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Abstract
Ship hull form modeling is currently based on the interpolation of curve networks. This
method is based on a network of curves which is smoothly interpolated by tensor-product
B-spline patches to obtain a surface representation of the hull form. It is, however, well-
known that interpolation tends to unwanted oscillations and this makes hull form modeling
and especially fairing of hull surfaces a time-consuming task.
Tensor-product B-splines are designed as a smooth approximation of the control mesh they

are defined on. While the clear link between the control mesh and the surface provides a
simple, but yet powerful tool for modeling, it is only rarely used for hull form modeling in
practice. The reason is that tensor-product B-splines are limited to four-sided surfaces and
complex surfaces such as hull forms have to be decomposed into sufficiently simple patches
to represent an overall smooth surface. This introduces complex constraints to the control
points which are difficult to handle and may be circumvented during modeling by the above-
mentioned interpolation of curve networks. In contrast to a common belief in the community,
however, it is analyzed that the dominance of curve-based hull design is a consequence of the
need to avoid these constraints rather than just reflecting the inherent nature of hull design
as being assumed by most other authors in the domain.
Generalized B-splines are introduced to overcome the limitation of tensor-product B-splines

to four-sided surfaces. They behave just like conventional B-spline surfaces, but can represent
surfaces of any complexity on a single unconstrained control mesh. The underlying theory
of generalized B-splines is comprehensively described and the implementation of this surface
representation is reviewed. Generalized B-splines are applied in the context of ship hull form
modeling and examples are presented for a range of different vessel types. It is shown that the
structure of the control mesh and the principles to work with control points are basically the
same as for curve networks and the control mesh therefore integrates equally well into hull
form modeling. While the curve-based design is usually limited to tangent continuous surfaces,
a generalized B-spline surface is almost curvature continuous. Finally, a method is presented
which converts a generalized B-spline into tensor-product B-spline patches once the modeling
is finished to integrate this surface representation into the ship design process. The good
continuity characteristics are maintained upon conversion and therefore the result clearly
outperforms the curve-based design in terms of the modeling performance and especially
quality of the generated surfaces.

v



This page intentionally left blank.



Contents
1. Introduction 1

1.1. Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2. Scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3. Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2. Literature review 5
2.1. Hull form modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2. B-spline surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3. Tensor-product B-spline surfaces 23
3.1. Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2. Important characteristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.3. Complex surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4. Generalized B-spline surfaces 33
4.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2. Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.3. Subdivision . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.4. Domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.5. Patches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.6. Continuity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.7. Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.8. Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.9. Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5. Hull surface representation 65
5.1. Requirements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.2. Generalized B-spline surface . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.3. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.4. Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

6. Ship hull form modeling 75
6.1. Structure of the control mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
6.2. Feature curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
6.3. Modeling with control points . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

vii



Contents

6.4. Irregular control points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
6.5. Fairing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
6.6. Design process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
6.7. Example vessels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
6.8. Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

7. Integration into early ship design 91
7.1. Integration strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
7.2. Fitting algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
7.3. Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
7.4. Bibliographical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

8. Conclusion 99

Bibliography 101

A. Container vessel 111

B. Bulk carrier 117

C. RoRo vessel 123

D. Barge 129

E. Research vessel 135

F. Naval vessel 141

G. Remarks on smoothness 147

H. Knot refinement 153

I. Diagonalization 159

viii



List of Figures

1.1. Hull form design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2.1. Curve-based hull form design . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2. Form parameter hull form design . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3. B-spline surfaces on irregular control meshes . . . . . . . . . . . . . . . . . . . 14
2.4. Subdivision as a method to refine polygon meshes . . . . . . . . . . . . . . . 16

3.1. Tensor-product B-spline function . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.2. Local modification of control points . . . . . . . . . . . . . . . . . . . . . . . . 27
3.3. Regularity of tensor-product B-spline control meshes . . . . . . . . . . . . . . 28
3.4. Decomposition of complex surfaces into B-spline patches . . . . . . . . . . . . 29
3.5. Curve-based B-spline modeling . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.1. Generalized B-spline function . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.2. Isotropic degree of generalized B-splines . . . . . . . . . . . . . . . . . . . . . 35
4.3. Non-uniform generalized B-splines . . . . . . . . . . . . . . . . . . . . . . . . 36
4.4. Knot refinement for tensor-product B-splines . . . . . . . . . . . . . . . . . . 39
4.5. Example and notation of subdivision rules . . . . . . . . . . . . . . . . . . . . 41
4.6. Topological subdivision for odd and even degrees . . . . . . . . . . . . . . . . 43
4.7. Isolation of irregularities based on subdivision . . . . . . . . . . . . . . . . . . 44
4.8. Cells of a generalized B-spline domain . . . . . . . . . . . . . . . . . . . . . . 45
4.9. Terminology for the domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.10. Examples of generalized B-spline domains . . . . . . . . . . . . . . . . . . . . 47
4.11. Correspondence of control mesh and domain . . . . . . . . . . . . . . . . . . . 49
4.12. Definition of quadrants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.13. Subdivision to decompose an irregular quadrant into regular segments . . . . 53
4.14. Subdivision matrices for irregular quadrants . . . . . . . . . . . . . . . . . . . 54
4.15. Identification of regular segments . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.16. Theory of generalized B-splines . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.17. Example for a cubic generalized B-spline surface . . . . . . . . . . . . . . . . 63

5.1. Geometrical features of ship hull forms . . . . . . . . . . . . . . . . . . . . . . 66
5.2. Subdivision algorithm for a cubic generalized B-spline surface . . . . . . . . . 69
5.3. Basis functions of the subdivision algorithm . . . . . . . . . . . . . . . . . . . 71

ix



List of Figures

6.1. Typical structure of the control mesh . . . . . . . . . . . . . . . . . . . . . . . 76
6.2. Handling feature curves based on the control mesh . . . . . . . . . . . . . . . 78
6.3. Hull form modeling with control points . . . . . . . . . . . . . . . . . . . . . . 80
6.4. Definition of the main section . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
6.5. Impact of irregular control points on surface quality . . . . . . . . . . . . . . 82
6.6. Application of irregular control points . . . . . . . . . . . . . . . . . . . . . . 83
6.7. Representation of a bulbous bow . . . . . . . . . . . . . . . . . . . . . . . . . 84
6.8. Representation of a stern bulb . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
6.9. Fairing of a hull form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

7.1. Notation of the least-squares fitting algorithm . . . . . . . . . . . . . . . . . . 94
7.2. Conversion of a hull form to tensor-product B-splines . . . . . . . . . . . . . . 95
7.3. Conversion of a bulbous bow to tensor-product B-splines . . . . . . . . . . . . 97

x



List of Symbols
General

k Number of subdivisions

i, j Indices

ne Edge valence

nf Face valence

nv Vertex valence

Cm Parametric continuity

Gm Geoemtric continuity

x B-spline surface

qij Control point

Q Control points of x

Tensor-product B-splines

u, v Parameter values

ui, vi Knots

U, V Knot vectors

p, q Degree in u-direction, degree in v-direction

Σ Domain of tensor-product B-spline

S Domain of a generalized B-spline surface

Ni,p Univariate B-spline basis function in u-direction

Nj,q Univariate B-spline basis function in v-direction

Ni,j Bivariate B-spline basis function

B Vector of bivariate B-spline basis functions of x

xi



List of Symbols

Generalized B-splines

xi Patch of a generalized B-spline surface

xc Central point

S Domain of a generalized B-spline surface

Σi Domain of xi

Qi Control points of xi

Qk
i k-times subdivided control points of xi

φn(u, v) Precomputed basis function

Q̂i,m Precomputed vector of control points

q̂j Precomputed control points

Quadrants

xi,m Quadrant of a patch xi (m = 1, 2, 3, 4)

Σi,m Domain of mth quadrant of xi

Qi,m Control points of mth quadrant of xi

Qk
i,m k-times subdivided control points of mth quadrant of xi

Segments

xki,m,n Segment (n = 1, 2, 3)

Ωk
n Domain of nth segment

Bn Vector of basis functions of nth segment

Mn Picking matrix for nth segment

Subdivision

A Subdivision matrix

Ak Extended subdivision matrix

λi Eigenvalues

xii



xi Eigenvectors

Λ Diagnonal matrix of eigenvalues

X Matrix of eigenvectors

α, β, ω Weigths to compute control points

Mk k-times subdivided control mesh

Vi Vertices of a control mesh

Ei Edges of a control mesh

Fi Faces of a control mesh

vi Vertex points, i.e. control point computed for a vertex Vi

ei Edge points, i.e. control point computed for an edge Ei

fi Face points, i.e. control point computed for a face Fi

xiii





1 Introduction

1.1. Motivation

The hull form affects many design decisions made throughout the ship design process and
influences many of the vessel’s characteristics as illustrated in Figure 1.1. The hull form is
initially an important constraint for the capacity of a vessel. Taking the example of a container
vessel, it limits the size of the holds and therefore the number of containers which can be
stored in the holds, but it also limits the deck size and is therefore an important constraint for
the number of containers which can be stored on deck as well. A container vessel is naturally
a rather simple example compared to more sophisticated vessel types such as cruise vessels
or naval ships, but for any ship type the availability of spaces is a major design issue and
largely dependent on the hull form. In addition to the capacity, the hull form has a major
impact on the operating costs of a vessel. The resistance and the propulsion characteristics
depend on the hull form. Thus the power required to sail with a given speed and finally the
fuel costs are influenced by the hull form, with the latter being the predominant share of the
operating costs for many vessel types. Next to the operating costs, the hull form also has a
bearing on the building costs. The production of curved plates is more expensive compared
to flat plates. Therefore the building costs can be optimized when curved regions of the
hull forms are minimized in favor of flat regions. Naturally, this compromises the operating
costs and the designer has to make a reasonable compromise between low operating costs
and low building costs. Finally, the hull form is important for the safety of a vessel. The
intact stability essentially depends on two items: the hull form and the weight distribution.
Loosely speaking, the hull form causes the buoyancy which is counteracted by the weight.
Stability ensures that the buoyancy provided by the hull form always enables a safe ship
operation which takes static as well as dynamic aspects such as ship motions, waves, and
parametric roll into account. The same holds for the damage stability, but additionally the
internal subdivision of the hull is taken into account. Therefore one of the most important
safety measures for a vessel, the stability, depends on the hull form.
The previously discussed characteristics of a vessel concern the main ship design questions:

the capacity, respectively the question whether the vessel does fit to the intended operation
profile, the costs, and the safety. All of those questions are at the core of the early ship design.
This design phase begins with the customer’s inquiry and is followed by the basic design and
finally the detail design. The basic design focuses on the approval of the design by the class

1



1. Introduction

Propulsion

Powering

Vibrations

Resistance

Seekeeping

Manoeuvring

Course stability

Strength

Intact stability

Damage stability

Capacity

Spaces

FreeboardCargo access

Shipping 
routes

Production 
costs

Figure 1.1.: A non-exhaustive list of characteristics of a vessel which are influenced by the hull
form. All three major areas in ship design, namely safety, costs, and capacity,
are affected by the hull form. (Figure based on the lecture notes on Ship Design
held by Robert Bronsart).

society and the detail design is focusing on the production. The early design, however, takes
care about the vessel’s concept. It is usually the shortest design phase, but with the majority
of the vessel’s characteristics as well as operation and building costs determined at this stage
it can be considered as the most important design stage. While the concept of the ship is
largely fixed in later design phases and changes only to a minor extent at best, the concept
in the early design phase develops rapidly. With this nature of the early ship design phase at
hand, the importance of hull design is evident.
A ship hull form is usually represented by B-spline surfaces. This surface representation

is the current standard for the representation of curved surfaces in computer-aided design
and they are successfully employed to represent all types of objects ranging from simple basic
geometries to complex surfaces such as automobile bodies. From a theoretical point of view,
they provide the required surface quality for ship design, but to arrive at a sufficient quality
in practice, it needs much time and designers who are experienced in handling this surface
type. Both are a rare assets in the early ship design phase. Therefore in this stage the quality
is often sacrificed in favor of the time spend on hull form modeling.
B-spline surfaces are naturally modified based on control points which are assembled into

a control mesh. As long as only a single B-spline surface is considered, the control mesh is
an easy and fast way to define a free-form surface and results in a good quality. Complex
surfaces such as hull forms, however, are composed of several B-spline surfaces. Maintaining
smooth transitions between adjacent B-spline patches based on the control mesh is a difficult
task and requires significant experience with B-spline surfaces and a profound background on

2



1.2. Scope

B-spline mathematics. Therefore state-of-the-art hull form modeling software usually does
not rely on the control mesh and instead prompts the designer for a network of curves to
describe the hull form. The software then takes care to generate B-spline surfaces which
interpolate the given curves and join smoothly. This method is promoted for several decades
and implemented in a variety of software tools. However, the practical experience gained
over many years shows the weaknesses of this approach. While a preliminary outline of a
hull form is indeed efficiently created, it still takes too much time to achieve a satisfactorily
quality, especially in the early ship design phases. The importance of hull design in the early
ship design and the last-mentioned limitations of the current hull design software are the
motivation for this work.

1.2. Scope

In the field of naval architecture, hull design refers to two related challenges. On the one hand,
this term covers the process to generate a geometrical representation of the hull, referred to
as hull form modeling in this thesis. The hull geometry is used at other design stages to
predict for example various performance characteristics of the vessel or to prepare the required
production data. In contrast, hull design refers to the definition of a hull form which meets the
various requirements such as a sufficient capacity, minimal operating and production costs, or
good safety characteristics. Naturally, just the problem to minimize the operating costs of a
hull form constitutes a full-fledged field of research on its own. However, this second reading
of hull design is beyond the scope of this thesis.

This thesis is solely dedicated to the first reading of hull design. The goal is to simplify
the geometrical modeling of the hull form during the early design phase and therefore to
overcome the limitations faced with state of the art hull form modeling software. The curve-
based approach is questioned and the latest research is reviewed in order to consider suitable
alternatives to this method. The requirements of the early ship design phase are essential
and this implies that the method going to be developed has to be fast enough to keep pace
with the rapidly evolving concept of the vessel at this stage. Furthermore, the resulting
geometrical representation of the hull form has to be compatible to downstream or parallel
design processes.

1.3. Overview

This thesis is organized as follows:

• In Chapter 2 the research in the field of hull form modeling is reviewed. It is pointed out
that this thesis is the first to seriously consider other methods than curve-based modeling
in hull design based on a comprehensive scientific study. In addition the research on

3



1. Introduction

subdivision surfaces is introduced to the reader. It is shown that subdivision surfaces
originate from the idea to overcome the limitation of B-splines to regular control meshes
and thus four-sided surfaces in order to simplify B-spline surface modeling.

• In Chapter 3 the basic theory and the relevant properties of B-spline surfaces are intro-
duced. In particular, it is demonstrated how the limitation of B-splines to four-sided
surfaces calls for the curve-based modeling prevalent in hull design. It is argued why
this is first and foremost a necessity caused by the mathematical constraints of the un-
derlying surface representation rather than reflecting the inherent nature of hull design
as being assumed by most other authors.

• In Chapter 4 the advances of the subdivision theory of the last two decades are uti-
lized in order to develop the notion of generalized B-splines. This is an important part
of this thesis because the concept of generalized B-splines clarifies how the power of
subdivision surfaces is applicable in the context of engineering, where subdivision sur-
faces are usually considered as being limited to the domain of computer artists and
entertainment.

• In Chapter 5 the requirements of a surface representation for hull form design are worked
out and a generalized B-spline surface is constructed which meets at least a significant
subset of those requirements.

• In Chapter 6 shows how hull form modeling based on the potentially irregular control
mesh of generalized B-spline fits to the hull design process. In particular it is described
how the control mesh fits to the typical hull design process and how it outperforms
the curve-based modeling in terms of the quality of the results, speed and robustness
of the method. Consequently this chapter contains the primary result of this thesis
as it refutes the long-lived misconception in hull design that the interpolation of curve
networks best reflects the needs of hull design.

• In Chapter 7 finally shows how a generalized B-spline surface is converted to classical
B-spline surfaces which are the standard surface representation used for data exchange
in ship design. Thus, the final chapter of the thesis illustrates how generalized B-splines
are integrated into the ship design process.

4



2 Literature review

2.1. Hull form modeling

State of the art

In order to classify this thesis with respect to other research activities, this section first intro-
duces the state of the art in hull form modeling which then serves as the basis to review the
current research activities in the next section. The state of the art in hull form representation
and modeling is thoroughly reviewed in Nowacki et al. [76]. Despite being introduced more
than two decades ago, the concepts presented in this reference are still considered as be up
to date as for instance the recent overview on computer-aided ship design given by Nowacki
[75] shows.
B-spline surfaces are the standard for hull form representation as well as they are the

standard representation for curved surfaces in computer-aided design and other disciplines
where a mathematical precise representation matters. A comprehensive introduction to B-
spline surfaces is given by Piegl and Tiller [89] or by Rogers [96] where the former is the
reference source on this topic and the author of the latter is among the first to employ B-
spline surfaces in the context of hull form modeling. There are different B-spline surface
variants. The most general variant are non-uniform rational B-splines (NURBS) which is
also the standard supported by most computer-aided design (CAD) systems used in practice
today. B-spline surfaces are mathematically constructed from the tensor-product of two B-
spline curves. Therefore they are precisely called tensor-product B-spline surfaces. This
terminology is rather unusual, even in literature specifically dedicated to this topic, because
B-spline surfaces are almost exclusively constructed in this way. Thus the explicit reference
on the tensor-product is often omitted for the sake of simplicity. Within the scope of this
thesis it is, however, necessary to include an explicit reference to the tensor-product when
B-splines are discussed because it pursues another construction to define B-spline surfaces
of arbitrary complexity which is referred to as generalized B-splines. Conventional tensor-
product B-splines are limited to four-sided surfaces. As an option, one side of a tensor-product
B-spline surface may collapse by constructing it of zero length. This geometrically looks like a
three-sided surface, but remains a four-sided surface from a mathematical point of view. This
limitation is a challenge in the field of hull form modeling because it is mostly impossible to
represent a hull form only with a single four-sided surface. A hull surface is therefore usually
composed of several tensor-product B-splines which altogether represent an overall smooth

5



2. Literature review

(a) curve network (b) surface patches

Figure 2.1.: Principles of the curve-based design. The hull designer specifies a network of
curves which is interpolated by a number of surface patches. On the left side
the curve network is shown. The designer primarily works with points which are
interpolated by the curves as illustrated for the main section curve. To precisely
manipulate the curve’s shape, the designer may specify additional constraints
such as tangents or discontinuities. One patch is generated for each loop of the
curve network as illustrated on the right side with highlighted patch boundaries.
The patches are assumed to interpolate the curves and join continuously with
their neighbors in order to represent an overall smooth surface.

surface. The term smoothness is defined precisely in Appendix G and the reader may refer
to this material for clarification. To emphasize that a single surface represents just a subset
of the entire hull surface in this setup, they are referred to as patches throughout this thesis.
In the following, the explanation of the underlying surface representation is extended to

include the methods to actually model a hull surface. In general two methods are differenti-
ated: the curve-based design and the form parameter design. In the curve-based design, the
hull designer specifies a network of curves in order to describe the hull surface. To define the
network the designer is primarily working with points which are going to be interpolated by
the curves. To precisely manipulate a curve’s shape, the designer may formulate additional
constraints such as prescribed tangents or even discontinuities at certain curve points. Finally,
a number of tensor-product B-spline patches is automatically constructed, having to provide
watertight transitions and tangent continuity between the patches. Refer to Figure 2.1 for a
graphical illustration of the curve-based design.
One patch is generated for each loop of the curve network. A constraint resulting from

the limitation of tensor-product B-splines to four-sided surfaces is that the loops of the curve
network have to be defined by four (three) curve segments in order to be filled up with a patch.
Some methods may accept arbitrary networks and automatically perform a preprocessing step
which introduces further curves to the network in order to meet this constraint, but other
methods require this constraint’s consideration during modeling. The shape of the curves and
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2.1. Hull form modeling

patches optionally is optimized by minimizing a fairness criterion. In simple words a fairness
criterion is an integraly parameter that quantifies how much the surfaces deviates from the
ideal surface and the surface is optimized by minimizing this parameter. A typical example
for this kind of fairness optimization is to consider the surface as a thin plate and to minimize
the deformation energy based on this model. The reader may refer to [107] for an overview
of various fairness criteria and their application in the context of hull form modeling.
The main component of any curve-based modeling method is to construct a number of

tensor-product B-spline patches to interpolate the given network of curves smoothly. This is
a well-studied problem which is not limited to hull form modeling. The numerous methods
presented in the literature essentially are classified by two characteristics: On the one hand the
admissible topology of the curve network, and on the other hand the geometric continuity at
which neighboring patches join each other. For a strictly regular network of curves the problem
is easily tackled by Gordon surfaces [34]. Only a single surface is constructed interpolating all
curves of the network at once. This represents a global interpolation method, which naturally
yields good continuity characteristics, but changing one curve will always change the entire
surface. This behavior is not desirable in the context of hull form modeling. Moreover it is not
possible to generalize the method to irregular curve networks, i.e. curve networks where more
than two curves intersect in a common node, as they are frequently encountered in practice.
An alternative are Coons patches [25] where one patch is constructed for each loop of the
curve network, representing a local interpolation method because changing a curve affects
only the incident patches. At the first glance this seems to provide a reasonable solution
for the interpolation of curve networks, but in practice it is difficult to construct tangent
continuous patches even for strictly regular networks due to potentially incompatible twists
at the patch corners. A method to construct patches for at least moderately irregular curve
networks which join with tangent continuity is given by Sarraga [98]. The method allows to
interpolate networks where three, four, or five curve may intersect in a common node, but the
corner twist is forced to be zero and thus undesired flat spots may occur. Other methods drop
the zero-twist assumption or allow an arbitrary number of curves to intersect in a common
node of the network, see for example Peters [80] or Liu and Sun [62]. However, all methods
are limited to tangent continuity, but in the field of hull design generally curvature continuity
is required to consider the result as smooth. This problem is addressed in Ye and Nowacki
[111] and Ye [110], but the methods are rather complex and have not gained wide acceptance
in the field of hull form modeling. Finally, the method given by Westgaard and Nowacki [107]
combines the curve interpolation methodology with the minimization of a fairing function to
construct hull surfaces featuring tangent continuity across patch boundaries what fairly well
represents the state of the art in curve-based hull design.
The form parameter design basically involves the same steps as the curve-based design.

However, instead of directly manipulating the curve network based on points and other geo-
metrical constraints, the designer specifies a number of principal parameters which describe
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Figure 2.2.: Principles of form parameter design. The designer specifies a number of pa-
rameters which describe the hull form such as the main dimensions or integral
parameters like the displacement. The curve network is automatically derived
from the parameters, and the surface patches are finally constructed from the
curve network using the same methods as the curve-based hull form design.

the hull form. Examples are the hull’s main dimensions or integral parameters like the hull’s
displacement. The curve network is derived from the parameters, and the patches are finally
constructed from the curve network using the same methods as discussed above, refer to Fig-
ure 2.2 for clarification. The form parameter design is used to quickly generate a hull form
in early design stages and to avoid the time-consuming process of manually defining a curve
network.

Technically, the core of the form parameter design method is to translate the form param-
eters into geometrical constraints from which the curves are generated. This is a complex
matter and naturally depends on the type of hull being modeled as well as the number of pa-
rameters being considered. The basics of this method are given in Nowacki et al. [76] and the
work of Kim [47] successfully implemented the method in the context of complex hull forms.
While the form parameter design method potentially saves a lot of time in early design stages
where only a preliminary hull form is required, the method is generally not applicable in later
design stages where a detailed design of the hull form is required, see also the discussion of
Bole and Lee [14]. Whenever precise control of the hull surface is required, the curve-based
design remains the method of choice. Other applications of the form parameter design are
optimization studies. The parameters describing the hull form are systematically varied in
order to find an optimal solution with reference to some optimization criteria. This is par-
ticularly promoted by Harries [38] and a framework is proposed for parameteric hull surface
generation and systematic design explorations in the context of hydrodynamic optimizations.
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Recent advances

Despite being the standard representation of curved surfaces in computer-aided design, tensor-
product B-spline surfaces are far from being the ideal representation of hull surfaces. The
challenges related to using tensor-product B-splines in the context of hull form representation
and modeling are recently analyzed by Sharma et al. [102]. The authors identify the limitation
of tensor-product B-splines to regular control meshes and thus four-sided surfaces as the
reason why hull form modeling is still a laborious task and the surface quality in practice
often is not sufficient. Four-sided surfaces are identified as being incompatible to the required
complex hull form topology. Besides that, a lack of surface quality may easily lead to a failure
of downstream analysis methods that require the hull form as an input. The latter is for
example considered in detail by Bronsart et al. [17, 18, 19] and the studies provide evidence
of the difficulties to manage those problems in practice. Sharma et al. [102] finally conclude
that addressing the limitation of B-spline surfaces to regular control meshes and four-sided
surfaces will be the key to improve hull form modeling in the future. This insight is the
pivot of this thesis and shows both the motivation of this work as well as the necessity of this
research. The study is complemented by Koelman and Veelo [49] with the same conclusions
drawn by the authors, but additionally the authors briefly introduce potential solutions and
suggest further research directions. In particular, they propose to investigate alternative
surface representations in the context of hull form representation and modeling.
That hull form modeling is still a laborious task is rarely questioned, but the same is

not true with respect to tensor-product B-splines. The research of the last two decades since
Nowacki et al. [76] formulated the state of the art in hull form modeling mostly builds on top of
this surface representation and just aims to develop better methods to handle the limitations
of this surface representation in practice. Some recent publications, however, indicate that
there is now a bit of momentum to tackle the root of the problem and to question the surface
representation being used for hull form representation itself.
A method to improve the curve-based modeling built on top of tensor-product B-spline

surfaces is given by Bole [9], also briefly described in Bole and Lee [14] and only recently
resumed in Bole [13]. The proposed method combines the curve-based design with the form
parameter design. It is based on the insight that the curve-based modeling provides the means
to define a hull surface precisely, but usually takes too much time to be effectively employed in
early design stages where only a preliminary hull surface is required. On the other hand, the
form-parameter design represents a fast method suited to the needs of the early design stages
with the hull surface almost instantaneous generated, but the method lacks the precise control
on the surface’s details required in later design stages. Both methods are brought down to
a common denominator based on a hierarchical approach to hull form modeling. The hull
surface is broken down into regions with the boundaries specified by the designer in terms of
curves. Those curves do not only represent the boundaries of the regions, but also define their
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connectivity, for instance that two regions shall meet at a knuckle or are considered to join
smoothly. Effectively this represents a topological model of the hull surface which is referred
to as form topology by the author. The method further includes different types of control
curves and constraints which are tailored to the needs of hull form modeling. They do not only
hide the details of B-spline mathematics, but allow to define geometric features of a hull form
in terms of hull characteristics. The latter effectively introduces the power of parameter-based
design to the curve-based modeling. The application of the method in the context of early
design is specifically discussed in Bole et al. [15] and the interactive transformation of the
hull form based on this method is described in Bole [10]. However, the method only changes
the user interface of curve-based modeling from a rather geometric perspective of points,
curves, and surfaces to a more technical perspective of hull form features which represent the
design intent, see the discussion in Bole [13]. The technical implementation of this method,
which is to have a curve network interpolated by a number of tensor-product B-spline patches
altogether representing the hull surface, stays unchanged.
In Bole [11] the issues related to the surface quality obtained with the curve-based design

are considered. The difficulties to ensure a sufficient surface quality are identified as being
strongly related to the interpolation of curves with tensor-product B-splines and the challenge
to define smooth patches in the presence of irregular curve networks. Interestingly, the idea to
interpolate the curve network with surface patches is dropped and just sections, waterlines,
and buttocks are created from the given curve network similar to the traditional lofting,
effectively resulting in a lines representation of the hull form. The study analyzes that the
method features a better performance when it comes to interactive modeling and is likely to
result in better results in terms of fairness. Moreover, the modeling is simplified because the
result is significantly less dependent on the actual topology of the curve network and thus the
designer is relieved from the need to take the topology into account during modeling in order
to achieve good results. Because a lines-based representation of the hull form is generally not
sufficient for downstream processes, the author finally proposes to fit surface patches to the
curves rather than strictly interpolating the data. This point is also discussed in Bole [12]
where also the problem of poor surface quality is addressed and good results based on fitting
rather than interpolation are reported.
Another contribution to the field of curve-based design is made by Koelman [50] with the

essential results are briefly introduced in Koelman et al. [51]. Considering the conventional
curve-based design methodology, the surface patches are constructed to interpolate the given
curves and to join each other smoothly, but they remain entirely independent of each other.
When one patch is subsequently modified, for instance in another modeling software, this
does not affect the other patches because the information on how neighboring patches should
connect to each other is neither kept with the patches nor considered within the patch’s surface
representation. Koelman [50] proposes to maintain this information within a topological data
structure. A standard boundary representation (B-rep) is employed which includes vertices,
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edges, faces, and a shell. The entities store links to other topological elements in order to
represent their connectivity, but some entities are also linked to geometries with the edges
being associated to curves and the faces being associated to the patches. The shell is finally
the topological representation of the entire hull surface. The author refers to this concept
as the hybrid model for ship hull representation (H-rep) and the practical application of this
concept is discussed in Koelman [48]. While beyond question being a robust model for the
patch-based hull form representation, it remains unclear how the curve-based modeling profits
from this model as being claimed by the author. The main challenge related to the curve-
based design is to construct surface patches which interpolate the given curves smoothly and
to optimize the overall fairness of the hull surface and not to internally manage the topology of
the curve network and the surface patches. The problems of curve interpolation and fairing
are indeed considered in Koelman [50], but the presented solutions represent basically the
state of the art as for example reported by Nowacki et al. [76] and the method is therefore
unlikely to perform much different to the other alternatives.
The interpolation of curve networks with tensor-product B-spline patches is considered by

Cho et al. [24] and a method is presented which is altered to make it applicable in hull form
modeling. The method generates at least one tensor-product B-spline patch for each loop of
the curve network while the patches join with tangent continuity. Moderately irregular curve
networks are accepted by the method what means that the number of curves which are allowed
to intersect at a node of the curve network may range between three and five and the number
of curve segments defining a loop of the mesh is allowed to be within three and six. This
provides a reasonable topological freedom for curve-based hull form modeling. If necessary,
additional curves are automatically introduced to the network to match the topology with
the limitation of tensor-product B-splines to four-sided surfaces. At irregular nodes of the
network it is not always possible to interpolate the curves exactly and to simultaneously
ensure tangent continuity across the patch boundaries. Therefore the interpolation condition
is relaxed and a close approximation of the curves is accepted for those cases. An optional
fairing of the curve network or the patches is not performed. While this basically represents
the state of the art in curve network interpolation with some details optimized for hull form
modeling, the method of Rhim et al. [95] improves the overall fairness of the hull surface based
on fitting. Additional curves are derived from the input network and the surface patches are
fitted to those curves rather than just interpolating the input curves as it is the case for the
former method. Finally, in Oh et al. [77] so-called T-nodes are considered which allow to end
curves anywhere in a network. This extends the capabilities of the curve-based design because
it is possible to introduce local curves to the network which do not have to run across the
entire hull in order to keep the overall topology valid. The work is only recently continued
in Oh et al. [78, 79], but the studies are rather mathematical and not particularly focused on
the application for curve-based hull form modeling.
The study of Lee et al. [58] employs subdivision surfaces in order to address the limitations
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of tensor-product B-splines in the context of curve-based design. They are recognized as
being able to represent smooth surfaces of arbitrary complexity and a method is presented
to interpolate curve networks of arbitrary topology with a single subdivision surface. The
algorithm presented by the authors is of similar complexity as the algorithms used to solve
the same problem based on tensor-product B-splines, but the generated surface is almost
everywhere curvature continuous. Only a few isolated spots are restricted just to normal
continuity. This is generally a great step forward compared to the tensor-product B-splines
setup. However, the study neither considers complex hull form characteristics such as knuckles
or other hull form features, nor the integration of subdivision surfaces into the ship design
process. The latter is an important point to consider because tensor-product B-splines are
the industry standard for exchange of hull form data and it is a complex matter to convert
subdivision surfaces to this surface representation.

The form parameter design is considered by Pérez et al. [92] and later continued in Pérez
and Clemente [91] for simple hulls like sailing yachts or patrol boats. Based on the given
parameters, a sectional area curve and the waterline are automatically generated. Along with
a specification of the hull’s center line and deck line given by the designer geometrically in
terms of curves, the stations of the hull are generated. Finally a tensor-product B-spline is
fitted to the stations in order to arrive at a surface representation applicable in downstream
processes. The framework is extended in Pérez-Arribas and Péter-Cosma [93] to define hard-
chined hulls which are primarily used for planing boats, but this still belongs to the category
of simple hull forms. The parametric generation of complex hull forms is only recently recon-
sidered by McCulloch [67] who focuses on the robustness of this design method. The design
space, which is spanned by the design parameters, usually includes parameter combinations
which are not feasible or the result may reflect the parameters from a mathematical point of
view, but the generated hull surface is not suitable for practical applications. The method of
McCulloch [67] automatically narrows the design space to feasible designs in order to increase
the robustness and to simplify the form parameter design. Generally, the method follows
the standard approach to define a curve network from the parameters first, and generate the
surface patches in a second step. The mapping of the input parameters to curves is also
described in Birk and McCulloch [7]. The surface generation is based on truncated hierar-
chical B-splines introduced by Giannelli et al. [33] which allow to represent local features
without having the entire surface necessarily defined at the same level of detail as it is the
case for tensor-product B-splines. However, it is relatively easy to convert the result later to
conventional tensor-product B-splines to facilitate the data exchange with subsequent design
tools.
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2.2. B-spline surfaces

The standard representation of smooth surfaces in computer-aided design are tensor-product
B-splines. They are defined by a control mesh consisting of control points and the surface is a
smooth approximation of the control mesh. Due to the mathematical construction based on
the eponymous tensor-product, the control mesh is required to be regular and as a consequence
the surface is always four-sided. The latter property represents a problem in practice because
in complex real-world design scenarios, such as hull form modeling, the objects being designed
are generally not representable by a single four-sided surface. The key to advance the theory
of B-spline surfaces is therefore to have them defined on irregular control meshes in order to
represent smooth surfaces of any complexity.
A key property of B-splines is that every control point affects the surface only locally. This

means that any sufficiently large regular subset of a control mesh can be transformed into a
tensor-product B-spline surface, even when the overall control mesh is irregular. This is shown
in the top row of Figure 2.3 where the control mesh features a single irregular control point
highlighted by a black dot. Only three edges are connected to this control point, referred to
as valence n = 3, with four edges are considered as regular. All other interior control points
are of valence n = 4, the edge control points are of valence n = 3 and the corner control
points are of valence n = 2 what constitutes a regular control mesh. With only a single
irregular control point and the rest of the control mesh being regular, a significant portion of
the surface can be defined in terms of tensor-product B-splines. However, where the irregular
control point affects the surface this construction is not applicable and the lack of definition
results in a n-sided hole. To deal with B-spline surfaces defined on irregular control meshes
is a well-studied problem. Basically three solutions are proposed in the literature: a single
n-sided patch is constructed to fill the hole, the hole is filled by n four-sided patches, or a
subdivision surface is used, see the bottom row of Figure 2.3. The first two solutions are
referred to as patch constructions in this thesis and the corresponding literature is introduced
in the next section. The third alternative, subdivision surfaces, is reviewed subsequently.

Patch constructions

Two kinds of patch constructions are differentiated: either a hole is filled with a single n-
sided patch or the hole is filled with n four-sided patches, see Figure 2.3 (a) and (b) for
clarification. A representative of the first kind is proposed by Loop and DeRose [63] and
relies on a generalization of Bézier surfaces to n-sided surfaces described by the same authors
in [66]. The surface representation allows to define biquadratic and bicubic B-spline surfaces
on irregular control meshes what is designated as generalized B-spline surfaces. While the
control meshes are significantly less restricted compared to the tensor-product setup, the
control meshes are not allowed to be entirely general. For the biquadratic case, all faces
of the control mesh have to be four-sided and therefore regular, whereas the control points
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(b) n tensor-product patches(a) n-sided patch (c) subdivision surface

Figure 2.3.: The key to advance the theory of B-spline surfaces is to have them defined on
irregular control meshes. Top row: the control mesh of a B-spline surface with
one irregular control point (black dot). In the vicinity of the irregular control
point, the surface cannot be defined in terms of tensor-product B-splines and a
hole remains. Bottom row: the current state of research offers three solutions.
Either the hole is filled by a single n-sided patch, the hole is filled by n four-sided
patches, or a subdivision surface is used.

are allowed to be irregular. For the bicubic case the opposite applies: the faces may have
any number of sides and are therefore allowed to be irregular, but in contrast the control
points have to be regular. This allows to represent B-spline surfaces of any complexity,
but the designer has to take into account the above-mentioned limitations of the control
mesh topology. The individual patches are constructed to meet with normal continuity.
Neither non-uniformity nor rational B-splines are considered, but the latter represents a
straightforward extension. The work of Loop and DeRose [63] is particularly important to
classify this thesis with respect to other literature because, among other aspects, the surface
representation introduced in Chapter 4 of this thesis is also referred to as generalized B-
splines. In contrast to this previously claimed generalization, the subsequently presented
surface representation offers an unrestricted control mesh topology and the corresponding
surface is almost everywhere curvature continuous and not only normal continuous. Recall
that curvature continuity is required to consider a surface as smooth in the context of hull
form design and consequently the generalization of Loop and DeRose [63] does not meet
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the continuity requirements of this application, but the generalization of B-spline surfaces
proposed in this thesis is sufficiently smooth in this context.
To construct a single n-sided patch that is smoothly connected to the other patches of

the surface seems to be generally easier than to construct n four-sided patches with same
properties due to the fact that generalizations of B-splines to n-sided patches are usually
designed exactly for this scenario. However, n-sided patches are not widely supported by
computer-aided design systems and therefore not widely available in practice. Hence, the
remainder of this section focuses on the second kind of patch constructions which is more
relevant in practice, namely to fill holes with n four-sided patches as shown in Figure 2.3 (b).

Wijk [108] constructs bicubic patches over irregular control meshes. The topology of the
control mesh nevertheless is limited. All faces are required to be quadrilateral and the control
points are either limited to valence three and four, or alternatively all control points are
limited to odd valences. The patches are constructed to meet with normal continuity. The
generalization of biquadratic surfaces to irregular control meshes is considered by Peters
[81], but it requires the use of cubic triangular patches in the vicinity of irregular control
points. The method is improved in Peters [83] and allows to parameterize the entire surface
in terms of four-sided patches. In regular regions quadratic patches are used, whereas in
irregular regions cubic patches are employed. However, the problem is only considered as
well-solved on the basis of triangular patches, but the restriction to four-sided patches affects
the continuity and shape characteristics of the result. The latter point is addressed in Peters
[82] where biquadratic patches are employed to improve shape and continuity characteristics
for purely four-sided patch constructions. All constructions are designed to provide a C1

parametrization of the surface which constitutes a normal continuous surface. For purely
four-sided patch constructions, however, high-degree parametrizations are required to ensure
normal continuity. The normal continuous parametrization’s complexity of control meshes of
arbitrary topology with bicubic tensor-product B-splines is analyzed in Peters and Fan [87].
It is shown that at least two interior double knots per edge are required to ensure normal
continuity for general input meshes. In Fan and Peters [30] these results are utilized to provide
explicit formulas to compute the control points of normal continuous patch constructions in
the vicinity of irregular control points based on bicubic tensor-product B-splines.
The problem of curvature continuous patch constructions is tackled for instance in Peters

[84]. Triangular Bézier patches of degree six are employed in the vicinity of irregular control
points. Where the control mesh is regular, the triangular patches may be replaced by bicubic
tensor-product B-splines. A curvature continuous patch construction based on tensor-product
Bézier patches is presented by Peters [86]. The algorithm constructs 4n patches to fill the
hole around an irregular control point of valence n which are of degree 3 × 5 next to the
irregular control point and the remaining patches being standard bicubic Bézier patches.
Another curvature continuous patch construction is presented by Loop and Schaefer [65],
where only n biseptic B-spline patches are used to fill the hole around an irregular control
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Figure 2.4.: The classical view on subdivision is as a method to refine polygon meshes. Two
steps of Doo-Sabin subdivision of a simple box (k = 0) are illustrated. It usually
takes only a few subdivision steps to obtain a polygon mesh that looks like a
smooth surface. Although flat shading is used in this figure, the last polygon
mesh (k = 2) looks already quite smooth.

point of valence n. The high degree introduces an additional fairness optimization potential
of the patches by an energy functional’s minimization. An alternative to improve the fairness
of patch constructions are guided spline surfaces. First a guide surface is constructed which
prescribes the local shape of the surface and avoids unwanted curvature oscillations as usually
introduced by local constructions. The guide is not part of the final surface representation,
but sampled by a finite number of tensor-product patches, see Karčiauskas and Peters [41]
for an overview. In Karčiauskas and Peters [42, 43] the guide is sampled by biquintic patches.
The hole is filled with 4n patches with n being the valence of the irregular control point. In
Karčiauskas and Peters [45] biseptic patches are used to curvature continuously sample the
guide with only n patches. The trade-off between the polynomial degree of the patches and
the surface quality is discussed in detail by Karčiauskas and Peters [46]. In Karčiauskas and
Peters [44] the formal requirement of curvature continuity is dropped to normal continuity
for sampling a guide surface with bicubic tensor-product B-splines only. It is demonstrated,
however, that the result is still close to curvature continuity as well as the overall fairness
remains comparable to the previous cases.

Subdivision surfaces

Subdivision surfaces can be viewed from two complementary viewpoints. The first point of
view considers subdivision as a method to refine polygon meshes. The subdivision algorithm
describes the refinement rules for the mesh and usually takes only a few subdivision steps
to obtain a polygon mesh that looks like a smooth surface. This is the classical view on
subdivision surfaces and illustrated in Figure 2.4. The mesh remains a polygon mesh as long
as not infinitely subdivided. The linear nature of polygon meshes is generally not qualified for
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the representation of smooth surfaces and therefore this first view on subdivision surfaces is
only of limited suitability for a generalization of B-spline surfaces to irregular control meshes.
The second point of view originates from the knot refinement of B-spline surfaces. Knot

refinement is a well-known operation for tensor-product B-splines to increase the number of
control points without changing the surface. For a given refinement strategy, this results in
rules to calculate the control points for an equivalent control mesh of larger size. This rules
are naturally limited to regular control meshes, but the most popular subdivision algorithms
generalize those rules in the presence of irregular control meshes. The classical view on
subdivision surfaces utilizes the result to obtain a convenient refinement algorithm for polygon
meshes of all kind, but the second view is strictly limited to control meshes of B-spline
surfaces. With the control mesh repeatedly refined, the regular regions of the control mesh
become larger and allow to define a growing portion of the surface in terms of conventional
tensor-product B-splines. This constitutes the third alternative to define B-spline surfaces
on irregular control meshes as shown in Figure 2.3 and is exactly the view on subdivision
surfaces being promoted in this thesis.
The algorithm of Doo and Sabin [27, 28] is among the first contributions to the subdivision

theory, which generalizes biquadratic tensor-product B-splines to irregular control meshes.
The algorithm of Catmull and Clark [23] additionally generalizes bicubic tensor-product B-
splines. The latter is the most important subdivision algorithm and often employed in theory
and practice. In addition, Stam [104] and Zorin and Schröder [114] provide generalizations for
B-spline surface of arbitrary degree. The subdivision algorithms are stationary what means
that the refinement rules do not depend on the refinement level, but are the same for each
refinement step. However, the algorithms are restricted to uniform B-splines only.
Non-uniform B-splines are addressed by Sederberg et al. [100] for biquadratic and bicubic

surfaces. The algorithms are non-stationary, but the utilization of certain constraints for the
knot vectors yields a stationary algorithm, see Huang andWang [40] and Sederberg et al. [101].
The latter algorithm requires irregular control points sufficiently isolated from non-uniform
features what affects the topological freedom of the control mesh. A special type of control
point, the T-point, gives additional freedom for local refinement of the control mesh. Another
algorithm that generalizes non-uniform bicubic B-spline surfaces is described by Müller et al.
[68] and later improved in Müller et al. [69]. In the vicinity of irregular control points uniform
subdivision is used and non-uniform subdivision is restricted to regular parts of the control
mesh. In fact, both algorithms blend between uniform and non-uniform subdivision. The
first algorithm is non-stationary and the second algorithm is stationary. Finally, Cashman
et al. [20, 22, 21] describes a stationary algorithm for non-uniform B-spline surfaces of any
odd degree.
The main application of non-uniform B-splines is the boundary behavior of open surfaces. A

reasonable boundary behavior of B-spline surfaces employs multiple knot lines. They are also
useful to realize interior creases of B-spline surfaces. However, none of the subdivision algo-
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rithms for non-uniform B-splines permits multiple knot lines across irregular knots. Modeling
features based on non-uniform B-splines are therefore limited to regular parts of the control
mesh. An alternative are local modifications of the subdivision algorithm in order to intro-
duce similar modeling features that are not constrained to certain topological requirements
of the control mesh. A common modification is given by Hoppe et al. [39]. This modification
introduces creases to Catmull–Clark subdivision surfaces that may pass extraordinary points,
meet with an arbitrary number of other creases in a common point, or fade out at any point
on the surface. An extension of semi-sharp creases is described by DeRose et al. [26] and the
normal behavior at extraordinary points is improved by Biermann et al. [5]. A generalization
of these features to B-spline subdivision of arbitrary degree is described by Stewart and Foisy
[105]. A framework to define features along user-defined curves and not only control mesh
edges is described by Biermann et al. [6]. While local modifications of the subdivision algo-
rithm are simple to implement they are not compliant with the tensor-product B-spline theory
and provide only limited control on high-order properties such as cross-feature curvature. To
model features compliant to the tensor-product B-spline theory based on multiple knot lines
in the presence of irregular knots is considered in Kosinka et al. [54, 53]. The concepts are
extended to semi-sharp creases in Kosinka et al. [52].
Subdivision surfaces generally inherit their smoothness properties from their tensor-product

B-spline parents. However, at irregular control points, the smoothness depends on the sub-
division algorithm and all major algorithms provide only normal continuity. The continuity
analysis is mathematically involved and at least for low-degree generalizations of B-spline
surfaces higher continuity is impossible, see the full analysis given by Peters and Reif [88].
Some researchers ensure curvature continuity by blending the surface locally with a sufficiently
smooth low-degree polynomial in the vicinity of irregular control points, see [112, 61, 3].
Important subdivision algorithms such as the predominant algorithm of Catmull and Clark

[23] are from the late 70s, but although the algorithms are already introduced as general-
izations of tensor-product B-splines at this time, the full potential is only known since an
algorithm for the exact evaluation of surface properties is given by Stam [103] in 1998. Before
this seminal work, subdivision algorithms are only considered as a method to refine poly-
gon meshes. It usually takes only a few subdivision steps to obtain a polygon mesh which
looks like the underlying smooth B-spline surface upon rendering, but as long as the mesh is
not subdivided ad infinitum, it is still a polygon mesh. This constitutes the first of the two
complementary views on subdivision which is referred to as subdivision surfaces. The linear
nature of polygon meshes is generally not qualified for the representation of smooth surfaces
in the context of engineering and does not allow to evaluate points or derivatives on the
surface. The algorithm introduced by Stam [103] allows to evaluate exact surface properties
without the need to subdivide the control mesh. This is the key to construct smooth B-spline
surfaces based on subdivision and constitutes the second view which is referred to as gener-
alized B-splines in this thesis. The algorithm is slightly improved by Yamaguchi [109] with
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respect to consistent normal directions at irregular points, and the exact evaluation of surface
boundaries is described by Lacewell and Burley [56]. The evaluation speed is improved by
Bolz and Schröder [16] based on a table driven evaluation strategy where as much data as
possible is precomputed. While the evaluation of Stam [103] and its derivatives represent an
algorithm, an explicit parameterization for the algorithm of Catmull and Clark [23] is given
by Lai and Cheng [57]. The evaluation of non-uniform generalizations with non-stationary
subdivision algorithms is considered by Wang et al. [106] and the exact evaluation of the
piecewise-smooth subdivision surfaces is given by Zorin and Kristjansson [113]. A well-known
problem with the parametrization of Stam [103] are diverging derivatives at irregular knots.
The length of the derivative vectors rapidly increases and they are undefined at the irregular
knot itself. However, in Boier-Martin and Zorin [8] another parametrization is used that is
everywhere differentiable. The same is achieved by Antonelli et al. [3] who blend the sur-
face with a well-defined low-degree polynomial in the vicinity of the irregular knot featuring
bounded derivatives everywhere.
The state of the art in subdivision theory provides the means to define smooth B-spline

surfaces of any degree on irregular control meshes. The theory is considered as settled for the
uniform setup, but the non-uniform setup remains subject of further research. It is possible
to compute exact surface properties such as points or derivatives anywhere on the surface
without the need to subdivide the control mesh explicitly. In contrast to patch constructions,
the complexities to join individual patches smoothly are avoided and the surface generally
inherits its smoothness properties from its tensor-product relatives. Each irregular control
point, however, maps to a single point on the surface which is limited to normal continuity,
but using polynomial blending even high-order continuity is possible at those spots although
this is more of a workaround and real high-order continuity at irregularities remains an open
problem. From the author’s point of view, subdivision surfaces represent the most advanced
theory for B-spline surfaces on irregular control meshes.
The work of Antonelli et al. [3] shows the integration of subdivision surfaces in an existing

CAD system. CAD systems are typically based on the abstraction of curves and surfaces
being represented in parametric form and a closed shell composed of a connected set of
surface patches constitutes the boundary of a solid. Subdivision surfaces are successfully
implemented as a specialization of this abstraction and are fully compliant to the range of
CAD modeling tools such as intersections or boolean operations provided by the system.
Another modeling tool which is particularly important for hull form modeling is the in-

terpolation of curve networks. Creases based on the local modification of the subdivision
algorithms as described by Hoppe et al. [39] or Biermann et al. [5] represent a simple form
of curve interpolation. A crease is defined by a sequence of control points and the surface
interpolates exactly the B-spline curve defined by those points. While this provides a simple
framework to interpolate networks of B-spline curves with a closed surface, high-order smooth-
ness across the curves is not easily possible. To interpolate networks of curves smoothly with
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Doo-Sabin subdivision surfaces is considered by Nasri [71] and the method is extended to
Catmull-Clark subdivision surfaces in Nasri and Abbas [72]. The method is based on the
idea that one is able to define curves on a surface which are aligned with a well-known subset
of the control mesh referred to as polygonal complex. Modifying the control points of the
polygonal complex, it is possible to satisfy interpolation constraints such as prescribed curves
or even high-order constraints such as a given cross-tangent or cross-curvature. The method
is initially limited to regular curve networks with only two curves intersecting in a common
node, but later extended to irregular curve networks in Nasri [74] for Doo-Sabin subdivision
surfaces and in Abbas and Nasri [2] for Catmull-Clark subdivision surfaces. Another ap-
plication of polygonal complexes is the interpolation of a sequence of non-intersecting cross
sections, referred to as lofting, as described in Nasri and Abbas [73] as well as in Nasri et al.
[70]. While the method originates from the idea to satisfy interpolation constraints with a
given control mesh, in Abbas [1] a method is described to automatically construct a control
mesh from the curve network. An application is the generation of hull forms as described by
Lee et al. [58] which is based on polygonal complexes.
Schaefer et al. [99] describe a method to interpolate irregular networks of cubic B-spline

curves with a single Catmull-Clark subdivision surface. The method requires a modification
of the subdivision algorithm to ensure the curve’s interpolation at irregular nodes of the curve
network and parts of the control mesh are calculated based on the minimization of a fairness
criterion. The method of Levin [59] blends between normal subdivision and boundary sam-
pling in order to satisfy user-defined constraints what is referred to as combined subdivision.
An application of this method to the interpolation of curve networks is described in Levin
[60], but the method is limited to regular curve networks.

Conclusion

Patch constructions which are based on the idea to construct n four-sided patches in the
vicinity of irregular control points as illustrated in Figure 2.3 (b) are by default compatible
to computer-aided design systems and many methods are based on tensor-product B-splines
meeting the industry standard for the exchange of surface data. Curvature continuous patch
constructions as given for instance by Loop and Schaefer [65] or Karčiauskas and Peters
[45] provide the best results in terms of surface fairness and meet the formal requirement
of curvature continuity which is required to consider a surface as smooth in the context of
hull form design. The disadvantage of the above methods is, however, the complexity of the
algorithms and their implementation.
Subdivision surfaces, in contrast, have almost the same continuity and fairness character-

istics, but are significantly more simple in theory and practice. The formal lack of curvature
continuity at a few isolated spots is usually less of a problem in practice. If required for the ap-
plication, however, this can be achieved by a curvature continuous blending with a low-degree
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polynomial which is conceptually easy and gives similar results as the curvature continuous
patch constructions. Subdivision surfaces are therefore considered as a reasonable trade-off
between simplicity of the underlying theory and good continuity characteristics. Therefore
they are considered as the most advanced generalization of B-spline surfaces to irregular
control meshes currently known. What represents a challenge, though, is the conversion of
subdivision surfaces to conventional tensor-product B-spline patches for data exchange.
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3 Tensor-product B-spline
surfaces

A comprehensive introduction to tensor-product B-splines can be found in for instance [89,
96, 31, 32]. Tensor-product B-splines are the most popular variant of B-spline surfaces and
are the standard surface representation in ship design. This chapter introduces the general
characteristics of B-spline surfaces and reviews the particularities of tensor-product B-splines.
Especially, the limitation of tensor-product B-splines to four-sided surfaces is explained and
it is discussed how this affects the representation of complex surfaces. This is the necessary
background to show in Chapter 4 why generalized B-splines are ordinary B-spline surfaces on
the one hand, but on the other hand are not limited regarding to the surface complexity.
The limitation of tensor-product B-splines to four-sided surfaces also explains why hull

form modeling nowadays is still dominated by the curve-based design, although this method
is well-known for a lack of surface quality and is generally a laborious method as pointed out
in Chapter 2 with reference to previous research. To identify the limitation of tensor-product
B-splines to four-sided surfaces as a main reason for the dominance of curve-based design is a
new idea in the field of hull form modeling and represents a controversial point of view in this
domain. This chapter’s derivation and justification of this position therefore is an essential
result of this thesis.

3.1. Definition

A tensor-product B-spline is a function

x : Σ 3 (u, v) 7→ x(u, v) ∈ R3 (3.1)

as illustrated in Figure 3.1 where Σ is called the domain which is a subset of R2 and
{x(u, v)|(u, v) ∈ Σ} is the image of x, usually referred to as the surface. This formal definition
of tensor-product B-splines is not very substantial, but important to understand what differ-
entiates tensor-product and generalized B-splines. In the case of tensor-product B-splines, the
domain is limited to rectangular subsets of R2, denoted by Σ, but for generalized B-splines
significantly more complex domains are possible. To clarify the meaning of Equation 3.1, the
domain is uniformly sampled in Figure 3.1, illustrated by the grid, and the points on the
surface are the image of the grid’s nodes.
In order to implement the formal definition of tensor-product B-splines, the standard form
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3. Tensor-product B-spline surfaces

Figure 3.1.: A tensor-product B-spline surface x is a function from Σ ⊂ R2 to R3. The
domain always is a rectangular subset of R2 as shown on the left side. Therefore
the image of x, in other words the surface, is always four-sided. For clarification,
the domain is uniformly sampled indicated by the grid lines. The points on the
surface are the image of the grid’s nodes.

of x reads
x(u, v) =

n∑
i=0

m∑
j=0

Ni,p(u)Nj,q(v)qij (3.2)

where Ni,p and Nj,q are the basis of functions of degree p and q respectively, and qij are the
control points. A tensor-product B-spline is defined on (n+ 1)× (m+ 1) control points with
n ≥ p+ 1 and m ≥ q + 1. A bicubic B-spline surface is for instance defined on at least 4× 4
control points.

The basis functions are given by the Cox-de Boor recursion

Ni,0(u) =


1 if ui ≤ u < ui+1

0 otherwise

Ni,p(u) = u− ui
ui+p − ui

Ni,p−1(u) + ui+p+1 − u
ui+p+1 − ui+1

Ni+1,p−1(u)

(3.3)

where the parameter values ui are called knots, p is the degree, and n + 1 is the number of
control points. The knots are specified in the knot vector U = [u0, u1, . . . , un+p+1]. For the
knots only ui ≤ ui+1 is assumed. When all knots are uniformly spaced, ui+1−ui = const. for
0 ≤ i < n+ p+ 1 the knot vector is called uniform and non-uniform otherwise. A special case
are k equal knots in a row what is referred to as a knot multiplicity of k. The most common
application is to set p+ 1 knots equal at the ends of the knot vector and keep all other knots
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uniformly spaced, for convenience normalized to the unit interval

U = [
p+1︷ ︸︸ ︷

0, . . . , 0, 1
n− p

,
2

n− p
, . . .︸ ︷︷ ︸

n−p−1

,

p+1︷ ︸︸ ︷
1, . . . , 1]. (3.4)

This is called an open uniform knot vector. The knot vector V for the second basis function
Nj,q(v) is defined accordingly. Only when both knot vectors are uniform, the surface is referred
to as a uniform B-spline surface and in all other cases it is considered as non-uniform.
The actual choice of the knot vector has a large impact on the basis functions. This is

discussed in detail in the standard literature and beyond the scope of this material. It should
be noted, however, that Equation 3.4 represents the standard form for the knot vectors
being used in practice. The boundary of the surface depends only on the outer control
points and is not affected by the interior control points (unless cross-boundary derivatives
are taken into account). Uniform B-spline surfaces are less popular in practice because of
a more complex boundary behavior. Other forms of non-uniform knot vectors are used for
specialized applications such as the exact representation of conic sections or to improve the
interpolation of data points. To conclude the discussion of the tensor-product B-splines, some
essential properties of B-spline basis functions are noted:

1. A basis function Ni,p(u) is a piecewise-defined degree p polynomial, one for each knot
span [ui, ui+ 1). The pieces are connected to each other at the knots ui. While the
polynomials are naturally C∞, the basis functions are only Cp−k at the knots, where k
is the knot multiplicity.

2. The product of two basis functions Nij(u, v) = Ni,p(u)Nj,q(v) is a bivariate polynomial
with the continuity characteristics inherited from its operands. One control points qij
of a tensor-product B-spline is associated to exactly one bivariate basis function Nij .

3. The sum of all basis functions ∑n
i=0

∑m
j=0Nij(u, v) = 1 for all (u, v) ∈ Σ. As a conse-

quence, each point on a B-spline surface is an affine combination (a weighted mean) of
the control points qij .

4. The basis functions are generally Nij(u, v) 6= 0 for only a subset of the domain. There-
fore each point of the surface x(u, v) generally depends on only a few control points
associated to non-zero basis functions.

5. The domain of the basis functions is defined over is Σ = [up, un+1] × [vq, vm+1] and
therefore always rectangular as illustrated in Figure 3.1.

The practical meaning of these properties for the characteristics of tensor-product B-splines
are discussed in the next section.
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The matrix notation of Equation 3.2 reads

x(u, v) =



N0,p(u)N0,q(v)

N0,p(u)N1,q(v)
...

Nn,p(u)Nm,q(v)


·



q00

q01
...

qnm


=



N00(u, v)

N01(u, v)
...

Nnm(u, v)


·



q00

q01
...

qnm


= BQ (3.5)

which is particularly important for two reasons: on the one hand it clarifies the second
property from the above list, namely, that one control point qij is associated to one bivariate
basis function Nij(u, v). On the other hand this form is used in Chapter 4 to develop the
theory of generalized B-splines and the reader needs to know the matrix notation of tensor-
product B-splines to follow the derivation.
Last but not least, rational B-splines are considered by projecting the control points to

homogeneous coordinates first, apply Equation 3.2, and finally project the result back to
Cartesian coordinates. This is also the way to consider rational B-splines for generalized
B-splines, see Sederberg et al. [100].

3.2. Important characteristics

The required parameters to define a B-spline surface are: the knot vectors U and V , the
degrees p and q, and the control points qij . The knot vectors are rarely used for modeling
and usually left in the standard form as specified in Equation 3.4. The other two parameters
are relevant for modeling, but the degree is usually either set once at the beginning of the
modeling process or sometimes even prescribed by the modeling environment. What remains
are the control points as the main parameter to define a B-spline surface.
A B-spline surface approximates the control mesh. This directly follows from the properties

of the B-spline basis functions discussed in the previous section. Each point on a B-spline
surface is an affine combination of the control points. In particular this means that neither
all control points have the same impact on the point nor that each point on the surface
necessarily depends on all control points. In contrast, a point on a B-spline surface generally
depends on only a few control points. The closer a control point, the greater is the influence
on the surface. The described B-spline surface’s characteristic of control mesh approximation
is illustrated in Figure 3.2. Two B-spline surfaces having the same degree and being defined
on the same knot vectors are shown. The left side of Figure 3.2 introduces the terminology
and shows the initial control mesh. On the right side, two control points close to the front side
of the surface are moved to another position. All other control points remain at their initial
positions. This changes the surface, but the greatest change is clearly at the front side close
to the control points being moved and gradually fades out towards the rear side. The close
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Control meshControl point

Two control points moved

Figure 3.2.: Two B-spline surfaces are shown. Both surfaces are of degree p = q = 3 and
defined on the same knot vectors U = V = [0, 0, 0, 0, 1, 1, 1, 1]. What differentiates
both surfaces is only the control mesh. In comparison to the control mesh on the
left side, the two control points depicted by the arrow are located at another
position on the right side. The greatest change is in the front of the surface and
gradually fades out towards the rear boundary.

link between the control mesh and the surface is considered as favorable for modeling. The
surface stays close to the control points and is therefore predictable by the designer. Moreover,
moving a single control point changes the surface only locally and a small movement implies
only a small change of the surface.
A B-spline surface is not only a close, but also a smooth approximation of the control

mesh. With reference to the precise definition of the term smoothness in Appendix G, this is
the point where the second modeling parameter, the degree, becomes relevant. A surface is
called smooth when the segments and their connections are Gn continuous where n depends
on the application context. For the sake of simplicity, let a B-spline surface have the same
degree p in both directions. Then it is a piecewise-defined polynomial whose segments are
parametrically Cp−k continuously joined with each other. As a knot multiplicity k > 1 would
only be introduced to intentionally reduce the continuity, it can safely be ruled out from this
discussion and the B-spline surface is effectively considered to be Cp−1 with p being the degree
what implies Gp−1. To put it in simple terms, the geometric continuity is equivalent to p, and
the degree of a B-spline surface is usually chosen to meet the application’s requirements to
consider the surface as smooth. For instance, when the application requires at least curvature
continuity (G2), as being the case for hull form modeling, the degree of a B-spline surface is
chosen to be p = 3. The degree of a B-spline surface is generally not chosen to be higher than
required because this enlarges the impact of a control point on the B-spline surface. In order
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Figure 3.3.: The characterization of regular control meshes. A B-spline surface and the cor-
responding control mesh are shown on the left side. A part of the control mesh
is highlighted. For demonstration purposes this part is schematically reproduced
and compared to a chessboard. Both have the same topology, i.e. each interior
node is of valence n = 4, each boundary node is of valence n = 3 and each corner
node is of valence n = 2 with the term valence referring to the number of edges
connected to a node. This is precisely the topology required for a regular control
mesh.

to achieve a small local influence of the control points and thus simplify modeling, the degree
of a B-spline surface is kept as low as possible.
In the previous section it is clarified that a tensor-product B-spline surface has always a

rectangular domain. An immediate consequence is, that the image and therefore the surface,
is always four-sided. It is possible to make the control points of one side coincident what
causes the corresponding surface boundary to collapse into a single point, but this just looks
like a three-sided surfaces and remains a four-sided surface from a mathematical point of view.
A consequence is for instance that the derivatives are not uniquely defined in this point.
Another consequence of the tensor-product construction is that the control mesh is always

regular. Referring to Equation 3.2, the tensor-product construction is characterized by the
double sum and the control points represent a regular grid of (n+ 1)× (m+ 1) control points.
The topological characterization of a regular control mesh is illustrated in Figure 3.3. On
the left side a B-spline surface with the corresponding control mesh is shown. A part of
the control mesh is highlighted by bold edges, schematically reproduced and compared to a
chessboard. Neglecting the fact that none has the required amount of fields to actually play
chess, it can nevertheless be stated that both, the control mesh and the chessboard, have the
same pattern - or more precisely - topology. Each interior node has the valence n = 4, each
boundary node has the valence n = 3 and each corner node has the valence n = 2 where
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(a) Patches (b) Control points

Figure 3.4.: Complex surfaces can be decomposed into four-sided patches as shown on the left
side. As the goal is to join the patches smoothly a reasonable degree is assumed
for the patches, say p = q = 3 for the illustrated example. This, however,
results in the surface being defined by at least 80 control points as shown on the
right side. It is obviously a disproportionate effort to define so many points for
the illustrated simple surface, especially since all points are constrained by the
continuity requirements and cannot be placed freely.

the term valence refers to the number of edges connected to the node. This is precisely the
topology of the control mesh which is required for a tensor-product B-spline surface. It does
not matter from how many fields the chessboards actually is made of, but the topological
requirements of the nodes do only allow to construct chessboards which are made of n ×m
fields, or (n + 1) × (m + 1) nodes respectively and, hence, it is always four-sided. The same
applies to tensor-product B-spline surfaces.

3.3. Complex surfaces

Having clarified in the last section that a tensor-product B-spline surface is always four-sided,
the question is how to deal with non-four-sided surfaces as they are frequently encountered
in hull form design and other applications. A natural approach is to consider a five-sided
surface as the next more complex case. As shown in Figure 3.4 a five-sided surface can be
decomposed into four-sided surfaces. The surface is decomposed into five segments. Each
segment is four-sided and therefore representable in terms of a tensor-product B-spline. The
segments have a common point in the center and join pairwise along a common side. In order
to emphasize the role of the individual segments as being just a part of the overall surface,
they are referred to as patches.
Any surface with n ≥ 3 sides can be decomposed into n four-sided patches. At the first
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glance this looks like a straightforward solution to deal with the limitation of tensor-product
B-splines within the scope of complex surfaces. The decomposition into patches affects,
however, the applicability of the control points for surface modeling. The patches are supposed
to represent an overall smooth surface and therefore a reasonable degree is chosen for each
patch, say p = q = 3 for the example illustrated in Figure 3.4. A bicubic B-spline surface
requires at least 4 × 4 control points to be defined. Taking into account that the surface
is decomposed into five bicubic patches, this totals up to 80 control points as illustrated on
the right side in Figure 3.4. Aside of being an excessive number of control points to define
such a simple surface, a further consequence is that it becomes hard to model a fair surface.
The simple example illustrated in Figure 3.4 is overdetermined by the control points what
easily introduces unwanted oscillations to the surface when the control points are not carefully
placed. Moreover, most control points cannot be placed freely because they are constrained
by the continuity requirements at the patch boundaries (for the example in Figure 3.4 not
even a single control point can be placed freely). To formulate the continuity constraints
requires a deep knowledge on B-spline theory and involves to solve a linear system. Both
circumstances are clearly not suitable for direct modeling.
Since the control points are a poor choice for modeling as soon as a surface is decomposed

into several patches, another modeling approach is needed. This is usually the curve-based
modeling as depicted in Figure 3.5. Instead of working with an excessive number of control
points, designers model the intended patch boundaries. The curve network shown on the left
side is generated from only eleven points which are interpolated by the curves and a single
vector in the center which specifies the intended normal of the surface. Not all constraints
are relevant for each network curve. The bold curve, for instance, depends only on the
three points highlighted in black. For this example, the number of constraints to work on
is approximately one magnitude smaller than the number of control points required. The
patches are automatically generated to interpolate the curves and to join continuously based
on the methods reviewed in Chapter 2. The result is, however, usually limited to G1 continuity
what is not considered as smooth in the context of hull form design.
In fact, the method illustrated in Figure 3.5 is nothing else than the curve-based design

introduced in Chapter 2 which is still the most popular modeling method in hull form design.
It is, however, shown that the curve-based design is primarily a consequence of the limitation
of tensor-product B-splines to four-sided surfaces, instead of being a modeling philosophy
required by the application context.
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(a) Curve network (b) Surface patches

Figure 3.5.: The curve-based modeling requires the designer to specify a curve network to
define the patches. As shown on the left side, the curves are manipulated by a
number of interpolated points and other constraints such as prescribed normals.
The result is shown on the right side. The patches are automatically constructed
to interpolate the curves and to join continuously. The methods are usually
limited to G1 continuity which prevents the result to be considered as smooth for
applications such as hull form modeling.
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4 Generalized B-spline
surfaces

This chapter develops the theory of generalized B-splines. On the one hand, they are just
conventional B-spline surfaces defined on a control mesh which is smoothly approximated, but
on the other hand they are neither restricted to rectangular domains nor to regular control
meshes. Therefore B-spline surfaces of arbitrary complexity can be defined on a single, po-
tentially irregular, control mesh. The theory of generalized B-splines originates from the field
of subdivision surfaces. The basis of generalized B-splines are subdivision algorithms which
generalize the knot refinement for B-spline surfaces in the presence of irregular control meshes.
The most important contributions are certainly the subdivision algorithms of Catmull and
Clark [23] and Doo and Sabin [28]. A next essential contribution is the evaluation algorithm
of Stam [103] which allows to evaluate exact surface properties anywhere on a subdivision
surface. Finally, the work of Peters and Reif [88] is mentioned. Although the goal of this
monograph is to develop the mathematical tools to analyze the continuity characteristics of a
subdivision algorithm, it is motivated by the theory of generalized B-splines as well as much
of the concepts and the notation are adopted from this source.

4.1. Introduction

A generalized B-spline surfaces is a function

x : S 3 (u, v, i) 7→ x(u, v, i) ∈ R3 (4.1)

as illustrated in Figure 4.1. The domain S is composed of a set of indexed cells Σi. Each
cell is a rectangular subset of R2 equivalent to the domain of a tensor-product B-spline. In
fact, this is why the same notation Σ is used in both cases. The limitation of a generalized
B-spline to a certain cell of its domain

xi : Σi 3 (u, v) 7→ x(u, v, i) ∈ R3 (4.2)

is called a patch. This is in analogy to the usual setup in hull form design and other applica-
tions where complex surfaces are represented by a collection of surface patches. However, the
patches are now formally treated as subsets of a single surface rather than being independent
surfaces on their own. For clarification in Figure 4.1 the surface, that is the image of the
entire domain S under x, is illustrated as a shaded representation. The image of the cell
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Figure 4.1.: A generalized B-spline surface x is a function from S to R2. The domain is com-
posed of a set of indexed cells Σi which are a rectangular subset of R2 equivalent
to the domain of a tensor-product B-spline. The limitation of a generalized B-
spline to a certain cell Σi of its domain is called a patch. As the domain S of a
generalized B-spline is significantly less restricted compared to the domain of a
tensor-product B-spline, the image under x, respectively the surface, is so as well.
The given example represents for instance a five-sided B-spline surface, where the
curves are the image of the cell boundaries and the points are the image of the
uniformly sampled cell Σ0 as indicated by the corresponding grid.

boundaries under x is depicted as black curves. In addition, one cell is uniformly sampled as
illustrated by the grid, and the points on the surface are the image of the grid’s nodes.

With reference to the definition of tensor-product B-splines in Equation 3.1, a generalized
B-spline as defined in Equation 4.1 is conceptually very similar. The less restrictive domain
definition allows, however, to define surfaces of arbitrary complexity such as the five-sided
surface shown in Figure 4.1. The following material shows how all patches are defined simul-
taneously by the same control mesh, smoothly connected to each other by construction, and
each point on the surface being an affine combination of the control points nearby.

4.2. Assumptions

This section introduces the fundamental assumptions made for the theory of generalized B-
splines: the degree is supposed to be the same in all directions, only uniform B-splines are
covered, the control mesh topology is limited to manifolds and the subdivision rules are
assumed to be stationary. These assumptions are explained next.
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(b) Irregular case(a) Regular case

Figure 4.2.: For tensor-product B-spline surfaces it is possible to have different degrees p and
q in both directions which is generally not possible for generalized B-splines.
The degree of two adjacent cells of the domain S has to match at the common
boundary and therefore it is propagated across the entire domain as indicated by
the arrows. For a regular domain this does not represent a problem and complies
with the tensor-product setup. For irregular domains, however, this result in
inconsistent degrees. For instance, the two lower sides are consistently chosen to
be of degree p and q respectively, but this results in an inconsistent degree of the
upper side. Generalized B-splines are therefore assumed to have the same degree
in any direction, referred to as isotropic degree.

Isotropic degree

The degree has to be consistent along the common side of two adjacent cells of the domain.
As a consequence, the degree is propagated through the entire domain which may result in
inconsistently defined surfaces for irregular domains as illustrated in Figure 4.2. For a regular
domain, the degree is chosen to be p for one side and q for the other side. As indicated by
the arrows, the degree is propagated through the entire domain and the opposite sides are
fixed to p and q respectively. This complies with the tensor-product B-spline setup and all
four sides of the surfaces are consistently defined to be either of degree p or q. The situation
is different for irregular domains. The two lower sides of the domain are consistently defined
to be of degree p and q respectively. Due to the propagation of the degree throughout the
domain, the upper side involves both degrees. It is, however, unclear how B-spline surfaces
of varying degrees can be defined on a single control mesh. Therefore generalized B-splines
are prior assumed to be of the same degree in any direction. This is referred to as isotropic
degree assumption for generalized B-splines.
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Figure 4.3.: The application of a triple knot line is illustrated. For a quadratic B-spline surface
this would result in a crease which is one of the most popular non-uniform B-
spline features. The triple knot lines always runs across the entire domain. The
direction of the triple knot line, and thus the surface crease, depends on the cell
the triple knot is defined for, see the two left illustrations. Moreover, certain
configurations are impossible such as a triple knot line separating Σ0 from the
rest of the domain as the triple knots are required to propagate through Σ3 and
Σ4 as well, see the right illustration.

Uniform knot spacing

The theory of generalized B-splines applies to non-uniform B-splines, but the additional com-
plexity is only of little use. The degree propagation illustrated in Figure 4.2 also applies to
non-uniform knot vectors. Let p and q represent two non-uniform knot vectors. It is generally
covered by the theory of generalized B-splines to define non-uniform patches xi based on these
knot vectors. The knot vector is, however, the same for opposite sides of the cells and has to
be same for any two adjacent cells. Therefore the knot vectors are propagated through the
domain as being the case for the degree. This imposes some significant constraints on the
choice of knot vectors for a generalized B-spline surface which is best illustrated for one of the
most popular applications of non-uniform knot vectors to have multiple knot lines in order to
create interior creases as shown in Figure 4.3. Consider a crease between the patches x0 and
x4 corresponding to the cells Σ0 and Σ4 of the domain. The crease has to run through the
entire surface because the knot vector has to be the same for any two adjacent cells. While
this represents a limitation on its own, the actual path of the crease on the surface depends
on whether the designer chooses to locate the multiple knot in Σ0 or Σ4 which results either
into a left-hand or right-hand turn of the crease. Clearly this requires a rather complex user
interaction and a profound background on B-spline theory to be successfully employed in
practice. Certain configurations are impossible to realize such as to separate the patch x0 by
a crease from the rest of the surface as the corresponding multiple knot lines around Σ0 are
required to propagate through Σ4 and Σ1 what unintentionally separates x4 and x1 as well.
Non-uniform B-splines on irregular control meshes are still a subject of research. The
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subdivision algorithm described by Cashman et al. [20] is certainly the most advanced non-
uniform algorithm currently known, but it does not allow multiple knot lines to run through
irregular knots as discussed in Figure 4.3. The recent work of Kosinka et al. [54, 55, 52, 53],
however, is not a substitute for a formal generalization of non-uniform B-splines at irregular
knots, but provides at least a method to handle multiple knot lines in this situation.
Since the layout of non-uniform domains is rather restricted and the corresponding de-

velopment of non-uniform subdivision algorithms is still subject of research, the theory of
generalized B-splines is currently limited to uniform B-splines. This is referred to as the
uniform knot spacing assumption for generalized B-splines, but to drop this assumption is
naturally a next step to advance this theory.

Manifold control meshes

The basis of generalized B-splines are control meshes of arbitrary topology. The term valence
generally refers to the number of adjacent elements in a mesh. For the elements of a mesh
the following definitions are used: the vertex valence nv is the number of incident edges, the
edge valence ne is the number of incident faces, and the face valence vf is the number of
incident vertices or equivalently edges. For the control meshes of generalized B-splines any
vertex valence nv ≥ 3 is valid for interior vertices, nv ≥ 2 is required for boundary vertices,
and nf ≥ 3 is required for the faces. This minimum valence required for these entities only
excludes meaningless configurations and the control mesh topology is basically unrestricted
from this point on. The edge valence, however, is restricted to ne = 2 for interior edges and
ne = 1 for boundary edges. This is the only major limitation of generalized B-splines in this
context and restricts the control mesh topology to manifold meshes.

Stationary subdivision

The subdivision algorithm describes how a refined control mesh is computed from an input
mesh. It includes a specification of the topological refinement operation for the mesh and the
rules to calculate the new control points. A subdivision algorithm is called stationary when
both are the same for each subdivision step. For generalized B-splines it is assumed that
the subdivision algorithm is stationary with the exception of an optional initial control mesh
subdivision.

4.3. Subdivision

The key to develop and understand the theory of generalized B-spline surfaces is subdivision.
This is an extension of the knot refinement as known from the tensor-product B-spline theory,
which is naturally only defined on regular control meshes, to irregular control meshes as faced
in the context of generalized B-splines. Knot refinement refers to a redefinition of the knot
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4. Generalized B-spline surfaces

vectors of a tensor-product B-spline to increase the number of control points without changing
the surface. The latter is an important characteristic of this operation as it manipulates the
knot vector and therefore the control mesh, but the operation does not affect the surface’s
geometrical properties. The surface stays the same before and after the knot refinement.
Therefore the refined control mesh is said to be equivalent to the original control mesh.
For a given refinement strategy of the knot vectors, this operation translates into rules to

directly calculate the control points of the equivalent control mesh. The refinement strategy
specifies how many knots at which locations are inserted. To derive a subdivision algorithm,
the following refinement strategy is essential: New knots are introduced halfway between the
existing knots and the knot vectors are finally clipped to the original domain. A comprehen-
sive review of this knot refinement strategy for uniform tensor-product B-splines is given in
Appendix H and the reader may refer to this material for clarification. The relevant insight
required to understand subdivision is that this particular refinement strategy results in a suc-
cessive quartering of the domain as illustrated in Figure 4.4. The top row shows a B-spline
surface which is defined over the domain Σ0. For the particular example illustrated, the do-
main is initially not subdivided by internal knots, but this is only for clarity and not required
by the theory. For convenience the domain is assumed to be the unit square Σ0 = [0, 1]2.
One refinement step introduces a single internal knot in each direction at u = v = 1

2 what
represents the above-mentioned quartering of the domain. The domain is split into four sub-
sets of equal size. A second refinement step introduces now two additional internal knots at
u = v = 1

4 and u = v = 3
4 respectively. This represents another quartering of the domain

into now sixteen subsets of equal size. In general, the domain is subdivided into 4k subsets of
equal size with this refinement strategy where k represents the number of refinements. The
overall size of the domain is not affected with Σ0 = Σ1 = ... = Σk.
Knot refinement does not only subdivide the domain, but the surface can be understood as

being accordingly decomposed into segments. The knot refinement increases the size of the
knot vectors and correspondingly grows the control mesh and the number of basis functions.
A basis function is generally only non-zero for a small interval. For the initial setup shown in
Figure 4.4 without any interior knots and assuming a uniform biquadratic B-spline, all nine
basis functions are non-zero over the entire domain Σ0. Therefore any point of the surface
depends on the entire control mesh Q0. The first refinement introduces a single internal
knot in each direction and raises the number of control points and basis functions to 16. At
any point of the domain, however, still only nine of them are non-zero and any point on the
surface depends only on the associated subset of control points of the control mesh Q1. How
this subset is put together changes at the internal knot lines. For the situation shown in
Figure 4.4(b), the surface is therefore understood as being decomposed into four segments.
Each of them is defined on a subset of nine control points as illustrated for one segment. The
reader may also refer to Appendix H for a comprehensive analysis of the segmentation for this
particular case. The next refinement subdivides the domain into 16 subsets and the control
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4.3. Subdivision

(a) Initial setup

(b) 1st refinement

(c) 2nd refinement

Figure 4.4.: Knot refinement is a well-known operation for tensor-product B-splines to in-
crease the number of control points without changing the surface. The illustrated
refinement strategy introduces new knots halfway between the existing knots and
thus performs a one-to-four subdivision of the domain. Knot refinement does not
only subdivide the domain, but the surface can be understood as being accord-
ingly decomposed into segments with each segment defined on only a subset of
the control mesh which is for one example depicted by the black control points.

39



4. Generalized B-spline surfaces

mesh Q2 grows to a size of 36 control points. This does not affect, however, the number of
non-zero basis functions at any point of the domain which is still nine what only depends on
the B-spline degree.1 The surface is accordingly decomposed into 16 segments, each of them
defined on a subset of nine control points as illustrated for one segment in Figure 4.4(c).
The increasing decomposition of the surface into smaller segments which are defined on only

a subset of the control mesh due to the repeated knot refinement is crucial to understand
generalized B-splines. Without specifically considering irregular control meshes yet, it is
already possible to explain the fundamental mechanics of generalized B-splines. Consider one
control point as being exceptional, say the topmost control point shown in Figure 4.4. The
term exceptional just means that the surface cannot be evaluated when an exceptional control
point has to be considered as it will happen for irregular control points in the subsequent
material. For the initial case with the surface defined on the domain Σ0, this prevents the
evaluation of any surface points or derivatives as they are everywhere dependent on the entire
control mesh Q0 including the exceptional point. A single knot refinement, however, suffices
to decompose the surface into four segments with three of them are defined independently
of the exceptional control point. While the surface is initially not defined at all, now the
majority of the surface is well-defined in terms of a tensor-product B-spline and further knot
refinements increase this portion. Based on a suitable formalization, finally each point on the
surface can be calculated without the need to perform the knot refinement explicitly.
Now that the refinement strategy is clarified from the perspective of the domain, the control

mesh is considered in detail. The refined control mesh Qk+1 can be calculated to be equivalent
to the previous mesh Qk. This is shown for the illustrated example in Appendix H where
closed-form expressions for the control points of Q1 in terms of Q0 are presented. As the
control mesh grows exponentially, this is a tedious endeavor as the number of expressions
grows accordingly and their actual form depends on the chosen indexing. Fortunately, the
expressions have a repetitive pattern which is not only repeated within a single refinement
step, but also through the entire sequence of refinements. This allows a concise notation of
the rules to compute the refined control mesh which is independent of the actual indexing
and referred to as a refinement mask. For the example illustrated in Figure 4.4, the rules are
particularly simple and depicted on the left side of Figure 4.5(a). For each face’s corner of the
original mesh, one control point is calculated as an affine combination of the original control
points defining that face. The weights are applied as illustrated. Afterwards the control points
are connected to the refined control mesh by defining one face for each vertex, edge and face
of the original control mesh. Although this is only an example, it shows the two relevant
characteristics of the refinement rules which generally apply to all B-spline refinements: The

1More precisely at most nine basis functions are non-zero at any point of the domain. For the particular
case being discussed, the situation is actually different at the knot lines where only six basis functions are
non-zero and at the intersections of the knot lines where only four basis functions are non-zero. For the
sake of simplicity, however, this is omitted in the discussion and does not affect the conclusions.
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4.3. Subdivision

(b) Short notation(a) Subdivision rules

Figure 4.5.: Generalization of the knot refinement for uniform biquadratic B-splines to irreg-
ular control meshes. Left: For each face’s corner of the original control mesh,
illustrated by the bold edges, one control point is calculated as the affine combi-
nation of the original control points defining the face. The weights are α0 = 1

4 + 5
4n

and αi = 3+2 cos(2iπ/n)
4n with n being the face valence. The original weights as being

calculated from the knot refinement are reproduced for n = 4. The control points
are connected to a refined control mesh, illustrated by the thin edges, by defining
one regular face for each vertex, edge and face of the original control mesh. This
generalization is known as the Doo-Sabin subdivision algorithm. Right: Short
notation in the form of subdivision masks which only gives the weights and omits
the topological refinement of the control mesh.

refined control points are an affine combination of a local neighborhood of the original control
points and there is a well-defined topological refinement.

A subdivision algorithm2 is a generalization of the refinement rules to irregular control
meshes. This is first clarified in the context of the running example. A possible generalization
of the refinement rule to irregular faces is shown on the right side of Figure 4.5 (a). Still one
control point is calculated for each corner of the face, but the weights are now formulated
for faces of any valence and not only regular faces, but the original refinement rules are
reproduced for the regular case. This generalization is commonly known as the Doo-Sabin
subdivision algorithm [27, 28]. Other generalizations are possible, but it is not subject of
this material to introduce the different algorithms. The reader may refer to the literature
review for an overview. In contrast, this material specifies the requirements for subdivision
algorithms which are compliant with the construction of generalized B-spline surfaces. These
are introduced in the next section and afterwards important characteristics of subdivision
algorithms are reviewed.

2A subdivision algorithm is also referred to as a subdivision scheme in the literature. As being defined in
this thesis, both terms can be used interchangeably.
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4. Generalized B-spline surfaces

Requirements

A subdivision algorithm suitable to define a generalized B-spline surface must meet the fol-
lowing requirements:

1. All control points are calculated as an affine combination of the original control points.
This means in particular that the weights to calculate a control point sum up to one.

2. The subdivision rules must reproduce the above introduced knot refinement for the
corresponding tensor-product B-spline when the control mesh is locally regular. A
control mesh is locally regular when the relevant subset of the control mesh to calculate
a control point is regular.

3. The subdivision rules must be stationary. This means that the same rules are applied
when the control mesh is locally similar. A control mesh is locally similar when the
relevant subset of the control mesh to which the subdivision rules apply is topologically
the same.

Characteristics

A number of characteristics which apply to all subdivision algorithms suitable to define gen-
eralized B-splines can be identified. A subdivision algorithm generally consists of two compo-
nents: the weights to calculate a control point and the topological refinement of the control
mesh. In the context of generalized B-splines, all subdivision algorithms rely on only two
topological refinements: the face split or the vertex split as illustrated in Figure 4.6. Which
refinement method is employed depends on the degree of the generalized B-spline surface.
Since an isotropic degree is assumed, it is safe to just differentiate surfaces of odd and even
degree. Odd surfaces are generalized B-splines of degree p = 1, 3, 5, ... and even surfaces are
generalized B-splines of degree p = 2, 4, 6, .... Subdivision algorithms for odd surfaces are al-
ways based on a face split. One control point is created for each vertex, edge, and face of the
original control mesh. Each edge point is connected to its two adjacent vertex and face points
what effectively results in a one-to-four split of the control mesh as shown in Figure 4.6(a).
Subdivision algorithms for even surfaces are based on the vertex split. For each face’s corner
of the original control mesh one control point is created. The control points are connected
to each other to form one face for each vertex, edge, and face of the original control mesh
as illustrated in Figure 4.6(b). As the topological refinement is given by the degree of the
B-spline surface, a short notation of the subdivision as illustrated in Figure 4.5 can be used.
This notation omits the topological refinement and only specifies the weights to calculate the
control points.
The two split types have a slightly different behavior regarding the topology of the refined

control mesh. A face split of a mesh of arbitrary topology results in a mesh whose faces are all
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4.3. Subdivision

(b) Vertex split(a) Face split

Figure 4.6.: Depending on whether the degree of a generalized B-spline surface is odd or even,
the control mesh is topological refined in two different ways. For surfaces of odd
degree, the subdivision algorithm is based on a face split. One control point is
created for each vertex, edge and face of the original control mesh and connected
to represent a one-to-four split of the faces. For B-spline surfaces of even degree, a
vertex split is performed. For each vertex of the control mesh n control points are
created with n referring to the number of incident faces. One face is created for
each vertex, edge, and face of the original mesh. The original mesh is depicted by
the bold edges, the refined mesh by the thin edges, and the newly created control
points by the empty points.

regular, but the irregular vertices of the input mesh are reproduced in the new mesh. All newly
created vertices are, however, regular. Repeating the face split therefore isolates the irregular
vertices by an increasing number of regular vertices. A vertex split, in contrast, results in a
mesh whose vertices are all regular, but for irregular vertices and faces of the input mesh,
irregular faces reproducing their respective valence are created. Similar as before, repeating
the vertex split will isolate irregularities from each other by an increasing number of regular
faces. Both split types share the same characteristic of isolating irregularities for one thing,
and for another thing to produce locally the same mesh topology after a finite number of
initial splits. Both is illustrated in Figure 4.7. Two successive subdivisions are shown for one
and the same input mesh. The top illustrates the face split and the bottom row illustrates the
vertex split. The input mesh has two irregular vertices of valence n = 5 shared by the center
faces which are just one edge apart from each other. The face split reproduces these vertices,
but they are separated by an increasing number of regular faces. After the first subdivision
they are already separated by two layers of regular faces and after the second subdivision
by four layers. The vertex split initially turns the irregular vertices into irregular faces.
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2nd subdivision

odd

1st subdivision

even

Figure 4.7.: The upper row shows two subdivisions for generalized B-splines of odd degree
and the lower row shows the same for generalized B-splines of even degree. The
difference between odd and even degrees is the topological refinement of the
control mesh: for odd B-splines a face split is performed and for even B-splines
a vertex split. After the first subdivision, the same local topology of the control
mesh is reproduced for all successive subdivision steps. The irregularities are
never removed by subdivision, but they are isolated by an increasingly regular
subset of the control mesh.

Therefore the first subdivision not only refines the mesh, but also changes its topology. The
second subdivision, however, refines the control mesh what isolates the irregularities from each
other, but maintains the topology from the first subdivision. The isolation of irregularities
which applies to subdivision algorithms used for generalized B-splines is the key characteristic
to define generalized B-splines. The irregularities are not removed by subdivision, but they
are surrounded by a growing regular subset of the mesh.

4.4. Domain

Though most material is centered around the control mesh, the domain is what differentiates
a generalized B-spline from a tensor-product B-spline. The domain of a tensor-product B-
spline is limited to a rectangular subset of R2 and therefore the surface is always four-sided.
A generalized B-spline, in contrast, can have a significantly more complex domain what is
the basis to define n-sided surfaces of any complexity. This section shows the construction of
domains for generalized B-splines and clarifies how the domain relates to the surface and the
control mesh.
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Figure 4.8.: A cell Σi is decomposed into the following topological elements: four vertices
vi representing the corners of the cell, and four oriented edges ei representing
the cell’s boundary. For convenience Σi = [0, 1]2 is assumed. To construct a
domain from the cells, they are topologically joined as shown on the right side
by identifying of the corresponding and vertices and edges.

Definitions

The domain S of a generalized B-spline surface is composed of a set of indexed cells Σi.
Each cells is a rectangular subset of R2 equivalent to the domain of a tensor-product B-
spline. For convenience, the cells are assumed to be the unit square Σi = [0, 1]2. This is
not required by the theory of generalized B-splines which generally allows any rectangular
domain, but considerably simplifies the practical implementation of generalized B-splines. It
is neither required to consider the parameter range of the individual cells upon evaluation of
the patches, nor has it been chosen properly to maintain the consistency between adjacent
cells. In fact, it is the assumption Σi = [0, 1]2 that hides the domain in practice behind the
control mesh.
A cell Σi is decomposed into vertices and oriented edges as follows:

v1 = (0, 0), e1(t) = (t, 0),

v2 = (1, 0), e2(t) = (1, t),

v3 = (1, 1), e3(t) = (1− t, 1),

v4 = (0, 1), e4(t) = (0, 1− t)

with t ∈ [0, 1] as shown in Figure 4.8. The first edge starts at v0 and goes to v1, the second
edge starts at v1 and goes to v2, and so on. The edges are consistently ordered to be counter-
clockwise for all cells. To construct a domain, the cells Σi are joined together as shown on
the right side of Figure 4.8. This means that the edges are pairwise tied by ei(t) = ej(1− t)
as well as the vertices vi = vj+1 and vi+1 = vj which bound the edges are identified. Any two
edges tied together have always opposite orientations and are defined on the same interval.

45



4. Generalized B-spline surfaces

Corner knot

Boundary knot

Interior knot

Interior knot line

Boundary knot line
Interior cell

Boundary cell

Figure 4.9.: Once the cells are joined together to form a domain S for a generalized B-spline,
the edges are called knot lines and the vertices are called knots in analogy to the
tensor-product B-spline theory. Interior and boundary knots and knot lines are
differentiated as illustrated. A knot which is only incident to single cell is referred
to as a corner knot. The special significance of the corner knot is that a n-sided
generalized B-spline surface is defined over a domain S with n corners.

The former results from the edge orientation chosen consistently for all cells and the latter is
given by the assumption Σi = [0, 1]2.

Once the domain is joined together, the edges are called knot lines and the vertices are called
knots. This terminology is in compliance with the tensor-product B-spline theory where knots
mark certain locations in the domain and knot lines subdivide the domain. Several types of
knots and knot lines are differentiated depending on whether they are on the boundary or
at the interior of the domain, and whether they are regular or irregular. Only two types of
knot lines exist: interior and boundary knot lines. An interior knot line is incident to exactly
two cells and a boundary knot line is incident to only one cell. Other types of knot lines
are not possible. As with the knot lines, interior and boundary knots are differentiated. A
boundary knot connects two boundary knot lines and is connected to one or more interior
knot lines. A corner knot is a boundary knot which connects two boundary knot lines, but is
not connected to an interior knot line and is therefore the only knot type which is incident to
only a single cell of the domain. Finally, a boundary cell is bounded by at least one boundary
knot line, whereas an interior cell is bounded by interior knot lines only. For clarification, the
terminology related to the domain of a generalized B-spline is illustrated in Figure 4.9.

The number of knot lines intersecting in a common knot is called knot valence n. A regular
interior knot has a valence of n = 4 and a regular boundary knot has a valence of n = 3. For
all other valences, the knot is considered as irregular. A corner knot has always a valence
of n = 2 and any surface with n 6= 4 corners requires at least one irregular knot. A domain
which has only regular knots is referred to as a regular domain.
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Figure 4.10.: To construct a domain S from the cells Σi the following principle applies: only
two cells may intersect along a common knot line, but an arbitrary number of
cells is allowed to intersect in common knot. The knot valence n is the number
of cells which intersect in the knot. For interior knots a valence of n = 4 and
for boundary knots n = 2 is considered as regular. Other valences constitute an
irregular knot. From left to right: A domain with an interior knot of valence
n = 3 to define a three-sided surface, a regular domain to define a four-sided
surface, and a domain with an interior knot of valence n = 5 to define a five-sided
surface.

Construction

To construct a domain S from the cells Σi the following principle applies: only two cells may
intersect along a common knot line, but an arbitrary number of cells is allowed to intersect
in a common knot. A valence of n ≥ 3 is required for all knots with the exception of corners
which always have a valence of n = 2. A number of examples to illustrate the construction
of domains for generalized B-splines is shown in Figure 4.10. The left domain has a single
interior knot of valence n = 3 and all other knots are regular boundary knots with three of
them are considered as corners. Therefore the domain defines a three-sided generalized B-
spline surface. A regular domain is shown in the middle. All knots are regular and the domain
defines a four-sided surface. This could equally well be represented in terms of a single tensor-
product B-spline surface. The right domain has an interior knot of valence n = 5 and defines
a five-sided surface. Please note that the cells of a domain are topologically joined together
with each cell Σi = [0, 1]2 representing the unit square in R2. For illustration, the domain S
has to be embedded into R2 which for one thing covers more than just the unit square and for
another thing requires to distort the cells when irregular knots are used. Usually, the cells are
kept as close as possible to a square, refer for example to Figure 4.3 for an illustration of a
domain with an interior knot of valence n = 5. In Figure 4.10, however, another embedding is
chosen for the same domain which highlights the corners, but this requires a larger distortion
of the individual cells and is only used in this illustration for clarification.
In practice, the domain of a generalized B-spline is not explicitly constructed, but derived
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from the control mesh as shown in Figure 4.11. This requires the following structure of the
control mesh:

• Even degrees: All faces of the control mesh have to be regular (nf = 4), but the vertices
are allowed to have any valid valence nv ≥ 2.

• Odd degrees: All vertices of the control mesh have to regular with nv = 4 for interior
vertices, nv = 3, for boundary vertices and nv = 2 for corners. The faces are allowed to
have any valid valence nf ≥ 3.

A single subdivision step which performs a vertex split in the case of even surfaces and a
face split in the case of odd degrees, turns any manifold control mesh Q0 into the required
structure to derive the domain. Therefore a domain is said to be in one-to-one correspondence
with the once subdivided control mesh Q1.

How the domain corresponds to the control mesh depends on the degree. For even degrees,
one cell exists for each control point. For each face of the control mesh with the valence nf
a knot of the same valence exists. This is referred to as the vertex-centered correspondence
of the domain and the control mesh. For odd degrees, one cells exists for each face of the
control mesh. For each control point of the control mesh with the valence of nv a knot
of the same valence exists. This is referred to as the face-centered correspondence of the
domain and the control mesh. It is emphasized that the domain is derived from the control
mesh, but conversely the control mesh could be derived from the domain what constitutes
the above-mentioned one-to-one correspondence.
How the control mesh and the domain correspond to each other close to the boundary

depends on how the subdivision algorithms handles the boundaries. Uniform B-spline sur-
faces have a complex boundary behavior compared to open uniform B-spline surfaces which
are commonly used for modeling. The boundary of a uniform B-spline surface does not only
depend on the outer control points, but is affected by p+1 outermost layers of control points.
In practice, this looks like the surface shown in Figure 4.4 where the outer control points
do not intuitively coincide with the boundary of the surface. When a subdivision algorithm
reflect these uniform boundary behavior, the outermost p÷23 layers of the domain are simply
omitted with p is the degree of the surface. A common alternative is the construction of a
more convenient boundary behavior based on ghost points, see for instance the description
in Rogers [96]. The outer control points are only partially visible for the designer while the
invisible control points are referred to as the ghost points. The ghost points are automatically
positioned to let the boundary of the surface only depend on the outermost visible control
points. This closely mimics the boundary of open uniform B-spline surfaces and is the stan-
dard boundary behavior which is realized by the most common subdivision algorithms for
generalized B-splines. For this particular case, the domain includes the boundary cells. Both
cases are illustrated in Figure 4.11 for the degrees p = 3 (left side) and p = 2 (right side).

3The symbol ÷ denotes the integer division with 1 ÷ 2 = 0, 2 ÷ 2 = 1, 3 ÷ 2 = 1, 4 ÷ 2 = 2,...
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(a) Interior

(b) Uniform boundary

(c) Standard boundary

Figure 4.11.: The domain is in one-to-one correspondence with the once subdivided control
mesh. For even degrees, one cell exists for each control point. For each face of
the control mesh with the valence nf a knot of the same valence exists. For odd
degrees, one cells exists for each face of the control mesh. For each control point
of the control mesh with the valence of nv a knot of the same valence exists.
How the boundary is treated depends on the boundary behavior. For standard
uniform B-splines the p ÷ 2 outer layers of cells are simply omitted. This is
illustrated for the degrees p = 2 and p = 3. The standard boundary behavior
mimics open uniform B-splines and includes the boundary cells.
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4.5. Patches

Recall that the limitation of a generalized B-spline to a certain cell Σi of its domain is referred
to as a patch. When Σi has only regular knots, the patch is called a regular patch and when
the cell has at least one irregular knot, it is called an irregular patch. Each patch is defined on
only a subset Qi of the once subdivided control mesh Q1. The following material shows how
regular patches are evaluated in terms of a conventional tensor-product B-spline and how the
same is realized for irregular patches. The latter, however, is limited to patches defined over
cells that are incident to only a single irregular knot and therefore control meshes which have
only a single irregular control point. Taking into account a general degree p ≥ 1 and only
a single preliminary subdivision of the control mesh so far, this is certainly not always the
case and motivates the definition of quadrants. Quadrants separate the knots of the cell and
ensure that the evaluation of irregular patches will face only a single irregular knot at a time,
but they do not imply that the corresponding control mesh contains only a single irregular
control point. Where necessary, the control mesh Qi is therefore further subdivided until the
last condition is met.

From the mathematical viewpoint, it is significantly easier to require just a sufficient number
of preliminary subdivision steps and only then to derive the domain before decomposing the
surface into patches. While conceptually simple, this has a serious flaw: the number of
patches grows exponentially which is well-known to slow down surface modeling algorithms.
For the example specifically considered in this thesis, the representation of hull forms with
a cubic generalized B-spline surface, a typical control mesh has about 100 faces what results
in the surface being decomposed into 400 patches. This is already a rather large number for
this application, but from the author’s experience fortunately does not represent a problem
in the usual surface modeling systems. A second subdivision step, however, is required for
this particular example to guarantee that all irregularities are sufficiently isolated from each
other to be evaluated. Using the natural approach to subdivide the control mesh first and
only then define the domain to decompose the surface into patches results in 1 600 patches.
Choosing a higher degree requires even more preliminary subdivisions and quickly raises the
number of patches to several tens of thousands what is likely to affect the surface processing.
Therefore the additional effort to limit the preliminary subdivisions to one and to ensure a
sufficient isolation of the irregularities by quadrants and an on-demand subdivision of the
individual subsets of Qi is reasonable. On the other hand, the number of patches could be
further minimized by identifying regular regions first and exclude them from the preliminary
subdivision or later to combine arrays ofm×n patches into a single patch. Since a few hundred
patches are less of a problem in practice, these optimizations are regarded as implementation
issues rather than over-complicating the underlying theory.
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Quadrants

A patch xi of a generalized B-spline surface is defined on Qi which is a subset of the once
subdivided control mesh Q1 that includes all control points which have an impact on the
patch. As shown next, it is possible to define a patch on an irregular mesh, but this is limited
to a single irregularity, i.e. one irregular face for even degrees or one irregular vertex for odd
degrees. This implies that the corresponding cell of the patch is limited to only a single
irregular knot. Since the domain is in one-to-one correspondence with the once subdivided
control mesh Q1, it is, however, possible that a cell has more than one irregular knot and
consequently the control mesh Qi contains more than one irregularity. A second preliminary
subdivision of the control mesh, though, would guarantee that each cell of a domain has at
most one irregular knot. A natural solution would be to subdivide the control mesh twice
before the domain is derived, but this would further increase the number of patches into which
a generalized B-spline surface is decomposed by a factor of four. Instead, each patch split
into four quadrants with each of them including at most one irregular knot and is therefore
defined on a control mesh which includes at most one irregularity as illustrated in Figure 4.12.
The next paragraph makes quadrants precise.

A quadrant xi,m with m ∈ {1, 2, 3, 4} of a patch xi is defined over only a quarter Σi,m of
the cell Σi. A patch is mapped to its quadrants by

xi(u, v) = xi,1(2u, 2v) for (u, v) ∈ Σi,1 = [0, 1
2 ]× [0, 1

2 ]

xi(u, v) = xi,2(2v, 2− 2u) for (u, v) ∈ Σi,2 = [1
2 , 1]× [0, 1

2 ]

xi(u, v) = xi,3(2− 2u, 2− 2v) for (u, v) ∈ Σi,3 = [1
2 , 1]× [1

2 , 1]

xi(u, v) = xi,4(2− 2v, 2u) for (u, v) ∈ Σi,4 = [0, 1
2 ]× [1

2 , 1]

(4.3)

where each quadrant is supposed to be defined on the control mesh Qi,m. This is the subset of
the at least once subdivided patch’s control mesh Qi that has an impact on the mth quadrant.
While Qi is subdivided at least once, further subdivisions may be required until each quadrant
subset contains only a single irregularity. As each quadrant’s domain Σi,m includes at most
one irregular knot, this condition is met within a finite number of subdivisions.

An example is illustrated in Figure 4.12. The control mesh Qi of the patch consists of two
irregular faces which belong to irregular knots of Σi at (1, 0) and (1, 1). In order to define the
quadrants the cell is split into four quarters. Σi,2 and Σi, 3 each containing a single irregular
knot and Σi,1 and Σi, 4 including only regular knots. The control mesh Qi is once subdivided
and the quadrants are defined on the subsets depicted by the black points. Qi,1 and Qi,4 are
regular meshes and Qi,2 and Qi,3 are irregular meshes with only a single irregular face. In
the case that the latter condition would not have been met yet, the control mesh Qi is just
further subdivided until the condition of only a single irregularity for Qi,m is fulfilled. The
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4. Generalized B-spline surfaces

Figure 4.12.: A patch xi is subdivided into four quadrants xi,m with m ∈ {1, 2, 3, 4} to sep-
arate potentially irregular knots from each other. A quadrant is defined over
Σi,m which represents a quarter of the patch’s cell Σi and includes at most one
irregular knot. A quadrant is defined on subsets Qi,m of the at least once sub-
divided control mesh Qi of the patch. Additional subdivisions may be required
until each subset Qi,m contains only a single irregularity, i.e. a single irregular
face for even degrees or single irregular vertex for odd degrees.

actual definition of xi,m depends on whether a quadrant’s mesh Qi,m is regular or irregular
and is described for both cases next.

Regular quadrants

A quadrant which is defined on a regular control mesh Qi,m is defined in terms of a tensor-
product B-spline with

xi,m(u, v) =



N0(u)N0(v)

N0(u)N1(v)
...

Ns(u)Nt(v)


·



q00

q01
...

qst


= B(u, v)Qi,m (4.4)
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1st subdivision 2nd subdivision 3rd subdivision

Figure 4.13.: Repeated subdivision is utilized to define a growing portion of an irregular quad-
rant in terms of a regular subsets of the control meshes Qk

i,m. The first subdi-
vision splits the quadrant into four segments and yields the control mesh Q1

i,m.
Three of them are defined on regular subsets of the control mesh as depicted
in light gray what already allows to represent a large portion of the quadrant
in terms of tensor-product B-splines. A second step of subdivision performs a
one-to-four split of the remaining irregular segment with again three of resulting
segments are defined on regular subsets of Q2

i,m. This process is repeated for all
subsequent subdivisions.

for all (u, v) ∈ Σ. It is emphasized that a regular quadrant is defined over the unit square
Σ = [0, 1]2 and not over Σi,m ⊂ Σ. The required mapping from the subset Σi,m to the unit
square is carried out by Equation 4.3.

Irregular quadrants

A quadrant which is defined on an irregular control mesh Qi,m cannot be simply defined in
terms of a tensor-product B-spline. However, a step of subdivision splits an irregular quadrant
into four smaller segments which are mostly defined on a regular subset of the control mesh.
Repeated subdivision results in a growing portion of an irregular quadrant to be defined in
terms of regular control meshes as illustrated in Figure 4.13. The first step of subdivision
splits the initial quadrant into four segments of equal size and refines the control mesh Qi,m

accordingly with three segments are now defined on regular subsets of the refined mesh Q1
i,m

and only one segment is still defined on an irregular control mesh, refer also to Figure 4.15 for
clarification. Naturally, this allows to evaluate a significant portion of the quadrant in terms
of tensor-product B-splines. A second step of subdivision splits the remaining segment again
what results in exactly the same situation as before with three segments are defined on regular
subsets of Q2

i,m. Consequently another portion of the initial quadrant can be defined in terms
of tensor-product B-splines. This process is repeated for all further steps of subdivision what
allows to evaluate an ever-growing part of the quadrant. The next paragraph makes this
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4. Generalized B-spline surfaces

Figure 4.14.: The subdivision matrix can be formulated in two different ways: either it com-
putes the new control mesh for only a single segment or all four segments at once.
The subdivision matrix A computes only the control mesh for the segment which
is still defined on the irregular control mesh. The extended subdivision matrix
Ak computes the control mesh for all four segments generated by a subdivision.

definition of irregular quadrants precise.
The refinement of the control mesh based on subdivision is represented by

Qk+1
i,m = AQk

i,m

with Qk+1
i,m is the refined mesh, Qk

i,m is the original mesh, and A is the subdivision matrix.
The subdivision matrix reflects the refinement rules for the control mesh as given by the
subdivision algorithm. The latter is called stationary when the rules are the same for all
subdivisions and consequently the matrix A is also the same for all steps. As this is always
assumed for generalized B-splines, the k-times subdivided control mesh

Qk
i,m = AkQi,m

is directly given in terms of the initial control mesh Qi,m. A subdivision step performs a
one-to-four split and refines the control mesh accordingly. The subdivision matrix can be
formulated in two different ways: either it computes the new control mesh for only a single
segment or all four segments at once. With reference to Figure 4.14, the subdivision matrix A
computes only the control mesh for the irregular segment. The final subdivision, however, uses
the extended subdivision matrix Ak which computes the control mesh for all four segments.
The control points of the kth subdivision level are therefore given by

Qk
i,m = AkA

k−1Qi,m (4.5)

in terms of the initial control mesh Qi,m which defines the quadrant.
Three of the four segments which result from the kth subdivision step are defined on regular
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Figure 4.15.: A step of subdivision performs a one-to-four split of a segment which is defined on
an irregular control mesh and refines the control mesh accordingly. As a result,
three of four segments are defined on regular subsets of the refined control mesh
Qk
i,m as depicted by the black points. They are formally identified by the picking

matrix Mn with n ∈ {1, 2, 3}.

subsets of Qk
i,m and can be defined in terms of tensor-product B-splines. The matrix notation

of the regular segments is
xki,m,n(u, v) = BnMnQk

i,m

with n = 0, 1, 2 identifies the three individual segments. The matrix Mn picks the appropriate
subset from the control mesh Qk

i,m as illustrated in Figure 4.15. Bn refers to the matrix
notation of the basis functions with the parameter values are scaled according to

B0 = B(2ku− 1, 2kv)

B1 = B(2ku− 1, 2kv − 1)

B2 = B(2ku, 2kv − 1)

(4.6)

for the kth subdivision level. This parameter scaling is required because an irregular quadrant,
like a regular quadrant, is defined over the unit square Σi = [0, 1]2. The segments xki,m,n,
however, cover only a fraction of Σ which is referred to as Ωk

n. Keeping the whole definition
of irregular quadrants consistent requires to formulate the basis functions Bn individually for
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4. Generalized B-spline surfaces

all Ωk
n, but fortunately they can equally well be formulated once for Σ and are then scaled

according to Equation 4.6 in order to fit with Ωk
n. Utilizing Equation 4.5 the expression for

the individual segments now reads

xki,m,n(u, v) = BnMnAkA
k−1Qi,m (4.7)

where Qi,m are the initial control points defining the quadrant. All other terms of this
equation are well-known in advance and only dependent on the subdivision rules and the
valence of the irregularity.

Computing the power of the subdivision matrix Ak−1 is an expensive operation. This is
an important point to consider for practical implementations of generalized B-splines. For-
tunately, the cost of this operation is significantly reduced by the eigendecomposition of A.
Recall that

Axi = λixi

relates an eigenvector xi of a matrix A to its eigenvalue λi. For all eigenvalues and -vectors
of A at once, this relation is represented in matrix notation by

AX = XΛ

with X = [x0,x1, ...] containg the eigenvectors xi of A and Λ = diag(λ0, λ1, ...) being a
diagonal matrix which contains the corresponding eigenvalues. A quadratic matrix A of size
N×N is said to be diagonalizable if it has exactly N linear independent eigenvectors in which
case the inverse of X exists and

A = XΛX−1

is called the eigendecomposition of A. The advantage of this form is that computing the
powers of A is significantly simplified because

Ak = XΛkX−1 (4.8)

and since Λ is a diagonal matrix, the power is just Λk = diag(λk0, ..., λkn) and therefore the
computation of Ak is considerably simplified to the powers of the individual eigenvalues. To
utilize the eigendecomposition for the purpose of generalized B-splines, naturally requires
that the subdivision matrix A is diagonalizable. A subdivision matrix A ∈ RN×N is a real
quadratic matrix which maps a control mesh of N control points to another control mesh of
the same size, refer to Figure 4.14 for clarification. The first requirement of being a square
matrix is therefore generally given, but the second requirement of N linear independent eigen-
vectors does not automatically follow from this particular structure of subdivision matrices.
Most popular subdivision algorithms, fortunately, have subdivision matrices which are diag-
onalizable and therefore the theory of generalized B-splines as presented here is based on this
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assumption. This implies, however, no loss of generality as the Jordan normal form results in
a similar decomposition to compute arbitrary matrix powers Ak and works for all real sub-
division matrices. The reader is pointed to Appendix I for the necessary background on the
eigendecomposition and Jordan decomposition to clarify the computation of matrix powers.
Using Equation 4.8, the expression for the segments reads

xki,m,n(u, v) = BnMnAkXΛk−1X−1Qi,m (4.9)

with all terms left and right of Λ can be multiplied in advance and just the powers of the
eigenvalues have to additionally computed compared to Equation 4.4 which defines regular
quadrants and therefore the computational costs of both definitions are roughly the same.
The central point (0, 0) is finally given by

xc = lim
k→∞

BnMnAkXΛk−1X−1Qi,m (4.10)

what requires to compute the limit of the matrix power Λk−1. The limit exists for all sub-
division algorithms of practical interest for generalized B-splines as the eigenvalues of A are
generally λ0 = 1 > λi for i ≥ 1.
What remains is to link the parameter value (u, v) to the subdivision level k. A quadrant

xi,m is defined over the unit square Σ = [0, 1]2. The definition of irregular quadrants is based
on its decomposition into a sequence of regular segments xki,m,n. Each of them represents only
a subset of xi,m and naturally belongs only to the corresponding subset of Σ which is referred
to as Ωk

n and given by

Ωk
0 = [ 1

2k ,
1

2k−1 ]× [0, 1
2k ]

Ωk
1 = [ 1

2k ,
1

2k−1 ]× [ 1
2k ,

1
2k−1 ]

Ωk
2 = [0, 1

2k ]× [ 1
2k ,

1
2k−1 ]

(4.11)

for n = 1, 2, 3. For any parameter (u, v) ∈ Σ, the corresponding subdivision level k is
computed first by

k = bmin{− log2(u),− log2(v)}c (4.12)

where bc denotes the floor function. The segment is finally calculated

n =


0 2ku < 1

2

2 2kv < 1
2

1 otherwise

(4.13)

from the parameter values u and v as well as the subdivision level k. Note that the calculation
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of n requires the subdivision level k and therefore both values are calculated in this order.
The final expression for an irregular quadrant reads

xki,m(u, v) =

BnMnAkXΛk−1X−1Qi,m if (u, v) ∈ Ωk
n

xc if (u, v) = 0
(4.14)

where Qi,m are the initial control points. All other terms are known. The practical imple-
mentation is straightforward. For any (u, v) 6= 0 the Ωk

n of the parameter values is identified
by Equations 4.12 and 4.13. Afterwards Equation 4.14 is evaluated. The full path from
the initial control mesh Q0 that defines a generalized B-spline to the definition of irregular
quadrants is summarized for clarification of the concepts and the notation in Figure 4.16.

4.6. Continuity

The continuity characteristics of a generalized B-splines are inherited from the corresponding
tensor-product B-spline. When the control mesh is locally regular, the continuity characteris-
tics of a generalized B-spline of degree p are exactly the same as of a uniform tensor-product
B-spline of the same degree, i.e. the surface is Cp−1 continuous. In the vicinity of irregu-
larities, however, this is generally not true. There, the continuity characteristics depend on
the eigenstructure of the subdivision matrix A. The full analysis of subdivision matrices is
a complex matter and not scope of this thesis. Fortunately, for many subdivision algorithms
applied in the context of generalized B-splines, the simplified analysis given below provides a
solid background on the continuity.
Let λ0, λ1, ... be the eigenvalues of the subdivision matrix A which are ordered according

to λi ≥ λi+1. The minimum requirement is that

λ0 = 1 > λi (4.15)

for i ≥ 1 and λ0 is usually referred to as the dominant eigenvalue. Basically λ0 = 1 is
needed for a generalized B-spline to be position continuous which can easily be seen from
Equation 4.10 to calculate the central point. The limit exists only for this particular eigen-
structure. Fortunately, this can safely be assumed for subdivision matrices of generalized
B-splines as the control points of the refined control mesh are calculated as affine combi-
nations of the original control points. This results in all rows of the matrix A to sum up
to one, what is referred to as a Markov matrix which is well-known to have this particular
eigenstructure. For normal continuity it is further required that

λ0 = 1 > λ1 = λ2 = λ > λi (4.16)

with i ≥ 3. The two eigenvalues λ1 and λ2 are referred to as the subdominant eigenvalue λ. To
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Figure 4.16.: A generalized B-spline is defined over the control mesh Q0 which is once sub-
divided to the control mesh Q1 in order to derive the domain and to define
the patches xi of the surface. Each patch is decomposed into four quadrants
xi,m which are defined on Qi,m which may include a single irregularity. These
are further decomposed into a sequence of tensor-product B-splines based on
subdivision what is formalized by the given expression. The illustrated example
shows a generalized B-spline of degree p = 2.

59



4. Generalized B-spline surfaces

construct a normal continuous subdivision algorithm is much more difficult and certainly not
all algorithms employed for generalized B-splines have this eigenstructure, but nevertheless
for the most popular algorithms such as Catmull and Clark [23] or Doo and Sabin [27] normal
continuous variants are well-known.
Curvature continuity, in contrast, is still subject of research and not really solved yet. The

findings of Reif [94] respectively Prautzsch and Reif [90] show that this requires a degree p ≥ 6
for the generalized B-spline for curvature continuity to be possible at all.4 Instead at least a
favorable second-order behavior of next to irregularities is desired. The next best alternative
to curvature continuity is bounded curvature which requires the following eigenstructure

λ0 = 1 > λ1 = λ2 = λ > λ3 = λ4 = λ5 = λ2 > λi (4.17)

of the subdivision matrix A with i ≥ 6 and where the next three eigenvalues are equal to
the square of the subdominant eigenvalue λ2. However, bounded curvature continuity is also
difficult to realize, but a minimal optimization is to keep λ3 ≈ λ2 close to the square of the
subdominant eigenvalue. This is only a simplified representation of the second-order behavior
of subdivision algorithms and the reader should refer to Sabin et al. [97] for more information.
The most comprehensive continuity analysis of generalized B-splines is given in the mono-

graph of Peters and Reif [88]. While close to the theory of generalized B-splines as introduced
in this thesis, the material is, however, mathematically involved.

4.7. Implementation

The evaluation of a generalized B-spline involves the calculation of x(u, v, i). The implemen-
tation of an evaluation algorithm based on the theory of generalized B-splines is straight-
forward. A number of optimizations, though, may increase the evaluation speed. The basic
implementation issues are briefly reviewed in this section.

Precomputation

The calculation of x(u, v, i) is basically mapped to the quadrant’s definitions. For a regular
quadrant this involves only the evaluation of the corresponding tensor-product B-spline, but
irregular quadrants require a number of additional matrix multiplications when just Equa-
tion 4.14 is implemented. Matrix multiplications are an expensive operation and since the
matrices in Equation 4.14 depend only on the local topology of the quadrant’s control mesh
which in practical applications does not change for a large number of evaluations, they can
be mostly avoided by precomputation of certain terms. These terms are

φn(u, v) = Bn(u, v)MnAkX (4.18)
4More generally, the degree estimate for a subdivision algorithm to be Ck continuous is p ≥ 2(k + 1).
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and
Q̂i,m = X−1Qi,m (4.19)

with n = 1, 2, 3 which can be precomputed for each quadrant as soon as the topology of Qi,m

is known. Then Equation 4.14 simplifies to

xki,m(u, v) =

φn(u, v)Λk−1Q̂i,m if (u, v) ∈ Ωk
n

xc if (u, v) = 0
(4.20)

The first term φn(u, v) represents a bivariate polynomial for each control point in Q̂i,m.
It is recommended to implemented this as a separate method with the coefficients of the
polynomials are precomputed and the result, which is a vector of real numbers, is calculated
by the method for the parameters u and v. Taking further into account that Λ is a diagonal
matrix, the evaluation further simplifies to:

xki,m(u, v) =
∑
j

φjλ
k−1
j q̂j (4.21)

for (u, v) ∈ Ωk
n and

xc = φ0q̂0 (4.22)

where φj are the elements of φ(u, v), λj are the eigenvalues in Λ, and q̂j are the control points
in Q̂i,m. This is both simple to implement and fast to calculate.

Features

Features such as special rules for boundaries and the like are commonly used to improve
the capabilities of subdivision algorithms. They are based on a local modification of the
subdivision rules and possibly the basis functions. Therefore the quadrants which are affected
by features are based on different subdivision matrices A and Ak and where required also
different forms of the basis functions Bn. It is recommend to implement an evaluator for the
quadrants which is parameterized with these matrices. When the quadrants are derived from
the initial control mesh, for each patch of the surface four evaluators are instantiated while
the actual matrices are determined from the local control mesh topology with additional flags
and tags to define the features.

Naturally, not the plain form of the matrices should be used, but the precomputed form
as introduced before. Therefore the evaluator is in fact parameterized by the coefficients of
φn(u, v), the eigenvalues λj , and the matrix X−1 rather than A, Ak, and Bn.
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Derivatives

The derivatives of an irregular quadrant are

∂µu∂
ν
vxki,m(u, v) = 2k(ν+µ)∂µu∂

ν
vBn(u, v)MnAkXΛk−1X−1Qi,m (4.23)

where ∂µu denotes the µth derivative in u, ∂νv is the νth derivative in u, and the order of
differentiation is µ+ν. When approaching the central point (0, 0), the length of the derivative
vectors rises quickly and at the central point they are not defined at all. A practical solution,
however, is

∂µu∂
ν
vxki,m(0, 0) ≈ xki,m(ε, ε) (4.24)

where ε is a sufficiently small number close the machine tolerance.

Eigenstructure

The theory of generalized B-splines is built around the eigendecomposition of the subdivision
matrix A. The implementation of a generalized B-spline surface therefore requires the compu-
tation of the eigenstructure of the subdivision matrices. For popular subdivision algorithms
such as the Catmull-Clark algorithm, analytic solutions are known, see for instance the article
of Stam [103]. While the analytic solution for the eigenstructure promises the best accuracy,
good results are obtained from the numerical solution as well. Especially since the eigenvalues
and -vectors are represented numerically sooner or later anyway.
The author’s implementation uses the open-source C++ library Eigen to compute the

eigenstructure numerically. Due to the limited precision of floating-point numbers, the result
is often complex even when it is known to be real from the analytic solution. The imaginary
part is, however, small compared to the real part. Good results are obtained with the method
to perform all calculations in complex space and to chop off the imaginary part from the
final solution. In theory, any two adjacent patches have exactly the same points along their
common boundary independent of the actual patch that is being used to compute the point.
This property is used to estimate the numerical inaccuracy introduced by this implemen-
tation. Common points are computed along common patch boundaries using both patches
respectively and the actual distance between both points is considered as the numerical error
introduced by the implementation. For the author’s implementation the error is about 5e−15
for range of valences n ≤ 32 and therefore considered as insignificant for practical applications
in the context of engineering.

4.8. Example

An example of a cubic generalized B-spline surface is shown in Figure 4.17. The illustrated
example is based on the subdivision algorithm described in Chapter 5 and it is defined in
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Control point moved

Figure 4.17.: Example of a cubic generalized B-spline surface. The surface is defined on a
simple control mesh with only one irregular control point of valence n = 5 in
the center and the total number of control points is N = 11. The result is a
five-sided B-spline surface. On the right side, one control point is moved in order
to demonstrate that the surface behaves just as a normal B-spline surface with
the largest change is in the front, close to the control point being moved, and
fades out towards to rear part.

terms of the theory developed before. It is defined on a control mesh with only one irregular
control point of valence n = 5 in the center with N = 11 control points in total. The result
is a five-sided B-spline surface.

The first intention of this example is to demonstrate that generalized B-spline surfaces
behave just like tensor-product B-splines. Therefore on the right side of Figure 4.17, one
control point is moved to another position. As a consequence, the surface is changed, but the
largest change is close to the point and fades out with increasing distance. This is exactly
the fundamental behavior of B-spline surfaces as identified in Chapter 3. From this point of
view, generalized B-splines are just like tensor-product B-splines, but not limited to four-sided
surfaces only as illustrated by the example for a five-sided surface.

The second intention refers to representation of complex surfaces. In Chapter 3 it is shown
that a n-sided surface can be decomposed into n four-sided surfaces. While this seems to be a
reasonable solution to represent complex surfaces with tensor-product B-splines, the modeling
based on control points is practically impossible as a consequence of this decomposition. In
Figure 3.4 this is illustrated for basically the same surface as being shown in this example. In
contrast, however, the generalized B-spline can be defined in terms of its control mesh without
being affected by an excessive number of control points or complex continuity constraints.
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4.9. Bibliographical notes

• The idea of generalized B-splines originates from the field of subdivision surfaces which
cover more than just B-spline surfaces. However, the most popular subdivision surfaces
are closely related to B-spline theory and special credit is given to the ground-breaking
advances made by Catmull and Clark [23] and Doo and Sabin [28, 27] which for one
thing created a new research field, namely subdivision surfaces, and for another thing
are the fundamental basis of generalized B-splines.

• For a long time, subdivision surfaces were thought to be limited to polygon meshes,
but Stam [103] showed that it is possible to evaluate exact surface properties anywhere
on the surface and therefore to represent truly smooth surfaces based on subdivision.
This insight is one important key to the theory of generalized B-splines and the central
definition of irregular quadrants is entirely based on the results of this work.

• While generalized B-splines would not be possible without the evaluation algorithm of
Stam [103], the algorithm alone does not lead to generalized B-splines. The essential
part which is not covered is the domain. The formal treatment of subdivision surfaces as
being a map from a domain to a surface is contributed by Peters and Reif [88]. Although
the intention of this monograph is to provide a comprehensive continuity analysis of
subdivision surfaces, this results in the definition of generalized splines which are the
basis and motivation of generalized B-splines.

• A variation of subdivision surfaces which is closely related to the idea to generalize
tensor-product B-splines are non-uniform subdivision surfaces. In particular, the con-
tributions of Sederberg et al. [100], Sederberg et al. [101], and Cashman et al. [20]
are mentioned as they reportedly strive for a generalization of non-uniform rational
B-splines (NURBS). These works are, however, focused on the underlying subdivision
algorithm rather than providing a formal description of generalized B-spline surfaces.
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5 Hull surface
representation

5.1. Requirements

A surface representation has to meet a variety of requirements to be qualified for ship hull
form design. These requirements are classified into three categories. The first two categories
cover the geometrical hull form features that need to be represented. The third category, on
the other hand, deals with an appropriate modeling behavior to improve the design process
of the hull form.

Surface

Most ship hull forms are complex surfaces. In hull form design, they are decomposed into sev-
eral regions with different requirements and functions. The geometric classification includes
flat and curved regions. The decomposition of hull forms into regions is shown in Figure 5.1
for the example of a container vessel.

• Flat regions. For the ease of production and cost efficiency some parts of a hull form
are flat. A flat side, a flat bottom, and a flat transom are commonly found.

• Curved regions. Major parts of a hull form are curved. This covers uniaxially curved
regions such as the bilge area of a parallel middle body and biaxially curved regions such
as the forebody and the afterbody. The surface is required to be curvature continuous
in these regions.

• Cylindrical regions. A special case of curved regions are cylindrical parts of a hull
form. The most important example is the bilge area of a parallel middle body. It is
often supposed to be the surface of a quarter cylinder.

Features

Features define the appropriate transitions of neighboring regions of a hull form. Three
different transitions are required in hull form design: knuckle curves, tangent curves, and
smooth curves. An example is shown in Figure 5.1.

• Knuckle curves. A hull surface is only position continuous across a knuckle curve.
Normals and curvature of the surface do not agree along the knuckle. A variant is an
angle curve with a prescribed angle between the normals.
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5. Hull surface representation
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5.2. Generalized B-spline surface

• Tangent curves. A hull surface is only tangent continuous across a tangent curve. It
requires the normals to agree, but the normal direction may change along the tangent
curve. The curvature generally disagrees on both side of a tangent curve.

• Smooth curves. A hull surface is curvature continuous across a smooth curve. In
addition to the positions and the normals, the curvature matches along the curve.

Modeling

A common pitfall in ship design is a surface representation that is able to represent hull forms
properly, while the definition of the hull surface is a complex matter. The essential properties
of a surface representation which are advantageous for modeling are: a simple definition of
the form, a robust fairing method, and an easy access to different levels of detail.

• Simple definition. A simple hull surface definition does not require any particular
background on the mathematics of the surface representation. A further property of a
simple definition is a direct link between the input a hull designer provides and the final
hull surface. The hull designer instantly needs to know how the input has to look like
to obtain the intended shape.

• Robust fairing. Fairing is a time-consuming process in all state-of-the-art hull mod-
eling systems. The main reason is the missing link between the input and the result.
Most systems are based on a curve network to define the hull surface, but a fair curve
network does not necessarily lead to a fair surface. Moreover, the result is sensitive to
even small changes of the curve network. Robust fairing calls for direct link between the
quality of the input and the quality of the results. The quality of the result is required
to be insensitive to small changes of the input.

• Level of detail. A major aspect in hull form modeling is to deal with different levels of
details. Usually, large areas of a hull form are characterized by a rather simple geometry
and only little detail. Other parts feature a lot of details and require a complex geometry.
A surface representation that is suitable for hull form modeling has to manage different
levels of details. That is to provide only a few degrees of freedom in simple areas, but
more degrees of freedom in complex areas.

5.2. Generalized B-spline surface

This study analyzes the application of generalized B-splines for hull form representation and
modeling. Based on the subdivision algorithm of Catmull and Clark [23] in conjunction with
extensions proposed by Biermann et al. [5], a cubic generalized B-spline surface is constructed
which is capable to represent important hull form features.
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5. Hull surface representation

Feature definition

Features of the surface are defined based on tags which are applied to the vertices and edges
of the control mesh. The choice of vertex and edge tags is interdependent.

• Vertex tags: Vertices of the control mesh are tagged either smooth, crease or as corner.
Vertices which are incident to exactly two crease edges must be tagged as a crease or a
corner. Vertices which are incident to three or more creases edges are always tagged as
corner vertices.

• Edge tags: Edges of the control mesh are tagged as either smooth or crease. Boundary
edges are always creases and interior edges are smooth by default. Edges which are
incident to crease or corner vertices must be tagged as creases.

Subdivision rules

The subdivision rules are given for control meshes of arbitrary topology. The control mesh
is topologically refined based on the face split. After one subdivision step, it only consists of
quadrilateral faces. The following text gives the general form of the subdivision rules which
apply to control meshes of any topology and Figure 5.2 shows a simplified form of these rules
being valid for quad meshes only. The latter is the basis to construct the subdivision matrices
A and Ak.
Face points: For each face Fi of the control meshMk a new control point

fi = 1
n

n∑
i=1

qj (5.1)

is computed as the average of the n control points qj ∈ Fi defining the face. After one
subdivision step, all faces are defined by exactly four control points and therefore the rule is
simplified to

fi = 1
4 (q1 + q2 + q3 + q4) (5.2)

with {q1,q2,q3,q4} ∈ Fi and the weights are simply 1
4 for all control points as illustrated in

Figure 5.2 for a number of cases.
Edge points: For each edge Ei of the control meshMk a new control point ei is computed
based on the tags of the edge and the incident vertices. For a smooth edge a new control point

ei = ω1q1 + ω2q2 + 1
4 (f1 + f2) (5.3)

is computed as the weighted average of the control points q1,q2 ∈ Ei defining the edge and
the face points f1 and f2 of the two faces F1 and F2 incident to the edge Ei. The choice
of weights ω1 and ω2 depends on the tags of q1 and q2. If both control points are (not)
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5.2. Generalized B-spline surface

Smooth:

Crease:

Corner:

Figure 5.2.: Subdivision rules for a cubic generalized B-spline surface which may have creases
and corners as features. The rules depend on the tags of the edges and vertices.
Bold lines denote crease edges, thin lines smooth edges, and the vertex tag belongs
to the highlighted point (empty circle). The black point is the control point to
compute.
Top row: Subdivision rules in the vicinity of smooth interior vertices. The vertex
point depends on the weights β1 = 3

2n and β2 = 1
4n with n being the vertex

valence which is n = 5 for the shown control mesh.
Middle row: Subdivision rules in the vicinity of crease vertices. The weights to
compute smooth edge points are γ1 = 1

2 cos2( π2n) and γ2 = 1
2 sin2( π2n) with n

being the sector valence which is n = 3 for the shown control mesh.
Bottom row: Subdivision rules in the vicinity of corner vertices. The weights
to compute smooth edge points are γ1 = 1

2 cos2( π4n) and γ2 = 1
2 sin2( π4n) with n

being the sector valence which is n = 2 for the shown control mesh.
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5. Hull surface representation

smooth the weights are ω1 = ω2 = 1/4. If q1 is a crease and q2 is smooth, the weights are
ω1 = 1

2 cos2( π2n) and ω2 = 1
2 sin2( π2n). Finally, if q1 is a corner and q2 is smooth, the weights

are ω1 = 1
2 cos2( π4n) and ω2 = 1

2 sin2( π4n). Here n denotes the sector valence which is the
number of faces between the two creases which enclose the edge Ei. The simplified notation
for quad meshes is shown in Figure 5.2. For a crease edge of the control mesh a new control
point

ei = 1
2q1 + 1

2q2 (5.4)

is computed as the average of the control points q1,q2 ∈ Ei defining the edge

The edge rules are proposed by Biermann et al. [5] to ensure normal continuity at creases.
A simplified notation of the rules is chosen for this material and the weights of the corners are
modified by assuming α = π

2 as the angle between the two crease edges spanning the sector
at corners. The reader may refer to the original source for clarification.

Vertex points: For each vertex Vi of the control meshMk a new control point is computed.
The rule depends on the tag of the control point qi ∈ Vi associated to the vertex. For a
smooth vertex a new control point

vi = 1
n2

n∑
i=j

fj + 1
n2

n∑
j=1

(qi + qj) + n− 3
n

qi (5.5)

is computed with fj are the face points of the faces incident to the vertex, qj are the sur-
rounding vertices. For a crease vertex a new control point

vi = 1
8qi-1 + 3

4qi + 1
8qi+1 (5.6)

is computed as the weighted average of the adjacent crease vertices qi-1, qi+1 and the position
of the original vertex qi. A corner vertex interpolates the original vertex with vi = qi.

Basis functions

A generalized B-spline surface is patch-wise evaluated in terms of tensor-product B-splines.
Two configurations are differentiated: interior patches which are defined on 4 × 4 control
points and crease patches which are defined on only 4 × 3 control points as illustrated in
Figure 5.3. The basis functions for the two patch types are defined in terms of the standard
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5.2. Generalized B-spline surface

(b) Crease patches(a) Interior patches

Figure 5.3.: A generalized B-spline surface is patch-wise evaluated in terms of tensor-product
B-splines. Two configurations are differentiated: interior patches which are de-
fined on 4× 4 control points and crease patches which are defined on only 4× 3
control points.

basis functions for uniform cubic B-splines which are

N0(u) = 1
6 −

1
2u+ 1

2u
2 − 1

6u
3

N1(u) = 2
3 − u

2 + 1
2u

3

N2(u) = 1
6 + 1

2u+ 1
2u

2 − 1
2u

3

N3(u) = 1
6u

3

(5.7)

for u ∈ [0, 1]. The basis functions for the interior patches are

Nij(u, v) = Ni(u)Nj(v) (5.8)

for i, j ∈ {0, 1, 2, 3}. For the crease patches the basis functions are

Ni0 = Ni(u) (2N0(v) +N1(v))

Ni1 = Ni(u) (−N0(v) +N2(v))

Ni2 = Ni(u)N3(v)

(5.9)

for i ∈ {0, 1, 2, 3}. The corresponding matrix notation of the patches is given in Equation 3.5.
The choice of the basis function for crease patches reflects the boundary behavior of ghost
points. Utilizing this definition of the basis functions, however, avoids to compute the ghost
points explicitly as proposed by Lacewell and Burley [56].
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5. Hull surface representation

5.3. Discussion

The surface is generally curvature continuous everywhere, but at irregular knots it is only
normal continuous. It is therefore well-suited to represent ship hull forms. It is possible to
represent uniaxially and biaxially curved regions as well as flat regions within a single surface.
An exact representation of cylindrical regions is not possible.

The representation of hull form features is limited compared to the requirements given
in Section 5.1. A knuckle curve is introduced to the surface with a chain of crease edges.
A crease may end anywhere in the mesh to fade out knuckles smoothly. Creases provide an
intuitive way to define knuckles, but the Gaussian curvature is always zero on a knuckle. This
is potentially unfavorable in hull form modeling and affects the implementation of tangent
curves. Several knuckle curves may meet at a common point, but the angle between two
consecutive knuckles is limited to α ≤ 180◦. Tangent curves are realized on the generalized
B-spline surface similar to knuckles. A chain of crease edges identifies the tangent curve.
In addition, all faces incident to the crease edges are restricted to a common plane. This
guarantees a common normal vector on the crease. However, the curvature component across
a crease is always zero. The reason is that the extensions of Biermann et al. [5] are essentially
equivalent to the end conditions for uniform cubic B-splines based on ghost points. The
nature of ghost points is best explained in the curve setting. A uniform cubic B-spline curve
is extended by an additional control point on both sides. These points are neither visible
nor are they accessible for the user. Hence they are called ghost points. The automatically
chosen position of the ghost points ensures that the curve starts (ends) at the first (last)
visible control point and the curve is tangent to first (last) span of the control polygon.
Both properties are desirable for modeling and mimic the behavior of open uniform B-spline
curves with multiple knots at the ends of the knot vector. However, a third property of this
construction is that the curvature at both ends of the curve is always zero. The extensions
of Biermann et al. [5] are essentially equivalent to these end conditions in the surface setting
and therefore the curvature component across features and the boundary is always zero. An
example where only unsatisfactory results can be obtained using this construction of feature
curves is shown in Figure 6.4.

In comparison to the general definition of a tangent curve this implementation is quite
limited. As the curvature is always zero across a tangent curve the surface is G2 continuous
as opposed to the general definition which requires only G1 continuity. Furthermore, it is
not possible to change the normal direction along the tangent curve. Nevertheless, this
construction is useful to realize two major applications of tangent curves in hull form modeling:
the flat of side and the flat of bottom. A smooth curve on the generalized B-spline surface is
simply identified by a chain of smooth edges.
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gorithm of Catmull and Clark [23] which generalizes knot refinement for uniform bicubic
tensor-product B-splines. The features are realized based on the weights proposed by
Biermann et al. [5].
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6 Ship hull form modeling

Conventional ship hull form modeling is based on interpolation as described in Chapter 2. The
hull designer specifies a curve network to describe the hull form and the curves are smoothly
interpolated by a set of surface patches to obtain a surface representation. It is well-known
that interpolation tends to oscillation and this makes modeling, and especially fairing, of hull
forms a time-consuming process. In contrast, the definition of a B-spline surface in terms of
a control mesh is based on approximation. As pointed out in Chapter 3, a B-spline surface
is a smooth approximation of its control mesh. The surface does not oscillate more often
than its control mesh what makes surface fairing a simple and fast process. These favorable
characteristics of B-splines cannot be utilized with tensor-product surfaces. Tensor-product
B-splines are limited to four-sided surfaces and as a consequence complex surfaces such as
hull forms are composed of several patches which are continuously fitted to each other. This
results in a high number of control points because each patch requires a minimum number
of control points based on its degree. A sufficient number of control points is required to
formulate the continuity constraints between neighboring patches. Naturally, it is difficult to
use a control mesh for modeling and fairing when the number of control points is high and
many points are constrained by continuity requirements. Generalized B-splines, as introduced
in Chapter 4 are not affected by this problem. They are capable to represent hull forms with
a single surface. The control mesh requires only a small number of control points and is
therefore a reasonable option for modeling.
This chapter serves the explanation of how hull form modeling based on a control mesh

works. The cubic generalized B-spline surface described in Chapter 5 is used as the underlying
surface representation. It is discussed that the structure of a control mesh and the workflow to
define the control points are essentially the same as for curve networks. A number of examples
is presented to show that the proposed surface representation and modeling methodology is
capable to successfully define different vessel types commonly found in practice.

6.1. Structure of the control mesh

A typical control mesh for the hull form of a fast vessel is shown in Figure 6.1a. Features
are used to separate different regions of the hull form. They are defined with crease edges.
Moving the control points on one side of a crease does not affect the surface’s shape on the
other side. Therefore the hull surface is not only subdivided into regions, also their definition
and shape is made independent of each other. The control points are mostly arranged in
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6. Ship hull form modeling

Regions are separated 
by feature curves

Control points are mostly 
arranged in sections

Longitudinal edges run 
across the entire length

(a) Fast vessel

Longitudinal edges are close 
to water planes

Parallel middle body 
is bounded by 
feature curves 

(b) Slow vessel

Figure 6.1.: Typical structure of a control mesh to define hull forms. Feature curves separating
different regions of the hull form are shown in bold. The control points are mostly
arranged in sections in order to support the naval architect’s view on a hull form.
The vertical distribution of the control points corresponds to the required control
on the surface shape. The longitudinal edges run across the entire length in order
to keep the control mesh as regular as possible.

sections. This arrangement is not a necessity, but the emphasis on sections matches the naval
architect’s view on a hull surface. The vertical distribution of the control points of a section
corresponds to the required control. More points are placed where more control on the surface
shape is needed. It is recommended to keep the control mesh as regular as possible. The faces
of the control mesh should be quadrilateral and irregular points should be avoided if possible.
Therefore the number of control points of a section should be constant for most parts of the
hull. This results in longitudinal edges that are running all onto the bilge radius of the main
section. The control mesh of the curved region between the flat side and flat bottom becomes
mostly regular.

A control mesh for the hull form of a slow vessel is shown in Figure 6.1b. In contrast to a
fast vessel, the hull form features a long parallel middle body. The extent of the flat side is
limited to the parallel middle body, but the flat bottom covers almost the entire length of the
vessel. The forebody is rather simple with similar waterlines and a less accentuated bulbous
bow. In general, the same principles apply to control meshes for fast and slow vessels: features
separate the hull form into regions, control points are arranged in sections, and quadrilateral
faces are preferred for the control mesh. The longitudinal edges do not uniformly run onto
the bilge radius, but may also run into the flat of side. All forward sections have the same
number of control points and the mesh is almost regular. The rather simple shape of the
forward sections allows to keep the longitudinal edges close to water planes.

The structure of the control meshes is very similar to the structure of curve networks which
are employed for hull surface definition. The same principles apply to curve networks and
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6.2. Feature curves

control meshes. Therefore any hull designer experienced in curve-based modeling should be
able to generate control meshes in this context. The similarity of control meshes and curve
networks and the long tradition of curve networks in hull design gives rise to the expectation
that control meshes would blend well into hull form modeling.

6.2. Feature curves

Crease edges are an essential part of the control mesh. They are used to define a set of curves
that is interpolated by the surface. A chain of crease edges represents the control polygon of
a B-spline curve. For the generalized B-spline surface that is employed in this study, this is a
uniform cubic B-spline curve. In the presence of irregular control points, the same concepts
as described in Chapter 4 apply in order to obtain a closed-form solution for the curve’s
representation.
Referring the example from Figure 6.2, the top row shows the crease edges of the control

mesh and the corresponding curves. Each curve is solely defined by the control polygon
formed by the associated crease edges and is not affected by the rest of the control mesh. The
surface interpolates the curves defined by the crease edges. The latter characteristic provides
a simple mechanism to handle feature curves in hull surface modeling. After an appropriate
control mesh structure is specified, the hull designer places the control points of the crease
edges. Thereby the feature curves of the hull surface are defined. The hull designer then works
with the remaining control points as described in the next section, what neither changes the
feature curves, nor affects the interpolation of the feature curves by the final surface.

6.3. Modeling with control points

In hull form design the control mesh is frequently considered as inappropriate for modeling
because the surface only approximates the control points, but generally does not interpolate
them. Interpolation is considered as direct control, whereas approximation seams to offer
only indirect control over the surface. This section is devoted to resolve this popular myth of
interpolation.
Consider a set of points that is going to be interpolated by a B-spline curve. An infinite

number of curves passes through the points. Some of them are fair, but others just wiggle
through the points. What kind of curve is obtained using interpolation depends on the number
of points, their relative position to each other, and the parametrization. The combination
of these factors lacks a clear link between the input and the result. This is certainly the
nature of indirect control rather than direct control. It is difficult to estimate how the curve
that interpolates a given set of points will look like. In addition, even small changes of the
input parameters may result in very different results. Therefore it is not only a matter of
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6. Ship hull form modeling

Figure 6.2.: Handling feature curves based on the control mesh. Top row: Only the crease
edges of the control mesh are shown. They are further divided into chains, where
each chain starts and ends at a corner point (filled squares). Each chain repre-
sents the control polygon of a single B-spline curve. Altogether, the crease edges
define a network of linked B-spline curves as shown on the right side. Bottom
row: In general, the hull designer will at first define the feature curves before
designing the hull surface, leaving the feature curves interpolated by the sur-
face unchanged. In terms of control mesh, the designer first places the control
points (black squares) of the crease edges and then works with the remaining
control points (blue squares). The surface interpolates the curve network defined
by the crease edges.

trial and error to define a fair B-spline curve based on interpolation, but the result also lacks
robustness.

Modeling with control points is the very reverse. There is only a single curve that belongs
to a given control polygon. The curve closely approximates the control polygon. This is more
technically known as the convex hull property of B-splines. In addition, the curve does not
oscillate more often than its control polygon, usually referred to as the variation diminishing
property. As a consequence, the control polygon supplies a clear link to the curve’s shape.
Even if the curve is not shown, it is obvious for a designer how the curve will look like.
Moreover, small changes of the control polygon imply only small changes of the curve as
required for robustness. In contrast to interpolation, each control point influences the curve
only locally. This is an essential property as part of modeling.

The previous discussion covers B-spline curves, but all arguments apply equally well to
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6.3. Modeling with control points

B-spline surfaces. Obviously, control points are most qualified for modeling, but they are still
rarely used for hull surface modeling. Naturally, this begs the question for the reason. The
representation of hull forms based on tensor-product B-spline requires several patches. As
a consequence, the number of control points is high while many points are constrained by
continuity requirements. In contrast, hull form representation based on generalized B-spline
does not require patches. A single coarse control mesh is sufficient to define a hull surface
what makes control meshes an option in hull design.
In order to start using control points for modeling, it is sufficient to know that the surface is

a smooth approximation of the control mesh. Refer to Figure 6.3 for an example of modeling
the forebody of a fast vessel. The left side of the figure shows the control mesh and a first
impression of the surface. It can be easily seen that the surface is a close approximation of
the control mesh, but it is rather difficult to capture the details which are relevant for the
naval architect. Therefore the right side shows the same surface in conjunction with uniformly
distributed sections and waterlines. They are cross-sections of the surface which are generated
independently from the control mesh structure. The hull form features a bulbous bow and
a slender forebody. The bulbous bow is smoothly integrated into the forebody, requiring
bulb-shaped sections close to the forward perpendicular. Subsequently, V-shaped sections are
intended which gradually change to U-shaped sections towards the middle body. The control
points are placed accordingly. At the forward perpendicular, the control points reflect the
bulb shape. They are concentrated in the lower part of the hull in order to provide a sufficient
outline of the bulb shape. Halfway between the forward perpendicular and the main section,
the control points are basically placed on a straight line as supposed for V-shaped sections.
Towards the middle body, the control points are placed according to a U-shaped section.
The previous discussion shows that the control mesh is a simple method to define the shape

of B-spline surfaces. The surface approximates the control mesh. This is sufficient for most
parts of a hull form where the hull designer typically has a principle idea of the hull shape,
but up to certain limits the precise shape is freely chosen by the designer. In contrast, other
characteristics of the hull form have to be defined very precisely. Figure 6.4 illustrates this
by taking the example of a vessel’s main section. The left side shows a section of a control
mesh for a hull form. For clarification the rest of the control mesh is omitted. The section
consists of eight control points, where the first two points and the last two points belong to
feature curves. The right side shows the corresponding section of the hull form.
The section interpolates the first two control points and the last two control points and

the section takes the form of straight line between these points. The main dimensions of the
section are shown and coincide with the control mesh. Therefore it is possible to define these
dimensions precisely in terms of the control mesh.
In addition, the ability to represent circular bilges is illustrated. The control mesh features

four additional control points between the FOS and FOB. This setup matches the structure of
the control mesh of the RoRo vessel shown in Figure C.3. With the control points positioned
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6. Ship hull form modeling
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Figure 6.4.: Definition of the main section regarding the control mesh. Left: A section of
the control mesh of the hull surface. The bold points denote control points of
crease edges. Right: The corresponding cross-section of the hull surface. The
section connects the bold control points on a straight line. This allows to define
the main dimensions of the hull form precisely in terms of the control mesh. The
section closely approximates a quarter-circle in the bilge area with a maximum
radial deflection of 0.3%. The curvature plot (solid) oscillates around the constant
curvature of the quarter-circle (dashed) and is zero at the ends.

as shown on the left side, the section approximates the circle with a maximum radial deflection
of 0.3%. The curvature is plotted along the section. The solid line shows the curvature of the
actual section and the dashed line shows the curvature of the intended circle. The curvature
oscillates around the constant curvature value of the circle. Moreover, the curvature vanishes
at the FOS and FOB whereas the ideal curvature plot takes the form of a step function.
Unfortunately, the curvature does not only vanish close to surface features, but also introduces
subsequent oscillations to the curvature flow. From the authors’ investigations it seems that
this can only be improved when the accuracy of the geometrical approximation is sacrificed.

6.4. Irregular control points

Much is said about the general structure of the control mesh and the use of control points for
modeling. However, the possibility to define irregular control points is not discussed so far.
Irregular control points are a useful extension of B-spline surfaces in the context of hull

form modeling. Usually two circumstances require the use of irregular control points in this
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6. Ship hull form modeling

Figure 6.5.: Impact of the control mesh topology on the surface quality. Both surfaces are
defined by the same set of control points, but the topology of the control meshes
differs. Left: All outer control points are directly connected to the central control
point. This yields a valence of n = 10 at the central control point and the
surrounding faces are triangular. The reflection lines indicate a poor surface
quality. Right: Only every second outer control point is connected to the central
control point. This reduces the valence at the central control point to n = 5 and
the surrounding faces are quadrilateral. The quality of the surface is improved.

context: the integration of typical hull form features and the local refinement of the control
mesh. Examples for both scenarios are given below. In order to maintain a high surface
quality in the presence of irregular control points, it is essential to keep the control mesh as
regular as possible. A regular control mesh only consists of quadrilateral faces. The valence
of interior control points is always n = 4. Crease edges divide the control mesh from a
topological point of view. The regular valence of crease control points is n = 3 on both sides,
the regular valence of corner control points is n = 2 for the respective sector. Whenever
irregular control points are used, the valence should be as close as possible to the regular
case. For clarification, the relation of the surface quality and the control mesh topology is
illustrated in Figure 6.5. The figure shows two surfaces which are defined by the same set
of control points, but the topology of the control mesh differs. Although both surfaces are
geometrically similar, the reflection lines indicate a difference of the surface quality. The
surface shown on the left side of Figure 6.5 suffers from a poor topology of the control mesh.
The valence of n = 10 at the central control point is far off the regular value of n = 4. The
second variant of the control mesh, shown on the right side of Figure 6.5, improves the quality
of the surface. The valence of the central control points is reduced to n = 5 and therefore
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Figure 6.6.: Two examples where irregular control points are used to define typical hull form
features. Left: The highlighted subset of the control mesh defines the bulbous
bow. Bold lines denote crease edges and thin lines denote smooth edges. A crease
control point of valence n = 5 is used to connect the bulbous bow to the forebody.
Two interior control points of valence n = 3 are used to end the longitudinal edges.
Right: The global control mesh is shown with solid lines. Again bold lines denote
crease edges and thin lines denote smooth edges. The number of control points
is not sufficient to model the stern tube properly therefore two interior control
points of valence n = 3 are utilized to refine the control mesh. In addition the
valence of the two crease control points is raised by one compared to the initial
situation. Two parallel chains of crease edges are used at the boundaries of the
control mesh to define a flat bar, see also Figure 6.8.

close to the regular value. Moreover, the faces incident to the central control point all are
quadrilateral as opposed to the initial mesh.

An important example where irregular control points are a useful extension for hull form
modeling is the bulbous bow. Its integration into the hull surface usually involves three
irregular control points as shown on the left side of Figure 6.6. One irregular control point of
valence n = 5 is used to connect the bulbous bow to the forebody. This control point belongs
to a crease edge of the control mesh where regular control points have a valence of n = 3.
The face above this control point is triangular. Two interior control points of valence n = 3
are used at the tip of the bulbous bow. The two longitudinal edges terminate at these points
and triangular faces are avoided.

Irregular control points always affect the quality of the surface. In case the valence of the
irregular control points is kept close to the regular case, however, the effect can be minimized.
For the given control mesh of the bulbous bow, Figure 6.7 analyzes the impact of the irregular
control points on the quality of the hull surface. The boundary control point of valence n = 5
causes a local distortion of the reflection lines. The two interior control points of valence n = 3
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6. Ship hull form modeling

n=3

n=5

Figure 6.7.: Representation of a bulbous bow. Left: Detailed view of the bulbous bow defined
by the irregular control mesh shown on the left side of Figure 6.6. Right: Impact
of the irregular control points on the quality of the hull surface. The boundary
control point with valence n = 5 causes a small distortion of the reflection lines
as indicated by the arrow. The two control points of valence n = 3 at the tip of
the bulbous bow do not have any visible effect at this scale.

which are used at the tip of the bulbous bow do not have any visible effect on the reflection
lines at this scale.

Another application of irregular control points is the local refinement of the control mesh.
This is important for hull form modeling because most parts of a hull surface are rather
simple, but other parts are quite complex. Naturally, complex shapes require more control
points to be defined. Therefore the goal is to keep the overall number of control points small,
but having an increased appropriate number of control points where necessary. An example
is the locally refined control mesh of the stern tube shown on the right side of Figure 6.6. The
number of control points given by the global structure of the control mesh is not sufficient
to model the transition of the stern bulb into the stern tube properly. Based on irregular
control points the number of control points which are available in the region of the stern
tube is raised from 12 points to 20 points. Two irregular control points of valence n = 3 are
introduced in order to obtain a symmetrical refinement of the mesh. In addition the valence
of the two crease control points is raised by one compared to the initial situation. Triangular
faces are avoided and the control mesh remains purely quadrilateral.

Figure 6.8 shows a detailed view of the stern bulb. The reflection lines illustrate the impact
of the irregular control points on the surface quality. The two interior control points of
valence n = 3 do not have any visible effect. The boundary control point of valence n = 4
causes a local distortion of the reflection lines. The crease control point of valence n = 5
introduces a notable cusp to the reflection lines which is difficult to smooth out in practice.
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n=3
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Figure 6.8.: Representation of a stern bulb. Left: Detailed view of the stern bulb defined
by the control mesh shown on the right side of Figure 6.6. Note the detailed
transition of the stern bulb into the stern tube and the flat bar on the center
plane. Right: Impact of the irregular control points on the quality of the hull
surface. The two interior control points of valence n = 3 do not have any visible
effect on the surface quality. The crease control point of valence n = 4 causes a
local distortion of the reflection lines. The crease control point of valence n = 5
introduces a notable cusp to the reflection lines which is difficult to smooth out.

6.5. Fairing

Fairing of B-spline surfaces based on interpolation is a time-consuming task. Interpolation
tends to oscillation, but to eliminate oscillations is exactly what fairing is all about. In
contrast, fairing is a simple task based on the control mesh. When the control mesh looks
good, the surface looks good as well.
This easy rule of thumb is demonstrated in Figure 6.9. A side view and a top view of a

control mesh for a hull form are shown. The control points are arranged in sections in order
to support the naval architect’s view on the surface. Therefore the longitudinal position
of the control points is fixed, but not their lateral and vertical position. Working on these
directions affects only the longitudinal edges in the given views. The goal is to remove as much
oscillations as possible from the longitudinal edges while the section shape is maintained.

6.6. Design process

The starting point of the design process is the vessel type. It identifies the general structure
of the control mesh as explained in Section 6.1. Important factors are the bow and stern type,
the intended form of the flat of side and flat of bottom, and the length of the parallel middle
body. Assuming an initial number of sections and control points for the control mesh, the
hull designer is able to define the initial topology. Using ten sections in longitudinal direction
and five control points between the flat of side and flat of bottom is usually sufficient to
start modeling. The control mesh may, however, be refined locally or globally during the
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6. Ship hull form modeling

Figure 6.9.: Fairing of a hull form. A side view and a top view of a control mesh for a hull
form of a fast vessel are shown. The longitudinal position of the control points is
fixed, but not the lateral and vertical position. Working on these directions affects
only the longitudinal edges in the given views. The goal of fairing is therefore to
remove as much oscillations as possible from the longitudinal edges.

subsequent modeling steps.
The next modeling step is to define the feature curves of the hull form based on the main

dimensions of the vessel such as the length L, the breadth B, the depth D. Using the
example of the RoRo vessel shown in Figure C.1 and the corresponding control mesh shown
in Figure C.3, this partially defines the position of the control points along the bold edges.
While some of these control points are completely defined by the main dimensions such as
the majority of the points along the deck, others are only partially defined such as the control
points along the flat of side. The lateral position of these points is fixed to the breadth of the
vessel, but the vertical position does not depend on the main dimensions, refer to Figure 6.4
for clarification. The hull designer chooses a preliminary position which might be exposed to
changes in the subsequent modeling steps. The same holds for the non-feature control points
which are placed according to an initial guess of the final hull shape and the intended section
type, see Figure 6.3. The result of this modeling step is therefore a preliminary hull form
that reflects the vessel’s main dimensions.
The third modeling step addresses the volumetric parameters of the vessel such as the

displacement ∇, the block coefficient cB, the main section area coefficient cM , and the longi-
tudinal center of buoyancy LCB. The non-feature control points are mainly used to adjust
these parameters. When the block coefficient is too high, the control points are placed closer
to the center plane, when the block coefficient is too low, the control points are placed farther
away. Similarly other volumetric properties such as the longitudinal center of buoyancy are
adjusted. A continuously updated sectional area curve of the hull form is a useful tool in this
context. This plot allows the hull designer to decide where the sections of the hull form have
to be narrowed or widened. When the control points are additionally organized in sections as
proposed in Section 6.1, the hull designer has a precise indication of the control points which
are affected.
The fourth modeling step is the fairing of the hull surface. The fairing affects primarily
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the non-feature control points, but might require to adjust the feature control points as well.
An example are the control points of the flat of side or flat of bottom which may now be
adjusted by the hull designer in order to support the fairing of the hull surface. Naturally,
any change of control points affects the volumetric properties of the hull form, but typical
design scenarios leave a margin to adjust most properties.
As a final remark, the described design process is similar to the design of hull forms based

on curve networks. However, based on the authors’ experience, the time needed to model a
hull form based on a control mesh is less than the time needed to model a hull form based on
a curve network. Most time is saved in the fourth step, the fairing, as this task is considerably
simplified.

6.7. Example vessels

For a range of different vessel types, examples are presented in Appendix A to F. All example
vessels are represented by only a single generalized B-spline surface as specified in Chapter 5
and the corresponding control mesh is shown for all vessels. In addition to a rendering of
the hull surface, a reflection analysis is provided to illustrate the fairness of the hull forms as
well as a lines plan and a sections plan which are both derived from the generalized B-spline
surface. All renderings include a grid of sections and waterlines to improve the visualization
of the hull forms. It is emphasized that these lines do not represent patch boundaries.

Container vessel

A hull form for a ultra-large container vessel is shown in Appendix A. The vessel has a bulbous
bow, a stern bulb, a flat bottom and a flat side. The flat of side has the form of a knuckle
close to the deck, but fades out quickly. The flat transom is included into the hull form and a
flat bar runs along the centerline. The control mesh consists of 136 control points which are
arranged in about 15 sections.

Bulk carrier

A hull form for a bulk carrier is shown in Appendix B. The vessel has a complex stern bulb,
a large parallel middle body and a simple forebody with blunt waterlines and a displacement
bulb. A flat bar and flat transom are included in the hull form. The control mesh consists
of 125 control points which are arranged in about 10 sections. The parallel middle body is
bounded by sections and requires no additional control points. Most control points are used
in the afterbody to realize the complex stern bulb.
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RoRo vessel

A hull form for a RoRo vessel is shown in Appendix C. This vessel is designed for high ship
speeds and has therefore a low block coefficient and the longitudinal center of buoyancy is
intentionally placed aft. The waterlines are straight and the forward shoulder is well rounded.
The vessel features a bulbous bow, a skeg and a twin-propeller setup is realized based on a
pram-type stern. A knuckle separates the forecastle and the flat of side also takes the form
of a knuckle which only slowly fades out towards the design waterline. The control mesh
consists of 117 control points which are arranged in about 15 sections.

Barge

A hull form of a simple barge as it is typically used for inland navigation is shown in Ap-
pendix D. The barge is designed for minimal production costs, the overall curvature is mini-
mized with a hull form containing mostly flat regions. The control mesh consists of only 32
control points which are arranged in about five sections.

Research vessel

A hull form for a research vessel is shown in Appendix E. The vessel is designed for ice
navigation what is reflected by the complex stem contour. The stern is tunneled and while the
forebody has flare only, the remaining hull has also tumblehome. The forecastle is separated
with a knuckle from the rest of the hull to minimize the overall curvature. The relatively
large flat side is separated into three parts: the upper part has tumblehome, the middle part
is vertical, and a small lower part has flare. Further the vessel has a flat bottom. The skeg
and the transom are not included into the hull form. This vessel is the most complex vessel
among the presented examples. The control mesh consists of 119 control points which are
only loosely tied to sections. The control mesh is locally refined with the help of irregular
control points to realize the complex stem contour.

Naval vessel

A hull form for a modern surface combatant is shown in Appendix F. With a block coefficient
of only CB ≈ 0.55 the vessel is designed for high speeds. The vessel has a simple stern, but
a complex forebody which includes a sonar dome at the bow. Above the waterline the vessel
has a relatively large tumblehome to minimize the radar signature of the vessel. The control
mesh consists of 153 control points which are arranged in about 15 sections. Four sections are
concentrated around the forward shoulder to precisely control the radius of the waterlines.
Compared to the bulbous bows of the other examples, a large number of control points is
used to design the sonar dome and to realize smooth integration into the overall hull form.
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6.8. Bibliographical notes

• This chapter is a minor revision of the material which was previously published by the
author in:

Sebastian H. Greshake and Robert Bronsart. Application of subdivision surfaces in ship
hull form modeling. Computer-Aided Design, 100:79 – 92, 2018. ISSN 0010-4485. doi:
https://doi.org/10.1016/j.cad.2018.03.004

• Section 6.7 is added to the previously published material and extends the analysis to
a broad range of vessel types which includes standard vessels as well as one-off special
purpose vessels.
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7 Integration into early
ship design

Ship hull form modeling based on generalized B-splines has the potential to substantially
improve hull design, but this is only of limited use when the support for this surface repre-
sentation in ship design is missing. Providing the necessary support for generalized B-splines
breaks down into two separate problems: on the one hand, how the support in hull design
can be provided and one the other hand, how the results are effectively used in downstream
applications. This chapter discusses the integration of generalized B-splines into the ship
design process. First a general strategy is introduced and second an algorithm is described
to convert a generalized B-spline surface into tensor-product B-splines.

7.1. Integration strategy

Making this surface representation available in hull design generally includes two options:
either the support of generalized B-splines is added to existing design tools or completely new
tools are developed based on this surface representation. Regarding the first alternative, to
add the support of generalized B-splines to existing systems, this is generally possible as the
standard architecture of geometric modeling kernels is compatible to generalized B-splines
as shown by Antonelli et al. [3]. A geometric modeling kernel implements the means to
represent and manipulate geometric objects. Such a kernel is the basis of a CAD software
and nowadays only a few kernels exist which are conceptually quite similar to each other.
A generalized B-spline surface is compatible to the commonly used boundary representation
and can therefore be implemented on top of the standard kernels being used today. The
advantage is that once implemented, all modeling tools provided by the kernel can be applied
to generalized B-splines instantaneously. This is not only theoretically discussed by Antonelli
et al. [3], but also implemented for a commercially available CAD system. The compatibility
of generalized B-splines to standard kernels makes it relatively easy to develop new hull design
tools based on this surface representation. Moreover, it is always a possibility to develop a
dedicated software for hull form design on the basis of a custom implementation of generalized
B-splines.
Regarding the integration in downstream design processes, the same arguments as above

apply. It is, however, unlikely that a majority of the design systems used in downstream
processes adopt generalized B-splines in the foreseeable future and in contrast to hull design,
developing design systems from scratch for downstream processes is not an option. Therefore
the only reasonable alternative is to convert a generalized B-spline to a surface representa-
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tion which is widely supported in ship design. As pointed out in Chapter 2, the standard
surface representation in this domain are tensor-product B-splines. The proposed strategy to
integrate generalized B-splines into the ship design process is therefore to develop dedicated
hull design tools based on this surface representation from scratch, or where possible to add
the support for generalized B-splines to existing tools. Once the hull design is finished, this
representation is converted back to tensor-product B-splines which is the industry standard
for the exchange of surface data and commonly understood by other ship design systems.

7.2. Fitting algorithm

Two major algorithms are currently known to transform a generalized B-spline surface into
tensor-product B-splines. The algorithm of Peters [85] generates a collection of patches which
generally join with curvature continuity except for the vicinity of irregular control points
where the patches join with normal continuity. The high-order continuity even at irregular
control points comes at the price of a high number of patches being generated and the use of
double interior knots which are known to be error-prone in some down-stream design tools.
In contrast, the method of Loop and Schaefer [64] generates simple bicubic Bézier patches
which are perfectly supported by all design tools. The patches generally join with curvature
continuity, but in the vicinity of irregular control points the result is limited to position
continuity only.
Both methods originate from the field of real-time rendering where the algorithm’s time

demand matters and the control points of the tensor-product B-spline patches are computed
directly from the control points of the generalized B-spline surface in terms of simple conver-
sion rules. While this is naturally a fast method, it is difficult to find conversion rules which
result in smooth patches at irregularities. The algorithm’s time demand is, however, not a
primary requirement in hull design as this step is only required once each time a revision of
the hull form is finalized. Therefore a different method for the conversion algorithm becomes
a reasonable choice, namely fitting.

Tensor-product B-spline specification

A tensor-product B-spline is given by

xk(u, v) =
n∑
i=0

m∑
j=0

Ni,p(u)Nj,q(v)qij (7.1)

where Ni,p and Nj,q are the basis functions of degree p respectively degree q and qij are the
control points.
For the scope of this study, the degree of the B-spline surface is chosen to be same in both

directions, i.e. p = q. The same holds for the number of control points (n = m). For the knot
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vectors

U = V = [
p+1︷ ︸︸ ︷

0, . . . , 0, 1
n− p

,
2

n− p
, . . .︸ ︷︷ ︸

n−p−1

,

p+1︷ ︸︸ ︷
1, . . . , 1] (7.2)

a standard open-uniform setup is chosen. Note that assuming the degree, the knot vectors,
and the number of control points to be same for both parameter directions complies with the
usual setup of generalized B-splines. Moreover this particular choice of the knot vectors let
the domain of the tensor-product B-spline coincide with the unit cell, i.e. (u, v) ∈ [0, 1]2.

Least-squares fitting

One tensor-product B-spline x̃k is fitted to each patch of the generalized B-spline surface x. A
standard least-squares fitting, referred to as LS, is utilized to compute the control points qij
of the data points xij being generated on a uniform grid as shown in Figure 7.1a. More
precisely,

xij = x( i
m
,
j

m
, k) (7.3)

with i ∈ [0,m] and j ∈ [0,m] are the data points defined for the kth patch of the generalized
B-spline. The same grid is chosen as the parameterization of the least-squares problem. In
order to guarantee watertightness of the generated tensor-product B-spline surfaces, a three-
step fitting procedure is realized. The notation is clarified in Figure 7.1.

• Step 1: The patch corners are interpolated by the tensor-product B-spline:

x̃k(0, 0) = x00

x̃k(0, 1) = x0m

x̃k(1, 0) = xm0

x̃k(1, 1) = xmm

(7.4)

this results in the corner points q00, q0n, qn0, and qnn.

• Step 2: The boundary curves of the tensor-product B-spline are fitted to the outermost
data points:

x̃k(u, 0) = LS(x00,x10, . . . ,xm0)

x̃k(u, 1) = LS(x0m,x1m, . . . ,xmm)

x̃k(0, v) = LS(x00,x01, . . . ,x0m)

x̃k(1, v) = LS(xm0,xm1, . . . ,xmm)

(7.5)

whereby the already known corner control points q00, q0n, qn0, and qnn are taken into
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(a) (a) Data points (b) (b) Control points

Figure 7.1.: Notation of the least-squares fitting procedure used to generate a tensor-product
B-spline surface x̃k for each patch of a generalized B-spline surface x. Left: The
uniform parameter grid that is utilized to generate the data points xij to which
the generated tensor-product B-spline surface is fitted to. Right: The control
points qij of the generated tensor-product B-spline surface. The boxes indicate
the three steps of the fitting procedure. First the corners are calculated, next the
control points inside the elongated boundary boxes are computed, and finally the
interior control points are computed.

account. The result are the outermost control points of the tensor-product B-spline
patch as illustrated in Figure 7.1b.

• Step 3: The surface is fitted to the entire data set what results in the interior control
points

x̃k(u, v) = LS(x00,x01, . . . ,xmm) (7.6)

whereby all previously calculated control points are taken into account.

7.3. Results

The algorithm is analyzed for the hull form of a modern container vessel shown in Appendix A.
This hull form closely imitates the design of the Duisburg Test Case (DTC) [29] and therefore
the original surface representation of this hull form is used as reference in the following
analysis.

The conversion algorithm generates about 400 patches which are shown in Figure 7.2 for
the degree p = 3 and the number of control points in ranging from 4× 4 to 7× 7.
The patches are indicated by the patch boundaries which are rendered as dark gray curves.
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(a) Generalized B-spline surface (b) Duisburg Test Case (DTC)

(c) Fitting with p = 3 and n = 4 (d) Fitting with p = 3 and n = 5

(e) Fitting with p = 3 and n = 6 (f) Fitting with p = 3 and n = 7

Figure 7.2.: The conversion algorithm generates about 400 patches which are shown for the
degree p = 3 and the number of control points in each direction in ranging
from n = 4 to n = 7. The reflection analysis shows that the good quality of
the generalized B-spline surface is maintained. The generated patches appear
curvature continuously at this scale, whereas the surface representation of the
DTC as a reference for the curve-based design looks only normal continuous.
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The DTC is shown for reference and is represented by almost 700 patches. Both are a rather
large number of patches in this context and from the author’s experience a well-designed curve
network results in only about 200 patches for this particular case. This figure is only a very
rough indication as the actual number of patches depends considerably on the designer’s skills
and the topology of the curve network. It is emphasized, however, that a few hundreds of
patches usually represent no problem in practice. Only when the number of patches exceeds
a few thousands of patches, a software which is processing the surfaces is potentially slowed
down.

The reflection analysis shows that the high quality of the generalized B-spline surface is
maintained by the patches. At the scale shown in Figure 7.2 which covers the entire hull form,
it is hard to identify any differences between the generalized B-spline and the fitted patches,
regardless of the number of control points chosen for the patches. In comparison, the DTC
is clearly of lower quality. While the generalized B-spline surface and the generated patches
are both almost curvature continuous as indicated by the smooth reflection lines, the DTC
is only normal continuous. Therefore the reflection lines are less smooth and change their
directions at the patch boundaries.

In Figure 7.3 a detailed analysis of the bulbous bow is shown. Again, the patch boundaries
are shown by the dark gray curves. At this scale, differences are noticeable for the different
parameters the patches are fitted with. For n = 4 the reflection lines do not exactly match
up across patch boundaries incident of irregularities, i.e. locations where more or less than
three patches intersect in a common point. This indicates a normal error and therefore the
patches are visibly only position continuous. The normal distortion is, however, small as the
mismatch of the reflection lines is rather small. For n = 5 the reflection lines are significantly
better. There is only a minor improvement of the reflection lines for n > 5 so that n = 5
is identified as a reasonable trade-off between the number of control points and the surface
quality continuity. The result is very close to the quality of the generalized B-spline surface.

In both cases, the generated patches clearly outperform the surface representation of the
DTC. From the author’s experience, it is a rather good representative of a patch-based surface
representation of a hull form which is generated based on the curve-based design methodology.
It comes as no surprise that the generalized B-spline surface outperforms the curve-based
design as it is basically curvature continuous and the curve-based design methodology is
limited to normal continuity as pointed out in Chapter 2. That a least-squares fitting suffices,
however, to widely maintain the continuity characteristics of a generalized B-spline surface
surprises. This is a step forward in hull form modeling, as now there is not only a method to
quickly create high quality hull surfaces, but also a method to convert them to the industry
standard for the exchange of surface data which maintains the good overall quality upon
conversion.
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(a) Generalized B-spline surface (b) Duisburg Test Case (DTC)

(c) Fitting with p = 3 and n = 4 (d) Fitting with p = 3 and n = 5

(e) Fitting with p = 3 and n = 6 (f) Fitting with p = 3 and n = 7

Figure 7.3.: Reflection analysis of the generated surfaces. Whenever reflection lines do not
match across patch boundaries, the normals are not the same and patches are
only position continuous. For n = 4 the reflection lines have a small mismatch
along some of the patch boundaries, but for n = 5 the reflection lines appear
smooth. For n > 5 only a minor improvement is noticeable. For all n, the result
clearly outperforms the surface representation of the DTC which is generated
based on the curve-based design methodology.
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7.4. Bibliographical notes

• The conversion of a generalized B-spline surface into cubic Bézier patches based on the
algorithm of Loop and Schaefer [64] was previously analyzed by the author in

Sebastian H. Greshake and Robert Bronsart. Integration of ship hull form modeling
based on subdivision surfaces with other ship design tools. In International Conference
on Computer Applications in Shipbuilding (ICCAS 2017), volume 3, pages 61–68, 2017

It was found, however, that unwanted knuckles occur in the presence of irregularities.
The fitting method introduced in this thesis performs better and avoid unwanted knuck-
les. Thus the initial conversion algorithm presented by the author is not included into
the material, but the reader may refer to publication for more information.
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8 Conclusion

Ship hull form modeling is currently based on the curve-based design method. The designer
specifies a network of curves which is continuously interpolated by tensor-product B-spline
patches in order to obtain a surface representation for the hull form. In practice, this method
is limited to tangent continuity which is not considered smooth in the context of hull form
design. Moreover, the fairing of the hull form is a time-consuming process since small changes
of the curve network may result in large differences of the generated surface and interpolation
is generally well-known for unwanted oscillations. In contrast, tensor-product B-splines are
designed as a smooth approximation of the control mesh they are defined on. The simple
link between the control mesh and the surface makes it an easy to use, but yet powerful and
precise tool for modeling. A small change of the control mesh implies only a small change of
the surface and unwanted oscillations are minimized in terms of the control mesh. Modeling
based on the approximation of the control mesh instead of the interpolation of curve networks
is therefore considered to be the better alternative.
Tensor-product B-splines are limited to four-sided surfaces only. Therefore hull forms and

other complex surfaces are decomposed into patches what increases the number of control
points and introduces complex continuity constraints to many control points in order to
maintain smooth transitions between neighboring patches. Naturally, it is difficult to use a
control mesh for modeling when the number of control points is high and many of them are
constrained. Thus, the control mesh is usually not used for hull modeling. Instead the curve-
based design, though being affected by important disadvantages such as unwanted oscillations
and unpredictable behavior when curves are modified, is preferred in practice. However, to
identify the limitation of tensor-product B-splines to four-sided surfaces as the reason for the
dominance of curve-based design represents a controversial point of view in the community
and is an essential result of this thesis.
Having this in mind, generalized B-splines are introduced. They behave like tensor-product

B-splines, but are capable to represent surfaces of any complexity on a single control mesh
with a significant smaller number of control points. This makes the control mesh a suitable
option for hull form modeling. While many authors believe that the curve network reflects the
naval architect’s view on a hull surface, and is therefore the natural choice for hull form design,
it is shown that the structure and the principles to define control meshes and curve networks
are basically the same in both cases. On the basis of generalized B-splines it is therefore
concluded that the control mesh integrates equally well into ship hull form modeling.
In contrast to the curve-based design, better results are obtained with generalized B-splines
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8. Conclusion

as the surface is almost everywhere Gp−1 continuous with p being the degree and not being
limited to normal continuity (G1) as usually the case for the curve network interpolation. Since
curvature continuity (G2) is required a degree p = 3 is recommended for this application. A
fair hull form, however, is not only smooth, but also has a minimal number of inflection
points. While interpolation is well-known for unwanted oscillations, they are easily kept to
minimum on the basis of a control mesh. The simplified fairing is the main reason why the
modeling performance is increased on the basis of the control mesh.
Smooth surfaces and an improved modeling performance are, however, only of limited use

when the support for generalized B-splines in ship design is missing. It is unlikely that
this surface representation will be supported by many ship design systems in the foreseeable
future and therefore the result is converted to tensor-product B-splines, once another revision
of the hull form is released. The conversion methods proposed in the literature are based on an
explicit conversion which is either limited to position continuity in the vicinity of irregularities
or complex non-uniform patches are required. In this thesis, a simple least squares fitting
of tensor-product B-splines is utilized. The result maintains the high quality of the original
surface and clearly outperforms the curve-based methods.
The generalized B-spline surface which is used in this thesis offers a reasonable trade-off

between a low-degree, curvature continuity, and additional modeling features. It is successfully
utilized for the representation of knuckles and, with limitations, tangent curves on the surface.
The limitations of the surface are the zero curvature across features and the inability to
represent conic sections exactly. It is proposed that future work focuses on the representation
of tangent curves and the representation of circular arcs as the most important application of
conic sections in hull form modeling. Another potential improvement is the behavior of the
surface in the vicinity of irregularities. The surface is not only limited to normal continuity at
those spots, but the surface is also visibly distorted when the control points are not carefully
chosen. Future work may also address this issue.
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A Container vessel

Figure A.1.: Generalized B-spline surface rendered with sections and waterlines.
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A. Container vessel

Figure A.2.: Reflection analysis of the generalized B-spline surface.
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A. Container vessel
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B Bulk carrier

Figure B.1.: Generalized B-spline surface rendered with sections and waterlines.
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B. Bulk carrier

Figure B.2.: Reflection analysis of the generalized B-spline surface.
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B. Bulk carrier
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C RoRo vessel

Figure C.1.: Generalized B-spline surface rendered with sections and waterlines.

123



C. RoRo vessel

Figure C.2.: Reflection analysis of the generalized B-spline surface.
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C. RoRo vessel
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D Barge

Figure D.1.: Generalized B-spline surface rendered with sections and waterlines.
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D. Barge

Figure D.2.: Reflection analysis of the generalized B-spline surface.
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D. Barge
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E Research vessel

Figure E.1.: Generalized B-spline surface rendered with sections and waterlines.
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E. Research vessel

Figure E.2.: Reflection analysis of the generalized B-spline surface.
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E. Research vessel
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F Naval vessel

Figure F.1.: Generalized B-spline surface rendered with sections and waterlines.
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F. Naval vessel

Figure F.2.: Reflection analysis of the generalized B-spline surface.
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F. Naval vessel
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G Remarks on smoothness

The terms smoothness and continuity are occasionally used imprecisely and as a consequence
may lead to confusion. For the scope of this thesis, the usage of these terms is defined
precisely in this chapter. The terms are discussed on the basis of curves, but the definitions
apply equally well to surfaces.

Consider an indexed series of parametric curve segments

xi : Ui 3 u 7→ xi(u) ∈ Rd (G.1)

defined over the interval Ui = [ui, ui+1] with ui+1 ≥ ui. The segments are supposed to be
connected at their endpoints with

xi(ui+1) = xi+1(ui+1) (G.2)

what is referred to as position continuity because the segments altogether represent at least
a continuous curve, see Figure G.1(a) for clarification. As illustrated this does not imply
smoothness. The given example has cusps at the connections points what intuitively prevents
the overall curve to be considered as smooth. Figure G.1(b) shows another curve where all
segments are smoothly connected to each other. In contrast to the previous example, the
tangents are continuous at the connection points what is for certain applications sufficient
to be considered as an overall smooth curve. The term smoothness is apparently used in a
geometrical sense and as discussed below this is the most appropriate usage in the context of
computer-aided design.

In Figure G.2(a) two quadratic Bézier segments are used to construct an example to in-
troduce the concepts of parametric continuity and geometric continuity. The advantage of
the Bézier constructions is that the segments xi can be expressed by a polynomial for each
coordinate direction over the entire domain Ui. With reference to the control points specified
in Figure G.2, the polynomial representation of the first segment is

x1 =

 2u

2u2 − 2u+ 1

 (G.3)
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G. Remarks on smoothness

(a) Position continuity (b) Tangent continuity

Figure G.1.: An indexed series of parametric curve segments xi defined over the domain Ui
is stitched together to form a single curve. In a generalized sense this is known
as a spline curve. The segments are pairwise connected at their endpoints with
xi(ui+1) = xi+1(ui+1) what is called position continuity (G0). However, as
illustrated on the left side this does not constitute a smooth curve because the
curve features cusps at the connection points. On the right side, the tangents
are continuous (G1) at the connection points and for certain applications this
already suffices to consider the curve as smooth.

with U1 = [0, 1] and the second segment is represented by

x2 =

 2u

−2u2 + 6u− 3

 (G.4)

with U2 = [1, 2]. Cn denotes that a function is n times continuously differentiable what is
referred to as parametric continuity. The segment’s polynomial representations are infinitely
differentiable and therefore said to be C∞. While the parametric differentiability of the
segments is usually given, for instance the segments of the popular B-spline curves are always
C∞, the same is generally not true at the connection points. For the running example, it is
by inspection shown that with

x1(1) = x2(1)

x′1(1) = x′2(1)

x′′1(1) 6= x′′2(1)
...

(G.5)

both curves meet in a common point as well as the first derivative agrees at the connection
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(a) Bézier segments (b) Curvature graph

Figure G.2.: Two cubic Bézier segments x1 and x2 are connected to each other. Left: The
control points and the domains are specified of the segments are specified. Both
segments seem to be smoothly connected to each other. Right: At the connection
point of both segments the curvature graph is discontinuous and the curve is
therefore only G1. Whether a lack of high-order continuity at the connection
point can be considered as smooth depends on the application context.

point, but higher derivatives generally disagree. The overall curve is therefore said to be C1

only. This seems to verify what is intuitively seen in Figure G.2, namely that the curve is
smooth, but apparently lacks high-order smoothness as depicted by the discontinuous cur-
vature graph. At the connection point of both curves, the curvature graph takes the form
a step function what represents a discontinuity of the curvature and consequently a lack of
high-order smoothness. At the first glance, the analysis of parametric continuity thus seems
to be reasonable measure of smoothness. However, a simple reparameterization of x2 with
u = ũ2 changes the picture and shows that parametric continuity is in fact a weak notion of
the smoothness.

Applying u = ũ2, the second segment’s parametrization reads

x̃2(ũ) =

 2ũ2 + 2

−2ũ4 + 2ũ2 + 1

 (G.6)

with Ũ2 = [0, 1]. Reparametrization does not affect the curve’s geometry, so plotting x2

and x̃2 yields the same graph. What changes, though, are the differential properties at the
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G. Remarks on smoothness

connection point of both segments. By inspection it is easily found that

x1(1) = x̃2(1)

x′1(1) 6= x̃′2(1)

x′′1(1) 6= x̃′′2(1)
...

(G.7)

and both segments still meet in a common point, but generally all derivatives are different at
this point and consequently the curves is said to be C0 only. This is not satisfying because
different conclusions are drawn for geometrically one and the same curve based on the analysis
of parametric continuity.
This insight motivates to introduce another continuity measure which is independent of the

actual parametrization called geometric continuity and shortly referred to as Gn. A descriptive
characterization of low-order geometric continuity is: two segments are position continuous
(G0) when they have common end points, two segments are tangent continuous (G1) when
they additionally have common tangents, and two segments are curvature continuous (G2)
when they moreover have common curvature vectors. This is, however, only an informal de-
scription of geometric continuity to clarify how geometric continuity is formulated in terms of
geometric properties invariant to reparametrization. The following definition makes geomet-
ric continuity precise: two regular parametrized segments xi and xi+1 meet with nth order
geometric continuity Gn if a reparameterization x̃i of xi exists such that x̃i and xi+1 meet
with Cn continuity [4].

For the running example it is already known that a parametrization exists which is C1

and therefore it can be concluded that both segments are G1. The question is, however,
whether there exists another reparametrization which is Cn for n > 1. This illustrates
that the above definition is a good theoretical characterization of geometric continuity, but
not suitable for practical analysis. Using this definition requires to consider all possible
parametrizations what constitutes a quite laborious process. With the Beta-constraints [4]
an equivalent characterization of geometric continuity exists which is better suited for analysis
purposes. The constraints for G2 continuity are for example:

xi+1(ui+1) = xi(ui+1)

x′i+1(ui+1) = β1x′i(ui+1)

x′′i+1(ui+1) = β2
1x′′i (ui+1) + β2x′i(ui+1)

(G.8)

with the constraints for G1 take the same form, but omit the last equation. The goal is,
however, not to provide a complete formulary for the Beta-constraints, but to clarify that the
analysis of geometric continuity relies on the differential properties.
The term continuity is now defined precisely, but the same still does not hold for the term
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smoothness. From a mathematical point of view a curve, or function, is smooth when it
is C∞. This is, however, not a meaningful notion of smoothness in computer-aided design,
since a curve can be C0 and yet being geometrically smooth as shown in Figure G.2. Based
on the discussion on continuity, a natural conclusion is to consider a curve as smooth when
it is G∞, but this would be of little use in practice as many popular curve representations,
such as B-spline curves, are not G∞ and thus would be always considered as non-smooth by
definition. The term smoothness is defined as follows: a curve is considered as smooth when
the segments and their connections are Gn continuous with the minimum required n depends
on the application. For some of applications G1 suffices to be considered as smooth, but in the
context of hull form modeling and other engineering applications usually G2 is required. The
term smoothness builds on top of continuity as the latter is analyzed to conclude smoothness
based on the application’s requirements.
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H Knot refinement

Popular subdivision schemes such as Catmull and Clark [23] or Doo and Sabin [28] are a
generalization of knot refinement for tensor-product B-splines in the presence of irregular
control meshes. The following material provides the necessary background on knot refinement
to clarify the derivation of subdivision schemes and to show their role in the context of
generalized B-splines. A running example of a uniform biquadratic B-spline surface is used
and the employed knot insertion strategy complies with the domain subdivision for generalized
B-splines. This example is a reasonable choice because the resulting control mesh refinement
is particularly simple and can easily be adopted to an irregular control mesh in order to define
a subdivision scheme.
Let the initial setup be a tensor-product B-spline of degree p = q = 2 and the uniform knot

vectors are
U0 = V 0 = [−2,−1, 0, 1, 2, 3]

and the domain is therefore Σ0 = [0, 1]2. The surface is defined on a regular control mesh Q0

which consists of 3 × 3 (m = n = 3) control points. The superscript of the symbols denotes
the refinement level k, with k = 0 refers to the initial setup, k = 1 to the first refinement,
and so on. The initial setup is shown in Figure H.2 on the left side.
A knot refinement results in

U1 = V 1 = [−1,−1
2 , 0,

1
2 , 1,

3
2 , 2]

by introducing a new knot halfway between each existing knot and narrowing down the domain
to Σ1 = Σ0 = [0, 1]2. Other choices for the refined knot vector are possible, for instance the
knot vector could be turned into the standard form U = V = [0, 0, 0, 1, 1, 1] or any other form
as long as the knots are increasing and the minimum length is taken into account.
The particular choice for the knot refinement being used, however, complies with the domain

subdivision for generalized B-splines and naturally yields the refinement rules for the control
mesh which are the basis to derive subdivision schemes. This first step of knot refinement
increases the length of the knot vectors by one and consequently the control mesh Q1 grows to
a size of 4×4 (n = m = 4) control points. Note that subsequent refinements will exponentially
grow the size of the control mesh because the knot vector’s length is generally increased
by 2k−1 on the basis of this refinement strategy, a characteristic which is well-known from
subdivision surfaces.
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H. Knot refinement

Formula:

Mask:

Figure H.1.: The original control mesh Q0 is shown in bold and the dashed lines illustrate the
new control mesh Q1 For the sake of simplicity, only one face of Q0 is shown. A
closed-form expression for the new points is possible, but depends on the indexing
and all points have a similar pattern. An elegant notation are refinement masks,
where the particular example requires only a single mask to compute all new
control points.

The goal of the knot refinement operation is to compute an equivalent control mesh Q1

from the original control mesh Q0 so that the same surface is represented by both control
meshes. Spoken mathematically, the goal is to find Q1 so that

x(u, v) =
2∑
i=0

2∑
j=0

N0
i,2(u)N0

j,2(v)q0
ij =

3∑
i=0

3∑
j=0

N1
i,2(u)N1

j,2(v)q1
ij

for (u, v) ∈ Σ and N0
i,2 and N0

j,2 being the basis functions defined on U0 and V 0, as well as
N1
i,2 and N1

j,2 are the basis functions defined on U1 and V 1 respectively. A general solution
of this problem is given by the Oslo algorithm, see for instance the corresponding material in
Rogers [96] or any other reference source on tensor-product B-splines.

For this particular example the solution is illustrated in Figure H.1. The original mesh Q0

is shown in bold and the new mesh Q1 is illustrated by the dashed lines. For each control
mesh, four new control points q1

ij are computed based on the original ones q0
ij defining the

face. For the sake of simplicity, only one face of Q0 is shown, but the other faces are defined
similarly.

The Oslo algorithm results in a closed-form expression, one for each new control point,
which defines the new points as an affine combination of the old points. The expressions
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defining the four control points calculated for the illustrated face are given in Figure H.1.
Apparently, all expressions have the same structure and use the same weights to calculate the
new control points. This is also the case for the other points which are, for clarity, omitted
in Figure H.1. The common pattern of the expression could be described as follow: for each
existing face of the control mesh Q0, compute four new control points, one for each corner
of the face, with the nearest control point weighted with 9

16 , the next two control points
weighted with 3

16 , and the opposite control point is weighted with 1
16 . A graphical illustration

is a refinement mask which is shown in Figure H.1. Since the refinement mask does not depend
on the actual indexing due to the symmetry, for the running a example a single refinement
mask is sufficient to compute the entire control mesh Q1. Due to the elegant notation of the
rules to compute a refined control mesh, subdivision schemes are usually defined on the basis
of refinement masks, referred to as subdivision mask in this context.

The result of the first refinement step is

Q1 =



9
16

3
16 0 3

16
1
16 0 0 0 0

3
16

9
16 0 1

16
3
16 0 0 0 0

0 9
16

3
16 0 3

16
1
16 0 0 0

0 3
16

9
16 0 1

16
3
16 0 0 0

...





q0
00

q0
01

q0
02

q0
10
...


= AQ0

with matrix A is referred to as refinement matrix or, in the context of subdivision surfaces as
subdivision matrix. Both, the original control mesh Q0 and the refined control mesh Q1, are
shown in Figure H.2.

The additional knot in U1 and V 1 represents an internal subdivision of the domain. For
the particular choice of the knot vector, the domain is subdivided into four equal quarters.
Successively quartering the domain is the setup from which subdivision surfaces are derived.
Accordingly to the domain subdivision, the surface can now be understood as being subdivided
into four segments. Each segment is defined by one quarter Σ1

i and depends only on a subset
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H. Knot refinement

Figure H.2.: Example for the control mesh of a uniform biquadratic tensor-product B-spline
surface which is defined on the knot vectors U0 = V 0 = [−2,−1, 0, 1, 2, 3] and the
control mesh Q0. The knot vectors are refined to U1 = V 1 = [−1,−1

2 , 0,
1
2 , 1,

3
2 , 2]

and Q1 is the equivalent control mesh to represent exactly the same surface on
the refined knots.

Q1
i of the entire control mesh, see

x0(u, v) =
3∑
i=1

2∑
j=0

N1
i,2(u)N1

j,2(v)q1
ij for (u, v) ∈ Σ1

0 = [12 , 1]× [0, 1
2]

x1(u, v) =
3∑
i=1

3∑
j=1

N1
i,2(u)N1

j,2(v)q1
ij for (u, v) ∈ Σ1

1 = [12 , 1]× [12 , 1]

x2(u, v) =
2∑
i=0

3∑
j=1

N1
i,2(u)N1

j,2(v)q1
ij for (u, v) ∈ Σ1

2 = [0, 1
2]× [12 , 1]

x3(u, v) =
2∑
i=0

2∑
j=0

N1
i,2(u)N1

j,2(v)q1
ij for (u, v) ∈ Σ1

3 = [0, 1
2]× [0, 1

2]

with the upper and lower bounds of the sums being adjusted to contain only the relevant
subsets of the control mesh and the basis functions are defined on the knot vectors U1 and
V 1. A graphical illustration is given in Figure H.3 which shows the domain subdivision, the
segments and the corresponding subset of the control mesh. As the surface remains exactly
the same, the four segments are smoothly connected to each other. The segments are defined
on overlapping subsets of the control mesh.
Knot refinement is a well-known operation from the tensor-product B-spline theory which

does not affect the surface, but changes the size of the control mesh the surface is defined
on. Popular subdivision algorithms generalize the particular refinement strategy introduced
in this chapter in the presence of irregular control meshes. This is called subdivision and the
corresponding rules to refine the control mesh are referred to as subdivision rules which are
usually defined in terms of subdivision masks. Subdivision can be encoded as a matrix oper-
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Figure H.3.: The knot refinement represents a subdivision of the domain. For the particular
choice of the knot vector, the domain is subdivided into four equal quarters. The
surface now can be understood as being composed of four segments each defined
over one quarter Σ1

i and defined on a subset Q1
i of the control mesh which is

depicted by the black points.
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H. Knot refinement

ation, similar to the refinement matrix given above, and properly formalized this eventually
leads to generalized B-spline surfaces.
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I Diagonalization

The goal of diagonalization in the context of generalized B-splines is the calculation of arbi-
trary powers Ak of a matrix A ∈ Rn×n. In particular, this should allow to calculate the limit
of this operation for k →∞.

Eigenvalues and eigenvectors

A vector x ∈ Cn is an eigenvector to the eigenvalue λ ∈ C of a matrix A ∈ Rn×n if the
equation

Ax = λx (I.1)

is fulfilled. The trivial solution x = 0 is excluded, but in contrast λ = 0 is allowed. Usually
several solutions exist for Equation I.1

Eigenvalues

The eigenvalues λ ∈ C of a matrix A ∈ Rn×n are the solutions of the characteristic equation

det(A− λI) = 0 (I.2)

where the left side of the equation

p(λ) = det(A− λI) (I.3)

is a polynomial of degree n. The eigenvalues are the roots of p(λ). According to the funda-
mental theorem of algebra, this polynomial can be decomposed in n complex linear factors

p(λ) =
i=n∏
i=1

(λ− λi) (I.4)

where λi ∈ C are the roots which may not all have distinct values. For a real matrix A ∈ Rn×n

there are therefore n eigenvalues, where some or even all may be complex. In addition, several
eigenvalues can be the same.
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I. Diagonalization

Eigenvectors

An eigenvector xi ∈ Cn to the eigenvalue λi ∈ C of the matrix A ∈ Rn×n is the solution of
the homogeneous linear equation system

(A− λiI)xi = 0. (I.5)

Every multiple of xi is also an eigenvector to the eigenvalue λi. Eigenvectors are usually given
in normalized form with |xi| = 1.

Now several statements about the number of eigenvectors of a real matrix A ∈ Rn×n are
made. Let λi ∈ C be an eigenvalue of A which has an algebraic multiplicity of ki. If ki = 1
it is referred to as simple eigenvalue of A, and for ki > 1 it is called a multiple eigenvalue.
The number of linearly independent eigenvectors to an eigenvalue λi is the defect di of the
characteristic matrix A− λiI. This is

1 ≤ di = n− ri ≤ ki (I.6)

where n is the dimension and ri > 0 is the rank of the characteristic matrix. The dimension
is the same for all eigenvalues, whereas the rank varies for each eigenvalue. Each eigenvalue
λi has at least one, but not more than ki linearly independent eigenvectors. In addition, the
eigenvectors of different eigenvalues are always linearly independent.
A real matrix A ∈ Rn×n therefore has at most n linearly independent eigenvectors, i.e.

when exactly k eigenvectors belong to an eigenvalue of multiplicity k. Since this is not always
the case, a matrix A ∈ Rn×n can also have less than n linearly independent eigenvectors.

Generalized eigenvectors

A vector vki with k ∈ N is referred to as a generalized eigenvector to the eigenvalue λi ∈ C of
the matrix A ∈ Rn×n if the equation

(A− λiI)kvki = 0 (I.7)

is fulfilled and at the same time

(A− λiI)k−1vki 6= 0. (I.8)

holds. In this context k is called the rank of the generalized eigenvector. As in the case of
ordinary eigenvectors vki 6= 0 is required. From vki are for 1 < l ≤ k further generalized
eigenvectors of lower rank calculated by

vl−1
i = (A− λiI)vli. (I.9)
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This results in a chain of k generalized eigenvectors with the important property that all
vectors are linearly independent. In contrast to ordinary eigenvalues, therefore for each
eigenvalue λi of a matrix A that has a multiplicity of ki, exactly ki linearly independent
generalized eigenvectors exist. Furthermore, generalized eigenvectors of different eigenvalues
are linearly independent. In other words: a real matrix A ∈ Rn×n always has exactly n

linearly independent generalized eigenvectors vectors.

Eigendecomposition

The eigenvalue problem for a matrix A ∈ Cn×n as shown in Equation I.1 is represented in
matrix notation to cover all solutions at once as follows. Let

X = [x0, ...,xm] ∈ Cn×m (I.10)

be a matrix containing the eigenvectors of the matrix A column by column. Then

AX = [Ax0, ..., Axm] = [λ0x0, ..., λmxm] = XΛ (I.11)

where the matrix Λ has the following form:

Λ =


λ0 0

. . .

0 λm

 ∈ Cm×m. (I.12)

Suppose the matrix A ∈ Rn×n now has exactly n linear independent eigenvectors. Then
X ∈ Cn×n is an invertible matrix, so that matrix A can be decomposed in

A = XΛX−1 (I.13)

what is referred to as the eigendecomposition of A. The advantage of this form is that the
calculation of arbitrary powers of A is simplified. From

Ak = XΛkX−1 (I.14)

follows, that for the eigendecomposition only the potentiation of the diagonal matrix Λ is
required. This is particularly simple as only the powers of the elements on the main diagonal
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are required, i.e.

Λk =


λk0 0

. . .

0 λkm

 . (I.15)

The eigendecomposition of a matrix A ∈ Rn×n therefore results in a form of A that allows
a simple calculation of the powers Ak. It requires, however, that the matrix A has exactly
n linearly independent eigenvectors, which is not always the case according to the above
discussion about the eigenstructure of real square matrices.

Jordan decomposition

If a matrix A ∈ Rn×n has less than n linearly independent eigenvectors, then the eigende-
composition is not possible. Using the generalized eigenvectors of A, however, a similar form
can be found. This is called the Jordan normal form.

Let {vkr , . . . ,v1
r} be a chain of generalized eigenvectors of length k to the eigenvalue λi.

According to Equation I.9, the generalized eigenvectors of two successive ranks are related by

Avlr = λivlr + vl−1
r (I.16)

and for the generalized eigenvector of rank one

Av1
r = λiv1

r . (I.17)

The matrix notation of both relation is as follows. The matrix

Vr = [v1
r , ...,vkr ] ∈ Cn×k (I.18)

contains column-wise the generalized eigenvectors of a chain in ascending order. In addition

Jr =



λi 1 0 . . . 0

0 λi 1 . . . 0
... . . . . . . . . . ...

0 . . . 0 λi 1

0 . . . 0 0 λi


∈ Ck×k (I.19)

is a matrix where the main and secondary diagonal are populated and which is referred to as
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a Jordan block. The relations I.16 and I.17 are then column-wise represented by

AVr = VrJr. (I.20)

This can be summarized for all chains of A in a single matrix equation. Let r be the number
of chains of A. The generalized eigenvectors are summarized in

V = [V1, . . . , Vr] ∈ Cn×n. (I.21)

This matrix is always quadratic, because each matrix A ∈ Rn×n has exactly n generalized
eigenvectors vki ∈ Cn and V is consequently quadratic. The Jordan matrix

J =


J1 0

. . .

0 Jr

 (I.22)

is obtained by placing the Jordan blocks Jr on the main diagonal of J . This results in the
following equation:

AV = V J. (I.23)

Since V is not only quadratic, but all main vectors and thus all columns of V are linearly
independent, V is also invertible. This applies without restriction to all matrices and the
matrix A can now be decomposed into

A = V JV −1 (I.24)

what is referred to as the Jordan decomposition. The resulting form of A is also called the
Jordan normal form. With the Jordan normal form any power of A can be calculated similar
to the eigendecomposition. The following applies

Ak = V JkV −1 (I.25)

where due to the block structure for the Jordan matrix

Jk =


Jk1 0

. . .

0 Jkr

 (I.26)
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follows. The powers of the Jordan blocks Jr are explicitly given by

Jkr =



λm,0i λm,1i λm,2i . . . λm,li

0 λm,0i λm,1i . . . λm,l−1
i

... . . . . . . . . . ...

0 . . . 0 λm,0i λm,1i

0 . . . 0 0 λm,0i


(I.27)

where the elements are

λm,li =


(m
k

)
λm−l for λ 6= 0 and 0 ≤ l ≤ m

1 for λ = 0 and l = m

0 otherwise

. (I.28)

The Jordan decomposition of a matrix A ∈ Rn×n allows, similar to the eigendecomposition, a
simple calculation of arbitrary powers Ak. In contrast to the eigendecomposition, the Jordan
decomposition can be performed for any matrix A. With the Jordan decomposition a suitable
tool for the analysis of arbitrary subdivision matrices is available.
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