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Abstract

Cuprous oxide (Cu2O) has proven historically as well as contemporarily to
be one of the most suitable materials for the research of excitons in bulk
semiconductors. This thesis concerns itself with the theoretical description
of some optical properties of the yellow exciton series in Cu2O and is divided
into two parts. The first part aims at the determination of the basic excitonic
properties by considering central-cell corrections. For large principal quan-
tum numbers n the nonparabolicity of the highest valence band is treated
and the concept of quantum defects is introduced. For the analysis of the
yellow 1S paraexciton the additional coupling to LO phonons is addressed.
The second part examines the absorption edge of the Γ−

3 phonon-assisted
transition into the 1S yellow orthoexciton and determines the correspond-
ing deformation potential. The deformation potential is further utilised to
calculate the Auger coefficient of the phonon-assisted decay mechanism.

Zusammenfassung

Kupferoxydul (Cu2O) zeigte sowohl historisch als auch in der Neuzeit, dass
es eines der am besten geeigneten Materialien für die Untersuchung von
Exzitonen in Halbleitern ist. Die vorliegende Dissertation untersucht einige
optische Eigenschaften der gelben Exzitonenserie in Cu2O und lässt sich
in zwei Teile unterteilen. Im ersten Teil werden grundlegende Exzitonen-
parameter unter Berücksichtigung von central-cell Korrekturen bestimmt. Für
große Hauptquantenzahlen n wurde hierfür die Nichtparabolizität des höch-
sten Valenzbandes betrachtet und das Konzept des Quantendefekts einge-
führt. Für die Analyse des gelben 1S Paraexzitons musste zusätzlich der Ein-
fluss von LO Phononen berücksichtigt werden. Der zweite Teil befasst sich
mit der Absorptionskante des Γ−

3 phononassistierten Übergangs in das gelbe
1S Orthoexziton und bestimmt das dazugehörige Deformationspotential. Mit
dem Deformationspotential wurde der Augerkoeffizient für den phononas-
sistierten Zerfall berechnet.
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Chapter 1.

Introduction

Historically, cuprous oxide (Cu2O) is one of the most significant materials when it comes to

research of excitons in bulk semiconductors. While the concept of excitons was already de-

veloped theoretically in the 1930s, primarily by J. Frenkel, R. Peierls, and G. Wannier [1–4],

they were observed for the first time in 1952 by E. Gross and N. Karryev [5–7], incidentally in

Cu2O. The same discovery was made independently by M. Hayashi and K. Katsuki [8] in the

same year. Already back then, the formation of an excitonic series, similar to the excited states

of the hydrogen atom, was seen up to a principal quantum number of n = 8. This was an

impressive feat at the time, considering the spectra were captured on microphotograph back

in the day. The exciton series of Cu2O was always one of the most distinct in bulk semicon-

ductors, for a long time ranging up to a principal quantum number n = 12 [9]. The reasoning

for this generally refers to their long lifetime and relatively large binding energies [10]. In

2014, there occurred a major discovery as T. Kazimierczuk et al. were able to measure highly

excited exciton states up to a principal quantum number n = 25 [11]. In this regime, it became

custom to refer to these states as Rydberg excitons, following their highly excited counterparts

known from atomic physics. With this, we just recently entered the realm of Rydberg physics

of excitons, i.e. the research on effects that are already known from atomic physics. The great

advantage of excitons over atomic systems is a generally easier experimental handling, e.g.

similar effects can be observed at higher temperatures with standard laser settings in the visi-

ble range and without the need of external field traps.

One effect that was observed in [11] is the Rydberg blockade. The dipole moment of an

excited state increases the linewidth of the respective resonance, as well as inducing an ener-

getical shift upon the neighbouring states [12]. The average radius of an exciton of principal

quantum number n = 25 already reaches a range of approximately 〈r25〉 ' 1µm, effectively

covering a considerable portion of typical samples used for experiments. Another example

would be the appearance of quantum coherences between Rydberg excitons due to the spec-

tral proximity of adjacent states [13]. The complex influence of external magnetic fields on the

absorption spectrum was investigated theoretically, as well as experimentally [14–16]. This is

the basis for the potential creation of giant-dipole states with excitons, as the properties of

1



2 Introduction

the relative motion are easily tuned via external electromagnetic fields. However, the material

parameters of the semiconductor need to fulfill certain conditions to enable the creation of a

giant-dipole potential [17,18]. Here, the specific properties of Cu2O excitons, apart from being

a prime example for the general behaviour of semiconductor excitons, also recommend them

in this novel field of research.

However, apart from phenomena already known, we need to be aware of potentially new char-

acteristics that might emerge due to the unique setting within the crystal. More general issues

are presented for example by the mixing of different excitonic series [19–25], the interaction

with phonons [26–30], or the influence of defects in the crystal. As an example, an electron-

hole plasma induced band-gap shift limits the upper boundary for possibly excitable n [31].

An earlier field of research that was assumed to be a promising application for semiconduc-

tor excitons was the creation of an excitonic Bose-Einstein condensate (BEC), due to their

small masses compared to atoms. First propositions for a realisation were made already in

the 1960s [32, 33], with first experimental attempts made in the 1970s [34, 35]. Again Cu2O

was deemed to be one of the most viable materials due to the long lifetime of its paraexciton

state and the band gap being in an energy range that is easily accessible by laser excitation.

Although distinct signatures have been seen [36], it was not yet managed to fulfill all criteria

to confirm the detection [37]. Although excitons were supposedly thought to be better suited

than atomic systems, it was noticed that additional effects inhibit the exciton gas to reach the

necessary threshold densities for condensation. A few theoretical attempts were made to ex-

plain this phenomenon, e.g. by an excitonic Auger decay [38,39] or biexciton formation with

a subsequent recombination [40] which, however, did not show good alignment with experi-

mental findings [41–43]. The excitonic BEC should not be confused with the condensation of

exciton-polaritons which was already realised [44].

Besides its applications in fundamental research, Cu2O does not gain too much recognition

and technical applications were generally not of high priority in the last decades. In the early

years of electrical engineering, it was commonly used for all kinds of components, primarily

rectifiers; however, it was quickly dismissed for other materials, most prominently silicon. The

main reasons are its fairly brittle texture, low durability and frankly the lack of efficiency as

an electrical component compared to other semiconductors. The current industrial disinterest

entails that the artificial production of crystals is of no high concern. This explains why, up to

this point, naturally formed crystals are still preferred by reseachers due to their superior com-

position and purity. However, some new interest sparked for the application in solar cells quite

recently, as it serves as a sustainable, cost-efficient and nontoxic alternative to, e.g. Cadmium

solar-cells [45–48].

In this thesis, we will attempt to describe a potpourri of fundamental exciton properties in

Cu2O. Chapter 2 will be used to present the basic properties of our semiconductor of choice,

as well as discussing fundamental processes whose existence and rudimentary understanding

are mandatory for the forthcoming examinations. Three parts are of particular importance:
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First and foremost the origin and properties of the band structure. It presents the origin of all

optical properties in semiconductors and, therefore, plays a predominant role in most of this

works investigations. For practical applications, we derive the Hamiltonian that will be used

to describe the band dispersions around the band gap at zone centre. Second, the emerging

exciton series are discussed, since they represent the major focus of this work. Third, we pro-

vide a rudimentary description of the occurring phonons as their interactions with the exciton

states also tend to play an important role.

In chapter 3 we will solve an enhanced Wannier equation by utilising the approximative band

Hamiltonian to include the nonparabolicity of the valence band dispersion. Unlike previous

approaches for such a calculation, we solve the problem in momentum space. The deviation of

the result from the solution of the ideal Wannier equation will be presented via the quantum

defect, a concept taken from atomic physics.

We will notice that this approach is not well suited to describe low n states of the excitonic

series due to a phonon-induced energy dependence of the material permittivity. For this, we

introduce in chapter 4 a different approach by solving the general two-particle Hamiltonian

via a variational method. This enables us to additionally compute the excitonic dispersion, as

well as exciton Bohr radius and mass for arbitrary exciton momenta.

In chapter 5 we revise the textbook solution for the description of the phonon-assisted absorp-

tion in semiconductors. This is done via second-order perturbation theory and requires the

virtual transition over an extra state. In the textbook solution the excitonic nature of those

virtual intermediate states is neglected, which will be taken into account in this work. This

generalisation reveals the need to treat the deformation potential, that models the phonon

interaction, as a momentum dependent quantity.

With the knowledge gained in chapter 5, we will proceed to chapter 6 to revisit earlier calcula-

tions on the excitonic Auger recombination rate. This chapter is connected to the previous one

as we will transfer over the concept of excitonic intermediate states and momentum dependent

deformation potentials to improve upon existing theoretical work.

The final chapter will present a brief summary of all results, their achievements and their short-

comings, as well as an outlook on what might be the prospect of further potential research in

this direction.

Beyond that, a topic that possesses an overarching importance for the whole work is the sym-

metry that is imposed by the crystal structure. The group theoretical treatment ties all points

into a common framework that binds different aspects to restrictive properties, thereby lim-

iting the possibilities for interaction to only a few relevant that need to be examined. Its

implications on a respective entity will be discussed as necessary in the individual chapters.
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Chapter 2.

Theoretical preliminaries

2.1. Band structure

The key element to successfully investigate optical phenomena in a semiconductor is a thor-

ough understanding of its band structure. Its basic properties, such as curvature, spacing and

orientation between bands determine the fundamental interaction with light. Another charac-

teristic, that is also of specific interest for the case of Cu2O, is the symmetry of the different

bands. The most important bands are usually the lowest conduction and the highest valence

bands.

While the rough characteristic of a semiconductor spectrum is generally set by the distance

between bands, the intricate details are determined by curvature and symmetry. The absorp-

tion of photons generally starts taking place at the shortest energetic distance between the

lowest conduction and highest valence bands, i.e. at their extrema. Due to the small wave

number of the photon (∼ 10−3−10−2 nm−1) in relation to the size of a generic Brillouin zone

(∼ 1−10 nm−1), an excitation via photons between bands is usually assumed to be an almost

vertical transition. If the extrema of both bands are in the same position in momentum space,

as it is the case in, e.g. Cu2O and gallium arsenide (GaAs) (direct band gap semiconductors),

a direct transition by photons is possible1. If their positioning in momentum space differs as

in, e.g. selenium (Se) or germanium (Ge) (indirect band gap semiconductors), the transition

usually involves additional relaxation processes by phonons to energetically favourable states.

The curvature of any particular band results from its interaction with the neighbouring bands.

This gives us retroactively the possibility to obtain information of the coupling between those

bands, if the curvature is known. Additionally, it is highly influential on the properties of ex-

citons, which will be discussed in the upcoming section 2.3.2. Excitonic effects in Cu2O are in

the focus of this work; therefore, a thorough knowledge of the band structure establishes the

foundation for all the upcoming examinations. For further reading refer to [49–53].

1If symmetry of the bands allows for a transition. This will be discussed in section 2.3.

5
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Γ

R

X

MΣ

Λ

∆

Copper Oxygen

Figure 2.1.: Left and centre: unit cell for the crystal structure of Cu2O, with the O bcc (left) and Cu fcc
(centre) sublattice as the base. Right: Points of high symmetry in the Brillouin zone of a
simple cubic lattice.

2.1.1. Composition and symmetry

Cu2O is assembled in a simple cubic Bravais lattice. There are four copper ions and two oxy-

gen ions in a unit cell. The O atom are arranged in a body-centered cubic (bcc) sublattice

with the Cu atoms superimposed in a face-centered cubic (fcc) sublattice. The sublattices are

shifted by a quarter of the lattice diagonal; thus, effectively orienting a tetrahedron of Cu

atoms around every O atom (see Fig. 2.1). Cu2O is part of the Pn3̄m (O4
h) space group, which

is a nonsymmorphic space group [54]. The multiplication table for the Oh group can be found

in the appendix A.2. The site symmetry of Cu is D3d, and Td for O [55], which results in the

irreducible representation of the different electronic orbitals, as shown in Tab. 2.1. We are

mainly interested in the symmetries around the zone centre Γ, because most of the investi-

gated exciton physics take place at this point. In the Oh point group, there exist two more or

less equally popular notations for the symmetry around the Γ point, the Koster (K) and the

Bouckaert (BSW) notation [50]. The transcription between these two is given in Tab. A.2, in

this work we will stick to the Koster notation.

The electronic configuration of our components establishes the band structure and the corre-

sponding symmetries. Oxygen possesses the electron configuration of (1s)2(2s)2(2p)4, while

copper consists of (1s)2(2s)2(2p)6(3s)2(3p)6(3d)10(4s)1. In the bulk composite of Cu2O, we

can conceive the occurrence of a charge shift of the Cu 4s orbitals towards the O atoms. The

resulting vacancies at the Cu atoms make Cu2O a p semiconductor [45]. For our purposes, we

are mostly interested in the emerging bands in the vicinity of the band gap. Thus, for Cu we

assume the 3d, 4s and 4p, and for O 2s and 2p to be the crucial electron orbitals that compose

Cu2O’s band structure in this region. A contemporary result for the band structure of Cu2O, cal-

culated with spin density functional theory (sDFT) in the generalized gradient approximation

(GGA), can be seen in Fig. 2.2 [56].
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Γ, R M X

Cu s Γ+
1 ⊕ Γ+

5 M1 ⊕M4 X1 ⊕X3

Cu p Γ−
2 ⊕ Γ−

3 ⊕ 2Γ−
4 ⊕ Γ−

5 M1 ⊕ 2M2 ⊕M3 ⊕ 2M4 X1 ⊕ 2X2 ⊕ 2X3 ⊕X4

Cu d Γ+
1 ⊕ 2Γ+

3 ⊕ 2Γ+
4 ⊕ 3Γ+

5 3M1 ⊕ 2M2 ⊕ 2M3 ⊕ 3M4 3X1 ⊕ 2X2 ⊕ 3X3 ⊕ 2X4

O s Γ+
1 ⊕ Γ−

2 M4 X3

O p Γ−
4 ⊕ Γ+

5 M1 ⊕M2 ⊕M4 X1 ⊕X2 ⊕X3

Table 2.1.: Irreducible representations of the Cu (D3d) and O (Td) orbitals on points of high symmetry
in the Brillouin zone [55].

Several band structure calculations agree, that the oxygen 2s and 2p induced valence bands

are way below the copper bands [54–60]. In fact, the upmost valence bands almost exclusively

result from the Cu 3d orbital with symmetry Γ+
1 ⊕ 2Γ+

3 ⊕ 2Γ+
4 ⊕ 3Γ+

5 at the zone centre. The

bands split further by the crystal field into one significantly higher Γ+
5 , with the other seven

bands being tightly packed around ∼ −2 eV below. The upmost Γ+
5 band splits via spin-orbit in-

teraction (Γ+
6 ) further into a nondegenerate upper Γ+

7 band and lower, twofold degenerate Γ+
8

bands (disregarding the twofold electron spin degeneracy) with a splitting of ∆p = 131 meV

at the Γ point [61,62]. The energetic position of the Γ+
7 band at zone centre is assumed to be

at the Fermi level; thus, other band positions are always given in relation to the highest Γ+
7

valence band. The 2p orbital of O contributes a Γ−
4 band, expectedly ∼ −5 eV below the Γ+

7

valence band. This will be of noticeable importance at a later point.

The lowest conduction bands stem from the Cu 4s and 4p orbitals. The Cu 4s orbital splits into

two contributions, the lowest conduction band of symmetry Γ+
1 and a much higher located

Γ+
5 band that is of no further concern. Since Γ+

1 of the Oh group is equivalent to the identity,

the band does not split any further under spin-orbit interaction, but yields a nondegenerate

band with the resulting symmetry Γ+
1 ⊗ Γ+

6 = Γ+
6 . The next higher conduction band is of Γ−

3

symmetry and originates from the Cu 4p orbital [54]. The other bands that result from 4p are

located significantly higher, with the two Γ−
4 bands being the lowest at an energy ∼ 9.5 eV and

∼ 11 eV, followed by the Γ−
5 band around ∼ 13 eV and a Γ−

2 band beyond that. The Γ−
3 also

does not split further via spin-orbit interaction, but takes the symmetry of Γ−
8 . For our pur-

poses, we are only interested in the two lowest conduction bands (Γ+
6 ⊕ Γ−

8 ) and two highest

valence bands (Γ+
7 ⊕ Γ+

8 ), since they form the four known exciton series of Cu2O: the yellow

(Γ+
6 ⊗ Γ+

7 ), green (Γ+
6 ⊗ Γ+

8 ), blue (Γ−
8 ⊗ Γ+

7 ) and violet (Γ−
8 ⊗ Γ+

8 ).

The energetical positions of the associated bands are known fairly well from experiments

[11, 61–65]. The energies of the bands beyond the exciton series’ are for the most part only

known by band structure calculations [54–60]. However, since these calculations, depend-

ing on their initial approach, tend to over- or underestimate band spacings2, we are left with

rough approximations for their energetic band positions. Calculations in GGA are known to

2E.g. periodic Hartree-Fock methods generally overestimate the band gap due to the negligence of electronic
correlation [59], while DFT approaches always underestimate the band gap [56].
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Figure 2.2.: Band structure of Cu2O calculated with sDFT [56]. The conduction bands were shifted to
match the experimentally known band gap Ey. The symmetries at zone centre are denoted
at the right figure. The irregularities at energies & 9 eV stem from numerical errors.

drastically underestimate the value of the band gap. Self-consistent GW calculations converge

towards the right band gap; although, they mainly shift the bands, keeping the actual band

dispersion intact. Thus, the conduction bands in Fig. 2.2 were subsequently shifted to match

the experimentally measured band gap Ey = 2.172 eV [11]. This, however, overestimates the

position of the Γ−
3 conduction bands about 250 meV [64]. This illustrates our predicament of

not knowing the exact energy positions of higher located conduction and lower valence bands.

The curvature of the dispersion matches previous calculations [54, 55, 57, 58, 60] as well as

experimental results [66,67], vindicating the use of the dispersion slopes for our calculations.
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2.2. k · p theory

The idea of k · p theory stems from the concept of investigating a single isolated band by the

one-electron Schrödinger Hamiltonian

He(r) =
p2

2m0
+ V (r) +

~

4m2
0c

2
(σ × ∇V ) · p , (2.1)

with a kinetic term, a local periodic crystal potential, and the spin-orbit interaction term. If

the self-consistency of the local periodic crystal potential is assumed, the translational invari-

ance allows for the separation of the single-electron wave function into a plane wave times

the periodicity function of the lattice un,k(r). The product is known as Bloch wave function

ψn,k(r) = eik · run,k(r). Solving Eq. (2.1) with the Bloch wave function results in a Schrödinger

equation for the periodic function. The emerging terms for the wave vectors of the Brillouin

zone k are treated perturbatively; thus, we can calculate the band dispersion around any value

k0. Then, in k · p theory, the periodical wave function in second-order nondegenerate pertur-

bation theory yields

|ui,k〉 ' |ui,k0〉 +
~

m0

∑

j 6=i

〈uj,k0 | (k − k0) · π|ui,k0〉
Ei(k0) − Ej(k0)

|uj,k0〉 , (2.2)

with

π = p +
~

4m0c2
(σ × ∇V ) . (2.3)

This works only for a small region around k0, since only low order terms of the wave vector k,

k2, etc., are considered. Similarly, the corresponding energy eigenvalue can be expressed as

Ei(k) = Ei(k0) +
~

2(k − k0)2

2m0
+

~

m0
〈ui,k0 |(k − k0) · π|ui,k0〉

+
~

2

m2
0

∑

j 6=i

∣
∣〈ui,k0 |(k − k0) · π|uj,k0〉

∣
∣2

Ei(k0) − Ej(k0)
. (2.4)

We are exclusively interested in the transition at the band extrema responsible for the predomi-

nant excitations. In most direct gap semiconductors, these are positioned at the high symmetry

point of Γ, i.e. k0 = 0. In this case, the linear term of k in Eq. (2.4) vanishes, because we

are investigating an extremum. Assuming the one-electron Hamiltonian to be invariant under

time reversal, the energy dispersion possesses inversion symmetry Ei(k) = Ei(−k) [50]. The

time-reversal symmetry is also responsible for the twofold spin-degeneracy of the bands as

long as the crystal possesses inversion symmetry and no magnetic fields are present. This is

known as Kramers’ degeneracy theorem [68,69]. The second derivative of Eq. (2.4) at k0 = 0
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yields the effective mass tensor

(m−1
i )mn =

1

~2

∂2

∂km ∂kn
Ei(k)

=
1

m0
δmn +

kmkn

m2
0

∑

j 6=i

〈ui,0|πm|uj,0〉〈uj,0|πn|ui,0〉 + 〈ui,0|πn|uj,0〉〈uj,0|πm|ui,0〉
Ei(0) − Ej(0)

(2.5)

which is occasionally referred to as effective mass sum rule [52]. If the tensor is diagonal and

its elements are equal, the band structure is considered to be isotropic (around k0 = 0) and

depicts the intuitive picture of an electron with an effective mass. In the lattice potential, the

electron moves without energy dissipation due to the periodicity of the Bloch waves. However,

any perturbances that lead to a disruption of symmetry, such as impurities in the crystal or

interaction with phonons, entail a dissipation. The interaction with phonons will be tackled in

the upcoming section 2.4.

A few conclusions about the band dispersion can be drawn from Eq. (2.5). The energy denom-

inator shows that coupling to higher and lower bands increases and decreases the effective

mass, respectively. Also distant bands are expected to be less important. The mass of a partic-

ular band is only affected by interaction with other bands if the coupling to those other bands

is allowed by group theory, i.e. the dipole matrix element between the bands does not vanish.

The highest valence bands are known to possess negative mass; therefore, the coupling dipole

transition matrix element to the neighbouring conduction bands must be strong enough (usu-

ally it is around an order of magnitude bigger than the band gap [52]) to bend the valence

bands down. A vacant electron spot in a valence band is usually described as a quasiparticle

with the electrons negative wave vector −k and a negative valence band mass, denoted as

hole.

The next step is the determination of the relevant dipole matrix transition elements, or to be

more precise, the analysis of the band symmetry and the investigation which dipole transi-

tion matrix elements are actually nonzero. In this work, we are mainly interested in the band

dispersions around the band gap, starting with the lowest conduction band.

2.2.1. Conduction band

As we have seen in the previous section, the conduction band in Cu2O originates from the Cu 4s

orbital and has a Γ+
1 symmetry. For cubic semiconductors, the Γ+

1 state transforms as the unity

operator 1; thus, the conduction band can be treated in a nondegenerate fashion, and we can

drop the spin-orbit interaction for this part, setting π = p. The momentum operator p exhibits

a Γ−
4 symmetry in the point group of Oh. This immediately restricts the ammount of potentially

coupling bands drastically, as the intermediate states in Eq. (2.4) (or Eq. (2.5), respectively)

need to fulfill the symmetry relation Γ+
1 ⊗ Γ−

4 = Γ−
4 . Keep in mind that this symmetry restraint

is only strictly valid for the symmetry Γ point. This restriction alleviates the further we are
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Figure 2.3.: The Γ+
6 conduction band disperion for the three different symmetry directions. The con-

tinuous blue lines are calculated by sDFT [56], the red dotted lines depict the isotropic and
parabolic approximation as given by Eq. (2.7) with an electron mass of m1c ' 0.945m0.

away from symmetry points. The Γ+
1 state is denoted by α+ and the three Γ−

4 states can be

expressed in the basis δ−
1 ∼ x, δ−

2 ∼ y, δ−
3 ∼ z. According to the Wigner-Eckart theorem, the

coupling coefficients are then determined by 〈α+|px|x〉 = 〈α+|py|y〉 = 〈α+|pz|z〉 = ip14√
3

[70].

The coupling strength between Γ−
4 and Γ+

1 bands is evenly distributed, thus resulting in an

isotropic deformation. Without loss of generality we can assume that the periodic functions

are real, making the matrix elements purely imaginary [50]. In Fig. 2.2 we recognise three

bands that possess the Γ−
4 symmetry, two higher located conduction bands around 9.5 eV and

11 eV, respectively, and a valence band around −5 eV. Taking these three bands into account,

the resulting effective mass of the conduction band is calculated via Eq. (2.5) as

m0

m1c
= 1 +

2 p2
141

m0(E1c − E4c1)
+

2 p2
142

m0(E1c − E4c2)
+

2 p2
143

m0(E1c − E4v3)
. (2.6)

The first two terms increase the effective mass, and the last one decreases it. Similarly, we

can evaluate Eq. (2.4) and receive the corresponding energy dispersion. The nondegenerate

treatment results in a quadratic, isotropic energy dispersion

E1c(k) = E1c(0) +
~

2k2

2m1c
. (2.7)

If we know the coupling between the bands, we can thusly calculate the conduction bands

mass and, therefore, determine its energy dispersion around the Γ point. Usually, however,

we know the band masses well to a certain degree (e.g. from time-resolved cyclotron reso-

nance) and aspire to obtain the coupling between the bands, which is not explicitly possible

with Eq. (2.6). Even worse, the fact that in Cu2O the conduction band mass is close to the

free electron mass leaves us no means to evaluate the coupling even qualitatively. The most

probable presumption would be, that the coupling to all of the three bands is rather weak,
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partially due to their large separation from the Γ+
1 conduction band. The inclusion of quartic

terms does not solve the conundrum, as it would introduce additional coupling terms and is

not improving the fit significantly [25].

The mass of the Γ+
6 conduction band is known from experiments as m̃1c = 0.985m0 [67].

However, there exist two polar phonon branches in Cu2O that increase the actual electron

mass. Considering the phonon induced broadening, the band mass can be calculated as

m1c ' 0.945m0. The origin of this deviation will be discussed further in the upcoming sec-

tion 2.4. Extracting the electron mass of the Γ+
6 band from the DFT band structure calculation

indeed shows a good agreement with this estimated value in the region around the Γ point. A

closeup of the Γ+
6 band including the parabolic approximation around zone centre is depicted

in Fig. 2.3

2.2.2. Valence band

Apart from the spin-degeneracy, the conduction band is nondegenerate and thus, can be

treated easily in the approach illustrated above. Next, we discuss several ways to treat de-

generate bands, as it is the case for the highest valence bands in Cu2O. For this, the coupling

between the degenerate bands needs to be taken into account explicitly, adding off-diagonal

contributions to the one-particle Hamiltonian. Hence, for degenerate bands there are always

band mixing effects that need to be considered when evaluating transition matrix elements.

As already stated previously, the valence band stems from the Cu 3d orbital and has Γ+
5 sym-

metry. The periodic wave functions can be expressed in the basis functions ε+
1 ∼ yz, ε+

2 ∼ xz,

ε+
3 ∼ xy.

We start off again without considering the spin. We set π = p in Eq. (2.1) and receive a

3 × 3 matrix for the three basis functions of the Γ+
5 band. The first-order terms vanish due to

the parity change that is imposed by the dipole operator p. Therefore, we need second-order

degenerate perturbation theory with the matrix elements being

H5v(k) = E5v(0) +
~

2k2

2m0
+H(2)(k) , (2.8)

H
(2)
ij (k) =

~
2

m2
0

∑

ν

〈ε+
i |k · p|uν,0〉〈uν,0|k · p|ε+

j 〉
E5v(0) − Eν(0)

. (2.9)

Here, ν conglomerates the spin states and the different bases of all coupling bands. The

resulting matrix of the second order perturbation term H(2) is known as Dresselhaus-Kip-Kittel

(DKK) Hamiltonian [71]. The possibility for a nonzero coupling between band states via p is
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limited by group theory [70]. The resulting matrix takes the form

H(2)(k) =









Lk2
x +M(k2

y + k2
z) Nkxky Nkxkz

Nkxky Lk2
y +M(k2

x + k2
z) Nkykz

Nkxkz Nkykz Lk2
z +M(k2

x + k2
y)









. (2.10)

It turns out that there exist three independent parameters L, M , N . Those parameters emerge

solely by considering the transformational operations the different components of the momen-

tum operator p exert on the wave functions of Γ+
5 [71]. The composition of these parameters

is given in appendix B.1.1.

In the next step, we reintroduce the spin-orbit coupling term from Eq. (2.1). Applying the

Bloch wave function yields two contributions for the Hamiltonian of the periodicity function

Hso(k) =
~

4m2
0c

2
(σ × ∇V ) · p +

~
2

4m2
0c

2
(σ × ∇V ) · k = Hso,p +Hso,k . (2.11)

For the first part Hso,p, the first order perturbation term does not vanish. Since spin-orbit

interaction is generally considered to be much weaker than interband coupling, higher order

perturbation terms of this participation are usually neglected. The second part Hso,k requires

second order perturbation, due to the Γ−
4 symmetry of ∇V . It will later be known as the

momentum dependent spin-orbit coupling term. The triple product of the first term can be

rearranged via a circular shift to

Hso,p ∝ (σ × ∇V ) · p = (∇V × p) · σ = H̃so,pi
σi . (2.12)

The pseudovector ∇V × p is an axial vector with symmetry Γ+
4 ; hence, there exists only one

independent spin-orbit matrix element for Hso,p, which is usually expressed as [72]

∆p =
3i~

4m2
0c

2
〈xy|(∇V × p)x|xz〉 . (2.13)

Further examinations need to include the spin functions s± = ±1/2 to the basis states. Mul-

tiplying the two spin states to the three band basis states results in a six dimensional basis.

However, the parts of the new wave functions still act separately on the different components

of the right hand side of Eq. (2.12), with the spin function s± only acting on σ and the band

states of Γ+
5 only on H̃so,p, respectively. With this, the evaluation of Eq. (2.12) is straightfor-

ward if we utilise the Pauli matrices

σx =






0 1

1 0




 , σy =






0 −i

i 0




 , σz =






1 0

0 −1




 . (2.14)
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For the second term we perform a similar circular shift to obtain

Hso,k ∝ (σ × ∇V ) · k = (k × σ) · ∇V . (2.15)

The base wave functions separate again, and the cross product is easily calculated via the Pauli

matrices and the spin function s±. The matrix elements 〈u5+,k|∇V |u5+,k〉 need to be expanded

in k · p theory. The diagonal matrix elements 〈εi|∇V |`〉〈`|k · p|εi〉+〈εi|k · p|`〉〈`|∇V |εi〉 vanish

due to 〈εi|∇V |`〉 being real and 〈εi|p|`〉 being imaginary. Physically, this is easily comprehen-

sible since there exists no spin-orbit coupling of a band component with itself. The remaining

off-diagonal terms take the form

1

2m0c2
〈εi|∇V |εj〉 = −i (kiej − kjei + 0 e`) ∆k , (2.16)

with i, j, ` ∼ 1, 2, 3 for the left- and i, j, ` ∼ x, y, z for the right-hand side, and

∆k =
i ~

2m2
0c

2

∑

`

〈xy|∂xV |`〉〈`|pz|yz〉 + 〈xy|pz|`〉〈`|∂xV |yz〉
E5v − E`

. (2.17)

We recognise that, similar to Eq. (2.10), the off-diagonal terms can be summarised in one cou-

pling constant. The constant ∆k will be known as the quadratic spin-orbit coupling coefficient.

In the six-dimensional basis, the mixing between the states of the Γ+
5 band leads to a splitting

of the degeneracy. The six states transform according to Γ+
5 ⊗ Γ+

6 = Γ+
7 ⊕ Γ+

8 , splitting the

degeneracy of the valence band into the higher nondegenerate Γ+
7 and twofold degenerate Γ+

8

bands3. Constructing a new basis under the premise of s± ⊗ε+
i is known as LS representation.

It is the most straightforward approach, as we are able to immediately recycle the resulting

Hamiltonian of Eq. (2.10). However, in some cases it is advantageous to utilise a different base

representation: The Γ+
5 bands transform similarly to the atomic p wave functions, i.e. states

with angular momentum ` = 1. Combined with the spin states s± = ±1/2, we can transform

our basis into the JM representation (see appendix B.1.2), which aptly represents the newly

emerged bands as twofold degenerate j = 1/2 (Γ+
7 ) and fourfold degenerate j = 3/2 (Γ+

8 )

states. In this case, Hso,p becomes diagonal. This illustrates that the term is responsible for the

splitting of the degenerate bands about a fixed value ∆p, but beyond that does not contribute

to any further coupling between the bands.

In the weak spin-orbit interaction regime, the Hso,k term of Eq. (2.11) is usually considered

negligible. Transforming the DKK Hamiltonian H(2) into JM representation and adding the

spin-orbit splitting Hso,p as well as the free electrons kinetic energy yields what is commonly

known as Luttinger-Kohn (LK) Hamiltonian [73], although the same Hamiltonian was intro-

duced prior by R. Elliott [74]. It can be found in appendix B.1.2. The resulting Hamiltonian

cannot be diagonalised analytically; however, if we assume that the split off bands can be

3These bands are also still doubly spin degenerated, according to Kramers’ theorem.
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decoupled from each other, we receive a 2 × 2 and a 4 × 4 block, which can be evaluated sepa-

rately. The determinants of the two blocks yield three distinct eigenvalues which represent the

energy dispersions around k = 0.

For the application within this work, we will employ a more general Hamiltonian which al-

lows for arbitrarily strong spin-orbit interaction (within the boundary that perturbation terms

beyond second order are still negligible small), i.e. taking Hso,k into account too.

2.2.3. Suzuki-Hensel Hamiltonian

The Hamiltonian that was introduced by K. Suzuki and J. Hensel (SH) [75] was originally

derived for Ge but is still overall valid for all bands with Γ4, Γ5 symmetry in semiconductors

of the point group Oh. In its most general form, it contains the interband coupling terms of

the DKK Hamiltonian, both parts of the spin-orbit interaction of Eq. (2.11) and additionally

the interaction with an external magnetic field, as well as the influence of uniform strain. For

our purposes, we neglect the last two contributions, since they are irrelevant in the upcoming

evaluations. This leaves us effectively with a “light” version of the SH Hamiltonian for consid-

eration.

Contrary to the preceding derivation of the valence band Hamiltonian via perturbation the-

ory of the Bloch wave functions, SH initially construct the Hamiltonian solely on the basis

of symmetry. For this approach, the wave vector k and its different orders in power are ar-

ranged according to the irreducible representations. The zeroth order only contains the unit

matrix; thus, it correlates with the identity Γ+
1 . The first order terms obviously correspond to

the irreducible representation of k, namely Γ−
4 . For the second order terms the product of the

symmetries yields Γ−
4 ⊗ Γ−

4 = Γ+
1 ⊕ Γ+

3 ⊕ Γ+
4 ⊕ Γ+

5 . From this we can infer the different basis

functions for the irreducible representations as [75]

Γ+
1 : 1, k2 ;

Γ−
4 : kx, ky, kz ;

Γ+
3 : k2

x − k2
y, k

2
y − k2

z ; (2.18)

Γ+
4 : [ky, kz], [kx, kz], [kx, ky] ;

Γ+
5 : {ky, kz}, {kx, kz}, {kx, ky} ,

where [ki, kj ] is the normal commutator and {ki, kj} = 1
2(kikj + kjki) is the anticommutator.

Similarly, the three angular momentum matrices for I = 1 (and the unit matrix) form a ba-

sis of nine linearly independent matrices 1, Ix, Iy, Iz, I
2
x, I

2
y , {Iy, Iz}, {Ix, Iz}, {Ix, Iy}. This

phenomenological approach for the angular momentum matrices4 Ii was first introduced by

J. Luttinger [76]. He determined the irreducible representations that can be constructed from

4The angular momentum matrices correspond to a pseudovector; hence, they possess Γ+
4 symmetry.
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angular momentum and assigned the matrices and their products according to their symmetry

representation

Γ+
1 : 1 ;

Γ+
4 : Ix, Iy, Iz ;

Γ+
3 : I2

x − I2
y , I

2
y − I2

z ; (2.19)

Γ+
5 : {Iy, Iz}, {Ix, Iz}, {Ix, Iy} .

The quadratic contribution with Γ+
1 symmetry yields I2 which corresponds to the unit matrix,

and for Γ+
4 symmetry it consists of commutator terms that due to the commutator relation of

the angular momentum matrices [Ii, Ij ] = iIk are reduced back to the linear terms of I.

Comparing the symmetry of the wave vector components with the symmetry of the angular

momentum matrices yields the possible combinations of their products. The compatible terms

of I and k need to be invariant under any arbitrary symmetry transformation; hence, the sym-

metry product needs to include the identity Γ+
1 . As it can be seen in the multiplication table

of the cubic group in appendix A.2, this only applies for products that contain identical irre-

ducible representations, i.e. (Γ±
i ⊗Γ±

j ) 3 Γ+
1 is only valid for i = j. This enables us to establish

a phenomenological angular momentum Hamiltonian that is accurate up to the order of k2

solely in the framework of symmetry considerations and without the need of any perturbation

theory. In principle, this can be done for higher orders of k without any restriction of validity

and was done for, e.g. the order of k4 by [25]; however, this drastically increases the number

of unknown variables while not bearing too much of an improvement. Therefore, we are con-

tent with the order k2.

In the abovementioned derivation of Luttinger, he only takes the similarity between Γ+
5 bands

and atomic p orbitals (hence I = 1) into account and does not yet intrinsically include the

spin-orbit interaction within the Γ+
5 bands. In actuality, Luttinger does insert the spin-orbit

interaction separately afterwards, but only considers the spin-orbit induced band splitting of

Hso,p.

SH listed the 36 independent matrices that are constructed from the angular momentum I

and the spin matrices σ [75]. The resulting base functions can be found in the appendix in

Tab. A.4. Comparing the table with the relations (2.18), under the previously mentioned con-

dition that symmetry subscripts need to coincide for the product of representations to contain

Γ+
1 symmetry, it yields the individual parts of the Hamiltonian. Let us begin evaluating the

products by systematically inspecting the different orders of k, starting with the lowest.

The zeroth order of k is 1, thus only possesses Γ+
1 symmetry. Correspondingly, Tab. A.4 con-

tains two matching basis functions, 1 and I · σ. The first term is simply a product of unit

matrices resulting in a new unit matrix, which is recognised as the fixed energetic shift of the

band at zone centre within the entire ensemble of the band structure. The product with the

second basis function yields the spin-orbit splitting at k = 0. It describes a static energy shift
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between the different band states as it was already seen in the term Hso,p. Indeed, comparing

the product of the basis functions I · σ to Eq. (2.12) we recognise that they produce identical

matrices. Utilising the nomenclature introduced in Eq. (2.13) the second zeroth order term of

k results in

Hso,p = −1

3
∆p (I · σ) . (2.20)

The first order terms of k (Γ−
4 ) do not possess any matching parity with the matrices contructed

from I and σ; thus, they automatically vanish. The second order k terms are summarised in

the momentum dependent Hamiltonian

Hk =
~

2

2m0

(

[A1 +B1(I · σ)] k2

+

[

A2(I2
x − 1

3
I2) +B2(Ixσx − 1

3
I · σ)

]

k2
x + c.p.

+ [A3(IxIy + IyIx) +B3(Ixσy + Iyσx)] {kx, ky} + c.p.

)

,

∣
∣ Γ+

1

∣
∣ Γ+

3

∣
∣ Γ+

5 (2.21)

with Ai and Bi (i = 1, 2, 3) being yet unknown parameters and c.p. denoting the cyclic permu-

tation. The quadratic parts with Γ+
4 symmetry vanish due to the commutator relation yielding

[ki, kj ] = 0. This property is invalidated when an external magnetic field is applied. In fact,

the magnetic field can be expressed via the commutator relation of k as H = i~c
e k × k [75].

Similar to Eq. (2.20), it is advantageous to compare the resulting momentum dependent

Hamiltonian of Eq. (2.21) to its k · p theory resolved counterpart. It can be shown, that the

relation between them is just Hk = H(2) +Hso,k. This allows the determination of the param-

eters Ai and Bi in terms of the parameters that emerge from k · p theory (cf. appendix B.1.3).

While the valence band Hamiltonian H5v = E5v(0) +Hso,p +Hk, as it is deduced by SH solely

on the foundation of symmetry analogies, presents the band structure Hamiltonian in a very

concise and elegant way, and is generally valid up to the order of k2, the comparison with

k · p theory is necessary to assign physical meaning to the generic parameters. Some of these

parameters are known from experiments, the remaining will be determined by a fit to the DFT

calculations of Fig. 2.2.

Cu2O is a p type semiconductor due to the vacancies of the Cu atoms; therefore, the Fermi

level is set to the tip of the Γ+
5 valence band E5v(0) = 0 eV. It was already mentioned that

Hso,p becomes diagonal in JM representation and thus ∆p denotes the spin-orbit splitting of

the Γ+
7 and Γ+

8 bands at zone centre. That difference is well established in experiment [61,62]

and theory [56] as ∆p = 131 meV as it is directly tied to the yellow and green exciton series.

The general 6×6 matrix spanned by Hamiltonian Hk as it is given in Eq. (2.21) cannot be eval-

uated analytically. However, for two of the three high symmetry directions, namely ∆ towards

the X ([100]) and Λ towards the R ([111]) point, it is possible to diagonalise the matrix,

resulting in three independent (each twofold degenerate) eigenvalues. They correspond to the
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quadratic momentum dependence of the band dispersion. The band dispersions of H5v for

both directions are

Ei
7(k) =

1

12

(
P i

1 k
2 − 6∆p +

√

P i
2 k

4 + P i
3 ∆p k2 + 36∆2

p

)
, (2.22a)

Ei
81

(k) =
1

12

(
P i

1 k
2 − 6∆p −

√

P i
2 k

4 + P i
3 ∆p k2 + 36∆2

p

)
, (2.22b)

Ei
82

(k) =
~

2

2m0

1

6
(6A1 + 2Ai − 5∆k) k2 − ∆p , (2.22c)

with

P i
1 =

~
2

2m0
(12A1 − 2Ai + 5∆k) , (2.23a)

P i
2 =

(

~
2

2m0

)2

3
(

12A2
i + 20Ai∆k + 331∆2

k

)

, (2.23b)

P i
3 =

~
2

2m0
12 (2Ai + 31∆k) . (2.23c)

The parameters Ai correspond to i = 2 in the ∆ direction and i = 3 in the Λ direction. The

nonparabolic Eqs. (2.22a) and (2.22b) can be expanded around k = 0 which yields their

parabolic participation

Ei
7,0(k) =

1

144

(

12P i
1 + P i

3

)

k2

=
~

2

2m0
(A1 + 3∆k) k2 , (2.24a)

Ei
81,0(k) =

1

144

(

12P i
1 − P i

3

)

k2 − ∆p

=
~

2

2m0

1

6
(6A1 − 2Ai − 13∆k) k2 − ∆p . (2.24b)

It is noticeable that the mass of the Γ+
7 band at zone centre seems to be independent of spatial

orientation, which is not the case for either of the Γ+
8 bands. The hole mass of the Γ+

7 band

at zone centre is known from time-resolved cyclotron resonance to be m̃7v = 0.575m0 [67].

However, similar to the conduction band this value refers to the polaron mass of the hole. After

detracting the polaronic mass increase, the band hole mass is given as m7v ' 0.55m0. From

the expansion in Eq. (2.24a) we recognise that −m0/m7v = A1 + 3∆k, leaving two unknown

variables to fit for each direction. As to be expected, attempting to fit Eqs. (2.22) reveals that

∆k is small compared to theAi. In actuality, ∆k turns out to be too small to reliably converge to

a consistent value, and with its values ranging about two orders of magnitude below the Ai we

set ∆k = 0. This effectively puts the result of Eqs. (2.22) on par with the LK Hamiltonian, with

A1 being directly identified by the hole mass and the other two Ai by the fits. The resulting SH
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Figure 2.4.: The Γ+
5 valence bands in the direction towards the symmetry points X ([100]) and R

([111]). The continuous blue curve is calculated by sDFT [56], the dotted red line repre-
sents the fit of the parameters A2 and A3 of Eqs. (2.22).

parameter for the Γ+
5 valence band of Cu2O are

A1 = −1.818 , A2 = 4.601 , A3 = −2.269 , ∆k = 0 . (2.25)

The fit is shown in Fig. 2.4. For the Γ+
7 valence band, the result from sDFT [56] and the fit of

Eq. (2.22a) agree fairly well over a wide range around the Γ point. The fits of the Γ+
8 bands

only seem to align for a small interval around zone center due to an early departure from the

quadratic behaviour of the sDFT bands. The Γ+
8 heavy hole band in X direction is an exception

as it possesses a significantly larger mass.

2.3. Excitons in Cu2O

Up to this point, we established a solid foundation of knowledge about the composition of the

bulk semiconductor Cu2O, its symmetries and means to describe its band structure. However,

the key aspect of this work are the optical properties of excitons; therefore, we now inspect

some of their fundamental features and lay out their basic mathematical description. The

optical excitation of an electron ke from a valence band into a conduction band leaves a vacant

spot in the original position of the electron within the valence band. That vacancy can be

described via a quasiparticle with opposite charge and momentum of the electron kh = −ke,

referred to as a hole. The bound state formed via Coulomb interaction between electron and

hole in turn constitutes the quasiparticle that is known as an exciton. This system resembles
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the interaction within the hydrogen atom5; thus, excitons can be (roughly) categorised by the

same set of quantum numbers n, `,m that are already known from atomic physics. However,

contrary to the hydrogen atom the 1S state is not the ground state but rather the lowest excited

state of the system. The ground state is known as the “excitonic vacuum”, i.e. the state in which

no excitons are present in the semiconductor.

The concept of excitons was first introduced by Frenkel in 1931 [1,2] and was subsequently re-

fined and expanded by Peierls and Wannier [3,4]. The two models that emerged from Frenkels

and Wanniers work, albeit starting from the same initial point, effectively describe two limiting

cases. Thus, there is a distinction between Frenkel and Wannier excitons. Frenkel proposed a

tight binding solution for the case of the electron and hole residing in the same location. His

model is still a valid basis to describe the energy transfer within molecules or the excitation

at localised defects in semiconductors. Wanniers model, on the other hand, assumes a weak

binding limit, in which electron and hole are separated over multiple unit cells, thus exhibiting

a large exciton Bohr radius. In this case, the interaction with the remaining crystal is modelled

by an effective Coulomb potential.

Historically, Cu2O is the semiconductor material in which the formation of excitons was con-

firmed experimentally for the first time. A hydrogen-like series of narrow absorption peaks

below the band gap was observed [7]. In recent years, the research of Cu2O experienced a

renaissance with the experimental achievement of resolving its P excitons up to a principal

quantum number of n = 25 [11]. These highly excited states are known as Rydberg excitons, a

name that originates from their counterpart of highly excited atomic states. The measurement

of Rydberg excitons in Cu2O, and their absence in other semiconductors so far, demonstrates

that Cu2O is predestined for the research on excitons. In the next sections, we will discuss the

different exciton series, their symmetries and respective properties.

2.3.1. Exciton series

We already mentioned previously that the four most interesting bands in Cu2O are the ener-

getically lowest Γ+
6 and second lowest Γ−

8 conduction bands, as well as the two highest valence

bands Γ+
7 ⊕Γ+

8 that both emerge from the same Γ+
5 valence band, which splits under spin-orbit

interaction. Those bands construct a total of four exciton series in Cu2O, with all of them being

in the visible range: yellow (Γ+
7 ⊗ Γ+

6 ), green (Γ+
8 ⊗ Γ+

6 ), blue (Γ+
7 ⊗ Γ−

8 ) and violet (Γ+
8 ⊗ Γ−

8 ).

The bands they are associated with are shown in Fig. 2.5 in a phenomenologial depiction of

the band structure around the band gap.

In the effective mass approximation (see section 2.3.3) the exciton mass simply results from

the sum of electron and hole mass. For the n ≥ 2 excitons of the yellow series this approxima-

5Although a comparison to positronium would be more appropriate, due to the effective mass of electron and
hole being in the same order of magnitude.
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2.3.2. Symmetry

The exciton wave function is i.a. composed of the tensor product of the conduction and valence

band states it is formed of. Consequently, the symmetry of an excitation at zone centre should

result from the tensor product of the respective band symmetries Γc ⊗Γv. With this, we receive

the electron and hole spin configuration and the corresponding symmetry of the constructed

state. For the yellow series this would result in Γ+
6c ⊗ Γ+

7v = Γ+
2 ⊕ Γ+

5 . In the cartesian basis

of Γ+
5 these correspond to a triplet of states, known as orthoexcitons (Γ+

5 ), and the singlet

known as paraexciton (Γ+
2 ). For the green series we get Γ+

6c ⊗ Γ+
8v = Γ+

3 ⊕ Γ+
4 ⊕ Γ+

5 , for blue

Γ−
8c ⊗Γ+

7v = Γ−
3 ⊕Γ−

4 ⊕Γ−
5 and for violet Γ−

8c ⊗Γ+
8v = Γ−

1 ⊕Γ−
2 ⊕Γ−

3 ⊕2Γ−
4 ⊕2Γ−

5 . These states are

composed of superpositions of the band wave functions, including the electron and hole spin

of the bands. The wave functions of the band states as well as the excitons can be found in the

appendix B.2. The pure electron and hole spins can be oriented in a triplet state of parallel spin

and a singlet state for antiparallel spin; hence, the corresponding wave functions are chosen

symmetric s+
e s

+
h , s−

e s
−
h , (s+

e s
−
h + s−

e s
+
h )/

√
2 or antisymmetric (s+

e s
−
h − s−

e s
+
h )/

√
2. It should

be noted that the exchange part of the Coulomb interaction will only affect spin states with

opposite spin, thus the antisymmetric spin singlet state [51,79]. The different exciton states of

each series can also be expressed in this singlet-triplet notation. Consequently, only the states

of each series that incorporate singlet terms are affected by electron-hole exchange interaction.

As an example, in the yellow series the paraexciton is only comprised of triplet spin states,

while the orthoexcitons all possess singlet terms. This leads to an additional splitting between

these two subseries by an exchange splitting, shifting the orthoexcitons energetically upwards

about ∆1S = 12.1 meV for the yellow 1S exciton [62]. Hence, the yellow 1S paraexciton is

actually the lowest excited state in Cu2O.

The optical absorption into exciton states requires the transition from excitonic vacuum into

the specific state via the electron-radiation Hamiltonian. In a semiclassical approach in which

light is regarded propagating as a plane wave eiq · r and its momentum q is assumed to be small,

the electron-radiation Hamiltonian can be expressed as a Taylor expansion of the plane wave

and splits into separate contributions. The first term is the strongest and describes the electric

dipole transition p. Since p transforms like an axial vector, it carries the symmetry of Γ−
4 in the

Oh point group (see appendix A.2) [72]. The next order term takes the form p(q · r) and thusly

has the symmetry Γ−
4 ⊗Γ−

4 = Γ+
1 ⊕Γ+

3 ⊕Γ+
4 ⊕Γ+

5 , with Γ+
3 ⊕Γ+

5 representing electric quadrupole

and Γ+
4 magnetic dipole transitions. Transition terms beyond that are usually negligible as

the oscillator strength of the electric quadrupole and magnetic dipole transitions is on the

order of 10−6 smaller than the oscillator strength of the electric dipole excitation [62]. For an

optical transition to be allowed, the transition matrix element needs to obey the restrictions of

symmetry; therefore, the symmetry product of the transition operator with the exciton states

needs to contain unity. To fulfill this requirement the subscript and parity of the exciton state

need to coincide with the transition operators symmetry. This restriction would imply that, if
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⊗
↓series

envelope−−−−−→ S (Γ+
1 ) P (Γ−

4 )

yellow (Γ+
6 ⊗ Γ+

7 ) Γ+
2 ⊕ Γ+

5 Γ−
2 ⊕ Γ−

3 ⊕ Γ−
4 ⊕ 2Γ−

5

green (Γ+
6 ⊗ Γ+

8 ) Γ+
3 ⊕ Γ+

4 ⊕ Γ+
5 Γ−

1 ⊕ Γ−
2 ⊕ 2Γ−

3 ⊕ 3Γ−
4 ⊕ 3Γ−

5

blue (Γ−
8 ⊗ Γ+

7 ) Γ−
3 ⊕ Γ−

4 ⊕ Γ−
5 Γ+

1 ⊕ Γ+
2 ⊕ 2Γ+

3 ⊕ 3Γ+
4 ⊕ 3Γ+

5

violet (Γ−
8 ⊗ Γ+

8 ) Γ−
1 ⊕ Γ−

2 ⊕ Γ−
3 ⊕ 2Γ−

4 ⊕ 2Γ−
5 2Γ+

1 ⊕ 2Γ+
2 ⊕ 4Γ+

3 ⊕ 6Γ+
4 ⊕ 6Γ+

5

Table 2.2.: The exciton states of Cu2O categorised by their symmetries around zone centre. The
coloured boxes indicate possible transitions from the excitonic vacuum into the respec-
tive state, with green denoting electric dipole, yellow magnetic dipole and red electric
quadrupole allowed transitions [70].

exciton symmetry is solely resulting from band symmetry, the yellow and green series could

not be excited via a dipole transition. Since we are aware from the P exciton spectrum that

this is false, another symmetry component needs to be present.

As already stated, the interaction between electron and hole of an exciton can be described,

in a very simple manner, as an analogon to the hydrogen atom; hence, it is favourable to

categorise excitons by a set of quantum numbers n, `,m. The angular distribution of the exciton

wave function is then described by spherical harmonics Y`,m, as will be seen in the upcoming

section. From this the angular quantum number ` of the envelope wave function carries an

additional symmetry, thus leading to an actual exciton symmetry that is constructed as

Γexc = Γenv ⊗ Γc ⊗ Γv . (2.26)

For S (` = 0) type excitons (Γ+
1 ) there is no change in symmetry in regard to the direct band

transition. For P (` = 1) type excitons (Γ−
4 ) the envelope incorporates the requisite symmetry

and parity which enables the direct electric dipole excitation of P excitons of the yellow and

green series. Similar we recognise that for the blue and violet series the S states are dipole

allowed. For the two lowest angular quantum numbers S and P the different resulting exci-

ton states for all four series with their symmetries are listed in Tab. 2.2. For envelopes with

larger angular quantum number the categorisation of all the individual exciton states to their

respective symmetry quickly gets overblown and to a certain degree unnecessary. The most

notable property is the parity change that is imposed by the electric dipole operator, or the

lack thereof for magnetic dipole and electric quadrupole transitions, respectively. The enve-

lope wave functions of the atomic orbitals are known to possess positive parity for even ` and

negative parity for odd ` quantum numbers. Thus the manner of excitation alternates between

electric dipole and magnetic dipole/electric quadrupole with incremental ` and is initially de-

pendent on the product of valence and conduction band parity, as can be seen in the swapping

of colour schemes in Tab. 2.2.
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Though the S states of yellow and green series are only quadrupole allowed, these exciton

states are still accessible over different means and play an important role for optical absorption.

The most prevalent way, which is also the dominant contribution in the absorption spectrum,

is the phonon-assisted transition. For this the symmetry of the interacting phonon has to be

taken into account. Some remarks concerning the phonons in Cu2O are found in the upcom-

ing section 2.4.1, and the phonon-assisted absorption will be further analysed in chapter 5.

Additionally, it is possible to drive intraexcitonic transitions in the infrared regime [80]. Those

transitions generally require a change of the angular quantum number from an odd to an even `

or vice versa, since the transition matrix element of initial and final exciton state via dipole op-

erator requires the symmetry product to yield unity. Another way would be the absorption via

a two photon process, which again yields the necessary symmetry Γ−
4 ⊗Γ−

4 = Γ+
1 ⊕Γ+

3 ⊕Γ+
4 ⊕Γ+

5

to excite orthoexcitons.

On a side note, strain on the crystal also breaks symmetry, thus softening the symmetry re-

strictions for excitations [75, 81]. As a consequence the yellow paraexciton, which is usually

supposedly invisible in the spectrum, is able to be excited.

2.3.3. Wannier equation

The mathematical description of excitons in semiconductors is usually based on the Wannier

equation [49–51]. In the limit of large excitons, or weak binding energies, respectively, the

long range Coulomb interaction between electron and hole constitutes the most important of

their interaction terms; thus, other interactions are neglected for now. The interaction with

the rest of the crystal is incorporated in a medium specific dielectric constant that screens the

Coulomb interaction. In the effective mass approximation, the Schrödinger equation of the

two-particle system is then

(

p2
e

2me
+

p2
h

2mh
+ Veff(|re − rh|)

)

Ψ(re, rh) = EΨ(re, rh) , (2.27)

with pi and mi being the momentum operator and effective mass, respectively. The effective

Coulomb potential Veff(r) = −e2/(4πε0εrr) is modified by the dielectric constant, which is

generally frequency- and momentum-dependent, i.e. εr = εr(ω,k). It is advantageous to

rewrite the coordinates re and rh into the centre of mass (COM) coordinate R and relative

coordinate r via

R =
mere +mhrh

M
, r = re − rh , (2.28)

which consequently translates into

P = pe + ph , p =
mhpe −meph

M
. (2.29)
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Here, we introduced the exciton mass M = me + mh. Next, we presume the wave function

can be deconstructed into a product state Ψ(R, r) = F (R) φ(r). Under this assumption, the

Schrödinger equation is decoupled, since the COM component is unaffected by the Coulomb

interaction

P2

2M
F (R) = ER F (R) , (2.30)

with its solution readily obtainable

F (R) =
1√
Ω
eiK · R , ER =

~
2K2

2M
. (2.31)

As this corresponds to a free particle equation, it describes the overall COM propagation of the

exciton through the crystal. The second part of the decoupled Schrödinger equation charac-

terises the relative motion between electron and hole and their envelope function, respectively,

(

p2

2µ
+ Veff(r)

)

φν(r) = Eν φν(r) , (2.32)

with the reduced mass µ−1 = m−1
e +m−1

h . This equation is known as Wannier equation and is

analogous to the Schrödinger equation of the hydrogen atom. This allows us to separate the

envelope wave function as

φn,`,m(r) = Rn,`(r) Y`,m(nr) , (2.33)

whereRn,`(r) can be expressed via associated Laguerre polynomials, and Y`,m(nr) are spherical

harmonics, with nr being the normal vector of r. Following the comparison to the hydrogen

problem, the resulting energy eigenvalues are

En = ∆Eb − Ry∗

n2
, (2.34)

with ∆Eb being the energy difference between the bands involved, e.g. for the yellow series

∆Eb = Ey, and Ry∗ being the excitonic Rydberg energy defined as

Ry∗ =
µ e4

25π2 ~2ε2
0ε

2
r

=
µ

m0

1

ε2
r

Ry . (2.35)

As expected, the Wannier equation results in a set of discretely excitable energy states below

the corresponding energy gap.

In this work, we will take the effective mass approximation beyond the parabolic approxi-

mation by utilising the valence band dispersion of the Suzuki-Hensel Hamiltonian introduced

in the preceding section. In this case, the Schrödinger equation of the two-particle system

does not decouple for COM and relative coordinates any longer. In chapter 3 we will assume
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the exciton momentum K to be negligible small, ignoring COM contributions and receiving

a modified Wannier equation, that is sufficient to determine the binding energies of the exci-

tonic Rydberg P states. In chapter 4, we additionally refine the effective interaction potential by

considering polar phonon resonances and solve the two-particle Schrödinger equation without

decoupling to receive the exciton dispersions of the yellow S paraexcitons.

2.4. Phonons

The discussion of phonons is inevitable for this work as they represent one of the most rudimen-

tary processes in semiconductors. The concept of phonons was first introduced by I. Tamm,

supposedly around 1929 [82]. Phonons are quasiparticles that describe the different vibra-

tional modes of the atoms within crystal lattice. The electron-phonon interaction can be visu-

alised (in terms of a first order Taylor expansion) as the static displacement of the lattice atoms.

On a mesoscopic scale this displacement can be compared to a deformation of the crystal. Such

a deformation can impose changes on the electronic states in the band structure. There exist

four types of long-wavelength phonons, longitudinal acoustic (LA), transverse acoustic (TA),

longitudinal optical (LO) and transvere optical (TO).

Longitudinal acoustic phonons cause a change in the crystal volume. This dilation can result

in a change of the position and/or slope of the energy bands, it does, however, not change the

symmetry of the crystal. Therefore scattering processes via LA phonons must possess the sym-

metry of a unitary transformation, i.e. Γ+
1 . Transverse acoustic phonons show a Γ−

4 symmetry

and only inflict a shear strain which does not impose a noteworthy effect on the energy of

the bands, but is known to lower the crystal symmetry and, thus, lift band degeneracies [50].

Acoustic phonons are low energy phonons and exhibit a linear dispersion relation in momen-

tum space around zone centre, with their energy being zero at the Γ point. Mathematically, the

interaction of acoustic phonons with the crystal lattice is described by the acoustic deformation

potential. They are usually responsible for intraband scattering processes, since their energy is

too low for interband scattering.

In crystals with more than one atom per unit cell, optical phonons describe the atomic dis-

placement within the unit cell. Due to the distortion being on microscopic length scales, they

do not cause a macroscopic dilation of the crystal, although they can influence the properties

of the band structure in a similar fashion as acoustic phonons. In nonpolar and monoatomic

crystals, they induce an atomic displacement that is usually sufficient to treat via an optical

phonon deformation potential. However, in polar crystals, which are usually present if the

unit cell is constructed of multiple types of atoms, a relative displacement due to LO phonons

causes shifts in the atomic charge distributions, inducing a macroscopic polarisation. Gener-

ally, the polarisation that is caused by atomic vibrations on the optical scale strongly couples

electrons and holes to LO-phonons. The interaction of carriers with this field (phonon cloud)
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can be constituted as quasiparticles known as polarons. The mathematical description of this

interaction is done by the Fröhlich or Holstein Hamiltonian [50, 52, 53]. The energy disper-

sions of optical phonons generally do not vary too drastically within momentum space; thus,

their energy is usually assumed to be more or less constant. High energy phonons contribute

to interband scattering via the deformation potential. Polarons only allow for intraband scat-

tering, due to the orthonormality of the Bloch functions6. Generally crystals are neither purely

polar or nonpolar, but occupy a niche in between; thus, aspects of all phonon interactions can

be observed in most semiconductors.

2.4.1. Phonons in Cu2O

Cu2O features six atoms in the primitive unit cell; hence, there is a total of 18 different phonon

modes [84]. Those modes are further differentiated as three acoustic branches and 15 optical

branches. By examining the permutation of the atoms in the primitive unit cell under the sym-

metry operations of the Td point group, the symmetries of the 18 zone-centre mode phonons

are derived to be Γ−
2 ⊕ Γ−

3 ⊕ 3Γ−
4 ⊕ Γ−

5 ⊕ Γ+
5 [50]. One of the three triply degenerate Γ−

4 states

corresponds to the acoustic phonons, while the other two represent the polar optical phonons,

with their LO components being infrared-active. The Γ+
5 phonon is Raman-active due to its

positive parity. The remaining optical phonons Γ−
2 ⊕ Γ−

3 ⊕ Γ−
5 are called silent modes. The

energies of the different phonon modes and their vibrational behaviour are listed in Tab. 2.3,

in Fig. 2.6 the atomic movement is indicated.

In the context of this work, we are interested in two prospects phonons entail. The first is the

formation of the polaron quasiparticle. The polaron is interesting in this case, as it incorporates

two effects upon the system, namely a change of the effective masses, as well as a change of

the screening background. The second effect is the direct interaction with excitons and the

process of interband scattering between the different exciton series in regards to phonon-

assisted absorption.

The polarisation that is induced by a carrier to its surroundings via Coulomb interaction can

be visualised as a polarisation cloud that will move according to the carriers movement. In

terms of phonons, the polarisation cloud can be understood as the perpetual creation and

annihilation of virtual LO phonons around the carrier. The distortion of the lattice that is

caused by the polarisation leads to an increased effective mass of the polaron m̃i in comparison

to the effective mass of the “undisturbed” carrier mi. In the weak coupling limit, i.e. the large

6The scalar potential of the LO interaction does not modify the Bloch functions, hence can be extracted from the
transition matrix elements [83].
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Copper Oxygen

Γ−
5 Γ−

3 Γ−
41

Γ−
2 Γ+

5 Γ−
42

Figure 2.6.: The unit cell with the O bcc sublattice as base and the normal modes of vibration indicated
by arrows. Description of the movement is found in Tab. 2.3.

polaron, the mass difference between the two is roughly approximated as [85]

m̃i ' mi

(

1 +
∑

λ

αλ

6

)

, (2.36)

with

αλ =
e2

4πε0ε∗
λ~

√

m0

2~ωLO,λ
, (2.37)

1

ε∗
λ

=
1

ελ+1
− 1

ελ
(2.38)

and ~ωLO,λ being the energy of the corresponding phonon branch λ. The ελ denote the values

of the permittivity, energetically below and beyond the LO phonon resonances. The charge

displacement that is caused by the Γ−
4 LO phonons also leads to a local perturbation in screen-

ing strength of the charge distribution around the polaron. For small excitons that consist of

“polaronic” electron and hole, the influence of the background screening is diminished and,

thus, the effective Coulomb interaction between them is modified. For Rydberg excitons, how-

ever, this effect quickly becomes irrelevant. The influence of the polaron effect on the Coulomb

potential will be discussed in chapter 4. The limiting values for ελ are known experimentally,

but only for room temperature [23, 84]. The static dielectric constant is known to be more
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E (meV) description

3Γ−
4 0 acoustic modes

3Γ−
5 10.7 rigid rotation of the Cu tetrahedron around O centre, bends the

O-Cu-O bonds
2Γ−

3 13.6 skewing of the Cu tetrahedron by parallel oscillation of the Cu
atoms

3Γ−
41

18.8 (TO)
19.1 (LO)

contrarious movement of the Cu and O lattices

1Γ−
2 43.4 breathing mode of the Cu tetrahedron

3Γ+
5 63.8 contrarious movement of the intertwined simple cubic O lat-

tices
3Γ−

42
78.5 (TO)
82.1 (LO)

Cu atoms move in the same cardinal direction along the bonds,
O atoms compensate by moving in the opposite direction

Table 2.3.: The 18 phonon branches of Cu2O sorted by their energy [81,87] at zone centre Γ with their
respective symmetries and description of the vibration behaviour. A depiction of the atom
movement imposed by the optical phonons is shown in Fig. 2.6.

or less constant over wide temperature ranges and approaches ε1 = ε(ω = 0) ' 7.5 for low

temperatures [86]. The intermediate and high frequency limit values are approximated via

the Lyddane-Sachs-Teller relation [50,52]

ω2
LO,λ

ω2
TO,λ

=
ελ

ελ+1
, (2.39)

as ε2 ' 7.27 and ε3 = ε(ω → ∞) ' 6.65, using the phonon energies of Tab. 2.3. These

permittivities are necessary to determine the modified effective Coulomb potential and addi-

tionally allow us to calculate the band masses that we required in section 2.2.1 and 2.2.3, via

Eq. (2.36).

For interband transitions, i.e. phonon-assisted transitions between two exciton series, we need

to ensure that the phonon symmetry coincides with the symmetry product of the transitory

band states. Phonon driven interband transitions always incorporate only transitions between

either conduction or valence bands. As an example, the transition between the Γ−
3 and Γ+

1

conduction bands requires a phonon with symmetry Γ−
3 ⊗ Γ+

1 = Γ−
3 . It should be noted that,

if we take the same product with the symmetries after including spin-orbit interaction, we re-

ceive Γ−
8 ⊗ Γ+

6 = Γ−
3 ⊕ Γ−

4 ⊕ Γ−
5 , hence additional possibilities for transition. However, these

require the occurrence of a spin-flip of the electron, thus reducing the probability for Γ−
4 ⊕ Γ−

5

scattering drastically. In the case of phonon-assisted absorption, the symmetry of the final ex-

citon state has to be contained in the product of the dipole operator Γ−
4 and the corresponding

phonon symmetry. It is easy to show that a Γ+
5 exciton can couple to all odd parity phonons,
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while a Γ+
4 state could couple to all odd parity phonons exept the Γ−

2 mode. From lumines-

cence spectroscopy we know that the Γ−
3 optical phonon is the dominant phonon branch [81].

The contributions of all other phonons is much weaker, except the Γ−
42

LO phonon. Note that

the coupling mechanism for all phonon modes is via the optical deformation potential, since

Fröhlich coupling, as one might think in case of the polar Γ−
4 LO modes, only gives rise to in-

traband processes. The even parity Γ+
5 mode can in principle also contribute to the absorption

by a wave vector dependent deformation potential, which has odd parity [26].



Chapter 3.

Quantum defects of the excitonic Rydberg

series

Colleagues of the Technische Universität Dortmund recently found P excitons up to high prin-

cipal quantum numbers n = 25 [11]. These highly excited states are referred to as Rydberg

excitons, a term that is coined in relation to their counterpart from atomic physics: highly

excited electron states in atoms that are known as Rydberg states. Before, the research of

Rydberg excitons was of no interest, partially because their realisation was not deemed fea-

sible nor sustainable. Most excitons possess very small binding energies as well as the short

lifetimes. Furthermore, an e-h plasma induced band gap shift indicates, that highly excited ex-

citons would be swallowed by the continuum and vanish before reaching a principal quantum

number that would open the window to novel quantum phenomena [31].

Cu2O counters most of the shortcomings mentioned before and is therefore a suitable candi-

date for the research of Rydberg excitons. Especially the reproduction of phenomena already

observed in atomic physics but in a less restrictive environment and, hence, in a much more

experimentalist friendly framework (e.g. effects such as Rydberg blockade are identifiable at

T = 1 K [11]) is a promising prospect. Additionally, it is possible to examine new properties

due to the unique setting within the semiconductor itself [13–16,24,88–91].

In this chapter, we resort to the SH Hamiltonian we introduced in section 2.2.3 to establish an

advanced Wannier equation. In this case, we merely model the influence of the nonparabol-

icity of the valence band. To depict the deviation from the standard Wannier equation, we

reintroduce the concept of quantum defects in semiconductors. The results of this chapter are

published in [91,92].

31
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3.1. Origin of the excitonic quantum defect

Rydberg atoms, i.e. atoms that have a valence electron excited to large a principal quantum

number n, demonstrate some extraordinary properties that are not present in their ground-

state counterpart. Atomic spectra are an extremely rich source of information about the inter-

actions of electrons and the ionic core, and their study laid the foundations of the development

of quantum mechanics. Historically, the Balmer series of hydrogen was the first attempt to

classify the discrete emission lines of an atom [93], revealing an 1/n2-scaling of the observed

lines as explained naturally by quantum mechanics. However, already the spectra of alkali,

i.e. hydrogen-like, atoms required a modification of the spectrum. J. Rydberg introduced an

empirical correction to the term scheme, which later had been incorporated into the binding

energy by replacing the principal quantum number n by a non-integer number n∗ = n − δ

where δ is introduced as a quantum defect [12]. The quantum defect treatment allows one

to systematically map complex many-body effects in atomic spectra onto a set of parameters.

They serve as a measure for the deviation between energy levels of many-electron atoms from

the hydrogen levels as it results from the influence of the polarisable ionic core on the valence

electrons. The charges of the nucleus are partially screened by the charges of the inner elec-

tron, which leads to a subsequent modification of the Coulomb potential [12,94]. It generally

decreases with increasing orbital quantum number ` as the partial probability overlap of the

Rydberg electron with the core gradually decreases. For increasing n it slowly increases up to

a point where it almost becomes constant for n → ∞. The concept of the quantum defect has

proven to be extremely successful, in particular in the description of highly excited alkali and

alkaline-earth atoms.

The possibility to measure Rydberg exciton states to a high precision requires a certain set

of properties for the semiconductor. Cu2O is of particular interest for experiments due to a

relatively large hole mass and a favourably small screening of the electron-hole Coulomb in-

teraction via the crystal lattice. This leads to the comparably large exciton binding energy. For

comparison, the P excitons in Cu2O yield a Rydberg energy of Ry∗ = 86 meV, while for other

semiconductors the Rydberg energy resides in the range of, e.g. GaAs with Ry∗ = 4.94 meV

and CdS with Ry∗ = 31.4 meV [95] up to ZnO with Ry∗ = 59 meV [50]. The direct band gap

allows a direct excitation with photons without requiring additional phonon transitions. It is

easily excitable by light in the visible range (the gap is around a wavelength of λG ' 571 nm),

a range that also conveniently possesses tunable diode laser sources with high precision. An-

other notable benefit that favours Cu2O over other semiconductor materials is a relatively long

exciton lifetime [96].
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3.1.1. Central-cell corrections

In semiconductor physics, the exciton concept translates the bound states of an electron-hole

pair onto a hydrogen-like series. By using hydrogen-like wave functions as the excitonic en-

velope function, as it is done throughout the entirety of this work, we identify the different

exciton resonances by the same quantum numbers known from atomic physics and the posi-

tion of the resonances result as the bound state solution eigenvalues of the Wannier equation.

The even parity of the conduction and valence band at zone centre inhibits a direct dipole

transition of S like states; however, we are mainly interested in P type excitons since the Γ−
4

symmetry of their envelopes allows for dipole excitation. Similar to alkaline systems, addi-

tional phenomena within the semiconductor lead to a modification of the Coulomb interaction

between electron and hole and therefore to a shift from the hydrogen-like series that results

from the standard Wannier equation. The modified excitonic Rydberg formula for the binding

energy En,` reads

En,` = − Ry∗

(n− δn,`)2
, (3.1)

with Ry∗ being the exciton Rydberg energy. The excitonic quantum defect δn,` is a set of

individual functions for the different orbital quantum numbers `, slowly varying over n or

energy, respectively. It incorporates the several semiconductor-specific properties that cause

the energy shift. These different effects are conveniently conglomerated under the terminology

of central-cell corrections [23,97].

One issue that was already elaborated in chapter 2.1 is the nonparabolicity of the bands, in the

case of Cu2O the valence band especially. The interaction of electron and hole with the two

LO-phonon modes leads to a frequency- and momentum-dependent dielectric function which

subsequently modifies the Coulomb interaction. Additionally, the spin-dependent exchange

interaction between electron and hole can lift the degeneracy of singlet- and triplet-exciton

states. The latter two will not be treated in detail in this chapter; however, in the upcoming

passages we will shortly discuss their expected influences on the spectral distribution of exciton

resonances and explain why we are able to skip an in-depth treatment.

From the theory of the hydrogen atom the exchange interaction is known to scale as [98]

|φn,`(0)|2 ∝







n−3 for ` = 0

0 for ` > 0 ,
(3.2)

here φn,`(r) denotes the hydrogen wave function in position space. As a consequence, we

assume that only S like excitons are affected by the exchange splitting. The energy shift of

the exchange interaction only applies to electron-hole singlet states due to their negative spin-

exchange parity. Therefore, it only affects orthoexcitons, since the paraexcitons solely consist
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of triplet states. As already stated, we are mainly interested in the highly excited P excitons,

so our Hamiltonian does not explicitly contain a term that includes the exchange interaction;

therefore, we expect to receive only the paraexciton energies of the S states from our treat-

ment. However, the measured values of S excitons that will be used for the quantum defect

treatment are orthoexcitons, due to the paraexciton transition being completely forbidden in

a nonstressed crystal. We apply a phenomenological ansatz to extract the paraexcitons from

the experimental orthoexcitons. The value of the exchange splitting for the 1S state is well

established as ∆1S = 12.1 meV [62]. Taking the relation of (3.2) we shift the other S states as

∆nS =
∆1S

n3
, (3.3)

to get approximate values for the paraexcitons.

The energy of the lower of the two LO-phonons is known to be ~ω
(1)
4 = 19.1 meV. The exciton

resonances beyond n ≥ 3 all exhibit binding energies well below ~ω
(1)
4 , which leaves them

mostly unaffected by the LO-phonons. The n = 1, 2 states require special attention as the

interaction with the LO-phonons causes a significant modification of the effective Coulomb

interaction. These low n states are not well assessed; however, the beauty of the presented

approach is the opportunity to treat most of the derivation analytically. The coupling to the

LO-phonons will become of interest in chapter 4 where we are investigating the dispersion of

the 1S paraexciton.

The nonparabolicity of the valence band is the major intrinsic influence on the energy shift of

the Rydberg exciton states. There exist potential external factors that can lead to additional

shifts. External fields can lead to a splitting and shifting of degenerate states via the Stark

and Zeeman effect, for static electric and magnetic fields, respectively [91]. For higher n

states we can expect additional shifts of peak positions due to influence of a Rydberg blockade

effect [12, 99, 100]. The blockade stems from interaction between the large dipole moments

of Rydberg excitons. It leads to an increase of the linewidth for the respective resonance and

an energy shift for the neighbouring states [11]. Another notable effect is the shift in stressed

crystal systems. Here, the main participant is a general red shift of the band gap, though

there is also a slight diminishment of excitonic binding energies which is mainly discernible

[75,101].

3.2. The modified Wannier equation

In the previous section, we discussed the different factors that lead to potential shifts of the

excitonic Rydberg series and thence, are incorporated by the excitonic quantum defect. We

established, that the band nonparabolicity should be the predominant influence on the Ryd-

berg excitons; thus, we will now introduce a band structure modified Wannier equation in
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this chapter. Unlike the usual approach [19–25] the main difference in our calculation is the

handling in momentum space rather than position space. The derivations done in this chapter

are heavily oriented on an approach introduced by R. Szmytkowski [102] for the momentum-

space Schrödinger equation of an N -dimensional Coulomb problem, however, modified for

semiconductor systems and with the addition of the nonparabolic dispersion. This work is pri-

marily concerned with the treatment of isotropic dispersions, for an attempt to solve the same

problem with anisotropic bands, refer to [103].

3.2.1. Determination of the energy eigenvalues

As mentioned in chapter 2.3, in effective mass approximation the general electron-hole inter-

action Hamiltonian can be decoupled into a free-particle Schrödinger equation for the COM

component (R,P) and the Wannier equation for the relative electron-hole motion (r,p). In-

troducing a nonparabolicity to the band dispersions the Schrödinger equation for COM and

relative coordinates does not decouple any longer, resulting in a nonlinear partial differential

equation

(T (P,p) + Veff(r)) Ψ(R, r) = EΨ(R, r) . (3.4)

The term T (P,p) incorporates the sum of kinetic energies of electron and hole transformed

into COM and relative coordinates. Equation (3.4) generally requires a numerical or pertur-

bative treatment. At low temperatures, exciton momentum is assumed to be primarily de-

pendent on the incoming photon momentum, which is on the order of 10−2 π/aL at a photon

energy around 2 eV (with aL = 0.43 nm being the lattice constant of Cu2O) and, thus, com-

parably small. The binding energies used in our analysis are taken at temperatures around

T ' 1 K [11, 62, 91], reasonably close to fulfilling that criterion. Therefore, as a zeroth or-

der approximation, exciton momentum K is set to zero. Consequently, we are left with the

evaluation of the Wannier equation

(

p2 +D(p)

2µ
+ Veff(r)

)

φν(r) = Eν φν(r) . (3.5)

It resembles the normal Wannier Eq. (2.32), with the additional term D(p) describing the

nonparabolicity. The eigenfunctions φν(r) are the hydrogen-like envelope functions in position

space with ν being the corresponding set of quantum numbers (n, `,m). Instead of solving

Eq. (3.5) as it is, we transform it into momentum space

(

~
2
(
k2 +D(k2)

)

2µ
− Eν

)

ϕν(k) = − Ω

(2π)3

∫

d3k′ Veff(k − k′)ϕν(k) . (3.6)
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Here, we already inserted the assumption that the nonparabolicity D(k2) is only dependent

on squared terms of k. The coefficient Ω/(2π)3, with Ω being the crystal volume, stems from

a peculiarity of solid state physics, as the distribution of momentum states is technically not

continuous but discrete. The spacing between adjacent momentum states is ∆k = 2π/L per

dimension and with a spatial expansion L of the solid body in that dimension. In bulk semi-

conductors (L → ∞, and Ω = L3) the sum over discrete momentum states k then transforms

into a continuous integral

∑

k

−→ Ω

(2π)3

∫

d3k . (3.7)

Thus, in this work, all sums in momentum space will be transformed in this fashion. The

convolution of the Coulomb potential with the wave function in Eq. (3.6) turns the nonlinear

partial differential equation (3.5) effectively into a linear homogeneous integral equation. The

Coulomb potential in momentum space is given by its Fourier transform

Veff(k) = − e2

Ω ε0εr k2
. (3.8)

For the static permittivity we choose the value for small energies εr = ε1 (see section 2.4.1).

The inclusion of the crystal volume Ω originates from the Fourier transform again. The same

approach applies for the eigenfunctions ϕν(k) = F{φν(r)}. Similar to the ansatz in position

space, the hydrogen-like wave functions in momentum space are separated into radial and

angular parts

ϕn,`,m(k) = Fn,`(k) Y`,m(nk) . (3.9)

The angular part is described by a spherical harmonic Y`,m(nk) with nk being the normal

vector of k. The radial part is yet to be determined. In the next step we try to reduce the

dimensionality of the integral in Eq. (3.6). Inserting Eq. (3.9) enables us to separate the

integral as

(

k2 +D(k2) + q2
n,`,m

)

Fn,`(k)Y`,m(nk) =
qB

π2

∞∫

0

dk′ k′2Fn,`(k
′)
∫∫

dΩk′

Y`,m(nk′)

|k − k′|2 , (3.10)

with qn,`,m =
√

−2µEn,`,m/~2 (En,`,m < 0) being the renormalised binding energy, and intro-

ducing the constant qB = µe2/(4π ~2 ε0ε1). The angular integration can be rewritten as

∫∫

dΩk′

Y`,m(nk′)

|k − k′|2 =
1

2 kk′

∫∫

dΩk′

Y`,m(nk′)
k2+k′2

2kk′ − nk · nk′

. (3.11)
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In this representation we can apply the Funk-Hecke formula for the case of spherical harmonics

[104]

∫∫

dΩk′ K(nk · nk′)Y`,m(nk′) = 2π Y`,m(nk)

1∫

−1

dτ K(τ)P`(τ) (3.12)

(

∀K ∈ L1(−1, 1)
)

,

and subsequently exploit the relation between Legendre polynomials P`(τ) and Legendre func-

tions of second kind Q`(z) [105]

Q`(z) =
1

2

1∫

−1

dτ
P`(τ)

z − τ

(
∀ z ∈ C\(−∞, 1]

)
. (3.13)

This results in an analytical expression of the angular integral. It should be stated that in

the case of k = k′ the integrand of the angular integration is diverging. Therefore, strictly

speaking, this derivation does not hold in this case since z = (k2 + k′2)/(2kk′) = 1 and as

a consequence K(τ) /∈ L1(−1, 1). However, for all k 6= k′ it results in z > 1, thus fulfilling

f(t) ∈ L1(−1, 1). The angular integration is now expressed as

1

2 kk′

∫∫

dΩk′

Y`,m(nk′)
k2+k′2

2kk′ − nk · nk′

=
2π

kk′ Y`,m(nk)Q`

(

k2 + k′2

2 kk′

)

, (3.14)

leaving a single integration over the radial part of the wave function

(

k2 +D(k2) + q2
n,`

)

Fn,`(k) =
2 qB

π k

∞∫

0

dk′ k′Q`

(

k2 + k′2

2 kk′

)

Fn,`(k
′) . (3.15)

For the isotropic Wannier equation the renormalised binding energy qn,` drops the dependence

of the magnetic quantum number m due to the averaging of the spherical harmonic that is

conducted by Eq. (3.12). For Eq. (3.15) to be solvable, the kernel of the integral equation

needs to vanish for k′ → ∞. Under the premise that for a numerical evaluation the indefi-

nite upper limit needs to be replaced by a discrete, sufficiently large upper boundary, we are

able to formally treat the result as a homogeneous Fredholm equation of the second type by

introducing an eigenvalue parameter λn,`(q)

(

k2 +D(k2) + q2
)

Fn,`(k) = λn,`(q)
2 qB

π k

∞∫

0

dk′ k′Q`

(

k2 + k′2

2 kk′

)

Fn,`(k
′) . (3.16)

The eigenvalue λn,` is a function of the renormalised energy parameter q. In the case of

λn,`(qn,`,α) = 1 the corresponding renormalised energy qn,`,α satisfies the energy eigenvalue

problem of Eq. (3.15) again. The additional index α denotes the potential for a branch of λn,`
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to fulfill the requirement for multiple renormalised energies q.

By solving the eigenvalue problem of λn,` for a sufficiently wide energy range, we automatically

receive the binding energies of Eq. (3.15). To evaluate the Fredholm equation further, we rely

on its specific properties. First, by substituting

fn,`(q, k) =
√

k2 +D(k2) + q2 k Fn,`(k) , (3.17)

and expanding the Legendre function of second kind as [105]

Q`

(

k2 + k′2

2 kk′

)

= 22`+1 ( `! )2
(

2 qk

q2 + k2

)`+1 ( 2 qk′

q2 + k′2

)`+1

×
∞∑

η=0

η!

(η + 2`+ 1)!
C(`+1)

η

(

q2 − k2

q2 + k2

)

C(`+1)
η

(

q2 − k′2

q2 + k′2

)

, (3.18)

with C(`+1)
η (τ) being the Gegenbauer polynomials, we can symmetrise the kernel. Employing

Eq. (3.17) on Eq. (3.16), the integral equation transforms to

fn,`(q, k) = λn,`(q)

∞∫

0

dk′ M`(q, k, k
′) fn,`(q, k

′) . (3.19)

For the new kernel M` we utilise Eq. (3.18) to receive

M`(q, k, k
′) =

2qB

π

Q`

(
k2+k′2

2 kk′

)

√

k2 +D(k2) + q2
√

k′2 +D(k′2) + q2
=

∞∑

η=0

hη,`(q, k)hη,`(q, k
′) , (3.20)

hη,`(q, k) =

√

qB η!

π(η + 2`+ 1)!

`!
√

k2 +D(k2) + q2

(
2 qk

q2 + k2

)`+1

C(`+1)
η

(

q2 − k2

q2 + k2

)

. (3.21)

Thus, Eq. (3.19) can also be written as

fn,`(q, k) = λn,`(q)
∞∑

η=0

hη,`(q, k)

∞∫

0

dk′ hη,`(q, k
′) fn,`(q, k

′) . (3.22)

In the next step, the eigenfunctions are expanded into the symmetric kernel functions as

fn,`(q, k) =
∑∞

η=0 cn,`,η hη,`(q, k), which results in

∞∑

η′=0

cn,`,η′ hη′,`(q, k) = λn,`(q)
∞∑

η=0

∞∑

η′=0

cn,`,η′ hη,`(q, k)

∞∫

0

dk′ hη,`(q, k
′)hη′,`(q, k

′) . (3.23)

In the case of D(k2)=0 the symmetric kernel functions (3.21) are orthogonal and normalised

as
∫∞

0 dk hη,`(q, k)hη,`′(q, k) = qB δη,η′/(q(η+`+1)), hence reducing Eq. (3.23) to an analytical

expression for the eigenvalue λη,` = (η+`+1)q/qB. For the criterion of the energy eigenvalues
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λη,` = 1 and the relation n = η+ `+ 1 [102] we return to the standard Rydberg series solution

of the Wannier equation as expected, since setting D(k2) to zero removes the nonparabolicity,

thus yielding the solution for parabolic band dispersions. In the case of a finite deviation

D(k2), the symmetric kernel functions hη,`(q, k) lose their orthogonality and need to be solved

numerically. It is recognisable that Eq. (3.23) is equivalent to an algebraic eigenvalue problem

of the form

A`(q) · cn,`(q) = λ−1
n,`(q) cn,`(q) . (3.24)

The eigenvectors cn,` correspond to the expansion coefficients cn,`,η and the symmetric matrix

A` consists of

(A`(q))η,η′ =

∞∫

0

dk hη,`(q, k)hη′,`(q, k) . (3.25)

The resulting eigenvalue problem needs to be diagonalised numerically. First, the size of the

infinite dimensional matrix of Eq. (3.25) is truncated. As already stated, the indices η of the

matrix are linked to principal and angular quantum number via n = η+`+1. Thence, for a set

`, we choose the matrix dimension as a principal quantum number nmax, which is successively

increased until the resulting eigenvalues are sufficiently converged. As we are interested in

states up to n = 25 we found that nmax = 100 is sufficient to ensure convergence in the range

of our interest. We predict an energy interval Eq which is supposed to contain our wanted

energy eigenvalues and divide it into a suitable grid Gq. For each qi ∈ Gq, Eq. (3.24) is now

solved to obtain λ−1
n,`. The integrals of Eq. (3.25) are solved numerically. The discrete values on

the grid Gq can be interpolated, resulting in a set of monotonous, energy dependent functions

λ−1
n,`(q) over the interval Eq. The roots of λ−1

n,`(q) − 1 then yield our wanted energy eigenvalues.

3.2.2. Nonparabolicity D(k
2)

The mathematical approach that was just depicted is generally valid for any isotropic deviation

of the band structure from the parabolic approximation. In the case of Cu2O, we use the band

dispersions that result from the SH Hamiltonian [75]. It is possible to diagonalise the SH

Hamiltonian in two symmetry directions, namely the ∆ and Λ directions. Their respective

dispersions are given in Eqs. (2.22). To receive an isotropic band dispersion we take the

geometrical average of those two directions, depending on the multiplicity of their axes. Since

Rydberg excitons were only observed for the yellow P series thus far, we limit our analysis to

the yellow excitons, i.e. the Γ+
7 valence band

Eav
7 (k) =

1

7

(

3E∆
7 (k) + 4EΛ

7 (k)
)

. (3.26)
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This approach works fairly well, partly since the effective masses for Ei
7(k=0) are identical, as

it was shown in Eq. (2.24). The sum of kinetic energies for electron and hole then reads

E6(k) + Eav
7 (k) =

(

~
2

2m6c
− 3P∆

1 + 4PΛ
1

84

)

k2 − S∆(k)

28
− SΛ(k)

21
+

∆p

2
(3.27)

=
~

2

2µ

(

k2 +D(k2)
)

(3.28)

with Si(k) =
√

P i
2k

4 + P i
3∆pk2 + 36∆2

p. We have a certain degree of freedom when choosing

D(k2) and thus µ, respectively. The most sensible choice is

∂2

∂k2
D(k2)

∣
∣
k=0

= 0 . (3.29)

The nonparabolicity results in

~
2

2µ
D(k2) =

1

42
(3A2 + 4A3)k2 − S∆(k)

28
− SΛ(k)

21
+

∆p

2
. (3.30)

Incidentally, the reduced mass at zone centre is then given as

µ =

(
1

m6c
−A1

)−1

= 0.352m0 , (3.31)

with a corresponding excitonic Rydberg energy of Ry∗ = 86.04 meV.

To check whether the dispersions we used are assessing the band structure well enough, we

exploit the equivalence between exciton and hydrogen atom again. The uncertainty of the

radial momentum kr is known to be [106]

(∆kr)n,` =
1

nay

√
√
√
√1 − ` (`+ 1)

n
(

`+ 1
2

) , (3.32)

with ay being the excitonic Bohr radius of the yellow exciton series, calculated from the Ryd-

berg energy as ay = 1.1 nm. This implies that our dispersions need to fit the band structure

well enough up to (∆k)n,` to reliably describe the corresponding exciton. For n ≥ 2 states

this means (∆k)2S ' 0.07π/aL in terms of Cu2O’s lattice constant aL = 0.43 nm [107]. This

condition is easily satisfied by the parabolic fit for the Γ+
6 conduction band (cf. Fig. 2.3) and

the SH dispersions for the Γ+
7 valence band (cf. Fig. 2.4). In case of the 1S exciton state1 we

receive (∆k)1S ' 0.27π/aL, which is still reasonably well met by these approximations.

1The uncertainty for the 1S state is calculated with an exciton radius of a1Sy = 0.51 nm, which is the result of the
upcoming chapter (see section 4.3.2).
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3.3. Exitonic quantum defect

By now, we are able to solve the modified Wannier equation for the isotropic averaged band

dispersion of the Γ+
7 valence band and thus, determine its influence on the deviation from

the ideal Rydberg series. As a first step, we calculate the energy dependent functions λ−1
n,`(q)

for the respective angular quantum numbers `. The binding energies of the exciton states

correspond to the eigenvalues of the integral equation for which the condition λ−1
n,`(q) = 1 is

met; therefore, we extract the values at this point to receive the energy eigenvalues En,` of

the modified Wannier equation. The course of the functions λ−1
n,`(q) is shown exemplary for

the yellow P (` = 1) excitons in Fig. 3.1. The resulting binding energies for the S, P, D and F

exciton series, up to n = 25, are given in appendix A.4.2.

The results of the numerical calculations can be presented in form of the quantum defect

δn,` = n−
√

− Ry∗

En,`
. (3.33)

The quantum defect is very sensitive towards shifts in binding energies. This is especially the

case for higher principal quantum numbers n. A deviation ∆En,` between the real binding

energy and the numerical result affects the quantum defect by

|∆δn,`| =

∣
∣
∣
∣
∣

1

2

(n− δn,`)
3

Ry∗ ∆En,`

∣
∣
∣
∣
∣
. (3.34)

We recognise that the error increases with ∼ n3 for large n; hence, in order to keep the

quantum defect at |∆δ25,`| ≤ 0.01 accuracy, the energy discrepancy shall not be beyond

|∆E25,`| < 1 µeV. We utilise this property to estimate the band gap energy up to a high

degree of precision.

Since the experimental binding energies are always in relation to the band gap, a precise value

for the band gap is necessary for a qualitative comparison between experiment and theory.

As a consequence, we require the band gap energy up to an accuracy on the order of 1µeV.

However, the direct determination of the band gap energy from experimental data, e.g. by

absorption [11, 108] or luminescence spectroscopy [81, 87, 109–111], is not precise enough.

Additional effects such as an electron-hole plasma or defect induced band gap shift [31] fur-

ther complicate an appropriate determination of the “unperturbed” band gap. In [11], the

gap energy of Cu2O is given as Ey = 2.17208 eV which implies an uncertainty on the order of

10µeV. By fitting the experimental peak values of the P excitons to the numerically calculated

binding energies, we receive a yellow band gap energy of Ey = 2.1720737 eV. This agrees to

the last significant digit with the experiment and will be used throughout the rest of this work.

The experimental values2 used can be found in appendix A.4.1.

2It should be noted, that the listed values correspond to the orthoexcitons; thus, to compensate the shift of the
exchange energy we apply Eq. (3.3) to the S excitons to receive the paraexciton energies.
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Figure 3.1.: The energy dependent functions λ−1
n,1(q) − 1 for the yellow P excitons up to n = 20 are

depicted. The roots of the functions give the binding energies of the exciton states.

The quantum defects for the numerical results as well as for the band gap reduced experimen-

tal data are aquired via Eq. (3.33), and are shown in Fig. 3.2. For the F excitons it should be

noted that the experiments observe a splitting into a triplet, according to its different magnetic

quantum numbers m [24]. This splitting cannot be explained since the magnetic quantum

numbers are averaged out in this approach of isotropic band dispersions. The quantum defects

for these lines correspond more to the general shift of the triplet rather than to one specific m.

Previously in this chapter the quantum defect was introduced as a concept, originally stem-

ming from atomic physics, to describe deviations of highly excited states from the ideal Ryd-

berg series. However, this is obviously only one way to illustrate the energetic deviation. An

alternative representation for the deviation from the ideal Rydberg series is the relative binding

energy deviation

αn,` =

∣
∣
∣
∣
∣

En,` − E∗
n

E∗
n+1 − E∗

n

∣
∣
∣
∣
∣
, (3.35)

with En,` being the binding energy obtained from calculation (or experiment respectively), and

E∗
n denoting the binding energy of the ideal Rydberg series. The relative binding energy devi-

ation has the advantage that it shows directly the difference in relation to the corresponding

ideal Rydberg energies. For large n, its behaviour coincides with the quantum defect. Another
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Figure 3.2.: Comparison between the quantum defects of the experimental (hollow circles) and nu-
merical results (filled circles). The lines serve as a guide to the eye for an easier distinction
between numerical and experimental values.

representation is the relative enhancement

βn,` =

∣
∣
∣
∣
∣

Eth
n,` − Eexp

n,`

E∗
n − Eexp

n,`

∣
∣
∣
∣
∣
, (3.36)

which can be understood as the improvement of the numerical results by including the non-

parabolicity Eth
n,`, with respect to the experimental values Eexp

n,` , in comparison to the parabolic

band solution, i.e. the ideal Rydberg series E∗
n. The improvements are generally on the orders

of 10 to 100 for almost all n and `. Both alternative representations are shown in Fig. 3.3.

3.4. Discussion

The quantum defect of the P excitons matches exceptionally well, especially for larger principal

quantum numbers n; however, that is to be expected as we utilised these lines to redefine our

yellow gap energy and already noticed a good agreement with the experimental value. The

model provides a relatively good fit to the D and F excitons overall, and for the S excitons at

least in the range between n = 7 and n = 10.

All four series show a systematic overestimation of the binding energies for small n, except for
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Figure 3.3.: Left: comparison of the relative binding energy deviation αn,` for experimental (hollow)
and numerical (filled) values. Right: the relative enhancement βn,` to the ideal Rydberg
series by assessing the nonparabolicty. The lines are ment as a guide to the eye in both
figures.

the F lines. At first glance, one would suggest that the assumption of a fixed valued dielectric

constant is not valid for these excitons. In this regime the coupling to the two LO phonons

needs to be considered. They lead to a modification of the background screening and thus,

to an alteration of the Coulomb interaction and binding energies. Generally it is to be ex-

pected, as the permittivity decreases for higher energies (see chapter 2.4.1), that a treatment

including the frequency dependent dielectric constant would lead to further increased binding

energies. However, in the current evaluation there is already an overestimation of the numer-

ically determined binding energies; hence, this would lead to an even stronger deviation from

the experiment. There are several influences that could potentially explain this discrepancy.

First and foremost, we need to keep in mind that we obtained the nonparabolicity from a fit

to an ab initio sDFT calculation, and while we set the mass at zone centre to match with the

experimentally known hole mass, we cannot verify the validity of the dispersion slope further

into the Brillouin zone, the region that becomes significantly more important for smaller n.

In the same vein, there is the possibility, that our weighted average for the isotropic valence

band dispersion is resulting in a markedly inaccurate slope for finite momenta. Another point,

that has not been discussed extensively so far is the mixing between the different exciton se-

ries. The unitary transformation that is required to diagonalise the SH Hamiltonian technically

needs to transform the Coulomb interaction as well, leading to a coupling between the split

off Γ+
7 and the degenerate Γ+

8 bands. This mixing becomes less important for excitons with

large n, i.e. excitons with a small extension within momentum space, and, thus, is a good

approximation for Rydberg excitons. For small n excitons this coupling should be taken into

consideration.
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Inspecting the Rydberg states of the P excitons, we recognise another slight deviation between

numerical and experimental results for n ≥ 19. This shift is probably due to the steady buildup

of a Rydberg blockade by the highly excited excitons. This would match the finding of [11], as

the effect of the Rydberg blockade leads to a shift of the resonances.

3.5. Conclusion

The energy eigenvalues of the modified Wannier equation fit remarkably well to the exper-

imentally obtained exciton resonances [11, 24, 91]. This strongly supports the idea that the

nonparabolicity of the valence band is responsible for the majority of the deviation and that,

at least for the Γ+
7 , the anisotropy for the different directions is minor enough to justify the

use of an isotropic average for the band dispersion. Especially the evaluation of the highly ex-

cited P exciton states was successful, which supports the approximation of neglecting the other

central-cell corrections (see section 3.1.1). At principal quantum numbers beyond n = 19, the

emergence of the Rydberg blockade leads to an additional energy shift, which is not consid-

ered in this approach. For small principal quantum numbers n, we see an overestimation of

the numerical results in comparison to the experimental values. A few possible reasons for

that observation were discussed above.

The treatment of the yellow exciton series leaves the question for an investigation of the green

series. For the green exciton series, we would need to consider strong mixing effects between

the degenerate Γ+
8 bands. With the method of this chapter, however, we would be obliged to

apply the pure band dispersions which would yield two distinctly separate exciton series. The

existence of those two separate series (apart from the exchange interaction split subseries) is

not confirmed experimentally and rejected by theory [19–22]. One particularity that is certain

is that the green exciton series should exhibit negative quantum defects, since the bending

direction of the nonparabolicity in regards to the parabola of the effective mass approximation

predefines the sign of the correction, and, thus, the sign of the quantum defect. A nega-

tive quantum defect is a property that is not known from atomic systems and would present a

unique feature of excitons in semiconductors. Calculations that predict the green exciton quan-

tum defects, as well as an attempt to treat the anisotropy of the bands can be found in [103].

There are still some unanswered questions and possibilities for improvement; however, the

approach outlined in this chapter generally represents a significant enhancement upon the

generic Rydberg series of the normal Wannier equation.
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Chapter 4.

Excitonic dispersion of the yellow 1S

paraexciton

In the previous chapter, we introduced an approach to determine energy resonances of highly

excited Rydberg excitons. The improvement in comparison to the generic approach that results

in the Wannier equation, was the inclusion of the nonparabolicity of the band structure, which

consequently redound to an improved Wannier equation that had to be solved. This ansatz still

relies on a multitude of approximations such as a small exciton momentum, nearly isotropic

band dispersions, a constant permittivity, and negligible coupling between the split off Γ+
7

and the twofold degenerate Γ+
8 valence bands. Nevertheless, it yields satisfiying results for

large principal quantum numbers n, especially for the P excitons. However, for small n we

recognised a marked deviation from the experimentally known resonances. In this chapter, we

will approach some of the abovementioned approximations to improve upon the result of last

chapter and to obtain the excitonic energy dispersion, in this case on the example of the yellow

1S paraexciton resonance.

The yellow 1S exciton depicts a very special case as its properties suggested Cu2O for a long

time to be the predestined semiconductor for the detection of an excitonic Bose-Einstein con-

densate (BEC) [36,112–114]. In particular the 1S paraexcitons are of interest as they represent

the lowest excited state of the crystal and possess a very long lifetime [96]. Both traits can be

retraced to their Γ+
2 symmetry, which spares them from exchange interaction and inhibits all

optical transitions and most of phonon interactions1. However, the yellow 1S excitons are also

unique within the yellow series as their excitonic mass and Rydberg energy varies significantly

from the values that are known for the rest of the series, which were, i.a. obtained in chapter 3.

Therefore, a better description of the 1S exciton state will only improve the understanding of

the residuary excitons of the series.

Two things are tackled in this chapter, the inclusion of the exciton momentum and the conun-

drum of a constant permittivity. As a first step, the Schrödinger equation will be solved with the
1In experimental setups the excitons are usually confined in a potential trap induced by pressure, whereby the

symmetrical restrictions are “softened” by the strain [81].
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nonparabolicity and a finite exciton momentum via a variational method for a static screened

potential. Afterwards, we introduce a new potential that includes the polaron character of

electron and hole and, thus, deals with the changes of the permittivity that are induced by the

LO phonons (see section 2.4.1).

4.1. Schrödinger equation

As a starting point, we begin with the general Schrödinger equation of the two-particle system,

similar to the one we introduced in Eq. (2.27), although written in a slightly different, more

universal manner as

(
W (pe.ph) + Veff(r) + Σex

)
|Ψν,K〉 = Eν,K |Ψν,K〉 . (4.1)

Here, W (pe.ph) inherits all kinetic terms, Veff(r) is the interaction between electron and hole

and Σex describes their self-energy contributions. The parameter ν describes the state of the

wave function and K is the exciton momentum. Similar to the rest of this work, we will

use hydrogen-like wave functions as a close approximate for the actual eigenfunctions of the

system. The corresponding energy eigenvalues will be determined by a variational ansatz. In

this case, the energetical minimum is found by varying the excitonic Bohr radius ay.

As we associate the kinetic energies of electron and hole with their respective band dispersions,

the kinetic energy term can be split into separate parts W (pe.ph) = W6c(pe) + W7v(ph). The

excitonic wave function for the yellow series is given by

|Ψν,K〉 =
∑

q

ϕν,q |ψ6c, K
2

+q〉 ⊗ |ψ7v, K
2

−q〉 , (4.2)

with ϕν,q being a hydrogen-like envelope wave function, and ψi,q are the Bloch functions for

the respective band i. Analogue to the previous chapter, we attempt to solve the Schrödinger

equation in momentum space. For either part of the kinetic energy the expectation value is

then given by

〈Ψν,K|Wi|Ψν,K〉 =
∑

q,q′

ϕ∗
ν,q′ϕν,q 〈ψi, K

2
±q′ |Wi|ψi, K

2
±q〉 〈ψj, K

2
∓q′ |ψj, K

2
∓q〉

=
∑

q

|ϕν,q|2 Wi (K/2 ± q) (4.3a)

=
∑

q

∣
∣
∣ϕν,q∓ K

2

∣
∣
∣

2
Wi(q) . (4.3b)

As the kinetic Hamiltonian Wi only applies on either of the bands states, the other one utilises

the orthonormality of the Bloch functions and yields a Kronecker delta that subsequently elim-

inates the second sum. Since the remaining sum runs to infinity, we can shift the exciton
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momentum in the argument of the summands. This makes no difference for the resulting ki-

netic energies of the bands; however, this nomenclature will be useful in the evaluation of the

valence band dispersion. Next, we assume that the electronic momentum states are packed up

tightly enough to be considered quasi-continuous [cf. Eq. (3.7)]. Since the conduction band

is described by an isotropic parabolic dispersion, its energetic contribution can be calculated

analytically. For all nS excitons it reads

〈ΨnS,K|W6c|ΨnS,K〉 =
Ω

(2π)3

∫

d3q |ϕnS,q|2
(

~
2(K/2 + q)2

2m6c
+ Ey

)

,

=
~

2

2m6c

(

1

(nay)2
+
K2

4

)

+ Ey . (4.4)

As to be expected for an isotropic band dispersion, the angular dependence of the exciton mo-

mentum has vanished. For the calculation, we used the hydrogen wave function in momentum

space. They are well established and in general take the form [115]

ϕ
(i)
n`m,k = 22`+4π `! (nai)

3/2

√

n(n− `− 1)!

Ω (n+ `)!

(naik)`

((naik)2 + 1)`+2

× C
(`+1)
n−`−1

(

(naik)2 − 1

(naik)2 + 1

)

Y`,m(ϑk, φk) , (4.5)

consisting of the Gegenbauer polynomials C(α)
n (z) and spherical harmonics Y`,m(ϑ, φ). The

ai is the excitonic Bohr radius to the corresponding series. It should be noted that this is

the semiconductor specific wave function; therefore, it varies from the literature [115] with

respect to its normalisation about a factor Ω
(2π)3 that is owed to the spatial normalisation of the

bulk semiconductor, as seen in Eq. (3.7).

With this done, we will now proceed to the calculation of the valence band contribution.

4.1.1. Energy eigenvalue of the Γ+
7

valence band

The SH Hamiltonian and its results are of recurring interest throughout this whole thesis. Sim-

ilar to the preceding chapter, we will make use of its resulting energy dispersions to describe

the Γ+
7 valence band; however, in contrast to the previous approach, the diagonalisation of the

Hamiltonian in Eq. (2.21) will be done numerically this time. This allows us to determine the

excitonic energy dispersion for any arbitrary angle.

For the treatment of the valence band dispersion we will employ Eq. (4.3b) as a starting point.

While a numerical calculation of the threefold integral at hand could be executed immediately,

we first want to simplify Eq. (4.3b) to some extent. The square of the envelope wave func-

tion is expanded into a series of Legendre polynomials, which then in turn is expanded into
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spherical harmonics

Ω
∣
∣
∣ϕν,q− K

2

∣
∣
∣

2
=

∞∑

`=0

aν,`(q,K) P` (cos^(q,K)) , (4.6a)

=
∞∑

`=0

4π aν,`(q,K)

2`+ 1

∑̀

m=−`

Y`,m(ΩK) Y ∗
`,m(Ωq) . (4.6b)

Similarly, the band dispersion is expanded into spherical harmonics as

W7v(q) =
∞∑

`=0

∑̀

m=−`

b`,m(q) Y`,m(Ωq) . (4.7)

The two expansion coefficients are given by

aν,`(q,K) =
Ω(2`+ 1)

2

1∫

−1

dzqK P`(zqK)
∣
∣
∣ϕq− K

2

∣
∣
∣

2
, (4.8)

b`,m(q) =

∫

Ωq

dΩq Y
∗

`,m(Ωq) W7v(q) (4.9)

with zqK = cos^(q,K). Inserting the product of Eq. (4.6) and Eq. (4.7) into Eq. (4.3b) we

utilise the orthonormality of the spherical harmonics to eliminate the angular integration. The

expectation value for the valence band dispersion is then given by

〈Ψν,K|W7v|Ψν,K〉 =
1

2π2

∞∫

0

dq q2
∑

`,m

aν,`(q,K)

2`+ 1
b`,m(q) Y`,m(ΩK) , (4.10a)

=
Ω

4π2

∞∫

0

dq

1∫

−1

dzqK q2
∣
∣
∣ϕν,q− K

2

∣
∣
∣

2∑

`,m

P`(zqK) b`,m(q)Y`,m(ΩK) . (4.10b)

In this representation, the angular dependence of K is extracted into a single spherical har-

monic. Furthermore, the angular dependence of q is completely gathered in aν,`(q,K) and

at that, only relative to the exciton momentum K. The second expansion coefficient b`,m(q)

serves as a measurement for the contribution strength for angular states of the respective or-

bital quantum number ` and magnetic quantum number m to the band structure. Since the

Hamiltonian is solely constructed from s- and d-like spherical harmonics (cf. appendix B.1.2),

selection rules limit the possible couplings to states with even `.
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4.2. S exciton dispersion without polaron coupling

For the remaining terms of the Schrödinger equation, we start off by initially considering a

static screened Coulomb potential VC(r) = −e2/(4πε0εrr) and neglecting the self-energies. In

this case, the potential contribution is not dependent on the band states nor exciton momen-

tum K. The integration over the envelope functions in position space is sufficient and easily

obtained analytically. The result yields

〈ΨnS,K|VC|ΨnS,K〉 =

∫

d3r |φnS(r)|2 VC(r) ,

= − e2

4πε0εr n2 ay
. (4.11)

The static permittivity is again chosen as εr = ε1, as it was done in chapter 3. With this we

will ensure that the resulting minimised energy truly represents an upper boundary. There is

no reason to believe that this approach will lead to a precise estimation of the binding energy,

as we are already aware that the two LO phonon modes cause a significant change of the

permittivity in the energy range of the low n excitons. However, it is still interesting to see

to which extent this calculation differs from the result of the previous chapter, especially since

we are determining the three fundamental parameters of the exciton: excitonic Bohr radius,

binding energy and exciton mass.

Before starting the evaluation, there is one very drastic approximation that needs to be ad-

dressed. Even though we suggested in section 2.2.2 that in the JM representation of the SH

Hamiltonian the Γ+
7 can be associated by the j = 1/2 states, the off-diagonal elements of the

Hamiltonian and the warping of the band structure insinuate additional mixing terms with

the j = 3/2 states. The diagonalisation of the 6 × 6 valence band Hamiltonian for any an-

gle always requires a unitary transformation that is inevitably momentum dependent. While

this unitary transformation has no further influence on the diagonal shape of the conduction

band Hamiltonian, the additional momentum dependence would act upon the hole momen-

tum within the interaction potential. Thence, this creates non-diagonal terms in the interaction

Hamiltonian that represents the coupling between j = 1/2 and j = 3/2 states. Under this con-

sideration, Eq. (4.11) would seem like an oversimplification. However, there are two reasons

that justify the assumption of a diagonal interaction potential. In contrast to the coupling

within the j = 3/2 states, the coupling to the split-off band is relatively small due to the en-

ergetic separation to the Γ+
8 valence bands [116]. Furthermore, a perturbational treatment of

the off-diagonal elements would in first order only lead to a renormalisation of the interac-

tion potential which is effectively reflected in a renormalisation of the Bohr radius. Thus, the

variational method is already partially compensating for the missing coupling terms.



52 Excitonic dispersion of the yellow 1S paraexciton

0 0.2 0.4 0.6 0.8 1

0.570

0.575

0.580

K (nm-1)

a 1
Sy

(n
m

)

a1Sy [100]
a1Sy [110]
a1Sy [111]

0 0.2 0.4 0.6 0.8 1

−0.125

−0.120

−0.115

−0.110

K (nm-1)

E
1S

y
(e

V
)

E1Sy [100]
E1Sy [110]
E1Sy [111]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

2.52

2.54

2.56

2.58

K (nm-1)

M
1S

y
(m

0
)

M1Sy [100]
M1Sy [110]
M1Sy [111]

Figure 4.1.: Results of the variational approach for the 1S exciton without the consideration of polaron
coupling. The upper left panel depicts the exciton radius as a function of exciton momen-
tum K. The corresponding energy eigenvalues are shown in the upper right panel. The
bottom panel displays the exciton mass. All figures present respective curves for three
symmetry directions.

Due to the additional integrations in W7v, the evaluation of the variational approach has to

be done numerically. The exciton radius is varied over a set interval of values ay,i until the

condition

∂

∂ay
〈Ψν,K|W6c +W7v + VC|Ψν,K〉 = 0 (4.12)

is met, i.e. the energy eigenvalue is minimal. It should be noted that the slope at the root shall

be obtained as well since in some fringe cases, maxima can occur in regions of bigger radii,

which the numerical procedure should not confuse with the minima. The gap energy Ey in

Eq. (4.4) only causes a static shift and is therefore neglected. By solving Eq. (4.12) we directly
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receive the exciton Bohr radius and binding energy for a fixed total exciton momentum K. The

total exciton mass is determined through the calculated exciton dispersion ESy(K) via

1

MSy
=

1

~2

∂2ESy(K)

∂K2
. (4.13)

The results for the three parameters are shown in Fig. 4.1. For the sake of clarity and to

emphasise deviations, the calculations are only shown for the three high symmetry directions:

∆ (100), Σ (110), and Λ (111).

4.2.1. Discussion

We recognise for all three parameters a slight deviation for the different spatial directions.

Judging the energy dispersions, one could presume that they are parabolic and very close to

isotropic, though the figure of the exciton mass negates that assumption strictly speaking. The

momentum dependence depicted for the exciton radius can be a bit deceiving at first glance

due to the chosen range of the axis. However, the radius changes over the depicted exciton

momentum range about 2%, the difference at the biggest deviation between the spatial orien-

tations is on the order of 0.1%; hence, the excitonic Bohr radius can be considered isotropic and

more or less constant over a wide range of exciton momentum. A similar conclusion is found

for the exciton mass and consequential for the dispersion. For the mass, the deviation between

the spatial directions is less than 1%, over the range of exciton momentum it is about 1.5%.

Therefore, it is save to approximate the exciton dispersion as an isotropic parabola, although

one could have expected the deviations from a parabolic dispersion to be more substantial,

due to the strong nonparabolicity of the valence band and the anisotropy that was measured

for the orthoexciton mass [78].

As expected, the calculated binding energy at K ' 0 around E
(calc)
1Sy (0) = −125.2 meV is still

significantly differing from the experimentally known value of E(exp)
1Sy = −151 meV [10, 77].

The exciton mass M (calc)
1Sy ' 2.53m0, however, shows a drastic improvement over the ideal

Rydberg solution M = m6c + m7v and is already close to the experimentally obtained mass

M
(exp)
1Sy = 2.61m0 [77]. The excitonic Bohr radius is effectively halved in comparison to the

exciton radius that was calculated for the excitonic Rydberg states in section 3.2.2. Comparing

the 1S binding energy from the previous chapter E(QD)
1Sy = −141.4 meV we again notice a

significant deviation, even though for K = 0 we receive the same initial Wannier equation for

both cases. This is easily explained as both calculations yield different eigenfunctions for their

results. The variational method only considers states with an s symmetry, while in the solution

of last chapter the off-diagonal elements in Eq. (3.25) lead to an additional mixing with higher

order n states.
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4.3. Considering the polaron effect

While the previous result already shows a significant improvement, the deviation from the ex-

perimentally verified 1S paraexciton binding energy is still more than 17%. To improve upon

that, we will now consider the influence of the polaron effect. The polaron is a quasiparti-

cle constructed from the interaction of an electron (or hole, respectively) with the polar LO

phonons. The concept of the polaron was already further examined in section 2.4.1. To ac-

count for the polaron effect on the electron and hole, we introduce a new interaction potential

that includes the LO phonon induced frequency dependence of the permittivity and the corre-

sponding self-energy.

A very early approach for the treatment of the polaron effect on excitons was proposed by H.

Haken in 1956 [117]. In his fundamental work, he adopted the structure of the polaron Hamil-

tonian into the excitonic Hamiltonian. In this approach, two contributions emerge that modify

the Coulomb interaction. First, the polarisation caused by the bound electrons that leads to an

increase of the dielectric constant by ε∞, and second the dislocation of the lattice ions, that

causes an additional screening potential. Solving the corresponding Schrödinger equation then

yields a self-consistent field problem for the additional screening potential. However, some as-

sumptions for the functions describing the ion displacement are not necessary plausible (e.g.

neglecting the dependence of the relative motion), and the perturbational treatment he ap-

plied is only valid in the limit of weak phonon coupling, as well as for weak binding energies

or large exciton radii, respectively. Thus, we attempt to work with an advanced version of his

theory.

4.3.1. Pollmann-Büttner potential and self-energy

J. Pollmann and H. Büttner build on Haken’s theoretical foundation to derive a rigorous upper

boundary expression for the binding energies, that ought to perform well over the whole re-

gion of coupling and binding parameters. For this they treated the same polaron Hamiltonian

via a variational ansatz after applying some additional transformations. In this section, we will

shortly summarise their approach and list the resulting potential and self-energy terms. For

the exact mathematical derivation, see [118].

In their approach, the constituents of the excitons are no longer treated by two separate po-

larons but rather as two coupled particles in the same phonon field. Starting point is the

Hamiltonian for electron and hole, interaction with each other via a screened Coulomb poten-



Excitonic dispersion of the yellow 1S paraexciton 55

tial and the additional coupling to LO phonons described by Fröhlich interaction [50]

HP B =
P2

2M
+

p2

2µ
− e2

4πε0ε∞
+
∑

λ

∑

k′

~ωλ c
†
λ,k′cλ,k′

+
∑

k′′

(√

~ωλ vλ,k′′ ρk′′(r) cλ,k′′ eik′′ · R + H.c.
)

, (4.14)

with

ρk(r) = exp

(

i
mh

M
k · r

)

− exp

(

−i
me

M
k · r

)

, (4.15)

and the Fröhlich interaction

√

~ωλ vλ,k = − i

k

√

e2~ωλ

2Ω ε0ε∗
λ

. (4.16)

The index λ denotes the different LO phonon modes, the c†
λ,k are the phonon creation operators

and ~ωλ are the corresponding phonon energies2. Upon this, two unitary transformations

are applied. The first eliminates the center of mass coordinate, the second works under the

assumption that the eigenfunctions can be reasonably good approximated by a coherent state.

The unitary displacement operator then serves for the second transformation3. For the result,

the vacuum state is assumed to be phonon ground state, and in turn they attempt to find an

optimal choice for the displacement operator. By taking an independent particle ansatz they

receive a set of coupled equations that interconnect all relevant quantities. To simplify the

general solution significantly, we will utilise the interaction terms that are determined for the

case of exciton momentum K = 0 which in our case is rectified by the assumption that the

influence of the center of mass motion on the polaron coupling is rather small in comparison

to the relative motion of electron and hole. In coherence with the choice for the eigenfunction

of Eq. (4.1), the system is then solved for a hydrogen-like wave function to yield an effective

interaction potential and self-energy as functions of the excitonic Bohr radius. They bear the

form

V ν
PB(r) = − e2

4π ε0ε∞ r
+ 2

∑

λ

∑

k

|vλ,k|2
(

fν,e
λ,k + fν,h

λ,k − fν,e
λ,k f

ν,h
λ,k

)

cos(k · r) , (4.17)

2In contrast to section 2.4.1, the subscript LO will be omitted, as all energies ~ωλ throughout the rest of this
chapter refer to LO phonons.

3Although due to an additional dependence on the momentum operator p, the unitary displacement operator
would no longer yield a coherent state.
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and

σν
ex = σν

e + σν
h , (4.18)

σν
i = −2

∑

λ

∑

k

|vλ,k|2
(

fν,i
λ,k − 1

2

(

1 +R2
λ,i k

2
)

(fν,i
λ,k)2

)

, (4.19)

with

fν,i
λ,k =

(1 −Gν
k)(1 + Lν

λ,k +R2
λ,j k

2)

(1 +R2
λ,i k

2)(1 +R2
λ,j k

2) − (Lν
λ,k)2

, (4.20)

Gν
k = 〈ϕν |ei k · r|ϕν〉 , (4.21)

Lν
λ,k = Gν

k

(

1 − 1

2
(R2

λ,e −R2
λ,h)k2

)

, (4.22)

Rλ,i =

√

~

2miωλ
. (4.23)

The Rλ,i are the polaron radii for particle i, coupled to phonon λ. The dependence of the

exciton radius is confined to the auxiliary function Gν
k. The interaction terms V ν

PB(r) and σν
ex

will be referred to as Pollmann-Büttner (PB) potential and self-energy, respectively. In the next

step, we determine the expectation values of these terms.

4.3.2. S exciton dispersion with polaron coupling

Since we are only interested in S excitons, the abovementioned terms and, thus, the expec-

tation values can be simplified up to a certain point. The isotropic nature of the S envelope

function immediately eliminates the angular dependences in Eq. (4.21), which subsequently

transfers onto Eq. (4.20) and Eq. (4.22). The sum in Eq. (4.17) transforms according to

Eq. (3.7) and with

GnS
k = 2π

∫ ∞

0
dr |φnS(r)|2 2 r sin(kr)

k
, (4.24)

as well as the other auxiliary functions only depending on the absolute value of k = |k|, the

integration over the angular components of k is solved analytically to be

∫

Ωk

dΩk cos(k · r) = 4π
sin(kr)

kr
. (4.25)

The expectation value for the PB potential is given by

〈ΨnS,K|V nS
PB |ΨnS,K〉 = 4π

∞∫

0

dr r2|φnS(r)|2 V nS
PB(r) . (4.26)
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Inserting Eq. (4.17) we recognise that the first part is equivalent to the result of Eq. (4.11).

The integration over position space in the second part reduces to GnS
k ; therefore, Eq. (4.26)

takes the form

〈ΨnS,K|V nS
PB |ΨnS,K〉 = − e2

4πε0ε3n2ay
+

2

π

∞∫

0

dk GnS
k

∑

λ

|ṽλ|2
(

fnS,e
λ,k + fnS,h

λ,k − fnS,e
λ,k fnS,h

λ,k

)

,

(4.27)

with |ṽλ|2 = 2π/(Ωk2)|vλ,k|2 = e2/(4πε0ε
∗
λ). The PB self-energies of the individual particles

also do simplify under the assumption of nS excitons to

σnS
i = − 2

π

∞∫

0

dk
∑

λ

|ṽλ|2
(

fnS,i
λ,k − 1

2

(

1 +R2
λ,i k

2
)

(fnS,i
λ,k )2

)

. (4.28)

With this, we have obtained all necessary parts to include the polaron coupling into our varia-

tional calculation.

The procedure for determining the excitonic radius, dispersion, and mass is almost equal to

the one described in section 4.2. This time, the exciton radius is varied until

∂

∂ay
〈Ψν,K|W6c +W7v + VPB + σν

ex|Ψν,K〉 = 0 (4.29)

is satisfied. This again yields exciton radius and the corresponding minimised energy that

serves as an upper boundary for the binding energy for a predefined exciton momentum K.

The mass is then obtained from the dispersion by Eq. (4.13). There are two LO phonon

branches λ in Cu2O that need to be treated. One would assume that this is sufficient to

evaluate the current results.

However, compared to the non-polaron case, the inclusion of the polaron interaction carries

two additional peculiarities that need to be addressed. The self-energy effectively leads to a

renormalisation of the gap energy that needs to be taken into consideration. In the limit case

of weak coupling the self-energy of Eq. (4.19) is given by

lim
aν/Ryν→∞

σν
i = −

√
mi

m0

∑

λ

αλ ~ωλ = σcont
i , (4.30)

with αλ being the phonon coupling constant given by Eq. (2.37). This corresponds to the self-

energy of the Sommerfeld enhanced continuum states. Now if we introduce a gap energy E∗
y

of a hypothetical crystal with no phonon interaction, the band gap of the real crystal would be

given by Ey = E∗
y + σcont with σcont = σcont

e + σcont
h . The same relation holds true with σν

ex for

discrete exciton states; however, in experiments the binding energy is always specified in rela-

tion to the real band gap Ey. Thus, for a proper evaluation, the gap energy in Eq. (4.4) needs

to be replaced by E∗
y. Alternatively, for a treatment that is independent of the gap energy,
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Figure 4.2.: Results of the variational approach for the 1S exciton with the PB interaction potential and
self-energy. The upper left panel depicts the exciton radius, the energy eigenvalues are
shown in the upper right panel. The bottom panel displays the exciton mass.

equal to the evaluation done in section 4.2, the self-energy in Eq. (4.29) has to be replaced by

σν∗
ex = σν

ex − σcont.

The second particularity is found within the polaron radii. As it can be seen in Eq. (4.23),

the polaron radius exhibits a dependence on the effective mass of the respective band. While

this poses no issue for the conduction band where the band mass is constant over a wide mo-

mentum range, the nonparabolicity of the valence band would suggest, that the corresponding

polaron radius has to be treated as a function of momentum,

Rλ,h(k) =

√

~

2m7v(k)ωλ
. (4.31)
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As a matter of fact, if the calculation of Eq. (4.29) is done with a static polaron radius with

m7v ' 0.55m0 (see section 2.2.3), the resulting binding energy at K = 0 yields Est
1Sy =

153 meV, which is already quite close to experiment; however, it no longer represents an upper

boundary for the binding energy and is, therefore, of questionable accuracy. We have already

seen in Fig. 2.4 and shown in chapter 3 that an isotropic approximation for the Γ+
7 band works

fairly well, and to retain the structure of Eqs. (4.27) and (4.28) we integrate the Γ+
7 band

dispersion over all angles to receive an averaged band dispersion Ē7v(k) of which we extract

the momentum dependent mass m7v(k).

With those two problems addressed, we are finally able to evaluate Eq. (4.29) properly. The

emerging parameters are shown in Fig. (4.2).

4.3.3. Discussion

The resulting dispersion shows great agreement with the experimentally known values. The

calculated binding energy E(calc)
1Sy (0) = 150.0 meV only deviates about 0.7% from the experi-

ment. The exciton radii and masses show the same general behaviour as in the nonpolaronic

calculations, as it was to be expected, since the momentum dependence is almost exclusively

contained within the band dispersions. However, they vary on absolute values and slope. Their

relative change over K is even lesser than in the nonpolaronic treatment, substantiating the

assumption that both, paraexciton radius and mass, can be treated more or less as constant.

For the exciton mass it is advisable to utilise an average mass. A weighted average with respect

to the three symmetry directions results in an exciton mass of M̄1Sy = 2.653m0, which is barely

out of the range of the uncertainty of the experimental results M (exp)
1Sy = 2.61 ± 0.4m0 [77]. As

to be expected, the excitonic Bohr radius decreased further in comparison to the result shown

in Fig. 4.1.

4.4. Conclusion

The significant deviations of the yellow 1S paraexciton mass and binding energy in comparison

to the parameters of the residual states of the yellow series were reproduced by considering

the nonparabolicity of the valence band and the polaron-induced modification of the crystal

permittivity. The calculation of our variational approach yields an astonishingly good agree-

ment between experiment and calculation. There are a few interesting factors that emerge

from this result.

First and foremost, it appears that the specific parameters of the yellow 1S exciton can be

retraced almost exclusively to the nonparabolicity of the valence band and the frequency-

dependent permittivity. In particular, for two approximations one could have expected a more

significant impact. In contrast to the previous chapter, the eigenfunctions used in this approach



60 Excitonic dispersion of the yellow 1S paraexciton

are pure hydrogen-like wave functions. While the solution of the ideal Wannier equation will

be frequently used within this work, it is technically not sufficient at this point anymore as the

emerging hydrogen solutions are not the optimal wave functions for the excitons. One reason

for that is the fact that angular momentum is not a good quantum number [91]. Interestingly

enough the variation with a wave function that only contains s symmetry was already suffi-

cient to produce precise values for the 1S exciton.

According to [25], an additional participation of the Γ+
8 valence bands of about 5.5% to the

yellow 1S paraexciton should be present. The impact of state mixing was already discussed at

the beginning of this chapter. As mentioned, it is not deemed too relevant for yellow excitons,

as the energetical distance diminishes the coupling and the variational treatment already par-

tially compensates the negligence of the coupling terms that would emerge for the interaction

potentials.

For the chapter at hand, we neglected the exchange interaction again. If it were to be in-

cluded, we would notice an additional splitting of the 1S exciton energy into the examined

Γ+
2 para- and the higher located Γ+

5 orthoexcitons. This should not be of importance, since

the result for the paraexcitons is not affected by the inclusion of exchange interaction, and the

splitting between ortho- and paraexcitons is already well established experimentally [6, 61]

and theoretically [56]. However, comparing the almost isotropic paraexciton mass obtained in

this chapter with the measured anisotropy of the orthoexciton mass [78] would imply that the

anisotropy is either caused by the exchange interaction or an additional effect that is neglected

in our calculations. Since the anisotropy was not yet measured for the paraexciton [77], fur-

ther conjecture is pointless.

Although the mixing of the band states appears to be of minor importance for the yellow series,

the examination of the green series would certainly require a proper treatment of the coupling.

Considering the bands as separate entities is no longer a viable option as there exists a strong

coupling between the different j = 3/2 states and an evaluation with the depicted approach

would yield two separate green exciton series4, which is not confirmed as of yet. To solve this

problem we would need the unitary transformation that diagonalises the SH Hamiltonian and

apply it to the interaction potential. Additionally, the anisotropy of the two Γ+
8 bands is sig-

nificantly stronger than the anisotropy of the Γ+
7 band, which would complicate the numerical

calculation.

4This should not be confused with the splitting into the subseries of the green para- and orthoexciton.



Chapter 5.

Phonon-assisted absorption

In section 2.1, we examined the symmetry of the highest valence and lowest conduction bands

at zone centre and how they originate from the different atomic orbitals. Based on this knowl-

edge, section 2.3 introduces the excitons as bound-state solutions to the Wannier equation,

utilising the similarity to the hydrogen problem to describe the relative motion by hydrogen

like wave functions. This enables a rather convenient familiar describtion via quantum num-

bers and consequently provides us with the corresponding symmetries. As a result, it was

shown that S type excitations are only feasible for the blue and violet series, while transitions

into exciton states of the yellow and green series should predominantly be shaped by P type

envelopes. However, as it can be seen in numerous experimental spectra, the exciton reso-

nances of the yellow series are underlayed by a strong absorption background [51, 108, 119].

This background stems from a strong phonon-assisted absorption of the yellow 1S exciton.

This chapter is dedicated to investigate this absorption edge in more detail. For this, we will

improve upon the textbook solution that utilises second order perturbation theory and was

derived by R. Elliott in 1957 [120]. The results for the phonon-assisted absorption at low

temperatures are published in [121].

5.1. Transition probability

The absorption coefficient will be obtained from the transition probability, which can be re-

ceived by Fermi’s Golden rule as

Pij =
2π

~
|Mij |2 δ(Ei − Ej) . (5.1)

The transition matrix element Mij can be evaluated, starting with the one-electron Hamilto-

nian, including the electron-radiation and electron-phonon interactions and treating them in

second order perturbation theory. The associated wave functions can be chosen as Slater de-

terminants consisting of the electron Bloch functions. As a consequence, the transition matrix

61
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element would describe all transitions purely between the Bloch states of the related energy

dispersion. Taking into account the creation of a hole as a quasiparticle, the wave function

can also be expressed as a product state of Slater determinants for electron and hole, respec-

tively. These determinants are only superimposed for states that fulfill K = ke − kh due to

the translational symmetry. Their diagonalisation then yields the wave function in exciton

representation; hence, we assume all transition states to be excitons. The indirect transition

from excitonic vacuum into an arbitrary final state µ, under the aid of phonon absorption or

emission can be derived in second order perturbation theory as

P0,µ(k, ω) =
2π

~

∑

Q,λ,σ

∣
∣
∣
∣
∣

∑

ν

〈Ψµ,Q+k|hλ,Q|Ψν,k〉〈Ψν,k|hph|Ψ0〉
Eν(k) − ~ω

∣
∣
∣
∣
∣

2

δ
[
Eµ(Q + k) ∓ ~ωλ,Q − ~ω

]
,

(5.2)

which describes, depending on the sign within the delta distribution, the absorption of a

phonon with momentum Q or the emission of a phonon with mometum −Q. The subscripts µ

and ν contain a set of quantum numbers (n, `,m) of the respective excitonic envelope function.

The two transition elements consist of the electron-radiation interaction hph and the phonon

interaction Hamiltonian hλ,Q, with λ denoting the associated phonon branch. The state Ψν

denotes an intermediate virtual state. Ei(k) represents the energy dispersion of state i and

will usually assumed to be in terms of the effective mass approximation ~2k2

2Mi
, with Mi being

the excitonic mass. The energy ~ωλ,Q is the respective phonon dispersion. The sum over σ

denotes the summation of the different spin states. At a later point, the treatment of the spin

functions will be shifted into the transition matrix element Mij; therefore, the sum will be

dropped for the moment.

The physical interpretation of this process can be depicted as the excitation of a virtual state

Ψν via the incoming photon with a successive transition into the final state Ψµ via the emission

or absorption of a phonon. Technically, this chain of processes could be inverted. This is a

prominent feature in indirect semiconductors in which phonon-assisted intraband scattering

processes can equally occur before the photonic transition to lead to an energetically favorable

position for the intermediate or final state. However, photonic transitions in direct gap semi-

conductors are usually assumed to happen at the smallest energy gap between the extrema

of conduction and valence band anyway1; thus, they do generally not benefit energetically

from intraband transitions. Regarding interband transitions, the energy range of the photons

required exceeds the phonon energy about an order of magnitude. Regarding Eq. (5.2), we

notice the transition probability to be inversely dependent on the energy difference between

the initial and intermediate state; hence, it is save to assume that the photon transition always

precedes the phonon transition.

In the fundamental work of Elliott [120] the intermediate states Ψν are approximated, under

the assumption of weak electron-hole interaction, as Bloch states and solely the final state Ψµ

1At least at low temperatures this approximation is valid.
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is considered as an exciton. This effectively represents transitions of free pairs within the elec-

tronic band structure with the effects of the excitonic nature of the final state being addressed

by a Sommerfeld enhancement. Back then, Elliott used this approximation to ensure the emer-

gence of an analytical solution and to avoid numerical inconveniences. Today, his work is well

established in literature and became a textbook example. However, while it is able to describe

the shape of the phonon-assisted absorption to a certain degree of accuracy, it fails to reliably

model the absorption shape over a wide energy range, as we will see in this chapter. If the

bands involved in the formation of the intermediate state are known to form excitons and their

corresponding parameters (i.e. excitonic mass and Rydberg energy) are known, it is advanta-

geous to use excitonic intermediate states.

In the following, we will impose a few restrictions upon Eq. (5.2). We start off by investigating

the final states µ. The main contribution of the phonon-assisted absorption originates from

the S (` = 0) states of the yellow and green series; therefore, we will restrict the final states

to nS excitons. Their odd ` states can be reached via direct dipole excitation, but not with

the phonon-assisted process, since the relevant phonons in Cu2O all exhibit negative parity.

Therefore, it requires a double parity change to receive a positive parity state, i.e. the even `

states. For this reason all even ` states should be under consideration. It will be shown that

the participation of 2S and higher nS states is already considerably smaller, making a good

case for ignoring states with ` > 0. A similar logic applies to the intermediate ν states. The

states that will contribute the most are 1S states. It was already discussed in section 2.3.2,

that the direct transition into yellow and green S type states is dipole forbidden. Checking

experimental spectra for the yellow 1S orthoexciton resonance, one realises quickly that its

contribution to the spectrum, which is due to quadrupole transitions2, is negligibly small.

Extrapolating this thought to the second order perturbation theory, it becomes obvious that

the photonic transition to the intermediate state needs to be a dipole allowed S exciton for

the transition probability to provide a significant contribution to the absorption spectrum. In

the semi-classical approach, the electron-radiation interaction in electric-dipole approximation

reads as [50,51]

〈Ψν |hph|Ψ0〉 =
e

m0
〈Ψν |A · p|Ψ0〉 , (5.3)

with A = A(r, t) being the vector potential of the electromagnetic field. Furthermore, we

assume photon momentum to be small enough to be neglected, making photonic transitions

effectively take place at zone centre (which is only valid for direct band gap semiconductors).

In this case, final exciton momentum only depends on the phonon momentum Q. The transi-

2In contrast to the 1S paraexcitons which cannot be excited directly. We established that in section 2.3.2.
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tion probability then takes the form

P0,nS(ω) =
∑

λ

P̄ λ
n (ω) , (5.4)

P̄ λ
n (ω) =

2πe2

~m2
0

∑

Q

∣
∣
∣
∣
∣

∑

ν

〈ΨnS,Q|hλ,Q|Ψν,0〉〈Ψν,0|A · p|Ψ0〉
Eν(0) − ~ω

∣
∣
∣
∣
∣

2

δ
[
EnS(Q) ∓ ~ωλ,Q − ~ω

]
, (5.5)

which can be considered the linchpin equation of this chapter.

5.1.1. Symmetry considerations

Next, we consider the possible intermediate states and phonon interactions. The transition

probability features a sum over all bands which are not the final conduction and valence band,

as well as a sum over all phonon modes. However, the number of terms can be drastically

reduced by considering the symmetry properties of the individual terms. Since we are only

interested in S like (Γ+
1 ) intermediate states, it is sufficient to evaluate the symmetry of the

bands directly [cf. Eq. (2.26)].

As already mentioned, the dipole operator p possesses Γ−
4 symmetry; hence, it incorporates a

parity change. We recognise that both Γ+
1 conduction and Γ+

5 valence band possess positive

parity at the zone centre, which restricts our choice for intermediate states ν to bands with

negative parity. If we aim to excite an electron off of the Γ+
5 valence band into an interme-

diate conduction band, the choice of bands is confined to Γ−
4 ⊗ Γ+

5 = Γ−
2 ⊕ Γ−

3 ⊕ Γ−
4 ⊕ Γ−

5

symmetries. If we were to excite an electron from an intermediate band below the Γ+
5 valence

band up to the Γ+
1 conduction band (which is analogous to imagining an initial hole being

“excited” down into an intermediate valence band), the intermediate band requires a symme-

try of Γ−
4 ⊗ Γ+

1 = Γ−
4 . The energy denominator in Eq. (5.5) denotes the energy difference

between radiation and the virtual intermediate state; thus, the further away a band is located,

the smaller the probability to participate in the transition. The closest band that possesses

the right symmetry and negative parity is the Γ−
3 conduction band. As we established in sec-

tion 2.3.1, the Γ+
5v and Γ−

3c bands are known to form the blue and violet exciton series, which

provide optimal intermediate states.

Subsequently, the second transition needs to adhere to the symmetry of intermediate and final

state. As Γ−
3c ⊗ Γ+

1c = Γ−
3 , this would suggest that the transition is predominantly driven by the

Γ−
3 phonon. Considering the spin symmetry of both conduction bands leads to more possible

transitions with Γ−
8c ⊗Γ+

6c = Γ−
3 ⊕Γ−

4 ⊕Γ−
5 . However, the Γ−

4 and Γ−
5 symmetries emerge under

the condition, that the spin configuration in the transition between both bands is modified by

the interaction. Since phonons are not capable of altering the spin configuration, those two ad-

ditional symmetries do not warrant further attention [51]. Measurements of the luminescence

spectrum detected the Γ−
3 optical phonon to be the strongest phonon branch in Cu2O [110].
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Thus, the transition over the blue (violet) excitons and the consecutive relaxation into the yel-

low (green) series via a Γ−
3 phonon is expected to be predominant in the absorption spectrum.

Simultaneously, our exciton states themselves are limited in their ability of phonon coupling.

In the yellow series we distinguish between para-(Γ+
2 ) and orthoexcitons (Γ+

5 ). While orthoex-

citons are allowed to couple to phonons of symmetry Γ+
5 ⊗ Γ−

4 = Γ−
2 ⊕ Γ−

3 ⊕ Γ−
4 ⊕ Γ−

5 , the

paraexcitons are restricted to Γ+
2 ⊗ Γ−

4 = Γ−
5 phonons. Hence, there is no Γ−

3 phonon-assisted

absorption into yellow paraexciton states.

Besides this major transition channel, there is another visible transition around the phonon

energy of one of the Γ−
4 LO phonons (namely ~ωLO,2 = 82.1 meV) [108]. The coupling of

an intermediate state with a Γ−
4 phonon to the Γ+

1c band necessitates a symmetry of Γ−
4 ⊗

Γ+
1 = Γ−

4 . A dipole allowed photon absorption can also only be accomplished into bands

with Γ−
4 ⊗ Γ+

1 = Γ−
4 symmetry. Hence, a transition via Γ−

4 phonons would always require a

Γ−
4 symmetry conduction or valence band. Revisiting section 2.1, we notice that there are

two Γ−
4c conduction and one Γ−

4v valence bands. Unfortunately, this multitude of potentially

coupling bands does inhibit a decisive determination of transition matrices. Additionally, these

bands are energetically quite far away from the band gap, leaving us with no precise data, but

estimated values from band structure calculations about their dispersions. Even though their

contribution is minor, they should be mentioned and will be included in the final representation

of the absorption spectrum for the sake of completeness.

While we will treat the dominant part of the absorption spectrum with the Γ−
3 phonon, the

Γ−
4 phonon transitions are miniscule enough to treat them with the square root solution that

emerges, if pure Bloch functions are used as intermediate states.

5.1.2. Phonon transition element

There are three different types of phonon interactions. The macroscopic dilation of the crystal

by acoustic phonons, localised dilations on the scale of the primitive unit cell caused by optical

phonons and the dislocation of electric charges that stem from LO phonons. The first two can

be described in a similar approach using the nomenclature of the deformation potential, the

third effect is usually depicted as the polaron quasiparticle [50–53]. Since we are interested in

two optical phonons, both will be characterised by optical-phonon deformation potentials. The

polaron effect of the Γ−
4 LO phonon is only relevant for intraband scattering processes [83];

thus, its consideration is not necessary. The electron optical-phonon interaction between two

band states is given by [38]

〈ψi|hλ,Q|ψj〉 = Dλ;ij(Q)

√

~

2Ω ρωλ,Q

√
√
√
√
√
√







nλ

nλ + 1







, (5.6)
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with Dλ;ij(Q) being the optical-phonon deformation potential, Ω the crystal volume, and ρ the

material specific density of Cu2O. The second square root term contains the phonon distribu-

tion for absorption and emission, respectively, with nλ being the phonon occupation number.

In equilibrium, it can be expressed by the Bose-Einstein distribution function

nλ(ωλ,Q) =
(

e~ωλ,Q/kB T − 1
)−1

. (5.7)

The Γ−
3 phonon matrix element shall be treated with exciton states; therefore, Eq. (5.6) is

not sufficient as it defines the deformation potential in relation to the band states. Taking the

phonon transition element from Eq. (5.5) and employing excitonic wave functions, it can be

rewritten terms of excitonic envelope and Bloch functions ψn,q as

〈Ψ(y)
nS,Q|h3,Q|Ψ(b)

n′S,0〉 =
∑

q,q′

ϕ
(y)
nS,q ϕ

(b)
n′S,q′ 〈ψ

6c, Q

2
+q

|h3,Q|ψ8c,q′〉 〈ψ
7v, Q

2
−q

|ψ7v,−q′〉

=
∑

q

ϕ
(y)
nS,q ϕ

(b)

n′S,q− Q

2

〈ψ
6c, Q

2
+q

|h3,Q|ψ
8c,q− Q

2
〉 . (5.8)

The ϕ(i)
nS,q are the excitonic envelope functions with the superscript i denoting the correspond-

ing exciton series, in this case the transition from the blue (b) to the yellow (y) series. The

transition from the violet (v) to the green (g) series is equivalent and is received by substituting

y → g and b → v. We shall keep that in mind for later, for now we stick with the nomenclature

of the blue/yellow transition for the sake of clarity.

The second matrix element yields a Kronecker delta which conserves hole momentum and

consequently annihilates one of the momentum sums. We are assuming, that the remaining

matrix element in Eq. (5.8) is approximately independent over the whole range of q and can

be expressed via the optical phonon deformation potential of Eq. (5.6). Consequently, the

remainder of the sum reads as
∑

q ϕ
(y)
nS,q ϕ

(b)

n′S,q− Q

2

. Again, we will consider the envelope func-

tions to be hydrogen-like wave functions.

The sum can now be evaluated in two different approaches. The sum in Eq. (5.8) is rewritten

as an integral

〈Ψ(y)
nS,Q|h3,Q|Ψ(b)

n′S,0〉 =
1

(2π)3

√

Ω ~

2ρω3,Q

√
√
√
√
√
√







n3,Q

n3,Q + 1







D3;68(Q)

∫

d3q ϕ
(y)
nS,q ϕ

(b)

n′S,q− Q

2

. (5.9)

Inserting the momentum wave functions as they were given in Eq. (4.5) into Eq. (5.9), the

triple integral can be evaluated either numerically or analytically for smaller quantum num-

bers. Considering S states, the integration simplifies to

S(y,b)
n,n′ (Q) =

Ω

(2π)2

π∫

−π

∞∫

0

d cosϑ dq ϕ
(y)
nS,q ϕ

(b)

n′S,
√

q2+Q2/4−qQ cos ϑ
sinϑ . (5.10)
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Alternatively, it is possible to treat the expression as a threedimensional convolution with offset

Q/2 and integrate in position space. In this case of S type envelopes the spherical harmonics

only contribute a factor 1/(4π), leaving us with a single integral

S(y,b)
n,n′ (Q) =

∑

q

ϕ
(y)
nS,q ϕ

(b)

n′S,q− Q

2

=
2

Q

∞∫

0

dr r R
(y)
nS (r)R

(b)
n′S(r) sin

Qr

2
, (5.11)

with R(i)
n` (r) being the radial hydrogen wave functions. It should be noted, that in both cases

this reduction of integrals only works for S type envelopes due to their isotropy, for higher `

states the angular dependence of Q does not vanish. As mentioned, those integrals can be, up

to a certain degree, solved analytically. As we will see later, the most important term is

S(y,b)
1,1 (Q) =

27
√

β3(1 + β)
(
4(1 + β)2 + a2

bQ
2
)2 , (5.12)

where β = ab/ay.

5.2. Absorption coefficient

The analysis of the phonon matrix element has lead to its description via a deformation poten-

tial and the convolution of exciton envelope wave functions. The electron-radiation interaction

in Eq. (5.5) coincides with the direct transition matrix element from excitonic vaccum into a

blue exciton state and, therefore, corresponds to the textbook solution [50–53,119,122]

〈Ψ(b)
n′S,0|A · p|Ψ0〉 = A0 φ

(b)
n′S(r=0) p78 , (5.13)

with the dipole transition matrix element between two band states being p78 = 〈u8c,0|e · p|u7v,0〉.
The excitonic envelope function φ(b)

n′S(r) is given in position space. For S like states at position

r = 0, it abides to φ(b)
n′S(0) =

(
π (ab n

′)3
)−1/2. Taking this into account, we get for the transition

probability

P̄ (3)
n,y(ω) =

e2A2
0

Ωm0ρω3a3
b

|p78|2
m0

∑

Q

|D3;68(Q)|2
∣
∣
∣
∣
∣
∣

∑

n′

S(y,b)
n,n′ (Q)

n′3/2
(
En′Sb − ~ω

)

∣
∣
∣
∣
∣
∣

2

×







n3,Q

n3,Q + 1







δ
[
EnSy(Q) ∓ ~ω3,Q − ~ω

]
. (5.14)

We possess no specific knowledge about the angular dependence of the deformation potential

D3;68, thus assuming it to be isotropic. The dispersions of optical phonons are often considered

to be only varying marginally and are frequently approximated as constants ωλ. Indeed, this
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holds true for our phonons of interest, as it can be seen in [26,29,123]. Contrary to our results

for the 1S paraexciton in chapter 4, it was experimentally shown that the 1S orthoexciton mass

is quite anisotropic [78]. For the upcoming calculations we assume an average mass of M (o)
1Sy =

2.7m0 [109]. Approximating the final state dispersion to be independent of the phonon angle,

the delta distribution only depends on the absolute value of the momentum. Under these

circumstances, the sum in Eq. (5.14) can be evaluated and the transition probability takes the

final form

P̄ (3)
n,y(ω) =

e2A2
0

2π2~2ρ a3
b

My

m0

q
(3)
n

ω3

|p78|2
m0

|D3;68(q(3)
n )|2

×

∣
∣
∣
∣
∣
∣

∑

n′

S(y,b)
n,n′ (q

(3)
n )

n′3/2
(
En′Sb − ~ω

)

∣
∣
∣
∣
∣
∣

2

Θ
(

q(3)
n

)







n3

n3 + 1







. (5.15)

This expression describes the transition probability over all intermediate blue n′S exciton states

into the yellow nS exciton state via the absorption or emission of a Γ−
3 optical phonon. The

function q(λ)
n represents the final momentum and is defined as

q(λ)
n (ω) =

√

2My

~2

√

~ω ± ~ωλ − EnSy . (5.16)

Eventually, we receive the absorption coefficient from the transition probability. It is defined

as [51]

αy(ω) =
∑

n,λ

αλ
n,y , (5.17)

αλ
n,y(ω) =

2~

ε0nRcωA
2
0

P̄ λ
n,y(ω) , (5.18)

with nR being the material specific refractive index of Cu2O around the excitation energy ~ω.

Inserting Eq. (5.15) yields

α(3)
n,y(ω) =

e2

π2~ ρ ε0nRc a
3
b

My

m0

q
(3)
n

ω ω3

|p78|2
m0

∣
∣
∣D3;68(q(3)

n )
∣
∣
∣

2

×

∣
∣
∣
∣
∣
∣

∑

n′

S(y,b)
n,n′ (q

(3)
n )

n′3/2
(
En′Sb − ~ω

)

∣
∣
∣
∣
∣
∣

2

Θ(qλ
n)







n3

n3 + 1







. (5.19)

Although Eq. (5.19) provides us with an analytical result for the absorption background, it

still bears two uncertainties: The strength and precise momentum dependence of the optical

phonon deformation potential D3;68. Fortunately, the absorption edge of the Γ−
3 phonon into

the 1S yellow state has a very wide and undisturbed shape and is well suited for fitting. Usually,

the deformation potential is assumed to vary only slightly with phonon momentum and is often
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assumed to be constant. We expand the deformation potential with respect to the square of

phonon momentum Q to

Dλ,68(Q) = D
(0)
λ,68 + D

(2)
λ,68Q

2 + . . .

' D
(0)
λ,68

(

1 + D̄
(2)
λ,68Q

2
)

. (5.20)

We consider the zeroth and first order of this expansion. It will be seen, that the first order

approach is sufficient to satisfactorily describe the absorption edge. Higher order terms only

increase the number of variables to fit and do not improve the result noticeably.

Before concerning ourselves with the application of the theory, we shall shortly assess the

formalism for absorption via the Γ−
4 LO phonon. Starting again from Eq. (5.5), we assume the

intermediate states to be pure band states. The absorption is obtained in a similar, yet much

easier way than the preceding deduction of the absorption via exciton states and results in

α(4)
n,y =

2 e2 |ϕ(y)
nS (0)|2

π~ρε0nRc

My

m0

q
(4)
n

ω ω4

∑

ν

|pν |2
m0

|D4;ν(q
(4)
n )|2

(Eν − ~ω)2 Θ(q(4)
n )







n4

n4 + 1







. (5.21)

Here, the exciton wave function of the final state corresponds to a Sommerfeld enhancement

factor and yields ϕ(y)
nS (0) =

(
π (ay n)3

)−1/2. It is important to note that the sum over ν does not

indicate a single band but always a pair of associated bands, namely the initial and intermedi-

ate band. In this case, these are two Γ+
7v ⊗ Γ−

4c transitions and one Γ+
1c ⊗ Γ−

4v transition. As a

consequence, the energy Eν corresponds the absolute energy difference between those bands,

e.g. E1c,4v = E1c − E4v. The definition for q(4)
n corresponds to Eq. (5.16).

5.3. Absorption into nS excitons at low temperatures

The absorption spectrum close to T = 0 K yields the most detailed depiction of different

absorption effects in Cu2O. As we discussed in chapter 3, it is possible to excite P excitons up

to very high principal quantum numbers, where novel physical properties are revealed, which

were prior unseen in semiconductors. Similarly, a multitude of underlying phonon-assisted

excitations can be determined. Their origin and proper theoretical description are required to

improve the general comprehension of the absorption spectrum of Cu2O around the band gap

as a whole.
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5.3.1. Considerations concerning different absorption strengths

At low temperatures, there exist no phonons in equilibrium, which can also be seen in the

vanishing of the Bose-Einstein distribution in Eq. (5.7). Consequently, this reduces Eq. (5.19)

to only one possible process, the transition into the yellow S state via a preceding emission of

a phonon.

Another point of interest is the percentage of the different transitional channels. It was already

mentioned previously that the impact of the 1S blue to nS yellow state transition is dominating

in the absorption spectrum. This can easily be seen by investigating the ratio between the

convolution coefficients of Eq. (5.11) with different intermediate principal quantum numbers

n′. Considering that the energy difference between the blue energy states and the incoming

light is larger than the blue series’ Rydberg energy, the energy fraction can be assumed to be

approximately one. The ratio of contribution strength is then approximately given by

χn;n′,n′′ =
S(y,b)

n,n′

S(y,b)
n,n′′

n′′3/2

n′3/2
. (5.22)

The ratios, although still dependent on the momentum q
(λ)
n , converge to maximal contribu-

tions. As an example, the ratio χ1;2,1 yields a maximal percentage of 12.3%, for χ1;3,1 it is

3.7%, and so forth. We notice that these values are close to the inverse of the third power of

the principal quantum number n′. It turns out, the ratio for the contribution of intermediate S

states can be approximated via an upper boundary χn;n′,n′′ . (n′′/n′)3. This provides us with

an easy estimation tool to assess which terms of the sum over the intermediate states n′ are

actually relevant. As the sum occurs within the quadrature, all squared terms except for the

lowest, namely n′ = 1, are already negligibly small; however, the mixed terms with n′ = 1 are

still of significant strength.

In a similar fashion one can analyse the ratios between the final yellow nS states. For a simpli-

fied analytical evaluation, we assume that exciton mass is constant for all final states and that

binding energies are degenerate. The ratio of absorption strength between final states, thus, is

approximated by

α
(3)
n1,y

α
(3)
n2,y

'

∣
∣
∣
∣
∣
∣

∑

n′ S(y,b)
n1,n′

∑

n′′ S(y,b)
n2,n′′

∣
∣
∣
∣
∣
∣

2

. (5.23)

Similar to Eq. (5.22), this ratio behaves asymptotically, with (n1/n2)3 being an upper boundary.

Therefore, the absorption strength of the 2S exciton state is expected to be maximal 12.5% of

the 1S state. It is known from experiment [77, 78] and from our investigations in chapter 4,

that the yellow 1S exciton mass differs considerably from the masses of the remaining series.

As it will be seen in the upcoming sections, that difference of exciton mass will further inhibit

the absorption strength of higher nS states.
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5.3.2. Absorption into the yellow 1S exciton state

2.05 2.1 2.15 2.2
0

10

20

30

energy (eV)

α
(m

m
−

1
)

exp. data

α
(3)

(2)

α
(3)

(0)

α
(3)
E

2.04 2.06 2.08 2.1 2.12 2.14
0

20

40

60

80

energy (eV)

α
2

(m
m

−
2
)

exp. data

(α
(3)

(2)
)2

(α
(3)

(0)
)2

(α
(3)
E )2

Figure 5.1.: Fit of the absorption coefficient to the experimental spectrum. The left figure scales linear
with the absorption coefficient, the right one quadratically. The subscripts on the α’s de-
note the fitted curve, with (2) indicating the use of Eq. (5.19) with a momentum dependent
deformation potential, (0) uses a constant deformation potential and (E) uses the Elliott
formula, as seen in Eq. (5.21) with a constant deformation potential. The data comes from
a bulk Cu2O sample (' 160µm thickness) at T = 2 K and are property of [108].

As mentioned before, the absorption edge of the Γ−
3 phonon into the 1S yellow exciton features

a distinctive spectral shape. We will utilise this advantage to do a one time fit of Eq. (5.19)

unto the experimental data, that consequently can be used to describe all Γ−
3 transitions. In

Figs. 5.1 we show the resulting fit of the absorption edge under different circumstances. The

absorption coefficient α(3)
(0) uses Eq. (5.19) under the assumption of a constant deformation

potential. It is immediately obvious, that the fit fails horrendously. The textbook solution de-

rived from Elliott α(3)
(E) [120] adapts well for a small region around the absorption edge, but

it starts to deviate significantly for higher energies. Using Eq. (5.19) with a mometum depen-

dent deformation potential as defined in Eq. (5.20), α(3)
(2) provides a very good matching of

the fit with the experimentally obtained spectral data. This is especially apparent in the right

plot which scales the absorption coefficient quadratically. If the square root behaviour of the

textbook solution would suffice, the absorption would display a linearly rising slope, which is

definitely not the case. Additionally the squared plot amplifies the recognisability of the LO

phonon absorption edge around 2.117 eV.

From the fitted curve of α(3)
(2) we are able to extract the deformation potential and its momen-

tum dependence. The most necessary parameters can be found in appendix A.1. The Bohr

radius of the blue excitons is not explicitly known; thus, for a systematic treatment they were

calculated from the binding energies via ab = Ry aB/(Ry(b)ε1) = 1.72 nm, with Ry and aB

being the hydrogen Rydberg energy and Bohr radius, and the blue Rydberg energy being given

by Ry(b) = Eb − E1Sb = 57 meV. The dipole transition element of the blue exciton is related
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to the oscillator strength by

fb

Ωuc
=

2

~ω

|p78|2
m0

∣
∣
∣ϕ

(b)
1S (0)

∣
∣
∣

2
=

2

πa3
b ~ω

|p78|2
m0

, (5.24)

with Ωuc = a3
L being the volume of the unit cell, and aL the lattice constant. The oscillator

strength was measured to be fb = 1.2 × 10−2 [124]. This yields for the dipole transition

element

|p78|2
m0

= 2.726 eV . (5.25)

However, this approach is cubically dependent on the blue excitons Bohr radius ab, which is

only roughly approximated. Therefore, we employ a second derivation to double check the

result. The dipole transition element for the blue exciton series is related to the transition

matrix element of the Γ+
5v and Γ−

3c band basis states by [70]

p78 = −
√

2

3
〈ε+

3 | p |γ−
2 〉 . (5.26)

The transition matrix element between those bands also occurs in k · p theory, as can be seen

in appendix B.1.1 [cf. Eqs. (B.3)]. The required parameter G describes the coupling of all Γ−
3

bands to the respective Γ+
5v band. In appendix B.1.3 the parameter G was determined under

the assumption that no Γ−
2 band is present close to the Γ+

5v band. As there is also only one

Γ−
3 band in the vicinity of the Γ+

5v band, the coupling coefficient G can be associated with the

matrix element in Eq. (5.26), hence

|p78|2
m0

= 2.662 eV . (5.27)

Both results are in fairly good agreement. For the estimation of the static deformation poten-

tial, we use Eq. (5.27). The resulting fit parameters for the deformation potential of the Γ−
3

phonon-assisted absorption are

D
(0)
3;68 = 25.45

eV

nm
, (5.28)

D̄
(2)
3;68 = 0.168 nm2 . (5.29)

The value for the static deformation potential D(0)
3;68 is in well accordance to previous estima-

tions [38,125].

With the fit of Γ−
3 phonon-assisted absorption into the yellow 1S state, we are able to assess the

absorption edge up to the yellow 2P exciton resonance, now the next goal will be to reproduce

the absorption spectrum beyond that.
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5.3.3. Absorption beyond the yellow 1S exciton

The obtained deformation potential is independent of principal quantum number; hence, it

can be immediately used to obtain the absorption edge of the yellow n ≥ 2S states. However,

we already discussed in section 5.3.1 that, although their contribution seems not negligible,

their impact on the actual absorption spectrum is minor. The major advantage of fitting the

Γ−
3 phonon-assisted transition to the yellow exciton is the fact, that it inherently contains the

transition to the green series. Since both stem from the Γ+
5v band which only subsequently

splits via spin-orbit interaction into Γ+
7v and Γ+

8v, the transitions of both series’ are connected.

Analysing the symmetry of the individual valence band states via group theory [70] yields for

the oscillator strengths the relation

f
(3)
y,b : f (3)

g,v = 1 : 2 . (5.30)

The exact derivation can be found in appendix B.3. Thus, we receive the Γ−
3 phonon-assisted

absorption edge of the green Γ+
5 orthoexciton.

We will now attempt to depict the absorption spectrum beyond the yellow band gap Ey. To

achieve this, we additionally require the absorption participations of the Γ−
4 phonon-assisted

transition, as well as the yellow P absorption. The treatment of both is done in appendix B.4.

The total absorption coefficient only requires the absorption channels that significantly partic-

ipate and is therefore composed of

αtot = α
Γ−

3
1,y + α

Γ−

3
2,y + α

Γ−

3
1,g + α

Γ−

4
1,y + α

Γ−

4
1,g + αP . (5.31)

αP conglomerates all absorption contributions of the yellow P absorption. The remaining

parameters needed to evaluate αtot are listed in appendix A.1. The green and violet Bohr radii

are obtained in the same fashion, as it was done for the blue exciton. The yellow 2S exciton

mass stems from the sum of effective electron and hole mass. Due to the almost equal binding

energy of the yellow 1S paraexciton and the green 1S orthoexciton, and since they experience

the same screening, it is expected that both masses are about equal. The different contributions

as well as the sum αtot in comparision to the experimental data can be seen in Fig. 5.2.

5.3.4. Discussion

We recognise that, as expected, the absorption spectrum is mainly constructed out of the Γ−
3

phonon-assisted transition of the yellow and green 1S exciton state, as well as the excitonic

resonances and the absorption into the continuum at the band edge. The theoretical result is in

unison with the data up to the yellow band gap Ey; however, a few remarks need to be made

for the upper energy range. At an energy range around 2.2 eV the summed up absorption coef-

ficient αtot appears to slightly overestimate the absorption, beyond 2.22 eV the experimentally
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Figure 5.2.: Depiction of the experimental data, all individually participating absorption channels and
the sum of them. The experiments were made in a Cu2O sample of around 10µm thickness
at T = 2 K and are property of [108].

measured spectrum shows a steady increase in the absorption slope that is not reproducable

in this theory.

The overshot of the theoretical result around 2.2 eV is most likely linked to an overestimation

of the phonon-assisted absorption into the green 1S state. The issue in extrapolating the result

of the yellow 1S exciton to the green 1S exciton is the fact that two of the essential exciton

parameters are not explicitly known. The excitonic Bohr radii used throughout this work, ex-

cept for the yellow 1S exciton, are all extracted from their respective binding energies. They

play an important role in the overlap integrals in Eq. (5.11). The other parameters that influ-

ence the strength of the absorption significantly are the exciton translational masses. While

the mass of the yellow 1S state was determined experimentally [109], it is not known for the

2S yellow and the green exciton states. Excitons with large principal quantum numbers are

composed of valence and conduction band states near the zone centre; thus, the approxima-

tion MX = mc +mv is considered valid to estimate the mass of the yellow 2S state. The wave

function of the green 1S state extends due to its large binding energy far into the Brillouin

zone. The influence of the nonparabolicity of the Γ+
8 valence bands on effective mass and Bohr

radius are therefore expected to be similar to that for the yellow 1S exciton. Arguing with

a heuristical relation between binding energy and translational mass to the yellow paraexci-
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ton, we approximated the mass to be of similar size. All these quantities are just first order

approximations, and will require extensive future work to improve.

Next, we shall discuss the steady increase of absorption in the region around 2.22 eV. This

cannot be explained by the choice of parameters or the wave function used. It could be ex-

plained by introducing additional absorption channels, e.g. additional phonon interactions

or exciton resonances. However, several points argue against this suggestion. The Γ+
5 phonon

resonance would be the only phonon with a suitable energy to compensate the missing absorp-

tion (cf. Tab. 2.3). This possibility can be ruled out, since the phonon process must also occur

in comparable strength for the yellow 1S state, which could not be identified in the analysis.

Additionally, it possesses the wrong parity. The existence of a potential light hole green exciton

series was considered, but no such additional exciton series should exist since the Γ+
8 valence

bands are heavily coupled [19]. Both concepts also seem improbable, as the increase of the

slope appears to be continuous, while an additional phonon-assisted absorption edge should

rise up abruptly in the spectrum.

The most logical explanation is a dependence of excitonic parameters on exciton momentum.

As we have seen in chapter 4, both, exciton mass and Bohr radius of the 1S paraexciton poten-

tially possess an, albeit small, momentum dependence. If the orthoexciton mass is expected

to steadily increase with exciton momentum, a smooth increase in phonon-assisted absorption

with photon energy should be observed [cf. Eq. (5.16)], as it can be seen in the experiment. A

similar effect is expected, if the green exciton Bohr radius increases, as the overlap functions

would increase [cf. Eq. (5.11)].

Finally, the topic of mixing between yellow and green exciton states needs to be addressed. In

a recent study of the even exciton series in Cu2O [25] the lowest orthoexciton resonance is a

mixture of yellow and green states with 7.2% green contribution. If we take this into account

in our analysis, this would require the redetermination of the deformation potential D3;68 in

the low energy part of the spectrum, but the correction is expected to be only on the order

of some percent due to the low green admixture. The influence of mixing on the absorption

of the yellow 2S and the green 1S state should be much more noticeable. The first has sup-

posedly more than 10% of green contributions, which would enhance its absorption strength

considerably and potentially overestimate its absorption contribution. The green 1S state, on

the other hand, would only show a green percentage of about 40%, which should result in

about half the absorption strength. Both effects are not consistent with the experimental data.

A systematic analysis, however, would require the full wavefunctions of these exciton states.
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5.4. Absorption of the yellow 1S exciton at high temperatures
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Figure 5.3.: Absorption edge of a Cu2O sample of thickness 220µm at room temperature [126]. The
two Γ−

3 absorption steps are clearly visible until the saturation of the spectrum.

In this section, we shortly take another look at the same problem for higher temperatures.

At room temperature, the absorption spectrum is usually not of much interest, since it is gen-

erally not favorable to validate (or invalidate for that matter) novel theories or concepts. We

are only able to see the Γ−
3 phonon-assisted absorption edge. At these temperatures there

is an additional absorption step from the phonon-absorption process which is nonexistent at

lower temperatures. In Fig. 5.3 the absorption edge at room temperature and the fit of the Γ−
3

absorption into the yellow 1S state is shown. The resulting parameters for Eq. (5.19) are

D
(0)
3;68 = 32.21

eV

nm
, (5.32)

D̄
(2)
3;68 = 0.179 nm2 . (5.33)

While the momentum dependence of the deformation potential barely changes and the differ-

ence to Eq. (5.29) is almost within the uncertainty of the fitting procedure, the static deforma-

tion potential shows a significant increase of about 26% to its low temperature counterpart in

Eq. (5.28). On one hand, this could imply that the deformation potential possesses an intrinsic

temperature dependence that might be based on the dilation of the crystal. On the other hand,

the transition dipole matrix element we consulted is technically only valid in the low tempera-

ture regime and a change of the polarisability of Cu2O could lead to an increase of said dipole

matrix element. In the latter case, the static deformation potential might as well be close to

temperature independent, and the result of Eq. (5.32) should be taken with a grain of salt. A

red shift of the band gap about ∆Ers ' 140 meV is observed as well. This is to be expected due

to the dilation of the crystal and the associated change of crystal constants.
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5.5. Conclusion

The presented theory for describing the phonon-assisted absorption works pretty well for the

yellow exciton series and the experimental absorption edge up to the yellow 2P resonance can

be properly reproduced. Comparision to the textbook solution suggests that the assumption

of excitonic intermediate states instead of Bloch states provides the superior description of the

absorption background. However, this only holds true as long as the momentum dependence

of the deformation potential is not neglected. Still, the derived result improves the description

of the phonon-assisted absorption while keeping the elegance of an analytical solution. In

regard to the intermediate state we came to the conclusion that the 1S state contributes the

dominant part of the spectrum. The fitted value for the static deformation potential is in good

agreement with earlier estimations [38,125].

Beyond the Γ−
3 phonon transition, the fit of the other absorption terms is treated on a ba-

sic level; however, this is nonproblematic since the main goal of this chapter was to improve

upon the description of the phonon-assisted absorption as it was derived by Elliot [120], which

can be achieved by treating the Γ−
3 process by itself. Furthermore, it was shown that the Γ−

3

phonon processes dominate the absorption background; hence, a rough depiction of the other

absorption channels is sufficient.

The reproduction of the absorption spectrum works well up to the yellow band gap. In higher

energy regions the imprecise knowledge of excitonic translational masses and Bohr radii, as

well as a potential momentum dependence of these parameters leads to significant devia-

tions. Theoretically, the radii and masses can be obtained from the solution of the momentum-

dependent effective mass equations. Experimentally, the masses can be obtained from reso-

nance Raman studies involving the green P and the green 1S states, similar to that reported

in [26, 27] for the yellow exciton states. Here, especially Raman processes involving acousti-

cal phonons are of interest, since their Raman shift depends on their momentum, thus giving

directly the dispersion of the green 1S states.

The estimated fits of the deformation potential will be further utilised in the next chapter to

determine the phonon-assisted Auger decay.
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Chapter 6.

Auger decay of excitons

Around a hundred years ago, S. Bose and A. Einstein postulated one of the most fundamental

quantum phenomena, the macroscopic occupation of the same momentum state by multiple

particles with integer spin [127, 128]. Beyond critical values for particle density and temper-

ature, the macroscopic occupation of the ground state occurs, which is fittingly named Bose-

Einstein Condensation (BEC). Ever since their groundbreaking theoretical work there has been

a thriving effort to create and research this specific particle state experimentally. Even though

the first successful observation of a BEC was realized in atomic gases [129,130], for a long time

excitons in semiconductors were deemed to be a more suitable system [32,33]. Bose-Einstein

statistics predict, that the critical temperature is inversely proportional to particle mass. Since

the hole effectively substitutes for the atomic core, exciton masses are considerably smaller

than atomic mass. Therefore, excitons provide experimentalists allegedly with an ideal set-

ting for measuring a BEC, predicting the critical temperature required to be several orders of

magnitude higher than for atomic systems. The sufficient temperature for condensation was

initially assumed to be around a few Kelvin [131]. Despite that assumption no explicit proof

for the existence of excitonic BECs has been experimentally found in bulk semiconductors up

to this point.

One particular effect that is accused to inhibit the formation of an excitonic BEC is the non-

radiative Auger decay [38, 40]. The collision between two excitons leads to a recombination

of one exciton and the ionisation into a high-energy electron-hole pair. This increases the sys-

tems mean temperature as well as decreasing exciton density, hence doubly counteracting the

necessary experimental requirements to achieve condensation. The attempt to find a suitable

theoretical explanation for this excitonic Auger decay will be the focus of this chapter. The

result for the phonon-assisted Auger decay is published as a part of [132].

79
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6.1. Theoretical preliminaries

We consider a system that primarily consists of yellow 1S excitons. The paraexcitons possess

an extraordinarily long lifetime1 in the range of hundreds of nanoseconds (in a strain induced

potential trap [36,133,134]) up to a few microseconds [96] and, thus, represent an ideal exci-

tonic ground state for supposed condensation. Auger decay can occur in two distinct channels

that will be addressed separately.

The first is the direct Auger decay mechanism, which is the most rudimentary transition. It

can be visualised as the collision of two excitons, leading to the recombination of one exciton

and transfering the generated excess energy to the second participant which, in consequence,

gets ionised. In consideration of a system of exclusively yellow 1S excitons, the occurence

of this event is improbable. As known from section 2.3, orthoexciton recombination is only

quadrupole allowed, while paraexcitons in bulk Cu2O are not able to recombine without addi-

tional interactions.

The second decay channel is the phonon-assisted Auger decay. In this case, upon collision

one exciton enters a virtual intermediate state via emission of a phonon, which then recombi-

nates and subsequently ionises the other exciton. Preceding theoretical works [38, 125, 135]

already illustrated that the share of directly recombining S excitons in Cu2O via Auger scatter-

ing has to be several orders of magnitude smaller than the phonon-assisted process. However,

their results for the phonon-assisted Auger process still deviate several orders of magnitude

from experimentally estimated values. This originates from two approximations which can not

neccessarily be rectified:

1. Previous calculations drop the exciton wave function of the intermediate states, including

the associated wave vectors, for the sake of simplicity.

2. The deformation potential Dλ,ij of the phonon interaction is most of the time assumed to

vary sufficiently slow to be considered constant. As it was shown in the previous chapter,

it can be dependent on the phonon wave vector Q to a non-negligible degree.

The considerations in this chapter lean on the derivations of the beforementioned theoretical

calculations, but additionally will take these two points into consideration. The starting point

is Fermi’s golden rule

Pi,f =
2π

~
|Mi,f |2 δ (Ei − Ef ) . (6.1)

Most generally, for the direct recombination process the matrix element simply reads as

M
(d)
i,f = 〈Ψf |Veff |Ψi〉 . (6.2)

1One could say paraexcitons in Cu2O “Live long and prosper.” - L. Nimoy Star Trek, S2E1 (1968).
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Figure 6.1.: Feynman diagrams of the different possibilites for Auger decay via direct and phonon-
assisted recombination. Lines going forward correspond to electrons, backwards lines to
holes. Circles suggest the formation of an exciton with the associated envelope function
ϕk.

The expression for the phonon-assisted Auger decay results from second order perturbation

theory as

M
(pa)
i,f =

∑

λ,ν

〈Ψf |Veff |Ψλ〉〈Ψλ|hν,Q|Ψi〉
Ei − Eλ

=
∑

λ,ν

M
(d)
λ,f 〈Ψλ|hν,Q|Ψi〉
Ei − Eλ

. (6.3)

In our system, the initial state Ψi consists of two yellow 1S excitons with momentum K and P

whereby the K exciton needs to be an orthoexciton. The energy transfer of the recombinated

exciton is treated via the effective Coulomb potential Veff . The final state Ψf consists of the

ionised components of the yellow P exciton, i.e. an electron in the conduction band Γ+
6 and

a hole in valence band Γ+
7 . The Hamiltonian hν,Q represents the phonon interaction, with

ν denoting the phonon branch and Q being the phonon momentum. In the intermediate

state Ψλ the yellow K exciton is transformed into a virtual λ state exciton with momentum

K − Q. In Fig. 6.1 the direct and the phonon-assisted processes are visualised by means of

Feynman diagrams. Since electron and hole of exciton P scatter independently, the energy

is always only transfered to one of them. Therefore, we need to distinguish between two
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cases. The phonon-assisted process has two additional processes for either the conduction or

valence band interacting with the phonon ν. However, as we will see in the upcoming section,

the only relevant intermediate state belongs to the blue exciton series which corresponds to

a transition between conduction bands, so the valence band processes are only listed for the

sake of completion.

6.1.1. Symmetry considerations

The symmetry considerations for the phonon-assisted recombination are analogue to the sym-

metry treatment done in section 5.1.1, and will only be summarised shortly.

The possibilites for phonon transition of orthoexcitons are set by Γ−
2 ⊕ Γ−

3 ⊕ Γ−
4 ⊕ Γ−

5 , while

paraexcitons are limited to Γ−
5 . Approximated coupling rates between possible phonons and

our respective exciton states are known experimentally from luminesence spectroscopy [81].

They reveal that the Γ−
3 phonon provides the dominant coupling term to the orthoexciton and

that the Γ−
3 phonon coupling is around 500 times stronger than the coupling of the paraex-

citon to the Γ−
5 phonon. For this reason, we will only include the Γ−

3 phonon scattering of

orthoexcitons. This subsequently restricts the amount of intermediate terms. In chapter 5,

we have seen that the blue excitons provide a significant contribution to the phonon-assisted

absorption. They are comprised of the transition between the Γ−
3c and Γ+

5v bands, and, thus,

possess dipole allowed transition states. Also, as seen in section 2.1, the Γ−
3c band is decisively

the band closest to the band gap Ey, and since the transition strength is inversely proportional

to Ei − Eλ [cf. Eq. (6.3)], they represent ideal intermediate states.

For the direct scattering process, we will Taylor expand the Bloch functions in the upcoming

section. The emerging intermediate Bloch functions are required to obey the symmetry prod-

ucts of dipole operator with initial and final state. Both only share the common symmetry of

Γ−
4 ; hence, we only need to consider the coupling to bands with Γ−

4 symmetry.

In the next section, we start out with a short description of the direct scattering process to de-

pict the general ansatz for treatment and then discuss the phonon-assisted scattering in more

detail.

6.2. Direct Auger scattering matrices

In the following, we will give a short résumé of the derivation of the direct scattering matrix

element M (d)
y , an in-depth derivation of the different transition matrix elements is given by

[38]. The initial transition matrix elements as seen in Fig. 6.1 read as

M (d)e
y =

∑

q

Veff(K)ϕ
(y)
q ϕ

(y)
kh−P/2〈u7v,q−K/2|u6c,q+K/2〉〈u6c,ke |u6c,ke+K〉 δke+kh,K+P , (6.4)
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for the transfer of the energy to the electron and

M (d)h
y = −

∑

q

Veff(K)ϕ
(y)
q ϕ

(y)
ke−P/2〈u7v,q−K/2|u6c,q+K/2〉〈u7v,kh

|u7v,kh+P〉 δke+kh,K+P , (6.5)

for the transfer to the hole. The sign changes due to the interaction of the Coulomb potential

with the electron or hole, respectively. The u6c,ki
, u7v,kj

are the periodic functions of the Γ+
6c

and Γ+
7v bands, respectively. We can restrict the calculations to one conduction and one valence

band due to the orthogonality of the Bloch states for different bands. In both equations, the first

ovelap integral of the periodic functions illustrates the recombination process of the exciton

with momentum K. The second overlap integral is the transfer of momentum to the electron

(or hole, respectively) of the second exciton P. The ϕ(i)
k are the 1S envelope wave functions in

momentum space2.

In order to effectively utilise these matrix elements, we need to employ a few approximations.

The magnitude of the exciton momenta K and P is determined by the thermal energy of the

system, while the momenta of the isonised particles is in the range of the energy gap due

to the absorption of the excess energy of the recombination. We consider a low temperature

system, i.e. the exciton momenta are negligible compared to the ionised particles momenta

|ke|, |kh| � |K|, |P|. This allows us to expand the Bloch wave functions according to k · p

theory. It should be noted that Eqs. (6.4) and (6.5) only account for processes within the first

Brillouin-zone. Processes that reach beyond that are called Umklapp-processes and need to be

treated separately. However, the assumption of small exciton momentum at low temperatures

also allows us to consider them to be negligibly small [38]. For the evaluation of the overlap

integrals we perform a Taylor expansion similar to Eq. (2.2) and receive

|ui,q+K/2〉 ' |ui,q〉 +
~

2m0

∑

j 6=i

〈uj,q|K · p|ui,q〉
Ei(q) − Ej(q)

|uj,q〉 + . . . . (6.6)

Applying this to Eqs. (6.4) and (6.5) they simplify accordingly. For the first overlap element,

the expansion results in

〈u7v,q−K/2|u6c,q+K/2〉 =
~

2

4m2
0

∑

i6=6c,7v

〈u7v,q|K · p|ui,q〉 〈ui,q|K · p|u6c,q〉
(E7v(q) − Ei(q)) (E6c((q) − Ei(q))

, (6.7)

as the lowest order term that does not vanish due to orthogonality and conservation of parity.

The second overlap element is considered to be approximately one. This is justified by the

ionised particle momentum being at least one order of magnitude larger than the exciton

momentum. Additionally, higher order terms partly vanish due to orthogonality of the periodic

functions. Since the matrix elements of Eqs. (6.4) and (6.5) are additive we can combine both

2Since we only treat 1S excitons in this chapter, the 1S subscript is dropped to enhance readability.
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processes into a single one

M (d)
y =M (d)e

y +M (d)h
y

=
~

2

4m2
0

Veff(K)
∑

q

ϕ
(y)
q

∑

i6=6c,7v

〈u7v,q|K · p|ui,q〉 〈ui,q|K · p|u6c,q〉
(E7v(q) − Ei(q)) (E6c((q) − Ei(q))

×
[

ϕ
(y)
ke−P/2−K

− ϕ
(y)
ke−P/2

]

︸ ︷︷ ︸

'(K) ·
∂ϕ

(y)
k

∂k

∣
∣
ke−P/2'ke

δke+kh;K+P . (6.8)

In this case the delta distribution was utilised to redistribute the momentum dependence of

one of the yellow envelope functions. In accordance to the rest of this work, we assume

that the modified hydrogen wave functions suffice the exciton envelope wave functions. The

hydrogen-like exciton wave function in momentum space was introduced in Eq. (4.5). In the

case of the 1S exciton it is known as

ϕ
(i)
k =

√

a3
i π

Ω

8

(1 + a2
i k

2)2
, (6.9)

while its derivative is given as

∂ϕ
(i)
k

∂k
= −

√

a3
i π

Ω

32 a2
i k

(1 + a2
i k

2)3
. (6.10)

The effective Coulomb potential in momentum space is

Veff(K) = − e2

Ω ε0εrK2
. (6.11)

In this case, the permittivity corresponds again to the low frequency limit εr = ε1.

To be able to evaluate Eq. (6.8) any further, we assume the dipole transition elements to be

(almost) constant over the whole range of q. Furthermore, the energy difference between the

bands far exceeds the energy difference imposed by the curvature of the bands themselves;

hence, we drop the q dependence of the energy denominator. The sum can be written in

integral form [cf. Eq. (3.7)], which simplifies to

∑

q

ϕ
(y)
q

∑

i6=6c,7v

〈u7v,q|K · p|ui,q〉 〈ui,q|K · p|u6c,q〉
(E7v(q) − Ei(q)) (E6c((q) − Ei(q))

'
∑

i6=6c,7v

(K · p7v,i) (K · pi,6c)

∆E7vi ∆Ei6c

∑

q

ϕ
(y)
q =

√

Ω

πa3
y

∑

i6=6c,7v

(K · p7v,i) (K · pi,6c)

∆E7vi ∆Ei6c
, (6.12)
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with pi,j = 〈ui,0|p|uj,0〉 and ∆Eij being the energy difference between bands at q = 0. Then

Eq. (6.8) takes its final form as

M (d)
y =

23a2
ye2

~
2

m2
0Ωε0εr

K · ke

(1 + a2
yk

2
e )3

∑

i6=6c,7v

(K · p7v,i) (K · pi,6c)

K2 ∆E7vi ∆Ei6c
δke+kh;K+P . (6.13)

The summation includes all band states that couple to both, conduction and valence band, via

the momentum operator p. As mentioned in the previous section, the symmetry of initial and

final state limit the coupling states i to bands with Γ−
4 symmetry3.

Before we proceed with the determination of the decay rate, we shall investigate the transition

matrix element of the phonon-assisted process.

6.3. Phonon-assisted Auger scattering matrices

As it can be seen in Eq. (6.3), the recombination part of the phonon-assisted matrix element

can be expressed in terms of a direct recombination matrix. Hence, one could initially assume

we already treated one half of the phonon-assisted process with the derivation of the previ-

ous section. However, the alteration of one exciton state by the phonon interaction modifies

the system sufficiently enough to prevent us from simply adopting the result of the previous

section. We shortly revise the derivation of the direct recombination part before analysing the

phonon interaction.

6.3.1. Direct recombination process

As it can be seen in Fig. 6.1, the emission of a phonon transfers one of the excitons into an

intermediate exciton state. In section 6.1.1 we discussed the candidates for these intermediate

states and concluded that the blue exciton is preferential. Therefore, we now examine the di-

rect Auger scattering process between a blue and a yellow exciton. The initial matrix elements

of this direct recombination process vary slightly from the ones shown in Eq. (6.4) and (6.5).

We consider

M
(d)e
b =

∑

q

ϕ
(y)
−kh+P/2 Veff(K − Q) ϕ

(b)
q−(K−Q)/2

× 〈u7v,q−(K−Q)/2|u8c,q+(K−Q)/2〉〈u6c,ke |u6c,ke−(K−Q)〉 δke+kh,K−Q+P , (6.14)

3In contrast to [38, 135], who claim that the Γ−

3 conduction band plays an important role for the direct Auger
process.
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and

M
(d)h
b =

∑

q

ϕ
(y)
ke−P/2 Veff(K − Q) ϕ

(b)
q−(K−Q)/2

× 〈u7v,q−(K−Q)/2|u8c,q+(K−Q)/2〉〈u7v,kh
|u7v,kh−(K−Q)〉 δke+kh,K−Q+P , (6.15)

with Q being the momentum of the emitted phonon. Similar to the previous section, the first

overlap integral depicts the recombination process, in this case of the blue exciton, while the

second overlap integral describes the absorption of the surplus recombination energy. Again,

we assume exciton momenta to be negligibly small compared to the resulting ionised parti-

cles. The periodic functions are expanded according to Eq. (6.6). The recombination overlap

integral between the valence and conduction band of the blue exciton series vanishes in zeroth

order, the first order term yields

〈u7v,q−(K−Q)/2|u8c,q+(K−Q)/2〉 =
~

m0

〈u7v,q|(K − Q) · p|u8c,q〉
E8c(q) − E7v(q)

. (6.16)

The quadratic term is neglected again due to the parity change imposed by the dipole operator.

The second overlap integral is approximately one again. The matrix elements of Eqs. (6.14)

and (6.15) can be combined into

M
(d)
b =M

(d)e
b +M

(d)h
b

=
~

m0
Veff(K−Q)

∑

q

ϕ
(b)
q−(K−Q)/2

〈u7v,q|(K − Q) · p|u8c,q〉
E8c(q) − E7v(q)

×
[

ϕ
(y)
ke−P/2−K+Q

− ϕ
(y)
ke−P/2

]

︸ ︷︷ ︸

'(K−Q) ·
∂ϕ

(y)
k

∂k

∣
∣
ke−P/2'ke

δke+kh;K−Q+P . (6.17)

The envelope wave function, its derivative and the effective Coulomb potential are given by

Eqs. (6.9)–(6.11). Next, we evaluate the sum over q

∑

q

ϕ
(b)
q−(K−Q)/2

〈u7v,q| K · p |u8c,q〉
E8c(q) − E7v(q)

' (K · p78)
∑

q

ϕ
(b)
q−(K−Q)/2

~2 q2

2µ̃87
+ ∆E87

, (6.18)

with the dipole transition element 〈u7v,0| p |u8c,0〉 = p78 being assumed to be almost indepen-

dent of q. Contrary to the previous section, we only consider one particular intermediate band.

The energy band dispersions in the denominator are assumed to be parabolic with a reduced

mass µ̃−1
87 = m−1

8c − m−1
7v and ∆E87 being the energy difference between bands at q = 0. The
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sum in Eqs. (6.18) can then be evaluated analytically

∑

q

ϕ
(b)
q−(K−Q)/2

~2 q2

2µ̃87
+ ∆E87

= 4

√

abΩ

π



2
~

2

µ̃87
+ 8

√

~2

2µ̃87
∆E87 ab +

(

4∆E87 +
~

2|K − Q|2
2µ̃87

)

a2
b





−1

, (6.19)

'
√

ab Ω

π





√

~2

2µ̃87
+
√

∆E87 ab





−2

=

√

ab Ω

π
B̃87 , (6.20)

in which Eq. (6.20) only holds true under the assumption that the kinetic energy of exciton

and phonon is considerably smaller than the blue gap energy ∆E87, which is consistent with

previous approximations. Note that ab is the effective Bohr radius of the blue 1S exciton.

Compiling the individual results, the matrix element for the direct recombination is given by

M
(d)
b =

~

m0

e2

Ω ε0 εr(K − Q)2



−
√

a3
y π

Ω

32 a2
y

(1 + a2
y k

2
e )3





× ((K − Q) · ke) ((K − Q) · p78)

√

ab Ω

π
B̃87 δke+kh,K−Q+P . (6.21)

Due to the minimal bending of the Γ−
3 phonon dispersion, their particle density is primarily

localised on the edge of the Brillouin zone, in regions of finite momentum beyond the particle

density of the excitons. Therefore, we assume momentum of the excitons to be negligibly small

compared to phonon momentum |K| � |Q|, leaving us with

M
(d)
b = −

32 a4
y β

1/2 e2
~

Ω ε0 εr m0
B̃87

(Q · ke)(Q · p78)

Q2(1 + a2
y k

2
e )3

δke+kh,K−Q+P , (6.22)

with ab = β ay. The following part is concerned with the initial phonon scattering from the

yellow into the blue state.

6.3.2. Phonon scattering

As already discussed in section 6.1.1 the strongest phonon interaction channel is the optical

Γ−
3 phonon; thus, we restrict our analysis to this single phonon interaction. The starting point

is the matrix element

〈Ψ1Sb(K − Q)|h3,Q|Ψ1Sy(K)〉

=
∑

q,q′

ϕ
(b)
q ϕ

(y)
q′

[

〈ψ
8c,q′+ K−Q

2
| ⊗ 〈ψ

7v,−q′+ K−Q

2
|
]

h3,Q

[

|ψ6c,q+ K
2

〉 ⊗ |ψ7v,−q+ K
2

〉
]

. (6.23)
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The overlap integral of the valence band reduces to a delta distribution δ−q′+ K−Q

2
;−q+ K

2
, elim-

inating one of the sums. In chapter 2.4 we discussed the different possible descriptions for

phonon interaction, and concluded that the Γ−
3 phonon is best expressed via the optical defor-

mation potential. Assuming that the exciton momentum is comparably small to the phonon

momentum |K| � |Q| and that the phonon matrix element is invariant under a shift in q, we

can utilise the electron optical-phonon interaction of Eq. (5.6)4. The remaining sum over q

runs solely over the wave functions. Inserting the envelope function from Eq. (6.9), we obtain

∑

q

ϕ
(b)
q ϕ

(y)

q− Q

2

=
27
√

β3(1 + β)
(
4(1 + β)2 + a2

bQ
2
)2 = S(b,y)

1,1 (Q) . (6.24)

Hence, for K = 0, this is identical to the sum of Eq. (5.12). Not surprisingly, the final result

for the phonon transition then matches the result from chapter 5.1.2 and reads as

〈Ψ1Sb(K − Q)|h3,Q|Ψ1Sy(K)〉 ' S(b,y)
1,1 (Q)D3;68(Q)

√

~

2ρΩω3
. (6.25)

Again, the connection to the previous chapter becomes more apparent, in the phenomenolog-

ical treatment, as well as the theoretical description of the Auger decay. Equipped with the

knowledge of the matrix elements we now turn back to Eq. (6.1) to calculate the decay rates.

6.4. Direct Auger decay rate

Utilising the previously accumulated results, we are now able to establish a definite form for

the Auger decay rate via Fermi’s golden rule. For the direct scattering rate we initially start

with

Γ
(d)
Auger =

2π

~

∑

K,P,ke,kh

∣
∣
∣M (d)

y (K,P,ke,kh)
∣
∣
∣

2

× δ

[

E1Sy(K) + E1Sy(P) − E6c(ke) − E7v(kh)

]

. (6.26)

Extracting the delta distribution δke+kh;K+P from the matrix element M (d)
y the sum over kh

can be eliminated. We further assume that K,P → 0. This simplifies the delta distribution to

a great extent and additionally drops the sums over K and P. The dependence of K within

the matrix element cannot be neglected due to the angular relations imposed by the scalar

4For low temperatures the phonon distribution n3 converges to zero, meaning that effectively only phonon emis-
sion is possible; thus, the second square root in Eq. (5.6) can be set to one.
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products. The new decay rate reads as

Γ
(d)
Auger,K =

2π

~

Ω

8π3

∫

d3ke

∣
∣
∣M (d)(K,ke)

∣
∣
∣

2
δ

[

2E1Sy(0) −
(
E6c(ke) + E7v(−ke)

)
]

, (6.27)

where Γ
(d)
K is now a function of exciton momentum K.

To evaluate the matrix element we only take the xy component of the valence bands into

account. In this way, we commit to one spatial orientation. Under the assumption of S envelope

states and isotropic bands the spatial dependence is averaged out by the angular integration

and regains it general validity. The matrix element is determined by coupling coefficients [70]

and results, without spin consideration, in

〈Γ+
5v|K · p|Γ−

4i
〉〈Γ−

4i
|K · p|Γ+

1c〉 →〈xy|K · p|Γ−
4i

〉〈Γ−
4i

|K · p|Γ+
1c〉 =

2√
6
KxKy p14i p4i5 , (6.28)

with |pm,n| = pm,n. The index i represents the three different Γ−
4 bands that were shown in

section 2.1. These processes occur independently of one another and the square of the matrix

element applies on each term separately. Thus, we define

3∑

i=1

∣
∣
∣
∣
∣

〈Γ+
5v|K · p|Γ−

4i
〉〈Γ−

4i
|K · p|Γ+

1c〉
∆E54i ∆E14i

∣
∣
∣
∣
∣

2

=
2

3
K2

xK
2
y P

(d) . (6.29)

Next, we evaluate the integral over ke. The angular integration results in a factor 4π/3. To

eliminate the integration over the the absolute value, the delta distribution in Eq. (6.27) is

rewritten in terms of momentum as

δ

[

2E1Sy(0) −
(
E6c(ke) + E7v(−ke)

)
]

=
µ67

~2k0
δ
[
k − k0

]
, (6.30)

with the renormalised Fermi vector k2
0 = 2µ67

~2 (2E1Sy(0) − Ey) and the effective mass 1/µ67 =

1/m6c + 1/m7v. For this the dispersions for conduction and valence band need to be assumed

as nearly parabolic. While the effective mass of the conduction band is chosen as m6c = m̃1c =

0.985m0, the valence band mass with an approximate momentum of kh ≈ 7 nm−1 needs to be

addressed by the heavy hole mass region of the dispersion (cf. Fig. 2.4) and is estimated to be

around mhh
7v ≈ −2m0. The decay rate Eq. (6.27) takes the form

Γ
(d)
Auger,K =

27a4
ye

4
~

9Ωε2
0ε

2
rm0

µ67

m0

K2
xK

2
y

K2

P (d)

m2
0

k3
0

(1 + a2
yk

2
0)6

. (6.31)

The resulting decay rate is admittedly tricky to evaluate because of two reasons: First is the

remaining K dependence, second the unknown values of the dipole matrix elements within

P (d).
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We try to average over the angular dependencies and insert a rough estimate for the absolute

value of K. Since Eq. (6.31) is still specific to the xy orientation of the exciton, to obtain an

angular independent expression for the direct decay rate we integrate over the unit sphere of

K. This results in

Γ
(d)
K =

27a4
ye

4
~

135πΩε2
0ε

2
rm0

µ67

m0

P (d)

m2
0

k3
0 K2

(1 + a2
yk

2
0)6

. (6.32)

To estimate the absolute value K we treat the excitons as an ideal gas, thus yielding a thermal

energy of EK = 3
2kBT . It should be noted that this approximation might give a good quantita-

tive estimation for the thermal energy of excitons at low densities; however, at high densities

this assumption loses its validity. Nevertheless, for an approximate evaluation it shall be con-

sidered sufficient. At low temperatures it is reasonable to assume that the kinetic energy is

comparable to the thermal energy. Since the scattering rate Eq. (6.32) is quadratically depen-

dent of K we choose T = 1 K as a temperature beyond experimental setups [36] to provide

an upper threshold for the exciton momentum Kth and, therefore, for the scattering rate. The

resulting momentum is Kth ' 0.096 nm−1.

Since the required dipole matrix elements are unknown, we are restricted to approximations.

For II-VI semiconductors the coupling between Γ+
1 and Γ−

4 bands is known to be around

|p14|2/m0 ' 10 eV [50]. The coupling between Γ+
5 and Γ−

4 bands is far more intricate, but for

the sake of the approximation we assume |p14| ' |p45|. Taking the energetic positions of the dif-

ferent bands from chapter 2.1 we derive a rough estimate for the factor P (d)/m2
0 ' 0.56 eV−2.

While this is most certainly far fetched from a qualitative utilisable result, for a simple esti-

mation of the scale of the direct Auger decay it is considered satisfactory. In other works, the

Auger decay is generally expressed in terms of a position- and density-independent Auger co-

efficient A [38, 40, 136]. The relation between the Auger coefficient and the scattering rates

is defined as A = ΩΓ. Inserting the values we deduced into Eq. (6.32), the Auger coefficient

yields

A(d) ' Ω Γ
(d)
Kth

= 1.6 × 10−26 cm3ns−1 . (6.33)

In the context of our approximations for the dipole matrix elements and exciton momentum,

this can be considered as an upper boundary for the direct Auger coefficient. This is already

sufficient to rule out the direct scattering as a possible origin for the measured Auger decay

rates, as we will conclude at the end of this chapter.
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6.5. Phonon-assisted Auger decay rate

After treating the direct Auger decay rate and concluding that it is not the origin of the Auger

decay in Cu2O, we will now proceed to the treatment of the phonon-assisted Auger decay.

Again, we start with Fermi’s golden rule that takes the form of

Γ
(pa)
Auger =

2π

~

∑

K,P,Q,ke,kh

∣
∣
∣M (pa)(K,P,Q,ke,kh)

∣
∣
∣

2

× δ

[

E1Sy(K) + E1Sy(P) − E6c(ke) − E7v(kh) − ~ω3

]

. (6.34)

Similar to the previous section, we initially extract the delta distribution δke+kh;K−Q+P from

the matrix element M (pa) to eliminate the sum over kh. We assume K,P ' 0 again, thus

dropping the sums over the exciton momenta and get

Γ
(pa)
Auger =

2π

~

(
Ω

8π3

)2 ∫∫

d3ke d3Q
∣
∣
∣M (pa)(Q,ke)

∣
∣
∣

2

× δ

[

2E1Sy(0) −
(
E6c(ke) + E7v(−ke − Q)

)
− ~ω3

]

. (6.35)

To simplify Eq. (6.35), we first attempt to execute the delta distribution, which itself needs to

be simplified beforehand. We transform it via its scaling property into a shape where it can be

immediately applied to the angle between ke and Q. The delta distribution in Eq. (6.35) can

then be rewritten as

δ

[

2E1Sy(0) −
(
E6c(ke) + E7v(−ke − Q)

)
− ~ω3

]

=
|m7v|
~2keQ

δ
[
ze,Q + f(ke, Q)

]
, (6.36)

where ze,Q = cos θe,Q and θe,Q ] (ke,Q). The newly defined function contains

f(ke, Q) =
m7vẼ

~2keQ
+

Q

2ke
− m7vke

2µ67Q
=
σ(Q)

ke
− ν(Q) ke , Ẽ = 2E1Sy − Ey − ~ω3 . (6.37)

Next, we take a closer look at the angular orientations of ke and Q within the matrix element.

The final expression for the phonon scattering in Eq. (6.25) does not contain any further

spatial dependencies, so the integration over the angles of both momenta in Eq. (6.35) can be

restricted to the direct recombination matrix element of Eq. (6.22)

∫∫

Ωe,ΩQ

dΩe dΩQ

∣
∣
∣M (d)(ke,Q)

∣
∣
∣

2

=
210 a8

y β e4
~

2

Ω2 ε2
0 ε

2
r m

2
0

B̃2
87

(1 + a2
y k

2
e )6

∫∫

Ωe,ΩQ

dΩe dΩQ (eQ · ke)
2(eQ · p78)2 . (6.38)
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The first scalar product corresponds to the just defined eQ · ke = ke ze,Q angle. The second term

requires another approximation: Again, we only take the valence bands xy component into

account, under the premisse that the spatial dependence is later averaged out by an angular

integration. The coupling constants of the matrix elements can be obtained as Clebsch Gordan

coefficients [70] and results, without spin consideration, in

〈Γ−
3c|Q · p|Γ+

5v〉 → 〈Γ−
3c|Q · p|xy〉 = −

√

2

3
〈γ−

2 |Qz pz|xy〉 = −
√

2

3
Qz p78 . (6.39)

The direction of Qz is now inalterably set to the direction of the crystrallographic z-axis. To

proceed, we use the spherical cosine rule

cos θQ = cos θe,Q cos θe + sin θe,Q sin θe cosϕ , (6.40)

to get rid of the spatial dependence between Q and Qz. We start with the integration over

Q, therefore placing ke into the z axis. Thereby, the angle ϕ coincides to the azimuth angle

of the unit sphere ΩQ. Inserting Eq. (6.40) into the direct recombination matrix element of

Eq. (6.38), the angular integration yields

2π∫

0

1∫

−1

dϕdze,Q (ze,Q cos θQ)2 δ
[
ze,Q + f(ke, Q)

]

= πf2
(

2 f2 cos2 θe + (1 − f2) sin2 θe

)

Θ
[
1 − f

]
Θ
[
1 + f

]
. (6.41)

The Heaviside functions stem from the application of the delta distribution on the restricted

integration intervals of the polar coordinate. Subsequently, the angular integration for ke can

be executed and yields a rather simple solution

πf2

2π∫

0

1∫

−1

dϕe d(cos θe)
(

2 f2 cos2 θe + (1 − f2) sin2 θe

)

=
8

3
π2 f2 . (6.42)

with f ≡ f(ke, Q). We are left with the two integrals over |Q| and |ke|. The integration over

electron momentum is analytically solvable and given by

∞∫

0

dke
k3

e (f(ke, Q))2

(

1 + a2
yk

2
e

)6 Θ
[
1 − f(ke, Q)

]
Θ
[
1 + f(ke, Q)

]
. (6.43)

The Heaviside functions restrict the limits of our integration to the range of physically possible

electron momenta ke, depending on phonon momentum Q. The limits for the ke integration
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are

kmin =
µ67

|m7v|

∣
∣
∣
∣ Q−

√
m7v

m6c
Q2 − m7v

µ67
k̃2

∣
∣
∣
∣ , kmax =

µ67

|m7v|

[

Q+

√
m7v

m6c
Q2 − m7v

µ67
k̃2

]

,

(6.44)

with k̃2 = −2 m7v
~2 Ẽ and Ẽ being defined in Eq. (6.37). Note that m7v < 0 since it is the effec-

tive mass of the highest valence band dispersion, which is commonly bent downwards.

Technically, the Heaviside functions produce four boundaries, but the other two coincide with

the ones given in Eqs. (6.44), mirrored to negative momentum. The two resulting lower

bounds are switching places depending on Q, i.e. on the point where kmin = 0. Thus, in the

most general case the following integration over Q must be split into two separate integrals,

each featuring the ke integration with the corresponding positive kmin. However, the integrand

only depends on ke quadratically, so the absolute value of kmin is sufficient and the Q integra-

tion does not need to be split.

Applying the new limits to the integration yields

kmax∫

kmin

dke
σ2ke − 2σνk3

e + ν2k5
e

(

1 + a2
yk

2
e

)6

=
−ν2 + (3σ − 5νk2

e )νa2
y + (15νσk2

e − 10ν2k4
e − 6σ2)a4

y

60a6
y(1 + a2

yk
2
e )5

∣
∣
∣
∣
∣

kmax(Q)

kmin(Q)

= Ie(Q) , (6.45)

with σ = σ(Q) = − k̃2

2Q + Q
2 and ν = ν(Q) = m7v

2µ67Q . In the same way the integration limits of ke

are coupled to phonon momentum, the phonon momentum itself is inherently restricted by the

excess energy of the recombination. Physically, it can be visualised as the phonon momentum

not being able to exceed the energy necessary for recombination. The integration limits of Q

are inherently confined to

Qmin = 0 , Qmax =

√
m6c

µ67
k̃ , (6.46)

finally resulting in the definite expression for the phonon-assisted Auger decay

Γ
(pa)
Auger =

28 a8
yβe4

9π3 ρΩε2
0ε

2
rω3

|m7v|
m0

B̃2
87

|p78|2
m0

Qmax∫

0

dQ
Q
(

S(b,y)
1,1 (Q)D3;68(Q)

)2

|E1Sy(0) − E1Sb(Q)|2
Ie(Q) . (6.47)

All necessary parameters are found in appendix A.1. The dipole transition element was calcu-

lated in section 5.3.2. For the Q-dependent deformation potential D3;68 we recycle the results

from the previous chapter in Eqs. (5.28) and (5.29). The integration over Q is evaluated
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numerically. Finally we arrive at a distinct value for the Auger coefficient

A(pa) = Ω Γ
(pa)
Auger = 8.62 × 10−20 cm3ns−1 . (6.48)

6.6. Discussion

There are already several experimental and theoretical works that attempted to determine

the Auger coefficient. However, throughout the literature there exists great controversy about

this particular coefficient. There is a huge discrepancy between measured values, the earliest

work stating a value of A = 1 × 10−20 cm3ns−1 [41], and following measurements range from

A = 2 × 10−18 cm3ns−1 [36] over A = 7 × 10−17 cm3ns−1 [39,42] up to A = 4 × 10−16 cm3ns−1

[43]. Similarly, theoretical works that tried to calculate the coefficient end up several or-

ders of magnitude off of the experimental values with A = 2 × 10−21 cm3ns−1 [40] and

A = 3 × 10−22 cm3ns−1 [38, 125], respectively. Our calculated Auger coefficient (for the

phonon-assisted scattering), while converging closer to the experimental results than the pre-

vious theoretical attempts, is still several orders of magnitude below most of the measured

coefficients. A general explanation for these grave deviations is not yet found, but there is

a number of potential reasons for this discrepancy. One could be an insufficient theoretical

treatment. Certain approximations, like the complete negligence of exciton momentum or

the rigorous cutting of the expansion of the Bloch functions are not necessarily justified. Ad-

ditionally, there are effects that could potentially enhance the efficiency of the Auger decay,

e.g. influence of strain or defects in the crystal [43]. The possible influence of these effects

is not considered in our calculations. Besides that, there could also be additional effects in

the experimental setup that lead to the diminution of exciton density which obscure the Auger

contribution part. For example one reason might be the scattering on impurities due to poor

sample quality, or the formation of biexcitons [40,137].

Besides the big uncertainty about the precise value of the Auger coefficient, the temperature

dependence remains unclear. The theoretical calculations predict a linear temperature depen-

dence, while experiments found no or an inverse temperature dependence [42, 43, 81]. The

linear temperature dependence of preceding theoretical works simply stems from the series

expansion of the Bose-Einstein distribution of the excitons for small kinetic energies. Since we

disregarded exciton momentum and thus, consequently their distribution, we would expect no

temperature dependence. Of course this is only valid for low temperatures close to T & 0 K.

At higher temperatures the exciton distribution as well as the phonon distribution need to be

considered, but since we are interested in the regime close to the potential excitonic BEC, these

temperature ranges are not of interest for this work.
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6.7. Conclusion

The Auger decay is usually expressed as dn/dt = An2 where the Auger coefficientA is assumed

to be independent of position and particle density. In this chapter we derived the scattering

rates and thereby the Auger coefficients for the direct and phonon-assisted Auger decay pro-

cess in Cu2O.

As already predicted at the beginning of the chapter, the supposed contribution of the direct

Auger scattering is with A(d) = 1.6 × 10−26 cm3ns−1 almost seven orders of magnitude smaller

than the phonon-assisted Auger coefficient A(pa) = 8.62×10−20 cm3ns−1. Contrary to previous

theoretical works [38] we argued that the expansion of the overlap integrals for direct Auger

scattering can not couple to the Γ−
3 conduction band due to symmetry restrictions. This di-

minishes the potential contribution of the direct scattering even further than expected. The

calculation of the direct Auger coefficient required the use of a number of approximations,

since the required parameters are partially unavailable. However, the knowledge of precise

parameters is not necessary in this case, since the calculated value represents an upper bound-

ary, that is already sufficient to dismiss the contribution of the direct Auger decay.

For the phonon-assisted Auger scattering we were able to improve the theoretical description

by introducing the momentum-dependent optical deformation potential and treating the in-

termediate states after the phonon emission as exciton states rather than pure band states.

Furthermore, we receive the parameter of greatest uncertainty, the deformation potential, di-

rectly from the result of the previous chapter. Nevertheless, our calculated Auger coefficient

still deviates about several orders of magnitude from most of the experimentally determined

values. On one hand, this could suggest that some of the applied approximations are not jus-

tified. On the other hand, we see a significant variation between different experiments, which

impedes a precise pinpointing of the origin of the deviation. If we assume our calculated

Auger coefficient to be relatively close to the actual Auger decay rate of a high quality Cu2O

sample, according to [132,136] the formation of a BEC could be achieved for pump powers of

PLaser ≥ 50µW in a system of temperature Tbath = 0.037 K. This result would coincide with

the BEC signatures found in [36,133].

In retrospect, we can claim to have gained a significant improvement upon existing theoret-

ical treatments; however, there are still issues that a need further investigation due to the

complexity of semiconductor structures.
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Chapter 7.

Conclusion & outlook

In this work, we evaluated several fundamental properties of excitons in Cu2O. The first subtle

but nonetheless very important result, was the evaluation of the Suzuki-Hensel Hamiltonian

and the fit of its coupling parameters to spin-DFT calculations of the highest Γ+
5 valence band.

An outdated set of those parameters were published in [91] and are currently used in most of

the contemporary works on Cu2O excitons that utilise the Luttinger or Suzuki-Hensel Hamil-

tonian. Although the changes are miniscule it is advised to refer to the parameters introduced

in this work.

The nonparabolicity of the valence band was inserted into the Wannier equation to calculate

the deviation from the ideal Rydberg series. Unlike the usual approaches, the system was

solved in momentum space; however, that carries the disadvantage that the presented ansatz

only works for isotropic band dispersions. The resulting energy resonances have shown an

overall improvement, although a very good matching was only achieved for P excitons with

principal quantum number 7 ≥ n ≥ 18. For lower n the mixing to the green exciton series

and LO-phonon coupling yield a significant impact, for P excitons with n > 18 the Rydberg

blockade leads to an additional shift of the binding energies.

The evaluation of the yellow 1S paraexciton necessitated, apart from the nonparabolicity, the

application of a modified Coulomb interaction (in this case, the Pollmann-Büttner interaction)

that incorporates the polaron nature of the excitons constituents, including the corresponding

self-energy. To accomodate for the mixing of states, the two particle Schrödinger equation is

solved with a variational method. The calculated binding energies and exciton masses showed

very good correlation to the experimentally known values.

The phonon-assisted transition of yellow S excitons required the revision of the textbook solu-

tion derived by Elliott. His second-order perturbation approach was improved by assuming the

transitory states to be excitonic and the generalisation that the phonon deformation potential

exhibits a momentum dependence. The fit to the dominant Γ−
3 phonon absorption edge shows

a significant improvement to the old theoretical approach and moreover the solution bears

advantage that it is still derived completely analytically. A decisive statement about the higher

located phonon-assisted absorption bands and the resulting implication of state mixing shall
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not be made since the fitting range is highly restricted and the results are too speculative.

However, the fits of the Γ−
3 phonon absorption edge were immediately useful to revisit and

generalise the derivations for the phonon-assisted Auger decay. The resulting Auger coefficient

is closer to the experimental findings than earlier calculations, but still one to two orders of

magnitude too small. Since the experimental results themselves show strong deviations, it is

perceivable that the quality of the individual sample has a marked influence on the Auger de-

cay, in which a theoretical treatment of an ideal crystal could only serve as an lower boundary

anyway. It was also shown, that direct Auger recombination is of marginal importance.

One of the most pressing concerns, that was mostly disregarded in this work, is the coupling

between the different exciton series. As we have seen up to a certain point in this work, this

coupling still inherits importance for the individual exciton states of the yellow and green se-

ries, as well as for the phonon-assisted absorption. The respective participants are drastically

shaping absorption strength and potentially positioning. The mixing could also by trend affect

the Auger decay rate as it opens up the possiblity for the phonon-assisted decay of yellow ex-

citons via their respective green portion.

Inevitably, the coupling between the series tangentially implies that a proper treatment of

the green exciton series is necessary. The major issue of evaluating the green series with the

methods presented in chapter 3 and 4, is the fact that a direct inclusion of the coupling is

disregarded. While this apparently works for the yellow series, the coupling within the degen-

erate Γ+
8 valence bands is nonnegligible and leads to only one distinct green exciton series (if

exchange interactions are disregarded). However, the approaches used rely solely on the band

dispersions and henceforth would yield two separate green exciton series. Additionally, the

bands depict a strong anisotropy which complicates their general treatment and the Suzuki-

Hensel Hamiltonian does not reflect the Γ+
8 band dispersions properly over the same range as

it does for the Γ+
7 band.

The evaluation of the Auger coefficient also should realistically be done for a stressed crystal

system which downgrades the symmetry and thus opens up new potential decay channels.

Despite those apparent shortcomings in the presented theoretical procedures, the emerging

results still have their respective merits. The approach of chapter 3 to solve the Wannier equa-

tion in momentum space is a fresh perspective on an otherwise stale and expatiated theoretical

routine, that was not taken into consideration much as of yet. The general computation of the

exciton dispersion is also a topic that has not garnered much attention although it is closely

related to the fundamental properties of the exciton. The derivations of chapter 5 and 6 are

essentially improved theoretical models of existing theories, whereas especially the result of

chapter 5 shows a significant improvement and a striking agreement with the experiments

while still being analytically solvable, that it could potentially end up as a textbook solution.



Appendix A.

Tables

A.1. Parameters used throughout this work

Parameter description appearance Ref.

Ey = E1c(0) = 2.1720737 eV band gap (y)/energy of Γ+
1c band Sec. 2.1.1 [11], calc.

Eb = E3c(0) = 2.625 eV band gap (b)/energy of Γ−
3c band Sec. 2.3 [64]

m̃1c = m6c = 0.985m0 Γ+
1c band mass (polaron) Eq. (2.6) [67]

m̃7v = 0.575m0 Γ+
7v band mass (polaron) Sec. 2.2.3 [67]

∆p = 131 meV spin-orbit splitting Eq. (2.13) [61]

∆k ' 0 quadratic spin-orbit coupling Eq. (2.17) est.

A1 = −1.818 SH parameters Eq. (2.21) fit

A2 = 4.601

A3 = −2.269

ε(0) = ε1 = 7.5 permittivity in the limit cases Eq. (2.39) [23,84]

εint = ε2 = 7.27 calc.

ε(∞) = ε3 = 6.65 calc.

Ry(y) = 86.04 meV Rydberg energy of the yellow series Sec. 3.2.2 calc.

aL = 0.43 nm lattice constant of Cu2O Sec. 3.2.2 [107]

ρ = 6.14 × 103 kg/m3 density of Cu2O Sec. 5.3.2 [107]

nR = 2.94 refractive index Sec. 5.3.2 [77]

E
(p)
1Sy = 2.020598 eV 1S paraexc. energy (y) Sec. 4.2.1 [77]

E
(o)
1Sy = 2.03278 eV 1S orthoexc. energy (y) Sec. 5.3.2 [78]

E2Sy = 2.138 eV 2S orthoexc. energy (y) Sec. 5.3.3 [62]
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E1Sg = 2.154 eV 1S orthoexc. energy (g) Sec. 5.3.3 [62]

E1Sb = 2.569 eV 1S orthoexc. energy (b) Sec. 5.3.2 [64]

E1Sv = 2.715 eV 1S orthoexc. energy (v) Sec. 5.3.3 [64]

a
(p)
1Sy = 0.51 nm Bohr radius 1S paraexc. (y) Sec. 4.3.2 calc.

a
(o)
1Sy = 0.81 nm Bohr radius 1S orthoexc. (y) Sec. 5.3.2 [25]

ay = 1.1 nm Bohr radius n ≥ 2 exc. (y) Sec. 3.2.2 calc.

ag = 0.74 nm Bohr radius (g) Sec. 5.3.3 calc.

ab = 1.72 nm Bohr radius (b) Sec. 5.3.2 calc.

av = 1.36 nm Bohr radius (v) Sec. 5.3.3 calc.

M
(p)
1Sy = 2.61m0 1S paraexciton mass (y) Sec. 4.2.1 [77]

M
(o)
1Sy = 2.7m0 1S orthoexciton mass (y) Sec. 5.3 [109]

My = 1.56m0 n ≥ 2 exciton mass (y) Sec. 5.3.3 calc.

M1Sg = 2.61m0 1S exciton mass (g) Sec. 5.3.3 est.

|p78|2/m0 = 2.66 eV dme betw. Γ7v and Γ8c bands Sec. 5.3.2 calc.

Table A.1.: Table of all the Cu2O specific parameters needed and their first relevant appearance in this
work. They are either calculated, fitted, roughly estimated, or taken from external sources.
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A.2. Tables for the Oh point group

Symmetry is a potent tool in the shed of every semiconductor physicist. It allows for restrictions

and explanations of various interacting elements, narrowing down the amount of unknown

variables to an almost comprehensible size. From the composition of Cu2O, we can conclude

that all symmetry transformations concerning the unit cell belong to th Oh point group [70]. In

the Oh point group, there exist two, more or less equally popular, notations for the symmetry

around the Γ point, the Koster (K) and the Bouckaert (BSW) notation. In this work, we stick

to the Koster notation. The transcription between these two, as well as the respective basis

functions are given in Tab. A.2. In Tab. A.3, we give the multiplication table for the point groups

O and Td, which is also valid for Oh, since it is the direct product of Oh = O ⊗ C1 = Td ⊗ Ci

and therefore contains all the operations of the O, Td and Th point groups, i.e. those who send

a cube into itself.

K BSW States Basis functions

Γ+
1 Γ1 α+ 1

Γ+
2 Γ2 β+ (y2 − z2)(x2 − z2)(x2 − y2)

Γ+
3 Γ12 γ+

1 , γ+
2 (2z2 − x2 − y2) , (x2 − y2)

Γ+
4 Γ15′ δ+

1 , δ+
2 , δ+

3 yz(y2 − z2) , xz(x2 − z2) , xy(x2 − y2)

Γ+
5 Γ25′ ε+

1 , ε+
2 , ε+

3 yz , xz , xy

Γ−
1 Γ1′ α− Γ+

2 ⊗ Γ−
2

Γ−
2 Γ2′ β− xyz

Γ−
3 Γ12′ γ−

1 , γ−
2 Γ+

3 ⊗ Γ−
2

Γ−
4 Γ15 δ−

1 , δ−
2 , δ−

3 x , y , z

Γ−
5 Γ25 ε−

1 , ε−
2 , ε−

3 x(y2 − z2) , y(x2 − z2) , z2(x2 − y2)

Γ+
6 - - φ( 1

2
,− 1

2
) , φ( 1

2
, 1

2
)

Γ+
7 - - Γ+

2 ⊗ Γ+
6

Γ+
8 - - φ( 3

2
,− 3

2
) , φ( 3

2
,− 1

2
) , φ( 3

2
, 1

2
) , φ( 3

2
, 3

2
)

Γ−
6 - - Γ−

1 ⊗ Γ+
6

Γ−
7 - - Γ−

2 ⊗ Γ+
6

Γ−
8 - - Γ−

1 ⊗ Γ+
8

Table A.2.: States and basis functions for the different symmetries at zone centre. Additionally, it con-
tains the transcription between the Koster (K) and the Bouckaert (BSW) notation.
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Γ1 Γ2 Γ3 Γ4 Γ5 Γ6 Γ7 Γ8 ⊗
Γ1 Γ2 Γ3 Γ4 Γ5 Γ6 Γ7 Γ8 Γ1

Γ1 Γ3 Γ5 Γ4 Γ7 Γ6 Γ8 Γ2

Γ1 + Γ2 + Γ3 Γ4 + Γ5 Γ4 + Γ5 Γ8 Γ8 Γ6 + Γ7 + Γ8 Γ3

Γ1 + Γ3 + Γ4 + Γ5 Γ2 + Γ3 + Γ4 + Γ5 Γ6 + Γ8 Γ7 + Γ8 Γ6 + Γ7 + 2Γ8 Γ4

Γ1 + Γ3 + Γ4 + Γ5 Γ7 + Γ8 Γ6 + Γ8 Γ6 + Γ7 + 2Γ8 Γ5

Γ1 + Γ4 Γ2 + Γ5 Γ3 + Γ4 + Γ5 Γ6

Γ1 + Γ4 Γ1 + Γ2 + Γ3 Γ7

Γ1 + Γ2 + Γ3 + 2Γ4 + 2Γ5 Γ8

Table A.3.: Multiplication table for the groups O and Td.
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Representation Basis Projection Projection Cross-space

Oh operators on J = 3/2 on J = 1/2 (J = 3/2) ⊗ (J = 1/2)

Γ+
1 1 1 1 0

I ·σ 1 -2 0

Γ+
2 {IyIz}σx + c.p. JxJyJz + JzJyJx 0 0

Γ+
3 I2

x − I2
y

1
3(J2

x + J2
y ) 0 I2

x − I2
y

Ixσx − Iyσy
2
3(J2

x + J2
y ) 0 −(I2

x − I2
y )

{Ix(Iyσz − Izσy)} − {Iy(Izσx − uIxσz)} 0 0 −3
2 i(I2

x − I2
y )

Γ+
4 Ix

2
3Jx

4
3Jx Ix

σx
2
3Jx −2

3Jx −2Ix

Iyσz − Izσy 0 0 3iIX

(I2
x − 1

3I
2)σx + {IxIy}σy + {IzIx}σz

2
9Jx −20

9 Jx
5
6Ix

(I2
x − 1

3I
2)σx + 2

3 ({IxIy}σy + {IzIx}σz) 10
9 J

3
x − 41

18Jx 0 0

Γ+
5 {IyIz} 1

3{JyJz} 0 {IyIz}

Iyσz + Izσy
4
3{JyJz} 0 −2{IyIz}

(I2
y − I2

z )σx − ({IxIy}σy − {IzIx}σz) 0 0 3i{IyIz}

(I2
y − I2

z )σx + 2 ({IxIy}σy − {IzIx}σz) 2{(J2
y − J2

z )Jx} 0 0

Table A.4.: Tabulation of the 36 independent matrices constructed from I and σ, their assignment to the Oh representation of the cubic group,
and their projection on the JM subspaces [75]. The remaining basis operators for symmetries Γ+

3 , Γ+
4 and Γ+

5 are obtained by cyclic
permutation.
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A.4. Exciton binding energies

A.4.1. Experiments

S P D F

n [91] [62] [11] [91] [24] [24]

1 2.0330

2 2.1544 2.1484

3 2.160270 ± 2.0 · 10−5 2.1603 2.16135 2.16229 ± 2.0 · 10−5

4 2.165555 2.16609 2.166472 ± 2.0 · 10−5

2.1665182

2.1665448

2.1665773

5 2.168024 2.16829 2.16849480 2.16852583

2.16850568

2.16852396

2.16854615

6 2.169323 2.16948 2.16957671 2.16961126

2.16959665

2.16960891

2.16962508

7 2.170078 2.170182 2.17026399 2.17026787

2.17025707

2.17026569

2.17027629

8 2.170570 2.170635 2.17069335 2.17069497

9 2.170899 2.170944 2.17099485

10 2.171139 ± 1.0 · 10−5 2.171163 2.17118868

11 2.17129093 ± 2.8 · 10−7 2.171324 2.17134724

12 2.171416 ± 2.0 · 10−6 2.171446 2.17146712

13 2.1715170 ± 1.7 · 10−6 2.171541

14 2.1716159

15 2.1716758

16 2.1717248

17 2.1717653

18 2.1717989

19 2.171827

20 2.1718515

21 2.1718724

22 2.1718906

23 2.1719068

24 2.1719202

25 2.1719335

Table A.5.: Experimentally observed exciton energies. The binding energies used in chapter 3 are ob-
tained by subtracting the yellow band gap energy Ey (cf. Tab. A.1). For the F excitons, the
values in the right column contain the peak energies of the three absorption lines, while the
left column contains an average. All values are in eV.
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A.4.2. Calculated in chapter 3

n S P D F

1 −141.4425093

2 −32.4773464 −24.6897310

3 −12.9875971 −10.9439239 −10.0022113

4 −6.8426871 −6.0442042 −5.6448512 −5.4947525

5 −4.1944727 −3.8058511 −3.6028649 −3.5249822

6 −2.8259740 −2.6089442 −2.4925247 −2.4472639

7 −2.0303750 −1.8972494 −1.8245452 −1.7960219

8 −1.5281196 −1.4407165 −1.3923642 −1.3732688

9 −1.1911799 −1.1307650 −1.0970176 −1.0836230

10 −0.9543465 −0.9108694 −0.8863994 −0.8766488

11 −0.7816151 −0.7492969 −0.7309972 −0.7236823

12 −0.6518059 −0.6271348 −0.6130960 −0.6074697

13 −0.5518067 −0.5325497 −0.5215466 −0.5171273

14 −0.4731504 −0.4578334 −0.4490509 −0.4455170

15 −0.4101738 −0.3977916 −0.3906707 −0.3878009

16 −0.3589731 −0.3488218 −0.3429687 −0.3406066

17 −0.3167871 −0.3083617 −0.3034927 −0.3015254

18 −0.2816184 −0.2745494 −0.2704558 −0.2688000

19 −0.2519935 −0.2460050 −0.2425308 −0.2411241

20 −0.2268058 −0.2216890 −0.2187155 −0.2175104

21 −0.2052117 −0.2008061 −0.1982417 −0.1972015

22 −0.1865588 −0.1827393 −0.1805125 −0.1796084

23 −0.1703362 −0.1670042 −0.1650586 −0.1642680

24 −0.1561393 −0.1532164 −0.1515069 −0.1508114

25 −0.1436443 −0.1410674 −0.1395575 −0.1389426

26 −0.1325897 −0.1303074 −0.1289676 −0.1284213

Table A.6.: Numerical binding energies of the yellow excitons as calculated in chapter 3. All values in
meV.
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Appendix B.

Additional content

B.1. Degenerate k · p theory

B.1.1. Dresselhaus-Kip-Kittel parameters

Due to the cubic symmetry of the crystal, the different basis functions are invariant under

symmetry transformations and can always be retransformed back into each other. Therefore,

it is sufficient to evaluate one basis function of Γ+
5 , for example ε+

1 ∼ yz. The three parameters

of Eq. (2.10) can be identified as

L =
~

2

m2
0

∑

ν

|〈yz|px|ν〉|2
E5v − Eν

, (B.1a)

M =
~

2

m2
0

∑

ν

|〈yz|py|ν〉|2
E5v − Eν

, (B.1b)

N =
~

2

m2
0

∑

ν

〈yz|px|ν〉〈ν|pz|xy〉 + 〈yz|pz|ν〉〈ν|px|xy〉
E5v − Eν

. (B.1c)

The Hamiltonian (2.10) generally describes the interband coupling interaction of the k2 order

without considering intermediate states. From group theoretical analysis, we can infer that

the intermediate band symmetries need to fulfill ν = Γ+
5 ⊗ Γ−

4 = Γ−
2 ⊕ Γ−

3 ⊕ Γ−
4 ⊕ Γ−

5 for the

matrix elements to contain the unity representation Γ+
1 . Under consideration of the coupling

coefficients of the Oh group [70], the interaction with the different bands can be expressed via

those parameters as

L =
~

2

2m0
(F + 2G) , (B.2a)

M =
~

2

2m0
(H1 +H2) , (B.2b)

N =
~

2

2m0
(F −G+H1 −H2) (B.2c)
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with

F =
2

m0

∑

`=Γ−

2

|〈xy|pz|β−, `〉|2
E5v − E`

, (B.3a)

G =
2

m0

∑

`=Γ−

3

|〈xy|pz|γ−
2 , `〉|2

E5v − E`
, (B.3b)

H1 =
2

m0

∑

`=Γ−

4

|〈xy|py|δ−
1 , `〉|2

E5v − E`
, (B.3c)

H2 =
2

m0

∑

`=Γ−

5

|〈xy|py|ε−
1 , `〉|2

E5v − E`
. (B.3d)

The corresponding basis functions of the states used in Eqs. (B.3) are given in in Tab. A.2.

B.1.2. Luttinger-Kohn Hamiltonian in JM representation

The JM base states are given in Eqs. (B.11) and (B.12). From these we receive a matrix that

represents the transformation |JM〉 = S|LS〉 and is given by [138]

S =




















|3
2 ,

3
2〉 |3

2 ,
1
2〉 |3

2 ,−1
2〉 |3

2 ,−3
2〉 |1

2 ,
1
2〉 |1

2 ,−1
2〉

|ε1, s
+〉 1√

2
0 − 1√

6
0 0 − 1√

3

|ε2, s
+〉 i√

2
0 i√

6
0 0 i√

3

|ε3, s
+〉 0 −

√
2
3 0 0 1√

3
0

|ε1, s
−〉 0 1√

6
0 1√

2
1√
3

0

|ε2, s
−〉 0 i√

6
0 − i√

2
i√
3

0

|ε3, s
−〉 0 0 −

√
2
3 0 0 1√

3




















(B.4)

with the spin functions s± = ±1/2. The LK Hamiltonian in JM base is given by
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HLK =



















P +Q −S R 0 −S/
√

2
√

2R

−S† P −Q 0 R −
√

2Q
√

3/2S

R† 0 P −Q S
√

3/2S† √
2Q

0 R† S† P +Q −
√

2R† −S†/
√

2

−S†/
√

2 −
√

2Q
√

3/2S −
√

2R P + ∆p 0
√

2R† √

3/2S† √
2Q −S/

√
2 0 P + ∆p



















|3/2, 3/2〉
|3/2, 1/2〉
|3/2,−1/2〉
|3/2,−3/2〉 (B.5)

|1/2, 1/2〉
|1/2,−1/2〉

with

P =
~

2

2m0

(
1

me
+ γ1

)

k2 − e2

ε r
(B.6a)

Q =
~

2

2m0
γ2(k2

x + k2
y − 2k2

z)

= −4k2

√
π

5
γ̃2 Y2,0 = Q̃ Y2,0 k

2 (B.6b)

R =
~

2

2m0

√
3
[

γ2(k2
y − k2

x) + 2iγ3 kxky

]

= 2k2

√

2π

5
[γ̃3(Y2,2 − Y2,−2) − γ̃2(Y2,2 + Y2,−2)] (B.6c)

= (R̃1Y2,2 + R̃2Y2,−2)k2 (B.6d)

S =
~

2

2m0
2
√

3 γ3(kx − iky)kz

= 4k2

√

2π

5
γ̃3 Y2,−1 = S̃Y2,−1 k

2 (B.6e)

and γ̃i = ~
2/(2m0)γi as well as Y`,m = Y`,m(Ωk). The γi are known as Luttinger parameters

and connect to the SH parameters in the following way

γ1 = −A1 (B.7a)

γ2 =
A2

6
(B.7b)

γ3 =
A3

6
(B.7c)
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B.1.3. Suzuki-Hensel parameters

The Ai parameters correspond to the interband coupling as they are found in H(2), or in

Eqs. (B.1), respectively. They can be expressed as [75]

A1 =1 +
1

3
(F + 2G+ 2H1 + 2H2) , (B.8a)

A2 = − F − 2G+H1 +H2 , (B.8b)

A3 = − F +G−H1 +H2 , (B.8c)

with the coupling parameters used as they are defined in Eqs. (B.3). The Bi parameters are

all connected to the momentum dependent spin-orbit coupling; hence, they are connected to

Hso,k. They are related to each other by

B2 = B3 = −3

2
B1 = ∆k , (B.9)

with ∆k being defined in Eq. (2.17).

The fitted SH parameters from Eq. (2.25) can be used to approximate the band coupling con-

stants given in Eqs. (B.8). From the several band structure calculations [54–59] and in agree-

ment with Fig. 2.2, we recognise that there exist no bands with symmetry Γ−
2 close to the

Γ+
5 valence band, thus according to Eq. (B.3a), we assume F ' 0. Then the system of equa-

tions (B.8) is solvable and we receive the band coupling constants as

G = −2.943 , H1 = −0.979 , H2 = −0.305 . (B.10)

The coupling constant G dominates, as anticipated with the Γ−
3 conduction band being closest

to the Γ+
5 valence band. It is peculiar that all three coupling constants are negative, implying

that the Γ+
5 valence band is predominantly interacting with the conduction bands. Taking a

look at Fig. 2.2, this is not surprising for G and H2; however, for H1 we would have expected

the highest Γ−
4 valence band to yield a stronger influence on the Γ+

5 valence band structure

due to its energetically close positioning. The negative value of H1 though indicates that the

coupling strength of the Γ−
4 valence band is overcompensated significantly by the two higher

located Γ−
4 conduction bands.

With the band coupling constants it is possible to calculate the dipole transition matrix ele-

ments given in Eqs. (B.3). This is of further interest in section 5.3.
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B.2. Composition of S exciton wave functions

The yellow and green series of excitons in Cu2O both stem from the coupling of the Γ+
6 conduc-

tion band to the Γ+
7 and Γ+

8 valence band, respectively. However, both valence bands originate

from the same Γ+
5 valence band that subsequently splits due to spin-orbit interaction. Thus,

the Bloch functions occurring in the transition matrix elements are still constructed from the

Γ+
5 valence band basis functions ε+

1 ∼ yz, ε+
2 ∼ xz, ε+

3 ∼ xy. The same holds true for the blue

and violet exciton series’. With the aid of the coupling coefficients of the Oh point group [70],

we can construct the bands of interest, starting with the Γ+
7 valence band

|7v,− 1
2
〉 = − 1√

3

(
i|yz〉 ⊗ |s+

h 〉 + |xz〉 ⊗ |s+
h 〉 − i|xy〉 ⊗ |s−

h 〉
)
,

|7v,+ 1
2
〉 = − 1√

3

(
i|yz〉 ⊗ |s−

h 〉 − |xz〉 ⊗ |s−
h 〉 + i|xy〉 ⊗ |s+

h 〉
)
, (B.11)

and the Γ+
8 valence band

|8v,− 3
2
〉 =

1√
6

(
− i|yz〉 ⊗ |s−

h 〉 + |xz〉 ⊗ |s−
h 〉 + 2i|xy〉 ⊗ |s+

h 〉
)
,

|8v,− 1
2
〉 =

1√
2

(
i|yz〉 ⊗ |s+

h 〉 − |xz〉 ⊗ |s+
h 〉
)
,

|8v,+ 1
2
〉 = − 1√

2

(
i|yz〉 ⊗ |s−

h 〉 + |xz〉 ⊗ |s−
h 〉
)
,

|8v,+ 3
2
〉 =

1√
6

(
i|yz〉 ⊗ |s+

h 〉 + |xz〉 ⊗ |s+
h 〉 + 2i|xy〉 ⊗ |s−

h 〉
)
. (B.12)

In a similar fashion we can express the Γ+
6 conduction band

|6c,− 1
2
〉 = |α+〉 ⊗ |s−

e 〉 ,
|6c,+ 1

2
〉 = |α+〉 ⊗ |s+

e 〉 , (B.13)

and the Γ−
8 conduction band

|8c,− 3
2
〉 = |γ−

2 〉 ⊗ |s+
e 〉

|8c,− 1
2
〉 = |γ−

1 〉 ⊗ |s−
e 〉

|8c,+ 1
2
〉 = −|γ−

1 〉 ⊗ |s+
e 〉

|8c,+ 3
2
〉 = −|γ−

2 〉 ⊗ |s−
e 〉 , (B.14)

with α+ and γ−
i denoting the basis functions of Γ+

1 and Γ−
3 symmetry, respectively. The indices

on s± denote electron (e) and hole (h) spin functions. To simplify the calculations we transform
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the hole spin functions into the “missing electron scheme” according to

|s+
h 〉 = |s−

e 〉 , (B.15a)

|s−
h 〉 = −|s+

e 〉 . (B.15b)

Those band states compose the four exciton series. The different states of each series are given

as superpositions of these band states. Again, they are determined by the coupling coefficients

of the Oh group [70]. For the yellow series we receive Γ+
6c ⊗ Γ+

7v = Γ+
2 ⊕ Γ+

5

|2〉y =
1√
2

(
|6c,+ 1

2
〉|7v,− 1

2
〉 − |6c,− 1

2
〉|7v,+ 1

2
〉
)
,

|Y Z〉y =
i√
2

(
|6c,+ 1

2
〉|7v,+ 1

2
〉 − |6c,− 1

2
〉|7v,− 1

2
〉
)
,

|XZ〉y =
1√
2

(
|6c,− 1

2
〉|7v,− 1

2
〉 + |6c,+ 1

2
〉|7v,+ 1

2
〉
)
,

|XY 〉y = − i√
2

(
|6c,+ 1

2
〉|7v,− 1

2
〉 + |6c,− 1

2
〉|7v,+ 1

2
〉
)
, (B.16)

for the green series Γ+
6c ⊗ Γ+

8v = Γ+
3 ⊕ Γ+

4 ⊕ Γ+
5

|31〉g = −1

2

(
|6c,− 1

2
〉|8v,+ 1

2
〉 + |6c,+ 1

2
〉|8v,− 1

2
〉
)
,

|32〉g = −1

2

(
|6c,− 1

2
〉|8v,− 3

2
〉 + |6c,+ 1

2
〉|8v,+ 3

2
〉
)
,

|X〉g =
i√
8

(√
3|6c,− 1

2
〉|8v,+ 3

2
〉 +

√
3|6c,+ 1

2
〉|8v,− 3

2
〉 − |6c,− 1

2
〉|8v,− 1

2
〉 − |6c,+ 1

2
〉|8v,+ 1

2
〉
)
,

|Y 〉g =
1√
8

(
|6c,− 1

2
〉|8v,− 1

2
〉 +

√
3|6c,− 1

2
〉|8v,+ 3

2
〉 −

√
3|6c,+ 1

2
〉|8v,− 3

2
〉 − |6c,+ 1

2
〉|8v,+ 1

2
〉
)
,

|Z〉g =
i√
2

(
|6c,+ 1

2
〉|8v,− 1

2
〉 − |6c,− 1

2
〉|8v, 1

2
〉
)
,

|Y Z〉g = − i√
3

(√
3|6c,− 1

2
〉|8v,− 1

2
〉 + |6c,− 1

2
〉|8v,+ 3

2
〉 + |6c,+ 1

2
〉|8v,− 3

2
〉 +

√
3|6c,+ 1

2
〉|8v,+ 1

2
〉
)
,

|XZ〉g = − 1√
3

(√
3|6c,− 1

2
〉|8v,− 1

2
〉 − |6c,− 1

2
〉|8v,+ 3

2
〉 + |6c,+ 1

2
〉|8v,− 3

2
〉 −

√
3|6c,+ 1

2
〉|8v,+ 1

2
〉
)
,

|XY 〉g =
i

2

(
|6c,+ 1

2
〉|8v,+ 3

2
〉 − |6c,− 1

2
〉|8v,− 3

2
〉
)
, (B.17)

and in the same fashion, we receive the individual states for the blue Γ−
8c ⊗Γ+

7v = Γ−
3 ⊕Γ−

4 ⊕Γ−
5

and the violet series Γ−
8c ⊗ Γ+

8v = Γ−
1 ⊕ Γ−

2 ⊕ Γ−
3 ⊕ 2Γ−

4 ⊕ 2Γ−
5 . For our purposes it is sufficient

to concern ourselves only with their Γ−
4 states, as they are the only ones that are accessible via

the dipole operator p. Also is satisfactory to investigate only one state since the result for all

spatial orientations should be equivalent due to the cubic symmetry. For the blue excitons, the



Additional content 113

Γ−
4 state of interest is

|Z〉b =
i√
2

(
|8c,+ 3

2
〉|7v,+ 1

2
〉 − |8c,− 3

2
〉|7v,− 1

2
〉
)
, (B.18)

the violet series possesses two Γ−
4 states

|Z〉v,1 =
i√
20

(
|8c,− 1

2
〉|8v,+ 1

2
〉 + |8c,+ 1

2
〉|8v,− 1

2
〉 − 3|8c,+ 3

2
〉|8v,− 3

2
〉 − 3|8c,− 3

2
〉|8v,+ 3

2
〉
)
,

|Z〉v,2 =
−i√
20

(
3|8c,− 1

2
〉|8v,+ 1

2
〉 + 3|8c,+ 1

2
〉|8v,− 1

2
〉 + |8c,+ 3

2
〉|8v,− 3

2
〉 + |8c,− 3

2
〉|8v,+ 3

2
〉
)
.

(B.19)

All these states are only applicable to S-like excitons, since the symmetry of the envelope

function was not taken into consideration.

B.3. Transition strength of the Cu2O exciton series

The dipole operator p has symmetry Γ−
4 while the operator (e · p)(k · r), resulting from the

expansion of the plane wave eik · r, yields the symmetry Γ−
4 ⊗ Γ−

4 = Γ+
1 ⊕ Γ+

3 ⊕ Γ+
4 ⊕ Γ+

5 , which

corresponds to the electric quadrupole (Γ+
3 ⊕ Γ+

5 ) and the magnetic dipole transitions (Γ+
4 ).

We are denoting the band to band quadrupole transition matrix element between the Γ+
5v and

the Γ+
1c band as

〈ε+
3 | Q |α+〉 =

1√
3

Q15 , (B.20)

and the band to band dipole transition matrix element between Γ+
5v and Γ−

3c bands as

〈ε+
3 | p |γ−

2 〉 = P35 . (B.21)

The dipole transition element is known from the fit of the SH Hamiltonian, as it appears in

Eq. (B.3b). We are now able to calculate the relative strength of the quadrupole transition for

the yellow and green, as well as the dipole transition strength of the blue and violet transition,

respectively. For the yellow and green exciton series only the orthoexcitons are quadrupole ex-

citable; thus, we are only interested in excitons with Γ+
5 symmetry. Due to the cubic symmetry

of the semiconductor the oscillator strength of all states should be the same; hence, it is suffi-

cient to investigate only one state. By inserting Eqs. (B.11), (B.12) and (B.13) into Eqs. (B.16)
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and (B.17) we receive for the quadrupole matrix elements

〈0| Q |XY 〉y = −
√

2

3
Q15 , (B.22)

〈0| Q |XY 〉g =
2

3
Q15 . (B.23)

This implies that the oscillator strength for the direct quadrupole transition is twice as strong

for the green series as for the yellow series orthoexcitons

fy : fg = 1 : 2 . (B.24)

The relative transition strength of the blue and violet exciton states can be calculated in a

similar fashion. We are only interested in the Γ−
4 states since they are accessible via the dipole

operator p. The resulting dipole transition matrix elements then read as

〈0| p |Z〉b = −
√

2

3
P35 , (B.25)

〈0| p |Z〉v,1 = −
√

6

5
P35 , (B.26)

〈0| p |Z〉v,2 = −
√

2

15
P35 , (B.27)

which consequently yields the ratio between oscillator strengths for a direct dipole transition

to be

fb : fv,1 : fv,2 = 1 :
9

5
:

1

5
. (B.28)

For the phonon assisted transition that was investigated in chapter 5, we additionally need to

consider the transition strength of the phonon process. The transition probability has the form

P0,µ ∝
∑

λ

∣
∣
∣
∣
∣

∑

ν

〈Ψµ|hλ|Ψν〉〈Ψν |p|Ψ0〉
∣
∣
∣
∣
∣

2

. (B.29)

As we are primarily interested in the transition that is facilitated by the Γ−
3 phonon, we restrict

the sum over λ to the constituents of this respective phonon branch. The intermediate blue and

violet states possess Γ−
4 symmetry and thus, the Γ−

3 phonon can theoretically scatter into Γ−
4 ⊗

Γ−
3 = Γ+

4 ⊕ Γ+
5 states. For the yellow series only the Γ+

5 iton states contribute, the green series

exhibits Γ+
5 ortho- as well as Γ+

4 paraexciton states. However, since the Γ−
3 phonon transition

cannot inflict a change to the spin-configuration of the intermediate state, the scattering into

Γ+
4 states is not occurring, i.e. the blue and violet Γ−

4 states are orthoexcitons; therefore, the

phonon can only scatter into other orthoexcitons. This can also readily be seen when the

coupling strengths of the transitions are evaluated, where the Γ+
4 participating states cancel
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each other out. The Γ−
3 phonon transition operator1 h3 has two constituents, η31 and η32 . Their

coupling between the Γ−
8 and Γ+

6 conduction band can be expressed via

η31












|8c,− 3
2
〉

|8c,− 1
2
〉

|8c,+ 1
2
〉

|8c,+ 3
2
〉












=
D̃3;68√

2












0

|6c,− 1
2
〉

−|6c,+ 1
2
〉

0












, (B.30)

η32












|8c,− 3
2
〉

|8c,− 1
2
〉

|8c,+ 1
2
〉

|8c,+ 3
2
〉












=
D̃3;68√

2












−|6c,+ 1
2
〉

0

0

|6c,− 1
2
〉












, (B.31)

with D̃λ,ij = 〈ψi|hλ|ψj〉 = ~Dλ,ij /
√

2ΩρEλ. The transformed intermediate Γ−
4 states receive

the structure of their Γ+
5 counterparts, and utilising the orthonormality of the exciton states

then eliminates coupling to most of the states. The phonon transition elements then read as

follows

y〈XY | η31 |Z〉b = 0 , (B.32)

y〈XY | η32 |Z〉b = −D̃3;68√
2
, (B.33)

g〈XY | η31 |Z〉v1 = 0 , (B.34)

g〈XY | η32 |Z〉v1 = −3

2

D̃3;68√
5
, (B.35)

g〈XY | η31 |Z〉v2 = 0 , (B.36)

g〈XY | η32 |Z〉v2 = −1

2

D̃3;68√
2
, (B.37)

In this case, the choice of our intermediate states spares us from a separate evaluation of the

η31 component. The transition probability for the phonon assisted transition into the yellow

series is then given by

P0,y ∝ | y〈XY | η32 |Z〉b b〈Z| p |0〉 |2 =
1

3
D̃2

3;68 P2
35 , (B.38)

1The momentum subscript Q as introduced in chapter 5 is dropped here, since it carries no relevance in these
considerations and strictly speaking the symmetry restriction only apply for Q = 0.
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the transition probability into the green series results in

P0,g ∝
∣
∣
∣
∣
∣

2∑

i=1

g〈XY | η32 |Z〉vi vi〈Z| p |0〉
∣
∣
∣
∣
∣

2

=
2

3
D̃2

3;68 P2
35 . (B.39)

From this, we concur that the ratio of oscillator strength between yellow and green phonon-

assisted absorption has to be

f
(3)
y,b : f (3)

g,v = 1 : 2 . (B.40)

B.4. Minor absorption contributions of section 5.3.3

While the Γ−
3 phonon process inherits a great portion of the absorption background, there are

still other processes that need to be addressed to reproduce the absorption shape faithfully.

The absorption of the Γ−
4 LO phonon has already been discussed at the end of section 5.2. Its

absorption edge is visible in Fig. 5.1 and will be fitted via Eq. (5.21). It results in

(

|p741 |2
m0

|D4;416|2
(E4c1 − E1c)2

+
|p742 |2
m0

|D4;426|2
(E4c2 − E1c)2

+
|p643 |2
m0

|D4;437|2
(E4v3)2

)

= 391.9
eV

nm2
. (B.41)

This fit is imprecise and should only be considered as an indication of its magnitude for several

reasons. There are potentially three bands that contribute to this process, which we cannot ef-

fectively distinguish. Additionally, their precise positions in the band structure are not known.

The momentum dependence of the deformation potentials is neglected. The absorbtion edge

is very close to the 2P resonance, which only leaves a small energy range for fitting. The pho-

ton energy in the denominator is set to the gap energy since those three bands are supposedly

far away from the band gap. Also, we only consider the absorption into the 1S state since its

general contribution is miniscule.

To achieve a well-rounded depiction of the absorption spectrum, the absorption into yellow

P exciton states needs to be considered. In this case, there will be no further derivation nor

explanation of the equations used, as this only represents an empirical fit upon the phonon-

assisted absorption into the S states. For detailed information, see the respective citations.

The P absorption can be divided into three separate parts: The exciton resonances below the

band gap, the direct absorption into the continuum, and the phenomenological Urbach tail

αP =
∑

n=2

αnP + αPcont + αUrbach . (B.42)

Since the fit of the resonances requires the substraction of the Urbach tail, which subsequently

depends on the absorption strength into the continuum, we start off by fitting the continuum
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n 2P 3P 4P

~ωn [11] (eV) 2.1472 2.1612 2.16604

CnP (10−5eV/µm) 1.587 0.793 0.2645

ΓnP (meV) 3.86 1.93 1.29

ξnP (10−3) -4.32 -4.32 -4.32

Table B.1.: Fit parameters for the P exciton resonances in the 10µm sample [108].

first. It corresponds to the direct transition between the Γ1c and Γ5v bands, enhanced by a

Sommerfeld factor and is given by [51,119]

αPcont(ω) = CyP
(~ω − Ẽy)3/2

~ω

γ eγ

sinh γ

(

1 +
γ2

π2

)

, (B.43)

with

γ =

√
√
√
√
π2 Ry(y)

~ω − Ẽy
, (B.44)

and CyP incorporating the direct transition matrix element. Recently, it was shown that the

continuum absorption is shifted by an energy ∆c into the P states due to plasma screening of

charged residual impurities [31]. The renormalised band gap Ẽy = Ey + ∆c reflects the band

gap shift due to plasma screening. It depends on the sample properties and thus is different for

the thick and thin sample. Here, we are only interested in the thin (10µm) sample. Roughly,

∆c can be estimated from the energy of the highest visible P exciton line (nmax = 4) via

−87 meV/n2
max. The fit of the direct transition strength yields

CyP = 9.82 × 10−02 (
√

eVµm)−1 . (B.45)

The Urbach tail is given by [139,140]

αUrbach(ω) = CU exp

(

~ω − Ẽy

EU

)

θ(Ẽy − ~ω) , (B.46)

with EU being the Urbach parameter. The fit results in CU = 7.34 × 10−03 µm−1 and EU =

9.8 meV. The oscillator strength of the P resonances varies with principal quantum number

as (n2 − 1)/n5. The lineshape of the excitons can be described via asymmetric Lorentzians as

derived by Toyozawa [13,141]

αnP(ω) = CnP
ΓnP/2 + 2ξnP ~(ω − ωn)

(ΓnP/2)2 + ~2(ω − ωn)2
, (B.47)
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where CnP is proportional to the oscillator strength, ΓnP the natural linewidth, ωn the reso-

nance frequency and ξnP the asymmetry parameter. The resulting values of these parameters

are listed in Tab. B.1.
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