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Abstract

Designing multicell accelerating cavities with best possible electromagnetic characteristics
is a challenging task in computational electrical engineering. The deliberate modification
of various shape parameters regarding different, partially contradicting optimization goals
easily requires the modal analysis of an immense number of often only slightly different
cavity geometries. The optimization is typically performed by an iterative variation of the
structure’s shape entailing a full eigenmode recomputation with a direct numerical solver
for each modification. At this, the structure usually involves a problem with hundreds of
thousands or more degrees of freedom. The resulting computational effort is enormous,
forcing a tradeoff between design requirements and computational time. In most cases,
this limits the observed frequency range, the number of optimization passes, or both.
For the same reason, the effects of geometric imperfections are usually excluded from
the optimization process, even though they may be of particular importance for the final
design. The aim of this thesis is to introduce and validate two perturbative approaches
that enable geometric parameter studies based on the eigenmodes of only one initial
geometry, denoted as the unperturbed geometry. The two novel methods are called the
generalization of Slater’s theorem (GST) and the expansion of a reduced eigenmode set
(ERES). Both techniques base on the concept to expand the eigenmodes of a modified
and thus perturbed geometry in terms of the eigenmodes of the unperturbed geometry by
analyzing the energy-related mutual interactions of the unperturbed eigenmodes inside the
volume that is removed by the geometric modification. So, the methods require a direct
numerical eigenmode computation only once for the unperturbed geometry. In contrast
to conventional perturbative approaches, like Slater’s theorem, which only provide the
frequency shift that arises from a deformation, the here presented approaches also allow for
the determination of the electromagnetic fields of the perturbed eigenmodes and thereby
of all electromagnetic properties. This thesis describes the theory of both perturbative
methods and discusses several validation and application examples. The results show that
particularly the generalization of Slater’s theorem accurately computes the eigenmodes
of single-cell and multicell structures over a wide frequency range for both small and
large geometric perturbations. Concluding, the perturbative methods allow for an efficient
investigation of the electromagnetic characteristics of a vast number of different cavity
structures exceeding the limitations of conventional straightforward methods.



Zusammenfassung

Der Entwurf mehrzelliger Hohlraumresonatoren mit bestmoglichen elektromagnetischen
Parametern ist eine anspruchsvolle Aufgabe der rechnergestiitzten Elektrotechnik. Die
gezielte Veranderung verschiedener Geometrie-Parameter hinsichtlich unterschiedlicher,
sich teilweise widersprechender Optimierungsziele erfordert die Modalanalyse einer enor-
men Anzahl, sich haufig nur wenig unterscheidender Geometrien. Typischerweise wird die
Optimierung mittels einer iterative Modifizierung der Strukturform durchgefiihrt, wobei
jede Anderung eine vollstandige Neuberechnung der Eigenmoden mithilfe eines direkten
numerischen Losers nach sich zieht. Dabei besitzt die Struktur iiblicherweise Hundert-
tausende oder mehr Freiheitsgrade. Der resultierende Berechnungsaufwand ist enorm und
erzwingt einen Kompromiss zwischen den Design-Anforderungen und der Rechenzeit. In
den meisten Féllen beschrankt dies den untersuchten Frequenzbereich, die Anzahl der Op-
timierungsdurchlaufe oder beides. Aus dem gleichen Grund wird tiblicherweise auf eine
Untersuchung der Effekte geometrischer Unsicherheiten verzichtet, obwohl diese von er-
heblicher Bedeutung fiir das endgiiltige Design sein konnen. Das Ziel der vorliegenden
Arbeit ist die Einfithrung und Validierung zweier stérungstheoretischer Ansétze, welche
es erlauben, geometrische Parameterstudien basierend auf den Eigenmoden von nur einer
Ausgangsgeometrie, welche als ungestorte Geometrie bezeichnet wird, durchzufiihren. Die
beiden neuartigen Methoden tragen die englischen Namen Generalization of Slater’s The-
orem (GST) sowie Expansion of a Reduced Eigenmode Set (ERES). Beide Verfahren
beruhen auf der Idee die Eigenmoden einer veranderten und somit gestorten Geome-
trie als Funktionsreihe aus den ungestorten Eigenmoden zu entwickeln, basierend auf den
energetischen Wechselwirkungen der ungestérten Moden innerhalb des Volumens, das
durch die geometrische Modifikation entfernt wird. Die Methoden erfordern somit nur
einmalig fiir die ungestorte Geometrie eine direkte numerische Berechnungen der Eigen-
moden. Im Gegensatz zu konventionellen storungstheoretischen Ansitzen, wie Slaters
Theorem, die lediglich den Frequenzversatz bestimmen konnen, der infolge einer Defor-
mation entsteht, ermoglichen die hier vorgestellten Verfahren auch eine Berechnung der
elektromagnetischen Felder der gestorten Eigenmoden und somit aller elektromagnetischer
Eigenschaften. Die vorliegende Arbeit beschreibt die theoretischen Grundlagen beider Me-
thoden und diskutiert verschiedene Validierungs- und Anwendungsbeispiele. Die Ergeb-
nisse zeigen, dass insbesondere die Methode namens Generalization of Slater’s Theorem
die Eigenmoden ein- und mehrzelliger Strukturen, sowie fiir kleine und grofle geometri-
sche Storungen, prézise iiber einen breiten Frequenzbereich berechnen kann. Abschliefend
kann festgestellt werden, dass storungstheoretische Methoden eine effiziente Untersuchung
der elektromagnetischen Charakteristika einer Vielzahl unterschiedlicher Hohlraumreso-
natoren ermoglichen und somit die Beschrankungen konventioneller direkter Verfahren
iiberwinden.
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Thesis Statements

of the dissertation

Perturbative Methods for the Computation of Resonant Cavity Eigenmodes
Subject to Geometric Variations

by Korinna Brackebusch

1. The optimization and robustness analysis of radio frequency cavities demand a rig-
orous investigation of their electromagnetic characteristics subject to geometric vari-
ations, typically involving extensive parameter studies.

2. A conventional straightforward analysis of the electromagnetic properties based on
repetitive eigenmode computations requires an enormous computational effort. This
usually limits the observed frequency range, the number of optimization passes, or

both.

3. Alternatively to the direct repetitive eigenmode computations, perturbative meth-
ods allow to deduce the eigenmodes of a vast number of different cavity shapes
from the eigenmodes of only one initial geometry. The eigenmodes of a modified
(perturbed) geometry are expanded in terms of the eigenmodes of the initial (un-
perturbed) geometry, based on the energy-related mutual interactions of the unper-
turbed eigenmodes inside the deformed volume. Solely the eigenmodes of the un-
perturbed geometry need to be computed with a direct numerical solver. Thereby,
the computational effort for parameter studies can be significantly reduced.

4. The number of computable perturbed modes is necessarily smaller than the num-
ber of used unperturbed modes since the unperturbed geometry can exclusively be
deformed inwardly. The larger the extent of the perturbation, the less modes can be
expanded.

5. The first perturbative method, called generalization of Slater’s theorem (GST), fea-
tures a sort of compensatory mechanism to fulfill the requirement of a reduced
number of computable perturbed modes since the number of computed perturbed
modes is identical to the number of unperturbed modes. The discrepancy is com-
pensated by a corresponding number of irregular, partially complex-valued mode
pairs, each constituting just one actual mode.

6. The regular GST modes accurately reproduce the frequencies and electromagnetic
fields of the perturbed eigenmodes of single-cell and multicell structures over a wide
frequency range. The irregular mode pairs possess a diminished accuracy which may
noticeable interfere the fields of affected modes. However, only in case of compar-
atively large perturbations a relevant impairment occurs. For realistic geometric
variations, the irregular modes arise only for extremely high frequencies, constitut-
ing solely a minor or negligible drawback.



10.

11.

The second method, called expansion of a reduced eigenmode set (ERES), inherently
provides the correct number of computed perturbed modes. The method thereby a
priori evades the generation of irregular deficient modes. The ERES-based eigen-
modes converge step-like and noticeably slower than the GST eigenmodes. Hence,
ERES requires a distinctly higher number of expansion modes to obtain the same
accuracy as GST.

One of the main restrictions for applying perturbative methods to real-life radio
frequency structures is the limited number of computable unperturbed modes. Thus,
GST is the preferable method since it provides a more reliable and higher accuracy
than ERES.

Especially for multicell cavities, the efficiency of the methods can further be im-
proved by a suitable choice and segmentation of the unperturbed geometry, allow-
ing for a simultaneously performance optimization and robustness analysis regarding
geometric imperfections.

The number of unperturbed modes required for a sufficient accuracy of the pertur-
bative methods is primarily determined by the relative perturbation extent and the
frequency of the highest mode to be computed. The larger the modification, the
faster converges the expansion.

In case of multicell cavities subject to very small perturbations even GST requires
an extremely high number of unperturbed modes to accurately expand the electro-
magnetic fields. An adjustment of the interaction terms of the unperturbed modes
enhances the converge of GST and thereby considerably reduces the number of nec-
essary modes. The adjustment is performed segment-wise based on the ratio of the
deformed to the unperturbed volume.
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Chapter 1

Introduction

The analysis of linear and time-invariant radio frequency (RF) resonant structures with
ports is a challenging task in computational electrical engineering. The modeling of com-
plex structures such as superconducting (SC) multicell cavities is computationally de-
manding and the design process usually requires a multitude of geometric modifications
for identifying the final design with superior electromagnetic (EM) properties. These
repetitive recomputations of the structure’s properties result in a tremendous compu-
tational expense. This thesis proposes two new perturbative approaches enabling for an
efficient realization of geometric parameter studies of the EM eigenmodes of complex,
linear and time-invariant RF structures. Based on one initially defined structure geom-
etry, the eigenmodes of this so-called unperturbed geometry are computed with a freely
selectable technique. Subsequently, the eigenmodes of a modified, perturbed structure can
be expanded in terms of the eigenmodes of the unperturbed geometry. For this, the energy-
related mutual interactions of the complete set of unperturbed eigenmodes are analyzed
inside the volume that is removed by the geometric modification. The eigensystem of the
resulting interaction matrix provides the frequencies and the expansion coefficients of the
eigenmodes of the respective perturbed geometry. The methods allow to investigate an
arbitrary number of differently varied geometries and is applicable to RF structures with
perfect electric conducting (PEC) or perfect magnetic conducting (PMC) boundaries.
Their development is mainly motivated by the design of superconducting RF structures
associated with particle accelerator applications. The treatment of boundaries with a fi-
nite conductivity is not in the focus of this work. Likewise, the effects of surface material
defects are not regarded. Nevertheless, lossless models of RF structures with a high fi-
nite surface conductivity provide a profound understanding of the underlying EM effects,
particularly during the design process. The objectives of this thesis are the derivation of
the methods” fundamentals, their effective and efficient implementation, the validation of
their applicability and the demonstration of the achievable efficiency enhancement.

1.1 Structure of this Thesis

This thesis is organized as follows: The next section of this chapter gives a brief intro-
duction into the fundamental aspects of superconducting RF structures in the framework
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of particle accelerators. The following two sections outline the problem statement of this
thesis, describing the essential importance of geometric variations in the context of RF
structures and the drawback of conventional approaches for their investigation. Chapter 2
provides a summary of the electromagnetic field theory relevant for the understanding
of the functional principle of RF structures and the fundamentals of the perturbative
methods. Chapter 3 initially outlines the basics of normal mode expansion and Slater’s
cavity perturbation theorem, which form the basis for a profound understanding of the
subsequent detailed derivation of the two novel perturbative methods, the generalization
of Slater’s theorem and the expansion of a reduced eigenmode set. Chapter 4 briefly
explains the main aspects of the implementation of the novel methods and the most rele-
vant procedures for an enhancement of their accuracy and efficiency. Chapter 5 discusses
and compares their basic properties regarding accuracy, required effort and spectrum of
application based on several simple validation examples while Chapter 6 focuses on the
methods’ applicability to practically relevant cavity structures. Chapter 7 concludes the
thesis with a discussion of the results.

Scalar quantities are written in italic, non-bold typeface while vector and tensor quanti-
ties are written in non-italic, bold typeface. Complex quantities are additionally indicated
by an underlining.

1.2 Particle Accelerators and Superconducting RF
Cavities

Particle accelerators exploit the interaction of electric charges with electromagnetic fields.
There is a variety of different technical principles regarding the use of static, low frequency
and RF fields. Nowadays, the scope of applications are numerous [1, Ch. 1]. Accelerators
are widely used in industrial applications such as x-ray radiography and lithography, ma-
terial testing or ion implantation and play further an important role in medical treatment
particularly for radiation therapy of cancer. Accelerators are also sources of incoherent
and coherent radiation for a wide application variety in basic and applied physics re-
search. But primarily, they are known as essential research tools in nuclear and high
energy physics. Their significance in fundamental research substantially promoted the
technological advance of accelerators. In particle colliders or fixed target setups, bunches
of charged particles, like electrons or the considerably heavier protons, are accelerated
to high kinetic energies and brought to collision. Several types of detectors analyze the
subatomic particles formed by the collision providing information about the dynamics
and structure of matter.

Resonant cavities are the fundamental devices for the energy input in modern particle
accelerators. Their basic design depends on the particle velocity. High-beta accelerating
structures, where the particles travel almost at speed of light, are generally cylindrical
cavities or rotationally symmetric cavities with a rounded shape whereas accelerators for
low-beta charged particles possess a different design evolved from a coaxial transmission
line [2, Sec. 1.1]. High-beta accelerators for very high beam energies become long and very
costly. Therefore, a high energy input per length is desired. This requires high electric field
strengths which can only be provided by metal REF multicell cavities since electrostatic
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fields are limited by field emission effects and voltage breakdown. In normal conducting
(NC) copper cavities, the achievable field strength is limited by the surface losses. The
fundamental advantage of superconducting (SC) cavities is their extremely low surface
resistance. While NC structures typically possess an intrinsic quality factor of 10* to 107,
SC cavities made of niobium or niobium alloys reach values of 10° to 10! [2], [3]. Cooled
down to a temperature of about 2 K, they have a surface resistivity of only 100 to 10 nf2.
Especially for applications demanding continuous wave fields of high strength, solely SC
structures are economically viable due to the significantly reduced energy requirements.
This thesis focusses on high-beta superconducting RF cavities.

1.3 Cavity Design and Geometric Variations

In general, an infinite number of EM resonances, called eigenmodes, can exist inside a
resonant cavity, each identified by its respective resonant frequency and field distribution.
For particle acceleration the TMjg ;0 mode is used since it provides a maximal axial elec-
tric field and a phase advance of 7 from cell to cell. The shape of the cavity determines
the EM characteristics of each mode, so an optimal design is crucial for the best possible
accelerating performance. However, there are a multitude of contradicting optimization
goals and the most suitable design depends on the specific application of the accelerator.
Regarding only the accelerating mode, a high gradient is desirable for an effective accel-
eration. But the achievable axial electric field is limited by the maximally maintainable
surface fields which are proportional to the accelerating field. A too high magnetic surface
field may cause a thermal breakdown of the superconductivity [2, Ch. 11] which must
be avoided at all cost. Likewise, a too high electric surface field increases the risk of field
emission which can lead to an avalanche-like increase of free electrons, called multipacting.
Multipacting is a resonant process at which the electrons absorb the RF power impeding
to increase the field strength by raising the RF input power [2, Ch. 10]. The ratios of
the peak surface fields to the accelerating field can be minimized by a suitable mid-cell
shape. By the introduction of a curved shape, noticeable improvements were achieved in
the last decades. Nowadays, a multitude of basic cell designs like elliptical, reentrant, low
loss or spline cavities exists [3], [4], [5], [6], each of them modifiable by several geometric
parameters (e.g. seven parameters for an elliptical cell shape). The multitude of different
basic shapes demonstrates not only the importance of a shape optimization but also the
complexity of the task. The process becomes even more complicated if the complete mul-
ticell structure is considered. Here, first of all the flatness of the accelerating field is of
importance since an optimal acceleration is solely achieved if the particles gain an equal
kick in each cell [2, Ch. 7]. For this purpose, again an iterative tuning of the end-cells is
required. In addition, the intrinsic quality factor of the accelerating mode should be as
high as possible in order to minimize RF losses.

One of the main issues for multicell cavities is the existence of higher order modes
(HOMs). All modes whose frequency is higher than the one of the accelerating mode are
denoted as HOMs. Charged particles traversing the structure can generate a broadband
excitation of HOMs entailing so-called wakefields which are time-dependent superposi-
tions of these modes [7], [8], [9], [10], [11, Ch. 19]. The excitation of a wakefield creates

3
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additional cryogenic losses by extracting energy from the particle beam and heating the
cavity walls. In addition, the wakefields persist inside the structure for a certain time
and thus may interact with following bunches of charged particles. In SC cavities with
their very low surface losses, the wakefield energy almost exclusively reduces by external
port losses, identified by the external quality factors of the modes. So, the wakefields may
decay very slowly and interfere with trailing particles. Single-bunch effects are caused
by short-range wakefields which are generated by the particles at the head of a bunch
and affect the particles in its tail. Varying longitudinal wakefields can create an energy
spread within the bunch degrading the beam focusing. Transverse wakefields deflect the
particles at the tail leading to a beam emittance growth. HOMs that can cause transverse
wakefields are therefore also denoted as deflecting modes. Coupled-bunch instabilities by
long-range wakefields can be even more dangerous than single-bunch instabilities since
they affect following bunches and have a self-amplifying effect. Deflecting modes which
are excited by off-axis particles can lead to a further deflection of following particles,
which in turn amplify the mode excitation. If the process is not counteracted, it creates a
beam breakup (BBU) resulting in a loss of the beam. HOMs with a very weak coupling to
the beam pipes or neighboring cavities cannot leave the cavity and thus have very high
external quality factors. Such trapped modes can be extremely dangerous for the beam
stability if they possess a high interaction capability with the beam, specified by their
shunt impedance. Hence, an adequate damping of the higher order modes is essential to
reduce the quality factors of potentially dangerous modes and thereby avoid a resonant
buildup of beam-induced wakefields. For this purpose, HOM couplers are applied which
allow all modes but the accelerating mode to pass. There are three major types of HOM
couplers: waveguide, coaxial and beam tube couplers [2, Ch. 16|, [12], [13], [14]. A large
aperture radius also facilitates the damping but may also decrease the shunt impedance
of the accelerating mode. As a consequence, the transition between cavity and beam pipe
as well as the position, orientation and shape of the HOM coupler have to be included in
the cavity optimization process. At this, a rigorous modal analysis is absolutely necessary
for an identification of dangerous modes and an adaptation of the cavity design [4], [15].

Despite nowadays elaborate technological manufacturing precision and high techni-
cal standards a discrepancy between the actual and the ideal cavity design can never
be prevented. Fabrication tolerances and deformations due to operational demands may
noticeably change the EM properties. Especially in accelerators with many cavities, such
geometric imperfections have a vital role in the choice of the structure [16, Ch. 2]. Geo-
metric deformations may impair the field flatness [17] or increase the adverse effects of
HOMs. For instance, an eccentricity of the ideally cylindrical profile may lead to an in-
creased transverse coupling of the wakefields [18]. Further, additionally to the internally
trapped HOMs, which do not couple to the beam pipe waveguide modes and exist already
for the ideally shaped cavity, externally trapped modes can emerge [19]. Such HOMs may
arise in chains of cavities due to the different frequency band shift of each cavity, caused
by imperfections. For a cavity in the middle of the chain, the modes at the ends of a pass-
band can fall into the stop bands of neighboring cavities and thus be trapped. Particularly
trapped modes are very sensitive to small geometric changes. But the detuning of HOMs
may also improve the beam stability by eliminating long range synchronous modes [19].

The cavity fabrication [3] starts with the deep drawing of half-cells. Two half-cells each
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are electron-beam welded at their irises to a so-called dumbbell which is additionally sta-
bilized by welding a stiffening ring around the iris. Based on a frequency measurement the
length of each dumbbell is then trimmed at its equator to correct the accelerating mode
frequency. The HOM frequencies are usually not examined. Subsequently, N..; — 1 dumb-
bells and two further half-cells are welded to a Nggp-cell cavity. The cavity wall thickness is
further multiple times reduced during the production by chemical or electro-polishing and
cleaning. Every fabrication step contributes to the geometric deviations from the perfect
shape with the result that the geometry of each cell and thus of each cavity is different.
The effects of production-related imperfections may be tested after the completion of the
cavity. However, during operation the cavity is subject to further deforming factors which
are partially difficult to predict. Firstly, the cool-down to operating temperature leads to
a cavity length change. Furthermore, the cavity geometry dynamically changes. The cav-
ity wall thickness is limited by the ability to cool it down by the cryo-modules and thus
has a certain mechanical instability which makes the cavity susceptible to microphon-
ics and Lorentz force detuning [2, Ch. 19], [20]. Microphonics detuning includes ambient
noise generating a spectrum of mechanical vibrations that cause a variation of the reso-
nant frequencies. Lorentz force detuning (LFD) describes the contraction, a simultaneous
stretching and compression, of the cavity during operation due to the interaction of the
cavity with the RF magnetic field. LFD distorts the EM fields and is relevant for a high
accelerating field strength and for pulsed accelerators. Frequency tuners are used to adjust
the accelerating mode frequency of the imperfect cavity after installation. Additionally
they dynamically tune the cavity during operation using piezoelectric actuators to com-
pensate microphonics and LFD but also amplitude, phase or beam current variations. For
this purpose, typically a slow main tuner and a fast fine tuner are applied.

The deformations resulting from fabrication imperfections and operational demands
lie in the range of tens of micrometers up to millimeters while the frequencies have a
sensitivity of some MHz/mm [3], [18], [19], [21]. Several publications proved the impor-
tance of a HOM survey regarding the effects of realistic deformations by numerical and
experimental data [3], [18], [20], [22], [23], [24]. For instance, both simulated and measured
results displayed noticeable differences for the frequencies and external quality factors of
HOMs.

1.4 State of the Art and Problem Statement

The previous section elucidated that a rigorous broadband computation of the EM prop-
erties is of major importance for an optimal and robust cavity design since the EM fields
are highly sensitive to geometric modifications. The resolution of the applied method must
cope with the size of the deformations and the regarded frequency range. But at the same
time it has to allow for an investigation of a vast number of different designs. The opti-
mization of the mid-cell shape for the maximization of the accelerating field is subject to
at least two limiting constraints, the electric and magnetic surface fields, and depends on
even more variable geometric parameters. This multi-dimensional problem already may
involve a considerable computational effort. The analysis of the complete multicell struc-
ture regarding field flatness and HOM properties is even more expensive, in particular if
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additional devices like input or HOM couplers have to be included. The numerical models
of such structures involve a higher number of degrees of freedoms. In addition to this, the
frequency bands of multicell cavities are more densely populated with modes. Thus, also a
larger number of modes has to be investigated for an appropriate HOM analysis. However,
the investigation of the effects of unavoidable geometric imperfections by far surpasses the
optimization demands due to the statistical nature of the deformations. A vast amount
of randomly generated design variations has to be considered for the complete structure
in order to obtain a realistic sensitivity estimation. This is aggravated by the fact that
imperfections generally involve asymmetric deformations which often further increase the
computational expenses for the modeling.

The EM characteristics of a cavity can be determined by computing the EM fields
in time or frequency domain. The time domain analysis, involving a field excitation by
waveguide ports, is the most rigorous and most accurate method to compute the EM
fields and particularly their external quality factors [15], [25]. However, the application of
time domain methods is inconvenient for SC cavities due to large time constants arising
from the modes’ high quality factors. The results may even be wrong if the simulation
time is too short or the mesh used for the discretization of the structure creates parasitic
resonances [15]. In frequency domain, the EM properties of guided wave systems are often
described by scattering parameters [26, Ch. 3|, [27, Ch. 4]. But scattering parameters do
not provide information about the field distributions inside the cavities and thus cannot
yield all required quantities. The most common approach of modeling a RF cavity is a
modal analysis of the steady-state EM fields of a respective ideal resonator with PEC or
PMC boundaries. The eigenmode concept is very useful for the analysis of RF structures
allowing for the determination of all relevant EM characteristics. In addition, the effects of
traveling waves, such as external energy losses may be determined a posteriori by modal
approaches [15], [28], [29]. There are also algorithms for the eigenmode computation with
open boundary conditions which directly include external losses [30], [31]. However, they
involve the solution of complex eigenvalue problems causing high computational expenses.

The standard approach for performing geometric parameter studies of the EM charac-
teristics is the execution of lossless eigenmode computations combined with an iterative
modification of the structure’s shape. The major drawback of this straight forward ap-
proach is that each geometric modification necessitates a complete recomputation of the
eigenmodes regardless of its extent. The resulting computational effort is enormous, forc-
ing a tradeoff between design requirements and computational time. In literature a large
variety of studies concerning the EM properties of superconducting RF cavities by means
of numerical eigenmode computations exists, for instance [4], [5], [32], [33], [34], [35]. Most
of them solely perform an optimization regarding the perfectly shaped cavity whereas the
effects of geometric imperfections are excluded from the investigation, even though they
may be of particular importance for the final design. Moreover, often merely the modes
within a relatively small frequency range are analyzed. Thus, dangerous modes with a
higher frequency may be not be detected. Likewise, the number of optimization steps is
often limited by the computational demands.

Extensive direct parameter studies may only be realized by supercomputers and mas-
sive parallel computing. However, only a few facilities worldwide possess the necessary
technical resources [31], [36]. There are several alternative approaches to efficiently esti-
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mate the effects of geometric variations. An example for computing the frequency shift
based on the mode sensitivity is given in [21]. But the determined sensitivities are only
valid for the specific geometry and variations of limited extent. Furthermore, such ap-
proaches also require direct computations in order to obtain the sensitivities. A shape
determination algorithm for solving unknown perturbations through a least square mini-
mization is presented in [37]. It bases on a forward eigenmode computation by means of
a mesh distortion method [38]. Mesh distortion methods reduce the computational effort
for the solution of the eigenvalue problem. But nevertheless, they require a recomputation
for every geometric variation and thus are not suitable for complex parameter studies. An
eigenmode solver that directly yields the frequency sensitivities and further computes the
effect of LFD by a stochastic response surface method based on the uncertainty concept
is demonstrated in [39]. Disadvantageously, the computation of the EM field distributions
is not considered. So, EM quantities such as quality factors cannot be obtained. The
same applies to the often applied Slater’s cavity perturbation theorem [28, Sec. II1.7]. Tt
allows for a computation of the frequency shifts caused by a geometric deformation but
does not account for the field distributions. Another perturbative approach enables the
approximation of both the frequencies and the EM fields of a deformed cavity by using
the eigenvalue and eigenvector derivatives [40]. The derivatives are determined based on
modal superposition methods or direct methods. But according to [40], the method’s ma-
jor drawback is that precise results can demand a high effort similar to the one of a direct
computation.

The here presented perturbative methods offer an efficient approach to tackle the
problem of geometric parameter studies. They allow for the computation of the eigen-
modes and the derived EM properties for a vast number of different cavity designs based
on the eigenmodes of just one initial design. The fundamental idea of the methods is
to expand the eigenmodes of a modified, perturbed structure in terms of the orthogonal
eigenmodes of the initial, unperturbed geometry. Hence, inefficient repetitive computa-
tions are avoided and the limitations of conventional methods exceeded. Particularly in
case of extensive studies, the methods can significantly reduce the computational demands
and thus are very suitable for a performance optimization of multicell structures with a
simultaneous investigation of shape imperfections. Their application is motivated by the
following advantages:

e The methods enable the computation of both the frequencies and field distribu-
tions over a wide frequency range and thereby the determination of integral cavity
characteristics.

e They require a conventional numerical eigenmode computation only once for the
initial, unperturbed geometry. At this, the eigenmodes can be computed with a
freely selectable technique.

e Once the eigenmodes of the unperturbed resonator are computed, the eigenmodes
of an arbitrary number of modified geometries can be determined with a very low
effort. So, geometric parameter studies are less computationally demanding and may
be performed on a larger scale.
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e The eigenmodes of a structure with symmetry breaking elements, like tuned end-
cells or wall deformations, can be derived from the eigenmodes of a symmetric
unperturbed structure. This may lead to a significant reduction of the degrees of
freedom and thereby to a further efficiency improvement as well as to an expansion
of the computable frequency range.

e By a suitable partitioning of the unperturbed geometry into segments, each segment
can be individually modified. In this way, the computational effort is further reduced.

e The methods are applicable to arbitrary RF structures with PEC or PMC bound-
aries and are suitable for automation.




Chapter 2

Electromagnetic Field Theory

This chapter provides a brief survey of the basic equations of electromagnetic (EM) field
theory that describe the functional principle of radio frequency (RF) accelerating struc-
tures and form the basis for the perturbative methods in Chapter 3. Subsequently, the
most relevant figures of merit for characterization of RF accelerating structures are intro-
duced.

2.1 Maxwell’s Equations

James Clark Maxwell (1831-1879) reviewed and collated the most important laws on
electric and magnetic phenomena, established by different scientists over several decades
by empirical and theoretical investigations. He was the first person formulating a complete
set of equations describing the behavior of electromagnetic phenomena [41]. Later, the

equations were reformulated into the present-day form by Oliver Heaviside (1850-1925).
This set of equations is formally known as Mazwell’s Equations.

2.1.1 General Maxwell’s Equations

Maxwell’s equations can be written either in integral or differential form. The integral
representation is given by

#B(r, t)-dA = 0, (2.1)

B)

# D(r,t)- dA = ///p(r, t)dv, (2.2)
%E(r,t)‘ ds = — // %B(r,t)~ dA, (2.3)
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where D(r,t) denotes the electric flurz density (unit: As/m?), p(r,t) the electric charge
density (unit: As/m?), B(r,t) the magnetic flur density (unit: Vs/m?), E(r,t) the electric
field strength (unit: V/m), H(r,t) the magnetic field strength (unit: A/m) and J(r,t) the
electric current density (unit: A/m?). The electric and magnetic field strength are also
known as electric and magnetic field intensity, or electric and magnetic field for short.
The spatial and time dependence of the quantities is indicated by the position r (unit: m)
and the time t (unit: s). Further, dV, dA and ds compose the infinitesimal volume, area
and line element. Gauss’s law for the magnetic field (2.1) states that the total magnetic
flux through the closed boundary 0f2 of a domain € is always zero. It thereby implies
the non-existence of magnetic charges. Gauss’s law for the electric field (2.2) requires
the total electric flux through the closed boundary 92 of a domain 2 to be equal to the
total electric charge enclosed by 0. Faraday’s law of induction (2.3) expresses that the
negative time derivative of the total magnetic flux through a bounded surface S is equal
to the integral of the electric field along the closed contour 0S5 of the surface S, i.e a
time-varying magnetic field involves a non-conservative electric field. Ampére’s circuital
law extended by Mazwell’s hypothesis of displacement current (2.4) states that the total
current through a surface S, formed by the time derivative of the total electric flux and the
electric current density, is equal to the integral of the magnetic field along the contour 0S.

While the integral form of Maxwell’s equations is more appropriate for understanding
the physical meaning of the equations, the differential representation is often more suitable
for mathematical considerations. The equations (2.1) - (2.4) can be transformed into
differential form by applying the divergence theorem (A.3) and Stokes’ theorem (A.4)

V- B(r,t)= 0, (2.5)
V- -D(r,t) = p(r,t), (2.6)
V x E(r,t) = —%B(r,t) : (2.7)
V x H(r,t) = %D(r, t)+ J(r, ). (2.8)

The relation between electric charge density and electric current density, can be restated
from (2.6) and (2.8) as

//J(r,t)~dA . %///p(r,t) v (2.9)
o0 Q

qa

by applying (A.6). The equation of continuity (2.9) shows that a transport of charged
particles from a domain €2 leads to a reduction of the total domain charge qq (unit: As)
by a current flow through its surface and thereby clarifies the conservation of charge in
Maxwell’s equations.

In media, the phenomena of conduction, polarization and magnetization influence the
behavior of the electromagnetic fields. They have to be taken into account by additional
constitutive relations and parameters. In general, the constitutive parameters are scalars
or tensors that can be spatially, time- and temperature-dependent as well as a function of
the field strengths. However, in the following equations, the constitutive parameters are
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only referred as scalars without any dependences (o, € and p) to avoid an unnecessarily
complex notation. Despite this simplified notation, the actual possible dependences must
still be regarded. The total electric current density consists of three, partially material-
dependent, components

J(r,t) = oE(r,t) +v(r,t) p(r,t) +Jic(r, 1) . (2.10)
Jo(r, 1) Jee(r, 1)

The conduction current density J,(r,t) only occurs in conducting media and obeys Ohm’s
law. It is proportional to the electric field strength by the proportionality factor of the
electric conductivity o (unit: S/m). In contrast, the convection current density Je.(r,t)
reflects the effects of moving charged particles with a wvelocity v(r,t) (unit: m/s) in in-
sulators or dielectrics. The third component, the impressed current density Ji.(r,t), is
field-independent and represents currents excited by external sources. The electric flux
density D(r,t) depends on the electric field strength E(r,¢) and the polarization induced
by E(r, ). Similarly, the magnetic flux density B(r, ) is determined by the magnetic field
strength H(r,?) and the magnetization due to H(r,¢). The relations are described by

D(r,t) = eoe, E(r, 1), (2.11)
g
B(r,t) = wH(r,t) . (2.12)
o

The permittivity € (unit: F/m) is the product of the vacuum permittivity eg = 8.85418782-
107'2 F/m and the relative permittivity ,. The permeability p (unit: H/m) is the product
of the vacuum permeability o = 47 - 107" H/m and the relative permeability ji,. In any
case, €9 and pg are constant scalars and define the speed of light in vacuum cy by the
following relation

1
\/Moefo.

In homogeneous media, all constitutive parameters are spatially independent. In aniso-
tropic media, the conduction, the polarization and/or the magnetization are directionally
dependent. In this case, o, €, and/or p, become tensors of rank two. In addition, aniso-
tropic media described by symmetric tensors are called reciprocal. Dispersive media cannot
polarize or magnetize instantaneously and thereby show a frequency-dependent behavior.
Thus, in dispersive media, J,(r,t), D(r,¢) and/or B(r,t) are not only determined by the
present value of the respective field strength but also by its time derivatives. In non-linear
materials, o, &, and/or p, themselves depend upon the field strengths. The hysteresis of
ferromagnetic materials is a prominent example for a non-linear medium [42]. For the sake
of completeness, it must be mentioned that a cross coupling between electric and magnetic
field may occur in bi-isotropic and bi-anisotropic media. Such media can be polarized by
a magnetic field and magnetized by an electric field [43]. A detailed description of the
electromagnetic properties of matters is provided in [44, Ch. 2]. In this thesis, only lin-
ear, homogeneous, time-invariant (non-dispersive), isotropic, charge-free and source-free
materials are considered, since the investigated RF structures like cavities, beam pipes,

o = (2.13)
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waveguides and couplers are evacuated or filled with air. Beam effects are only regarded
a posteriori. Hence, inside the structures p(r,t) = 0, 0 = 0 and Ji.(r,t) = 0 while € and p
are constant scalars. RF ferrite cavities [45], waveguides with energy absorbing materials
[46], laser plasma accelerators [47], [48] or other devices applied in accelerator physics
that consist of more complex materials are not part of this thesis.

In the context of particle acceleration, the effect of an EM field on a particle carrying
the charge ¢ is of particular interest. It is described by the Lorentz force Fy(r,t) (unit: N)
[26, Ch. 1]

Fi(r,t) = q(E(r,t) + v(r,t) x B(r,1)). (2.14)

For a positive charge, the electric force acts in the same direction as the electric field
whereas the magnetic force is perpendicular to the direction of the particle velocity and
the magnetic flux. Thus, electric fields are particularly suitable for accelerating particles
and magnetic fields for deflecting them. More generally formulated, the velocity v(r,t) is

the temporal change of particle position %r.

2.1.2 Maxwell’s Equations for Time-Harmonic Electromagnetic
Fields

Steady-state alternating fields that sinusoidally oscillate at an angular frequency w (unit:
rad/s) are called time-harmonic fields and are of particular importance in electromagnetic
field theory involving the phenomena of waves in linear media. Time-harmonic fields can be
represented as complex quantities, called phasors, to simplify mathematical considerations
[26, Ch. 1]. The instantaneous quantity is defined as the real part of the corresponding
complex quantity that has a time dependence proportional to e**. The electric field E(r, ¢)
can for instance be expressed in terms of a complex electric field E(r,t)

E(r,t) = R{E(r,t)} = R {“)E(r)} . (2.15)

As apparent from (2.15), the time-harmonic vector E(r, ¢) is identified as a product of two
distinct functions, a spatial vector function E(r) and a time-dependent scalar function
with the frequency w and the phase ¢.. Consequently, the time derivative of E(r,t) is

%E(r, t) = jwE(r,t). (2.16)
The phasor representation, as demonstrated in (2.15) - (2.16) for the electric field E(r, t),
can be applied to every other time-harmonic quantity, provided that its components have
the same frequency and a constant phase shift. Otherwise a separation into a purely
spatially and a purely time-dependent function is not possible. However, any transient field
or source, involving time variations in arbitrary forms, can be expressed as a superposition
of sinusoidal functions of different frequencies according to Fourier’s theorem [49, Ch. 1]
which in turn may be transformed into a complex form. Beside the angular frequency w,
that describes the rate of the phase change, there exists a different frequency term, the
temporal frequency f (unit: Hz). It states the number of oscillations per unit time and is
related to w by

w = 2rf. (2.17)
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For time-harmonic complex fields, the equations (2.1) — (2.4) become the frequency-domain
Mazwell’s equations
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In the context of eigenmodes, that will be introduced in Section 2.2, the definition of
complex electromagnetic field vectors will be further concretized.

2.1.3 Energy Conservation in the Electromagnetic Field

The conservation of energy in the electromagnetic field is described by Poynting’s theorem
[26, Ch. 1], [44, Ch. 1], which is directly derived from Maxwell’s equations as described
in Appendix A.4.2. Poynting’s theorem in integral form is

#(E( t) x H(r, ¢ ///( r,t B( ;+;53(r,t) /%D(r,t;)dv
0N
_///UE2 Hdv - /// (Jeolr, t) + Jic(r, 1)) dV- (2.22)

Here, ue(r,t) is the instantaneous electric energy density (unit: J/m?®) and uy,(r,t) the
instantaneous magnetic energy density (unit: J/m?3). The left side of (2.22) is the total
power flow through the closed surface 92 of the domain 2 while the right-hand side states
energy increases or decreases inside the domain. The first two terms on the right-hand side
characterize the time-dependent changes of the stored electric and magnetic energy, the
third term constitutes Joule energy losses in the form of heat and the last term describes a
gain or loss of energy due to an impressed electric field strength or a movement of charged
particles through the surface. The cross product of electric and magnetic field

S(r,t) = E(r,t) x H(r, 1), (2.23)
that describes the power flow per unit area at any point in space, is also denoted as the

time-domain Poynting vector S(r,t) (unit: W/m?). For linear, homogeneous, isotropic
and time-invariant media, the changes of energy densities per unit time d¢ become

d(ue(r,t)) = d(eE*(r, 1)), (2.24)
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and equation (2.22) simplifies to

# (E(r.f) x H(r, 1)) dA =
oN
. /// (%(EEQ(L t) + %HQ(r, 1)) + o E2(r,t) + B(r, 1) - (Jeo(r, £) + Jie(r, t)))dV.

(2.26)

Time-harmonic electromagnetic fields can also be described by the complexr Poynting
vector

S(r) = 5 (E(r) x H{r)). (2.27)

I
N | —

The additional prefactor arises from the sinusoidal time behavior of the fields [26]. The
real part of S(r,t) is equal to the time-average of the power flux density while the imagi-
nary part is equal to the reactive power flux density. Applying complex quantities, (2.22)
transforms into the frequency-domain Poynting’s theorem

Uy, (T) u,(r)

#m >x2H<> A9 /ﬂ ( B () E@) -4Q<r>’?)dv
/// L) Gy /// ;Jic(”* av. (2.28)

Equation (2.26) likewise transforms into

#m >x2H<> Al o ///(MH2 By [0 g
/// ;Le() av. Q (2.29)

It must be pointed out that E(r) and H(r) are the magnitudes of the stationary fields
E(r) and H(r) which are not to be confused with the instantaneous magnitudes of E(r, )
and H(r,t). The first term on the right-hand side of (2.29) is purely imaginary, i.e. it
does not create losses, involving only the time-depending conversion between electric and
magnetic energy in the EM field. Thus, the time-average energies stored in the electric
and the magnetic field are identical.

2.1.4 Wave Equations

Faraday’s law of induction (2.7) and Ampere’s circuital law extended by Maxwell’s hy-
pothesis of displacement current (2.4) are two coupled vector differential equations of first
order, describing the interactions between electric fields and magnetic fields. To obtain a
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solution for E(r,¢) and H(r,t), it is often more suitable to combine the two equations. In
a linear, homogeneous, isotropic and time-invariant media, this is achieved by transferring
Maxwell’s equations into the so-called wave equations [26, Ch. 1] (see Appendix A.4.3)
which contain either the electric or the magnetic field. The wave equations are four-di-
mensional hyperbolic vector partial differential equations (PDEs) of second order and
emphasize the wave nature of the time-varying EM fields. The inhomogeneous generalized
wave equations of the electric and magnetic field are

9, 0? Vo(r,t) 0
AE(I‘, t) - MU&E(F, t) - /L{:‘@E(r, t) = T + Ma (JCC(I', t) + Jic(r, t)), (230)
2
AH(r,t) — MU%H(F,t) — MS%H(r,t) =~V x (Jee(r, 1) + Tic(r, 1)) (2.31)

The first term on the left-hand sides of (2.30) and (2.31) can be interpreted as the rate
of spatial change of the respective field, the second term represents its damping part and
third term its oscillating part. The right-hand sides of the equations comprise the sources
of the fields. In a further non-conducting, charge- and source-free medium, with p(r,¢) = 0,
o =0 and Ji.(r,t) = 0, (2.30) and (2.31) become the homogeneous wave equations

2

AE(r,t) — ua%E(r,t) =0, (2.32)
2

AH(r,t) — ,us%H(r,t) =0 (2.33)

where the damping terms and the source terms vanish. The complex inhomogeneous wave
equations for time-harmonic EM fields are obtained by substituting the time derivative
9 — jw, resulting from (2.16), into (2.30) and (2.31)

E =
Vp(r, )

AE(r,t) — (ywpo — w’pe)E(r, t) — Jwpt (e (r,1) + Jic(r, 1)), (2.34)

AH(r,t) — (Jwpo — w?ue) H(r, t) = =V x (I (r,t) + I, (r,1)). (2.35)

cc
N J/
-~
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Here, the propagation constant v (unit: 1/m) is introduced to clarify the traveling behavior
of the wave [44, Sec. 4.3]. The quantity 7 is defined as

y=a+p (2.36)

with

a:w\/ﬁ\/%(\/l%—(ir—l), (2.37)
ﬁ:w\/ﬁ\/%(,/H(é)ZH). (2.38)

The attenuation constant a represents the damping of the wave and the phase constant 3
the spatial change of its phase. The complex homogeneous wave equations
AE(r,t) + w?peE(r, t) = 0, (2.39)
AH(r,t) + w?ueH(r,t) = 0 (2.40)
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are also known as the vector Helmhollz equations. Here, v is purely imaginary and (3
becomes the angular wave number k (unit: 1/m)

k = w\/JiE (2.41)

that is often simply referred to as wave number. The angular wave number is related to
the wavelength A (unit: m) by

2 2
=TT (2.42)
W/ € k

A

2.2 Electromagnetic Fields in Closed Structures

While in free space the time-harmonic electromagnetic fields can propagate as uniform
plane waves, they become guided waves inside accelerating structures, confined by material
boundaries [29, Ch. 5]. The boundary conditions imposed on a steady-state time-harmonic
EM field by cavity or waveguide walls constitute a time-varying boundary value problem
of the Helmholtz equations. By treating a cavity as an ideal resonator, such a problem can
be transformed into a three-dimensional (3D) eigenvalue problem, in which the fields are
standing waves, called eigenmodes. An ideal resonator is a lossless electromagnetic system
completely enclosed by a short-circuit or open-circuit surface that forms an adiabatic
system [26, Sec. 5.2]. The term resonator is often equivalently used as the term cavity
since they are closely related. But strictly speaking, a cavity, as referred to in accelerator
physics, is no ideal resonator because it has ports for energy input, beam propagation
and damping of higher order modes. The energy of eigenmodes whose frequency is higher
than a port’s cutoff frequency can propagate through the port and thus are actually
guided waves. Nevertheless, the concept of eigenmodes is very useful for the analysis
of RF structures allowing for the determination of several characteristics describing the
cavity. The effects of propagating waves involving a gain or loss of energy can be taken
into account by means of perturbation approaches based on the eigenmodes [28], [50],
[51]. Likewise, the effects of wall losses due to a finite wall conductivity can be considered
a posteriori by power loss methods [52].

2.2.1 Boundary Conditions

The perfect electric conducting (PEC) boundary condition describes the behavior of an
EM field on the surface of a perfect conductor 0. [26, Sec. 1.2]. It is also known as
short-circuit surface, in analogy with the short-circuit condition in circuit theory. Inside a
perfect conductor free charges cannot remain and all charges reside on its surface. Thus no
electric field exists inside the conductor and the electric field tangentially to its boundary
must be zero since it is continuous at the interface. In addition, the perpendicularity of
electric and magnetic field implies that the normal magnetic field is also zero

nxE(r)=0 and n-H(r) =0 at 0Qpec. (2.43)
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Here, n denotes the outward-oriented unit normal vector of the boundary (see Fig. 2.1).
The perfect magnetic conducting (PMC) boundary condition, also called open-circuit sur-
face or magnetic wall, describes the fields on the surface of a perfect insulator 0.
There, the tangential magnetic field and accordingly the normal electric field vanish

nx H(r)=0 and n-E(r) =0 at 0Qpmc. (2.44)

Evidently, the conditions for the PEC boundary are dual to those for the PMC boundary.
In the general case, neither the tangential electric nor the tangential magnetic field is
zero. Such a boundary is called impedance surface and can be described by the surface
impedance Zg (unit: Q)

—_ Hn X E(I',t)” — Etang(rat>
Inx H(r, )| Jg(r,t)

Z(x.1) (2.45)
which is the ratio of the two tangential fields. The tangential magnetic field at the bound-
ary is equal to the surface current density Jg(r,t) (unit: A/m). In structures where the
shape, size, and constitutive material vary periodically along one direction, called periodic
structures, steady-state EM fields show a cyclic spatial behavior and may be approached
by periodic boundary conditions [26, Sec. 7.4].

Figure 2.1 shows the shape of a seven-cell resonator. The inner domain of the resonator
is evacuated or filled with air and is thus non-conducting and has a constant permittivity ¢
and permeability p. Its walls are considered as PEC boundaries which is a reasonable
approximation for materials with a high electric conductivity owan, as it is the case for
superconducting cavities and to a certain extent also for copper cavities [53]. The ports
of the resonator are represented by PEC or PMC boundaries. By regarding both settings
independently, i. a. the coupling to neighboring cavities or beam pipes can be estimated
[15].

2.2.2 Eigenmodes

In an ideal resonator, only standing waves oscillating sinusoidally with the same frequency
and a fixed phase relation satisfy Maxwell’s equations because of the completely closed,
lossless boundary [26, Ch. 4], [28, Ch. III]. As a consequence, the complex EM field can

aQwall

Figure 2.1: Shape of a rotationally symmetric resonator constructed of elliptical cells.
The non-conducting inner domain §2,.s with the material parameters €, u, o =0 and p =0
is enclosed by the boundary 0€,es = 0Qyan U 0Qpipe.
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be separated into a spatially dependent part, referred to as stationary field, and a time-
independent part, referred to as time function. At that, the constant part of the field
amplitude can be arbitrarily assigned to the spatially or the time-depending part. Within
the scope of this thesis, the relation is now defined such that the spatially dependent
part is a purely real-valued vector whereas the time function is a complex-valued scalar
normalized to an absolute value of one, resulting in

E(r,t) = @) E(r), (2.46)

e'(t)
H(r,t) = j/@H%) H(r). 2.47
H(r.t) =y (r) (2.47)
R (t)
The real stationary electric field E(r) and stationary magnetic field H(r) are of a phys-
ically easy to interpret form while the complex electric time function e'(t) and magnetic
time function h'(t) do not affect the field magnitude by exclusively providing informa-

tion about frequency and phase. Consequently, the temporal relation between electric and
magnetic field is

Bi(t) = je'(t) = 2 e(t), (2.48)

i.e. the magnetic field has a phase advance of 7 to the electric field. By applying the
definitions (2.46) and (2.47) to the frequency-domain Maxwell’s equations (2.18) - (2.21),
the time dependences can be eliminated (see Appendix A.4.1), resulting in Maxwell’s
equations for a stationary EM field

Equations (2.49)—(2.52) are an essential basis of the perturbative methods in this thesis. It
must be pointed out that there is a sign change on the right-hand side of (2.51) compared
to the original Faraday’s law and that equations (2.49) — (2.52) are only valid with due
regard to (2.46) and (2.47). The spatial and temporal separation of EM fields may be
organized in a different way by other authors.

In an ideal resonator, the non-trivial solution of the Helmholtz equations

AE(r) + K°E(r)
AH(r) + k*H(r)

0, (2.53)
0

is given by an infinite number of discrete real values for k. These values are called eigen-
values and are ordered ascendingly with respect to their magnitude as ki, ko, k3, etc.
For each specific eigenvalue k; a corresponding three-dimensional vector function E;(r)
or H,(r) exists that fulfills (2.53) or (2.54) and the related boundary conditions for the
electric or magnetic field, respectively. These functions are called eigenvectors or eigen-
functions and represent the stationary fields corresponding to equations (2.46) and (2.47).
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The electromagnetic field with the angular eigenfrequency w; = k;/./Ji€, also called reso-
nant frequency, and the field pattern E;(r), H;(r) is the i-th eigenmode or normal mode
of the resonator, indicated by the mode index i. The eigenmode with the lowest possible
eigenvalue k; is further denoted as fundamental mode. A distinct eigenvalue corresponds
to exactly one eigenvector while an eigenvalue of the algebraic multiplicity Ny, > 1 cor-
responds to Ny, linearly independent eigenvectors. Eigenmodes with the same eigenvalue
but different field patterns are called degenerate modes. All eigenvectors form a complete
set of orthogonal basis functions, satisfying the following relations

20, /// ) AV =0y = {(1) :Z (2.55)

1 i=k
H,( ) AV = 6y, = e (2.56)
0 1#k

2U

which are derived as described in Appendix A.4.4. Here, d;, denotes the Kronecker delta.
According to (2.29), the total electromagnetic energy of the i-th mode U; (unit: J) is
defined as

/// // K (2.57)

rcs

By normalizing the amplitudes of E;(r) and H;(r) of each mode such that U; = 1J, the
orthogonal relations (2.55) and (2.56) can be universalized to orthonormal ones. Based on
the orthogonality relations, every continuous vector function with piecewise first and sec-
ond order derivatives that satisfies the resonator boundary conditions can be expanded in
an absolutely and uniformly convergent series in terms of the eigenvectors [26, Sec. 4.10].
Thus, the actual field inside the resonator may be expressed as a superposition of its
eigenmodes.

In principle, there exist two independent types of solutions satisfying the Helmholtz
equations (2.53) and (2.54). Firstly, solenoidal vector functions with

V-E(r)=0 or V-H(r)=0, (2.58)
and secondly, irrotational vector functions with
V xE(r)=0 or VxH(r)=0. (2.59)

Thus, both the electric and the magnetic field patterns can be separated into a solenoidal
and an irrotational part. However, according to the assumptions made in the scope of this
thesis, solely solenoidal vector functions are relevant to the solutions discussed here since
they satisfy Gauss’s law for the electric and magnetic field (2.49), (2.50). Eigenmodes can
further be differentiated with respect to their longitudinal field components, identified
by the longitudinal coordinate direction z. A transverse electric (TE) mode has both
transverse and longitudinal magnetic field components but only a transverse electric field
component. Its longitudinal electric field F, is zero. A transverse magnetic (TM) mode has
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also both transverse and longitudinal electric field components. But in contrast, it has only
a transverse magnetic field component and its longitudinal magnetic field H, is zero. In
multiply bounded resonators and waveguides with at least two separate conductors (see
Fig. 2.3(b)), additionally transverse electromagnetic (TEM) modes can exist that have
purely transverse electric and magnetic field components. TEM modes are also denoted
as principal modes. In case of arbitrarily shaped boundaries, TE or TM modes usually
cannot satisfy the boundary conditions and the modes are generally hybrid electric and
magnetic (HEM) modes. Nevertheless, it is a common practice to refer to a HEM mode as
a TE or TM mode if F, or H, is negligibly small or only occurs in close proximity to the
boundaries. This is strictly speaking incorrect but often useful to categorize an eigenmode
according to its resemblance to a true TE or TM mode of another resonator similar to
the actual resonator.

In order to solve the vector Helmholtz equations, the three-dimensional vector PDEs
can be reduced to three scalar PDEs based on an appropriately chosen coordinate system
and by means of different approaches like the method of Borgnis’s potentials [54], [55], the
method of Hertz’s vector potentials [55] or the method of longitudinal components [56]. If
the boundaries of a resonator are exclusively perpendicular or parallel to the directions of
a general orthogonal curvilinear coordinate system, the scalar partial differential equations
can be furthermore reduced to scalar ordinary differential equations (ODEs) by applying
the method of separation of variables [57]. Such a problem is called a simple boundary
value problem and can be solved analytically resulting in orthogonal functions called har-
monics. Two important simple resonator types are rectangular and cylindrical resonators,
shown in Fig. 2.2. The rectangular harmonics and cylindrical harmonics describing the
solution of the Helmholtz equations in Cartesian and circular-cylindrical coordinate sys-
tems, respectively, are presented in Appendix B. In case that the resonator boundaries
cannot be described by an appropriate coordinate system, the boundary value problem
is a complicated one. Such problems can be solved by means of approximation methods
like variational principles [26, Sec. 4.11], [29, Sec. 5.11], [58, Ch. 2] or field-matching tech-

N

() (b)

Figure 2.2: Two simple resonator types: (a) Rectangular resonator in a Cartesian coor-
dinate system. (b) Cylindrical resonator in a circular-cylindrical coordinate system, also
called pill-box resonator.

20



CHAPTER 2. ELECTROMAGNETIC FIELD THEORY

niques [26, Sec. 4.12], [59, Ch. 8] that are the basis of numerical computation techniques
(see Section 2.3), or by means of perturbative methods as discussed in this thesis.

2.2.3 Two-dimensional Eigenvalue Problems

Besides longitudinally variant cavities as shown in Fig. 2.1, cavities and especially wave-
guides with a cross section that is uniform along the direction of particle propagation z
(see Fig. 2.3) are of particular relevance for investigations of accelerating structures. For
such cases, the three-dimensional eigenvalue problem can be reduced to a two-dimensional
(2D) problem, as follows. By choosing a cylindrical coordinate system with the longitudi-
nal coordinate direction z and two arbitrary orthogonal transverse coordinate directions,
described by r, the Laplacian operator A can be transformed into a transverse Laplacian
operator A7 and the second-order partial derivatives with respect to z. The Helmholtz
equations then become

AB(r 1) + B 1) + KBl 1) =0, (2.60)
ArH(r,t) + %ﬂ(r,t) + k*H(r,t) = 0. (2.61)

In addition, every scalar field component W (in each spatial direction according to the
determined coordinate system) of the electric and magnetic fields may be expressed as a
product of scalar functions by applying the method of separation of variables

W(r,t) = W(rr) W.(2) W,(t). (2.62)

By transforming the vector equations (2.60) and (2.61) into scalar equations for each
component, applying (2.62) and eliminating the time dependences, each scalar equation
can be expressed as

ArWy(rr) ZW.(2)

Woer) Wy P 0 (2:63)

() (b)

Figure 2.3: Infinitely long waveguides with a uniform cross section: (a) Waveguide with
an arbitrarily shaped and simply connected cross section. (b) Double bounded coaxial
waveguide.
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Since k is a constant, (2.63) can be separated into two independent equations with re-
spective to the transverse and longitudinal dependences

AW
W r(rr)
LW (2) 0?
022 —= 2 _ - 2 =
O ——2\7 | |2 W + kW 2.

The wave number k is expressed in terms of a transverse wave number kp and a longitu-
dinal wave number k, with

k= k234 k2. (2.66)

Equation (2.64) is a two-dimensional eigenvalue problem determined by the boundaries of
the cross section. The eigenvalues k1 of the corresponding 2D eigenmodes are positive real
values in case of PEC and PMC boundaries like the eigenvalues of the 3D eigenmodes de-
scribed in Subsection 2.2.2. Equation (2.65) is a one-dimensional (1D) eigenvalue problem
with the general solution

W (2) =W, e+ W, e 7" (2.67)

For resonators with PEC or PMC longitudinal boundaries, the solution is restricted to
real-valued sinusoidal function in the form of

W (2) = W,osin (k.z+ éw.) (2.68)

with discrete real values k,. Infinitely long waveguides (see Fig. 2.3) are not bounded
in longitudinal direction, consequently k, and also k& have continuous values. If k& > kr,
the longitudinal wave number k, is a real value as follows from (2.66) and the solution
(2.67) represents undamped harmonic oscillations. Thus, eigenmodes with a real-valued
k, are traveling waves, called propagating modes. In contrast, eigenmodes with an imagi-
nary k,, called evanescent modes, attenuate exponentially in longitudinal direction. The
critical state between propagation and attenuation is determined by the transverse wave
number k7 that defines the angular cutoff frequency w, of a waveguide

k.
VHE

For waveguides that support TEM modes, like the coaxial line shown in Fig. 2.3(b), k¢
is zero. So, modes for any frequency may propagate in them.

(2.69)

Weo =

The concept of two-dimensional eigenmodes may not only be applied to simplify three-
dimensional eigenvalue problems but is also an essential tool to describing the mode cou-
pling at interfaces between cavities and subsequent cavities or beam pipes [26, Sec. 7.8],
[60], [61]. By using the 2D eigenmodes as so-called port modes, the energy input or output
through the ports of cavity can be considered. Furthermore, concatenation methods [62],
[63] allow the computation of complex cavity structures by partitioning the structure into
segments and concatenate the 3D eigenmodes of the segments by means of their port
modes.
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2.2.4 Categorization of Eigenmodes

It is often beneficial to categorize the eigenmodes of cavities according to their frequencies
or according to certain characteristics of their EM fields. In the context of this thesis,
this is evenly important for an efficient application of the perturbative methods (PMs).
Depending on the their resonant frequency, the eigenmodes can be divided in lower order
modes (LOMs) and higher order modes (HOMs). However, related to accelerating cavities
the term HOM almost exclusively refers to impeding modes whose frequency is higher
than the one of the accelerating mode and that can be excited by charged particles. To a
certain extent, a mode may also be denoted as TE or TM-like according to its resemblance
to an actual TE or TM mode. This classification indicates which are the dominant field
components and thus if the mode rather can de-/accelerate or deflect particles. The modes
in rotationally symmetric structures are further categorized by the sinusoidally azimuthal
dependence of their fields

E(r),H(r) < sin(mey + ¢o) (2.70)

by an azimuthal index m. The modes are accordingly denoted as monopole (m = 0),
dipole (m = 1), quadrupole (m = 2) and so forth. While exclusively monopole modes are
used for particle acceleration, dipole modes are especially critical for a beam deflection
[2, Ch. 15]. All circularly asymmetric modes (m > 1) have a polarization degeneration
[26, Sec. 5.4], i.e. each mode can exist with an arbitrary field polarization angle ¢o. The
arbitrary orientation can be expressed as the combination of two orthogonal degenerate
modes with a polarization angle shift Ap of

Ap = I (2.71)
Since the azimuthal dependences are analytically known, a rotationally symmetric struc-
ture constitutes a specific form of a 2D eigenvalue problem that can be solved by so-
called 2.5D eigenmode solvers like URMEL [64], URMEL-T [65], SUPERFISH [66], Su-
perLANS2 [67] or YACS [68]. It is also useful for the PMs to classify the modes as even
or odd with regard to the symmetries of their field patterns arising from the symmetries
of the resonator geometry. For simple resonator structures like rectangular or cylindrical
resonators, moreover, each coordinate direction is related to a classification index (see
Appendix B) determined by the number of local extrema in the respective direction.

MCF
Cop —

Figure 2.4: Simple electrically coupled equivalent circuit for the single cells of a multicell
resonator: The i-th mode of the single-cell resonator is formed by an inductance L; and a
capacitance C; which is coupled to the next cell by a capacitance Cp,.
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State of the art cavities used for particle acceleration are almost exclusively multi-
cell cavities. A multicell resonator consists of an array of N often nearly identically
shaped cells (see Fig. 2.1) that form a system of coupled oscillators. Hence, the character-
istics of a multicell resonator may be described by an equivalent circuit model [2, Ch. 7],
[69, Ch. 3] as the one shown in Fig. 2.4. Each eigenmode of the uncoupled single-cell
resonator generates a set of N. modes in the multicell resonator within a definite fre-
quency band, denoted as passband, that is close to the corresponding single-cell eigenfre-
quency w; = 1/4/L;C;. Consequently, each multicell mode can additionally be categorized
by a passband index ¢ with 1 < ¢ < Ng. The frequency w;, of the ¢-th passband mode
based on the equivalent circuit in Fig. 2.4 is given by

Cep. l

wig=w; |1+2 le (1 — cos <NZ:11)>' (2.72)
—— ——
Kep, Q

So, the spacing between the passband frequencies increases the stronger the cell-to-cell
coupling constant ke, becomes. The quantity 2, defines the phase advance per cell of
each mode ¢ and can take values between zero and w. The characteristic phase advance
is especially apparent in the relative field amplitude A;, in the single cells v

} 2v—1
Ay, x sin (ﬁw( N >> : (2.73)

as Fig. 2.5 illustrates for a six-cell resonator. For instance, the sign of the EM field of
a m-mode inverts with each cell. For this reason, the TMy o _-like mode is used for the
particle acceleration. The smaller the cell-to-cell coupling k., of a passband is, the more
similar are the field patterns in each cell to the one of the respective single-cell mode 1,
differing primarily in their relative amplitudes. However, the majority of the HOMs has
a strong coupling, so their field patterns may significantly vary in each cell and for each
passband mode, hardly resembling the single-cell pattern.

Figure 2.5: Relative amplitude A;, of the EM field in each cell v of a six-cell resonator
for a passband of modes: (a) 7/6-mode. (b) 7/3-mode. (c¢) 7/2-mode. (d) 27 /3-mode. (e)
57 /6-mode. (f) m-mode.
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In the context of this thesis (see Subsection 4.4.2), a mode recognition algorithm was
developed [70] to determine the modes’ azimuthal index m as well as the radial and lon-
gitudinal regularities of their electric and magnetic fields. The algorithm further supports
a distinction of TE and TM modes and the identification of the passband index ¢ for
multicell cavities. A correct determination of the last two parameters principally depends
on the complexity of the EM field patterns. Despite of these quantitative inaccuracies,
the algorithm provides a suitable qualitative mode categorization.

2.3 Discrete Formulation of the Wave Equations

Analytical solutions for Maxwell’s equations are only available for very simple geometries.
For instance, the time-varying boundary value problems of the Helmholtz equations (2.39)
and (2.40) considered in this thesis are analytically describable in terms of harmonics
solely in case of simple boundary value problems as introduced in 2.2.2. For more com-
plex geometries, an analytical solution can be found only in rare cases. With the advent of
computers a large variety of numerical methods for tackling such electromagnetic problems
developed, constituting the field of computational electromagnetics (CEM). These meth-
ods can treat large classes of EM problems. Several of them are presented in [71]. Most
frequently used algorithms in frequency-domain are the finite element method (FEM), the
boundary element method (BEM), and the finite integration technique (FIT). The BEM
solely discretizes surfaces whereas FEM and FIT also discretize volumes. The majority of
these numerical methods bases on a discretization of the domain, constituted by a grid
(structured) or mesh (unstructured), that enables a discrete formulation of the continuous
differential equations. The discretization necessarily requires a restriction to a finite do-
main, denoted as solution or computational domain, and the specification of proper field
conditions on the domain boundary. Thereby caused discrepancies between discretized
and actual boundary are referred to as geometry error whereas deviations arising from
the approximation of the EM quantities are characterized by the discretization error. A
spatial discretization error arises from an approximation of the exact spatial functions
by, for instance, polynomial functions. In the context of time-domain EM problems, ad-
ditionally a temporal discretization error is of relevance. Both spatial discretization and
geometry error can be reduced by choosing a finer mesh. However, the finer the mesh, the
higher the requirements regarding computing hardware and computational time. For this
reason, a local mesh refinement in regions of interest or other mesh control techniques
are often beneficial for the efficiency. An appropriate compromise between accuracy and
computational demands can be identified by a mesh refinement study. The geometry error
is additionally reducible by boundary refinement techniques like curved cells [72, Ch. 7]
or partially filled mesh cells.

The finite element method is a standard method for the solution of (partial) differential
equations. For the eigenmode computations in this thesis exclusively FEM-based solvers
are used. Therefore, the basics of the methods are briefly outlined here using the example
of the Helmholtz equation (2.39) for the electric field E(r,t). A detailed description of the
FEM fundamentals and implementational aspects are presented in [71, Ch. 6] and [73].
A major advantage of FEM is that it states a well-defined representation of the sought
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function everywhere in the solution domain providing important properties concerning
stability and convergence. Further, it supports the use of an unstructured mesh and curved
elements allowing for an accurate and flexible discretization of complex structures. The
discretization is usually done on triangular or hexahedral meshes, but a multitude of
elements, for instance prisms, pyramids, or cubes for 3D, are applicable. Considering a
problem in the form of

Lif(r)]=s inQcom (2.74)

with a linear operator L, the source s and the sought function f(r) (scalar or vector)
whose boundaries may be defined by a Dirichlet boundary condition

f(r)=p  at Oomi, (2.75)
a Neumann boundary condition

fi(r)=q at 0%oma, (2.76)
or a Robin boundary condition

f'(x) +Cf(r) =q at 9coms, (2.77)

at first the solution domain ey, is subdivided into Ny, elements (mesh cells). The so-
lution of f(r) is then approximated by an expansion in terms of a finite number N}, of
so-called basis functions 1, (r)

Fr) =" (r) (2.78)

with the basis function coefficients c,. These basis functions are usually low order polyno-
mials. After discretizing the solution domain and choosing appropriate 1, (r), the resid-
ual 7 of the solution which defines the quality of the numerical solution (2.78)

r=L[f(r)]—s (2.79)

is formed in order to minimize it. In general, it is not expedient to seek for a pointwise
converging residual » = 0 since this may be a very complex task often leading to non-
smooth solutions. Instead, a weighted residual is required to be zero which is formed
based on a variational (weak) formulation of the governing equation (2.74)

/wv(r) -L[f(r)] dQ = /wv(r) csdQ Vaw,(r). (2.80)

com com

It is obtained by multiplying (2.74) by a test function w,(r) and integrating the term over
the entire solution domain §2..,. Setting the weighted residual to zero results in a sparse
linear system of equations for which the unknowns ¢, are then determined.

Generally, each basis function ,(r) has non-zero values only in a few adjacent ele-
ments or even just one element. So, a finite element not only refers to a geometric element
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but also to a local polynomial space defined in the element and a set of degrees of free-
dom (DOFs) defined on this space, conditioning the basis functions. Depending on the
governing equation (2.74), boundary conditions (2.75) — (2.77) and involved quantities
there are different types of basis functions and accordingly also different types of finite
elements [73, Ch. 3] to provide a most suitable solution. At this, the DOFs of a finite
element are determined by the spatial dimensions of the geometric element and the poly-
nomial order o of its basis functions. Nodal elements, also denoted as Lagrange elements,
are H'-conforming elements commonly used in the context of scalar functions. A nodal
basis function v, (r) is associated with a single node v where 1, (r) has a value of one
whereas it is zero at all other nodes. For a linear Lagrange element (o = 1), involving
so-called tent functions, the nodes are identical to its vertices, as Fig. 2.6 illustrates. For
higher order polynomials, additional nodes are allocated along the edges, facets or in-
side the element matching the number of DOFs. Theoretically, nodal elements can also
be applied to vector quantities by expressing each vector component separately in nodal
basis functions. Hence, they could be used for solving the Helmholtz equations. However,
this may cause non-physical solutions in the form of spurious modes [71, Sec. 6.5]. Curl-

() (b) (c)

Figure 2.6: 2D triangle Lagrange H' element: The element vertices are displayed in
black, its edges in gray. (a) — (¢) The linear local scalar basis functions 1, (r) (0 = 1)
are displayed in blue (value range: 0 = white to 1 = saturated) and associated to the
respective nodal DOF (red).

(b) (c)

Figure 2.7: 2D triangle Nédélec H(curl) element of the first kind: The element vertices are
displayed in black, its edges in gray. (a) — (¢) The linear local vector basis functions ,,(r)
(o =1) are displayed in blue and associated to the respective DOF (red) on the edges’
midpoints.
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conforming elements, also referred to as edge elements, are considerably more suited for
such problems. Their vector basis functions 1, are defined in such a way that they have
continuous tangential components at the element edges while their normal components
are allowed to be discontinuous. The DOF's of an edge element are thus associated with
its edges. Figure 2.7 exemplarily shows a linear Nédélec element of the first kind for which
the DOF's are defined by the tangential vector components at the midpoints of the edges.
An additional advantage of edge elements is that they usually require substantially less
DOFs for expanding a vector field than nodal elements. In order to apply edge elements
to the Helmholtz equation (2.39) the Curl-Curl equation for E(r) is set as governing
equation (2.74)

V xV xE({)—KkKE([r) =0 inQcm (2.81)
instead of (2.39). The boundary conditions are accordingly given by

nx E(r) =0 at 0Qcom pecs (2.82)
X (V X E(r)) =0 at 0Qcom pme- (2.83)

The electric field E(r) is expanded in terms of vectorial edge basis functions %, (r)

Ny,

Er) = >, () (2.89)

v=1

and the weak formulation of (2.81) is also formed based on vector test functions w,(r)

/wv - (VxVXE(r)) dQ = k:Q/WU )-E(r) d. (2.85)

Qcom

The resulting equation (2.85) is transformed by applying the vector identity (A.7) and
the divergence theorem (A.3) to its left-hand side

/(wav(r)) (VxE(r))dQ - %wv(r) x (VxE(r)) -ndl = kZ/WU(I‘) -E(r) dQ.

(2.86)

Here, the integration is partially expressed by an integral over the boundary 0o, of
the solution domain. Separating the closed boundary integral over 0o in (2.86) with
respect to the PEC and PMC boundaries and applying further the vector formula (A.5),
the integral can be written as

yﬁwu (VxE(r)) -ndl =

0com
/(n x wy(r)) - (VXE(r)) dI' + / ((VxE(r)) xn) - w,(r) dr. (2.87)
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The test functions are required to vanish on the parts of the boundary where the sought
quantity is known, i.e. at Dirichlet boundaries. Hence, the tangential components of the
w,(r) have to vanish at the PEC surface in accordance with (2.82)

n X w,(r) =0 at 0Qcom pec- (2.88)

This is guaranteed by setting the basis coefficients ¢, of involved boundary edges to zero.
So, the Dirichlet boundary conditions (2.82) eliminate unknowns (DOFs) in the weak
formulation whereas Neumann boundary conditions (2.83) or Robin boundary conditions
maintain DOF's. For the particular case of an ideal resonator regarded here, the contribu-
tion of the curl of E(r) to (2.87) also vanishes at the PMC boundary since the Neumann
condition (2.83) is homogeneous. Consequently, (2.87) is zero and (2.86) reduces to

/(wav(r)) (VxE(r)) dQ = £ /wv(r)-E(r) dQ, (2.89)

Qcom QCDH}

stating the weak formulation of (2.81). Substituting the basis function expansion (2.84)
into the weak form (2.89) yields the linear system of equations

ch/ (W xw,(r)) - (Vxap,(r) dQ = kZch/WU(r)-z/)u(r) dQ (2.90)

Qcom Qcom
. J/ .
-~ -~

S’UV m’l}l/

J/

that constitutes a generalized linear eigenvalue problem with the matrix representation
S-c=kM-c. (2.91)

The matrix S is often referred to as stiffness matriz and M as mass matriz. Their co-
efficients §,,, and 7, are determined by element-wise integration of the basis and test
functions. Each eigenvalue of (2.91) yields the squared wave number k? of an eigenmode
while the eigenvector c; provides the expansion coefficients for the respective electric field
pattern. The choice of the test functions w,(r) for the weighting residual must fit the
stated problem and the type of used finite elements. The most common weighted residual
method is Galerkin’s method where the test functions are chosen identical to the basis
functions

wo(r) = 9, (r), (2.92)

so they have the same function space ensuring a minimal steady-state error [74, Sec. 4.3].
Additionally, Galerkin’s method results in symmetric matrices S and M which facilitates
the solving of (2.91). Due to the locality of the basis functions, the matrices are generally
sparse. For 3D applications, the number of DOFs can be in the range of tens of thousands
to several millions. Iterative solvers or multigrid methods are therefore most appropriate
to solve the linear system of equations of large sparse matrices [71, Ch. §].
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2.4 Electromagnetic Cavity Characteristics

This section introduces the most important EM figures of merit [2, Ch. 2] to assess the
effectiveness of a cavity in accelerating particles and its operation stability. Such char-
acteristics allow for a comparison of different cavity geometries and a definition of opti-
mization target parameters as well as maximally acceptable parameter tolerances in the
cavity design process.

2.4.1 Accelerating Voltage, Peak Surface Fields and Field Flat-
ness

According to the Lorentz force (2.14), charged particles traveling with the velocity v
can only be supplied with energy without changing the direction of their motion by an
electric field in v-direction. For this reason, the TMy;_ mode is generally used for accel-
eration since it provides a maximal axial longitudinal electric field F,. Its frequency wiec
is synchronized to the transit time that a particle requires to traverse one cell with the
length L. to guarantee that the field orientation changes exactly when the particle enters
the next cell. The accelerating voltage Ve (unit: V) defines the maximal energy that a
particle gains during a transit normalized to its charge ¢

Lcell
Viee = / E, (07 0, Z)ejwaccz/v dzl . (2.93)

0

Often the average accelerating electric field F,.., also known as the accelerating gradient,

Vacc

E acc —
L cell

(2.94)

is quoted instead of V... A high gradient is desirable for an effective acceleration. However,
the achievable gradient is limited by the maximally maintainable surface fields which are
proportional to E,... The peak surface magnetic field Heaxsf must be kept below the RF'
critical magnetic field Hei ¢ in SC cavities. Exceeding the critical value H,i ¢ may cause
a thermal breakdown of the superconductivity [2, Ch. 11], known as quench, resulting in
a severe chain reaction due to rapid Joule heating. The peak surface electric field Epeax st
is restricted by the risk of field emission in wall regions of high electric field strength.
Emitted electrons can lead to secondary electron emission entailing a resonant process,
denoted as multipacting |2, Ch. 10], at that a large number of electrons builds up. The
electrons not only absorb the RF power making it impossible to increase the cavity fields,
but also create a large temperature rise when they hit the wall, potentially causing a
thermal breakdown. For state of the art high-beta cavity structures, multipacting can
generally be avoided by convenient cavity shapes and thus is primarily an issue for low-
beta structures. In order to maximize the accelerating field F,.. it is essential to minimize
the ratios Fpeak st/ Eace, Hpeak st/ Eace Dy @ suitable cavity shape.

In addition to a phase shift of 7 during the transit of one cell, the accelerating mode of
a multicell cavity shall also provide an equal and thereby maximal acceleration in each cell
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[2, Ch. 7]. This can be achieved by equalizing the maximal axial electric fields Epeak ax, in
all cells by a proper cell-to-cell and end-cell tuning, generating a so-called flat field. A flat
field has further the advantage that it minimizes the peak surface fields. The amplitude
matching can be measured by the field flatness ng (dimensionless) [17] which shall ideally
reach 100 %

N,
Nccll c'ell

maX(Epeak ax,, ) - mln(EPeak»axu)
S =1 - 100%. (2.95)

Cell

E peak ax,,
Ncell

2.4.2 Energy Dissipation and Quality Factors

In contrast to ideal resonators, real cavity structures are subject to different forms of
energy dissipation. The finite conductivity of the cavity walls causes Joule losses by a
current flow, even for SC cavities. The wall power dissipation Py, (unit: W) of a mode i
is described by the surface resistance Rg (unit: 2) and the magnetic field inside the wall

1
Pyan, = 3 # Rs |H,[* dA. (2.96)

Ores

In general, the finite conductivity creates non-orthogonal modes with both electric and
magnetic tangential surface components, requiring to solve a complex-valued eigenvalue
problem. However, since the surface resistance is relatively small for both SC (tens of n(2)
and NC cavities (m€2), the wall losses Pya, can be determined in a very good approxi-
mation from the lossless eigenmode’s surface field H; . At this, the surface resistance Rg
is characterized by the skin effect (skin depth) for NC and by the BCS theory or the
London equations (London penetration depth) for SC cavities [2, Ch. 3-4], [58, Sec. 6.14].
The unloaded quality factor Qo, (dimensionless), also referred to as intrinsic quality factor,
defines how many oscillation cycles it takes to dissipate the energy U; stored in the mode
w;U;

= 2.
QOZ Pwalli ( 97)

if no further energy is supplied and the field decays exponentially. The higher the quality
factor, the less energy is dissipated and the longer energy is preserved in the cavity.
Supposing a constant Rg, Q, is frequently expressed as

wz,u// |H,|>dV
Oi
RS #|H|dA

8gzres

(2.98)

G;

with the geometry constant G; which is independent of the cavity size and thus allows
to compare different cavity shapes. Due to the high cavity wall conductivity, a multitude
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of perturbative techniques for determining the non-orthogonal lossy eigenmodes or their
characteristics based on the orthogonal modes of the respective ideal resonator can be ap-
plied. Modal approaches [15], [28, Sec. I11.3-4], [29, Sec. 5.10] not only allow to determine
wall power losses but further characteristics such as the lossy eigenfrequency w;,

1 ( = )2 4y (2.99)
wl — wz - . .
B 2@01 ‘72@01

Two other examples are given by a technique to calculate the EM field propagation
in waveguides with wall losses [52] and a variational method for the coupling of non-
orthogonal modes in lossy waveguides and cavities [29, Sec. 5.3], [75].

The loaded quality factor ()p, describes the total power dissipation P, during the
cavity operation
I P, _ 1 1
Qu.  wili Qo " Qext,
including also the external power losses Pe, through ports like power couplers, HOM
couplers or beam pipes by means of the external quality factor Qext,

9 w;U;
ext; — .
’ Pexti

The loaded cavity thus has a lower quality factor Q),, than the unloaded one. The external
energy losses may likewise be determined by modal approaches [15], [28, Sec. IIL5], [51].
Taking additionally the external losses into account, the lossy eigenfrequency w, can also
be defined based on the loaded quality factor @y, as per (2.99). In general, the effects
of energy transfer can be considered by describing the complete system of RF generator,
cavity, couplers and other involved components by equivalent circuit models [69, Ch. 5]. A
beam-induced power extraction is usually not regarded for Qy,,, as in [2, Ch. 8], [69, Ch. 5],
since the interaction between beam and EM fields induces a mutual energy transfer in-
volving complex dynamic processes. Such processes like wakefield effects [2, Ch. 15], [7],
[69, Ch. 11] or beam loading [2, Ch. 17], [69, Ch. 10] are not be discussed in this context.

(2.100)

(2.101)

2.4.3 Shunt Impedance

Optimally the accelerating mode shall provide a high acceleration, i.e. a maximal energy
gain at minimal losses. The effectiveness of generating an axial accelerating field for a
given ohmic power dissipation is determineed by the shunt impedance Rg,, (unit: 2) of a
mode. Depending on the field of application, there are different definitions of Rg,,. The
accelerator definition is
V2
Ry, = ==, 2.102
° PWELHI ( )
At this, V,e, is the accelerating voltage of the i-th mode as per (2.93). For long cavities,
often the effective shunt impedance rq,, per unit length is a more suitable figure
V2
Tep, = —% 2.103
i lealli ( )
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where Py, defines the wall power losses per unit length. Especially NC cavities require
a high Rg,, for the accelerating mode since the minimization of wall power losses is a ma-
jor concern. The ratio of the shunt impedance over the unloaded quality factor Ry, /Qo,,
referred to as R-over-(@), defines a wall loss-independent measure of the acceleration effi-
ciency with respect to the mode’s stored energy and frequency

Ra,/Qo, = & (2.104)
sh; 0; — w; Uz . .
R-over-Q characterizes the level of excitation of a mode i by the charged particles travers-
ing the cavity and hence the level of beam-mode interaction. In literature [2; Ch. 2],
[11, Ch. 15|, the shunt impedance and R-over-Q are generally related to the cavity wall
losses Pyan,. However, it can also be expedient to define the quantities with respect to
the total power dissipation P,. Since R-over-Q) is loss-independent, it is not affected by
the choice of losses. Therefore, R-over-Q is often a more suitable figure of merit than the
shunt impedance. Additionally, it is independent of the cavity size and thus suitable for

comparing different designs.

In contrast to the accelerating mode, for which a maximal Ry, . and Rgp,../Qo,.. 18
desired, the Ry, and Ry, /Qo, values of HOMs shall be as low as possible to minimize the
excitation of impeding wakefields. The quantity Ry, as per (2.102) exclusively refers to
the on-axis longitudinal shunt impedance describing the de-/acceleration of particles by
cavity monopole modes. If the beam is off-axis, the particles additionally excite transverse
wakefields which in turn may deflect following particles possibly causing BBU instabilities.
A more general definition of the longitudinal accelerating voltage V) and the transverse
accelerating voltage V, for a particle moving parallel but at a displacement (pg, o) to
the axis is given by [9, Ch. 2]

Leen

Vi = / E; = (po, o, 2)e*" dz | (2.105)
0
Lcell

Vi, = / (Ei,T(pOa ¢0,2) + pv(n, x H; (po, ¢o, 2)))6]%2/” dz| . (2.106)

Here, E; , describes the longitudinal and E; r the transverse electric field of the i-th
mode. The corresponding off-axis longitudinal shunt impedance R and transverse shunt
impedance R, are

Vi
By, =5 (2.107)
1%
R, = —. 2.108
7 P, ( )

The resulting R-over-Q values R /Qo, and R, /Q, indicate the respective level of off-axis
mode excitation.
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Chapter 3

Perturbative Methods for
Eigenmode Computation

A widely used practice within the scope of analyzing accelerating cavities is to express
the electromagnetic field and related quantities inside a resonator as a sum of orthogonal
normal modes. The concept of a normal mode expansion may not only be used to expand
the field inside a resonator but also to express the field inside a cavity with ports involving
an energy transfer. This chapter focuses on the specific application of normal mode ex-
pansion to resonator eigenmodes subject to geometric perturbations. At this, exclusively
resonators with PEC and/or PMC walls filled with linear, homogeneous, time-invariant,
isotropic, charge-free and source-free media are approached. The fundamental idea of the
here presented perturbative methods (PMs) is to expand the eigenmodes inside a deformed
resonator, denoted as the perturbed resonator, in terms of a series of known eigenmodes
of an initial non-deformed resonator, denoted as the unperturbed resonator. In the follow-
ing, a detailed derivation of three different PMs is presented: Slater’s theorem (ST), the
generalization of Slater’s theorem (GST) and the expansion of a reduced eigenmode set
(ERES).

3.1 Preliminary Considerations

This section gives a brief explanation of the fundamentals of normal mode expansion
28, Sec. 111.2], [76] followed by a description of necessary definitions and relations con-
cerning the unperturbed and perturbed quantities.

3.1.1 Series Expansion in Terms of Normal Modes

Any divergence-free, continuous vector field inside a resonator with PEC or PMC bound-
aries may be reproduced as a sum of the normal modes that were introduced in Subsec-
tion 2.2.2. Thus, the complete electromagnetic field inside the resonator can be defined
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E(r,t) = ) ¢(t) Ex(r), (3.1)

H(r.t) = Y hy(t) Hy(r) (3.2)

with the complex-valued, purely time-depending functions e, (¢), h;(t) and the real-valued,
purely space-depending stationary fields Ex(r), Hy(r). Accordingly, Maxwell’s equations
in the form of (2.48) — (2.52) are valid. The functions e, (t), h,(t) comprise not only
the harmonic time evolution of the normal modes but also their expansion coefficients,
represented by the amplitudes e, (0), k;(0)

en(t) = ex(0) ™, (3.3)

Dy (t) = Ry (0) g, (3.4)
Knowing the fields E(r,¢) and H(r,t), the expansion functions e,(t), h;(t) of each normal
mode ¢ can inversely be deduced on account of the orthogonality relations (2.55) and
(2.56). By multiplying E(r,¢) in (3.1) with the i-th stationary electric field E;(r) and
integrating the term over the complete resonator volume €2,

/// D= Ze’f /// Ei(r) - Bi(r) v, (3.5)

all sum terms except for the one with ¢ = k£ vanish according to (2.55), resulting in

c /E(r, t) - Ei(r)dV. (3.6)

e;(t) = oU.

The magnetic expansion functions may likewise be determined from (3.2) and (2.56)

H(r,t) - H;(r)dV. (3.7)

It also follows that knowing the complete fields E(r,0) and H(r,0) at ¢ = 0 immediately
yields the coefficients e, (0) and h,(0).

In the context of infinite series expansions, an important property considering the curl
of the fields E(r,t) and H(r,?) has to be explained. At first sight, it might appear that
V x E(r,t) can directly be deduced from the series expansion (3.1). However, the curl of
the infinite expansion is not equal to the infinite expansion of the curl, as shall be proven.
Deriving V x E(r,t) regularly from the complete magnetic field H(r,¢) according to
Faraday’s law (2.7) and only then applying the series expansion (3.2) with the coefficients
(3.7) to H(r,t) yields the expression

V xE(r,t) = — ,uagH(r t)
V 5 B(r,1) _”gt ( ) o // H(r )dV> (3.9)
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Here, the time derivative applies only to H(r,t) reintroducing V x E(r,t)

V x E(r,t) = (2—Uka // (V x E(r,t)) - Hy(r) dV). (3.9)

So, the curl on the right-hand side of (3.9) still needs to be resolved. Starting with the
following vector identity according to (A.7)

V- (E(r,t) x (VXE(r))) = (VXE(r)) - (VxE(r,t)) — E(r,t)-(V x (VxEkg)L)),)

the second right-hand term is rewritten based on Gauss’s law (2.50), the Helmholtz equa-
tion (2.39) and the vector identity (A.8) as

V 5 (VxEx(r)) = V-(V-Ex(r)) —AE,(r)
—_———

0
V x (VxEg(r)) = wipeEg(r). (3.11)

Substituting (3.11) into (3.10) and integrating the terms over €. yields

// v. % (V X Ex(r)))dV =

Qres
// (VXE(r,t)) - (VxEg(r))dV —wppe ///E(r, t) - E(r)dV . (3.12)
Qres N Qres .,
e, (1)
The expression then transforms into
# (E(r, ) x Hy(r))- dA = // (VX E(r, 1)) - Hy(r) dV — 20,Usey (1) (3.13)

O0Qres Qres

by applying the divergence theorem (A.3) to the volume integral on the left-hand side and
Faraday’s law (2.51) to the curl of the stationary electric field Ex(r). Substituting (3.13)
into (3.9) finally provides the desired expression for the curl

V xE(r Zpﬂk (wkek() ﬁ #(E(r,t)ka(r))-dA). (3.14)

Qres

Equation (3.14) demonstrates that the curl is not only composed by the sum of volume
integrals resulting from the series expansion of E(r, ) but also by an additional sum of
surface integrals related to the power flow through the resonator surface. An analogous
expression can be found for the curl of the magnetic field

Ores
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based on the respective equations (2.8), (3.1), (3.6), (2.49), (2.40) and (2.52). By further
equating (3.14) and (3.15) to the series expansions

V x E(r,t) = —u% > hy(t) Hy(r), (3.16)
V x H(r,t) = 5% e (t) Eg(r), (3.17)

general differential equations for each expansion term of the series are obtained

%Qk(t) +wreg(t) = — QLUk (E(r,t) x Hi(r))- dA, (3.18)
Ores
%gk(t) by (t) = ﬁ # (H(r.1) x Ey(r))- dA. (3.19)
Ores

On condition that an EM field E(r, t), H(r, t) invariably fulfills the PEC or PMC boundary
conditions along 0€),.s both surface integrals vanish and the expansion coefficients e, (t)
and h,(t) are decoupled providing a trivial solution for (3.18) — (3.19). However, in case
the EM field does not fulfill these conditions, these two equations explain that there is a
mutual interaction between each expansion coefficient of the electric field and the respec-
tive coefficient of the magnetic field, caused by the additional surface integrals. A physical
interpretation of these Poynting integrals may be given. The term (H(r,?) x Eg(r))- dA,
rewritten as (n x H(r,t)) - Ex(r) dA, describes a power flow that may arise from the dis-
continuity of the tangential magnetic field n x H(r, ¢) at the surface 9, i.e. the surface
current n x H(r,t) may have non-zero values at the interior surface whereas it has to
vanish at the exterior surface. Likewise, the term (E(r,t) x Hy(r))- dA involves a ficti-
tious magnetic surface current caused by the discontinuity of the tangential electric field
n x E(r,t) at 0Q,.s, also entailing a power flow through the surface. Hence, if the tangen-
tial field components do not vanish on the surface 0€),.s they create a coupling between the
time evolution of electric and magnetic field. In this way the additional surface integrals
allow to describe more general cases of electromagnetic fields, as will be demonstrated
later. The two coupled first order ODEs (3.18) and (3.19) can also be transformed into
two separate second order ODEs by analogy to the wave equations

(% + wz)ék(t) = ZL[]k (% # (E(r, t) xEk(r))- dA — wy # (E(I‘7t) ka(r)). dA),

o o (3.20)
(5 + D)) = - (%# (B(r, ) < () A +enff (B, 0)x By (1) dA).
" T (3.21)
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3.1.2 Unperturbed and Perturbed Resonator Eigenmodes

Some necessary fundamentals and definitions concerning the eigenmodes inside an unper-
turbed and a perturbed resonator are briefly explained in this part. Perturbed quantities
are indicated by the additional tilde (~) above the actual quantity. For reasons of sim-
plicity, quantities (e.g. eigenmodes) of the unperturbed resonator are also referred to as
unperturbed (e.g. unperturbed eigenmodes) and quantities of the perturbed resonator as
perturbed (e.g. perturbed eigenmodes).

The electromagnetic field E,(r,t), H;(r,t) of the i-th unperturbed mode is defined as

E;(r,t) = ™" E;(r) el(t) Ei(r), (3.22)
H,(r,t) = 3™ H;(r) = hi(t) Hy(r), (3.23)

i.e. all modes have the same phase and their time functions e!(¢) and h}(¢) are normalized
to a magnitude of 1. The normalization of e!(t) and h}(t) is a basic requirement for
the validity of the mode’s energy definition according to (2.57) that will be used in the
following sections. The unperturbed time functions e!(¢) and h{(t) are not to be confused
with the expansion functions e,;(t) and h;(t). They have the same time dependences but
the amplitudes of ¢,;(t) and h,(t) are the coefficients ¢,(0), h;(0) of the series expansions,
which can be different from 1. The EM field E,(r, ¢), H,(r, ) of the i-th perturbed mode
can be written in an analogous manner as

Ei(r,t) = ™ Ei(r) =el(t) Ei(r), (3.24)

H,(r,t) = je™" Hy(r) = hi(t) Hi(r) . (3.25)
At this, w; denotes the i-th Aperturbed angular eigenfrequency, El(r) the i-th perturbed
stationary electric field and H;(r) the i-th perturbed stationary magnetic field. Any EM
field E(r,t), H(r,t) inside the unperturbed resonator may be expanded in terms of the

unperturbed modes according to (3.20) and (3.21)
1

1)+ wee(t) = —51- b (Br.0) % Hur) - aA, (3.26)
S

%gk(t) — wrhy(t) = 2—(1]k # (H(r,t) x Ex(r))- dA. (3.27)
S

Likewise, any field E(r,t), E(r, t) inside the perturbed resonator may be expanded in
terms of the perturbed modes

0~ 1 ~

o) + g (1) = 2 (E(r,t) x Hy(r))- dA, (3.28)
S

0 o~ 1 . -

57 %) = Wl () = 0 4 (H(r,t) x Eg(r))- dA. (3.29)
S

Figure 3.1 shows a simplified 2D illustration of the unperturbed and perturbed resonator
geometry. The unperturbed geometry has a volume V' that either may be bounded by
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a surface Spe. with PEC boundary conditions or a surface Spme with PMC boundary
conditions as plotted in Fig. 3.1(a). Thus, the stationary fields E;(r), H;(r) of the i-th
unperturbed eigenmode fulfill the conditions

nx E;(r)=0 and n-H;(r) =0 at Spe, (3.30)
nx H;(r)=0 and n-E;(r) =0 at Spme. (3.31)

Consistently, the perturbed geometry has a volume V bounded by the surfaces §pec and
Spme (see Fig. 3.1(b)). Here, the fields E;(r), H;(r) of the i-th perturbed eigenmode match

nxE;(r)=0 and n-H,(r)=
nx H;(r)=0 and n-Er)

at Spee, (3.32)

0
0 at Spme. (3.33)

The deformed part AS of the perturbed surface S that has initially been the part AS of
the unperturbed surface S can likewise be divided into a PEC part AS,.. and a PMC

part Agpmc. In case the perturbations of PEC and PMC surfaces are clearly separated, as
demonstrated in Fig. 3.1(c), the surfaces ASpe. and AS,e. enclose a deformed PEC vol-

ume AV e while the surfaces ASp,. and Agpmc enclose a deformed PMC volume AV .
Generally, AV is the volume that is removed by the perturbation. The relations of the
geometric parameters may be summarized as

S = Spee U Spme (3.34)

S = Spec U Spme, (3.35)

AS = §\ S = (gpec \ Sp«?C) U <§pmc \ Spme); (3.36)

AS = S\ 5 = (Spec \ Spee) U (Spme \ Spme). (3.37)

AV =V\V. (3.38)
Spec gpec

S})Ill(i

(a) (b)
Figure 3.1: 2D scheme of the unperturbed and perturbed geometry of a resonator with
PEC and PMC boundaries. (a) Unperturbed resonator shape with the volume V' bounded
by the surface S. (b) Perturbed resonator shape with the volume V bounded by the surface
S. (¢) Volume AV removed by the perturbation and bounded by the deformed surface
AS and the corresponding original surface AS.
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3.2 Slater’s Cavity Perturbation Theorem

Slater’s cavity perturbation theorem (ST) [28, Sec. II1.7] provides a first order approx-
imation of the perturbed frequencies inside a deformed perfect electric conductor. ST
determines the perturbed frequency w; of each perturbed mode i merely based on the cor-
responding unperturbed mode i, i.e. each perturbed mode 7 is processed detached from
the rest of the unperturbed modes k # i. , This is done by applying the expansion in
(3.28) and (3.29) to the EM field E,(r,t), H;(r,?) of the i-th perturbed mode instead
of the arbitrary field E(r, t), ﬁ(r,t) and approximating the stationary field of the i-th
perturbed expansion mode by the one of the i-th unperturbed mode. According to [28],
this is permissible since the fields are considered as nearly equal over the surface. This
yields the expression

(5—; +wi)p ///ﬂi(r,t) CH(r) dV =

— %# (Ei(r, t) x Hy(r))- dA — w; # (H;(r,t) x Ei(r))- dA. (3.39)

S S

Due to this approximation the fields are now coupled by their power flow through the
perturbed surface. The time derivative on the left-hand side only applies to the time-
depending perturbed magnetic field H,(r,t) that harmonically oscillates with the fre-
quency @;. Hence, the second order time derivative can be substituted by —&?. The first
term on the right-hand side of (3.39) vanishes since the perfect conductor has a purely
PEC boundary and the perturbed electric field E,(r, ) is zero at gpec according to (3.32).
Further, the second surface integral has to be evaluated only along the deformed surface
part ASpe. due to the fact that the unperturbed electric field E;(r) also vanishes at the
surface S if S coincides with the unperturbed surface S (see (3.30)). Equation (3.39) then
becomes

(W2 - &) // B (r,4) - Hi(r)dV = — w; // (EL(r, 1) x Ei(r))- dA. (3.40)

A§pec

The time dependence in (3.40) can completely be eliminated by applying (3.25). At the
same time, the surface integral may be extended to AS,e. where n x E;(r) =0 holds,
resulting again in a closed surface integral (see Fig. 3.1(c)). So, it can further be trans-
formed into a volume integral by applying the divergence theorem (A.3). Here, the sign
of the integral inverts because dA is inward-oriented with respect to the closed surface
ASpec UAS e and (3.40) yields

(w? - @f)ﬂ[/ H;(r) - H;(r)dV = —w; # (H,(r) x E(r))- dA

ASpec UASpec

= W // V- (Hi(r) x Ei(r))dV. (3.41)

Vpec

40



CHAPTER 3. PERTURBATIVE METHODS FOR EIGENMODE COMPUTATION

At this point, two further approximations are applied as per [28]. Firstly, the perturbed
field ﬁz(r) is again replaced by the unperturbed field H;(r). Secondly, the integral on the
left is performed over the full unperturbed volume V' instead of the perturbed volume V.
The approximations yield

// V. ) x E;(r))dV

2 Vpec
// H,( r)dV

The volume integral in the denominator can directly be substituted by the energy of the
unperturbed mode (2.57). The integration term in the numerator can be transformed into

(3.42)

V- (Hl(r) X Ez(r)) =E;(r)- (V X Hl(r)) — H;(r) - (V X El(r))
= cw; (Ez(r) . Ez(r)) — W (Hz(r) . Hl(r)) (3.43)

by using the vector identity (A.7) and Maxwell’s equations (2.51) and (2.52). Thus, equa-
tion (3.42) finally becomes Slater’s theorem

= 1
w? w( 2U

Some sources [26], [77] present a simplified version of ST

/ pH;(r) - Hy(r) — eE;(r) - Ei(r))dV). (3.44)

_wl

Wi 4U

/ pH;(r) - Hy(r) — eE;(r) - Ei(r))dV (3.45)
AV pec

that directly yields the angular frequency shift Aw;

Equation (3.45) is here denoted as the first order approzimation of Slater’s theorem since
it is deduced from (3.44) by applying the first order approximation of the Taylor series of
the square root [78, Sec. 7.3.5]

\/_1+x_%1+§ V2] < 1. (3.47)

A direct derivation based on the curl functions of the i-th unperturbed and perturbed fields
can be found in [26, Sec. 5.7.1] or [77, Sec. 4.39.2]. It should be pointed out that (3.45)
represents a less accurate formula due to the additional approximation. ST determines
the frequency w; of a perturbed mode 7 exclusively from the respective unperturbed mode
based on its frequency w; and the interaction of its stationary fields E;(r), H;(r) inside
the deformed volume AV ... This approach involves only a low effort but also prevents
the calculation of the perturbed fields, constituting the major disadvantage of Slater’s
theorem.
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3.3. GENERALIZATION OF SLATER’S THEOREM

3.3 Generalization of Slater’s Theorem

The fundamental idea of the generalization of Slater’s theorem (GST) is to not merely
derive a perturbed eigenmode from its corresponding unperturbed eigenmode but instead
to expand it in terms of the complete set of known unperturbed modes. For this purpose,
the coefficients of the linear series expansions are deduced from the energy-related mutual
interactions of each unperturbed mode with every other unperturbed mode inside the
deformed volume AV, as will be shown in the following.

Strictly speaking, the electromagnetic field inside a perturbed resonator can only be
perfectly expanded in terms of the corresponding perturbed normal modes using (3.28)
and (3.29). However, this requires the direct calculation of the perturbed modes, which
shall be refrained from. Applying the standard approach of Slater’s theorem to (3.28) and
(3.29) and replacing the basis of unknown perturbed normal modes by the known set of
unperturbed modes yields the coupling equations in form of

0 1 ~

8thk( ) 4 wreg(t) = o (E(r,t) x Hy(r))- dA, (3.48)
s

%gk(t) — wrhy (t) = 2—(1]k (E(r,t) x Ey(r))- dA. (3.49)
s

These formulas are the basis of the generalization of ST as presented in [76], [79]. Conse-
quently, each perturbed eigenmode is expressed as a sum of unperturbed modes

)= auE(r,t) = ) ape™ By(r), (3.50)
= - ()
= BiH,(r,t) = Birge™ " Hy(r). (3.51)
Uk

Here, oy, and [;, denote the expansion coefficients for the i-th perturbed eigenmode based
on the k-th unperturbed eigenmode. So, the expansion functions e, (t) and h;,(t) now have
an additional index 7 indicating the perturbed mode. They can be rewritten as

ealt) = ;ﬁ // Ey(r, 1) Bx(r) dV, (3.52)
Doy (¢ =20 /// k(r)dV. (3.53)

At this point, it must be emphasized that (3.52) and (3.53) are only valid if the perturbed
volume V is completely enclosed by the unperturbed volume V. Only then the volume
integrals can be extended from V to V without altering their result (since E,; (r) and H, i(1)
are zero outside of V), allowing to cancel all expansion terms except for the k-th one by
applying the orthogonality relation of the unperturbed eigenmodes (as demonstrated in
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(3.5) and (3.6)). If V exceeded the domain of V, the orthogonality would be violated and
the expansion terms would not be separable. Hence, the initial geometry can exclusively
be deformed inwardly. Besides, the unperturbed modes are not defined outside of V' in
most cases. Applying the additional perturbed mode index i to (3.48) and (3.49), the
coupling equations become

Solilt) + ne0) = 5 b (Blr ) x () - 4A. (354
S

%Qik(t) — wihy () = ﬁ 1 (ﬂi(r7 t) ¥ Ek(r)) dA. (3.55)
S

Since the unperturbed fields generally have non-zero values at the perturbed boundary S ,
a simultaneous discontinuity of unperturbed and perturbed tangential fields may arise at
S, causing a linear coupling of the expansion coefficients in (3.54) and (3.55). Both closed
surface integrals can be simplified. The integral in (3.54) is reduced to the perturbed PMC
surface gpmc since the perturbed tangential electric field Ei(r, t) vanishes along the PEC
surface Spec as per (3.32). Likewise, the integration in (3.55) is only done at the perturbed
PEC surface Spec because n x H;(r,t) = 0 along §pmc as per (3.33)

0

Srhalt) + wnealt) =~ / By (r, 1) x Hy(r))- dA, (3.56)
Spmc

0

agzk(t) wkhlk QUk —1, X Ek( )) dA. (357)

These simplifications are not only feasible but imperative. The closed surface integrals
over S in (3.48) and (3.49) must not be directly transformed into a volume integral since
this leaves the boundary conditions of the perturbed fields undefined. Only by implying
explicit boundary conditions and thereby reducing the two integrals to either PMC or
PEC surfaces reasonable results will be obtained.

Considering now the case that the perturbations of PEC and PMC boundaries are
clearly separated as in Fig. 3.1(c), the surface integrals can be further transformed. The
integral in (3.56) is restricted to the deformed part Agpmc of gpmc since the tangential
Hy(r) vanishes where §pmc coincides with the unperturbed surface Spn,. due to (3.31).
Likewise, the integral in (3.57) reduces to the deformed surface Agpec according to (3.30)

0

Shi(t) + wney () = 2Uk/ Ei(r.t) x Hy(r))- dA, (3.58)
Aspmc

0

srea(®) —oudalt) = 5 // ) x Ex(r))- dA. (3.59)
ASpeC

At this point, an important fact arising from the discontinuous nature of the fields at the
boundaries has to be explained. Due to their discontinuity, the expanded fields E;(r, )
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and Ei(r, t) are subject to a form of Gibbs phenomenon [49] at the deformed parts of the
boundary. While the fields at the interior surface may take non-zero values they have to
be zero at the exterior surface. However, the normal modes used for the expansion only
allow for continuous amplitude changes inside V. As a consequence, all non-zero field
components are forced to only half their actual value at a deformed surface, reflecting
the mean value of the component at either side of S. Therefore, the surface currents
n x H,(r, t) and n x E,(r,t) in (3.58) and (3.59) have to be substituted by 2(n x H,(r, t))

and 2(n x E,(r, 1)), resulting in

%@ik(t)wkezk = // ) x Hi(r))- dA, (3.60)
ASpmc

%gik(t) Wi (1) // ) % Ex(r)- dA. (3.61)
ASpeC

The correctness of the results in Chapter 5 and 6 invariably prove the validity of this
modification. Figure 5.6(b), for instance, demonstrates the arising Gibbs phenomenon.
The additional prefactor of 2 is also established in [79]. However, it is not mentioned in [76].
Again, it should be pointed out that this adjustment is only valid considering a deformed
surface AS. At the unperturbed boundary, the fields E(r,t) and H(r,t) are not affected
and the general equations (3.26) — (3.29) remain valid. Next, the surface integrals are in
turn extended to the surfaces ASpme or AS,e., respectively. This is permissible since the
extra terms have a contribution of zero according to (3.31) or (3.30). The resulting closed
surface integrals, with an inward-oriented surface vector n, can again be transformed into
volume integrals by applying (A.3), as Fig. 3.1(c) illustrates. Equations (3.60) and (3.61)
then become

S lalt) + enea(t) =~ #(m 1) x Hy(r)) - dA

ASpmc @] Aspmc

= // A\ ) x Hy(r))dV, (3.62)

mec

Uk (H,(r,t) x Ey(r))- dA

A§pec U ASpec

// V- (H(r, ) x Ey(r))dV. (3.63)

AVpeC

0
&Qik(t) — wrhy(t) =

The perturbed fields in both integrals are now eliminated by applying the expansions
(3.50) or (3.51) as well as the vector cross product of the divergence as per (A.7). The
first volume integral in (3.62) transforms into

// A\ t) x Hy(r))dV = Z e // V - (E;(r) x Hy(r))dV (3.64)

mec mec
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with

A\ (Ej(r) X Hk(r)) = Hy(r) - (V X Ej(r)) —E;(r)- (V X Hk(r))
= w;p(Hy(r) - H;(r)) — wie (Ex(r) - E;(r)). (3.65)

The second integral in (3.63) becomes

// A\ t) x Ey(r))dV = Zhw // V- r) x E;(r))dV (3.66)

with

A\ (Hj(r) X Ek(r)) = Ex(r) - (V X Hj(r)) —H,(r)- (V X Ek(r))
= wje (Ex(r) - Ej(r)) — wep(Hy(r) - Hy(r)). (3.67)

Substituting the expressions (3.64) and (3.65) into (3.62) as well as (3.66) and (3.67) into
(3.63) yields the two ODEs

%hik(t) + wre,(t) = S igij(t>///(ijHk(r) CH;(r) — wieEg(r) - Ej(r)> v,

B 4(3.68)
aat (t) — wihy (1) i ;ilh” (t)/// (wkqu(r) H,(r) — w;eEg(r) Ej(r))dV
\ i 4(3.69)

that describe the coupling of the time coefficients exclusively based on the unperturbed
eigenmodes by the PMC' interaction terms qi; and the PEC interaction terms si;. Then,
the electric and magnetic coefficients are decoupled to gain independent series for the
perturbed electric and magnetic field. For this purpose, the w;, terms on the left-hand side
of the equations are included in the sums on the right side by applying the Kronecker
delta 0,

i( Wi+ 7 )—zj(t)’ (3.70)

Jj=1

> S
815‘”“ Z (wkdjk + 24 ) hy;(t). (3.71)

J=1

t_Zk

By differentiating (3.71) with respect to time and then inserting (3.70), the equation for
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determining the e;,(t) is further rearranged into

(92 i Skl 0
et = 3 (st ) Gt

(]

[e.9]

(-

S = S
o m) 03 (- S et

=1

l

Mg NNk

l

- S
= Y (et -0 o +Z e 0 (3.72)
1

1

.
Il

In an analogous manner, the equation for h; (t) is derived by taking the time derivative
of (3.70) and then inserting (3.71)

82 o q 8
— i —wiO + e i widj + o hij (1)
Uk ) “ LU
u > Sk QK11
— Z < wlwkélk—i_wlUk)hil(t)—i_Z < wk—J—i-Z UkUZ)_l]

S PP L T3 b (8). 3.73
< Wi Okj +w.7 Uk‘ Wk Uk; + — Uk‘Ul —’Lj( ) ( )

j=1
Equations (3.72) and (3.73) still contain unresolved time derivatives of the expansion
functions. However, they can straightly be transformed into the perturbed frequencies w;.
For example, using the definition (3.52) of ¢;,(¢) it is obvious that % only applies to
E,(r,t) and hence may be substituted by —@? according to (3.24)

Lo g ] (e i)

—~2E i(r;1)
0? 9
S ealt) = ~Then(s). .1
The same applies to h;,(t). Equations (3.72) and (3.73) then finally become
@ie,(t) = (w25 SR R L . Squlj) e;i(t), 3.75
calt) = 2 (Wt + i~ = 2 ) € (3.75)
G‘];j
~9 = 9 Ak Skj G dki1Si5
wih(t) = Wi Okj — Wi + W= — )ﬁi-t, 3.76
0= 30 (wis — vt -SSP 0o (3.76)
bij
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describing the coupling of the expansion coefficients for the electric and magnetic field of a
perturbed mode ¢ independently of one another by the electric coupling terms ay; and the
magnetic coupling terms by;. The first sum term in (3.75) and (3.76) represents the squared
unperturbed frequency that occurs solely once in both equations. The other sum terms
describe the interactions (IAs) of the unperturbed modes by the ratio of their electric
and magnetic energy inside the deformed volume AV'. It is apparent that a simultaneous
deformation of PMC and PEC boundaries not only involves a simple sum of the PMC
and PEC IA terms g;, si; but also an additional coupling sum comprising products of
both IA terms. Formulating the interactions of each unperturbed mode k£ with every other
unperturbed mode j describes the complete coupling by two systems of equations that
can be written in matrix representation as

Em@) a1 ai2 - §i,1(t)
2 [ €in(t) | = | a2t aza oo | [ €2(t) |, (3.77)
A
hiq(t) b bz -+ DA (t)
G2 [ hio() | = | bog bog - |- | hin(t) | (3.78)
B

By applying further the definitions of the expansion functions made in (3.50) and (3.51)
and considering the initial condition ¢ = 0, the time functions of the unperturbed modes
are eliminated, leaving only the expansion coefficients «;; and S

Qi Qi1

Qg | = A ||, (3.79)
Bia Bin

G| Big | =B | Big|. (3.80)

Equations (3.79) and (3.80) describe eigenvalue problems. Both matrices A and B are
non-symmetric. The i-th eigenvalue of the electric coupling matrixz A specifies the squared
frequency @? of the i-th perturbed eigenmode while the corresponding eigenvector o
provides the expansion coefficients of its stationary electric field E,(r) The magnetic
coupling matriz B gives identical eigenvalues w? whereas its eigenvectors (3, provide the
expansion coefficients of the perturbed stationary magnetic fields ﬁl(r) In practice, the
expansion is naturally restricted to a finite number of unperturbed eigenmodes Niodes

Nmodes
Ei(r)= Y  ouxE(r), (3.81)
N
Hi(r) = > BaH(r), (3.82)
k=1
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reducing A and B to square Nyoges X Nmodes matrices. By analyzing the complete mutual
coupling of a set of Nyoqes unperturbed modes, GST yields an equal number of perturbed
modes. However, it must be considered that reasonable results can only be obtained for
those perturbed modes for which the unperturbed modes have a sufficiently high order.
Thus, the actual number of perturbed eigenmodes Npyodqes Will be smaller than Nyoqes- In
this context, it must also be taken into account that the upper limit of the unperturbed
mode order determines a lower limit of the perturbation extent A¢ (unit: m), which defines
the minimal 1D dimension of the perturbation. This means, that the highest expansion
mode with the index 7, must have a wavelength A.;, smaller than or at most equal to
the size of the perturbation !

Amin = Ai < AL, (3.83)

Tmax

The coupling equations (3.79) and (3.80) may also be expressed by use of the temporal
frequencies f;. By dividing both equations by a factor of 27, all w; transform into fj

and the eigenvalues of A and B become the squared perturbed frequencies f,. Each
modification of the unperturbed resonator geometry into another perturbed geometry
involves a different deformed volume AV and thereby different coupling matrices A and
B, yielding the corresponding set of perturbed eigenmodes. Principally, an unlimited
number of modified resonators can be analyzed with GST, based on one unperturbed
resonator geometry on condition that the perturbations exclusively inwardly deform the
unperturbed resonator. If a perturbation only affects the PEC boundary of a resonator and
Spme equals Spme, all volume integrals ¢i; vanish and the electric and magnetic coupling
terms simplify to

G?Z%%+%%w (3.84)
by = witdij + wkSUiZ- (3.85)
Analogously, the coupling terms reduce to

a?Z%%—w%, (3.86)
@?zﬁ%—%%- (3.87)

if a perturbation is exclusively applied to a PMC boundary. So, in both cases each matrix
entry ay; or by, is merely related to a single PEC or PMC interaction term.

In the following, more general cases of perturbations are considered that do not satisfy
the previously applied assumption of clearly separated PEC and PMC surface perturba-
tions. Such cases might be relevant, for instance, if a cavity is treated as a resonator
with PEC walls and PMC port faces, as shown in Fig. 3.2. Firstly, a perturbation is
examined where the PEC surface is deformed while the PMC surface is shortened or par-
tially removed. This case is demonstrated in Fig. 3.2(a) by a reduction of the cell radius.

IThe (fictitious) perturbation extent A¢ and wavelength A, rather qualitatively describe the re-
quired expansion modes since the distribution of the local field extrema may considerably vary in different
spatial directions and the perturbation is often irregularly shaped. Nevertheless, equation (3.83) provides
an appropriate approximation if the value for A is properly specified.
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Regarding the stated conditions, the equations (3.60) and (3.61) with the two surface
integrals over ASme and ASpeC are still valid. The integral over ASpmc in (3.60) vanishes
since the perturbed PMC surface Spmc always coincides with Sy, as Fig. 3.3(a) shows

by a simplified illustration. Yet, the integral over Agpec cannot be transformed into a
closed surface integral as it is the case for (3.63) since this would require to also include
the unperturbed surface AS,,. into the integration (see Fig. 3.3(b)). This, however, is
excluded since the tangential component of E;(r) does not vanish along ASp,. and the
closed integral would introduce an additional non-zero term

// ) x Ey(r))- dA £ # ) x Ex(r))- dA. (3.88)

ASpec ASpee UASpec UASpme

ASpec ASpec

A’S pmc
~
A"S pmc
~
A“S pmc

ASpec
(a) (b)

Figure 3.2: Different types of perturbations exemplarily applied to an elliptical resonator
with a PEC wall and PMC port faces: (a) Deformation of PEC boundary. (b) Deformation
of PMC boundary. (c) Simultaneous deformation of PEC and PMC boundary.

ASpec

Spec ASpec ASpec
: /%Q@o 4‘ DH% QQ,O D/% Qe,e
o S
) © Ad
o
(a) (b) (c)

Figure 3.3: Example of a perturbation that deforms the PEC boundary and shortens
the PMC boundary: (a) Unperturbed and perturbed surfaces. (b) Removed volume AV

bounded by the deformed surface AS,.. and the original surfaces ASpec, ASpme. (€)
Approximation of AV by a volume AV . exclusively bounded by the PEC surfaces
AS e and ASpe. with an infinitely small distance Ad to the actual boundary ASpn..
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So, the surface integral may not be converted into the necessary volume integral using
the standard approach. Since the PMC surface AS,,. cannot be removed directly, it is
now assumed that AS},,. instead is approached by the perturbed PEC surface Agpec,
as demonstrated in Fig. 3.3(c). By doing so, the volume AV is completely bounded by
PEC surfaces so that (3.63) and all following equations are valid again. The resulting
approximated resonator differs from the actual perturbed resonator by an additional small
volume with the thickness Ad that is connected to the actual resonator merely by a short
joint with the same thickness Ad. The eigenmodes inside the approximated resonator
will only differ noticeably from the ones inside the actual resonator if their wavelength is
shorter or at least equal to Ad. By making Ad infinitely small and practically superposing
the unperturbed surface ASy, by a perturbed PEC surface AS}ec, the differences become
negligible for any finite set of eigenmodes. Consequently, the perturbed eigenmodes can
be computed in a very good approximation even in case a part of the unperturbed PMC
surface is removed. Self-evidently, the same applies to a deformed PMC surface and a
removed PEC surface, as shown in Fig. 3.2(b). A length perturbation of a cylindrical
resonator with PEC walls and PMC port faces may serve as a vivid example for the
validity of this approach. The TA terms of this clearly one-dimensional perturbation are
only determined by the longitudinal dependences of the unperturbed modes and thus have
to be independent of the boundary type of the resonator wall.

Secondly, perturbations with truly mixed boundary conditions are regarded. Such
a case might occur if a resonator is scaled down, as shown in Fig. 3.2(c). Here, both
boundary types are deformed involving a joint volume AV. Therefore, neither of the two
surface integrals in (3.60) and (3.61) can be extended to a closed surface. Figure 3.4(a)
illustrates the underlying geometric relations. Following the previously examined case (see

(a) (b)

Figure 3.4: 2D scheme of a simultaneous PEC and PMC perturbation: (a) Removed
volume AV bounded by both PEC and PMC surfaces. (b) Attempt to separate AV
into distinct PEC and PMC volumes AV pec, AV pme. (¢) Arbitrarily definable interface
between AV e and AV, that creates a freely assignable volume AV .
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Fig. 3.3(c)), the obvious assumption is to divide the perturbation into two separate PEC
and PMC perturbations with an infinitely small distance, as shown in Fig. 3.4(b). Here,
the interface between the volumes AV .. and AV, has different boundary conditions on
either side. However, while the edges of the interface are clearly defined by the transitions
from Spec to Spme and from Spec to Spme, the interface may be arbitrarily shaped in-
between. This entails that a volume AV ;, between two possible interfaces, as illustrated
in Fig. 3.4(c), can be assigned to the volume AV .. as well as to the volume AV ;.. But
this would not only cause different volume integrals s;; and gx; but also different electric
and magnetic coupling matrices A and B, as can be easily understood from (3.75) and
(3.76). It follows that the approach is invalid for such a case. A possible explanation is
that, in contrast to the previous case where a former unperturbed boundary is superposed
with a new perturbed boundary at the outer edge of AV, here, an artificial boundary is
created within the volume AV. As a consequence, perturbations that deform both PEC
and PMC surfaces at the transition between the two boundary types cannot be covered
by GST and the eigenmodes of a perturbed resonator, as shown in Fig. 3.2(c), cannot be
computed.

Resonators with a finite conductivity causing intrinsic wall losses cannot be treated
directly. The non-orthogonality of their eigenmodes and the simultaneous occurrence of
non-zero tangential electric and magnetic fields at the surface S prevent a derivation as
from (3.56) on. A derivation based on a generalized orthogonality could not be found.
However, for good conductors, which is the case for both SC and NC cavities, energy loss
effects and even the non-orthogonal modes can be determined a posteriori by perturbation
techniques as described in Subsection 2.4.2.

As a last point, the calculation of the resulting energy of the perturbed modes is briefly
discussed since it is frequently required for the resonator characteristics. In analogy to
(2.55) the energy of the i-th perturbed eigenmode U; is defined by its stationary electric
field

~ %[//Ei(r) E;(r)dV. (3.89)

To avoid the additional expense of analyzing the field inside the complete perturbed
volume V', the integration is reduced to the deformed volume AV by applying the series
expansion (3.81) and the orthogonality relation (2.55) of the unperturbed modes

. Nmodes Nmodes
U= > Y <amam /// Ex(r dV)
1

k=1 j=

) Hi ni Qi <///Ek )dV—///Ek(r)-Ej(r) dv)
— Nmz(i( 02Uy — : a”azk< ///Ek r)dV + = ///ka dV))_

k=1 1 AVpme Avpec

7

Qekj Sekj

(3.90)
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The resulting formula expresses the perturbed energy only in terms of already known
quantities. For instance, the volume integrals g, and s, represent the electric energy
part in the IA terms gi; and si; (without the prefactor of 2). Likewise, the energy can be
determined from the stationary magnetic field based on (3.82) and (2.56)

Nmodes Nmodes
U, = ; (ﬁkak - ; Bij Bir (gAV// Hy.(r)-H;(r)dV + gAZ/ Hy,(r)-H;(r) dV)).

Vv Vv
Qhkj Shkj

(3.91)

On condition that the energy Uy of all unperturbed modes is normalized to 1J and the
expansion coefficients are normalized to an absolute value of ||a;|| =1 and ||3,]| = 1 the
equations (3.90) and (3.91) simplify to

- Nmodes Nmodes
Ui =1J— Z Z Qi Ol <qek]. + Sekj), (392)
k=1 =1

- Nmodes Nmodes
Ui =1J— Z Z /Bmﬁzk (qhkj -+ Shkj) . (393)
k=1 j=1

3.4 Expansion of a Reduced Eigenmode Set

Considering a deformation that diminishes the volume of the unperturbed resonator, it
is evident that a set of Nyodes unperturbed eigenmodes only allows for expanding a re-
duced number of perturbed eigenmodes Nyodes < Nmodes- Depending on the perturbation
extent A, the wavelength of all modes diminishes. Thus, exceeding a certain mode order,
denoted as the deficient mode order i4.5, the perturbed wavelength \; is shorter than the
wavelength A\.;, of the highest unperturbed mode

Mo < Amin. (3.94)

defi

These deficient perturbed modes with ¢ > 74.4 cannot in the least be adequately expanded.
The just described generalization of Slater’s theorem, however, always provides Npodes
perturbed modes. This is the major drawback of GST since it forces the method to
compensate the excess number of perturbed modes. The compensatory mechanism will
be discussed in detail in Subsection 5.1.3. In the following, an alternative perturbative
method is introduced that was developed particularly to a priori reduce the number of
perturbed modes and thereby evade the generation of deficient modes. The method is
therefore denoted as ezpansion of a reduced eigenmode set (ERES) and was published in
[80]. ERES also bases on the ansatz to expand the stationary electromagnetic field of each
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perturbed mode 7 in terms of a known set of unperturbed modes
E(r)= Y oxEi(), (3.95)
Hi(r) = > BuHi(r). (3.96)

In contrast to GST, ERES additionally requires that the energy of all unperturbed modes
is invariably normalized to a value of 1J, as will be explained in the following. The
normalization is achieved by dividing the field E;(r), H;(r) of a mode with any particular
energy U; by the root of its energy

(1) = E;i(r)
E;(r) \/E (3.97)
H,(r) = Hg) (3.98)

Starting with the electric field, the series (3.95) is first applied to the orthogonality relation
of the perturbed modes

S, = % /// E,(r) - E(r)dV

mzodes mzodes Qi QgL 5 /// r)dV. (3.99)

Z ] 1 =

It is now assumed that each perturbed mode also has an energy [71 of 1J. This is permis-
sible since the expansion coefficients a; of a perturbed mode can always be multiplied by
a constant factor to adjust the mode’s amplitude. Equation (3.99) then becomes

Nimodes Nmodeﬁ
o= >, > azja,dQ : /// r)dV. (3.100)

Jj=1 =1

gejz

Here, g.;, denotes the electric interaction term of the j-th and [-th unperturbed mode inside
the complete perturbed volume. The volume integral can again be reduced to the deformed
volume AV by applying the orthogonality relation (2.55) and energy normalization (3.97)
of the unperturbed modes

geﬂ_m/// dV——/// av
5 - ﬁ///Ej(r) Ei(r)dV. (3.101)
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3.4. EXPANSION OF A REDUCED EIGENMODE SET

Considering the cases of a purely PEC or purely PMC bounded resonator, the TA terms
can be expressed by the same volume integrals as for GST

Gord = 0ji = S (3.102)
Jey = Ojt = ey (3.103)

So, both methods found on the same basic integrals. Formulating the interactions of all
modes for PEC or PMC boundaries yields the matrix representation of (3.100)

I=A-G,- A", (3.104)

with the electric expansion matriz A, the symmetric electric interaction matriz G, and
the identity matriz I. Both A and G, are Nyodes X Nmodes Mmatrices. Examining the eigen-
system of G, for one of the cases (3.102) or (3.103) reveals that the majority of the eigen-
values 1., is equal to 1 while the rest of them are positive values in the range 0 < 1), < 1.
Please note that this applies only if all unperturbed mode energies are normalized to 1J
according to (3.97). The eigenvectors v, of G, form an orthogonal matrix V. for which

holds
v, '=Vv.n". (3.105)

Using the definition that each row of V. contains one eigenvector v,, the eigenvalue
problem of G, then is written as

G.-V."=Vv..D,, (3.106)
Dy, =V.-G.- V.. (3.107)

Since the eigenvalue matrix D, is almost identical to the identity matrix I, (3.107) may
be approximated by

I~V.-G,.- V.. (3.108)

Comparing (3.108) to (3.104) demonstrates that V. thus approximately satisfies the re-
quirements for the expansion coefficient matrix A. For a completely correct solution
of the expansion coefficients, however, it is requisite that (3.104) is fulfilled for every
row. Therefore, the eigensystem of G, is truncated by removing all eigenvalues smaller
than 1. The eigenvalue matrix Dy is thereby limited to a Npodes X Nmodes truncated
ezgem}alue matrix Dw that is truly identical to I while the matrix V. is reduced to a
Nmodes X Niodes truncated eigenvector matrix V containing only the corresponding Nmodes
eigenvectors. So, the number of eigenvalues 1., = 1 defines the reduced number of per-
turbed modes Nmodes. Figure 3.5 illustrates the matrix truncations that transform the
eigensystem equation (3.107) into

~ ~ T
I=V, - G. -V, , (3.109)

where V, completely satisfies the requirements for A in (3.104). However, V. does not
necessarily yield the desired expansion coefficients «;; of the electric fields. Multiplying
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CHAPTER 3. PERTURBATIVE METHODS FOR EIGENMODE COMPUTATION

m I} :Fl B FF. |

[T

(a) (b) (c) (d)

Figure 3.5: Absolute values (white: 0, black: 1) of the eigensystem matrices of G.: (a)
Full eigenvalue matrix Dy, . (b) Truncated eigenvalue matrix Dy, . (c) Full eigenvector

matrix V.. (d) Truncated eigenvector matrix V.. The red framed entries are removed to
obtain V. and Dy, .

(3.109) by an arbitrary orthogonal matrix W, according to a similarity transformation
[81, Ch. 1]

RPN ~ T
I=W.,"-V.-G,-V, - W, (3.110)
elucidates that a multitude of solutions for A exists
A=W.".V,. (3.111)

Although each eigenvector V., provides a vector field that satisfies the orthogonality (3.99)
and thereby the boundary conditions of the electric field of a perturbed eigenmode, it
does not guarantee that the field also satisfies Maxwell’s equations. To get a unique and
particularly the intended solution for A the additional condition of a steady-state time-
harmonic EM field is introduced by the Helmholtz equation (2.53), which has to be valid
for every unperturbed and perturbed mode

AE;(r) + w?ueE;(r) = 0, (3.112)

AE;(r) + &2peEq(r) = 0. (3.113)
The perturbed field ]?_‘,,(r) is eliminated from (3.113) by applying again the series (3.95)
and substituting the Laplacian operator in each sum term according to (3.112)

ek (r) = —AE(r)

Nmodes Nmodes

Ol e Z a;pEg(r) = — Z aik(AEk(r))
k=1 k=1
Nmodes Nmodes

&) auEr(r) = Y onw) Bi(r). (3.114)
k=1 k=1

The resulting equation contains the unperturbed and perturbed frequencies which have
not been involved so far. Its matrix formulation

E(r) E:(r)
DZ-A- ; =A-D?- : : (3.115)

ENmocles (r> ENmodes (r>
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3.4. EXPANSION OF A REDUCED EIGENMODE SET

with the wunperturbed eigenfrequency matrix D, and the perturbed eigenfrequency ma-
triz Dg has to be valid at every position r within V. Thus, the unperturbed fields E;(r)
can also be eliminated, resulting in the expression

D-A=A-D?, (3.116)

that describes the Helmholtz equation in terms of the expansion coefficients. Substituting
the coefficient matrix A now by the expression (3.111) and right-multiplying, both sides

~ T
of (3.116) with V. yields

pD:-w . V.=wW,7.V,.D?

D W, =W, (V,-D2.V,

), (3.117)

due to the orthogonality (3.105) of V.. Further transposing both sides of (3.117) finally
results in another eigenvalue problem

W,.-D2= (V,-D2.V, ).-W,. (3.118)

[

-

Z,

The Nmodes X ]Vmodes matrix Z. is composed of the unperturbed frequencies and the previ-
ously determined eigenvectors of the electric interaction matrix G,. The square root of its
eigenvalues directly provides the perturbed frequencies w; while its eigenvector matrix W,
forms the required additional orthogonal matrix for determining the Np.qes €lectric ex-
pansion coefficients a; according to (3.111).

The stationary magnetic fields can be determined in an analogous manner based on
the Nuodes X Nmodes magnetic expansion matric B

B=W,".V,. (3.119)

The ]\Afmodes X Nodes truncated ergenvector matriz \A/'h of the symmetric magnetic interac-
tion matriz G, with

1=V, -Gp -V, (3.120)

provides the first matrix necessary for (3.119). At this, the magnetic interaction term of
the j-th and [-th normalized unperturbed mode gy, is defined as

Inin = %/// (H;(r) - Hy(r))dV- (3.121)

Derived from the Helmholtz equation for the magnetic field (2.54)

W, D2 = (V,, D2V, ) W, (3.122)

Zy
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CHAPTER 3. PERTURBATIVE METHODS FOR EIGENMODE COMPUTATION

the second required matrix is formed by the eigenvector matrix W, of the Nmodes X ]\Afmodes
matrix Zj,. The eigenvalue matrix DZ of Zj;, again provides perturbed frequencies @;.

As initially mentioned, ERES inherently reduces the number Nmodes of\ computed per-
turbed modes to the actually computable number Ny, oqes- Collsequently, Niodes decreases
with increasing perturbation extent A&. The exact number Ny, oqes is defined by

’1 — ¢€k| < €RV. (3123)

Here, the eigenvalue truncation accuracy egy determines the threshold value for the re-
moval of deficient perturbed modes from the eigensystem of the interaction matrices Ge
or Gy, and thus regulates the reduced number N,,,qcs Of perturbed modes. The energy of
the ERES-based perturbed modes can be determined according to (3.92) and (3.93) in
the same way as for GST.
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Chapter 4

Implementation of Perturbative
Methods

This chapter briefly explains the main aspects of the implementation of the perturbative
methods (PMs), significant for a correct and precise execution. In addition to it, the most
relevant procedures for an enhancement of accuracy or efficiency are described. Some
aspects were already published in [82], [83], [84]. Figure 4.1 and 4.2 illustrate the basic
execution steps and the related quantities of the generalization of Slater’s theorem and

Unperturbed Perturbed
Geometry Geometry

)
Unperturbed Modes Deformed
(1 S Nmodes) e Volume

wi, Ei(r), Hi(r) AVpgrc, AVprc

-
Unperturbed Volume Integral Matrices
Fields — (Nmodes X Nmodes)
Ei(r)? Hi(r) Se7 Qe7 Sh7 Qh
%?g:iiii?;d Coupling Matrix

Computation

Eigensystem of Coupling Matrix
l D;, A or Dg, B

Computation l

Expansion of Perturbed Fields Perturbed Frequencies
(i S Nmodes) (1 S Nmodes)

Ei(r) or Hi(r) B

Figure 4.1: Basic execution steps of GST.
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CHAPTER 4. IMPLEMENTATION OF PERTURBATIVE METHODS

the expansion of a reduced eigenmode set. There, unperturbed initial quantities are high-
lighted in blue, perturbed target quantities in red and method specific procedures in gray.
The implementationally most significant steps are the computation of the unperturbed
eigenmodes, the computation of the volume integrals describing the interactions of the
unperturbed modes, the solution of the involved eigenvalue problems and the expansion
of the perturbed fields. The execution of both PMs, the control of further required ap-
plications and the data management was implemented in Wolfram Mathematica [85], a
commercial symbolic mathematical computation program. Besides a comprehensive range
of mathematical function libraries, it also provides several further features including im-
and export of a multitude of data formats, basic file system operations, parallel computing
and communication with other applications.

Unperturbed
Geometry

Computation

Unperturbed Modes
(i S N, modes)

Wi, Ei(r), Hi(r)

Perturbed
Geometry

Deformed
Volume

AV’pecy AV’pmc

Computation

Unperturbed Volume Integral Matrices
Fields (Nmodcs X Nmodcs)

Bi(r), Hi(r)
'

Interaction Matrix ]

Computation

Truncated Eigenvector Matrix
of Interaction Matrix
{ (Nmodcs X Nmodcs)

|

”Helmholtz” Matrix
(Nmodes X Nmodes)

Z. or Zy,

Computation

Eigensystem of Z. or Zj,
| (Do W.or Dz, W,

[ Unperturbed
Frequencies

[ Expansion Matrix ]

Aor B J
v

Computation Y

Expansion of Perturbed Fields

(i S Nmodes)

Ei(r) or Hi(r)

Perturbed Frequencies
(i S N, modes)

Wi

Figure 4.2: Basic execution steps of ERES.
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4.1. CALCULATION OF UNPERTURBED EIGENMODES

4.1 Calculation of Unperturbed Eigenmodes

An accurate determination of the unperturbed eigenmodes is essential for the PM results
since they form the basis of all calculations. The precision of the EM fields is not only
relevant for the accuracy of the series expansions of perturbed fields but particularly for
the accuracy of the interaction terms which are the key elements of the PMs.

4.1.1 Analytical Calculation of Unperturbed Eigenmodes

The unperturbed and perturbed eigenmodes of rectangular and cylindrical resonator ge-
ometries constitute a simple boundary value problem and can analytically be determined
as described in Subsection 2.2.2. The corresponding rectangular and cylindrical harmon-
ics, listed in Appendix B, were calculated with Mathematica. At this, the accuracy is set
by the machine working precision of the hardware. The used machine precision is about
1071 (single precision of 64 bit CPU) [86, Ch. 1]. Since ERES requires unperturbed modes
with an energy of 1J, the amplitudes of all modes are accordingly normalized.

4.1.2 Numerical Computation of Unperturbed Eigenmodes

In case of a realistic, complex resonator shape the unperturbed eigenmodes cannot be
calculated analytically and a numerical computation algorithm is required. For this thesis,
the 3D eigenmode solver of CST Microwave Studio® (CST MWS) [87] was used. The
commercial CST Studio Suite offers a wide range of EM simulation software including
static, time or frequency domain solvers and further features like a macro language for
script-based execution and a multitude of post processing procedures for the evaluation
of the EM fields. CST MWS was further utilized for comparative computations of the
eigenmodes of investigated perturbed resonators that serve as reference for the PMs.

Besides the unperturbed frequencies wy, the volume integrals se, , ge,,, Ge,; and gp,; of
the unperturbed electric and magnetic fields over the deformed volume AV are the essen-
tial base for both GST and ERES (see Fig. 4.1 and 4.2). Since the deformed volume is to
a great extent located in direct vicinity to the boundaries of the unperturbed resonator,
it is of major importance to accurately compute the fields especially in the boundary
region. In addition to an appropriate mesh density, hence, a precise discretization of the
boundary is significant. Since the geometry error, a discrepancy between discretized and
actual boundary, may lead to an incorrect transition of the fields to zero, an insuffi-
cient discretization can seriously distort the volume integrals. CST MWS provides two
finite integration technique (FIT) solvers and a finite element method (FEM) solver. A
hexahedral dual grid, as used for the FIT-based algorithms (iterative advanced Krylov
subspace (AKS) or Jacobi-Davidson (JD) algorithm), is not sufficient for such kind of
computations. Despite the use of partially filled mesh cells (perfect boundary approxi-
mation, PBA) in order to reduce the geometry error, the boundary fields of structures
with a curved shape are strongly affected by the inappropriate hexahedral discretization,
as Fig. 4.3 shows. The figure demonstrates that FEM combined with a tetrahedral mesh
and the use of curved elements proved to reproduce the boundary much more precisely
than a hexahedral mesh with the same mesh resolution. Therefore, all eigenmodes were
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Hy/(A/m) Hy/(A/m)
20000F
20000F
15000F
— analytical 10000k — analytical
10000p — CST FIT JD — CST FIT JD
— OST FEM 5000F — CST FEM
1 1 1 1 p/nlm i i i 1 i i i 1 i i i 1 i L 1 p/mm
20 40 60 80 100 99.92 99.94 99.96 99.98 100.00

(a) (b)

Figure 4.3: Effect of the geometry error for a cylindrical resonator (R = 100 mm) com-
puted in CST MWS demonstrated by the TMg,, magnetic field H, along the radial
coordinate direction p (at ¢ = 7/9) based on FIT with hexahedral mesh and FEM with
tetrahedral mesh (Ngepr = 25): (a) The FIT-based field noticeably deviates in the bound-
ary region whereas the FEM-based field coincides very well. (b) The FEM-based field also
has a distinctly smaller defective boundary region (7.5 pm) than the FIT field (29.5pum).

exclusively computed based on a tetrahedral mesh and the FEM solver with basis func-
tions of second or third order. Since a relatively large number of unperturbed modes over
a wide frequency range is required for the PMs, the numerical eigenmode computation
is realized by an automated script that iteratively computes sets of modes over consec-
utive frequency intervals. Each frequency interval constitutes an independent simulation
which is executed with a fixed initial number of steps per wavelength Ngiepr, defined by
the lowest frequency within the interval. Subsequently, an adaptive mesh refinement is
performed whose termination criterion is determined by the desired relative frequency
accuracy. However, the available RAM memory poses an upper limit for the number of
mesh cells Np,.. Since the required number of mesh cells increases by the third power of
a mode’s frequency and the number of steps per wavelength Ngepx

ch X (Nstep)\ wi)37 (41)

the number of steps Ngepy has to be reduced when exceeding a certain frequency value.
Thus, the desired accuracy cannot be achieved beyond this value and the accuracy in-
creasingly reduces for modes of higher order. The restriction is exemplarily shown for a
set of TM3,, 2 modes of a cylindrical resonator in Fig. 4.4. This forces a tradeoftf between
the number N,,oqes 0f computed unperturbed modes and their accuracy. A small number
Niodes Testrains the minimal wavelength \;, for the expansion of the perturbed fields
while imprecise unperturbed fields result in incorrect interaction terms that likewise dis-
tort the PM results. Consequently, the lower accuracy limit must be carefully chosen and
verified. CST MWS offers a multitude of further simulation parameters concerning special
mesh properties, mesh refinement or solver accuracy that are described in detail in [88].
The fields computed with CST MWS are exported in form of discrete field points for fur-
ther processing in Mathematica. The CST result reader DLL interface disadvantageously
does not support a field export for tetrahedral meshes. Thus, a further script for the
automated, correctly ordered export of all modes from the consecutive frequency inter-
val simulations had to be developed. CST MWS automatically normalizes the computed
modes to an energy of 1J. So the modes can directly be utilized for GST and ERES.
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Figure 4.4: Parameters of a CST MWS eigenmode computation of TM,, o modes
(1 < n <23) of a cylindrical resonator depending on the frequency fogr: Steps per wave-
length Ngiepa, number of used mesh cells Ny, and resulting relative frequency error.

4.2 Calculation of Interaction Terms

Like the unperturbed eigenmodes, the interaction terms of both PMs can be computed
analytically and numerically. However, the computation type of the unperturbed modes
does not necessarily define the type of the IA terms. The IA matrices Q, S of GST as well
as the IA matrices G., G, of ERES can directly be deduced from the volume integral
matrices Q., S., Qy,, S, of the EM fields and the frequency matrix D,,. Hence, once the
volume integral matrices are determined, the final A matrices can easily be calculated by
simple mathematical operations. All volume integral matrices are symmetric. Thus, only
(Nmodes + 1) Ninodes /2 integrals, about half the number of TA terms, need to be determined
from the EM fields.

4.2.1 Analytical Calculation of Volume Integral Matrices

In case the EM fields are described by continuous functions, the electric and magnetic
volume integrals can be analytically calculated according to

e, =5 [ B0 By av (42

mec

Sy = 5 /// B, (r)-E;(r) AV, (4.3)

AV pec
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i, = [ T m@ (14)
AV pme

Sha, = g // H,(r)-H;(r) dV. (4.5)
AV pec

This is invariably feasible for analytically calculated eigenmodes but also for numerically
computed ones since the discrete fields may be interpolated to create continuous functions.
However, the analytical integration based on interpolation functions for the numerical
modes turned out to be very expensive because accurate results can only be achieved by a
3D interpolation of higher degree. Thus, in practice the analytical integration is restricted
to analytical eigenmodes.

4.2.2 Numerical Computation of the IA Volume Integrals

An alternative approach for the integration of numerical eigenmodes is a simple numerical
integration [89] based on discrete volume elements. Here, each continuous integration is
substituted by a sum of discrete field and volume values

/// Ei(r)-E;(r)dV ~ NZ; Er(r,) E;(r,) Veem, (4.6)

Nelem

// Hy(r) () dV = S Hy(r,) H(5,) Vi, (4.7)
AV v=1

where Neem is the number of volume elements. The vector r, defines the center of the
v-th volume element with the volume Ve, inside the volume AV'. At this, AV is repre-
sentative for the volumes AV . or AV ... Figure 4.5(a) illustrates the commonly used
partitioning into cubic elements with a step size Az, also known as voxels. Expectedly, the
majority of realistic perturbations involve an elongated deformed volume AV with a large
aspect ratio rather than a volume with equal dimensions in all directions. For instance, a
radial deformation has a small radial but a large longitudinal dimension. This results in a
relatively high amount of elements intersecting with the boundaries of AV. Consequently,
a standard voxel partitioning is neither suitable for an adequate discretization of AV nor
for an accurate sampling of the EM fields due the most likely occurrence of incorrect zero
field values. Therefore, an improved partitioning algorithm was developed. It bases on the
idea to determine the volume and center of elements that exceed the boundary of AV
accordingly to the center of mass of a solid [90, Sec. 1.19]

Ve, = W av, (4.8)

‘/elem,/

r, = Veimy /// rdV. (4.9)

‘/elemy
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o | o A
(a) (b)

Figure 4.5: 2D scheme of the volume element types for the discretization of a solid: (a)
Standard voxel elements. (b) Analytical voxel elements. The center and volume of the
boundary elements highlighted in gray are analytically calculated. (¢) Analytical cylin-
drical ring elements with finer discretized inner cylinder.

[ T
. . l\k . . !\I
(a) (b)

Figure 4.6: Combination of an adversely small volume element with an adjacent element
of regular size: (a) Original separate elements. (b) Combined elements highlighted in gray.

For this, the domain Vi, of an element is determined by intersecting the domain of
respective basic volume element Viemstq, and the domain AV

‘/;ﬂeml, = VelemStd, N AV <410)

Since the shapes of the unperturbed and perturbed resonator are usually described by
piecewise continuous functions, both the volume and the center of these volume elements
can be calculated analytically. Therefore, they are denoted as analytical volume elements
in the following. Figure 4.5(b) shows an example of a solid discretized with analytical
voxel elements. In addition to the voxel, a second basic element type, the cylindrical
ring element, was implemented specially for rotationally symmetric structures. A basic
cylindrical ring element is defined by a fixed polar radial step size Ap that is equal to
the longitudinal step size Az and a radius-dependent azimuthal step size Ap that is
about Ap/p,. The distribution of these elements more adequately matches the EM field
patterns in rotationally symmetric structures, as illustrated in Fig. 4.5(c), and they can
likewise easily be calculated. Analytical boundary volume elements allow not only for a
correct calculation of their volume but more importantly also guarantee that their center
is invariably inside AV'. In this way the occurrence of incorrect zero field values is greatly
reduced and the accuracy of the discrete volume integrals Q,, S, Q,, and S, is significantly
improved. The partitioning algorithm further has the feature to combine unnecessarily
small boundary elements with adjacent, well dimensioned elements, as demonstrated in
Fig. 4.6. Such small elements arising from an adverse intersection of the basic element with
the boundary of AV not only needlessly increase the element number Ny, but often also
entails incorrect sampling field values of zero. Each adverse element is detected by a limited
manimal volume size Veen, .. and is combined with an adjacent element by calculating their
joint center and summing up their volumes. Table C.1 in Appendix C.2 demonstrates the
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achievable reduction of elements for an elliptical cell. Moreover, the algorithm supports
the reduction of 3D cylindrical volume elements to discrete 2D area elements in case of a
rotationally symmetric volume AV in order to reduce the computational time. At this, the
intersection determination (4.10) is only performed for the 2D areas and the 3D volume
elements are calculated by shifting the azimuthal coordinate of their centers and multiply
their volumes by the respective azimuthal step size Ae.

For complex perturbations like a dent in the resonator wall, the calculation of analyti-
cal volume elements can become computationally more expensive. In such cases it is often
more suitable to use a simpler partitioning method. For this reason, another algorithm
based on tetrahedra was implemented since the center and volume of the tetrahedral ele-
ments can be easily calculated. Mathematica provides a package for TetGen, a tetrahedral
mesh generator and a 3D Delaunay triangulator [91] that allows to mesh any 3D polyhe-
dral domain. To mesh the volume AV, TetGen requires the surface vertices and facets of
the domain of AV. For this, the unperturbed and perturbed surfaces AS, AS that bound
AV are discretized based on their analytical shape functions, as shown in Fig. 4.7(a) and
4.7(b). Both surfaces are connected by a number of identical connection points (see red
points in Fig. 4.7(c)) that close the surface. At this, dispensable outer connection points

(d)

Figure 4.7: Discrete surface points of deformed volume AV: (a) Discrete points of un-
perturbed surface part AS. (b) Discrete points of perturbed surface part AS. (c) Discrete
points of closed surface of AV. The connection points of AS and AS with identical
coordinates are displayed in red. (d) Vertices and facets of adjusted closed surface mesh.
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(a) (b)

Figure 4.8: Surface mesh after tetrahedralization of discretized volume AV (a) Original
discretized surface. (b) Adjusted discretized surface with equalization of adversely close
surface points.

that will not necessarily form a vertex of a tetrahedron are deleted to create a smooth
surface mesh. If two points of the unperturbed and perturbed surface are too close to
each other, this can entail the generation of a huge number of extremely small tetrahedra,
as Fig. 4.8(a) demonstrates. To avoid this effect affected perturbed surface points are
detected on the basis of a minimal point distance and are set equal to the corresponding
unperturbed surface point. In this way, the connection points are additionally adjusted
before creating the surface mesh by a 2D Delaunay triangulation of the surface points.
The vertices and facets of the resulting surface mesh are displayed in Fig. 4.7(d). Based
on the adjusted surface mesh the volume is partitioned with an adequate number of well
dimensioned tetrahedra shown in Fig. 4.8(b). By defining a sufficiently small step size for
the surface discretization but setting a higher maximal tetrahedron volume, a fine surface
mesh can be generated without unnecessarily increasing the number N, of elements.

Independently of the type of a volume element, the dimensions of the elements have
to be suitably small to discretize the wavelength A, of the highest unperturbed mode.
Figure 4.9 illustrates this for a set of TM; , » modes in a cylindrical resonator subject to
radial perturbations AR/R. It shows the maximal absolute error of the discrete volume
integrals within two different frequency ranges. An adequate accuracy can already be
achieved with a step size Ap of about A\yin/3.5. For larger values of Ap, the error signifi-
cantly increases. Thus, the largest dimension of an element is specified to be at least four
times smaller than the minimal wavelength \.;, that shall be calculated. Furthermore,
the element size also has be adjusted to the size of the deformed volume AV'. The smaller
AV is, the smaller principally are the absolute values of the g, , s¢,;; qn,; and sy, . This
means that although the absolute error of the discrete integrals does not depend on the
perturbation extent (see Fig. 4.9) the relative error does. Thus, smaller perturbations
require a higher accuracy for the discrete volume integrals (4.6)—(4.7) than larger per-
turbations to yield PM results with the same precision. Figure 4.10 clearly demonstrates
this. In general, the volume integrals can have values within a range of +1J due to the
energy normalization. A rough estimation of the value range and consequently also of
the necessary accuracy is given by the ratio of the deformed volume AV to the complete
unperturbed volume V. Hence, the A\,-related step size needs to be decreased approxi-
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Figure 4.9: Maximal absolute error of discrete electric volume integrals s.,, for TM; ,, o
modes depending on the step size Ap (cylindrical ring elements): (a) Error up to 37.97 GHz
(Amin = 7.90mm). (b) Error up to 75.38 GHz (Apin = 3.98 mm).
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Figure 4.10: Relative error of discrete electric volume integrals s, for TM; , 2 modes
depending on the step size Ap up to 37.97 GHz (Api, = 7.90mm): (a) Mean error. (b)
Maximal error.

mately by a factor {/AV/V. The minimal value of the integrals g,,, Se,., qn,, and sn,,,
referring to the energy amount of the k-th mode contained in AV, provides a more exact
reference value for the necessary refinement of the step size Ap or Az The sufficiency of
the step size can easily be validated by analyzing the convergence of these integral values
of a small number of the highest unperturbed modes.

As a last point, a discretization algorithm dedicated to rotationally symmetric unper-
turbed structures is explained. For such structures, it is only necessary to determine the
discrete field values in the 2D plane of the longitudinal section. The sinusoidal azimuthal
dependence of the fields is directly factored in during the 3D summation (4.6)—(4.7) in con-
sideration of their polarization. The discretization is therefore denoted as semi-analytical.
It allows to greatly reduce the amount of processed discrete field data and at the same
time to increase the discretization step size. In case the perturbation is also rotation-
ally symmetric the 3D integrals can further be simplified to discrete 2D surface integrals
multiplied by a factor of 7, reducing the computational effort even more.
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4.3 Calculation of Perturbed Eigenmodes

After the calculation of the IA matrices, the arithmetic operations of the respective PM,
mostly matrix operations, have to be performed. These finally yield the perturbed fre-
quencies and the series expansion coefficients of the perturbed fields. The operations are
identical for analytical and numerical TA terms and are executed with machine working
precision. For the expansion of the perturbed fields and a couple of cavity characteristics
additional post processing steps were implemented.

4.3.1 Solving of the Eigenvalue Problem

Both perturbative methods require the numerical solution of eigenvalue problems. Math-
ematica provides different solution methods as described in [92]. For the dense PM matri-
ces, direct solver algorithms based on the package LAPACK [93] are used that transform
symmetric matrices into a tridiagonal form [81, Ch. 4] and non-symmetric matrices into
a Hessenberg form [81, Ch. 6] before determining the eigensystem. GST only involves the
determination of the eigensystems of the two coupling matrices A and B. Each matrix is
non-symmetric and its condition number x (Euclidean norm) is given by the ratio of its
maximal and minimal singular value o; [81, Sec. 4.4]. The condition number defines the
sensitivity of the perturbed quantities to the inaccuracy of the entries of A and B. In the
special case of the matrices A and B, their singular values o; are only slightly different
from their eigenvalues which are equal to the squares of the perturbed frequencies f;.
Thus, their condition number is approximately given by

~2

fmax

Omin ’fV2 .
min

Jmax
~

RA = RB = (411)

Depending on the investigated frequency range, ka and kg typically lie in a range of 102
up to 103. However, A and B can easily be preconditioned by a shift-and-invert transfor-
mation [93] that temporarily shifts the eigenvalues without changing the eigenvectors. By
defining the eigenvalue shift as the squared maximal unperturbed frequency f2.., they
are transformed into well-conditioned matrices with a condition number of about one.
ERES necessitates to compute the eigensystems of the symmetric volume integral matri-
ces Q., S¢, Q), or Sy, first. Their eigenvalues lie in the range between zero and one. Thus,
these matrices can likewise easily be transformed into well-conditioned matrices by an
eigenvalue shift of at least one. The same applies to the final symmetric ERES matrices
Z. and Z; whose singular values are exactly the squared perturbed frequencies. Since all
eigenvalue problems merely involve small matrices with a couple of hundred elements, the
solution requires only a nominal computational effort.

4.3.2 Calculation of Perturbed Fields and Cavity Characteris-
tics

For the evaluation of the perturbed stationary fields or the desired cavity characteristics,
a certain amount of unperturbed fields inside the perturbed volume V', or inside a part of
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17, needs to be determined to conduct the series expansion. For analytical unperturbed
fields, this can be done without effort. In case of numerically computed modes, the re-
spective discrete field data is imported into Mathematica involving an additional expense.
Furthermore, post processing routines according to the definitions given in 2.4 were imple-
mented for the calculation of the accelerating voltage V.., the peak surface fields Epeax s
and Hpeax s, the longitudinal and transverse shunt impedances over the intrinsic quality
factor Rj/Qo, R1/Qo, as well as for the field flatness 7.

4.4 Reduction of Computational Effort

In the following, the most essential ancillary routines for improving the effectiveness and
efficiency of the PMs are described.

4.4.1 Choice and Segmentation of Unperturbed Geometry

A suitable choice of the initial unperturbed geometry is crucial for an effective application
of PMs in the context of parameter studies. Due to the fact that the unperturbed shape
can exclusively be deformed inwardly and has to be defined as the very first step, it must
be chosen most flexible but at the same time as conformable as possible to the intended
perturbed shapes. This is a difficult task especially for the optimization of multicell cavi-
ties since the potential geometric changes are difficult to gauge. For sensitivity analyses,
it is additionally necessary to likewise de- and increase the geometry. It is therefore of-
ten expedient to make the unperturbed geometry generally larger to guarantee that it
encloses all potential perturbed geometries. Furthermore, the shape should be defined as
symmetric as possible. This not only reduces the expense for computing the unperturbed
modes but particularly allows to extend the computable frequency range which is of major
importance for the accuracy of the PMs, as will emphatically be demonstrated in Subsec-
tion 6.3.2. Besides, asymmetric perturbations are equally feasible based on a symmetric
unperturbed shape. It also should carefully be considered which parts of a cavity structure
are reasonable to include. For instance, the longitudinal shifting of a HOM coupler, in
order to find the optimal coupler position, cannot be sensibly realized since this would
require a completely different initial coupler volume. Such structure elements should be
attached after a first PM optimization of the pure multicell cavity.

Parameter studies involving the variation of multiple geometric parameters often im-
plicate a large number of investigated geometries. Calculating each volume integral matrix
Q., S¢, Q,, or Sy, individually for every case may entail a great expense merely because
of the high number of geometries. However, in many cases the individual volumes AV in-
volve identical sub-volumes and thus identical sub-integrals that can repetitively be used.
By dividing the complete geometry into appropriate segments, as exemplarily shown for
a three-cell resonator in Fig. 4.11(a), AV can be partitioned into sub-volumes AV,

Nsegm
AV = ) AV, (4.12)

v=1
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AR

segment 1 segment 2 | segment 3

AVl__ 4% Q%X A‘/1_'__

(b)

Figure 4.11: Segmentation of a three-cell resonator for the determination of the TA
terms: (a) Segmentation into three segments with separate volumes AV, AV, AVj.
(b) Application of symmetry conditions: Only the IA terms inside AVy,, and AV,
are computed from EM field data. All other terms are determined by mirroring these TA
terms.

The sub-volume integral matrices of each segment v are processed separately and a com-
plete integral matrix is formed by the combination of the respective Nyegm sub-matrices.
Thereby, each segment can be varied independently of the others and the effort can be
significantly reduced, especially for complex structures and extensive studies. If the un-
perturbed geometry possesses symmetries, the determination of the volume integrals is
further optimized by reducing the amount of field data that has to be processed. Ex-
clusively the integrals on one side of a symmetry plane, here denoted as the positive
coordinate range (+), are computed based on the exported EM fields. The quantity of
the integrals on the opposite side, in the negative coordinate range (-), are directly de-
duced from the ones in the positive range according to the applied symmetry conditions,
as Fig. 4.11(b) illustrates. For this mirroring routine, each integral Qeripys Sewjinr Qhjpy OF
Shy,p, only needs to be multiplied with a factor of +1 or —1, depending on the relation of
the symmetry conditions of the respective k-th and j-th mode. By varying for instance the
equator radius of each cell of a Ney-resonator by Ny,gq different radius values, the eigen-
modes of (Nyarpq + 1)Nee — 1 geometries can be determined based on just Nyariq - Neen sets
of sub-volume integrals for which only one eighth is determined from exported field data.

4.4.2 Separation of Eigenmodes into Sets of Interacting Modes

In principle, all unperturbed modes of a resonator may be used for the series expansion
of a perturbed mode. However, depending on the symmetries of the resonator shape and
the symmetries of the applied perturbation not all modes contribute to the expansion.
For example, in case that both the unperturbed and perturbed geometry are rotationally
symmetric a perturbed mode has to be expanded only in terms of modes with the same
azimuthal index m since the p-dependences of the fields are not affected. Thus, solely
monopole modes (m = 0), dipole modes (m = 1) and so forth mutually interact inside
the deformed volume AV'. In general, the volume integrals s.,,, gGe,,., Sh;., Qn;, of the EM
fields or the resulting IA terms s;, g of two non-interacting modes ¢ and k are zero,
i.e. their mutual expansion coefficients oy, G or au;, Br; vanish. Therefore, each set of
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Figure 4.12: Example of an interaction term matrix for a set of six modes: Colored
elements indicate actual IA terms unequal to zero while white elements identify non-
interacting modes with a zero IA term. (a) Sparse matrix including all modes. (b) Dense
matrix of first subset of the modes 1, 2, 4, 5. (¢) Dense matrix of second subset of the
modes 3, 6.

interacting modes may be processed separately. Instead of one huge set of Ny oges modes
that involves Nyodes X Nmodes matrices smaller subsets of N;, modes, each involving only
Nia, X Ni,, matrices, have to be handled, as illustrated in Fig. 4.12. Depending on the size
of the subsets, both the computational effort for determining the IA matrices, performing
the PM matrix operations and expanding the perturbed fields, as well as the required
data storage may significantly be reduced. To generate the subsets of interacting modes
for numerical eigenmodes computed with CST MWS, a mode recognition algorithm for
categorizing the modes according to their azimuthal type and their radial and longitudinal
dependences was developed [70]. In addition, the regularities of the fields according to their
Cartesian symmetries can directly be deduced from the symmetry plane settings in CST

MWS.
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Chapter 5

Proof of Principle

This chapter presents a validation of the introduced perturbative methods regarding: ap-
plication range, achievable accuracy and involved computational effort. The validation is
performed by means of simple resonator structures subject to simple shapes of pertur-
bations. This allows for an analytical solution of unperturbed and perturbed eigenmodes
alike, minimizing the influence of numerical errors. The same applies to the computation
of the volume integrals S., Q., Sy and Q;, and thus to the entire implementation of the
perturbative methods.

Please note that for reasons of simplicity, physical quantities (primarily the eigenfre-
quencies and stationary fields) may be named in a shortened notation in this chapter
and the following one. For instance, the perturbed stationary electric and magnetic field
E(r) and H(r) are referred to without spatial dependence or overscript symbol ~ as E
and H. In cases where both, unperturbed and perturbed quantities are presented, this is
indicated in the text, the figure labels or the figures themselves. For an easier evaluation
of the stationary EM fields, the 3D field vectors in the shown figures are normalized to a
maximal magnitude of ||Epax(r)]] = Emax = 1 V/m and ||Hpax(r)|| = Hmax = 1 A/m, re-
spectively. So, each field component (in cylindrical coordinates: E,, E,, E,, H,, H, and
H,) may vary in a range of +1 at most. This allows to use the absolute error representative
for the relative error, evading the interfering high sensitivity of the relative error to zero
crossings. It must be pointed out, that since electric and magnetic fields are normalized
separately, the ratio of their amplitudes in the figures does not satisfy the true physical
relation.

5.1 Generalization of Slater’s Theorem

This section expounds the accuracy and convergence behavior of the Generalization of
Slater’s theorem (GST) by evaluating the frequencies and stationary EM fields of the
perturbed eigenmodes for different examples of cylindrical and coaxial resonators as well
as for perturbations of different kind and extent. Further, the section explains specific
characteristics of GST, shows a brief comparison to Slater’s cavity perturbation theorem
and outlines the required quantity of unperturbed eigenmodes and the computation time
involved for the execution of the method. A part of the information was published in [94].
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5.1.1 Cylindrical Resonator

A cylindrical resonator represents a simple boundary value problem. Hence, in addition
to the transverse mode type (TM or TE) its eigenmodes may be differentiated by an
azimuthal index m (coordinate @), a polar radial index n (coordinate p) and a longitudinal
index p (coordinate z). The cylindrical harmonics of TM,, ,,, and TE,,,, are listed in
Appendix B.2. Exemplarily, a cylindrical resonator with PEC boundaries, a length L of
100mm and a radius R of 100mm is subject to different topologically one-dimensional
perturbations, shown in Fig. 5.1 (radial variation of AR = R — R or longitudinal variation
of AL=1L— Z), and topologically two-dimensional (simultaneously variation of AL and
AR) perturbations. Due to these simple 1D and 2D perturbations, only specific sets of
unperturbed modes interact inside the perturbed volume AV'. As Table 5.1 displays, there
are no interdependences between TM and TE modes and exclusively the mode indices
corresponding to the type of perturbation need to be varied. So, each set of interacting
modes may be processed separately by the PMs as outlined in Subsection 4.4.2.

The GST-based perturbed frequencies fgsr uniformly converge towards the correct
solutions frer, as Fig. 5.2(a) demonstrates for different TM, ,, o modes subject to a radial
perturbation. The error exponentially decreases to very low values by using only the
first few unperturbed modes Nyoqes, as particularly evident for the fundamental mode
TMy 1,0 at 1.21 GHz. Figure 5.3 further depicts that the frequency error has a linear
convergence rate with respect to the frequency of the highest used unperturbed mode.

(a)

Figure 5.1: Unperturbed (blue) and perturbed (red) cylindrical resonator: (a) Radial
perturbation. (b) Symmetric longitudinal perturbation. (¢) Asymmetric longitudinal per-
turbation.

Table 5.1: Subsets of interacting eigenmodes in a cylindrical resonator subject to 1D and
2D perturbations.

Mode specification Perturbation of
R ‘L (asym.)‘ L (sym.) ‘ R & L (sym.)
Transverse type (TM/TE)| const. | const. const. const.
Azimuthal index m const. const. const. const.
Polar radial index n variable| const. const. variable
Longitudinal index p const. | variable |var.: odd/even |var.: odd/even
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5.1. GENERALIZATION OF SLATER’S THEOREM

It can also be seen, that for different mode orders n, the error oscillates with the same
period but (minor) differences in amplitude. In contrast, the perturbation extent A&
does not affect the error amplitude but changes its oscillation period. The extent A&
determines the unperturbed wavelength A, that is at least required for an adequate
expansion (see (3.83)). An important consequence is that smaller perturbations require a
higher number Ny,qes Of unperturbed modes for reaching a converging state, as Fig. 5.2(b)
clearly illustrates for the TM ;¢ mode. In this context, converging state means that the
GST frequency of a perturbed mode crosses the correct frequency value for the first time
and starts to oscillate around the correct value. Figure 5.2 further depicts that the GST
frequencies oscillate approximately symmetrically around it. This entails another essential

Jast/ fret — 1 — 1.21 GHz

0.02 —10.65 GHz fast/ fret =1 — AR/R = 2%
il 99.01 GHz 0.005 —AR/R = 10%
0.01

(a) (b)

Figure 5.2: Relative frequency error for TMy, o modes subject to radial perturbations:
(a) Error depending on the number Ny,oqes of unperturbed modes for different mode orders
(n=1,7,14,25,63) with AR/R = 5%. (b) Error of the TMy; , mode depending on the
unperturbed frequency for different perturbations AR/R.

|f s/ fret — 1] — 1.21 GHz

0.1 — 10.65 GHz

E — 21.70 GHz

C — 39.05 GHz

i 99.01 GHz
0.01
0.0015—
10._45—
10._55—

L1 1 1 1 || 1 1 1 | R | 1 1 fUnp/GHZ
5. 10. 50. 100.
Figure 5.3: Relative frequency error of TMj ,, o modes (n = 1,7, 14,25, 63) depending on
the frequency of the highest unperturbed mode for a radial perturbation of AR/R = 5%.
The black line depicts a linear rate of convergence.
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conclusion: On condition that the GST frequency of a certain perturbed mode has an
ascertainable oscillating behavior (depending on Nyodes), the optimal GST result for this
mode is provided by that number Ny,qes that yields the frequency closest to the average
GST frequency. Consequently, the accuracy can potentially be improved by examining
the convergence behavior and specifying the respective number N,qes- For instance, for
the 5 % radial perturbation a Npyeges 0f 45 or 55 is optimal (see Fig. 5.2(a)).

For a constant number N,,,qes, €ach perturbed mode is expanded in terms of the same
unperturbed modes. With increasing perturbed mode order (or frequency), less of these
modes have a shorter wavelength than the perturbed mode. As a consequence, less modes
with a significant contribution to the series expansion exist, in the following denoted as
dominating expansion modes, since primarily modes with the same or a shorter wavelength
involve large expansion coefficients and thereby contribute to the expansion. A compar-
ison of the GST-based frequency shift Afast between the unperturbed and perturbed
frequencies with the reference frequency shift A frer in Fig. 5.4 emphasizes this. All of the
modes provide a shift ratio A fgsT/A frer sSmaller than the intended ratio of 1. As expected,
the ratio increasingly deviates with rising frequency. Especially the last six modes show
significant discrepancies due to the small number of dominating expansion modes. Thus,
due to their diminished accuracy, the PM results for the modes of highest order should
always be deliberately used. In addition, the 10th, 29th and 48th mode display abruptly
increased deviations. This phenomenon, contrary to expectation, will be explained in de-
tail in Subsection 5.1.3. Excluding the 10th, 29th and 48th mode, the majority of the
modes fits the true solution very well despite the small number Np,oqes Of just 54 modes.
The ratio A fast/A frer deviates only 4.58 - 1072 at minimum and 3.58 - 1072 on average
from 1. The frequency shift Af is a well suited criterion for evaluating the accuracy of
the underlying PM since it exactly displays if the changes caused by a perturbation can
be reproduced. However, modes with a low sensitivity to a certain kind of perturbation
may have a relatively high error for Af since the frequency only slightly changes. But
precisely because of the small shift its error is of minor relevance. In contrast to the fre-
quency shift, the relative frequency error fost/frer — 1 states if the perturbed frequency
itself is correct. Thus, the relative frequency error is a rather practically relevant crite-
rion. Figure 5.5 shows that both absolute and relative frequency error are approximately
equally distributed around the intended value of zero. Except for the abruptly increased
deviations for the 10th, 29th and 48th mode, the absolute error is relatively constant and

AfGST/AfRef‘ ‘ ‘ - fret/ GHz
Ref
0.9
0.8
0.7
0.6}

Figure 5.4: Ratio of GST-based and reference frequency shift of TMj ,, o modes depending
on perturbed frequency for Nyoqes = 54 and AR/R = 5%.
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Figure 5.5: Perturbed frequencies of TM , o modes depending on perturbed frequency
for Nmodes = 54 and AR/R = 5%: (a) Absolute error. (b) Relative error.

noticeably increases again only for the last six modes (see Fig. 5.5(a)). The relative error,
in contrast, is also increased for the first ten modes (see Fig. 5.5(b)) since their frequencies
are comparatively lower. The absolute value of the relative error | fast/ frer — 1| does not
exceed 4.61 - 1072 and is 5.62 - 10~* on average.

One of the essential advantages of GST is that the method also provides the stationary
fields of the perturbed modes. Starting with lower order modes, Fig. 5.6 plots the GST-
based EM field, its absolute error and the analytical reference field of the fundamental
mode TMj 1 ¢ for a relative radial perturbation AR/R of 5%. As mentioned at the begin-
ning of this chapter, the fields are normalized to a maximal magnitude of Ey. = 1V /m
and Hp.x = 1A/m to facilitate the evaluation of the absolute error. As obvious from
Fig. 5.6(a), the GST-based electric field E, coincides very well with the reference field. Its
mean absolute error amounts to 1.56 - 107* V/m. Solely close to the perturbed boundary
the error increases to 2.60 - 107 V/m. In contrast, the magnetic field H, shows distinct
deviations, oscillating around the correct field curve (see Fig. 5.6(b)). This oscillating
behavior, known as Gibbs phenomenon [49], arises from the non-zero value of H,, at the
interior PEC boundary p = R: The unperturbed fields generally have non-zero values at
both sides of a perturbed boundary AS since AS lies inside the unperturbed volume. But
they must reproduce an abrupt transition from a non-zero value to zero in case the bound-
ary condition implies a non-zero perturbed field component. Thus, affected components
are reduced to half of their actual value at the perturbed boundary AS, as was explained
in detail in Section 3.3. F, is not affected since it is zero at the radial PEC boundary. The
effect reduces the higher the mode order n becomes, as Fig. 5.7(b) demonstrates for the
TMy,70 mode. Here, the deviations due to oscillations are smaller and primarily occur in
close proximity of the boundary. A simple spatial low pass filter can be used to remove
the Gibbs phenomenon by smoothing the fields. Since the frequency of a perturbed mode
and hence its wave number k£ are known, the 3D wave number £k can be used as a good
approximation for the 1D wave numbers (in cylindrical coordinates: k,, k, and k,) for
adjusting the cutoff wavelength of the low pass filter. So, the undesired GST-induced
oscillations can be smoothed without distorting the actual field pattern. Furthermore,
H, may be replaced by twice its value at p = R to obtain its correct boundary value.
By doubling the boundary field value and interpolating the field values in direct vicinity,
additionally, a premature reduction towards zero may be avoided. Figure 5.8 displays the
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Figure 5.6: Perturbed EM field of the TMj ;o mode along the perturbed coordinate
direction p for AR/R = 5% and Npoqes = 54: The field components E,, E,, H, and H,

are zero and therefore not displayed.
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Figure 5.7: Perturbed EM field of the TMy 7o mode along the perturbed coordinate
direction p for AR/R = 5% and Nyoedes = 54: The field components E,, E,, H, and H,
are zero and therefore not displayed.

H,/(A/m
i o
- i — GST
0.8 — Reference
- — ST — (abs. error)-100
0.6r — Reference
i — (abs. error)-100
0.4
2r p/m
N o NV, %p/m
0.02 004 006 0.8 \ .
—0.2+ -0.97

(a) (b)

Figure 5.8: Low pass filter smoothed magnetic field H,: (a) TMg 1,0 mode. (b) TMg 7
mode.
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Figure 5.9: Perturbed EM field (unfiltered) of the TMg 450 mode along the perturbed

coord

inate direction p for AR/R = 5% and Nyoedes = 54: The field components E,, E,,

H, and H, are zero and therefore not displayed.
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accordingly smoothed magnetic fields of the TMg ;¢ and TMg 7o mode. The smoothed
field H, of the TMy ;o mode has a similar accuracy as F, except for a minor residue of
Gibbs phenomenon close to the boundary where the error rises to 2.65- 1072 V/m. The
residue is accounted for by the low mode frequency. Nevertheless, by smoothing H, its
mean absolute error can be reduced to 4.81-107* A/m. The error of the smoothed H,
field of the TMy 7 is relatively equally distributed along p and on average only slightly
higher (by a factor of 2) than the error of the unfiltered electric field. In accordance to
the trend of the frequency error, the field deviations increase with rising mode order n.
Exemplarily, Fig. 5.9 shows the field of the TMj 45 mode, for which the frequency shift
error begins distinctly to increase (see Fig. 5.4). As a consequence, the absolute error of
electric and magnetic field of the TMg 45 mode is round about one order of magnitude
higher than the one of the TMj ;o mode. The mean absolute errors are 2.71 - 1073 V/m
(E,) and 5.26 - 10~* A/m (H,) while the maximal errors are 2.83-107% V/m (E,) and
6.05-1072 A/m (H,). Nevertheless, despite the high mode order, the GST-based field
still matches the reference field to a large extent and marked deviations are solely de-
tectable in close vicinity of the boundary. Figure 5.10 displays the electric field E, of
the TM ;0 and TMj 7o mode for an enlarged radial perturbation of AR/R =10% to
demonstrate the influence of the perturbation extent on the accuracy. A comparison of
Fig. 5.10(a) with Fig. 5.6(a) and Fig. 5.10(b) with Fig. 5.7(a) illustrates that the field
error only slightly changes if AR/R is doubled and Nyqes is kept constant. Thus, the
perturbation extent just marginally affects the accuracy of the results, however, only
provided that Npqes is sufficiently high, which means that the series expansion reached
a converging state (see Fig. 5.2(b)). Minor differences in the accuracy may arise from
the different oscillating behavior, as Fig. 5.2(b) also shows. Appendix C.1 contains fur-
ther GST results concerning the accuracy of frequencies and stationary fields for TEq 1,
monopole and TE, ; , dipole modes subject to longitudinal perturbations. In principle,
the perturbed quantities for longitudinal perturbations can be determined with a similar
accuracy as the just presented radial perturbations.
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— GST — (abs. error)-100
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Figure 5.10: Perturbed electric field E, of TM ,, o modes along the perturbed coordinate
direction p for AR/R = 10 % and Nyedes = 54 (a) TMg 1,0 mode. (b) TM 7o mode.
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In contrast to the one-dimensional perturbations, the number of interacting unper-
turbed modes increases if a two-dimensional perturbation is applied since not only one
but two mode indices are variable, as previously listed in Table 5.1. As a consequence,
the frequencies of the unperturbed modes increase considerably slower, as Fig. 5.11 illus-
trates. The frequency of the 200th unperturbed TEy, , mode for a simultaneous radial
and longitudinal perturbation is about 17 times smaller than the frequency of the 200th
unperturbed TEq;, mode for a longitudinal perturbation. This narrowed spacing be-
tween neighboring frequencies reduces the speed of convergence depending on the number
of modes since the wave numbers of the modes used for the series expansion also increase
slower. For instance, TEq 393 and TEq 5 39 are the modes with the highest radial and lon-
gitudinal index, respectively, within the first 600 TE,, modes. Thus, GST requires a
higher number of modes N,,0qes to reach the same accuracy as for 1D perturbations. The
slower convergence of a 2D perturbation is clearly evident from Fig. 5.12. Up to 90 modes
are needed for a first crossing of the correct frequency for a simultaneous radial and longi-
tudinal perturbation of AR/R = 5% and AL/L =5 %. It also becomes apparent that the
frequencies no longer steadily oscillate but show step-like changes. This arises from the
fact, that the indices n and p of the dominating modes, providing a higher weight in series
expansion, are similar to the ones of the perturbed mode. Thus, the frequency error only
significantly changes if such a mode is added to the expansion. By using 96 unperturbed
modes, a number just sufficient for a converging state, the first 50 perturbed frequen-
cies can be computed with a mean relative error (MRE) |fast/ fret — 1] of 2.94 - 1073.
Compared to 1D perturbations this is an increase of error but still an adequately high
accuracy. Increasing Npoqes t0 450 reduces the relative error to only 1.31-107% on av-
erage and 5.56 - 107 at maximum, as Fig. 5.13 displays for the first 100 TEg,, , modes.
Consequently, the same accuracy as for 1D perturbations can be obtained at the expense
of a higher Nyoges. Figure 5.13 also shows that the frequencies are rather randomly dis-
tributed around the correct solution. The figures 5.14 — 5.17 on the following pages present
the (partially smoothed) stationary EM fields of the perturbed TEg;1, TEg1, TEg 19
and TE( 199 mode. The selection includes the lowest order mode and modes for which one
or both mode indices n and p have comparatively high values. Each field component is

f/GHz

— TMo,n0
600 — TEo.,
— TEonp
400r
200
U — Nmodcs
200 400 600

Figure 5.11: Unperturbed frequencies depending on the number Ny, q4es of unperturbed
modes for different sets of IA modes i.e. for different types of perturbations: TMjy, ¢
modes for a radial perturbation (blue curve), TEq;, (p: odd) modes for a longitudinal
perturbation (red curve) and TE,,, (p: odd) modes for a 2D perturbation (gray curve).
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plotted along both perturbed coordinate directions. Almost all figures show a very good
agreement between GST-based and reference fields with an accuracy similar to that of the
1D perturbations. Only in Fig. 5.14(c) and 5.15(c), it appears that H, noticeably deviates
from the reference field. (The same applies to H, in Fig. 5.17(f).) However, there H, has
a distinctly lower magnitude than the corresponding H, (see Fig. 5.14(e) and 5.15(e)).
Therefore, it may be inferred that the deviations are only seemingly increased due to
the generally smaller field values. The consistent absolute error substantiates this. Thus,
GST allows for a very accurate computation of perturbed eigenmodes provided that the
number of unperturbed modes is sufficient.

fast/ frer — 1 — 2.49 GHz
6.97 GHz
g — 0.98 GHz
0.04 — 14.33 GHz
21.52 GHz
0.03}
0.02
0.01F
I
X n X R TN X L X n - e ———— Nmodes
o300 200 80— 400~ 500 600
—_
~0.01}

Figure 5.12: Relative frequency error depending on the number N,qes Of unper-
turbed modes for TEy, , (p: odd) modes subject to a two-dimensional perturbation of

AR/R =5 % and AL/L =5 %I TE()7171 (249 GHZ), TE07373 (697 GHZ), TE07671 (998 GHZ),
TE0,1,9 (1433 GHZ) and TE071079 (2152 GHZ)

fasr/ fret — 1
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e aaAng e AT
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fRef/GHZ
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Figure 5.13: Relative frequency error depending on the perturbed frequency for the first
100 TEy,, (p: odd) modes subject to a two-dimensional perturbation of AR/R = 5%
and AL/L = 5% for Nyodqes = 450.
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Figure 5.14: Perturbed EM field of the TEj;; mode along both perturbed coordinate
directions p and zfor AR/R = 5%, AL/L = 5% and Npeqes = 480: The field components
E,, E, and H, are zero and therefore not displayed.
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Figure 5.15: Perturbed EM field of the TE(g; mode along both perturbed coordinate
directions p and zfor AR/R = 5%, AL/L = 5% and Npoedes = 480: The field components
E,, E,and H, are zero and therefore not displayed.
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Figure 5.16: Perturbed EM field of the TE(; 9 mode along both perturbed coordinate
directions p and zfor AR/R = 5%, AL/L = 5% and Ny,oqes = 370: The field components

E,, E, and H, are zero and therefore not displayed.
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Figure 5.17: Perturbed EM field of the TE( ;99 mode along both perturbed coordinate

directions p and zfor AR/R = 5%, AL/L = 5% and Nyodes =

510: The field components

E,, E, and H, are zero and therefore not displayed.
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5.1.2 Coaxial Resonator

While the previous subsection presented examples for deformations of an existing bound-
ary this subsection demonstrates that GST also allows to create additional boundaries by
removing a volume from the interior of a cavity. As a minimal example serves a coaxial
resonator derived from a cylindrical cavity, as shown in Fig. 5.18. For this purpose, the
volume AV is defined as a cylinder with the length L and the radius R;, that is equal to
the inner radius of the coaxial resonator. Since this presents a purely radial perturbation,
only modes with the same azimuthal and longitudinal indices m, p and a different radial
index n interacts for GST (see Table 5.1). Exemplarily, coaxial TM,, o modes based on
the set of cylindrical TMj ,, o modes are presented.

%

Figure 5.18: Coaxial resonator with an outer radius R and an inner radius R;, (perturbed
resonator, red) based on a cylindrical resonator with a radius R.
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Figure 5.19: Relative frequency error depending on the number N, ,qes 0f unperturbed
modes for TMy ,, o modes (n = 1,2,4,6,7,8,9) of a coaxial resonator with R;, = %R.
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The GST-based frequencies fgst converge towards the correct solution. However, in
contrast to a perturbation of an existing boundary (see Fig. 5.2(b)), the correct frequency
is always approached from one direction, i.e. the GST frequency of a certain mode is almost
exclusively greater equal (or less equal) than the correct one, as Fig. 5.19 demonstrates
for a selection of modes. As a consequence, for each perturbed mode, the corresponding
minimal (or maximal) GST frequency (depending on Ny,qes) represents the best possible
result instead of the corresponding average GST frequency. Figure 5.20 illustrates this by
the relative frequency error of the first ten TM,,, o modes. Here, it is apparent, that the
optimal (minimal or maximal) GST frequencies (Nyodes = 57) in the range of 48 to 57
unperturbed modes are far more accurate than a set of rather average GST frequencies
(Nmodes = D). Further, it can be seen from Fig. 5.19 and 5.20 that the TM; o mode has a
comparatively high error in contrast to TMj ,, o modes of higher order. Regarding the spe-
cific convergence behavior, the EM fields can accurately be computed, as Fig. 5.21 shows
for the TMg 10 and TMg4,0 mode. Solely close to the inner radial boundary, the mag-
netic field H, noticeably deviates from the reference field due to the Gibbs phenomenon
(see Subsection 5.1.1). The mean absolute error of the electric field is 2.16 - 107* V/m
for TM 10 and 4.32 - 107* V/m for TMj 4. The maximal errors are 1.52 - 1072 V/m and
3.61-1072 V/m, respectively. Expectedly, the electric fields of the TMg 1 and TMg .4
mode based on Nyqes = D5 show increased deviations, as depicted in Fig. 5.22. Their
mean absolute error rises to 3.15- 1072 V/m and 2.42 - 1073 V/m, respectively. Thus, a
wrongly chosen Npoqdes primarily affects the TMy ; o mode due to its generally lower accu-
racy. Though the higher TMj , o modes are also impaired, their fields still coincide very
well with the reference fields. It should be pointed out that, even without knowing the
correct perturbed modes, the progression of a certain GST frequency depending on Ny, oqes
indicates if it converges symmetrically or from one direction towards the solution, pro-
vided that a sufficient number of modes Ny oqes is used. Figure 5.23 illustrates this for
the GST frequency of the TM ;o mode. Consequently, the convergence behavior should
always be considered for choosing the best Npodes-

As introduced in Subsection 2.2.2, the creation of two separate boundaries results in
the existence of additional TEM,, modes with a wave number k equal to the longitudinal
wave number k = k, since the transverse wave number k7 is zero. Hence, the TEM, mode

Jast/ fret — 1 fast/ fret — 1
2:107% / 0.02&{-
E—— —— fret/GHz 0.015
4 g 10 12 14 16
2.10-%F 0.010
0.005
—4-1079

' ' e frt/ GHz
4 6 8 10 12 14 16

(a) (b)
Figure 5.20: Relative frequency error of the first ten TMy , o modes depending on per-

turbed frequency for a coaxial resonator with Ry, = -5 R: (a) Optimal GST frequencies
resulting from Nyoqes = 57. (b) Average GST frequencies resulting from Npoges = 55.
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Figure 5.21: Optimal perturbed EM field (unfiltered) of TMj , o modes along the per-
turbed coordinate direction p for a coaxial resonator with Ry, = %R and Npodes = D7:
(a) = (b): TMy 1,0 mode. (c) — (d): TMg4, mode. The field components E,, E,, H, and
H, are zero and therefore not displayed.
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Figure 5.22: Perturbed electric field of TMy, o modes along the perturbed coordinate
direction p for a coaxial resonator with R;, = %R for a non-optimal Nyeges Of 55: (a):
TMQJ’O mode. (b) TM0,470 mode.
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Figure 5.23: Perturbed frequency of the TM ; o mode depending on the number Ny,odes
of unperturbed modes for a coaxial resonator with R;, = %R
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Figure 5.24: Perturbed TEM, mode of a coaxial resonator with R, = ;s R: (a) Fre-

quency depending on the number Npoqes of unperturbed modes. (b) Magnetic field H,,
for Nyodes = D7.

has an eigenfrequency of zero. Strictly speaking, the TEM, can only exist inside a wave-
guide, implying that the inner and outer radius boundary are not connected. Nevertheless,
GST yields a result for the TEM, mode based on the set of cylindrical TMy , o modes.
Figure 5.24(a) shows the frequency error of the respective GST frequency. At first sight,
the frequency seems to have abrupt changes. This arises from the fact that the GST
frequencies fggt are exclusively defined as (physically sensible) positive values. However,
since fgsT may also be defined as a negative value, the TEM, frequency actually oscillates
symmetrically around the correct value of zero. The corresponding magnetic field can be
correctly reproduced, as Fig. 5.24(b) shows. In contrast, the purely radial electric field
E, of the TEM, mode can not be computed by GST since the unperturbed cylindrical
TMj,, 0 modes have no radial electric field component E, (see Appendix B.2.1). So the
set of unperturbed modes inherently inhibits to do so. The TEM,; mode can likewise not
be determined from a set of TEg, o modes since no TE,, , o modes exist. Therefore, the
electric field E inevitably has to be determined from the curl of H based on Maxwell’s
equations. However, this involves a certain effort.
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5.1.3 Specific Characteristics of GST

Some of the specific characteristics of GST were already discussed in [94] I. A direct com-
parison of GST with the simple perturbation approach of Slater’s theorem (ST) shows
the significantly higher accuracy of GST. For both ST and the first order approximation
of ST, the relative frequency error of the fundamental mode is already one order of mag-
nitude higher than the one of GST, as Fig. 5.25 illustrates for a radial perturbation of
AR/R =5%. The ST-based frequency error also increases rapidly with rising frequency
until it reaches a value that is equal to the relative extent of the perturbation (5 %) and
continues oscillating around this value. A relative error equal to the relative extent of
perturbation is absolutely inadequate and indicates the failure of ST for modes beyond
a certain mode order. Hence, for a 5% perturbation, only the frequency shift of the first
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-0.02r — Slater

I N — Slater (Approx.)
-0.04f
—-0.06}
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Figure 5.25: Comparison of GST to Slater’s theorem: Relative frequency error of
TMjy, 0 modes depending on perturbed frequency for AR/R = 5% based on GST with
Nmodes = D4 (blue), Slater’s theorem (red) and first order approximation of ST (gray).
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Figure 5.26: Ratio of GST-based and reference frequency shift of TMy, o modes de-
pending on the perturbed frequency for Nyoqes = 54: (a) 51 modes for AR/R =5%. (b)
49 modes for AR/R = 10%.

iSome of the conclusions in [94] proved to be partially incomplete and therefore do not match the
completed information in this subsection.
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nine perturbed modes can be computed with ST at all. A restriction to even less modes is,
however, advisable because of the high error. The accuracy of the first order approxima-
tion of ST is even worse and therefore must be used on no account. It is also apparent from
Fig. 5.25 that the perturbed mode for which the ST-based frequency error reaches a value
of 5% and starts oscillating is exactly the same mode for that the GST-based frequencies
display a first abrupt error increase. In addition, Fig. 5.26 clarifies that the occurrence of
these abrupt deviations is directly related to the perturbation extent. There, it is obvious
that a perturbation of 10 % creates twice as many modes with such an anomaly as a 5%
perturbation. In case of 1D perturbations, a definite regularity for the affected modes can
be found, set by the irregular GST mode index 1GsTin

IGSTirr = [225 + Aié.ZN-‘ : (5.1)
Here, A&/ is representative for the relative extent of the 1D perturbation (e.g. AR/R or
AL/L) and iy € Ny = {0,1,2,...}. A closer examination of the magnitudes of the expan-
sion coefficients a; or 3, allows to gain a better understanding of the phenomenon. At
this, the focus is on the prime dominant expansion mode or dominant expansion mode
for short. The i-th dominant expansion mode is the unperturbed mode whose expansion
coefficients «a;,  and 3, have the highest absolute values for a perturbed mode 7

Qi = Nrknmoa%ccs @ikl (5.2)
Bidom = mmoa%%s | Bi| (5.3)

and thereby have the highest contribution to the series expansion. Figure 5.27 shows a
comparison of the frequencies of the unperturbed modes, the perturbed modes and the
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Figure 5.27: Frequencies of TMy, o modes depending on the mode index %yoqe for
AR/R = 5%: (a) For each perturbed mode (gray curve) the equivalent unperturbed mode
(blue curve) and the corresponding prime dominant unperturbed mode for the GST series
expansion are shown. (b) Starting with the perturbed TMj ;90 mode, the dominant mode
is at least one index higher than the unperturbed mode.
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dominant unperturbed modes depending on the mode index imode for a set of TMg,
modes. By rising index ip0qe, unperturbed and perturbed frequencies increasingly di-
verge, as Fig. 5.27(a) displays. In a sense, the frequencies of the dominant modes follow
the perturbed frequencies by skipping certain indices in the sequence of unperturbed mode
indices. Fig. 5.27(b) emphasizes this for the perturbed TMg 10,0 mode (imoqe = 10). Here,
the corresponding dominant expansion mode is the unperturbed TMj ;1 0 mode instead of
the skipped TMj 190 mode. Thus, the n-indices of the unperturbed and dominant expan-
sion modes start to differ from the 10th mode on. The skipping repeats every 20 indices in
accordance to (5.1). Figure 5.28(a) illustrates why the phenomenon occurs the first time
for the 10th mode (or more general the [£/(2A)]) by means of the ratio of the unper-
turbed and perturbed wavelengths. It it obvious that the wavelength of the 10th perturbed
mode is exactly the mean value of wavelengths of the 10th and 11th unperturbed mode.
As a consequence, the 11th unperturbed mode becomes the dominant expansion mode for
the 10th perturbed mode which thus may not be sufficiently expanded without the 11th
unperturbed mode. The same principle applies to the unperturbed TEq; 19 (10th mode
for odd p) and the perturbed TEq; 17 (ninth mode for odd p) for a symmetric longitudi-
nal 5% perturbation where the perturbed volume dV is split into two sub-volumes (see
Fig. 5.1(b)). So both, frequencies and stationary fields elucidate the repetitive anomalies
due to the shifting between unperturbed and perturbed mode indices. As just explained,
this shifting results in a reduced number Ny,qes Of computable perturbed modes, compared
to the number Nyodes Of unperturbed modes, if a certain mode index is exceeded. The se-
ries expansion can only yield reasonable results for perturbed modes whose wavelength \;
is larger than the minimal unperturbed wavelength A.;,, as previously expounded in 3.3

\
/

(a)

(b)

Figure 5.28: Illustration of the wavelength shifting using a simple 1D example subject to
a5 % perturbation: (a) The 10th perturbed wavelength (red curve) lies exactly between the
10th (blue curve) and 11th (black curve) unperturbed wavelength. (b) Since one half-wave
of 20th unperturbed mode (black curve) fits precisely into the volume AV removed by
the perturbation (light blue), the 20th unperturbed wavelength equals the 19th perturbed
one (red curve).
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(see (3.83)). Derived from the irregular GST mode indices (5.1) the actual number Nmodes
of perturbed modes can be approximated by

Nmodes ~ \‘Nmodes (1 - %)J . (54)

From this conclusion the question arises how GST is affected by this phenomenon since the
method nevertheless inherently yields Np,oqes perturbed modes. A detailed examination
revealed that, in contrast to the reqular GST modes, for each irregular perturbed mode
index iggTirr a pair of two irreqular GST modes exists which constitutes just one perturbed
mode. As a consequence, the actual number of perturbed modes is smaller than Ny,oqes-
So, GST provides a sort of compensatory mechanism to fulfill the requirement of a reduced
number Ny,oqes Of expandable perturbed modes. For instance, for a 5% perturbation, the
10th and 11th, 30th and 31st, 50th and 51st mode form such pairs. Thus, just 51 perturbed
modes may be computed for Npyoqes = 54 and the 10th, 29th and 38th perturbed mode
are the resulting irregular modes, as Fig. 5.26(a) depicts. Unexpectedly, the frequencies
and expansion coefficients of these irregular mode pairs may have not only real but also
complex values. Their domain changes depending on the number of used expansion modes,
as Fig. 5.29 shows by the distribution of complex-valued frequencies depending on the GST
mode index igst and Npeqes for different types of perturbations. The subfigures 5.29 (a)
to (c) prove that for 1D perturbations, pairs of complex frequencies only occur for igsrir
and the respective subsequent mode in a repetitive sequence. In the context of resonator
eigenmodes (see Section 2.2), complex-valued frequencies would represent lossy modes.
However, this violates the Helmholtz equations since purely PEC and PMC boundaries
force lossless eigenmodes and thereby real-valued frequencies. In contrast, the complex
GST frequencies and expansion coefficients seems to be an aliasing effect [95, Ch. 3| of
the compensatory mechanism inherent to the method. The simultaneous existence of
real- and complex-valued frequencies for the same perturbed mode based on different
Niodes Values substantiates this hypothesis. In a mathematical sense too, the existence
of complex eigenvalues and eigenvectors cannot be excluded since the matrices A and B
that form the eigenvalue problem of GST are non-symmetric matrices (see (3.75), (3.76)).
Also, a universally valid similarity transformation [81] for A and B with Nyqes > 4 could
not be found. The frequencies f; qp.. and fiqgr.+1 as well as the expansion coefficients
Qigsri, N Aigeri 115 Biggr,, and B .. 41 of a real-valued mode pair have different
values without a distinct mathematical relation. The complex-valued mode pairs always
have conjugate complex frequencies and coefficients with

R {L’GSTm} =% {L‘GSTMH} ’ {L‘GSTM} - {L’GSTmH} ; (5.5)
R{Qicer ) = B Qigen1) + FH{igen, ) = =S} (5-6)

R {giGSTirr} =% {QiGSTirH—l} ’ {éz‘gsTirr} - {giGSTirr+1} g (5.7)

since the matrices A and B have exclusively real-valued entries. So they only differ in
the sign of the imaginary part. Examining the frequency convergence of an irregular GST
mode pair reveals that the imaginary part of the complex frequencies f

oW W
& L

GSTlrr —IC}STlrr""1
in a way adds up to their real part resulting in a nearly regularly oscillating behavior, in

combination with the real-valued fi .., ficsrm+1- Figure 5.30 demonstrates this for the
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Figure 5.29: Domain of GST frequencies depending on the perturbed GST mode in-
dex igst and the number Npoqes Of unperturbed modes up to 200 modes: The left
top square in each subfigure matches Nyoqes = 1 and igst = 1. White squares indicate
real values and black squares complex values (gray auxiliary lines are plotted every ten
modes). (a) Symmetric longitudinal perturbation of AL/L = 5%. (b) Radial perturbation
of AR/R =5%. (c) Radial perturbation of AR/R = 10%. (d) Radial and longitudinal
perturbation of AR/R = 5% and AL/L =5%.

94



CHAPTER 5. PROOF OF PRINCIPLE

first irregular mode of a symmetric longitudinal perturbation of 5%. But it depicts also
that the frequencies converge noticeably slower than regular GST frequencies. The mean

irreqular frequency f; asr, Of both modes

fiGSTi” - (iiGSTirr T —ZGSTm-i—l)/z (58)

complex- or real-valued, oscillates smoothly around the correct frequency, and has an

accuracy even better than the one of a regular mode. In case of complex-valued fZ
GSTlI‘I‘
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Figure 5.30: Relative frequency error depending on the number N, qes 0f unper. modes
for the TEq ;19 mode subject to a symmetric longitudinal perturbation AL/L =5 %:
Real-/complex-valued and mean frequency of the 10th and 11th GST mode (p: odd).
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Figure 5.31: Relative frequency error depending on the number N, ,qes of unperturbed
modes for the TEy; 190 mode subject to an asymmetric longitudinal perturbation of
AL/L = 5% based on the 10th and 11th GST mode.
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LP— their mean value is identical to their real part. So, the mean irregular frequency

Jicer, 18 exclusively real-valued, guaranteeing consistently valid results. The irregular
mode pairs of an asymmetric longitudinal perturbation show a completely different be-
havior. Instead of two complementary modes, one mode of the pair constitutes the correct
solution whereas the other mode is a sort of artifact, identical to the corresponding unper-
turbed mode, i.e. its frequency is the unperturbed one, and only one expansion coefficient
differs from zero. Figure 5.31 illustrates this by the TEj ;10 mode. In addition, complex-
valued results solely occur for three pairs of the first irregular mode. However, the example
of an asymmetric perturbed cylinder is irrelevant for practice since it is actually a sym-
metric perturbation deliberately made asymmetric. Therefore, it is very unlikely that
such GST results will occur for real-life structures. A radial perturbation presents the
most probable way how the irregular GST modes will look like for real-life resonators. In
contrast to longitudinal perturbations that are expanded in terms of sine functions, radial
perturbations are expanded in terms of Bessel functions whose roots are not equidistant.
As Fig. 5.32 demonstrates for the first two irregular mode pairs, each pair again consists
of two complementary modes. However, f, aeri, do€s not approach the correct solution but
displays a perceptible offset. The first irregular mode pair converges towards a relative
error of 7.87- 1073 (see Fig. 5.32(a)), a value by an order of magnitude higher than the
error of regular GST modes. Advantageously, the relative error reduces for irregular mode
pairs of higher order since the absolute frequency offset is approximately constant. For the
second irregular mode pair, it already decreases to 3.80 - 1072 (see Fig. 5.32(b)). Hence,
primarily the accuracy of lower order modes is impaired by the aliasing phenomenon. The
investigations of the irregular GST frequencies showed that asymmetric and symmetric
longitudinal perturbations demonstrate the two extreme cases for the mannerism of GST
while radial perturbations present a rather medial and more realistic case. Therefore, the
frequencies of irregular modes of real-life cavity structures should be determined based
on their mean frequency f, asriy, U0 guarantee a smooth convergence. Since an error offset
cannot be detected without knowing the true frequency, the possibly higher error cannot
be evaded and should always be taken into consideration.

The real and imaginary part of any complex eigenvector may be changed by multi-
plying it by an arbitrary complex value without losing the eigenvector’s validity. Thus,
the expansion coefficients resulting from a complex-valued irregular mode pair have to
be exclusively related to their absolute values to guarantee consistent field results. Since
the single components ay; (B;x) of a real-valued coefficient a; (3;) differ in their sign, a
signed absolute value is introduced for the complex-valued coefficients ¢, (QZ) to preserve
a correctly alternating sign. The sign of each a; (@Zk) can easily be determined from its
phase since ”positive” and "negative” values have a phase difference of approximately
7. For a pair of real-valued irregular modes, the resulting coefficients are again formed
by the mean irregular electric expansion coefficient &y, and mean irregular magnetic

expansion coefficient

iGSTirr
—_— aiGSTirr + aiGSTirr+1
e 9 ) (59)
B. _ 'BiGSTirr + ﬁiGSTirr"Fl (5 10)
LGSTirr 2 : :

For longitudinal perturbations the EM fields of the irregular GST modes fit the refer-
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ence fields equally well as regular GST modes. Figure 5.33(a) exemplarily depicts the
absolute error of the electric field of the first irregular mode pair based on a pair of real-
valued expansion coefficients o qp.,,, Qigeri,+1, their mean value o, and the signed
absolute value of a complex ;. .. . It is apparent that @;.g,,, and the signed absolute
value of a; .. provide the fields with the lowest error of similar magnitude. Their errors
amount to 5.41 - 102 V/m and 5.19-1072 V/m at maximum and 2.44 - 107® V/m and
1.30 - 107 V/m on average. Figure 5.34 plots the corresponding well matching field pat-
tern. As to be expected from the frequency results, the irregular mode fields subject to
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Figure 5.32: Relative frequency error depending on the number Np,qes of unperturbed
modes for irregular TMj ,, o modes subject to a radial perturbation of AR/R =5%: (a)
TMjp 100 based on real and complex frequencies of the 10th and 11th GST mode. (b)
TMy 290 based on real and complex frequencies of the 30th and 31st GST mode.
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Figure 5.33: Absolute error of perturbed electric fields of irregular GST modes: (a)
E, field of the TE( ;19 mode along the perturbed coordinate direction z based on real
(Nmodes = 55) and complex (Npodes = 65) expansion coefficients of the 10th and 11th GST
mode (p: odd) for AL/L =5%. (b) E, field of the TMy 190 mode along the perturbed
coordinate direction p based on real (Nyoqes = 55) and complex (Npodes = 64) expansion
coefficients of the 10th and 11th GST mode for AR/R = 5%.
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a radial perturbation display a perceptible increased error. The mean coefficient ;...
and the signed absolute value of a; .. do not constitute the best fitting field due to
the error offset, as Fig. 5.33(b) depicts. Their mean absolute errors are 1.46 - 1072 V/m
and 1.48-1072 V/m and hence by an order of magnitude higher. The increased error
primarily expresses in a shift of the zero crossings and has only a small impact on the
local minima and maxima of the field pattern, as Fig. 5.35 demonstrates for the first two
irregular mode pairs. A comparison of Fig. 5.35(a) and Fig. 5.35(b) further illustrates
that the shift of the higher TMj 29 9 mode is less pronounced than the one of the TMg 10,9
mode. While the GST frequencies give no hint if an irregular mode has an error offset the
EM fields clearly indicate the offset by the mismatched boundary conditions, as can be
seen from both figures too. Thus, field components that need to be zero according to the
applied boundary conditions can be used as an indicator of the accuracy. This, of course,
is equally valid for all of the GST modes. As follows from (5.1), smaller perturbations
create not only less frequent irregular modes but also increase the mode order of their
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Figure 5.34: Perturbed E, field of the TEq ;19 mode along the perturbed coordinate
direction z based on signed absolute value of complex-valued 11th GST mode (p: odd) for
AL/L =5% and Nyodes = 65.
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Figure 5.35: Perturbed E, fields based on signed absolute value of irregular complex-
valued GST modes (Npyodes = 64) along the perturbed coordinate direction p for
AR/R =5%: (a) E, field of the TMg 100 mode (11th GST mode). (b) E, field of the
TMp 290 mode (31th GST mode).
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first occurrence. Hence, the expectable error of irregular modes reduces. For instance, the
first two irregular mode pairs for a radial perturbation of AR/R = 2% are by a factor 32
and 96 higher than the fundamental mode frequency. Their MREs have moderate values
of 3.17-1073 and 1.53 - 1073 which are about 0.4 times the errors for AR/R = 5%. So,

the error of irregular GST modes is inverse proportional to the extent of the perturbation.

For 2D perturbations no such simple regularity of the irregular mode indices iqsTir
can be found, as Fig. 5.29(d) shows. As a basic rule again applies that the first irregular
mode arises if one entire half-wave of the corresponding unperturbed field fits into the
volume AV. A similar behavior is to be expected for arbitrary shaped perturbations,
i.e. irregular modes occur if their wave numbers undercut a certain value related to the
perturbation extent. Advantageously, irregular modes can be detected by the existence of
complex GST frequencies. In this context, it should be mentioned that the GST indices
of an irregular mode pair may change depending on Np,o4es- The GST indices especially
vary for Npeges that are small compared to the perturbed mode index, as Fig. 5.29(d)
also illustrates. The cause is that the frequencies of neighboring modes can intersect
by increasing Npoqes due to a different progression. By default, the eigenmode solver
sorts the results by increasing eigenvalue magnitude. Thus, two intersecting frequencies
may be associated with different GST indices, as Fig. 5.36(a) demonstrates. The correct
order can be derived from the expansion coefficients (see Fig. 5.36(b)) since the dominant
coefficients o, and 3;,__ allow for an easy association. In addition, an adequately high
Nmodes facilitates to skip the initial transient state. However, by rising frequency and for
complex structures a correct ordering becomes increasingly difficult. Therefore, a correct
ordering, especially of the irregular modes, should always be ascertained.

fast/GHz — fi — fi
1.40F f2 f2
1.35¢
1.30r
: : : : Nmodes ; Nmodes
5 10 15 20 25 3 30

() (b)

Figure 5.36: Two GST frequencies depending on the number N,qes 0of unperturbed
modes: (a) Frequencies sorted by their magnitudes. (b) Correctly sorted frequencies, ac-
cording to the magnitudes of their expansion coefficients.
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5.2 Expansion of Reduced Eigenmode Set

The expansion of a reduced eigenmode set (ERES) is a perturbative method intentionally
developed to avoid the inaccurate irregular modes emerging in GST. In contrast to GST,
ERES yields a reduced number of perturbed modes V;,,4¢s and thereby inherently prevents
a discrepancy of computed and actually computable eigenmodes. This section analyzes
the achievable accuracy of ERES depending on the required effort by evaluating the
frequencies and stationary electromagnetic fields of the perturbed eigenmodes exemplarily
for a cylindrical resonator subject to topologically one-dimensional and two-dimensional
perturbations. The presented results were partially published in [80].

5.2.1 Cylindrical Resonator

ERES has a fundamentally different convergence behavior than GST, as Fig. 5.37(a)
demonstrates for a radial perturbation. While the GST frequencies have a uniform and
approximately symmetrical convergence behavior, the ERES frequencies feature step-like
changes. For 1D perturbations, these abrupt changes occur every time a deficient mode is
removed from the set of computed perturbed modes, which means every time the difference
AN modes = Nmodes — Nmodes increases. For all modes, the magnitude of the steps reduces
by increasing Nyodes and the ERES frequencies approach the correct perturbed frequen-
cies. Like GST, ERES has a linear rate of convergence, as Fig. 5.37(b) depicts. However,
it is also obvious that the error magnitude of the ERES frequencies is approximately by
a factor eight higher than the one of the GST frequencies for the shown mode. Compared
to GST, ERES has one additional free parameter egy that influences the result accuracy.
The eigenvalue truncation accuracy egy determines the threshold value for the removal of
deficient perturbed modes (see (3.123)) and hence regulates the reduced number Nyodes
of perturbed modes. One may expect that a low egy yields the best results since it allows
only small inaccuracies in the underlying ERES matrices. Though, a comparison of the
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Figure 5.37: Relative ERES frequency error (egy = 0.01) for TMy,, 0 modes subject
to a radial perturbation of AR/R =5%: (a) Error depending on the number N ,ges Of
unperturbed mode for different mode orders (n = 1,7, 14,25,63). (b) Error of the TMg o
mode depending on the unperturbed frequency based on GST and ERES. The black line
depicts a linear rate of convergence.
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Figure 5.38: Relative frequency error depending on the number Npqes of unper-
turbed modes for the TMy ;o mode subject to radial perturbations for different egy:
(a) AR/R=5% (b) Mean frequency f; _ depending on Nuodes (Nmodes = 50) for
AR/R = 5% (continuous lines) and AR/R = 10% (dashed lines). All frequencies frrgs
converge towards frer but with a different initial error.
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convergence for different egy reveals that between two steps (A]V modes = const.) the fre-
quency continues along identical lines, independently of egy, as Fig. 5.38(a) illustrates for
the TMg 1 o mode. The truncation accuracy egy exclusively determines for which number
Niodes the AN modes 18 increased and thus a step to the next line sets in. Consequently,
the frequency error and thus naturally also the EM field accuracy may significantly vary
for different values of egy. For a relative low egy of 1073, AN nodes increases before the
ERES frequency error crosses a value of zero, resulting in a comparatively high initial
error. Even by using a very high number of unperturbed modes, the ERES frequency
does not reach the correct frequency. A suitable raise of egy noticeably shifts the onset of
a AN nodes-increase and hence improves the overall error. This becomes particularly clear
observing the mean value EERES of the ERES frequency for a perturbed mode ¢ depend-
ing on Nyodes- Figure 5.38(b) shows that for a radial perturbation of 10 %, a egy of 0.05
provides a 77;ERES with a small error ranging around zero whereas the frequencies TiERES
of lower (and higher) egy only slowly approach the correct frequency. But Fig. 5.38(b)
also demonstrates by means of a 5% perturbation that the perturbation extent affects
the convergence behavior and thereby the optimal value for egy. In general, the step-like
oscillating behavior of ERES impedes to determine the actual accuracy without knowing
the true perturbed frequencies. The gradient of the mean frequencies EERES gives an indi-
cation but no reliable proof for it. Figure 5.39 displays the relative frequency error for a
constant Nyoqes depending on the mode order for an optimally chosen egy of 0.05 and an
only moderately adjusted egy of 0.01. In both cases Nyoqes Was defined in such a way that
the frequencies fi, . are as close as possible to the mean frequencies f; . In contrast to
GST, the ERES frequencies show no abrupt error growths but a steady progression. For
an optimal egy, the first 15 frequencies have a consistently better accuracy than the GST
modes (see Fig. 5.39(a)). For modes of higher order, the error of the ERES frequencies
progressively matches the error of the GST frequencies or even exceeds it (except for the
second irregular mode). Especially the last 18 ERES frequencies have a noticeably higher
error due to its steady growth while the GST frequencies are equally distributed around
an error of zero. The relative error |fgres/ fret — 1] has a maximum of 4.23 - 1072 and a

mean value of 5.81 -107%. So the average ERES error based on an optimally chosen egy
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Figure 5.39: Relative error of ERES frequencies for TMy, o modes depending on per-
turbed frequency for AR/R =5% in comparison to the corresponding GST frequen-
cies (Nmodes = 54): (a) Optimal egy = 0.05 for Npoqes = 47. (b) Moderate egy = 0.01 for
Nmodes = 61.
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is similar to the one of GST. On the contrary, an only moderately adjusted egy yields
frequencies with a noticeably increased error, as Fig. 5.39(b) shows. All frequencies have
a positive offset arising from the higher (initial) error and solely the first irregular GST
mode has a worse accuracy than the corresponding ERES-based mode. The maximal
relative error rises to 8.97- 1072 and the MRE to 3.70 - 1072. The diminished accuracy
is also clearly observable in the stationary fields, as exemplarily demonstrated for the
electric field of TMy ;o modes in Fig. 5.40. Table 5.2 lists the corresponding mean and
maximal field errors. While the deviations for the lowest order mode TM; 1 based on a
egy of 0.05 and 0.01 only slightly differ and both fields very well match the reference field,
the E, of the TMy 7o mode already displays non-serious but apparent deviations for the
moderate egy. The field of the TMg 290 yet has higher deviations, even noticeable in a
shift of the zero crossings. Comparing Fig. 5.40(f) to Fig. 5.35(b) additionally illustrates
that for egy = 0.01 the TM 299 ERES field is only as accurate as the corresponding GST
field that represents one of the mismatched irregular GST modes. Thus, a suboptimal
truncation accuracy egy may significantly impair the accuracy of the eigenmodes.

The influence of the truncation accuracy egy and the number Ny,qes Of unperturbed
modes on the accuracy of ERES becomes even more complicated applying two-dimensional
perturbations. While for a 1D perturbation the abrupt frequency changes occur always
for the same Npoqes, €ach ERES frequency step-like changes for a different Np,oqes in
case of a 2D perturbation. Figure 5.41 shows this for a set of TEg,, modes subject
to a simultaneous radial and longitudinal perturbation. The differences arise from the
fact that a perturbed mode is mainly affected by expansion modes with similar mode
indices n and p. Therefore, each perturbed mode reacts differently to the truncation of
the ERES matrices. As a consequence, each perturbed mode ¢ has an individual optimal
value for Nyodes providing the f; ... closest to _iEREs‘ It is also apparent from Fig. 5.41
that there is a smaller number of abrupt steps. Despite a relatively high number of 600
unperturbed modes, some ERES frequencies display no steps at all. In turn, this entails
that even an optimal egy does not guarantee that the _Z-ERES are close to the correct
frequencies since a certain number of ” oscillation cycles” (progression between two steps) is
required for a reliable fiERES. Figure 5.42 demonstrates this for the mean ERES frequency
TiER.ES of the TEy 1, mode. For an adjusted egy of 0.05, ﬁERES approaches the correct
perturbed frequency within the second cycle (Npoqes > 187) but diverges afterwards since

the maximal Noges 0f 600 modes is not sufficient for a third cycle. On the contrary,

Table 5.2: Mean and maximal values of the absolute error of the ERES-based electric
field E, for a radial perturbation of AR/R = 5%.

epy = 0.05 egv = 0.025 epy = 0.01
(Nmodes - 49) (Nmodes = 47) (Nmodes = 61)

Mean |2.68-10% V/m|[6.13-10~* V/m|[1.53-10° V/m

Mode Error

Moo |\ faximal| 1.97 - 10-3 V/m|3.44-1073 V/m|5.29- 107 V/m
TN, | Mean 8.00-107* V/m|1.82-1073 V/m|4.34- 1073 V/m
% | Maximal [5.90 - 1072 V/m[1.02- 1072 V/m|1.54 - 1072 V/m
Mean |2.57-1073 V/m|[6.19-1073 V/m|1.04-1072 V/m

TM0,29,0

Maximal | 1.65- 1072 V/m |2.37 - 1072 V/m[2.98 - 1072 V/m
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Figure 5.40: Perturbed electric field E, of TM ,, o modes along the perturbed coordinate
direction p for AR/R = 5%: (a) TMjy 1 mode based on optimal egy = 0.05 (Nyodes = 47).
(b) TMy,1,0 mode based on moderate egy = 0.01 (Npoges = 61). (¢) TMg 70 mode based
on optimal egy = 0.05 (Nmodes = 47). (d) TMp 70 mode based on moderate egy = 0.01
(Nmodes = 61). (€) TMg 290 mode based on optimal egy = 0.05 (Npodes = 47). (f) TMg 29,0
mode based on moderate egy = 0.01 (Npoges = 61).
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Figure 5.41: Relative ERES frequency error depending on the number N, qes Of un-
perturbed modes for TEq,, (p: odd) modes subject to a two-dimensional perturbation
of AR/R=5% and AL/L =5% based on an optimal egy of 0.05: TEq1: (2.49 GHz),
TE07373 (697 GHZ), TEO,G,I (998 GHZ), TEO,I,Q (1433 GHZ) and TEO,IO,Q (2152 GHZ)
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Figure 5.42: Relative error of the mean frequencies ?iERES and f, .. depending on the
number Ny,oqes 0f unperturbed modes for the TEj ; ; mode based on GST and ERES with
different egy-values for a 2D perturbation of AR/R =5% and AL/L =5%.
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the GST frequency fluctuates far less once it reached a converging state. Suboptimal
egv-values (0.01 and 0.08), in general, result in a too slow and thereby inadequate error
reduction. For comparison, the electric fields of the perturbed TEg11, TEg61, TEo 19
and TEg ;99 mode that were already presented for GST in Fig. 5.14 — 5.17 are analyzed
for an egy of 0.05. To obtain the best possible accuracy, the ERES fields based on the
fiprms closest to ?’iERES were chosen. To additionally avoid a distortion of 7iEREs by fizres
with a too small number of dominating unperturbed modes, _iEREs is determined only
from the frequencies f;, .. that base on at least 50 unperturbed modes with a higher
frequency than the prime dominant expansion mode (see (5.2)). For instance, the mean
frequency 769ERES of the TE( 109 mode is computed from the frequencies fg9,,,s With
Niodes > 119. The fields of the TEq;; and TEg; mode very well coincide with the
reference fields and provide an equal accuracy as GST, as Fig. 5.43 and 5.44 depict. The
field of the TE(; 9 mode in Fig. 5.45 still has a good agreement but the amplitude of £,
observably deviates along the last half-wave close to z = L. In contrast, the TEq 199 field
tremendously deviates from the correct field, as Fig. 5.46 displays. Especially along the
radial direction p both the amplitude and the position of the zero crossings disagree. This
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Figure 5.43: Perturbed electric field of the TE( ; ; mode along both perturbed coordinate
directions p and z for AR/R =5%, AL/L =5%, egy = 0.05 and Npoqes = 318.
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Figure 5.44: Perturbed electric field of the TE( ¢ mode along both perturbed coordinate
directions p and z for AR/R =5%, AL/L =5%, egy = 0.05 and Npoqes = 398.
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arises from the fact that the mean frequency 769ERES does not correspond to the optimal
(Nmodes == 344, see Fig. 5.41) but a slightly smaller number of modes (Nyodes = 313).
Determining 769ERES from all frequencies fooupps With Npodes > 1 would create an even
worse result. Hence, the TEj 199 mode clearly elucidates that a suitable accuracy cannot
be guaranteed without an adequate number of oscillation cycles even if a well adjusted
truncation accuracy egy is provided.
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Figure 5.45: Perturbed electric field of the TE( ; 9 mode along both perturbed coordinate
directions p and z for AR/R =5%, AL/L =5%, egy = 0.05 and Npoqes = 274.
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Figure 5.46: Perturbed electric field of the TEq 199 mode along both perturbed coordi-
nate directions p and z for AR/R =5%, AL/L =5%, egy = 0.05 and Nyoqes = 313.
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5.3 Comparison of Methods

Summarizing, GST allows for a very accurate computation of perturbed eigenmodes, on
condition that each perturbed mode is expanded in terms of an adequate number of dom-
inating unperturbed modes, guaranteeing a converging state of the normal mode expan-
sion. A comparison of one-dimensional and two-dimensional perturbations evinced that
the required number of dominating modes primarily depends on the type and extent of
the perturbation. Since the order of the dominating modes rises with increasing perturbed
mode order, Nyodqes always should exceed the desired number of perturbed modes by a
corresponding amount. Considering these aspects, frequencies and stationary EM fields
may be accurately computed over a wide frequency range. The clear drawback of GST is
the repetitive occurrence of irregular modes with a diminished accuracy. The phenomenon
may primarily impair irregular modes of lower order. The accuracy of irregular modes of
higher order is less affected. A further important fact is, that the error of the GST modes
reduces faster for larger perturbations but that the results are more affected by irregular
modes whereas smaller perturbations produce a slower convergence but less and more
accurate irregular modes. The major advantage of ERES is that it inherently prevents
the generation of irregular modes. However, ERES possesses a generally higher error than
GST and therefore requires a distinctly larger number Nyoqes 0f unperturbed modes. This
is complicated by the free parameter egy that may additionally perceptibly impair the
convergence. The optimal setting of egy depends on the extent and presumably on the
type of perturbation and thus is difficult to assess in advance. In addition, the step-like
changes of the error causes results with an unreliably accuracy for multi-dimensional and
consequently realistic perturbations, that may only be avoided at the cost of a very high
number Ny odes-

One of the main restrictions for applying perturbative methods to real-life acceler-
ating structures is the limited number of computable unperturbed modes Ny, oges. Thus,
GST is the preferable PM since it provides a more reliable and mostly higher accuracy
than ERES, requiring less unperturbed modes. In addition, realistic perturbations of ac-
celerating cavities are relatively small as introduced in Section 1.3. Hence, the amount
and impairment of irregular modes is to be expected comparatively small. Another con-
sequence of this chapter is, that in any case a convergence study depending on N,odes
should be performed. It involves only a minor additional computational effort but pro-
vides essential information considering converging state, mean perturbed frequencies and
expectable accuracy, allowing to choose the optimal results.
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Chapter 6

Application Examples

The applicability of perturbative methods to real-life accelerating cavities is of major
significance for the methods’ benefit. The EM fields in realistic resonators may not be
determined analytically but require a numerical solution. Thus, the PMs have to be per-
formed based on numerically computed unperturbed eigenmodes. This chapter analyzes
the accuracy of GST-based eigenmodes for different elliptical single-cell resonators and a
multicell structure. For the multicell resonator additionally an extensive parameter study
is presented included a cavity characteristics optimization and a robustness analysis with
respect to inevitable shape imperfections. Further, it was investigated if the harmonics of
a cylindrical resonator can be utilized to expand the eigenmodes of an elliptical single-cell
resonator, in order to avoid a numerical computation of the unperturbed eigenmodes.
The second method ERES was not applied because of the disadvantages discussed in the
previous chapter.

6.1 Elliptical Single-Cell Resonator

The shape of an elliptical cell is described by seven geometric parameters, as Fig. 6.1
shows. Exemplarily, the Cornell seven-cell SRF cavity design [4] with PEC boundaries
was chosen as unperturbed geometric for the GST single-cell investigations. Table 6.1
lists the corresponding geometric parameters.

To assess the accuracy and computational demands of GST different types of rota-
tionally symmetric perturbations and subsequently asymmetric perturbations were inves-
tigated. As rotationally symmetric perturbations different variations of the equator radius
R.q and the cell width were applied. The cell width variations were realized by an equal
percentage modification of the longitudinal ellipse parameters zgpeq and gy iis. Com-

Table 6.1: Shape parameters of unperturbed single-cell resonator.

Parameter Req Riris Lcell xEll,eq yElLeq xEll,iris yEleris
Value in mm |102.8797 17.99 ' 115.384 41.35 35.57 12.35 21.14

! The actual iris radius Rjs of the Cornell design is 35.98 mm. Inadvertently, only half its value was
used for the unperturbed and perturbed geometries. The correctness of the GST results is not affected.
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pared to equator variations they are smaller. As asymmetric perturbation exemplarily a
single circular dent was applied in order to create a fully symmetry breaking resonator.
Figure 6.2 illustrates the different perturbations. All unperturbed modes were computed
with CST MWS using all three symmetry planes. The simulation of 100 modes took
about three hours of computational time (CPU: Intel Xeon E5-2643 2 x 3.30 GHz, RAM:
256 GB). The volume integral matrices Q,, S, Q,, S, of the EM fields were formed
based on discrete 3D volume elements. In the following, the main relevant GST results
for the PEC Cornell single-cell are discussed. Appendix C.2 presents a more extensive
summary of result data concerning required volume discretization, convergence behavior,
eigenmode accuracy and irregular modes. Some results were already published in [96].

Lce11/2

Figure 6.1: Rotationally symmetric elliptical single-cell (quarter view) with an equator
radius Req, an iris radius Ry and a cell length Leey. Curvatures and the straight transition
between equator and iris are set by the longitudinal ellipse parameters gy eq, Zun,iris and
the radial ellipse parameters Ygy oo, YEn ivis-

(a) (b) (c)

Figure 6.2: Types of perturbations applied to an elliptical single-cell resonator: (a) Re-
duction of cell equator R.q. (a) Reduction of cell width by simultaneous increase of zgy iris
and decrease of Zgyeq. (a) Circular dent.

111



6.1. ELLIPTICAL SINGLE-CELL RESONATOR

6.1.1 Rotationally Symmetric Perturbations

For the rotationally symmetric perturbations exemplarily modes with an even azimuthal
index m (monopole, quadrupole, etc.) were investigated based on 871 unperturbed modes
within a frequency range of 1.24-20.83 GHz. The unperturbed modes were separated into
subsets of interacting modes based on their azimuthal dependence. For example, TM;-like
modes form a set of 70, quadrupole modes a set of 118 modes. Depending on the pertur-
bation extent, between 2 - 10* and 4 - 10* volume elements were necessary for a sufficient
discretization of the removed volume AV. For this, larger perturbations required more
elements conditioned by the minimal unperturbed wavelength A.;,. The computation of
discrete volume integrals for a set of 50 modes took 50 to 120s, the final algebraic GST
operations lie in the range of some seconds (CPU: Intel Xeon X5650 2 x 2.66 GHz, RAM:
20 GB). Thus, the computation of the unperturbed modes is the most expensive part
while the actual GST procedures require only a fraction of the effort.

All regular GST modes homogeneously converge toward the correct perturbed fre-
quency. For all variation types, a rapid reduction of the frequency error is already achieved
with a small number N,,,qes of modes. For large perturbations, a clear oscillating behavior
around the correct solution is observable. A 10% Re,-reduction requires only about 24
modes to reach a converging state for the perturbed frequencies of TMy-like modes up to
8.82 GHz, as Fig. 6.3(a) illustrates. For a 5% reduction about 30 modes are needed. In
case of small perturbations, GST does not reach an oscillating state, as Fig. 6.3(b) demon-
strates for TMy-like modes based on the maximal computed number Ny,oqes 0f 70 modes.
Thereby, all GST frequencies have a positive error offset and are not evenly distributed
around an error of zero, in contrast to moderate and large perturbations. However, the fre-
quency error is generally lower for a small variation so that the overall accuracy is similar.
Table 6.2 demonstrates this by the respective mean and maximal relative frequency error
for TMjy-like and quadrupole modes. Independent of the perturbation extent the MRE is
lower than 3.28 - 1073, Appendix C.2.3 presents the respective frequency plots. GST also
provides very precise perturbed fields for modes of lower order. For small and moderate
perturbations, the maximal deviations are about two orders of magnitude lower than the

of — 1 Jast/ fret — 1 — 1.26 GHz
fGST/f’R ' 0.010r 4.15 GHz
0.03 — 1.39 GHz| O — 6.08 GHz
: 4.46 GHz - B
T — 382 GHz _ 16.21 GHz,
: 15.39 GHz| 0.006r - :
0.01f _ N —
i I g
R e | %f N 0.004_ ~— “::‘;:N
-0.01f I
! ' ! Nmodes
20 40 60
(a) (b)

Figure 6.3: Relative frequency error depending on the number N,,qes Of unperturbed
modes for TMy-like modes for different equator perturbations. (a) Reduction of 10 %. (b)
Reduction of 1%.
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Table 6.2: Mean and maximal value of relative frequency error of regular GST frequencies
for TMy-like and quadrupole modes: Irregular modes are excluded.

Perturbation |Freq. range | fast/ fret — 1]
Type Extent| in GHz Mean Max
10% | 1.39-15.39 [2.88-1073 7.77-1073
Equator 5% | 1.32-14.85|1.61-1072 3.68-1073
1% |1.26-16.21 {2.71-1073 4.88-1073
10% | 1.27-11.62 [1.47-1072 6.21-1073

idth
Width o | 951271 |3.28- 10-% 5.98 - 10-3
E’Z/g\//m) —GST Ezl/g)V/m) —GST
L.0p — Reference | — Reference

— (abs. error)-10 — (abs. error)-10

-‘\:\A !

Ll n T /S T S T - F— “‘Z/Hl ':_
- 0.0 0.02 /093 0.04 0.05 to ./% » /%
-0 Tz 00t Sewe—v0s "

(a) (b)

Figure 6.4: Perturbed electric field of TMy-like mode with a frequency of 10.18 GHz
along the - and zaxis for a reduction of Re, by 5% and Nyeqes = 70: Non-displayed field
components are zero.

maximal absolute value of the respective fields. The mean deviations often are consider-
ably smaller. The error just marginally increases by rising frequency. Even for modes with
a frequency only half the maximal unperturbed frequency the GST fields coincide very
well with the reference fields, as exemplarily shown for a 5 % equator reduction in Fig. 6.4.
Beyond that frequency, the accuracy increasingly diminishes but the basic field patterns
still have a good agreement. For relatively large perturbations, like the equator reduction
of 10%, GST yields a slightly worse accuracy. Here, the mean absolute error of LOMs
is already in the range of 1072 while the maximal error is about 4 - 1072, Nevertheless,
the field patterns match to a large extent. Table 6.3 lists the mean and maximal field
error inside the complete perturbed domain V for a selection of modes. Appendix C.2.4
presents corresponding 1D field plots along the 2~ and z-axis.

As expected from the investigations of simple boundary value problems in Chapter 5,
the GST results for elliptical resonators also contain irregular eigenmodes in form of
partially complex-valued mode pairs. For a 1% equator and a 5% width reduction, no
irregular modes were detected within the examined frequency range up to 20.83 GHz.
Even for a medial equator perturbation of 5% only a few irregular mode pairs exist.
The first occurs for a very high frequency of 13.00 GHz, which is ten times higher than
the fundamental frequency. Although its GST frequency matches the correct frequency
very well (MRE: 4.03 - 107*) the field only moderately agrees with the reference field.
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6.1. ELLIPTICAL SINGLE-CELL RESONATOR

Table 6.3: Mean and maximal values of absolute field deviations between GST-based
electric fields and reference fields for TMy-like modes: The reference fields are scaled to a
maximal value of 1V/m. The deviations are listed for E, along the 2~ and zaxis as well
as for the norm of the vector fields E  inside the complete perturbed domain V.

Reduction of equator Req

fret | [Ezas1(2) — Eoret(2)] | [ErasT(2) — Eoret(2)| | [[Ecsr(r) — Erer(r) |
Per. |in GHz in V/m in V/m in V/m

Mean Max Mean Max Mean Max
1.39 [1.04-1072 3.08-1072(3.66-1073 8.61-1073|1.23-107% 3.86 - 1072
10%| 8.07 |1.28-1072 3.08-1072{2.73-1072 6.79-1072|1.49-1072 6.35- 1072
15.39 19.88-1072 2,98 -1071{3.84-1072 9.70-1072]1.02- 1072 9.29 - 102
1.32 {5.09-1072 1.80-1072(2.58 1073 5.31-1073|6.10 - 1073 1.87 - 1072
5% | 10.18 |6.34-1073 1.52-1072|1.46- 1072 5.76 - 1072|7.05- 1073 5.66 - 102
13.37 14.92-107% 1.23-107'{1.06 - 107! 3.26-1071|2.64-1072 2.99-10"!
1.26 [4.02-1073 1.19-1072|1.45-1073 3.89-1073]4.57-1072 1.19- 1072
1% | 7.99 [8.56-1073 6.26-1072[1.04-1072 2.65-107%|7.27-1073 4.33- 1072
16.21 |2.25-1072 6.16-1072|6.97-1072 1.47-1072]1.40-1072 1.56 - 10!

Cell width reduction
fret  [|Eoas1(7) — EoRret(2)] | [ELasT(2) — Eoret(2)| | [[Egst(r) — Eret(r)|]
Per. |in GHz in V/m in V/m in V/m

Mean Max Mean Max Mean Max
1.27 |7.15-1073 1.37-1072|1.38 - 1072 3.11-1072|9.46- 103 4.35-102
11.62 [1.24-10"! 3.09-1071{9.91-1072 2.52-107"(3.54-1072 2.33- 107!
1.25 |5.09-107% 1.80-1072|3.59 - 1073 7.13-1073|4.73-1073 3.11-1072
12.71 12.93-1072 1.68-107'|2.81-1072 7.56-1072(6.72 - 1073 8.46 - 102

10 %

5%

However, this arises not merely from the fact that the mode is an irregular one but
also from its high order. Table 6.4 lists their occurrence. For a 10 % Re,-reduction, the
first irregular mode occurs at 7.76 GHz. Disadvantageously, its EM field tremendously
deviates from the correct one due to the fact that the average of the two respective
frequencies does not converge towards the reference frequency but has an offset. The
second irregular GST mode at 9.65 GHz possesses a better basic agreement despite the still
increased quantitative deviations. Hence, only irregular modes of low order are seriously
defective while the affected modes of higher order at least have a correct basic field pattern,
as Subsection 5.1.3 already concluded. But a deterioration of the irregular GST modes
can not be evaded. However, merely a small number of irregular modes exists even for
such a relatively large perturbation. Due to the fact that realistic imperfections are in
general comparatively small, irregular GST modes are largely negligible in the context of
robustness analyses. For the purposes of a cavity optimization, they may be of relevance if
the applied geometric modifications are accordingly large. But this is to be expected only
in rare cases. It can be concluded that except for a potentially low number of irregular
modes, GST provides accurate frequencies and fields over a wide frequency range.

iThe axial field may display larger deviations than the fields in the full domain. This arises from the
fact that axial and 3D fields are scaled separately to a maximal value of 1V /m.
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Table 6.4: Occurrence of irregular modes for different perturbations within a frequency
range of 1.24-20.53 GHz.

Perturbation Mode type Irregular modes
Type  Extent Number | First modes: frer/ GHz
10% | TMy-like 7 7.76, 9.65, 11.55
Equator 10% |quadrupole 9 7.81, 9.09, 9.63
5% | TMp-like 4 13.00, 14.31, 16.00
1% | TMy-like 0 -
. 10% | TMp-like 2 17.91, 20.37
Cell width 59 T, like 0 _

6.1.2 Asymmetric Perturbations

Circular dents of different extent and position were applied to the single-cell resonator
in order to investigate the application of GST to both small and asymmetric geometric
variations. In the following, the results for a dent with a radius of 12mm, a depth of
about 9mm (10%) and a distance of 15mm to the equator are discussed. Only about
6400 tetrahedral elements were required for determining the volume integrals. Although
the dent is a fully symmetry breaking perturbation, the unperturbed modes can be com-
puted using all symmetry planes. This noticeably reduces the computational effort. For
it, solely the eigenmodes simulated with the different symmetry plane settings have to
be recombined to the full modal spectrum. By doing so, 1167 modes within a frequency
range of 1.24-11.63 GHz were computed.

Due to the fact that the deformed volume AV is very small and all unperturbed
modes interact inside AV, the GST results converge relatively slow since the spread
between the single unperturbed frequencies is fundamentally smaller compared to IA
mode sets of symmetric perturbations. At least 750 modes are required for a converging
state. But, the perturbed frequencies are already very precise using only a small number
of modes since the frequency shift relatively to the unperturbed frequencies is very small.

E./(V/m) —GST
. JBG%ZJ Ref — 1 1 -E)' — Reference
: & 0 8-‘ —abs. error
n il T
5 1/N i 0.6"
5.0-107¢ I
0.4f
1.0-10~% I
0.2r
1.5-10-% I WY AN
0 0.10-4 - 0.02 0.04\9/\/0.08
-0.2r
(a) (b)

Figure 6.5: GST results for a 10 % dent for Nyeges = 1167. (a) Relative frequency error
depending on perturbed frequency fgres. (b) Longitudinal electric field of quadrupole mode
at 5.86 GHz along radial direction p towards center of perturbation.
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Table 6.5: Mean and maximal values of absolute field deviations between GST-based
electric fields and reference fields inside the complete perturbed domain V' for an elliptical
resonator with a 10 % dent: The reference fields are scaled to a maximal value of 1V /m.

[East(r) — Egee(r)|| /(V/m)

Mode type | fret/GHz

Mean Max
Monopole 1.24 [1.10-1073 1.47-1071
Dipole 1.89 |1.61-10714 3.89-1073

Quadrupole| 5.86 [9.10-1073 6.13- 1071

Up to 5.87 GHz, the relative frequency error is 2.78 - 107° on average and 1.99 - 10~* at
maximum, as Fig. 6.5(a) displays. Hence, the frequency accuracy is of minor relevance.
Since the dent is relatively small and locally distinct, extremely short wavelengths are
required for a precise reconstruction of the fields in direct vicinity of the dent. As a
consequence, increased deviations arise close to the deformed boundary but inside the
rest of V' the fields accurately match. This is especially elucidated by the very low mean
but partially high maximal field error within V', as Table 6.5 exemplarily shows for three
modes. Basically the field patterns only change to a minor degree. However, the dent
causes a rotation of the mode polarization for m > 0 which can be adequately reproduced
by the GST expansion. Figure 6.5(b) demonstrates this for a quadrupole mode of higher
order. Within the full modal spectrum only two irregular modes occur at 10.92 GHz and
11.24 GHz. Thus, their existence is likewise of little relevance.

6.2 Elliptical Single-Cell Resonator based on a Cylin-
drical Resonator

A question of interest is also whether the eigenmodes of a cylindrical resonator can be
utilized to expand the eigenmodes of an arbitrarily shaped resonator. The great advantage
of this approach is that the unperturbed modes are analytically known and thus an expen-
sive numerical computation can be omitted. In addition, the number of expansion modes
can significantly be increased if desired. The expected major drawback is a relatively high
number of irregular GST modes due to the large perturbation extent. Exemplarily, the
elliptical Cornell single-cell resonator with PEC boundaries was studied. Table 6.6 shows
its geometric parameters. Its modes were computed based on a cylindrical resonator with
the radius Req and the length L. The perturbed modes were determined based on sub-
sets of mono-, di-, quadru- and sextupole modes within an unperturbed frequency range
of 1.12 up to 53.14 GHz. Appendix C.4.1 lists the parameters of the individual [A sets
of 600 modes each. The volume integral matrices Q,, S¢, Q, S, were formed based on
semi-analytical volume elements i.e. the integration over ¢ was done analytically and the
remaining area integral was performed numerically (see Subsection 4.2.2). By doing so,
solely 4627 area elements were required for an adequate discretization of the longitudinal
plane. The evaluation of the IA terms of 100 modes took about 110s (CPU: Intel Xeon
E5-1630 4 x 3.70 GHz, RAM: 32 GB). A fully analytical calculation was abstained from
due to the only partially analytically integrable Bessel functions.
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Table 6.6: Shape parameters of unperturbed elliptical single-cell resonator.

Parameter Req Riis  Leel  TRlleq YEl,eq TElLiris YEIiris
Value in mm | 102.8797 35.98 115.384 41.35 35.57 12.35 21.14

The initial error of perturbed frequencies very quickly reduces by increasing number
of unperturbed modes. About 100 modes are sufficient to obtain accurate results. A few
modes have a slight offset towards the correct solution but generally the frequencies are
very precise. Figure 6.6 demonstrates this for a selection of regular GST modes. Excluding
the irregular complex mode pairs, the frequencies have a MRE of 9.29-10~* and a maximal
relative error of 3.83 - 1073. Table 6.7 lists the field error for a selection of regular and
irregular modes. The Appendix C.4.3 presents 2D field plots for some of the modes. The
majority of the regular fields matches the reference fields well, as exemplarily shown in
Fig. 6.7. However, they are less accurate than the GST modes of the elliptical resonator
subject to radial and width perturbations (see Section 6.1), as a comparison of Table 6.7
and Table 6.3 illustrates. The major deviations occur close to the deformed boundary. This
is mainly a result of the emerging Gibbs phenomenon. In addition, GST cannot reproduce
the boundary fields correctly at the transition between the iris faces and the elliptical
lateral surface due to the local geometric discontinuity that necessarily is created if a
cylindrical resonator is used as unperturbed geometry. Both orientation and amplitude of
the GST fields are affected by this since the tangential electric and longitudinal magnetic
fields of all unperturbed modes are zero at the discontinuity and can increase only with
a finite gradient in its proximity. Thus, in that region the field error reduces more slowly
than in the rest of the perturbed volume. The EM fields of most of the modes are relatively
low in the corner between the iris and the lateral wall. So, their field accuracy is impaired
only in direct vicinity of the discontinuity. Unfortunately, in particular the TM  o-like
accelerating mode is one of the worst affected modes. The magnitude of its electric field E
is relatively high in the iris corner since the field is maximal at the zaxis and reduces
only slowly in radial direction, as Fig. 6.8(a) depicts. But in direct proximity of the
discontinuity E is significantly lower. Thereby, deviations arising from the discontinuity
affect the field at a greater distance. Figure 6.8(b) illustrates that the GST-based electric
field is distinctly too high (by 40 %) around the discontinuity and incorrectly oriented,
mainly in the longitudinal direction. As a consequence, E, also deviates up to 1.12 -
107! V/m along the zaxis (see Fig. 6.9(a)), which means that the accelerating voltage may
only be determined with a moderate accuracy. This is particularly disadvantageous for
the applicability of GST, based on cylindrical harmonics, for the cavity optimization. The
investigations substantiated that this accuracy deterioration occurs principally for modes
with high field values in the iris corner. In total, only a few regular modes are affected
by it. As expected, the first irregular GST mode pair occurs already at a relatively low
frequency. The respective mode pair at 3.73 GHz is depicted in Fig. 6.10. It is obvious that
the frequency of one of the two GST modes matches the correct frequency far better than
the frequency of the other mode or their mean value. The MRE of their mean frequency is
about 8.97 - 1073 and by an order of magnitude higher than the error of the regular GST
modes. This reflects also in the field pattern, as shown for £, in Fig. 6.10(b). The accuracy
of the irregular modes rises by increasing frequency, as already observed for the previous
application examples. Hence, a part of the irregular HOMs coincides relatively well with
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Figure 6.6: Absolute and relative frequency error depending on perturbed frequency fref
for a selection of 73 regular mono-, di-, quadru- and sextupole modes up to 6.88 GHz
(Nmodes = 360): Irregular modes are excluded.

Table 6.7: Mean and maximal values of absolute field deviations between GST and
reference fields: The reference fields are scaled to a maximal value of 1V/m or 1A/m,
respectively. The field deviations are listed along the 2- and zaxis as well as inside the
complete perturbed domain V. Irregular GST modes are indicated by a star.

TMy-like modes
[Ecst(2) — Eret(2)]
in V/m
Mean Max
4.14-1072 1.12- 1071
8.55-107% 1.47-1072
7.02-1072 8.18-1072
7.01-1072 1.61-1072

TE-like modes
[Hest(2) — Hret(2)|]
in A/m

Max

10—2
1073
101
102

[Ecst(t) = Ena()]
in V/m
Mean Max
3.91-1072 4.34- 107!
3.51-1072 1.32-107*
2.09-107% 1.00- 107!
1.17-1072 2.13-107!

fRef
in GHz

[Ecst(7) — Eret(z)||
in V/m
Mean Max
2.70-1072 4.22-1072
3.64-1072 5.23.1072
2.27-1072 5.32-1072
1.80-1072 4.63-1072

1.27
2.67
* 3.73
5.19

[Hesr(r) — Hret(r)||
in A/m
Max
2.10-107¢
3.68-1071
2.24-1071
1.91-107!

fRef
in GHz

[Hasr(2) — Hrer() ||
in A/m
Max
2.89-1072
1.34-1072
6.03- 1071
1.60 - 1072

Mean
1.66 - 1072
1.41-1072
3.87-1072
9.81-1073

Mean
7.22-1073 1.23-
3.71-1073 7.12-
9.65-1072 2.39 -
7.22-1073 1.24 -

Mean
7.80-1073
6.63 - 1073
1.65- 1071
1.07-1072

2.49
3.76
* 5.03
6.06

Dipole modes
[Ecsr(2) — Ena(7]
in V/m
Mean Max

[Egst(r) — Eret(r) ||
in V/m
Mean Max

fRef
in GHz

|[Egst () — Eret(7)]|
in V/m
Mean Max

1.81
6.49
* 6.08

2.01-1072 7.35- 1072
2.80-107% 1.08-107*
6.38-1072 1.63- 107"

6.32-1073 1.26- 102
2.30-1072 5.64-1072
6.20-1072 1.21-107!

2.07-1072 1.98-1071
1.70- 1072 1.60 - 1071
6.05-107% 2.53-107!
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Figure 6.7: Perturbed EM field of a dipole mode at 6.49 GHz along the coordinate axes
(Nmodes = 375): Only a selection of field components is displayed.
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(b)

Figure 6.8: Electric field of TMy ; o-like accelerating mode at 1.27 GHz in the z,zplane:
(a) Tangential reference field. (b) Tangential GST field. (c) Absolute error Egst — ERet-
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Figure 6.9: Perturbed EM field of TMj o-like mode at 1.27 GHz (Nyodes = 430): (a)
Longitudinal electric field along the zaxis. (b) Azimuthal magnetic field along the z-axis.

the respective reference modes, as depicted for a dipole mode in Fig. 6.11. However, still
a noticeable amount of HOMs possesses an inadequate accuracy. Up to a frequency of
10.0 GHz, in total 51 irregular mode pairs were detected within 308 GST modes (257
actual modes). So, about one fifth of the GST modes is affected.

Concluding, GST is rather unsuited for the eigenmode computation of arbitrarily
shape single-cell resonators if a cylindrical resonator is used as unperturbed geometry.
Although the frequencies are determined accurately, the precision of EM field of the
accelerating mode is insufficient and a too high number of irregular modes arises. For
further investigations, it would be of interest if the eigenmodes of a multicell resonator are
expandable in terms of cylindrical harmonics. At this, the impairment by discontinuities
may potentially be avoided by short additional beam pipes. Thereby, the discontinuities
only occur at the beam pipe ends, shifting them away from of the region of interest.
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Figure 6.10: Real- and complex-valued GST mode pair for a TMy-like mode at 3.73 GHz.
(a): Relative frequency error depending on the number Nyoqes 0f modes. (b): Perturbed
electric field E, along the z-axis based on a real-valued GST mode pair (Npodes = 430).
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Figure 6.11: Real- and complex-valued GST mode pair for a dipole mode at 6.58 GHz.
(a): Relative frequency error depending on the number Ny,oqes of modes. (b): Perturbed E,
field along the 2-axis based on signed absolute value of complex mode pair (Npodes = 430).

6.3 Multicell Resonator with Rotationally Symmet-
ric Perturbations

Designing a multicell cavity implies the manipulation of various geometric parameters
entailing a vast number of optimization steps. At this, computing the EM characteristics
of only a single design already can be highly computationally demanding. If further the
effects of inevitable shape imperfections are to be investigated, the resulting total effort
is tremendous. For such extensive parameter studies, perturbative methods can provide
an enormous efficiency improvement. Therefore, it is of major importance to examine the
applicability of GST to a realistic multicell performance optimization with simultaneous
consideration of shape deformations. Exemplarily, the main linac cavity of the Berlin
Energy Recovery Linac Project (bERLinPro) [97] was studied. A part of the presented
results were published in [83], [84] .

iliThe here presented R-over-Q values marginally differ from the values in [84] since in [84] the unper-
turbed mode energies were used instead of the perturbed ones.
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6.3.1 Preliminary Considerations

The bERLinPro main linac cavity is a 1.3 GHz elliptical seven-cell cavity that bases on a
modified Cornell ERL design [4]. In the following, eight different preliminary candidates
for the final cavity design (state: middle of 2014) are compared and the effects of shape
imperfections are investigated for each of them. The design candidates, referred to as C1
to C8, differ in length and equator ellipse parameters of their end-cells (see Table C.2 in
Appendix C.3). The inevitable shape deformations are emulated by distinct equator and
iris radii variations of the individual cells.

Since GST can exclusively be applied to deform the initial geometry inwardly, the
unperturbed shape is defined in such a way that its end-cells comprise the shapes of
all eight candidates C1 to C8, i.e. every candidate constitutes a perturbed resonator. In
addition, the equator and iris radii of the unperturbed geometry are set 0.5 mm larger
than the ones of the actual designs to allow for radial variations of +0.5 mm, as Fig. 6.12
illustrates. The shape is specified fully symmetric so that all three Cartesian symmetry
planes can be used to speed up the CST MWS computations. In total 1405 unperturbed
modes within a frequency range of 1.24 up to 7.43 GHz were computed. Since only modes
with the same azimuthal type m interact, the modes are split into corresponding [A
subsets before applying GST. Depending on the index m, one subset comprises just 40
up to 245 modes. The subsets can be processed separately and thereby in total faster (see
Subsection 4.4.2). Furthermore, for the computation of the IA terms, the volume of the
structure is partitioned into twelve half-cells (h) and two end-cell groups (eg), as shown
in Fig. 6.13. This segmentation of AV into 14 sub-volumes (AV¢, , AV , etc.) allows
to process the TA terms of each segment separately, as described in Subsection 4.4.1.
Thereby, each segment can be varied independently of the others. To investigate radial
variations of 0.5, 0 and —0.5 mm for all candidates, only eight different subsets of TA terms
for each half-cell and 24 subsets for each end-cell group have to be computed. In addition,
only the TA terms of the six half-cells in the positive coordinate range (hl; to h6,) are
determined from CST MWS field data. The TA terms of the half-cells in the negative

Figure 6.12: Rotationally symmetric unperturbed (black) and perturbed shape (red) of
the bERLinPro main linac resonator: The deformed volume AV is highlighted in gray.

eg7 h6_ h5_ h4, h3_ h2, h1, h1+ h2+ h3+ h4+ h5+ h6+ eg+

Figure 6.13: Segmentation of the unperturbed shape for the bERLinPro resonator into
twelve half-cells (h) and two end-cell groups (eg) that allows for an individual variation
of the equator radii (eq), iris radii (i) and end-cell shapes (e).
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Table 6.8: Subsets of TA terms resulting from the segmentation of the deformed vol-
ume AV: For the total number of subsets, additionally, the number based on discrete
volume integrals (d.) and based on mirroring (m.) is stated.

Segment Number of Number of TA term subsets

type segments Per segment Total (d., m.)
Half-cell 12 8

48,4
(h) (h6_ to h6, )| (equator and iris variation) 96 (48,48)
End-cell group 2 24
48 (4
(eg) (eg_ & eg,) | (eq. variation for C1-C8) 8 (480)

range (hl_ to h6 ) are directly deduced from the ones in the positive range by mirroring,
based on the applied symmetry settings. Eventually, only 96 subsets of TA terms have to
be computed from discrete volume integrals, as Table 6.8 demonstrates. Combining the
individual TA subsets of the 14 segments to the TA set of a full structure finally yields
the eigenmodes of about 1.27 - 107 different designs, a remarkably large number. As to be
expected from the single-cell investigations, the major computational effort in executing
GST for the bERLinPro cavity was caused by the computation of the unperturbed modes.
The simulation of 100 modes with CST MWS (Intel E5-2687W 3.4 GHz, 256 GB RAM)
took, depending on the frequency range, between 4.5 and 5 hours (model with 4 - 10° up
to 5 - 10° mesh cells). The computation of the TA terms of a set of 100 modes inside the
sub-volume of a single half-cell segment took about 230s. The final determination of the
perturbed frequencies and expansion coefficients was done within some seconds.

6.3.2 Result Accuracy
6.3.2.1 Original GST

The GST frequencies do not reach a converging state based on the available set of un-
perturbed modes because of the very small geometric modifications. As Fig. 6.14(a) illus-
trates, the frequency error basically is relatively small but reduces too slowly to reach the
correct frequencies. Disadvantageously, a major part of EM fields thus noticeably deviates
from the correct reference fields (irregular modes were not detected). Even the acceler-
ating mode displays severe deviations for the maximal amplitudes in the single cells, as
shown in Fig. 6.14(b). This is of particular consequence for the applicability of GST since
it generally forbids any kind of optimization. A slow error reduction was already observed
in the context of the single-cell resonator (see Fig. 6.3(b)). However, there it had only
a minor impact since the fields in a single-cell resonator generally only slightly vary if a
small perturbation is applied. Hence, accurate GST results can be obtained for single-cell
resonators even if the expansion error does not reach an oscillating state. In contrast,
the fields of a multicell resonator, especially their amplitudes in each cell, may tremen-
dously change depending on the cell-to-cell coupling. Due to this extreme sensitivity to
geometric variations, GST imperatively requires a sufficiently high number of expansion
modes for multicell resonators. This is furthermore compounded by the fact that for a
Neep-cell resonator, about N times as many modes as for a similar single-cell resonator
are necessary to obtain the same minimal unperturbed wavelength Apip.
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Figure 6.14: Original GST results for candidate C1: (a) Relative frequency error depend-
ing on the number Nj,qes Of unperturbed modes for TMy-like modes. (b) Longitudinal
electric field of TMg 1 o_-like accelerating mode with a frequency of 1.30 GHz along z-axis.

6.3.2.2 GST with Adjusted Interaction Terms

As already explained, the perturbation extent A{ determines the minimal unperturbed
wavelength A\, that is at least required to reach a converging state. Figure 6.15(a) depicts
the dependence of the necessary frequency from the ratio of the deformed volume AV
to the unperturbed volume V. Evidently, there is an approximately proportional relation
between the volume ratio AV/V and the required frequency range V. Even different

Fono/ fumou 0.69 .
16p — cequator| T} . -
- o 2
19 0.58 . -
- e
10r 0'56. ooe — mid-cell
0.54F — end-cell (pos)
8 I veo — end-cell (ne
0.52". (ncg)
67 L
N S S TSRS | AV/V S T S S T S S S RS AV/V
0.05 0.10 0.15 0.20 0.02 0.04 0.06
(a) (b)

Figure 6.15: Relevance of the perturbation extent for convergence of GST: (a) Required
unperturbed frequency (relative to frequency of lowest unperturbed mode) for reaching
a converging state depending on the ratio of AV to V V. The diagram presents the
data of a TMj ; o-like mode in a single-cell and a three-cell elliptical resonator subject to
different equator and cell width perturbations. (b) Applied adjustment constants s, for
the bERLinPro resonator depending on the ratio of AV, to V,,.

i"Strictly speaking, the required wavelength A, is related to the minimal dimension A of the
deformed volume AV (see (3.83)). But since an equator or width reduction is topologically rather a 1D
perturbation, AV approximately scales proportionally with A&.

VThe converging state is defined by the 1st local extrema of the GST frequencies depending on Nyodes-
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types of perturbations display a similar behavior. Deduced from this linear relation, it
follows that the computed maximal unperturbed frequency of the regarded seven-cell
resonator is almost by a factor of three too small. But computing the missing modes
would be excessively expensive, if at all realizable. For this reason, a modification of GST
was developed to overcome the necessity of very large unperturbed mode set in case of
multicell resonators subject to small perturbations.

All application examples in this thesis indicate that the GST frequencies start to
approach the correct solution from a higher frequency. This arises from two facts: Firstly,
the perturbed frequencies are always higher than the unperturbed ones. And secondly,
the majority of the interaction terms s;; and g; reduces the wider the frequency spread
between the two involved modes k and j becomes. So, the initial shift between the GST
and unperturbed frequencies has to be larger than the correct (final) shift. Hence, the GST
frequencies are invariably too high if the converging state is not reached (see Fig. 6.14(a)).
This fact can be utilized to increase the GST convergence speed. Regarding the coupling
matrices A and B (see Section 3.3) with

akj :w,z5kj+ijiZ —CUk;Ui’Z —Z [Zi[}ja (61)
1:1
qkj Skj qklSij
b = w2 J = _ J 6.2
kj — Wi U + W Uk; — UkUl ) ( )

concerning perturbations of different extent A&, it is evident that the alternation of their
eigenvalues and eigenvectors, and thus also the convergence behavior of the GST modes,
is determined by the IA terms g;; and si;. The unperturbed frequencies are fixed and not
affected by A¢. Consequently, the initial offset between the GST and reference frequencies
can be reduced by diminishing the weight of the IA terms in the coupling matrices A
and B. For this purpose, all original matrix entries, except for the squared unperturbed
frequencies in the diagonal entries, are multiplied by a GST adjustment constant s

— W25 LR 7 R N ] 6.3

agj = wWi,0kj + %(wj 0, Uk: lzl 0.0 ) (6.3)
Skj = qriSiy

brj = Wik, = — / 6.4

kj Wi k]"’%( (.Uj Uk + kUk - UkUl)’ ( )

that lies between zero and one. Thereby, the GST frequency error faster reaches a value
of zero. Figure 6.16(a) depicts that already a rough adjustment of the IA terms provides
an appreciably improved accuracy. However, to obtain optimal results, the adjustment
constant must deliberately be chosen. For a given unperturbed resonator geometry, the
optimal s value primarily depends on two parameters, the available unperturbed fre-
quency range and the perturbation extent. For rotationally symmetric perturbations, the
perturbation type again is only of small relevance. As initially explained, the ratio AV/V
defines the necessary unperturbed frequency range. Taking additionally the ratio of the
available maximal to the required frequency into account, a likewise linear relation be-
tween the adjustment factor s and the volume ratio AV/V can be found, as Fig. 6.15(b)
demonstrates. At this, the segmentation of the deformed volume AV into half-cells and
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Figure 6.16: Relative frequency error depending on the number N,,qes of unperturbed
modes for TMy-like modes of candidate C1 based on modified GST: (a) Uniform adjust-
ment constant » = 0.6. (b) Segment-wise adjusted factors s, as specified in Fig. 6.15(b).

end-cell groups becomes of vital importance since it allows to assign an individual s, for
each segment v based on its volume ratio AV, /V,. Applying these segment-wise GST
adjustment constants s, all GST frequencies intersect the correct frequencies when all
available expansion modes are used or for a slightly smaller or higher number of modes.
Figure 6.16(b) illustrates the resulting convergence behavior. In general, small inaccura-
cies of the s, have only a marginal influence on the accuracy of the GST results. Due
to generally slow convergence, the GST modes only slightly change if the number Ny,oqes
of used expansion modes is varied. The insensitivity is facilitated by the fact that the
», scale down the IA terms and thereby further reduce the speed of convergence. Con-
sequently, the adjustment of the A terms is relatively robust, so slight differences in the
behavior of individual modes are compensated. Besides the adaption of the accuracy, the
GST adjustment also modifies the EM field values at perturbed boundaries. As explained
in Subsection 5.1.1, the boundary fields are subject to a form of Gibbs phenomenon that
reduces the fields to half of their actual value. By the adjustment, the boundary values
are again increased to 1/(2sz,) of their true value. This side effect beneficially reduces
the unintended premature reduction of the GST fields in proximity of perturbed bound-
aries, especially when the respective adjustment constant sz, is close to 0.5. In order to
determine the relation between the optimal segment-wise s, and the respective volume
ratio AV, /V,, shown in Fig. 6.15(b), three reference computations of perturbed geome-
tries had to be performed. The reference computations were necessary to provide correct
benchmark frequencies. The first two perturbed resonators differed from the unperturbed
resonator solely in the shape of their inner cells in order to identify the sz, of the half-cells.
For the first resonator, the radii eq0, i1 and i1, of the mid-cell were reduced by 1 mm. For
the second one, the radii eq2_ to eq2, and i3_ to i3 of all five inner cells were diminished
by 0.5 mm. Subsequently, the two sz, constants of the end-cells were determined for the C1
geometry, using the previously ascertained sz, of the half-cells. The rest of the adjustment
constants were directly derived from these four known s, values. The reference computa-
tions obviously increase the computational effort of GST. However, a couple of LOMs are
absolutely sufficient as benchmark. So, the required additional expense is relatively small.
For future GST applications to similar basic cell types, like the elliptical cells discussed
here, it would furthermore be conceivable to determine the adjustment constants directly
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from the volume ratio AV, /V,,, the available maximal unperturbed frequency and if nec-
essary from the type of the modified geometric parameters. This feasible approach would
obviate the need for benchmark computations.

The accuracy of the modified GST was validated exemplarily for a selection of 65
reference modes for candidate C1 up to a frequency of 7.04 GHz (see Appendix C.3.3).
The full spectrum was not simulated due to the computational expense. The relative
frequency error is 6.91 - 107* at maximum and 1.30 - 10~% on average. The axial GST
field of the accelerating mode closely matches the reference field, as demonstrated in
Fig. 6.17(a). On average, the field only deviates 5.11 - 1073 V/m. Solely in the region
of the end-cells the error increases up to 2.53 - 1072 V/m. The HOMs coincide likewise
well and have merely higher deviations. Figure 6.17(b) illustrates this for a HOM of C1
whose frequency is relatively close to the maximal unperturbed frequency. Appendix C.3.3
presents further EM field examples of the adjusted GST for different candidates and mode
types. Table 6.9 shows that the GST field flatnesses g of all eight candidates match the
ones of the reference modes also very well. Solely for candidate C5 ng differs more than
1%. Consequently, the adjusted GST is suited for the design optimization and error
estimation of multicell resonators, since it precisely reproduces the highly sensitive EM
fields. Concluding, it must be pointed out that for an infinite number of modes, GST does
not converge towards correct perturbed frequencies if the IA terms are modified. Hence,
the adjustment may only be applied under the condition that the available unperturbed
frequency range is distinctly too small. Further, a certain adjustment constant is only
optimal for a specific number of unperturbed modes and a specific perturbation extent.
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I —GST — (abs. error)-10
I — Reference i
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/|\4 L L 1 TN n z/m z/m
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Figure 6.17: Longitudinal electric field of candidate C1 modes along zaxis based on
segment-wise adjusted GST: (a) TMjy o -like accelerating mode with a frequency of
1.30 GHz. (b) TMy-like HOM with a frequency of 6.99 GHz (Mean and maximal abso-
lute deviation: 1.27 - 1072 V/m and 5.36 - 1072 V/m)

Table 6.9: Field flatness ng of the design candidates C1 to C8.

Candidate 1 2 3 4 5 6 7 8
GST |98.07 97.32 97.21 98.17 97.69 98.37 96.59 98.27
Reference|98.67 97.94 98.03 97.62 99.03 98.70 96.85 98.25

Ng lll%

127



6.3. MULTICELL RESONATOR

6.3.3 Study of Design Candidates and Geometric Imperfections

A major objective in cavity optimization is the maximization and flattening of the accel-
erating field for a given input power. However, for a reliable cavity operation, it is essential
to also investigate the characteristics of its HOMs in order to identify potentially adverse
modes and, if necessary, adapt the design. Starting with a comparison of the intended
ideal designs of the candidates C1 to C8, Fig. 6.18 illustrates that already within the first
ten passbands up to 2.79 GHz, frequency differences are observable. With the exception of
the fundamental TMy-like and the first TM;-like band, all candidates and especially C6
(C5) and C7 show noticeable deviations up to 10 MHz. Although the frequencies do not
provide an actual figure of merit, they may serve as a simple indicator of basic differences
between the individual designs. The particularity of C6 and C7 can also clearly be seen
from the longitudinal on-axis R-over-Q values. The accelerating mode only marginally
varies for the different candidates and has an average R-over-Q of 781.11 ). Figure 6.19
shows that within a frequency range up to 7.04 GHz in total 15 HOMs with a R, /Qo,
larger than 10 (2 exist. These modes may potentially interfere with the particle beam. For
some of them, the designs C1 to C8 display considerable variances. The affected modes
are depicted in detail in Fig. 6.20, where additionally the influence of geometric imperfec-
tions is considered. At first, only the ideal designs, denoted by variation 5, are compared.
The potentially most harmful mode lies in the second TMy band at a frequency of about
2.43 GHz and has an average Rqp,/Qo, of 126.37 (2 (see Fig. 6.20(b)). At this, C7 features
the highest and C6 the lowest value with a difference of 4.6 %. For the mode with the
second highest R-over-Q at 2.44 GHz in the same passband, in contrast, C7 plainly has
the lowest Rgp,/Qo, of 102.62) while C5 and C6 have a 10.3% higher value. For the
third mode with a frequency of 2.42 GHz, again, C7 clearly states the largest Ry, /Qo, of
38.83 Q2 (see Fig. 6.20(c)). So, candidate C6 and C7 constitute the designs with the most
distinct characteristics, but demonstrate a contrary behavior concerning the most favor-
able design. These inherently contrary characteristics are even more apparent for the two
modes between 3.82 and 3.86 GHz, shown in Fig. 6.20(d). While for C7 both modes have
a similarly high R-over-Q of about 31.12Q and 19.18 2, C6 (and likewise C5) provides a
significantly lower Ry, /Qo, of only 5.72 ) for the first mode but at the same time a notice-
ably higher value of 40.44 €2 for the second mode. Since it is difficult to decide on a clearly
preferable candidate solely based on the R-over-Q) values, an investigation of additional
characteristics, especially the external quality factors, may facilitate the decision.

Taking further the effects of geometric imperfections into consideration, the choice is
even more complicated due to the enormous variety of probable deformations. Since not
all 1.27-107 computed designs can be discussed here, exemplarily the effects arising from
uniform variations of the equator and iris radii are presented at first. In this context,
uniform means that the parameters of every half-cell are modified by the same extent.
Table 6.10 lists the applied radii modifications. An iris radii increase reduces the maximal
field amplitudes of the accelerating mode in the outer cells (see Fig. 6.22(a)) and thereby
lowers its R-over-Q, as Fig. 6.20(a) depicts. A reduction of the equator radii has a similar
but lower effect. In total, Ry, . /Qo,.. may reduce up to 3.4 %. So, the accelerating mode
is relatively robust against uniform geometric modifications. An iris decrease and equator
enlargement may lead to an enhancement of Ry, /Qo,, but only at the cost of a non-flat
field, which should be avoided for maintaining a balanced acceleration of all particles.
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Figure 6.18: Relative frequency shift of the first ten passbands for the candidates C2
to C8 relatively to the frequencies fy of C1. Candidate C1 was chosen as comparative
design since its frequencies f;y are close to the average frequencies of all candidates. The
different markers indicate the azimuthal mode type: TMy-like (+), TEq-like (x), dipole
(o), quadrupole (¢), sextupole (A).
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Figure 6.19: On-axis R-over-Q values of TMj-like HOMs up to a frequency of 7.04 GHz
for all design candidates. The TMj ; o-like band is not included and only modes with an
R-over-Q value of at least 32 are plotted.
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The HOM with the highest Rg,,/Qo, is relatively insensitive to geometric variations. Its
Ry, /Qo, varies at most between —6.4 % and 5.0 %. The Ry, /Qo, of the neighboring HOM
at 2.44 GHz, however, may rise by 15.6 % by a simultaneous equator reduction and iris in-
crease, or in turn decrease by 17.6 % by an opposite variation (see Fig. 6.20(b)). Thereby,
it may have an R-over-(QQ yet higher than the first mode. The third mode with a frequency
of 2.42 GHz has an even higher sensitivity to geometric imperfections and its Rgp,/Qo,
may rise by up to 30.0 %, as Fig. 6.20(c). At this, the contrary behavior of both modes
depending on the applied variations, again, is obvious. Thus, the influence of the varied
parameters on the mode characteristics is in principle unpredictable, with regard to both
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Figure 6.20: On-axis R-over-Q values of the TMy 1 o_-like accelerating mode and a selec-
tion of TMy-like HOMs with high R-over-Q for all candidates C1 (+), C2 (o), C3 (¢), C4
(%), C5 (A), C6 (O), C7 (V), C8 (%) subject to geometric imperfections: (a) Accelerating
mode around 1.3 GHz. (b) The two HOMs with the highest Ry, /Qo, around 2.44 GHz.
(c) HOM around 2.42 GHz. (d) Two HOMs around 3.84 GHz. The data points referring
to the same mode are exemplarily highlighted for variations 1 to 3.

Table 6.10: Settings for uniform equator and iris radii variations: Variation 5 defines the
ideal geometry of the respective design candidates.

Variation 1 2 3 4 5 6 7 8 9
Equator variation in mm (eq3_ to eq3,)|+0.5 +0.5 405 0 0 0 -0.5 -0.5 -0.5
Iris variation in mm (i3- to i3,) +05 0 -05 +0.50-05 405 0 -0.5
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Figure 6.21: Relative frequency shift of the first ten passbands for candidate C1 subject
to uniform geometric imperfections. The frequencies fy represent the respective frequencies
for the ideal C1 shape (variation 5). The different markers indicate the azimuthal mode
type: TMy-like (+), TEp-like (x), dipole (o), quadrupole ({), sextupole (A).

geometric imperfections and the different designs C1 to C8. Appendix C.3.4.1 shows the
R-over-Q values of the full frequency range for C6 and C7 subject to geometric imper-
fections. Additionally, the properties of C3 are presented, which is one of the candidates
with the most moderate R-over-Q values. For the sake of completeness, Fig. 6.21 depicts
the frequency changes that may arise from potential shape deviations. As to be expected,
increasing the equator radii reduces the frequencies while decreasing them results in the
exact opposite. Besides, the magnitude of the frequency shifts mainly depends on the equa-
tor radii and less on the iris radii, as it is particularly apparent for the TMjy-like modes.
Since a shift in the frequency of the accelerating mode leads to a detuning of the mode,
especially equator deformations may impair the energy transfer to the beam particles. In
contrast, the iris radii influence the cell-to-cell coupling and thereby primarily affect the
frequency spread within a passband. The comparison of the first TMy-like and the first
TE;-like passband elucidates this effect. However, the spread also strongly depends on
the field profile at the iris port faces. So, the frequency shift is rather a rough indicator
for the sensitivity of the modes. The effects of arbitrary non-uniform imperfections are
exemplarily demonstrated for the field profile of the accelerating mode for C1 by means
of four different forms of variations, shown in Fig. 6.22. Although the R-over-Q value of
the mode is only moderately affected by uniform variations, the field flatness is highly
sensitive to it. A slight uniform increase of the iris radii (variation 4) already reduces the
field flatness ng by a noticeable amount to 79.76 %, as Fig. 6.22(a) demonstrates. A defor-
mation of solely the center mid-cell, by diminishing its equator and iris radii, results in an
even worse g of just 22.17% (see Fig. 6.22(b)). Since this deformation is longitudinally
symmetric, Rgp,../Qo... only lessens by 5.9 %. If further the imperfections are unevenly
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6.3. MULTICELL RESONATOR

distributed, the field profile may be tremendously impaired. For instance, an enlargement
of two adjacent inner cells severely reduces the maximal field amplitudes from one end of
the resonator to the other, as Fig. 6.22(c) illustrates. Thereby, the R-over-Q deteriorates
by 23.5% to 597.51 Q. A deformation of a single end-cell is even worse. There, the field
is mainly located in the deformed end-cell and its adjacent cell, diminishing Ry, .. /Qo,..
by 56.5 % to solely 340.15€Q2. The exemplarily presented parameter study results empha-
size not only the high sensitivity of the EM fields to geometric variations, especially to
non-uniform ones, but also the unpredictability of the individual mode behavior. This
demonstrates that a detailed HOM analysis is vital for a reliable cavity design, favoring
perturbative methods for the optimization process.

E./(V/m) — deformed E./(V/m) — deformed
— ideal i — ideal
N I A TR PR | Z/m E
2 0. RPN SRR IR /S Y RN PR
0.4 —-0. [ 2 0.
0.50
-1.0t
(a) (b)
E./(V/m) — deformed Ezl/ V/m) — deformed
[ — ideal e — ideal
1. I

A

— > /m
N A D 0 /0 W SN, | : [ 2 0.
i 0.5
0.5¢ I
. -1.0f
—-1.0p [

(c)

(d)

Figure 6.22: Longitudinal electric field of TMjy ¢ _-like accelerating mode along z-axis
for candidate C1 subject to geometric imperfections: (a) Uniformly deformed iris radii
(i3- to i34: +0.5 mm). (b) Deformed mid-cell (eq0, i1, il;: —0.5mm). (¢) Two deformed
inner cells (eql, eq2,, ily, i24: +0.5mm). (c) Deformed end-cell (eq3,: —0.5 mm).
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Chapter 7

Discussion, Summary and Outlook

The objectives of this thesis were the introduction of two perturbative methods (PMs) for
eigenmode computations, the generalization of Slater’s theorem (GST) and the expansion
of a reduced eigenmode set (ERES), as well as their effective and efficient implementation
and a demonstration of suitable validation and application examples. The novel contri-
butions of this work are the development of ERES, the extension of the GST algorithm
and the complex implementation of an automated execution of both methods, including
an interface to a direct 3D eigenmode solver and additional algorithms for an accuracy
and efficiency enhancement. To motivate the work in a comprehensive manner, the thesis
starts with an introduction to the subject of particle accelerators and the relevance of
geometric variations in the context of the accelerating cavity design. The relevant basics
of electromagnetic field theory are recounted before the fundamentals of GST and ERES
are derived in detail. Subsequently, major aspects for the implementation of both methods
are presented. The thesis concludes with a discussion of several validation and application
examples. The here presented methods GST and ERES constitute efficient approaches for
the eigenmode computation in RF structures with PEC or PMC boundaries in the context
of geometric parameter studies. The eigenmodes of a so-called perturbed resonator with a
modified geometry are expanded in terms of a set of consecutive eigenmodes of the initially
defined unperturbed geometry. The energy-related mutual interactions of the complete set
of unperturbed eigenmodes inside the volume that is removed by the perturbation form
an electric and a magnetic coupling matrix. The eigensystems of the two matrices provide
the frequencies and the expansion coefficients of the electric and magnetic fields for the
corresponding perturbed geometry. The methods allow to investigate an arbitrary number
of differently varied geometries based on the respective interaction terms, on condition
that the unperturbed geometry completely encloses the perturbed one. The fundamen-
tal difference of GST and ERES lies in the number of computed perturbed eigenmodes.
Generally, the number of computable perturbed modes is smaller or at most equal to the
number of unperturbed modes. GST yields a number of perturbed modes that is equal
to the number of unperturbed modes. The method compensates the excess of computed
modes by the emergence of irregular mode pairs, each forming exactly one perturbed
mode. In contrast, ERES inherently provides the correct number of actually computable
modes by a truncation algorithm that adjusts the number of computed modes. The main
advantage of both methods is that once a sufficient set of unperturbed modes is computed,
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they allow for an eigenmode computation for a multitude of different perturbations with a
very low effort. Besides, asymmetric structures can be derived from symmetric structures.
This is especially of advantage in case of complex structures since it reduces the degrees
of freedom for the unperturbed geometry. Chapter 4 demonstrated that the efficiency and
accuracy of the methods was further enhanced by additional routines. The computational
demands were particularly reduced by the generation of interacting mode subsets and
a partitioning procedure for the unperturbed shape. The accuracy was improved by the
application of so-called analytical volume elements or a semi-analytical integration for
the determination of the interaction terms. Furthermore, it was pointed out that a precise
computation of the unperturbed eigenmodes is essential for accurate results. At this, FEM
combined with a tetrahedral mesh and curved elements of higher order proved to be the
most suited algorithm because of the achievable precise boundary discretization.

The validation examples in Chapter 5 verified that both methods provide reasonable
results over a wide frequency range. However, a comparison of identical examples revealed
that ERES has a lower rate of convergence than GST and hence requires a noticeably
larger number of unperturbed modes to achieve the same accuracy. In addition, the trun-
cation algorithm of ERES creates step-like changes in the error progression. The algorithm
is controlled by an additional free parameter, the eigenvalue truncation accuracy, which
affects the emergence of the step-like changes, resulting in an unpredictable accuracy. In
contrast, the frequencies of regular GST modes always oscillate symmetrically around the
correct values. The drawback of GST is the occurrence of irregular mode pairs arising
from the compensatory mechanism. The mode pairs can generally be detected by means
of partially complex-valued results. The irregular modes very frequently do not converge
towards the correct solution and are less accurate than the regular GST modes. For the
investigated examples, it was observed that the frequency error can be by an order of
magnitude higher than the error of the regular modes. However, this is only the case for
relatively large perturbations that change the unperturbed volume by several percents.
The smaller the perturbation is, the less irregular modes occur and the smaller their devi-
ations are. Realistic geometric imperfections involve no or at most a few irregular modes.
Consequently, GST is the preferred perturbative method. Using a just sufficient number
of unperturbed, i.e. the expansion reached a converging state, the GST frequency error
lies in the range of 10~ up to 1072. The method provides very precise stationary fields for
modes of lower order. As expected, the deviations slightly increase by rising mode order,
but only for modes whose frequency is very close to the frequency of the highest unper-
turbed mode the accuracy noticeably reduces. Thus, accurate results can be obtained over
a wide frequency range on condition that the minimal unperturbed wavelength is smaller
than or at most equal to the size of the perturbation. The validation and application ex-
amples evinced that the required highest unperturbed frequency is indirectly proportional
to the perturbation extent. Hence, the number of necessary expansion modes increases for
smaller perturbations but also if the spread between the individual unperturbed frequen-
cies reduces. As a consequence, especially multicell cavities subject to small geometric
imperfections may require a hundred or several hundred modes for accurate results. But
disadvantageously, in particular for such complex structures, the computation of the un-
perturbed modes is demanding. Consequently, the number of available expansion modes
may be too small. To overcome this limitation, a modification of GST was developed that
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reduces the number of necessary modes by an adjustment of the interaction terms with
respect to the perturbation extent. The modified GST algorithm proved to provide precise
results for both frequencies and EM fields allowing for a simultaneous performance opti-
mization and shape imperfections consideration. In addition, it is advisable to define the
unperturbed geometry deliberately larger to reduce the number of necessary modes. Such
an unperturbed shape is also more flexible with regard to design modifications. Though
the enlargement should be conducted in a reasonable manner taken in order to avoid,
firstly, the emergence of irregular GST modes and, secondly, an excessive change of the
unperturbed eigenmodes. The exemplarily presented results for the parameter study of
the seven-cell bERLinPro resonator illustrated by means of the inherently contrary mode
characteristics that a detailed broadband HOM analysis is vital for a reliable cavity de-
sign. Furthermore, the huge number of 1.27 - 107 investigated designs, taking also shape
imperfections into account, demonstrated that perturbative methods are highly favorable
for the optimization process. The attempt to expand the eigenmodes of an elliptical single-
cell resonator in terms of the eigenmodes of a cylindrical resonator did not provide the
desired results. Unfortunately, particularly the EM field of the accelerating mode can not
be computed with a sufficient precision due to the discontinuity between the iris and the
elliptical lateral surface.

The use of a 2.5D eigenmode solver [66], [67], [68] for the computation of the un-
perturbed modes would significantly reduce the computational demands and increase
the computable frequency range. It would also allow to determine the interaction terms
of the unperturbed modes invariably from semi-analytical volume integrals, requiring a
discrete integration only for 2D surface integrals. Furthermore, symmetry breaking per-
turbations could nevertheless be applied to obtain asymmetric cavity geometries which
conventionally can only be computed with 3D solvers. Therefore, the integration of a 2.5D
eigenmode solver is highly preferred for future projects. In this context, the establishment
of an extended or universal interface to other eigenmode solvers, for instance the open-
source FEM package FEniCS [73] is also conceivable. Since a direct application of the
PMs to multi-cavity structures is not advisable due to the immense number of degrees of
freedom involved in the computation of the unperturbed modes, an interfacing with the
state-space concatenation scheme [63] is planned. Thereby, an independent treatment of
the single cavities by the PMs and a subsequent concatenation of multiple cavities and
HOM couplers would be realizable. A successful combination of both methods would cre-
ate unprecedented advances in the HOM analysis. Further investigations concerning the
dependence of the GST adjustment constants s, from the perturbation type, its extent
and the available unperturbed frequency range are advisable in order to develop an auto-
mated reliable GST adjustment algorithm. Moreover, a combination of GST and ERES is
conceivable, allowing for a comparison and mutually improvement of both methods. The
GST frequencies may provide a guidance for the choice of the eigenvalue truncation accu-
racy in ERES and thereby improve the accuracy and predictability of the ERES results.
In turn, the so adapted ERES eigenmodes may yield better results than the irregular
GST modes. The investigation of the bERLinPro resonator demonstrated the necessity
of an efficient data processing algorithm for a comprehensive analysis of the PM-based
EM cavity characteristics. Within the scope of an international cooperation funded by the
German Research Foundation (Deutsche Forschungsgemeinschaft, DFG), it is planned to
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link the PMs with a general-purpose framework for multi-objective optimization [98] to
cope with the huge amount of different geometric designs and the likewise large number
of modes that needs to be evaluated. Another general issue in a cavity robustness analysis
is the acquirement of realistic input parameters for the geometric variations. Chapter 1
discussed the fundamental aspects arising in the manufacturing process and during op-
eration. However, exact information can only be obtained from the databases of particle
accelerator facilities. First attempts to utilize DESY’s European XFEL Database [99]
were made.

136



Chapter A

Analysis and Derivations

A.1 Vector Analysis

A.2 Vector Formulas

Magnitude of a real-valued vector (Euclidean norm) [78, Sec. 4.1.6]
|F|=F=+VF-F

Magnitude of a complex-valued vector (Euclidean norm) [78, Sec. 4.1.6]
|E| = F = VE-E

Divergence theorem (Gauss’s theorem) [26, (B.47)]

dA: outward-oriented normal vector of the infinitely small surface element dA
#F-dA: ///(VF) dVv
ov \%

Stokes’s theorem [26, (B.52)]
ds: infinitely small path element right-hand oriented to dA

§Z§F-ds— //(V x F)-dA
oA A
Vector algebraic formulas [26, Sec. B.2.1]

Fi (FyxF3) =F, (F; x F)) = Fy - (F, x Fy)
Vector identities [26, Sec. B.2.2]

V. (VxF)=0
V'(FlXFQ):FQ'(VXFl)—Fl'(VXFQ)
VxVxF=V(V.-F)—-AF

(A.1)

(A.2)

(A.4)




A.3. DIFFERENTIAL EQUATIONS

A.3 Differential Equations

A.3.1 Differentiation rules
Product rule [78, Sec. 6.1.2.2]

d(uv) =v du+u dv (A.9)

A.3.2 Integration rules

Integration by parts [78, Sec. 8.1.2.7]

/udv:uv—/v du (A.10)

A.4 Analytical Derivations of Electromagnetic Field
Theory

A.4.1 Separation of Spatial and Time Dependences for Time-
Harmonic Electromagnetic Fields

Separation of variables for a complex EM field at a frequency w:

E(r,t) = ¢'(t) E(r), (2.46)
H(r,t) = 1'(t) H(r) (2.47)

Deliberate definition of time-dependences:

e'(t) = &, (A.13)
Lt (t) = e (A.14)

Resulting temporal relation between electric and magnetic field:

'(t) = gef 2.4
(A.1m.14) h(t) = e’ (?) (2.48)

Elimination of time dependences in complex Maxwell’s equations in a linear, isotropic,
non-conducting, time-independent, charge- and source-free medium where p(r,t) =0,
0 =0, Jic(r,t) = 0 and ¢ and p are constant scalars:

1. Elimination of time dependences in Gauss’s law for the magnetic field:

(218),(212) V- (E(r, 1) = 0

Ry pV - (B (1) H(r)) =0
= V- -H(r)=0 (2.49)
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2. Elimination of time dependences in Gauss’s law for the electric field:

. E —
(2~1§i;.11) v (5_(I‘,t>> 0

Ry eV - (e'(t)E(r)) =0
— V-E(r)=0 (2.50)

3. Elimination of time dependences in Faraday’s law of induction:
= V x E(r,t) = —jwuH(r,t)

(2.20),(2.12)
t _ t
24057 V x (¢'(t) E(r)) = —jwp(h'(t) H(r))

Ry e'(t) (V x B(r)) = —jwpge' () H(r)
= V xE(r) = wupH(r) (2.51)

4. Elimination of time dependences in Ampere’s circuital law:
= V x H(r,t) = jweE(r,t)
(2.21),(2.11)

(2.46),(2.47) V x (h'(t) H(r)) = jwe(e'(t) B(r))

= (1) (V x H(r)) = guse' (1) E(r)
= V x H(r) = ewE(r) (2.52)

A.4.2 Poynting’s Theorem

Note that the spatial and time dependences (r,t) of the quantities are not indicated in
A.4.2 for reasons of clarity but are nevertheless valid.

Real Poynting vector in differential form

s V. (ExH)= H. (VxXxE)—E-(V x H)

(A7)
= V-(EXH)——H~(2B)—E (8D+J)
(2.7),(2.8) B ot ot
0 0
— V-(EXH):—H-§B E%D E-J
. e PR— _— R 2 . .
(ﬁ) V.- (ExH) H 8tB E- atD oFE* —E- (Je + Jic) (A.20)

Real Poynting vector in integral form

= (E x H)- ///(H —B+E 2D+<7E2+E (JCC+J1C))dV
(A.20),(A.3) ) ot

(2.22)
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Differential electric and magnetic energy density [77, Sec. 1.7]:

du, = E - dD, (A.22)
duy, = H - dB (A.23)

Differential electric and magnetic energy density for linear, homogeneous, isotropic, time-
independent media:

1
— du. = §d(E - D)

(2.24)

= duezl(E-dD+D-dE)

(A.9) 2

<— du,==-(E-dD+E-d(cE))

(2.11)

— du.=E-dD (2.24)

= duy, = ld(H -B)=H-dB (2.25)
(2.25),(A.23),(A.9) 2

Complex Poynting vector in differential form

&3 VEXH)-H(VXB)-E(VxH)
(ExH)=H' (—wB) —E- (—wD*+ J*
(2.2375.21) V- (ExH)=H""(-wB)-E-(-wDh" +J)

1 . H-B E-D'\ E.J
= V'(EEXH>:—2]W — -

4 4 2
1 H"-B E-D* cE-E* E-(J.+J.)
(“ExH") = —2 _ = = _ = = _ = \=cc Sic
(ﬁ) V- GExHY) = ]w( 4 4 ) 2 2

(A.26)

Complex Poynting vector in integral form

(A.ﬁAB) gég(;ExH* = _ij/// (H* _.42*) dv
///“E E v /// (oo +J Jav (2.28)
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A.4.3 Wave Equations

Inhomogeneous generalized wave equation for electric field

(A<:8>) V xV x E(r,t) = V(V -E(r,t)) — AE(r, t)
0 p(r,t))
V x (—=B(r,t)) =V — AE(r,t
o 55 < (- B =v (4 (.0
0 _ Vp(r,t)
(<2__12>) 'uﬁt (V X H(I‘,t)) - c AE(I‘, t)
o2 _ Ve t)
(2.8<),:(2%11) ey (5atE(r, t)+ J(r, t)) = AE(r,t)
9, 0? _ Vp(r,t) 0
o 8)<72>.10)AE(r,t) - MJEE(r,t) - ugﬁE(r,t) == + Hoy (Jee(r, t) + Jic(r, 1))
(2.30)
Inhomogeneous generalized wave equation for magnetic field
(A<:8>) V xV xH(r,t) = V(V -H(r,t)) — AH(r, )
0
(2;)—75.1) V x (&D(r,t) + J(r, t)) = V0 — AH(r, 1)

0
(2.1;7;.10) (55 + 0) (VX E(r,t) + V x (Jeo(r, 1) + Jic(r, 1)) = —AH(r, t)
2

9, 0
(2.8)<?2>.11) AH(r,t) — ,uaaH(r,t) — ,uaﬁH(r,t) = — V X (Jee(r, t) + Jie(r, 1))

(2.31)

A.4.4 Orthogonality of EM Eigenmodes in an Ideal Resonator

Note that, the spatial dependences (r) of the quantities are not indicated in A.4.4 for
reasons of clarity but are nevertheless valid.

Orthogonality of stationary electric fields
Applying the vector identities (A.7)-(A.8) to the electric fields of two different eigenmodes
v and k:

V- (Epx (VXE))—=V-(E x(VxE))

= (VXE;) - (VXE;) —E;- (VX (VXE;)) — (VXEy) - (VXE;) + E;- (VX (VxEy))

=-E; - (V(V-E;) — AE;) + E; - (V(V - Ej) — AEy) (A.30)
Applying Maxwell’s equations for the stationary EM field (2.49)-(2.52) and the Helmholtz
equation (2.53) to (A.30):

V- (Ex x (VXE;)) = V- (E; x (VXEy)) = —Ej- (0+ kE;) + E; - (0 + k{Ey)
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Finally applying Gauss’s theorem (A.3):
# (wis(Bx x Hy) — wye(B; x Hy))- dA = (k2 — k2) ///E By, dV (A.31)
50 Q

Normal and tangential components of the electric and magnetic field at the resonator
boundary:

(2.43),(2.44) —— N——
0 at 0Qpme 0 at 0Qpec
— #(E’“ x H;)-dA =0 (A.32)
o0

For an ideal resonator, whose boundary 02 is either PEC or PMC, the cross product of
any electric and any magnetic is zero as (A.32) shows. Consequently, the left-hand side
of (A.31) becomes zero

0= (ki —k?) ///E -E dV. (A.33)

Since the eigenvalues k; and kj differ if i # k (except in case of degeneracy where the
electric fields are anyway orthogonal), (A.33) can only be valid if

0= ///E By AV fori # k. (A.34)

Q

Consequently, the electric fields of the eigenmodes are orthogonal.

Orthogonality of Stationary Magnetic Fields

The proof of orthogonality of the magnetic fields is made in an analogous manner to the
one of the electric fields.
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Chapter B

Resonator Eigenmodes

Eigenmodes in complex vector form:

Time dependences:

t (t) = o (Witde)

Y

e
ht (t) = ol (Witdet3)

B.1 Rectangular Resonator with PEC Boundary

Table B.1: Parameters of rectangular resonator.

Dimensions Width L,
Height L,
Length L,

Rectangular coordinate system r=(z,v, z)T

Mode indices Transverse z-index m
Transverse y-index n
Longitudinal index p

B.1.1 Transverse Magnetic Modes

Wave numbers of TM,,, ,, , mode:

mm nm pT (B.1)
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B.1. RECTANGULAR RESONATOR WITH PEC BOUNDARY

Resonant frequency of TM,,, ,, , mode:

. J () + () + ()

JLE

Stationary EM field of TM,, , , mode:

E,(r) = — Eyk,k,cos(k,z) sin(k,y) sin(k,2)
E,(r) = — Eok,k,sin(k,z) cos(kyy) sin(k,z) ,
E.(r) = Ey(k2 + k2) sin(k,z) sin(k,y) cos(k.2)
H,(r) = Eyek, wsin(k,z) cos(k,y) cos(k,2)
H,(r) = — Eyck, wcos(k,z) sin(k,y) cos(k,z)
H,(r)=0

B.1.2 Transverse Electric Modes

Wave number of TE,, , , mode:

mm nm p

I s ky:_ > kz

ky = =2
L, L,

Resonant frequency of TE,, ,, , mode:

. J (=) + (2) + (2)

e

Stationary EM field of TE,, ,, , mode:

E,(r) = Hopky w cos(k,z) sin(k,y) sin(k,z2)
E/(r)= — Hg,uk w sin(k,x) cos(kyy) sin(k,z2)
E.(r) =
H,(r)= — Hgk k. sin(k,z) cos(kyy) cos(k,z) ,
H,(r) = — Hokyk,cos(k,z) sin(k,y) cos(k.z2)
H,(r) = Hy(k> + k;) cos(k,x) cos(kyy) sin(k,z)

(B.2)

A~ N N~~~
TEEEEE
0 ~J O Ot = W
N Nt N N N
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B.2 Cylindrical Resonator with PEC Boundary

Table B.2: Parameters of cylindrical resonator.

Dimensions Radius R
Length L

Circular-cylindrical coordinate system r = (p,, Z)T

Mode indices Azimuthal index m

Radial index n
Longitudinal index p

Bessel function of m-th order I ()
First derivative of Bessel function of m-th order J ()
n-th root of J,, Tmn
n-th root of J',, [

B.2.1 Transverse Magnetic Modes

Wave number of TM,, ,,, mode:

1mn Zj”
) J k= "— B.1
T R ) z [ ( 7)

Resonant frequency of TM,,, ,, , mode:

o \/(m’%) +(F) (B.18)

pe
Stationary EM field of TM,, ,, mode:
k
E,(r) Eok—QZJ’m(kTp) cos(m) sin(k,z2) (B.19)
T
m k, ) )
E,(r) = EoszJm(kTp) sin(me) sin(k,2) , (B.20)
T
E.(r) = EyJm(krp) cos(mey) cos(k,z) , (B.21)
H,(r) = — E()s%k%Jm(kTp) sin(m) cos(k,z) , (B.22)
T
H,(r) = — EOE%J’m(kTp) cos(my) cos(k,z) (B.23)
T
H,(r)=0 (B.24)

B.2.2 Transverse Electric Modes

Wave number of TE,, ,, , mode:

/

T m,n pm
kr = : k,=— B.25
T R ) L ( )
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B.2. CYLINDRICAL RESONATOR WITH PEC BOUNDARY

Resonant frequency of TE,, ,, , mode:

o \/(ﬂ%f +(5) (B.26)
pe
Stationary EM field of TE,, ,, , mode:
E,(r) = Hou%Jm(kTp) sin(me) sin(k,z) , (B.27)
E,(r) = Houki%J'm(kTp) cos(m) sin(k,z2) (B.28)
E.(r) =0, (B.29)
H,(r) Hollj—Q;J'm(kTp) cos(mep) cos(k,2), (B.30)
Hy(r) = Ho" i T frp)sin(me)cos(h). (B.31)
H,(r)= — HOJi(kTp) cos(me) sin(k,2) (B.32)
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Chapter C

GST Eigenmode Results

C.1 Cylindrical Resonator with PEC Boundary

C.1.1 Longitudinal Perturbation: TE(;, and TE;;, modes

Relative error of perturbed frequencies of TEq;, and TE;;, modes (p: odd) subject to
longitudinal perturbation

fGST/fRef — ]. = 241 GHZ fGST/fRef — 1
0.005) — 42.64 GHz ’

| —77.34 GHz | 0.010f
| 197.24 GHz|  ¢.00gl

SOV ANmo es L
\/W 100 150 200 ™' 0.006
0.004F

—-0.005¢ 0.002r

fast/ fret — 1 — 181 GHz | foer/frer— 1
0.005 — 42.61 GHz )
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Figure C.1: Relative error of perturbed frequencies of TEq ; , and TE; ; , modes (p: odd)
subject to longitudinal perturbation AL/L =5 %: (a), (c) Error depending on the number
of unperturbed modes Nyoges for modes of different order. (b), (d) Error depending on
perturbed frequency for Ny,oqes = 4.
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Figure C.2: Perturbed EM field of the TEy;; mode along the perturbed coordinate

direction z for AL/L = 5% and Npoqes = 54: The field components E,, E, and H, are
zero and therefore not displayed.
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Figure C.3: Perturbed EM field of the TE( ;3 mode along the perturbed coordinate
direction z for AL/L = 5% and Nyoqes = 54: The field components E,, E, and H, are
zero and therefore not displayed.
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Figure C.4: Perturbed EM field of the TE;;; mode along the perturbed coordinate
direction zfor AL/L = 5% and Nyqes = 54: The field components E, is zero and therefore

not displayed.
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Figure C.5: Perturbed EM field of the TE; ; 27 mode along the perturbed coordinate
direction zfor AL/L = 5% and Nyoqes = 54: The field components E, is zero and therefore
not displayed.
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C.2 Elliptical Single-Cell PEC Resonator

C.2.1 Required Volume Element Discretization for IA Terms

Table C.1: Number Ny, of cylindrical ring elements depending on the radial step size Ap
and extent of an equator radius perturbation: For adequately fine step sizes additionally
the reduced number of elements resulting from a combination of small adjacent elements
(see section 4.2.2) is stated.

Step size | Reduction of Req by 10 % |Reduction of R.q by 5% |Reduction of Req by 1%
Ap/mm Nelem Nelem (COIIlb.) Nelem Nelem (comb.) Nelem Nelem (COIIlb.)
2.5 6023 - 4122 - 2577 -
1.75 116029 15135 10367 - 5588 -
1.25 40342 38356 25044 22236 12024 9686
1 - - 45089 40967 20167 16698
0.8 - - - - 34725 19858

fast/ fasty — 1 fast/ fasty — 1

— all — all

= mean = mean
— abs. max 0.001 — abs. max
0.02r
= === — Ap/mm Tt Ee————— \p/mm
=7 B 026000
—/#0000 20000 30000 40000 2 — 0000 40000
-0.02f 'y
-0.001f
(a) (b)
fast/fasty — 1 —all
_4 A mean
6-107% — abs. max

41074

2:107%

-2-107%

(c)

Figure C.6: Relative change of perturbed GST frequencies depending on the num-
ber Neem of volume elements (compared to GST frequency with finest discretization):
Each subfigure shows the changes for the first 70 TMj-like modes within 1.24-20.53 GHz
as well as their mean and maximal changing values. Irregular complex modes are not in-
cluded. (a) Reduction of equator Re, by 10 %. (b) Reduction of R, by 5 %. (c) Reduction
of Req by 1%.
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Figure C.7: Absolute and relative change of electric and magnetic interaction terms
depending on the number N, of volume elements (compared to TA terms with finest
discretization): Each subfigure shows the mean and maximal value of the changes for the
first 70 unperturbed TMy-like modes within 1.24-20.53 GHz. (a), (b) Reduction of R.q by
10 %. (c), (d) Reduction of Re, by 5%. (e), (f) Reduction of Req by 1%.
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C.2.2 Convergence Depending on Number of Modes
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Figure C.8: Relative frequency error depending on the number Nyoqes 0f unperturbed
modes for TMy-like modes for different perturbations. (a) Equator reduction of 10 %. (b)
Equator reduction of 5%. (c¢) Equator reduction of 1%. (d) 10% dent. (e) Cell width
reduction of 10 %. (f) Cell width reduction of 5 %.
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C.2.3 Frequency Accuracy Depending on Perturbed Frequency
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Figure C.9: Absolute and relative frequency error depending on perturbed frequency fref
for a selection of TMy-like and quadrupole modes for different equator perturbations. (a),

(b) Reduction of Req by 10 %. (c), (d) Reduction of Rey by 5%. (e), (f) Reduction of Re,

by 1%.
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Figure C.10: Absolute and relative frequency error depending on perturbed fre-
quency fret for a selection of modes for different equator perturbations. (a), (b) Cell
width reduction of 10 %. (c), (d) Cell width reduction of 5%. (e), (f) 10% dent.
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C.2.4 Selected Electromagnetic Fields

C.2.4.1 Regular GST Fields
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Figure C.11: Perturbed EM fields of TMj-like modes along the 2~ and zaxis for a
reduction of Req by 10 % and Npodes = 70: Non-displayed field components are zero. (a),
(¢), (e) Fundamental mode at 1.39 GHz. (b), (d), (f) Mode at 8.07 GHz.
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Figure C.12: Perturbed EM fields of TMj-like modes along the 2 and zaxis for
Nmodes = 70: Non-displayed field components are zero. (a), (c), (e) Mode at 15.39 GHz
for a reduction of Rey by 10%. (b), (d), (f) Fundamental mode at 1.32 GHz for a reduc-

tion

of Req by 5%.
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Figure C.13: Perturbed EM fields of TMj-like modes along the 2~ and zaxis for a
reduction of Req by 5% and Nyoedes = 70: Non-displayed field components are zero. (a),
(c), (e) Mode at 10.18 GHz. (b), (d), (f) Mode at 13.37 GHz.
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Figure C.14: Perturbed EM fields of TMj-like modes along the 2~ and zaxis for a
reduction of Req by 1% and Npedes = 70: Non-displayed field components are zero. (a),
(c), (e) Mode at 7.99 GHz. (b), (d), (f) Mode at 16.21 GHz.
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Figure C.15: Perturbed EM fields along radial direction p towards center of perturbation
for a 10 % dent and Nyoqes = 1167: Non-displayed field components are zero. (a), (c), (e)
Dipole mode at 1.89 GHz. (b), (d), (f) Quadrupole mode at 5.86 GHz.
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C.2.4.2 TIrregular GST Fields
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Figure C.16: Relative frequency error of irregular TMy-like mode pairs depending on
the number Ny,oqes of unperturbed modes for different equator perturbations. (a) First
irregular mode at 7.76 GHz for a reduction of 10 %. (b) Second irregular mode at 9.65 GHz
for a reduction of 10 %. (c¢) First irregular mode at 13.00 GHz for a reduction of 5 %.
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Figure C.17: Electric fields of irregular TMjy-like GST modes along the z- and zaxis
for an equator reduction: Non-displayed field components are zero. (a), (b) First irregular
mode at 7.76 GHz for a reduction of 10 %. (c), (d) Second irregular mode at 9.65 GHz for
a reduction of 10 %. (e), (f) First irregular mode at 13.00 GHz for a reduction of 5 %.
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C.3 Elliptical seven-Cell bERLinPro Resonator

C.3.1 Resonator Parameters

Table C.2: End-cell shape parameters of the eight final design candidates C1 to C8 in
the positive (e;) and negative (e_) longitudinal coordinate range.

Candidate Shape parameter in mm

Req Riris Lcell TEl,eq yEll,eq TE1Liris yE117jris
Cl1 (e) 102.8797 36 114.471 38.9516 35.0838 12.533 24.1615
C1 (e4) 102.8797 36 117.492 41.8026 40.1715 12.533 24.1615
C2 (e) 102.8797 36  114.659 39.0114 35.0313 12.533 24.1615
C2 (e4) 102.8797 36  117.414 41.7843 40.137 12.533 24.1615
C3 (e) 102.8797 36  114.689 39.0312 35.1895 12.533 24.1615
C3 (e4) 102.8797 36 117.37 41.7342 40.1612 12.533 24.1615
C4 (e) 102.8797 36  114.414 38.9167 35.1253 12.533 24.1615
C4 (ey) 102.8797 36  117.48 41.7272 40.1041 12.533 24.1615
C5 (
5 (
6 (
6 (
C7 (
o7 (
8 (
o8 (

e) 102.8797 36 114.536 39.2462 35.7844 12.533 24.1615
ey) [102.8797 36 118.463 42.262 40.5968 12.533 24.1615
e) 102.8797 36 114.56 39.1314 35.5214 12.533 24.1615
ey) [102.8797 36 118.517 42.4123 40.9864 12.533 24.1615
e ) 102.8797 36  113.351 39.0463 36.334 12.533 24.1615
ey) [102.8797 36 116.275 41.0051 39.2022 12.533 24.1615
e ) 102.8797 36 114.066 39.3179 36.39  12.533 24.1615
ey) [102.8797 36 117.175 41.5854 39.9098 12.533 24.1615

C.3.2 Frequency Accuracy Depending on Perturbed Frequency
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Figure C.18: Absolute and relative frequency error depending on perturbed fre-
quency frer for a selection of 65 TMy-like, dipole and sextupole modes for candidate C1
based on segment-wise adjusted GST.
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C.3.3 Selected Electromagnetic Fields

C.3.3.1 Accuracy of GST Fields with Adjusted Interaction Terms

E./(V
(e
- GST
0.8_‘ Reference
0.6f (abs. error)-10
0.4_‘
0.2_‘
N ! T | /(E/Hl
g 0.02 0.04 \0.06 0.08 o0/10
—0.2_‘
-0.4r
(a)
H,/(A/m
g
I —GST
0'8,_ = Reference
0.61 — (abs. error)-10
0.4f
O.2f
1.‘/“:’"}—\ o 7 N N x/m
» 02 0.04~006 008\ 0.10
—0.2f
—0.4r
(c)
Ey/(V/m)  E=GST
T = Reference

— (abs. error)-10

(e)

Figure C.19: EM fields along the 2~ and zaxis for candidate C1 (Npoges =
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146): Non-

displayed field components are zero. (a), (c), (e): TMy-like HOM at 3.38 GHz. (b), (d),

(f): TM-like HOM at 4.66 GHz.
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Figure C.20: EM field of dipole mode at 2.50 GHz along the 2- and zaxis for candidate C1
(Nmodes = 254): Non-displayed field components are zero.
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Figure C.21: EM fields along the 2~ and zaxis for candidate C5 (Npoqes = 146): Non-
displayed field components are zero. (a), (c), (e): TMy,_-like accelerating mode at
1.30 GHz. (b), (d), (f): TMy-like HOM at 5.20 GHz.

166



CHAPTER C. GST EIGENMODE RESULTS

C.3.4 R-over-Q values

C.3.4.1 Geometric Imperfections
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Figure C.22: On-axis R-over-Q values of TMy-like HOMs up to a frequency of 7.04 GHz
for candidate C3 subject to different uniform geometric imperfections. The TMj ; o-like
band is not included and only modes with an R-over-Q values of at least 32 are plotted.
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Figure C.23: On-axis R-over-Q values of TMy-like HOMs up to a frequency of 7.04 GHz
subject to different uniform geometric imperfections. The TMj ; o-like band is not included

and only modes with an R-over-Q values of at least 3€) are plotted. (a): Candidate C6.
(b): Candidate CT7.
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C.4 Elliptical Single-Cell Resonator based on Cylin-
drical Resonator

C.4.1 Interacting Mode Sets and Required Discretization

Table C.3: Required step size for semi-analytical area elements depending on frequency
range of unperturbed IA mode sets: The step size satisfies ten samples per wavelength.
Each set contains 600 modes.

Highest mode |Step size
Type f/GHz| in mm
TMO,n,p (p even) TMO,31?22 53.14 0.564

TA mode set

TMl,n,p s TEme (p Odd) TE1723,15 3845 0780
TMon,p (p: odd) | TMogar  53.92 | 0.556
TMinp s TE1,, (preven)| TE; 1890 38.53 0.778

TMQ,n,p ) TEQ,n,p
TEonp
TM3,n,p ) TES,n,p

]
o
joW
o,

TMs 1425 38.93 | 0.770
TEozs7s 54.41 | 0.551
TMs 1197 39.33 | 0.762
TM2pp , TE2 TEg1820 39.02 | 0.768
TMypnyp » TEsnp (p: TEs050 39.95 | 0.750
TMs,p s TEs,, (p:even)| TE32 15 39.36 | 0.762
TE()’n’p (p even) TE073778 55.25 0.543

N N~
[V
o QO
o
RN

=
O(‘D
2 3
=B

All sets of interacting modes were determined based on a semi-analytical discretization
with a step size of 0.54 mm. For this, 4627 area elements were needed. This corresponds
to 1.065 - 105 3D volume elements.

C.4.2 Convergence Depending on Number of Modes

fast/ fret — 1 — 1.27 GHz fast/ fref — 1 — 1.81 GHz
2.6 2.79 GHz
3.9 0.015 — 3.06 GHz
4.6 Ih — 4.45 GHz
5.1 0.010 5.22 GHz
6.6 6.49 GHz
0.005

(b)

Figure C.24: Relative frequency error depending on the number N,,,qes 0f unperturbed
modes: (a) TMy-like modes. (b) HEM;-like modes.
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C.4.3 Selected Electromagnetic Fields

C.4.3.1 Regular GST Fields

Egst — ERet W%T — ERet
QRO

Figure C.25: Absolute error of GST-based EM field (normalized to 1V/m, 1A/m)
of TMy o-like accelerating mode at 1.27 GHz in the z,y- and z,zplane: Error range of
—220mV/m (blue) to 435mV/m (red) and —239mA /m to 85 mA /m.
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Figure C.26: Absolute error of GST-based EM fields (normalized to 1 V/m, 1 A/m) in the z,5- and z,zplane: (a) TE(-like mode
at 3.76 GHz. Error range of —24mV/m (blue) to 12mV/m (red) and —368 mA/m to 161 mA/m. (b) Dipole mode at 6.49 GHz.
Error range of —160mV/m to 45mV/m and —331 mA/m to 52 mA /m.
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Figure C.27: EM field of TMj ; o-like accelerating mode at 1.27 GHz in the z,3% and z,2plane
row: Reference field.
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Figure C.29: EM field of dipole mode at 6.49 GHz in the z,9- and z,zplane: First row: GST-based field. Second row: Reference
field.
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C.4.3.2 Irregular GST Fields
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Figure C.30: Absolute error of EM fields (normalized to 1V/m, 1 A/m) of irregular GST modes in the z,y- and
z,zplane: (a) TMy-like mode at 3.73 GHz. Error range of —100mV/m (blue) to 67mV/m (red) and —303mA /m to
116 mA /m. (b) Dipole mode at 6.58 GHz. Error range of —107mV/m to 169 mV/m and —353 mA/m to 302 mA /m.
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Figure C.31: EM field of TMj-like mode at 3.73 GHz in the z,9- and z,zplane: First row: GST-based field.
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Figure C.32: EM field of dipole mode at 6.58 GHz in the z,y- and x,zplane:
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