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Zusammenfassung
In dieser Arbeit wird das Zusammenspiel von topologischen Systemen mit Symmetrien
sowohl theoretisch als auch experimentell untersucht. Die theoretischen Modelle wurden
in Wellenleiterstrukturen, die mit einem Femtosekundenlaser geschriebenen wurden, expe-
rimentell realisiert und bestätigt.
Eingebettet in das Feld der nicht-Hermiteschen Physik wird zunächst das Zusammenspiel
eines topologischen Phasenübergangs mit einer Symmetriebrechung näher betrachtet und
beide Übergänge gemessen. Weiterhin wird untersucht und gemessen, wie Supersymmetrie-
Transformationen genutzt werden können um topologische Randzustände zu erhalten, zu
manipulieren oder sogar zu zerstören. Im Anschluss wird das neuartige Konzept der to-
pologischen Quadratwurzel-Isolatoren eingeführt, in welchem quantisierte topologische In-
dizes auftreten, wenn der Hamiltonoperator quadriert wird. Die resultierenden topologi-
schen Randzustände konnten experimentell nachgewiesen werden. Abschließend wird die
Entstehung von nicht-abelschen geometrischen Phasen in einer dreibeinartigen Wellenlei-
teranordnung untersucht und vermessen, welche mithilfe des neuartigen Konzeptes der
Quantenmetrik für eine adiabatische Evolution optimiert ist.

Abstract
In this thesis the interplay of topological systems with symmetries is investigated both,
theoretically and experimentally. The theoretical models are experimentally implemented
and confirmed by means of femtosecond laser written waveguide structures.
Embedded into the field of non-Hermitian physics, first the interplay of a topological phase
transition with the symmetry breaking transition is investigated and both transitions are
measured. Furthermore, it is studied and measured how supersymmetry transformations
can be used to preserve, manipulate, or even destroy topological edge states. This is
followed by introducing the novel concept of square root topological insulators, in which
quantised topological indices emerge if the Hamiltonian is squared. The resulting topo-
logical edge states are experimentally confirmed. The thesis is concluded by investigating
and measuring the emergence of non-Abelian geometric phases in a tripod waveguide struc-
ture, which is optimised for an adiabatic evolution by using the novel concept of a quantum
metric.
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1 Introduction

Already in ancient times, symmetries have played a fundamental role in understanding
the laws of art and music, but especially those of nature itself [1–3]. The most prominent
are probably rotational and translational symmetries, which are ubiquitous in our every
day lives, ranging from the pattern of kitchen tiles to the moon. The treatment of these
symmetries was formalised by the advent of group theory [4], which paved the road to their
embedding into the mathematical framework of physics. The highly influential work of
Einstein in 1905 [5], as well as that of Lorentz [6] and Poincare [7], provided an insight into
how physical laws and symmetries, in this case those of the Lorentz group, mutually depend
on each other.
Another insight to buttress the impact of symmetries upon physics was found in 1918 by
Emmy Noether [8], who showed that every continuous symmetry results in a conservation
law. It could be shown that e.g. the invariance under time translations results in the
conservation of energy. While it was first applied to Maxwell’s equations [9], it is nowadays
a core aspect of every fundamental theory. The notion of symmetry also threads through
the development of quantum mechanics [10], like the rotations and permutations, which
describe the electron configurations, or the use of quantum numbers, which describe the
conserved quantities based on symmetries. In the current understanding of physics, all
fundamental theories are based on symmetries in the sense that they are all based on
Lie algebras. For the description of the fundamental forces, a prominent role is taken by
non-Abelian groups, in which individual elements do not commute [3,11].
However, besides serving as the foundation of fundamental theories, symmetries have also
been most helpful to find analytical solutions to highly complicated problems, as has been
the case for solutions of the Einstein field equations [12]. In this vein, symmetries have also
had a fundamental impact on the topic of topological physics [13,14], which has attracted
greater attention in recent years. The idea at its heart is that observables are related to
topological invariants. Likely the most famous example for this observation is that the Hall
conductivity is proportional to a topological invariant, as stated by the TKNN (after D. J.
Thouless, M. Kohmoto, M. P. Nightingale, and M. den Nijs) formula [15]. The fact that this
insight is universal to a wide range of models was underlined by the prototypical model
from Haldane [16], where the topological properties emerge from the intrinsic properties of a
rather simple lattice model that does not rely on external magnetic fields. One of the most
intriguing features of those materials is the fact that they possess a conducting edge chan-
nel, while having an insulating bulk at the same time [13]. Furthermore, the edge states are
scatter free and robust against impurities, since they are solely determined by the topolog-
ical invariant [13]. These materials, dubbed as topological insulators have found numerous
applications ranging from the original electronic systems [17], over photonic platforms [18–20]

to even mechanical systems [21]. Since the properties of topological insulators are mainly
determined by their underlying symmetries, like chiral and time reversal symmetry, a pe-
riodic table has been established that groups them according to their symmetries [22].
However, new kinds of symmetry are always being discovered which do not fit into the
existing categories. A prominent example is the concept of supersymmetry, which emerged
in the second half of the 20th century [23]. It extended the established symmetry relations
by creating the possibility to transform bosons and fermions into each other. This find-
ing had far-reaching theoretical consequences and might resolve long-standing problems in
particle physics [23].



2 1 Introduction

The aim of this thesis is to investigate the interplay of topological systems with symmetries,
which are often not captured by the existing classifications or not expected in this instance.
The choice of referring to those symmetries as queer has multiple reasons. In recent history
the term was used as an insult for social groups that were considered different, compared
to the majority. However, in the struggle for acceptance it was adopted and by proudly
using it, its meaning was overturned into something positive. The use of this term is not
intended to lower the achievements of the fight for equality in any way, but the opposite,
to emphasise how enriching diversity is. This term is therefore not used as a mathematical
or physical classification of the used symmetry, but an attribute to emphasise that the
symmetries are not necessarily part of a common classification or not expected at this
instance, but nevertheless offer intriguing new insights.
In order to validate the various theoretical findings of this thesis experimentally, femtosec-
ond laser written waveguide arrangements in fused silica glass are used [24]. This system
is chosen since it is a versatile platform to implement physical effects from the fields of
topology [19], non-Hermiticity [25], and supersymmetry [26]. One major benefit is the wide
range of parameters that allow for a thorough implementation and validation of different
models. It furthermore offers the opportunity to focus on the core aspects of a theory, by
using prototypical models.
In a first step, the theoretical foundations for the description of weakly coupled waveguide
arrays are provided, since they are a core aspect of all works. Furthermore, a mathemati-
cal framework is introduced that covers essential properties needed throughout the thesis,
like the calculation of the topological invariant. The more specific mathematical details,
such as those concerning parity time symmetry, supersymmetric transformations, or non
Abelian gauge fields, are provided at the beginning of the corresponding chapter.
In the next chapter, the interplay of the discrete parity time (PT) symmetry with a topo-
logical edge state, embedded in the framework of dissipative systems, is investigated. It is
hence studied how the topological properties change, when leaving the realm of Hermitian
physics. This combination allows for an intriguing coexistence of two intertwined phase
transitions, which are both experimentally confirmed.
This is followed by a chapter about the impact of supersymmetric transformations upon
topologically non trivial systems and how this can be used as a novel method to engineer-
ing topological edge states. In this vein, the interplay between internal symmetries and
supersymmetry is investigated.
In the following chapter, the notion of square root topological insulators is introduced,
which establishes a novel topological classification of non-inversion symmetric topological
systems. The topological states are measured by introducing a static non-vanishing flux
into a lattice.
The last topic that is discussed, deals with gauge symmetries and how non-Abelian geomet-
ric phases can be realised in an optical system. Intriguingly, an intrinsically Abelian theory
is harnessed to study a non-Abelian theory. Furthermore, the experimental parameters are
found by using the concept of the quantum metric, yielding a successful measurement of
different Wilson loops.



2 Fundamentals

In this chapter the theoretical and experimental foundation for the forthcoming chapters is
presented. In a first step, the mathematical description of weakly coupled waveguide arrays
is outlined, followed by key aspects of the mathematical framework. It is concluded by an
explanation of the experimental setting, which consists of fabrication and characterisation
of the investigated waveguide structures.

2.1 Coupled mode equations

All findings of this dissertation are based on light evolution in laser written waveguide ar-
rays [24], which relies on the evanescent coupling between electromagnetic waves in neigh-
bouring structures [27–33]. The waveguide arrays consist of an isotropic, non-magnetic,
charge-free, bulk material with refractive index n0, in which N regions of higher refractive
index n0 + ∆nj (⃗r), depending on the position r⃗, are embedded. All ∆nj (⃗r) are assumed
to make a small angle to the z-axis and are assumed to be clearly separated from each
other. The transverse shape in the x-y-plane of the individual ∆nj (⃗r) can be assumed to
be localised around the position (xj , yj). A one-dimensional illustration of a transverse
refractive index distribution is displayed in Fig. 2.1. The light dynamics in those arrays
is captured by Maxwell’s equations. However, it can be assumed that the index change is
weak (∆nj (⃗r) ≪ n0). This yields, together with the slowly varying envelope approxima-
tion, the previously mentioned assumptions, and a monochromatic electric field, that the
dynamics follow the paraxial Helmholtz equation [24]⎛⎝iλ̄

∂

∂z
+

λ̄2

2n0
∆⊥ +

N∑︂
j=1

∆nj (⃗r)

⎞⎠ E⃗ (⃗r) = 0, (2.1)

with the reduced wavelength λ̄ = λ
2π , the transverse Laplace operator ∆⊥ = ∂2

∂x2 + ∂2

∂y2
,

and the electric field E⃗ (⃗r). Since the birefringence of the material can be neglected [34], it is
sufficient to work with a scalar approach. For the further considerations the electric field
is therefore treated as a scalar E (⃗r).
In addition, the approximation of weakly coupled sites is used, since the ∆nj (⃗r) are clearly
separated. This means that the electric field E (⃗r) is expressed as a linear superposition of
transverse modes Fj(x, y) with amplitude aj(z), and propagation constant βj . The modes
are localised at the sites j (see Fig. 2.1) and individually obey the paraxial Helmholtz
equation Eq. (2.1).

E (⃗r) =
N∑︂
j=1

aj(z)Fj(x, y)e
iβjz (2.2)

This ansatz, together with the assumption that the modes are orthogonal, leads to the
coupled mode equations [24,35].

i
∂am(z)

∂z
+
∑︂
⟨l⟩

cm,l(z)al(z) + σm(z)am(z) = 0, (2.3)
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Figure 2.1 Refractive index distribution and mode profile: The one-dimensional
illustration of a transverse refractive index distribution ∆nj(x) is displayed (left axis),
together with its fundamental transverse mode profiles Fj(x) (right axis).

where ⟨l⟩ denotes the sum over the neighbouring sites in the whole x-y-plane. The couplings
cm,l and the detunings σm(z) are defined as

cm,l =
1

λ̄

∞∫︂
−∞

∞∫︂
−∞

∑︂
j ̸=m

∆nj(x, y)Fm(x, y)F ∗
l (x, y) dx dy (2.4)

and

σm = βm +
1

λ̄

∞∫︂
−∞

∞∫︂
−∞

∑︂
j ̸=m

∆nj(x, y)Fm(x, y)F ∗
m(x, y) dx dy, (2.5)

where ∗ denotes the complex conjugation. Note that if σm is equal for all waveguides m it
can be eliminated by the transformation am = ãm exp(−iσmz), therefore only differences
in the detunings are contributing to the light dynamics. In all experiments the waveguides
are designed to only guide the fundamental mode. This is achieved by creating a suitable
refractive index distribution.

2.2 Mathematical formalism

The mathematical description of coupled waveguide arrays according to Eq. (2.3) can be
summarised as

i
∂

∂z
a⃗ = Ha⃗, (2.6)

where all couplings cm,l and detunings σm are now contained in the matrixH. The resulting
equation resembles a spatially discrete Schrödinger equation [36], where time t is replaced
by the propagation distance z.1 This means that all findings are applicable not only to
waveguide arrays, but to any system that is described by such an equation. It also means
in reverse that the theoretical consideration from other fields can be adapted to waveguide
arrays. This refers especially to methods from quantum mechanics and solid state physics.
Two aspects are especially of importance for the upcoming chapters.

1Within this formalism the coupling c is sometimes replaced by c ↦→ −c, which leads to the same results,
since it merely induces a global phase shift. The difference between positive and negative coupling is
only measurable if both appear within the same sample.
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First, the real space evolution of a state from z = zi to z = zf is equivalent to applying [37]

U(zf , zi) = T̂ exp

⎛⎝−i

zf∫︂
zi

H(z) dz

⎞⎠ , (2.7)

to an initial state a⃗(zi), where T̂ is the time-ordering operator, when treating z as t in
Eq. 2.6. Note that operators O are denoted by Ô, which is omitted for finite-dimensional
matrices. It follows that

a⃗(zf ) = U(zf , zi)⃗a(zi), (2.8)

which is used to obtain a theoretical prediction of the performed experiments. The ordering
is crucial if the couplings or detunings are changed along z, which is an essential ingredient
of the work presented in chapter 6.
The second important method is the analysis of the band structure, if the waveguides are
arranged in a periodic structure [33]. This can be obtained by applying a Fourier transform

ajn,m(z) =

π∫︂
−π

π∫︂
−π

dkndkm ã
j(kn, km, z)e

−iknn−ikmm, (2.9)

where the a1n,m . . . aLn,m are the elements of the unit cell, kn and km are the components of
the wave vector, and the labels (n,m) refer to the spatial indices of the waveguides in the
x-y-plane. Note that the changed labelling compared to Eq. (2.3) is just a reordering to
account for the two spatial dimensions. If the waveguide array is translational invariant
along the z-direction, one can use the additional ansatz ⃗̃a(kn, km, z) = ⃗̃aν(kn, km)e−iEνz to
obtain the band structure. The vector ⃗̃a(kn, km, z) is comprised of the elements of the unit
cell ã1(kn, km, z) . . . ãL(kn, km, z). The resulting eigenvalue equation of Eq. (2.6) after the
Fourier transform reads

H(kn, km)⃗ãν(kn, km) = Eν(kn, km)⃗ãν(kn, km), (2.10)

where ⃗̃aν(kn, km) is the eigenstate of the band ν, with energy Eν .

2.3 Topology

The previously mentioned band structure already characterises periodic structures in much
detail, however it seemingly only allows predictions about the behaviour in an infinite
lattice. This perception changed with the advent of topological physics [15,16,38,39], which
allows predictions about edge properties, like localisation, from bulk properties. The key
feature of this link is the so-called topological invariant, which indicates the topological
features in a single invariant. In other words, physical observables are related to topological
invariants. However, since this invariant needs to reflect the characteristic features of the
system, there is a plethora of different invariants e.g. for Floquet modulations or non-
reciprocal models [15,40–44]. For the works presented in the chapters 3–5, adaptions of one
specific invariant is used. This is the so-called Zak phase [41], which characterises periodic
one-dimensional systems and is defined as

Zν = i

π∫︂
−π

dk ⃗̃a†ν(k)
∂

∂k
⃗̃aν(k) = Wνπ, (2.11)
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where the ⃗̃aν(k) are corresponding to the non-degenerate eigenstates of the ν-th band,
defined by Eq. (2.10) in one dimension and where the † symbol corresponds to the joint
operations of transposition and complex conjugation. Note that the periodic gauge is
applied [45,46], demanding that ⃗̃aν(k) = ⃗̃aν(k + 2π). The invariant is often normalised to
π in order to reflect that it is a winding number W . If Eq. (2.11) does not vanish one
can conclude that the system possesses topological edge states, based on the bulk edge
correspondence [13]. Furthermore, one can conclude that at the interface between two sub-
systems with different Zak phases an interface state emerges [13]. These findings and their
connection to the underlying symmetries are investigated within the chapters 3–5 and the
corresponding publications.
An archetypal example in one-dimensional systems is the so called Su-Schrieffer-Heeger
(SSH) model [47], which is a chain of nearest neighbour coupled sites with two alternating
couplings c1 and c2. Since this model serves as foundation for numerous findings within
this work, some core aspects are discussed. The lattice is sketched in Fig. 2.2 for two
possible choices of the unit cell. The Fourier transformed Hamiltonian of the infinitely
extended lattice takes the form

HSSH(k) =

(︃
0 c1 + c2e

ik

c1 + c2e
−ik 0

)︃
. (2.12)

Evaluating the Zak phase (Eq. (2.11)) with the corresponding eigenvectors leads to [13]

Z∓ = W∓π =

{︄
0, if c2 < c1

±π, if c1 < c2
(2.13)

and is hence dependent on the ratio c1
c2

. The index ± refers to the two bands of Eq. 2.12. In
other words, the Zak phase depends on the choice of the unit cell, since the two choices are
characterised by an interchanged coupling. As a consequence the lattice has edge states,
depending on the termination, as displayed in Fig. 2.2.
Another method to evaluate the topology of the lattice is the Q-matrix formalism [48],
which uses the fact that the topological properties in most of the cases are determined by
the eigenvectors and not by the shape of the energy bands2. Therefore the Q-matrix is
constructed from the projectors P and then shifted, in order to posses eigenvalues ±1

Qν = 1 − 2P(k) = 1 − 2⃗̃aν(k)⃗ã
†
ν(k). (2.14)

For the chiral symmetry classes, as it is the case for the SSH model [48], this matrix can
always be brought into a block off-diagonal form

Qν =

(︃
0 qν
q†ν 0

)︃
.

The previously defined winding number can then be expressed with these components

Wν =
i

2π

π∫︂
−π

dk qν(k)
−1 ∂

∂k
qν(k). (2.15)

This form is especially helpful when turning to non-Hermitian physics [44], which will be
part of chapter 3.

2An exception from this rule is e.g. the skin effect, which has recently been experimentally realised with
coupled fibre loops[M9].
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c1 c2 c1 c2
W = ±1 W = 0

topological edge state no edge stateba

Figure 2.2 SSH chain: Illustration of the SSH chain with next neighbor couplings
c1 (dashed line) and c2 (straight line) and two possible terminations (a and b), which
correspond to a different unit cell (grey box), and to a different winding number W . The
termination in a leads to a topological edge state, while the configuration in b does not.

One important assumption to derive Eq. (2.11) is the non-degeneracy of the involved
eigenstates. However, this cannot be assured for all possible one-dimensional Hamiltonians,
as illustrated in chapters 5 and 6. In order to account for the degeneracy of two bands ν
and µ, the expression is generalised to the Wilzcek–Zee phase [49,50]

Zν,µ = i

π∫︂
−π

dk tr(A(k)), (2.16)

with A(k) being a matrix with components A(k)νµ = ⃗̃a†ν(k)
∂
∂k
⃗̃aµ(k) and where tr(·) denotes

the trace. The two eigenstates are therefore intertwined and evaluated with an expression
that is invariant against a change of basis, due to the trace.

2.4 Experimental methods

2.4.1 Fabrication

The essential feature for the derivation of the coupled mode equations in the previous
section is the local increase of the refractive index. The method used for all works presented
in this thesis is the femtosecond laser writing method [24] in fused silica glass (Corning 7980),
with a refractive index of about n ≈ 1.457. The two laser systems used for this process are
both Titanium:Sapphire amplifiers. One is a Coherent RegA 9000 seeded with a Coherent
Mira 900 and one is a Coherent RegA 9000 seeded with a Coherent Vitara S. In both cases
a Coherent Verdi pump laser is used. The pulses have a center wavelength at 800 nm, a
repetition rate of 100 kHz, a length of about 140 fs, and an energy in the range of 200 nJ
to 450 nJ for the waveguide fabrication.
If this laser beam is focused into fused silica, the molecular structure is changed [51,52]. Fused
silica is an amorphous material, where SiO2 molecules are arranged in rings of different
sizes, with the oxygen atoms as bridging elements [53]. Locally every Si atom is surrounded
by four oxygen atoms in a tetrahedral arrangement, where the number of Si atoms per ring
before treating it with a laser beam is around five to seven [53]. However, when focusing
femtosecond laser pulses into the material, the number of rings with just three Si atoms is
significantly increased [51,52]. This local change of density and hence a local change of the
refractive index can be specifically tailored, since multiphoton absorption is needed for the
material changes, which only occurs in the small focal region [54].
Waveguides are fabricated by moving the position of the focal point within a fused sil-
ica sample (see Fig. 2.3a). This is technically achieved by moving the sample with an
Aerotech ALS130/ALS180 translation stage in all spatial directions (positioning accu-
racy: < 350 nm). The stage velocities are between 40 and 220mmmin−1. With this
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excitation

fluorescence
imaging

end facet
imaging

a b

Figure 2.3 Fabrication and characterisation: a Illustration of the waveguides fabri-
cation process by focusing femtosecond laser pulses into fused silica. By translating the
sample, waveguides are inscribed into the fused silica sample. Note that the objects are
not to scale. b The waveguide arrays are characterised by exiting a single waveguide with
a laser (left) and monitoring the intensity at the end facet (right). Furthermore, the in-
tensity distribution along the propagation can be imaged via fluorescence imaging, using
a spectral edge filter (top).

method waveguides with an refractive index change of about 7 × 10−4 are fabricated [24].
The resulting waveguides are of elliptical shape, have a mode field diameter of about
8.0 µm×10.4 µm at 633 nm and the propagation losses and birefringence for straight wave-
guides are estimated to be about 0.2 dB cm−1 and about 10−6, respectively [24,34].

2.4.2 Characterisation

In order to characterise the fabricated structures a single waveguide of the complex struc-
tures is excited with a laser beam, using a microscope objective (10×, NA = 0.25). De-
pending on the invested quantities, different wavelengths are employed. Besides a Helium-
Neon-Laser (Melles Griot 25 LHP 928) operating at 633 nm, a white light source (NKT
SuperK EXTREME) combined with a narrow wavelength filter (Photon ETC LLTF-SR-
VIS-HP8) is used. Both sources individually are applied to monitor the intensity at the end
facet of the sample, by imaging the intensity distribution with an additional microscope
objective (10×, NA = 0.25) upon a charged-coupled-device (CCD) camera (Basler Avia-
tor/acA1920). In this way the intensity distribution within the waveguide structure at the
end facet of the sample can be observed after having propagated through the sample (see
Fig. 2.3b).
When using the the Helium-Neon-Laser, not only the intensity distribution at the end of the
sample can be monitored, but also the intensity distribution at every point along the sample
within the same focal plane. This is accessible by means of fluorescence microscopy [24],
which is possible since non-bridging oxygen hole centres form during the fabrication process.
These centres exhibit a fluorescence around 650 nm and are created insight the waveguide,
leading to a high contrast [24]. By imaging the emitted fluorescence light upon a CCD
camera after filtering it with a spectral edge filter, it is possible to retrieve the intensity
distribution orthogonal to the excitation plane (see Fig. 2.3b). Since all waveguides need
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Figure 2.4 Coupling and detuning dependencies: a The coupling c is displayed,
depending on the waveguide separation. It is exponentially decreasing with the waveguide
separation, as shown by the exponential fit. b The dependency of the relative detuning,
compared to a reference waveguide written with v = 100mm/min, on the writing speed
is shown. For the choosen set of parameters it can be estimated to follow a linear trend.
c The coupling constant c, depending on the writing speed is shown. (Adapted from [M7])

to be within the same focal plane, this method is only suitable for planar structures, but
not for two-dimensional arrays with numerous layers.
The two sets of quantities that characterise each array are the couplings, defined in
Eq. (2.4), and the detunings, defined in Eq. (2.5). They are experimentally tuned by
changing the distance and the writing speed during fabrication, respectively. Prior to fab-
ricating a complex array, the dependencies of both quantities are determined using the
fluorescence imaging outlined above, resulting in a reference curve. The dependencies are
displayed in Fig. 2.4 (based on data from the publication in section 8.2). Those are re-
trieved from two-waveguide systems, by comparing the measured intensity distribution
to the oscillation period and intensity contrast of their analytical solution. It is impor-
tant to note that detuning and coupling can be chosen independently for a wide range of
parameters, which is illustrated for a fixed coupling in Fig. 2.4c.

2.4.3 Limitations

In order to assure that the fabricated waveguide arrays are governed by the previously de-
rived equations, respecting all assumptions, one needs to assure that certain requirements
are fulfilled. The three main aspects are first, the supression of higher-order modes [24],
second the supression of second-order coupling [55], and third the orthogonality of the
neighboring modes [56]. These all significantly change the way the coupling needs to be
considered in the mathematical model and are especially problematic for tightly spaced
lattices, which limits the experimentally feasible coupling. In order to assure that these
issues do not have a significant influence, preliminary measurements with a few waveguides
are performed to find the optimal geometry and waveguide distances.





3 PT Symmetry in two dimensions and
its influence on topology

In this chapter the, within this thesis, first interplay of a symmetry, in this case Parity
Time (PT) symmetry, with topology is investigated. The whole analysis is embedded in
the framework of dissipative systems, where PT symmetry plays an essential role to assure
a real eigenvalue spectrum. After giving an introduction about the field of PT symmetry,
together with a summary of the current research, a short summary of the publication at
section 8.1 is provided.

3.1 PT symmetry

3.1.1 General mathematical framework

The importance of studying discrete symmetries, is distinctly demonstrated with the pre-
diction [57] and experimental verification [58] of parity violation by the weak interaction.
Furthermore, in 1998 C. M. Bender and S. Boettcher [59] found that the discrete PT sym-
metry has a significant impact upon non-Hermitian Hamiltonians, hence systems, where
energy is no longer a preserved quantity. They showed that even non-Hermitian Hamilto-
nians may possess real eigenvalue spectra if they are invariant under PT symmetry. It can
therefore be understood as a generalisation or extension of Hermitian quantum mechanics.
The P̂ operator denotes spatial reflections, hence maps the spatial coordinate r⃗ ↦→ −r⃗
and momentum p⃗ ↦→ −p⃗, while the T̂ operator denotes time reversal, hence maps r⃗ ↦→ r⃗,
p⃗ ↦→ −p⃗ and the imaginary unit i ↦→ −i. If those operators are applied to a Schrödinger
type equation, the necessary condition to satisfy PT symmetry is that the potential obeys
the relation [60]

V (−r⃗) = V ∗(r⃗). (3.1)

In this case, the commutation relation
[︂
Ĥ, P̂ T̂

]︂
= 0 is fulfilled. However, this is not

a sufficient condition to assure real eigenvalues. This demand holds true only in case of
unbroken/exact PT symmetry, when all eigenstates of the Hamiltonian are also eigenstates
of the P̂ T̂ operator [60].
An important characteristic of non-Hermitian systems is that Ĥ and Ĥ† do not share the
same set of eigenstates anymore.

ĤψR
ν = Eνψ

R
ν (3.2)

Ĥ†ψL
ν = E∗

νψ
L
ν (3.3)

Moreover, they are referred to as right- and left-eigenstates ψR
ν and ψL

ν of band ν, re-
spectively. In all further investigations it is assumed that those states form a complete
biorthonormal eigenbasis. In a finite-dimensional discrete system this takes the form(︂

ψ⃗ L
ν

)︂†
ψ⃗R
µ = δν,µ (3.4)∑︂

ν

ψ⃗ L
ν

(︂
ψ⃗R
ν

)︂†
=

∑︂
ν

ψ⃗R
ν

(︂
ψ⃗ L
ν

)︂†
= 1 (3.5)
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Based upon biorthogonal systems, the framework of PT symmetric Hamiltonians could be
extended to the more general field of pseudo-Hermiticity, where the Hamiltonian and its
hermitian conjugate can be connected by a general time-independent operator Ô

ÔĤÔ−1 = Ĥ†, (3.6)

assuring a unitary time evolution [60,61]. It was found that every PT symmetric Hamilton
with a complete biorthonormal eigenbasis, and a discrete spectrum is pseudo-hermitian [60].
If the potential fulfils Eq. (3.1), then the operator Ô is given by the parity operator P̂ [60].

3.1.2 Winding numbers

With the mathematical framework provided in the previous section it is possible to adapt
the topological analysis of the Hermitian regime to the non-Hermitian one. The analysis
will only be focused on one-dimensional and especially SSH-type Hamiltonians considered
in section 2.3. To this aim, the previously defined Q-matrix of Eq. (2.14) is generalised to
the framework of a biorthogonal basis, taking the form [44]

Qν = 1 − P1(k)− P2(k) = 1 − ψ⃗ L
ν

(︂
ψ⃗R
ν

)︂†
− ψ⃗R

ν

(︂
ψ⃗ L
ν

)︂†
. (3.7)

This can be used to define a one-dimensional winding number, which has the same form
as in the Hermitian case (Eq. (2.15)), as long as Q is off-diagonal.

3.1.3 PT symmetry in optics

The main idea behind using optical platforms to study the features of PT symmetric
systems is based on the finding that optical gain and loss can be used to tailor complex
refractive index profiles that are mathematically the same as a complex potential in the
Schrödinger equation [62–66]. The symmetry constraint of the potential, see Eq. (3.1), is
therefore translated to the real and imaginary part of the refractive index distribution.
This approach is not limited to experiments with waveguide structures [25,62,65–68][M1], but is
also applied to microring resonators [69,70], coupled silica microtoroids [71,72], photonic crys-
tal slabs [73], and multiplexed mesh lattices [74,75]. With this plethora of platforms [66,76,77]

it was possible to realise e.g. unidirectional invisibility [74,75], exceptional-point enhanced
sensing [78], or mode selective laser cavities [69,79].
Since it is difficult to realise optical gain especially in waveguide structures, several of these
applications use the principle of passive PT symmetry, which will also be used in the work
presented below. In this approach a system with gain and loss is transformed into a system
that has a global loss compensating for the original gain, such that only loss and no-loss is
used [80]. These systems can nevertheless be considered (passive) PT symmetric since the
additional loss is temporally and spatially constant.

3.2 Results

As described in the previous section, numerous experiments are performed to broaden
the understanding of PT symmetry in general and especially in the field of optics. How-
ever, most of the approaches are limited to one spatial dimension [25,67,68][M1], are reduced
to a one-dimensional effect [81], or only describe a broken PT symmetric regime [73]. The
publication[M3] in section 8.1 presents how two-dimensional PT symmetric waveguide struc-
tures can be fabricated and how the topological properties are influenced by the non-
Hermiticity. The main findings are summarised below.
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3.2.1 Mathematical description

The non-Hermiticity used for this work is assumed to take the form of a complex onsite
potential, therefore the coupled mode equations (Eq. (2.3)), derived for the lossless case,
need be modified to

i
∂am
∂z

+
∑︂
⟨l⟩

cm,lal + σmam + iγmam = 0, (3.8)

where γm corresponds to the loss in waveguide m, due to scattering centres (see section
3.2.5). In case of a single waveguide the intensity is exponentially decaying, described by
a(z) = a0 exp(−γz), which is used for the characterisation of the loss strength.

3.2.2 Non-Hermitian photonic graphene

The lattice structure that is investigated is a modified version of photonic graphene [19,82,83],
which refers to the arrangement of waveguides in a honeycomb structure. The unit cell of
this structure consists of two elements, which are modified differently in order to create
a PT symmetric structure [84]. One element is experiencing gain, while the other one
experiences loss (see Fig 3.1). The resulting coupled mode equations are

i
∂am,n

∂z
− iγam,n + c (τbm−1,n + bm,n+1 + bm,n−1) = 0 (3.9)

i
∂bm,n

∂z
+ iγbm,n + c (τam+1,n + am,n−1 + am,n+1) = 0, (3.10)

where (m,n) are the indices of the waveguides in the (x, y) plane, c is the coupling to the
neighboring sites, τ is a strain applied in the x-direction of the lattice and γ is the gain/loss
at the different sites. Note that τ = 1 describes the case without strain. By applying a
Fourier transform according to Eq. (2.9) one finds the Hamiltonian

H(km, kn) =

(︃
−iγ cτ + 2c eikm cos(kn)

cτ + 2c e−ikm cos(kn) iγ

)︃
(3.11)

with the dispersion relation [84]

E(km, kn) = ±
√︁
c2τ2 − γ2 + 4c2 cos2(kn) + 4c2τ cos(km) cos(kn). (3.12)

Note that the km was rescaled by a factor of 1/
√
3 which resulted from the lattice structure.

The characteristics of this band structure can be separated into three regimes. If γ = 0
then E ∈ R, because the system is Hermitian. However, this situation changes if γ ̸= 0
and no strain at all, or a weak strain of τ < 2 + |γ|

c is applied, then E ∈ C for certain ki

values. The third regime is reached if γ ̸= 0 and τ ≥ 2 + |γ|
c , because in this case E ∈ R

for any value of ki.

3.2.3 PT phase transition

The previously discussed lattice structure (see Fig. 3.1) is clearly PT symmetric, since it
is invariant under spatially inverting the lattice, while exchanging gain and loss. However,
for certain parameters, the spectrum can still be complex if the Hamiltonian and the P̂ T̂
operator do not share all eigenstates. It is thus experiencing broken and unbroken PT
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x

y

Figure 3.1 Lattice structure: Illustration of a non-Hermitian, PT symmetric honey-
comb lattice. The orange lattice sites have gain (+γ), while the blue lattice sites have
loss (−γ). The coupling along the red arrows is changed by applying a strain τ , indicated
by the reduced waveguide separation.

symmetry. This transition is governed by the strain τ [84]. While the spectrum is complex
for τ < 2 + |γ|

c it becomes real above this threshold. This transition can be measured by
a method established in a previous work[M1]. It utilises the fact that in the broken PT
symmetric phase the eigenvalue spectrum exhibits numerous different complex eigenvalues.
Therefore, the power, that remains in the lattice after a certain propagation distance, is
highly dependent on the injection site, since the excited eigenstates with the corresponding
eigenvalues vary. The situation changes if the spectrum becomes completely real, since in
that case the power is preserved on average. This transition is measured by fabricating 6
lattices with 42 sites, a coupling of c = 0.475 cm−1, a gain/loss factor of γ = 0.15 cm−1

(corresponding to a required loss factor of γ = 0.30 cm−1 in the passive PT symmetric
system) and strain values ranging from 1 ≤ τ ≤ 2.9. In every lattice, six different lattice
sites (3 unit cells) are exited and the remaining output power after 10 cm is measured. The
standard deviation of the output power is plotted in Fig 3.2a, showing a rapid decrease,
when increasing the strain. The fact that the power is still oscillating is due to the fact
that it is only preserved on average and not a conserved quantity anymore [63].

3.2.4 Topological phase transition

The previously discussed PT phase transition is inextricably related to a topological phase
transition. The starting point to see this transition is the observation that the honeycomb
lattice can be interpreted to consist of (SSH) chains perpendicular to the edges. This be-
comes clear if one compares Eq. (3.11) and Eq. (2.12) and treats k⊥ = 2kn, which is related
to the direction perpendicular to the bearded edge, as a parameter. The corresponding
one-dimensional winding number (see Eq. (2.15)) predicts the edge states depending on
the k⊥. In case of vanishing γ this yields | cos(k⊥)| > τ/2 [85,86]. In case of a non-vanishing
γ the calculation needs to be adapted to account for the non-Hermiticity of the Hamilto-
nian, which is achieved by using left and right eigenvectors [44] (see Eq. 3.7). Taking into
account the gap closings one finds that the topological edge states exist for 0 ≤ τ < 2− γ

c

for k⊥ that satisfy | cos(k⊥)| > τ/2 and (2c| cos(k⊥)| − cτ)2 > γ2. For any γ ̸= 0 the edge
states posses purely imaginary eingenvalues of values ±γ, since it resides exclusively on
one sublattice and is hence experiencing exclusively gain or exclusively loss. Therefore,
the edge states would always break PT symmetry in a finite sample. However, the edge
state of the bearded phase only exists in the broken PT symmetric phase of the bulk,
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Figure 3.2 Phase transitions: a The standard deviation of the output power from the
six inner waveguides are shown after 10 cm, depending on the strain τ . The shaded area
around the theory curve takes into account deviations from unequal in-coupling. b The
different topological and PT breaking phases are displayed, depending on the loss-to-
coupling ratio γ/c. The experiments are performed for the parameteres along the white
dashed line. The crosses correspond to the edge exitations shown in c-e, according to the
labeling with the roman numerals. c-e Intensity distribution at the endfacet after 10 cm
propagation. The initially excited waveguide is encircled. The remaining intensity within
this waveguide, compared to the intensity within all waveguides is given above the panels.
(Adapted from [M3])

allowing for a complete PT unbroken phase of the finite lattice. The full phase diagram is
displayed in Fig. 3.2b, showing the interplay of the topological and PT symmetric phase
transition. The topological phase transition is experimentally accessed, by launching single
site excitation at the bearded edge of the gain sublattice (indicated by the white circle)
and measuring the output distribution, as displayed in Fig. 3.2c–e. While in in Fig. 3.2c
the signal stays localised (about (43.5 ± 1.0)%) within the initially excited waveguide, it
spreads in in Fig. 3.2d–e, where only (6.3± 1.0)% and (5.9± 1.0)% remain in the waveg-
uide. This outcome is in agreement with the prediction that the edge state vanishes for
τ ≥ 2− γ

c , when the bandgap is closing and remains absent when the bandgap opens again
for τ > 2 + γ

c (see Fig. 3.2b).
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3.2.5 Experimental method
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Figure 3.3 Loss mechanism: Exemplary
curves for the loss dependency on the scat-
ter point separation for two different dwelling
times. The lines are exponential fits to in-
terpolate the values. The error is estimated
from the deviations when repeating the ex-
periment. The inherent loss without scatter-
ing points is already subtracted. (Adapted
from [M3])

The core ingredient to fabricate a two-
dimensional passive PT symmetric struc-
ture is the implementation of a tunable
and isotropic loss mechanism. For one-
dimensional waveguide arrays, a method
was established that provides tunable losses
by applying a sinusoidal modulation of
the vertical waveguide position along the
propagation direction [25,67]. However, since
the sinusoidal modulation is introducing
a preferential directing it is not isotropic
and hence only suitable for one-dimensional
structures, where the modulation can al-
ways be set orthogonal to the lattice. It
is not suitable for two-dimensional struc-
tures, since the second spatial dimension is
needed. Therefore, a novel method is es-
tablished to fulfill the demand of isotropic
scattering. Instead of a sinusoidal mod-
ulation, scattering centers are introduced
within the waveguide along the propaga-
tion direction. This is technically achieved
by a short dwelling of the glass sample dur-
ing the writing process, resulting in a local
structural change of the waveguide. Using
the fluorescence scanning technique, out-
lined in section 2.4 the resulting losses were
determined, by measuring the exponential decay of the intensity of a single waveguide and
comparing it with a waveguide without scattering points. The reproducibility of the ob-
tained data could be confirmed by repeating the experiments. The two degrees of freedom
of this method are the dwelling time, as well as the distance between the scattering points.
However, the dwelling time should be sufficiently small to prevent damage of the sample
and the distance between scattering points should be small compared to the other length
scales of the structure, like the coupling. The latter limitation is important to assure
that the loss mechanism can be treated as a continuous exponential decay. Two exemplary
curves of these parameter dependencies are displayed in Fig 3.3, illustrating the wide range
of possible loss values.

3.2.6 Relation to current research and outlook

A two-dimensional PT symmetric lattice is meanwhile also realised in coupled fibre loops,
creating an artificial mesh lattice [87]. The non-hermiticity is introduced by using erbium-
doped fiber amplifiers and acousto-optic modulators. The presented experimental loss
method is also applied in further works[M4]. Another approach to achieve isotropic losses,
by inserting breaks into the waveguides, is used to demonstrate a Weyl exceptional ring [88],
in a lattice with broken PT symmetry. While, this method also leads to the desired losses,
it also introduces an additional detuning. The investigation of unidirectional, yet PT
symmetric edge states remains an open question for future works.



4 Topological lattices under the influence
of supersymmetric transformations

In this chapter the impact of supersymmetric transformations on topologically non-trivial
systems is investigated. It is shown under which circumstances the topological properties
are preserved, altered or even destroyed. After giving a short introduction into the math-
ematical framework of supersymmetry and its application to photonics, a short summary
of the corresponding publication at section 8.2 is provided.

4.1 Supersymmetry

4.1.1 General mathematical framework

Supersymmery (SUSY) originally emerged in the context of string theory and quantum
field theory. It gained much attention, since it offered a loophole to the Coleman-Mandula
theorem, which constrains how space-time and internal symmetries can be combined, by
introducing symmetry transformations between bosons and fermions, satisfying anticom-
mutation relations [23]. The notion of SUSY quantum mechanics (SUSY QM) started in
1981 as a toy-model to study the core properties of SUSY [89,90], however, it also had
substantial impact on solvable quantum mechanical models, since it can be related to fac-
torisation methods [91,92]. In the following, some fundamental properties of unbroken SUSY
QM are presented, which are mainly based on [90]. The starting point of SUSY QM is a
one-dimensional Schrödinger equation with a potential V1(x) of which the Hamiltonian
reads

Ĥ1 = − ℏ2

2m

d2

dx2
+ V1(x). (4.1)

If the wavefunction of the ground state ϕ0(x) has the energy E0 = 0, is nodeless, and
vanishing for x→ ±∞, then the potential can be written as

V1(x) =
ℏ2

2m

d2

dx2ϕ0(x)

ϕ0(x)
. (4.2)

The Hamiltonian in Eq. (4.1) can be factorised to the form

Ĥ1 = Â†Â, (4.3)

where

Â =
ℏ√
2m

d

dx
+W (x), Â† =

−ℏ√
2m

d

dx
+W (x), (4.4)

with the superpotential W (x). By comparing Eq. (4.3) and Eq. (4.4) with Eq. (4.1), one
finds

V1(x) =W 2(x)− ℏ2√
2m

d

dx
W (x). (4.5)
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Combining this with Eq. (4.2), one finds upon solving the corresponding Riccati equation
the explicit form

W (x) = − ℏ√
2m

d
dxϕ0(x)

ϕ0(x)
. (4.6)

Using the previous definitions it is possible to construct the SUSY partner Hamiltonian
Ĥ2, with the SUSY partner potential V2(x)

Ĥ2 = ÂÂ† = − ℏ2

2m

d2

dx2
+ V2(x), V2(x) =W 2(x) +

ℏ2√
2m

d

dx
W (x). (4.7)

The two Hamiltonians are intertwined by Â and Â† in the form

Ĥ1Â
† = A†Ĥ2, Ĥ2Â = ÂĤ1. (4.8)

This intertwining is translated to the eigenvalues E(1)
0 = 0, E(2)

ν = E
(1)
ν+1 and eigenfunctions

ϕ(2)ν =
1√︂
E

(1)
ν+1

Âϕ
(1)
ν+1, ϕ

(1)
ν+1 =

1√︂
E

(2)
ν

Â†ϕ(2)ν , (4.9)

where ν denotes the energy level. From those relations one can deduce that the two
Hamiltonians (Ĥ1 and Ĥ2) share the same set of eigenvalues, except for the ground state
energy E

(1)
0 = 0 of Ĥ1, which does not exist in the spectrum of Ĥ2. The intertwining

operators of Eq. (4.4) transform the eigenstates into each other, except again for the
ground state of Ĥ1. In order to close the gap with the original theory, which was based
upon the anticommutation relations to relate fermions and bosons, one can define the
SUSY Hamiltonian Ĥ, together with the operators

Ĥ =

(︃
Ĥ1 0

0 Ĥ2

)︃
, Q̂ =

(︃
0 0

Â 0

)︃
, Q̂† =

(︃
0 Â†

0 0

)︃
, (4.10)

which span the closed superalgebra, defined by the commutators and anticommutators:

[Ĥ, Q̂] = [Ĥ, Q̂†] = 0, {Q̂, Q̂†} = Ĥ, {Q̂, Q̂} = {Q̂†, Q̂†} = 0. (4.11)

4.1.2 Supersymmetry in photonics

The emergence of photonic SUSY structures is based on correspondence between the
Schrödinger equation and the Helmholtz equation [93,94], which also serves as foundation
for the waveguide arrays, as outlined in chapter 2. The interplay of the different degenerate
modes of superpartners is used to tackle a plethora of challenges, like mode shaping [26,95–99],
scattering characteristics [100–102], or the design of SUSY laser arrays [103–105]. Besides inves-
tigating and harvesting the properties of SUSY itself in photonics, also its interplay with
other fields is studied, like PT symmetry [99,106,107], disorderd systems [108], or topology [109],
where topological midgap states are created from trivial configurations.

4.2 Results

As pointed out above, the two SUSY Hamiltonians are closely related and intertwined,
yet different in various aspects. The publication[M7] in section 8.2 presents how the prop-
erties of a topologically non-trivial Hamiltonian are translated to its SUSY partner. In
particular it is shown how topological phase transitions can be systematically triggered by
SUSY transformations and how this is translated to the symmetries of the system and its
transformation. The main findings are summarised below.
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4.2.1 QR factorisation

The factorisation of Eq. (4.3) is based on a continuous Hamiltonian. For finite systems,
like waveguide arrays, this approach is adapted to discrete SUSY (DSUSY) transforma-
tions. For this purpose two possible methods are usually applied [26,94,100,103], the Cholesky
algorithm [110] and the QR factorisation [110]. While the Cholesky algorithm is only valid
for the removal of the fundamental mode [100], it is possible to address arbitrary states with
the QR factorisation.
For this method a real matrix is decomposed into a real orthogonal matrix Q and a real
upper triangular matrix R. If one starts with a Hamiltonian H, where the eigenvalue λν
shall be removed one finds that

H1,ν = H − λν = QR, H2,ν = RQ. (4.12)

The Hamiltonians H1,ν and H2,ν share the same spectrum, however, the eigenmode of
H2,ν that corresponds to the eigenvalue λν is completely decoupled and hence does not
contribute to the propagation dynamics. In other words it is removed from the spectrum
of the lattice described by H2,ν .

4.2.2 SUSY partners

The starting point to study the effects of SUSY transformations upon a topologically non-
trivial lattice is the truncated SSH lattice, as described in section 2.3, which possesses a
topological edge state at each edge. The spectrum of the finite structure hence takes the
form as displayed in the right part of Fig. 4.1a, with two eigenvalues at zero energy.
This setting allows for two options, when applying a SUSY transformation; either remov-
ing the eigenvalue corresponding to a topological edge mode, or removing the eigenvalue
corresponding to a bulk mode, where the bulk mode with the highest energy is chosen for
consistency. The outcomes of both approaches differ strongly, with respect to the topologi-
cal properties. If the eigenvalue corresponding to the bulk mode with the highest energy is
removed, then the topological properties are partially destroyed. While one midgap state
remains topologically non-trivial, the other one loses its topological protection. Never-
theless, both remain at zero energy. In terms of lattice parameters, this means that the
non-topological state originates from a specifically tailored coupling and detuning distri-
bution at the left edge, while the lattice at the right edge, where the topological edge state
resides, possesses no detuning and only the alternating coupling structure from the SSH
model. The corresponding spectrum is displayed in the right part of Fig. 4.1b. It may
be noted that the removal of one lattice site necessarily needs to trigger the removal of
a topological state, since it is not possible to create an SSH lattice with the same termi-
nation from an odd number of lattice sites. If the coupling would be interchanged within
the lattice to enable an equal termination, one would create a topological interface state,
which would also reside in the band gap, rendering this possibility invalid.
If on the other hand the eigenvalue corresponding to a topological edge mode is removed,
then the topological properties are preserved and the resulting lattice possesses one topo-
logical state, which is either an edge state, or a topological interface state, due to the
non-unicity of the factorisation. In terms of lattice parameters, this means that the Hamil-
tonian possesses no detuning and that the alternating coupling (c1 and c2) is either the
same for the whole lattice (topological edge state) or undergoes a transition where its
two values are interchanged (topological interface state). The corresponding spectrum is
displayed in the right part of Fig. 4.1c.
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The origin of this distinct behaviour can be explained by the underlying symmetry of
the lattice, which is also the origin of the topological protection. The SSH Hamiltonian
possesses a chiral symmetry

Γ̂HΓ̂† = −H, (4.13)

where Γ̂ is a unitary operator. In order to assure topological protection, the SUSY partner
H2 needs to inherit this chiral symmetry. This demand is fulfilled if V = Q−1 possesses
this symmetry since from the intertwining one can conclude that

V H1,νV
−1 = H2,ν . (4.14)

Indeed when removing the eigenvalue corresponding to a topological edge mode (νtopo) one
finds that V possesses chiral symmetry, which, in turn, is translated to a chiral symmetry
of H2,νtopo . However, the removal of an eigenvalue that corresponds to a bulk mode (νbulk)
constitutes a more complex situation, since H2,νbulk possesses not only a topologically
trivial, but also a topologically non-trivial state. This seemingly paradoxical situation
can be resolved by splitting H2,νbulk into a left and a right part, corresponding to the left
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Figure 4.1 SSH model and superpartner: a The experimental measured propagation
dynamics of the initial SSH model, described by H (and H1,ν) is displayed, when exciting
the outermost waveguide, indicated by the red arrow. The sample length is 10 cm. The
intensity distribution at the end facet of the sample is shown below the propagation.
The corresponding eigenvalue spectrum is sketched to the right of the propagation plot,
where the bulk modes are represented by blue circles and the topological edge states with
yellow circles. b The propagation dynamics of a superpartner of the SSH model with a
removed bulk mode (H2,νbulk), is displayed. It is excited at the outermost waveguide. The
eigenvalue of the non-topological edge state is represented by a violet circle, and the one of
the removed mode is crossed out in the eigenvalue spectrum. c The propagation dynamics
of a superpartner of the SSH model with a removed topological edge mode (H2,νtopo), is
displayed. It is excited at the topological interface. The eigenvalue of the removed mode
is crossed out in the eigenvalue spectrum. (Adapted from [M7])
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and right sections of the lattice. It is found that the right part, which contains the edge
where the topologically non-trivial state resides, inherits chiral symmetry, while the left
part, which contains the edge where the topologically trivial state resides, has lost chiral
symmetry. The symmetry at the left part is broken by the appearance of non-zero and
non-uniform diagonal elements of H2,νbulk , which vanish, when turning to the right edge.
Furthermore, if another SUSY transformation is applied that restores chiral symmetry, the
topological protection of the state at the left edge can be restored. It may be noted that
if the removed bulk state is energetically close to the topological states, both states lose
their topological protection.

4.2.3 SUSY waveguide structures

The previously calculated and analysed lattice structures are implemented with waveguide
arrays, fabricated as described in section 2.4. The two main aspects that are experimentally
probed are on one hand the individual edge and interface states and its characteristics,
and on the other hand the demonstration that the midgap states of H2,ν share the same
energy, even though one is of topological origin and the other one is not.
The SSH lattice described by H (and H1,ν) is fabricated in a sample with 50 waveguides
having a length of 10 cm, and coupling ratios c1 = 0.5 cm−1 and c2 = 1.0 cm−1. The
propagation obtained from the fluorescence microscopy, together with the intensity at the
output facet is displayed in Fig. 4.1a, when launching the light into one of the edges.
The staggered intensity profile, with intensity only in every second waveguide matches the
theoretical prediction of the mode shape and is typical for an SSH-type edge mode [13].
The propagation dynamics of the SSH SUSY partner, described by H2,νbulk , that results
when the left edge is excited is displayed in Fig. 4.1b. The exact coupling and detuning
values may be found in the supplementary material of the publication presented in sec-
tion 8.2. It can be seen that the intensity remains at the edge, while its distribution is not
staggered and hence distinct from the topological case. The reason for this lies in the fact
that this state is still a midgap state with the same energy as the former topological state,
however, the mode results from a specifically tailored detuning and coupling distribution
at the edge and is not topologically induced.
The propagation dynamics of the SSH SUSY partner, described by H2,νtopo , which does
not posses any edge states but instead an interface state, is displayed in Fig. 4.1c, when
exciting this topological interface. The exact coupling and detuning values may be found
in the supplementary material of the publication presented in section 8.2. It can be seen
that the intensity remains localised at the interface and takes a staggered form, owing to its
topological origin, similar to the previously discussed edge modes. Note that the couplings
are calculated based on a SSH model with c1 = 0.5 cm−1 and c2 = 1.8 cm−1 in order to
enhance the effect for better visibility. However, since the mode is of topological origin,
it does not change the physical properties. The differences between the trivial mode of
H2,νbulk and the topological mode of H (and H1,ν), also manifest themselves when probing
the response to different wavelengths. When the wavelength is changed, both modes remain
localised at the corresponding edge, however since the topological edge mode only depends
on the difference |c1 − c2|, it retains its staggered shape. In contrast, the shape of the
trivial mode changes significantly with wavelength, since it relies on the exact distribution
of coupling and detuning, which have different wavelength dependencies.
In a next step it is demonstrated that the two different edge states share the same energy
as assumed by the previously described theoretical considerations. In order to probe this
aspect, the two edge states are weakly coupled with a coupling of cstates = 0.3 cm−1. If both
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Figure 4.2 Coupling of edge modes: The intensity distribution at the end facet of two
coupled waveguide arrays, for different wavelength is shown. For each measurement, i.e.
each wavelength, it is integrated over the direction orthogonal to the lattice. The lattice
with the topological edge state is located left of the interface, while the lattice with the
non-topological edge state is located right of the interface. The sample has a length of
10 cm and is excited at the topological interface state. (Adapted from [M7])

share the same energy one would expect a full energy exchange between the states if one
is initially excited. By measuring the intensity distribution using fluorescence microscopy,
it was found that the light completely vanishes from the initially excited waveguide, while
70% is transferred to he other edge state. This is in good agreement with the theoretical
predictions. The full exchange of energy is also confirmed by launching different wave-
lengths into one of the edge states and monitoring the output intensity, as displayed in
Fig. 4.2. Since a change of wavelength can effectively be understood as a rescaling of
the propagation distance (see Eq. (2.1)), the energy exchange of the weakly coupled sites
becomes clearly visible, confirming the equal energies as expected from SUSY partners.

4.2.4 Relation to current research and outlook

The previously discussed results provide insights about how topological properties relate
to their SUSY partners. This is in contrast to previous works [109], where two SUSY
partner Hamiltonians are combined to form a topological midgap state, starting from
trivial configurations. However, in both approaches the way in which the two partner
Hamiltonians are intertwined has significant influence on the topological properties. This
can be used to specifically tailor topological properties. Next, the extension to higher
dimension and further topological classes needs to be explored on a way to a generalised
model of topology and SUSY.



5 Square root topological insulators

In this chapter a new kind of topological insulator is introduced, which possesses non-
quantised indices, despite having robust edge states. To explain this phenomena, a pro-
cedure is introduced, where the quantised topological indices emerge from the square of
the Hamiltonian, giving it the notion of a square root topological insulator. After giving
a short introduction about non-trivial square roots in physics, a short summary of the
corresponding publication in section 8.3 is provided.

5.1 Square roots in physics

Probably the most famous square root in physics dates back to P. A. M. Dirac, who
sought a relativistic quantum theory that is invariant under Lorentz transformation [111].
By demanding that the time derivative is of first order and that the squared Hamiltonian
resembles the previous findings of Klein, Gordon, and Schrödinger he found the Dirac
equation, which is named after him. An essential step within this derivation was the
insight that the wavefunction is not a scalar, but a vector of four complex numbers, and
that, in turn, the Hamiltonian needs to be spanned by the Gamma matrices.
Subsequently, it was found that this squaring operation can be extended to numerous other
fields, or is in fact intrinsically incorporated. It is e.g. connected to supersymmetric trans-
formations [112,113], where the supersymmetric partner Hamiltonians Ĥ1, Ĥ2 (see Eq. (4.8))
possess the squared energy spectrum. Meanwhile, the Dirac Hamiltonian itself is linearly
constructed from the operators Â, Â† (see Eq. (4.4)).
It is furthermore useful for the evaluation of topological properties of mechanical sys-
tems [114], since the time derivative is of second order. By reducing the Hamiltonian to its
square root it is possible to evaluate the topological properties. It may be noted that the
supersymmetric considerations are especially useful for those evaluations.
In line with the previous findings, the square root procedure can also be used to alter or
explore the topological features in general [109,115]. By constructing the Hamiltonian from
the operators Â, Â† or Q̂, Q̂† (see Eq. (4.10)), it is possible to define a square root that
intertwines two previously decoupled lattices, using the framework of SUSY [109]. Simi-
larly this can also be approached independently from SUSY, by defining the square root
operations directly on the Hamiltonian and not with the help of SUSY operators [115,116].

5.2 Non-quantised topological indices

In section 2.3 it was pointed out that a topological index ought to be quantised in order
to assure topological protection.1 In the case of the Zak phase, which is the topological
invariant used for this work, this is assured if inversion symmetry is present [41]. However,
even in the presence of an inversion symmetry, but with an inversion symmetry axis that
is not located at the center of the unit cell, this quantisation vanishes [118]. Nevertheless,
these systems may possess robust edge states. In order to properly characterise systems
with a non-quantised index, the underlying mechanism needs to be identified and taken
into account. If the topology is inherited from a higher dimension, it is necessary to

1An exception is the fractional quantum Hall effect, which relies on electron-electron interaction [117].
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use the invariant of this dimension, e.g. a Chern number as in the case of the Aubry-
Andrè-Harper (AAH) model [119–123]. Another proposal for coupled systems separates those
into topologically non-trivial and topologically trivial subspaces [124]. A different general
approach normalises the Zak phase to remove non-quantised contributions [118]. In the
following section a new mechanism presents how non-quantised indices can emerge, and in
turn, be characterised, by using a square root procedure.

5.3 Results

Within the publication[M6] in section 8.3 it is presented how non-quantised topological
indices emerge in a one-dimensional system, despite having robust edge states that are
experimentally confirmed. To explain this phenomena, a framework for a square root
procedure is introduced, leading to quantised topological indices. The main findings are
summarised below.

5.3.1 Aharonov–Bohm cages

The model, used to demonstrate the findings, consists of a rhombic chain threaded by a
flux of ϕ, as depicted in Fig. 5.1a. The lattice sites are weakly coupled with a coupling
strength c along the lines, the unit cell is indicated by the dashed box, and its elements are
labelled an, bn, cn respectively. The corresponding Hamiltonian, after applying a Fourier
transform, takes the form

H(k) = c

⎛⎝ 0 1 + e−ik e−iϕ + e−ik

1 + eik 0 0
eiϕ + eik 0 0

⎞⎠ . (5.1)

The resulting band structure for ϕ = 0 and ϕ = π is depicted in Fig. 5.1b and c, re-
spectively, showing that for a flux of ϕ = ±π all bands become flat, which corresponds
to the Aharonov–Bohm caging effect [125,126]. In this regime, all wave spreading comes
to a halt, due to destructive interference. The following analysis will be focused on this
specific parameter, since it is realised in the experiments, however, numerous theoretical
considerations can be extended to arbitrary flux (see Supplementary Information in section
8.3).
Evaluating the Zak phase (see Eq. (2.11)) for ϕ = π leads to values of Zν =

{︁
π
2 , π,

π
2

}︁
,

for the upper (ν = 1), central (ν = 2) and lower (ν = 3) band, correspondingly, which
are not quantised in units of π. Nevertheless, the values are restricted by nonsymmorphic
symmetries of the form

χ =

⎛⎝1 0 0
0 −e−ik 0
0 0 −e−iϕe−ik

⎞⎠ Π =

⎛⎝1 0 0
0 e−ik 0
0 0 e−iϕe−ik

⎞⎠ , (5.2)

which transform the Hamiltonian H(k) (see Eq. (5.1))

ΠH(k)Π−1 = H∗(k) χH(k)χ−1 = −H∗(k). (5.3)

This translates to the Zak phase by restricting Z1 + Z3 ∈ {0, π} and Z2 ∈ {0, π}, due
to the Π symmetry, and Z1 = Z3 ∈ {0,±π/2} and Z2 ∈ {0, π}, due to the χ symmetry.
However, despite the non-quantised Zak phase, the system exhibits robust boundary states
(for the disorder analysis see section 5.3.3 below), which have the eigenenergies

√
2c.
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Figure 5.1 Lattice structure and band structures: a The lattice structure, together
with its unit cell is displayed. The lattice sites are coupled along the black lines. b, c The
band structures for the cases ϕ = 0 and ϕ = π are displayed respectively. For the latter
case, the energies of the boundary states and the Zak phases of the bands are included.
d The band structure of the squared Hamiltonian, together with the Zak phases and the
energy of the boundary states is displayed. (Adapted from [M6])

5.3.2 Squaring operation

The seemingly contradictory findings from the previous section are resolved by applying
a squaring procedure, as depicted in Fig. 5.1d, where the squared energy of H is shown,
together with the eigenvalues of the boundary states. It may be noted that the boundary
states are now midgap states, positioned in the center of the gap between the two bands,
similar to the SSH model, as discussed in section 2.3. If one evaluates the topological
invariant of the squared system one finds that the topological invariants are quantised.
Since two bands are degenerate, due to the squaring operation, it is necessary to use the
Wilzcek–Zee phase (see Eq. (2.16)) which serves as a generalised Zak’s phase. The resulting
quantisation of the topological index is a result of the underlying symmetries since the
squaring operation preserves the symmetries, resulting in Z1,3 ∈ {0, π} and Z2 ∈ {0, π},
due to both Π and χ symmetry individually.
It was therefore possible to identify the underlying topological structure of H(k) (see
Eq. (5.1)) by squaring it. In other words, H(k) can be seen as a square root topological
insulator, emerging from H2(k). In order to properly define the square root operation,
the Hamiltonian is expanded into Gell-Mann matrices and the properties of the underlying
algebra is used (see Supplementary Information in section 8.3 for the details).

5.3.3 Robustness

The previously claimed robustness of the topological boundary mode is investigated by
studying the average energy offset as well as the average second moment under the influ-
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Figure 5.2 Energy deviations and localisation: a The averaged mean squared energy
difference ⟨|Ebound/c −

√
2|2⟩ of the boundary state Ebound in the presence of disorder

compared to the undisturbed system E =
√
2c, is plotted against the disorder strength σ.

The different disorder types either preserve one of the symmetries (χ or Π) or break both.
The disorder distribution has a vanishing mean and the gap between the boundary state
and the nearest bulk band is displayed by the vertical line. The coloured areas represent
an energy offset bigger (red) or smaller (green) than (σ/c)2, defining the energy scale of
the disorder. For the simulations a lattice with 99 sites was used. Every disorder strength
σ was realised 10000 times. b Using the same parameters as in a, the averaged second
moment of the boundary mode is shown, representing its localisation. (Adapted from [M6])

ence of disorder (Fig. 5.2). Since the topological properties originate from the underlying
symmetries, as described in the previous section, the disorder is designed to specifically
protect or break a certain symmetry. Based on the previous findings, it is sufficient if ei-
ther Π or χ symmetry is present, since both individually lead to a quantisation of the Zak
phase. In this vein, three disorder types are probed, Π preserving and χ breaking disorder,
χ preserving and Π breaking disorder, and a disorder that breaks both, Π and χ symme-
try. As displayed in Fig. 5.2 the energy, as well as localisation of the boundary mode is
protected if at least one symmetry is present. This is in agreement with the characteristic
robustness expected for topological boundary modes.

5.3.4 Experimental realisation

In order to realise the previously described structure with the femtosecond laser writing
technique (see section 2.4), it is not sufficient to just fabricate the waveguides in a rhombic
arrangement, since a flux of ϕ = π needs to be present. The positive refractive index change
leads to positive coupling constant, which, in turn, results in a vanishing flux. This problem
is resolved by using an auxiliary waveguide, with a specifically tailored detuning, in between
two evanescently coupled waveguides [127]. This arrangement results in a negative coupling
between the outer waveguides, while the auxiliary waveguide is energetically decoupled
from the others (see Fig. 5.3a). By using either one (or three) auxiliary waveguides per
plaquette, a flux of ϕ = π is achieved.
In order to confirm the presence of flux, the bulk of a lattice with 15 waveguides, cor-
responding to five unit cells, and an inter site coupling of |c| = 0.85 cm−1, is excited.
According to the theoretical predictions, spreading is inhibited in this case, due to the
Aharonov–Bohm caging effect based on destructive interference. This behaviour can be
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Figure 5.3 Negative coupling and fluorescence images: a The mapping to achieve
negative coupling by using and auxiliary waveguide is sketched, together with the resulting
lattice structure. b-d The fluorescence images obtained from single site excitations are
displayed. The excited lattice site is indicated by the orange filling. The samples have a
length of 10 cm. (Adapted from [M6])

confirmed, as displayed in Fig. 5.3b and d, which clearly show a caging effect. Due to weak
excitations of neighbouring waveguides, small deviations between theory and experiment
arise. The oscillation patterns occur, since several modes are excited simultaneously. While
for the excitation displayed in Fig. 5.3b all modes are excited, only two modes are excited
for the case shown in Fig. 5.3d. From the latter one it is, furthermore, possible to retrieve
the energy difference between the modes by measuring the oscillation period, which leads
to ∆Ebulk = 3.48 cm−1 ± 0.10 cm−1.
In a second step the topological edge state is excited and measured, as displayed in Fig. 5.3c.
As predicted, the boundary mode stays localised at the edge, due to its topological pro-
tection. Furthermore, it shows a distinct oscillation pattern, due to the overlap between
the boundary modes, which possess the theoretical energies Ebound = ±

√
2c. By measur-

ing the oscillation period an energy difference of ∆Ebound = 2.44 cm−1 ± 0.07 cm−1 can
be retrieved. By comparing the energy differences of the bulk and boundary modes, it
is possible to obtain the energy ratio, which yields ∆E2

bulk/∆E
2
bound = 2.03 ± 0.23 from

the experimental data, compared to a value of ∆E2
bulk/∆E

2
bound = 2 from the theoretical

considerations. These considerations confirm the energy relations of the different modes in
the presence of a flux of ϕ = π.

5.3.5 Relation to current research and outlook

The previously outlined results offer a roadmap to take the square root of of a Hamiltonian
in order to reveal its topological properties. Different approaches have been pursued to
also aim for a useful notion of a square root. One strategy uses supercharges to intertwine
two previously decoupled systems to form a topological non-trivial system [109]. This is in
contrast to the previously discussed work since its main focus is to create a topological non
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trivial system and not to reveal its topological origin. Another work [115,116] differs in a
similar way, where the square root operation is connected to a doubling of the underlying
Hilbert space. Furthermore, it discusses Zak phases, which are quantised in both the
original and the square root systems. This is in stark contrast to the previously discussed
findings, which offer an explanation to non-quantised topological indices, which emerge in
square root systems.
Experimentally the Aharonov–Bohm caging effect is also realised by using a different,
intriguing approach [128,129], which uses temporal modulations (along the z-coordinate) of
the waveguide structure. While this method offers the possibility to realise arbitrary flux,
it requires a finely tuned set of parameters. This is in contrast to the previously discussed
method of using a detuned auxiliary waveguide, which allows for a flux that is always fixed
at a value of ϕ = π.
A completely different method to achieve an Aharonov–Bohm caging effect is pursued
in another recent work with different collaboration partners and a different experimental
platform[M10]. In this work, modes with orbital angular momentum are used to achieve
a non-vanishing flux [130,131], instead of changing the geometry of the lattice. It hence
manipulates the flux solely by its input signal.
For future work it remains open, if the supersymmetric and square root operations can
be united in a generalised concept. Furthermore, it could be investigated if the different
approaches of treating non-quantised topological indices can be unified or categorised.



6 Non-Abelian geometric phases

In this chapter it is elucidated how non-Abelian geometric phases, which are closely related
to non-Abelian fields, naturally arise in energetically degenerate structures and, in turn,
how those can be realised with coupled waveguides. The design is optimised by using
the concept of the quantrum metric. After giving a short introduction about those two
concepts, a summary of the corresponding publication in section 8.4 is provided, where an
experimental demonstration of non-Abelian geometric phases is presented.

6.1 Non-Abelian fields

The following elaborations about non-Abelian gauge fields are mainly based on [11,132]. Non-
Abelian gauge fields are associated with fields that are locally symmetric under phase, or
in general, unitary transformations. As an example, the action and Lagrangian density of a
one-component, complex, scalar field ϕ is invariant under a transformation ϕ ↦→ ϕ′ = eiαϕ,
with a constant α, like it is the case for the Schrödinger equation. However, in order
to assure a local invariance with an α = α(x, t), one needs to couple the field to a gauge
potential A, which adds a term that adapts the transformation of the derivatives. By using
this procedure of minimal coupling, the partial derivatives (∂µ) are replaced by covariant
derivatives (Dµ) [11].

∂µϕ ↦→ Dµϕ = ∂µϕ+Aµ (6.1)

this definition assures the transformation Dµ(A
′)ϕ′ = eiαDµ(A)ϕ, if

Aµ ↦→ A′
µ = Aµ − i∂µα(x, t). (6.2)

Note that for this chapter the greek letters are used to label spacetime indices. Hence,
µ takes the values (0, 1, 2, 3, 4). Furthermore, the Einstein summation convention applies.
With these definitions, the action and Lagrangian density are invariant under the local
phase transformations. The commutator of the covariant derivatives leads to the field
strength tensor

[Dµ, Dν ] = Fµν , (6.3)

which is known e.g. known from electrodynamics for an Abelian gauge field with symmetry
group SU(1). The whole procedure can be adapted to multi-component fields with N
components that are invariant under a local unitary transformation

ϕi ↦→ ϕ′j = Ujiϕ
i, (6.4)

where U is a unitary matrix, and where the superscript index labels the components. By
using the minimal coupling principle as described before, one finds that the resulting gauge
field A needs to be a matrix-valued quantity, of dimension N ×N for each component. It
needs to transform according to

Aµ ↦→ A′
µ = UAµU

† + U∂µU
†, (6.5)

which again assures the invariance of the the action and Lagrangian density. Note that in
this case the components Aµ are matrix valued and in general not commuting, providing
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the notion of a non-Abelian gauge field. Importantly these are interacting fields, as becomes
clear when looking at Eq. (6.3), since the commutator between different field components
Aµ does not vanish. An important example for the application of non-Abelian gauge fields
is in quantum chromodynamics, which is the theory of strong interactions, which has the
symmetry group SU(3).

6.1.1 Parallel transport

Besides local quantities, like the field strength tensor in Eq. (6.3), it is also possible to
construct non-local quantities. These are important when dealing with gauge fields and
one example are the so-called Wilson loops WC . Those emerge when calculating the parallel
transport of a (multi component) field ϕ in presence of a gauge field. Mathematically this
is achieved by demanding a vanishing of the covariant derivative

Dµϕ = 0 (6.6)

along a closed path C. Evaluating this expression results in

ϕC = Û(C,A)ϕ0 where Û(C,A) = T̂ exp

⎛⎝−
∮︂
C

dxµAµ

⎞⎠ , (6.7)

with the time ordering operator T̂ . This leads to the gauge invariant expression

WC = tr
(︂
Û(C,A)

)︂
, (6.8)

which is not influenced by choosing a different gauge. By evaluating Wilson loops it is e.g.
possible to reconstruct gauge potentials [133]. For the case of an Abelian gauge field the
expression in the exponent is equivalent to the magnetic flux, and is for example used in
this form when evaluating the Aharonov-Bohm effect [125].

6.1.2 Non-Abelian geometric phases

Despite being derived in the context of fundamental theories, non-Abelian gauge structures
are a frequent appearance in any dynamics involving degenerate subspaces. This discovery
of Frank Wilczek and Anthony Zee [49] offers a generalisation of the Berry phase [40] for
degenerate eigenstates. However, it may be noted that similar mathematical structures
were found already in 1929 by Van Vleck [134] but were not embedded in the mathematical
context of geometric phases. Wilczek and Zee consider the evolution of a state governed
by a Schrödinger-type equation confined to a degenerate subspace of the Hamiltonian H.
This is achieved by adiabatically changing a set of parameters ci. Starting with an initial
state ϕ⃗init, one can calculate its propagation to a final state ϕ⃗fin according to Eq. (2.7)
when changing the parameters ci(z). However, if one is limited to a degenerate subspace
and also demands that ci(zinit) = ci(zfin), one finds for a finite-dimensional, discrete system

ϕ⃗fin = Uϕ⃗init with U = T̂ exp

⎛⎝−
∮︂
C

dciAi

⎞⎠ (6.9)

where the components of the matrix Ai are given by

(Ai)jk = D⃗†
j

∂

∂ci
D⃗k, (6.10)
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with the degenerate set of eigenstates
{︂
D⃗i

}︂
of the Hamiltonian H. The expression in

Eq. (6.9) is identical to Eq. (6.7), which indicates the non-Abelian gauge structure. The
gauge transformations translate to a change of basis, which act upon the gauge field A,
exactly as described in Eq. (6.5). The first experimental observation was achieved by using
nuclear quadrupole resonances [135].

6.2 Quantum metric

The previously described parameter variation can be understood as the propagation of a
state in a curved space. Therefore, it is possible to define a metric tensor gij , on this
manifold [136–138]. Based on the projectors of the degenerate subspace P =

∑︁
i
D⃗iD⃗†

i it is

possible to construct a line element and hence metric [136–139]

tr

(︃
∂

∂ci
P ∂

∂cj
P
)︃
dcidcj = gijdc

idcj . (6.11)

This expression is also known as the real part of the quantum geometric tensor. With the
definition of a metric it is also possible to define a path length [136,138]

L =

zfin∫︂
zinit

√︃
gij
∂ci

∂z

∂cj

∂z
dz. (6.12)

It was found that this quantity is part of the diabatic error that arises from a non-perfect
adiabatic evolution [138]. This error is not based on the propagation time compared to the
energy splitting, but solely relies on the geometric properties of the chosen path.

6.3 Results

In the publication[M5] presented in section 8.4, it is shown how the concept of non-Abelian
gauge fields can be experimentally realised with waveguides. By using the properties of
the quantum metric, an optimal design is found and several Wilson loops are measured.
The main findings are summarised below.

6.3.1 Tripod structure

As a starting point an arrangement of waveguides is needed that possesses degenerate
eigenstates, but is still relatively simple in order to reduce experimental inaccuracies. In
this vein, a tripod structure is used, which was shown to be suitable for our purposes in
a theoretical study [140]. The overal setting is similar to the stimulated Raman adiabatic
passage (STIRAP) mechanism [141]. It is displayed in Fig. 6.1a and is characterised by the
couplings {S, P,Q} in-between the waveguides {L,R,U,C}. The resulting Hamiltonian
reads

H =

⎛⎜⎜⎝
0 0 0 S
0 0 0 P
0 0 0 Q
S P Q 0

⎞⎟⎟⎠ , (6.13)



32 6 Non-Abelian geometric phases

SP

Q

U

R L

C

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

co
u
p
li
n
g
[c
m

−
1
]

z [cm]
0 3 6 9 12 15

S P Qba

Figure 6.1 Tripod structure and coupling variation: a The waveguide arrangement,
consisting of waveguides {L,R,U,C}, which are connected by the couplings {S, P,Q} in-
between the waveguides . b The couplings along the propagation direction is plotted. The
colours and line styles are according to a. (Adapted from [M5])

when coupling the sites in the order {L,R,U,C}, hence sites {L,R,U} are only coupled
to site C. This Hamiltonian possesses two degenerate states, as needed (see 6.1.2 above),
which read [140]

D⃗1 =

⎛⎜⎜⎝
sin θ

− cos θ
0
0

⎞⎟⎟⎠ D⃗2 =

⎛⎜⎜⎝
cos θ sinφ
sin θ sinφ
− cosφ

0

⎞⎟⎟⎠ , (6.14)

with θ = arctan(P/S) and φ = arctan(Q/
√
S2 + P 2), and both possess the eigenvalue 0. It

may be noted that, first, both states have a vanishing intensity at the central site C, which
is beneficial for the experimental validation, and, second it is sufficient to parametrise both
states with only two parameters, despite having three couplings. The latter fact results
from the normalisation of the eigenstates, which fixes one degree of freedom.

6.3.2 Non-Abelian gauge field

For the experimental implementation the situation is chosen that Q is constant while S and
P are varied along the propagation direction which simplifies the experimental constraints
but still allows for a suitable implementation of non-Abelian geometric phases. Following
the procedure outlined in 6.1.2 and in a more detailed fashion in the appendix of the
publication in section 8.4 one finds for the components of the gauge potential

AS = i
PQ

(S2 + P 2)
√︁
S2 + P 2 +Q2

σy (6.15)

AP = −i
SQ

(S2 + P 2)
√︁
S2 + P 2 +Q2

σy, (6.16)

where σy corresponds to the second Pauli matrix. From those expressions, the Wilson loop
(Eq. (6.7) and (6.9)) can be calculated. The resulting expressions may be found in [140] or
in the appendix of the publication at section 8.4.
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6.3.3 Experimental design

For the implementation of different Wilson loops, the couplings S and P are varied along
the propagation direction in a Gaussian shape, as depicted in Fig. 6.1b. The pattern follows
the pulse sequences known from the STIRAP protocol [140,141] and takes the limits

lim
z→zinit

P (z)

S(z)
= 0 and lim

z→zfin

S(z)

P (z)
= 0. (6.17)

This simplifies the form of the dark states at the beginning and the end of the sequence,
since D⃗1(zinit) has its only non-vanishing contribution at site L, while D⃗2(zinit) has its only
non-vanishing contribution at site R. At the end facet this relation is interchanged. As
a consequence, it is not only possible to selectively excite D⃗1 or D⃗2, but also to retrieve
the population of those at the end of the sequence, by just measuring the intensities
in the corresponding waveguides L and R. From the initial and final state populations
(intensities) it is then possible to retrieve the elements of the unitary evolution (see Eq. (6.7)
and (6.9)) and in turn calculate the Wilson loops. However, it is important to note that
the whole line of argumentation crucially relies on the adiabaticity of the evolution which
in turn is limited by the experimental constraints. The two most significant restrictions are
the sample length, which is limited to 15 cm and the coupling, which should be sufficiently
small in order to avoid effects that are beyond the tight binding model. Furthermore, it
is crucial to avoid coupling in-between L,R and U , which arises if the waveguides are in
close proximity. However, in order to achieve an adiabatic evolution it is desirable to have
a big energy splitting (hence big couplings) together with a long sample length.

6.3.4 Quantum metric

Based on the concluding remarks of the previous section, the concept of the quantum metric
is used to find a suitable set of parameters, for which the diabatic error is minimised, under
the constraint of a limited sample length and limited coupling. This error is used, since
it is not based on the propagation time compared to the energy splitting, but solely relies
on the geometric properties of the chosen path. This also means that the optimisation
is performed independent of the input signal, which is beneficial for designing (quantum)
gates, where different inputs are used.
Using the definitions of the dark states in Eqs. (6.14) it is possible to derive the corre-
sponding quantum metric (see Eq. (6.11)), which reads

g = 2

(︃
1 0
0 cos2 φ

)︃
. (6.18)

Based on this quantity the path length of Eq. (6.12) is calculated for the parameters that
define the pulse sequence, like amplitude, width and position. By minimizing this path
length an optimal set of parameters is found.
In order to underline the effectiveness of the quantum metric optimisation, we also compare
it with simulations of the full propagation, where we integrate over the intensity in the
central waveguide C, while taking into account both possible dark-state excitations. We
chose this measure, since the states D⃗1 or D⃗2 never populate the central site C. Any
excitation in the central waveguide is thus a clear sign of leakage out of the subspace which
does not happen in a perfectly adiabatic evolution. Both simulations show a similar trend,
however, the quantum metric optimisation has two major benefits. First, the resulting
curves over the parameter space are much smoother, which makes it easier to find an
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Figure 6.2 Bright state deviations and path length: a The integrated intensity of
the central waveguide C along the propagation is plotted, taking into account both possible
dark-state excitations. It is dependent on the coupling Q, and the shift of the Gaussian
shaped couplings of S and P against each other. b The path length, based on the quantum
metric, is plotted over the same parameter space as in a. (Adapted from [M5])

optimum. This is based on the fact that the intensity of the central waveguide is used
and not a projection upon the eigenstates. Nevertheless, we chose this measure since it is
easily accessible. Second, the computational effort is much lower when using the quantum
metric, since it is not necessary to simulate the full propagation but instead one only has
to solve a one-dimensional integral. Two exemplary plots are displayed in Fig. 6.2 for the
strength of the coupling Q, and the shift τ of the peak of the Gaussian shaped couplings of
S and P against each other, which clearly show the same trend. Other comparisons may
be found in the appendix of the publication in section 8.4.

6.3.5 Experimental results

Based on the setting and optimisation explained above, three different Wilson loops, hence
three different curves through the parameter space, are implemented and measured. As
described above, the samples are exited at a single site and the intensities at the end
facet are measured. An exemplary intensity distribution of the end facet is depicted in
Fig. 6.3a, where it is clearly visible that the central waveguide C is almost not populated,
which is a sign of the adiabatic evolution. The positions of the waveguides L and R are
not symmetric, since the two Gaussian functions of the couplings are shifted against each
other, which means that coupling S is already smaller than P (see Fig. 6.1b), and hence
that L is further away from the central waveguide than R. From those intensities the
values of the Wilson loops are calculated. The results are summarised in Fig. 6.3b and are
in good agreement with the theoretical predictions. The adiabaticity of the evolution is
also probed by means of fluorescence microscopy (see section 2.4), where it is confirmed
that the central waveguide C is almost not populated during the whole propagation. The
corresponding measurement may be found in Fig. 3 in the publication in section 8.4.

6.3.6 Relation to current research and outlook

The implementation of non-Abelian geometric phases is especially important for holonomic
quantum computation, where the holonomy, associated with a loop C is given by the unitary
evolution in Eq. (6.9) [142,143]. The presented setting is also generalised to highly degenerate
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Figure 6.3 Intensity distribution and experimental results: a The intensity dis-
tribution at the end facet of a 15 cm long waveguide structure is shown, from which the
Wilson loops are calculated. b The calculated and measured Wilson loops for different
paths through parameter space. The details concerning the exact couplings may be found
in the publication in section 8.4. (Adapted from [M5])

structures to implement other symmetry groups [144], which is an important advantage over
two level systems, which are limited to the SU(2). Other approaches to achieve non-Abelian
structures are by means of braiding [145], artificial atoms in superconducting circuits [146],
by using a spin-orbit coupling in cold atoms [147,148] or light [149], by coupling levels of the
hyperfine ground states of rubidium-87 [150], or by manipulating the polarisation e.g. by
using phase modulations and the Faraday effect [151].
In a next step the experiments could be extended to the quantum regime by using single
photons. Furthermore, it could be investigated if the quantum metric can be related to
the concept of shortcut to adiabaticity [152], since both aim at a similar goal.





7 Conclusion

In this thesis the interplay of symmetries and topology was studied, using laser written
waveguide arrays. As elaborated in the introduction, these symmetries are taking a special
role, within the field of physics, since they are often not part of a common classification.
Starting from the symmetries of non-Hermitian systems, the thesis also covers the role
of partner Hamiltonians that have been constructed to either manipulate of reveal the
topological properties. It concludes with continuously changing Hamiltonians that lead to
non-Abelian geometric phases, normally known from quantum field theory.

The first object under investigation was the discrete PT symmetry, which can lead to real
eigenvalues of a Hamiltonian, despite being non-Hermitian. In order to approach this topic
experimentally, a novel method to introduce isotropic loss was introduced, which has also
found application in different settings. With this method at hand, it was possible to create
and study a two-dimensional PT symmetric lattice. This lattice was designed to possess a
topological phase transition, as well as a PT phase transition. Both could be measured in
the performed experiments and matched the theoretical predictions.

For the second topic, the impact discrete supersymmetric transformations have upon the
topological phases of the archetypical SSH model was investigated. It was found that
topological protection can be lifted and re-established from the edge states. The crucial
ingredient to explain this behaviour has been the chiral symmetry of the lattice, which
needs to be inherited by the supersymmetric transformations in order to preserve topolog-
ical protection. These considerations were experimentally demonstrated by measuring and
comparing the topological edge states as well as the non-topological edge states. Further-
more, it was shown that both states share the same eigenvalue, which is a crucial property
of supersymmetric partners. An important experimental tool for those measurements was
the use of a white light source in order to investigate the wavelength dependency of the
waveguide structure.

The concept of partner Hamiltonians was extended in the next work, where the new class
of square root topological insulators was used to reveal the topology of a Hamiltonian
by using a squaring operation. Instead of creating a partner Hamiltonian with a different
topology, one establishes a map to reveal the topological properties. The key to experimen-
tally demonstrate this concept was the introduction of a negative coupling to enable the
Aharonov-Bohm caging effect. After measuring the caging effect and thereby validating
the negative coupling, the edge states have been measured.

For the fourth topic, the Hamiltonian is not just related to a single partner Hamiltonian,
but is, moreover, continuously changed during the propagation. This procedure gave rise
to non-Abelian geometric phases, which have been measured by evaluating Wilson loops.
In order to fulfil the demanding experimental constraints, the quantum metric has been
applied as a precise, yet computationally undemanding, tool for optimisation.

Along the way of attaining a suitable experimental implementation of the desired models,
some concepts have been established that might be, or already have been, adapted for dif-
ferent applications. This concerns especially the novel method of creating tailored loss by
dwelling. It offers the possibility to implement an isotropic loss mechanism and it neither
relies on the existence of PT symmetry, nor on the existence of topological edge states.
Another example is the application of the quantum metric to find the most adiabatic evo-
lution, based solely on the underlying geometry. The optimisation is therefore independent
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of the input signal, which might prove useful when designing quantum gates that rely on
adiabatic evolution.
While the previously outlined findings shed more light on the interplay of topology and
symmetries, but they have also opened up several new questions, which might hopefully
answered in the future. Can the supersymmetric and square root operations be united in
a generalised concept? Can the quantum metric be related to the concept of shortcut to
adiabaticity? Is it possible to use discrete SUSY transformations in higher dimensions to
manipulate topological edge transport?
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With the discovery of PT -symmetric quantum mechanics, it was shown that even non-

Hermitian systems may exhibit entirely real eigenvalue spectra. This finding did not only

change the perception of quantum mechanics itself, it also significantly influenced the field of

photonics. By appropriately designing one-dimensional distributions of gain and loss, it was

possible to experimentally verify some of the hallmark features of PT -symmetry using

electromagnetic waves. Nevertheless, an experimental platform to study the impact of PT
-symmetry in two spatial dimensions has so far remained elusive. We break new grounds by

devising a two-dimensional PT -symmetric system based on photonic waveguide lattices

with judiciously designed refractive index landscape and alternating loss. With this system at

hand, we demonstrate a non-Hermitian two-dimensional topological phase transition that is

closely linked to the emergence of topological mid-gap edge states.
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In 1998, Carl M. Bender and Stefan Boettcher challenged the
conventional wisdom of quantum mechanics that the Hamil-
tonian operator describing any quantum mechanical system

has to be Hermitian1. They showed that Hamiltonians that are
invariant under combined parity-time (PT ) symmetry transfor-
mations likewise can exhibit entirely real eigenvalue spectra2. This
insight had a particularly profound impact in the field of pho-
tonics, where PT -symmetric potential landscapes can be imple-
mented by appropriately distributing gain and loss for
electromagnetic waves3–5. Following this approach, it became
possible to observe some of the hallmark features of PT sym-
metry, such as the existence of non-orthogonal eigenmodes6

and exceptional points7,8, diffusive coherent transport9, and to
study their implications in settings including nonlinearity10,
PT -symmetric lasers11,12, and topological phase transitions13–15.
Similarly, PT -symmetry has enriched other research fields ran-
ging from PT -symmetric atomic diffusion16, superconducting
wires17,18, and PT -symmetric electronic circuits19.

Nevertheless, to this date, all experimental implementations
of PT -symmetric systems have been restricted to one effective
spatial dimension, which is mostly due to technological limita-
tions involved in realizing appropriate non-Hermitian potential
landscapes.
In this work, we report on the experimental realization and

characterization of a two-dimensional PT -symmetric system by
means of photonic waveguide lattices with judiciously designed
refractive index landscape and alternating loss. A key result of our
work is the demonstration of a non-Hermitian two-dimensional
topological phase transition that coincides with the emergence of
mid-gap edge states. Our findings lay the foundation for future
investigations exploring the full potential of PT -symmetric
photonics in higher dimensions. Moreover, our approach may
even hold the key for realizing two-dimensional PT -symmetry
beyond photonics, e.g., in matter waves and electronics.

Results
Theory. PT -symmetric systems are described by a Hamiltonian
that is invariant under parity-time symmetry transformations1. In
a more formal language, this means that if the Hamiltionian Ĥ
commutes with the PT -operator: Ĥ; PT

� �
¼ 0, and the Hamil-

tonian shares the same set of eigenstates with the PT -operator,
then the entire set of eigenvalues of Ĥ is real. A necessary con-
dition for this symmetry to hold is that the underlying potential
obeys the relation V̂ �xð Þ ¼ V̂ � xð Þ1. Whereas complex poten-
tials tend to be difficult to realize in most physical systems, in
2007 it was shown that photonics provides a suitable testbed due
to the complex-valued character of the refractive index3,4. Since
then, PT -symmetric systems have been explored in a variety of
photonic platforms, ranging from waveguide arrays6, fiber lat-
tices7, and coupled optical resonators20 to plasmonics21 and
microwave cavities22. The implementation of PT -symmetry in
photonics is based on the observation that the Schrödinger
equation of quantum mechanics for the probability amplitude ψ
(x, y, t),

i�h
∂

∂t
ψ x; y; tð Þ ¼ � �h2

2m
∇2ψ x; y; tð Þ þ V x; y; tð Þψ x; y; tð Þ; ð1Þ

and the paraxial Helmholtz equation of electromagnetism for the
electric field amplitude E(x, y, z),

i
n0
2k0

∂

∂z
E x; y; zð Þ ¼ � n0

2k20
∇2E x; y; zð Þ � n x; y; zð ÞE x; y; zð Þ; ð2Þ

are formally equivalent if the potential V(x, y, t) in the Schrö-
dinger equation is replaced by the refractive index profile −n(x, y,

z) in the Helmholtz equation23. PT -symmetry then translates
into the following condition for the complex refractive index:

n �x;�y; zð Þ ¼ n� x; y; zð Þ ð3Þ

In other words, the real part Re(n(x, y, z)) needs to follow a
symmetric distribution, while the imaginary part Im(n(x, y, z))
has to be antisymmetric under the parity operation. In general,
the latter implies that loss in one propagation direction has to be
compensated by an identical gain in the opposite direction3. It
turns out, however, that this stringent requirement can be relaxed
in tight-binding systems, where an alternating loss distribution is
sufficient to obtain PT -symmetric behavior9,24. Indeed, such
passive systems exhibit exactly the same evolution dynamics that
one would expect in active structures if one accounts for a
constant global loss by normalizing the field intensity, an
approach we followed up on in our work.
Nevertheless, to date PT -symmetry was only realized in one-

dimensional (1D) systems, which drastically limits the spectrum
of accessible physical effects. For example, the second spatial
degree of freedom in two-dimensional (2D) structures allows for
the study of various additional symmetries, such as rotation, and
their interplay with PT -symmetry. Moreover, one can introduce
anisotropy with much more variety than in just one dimension.
Furthermore, some physical effects fundamentally change their
characteristics depending on the dimensionality, such as
Anderson localization. This also applies to nonlinear optics, in
particular solitons, which exhibit entirely different properties in
2D systems. The dimensionality is likewise of great importance
for topological systems, since topological indices such as Chern
number, Z2 invariant or Bott index in general necessitate at least
a two-dimensional parameter space in which they can be defined.
Moreover, chiral edge states can exist only along the edge of a 2D
system. In our work, we break new grounds by devising a
platform for the implementation of 2D PT -symmetry that may
enable future studies of this wide range of effects.

Setting. We consider so-called “photonic graphene”, a regular
arrangement of waveguides in a honeycomb geometry (sketched
in Fig. 1a)25. In order to establish the necessary potential con-
dition for PT -symmetry Eq. (3), the two triangular sublattices of
the honeycomb may exhibit different loss, symbolized by the
yellow and blue filling of the individual lattice sites, respectively.
We describe the light evolution in this system by the tight-
binding approximation of Eq. (2), which reads as26:

i∂zam;n ¼ iγam;n þ c bm�1;n þ bm;nþ1 þ bm;n�1

� �
ð4aÞ

i∂zbm;n ¼ �iγam;n þ c amþ1;n þ am;nþ1 þ am;n�1

� �
ð4bÞ

The am,n and bm,n denote the amplitudes at the lattice sites of
the two sublattices, γ describes the gain/loss, and c is the coupling
constant.
Launching a light beam into the waveguides results in spatial

beam dynamics (governed by Eqs. (4a) and (4b)) that, for the case
of neither gain nor loss in both sublattices, resembles the
evolution of a single electron in carbon-based graphene according
to Eq. (1). One of the striking features of the graphene band
structure is the existence of the so-called Dirac region in the
vicinity of the conical intersection points (“diabolical points”)
between the first and the second bands, displayed in Fig. 1b. In
these regions, the tight-binding Hamiltonian of our PT -sym-
metric photonic graphene can be expanded into a Taylor series26

to obtain a mathematical structure resembling the Dirac equation

Ĥ ¼ c
ffiffiffi
3

p
~νσ1 þ c

ffiffiffi
3

p
~μσ2 þ iγσ3 ð5Þ
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that describes relativistic quantum particles. Here, σ1,2,3 are the
Pauli matrices:

σ1 ¼
0 1

1 0

� �
; σ2 ¼

0 �i

i 0

� �
; σ3 ¼

1 0

0 �1

� �
; ð6Þ

2γ denotes the difference in loss between the sublattices, and c
is the intersite hopping. The quantities ~μ and ~v represent the
components of the transverse wave vector kx, ky measured from
the position of the original Dirac point. For simplicity, we
suppressed an additional term −iΓσ0 that arises from the passive
nature of our system, where Γ is the average loss of both
sublattices, and σ0 is the unity matrix. The non-Hermitian
Hamiltonian in Eq. (5) exhibits a complex dispersion relation
with a non-real eigenvalue spectrum27. Mathematically, complex
eigenvalues of the Hamiltonian appear whenever the PT -opera-
tor and the Hamiltonian cease to share all of their eigenvectors.
Such a system is said to have broken PT -symmetry, although the
PT -operator still commutes with the Hamiltonian. This seeming
paradox stems from the fact that the T -operator is anti-linear. A
graph of the real part of the graphene dispersion relation

with γ
c ¼ 0:32 is shown in Fig. 1c. In contrast to “conventional”

(i.e., dissipation-less) graphene, the real part of the dispersion
relation is now a single-sheeted hyperboloid. The lower part of
Fig. 1c shows the imaginary part of the dispersion relation,
highlighting the purely imaginary eigenvalues around the original
vertices.
One can drive the system back into the unbroken PT -sym-

metry regime by applying a linear strain τ, where τ= 1
corresponds to the unstrained case. This strain is applied as
indicated in Fig. 1a by the red connections between the atoms. In
Hermitian lattices (γ= 0), increasing the strain pushes pairs
of Dirac points towards one another until they merge at τ= 228.
For any given loss factor γ, all eigenvalues of the system become
real above a threshold strain τ � 2þ γ

c
26. Therefore, in such a

setting, the structure can exhibit unbroken PT -symmetry, with
the transition occurring exactly at τ ¼ 2þ γ

c. The Hamiltonian
of this system reads as26

Ĥ ¼ c τ � 2ð Þ � 3
2
ct~μ2 þ c~ν2

	 

σ1 þ ct

ffiffiffi
3

p
~μσ2 þ iγσ3; ð7Þ
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Fig. 1 The PT -symmetric graphene lattice. a Due to the quantum-optical analogy between solids and waveguide lattices, the probability amplitude of
a single electron in a carbon graphene lattice shares the same evolution equation as a light beam injected into a honeycomb waveguide lattice. b The
dispersion relation of a graphene lattice with no gain/loss and no strain (τ= 1), c with gain/loss and no strain (τ= 1), and d with gain/loss above the critical
point (τ > 2þ γ

c), which corresponds to the unbroken PT -symmetry regime
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with Δ= c(τ− 2) denoting the gap in the spectrum26. In Fig. 1d,
we show the real and imaginary parts of the dispersion relation
for photonic graphene with the same loss factor as in Fig. 1c in
the presence of a strain given by τ ¼ 2þ γ

c þ 0:61. Evidently,
all eigenvalues are real, and a gap has opened in accordance
with Eq. (7).

Experimental methods. In order to implement the PT -symmetric
photonic graphene lattice, we employ the direct laser-writing
technology29. The desired loss in the system is realized by intro-
ducing a certain concentration of microscopic scattering points
along the waveguides by dwelling, as sketched in Fig. 2a. As both
the dwelling time and the separation between the individual scat-
tering points can be freely tuned, this approach allows for a wide
range of artificial losses to be chosen without compromising the
real part of the refractive index or introducing directionality into
the system. Figure 2b shows our calibration measurements of the
realized loss, as a function of dwelling time and scattering point
separation. The general trends are clearly visible: the cumulative
loss experienced by light propagating through the waveguides sys-
tematically increases the smaller the separations and the longer
the dwelling times. The strain is realized by reducing the distance
between the waveguides with the red connection bond, shown in
Fig. 1a, while the distances between the waveguides with the gray
connection bonds are kept constant.

PT -phase transition. With these tools at hand, we can now
proceed to experimentally demonstrate the PT -symmetry tran-
sition in our 2D photonic graphene lattice. When no strain is
present, PT -symmetry is broken and, hence, the spectrum is
complex. After a certain propagation distance, the remaining
light tends to reside predominantly in the lossless sublattice30.
As the strain is increased, however, the system enters the regime

of unbroken PT -symmetry, resulting in a real spectrum. This
transition can be readily visualized by exploiting the fact that in
the broken PT -phase, the eigenvalues exhibit a wide range of
different imaginary parts, and the power remaining in the lattice
depends strongly on the injection site. In contrast, the unbroken
PT -phase is by definition characterized by all eigenvalues having
the same imaginary part and, for an infinite system, the power
decay in the lattice becomes entirely independent of the excited
waveguide. Therefore, as the strain is increased above the critical
value of τ ¼ 2þ γ

c, the standard deviation of the transmitted
power will eventually vanish14. Furthermore, one has to take into
account that the modes are non-orthogonal even in the unbroken
PT -regime, hence the power is not preserved3 and one does not
observe a sharp drop of the standard deviation at the transition
point. We demonstrate this behavior by fabricating 6 samples
with γ= 0.15 cm−1, a coupling of c= 0.475 cm−1 and strains
ranging from 1 ≤ τ ≤ 2.9. In each sample, we perform 6 single-
channel excitations of bulk sites, corresponding to 3 unit cells,
and measure the total power remaining in the lattice at the output
facet. The extracted data is plotted in Fig. 3. As expected, the
variance substantially decreases and tends toward zero as the
lattice is brought into its unbroken phase.

Topological phase transition. The phase transition from the
broken to the unbroken PT -symmetry regime in the graphene
lattice is inextricably linked to a topological phase transition
related to the emergence of topological mid-gap states. Figure 4a
summarizes this feature in a τ–γ phase diagram. The presence or
absence of topological mid-gap states at the edge of the Hermitian
graphene lattice (γ= 0) can be reconciled from the perspective of
the winding number in a Su–Shrieffer–Heeger (SSH) chain per-
pendicular to the edges31,32. A topological phase transition from a
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2D topological semimetal to a trivial insulator, accompanied by a
change of the SSH winding number, takes place at τ= 228,33,34.
For any γ > 0, however, a topological mid-gap state spontaneously
breaks PT -symmetry, since its real dispersive part is pinned.
As a consequence, the unbroken PT -symmetric domain of the
τ–γ phase diagram does not exhibit any edge modes, as shown
in Fig. 4a. In other words, one can either observe unbroken
PT -symmetry, or topological mid-gap states, but never both at
the same time, since the two phenomena are mutually exclusive35.
Interestingly, a third domain is wedged between the previously
discussed cases in the phase diagram. It arises when the strain τ
exceeds the gap threshold determined by γ. As the gap is closed,

PT -symmetry is invariably broken—yet, as long as the hyper-
boloids in the real part of the dispersion relation still touch,
topological mid-gap states are prevented from forming at the
bearded edge36. This can be intuitively explained by the shape of
these states, which are known to reside exclusively within one of
the sublattices, and, hence, experience solely +γ or −γ. As a
consequence, the imaginary part of the mid-gap dispersion is ±γ
and, from the perspective of a PT -symmetric SSH chain, this
implies the disappearance of the mid-gap state for τ ≥ 2− γ/c14,36.
Therefore, when starting in the topologically non-trivial domain
with mid-gap states and broken PT -symmetry, and following a
vertical trajectory (fixed γ and increasing τ) in the phase diagram,
the system passes not one but two phase transitions. The first
one is of topological nature and occurs when the direct gap of
the topological mid-gap states closes at τ= 2− γ/c. The second
occurs at τ= 2+ γ/c when the gapped unbroken PT -symmetric
domain is reached (see Fig. 4a).

These transitions are exactly what we observe in our
experiment. For the unstrained system (τ= 1) and a loss of
γ= 0.15 cm−1 such that γc ¼ 0:32, the systems exhibits topological
mid-gap states (Fig. 4b), which we excite by launching light into
an edge waveguide (Fig. 4c). Upon increasing the strain to τ= 2.2,
the mid-gap edge states disappear, in the dispersion relation
(Fig. 4d) as well as in experiment (Fig. 4e). However, the system is
still in the broken PT -symmetric phase, as shown in Fig. 3b. By
further increasing the strain to τ= 2.9, we finally drive the system
into the unbroken PT -symmetric phase, whereas the mid-gap
states are likewise absent (see Fig. 4f for the dispersion relation
and Fig. 4g for the experimental data). Our results clearly
show the close links between PT -symmetric and topological
phase transitions, and their related transition points as shown in
Fig. 4a. This rich interplay stems from the fact that it is the very
existence of a band gap that allows for the proper definition of a
topological invariant in this structure.

Discussion
In our work, we devised and experimentally demonstrated a 2D
PT -symmetric crystal, using an optical platform. To this end, we
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Fig. 4 Demonstration of the topological transition in the PT -symmetric
structure. a The τ–γ phase diagram shows three distinct phases associated
with the strain and loss parameters of our structure. The three stars
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c,
the system is in the broken PT -symmetric phase and topological mid-gap
states are present. In the left panel, the corresponding dispersion relation
is shown. c Experimental image at the sample output facet, where light
was injected into the marked edge waveguide and remains close to the
edge as the mid-gap state exists. The ratio of light in the marked waveguide
in proportion to the intensity of all waveguides is about 43.5%. d For
an intermediate strain 2� γ

c < τ < 2þ γ
c, the system is still in the broken

PT -symmetric phase, but the topological mid-gap states cease to exist.
In the left panel, the corresponding dispersion relation is shown.
e Experimental image at the sample output facet, where light was injected
into the marked edge waveguide and spreads into the bulk as no mid-gap
state exists. The ratio of light in the marked waveguide in proportion to the
intensity of all waveguides is about 6.3%. f For sufficiently strong strain
τ > 2þ γ

c, the system is finally driven into the unbroken PT -symmetric
phase, where no topological mid-gap states exist either. In the left panel,
the corresponding dispersion relation is shown. g Experimental image at
the sample output facet, where light was injected into the marked edge
waveguide and spreads into the bulk as no mid-gap state exists. The ratio
of light in the marked waveguide in proportion to the intensity of all
waveguides is about 5.9%
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developed a technology to efficiently introduce artificial losses
into the system and unequivocally proved that our realized
structure is indeed in the unbroken PT -symmetric phase.
Moreover, we highlighted the close connection of a PT -sym-
metry phase transition to a topological phase transition in our
graphene lattice. These findings lay the foundations for realizing
2D PT -symmetry in other wave systems beyond photonics, such
as matter waves, sound waves, and possibly even plasmonics and
electronic circuits. Moreover, our work opens the gate for future
investigations exploring the full potential of PT -symmetry in
higher dimensions and may provide the tools to experimentally
address numerous exciting questions such as the impact of
nonlinearity, single photon interference, and many-body effects
in 2D PT -symmetric systems.

Methods
Fabrication of the structures. The waveguides were manufactured using the
femtosecond laser writing method29 in 10 cm long samples composed of fused
silica glass (Corning 7980). The laser pulses are created by a regenerative Ti:
Sapphire amplifier system (Coherent RegA 9000 seeded with a Mira 900) and
exhibit an energy of 450 nJ @ 800 nm wavelength and 100 kHz repetition rate. A
nano-positioning system in conjunction with a 20× microscope objective (0.35 NA)
provides the highly accurate focusing of the laser beam 50–800 µm under the
sample surface. By translating the sample with a speed of about 100 mm/min, the
refractive index at the focal point is increased by approximately 7 × 10−4, resulting
in waveguides with a mode field diameter of 10.4 µm × 8 µm for the 633 nm illu-
mination wavelength. Intrinsic propagation losses and birefringence were esti-
mated to be 0.2 dB cm−1 and 10−6, respectively.

Characterization of the structures. The single lattice site excitations were per-
formed with light of 633 nm from a Helium–Neon laser (Melles-Griot, 35 mW). In
order to focus into the sample a 10× microscope objective (0.25 NA) was used. The
output facet was imaged with another 10× microscope objective onto a CCD
camera (Basler Aviator). Upon characterization, the output intensity patterns
resulting from the excitation of lossy sites were normalized to compensate for the
systematically lower injection efficiency.

Data availability
All experimental data and any related experimental background information not
mentioned in the text are available from the authors on reasonable request.
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Physical laws are intrinsically connected to symmetries,
which can be classified in spacetime and internal symme-
tries. Unlike any other symmetry, supersymmetry (SUSY),

originally developed as an extension of the Poincaré Group1,
offers a loophole to the Coleman–Mandula theorem2, allowing
the interplay of spacetime and internal symmetries in a nontrivial
way3. Despite the lack of direct experimental evidence of SUSY
in high-energy physics, where it establishes a relation between
bosons and fermions1, some of its fundamental concepts
have been successfully adapted to numerous fields such as con-
densed matter4, statistical mechanics5, nonrelativistic quantum
mechanics6, optics7,8, and cosmology9. In particular, SUSY pro-
vides an effective theory to describe quantum phase transitions
occurring at the boundary of topological superconductors10,
where topological states characterized by topological invariants
emerge11,12. In recent years, the field of photonics has shed light
on a plethora of phenomena stemming from topological phases
(as shown by Lu et al.13 and Ozawa et al.14), and photonic lattices
have been established as a versatile experimental platform15–18. In
a similar vein, SUSY concepts have been introduced to photonics8

to tackle the long-standing challenge of systematically shaping
the modal content of highly multi-mode structures19–26, con-
trolling scattering characteristics27–30, designing laser arrays31,32,
and creating band gaps in extremely disordered potentials33 and
topologically protected mid-gap states starting from trivial
configurations34.

In this work, SUSY transformations are applied to manipulate
topological properties, which are deeply connected to internal
symmetries of the systems. Specifically, we present a method for
topological state engineering, e.g., to selectively suspend and re-
establish the topological protection of a targeted state, which can
be applied to systems described by a tight-binding Hamiltonian
such as optical waveguides35, coupled cavities36, ultra-cold
atoms37, or acoustic and mechanical systems38. Furthermore, it
is shown how closely this behavior is linked to symmetry con-
straints of SUSY transformations39, enabling these symmetries to
be fully or partially preserved, or cancelled in their entirety. As
SUSY transformations are tailored to their specific purpose, they
imprint their characteristic signature on the topological invar-
iants, as well as the related topological protection. Here, to
explore the fruitful interplay between SUSY and topology, we
employ femtosecond laser written photonic lattices35. Specifically,
to elucidate how SUSY enables the manipulation of topological
properties, we apply discrete SUSY (DSUSY) transformations to
photonic lattices embodying the simplest system with nontrivial
topological properties, the Su–Schrieffer–Heeger (SSH) model40.
Along these lines, we show that SUSY allows for the systematic
breaking and recovery of symmetries of the system and thereby
constitutes a powerful tool to tailor topological transitions and to
manipulate the topological properties of a system.

Results
Theory. In its general quantum-mechanical formulation,
unbroken SUSY connects two superpartner Hamiltonians Hð1Þ

and Hð2Þ, sharing a common set of eigenvalues except for the
eigenvalue of the ground state of Hð1Þ, which is removed from
the spectrum of Hð2Þ. A step forward toward a more general
Hamiltonian spectrum manipulation, allowing the removal of
different eigenvalues, can be achieved by applying DSUSY
transformations8. Considering a one-dimensional lattice com-
posed of N evanescently coupled single-mode waveguides, the
system is characterized by a discrete Hamiltonian H given by an
N ×N tridiagonal matrix, with the propagation constants occu-
pying the diagonal elements and the coupling strengths the off-
diagonal elements. For the waveguide lattices employed here,

light propagation along the z-direction can be described using
coupled-mode equations41:

�i
d
dz

Ψ ¼ HΨ; ð1Þ

where Ψ ¼ ψ1; ¼ ;ψN

� �T
, with ψj describing the modal field

amplitude in waveguide j. From the eigenvalue equation

HΨs ¼ λsΨs; ð2; Þ
which relates the eigenfunction Ψs and eigenvalues λs of the state
s, superpartner Hamiltonians

Hð1Þ
m ¼ H� λmI ¼ QR and H 2ð Þ

m ¼ RQ; ð3Þ
can be obtained using the QR factorization42, where Q is an
orthogonal matrix QTQð Þ ¼ I, R an upper triangular matrix, and
I the identity matrix. Note that, in general, the QR factorization
is not unique and could lead to different solutions sharing the
same eigenvalue spectrum (see Supplementary Note 1).
The superpartner Hamiltonian Hð2Þ

m shares a common set of
eigenvalues with Hð1Þ

m , except for λm that has been removed from
the spectrum of Hð2Þ

m . In addition, the standard SUSY transfor-
mation annihilating the fundamental state can still be carried out
with this method, as displayed in Fig. 1a. The corresponding
eigenvalue λm is removed because its eigenstate Ψm is completely
localized in the fully decoupled Nth waveguide and, as such, does
not have any influence on the dynamics of the remaining system
of N− 1 waveguides (see Supplementary Fig. 1). By applying
these transformations in an iterative way, superpartner structures
with desired eigenvalue spectra can be engineered by removing
the desired number of eigenvalues, reducing the overall system
size. A question that naturally arises, and to this date remains
unexplored, is the impact of targeting a state with nontrivial
topological properties. Does its removal irrevocably change the
topological properties of the system?
The SSH model, one of the most prominent systems for

illustrating topological physics, can be implemented using a one-
dimensional lattice of evanescently coupled waveguides with two
alternating couplings c1 and c2 (c1 < c2). While an infinite lattice is
invariant under the exchange of couplings, the presence of edges
in a finite SSH chain introduces two distinct types of edge
terminations that, in turn, give rise to topological states that can
be described by the bulk-edge correspondence and topological
invariants. In particular, topological edge states, which can be
quantified by a winding number W ¼ Z=π, appear at the end of
a region with nonzero Zak phase Z, where Z ¼ 0 or π depending
on the edge termination43,44. If the lattice terminates with the
weak coupling c1, the winding number is 1 and the lattice
supports one topological edge state. On the contrary, if the lattice
terminates with the strong coupling c2, the winding number is 0
and the structure does not support an edge state, as displayed in
Fig. 1b. The topological protection of these states is directly
related with the existence of internal symmetries in the system.
Specifically, the chiral symmetry given by

ΓHΓy ¼ �H; ð4Þ
where Γ is an unitary and Hermitian operator satisfying
H; Γf g ¼ 0, is responsible of the protection of the zero-energy

states. By applying the chiral symmetry operator Γ to the
eigenvalue Eq. (2), one obtains H ΓΨsð Þ ¼ �λsðΓΨsÞ, which
entails that the energy spectrum of the system is symmetric
around 0. This fact, in turn, guarantees that all the states Ψs with
positive energy λs have a counterpart ΓΨs with negative energy
−λs, with the exception of the zero-energy states, which are
topologically protected (see Supplementary Note 2 for more
details).
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DSUSY transformations applied to the Hamiltonian can be
expressed in terms of a transformation matrix V as

VHð1Þ
m V�1 ¼ VQRV�1 ¼ RQ ¼ Hð2Þ

m ; ð5Þ

where V = Q−1. If both Hð1Þ
m and V possess some symmetry, e.g.,

chiral symmetry satisfying H 1ð Þ
m ; Γ

� �
¼ V ; Γf g ¼ 0, then this

symmetry is transferred to Hð2Þ
m :

Hð2Þ
m ¼ VHð1Þ

m V�1 ¼ �VΓH 1ð Þ
m ΓyV�1 ¼ �ΓH 2ð Þ

m Γy: ð6Þ

On the other hand, if the transformation matrix V does not
obey this symmetry, it will not be reproduced in the superpartner
Hamiltonian Hð2Þ

m either. Exploiting this connection between
symmetry constraints of DSUSY transformations and symmetries
of the system, superpartner Hamiltonians with modified
topological properties can be engineered, and thus establishing
a new method for topological state engineering by combining
SUSY isospectrality and breaking of symmetries of the system.
As a proof of concept, three distinct structures are investigated:
(i) the superpartner SP1, obtained by removing the eigenvalue λ1
corresponding to a bulk state (see Fig. 2a), (ii) the SSH supporting
two topologically protected edge states (see Fig. 2b), and (iii) the
superpartner SPN/2, obtained by removing the eigenvalue λN/2
corresponding to a topological edge state (see Fig. 2c), whose
lattice configurations are schematically illustrated in Fig. 2d, e and
f, respectively. Note that, due to the symmetry of the eigenvalue
spectrum, equivalent results to the SP1 and SPN/2 structures
would be obtained by removing λN and λN/2+1, respectively.
Subsequently, the degree of protection of the superpartner
topological states is probed analytically with respect to their

symmetries, as well as numerically by gauging their robustness
against chiral disorder45.

Supersymmetric topological photonic structures. Figure 2c
shows the eigenvalue spectrum of the SPN/2 lattice obtained by
removing the eigenvalue λN/2 corresponding to an edge state of
the SSH structure. Since λN/2 is a zero-energy eigenvalue, the

diagonal elements of the superpartner Hamiltonians Hð1Þ
N=2 and

Hð2Þ
N=2 remain 0. Thus, the superpartner lattice is composed of

waveguides with zero detuning (see Supplementary Note 1 for an
extended discussion). Here, the transformation matrix possesses
chiral symmetry, which is transferred to the superpartner

Hamiltonian Hð2Þ
N=2 that satisfies ΓHð2Þ

N=2Γ
y ¼ �Hð2Þ

N=2. Therefore,
the symmetries of the system are preserved and the topological
properties of the remaining zero-energy eigenstate remain intact.
By applying DSUSY transformations, two different superpartner
lattices supporting one topological state ΨN=2þ1 can be obtained
due to the nonunicity of the QR factorization process (see Sup-
plementary Note 1). One supporting an interface state, as dis-
played in Fig. 2f, and the other supporting an edge state, mostly
maintaining the form of Fig. 2e with interchanged couplings and
the last waveguide removed. For the interface state solution, the
SPN/2 structure resembles two SSH chains with different termi-
nation at the interface and strong coupling at the outer edges, as it
is illustrated in Supplementary Fig. 3. The topologically protected
interface state, whose position in the lattice can be controlled by
changing the dimerization jc1 � c2j, is located between the two
SSH lattices and decays exponentially into the bulk. The existence
of this interface state is experimentally verified, as discussed in
detail in the next section, and its robustness against chiral dis-
order maintaining the underlying symmetry of the lattice is
numerically proved. In particular, by introducing chiral disorder,
the deviation of the eigenvalue λN/2+1 is proved to be 0, while the
eigenstate shape is slightly modified, although it remains localized
at the interface. For the edge state solution, the SPN/2 structure
resembles the SSH model with interchanged couplings and N – 1
waveguides, except for a localized deviation in the couplings with
respect to c1 and c2 near the leading edge. Here, the transfor-
mation constitutes a topological phase transition in the sense that
the couplings are interchanged and a waveguide removed, thus
one of the edge states is annihilated. As earlier, the remaining
edge state is topologically protected and robust against chiral
disorder. Note that, by applying another DSUSY transformation
removing the remaining zero-energy eigenvalue, the system
becomes topologically trivial. Besides, the protocol could be
implemented the other way around by applying inverse SUSY
transformations46, i.e., starting with the topologically trivial SSH
model and adding a zero-energy eigenvalue to the spectrum. To
sum up, by annihilating zero-energy eigenvalues, DSUSY trans-
formations introduce topological phase transitions, leading to the
displacement and destruction of topological states.
Let us now consider the SP1 lattice, obtained by removing the

eigenvalue λ1 corresponding to a bulk state of the SSH structure, as
it is displayed in Fig. 2a. Considering that the removal of any bulk
state of the system per definition breaks the inversion symmetry of
the eigenvalue spectrum, one would expect that the topological
protection of the edge states is necessarily destroyed. Nevertheless,
the chiral symmetry of the system is partially respected by the
DSUSY transformation, preserving the topological protection of one
edge state. This can be explained by separating the Hamiltonian

Hð2Þ
1 intoHð2Þ

1L andHð2Þ
1R , corresponding to the left and right parts of

the lattice, respectively. The chiral symmetry of Hð2Þ
1R is preserved,

satisfying ΓHð2Þ
1R Γ

y ¼ �Hð2Þ
1R and, thus, the topological protection of

Fig. 1 Supersymmetric transformations and Su-Schrieffer-Heeger model.
a Schematic representation of the eigenvalue spectrum of the Hamiltonian
ℋ and two sets of superpartner Hamiltonians {ℋ1

(1), ℋ1
(2)} and {ℋm

(1),
ℋm

(2)}, obtained by removing the eigenvalues λ1 and λm using
supersymmetric transformations, respectively. b Representation of a
Su-Schrieffer-Heeger lattice implemented using optical waveguides, which
are evanescently coupled with alternating couplings c1 and c2 (c1 < c2).
Depending on the termination of the lattice, the structure has Winding
numberW = 1 and supports a topological edge state on that edge orW = 0
and does not support an edge state on that edge.
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the right edge state is maintained. On the contrary, the chiral

symmetry of Hð2Þ
1L is destroyed by the appearance of nonzero

diagonal elements, which take away the symmetry protection of the
left edge state. However, the state remains localized at the edge due
to the high detuning between waveguides. Moreover, although the
left edge state loses its topological protection, its zero-energy
eigenvalue is always pinned to 0 due to SUSY isospectrality. The SP1
lattice exhibits an exponentially decaying detuning on the left side
of the lattice, while still resembling the SSH model toward the right
part of the lattice (see Supplementary Fig. 3 for more details). The
existence of both edge states and their different origins is
experimentally verified, as discussed in the next section. Also, the
stability of the edge states eigenvalues in the spectrum is
numerically checked by introducing chiral disorder. Specifically,
for the right edge state the deviation of the eigenvalue λN/2+1 tends
to 0 as N increases, whereas for the left edge state, the deviation of
the eigenvalue λN/2 is not affected by the size of the system and
increases linearly with the amount of disorder (see Supplementary
Note 2 and Supplementary Fig. 4 for more details). Note that by
applying another DSUSY transformation removing λN, the
inversion symmetry of the system is reestablished, and the
topological protection of the left edge state can be restored.
Furthermore, by removing high-order bulk states only from one
side of the spectrum ð1<m<N=2Þ, the detuned region can be
extended across the lattice to facilitate an enhanced coupling with
the right edge state, which can even lose its topological protection

due to the effect of the detuning. Finally, by applying multiple
DSUSY transformations symmetrically, gaps can be carved out of
the eigenvalue spectrum while preserving the topological protection
of the zero-energy states. Here, in short, we have transformed a
lattice supporting two topologically protected edge states to a phase-
matched lattice supporting one topologically protected edge state,
and one that has lost its topological protection and has become
sensitive to the underlying disorder.
To summarize, the effects that DSUSY transformations induce

on a system supporting two topologically protected zero-energy
states are as follows: (i) the removal of a bulk state that is
energetically far from the energy gap (m close to 1 or N), leads to
a superpartner structure that supports one topological and one
nontopological zero-energy states, (ii) the suppression of a bulk
state that is energetically close to the energy gap (m close to N/2),
destroys the topological protection of both zero-energy states of
the superpartner structure, and (iii) the elimination of a zero-
energy state (m=N/2 or N/2+ 1), produce a superpartner
structure that supports one topologically protected zero-energy
state. Finally, note that, if one removes bulk states of the system in
a symmetric way, e.g., m= 2 and m=N – 1, both zero-energy
states will hold their topological properties since chiral symmetry
is preserved.

Experimental verification. In order to experimentally corrobo-
rate the previous theoretical findings, we employ the femtosecond

Fig. 2 Supersymmetric topological photonic structures. Eigenvalue spectrum of (a) the superpartner SP1 lattice, obtained by removing a bulk
state (m= 1), (b) the Su-Schrieffer-Heeger (SSH) lattice, and (c) the superpartner SPN/2 lattice obtained by eliminating an edge state (m= N/2). The
energy gap is 2|c1− c2| and cT= c1+ c2. Sketch of the (d) SP1, (e) SSH, and (f) SPN/2 lattices. Detuning (coupling) is indicated by the size (spacing) of
(between) the circles. The intensity of the color inside each waveguide is proportional to the amplitude of the state. Experimentally observed light evolution
along the propagation direction and output intensities for the (g) nontopological edge state, (h) topological edge state, and (i) topological interface state.
The total length of the sample is L= 10 cm and the wavelength used to excite the waveguides is λ = 633 nm. The SSH, SP1, and SPN/2 lattices are
composed of N= 50, N= 49, and N= 109 waveguides, respectively. The original SSH lattice used to synthetize the SP1 (SPN/2) lattice is composed of
N= 50 (N= 110) waveguides, c1= 0.5 cm—1 and c2= 1.0 cm—1 (c2= 1.8 cm—1). The different number of waveguides and coupling coefficients used
to create the superpartner structures are due to experimental restrictions. In particular, the SP1 lattice has weaker couplings to adjust the detunings below
2 cm—1 in order to guarantee that the couplings stay constant when changing the detuning.
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direct laser-writing technology to inscribe waveguide arrays in
fused silica (see “Methods,” Supplementary Note 3 and Supple-
mentary Fig. 3 for more details). Specifically, we exploit its ability
to independently tune the coupling and detuning by changing the
separation between waveguides and the inscription velocity,
respectively20. To this aim, four different samples are fabricated:
(i) the original SSH lattice described by H, (ii) the superpartner

SPN/2 lattice described by Hð2Þ
N=2, (iii) the superpartner SP1 lattice

described by Hð2Þ
1 , and (iv) the SSH lattice weakly coupled to the

SP1 lattice. By launching single site excitations, light evolution of
the different states along the different structures can be measured
by means of waveguide fluorescence microscopy35, and output
pattern intensities can be extracted. Furthermore, by using a
white light source, the wavelength of the injected light can be
continuously tuned to evaluate the robustness and different ori-
gins of the edge states. Finally, by placing the SSH lattice in close
proximity to the SP1 lattice, evanescent coupling can be intro-
duced between the topological edge state in the former, and the
nontopological edge state in the latter. The contrast of the
resulting sinusoidal intensity oscillations serves as direct indicator
for any detuning between them, or the predicted absence thereof.
The first step to verify the previous theoretical predictions is to

prove the existence of the edge and interface states. To this end,
we excite the nontopological edge state, the topological edge
state and the interface state and observe its evolution along
the propagation direction, as displayed in Fig. 2g, h and i,
respectively. First, the topological edge state is excited by injecting
light into the Nth waveguide, as depicted in Fig. 2h. As a single
site excitation is made, and the theoretically expected edge state is
exponentially localized within the waveguides N, N− 2, and N−
4, as it is illustrated in Fig. 2e, other bulk states of the system are
also excited and the injected intensity slightly spreads along
the propagation direction. However, one can clearly observe how
the output measured intensity distribution is in accordance
with the predicted mode profile, showing the expected SSH edge
state. Since the SSH lattice is symmetric, a mirrored propagation
image would be obtained by injecting light into the first
waveguide, exciting the left topological edge state. Note that the
confinement of this edge state scales with the difference between
the coupling coefficients c1 and c2. The next step is to
demonstrate the presence of the interface state of the SPN/2
lattice. Although the expected theoretical interface state spans

approximately five odd waveguides, as depicted in Fig. 2f, it is
nevertheless populated by a single site excitation at the interface
waveguide, as displayed in Fig. 2i. Moreover, as can be observed
from the output intensity pattern, most of the light is localized at
the interface waveguide itself. Note that, for the SPN/2 structure
supporting only one edge state, light evolution and output
intensity would resemble the previously obtained for the SSH
lattice. The next stage is to prove the existence of the
nontopological edge state of the SP1 lattice, which has lost its
topological protection due to the breaking of chiral symmetry of
one part of the system. To do that, the first waveguide of the SP1
lattice is excited, as it is displayed in Fig. 2g. While the
localization is still visible, it may be noted that the output
intensity distribution for the nontopological edge state does not
have the staggered profile that characterizes the topological edge
states. Instead, the nontopological edge state is mainly localized
due to the high detuning in the first and second waveguides of the
lattice, as it is depicted in Fig. 2d. Since this edge state is solely
mediated by the detuning, it is less robust against perturbations
than the topological state, as we numerically verified in
Supplementary Note 2 and illustrated in Supplementary Fig. 4.
Furthermore, a strong indication to this reasoning can be seen
when we excite both edge states tuning the wavelength
continuously from 500 to 720 nm. The experimental results
obtained for the propagation of the different states are in good
agreement with the tight-binding simulations, as shown in
Supplementary Fig. 5.
To verify the different origin of the edge states of the SP1 lattice,

we excite both edges with different wavelengths and observe the
output intensities after 10 cm of propagation, as can be seen in
Fig. 3a, b. Experimentally, this is achieved by using a white light
source combined with a narrow wavelength filter, as discussed in
detail in “Methods” section. The first observation is that, despite
their different topological natures, both edge states remain localized
at the corresponding edges of the SP1 lattice, represented in Fig. 3c.
However, since the nontopological edge state is supported by
the detuning, its degree of localization strongly decreases toward
longer wavelengths (see Fig. 3a). This occurs because at longer
wavelengths, the coupling substantially increases while the detuning
decreases, thus the former becomes the dominant term and the
confinement of the edge state is reduced. On the contrary, it gets
fully localized into a single waveguide for shorter wavelengths,
where the detuning is the dominant term. The confirmation that

Fig. 3 Wavelength dependence of the edge states. Experimentally observed output intensities for different wavelengths (500 nm≤ λ≤ 720 nm) obtained
by exciting (a) the nontopological and (b) the topological edge states of the SP1 lattice, schematically represented in c. The red dots indicate the excited
waveguides. The relation between the wavelength used and its intensity measured at the output is represented in the inset. The total length of the sample
is L= 10 cm and the SP1 lattice is composed of N= 49 waveguides.
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the existence of this edge state is due to detuning is a strong
indication for less robustness, since it does not have a topological
origin. On the other hand, as shown in Fig. 3b, the topological state
strictly maintains its characteristic staggered intensity structure
across the investigated spectral range. Note that the slight
delocalization at short wavelengths occurs as both couplings
decrease and their absolute difference |c1− c2|, which is related
with the edge state confinement, becomes too small to strongly
confine the state at the edge.

So far, we have proved the existence of the different topological
states, as well as the different origin of the edge states of the SP1
lattice. The last step is to verify that the nontopological edge state
indeed does possess a zero-energy eigenvalue, as expected from
SUSY transformation. To this aim, we weakly couple the

nontopological edge state with the topological state, as displayed
in Fig. 4a, b. Here, if the two states have the same energy, one would
expect their coupling with a full exchange of power. On the
contrary, if the two states have different energies, one would expect
only a partial exchange of power. In Fig. 4a, b, we show the light
evolution along the propagation direction when we excite either the
waveguide supporting the topological state or the nontopological
edge state, respectively. Moreover, in Fig. 4c, d, one can see how the
topological edge state is coupled to the nontopological one and vice
versa, transmitting around 70% of the injected power to the other
edge state. Furthermore, one can observe how light is completely
outcoupled from the excited waveguide, indicating that both edge
states share the same propagation constant. Note that the intensity
oscillations are in good agreement with the tight-binding simula-
tions, shown by the dashed lines of Fig. 4c, d. The full oscillation
pattern between edge states, both experimental and simulated, can
be observed in Supplementary Fig. 5. Finally, we have checked that
both edge states share the same energy independently of the
wavelength by exciting them with a white light source, as it is
displayed in Fig. 5. By increasing the wavelength, the coupling
increases, leading to a reduced effective length scale of the chip.
Looking at the output intensities, the full exchange of intensity
between waveguides can be observed, confirming that both
superpartner share the same eigenvalue spectrum.

Discussion
In our work, we studied the interplay between topological non-
trivial systems and SUSY transformations. For this, we picked one
of the most prominent models for illustrating topological physics,
the SSH model, and demonstrated how topological phase tran-
sitions can be induced by DSUSY transformation. In particular,
we showed that while this topological transition may suspend the
topological protection of a state, it can readily be reestablished by
applying another DSUSY transformation. Moreover, DSUSY

Fig. 4 Coupling of topological and nontopological edge states.
Experimentally observed light evolution along the propagation direction
when the waveguides supporting (a) the topological and (b) the
nontopological edge states of the coupled structure, schematically
displayed above, are excited. Power oscillations when the waveguide
supporting (c) the topological (green line) and (d) the nontopological (blue
line) edge state is excited. The y axis is the normalized power extratced
from the fluorescence images in a and b. The x axis is the propagation
distance in cm. The solid lines correspond to the experimental results while
the dashed lines correspond to the tight-binding numerical simulations. The
total length of the sample is L= 10 cm, the wavelength used to excite the
waveguides is λ= 633 nm and the lattice is composed of N= 99
waveguides.

Fig. 5 Wavelength dependence of the coupled edge. a Experimentally
observed output intensities for different wavelengths obtained by exciting
the topological edge state of the coupled lattice, indicated with the red dot
in b. b Schematic representation of the Su-Schrieffer-Heeger (SSH) lattice
weakly coupled to the superpartner SP1 lattice. The relation between the
wavelength used and its intensity measured at the output is represented in
the inset. The total length of the sample is L= 10 cm, the wavelength range
used to excite the waveguides is 500 nm≤ λ≤ 720 nm and the lattice is
composed of N= 99 waveguides.
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transformations can also be used to annihilate topological states
as well as to displace them from the edge to the inner part of the
lattice. We exemplified this by transforming a lattice supporting
two topological edge states to a lattice supporting (i) one topo-
logical edge or interface state, and (ii) one topological and one
nontopological edge states. We experimentally demonstrated
those theoretical findings implementing the superpartner struc-
tures using femtosecond laser written waveguides.
Clearly, SUSY techniques constitute a powerful tool to design

structures with desirable topological properties, which can be
extended to higher dimensions and chiral edge states in future
works. Moreover, iterative DSUSY transformations could serve to
remove any number of states from the system and reduce its overall
size while preserving the desired part of the spectrum and the
system’s topological properties. Furthermore, inverse SUSY
transformations29,46 could be used to introduce zero-energy states,
which will be topologically protected when these transformations
are applied to systems having topology protecting symmetries.
Finally, note that the method for topological state engineering
presented here, based on applying DSUSY transformations, can be
extended to any platform allowing independent control of the
coupling and detuning of the sites, which are described by discrete
Hamiltonians such as coupled cavities36, ultra-cold atoms trapped
in lattice potentials37 or acoustic and mechanical systems38.

Methods
Experimental design. Our experiments were conducted in femtosecond laser
written photonic lattices, where the above-mentioned structures are fabricated and
characterized as described below.

Fabrication of the structures. The waveguides were fabricated in 10 cm fused
silica glass (Corning 7980) samples by using the femtosecond laser-writing
method35. The laser system consists of a Coherent RegA 9000 amplifier seeded with
a Coherent Vitara S Titanium:Sapphire laser with an energy of 250 nJ at 800 nm,
100 kHz repetition rate, and a pulse width of ~130 fs. By moving the sample with a
high-precision positioning stage (Aerotech ALS 180) at speeds between 91 and
103 mmmin−1, the refractive index change at the focal point was around 7 × 10−4.
The created waveguides exhibit a mode field diameter of about 10.4 ×8 µm at 633
nm. The propagation losses and birefringence are estimated to be 0.2 dB cm−1 and
1 × 10−7, respectively.

Characterization of the structures. In order to probe the propagation, the
samples were illuminated with light from a Helium–Neon laser at 633 nm (Melles-
Griot). The single lattice sites were excited with a 10× microscope objective
(0.25 NA). In turn, the color centers that formed during the fabrication process,
enable a direct observation of the propagation dynamics by using fluorescence
microscopy35. The recorded images were post processed to reduce noise, distor-
tions, and the influence of background light.

The intensities at the output facet at different wavelength were measured by
using a white light source (NKT SuperK EXTREME) combined with a narrow
wavelength filter (Photon ETC LLTF-SR-VIS-HP8). The light is then coupled into
a single lattice site of the sample with a 10× microscope objective (0.25NA) and the
resulting light at the output facet of the sample is imaged onto a CCD camera
(BASLER Aviator) with another 10× microscope objective. The recorded images
were post processed to reduce noise and subsequently integrated over a strip along
the direction perpendicular to the lattice orientation for each wavelength. The
resulting intensity distribution for the different wavelengths are then normalized to
the maximum value to increase the visibility.

Data availability
All experimental data and any related experimental background information not
mentioned in the text are available from the authors on reasonable request.
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Supplementary Figures 

 

 

 

Supplementary Figure 1. Discrete optical supersymmetry. Eigenvalue spectrum and eigenstate 

profiles corresponding to a the Su-Schrieffer-Heeger (SSH) lattice and b the superpartner SP3 

lattice, obtained by removing the eigenvalue  using discrete supersymmetric transformations. 

Discrete representation in terms of the waveguide’s detuning Δ (red bars) and couplings  (blue 

bars) of the c SSH and d SP3 lattices. The SSH lattice is composed of   6 waveguides,  
0.5	cm and   1.0	cm.  
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Supplementary Figure 2. Givens rotation method. Representation of  and  of the Givens 

rotation matrices    + , where  is the two-dimensional identity matrix,  the -

Pauli matrix and  the site number within the lattice. a and b show the  elements associated 

with the superpartner SP1 lattice and the superpartner SPN/2 lattice, respectively. c and d display 

the  elements associated with the SP1 lattice and SPN/2 lattice, respectively. The original Su-

Schrieffer-Heeger lattice used to construct the SP1 (SPN/2) lattice is composed of   50 ( =
110) waveguides,  = 0.5	cm and  = 1.0	cm ( = 1.8	cm). 
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Supplementary Figure 3. Experimental implementation of supersymmetric lattices. Coupling 

coefficient  dependence with respect to a the waveguide separation , calibrated using pairs 

of evanescently coupled waveguides with different separation, and, b the writing speed , 

calibrated using pairs of evanescently coupled waveguides written with different velocities. c 

Detuning Δ dependence with respect to the writing velocity. The dots correspond to the 

experimentally obtained values while the dashed lines are a the exponential and b-c the linear 

fits. The error bars in a-c indicate the experimental error associated to the couplings and 

detunings. Eigenstate amplitudes of the edge and interface states for d the superpartner SP1 

lattice, e the Su-Schrieffer-Heeger (SSH) lattice and, f the superpartner SPN/2 lattice. Discrete 

representation in terms of the detunings Δ (red bars) and couplings  (blue bars) of the g SP1, 

h SSH, and i SPN/2 lattices. The original SSH lattice used to construct the SP1 (SPN/2) lattice is 

composed of   50   110 waveguides,   0.5	cm and   1.0	cm   1.8	cm. 
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Supplementary Figure 4. Robustness against chiral disorder. Deviation of the a eigenvalue  

and b eigenstate shape  with respect to the ones of the original lattice   0) when chiral 

disorder is introduced into the system, for: the non-topological edge state  = 25 (squares), the 

topological edge state  = 26 (circles) and the topological interface state  = 56	(crosses). The 

introduced chiral disorder is of the form Δ = , where  = | − |/2	being  the 

disorder strength, | − | the dimerization, and −1	 ≤  ≤ 1 a random number that affects 

the couplings of unit cell . The total deviation is averaged over 5000	different simulations with 

different random disorder. All the simulations were carried out using the lattices of 

Supplementary Figure 3 g-i.  
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Supplementary Figure 5. Experimental results versus numerical simulations. Intensity 

distribution, extracted by means of fluorescence microscopy (Exp.), is plotted together with 

tight-binding binding simulations (Sim.), for a the superpartner SP1 lattice, b the Su-Schrieffer-

Heeger (SSH) lattice, c the superpartner SPN/2 lattice, and d-e the coupled SSH and SP1 lattices. 

The corresponding lattices are shown schematically above the propagation pictures. The red 

dots of each structure indicate the excited waveguide, corresponding to the a and e non-

topological edge state, b and d topological edge state, and c topological interface state. All the 

simulations have a correction of Δ  0.05cm with respect to the lattices represented in 

Supplementary Figure 3 g-i, to adjust the results to the real experimental values. The results 

show an overall good agreement between the experiments and the simulations, confirming the 

validity of the theoretical description. Only a quantitative discrepancy in c due to locally 

increased coupling caused by tightly spaced waveguides at the interface, can be observed. 

However, the qualitative behavior is well reproduced. 
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Supplementary Notes 

Supplementary Note 1: Discrete supersymmetric transformations 

In the quantum-mechanical formalism [1], Supersymmetry (SUSY) connects an operator ℋ 
, which can be decomposed in terms of an operator  and its Hermitian adjoint , with 

ℋ  . From the eigenvalue equation 

ℋΨ  Ψ,																																																									1) 
where () is the eigenvalue and Ψ() is the eigenstate of state , one can derive 

ℋ()Ψ() = Ψ() = ℋ() Ψ() = () Ψ(),																		(2) 
obtaining that Ψ() is an eigenstate of ℋ() with eigenvalue (), establishing SUSY 

isospectrality. For unbroken SUSY, the ground state of ℋ() is annihilated and removed from 

the spectrum of ℋ(). Discrete SUSY (DSUSY) transformations can be applied to discrete systems 

using symmetric and asymmetric methods such as the Cholesky algorithm and the QR 

factorization, respectively [2]. In general, a QR factorization of a matrix  ∈ ℝ×( ≥ ) is a 

decomposition into  = , where  ∈ ℝ× is an orthogonal matrix and  ∈ ℝ× is an upper 

triangular matrix [2]. Considering a discrete Hamiltonian ℋ, describing a system of  identical 

evanescently-coupled waveguides with alternating coupling strengths  and : 

ℋ =


0  0 ⋯ 0 0  ⋱ ⋮0  ⋱ ⋱ 0⋮ ⋱ ⋱ ⋱ 0 ⋯ 0  0

,																																																			(3) 

the superpartner Hamiltonians obtained using the QR factorizations are  

ℋ() = ℋ −  = 		and			ℋ() = ,																																								(4) 
where ℋ() represents a lattice with  − 1 waveguides and the same eigenvalues as  ℋ(), 
except for  supported by the single waveguide that is uncoupled from the system.  

To illustrate DSUSY transformations we consider a one-dimensional array of  = 6 weakly-

coupled waveguides supporting six states, as it is displayed in Supplementary Figure 1a we 

eliminate  from the eigenvalue spectrum of ℋ(), as it is illustrated in Supplementary Figure 

1b. Thus, starting with the Su-Schrieffer-Heeger (SSH) model, see Supplementary Figure 1c, we 

synthetize the superpartner structure SP3 represented in Supplementary Figure 1d. In particular, 

to perform the QR factorization, we use the Givens Rotation method that is numerically stable, 

thus, suitable for application on large lattices [3]. This method is based on applying rotations 
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  ⨂, where  is the  × identity matrix, to the tri-diagonal Hamiltonian	ℋ


, forming 

 



ℋ

		and		 	.																																											(5)



 

The rotations  ∈ ℝ× are applied to each element ,  of ℋ() introducing zeroes at the sub-

diagonal elements ,  : 

  ,, =   −   ,, = 0,																																			(6) 
where  = ,/,  = ,/ and  = , + , /, which can be rewritten in terms of 

the corresponding Pauli matrices as 

 =  + .																																																										(7) 
Recall that the Pauli matrices are  

 = 1 00 1,				 = 0 11 0,					 = 0 − 0  			and		 = 1 00 −1.											(8) 
These rotation functions  can be related to the topological transitions. For the SP1 lattice 

represented in Supplementary Figure 3g, we can observe in Supplementary Figures 2a and c, 

how  →  towards the right part of the lattice, where the superpartner still resembles the 

SSH model. Besides, ~ is the dominant term throughout the left side of the lattice, 

inducing a small deviation in the couplings with respect to the original SSH lattice and 

introducing an exponentially decaying detuning. For the SPN/2 lattice represented in 

Supplementary Figure 3i supporting an interface state, we can observe in Supplementary Figures 

2b and d, how  → 1 and  → 0 for  < interface. Thus,  → , interchanging the couplings  

and  of the original SSH lattice. Around interface, there is a transition to a more complex 

behavior ,even → , ,odd → ± + /, which leads to a recovering of the original SSH 

configuration. Note that, a degenerate solution exists for the SPN/2 lattice resembling the SSH 

model with interchanged couplings and  − 1 waveguides, with  →  constituting a 

topological phase transition.  
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Supplementary Note 2: robustness of the topological states 

The Hamiltonian ℋ of the Su-Schrieffer-Heeger (SSH) model, given by Eq. (3), is a  × 

tridiagonal matrix with zero-valued diagonal elements ∆  0) and off-diagonal elements 

alternating between 	 and  ( < ). This system supports two topologically protected zero-

energy edge states, which appear at the edge of a region with non-zero Zak phase : 

 = i∗()(),																																																						(9) 
where  is the Bloch wavenumber within the first Brillouin zone and () the corresponding 

eigenvector in -space [4]. The topological protection of the zero-energy edge states is closely 

related with the existence and breaking of the symmetries of the system. In particular, the SSH 

model can be characterized with two main symmetries (i) the Chiral symmetry and, (ii) the 

Particle Hole symmetry (PHS). On the one hand, the Chiral or symmetry, is defined by the unitary 

and Hermitian operator Γ, which anti-commutes with the Hamiltonian ℋ i.e., ℋ, Γ = 0. On the 

other hand, the PHS is defined by an anti-unitary operator , which also anti-commutes with 

the Hamiltonian ℋ, having	ℋ, P = 0. The application of these operators to the Hamiltonian 

leads to 

ΓℋΓ = −ℋ,				ℋ = −ℋ.																																											(10) 
Note that, since chiral and PHS exist, time reversal symmetry also exists for this model, hence, 

ΓℋΓ = ℋ. Moreover, the chiral operator Γ can be expressed in terms of the  Pauli matrix 

as Γ = ⊕⊕⋯⊕, which is an  × matrix of the form 

Γ =


1 0 0 ⋯ 00 −1 0 ⋱ ⋮0 0 ⋱ ⋱ 0⋮ ⋱ ⋱ 1 00 ⋯ 0 0 −1

.																																												(11) 

Besides, the chiral operator acts locally within each unit cell and follows the same algebra than 

, satisfying ΓΓ = Γ = 1. To numerically prove the topological protection of the states, we 

introduce chiral disorder of the form [5]: 

̃ =  + Δ,			̃ =  − Δ,																																														(12) 
where Δ = | − |/2. The disorder in quantified in terms of the disorder strength , the 

dimerization | − |, and a random number −1	 ≤  ≤ 1 that affects the couplings of each 

unit cell , formed by two sites. To prove the robustness, we compute the deviation of the 

eigenvalues and eigenstates with respect to the case without disorder ( = 0): 
|∆| = | − ( = 0)|		and 		|Δ| = | −( = 0)|.																	(13) 
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Due to their symmetries, the zero-energy eigenvalues, corresponding to the topological edge 

states, should be robust against this kind of disorder, while the other states should exhibit an 

eigenvalue deviation. 

For the SP1 lattice of Supplementary Figure 3g, by introducing up to 25% of disorder with respect 

of |  |, we can observe in Supplementary Figure 4a how there is no deviation of the 

eigenvalue  corresponding to the topological edge state. On the other hand, if we take a look 

at the deviation of the eigenvalue  corresponding to the non-topological edge state, we can 

confirm that the state is not topologically protected and the deviation of its eigenvalue with 

respect to the non-disordered case increases linearly with the amount of disorder. Note that for 

the topological edge state the deviation of the eigenvalue  reduces as  increases, whereas 

the eigenvalue deviation of the non-topological edge state Δ is not affected by the size of the 

system. Regarding the changes in the eigenstate shapes, shown in Supplementary Figure 4b, we 

can observe how the non-topological edge state suffers more deviations than the topological 

one. In both cases, the change in the eigenstate shapes are small, and the states remain localized 

at the corresponding edges of the SP1 lattice.  

For the SPN/2 lattice of Supplementary Figure 3i, it is numerically shown that by introducing up 

to 25% of disorder with respect of |  |,  there is no deviation of the zero-energy eigenvalue 

 corresponding to the topological interface state, as it is shown in Supplementary Figure 4a. 

In this case, although the eigenstate shape is more perturbed than for the topological edges, it still 

remains localized at the interface. The higher deviation in this case may be produced due to the fact 

that the interface state spreads along more waveguides than the edge states. Thus, disorder 

introduced to the system has more impact on the modification of its shape, while it does not affect 

its eigenvalue which is protected by the symmetries of the system. Moreover, if any other kind of 

disorder not preserving the chiral symmetry of the system is introduced, the topological states 

are no longer topologically protected and their zero-energy eigenvalues suffer deviations of the 

same order than the non-topological states.   
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Supplementary Note 3: design of the supersymmetric structures 

The experimental implementation of the SUSY structures with femtosecond laser written 

waveguides is based on the similarity between the Schrödinger and the Helmholtz equations [6]. 

On the one hand, the Schrödinger equation of quantum mechanics is given by: 

iℏ Ψ, ,    ℏ
2∇Ψ, ,  + , , Ψ, , ,															14) 

where Ψ(, , ) is the wavefunction, ℏ = ℎ/2 is the reduced Planck constant and (, , ) is 

the potential. On the other hand, the paraxial Helmholtz equation is: 

iƛ
 E(, , ) = − ƛ2 ∇E(, , ) − Δ(, , )E(, , ),														(15) 

In turn, wavefunction Ψ(, , ) in the Schrödinger equation is replaced by the electric field 

amplitude E(, , ) in the Helmholtz equation, the potential (, , ) is replaced by the 

refractive index profile −Δ(, , ), the propagation in time is replaced by the spatial coordinate 

, which can be monitored by means of fluorescence microscopy, and the reduced Planck 

constant is replaced by the reduced wavelength ƛ = λ/2π. In the tight-binding approximation, 

Eq. (14) furthermore simplifies to: 

i
 =  + , + ,,																																				(16) 

where  is the field amplitude at site ,   the propagation constant and ,±the coupling 

between adjacent waveguides. 

For the implementation of the SUSY structures, both, the coupling as well as the detuning need 

to be tuned individually. The coupling () is changed by using different distances () between 

waveguides, while the detuning (∆) is changed by using different writing velocities (). The 

relation between distance and coupling (writing speed and detuning) is retrieved from 

directional couplers, by measuring the coupling length and the intensity contrast. The results 

are plotted in Supplementary Figure 3 a-c. The coupling is well fitted by an exponential function 

of the distance between waveguides, while the detuning depends linearly on the writing speed. 

The exponential and linear fits are: 

() =  exp(−) , 			 = 10.93	cm, 			 = 0.121	μm, 
Δ() =  + , 			 = −0.8327min cm , 			 = 8.376	cm. 

Note that the coupling is virtually unaffected by changes in the writing speed, as shown in 

Supplementary Figure 3b. This allows for an independent tuning of both parameters for a wide 

parameter range. The couplings and detunings used in the fabrication process are displayed in 
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Supplementary Figure 3g-i, and the edge and interface eigenstates supported by those lattices 

are displayed in Supplementary Figure 3 d-f. Note that, the SP1 (SPN/2) structure is obtained 

taking an original SSH lattice with   0.5	cm and  = 1.0	cm ( = 1.8	cm). Although a 

bigger contrast between the couplings would be better to have more localized edge states, for 

the SP1 lattice we had the experimental restriction to adjust the detuning below 2	cm in order 

to guarantee that the coupling stays constant when changing the detuning. This could not be 

fulfilled when using higher couplings for the SSH lattice. 
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The Klein–Gordon Hamiltoninan is a famous example,
where taking its square-root lead to fundamentally new
insides: with the help of the resulting Dirac Hamiltonian,

describing a massive spin-1/2 fermionic particle, it was possible to
explain the fine-structure spectra of atoms and the anomalous
Zeeman effect1. Interestingly, as it emerged much later, the
square-root procedure has proven to be useful also in other fields:
it explains the robust boundary modes of mechanical lattices and
connects it to the topological band theory of electronic systems2,
it relates bosons and fermions via supersymmetric transforma-
tions3, and, in addition, it generates rich models from nontrivial
topological insulators (TIs)4.
TIs—a new phase of matter—have to date seen a variety of

manifestations with prominent examples including the two
dimensional (2D)5 and four dimensional (4D) quantum Hall
effects6, one dimensional (1D) topological superconductors7, 2D8

and three dimensional (3D) TIs9, crystalline and quasi-crystalline
TIs10,11, and higher-order TIs12. All available realizations of TIs,
however, share a common feature: their spectral bands are
attributed a nonlocal topological index that is quantized13–15.
Hence, whereas different realizations of TIs can vary locally, as
long as their topological characterization persists, they will exhibit
the same topological phenomena. In other words, the quantiza-
tion of topological indices lies at the foundation of the char-
acteristic robustness of bulk responses and associated boundary
phenomena in TIs.
In our work, we use a square-root procedure to provide a

topological framework of a 1D TI with non-quantized bulk
indices. This explains the robust boundary states found in its
spectrum. Specifically, we analyze a system with three spectral
bands, which possess non-quantized Zak’s phases. However,
spectral symmetries lead to quantized topological invariants,
revealed when squaring the Hamiltonian, which determine its
topological phase. The resulting states, related to the invariants
by the bulk boundary correspondence, may be seen as in-gap,
protected and controllable qubits. Photonic platforms have
proven to serve as versatile platforms for the implementation of
topological phenomena15, such as Floquet TIs16, TIs on a sili-
con platform17, 2D11 and 4D topological Hall physics18, as
well as non-Hermitian topological physics19. Along these
lines, we utilize photonic waveguide arrays with a specifically
tailored effective negative hopping to implement our theoretical
findings.

Results
Theoretical model. We consider a chain made of Aharonov–Bohm
cages, i.e., a quasi-1D lattice composed of interconnected pla-
quettes, see Fig. 1a. Each lattice site is coupled to its neighbors with
hopping amplitude t, while each plaquette is threaded by a flux ϕ.
The momentum space Hamiltonian of this model is given by

HðkÞ ¼ t

0 1þ e�ik e�iϕ þ e�ik

1þ eik 0 0

eiϕ þ eik 0 0

0
B@

1
CA � t

X4
i¼1

diλ3þi;

ð1Þ

where λi, with i = 1, . . , 8, are the eight Gell–Mann matrices
(defined in Supplementary Note 5) and d= (d1, d2, d3, d4) is a 4-
component real-valued vector with d1 ¼ 1þ cos k, d2 ¼ sin k,
d3 ¼ cos ϕþ cos k, and d4 ¼ sin ϕþ sin k. The spectrum of H(k)
has three bands: a central band that remains nondispersive for all
values of the flux ϕ, and two additional particle–hole symmetric
bands. For ϕ= 0, the three bands cross, while for ϕ= π the spec-
trum is gapped with three flat bands at energies Ei∈ {−2t, 0, 2t}, see

Fig. 1b. The latter case corresponds to the Aharonov–Bohm caging
effect, where the particles become immobile due to destructive
interference20–22.

For each band, we can evaluate a 1D topological invariant,
Zak’s winding phase γi ¼

R
BZdkAiðkÞ, where AiðkÞ ¼

i viðkÞh j∂k viðkÞj i is the Berry connection of the ith band and
viðkÞj i is the corresponding eigenstate23. For a standard 1D TI
(e.g., the Su–Shrieffer–Heeger (SSH) model), the winding phase
takes quantized values of π (or 0) corresponding to encircling
(or not encircling) a singularity in quasi-momentum phase
space24. For our model, we find that the zero-energy band has a
winding phase γ2= π, whereas the top and bottom bands have
γ1= γ3=−π∕2. Moreover, the winding phases are quantized to
these values, γ2 ∈ {0, π} mod 2π and γ1 ¼ γ3 2 f0; π2g mod 2π,
by a nonsymmorphic transformation χ ¼ 1

31� eikλ3 � 1
3 λ8

(see Supplementary Note 1 for the transformation for a general
ϕ flux). The Hamiltonian H(k) holds one additional non-
symmorphic symmetry Π ¼ 1

31þ eikλ3 � 1
3 λ8 (see Supplemen-

tary Note 1 for the transformation for a general ϕ flux) that
quantizes the winding phases to γ2 ∈ {0, π} mod 2π and γ1+
γ3 ∈ {0, π} mod 2π25. Thus, a χ-breaking term in the
Hamiltonian H(k) makes the phases γ1 and γ3 of the spectrally
separated bands non-quantized and continuously mixed.
The AB-cages chain, with ϕ= π and open boundary condi-

tions, has two in-gap states at energies ±
ffiffiffi
2

p
t localized on the

same boundary. Interestingly, their localization and energy are
robust against disorder that does not break the Π- or χ-symmetry
(see Fig. 2 and Supplementary Note 7). Hence, the AB-cages
chain has robust boundary states, even when the winding phases
γ1 and γ3 are not quantized. Commonly, robust boundary states
appear in a gap that lies above bands that have a quantized
topological index13–15. The appearance of such symmetry-
protected states is a surprising occurrence for our case where
non-quantized bulk windings arise.
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Fig. 1 The Aharonov–Bohm cages. a A chain of Aharonov–Bohm cages [cf.
Eq. (1)], with three sites an, bn, cn in the nth unit cell and a flux ϕ threading
each plaquette. b The energy dispersion E(k) of the chain as a function of
the flux ϕ. c The energy dispersion E(k) at ϕ= π consists of three flat band
at energies 0 and ±2t. The band at E= 0 has a quantized Zak's phase γ= π
while the other two bands show a non-quantized winding of π∕2. At a
termination of the chain with site an, two in-gap boundary states appear at
E ¼ ±

ffiffiffi
2

p
t. d Squaring the Hamiltonian (1) yields a model (2) with one flat

band at E= 0 and two degenerate flat bands at E= 4t2. Both bands have a
quantized Wilzcek–Zee phase ∣γ∣= π.
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The topological aspects of the model are revealed by taking the
square of the Hamiltonian matrix (1)

H2ðkÞ ¼ t2
2m0 0 0

0 m0 þm3 m1 þ im2

0 m1 � im2 m0 �m3

0
B@

1
CA

� t2m0
4
3
1þ 1

3
λ8

� �
þ t2

X3
i¼1

miλi;

ð2Þ

where m0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þm2
2 þm2

3

p
, m1 ¼ 1þ cosðkÞ þ cosðϕÞþ

cosðk� ϕÞ, m2 ¼ sinðkÞ þ sinðϕÞ � sinðk� ϕÞ, and m3 ¼
cosðkÞ � cosðk� ϕÞ. The squared Hamiltonian is block diagonal
with a single band w1j i at energy Λ1= 2t2m0 and a 2 × 2 subblock
with w2j i and w3j i eigenstates at energies Λ2= 0 and Λ3= 2t2m0,
respectively. The latter two form a subblock that corresponds to a
topologically nontrivial 1D model which maps to the SSH model

by a rotation with eiλ3
ðπ�ϕÞ

4 eiλ2
π
4 . Specifically, at ϕ= π, the resulting

2 × 2 subblock is equivalent to the SSH-chain with 0 intra-cell
coupling, 2t2 inter-cell coupling, and a constant 2t2 energy shift
(see Supplementary Fig. 3).
Importantly, w1j i and w3j i form a degenerate subspace at energy

Λ1=Λ3= 2t2m0. Therefore, these bands are assigned a Wilzcek–Zee
phase which generalizes Zak’s phase to multiband scenarios26,
γ ¼

R
BZTr ðAðkÞÞdk, where AðkÞnm ¼ hvnðkÞj∂kjvmðkÞi, and n, m

run over the involved states. For the squared Hamiltonian H2(k), the
Wilzcek–Zee phase of both the zero-energy band and the degenerate
subspace is quantized to {0, π} mod 2π due to the Π- and χ-
transformations (see Supplementary Note 3). As a result, the
standard bulk-boundary correspondence of 1D TIs applies27 and the
open boundary spectrum of the Hamiltonian (2) maintains mid-gap
states localized at the boundary. When ϕ= π, the energy of these
states is pinned to 2t2. Hence, the two energetically separated states
appearing at the boundary of the AB cages are mapped, under the
squaring operation, onto topological boundary states of the squared
Hamiltonian. This leads to their characteristic robustness, both in
localization and energy, against disorder that preserves the
corresponding symmetry that quantizes the topological phases in
H2(k) (see Fig. 2).

Experimental realization. We implement the AB-cages chain (1)
in photonic waveguide lattices fabricated using the femtosecond
laser writing technique in bulk glass28. The evolution of light
propagating along the z-direction of an array of single-mode
waveguides can be well described in the paraxial approximation
through a set of coupled mode equations i∂zψ= Hψ. The wave-
function ψ represents the excited optical wavepacket as a super-
position of bound modes of the waveguides. The matrix H has
diagonal elements corresponding to the refractive indices of the
waveguides and off-diagonal coupling elements being propor-
tional to the overlap between the bound modes of neighboring
waveguides. Thus, discrete Schrödinger equations can be simu-
lated in waveguide arrays with the benefit that the time coordi-
nate in the quantum regime is mapped onto a spatial propagation
distance in the optical system. In other words, the propagation of
an optical wavepacket through a waveguide system simulates the
temporal dynamics of an electron in a potential landscape.
Notably, using fluorescence microscopy we can directly image the
light propagation along the device29.
In order to generate an effective AB-phase threading each cage,

we use Peierls’ substitution and associate an effective phase to one
of the hopping amplitudes, see Fig. 3. Engineering a hopping
phase for photons is challenging since the positive refractive
index of each waveguide always results in a real and positive
coupling between the waveguides. Nevertheless, by positioning an
auxiliary waveguide with a well-tuned refractive index in between
two waveguides30, an effective negative coupling between the two
original waveguides is generated (see Supplementary Note 8).
Crucially, the auxiliary waveguide is engineered such that it does
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p
j2i between the boundary state energy βedge in the presence of disorder

and the energy of the undisturbed system β0 ¼
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2

p
t, as a function of the

disorder strength σ. Three different disorder types are used, which either do
not break one of the symmetries (χ or Π) or break both. All three disorder
types are chosen such that on average both symmetries, χ and Π, are
preserved, i.e., the disorder distribution has a vanishing mean. The vertical
solid line indicates the size of the gap between the boundary state and the
nearest bulk band. The red and green regions define an energy offset that is
bigger (red) or smaller (green) than (σ∕t)2, which corresponds to the
energy scale of the disorder. The disorder-averaging simulations were run
using a lattice with 99 sites and every disorder strength σ was realized
10,000 times.
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Fig. 3 Experimental implementation. a Light dynamics in the three level
system of two waveguides and an auxiliary waveguide with carefully chosen
refractive index. Since most of the amplitude is in the original waveguides,
we can trace out the dynamics of the auxiliary waveguide and obtain a two-
level system with an effective negative hopping −t. The horizontal scale
bar corresponds to 1 cm, while the vertical scale bar corresponds to 25 μm.
b Placing such a defect within each plaquette of the lattice structure
generates a total flux of ϕ= π. c An illustration of the quasi-1D array of
evanescently coupled waveguides used in the experiment. Light is
selectively injected into an input facet of the device and directly imaged
using fluorescence microscopy.
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not contribute significantly to the dynamics of the system, see
Fig. 3a. By choosing the refractive index of the two original
waveguides to energetically match the effective two-level system
with the rest of the lattice (see Supplementary Note 8) and placing
a negative coupling in each plaquette of our waveguide structure
(see Fig. 3b), an overall flux of π within the plaquettes is created,
resulting in the desired AB-caging effect (see Fig. 3c for an
illustration of the device).
We first establish our ability to generate the AB-caging effect in

the bulk of the chain by probing the light dynamics to test the
flatness of the bands, see Fig. 4. Exciting a single waveguide
within a plaquette will excite all k-states of Bloch bands that
overlap with this site. For flat bands, the light will stay bound to
the injection point and will not disperse. We perform two
experiments corresponding to two different injection sites within
the unit cell, see Fig. 4a–c. Indeed, despite of some residual
spreading due to imperfect injection and weak disorder in the
device, in both experiments the propagating wavepacket remains
confined to the injected unit cell. The experimental measure-
ments agree well with tight-binding simulations of the AB chain.
In contrast, light propagation for the case of vanishing flux ϕ=
0 shows no localization and the wavepacket spreads to the entire
lattice (see Supplementary Fig. 7).
From the light propagation along the sample (see Fig. 4), we

can additionally measure the energy of the bands: launching light
into a waveguide that connects two plaquettes solely excites
the two states in the bands at E= ±2t, as the state from the band
at E= 0 has no weight in this site, see Fig. 4c, d. The resulting
beating pattern is, therefore, generated by two modes with a
beating length lb that is connected to the energy difference ΔE of
the participating modes by31 lb ¼ π

ΔE. From the beating in Fig. 4c,
we measure lb= 0.9 cm, which corresponds to ΔE= ±3.4 cm−1.
Taking into account the particle-hole symmetry of the
model, the energy of the two bands are therefore measured to
be at E= ±1.7 cm−1 while the third band lies at E= 0.

We, now, demonstrate the existence of the boundary states in
our square-root model. The amplitude distribution of the
predicted boundary modes is shown in Fig. 5a, b. The two states
differ by a phase flip and appear at two inequivalent
eigenenergies, cf. Fig. 1c. Hence, similarly to the bulk experiments
above, light injected into the outermost waveguide simultaneously
excites both boundary modes and the resulting light pattern
exhibits a beating with a frequency corresponding to the
difference between their eigenenergies, see Fig. 5c. Our experi-
mental data agree well with tight-binding simulations shown in
Fig. 5d. From the beating structure, we can determine the energy
of the boundary modes Ee: we observe a beating with lb= 1.3 cm
and, hence, deduce that Ee= ±1.2 cm−1. Comparing the observed
energies in the bulk and in the boundary, we find that E2

E2
e
� 2, in

agreement with the predictions of the model (1).

Discussion
In our work, we have predicted and demonstrated the physics of a
square-root TI, using a photonic platform. Specifically, we show
that the AB cages with ϕ= π have in-gap states at energies ±

ffiffiffi
2

p
t,

above bands possessing π/2 or π mod 2π Zak’s phases. We find
that these states are robust, both in energy and localization,
against disorder that does not break the symmetries that quantize
the topological indices in the corresponding system where the
square of the Hamiltonian is taken. Furthermore, we show that
the squaring operation bijectively maps the boundary states of H
to specific boundaries of H2. Extending this description to the
regime where γ1 and γ3 are not quantized, e.g., by adding a term
that preserves Π but breaks χ, we find that the localization and
energy deviation of the boundary states remain robust against

additional Π-preserving disorder, but their energies are now fixed
to a different value (see Supplementary Note 6). In this case, the
mapping of the square operation is generalized using the prop-
erties of SU(3) algebra, while the symmetry protection in the
square-root model still manifests due to the quantization of
the topological indices of the squared Hamiltonian by the
Π-symmetry (see Supplementary Note 6). Contrary to previous
implementations of photonic AB cages using different experi-
mental techniques22, we provide an interpretation to the under-
lying physics which is independent of the specific model.
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Fig. 4 Bulk dynamics. a Light dynamics when exciting the top waveguide in
a bulk plaquette. The total envelope remains localized and shows breathing
only within the plaquette. Differences between simulations and experiment
arise mainly due to small amounts of light leaking into neighboring
waveguides during the excitation of the waveguide. This generates a slightly
different initial state launched into the system resulting in small deviations
of the propagation dynamics. The horizontal scale bar corresponds to 1 cm,
while the vertical scale bar corresponds to 50 μm. b The two waveguides
that are probed in the experiments demonstrating the flatness of the bulk
spectrum. c Light dynamics in the structure when a waveguide between two
plaquettes is excited. The total envelope shows a local breathing while being
localized within the plaquette. The horizontal scale bar corresponds to 1 cm,
while the vertical scale bar corresponds to 50 μm. d The amplitude
distribution of the three bulk eigenstates of the system.
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With our work, we hope to stimulate a range of new theoretical
and experimental studies exploring the implications and breadth
of such phases of matter. In this vein, our experimental results
give rise to various important questions: First, can our square-
root TI phase be realized in ultracold atomic setups, where
topological quantities can be observed via bulk wavepacket
dynamics, rather than by detection of boundary states? Second,
the boundary states appearing at ±

ffiffiffi
2

p
t energies form a two-level

system (with states 1=2
ffiffiffi
2

p
aj i± bj i � cj ið Þ

� �
) that can be used as a

qubit that is energetically separated from the bulk bands and is
robust to disorder. Making the hopping of the last site weaker or
methodically breaking the nonsymmorphic symmetries of the
AB-cages model offer a control handle to reduce or asymme-
trically tune the energy splitting of the boundary states. Can this
be used for single-qubit operations? Third, our procedure differs
from recent works2,4 where the square of a even-dimensional
model has been used to map between models with different
degrees of freedom but same quantized winding phase. In our
work the dimension of the Hilbert space is fixed, and the topo-
logical invariant reveals itself upon squaring; the question arises if
there are other nonlinear maps between Hamiltonians that admit
such a description? Fourth, the phenomenology of our model
resembles the valence-bond structure of the Affleck, Kennedy,
Lieb, and Tasaki ground state of the Haldane spin-chain32: each
unit cell in the bulk has three states that form a spin-1 subspace,
coupling to their neighbors with a specific tunnel coupling such
that an unpaired spin-1/2 is left at the boundary. Can our work
suggest a connection to the topology of spin models? Fifth, the
quantized π ∕ 2 phases of the AB-cages model in the electronic

domain will result into a boundary state with a e/4 charge. Can
such a novel quasiparticle have nontrivial braiding statistics?
Could its charge be tuned by controllably breaking the symme-
tries of the system? Finally, can the theoretical framework be
generalized to higher dimensions? The answers to these questions
are now in experimental reach.

Methods
Sample fabrication. The waveguides were written inside a high-purity 10 cm long
fused silica wafer (Corning 7980) using a RegA 9000 seeded by a Mira Ti:Al2O3

femtosecond laser. Pulses centered at 800nm with duration of 150 fs were used at a
repetition rate of 100 kHz and energy of 450 nJ. The pulses were focused 500 μm
under the sample surface using an objective with a numerical aperture of 0.35 while
the sample was translated at constant speed of 40, 200, and 220 mm/min, corre-
sponding to the different detunings, by high-precision positioning stages (ALS130,
Aerotech Inc.). The mode field diameters of the guided mode were 10.4 μm×
8.0 μm at 633 nm. Propagation losses were estimated to be 0.2 dB/cm. The wave-
guides are equally spaced by 21.5 μm for the positive and 28 μm for the negative
coupling, resulting in an inter-site hopping of tj j ¼ 0:85 cm−1.

Fluorescence imaging. For the direct monitoring of the light propagation in our
samples, we used a fluorescence microscopy technique29. A massive formation of
nonbridging oxygen hole color centers occurs during the writing process, when
fused silica with a high content of hydroxide is used, resulting in a homogeneous
distribution of these color centers along the waveguides. When light from a
Helium–Neon laser at λ= 633 nm is launched into the waveguides, the nonbrid-
ging oxygen hole color centers are excited and the resulting fluorescence (λ=
650 nm) can be directly observed using a CCD camera with an appropriate narrow
linewidth filter. As the color centers are formed exclusively inside the waveguides,
this technique yields a high signal-to-noise ratio.

Data availability
The data that support the findings of this study are available from the corresponding
author upon reasonable request.
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SUPPLEMENTARY FIGURES

a

b

c

Supplementary Figure 1. The two non symmorphic symmetries, Π and χ, acting on an infinite chain of AB-cages with periodic
boundary conditions. a The original lattice of AB-cages with flux φ threading each plaquette. b The lattice obtained after a
Π transformation. c The lattice obtained after a χ transformation. The dashed box shows a chosen set of basis points. Solid
(dashed) lines denote positive (negative) hopping strengths.
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a

b

Supplementary Figure 2. Square mapping semi-infinite chains. a A semi-infinite chain of Aharonov-Bohm cages with a termi-
nation that supports two nontrivial topological in-gap boundary states [cf. Supplementary Eq. (10)]. The corresponding H2

model exhibits at its boundary two in-gap degenerate states: one appears as a standard manifestation of the SSH model’s
bulk-boundary correspondence and the second belongs to the subspace of isolated states, now found at a lower energy [cf. Sup-
plementary Eq. (18)]. b A semi-infinite chain of Aharonov-Bohm cages with a termination that does not support topological
in-gap boundary modes [cf. Supplementary Eq. (12)]. The corresponding H2 model similarly does not exhibit topological in-gap
boundary states: the standard SSH model has a termination with corresponding boundary mode that is lowered to hybridize
with the bulk band at zero energy [cf. Supplementary Eq. (21)].
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a

b

c

Supplementary Figure 3. Square mapping the infinite chain. a An infinite chain of Aharonov-Bohm cages with φ = π is mapped
to b a chain with positive (black) and negative (red) next-to-nearest neighbour hopping and one decoupled state per unit cell.

Rotating the basis with e−iπ
4
λ2 , the latter is mapped to c the SSH model with an additional decoupled state per unit cell.
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Supplementary Figure 4. Zak’s winding phases of the bands of H(k) [cf. Supplementary Eq. (32)] as a function of the on-site
potential d. The winding of the zero-energy band γ2 remains unaltered, whereas γ1 and γ3 are continuously mixed to the point
where γ1 → π and γ3 → 0.
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Supplementary Figure 5. Disorder Analysis of Energy and Localisation. a Disorder analysis of the energy offset of the
topological edge state with on average preserved symmetries. The vertical axis shows the averaged mean squared difference
〈|βedge/t−β0/t|2〉 of the edge state energy βedge in the presence of disorder and the energy of the undisturbed system β0 =

√
2t.

The vertical colored solid line indicates where the standard deviation of the disorder reaches the size of the gap from the
boundary state to the nearest bulk band in each corresponding case. The red and green regions define an energy offset that is
bigger (red) or smaller (green) than (σ/t)2, which would correspond to a an energy offset proportional to the disorder strength.b
The average second moment (localization length) of the eigenstate, corresponding to the eigenenergy of a. Each disorder type
was realized to either preserve, or break certain symmetries, as labeled in the plots. The disorder-averaging simulations were
run using a lattice with 99 sites and every disorder strength was realized 10000 times.
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Supplementary Figure 6. Disorder Analysis of Energy and Localisation. a Disorder analysis of the energy offset of
the topological edge state with on average broken symmetries. The vertical axis shows the averaged mean squared difference
〈|βedge/t− β0/t|2〉 of the edge state energy βedge in the presence of disorder and the energy of the undisturbed system β0 (i.e.,
when σ = 0). The vertical colored solid lines indicate where the standard deviation of the disorder reaches the size of the gap
from the boundary state to the nearest bulk band in each corresponding case. The red and green regions define an energy
offset that is bigger (red) or smaller (green) than (σ/t)2, which would correspond to a an energy offset proportional to the
disorder strength.b The average second moment (localization length) of the eigenstate, corresponding to the eigenenergy of a.
Each disorder type was realized to either preserve, or break certain symmetries, as labeled in the plots. The disorder-averaging
simulations were run using a lattice with 99 sites and every disorder strength was realized 10000 times.
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Supplementary Figure 7. Propagation without Flux. a Light dynamics when exciting the top site in a single bulk plaquette
without flux (labeled as 1 in d). The horizontal scale bar corresponds to 1 cm, while the vertical scale bar corresponds to
50µm. b Light dynamics when exciting the lattice site inbetween two bulk plaquettes without flux (labeled as 2 in d). The
horizontal scale bar corresponds to 1 cm, while the vertical scale bar corresponds to 50 µm. c Light dynamics when exciting the
edge lattice site of a lattice without flux (labeled as 3 in d). The horizontal scale bar corresponds to 1 cm, while the vertical
scale bar corresponds to 50µm. d Overview of which lattice sites are excited in a-c.

78 8 Publications for this thesis



6

SUPPLEMENTARY NOTES

Supplementary Note 1

Here we discuss the Bulk properties of H(k).The spectrum of H(k) [cf. Eq. (1) in the main text] has three bands at
energies ±t

√
2
√

1 + cos k + cos (k − φ) and 0, see Fig. 1a in the main text. When the flux threading the plaquettes is
φ 6= 0 mod 2π, the three bands are isolated from each other, therefore, an Abelian Zak’s phase can be defined to each,

γi = i

π∫

−π

dk〈vi(k)|∂k|vi(k)〉 , (1)

where i = 1, 2, 3 labels the bands in increasing energy. The bulk band solutions |vi(k)〉 are found by diagonalizing the
Hamiltonian H(k) and can be written in a nonsingular, analytical form

|v1〉 =
1

2
√

2




−2
√

2 + cos k + cos (k − φ)

1 + eik

eiφ + eik



, |v2〉 =

1

2




0

eiφ + eik

1 + eik



, |v3〉 =

1

2
√

2




2
√

2 + cos k + cos (k − φ)

1 + eik

eiφ + eik



.

(2)

Using Supplementary Eqs. (1) and (2), we find

γ1 = γ3 =
3π

2
mod 2π

γ2 = πmod 2π . (3)

The winding phases of H(k) [cf. Supplementary Eqs. (3)] are constrained by two nonsymmorphic symmetries (see
Supplementary Figure 1), namely

χ =




1 0 0
0 −e−ik 0
0 0 −e−iφe−ik


 and Π =




1 0 0
0 e−ik 0
0 0 e−iφe−ik


 , (4)

The above transformations act on the Hamiltonian in the following way

ΠH(k)Π−1 = H∗(k) , (5)

χH(k)χ−1 = −H∗(k) , (6)

where H∗(k) is the conjugate Hamiltonian and the equalities are up to gauge transformations. These symmetries lead
to the following relations between the winding phases of the bands:

Π : γ1 + γ3 ∈ {0, π} and γ2 ∈ {0, π} ,
χ : γ1 = γ3 ∈ {0,±π/2} and γ2 ∈ {0, π} . (7)

Breaking the χ symmetry with an onsite potential allows γ1 and γ3 to take any phase value, but, interestingly, their
sum remains a Z2 invariant due to the Π symmetry(see Supplementary Note 6).

Supplementary Note 2

Here we discuss the boundary properties of H. To derive the explicit solutions of boundary states, we first consider
a semi-infinite AB-cages chain, at φ = π, with a termination shown in Supplementary Figure 2A. The real-space
representation of the Hamiltonian is given by

H = t




D T 0 · · ·
T † D T

. . .

0 T † D
. . .

...
. . .

. . .
. . .



, (8)
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where t is the hopping amplitude,

D =




0 1 −1
1 0 0
−1 0 0


 , and T =




0 0 0
1 0 0
1 0 0


 . (9)

Solutions localized within the unit cell of the termination can generally be written as |e〉 = (a, b, c, 0, · · · )T and must
satisfy the matrix equation H |e〉 = Ee |e〉, with Ee the energy of the boundary state. This leads to two orthogonal
solutions given by

|e1〉 =
1

2

(√
2, 1,−1, 0, · · ·

)T
and |e2〉 =

1

2

(√
2,−1, 1, 0, · · ·

)T
, (10)

with Ee1 =
√

2t and Ee2 = −
√

2t, respectively.
Following the same procedure, we now consider the alternative termination of the chain, shown in Supplementary

Figure 2B. The real-space representation of the Hamiltonian is given by

H =




D T † 0 · · ·
T D T †

. . .

0 T D
. . .

...
. . .

. . .
. . .



. (11)

Solving the matrix equation H |e〉 = Ee |e〉 for a localized state of the form |e〉 = (a, b, c, 0, · · · )T leads to a single
solution

|e0〉 =
1√
2

(0, 1, 1, 0, · · · )T , (12)

with Ee0 = 0. Importantly, this mode is degenerate with the central bulk band and does not manifest as a topological
in-gap state.

Supplementary Note 3

Here we discuss the bulk properties of H2(k). The spectrum of H2(k) [cf. Eq. (2) in the main text], has a 2-
fold degenerate subspace at energy 2t2 (1 + cos k + cos (k − φ)) and a single band at zero energy [cf. Fig. 1D in the
main text]. In order to properly capture the topological phase of the degenerate bands we use a generalization of
Supplementary Eq. (1), called the Wilzcek-Zee phase,

γ =

k+2π∫

k

TrA(k)dk , (13)

where A(k)nm = 〈vn(k)|∂k|vm(k)〉, and n,m run over the involved states. The bulk solutions of H2(k) can be written
in compact form as

|w1〉 =




1

0

0



, |w2〉 =

1√
2




0

eiφ + eik

1 + eik



, |w3〉 =

1√
2




0

1 + eik

eiφ + eik




, (14)

with eigenvalues 2t2 (1 + cos k + cos (k − φ)), 0 and 2t2 (1 + cos k + cos (k − φ)), respectively. The squared model,
H2(k), has a band composed of decoupled sites, |w1〉, that is degenerate with |w3〉. The sub-model, defined by |w2〉
and |w3〉, is related to an effective Su-Schrieffer-Heeger (SSH) by a rotation eiλ3

(π−φ)
4 eiλ2

π
4 . At φ = π, the resulting

effective SSH model is equivalent to a chain with 0 intra-cell coupling, 2t2 inter-cell coupling, and a constant 2t2

energy shift, see Supplementary Figure 3A, B and C. Using Supplementary Eq. (13) we find

γ1,3 = πmod 2π and γ2 = πmod 2π . (15)
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where γ1,3 denotes the phase of the degenerate subspace spanned by |w1〉 and |w3〉, and γ2 is the phase of the single
band at zero energy.

The two nonsymmorphic symmetries, Π and χ, obeyed by H(k) are preserved under the squaring operation,

ΠH2(k)Π−1 = (H∗(k))
2
,

χH2(k)χ−1 = (H∗(k))
2
. (16)

These transformations lead to the following relations between the Wilzcek-Zee phases:

Π : γ1,3 ∈ {0, π} and γ2 ∈ {0, π} ,
χ : γ1,3 ∈ {0, π} and γ2 ∈ {0, π} . (17)

Importantly, breaking the χ-symmetry with an onsite potential on the a lattice sites does not make γ1,3 nor γ2 lose
its quantization. This is because the Π-symmetry protects this quantization.

Supplementary Note 4

In this section we discuss the boundary states of H2 and their mapping to the boundary states of H. The bulk
indices of H2(k) show that the band polarization of the chain is quantized to nontrivial values. Since the bulk material
is insulating, the bulk band polarization manifests as localized states on the boundary [1]. In the following, we give
the correspondence between the boundary state found in the spectrum of H (cf. Supplementary Note 2) and the
boundary states found in the spectrum of its square, H2. To this end, we will analyze the two inequivalent lattice
termination of H and map those to lattice terminations of H2.

We start by considering the lattice termination of H given in Supplementary Eq. (8) (cf. Supplementary Figure 2A).
Squaring this matrix leads to

H2 =




D2 + TT † {D,T} 0 · · ·
{D,T †} D2 + {T, T †} {D,T} . . .

0 {D,T †} D2 + {T, T †} . . .
...

. . .
. . .

. . .



, (18)

where we have used the fact that TT = T †T † = 0. The resulting edge termination of H2 is shown in Supplementary
Figure 2A. Importantly, the decoupled state of the boundary unit-cell appears at a lower energy. This is due to
the fact that, at the edge, the intra-cell hopping is described by the matrix D2 + TT †, as opposed to the matrix
D2 +{T, T †} found in the bulk. Localized solutions of the form |e2〉 = (a, b, c, 0, · · · )T are found by solving the matrix
equation H2 |e2〉 = Ee2 |e2〉. This leads to two orthogonal solutions,

|e21〉 = (1, 0, 0, 0, · · · )T and |e22〉 =
1√
2

(0, 1,−1, 0, · · · )T , (19)

with Ee21 = Ee22 = 2t2. We note that |e22〉 is a topological state related to the standard bulk-edge correspondence of

the SSH model, while |e21〉 appears to be originating from a nontopological inert band. Nevertheless, this distinction
is basis-dependent and the appearance of the doubly-degenerate boundary states is a crucial manifestation to our
model. Under the square-root operation, the boundary states of H, given in Supplementary Eq. (10), are mapped to
linear combinations of |e21〉 and |e22〉:

|e1〉 =
1√
2

(
|e21〉+ |e22〉

)
and |e2〉 =

1√
2

(
|e21〉 − |e22〉

)
. (20)

Following the same procedure as above, we now consider the lattice termination of H given in Supplementary
Eq. (11) (cf. Supplementary Figure 2B). This leads to the squared Hamiltonian

H2 =




D2 + T †T {D,T †} 0 · · ·
{D,T} D2 + {T, T †} {D,T †} . . .

0 {D,T} D2 + {T, T †} . . .
...

. . .
. . .

. . .



. (21)
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The resulting edge termination of H2, shown in Supplementary Figure 2B, displays an intra-cell coupling of the form
D2 + T †T . This leads to a localized solution,

|e20〉 =
1√
2

(0, 1, 1, 0, · · · )T , (22)

with energy Ee20 = 0. Comparing with Supplementary Eq. (12), we find that the above state is mapped onto the same
state of H:

|e0〉 = |e20〉 . (23)

In summary, we have provided a relation between the boundary states found in the spectrum of H and H2.
The quantized bulk phases of H2 lead to a standard topological bulk-edge correspondence, reminiscent of the SSH
model, that, under the square root, are mapped to specific boundaries of H. This direct relationship establishes the
appearance of protected boundary states in the spectrum of H, despite the fact that the bands below the gap may
not have quantized topological indices.

Supplementary Note 5

In this Section, we show a general procedure with which the square root of a standard 2-band 1D TI dressed with
an auxiliary state can be taken and discuss extensions to the case where the auxiliary state becomes hybridized. We
start by considering non-interacting spinless electrons in a 1-dimensional lattice with three orbital degrees of freedom
(d.o.f.) on each lattice site. Assuming that one orbital d.o.f. is completely decoupled from the other two, a general
hybridization between the latter two can be written in the basis of 3 × 3 Hermitian matrices λi, with i = 1, ..., 3, i.e.
the generators of the SU(2) algebra. These are the three Pauli matrices embedded in a 3-dimensional space

λ1 =

(
0 0
0 σx

)
, λ2 =

(
0 0
0 σy

)
, λ3 =

(
0 0
0 σz

)
. (24)

where together with

λ4 =

(
σx 0
0 0

)
, λ5 =




0 0 1
0 0 0
1 0 0


 , λ6 =

(
σy 0
0 0

)
, λ7 =




0 0 −i
0 0 0
i 0 0


 , (25)

and λ8 = diag(−2, 1, 1) are the eight Gell-Mann matrices. Thus, a general momentum space Hamiltonian is given by

H2(k) = α

(
1 0
0 02×2

)
+ h0

(
0 0
0 12×2

)
+

3∑

i=1

hiλi , (26)

where 12×2 = diag(1, 1), 02×2 = diag(0, 0), α is the energy at which the decoupled orbital lies, h = (h1, h2, h3) is
a 3-component real-valued vector, and h0 = |h| is the energy offset from zero of the two hybridized states. The

1-dimensional topological invariant of the system is encoded in the winding of the Bloch vector ĥ = h
|h| , defined as

w =
1

2

∫

BZ

dkĥ× ∂kĥ . (27)

A nontrivial TI has a Bloch vector constrained to move in a specific plane in the SU(2) subspace and its trajectory, as
one moves through the 1-dimensional BZ, traces a circle. This leads to a nontrivial π winding in the bulk and mid-gap
states localized on the boundary [1]. Such constraint implies that one of the components of ĥ is zero and that H2(k)

has a chiral-like symmetry, Θ, that anticommutes with the 2 × 2 subblock,
∑3
i=1 hiλi. As long as the 2× 2 subblock

of hybridized states remains decoupled from the remaining itinerary state and Θ is not broken by any perturbation
or disorder, the boundary states remain topologically protected, in similitude to standard chiral 1D TIs.

In order to define the square-root operation, we need to find a self adjoint Hamiltonian
√
H2(k) that squares to

Supplementary Eq. (26). Using the properties of the SU(3) algebra, the most general self adjoint Hamiltonian that
squares to Supplementary Eq. (26) is given by

√
H2(k) =

4∑

i=1

diλi+3 , (28)
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where d = (d1, d2, d3, d4) is a 4-component real-valued vector. The square of
√
H2(k), given by

(√
H2(k)

)2
=

4∑

i=1

d2iλ
2
i+3 +

4∑

i<j

didj{λi+3, λj+3} ≡ H2(k) , (29)

defines a relation between the components of d and h, namely

2h0 = d · d = α , (30)

h1 = d1d3 + d2d4 ,

h2 = d1d4 − d3d2 ,

h3 =
(d21 + d22 − d23 − d24)

2
,

We note that the above equations do not have a unique solution. Therefore, a given h can have different square root
realizations. In fact, any unitary transformation of

√
H2(k) has no effect on the resulting H2(k).

If additional terms proportional to the remaining Gell-Mann matrices are included in Supplementary Eq. (28) the
squared model will have all three orbits hybridized. Nonetheless, if there exists a symmetry that quantizes γ1,3 and
γ2 in the same way as in Supplementary Eq. (17), the resulting squared model will be a topological insulator with
(in the nontrivial case) protected in-gap boundary states. For example, an onsite potential d on the a site of the AB
cages introduces terms proportional to λi, where i = {4, 5, 6, 7}, to the squared Hamiltonian H2(k). However, such
on site potential term preserves the Π-symmetry and breaks the χ-symmetry. As a result, the squared Hamiltonian
at 1/3-filling has quantized winding numbers and topologically protected in-gap boundary states. In the square root
model, these states are found above bands with nonquantized phases [cf. Supplementary Eq. (7)], yet remain robust
against additional disorder that does not break the quantization in the squared model H2(k) (cf. Supplementary Note
6 and Supplementary Note 7).

Going back to our original model, the AB-cages at φ = π, we find that H2(k) has h1 = 0 and, therefore, the

subblock
∑3
i=1 hiλi has a chiral symmetry given by Θ = ei

π
2 λ1 , that quantizes the topological phases to

Θ : γ1,3 ∈ {0, π} and γ2 ∈ {0, π} , (31)

where γ1,3 denotes the phase of the degenerate subspace, and γ2 is the phase of the single band at zero energy. Such
symmetry is preserved when the AB-cages model is of the form of Supplementary Eq. (28), i.e., there are no additional
terms proportional to the remaining Gell-Mann matrices, and the hopping strength between sites is equal. In this
case, the topological boundary states appear in the middle of the gap and are pinned to their energy due to the chiral
symmetry Θ.

For completeness, we note that different gauge choices of the AB-cages lead to an equivalent squared model. This
has to do with the fact that transformations which preserve the boundary conditions have vanishing contribution to
the topological invariant. Therefore, the Bloch vector, h, will still correspond to a nontrivial TI that winds around
a circle as we go around the 1-dimensional BZ. Conversely, the two alternative unit-cell choices of the AB-cages that
we did not consider here lead to a Bloch vector h that does not correspond to a standard TI.

Supplementary Note 6

In this section we discuss the interplay of an onsite potential with the Π-preserving term. Adding an onsite potential
of the form

H(k) =




d t+ te−ik te−iφ + te−ik

t+ teik 0 0

teiφ + teik 0 0



, (32)

leads to scrambling of winding phases γ1 and γ3, while γ2 remains quantized, see Supplementary Figure 4 [cf. Sup-
plementary Eq. (7)]. Importantly, the boundary states given in Supplementary Eq. (10) remain solutions of the
Hamiltonian but with modified energies

Ee1 =
1

2

(
d+

√
d2 + 8

)
and Ee2 =

1

2

(
d−

√
d2 + 8

)
, (33)

8.3 A square-root topological insulator with non-quantized indices 83



11

while the boundary state given in Supplementary Eq. (12) remains pinned to zero energy, i.e., it does not manifest as
a topological in-gap state.

The robustness of the boundary states against additional disorder (cf. Supplementary Figs. 5 and 6) stems from
the fact that the Π-transformation [cf. Supplementary Eq. (6)] remains a symmetry of both H(k) and H2(k), while
the χ-symmetry is broken. Since the quantization of the Wilzcek-Zee phases persists under the addition of this term
[cf. Supplementary Eq. (17)], the localization of the boundary states is unaffected (cf. Supplementary Note 7 and
Supplementary Figs. 5 and 6).

Supplementary Note 7

One of the fundamental aspects of topological insulators is the robustness of their boundary states against disorder
that does not break the symmetry that quantizes the topological invariant. Such a property is paramount towards
realizing fault-tolerant and impurity-insensitive devices. In this Section, we investigate the robustness of the boundary
states found in the AB-cages against different kinds of disorder.

The topological robustness of boundary states is commonly quantified by calculating the energy offset of the
topological state as well as its localization length over many disorder realizations. For a comprehensive analysis, we
study, on one hand, (a) disorder that on average preserves both symmetries, Π and χ, and on the other hand (b)
terms that on average break each of these symmetries individually and jointly and analyze the impact of additional
disorder on top of the symmetry-broken model. The analyzed quantities are the averaged mean squared difference of
the boundary state energy in the presence of disorder, βedge, from the energy of the undisturbed system, β0 (i.e. when
σ = 0) and the second moment of the corresponding eigenstates. The former shows the robustness of the energy while
the latter quantifies the localization of the boundary state and is related to the localization length. The disorder is
assumed to be of Gaussian shape with standard deviation σ and a vanishing mean for case (a) or a mean equal to the
coupling strength t for the case (b). Each studied disorder strength was average over 10000 realizations on a lattice
with 99 sites.

In order to analyze the ensuing impact of symmetry-breaking terms and disorder, we consider three different types,
namely, potential terms d on sites a, and complex coupling terms α on the hopping amplitudes between sites b and c

d d

(34)

The corresponding symmetries that survive under the addition of such terms are

Term Preserved Broken
d Π χ ,

Re(α) χ Π .
(35)

The results are displayed in Supplementary Figs. 5 and 6 for vanishing mean and non-vanishing mean disorder
realizations, respectively. A Π-preserving, but χ-breaking, disorder is implemented by adding a real detuning term
d that on average is either 〈d〉 = 0 or t (see black curve in Supplementary Figs. 5 and 6). A χ-preserving, but
Π-breaking, disorder is implemented by adding a real coupling term α that on average is either 〈α〉 = 0 or t (see red
curve in Supplementary Figs. 5 and 6). A general disorder that breaks all symmetries is implemented by combining
a complex coupling α and a detuning d (see blue curve in Supplementary Figs. 5 and 6 for 〈α〉 = 〈d〉 = 0 and
Re(〈α〉) = Im(〈α〉) = 〈d〉 = t, respectively). We illustrate the robustness of the edge state energies more clearly, by
splitting the plot into two regions with an energy offset that is bigger (red) or smaller (green) than (σ/t)2, since (σ/t)2

would correspond to a an energy offset proportional to the disorder strength.
We find that, indeed, in case of zero average disorder, the boundary modes remain robust in both energy and

localization length against a symmetry-preserving disorder and as long as the disorder strength is not large enough
to mix the boundary states with the nearest bulk band. In the case of either Π- or χ-preserving disorder we find
that the energy offset is always in the green region (see Supplementary Figure 5a), while the wavefunctions remain
highly localized within a unit cell (see Supplementary Figure 5b). In contrast, the boundary states do not show any
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protection against a general disorder, neither in energy, since we find that the energy offset is mostly in the red region
(see Supplementary Figure 5a), nor localization, even though the symmetries are preserved on average. For nonzero
average disorder (i.e. adding a nonzero symmetry-breaking term to the Hamiltonian and applying an additional
disorder), the boundary states still appear, but are now pinned to a different energy, other than ±

√
2t. This is due to

the fact that the square-root map between the effective-SSH and the AB-cages model no longer holds. Nevertheless,
the remaining unbroken symmetries in the modified AB-cages model still provide protected boundary states since the
corresponding squared model is again a nontrivial TI (see Supplementary Figure 6).

Supplementary Note 8

In this Section, we provide additional information on the effective negative hopping between two main waveguides
when an auxiliary waveguide is introduced between them. The auxiliary waveguide is strongly detuned from the
main waveguides and, hence, inhibits direct coupling between them. Moreover, it is generating an effective negative
hopping between the main waveguides through a carefully-tuned second-order tunneling process, i.e., this approach
allows us to effectively flip the sign of the coupling amplitude between them. Embedding such a negative hopping
amplitude inside the square structure of our system realizes an artificial gauge field of a π flux for the photons, i.e.,
when a particle goes around the square it collects the negative sign which is equivalent to a eiπ phase.

For completeness, we provide here a more detailed description of such negative hopping generation (cf. also Ref. [2]).
We start by considering two main waveguides with a small detuning δ, coupled to each other via the overlap of
evanescence modes with a neighbouring auxiliary waveguide with detuning ∆. Using the tight-binding approximation,
the equations of motions for the electric-field amplitude in the three waveguides, a, b and c, are given by

i∂z



a
b
c


 =



δ κ 0
κ ∆ κ
0 κ δ





a
b
c


 ,

where κ is the coupling strength. In order to engineer the negative coupling between the two main waveguides, a and
c, we choose

∆ =
κ2 − δ2

δ
,

and find the eigenvectors and eigenvalues

u1 =




1
0
−1


 β1 = δ

u2 =




1

−2
δ

κ
1


 β2 = −δ

u3 =




1
κ/δ
1


 β3 = δ +

κ2

δ
.

In the limit where δ � κ the eigenvectors can be approximated by

ũ1 =




1
0
−1


 ũ2 ≈




1
0
1


 ũ3 ≈




0
κ/δ
0


 ,

and the eigenvalues by

β1 = δ , β2 = −δ , β3 ≈
κ2

δ
,

respectively. Since ũ3 is decoupled from the remaining two states and its eigenvalue is much larger, its dynamics will
not contribute much to the evolution of amplitudes a and c, hence it can be traced out. The effective model obtained
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after tracing out the auxiliary waveguide b is equivalent to having two waveguides that are coupled with a negative
amplitude, i.e.,

i∂z

(
a
c

)
=

(
0 −δ
−δ 0

)(
a
c

)
.

One can see by direct calculation that the eigenvalues and eigenvectors of the above Hamiltonian are equivalent to
ũ1 and ũ3 with eigenvalues δ and −δ respectively. Embedding such an effective model inside the square structure
of our AB-cages system and carefully choosing the detuning δ such that it matches the coupling strength between
waveguides on the other edges of the square, realizes an artificial gauge field with π flux threading each square.

Supplementary Note 9

In this section we discuss the propagation without flux. In order to demonstrate that the edge states, as well as the
complete localisation of the bulk states originate from the flux of φ = π we also fabricated a lattice without flux and
measured the resulting intensities (see Supplementary Figure 7). It can clearly be seen that for the case of vanishing
flux no localisation occurs when exciting the bulk (see Supplementary Figure 7a-b). When exciting the edge of the
lattice there is basically no light residing, which confirms that there is no edge state present (see Supplementary
Figure 7c).
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Geometric phases, which are ubiquitous in quantum mechanics, are commonly more than only scalar
quantities. Indeed, often they are matrix-valued objects that are connected with non-Abelian geometries. Here,
we show how generalized non-Abelian geometric phases can be realized using electromagnetic waves traveling
through coupled photonic waveguide structures. The waveguides implement an effective Hamiltonian possessing
a degenerate dark subspace in which an adiabatic evolution can occur. The associated quantum metric induces
the notion of a geodesic that defines the optimal adiabatic evolution. We exemplify the non-Abelian evolution of
an Abelian gauge field by a Wilson loop.

DOI: 10.1103/PhysRevResearch.1.033117

I. INTRODUCTION

Geometry and quantum mechanics are inextricably linked.
Whenever a quantum system evolves in Hilbert space, its wave
function acquires a phase that solely depends on the path
the quantum system has taken. This concept of geometric
phases was introduced by Berry [1] who pointed out that
there are instances in which these emerging phase factors
cannot be removed by some gauge transformation. A famous
example is the Aharonov-Bohm effect [2] in which the wave
function of a charged particle traveling in a loop around a
solenoidal magnetic field acquires a phase proportional to
the flux through the surface enclosed by the loop, i.e., a
line integral over the (Abelian) vector potential. Here, the
emerging (Abelian) phase is merely a complex number.

However, any quantum system with degenerate energy lev-
els possesses a far richer structure as matrix-valued geometric
phases [3], known as non-Abelian holonomies. These can
occur as soon as the emerging phase depends on the order
of consecutive paths. In contrast to the vector potential in
the Aharonov-Bohm scenario, a non-Abelian gauge field is
responsible for the appearance of these matrix-valued phases.
Such phases are crucial for topological quantum computation
[4,5], non-Abelian anyon statistics [6], and the quantum sim-
ulation of Yang-Mills theories. Non-Abelian synthetic gauge
fields are usually realized in systems where coupled energy
levels naturally lead to the required degeneracy, such as in
cold atomic samples [7] and artificial atoms in supercon-
ducting circuits [8]. In the case of electromagnetic fields,
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Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

due to their intrinsic Abelian nature, the required degener-
acy is more intricate to design. One successful scheme uti-
lized the spin-orbit coupling of polarized light in asymmetric
microcavities [9].

In our paper, we focus on a different degree of freedom and
synthesize a non-Abelian geometric phase by implementing
adiabatic population transfer [10] of light. We employ an
integrated photonic structure possessing dark states in which
a non-Abelian geometric phase associated with a U(2) group
transformation is realized. The quantum metric spanned by
the subspace of the dark states induces a geodesic that defines
the optimal adiabatic evolution of these non-Abelian phases.

II. THEORY

Gauge fields naturally arise in the context of field theo-
ries when demanding the invariance of a field under some
transformation. Invariance under multiplication by a scalar
phase factor leads to the concept of Abelian gauge fields,
such as the four-vector potential of electromagnetism with
commuting components. In contrast, matrix-valued phases
entail non-Abelian gauge fields where the commutator of
the individual components involves the structure constants of
the underlying Lie algebra. Famous examples are Yang-Mills
theories of particle physics [11].

A wave packet evolving in the presence of a gauge field
acquires a geometric phase. For Abelian gauge fields, this
is the famous Berry-Pancharatnam phase [1,12]. The non-
Abelian generalization is known as the Wilson loop,

WC = Tr
[
P exp

(
−

∮
C
Aνdx

ν

)]
, (1)

which is the trace of the path-ordered (P) exponential
of the non-Abelian gauge field Aν [13]. Our system is a
nontrivial collection of interacting Abelian subsystems and,
thus, non-Abelian, being characterized by a Wilson loop
WC < 2 [14,15].
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FIG. 1. (a) Scheme of the four-waveguide system. (b) Visual-
ization of changing the dark subspace projector along curve C. The
change in the dark subspace projectors of the system is given by the
quantum metric g.

In order to implement this concept, one seemingly requires
a non-Abelian gauge field. However, this is not necessary
as a non-Abelian structure naturally appears whenever the
evolution of a quantum system is confined to a degenerate
subspace of some Hamiltonian [3]. As a consequence, gen-
erating non-Abelian geometric phases is not connected to the
presence of a non-Abelian gauge field but to the existence of
a degenerate subspace.

In our paper, we consider the system sketched in Fig. 1
that consists of four potential wells C, U, R, and L that
are coupled with time-dependent hopping constants Q, S,
and P. The Schrödinger equation for the field amplitudes
aL, aU, aR, and aC in the individual wells reads, therefore,

i∂t

⎛
⎜⎝
aL
aR
aU
aC

⎞
⎟⎠ =

⎛
⎜⎝

0 0 0 S
0 0 0 P
0 0 0 Q
S P Q 0

⎞
⎟⎠

⎛
⎜⎝
aL
aR
aU
aC

⎞
⎟⎠. (2)

This Hamiltonian supports two dark states with zero eigen-
values,

|D1〉 = sin θ |wL〉 − cos θ |wR〉, (3)

|D2〉 = cos θ sin φ|wL〉 + sin θ sin φ|wR〉 − cos φ|wU〉,
(4)

where |wU,R,L〉 are the eigenmodes of the potential
wells U,R,L, respectively, with the angle parametrization
θ = arctan(P/S) and φ = arctan(Q/

√
S2 + P2). Notably,

they do not involve the eigenstate |wC〉 to which all other
states are coupled. These dark states span a (dark) subspace
in which the adiabatic evolution of a wave function along
a closed path can be described by a non-Abelian geometric
phase (1) with the gauge field,

(Aν )ki = 〈Dk| ∂

∂xν
|Di〉 (5)

written in the coordinates {xν} = {S,P,Q}. In the context of
adiabatic evolution, the Hamiltonian (2) is a generalization
[10] of the stimulated Raman adiabatic passage (STIRAP)
protocol [16]. What is required is to ensure adiabaticity of the
evolution.

Interestingly, adiabatic transport is equivalent to parallel
transport in a curved (metric) space via vanishing covariant
derivative [17], i.e., along a geodesic defined in our pa-
rameter manifold. The quantum metric gμν = Tr(∂μP ∂νP) is
constructed [18,19] from infinitesimal changes of the dark
subspace projector P(xν ) = ∑

i |Di(xν )〉〈Di(xν )| via

‖dP‖2 = Tr(∂μP ∂νP)dxμdxν = gμνdx
μdxν

[see Fig. 1(b)]. This is the real part of a quantity known as the
quantum metric tensor [17–20], whose imaginary part is the
field strength tensor of the (non-Abelian) gauge field Fμν =
∂μAν − ∂νAμ − [Aμ,Aν].

The coordinates xν (z) in parameter space themselves are a
function of the propagation distance z. The quantum metric
gμν defines a path length (action) along the curve C in the
parameter manifold from the input facet zi to the output
facet zf ,

L =
∫ zf

zi

√
gμν∂zxμ∂zxνdz. (6)

The principle of least action defines a geodesic that describes
the evolution with the least diabatic error through parameter
space [18]. As a consequence, the notion of adiabaticity is
intimately connected to the concept of the quantum metric.
This defines the optimal strategy for determining the time
dependence of the parameters for adiabatic evolution in pa-
rameter space. Starting from the desire to realize non-Abelian
geometric phases, one first has to find a Hamiltonian with a
degenerate subspace [3] on which a metric can be defined. The
geodesic induced by this metric then specifies the variation
of the parameters of the Hamiltonian such that the evolution
through parameter space occurs with the least diabatic error.
A closed path along the geodesic in parameter space then
necessarily results in a non-Abelian geometric phase. In the
case of the tripod Hamiltonian with the three real couplings
S, P, and Q, we find for the quantum metric,

g = 2 diag[1, cos2(φ)]. (7)

Note that the metric is two-dimensional since the mixing an-
gles θ and φ are the relevant parameters here. This is because
the normalization of the dark states makes one parameter
degree of S, P, and Q obsolete.

In an actual implementation, however, the experimental
constraints might limit the possible curves that can be realized
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with the result that we might not be able to obtain perfect
geodesics. Nevertheless, L is a possible measure for the qual-
ity of a certain curve/parameter variation and may be used for
optimization, i.e., helps to find the curve with the least diabatic
error/path length for given constraints (such as pulse shape,
total propagation length, etc.). In our experimental implemen-
tation, we minimize L under the constraint of a given Gaussian
pulse shape with a limited number of parameters determining
the exact shape. Minimizing L over these shape parameters
provides the curves with the least diabatic error for a given
total length zf − zi. This idea was used to obtain optimized
coupling variations when designing the waveguide system
for different gauge fields or Wilson loops. We furthermore
compared the path-length optimization with the deviations
from a perfect adiabatic evolution to justify our approach. For
details see Appendices D and F.

III. EXPERIMENT

In order to implement our findings, we employ a photonic
platform manifested in the form of integrated coupled waveg-
uides. Using the analogy between the quantum evolution of a
wave function and the propagation of an optical wave packet
in the paraxial approximation [21], the quantum wells in our
structure can be replaced by optical waveguides. The temporal
evolution of the light amplitudes in those waveguides is
governed by Eq. (2) with the sole difference that the time
evolution is replaced by the evolution along the waveguides
described by the spatial coordinate z [see Fig. 2(a)]. Our
design protocol yields a spatial evolution of the intersite
hoppings Q, S, and P with an example depicted in Fig. 2(b).
The hoppings S and P resemble the Stokes and pump pulses of
Gaussian shape in the counterintuitive sequence known from
STIRAP [16] with Q as an additional constant coupling. The
evolution of the parameters in parameter space is chosen to
form a closed-loop trajectory as shown in Fig. 2(c). Therefore,
this evolution results in a geometric phase.

In the following, we will describe the measurement pro-
tocol for retrieving the Wilson loop. From the choice of
the temporal evolution of the parameters S and P, we have,
at the input facet zi and the output facet zf , the relations
P(zi )/S(zi ) � 0 � S(zf )/P(zf ). Hence, the dark states at both
facets simply become

|D1(zi )〉 = −|wR〉
|D2(zi )〉 = |wL〉 → |D1(zf )〉 = |wL〉,

|D2(zf )〉 = |wR〉.

As a consequence, launching light into the waveguides L and
R excites only the dark states of the system. Also, measuring
the light intensity emanating from the waveguides L and R at
the output facet provides the information about the population
transfer between the dark states. An initial superposition of the
dark states evolves according to a unitary evolution U . As we
show in Appendix C, the elements of this unitary matrix can
be expressed in terms of the amplitudes of the dark states at
the input and output facet. Moreover, the value of the Wilson
loop is given by WC = Tr[U ]. Measuring the field intensities
yields the absolute values of the matrix elements |Uki|, and,
hence, the absolute value |WC |.
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FIG. 2. (a) Three-dimensional rendering of the waveguides for
one realization. (b) Coupling variation along propagating distance z.
(c) Curve in the parameter manifold {S,P,Q} (Q = const).

For the fabrication of our samples, we use the femtosecond
laser writing technique [22]. Details of the fabrication are
given. We realize several structures with varying temporal
profiles of the coupling parameters S and P, resulting in dif-
ferent values of the Wilson loop. An example of the evolution
along the waveguides recorded by fluorescence microscopy is
shown in Fig. 3(a). Launching light into waveguide L excites
only the dark state |D2(zi )〉. During the evolution, the light is
coupled to the waveguides R and U without ever populating
C [see Fig. 3(b)]. Hence, the evolution indeed remains in the
dark subspace for all times as required for adiabaticity.

For retrieving the elements of U , we measure the intensities
at the output facet. A representative example is shown in
Fig. 4(a). In our experiments, we realized Wilson loops by
implementing three different sets of parameters. The results
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FIG. 3. (a) Experimentally measured fluorescence signal which
is proportional to the intensity in the waveguides. The waveguide L
was excited, thus, the second dark state. The central waveguide C is
located between the dashed lines, highlighting the almost vanishing
intensity. (b) Theoretically predicted intensity from the coupled-
mode theory using Eq. (2). The red dots at the end facet are the
experimentally measured intensities (compare Fig. 4).

are summarized in Table I where the theoretical predictions
and the experimental results are shown to agree well. In
all three cases, the (absolute) value of the Wilson loop is
well above 0, thus, proving the non-Abelian character of the
underlying contour.

In order to prove that waveguide C is part of the full
eigenspace, we specifically launched light into C and excited
states in the bright subspace that extend over all waveguides
[see Fig. 4(b)]. From our measurements, we find that, at the
output facet, all waveguides are bright such that one can
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FIG. 4. (a) Measured intensity distribution for dark-state exci-
tation. This is for the same set of parameters as seen in Fig. 3.
The result is clearly restricted to the dark subspace. (b) Measured
intensity distribution for bright-state distribution. The waveguides C
and U and with that the bright states are dominantly excited.

TABLE I. Experimental results and corresponding theoretical
Wilson loops for three different coupling variations. For a detailed
description of the used parameters and pulse shapes see Appendix E.

|W theo
C | |W exp

C |
0.88 0.87
0.97 1.00
1.07 1.13

conclude that, indeed, waveguide C has to reside within the
bright subspace.

IV. CONCLUSION

We employed evanescently coupled photonic waveguides
to simulate the action of a non-Abelian gauge field on the dark
subspace of the associated Hamiltonian. The non-Abelian
nature of the process was verified by measurement of the
gauge invariant Wilson loop. As the present implementation
of the Wilson loop requires an adiabatic evolution within the
dark subspace, the quantum metric is the appropriate tool to
quantify the diabatic error.

Our results lay the foundations for the simulation of non-
Abelian gauge fields using Abelian systems, such as sound
waves, matter waves or, in our case, light. In particular,
within this construction principle, the implementation of non-
Abelian gauge fields that transform under SU(N ) could be
realized with N + 2 coupled sites containing a N-dimensional
dark subspace. Moreover, the use of geodesics of the quantum
metric to quantify adiabaticity sheds new light on the opti-
mization of all STIRAP-type processes.

The implementation of non-Abelian Abelian gauge fields
prompts various important questions. One of them concerns
the simulation of lattice gauge field theories, such as Yang-
Mills theories where Wilson loops are the observable quanti-
ties. In another context, using nonclassical light, our proposed
setting is conducive to realize holonomic quantum operations
as quantum logical gates can be defined as the action of non-
Abelian geometric phases on the space of degenerate states,
i.e., the dark subspace [5]. Finally, the definition of a quantum
metric induced by parametric changes of the waveguide cou-
plings allows to study the evolution of a quantum system on
curved manifolds.
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APPENDIX A: MATERIALS AND METHODS

The waveguides were fabricated in 15-cm fused silica glass
(Corning 7980) samples by the femtosecond laser writing
method 20. We used pulses created by a Coherent RegA
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seeded with a Mira 900 with an energy of 310 nJ at 800 nm
and 100 kHz. An Aerotech ALS 130 together with a micro-
scope objective (0.35 numerical aperture) was used to focus
the beam into the moving sample. Moving it with a speed
of about 100 mm min−1 lead to a change in the refractive
index at the focal point of around 7×10−4. The created
waveguides have a mode field diameter of about 10.4×8 μm2

at 632.8 nm. Propagation losses and birefringence were es-
timated at 0.2 dB cm−1 and 10−7, respectively. The minimal
and maximal waveguide distances are 15.5 and 71.1 μm,
respectively. For the direct monitoring of the light propaga-
tion in our samples, the fluorescence microscopy technique
[22] was used. During the writing process, a formation of
nonbridging oxygen hole color centers occurs, resulting in
a homogeneous distribution of these color centers along the
fabricated waveguides. With the light of a helium neon laser
at λ = 633 nm, the nonbridging oxygen hole color centers are
excited, and the resulting fluorescence (λ = 650 nm) can be
observed using a CCD camera combined with an appropriate
narrow linewidth filter. The light intensity distribution at the
output facet of the array is imaged onto a CCD camera by
using a 10× objective.

APPENDIX B: DERIVATION OF GAUGE FIELD

A quantum state |ψ〉 initially prepared at z = zi in the
ND-dimensional dark subspace, i.e.,

|ψ (zi )〉 =
ND∑
j=1

c j |D j (zi )〉 (B1)

stays in this subspace if the evolution is perfectly adiabatic. At
a later point z > zi, the state is, thus, given by applying to the
initial state a unitary matrix U ∈ U (ND ),

|ψ (z)〉 = U (z, zi )|ψ (zi )〉 =
ND∑

i, j=1

Ui jc j |Di(z)〉 (B2)

given by

U (z, zi ) =
ND∑

i, j=1

Ui j |Di(z)〉〈D j (zi )|. (B3)

Hence, for initial states with c j = δ jn, i.e., initially exciting
|Dn(zi )〉 and measuring |Dm(zf )〉 yields the element Umn.

Inserting Eq. (B2) into the Schrödinger or paraxial wave
equation and acknowledging the fact that the state stays in the
dark subspace with zero eigenvalue leads to

∂z|ψ (z)〉 =
ND∑

i, j=1

c j[∂zUi j |Di(z)〉 + Ui j∂z|Di(z)〉] = 0. (B4)

The second term on the rightmost side is due to the apparent
change in the dark states, i.e., the basis vectors of the dark
subspace. When a state is, thus, infinitesimally transported
along a curve, it is not only the state that changes in its original
basis, but also the basis itself. This is directly analogous to
the transport of a vector in curved space where the additional
derivative of the basis vectors gives the information of how
to connect vectors along infinitesimal steps of the curve. In

differential geometry, this connection is described by the well-
known Christoffel symbols, whereas in case of the dark-state
dynamics, this information is encoded in the gauge field.
Thus, Eq. (B4) not only describes the adiabatic transport of
state |ψ (z)〉 in the dark subspace, but also can be interpreted
geometrically as a parallel transport where the total change is
zero.

The emergence of a gauge field from the change in basis
occurring in Eq. (B4) can be understood as follows. Since
Eq. (B4) has to hold for arbitrary input states, i.e., ∀ c j , we
have

ND∑
i=1

∂zUi j |Di(z)〉 = −
ND∑
i=1

Ui j∂z|Di(z)〉. (B5)

Applying 〈Dk (z)| from the left results in

∂zUk j = −
ND∑
i=1

AkiUi j, (B6)

where

Aki = 〈Dk (z)|∂z|Di(z)〉. (B7)

As a non-Abelian gauge field, the (ND×ND)-matrix A has
to fulfill the proper transformation behavior under change in
basis,

|D̃i〉 =
∑
j

Ui j |D j〉, (B8)

with a unitary matrix U. The new gauge field is then,

Ãki =
∑
m j

Am jU
∗
kmUi j +

∑
m

U ∗
km∂zUim, (B9)

Ã = UAU−1 + (∂zU)U−1, (B10)

which is a properly transformed gauge field [3].
A general solution to Eq. (B6) up to z = zf is the path-

ordered integral,

U (zf ) = P exp
(

−
∫ zf

zi

A dz

)
. (B11)

Since the system parameters depend on the propagation dis-
tance z, we have a curve C: (zi, zf ) → M in the parameter
manifold M with coordinates {xν}. By using the total deriva-
tive, we find

(Aν )ki = 〈Dk| ∂

∂xν
|Di〉, (B12)

where Aν’s are the matrix-valued components of the gauge
field expressed in the parameters of M. Subsequently, for a
closed curve C we get

U = P exp
(

−
∮
C
Aνdx

ν

)
. (B13)

This can be characterized by the related gauge-invariant quan-
tity, the so-called Wilson loop [13],

WC = Tr U . (B14)
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APPENDIX C: GAUGE FIELD OF TRIPOD STIRAP

Choosing the coordinates {xν} = {S,P,Q} that parametrize
the tripod STIRAP system, cf. Fig. 1(a), the dark states take
the form

|D1〉 = P/(
√
S2 + P2)|wL〉 − S/(

√
S2 + P2)|wR〉, (C1)

|D2〉 = SQ/(
√
S2 + P2 + Q2

√
S2 + P2)|wL〉

+PQ/(
√
S2 + P2 + Q2

√
S2 + P2)|wR〉

−
√
S2 + P2/(

√
S2 + P2 + Q2)|wU〉. (C2)

Calculating the Aν from Eq. (B12) yields

AS = iPQ/[(S2 + P2)
√
S2 + P2 + Q2]σy, (C3)

AP = −iSQ/[(S2 + P2)
√
S2 + P2 + Q2]σy. (C4)

Since the gauge field is only proportional to the Pauli matrix
σy, we solve the path-ordered Eq. (B13) and give directly the
result as [10]

U =
(

cos γ sin γ

− sin γ cos γ

)
, (C5)

with

γ =
∫ zf

zi

[Q(S ∂zP − P ∂zS)]/[(S2 + P2)
√
S2 + P2 + Q2]dz,

(C6)
and

WC = 2 cos γ . (C7)

Three remarks are important at this point. First, in order to
check the nontrivial nature of the implemented gauge field,
we could test if |WC | < 2, meaning the system cannot be
described as a collection of Abelian subsystems. However,
even though a process with |WC | < 2 is often referred to as
non-Abelian [14], this criterion is only necessary but not suffi-
cient for a “truly” non-Abelian gauge field [15]. Nevertheless,
it can be regarded as non-Abelian geometric phase since it
is a nontrivial collection of interacting Abelian subsystems.
Therefore, we use the above criterion to characterize our
implemented gauge fields.

Second, in the special case occurring in the experiments,
the dark-state designation to the waveguides L and R flip
from zi to zf , i.e., |D1(zi )〉 = −|wR〉, |D2(zi )〉 = |wL〉 and
|D1(zf )〉 = |wL〉, |D2(zf )〉 = |wR〉. This results in a change
in the above criterion to |WC | > 0. However, this is only due
to the flip in designation and could also be remedied by an
additional index flip in the definition of Ui j from which we
abstained. This has no repercussions on the applicability of
the criterion or its statement.

Third, we mention that we measured the intensity at the
end facets of the waveguide system and, therefore, we can
only retrieve the absolute values |Ui j |. However, since we deal
only with real couplings S, P, and Q, no relative phases occur
meaning the elements of U are also real, and we can retrieve,
at least, |WC |. An extension would be the inclusion of phase
measurements by interference which can be performed in the
waveguide system with a few extra waveguides.

APPENDIX D: QUANTUM METRIC

Interpretation of the generalized STIRAP process as a
dynamic under the influence of a gauge field is not the only
way to look at it. In a completely equivalent way, we interpret
the evolution of a state as propagating in a curved (metric)
space, i.e., our parameter manifold defined by the couplings
{xν} = {S,P,Q}. Traversing the curve C in this manifold is,
thus, governed by a nontrivial metric tensor providing us with
a measure of length along C. A sensible definition [18,19] of
such a metric tensor is given by the infinitesimal change in the
dark subspace projector P(z) = ∑

i |Di(z)〉〈Di(z)|,

‖dP‖2 = Tr(dP dP) = Tr(∂μP ∂νP)dxμdxν = gμνdx
μdxν,

(D1)
with the metric tensor being gμν = Tr(∂μP ∂νP). This metric
tensor is the real part of the quantum geometric tensor from
the literature [17–20].

Any process initiated by a parameter variation can be
assigned a path length or action along curve C in the parameter
manifold which is defined via the metric tensor, i.e.,

L =
∫ zf

zi

√
gμν∂zxμ∂zxνdz. (D2)

Minimization with the variational principle leads to geodesics
that define processes with the least diabatic error for a given
total length along z [18]. If we have an actual experimental
implementation with certain boundary conditions on curves
that can be realized, we might not be able to obtain perfect
geodesics. Nevertheless, L is a possible measure for the qual-
ity of a certain curve/parameter variation and may be used
for optimization, i.e., helps to find the curve with the least
diabatic error/path length for given constraints (such as pulse
shape, etc.). This idea was used to obtain optimized coupling
variations when designing the waveguide system for different
gauge fields or Wilson loops with details on the couplings
discussed in the next Appendix.

A few comments are in order at this point. The introduced
gauge field connection and metric tensor are similar in that
both are ultimately linked to the nonvanishing derivative of the
dark states. The first by the projection of the derivative on the
dark subspace, cf. Eq. (B12), and the latter by the derivative
of the dark subspace projector itself, cf. Eq. (D1). However,
the metric tensor g has its own connection or Christoffel
symbol and is not linked to the gauge field in the sense of
a metric connection in differential geometry. This is rooted in
the fact that the gauge field is not completely analogous to
the Christoffel symbol since the former connects dark states
and the latter tangential vectors along a curve C. Hence, the
elements (Aν )ki incorporate the parameter manifold index ν

and dark subspace indices k, i. As a result, (Aν )ki cannot be
expressed in terms of derivatives of a metric, such as the
Christoffel symbols can. Indeed, as a metric connection the
gauge field is only associated with the trivial metric δi j of
the dark subspace. For further discussion of the metric tensor
and its intricate relation to the gauge field connection see
Refs. [19,23].

For completeness, we also give the metric tensor that
describes the tripod STIRAP process with the three real
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TABLE II. Coupling parameters and results. Pulse parameters
for the experimental realization of different pulse shapes/Wilson loop
values.

�Q (cm−1) � (cm−1) T (cm−1) τ (cm−1)
∣∣W theo

C
∣∣ ∣∣W exp

C
∣∣

1.42 1.23 3 1.5 0.88 0.87
1.53 1.46 3 1.5 0.97 1.00
1.60 1.8 3 1.5 1.07 1.13

couplings S, P, and Q. In this case, we find

g = 2 diag[1, cos2(φ)]. (D3)

Note that the metric is two dimensional since the mixing an-
gles θ and φ are the relevant parameters here. This is because
the normalization of the dark states makes one parameter
degree of S, P, and Q obsolete.

APPENDIX E: DETAILS ON COUPLINGS

For an experimental measurement of the process described
by the holonomy U , we have to f ix curve C in parameter space.
However, in the theory outlined above, we saw that in order
for the evolution being restricted to the dark subspace, and,
thus, U being valid, we require adiabaticity. This requirement
is now opposed by experimental boundary conditions which
might limit the number of possible curves and by that the
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FIG. 5. Comparison of the deviation δ [Eq. (F1)] from an adia-
batic evolution [(a), (c), and (e)] with the path-length L, based on
Eq. (D2) with the metric defined in Eq. (D3) [(b), (d), and (f)]. The
remaining two system parameters are fixed at t = 1 and T = 1 cm−1

for (a) and (b), at t = 1 and �Q = 1 cm−1 for (c) and (d), and at
T = 1 and �Q = 1 cm−1 for (e) and (f).

number of unitaries U that can be realized. For example, a
hard boundary condition is the physical length of the glass
chips in which the photonic waveguides are laser written. We
used 15-cm glass chips which, therefore, set the maximal total
propagation length and with that the slowest possible process.
Using the quantum metric, or the path-length L defined by
it, we can find those coupling variations that comply with
the experimental constraints and result in the most adiabatic
processes ensuring the validity of U .

For the temporal variation of the couplings we choose
consecutive Gaussian pulses for S and P (counterintuitive
pulse sequence) and hold Q = �Q constant. The Gaussian
pulse sequences are parametrized by

S(z) = � exp[−(z − z̄ + τ )2/T 2], (E1)

P(z) = � exp[−(z − z̄ − τ )2/T 2], (E2)

where z̄ is half the total propagation length, � is the am-
plitude, T is the width parameter, and τ is the separation
of the two Gaussian pulses from the center at z̄ (given by
length of the glass chip). This parametrization allows for
simple fabrication of the waveguides and limits the number of
parameters in the optimization. In addition, if we restrict the
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FIG. 6. Comparison of the deviation δ [Eq. (F1)] from an adia-
batic evolution [(a), (c), and (e)] with the path-length L, based on
Eq. (D2) with the metric defined in Eq. (D3) [(b), (d), and (f)]. The
remaining two system parameters are fixed at t = 1 and � = 1 cm−1

for (a) and (b), at T = 2 and � = 1 cm−1 for (c) and (d), and at
� = 1 and �Q = 1 cm−1 for (e) and (f). Note that in order to assure
a closed loop in parameter space, the initial and final strengths of the
Gaussian pulses are constrained to be equal to or less than 5% of
its amplitude �Q. This constraint excludes certain parameters in (e)
and (f).
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parameters �, τ , and T so that we achieve P(zi )/S(zi ) ≈ 0
and S(zf )/P(zf ) ≈ 0 the dark states at these points become
simply

|D1(zi )〉 = −|wR〉, |D1(zi )〉 = |wL〉, (E3)

|D2(zi )〉 = |wL〉, |D2(zf )〉 = |wR〉. (E4)

Additionally, we restrict the coupling amplitudes �Q and �

to be smaller than 2 cm−1 to ensure that the tight-binding
approximation is still valid.

The optimization procedure is then the following. For sets
of the four parameters �Q, �, T , and τ that comply with
the above conditions the path-length L is calculated. Each set
also resulted in a different theoretical value for the Wilson
loop. Therefore, we binned all sets according to their Wilson
loops and chose those that minimize L for a given loop. Since
for increasing values of the Wilson loop (mind the flip as
discussed in Appendix C) the maximal coupling strength also
sharply increases to ensure adiabaticity, which is why we
could only collect sets up to a Wilson loop of ≈1.2. However,
for loops below that, we could collect parameter sets that
minimize L and result in different theoretical Wilson loop
values.

In the experiments, we implemented three of those sets
with the optimized parameters seen in Table II. Also listed are
the theoretical and experimental values of the Wilson loops.

APPENDIX F: PATH LENGTH—ERROR COMPARISON

In order to highlight that the path-length optimization
is leading to a minimal excitation of the bright state, we
performed extended simulations, which are shown in Figs. 5

and 6. We quantify the deviation δ from the adiabatic evolu-
tion by the integrated intensity of the central site C along the
propagation for the two possible dark-state excitations,

δ =
∫ zf

zi

∣∣a(1)
C

∣∣2
dz +

∫ zf

zi

∣∣a(2)
C

∣∣2
dz, (F1)

where zi and zf define the initial and final distances. The
quantity |a(1)

C |2 denotes the intensity in the central site C
for the initial excitation of site L, and |a(2)

C |2 denotes the
intensity in the central siteC for the initial excitation of site R,
corresponding to an excitation of the first or second dark state,
respectively. The path-length L, on the other hand, is defined
in Eq. (D2) with the metric defined in Eq. (D3). In order to
ensure a closed loop in parameter space, the initial and final
strengths of the Gaussian pulses are constrained to be equal to
or less than 5% of its peak amplitude �Q.

The comparison shows that both methods follow, in gen-
eral, a similar trend, especially with respect to the position of
the minimal deviation/minimal path length. The differences
in both schemes may originate from interference of the two
bright states, which can lead to less intensity in the central
site C.

Moreover, the path-length L is as a function of the system
parameters much smoother than the deviation δ, which is ben-
eficial for the calculation of the optimal parameters. Another
advantage of the path-length optimization is the reduced com-
putational effort as one only has to solve a one-dimensional
integral [Eq. (D2)], whereas for the extraction of the deviation
δ, one needs to simulate the entire propagation dynamics for
every set of parameters. This might especially be challenging
for larger system sizes or networks.
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