shape function, which enables the transformation of the buckling mode from 

sinusoidal to the roof mode within one half-wave [18], the parameter Ὢ was set on zero, Figure 30 (1). 

In this case, all three half-waves of ISUM plate model have the same amplitude ὃ. As one can see, the 

ISUM CDM Ὢ π and the ISUM CDM Ὢ π curves have the similar behavior, featuring significant 

oscillations. This fact excludes the possible influence of the shape-parameter Ὢ on the heightening of 

the oscillations, performing the explicit time integration scheme.       
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