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Abstract
The self-repair capability of articular cartilage is limited due to the lack of vascular-
ization and low turnover of its extracellular matrix. Regenerating hyaline cartilage
remains a significant clinical challenge as most of the non-surgical and surgical treat-
ments provide only mid-term relief. Eventually, further pain and mobility loss occur
for many patients in the long run due to further joint deterioration. In quest of
therapeutic options, electrical stimulation has been proposed for improving tissue-
engineering approaches for the repair of articular cartilage. The use of electrical
stimulation for the repair of cartilage tissue requires detailed preliminary analysis,
which is done in the present work. Computational models are used as they have the
power to simulate various surgical conditions without damaging the specimen. More-
over, they serve for cross-validation with experimental models, elucidating important
limitations of in vitro set-ups. In this thesis, computational models have been studied
that can be used for optimizing the experimental protocols for cartilage–tissue repair
using electrical stimulation.

The findings of this thesis can be summarized into four main achievements. First,
a general mathematical framework based on continuum mechanics has been formu-
lated for in silico modeling of cartilage tissue properties due to various biophysical
stimuli. Moreover, based upon this framework, in silico investigations reported to
date involving induced electrical properties of cartilage tissue discussing the effects
of various biophysical stimuli have been summarized. Second, a numerical study
involving electromechanical transduction in a bovine cartilage–tissue sample has been
carried out using the open-source finite-element computational software FEniCS with
Python interface. The simulation results have been compared to the experimental
results from the literature. Third, a simulation model of electroactive hydrogels
to be used for cartilage–tissue repair employing finite-element software FEniCS is
presented. The proposed mathematical formulation was first validated with an exam-
ple from the literature. Then, the effect of electric stimulation on a circular hydrogel
sample was computed that served as a model for a cartilage-repair implant. Finally,
the multiphysics transport model is used to study the electromechanical effect of
electrical and osmotic stimulation on the cell-seeded hydrogel scaffolds using the
finite element method. The proposed mathematical formulation is validated with
data from literature and its application as the cartilage-repair implant is discussed.
This thesis is a step forward in providing augmented computational models for
cartilage–tissue repair using electrical stimulation.



Zusammenfassung

Die Fähigkeit des Gelenkknorpels, sich selbst zu regenerieren, ist aufgrund der
fehlenden Vaskularisierung und des niedrigen Umsatzes seiner extrazellulären Matrix
begrenzt. Die Regeneration von lädiertem hyalinem Knorpel stellt nach wie vor eine
bedeutende klinische Herausforderung dar, da die meisten konventionellen Behand-
lungsmethoden nur eine mittelfristige Linderung bringen. Aufgrund eines weiteren
Verschleißes im Gelenk treten bei vielen Patienten langfristig Schmerzen und Mobil-
itätseinbußen auf. Ein alternativer Therapieansatz zu klassischen operativen Eingrif-
fen ist die elektrische Stimulation des Knorpelgewebes im Gelenk. Diese neuartige
Methode bedarf ausführlicher Voranalyse, die in der vorliegenden Arbeit gemacht
wird. Rechnergestützte Modelle bieten die Möglichkeit, experimentelle Arbeiten
vorzubereiten und die Ergebnisse aus Experimenten tiefgehendzu analysen. So
können verschiedene experimentelle Bedingungen simuliert werden, ohne die Knor-
pelprobe zu beschädigen. Des Weiteren dienen Modelle der Kreuzvalidierung mit
experimentellen Modellen, wodurch wichtige Einschränkungen in vitro aufgeklärt
werden. In dieser Arbeit wurden Computermodelle untersucht, die zur Optimierung
der experimentellen Protokolle für die Knorpelgewebereparatur mittels elektrischer
Stimulation verwendet werden können.

Die Ergebnisse dieser Arbeit lassen sich in vier Errungenschaften zusammen-
fassen. Erstens wurde ein allgemeiner mathematischer Rahmen auf der Grundlage
der Kontinuumsmechanik für die in silico-Modellierung von Knorpelgewebeeigen-
schaften aufgrund verschiedener biophysikalischer Stimuli formuliert. Darüber hinaus
wurden auf der Grundlage dieses Rahmens bisher berichtete in silico-Untersuchungen
mit induzierten elektrischen Eigenschaften des Knorpelgewebes zusammengefasst, in
denen die Auswirkungen verschiedener biophysikalischer Stimuli diskutiert wurden.
Zweitens wurde eine numerische Studie zur elektromechanischen Transduktion in
einer Knorpelgewebeprobe vom Rind durchgeführt, bei der die Open-Source-Finite-
Elemente-Berechnungssoftware FEniCS mit Python-Schnittstelle verwendet wurde.
Die Simulationsergebnisse wurden mit den experimentellen Ergebnissen aus der Liter-
atur verglichen. Drittens wird ein Simulationsmodell von elektroaktiven Hydrogelen
vorgestellt, das für die Knorpelgewebereparatur mit der Finite-Elemente-Software
FEniCS verwendet wird. Die vorgeschlagene mathematische Formulierung wurde
zunächst an einem Beispiel aus der Literatur validiert. Dann wurde die Wirkung
der elektrischen Stimulation auf eine kreisförmige Hydrogelprobe berechnet, die
als Modell für ein Knorpelreparatur-Implantat diente. Schließlich wird ein multi-
physikalisches Transportmodell verwendet, um die elektromechanische Wirkung der
elektrischen und osmotischen Stimulation auf zellbesiedelte Hydrogel-Scaffolds mit



Hilfe der Finite-Elemente-Methode zu untersuchen. Die vorgeschlagene mathema-
tische Formulierung wird mit Daten aus der Literatur validiert. Weiterhin wird
ihre Anwendung in Bezug auf das Knorpelreparaturimplantat diskutiert. Diese
Arbeit stellt einen Fortschritt für die Bereitstellung detaillierter Rechenmodelle für
die Knorpelgewebereparatur mittels elektrischer Stimulation dar.
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ρ Electric charge density
ρα Mass density of phase α
ρk Density of ion k
ραT True density of phase α
ρmix Density of the mixture (tissue)
Ω Problem domain
φi Polynomial basis function
φα Volume fraction of phase α
φw Water volume fraction (porosity)
φs Solid volume fraction (solidity)
φk Volume fraction of ion k
φso Volume fraction of solid phase at the reference

configuration
φwo Volume fraction of water phase at the reference

configuration
γk Activity coefficient of ion k
ϕk Osmotic coefficient of ion k
ϕw Osmotic coefficient of water
ψ Electric potential
ξ Drag coefficient between the solid and water phase



Symbol Description

ω Angular frequency
Λ Dynamic stiffness
Λs Platen stiffness
λs, µs Lamé constants
δ Thickness of sample
δij Kronecker delta function
ν Area-averaged fluid velocity through the hydrogel
Υ Viscous damping between the electrolyte and polymer

fibers
Ψ Effective density of the gel
ζ Source term
∆t Time-step parameter
∆φ Donnan potential
∇× Curl operator
∇· Divergence operator
∇ Gradient operator
∇2 Laplace operator
≈ Approximately equal to
:= Defined as
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1 Introductory Remarks

1.1 Motivation

Articular hyaline cartilage is an inhomogeneous, hierarchically ordered, and multipha-
sic tissue that covers opposing bone surfaces in diarthrodial joints [10]. It is an avas-
cular tissue comprised of chondrocytes surrounded by the extracellular matrix [11].
Chondrocytes are responsible for synthesizing and maintaining the extracellular
matrix [12], which mainly consists of collagen fibers, proteoglycans, and the intersti-
tial fluid phase [13]. Based on the distinct matrix composition and cellular properties,
different zones of articular cartilage can be distinguished [1, 14]. The compositional
and structural environment of the tissue is altered due to the progression of osteoa-
rthritis or injury [15, 16]. Ideally, such alterations should be reversed for the proper
functionality of the tissue.

Mechanical, electromagnetic, and electrical stimuli can promote growth, differen-
tiation, and maturation of the cartilage tissue [17]. Articular cartilage exhibits elec-
tromechanical properties due to the electrically charged nature and depth-dependent
properties of the tissue [18]. The mechanical deformation that occurs in cartilage
tissue during weight-bearing produces internal electrical signals through streaming
potentials, by the flow of charged particles across negatively charged proteoglycans
of the tissue [17]. Conversely, applying an external electrical signal to the cartilage
tissue can produce stress and deformation in the tissue [19, 20]. Upon removal of the
external electrical or mechanical excitation, the deformed cartilage tissue recovers to
its initial dimensions, due to the elasticity of the solid matrix, increased osmotic pres-
sure, and fluid redistribution within the tissue [10, 21–23]. Thus, externally applied
electrical signals that resemble the endogenous electrical fields have the promising
potential to treat osteoarthritis patients in a less invasive manner.

Extensive studies have been carried out for the in silico, in vitro, and in vivo
investigation of mechanical stimulation on articular cartilage [24–29]. However, few
studies are available for electromagnetic and electrical stimulation. Specifically, the
electromagnetic stimulation of cartilage has been investigated more in comparison
to electrical stimulation. The limited research available for electrical and electromag-
netic stimulation mainly considers the effect of these stimuli for in vitro animal and
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1 Introductory Remarks

human samples and for in vivo animal models. So far, only a few simple in silico
studies have been conducted for these two stimulation types. However, in silico
investigation of these modes of stimuli for cartilage regeneration is required to obtain
an optimal strategy for the tissue engineering of neocartilage [17].

Computational models of human musculoskeletal systems are a valuable tool for
studying biomechanics in the healthy population, as well as the effects of injury and
disease and their respective treatments. Designing of in silico strategies helps in
understanding the complex biological processes and supports in enhancing the in vitro
or in vivo behavior [30]. Another factor that may make incorporating computational
models into experiments seem less daunting is that even solving a single simple
equation can improve an experiment design [31], as repeating experiments is difficult
due to ethical, logistical, and budgetary constraints.

Hydrogels have gained much attention for biomedical applications as they possess
excellent biocompatibility and biodegradability [32]. They are versatile materials
that can encapsulate the seeded cells mimicking the natural cartilage structure [33].
In addition, they can be designed into any form, shape, composition, and size and can
reversibly swell or de-swell upon small biophysical changes of the environment [34].
Since articular cartilage is essentially a form of a natural polyelectrolyte hydrogel [35],
electroactive hydrogel scaffolds are a promising approach to mimic its properties to
improve cartilage–tissue engineering strategies [36]. The chondrogenic phenotype of
chondrocytes inside these hydrogel matrices can be maintained by applying suitable
biophysical stimuli [37].

1.2 Thesis Outline

This thesis is based on three journal publications, which have already been published.
These three publications together with some additional information material have
been reformulated for the thesis to maintain continuity and consistency. The articles
are listed below.

• A. R. Farooqi, R. Bader, U. van Rienen, Numerical study on electromechan-
ics in cartilage tissue with respect to its electrical properties, Tissue Eng. Part
B Rev. 25 (2019) 152–166; https://doi.org/10.1089/ten.teb.2018.0214.

• A. R. Farooqi, J. Zimmermann, R. Bader, U. van Rienen, Numerical
simulation of electroactive hydrogels for cartilage-tissue engineering, Materials
(Basel). 12 (2019) 2913; https://doi.org/10.3390/ma12182913.
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1.2 Thesis Outline

• A. R. Farooqi, J. Zimmermann, R. Bader, U. van Rienen, Computational
study on electromechanics of electroactive hydrogels for cartilage-tissue repair,
Comput. Methods Programs Biomed. 197 (2020) 105739; https://doi.org/
10.1016/j.cmpb.2020.105739.

The thesis is organized as follows: Chapter 1 provides the introduction and moti-
vation for choosing the topic. In Chapter 2, basic concepts related to the structure,
injuries, and repair techniques of the cartilage tissue are presented. In addition,
fundamentals of the computational electromagnetics and finite element method are
introduced. In Chapter 3, the in vitro and in vivo state of the art that has been
reported using either direct or indirect electrical stimulation for chondrocytes, carti-
lage tissue, or cell-seeded hydrogels is briefly discussed. In Chapter 4, the general
framework of continuum mechanics is outlined, which is used for mathematical model-
ing of the induced electrical properties of cartilage tissue. Furthermore, a detailed
literature survey for in silico electrical properties of cartilage induced due to differ-
ent biophysical stimuli is presented. Chapter 5 describes the implementation of
the linear electromechanical transduction in a cartilage sample using FEniCS. In
Chapter 6, an open-source software framework is described for the finite-element
simulation of electroactive scaffolds for cartilage-tissue repair. Moreover, solutions
of a validated finite-element model and an extension of the model using circular
geometry are reported. In Chapter 7, a finite-element simulation model on elec-
tromechanics of electroactive hydrogels seeded with chondrocytes is presented for
cartilage–tissue repair using electric and osmotic stimulation. Moreover, the usage
of the presented finite-element simulation model of electroactive scaffolds for design-
ing cartilage–tissue repair experiments is discussed. The main conclusions drawn
from this thesis are described in Chapter 8 together with some perspectives and
recommendations for future work.
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2 Background and Basic Concepts

This chapter introduces the structure, pathologies, and traditional as well as tissue–
engineering approaches for the treatement of articular cartilage defects. Moreover,
the significance of hydrogels and biophysical stimuli i.e., electrical stimulation for the
cartilage–tissue repair is highlighted. Subsequently, the elementary equations of elec-
tromagnetic theory for studying the electrical stimulation response of hydrogels are
described. Finally, the finite-element formulation for solving the partial differential
equations is presented.

2.1 Articular Cartilage Structure

Depending upon composition and function, the three major types of cartilage in the
human body are classified as elastic, fibrous, and hyaline [38]. These three types
of cartilage perform multiple functions in the human body e.g., load bearing in
intervertebral discs and articular joints, maintaining joint lubrication, forming the
outer ears and nose, supporting the trachea, and forming long bones during growth
and development [39].

Articular cartilage is a bradytrophic and avascular tissue that is synthesized and
maintained by chondrocytes. Articular cartilage consists of two distinct phases: a
fluid phase composed of water and electrolytes, and a solid phase, composed of
chondrocytes, collagen fibrils, proteoglycans, and other glycoproteins [10]. Generally,
60–80% of total wet weight of the articular cartilage is fluid phase and the remaining
20–40% is the solid phase [40]. Furthermore, collagen fibrils, particularly type II,
make up ∼50–75% and chondrocytes less than 5–10% of the solid phase [41], respec-
tively, while proteoglycans and other glycoproteins compose most of the remaining
solid phase [42]. Articular cartilage is divided into four zones: superficial, transitional,
deep, and calcified zone. Each zone has varying matrix composition, morphology,
and cellular and metabolic properties [29]. The detailed anatomy of the articular
cartilage is depicted in Figure 2.1.

Mechanics of cartilage and chondrocytes is a function of complicated load shar-
ing between musculoskeletal joints of the body, individual tissue structures within
the joint, organization and properties of cells, and the microstructure within the
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2 Background and Basic Concepts

Figure 2.1: Detailed composition and structure of the articular cartilage. (a) Location of
diarthrodial joints in the body (top to bottom): neck, shoulder, elbow, hip,
wrist, knee, and ankle, (b) location of cartilage in the knee joint covering the
femur and tibia, (c) zonal structure of the articular cartilage with varying
shape and orientation of chondrocytes and collagen fibres, (d) extracellular
matrix of the chondrocytes, (e) molecular structure of cartilage. The figure
is taken with permission from [1].
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2.2 Cartilage Pathologies

tissue [43, 44]. Damage of the cartilage tissue may lead to osteoarthritis resulting
in pain and limitation of mobility for many patients. Treatment of cartilage defects
poses a clinical challenge owing to the lack of intrinsic regenerative capacity of the
cartilage. Current therapies available for cartilage repair provide mainly palliative
treatment [11].

The native composition and structure of articular cartilage changes due to osteoa-
rthritis or trauma [14]. Some successes have been made for the regeneration of
articular cartilage, however, the complex signal transduction pathways and molecu-
lar mechanisms involved in progression of disease and regeneration of the tissue have
not been fully understood, which makes it difficult to establish precise proliferation
and differentiation methods for chondrogenesis [45, 46].

2.2 Cartilage Pathologies

Lesions of the articular cartilage tissue can be grouped into the lesions that affect
only the cartilage (chondral lesions) or those that affect the entire thickness of the
cartilage until they penetrate into the subchondral bone (osteochondral lesions) [47].
The Outerbridge classification system [48] is a prominent classification system used to
grade the severity of cartilage lesions, with Grade 0 representing the normal cartilage.
Softening or swelling of the cartilage is classified as Grade I defect. Clinically most
frequently observed defect is Grade II [49] which contains fissures that do not extend
to the subchondral bone (i.e., a chondral defect). Grade III defect is same as the
Grade II defect but it extends to the full cartilage thickness.

Finally, if the subchondral bone underneath the articular cartilage is exposed
as well, the tissue defect is classified as Grade IV. Although each defect type
leads to similar symptoms for the patient, each defect type requires a different
treatment method with associated issues and challenges. For the Grade I injury, the
lesions alter and deteriorate the extracellular matrix of the tissue. For this type of
defect, usually the remaining viable chondrocytes increase their synthetic activity
and repair the affected areas. All other defect types always require some surgical
intervention for the repair and regeneration of the cartilage tissue. The various
cartilage lesions categorized according to the International Cartilage Regeneration
& Joint Preservation Society (ICRS) grading system are shown in Figure 2.2.

Osteoarthritis is characterized by the change in structure and compositional
shift of water, solid matrix, and electrolytes in the tissue [14, 50]. Particularly, the
fibril-reinforced models of articular cartilage can be used to separate the collagen,
proteoglycan, and water content in the tissue to study the cartilage degeneration at
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2 Background and Basic Concepts

Figure 2.2: Types of defect for the knee articular cartilage. (a) Grade 0 (normal cartilage),
(b) Grade I (Softening or swelling), (c) Grade II (partial-thickness defect),
(d) Grade III (full-thickness defect), (e) Grade IV (osteochondral defect).
The figure is taken with permission from [2].
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2.3 Repair Techniques/Therapeutic Alternatives

the cell and tissue level [50–54]. These studies for the compositional change in the
articular cartilage can further be extended using, for example, open-source software
to include electrical stimulation for treatment of the cartilage tissue.

2.3 Repair Techniques/Therapeutic Alternatives

Treatment options for the damaged cartilage tissue depend on the level of progression
and nature of the injury. Small cartilage defects can be managed non-invasively. For
such defects, lifestyle changes, including weight loss and exercise, along with gait
modification, are recommended to reduce progression of the disease [39]. Symptom
relieving and non-surgical treatment options also include pain relief with paracetamol
or non-steroidal anti-inflammatory drugs, and physical therapy to improve joint stabil-
ity, muscle strength and neuromuscular control [55]. When nonsurgical treatments
do not help the patient then surgical techniques are considered [56]. Rehabilitation
and physical therapy are also important in aftercare of the surgical procedures.

The primary aim of the surgical treatments is to replace the defect site with a
tissue that has the characteristics resembling to the native cartilage tissue. One of
the treatment methods is bone marrow stimulation, which is creating microfractures
through the articular cartilage until the subchondral bone is exposed [57] as indi-
cated in Figure 2.3(a). These fractures allow the migration of mesenchymal cells
to the affected site, and possibly their differentiation into chondrocytes to repair
the lesion [58]. However, if the cells are not properly stimulated, the newly formed
tissue is the fibrocartilage which degenerates with the passage of time due to its poor
mechanical strength [59].

Another possible treatment method is the autologous tissue transfer procedure
as illustrated in Figure 2.3(b), also known as mosaicoplasty [60]. In this method,
small cylinders of healthy tissue are taken from the non-weight bearing edges of
the articular cartilage, and then inserted into the same size holes drilled at the site
of defect [61]. Similar treatment is the tissue grafting in which small fragments of
healthy articular cartilage are taken from other joints of the body and inserted at the
site of defected cartilage. Osteotomy is another surgical procedure in which a part of
the bone-joint surface is removed to reduce load on the defected medial compartment
and transferred to the intact lateral compartment [62, 63].

Osteochondral allograft transfer as indicated in Figure 2.3(c), is similar to the
autograft transfer technique but here the replacement tissue used is from a cadaveric
donor [64]. It is a promising technique for the repair of damaged tissue because it
does not have the donor site limitation as in the osteochondral autograft transfer,
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2 Background and Basic Concepts

Figure 2.3: Currently used treatment methods of articular cartilage. (a) Microfracture,
(b) osteochondral autograft transfer, (c) osteochondral allograft transplanta-
tion, (d) matrix-induced autologous chondrocyte implantation, (e) implan-
tation of the processed allograft cartilage e.g. DeNovo NT, ProChondrix and
Cartiform. The figure is taken with permission from [3].
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2.4 Tissue–Engineering Approaches for Cartilage Repair

but the availability of allograft tissue can limit its usage [65].
Autologous matrix-induced chondrogenesis is another innovative technique which

combines the well-known microfracture method with commercially available porcine
collagen scaffold [66]. First, mini-arthrotomy is performed which exposes and cleans
the defect site. After this, microfracturing is done which releases blood and bone
marrow containing mesenchymal stem cells. The acellular scaffold is then introduced
into the defect site using fibrin glue. The scaffold matrix helps the mesenchymal
stem cells to develop into chondrocytes, improve mechanical stability, control cell
migration, and influence cartilage production [66–68]. Autologous matrix-induced
chondrogenesis is a single-step surgical procedure and found to be safe and effective
in several studies for treating full-thickness cartilage defects [69–71].

2.4 Tissue–Engineering Approaches for Cartilage
Repair

The aim of tissue engineering is the development of bioartificial substitutes for the
damaged tissues and organs by combining the engineering and life sciences tools [72].
Tissue engineering modalities can be classified as the in vivo and ex vivo [73]. In
the first approach, the construct is implanted with or without prior partial in vitro
cultivation and is allowed to mature in vivo for tissue repair and regeneration. For the
second approach, the tissue is generated entirely in vitro with full functionality before
transplantation. In both approaches, the three components that crucially influence
the outcome of a tissue–engineered construct are the responsive cells, biomaterial
scaffolds, and an appropriate biophysical stimuli or the growth factors [74]. Various
combinations of these elements produce a variety of interesting approaches. Some
of the recent clinically used tissue–engineering approaches are discussed below.

The goal of cartilage–tissue engineering is to meet the clinical need for repair
of the damaged cartilage tissue by employing unique combinations of materials,
cells, and signals for the formation of neocartilage tissue. One such technique is
the autologous chondrocyte implantation which was first introduced in an animal
model by Grande et al. [75]. Later, this procedure was performed for the human
knee and the results were reported by Brittberg et al. [76]. It is a two-step surgical
procedure, first the chondrocytes from patient’s own knee are harvested from a less
weight bearing surface. These cells are then expanded in vitro cultures to increase
the cell yield. After suitable duration, second surgical procedure is done and the
cells are re-implanted at the site of cartilage defect [77]. Autologous chondrocyte
implantation has shown encouraging results for the repair of full-thickness cartilage
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2 Background and Basic Concepts

defects in the long-term clinical evaluation studies [78]. But, the procedure is
technically challenging, costly, and the availability of autologous chondrocdrocytes
limit its use [79].

Matrix-induced autologous chondrocyte implantation is an improved version of
the autologous chondrocyte implantation technique which provides the chondrocytes
with a supportive scaffold material for the matrix formation and mechanical stabil-
ity [80, 81]. These scaffolds are specifically engineered from animal-origin collagen
to promote chondrocyte proliferation, differentiation, and maintenance of the chon-
drogenic phenotype in vitro [79]. The cell-seeded scaffolds are then implanted at
the defect site in a way that the cell-laden side faces the subchondral bone and
the low-friction surface faces the joint cavity [82]. The procedure is schematically
illustrated in Figure 2.3(d). Matrix-induced autologous chondrocyte implantation
technique also requires two surgical procedures, however, the use of scaffolds enables
the repair of large defects, provides enhanced defect filling, and improves the overall
surgical consistency [83, 84].

Some novel experimental and emerging technologies such as particulated juvenile
allograft cartilage (DeNovo NT Graft; Zimmer Biomet), fresh osteochondral allografts
(ProChondrix), and cryopreserved osteochondral allografts (Cartiform) are also being
used [85]. In the DeNovo NT technique, ‘minced’ allograft cartilage in the form of
cubes is harvested from young donors and kept viable for some time [86]. Then,
similar to the autologous chondrocyte implantation and matrix-induced autologous
chondrocyte implantation procedures, the cartilage lesion is debrided and filled with
the cartilage allograft [87] as shown in Figure 2.3(e). Juvenile articular cartilage has
a higher rate of proteoglycan and collagen synthesis as compared to an adult [88].
This technique has some advantages compared to others e.g., single-step surgical
technique, no donor morbidity, and excellent integration of the transplanted tissue
with the surrounding native articular cartilage [89, 90].

Despite some promising improvements in the cartilage repair techniques in recent
years, the neocartilage formed from these clinical interventions still differ from the
native cartilage tissue [91]. It does not have the same mechanical strength and
biochemical composition as of the native tissue and often degrades over a period of
time.

2.5 Hydrogels for Cartilage–Tissue Repair

Hydrogels are three-dimensional polymeric networks of high water-uptake capacity,
being capable of mimicing native tissue environments [92]. Due to the potential of
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tailoring the structural and compositional properties of hydrogels toward relevant
biological types of tissue, they are considered optimal for becoming a substitute
for damaged tissue [93]. In cartilage–tissue engineering, hydrogels should provide
adequate mechanical strength, physiological swelling, lubrication, and piezoelec-
tric behavior to replicate the biomimetic environment, similar to native articular
cartilage [7, 92]. With tissue-engineered hydrogel scaffolds fabricated from biolog-
ically derived or synthesized polymeric materials featuring controlled degradation
profiles, the opening of voltage-activated channels of the seeded cells which is respon-
sible for tissue growth can be achieved using external stimuli [94].

Hydrogels can be used either as acellular scaffolds or as cell-seeded biomaterials
for healing the articular-cartilage defect using tissue-engineering approaches [37].
Acellular scaffolds function as cellfree implants replacing weak or damaged cartilage
tissue. Efforts are made to engineer acellular biomaterial scaffolds to replicate the
architectural features, mechanical properties, and thus biological functions of native
cartilage tissue [95, 96]. Using cell–biomaterial combinations, the concept is to
deliver suitable cell-laden biomaterials as artificial extracellular matrix to promote
chondrocyte attachment and matrix formation at the defect site [95]. The aim is
to present the residing cells’ developmental and microenvironmental cues to trigger
chondrogenesis by the presence of the surrounding hydrogel that can be further
enhanced by the application of external biophysical stimuli [97, 98].

Polyelectrolyte hydrogels can be tailored to mimic the native cartilage tissue [99].
Hydrogels can either be used as acellular scaffolds for the replacement of injured
tissue or as cell-seeded constituents to encourage regeneration and formation of the
cartilage tissue [33, 100]. Cartilage–tissue repair approaches discussed here involve
the cell-seeded hydrogel scaffolds with appropriate biophysical stimuli like electrical
and osmotic stimulation to create a relatively mature cartilage before its implantation
to the defect site in vivo [101].

2.6 Electrical Stimulation for Tissue Engineering

Various biophysical stimuli like mechanical [102], electrical [103, 104], and pulsed
electromagnetic fields [105, 106] were reported for in silico, in vitro, and in vivo
applications. In these approaches, electrical stimulation is one of the beneficial
methods for enhancing cartilage–tissue repair and regeneration, while it has been
less investigated as compared to mechanical stimulation and pulsed electromagnetic
fields [17]. The electrical-stimulation response of articular cartilage has been investi-
gated mainly in vitro and in few in vivo studies. There, the focus was on the medical
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2 Background and Basic Concepts

Figure 2.4: Schematic representation of various approaches for delivering electrical stim-
ulation. (a) Direct stimulation, (b) capacitive stimulation, (c) inductive
stimulation, (d) combined stimulation, (e) agar salt bridge configuration.
The figure is taken with permission from [4–6].
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and biological part of the experiment, while the electrical part has not often been
investigated in detail. An option to shed light on the electrical processes are in silico
studies. To date, only few studies have been performed in silico [103]. Thus, there
is a need for in silico studies to enhance the understanding of the electrical effects
and subsequently find an optimal protocol for neocartilage–tissue engineering.

The application of external electric fields is a promising therapeutic approach
for healing and regeneration of the biological tissues [107]. The methods to deliver
electrical stimulation can be mainly divided into three main types namely: direct
coupling, capacitive coupling, and inductive coupling [4] as schematically described
in Figures 2.5(a)–(c). In direct coupling, the electrodes are in contact with the
sample, while the other two coupling schemes use electrodes not in direct contact
of the sample [5]. Direct coupling can be used either with a direct-current or
alternating-current signal, while indirect coupling always works with alternating-
current signals [108].

Direct methods are widely used because of easy operation [108]. Yet, these
methods have certain drawbacks like insufficient bio-compatibility of the electrodes,
contact to the medium resulting in temperature rise, change in pH, and formation of
harmful by-products stemming from redox reactions occurring at the electrodes [109].
On the other hand, capacitive and inductive coupling are biologically more safe as
the tissue or sample is not in direct contact with the electrodes [6]. However, this
method has the drawback of high voltage requirement to induce an optimal field
strength and longer times of operation as compared to the direct coupling [6, 110].

There exist subtypes of the basic stimulation methods as well to optimize the
electrical stimulation. For example, in the case of indirect coupling, to have opti-
mized stimulation, the capacitive and inductive stimuli can be combined in a single
setup [111] as shown in Figure 2.5(d). Similarly, in the direct-contact scheme, the
electrically exposed sample could be isolated from the reactive products of electroly-
sis stemming from redox reactions occurring at the electrode surface [109] by using
agar salt bridges [112] as shown in Figure 2.5(e). The chondrogenic differentiation
of articular cartilage can be enhanced by the application of either direct or indirect
electrical stimulation [26].

2.7 Computational Electromagnetics

Computational science can be regarded as intersection of the fields of applied sciences,
computer sciences, and mathematics. A rapid growth in this field has been observed
in recent years because of increasing collaborations among researchers of different
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2 Background and Basic Concepts

fields, and the development of computer software and hardware [113]. Computational
science has played a significant role in solving problems of many different fields
including complex biological processes.

James Clark Maxwell laid the foundations of electromagnetic field theory [114].
The theory is valid in many areas of science and engineering. The Maxwell’s equations
are the fundamental of this theory for describing the behavior and interaction of
electric and magnetic fields.

Computational electromagnetics deals with numerical methods for computation-
ally efficient approximations to solve Maxwell’s equations. These equations are
explained in the following section.

2.7.1 Maxwell’s Equations

In classical electromagnetic field theory, Maxwell’s equations in differential form for
Euclidean space can be described as [115, 116]:

∇×H = J + ∂D
∂t

(Ampère’s law with Maxwell’s extension) (2.1)

∇× E = −∂B
∂t

(Faraday’s law of magnetic induction) (2.2)

∇ ·D = ρ (Gauss’ law for electric fields) (2.3)
∇ ·B = 0 (Gauss’ law for magnetic fields) (2.4)

where E is the electric field intensity (Vm−1), H is the magnetic field intensity
(Am−1), D is the electric flux density (Cm−2), B is the magnetic flux density
(V sm−2), J is the electric current density (Am−2), and ρ is the electric charge
density (A sm−3). All these quantities are functions of space variables x, y, z and
time t.

Additionally, there exist the constitutive laws that characterize electromagnetic
properties of the medium. For the linear isotropic medium these laws are,

B = µoµrH = µH (2.5)
D = εoεrE = εE (2.6)
J = κE (2.7)

where µ, ε, and κ are the permeability (V sA−1m−1), permittivity (A sV−1m−1),
and conductivity (Sm−1) of the medium, respectively. µo is the permeability of
vacuum with value 4π × 10−7VsA−1m−1 and εo is the permittivity of the vacuum
having value 8.854× 10−12AsV−1m−1.
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The continuity equation governing the flux of ionic species through the hydrogel
and solution is used in the following chapters which is implicit in Maxwell’s equations.
A short description of the continuity equation is presented below.

For any vector A, the relation

∇· (∇×A) = 0 (2.8)

is always satisfied. Applying divergence to both sides of the Ampère’s law of Equation
(2.1) and using Equation (2.8),

∇·
(

J + ∂D
∂t

)
= ∇· (∇×H) = 0. (2.9)

Rearranging the Equation (2.9),

∇·J = −∂(∇·D)
∂t

. (2.10)

Applying the Gauss’ law for electric field given in Equation (2.3), the continuity
equation is,

∇ · J = −∂ρ
∂t
. (2.11)

In addition to the continuity equation (2.11), Poisson equation derived from the
Equation (2.3) is used as well in the following chapters.

2.7.2 The Finite Element Method
In general, most of the processes in nature can be described using partial differential
equations which relate different quantities of interest. Solving these equations for
an arbitrary geometrical shape through classical methods is not always possible.
Therefore, computational methods to solve such equations have been developed in
the last decades, among which the most prominent is the finite element method.
It is a rich and versatile approach for constructing computational schemes to solve
governing partial differential equations for a particular domain [117]. The finite
element method is a numerical technique to obtain approximate solution of a partial
differential equation, interpreted as a prediction for development of the process under
specific conditions [113]. This method yields a continuous solution and can easily be
adapted to different geometries.

If a model expressed as a partial differential equation is given, the typical numer-
ical solution procedure includes a discretization step to generate a mesh. The next
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goal is to approximate the continuous problem by a discrete model which is rewrit-
ing the partial differential equation, also called the strong form, to the Galerkin
form. After this, the resulting matrix equation is solved numerically using a finite
element software. Three common discretization techniques are the finite difference,
finite volume, and finite elements [113]. The finite element discretizations have been
used in this thesis, as they have a rich mathematical theory behind the numerical
approximation, and can relatively easily handle unstructured meshes and complex
domains. A general finite element formulation consists of the following steps [117]:

• Subdividing the domain of problem into finite elements.

• Element formulation by the development of equations for elements.

• Assembling equations for the entire system from individual element equations.

• Solution of equations.

• Postprocessing for determining the quantities of interest and obtaining visuliza-
tions of the results.

Consider a general form of the differential equation for a domain Ω enclosed by
the boundary ∂Ω with the given boundary conditions,

L[p] = ζ (2.12)

where L is the differential operator, ζ is the source term, and p is the unknown
function to be evaluated.

The basic of finite-element method is to transform the given differential equation
into a system of linear equations having the form

Ax = b. (2.13)

The Equation (2.13) is then computationally solved using either direct or iterative
solver with x containing the unknown values pi of interest. The unknown function
p can be approximated as,

p̂(x, y, z) ≈
N∑
i=1

piφi(x, y, z) (2.14)

where φi are the polynomial basis function and pi belong to the vector representing
degrees of freedom to be computed. In other words, pi are the values of the unknown
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function p on the nodes i(i = 1, 2, ..., N) of the discretization grid for domain Ω. It
is an appropriate approach to find the scalar potential.

The Equation (2.12) can be rewritten as

L

[
N∑
i=1

piφi(x, y, z)
]

= ζ. (2.15)

The approximated form of u represented by the Equation (2.14) usually does not
exactly solve the partial differential equation, instead a residual value r is left over:

r = L

[
N∑
i=1

piφi(x, y, z)
]
− ζ 6= 0. (2.16)

Next, N independent test or weighting functions wj are multiplied with Equation
(2.16) and integration over the complete domain Ω yields:

∫
Ω
rwjdΩ =

∫
Ω
L

[
N∑
i=1

piφi − ζ
]
wjdΩ 6= 0 (2.17)

where φi = φi(x, y, z). Often, the weighting functions are same as the basis functions
i.e., wj = φj which is called Galerkin’s method [113]. The weighted residuals are
then set to zero and solved for the unknowns pi such that:∫

Ω
φjL

[
N∑
i=1

piφi − ζ
]
dΩ = 0. (2.18)

Rearranging Equation (2.18),
∫

Ω
φjL

N∑
i=1

piφjdΩ−
∫

Ω
ζφjdΩ = 0. (2.19)

Alternatively, Equation (2.18) can be written as,
N∑
i=1

pi︸ ︷︷ ︸
x

∫
Ω
L[φi]φjdΩ︸ ︷︷ ︸

A

=
∫

Ω
ζφjdΩ︸ ︷︷ ︸

b

. (2.20)

The term A has the matrix form where A can be calculated because the functions
φi, φj, and the operator L are known. The vector b on the right hand side can also be
calculated and the system of equations represented as Ax = b can be solved compu-
tationally with pi having the unknown values of interest. The system of equations
can be solved computationally by using either direct or iterative solvers [115].

Some more concepts related to the finite element method are introduced in the
next section in context of FEniCS.
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2.8 Finite Element Computational Software
Employed

Finite element computational software (FEniCS) [118, 119] is used in this thesis
as the finite element solver using Python interface. FEniCS is an open source
computing tool to solve differential equations. It allow users to transform physical
models into finite element programs. The high level languages like Python and C++
allows utilizing its powerful capabilities and its routines can run over wide range of
operating systems.

FEniCS is the collection of open-source packages to enable automated solution
of differential equations. It provides scientific computing tools to deal with compu-
tational meshes, variational formulations of the partial differential equations, and
linear algebra. The user of FEniCS has much control over many aspects of the model
while bulk of the finite element code (i.e. assembling the matrices and solving the
system) is easily handled by various FEniCS functions. Thus, FEniCS offers a more
streamlined approach as compared to traditional code development techniques and
also provides more flexibility than a prebuilt model [120].

In order to use FEniCS, a partial differential equation needs to be transformed
into a variational problem, so it is multiplied with a test function v. The resulting
equation is then integrated over the domain Ω, and integration by parts is performed
for the terms with second-order derivatives. The unknown function u which is to be
approximated is called a trial function. The trial and test function terms are used in
FEniCS programs as well and they belong to certain function spaces that specify the
properties of the functions. The function space is created by specifying the type of
element and the degree of the finite element. FEniCS supports various finite element
families and the notations are defined in the Periodic Table of the Finite Elements
(www.femtable.org) [121].

Consider a boundary value problem involving the Poisson equation [122],

−∇2p = ζ in Ω (2.21)
p = po on ∂Ω (2.22)

where p is the unknown function, ζ is the source term, ∇2 (or written as ∆) is the
Laplace operator, Ω is the spatial domain, and ∂Ω is the boundary of Ω.

The Poisson equation (2.21) is multiplied by the test function q and integrated
over Ω,

−
∫

Ω
(∇2p)vdx =

∫
Ω
ζqdx (2.23)
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here dx denote the differential element for integration over the domain Ω. As equation
(2.23) involves second-order derivative of p, it is transformed into the first-order
derivative by using the integration by parts,

−
∫

Ω
(∇2p)qdx =

∫
Ω
∇p· ∇qdx−

∫
∂Ω

∂p

∂n
qds (2.24)

where ds is the differential element for integration over the boundary ∂Ω, and ∂p/∂n
is the derivative of p in the outward normal direction on the boundary. The test
function v is required to vanish on parts of the boundary where solution p is known.
It implies that q = 0 on the whole boundary ∂Ω and the second term on the right-
hand side of equation (2.24) vanishes. From equations (2.23) and (2.24), it follows
that ∫

Ω
∇p· ∇qdx =

∫
Ω
ζqdx. (2.25)

The variational problem, with suitable definition of the function spaces, and
appropriate boundary conditions i.e. Dirichlet, Neumann, and Robin, uniquely
define the approximate numerical solution of the given partial differential equation.
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3 Electrical-Stimulation Studies of
Articular Cartilage

In this chapter, reported research studies to date are summarized using either the
direct or indirect electrical stimulation of chondrocytes, cartilage tissue, and cell-
seeded hydrogel scaffolds. These studies have been performed for in vivo animal
models and for in vitro animal as well as human samples.

3.1 Direct Coupling

3.1.1 In Vivo Studies

As early as 1974, Baker et al. [123] observed the enhancement of the latent potential
for the repair of hyaline cartilage in New Zealand white rabbits by using a bimetallic
device inserted into articular-cartilage defects. The repair response appeared to
stem from proliferating chondrocytes and spread from the defect margin over the
entire surface of the defect [123]. Later, they also reported that the regrowing
potential of articular hyaline cartilage at the defect site could be enhanced by changing
the electrochemical environment by the application of electrical stimulation [124].
Lippiello et al. [125] observed improved repair quality of the articular cartilage by
application of a pulsing direct current to rabbit joints in which an osteochondral
defect was surgically created.

3.1.2 In Vitro Studies

Electrokinetic transduction in cartilage occurs due to the presence of charged groups
of the macromolecules in the extracellular matrix, mostly the proteoglycans. Frank
et al. [19, 126] experimentally and theoretically demonstrated this transduction
phenomenon in bovine articular-cartilage tissue. Later, current-generated stress was
also measured, and its dependence on the applied current’s amplitude and frequency
was characterized [127]. Similarly, Akkin et al. [128] and Youn et al. [129] studied this
phenomenon using phase-sensitive optical low coherence reflectometry (PS-OLCR)
and differential-phase optical coherence tomography (DP-OCT), respectively.

23



3 Electrical-Stimulation Studies of Articular Cartilage

In the doctoral thesis of Gray, the response of an epiphyseal plate in organ culture
was determined over a current-density range of 50 to 1000 µAcm−2 at frequencies
between 0.1 and 100 Hz [130]. The motivation for these experiments was to exam-
ine the sensitivity of chondrocytes to currents similar in magnitude and frequency
to those expected to occur in vivo loading situations. MacGinitie et al. [131, 132]
developed an experimental model to observe the effect of electrical stimulation on
cartilage tissue manifesting itself in field-induced changes of stress protein and total
protein synthesis. Furthermore, the choice of electrical parameters such as frequency
and field magnitude that could influence the protein synthesis in cartilage explants
were addressed [133]. Nogami et al. [134] investigated the effect of direct current
electrical stimulation of 5 µA on mesenchymal cell differentiation into cartilage using
bone matrix gelatin and fetal rat muscle.

Since the ability to guide chondrocyte movement may pave the way for strate-
gies to achieve cartilage healing or repair and for further development of cartilage
substitutes, Chao et al. [135] reported that cathodal migration occurs for cultured
chondrocytes subjected to directly coupled electrical stimulation. Furthermore, an
electric field was applied to chondrocytes seeded in a homogeneous agarose culture
system and the changes in cell proliferation and extracellular matrix biosynthesis
were quantified with an emphasis on the cellular signaling pathways responsible for
the observed changes [112].

Using the three-dimensional chondrocyte–agarose model system, Akanji et al. [136]
investigated the effects of direct current on matrix synthesis and cell proliferation.
Kwon et al. [137] investigated the effect of electrical stimulation during chondrogene-
sis of mesenchymal stem cells. Most recently, it was observed by Hiemer et al. [138]
that exposure to a directly connected alternating electric field (0.7 VRMS, 1 kHz)
significantly increased the synthesis of collagen type II in human chondrocytes under
hypoxic culture conditions.

3.2 Indirect Coupling

3.2.1 In Vivo Studies
Farr et al. [139] used a capacitively coupled device in 288 patients with knee osteoa-
rthritis and reported that those patients who received electrical stimulation for more
than 750 h, profited from pain relief and hence decrease in anti-inflammatory drug
use. Moreover, Garland et al. [140] reported that an optimized capacitively coupled
electrical stimulation device for treating knee osteoarthritis significantly improved
symptoms and function without causing any significant side effects.
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3.2 Indirect Coupling

3.2.2 In Vitro Studies

Rodan et al. [141] demonstrated that an external, capacitively coupled electric stim-
ulation applied to chondrocytes in suspension stimulates DNA synthesis. This effect
could be attributed to Ca+2 and Na+ fluxes. Fitzsimmons et al. [142] used the
capacitively coupled pulsed electric field for human chondrocytes and, based on
the results, suggested that nitric oxide is involved in the transduction pathway for
chondrocyte proliferation, and that its production may be the result of a cascade
involving calcium, calmodulin, and cGMP production. The capacitively coupled
electric stimulation with 60 kHz and 20 mV/cm was found to be a proper and effec-
tive inducer of differentiation of human adipose-derived stem cells (ADSCs) into the
chondrogenic direction [143]. Later, the same study was extended with a frequency
of 1 kHz [144] showing the same principal results.

The group of Brighton et al. conducted many studies on the effect of capaci-
tively coupled electric stimulation on chondrocyte proliferation [145–150]. In one of
their first studies, they observed that articular cartilage chondrocytes from Holstein
calf in pellet form showed increased glycosaminoglycan synthesis or increased cell
proliferation by appropriate capacitively coupled electric stimulation [145]. Similarly,
they observed upregulation of gene expression as well as the matrix accumulation
of structural cartilage macromolecules (such as type II collagen and aggrecan) with
specific capacitively coupled electric stimulation in vitro [146]. Later, this study was
extended to adult bovine articular cartilage explants, and similar positive results
could be reported [147].

Brighton et al. [148] observed significant upregulation of cartilage matrix protein
expression and production while simultaneously significantly attenuating the upreg-
ulation of metalloproteinase expression by the use of capacitively coupled electric
stimulation. Thus, it was concluded that the use of electrical stimulation to both
diminish matrix destruction and increase matrix production has promising potential
to noninvasively treat osteoarthritis patients. The mechanisms through which capac-
itively coupled electric stimulation stimulates matrix production and inhibits matrix
destruction were previously unknown. Thus, Xu et al. [149] conducted a study to
ascertain that the effect of electrical stimulation does not involve intracellular Ca+2

repositories but solely extracellular Ca+2 influx via voltage-gated calcium channels.
At the same time, calmodulin, calcineurin, and the nuclear factor of activated T-
cells (NF-AT) decrease rather than phospholipase C and IP3. Finally, they reported
the use of reflectance spectrophotometric analysis to demonstrate the structural
modification of osteoarthritic articular human cartilage explants [150].

The capability of adipose-derived stem cells was assessed to differentiate into
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osteocytes, chondrocytes, or adipocytes. Clear patterns of differentiation into three
cell lineages were observed after two weeks in differentiating medium [151]. Recently,
Vaca-González et al. [152] presented a combined computational and experimental
approach to better understand hyaline-cartilage biology and its response to electrical
stimulation using different in vitro models in three different scenarios. Initially, cell
proliferation and the glycosaminoglycans synthesis of chondrocytes, cultured in a
monolayer and stimulated with electric fields, were analyzed. Then, histomorpho-
metric analysis was performed to chondroepiphysis explants that were electrically
stimulated [153]. Finally, the effects of electrical stimulation on chondrogenic differ-
entiation of mesenchymal stem cells cultured in hydrogels were assessed [154].

All the in vitro and in vivo electrical stimulation studies which have been noted in
this chapter using either direct or indirect electrical stimulation for the chondrocytes,
cartilage tissue samples, and cell-seeded hydrogel scaffolds are summarized in the
Table 3.1.

3.3 Concluding Remarks
It is evident that both direct and indirect electrical stimulation could be beneficial
for cartilage–tissue engineering approaches. However, a complete understanding of
the transduction pathways and interaction mechanisms due to electrical stimulation
is still lacking for designing an optimized electrical-stimulation protocol. Moreover,
there is a lack of standard documentation format of electrical stimulation experiments
and sometimes it is not clear which stimulation parameters have exactly been used.
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3.3 Concluding Remarks

Table 3.1: Electrical stimulation studies of articular cartilage.

Coupling Model Study Type

di
re
ct

co
up
lin
g

in
viv

o Baker et al. [123] Rabbit knee
Baker et al. [124] Rabbit knee
Lippiello et al. [125] Rabbit knee

in
vit
ro

Frank et al. [126] Bovine knee plug
Berkenblit et al. [127] Bovine knee disc
Akkin et al. [128] Porcine nasal sample
Youn et al. [129] Porcine nasal sample
Gray et al. [130] Calf epiphyseal plate cartilage
MacGinitie et al. [131–133] Calf chondrocytes in

agarose gel
Nogami et al. [134] Rat MSCs in bone gelatin
Chao et al. [135] Bovine articular chondrocytes
Szasz et al. [112] Calf chondrocytes in

agarose gel
Akanji et al. [136] Steer chondrocytes in

agarose gel
Kwon et al. [137] Mouse MSCs
Hiemer et al. [138] Human chondrocytes

in
di
re
ct

co
up
lin
g

in
viv
o Farr et al. [139] Human knee

Garland et al. [140] Human knee

in
vit
ro

Rodan et al. [141] Chick chondrocytes
Fitzsimmons et al. [142] Human chondrocytes
Mardani et al. [144] Human ADSCs
Esfandiari et al. [143] Human ADSCs
Brighton et al. [145] Calf chondrocytes
Wang et al. [146] Bovine chondrocytes
Brighton et al. [147] Cow knee cartilage plugs
Brighton et al. [148] Human knee cartilage plugs
Xu et al. [149] Bovine knee chondrocytes
Brighton et al. [150] Human knee cartilage plugs
Hernández-Bule et al. [151] Human ADSCs
Vaca-González et al. [152] Rat chondrocytes
Vaca-González et al. [153] Rat chondrocytes
Vaca-González et al. [154] Porcine MSCs

∗MSCs, mesenchymal stem cells; ADSCs, adipose derived stem cells.
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4 Continuum Mechanics: Framework for
Modeling Cartilage Properties

4.1 Overview

Hyaline cartilage undergoes many substantial age-related physiochemical and biome-
chanical changes that reduce its ability to overcome the effects of mechanical stress
and injury. In quest of therapeutic options, electromagnetic and electrical stimula-
tion have been proposed for improving tissue engineering approaches for the repair
of articular cartilage. The aim of this chapter is to summarize in silico investigations
involving induced electrical properties of cartilage tissue due to various biophysical
stimuli along their respective mathematical descriptions.

4.2 Continuum Mechanics

Using continuum mechanics, poroelastic and mixture formulations are commonly
employed to describe the mechanics and electrical properties of connective tissues
like cartilage [155]. In the poroelastic model, material is considered as a porous
elastic solid, saturated by the pore fluid which flows relative to the deforming solid.
This model is further classified into porohyperelastic (PHE) [155], poroviscoelastic
(PVE) [156], and poroviscohyperelastic (PVHE) models [157]. In the mixture model,
material is considered a continuum mixture of a deformable solid phase and a fluid
phase. This model is further characterized as biphasic [21], triphasic [158], and
quadphasic [159], and then generalized to a multiphasic model [160].

The biphasic theory models the tissue as a homogeneous mixture of two phases:
a charged porous permeable solid phase (collagen-proteoglycan matrix) and an inter-
stitial fluid phase [161]. In triphasic theory, two phases are same as in the biphasic
model, and third, an ion phase with two species (anion and cation) is added [158].
The quadphasic theory considers the ionic phase further divided into cation and
anion phases [159], and finally, the multiphasic theory consists of multielectrolytes
in addition to a solid and a fluid phase [160]. The basic structure of the articular
cartilage is schematically illustrated in Figure 4.1. When applied to biomechanical
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studies, the poroelastic and biphasic mixture models are equivalent.
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Figure 4.1: Schematic illustration of composition and structure of articular cartilage
lining the bone adapted from Servin-Vences et al. [1] (not drawn to scale).

Although most of the continuum mechanics formulations mentioned have been
used in literature to discuss the induced electrical properties of cartilage, the triphasic
theory is considered the most appropriate for in silico description of the induced
electrical properties of cartilage tissue due to various biophysical stimuli [162].

Following the approach developed by Lai et al. [158] and Gu et al. [163], a
charged hydrated soft tissue is modeled as a continuum mixture consisting of solid
phase, interstitial fluid phase, and k different species of monovalent or multivalent
ions. Thus, there are a total of k + 2 constituents in the tissue. Any component
other than water and mobile ions within a tissue is considered the solid phase in
this model. Unless stated otherwise, α = s, w, k always represents solid, fluid, and
ionic constituents of the mixture, respectively, in the discussion to follow. For the
case of biphasic theory (α = s, w) and for the triphasic and multiphasic theories
(α = s, w, k), where k = 1, 2, 3, ...., n are n ionic species of the mixture. The true
mass density ραT for a component α in the mixture is given by

ραT = mα

V α
, (4.1)
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where mα is the mass of component α and V α is the true volume of phase α. The
local apparent mass density ρα is defined as follows:

ρα = mα

V
, (4.2)

where V is the total volume of the mixture. The volume fraction φα of each phase
α is given by

φα = V α

V
. (4.3)

If α is w, then φw is the porosity, which is the volume fraction of the extrafibrillar
water available to fixed charges on the proteoglycans [164]. If α is s, then φs is
solidity of the tissue. From Equations (4.1)–(4.3), ρα can be related to the true
density ραT by

ρα = φαραT . (4.4)

The apparent densities of ion species can also be written as follows:

ρk = ckMkφw (4.5)

where ck and Mk are the concentration and molar weight of the kth ionic species,
respectively, and φα satisfies the following saturation condition of the mixture,

φs + φw +
n∑
k=1

φk = 1. (4.6)

The law of mass conservation requires that the velocities of the solid, liquid, and
ionic phases must satisfy the continuity equation

∂ρα

∂t
+∇ · (ραvα) = 0 (4.7)

where vα is the velocity of component α.
The total density of the mixture, i.e. the tissue, is

ρmix =
∑

α=s,w,k
ρα =

∑
α=s,w,k

φαραT . (4.8)

From Equations (4.4)–(4.7), assuming the true densities are constant, the conti-
nuity equation for the mixture can be written as follows:

∇·
(
φsvs + φwvw + vk

n∑
k=1

φk
)

= 0. (4.9)
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The electroneutrality condition is as follows:

zF cF +
n∑
k=1

zkck = 0 (4.10)

in which zk is the valence (including sign, positive for cations and negative for anions)
of ion k and cF represents the fixed charge density. In Equation (4.10), the solid
matrix is assumed to be negatively charged.

As in the triphasic theory, the fixed charges on the solid phase are conserved,
so the fixed charge density is a function of tissue deformation and water volume
fraction (porosity). Thus,

∂(φwcF )
∂t

+∇· (φwcFvs) = 0 (4.11)

or it can be expressed with the tissue deformation as follows:

cF = cFo
1 + tr(S)/φwo

(4.12)

where S is the strain tensor measured from the physicochemical reference configu-
ration corresponding to a hypertonic salt bath and tr(S) is the trace of the strain
tensor. The solidity of the tissue is expressed as

φs = φso
1 + tr(S) . (4.13)

Since the values of φk are small in magnitude as compared to φs and φw, the
saturation condition (4.6) can be written as φs + φw = 1, and the following is
obtained:

φw = 1− φso
1 + tr(S) (4.14)

where cFo , φso and φwo represent the fixed charge density, and the volume fractions of
solid and water phases in the reference configuration, respectively.

If the gravity and magnetic effects are neglected, the gradients of the chemical
and electrochemical potential, respectively, are the only driving forces, balanced by
the frictional forces between different phases for their movement. The momentum
equations for the tissue, water, anion, and cation are as follows:

∇· σ = 0 (4.15)

− ρα∇µα +Kα = 0 (4.16)
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where Kα can be written as

Kα =
n∑

β=s,w,k
fαβ(vβ − vα), (α = s, w, k). (4.17)

Here, σ is the total stress of the mixture (tissue) and µα is the electrochemical
potential of phase α, respectively. The parameters fαβ are the frictional coefficients
per unit tissue volume between the interdiffusing α and β components. Following
the classical mixture theories, it is assumed that fαβ = fβα holds in consistence with
the Onsager reciprocity relations [165, 166].

If both the body and the inertial forces are neglected, the governing equations of
the multiphasic model can then be derived as follows:

σ = −P I + λstr(S)I + 2µsS (4.18)

µw = µwo + 1
ρwT

(
P −RT

n∑
k=1

ϕkck +Bwtr(S)
)

(4.19)

µk = µko + RT

Mk
ln(γkck) + zk

Fcψ

Mk
. (4.20)

Here, R is the universal gas constant, Fc is the Faraday constant, γk are the
activity coefficients of kth ionic species, µαo (α = w, k) are the chemical potential
of phase α at the reference configuration, I is the identity tensor, ϕk is the osmotic
coefficient of ion k, and Bw is the coupling coefficient.

The laws for linear electrokinetic transduction in isotropic media [167, 168] can
be used to relate the relative fluid velocity U and the current density J in the tissue
to the gradients in fluid pressure P and electrical potential ψ without considering
the effects of diffusion potential [162],

U = −k11∇P + k12∇ψ
J = k21∇P − k22∇ψ

(4.21)

where k11 is the “short-circuit” hydraulic permeability, k12 and k21 are the electroki-
netic coupling coefficients that are equal (k12 = k21) by the Onsager reciprocity
theorem [165, 166], and k22 is the electrical conductivity. The coupling coefficients
can be expressed in terms of the fixed charge density of the cartilage extracellular
matrix using the microscopic continuum models for cartilage [169]. The fixed charge
density is negative for materials like cartilage, so k12 and k21 are defined negative.

Inversion of Equation (4.21) leads to the expressions for gradients of pressure
and potential,

∇P = −b11U + b12J
∇ψ = b21U− b22J

(4.22)
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where b11 is the (open-circuit) Darcy hydraulic resistivity, b12 and b21 are the coupling
coefficients that are equal (b12 = b21) according to the Onsager reciprocity theo-
rem [165, 166], and b22 is the (no flow) electrical resistivity.

If the change in electric potential is required, then Equation (4.21) can be refor-
mulated to obtain the following:

∇ψ = ke∇P −
1
k22

J

U = −kd∇P − kiJ
(4.23)

where kd = k11 − (k12k21/k22), ke = k21/k22, and ki = k12/k22. Note that kd is the
open-circuit hydraulic (Darcy) permeability.

For the case of triphasic materials, the relative water volume flux Jw and ionic
molar flux Jk are defined as follows [170]:

Jw = φw(vw − vs) (4.24)

and
Jk = φkck(vk − vs) (4.25)

where the fluid vw and ion velocities vk are defined as

vw = −
[
ρw∇µw + ρ+∇µ+ + ρ−∇µ−

]
/fws (4.26)

v+ = −
[
ρw∇µw + ρ+(1 + fws/fw+)∇µ+ + ρ−∇µ−

]
/fws (4.27)

v− = −
[
ρw∇µw + ρ+∇µ+ + ρ−(1 + fws/fw−)∇µ−

]
/fws. (4.28)

Similarly, the electrical current density inside the tissue assuming k ion species is

J = Fcφ
w

(
n∑
k=1

zkckvk + zF cFvs
)

= Fc
n∑
k=1

zkJk (4.29)

or it can also be written as

J = Fc
(
J+ − J−

)
= Fcφ

w[c+(v+ − vs)− c−(v− − vs)]. (4.30)

Thus, from Equations (4.5), (4.10), (4.24), and (4.30), the relations for water flux
and the electrical current density are [170],

Jw = −k11∇P + k12∇ψ
J = k21∇P − k22∇ψ

(4.31)
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where the values of the coefficients can be expressed as follows, while neglecting
osmotic and strain effects:

k11 = −(φw)2

fws

k12 = k21 = −cFFc
(φw)2

fws

k22 = −(Fcφw)2
[

(c+)2

fw+
+ (cF )2

fws
+ (c−)2

fw−

]
.

(4.32)

If the quadphasic mixture theory is considered, it consists of four components:
solid (s), water (w), cations (+), and anions (−). There are two phases: a solid (s)
and a fluid (f) phase. A distinction is made here between the water and fluid. In this
case, the fluid phase consists of three components: the water, the cations, and the
anions. The relationships for the relative fluid and ion fluxes to the gradients in fluid
pressure, ion concentrations, and the electrical potential are as follows [159, 171]:

Jw = −K[∇P + (ϕw − ϕ+)RT∇c+ + (ϕw − ϕ−)RT∇c− + zF cFFc∇ψ]
(4.33)

jk = −Dk[(2− ϕk)∇ck + zk
Fc
RT

ck∇ψ + Mk

RT
ck∇P ], (4.34)

where Jw = φw(vw − vs) and jk = ck(vk − vs) are the relative fluid and ion fluxes,
respectively, K is the hydraulic permeability tensor, Dk is the diffusion tensor of ion
k, and ϕw is the osmotic coefficient of the water component.

4.2.1 Triphasic Theory with Diffusion Potential

The magnitude and polarity of the resultant electric potential for the cartilage tissue
depend on the relative magnitudes of the streaming potential and diffusion potential.
The streaming potential is caused by a pressure gradient (hydraulic and/or osmotic),
while the diffusion potential arises by the gradients of mobile ions in the presence of
a fixed charge density gradient [162].

As the fixed charge density of cartilage tissue is non-uniform (intrinsic and/or
induced by matrix deformation), so for the studies involving the mechano-
electrochemical responses of the cartilage, the existence of a diffusion potential should
not be neglected.

If this effect is also considerd, Equation (4.31) for the linear electrokinetic trans-
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duction becomes as follows [160, 162]:

Jw = −ko∇P −
n∑
k=1

bk∇
(
RT

zkFc
ln(γkck)

)
− χo∇ψ (4.35)

J = −go∇P −
n∑
k=1

gk∇
(
RT

zkFc
ln(γkck)

)
− χo∇ψ (4.36)

where ko, bk, go, gk, and χo are material parameters that are functions of the ion
concentrations and the frictional coefficients fαβ between α and β constituents.

When external circuits are not provided for the tissue to sustain a net charged
flow of ions and electrons, the tissue is in a state of zero current. For such cases,
at every point in the tissue, the sum of three currents must vanish, that is, J =
Convection Current + Diffusion Current + Conduction Current = 0 or, from Equa-
tion (4.36), the gradient of the electric potential becomes as follows:

∇ψ =
[
−go∇P −

n∑
k=1

gk∇
(
RT

zkFc
ln(γkck)

)]
/χo. (4.37)

For this case, there is no externally applied electric potential; the potential is
entirely induced by the convection current and the diffusion current. This induced
potential generates a conduction current to oppose the convection and diffusion
currents to achieve the zero-current condition.

4.2.2 Modified Triphasic Theory

An equivalent formulation for the triphasic theory has been proposed, which allows
easy implementation for the finite element analysis [172]. By using a simple trans-
formation, the modified electrochemical/chemical potential functions are defined as
follows:

εw = ρwT (µw − µwo )
RT

= P

RT
− φ(c+ − c−) + Bw

RT
tr(S) (4.38)

ε+ = exp
[
M+(µ+ − µ+

o )
RT

]
= γ+c

+exp
(
Fcψ

RT

)
(4.39)

ε− = exp
[
M−(µ− − µ−

o )
RT

]
= γ−c

−exp
(
−Fcψ
RT

)
. (4.40)

With the above definitions, the solid displacement us (for infinitesimal defor-
mation, it is related to the solid matrix velocity vs as vs = ∂us/∂t) and modified
chemical potentials εw and εk compose the four primary unknowns of the system; all
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the other unknowns can be derived from them. Multiplying Equations (4.39) and
(4.40),

ε+ε− = γ+γ−c
+c−. (4.41)

Substituting Equation (4.41) in the electroneutrality Equation (4.10),

c+ = 1
2

(
cF +

√
(cF )2 + 4ε+ε−

γ+γ−

)
(4.42)

c− = 1
2

(
−cF +

√
(cF )2 + 4ε+ε−

γ+γ−

)
(4.43)

Similarly, from Equations (4.39) and (4.40), the electric potential is,

ψ = RT

2Fc
ln
(
γ−c

−ε+

γ+c+ε−

)
. (4.44)

With the triphasic momentum Equations (4.15) and (4.16), all the fluxes can be
expressed with the combination of the gradients of the chemical potentials as follows:

Jw = −RTφ
w

ξ

(
∇εw + c+

ε+∇ε
+ + c−

ε−∇ε
−
)

(4.45)

J+ = −RTφ
wc+

ξ
∇εw − RTφwc+c−

ξε− ∇ε− −
[
φwc+D+

ε+ + RTφw(c+)2

ξε+

]
∇ε+ (4.46)

J− = −RTφ
wc−

ξ
∇εw − RTφwc+c−

ξε+ ∇ε+ −
[
φwc−D−

ε− + RTφw(c−)2

ξε+

]
∇ε−. (4.47)

In the above derivation, the following relations have been used [168, 173]:

fsw = ξφw

f+w = RTφwc+

D+

f−w = RTφwc−

D−

(4.48)

where ξ is the drag coefficient between the solid and water phase, and D+ andD− are
the diffusivities of the cation and anion, respectively. ξ, D+, and D− were assumed
to be constants. In the triphasic theory, the hydraulic permeability k is related to ξ
by

k = φw

ξ
= (φw)2

fws
(4.49)
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and f+s, f−s, f+−, and f−+ are neglected [159, 174]. With the four primary unknowns
and the definitions of fluxes, the governing equations can be written as follows:

∇· σ = 0 (4.50)

∇·vs +∇·Jw = 0 (4.51)
∂φwc+

∂t
+∇·J+ +∇· (φwc+vs) = 0 (4.52)

∂φwc−

∂t
+∇·J− +∇· (φwc−vs) = 0. (4.53)

All flux quantities must be calculated relative to the porous-permeable solid
matrix. Using the triphasic momentum equations and writing the fluxes with combi-
nation of the gradients of chemical potentials, that is, using Equation (4.30) [158, 172],
the electrical current density can be expressed with the modified electrochemical
potentials as follows:

J =
(
−φ

wc+D+

ε+ ∇ε+ + φwc−D−

ε− ∇ε−
)

+ cFJw. (4.54)

By considering the triphasic constitutive equations, the electrical current density
can be expressed as follows:

J = φw(D−∇c− −D+∇c+)− Fc
RT

φw(c+D+ + c−D−)∇ψ + cFJw. (4.55)

In the above equation, the three terms are the diffusion current due to the
ion concentration gradients, the conductive current due to the electrical potential
gradient, and the streaming current due to the water convection, respectively. Under
a condition with no current, J = 0, the electrical potential gradient can be expressed
as

∇ψ = RT

Fc

D−∇c− −D+∇c+

φw(c+D+ + c−D−) + RT

Fc

cF

φw(c+D+ + c−D−)J
w (4.56)

that is, the electrical potential ψ consists of two components, the diffusion potential
due to the ion concentration gradients and the streaming potential due to the water
convection. This is consistent with the existing literature on this subject [168], which
is the most recent to our knowledge, although it dates back to 1965.

4.3 Electrical Properties of Cartilage for In Silico
Studies

The electromechanical properties of articular cartilage arise from the electrically
charged nature of the tissue and its depth-dependent properties. There exists a
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unique environment in which chondrocytes are exposed to multiple biophysical
cues [104]. The extracellular matrix of the cartilage and its associated intersti-
tial water, solutes, and ions are considered as a signal transducer receiving input
in the form of biophysical stimuli generating different signals for the growth and
maintenance of the tissue [13]. Various configurations used for in silico investiga-
tion of electrical properties of the cartilage have been schematically represented in
Figure 4.2. In this section, the electrical properties of cartilage due to different
biophysical stimuli are summarized as described in literature.

4.3.1 Electrical Stimulation

To our knowledge, only eight in silico studies are available in literature where the carti-
lage tissue has been discussed with regard to direct electrical stimulation [19, 163, 174–
179]. Frank and Grodzinsky formulated a continuum model for the one-dimensional
linear electrokinetic transduction in a bovine cartilage sample. They derived analyt-
ical expressions for the streaming potential and the current induced by oscillatory,
uniaxially confined compression of the tissue. Furthermore, they deduced expressions
for the mechanical stress generated by a current density or potential difference applied
to the tissue and compared these results to their own experimental results [19]. Later,
Sachs and Grodzinsky extended this problem with two-dimensional applied current
density instead of one-dimensional and considered the cartilage tissue that was finite
in thickness, while infinite in length [178]. Furthermore, Kojic et al. [176, 177] repro-
duced the same experimental results numerically using a finite-element package for
structural analysis (PAK). Ateshian et al. [179] simulated the current-generated
stress phenomenon in FEBio [180] using the triphasic material theory [158], but
they did not compare their results to the experimental study reported by Frank and
Grodzinsky [19].

Gu et al. [174] studied the cartilage fluid flow and ion transport effects under an
applied streaming current or potential using the triphasic theory. In another study,
they reported the transport of interstitial water and ions in charged hydrated soft
tissue like cartilage using a continuum mixture model, while also considering the elec-
trical effects [163]. Furthermore, they derived the well-known Hodgkin-Huxley equa-
tion for the resting potential of the cell membrane and investigated the phenomenon
of electro-osmotic flow in charged hydrated soft tissue [163]. Finally, Levenston et
al. [175] proposed a finite deformation theory for the analysis of confined compression
configuration for a disk of cartilage and studied the electrokinetic phenomenon for
the cartilage tissue.
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4 Continuum Mechanics: Framework for Modeling Cartilage Properties

Figure 4.2: Schematic representation showing various approaches to observe the electri-
cal properties in cartilage tissue. (a) Electrical stimulation, (b) confined
compression, (c) unconfined compression, (d) indentation, (e) permeation
configuration, (f) electro-osmosis/diffusion (without Vi). ∆P is the change
in pressure, ∆δ is the change in thickness of the cartilage sample, ∆Vi and
∆Vo are the change in input and output voltages, respectively.
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4.3 Electrical Properties of Cartilage for In Silico Studies

4.3.2 Mechanical Stimulation

The application of mechanical stimulation generates electrical streaming poten-
tials which can influence the chondrocyte metabolism and thus enhance the tissue
growth [27]. There are in silico studies available where electrical properties of the
cartilage tissue have been investigated due to mechanical stimulation. Lee et al. [181]
measured simultaneously the dynamic streaming potential amplitude with the stiff-
ness for a disk of normal articular cartilage in oscillatory confined compression over
a frequency range of 0.001–20 Hz relevant to impact loading. Then, theoretical and
measured values of the streaming potential and stiffness were compared [181].

Kim et al. [182] analyzed the streaming potential behavior of cartilage in uncon-
fined compression and they compared to their analytical poroelastic model which
can predict the oscillatory streaming potential, stiffness, and the spatial profiles of
the physical stimuli. Similarly, Chen et al. [183] theoretically predicted the stream-
ing potential response of cartilage in the confined compression creep configuration
and then tested these predictions through experiments in normal and proteoglycan-
depleted tissue using biphasic theory along with the laws of linear electrokinetic
transduction. In another study, Chen et al. [184] tested the full-thickness bovine
articular cartilage by oscillatory confined compression superimposed on a static offset
up to 45%. With that data fit, they obtained the electrokinetic coefficient assuming
homogeneity [184].

The objective of the study performed by Lai et al. [162] was to determine the
nature of electric fields inside an articular cartilage, while accounting for the effects
of both streaming potential and diffusion potential. In the said study, the transient
one-dimensional confined compression, stress-relaxation problem (in an open-circuit
condition) using the triphasic theory was discussed to calculate the compressive
strain, electric potential, and the fixed charge density inside the cartilage [162].
Similarly, Lai et al. [185] also provided a complete description of the electric field in
and around a cell inside a layer of tissue in a one-dimensional confined compression
stress relaxation experiment incorporating the triphasic theory.

Frijns et al. [171, 186] using a mixed finite-element method and quadphasic theory,
simulated the mechanical and electrical behavior of a cartilage substitute caused by a
change in the mechanical load or by a chemical load. They showed that the estimated
parameter values were in the same range as reported by other studies in literature
for a uniaxially confined swelling and compression experiment [171, 186].

Further studies performed triphasic analysis of the articular cartilage explic-
itly incorporating the fixed charge density and ions, both diffusion and streaming
potential, under unconfined compression [187, 188]. This analysis provided new
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information regarding the mechano-electrochemical signal transduction behavior of
the tissue [187, 188]. Li and Herzog [189] developed a finite-element formulation of
streaming potentials in articular cartilage and incorporated it into a fibril-reinforced
model, and subsequently used it to simulate interactions between an arthroscopic
probe and articular cartilage in a knee joint.

Wan et al. [190] briefly discussed some in silico electrical properties of the cartilage
tissue in an unconfined compression experiment. Sachs and Grodzinsky [191] have
also discussed the linear electrical properties in the nondestructive assessment of
cartilage degeneration for the electromechanical spectroscopy of cartilage using a
surface probe with applied mechanical displacement.

4.3.3 Other Stimuli

In literature, there are also few in silico studies available where electrical properties of
the cartilage tissue have been investigated due to other stimuli, including permeation,
osmosis, and convection. These studies were performed by Gu et al. [170, 173, 192,
193] and by Quenneville and Buschmann [194].

In their first study, Gu et al. [170] derived the expressions for streaming current
and potential within the cartilage tissue under one-dimensional steady permeation
condition, as a function of the intrinsic triphasic material coefficients. After this,
they performed a study in which the relationships describing the dependence of the
streaming potential on the negative fixed charge density of the tissue were derived
analytically using the triphasic theory and its dependency was proven when compared
to the experimental data on streaming potential obtained from bovine femoral carti-
lage [173]. Later, in another study, Gu et al. [192] analyzed the negative osmotic
flows through charged hydrated cartilage tissue caused by an applied osmotic pres-
sure gradient using the triphasic mixture theory, and they discussed the quantitative
results of ion fluxes and electric potential across the tissue during diffusion process.

In their fourth study, Gu et al. [193] analyzed a one-dimensional dynamic perme-
ation of a monovalent electrolyte solution through a negatively charged hydrated
cartilaginous tissue using the triphasic mechano-electrochemical theory developed
by Lai et al. [158] as the constitutive model for the tissue. The spatial distributions
of stress parameters, ion concentrations, electrical potential, and ion fluxes within
and across the tissue were analyzed [193].

Finally, Quenneville and Buschmann [194] developed a model of electrolyte trans-
port across a charged membrane and examined the distribution of electric potential
and mobile ion concentrations in response to forced convection.

All the stimulation techniques for the in silico investigation of electrical prop-
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erties of the cartilage described are summarized in the Tables 4.1 - 4.3 for the
electrical, mechanical, and other stimulations, respectively, along with the respective
mathematical equations which have been noted in this chapter to describe these
properties.
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5 One-dimensional Electrokinetic
Transduction Model Based on
Continuum Theory

5.1 Overview
In this chapter, a numerical study involving electromechanical transduction in bovine
cartilage tissue has been carried out using the open-source finite element computa-
tional software FEniCS. The simulation results have been compared to experimental
results from the literature. This study serves as a basis for further in silico studies to
better understand the behavior of hyaline cartilage tissue due to electrical stimulation
and to find an optimal stimulation protocol for the cartilage regeneration.

5.2 Model Formulation
The electrokinetic model consists of electrical-to-mechanical and mechanical-to-
electrical transductions. The transduction model was introduced in Chapter 4,
schematically illustrated in Figures 5.1(a) and (b), respectively. The one-dimensional
electrokinetic transduction in a charged, homogeneous, isotropic, hydrated bovine
cartilage sample was analyzed and compared by the analytical and finite-element
solutions using FEniCS with the experimental data from the studies reported by
Frank and Grodzinsky [19, 126]. The data points were extracted from the references
using the software WebPlotDigitizer [195].

The laws for linear electrokinetic transduction [167] in ionized media are combined
with linear biphasic theory for cartilage [21]. A constitutive law for the total stress
σij in a homogeneous, isotropic tissue valid for small strains εij is

σij = 2G(c)εij + (λ(c)εkk − P )δij, (5.1)

where the Lamé constants µs and λs are functions of the ionic content (c) of the
cartilage, P is the fluid pressure, ε is the strain, and the subscripts i, j, and k
represent the axes.
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5 One-dimensional Electrokinetic Transduction Model Based on Continuum Theory

The laws for linear electrokinetic transduction in isotropic media [167] are used
to relate the relative fluid velocity U and the current density J in the tissue to
the gradients in fluid pressure P , and electrical potential ψ already described by
Equation (4.21), which is,

U = −k11∇P + k12∇ψ
J = k21∇P − k22∇ψ

(5.2)

where k11 is the “short-circuit” hydraulic permeability, k12 and k21 are the electroki-
netic coupling coefficients that are equal (k12 = k21) by the Onsager reciprocity
theorem [165, 166], and k22 is the electrical conductivity.

Figure 5.1: Schematic representation and discretization for electrokinetic transduc-
tion model. (a) Electrical-to-mechanical transduction, (b) mechanical-to-
electrical transduction, (c) discretization to find current-generated stress,
(d) discretization to find the streaming potential due to applied stress. ∆P is
the change in pressure, ∆δ is the change in thickness of the cartilage sample,
Vi and Vo are the input and output voltages, respectively.

For the case of incompressible fluid and solid constituents, continuity relates the
fluid and solid velocities vw and vs [196],

φw∇·vw + (1− φw)∇·vs = 0. (5.3)
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5.2 Model Formulation

Since the confined uniaxial configuration is considered, only deformations in the
z direction have been taken as described in Figure 5.1. After some mathematical
steps, the equation of motion in the complex frequency domain reads as follows:

jωu = HAkd
∂u2

∂z2 + kiJ + Uo, (5.4)

where ω is the angular frequency, HA = 2G+ λ is the equilibrium confined compres-
sion modulus [197], ki is the electrokinetic constant, J is the magnitude of the current
density, and Uo is the constant of integration.

A general solution to the complex equation of motion (5.4) is given by

u(z) = (uα − uJ) sinh γ(δ − z) + (uβ − uJ) sinh γz
sinh γδ , (5.5)

where
uα = u(z = 0) and uβ = u(z = δ), (5.6)

are the displacement amplitudes imposed at the top (α) and bottom (β) surfaces
of the tissue as schematically illustrated in Figure 4.2, γ2 = jω/HAkd, uJ = (kiJ +
Uo)/jω.

Following the approach of Frank and Grodzinsky [19], first, the sinusoidal stream-
ing potential and dynamic stiffness of a cartilage sample in response to sinusoidal
displacement was considered under open-circuit condition (J = 0). Then the stress
generated by a sinusoidal current density applied to the electrodes was considered
with the jaw-to-jaw displacement held fixed (u = 0).

Equation (5.5) is solved analytically to obtain the expression for dynamic stiffness
(Λ), streaming potential (Vo), and current-generated stress (σI)

Λ = ΛsΛOC

Λs + ΛOC

(5.7a)

Vo = −ke
[

ΛsΛV

Λs + ΛOC

]
u

δ
(5.7b)

σI = − kiJ
jωδ

[
ΛsΛV

Λs + ΛOC

]
, (5.7c)

where ΛOC = HAδ coth γδ, ΛV = HAδ tanh(γδ/2), and Λs is the stiffness of the
porous platen (see Figure 5.1). The analytical solutions for the amplitudes of dynamic
stiffness, streaming potential, and current-generated stress for the frequency range
of 0.005–1 Hz (relevant to impact loading) are shown in Figures 5.2–5.4, respectively.
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5 One-dimensional Electrokinetic Transduction Model Based on Continuum Theory

5.3 Galerkin Form of the Finite Element
Formulation

For the mechanical-to-electrical transduction, the applied current density is zero i.e.,
J = 0 and the Galerkin form of Equation (5.4) is,

jω
∫

Ω
uvdz = HAkd

∫
Ω

∂u2

∂z2 vdz, (5.8)

Using integration by parts, Equation (5.8) can be written as,

HAkd

∫
Ω

∂u

∂z

∂v

∂z
dz + jω

∫
Ω
uvdz = 0. (5.9)

Solving Equation (5.9) numerically for the unknown u and using Equation (5.7b),
the generated potential across the specimen is obtained as plotted in Figure 5.3.

For the electrical-to-mechanical transduction, the Galerkin form of Equation (5.4)
is,

jω
∫

Ω
uvdz = HAkd

∫
Ω

∂u2

∂z2 vdz + ki

∫
Ω
Jvdz. (5.10)

Applying integration by parts, Equation (5.10) can be written as,

jω
∫

Ω
uvdz +HAkd

∫
Ω

∂u

∂z

∂v

∂z
dz = ki

∫
Ω
Jvdz. (5.11)

The relation to find the current-generated stress is,

σI = −HA
∂u

∂z
. (5.12)

Solving Equation (5.11) numerically for the unknown u and using Equation (5.12),
the current-generated stress for the specimen is obtained as plotted in Figure 5.4.

5.4 Results and Discussion
The numerical solution of the partial differential Equation (5.4) is performed using
the open-source tool FEniCS together with a Python interface. The simulation
was performed using the ‘LinearVariationalSolver’ of FEniCS [118] with Lagrange
elements [116, 198] of order 1. The computation time was 0.65 seconds with 20,002
degrees of freedom on a computer with 32GB RAM, Intel(R) Xeon(R) CPU E5-1630
v3 @ 3.00 GHz. The finite-element simulation results for the amplitudes of dynamic
stiffness, streaming potential, and current-generated stress for the frequency range of
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0.005–1 Hz (relevant to impact loading) are shown in Figures 5.2–5.4, respectively. In
the same figures, the finite-element simulation results are compared to the analytical
results and experimental data extracted from the experimental results of Frank and
Grodzinsky [19].

Figure 5.2: Mechanical-to-electrical transduction–amplitude of the dynamic stiffness
versus frequency.

Table 5.1 lists all the parameters used for the simulations. The fit of theoretical
values to the analytical and experimental values does not employ any adjustable
parameter in contrast to the studies reported by Frank and Grodzinsky [19] and
Kojic et al. [176]. The frequency-dependent viscoelastic behavior of cartilage tissue
is evident from these graphs [156]. This open-source numerical implementation
allows relatively easy implementation without any complex coding techniques. The
Python scripts used in this study are available in an online repository (https:
//github.com/arfarooqi/Cartilage_electromechanics).

The numerical simulation results compare well to the analytical and experimen-
tal results [19, 126] in general. There is a small difference between the analytical
and finite element solution which is due to the fact that the finite element formu-
lation considered here is geometrically linear. This variation can be removed if the
change of porosity and geometrical non-linearity is taken as well in the finite element
formulation [176]. Some small variations could also be due to the fact that the
actual experimental setup is in three dimensions, but the analysis only considers
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5 One-dimensional Electrokinetic Transduction Model Based on Continuum Theory

Figure 5.3: Mechanical-to-electrical transduction–amplitude of streaming potential versus
frequency.

Figure 5.4: Electrical-to-mechanical transduction–amplitude of current-generated stress
versus frequency.
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the amplitudes in one dimension. In addition, the analysis only regarded z-directed
amplitudes, while neglecting those in x and y directions, while in reality, there can
be small contributions to the amplitudes from the other two directions as well.

Table 5.1: Principal set of parameters.

Compressive modulus, HA 1 MPa
Platen stiffness, Λs 8.3 MPa
Applied displacement, u 10× 10−6m
Thickness of sample, δ 680× 10−6m
Diameter of sample, D 6.35× 10−6m
Applied current density, J 3.80 A/m2

Hydraulic permeability, kd 3× 10−15m2/Pa·s
Electrokinetic constant, ki −2.07× 10−8V/Pa
Electrokinetic constant, ke −2.18× 10−8V/Pa

5.5 Convergence Study
To determine the convergence of the finite-element analysis for mechanical-to-electrical
transduction, the relative error in the streaming potential at a representative frequency
of 0.3 Hz was examined, while refining the mesh. The relative error is found using
the relation

relative error := |ui − ui−1|
|ui|

(5.13)

where ui and ui−1 are the current and previous values, respectively. Figure 5.5
depicts the results of this convergence study using Equation (5.13). Obviously, the
relative error in the amplitude of the streaming potential approaches zero if the mesh
incorporates more than 460 elements, corresponding to more than 922 degrees of
freedom. The relative error for the mechanical-to-electrical transduction descends
with the order 4.5.

Similarly, the convergence of the finite-element analysis for the electrical-to-
mechanical transduction for the current-generated stress was analyzed at a repre-
sentative frequency of 0.7 Hz using Equation (5.13). Figure 5.6 makes evident that
the relative error in the amplitude of the current-generated stress approaches zero
if the mesh incorporates more than 850 elements, corresponding to more than 1702
degrees of freedom. The relative error for the electrical-to-mechanical transduction
descends with the order 4.3. Thereby, good mesh convergence is achieved with almost
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5 One-dimensional Electrokinetic Transduction Model Based on Continuum Theory

460 and 850 elements for the mechanical-to-electrical and electrical-to-mechanical
transductions, respectively.

Figure 5.5: Relative error in amplitude of streaming potential as a function of mesh
elements taken at a representative value of f = 0.3 Hz using the Equation
(5.13).

Figure 5.6: Relative error in amplitude of current-generated stress as a function of mesh
elements taken at a representative value of f = 0.7 Hz using the Equation
(5.13).
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6 Electroactive Scaffolds for
Cartilage–Tissue Repair

6.1 Overview

The intrinsic regeneration potential of hyaline cartilage is highly limited due to the
absence of blood vessels, lymphatics, and nerves, as well as a low cell turnover within
the tissue. Despite various advancements in the field of regenerative medicine, it
remains a challenge to remedy articular cartilage defects resulting from trauma,
aging, or osteoarthritis. Among various approaches, tissue engineering using tailored
electroactive scaffolds has evolved as a promising strategy to repair damaged cartilage
tissue. In this approach, hydrogel scaffolds are used as artificial extracellular matrices,
and electric stimulation is applied to facilitate proliferation, differentiation, and cell
growth at the defect site. In this regard, a simulation model of electroactive hydrogels
to be used for cartilage–tissue engineering is presented employing the open-source
finite-element software FEniCS together with a Python interface. The proposed
mathematical formulation was first validated with an example from the literature.
Then, the effect of electric stimulation on a circular hydrogel sample is computed
that serves as a model for a cartilage-repair implant.

6.2 Introduction

In general, developing a computational or mathematical model presents a critical
prerequisite to design informative and comprehensible experiments [31]. These
models can be used to replicate the physical experiments and can be manipulated in
ways that would otherwise be too costly and complex. The modeling approach enables
to simulate surgical conditions without damaging the biological specimen. Hence,
experiments can be easily optimized with respect to electrical input parameters.
Various cartilage–tissue engineering approaches were experimentally performed but
appropriate computational models are still lacking [74, 199, 200]. Keeping this in
mind, an open-source simulation workflow is proposed to develop better experimental
procedures for cartilage–tissue engineering using electrical stimulation.

55



6 Electroactive Scaffolds for Cartilage–Tissue Repair

It is known that application of electrical stimulation results in ion motion and
the opening of voltage-gated calcium channels [201]. The increased activity of
intracellular-calcium concentration activates the underlying mechanisms that facili-
tate cell growth, proliferation, and differentiation in a tissue-engineered sample. The
complete tissue-engineering approach is schematically described in Figure 6.1. In
the current study, the in vitro electrical stimulation part of the tissue-engineering
approach is considered here, as illustrated in Figure 6.2. By means of numerical
simulations, these mechanisms can be studied at different length scales.

Figure 6.1: Various steps involved in tissue engineering of knee articular cartilage using
electrical stimulation by replacing the defect site with a chondrocyte-seeded
hydrogel (adapted with permission from [7]).

The sample consisting of a hydrogel embedded with chondrocytes was immersed
in NaCl solution subject to an externally applied electrical stimulation as shown
in Figure 6.2. The corresponding finite-element discretization of the geometry is
given in Figure 6.3. The implementation of the simulation model consisted of solving
nonlinear coupled Poisson–Nernst–Planck partial differential equations numerically
using FEniCS to find the distribution of the electric potential, and the concentration
of anions and cations with the given set of boundary conditions. The distinction
between hydrogel and solution phases was realized by using different material param-
eters for each domain. The most important feature of the hydrogel phase in this
model was the presence of bound anionic charges cf with zf valence. The complete
mathematical description, the Galerkin formulation, and the parameters for the
Poisson–Nernst–Planck equations are given in the next sections.
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6.3 Mathematical Model

Figure 6.2: Hydrogel sample immersed in NaCl bath solution under externally applied
electric field.

Figure 6.3: Local mesh refinement used at the interface of the hydrogel sample and the
NaCl bath solution.

6.3 Mathematical Model
Several mathematical formulations were proposed to simulate the electrochemical
behavior of electroactive hydrogels immersed in a solution bath. Based on Flory’s
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theory [202] and the Donnan equilibrium [203], Shiga et al. [204], and Doi et al. [205]
developed models to investigate the hydrogel behavior under an applied electric field.
Grimshaw et al. [206] presented a macroscopic continuum theory to explain the
dynamic response of hydrogels to electric stimulation. However, these models were
not able to precisely simulate the behavior of electroactive hydrogels.

A significant amount of the literature to simulate the electroactive behavior of
hydrogels originates from the studies of hydrogel-like biological tissue like articular
cartilage. It includes the triphasic theory of Lai et al. [158] and the multiphasic
theory of Gu et al. [160], which are based on the classical biphasic theory of Mow
et al. [21]. However, these theories are not suitable in simulating electrochemical
phenomena in hydrogels, such as ion diffusion and the effect of fixed-charge density
on ionic-concentration distribution. Zhou et al. [207] extended the triphasic model
to describe the behavior of electroactive hydrogels immersed in the solution, but the
computational domain only covered the hydrogel, which limited its applicability.

Based on multiphasic mixture theory, Li et al. [208] proposed a comprehensive
model to describe the coupling effects and the multiphasic interactions in the elec-
troactive hydrogels. Similarly, the transport model of polyelectrolyte hydrogels was
developed by Wallmersperger et al. [8, 209]. Both these models were similar as
they consisted of nonlinear coupled Poisson–Nernst–Planck equations to describe
diffusive ionic species and electric potential, but differed in coupling the electrochem-
ical response to the mechanical equilibrium equation. As only the electrochemical
behavior is considered here, either of these two models could be used for result
comparison.

In the current study, the model proposed by Wallmersperger et al. [8] was adapted
to carry out finite-element simulations. The geometry of the problem is shown
in Figure 6.2, where a square hydrogel sample was first considered for validation
instead of the circular hydrogel sample. The model comprised two coupled nonlinear
differential equations, i.e., Poisson and Nernst–Planck equations, described below.
The Poisson–Nernst–Planck equations present several difficulties when computing
approximate solutions. It is a strongly coupled system of n + 1 nonlinear equations,
so computational efficiency plays a critical role in the implementation of the numerical
solution, where n is the number of mobile ion species.

To date, the Poisson–Nernst–Planck model for hydrogels has been simulated using
custom programs implemented in individual workgroups [208] that are not generally
publicly available. Few of them have also been implemented using commercial soft-
ware [210]. These models have mostly been implemented for one-dimensional cases,
and a small number of them for two-dimensional cases. None of the models has been
implemented so far using any open-source software and for the electrical-stimulation
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response of the hydrogels in context of cartilage–tissue engineering. Therefore, simu-
lations of electroactive hydrogels for cartilage–tissue engineering have been performed
using the open-source numerical software FEniCS [118].

As the geometry considered here is relatively simple, the geometry creation,
meshing, and solving the variational problem could all be done using FEniCS,
and then visualizing the results using Paraview [211]. For physiologically more
complicated geometries, a more comprehensive open-source simulation workflow was
implemented as well, which consisted of SALOME (www.salome-platform.org) for
geometry creation, Gmsh [212] for meshing, the solution of the variational prob-
lem using FEniCS, and then result visualization using Paraview. The complete
open-source workflow is shown in Figure 6.4. The results presented here are the
same by using either of the two simulation workflows discussed here. The models
and the Python scripts used in this study are available in an online repository
(https://github.com/arfarooqi/Electro-active-hydrogels).

Figure 6.4: Proposed open-source simulation workflow.
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6.3.1 Poisson Equation
The Poisson equation for the electric potential is derived from Gauss’ law, which
states that

∇·D = ρ (6.1)

where D and ρ are the electric flux density and the charge density, respectively,
which are defined as

D = εrεoE = −εrεo∇ψ (6.2)

∇· (−εrεo∇ψ) = ρ (6.3)

where εr is the relative permittivity of the surrounding medium, εo is the vacuum
permittivity or dielectric constant, and ψ is the electric potential. As the electric field
may be assumed to be curl-free, i.e., according to Faraday’s law the time derivative
of the magnetic flux density is negligibly small, a scalar potential can be used as a
solution approach [115]. The charge density ρ was related to the mobile and fixed
ion concentrations as

ρ = Fc

(
n∑
k=1

zkck + zfcf
)

(6.4)

where Fc is Faraday’s constant, ck represent the ionic concentrations with valence
zk(k = 1, 2, ..., n), and cf is the concentration of fixed ionic species with valence zf .
From Equations (6.1) and (6.2), Poisson’s equation is obtained as

∇2ψ + Fc
εrεo

(
n∑
k=1

zkck + zfcf
)

= 0. (6.5)

Applying homogeneous Neumann boundary conditions at the top and bottom
surface of the solution bath, the Galerkin formulation of Poisson’s equation is [122]∫

Ω
∇ψ · ∇vψdA = Fc

εrεo

∫
Ω

(
z+c+ + z−c− + zfcf

)
vψdA (6.6)

where two ionic species were considered, i.e., cation ‘ + ’ and anion ‘ – ’, vψ is the test
function, and dA denotes the two-dimensional differential element for integration over
the domain Ω. Here, integration by parts is used and the test function is assumed
to vanish on the boundary of the domain Ω.

6.3.2 Nernst–Planck Equation
The total flux Jk of ion k is composed of three components: diffusion flux Jkdiff caused
by the chemical potential gradient of ions, electric transference Jkelect caused by the
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electrical potential gradient, and transfer Jkconv caused by the convection. They are
written as [213],

Jkdiff = −Dkck∇ϑk, (6.7)
Jkelect = −zkϑkck∇ψ, (6.8)
Jkconv = ckν (6.9)

where Dk is the diffusivity of the kth ionic species, ϑk is the ionic mobility, and ν
is the area-averaged fluid velocity through the hydrogel, relative to the hydrogel’s
polymer network. If the effect of the activity coefficient is explicitly taken into
account, the diffusion flux becomes

Jkdiff = −Dk
(
∇ck + ck∇lnfk

)
(6.10)

where fk is the chemical-activity coefficient of the kth species. The total flux Jk can
now be written as

Jk = −
(
Dk∇ck +Dkck∇lnfk + zkϑkck∇ψ

)
+ ckν. (6.11)

The continuity equation that governs the flux of ionic species throughout the
hydrogel and the surrounding solution is given as

∂ck

∂t
+∇·Jk = 0. (6.12)

The first term in Equation (6.12) represents the change of concentrations with
time, while the second term is the combination of the following four contributive
terms: the migrative term due to a gradient in the electric potential, the diffusive
term resulting from concentration differences, the convective term due to an applied
velocity of the solvent, and the source term due to chemical reactions inside the
gel-solution domain or at the electrodes.

In Equation (6.11), it was then assumed that no chemical reactions occurred and
convection was neglected. Then, continuity Equation (6.12) becomes [214–216]

∂ck

∂t
= ∇·

(
Dk∇ck + zkϑkck∇ψ

)
. (6.13)

Next, the mobility ϑk could be determined from the Nernst–Einstein relationship,
which relates diffusivity to ionic mobility [217],

ϑk = DkFc
RT

. (6.14)
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where R is the universal gas constant, and T is the absolute temperature. So,
Equation (6.13) becomes

∂ck

∂t
= ∇·

(
Dk∇ck + zkF

RT
Dkck∇ψ

)
. (6.15)

Now, the Galerkin formulation of Equation (6.15) considering two ionic species
is obtained by multiplying with a test function vk and integrating over domain Ω,

∫
Ω

∂ck

∂t
vkdA = Dk

∫
Ω
∇ck ·∇vkdA+Dk z

kF

RT

∫
Ω
ck∇ψ ·∇vkdA, (k = +,−). (6.16)

The time derivative can be approximated by using the backward (or implicit)
Euler difference method [218]

∂ck

∂t
≈
cki+1 − cki

∆t (6.17)

where ∆t is the time-step parameter, and cki+1 and cki represent the concentration of
ions for the new and the previous time step, respectively. Using the above notation,
Equation (6.16) was rewritten as

∫
Ω
cki+1vkdx−

∫
Ω
cki vkdx = ∆tDk

∫
Ω
∇ck · ∇vkdx+ ∆tDk z

kF

RT

∫
Ω
ck∇ψ · ∇vkdx,

(k = +,−).
(6.18)

where dx denotes the one-dimensional differential element for integration over the
domain Ω. For the numerical solution of the Poisson–Nernst–Planck equations, a
mixed-function space [219] consisting of three scalar functions, i.e., anion, cation, and
electric potential was used with Lagrange elements [116, 198] of order 2. Mixed finite
element methods use two or more finite element spaces to approximate the separate
variables. A mixed function space can be created by the arbitrary combinations of
function spaces to represent the full system as a single entity. The benefit of such
methods becomes evident when equations involve several variables and elimination
of any of the variables is not possible.

The given nonlinear problem was solved using the ‘NonLinearVariationalSolver’
of FEniCS [118] based on Newton’s method with the associated solver ‘MUMPS’
(MUltifrontal Massively Parallel sparse direct Solver) [220]. MUMPS is a direct solver
used for the solution of linear system occurring within Newton’s iterations [118].
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6.4 Results and Discussion

6.4.1 Chemical Stimulation

In the simulation model, it is assumed that initially, the hydrogel was taken out
of a solution bath with concentration of 2 mM = 2 mmol/l = 2 mol/m3 and put
into another with concentration of 1 mM. Thus, the concentration of bound anionic
groups in the hydrogel was 2 mM at time t = 0 and the boundary conditions for the
ions at the solution boundary were set to 1 mM. Biological tissue like cartilage and
hydrogels exhibit the phenomenon of swelling. It is caused by electric charges fixed
to the porous solid. They attract free ions of the opposite charge, present in the fluid.
Fluid flow took place between the hydrogels and the salt solution until equilibrium
was reached. The Donnan equilibrium concentration of ions in the hydrogel was
calculated using [159, 221]

c+
gel = 1

2

(
−cf +

√
[cf ]2 + 4[c+

sol]2
)

c−
gel = 1

2

(
cf +

√
[cf ]2 + 4[c−

sol]2
)
.

(6.19)

The corresponding Donnan potential created due to the concentration difference
inside and outside the hydrogel could be found either in terms of cation or anion
concentrations [222–224],

∆φ = RT

z+Fc
ln
(
c+
gel

c+
sol

)
or ∆φ = RT

z−Fc
ln
(
c−
gel

c−
sol

)
. (6.20)

Using Equation (6.19), the concentration of anions and cations in the hydrogel
due to chemical stimulation are 0.4142 and 2.4142 mM, respectively. Similarly, from
Equation (6.20), the value of the Donnan potential was −22.252 mV. The numerical
solution for the chemical stimulation was performed at initial time t = 0 using Equa-
tions (6.6) and (6.18) considering two ionic species with the concentration of 1 mM
for both species at the solution boundaries. For the chemical stimulation, an exter-
nally applied electric field was set to zero at the solution boundaries. The parameters
used for the numerical simulation are listed in Table 6.1, and one-dimensional results
of the chemical stimulation are shown in Figures 6.5–6.7, which were the same as
by using Donnan theory. These results were also in agreement with the numerical
results of Wallmersperger et al. [8].
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Figure 6.5: Cation concentration: (a) two-dimensional electrical stimulation, (b) compar-
ison of chemical and electrical stimulation versus x-position at y = 0.0075 m.

Figure 6.6: Anion concentration: (a) two-dimensional electrical stimulation, (b) compar-
ison of chemical and electrical stimulation versus x-position at y = 0.0075 m.

6.4.2 Electrical Stimulation

For the electrical stimulation, Equations (6.6) and (6.18) were again solved numeri-
cally for two ionic species using FEniCS with the parameters listed in Table 6.1. The
convective flux was assumed to be zero and no chemical conversion was considered
in the equations. The values obtained due to the chemical stimulation were taken
as initial conditions for the electrical-stimulation problem, and an external electric
potential of 50 mV was applied at the solution boundaries. To achieve the rapid
convergence of the solution, local mesh refinement was used, which extends 0.002 m
on both sides of the hydrogel–solution interface.

As the electrical stimulation was applied to the bath solution in which the hydro-
gel was immersed, mobile ions were redistributed in both the hydrogel and the
surrounding solution. Due to the fixed-charge groups bound to the cross-linked
macromolecular chains of the hydrogel, the diffusion gave rise to ionic concentration
differences between the interior hydrogel and the exterior bath solution. The graphs
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Figure 6.7: Electric potential: (a) two-dimensional electrical stimulation, (b) comparison
of chemical and electrical stimulation versus x-position at y = 0.0075 m.

Table 6.1: Simulation parameters used in accordance with [8].

Parameter Value
Cation valence z+ 1.0
Anion valence z− −1.0
Bound charge valence zf −1.0
Ion mobility ϑk 3.9607× 10−6m2 s−1V−1

Ion diffusion coefficient Dk 1.0× 10−7m2 s−1

Faraday constant Fc 9.6487Cmol−1

Temperature T 293 K
Gas constant R 8.3143 Jmol−1K−1

Vacuum permittivity εo 8.854× 10−12AsV−1m−1

Relatively permittivity εr 100.0

for anion, cation, and electric potential distribution are shown in Figures 6.5–6.7,
where 10,387,755 degrees of freedom were used. The one-dimensional graphs for the
same quantities extracted from the two-dimensional plots at positions x and y =
0.0075 m are also shown in the same figures. These results are in agreement to the
numerical results of Wallmersperger et al. [8], and in qualitative agreement to the
experiment results of Gülch et al. [225].

After validation, the finite-element model was modified for a two-dimensional
circular specimen (approximation of a three-dimensional cylindrical sample) immersed
in solution as used in cartilage–tissue engineering [226] and shown in Figure 6.1.
Figures 6.8–6.10 show the graphs of the anion, cation, and electric potential distri-
bution in the solution and in the hydrogel scaffold at initial time t = 0. Because
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of the presence of fixed-charge ions in the hydrogel, there was a sharp change in
electric potential and in the concentrations of anions and cations to satisfy the elec-
troneutrality condition. In comparison to the initial conditions, the concentrations
of cations and anions were slightly higher in the hydrogel on the cathode side as
compared to the anode side. Similarly, ion concentrations in the solution near the
hydrogel–solution interface increased at the cathode side and decreased at the anode
side. From these figures, it can be concluded that the ion concentrations and electric
potential in the hydrogel sample could be optimized as the requirement by varying
the different quantities. The computation time was ∼8 min with 9,257,499 degrees
of freedom on a workstation with 256 GB RAM, Intel(R) Xeon(R) CPU E5-2687W
v4 @ 3.00 GHz. The number of degrees of freedom was estimated by the conver-
gence analysis as discussed in Section 6.4.3. This large number of the degrees of
freedom is necessary as the coupled Poisson–Nernst–Planck equations are nonlinear,
and the solution tends to become unstable at the hydrogel-solution interface by the
occurrence of nonphysical negative ionic concentrations.

Figure 6.8: Cation-concentration profile at initial time t = 0 for a hydrogel scaffold
immersed in solution.

Transient simulations for variations of the ionic concentration and electric pote-
ntial are also presented in Figure 6.11. It was observed that, at initial time t = 0,
the distributions of ionic concentrations are symmetric in the whole computational
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Figure 6.9: Anion concentration profile at initial time t = 0 for a hydrogel scaffold
immersed in solution.

domain, same as from the chemical stimulation without external electric field. As
time increased, the diffusive ions redistributed continuously in both the hydrogel and
the 1 mM NaCl solution, and the ionic-concentration differences near the hydrogel–
solution interfaces became increasingly larger. Ionic diffusion and convection reached
the equilibrium state after a specific time, which was dependent on various param-
eters and conditions, including the electric field, fixed charge density, and NaCl
solution concentration. Thus, the concentration of ions and the electric potential in
the hydrogel sample could be optimized at various time intervals. For the current
case, the steady-state solution for all variables was obtained at around 800 s, after
which no further change in the ion concentrations and electric potential occurred.
These results follow the same trend as observed by Wallmersperger et al. [8].

6.4.3 Convergence Study

To determine the convergence of the finite element analysis for the proposed simu-
lation scheme, the relative error in the electric potential, and the concentration
of anions and cations is examined at a representative point (x = 0.0051 m, y =
0.0075 m) just inside the hydrogel, while refining the mesh. A local mesh refinement
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Figure 6.10: Electric potential distribution at initial time t = 0 for a hydrogel scaffold
immersed in solution.

was used in a neighborhood of 0.0002 m on both sides of the interface as shown in
Figure 6.3 because this is the region where the solution tends to become unstable
and unphysical negative values observed. The convergence study was initiated from
one refinement cycle in a distance of 0.0002 m on both sides of the interface, and
ended at the sixth cycle while keeping the mesh in the remaining solution domain
constant in each refinement cycle. The relative error is found using the relation

relative error := |ui − ui−1|
|ui|

(6.21)

where ui and ui−1 are the current and previous values of the degrees of freedom,
respectively, corresponding to the each refinement cycle. The relative error in the
concentrations of anions, cations, and electric potential distribution at the represen-
tative point (x = 0.0051 m, y = 0.0075 m) is plotted against the degrees of freedom as
given in Figure 6.12. Expectedly the relative error reduces as the degrees of freedom
increase. Obviously, the relative error in the values of anions, cations and electric
potential approaches a stable value if the mesh incorporates more than 1 million
degrees of freedom. The global convergence is checked as well by computing the L2
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Figure 6.11: Transient variation of quantities for a hydrogel scaffold immersed in solution
along the x-direction at y = 0.0075 m: (a) cation concentration, (b) anion
concentration, (c) electric potential.
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error using the relation

L2 error = ‖ui − ui−1‖2 =
√∫

Ω
(ui − ui−1)2dA (6.22)

A steadily converging solution is observed as it is evident from Figure 6.13.
The global convergence error for the ionic concentrations and the electric potential
distribution has the descend of order 0.3.

6.4.4 Limitations
The presented model still has some limitations that are briefly mentioned here.
The presented numerical method does not explicitly include cells and is thus not
capable of estimating an effect on chondrocytes. The numerical method in its
current state is also rather expensive and needs tuning on the numerical side. A
quantitative comparison to experiment data cannot yet be established since some
material parameters like ion mobility and diffusion coefficient have not yet been
experimentally measured by the scientific community.
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Figure 6.12: Relative error according to Equation (6.21) as observed at the representa-
tive point: (a) cation concentration, (b) anion concentration, (c) electric
potential. 71
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Figure 6.13: Global convergence by evaluating L2 error according to Equation (6.22):
(a) cation concentration, (b) anion concentration, (c) electric potential.
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7 Electromechanics of Electroactive
Scaffolds for Cartilage–Tissue Repair

7.1 Overview

Repair of articular cartilage tissue using electroactive scaffolds and biophysical stim-
uli like electrical and osmotic stimulation may have the potential to heal cartilage
defects occurring due to trauma, osteoarthritis or sport-related injuries. So, the focus
of current study was to present a model for the numerical simulation of electroac-
tive hydrogels for the cartilage–tissue repair as the first step towards an optimized
experimental design. The multiphysics transport model that includes the Poisson–
Nernst–Planck equations and the mechanical equation is used to find the electrical
stimulation response of the polyectrolyte hydrogels. Based upon this, a numerical
model on electromechanics of electroactive hydrogels seeded with chondrocytes is
presented employing the open-source software FEniCS, which is a Python library for
finite-element analysis. The ionic concentrations and electric potential in a hydro-
gel sample and the cell culture medium, the osmotic pressure created due to ionic
concentration variations and the resulting hydrogel displacement were analyzed. The
proposed mathematical model was validated at various steps with examples from
literature. The presented formulation for the electrical and osmotic stimulation of a
hydrogel sample can serve as a model for the development and analysis of a carti-
laginous scaffold employing electrical stimulation. By analyzing various parameters,
the way is paved for future research on a finer scale using open-source software.

7.2 Introduction

Computational or mathematical modeling has the key role in the improvement of
tissue-repair approaches [227]. Experimentalists can test certain hypotheses in silico
as performing them physically might be prohibitive due to ethical, technical, and
safety reasons [228]. Furthermore, studying even a simplified mathematical model
which ignores much details of biological processes can still be useful in improving
the experimental design [31, 229].
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Application of biophysical stimuli results in difference of ionic concentrations
between the extracelluar matrix and the electrolyte solution which creates an osmotic
pressure and swelling in the cartilage [230]. The osmotic pressure plays a significant
role for the exchange of essential nutrients and waste products which are ultimately
responsible for cartilage growth, stability, and flexibility [11, 17]. Variation in calcium
ion concentration is the first and fundamental response of the chondrocytes to differ-
ent biophysical cues (electrical, magnetic, and osmotic etc.), although each type of
stimulation has a different mechanism to induce the calcium ion oscillations [231–233].
Moreover, multiple biophysical cues similar to those experienced by the native carti-
lage are crucial for tissue-engineering of functional and viable neocartilage [17, 104].

Figure 7.1: Different steps for the cartilage–tissue repair employing electrical stimulation
by transplanting chondrocyte-seeded hydrogel at the defect site (adapted with
permission from [7]).

One tissue-engineering strategy for the regeneration of cartilage is using a hydrogel
scaffold seeded with chondrocytes to recapitulate the native tissue environment in
vitro by applying biophysical stimuli like electrical and osmotic stimulation before
implantation into the defect site [99]. The complete approach for tissue-engineering
is illustrated in Figure 7.1. The electrical stimulation part of the tissue-engineering
strategy and the osmotic pressure generated in vitro thereof are of interest here, as
schematically illustrated in Figure 7.2. A two-dimensional square specimen immersed
in solution bath is considered for the finite-element simulations in the following.
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Figure 7.2: Sketch of a hydrogel in a electrolyte solution exposed to an external electric
field.

Figure 7.3: Local mesh refinement used at the interface.

7.3 Mathematical Model

As experimental analysis alone cannot fulfill the requirements for novel and complex
applications, progress has been made for theoretical modeling of electroactive hydro-
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gels immersed in the electrolyte solution exposed to external electrical stimulation.
For example, Doi et al. [205], and Shiga et al. [204, 234] investigated the behavior of
electrically stimulated hydrogels incorporating the statistical treatment proposed by
Flory and Rehner [202, 235, 236] and Donnan’s equilibrium theory [203]. Similarly,
Grimshaw et al. [206, 237] using Nernst-Planck and Donnan equations, highlighted
the electrically induced swelling in the polyelectrolyte hydrogels. However, these
models are not suited for accurately describing the behavior of hydrogels under
electrical stimulation.

The biphasic theory was first communicated by Mow et al. [21] for modeling the
electromechanical behavior of articular cartilage. Later, this theory was extended
to include the ionic phase to give the triphasic [158], quadphasic [159], and then
being generalized to a multiphasic theory [160]. Based upon these continuum theo-
ries, Gu et al. [163, 174] investigated the cartilage tissue under the electro-osmosis
phenomenon. But all these theories were more suited for the mechanical stimula-
tion response of the cartilage tissue. The multiphasic theory was used by Zhou et
al. [207] and Hon et al. [238] for the modeling of hydrogels immersed in solution bath.
However, this approach had limited applicability since the computational domain
was restricted to the hydrogel sample.

Li et al. [208, 239] composed a comprehensive multiphasic model based upon
mixture theories and added the Poisson–Nernst–Planck equations to study the defor-
mation behavior of hydrogels under the effect of electrical stimulation. The multi-
phasic model is superior to others since it describes the solvent phase together with
the ionic diffusion and deformation of the hydrogel. But it has more unknown
independent variables as compared to any other model.

The transport model was first proposed by Grimshaw et al. [206] and later
improved by Wallmersperger et al. [8, 209] for investigating the polyelectrolyte hydro-
gel behavior under electrical stimulation. The transport model only describes the
ionic concentrations and the hydrogel deformation due to local variations of ion
concentrations but neglects water flow. In place of the fluid pressure, the osmotic
pressure, arising due to local ionic concentration differences, is considered. Knowing
the distribution of ions, the osmotic pressure inside the hydrogel can be calculated.

Both multiphasic and the transport models rely on the nonlinear Poisson–Nernst–
Planck equations for describing the ionic concentrations and electrical potential.
However, the difference is in the way they couple the mechanical equilibrium equation
and the electrochemical response. The transport model has the advantage of less
number of unknowns. Hence, the transport model presented by Wallmersperger et
al. [8] has been used for the finite-element simulations and comparison of results.
The geometry comprising a square hydrogel sample is shown in Figure 7.2. As the
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cells occupy a very small volume (1–5%) [58], they have been ignored for the current
mesoscale simulations. In the future, the model can be augmented to study effects on
the cellular level as well. The electromechanical behavior of the hydrogel is dictated
by the chemical, electrical, and the mechanical fields. Two nonlinear, coupled partial
differential equations, namely Poisson and Nernst–Planck equations are employed
for describing the electrical and chemical fields, respectively, while the momentum
equation is used to describe the mechanical field. These equations are described
below.

7.3.1 Poisson Equation

The electrical potential is described by the Poisson equation

∇2ψ + Fc
εrεo

(
n∑
k=1

zkck + zfcf
)

= 0 (7.1)

where ψ is the electric potential, Fc is Faraday’s constant, εo is the dielectric constant,
εr is the relative permittivity of the cell culture medium, ck,f are the ionic concen-
trations with valence zk,f . Note that cf corresponds to fixed (immobile) ions, while
ck corresponds to mobile ions.

For the two-dimensional problem of Figure 7.2, the homogeneous Neumann
boundary conditions are considered at the top and bottom surface, whereas non-
homogeneous Dirichlet boundary conditions are assumed at the left and right side of
the bath solution. Then, Poisson’s equation in Galerkin form of the finite-element
formulation reads [122]

∫
Ω
∇ψ · ∇vψdA = Fc

εrεo

∫
Ω

(
z+c+ + z−c− + zfcf

)
vψdA (7.2)

where dA represents the two-dimensional differential element for integration over the
domain Ω, vψ is the test function, whereas two ionic species, i.e., cations ‘ + ’ and
anions ‘ – ’, have been considered. The test function is considered to vanish, where
boundary conditions are imposed.

7.3.2 Nernst-Planck Equation

The ionic concentrations are described using the total flux Jk of the Nernst-Planck
equation, which reads

Jk = −
(
Dk∇ck +Dkck∇lnfk + zkϑkck∇ψ

)
+ ckν (7.3)
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where ν is the area-averaged fluid velocity, Dk is the diffusivity of the kth ionic
species, and ϑk is the ionic mobility. Under the assumption that neither chemical
reactions nor convection occur, the continuity equation for the ionic flux through
the hydrogel scaffold and the cell culture medium is

∂ck

∂t
+∇·Jk = 0. (7.4)

Then the continuity Equation (7.4) for the stationary solution becomes [214–216]

∇·
(
Dk∇ck + zkϑkck∇ψ

)
= 0. (7.5)

The Nernst-Einstein relationship [217] for relating the diffusivity to ionic mobility
is

ϑk = DkFc
RT

(7.6)

with T the absolute temperature, and R is the universal gas constant. Using ϑk,
Equation (7.5) becomes

∇·
(
Dk∇ck + zkFc

RT
Dkck∇ψ

)
= 0. (7.7)

By multiplication with a test function vk and integrating over the domain Ω, the
Galerkin formulation of Equation (7.7) is obtained,

Dk
∫

Ω
∇ck · ∇vkdA+Dk z

kFc
RT

∫
Ω
ck∇ψ · ∇vkdA = 0. (7.8)

In the first step, the Poisson–Nernst–Planck equations are solved numerically
using a mixed-function space [219]. This function space consists of second-order
Lagrange elements to describe the three scalar functions for anion as well as cation
distribution, and the electric potential [116, 198]. The given nonlinear problem was
solved using the ‘NonLinearVariationalSolver’ of FEniCS [118] based on Newton’s
method with the associated solver ‘MUMPS’ (MUltifrontal Massively Parallel sparse
direct Solver) [220]. MUMPS is a direct solver used for the solution of the linear
system occurring within Newton’s iterations [118]. In the next step, this solution
of the Poisson–Nernst–Planck equations is used to find the osmotic pressure and
displacement.

7.3.3 Osmotic Pressure and Momentum Equations
The equation of motion to find the displacement for small deformations is [240, 241],

Ψ∂
2u
∂t2

+ Υ∂u
∂t

= ∇· σ + Ψd (7.9)
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where u is the displacement vector, Ψ is the effective density of the gel, Υ represents
the viscous damping between the electrolyte and the polymer fibers, σ is the stress
tensor, and d is the body force. The friction can be neglected due to the absence of
body forces and Equation (7.9) reduces to,

Ψ∂
2u
∂t2

= ∇· σ. (7.10)

Since the redistribution processes of the ionic charges happen at a much lower
rate compared to the hydrogel deformation, a quasi-static state can be considered
and Equation (7.10) becomes,

∇· σ = 0. (7.11)
Further, due to the application of a low potential difference, the electrostatic

stress is neglected and Equation (7.11) becomes,

∇· (−posmI + λstr(S)I + 2µsS) = 0 (7.12)

where λs and µs are the Lamé constants, I is the identity tensor, S is the strain
tensor, tr(S) is the trace of the strain tensor, and posm is the osmotic pressure.

The osmotic pressure which depends on the ion concentrations can be calculated
by the expression [242],

posm = RT
∑

k=+,−

(
ckgel − cksol

)
(7.13)

where ckgel and cksol are the concentrations of the kth ion species in the hydrogel and in
the solution next to the hydrogel, respectively. For the steady state one-dimensional
simulations, Equation (7.12) becomes,

(3λs + 2µs)
∂2u

∂x2 −
∂posm
∂x

= 0. (7.14)

The linear elastic equation at equilibrium that governs the one-dimensional steady
state mechanical deformation of hydrogels [243] is,

(3λs + 2µs)
∂2u

∂x2 −RT
∂

∂x

 ∑
k=+,−

(
ckgel − cksol

) = 0. (7.15)

The Galerkin form of Equation (7.15) is,

(3λs + 2µs)
(∫

∂Ω

∂u

∂n
vuds−

∫
Ω

∂u

∂x
· ∂vu
∂x

dx

)

−RT

∫
Ω

∂

∂x

 ∑
k=+,−

(
ckgel − cksol

) vudx
 = 0 (7.16)
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where vu is the test function for the displacement and dx denotes the one-dimensional
differential element for integration. Applying homogeneous Neumann boundary
conditions, Equation (7.16) reduces to,

− (3λs + 2µs)
∫

Ω

∂u

∂x
· ∂vu
∂x

dx = RT

∫
Ω

∂

∂x

 ∑
k=+,−

(
ckgel − cksol

) vudx
 . (7.17)

The complete simulation scheme is shown in Figure 7.4.

Figure 7.4: Simulation flow chart of the problem.

7.4 Results
For validation of the proposed simulation scheme, Equations (7.2), (7.8), and (7.17)
were solved numerically by means of the simulation scheme described in Figure 7.5.
The initial concentration of fixed negative ions was cf = 8 mM, while all other
quantities for the simulation are described in Table 7.1. The displacement of the

80



7.4 Results

hydrogel obtained as last step of the model was compared to the displacement result
of multiphasic theory from the study reported by Li et al. [244]. It is evident from
Figure 7.5 that both results are in good agreement which verifies the current modeling
approach using the open-source software. In the following, the model is explained
in detail making comparisons to the examples from literature.

Figure 7.5: Comparison for the distribution of horizontal displacement of the hydrogel.

7.4.1 Chemical Stimulation
The hydrogel sample with initial concentration of fixed negative charges cf = 2 mM
was placed in between the electrodes in a cell culture medium with concentration of
1 mM as shown in Figure 7.2. For the numerical simulation, a concentration of 1 mM
for both anions and cations was taken as boundary condition at the ends of electrolyte
solution. The difference of ionic concentrations between the solution and the hydrogel
compels the mobile ions to redistribute in the whole region for maintaining the
electroneutrality condition. The ionic concentration difference results in a negative
step in the electric potential as displayed in Figure 7.8(b).

The concentration of ions in the hydrogel at Donnan equilibrium can be evaluated
using [159, 221]

c±
gel = 1

2

(
∓cf +

√
[cf ]2 + 4[c±

sol]2
)
. (7.18)

The corresponding Donnan potential can be found by using the relation [222–224],

∆φ = RT

zkFc
ln
(
ckgel
cksol

)
. (7.19)
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Using Equations (7.18) and (7.19), the concentration of anions, cations and
the Donnan potential were found to be 0.4142 mM, 2.4142 mM, and −22.2522 mV,
respectively. Similar results were obtained by numerically solving the Equations
(7.2) and (7.8) which also agree to the results reported by Wallmersperger et al. [8].

The mesh was refined locally such that the maximal edge length was 0.0002 m
on either side of the interface as shown in Figure 7.3. This refinement was used for
all the simulations to obtain good convergence of the solution. The parameters used
are listed in Table 7.1 and the simulation results are shown in Figures 7.6–7.8.

7.4.2 Electrical Stimulation

The chemo-electrical behavior of the hydrogel sample under electrical stimulation
is considered in this section. For the two-dimensional numerical simulation, the
concentration of negative fixed charges for the hydrogel was set to cf = 2 mM. For
the concentration of free Na+ and Cl− ions in the solution, the concentrations at the
electrodes were set to c+ = c− = 1 mM using the Dirichlet boundary conditions. A
constant electric potential of −100 mV was prescribed directly at the cathode and
+100 mV at the anode. As initial condition for numerical simulation, the results of
the chemical stimulation, i.e., without applied external electric field were used. Other
quantities used for the numerical solution were identical to those for the chemical
stimulation, as given in Table 7.1.

The presented numerical results for the chemical and electrical stimulation are
in accordance to the numerical simulation results reported by Wallmersperger et
al. [8] except that here the value of applied electric potential is ±100 mV instead of
±50 mV. The presented results also agree qualitatively to the experimental results
reported by Gülch et al. [225].

The computation time for the two-dimensional Poisson–Nernst–Planck equations
under electrical stimulation was ∼10 min with 10,387,755 degrees of freedom. The
number of degrees of freedom was estimated by the convergence analysis as discussed
in Section 7.5.1. This large number of the degrees of freedom is necessary as the
coupled Poisson–Nernst–Planck equations are nonlinear, and the solution tends to
become unstable at the hydrogel-solution interface by the occurrence of nonphysical
negative ionic concentrations. The simulations were performed on a computer with
Intel(R) Xeon(R) E5-2687W v4 CPU @ 3.00 GHz with 256 GB RAM without using
parallelization. The Python scripts related to the current study can be accessed
through an online repository (https://github.com/arfarooqi/Electromechanic
s_hydrogels).
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7.4 Results

Figure 7.6: Cation concentration distribution: (a) under electrical stimulation, (b) under
chemical or electrical stimulation, respectively, at y = 0.0075 m versus the
x-direction.

Figure 7.7: Anion concentration distribution: (a) under electrical stimulation, (b) under
chemical or electrical stimulation, respectively, at y = 0.0075 m versus the
x-direction.

7.4.3 Osmotic Stimulation and Displacement

This osmotic pressure created due to the difference of ionic concentrations compels
the hydrogel to take up solvent, resulting in hydrogel swelling. The osmotic pressure
can be associated to a strain imposed on the mechanical field Equation (7.12). The
method reported by Wallmersperger et al. [245] was used to find the osmotic pressure
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Figure 7.8: Electric potential distribution: (a) under electrical stimulation, (b) under
chemical or electrical stimulation, respectively, at y = 0.0075 m versus the
x-direction.

Table 7.1: Quantities used for simulations in accordance with [9].

Parameter Value
Ionic mobility ϑk 3.9607× 10−6m2 s−1V−1

Ionic diffusion coefficient Dk 1.0× 10−7m2 s−1

Gas constant R 8.3143 Jmol−1K−1

Temperature T 298.0 K
Relative permittivity εr 80.0
Vacuum permittivity εo 8.854× 10−12AsV−1m−1

Faraday constant Fc 9.6487Cmol−1

Ionic valence zk ±1.0
Fixed charge valence zf −1.0
Lamé coefficient 3λs + 2µs 1.2× 105 Pa
External electric potential ψ ±100 mV
Hydrogel dimensions 0.005× 0.005 m2

Solution bath dimensions 0.015× 0.015 m2

difference. As evident from Figure 7.9, the osmotic pressure varies in the entire
hydrogel sample and should be determined locally. To attain this, information about
the non-local values of the corresponding ionic concentrations in the nearby solution
are required. Thus, two artificial degrees of freedom are introduced which interpolate
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the ionic concentrations of mobile ions at the hydrogel-solution interface into the
hydrogel. These degrees of freedom are represented by c̃+(x) and c̃−(x) for cations
and anions, respectively. More specifically, the local value of the one-dimensional
osmotic pressure difference as function of x can be calculated using Equation (7.13)
as

posm = RT
[
c+
gel(x)− c̃+(x) + c−

gel(x)− c̃−(x)
]
. (7.20)

The osmotic pressure evaluated for the hydrogel is illustrated in Figure 7.10 which
serves as input for the mechanical field Equation (7.15).

It is not reasonable to start the solution of the system from the complete dry
condition. Thus, an initial osmotic pressure pini is introduced into the mechanical
equation. This initial value can be found using the osmotic pressure created due to
the chemical stimulation as

pini = RT
(
c+
gel − c+ + c−

gel − c−
)
. (7.21)

For the current case, the initial osmotic pressure using Equation (7.13) is found
to be 2.052 kPa and Equation (7.15) can be written as

(3λs + 2µs)
∂2u

∂x2 −RT
∂

∂x

 ∑
k=+,−

(
ckgel − cksol

)
− pini

 = 0. (7.22)

Solving Equation (7.22) numerically gives the hydrogel displacement as illustrated
in Figure 7.11 which is in agreement to the numerical result reported by Li et al. [9].

7.5 Discussion
Applying electrical stimulation to the hydrogel sample immersed in the solution
bath causes the ions to redistribute in the hydrogel and solution. It is because of a
higher potential difference created on one side of the hydrogel and a lower on the
other side. Due to the fixed charges attached to the polymers of the hydrogel, the
diffusion process causes ionic concentration differences between the exterior solution
and the interior hydrogel. So, there is an increased swelling on one side whereas a
reduced swelling takes place on the other side. Accordingly, the ionic concentration
difference results in an osmotic pressure which causes the shrinking or swelling of
the hydrogel. The deformation of the hydrogel induces reorganization of the diffused
ions and bound anionic charges resulting in modified ionic concentration differences
and the hydrogel bends. This mechanism continues till the increase in mechanical
energy equalizes the decrease in free energy of the system.
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Figure 7.9: Ionic concentration distributions to evaluate the osmotic pressure differ-
ence for the electro-chemo-mechanical coupling scheme under electrical
stimulation.

Figure 7.10: Osmotic pressure in the hydrogel due to variation of ionic concentrations.

The bending direction depends on the type of hydrogel (anionic or cationic fixed
charge groups) and the polarity of the applied electrical stimulation. With anionic
hydrogels, there is an increase in the potential difference or an additional swelling
on the side facing the anode and a decrease in the potential difference or a shrinkage
on the opposite side. This leads to a bend in the direction of the cathode as shown
in Figure 7.2. For cationic hydrogels, however, the reverse effect occurs, i.e., they
bend towards the anode.
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Figure 7.11: Comparison for the distribution of horizontal displacement of the hydrogel.

Various approaches for cartilage–tissue repair were experimentally performed
using electrical [74, 199, 200, 246, 247] and osmotic [11, 248, 249] stimulation but
appropriate computational models have still not been presented. Keeping this in
mind, a mathematical model has been proposed to comprehend the experimental
procedures for engineering of cartilage tissue using electrical and osmotic stimulation.
The proposed model was then solved numerically using the open-source platform
FEniCS. A similar setup was also experimentally studied by Lim et al. [250] using
human mesenchymal stem cells under electric stimulation for cell viability, prolifer-
ation, and chondrogenic differentiation. These experimental investigations can be
enhanced by numerical simulations to study the chondrocyte-hydrogel interactions
and transduction pathways at the microscale.

7.5.1 Convergence Analysis

In order to demonstrate convergence of the finite-element simulations, the relative
error is evaluated for the ionic concentrations and the electric potential at a repre-
sentative point (x = 0.0051 m, y = 0.0075 m) just inside the hydrogel, while refining
the mesh. A local mesh refinement of 0.0002 m was used on both sides of the inter-
face as shown in Figure 7.3 because it is the region where the solution tends to
become unstable. The convergence study was initiated from one refinement cycle in
a distance of 0.0002 m on either side of the interface, and ended at the sixth cycle
while keeping the mesh in the remaining solution domain constant in each refinement
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cycle. The relative error is found using the relation

relative error := |ui − ui−1|
|ui|

(7.23)

where ui and ui−1 are the current and previous values of the degrees of freedom,
respectively, corresponding to the each refinement cycle. The relative error in the
ionic concentrations of anions, cations, and electric potential distribution at a repre-
sentative point (x = 0.0051 m, y = 0.0075 m) is plotted against the degrees of freedom
as given in Figure 7.12. Expectedly the relative error reduces as the degrees of free-
dom increase. This happens in two stages: after a first, steeper descend with the
order of approx. 4, the descend reduces to the order of approx. 1 while approaching
zero. Clearly, the relative error for anions, cations and electric potential tends to
a stable value if the mesh consists of more than 1 million degrees of freedom. The
global convergence was checked as well by computing the L2 error using the relation

L2 error = ‖ui − ui−1‖2 =
√∫

Ω
(ui − ui−1)2dA (7.24)

A steadily converging solution is observed as it is evident from Figure 7.13. The
global convergence error for the ionic concentrations of anions, cations, and electric
potential distribution has the descend of order 0.3.

7.5.2 Limitations
The numerical model presented here has some limitations. First, the cells have
not been included explicitly. Nonetheless the model has the capability to include
the cellular inclusions as well. Second, there is an abrupt change in values at the
hydrogel-solution interface which is not realistic. This could be addressed by using
the model proposed by Li et al. [208] but it is characterized by a higher number of
unknowns. Third, the current numerical method is rather computationally expensive
due to a high number of degrees of freedom. The numerical method can be further
optimized e.g. using the physics based refinement [251] instead of the currently used
local mesh refinement.
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Figure 7.12: Relative error according to Equation (7.23): (a) cation concentration, (b)
anion concentration, (c) electric potential.
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Figure 7.13: Global convergence by evaluating L2 error according to Equation (7.24):
(a) cation concentration, (b) anion concentration, (c) electric potential.
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The establishment of robust and reproducible computer simulations takes on a pivotal
role in complementing novel experimental techniques to understand the state of
health and progress of diseases and therefore aid in their diagnosis and treatment.
Computational models can be used to simulate the therapeutic outcomes and enable
less in vitro and in vivo studies required [252, 253]. For the cartilage–tissue repair,
most of the electrical stimulation studies have been performed with animal and
human samples and with living animals, while only a few in silico studies are available.
Thus, there is a need for in silico investigations using electrical stimulation for a
complete understanding of the transduction pathways and interaction mechanisms for
designing an optimized electrical stimulation protocol for cartilage–tissue repair [154].

The conclusion of this thesis can be described in two parts. The first part starts
with summarizing in silico investigations discussing the effects of different biophysical
stimuli, that is, electrical, mechanical, and chemical stimuli, on the induced electrical
properties and physiology of cartilage tissue. Clearly, biophysical stimuli leading to a
potential gradient resembling the intrinsic signals are applicable as an additional tool
toward the development of optimal therapies for cartilage regeneration. Nevertheless,
few models have been proposed to study the in silico induced electrical properties of
cartilage at the tissue level due to direct electrical stimulation, but a comprehensive
and consistent model to observe the electrical interactions at the cellular level is
still lacking. Subsequently, the general mathematical formulation for the in silico
description of the induced electrical properties of cartilage was presented. This
formulation is applicable to all the mixture theories starting from the biphasic up
to the generalized multiphasic theory. Based upon the summary of in silico induced
electrical properties of cartilage tissue and their general mathematical description, a
preliminary numerical study focusing on the linear electromechanical transduction
in a cartilage-tissue sample using the open-source platform FEniCS was presented.
The results were compared to the results of the experimental study by Frank and
Grodzinsky [19]. Finally, in vitro and in vivo research studies reported to date using
either the direct or indirect electrical stimulation of chondrocytes, cartilage tissue,
and cell-seeded hydrogel scaffolds were summarized. It is evident that both types
of electrical stimulation could be beneficial for cartilage–tissue repair approaches.
However, a complete understanding of the transduction pathways and interaction
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mechanisms due to electrical stimulation is still lacking for designing an optimized
electrical stimulation protocol.

To shortly conclude the first part, cartilage-related in silico, in vitro, and in
vivo research studies reported to date were summarized. Based upon this, a general
mathematical framework for the investigation of electrical properties was presented,
and eventually a preliminary numerical study using an open-source finite-element
platform was reported.

Investigating the electrical properties of cartilage in silico due to indirect electric
stimulation, that is, capacitive and inductive coupling, is still an open research
area. In this context, the presented open-source implementation of the electrokinetic
phenomena in a cartilage-tissue sample using FEniCS can be useful to study the
in silico electrical interactions at microscale as well as for modeling of the indirect
electric stimulation for the cartilage tissue. For this purpose, the solution of the
Poisson–Nernst–Planck equations for the applied alternating-current signal can be
the starting point [254, 255].

In the second part of the thesis, the focus of the numerical study was on the first
and coarsest level of the experimental design, that is the scale of the hydrogel scaffold
and its surrounding medium. By analyzing ionic distributions, electric potential,
and the osmotic pressure causing mechanical deformation, the way is paved for
future investigations on a finer scale. Moreover, the possibility of coupling the
electrochemical model to the mechanical model is explored. By this, eventually the
mechanical displacement of the scaffold due to the applied electric stimulation is
estimated.

Modeling the behavior of a hydrogel immersed in a solution bath is challenging
due to highly coupled nonlinear partial differential equations. To date, the behavior
of electroactive hydrogels immersed in a solution has been simulated using custom
programs implemented in individual laboratories that are not publicly available. A
few of the models have also been implemented using commercial softwares, but mostly
for one-dimensional cases. None of the models have been implemented so far using
any open-source software and for the electrical stimulation response of the hydrogels
in the context of cartilage–tissue repair. Thus, a two-dimensional open-source compu-
tational model has been proposed to study the effect of electrical stimulation on a
hydrogel scaffold for cartilage–tissue engineering at the mesoscale. The proposed
model was verified against results available in the literature and then extended for
a circular geometry by solving the Poisson–Nernst–Planck equations using FEniCS.
Subsequently, finite-element simulations were performed for the electromechanics
of electroactive hydrogels immersed in a solution bath under the effect of electrical
and osmotic stimulation. Modeling the behavior of such hydrogel samples under
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biophysical stimulation is challenging due to nonlinear coupled equations involv-
ing the chemical, electrical, and mechanical multiphysics. Thus, the simulations
of electroactive hydrogels [256, 257] have been performed using FEniCS in context
of the cartilage–tissue repair. The proposed model was validated with data from
literature. Furthermore, its application as a model for the tissue engineering using
biophysical stimulation is explained in detail. Eventually, successful and validated
in silico studies will make it possible to perform fewer biological testings for trying
different protocols. Also, specialized cues can be designed, i.e., progressing from
a trial-and-error approach to a well-controlled experiment planning. The use of
open-source software like FEniCS for the finite element simulations is involved as
compared to commercial software. It is because one has to define every step, unlike
commercial finite-element software, where one can generally put some values by using
the graphical user interface.

The proposed model has the capability to include other stimuli like pH, mechanical
stress, oxygen, and glucose, or a combination of two or more stimuli [258]. In addition,
it can also be used to study drug delivery mechanisms [259]. Moreover, the cellular
interactions of chondrocytes with porous hydrogel scaffolds can be modeled at the
microscale by the addition of appropriate equations [260]. Thus, the computational
models discussed in this thesis are a step forward in establishing comprehensive
simulation models for the engineering of optimized cartilage scaffolds.
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