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ABSTRACT

The present work focuses on multiple processes occurring due to the interaction of strong
laser fields with matter. Main attention is devoted to applications of two-color fields.
Starting with the recently developed tool to describe the distributions of photoelectrons
in such tailored fields, phase-of-the-phase spectroscopy, an extension to that is introduced
with two particular applications demonstrated.

Next, the conversion mechanism of laser radiation to lower, terahertz, frequencies in
presence of two-color fields is addressed, aiming at optimizing the conversion efficiency.
The superiority of using two-color circularly polarized corotating fields of mid-infrared
wavelengths is theoretically predicted.

Finally, a method of analysing the numerically obtained photoelectron spectra with re-
spect to the registration time of electrons is proposed. The resulting time-resolved spectra
allow for a direct comparison with the physically transparent but less predictive semiclas-

sical theories.

ZUSAMMENFASSUNG (GERMAN)

Die vorliegende Arbeit konzentriert sich auf mehrere Prozesse, die durch die Wechselwir-
kung von starken Laserfelder mit Materie hervorgerufen werden. Das Hauptaugenmerk liegt
auf Anwendungen von Zweifarbenfeldern. Ausgehend von dem kiirzlich entwickelten Werk-
zeug zur Beschreibung der Verteilungen von Photoelektronen in solchen mafigeschneiderten
Feldern, der Phase-der-Phase-Spektroskopie, wird eine Erweiterung dazu mit zwei be-
stimmten Anwendungen demonstriert.

Als néchstes wird der Umwandlungsmechanismus von Laserstrahlung in niedrigere
Terahertz-Frequenzen in Gegenwart von Zweifarbenlaserfeldern behandelt, um die Um-
wandlungseffizienz zu optimieren. Die Uberlegenheit der Verwendung von zweifarbigen,
zirkular polarisierten, korotierenden Feldern mittlerer Infrarotwellenldngen wird theore-
tisch vorhergesagt.

SchlieBlich wird ein Verfahren zur Analyse der numerisch erhaltenen Photoelektronen-
spektren in Bezug auf die Registrierungszeit dieser Elektronen vorgeschlagen. Die resultie-
renden zeitaufgelosten Spektren ermoglichten einen direkten Vergleich mit den physikalisch

transparenten, aber weniger vorhersagekriftigen semiklassischen Theorien.

III
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INTRODUCTION

Since their prediction in the 1950s and invention in the 1960s, lasers have covered an ultra-
wide list of various applications in all spheres of life ranging from low-power diode lasers
daily used in barcode readers in grocery stores and in optical disk drives to ultrahigh-power
multi-beam facilities aimed to study the matter at extreme conditions and in perspective to
gain control over the inertial confinement fusion. Occupying the middle of this hierarchy,
the table-top or room-size laser-based setups operating at peak intensities of about 102 —
10'5 W /cm? are in charge of modern investigations in the area of strong-laser-induced mat-
ter ionization and subsequent processes. Here, the term ‘strong’ reflects that the non-linear
interaction of an electromagnetic field with particles of the medium cannot be described

perturbatively with respect to the field strength.

One of the key utilities in such experiments is the mechanism of temporal and spectral
transformation of the initial radiation. Two opposite branches with different physics behind
them should be named here. First is the mechanism of high-harmonic generation (HHG)
which by its name indicates that the initial laser pulse energy is partially converted to
higher frequency coherent radiation. By controlling and optimizing the initial laser beam
properties and subsequent filtering of the produced radiation, fine tuning of the latter is
performed providing a high-quality source with desired spectral properties covering the
extreme ultraviolet (XUV) or even soft X-ray domains. An incident of the HHG process
mainly proceeds on a sub-laser-cycle timescale and results in a burst of radiation that is
narrow in time. The HHG mechanism is intrinsic both to gas and solid phases of matter,
the correspondent branches of research mainly develop correlatively and are often discussed

jointly in the literature.

On the other hand, the interaction of a strong laser field with gaseous matter may lead
to creation of the radiation at incomparably lower frequencies. The responsible mechanism
is essentially macroscopic. Here the keystone is the collective movement of the electrons
in the plasma remaining after the interaction with the laser. The characteristic frequency
of oscillations is then determined by the density of the plasma, which is related to the
ionization probability. This frequency does not depend on the spectral properties of the
initial laser pulse directly and, thus, does not inherit those. Starting with a laser pulse of a
near-infrared (NIR) and mid-infrared (MIR) frequency, one may create by such mechanism
a source of radiation operating at hundreds or even thousands times slower frequencies lying
in the terahertz (THz) domain.

In both XUV and THz generation cases, the laser-induced electron-ion interaction
plays a role of an indispensable facilitator. Therefore, a comprehensive study of the pho-
toelectron movement is key to understanding both processes and advancing the control
over them. The responsible branch of theoretical and experimental investigations is called
photoelectron spectroscopy. Besides fulfilling the goal of analysis and optimization of the
above-mentioned mechanisms of radiation conversion, studies of photoelectron spectrum

(PES) answer additional questions about the matter properties hidden in the set of inter-
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playing features in those spectra. Since the de Broglie wavelength for a 10—100 eV electron
is of the order of one Angstrom (1071° m) while for a 10 — 100 eV photon the wavelength
is over a hundred times higher value, measurement with the help of electron beams techni-
cally can provide better spatial resolution than with beams of photons of the same energy.
Eventually, this allows to probe the matter at natural scales of atomic systems. To wind
up, extensive examination of the properties of PES does not only provide knowledge that
is further useful in the optimization of coherent radiation frequency conversion schemes:
PES are valuable by themselves as a repository of structural information about atomic and
molecular targets encrypted in them. Thus, theoretical research of the properties of PES
related to the parameters of the laser pulse and of the irradiated target occupies a central

place of the present thesis.

Despite that the range of topics being the core of the different parts of the thesis is
relatively wide, they overlap on the ground of laser fields under consideration: in most
examples the focus is on two-color fields, consisting of a main component with frequency
wi and a second component with frequency we, forming a periodic joint field. Typically,
but not only, the intensity of the second component is taken relatively weak. From the
theoretical point of view it allows to treat its effect on the PES perturbatively and of-
ten provides closed-form expressions that allow to optimize for desired properties. From
the experimental point of view, a setup with such a two-color laser where one component
is weak is rather simple to establish. Experimental adjustment of the relative time de-
lay between the components with different frequency at an attosecond timescale is easily
achieved. Therefore, application of a two-color configuration allows for precise control
over the ionization dynamics and over the subsequent motion of photoelectrons at almost
no additional cost. To this end, the thesis mainly bases on investigations of strong-field

physics with two-color laser-fields.

The structure of the thesis is as follows. In Chapter 1, further used approximations
are stated, and the general theoretical background is introduced. Starting with the basics
concepts of the so-called strong-field approximation (SFA), a variety of specific ionization
scenarios are briefly introduced, which are subsequently applied in the follow-up chapters.
The next part of the introductory Chapter addresses the purely numerical approach to
calculate PES. The concepts of the surface-flux methods are mentioned and some examples

based on the self-developed software that was used are provided.

Chapter 2 is devoted to a modern technique of characterization of PES called phase-
of-the-phase (PoP) spectroscopy. In particular, an extension of this technique to a wider
variety of laser field configurations is introduced, and examples of two specific applications
of this technique are given. Firstly, a way to calibrate the parameters of a laser field in focus
with the help of the PoP technique is proposed. Secondly, it is demonstrated that using
the PoP one may subtract the laser-coherent part from a spectrum that has a dominant

incoherent contribution.

Chapter 3 is devoted to the application of two-color laser fields in a plasma-based
source of coherent THz radiation. In particular, configurations for which the power of

the output THz radiation is optimized are proposed. Firstly, for the most commonly
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used case of two-color co-linearly polarized pulses, the optimal intensity ratio is defined.
Secondly, for otherwise polarized pulses the optimization with respect to polarizations is
performed. Thirdly, for laser pulses with optimal polarization, the benefit of applying
long-wavelength laser pulses is demonstrated. The results are in good agreement with
experimental observations.

Chapter 4 is devoted to a new theoretical approach to the characterization of numer-
ically obtained PES. In the era of continuous progress in designing new powerful laser
sources, the generation of shorter and shorter pulses holds a special place. Correspond-
ingly, a demand on the theoretical background providing a detailed description of the rich
dynamics happening within a narrow span of time is also growing. The theory is here
faced with a dilemma — the results it may provide are either based on simplified models
which might not be predictive enough or on modelling that requires an immense compu-
tational power, thus, rendering a thorough parametric study prohibitive. And even when
it is affordable, the outcomes of such calculations are hardly interpreted in a simple way.
In Chapter 4, a step towards understanding this ‘black-box nature’ of time-dependent
Schrodinger equation (TDSE) solvers is made, demonstrating the fingerprints of the classi-
cal photoelectron motion in the build-up of PES in the time-resolved quantum simulation
of strong-field ionization rather than discussing signatures in the final, time-integrated
result.

The last Chapter summarises the results and includes a short outlook.




1. BASIC THEORY AND APPROXIMATIONS

CHAPTER 1

BASIC THEORY AND APPROXIMATIONS

1.1 SINGLE-ACTIVE-ELECTRON TREATMENT

Helium is a multi-electron system
with at least one electron too much.

(D. Bauer)

The general process of non-relativistic strong-laser-induced ionization is formally de-
scribed by a solution to a many-particle Schrodinger equation. Unfavorably high com-
plexity of this problem even in the two-electron system compared to a single-electron case
often leaves a comprehensive study impossible apart from using the approximation of single
active electron (SAE) which is assumed throughout this work. The effect of all electrons
besides the SAE is approximately accounted for via the time-independent negative charge
density partially screening the potential of the nucleus (this approach is often referred to
as “frozen core” approximation, and any other correlations between the active and frozen

electrons are disregarded.

If the length scale of the problem is considerably smaller than the wavelength of the
laser, one may omit the dependence of the laser on the coordinates and treat the interaction
in the dipole approximation. The laser field strength can be expressed via its vector
potential A(t) as E(t) = —0;A(t). The interaction between the electron and the laser is
described as!

Vi = 2PAD T AT )

within the so-called velocity gauge, and the interaction with the residual ion is dictated
by potential energy term U(r). The central equation of interest, the time-dependent
Schrodinger equation (TDSE), reads

2
. P ~
Wl (@) = |5 + Vine(r,1) + U(r) | [9(2))- (2)
Let us start with an electron in a bound state |{bouna(0)). Due to the process of the
laser-atom interaction, this electron can occupy continuum states with some probability

and the wavefunction is then

W)(t» = W)bound(t)) + W}free(t»' (3)

L Here and later on atomic units e = m. = i = 4meg = 1 are assumed unless other units are explicitly

given.
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The latter term can be presented in a form of an integral over momentum space:

Wte(t)) = / k) (K[ (1)) (4)

with |[k) being the exact continuum eigenstates in a given potential. The main quantity of

interest here is the ionization amplitude defined as a projection

ak(t) = (k[y(t)). (5)

The photoelectron momentum distribution (or photoelectron spectrum (PES)) is defined

Y(k’ t) = ‘ak(t)|2’ (6)

and the total ionization probability is given by integration of (6) over momentum space.

1.2 STRONG-FIELD APPROXIMATION

Simple is better than complex.
Complex is better than complicated.
(T. Peters, The Zen of Python)

The general analytic solution to the TDSE where both the binding potential and the
laser field are present does not exist in closed form. Let us start from the analytic treat-
ment and introduce the basics of the strong-field approximation (SFA) [1-3], a theoretical
approach that has well recommended itself through decades as capable of producing qual-
itatively (and in some cases quantitatively) correct results in a closed-form. The core
assumption of the SFA is that after the instant of ionization an electron is treated as prop-
agating only in the external laser field while the influence of the binding potential of the
parent ion is neglected. Photoelectrons that do not rescatter at the parent ion are called

“direct”. The probability amplitude for such a process reads [4—6|

T
ax(T) = —i /0 dt (WY ()] - (1) To(t)). (7)

Here, T is the laser pulse duration, |Wo(t)) = |1) exp(ilpt) is the initial state with the

ionization energy I, and
[0y (1)) = exp(—iSy (t))[k + A(t)) (8)

is the Volkov function [7| describing the the state of a free electron in an external laser

field 2. The function in the exponent,

0 =3 [ @ kra@)P 0

2 Here and after the notation |k) in the SFA formulas refers to a plane wave and not an exact continuum

eigenstate as the influence of the binding potential is neglected.
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has a form of the classical action for such an electron. The resulting expression for the

ionization amplitude (7) takes the form of a time integral

T
(T = /0 dt Pk, 1) exp(—iS(k, 1), (10)

where

S(k,t):/toodt’ <W+Ip). (11)

Throughout the thesis the following form of a vector potential will be used:
A(t) = Aof(t) [(cos(awt) + & cos(bwt + qb)) e
+ <ea sin(awt) + €& sin(bwt + ¢)) ey] . (12)

The temporal duration and form of the pulse is dictated by the envelope f(¢), which is
assumed to be vanishing at ¢ — d00. The ellipticity of each component is defined via €.
If the fields are elliptic and rotate in the same direction, €, are of the same sign. Linearly
polarized fields have e = 0. For them, the ratio of vector potential amplitudes between the
w and bw components reads 1 : £ but the field strengths relate as a : b€, and the intensities
—as a® : (b€)%. Intensity of each elliptical field is (1 4 €2) times higher than of a linearly
polarized one with the same Ay. The remaining parameter ¢ defines the relative phase.
Depending on how the characteristic atomic and laser energies relate, the ionization
dynamics can be explained differently. As an indicator of the ionization scenario the so-

called Keldysh parameter [1]
RvCIR

(13)

is used distinguishing between the multiphoton (v > 1) and tunneling (v < 1) regimes.
In the multiphoton regime the ionization is determined by the quantum nature of the
laser-matter interaction resulting in the absorption of a discrete number of photons. In the
opposite limit of small « the electron starts its motion by tunneling through the barrier
formed by the potential of the residual atom together with the strong laser field and con-
tinues with the laser-driven motion almost free from the core’s influence. This description
is often called simple-man’s scenario for the above-threshold ionization (ATI) process. In
fact, such an intuitively transparent semiclassical approach with quantum initial conditions
and classical post-tunneling electron motion is capable of giving a fruitful insight into the

predictions of quantum theories. Let us briefly describe its main aspects below.

1.2.1 CLASSICAL TRAJECTORIES AND QUANTUM INTERFERENCE

The photoionization amplitude (10) defined above within the SFA in a form of an integral
over time gains its value in the vicinity of certain instants specific for each value of the
final momentum k. No restriction is made on possible k, however, going far away from

certain values leads to exponentially small probabilities. As such exponential damping of

10
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the probability is a common quantum behaviour in parameter regimes that are forbidden
classically, it is natural to derive the semiclassical limit for the photoionization process as
follows. In the zero-range potential (which is the one assumed by the SFA), one replaces
the initial quantum electron wavefunction by a classical point-like particle located at r =0
with velocity v(t) = k + A(t) being also zero initially at time t5. Thus, the canonical
momentum k is equal to —A(ts). The classical equations of motion

t

r(t) = dt'v(t), (14)

ts

t
v(t) = / AWE®W). (15)
ts
determine the subsequent dynamics of an electron. Such a treatment restricts the possible

momenta to
min [A(t)] < k < max|A(¢)], (16)

exaggerating the exponential decay predicted by the SFA. However, this still gives no
information about the relative probabilities for ionization with momenta within this range.
Those still have to be defined according to some quantum prediction. In particular, it is
common to estimate it within the long-wavelength limit of the PPT formula (named after

Perelomov, Popov and Terent’ev who introduced it in [8]) 3:
Y (ts) ~ exp(—const/|E(ts)]). (17)

Such a combination of classical electron movement and instantaneous ionization is called
simple-man’s model (SMM). While in the tunneling regime the constant in Eq. (17) reads
%(\/ﬁ)?’, it can be derived for moderate Keldysh parameter values v ~ 1 (see Eq. (33)
below and [10]). The main takeout here is that in the classically allowed domain of momenta
(16) the PES is expected to reach the highest values around momenta such that k = —A (%)
where ¢y stands for times close to those where the peaks of |E(t)| are. The SFA-predicted
PES for two particular examples of linear and circular fields are displayed in Fig. 1.1.
They are complemented by classical-theory predictions for most probable momenta. Not

surprisingly, a good qualitative agreement between the two approaches is observed.

It is worth mentioning, that such a seemingly very simplistic treatment can give more
than just a rough estimate for the shape of the PES. In fact, SMM serves as a good starting
point for advanced Monte Carlo (MC) simulations that “upgrade” the classical picture by
introducing the quantum nature of the initial spatial distribution of electrons or even by
including the quantum interference between different trajectories on a qualitative level.

The latter could be, for example, achieved by summing up the weights of trajectories,

3 Which is the tunneling or quasistatic limit and requires v < 1. The correspondent formula is also

often called in the literature ‘ADK-rate’ formula named after Ammosov, Delone and Krainov who
re-derived it in [9].

11
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Figure 1.1: Spectra of ’direct’ photoelectrons from argon in a laser field of
intensity / = 2-10'*W /cm? and wavelength A\ = 800 nm with a weak (£ = 0.1) 400
nm component added. The polarization of the laser components is either (a) co-linear
(12) or (b) corotating circular (O0). Dashed gray lines represent the vector potential with
inverse sign, —A(t). Dashed black lines correspond to values of —A(t) at times t such
that |E(t)| is greater than 80% of its maximum. Upper parts of the density maps show
the SFA-based calculations with the interference between the saddle points removed, lower
parts include interference emerging within two optical cycles of the laser pulse. The average
momentum (gray lines in the 1D distributions) experiences no notable change when this
interference is neglected.
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1. BASIC THEORY AND APPROXIMATIONS

modified with phase factors defined by classical actions:
Y(k,t) = | > 6(va(t) = (k+ A(t)) eSO Lt (18)

In practise, even smallest differences in velocities v of electrons cause the fading of interfer-
ence at long times due to the continuously raising difference of phases S. To preserve the
interference, a modification of Eq. (18) could be adapted. There, each electron is launched
at an ionization time t; being distributed equally. Its contribution to the final PES is
weighted by the tunneling probability w(tsn). A histogram Y'(k,t = o0) = > ) ) w(ts)
representing the final distribution is then replaced by

2

Y(kt=00)=|Y yfw(tsn) e SnElent=e0)] (19)

k,~k

Such methods are called quantum-trajectory Monte Carlo (QTMC) in the literature [11].
In case of chaotic phases S both formulas (18) and (19) coincide. Depending on the task set,
such an approach may be advantageous in areas where the spectrum cannot be predicted

by using the regular SFA.

Besides components parallel to the laser polarization, initial momenta are comple-
mented by perpendicular components k| defined according to the respective tunneling
limit of the PPT formula, resulting eventually in the following expression for the instan-

taneous tunneling ionization rate:

Y (k,t) ~ exp (—W) exp (_2\/2711);'(1) d(ky +A(1)). (20)

3[E(?)] B

If the motion of the electrons takes place under the influence of a force that is described by
a short (or zero) range potential, the scattering can be modelled by probabilistic instanta-
neous velocity rotation if the trajectory passes close to the origin (the impulse approxima-
tion). An example calculation is demonstrated in Fig. 1.2 where the quantum interference

is accounted for.

Thorough examinations of various structures weaved in the interference carpet of PES
have been carried out [12-19]. As key physics-controlling observables in the experimental
research are often macroscopic in nature, tiny structures risen at the microscopic level
eventually smear away or get distorted once averaging over the focal volume is performed
(see, e.g., [20-23]). This averaging is hardly avoidable as experiments with high-intensity
laser beams require tight focusing. If integral quantities are of main interest, the inter-
ference patterns all the more are secondary as is demonstrated by the examples shown
in Fig. 1.1. In this regard, the present thesis does not aim on the precise description of
quantum interferences restricted to specific laser configurations. The focus is on global

properties instead.
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Figure 1.2: PES in a two-color field as from Fig. 1.1(a) but calculated with
CTMC including (a) ’direct’ electrons only; (b) ’direct’ and scattered electrons. Bot-
tom parts of each subplot accounts for quantum interference according to Eq. (18) with

S(vp(t),tsn,t ft [ valt) 41 } dt’. Laser parameters are the same as in Fig. 1.1)(a).

The scale in (b) is logarlthmlc due to low ratio between scattered and non-scattered elec-
trons.

1.2.2 SADDLE-POINT METHOD

The derivation of closed-form analytic expressions for the yield is often based on the limit
of (infinitely) long laser pulses. In that case, the ionization rate is considered, which is
defined as

2

Y (k) ~ tim [(DE / " 4t Pl t) exp(—iS (k. 1)) (21)
0

where 27 /w is one optical period of a laser. The contribution of multiple neighboring optical
periods eventually leaves this expression non-vanishing only at energies in the vicinity of

those fulfilling energy conservation:

k_Q
En :nw—(Ip+Up), n:Nminmein"’_]-a”' (22)
The correspondent pattern in the spectrum is called ATI-peak pattern and is most pro-
nounced for multiphoton laser conditions when a small number of ATI peaks forms the
whole spectrum. The minimum number of photons Ny, is defined by the target through

the ionization energy I, and by the laser intensity through the ponderomotive energy

1
Up:T/T

being the average kinetic energy of an electron oscillation in the given electric field.

(23)

The time integral in (21) can be often performed with the saddle-point method [4, 6,

14



1. BASIC THEORY AND APPROXIMATIONS

24, 25|, which bases on assumption that the exponential factor exp(—iS(k,t)) oscillates
much faster than the pre-exponential factor P(k,t). The integral than boils down to
contributions from a finite number (or in the case of infinitely long pulses — to a countable

set) of instants in time, the saddle-points:

2 2

Y (k) ~ > P(k, ts) exp(—iS(k, ts))| - (24)

> My(ts)

These times t; are complex solutions to the saddle-point equation

[k + A(ty)])* + 21, = 0. (25)

If the ionization potential is neglected here, this equation coincides with the classical
distribution of canonical momenta.
It is convenient to introduce the following dimensionless units for time, momentum,

and energy:

k, k2,

= —. 26

at = awts — @,
Here, « is the angle between momentum vector k; in the x-y plane and the z axis, v is

the Keldysh parameter (13). In dimensionless units (26) the saddle-point equation reads
[+ A(t)/Ao* +9* = 0. (27)

Apart from few specific cases, the results within the SFA, even with the saddle-point
method involved, cannot be obtained in a closed form, and solutions to the saddle-point
equation (25) need to be found numerically. Nevertheless, as no universal solution to the
problem of searching for complex roots of an arbitrary function exists, it is worth doing
few analytic steps for the simplest cases and to derive useful starting points for more

complicated ones.

1.2.3 SADDLE POINTS IN A MONOCHROMATIC LASER FIELD

Taking, in particular, the solutions for the single-color infinitely long laser pulse provides
goods seeds for a numerical search of the saddle points in a configuration with an addition
of a weak second component. It is worth mentioning that the set of solutions defined for
a single-color field would not exhaust the set of those for a two-color case. However, the
dominant contribution to the ionization amplitude would be successfully captured.

We start with two simplest examples. Firstly, let us take the laser pulse (12) with a
constant envelope f(t) = 1. If no second color is present ({ = 0) and the polarization of

the remaining field is circular (¢, = 1), the saddle-point equation (27) reads
2qcos(at) + 1+ +¢2+¢* =0 (28)

and has a single physical solution (i.e., such that has non-negative imaginary part and gives
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not a large but an exponentially small yield), which is periodically repeated each optical
cycle [8,26]:

14~2 402+ a2
ar® = 1 + iaTi(O) =7 +icosh™! ( e ;— % +4 ) (29)
q
Inserting this expression in (11) gives the imaginary part of the action equal to
A3 2.2, 2) (0 : (0)
ImS(q,7) = 5o <1 +7 +4q;+q )CLTi — 2¢sinh(at; ) ¢. (30)

The resulting ionization rate (24) displays a fast decay of the photoionization probability
with increase of |g.|, i.e., outside of the laser z-y polarization plane [3,8|. Thus, it is
sufficient to restrict the further analysis of PES to the z-y plane only. Additionally, the
influence of non-zero momentum ¢, can be taken into account by introducing the effective
V=Vt
If a monochromatic field (¢ = 0) has a polarization different from circular (e < 1),
each optical cycle contains two saddle points [24]. For a pulse polarized linearly along
the = axis (¢, = 0), the saddle-point equation (25) reads (hereafter a = 1 without loss of
generality)
(4o + cos(1))? = 7° (31)

where T = awts and 7 = /72 + qi. The two solutions per optical cycle are
0 _ .7 .1 oy T C e 1 =1/~ .
TV = :I:2 +sin” (¢ £19) = :I:2 + isinh™ (¥ F igs). (32)

The signs are chosen such that Im7 > 0. For each of them the imaginary part of the action
(11) is then

A2 (/1 1

ImS(q,7) = —Im20{ (5 + 42 + qi)T(O) — 2¢, sin(r(0)) — 1 sin(27'(0))}. (33)
w

The highest probability corresponds to zero ¢ momentum, and there the imaginary part

of the action reads [10]

_ _ A(z) 1 ~2 . —1/~ 1~ ~9
ImS(qy =0,q1,7) = _2w{<2 + 7 )smh ) — 57\/1 + 5. (34)

Assuming the tunneling limit and small g, momenta one gets the correspondent formula
(20) where the perpendicular momentum distribution can be approximately treated as

Gaussian.

1.2.4 PHOTOELECTRON SPECTRA IN TWO-COLOR COUNTER-ROTATING CIRCU-
LARLY POLARIZED (OOO) FIELDS

Armed with analytic predictions for the single-color laser case, one may proceed towards
the derivation of PES in two-color fields that will be useful in the next chapters. We start
with a field consisting of a strong aw component and a weak bw component. It is worth

noticing that if the influence of the second color is significant such that none of the two
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1. BASIC THEORY AND APPROXIMATIONS

field components can be fruitfully treated as a perturbation to the other, our derivations
can still provide the results of interest after recursive substitution of intermediate values
as initial conditions for a numerical search. Crucially, the solving procedure for a saddle-
point equation should in such a case be initialized with the lower frequency component
being turned off, because otherwise part of the important saddle points might be lost.
Last but not least, in some cases the saddle points may approach each other, violating the
applicability of the general saddle-point method. In this case, the uniform approximation
should be applied instead [24].

Keeping in mind these remarks, let both laser field components be circularly polarized
and rotate in opposite directions (¢, = 1, ¢, = —1). As discussed above, the classical theory
predicts that the PES inherits the symmetry properties of the driver laser. Following this
symmetry of the aw-bw field, it is convenient to introduce an angle combining the emission

angle o and the phase shift ¢:
al = ap + (b+ a)a. (35)
Now, the saddle-point equation (25) reads

2qcos(at) + 1+ +¢* (36)
+&2 + 2¢[qcos(br +6) + cos((a+b)T +6)] = 0,

and the action (11) in the exponent for the SFA photoionization amplitude is equal to

A2
S(g,7) = ﬁ [(1 + 72 + ¢®)ar + 2gsin(ar)
+&2%ar +2¢ qE sin(br + 6) + ¢ sin((a + b)T + 0) (37)
b a+b =0

The resulting spectrum inherits the (b4 a)-fold symmetry from the driver laser and experi-
ences a global rotation in the polarization plane according to ¢. In the present thesis, such
a type of laser fields is further considered in the context of the analytical study of PES
using the so-called phase-of-the-phase (PoP) spectroscopy, which Chapter 2 is devoted to.

1.2.5 PHOTOELECTRON SPECTRA IN TWO-COLOR CO-ROTATING CIRCULARLY
POLARIZED (OO) FIELDS

Another configuration considered further in the thesis is a two-color field with co-rotating
circular polarizations of its components (¢, = 1, ¢, = 1). While the PES are substan-
tially different compared to the counter-rotating case, the analytical formulas are similar.
Namely, it is enough to replace (b, ¢,0) by (—b, —¢, —0) in Egs. (35)—(37). Analogously to

Eq. (35) one introduces a variable

ab = ap + (b — a)a, (38)
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which turns the saddle-point equation (36) to

2qcos(at) +1+~*+¢* (39)
+£2 4 26[qcos(br + 0) +cos((b—a)T+60)] = 0,
and the action (37) — to
A2
S(g,7) = ﬁ [(1 +~% + ¢®)ar + 2gsin(ar)

T=Ts

+&%ar 4 2¢ (qz sin(br +6) + 0 = (40)

—a

sin((b — a)7 + 9))]

7=0

Again, the PES obeys the (b — a)-fold symmetry as does the laser field and turns globally
with ¢. Such laser field configurations will be further discussed in Chapter 3 where their

benefits in the generation of terahertz (THz) radiation in plasmas will be addressed.

1.2.6 PHOTOELECTRON SPECTRA IN TWO-COLOR COLINEARLY POLARIZED (]7])
FIELDS

For co-linearly polarized two-color laser fields (e, = 0) evaluating the integral in (21)

within the saddle-point approximation gives a saddle-point equation (27) of the form
[4z + cos(aTs) + Ecos(brs + ¢)]° = —(7* + a1 ) = =% (41)

If restricted to the simplest w-2w case (a = 1, b = 2), this equation has four solutions with
a positive imaginary part in each optical period Rery € [0,27[ of a laser field (just as a
2w-field would solely give two solutions per twice shorter cycle). Making use of the fact

that in the limit 4 > 1 the imaginary part of the saddle points behave approximately as
2 cosh(Im7y) ~ 2sinh(Im7s) ~ exp(Im7s) ~ 7, (42)

one may find simple asymptotic expressions for those solutions [27]:

raa ~m— ¢ — in(2€) +iln(1 — /1 86e~19(g, F i4)). (43)

rga ~ = ¢ — iln(26) +iln(1 — /1 + 8¢c#(q, F i4)). (44)

Approaching the limit £ — 0, the first two saddle points turn to the solutions 74 2 for the
monochromatic field while te other two solutions, 7,3 4, tend to infinity logarithmically as

—i1In &, eventually making vanishing contributions to the ionization probability.

The formulas derived above will be further used in Chapter 3 where the question of

optimization of the two-color laser pulse will be addressed.
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1.3 NUMERICAL SOLUTION TO THE TDSE WITH QPROP

Besides providing a benchmark for simplified models, a full numerical solution to the
TDSE may give insight to ionization processes at parameters beyond the domain of appli-
cability of approximate theories. Solving the TDSE numerically is often declared an ‘ab
initio’ approach and is contrasted to ‘analytical’ methods, although these terms are often
too pretentious [28]. Purely numerical calculations are in general demanding in terms of
computational power and require sacrificing a part of their physical rigour in order for pre-
dictions to be affordable in reasonable time. Within the present thesis, the benchmarking
TDSE-based calculations were performed using the free open-source software QPROP. The

most important approximations made in QPROP are briefly discussed below.

1.3.1 POTENTIALS IN QPROP

The commonly considered targets in the physics of laser-induced ionization are atomic
and molecular gases. As mentioned above, for those it is often enough to treat the laser-
atom interaction in the SAE approximation. In the versions of QPROP utilized within the
present thesis, an additional restriction is made on the pseudo potential assuming it to be
spherically symmetric. The simplest pseudo potential for a rare-gas atom has the form
1 Zg—1
——e

e 45
r r (45)

with Zeg being the effective charge (often close to the charge of the nucleus) and ¢ being the
screening parameter (typically of the order of 1). In all examples showing QPROP-based
calculations for argon in the next chapters, (45) with Z.g = 18 and ¢ = 2.2074 will be
assumed. This provides the ionization energy I, = 15.8 eV for the 3p initial state on a radial
grid with a resolution of dr = 0.1. In case of a hydrogen atom, the potential is, obviously,
U(r) = —1/r. In computations aimed at a closer comparison of the results with the SFA
prediction, a short-range potential will be adapted by removing the first, hydrogenic term
from (45) and setting Zeg = 5.2074 and ¢ = 5.0 in the remaining screening term. Such
potential supports a 1s state with I, = 13.6 eV on the same radial grid. In principle,
the choice of a pseudo potential is not unique and a specific formula can be designed to
reproduce better the quantities of interest depending on the parameters of the numerical
grid. A good compilation of alternative types of rare-gas atomic pseudo potentials aimed
at different physical aspects can be found, for example, in [29]. One has to keep in mind
that parameters for some of those were determined using numerical grids with rather tiny
grid steps dr 4. For targets other than rare-gas atoms formulas for pseudo potentials
also exist. For example, the SAE potentials for alkali atoms and for one-valence-electron
alkaline earth metals can be found in [31-33]. However, in the present thesis only noble

gas atoms or atomic hydrogen will be considered.

4 Special remark should be made on widely employed potentials from [30]: while for various strong-

field-ionization scenarios a radial grid step dr ~ 107! provides acceptable accuracy for numerical
simulations, for the heaviest rare gases the formulas from [30] should be used with caution as they
work well only for dr ~ 10™3 or smaller.
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Besides (45), a function Uiy (1) is added to the potential in QPROP. This term is nega-
tive imaginary and is only non-zero at far distances » > Rj, from the center. The inclusion
of such a term into the Hamiltonian ensures the suppression of unphysical reflection from
the numerical boundary r = ryax by causing a fast decay of a wavefunction propagating
through it. Therefore, it is called a complex absorbing potential. By default, QPROP uses

Rim

Uim(r) = _Z'Vvim,max : <T_

16
W ) O(r — Rim) - (46)

Here, Vimmax > 0 is the amplitude and Wiy, = rpmes — Rim is the width; © is the Heav-
iside function. An imaginary potential is not the only possibility to introduce absorbing
boundary conditions but is simpler to implement than other methods like complex scal-
ing [34, 35], a product of energy-specific absorbing operators [36] or representing open

boundary conditions in integral form [37,38].

1.3.2 REPRESENTATION OF A WAVEFUNCTION IN (QPROP

Centrally symmetric binding potentials and the expansion of the wavefunction in spherical
functions reduce the 3D TDSE down to a set of 1D radial equations that are coupled in

presence of a laser field. The set of functions needed to describe the expansion

() = R (r, 1) Yom (Q) (47)

Im

of the wavefunction is dictated by the polarization of the external laser field (e.g., if it is
linear and along the z axis, different m-channels do not mix and their initial setting is
conserved), its temporal characteristics and its intensity. A good estimate for the limit of
£ to be considered is the number of photons required to create photoelectrons with kinetic

energies of interest:
I, k2

lmax 2 m + %0 (48)

The maximum kinetic energy can be estimated by the classical cutoff for the photoelectron

energy, which reads

kr2nax E%
2 < 10U, =1 4
5 ~ 0 p 04 5 ( 9)

in the case of a linearly polarized laser field [39]. Increasing the intensity or the wave-
length of the driver laser pulse raises the computational complexity drastically. Numerical
computations for mid-infrared (MIR) fields with A 2 2 pm are quite challenging already
at intensities I ~ 10'*W/cm? and are hardly accessible for elliptically polarized pulses
even at lower wavelengths. Fortunately, for some problems the SFA-based or even more
simplified semiclassical theories can take up the baton in this parameter domain as they
become more trustworthy in the quasistatic limit of ionization.

Besides the improvement of hardware in performance, the development of new methods
for purely numerical calculations is also of big demand in the scientific society. The benefit
of faster calculations is especially pronounced in the branches of strong-field-ionization

research where big sets of simulated data are required as, for example, in studies based on
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machine learning that gained increased attention in recent years (see, e.g., [40-44]). To
this end, implementation of the state-of-the-art ‘tricks’ for boosting the calculation of PES

in numerical TDSE solvers is an important objective.

1.3.3 EvArvATING PES wiTH TSURFF IN QPROP 2.0 AND NEWER

Before passing to the discussion of the features of QPROP 3.0 and newer developments,
which was an essential part of the work presented in this thesis, it is worth starting with
a brief description of the capabilities of the previous version of the program package. The
package QQPROP was initially introduced in [45]. Back then, the calculation of the PES
was implemented by the so-called window-operator method (WOM) [46]. Although WOM
is capable of giving the correct total electron spectrum, the treatment of momentum- or
angle-resolved PES is only approximate [47,48]. Besides that, the biggest disadvantage of
this method is the requirement to store the whole wavefunction by the end of the laser
pulse, which becomes especially tough for long laser pulses. Ten years later, the release
of a newer version 2.0 containing an important upgrade was introduced [49]. There, the
time-dependent surface-flux method (tSURFF) for calculating the PES was implemented.
This method, originally proposed in [50], bases on the representation of the photoionization
amplitude in the form of a flux through a surface located sufficiently far away from the
atom. This is achieved by taking the photoionization amplitude (5) at time T (sufficiently
longer than the duration 7T}, of the ionizing laser pulse) and subtracting the contribution

from the volume confined by a sphere of radius R:
ax(T) = (k(T)|0(r — R)|%(T)). (50)

Here, ©(r) is the Heaviside function. The value of R must be chosen large enough for the
bound states of the binding potential to be negligible beyond it. Next, the expression (50)

is rewritten in the form of a time integral

T
ax(T) = /O dt 0y (k(1)|©(r — R)[y(2)) + (k(0)[O(r — R)[¢(0)). (51)

As the initial wavefunction contains bound states contributions exclusively, the second term
in (51) is eliminated by a proper choice of R. The time derivative can be expressed as the
application of the Hamiltonian according to the TDSE (2) for |¢(¢)) and the conjugated
TDSE —id; (k(t)| = Hy (k(t)| for (k(t)|. Importantly, in QPROP with tSURFF, the binding
potentials need to vanish beyond r = R, which allows the continuum to be represented in
terms of Volkov states (8). The Hamiltonian for those reads Hy = —A/2 —iA(t) -V (the
purely time-dependent A2(t)/2 term is removed in QPROP by a gauge transformation),

and in the region r > R the two Hamiltonians coincide, eventually giving

T A~
() =i [ ar ()] [11.06 = )] o). (52
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As the commutator in (52) vanishes everywhere except at the surface » = R, the spatial

integration boils down to the integral over the surface,

ax(T) = /0 " ( /S s, jk<r,t>) , (53)

with the normal vector on the surface dS; = dSn, and with the the flux density in the

integrand being

il 1) = £ (6()|V + AR (1) — 5 ROIEY HiA@IwE) - (54)

Accumulating the flux in (53) during a finite time interval 7" longer than the pulse duration
T, allows to record the contribution of photoelectrons with momenta £ that are big enough

to the reach the capturing surface, i.e.,

T>T,+ R. (55)

kmin

1.3.4 EVALUATING THE PES wiTH ISURFV IN QPROP 3.0 AND NEWER

Part of the results demonstrated below are presented in publication [51] or are based on
those.

Although tSURFF no longer requires to store the whole wavefunction by the end of
the laser pulse ¢ = T}, which would occupy a volume that scales non-linearly with T},
the drawback of this approach is the necessity of a relatively long propagation of the
wavefunction even after the laser pulse is over if the slow photoelectrons are of interest (up
to times defined by Eq. (55)). A method to overcome this disadvantage was introduced
independently in [52] and [53]| and was called infinite-time surface-flux method with Volkov
functions (iISURFV) in [53]. Here, the key feature is that the laser-free propagation is
dictated by a time-independent Hamiltonian. This allows to calculate the contribution
from the infinite time interval after the laser pulse in one step. To do so, let us split the

integral over time into parts before and after the end of the laser pulse:

a(T) = ax(T}) + 6al(T}), (56)
T
oty =i [ e k(0] |~ 00 = B ) (57)

The first term, ax(T}), is treated in QPROP numerically as it was described in [49] while the
second, field-free term 6al((T) (T},) can be calculated without an expensive post-propagation
of the wavefunction after the laser pulse is turned off. In a nutshell, the simplification of
the expression for 5a§(°o) (Tp) is performed as follows. As the laser-free conjugated Volkov
function (k(t)| is now just a plane wave, its time-dependent part reads eik*(t=Tp)/2 One
may move this factor through the commutator and then formally evaluate the time integral.

This is done by expressing [1(t)) at time ¢ through the action of the evolution operator on
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its value at T: )
(t > Tp)) = e HoU=To) |y (T,)). (58)

Here, Hy is the Hamiltonian without the laser field. The contribution from the upper
time boundary to the integral (56) is eliminated in the limit 77 — oo by assuming an
infinitesimally small imaginary part added to the Hamiltonian. This is fulfilled within the
implementation of iISURFV in QPROP thanks to the presence of the complex absorbing
potential (46) near the boundary of the numerical grid. As a result, the iISURFV-related

contribution to the photoionization amplitude can then be compactly written as [51-53]

6@?&%)—[;d&3$@&ﬂw (59)
R

where the time-integrated flux density reads

3Ty = IVl 0T) = KTl e (T3). (60
The implementation of the iISURFV method is the core advantage of QPROP 3.0 over
previous versions. The related work, along with other improvements that came out with
the 3.x releases, was an essential part of the work in the present thesis. Details of the im-
plementation of iSURFV in QPROP 3.0 are described in [51]. The applicability of iSURFV
as well as its efficiency is addressed by two particular examples shown below that are also
included in the QPROP 3.0 distribution accompanied by several other example configura-

tions.
Example 1

The first demonstration addresses the case of a short pulse, because for those iISURFV
gives the biggest boost in terms of computational time compared to tSURFF. Let this
pulse be described by the vector potential

E t
A(t) = =L sin? (w) . [sin(wt)ex + ecos(wt)ey|. (61)
w 2n.
Consider its polarization circular, ¢ = 1, intensity equal to I = 2 - 10 W/cm? and

wavelength A = 400 nm. Figure 1.3 illustrates the difference between the results obtained
with tSURFF and iSURFV. For iSURFV, the real-time propagation is equal to the pulse
duration T" = 2.67 fs. tSURFF requires a substantially longer propagation: to capture
photoelectrons with momenta higher than ki = 0.1 one needs tpax = 26.85 fs. In
Figure 1.3(c), a cut along 250° (and a cut along 70° displayed by negative k values)
additionally reveals a discrepancy on the logarithmic scale in the high-energy region being
close to the numerical noise level. This, however, could be improved by increasing the values
of the flux-capturing radius R and width Wiy, of the complex absorbing potential area. In
the low-energy part of the iSURFV spectrum, a sharp ring-shaped peak is observed, which,
in fact, is not related specifically to iISURFV and would appear in tSURFF provided a
longer laser-free post-propagation is conducted. The origin of this peak is the truncation

of the binding potential U(r > R) = 0, which is a requirement for using Volkov functions to
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Figure 1.3: PES for hydrogen in a circularly polarized laser pulse calculated
using QPROP 3.2 (a) with tSURFF and (b) with iSURFV. Laser parameters: \ =
400nm, I = 2- 10" W/cm?, n. = 2 cycles with sin? envelope. Horizontal axis indicates
radial momenta in a.u. The black and gray spectra in (c¢) are sections through 250° (positive
k) and 70° (negative k) lines from (a) and (b), respectively.

describe the continuum. This structure can be shifted to even lower momenta by choosing
a smoother potential in the intermediate domain (in QPROP , the potential is by default
matched to a linear roll-off at R, = 50 that reaches zero at 2R.,) or extending this domain
(i.e., increasing Re).

Example 2

Analysing Fig. 1.3(b) further, additionally to the brightest artificial sharp peak, a

nonphysical oscillatory behavior can be seen in the radial direction at low energies. This
effect was also observed in [53] and, in fact, is not caused by the iSURFV trick itself
but by the complex absorbing potential. Increasing its width Wj, for the evaluation of
Eq. (59) reduces the magnitudes of those rings and shifts them to lower momenta. This
is illustrated in Fig. 1.4 by another example. There, the same laser pulse but with linear
polarization (e = 0 in (61)) is used and the PES are calculated with iSURFV and with
tSURFF with a much smaller kp;, = 0.001 taken in (55). Interestingly, the only surviving
peak is the one located around k& ~ 0.1, which, as mentioned above, is caused by the
truncation of the potential. The oscillations related to the complex absorbing potential

are successfully pushed to 10 times smaller momenta. Thus, implementation of iSURFV
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Figure 1.4: PES for hydrogen in a linearly polarized laser pulse calculated using
QPROP 3.2 (a) using tSURFF with kyi, = 0.001 (upper halfplane) and i-SURFV (lower
halfplane) at Wiy, = 150 fixed for both. In (b), i-SURFV is used with Wiy, = 1500 (upper
halfplane) and Wi, = 150 (lower halfplane). Laser parameters: A = 400nm, [ = 10'4
W /cm?, n. = 2 cycles with sin? envelope.

in QPROP not only speeds up the calculations, but also avoids unphysical patterns in PES
for slow electrons using tSURFF.

In principle, one could change the shape of the imaginary potential rather than changing
its width in order to suppress reflections and transitions (see, e.g., [54]) causing artifacts.
However, no universal absorbing potential to cover the infinite energy range exists. Alter-
natively, instead of an explicit complex-valued term in the Hamiltonian one might adapt
the so-called complex scaling in the region where absorption is required [34,35|. This

method is not yet included in QPROP, though.

1.3.5 APPLICATIONS OF QPROP 3.0 AND NEWER

Since the implementation of iISURFV in QPROP in [51], the 3.x versions of the program
package aided multiple theoretical studies in providing the benchmark for alternative
approaches to calculation of PES based on the SFA or the R-matrix with time depen-
dence [55-57]. Moreover, it has been used to reproduce various experimental observa-
tions [58-60] with good agreement found in each case. The new capabilities of QPROP 3.x

were also utilized in the theoretical investigations presented in Chapter 4 of this thesis.
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CHAPTER 2

PHASE-OF-THE-PHASE SPECTROSCOPY AND ITS
APPLICATIONS

2.1 PHASE-OF-THE-PHASE SPECTROSCOPY

Momentum-resolved PES carry information about the properties of the potential of the ion-
ized parent target imprinted in these PES in form of holographic patterns [12-14,16-19,61].
Also, with properties of the ionizing laser properly adjusted, electrons can serve as a probe,
imprinting in the PES ultrafast processes occurring in the parent atomic or molecular ion
at femtosecond timescale [62—64]. Registration of individual incidents in strong-field ex-
periments is, however, not possible to resolve in time. Instead, modern techniques aim on
engineering the ionizing laser pulse properties to enhance the ionization in the vicinity of
certain times, creating a so-called ‘temporal gate’ for the ionization process. In particular,
two-color fields consisting of components with frequencies aw and bw (with a, b being co-
prime) shifted by a phase delay ¢ are promising in that respect. Typically, one component
(say, bw) has a relatively smaller intensity. Such type of streaking enhances the ionization
probability in the vicinity of certain ¢-dependent times while leaving the dynamics of the
produced photoelectrons nearly untouched. The simplest setup to realize experimentally
and also the simplest to be analyzed theoretically is w-2w. If the components are polarized
co-linearly, the streaking 2w component enhances the main w field around its peak once
per laser cycle®. The PES Y (k, ¢) inherits the periodicity of the ionizing laser field as a

function of ¢. This allows to express the former in the Fourier series:

Y(k,¢) = Yo(k) + Y _ |[Ya(k)| expling + i®y, (k)] + c.c. (62)

n>1

= Yo(k) +2 ) |Va(k)| cos[ne + @, (k)]

n>1

Restricting the ratio between the streaking and ionizing fields 26 = F5/F4 to small values
ensures that this series converges fast.

The PoP technique has been originally introduced in [67] where the laser field was
co-linear two-color w-2w, and PoP was used to identify the regions in PES where different
ionization pathways dominate. The physical mechanism behind it is easily understood
from the classical-trajectory theory as follows. A weak 2w field enhances the ionization
probability in the vicinity of a certain time instant in an optical cycle of the main w field.

This instant is controlled through the relative phase delay ¢ between the components of

5 In comparison, a nw streaking field could enhance the w field around its peak up to n — 1 times per

laser cycle. Another different technique bases on the application of a short extreme ultraviolet (XUV)
pulse as a streaking field (for review see, e.g., [65] and references therein) which moderates the yield
around a single instant in time, thus, not being equal to the w-nw case with n — co.
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Figure 2.1: Fourier decomposition (62) of the full PES with respect to the
phase ¢ between the two laser components. Calculation performed within the SFA
according to (24) with intercycle interference excluded. The laser field is defined by Eq.(12)
with @ = 1, b = 2; intensity and wavelength of the main component I; = 2-10'* W/cm?,
A1 = 800 nm; & = 0.05, ¢ = 0; ionization potential I, = 15.8 eV (argon). Reprinted
from [66] with permission. (©) 2020 by IOP Publishing. All rights reserved.

the laser field, and depends on the final momentum k of the photoelectron. The values of
the k-dependent function @4 (k) can be, therefore, mapped to ionization times. Due to the
symmetry of the main w field, momenta k; 2 of photoelectrons with opposite signs of the
component along the laser field (k\lal = —kH’Q) escape the parent ion at times that differ
by wAt; = 7. Their contributions are most of all amplified for two-color phase shifts ¢1 o
different by 7 as well. In turn, this leads to a difference by 7 in ® (k) values for these kj 2
(see Fig. 2.2 (a)). Electrons that do not simply escape the parent ion and go straight to
the detector but undergo rescattering on the parent ion, may eventually end up with the
opposite sign of k||. Consequently, their contribution to the PES is the highest at shifted
values of ¢ compared to ‘direct’ electrons. Thus, in the PoP ®;(k) the transition between
the ‘direct’-dominated and the rescattered-dominated parts of the momentum distribution
is indicated by a jump in ®;. Besides identifying regions of direct and rescattered electrons
in PES, additional applications of the PoP will be shown below.

After the first publication [67] devoted to identification of the areas in the PES where
different quantum ionization pathways are dominant, the PoP technique was applied in
other theoretical and experimental works [68-75|. Its formalism has even been extended to
electron-positron pair production from vacuum under an extreme-intense laser field [76].
In the center of this PoP-devoted Chapter 2 is the extension of PoP developed in [66,77] to
analyse PES produced by two-color fields with counter-rotating circular (OO) polarizations.
The yield in such a setup inherits from the laser field not just the periodicity in ¢ but also
the discrete rotational symmetry, which opens a way for additional applications, as will be

shown below.
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Figure 2.2: PoP ®; for argon in w — 2w two-color [ laser field with intensity
I; =2-10"* W/cm? and wavelength \; = 800 nm calculated using CTMC.

2.2 CALIBRATING THE INTENSITY OF THE LASER WITH POP

Part of the results shown below published in [66,77].

From the technical perspective, the PoP technique is similar to those where the forward-
backward asymmetry [78-85] or side streaking [86-90] in the PES is analyzed. The PoP
does not explicitly address the PES at selected values of the periodic parameter. The basic
idea is instead to study the terms in the Fourier series (62). Perhaps the most clear visual
representation of the decomposition (62) is given by PES in circular OO fields. For the
simplest w—2w case an example is shown in Fig. 2.1.

The main observables of the theory, the terms of the Fourier decomposition of the total

spectrum, can be formally evaluated as

2
Viao) =5 [ Vigaoe . (63)

The argument of the Fourier component ®,(k) = argV,, (k) is the central quantity of
interest. It reflects how much does a corresponding component Y,,(k) lag in phase behind
the n¢ oscillation of the yield and, thus, is called PoP, giving the name to the technique.
The magnitude of the Fourier component |Y;,(k)| is called relative phase contrast (RPC)
and reflects the degree of coherence of the measured spectrum to the driver laser phase.
In Section 1.2.4, general formulas for calculating the PES in two-color OO polarized
laser fields have been derived. There, as was expected from the symmetry of the laser
field, the action defining the spectrum was shown to depend on « and ¢ only through the
combination (35):
ab = ap + (a + b)a. (64)
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Figure 2.3: SFA-based PES and PoP ®,, for circular two-color counter-rotating
fields with frequencies w-4w (a,c) or 2w-3w (b,d). Intensity of the first component is
I =2-10" W/cm?, its wavelength \; = 800nm, ¢ = 0. (a,b) show the PES, with the
negative vector potentials —A(¢) plotted over them. In (c,d) the correspondent lowest-
order PoP are shown: @;(k) for the w-4w case (c) and ®y(k) for the 2w-3w case (d).
Adapted from [66] with permission. (© 2020 by IOP Publishing. All rights reserved.

The multiplier in front of the angle of emission, «, in (64) reflects the (a+b)-fold symmetry
of the laser field, leading to the (a+b) peaks in the PES (see Figs. 2.1 and 2.3 (a)). Another
consequence of the #-only dependence is that varying the relative phase delay ¢ will rotate

the PES by an angle defined via 6, giving thus the following property for the spectrum:

a

Y(q,a,¢>=Y<q,a+Cf+b¢,0>=Y(q,o,¢+a+ba). (65)

This property suggests that the dependence on the emission direction angle, «, can be

factored out for each Y,,, giving simply

a+b

V(g @) = Yy (q,0)e™ @ @, (66)
From the periodicity in « it immediately becomes clear that all harmonics besides multi-
pliers of a vanish. In Fig. 2.3, two examples with the five-fold symmetry are shown: for

the a : b =1 : 4 case the first non-zero component is Y; (k) while for a : b = 2 : 3 it is
Ya (k).

One more general property of the Fourier components Y,, can be derived by analysing
the saddle-point equation (36) and the action. Let 75(p, a = 0, ¢) be a solution to Eq. (36)
for a given ¢ at @ = 0. Then it can be shown that 75(q,« = 0, —¢) = 27 — 72(q, = 0, @)
is a solution to the same equation but for —¢. Substituting these solutions in Eq. (37) for
the action and evaluating the resulting imaginary parts gives equal values for both cases:
ImS(¢,ts(q,0 =0,¢)) =ImS(q, —¢, ts(o = 0, —¢)). Therefore, for « =0 (i.e., in k = ke,

direction of emission) the spectrum is symmetric in ¢. This is justified by examples in
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Fig. 2.3. Now Eq. (63) can be conveniently rewritten as
1 " inatly
Valg.0) =+ [ ¥(0.0,0)cos(ns) doem e (67)
0
and the PoP ®,, = argY,, can be represented as
a+b
@u(g,0) = n* o+ 76,(q). (65)

Here §,,(q) is defined by the sign of the purely real quantity Y}, (¢q,0) and can only be equal
to 0 for Y,(q,0) > 0 or 1 for Y,(¢,0) < 0 (without loss of generality). The expression
(68) reflects a natural advantage of the PoP technique applied to the case of two-color
bicircular counter-rotating laser fields: the only possible type of features in the PoP have
circular geometry, centered around ¢ = 0 and represent the flip by a value of w. Thus,
the flipping curves for PoP are fully characterized by the correspondent circle radius. By
tabulating this radius as a function of some parameter, with all others being fixed, the
PoP technique for two-color OO polarized fields may serve as a tool to calibrate

the parameters of the laser in focus.

So far the assumption of weakness of the second component (i.e., of the smallness of
€) has not been used in the derived formulas. The obtained expressions, however, provide
only the contribution of ‘direct’ electrons to the total PES. A contribution of those that
pass close to the parent ion during their motion in the laser field are neglected. Such
electrons would experience rescattering with significant probability. The classical analysis
suggests that the current treatment is valid if the vector of the field-driven quiver motion,
S " A(t)dt', remains safely long at all times ¢. This requires the ratio of intensities for
the two laser field components, I,/Iy, to be far from a*/b* (a justification of this simple
argument ca be found, e.g., in [91] both by measurements and modeling). The other
effect of the Coulomb field of the parent ion is the overall rotation of the PES at an angle
defined by the ionized target and the laser parameters [92,93]. Since the influence of this
global rotation will not have any crucial effect on the discussed observables, it will also be

neglected further.

Assuming now the weakness of the second component of the field explicitly by con-
sidering £ <« 1, the position of the phase flip can be estimated analytically in the case
of a=1, i.e., for 1 : b frequency ratios (in a more general case, a different saddle-points
would contribute noticeably making the simplistic level of the further analytical treatment

insufficient). Expanding then the saddle point in powers of &,
e =70 4 er 4 (69)

gives the following expression for the imaginary part of the action (37) with terms up to
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Figure 2.4: Position of the phase flip of PoP ®; as a function of intensity of the
main component of the laser field for various wavelengths indicated near each curve. The
target chosen is argon and the frequency ratio is @ : b = 1 : 2. Inset: the same function
but at fixed wavelength A; = 800 nm and various targets being hydrogen, argon, neon and
helium is shown. Units in the inset are the same as in the main plot. Adapted from [77].
(© 2018 by the American Physical Society.
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linear in £ included:
Aj 2 2) 0 o i ©
ImS(q,7) ~ 20&{(1 +v°+gq )TZ- — 2¢sinh(7; ")

1 1
+(=1)b2¢ cosd [qg sinh (b)) — (e b)TZ@))] } (70)

Here, the imaginary part of the saddle point, TZ-(O), is defined according to (29). Note, that
the correction to the saddle point 575(1) linear in ¢ does not change the action, because the
correspondent contributions from the first two terms in (70) eliminate each other. When

passing through the zero of the expression in the square brackets,

gsinh(b7?) — sinh((1 +b)70) =0, (71)

145
the term proportional to cosé in the Fourier decomposition (62) changes its sign, thus,
causing the complex phase ®1(q,«) to change by a value of 7 (see Eq. (68)). The upper
limit of £ where Eq. (71) gives a reasonable analytic prediction is reducing with the increase
of b as other saddle points become less negligible then. Thus, it is best applicable for a
configuration with a : b = 1 : 2 frequency ratio: for parameters used in Fig. 2.1 this
transcendental equation is satisfied by the radial momentum k = 1.86A49 = 1.76 a.u., which
well agrees with the numerically obtained result (see Fig. 2.9 (a) in the next Section).
One faces here an obvious disadvantage of the application of ®; for calibration of the
laser pulse in the focus. In general, the distribution of photoelectrons produced under a
circularly polarized laser field with intensity close or above 10 W /cm? from atoms with
ionization energy I, /w > 1 peaks around radial momentum ¢ = 1, i.e., p = Ag = Ey/aw [8].
In contrast, the flip of ®; might occur at energies where the ionization probability is low
which, in turn, would require long measuring times in order to gain acceptable statistics.
Extending the theory to higher-order terms in the series (62) allows to partially bypass
this problem. In Fig. 2.5 an example of expansion of the total yield in the Fourier series
with several higher components being taken into account is demonstrated. It is seen from
Fig. 2.5 that the position of one of the flipping momenta of PoP ®(k) = arg Ya(k) can
appear closer to the peak of the yield, leading to a significant decrease of the required time
needed for a measurement. One should note that achieving the converged behavior for PoP
®,, needs n times bigger number of phases ¢ € [0, 27] to be taken into consideration due
to its n times faster oscillation with the variation of ¢ compared to the n = 1 harmonic.
This is, however, a minor remark as typically hundreds of phases ¢ are accounted for in
the PoP experiments [67,68,94] with a scan through a few periods being automated.
Finally, a comment on other existing techniques of in-situ calibration of the laser inten-
sity via measuring PES should be made. For example, in [95,96] a method based on fitting
the whole PES from a short circular laser pulse was proposed. For short linearly polarized
carrier-envelope phase (CEP)-stable pulses the function of asymmetry may be used to es-
timate the peak intensity [83]. Alternatively, fitting with the PPT formula [8,10] (or with
the ADK [9] formula if the tunneling limit of ionization is established) is commonly done

provided a scan over different intensities or a scan over the relative phase in a two-color
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17 field is performed. If ionization takes place in the multiphoton regime, intensity can be
calibrated by measuring the ponderomotive shift of the ATT peaks (which is proportional
to intensity, see Eq. (22)) in PES from water molecules [97,98]. The PoP-based method
proposed in the present thesis may be advantageous. Firstly, the observable it relies on —
the radial momentum defining the energy of the PoP flip — is narrowly localized (as were
the flips of the PoP in previous experiments [67,68]). Secondly, taking into account that
the variation of the relative phase ¢ only rotates the spectrum and does not deform it, all

measurements in the set are performed at constant intensity.

‘ ‘ ‘ ‘ : 3.0 T
— Y(q,a=0,¢=0) == Y(q) = Ymax

| == 1Yo(q, ¢ =0)] sl — Y1(q,¢)=0]
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Figure 2.5: Left panel: Total spectrum Y and magnitudes of first few Fourier
components Y, for n = 0-3 evaluated in the ¢, = k;/Ap > 0 direction. All
parameters are the same as in Fig. 2.1. Sharp minima correspond to momenta where the
PoP &, flip. Those momenta are labeled with black squares in the right panel. Right
panel: Radial momenta of PoP ®; (black solid line) and ®2 (gray lines) for argon in the
two-color w-2w laser field with wavelength of the fundamental component A\; = 800 nm
shown as functions of intensity. The region where the spectrum remains above 0.1% of its
maximum is denoted by a blue shaded area and the position of this maximum is determined
by the dashed black line. Adapted from [66] with permission. (©) 2020 by IOP Publishing.
All rights reserved.
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2.3 RETRIEVING LASER-COHERENT FEATURES FROM A COMPLEX-
TARGET-PRODUCED PES WITH POP TECHNIQUE

Part of the results demonstrated in this Subsection are presented in [66] or are based on
those. The work in [66] was done in collaboration with members of the experimental re-
search group ‘Clusters and Nanostructures’ of the University of Rostock who participated in
estimating simulation parameters that would be favorable for possible future experiments.

The correspondent theoretical modelling was performed by the author of the present thesis.

This Section is devoted to another application of the PoP technique. Spectra of pho-
toelectrons produced during strong-laser-matter interaction contain information about the
irradiated target, the laser field and the mechanisms of the intermediate ultrafast phenom-
ena occurring during the ionization process. However, if a target of complex structure is
considered, the scattering of the produced photoelectrons in the target might distort or
even destroy the correlation between the registered signal and the phase of the ionizing
laser field. This complicates the observation of such phenomena as their fingerprints in
PES, e.g., high-energy plateaus of the distributions, low-energy structures, ATI-peak pat-
terns and other are smeared out. The PoP technique serves then as a filter with respect to
laser-incoherent processes that deform the photoelectron spectra, as will be demonstrated

below.

Consider a specific setup where ionization happens from a helium nanodroplet consist-
ing of a few thousand helium atoms as an example of a complex target [99,100|. Helium
nanodroplets are effectively applied as finite-sized spectroscopic matrices for the particles or
complexes enclosed in them (dopings) [101-106]. Firstly, thanks to an almost zero temper-
ature inside such a droplet, the influence of rotational and vibrational modes is negligible.
Secondly, due to interaction between the doping and the inertial helium surrounding being
weak, and, in addition, to optical transparency of helium up to energies about 20 eV, the
study of an almost unperturbed species can be conducted in experiments with ultraviolet
(UV) or infrared (IR) external radiation regimes. The doping candidates can range from
atoms [107] to large atomic clusters [108-111] and complicated biomolecules [107,112,113].
In the present thesis, single argon atoms are further considered as dopings. These are
known to be of ‘heliophilic’ nature, i.e., after being captured, they move to the center of
the droplet and stay localized there [101,114]. Theoretical investigations of laser-induced
electron dynamics in helium droplets with ‘heliophobic’ atomic species (see, e.g. [115-120]

and references therein) remain out of scope of this thesis.

The photoelectrons produced initially from the immersed impurity species may experi-
ence scattering on helium atoms before they leave the droplet. The resulting recorded PES
would then contain a notable contribution of such electrons that already have lost their
coherence with the laser during multiple elastic scattering processes. The signal from such
laser-incoherent electrons may cover the patterns intrinsic to the weaker signal remaining
from unscattered electrons. Therefore, in the experiments with helium droplets, typically

the energy distributions and not the angular-resolved PES have been of main interest until
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Figure 2.6: Sketch of the setup used in the calculations. FEach helium droplet
of size Ny captures a single argon atom, which is then ionized by a w-2w laser field.
Reprinted from [66] with permission. (©) 2020 by IOP Publishing. All rights reserved.

recent. Here is where the PoP technique advances. Formally, the loss of co-
herence is equal to a transition of the correspondent yield from higher Fourier
components Y, (k) in (62) to the lowest, Yj(k). Therefore, a separate study of
the terms with n > 0 allows to retrieve the remaining laser-coherent part of the
signal dependent on the two-color relative phase ¢.

A particular setup that the current model will be based on is shown in Fig. 2.6. There,
a nanodroplet of few thousands helium atoms passes through the pickup chamber with
low-pressure doping gas and collects a single unit of the doping species, which is assumed
to have a lower ionization energy than that of helium. After that, this new complex is
exposed to an intense laser pulse (of course, not too intense to ionize helium) leading to the
ionization of the enclosed particle and leaving the helium surrounding neutral. Technically,
a desired mean size of a droplet can be achieved when droplets are created from a gas jet
pushed through a narrow nozzle of a given diameter with the backing pressure and the

temperature of the nozzle being controlled.

In the follow-up simulation, droplets consisting of Npe ~ 3 - 10 helium atoms are
considered. Such size corresponds to the mean radius R ~ 3 nm. This requires 20 bar
pressure and 16 K temperature for a nozzle that is 5um in diameter [121]. Argon atoms
are chosen as dopants. One atom per droplet is assumed. The difference between the
ionization potential of argon, 15.8 eV, and the one of helium, 24.6 eV, is high enough to
neglect the probability of ionization of helium. The ionizing laser pulse is chosen to be two-
color with OO components of frequencies w-2w (i.e., a = 1, b = 2, and the wavelengths are
800 nm and 400 nm, respectively). The intensity of the main w component is I} = 2- 1014
W /cm? while I = 2-10'2 W/em? (¢ = 0.05). The characteristic kinetic energy of the
photoelectrons under the chosen laser conditions is (k?)/2 = 15.4 eV which is below the
ionization or excitation energies of helium. Thus, the scattering is elastic only. Due to
the mean distance between the helium atoms being greater than their characteristic sizes,
the scattering of an electron is treated in the simplified approximation including a single

atom in each event. Taking into account the narrow width of the photoelectron energy
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distribution (see Fig. 2.8 (a)), the energy dependence of the scattering cross section can be
neglected by taking the total, o, and differential, do/dS2, cross sections at fixed k%/2 = 15
eV. Those values have been taken from [122].

Under the influence of two-color bi-circular laser pulses, the electrons are mainly emitted
with momenta close to the z-y polarization plane (i.e., with negligible k,). Due to the
scattering process, they could also end up having their final momenta pointing outside of
this plane. What is more important, however, is that such randomly scattered electrons
would still contribute to the Yp(k) term of the Fourier decomposition (62) only. Other
electrons, those that escape unscattered and form Y7, Y5 and other higher-order terms
in (62), should still have momenta located within the vicinity of the polarization plane.
Taking this into account, the model in the present example has been restricted to two
dimensions (2D), i.e., only the motion in the polarization plane was considered.

The modelling using a MC random walk simulation has been performed in the following
way. For the conditions described above, the statistics of a finite number of ionization
events N, were recorded with initial momenta distributed according to the SFA. Each
photoionization event was then followed by the classical laser-free passing through the
droplet. The probability of scattering on one of the surrounding atoms of the neutral

helium after covering a distance s was defined as
w(s) =1 — exp(—npeos). (72)

Here, the concentration of helium atoms, ne, was assumed homogeneous over the volume

of a droplet. The values of free paths s were assigned according to s = —(npeo) ! log X
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Figure 2.7: Percentage of electrons that undergo a certain amount of scattering
events indicated on the horizontal axis. The inset demonstrates the same but in
the logarithmic scale and for a wider range of scattering events. Droplets consisting of
Nue = 3 - 10% helium atoms are considered. Laser parameters are as those in Fig. 2.8
Adapted from [66] with permission. (© 2020 by IOP Publishing. All rights reserved.
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where X was randomly chosen with a uniform distribution between 0 and 1. If s is smaller
than the current distance to the border of the droplet, the scattering occurs. The scattering
angle, ¥, was then chosen randomly from —7 to 7 according to do/dS2 6. No restriction
for the total number of scattering events was assumed.

In the present example, the probability of multiple elastic scattering on the neutral
helium surrounding atoms is relatively high, as demonstrated in Fig. 2.7 showing the
percentage of the electrons as a function of scattering events count. Here, only about 6% of
the initial number of electrons remained unscattered. An example of the initial distribution
calculated according to the SFA is shown in Fig. 2.8 (a). Including here the contribution
of the process of scattering on neutral atoms of the helium droplet significantly deforms
the distribution (see Fig. 2.8 (b)). The three-fold-symmetric part of the spectrum is now
suppressed by the nearly isotropic contribution from the laser-incoherent photoelectrons.
After performing similar calculations for N4 = 20 different phases ¢ € [0, 2| (i.e., for 10
values per one period of Y2¢%2?), the PoP can be applied, and the position of the phase flips
can be determined. The results are presented in Fig. 2.9. Due to low ionization probability
at high energies, the flipping of the PoP ®; (located at k = 1.76 a.u.) remains visible in the
absence of scattering only (see Figs. 2.9 (a) and (b)), even after taking a higher number of
initial ionization events (N, > 2 - 10® for a grid with momentum resolution of dk = 0.02).
However, instead of increasing the number of photoelectrons (that is formally equivalent
to increasing the time of measurement in an experiment) one may address PoP ®5. As
suggested by Fig. 2.5, this requires considerably lower statistics (cf. Figs. 2.9 (¢) and (d))
and renders the phase flipping curve observable even when the highest part of the signal
comes from the scattered electrons (see Fig. 2.9 (e)). To wind up, the PoP technique
allows to subtract the laser-incoherent part from the total spectrum even if
this incoherent contribution is dominant. Application of the PoP technique
with respect to higher-order terms of the Fourier decomposition, e.g., ®3, may

be beneficial in terms of required measurement time compared ®;.

6 Positive ¥ indicate clockwise rotations in the 2D plane, negative ¢ indicate the opposite.
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Figure 2.8: (a) PES predicted by the SFA for a two-color bicircular laser field
with counter-rotating components of frequencies w and 2w, interacting with
an argon atom. (b) Same but for an argon atom placed in a helium droplet.
Droplets consisting of Ne = 3-10% helium atoms are considered, which leads to blurring of
the angular distribution of photoelectrons due to their elastic scattering on neutral atoms
of the droplet. Laser parameters: the main component has intensity I; = 2 - 10* W /cm?
and wavelength \y = 800nm; I, = 0.017; (£ = 0.05), ¢ = 0. The total number of initial
ionization events is N, = 2 - 107. Adapted from [66] with permission. (© 2020 by IOP
Publishing. All rights reserved.
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Figure 2.9: (a) PoP ®; from a continuous SFA-based distribution, (b) — the
same but for a finite number N, = 2-10® of photoelectrons for each phase ¢. (c)
PoP @, from a continuous SFA-based distribution, (d) the same but for a finite
number N, = 2 - 107 of photoelectrons for each phase ¢. (e) the same as (d)
but with the (multiple) scattering on neutral helium atoms of a surrounding
droplet being taken into account. For all cases N, = 20 phases have been taken.
Adapted from [66] with permission. (© 2020 by IOP Publishing. All rights reserved.
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2.4  (CONCLUSIONS OF CHAPTER 2

e The “Phase-of-the-phase” (POP) technique has been extended to the case of two-color
OO laser fields having frequencies aw-bw with a,b being coprime. Basic properties
have been derived. The main observables, PoP &, are shown to experience sharp
flips by 7 at certain photoelectron energies. The positions of the PoP flips are well-
localized in energy and are sensitive to the laser parameters as well as the ionized
target. Based on that fact, a method of calibrating the intensity of the laser field
in focus using PoP spectroscopy with bi-circular OO aw-bw laser fields has been

introduced.

e A way to subtract the laser-incoherent part from the total PES with the help of
the PoP technique has been proposed. For demonstration purposes, a MC-based
model describing the ionization of argon atoms inside helium nanodroplets has been
introduced. The angular structure in the PES from doped helium droplets is masked
by a dominant laser-incoherent contribution from electrons that experience multiple
collisions on the surrounding helium atoms. The application of the PoP technique to
the analysis of such PES reveals the remaining weak laser-coherent part in the total

signal.

It is worth mentioning that subtracting the contribution of the electrons generated by
laser-incoherent processes of other nature, in example, those created due to thermal

emission, should also be possible.
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CHAPTER 3

OPTIMIZING PLASMA-INDUCED THZ RADIATION
USING INTENSE TWO-COLOR IONIZING LASER
FIELDS

3.1 TERAHERTZ RADIATION RESULTING FROM THE INTERACTION
OF A STRONG LASER PULSE WITH ATOMIC GASES

The previous Chapter was dedicated to the analysis of the PES produced by a strong laser
interacting with systems of different complexity. Apart from being used directly for the
determination of the parameters of the ionizing laser or of the parent atomic or molecular
ion, the PES may provide a link to other physical processes, which are otherwise harder
to examine directly. For instance, the principle of the high-harmonic generation (HHG)
is based on the recombination of the electrons with their parent ions, which are initially
produced from species in a gas or a solid under the influence of an external strong laser
field and which then absorb multiple photons from that laser field [123,124]. The physics
behind the PES and the HHG spectrum here mainly differs at the stage of the interaction
of the electron with its parent ion leading to scattering instead of recombination. While
the properties of HHG spectra rely essentially on the microscopic response of the system in
first place, in the current Section a principally different physical process will be addressed
— the generation of low-frequency radiation from a laser-induced plasma. In a nutshell,
the mechanism is as follows. A strong laser interacts with a gas and transfers energy to
electrons generating a plasma cloud. The electrons’ motion taking place in that plasma
is not guided exclusively by the laser field but can continue even after the pulse is over.
This global plasma movement has an oscillatory nature at frequencies that are related to
macroscopic properties of the system. The acceleration of the plasma dipole results in
the emission of radiation in that frequency domain. With the proper adjustment of the
plasma parameters the characteristic frequencies may be orders of magnitude lower than
the initial frequency of the ionizing laser [125-130|. For example, applying an IR laser
pulse of femtosecond duration to an atomic gas may generate output radiation in the THz
frequency domain (100 — 300 times slower) at the picosecond timescale (10 — 100 times
longer).

The interaction of a strong laser with a gaseous target is not the only pathway to
create a source of coherent THz radiation [131]|. For example, exposing specific non-linear
crystals to strong laser beams can also result in the desired frequency conversion [132—
138]. The first drawback of this alternative is that the bandwidth of the output radiation
is usually restricted to a few THz. Additionally, another obvious obstacle on the way

to control the generated THz pulse intensity is the upper limit on the intensity of the
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initial laser pulse because surpassing the damage threshold value eventually destroys the
crystal. Such limitations are absent in the THz sources based on synchrotrons or on free-
electron lasers [139-142]. Those are, however, extremely costly devices of incomparably
bigger sizes. A lower price and relative simplicity of a THz source based on laser-induced
plasma radiation are not the only differences: a free-electron laser provides a relatively long,
essentially multicycle THz pulse. This was the case in [143| where it was used to resolve the
ionization dynamics of highly excited atomic states and to probe the spatial geometry of
the initial Rydberg state. In contrast, a laser-plasma-based scheme may provide a single-
cycle or a sub-cycle broadband pulse of THz radiation. Being substantially shorter than
the characteristic time of a Rydberg electron’s motion, a half- or single-cycle THz pulse
may be advantageous in the investigation of very-low-energy structures in PES [144]. To
this end, the laser-gas-based scheme remains a promising candidate for creating a handy

source of coherent THz radiation.

In the experiments aiming, for instance, at the usage of HHG, the efficiency of frequency
conversion is rather low (being at the level of 1074 [145,146]). However, the obtained XUV
radiation is intense enough for some applications [147-150]. There, the problem of con-
trol over the temporal shaping of the generated attosecond pulses deserves more attention
than the problem of efficiency improvement. This is, however, not the case for practical
applications of plasma-produced THz radiation. While in the setups based on the optical
rectification in non-linear crystals the conversion efficiency reaches the level up to a few
percent [136,151,152], until recently, the commonly applied laser-plasma-based schemes
provided roughly an order of magnitude lower yields [153, 154]. This kept the necessity
of improvement of the established experimental setups for the generation of laser-plasma-
induced THz radiation out of question. The way towards such an improvement can be
targeted by the following simple reasoning. As the creation of coherent THz radiation is
attributed to the oscillatory motion of the mean dipole of the electron plasma, the am-
plitude of the emitted radiation is roughly proportional to the amplitude of the dipole
acceleration, which in turn scales roughly as the net momentum of photoelectrons that
remains after the laser pulse is over. In other words, the ionizing laser pulse should be
tailored such that it maximizes the net photoelectron momentum. This can be reached by
several means. Firstly, the temporal shaping of the ionizing pulse may create photoelec-
trons with a preferable direction of emission. This is achieved either by short pulses with
CEP optimization or by relatively long pulses consisting of components with different fre-
quencies. As the first case is strongly dependent on the particular shape of the laser pulse
envelope and should be studied uniquely in each specific case of experimental implementa-
tion, this optimization pathway will not be discussed in the present thesis. For relatively
long multi-color pulses, the finiteness of their duration is further assumed to result only in

the necessity of an additional parametric scan near the predicted optimizing conditions.

Hereafter, the focus will be on two-color pulses as a simple but effective experimental
approach [131]. Considering the simplest case of JJ polarizations, the disadvantage of using
a monochromatic pulse is apparent as the temporal symmetry, |E(t)| = |E(t + 7/w)|, of

a laser field leads to a symmetric PES, Y (k) = Y (—k), predicting a zero net momentum.
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This is no longer the case for two-color fields, as will be discussed in the next Section where
optimization of such pulses to maximize the THz output power will be considered.

The next important point to investigate is optimization in terms of polarization of the
ionizing laser, again assuming two-color fields. For instance, in the context of the previous
Chapter, the two-color fields with aw and bw components both circular and rotating in
opposite directions (OO) were introduced. Due to their symmetry properties, they produce
PES with average momentum equal zero and, thus, lead to a zero net photoelectron current,
which makes them the worst candidate for THz radiation production (in fact, such fields
can be specifically implemented in order to decrease the output radiation from plasma
emission if it is undesired). Oppositely, application of two-color fields with corotating
circular (OO) polarizations can be beneficial and surpass in power the ] two-color setups.

An apparent enhancement of the total residual photoelecton current is reached if laser
pulses of longer wavelengths at fixed intensity are applied. The created THz radiation, thus,
would also amplify significantly. This was confirmed in a number of experiments [153, 155,
156] with two-color § pulses. In [156] a conversion efficiency surpassing the 1% level
has been reported, similar to modern optical rectification schemes. In the present thesis,
it is proposed to combine the benefits of the non-linear polarization together with the
application of long-wavelength MIR lasers.

Lastly, the proper restriction of the geometrical volume of the laser-irradiated gaseous
medium can also improve the THz outcome. Theoretical investigations in that direction
remained out of scope of the present thesis but a short review on them is given at the end
of the Chapter.
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3.2 OPTIMIZING THE INTENSITY RATIO IN A TWO-COLOR LASER
FIELD WITH COLINEARLY POLARIZED (J]) COMPONENTS

Part of the results presented in this Subsection are published in [27].

Typically, in the experiments commercial Ti:sapphire lasers are utilized which provide
photons with energy w ~ 1.5 eV (wavelength A = 800 nm). For a common duration of
T =~ 100 fs, such a pulse consists of 40 optical cycles. Therefore one may safely neglect the
influence of its temporal shape on the ionization dynamics and approximate the envelope
as constant. Consider a two-color laser field whose components are polarized both along
the x axis and have a frequency ratio 1 : 2. As the combined laser field maximizes only
once per optical cycle of the slower component with frequency w, the control over the
subsequent dynamics via adjustment of the laser field parameters remains rather simple

and effective. The expression (12) for the vector potential then simplifies to
£y
At) = e cos(wt) + & cos(2wt + ¢) | = ez Apa(wt) (73)

with Ag = E}/w being the characteristic electron momentum in that field. Creation of the
2w component (A/2 = 400 nm) can be technically achieved by placing a non-linear beta
barium borate (BBO) crystal in the beam path. Using two wedge-shaped crystals allows
precise adjustment of the non-linear medium thickness, giving control over the relative
intensities of the fields 4¢2. The relative magnitude of the 2w field may reach 2¢ = 0.385
with such scheme, thus providing intensity ratios up to about 462 ~ 0.1 [131,157]. A further
increase may be reached, for example, by lowering the w component with a suitable filter
or by applying other types of non-linear crystals [158]. For consistency, the adjectives
‘first’ and ‘main’ refer hereafter in this Chapter to the w-component of the laser field while

‘second’ refers to the 2w-component, regardless of the ratio of their intensities.

The central quantity of interest, the net photoelectron current, can be evaluated as

i) =— /0 t dt’ g (t) / 3k koY (k,t). (74)

Here, 0,Y (k,t')dt’ is the ionization probability within the time interval dt’ for electrons
with final momentum k, and n,(¢') is the concentration of atoms that is assumed uniform.

The value of the total ionization rate reads
t
w = / dt’ / 3k 0;Y (k,t'). (75)
0

An estimate of the net momentum kg can be given by addressing the expression for
the most probable momentum (such that ¥ (k) = max Y (k)). The follow-up calculations
will again be performed in the framework of the SFA and the saddle-point approximation.

Then the answer can be given in a closed-form in the case of one laser component being
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sufficiently weaker than the other [27]:

- Es 3

N —
2

cos ¢, Foy << FEj. 76
1+72sinh~ty — (76)

Here, ~y is Keldysh parameter (26). The limiting cases of tunneling (v < 1) and multipho-

ton (7> 1) regimes for this expression were introduced in [128,130|. In summary,

E

kx%ﬁ-3cos¢, V<1, By < By (€< 1); (77)
- Es v
ky =~ Ccos ¢, 7> 1, Ba < By (E<1/y). (78)

7 2win(2y) — 1
Similarly, if the 2w component is dominant, one finds [128, 130]

. B3 1/2
kxww14-n<7f(”+2/>+¢>, YL B> B (E> ) (79)

. E 1 . (m(n+1/2)+ ¢
- 1[1“2%)_1 m( . ) > 1, B> By (€3 1/7). (80)

The variable n in (79-80) takes values n = 0, 1, 2, 3 with one of them giving the biggest peak
in the spectrum, depending on the phase ¢. In brackets additional y-dependent conditions
are introduced, delineating the validity of the correspondent expressions according to the
strength of the 2w field that might start dominating the ionization process even without
the condition £ ~ 1 fulfilled. In Eq. (80) the parameter 7/ is the Keldysh parameter for
the 2w field.

In both of the limiting cases Fy < E7 and Fo > FE; the most probable momentum
scales linearly with the amplitude of the weaker field component. Therefore, conditions
optimizing this value and, correspondingly, the net photoelectron current and, finally, the
THz output power, should exist. Finding optimal intensities and the relative phase between
the fields is the key aspect of this Section.

In principle, for a strictly periodic field as the one defined above in Eq. (73), the mo-
mentum distribution consists of delta-peaks, which makes the integration over energy (i.e.,
over d|k|) in (75) trivial. This ATI-peaks pattern caused by intercycle interference might
affect the value of the average momentum but makes a noticeable contribution only in the
multiphoton regime. Next, integration over angles d{) can be performed approximately by
taking into account a fast decrease of the signal with increasing perpendicular momentum

k,, and a Gaussian type of that dependence at small k; [10]. The total ionization rate

then reads
=2 F inh~!(v)k2 ky = kp)|? ky = —kn)|?] .
w3 (Ve ) (MG = B + MGk = k)P
n>Nmm
(81)
Here,
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Figure 3.1: PES for argon in a two-color field with colinear components as a
function of dimensionless momentum ¢, = k; /A with ¢, = 0 calculated within the SFA
with prefactor (87) included. The main component of the {{ laser field has intensity I; =
6.2 -10'3 W/cm? (E; = 0.042) and wavelength A\; = 800 nm (w = 0.056). The temporal
shape is defined according to (73) with £ = 0.15. Result obtained with exact solutions to
the saddle-point equation (42) is shown with red thick solid lines, result calculated with
approximate saddle-points (43-44) — with blue dotted lines. The PES in absence of the
2w field (¢ = 0) is shown with grey dashed lines. The inset demonstrates the saddle point
71 (see Eq. (43)) in the complex time plane changing with momentum. Line types in the
subplot are the same as in the main plot. Adapted from [27]. (© 2015 by the American
Physical Society.

is the Dawson function [159]. Summation is taken over momenta k), defined according to
the energy conservation law (22) with the lower limit Ny, restricting k2 > 0. The function
M(k, = k) represents a contribution to the ionization amplitude from one optical cycle.
For laser fields of long but finite duration (such that w7 > 27) the expression for the
ionization rate can be obtained by replacing the constant amplitudes E7 2 by slow-varying
envelopes Fj o(t) in (73).

For times t > 74t at which the ionization reaches its saturation, the photoelectron cur-
rent becomes proportional to the net photoelectron momentum: j, = —ngkg. Performing

analogous calculations as for function (81) but now with additional weight k,, one gets

2 o
ko= — Z ]-'( sinh 1(y)/~c%/w> Xk [|[M(ky = kn)|? — IM(ky = —k)|?]
w smh
n>Nm1n
(83)
with w being defined according to (81). Evaluation of the amplitude M with exponential
accuracy can be performed within the saddle-point method using the results presented in

Section 1.2.6.
Figure 3.1 shows the PES along polarization axis. This distribution is strictly sym-

metric and leads to a zero net photoelectron momentum in the absence of the second
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component of the laser field (£ = 0). However, already at & ~ 0.15 the left-right symme-
try noticeably breaks, also increasing the total ionization probability quite significantly.
Comparison of the two calculations, one using the exact solutions to (42) and the other
using the approximate formulas (43-44), shows that the latter remain quite precise even at

v~ 1.

3.2.1 CORRECTIONS TO THE IONIZATION PROBABILITY WITHIN THE SFA FOR
11 TWO-COLOR FIELDS

While (83) is conserved if M is scaled by a constant, the total ionization rate w defined
above in Eq. (81) depends on the global magnitude of M. The value w gives an estimate
for the saturation time:

Tsat =~ 1/w. (84)

The upper limit vo for the output THz radiation frequency is related to the smaller of
the times 74t and the pulse duration 7', raising the importance of the accuracy in the
evaluation of the ionization rate. At this point, the following two types of improvements
to the PES must be introduced which were not crucial in the context of Chapter 2 and,
thus, were neglected there. Firstly, the prefactor P in Eq. (24) can no longer be ignored.
The evaluation of P(k,t) is described in detail in [4,6,160]. For an electron in an atomic
state with a characteristic atomic momentum x = \/ﬁ , orbital quantum number ¢ and

magnetic number m the result for the photoionization amplitude has the following form:

MEK) =" M(te;) =Y Pem(k, te;)e 5000, (85)
J J

/ K
Pem = Crr myzmol) (86)

where Yy, are spherical functions of complex unit vector n = (k + A(ts))/k and Cyy is

Here, the prefactor reads

the asymptotic coefficient of a bound state in an atom. An approximate value for Cly
can be taken, e.g., from [10]. For ground states of atoms and negatively charged ions it
is of the order of one (exactly 1 for hydrogen and equal 1/4/2 for a zero-range potential).
As this coefficient depends on the particular atoms being ionized, argon gas is assumed
throughout this Chapter. The ground state for the single active valence electron is 3p and
Cx1 = 0.95. Due to the probability of ionization significantly dropping with the increase
of the magnetic quantum number |m| [10], considering the ionization from m = 0 states

exclusively is sufficient. To this end, the required formula for the prefactor reads

F3

P k,t N =C 1
10( S,J) 1kl ﬂan/(Wts,j)

j=1,2,3,4 (87)
with a/(wt) being the derivative of a function defined in Eq. (73) and 4 or — signs referring

to saddle points wts1 3 or witsa 4, accordingly. Details of the derivation can be found, e.g.,
in Appendix A of [6].
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The other correction to the SFA-predicted ionization rate reflects the influence of the
Coulomb potential of the residual ion on the post-ionization movement of a free electron
in a laser field. In the framework of Chapter 2, circular fields with a small amplitude
of the second component were mainly considered. The generated laser-driven electrons
followed spiral classical trajectories and did not return close to the parent ion. Therefore,
the influence of the latter was safely omitted there. Now that the two-color linear laser
fields are considered, the inclusion of a correspondent correction becomes necessary as it
significantly increases the ionization rate (see, e.g., articles [161-164]|, reviews [6, 10] and
references therein). For small or moderate values of the Keldysh parameter, v ~ 1, the
influence of the Coulomb field can be taken into account by introducing its contribution,
Uc(r) = —Z/r to the action:

So — So + Sc, (88)
o dt

Sc = Z/ —_. &9

¢ ts To(t) ( )

Here, ro(t) is the Coulomb-free classical trajectory of an electron in the laser field obtained

by solving the classical equation of motion
fo(t) = —E(t) (90)
but with initial conditions corresponding to the complex-valued velocity:
ro(ts) =0, Fa(ts) = (k+ A(ts))? = —2I,, . (91)

The initial time is defined as the saddle point ¢5, which is a complex number making the
trajectory ro(t) complex even at real times ¢t. The denominator in (89) is analytically
continued to the complex plane as \/W [6,164]. In the limit ¢ — t5 the solution to
Eq. (90) with initial conditions (91) gives ro(t)? ~ —2I,(t — t;)?, making the action (89)
diverge logarithmically at its lower limit. This can be easily cured with a regularization
procedure by matching the action (89) to the asymptotic form of the wavefunction of the

initial state in the way it was shown in [161]|. The regularized action then reads [6]

b A 1M
Sc = —in, In(2i1,t —— »dt . 92
0 = —in.taCzity) + [ { e (92)
Here, n, = Z/\/21, is the effective quantum number and t, — oo is a real number whose

value does not affect the observables.

Evaluating the action (92) along the trajectory that leads to the most probable mo-
mentum k suffices to estimate the Coulomb-related multiplier in the total ionization rate.
For a monochromatic field, £ = 0, this momentum is equal to zero, and the correspondent
saddle point is wty, = 7/2 + isinh™! 5 (see Sec. 1.2.3). Computing (92) for an arbitrary
momentum k would require an accurate choice of the integration path: additionally to
the second-order zero at t = t,, the complex-valued function ro(¢)? has other first-order
zeros which are the branching points of the integrand in (92) [165,166]. Thanks to the
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trajectory for the most probable momentum being real along the real time axis, no regu-
larization procedure is required, and the integration path can be reduced to the vertical
segment between t; and ty = Re 5 as the integral along the real time axis does not change
the imaginary part of the Coulomb action and does not affect the magnitude of the final
Coulomb-related factor (93) in the ionization rate. Integration in (92) is then conducted

analytically, giving the well-known result [10,161]

)

for the Coulomb factor, magnifying the ionization yield. The constant F' here is the so-

ezSc

Qc =

called reduced laser field, which is equal to the ratio of the laser field strength and the
characteristic electric field strength in an atomic bound state:

E E

F=—t-_—"1 (94)

Ea (2113)3/ 2
Its value is typically about 0.01 = 0.1 in strong-field ionization experiments. Thus, the
Coulomb field drastically increases the total ionization rate compared to the zero-range
potential case. The Coulomb correction (92) to the action could be evaluated more precisely
if the Coulomb force was included in Eq. (90) [6,167]. However, the related contribution
giving an additional factor [167]

2y —27
Qcp = <1 + ) , e=2.718... (95)
e

to (93) is only important for v > 1 and can be safely omitted throughout the following

calculations.

In the general case of a two-color field (73) with £ # 0, one has to perform the inte-
gration in (92) numerically. The most probable trajectory then relates to the momentum
key = Aoq, aligned with the polarization axis. This trajectory has no imaginary part along
the real time axis and is described by the saddle-point equation giving the initial time

Ts = wts together with the initial condition (90):
q,Ti,j + cos Ty sinh 7 ; + g cos(270 + ¢) sinh(27; ;) =0 (96)

where 749 = 70 + iTj0. Again, the integration in (89) can be reduced to the vertical line
between ts and tg = Re t5 of the total complex path. Performing the respective calculation

of (89) for each of the saddle points tg1,...,ts4 (43-44) gives the ionization amplitude

M(k) ~ Z P(k, t87j)eiSO(kytS,j)+iSC(lA(7tS,j) ) (97)
J

By inserting (97) in Eq. (81) one may achieve an estimate for the total ionization prob-
ability W = wT, which is displayed in Fig. 3.2. This quantity strongly depends on the

intensity of the second component of the laser Is. Increasing 2¢ from 0 to 0.5 gives ap-
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Figure 3.2: Ionization probability estimate W = wT as a function of 2¢ for argon
irradiated by a T' = 100-fs-long pulse from a Ti:saphire laser (A = 800 nm) with I; = 5-10'3
W /cm?. Result for the phase shift ¢ = 0 between the components is shown with a red thick
solid line, for ¢ = m/2 with a blue dashed. Values of £ corresponding to closings of the
ionization channels are indicated with black vertical lines. The inset shows the Coulomb
factor Qc = |exp(iSc)|? as a function of 2¢ for ¢ = 0 (red solid line) and ¢ = 7/4 (blue
dashed line). In the latter case, these Coulomb factors differ for saddle points t5; and tso.
Adapted from [27]. © 2015 by the American Physical Society.

49



3. OPTIMIZING PLASMA-INDUCED THZ RADIATION USING INTENSE TWO-COLOR
IONIZING LASER FIELDS

B =045  reeens e e

--IIIIIIIIIIII’
.

0-0 I I I I I
0.0 0.5 1.0 1.5 2.0 2.5

28

Figure 3.3: Average photoelectron momentum as a function of 2¢ for various
relative phase shifts ¢ between the components of the laser field calculated according
to Eq. (83) for argon. Laser intensity is chosen I = 5-1013W /cm?, wavelength is equal to
A = 800nm.

proximately an order of magnitude higher ionization degree. The ionization probability W
provides the value of &,¢, which (at other parameters being fixed) optimizes the scheme
so that the condition 7g,t ~ T is satisfied. At values & > &, the saturation occurs within
a short fraction of the laser pulse, raising the upper limit of further emitted frequencies
V. As a result, the radiation spectrum extends far beyond the THz domain. Therefore,
one has to avoid conditions for which W > 1 in the optimization of the THz output. For
parameters from Fig. 3.2 one has 25, = 0.9.

Besides that, Fig. 3.2 allows to conclude that the phase shift ¢ only weakly affects the
ionization probability. However, as shown in Fig. 3.3, it strongly influences the average
photoelectron momentum kg (see definition in Eq. (83)) and, consequently, the average
residual current jo ~ —kg. One may conclude from Fig. 3.3 that the phase shift ¢ = 0
(in a two-color field described by (73)) remains optimal at all values of £ and not just in
the limit of small £ when the current scales linearly with the weaker field (see Eq. (77)).
This linear dependence of the photoelectron current on the value of 2¢ only lasts until
2¢ ~ 0.2+0.3, which coincides with the limitation 2§ < 1/ on its applicability established
in [128,130]. For 2¢ > 0.5 the value of the rate is determined mostly by the second
harmonic. However, although the first harmonic hardly ionizes the gas, it still introduces
the asymmetry necessary for the generation of a nonzero net current.

Next, Fig. 3.4 demonstrates the dependence of the net photoelectron momentum on the
intensity /; of the main component of the laser. The expected increase is observed at small
intensities reaching the peak around I; ~ 3 - 10* W /cm? with a subsequent decline. This

behaviour reflects the competition between the two factors. Namely, the linear growth of
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Figure 3.4: Average photoelectron momentum as a function of 2¢ for various
intensities [; of the main laser field: 3-10'® W/cm? (red thick solid line), 8 - 103
W /cm? (blue dashed), 3-10' W /cm? (green dash-dotted), 5-10'* W /cm? (black dashed),
8-10'* W/cm? (grey dotted). Other parameters: argon, A = 800 nm, ¢ = 0. Adapted
from [27]. (© 2015 by the American Physical Society.

the characteristic momentum Ag with the increase of the field amplitude - is opposed to
the non-linear behaviour of the net photoelectron momentum gy = ko/Ao as a function of
&. Therefore, despite the ionization saturation, the intensity of the main component
in a two-color linearly polarized laser field can be optimized for the generation
of THz radiation, maximizing the net photoelectron current. This is achieved at

I; ~ 3-10 W/cm? for parameters as those in Fig. 3.4.

At last, the question of optimization with respect to the field-strength ratio 2¢ should
be addressed. Oppositely to the linear growth at small &, at large values of £ the net
photoelectron momentum kg decreases. This agrees with the dependence predicted in
Eq. (80), as then the regime where the w-component plays the role of a small perturbation
is reached [126,128,130]. To avoid the case of saturation, consider now the total intensity
I; + I being fixed rather than fixing I;. Such settings are also simpler for performing
a parametric scan experimentally. To this end, in Fig. 3.5 the average momentum kg
is displayed at constant Iy 4+ Is for all £. The most important outcome from Figs. 3.4—
3.5 is that the net photoelectron current maximizes at almost equal intensities
of the two-color laser components (2§ ~ 1). Both of them contribute sufficiently
non-linearly. Achieving these conditions in an experiment requires the additional check
that the saturation of ionization does not occur earlier. Such optimization takes place for

parameters as those in Fig. 3.3.
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Figure 3.5: Average photoelectron momentum as a function of I»/(I; + 1) for
various total intensities I; + I of the combined two-color laser field: 3 - 10!3
W /cm? (red thick solid line), 8 - 10¥ W/cm? (blue dashed), 3 - 1014 W/cm? (green dash-
dotted), 5 - 104 W /cm? (black dashed), 8 - 104 W /cm? (grey dotted). Other parameters:
argon, A = 800 nm, ¢ = 0.

Interestingly, due to the increase of the ponderomotive energy (23)

E2
Up = 25 (1+€) (98)

and discrete jumps of the threshold number of photons Ny, in (22), the ionization rate
becomes non-monotonic in correspondent narrow domains of £ (see the vertical lines in
Fig. 3.2). As the lowest threshold for ionization disappears accordingly, the denominator
in (83) reduces, which leads to the sharp peak in the net photoelectron momentum value
as seen in Figs. 3.3-3.5. However, in the experimental realization this effect might be
masked by the averaging of the signal over the focal spot and by the finiteness of the pulse
duration.

Finally, it should be mentioned that the problem of intensity optimization was recently
generalized by considering other aw : bw frequency ratios, namely, 2 : 3 and 1 : 4 [168].
With the total intensity I, + I, fixed, the optimal frequency ratio (among the studied
in [168] and, presumably, in general) is confirmed to be 1 : 2, and the optimal intensity

ratio is close to 1 : 1, confirming the results presented in [27] and in the present thesis.
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3.3  OPTIMIZING POLARIZATIONS OF AN INTENSE TWO-COLOR FIELD
COMPONENTS

Part of the results shown in this Subsection are presented in [169].

This Section of the thesis is devoted to optimization of the photoelectron current with
a focus being made on the polarizations of the two-color laser fields. A substantial number
of previously conducted experiments as well as theoretical investigations in the area of
plasma-induced THz radiation creation have been aimed at the case of linear polarization
of the ionizing laser [27,125-129]. Studies addressing elliptical or circular polarizations
also exist though and were devoted to gaining control over the polarization of the resulting
THz radiation [170,171|. Importantly, in [172] it was reported that the usage of bi-circular
two-color fields may exceed the THz power almost 5 times compared to the case of JJ fields
(at equal intensities (1 +5)-10* W/cm? of the main, 800 nm, component and a 20 times
weaker component with doubled frequency). There, the benefit of the scheme with the
main field being circularly polarized was demonstrated experimentally and theoretically
using the theory of tunnel ionization. As follows from Eq. (77) in the previous Section,
in the tunneling limit for ionization by two-color bi-linear fields, the scaling for the net
momentum reads Ay = & Ag [128, 130, 173] which is still much less than Ay as long as
& < 1. The latter condition is, apparently, not easy to overcome in the experiment.

Without the second component at all (£ = 0), the net photoelectron momentum corre-
sponding to a linearly polarized field has a value of the order of v/F Ay, with F being the
reduced laser field, which is equal to ratio between the laser field and the characteristic
atomic field strength (see Eq. (94)). Importantly, ionization is efficient already for fields
correspondent to F' < 1 [6,10]. For example, in [172] the gases of argon or xenon that
have I,=12.1eV and 15.8 eV, respectively, were used as targets. The intensities were in
the range I ~ (1 +5) - 104 W/cm?, which corresponds to F =~ 0.03 + 0.08.

In contrast to this, a circularly polarized field produces photoelectrons with momenta
of the order of Ay, i.e., 1/v/F times higher. Complementing such a field with the double-
frequency component, even of much weaker intensity, breaks the symmetry and creates
a preferable direction of emission 7. To this end, the THz radiation generation using a
two-color field of a configuration with OO or circular and linear (©]) polarizations at
different laser wavelengths is further examined. The second component is assumed to be
weak compared to the first one throughout this Chapter.

As previously, the analysis will begin from considering the problem in a single-atom
approximation, and the laser field will be defined through its vector potential parametrized

according to Eq. (12). The frequency ratio will be fixed to a : b =1 : 2, and the polarization

7 For a circularly polarized second component of such a field this statement is only valid if the two

polarizations are OO (e, = € in Eq. (99)). Otherwise, as was discussed previously, a two-color field
with OO polarizations (e, = —e€, in Eq. (99)) obeys an (a+b)-fold symmetry which is then inherited
by the PES, leading to zero net momentum. The experimental confirmation of this reasoning can be
found in [172]. One should note that OO can instead be used for another kind of frequency conversion
— at comparable intensities I, ~ I, they are known to be efficient in HHG with additional control
over the polarization of the output radiation [174-180].
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of the main w component will be restricted to circular (¢, = 1). The resulting formula for

the vector potential reads
A(t) = Aopf(t) [(cos(wt) + & cos(2wt + <Z>)>ez

+ < sin(wt) + €€ sin(2wt + gb)) ey] : (99)

Here, €9 is the ellipticity of the second 2w component. The value ea==+1 corresponds to

OO polarization and ea=0 to OJ. The form of the envelope of the laser pulse is chosen

f(t) =1—sin? (;t

- ) wt € [0, 2711, (100)

where n, is the total number of optical cycles in the pulse.

In order to determine the optimal polarizations for the components of a two-color laser
field defined via the vector potential according to Eq. (99), the PES in the z-y polarization
plane have been computed. As before, the wavelength of the main component was chosen
equal to the commonly applied A = 800 nm (Ti:sapphire laser) and the intensity was
taken equal to I; + I, = 1014 VV/cm2 with I; : Is = 0.95 : 0.05. For benchmarking via
numerically solving the TDSE with QPROP 2.0 [49], a pulse duration of n. = 3 optical
cycles was considered. Further, a comparison to the prediction from the SFA has been
made. The SFA-based calculations were performed with the effect of the residual ion
Coulomb field omitted. This approximation is adequate here, since the classical trajectories
of photoelectrons created by such a field have an almost spiral shape and never return
close to the origin (this would remain valid even at high I intensities, see, e.g., [181]).
The influence of the Coulomb field then mainly affects the orientation of the PES, globally
rotating it in the polarization plane without changing the width of the distribution or the
average momentum energy of photoelectrons [92,93]. Such a rotation would result in the
change of the output THz radiation polarization though, and in fact could be used as an
independent measure for this Coulomb effect. The control of the THz radiation polarization
is addressed, e.g., in [170,171,182-184] but remains out of scope of the present thesis.

The calculated PES are presented in Figs. 3.6 and 3.7. The correspondent conclusions

can be summarized as follows:

e In the case of OO polarizations (see Fig. 3.6 (a) and (b)) a quantitative agreement
between the two approaches (numerical solution to the TDSE and semi-analytic SFA)
is achieved. This is complemented by Fig. 3.7 (a), which shows momentum distri-
butions along the net photoelectron momentum (k), integrated over the transverse
momentum. As expected, the net photoelectron momentum appears to be close to
|(k)| ~ Ap and are noticeably higher than those for 7 fields.

e In the case of O] polarizations at relative phase value ¢ = 0 (see Fig. 3.6 (c), (d))
or ¢ = —m/2 (see Fig. 3.6 (e), (f)) the results agree on a qualitative level only.
Importantly, the SFA predicts substantially sharper peaks than the exact solution
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Figure 3.6: Momentum distribution in the polarization plane for hydrogen in
a two-color field with n. = 3 cycles of total duration defined according to (99) with
wavelengths 800 and 400 nm. Their total intensity is I; + I = 10* W/cm? and the ratio
between them is I : I; = 0.95: 0.05. In (a, c, e) the results obtained from the numerically
solved TDSE are shown, in (b, d, f) those predicted by the SFA. Polarization of the main
w component is circular (O). Polarization of the 2w component is either (a, b) circular
corotating () or (c¢—f) linear (§) with phase shift ¢ = 0 in (a—d) and ¢ = —7/2 in (e, ).
The dotted lines show the axes along the average momentum ky. Horizontal lines indicate
radial momentum values in atomic units. Adapted from [169]. (© 2018 by the American
Physical Society.

95



3. OPTIMIZING PLASMA-INDUCED THZ RADIATION USING INTENSE TWO-COLOR
IONIZING LASER FIELDS

2.00 -
(a) (b) o

1.754 —— ko=0.56 { = ko=0.37
ko=0.67 cies ko=0.57

Probability, arb.u.

©c o o = = =
N w ~ o N w
u o w o Ul o
1 I 1 1 I I

3
-
.
.
3
.
.

0.00 r——r—=" ”

.
[
"
0
]
.
L]
.
=
*s
‘s,
T T I

-15-1.0-05 00 05 10 15-15-1.0-0.5 0.0 05 1.0 1.5
k, a.u. k, a.u.

Figure 3.7: PES along the net momentum k; axis and integrated over the
transverse momentum indicated by dashed lines in Fig. 3.6. Red solid lines show
the TDSE-based prediction, grey dotted — the SFA-based. Subplot (a) demonstrates the
distribution for a OO field (i.e., the integrated data of Fig. 3.6 (a, b)), subplot (b) shows
the distribution for a OF fields taken from Fig. 3.6 (c, d). Characteristic field momentum
is equal to Ag = 0.64 a.u., and the values of the net momenta are displayed in the legends.
Adapted from [169]. (© 2018 by the American Physical Society.

to the TDSE. Comparing the net photoelectron momenta between all TDSE-based
results in Fig. 3.7 shows that the O configuration is less effective than OO. Ad-
ditionally, Figs. 3.6 (c—f) reveal that changing the relative phase ¢ in Eq. (99) for
a OF scheme significantly deforms the resulting PES. By this, the output radiation
becomes strongly dependent on the fluctuations in the relative phase ¢. The same
drawback is intrinsic to applications of two-color co-linear fields (JJ, see previous
Section) and bi-elliptical fields [185].

To wind up, Figs. 3.6 and 3.7 suggest that bi-circular co-rotating (O0) polariza-

tions are optimal for efficient generation of THz radiation.

3.4 OPTIMAL WAVELENGTHS IN AN INTENSE TWO-COLOR LASER
FIELD

Part of the results of this Subsection are presented in [169].

Up to this Section, all theoretical investigations in the present Chapter were focused
on the application of two-color laser pulses with wavelengths of their components equal to
800nm and 400nm, being a specific example of a 1 : 2 frequency ratio. Configurations with
other ratios (2 :3, 3:4, 1:4, etc.) are also capable of creating strong net photoelectron
currents from a gaseous media, at least when the intensities of the two components are

comparable in magnitude (see, e.g., [168, 186, 187| where this case was investigated for JJ
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polarizations). Using pulses with incommensurate frequencies at comparable intensities
may give additional control over the phase of the emitted THz radiation [188]|. Nonethe-
less, in [186] it has been predicted (at least at equal intensities I, = I, = 10* W/cm? and
for a wavelength of the aw component equal to 800 nm) that the magnitude of the residual
current gets maximized if a : b frequency ratios are chosen equal to either 1: 2 or 2 : 1. Be-
sides that, considering the fact that schemes with other ratios are more difficult to arrange
in an experiment, their development is less promising. In all following investigations of this
Section the ratio will also be restricted to 1 : 2. The polarization of the two-color field will
be fixed to OO, as it was shown to be superior over others in the previous Section. The
central issue to consider is whether it is advantageous to use wavelengths higher than the
commonly applied 800nm and 400nm. The strength of the second component of the total
field is again restricted to be weak compared to the first ({ < 1), making the Coulomb-free
SFA-based analysis applicable. Besides that, as discussed above, configurations with £ < 1
are easier in their experimental implementation while the net photoelectron current still
scales with the magnitude of the main component of the laser.

The major part of the calculations are performed within the SFA. The main reason for
working within the SFA and not obtaining the PES directly with the accurate numerical
TDSE solver is the computational demand of the latter in the case of non-linearly polarized
laser fields. In particular, for the parameters in Figs. 3.6 and 3.7 the convergence of the
solution with respect to the numerical grid was reached by expanding the wavefunction in
spherical harmonics corresponding to orbital quantum numbers up to £, = 50, which
corresponds to 2500 channels of different ¢ and m in the total expansion in spherical
harmonics (47) being involved. Increasing the wavelength of a laser would result in a
further extension of this upper boundary, making such calculations impracticable (for more
details about numerical complexity in QPROP see Chapter 1.3 and [45,49,51]).

In the previous Section, the results were additionally verified by the comparison to
the numerical solutions to the TDSE. The accuracy of the results obtained with the SFA
is known to improve in the tunneling regime, i.e., when the Keldysh parameter, v, be-
comes less than one. For argon exposed to a laser pulse with intensity 3 - 10'4W /cm?
and wavelength A = 800nm, 1.6 um, 2.4 um or 4.0 um, the Keldysh parameter is equal
to v = 0.93/a with a = 1,2,3 or 5, correspondingly. Therefore, the SFA-predicted results
should even better coincide with the numerical solutions to the TDSE at long wavelengths
than it was the case for 800 nm shown in Fig. 3.7 (a).

In order to account for the enhancement in the output THz power with the increase of
the laser wavelength beyond the single-atom response level, the following model including

collective movement of the electron plasma has been established:

e The first and biggest simplification is the reduction of the dynamics in the model
to the one-dimensional (1D) case. For that purpose the value of z, the coordinate
in the laser propagation direction, is taken fixed. Secondly, the initial PES is taken
in the ky-k, polarization plane with k, = 0 (see Fig. 3.8 (a)) and is then integrated
over the axis transverse to the net photoelectron momentum direction, kg, which is

indicated by a grey dashed line in Fig. 3.8 (a). The resulting 1D PES are displayed in
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Figure 3.8: PES for argon irradiated by a two-color OO laser field. From center
to the boundary of the subplot (a) the spectra for laser wavelengths 800 nm, 2.4 ym and
4.0 pm are shown. In (b), the PES along the net momentum kg axis and integrated over
the transverse momentum (grey dashed line in (a)) are shown for the wavelength of the
main component equal to 800 nm (dotted grey line), 1.6 pym (dash-dotted green), 2.4 pm
(dashed blue) or 4.0 um (red solid). The values of the net momentum kg are indicated in
the legend. In each case the total laser intensity is equal to I; + I = 3 - 10"*W /cm? with
I : I = 0.95: 0.05, and the total pulse duration is T, = 25.88 fs.

Fig. 3.8 (b). The electrons dynamics are described in the (1+1) dimensional phase-
space (z, k), and layers with different values of the spatial coordinate z are treated
independently. Such an approximation is reasonable due to a narrow momentum
distribution in the direction of the laser pulse propagation: Ak, ~ \/IP7F < \/E
and Ak, < Ag. Certainly, this geometry of the model forbids any investigation of

the polarization and the geometrical properties of the emitted THz radiation.

e Secondly, the initial distribution of electrons in the plasma (see left column in Fig. 3.9)
is treated as instantaneously formed while the THz radiation emission occurs pro-
gressively at sufficiently longer times. Indeed, frequencies of about v = 10 Thz
correspond to times about 1/v ~ 100 fs. These times are approximately four times
longer than the duration of the laser pulse used in [172]. For the pulses of Tj,~25 fs
duration used in the present simulations this contrast is even higher, thus, making

the assumption well justified.

e Finally, the influence of various layers of plasma is addressed as follows. The plasma
layers located at different z coordinates contribute coherently to the total output
radiation if the phase difference between them remains small at opposite edges of
the full radiating area. Assuming the gas to be confined in a 100um-long tube (as
was the case in [172]) ensures having this value comparable to the THz radiation
wavelength, meanwhile still being sufficiently smaller than the Rayleigh length for a
weakly focused laser pulse. In such a scheme where the gaseous medium is limited in
space in all directions and emits almost as a dipole, the effects of light propagation

can be safely omitted.
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Figure 3.9: Distribution function f,—(k,x,t) of electrons in the (x, k) plane at
different times ¢. Upper row corresponds to the laser wavelength 800 nm, lower — to 4
pm. The peak laser intensity is I = 3-10'* W /ecm?. Characteristic length scale wy = 10 ym
is equal to the Gaussian central beam waist (see Eq. (104)). The highest plasma frequency

is wg}a" =27 - 10 THz. In each subplot the data is normalized on its maximum.
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Under these approximations, the laser-free plasma dynamics can be described by the
Vlasov-Maxwell equations for the electron distribution function f,(k,x,t) defined in the

phase-space at fixed z:

{0y + 0205 + Ey(x, )0} f2(k, 2,t) = 0 (101)

OpEy(x,t) = 47r/fz(k,m,t)dk: —4mn . (z). (102)

Here, n; ,(x) is the concentration of the static ions. Its value is equal to the initial concen-

tration of electrons:
Nz (x) = ne ,(z,t=0) = /fz(k,x,t—O) dk. (103)

Importantly, the presence of the ionic background in Eq. (102) influences the net accelera-
tion of the electron cloud and, consequently, the dipole radiation occurring after the laser
pulse is over. The initial density (103) is calculated approximately according to the tunnel

ionization formula for argon in a laser field with Gaussian intensity profile:

L) =—10 ¢ 20° (104)
()= ——F——Fexp| —————5- | .
1+22/2%, P wi [1422/23)

Here, wy is the Gaussian beam waist and zr = mw3 /) is the Rayleigh length. The para-
metric dependence (104) on the z coordinate enters Egs. (101), (102) implicitly by deter-
mining the fixed n; ;(x) and initial ne . (z,t=0). The pair of Egs. (101), (102) was solved
with the help of the particle-in-cell (PIC) method in the region x € [—5wg, +5wp] with
the beam waist being wy = 10 pm for 21 layers with different z € [—=100 um, 0]. For layers
with z € [0,+100 um] the symmetry property was used: f_.(k,z,t) = fi.(k,x,t). The
boundary conditions for x were taken periodic. No limitation for the maximal electron
momentum was assumed. Both these conditions did not affect the dynamics, because the
ionic background enabled only a negligible fraction of electrons to reach the boundaries in
the x direction. And even for those electrons that did reach the boundaries their momenta
did not exceed the mean values characteristic for the applied laser pulse by more than a

few times.

The vital feature of the constructed model is the inclusion of the effects of electron-ion
and electron-electron collisions. The characteristic frequencies of those can be estimated

according to the formulas [189]
—— =V (105)

with A ~ 5 being the Coulomb logarithm and ve; being the ion-electron collision frequency
that is defined though transfer of momentum and not of energy [189]. This value can be

estimated by introducing the effective temperature

Teg = (Ak)2/27 (106>
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defined via the momentum spread Ak. The latter can be obtained from the SFA (see
Fig. 3.8). For an initial plasma density equal to ne = 10'8 = 109 cm™3 (which is typical
in the THz radiation generation experiments with two-color lasers) and the momentum
spread equal to Ak ~ (0.3 + 1.0) a.u., the collision frequency belongs to the interval
between 10! +10'3s~!, which corresponds to timescales of 0.1 <10 ps, i.e., fits in the THz
domain. A relatively fast decay of the plasma oscillations may significantly influence the
irradiated spectrum. Inclusion of the collisions into the electron dynamics results in the

following form of the equation of motion:

Folt) = —Ey(ta,t) — via(t). (107)

All values in Eq. (107) scale with charges @), and masses M, of the macroparticles so
that the equation eventually remains independent of them. At v = 0 energy conservation
has been successfully reproduced. Other types of elastic and inelastic collisions of electrons
with atoms have been neglected in the model. For electrons with energies k2/2 ~ 20 <+ 500
eV, corresponding to momenta according to the distributions in Fig. 3.8, the cross sections
of elastic scattering and those of impact ionization are close to the geometrical cross section
of an atom. In particular, for argon atoms, the impact-ionization cross section remains
below max ~ 3 - 10716 cm? [190]. Thus, taking the residual concentration of neutral
atoms after laser-induced ionization equal to n, ~ 10® c¢cm™ and the same value for
the concentration of electrons, one concludes that during the time of about 7=1 ps the
process of impact ionization could increase the electron concentration by omaxn, kom ~ 0.1
of its initial value. Here, kg is the mean photoelectron momentum extracted from Fig. 3.8.
Hence, the parameters used in the calculations shown in the present thesis suggest that the
contribution of the impact ionization process to the plasma dynamics would not increase

the plasma density by more than ~ 10%.

The main parameters that determine the plasma dynamics are the initial distribution

of electrons in the phase space f(k,x,t = 0), the local plasma frequency

wpl,z(z) = /4T ne () (108)

and the collision frequency (105). By manipulating the wavelength, the intensity profile
and the duration of the laser pulse, a desired degree of ionization (and, correspondingly,
a required electron concentration, ne) can be achieved as well as a certain form of initial

electron distribution function f(k,z,t = 0) and certain effective temperature Tog. The

max

pl
spot down to zero at its edges. The degree of ionization and, hence, the value of wgllax,

plasma frequency varies from its maximal value w reached in the center of the plasma
can be controlled by changing the duration of the pulse, the pressure in the gas chamber
and the intensity of the laser. Consider, for example, argon gas under 200 mbar pressure
irradiated by a laser with intensity equal to 3-10'* W /cm? and pulse duration of 40 fs. The
PPT formula [10] predicts the degree of ionization to be about 40% giving wji*™ ~ 6 - 103
s~!. This corresponds to v™® a~ 10 THz. Examplary snapshots of the plasma spot for

such conditions are shown in Fig. 3.9. The damping of the oscillations due to the collision
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Figure 3.10: Dipole acceleration computed according to (109) as a function
of time for argon under 200 mbar pressure irradiated by a two-color OO laser field of
intensity 3 - 10'* W/cm? with the main component’s wavelength being equal to 800 nm
(dotted grey line), 1.6 pum (dash-dotted green), 2.4 um (dashed blue) or 4.0 um (red solid).

A~ O ©
T

EREX, rel.u.
N
T
1
1
1
1
1

o

o
=
N
w
_b_—_—_—_
ul

Figure 3.11: Relative magnitude of the electric field strengths as a function of
the laser wavelength A. All parameters are as in Fig. 3.10. The solid line represents the
fitting with (110). Reprinted from [169]. © 2018 by the American Physical Society.

processes is less pronounced in the longer wavelength case. This effect is clearly observed

in the time evolution of the total dipole acceleration of the whole plasma:

d.(t) = —Ay /dz / Az ne (2, 1) #(t). (109)

Its value is shown in Fig. 3.10. In (109), Ay = 100 um is the width of plasma spot along
the axis in the polarization plane orthogonal to the mean plasma oscillation direction. This
value has been fixed for all laser wavelengths in order to exclude its possible influence on
the emitted dipole radiation power. The electric field strength of the THz radiation is pro-
portional to (109), which makes possible to extract the relative values of these amplitudes
ERF(A). The correspondent dependence on A shown in Fig. 3.11 can be fitted with the

power law
ETE(N) ~ A28, (110)

This agrees well with the estimate for the magnitude of the initial current |j| ~ Ag ~

A [153)].
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Figure 3.12: Relative spectral density of the radiated power computed accord-
ing to Eq. (111) for argon under 200 mbar pressure irradiated by a two-color OO laser
field of intensity 3-10' W /cm? with the main component’s wavelength being equal to 800
nm (dotted grey line), 1.6 pm (dash-dotted green), 2.4 pm (dashed blue) or 4.0 pm (red
solid). Adapted from [169]. (© 2018 by the American Physical Society.

Next, the relative spectral power of the radiation is estimated by considering the Fourier

transform of the dipole (109) and squaring its modulus,
PW) ~ |l ) du(v) = / du(£)e 2 dy. (111)
0

The result for various wavelengths is shown in Fig. 3.12 and provides two main outcomes.
Firstly, for various values of the laser wavelength A, oscillations at the local plasma fre-
quency (108) result in a relatively broad spectrum of radiation, maximized around v™#*. In
the high-frequency region (v > ™) the emission is noticeably weaker while for v < p™a*
the decay with decreasing frequency is not that abrupt due to contributions from the edges
of the plasma volume. Collisional energy losses lead to an additional decay of the oscil-
lations and, as a result, in broadening of the frequency spectrum, especially for smaller
wavelengths where the initial momentum spread Ak is narrower and the effective tempera-
ture Teg is lower (see Fig. 3.8). As known from previous works [125,131,170,184,191-195],
a commonly applied 800 nm laser field generates a plasma cloud that produces an almost
single-cycle THz burst. The total dipole of a plasma induced by a longer wavelength sur-
vives at least for few more oscillations. This causes the total emitted energy W to increase
with the wavelength in addition to the squared laser-related scaling (110). The value of W
can be calculated by integrating (111) over the frequency range Av = 0.1 + 10 THz. This
quantity is shown in Fig. 3.13 as a function of wavelength of the laser. The wavelength

dependence can be fitted with the power law
W(A) ~ A%, (112)

which slightly surpasses the squared (110) law. Such a scaling is in well understood from
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Figure 3.13: Total energy emitted in frequency range Av = 0.1 - 10 THz as a
function of wavelength of the main component of the two-color laser pulse. The black line
indicates the power law fitting according to Eq. (112). Reprinted from [169]. (© 2018 by
the American Physical Society.

the following simple estimate. The total emitted energy is proportional to the square of the
electric field strength (110) and to the THz pulse duration, which grows with increasing
laser wavelength due to the reduction of the effective collisional frequency (105). If the
gaseous target was not restricted to a small volume, an additional A? multiplier would
appear in (112) due to the wy ~ A dependence of the beam waist on the wavelength (if the
same optical lens would be used for various wavelengths of the laser pulse). In that case,
the joint contribution of all A-dependencies finally leads to an increase of the total energy
emitted in the THz domain with increasing laser wavelength according to a W (\) ~ A48

power law. This scaling is in good agreement with the experimentally observed power law
)\4.6:&0.5 [153]

At this point, several remarks on the limitations on the increase of the THz power should
be made. First of all, in the case when the laser interacts with the gas that is located inside
a large chamber or when it simply interacts with the ambient air, plasma filaments with
the length of few centimeters or even few dozens centimeters can be created [196-199]. To
describe such an experiment correctly, one would need to account for the propagation of the
THz signal as well as the propagation of the ionizing laser pulse. Interestingly, at specific
conditions the step of propagation in the plasma channel may also cause amplification of
the THz or sub-THz pulses accompanied by narrowing of its frequency spectrum [200,201].
Oppositely, in [172] a 100um-long tube filled with gas was used, and the dependence of
the THz power on the backup pressure in the range below 70 mbar was observed to be
quadratic, which implies that the plasma emits coherently when the interaction region
is restricted down to a small volume. Also, a significantly higher efficiency of the THz
output power per unit electron in a tightly confined space has been theoretically predicted
in [195]. Secondly, it should be noted that using the same optical lens would result in
weaker focusing for longer wavelengths, thus reducing the peak intensity of the laser beam
and, eventually, the output THz power [153]. This gives an additional complication for
conducting comparative experiments with the same intensity profile. Thirdly, it should
be noted that at high velocities of photoelectrons the inelastic collisions with atoms start

playing a more significant role, resulting in a faster decay of the residual current. This,
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eventually, raises the complexity of the required modelling.
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3.5 (CONCLUSIONS OF CHAPTER 3

e THz radiation resulting from ionization of argon gas by a two-color intense laser
field with colinearly polarized components of wavelengths 800 nm and 400 nm is
optimized at an intensity of the main component I =~ (1 + 2) - 10 W/cm? and
26 = E»/E1 = 0.5+ 1 (i.e., at similar intensities).

e Due to the 2w component of the laser field being more efficient for ionization, the
regime in which the w component of the laser pulse plays the role of a perturbation is
reached already at small values of £ (£ ~ 0.1 for the particular setup from Fig. 3.3).
Nevertheless, in such cases the main component still strongly modifies the net pho-
toelectron current although it already weakly affects the ionization dynamics. In the
limiting case of 1/§ < 1 a purely linear scaling with FEj is reached [126,128,130].

e The optimal polarizations in the w-2w two-color laser are circular OO. Besides being
remarkably superior compared to { pulses in terms of the net photoelectron current,
the OO scheme is also advantageous against O] configurations because the output

power does not depend on the relative phase ¢ between the components of the laser.

e Substantially non-linear THz radiation power amplification W (\) ~A%® is achieved
when wavelengths A and A/2 higher than commonly applied 800 nm and 400 nm are

considered. Such a scaling is in good agreement with the one observed in [153].
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CHAPTER 4

TIME-ENERGY ANALYSIS OF PHOTOELECTRON
QUANTUM DYNAMICS

In the present Section the sub-laser-cycle time-resolved analysis of the evolution of quantum
processes is addressed. In particular, observables that can be represented with the help of

integrals over time,
2

P©) = ' [ at o] (113)

are examined. Inserting a short-time-limited function (called a time window) into the
integrand, one may perform a fruitful analysis of the frequencies that are most pronounced
in the vicinity of a certain moment in time and gain useful auxiliary knowledge about the
sub-cycle dynamics of the system. In practice, the simplest and commonly used window is

Gaussian:

wa(t —to) = L —tt0)2/283, (114)

V27t

Such a way of analysis is nowadays an insightful tool in the research related to the HHG [84,
202-211]. The process of HHG is commonly described on the semiclassical level assuming

the validity of the Larmor formula
P(Q) ~ [¥(Q)? (115)

for the dipole radiation from charged particles moving with an acceleration ¥(¢). Here,

#(Q) = / dt #(t)e=i (116)

is the Fourier transform of the acceleration. An example for a HHG spectrum is shown
in Fig. 4.1. Setting the time width 4 equal to a small fraction of an optical period of
the central laser frequency w (typically ty ~ (0.1 — 0.3) - 27r/w) one may visualize the
energy spectrum of photon emission caused by the electron-ion recombination process at
sub-laser-cycle timescale and identify the dominating times around which photons of a

certain frequency are emitted. The quantity

2

dt

P(to, ) = / (an(t))e™(10)"/20 (117)
\/2mt2,

is called the (modulus-squared) Gabor transform of P(2). According to the classical

scenario of HHG called the three-step model [123,124], the contribution to high-energy

photon emission occurs twice per laser cycle, mainly in the vicinity of times when the

electric field reaches zero, forming a sequence of high-energy photon bursts, the so-called
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Figure 4.1: (a) Gabor-transformed spectrum of HHG computed according to
Eq. (117) with #,, = 0.1 - 27 /w. Laser intensity is equal to I = 10'* W/cm? and central
wavelength A = 1600 nm. (b) Dipole acceleration. Its shape is built from the temporal
profile of the laser electric field and the high-frequency oscillations from HHG process. (c)
The total spectrum of HHG. Horizontal dashed line in (a) indicates the classical cutoff
Qmax = Ip + 3.17U, [124,214]. The data are normalized to their maxima.

‘attosecond train’ [212]. Based on this knowledge, a variety of techniques to control and
optimize the emitted XUV light have been introduced. In Fig. 4.1, results of a calculation
based on the numerical solution to the TDSE confirming this classical picture are shown
for a chirped pulse (see, e.g., [213] for the short-time Fourier transform applied to HHG in
chirped pulses).

Besides the process of HHG, another physical observable, the momentum-resolved PES,
is of central interest for optimization of various experiments involving laser-matter inter-
action as was highlighted in previous chapters of the present thesis. Below this formalism
is extended to the numerical study of the PES.

4.1 TIME-OF-FLIGHT ANALYSIS OF PES

Part of the results shown below are published in [215].

In modern research devoted to characterisation of the momentum distributions of the
laser-driven photoelectrons, ‘numerical solutions to the TDSE’ are commonly strongly as-
sociated with final (i.e., time-integrated) PES. Such spectra can be compared to those
measured in experiments. The same time, a deeper analysis is often performed by com-
paring the TDSE-based spectra to the ones produced from simplified theories, in which
a PES can be disentangled into pieces of different origin. One of the efficient state-of-
the-art methods to retrieve a laser-induced PES from a numerical solution to the TDSE
is tSURFF, described in Section 1.3.3. In tSURFF, The amplitude of photoionization is

represented as a flux through a certain surface S, integrated over the registration time ¢
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(see Eq. (53)):

ak :/ dt atak / dt /dS .]k (118)
0

A comparison of the expression
o0
/ dt yan(t)
0

for the PES with Eq. (113) suggests that one may inherit the benefits of the short-time

Fourier analysis, which was introduced above in the context of HHG. Applying a Gaussian

2
Y (k) =

(119)

window of sub-laser-cycle width to the integrand in (119) gives

_ (t=tg)?

Orax(t) e 2%, (120)

Opax(to)
L (fo) V/ 27rt2
which coincides with the zero-frequency component of the Gabor transform. This method
is further referred to as the time-of-flight (TOF) method. Importantly, the transform (120)

keeps the total amplitude and the yield conserved, as integration over ¢y recovers (118),

dt Ce=?\ |
/ dty 8tak(t) e 2 = Y(k) (121)

27rt2

and

In practise, a smooth time window is usually applied at times approaching T to suppress
the effects of its finiteness. If this is the case, the flux is zero close and beyond the limits
to = 0 and tog = T, which enables a safe replacement of the limits +oo for ¢y in (121) by 0
and T.

In the example shown in Fig. 4.2, a time window of width wty, = 0.27, i.e., a tenth
of a laser cycle, is taken. This ensures that only intracycle interference are captured at
such subcycle time resolution. Interestingly, this reveals a number of discrete portions of
electrons being registered. The arrival of the last portion of the flux coincides well with

the classical estimate (55)
T=T,+ AR (122)
kmin
for the time T required to capture the signal from electrons with momentum bigger than
kmin. Furthermore, other discrete portions are also well fitted by a general expression for

classical trajectories:

tre
R = / ’ dt' A(t") + k(treg — ti). (123)

Here, t; is the initial moment when the electron has gained its canonical momentum k
and e is the time when this electron reaches the sphere located at distance R from the
residual ion. At energies Ej, < (2+4)U, the yield is mainly represented by ‘direct’ electrons.
According to the SMM (see Section 1.2.1), the probability of ionization is the highest in
the vicinity of the times when the electric field |E(t)| peaks. At higher energies Ej, < 10U,
the signal is formed by scattered electrons. Those obtain their final canonical momentum
k after scattering, and the highest k values correspond to times when the vector potential

|A(t)| peaks (here, only first-order returns are considered), i.e., when |E(t)| reaches zero
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Figure 4.2: (a) Time-energy-resolved PES from argon in the laser propagation
direction computed according to Eq. (120). The data are normalized to their maxima.
Laser intensity is equal to I = 10" W/cm? and wavelength A = 2000nm. Flux-capturing
surface is set at R = 350 a.u. For electrons that originate from times ¢; when |E(t;)| = Emax
and that have energies Ej, < 4Up, the arrival times t,¢; according to (123) are indicated
by red and black lines; for those that originate from times t; when E(t;) = 0 and that have
energies Ej > 4U,, the arrival times are indicated by green lines. (b) Laser field strength
E(t) with points referring to colored lines in (a). Adapted from [215].

in the case of a linearly polarized pulse [39]. Inverting Eq. (123) to tg = treg(k, ti), solving
for ¢; that fulfills E(¢;) = 0 or A(ti) = 0 and drawing the solutions over the density plot in
Fig. 4.2, one finds a fairly good agreement.

4.1.1 TIME-OF-FLIGHT DESCRIPTION OF THE ATTOCLOCK

The time-of-flight analysis just introduced is not restricted to linear polarization. Consider

the problem of ionization by the strong field described via

A =ao( 2)) (124)
with highly elliptical polarization (e = 0.882). This and other parameters are chosen to
match those from [216,217]: intensity I = 10'* W/cm?, wavelength A = 800nm. Under
such conditions the ionization probability is exponentially damped for non-zero momentum
components in the laser propagation direction, k,. Taking into account that the visual-
ization of functions dependent on more than two variables is inconvenient, the application
of the TOF method to the angle-resolved PES will be demonstrated below with averaging
over the radial momentum axis, k. = /k2 + k2 = k and with restriction to the polarization
plane only (i.e., to k, = 0):

2

Y (ke = 0,001) = /dk K (125)

t
/ dto yan(to)
0
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Photoelectrons emission is expected to be strongly enhanced twice per optical cycle in the
vicinity of times t4 when the electric field |E(t)| peaks. The directions of emission « are

along the negative vector potential

Cos «
—A(tg) = |A(t 126
()= Il (e (126)
giving the two opposite values close to o ~ £m/2. Let the envelope Ay(t) be of the ‘1-
4-1’ form (i.e., having a 4-cycle flat-top middle part and 1l-cycle rampings at edges, as
in Fig. 4.2(b)). Local extrema of the ionization rate should then be observed within the
central four cycles only. In Fig. 4.3, the angular PES (125) as a function of maximal

registration time t is shown. The average momentum at those angles is

 [dk K2 Y (k)
T [dk k Y (k)

(k(a)) ~ (.8 a.u. (127)
Setting the flux-capturing surface at R = 200 a.u. predicts the flux of electrons emitted in
the direction « to reach this surface predominantly around times

t=tala)+ ~ta+25 21 /w. (128)

R
(k(c))
This simple estimate is in good agreement with the results displayed in Fig. 4.3(c,d) for
a short-range binding potential. However, for a Coulomb potential this agreement breaks
(see Figs. 4.3(a,b)) and a shift of about

WAt = —A¢ ~ 0.127 (129)

is observed (see also Fig. 4.4). Thus, the TOF analysis sorts out in detail the effect
of angular shift of the PES in highly elliptical laser fields, which makes it useful
for the description of the so-called ‘attoclock’ experiments [218-221] that aim at
mapping of registration-, ionization- or tunneling-time delays to this shift.

A remark on the alternative approach proposed in [216,217] should be given at this
point. In these articles, the time-resolved formation of the PES is addressed by construct-
ing the ‘Wigner-distribution-like’ function. Although giving a quasiprobability function
(meaning that this distribution is in general not positive-definite) and allowing for peculiar
artifacts (see, e.g., [222-224] and discussion in [217]), it provides a useful tool for zooming
into the subcycle electron ionization dynamics predicted within the SFA-based calcula-
tions. In the particular example considered above in the present thesis the TOF analysis

of the TDSE-based simulation gives a fairly good agreement with it.

4.1.2 FORMATION OF THE QUANTUM INTERFERENCE STRUCTURE

After demonstrating the benefit of the short-time Fourier analysis together with the tSURFF
method it is time to pass the baton to its extension iSURFV (see Section 1.3.4). Recently,
a way to visualize the formation of intercycle interference patterns and of the rescattering

plateau was proposed [225]. The idea is based on the fact that at times tg that corre-
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Figure 4.3: (a,d) Cumulative yield as a function of maximal registration time
t calculated according to Eq. (125) and plotted vs emission angle . Laser intentisy I =
10"W /cm?, wavelength A = 800nm, ellipticity ¢ = 0.882. Flux-capturing surface is set
at R = 200 a.u. Gray lines show angles of —A(t), black lines on top of them — angles
where |E(t)] > 0.986 Fpax. (b,c) Total angular distributions, i.e., sections through ¢t = T of
(a,d). (a,b) show results for hydrogen, (c,d) for short-range potential with same ionization
potential I, = 13.6eV. Data in each subplot are normalized to their maxima. Adapted
from [215].

spond to nodes of the laser field strength (E(tg) = 0) the Hamiltonian becomes equal to
the laser-free one (in [225] the length gauge was adapted). By projecting out the bound
part |Ybound(tE)) from the total wavefunction |¥(¢g)) one may calculate the momentum
distribution of free electrons that would correspond to the ionization by a laser pulse that
is suddenly shut down at tg. Transferring this recipe to the velocity gauge, one may eval-
uate the spectrum at times t4 where A(t4) = 0. Once |U(t4)) is obtained, the vector
potential can be turned off at subsequent times (A(t > t4) = 0), giving green light to
the application of the iSURFV method, which efficiently computes the contribution to the
PES from a field-free propagation dictated by a time-independent Hamiltonian H [51-53].
The resulting partial amplitude of the PES is defined according to Eqs. (56,59,60), apart
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Figure 4.4: A section through the time and angle resolved distributions shown
in Fig. 4.3(a,d) along angles o where the yield reaches local maxima, i.e., « = —0.6167
(solid black) and a = 0.3737 (solid gray) for hydrogen, a = —0.4957 (dashed black) and
a = 0.4957 (dashed gray) for short-range potential. Data for each curve are normalized to
their maxima. Adapted from [215].
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from T}, being now replaced by ?4:

a\™ (t4) = ax(ta) + 60> (ta), (130)
50> (t4) = / dS, I (x,t4). (131)
Skr

The processes of formation of the intercycle interference and the rescattering plateau are
shown in Fig. 4.5 by a set of snapshots of the PES. Notwithstanding that such intermediate
spectra are gauge-dependent, as is the discrete set of time instants when they are evaluated
(e.g., tg for the length gauge are m/2w-shifted against ¢4 for the velocity gauge), they still
may act as a good mediator between the fully numerical results and those calculated within
approximate semi-analytical methods. For example, as was discussed in Section 1.2, in the
SFA-based theories the amplitude a;™ (T') of the PES is also represented via an integral

over time, which can be evaluated using the saddle-point method (see Section 1.2.2),

ay M (T) = Y Mlts), (132)
Re ts<T

where the saddle points can be interpreted as the complex ionization times ts that con-
tribute predominantly. Restricting the ionization times in the summation in (132) to those
that have Re ts < t4 (or Re t; < tg in the length gauge) reveals the build-up of the
PES [39,226-228] that is similar to the above-described sudden termination of the laser in
the TDSE simulations.

4.1.3 REMOVING THE QUANTUM INTERFERENCE PATTERN FROM THE PES 0OB-
TAINED WITH NUMERICAL SOLUTIONS TO THE TDSE

In most SFA-based examples demonstrated in the present thesis the interference between
various saddle points contributing to the amplitude of the PES has been neglected. This
can be achieved by replacing the squared modulus of the sum over the saddle points (see
Eq. (24)) by the squared sum of the moduli,

2
Yo (k) = (Z IMk(ts)!> : (133)

s

In principle, using instead a sum over squared moduli (i.e., removing the interference
patterns rather than replacing them all by constructive interference) is a better choice, as
it lets the total rate grow linearly with the increase of the pulse duration, but for the sake
of introducing a way to directly compare the TDSE-based calculations with the SFA-based
ones, formula (133) will be adapted. The type of interference playing a primary role in
ionization by long intense pulses is that between the signals from subsequent optical cycles
(ATI-peak pattern defined according Eq. (22)). Removing it greatly simplifies the observed
spectra revealing their main shape that otherwise may be obscured (see, e.g., [87,228]).
Interestingly, once the PES is accurately resolved, application of the Fourier transform

with subsequent low-pass filtering and reverse transformation may successfully remove
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Figure 4.5: (a) Vector potential A(t). (b) Time-energy-resolved photoelec-
tron spectrum from argon in laser polarization direction with the laser vector potential
suddenly switched off at times when it reaches zero. Spectra were calculated using the
amplitude (130). Results are shifted along the vertical axis for better visualization. Laser
wavelength A = 800nm, intensity I = 10'4W /cm?. Adapted from [215].
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Figure 4.6: Demonstration of elimination of long-timescale interference pat-
terns from PES. The spectra are calculated for argon according to Eq. (121) (blue) and
according to Eq. (134) (green). Laser pulses with a ‘1-4-1‘ envelope (see text) were used in
both examples with (a) A = 800nm at I = 10W/cm? (U, = 3.85w) and (b) A = 2000nm
at I =108W/cm? (U, = 6.02w). A gap at low energies (mostly pronounced in (a)) is due
to the finite upper time limit 7" = T}, 4+ 500 a.u. in the application of tSURFF. Reprinted
from [215].

the ATI-peaks pattern [229] regardless what is the nature of the original spectrum — an
experimental measurement or a calculation. However, the total number E***/w of such
peaks in the PES scales with the intensity I and the wavelength A of the laser pulse as
~ I\? (since the maximal energy B is about ~ 10U, and the ponderomotive energy U,

0'* W /cm? and wavelengths A > 2um, unfortunately,

scales as ~ I\?). For intensities I > 1
this number easily exceeds one or few hundreds, unavoidably requiring a tinier and tinier
energy grid to be captured. And while in the experimental case this does not become a
big issue since this pattern is simply washed out due to the non-homogeneous intensity
distribution, the computational cost to calculate PES generally scales linearly with the
total number of energy bins in it. At this point, the way to effectively subtract the
ATI-peaks pattern based on the TOF analysis of the PES can be established

by using the modulus of the time-averaged integrand in Eq. (120), giving

Y abs (k) = ( /0 Tdto ) . (134)

Figure 4.6 shows the PES calculated with Egs. (120) and (134). Application of the latter

successfully removes the pattern of the ATI peaks, as desired.

)2

T t—t
dt _l=te)”
/ Orax(t) e 2%

0 +/2mtZ

A remark concerning the comparison with the SFA should be made: since in the SFA

the time integral (or the sum over saddle points) is taken over the ionization, not the
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registration time, Eq. (133) does not directly match with Eq. (134) where integration over
registration times is performed instead. Nevertheless, both ‘tricks’ effectively remove the
pattern of the ATI peaks from the PES.
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4.2 (CONCLUSIONS OF CHAPTER 4

e The formation of the PES from atoms in strong laser fields is analysed with respect to
the time of registration of the electron signal (TOF analysis). Using the state-of-the-
art numerical methods for calculating PES (the tSURFF and iSURFV methods), the
PES are acquired directly from the numerical solutions to the TDSE. In the obtained
TOF-dependent spectra, the characteristic semiclassical fingerprints are identified,
thus, making the semiclassical description applicable to the time-resolved PES and

not only to the final, time-integrated ones.

e The TOF analysis is shown to be suitable for a description of the formation not
only of the energy-resolved but also of the angular-resolved spectrum. A particular
example of the ionization by a highly elliptical pulse demonstrates the TOF to be

useful for the analysis of ’attoclock’ experiments.

e Using the structure of the TOF spectrum, a possibility of removing the highly oscil-
lating pattern of the ATI peaks from the total PES is demonstrated. Importantly,
with this method, the resolution of the momentum grid no longer requires to be tinier
than the width of the ATI peaks in order to ensure that the momentum bins do not

accidentally coincide with the nodes of the spectrum.
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CONCLUSIONS AND OUTLOOK

In this thesis, various aspects of the mechanism of interaction of strong laser fields with
gaseous matter have been addressed, and specific applications of the related processes have

been considered.

In Chapter 2, the Phase-of-the-phase (PoP) technique — a method of characterizing
the photoelectron spectra (PES) in two-color fields based on the Fourier decomposition
of those with respect to the phase shift between the components — was addressed and
an extension of that to the case of counter-rotating circularly polarized (O0) fields was
introduced. It was proved analytically that the terms of the Fourier decomposition can be
factorized into parts that depend on either the angle of emission or on the energy of the
photoelectron. The latter dependence manifests in the phases ®,, of those terms, the PoP,
only in a form of sharp flips of their value. Using the sharpness of these flips together with
their location being sensitive to the laser and target parameters, a method of calibrating
the intensity in focus of a laser was proposed. Next, as the Fourier decomposition in the
PoP technique is performed with respect to the relative phase between the components of
a two-color field, the Fourier terms of non-zero order should only originate from the laser-
coherent part of the total PES. Thus, applying the PoP analysis to a PES containing some
laser-incoherent contribution should ensure no influence of the latter when non-zero Fourier
terms are addressed. Based on that, a way to reveal the weak laser-coherent signal from an
incoherent-dominated PES was demonstrated. Such treatment is, therefore, advantageous

for the analysis of PES produced from complex systems.

In Chapter 3, a different application of two-color fields was addressed. Provided specific
conditions are fulfilled, they may efficiently generate a PES with a well-pronounced prefer-
able direction of emission, creating a significantly strong residual photoelectron current
that lives long after the laser pulse. Oscillatory movement of the photoelectron plasma
causes radiation at characteristic plasma frequencies (that are much smaller than that of
the laser) resulting, thus, in a mechanism of frequency conversion and creating a plasma-
based source of THz radiation. In the present thesis, a number of optimizations of the
two-color field configurations were proposed, aiming at maximizing the residual current
in a plasma and, correspondingly, maximizing the output power of radiation in the THz
frequency domain. Firstly, a commonly used scheme with ] polarizations is shown to be
most efficient at intensities of the laser components being relatively close. The experimen-
tal realization of such a setup is difficult, therefore alternative configurations are studied
further: based on simplistic estimates, a O or a OO field is supposed to be more efficient
than {J at low intensities of the second component of the laser. This assumption, justified
by previous experimental observations for the OO case, is validated in the thesis by com-
putations based on the strong-field approximation and on the fully numerical approach.
Importantly, arguments for the OO configuration being the optimal choice are provided.
Lastly, the commonly applied laser frequencies are 800 and 400 nm (Ti:sapphire laser)

while the laser fields of longer wavelengths should produce higher residual photocurrents.
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Thus, it is suggested to combine the application of the MIR lasers together with OO po-
larizations. An essentially non-linear dependence of the total energy emitted in the THz
domain predicts a drastic increase in the conversion efficiency compared to commonly used
setups.

In Chapter 4, a method of characterizing the numerically obtained PES was proposed
based on the application of the surface-flux methods of calculating the PES from a solution
to the TDSE, combined with the time-of-flight analysis of it. The arising time-resolved PES
with time resolution below an optical cycle of a laser were shown to be built of portions of
electron flux registered at discrete times well coinciding with the semi-classically predicted.
Giving an additional degree of freedom that is commonly integrated out, this allows to
compare the numerical ab-initio simulations with the physically transparent semiclassical
theories of various degree of analyticity. The new method gives a way to not just identify
but ‘crop’ the contributions of various physical mechanisms. Moreover, being initially
purely quantum and ab initio, it is applicable also in ionization regimes beyond semi-
classical theories, for example over-the-barrier ionization or when the excited states play a

significant role.
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