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Abstract

A fundamental question of quantum optics is whether a physical state can be
described by using solely classical electrodynamics or, conversely, whether the state
is nonclassical. Over the last decades an enormous amount of effort was spent to
investigate this issue by use of different strategies. A widely accepted definition of
nonclassicality is related to the phase-space P representation, which was introduced
by Glauber and Sudarshan in 1963. The developed criterion can be used to verify
nonclassicality of a state at one particular point in time. However, it cannot be
applied to multiple points in time. Such a scenario is important, for example in the
description of photon antibunching. In this thesis, based on a multi-time-dependent
generalization of the P function, the so-called P functional, which was introduced
in 2008, a technique is developed to reveal nonclassicality with respect to multiple
points in time. In this multi-time scenario novel effects occur, which are not present
in the single-time case. Those effects and their impact are extensively discussed. The
criteria eventually derived can be applied to arbitrary dynamics and any number
of points in time. In the course of the investigation of explicitly time-dependent
Hamiltonians, the detuned nonlinear Jaynes-Cummings model is considered. It is
shown that its dynamics can be solved exactly if the Hilbert space is extended. The
resulting evolution reveals many interesting effects, such as anomalous quantum
correlations. It turns out that the model is especially suitable to study non-equal-time
commutators of the corresponding Hamiltonian, since they can be obtained from a
measurement of the excited electronic-state occupation probability.






Zusammenfassung

Eine fundamentale Frage der Quantenoptik ist, ob ein physikalischer Zustand
ausschlief3lich mittels klassischer Elektrodynamik beschrieben werden kann oder
ob er nichtklassisch ist. Wahrend der letzten Jahrzehnte wurde enormer Aufwand
betrieben, um diese Frage mittels verschiedener Strategien zu beantworten. Eine
weithin akzeptierte Definition von Nichtklassizitit bezieht sich auf die Phasenraum
P Darstellung, welche 1963 von Glauber und Sudarshan eingefiihrt wurde. Das
entwickelte Kriterium kann genutzt werden, um Nichtklassizitdt eines Zustands fiir
einen bestimmten Zeitpunkt nachzuweisen. Allerdings kann es nicht fiir mehrere Zeit-
punkte angewendet werden. Solch ein Szenario ist beispielsweise bei der Beschrei-
bung von Photon Antibunching wichtig. Basierend auf einer mehrzeitlichen Verallge-
meinerung der P Funktion, dem so genannten P Funktional, das 2008 eingefiihrt
wurde, wird in dieser Arbeit eine Technik entwickelt, um Nichtklassizitit im Hinblick
auf mehrere Zeitpunkte aufzuzeigen. In diesem Mehrzeitszenario treten neue Ef-
fekte auf, die im einzeitlichen Fall nicht vorhanden sind. Diese Effekte und deren
Einfliisse werden detailliert diskutiert. Die schlussendlich hergeleiteten Kriterien
koénnen auf beliebige Dynamiken und Zeitpunkte angewendet werden. Im Zuge
der Untersuchung von explizit zeitabhdngigen Hamiltonoperatoren wird das ver-
stimmte nichtlineare Jaynes-Cummings Modell betrachtet. Es wird gezeigt, dass die
entsprechende Dynamik exakt gelost werden kann, wenn der Hilbertraum erweitert
wird und dass die resultierende Entwicklung viele interessante Effekte aufzeigt, wie
zum Beispiel anomale Quantenkorrelationen. Es zeigt sich, dass das Modell insbeson-
dere fiir die Untersuchung von nichtgleichzeitigen Kommutatoren des zugehorigen
Hamiltonoperators geeignet ist, da diese Kommutatoren direkt aus einer Messung
der Besetzungswahrscheinlichkeit des angeregten elektronischen Zustands ermittelt
werden kénnen.
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1. Introduction

In the wide-ranging field of quantum optics, physical states of quantized light fields can be subdivided
into classical and nonclassical states. The notion nonclassical state means that the state under study
reveals features, which cannot be described by using classical electrodynamics and physical statistics
alone. These features can be expressed via field correlation functions, which describe the full statistical
properties of the state. If the outcome of a measurement of such correlation functions cannot be
explained by using only classical physics—i.e., classical electrodynamics and mechanics—the state is
called nonclassical. Prominent examples of these nonclassical effects are squeezing [1-6], sub-Poisson
photon statistics [7-10], and antibunching [11-15]. Since the development of quantum mechanics, it
was, and currently still is, an important question, how nonclassicality can be algebraically defined and
how it can be verified for general quantum states.

A first problem arises due to the transition from the classical to the quantum regime, i.e., when the
classical field variables (like position and momentum) are replaced by operators over Hilbert spaces. Such
operators do, in general, not commute and hence, field correlation functions are subjected to a specific
operator ordering. The most famous ordering prescriptions are normal, anti-normal, and symmetric
ordering which will be discussed within the first chapter of this thesis. But which one of them is suitable
in order to reveal nonclassical properties? In 1963, Glauber and Sudarshan introduced the P function
representation [16,17], by which general normal-ordered correlation functions can formally be expressed
as a classical stochastic process. Furthermore, any quantum state—i.e., its density operator—can be
expressed as a pseudo-mixture of coherent states with the P function as weighting factor. Coherent
states are, to put it simply, the quantum states, whose expectation value of the electromagnetic field
operator attains the form of a classical electromagnetic wave. Thus, they can be seen as reference states,
dividing the classical and the nonclassical regime. On the basis of this finding, Titulaer and Glauber [18]
formulated an universal classification of nonclassicality: If the Glauber-Sudarshan P function [16,17]
does not fulfill the properties of a classical probability density, especially positive semi-definiteness, the
corresponding state is referred to as nonclassical. Remarkably, based on the theory of photocounting
detection by Kelley and Kleiner [19], the outcome of a photocounting measurement can be explained in
terms of normal ordered expectation values. Some further comments on the P function will follow in
the first chapter of this thesis.

Why not simply measure the P function and probe for its negativities? Unfortunately, the P function
is highly singular for many states and thus, cannot be directly observed in experiments. To overcome this

circumstance, several approaches were introduced, which are collectively referred to as nonclassicality
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criteria. Criteria, which are closely related to P, can be based on the Fourier transform of P [20-24],
determinants of normal-ordered moments [25,26] or unifications [27] of both. Disadvantageously, such
criteria are in general no necessary statements as only a finite number of orders can be considered. In
2010, a method was developed for a negativity-preserving regularization of the Glauber-Sudarshan P
function [28], which is in general still a complete representation of the state under study. This method
was extensively investigated, extended, and applied to experiments [29-37]. However, the mentioned
approaches are restricted to a single point in time, i.e., correlation functions, which are evaluated at one
time only. Yet, it is well known that some quantum effects can only be understood if multiple points in
time are considered. Prominent examples are photon antibunching [11-15], which, from the algebraic
point of view, is the violation of an inequality involving two-time-dependent correlation functions of
the field operators, and higher-order correlation measurements [38]. In 2008, a generalization of the
Glauber-Sudarshan P function was introduced, called the P functional [39], with which it is possible to
express the expectation values of general normal- and time-ordered correlation functions formally as a
classical stochastic process. Thus, the P functional allows for a treatment of normal- and time-ordered
multi-time effects in terms of a quasiprobability representation. Unfortunately, the former may be highly
singular as well and, until now, it was not clear whether a regularization procedure, as in the single-time
case (Ref. [28]), could be employed. Similar to the single-time considerations, a correlation measurement
of multiple photodetectors includes, as a natural extension, both normal- and time-ordering prescriptions.

Another fundamental topic, which arises from the non-commutativity of field operators, or Hamilto-
nians, at different points in time is the time ordering. This particular effect is present in all quantum
interaction problems which contain an explicitly time-dependent Hamiltonian and occurs naturally in
the time-evolution operator. As the inclusion of time ordering generally increases the complexity of the
underlying equations of motion, it is an important question whether consequent effects have a significant
impact or if they can be neglected. Furthermore, the general question arises if such effects may cause
nonclassicality, or not. To answer this issue, the Magnus expansion [40,41] can be used, as this method
allows for an unitary description of the time-evolution operator with the advantage that arbitrary orders
of time ordering can be included.

An ideal testbed for studying such time-dependent effects is the dynamics of a trapped ion which
can be described by the nonlinear Jaynes-Cummings model [42]. The model describes an ion caught in
a Paul trap in which the motion of the ion can be described in a quantized manner [43-45]. Because
of the, in good approximation, harmonic trap potential, it is possible to introduce the usual bosonic
ladder operators, which describe the vibrational/motional states of the ion. If the ion is driven, for
example by a laser, the interaction yields a coupling of the electronic and motional states of the ion,
which is collectively referred to as vibronic coupling. A short overview of the most important steps in the
development of the nonlinear Jaynes-Cummings Hamiltonian will follow later in this thesis.

The outline of this thesis is as follows: It will start with a short recapitulation of the fundamentals—
i.e., the description of a quantum mechanical state in phase space, the handling of the time-evolution,
and nonclassicality [Chap. 2]. Afterwards, it will be shown how multi-time nonclassicality criteria can be
derived which are based on the Fourier transform of the P functional [Chap. 3] and on the P functional
itself [Chap. 4]. The latter includes a generalization of an established regularization procedure to the
multi-time case. To demonstrate the applicability of both methods, they will be applied to degenerate
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parametric down-conversion, and the influence of the time-ordering prescription in the common time-
evolution operator will be discussed. In order to investigate more sophisticated systems with respect to
time-dependent effects, the nonlinear Jaynes-Cummings model, in which a detuning is included, will be
treated in Chap. 5. By using this model, non-standard quantum effects, namely anomalous correlations,
and non-equal-time commutators of the corresponding Hamiltonian will be discussed. Throughout this
thesis, my own contributions are cited as Roman numerals [I,IL, .. . ], whereas other literature is denoted
by Arabic numerals [1,2,...]. The published/submitted manuscripts are attached after the bibliography;
see pages 54, 60, 72, 83, 95, and 104.






2. Fundamentals

In this chapter, the fundamentals that are required to understand the findings of this work will be briefly
recapitulated. This includes a physical system’s representation in phase space, as well as the general
description of its temporal evolution. The equations are explicitly referenced whenever it is needed.
Otherwise, the corresponding derivations can be found in most standard quantum optics text books.
Note that throughout this work, only one frequency mode of the electromagnetic field under study
is considered. This is due to the fact that temporal correlations are the topic of interest and, for this
purpose, it is sufficient to restrict the considerations to the one-mode case’.

2.1 Phase-space formalism

In the classical Hamiltonian mechanics, a dynamical system may be described by two canonically
conjugated variables ¢ and p. In classical mechanics, those variables may be the generalized position
and momentum. In the context of electromagnetic fields, p and ¢ are commonly referred to as field
quadratures, since the complex-valued electric field can be represented as a classical superposition of p
and ¢. They satisfy the Poisson bracket

{g,p} = 1. (2.1)

Starting from classical Maxwell equations, the energy of one mode of a classical light field reads as, see
for example Ref. [46],

1
H= 5(192 + w?q?), (2.2)

in which w is the mode frequency. The form of the latter equation yields the insight that a single mode of
the electromagnetic field is a harmonic oscillator. This is a crucial point and should be kept in mind for
later discussions. The statistical dynamics of the system can be described via its generally time-dependent
probability density P(q, p; t) with the normalization [ dpdgP(q,p;t) = 1. As the (g, p) space is referred
to as phase space, P may be called a phase-space distribution or phase-space density. The expression
P(q,p;t) dg dp equals the probability to find a particle at time ¢ in the intervals [¢, ¢ + dg] and [p, p + dp].

IThe presented methods can be extended to the multi-mode picture straightforwardly.
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However, classical Hamilton mechanics is a purely macroscopic theory. It fails, for example, for the
understanding of effects on the microscopic level. If the transition into the quantum regime (quantization)
is performed, the variables ¢ and p may formally be replaced with the operators ¢ — ¢ and p — p. By
using the correspondence rule, the Poisson bracket of ¢ and p is replaced by the commutator of the
corresponding operators,

1
{g;p} — s 14,0 = — (4 — Pq) - (2.3

According to Heisenberg’s uncertainty principle, the non-commutativity of p and § prevents from
observing both values ¢ and p at the same time with arbitrary precision. The question arises how a
phase-space representation in the quantum regime can be formulated, since in this case a state can
obviously not be represented as a localized point in phase space because of the uncertainty relation.

It is convenient to introduce the operators @ and af,

.1 . 1,
a‘m(ﬁ“@p)’
it =L (va- )

in which ¢ = ¢ and p' = p. The operators a and a' enable the description of a single mode of the
electric field (in one certain polarization direction) via

A

E(r) = E(r)a+ E*(r)al, (2.5)

in which F(r) describes the mode structure of the field. These operators are referred to as bosonic
creation (4') and annihilation (&) operator and they fulfill the commutation relation

la,af] = 1. (2.6)

The non-commutativity of p and ¢ is directly translated to the non-commutativity of @ and af. If an
arbitrary operator function f(a,at) is considered, it is important to define a certain ordering of the
operators. It makes a difference whether the operator function under study is in normal order (all
creation operators are on the left of the annihilation operators), anti-normal order (all annihilation
operators are on the left of the creation operators), or in yet another order. Of course, this issue is a
pure quantum mechanical aspect and it will be seen that it has a crucial impact on possible phase-space
representations.

The coherent state |«) is introduced as the eigenstate of the operator @ with the complex eigenvalue

ila) = ala). 2.7
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By using this eigenvalue equation, it is found that («|a|a) = « and, hence, in this coherent state basis, it
holds that

Re (o) x g,
Im () o p; (2.8)

cf. Eq. (2.4). Thus, the complex amplitude « determines one point in phase space. Remarkably, if
the radiation field is prepared in a coherent state, the equations of motion of the operators a and a'
attain the form of a harmonic oscillator. The findings from Eq. (2.2) indicate that the coherent state
yields the most possible classical description of a quantum state. Furthermore, the coherent states
may serve as a basis for the expansion of each operator function and, therefore, phase-space densities
P(a,a*;t;s) at a time ¢ may be defined. The new parameter s is used to define a specific operator
ordering. An extensive treatment of this topic is a sophisticated issue itself, which was particularly
investigated in the 1960s by many authors; see Refs. [16,17,47-52]. In this thesis, the parameter
s = 1 (normal ordering) will be considered, whose corresponding phase-space representation is called
Glauber-Sudarshan P function [16,17]:

Pla,a*;t;s =1) = P(ast). 2.9

Other phase-space representations that should be mentioned are the Husimi ) function [48,49] for
s = —1 (anti-normal ordering) and the Wigner function [47] for s = 0 (symmetric ordering). However,
those phase-space functions are not always suitable for the revelation of nonclassicality via negative
values. In fact, the @ function is always non-negative and the Wigner function is known to be non-
negative for Gaussian states [53]. As in Eq. (2.9), throughout this work the dependence on o* and af

A PN

will not be explicitly indicated; i.e., f(a,a*) = f(a), f(a,a’) = f(a), and so on.

2.2 Time evolution and time ordering

Given a physical state, represented by the ket-vector [¢(t)) at time ¢, its temporal evolution can be
described with the time-dependent Schrédinger equation:

i (1) = AOI(). 210

Here, H(t) is the generally time-dependent Hamiltonian, which characterizes the system’s properties.
It may contain contributions of different subsystems, for example free radiation, atomic source fields,
and their mutual interactions. The unitary time-evolution operator U (t, t), introduced via [¢)(t)) =
U(t, t0)|v(to)), has to obey a similar differential equation as in Eq. (2.10):

ih%ﬁ(t, to) = H(t)U(t,to), (2.11)
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with the initial condition U (¢, t) = 1. The formal solution of Eq. (2.11) reads as

R oS i n ot trn_1 R R
Ultte) = > <h) /t dt;- /t dt,, {H(tl) . ..H(tn)}, (2.12)
n=0 0 0

which is only unitary if all (infinite) orders are taken into account. Thus, the representation in Eq. (2.12)
may not be suitable for numerical calculations. Note that for most dynamics [H (t), H(t')] # 0 for t # '
holds. Introducing the time-ordering operator 7, one may rewrite this equation to

.t
Ult,to) = T exp [—;/ dt’ﬁ(t’)} : (2.13)
to

in which 7 orders the Hamiltonians according to

T{ﬁ(tl)...ﬁ(tn)}:H( o). H(t), (2.14)

fort,, > --- >t,, . By using the Magnus expansion [40,41], the equivalent expression

Ut to) = exp

Gr(tto) + > Gnlt, to)l (2.15)

n=2

is formulated, in which the first two Magnus orders are defined as follows:

Gi(t,to) h/ dty H(ty), (2.16)
Ga(t, tg) = %2/ dtl/ dta[H(ty), H(ts)). (2.17)

The higher orders contain additional contributions of nested non-equal-time commutators of the Hamil-
tonians, which are in general difficult to calculate. However, a great advantage of the representation in
Eq. (2.15) is the fact that it is always unitary, independent of the number of Magnus orders taken into
account.

Via inspection of Egs. (2.13)-(2.17), the following is concluded: If G‘n(t,to) =0, forn>1,7T
in (2.13) can be neglected. Thus, the Magnus orders G‘n>1(t7 to) can be referred to as time-ordering
effects or time-ordering corrections [I,54-58]. It is clear that these effects are a direct consequence of
non-vanishing non-equal-time commutators of the Hamiltonian, which can only be described in terms
of quantum mechanics. From the physical point of view, the influence of those effects is of interest
as the dynamics are easier to solve if time-ordering effects can be neglected in good approximation.
Additionally, it might yield a deeper insight into the general structure of temporal evolution with respect
to non-commuting Hamiltonians.
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2.3 Nonclassicality in terms of the P function

In fact, by using the P function from Eq. (2.9), any quantum state, which is represented by its density
operator p(t), can be expressed as a statistical pseudo-mixture of coherent states

pt) = /d2a P(a;t) |a) (a . (2.18)

Nonclassicality—i.e., the impossibility to describe the state under study by using only classical elec-
trodynamics (namely Maxwell’s equations) and physical statistics—can be defined as follows [18,59]:
Whenever P(«;t) does not comply with the properties of a classical probability density (i.e., non-
negativity), the state is referred to as nonclassical. According to Eq. (2.18), this means that any classical
state can be expressed as a quasiclassical® pseudo-mixture of coherent states, ultimately defining the
notion of a nonclassical state for a single time.

By using P (o t), the expectation value of an arbitrary operator O(a(t)) can be calculated as follows:
(O@() = /an P(a;t) {a|O(a(0))|e) , (2.19)

with @(0) = a. The P function itself is defined as the Fourier transformed expectation value of the
normal-ordered displacement operator D(§; t). This expectation value is called the characteristic function
of P and denoted with ®(5;t):

P(ost) = w—2/d2ﬁea5*—a*ﬂ@(5;t), (2.20)

with
D(B;t) = <=l5(6;t):> _ <;eﬂa*<t>—ﬁ*&<t>:> _ <eﬁa*(t)e—ﬂ*a<t>>. 2.21)
The notation :...: represents the normal-ordering prescription. It is worth noting that the possibly

occurring singularities of P are reasoned by the fact that ® may be an unbounded function. By using
Eq. (2.19) and the assumption that O(t) = :fT(¢) f(¢):, with f(t) = f(a(t)), it is found that

<:fT(t)f(t):> - /d2a [f()2P(ast). (2.22)

Since |f(a)|?> > 0, the expectation value is always positive semi-definite (for all possible operator
functions f), as long as P(a;t) is not negative in the sense of distributions. On the contrary, if the
expectation value attains negativities, they are exclusively caused by negativities of the P function.
Hence, one can link the negativity of the expectation in Eq. (2.22) directly to the negativity of P and
formulate the nonclassicality criterion

PN

3F () - <; i) f(t):> < 0+ p(t) nonclassical. (2.23)

2The term quasiclassical is used since a classical state does not imply a well-behaved P function; cf. Ref. [60].
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Based on the latter findings and the characteristic function ®(;t), a plethora of necessary and sufficient
nonclassicality criteria were derived [22,25,27]. Those approaches circumvent the difficulty of dealing
with a highly singular P functions. Remarkably, in 2010, a method was presented that allows for a
proper regularization—i.e., it does not affect the negativities—of the P function [28]. This technique
was rigorously investigated and successfully applied to experimental data as well [29-33].

2.4 Normal- and time-ordered quantum correlations

In the previous section, in Eq. (2.23) a general definition of single-time nonclassicality has been
presented. However, for the description of certain physical effects, the inclusion of multiple points in time
is indispensable. The most prominent example is probably the effect of photon antibunching [13]. To
divide those effects into a classical and nonclassical regime, a generalization of the criterion in Eq. (2.23)
was formulated in 2008 [39]. There, general multi-time quantum correlations were defined via the
inequality

ncl.

f <3f*f8> <0, (2.24)

in which the abbreviation “ncl.” means “nonclassical” and f is an arbitrary operator function that depends
on an arbitrary but fixed number r of points in time; i.e., f = fla(t1) ,...,a(t,),af (t1),...,af(¢.)]. The
notation ¢ ... ¢ means that the inherent expression is firstly normal ordered and secondly time ordered
in such a way that the time arguments of the creation operators increase, while the time arguments
of the annihilation operators decrease (from left to right). In the special case r = 1, the time-ordering
prescription in Eq. (2.24) becomes meaningless and the single-time criterion in Eq. (2.23) is recovered.
On the basis of a power series expansion of f in Eq. (2.24), a hierarchy of nonclassicality criteria was
derived in Ref. [39]. The exact physical meaning of normal- and time-ordered correlation functions
depends on the particular situation under study. A prominent example is the photodetection theory
introduced first by Kelley and Kleiner [19]; see also Refs. [38,61]. If the joint probability of the events of
multiple detectors at different space-time-points is studied, it is found that the former equals a normal-
and time-ordered expectation value.

However, as has been discussed in the previous section, the Glauber-Sudarshan P function solely
depends on a single point in time and hence, it is only an appropriate tool to investigate nonclassical
properties of a physical system with respect to one specific time point. Thus, the description of general
multi-time-dependent correlation functions, as in Eq. (2.24) for example, requires a generalization of
the P function to the multi-time picture. This generalization, the so-called P functional [39], is in the
single-mode case defined as

dalt;) — i) g > , (2.25)
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in which [T_, A; = Ay ... A, simply means the successive execution of the operators A;. The operator-
valued version of the Dirac delta distribution reads as

A 1 . * . «
6(a—a) = / d2Be@' —a")B—(a—a)B" (2.26)

T on?
and is a straightforward generalization of the complex-valued Dirac delta distribution; see for example
Chap. 4 of Ref. [38]. In Eq. (2.25), each coherent amplitude «; spans the phase space at time ¢; via its
real and imaginary part. In contrast to the P function, the P functional can be used to express general
normal- and time-ordered correlation functions formally as classical stochastic processes. Therefore, the
negativity (in the sense of distributions) of the P functional is directly related to the negativity of the
expectation value in Eq. (2.24).

2.5 Summary of Chapter 2

In this chapter, the key points, which are required to understand the topics which will be treated in
this thesis, have been summarized: (i) the description of a quantum state in phase space, (i) how
the time evolution of a state is handled and at which point time ordering emerges, (iii) the notion of
nonclassicality that will be used in this thesis. By using these techniques, the next chapter covers the
investigation of multi-time nonclassicality within the notion of the P functional.
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3. Multi-time nonclassicality via
characteristic functions

As the P function itself, the P functional in Eq. (2.25) may be highly singular, caused by an unbounded
but well-behaved Fourier transform. Thus, a direct investigation of the P functional is mostly not possible.
Instead, the attention will be restricted to the Fourier transform in this section. The Fourier transform of
the P functional reads [I]

‘I)(ﬁh---,ﬁr;th---,tr):<gﬁf)(ﬁi;ti)g> (3.1
i=1
and will be referred to as multi-time-dependent characteristic function (MTCF) throughout this work.
Here,

D(B;t) = eBat(t)—pa(t) (3.2)
is the time-evolved displacement operator. The MTCF is normalized according to ®(0,...,0;ty,...,¢,.) =

1 and is a continuous function. As the single-time characteristic function is accessible by balanced
homodyne detection experiments [62], it is expected that the MTCF can be reconstructed by extended
time-correlated detection setups in a similar way; cf. Ref. [II].

3.1 Multi-time-dependent nonclassicality criteria

To formulate nonclassicality criteria in terms of the MTCF in Eq. (3.1), the definition of multi-time-
dependent quantum correlations in Eq. (2.24) can be used, together with operator functions of the
form

r

O
F=Y 11Dt (3.3)
j=1 i=1

in which the integer number O will determine the order of the arising criterion and f; is a complex
number. By inserting the expansion in Eq. (3.3) in the condition in Eq. (2.24) and making use of the fact
that the operators may be rearranged arbitrarily inside the normal- and time-ordering prescription, one

13
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obtains

(@
(57175) = 2 F1®(Bus = Brts- - Brj = Briitr, - 1), 34

7,1=0

with the definition of ® given in Eq. (3.1). Obviously, via the expansion of f in terms of a product of
time-dependent displacement operators, the general definition of normal- and time-ordered correlation
properties [Eq. (2.24)] is linked to the Fourier transform of the P functional.

Apparently, the expression in Eq. (3.4) can be rewritten in a vectorized form,
(efife) = fle,...t)f, (3.5)

with f = (f1,..., fo) and ®(t1,...,t.) = [®(B1,; — Bits-- -+ Brj — Brista, - .tr)}l‘?jzl. A similar expres-
sion was found in the single-time case by applying the theorem of Bochner [20,63]. According to Eq. (3.5),
the expectation value < o ftfo > is non-negative for all possible f if and only if the matrix ®(¢1,...,t,)
is positive-semidefinite. The latter means that ® is a classical characteristic function—i.e., the charac-
teristic function of a classical (non-negative) P functional. By using Sylvester’s criterion'® in Eq. (3.5),

the following nonclassicality condition is obtained: The characteristic function ®(34, ..., By;t1,...,t)
corresponds to a nonclassical P functional P|aq, ..., a;t1,. .., t,] if and only if
r o ncl.
10 e N, Hﬂi,j}i:l]j:l : deto[{)(tl, R ,tr)] < 0. (3.6)

Here, det ¢ is the determinant of the order O. In words, the criterion has the following meaning: If at

least one principal minor of the matrix ®(¢,...,t,) is not positive-semidefinite for an arbitrary order
O and any arguments [{Bi,j};':l]g?zl, then the corresponding dynamics is nonclassical with respect to

the definition in Eq. (2.24). Note that the derived criterion in Eq. (3.6) is only necessary if all generally
infinite orders are taken into account. This means, for a finite O the criterion is mostly only sufficient.
It is noteworthy that the criterion in (3.6) contains the single-time case. Thus, if » = 1 is chosen, the
corresponding single-time criteria are recovered, which have already been known; cf. Refs. [22,25, 26].
Finally, it should be emphasized that the derived hierarchy of inequalities is not the only criterion which
can be used to uncover multi-time-dependent nonclassicality. Other expansions of f in Eq. (3.3) allow
for the derivation of various criteria. Especially, it is possible to derive criteria containing MTCFs, which
depend on different points in time within one inequality.

As the general form of the criterion in Eq. (3.6) is rather complicated, one may start with the lowest
order, O = 2:

1.
05 dety [®(t, ..., 1)

B ®(0,...,05t1,...t) ®(Br2 — P11, Pra — Brasty, ... tr)
Q(Br2 = Pr1s---5Br2 = Brasty,.. . 1) ®(0,...,0;t1,...1,)
=1 1®(Br2—Bis- s Brz = Briitis- ot = 1= [B(y1, oy yrs - 1) (3.7)

1A (Hermitian) matrix is positive semi-definite if and only if all leading principal minors are non-negative.
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In the last step, ;2 — 8;1 := 7; was defined for ¢ = 1,...,r. The final result reads as

ncl.

D1, it )L (3.8)

Thus, to verify nonclassicality, it has to be shown the squared absolute value of the MTCF [Eq. (3.1)]
exceeds the value 1.

3.2 Application to degenerate parametric down-conversion

In the following, the applicability of the findings from the previous section will be demonstrated. A
fundamental system of interest in quantum optics is parametric down-conversion (sometimes referred
to as parametric oscillator), which allows for the generation of many quantum states, like single
photons [64-68], entangled photon pairs [69-71], and Einstein-Podolsky-Rosen states [72,73]. Here,
this model is considered in the degenerated case: A pump photon with frequency w;, is down-converted

into two photons, each with the same fre- wp
quency w,; see Fig. 3.1. If the pump fre- | s —_—
quency is matched but slightly detuned, the X(Z) — ()
constraint > Wa

wp =2wa + 6 (3.9

Figure 3.1: Sketch of degenerate parametric down-conversion

. . . . . . described by the Hamiltonian in Eq. (3.10).
is obtained, in which § is the detuning. If

0 > 0, the corresponding Hamiltonian is explicitly time-dependent in the interaction picture and reads as
Hppc(t) = Ik [e7tat? + e'67] (3.10)

in which the real-valued « describes the coupling of the pump to the nonlinear crystal. An adequate
overview of the model can be found in Ref. [54]. The corresponding time-evolution operator reads as

. t
Upnc(t) = T exp {—;/t dTHPDC(T)} . (3.11)
0
Due to the time-dependence of the Hamiltonian, the study time-ordering effects, which have been
recapitulated in Sec. 2.2, is possible. For the Hamiltonian in Eq. (3.10), the Magnus expansion will
be employed? [see Eq. (2.15)]. Although, there are some works that should be mentioned in which
time-ordering effects were investigated [54-58], none of them considered time-ordering effects with
respect to nonclassicality. Instead of directly applying the Magnus expansion to [, the equations of
motion may be derived and solved by using the Magnus expansion [I]. This yields an expression of the

2Note that it is possible to solve the equations of motion analytically; see Sec. 4.2. However, at this point, the time-ordering
corrections are of interest and for this purpose, the Magnus expansion is a suitable tool for investigation.



16 Multi-time nonclassicality via characteristic functions

[1G1(Dll2 [1G2(D)ll2
-3
2
1
0
T T

Figure 3.2: The Euclidean norm of the first two complex-valued Magnus orders in Eq. (3.12) in dependence of the
dimensionless time 7 (within the radius of convergence) and mismatch ¢/x. More orders are plotted in
Ref. [I].

form

fl(t) zexp{iGn(t)} a(to) , (3.12)
n=1

af(t) a'(to)

with the 2 x 2 complex matrices G,,. The non-commutativity of the Hamiltonian—i.e., the time-
ordering effects in Eq. (2.13)—is now contained in the matrices G,,~ ;. Especially, G, (1) represents the
impact of the integrated Hamiltonian [cf. Eq. (2.16)] and G»(7) is the complex-valued version of the
commutator of the Hamiltonian; cf. Eq. (2.17). The advantage of the representation in Eq. (3.12) is
that the complex-valued matrices are easier to handle in numerical calculations than the corresponding
Hilbert-space operators. However, one disadvantage of the Magnus expansion is the generally finite
radius of convergence. Thus, it might not be possible to access arbitrary interaction times. For the
dynamics discussed here, convergence in terms of the Magnus expansion is assured as long as 7 < 1
for the dimensionless time 7 = 2xt/; for further details see [I]. Above this radius of convergence, the
correctness of the obtained dynamics cannot be ensured.

3.2.1 Time-ordering corrections

Before the derived multi-time dependent nonclassicality criterion in Eq. (3.8) will be investigated, the
time-ordering corrections in Uppc will be examined in more detail. In Fig. 3.2, a plot of |G/ (7)]||» and
|G2(7)]|2 in dependence of the time 7 and the frequency mismatch ¢ is presented. The magnitude of
the first-order time-ordering correction, ||G2(7)||2, is most prominent for large interaction times and
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moderate §/k. This coincides with the fact that if low pump powers are considered, the first-order
perturbation theory is sufficiently accurate to describe the dynamics of the system [74]. By inspection
of the plot of ||G1(7)||2, regions are found in which this quantity is nearly zero. This means that for
those scenarios the dynamics may be primarily determined by time-ordering corrections—i.e., by the
G,~1. Since the influence of such corrections is the main interest, 6/« ~ 3.18 will be chosen in the
following discussions, because in this case a significant impact of higher Magnus orders is expected. To
investigate the effect of time ordering on nonclassicality, the modulus squared of the single-time character-
istic function [Eq. (3.1) for » = 1] is derived, which, after a principal axis transformation, attains the form

|B(y; )2 = et (T)Re[y]?+puz (7)Im[y]* (3.13)

If the maximal value Apax = Amax(7) = max(u;(7), u2(7)) in Eq. (3.13) is positive, then |®(v;7)[?

exceeds one, which is an evidence of nonclassicality [22, 25, 26]. The time dependence of Apax is

depicted in Fig. 3.3. The impact of time | )
max
ordering is revealed via the differences in |1.0f
the contributions of ng.,;, = 1 (no time- N o i
ordering corrections) and ny.x > 1 (time- — Npax=1

ordering corrections included). On small 0.61 T e

time scales, the first Magnus order is suffi- |4} _ E::j(l)
ciently accurate—i.e., time ordering is negli- 0ol
gible. However, for larger interaction times, |

higher Magnus orders must be included to 02 04 06 08 Lo

obtain the correct dynamics; i.e., the time-

ordering corrections have a significant im- Figure 3.3: Anax for G(7) = > "™ G,(7) [see Eq. (3.12)]
in dependence on the rescaled time 7 = 2xt/w.

act. Due to the algebraic structure of the
P & Parameters: §/x ~ 3.18.

G, (1), the even and odd orders converge

alternatingly to the exact solution; see Ref. [I] for details. That is why the first correction term G2 (7)
yields worse results than the negligence of time ordering. The overall influence of time ordering is
contained in the differences of the red and black curve.
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3.2.2 Multi-time scenario

Coming back to the multi-time picture—i.e.,
to the criterion in Eq. (3.8)—two points
in time will be discussed in the following
(r = 2). Such a scenario corresponds to,
e.g., a detector scheme involving two detec-
tors, where each detector detects the light
field at a different point in time. The joint
probability of the detector events equals
normal- and time-ordered correlation func-
tions [19,38,61]. For the investigation of the
criterion in Eq. (3.8), the modulus squared

of the MTCF [Eq. (3.1)] is plotted in Fig. 3.4

for two times. The time evolution is de- Figure 3.4: Plot of the modulus squared of the MTCEF,

) i |®(v1,72; 71, 72)|?, which is defined in Eq. (3.1) for
scribed by the Magnus expansion up to the the dynamics of the Hamiltonian in Eq. (3.10). Pa-

eleventh order which yields sufficiently ac- rameters: |y1|? + [y2|* = 1, argm = argy2 = 7/2,

. . 0/k ~ 3.18, and 7; = 2kt;/m fori =1, 2.
curate results. It is seen that the derived /% ’ T rki/m for i

criterion is clearly violated for all two points in time under study since the function is always greater
than one. This certifies a negative P functional and, hence, multi-time nonclassicality with respect
to Eq. (2.24). This means that in Eq. (2.24), at least one possible operator function f exists which
yields negative values of the expectation value. Advantageously, because of the developed criterion, that
particular operator function does not need to be known.

3.3 Summary of Chapter 3

In this chapter, novel techniques for the identification of multi-time dependent nonclassical stochastic
processes in radiation fields in terms of characteristic functions have been developed. Those techniques
clearly extend the established single-time criteria. The introduced multi-time criteria are, in their general
form, necessary and sufficient and they are able to uncover multi-time dependent quantum effects.
Additionally, since they are based on normal- and time-ordered correlation functions, it is expected
that they are measurable by appropriate correlation setups. The methods have been applied to the
model of parametric down-conversion including a frequency mismatch. In the course of the application,
time-ordering effects within the time-evolution operator have been investigated. They are present
whenever an explicitly time-dependent Hamiltonian is studied. With those new tools, it is possible to
analyze time-dependent processes and assess the impact of time ordering



4. Multi-time nonclassicality via
generalized quasiprobabilities

The problem around the criterion in Eq. (3.6), which has already been mentioned, is the sufficiency
of its applicable form. Lower orders of the criterion might fail to uncover nonclassicality, while the
MTCF in Eq. (3.1) is unbounded. In such a case, the corresponding P functional is highly singular
and, thus, a further analysis is hardly possible. The question arises whether it is possible to derive
a criterion which is also necessary on an applicable basis—e.g., a criterion based on the negativities
of an appropriately regularized version of the P functional. Naively, one would tend to use the same
regularization procedure as was introduced in Ref. [28] for the single-time scenario: In the latter case
the characteristic function is bounded as

|B(B;1)|> < el (4.1)

for all times. Thus, ®(8;¢) might be not square-integrable and the Fourier transform (the P function)
does not exist in a well defined manner. However, an appropriate filter function Q,,(3), with a width w,
can be introduced that suppresses this maximal possible rising behavior of the characteristic function.
The filtered characteristic function is accordingly defined as ®q(5;t) := ®(8;t)Q(8). Some remarks
concerning the phrase appropriate follow in the next section. The filtered characteristic function ®(5;t)
is then a proper square-integrable function and the corresponding P function is regular. However, the
same procedure is not simply expandable to the multi-time scenario.

4.1 Universal multi-time filters

In the multi-time case, an estimation comparable to the one in Eq. (4.1) is mostly not feasible. The
difficulty is that especially non-equal-time commutators need to be taken into account, which may;,
depending on the dynamics under study, be a cumbersome task to evaluate. Those contributions may
overcome the bound given in Eq. (4.1) and can cause stronger singularities than in the single-time
case !. It should be emphasized that this means that it is insufficient to simply employ a filter that is
compounded out of single-time filters, which are chosen to suppress the slope in Eq. (4.1). To overcome
this issue, a special kind of filters is suitable: compact-support filter functions.

LA detailed investigation of the singularities of the P function can be found in Ref. [60].

19



20 Multi-time nonclassicality via generalized quasiprobabilities

Formally, the filtered P functional can be defined as follows [II]:

Poloa, ... anity, ... 1]

:f%/d%.-./dzﬁrealﬁf*aiﬂl X oo x BT B BBy Bty ) (B B, (4.2)

=P (B, Britisetr)

with the filtered MTCF ®q(f1,...,0r;t1,. .., t-). As already mentioned, the filter function €, has to
fulfill several requirements [28]:

1. The Fourier transform of ®o(f1,...,By;t1,...,t,) exists for all widths w. This means that ®g, is
always a rapidly decaying function with respect to the real- and imaginary parts of all ;.

2. The Fourier transform of the filter function Q,(51,...,05,) is non-negative. This requirement
ensures that occurring negativities are caused exclusively by the P functional.

3. In the limit of an infinite broad filter, the standard P functional is recovered:
limy oo Polat, ..., ar;ty, ..., tr] = Plag,...,ap;t1,. .., t.]. This means that Py, is still a complete
representation of the quantum state.

A possible choice of a compact support filter reads as

05 = T o (P20 (020 | 4

i=1

with the triangular function

(142) forze[-1,0],
tri(z) = ¢ (1 —-2) forze|0,1], (4.4)

0 else.

The mathematical details which are concerned with the applicability of this filter are extensively discussed
in Sec. III of Ref. [II]: The filtered continuous MTCF ®,(fs,...,Br;t1,...,t,) has a compact support
and hence, it decays faster than any polynomial. Therefore, according to Sobolev’s lemma, all orders
of the derivatives of the Fourier transform of ®, exist?. In short, the regularized functional P exists
and furthermore is a smooth function. The procedure which has been introduced applies to general
dynamics under study and, due to its compact support, suppresses any rising behavior of ®. This novel
feature of multi-time regularization was not known before. It is worth noting that there is a plethora of
suitable filter functions; an adequate overview is offered in Ref. [33]. As already pointed out in Chap. 3,
a measurement of ® (and consequently of Py as well) is possible by a correlation measurement which
includes multiple photodetectors. Details concerning this issue are discussed in Ref. [II].

2More details can be found in Refs. [31,60] and references therein.
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4.2 Application to degenerate parametric down-conversion

In order to apply the previously derived findings, the degenerate parametric down-conversion-Hamiltonian
will be reconsidered; see Eq. (3.10). In this section, time-ordering effects are not of interest and hence
the dynamics will be solved exactly via the equations of motion. The analytic solution of the dynamics of
the Hamiltonian in Eq. (3.10) reads as®

a(1) = w1 (1) + ua(71)a’, (4.5)
with
—imTd/(4K) Z.71—5/I€ .
ui(r) =e cosh (97) + sinh (¥7)|, and
ug(T) = _T%ﬂ-e_i%“s/“ sinh (J7), (4.6)

in which ¢ = 71/16 — (0/k)?/4 and 7 = 2kt /7. By using this solution and the filter specified in Eqgs. (4.3)
and (4.4), the regularized P functional for two times is calculated as

d d,
Polar, ao; 11, 71] :w4T(w%a —w2f20)T(w%7 —w2f02)T(w£7 —w2d20)T(w%> —w?dpe), (4.7)
in which [60]
2 ! 2o
T(y,g) = Re ( / dze 97 T2vz(] — z)> : (4.8)
™ Jo

The coefficients f,,, and d,,, are obtained numerically; see Ref. [II] for details. With the
equation given in Eq. (4.7), the regular- Polar,@0;71=0.1,70=0.45]
ized version of the two-time dependent ' '

P functional can be derived for the dynamics
of degenerate parametric down-conversion.
A plot of Py is depicted in Fig. 4.1 for
d/k =~ 3.18. The negative values of P,
clearly verify nonclassical normal- and time-
ordered correlation properties of the dy-
namics under study. That is, at least one
operator function f exists so that the ex-

pectation value in Eq. (2.24) attains neg-

ative values. This result confirms the vio- Figure 4.1: Plot of the regularized two-time-dependent P func-

lation of the sufficient criterion visualized tional for the cross sections Im(a;) = Im(asz) = 0
in Fig. 3.4. Yet, the negativities of P and two distinct points in time, 71 = 0.1 and
? T2 = 0.45.

are necessary (besides being known to be
sufficient, as well). Note that in the characteristic function of Py, in Eq. (4.7), no stronger rising behavior

occurs, which would require a compact filter. This is reasoned by the solution of the dynamics given in

3The solution is explicitly derived in Ref. [II], however, it can be found in quantum optics textbooks as well.
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Eq. (4.5), since [a(t),af ()] = ¢(t,t')1 holds. A more complex dynamics in which such a commutation
relation is generally not present, will be discussed in the following section.

4.3 Stronger divergences in the multi-time scenario

In this section, (81, B2; t1,t2) will be investigated with respect to its rising behavior. For this purpose,
the Hamiltonian of a trapped ion whose electronic transition is not driven [75] will be considered*. To
compare the rising behavior of the two-time case (r = 2) with the two-mode (but single-time) case, the
quantity

A®ion(B1, B2 0,) := |Bion(B1, B2; 0, 1)[% — el +1821" (4.9)

will be examined; cf. Ref. [II]. If A®y, is positive, the slope of the modulus squared of the

two-time-dependent characteristic function Adior(B1,Ba0,7)

|Pion (81, B2;0,t)|> overcomes the maximal 100
possible slope of the corresponding two-
mode characteristic function e!%°+1821* | To 90 20
put it more briefly, if A®;on(81, 52;0,t) > 0

then, according to the findings of the pre-

80

vious section, a non-compact-support filter 70 10
may fail to properly regularize the corre- | 7

sponding P functional. A plot of A®;,, 60 0
for the trapped ion dynamics is depicted 50

in Fig. 4.2 for the case of an input Fock

state pion(0) = |3)(3|. Since Adj,, exceeds 40 -10
the value of zero (pink areas), it is con-

firmed that the MTCF is differently bounded 30

compared to the two-mode single-time case 0005 10 1'()50 202530

and the choice of a compact-support filter

is justified, as the absolute value of the two- Figure 4.2: A®,,, [Eq. (4.9)] for the dynamics of a trapped ion

time characteristic function cannot be esti- for an input Fock state [3) (3| in dependence of the

d d f sinele-time b ds: of phase ¢ and the dimensionless time 7. Parameters:
mated as a product of single-time bounds; cf. Bi] = |Ba] = 1.3, 1 = oo = 5, and B, = |B;]e%7
Eq. (4.1). (=12).

4.4 Summary of Chapter 4

In this chapter, a method for visualizing general multi-time quantum correlations in terms of regular
phase-space quasi-probabilities has been derived, which is a continuation of the idea presented in
Chap. 3. For this purpose, the regularization procedure of the P function has been extended to the

4A detailed discussion of the dynamics of a trapped ion follows in Chap. 5.
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multi-time picture. The negativities of the regularized P functional are always necessary and sufficient
for uncovering multi-time dependent quantum correlations. Remarkably, the regularization procedure
applies to arbitrary dynamics, which is far from trivial, since multi-time-dependent commutators need to
be taken into account. Thus, the technique regularizes arbitrary strong singularities due to the usage
of a compact-support filter. It should be mentioned that it was unclear until now, whether a general
applicable regularization procedure of the P functional is possible. As in Chap. 3, the findings have
been applied to the parametric oscillator. The occurring nonclassical two-time correlations have been
directly visualized via negativities of Py, in phase space. In order to justify the approach, the dynamics
of a trapped ion has been considered and it has been shown that the slope of the two-time dependent
characteristic function can exceed the slope which is maximal possible for single-time (but multi-mode)
characteristic functions.
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5. Off-resonantly driven nonlinear
Jaynes-Cummings model

Investigating time-dependent quantum phenomena, it is desirable to apply the developed techniques
to a realistic model, which is not only sophisticated itself, but exactly solvable as well. This concerns
the investigation of an explicitly time-dependent Hamiltonian, especially. Unfortunately, such models
are rarely available. In this context, an interesting model to be studied is the Jaynes-Cummings model,
which was introduced in 1963 [76,77]. At this time, it was doubted whether the model is of practical
relevance, as the underlying scenario of this model is rather idealized: A single radiation mode interacts
with a two-level system. However, due to technical progress, it was possible to verify many of its
predictions [78-81]. Note that, although the model is rather compact, it can be used to demonstrate
many physical effects like Rabi oscillations [82—-84], collapse and revivals [81,85,86], squeezing [87,88],
atom-field entanglement [89-91], antibunching [92-94], and nonclassical states such as Schrodinger
cat [95,96] and Fock states [97-99]. Furthermore, it was found that the model is not only suitable to
describe the interaction of a two-level system with a radiation mode, but can also be applied in many
other scenarios, as well [100-114].

This section covers the description of the dynamics of a trapped ion. The vibrational center-of-mass
motion of an ion caught in a trap can be described in a quantized manner [43-45]; see also Chap. 13
of Ref. [38]. Beyond the standard Lamb-Dicke regime [115, 116], the dynamics can be described by
a nonlinear generalization of the standard Jaynes-Cummings Hamiltonian [42]. The interaction of a
trapped ion with optical radiation led to the generation of a variety of motional states [75,115,117-124],
especially nonclassical states. It should be mentioned that related experiments were part of the Nobel
prize in 2012 [125].

5.1 Solution of the dynamics

As mentioned earlier, the Hamiltonian which describes the quantized motion of a trapped ion in the
resolved sideband regime was first introduced and solved for the resonant case (Ref. [42]), in which the
Hamiltonian is not time-dependent. In case of a frequency mismatch Aw > 0 of the driving laser, the

25



26

Off-resonantly driven nonlinear Jaynes-Cummings model

corresponding Hamiltonian in the interaction picture reads as [III]

Hyic(t) = he'e ™39 Ay fr(ata; n)a®

in which

n=0

Ling- n/22‘n )

+Hec, (5.1)

L(k)( %) + Hec. (5.2)

describes the mode structure of the standing-wave-forming pump laser at the operator-valued relative

position (defined by A¢) of the ion. The interaction
is schematically depicted in Fig. 5.1. Furthermore,
«' is the coupling constant!, 7 is the Lamb-Dicke pa-
rameter, and & and a' are the operators destroying
and creating one vibrational quantum, respectively.
A;; = |i)(j| is the atomic flip operator which ac-
counts for the electronic transitions (|j) — [i)) of
the ion. The L'* denote the generalized Laguerre
polynomials. The frequency mismatch is specified
by the relation

wr, = wo1 — kv + Aw. (5.3)
Here, wy, is the frequency of the incident pump laser,
w91 is the separation of the electronic levels, v is the
trap frequency, and k = 0,1, ... denotes the excited
sideband. Note that the Hamiltonian in Eq. (5.1)
is time-dependent in the Schrédinger picture, as
well. As the Hamiltonian in Eq. (5.1) is explic-
itly time-dependent, the time-evolution operator
cannot be solved straightforwardly, as in Ref. [42],
since time-ordering effects need to be taken into
account; cf. Egs. (2.13)-(2.15). In Ref. [III], it was
shown that the time-ordering corrections must not
be neglected as they contribute significantly to the
dynamics. To circumvent this issue, the pump field
will be quantized?. By using this approach, the full

Hamiltonian in the Schrodinger picture reads as

Finwc = fva'a + horbth + Fwsr Ags + (m/'/iglé Fe(ata; ma* + H.c.) .

//|2, n —k)

-

//|1» n)

Figure 5.1: Visualization of the interaction described
by the Hamiltonian in Eq. (5.1). The elec-
tronic ground state |1) and excited state |2)
are separated by the electronic transition
frequency w21 = w2 — wi. Due to the ap-
proximately harmonic trap potential, the en-
ergy surfaces are neither displaced, nor dis-
torted and the vibrational levels are equidis-
tantly separated by the trap frequency v.
The laser frequency w; (red arrows) is
driven off-resonantly with respect to the
|1,n) < |2,n — k) transition, including a
detuning Aw < v.

5.4

IThe prime denotes the different coupling constants of the various models.
2Note that the Hamiltonian in Eq. (5.1) can be solved directly as well, by using the spinor formalism; see Ref. [IV] for details.

The solution will be treated in Sec. 5.3.
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The interaction described by this Hamiltonian proceeds as follows: As soon as a pump photon is absorbed
(13), the ion switches to its excited state (As;). The vibrational transitions ( fk(&T&; n)a*) obey the chosen
quasiresonance condition. The Hermitian conjugate (H.c.) term describes the reversal process—i.e., a
pump photon (b') is created, accompanied by the electronic |2) — |1) and the vibrational transition
|[n — k) — |n). Since the Hamiltonian in Eq. (5.4) is not time-dependent, the time-evolution operator
reads as

i(t —to)

Unisc(t) = exp {— 7 HNLJC} . (5.5)

The time ordering which would be present in the time-evolution operator of the Hamiltonian in Eq. (5.1)
is contained in the extension of the Hilbert space. Inserting the Hamiltonian from Eq. (5.4) in Eq. (5.5)

yields
Uniic(t) = D el e g |+ > e 1,0,n)(1,0,7)
o=+ m,n=0 n=0
oo k—1
+ 30 Y eibatentma DIt 1 m 41, g)(1,m + 1,4, (5.6)
m=0 q=0

The parameters are defined as follows:

+  Aws Aw? + |Qpn|?

‘¢7:|r:wz,> :C;tn,n(|27m7n>+o‘7:|;:1n|17m+1’n+k>)7 QYn = Q
1
wE = §{Aw(2m + 1)+ v(2n — 2km) + w21 (2m + 2) + /Aw? + | Qn|?},
1 k)!
e Qn = 26"Vm + 1 f(n;n) w, and
\/ 1+ |a7irrln|2 "
fe(nin) = (n|fr(@ta; n)ln). (5.7)

The |i,m, n) denotes the electronic (¢ = 1,2), pump-photon (m = 0,1,2,...), and motional excitations
(n=0,1,2,...). To briefly recapitulate: The starting point was the explicitly time-dependent Hamilto-
nian in Eq. (5.1). The quantization of the pump field—i.e., an extension of the Hilbert space—led to a
time-independent Hamiltonian [Eq. (5.4)]. The corresponding dynamics of this Hamiltonian has been
solved straightforwardly.

To demonstrate the validity of the approach, the occupation probability of the excited electronic
state of the ion will be considered, which is defined as

022(t) = Z<2anvm|ﬁ(t)|27nam>a (58)

m,n

in which j(t) = Unwsc(t)p(0)Unisc(t)t denotes the full density matrix of the system with 5(0) = |2)(2| ®
|ag) (o] ® |Bo){Bo|. Thus, the ion is initially prepared in its excited electronic state, the pump is prepared
in a coherent state |3y), and likewise, the quantized motion is initially in a coherent state |c). Combining
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Figure 5.2: Comparison of the analytical solution for the quantized pump field [Hamiltonian in Eq. (5.4)] (dashed,
black line) for 3y = 20 (a) and 3y = 100 (b) with the corresponding dynamics of the semiclassical
solution (solid, red line) [Hamiltonian in Eq. (5.1)]. The latter is obtained numerically by using the
PYTHON package QUTIP [126,127]. The dimensionless time is defined as 7 = |«”|t. The initial state of
the quantized motion was assumed to be a coherent state |ao). Parameters: Aw/|s”| = 0.2, ap = /12,
k=2,A¢=0,and n =0.2.

the latter statements with Egs. (5.5) and (5.8) it is found that

oo
: G', o
Ugg(t): Z Z el[""mn_‘*’mn]t

m,n=0o0,0'=%

o o' 12(,.0 x o |BO‘(2m+2) |a0|(2n+2k)
mncmn| (amn) Cmn | |
(m 4+ 1)Y(n+k)!

el =lool®  (5.9)

C

Plots of 095(¢) are presented in Fig. 5.2. The solid (red) line corresponds to the solution of the dynamics
of a classical pump, which is derived numerically using the pYTHON package QuTIP [126,127]. The black
(dashed) line visualizes the solution given in Eq. (5.9). It can be seen that the solution differs from the
semiclassical one for a weak coherent input field 5, = 20 of the pump. However, for a strong coherent
amplitude Sy = 100, the solution is very similar to the semiclassical case. In summary, not only a way
to solve the dynamics of the detuned and nonlinear Jaynes-Cummings model has been found, but the
model has been extended so that arbitrary pump fields may be considered. The issue of different—e.g.
nonclassical—pump fields will be considered in Sec. 5.3.

5.2 Nonclassicality

In this section, the nonclassical properties of the derived solution [Eq. (5.6)] will be investigated in
more detail. As a first qualitative analysis, the regularized Glauber-Sudarshan P representation will be
calculated. In Fock basis, Py, with respect to the motional subsystem, is calculated via

PQ(Oé; t) = Z pvib,mn(t)PQ,n7n(a)~ (510)

m,n=0
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This representation of the (motional) quantum state under study in phase space has the advantage that
the values P ,,,,, () need to be computed only once and can be applied to arbitrary density matrices
afterwards. By using the radial-symmetric compact-support filter [33]

_ 2 18] 18 1812 1B
Qu(18)) = - [arccos (Qw) S 1 1? rect 1w ) (5.11)
with rect(z) = 1 if x <1/2 and rect(z) = 0 elsewhere,
1 , !
Po m (o) = —SwQel("_m)‘p“ / dzAnm (2wz)zJp —m (dw]a|z) [arccos(z) —zV1— 2’2} (5.12)
Q0 0
is obtained [III]. Here, J,(z) are the Bessel functions of the first kind, a = |ale!?~, and
Anm () Re[a]
> 0 -2 4
(—x)m—n %L%mfn)(xz) m>n 4
My %Lg_m)(ﬂ) m < n. 0.5
(5.13)

The reduced density matrix is calculated via
Pan(l) = Yy X0 ol mlp(0)]i.m).
By wusing the input state p(0) =
12, Bo, a0)(2, Po, 0|, the quasiprobability in

Im[a] 2

Fig. 5.3 is obtained. The motional coherent

input state with amplitude ay = /5 evolved
into a distorted nonclassical state. The pre-
sented phase-space representation yields full

Figure 5.3: The regularized Glauber-Sudarshan P function
[Eq. (5.12)] is shown for the initial coherent state
|ao) at ||t = 50. Parameters: ag = /5, k = 3,
Ap = /2, 1 = 0.2, v/|s"| = 5000, Bo = 40,

insight into the (reduced) motional subsys- Aw/|r"| =8, and w = 1.7.

tem of the trapped ion. To get more insight

into the nonclassical nature, the following distinct quantum effects will be considered. The motional
states will be investigated with respect to squeezing, sub-Poisson statistics, and anomalous quantum

correlations [128]. The related criteria read as

Csq := LpEH[}Ji,IQITr) {(: [Az(p;7)]? 1)} <0, (5.14)
Cop 1= Q) = & [?:((:));2 ) <0, and (5.15)
Cac := (pér[%)i’gw){ [AA(T)] ) (: [Ad(ps )] 1) = [ A (s T)AR(T) )} <0, (5.16)

in case of squeezing (Sq), sub-Poisson statistics (SP), and anomalous quantum correlations (AC). Here,
Q(7) is the commonly used definition of the Mandel Q parameter. As before, 5(0) = |2, 5o, 0 )(2, Bo, o]
is assumed. The input coherent pump amplitude 5, is chosen to be sufficiently large, so that the dynamics
is close to the semiclassical one. The results are depicted in Fig. 5.4 (after Ref. [V]). In the case of the
excitation to the zeroth sideband [k = 0, figure (a)], only the anomalous quantum-correlations condition
is able to certify nonclassicality. More interestingly, if the second sideband is excited[k = 2, figure (b)],
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only small areas of squeezing are visible. This is surprising, as the Hamiltonian contains quadratic terms
of the creation and annihilation operators, as it is the case in the ordinary squeezing operator. This
counterintuitive behavior is caused by the nonlinearities—i.e., the Lamb-Dicke parameter being greater
than zero. Thus, when it comes to the investigation of its exact physical relevance (e.g. with respect to
application in future quantum technologies), a trapped ion in the resolved sideband regime seems to be

a promising model to be studied.
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Figure 5.4: The nonclassicality criteria given in Egs. (5.14) (Csq—squeezing; solid black line), (5.15) (Csp—sub-
Poisson statistics; solid orange line), and (5.16) (Cac—anomalous quantum correlations; dashed blue
line) for the excitation to the zeroth sideband, £ = 0 (a), and to the second sideband, ¥ = 2 (b).
Negative values (shaded area) certify nonclassicality. Note that the phase ¢ is optimized for each
criterion separately. Parameters: ap = /8, n = 0.3, Aw/|s"| = 20, A® = 0, v/|x”| = 5000, and
Bo = 100.

5.3 Quantum-pump dynamics

As mentioned before, the Hamiltonian in Eq. (5.1) can be solved directly, as well; see Ref. [IV]. The
derived semiclassical solution in the latter reference is on the one hand easier to handle (as the additional
“pump-Hilbert-space” is not needed), but on the other hand it does not allow for the consideration of
more general pump/cavity input states. For example, by using the solutions in Eq. (5.6), one may

consider
Peav(0) = |Usy) (Tgy| (5.17)

with the squeezed vacuum state

- V/(2n)!

Ugy) = —tanh &))" Y—=|2 5.18
|¥sv) cosh € nz:%( anh §)" =5~ [2n), (5.18)
in which ¢ denotes the squeezing parameter. The regularized P function is derived in the same way as in
Sec. 5.2. The result is depicted in Fig. 5.5, in which the electronic and motional input states are |2)(2]
and |ap) (|, respectively. While figure (a) corresponds to the semiclassical solution of the Hamiltonian

in Eq. (5.1), figure (b) shows the solution which has been discussed in Sec. 5.2 by using the input state
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in Eq. (5.17). Due to the nonclassical cavity input field, a ring-formed structure appeared, which cannot
be explained by using solely the semiclassical solution. Finally, note that Fig. 5.5 (a) could also be
derived with the solution in Sec. 5.2 by using a coherent pump/cavity-input state |5y} with 5y > 1.

Figure 5.5: Comparison of the exact, semiclassical solution (Ref. [IV]) in figure (a) and the solution given in
Eq. (5.6) for a cavity field prepared initially in a squeezed vacuum in figure (b) at ||t = 50 for k = 2
in terms of the regularized P function [Eq. (5.10)]. Parameters: ¢ = 2, n = 0.2, ap = /5, and
Aw/|k| =0.1.

5.4 Measurement of the trapped ion’s total quantum state

A possible measurement scheme to reconstruct the total quantum state of a trapped ion in terms of a
generalization of the Wigner function was introduced in Ref. [129]. The phrase total quantum state
includes even entanglement between the electronic and motional degrees of freedom, which is not
observable if only the reduced density matrix of one subsystem is considered. The measurement scheme
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is depicted in Fig. 5.6 and discussed in depth

i [3) e—————
in Ref. [129] and Sec. IV of Ref. [V]. With
the strong |1) < |3) transition, the ground
(or excited) electronic state probability of

the ion is determined. The weak |1) < |2)
transition leads to the interaction Hamilto-
nian

Hlnt |

| fol;n) A1 + Hee

(5.19)
Due to the measurement of the ion’s elec-
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sity matrix of the complete system reduces
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tronic state via the strong transition, the den-

W #
PV (n) = 12)(2] ® pY(n),

in case the

Figure 5.6: Measurement scheme after Ref. [129] to recon-
(5.20)

struct the, possibly entangled, quantum state of
a trapped ion, with respect to the vibronic states.
The driving laser (red arrows) is detuned to the
zeroth sideband: wy = wa1; see text for further
ion is in its electroni- explanations.
cally excited state. In Eq. (5.20),
~(1)
pred( T) = <2|u1nt(71) pa )UILt

(1)|2) was defined, in which j(«)
pij (@) =

= Dt(a)p(0)D(a) is the displaced mo-

tional state and p(0) denotes the density operator of the vibronic degrees of freedom. After applying

multiple probe cycles and choosing appropriate interaction times, the diagonal density matrix elements
5 in i1

(i,m|p()|4,n) for i, j = 1,2 are recovered. By using these elements, multiple representations
of the state under study can be derived. Ref. [129] relates the elements to a so-called Wigner-function
matrix which is a generalization of the ordinary Wigner function, including a description of possibly
entangled electronic and motional degrees of freedom. Meanwhile a hybrid-version of the Glauber-

Sudarshan P function was introduced in Ref. [130], which uncovers quantum correlations between the
subsystems beyond entanglement [131]. The hybrid-version of the P function is defined as

Pij(a) = (

and can be derived out of the elements p

i®0(a—a):)

(5.21)
(o) in two ways. One way is to derive the Wigner-function

matrix, Fourier transform it, rewrite the resulting expression in normal order, and Fourier transform it
back (including an appropriate filtering) to obtain the regularized P-function matrix. Another way is to
expressions

Pijola)
and

WSZ

) / o/ Aa(a, o)l ()

apply the method of nonclassicality witnesses, introduced in Ref. [132]. These two approaches yield the

(5.22)
Cwt (WA 2m+ 2\ o~ n!
Pij,disc(a) ~ 16 7;) [(7,n_|_1)|]2( m ) Z Pij (a) m)!'

(5.23)
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The index “disc” in the second expression denotes that this result is obtained by using a disc-function
filter. In Eq. (5.22), Ag(a, o) := [ d2BQ,(f)elP"/2ef" (0=a')=B(a"~a"") wag defined. Thus, the elements
pif* () which are obtained from the measurement, directly yield the regularized version of the P-function
matrix. The latter is obtained either over the complete phase space via integration [Eq. (5.22)] or at
one particular point in phase space [Eq. (5.23)]. The anomalous quantum correlations can be derived
accordingly in Fourier space via the derivatives of the characteristic-function matrix; cf. Ref. [V].

5.5 Non-commuting Hamiltonians

At the beginning of this thesis, in Sec. 2.2, the problems of non-commuting Hamiltonians have been
recapitulated. The problems arise naturally in the solution of the time-evolution operator if the cor-
responding Hamiltonian is explicitly time-dependent. Can this quantity be somehow extracted out of
measured data? Even though this problem is a keystone of quantum mechanics, it is rarely investigated.
A related but simpler problem is the verification of the commutation relation [a, af] = 1. Although this
commutation rule is of fundamental importance, a direct experimental proof was not reported before
2007; see Refs. [133-135].

Given an interaction Hamiltonian in the interaction picture, H int,1, the time evolution of the Hamilto-
nian itself can be described via

.t
N A N A ) A A
Ui (t) int,l(t)UI(t):Him,l(t)Jrﬁ/ dm {Hint,I(Tl),Hint,I(t) +O(|+'1%), (5.24)
N—— 0
o[R! | oc| K/ |2

in which UI(t) is the ordinary time-evolution operator, containing solely the interaction Hamiltonian.
Here, |«'| denotes some coupling constant to which the interaction Hamiltonian is assumed to be
proportional. Thus, the measurement of the interaction Hamiltonian in dependence of |’| yields the
Hamiltonian in the interaction picture (term proportional to |«'|) and its partially integrated time-
dependent commutator (term proportional to |«/|?).

The first question arising is whether or not it is possible to measure the time evolution of the
interaction Hamiltonian alone. Since the operator Ay, = |2)(2| commutes with the free field Hamiltonian
and the excited state occupation probability equals the expectation value of A, it is found that, for
Aw # 0, [VI]

oan(t) — 592(0) = ﬁ (030 B, 1(01(0)) ~ (07 0) Hine 1(0)05(0))) (5.25)

The measurement of o2, which is achieved via probing for resonance fluorescence, allows for the
determination of the time evolution of solely the interaction Hamiltonian. From the latter, the explicit
time-dependent Hamiltonian itself and the corresponding commutator can be derived; see Eq. (5.24).

To demonstrate the applicability, the technique will be applied to simulated data, i.e., random events
will be generated that resemble the evolution of o95. The generation scheme is:

1. creation of random events that resemble the evolution of o9 With respect to the coupling.
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2. polynomial approximation of those data for small couplings at each time point.

3. determination of the linear and quadratic coefficients of this polynomial, which equal the first and
second term in Eq. (5.24), respectively.

Depending on the scenario, this procedure needs to be repeated multiple times. The results are depicted
in Fig. 5.7. The interaction Hamiltonian [Eq. (5.1)] in Fock basis reads as
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Figure 5.7: Plot of the simulated data, represented by the dots, in comparison to the analytical results. Figure (a)
shows the determination of the interaction Hamiltonian in Fock basis, (n|Hin ;(t)|n) in Eq. (5.26) at
le]t = 10. The gray bars are the analytical results. || denotes the rescaled and dimensionless coupling;
for details see Ref. [VI]. Figure (b) shows the analytically derived curves of the commutator in Eq. (5.27)
(black lines) for a coherent state |a), with g = V12, together with simulated data for k = 0 (green
dots) and k£ = 2 (magenta dots). Parameters: n = 0.2, Aw/|e| = 0.2, A® = 0, and v = 5000.

(0| Hine,1 (t)|n) = Bl&'| fo(nim) (v1y5e ™ 2" + ya7fe) (5.26)

and is presented as the gray bars in Fig. 5.7 (a). The commutator for a motional coherent input state is

: t 112 e 2(n+k)
i ~ ~ 2|K'|°h ! e
%/ dr (1, o [Him)l(r),HimJ(t)}|1,a0>: 1] (l—cosAwt)E:\fk(n;n)\z%e |ecol®
0 n=0 '

(5.27)

and is shown as the black dashed and solid line in Fig. 5.7 (b), for k¥ = 0 and k = 2, respectively.
The simulation resembles the theoretical prediction sufficiently well. It is noteworthy that statistically
significant non-zero contributions of real data in figure (b) would be a clear experimental evidence
of non-equal-time commutators of the interaction Hamiltonian. Especially, solely the electronic-state
occupation probability is needed to reveal the behavior of the non-equal-time commutators which
account for time-ordering effects.
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5.6 Summary of Chapter 5

In this chapter, the time-dependent Hamiltonian of the quasiresonantly driven nonlinear Jaynes-
Cummings model has been investigated. Since time ordering must not be neglected, the dynamics
has been solved via an extension of the Hilbert space; more precisely, the pump field has been quantized.
Due to this procedure, the full Hamiltonian became time-independent. The dynamics of the Hamiltonian
has been solved analytically and the solutions have been verified using numerical methods. Especially,
for a strong coherent pump input state, it has been shown that the solutions resemble the semiclassical
behavior. Furthermore, the temporal evolution of the regularized P function of the motional states
of the ion has been visualized. The model has been used as a basis for various considerations and it
could be shown that (i) for the excitation to the zeroth sideband, anomalous quantum correlations of
non-commuting observables of the motional states can be revealed where neither quadrature squeezing
nor sub-Poisson number statistics occur, (ii) the treatment of the pump in a quantized manner yields
a more general description of the corresponding dynamics, (iii) the discussed quantities can be mea-
sured via an appropriate measurement scheme, and (iv) the model is suitable for the investigation of
non-equal-time commutators of Hamiltonians, which are a keystone of quantum mechanics. In fact, the
further investigation of the model is very promising since there may be more so far undiscovered effects.
Nonetheless, it is still an open question whether the investigated effects—e.g., anomalous quantum
correlations of the motional states—can be useful for applications in quantum technologies.
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6. Conclusion

In this final section, the findings of this thesis and the corresponding publications will be summarized.
For a better overview, this chapter is structured according to the different topics which have been treated
during the research.

Time ordering.— If a system’s Hamiltonian is explicitly time-dependent, time-ordering effects arise
naturally in the dynamics. Albeit this issue is a keystone of the fundamentals of quantum dynamics,
these effects are rarely considered in current research. This may be due to the fact that most approaches
include the time-ordering effects in the final solution automatically. In experiments, certain scenarios are
preferred, e.g., the restriction to certain pump pulses in parametric down-conversion, which are well
approximated without time ordering, leading to untapped resources. It has been shown that for degener-
ate parametric down-conversion which includes a frequency mismatch (and algebraically comparable
systems), the operator-valued time-ordering problem can be transferred into the complex-valued domain,
in which the time ordering can be treated in terms of non-commutative matrices. By using these results
and the Magnus expansion, it has been demonstrated that, within the radius of convergence, terms up to
the eleventh Magnus order may significantly contribute to the complete dynamics. Especially, it has been
shown that they affect the evolution of nonclassicality, which has been considered in terms of the slope
of the Fourier transform of the Glauber-Sudarshan P function.

Quasiresonantly driven nonlinear Jaynes-Cummings Hamiltonian.— Apart from the model of degen-
erate parametric down-conversion, time ordering within the quasiresonantly driven nonlinear Jaynes-
Cummings model has been discussed. In order to justify the need of analytical solutions, including time
ordering, it has been argued that even for a small detuning, the impact of time ordering is crucial. There-
fore, an exact solution via the extension of the Hilbert space has been derived, in the form of a quantized
pump field. This way, via treating the incident laser in a quantized manner, the time-dependence of the
Hamiltonian in the Schrédinger picture vanished. The solution of the time-evolution operator has been
derived straightforwardly. If the input state of the pump is a strong coherent state, the solutions converge
to the semiclassical case (where the pump is is treated classically). However, it has been shown that,
e.g., nonclassical pump input-fields reveal a different dynamics compared to the semiclassical case and,
thus, the solution which include a quantized pump field yields a more general description of the system.
By using the regularized version of the Glauber-Sudarshan P function, the temporal nonclassicality
evolution of the motional state of the trapped ion in phase space has been visualized.
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Furthermore, for this particular system, nonclassicality in terms of squeezing, sub-Poisson statistics,
and anomalous quantum correlations has been investigated. Comparing these criteria, scenarios have
been revealed, in which nonclassicality is only certified by anomalous quantum correlations. Thus,
to investigate the usefulness of those correlations with respect to future quantum technologies, the
nonlinear and detuned Jaynes-Cummings model is a promising candidate. Additionally, an established
measurement scheme has been reconsidered, which was initially thought to uncover entanglement
between the electronic and motional states in terms of a generalization of the Wigner function. It has
been shown that, in principle, the anomalous quantum correlations and other normal-ordered moments
can be recovered out of the measured quantities. Moreover, the hybrid version of the Glauber-Sudarshan
P function can be reconstructed from the same data.

Another important topic which have been discussed in terms of the nonlinear Jaynes-Cummings
model is the verification of non-equal-time commutators. By using the semiclassical solutions, simulated
data has been used to demonstrate that the expectation value of a partially integrated non-equal-time
commutator of the corresponding Hamiltonian can be reconstructed out of the excited electronic-state
occupation probability. In principle, this can be achieved as long as the data are well resolved for weak
couplings.

Multi-time-dependent nonclassicality.— Besides the nonclassicality with respect to a single point in
time, a complete framework has been developed to uncover multi-time-dependent nonclassicality. The
latter means nothing but the negativity of the P functional introduced in 2008, which is a generalization
of the Glauber-Sudarshan P function. It can be used to express normal- and time-ordered correlations
functions formally as a classical stochastic process. Unfortunately, the P functional is an ill-behaved
function for most states and its singularities may become stronger in multi-time scenarios. Thus, the
Fourier transform of the P functional has been investigated, which is referred to as a multi-time-
dependent characteristic function and is always well-behaved. Based on this function, a hierarchy of
necessary and sufficient criteria has been derived to verify nonclassical stochastic processes for radiation
fields, including an arbitrary number of points in time. The approach has been applied to two points in
time to degenerate parametric-down conversion and it has been shown that for all times under study the
derived criterion is violated and hence, the corresponding two-time-dependent P functional is negative
in the sense of distributions. However, the derived criteria are only necessary if all generally infinite
orders are taken into account. Thus, in certain situations, if low orders fail to uncover nonclassicality, it
may be reasonable to consider the P functional instead.

For this purpose, the procedure of P function regularization has been extended to the multi-time
scenario. It has been demonstrated that the multi-time-dependent regularization procedure needs to
fulfill additional constraints compared to the single-time case. This is caused by the fact that in the
latter case, the bound of the characteristic function, which is the same for all times under study, is
well-known. However, for multiple points in time, a general bound is not known as, e.g., non-equal-time
commutators play an important role. By using the developed multi-time regularization procedure of
the P functional, multi-time nonclassicality can be directly visualized via negativities in the “multi-time
phase space”. It has been discussed that the method applies to arbitrary dynamics. As a physical example
and in close relation to previous works, degenerate parametric down-conversion has been reconsidered
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and its regularized two-time-dependent P functional has been derived. The clearly visible negativities
were in accordance with the approach in terms of the multi-time-dependent characteristic function. For
the dynamics of a trapped ion, it has been presented that a product of single-time bounds cannot be
used to estimate the slope of the two-time-dependent characteristic function. This justifies the derived
regularization procedure. Moreover, the discussed multi-time-dependent quantities are accessible in
experiments as, according to the photodetection theory of Kelly and Kleiner, the joint statistics of multiple
detectors at different space-time-points equals a normal- and time-ordered correlation function.

In summary, the thesis concerns novel approaches that address the paramount question of time-
dependence in quantum systems. A number of new techniques have been developed to theoretically
describe the quantum nature of time-dependent processes in optical systems and beyond, overcoming the
limitations of previously existing methods. Moreover, measurable criteria to probe such quantum phe-
nomena have been derived and interacting systems of practical relevance have been extensively studied.
New insights have been gathered into fundamental and application-oriented aspects of temporal quantum
correlations, which hopefully will be useful for upcoming research and in future implementations of
quantum technologies.
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Multitime correlation functions in nonclassical stochastic processes
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A general method is introduced for verifying multitime quantum correlations through the characteristic function
of the time-dependent P functional that generalizes the Glauber-Sudarshan P function. Quantum correlation
criteria are derived which identify quantum effects for an arbitrary number of points in time. The Magnus
expansion is used to visualize the impact of the required time ordering, which becomes crucial in situations when
the interaction problem is explicitly time dependent. We show that the latter affects the multi-time-characteristic
function and, therefore, the temporal evolution of the nonclassicality. As an example, we apply our technique to
an optical parametric process with a frequency mismatch. The resulting two-time-characteristic function yields
full insight into the two-time quantum correlation properties of such a system.

DOI: 10.1103/PhysRevA.93.063843

I. INTRODUCTION

The determination of nonclassical effects, such as squeez-
ing [1] or entanglement [2,3], is a cumbersome, yet necessary
task for employing these phenomena in future quantum
technologies. However, most approaches are restricted to
single-time quantum effects, albeit it is well known that
there exist multitime correlations [4] and quantum effects.
For instance, the fundamental photon antibunching experiment
requires correlating two points in time [5].

To uncover the dynamics of nonclassicality, the treatment
of multitime nonclassicality is therefore a desirable aspect
to be studied. Based on the well-known Glauber-Sudarshan
P function [6,7], an approach to infer space-time-dependent
quantum correlations of radiation fields was introduced by
defining a generalized P functional [8]. The resulting nonclas-
sicality criteria yield a general insight into multitime quantum
correlation functions beyond the photon antibunching effect.

Other characterization techniques have been introduced by
Leggett and Garg [9]. They prove that temporal correlations
can violate Bell-like equalities based on assumptions of macro-
scopic realism and noninvasive measurements. Such a test was
recently applied to multilevel systems [10]. Another approach
is the consideration of bits of classical communication that
are required to simulate a temporal correlation function of a
multilevel system [11]. Considering other types of correlation
functions, one can study the temporal dynamics of a coupled
optomechanical system [12].

To keep the close relation between the treatment of the P
function and the P functional, we will consider its Fourier
transform, i.e., its characteristic function. For a single point
in time, it is known that the characteristic function yields
necessary and sufficient nonclassicality certifiers [13], which
can be directly applied to measurements [14,15]. Moreover,
the characteristic function method can be related to moment-
based techniques [16] to formulate unified nonclassicality
criteria [17].

In the present contribution, we generalize the nonclassical-
ity criteria in terms of characteristic functions to identify mul-
titime nonclassical correlations. The derived conditions lead to
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an infinite hierarchy of necessary and sufficient nonclassicality
probes for temporal quantum correlations in radiation fields.
In general, the investigation of temporal correlations requires
appropriate techniques, in particular, when the interaction
problem under study is explicitly time dependent. For this
purpose, we will apply the Magnus expansion of the unitary
time-evolution operator to analyze the impact of time ordering
on the evolution of nonclassicality. As a fundamental example,
we provide a detailed study of the quantum correlations of a
parametric process with a frequency mismatch.

The paper is structured as follows. In Sec. II we recapitulate
the concept of multitime nonclassicality. Necessary and
sufficient conditions for time-dependent quantum correlations
are derived in terms of multi-time-characteristic functions
in Sec. IIl. Section IV deals with the application of the
methods to a parametric process with frequency mismatch. The
corresponding time-dependent quantum effects are uncovered
in Sec. V. A summary and some conclusions are given in
Sec. VL.

II. MULTITIME NONCLASSICALITY

A well-established definition of nonclassicality of a ra-
diation field is related to the Glauber-Sudarshan P func-
tion [6,7,18-20],

P(a) = (:8(a — a):). (1)

Herein, § denotes the operator-valued § distribution, and & is
the bosonic annihilation operator of the radiation mode under
study. The prescription : - - - : orders creation operators to the
left of annihilation operators. On this basis, a quantum state is
referred to as nonclassical if the P function fails to have the
properties of a classical probability density [18,19]. That is,
P(a) cannot be described by the classical theory of light. Note
that a generalization to multimode fields is straightforward.
In correlation measurements, observables become relevant
which depend on a set {ti}f=1 of points in time. For example,
two-time intensity correlation functions are recorded in photon
antibunching experiments [5]. Higher-order correlations of
general field operators describe the full quantum statistics of
the radiation field in chosen space-time points [8,21]. Thus, to
completely cover the multitime nonclassicality, we consider

©2016 American Physical Society
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the P functional [8],
k

P{et): ti}_y] < H

(a@) — Oé(ti))2>. 2

The symbol g

prescriptions. Due to the latter, creation (annihilation) opera-
tors are sorted with increasing (decreasing) time arguments
from left to right [20] as it occurs in the photocounting
theory [22].

With the introduced functional, the normally and time-
ordered expectation value of an arbitrary observable O =
O(@(n), ...,a(t)), which depends on the bosonic creation
and annihilation operators at different times, can be written as

o . .
., represents the normal- and time-ordering

(PO, ...

=/d2a1

where we identified o; = «(#;). Using Egs. (2) and (3),
multitime nonclassicality can be defined as follows [8]: A
radiation field shows nonclassical correlation properties if and
only if

a(0)°)

../d2ak0(a],...,ak)P[{a,-;t,-}{;l], (3)

3 7:0F17) <. )

Here, f = f (a(ty), ...,a(ty)) connotes an operator function
of the bosonic creation and annihilation operators at different
times. Note that these nonclassicality conditions include the
ones in Refs. [18,19] for a single time.

III. CHARACTERISTIC FUNCTIONS
AND QUANTUM CORRELATIONS

A. Space-time nonclassicality criteria

The Fourier transform of the multitime P functional in
Eq. (2) defines the corresponding characteristic function,

O({Bi:1:Yiz) = (SD(Bi 1Y) o)- ()

Here, the multi-time-displacement operator reads as

D({Bisti¥iy) Hexp [BiaG)" — Bra)).  (6)

i=1

Characteristic functions are experimentally accessible, for ex-
ample, via balanced homodyne correlation measurements [21]
of the multi-time-characteristic function (5). In the classical
probability theory of stochastic processes, the coherent ampli-
tudes {ot,'(t,-)}f:1 define a set of random variables, distributed
according to the classical analog of the P functional (2).
Their characteristic function (5) is a unique characterization
in Fourier-transformed phase space, given by the variables
{Bi; ti}le. As the P function at a single time can be highly
singular, the same holds true for the general multitime
functional. However, the characteristic function is always well
behaved, which will also be discussed in the continuation of
this paper and, therefore, much better suited for uncovering
nonclassical features.
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We may expand each operator function in Eq. (4) in terms
of a Fourier series,

D({Bi.j:ti}-) (N

HMQ

for some complex amplltudes (index j) at different points in
time (index i), B; ;, and a given order O. This expansion (7)
is the multitime generalization of the single-time case [16,23].
Inserting Eq. (7) into Eq. (4) and using the definitions in
Egs. (5) and (6), we obtain

o
> OF1F) =" 0B — Bistiley)

l,j=1

= fle(lu)) f, (8)

where the latter vector-matrix notion consists of the matrix
q’({tz}k 1) = [®({8, j /Si,l;ti}le)][?jzl and the coeffi-
cient vector f = (fi,...,fo) .

Applying Bochner’s theorem for classical probabili-
ties [24], condition (8) certifies that the characteristic func-
tion (5) cannot be interpreted as the Fourier transform of the
classical analog of the P functional (2). Moreover, Bochner’s
conditions are necessary and sufficient if all orders O and
all B; ; are considered. Applying Sylvester’s criterion and in
analogy to Ref. [13], we get a multitime generalization of hi-
erarchies of nonclassicality conditions. Namely, ®({8;;; }k D
is the characteristic function of a nonclassical P functional if
and only if

30eN, [{Bi 1]} pdeto[@({n)i_)] <0 (9

Herein, detp denotes the determinant of the order O. As
det1[<I>({t,}k DI = o({0; t, _;) = 1 (the normalization of P),
the lowest-order nontrivial nonclasswahty criterion is obtained
for O = 2. It reads

0> det[@({r}'_)] = 1 — [®({Bi2 — Bz t})) . (10)

This lowest-order criterion only provides a sufficient condi-
tion for nonclassicality, whereas the general nonclassicality
condition (9) is necessary and sufficient if all orders O are
considered. Again, for one point in time, we recover the
single-time nonclassicality condition established in Ref. [25].

Let us relate the definition of nonclassicality of multiple
points in time, i.e., the functional in Eq. (2) does not describe
a classical stochastic process [8] with the derived criteria
in inequality (9). The here introduced method is based on
the characteristic function. In contrast to the P functional,
this function is always well behaved and does not exhibit
singularities which are often present in the Glauber-Sudarshan
representation. As the characteristic function includes all
information about the quantum systems for the considered
times, our approach can identify all nonclassical features
which are present in the P functional. In this sense, our method
is equivalent to the approach in Ref. [8], which, however,
formulates the conditions for nonclassical correlations in
terms of time-dependent correlation functions. Alternatively,
the here presented technique relies on a regular phase-space
distribution in terms of the characteristic function and the
corresponding criteria in (9).
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B. Time evolution and time ordering

In order to rigorously study the propagation of quantum
correlations in time, let us formulate the dynamic behavior
of quantum systems. The most general way to implement
the propagation in time is formulated in terms of the unitary
time-evolution operator I4(¢). For an explicitly time-dependent
Hamiltonian H (1), the latter is given by

Ut) =T exp [—% / dﬂﬁ(r’)], (11)
0

where 7 denotes exclusively the time-ordering prescrip-
tion, which is required if [H(t;),H ()] #0 for t; # 1.
As such a formal solution is not very helpful, one can
apply the Dyson expansion U(1) =1 —ih™" [j dt; H(t;) —
h2 fot dt (f‘ dty H(t;)H(t;) + - - -, which resembles a time-
ordered Taylor expansion of the exponential function in (11).
Alternatively, this problem can be handled by the Magnus
expansion [26,27], which yields the time-evolution operator
in the form

U(r) = exp [Z Qnm}, (12)

n=1

with &, (t) being the nth Magnus order and for n,,,x = 00, the
true evolution is recovered. In contrast to the Dyson series,
the Magnus expansion is unitary in each order. The first two
orders read as

&) = —%/0 dan ),
(13)

A 1 ! i A A
(1) = —2—712/0 dtl/o di[H (1), H(1)].

Hence, nonequal time commutators of the Hamiltonian H(r)
have to be evaluated. The first-order approximation (12)
nmax = 1 is equivalent to disregarding the time-ordering 7
in Eq. (11). Higher Magnus orders, Q,(t) with n > 1, can be
referred to as time-ordering corrections.

Thus, an effect of the time ordering can be observed if
the higher-order corrections are nonzero. In particular for the
second order, this means that the Hamiltonians of the system
for different times do not commute, see Eq. (13). The Magnus
expansion and the hierarchy of introduced nonclassicality
criteria (9)—including the special case (10)—enable us to
directly investigate the impact of time-ordering effects on the
nonclassicality.

IV. APPLICATION TO PARAMETRIC PROCESSES

As a fundamental example, we study the particular process
of degenerate parametric down-conversion for a strong classi-
cal pump field in the following. In the interaction picture, the
time-dependent interaction Hamiltonian reads as

Hin(t) = hic[e™"%al? 4 %27, (14)

where « denotes the coupling constant and § = w}, — 2w, is a
nonlinear frequency mismatch between the pump frequency w,
and the signal frequency w,. For a perfectly matched pump,
8 =0, Eq. (11) without the time ordering already gives the
exact solution.
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A related system has been studied recently [28,29]. There,
a two-mode Hamiltonian was considered with the frequency
spectrum using the Magnus expansion. In Ref. [30], the authors
have also studied parametric down-conversion with respect to
time-ordering corrections. In contrast to those works, we aim
at demonstrating the impact of time ordering on the continuous
evolution of quantum phenomena.

Equivalent to the time-evolution operator in Eq. (11), one
can establish the coupled equation of motion in the interaction
picture for the signal field operators @ and a'. This reads as

d(am)\ _ 0 —2ike 8\ (a(r)
dr\at )] = \2ike® 0 amt
- M(t)(él((tt))o. (15)

Now, the formal solution in Eq. (11) is given by —ih'A (t) —
M(z) which also replaces the operator /() by the unitary
matrix U(¢). This approach allows us to express the time
evolution in terms of matrices which, then, can be directly
applied to a and a'. In the same way [H(tl),ﬁ(tz)] #0
translates to noncommuting matrices M(¢;) and M(z,).

For a rigorous formulation of our treatment, one has to
mention the convergence radius of the Magnus series. The

series converges if the inequality,

/ ds|M(s)ll2 < (16)
0

is fulfilled [27]. The convergence radius is the supreme value
for which this inequality is satisfied. Using Eq. (15), one
obtains the spectral norm as ||M(s)||» = 2«. For convenience
we introduce the dimensionless time t = 2«¢/m. Thus, con-
vergence is assured for T < 1. To access times T > 1, one can
subdivide the evolution in adjacent time intervals, known as
the Euler method.

For our studied model, the Magnus expansion is completely
determined by t and §/«. This means that the time evolution
is given by the ratio of the mismatch and the coupling constant
as well as the characteristic system time 7/(2k). Using the
matrix M(¢) in Eq. (15), we explicitly show that each Magnus
order has the form

@, (x) = iICnI(—Ol (1)) for n even, a7
’ 10(,% ") forn odd,

where we use 7 instead of the time ¢ for parametrization.
The quantities |C,|, |S,|, and ¢, are obtained numerically, for
details see Ref. [27].

With Eq. (17), the time-evolution matrix reads as

U(T) = exp |:Z SZ,,(r)i| = exp[2(7)]

— cosh(p)((l) (1)) + Sin};(p) (_ic S > (18)

S icC
withC =) o 1Cul, S =, oqa |Snle™, and
p = [—det 2(0)]"/? =[|S|*> — C2]1/2.IThenorlldiag0nal en-
tries of U(t) correspond to amap a + a' (and @' — a). Such
a transformation yields squeezing. The diagonal elements can

063843-3

56



F. KRUMM, J. SPERLING, AND W. VOGEL

121 (D)2 [122(Dll2

6/«
6/«

0 0
0.0 02 04 0.6 08 1.0 0 0.0 0.2 04 06 08 1.0 0

T T
1210(DI2 1211 (D2
0.8 0.8
-0.6 0.6
0.4 0.4
0.2 0.2

0 0
0.0 02 04 06 08 1.0 0 0.0 02 04 06 08 1.0 0

(2 T

FIG. 1. Density plots of the spectral norm of different Magnus
orders [|€2,(7)]|, for n = 1,2,10,11. The time-ordering corrections
are most significant at values of r and 6/, where ||€2,(7)|, for
n > 1 attains its largest values.

be related to rotations in phase space, which is a classical
effect.

An additional advantage of the dynamical representation in
terms of Eq. (15) and its Magnus expansion is the possibility
of analyzing non-equal-time-commutation relations of the
fundamental bosonic annihilation (or creation) operators,

la(T),a(t + A1)]
= Un(oUpp(t + At) — Up(DUn(z + At),  (19)

where the components of the evolution operator are used
U(t) = (Z/Iij(r))iizl. The commutator (19) is, in general,
nonzero for time-dependent Hamiltonians and unequal times
At # 0. Such commutation relations for different points
in time play a fundamental role in multitime correlation
functions, see Ref. [20] for an overview.

The impact of the different Magnus orders (17) is visualized
in Fig. 1 by showing the spectral norm of different contribu-
tions ||€2,(7)|2. A large value of this matrix norm relates to
a more significant contribution to the evolution operator (18).
The plot n = 1 describes the case without any time ordering.
The norms forn > 1 are maximal in therange of 1 < §/k < 5.
Thus, the strongest time-ordering corrections are expected
to occur in this region. In particular, we will use the value
8/k = 3.18 for the following discussions.

V. TIME-DEPENDENT QUANTUM EFFECTS

After discussing the modeling of the evolution with time-
dependent Hamiltonians, let us come back to the verification
of nonclassicality. According to our criterion (10), we are
able to verify nonclassical multitime correlations if |®({S; » —
Bi. 1;t,~}f.‘=1)|2 > 1. Let us apply this test to our considered
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FIG. 2. Amax, cf. Eq. (20), for R(z) = Y '™ ,(7) and §/k ~
3.18 in dependence on the rescaled time 7. A positive Ay verifies
nonclassicality. The influence of time ordering is clearly visible in

the contributions of the higher-order Magnus terms 7, > 1.

system. Again, we will replace the times #; with the scaled
ones 7; = 2kt; /7.

First, we study the evolution of the nonclassicality by
considering a single time k = 1 for discussing the time-
ordering corrections. Initially, the system is assumed to be in
the vacuum state. Thus, after a principal axis transformation
of B = Bi1.2 — Pi.1 to a rotated complex amplitude y, we can
write the modulus of the characteristic function (5) in the form

|CD(]/, 'L’)|2 — ek(Rey)ZJru(Imy)z' (20)

If the maximal value Ayax = Amax(7) = max(i, ) is positive,
then the characteristic function exceeds one.

The results for different Magnus orders are given in Fig. 2,
where Amax 1S plotted as a function of . One can see the
time-ordering effects in the evolution for np, > 1, which
significantly affect the rising behavior of the characteristic
function and, therefore, the nonclassical character of the
corresponding state. Note that times close to the convergence
radius T = 1 show oscillations when comparing even and odd
nmax values because of the alternating form of the contributions
Q,(r)in Eq. (17).

Second, we study two-time nonclassical correlations. We
follow the same approach, such as in the single-time case, i.e.,
a principal axis transformation: (B2 — B1.1,522 — B2.1) —
(v1,¥2). Consequently, the two-time characteristic function for
the nonclassicality condition (10) reduces to a form similar
to (20),

2

| (w12 | = exp (Z[M(Re ¥)* + i (Im y,»)zl).

i=l
21
The modulus square of the two-time characteristic function
is shown in Fig. 3. Note that due to the time-ordering
prescription in Eq. (5), one has to consider actually two
scenarios 7; > 1, and 1, > 1;. The quantity (21) depends
on two complex parameters (y;,y). We restricted ourselves
to a unit circle (|y;|*> + |y2|> = 1) and selected phase values
(arg y; = arg y» = m/2), which maximize the function (21).
As the two-time-characteristic function is larger than one,
we directly uncover two-time quantum correlations for all
times, except for t;, = 0. It is important to mention that
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T2

FIG. 3. We show |®|* = [®({y;;7;}7_,)|*. As the value of one is
exceeded for all times 7, , # 0, the state is clearly two-time quantum
correlated. We included all Magnus orders up to ny, = 11 in the
evolution for §/k =~ 3.18.

the corresponding P functional will be highly singular as an
inverse Fourier transform of & is only possible in terms of
singular distributions as Eq. (21) is an unbounded function
for max{A;,A2,t1, 142} > 0. Our results clearly visualize the
two-time quantum correlations of our system.

Finally, another advantage of our approaches is the fact
that measurement schemes, e.g., as proposed in Ref. [21],
can be implemented which enables us to sample multi-time-
characteristic functions of arbitrary orders. This allows one
to directly implement our nonclassicality criteria (9). Thus,
quantum correlations between an arbitrary number of points
in time are experimentally accessible and reconstructible.

VI. CONCLUSIONS

To summarize, we presented techniques for identifying
nonclassical stochastic processes in radiation fields in terms of

PHYSICAL REVIEW A 93, 063843 (2016)

characteristic functions. The latter are the Fourier transforms
of the multi-time-dependent P functional, generalizing the
Glauber-Sudarshan representation. We constructed a hierarchy
of necessary and sufficient criteria for the characteristic
functions that can be applied to infer nonclassical correlations
between an arbitrary number of points in time. The influence
of the time ordering on the evolution of nonclassicality has
been studied via the Magnus expansion.

To demonstrate the applicability, we studied a degenerated
parametric-down-conversion process with a frequency mis-
match. We identified time intervals where the time-ordering
corrections have the most significant impact for our time-
dependent Hamiltonian. Whenever the temporal evolution of
nonclassicality is studied in the presence of a Hamiltonian
not commuting with itself at different points in time, this
influences the nonclassicality of the system. Based on the
characteristic function, we studied this temporal behavior of
the nonclassicality and demonstrated nonclassical correlations
between two points in time.

Our method can be generalized in a straightforward way to
simultaneously study multimode and multitime correlations.
Moreover, the decomposition of the light field into a free-
field and a source-field contribution allows one to study
nonclassical processes in light-matter interactions. Especially
the investigation of non-equal-time commutation relations—
including the description of a dynamic source—is an interest-
ing problem for future studies. Eventually, this will lead to a
deeper understanding of the nonclassical evolution of quantum
systems and their resulting nonclassical correlations.
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Time-dependent quantum correlations in phase space

F. Krumm" and W. Vogel
Arbeitsgruppe Theoretische Quantenoptik, Institut fiir Physik, Universitdt Rostock, D-18059 Rostock, Germany

J. Sperling
Clarendon Laboratory, University of Oxford, Parks Road, Oxford OX1 3PU, United Kingdom
(Received 8 February 2017; published 6 June 2017)

General quasiprobabilities are introduced to visualize time-dependent quantum correlations of light in phase
space. They are based on the generalization of the Glauber-Sudarshan P function to a time-dependent P functional
[W. Vogel, Phys. Rev. Lett. 100, 013605 (2008)], which fully describes temporal correlations of radiation fields
on the basis of continuous phase-space distributions. This approach is nontrivial, as the P functional itself is
highly singular for many quantum states and nonlinear processes. In general, it yields neither a well-behaved
nor an experimentally accessible description of quantum stochastic processes. Our regularized version of this
multitime-dependent quasiprobability is a smooth function and applies to stronger divergences compared to the
single-time and multimode scenario. The technique is used to characterize an optical parametric process with
frequency mismatch and a strongly nonlinear evolution of the quantized center-of-mass motion of a trapped ion.
A measurement scheme, together with a sampling approach, is provided which yields direct experimental access

to the regularized P functional from measured data.

DOI: 10.1103/PhysRevA.95.063805

I. INTRODUCTION

Nonclassical effects, such as photon antibunching [1],
squeezing [2—-6], and entanglement [7,8], have been known for
many decades. Their verification, classification, quantification,
and application remain challenging tasks of modern quantum
optics. For the distinction of genuine quantum interferences
from classical optical effects, two major techniques have
been established. The first one is the application of various
types of nonclassicality criteria based on observable quantities.
The second one is the investigation of different kinds of
phase-space distributions. The implementation of each of these
techniques brings along its own characteristic advantages and
challenges.

A variety of nonclassicality criteria are suitable for different
applications, depending on the quantum system or effect under
consideration. Some of them consist of an infinite hierarchy of
necessary and sufficient nonclassicality probes. Examples are
criteria based on characteristic functions, moments, and their
combination [9-11]. Yet, the full characterization of quantum
effects requires the study of all orders of these hierarchies.
Even though this is impossible in general, these methods
provide a plethora of sufficient nonclassicality conditions to
successfully identify various types of quantum effects; cf.
Ref. [12] for an overview. However, low-order criteria may
fail to uncover the nonclassical character of particular quantum
states.

In such cases, the investigation of phase-space distributions
may be advantageous. Prominent examples are the Husimi
QO function [13], the Wigner function [14], the Glauber-
Sudarshan P function [15,16], their unification in terms of
s-parameterized quasiprobability distributions [17], and the
general distributions introduced by Agarwal and Wolf [18].
Nonclassicality is commonly defined via comparison of such
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quasiprobabilities with their classical counterparts. The widely
accepted definition of nonclassicality by Titulaer and Glauber
relies on the P function [19,20]: Whenever P cannot be
interpreted as a classical probability density, i.e., when it
contains negativities, the state is referred to as nonclassical.
Hence, this very quasiprobability will be our benchmark to
identify quantum effects. However, the study of the P function
can become a cumbersome task, as it is highly singular
for many quantum states [21]. In general, an experimental
reconstruction of the P function is only possible if a proper
regularization procedure is introduced [22]. Based on such a
technique, one can also implement a direct sampling approach
for the regularized P functions [23], which yields direct access
to the full information on general quantum states.

The P function itself represents the full information on the
quantum state p of a radiation mode at an arbitrary but fixed
time in a diagonal representation,

b= /dzap<a)|a><a|, 1

with coherent states |«) with complex amplitudes «. Yet,
correlations between multiple points in time (i.e., temporal
correlations) play a fundamental role in quantum optics
and quantum information theory. For instance, the early
demonstration of the quantum nature of light via photon
antibunching was based on the detection of two-time intensity
correlation properties [1]. Also, the photocounting theory
depends on multitime correlation functions of the light field
to be measured [24]. It is noteworthy that the corresponding
field correlations are normal and time ordered. In particular,
this is relevant when the interaction dynamics is described
by an explicitly time-dependent Hamiltonian or when the
radiation field is emitted by atomic sources. Recently, the
Keldysh-ordered full counting statistics has been studied in
the context of negativities of quasiprobabilities [25,26].

Early studies of parametric processes in terms of time-
dependent correlation functions were reported by Mollow [27].

©2017 American Physical Society
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Temporal correlations have also been studied in the quantum
dynamical theory of the fluctuations in a degenerate optical
parametric oscillator [28]. More recently, the multimode para-
metric dynamics has been further investigated by including
time-ordering effects [29]. For an explicitly time-dependent
parametric interaction, temporal quantum correlations have
also been considered in terms of characteristic functions [30].

Another field where time ordering is important is the
passive filtering of light emitted from atomic sources. A
general theory for the effects of passive optical systems on
quantum light was developed in Ref. [31]. In this context, a
careful treatment of non-equal-time commutators is crucial.
Although such commutation rules are not explicitly known
in general, their effects can be handled in a closed form;
for details see Chap. 2.7 in Ref. [32]. Yet another example
stems from the spectral filtering of quantum light from atomic
sources for which spectral squeezing [33] and spectral intensity
correlations [34,35] of the atomic resonance fluorescence have
been studied to some extent.

Temporal correlations are also considered in the framework
of the Leggett-Garg inequalities [36,37]—sometimes referred
to as temporal Bell inequalities. Recently, the latter were
extended to continuous-variable systems placed in a squeezed
state [38]. It turns out that the application areas of temporal cor-
relation properties of radiation fields are a wide-ranging field
of research [24,27-41]. Hence, a complete characterization of
such correlations is a subject of broad interest.

Also, for applications of time-dependent quantum correla-
tions of light in quantum technology, a full characterization
of such complex quantum effects is indispensable. For this
purpose, a space-time-dependent phase-space representation
has been introduced by generalizing the Glauber-Sudarshan
P function to a space-time-dependent P functional [42].
This functional renders it possible to formulate an infinite
set of nonclassicality conditions in terms of normal- and
time-ordered field correlation functions, which are accessible
by homodyne correlation measurements [43]. However, such
a verification of quantum correlations is hardly used, as it
requires the detection of a manifold of correlation functions.

In conclusion, a direct study of the P functional would be
favorable and would lead to a deep and general understanding
of temporal quantum correlations. However, even for a single
time, the P functional can be highly singular. Even more
severely, the singularities of the multitime P functional are
even not clearly understood yet. Although it is well known
that the singularities of the Glauber-Sudarshan P function
are caused by the normal-ordering prescription, it is—to
our best knowledge—presently unknown whether or not the
time-ordering prescription, occurring in the P functional, can
give rise to singularities stronger than those of a multimode
(but single-time) P function. In our recent contribution
[30], we formulated nonclassicality tests to uncover time-
dependent quantum effects. This method was based on the
characteristic function, i.e., the Fourier transform of the P
functional, which is indeed a regular function. Still, until
now, a proper regularization procedure for the P functional
itself has not been established for the multitime case. Such
a method, however, would be important for a comprehensive
understanding and potential applications of general quantum
correlations of radiation fields. Here, it is also noteworthy that
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the general quantum correlations under study even include
entanglement as a subset [44].

In the present paper, we develop a rigorous formalism
that describes nonclassical multitime correlations in terms of
smooth nonclassicality quasiprobabilities. The regularity of
our phase-space function applies to any evolution of the optical
system. This enables us to verify quantum effects through the
negativity of our quasiprobability representation for quantum
states of general radiation fields. For example, we apply our
method to an explicitly time-dependent parametric process and
to a nonlinear dynamics of the quantized motion of a trapped
ion. Itis shown that the multitime scenario implies singularities
of the P functional stronger than those of the single-time
multimode P function. Even those singularities are suppressed
by our regularization technique. Eventually, we formulate the
measurement theory for the direct sampling of the regularized
P functional, which allows for an experimental visualization
of multitime quantum correlations of light in phase space.

The paper is structured as follows. Section II recapitulates
the concept of single- and multitime nonclassicality. In
Sec. III, we formulate the regularization procedure of the
multitime-dependent P functional. Afterwards, in Sec. IV
we apply the introduced techniques to an optical parametric
process with frequency mismatch. The nonlinear evolution
of a laser-driven trapped ion is analyzed in Sec. V, which
includes more complex time-dependent commutation rules
and strongly enhanced singularities of the P functional. In
Sec. VI, we propose an experimental scheme for efficiently
measuring the quantities under study. Finally, a summary and
some conclusions follow in Sec. VII.

II. NONCLASSICALITY
A. Single-time nonclassicality filters

In the single-time scenario, the P function can be used to
express any quantum state as a formal mixture of coherent
states [15,16,19,20,32]; cf. Eq. (1). However, it is due to the
singular behavior of P, which occurs for many quantum states,
such as Fock or squeezed states, that a direct experimental
access to this distribution is impossible. The singularity is
equivalent to an unbounded characteristic function @, being
the Fourier transform of P.

To resolve the issue of singularities and to identify the
nonclassicality of quantum states in experiments through nega-
tivities of properly defined quasiprobabilities, a regularization
procedure was introduced [22]. The resulting regularized P
function is consequently defined via the Fourier transform F
or convolution ,

Po(a) = FglQu(B)PB))(@) = (P + Qu)@),  (2)

with the filter function 2, or its inverse Fourier transform
Q,, and both depending on a width parameter w > 0. This, in
general, non-Gaussian filter function needs to satisfy several
conditions [22]:

(1) Q,(B)P(B) is rapidly decaying for all (finite) values
w. This is necessary to assure that the regularized P function
exists and is even smooth for all states and for all filter widths
(cf. also Ref. [45], Appendix A).

(2) The Fourier transform ,, is a probability density.
Especially, its nonnegativity is important, as we want to
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visualize the negativities of the original P function, which
define the nonclassicality. Thus, the filter must not contribute
negativities.

(3) The limit lim,,_, o, $2,,(8) = 1 assures that the original
P function is recovered for w — oo.

The regularized N-mode and single-time P function is
obtained from the generalization [45]

FplQ2u(B)P(B))(e), 3)

where «,8 € CV. One possibility for constructing a mul-
timode filter is a product of single-mode filters, 2, (et) =
]_[i-\]:l €, (). Note that the multimode characteristic function
® 1s, in general, unbounded, SUpgecy |®(B)| = oo, but can be
bounded through a diverging function,

|®(B)| < expl|BI*/2], 4)

which can be easily derived: Using the definition of the
multimode characteristic function and the displacement opera-

tors ﬁ(,Bl,-) = exp[ﬁj&; — ﬁ;‘&j] with B = (B1,...,Bx)T, one
obtains

Pq(o) =

[D(B)| = K ﬁ

>‘_| (eZl b= B (5)

where a; labels the annihilation operator of the /th radiation
mode and : - - - : connotes the normal ordering prescription.
That is, all creation operators are placed to the left of the
annihilation operators without making use of the bosonic
commutation relations. As [4;,a;] = 0 and [&i,&;] = §;; hold
(8 is the Kronecker symbol), one can use the standard (i.e., first-
order) Baker-Campbell-Hausdorff (BCH) formula to obtain

<ﬁ 1503,»)>

j=1

|D(B)| = elfr/2, (6)

As for the unitary displacement operators ﬁ(,Bl,-) it holds that
I I—[}/.V:l ﬁ(ﬂj)H < 1, and one readily verifies Eq. (4). This
estimation also holds true for any time evolution of a quantum
state p(t) for a single time ¢. Hence, one finds that the slope
of the characteristic function of the N-mode P function is
bounded by an inverse Gaussian factor, which also bounds the
singularities of the multimode P function [21]. However, the
regularization procedure so far recapitulated is restricted to
single-time properties of a quantum system.

B. Multitime P functional

In the more general multitime scenario, the situation is
very different. It is nontrivial to give a similar expansion
as in Eq. (1), because it is a cumbersome task to define
the corresponding multitime density matrix [46]. Thus, one
needs a generalized, multitime-dependent version of the P
function [42]. We discuss this concept in the continuation of
this section. The resulting P functional is formulated by using
normal- and time-ordered expressions which are accessible in
quantum correlation measurements [32,43]. They also occur
in the photocounting theory [24] whenever source fields play
a significant role in the description of a quantum state of light.

PHYSICAL REVIEW A 95, 063805 (2017)

Let us consider an observable O [{a (t,-)}f.‘:1 ], which depends
on the bosonic annihilation operators a(#;) and creation
operators a(t;)! (not explicitly written as an argument in Q)
at arbitrarily chosen points in time, #; < ... < #. Throughout
this work, k denotes the number of different points in time.
For simplicity, we treat the case of a single spatial-frequency
optical mode but kK nonmonochromatic (temporal) modes. The
extension to N spatial-frequency modes is straightforward,
via a® — (&?), ... ,&S))T, as exemplified in the previous
subsection for a single time. The definition of the singular P
functional was introduced in terms of space-time-dependent
field operators in Ref. [42], which already includes the most
general scenario. It is a function of the k coherent amplitudes
at the considered k points in time, Ploy, ..., t, - . . 1]

Using this P functional, a multitime-dependent expectation
value of the given observable O may be written as

Lol ) = [ d

X Play, ...

/ d*ay O(ay, ...,op)

N-753 SIRRNNN A R @)

where we omitted the dependence on the complex con-
jugated variables and operators. The symbol °...2 =7 :

: represents the normal (: ---:)- and time (7 )-ordering
prescription. Namely, the operators in Eq. (7) have to be
normal ordered—creation operators to the left of annihilation
operators—and then time ordering is performed, i.e., the
time-dependent creation (annihilation) operators are sorted
with increasing (decreasing) time arguments from left to right
[32]. Note that from the theory of photoelectric detection of
light it is well known that observable correlation functions are
subjected to normal and time ordering. An example of such
a function is the second-order intensity correlation function,
2@, which corresponds to the expectation value of the operator
O ~ a'(na'(r + At)a(r + Ar)a(r). This quantity is essential
for the verification of photon antibunching [1,47].

From the general structure of Eq. (7), we can observe that
the P functional has formally the meaning of a joint probability
distribution of the coherent amplitudes «; = «(t;) at k points
in time. We use the term “formally” here, as P, in general,
does not fulfill all the properties of a probability density in the
sense of classical stochastics. This means that the P functional
is a joint quasiprobability, defined as the quantum expectation
value [42]

k
Pl{ais i}y ] <H @) — > ®)

where § denotes the operator-valued § distribution. To clarify
the terms, let us stress the following: The notion P function
is used for characterizing the quantum state at a single
(arbitrary but fixed) time. The notion P functional, on the other
hand, applies when field amplitudes including their time
dependencies are relevant. This also means that in the case
k =1, the time -ordering prescription becomes meaningless,
SEERRE S . In this scenario, the Glauber-Sudarshan P
functlon in Eq (1) is recovered.

The classicality (nonnegativity) of the multitime functional,
(8), leads to a hierarchy of classical inequalities in term
of moments. Their violation certifies general quantum
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correlations of light [42]. Special cases were also studied
in Ref. [48] for characterizing two-photon quantum interfer-
ences.

III. THE FILTERED P FUNCTIONAL

Starting from the definition (8), one can always express the
P functional through its characteristic function &,

Pl{aisti}isg] = Figpe [@(Bsadis) [(leidiny), )

where Fig, = Fp, ... Fp, is aproduct of Fourier transforms
for the k dlfferent degrees of freedom. Let us recall that
the (time-dependent) operator-valued § distribution is defined
as the Fourier transform of the (time-dependent) displace-
ment operator, S —a) = }'ﬁ[ﬁ(ﬂ; 1)](a), with ﬁ(ﬂ; 1) =
exp[/%z(t)T — B*a(t)]. Hence, one readily gets that

({83 1)) < ]"[D(ﬁl,z, >
k k
— <l_[ elgi&i(ti) l_[ eﬂ1f+1,-ﬁ(fk+1i)> . (10)
i=1 i=1

which is the multitime-dependent characteristic function
(MTCF) of the P functional for #; < ... <1y [30]. The
operator product for arbitrary A(¢) is defined as ]_[ff=1 A@t) =
A(ty). .. A(t). Since the operators are in general not commut-
ing, the operator products contain the time ordering from the
first line in Eq. (10).

At first sight, the above expression, (10), resembles that for
the multimode characteristic function [Eq. (5)]. However, there
are two significant differences when considering the multitime
scenario:

(i) One needs to consider non-equal-time commutators of
the field operators, which are, in general, nonvanishing or
not even proportional to unity [31,32,49,50]. This means that
[a(t),a(t)] o 1 for r # ¢/, which is a crucial point, as such
commutators do not necessarily commute with other operators.
Hence, the standard BCH formula is insufficient and higher-
order terms need to be taken into account. Their calculation and
the related convergence considerations are complex problems
[51], which complicates the issue of finding a bound of the
absolute square of the MTCEF. This result is a major difference
compared to the multimode (single-time) case [Eq. (4)].

(ii) Resulting from the structure of the functional, (8),
the time-ordering prescription (beside the normal-ordering
prescription) has to be considered. As we saw in the derivation
of Eq. (4), the factor e!#"/2 for a single radiation mode is caused
by the normal ordering. The question arises whether or not the
time ordering itself does cause a stronger rising behavior of
the MTCF.

Altogether, the MTCF may be a more strongly growing
function of Bi,...,Br compared with the single-time but
multimode scenario. However, this asymptotic behavior is
important as it could lead to stronger singularities of the
corresponding P functional compared with the multimode
P function. This problem, to our best knowledge, has not
been studied yet. Our rigorous regularization procedure in
the multitime scenario has to include this eventuality. This
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also means that our approach, to be formulated, needs to be
applicable to any dynamics of a quantum optical system.

A. Universal multitime regularization

As emphasized above, the singularities of P in Eq. (9) are
caused by the fact that the characteristic function ®({8;; #; }f.‘zl)
[Eq. (10)] is, in general, unbounded. Hence, the integrals
of the Fourier transforms in Eq. (9) do not converge. When
generalizing the approach in Eq. (2), our multitime filter €2,
needs to assure the fast decay of the filtered characteristic
function,

Po({Bitifi) = P({Bittis)Qu({Bstity). (1D

Consequently, the regularized P functional in terms of the
Fourier transform is defined as

Pollaistiti_,] = Figp [Pa(lBistdi) (i), (12)

where w denotes a tuple of width parameters that is specified
later.

In the following, let us formulate some simple observations.
We consider a continuous function ¢(z) depending on a
real-valued parameter z that might diverge for |z| — oco. In
addition, we employ the triangular function,

(1+4z) for zel[-1,0],
tri(z) = y(1 —2) for z€]0,1], (13)
0 otherwise.

It holds that the product ¢(z)tri(z) is bounded and continuous
since the product of two continuous functions is continuous,
and since the triangular function has the compact support
[—1,1], it is identical to O for |z| > 1. Further on, it is
easy to check that the one-dimensional Fourier transform of
tri(z) is a probability density. Rescaling the argument with
w > 0, tri(z/w), yields a rescaled probability density, with
the support of tri(z/w) changing to the interval [—w,w].
In particular, for w — oo, this rescaled triangular function
converges pointwise to the constant function 1, for which the
Fourier transform is a § distribution.

Returning to our initial filtering problem and keeping those
observations in mind, we define the filter function

k

= [ [ (wri(Re[B:1/wi)eri(Im[B1/wi))  (14)

i=1

Qu({Bi152))

using different filter parameters for each time, w =
(wy, ...,wy), with Re[B] and Im[B] denoting the real and
imaginary part of §, respectively. From our observation above
it directly follows that requirements 1-3 (cf. Sec. II) for a filter
are satisfied. In particular and due to its compact support, the
filter, (14), suppresses any rising behavior of the MTCF. This
also means that the filtered P functional, (12), exists always
as a smooth function [52].

For illustration, a plot of the filter, multiplied by a factor
exp[Re[B]"] for m = 2,4,6, is given in Fig. 1. In the case
m = 2, the factor resembles the growth factor of a single-
time-characteristic function [53]. The parameters m = 4,6
correspond to faster increments that might result from non-
equal-time commutation relations of nonlinear interactions.
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exp[Re[ B]"]tri[Re[ 5]/w]
" 3.0f i

]
1
1
2.5, ! - w=1.3, m=6
]
1
i

--- w=1.5, m=4

— w=1.8, m=2

Re[ 8]

FIG. 1. Plot of the triangular function tri(Re[8]/w) multiplied by
an exponential rising function exp[|S]"]. We see that the resulting
function is bounded, and thus, its Fourier transform is a continuous
function.

Note that a filter of this type is needed for multitime-
dependent phenomena, as the behavior of the MTCF cannot
be estimated in general. The multitime commutation rules
of the bosonic operators are unknown for general interaction
problems; for details see Chap. 2.7 of [32]. With our filters in
Eq. (14), however, we ensure that the multitime nonclassicality
quasiprobabilities are smooth functions and they can be
directly sampled in experiments, which is shown in Sec. VI.

B. Discussion

Let us formulate some preliminary conclusions. The
problem of regularizing the P functional has been treated.
Although the singularities of this multitime quasiprobability
are unknown, we formulated a regularization approach via a
compact filter function, (14), which applies to any nonlinear
interaction dynamics of radiation fields. On this basis, the
well-behaved quasiprobability, (12), exists and it is negative
for a width w if and only if the light field under study is
nonclassical—including multitime quantum correlations. Our
applied filter suppresses any rising behavior of the MTCEF for
|Bi| — oo. This also includes scenarios where the slope of the
MTCEF increases more rapidly than an inverse Gaussian, which
might result from the dynamics of complex interactions.

Remarkably, a triangular filter has already been used for
the single-mode and -time scenario [22]. There, the compact
support was considered a deficiency because parts of the
characteristic function are multiplied by O and, thus, do not
contribute to the filtered P function. Here, however, this
compactness serves as a beneficial resource which renders
it possible to filter a multitime P functional. Moreover,
similarly to the multimode scenario [45], we have a filter
in a product form, (14). It is worth mentioning that we
could also and equivalently employ any filter with a compact
support, including radial symmetric filters and higher-order
autocorrelation-function filters [54,55].

The basic definition of the multitime nonclassicality is
the inability to interpret the singular P functional, (8),
as a joint probability distribution of a classical stochastic
process [42]. Also in Ref. [42], a hierarchy of quantum
correlation conditions has been formulated on the basis of
measurable space-time-dependent field correlation functions.
An approach to formulating multitime nonclassicality tests on
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the basis of the MTCF was subsequently formulated as well
[30]. Here, in contrast, we introduce regular nonclassicality
quasiprobabilities that enable us to study quantum correlations
between multiple points in time directly via the corresponding
negativities of smooth phase-space distributions of quantum
stochastic, optical processes.

IV. PARAMETRIC PROCESSES

Let us now apply our approach to the characterization of
temporal quantum effects on a specific physical system. In
our recent work [30], we studied the parametric process based
on the MTCF. This and related parametric interactions are a
fundamental tool for generating nonclassical light in modern
experimental quantum optics, e.g., squeezed light [3-6]. Note
that various single-photon sources are based on parametric
down-conversion [56—61]. Due to the resulting wide range of
applications of this process, let us reconsider this system from
the perspective of the technique derived here.

The effective Hamiltonian of the quantum system in the
interaction picture is

Hin(t) = fic(@?e™" 4 a%e™"), (15)

with a positive frequency mismatché = w, — 2w, and withw,,
and w, being the pump and signal frequency, respectively. In
this process, a strong (classically described) pump field creates
pairs of (equal-frequency) signal photons. Due to the violation
of multitime-dependent classical inequalities, we have already
demonstrated the presence of two-time quantum correlations
[30] for this process. We also stress that the dynamical behavior
exhibits a nontrivial dependence on time, as we have, in
general, a nonvanishing commutator [ﬁint(t),ﬁint(t’)] # 0 for
different times ¢ and ¢’. In this section, let us focus on the
visualization of quantum correlations directly in terms of
negativities of the regularized P functional, which has not
been considered before.

The coupled equations of motion of the signal field
operators @ and a' read as

d (a() 0 —ike "\ (a(r)
E(a(t)f):(zmif” 0 )(&(t)T)' (16)

After decoupling, one obtains second-order equations of
motion,

d* d ” .
ﬁa(t) + lSEa(t) —4k-a(t) = 0. (17)
The solution can be found via standard algebra,
a(e) = u (1) + ux()a’, (18)

where we have defined the following dimensionless quantities:
¥, = w/16 — r2/4 (representing the eigenfrequency), r =
8/k (the coupling ratio), T = 2«t/m (a time in “natural” units
of the system), and the two functions

. | T
Uy (1) = e~ [cosh 9,7) + ;ﬂr sinh (ﬁ,r):l ,
r

—iT .
e '#""sinh (9, 7).

r

ur (1) = 19)

The initial condition is a(t = 0) = a.
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A. Single-time scenario

To clarify the filtering procedure and to demonstrate the
applicability of the filter to the single-time dynamics of the
system, we first consider the single-time scenario. In this case,
k = 1, the P functional in Eq. (9) is obtained from the inverse
Fourier transform, (10):

Pla';1] = % / d*BeP P DB T)).  (20)
|

T /ler 1% — 2
<D(,3,'L')> = d)(ﬁ,f) = exp |:<glr> (2(1 |M2 I/l1| )

Im[uu,]

Here, we have supposed that the initial state is the vacuum state
and omitted to write the explicit time dependence, u; = u;(7).

To simplify the integration, we diagonalize the coefficient
matrix in Eq. (21). The transformation matrix S, containing
the normalized eigenvectors x; (I = +,—), reads

—b, —b_
by|? b_|?

S = (xax) = \/l+1| 4] \/1JE| \ ’ (22)
NIHBE 1B

with bi = (—Re[ulug] + |u1u2|)/Im[u1u2] € R. The ob-
tained normal coordinates are described via the classical
rotation (8,,8:)T = S(¥,,y;)" and we find

T e 0
-0 (5 2)(2)]

with e = —=(1 — Jus —uy Py £ 2222l o3
2 1+ b3
Including the free-field propagation, we further obtain
1 [o¢] o0
Plast] = = / dy, / dy;
T —00 —00
X exp [2iA,y, —2iA;y — c+yr2 - c_yl.z], (24)
with
A = —(1+b3)""*(Rela] + by Im[al),
A; = (1 +b*)"*(Re[a] 4 b_Im[a]). (25)

The application of our regularization procedure, (12), to a
single point in time yields

o0
dye o .
Pg[a;r]:/ —yez’A’V”C*V'ztn(y,/w)

oo

o0 d ; . .

o T

The integral can be simplified (cf. Appendix C in [21]) via
defining the function

1
T(y.g) = Re [2/ d““z”’“ﬂ—z)] @7
T Jo
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Since we treat the time evolution in the interaction picture,
the impact of the free-field Hamiltonian ﬁo = liw,a'a is not
directly included in the parameters u;. However, it only acts as
a classical rotation in phase space, D(ﬁ’; T) > D(ﬂ’ei‘”f"; 7),
which can be ignored, as we can perform a transformation
B'ei® = B (likewise, e’’’ = « in the original phase space).
Using Eq. (10) for k& =1, inserting the solution of the
time evolution, (18), using the decomposition g = B, + if;
(B,,B; € R), and reordering the terms using the BCH formula,

we get
Im[uus] ﬁ,)
: 21
5(1—|u’;+u1|2>) <ﬂi } ey

which relates to complex error functions, and we finally arrive
at

(

Polo; 1] = w*T(wA,, w?c )T (—wA;, wc_). (28)

The temporal evolution in terms of Pg[w; 7] is shown in
Fig. 2 for different times t = 2«t/m. The negativities clearly
display the nonclassicality of the system in terms of a regular
and time-dependent quasiprobability.

B. Singularities due to explicit time dependence

Let us now extend our studies to the more general multitime
case. As discussed earlier, the main features of multitime cor-
relations are due to (i) non-equal-time commutation relations
and (ii) the time-ordering prescription; see the beginning of
Sec. III. The commutators for (i) can be straightforwardly
computed for the system under study by using the exact

solution, (18),
us(7) i
ur(t + At)) "’

uy(7)

[a(t),a(t + At)] = det (ul(t + A7)

(29)

with u;(7) given in Eq. (19). The effect of the time-ordering
prescription in Egs. (8) and (10) can be analyzed in terms of

Pola;7)/|1Pa[0;7]]

S —0.2

FIG. 2. Plotof the regularized and scaled phase-space distribution
Pgla; t] for several system times 7. We chose Im[a] =0, w = 2.3
for the triangular filter and r = §/k = 10/m ~ 3.18. The negativities
for > 0 clearly show the evolution of the nonclassicality.
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the ratio

§ — |CDBL BT+ AT) | 30
(:D(B1.B2 7.7 + AT))

which relates the time- and normal-ordered quantities to solely
normal-ordered ones. Since all appearing commutators are
multiples of the identity, we get

® = |exp{—B;B3la(x).a(r + A}
= exp{—|B1 B2 |Re[e " “n ) [a(z),a(r + AN},

(3D

where @p, = arg B; for j = 1,2. Using the solutions, (19), one
finds for |r| < 4 and ¥, = w+/16 — r2/4 that

Re[e "nt)[a(1),a(t + AT)]]

T . [#r . N
= 5 sin [T(ZT + AT) + g, + <p,32:| sinh[?, At]l.

I3

(32)

In other words, the influence of the time-ordering prescription
is an additional term proportional to exp{=£|B;B.|}, where
the sign depends on the sine (sin) term in Eq. (32). As the
hyperbolic sine (sinh) is monotonically increasing, the strength
of this factor increases with At. For the P functional (i.e.,
performing a Fourier transformation), this factor increases (for
exp{-+|B1B2|}) or decreases (for exp{—|B182|}) the strength of
the singularities.

Let us apply our filter procedure introduced in Sec. IITA.
We use identical filter widths, w; = w, = w [cf. Egs. (12) and
(14)]. The general procedure to compute Pglay,02;71,71] is a
straightforward extension of the one presented in Sec. [V A.
After some algebra, we get the two-time regularized P
functional,

Polay,az; 11,71]
=w'T wf—l.o,—wzfzo T wfi.l,—wzfoz
2i 2i

d d
x T w22, w2 )T w=ll, —w?dy ), (33)
2i 2i

with the definition of 7 in Eq. (27). The coefficients f,,, and
dn, together with a proper rotation of phase space can be
obtained numerically as described in detail in Sec. IV A and
generalized to four dimensions.

The two-time regularized P functional, (33), is depicted in
Fig. 3. The negativities directly reveal the quantum correlations
of the system under study. Note that for any time pairings
(11,72) and cross sections other than those used in Fig. 3,
negativities are revealed as well; cf. also Ref. [30]. Let us
stress that the existence of negativities for a certain filter
width is necessary and sufficient for the existence of quantum
correlations within the singular P functional.

V. TRAPPED-ION DYNAMICS

In the previous section, we discuss multitime effects for
a time-dependent parametric oscillator. In this case, however,
the rather simple commutator [4(¢),a(t')] o 1 for t # ¢’ holds
[Eq. (29)], and hence, the standard BCH formula is applicable.
Furthermore, one is able to solve the equations of motion

PHYSICAL REVIEW A 95, 063805 (2017)

Pqola4,a5;11=0.1,7,=0.45]
Re[ay]
-2 -1 0 1 2

0.6
0.4
0.2
0.0
-0.2

0
-2 Re[a;]

FIG. 3. Plot of the two-time regularized functional
Po(ay,0;1,75) for w =2.9. Here, we used 7, = 0.1, 7, = 0.45,
and the cross section Im[w,] = Im[e;] = 0. The negativities of
the quasiprobability reveal nonclassical normally and time-ordered
correlation properties of the considered system.

analytically. The question arises how such systems shall be
examined if the exact dynamics is not explicitly given. In
this section, we therefore study more general structures of
the MTCF and the corresponding dynamics for which the
commutators are not central—i.e., they do not commute with
the field operators itself, [[a(t),a(t")],a(t")] # 0.

Let us first rewrite the MTCF [Eq. (10)] for the two-time
case k = 2 and an input state py,,

OBy, Ba; 1112) = Trl pin(tr,10)eP Y D(Ba; 1, 11)e P11l 12,
(34)

Here we have used pi,(t1,%) = U(tl,to),éin(j(t] o) and
the time-evolved displacement operator D(Britr,t)) =
U(tz,tl)fﬁ(ﬁz)lj(tz,tl). This form of @ reveals a major
difficulty: ¢/ and e #'% are unbounded operators [62],
and they cannot be rewritten in a simple manner when the
commutators are not central.

Let us therefore consider the limit t; — ¢y and ty — O,
ie., t; =ty =0. As in general [a(0),a(t,)] # 0 (even i)
holds true, this situation differs from the single-time case. Let
us emphasize that the time-ordering prescription still applies.
Setting #, = t, we arrive at

®(B1,B2:0,1) = Tr[ pine™ @ D(B; 1)e P12 12 (35)

Evaluations of this expression depend on the input state gi, and
on the dynamics under study. Here we focus on Fock states as
input states, i.e., pin = |p)(p|. This yields

@(p1,52;0.1)

_ Xp: 5?(—,31*)"’P!(P—”m(ﬁz;t)'p_m)e‘ﬁ“z/z
- min! (P —ml(p —m)! ’

m,n=0
(36)

which is obtained via expanding the exponential functions in
power series and using the standard actions of @ (a') on the
Fock states | p) ({p])-

First, we study Eq. (36) for p =0, i.e., pi, = |vac)(vac]|.
We obtain

®rac(B1,B2:0,1) = (0] D(Ba; 1)]0) el /2, (37)
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which is always bound by an inverse Gaussian factor. Fur-
thermore, ®..(B1,62;0,7) equals a single-time characteristic
function, and the corresponding P functional [Eq. (9)] will
attain for any dynamics the form

Pvac[alva2;07t] = Pvac[OlZ; []5(0[1). (38)

As the delta distribution is a nonnegative distribution, the two-
time P functional describes a nonclassical system if and only
if the single-time P function fails to be a classical probability
distribution. In this scenario, there are no genuine temporal
correlations. However, the situation is different for other input
states, which can be observed for our second example, p = 1.
Because e #i4|1) = [1) — BF|0), we get

®1(B1,62:0,0) = [(1] + (OB 1D(Ba; DI |1) — B70) el
(39)

and, therefore, additional terms due to the inclusion of a second
point in time. This holds even if we set the first time to be 0.
Note, a similar behavior can be observed for any p > 1.

For clarification, let us consider a realistic interaction
Hamiltonian [63],

Hs = ke fy@ta; n)ina)* + Hee., (40)

which results in a time evolution obeying a noncentral commu-
tator algebra and whose time evolution is solved numerically.
It describes a nonlinear vibrational dynamics of a laser-driven
trapped ion. Therein, ¢ is the effective two-photon coupling
strength, and 7 is the Lamb-Dicke parameter. The nonlinear
operator function f3(a’a; n) of the vibrational number operator
a'a accounts for the recoil effects due to absorption and
emission of laser photons by the trapped atom. It reads [63]

00 21
2oata. -2 / n JSTIN
a'a,n)=e —1)y———a"a'. 41
J3( n) ZEZO( )l!(l+3)! (41)
The action on Fock states of the ion’s center-of-mass motion
yields

fy@'a;miny = e 7/? LO@Hn) = f(n;n)ln),

(42)

(n+3)!

with L®(x) being the generalized Laguerre polynomi-
als. Using the completeness relation of the Fock states,
Z:io |n)(n| = 1, the Hamiltonian, (40), can be written in the
Fock basis as

o0
Hs = ihen® Y gs(n;m)ln + 3)(n| — ga(ns min)(n + 3|,
n=0

(43)

with g3(n;n) = f3(n;n)+/(n + D(n + 2)(n + 3).
The time evolution can be numerically solved via evaluating
the time evolution operator

Ult,t) = exp I:—%(t - to)ﬁ3j| , (44)

in matrix representation, where a sufficiently high cutoff of the
Fock space has to be chosen. Using the MTCF in Eq. (35), we
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FIG. 4. Plot of A® as defined in Eq. (45) for fixed |B;| = | 82| =
1.3 and ¢; = ¢, = @, where B; = |B;le'%, j = 1,2. We vary the
common phase ¢ and the dimensionless time 7 = ¢¢. As A® clearly
exceeds the value of O (pink areas), we confirm that the MTCEF is
differently bounded compared to the two-mode single-time case.

can investigate the difference between the squared modulus of
the MTCF and the inverse Gaussian bound,

AD(B1,B2;0,7) := |D(B1,B2; 0,7)> — PIFHEE  (45)

with the dimensionless system time t = et. If this function
A® exceeds 0, the MTCF is—due to temporal correlations—
differently bounded compared to the two-mode single-time
characteristic function. This means that the temporal correla-
tions increase the divergences of the P functional to an extent
which cannot occur for any two-mode correlations at equal
time; cf. Eq. (4).

A visualization of (45) is given in Fig. 4 for a particular
choice of the parameters. We used p = 3 (i, = |3)(3]) and
numerically evaluated A® in a 200-dimensional Fock space
to ensure approximation errors of the order of those of the nu-
merical arithmetic. As for several parameters A® > 0 holds,
the temporal correlations obviously exceed the slope one can
maximally expect for an equal-time two-mode characteristic
function. As discussed earlier, the strength of the excess
depends on the chosen input state. This deviation from the
inverse Gaussian bound of the MTCF could be even stronger
for other dynamical systems. However, our filter approach,
introduced in Sec. III A, is suitable for regularization of the P
functional for any dynamics. Based on the strongly nonlinear
trapped-ion interaction Hamiltonian and the discussion of the
impact of the input state, we have demonstrated our approach’s
requirement for regularization of multitime P functionals.

VI. SAMPLING OF THE P FUNCTIONAL

The first experimental reconstruction of a phase-insensitive
and single-time filtered Pg function with negativities was
performed for single-photon-added thermal states [64]—based
on the measurement of quadratures in balanced homodyne
detection. A direct sampling of a single-time Pg function
for a squeezed state was then performed [65]—including
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Radiation source

PHYSICAL REVIEW A 95, 063805 (2017)

l LO l
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‘ t t+ At ‘
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FIG. 5. Experimental scheme to directly measure two-time quantum correlations in terms of two-time quasiprobabilities. The scheme
consists of two balanced homodyne detection (BHD) setups whose difference signals are additionally correlated. The creation operators a(t)
and a(t + At) label the different travel times of the field. The resulting correlated difference statistics of the detector events can be directly
related to Pgloy,,; T1,72], where the phases for the local oscillator (LO) of each BHD setup are controlled continuously through the phase
shifters Ag and A¢’. The temporal matching of the LO to the signal fields is ensured through a proper path-length control.

the formulation of suitable pattern functions for discrete
phase measurements. More recently, a method was presented
to sample the filtered P function via continuous-in-phase
measurement [23]. In the following we study an optical
measurement scheme for reconstructing the filtered P func-
tional that allows one to apply our technique in experiments.
Additionally note that a corresponding measurement technique
can also be provided for the motional quantum state of a
trapped ion, which can be directly based on the motional-state
reconstruction as proposed in Ref. [66].

The setup of our scheme is shown in Fig. 5; it correlates
the radiation field at two times. According to the quantum
theoretical model for photodetection [24,32,67], the joint
probability of four detectors is

4
R A
Poynyns.ng = <°l_[ L B (46)

n;!
i=1 !

where n; denotes the number of photons at the ith detector,
n; is the detector efficiency, and 7;(#;) is the photon number
operator at time ¢ in the corresponding detector path. As we
correlate two points in time in our setup, we set t; =t =t
and 3 = 14, = t + At. The phases of the local oscillator modes
can be controlled separately by the phase shifters A and Ag'.
Note that the layout is scalable and could be further extended
to more points in time.

In close analogy to the procedure in Ref. [68], the correlated
difference statistics is found to be

Pz,t+Az(U,U/§§0,§0/)
1 <o { [v—nR&(p — 7/2;D)]* }
cexpy—

- 27 R2/nn’ 2nR?
'~ Rx(¢' — 7 /2;t+AD)]?
X exp _ W Ry — w/2: 4 AL RN CY)
217’ R?

with the difference events n; — n, = v and n3 — ngy = v/, the
phases ¢ and ¢’, the common amplitude R of the two local

oscillators, and the quadrature operator

£ —m/20) = a)e™™ + a@)e?. (48)
To arrive at Eq. (47), we replaced n; with continuous variables,
which can be done in the strong local oscillator limit and for
a sufficiently large number of events. The distribution, (47),
is obviously the quantum expectation value of the time- and
normal-ordered product of two Gaussian distributions of the
quadratures at ¢ and ¢ + At. Via the two-dimensional Fourier
transform of the measured difference statistics,

Frivni(3,y ,0.9) = /dv/dv/ei”"ei”"'/pt,z+m(v,v/;w,w/),
(49)
one gets

'2R2 2 IZRZ %)
Ft,t+At(y1y/s(pv¢/)e> n/ty n/

= ®(ynRe'’,y'n' R’ ;1,1 + Al). (50)
Here @ is the desired two-time characteristic function of the
P functional. Hence, by adjusting the parameters and properly
scaling the complex numbers y and y’, ® can be directly
sampled with our setup. If we use the representations 8| =
bye'¥ and B, = by’ and identify ynR = b; and y'n'R = bs,
we can rewrite the previous results as

Db, bre'? 1,1 + At)

b? b2
1 2 l /. ’
= exp [2—+ —,]/dv/dv Pri+ar(V,V50,0)
n n
b b
X exp |:l—lv+l—2v’:| .
n

The regularized P functional can be reconstructed in
the following way. First, we recall that [cf. Eq. (12)

D
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for k = 2]

Polay,ar;t,t + At

2 2
_ [LB propie; [CP2 pror—poa
2 2

X ®(B1.fas 1.t + ADQ2,(B)RW(B2).  (52)

Since we have used a product filter [cf. Eq. (14)], we can simply
insert Eq. (51) and, following the procedure in Ref. [65],
rewrite the previous formula as

olag,an;t,t + At]

fdvfdvf dgl)/ dy ,prz+At(UU </)<P)

X fao(v,@iar,w) fo(v',¢'; a2, w). (53)

Here, the so-called patten function fg is

b; izb; b2
fQ(Z,(P;ai»w)Z/dbi_ w(bi) exp —+—
2,

x expl2ib;|a;| sin[@y, — ¢ — /2]], (54)
with z € {v,v’}, n, = n, and 1,y = n’. Finally, the regularized
P functional can be sampled from M measured quadrature data
points (vj,@;,v ,go ]) i1 in the two channels via its empirical
estimate

Polay,an;t,t + At]

1 M
7 D Jalvi g0 w) fa).gfion.w). (55)
=1

where the time dependences are included in the set of data, v =
v(t) and v = v(r + Ar). For convenience, we used a radial
symmetric filter, such that the filter functions €2,, depend only
on the b; and not on the phases ¢ and ¢’ [cf. Egs. (53) and
(591

Hence, we have formulated the theory of our proposed
measurement scheme in Fig. 5 that renders it possible to
directly obtain the two-time regularized P functional via
the sampling of measured (correlated) quadrature data using
pattern functions. We may stress again that this approach is
scalable to an arbitrary number of points in time by employing
multiple BHDs. In addition, some remarks concerning the
sampling error estimation can be found in Ref. [23].
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VII. SUMMARY AND CONCLUSIONS

In summary, we have derived a method for visualizing
general multitime quantum correlations in terms of regular
phase-space quasiprobabilities. For this purpose, we signif-
icantly generalized the approach of filtering the Glauber-
Sudarshan P function for a single time to a regularization
of the P functional that correlates an arbitrary number of
points in time. This generalizes the commonly accepted
definition of nonclassicality by Titulaer and Glauber to
capture multitime quantum phenomena in terms of regular and
accessible phase-space distributions. Hence, our formulation
of multitime and regular nonclassicality quasiprobabilities is
not restricted to particular correlation functions or observables.
Additionally, we have proved that our method is applicable to
arbitrarily complex evolutions of light fields. In our general
approach, nonclassical correlations, if present, are directly
visualized by negativities of this regular quasiprobability
density for properly chosen filter widths. Beyond previously
studied methods, our treatment enables us to visualize general
quantum correlations of radiation fields, including quantum
entanglement as a subset.

We applied this technique to characterization of the
temporal quantum features of a parametric oscillator with
a frequency mismatch. We studied the impact of the time-
dependent Hamiltonian on the dynamical properties of this
system, including the multitime correlations. In particular, we
uncovered quantum correlations via a negative and regular
two-time quasiprobability description of this process. We also
studied a strongl