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Zusammenfassung

In der vorliegenden Arbeit werden Zustandsgleichungen harter, anisotroper
Partikel mit den komplementéren Verfahren der Virialreihe und Monte Carlo
Simulationen untersucht. Um Zugang zu Virialkoeffizienter hoherer Ordnung
zu erhalten, wird ein fiir harte Kérper optimierter, auf Mayer Sampling basieren-
der Algorithmus entwickelt. Hiermit werden Virialkoeffizienten der Ordnung
drei bis acht von harten Linsen und harten, oblaten Rotationsellipsoiden in
Abhéngigkeit des Aspektverhéltnisses berechnet. Die Methode wird auf Hy-
persphérozylinder im vierdimensionalen Raum erweitert, womit erstmals Viri-
alkoeffizienten anisometrischer Objekte im vierdimensionalen Raum berechnet
werden. Die Entwicklung eines Cluster Monte Carlo Algorithmus fiir Linsen
und Rotationsellipsoide macht im (N, p, T')-Ensemble hochgenaue Zustands-
daten mit vergleichsweise geringem Rechenaufwand zugénglich. Die hiermit
erhaltenen Zustandsdaten der isotropen Phase des Harte-Linsen-Fluids und
des Harte-Ellipsoid-Fluids werden mit der Virialreihe verglichen und Korrek-
turen fiir Abbrucheffekte der Virialreihe analysiert. Obwohl sich die Zustands-
daten harter Linsen und harter Ellipsoide unterscheiden, kann eine in erster
Néherung universelle Abhéangigkeit vom Exzessanteil des Ausschlussvolumens
beobachtet werden.

Abstract

In this work, equations of state of hard, anisotropic particles are studied em-
ploying the complementary methods of virial theory and Monte Carlo sim-
ulations. To calculate higher-order virial coefficients, an algorithm based on
Mayer Sampling is developed and optimised for hard particles. Using this algo-
rithm, third- to eighth-order virial coefficients of hard lenses and hard, oblate
ellipsoids of revolution are calculated in dependence on their aspect ratio.
The method is extended to hard hyperspherocylinders in the four-dimensional
space to allow the calculation of virial coefficients of anisometric objects in the
four-dimensional space for the first time. The development of a cluster Monte
Carlo algorithm gives access to precise equation-of-state data for hard lenses
and oblate ellipsoids of revolution in the (N, p, T') ensemble with comparatively
small computational effort. The thus obtained equation-of-state data of the
isotropic phases is compared to the virial series and truncation corrections for
so-far-unknown virial coefficients are analysed. Although the equation-of-state
data of the hard-lens fluid and hard-ellipsoid fluid differ, in first approximation
a universal dependence on the excess part of the mutual excluded volume is
observed.
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1 Introduction

1.1 Motivation

The investigation of colloidal systems has been a focus of both fundamental and
applied science. With their widespread application in liquid-crystal displays
(LCDs), pigments, cosmetics as well as areas where surface effects are relevant,
colloids play an important role in everyday life.

In colloid science and statistical physics colloids often function as a model
system for condensed matter. They are analogues of atoms or molecules at
enlarged scales of space and time. Due to typical sizes comparable to optical
wavelengths, quasielastic scattering methods using coherent laser light as a
probe or confocal video microscopy are comparatively simple experiments to
investigate structure-dynamics relations in these systems. The relevance of
colloidal soft matter as a model is not limited to the mesoscale, but physical
insights can be transferred to the molecular as well as the macroscopic scale
of granular material.

A variety of colloidal geometries such as ellipsoids [1], spindles [2], rods [3],
and even concave dumbbells [4] are known. In recent years, numerous unortho-
dox colloidal or nanocrystalline geometries, partly with tunable interactions,
have been synthesised [5, 6] even exhibiting chiral phases [7]. A precondi-
tion for experimental studies promoting fundamental insights in many-particle
physics is the availability of highly defined particles with small polydispersity
and preferably tunable topological parameters.

To theoretically describe experimental findings with means of statistical me-
chanics, different potentials such as the solely repulsive hard-particle model
have been suggested. At small distances, hard particle interactions have the
dominant contribution to the potential of realistic systems leading to pro-
nounced scientific interest.

Onsager predicted the existence of a nematic phase by solely theoretical
means in a system of infinitely thin hard needles and platelets [8]. Sparked by
this seminal work and the availability of computational methods, molecular
simulations of hard-particle systems emerged [9, 10]. While the computation-
ally less demanding study of two-dimensional ellipses of Vieillard-Baron in 1972
identified an isotropic-nematic phase transition [11], Frenkel followed with the
identification of the same transition in a three-dimensional model fluid in 1982
[12]. This study on infinitely thin platelets thereby provided a qualitative
confirmation of Onsager’s prediction. Starting with ellipsoids of revolution, a
variety of finite geometries were studied in the following years [13|. The model
systems studied such as hard ellipsoids and hard spherocylinders thereby ex-
hibit a complex phase behaviour including nematic, plastic crystalline, smectic,
columnar and crystalline phases.

The crystallisation of the hard-sphere system was not immediately accepted
in the scientific community [14]. After vast theoretical studies experimental
methods were able to confirm this transition with some experiments even per-



formed in microgravity on space shuttles [15-17]. As an example for anisotropic
experimental systems the group of Zumbusch has recently confirmed theoreti-
cal predictions for ellipsoidal particles [18-20].

The self-organisation and therewith related confinement of translational and
orientational degrees of freedom for solely repulsive hard particles is only de-
termined by entropy. The crystallisation of an entropy-driven system might
first appear paradox, with a mere phenomenological perception of entropy.
However, as can be seen from Boltzmann’s pioneering equation S = kglIn (2,
originally written by Boltzmann as S = klog W, the entropy is determined by
the number of accessible microstates 2. For hard particles, this is the accessible
volume and purely entropic effects are hence also known as excluded-volume
effects.

The virial series based on the N-particle excluded volume is therefore a com-
plementary approach to investigate the equations of state of hard body systems
in the isotropic phase. Virial coefficients have been calculated concurrently for
a wide range of model systems.

1.2 Hard particles as a model system for condensed matter

The extensively studied hard-sphere model can easily be extended to anisotropic
systems. Let r;; be the center-of-mass distance vector of two particles ¢ and
j with orientations defined by the unit vectors @i; and ;. Let further r.(&;;)
be the contact distance for a configuration in dependence on the particles ori-
entations 1, and @, and the direction T,; of the distance vector. Assuming
hard-body interaction, the interparticle potential reads as

Lo ool <re(Ry, 0y, 1y)

i.e., infinite in the case of an overlap and zero otherwise. Based on this model,
the self-organisation of many-particle systems with various geometric shapes
have been investigated. Introducing the aspect ratio v defined as the quotient
of the large to the short dimension, the impact of anisometry can be quantified.

In the following, research on many-particle systems consisting of hard ellip-
soids of revolution, hard lenses, and hard spherocylinders, which all approach
hard spheres in the limit v — 1, are shortly revised.

In the first studies of the phase diagram of hard ellipsoids of revolution by
Frenkel, Mulder, and McTague four distinct phases were identified depending
on the aspect ratio and density, namely isotropic, nematic, plastic crystalline,
and crystalline phases [13, 21, 22|. They subsequently published the equation-
of-state data obtained and compared it to model predictions [22, 23]. After this
pioneering work the focus switched to the isotropic-nematic phase transition
incorporating Onsager-type theory and the extension to biaxial ellipsoids [24—
29].

First equation-of-state data for hard spherocylinders was calculated by Vieil-



lard-Baron in 1974 [30]. Additional investigations complemented by virial
coefficients were calculated in subsequent years [31-35]. There have also been
detailed investigations of the phase diagram [33, 36-38|.

Previous work on ellipsoids was based on the assumption that the maximum
packing fraction of ellipsoids is equivalent to that of spheres with ¢, &= 0.7405
in an affine transformation of a FCC-crystal (stretched-FCC). Inspired by an
experiment using M&M candies, Donev et al. showed in simulations that the
maximum jammed packings of ellipsoids approach the maximum packing frac-
tion of spheres surprisingly close. This was later experimentally confirmed by
investigations with a granular model [39-41]. They suggested a novel crys-
talline structure with a maximum packing fraction as high as pn. &~ 0.7707
instead [40] sparking new interest in the uniaxial hard ellipsoid system.

Schilling et al. investigated the stability differences between Frenkel’s SFCC
phase and a simple monoclinic SM2 phase, generalised from the structures sug-
gested by Donev et al. For highly anisotropic aspect ratios they identified a di-
rect nematic-solid transition into the SM2 phase while moderately anisotropic
ellipsoids exhibit a solid-solid phase transition from the SFCC phase to the
SM2 phase [42, 43|. Using a replica-exchange algorithm, Odriozola and Co-
Workers systematically determined the phase diagram of hard ellipsoids for
ensembles of roughly 100 particles based on the SM2 structure [44-46|. Espe-
cially for moderate anisotropies, ellipsoids show a variety of phase transitions
with increasing density from the isotropic phase via a plastic crystalline and
SFCC phase to the close-packed SM2 phase. The phases isotropic, nematic,
SM2 and plastic crystalline are visualised for small ensembles of oblate ellip-
soids in Fig. 1.1.

Parallel to simulations, the calculation of virial coefficients of hard particles
have been a research interest. Virial coefficients of hard spheres have been
calculated up to order 12 [47, 48]. The virial coefficients B; of hard ellipsoids
have been calculated up to order ¢ = 8 [49-52] where the eighth order virial
coefficients are erroneous since only a subset of diagrams was considered [53].

The simple Carnahan-Starling equation of state [54| based on the approxi-
mation of virial coefficients is a widely used, fairly accurate description of the
fluid phase of hard spheres. This approach has been generalised to anisotropic
particles by Parsons [55] and modified by Vega [50]. Based only on the know-
ledge of low-order coefficients, Nezbeda, Boublik as well as Song and Mason
suggested expressions to describe anisotropic particles equations of state [56—
58| with increasing deviations for higher anisotropies.

Specific equation-of-state simulation studies of the isotropic phase of hard
ellipsoids based on the pioneering work of Frenkel, Mulder, and McTague [22]
were performed by McBride and Lomba in 2007 [59]. They complemented
their data with Vega’s virial coefficients and equation of state considering virial
coefficients up to order ¢ = 5.

Hard lenses have not been studied as extensively. The phase diagram was
mapped out by Cinacchi and Torquato [60]. In the subsequent work, the focus
was on metastable, glassy, and maximally random jammed packings of lenses



Fig. 1.1: Simulation snapshots of oblate ellipsoids of revolution of comparatively
small ensembles in different phases exhibiting different length-scale depen-
dent translational and orientational correlations. Orientations of the parti-
cles are visualised by different colours. The top box is an isotropic phase
and can transition into three different phases depending on the anisotropy.
Highly anisotropic particles form a nematic phase (bottom left), near-
spherical ellipsoids form a plastic crystal (bottom right), while moderately
anisotropic particles transition directly into the monoclinic SM2 crystal.

[61, 62]. Neither equations of state nor higher virial coefficients of lenses have
been calculated, the second virial coefficient can be found in Ref. [63].

1.3 Concept and outline of this thesis

The aim of this dissertation is to investigate the equations of state of the
isotropic phase of hard particles combining the virial series and numerical sim-
ulations based on an efficient cluster Monte Carlo algorithm. This methodology
is applied to two different geometries to obtain information about the detailed
influence of the particles’ shape on the equation of state.

For the calculation of virial coefficients, the Mayer Sampling approach [64] is
optimised specifically for hard-particle systems allowing the calculation of virial
coefficients of order three to eight. Additionally, a complementary Monte Carlo
simulation algorithm employing the cluster technique [65] is developed giving
access to highly accurate equation-of-state data for hard particle systems from
comparatively large ensembles of typically 1000 particles. Simultaneously, the
phase boundaries of the isotropic phase are determined.

This allows a systematic investigation of the equations of state of hard oblate
ellipsoids of revolution and hard lenses. By using two complementary methods,



a systematic investigation of the contribution of higher-order virial coefficients
to the equation of state is possible. Additionally, insights may be gained
on translational and orientational correlations in the isotropic phase of these
many-particle systems.

The two geometries are thereby chosen as a similar phase behaviour has been
observed [46, 60|. However, differences are expected as they differ significantly
in their surface curvature. The lens has a two-dimensional singularity which
has a significant impact on the second virial coefficient [63].

This thesis is thereby organised as follows: Chapter 1 contains a general mo-
tivation for the investigation of hard particles and an overview of the relevant
research on this subject.

In Chapter 2, the theoretical background for the methods employed is ex-
plained. This includes Sec. 2.1 on the virial series, Sec. 2.2 on simulation
techniques comprising the framework of statistical mechanics, the Metropolis
approach [9] as well as its implications on the cluster technique followed by
Sec. 2.3, showing general concepts to describe the equations of state of hard
particles.

In Chapter 3, the results of three publications as first-author [66-68] as well
as one publication as co-author [69] are compiled. First, in Sec. 3.1 the re-
quired geometry specific overlap and closest-surface-distance algorithms are
presented and validated. Thereafter in Sec. 3.2 the refinement of the Mayer-
Sampling algorithm is presented, the implementation is validated, and results
are analysed. This is all based on Publication I. The method developed is ex-
tended to four-dimensional space for hard hyperspherocylinders and the results
of the publication as co-author (Publication III) are presented in Sec. 3.2.5.
Subsequently, in Sec. 3.3, the implemented cluster algorithm is explained and
validated, followed by a presentation of the results based on the work in Pub-
lication II on oblate ellipsoids of revolution and Publication IV on lenses. Fi-
nally, the previous work on virial coefficients is combined with the simulation
results in Sec. 3.4 allowing a detailed investigation of the equations of state of
the shapes investigated combining the work in Publication I, Publication II,
and Publication IV.

The main part of this thesis is concluded by Chapter 4 comprising a sum-
mary of the work presented and offering an outlook on possible future chal-
lenges. The corresponding publications including the supplemental material,
if applicable, can be found in Sec. 5.



2 Theoretical Background

2.1 Calculation of virial coefficients
2.1.1 Virial series

The virial series expansion of the real gas factor Z in terms of the particle
number density o reads as

p
Z p—
okgT

= 1+BQQ+33Q2+...

=1+ i Bz Qi_l
=2

and was originally proposed by Kammerlingh-Onnes as a heuristic approach
to describe experimental equation-of-state data with the expansion coefficients
B; named virial coefficients |70]. For hard particles, it is suitable to introduce
reduced virial coefficients B} and develop the virial series in terms of the
volume fraction ¢ = gVp instead, which leads to the expression

Z=1+Y Bf¢'' with Bf =—= (2.1)
=2

Vp denoting the particle volume. Following the groundbreaking work of Mayer,
Born was able to link the empiric virial coefficients with means of statistical
thermodynamics to the configuration integral of the studied system and thus
the potential of i-particle clusters [71, 72|. Therefore the virial coefficients can
be interpreted as correction factors for i-particle interactions, for hard particles
equivalent to the i-particle mutual excluded volume.

Assuming a pairwise additive many-particle potential

U =N N " Uy (2.2)
i g>i
which is exact for hard particles and defining the Mayer f-function
fij = exp (=fU;) — 1, (2.3)
the virial coefficients of order ¢ can be calculated via

a:—i_1 > Se (2.4)

il
GeMk

as the summation over all integrals Sg of the product of Mayer f-functions
of all Mayer diagrams G. In these Mayer diagrams G each vertex represents
a particle and each edge a Mayer f-function while the set M} contains all



labelled, biconnected (non-separable) Mayer graphs of order i. In the case of
hard particles, the Mayer f-function has the value —1 in the case of an overlap
of two particles and zero if no overlap is present.

For the second to fourth virial coefficients, this leads to the expressions
1 1
BQ = —§/f12 dI'12 = —5 o—e (25&)

By = —% //f12f23f13 dripdryz = —% A (2.5Db)
Bi= [+ X+ XA R+ N+ KA A+ WK @59

In the above representation, the first node is in the lower left corner and the
graphs are labelled counterclockwise. The Mayer graphs of order i thereby
contain between i and i(i — 1)/2 edges, i.e. between 4 and 6 edges for the
order ¢ = 4. Beginning with order 5, graphs containing the same number of
edges can be distinguished into different topological classes by comparing the
bond order of the nodes and neighbouring nodes. For example, the two graphs

S

with five nodes and six bonds both have nodes with orders (3, 3,2,2,2). How-
ever, when considering the next neighbours they can be distinguished into the
classes (3322, 3322, 233, 232, 232) and (3222, 3222, 233, 233, 233).

The total number of possible graphs with 4 vertices is given by 2/—1/2
the set consisting of unconnected, singly-connected (articulated), and bicon-
nected classes. With increasing ¢ the amount of Mayer graphs and thus the
integrand in the set M} rapidly increase with the set MY already containing
166 537616 labelled Mayer graphs for order ¢ = 8 (see Table 2.1). As a com-
parison the number of unlabelled Mayer diagrams M} are also listed, reduced
by the amount of permutations of topologically equivalent diagrams.

This number can be reduced for 7 > 4 by using the reformulation of Ree and
Hoover (see Table 2.1) [73-75]. An additional factor e;; — fi; = 1 is introduced
so that all graphs are fully connected, whereby roughly two thirds cancel out.
The obtained Ree-Hoover reformulation

— 1
Bi=—"=%" ¢eSq (2.6)

7!
GeRE

is a summation over the set of integrated Ree-Hoover graphs R} weighted by
the factors cg called Ree-Hoover star contents. For the order i = 4 the equation

B4:—é RN K (2.7)



Table 2.1: Number of unlabelled and labelled Mayer and Ree-Hoover diagrams in the
sets MY, MF, RY and R} respectively (numbers from Ref. [53]).

Mayer Ree and Hoover
) unlabelled labelled unlabelled labelled
2 1 1 1 1
3 1 1 1 1
4 3 10 2 4
5 10 238 5 68
6 56 11 368 23 3 053
7 468 1 014 888 171 297 171
8 7123 166 537 616 2 606 56 671 216

results where the red lines represent e-bonds.

For hard particles, the product of a Ree-Hoover diagrams’ integrand is only
non-zero if all multipliers are non-zero and therefore all f-bonded particles
overlap (fi; = —1) and all e-bonded particles do not (e;; = 1). As a conse-
quence, for any given configuration, only a single graph has a non-zero con-
tribution to the integrand of ¢ (—1)™f, the exponent n; being the number of
f-Bonds [76].

Hellmann and Bich introduced a variant using hypertrees which intrinsically
considers nonadditive many-body potentials and additionally results in fewer
diagrams for orders ¢ > 6 than the approach of Ree and Hoover [77]. For hard
particles, however, several diagrams contribute to the integrand and thus the
method of Ree and Hoover is the preferable approach. For virial coefficients
of order i > 10 the method of Wheatley has to be considered [48].

2.1.2 Analytic calculation of virial coefficients

Calculating virial coefficients analytically has been a topic of profound scientific
interest in the past with the fourth virial coefficient of hard spheres already
being calculated by van Laar in 1899 [78]. In recent years, the virial coefficients
up to order B4 have additionally been calculated in up to twelve dimensions
[79, 80].

For hard, convex particles, Isihara and Hadwiger could independently show,
that the second virial coefficient can be calculated via

Sp Rp

P

By=1+

(2.8)

from the particles geometric measures surface area Sp, volume Vp and mean
radius of curvature Rp [81-84]. Herold, Hellmann, and Wagner utilised this
approach to investigate the influence of one-dimensional and two-dimensional
singularities of the surface curvature on solids of revolution such as ellipsoids,



lenses, spindles, spherocylinders, cylinders, and double cones [63].

2.1.3 Numerical methods to calculate virial coefficients

The use of Monte Carlo methods for the calculation of virial coefficients of hard
disks and spheres up to order five was already implemented by Metropolis et
al. as well as Rosenbluth and Rosenbluth in the early 1950s [9, 10]. Although
biased MC had previously been utilised to calculate virial coefficients [85], the
umbrella-sampling approach of Singh and Kofke called Mayer Sampling, was
a major breakthrough in the numerical calculation of virial coefficients [64].
A biased sampling distribution 7 is introduced requiring the simultaneous
calculation of a reference system so that the virial coefficient of interest

R
Bz - [z,ref <'Yref/7r>7r (29)

is determined from the ratio of the simulation averages of the integrand of
interest v and reference integrand ~..¢, scaled by the integral of the reference
system I; ;of. The acceptance of a trial configuration is thereby determined by
the acceptance criteria min (1, They/7old)-

While Singh and Kofke only used the ring cluster of hard spheres as a refer-
ence integrand to calculate the virial coefficients of the Lennard-Jones model
as well as the SPCE water model, Jager et al. preferred to use all hard-sphere
clusters in their ab initio argon study |64, 86]. For higher-dimensional geome-
tries other techniques are viable [76]. In principle, any reference integral can
be used as long as the phase space of the reference is a subset of the phase
space of the system of interest [87].

The Mayer sampling method is especially valuable for complex integrands
and therefore higher-order virial coefficients.

2.2 Simulation algorithms to calculate equations of state
2.2.1 Overview of applicable simulation algorithms

Molecular dynamics simulations as a standard technique to investigate molec-
ular systems numerically integrate the deterministic equations of motion, usu-
ally based on a force field of the system. This classically time-driven stan-
dard has problems with accuracy and efficiency for hard particle systems [88],
which can be circumvented by utilizing an event-driven approach that for hard
particles is on the basis of particle collisions. These event-driven molecular
simulations can be extended to anisotropic systems as shown by Donev and
Co-Workers [88, 89], the collision algorithms, however, have to additionally
deal with the geometry-dependent angular momentum.

The alternative approach of Monte Carlo simulations is based on the ergodic
hypothesis by calculating time averages via ensemble averages. This limits
the investigation to static averages with dynamic properties such as diffusion



coefficients out of reach. Standard Monte Carlo schemes generate random
configurations according to a probability density based on the investigated
phase space and accept these with a specific acceptance probability.

A variety of refined Monte Carlo approaches have been suggested over the
years all with the aim of a more efficient exploration of phase space. Replica
exchange MC, for instance, samples numerous replicas at different tempera-
tures or pressures allowing swap trials between the subsystems. This approach
has been applied to hard-sphere and hard-ellipsoid systems [44-46, 90].

Alternatively, a bias can be introduced so that larger differences exist be-
tween trial moves leading to a better exploration of phase space. Different
cluster algorithms have thereby been proposed such as multiparticle moves
[91] or the extension to cluster formation during volume fluctuations [65]. Al-
marza used this method to investigate equations of state of crystalline hard
spheres [65], a generalisation to anisotropic hard rhombic platelets has been
performed to explore the phase behaviour of such systems [92].

Adopting an event-driven approach in a Monte Carlo scheme, hard disks and
spheres have been investigated utilizing event-chain Monte Carlo simulations
[93-95]. Both molecular dynamics simulations and stochastic Monte Carlo
steps can also be coupled to Hybrid Monte Carlo schemes, which have been
extended to event-driven algorithms [96].

There are generally two fundamental options to start a simulation. One
option is to initialize the simulation from a specific crystal and expand the
box to the equilibrium pressure. The ensemble can possibly recrystallise into
a preferable structure if the barriers of the potential energy surface allow. Al-
ternatively, a random disordered low-density configuration can be compressed
to equilibrium. For small systems under certain circumstances a crystallisa-
tion may occur (see Ref. [61]), commonly the systems of hard particles reach
a metastable branch which can be compressed up to the maximum random
closed packing density depending on the speed of compression.

There are a variety of methods to predict crystal structures from first prin-
ciples [97]. Many have limitations when investigating hard particles. For hard
particles, the densest packed crystal is the most stable phase at infinite pres-
sure, at finite pressure, this may deviate. The identification of such densest
packings is possible using very small ensembles in the floppy-box Monte Carlo
algorithm [98]. However, severe distortions of the simulation box occur which
have to be compensated by using lattice reduction techniques [99].

2.2.2 Canonical (N, V,T) ensemble

To increase the readability in the following sections, the theory is formulated
for spherically symmetric systems which can be systematically extended to
anisotropic systems by additionally introducing angular coordinates. In sta-
tistical mechanics, a variety of statistical ensembles exist. They allow the
calculation of thermodynamic properties of a macroscopic system from the
microscopic states of a model system via a thermodynamic potential. In the

10



standard canonical (N, V,T) ensemble, all possible energetic states of the set
are represented by subsystems with N particles in a fixed volume V in ther-
modynamic equilibrium with an external reservoir (heat bath) at fixed tem-
perature 7" making the ensemble a closed system.

The classical statistical mechanical definition of the canonical partition func-
tion Qn,vr of N indistinguishable particles as

1
QN,V,T - W //e—,BH(erN) dszBN (210)

depends on the Hamiltonian H (EN , BN ) integrating over the phase space of

N particle positions r and momenta p”. The thermodynamic potential of

the canonical ensemble is thereby defined as FF = —37 ' InQuy vy with the
independent variables N, V', and T. The free energy F' is given in units of
thermal energy 37! = kgT. Powers of Planck’s constant h guarantee that
the partition function is dimensionless and thus allows a transition to the
corresponding quantum statistic connecting quantum states and classical phase
space.

The Hamiltonian H (LN, BN) =U (§N> +K (EN) can be separated into con-
tributions of the kinetic energy KC and potential energy U allowing an integra-
tion over the momenta if the potential energy is only determined by the particle

positions. The integration over the momenta results in a factor (2wmkgT )1/ ?
per particle and translational degree of freedom. By introducing the thermal

de Broglie wavelength A = h (27kaBT)_1/ ?. the canonical partition function
can be written as

1 — r
Qe = g [ ) e 2.11)

with the canonical configuration integral
ZN,V,T = /eﬁU(rN) dzN . (212)

On this basis, the normalised probability of a specific configuration ([N ) can
be written as

o U(zY)

PN,V,T (EN) = nvr (2.13)

leading to the expression

f A (EN) 6—5U(KN)drN

(A) = = (2.14)

ZN,V,T
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for the canonical average of an arbitrary observable A.

2.2.3 Isobaric-isothermal (IN, p, T') ensemble

Guggenheim [100] originally introduced the isobaric and isothermal (N, p,T)
ensemble with the independent variables N, p, and T and the Gibbs free
energy G = —3'InQp 7 as the thermodynamic potential. The closed en-
semble thereby consists of N-particle subsystems with fixed pressure p and
fixed temperature T. As the volume fluctuates, the heat-conducting walls of
the subsystems are flexible.

The analogue partition function )y, r in a fixed laboratory system, defined

by
1 1 —BH(xV.pY) 3N anN BV
OnNpr = Ny | v e o2/ dedpT e Py dv

1 1 v
_ —B|U(r 1%
B N!A3N//y7e )] qeay (2.15)

of N particles includes an additional volume integration. The argument of the
exponential is thereby the reduced enthalpy. The volume scale VV ~! guarantees
a dimensionless partition function again enabling the transition to the corre-
sponding quantum statistic. A historic overview of the partly controversial
discussion of the volume scale can be found in Refs. [101, 102].

One can define an analogue configuration integral

Inpr = // YN-LeAU(s) V] gV qy (2.16)

introducing the scaled coordinates ds = dr/V. The normalised probability of
a specific configuration (§N , V) then reads as

N-—1
P (8, V) = ‘Z/N Te—ﬁ[u(szv)+pv] (2.17)
’p7

in the isobaric-isotherm ensemble.

2.2.4 Metropolis Monte Carlo algorithm

The calculation of thermodynamic properties according to Eq. (2.14) for a
spherically symmetric system requires a 3 (N — 1)-dimensional integration and
is therefore already highly challenging for tiny particle numbers with conven-
tional integration schemes. In general, only specific observables are of interest
and not the actual value of the partition function, configuration integral, or
probability distribution.

Importance sampling Monte Carlo methods provide an alternative approach
preferably evaluating the integrand in regions of phase space with a significant
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contribution by using a sampling distribution that ideally resembles the actual
integrand thereby evaluating each state with the corresponding probability.

The acclaimed Metropolis-Hastings algorithm is based on this idea generat-
ing a trial sequence named Markov chain, which has to fulfil two conditions.
Firstly, each trial has to belong to a finite set of outcomes, and secondly each
trial may only depend on the outcome of the previous trial [103]. As a con-
sequence, the initial configuration is irrelevant. A sufficient but not necessary
condition which complies with these requirements is termed detailed balance:
Let N (x) be the probability of finding a system in the configuration = and
m(a'|x) that of transitioning from state z to state z’. In equilibrium, the num-
ber of transitions from state x to 2’ shall be equal to the number of reverse
transitions. The condition of detailed balance then reads

N(z)m(2|z) = N(2")m(z]2") . (2.18)

This condition thereby preserves the correct distribution of states once equi-
librium is reached. The transition probability 7(z'|x) depends on the proposal
probability w(z'|z) for a transition from x to 2’ and the acceptance of that trial
Prce(2'|z). Considering the transition probability m(z'|x) = w(2'|z) Pace(2'|x)
leads to

N (2)w(z'|2) Pace(@'|2) = N (2" )w(z|2") Pace(z|2") (2.19)

for the condition of detailed balance. In the original Metropolis algorithm, the
probability of a proposed trial is independent of the configuration and thus w
is symmetric with w(z'|z) = w(z|2’). Additionally with Eq. (2.13)

Phrce(2'|2) _ N(x))
Pace(z|z’)  N(2)

results for the acceptance criteria, only dependent on the relative probability
between the states and not the absolute probability requiring the configuration
integral. Metropolis et al. chose the acceptance ratio as

Paec@™[r™) = min [1,exp {4 [U@™) ~ U™} (221)

= exp{—pU(z") — U(x)]} (2.20)

in the canonical ensemble fulfilling the criteria obtained in Eq. (2.20) [9].

Standard simulations in the canonical ensemble generate these trial configu-
rations via random particle translation or rotation attempts with the maximum
displacement or rotation chosen to lead to an acceptance ratio of roughly 50 %.
As for hard particle systems the potential energy can only be infinite or zero,
overlap-free trial configurations are always accepted while the presence of an
overlap leads to a rejection of the proposed configuration.

In the isobaric-isothermal ensemble, additional volume-change attempts have
to be introduced to additionally sample the volume of the system. On the basis
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of the prior probability distribution (see Eq. (2.17)) the acceptance criteria

VAT exp {8 [U(V', V) + pV7]}
1’<v) T <vSN>+pv1} (2.22)

Pacc(V'|V, §N) = min

for a volume change from V' to V' can be obtained for the configuration with
volume independent reduced coordinates (sV). The basic algorithms for Monte
Carlo simulations in the isobaric-isothermal ensemble can be found in the
monographs of Frenkel and Smit as well as Allen and Tildesley [103, 104].

2.2.5 Cluster Monte Carlo method

For volume changes in hard particle systems, the volume change acceptance
of a compression trial is limited by the particles with closest inter-particle dis-
tances. Almarza [65] adopted the cluster algorithm of Swendsen and Wang
[105], introduced to investigate large near-critical systems, for volume changes
of a hard-sphere system. Before volume fluctuations, random rigid pseudo-
molecules are formed consisting of especially close particles. Instead of scal-
ing the particles’ centres of mass, the center-of-mass position of the cluster is
rescaled keeping the particle distances within the cluster constant. This biased
MC variant thereby increases the accepted mean volume change (V' — V)
leading to a better exploration of phase space.

A cluster consists of all particles that are directly or indirectly linked via
bonds generated by a distance-dependent bond probability function b. Gener-
alised by Tasios [92] from the original center-of-mass distance 7;; to the closest
surface distance o;; reading as

i\ 2
1— 2 : i (5
b(Uz‘j)—{ g )" Zjié : (2.23)

the extension to anisotropic particles is possible. Although this choice for b(o;;)
is arbitrary, it ensures via the cutoff distance J that no bonds are generated for
distances 0;; > ¢ while simultaneously weighting the surface distance increas-
ing the probability of forming bonds at small distances. The average cluster
size can be adjusted during the equilibration phase via the cutoff distance §.

As the acceptance probability of a volume change trial is directly dependent
on the choice of clusters, an additional factor has to be introduced to fulfil the
condition of detailed balance (compare Eq. (2.18)). If (x.) is a specific cluster
realisation defined by the cluster center of mass and the particles relative
position thereto, w (Xc|§/N V! ) the probability of choosing the specific cluster
realisation from the reduced coordinates sV in volume V' and w (x.[s", V)
the corresponding probability for the same cluster from the coordinates s in
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volume V', the condition of detailed balance can be written as

Pace(VIVixe) _ N(VIS™) welxels™, V) o (VIV) (224
PaeV VI xe) — N(VIsN) wclxels™, V)wr(VV) |

Again imposing a symmetric proposal probability wy (V'|V) = wy (V|V’), the
acceptance probability can be obtained as

X <K/) N—-1 exp {—/6 [Z/[(§/N,V/) +pvl:|} Wc(Xc’SN)
\V exp{—BUEN,V)+pV]}  we(xels")
(2.25)

Prce(V'|V, Xe) = min

for a volume change allowing cluster formation within the Metropolis-Hastings
scheme. The apparent number of particles N < N is thereby the sum of
remaining single particles and clusters in the configuration y.. The cluster
probability ratio of Eq. (2.25)

we(xels™, V') I 1 - b(oy;) (2.26)

wC(XC|§N’ V) (7] 1— b(O'ij) ’
can be calculated as the product over all particle permutations [ij] where i and
j belong to different clusters [65]. Due to the definition of the bond probability
[Eq. (2.23)] only distances o;; < 0 can differ from one, i.e. have an effect on
the ratio. To increase the numerical stability for larger particle numbers it is
advisable to calculate the sum of the ratios’ logarithms instead.

Periodic boundary conditions are a useful tool to minimize finite-size effects
as well as to avoid surface effects when simulating bulk phases. In this method,
the simulation box is treated as a primitive cell replicated by elementary trans-
lations onto an infinite lattice. Particles that leave a cell are replaced by their
periodic images on the opposite side. However, by allowing cluster formation,
a particle may be linked to its periodic image via a chain of bonds. This cluster
percolation makes it impossible to rescale the particle coordinates keeping the
intra-cluster distances constant and the size of the cluster is infinite. Such con-
figurations have to therefore be rejected. The cutoff distance should be chosen
small enough so that rejections due to cluster percolation are limited. The
cluster formation routine also has to consider the minimum image convention
imposed by periodic boundary conditions.

2.2.6 Technical details

The stability of simulated crystal structures in the isobaric-isothermal ensem-
ble is highly dependent on the simulation box which can stabilize an un-
favourable crystalline structure by external tension. To reduce the impact
of this effect, additional deformations of the simulation box can be introduced,
commonly performed at constant volume for standard acceptance criteria.
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A useful approach when using reduced coordinates r; = H.s; is choosing
an uppertriangular transformation matrix H. In standard volume fluctua-
tions, the rescaling of the coordinates can thereby be avoided. Fluctuations
of the diagonal elements lead to rectangular cuboids while fluctuations of
the off-diagonal elements allow nonorthogonal parallelepipeds such as triclinic
structures. The volume of the simulation box can be obtained via the paral-
lelepipedal product V' = ||H||. For fluid phases, a cubic simulation box can be

used based on matrix identity I as H = V41

The procedure for periodic boundary conditions in nonorthogonal simulation
boxes is identical when using scaled coordinates s;, the cutoff, however, has to
be chosen smaller than half the shortest perpendicular width of the simulation
box to fulfil the minimum image convention. This guarantees that only one
image is considered in particle interactions and observables determined thereby.

Using a start configuration, a simulation is initialised by an equilibration
phase. Therein variables and simulation parameters such as maximal dis-
placements may be adjusted. Once equilibrium is reached and the acceptance
criteria are adjusted to the target values, a production phase is started during
which the observables of interest are calculated. It is important to note that
when rejecting a trial configuration, the initial configuration still contributes
to the ensemble average.

The computational expense in dependence on the number of particles N
scales with V(N — 1)/2. The numerical effort can be reduced substantially by
calculating Verlet neighbour lists or utilizing a cell method [106, 107].

In principle, phase transitions can be calculated from energy differences to
reference systems such as the ideal Einstein crystal [108]. However, possible
crystal structures often exhibit small energy differences, have pronounced size
effects, and rely on the correct prediction of the crystal parameters. Phase
transitions are hence often calculated indirectly by monitoring specific order
parameters during compression or expansion simulations.

The orientational correlation of nematic phases can be identified using the
nematic order parameter

Sy = <% (301 — 1)> (2.27)

averaging over the inner product x; of the particle director and nematic di-
rector. Different crystal structures can be distinguished by looking at local
bond order parameters @); of order [. These are averages of spherical harmon-
ics Yy (0, ¢) of the center-of-mass distance-vector relative to the laboratory
coordinate system (6, ¢) defined by

47t l 9 v
Qs = (m T 2 Wi 0.0) ) (2:28)
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considering only distances within a defined cutoff [109]. These parameters
can be complemented by pair distribution functions and snapshots of single
configurations.

2.3 Generalised equations of state

Although the infinite virial series is exact for gases and overcritical fluids,
in practice, the accessible virial coefficients are limited and thus truncation
effects arise. Carnahan and Starling [54| suggested approximating the virial
coefficients of hard spheres via the integer sequence

Br® xi?4i—2 (2.29)

for ¢ > 2, which for the until then known coefficients of order ¢ = 5 leads to
the approximation

7 =1+ 4p + 10¢? + 18.3648¢° + 28.2245¢* + 39.8151¢° + ... (2.30)
~ 1+ 4p + 100% + 18p° + 280 +40p° + ... . (2.31)

As higher-order coefficients became available, the validity of this approxima-
tion was confirmed. Using this approximation the closed expression

ZBm14) (P4i-2) ¢! (2.32)
=2

4p—2¢0> 1+o+¢*—¢°
(1—¢)° (1—¢)°

can be obtained for the geometric series under the condition 0 < ¢ < 1. The
resulting equation of state describes the fluid of hard spheres up to the phase
boundary with an accuracy of roughly 1 %. This expression has been modified
to allow a better description of the available data [110].

A large variety of expressions have been postulated to describe the hard-
sphere real gas factor, a good overview can be found in Ref. [111]. A correlation
based on highly accurate simulation data using up to nine parameters was
suggested by Kolafa et al.[112] and is used as a reference in the presented
work.

Concurrent to the description of the hard-sphere system, anisotropic hard
systems have been investigated. A simple concept of describing hard anisotropic
particles equation of state was suggested by Parsons, which scales the Carnahan-
Starling coefficients according to

=1+

(2.33)

B} 4o — 22
4 (1-y)

by the ratio of reduced second virial coefficients of the investigated system B}

Z=1 (2.34)
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and that of hard spheres B;’(HS) = 4 [55]. This approach is widely used in
classical density functional theory [113, 114]|. Vega modified this approach by
considering all available virial coefficients up to order i = 5 [50]. Generalised
for imax known coefficients, the real gas factor

& . i B3 = . . i
Z:1+2Bigp 1+BT?{S) Z (>4 —2) ", (2.35)
i=2 2 i=imax+1

is obtained. For the latter sum a closed expression is still accessible depending
ON Ipmax. -
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3 Results and Discussion

3.1 Overlap algorithms and closest surface distances

The calculation of the potential energy to determine the acceptance of a pro-
posed step in a Monte Carlo simulation as well as the computation of the
integrand in the numerical integration of the investigated virial coefficients
requires the determination of overlaps and non-overlaps of anisotropic hard
particles. For the cluster technique, a further determination of the surface
distance is necessary to calculate the bond probability in a cluster move. In
the following, the overlap- and surface distance algorithms for the primary
geometries of interest, ellipsoids of revolution and lenses are presented. The
overlap algorithm is additionally validated.

To identify overlaps between ellipsoids, the established algorithm of Per-
ram and Wertheim is used [115]. As it requires a numerical minimisation,
the original Brent routine is substituted by a more efficient Newton-Raphson
minimisation [116] considering the first and second derivative of the Perram-
Wertheim contact function. This optimisation allows higher efficiency and
accuracy.

The calculation of the second virial coefficient [Eq. (2.5a)| as an orientation-
ally dependent average can be used to test the reliability of overlap algorithms
of convex geometries as the numerical results can be compared to the analyti-
cal coefficients obtained via the Isihara-Hadwiger theorem [Eq. (2.8)]. For the
investigated geometries the necessary geometric measures can be found in [63].

The numerical results obtained as well as the relative deviation to the an-
alytic values are illustrated in Fig. 3.1. For a range of aspect ratios, the
algorithm could be verified with high accuracy. All values correspond within
the uncertainties with the analytical relation.

The closest surface distance o(A,B) between two ellipsoids A and B, de-
scribed by their shape, orientation, and center of mass, can not be calculated
directly. Paramonov and Yaliraki [117], however, identified two limits based on
the Perram-Wertheim contact function. The upper limit o, (A, B) and lower
limit oy (A, B) thereby fulfil the inequality

0 < ou(A,B) < 0(A, B) < 0,y(A, B) (3.1)

for non-overlapping particles. While the upper limit is a good approximation
for large distances as in the limit oy (A,B) — oo the orientation of both
ellipsoids becomes irrelevant, for small separations oy (A, B) is the preferable
choice [117].

Although hard lenses have been investigated, there it no published algorithm
to determine the overlap problem. Lenses with aspect ratio v = v7eq/Teq
are defined as the section of two spheres with radius Ry, where the distance
between the centres of the generating spheres d is smaller 2 Ry as illustrated
in Fig. 3.2a. The configuration of two lenses can be distinguished into two
principle categories: critically inclined and undercritically inclined lenses.
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Fig. 3.1: Validation of the overlap algorithms for hard oblate ellipsoids (blue) and
lenses (green) by calculation of the second virial coefficient B; in dependence
on the aspect ratio v. The solid lines represent the analytical values B3 ,,.

Let K, and K denote the centres of the two most distant generating spheres.
For undercritically inclined lenses the vector K, — K, is contained in both
critical cones with aperture 9. and apices in K; and K;, respectively. This is
shown in Fig. 3.2b, the cones are represented by green lines. This case can be

reduced to the overlap problem of spheres.

The two possibilities for an intersection of critically inclined lenses are dis-
played in Fig. 3.2c. Either one of the equatorial singularities intersects with
the other lenses generating sphere (blue and red lens) or the two equator cir-
cles intersect (blue and green lens). While the first case can be reduced to the
closest point on a circle to the generating spheres’ center, the latter case is in
principle a plane section with two constraints.

A detailed description of the required procedure of the overlap algorithm
with further illustrations can be found in [66]. As no numerical minimisation
is involved, this method is significantly faster than the implemented ellipsoid
routine. The results for the validation of this algorithm based on the calcu-
lation of the second virial coefficient are also shown in Fig. 3.1 with a similar
accuracy as the ellipsoid algorithm.

The concept of this overlap algorithm can be extended to calculate the closest
surface distance of lenses. While in the case of undercritically inclined lenses
the surface distance can again be reduced to the closest distance between the
lenses generating spheres, for critically inclined lenses different possibilities
exist. Either the closest surface distance lies between one of the lenses’ gener-
ating spheres and the circular singularity of the other lens (two permutations)
or it is between the singularities of both lenses. The first case can be solved us-
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Fig. 3.2: (a) Geometric construction of a lens as the section of two generating spheres
with radius Ry.
(b) Intersection of two undercritically inclined lenses.
(c¢) Two possible types of intersections for critically inclined lenses.

ing parts of the overlap algorithm to calculate the closest point of a circle to a
point. In the latter case the closest distance between two circle in three dimen-
sions can be reliably computed using the algorithm of Vranov [118|. Details
with figures illustrating the cases can be found in [68].

3.2 Calculation of higher-order virial coefficients

The calculation of virial coefficients according to Eq. (2.6) for anisotropic solids
of revolution requires a 5(i — 1)-dimensional integration of a substantially in-
creasing number of graphs needing to be considered (compare Table 2.1). For
the investigated systems, the Mayer-sampling algorithm is a suitable numerical
approach.

In the case of hard-body interaction, only one Ree-Hoover graph has a non-
zero contribution to a specific virial coefficient [76]. The efficient identification
of the relevant graph and associated star content is a promising opportunity
for optimisation of a hard particle algorithm instead of calculating the sum
of products directly as customary for other potentials. The benefit increases
with the complexity of the integrand. A novel algorithm based on a bisection
search in a sorted list of ordinal numbers is proposed.

Additionally, the use of an optimised reference integral for the Mayer-Samp-
ling algorithm can be investigated. A hard-sphere system with identical volume
to the system of interest is an obvious variant. The efficiency of the Mayer-
Sampling algorithm increases when the reference is as similar to the system
of interest as possible. An anisotropic reference is therefore favourable. When
using anisotropic virial coefficients as a reference, only numerical values with
limited accuracy are available. As a second significant optimisation an intrinsic
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reference integrand based on trees is suggested.

Furthermore, the original Mayer-sampling acceptance criterion is altered for
hard particle systems by not only considering the contribution of the system of
interest but also that of the reference. An adjustable weighting factor is intro-
duced so that on average the moduli of both integrands have a roughly equal
contribution. This guarantees a correct sampling of the complete configuration
space of both the reference and system of interest.

3.2.1 Optimisation of the Mayer-Sampling algorithm for hard particles

As Ree-Hoover graphs are fully connected by either f- or e-bonds, they can be
represented by the upper triangle of an adjacency matrix with binary elements.
In the following f-bonds are represented by 1 and e-bonds by 0. The graphs
for the virial coefficient of order ¢ can be written as a binary number requiring
n(n — 1)/2 bits to describe the equivalent number of bonds. For convenient
memory allocation, the binary numbers are completed with trailing zeros to
multiples of 8, the order ¢ = 4 therefore requiring 1 byte, the orders ¢ = 5
and ¢ = 6 2 bytes, and so on. This procedure is compiled exemplarily for the
graphs of By [Eq. (2.7)] in Table 3.1. The list of binary numbers obtained
can be converted to ordinary numbers and sorted. Additionally, the set of
graphs can be divided into subclasses in dependence on the number of e-bonds
ne=1(t —1)/2 — ny.

Table 3.1: Matrix representation of the two subclasses of Ree-Hoover graphs of or-
der ¢ = 4 in the denoted matrix notation represented as binary numbers
with corresponding ordinal numbers. The number of digits of the binary
number are filled up with zeros to multiples of 8 for convenient memory
allocation, i.e. 8 for i = 4.

Subclass 0 Subclass 2
ne=0,ny =06 ne =2,ny =4
0111 0101 0011 0110
1011 1 010 0011 1 001
1 101 0101 1 100 I 001
1 110 1 010 1 100 01 10
11111100 10110100 01111000 11001100
252 180 120 204

The graph and therewith star content for a random configuration of overlaps
and non-overlaps represented in the same manner by an ordinal number can
be effectively identified in the list acquired by means of a bisection search.
Non-contributing Ree-Hoover graphs with c¢g = 0 are thereby not elements
of the list. The integrand of interest resulting from the specific configuration
then reads (—1)™ ¢ with every f-bond contributing a factor of f;; = —1.
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The bisection search introduced scales with log, N (i,nf) if N (i,n) is the
cardinality of the Ree-Hoover subset of graphs with ¢ nodes and n; f-bonds.
This specific optimisation for hard particles requires less numerical effort in
comparison with classical integer arithmetic approaches for orders ¢ > 6 with
substantial gains for higher-order virial coefficients.

The approach presented is limited by memory requirements as these are pro-
portional to the number of Ree-Hoover graphs. For example the 21 286 987 064
diagrams for order ¢ = 9 each require 5 bytes for the binary representation and
2 bytes for the star contents resulting in roughly 140 GB in total. Using state-
of-the-art computers, the presented algorithm is still feasible up to By, for
higher virial coefficients alternative methods have to be considered [48].

3.2.2 Trees as an intrinsic reference integral

In graph theory trees are a subset of the graphs called hypertrees excluding
the subset of graphs containing hyperedges, also known as leaves. In contrast
to the biconnected Mayer graphs, the connected graphs are articulated: If one
node is removed, the graph decomposes into two graphs as no closed paths
exist. Additionally, two edges may only have one common vertex or none.
Trees with ¢ nodes have ¢ — 1 edges which in the following again represent
Mayer f-functions.

The two topological classes for trees with four nodes and three classes for
trees with five nodes are shown in Table 3.2. An illustration of the hypertrees
up to order ¢ = 8 can be found in the work of Hellmann and Bich [77].

As the f-bonds are connected via articulation points, using Eq. (2.5a) the
trees of order 7 can be factorised to powers of the second virial coefficient. A
reference integral can therefore be written as

Lt = Np (=2By) ", (3.2)

if N1 denotes the number of trees considered. A random configuration has
a contribution to this integrand if the f-bonds of the trees considered are a
subset of the non-zero f-bonds of the configuration.

Table 3.2: Unlabelled trees for the order i = 4 and ¢ = 5 with ¢ nodes and ¢ — 1
Mayer f-bonds. For each topological class the cardinality Nt based on
the orders of the nodes is given.

1=4 1=295
Nt =4 Nt =12 Nt =5 Nt =60 Nt =60

(3,1,1,1) (2,2,1,1) (4,1,1,1,1) (3,2,1,1,1) (2,2,2,1,1)
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Initial calculations demonstrated that the highest branched trees occur most
frequently when the Ree-Hoover diagrams are determined. As the reference
integral has the sole requirement of being a subset of the system of interest
configuration space, any number of these reference diagrams may be used. In
the subsequent calculations when determining the virial coefficient of order
i therefore only the topological class containing the ¢ highest branched trees
with one node of order 7 — 1 and ¢ — 1 nodes with order 1 are considered. The
reference integral is then given by Eq. (3.2) with Ny = i. The consideration
of further trees showed no significant impact in trial calculations.

The use of highly branched trees as an intrinsic reference unites a variety
of advantages. First of all, the computational effort is significantly reduced as
definitely only one geometry has to be considered and the overlap algorithms
are only performed for the system of interest. From the saved overlaps and
non-overlaps the contribution of the reference trees can be determined con-
currently. Secondly, as the same geometry with same aspect ratio is used,
both integrands are determined in the same configuration only differing by
the graphs considered. For nonspherical shapes, this guarantees the same ori-
entational subspace. Thirdly, only a few trees have to be considered for the
reference integral: In contrast to the use of numerical virial coefficients as
reference integrals for higher orders, the limited amount of trees are a minor
numerical cost than, for example, Ree-Hoover graphs. Additionally, for convex
shapes, as the second virial coefficient is analytically known and trees factorize
to its powers, an analytically known reference integral can be used even for
higher orders of virial coefficients without error propagation.

3.2.3 Validation of the developed Mayer-Sampling algorithm

A Mayer-Sampling algorithm based on the method described is used to cal-
culate the virial coefficients of hard oblate ellipsoids of revolution and lenses.
Calculations of virial coefficients were performed for a variety of aspect ratios
from order ¢ = 2 up to order i = 8 for at least eight independent runs with
2 x 10' steps each. The results with uncertainties obtained from standard
deviations are compiled in Table I - Table III in [66]. As both investigated
geometries approach the shape of a sphere for the limit v — 17, their virial
coefficients can be compared to literature values [119]. The relative uncertain-
ties increase from 7 x 107° for B up to 9 x 1073 for B; and all values for
hard spheres are in excellent accordance with the literature data. Although
the calculated uncertainties are larger than those of the literature data, this is
not a principle limitation of the algorithm presented. The focus of this work is
an aspect-ratio-dependent investigation of different geometries. Due to the ad-
ditional computational expense of the orientation-dependent contact problem,
uncertainties arise from comparatively short runs.

Since the orientationally averaged second virial coefficient reproduces the
analytic Isihara-Hadwiger relation, the additional extension to orientation-
dependent systems is a first validation. Additionally, the values of hard el-
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lipsoids were compared to known literature values up to i = 7 [51]. Up to
the order ¢+ = 6 the calculated data excellently agrees with the exception of
v = 1/10 for B§. For B} deviations exceed the uncertainty for v < 1/4, a
comparison is visualised in Fig. 3.3. The two virial coefficients of order i = 8
for ellipsoids in [52] were based on incorrect assumptions [53], a comparison is
therefore not worthwhile.

As for lenses, only the second virial coefficient is known, a direct validation
is not possible. However, the validation of both the Mayer-Sampling algorithm
for anisotropic ellipsoids and the overlap algorithm for lenses are an indication
of the reliability of the utilised approach for lenses.

3.2.4 Evaluation of determined virial coefficients

Virial coefficients for hard ellipsoids of revolution and hard lenses are calcu-
lated up to order i = 8 and compiled in Table IT and Table III in [66]. Up to
the order ¢ = 7 and for moderately anisotropic particles including ¢ = 8 these
data exhibit a high accuracy. While the virial coefficients for order i = 8 of
intermediately anisotropic particles exhibit an acceptable accuracy, the uncer-
tainties for the highly anisotropic particles are in the magnitude of the value.
Hence, these values are an indication of the values’ modulus and not their sign.

Boublik proposed reducing virial coefficients of three-dimensional convex
geometries to powers of the second virial coefficient as B; = B;/By ' and
investigating the dependence on the inverse of the quantity

By—1  SpRp

3 3V, (3.3)

o =

The value « is thereby the scaled excess part of the excluded volume, the factor
3 normalizing a (v = 1) = 1 for a sphere. The reduced virial coefficients B; in
dependence on o~ ! are displayed in Fig. 3.3.

For the virial coefficients of orders i = 3 to i = 5 a nearly linear dependence
can be observed while the higher coefficients up to Bg have a parabolic rela-
tionship. The lines in Fig. 3.3 are least-squares fits to the polynomial equation

Bi (Oé_l) = Aap,q + CLLZ'Oé_l + agﬂ'Oé_Q (34)

confirming this assumption.

Interestingly, both oblate geometries in a first approximation show an iden-
tical dependence. However, for small a~! deviations are visible which can also
be identified in the different parameters of the fits (compare Table IV in [66]).
With the parameters obtained, an interpolation for intermediate aspect ratios
is possible, yet a physical significance has not been identified (compare Fig. 10
in [66]).

The most obvious difference between the two shapes investigated is the two-
dimensional discontinuity of the surface curvature of the lens. With increasing
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Fig. 3.3: Reduced virial coefficients B; of hard oblate ellipsoids and lenses in terms
of their inverse scaled excess part of the excluded volume ot [Eq. (3.3)].
Crosses are reduced virial coefficients of oblate ellipsoids from [51] as a
reference. Lines represent least-squares fits of the reduced virial coefficients
to parabolas [Eq. (3.4)].

anisotropy this singularity has an increasing impact on the second virial coef-
ficient with that of lenses increasingly exceeding the second virial coefficient
of oblate ellipsoids of revolution. However, this effect is not apparent in the
graphical representation chosen which suggests in first approximation a seem-
ingly universal behaviour of the virial coefficients. This leads to the conclusion
that a significant contribution of the impact of anisometry has to be described
by the second virial coefficient.

In principle, a virial equation of state can be obtained with the calculated
virial coefficients. The resulting equation of state and an exemplary breakdown
of the individual coefficients contribution can be found in Fig. 11 to Fig. 15
in [66]. In this work, the virial equation of state obtained will be discussed
at a later stage after the complementary simulation method and results are
presented.

3.2.5 Extending the Mayer-Sampling algorithm to R*

For the seemingly, in first approximation universal behaviour of oblate hard
particles in three dimensions no direct physical cause could be identified. How-
ever a conclusion might be evident when comparing the effect of dimensional-
ity RP on the virial coefficients of hard particles.

The effects of the dimensionality on the virial coefficients of hyperspheres
in higher dimensions were already studied by Ree and Hoover in 1964 [120]
and have been extended up to order i = 64 and D = 100 |76, 121], where a
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primary focus has been on the sign of the hard hyperspheres coefficients. As
the investigation of the virial coefficients of an anisotropic geometry in D > 3
has not been performed, a complementary study thereon is the focus of the
next section.

The Mayer-sampling algorithm can be extended to four-dimensional eu-
clidean space. In principle, the calculation of the integrand based on overlaps
and non-overlaps of the geometry of interest is identical to the procedure in
R3. However, the geometry-specific overlap procedure has to be adapted. The
extension to the higher dimensional integration space is performed indirectly
by adapting the translation and rotation algorithms to R*.

Hyperspherocylinders were chosen as the first anisotropic convex geometry
in R* because the overlap algorithm of spherocylinders can easily be extended
to higher dimensions. The prolate hyperspherocylinder can be described as a
union of hyperspheres with radius ., located on the line segment r = c+ A1 if
c denotes the hyperspherocylinders’ center of mass and 1 its orientation. The
length of the hypercylinders barrel thereby defines the limits of the parameter
Aas —(V—1)reg <A< (v — 1)req.

Based on the algorithm of Vega and Lago [122], the overlap problem is
reduced to the closest distance between the lines r;(\) = ¢; + Al, and
ry(i) = ¢y + pl, under the constraints [A| < (v — 1)req and |p] < (v — 1)req.
An overlap is present if the minimum distance is |r; (Amin) — Lo (fmin)| < 2 Teq,
otherwise, the two hyperspherocylinders do not overlap.

For the particles necessary random translation and rotation attempts the
procedures of the algorithms have to also be extended to R*. A new particle
position is obtained from the previous position by translation along a randomly
orientated unit vector @i,. To achieve a homogeneous exploration of space
it is useful to introduce generalised angular coordinates Q (¥, x, ¢) with the
probability densities

2 sin? 9
p(V) = SI;I with 0<v9<m |, (3.50)
p(x) = S”; X' Gith 0<y<m ,and (3.5b)
1
plp) = gy with  0<¢<2m. (3.5¢)

Based on the angular coordinates Q,(%;, x:, ¢r) and using the abbreviations

d = sin ¥, sin x; cos ¢, (3.6a)
¢ = sin ¥, sin x; sin , (3.6Db)
b = sin ¥, cos x; (3.6¢)
a = cos (3.6d)

a randomly orientated unit vector @i, can be written as @i, = (d, ¢, b, a)*. If the
probability densities are correctly generated according to Egs. (3.5) resulting in
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a homogeneous distribution on a unit-hyperspheres’ hypersurface, a randomly
orientated unit vector can be generated allowing an unbiased sampling of the
translation.

For the random rotation, an algorithm using the rotation matrix

a —b ¢ —d
b a —d -—c

R(Q,) = e d a —b (3.7)
d c b a

based on the Hamilton quaternion [123] and the additional rotation matrix

0951/1 —siny 0 0
W) =R(,0,0) = | TY XY T (3.8)
0 0 siny  cosy

is used. Essentially it transforms an arbitrary unit vector via RT(Q) to
an invariant coordinate system, performs a rotation by ), and finally back-
transforms the vector to the original coordinate system. A unit vector @i, can
therefore be randomly rotated by combining the rotation matrices as

Gy (v, 1) = R(QN). B() R (Q) 1y (3.9)

to obtain the new randomly rotated unit vector iy, ;. The random rotation an-
gle 1 is generated with a uniform probability distribution in —A,; < ¥ < Aot
if the maximum rotation is denoted by A,,;. A detailed explanation can be
found in the supporting information of Ref. [69].

The rotation algorithm was validated by rotating an arbitrary unit vector
for 10'Y steps and simultaneously calculating the probability densities of the
angular coordinates. The probability densities obtained correspond with the
theoretical predictions of Egs. (3.5) (compare Fig. 3 in [69]) allowing a homo-
geneous exploration of the unit-hypersphere’s hypersurface.

As the reference integral for the Mayer-sampling algorithm different vari-
ants are used. For the second virial coefficient for aspect ratios v < 5, the
virial coefficients of hard hyperspheres are used, which are scaled to the same
hypervolume of the hyperspherocylinder of interest. When investigating hy-
perspherocylinders with v > 5, the reference integral Bs(v = 5) is used to
guarantee a more efficient sampling for highly anisotropic geometries. For
higher-order virial coefficients ¢ > 3 the highly branched trees, as in Sec. 3.2.2,
are used.

Virial coefficients By up to Bg of hard hyperspherocylinders are calculated
for a range of aspect ratios and compiled in Table I in [69]. They result from
at least 16 independent runs with 5 x 100 steps, uncertainties are given by
standard deviations. As the virial coefficient By(v = 5) is sometimes used as
a reference, this specific coefficient was sampled exhaustively to minimise the
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uncertainty of the numerical reference.

The algorithm with exception of the rotation implementation and geometry-
specific overlap can be validated via the virial coefficients of hard hyperspheres.
For the virial coefficients B3 up to Bg the literature values of hard hyperspheres
(Ref. [76]) could be reproduced within the respective uncertainties. The homo-
geneous sampling of the rotation algorithm was previously verified. A direct
evaluation of the overlap and coupled rotation is not directly possible. How-
ever, if a relation based on the geometric measures can describe the calculated
second virial coefficients with high accuracy, it can be considered as a good
indication.

With the second virial coefficients calculated, a comparison with a proposed
relation for an analogue of the Isihara-Hadwiger theorem in four dimensions
in Ref. [124] is possible. Although the correct limit is obtained for v — 17,
with increasing aspect ratio, significant discrepancies can be observed (Fig. 1,
Ref. [69]). The data can instead be excellently described with the relation

(3.10)

as proposed in Ref. [69]. Interestingly, the particle hypervolume is in contrast
to R? and R? [Eq. (2.8)| not an additive contribution. However, the universal-
ity of this proposed conjecture as an analogue of the Isihara-Hadwiger theorem
in R* has to be investigated in future work by examining further convex ge-
ometries.

When comparing the higher-order virial coefficients v > 3, with increasing
anisotropy the even-order virial coefficients B, and Bg become negative while
the odd-order coefficients Bz and Bs remain positive. An identical behaviour
has been observed for hyperspheres in D > 8 for third- and higher-order virial
coefficients [76].

In accordance with the definitions in Ref. [125] a scaled excess part of the
excluded volume as in Eq. (3.3) for R? can be defined in R* as
~ By—p

_ _ 11
a o (3.11)

with the scaling factor 1/7 again guaranteeing a(v — 17) = 1. The corre-
sponding graph of B; = B;/By ' in dependence on a~! (Fig. 2 in [69]) in
contrast to Fig. 3.3 for R? does not show the same characteristic. Instead of a
nearly linear (B3 to Bs) or parabolic (Bg to Bg) behaviour of the oblate shapes
investigated in R?, the trend can be adequately described by a third-order poly-
nomial in R*. The reason for this behaviour is not directly explainable without
additional investigation of higher coefficients and further geometries. The fits
obtained can, however, be used for interpolation to gain access to intermediate
aspect ratios.

29



3.3 Simulation results
3.3.1 Overview of the simulation algorithm using cluster scaling

The standard approaches for the simulation of anisotropic shapes in an (N, p, T)
ensemble can be found in the monographs of Frenkel and Smit as well as Allen
and Tildesley [103, 104]. In the following, a brief overview of the volume-
scaling routine allowing cluster formation following the principles outlined by
Almarza [65] is presented.

In the first step, bonds are generated between particles according to the
probability given by Eq. (2.23). For each cluster, a list is generated containing
all linked particles. If a generated bond links two particles of formerly separate
clusters, these two lists have to be united. In a subsequent step, the simulation
box and clusters are rescaled keeping the distances within clusters constant. In
a standard scaling attempt using reduced coordinates only the box is changed,
while the relative particle coordinates remain unchanged. In a cluster scaling
attempt this also applies to remaining single particles and the cluster’s center
of mass, the relative coordinates of particles belonging to a cluster, however,
have to be rescaled accordingly to preserve the particle distances in a cluster.
The obtained trial configuration has to be checked for cluster percolation and
overlaps between particles. If either are identified, the trial configuration is
rejected. Finally, the complete acceptance probability according to Eq. (2.25)
is evaluated.

Considering that interparticle distances and orientations are preserved be-
tween particles within a cluster move and therefore o}, = o;; and consequently
[1—b(0;)]/[1 = b(oi;)] = 1, the product of the cluster probability ratio can be
calculated over all particle permutations [ij] and not only those where i and
j belong to different clusters as originally proposed by Almarza [65]. When
additionally rewriting the cluster probability ratio in Eq. (2.26) as

1 —b(ol;
wc(Xc’§,N,V/) _ [1;[] |: ( ’LJ)}
WC(XCEN, V) H [1 _ b(o_w)] )

[¢4]

(3.12)

it is possible to calculate the cluster probabilities w.(x.|s"Y, V') and w.(x.|s", V)
separately without a priori knowledge of the specific cluster realisation. This
allows to simultaneously calculate the probability w.(x.|s", V) while generat-
ing the bonds and w,.(x.|s"Y, V') during the overlap check. The numerical effort
is further reduced by using combined overlap and surface-distance routines.

The algorithm implemented is based on periodic boundary conditions and
makes use of a Verlet neighbour list to increase efficiency. This has to be taken
into account when generating bonds, calculating the cluster’s center of mass,
rescaling positions, or calculating the cluster probabilities.
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3.3.2 Simulation details

Based on the algorithms described for selected aspect ratios and particle num-
bers, independent calculations are performed for each pressure of interest. A
single Monte Carlo step is here defined as N random particle translation or
rotation attempts as well as one volume change attempt. The maximum dis-
tance for translation, the maximum angle of rotation, and the maximum rela-
tive volume change and deformation are tuned during equilibration to obtain
an acceptance ratio p &~ 1/2. The characteristic length for bond generation
 is tuned so that N,/N =~ 1/4, whereby N, denotes the number of bonds
created between particles. This guarantees that the number of rejections due
to cluster percolation is less than 1%.

Calculations to analyse the equation of state or the isotropic-nematic phase
transition are performed as compression simulations with 1000 particles. These
are initialised from a cubic lattice with randomly aligned orientations. After
a first equilibration phase, at a volume fraction of ¢ = 0.05, the ensembles
are compressed to the pressure of interest. After a further equilibration phase
wherein all variables are adjusted to the required acceptance rate and subse-
quently locked, a production run consisting of 5 x 107 steps is started, during
which the observables of interest are calculated.

When an isotropic-solid phase transition is however of interest, expansion
simulations are performed, initialised from a dense SM2 crystal. The particles
number lies between N = 972 and N = 1040 in dependence on the aspect
ratio, chosen to minimize the anisotropy of the simulation box. Additional
shape fluctuations at constant volume are introduced and several subsequent
runs with in total at least 2 x 10% steps are calculated.

3.3.3 Validation of the algorithm

As hard spheres are an extensively studied model and are the limit of both
geometries for v = 1, they are again used to validate the data obtained. In the
first step, the data of the isotropic phase is compared to the highly accurate
equation of state of Kolafa et al. [112]. The data calculated in reference to
the Kolafa equation of state is displayed in Fig. 3.4 (left) for five system sizes
ranging from N = 500 up to N = 2916. As a comparison, data for the system
N = 864 from a significantly longer simulation (2.5 x 108 steps) calculated
with a standard volume fluctuation procedure is displayed.

The significantly smaller uncertainties of the volume fraction ¢ resulting
from the algorithm allowing cluster formation in contrast to the standard
(N, p, T) algorithm for the system size N = 864 show the benefit of the cluster
technique. When comparing different system sizes, a significant dependence
on the number of particles is evident with increasing reduced pressure Spr3.
This is pronounced for smaller systems in the region of the phase transition
indicated by the dashed black line (data from Noya et al. [126]). For larger
systems, the deviations are within the determined uncertainties. The high ac-
curacy of the data obtained is a first validation of the implemented algorithm.
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Fig. 3.4: The left figure from [67] shows deviations in volume fraction ¢ in dependence

on the reduced pressure Bpr® using [112] as a reference for the isotropic
phase of hard spheres. Data is displayed for different system sizes obtained
using a cluster routine with 5 x 107 steps. The grey data is calculated
with a standard (N, p, T)-approach during 2.5 x 108 steps. The dashed line
indicates the isotropic-solid phase transition (Ref. [126]).
The right figure shows data for the solid FCC phase of hard spheres in an
equivalent manner in reference to the extrapolated thermodynamic limit of
[65]. Here, additional data and system-size-dependent equations of state
(solid lines) according to Ref. [65] are shown.

Additionally, an understanding of the impact of the system size for spherical
system has been acquired.

A comparison of data for the solid phase of hard spheres in reference to
the data calculated by Almarza [65] for a range of system sizes is shown in
Fig. 3.4 (right) for five system sizes ranging from N = 500 up to N = 6912.
The deviations are calculated in reference to the extrapolated thermodynamic
limit of Almarza, solid lines indicate the equations of state for specific system
sizes. The data of Almarza was thereby reproduced within the respective
uncertainties.

The equation-of-state data for ellipsoids of Frenkel, Mulder, and McTague
[22] as well as McBride and Lomba [59] can be compared to additionally vali-
date the algorithm. The latter is visualised together with the data calculated
in the supplementary material of [68]. However, the comparatively small en-
sembles (N = 343) and large uncertainties of the reference data do not allow
a quantitative analysis. Additionally, the data was compared to separate cal-
culations employing a standard technique also using the (NNV,p,T') ensemble,
which excellently agree.
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As no equation-of-state data is known for lenses, only a comparison with
data calculated with a classical technique is possible. These agreed within the
corresponding uncertainties. In the low-density limit, the accordance with the
virial series is an additional indication of reliability.

3.3.4 Evaluation of simulation results

In principle, for the simulation of hard ellipsoids, the lower limit oy(A,B) or
upper limit (A, B) for the closest surface distance of Paramonov and Yali-
raki [117] can be used to generate bonds according to Eq. (2.23). As the length
scale of § should be better described by the lower limit, it can be assumed that
using this limit may lead to smaller uncertainties. However, in trials for arbi-
trary aspect ratios and system sizes no systematic difference considering the
respective uncertainties could be observed between data calculated with the
two limits. The ratio of Eq. (2.26) presumably compensates for the over- and
underestimations of the surface distance. As a consequence, an approximation
of the closest surface distance is probably sufficient for cluster Monte Carlo
simulations of hard shapes. For the subsequent systematic calculations, the
lower limit oy (A, B) is used.

The investigation of the influence of the system size was extended to anisotro-
pic shapes by examining the influence on ellipsoids in the isotropic phase with
an arbitrary aspect ratio of v = 1/3. The results are presented in Fig. 2 of
Ref. [67]. As a reference, data from a system with N = 4096 particles is
used. As also shown for the case of spheres, the influence of the system size
is pronounced in the region of the phase transition. Beginning with a system
size N = 1000, the deviations are in the range of the uncertainties. For the
subsequent investigation therefore systems with N = 1000 are used for the
compression simulations, where the computational expense is still acceptable.

Before equation-of-state data can be analysed, the limits of the isotropic
phase have to be determined. For aspect ratios with an isotropic-nematic phase
transition, the critical volume fraction is determined by linearly extrapolating
the nematic order parameter

1
Sy = <§ (352) — 30z7 + 3)> (3.13)

to its root for pressures definitely beyond the phase transition. The scalar
product z; = 0;.4, is thereby calculated from the orientations of all pairs of
particles 5 and k. This is a simple alternative to identify the existence of a
nematic phase without a priori knowledge of the nematic director and avoids
the use of the Saupe tensor [67, 127|. The extrapolation and limit obtained is
visualised in Fig. 3 of Ref. [67] for ellipsoids and Fig. 4 of Ref. [68] for lenses.

The isotopic-solid phase transitions are determined from expansion simu-
lations under consideration of the order parameters Sy and Qg (Eqgs. (2.27)-
(2.28)) and can often be identified by obvious changes of the volume fraction
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(compare Fig. 4 in [67] or Fig. 5 in [68]).

Both geometries exhibit a qualitatively identical phase behaviour for the
investigated aspect ratios under consideration of the employed density resolu-
tion. While for aspect ratios ¥ < 1/3 an isotropic-nematic phase transition
is observed, the aspect ratio v = 1/2 transitions directly into the SM2 phase.
The three aspect ratios v = 2/3, v = 4/5 and v = 10/11 transition from the
isotropic into a plastic crystalline phase. The determined phase boundaries of
the isotropic phase are compiled in Table I of [67] for ellipsoids and Table I of
[68] for lenses. Odriozola et al. [46], however, identified a nematic phase for el-
lipsoids with v = 1/2 over a volume fraction range of Ay = 0.004. This results
from a different approach using significantly smaller ensembles and therefore
making a higher density resolution possible. With this exception, the results
are consistent with the work of Odriozola et al. on ellipsoids and Cinacchi and
Torquato [60] on lenses.

With the procedure described, highly accurate equation-of-state data for
hard particles is accessible with corresponding limits of the isotropic phase.
The calculated data is compiled in Tables S-1 to S-4 in [67] for ellipsoids and
in Tables S-1 to S-4 in 68| for lenses. A comparative analysis with the virial
series is now possible and the subject of the next section.

3.4 Combining simulation results and the virial series
3.4.1 Truncated virial series

Using the virial coefficients previously calculated, the equation-of-state data
obtained can be described using the virial approach

8
P *  4—1
Z = —1+Y B 3.14
prGe ; o (3.14)

considering coefficients up to order ¢+ = 8. This is shown in Fig. 3.5a for
selected aspect ratios of both geometries. While the low-density limit is de-
scribed with high accuracy, severe discrepancies can be observed for volume
fractions approaching the limit of the isotropic phase. These truncation effects
of the virial series even lead to unphysical negative real gas factors for highly
anisotropic particles, caused by negative virial coefficients which emerge for or-
ders ¢ > 5 for moderately and highly anisotropic particles. It is expected that
these unphysical truncation effects would be compensated by even higher-order
coefficients.

The obvious discrepancies are thereby evidence for the relevance of higher-
order virial coefficients and thus many-particle interactions and their effect in
denser hard-particle systems which intrinsically are included in many-particle
Monte Carlo simulations. As the number of known virial coefficients is lim-
ited, relations to correct these contributions are essential. In the following,
approaches to correct these effects are presented.

34



10
=v=1/10 (E) =v= 1/10 (L)

=v=16 (E) =—v=16 (L) ;

8|=v=14 (B =v=14 (L)
v=12 (B ~v=12 (L)
=v=4/5 (B) =v=4/5 (L)
-—v= 1 /o
“F 6 y
m
Q.

(a) Lines show the truncated virial series considering coefficients up to order ¢ = 8 according
to Eq. (3.14).
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(b) Lines correspond with a virial approach using a rescaled Carnahan-Starling correction
for the unknown coefficients according to Eq. (3.16).

Fig. 3.5: Equation-of-state data for selected aspect ratios of oblate ellipsoids (E) and
lenses (L) described with two different approaches. Ellipsoids are repre-
sented by squares and lenses are shown as circles. Closed symbols represent
data of the isotropic phase whereas open symbols are beyond the determined
phase boundary of the isotropic phase.

35



3.4.2 Truncation correction of the virial series

The hard-sphere virial coefficients can be approximated by the Carnahan-
Starling relation in Eq. (2.29) for the unknown orders 9 < i < oo to obtain
the closed expression

- , 2% (35¢% — T8p + 44
Z(iZ—i-i—Q)gO%l: ¢° (35¢ 3@0"' )
i=9 (1 - 90)

under the condition 0 < ¢ < 1. This result can be scaled in the Parson

manner (compare Eq. (2.34)) to obtain an equation of state as suggested by
Vega |Eq. (2.35)], which reads as

(3.15)

8
X B: 208 (3502 — 78 44
i=2 4 (1—)

considering virial coefficients of the anisotropic shape up to order ¢« = 8 and a
closed correction factor for the unknown higher-order coefficients. The results
for this equation of state are shown in Fig. 3.5b for selected aspect ratios. A
complete compilation can be found in the respective publications in Fig. 6,
Ref. [67] for ellipsoids and in Fig. 7, Ref. [68] for lenses.

It is clearly visible that this correction accurately describes the data of mod-
erately anisotropic particles over a wide density range. For intermediate aspect
ratios, slight over- and underestimations can be observed. There is no system-
atic difference between the two geometries, while for v = 1/2 the correction
works better for lenses for v = 1/4 a better description of ellipsoids is ob-
tained. However, for highly anisotropic particles ¥ < 1/6 the correction has
no significant effect and also fails to correct the unphysical negative real gas
factors Z.

In principle, this correction can only attempt to compensate effects of trans-
lational correlations as well as two-particle orientational correlations of the
anisotropic shape considered by the second virial coefficient as a scaling fac-
tor. Seemingly, the role of orientational correlations have an increasing impact
on the real gas factor with increasing anisotropy. As virial coefficients up to
order ¢ = 8 are considered, orientational correlations with lengthscales exceed-
ing the dimension of an eight-particle cluster are present in the isotropic phase
of hard ellipsoids and lenses. This provides evidence for the importance of
so-far-unknown higher-order virial coefficients.

(3.16)

3.4.3 Generalised Carnahan-Starling relation

For hard spheres, a variety of heuristic correlations exist [111] to describe their
equation of state. The accurate correlation of Kolafa et al. [112] uses up to
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nine parameters. A simple generalised Carnahan-Starling equation

1 2 3
(1-¢)

can be used as a heuristic correlation to accurately describe the data calculated.
Here the coefficient ~y is chosen as 7y = B; — 3 to obtain the virial series as
a low-density limit. The two further parameters 7; and -, are determined
via least-squares fits to calculated data in the isotropic phase. Results are
compiled in Table IT of [67] for ellipsoids and Table II in [68] for lenses.
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Fig. 3.6: Equation-of-state data for oblate Ellipsoids (E) and Lenses (L) described by
a generalised Carnahan Starling relation according to Eq. (3.17) for selected
aspect ratios. Squares are data from ellipsoids and circles from lenses while
filled symbols are equation-of-state points in the isotropic phase and open
symbols beyond the phase boundary.

This approach is shown in Fig. 3.6 for five selected anisotropic aspect ratios of
both geometries as well as spheres for comparison. Thereby, the presented data
is described astoundingly well by Eq. (3.17) for both geometries considering
the simplicity of the approach. However, when examining the results in more
detail, systematic deviations can be observed. This is exemplarily shown for
ellipsoids with an aspect ratio v = 1/3 in Fig. 8 of [66].

3.4.4 Comparison of the investigated geometries

To investigate the influence of the detailed particle geometry it is useful to
analyse the dimensionless real gas factor Z in dependence on the volume frac-
tion ¢ as therewith quantities independent of the topological parameters are
obtained. This is visualised in Fig. 3.7 for four selected aspect ratios. Although

37



the two geometries are in principle quite similar, significant differences can be
observed. Interestingly, while the real gas factors of moderately anisotropic
particles v > 4/5 are in first approximation identical, for higher anisotropies
the real gas factor of hard lenses exceeds that of hard ellipsoids of revolution for
the same volume fraction and aspect ratio. These differences are thereby more
distinct for aspect ratios which exhibit an isotropic-nematic phase transition
(v <1/3).

This effect has also been observed for the reduced second virial coefficient,
where with increasing anisotropy the reduced second virial coefficient B} =
By /Vp for lenses increasingly exceeds that of oblate ellipsoids of revolution
[63]. This is caused by the contribution of the equatorial singularity to the
mean radius of curvature which also is directly related to the excess part of
the excluded volume.

The dependence of the two heuristic parameters v; and v, of Eq. (3.17)
on the excess part a [Eq. (3.3)] is displayed in Fig. 10 in [68]. Here again,
an in first approximation universal behaviour for both geometries investigated
is observed. This is an additional indication that not only the higher-order
virial coefficients but also the equation of state of hard oblate geometries are
predominantly determined by the excess part of the excluded volume a.

25 = v = 1/10 (E) v=12 (E) =—v= 1/10 (L) v= 12 (L)
=—v=15 (E) =v=45 (E) —=—v=1/5 (L) =—v=4/5 (L)

20

N15

10

0.6

Fig. 3.7: Real gas factor Z in dependence on the volume fraction ¢ for selected
aspect ratios of ellipsoids (circles) and lenses (squares). Data of the isotropic
phase is shown by closed symbols while data beyond the phase transition
is represented by open symbols. Lines correspond with the generalised
Carnahan-Starling relation [Eq. (3.17)].
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4 Summary and outlook

In this work, the equations of state of hard, anisotropic particles have been
studied with a complementary virial series and cluster Monte Carlo simula-
tion approach. For the calculation of virial coefficients, the Mayer-Sampling
algorithm has been utilised and specifically optimised for hard-body interac-
tions. Therefore, the required Ree-Hoover graphs were formulated as ordinal
numbers allowing an efficient determination of the single contributing graph
using a bisection search. The efficiency of this variant increases drastically
with the increasing order of the virial coefficient. Additionally, a significant
optimisation could be achieved by using highly branched trees as an intrinsic
reference integral. As in this case, the identical geometry is used for the refer-
ence integrand, statistical fluctuations could be reduced significantly allowing
a higher accuracy.

The algorithm presented was validated and applied to oblate hard ellipsoids
of revolution and hard lenses allowing the calculation of virial coefficients of
order three to eight. The analysis of the results obtained interestingly showed
in first approximation a universal dependence of the reduced virial coefficients
B; = B;/B5 ™! on the inverse scaled excess part a~' of the excluded volume.

An extension of the algorithm developed to four-dimensional space allowed
the calculation of virial coefficients of an anisotropic four-dimensional object
for the first time. Here, the virial coefficients of order two to six of hard hy-
perspherocylinders were calculated. The analysis of the influence of the aspect
ratio on the second virial coefficient and thus mutual excluded volume allowed
the formulation of a conjecture for an analogue of the Isihara-Hadwiger theo-
rem in R*. Interestingly, the hypervolume is in contrast to lower dimensions
not an additive contribution to the excluded volume.

Additionally, a Monte Carlo simulation algorithm was developed to calculate
equation-of-state data in the (N, p,T) ensemble employing a cluster scaling
technique. It could be shown that this method allows the calculation of precise
data for the isotropic phase of hard-particle systems. For anisotropic particles,
the benefit increases as the efficiency gain is more relevant for complex overlap
problems. However, an additional algorithm for the closest surface distance is
required. On the work on ellipsoids, it could be shown that an approximation
therefore is sufficient. The algorithm was also validated using the hard sphere
and hard ellipsoid systems.

With this method, equation-of-state data for the isotropic phase was calcu-
lated for hard lenses and oblate hard ellipsoids of revolution from compara-
tively large ensembles with typically 1000 particles. Additionally, the phase
boundaries of the isotropic phase were determined with the same method and
similar system sizes.

Subsequently, the data calculated for both geometries was compared to the
virial series considering the coefficients calculated up to order i = 8 allowing
an analysis of truncation effects giving evidence for the importance of higher-
order virial coefficients. It can be shown that the data of the isotropic phase
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can be described reasonably well with a Parson-type truncation correction
for moderate and intermediate anisotropies ¥ > 1/5. This approach fails for
higher anisotropies. Alternatively, the data is described with a generalised
Carnahan-Starling type equation using in addition to the second virial coeffi-
cient two heuristic parameters. This approach describes all aspect ratios over a
wide density range with astounding accuracy considering the simplicity of the
approach. An analysis of the two heuristic parameters in dependence on the
scaled excess part of the excluded volume « again showed in first approxima-
tion a geometry-independent, universal behaviour. This is a further indication
that not only the virial coefficients but also the equation of state for oblate
hard lenses and ellipsoids of revolution are in first approximation determined
by the excess part of the excluded volume.

To fully understand the impact of the excess excluded volume further investi-
gations of hard body systems are required. Specifically, prolate shapes such as
ellipsoids or spherocylinders as well as biaxial geometries or other candidates
without rotational symmetry are thereby of specific interest. To investigate
the extent of orientational correlations at different lengthscales an analysis of
directional-dependent orientational correlation functions might be a suitable
approach.
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We provide third to eighth virial coefficients of oblate, hard ellipsoids of revolution and hard lenses in
dependence on their aspect ratio v. Employing an algorithm optimized for hard anisotropic shapes, highly
accurate data are accessible with comparatively small numerical effort. For both geometries, reduced virial

coefficients B;(v) = B;(v) /B;*l (v) are in first approximation proportional to the inverse excess contribution o™

1

of their excluded volume. The latter quantity is directly accessible from second virial coefficients and analytically

known for convex bodies.

DOI: 10.1103/PhysRevE.104.015308

I. INTRODUCTION

Starting with the seminal work of Onsager [1], hard
anisotropic solids attracted increasing interest as a model sys-
tem for condensed matter, where a competition of entropy
resulting from rotational and translational degrees of freedom
determines the equation of state and therewith the phase be-
havior of such systems.

An obvious route to extend the spherically symmetric hard
sphere model to anisotropic particles is the affine transfor-
mation to ellipsoids. In the special case of axial symmetry,
ellipsoids of revolution are obtained with tunable aspect ra-
tio v as a single parameter of anisometry. Such systems are
thoroughly investigated as model systems for liquid crys-
talline matter [2-5]. The influence of the detailed particle
shape becomes evident comparing the phase behavior of el-
lipsoids and hard spherocylinders [6—8]. While ellipsoids and
spherocylinders are continuous with respect to their surface
curvature, lenses possess a two-dimensional discontinuity at
their equators. The impact of such discontinuities to second
virial coefficients is known [9]. Recently, the phase behavior
of hard lenses has been investigated [10-12].

Much earlier, van der Waals [13], Jager [14], and Boltz-
mann [15,16] used the excluded volume to calculate the virial
coefficients of hard spheres up to order 4. Kamerlingh Onnes
[17] proposed the virial series as an equation of state for
gases and liquids, where orientational degrees of freedom
average out. The fifth- and higher-order virial coefficients
became accessible with emerging computer simulation tech-
niques [18-20].

Using Monte Carlo methods and numerical approaches for
the contact function of anisotropic hard solids, also third-
and higher-order virial coefficients of such systems became
available. In addition to spherocylinders [21,22], the virial
coefficients of ellipsoids [2,3,23-27] up to order 7 were sys-
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2470-0045/2021/104(1)/015308(11)

015308-1

tematically determined for selected aspect ratios. For two
aspect ratios, in addition virial coefficients of order 8§ are
available [28].

In this paper, virial coefficients up to order 8 for the oblate
geometries hard lenses and hard ellipsoids of revolution are
systematically determined in dependence on their aspect ratio.

II. VIRIAL COEFFICIENTS OF HARD SOLIDS

The virial coefficient of order i depends on the interactions
in a cluster of i particles, which can for hard solids be exactly
expressed in a pairwise additive representation,

VO =33V, ()
i i
where due to the absence of long-range interactions and the
particles’ impenetrability the pair interaction

A A 0 . r,--}rc(f‘,--,ﬁ,-,ﬁ-)
Vij(rij’ui’uj) = {OO : ri; < }’c(f'ij‘,ﬁi,ﬁj‘) (2)
is either zero when both particles do not overlap or infin-
ity when both particles intersect. At the contact distance
re(R;j, 0;,0;), two particles i and j touch when their orien-
tation is given by the unit vectors @i; and @i; and the direction
F;j = r;;/r;; of their center of mass distance vector r;;.

The Mayer f function f;;(V;;) = exp(=V;;/kgT’) — 1 van-
ishes for a nonoverlap configuration and is f;; = —1 when
particles i and j intersect, i.e.,

Foir ) = 0 : 2 re(fy, 0, 05)
Y ! -1 rij < re(Rij, 0, ;)

3

Since the energy is either zero or infinity, the Mayer f function
and as a consequence the virial coefficients of hard body
systems are independent of thermal energy kgT .

The virial coefficient of order i

B=-"1¥s, )

il
GeMF
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FIG. 1. Biconnected Mayer graphs with four nodes contributing
to the fourth virial coefficient. The ten existing labeled graphs can
be subdivided into three topological classes. The first node is rep-
resented by an open circle, at lower left, followed by three nodes
labeled in counterclockwise direction.

is the sum of integrals S over products of Mayer f functions
represented by the edges of graphs G in the set of biconnected
or nonseparable labeled graphs M with i nodes, called Mayer
graphs. We have

1 1
B, = v //(f12>ﬁ2d31‘1d31‘2 =5 (5a)
1 1
B; = ~3 ///(f12f13f23>ﬁ2,ﬁ3d31‘1d3l’2d31‘3 = _§A’
: (5b)

where (... )q,.. 4 indicates the average over the orientations
of the second to ith particle, while the position r; and orienta-
tion @ of the first particle determine the coordinate system.

While for the second and third virial coefficient, i.e., clus-
ters of two or three particles, only one biconnected graph
exists, already ten labeled graphs (Fig. 1) contribute to the
fourth virial coefficient and 238 contribute to the fifth. The
number of labeled biconnected graphs with i nodes can be
found in Ref. [29].

The reformulation of Ree and Hoover [19,20,30] reduces
the number of labeled graphs roughly to one third of the
labeled Mayer graphs by introduction of a new type of bond
ejj = fij + 1. The resulting Ree-Hoover graphs are fully con-
nected either by f bonds or e bonds as exemplarily shown for
the fourth virial coefficient in Fig. 2. Since for hard solids we
have

1 rj 28, 0;,0;)

AoA N j = Te\lij, Wi, Uj
eij(ri;,0;,04;) = P, 6
l_/( ijs Wiy ]) {O rij <rc(rij,ui,uj)’ ()
e;; vanishes in the case of an intersection (f;; = —1) and f;;

vanishes for nonintersecting particles (e;; = 1). Hence, for a
given configuration of overlaps and nonoverlaps only a single
Ree-Hoover graph contributes to the integrand [31].

X X K X

1 1 1 -2

FIG. 2. Two topological classes of labeled Ree-Hoover graphs
with four nodes and nonzero Ree-Hoover star contents contributing
to the fourth virial coefficient exist. Ree-Hoover graphs are fully
connected either via Mayer f bonds (black lines) or ¢ bonds (red
lines). The star contents as weighting factors result by replacing
missing connections in Mayer graphs by a factor (¢;; — f;;) = 1. Six
remaining but noncontributing Ree-Hoover graphs with a single e
bond are not displayed.

Using the Ree-Hoover reformulation, the virial coefficient
of order i reads as

i—1
Bi=——— Y caSc (7)

i!
GeRt

where R} is the set of labeled Ree-Hoover graphs with i
vertices. The weighting factors cg, called Ree-Hoover star
contents, depend on the topology of the graphs in RE.

Since in a Ree-Hoover graph any combination of two nodes
is either connected via a Mayer f bond or an e bond, its
topology can be memory-efficiently represented as a binary
number related to the upper triangle of its adjacency matrix,
where i(i — 1)/2 bits are needed for a graph with i nodes.
Herewith, Ree-Hoover graphs can be represented as ordinal
numbers and thus be sorted. Based on the number of over-
laps n, and nonoverlaps i(i — 1)/2 — n,, a preclassification
of possible graphs with a given number of f bonds is pos-
sible. In an ordered array of ordinal numbers, by means of
a bisection search the single contributing graph and its star
content can be identified very efficiently. The complexity of a
bisection search scales as log, N(i, n,), where N(i, n,) is the
cardinality of the set of Ree-Hoover graphs with i nodes and
n, f bonds. Hence, a bisection search for virial coefficients of
order 5 and higher is much faster than classical computation
using integer arithmetic. The integrand resulting from such an
identified configuration reads as (—1)™cg, since each f bond
contributes as a factor of f;; = —1 for an overlap between
particles i and j and each e bond as a factor of ¢;; = 1 in the
case of a nonoverlap.

However, due to the highly increasing number of labeled
Ree-Hoover diagrams, this method is restricted to virial coef-
ficients up to order 9 using state-of-the-art hardware: for the
binary representation of 21286 987064 labeled Ree-Hoover
diagrams with nine nodes, where for each graph 5 bytes
are necessary, roughly 100 GB of memory are required plus
another 40 GB for the corresponding star contents. For even
higher-order virial coefficients, the method of Wheatley is the
fastest approach [32].

A. Importance sampling

Calculating a virial coefficient of order i for an anisotropic
solid of revolution requires numerical integration in 5(i — 1)-
dimensional space, with three translational and two rotational
degrees of freedom for each, except the first particle. Im-
portance sampling can significantly improve the sampling of
the configurational space where integrands are large. Singh
and Kofke [33] proposed the Mayer-sampling method, where
the acceptance of a trial is determined by the ratio of the
system’s integrand in subsequent configurations. Since in this
approach the configuration space is no longer explored at
constant sampling density, the comparison with a known in-
tegral of a reference system sampled at identical points of the
configuration space is required in addition.

For a hard body system, i.e., a system with discontinuous f
and e functions, which is sampled with a hard-body reference
system of different shape, the situation can occur that the
system’s integrand is zero when the reference’s integrand is
nonzero. If the acceptance solely would be governed by the
system’s integrand, contributions to the reference integrand in
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such configurations would not be sampled. Then, the acces-
sible configuration space of the reference system would not
be a subset of the system of interest’s accessible configuration
space and importance sampling would fail. To facilitate that
the union of accessible configuration spaces of both system of
interest and reference is sampled exhaustively, the acceptance
of a Monte Carlo trial in this paper is determined by the sum
of moduli of sample and reference integrands. A weighting
factor is adjusted during equilibration guaranteeing the same
average moduli of system and reference integrands. Thus,
both integrands contribute on average with equal weights to
the acceptance of a trial.

B. Trees as an intrinsic reference

Since virial coefficients of hard spheres are the most ac-
curate reference and the determination of overlaps of spheres
is fast and simple, hard spheres scaled to the same volume as
the particles of interest are an obvious reference system. Here,
the virial coefficient of hard spheres or a diagram with known
value can be used.

The efficiency of the Mayer-sampling method increases if
the geometric shapes of the system of interest and reference
system are as similar as possible. However, using anisotropic
particles as a reference increases the numerical effort tremen-
dously as a consequence of the orientation-dependent overlap
problem. In addition, the accuracy of available virial coeffi-
cients is significantly smaller than that of hard sphere systems.

Both obstacles can be circumvented using trees with i
nodes and i — 1 Mayer f bonds as an intrinsic reference for
the virial coefficient of order i. The number of labeled trees
with i nodes is i~2. Since these graphs do not contain any
leaves and all f bonds are connected via articulation points,
they factorize to powers of the second virial coefficient. Each
tree with 7 nodes and i — 1 Mayer f bonds can be written as
(—2B,)!. For convex hard bodies, B, is analytically known
employing the Isihara-Hadwiger theorem [9]. Even if the sec-
ond virial coefficient is not analytically known in the case of
concave bodies, it can numerically be determined with high
accuracy.

If aset of trees with i nodes and i — 1 f bonds of cardinality
Nr is used as an intrinsic reference, the value of the reference
integral reads as

Let = Nr(—=2Bp) ™" (8)

With known overlaps and nonoverlaps in a given configura-
tion, the reference integrand is the number of trees whose f
bonds are a subset of the configuration’s nonzero f bonds.
Although the number of trees does not increase as dramati-
cally with the order of the virial coefficient as the number of
Ree-Hoover diagrams, numerous trees with i nodes exist for
high-order virial coefficients.

However, it is sufficient to use only those trees whose
Mayer f bonds are most frequently a subset of the Ree-
Hoover diagram’s f bonds. This is the case for the most
branched trees, i.e., trees with nodes of highest order. In this
paper, we used for the virial coefficient of order i trees with
one node of order i — 1 and i — 1 nodes of order 1. This
topological class consists of i labeled trees. For example,

LNANIMNTEL
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FIG. 3. Labeled trees with four nodes and three Mayer f bonds.
Two topological classes with orders (3,1,1,1) and (2,2,1,1) can be
distinguished. Since all Mayer f bonds of these trees are connected
via articulation points, the value of each diagram is —8B3.

to calculate the fourth virial coefficient, the first four trees
displayed in Fig. 3 are used.

III. OVERLAP CRITERIA FOR HARD ELLIPSOIDS
AND HARD LENSES

A. Ellipsoid

Overlaps between ellipsoids can be identified using the
algorithm proposed by Perram and Wertheim [34]. Since a
numerical maximization is involved, the algorithm can be op-
timized employing a Newton-Raphson maximization instead
of the Brent maximization originally proposed by the authors.

B. Lens

A lens is the section of two spheres with radii Ry whose
centers are less than their diameter 2R, apart from each other.
The radius Ry of spheres generating a lens with equatorial
radius 7.4 and aspect ratio v is

v2+1

Ry = Treq» (9)

as illustrated in Fig. 4.

The equator at z = 0 is a two-dimensional singularity of
surface curvature for v < 1. In contrast, the surface curvature
of ellipsoids is completely continuous. In the limits z — 0%
and z — 07, the tangents enclose the critical angle ¥ =
arccos[(1 — v?)/(1 + v?)] with the lens’s equatorial plane.

Choosing r,q = 1, two lenses i and j possibly intersect with
a center to center distance r;; < 2. With r;; < 2v, they defi-
nitely intersect. For 2v < r;; < 2, an intersection is possible

FIG. 4. A lens is the section of two spheres with center to center
distance less than their diameter 2R, where rq is the lens’s equato-
rial radius and v is its aspect ratio. Its orientation is denoted by the
unit vector @ perpendicular to its equatorial plane.
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FIG. 5. Undercritically inclined lenses with |&; - @] > ¢ and
[a; - @] > ¢, where ¢ = (1 — v?)/(1 + v?) denotes the cosine of the
critical angle 9. Undercritically inclined lenses do not touch at a
singularity of surface curvature at their equators.

if a generating sphere of lens i intersects with a generating
sphere of lens j.

Let 0i; and i be the orientations of lenses i and j with each
vector being perpendicular to its equatorial plane. Without
loss of generality, we can choose r; = 0 and 4, defining the
z direction of the coordinate system. Thus, the generating
spheres of a lens with center of mass r; are located at

¢y =r; £ aly;, (10)

where o = Ry — vrq is the distance of the sphere center to the
lens’s equatorial plane.

An intersection of two lenses i and j is possible if at least
one of four possible distances ||¢;+ — ¢+ || < 2Ry is smaller
than the diameter 2R, of generating spheres. An intersection,
however, occurs if and only if at least one point of the generat-
ing spheres’ intersection simultaneously is inside both lenses
iand j.

An intersection can be proven or excluded by the following
tests. The closest surface to surface distance between two
nonintersecting lenses occurs between the most distant gen-
erating spheres of both lenses. In a first step, let us look for
the maximum of

dmax =max||r,-j:l:aﬁj:|:aﬁ,-||. (11)

Let K; and K; be the centers of generating spheres of lens i
and lens j with the distance dya.x = ||K; — K;||. Let further
i, = (K; — K;)/|IK; — K| be the direction of the distance
vector and ¢ = (1 — v?)/(1 + v?) the cosine of the critical
angle ¥cqe. If simultaneously [@; - 0| > ¢ and |G, - 04| > ¢,
K; is in the critical cone of lens i and K; is in the critical cone
of lens j. Then, both lenses are undercritically inclined to each
other (Fig. 5). In this case, the equatorial circles of both lenses
are not in their section.

Underecritically inclined lenses intersect if K; + Ryl is
inside lens j or K; — Ryl is inside lens i and otherwise not.
Hence, an intersection is excluded for undercritically inclined
lenses if dp.x > 2Rp.

FIG. 6. A point r is inside a lens if its distance to the generating
sphere’s center is smaller than the radius Ry of the generating sphere.

For overcritically inclined lenses, we need to check if the
nearest point of lens i’s equator to K; is inside lens j or the
nearest point of lens j’s equator to K; is inside lens i. The two
points of interest are

0; x [(Kj —r;) x 0]

P,=r; oq — 12
K — ) < a] OY
and
0 x [(K;—r;)x0;
Py =1+ reg O — ) > ] (12b)

G x [(Ki —rj) x @]l

Finally, we have to check if the equator circles of both lenses
intersect. This is only possible if the intersection line of the
planes containing the equators of the respective lenses in-
tersects both equator circles. The sufficient condition for an
overlap of lenses is fulfilled when both obtained line segments

overlap. This is the case when the intervals [x’, x3”] and

[xi‘i ), x;j '] overlap, where xii) and xéi) are solutions of rT - r =
1 and x}’) and xé") are solutions of (r —r;)T - (r—r;) =1

under the constraint r! - ; =0 with r = (x, y,0) in the co-
ordinate system defined by lens i.

The required tests of whether a point of interest r is in-
side or outside a lens centered at ¢ with orientation @ can
be done as follows: Let us again without loss of generality
choose ¢ = 0. A point is inside a lens if its distance to the
generating sphere’s center is smaller than Ry (Fig. 6). With
¥ = — arccos(f - @), where  and @ are unit vectors indi-
cating the direction of r and lens orientation @i, we obtain

d?> = o + r* — 2arcos [ — arccos (r - @1)]
=a?+r’+2ar- 0. (13)

Should r be located at the lower hemilens whenr - @ < 0, the
edge d of a triangle containing the sphere center above the
lens’s equatorial plane as a corner decides if r is inside or
outside the lens. Hence, r is inside the lens whenever

o + 12+ 2alr - 4| < R, (14)

As the above described overlap algorithm does not contain
any iterative numerical step, checking overlaps of lenses is
significantly faster than checking overlaps of ellipsoids.

The comparison of second virial coefficients obtained from
numerical integration employing the above described over-
lap algorithm with the analytical result proves its reliability:
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FIG. 7. Comparison of reduced second virial coefficients
B} = B, /Vp of hard lenses obtained numerically with the respective
analytical values. The numerical integration is performed via Mayer
sampling using hard spheres as a reference, where the spheres are
scaled to obtain a sphere volume identical to the lens volume. In the
inset, relative deviations AB; = (B; — B3 ,)/B; ,, from the analyti-
cal values are displayed.

within experimental uncertainties, results from Mayer sam-
pling agree with the analytical values (Fig. 7). Here, the
second virial coefficient of hard spheres with volume identical
to the lens volume is used as a reference.

IV. RESULTS

Despite the geometric similarity between oblate ellipsoids
of revolution and lenses, the latter shape differs from ellip-
soids by a two-dimensional equatorial discontinuity in its
surface curvature. In addition, at the same equatorial radius
Teq and aspect ratio v, both volume and surface of lenses
are smaller than those of ellipsoids. As a consequence of the
discontinuity of curvature, however, for v < 1 the strongly
increasing mean curvature radius of lenses overcompensates
the drop of volume and surface: with decreasing aspect ratio

v, the second virial coefficient of lenses increasingly exceeds
that of oblate uniaxial ellipsoids [9].

As in the limit v — 1 both geometries approach a sphere,
the comparison of virial coefficients of lenses and ellipsoids
with aspect ratio v = 1 with literature data of hard spheres is
a test for the reliability of our algorithm optimized for hard
anisotropic shapes. The excellent accordance of our data with
reference values from [35] can be seen from the compilation
in Table I. Since the scope of this paper is a systematic,
aspect ratio dependent comparison of both geometries’ virial
coefficients, the data for the limiting case of spheres obtained
by comparatively short simulations do not reflect a principal
limitation of our algorithm in terms of accuracy.

Reduced virial coefficients B; = B; /Bg_] calculated by
means of the above described algorithm are compiled for
oblate ellipsoids of revolution in Table II and for lenses in
Table III. For both investigated geometries, the dependence of
virial coefficients on the aspect ratio decreases with increasing
order of the virial coefficient.

Our data for hard ellipsoids are in excellent agreement
with data previously published from order 3 to 7 in Ref.
[27]. The accuracy, however, could be improved by our al-
gorithm. For moderately anisotropic particles, eighth-order
virial coefficients could be accessed with acceptable accuracy.
Since for highly anisotropic shapes small rotations influence
the number of overlaps in a cluster drastically, exhaustive
sampling of the configuration space is hampered in the case
of large anisotropy. Hereby, the fluctuations of virial coeffi-
cients during Mayer sampling significantly increase, leading
to uncertainties in the magnitude of the observable itself. As
a consequence, for v < 1/7 only a limit for the eighth virial
coefficients’ moduli could be obtained. In Ref. [28] two virial
coefficients of order 8 for ellipsoids of moderate aspect ratio
are reported which could not be reproduced in terms of either
value or uncertainty. As reported in Ref. [36], only a subset of
possible diagrams was utilized for the calculation of these two
virial coefficients.

For three-dimensional hard, convex bodies, Boublik [37]
proposed the quantity e ~!, which is proportional to the mutual
excluded volume, as a geometric measure, leading to compar-
atively simple correlations to the reduced virial coefficients
B; = B;/B5". In three dimensions, for convex shapes the
excess part of the mutual excluded volume can, employing
the Isihara-Hadwiger theorem [38] with the volume Vp, the

TABLE 1. Second to eighth virial coefficients of hard spheres [35] and hard ellipsoids of revolution and lenses with aspect ra-
tio v =1 (this paper). In the limit v — 1-, both anisotropic shapes approach a sphere. A = (B}©V — grOPWy/go) apq Adens) —
(B0 — gr) /B are relative deviations from literature data of hard spheres. The values in parentheses indicate the standard deviations

of at least eight independent runs, each with 2 x 10' Monte Carlo steps.

Spheres Ellipsoids (v = 1) ACD Lenses (v = 1) Adens)

B; 4

B; 10 10.0002(3) 2.0x 107 9.9999(7) —1.0x 1073
B; 18.3647684... 18.365(2) 1.3x 1073 18.364(1) —42 %107
B: 28.224437(15) 28.224(7) —29%10° 28.23(1) 20% 1074
B 39.81523(10) 39.80(3) —38x10* 39.81(2) —13x10*
B: 53.34208(49) 53.3(1) —1.1x 1073 533(2) —79% 10~
B} 68.5285(28) 68.6(6) 1.0 x 1073 68.5(4) 42 % 10~
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TABLE II. Reduced third to eighth virial coefficients B; = B;/B5™' of oblate, hard ellipsoids of revolution. The values in parentheses
indicate the standard deviations of at least eight independent runs, each with 2 x 10'° Monte Carlo steps.

Vv B3 B4 BS Bé B7 Bg

1 0.624998(46) 0.286935(17) 0.110260(38) 0.038874(21) 0.013079(41) 0.004183(25)
4/5 0.621429(22) 0.281755(18) 0.106449(41) 0.036954(19) 0.012247(26) 0.004693(210)
2/3 0.613817(30) 0.270539(32) 0.098223(25) 0.032895(41) 0.010623(30) 0.003342(76)
1/2 0.595464(35) 0.243124(25) 0.078313(43) 0.023378(35) 0.007081(13) 0.002078(68)
1/3 0.562854(29) 0.194102(25) 0.043556(36) 0.008142(77) 0.002143(38) 0.000657(90)
1/4 0.539669(37) 0.159003(35) 0.019600(32) —0.001217(79) —0.000142(54) 0.000248(70)
1/5 0.523263(35) 0.134251(29) 0.003238(25) —0.006938(111) —0.001224(43) 0.000118(95)
1/6 0.511319(17) 0.116317(31) —0.008217(46) —0.010571(94) —0.001819(26) 0.000111(87)
1/7 0.502348(27) 0.102906(26) —0.016542(35) —0.012959(179) —0.001915(55) 0.000077(250)
1/8 0.495413(32) 0.092570(28) —0.022834(50) —0.014566(54) —0.001993(76) —0.000016(187)
1/9 0.489884(32) 0.084401(24) —0.027656(49) —0.015730(100) —0.001882(109) 0.000043(270)
1/10 0.485403(26) 0.077811(24) —0.031481(34) —0.016480(72) —0.001853(22) 0.000064(268)

surface Sp, and the mean radius of curvature R, be written as

B,—Ve Bi—1 SR
_ BV B _ Sefp. (15)
3Vp 3 3Vp
where the factor 1/3 guarantees 0 < ™! < 1 witha™' =1

being the upper limit for hard spheres. The geometric mea-
sures Vp, Sp, and Rp for hard lenses and oblate ellipsoids of
revolution are provided in the Appendix.

At first approximation, for both investigated shapes an
identical dependence of reduced virial coefficients B; on the
geometric measure o~ emerges as visible in Figs. 8 and 9.

For reduced virial coefficients B3, By, and Bs, a nearly
linear dependence is obtained. For the higher orders Bs, By,
and Bg, a generalized, nonlinear dependence is visible, which
can be reasonably approximated by parabolas (Fig. 9). The
limitation of this parabolic approximation can be identified by
deviations of this approximation to the data exceeding their
uncertainties. This is also reflected by the optimum parame-

ters of least-squares fits to a polynomial,
B =ao;+arie" +aye?,

16)

where the intercepts ay; are quite similar for lenses and ellip-
soids. The curvatures a ; of ellipsoids, however, exceed those

of lenses, while the linear coefficients a; ; of lenses are larger
than those of ellipsoids (Fig. 10 and Table IV).

V. EQUATION OF STATE

With the virial series the real gas factor reads as

a7

where kg’ denotes the thermal energy and o denotes the
particle number density. With the volume Vp of a hard body,
the volume fraction can be written as ¢ = oVp. Employing
reduced virial coefficients B} = B;/ Vg_l, the real gas factor
can be reformulated as

_ P
kgT'¢

oo
=1+ By (18)
i=2

The reduced virial coefficients B} of hard spheres can for
i > 2 be approximated by the Carnahan-Starling series as
Bf ~i> +i—2 [39]. The reason why this approximation

TABLE III. Reduced third to eighth virial coefficients B; = B; /B;’1 of hard lenses. The values in parentheses indicate the standard
deviations of at least eight independent runs, each with 2 x 10' Monte Carlo steps.

Vv Bj, B4 BS B6 B7 Bg

1 0.625012(21) 0.286957(28) 0.110249(29) 0.038867(27) 0.013009(27) 0.004187(36)
4/5 0.620911(35) 0.280841(33) 0.105628(46) 0.036445(43) 0.011946(17) 0.003786(77)
2/3 0.611414(43) 0.266666(21) 0.095071(30) 0.031080(41) 0.009732(20) 0.002932(98)
1/2 0.588039(11) 0.231810(35) 0.069868(22) 0.019239(39) 0.005436(39) 0.001468(86)
1/3 0.549095(31) 0.173328(22) 0.029403(43) 0.002691(24) 0.000916(73) 0.000571(80)
1/4 0.524367(29) 0.135765(19) 0.004218(31) —0.006408(50) —0.000861(145) 0.000340(158)
1/5 0.508397(29) 0.111646(18) —0.011454(37) —0.011596(25) —0.001656(42) 0.000360(170)
1/6 0.497563(31) 0.095327(39) —0.021663(34) —0.014575(49) —0.001943(147) 0.000287(82)
1/7 0.489793(40) 0.083754(40) —0.028697(47) —0.016477(92) —0.002043(122) 0.000198(214)
1/8 0.483953(38) 0.075178(33) —0.033683(55) —0.017556(69) —0.002093(83) 0.000221(197)
1/9 0.479431(44) 0.068622(38) —0.037424(42) —0.018290(75) —0.002058(101) 0.000230(226)
1/10 0.475858(18) 0.063396(28) —0.040296(65) —0.018748(47) —0.001815(104) 0.000257(120)
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TABLE IV. Optimum parameters ay ;, a; ;, and a, ; of Eq. (16) describing the dependence of the reduced virial coefficients B, on the inverse
excess part of the excluded volume o~ for orders i = 3 to 8. The values in parentheses indicate the standard deviations of the parameters

determined via weighted least squares fits.

Ellipsoid Lens

i ap a a ap a a

3 0.44274(17) 0.17047(63) 0.01157(50) 0.43979(96) 0.1877(43) —0.0011(39)
4 0.01352(32) 0.2561(12) 0.01730(95) 0.0088(19) 0.2804(72) —0.0014(56)
5 —0.06831(55) 0.13820(20) 0.0405(15) —0.0739(17) 0.1629(67) 0.0224(55)
6 —0.02316(31) 0.0141(11) 0.04794(85) —0.02576(75) 0.0246(27) 0.0401(21)
7 0.00112(8) —0.01986(31) 0.03174(26) 0.00027(25) —0.01616(94) 0.02882(72)
8 0.00252(49) —0.0115(15) 0.0132(11) 0.00184(35) —0.0090(13) 0.01130(99)

works surprisingly well is still not understood [40]. Using the
obvious condition 0 < ¢ < 1, for the geometric series

> 2 i—1 202 — @)
;u T =S

a closed expression is obtained. Herewith, the Carnahan-
Starling real gas factor

19)

202 — @)

Z=1+
(1—9)

(20)
of hard spheres results.
Introducing reduced virial coefficients normalized to pow-

ers of the second virial coefficients B; = B} /(B3)""!, the
expression

oo
Z=1+) Bi(B3p)™" Q1
i=2
ggell)
0.6 B'glens)
B‘(ell)
051 +E§Icns)
ngell)
0.4} +ggleHS)
é 03F
=
02F
0.1F
0.0
0.2 0.4 0.6 0.8 1.0
a*l

FIG. 8. Reduced virial coefficients Bs, B4, and Bs of hard lenses
and hard ellipsoids of revolution as a function of the excluded vol-
ume’s inverse excess part o ~!. The crosses represent data from [27].
The lines are least-squares fits of lens and ellipsoid data to parabolas
[Eq. (16)].

is obtained for the real gas factor Z. Note that for a conver-
gent sum in Eq. (21) B¢ < 1 is not necessarily required in
addition to ¢ < 1.

For the equation of state of hard anisotropic solids, the
known virial coefficients of the respective geometry can be
used in combination with an approximation of higher virial
coefficients by the Carnahan-Starling series. With analytically
known second-order and numerically determined third- to
eighth-order virial coefficients using

S : 208(35¢% — T8¢ + 44
i=9 (1 - (p)
we can express the real gas factor Z as
5. 1 20%(35¢% — T8¢ + 44)
Z=1+) BiBsp) ™" + . . (23)
Py (I -9y
0.04 1 +1§(6511>
E(ﬁlens)
0.03 | A
0.02 e
$By
T 0.01 f
S
&

0.00 |

—0.01 |

—-0.02 |

0.25 0.50  0.75 1.00
!

FIG. 9. Reduced virial coefficients Bg, B7, and Bs of hard lenses
and hard ellipsoids of revolution as a function of the excluded vol-
ume’s inverse excess part &', The lines are least-squares fits of lens
and ellipsoid data to parabolas [Eq. (16)]. The crosses represent data
from [27].
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FIG. 10. Optimum parameters ao ;, d;;, and a,; of Eq. (16) de-
scribing the dependence of the reduced virial coefficients B; on the
inverse excess part of the excluded volume o~! for orders i = 3 to 8.
The dotted lines are cubic splines as a guide to the eye.

Employing Eq. (16), we obtain
2¢08(35¢% — T8¢ + 44)

Z=1+
(1—9)

+ By

8

+ Y (aoi+anie +aye)(Bip) T (24)
i=3

as an approximative interpolation for the real gas factor of
hard, oblate ellipsoids of revolution and lenses. Since the
slope of B; versus o' decreases systematically with increas-
ing order of the virial coefficients and presumably approaches
zero (Fig. 9), approximating orders i >> 9 of so far unknown
virial coefficients of anisotropic particles by those of hard
spheres [Eq. (22)] is a suitable approach.

The Parsons approach [26,41] approximates high-order
virial coefficients of anisotropic hard bodies by rescal-
ing Carnahan-Starling virial coefficients by a factor of
Bj(v) /BZ(HS), where Bz(Hs) = 4 denotes the reduced second
virial coefficient of hard spheres. While negative virial coeffi-
cients of highly anisotropic particles cannot be approximated
in an adequate way by this approach, our numerical data for
eighth-order virial coefficients are reasonably described by
this approach. Probably, rescaling the contribution of even
higher virial coefficients given by Eq. (22) in this way could
improve the real gas factor in Eq. (24).

The effect of increasing the order of the virial expansion
on the real gas factor is exemplarily shown in Fig. 11 for
ellipsoids and Fig. 12 for lenses, each with an aspect ratio
of v = 1/4. By comparison, the influence of more negative
sixth- and seventh-order virial coefficients of lenses becomes
evident.

In the following, we investigate for selected aspect ratios
the dependence of the real gas factor Z on the volume fraction.
Here, we focus on the interval of confidence of the real gas
factor given by Eq. (23) derived from uncertainties of virial
coefficients from order 3 to 8 and the reliability of the inter-
polation approach [Eq. (24)].

0 Eu ] ] ]
0.0 0.2 0.4 0.6

FIG. 11. Real gas factor Z of ellipsoids with aspect ratiov = 1/4
for different orders of the virial series. Indicated is the highest-order
term contributing to Z. The thick solid line includes the contribution
of higher-order virial coefficients approximated by the Carnahan-
Starling series, Eq. (22).

For less anisotropic particles, Eq. (24) excellently de-
scribes real gas factors up to the maximum random packing
fraction (Fig. 13), which can exceed that of hard spheres [42].
With increasing anisotropy, at least for small and moderate
volume fractions, a reasonable approximation within the ac-
curacy of available virial coefficients is possible (Figs. 14

0k ! ! ]
0.0 0.2 0.4 0.6

FIG. 12. Real gas factor Z of lenses with aspect ratio v = 1/4
for different orders of virial series. Again, the highest-order term con-
tributing to Z is indicated, and for the thick solid line the contribution
of higher-order virial coefficients approximated by the Carnahan-
Starling series, Eq. (22), is included.
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35
—ell 1
—-ell, interpolated V=—
30 | —lens 2

—-lens, interpolated

25

20
N

15

10

0 Il L
0.0 0.2 0.4 0.6

¢

FIG. 13. Real gas factor Z for ellipsoids of revolution and
lenses with aspect ratio v = 1/2 as a function of volume fraction
¢. Displayed are real gas factors resulting from Eq. (23), where
analytically known second virial coefficients B and numerically
determined virial coefficients of order 3 to 8 are used. The con-
tributions of higher-order virial coefficients are approximated by
virial coefficients obtained from the Carnahan-Starling series, lead-
ing to Eq. (22). The real gas factors calculated by the interpolation
[Eq. (24)], displayed as dashed lines, agree excellently with those
obtained from virial coefficients calculated for aspect ratio v = 1/2.
The uncertainties of the real gas factors are less than the width of the
solid lines.

30

—ell 1

—-ell, interpolated V= ,

—Ilens 4 pid
—-lens, interpolated /

25

0 1 L
0.0 0.2 0.4 0.6
¢

FIG. 14. Real gas factor Z for ellipsoids of revolution and lenses
with aspect ratio v = 1/4 as a function of volume fraction ¢. The real
gas factors obtained from virial coefficients for aspect ratio v = 1/4
are represented as solid lines; those from interpolation [Eq. (24)] are
represented as dashed-dotted lines. The uncertainties are indicated by
thin dashed lines. While for ellipsoids the interpolation is nearly up to
¢ = 0.6 within the uncertainty of the real gas factor, the interpolation
deviates in the case of lenses for ¢ Z 0.4.

8 —ell 1
—-ell, interpolated V= g
7| —lens
—-lens, interpolated
6F

O L |
0.0 0.1 0.2 0.3 0.4
9

FIG. 15. Real gas factor Z for ellipsoids of revolution and lenses
with aspect ratio v = 1/8 as a function of volume fraction ¢. Possible
reasons for the decrease of real gas factor Z with increasing volume
fraction ¢ are the truncation of the virial series or an isotropic-
nematic phase transition, which occurs for hard lenses at volume
fractions significantly smaller than for hard ellipsoids of revolution.
Again, the real gas factors resulting from virial coefficients for as-
pect ratio v = 1/8 are displayed as solid lines and the interpolation
according to Eq. (24) is displayed as dashed-dotted lines.

and 15). For higher volume fractions, the uncertainty of the
real gas factor Z, however, increases significantly.

For highly anisotropic shapes, a decreasing real gas factor
with increasing volume fraction ¢ could either be related to
an isotropic-nematic phase transition or insufficient approxi-
mation of higher-order virial coefficients by those of spheres.
The critical volume fraction for this transition is in the case of
lenses significantly smaller than in the case of hard ellipsoids:
while the maximum real gas factor at an aspect ratio v = 1/8
is found at a volume fraction ¢ ~ 0.23 for hard ellipsoids, in
the case of hard lenses the maximum real gas factor occurs at
¢ ~0.17.

VI. DISCUSSION

The numerical effort for the calculation of virial coeffi-
cients increases dramatically with the order i of the respective
virial coefficient. One reason is the number i(i — 1)/2 of pair
interactions in an i cluster roughly quadratically increasing
with order i. Much more severe is the superexponential in-
crease of labeled graphs that need to be considered.

With an optimized algorithm based on bisection search
of an ordered representation of Ree-Hoover graphs, where
for hard bodies only a single graph contributes at a given
configuration to the virial coefficients, the value of this single
contributing graph can rapidly be determined. The CPU time
needed to determine virial coefficients up to order 8 increases
in first approximation logarithmically with the order of the
virial coefficients.
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Since rotational degrees of freedom dramatically in-
crease the dimensionality of configuration space com-
pared to spherically symmetric systems, a highly efficient
numerical integration algorithm is required. Importance sam-
pling algorithms such as Mayer sampling efficiently explore
the configuration space in regions where integrands contribute
significantly. Since with this method the configuration space
is no longer explored with uniform sampling density, a known
reference integral has to be sampled simultaneously.

The efficiency and accuracy of importance sampling in-
crease when the reference system and system of interest are
as similar as possible. The approach of Singh and Kofke [33]
to use a known virial coefficient or at least one or more graphs
contributing to a known virial coefficient requires the deter-
mination of pair interactions both in the system of interest and
reference system. For anisotropic hard solids, the determina-
tion of orientation-dependent contact distances is numerically
demanding. Hence, identifying overlaps and nonoverlaps both
in the system of interest and reference system requires consid-
erable computing resources.

The numerical effort can drastically be reduced using a
known integral of the same system instead which depends
on already determined overlaps and nonoverlaps. Here, trees
as graphs are a suitable reference, whose integrals can be
written as powers of the second virial coefficient, which is
for convex bodies analytically known. However, this approach
is not limited to convex bodies, since the second virial co-
efficients of concave objects are numerically accessible with
high accuracy, too. The increase of virial coefficients’ uncer-
tainties related to not exactly known reference integrals is still
acceptable. Statistical fluctuations of virial coefficients during
Mayer-sampling Monte Carlo runs using the same system
as a reference are considerably smaller than those using a
geometry of similar shape.

Since in the the limit v — 17 ellipsoids and lenses ap-
proach spheres, a comparison with highly accurate literature
data of spheres can be used to validate our algorithm. The
relative deviations A®D and A" smaller than 10~ even for
the eighth virial coefficients indicate the reliability of this al-
gorithm optimized for hard, anisotropic particles. Deviations
of virial coefficients independently determined employing
the contact algorithms for ellipsoids and lenses in the limit
v — 17 from literature data of hard spheres are significantly
smaller than our error estimates. This indicates realistic confi-
dence intervals.

Using this improved algorithm, virial coefficients of order
3 to 8 of differently shaped, oblate solids of revolution were
obtained systematically with high accuracy for a large range
of aspect ratios.

The accuracy of available virial coefficients of ellipsoids
could be improved. Simultaneously, the thus obtained data
validate the reliability of our optimized algorithm. In addition,
hitherto unknown virial coefficients of hard lenses from order
3 to 8 are calculated.

Interestingly, normalizing higher virial coefficients
Bi(v) = B;(v)/B>(v)"! to powers of the second virial
coefficients B,(v) leads in first approximation to a universal
dependence on the inverse reduced excess part o~ of their
mutual excluded volume. As the ratio of mutual excluded
volume to the particle volume Vp is the reduced second virial

coefficient B3 (v) = B,(v)/Vp, the excess part of the excluded
volume, B;(v) — 1, is solely related to the second virial
coefficient.

Reduced virial coefficients B; from order 3 to 5 show a
nearly linear dependence on the inverse excess part of the
excluded volume o~!, while from order 6 to 8 a slight non-
linearity occurs, which, however, can be described reasonably
by a second-order polynomial. This in first approximation uni-
versal behavior of reduced virial coefficients B; of lenses and
ellipsoids of revolution suggests that the entire dependence
of the virial series of hard solids on the particle geometry is
essentially reflected by the second virial coefficient. With this
approximation, the equation of state for such particles can be
formulated in a closed expression.

However, the comparison of further geometric shapes
including prolate solids of revolution such as ellipsoids, sphe-
rocylinders, or spindles is a pending task deciding if this
behavior is universal for hard solids.
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APPENDIX: ANALYTICAL SECOND VIRIAL
COEFFICIENTS OF OBLATE, HARD ELLIPSOIDS
OF REVOLUTION AND LENSES

The second virial coefficient of convex hard solids is an-
alytically accessible from the geometric measures volume,
surface, and mean radius of curvature by means of the Isihara-
Hadwiger theorem [9,38,43,44]. The reduced second virial
coefficients of convex hard bodies are

SpRp
Bf=1+
%3

: (AD)

where Sp is the surface, Rp is the mean radius of curvature, and
Vp is the volume of the particle. These geometric measures
read for oblate ellipsoids of revolution as

g _ 2y [ o (1+VT=02 2
p =——=vIn| ——— ) +Vv1I-v7],
N v
(A2a)
S (ell) vreq req m
Ry = — + —F——arctan| — |, (A2b)
2 2/1=2 v
4
VP(ell) _ Tﬂ Vrgw (A2¢)
and for lenses as
Sgens) — 27Tre2q(1 + UZ), (A3a)
~ 1 — 2
R;}lens) — Vreq + % arctan ( 2‘)1) >, (A3b)
1 v’
VP( ens) _ anq (V + ?), (A3C)

where rq and v denote the particles’ equatorial radius and
aspect ratio.
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We provide highly accurate equation-of-state data determined by means of cluster Monte Carlo simulations
for the isotropic phase of oblate hard ellipsoids of revolution. Both equation-of-state data and phase boundaries
of the isotropic phase are obtained from relatively large ensembles with typically 1000 particles. The comparison
of simulation data with a virial approach gives evidence for the importance of high-order so-far-unknown virial
coefficients and therewith many-particle interactions in dense, isotropic systems of anisotropic particles. While
a virial approach with a rescaled Carnahan-Starling correction for the unknown, higher-order virial coefficients
reproduces the simulation data of moderately anisotropic particles with high accuracy, we suggest for highly
anisotropic shapes a simple, heuristic equation of state as a suitable approach.

DOI: 10.1103/PhysRevE.105.014125

I. INTRODUCTION

Due to their relevance as model systems for dense con-
densed matter, hard-particle systems have attracted large
scientific interest for several decades. In addition to hard-
sphere systems, where numerous properties can be calculated
analytically, with increasing computer performance a growing
interest in anisometric hard-particle systems emerged. Us-
ing computer simulations considering realistic many-particle
interactions, Onsagers theory on isotropic-nematic phase tran-
sitions [1] could be confirmed and extended. To obtain an
analytical access to this phase transition, Onsager used in-
finitely thin needles as a model. With computer simulations,
which are capable to handle different particle shapes, the
investigation of the influence of the detailed particle geometry
and its aspect ratio v is possible. Herewith, tunable models
for the self-organization and properties of liquid crystalline
matter could be investigated.

First computer simulations of hard ellipsoids [2,3] identi-
fied an isotropic-nematic phase transition depending on the
aspect ratio and provided first equation-of-state data for these
systems. The identification of unusual dense packings of ellip-
soids exceeding even close packings of spheres [4] initiated a
reexamination of the hard ellipsoid system concerning both
equation of state [5] and phase behavior for the identified
structures. In addition to an isotropic and nematic phase, a
plastic crystalline phase and the unusually dense monoclinic
SM2 phase could be identified as two types of crystalline
phases [6-9].

The theoretical investigation of hard-sphere systems si-
multaneously stimulated the development and refinement of
simulation techniques. Starting from the seminal Metropolis-
Hastings scheme [10,11] as a theoretical background of
classical Monte Carlo (MC) simulations, improved methods
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such as biased MC simulations [12], event-chain Monte Carlo
[13-15], and replica exchange Monte Carlo methods [16]
have been developed.

Especially for the simulation of hard-body multiparticle
systems in the isobaric and isothermal (N, p, T) ensemble,
cluster MC as a variant of biased MC simulations is the
method of choice to calculate accurate equation-of-state data
as shown by Almarza [17] for the crystalline phase of hard-
sphere systems. This method has been extended to anisotropic
particles to investigate the phase behavior of hard rhombic
platelets [18]. The availability of theoretical predictions for
the phase behavior and equation of state has regularly lead to
experimental verifications employing colloidal model systems
with predominant hard-body interactions by means of scatter-
ing methods [19] or confocal microscopy [20].

The virial series is a complementary theoretical approach
to equation-of-state data of the isotropic phase of hard mul-
tiparticle systems. While the second virial coefficients of
convex hard bodies are analytically known [21-24], higher
virial coefficients have to be calculated employing numeri-
cal methods [25,26]. With an optimized algorithm based on
Mayer sampling [27], these quantities are accessible with
improved accuracy [28]. In contrast to MC simulations of
large ensembles, for the calculation of the virial coefficient
of order i, a cluster integral over interactions between i par-
ticles is calculated. Since the maximum order of accessible
virial coefficients is limited, the truncation of the virial series
at order iyax ignores contributions of clusters with N > ipax
particles to the equation of state.

The Carnahan-Starling relation Bf = > +i — 2 as an ap-
proximation for the reduced virial coefficients of order i leads
to a closed expression for hard spheres’ equation of state
in terms of their volume fraction ¢ = oVp, where o denotes
the number density of particles and Vp the particle volume.
Parsons suggested rescaling the hard-sphere virial coefficients
by the ratio of the reduced, second virial coefficient of an
anisotropic shape and a sphere as an approximation for the

©2022 American Physical Society



PHILIPP MARIENHAGEN AND JOACHIM WAGNER

PHYSICAL REVIEW E 105, 014125 (2022)

equation of state of an ensemble of anisotropic particles [29].
Later, Vega [25] modified this approach considering all known
virial coefficients and approximating only the unknown ones
in the same manner. Alternatively, several heuristic correla-
tions for the equation of state have been suggested [30-33].

Since cluster-MC simulations give access to precise
equation-of-state data and implicitly take many-particle in-
teractions of large systems into account, with these data, a
systematic evaluation of proposed equations of state and cor-
rections for the truncated virial series is possible.

II. THEORETICAL BACKGROUND
A. (N, p, T) Monte Carlo algorithm

Monte Carlo simulations in the isobaric-isothermal
(N, p, T) ensemble are a useful approach to determine
equation-of-state data of hard particles as already proposed by
McDonald [34]. In this ensemble with fixed pressure p, Monte
Carlo simulations compute the configuration integral of the
studied system which is independent of the thermal energy
B~ = kgT since the potential energy U (r", V) can in the case
of hard particles only be infinite in an overlapping configura-
tion or zero otherwise. In the following, for better readability,
only the potential energy’s dependence on the center-of-mass
coordinates r" is explicitly written down, which can easily be
extended to anisotropic systems by additionally introducing
angular coordinates.

To simulate an (N, p, T) ensemble, fluctuations of the
system’s volume V and therewith the simulation box are
necessary. Employing a transformation matrix H defined by
r; = H.s;, volume-independent, reduced center-of-mass co-
ordinates s; are elegantly obtained allowing particle moves
decoupled from volume changes of the simulation box. The
volume of the simulation box equals the parallelepipedal
product V = ||H]|| of the transformation matrix.

In the case of fluid phases, where a cubic simulation box
can be used, the transformation matrix is simply related to
matrix identity I via H = V1. For the simulation of solid
phases, additionally shape fluctuations of the simulation box
are required for which an upper triangular transformation
matrix H is an obvious choice enabling decoupled shape and
volume fluctuations.

B. Acceptance criteria for volume fluctuations

Starting from the configuration integral

ZN,p,T=/VN_]/"'/
|4 S1 SN

x exp[—BpV — BUE", V)1d"sdV, (1)

the normalized probability of a configuration (s, V) reads as

N—-1

pupr(sV,V) = exp[—BpV — BU", V)] (2)

ZNp,T

with the reduced enthalpy as argument of the exponential.
Herewith, the acceptance criterion P4(V'|V) for a volume
change from V to V’ in an (N, p,T) ensemble can be

written as

N\ N—1 _ ; N ,

Py(V'|V) = min[l, <K) exp[—BpV' — BU(",V )]]
4 exp[—BpV — UGV, V)]

3

within the Metropolis-Hastings scheme [35].

C. Cluster MC algorithm

To improve the sampling efficiency, Almarza adopted
a cluster algorithm for the (N, p,T) simulation of hard
spheres [17]. In this approach, the biased formation of rigid
pseudomolecules of especially close particles during vol-
ume fluctuations increases the accepted mean volume change
(IV — V) and thus allows a better exploration of phase space.
Before the actual volume change random bonds are generated
between particles forming clusters containing all pairs of all
linked particles. Instead of scaling the particles coordinates
during a volume trial move, only the cluster’s center of mass
is rescaled, preserving the interparticle distances and orienta-
tions within the rigid cluster.

The arbitrary bond probability function b(r;;) suggested
by Almarza was generalized by Tasios [18] to anisotropic
particles

(0(3_1)2 oij <8 4)

1—
. ij =

by considering the shortest surface distance o;; instead of the
center-of-mass distance r;;. Using the closest surface distance
o;;j weighted by the cutoff distance § increases the probability
of forming clusters at small surface distances while for dis-
tances o;; 2> & bonds are not generated.

Since the probability of forming a specific cluster config-
uration depends via the surface distances o;; on the volume,
an additional factor in the acceptance probability is required
to fulfill the condition of detailed balance. Let w.(x.|s™V, V')
be the probability to form the cluster configuration x. at
reduced center-of-mass configuration s’V and volume V', and
we(xc|s", V) that with reduced center-of-mass configuration
sV at volume V, the acceptance probability for a volume
change allowing cluster formation reads as

PA(V'|V, Xc) = min|1 (K/)N_l exp [—BpV'—BU (X, V1]
- ’ exp [—BpV — BU (xe, V)]

%
we(xels™, V")
(XIS, V) } ©)

under the constraint of detailed balance. Additionally, the
apparent number of particles N < N is reduced by cluster
formation, where N is the sum of remaining single particles
and the number of present clusters.

The additional factor in the volume change proposal ratio
allowing cluster formation can, according to Almarza [17], be
written as

wlxcls™ V) B 1 - b(o}))

@c(xelsV, V) L1 —b(oy) ©

[i/]
where the product contains factors resulting from all particle
combinations [ij] where i and j belong to different clusters.
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However, there is no need to check that i and j belong to
different clusters: Since, within a cluster, interparticle dis-
tances and relative orientations are preserved during a volume
change, the surface distances cri’j = 0;; remain unchanged,
resulting in [1 — b(ai’j)] /1 — b(di_,)] = 1. For large systems,
the numerical stability can be improved by calculating the
product by the summation of individual ratios’ logarithms.

Using periodic boundary conditions, particles within a
cluster may be linked via a chain of bonds to its periodic im-
ages. When this cluster percolation occurs, the simulation box
cannot be rescaled, keeping the particle distances within the
cluster constant. Hence cluster percolation has to be checked
and volume change attempts leading to cluster percolation
have to be rejected. If the amount of scale rejections becomes
substantial, the sampling efficiency of cluster-MC simulations
decreases.

D. Surface distance of ellipsoids

The check for overlaps of two ellipsoids can be done by the
Perram-Wertheim algorithm [36]. This algorithm essentially
scales two ellipsoids until they reach tangent contact. From
the scaling factor at tangent contact, overlap and nonoverlap
can be distinguished. We improved the performance of the
original algorithm by replacing the bisection minimization by
a Newton-Raphson minimization using analytic derivatives of
the elliptic contact function.

There is no known algorithm to directly determine the
closest surface distance o (A, B) of two ellipsoids A and B
with given shape, orientation, and center of mass which is
needed to calculate the bond probability. Paramonov and Yali-
raki [37] suggested a lower limit o(A, B) and an upper limit
ou (A, B) for the closest surface distance o (A, B) fulfilling the
inequality

0 < on(A,B) <o(A,B) <ouA,B) (7

for nonoverlapping particles. The upper limit o (A, B) can be
directly determined in the Perram-Wertheim algorithm and is
a reasonable approximation for large distances. In the limit
ou(A, B) — 00, the approximation is independent of the mu-
tual orientation of both ellipsoids. The lower limit oy(A, B)
can be determined by calculating the projection of the upper
limit to the normal vector of both rescaled ellipsoids at the
common contact point. The latter approximation generally
provides better results for small separations.

Therefore, the lower limit oy (A, B) is expected to be a
better approximation in the case of small surface distances,
when clusters are presumably formed. However, obvious dif-
ferences between the results of cluster-MC simulations using
both approximations for o;; are not observed within their
uncertainties. We presume that the proposal ratio in Eq. (6)
sufficiently compensates over- and underestimations of the
surface distance. The data provided in this contribution are
obtained using the lower limit o (A, B) as an approximation
for the closest surface distance.

E. Simulation details

An isotropic start configuration is prepared for each inves-
tigated pressure via an equilibration phase of 10® MC steps at

a volume fraction of ¢ = 0.05 starting from a configuration
with centers of mass placed at a cubic lattice and particle
directors randomly aligned, where an MC step consists of N
particle translation or rotation attempts and a volume change
attempt.

The resulting isotropic configuration is compressed to the
pressure of interest and after a second equilibration phase a
production run with 5 x 107 steps is performed.

Since cluster percolation is an increasing obstacle for the
simulation of highly anisotropic particles, the characteristic
length § which determines cluster formation is tuned to obtain
approximately N, /N = 1/4, where N, is the number of bonds
created between N individual particles. Hereby the number of
rejections due to cluster percolation is reduced to less than
1%.

Since isotropic-crystalline phase transitions can only be de-
termined by the expansion of a crystalline phase, these phase
boundaries are determined by expansion of a dense mono-
clinic SM2 crystal [38] containing between 972 and 1040
particles depending on their aspect ratio. For these expansion
simulations, additionally shape fluctuations of the simulation
box at constant volume are allowed, where at least 2 x 108
steps are performed.

III. RESULTS AND DISCUSSION

A. Validation of the cluster-MC algorithm
with a system of hard spheres

As hard spheres are a thoroughly investigated model sys-
tem, the cluster (N, p, T) algorithm is validated with hard
spheres, i.e., ellipsoids with an aspect ratio v = 1. The devia-
tions of our data from the highly accurate equation-of-state
data of Kolafa et al. [39] are illustrated in Fig. 1 for five
different system sizes from N = 500 to N = 2916.

A comparison of the different system sizes shows that
the system-size dependence becomes more pronounced with
increasing reduced pressure 8 pr3. This is especially the case
in the region of the phase transition, which is indicated by
the dashed black line (as determined by Noya er al. [40]).
The data beyond the phase transition result from a metastable
phase and depend significantly on the system size. While this
dependence is especially notable for N = 500 particles, it de-
creases for N = 864 particles and the deviations are within the
determined uncertainties of the volume fraction ¢ compared
to the equation of state of Kolafa et al. for larger systems. It
is also visible that the determined uncertainties for a system
of N = 864 hard spheres obtained in 5 x 107 steps employ-
ing the cluster algorithm displayed with blue error bars are
considerably smaller than those obtained in 2.5 x 10% steps
displayed with gray error bars employing a standard (N, p, T)
approach. Although equation-of-state data for hard spheres
can be determined via simpler methods, the comparison with
the data shown in Fig. 1 is a proof of the cluster algorithm’s
reliability.

For anisotropic particles only few data are available re-
sulting from relatively small ensembles. A comparison of
available data from McBride and Lomba [5] with our cluster-
MC data is displayed in the Supplemental Material (Sec. S-I)
[41].
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FIG. 1. Deviations of hard-sphere volume fraction ¢ from the
reference data ¢, from Kolafa er al. [39] in dependence on the
reduced pressure Bpr3. The volume fractions are determined for
five system sizes N obtained during 5 x 107 steps with the cluster
(N, p, T) algorithm. For comparison, data obtained during 2.5 x 108
steps in a classical (N, p, T) MC simulation are displayed with dark
gray circles. The liquid-solid phase transition of hard spheres deter-
mined by Noya et al. [40] is indicated by the dashed black line.

0.25 0.50

B. Influence of the system size for aspect ratiov =1/3

The influence of the system size is exemplarily investigated
for the intermediate aspect ratio v = 1/3. Data from five dif-
ferent system sizes from N = 343 to N = 4096 are analyzed
in Fig. 2, where deviations of volume fractions are displayed
in dependence on the reduced pressure. As a reference, data
of the largest investigated system with N = 4096 particles are
used.

For reduced pressures S prg’q below the isotropic-nematic
phase transition, a systematic dependence of the volume frac-
tion ¢ on the system size cannot be observed. In the phase
transition’s vicinity, however, a significant system-size de-
pendence emerges. Additionally, the uncertainties increase
drastically in this region.

For the subsequent systematic investigation of equations of
states in dependence on the aspect ratio v, systems with
N = 1000 particles are used. The deviations to a system of
N = 4096 particles are in the range of the uncertainties at ac-
ceptable numerical effort. Equation-of-state data obtained for
these systems with aspect ratios 1/10 < v < 1 are compiled
in Tables S-1, S-2, S-3, and S-4 in the Supplemental Material
(Sec. S-1I) [41].

C. Tracing the phase transitions

Since phase transitions are discontinuities in equations of
state, the regions of stability need to be determined as a first
step. For the equation of state in the isotropic phase of oblate

x10~3
2.

0 TN =343
AN=512
N = 1000

15 $N =2197

IN=409 %10~

O — Pn=4096

05 10 20 40 80
Bpra,

FIG. 2. Deviations of the volume fraction ¢ in dependence on
the reduced pressure prgq for aspect ratio v = 1/3 using different
system sizes N. Here, the largest investigated system with N = 4096
particles is used as a reference. The estimated critical pressure for the
isotropic-nematic phase transition is indicated by the dashed black
line.

ellipsoids of revolution, phase boundaries to nematic, plastic
solid, and monoclinic phase limit their region of stability
depending on the aspect ratio. The formation of these phases
can be identified by means of characteristic observables.

1. Isotropic-nematic phase transition

The formation of nematic phases is identified by the ne-
matic order parameters S; and S, defined as averages

52:<%(3x5_1)> , ®)
Sy = <é(35x? —30x7 + 3)> : )

Xi

of the second- and fourth-order Legendre polynomials with
x; = 0;.0, where the unit vector @; denotes the orientation of
particle i and the unit vector fi the nematic director. If the
nematic director fi is a priori unknown, order parameters can
be extracted from the largest positive eigenvalue of averaged
dyadic vector products, known as the Saupe tensor in the case
of S, [42,43]. However, if just the existence of a preferential
direction is of interest, an orientational correlation can also
be identified by using inner products of particle orientations
x; = 0.0 instead. With the latter approach, averaging over
scalar products of particle orientations @; and i, has to be
limited according to periodic boundary conditions fulfilling
the minimum image convention. In this work, we identify
the isotropic-nematic phase transition by comparison of order
parameters calculated via the latter approach.
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FIG. 3. Nematic order parameters S, (closed squares) and Sy
(open circles) in dependence on the volume fraction ¢ for six dif-
ferent aspect ratios v separated by arbitrary offsets. The dashed red
lines indicate the critical volume fractions ¢. which are roots of
extrapolated, linear increasing S, beyond the transition to the nematic
phase.

Since the increase of S4 with the volume fraction by tran-
sition to the nematic structure is much more pronounced than
that of S, the critical volume fractions are determined by lin-
ear extrapolation of Sy to its root. This approach is visualized
in Fig. 3, where for a better display the data are separated by
arbitrary offsets. The critical volume fractions ¢, as indicated
by red dashed lines are compiled in Table I.

2. Isotropic-solid phase transitions

For aspect ratios v > 1/2, phase transitions from isotropic
to either monoclinic SM2 phases or plastic solids (PS) oc-
cur. In contrast to the isotropic-nematic phase transition,
which can be determined by compression of a disordered
configuration, isotropic-solid phase transitions can only be

TABLE I. Phase boundaries of the isotropic phase.

v Phase transition ©c Bpera,
1/10 >N 0.190(2) 2.45(4)
1/8 >N 0.231(2) 2.66(5)
1/6 >N 0.297(2) 3.14(5)
1/5 I—-N 0.344(2) 3.64(6)
1/4 I—-N 0.405(2) 4.43(7)
13 1N 0.498(2) 6.51(12)
12 I— SM2 0.560(5) 6.40(25)
2/3 I PS 0.615(5) 7.30(29)
4/5 11— PS 0.500(10) 2.03(15)

10/11 I1—PS 0.480(20) 1.49(10)
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FIG. 4. Equation-of-state data for four different aspect ratios v
from compression (closed circles) and expansion (open squares)
simulations. The coexistence pressures and their uncertainties are
displayed as horizontal solid and dashed lines. While at aspect ratio
v =1/2 a transition from a SM2 phase to the isotropic phase is
observed, for the less anisometric particles a transition from a plastic
solid (PS) to the isotropic phase occurs.

determined by expansion of crystalline structures. Simula-
tions of crystalline phases require deformation trials allowing
nonorthogonal simulation boxes as enabled by appropriate
transformation matrices H (Sec. I A). Due to the high sen-
sitivity of the phase stability to the simulation box and the
larger system-size dependence, data of crystalline phases
exhibit larger uncertainties than those of isotropic and ne-
matic phases. The uncertainties of coexistence pressures
are estimated by pressure differences between consecutive,
independent runs. The coexistence pressures at isotropic-
crystalline phase transitions are displayed in Fig. 4. The
respective data are compiled in Table L.

In contrast to Odrizola et al. [9], who identified the ex-
istence of a nematic phase in the limits 0.561 < ¢ < 0.565
at aspect ratio v = 1/2 by means of replica exchange MC,
we observed a direct transition from the monoclinic SM2
phase to the isotropic phase for these particles. To facilitate
sufficient exchange probabilities between different replicas,
the maximum size of a replica is rather limited. In contrast
to Odriozala et al. our approach is to minimize the ensemble-
size dependence using significantly larger systems instead of
a higher density resolution. With exception of v = 1/2, our
phase diagram reproduces that of Odriozola et al.

D. Equation-of-state data

Due to the absence of attractive interactions, fluidlike,
hard-particle systems do not exhibit a critical point and
thus are supercritical. Employing the virial series originally
proposed by Kamerlingh Onnes [44] and later theoretically
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FIG. 5. Equation-of-state data for selected aspect ratios of oblate
hard ellipsoids. The solid lines represent the equation of state using a
virial series up to order eight. Cluster-MC data in the isotropic phase
are represented by solid circles, while cluster-MC results beyond the
phase boundary of the isotropic phase are displayed by open circles.

derived by Mayer [45], the real gas factor Z can be written
exactly as

o0
p il
VA T 1+ ;B, ) (10)
if the reduced virial coefficients B} are known up to infinite
order i. In the virial series, the virial coefficient B} of order
i accounts for the contribution of i-particle interactions, i.e.,
clusters consisting of i particles to the real gas factor.

Depending on the particle shape, only a limited number of
hard particles’ virial coefficients are known. The truncation
of the virial series after the highest available virial coefficient
possibly leads to an inadequate description for the equation of
state depending on the the volume fraction ¢.

In Fig. 5, the reduced pressure B prgq_ in dependence on
the volume fraction ¢ resulting from cluster-MC simulations
is compared to a virial approach using recently published,
accurate virial coefficients up to order eight [28]. This com-
parison shows a severe discrepancy between simulation data
and truncated virial series at high volume fractions ¢. For
highly anisotropic particles, the truncated virial approach even
leads to unphysical, negative real gas factors.

Previously, different approaches to compensate the con-
tributions of unknown, higher virial coefficients have been
discussed. These corrections can be reevaluated quantitatively
with the now available, accurate cluster-MC data.

1. Corrections for truncated virial series

Parsons [29] suggested a correction based only on the
second virial coefficient of the respective geometry and the

Carnahan-Starling equation of state for hard spheres [46]. As
this approach leads to a simple analytical expression for the
free energy, it is widely used in classical density functional
theory [47]. When only few low-order virial coefficients of
hard anisotropic particles were known, Nezbeda [30], Boublik
[31], as well as Song and Mason [32] proposed corrections for
the truncation of the virial series.

With access to the virial coefficients up to order five,
Vega extended the Parsons approach by using the known
virial coefficients and approximating the unknown ones by
an identically rescaled Carnahan-Starling approach. Hence, a
generalized Parsons approach reads as

0]
Y BT an

i=imax+1

I

max ) B*
Z=1+) By + s
i=2 BZ

if virial coefficients up to order iy, are known. Hereby, es-
sentially the Carnahan-Starling approximation for the missing
virial coefficients of order i > iy, is rescaled by the ratio of
second virial coefficients of the respective shape B} and hard
spheres By 5.

With ¢ < 1, for the infinite Carnahan-Starling series, the
closed expression

(12)

results. Herewith for any number i,x of known virial coeffi-
cients, a closed expression for Eq. (11) can be formulated. For
Imax = 8 this leads to

B; 2¢3(35¢% — T8¢ + 44)
4 (1—-9)

8
Z=1+) B¢+ (13)
i=2

The comparison of Figs. 5 and 6 clearly shows that for
moderately anisotropic particles with v > 1/5 the virial series
with the correction according to Eq. (13) accurately describes
the cluster-MC results within the phase boundaries of the
isotropic phase. For intermediate aspect ratios, slight over-
and underestimations at high pressures can be identified. For
highly anisotropic particles with v < 1/6, however, signif-
icant deviations still occur leading as previously discussed
even to unphysical, negative real gas factors. The drop of real
gas factors is caused by negative virial coefficients of order
i > 5 emerging already for moderately anisotropic particles.

Since the maximum volume fraction of the isotropic phase
is comparatively small for highly anisotropic particles, higher-
order virial coefficients can only contribute significantly if
their moduli are extraordinarily large. As visible in Fig. 6,
even rescaled higher-order virial coefficients of hard spheres
cannot compensate the negative contribution of known virial
coefficients: The rescaled Parsons correction based on hard
spheres, adequately describing moderately anisotropic parti-
cles’ equation of state, fails in the case of highly anisotropic
particles.

Orientational correlations of limited range can occur in
isotropic phases even if, in the thermodynamic limit, a
long-range orientational correlation is absent. Whenever the
orientational correlation lengths exceed the size of an i-
cluster, they are not reflected in the corresponding virial
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FIG. 6. Equation-of-state data for selected aspect ratios of oblate
hard ellipsoids. The solid lines correspond to the virial series em-
ploying a rescaled Carnahan-Starling correction [Eq. (13)]. The
equation-of-state points resulting from cluster-MC are displayed by
circles, whereby closed circles are in the isotropic phase and open
circles beyond the phase boundary of the isotropic phase.

coefficient of order i. To adequately take the effect of ori-
entational correlations into account, high-order up-to-now
inaccessible virial coefficients are required.

Since orientational correlations do not exist for spheres
and the Parsons correction only includes the second virial
coefficient which is based on pair interactions, approaches
based on the Parsons correction are not capable to describe the
effect of increasing orientational correlation lengths emerging
with progressively anisometric particles.

2. Generalized Carnahan-Starling equation

For hard spheres, numerous correlations for the compress-
ibility factor using virial coefficients as well as equation-of-
state data have been investigated [48]. Many of them are
Padé expansions based on the Carnahan-Starling equation,
where an increasing number of additional parameters improve
their accordance with available data. For the exhaustively
investigated hard-sphere system, Kolafa et al. [39] proposed
a polynomial with as much as nine heuristic parameters as an
accurate description of the real gas factor.

We investigate a modified Carnahan-Starling equation

1 2 _ 3
7 + e +vieT — e , (14)

(1-9)
where in addition to the analytically known second virial co-
efficient only two further parameters are needed. To approach
the virial expansion in the low-density limit, the parameter y
is chosen to be

Yo=B; =3, (15)

8le-v=110 ~v=12
-~v=1/8 v= 123
~v=1/6 -<-v=4/5
Tlev=15 -=v=1011
v=14 -v= 1
v= 173
6
5
«F
= 4
Q.

0.0 0.1 0.2 0.3 0.4 0.5 0.6
9

FIG. 7. Equation-of-state data for selected aspect ratios of oblate
hard ellipsoids and fits using the generalized Carnahan-Starling rela-
tion [Eq. (14)]. The closed circles are equation-of-state points in the
isotropic phase while open circles represent equation-of-state data
beyond the phase boundary of the isotropic phase.

which is for hard particles the excess part of the mutual ex-
cluded volume. The correlations proposed by Nezbeda [30]
and Song and Mason [32] approach this low-density limit as
well.

The remaining parameters y; and y, are obtained via least-
squares fits from cluster-MC data within the boundaries of the
isotropic phase (Sec. III C). The cluster-MC real gas factors
and least-squares fits according to Eq. (14) are displayed in
Fig. 7, and the optimum parameters y; and y, are compiled in
Table II in dependence on the aspect ratio v.

Despite the simplicity of this heuristical correction with
only two unknown parameters, the real gas factor according

TABLE II. Parameters y, and y, and their uncertainties for a gen-
eralized Carnahan-Starling-type equation [Eq. (14)] for 11 different
aspect ratios v as well as density limits of the data considered.

v Limits Coefficients
Vi Y2
1/10 0.020 < ¢ < 0.190 61.66143(13) 333.7431(10)
1/8 0.039 < ¢ < 0.231 37.40249(11) 169.0247(8)
1/6 0.059 < ¢ < 0.297 19.00785(5) 68.07192(23)
1/5 0.050 < ¢ < 0.344 12.26132(8) 37.2321(3)
1/4 0.050 < ¢ < 0.405 7.12067(9) 17.5093(4)
1/3 0.050 < ¢ < 0.498 3.57926(7) 6.50072(18)
1/2 0.050 < ¢ < 0.560 1.593380(26) 1.88163(6)
2/3 0.050 < ¢ < 0.615 1.25381(12) 1.43668(24)
4/5 0.049 < ¢ < 0.500 1.11610(13) 1.1958(4)
10/11 0.050 < ¢ < 0.480 1.07955(15) 1.1336(4)
1 0.051 < ¢ < 0.492 1.07284(22) 1.1246(6)
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FIG. 8. Relative deviations of the modified Carnahan-Starling
real gas factor Eq. (14) from simulation data exemplarily shown for
aspect ratios v = 1 (hard spheres) and v = 1/3. The green line is the
relative deviation from the Carnahan-Starling equation (y; = y» =
1) and the blue line the relative deviation from the Kolafa-Labik-
Malijevsky equation of state for hard spheres [39]. The dashed red
line is a cubic spline as a guide to the eye.

to Eq. (14) is in good agreement to cluster-MC data. As
expected, systematic relative deviations of less than 0.5% still
exist exceeding the uncertainty of cluster-MC data as exem-
plarily shown in Fig. 8.

IV. SUMMARY AND OUTLOOK

In principle, equilibrium properties of hard-particle sys-
tems can be accessed via an alternative route using molecular
dynamics instead [4]. Considering collisions of anisotropic
particles, the equations of motion are numerically demand-
ing. Therefore, Monte Carlo simulations requiring only the
discrimination of overlap and nonoverlap configurations are a
widely used approach in the case of anisotropic systems.

Despite the larger numerical effort of cluster-MC in com-
parison to classical MC, the significantly increased statistical
accuracy as illustrated in Fig. 1 in total reduces the CPU time
required to access precise data. The benefit of this technique
increases with the complexity of overlap algorithms which are
often the time-critical step for anisotropic shapes.

The probability of cluster formation depends in the case
of hard particles on the closest surface-to-surface distance
between two particles. For many geometries, a closed ana-
lytical expression for the minimum surface distance does not
exist. In the case of ellipsoids, an upper and a lower limit
for the minimum surface distance can be determined. Cluster
formation probabilities based on both approximations lead to
identical results for equation-of-state data: An approximation

for this quantity is sufficient for cluster-MC simulations of
ellipsoids and probably other shapes.

Using this method, the phase boundaries of the isotropic
phase of oblate, hard ellipsoids of revolution are determined
employing significantly larger ensembles than used before
[5,9]. In addition, precise (N, p, T') equation-of-state data for
the isotropic phase are obtained. This cluster-MC data are
compared to the virial series considering recently published
virial coefficients of oblate ellipsoids up to order eight.

For moderately anisotropic ellipsoids, the cluster-MC data
excellently agree with the virial series up to moderate vol-
ume fractions (Fig. 5). The discrepancies in vicinity to the
phase transition can be reduced significantly by a rescaled
Carnahan-Starling correction [Eq. (13)] for the unknown
virial coefficients of order i > 8 (Fig. 6).

For highly anisotropic particles with aspect ratio v < 1/6
even employing this correction, significant deviations from
cluster-MC data are observed in the vicinity to the isotropic-
nematic phase transition. At volume fractions beyond the
isotropic-nematic phase transition, the virial series even pre-
dicts unphysical, negative pressures. A possible explanation
are long-range orientational correlations in dense systems
of highly anisotropic particles whose range is sufficiently
covered only in large clusters reflected by inaccessible high
orders of virial coefficients. Since orientational correlations
do not exist in hard-sphere systems, any correction based
on the Carnahan-Starling equation is not capable to correct
these effects: Rescaling with the second virial coefficient of
a highly anisotropic shape can only account for short-range
orientational correlations in two-particle clusters.

Equation-of-state data of hard-particle systems are com-
monly described by heuristical correlations such as the
Kolafa-Labik-Malijevsky equation of state. For ellipsoids
of revolution, different approaches have previously been
published [25,30-32]. We propose a generalized Carnahan-
Starling approach using the second virial coefficient and two
additional parameters for each aspect ratio. Despite the sim-
plicity of this approach, equation-of-state data are described
surprisingly well within the phase boundaries of the isotropic
phase.

Precise equation-of-state data resulting from cluster-MC
simulations enable a quantitative analysis of truncation effects
in virial approaches and commonly used corrections for the
unknown, higher-order virial coefficients. Using oblate, hard
ellipsoids of revolution, the capability of cluster-MC to access
precise equation-of-state data of anisotropic hard particles is
exemplarily demonstrated.

Systematic cluster-MC simulations of differently shaped
hard particles can give insights into the importance of higher-
order virial coefficients and many-particle interactions of hard
particles in dependence on shape and aspect ratio for less
dilute systems.
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S-I. COMPARISON OF CLUSTER-MC DATA
TO AVAILABLE LITERATURE DATA
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FIG. S-1. Cluster-MC data from this contribution (circles) in
comparison to available literature data (crosses)[S1]. Closed
circles represent the reduced pressure Sprg,. in depence on the
volume fraction ¢ for the isotropic phase. Open circles are
reduced pressures of the nematic phase beyond the isotropic-
nematic phase transition. The solid lines are results of the

generalized Carnahan-Starling relation [Eq. (13)].

S-II. CLUSTER-MC DATA

Data for reduced pressure ﬁprgq,, volume fraction ¢ and re-
lated real gas factors Z are compiled in the subsequent tables
for all investigated aspect ratios.
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TABLE S-1. Equation-of-state data for hard ellipsoids of revolution with aspect ratios v = 1/10, v = 1/8, and v = 1/6
determined by cluster-MC simulations.
v=1/10 v=1/8 v=1/6
Bpraa. © Z Bpra.. © Z Bpraa. © Z
0.061 0.0197391(10) 1.29447(7) 0.115 0.0394144(20) 1.52772(8) 0.14  0.0590646(16)  1.65809(5)
0.123  0.0334406(13)  1.54070(6) 0.191 0.0554815(22) 1.80253(7)  0.237  0.082471(4) 2.01025(10)
0.203 0.0468417(16) 1.81532(7) 0.287 0.071299(5) 2.10764(13) 0.366 0.105863(5) 2.41849(11)
0.303 0.059986(4) 2.11585(14) 0.408 0.087256(5) 2.44830(13) 0.532 0.129166(4) 2.88117(9)
0427  0.073164(5) 2.44467(14) 0.555  0.103150(4) 2.81724(11)  0.745  0.152923(6) 3.40791(13)
0.578 0.086484(8) 2.79949(25) 0.733 0.119320(6) 3.21654(16) 1.011  0.177046(10) 3.99458(22)
0.703 0.096084(6) 3.06473(18) 0.946 0.135931(6) 3.64394(17) 1.342  0.202000(14) 4.6474(4)
0.845 0.105933(5) 3.34128(13) 1.093 0.146235(7) 3.91351(19) 1.585  0.217964(16) 5.0869(4)
1.004  0.116035(8) 3.62438(25) 1.254  0.156745(15)  4.1889(4) 1.765  0.228876(12) 5.39447(27)
1182 0.126523(5) 3.91325(16) 1432 0.167643(13)  4.4725(4) 1.96  0.239989(21)  5.7131(5)
1.381 0.137542(9) 4.20579(27) 1.627  0.178908(15) 4.7617(4) 2.172  0.251387(25) 6.0440(6)
1.6 0.149089(14)  4.4953(5) 1.84  0.190630(15)  5.0539(4) 2401  0.263049(19)  6.3850(5)
1.843  0.161494(15) 4.7803(5) 2.07 0.202818(23) 5.3440(6) 2.649  0.275195(13) 6.7336(3)
2.109 0.17499(4)  5.0485(11) 2.326 0.21615(5)  5.6345(13) 2.917 0.28877(14) 7.066(4)
2.402  0.20049(22)  5.018(6) 2.601 0.2392(5)  5.694(12) 3207 0.31438(14)  7.136(3)
2.721 0.22490(8)  5.0679(17) 2.9 0.26279(6) 5.7782(12) 3.519 0.33169(11)  7.4216(23)
3.04 0.24242(5)  5.2529(10) 3.199 0.27930(5)  5.9972(11) 3.855 0.34675(5)  7.7771(10)
3.359 0.25751(4) 5.4640(8) 3.498 0.29338(4) 6.2430(8) 4.191 0.35980(6)  8.1481(13)
TABLE S-2. Equation-of-state data for hard ellipsoids of revolution with aspect ratios v = 1/5, v = 1/4, and v =
determined by cluster-MC simulations.
v=1/5 v=1/4 v=1/3
Bpreg. % Y Bprég. % Y Bpreg. % Z
0.086 0.0495383(20)  1.45437(6) 0.066 0.0498971(23) 1.38515(7) 0.047 0.0497722(19) 1.31718(6)
0.171 0.0790598(27)  1.81201(7) 0.116 0.0746028(24) 1.62829(5) 0.081 0.074594(4)  1.51465(7)
0.269 0.103858(4)  2.16985(9) 0.18 0.098863(5) 1.90663(10) 0.179 0.124317(6)  2.00843(9)
0.399 0.129009(4)  2.59103(8) 0.278 0.127222(8) 2.28830(14) 0.271 0.156577(7) 2.41420(10)
0.565 0.154078(9) 3.07205(17) 0.406 0.155432(9) 2.73535(15) 0.394 0.189081(8) 2.90658(13)
0.775  0.179322(8) 3.62065(16) 0571  0.183593(7) 3.25693(12)  0.555  0.221420(6) 3.49630(10)
1.04 0.205090(11) 4.24823(22) 0.783 0.211965(9) 3.86835(16) 0.767  0.253998(15) 4.21209(26)
1.369 0.231321(8) 4.95800(16) 1.054 0.240690(8) 4.58575(15) 1.043  0.286538(10) 5.07732(18)
1777 0.258288(15)  5.7637(4) 1.397  0.269676(12) 5.42478(24) 1.403  0.319178(12) 6.13137(23)
2.157  0.279740(16) 6.4597(4) 1.829  0.298966(10) 6.40649(20) 1.872  0.351842(12) 7.42149(25)
2.371  0.290671(16) 6.8336(4) 2372 0.328613(16) 7.5589(4) 2.484  0.384486(17) 9.0116(4)
2.603  0.301800(19) 7.2256(5) 2.829  0.349463(24) 8.4774(6) 3.286  0.417116(19) 10.9886(5)
2.853 0.31316(3) 7.6323(8) 3.087  0.360015(23) 8.9793(6) 3.894  0.436996(22) 12.4294(7)
3.123 0.32487(5)  8.0535(11) 3.365 0.37067(4) 9.5066(8) 4.24 0.447012(25)  13.2306(8)
3.414 0.3396(7) 8.423(16) 3.666 0.38148(5) 10.0636(13) 4.616  0.457009(23) 14.0888(8)
3.720  0.36223(12)  8.6242(27) 3.992 0.39276(9) 10.6436(24) 5026  0.467119(23)  15.0082(8)
4.068 0.37783(7)  9.0200(15) 4.345 0.4095(5)  11.110(14) 5.473 0.47733(6) 15.9934(19)
4.434 0.39168(5)  9.4838(13) 4.727 0.42733(9) 11.5838(25) 5.961 0.48789(7) 17.0422(21)
4.801 0.40375(8)  9.9617(19) 5.14 0.44109(10) 12.2030(27) 6.495 0.5036(5)  17.992(18)
5.587 0.45370(6) 12.8954(17) 7.078 0.51824(18) 19.051(7)
6.034 0.46482(7) 13.5941(21) 7717 0.53057(15) 20.288(6)
8.356 0.54121(11) 21.536(5)




TABLE S-3. Equation-of-state data for hard ellipsoids of revolution with aspect ratios v = 1/2, v = 2/3, and v = 4/5
determined by cluster-MC simulations.
v=1/2 v=2/3 v=4/5

Bpra,. @ Z Bpra.. © Z Bpra. © Z

0.03  0.0498739(17) 1.25981(5) 0.022 0.0497010(25) 1.23672(7) 0.018 0.0491810(23) 1.22646(6)
0.076  0.099525(4)  1.59933(6) 0.055  0.099489(5) 1.54454(8)  0.046  0.100540(6)  1.53319(9)
0.123 0.135113(6) 1.90664(8) 0.105 0.150100(5)  1.95444(7) 0.086 0.150086(6) 1.92017(7)
0.184 0.169725(7) 2.27054(9) 0.169 0.194747(9) 2.42455(11) 0.125 0.185039(7) 2.26373(8)
024  0.194721(13)  2.58142(17) 0219  0.221245(6) 2.76557(8)  0.176  0.219940(10)  2.68155(12)
0.308 0.219557(9)  2.93807(12) 0.281  0.247928(10) 3.16661(12) 0.221 0.244442(9)  3.02966(12)
0.391  0.244398(11)  3.35072(15) 0.358  0.274777(18) 3.64013(25) 0.275 0.268759(7) 3.42885(9)
0.492 0.269175(7)  3.82816(10) 0.452  0.301315(12) 4.19114(16) 0.341  0.293288(17) 3.89618(23)
0.616  0.294098(13)  4.38680(19) 0.568  0.327808(18) 4.84108(27)  0.421  0.317789(10) 4.43938(14)
0.768  0.319067(12) 5.04124(19) 0.713  0.354515(13) 5.61913(21) 0.519  0.342442(12) 5.07878(18)
0.953  0.343887(12) 5.80412(20) 0.893  0.381121(15) 6.54641(25) 0.638  0.366934(12)  5.82654(19)
1.181  0.368795(14)  6.70693(26) 1.118  0.407739(15) 7.66080(27)  0.784  0.391480(15)  6.71097(26)
1.46 0.393546(18) 7.7699(4) 1.401  0.434361(13) 9.01159(26) 0.963  0.415950(24) 7.7582(5)
1.806  0.418352(18) 9.0414(4) 1.759  0.460969(21) 10.6612(5) 1.185  0.440533(18) 9.0140(4)
2.235  0.443106(14)  10.5640(4) 2214 0.487544(26)  12.6876(7) 1.461  0.465123(8) 10.52599(20)
2.77 0.467767(24) 12.4025(7) 2.799  0.514167(17) 15.2094(5) 1.806  0.489748(26) 12.3574(7)
3.441  0.492323(18) 14.6384(6) 3.557 0.54087(4) 18.3740(12) 2.11 0.50753(5)  13.9316(13)
4.288 0.516710(9) 17.38065(28) 4.549 0.56777(4) 22.3850(15) 2.38 0.521124(24) 15.3043(7)
5.367  0.540931(23) 20.7801(10) 5.866 0.59513(7) 27.539(4) 2.72 0.53593(4) 17.0076(12)
6.03 0.553197(27)  22.8295(11) 6.37 0.60385(13) 29.473(6)

6.52 0.561317(18) 24.3275(8) 6.86 0.61156(19)  31.340(10)

701 0.568762(27) 25.8135(12) 7.44 0.62001(20)  33.526(11)




TABLE S-4. Equation-of-state data for hard ellipsoids of revolution with aspect ratios v = 10/11 and v = 1 determined by
cluster-MC simulations.

v =10/11 v=1
Bpri,. © Z Bpri,. @ Z
0.016 0.0496756(23)  1.22639(6) 0.015  0.0509774(23)  1.23254(7)
0.04 0.100001(5)  1.52304(7) 0.036  0.099374(5)  1.51746(7)
0.075  0.149822(6)  1.90606(8) 0.068  0.149711(9) 1.90258(11)
0.127  0.200183(11) 2.41563(14) 0.115  0.199968(13) 2.40894(16)
0.202  0.249634(11) 3.08106(14) 0.183  0.249500(12) 3.07234(15)
0.244  0.270806(11) 3.43072(15) 0.257  0.287902(12) 3.73919(16)
0.202  0.291349(7) 3.81612(9) 0.322  0.314118(10) 4.29390(13)
0.35  0.312422(14) 4.26559(18) 0.402  0.340297(14) 4.94830(20)
0.418  0.333314(15) 4.77502(21) 0.501  0.366491(23)  5.7262(4)
0.498  0.354095(14) 5.35504(21) 0.623  0.392519(19)  6.6484(4)
0.594  0.375102(13) 6.02961(21) 0.711  0.408306(18)  7.2941(4)
0.708  0.396068(19)  6.8064(4) 0.777  0.418880(15) 7.76998(28)
0.844  0.417021(20)  7.7061(4) 0.886  0.434489(19)  8.5417(4)
1.006  0.437866(16)  8.7480(4) 0.968  0.444962(17)  9.1126(4)
1202 0.458864(15)  9.9741(4) 1.107  0.460768(16)  10.0636(4)
1439 0.479875(21)  11.4179(5) 121 0.471173(20)  10.7571(5)
1.64  0.494956(26) 12.6163(7) 1.266  0.476428(29)  11.1308(7)
1.81  0.506172(25) 13.6155(7) 1.324 0.48163(4)  11.5150(8)
2.1 0.52279(6) 15.2948(15) 1.386 0.48694(4) 11.9226(10)
1.451 0.49220(4)  12.3485(9)
1.518 0.49737(5) 12.7845(12)
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Virial coefficients of hard hyperspherocylinders in R*: Influence of the aspect ratio

Markus Kulossa®, Philipp Marienhagen ©, and Joachim Wagner
Institut fiir Chemie, Universitdt Rostock, 18051 Rostock, Germany

® (Received 25 February 2022; accepted 23 May 2022; published 21 June 2022)

We provide second- to sixth-order virial coefficients of hard hyperspherocylinders in dependence on their
aspect ratio v. Virial coefficients of an anisotropic geometry in four dimensions are calculated employing
an optimized Mayer-sampling algorithm. As the second virial coefficient of a hard particle is identical to
its excluded hypervolume, the numerically obtained second virial coefficients can be compared to analytical
relations for the excluded hypervolume based on geometric measures of the respective, convex geometry in

dependence on its aspect ratio v.

DOI: 10.1103/PhysRevE.105.064121

I. INTRODUCTION

Hard particles have been investigated thoroughly as a
model for many-particle systems for more than a century.
These studies have significantly contributed to the understand-
ing of self-organization in condensed matter [1]. The virial
series introduced by Kamerlingh Onnes [2],

p=oksT(1+Bro+Bso” +...), (0

where p denotes the pressure, kg7  the thermal energy, and
o the particle number density, is the first attempt to describe
thermodynamic properties of imperfect gases. The coeffi-
cients B; in the MacLaurin expansion in number density
accounting for the nonideal behavior are the virial coeffi-
cients. Introducing the volume fraction n = oVp as the product
of number density o and particle volume Vp, with

p:ViPkBT(1+B§n+B§n2+...), )

an expansion in terms of the volume fraction 7 results, where
B = B;/Vi~" are reduced virial coefficients.

The first attempts to calculate virial coefficients use hard
spheres as a model system with its geometric constraint of
impenetrability [3-6]. The seminal work of Onsager with the
analytically treatable model of infinitely thin rods predicted
the formation of liquid-crystalline structures beyond a critical
volume fraction [7]. Based on the theoretical foundation by
means of statistical mechanics [8], with emerging computer
performance, virial coefficients of order 5 < i < 12 of hard
spheres have been computed [9-15]. These methods have
been extended to virial coefficients of anisometric hard bodies
with different topology and aspect ratio [16-24].

Virial coefficients of hard discs as two-dimensional analogs
of hard spheres have been theoretically [25,26] and numeri-
cally [27] calculated. For orders i > 5, in most cases, these
virial coefficients were calculated together with those of hard
spheres [10-12,28]. With these data, first insights into the

*joachim.wagner @uni-rostock.de
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dimensionality’s influence to the nonideal behavior of gases
and supercritical fluids with impacts on the maximum packing
fraction have been possible [29].

The extension of the hard-sphere model system to Eu-
clidean spaces with dimensionality D > 3, already published
by Ree and Hoover [30], does not only provide useful physical
insights [31], but also has implications to information theory
[32]. Virial coefficients of hard spheres in higher dimensions
interestingly become negative for even orders i in dimensions
D > 5 [33]. For hard hyperspheres, selected virial coefficients
up to order i = 64 and up to dimension D = 100 are known
[28]. Virial coefficients of anisometric, hard objects in dimen-
sions D > 3, however, are so far unknown.

The aim of this contribution is the calculation of uniaxial,
hard hyperspherocylinders’ virial coefficients for dimension
D = 4 in dependence on their aspect ratio v. Since the second
virial coefficient of hard, convex objects equals the mutual ex-
cluded volume, its relation to geometric measures is analyzed
in dependence on the aspect ratio v. Herewith, expressions
for a four-dimensional analog of the Isihara-Hadwiger relation
[34-36] can be tested.

II. THEORETICAL BACKGROUND

Using the Ree-Hoover reformulation, the virial coefficient
of order i can be written as

i—1
Bi=——— ) ccS, 3)
GeR}

where RY is the set of labeled Ree-Hoover graphs G with
i vertices and weighting factors cg, called Ree-Hoover star
contents, depending on the graph’s topology. S¢ is the config-
uration integral over interactions represented by the labeled
graph G. Since in the case of hard-body interaction a single
Ree-Hoover diagram contributes to the integrand, the calcula-
tion based on the Mayer-sampling method [37] can be done
employing an optimized algorithm with a bisection search in
an ordered list containing all labeled diagrams with their star
contents [23]. Mayer sampling as an importance sampling

©2022 American Physical Society
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technique requires the simultaneous calculation of a known
reference integral. For the calculation of the second virial
coefficients the analytically known second virial coefficient of
hard hyperspheres is used as a reference for small aspect ratios
v < 5. To increase the accuracy for aspect ratios v > 6, as a
reference, the virial coefficient of hard hyperspherocylinders
with aspect ratio v = 5 obtained with hard hyperspheres as
a reference is used. To minimize the total uncertainties for
v > 6, this reference value is extensively sampled to reduce
the uncertainty of this numerically obtained reference integral.
For virial coefficients with order i > 3, however, integrals of
highly branched spanning trees containing i vertices, each
with the value (—2B,)"!, are the more efficient choice as an
intrinsic reference integral [23].

A. Geometric measures of hyperspherocylinders in R*

A hyperspherocylinder is the union of hyperspheres with
radius req the centers of which are located at r = ¢ + A,
where ¢ = (cy, ¢y, ¢y, ¢,)T is the hyperspherocylinder’s cen-
ter of mass and @ = (uy, uy, uy, u,)T its direction indicated
by a Cartesian unit vector. The parameter —(v — 1)req < A <
(v — 1)req defines the length of the hypercylinder barrel and is
related to the hyperspherocylinder’s equatorial radius r.q and
its aspect ratio v > 1. The hypervolume V of a hypersphero-
cylinder with equatorial radius r.q and aspect ratio v reads as

_ 6(v—1)+37

1% z Treqs 4
and its hypersurface S can be written as
S=2m[4(w — 1)+ 7lry,. (5)

Its mean radius of curvature R is accessible as the hyper-
surface integral of its mean curvature « [38,39]. Since the
latter quantity is « = 1/(3r62q) in the hypercylindrical part
with length 2(v — 1)req, 1/rZ, in both hemihyperspheres, and
the curvature is continuous at the entire hypersurface, a hyper-
spherocylinder’s mean radius of curvature R reads as

R—[4("_1) 1} (6)
T T

B. Overlap criteria for hyperspherocylinders

Let ¢; and ¢, be two hyperspherocylinders’ centers of
mass, U; and @, unit vectors describing their orientation,
req their equatorial radius, and v their aspect ratio. The
overlap problem of hard hyperspherocylinders in R* can be
solved by determination of the minimum distance between
the two lines ri(A) = ¢; + Ay and r(u) = ¢ + wi; un-
der the constraints |A] < (v — 1)req and [pu] < (v — D)req in
analogy to the overlap problem in R* [40]. If the minimum
distance i [r{(Amin) — F2(4min)| < 27¢q, both hypersphero-
cylinders overlap, otherwise not. This overlap criterion can
easily be extended to arbitrary dimensions D.

C. Simulation details

The calculation of the ith virial coefficient of an uniax-
ial solid of revolution in R* requires an integration over a
7(i — 1)-dimensional configuration space which can be per-

formed efficiently using a Mayer-sampling algorithm [37]
extended to the four-dimensional space. In the case of hard-
body systems, the originally proposed acceptance criterion
has to be adapted by using a weighted sum of the integrands of
both the system of interest and the reference system [23]. The
algorithm is based on random translation and rotation attempts
of randomly selected particles.

Let £ = (¢, x, ¢) be the angular coordinates of a ran-
dom unit vector in R* with the probability densities p(¢) =
2 sin? ¥/, p(x)=sinx/2, and p(p)=1/2m) in 0<
<, 0< x <7, and 0 < ¢ < 27. With the abbrevia-
tions @ = cos?¥, b =sin® cos x, ¢ = sin¥ sin x sing, and
d = sin ¥ sin x cos ¢, a randomly oriented unit vector 0 =
(—d, —c, —b,a)" is generated. A random translation of a
particle is achieved by choosing its center-of-mass position
cy+1 at step N + 1 relative to its previous position cy:

CN+1 = CN + Atmns S ﬁ, (7)

where 0 < &€ < 1 is a uniformly distributed random number.
The maximum length of displacement A,y is tuned to obtain
an acceptance ratio of p,.c &~ 1/2.

Using again random angular coordinates €2, a left isoclinic
rotation matrix in R* can be written as

a —b c —d
b a —d -—c
R(®) = —c d a —b ®)

d c b a

based on the Hamilton quaternion [41]. Additionally employ-
ing a rotation matrix

YY) =R(Y,0,0)

cosy —siny 0 0
| siny cos Y 0 0 )
o 0 0 cosyy —siny |’
0 0 siny cos Y

a randomly rotated unit vector iy, can be obtained from the
orientation of a given particle @iy at step N by

vy =R(®)-¥(¥) - RY(RQ) - dy. (10)

Choosing ¥ with —A < ¥ < Ay as a random number
with probability density p(y¥) = 1/(2A,o) allows an explo-
ration of the rotational configuration space with uniform
density at the unit hypersphere’s hypersurface as shown in
the Appendix complemented by a detailed description of the
rotation. The maximum rotation A, is again chosen to obtain
an acceptance probability of p,.. = 1/2.

The calculation of virial coefficients with known overlaps
and nonoverlaps is independent of the systems’ dimensional-
ity and thus identical to the strategy in R? and R? as described
in [23]: After translation and rotation of a selected particle
i(i —1)/2 Mayer f functions fj; are calculated based on
overlaps and nonoverlaps between particles j and k of the ob-
tained configuration, where, in the case of an overlap between
particles j and k, fj; = —1 is obtained and otherwise fj; =0
results. Defining additionally ej; = fj + 1, the contribution
of the generated configuration to the virial coefficient [Eq. (3)]
is a product of f and e functions of the single contributing
graph G weighted by its star content ¢ [10].
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TABLE I. Reduced virial coefficient B} of hard, four-dimensional hyperspherocylinders with the aspect ratio v.

v B: B: B: B: B:
1 32.4061 (19) 77.743 (9) 146.23 (6) 253.2 (8)

8 32.405759.. . 77.745183 .. 146.2451 (5)° 253.388 (6)*
2 9.6026 (4) 42.7361 (20) 96.325 (14) 174.58 (16) 340 (4)
3 11.9340 (6) 57.9720 (29) 108.70 (4) 270.5 (5) 444 (19)
4 14.3853 (7) 74.454 (9) 104.28 (5) 564.3 (13) —850 (40)
5 16.87831 (21) 91.606 (11) 81.18 (7) 12132 (22) —7000 (130)
6 19.3904 (11) 109.188 (21) 39.09 (14) 2363 (7) —23500 (400)
7 21.9132 (13) 127.076 (25) —21.31 (16) 4161 (12) —57500 (600)
8 24.4416 (16) 145.19 (4) —99.59 (24) 6723 (27) —119000 (1100)
9 26.9744 (11) 163.52 (5) —194.71 (24) 10180 (40) —215600 (1900)
10 29.5108 (17) 182.00 (9) —306.7 (6) 14581 (30) —360000 (4000)

#Value from [28].

For the calculation of virial coefficients of order 2-6 at
least 16 independent runs, each with 5 x 10'© Monte Carlo
steps, are used. The data provided are averages with confi-
dence intervals given by standard errors.

III. RESULTS AND DISCUSSION

The calculated virial coefficients of hard hypersphero-
cylinders with aspect ratios 1 < v < 10 from order 2—-6 are
compiled in Table I. The literature values for hard hyper-
spheres’ virial coefficients are in the limit v — 17 reproduced
within their uncertainties for the orders 3 < i < 6. Since the
scope of this paper is an aspect-ratio dependent approach
covering orientation averages of anisotropic particles, the nu-
merical effort is drastically increased. The larger uncertainties
compared to hard hyperspheres’ virial coefficients in [28] are
therefore not a principal limitation of the used algorithm,
but a consequence of the significantly enlarged computational
demands.

A. Second virial coefficient and excluded hypervolume

Using the geometric measures of hypersurface S, mean ra-
dius of curvature R, and particle hypervolume Vp, the relation

" 7SR
By=1+ IV, an
was proposed for convex geometries as the excluded hy-
pervolume per particle in R* [38], which is in the case of
hard-body interaction identical to the second virial coeffi-
cient. While this relation is valid for a hypersphere in the
limit v — 17, for larger aspect ratios severe discrepancies to
second virial coefficients calculated by means of Mayer sam-
pling arise (Fig. 1). However, the relation

SR 8 [4(v— 1) +37]4(v — 1) + 7]

Ww =« 16(v — 1)+ 37

12)

describes the reduced second virial coefficients for 1 <v <10
with high accuracy.

Recently, the same authors corrected their conjecture (11)
using mixed volumes and quermassintegrals [42]. For a con-
vex set K, the excluded hypervolume per particle vex and thus
the second virial coefficient can in the four-dimensional space

be written as
4

1 4
B, = X — A~ vviKW—iKa
2= Ve 2K4§(i) (K)Wi_i(K)

where k4 = m?/2 is the hypervolume of the unit hypersphere
in R* and W;(K) are quermassintegrals of K. With the latter
quantities, B, can be written as

13)

2
By = — [Wo(K)Wa(K) + 4Wi (K)W3 (K) + 3W(K). - (14)

Wo(K) = VP(D)(K) is the D-dimensional hypervolume of a
convex shape, W; (K) = S®~D(K)/D its (D — 1)-dimensional
hypersurface, Wp_;(K) = kpR its mean radius of curvature R
multiplied by the hypervolume «p of a D-dimensional unit

40
1 x10~%
35F L3
A RiRUUS
30 | &
25 |
20 |
15
--1+7SR/(4Vp)
10F —2SR/Vp
¢ Mayer sampling
5 L L L L L
2 4 6 8 10
v

FIG. 1. Reduced second virial coefficients B5 = B, /Vp for hard,
four-dimensional hyperspherocylinders in dependence on the aspect
ratio v. The dashed red line represents relation Eq. (11), while the
blue solid line represents Eq. (12). The inset displays the relative
deviations AB; = B3 — B, between numerically calculated, re-
duced second virial coefficients B3 and analytically calculated B
employing Eq. (12).
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hypersphere, and finally W (K) = «p the hypervolume of the
D-dimensional unit hypersphere. Using these quantities, B, of
a convex shape in R* can be expressed as

By = V{P(K) + SO (K)R(K) + %WZZ(K) (15)

with the missing quermassintegral

2

)
W= —ri +

5 4—”@ — Dr? (16)

3 e
of a hyperspherocylinder in R* [43,44]. As easily can be seen,
this leads to Vp + 6W22 /7:(2 = SR and results in the analyt-
ical expression B, = 2SR and therewith BY = 2SR/Vp. The
relation Ve + 6W; /7% = SR is to our knowledge unique for
hyperspherocylinders in R*.

In the limit of infinitely long hyperspherocylinders,
Eq. (12) leads to

B3 8
im 2200 _ 3 (17)

v—>00 P T

indicating an excluded hypervolume proportional to the aspect
ratio v.

In the two-dimensional Euclidean space with the figure’s
area Ag, the circumference S, and the mean radius of cur-
vature R = S/(2), the reduced second virial coefficient can
be written as By =1+ SR/(ZAF) =14 852/(4nAg) [45]. In
the three-dimensional Euclidean space, the relation By = 1 +
SR/Vp is obtained with the surface S, the mean radius of
curvature R, and the particle volume Vp [34-36].

Despite that the hypervolume in Eq. (12) is not an
additive contribution to the excluded hypervolume, the formu-
lation based on quermassintegrals [Eq. (15)] shows that the
hypervolume in fact contributes to the mutual excluded hy-
pervolume. In analogy to the excluded volume in the two- and
three-dimensional space, also in four- and higher-dimensional
Euclidean spaces, the D-dimensional hypervolumes are addi-
tive contributions to the mutual excluded hypervolume.

B. Higher-order virial coefficients

The excellent agreement of our numerical results for the
second virial coefficients with the analytical result [Eq. (12)]
proves the correctness of the Mayer-sampling algorithm and
the overlap criterion in R*. The third- to sixth-order virial
coefficients in Table I are calculated using this analytical result
as an exact reference integral. Noticeably, the higher-order
virial coefficients exhibit alternating signs between even and
odd orders at large aspect ratios: The even-order virial coeffi-
cients B} and Bf are negative and strongly decrease with in-
creasing aspect ratio v, while the odd-order virial coefficients
Bj and B are positive and notably increase with the aspect ra-
tio v. This behavior is also known for hyperspheres in dimen-
sions D > 8 for third- and higher-order virial coefficients [28].

For convex figures in two dimensions and for oblate ge-
ometries in three dimensions, a nearly linear dependence of
reduced virial coefficients B; = B; /B;_] on the inverse excess
part of the excluded volume « appears especially for lower-
order virial coefficients [23,46]. Employing Eq. (12), in four
dimensions @ = (B, — Vp)/(7TVp) = (2S1§/Vp — 1)/7 results,

05F

—0

00}

0.2 0.4 0.6 0.8 1.0
a!

FIG. 2. Reduced virial coefficients B; = B; /Bg’l in dependence
on the inverse of the rescaled, excess part o = (2SR/Vp — 1)/7 of
the excluded hypervolume. The solid lines are least-squares fits em-
ploying a third-order polynomial as a heuristic approach.

where the scaling factor 1/7 guarantees «(v — 17) =1 in
the limit of a hypersphere.

In the case of four-dimensional hyperspherocylinders, con-
sistent with results for three-dimensional spherocylinders
[47], already for the third-order reduced virial coefficient Bs,
a significant nonlinearity is observed (Fig. 2). However, the
reduced virial coefficients B; of order 3-6 can excellently be
described using a third-order polynomial in dependence on the
aspect ratio v and therewith reliably be interpolated.

IV. OUTLOOK

With the described approach, for the first time virial coeffi-
cients of four-dimensional, anisotropic objects are calculated.
Using hard hyperspherocylinders exemplarily as a convex
shape with tunable aspect ratio v in R*, the impact of aniso-
metry to the geometric measures of hypervolume, hypersur-
face, mean radius of curvature, and the quermassintegral W,
can be analyzed and related to the second virial coefficient.

Our numerical results for B, agree with the analytical re-
sult employing mixed volumes and quermassintegrals [42].
A remaining task is the calculation of virial coefficients
with order i > 6 for four-dimensional hyperspherocylinders
and virial coefficients of differently shaped, hard anisotropic
objects in R*.
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APPENDIX: EXPLORATION OF THE ROTATIONAL
CONFIGURATION SPACE

Let 2y = (Un, xn, ¢n) be generalized angular coordinates
describing the orientation of an uniaxial solid of revolution in
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R* at step N. The orientation alternatively can be written as

sin ¥y sin xy cOS @y
.| sindy sin xu sin gn
u sin ¥y cos Xy
cos Uy

(A)

using the Cartesian unit vector @iy. A random rotation in R*
can be achieved as follows.

(i) Generate a randomly oriented unit vector @,. Let 0 <
Y < 7 be arandom number with probability density p(d;) =
2 sin? U/, 0 < xr < 7 arandom number with probability
density p(x;) = sin x;/2, and 0 < ¢, < 27 a random number
with probability density p(¢) = 1/(2m).

Using the definitions

d = sin ¥, sin x; cos ¢, (A2a)
¢ = sin ¥ sin x; sin ¢, (A2b)
b = sin ¥, cos x;, (A2¢)
a = cos vy, (A2d)

a left isoclinic rotation matrix in R* [41] can be written as

a —b c —d
b —-d -
Re)=|_0 5 7 ) (A3)

d c b a

with the generalized angular coordinates 2. = (9, xr, ¢r)

and the corresponding unit vector @i, = (—d, —c, —b, a)T. Us-

ing RT(L,) - @, the random unit vector @, is rotated, resulting

in a unit vector in the positive z direction @i, = (0, 0, O, DT.
(i1) Using an additional rotation matrix

YY) =R(¥,0,0)

cosy —siny 0 0

| sinyr cos Y 0 0
o 0 0 cosyy —siny |’ (A4)

0 0 siny cos Y

describing a counterclockwise rotation by 1, the unit vector
6, = (0,0, —siny, cos y)" results from

G, = (0,0, —siny, cos ) = W(y) - Q.. (AS)
(iii) Applying
Uy @ = R(R,) -0y, (A6)

the intermediate result G, is back-transformed to the initial
coordinate system. Combining (i)—(iii)

E(R¥) =R(R) - ¥() RY(Q) (A7)

B,x

FIG. 3. Probability densities of polar angles ¢, x, and ¢ obtained
during 10'° random rotations according to Eq. (A8) with A, = 1/2
starting from the initial orientation @i, = (0, 0, 0, 1)T. The solid lines
represent the theoretically expected probability densities.

results, which again is a rotation matrix in R* with the
properties ET(SZF, ¥) - B(R, ¥)=I and det(E(L;, ¥))=1,
where I denotes the identity. Choosing a random orienta-
tion vector £, and a random number — Ao < ¥ < A With
probability density p(¢¥) = 1/(2A0t), a consecutive applica-
tion of E(R2;, V)

Uy = E(L, ¥) -y (A3)

to a particles’ orientation @iy at step N leads to a homogeneous
exploration of a unit hypersphere’s hypersurface as shown
in Fig. 3. The probability densities are obtained during 10'°
random rotations employing Eq. (A8) using A, = 1/2 and
starting from the initial orientation @; = (0,0, 0, 1)T. The
solid lines are the theoretical probability densities p(¥) =
2sin® ¥ /7, p(x) = sin x /2, and p(¢) = 1/(27). The excel-
lent agreement of the obtained probability densities with the
theoretical predictions proves a homogeneous exploration of
the rotational configuration space by the described method.
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We provide highly accurate equation-of-state data for the isotropic phase of hard lenses obtained by means of
cluster Monte Carlo simulations. This data is analyzed using a virial approach considering coefficients up to the
order eight and Carnahan-Starling type closure relations for the virial series. The comparison with previously
investigated systems consisting of hard, oblate ellipsoids of revolution allows insights into the detailed influence
of the particle geometry. We propose a generalized Carnahan-Starling approach as a heuristic equation of state
for the isotropic phase of hard lenses that in first approximation shows the same dependence on the excess part
of the excluded volume as identified for oblate, hard lenses of revolution.

DOI: 10.1103/PhysRevE.106.014101

I. INTRODUCTION

Hard-body many-particle systems have served for more
than a century as model systems for the self-organization of
molecular matter [1] with impacts on colloidal soft matter
[2-5] or granular systems [6] on the meso- or macroscale.
Anisometric particles are of particular interest for the un-
derstanding of liquid crystals which attracted large scientific
interest, both from the viewpoint of fundamental research and,
due to manyfold technical applications, from the viewpoint of
applied science [7,8].

While the aspect ratio v, i.e., the ratio of the shortest to
longest extent, is the property that essentially influences the
phase behavior and equation of state of such systems, numer-
ous studies are dedicated to the influence of the specific shape
beyond the aspect ratio [9—11].

A comprehensive description for differently shaped hard
particle systems’ equations of state depending on their aspect
ratio has often been in the focus of scientific work [12-15]
with relevance for classical density functional theory [16].
In their seminal work, Isihara and Hadwiger independently
showed that the second virial coefficient of convex hard bodies
can be described analytically using fundamental geometric
measures of the respective geometry [17-19].

Based on the knowledge of second virial coefficients B,
we have previously reported that reduced higher-order virial
coefficients B; = B; /Bé’l, where B; is the virial coefficient
of order i of hard, oblate, ellipsoids of revolution and hard
lenses, show in first approximation a universal dependence on
the excess part of the mutual excluded volume [20,21].

The aim of this contribution is to calculate equation-of-
state data for hard lenses as a geometry similar to hard, oblate
ellipsoids of revolution, however, exhibiting an equatorial
singularity of surface curvature in contrast to ellipsoids. The
comparison of hard, oblate ellipsoids of revolution and hard
lenses is a suitable choice, since the phase behavior of both

*joachim.wagner @uni-rostock.de
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geometries is known and contains the same phases [22-24].
In the case of hard lenses metastable glassy phases have also
been reported [25,26].

As previously shown for ellipsoids, cluster Monte Carlo
simulations as a biased variant of the original Metropolis
scheme are the method of choice for the computation of pre-
cise equation-of-state data of hard, anisotropic particles in the
(N, p, T) ensemble at constant number of particles N, con-
stant pressure p and constant temperature 7. Since in the case
of hard-body interaction, the potential energy is either infinite
for overlaps or zero otherwise, deviations from the ideal-gas
behavior are for such systems independent on the temperature
and therewith the thermal energy f~! = kgT. Hence, the rel-
evant quantity with impact on the real gas behavior is solely
the particle number density ¢ and the related volume fraction
¢ = Vpo, where Vp denotes the particle volume.

II. THEORETICAL BACKGROUND

In this paper, equation-of-state data of hard lenses is de-
termined in the isobaric-isothermal (N, p, T) ensemble. As
previously shown, employing a cluster Monte Carlo (MC) al-
gorithm [27-29] gives access to precise equation-of-state data
with comparatively small computational effort. In comparison
to classical (N, p, T) MC, the cluster MC approach allows
larger volume fluctuations leading to a better exploration of
the configuration space.

The theoretical background of this biased MC technique is
explicitly described in [29]. To adapt the cluster-MC approach
to systems consisting of hard lenses, the closest surface dis-
tance for this geometry needs to be determined reliably with a
fast method.

A. Closest surface distance of lenses

A lens is the section of two spheres with radius Ry whose
centers are less than 2R apart from each other. The generating
spheres’ radius Ry, depending on the equatorial radius 7.q and

©2022 American Physical Society
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FIG. 1. Closest surface distance between undercritically inclined
lenses. In this case (i) the closest surface distance is between the
spherical caps of both lenses.

the aspect ratio v, reads as

1+12
Ry = o Teq- (D

In principle, the presented algorithm to determine the closest
surface distance o;; of lenses is an extension of the overlap
algorithm of lenses in [21]. It assumes an overlap-free con-
stellation of two lenses i and j with centers of mass r; and r;
as well as orientations @i; and 1i;. The closest surface distance
between two lenses can occur (i) between two spherical caps,
(ii) between a spherical cap of one and the equatorial circle
of the other lens, or (iii) between the equatorial circles of two
lenses.

Let K; and K; be the centers of the most distant generat-
ing spheres and @iy = (K; — K;)/|IK; — K;|| the direction of
their distance vector. Let us further define ¥, = arccos[(1 —
v2)/(1 4+ v?)] as aperture of the critical cone. If the angles
enclosed between the distance vector @i, and both directors
0; and @i; are smaller than the critical angle ¥, both lenses
are undercritically inclined. In this case the closest surface
distance is between two spherical caps and is given by

oij = |K; = Ki|| =2 Ry 2

as visualized in Fig. 1.
Otherwise at least one equatorial circle limits the closest

surface distance. The point on the equator of lens j closest to

Ki is

ﬁj X [(K, — I‘j) X ﬁ]]

Pi=r;+rq— —, 3)
Ty X LK — ) x|
leading to the closest surface distance o;;
oij = IP; = Kil = Ro “)
under the condition
P,—K;
———— - 1i; > cos ¥, ®)
IP; — K|

corresponding to case (ii). By interchanging the indices i and
j in Eq. (3), Eq. (4) and the constraint Eq. (5), the closest
surface distance between the equator of lens i and lens j is
obtained (Fig. 2).

- \
7 |
.

T
! *
1
1

FIG. 2. Closest surface distance of critically inclined lenses case
ii) fulfilling the constraint in Eq. (5). The closest surface distance
occurs between the equator of one lens and the spherical cap of the
other.

The remaining case (iii), i.e., the closest surface distance
between both equators is illustrated in Fig. 3, where the con-
straint Eq. (5) is not fulfilled. The remaining problem is the
closest distance between possibly incongruent circles in the
three-dimensional space, which can be reliably determined
using the algorithm of Vranek [30].

The described approach was validated by a numerical brute
force routine using a parametrized surface and comparison to
data computed by means of a standard (N, p, T') algorithm for
different densities and aspect ratios.

B. Simulation details

Equation-of-state data for isotropic and nematic phases
is calculated from compression simulations of systems typ-
ically with 1000 particles initialized from a cubic lattice
with randomly aligned directors at a volume fraction of
¢ = 0.05. These are equilibrated for 10° steps and subse-
quently compressed to the pressure of interest. After an
additional equilibration phase, a production run with 5 x 107
steps is performed. A step is hereby defined as N random
particle displacement or rotation attempts and a single volume
fluctuation attempt.

To determine the limits of the isotropic phase for aspect
ratios that transition into a solid phase additional expansion
simulations from dense monoclinic SM2 crystals containing
between 972 and 1040 particles are performed. Here, addi-

FIG. 3. Closest surface distance of critically inclined lenses case
iii) which do not fulfill the constraint in Eq. (5). Here the closest
surface distance lies between both equators and can be related to
the closest distance between two possibly incongruent circles in the
three-dimensional space.
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Fv=1/10 =
12|Ev=1/8 i
tv=1/6 PE
v=1/5 i
fv=1/4 ]
O A I

0.0
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FIG. 4. Order parameters S, (closed squares) and S4 (open cir-
cles) depending on the volume fraction ¢ for lenses of selected aspect
ratios v separated by arbitrary offsets. The vertical, dashed red lines
represent the critical volume fractions ¢, determined by the roots
of the linear increasing order parameters S;(¢) within the nematic
phase.

tional shape fluctuations of the simulation box as described in
[29] at constant volume are introduced whereby independent
subsequent runs with at least 2 x 10% steps are performed.

The characteristic length § steering the cluster formation
probability is tuned during the second equilibration phase to
obtain N, /N =~ 1/4 where N, is the number of created bonds.
This guarantees percolation rejections to be less than 1 %,
even for highly anisotropic particles.

III. RESULTS AND DISCUSSION

A. Phase boundaries in the hard-lens system

The aim of this work is the calculation of equation-of-state
data in the isotropic phase of hard lenses. In the first step,
the phase boundaries of the isotropic phase are determined.
In analogy to oblate, hard ellipsoids of revolution, we expect
transitions from the isotropic to nematic, plastic crystalline,
and monoclinic crystalline phases. In the following, we map
the phase diagram by evaluating characteristic observables.

The orientational correlation in nematic phases can be
quantified by the nematic order parameters

S2 = (3035 = 1))

(6)

Xi
and

Sa = (§(35x] — 30x7 + 3)) )

To just identify the existence of nematic order, we use as
previously described [29] the inner product x; = @1;.fi; of the
particle orientations @; and 8. To fulfill the minimum image
convention, we again restrict the averages to the periodic
boundary conditions. In Fig. 4, the order parameters S, and
Sy are displayed in dependence on the volume fraction ¢.
Since the increase of Sy is more pronounced than that of S5,

X

TABLE 1. Phase boundaries for the isotropic phase of hard lenses.

v Phase Transition ©c B pcrgq
1/10 >N 0.142(2) 2.15(4)
1/8 I—- N 0.173(2) 2.25(4)
1/6 >N 0.224(2) 2.48(4)
1/5 >N 0.258(2) 2.65(5)
1/4 >N 0313(2) 3.07(5)
1/3 I—-N 0.400(2) 4.09(7)
1/2 I — SM2 0.555(3) 8.10(19)
2/3 I—PS 0.606(6) 7.94)
4/5 I PS 0.505(6) 2.33(10)
10/11 I PS 0.480(5) 1.54(7)

we extrapolate Sy to its root to determine the critical volume
fraction ¢, for the isotropic-nematic phase transition. The
critical volume fractions ¢, and reduced coexistence pressures
Bpera, are compiled in Table I.

In analogy to the phase behavior of oblate, hard ellip-
soids of revolution, for aspect ratios v > 1/2 transitions into
solid phases exist. To map the phase boundaries between the
isotropic phase and the monoclinic crystalline SM2 phase,
expansion simulations starting from dense SM2 crystals are
performed. While for aspect ratio v = 1/2 a direct transition
from the crystalline SM2 phase to the isotropic phase is ob-
served, for v > 2/3, first a transition to a plastic solid phase
occurs, followed finally at lower densities by the transition to
the isotropic fluid phase. The reduced coexistence pressures
and respective uncertainties are displayed in Fig. 5 depending
on the volume fraction ¢ for different aspect ratios v. The

14

~—v=1/2
—v= 2/3
12]7v= 4/5
~v=10/11
o
10 "o
B o
o
8 H
Mg
16 B
S
= 6f- A
4 . ‘ o o
POTE TN
0 L L L L
0.3 0.4 0.5 0.6 0.7

FIG. 5. Reduced pressure S prgq depending on the volume frac-
tion ¢ for hard lenses of selected aspect ratios v. The closed circles
represent data from compression simulations of the fluid phase,
while open squares result from expansion simulations of solid mon-
oclinic crystals. The horizontal solid lines represent the determined
coexistence pressures with their uncertainties indicated by dashed
horizontal lines.
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—~v=1/10 v=1/3
- v=1/8 v= 112
g|v= 1/6 v=2/3
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~v= 14 --v=10/11

3
eq

Bpr,

FIG. 6. Reduced pressure prgq depending on the volume frac-
tion ¢ for hard lenses of selected aspect ratios v. Closed circles
represent equation-of-state data within the isotropic phase, while
open circles display data beyond the phase transition. The solid lines
represent the virial series using virial coefficients up to order eight
from [21].

reduced coexistence pressures and critical volume fractions
are additionally compiled in Table I.

B. Equation of state

Due to the absence of attractive interactions in the hard-
lens system, the isotropic phase is supercritical and thus can
be described using the virial approach

14 - % i1
Z= =1+ Bf ¢ (8)

in terms of the real gas factor Z. In this expansion in the
volume fraction ¢, the reduced virial coefficients B} account
for deviations from the ideal-gas equation of state. Here, the
reduced virial coefficient B} of order i accounts for real-gas
effects induced by the formation of i-particle clusters.

As a first approach, we compare the simulation data, com-
piled in the Supplemental Material [31], with a virial approach
using recently published hard-lens virial coefficients up to
order i = 8 [21]. As displayed in Fig. 6, the initial depar-
ture from the ideal-gas behavior is excellently described for
all aspect ratios in the low-density limit. Approaching the
high-density limit of the isotropic phase, however, significant
deviations can be observed when truncating the virial expan-
sion for orders i 2> 9. This truncation even leads to unphysical,
negative real gas factors for highly anisotropic particles.

Different approaches taking the contribution of so-far
unknown, higher-order virial coefficients into account are dis-
cussed. Most of them are based on the Carnahan-Starling
series [32] approximating the reduced virial coefficients of
hard spheres as B} ~ i+ i — 2. The reason why this ap-
proximation works surprisingly well for hard spheres is
still not understood [33]. Inserting the Carnahan-Starling

—~v=1/10 v=1/3
-~v=1/8 v= 112
g|=v= 1/6 v=2/3
~~v=15 -—=v=4/5
~v=1/4 -v=10/11

3
eq

Bpr

FIG. 7. Reduced pressure g prgq depending on the volume frac-
tion ¢ for hard lenses of selected aspect ratios v. Closed circles
represent equation-of-state data within the isotropic phase, while
open circles display data beyond the phase transition. The solid
lines represent the virial series up to order eight with a generalized
Parsons-type truncation correction according to Eq. (11).

approximation in Eq. (8) leads to the closed expression

2 3
s _1tete —9 ©)
(1—-9)
for the real gas factor under the obvious constraint ¢ < 1. A
common approach to correct for truncation effects is the use
of all known virial coefficients up to order i,.x for a given
geometry and to approximate the contribution of the unknown
ones by the complement of the Carnahan-Starling equation,
where the factor B} /B;"HS takes the specific shape into ac-
count. Here, Bj is the reduced, second virial coefficient of
the respective geometry and BZ’HS = 4 is the reduced second
virial coefficient of hard spheres [34,35]. This leads to the
relation
e B
Z=1 +ZB"¢1 + B~ HS
i=2 2

oo
Z B;k,HS(pl—] (10)

i=imax+1

for the real gas factor. In our case, using im.x = 8,

B3 2¢%(35¢% — T8¢ + 44)
4 (1-¢)

is obtained [29]. The solid lines in Fig. 7 represent the
truncation-corrected equation of state Eq. (11). For mod-
erately anisotropic lenses with aspect ratio v > 1/5 the
simulation data are within the stability region of the isotropic
phase indicated by closed symbols in good agreement to the
suggested truncation correction. For higher anisotropic lenses,
however, this correction fails. This is in accordance to the find-
ings for oblate hard ellipsoids of revolution, where identically
this correction works reasonably up to the same anisotropy
parameter v > 1/5 as recently reported. This indicates that
not the specific shape, but the extent of the short and long

8
Z=1+) B¢+ (11)
i=2
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FIG. 8. Reduced pressure prgq depending on the volume frac-
tion ¢ for selected aspect ratios of hard lenses. The solid lines
represent least-squares fits of the proposed, generalized Carnahan-
Starling equation of state [Eq. (12)] to the simulation data. Closed
symbols represent equation-of-state data of the isotropic phase, while
open symbols display data beyond the phase transition.

axes causes this effect and confirms our assumption that long-
range orientational correlations not reflected by clusters of
limited size, but intrinsically taken into account in simulations
using several hundred particles are a plausible physical rea-
son. The spatial extent of orientational correlations drastically
increases for highly anisotropic particles and cannot be taken
into account by the second virial coefficient B} as a single
shape-dependent correction factor: the second virial coeffi-
cient only reflects short-range orientational correlations in
two-particle clusters. Here, the maximum interaction length,
where the orientation plays a role, equals in the case of
hard-body interaction the maximum contact distance, i.e., the
particles largest extent.

To provide a simple, heuristic equation for the isotropic
phase of hard lenses, we provide in analogy to hard, oblate
ellipsoids of revolution, a generalized Carnahan-Starling ap-
proach, where the real gas factor Z reads as

1400+ 19’ — e’
(1—¢)

Choosing the parameter yy = B; — 3, the virial expansion is
asymptotically recovered in the low-density limit. Since the
second virial coefficient B is analytically known for convex
shapes, just two parameters y; and y, need to be determined
from least-squares fits of simulation data in the isotropic phase
employing Eq. (12). As visible in Fig. 8, the simulation data
can be described excellently using this simple approach. The
optimum parameters y; and y, are compiled in Table II de-
pending on the aspect ratio v.

12)

C. Comparison with oblate ellipsoids

The dimensionless real gas factor Z is a quantity that
describes the equation of state independent of topological

TABLE II. Optimium parameters y; and ), obtained from
least-squares fits of the simulation data using the generalized
Carnahan-Starling approach [Eq. (12)] depending on the aspect ra-
tio v. Additionally, the density limits of the data considered are
indicated.

Coefficients
v Limits Vi V2
1/10 0.020 < ¢ < 0.142 111.14681(13) 764.7883(13)
1/8 0.039 < ¢ < 0.173  67.73726(20) 382.6916(16)
1/6 0.059 < ¢ < 0.224 34.83358(16) 151.8094(10)
1/5 0.049 < ¢ < 0.258 21.57179(10)  77.6509(6)
1/4 0.050 < ¢ < 0.313  12.60231(9) 36.5776(4)
1/3 0.050 < ¢ < 0.400 6.17223(7) 13.15453(20)
1/2 0.050 < ¢ < 0.555 2.31013(13) 3.2334(4)
2/3 0.050 < ¢ < 0.606 1.45092(7) 1.75807(14)
4/5 0.050 < ¢ < 0.505 1.17826(10) 1.28442(25)
10/11 0.050 < ¢ < 0.480 1.07893(12) 1.1153(4)

parameters of the respective shape depending on the volume
fraction ¢. The comparison with our previously published
data [29] shows that systematically at any volume fraction the
real gas factor of lenses exceeds that of ellipsoids with the
same aspect ratio (Fig. 9). Despite the shape of both oblate
solids of revolution is quite similar, the detailed geometry
has a significant impact on the equation of state already for
moderately anisotropic particles. While at small anisotropies
with v > 4/5 the real gas factors approximately coincide,
already at v = 1/2 significant differences are observed. Even
larger differences appear for aspect ratios where an isotropic-
nematic phase transition occurs.

= v=1/10 (B) =~v= 1/10 (L)
=—v=15 (EB) =v=15 (L)
25(~v=12 B ~v=12 (L)
—v=4/5 (B) =v=45 (L)

FIG. 9. Comparison of real gas factors Z for hard lenses and
hard, oblate ellipsoids of revolution depending on the volume frac-
tion ¢ for selected aspect ratios v. The dashed lines with squares
indicate data of ellipsoids, while that of lenses is displayed as circles
with solid lines. Data for objects with the same aspect ratio are
displayed with the same color. The data for ellipsoids are from [29].
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FIG. 10. Heuristic parameters y; and jy, of the suggested,
Carnahan-Starling type equation of state [Eq. (12)] depending on
the excess part of the mutual excluded volume « [Eq. (13)]. Data
of ellipsoids are displayed by dashed lines and squares, that of lenses
by circles and solid lines.

This is in accordance to the orientationally averaged ex-
cluded volume equal to the second virial coefficient: The
reduced second virial coefficient B} = B,/Vp, i.e., the second
virial coefficient normalized to the respective particle volume
Vp, of lenses exceeds that of ellipsoids of revolution at the
same aspect ratio v. This is caused by the lenses’ strongly
increasing contribution of the equatorial singularity to the
mean radius of curvature with rising anisometry [36]. As a
further effect, a shift of the isotropic-nematic phase transition
of lenses to lower critical volume fractions ¢. compared to
oblate ellipsoids of revolution at the same aspect ratio v is
observed.

We have previously shown that reduced virial coefficients
Bi =B /Bé‘l in first approximation show a universal behav-
ior with respect to the rescaled excess part of the excluded
volume, also known as nonsphericity parameter. The latter
quantity is defined as

_B—VW

3 (13)

o

with B, denoting the second virial coefficient and Vp the
volume of the respective geometry. For both oblate shapes,
the suggested generalized Carnahan-Starling relations with
only two heuristic parameters y; and y, describe the equation-
of-state data within the isotropic phase of both geometries
surprisingly well.

Analyzing the dependence of both heuristic parameters on
the rescaled excess part of the excluded volume « identically
shows in first approximation a universal behavior, nearly in-
dependent on the specific particle shape (Fig. 10). This again
indicates that the excess part of the mutual excluded volume is
the essential quantity that determines the equation of state for
oblate, hard solids of revolution. The solid and dashed lines as

a guide to the eye are second-order polynomials in the case of
y1 and fourth-order polynomials in the case of ;.

IV. SUMMARY AND OUTLOOK

As previously shown, cluster MC is an efficient method to
calculate equation-of-state data of hard-body systems within
the (N, p, T') ensemble with high accuracy and comparatively
small numerical effort. The benefit of cluster MC increases
especially in the case of anisotropic particles with the com-
plexity of the overlap problem for the particle shape of
interest. In addition to the contact problem, for cluster MC,
however, at least an estimation for the closest surface distance
is required.

We describe a method to exactly determine the closest
surface distance for hard lenses based on our previously
published contact algorithm [21]. Herewith, after tracing the
phase boundaries of the isotropic phase of the hard-lens fluid,
we calculated novel, precise equation-of-state data in the sta-
bility region of this phase. With access to equation-of-state
data of both, hard, oblate ellipsoids of revolution and hard
lenses, the influence of the detailed particle shape beyond the
aspect ratio is analyzed.

The equation-of-state data for hard lenses is compared to a
virial approach using recently published virial coefficients up
to order eight and truncation effects, caused by so far unknown
higher-order virial coefficients, are analyzed. For moderately
anisotropic lenses with aspect ratio v > 1/5, a Parson-type
correction is capable of reasonably describing the equation of
state in the isotropic phase. Although this approach replaces
unknown, higher virial coefficients by rescaled hard-sphere
coefficients with a scaling factor taking only the second virial
coefficient and thus two-particle interactions into account, the
Parson correction is an excellent closure relation for mod-
erately anisotropic particles within the isotropic phase. This
correction, however, fails for highly anisotropic lenses as
previously observed in the case of oblate, hard ellipsoids of
revolution. As a heuristic approach, we suggest a generalized
Carnahan-Starling ansatz with in addition to the analytically
known second virial coeffiecient two adjustable parameters
y1 and y,. This heuristic approach describes the equation of
state within the isotropic phase surprisingly well despite its
simplicity.

A significant shape dependence is observed for the real gas
factor Z as a function of the volume fraction ¢ at identical
aspect ratio v. The parameters y; and y», however, show in
first approximation for both oblate geometries a universal
dependence on the rescaled excess part of the mutual excluded
volume «. Hereby, a reliable interpolation for equation-of-
state data for unknown aspect ratios is possible.

To gain further insights, if this seemingly universal behav-
ior holds for different, possibly prolate geometries, additional
equation-of-state data for such systems needs to be analyzed.
Possible candidates could be prolate ellipsoids of revolution
and spherocylinders, where the contact problem is already
solved and differences in the phase behavior are known.
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CLUSTER-MC DATA

Data for reduced pressure ﬂprgq, volume fraction ¢ and related real gas factors Z are compiled in the subsequent tables for
all investigated aspect ratios.

TABLE S-1. Equation-of-state data for hard lenses with aspect ratios v = 1/10, v = 1/8, and v = 1/6 determined by
cluster-MC simulations.
v=1/10 v=1/8 v=1/6

Brreq @ Y Brreq @ Y Brreq @ Y

0.0868 0.0197379(10 1.38616 0.1669 0.0391317(15 1.68362 0.2036 0.0587742(29 1.83433

0.1534  0.0297628(7 1.62460 0.2534 0.0511836(29) 1.95430 0.3023 0.074808(5

0.2370 0.0396151(15 1.88574 0.3598 0.063154(4 0.4249 0.090826(5) 2.47719(11
0.3395 0.049367(3 0.4884 0.075149(5 0.5747 0.106932(5
(
(
1

- =
~J
- =~
=]

e e
=~

0.4629 0.059116(5 0.6418 0.087287(6 0.7555 0.123268(6) 3.24541

0.6093 0.068971(4 0.8224 0.099708(6 0.9713 0.139982(6) 3.67424(15

3.0396 0.21075(5
3.4870 0.23028(5

) )
) )
) )
) )
) )
) )
) )
) )
) )
14675  0.112584(9)  4.1086(4)  1.7554  0.150568(1
) )
) )
) )
) )
) )
) )
) )
) ) 28092 0.22825(5
) )

) ) ) )
) ) ) )
) ) ) )
) ) ) )
( ) ) ) )
( ( ) ) ) )
0.7808  0.079064(5) 3.11285(18 1.0331  0.112580(7) 3.62240(21) 1.2266  0.157252(10) 4.13040(24)
0.9795  0.089550(6) 3.44773(21 1.2765  0.126103(6) 3.99588(18) 1.5260  0.175298(17)  4.6096(5)
1.2077  0.100633(6) 3.78282(21 1.5557  0.140564(9) 4.36886(26) 1.8746  0.194509(19)  5.1033(5)
( ( 5)  4.6022(5) 2.0701  0.204936(24)  5.3488(7)
1.6292  0.119883(13)  4.2836(5 1.8735  0.156494(23)  4.7258(7) 2.2778  0.21679(11)  5.5638(28)
1.7613  0.125874(9)  4.4105(4 2.0504  0.16577(4) 4.8826(12) 2.3728 0.2291(5)  5.485(12)
1.9287  0.13377(4) 4.5447(11 2.1364  0.17179(21) 4.909(6) 2.5080  0.24507(14) 5.419(3)
2.0088  0.13801(7) 4.5881(23 2.2330  0.18790(15) 4.691(4) 2.6489  0.25598(6)  5.4796(12)
2.0911 0.1486(5)  4.436(14 2.3467  0.19854(8) 4.6658(18) 2.7416  0.26219(7)  5.5369(14)
2.2623  0.16692(4) 4.2721(10 2.4891 0.20901(9)  4.7010(20) 2.9482  0.27456(7) 5.6859(13)
2.6320  0.19016(5)  4.3627(12 2.6374  0.21844(5) 4.7662(11) 3.2719  0.29132(7)  5.9472(14)
( ( (5) (11)
(
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TABLE S-2. Equation-of-state data for hard lenses with aspect ratios v = 1/5, v = 1/4, and v = 1/3 determined by cluster-MC

simulations.
v=1/5 v=1/4 v=1/3

Bpra © Z Bprag © Z Bpr © Z
0.1212 0.0494301(15) 1.56114(5)  0.0904 0.0496942(15) 1.45850(5)  0.0626 0.0498617(28) 1.36196(8)
0.2471 0.0784254(26)  2.00608(7) 0.2571 0.098426(6) 2.09429(11) 0.2464 0.123747(5)  2.16005(9)
0.3575  0.097170(4) 2.34249(9)  0.3784  0.122195(7) 2.48281(15)  0.3654  0.153071(8) 2.58961(14)
0.4950 0.115951(6) 2.71810(12) 0.5330 0.145957(7) 2.92784(14) 0.5209  0.182378(10) 3.09840(18)
0.6637 0.134852(6) 3.13363(14) 0.7279 0.169854(9) 3.43591(17) 0.7223  0.211706(10) 3.70120(18)
0.8687  0.154029(7) 3.59087(16)  0.9709 0.193974(10) 4.01307(20)  0.9813  0.241115(13) 4.41504(24)
11154 0.173595(10) 4.09097(24)  1.2716  0.218437(8) 4.66734(18)  1.3125 0.270649(11) 5.26078(22)
1.4098 0.193718(9) 4.63361(21) 1.6408  0.243367(14) 5.4055(3) 1.7347 0.300377(9) 6.26490(18)
1.7586  0.214620(14) 5.2171(4) 2.0916  0.269091(15) 6.2320(4) 2.2714  0.330426(13) 7.45722(29)
2.1693  0.236916(29)  5.8299(8)  2.3725 0.283535(24)  6.7088(6)  2.9533  0.361200(16)  8.8677(4)
2.3726 0.24788(6)  6.0942(14) 2.6392 0.29683(4) 7.1287(9) 3.3605 0.377527(29) 9.6564(8)
2.5096 0.2576(5) 6.203(11) 2.8583 0.3101(5) 7.391(11) 3.5985 0.38683(10) 10.0915(24)
2.6503  0.27660(18)  6.101(4)  2.9919  0.32574(25)  7.364(6)  3.8197 0.3992(6)  10.380(15)
2.0005  0.29534(7) 6.2529(13)  3.1308  0.33643(10) 7.4612(22)  3.9854  0.41124(24)  10.513(7)
3.2107  0.313097(18) 6.5291(4) 3.3019 0.34692(8)  7.6310(16) 4.1580 0.42043(17) 10.729(5)
35163 0.32792(5) 6.8274(11)  3.6771  0.36570(7) 8.0617(15)  4.5247  0.43572(8) 11.2651(19)
3.8608  0.34261(4)  T.1748(7)  4.1012  0.38332(6) 8.5783(12)  4.9223  0.44941(5) 11.8817(13)
44542 0.39614(7) 9.0150(16)  5.3535  0.46226(7) 12.5635(18)
50625  0.41540(5) 9.7710(12)  5.8214  0.47457(4) 13.3071(11)
6.3203  0.48651(6) 14.1130(17)




TABLE S-3. Equation-of-state data for hard lenses with aspect ratios v = 1/2 and v = 2/3 determined by cluster-MC
simulations.

v=1/2 v=2/3
Bprag © Z Bpr © Z
0.0375 0.0499836(27)  1.27669(7) 0.0258 0.0499350(17)  1.24321(5)
0.0963  0.099784(6)  1.64228(9) 0.0648 0.0999078(26)  1.56065(4)
0.2348  0.169250(6)  2.36076(8) 0.1231  0.149837(10) 1.97684(13)
0.3072  0.193997(11)  2.69469(15) 0.1992  0.194614(8) 2.46290(10)
0.3959  0.218722(7)  3.08018(10) 0.2588  0.221163(10) 2.81567(12)
0.5044  0.243422(9)  3.52613(12) 0.3323  0.247702(8) 3.22798(10)
0.6371  0.268131(12)  4.04337(18) 0.4229  0.274229(15) 3.71069(21)
0.7993  0.202843(9)  4.64469(15) 0.5348  0.300735(15) 4.27895(22)
0.9977  0.317546(11)  5.34656(18) 0.6734  0.327277(16) 4.95093(24)
1.2407  0.342281(18)  6.1683(4) 0.8454  0.353828(18) 5.74909(29)
1.5388  0.367022(13)  7.13464(24) 1.0595  0.380373(21)  6.7023(4)
1.9055  0.391793(23)  8.2763(5) 1.3273  0.406947(16) 7.84804(29)
23580 0.416573(20)  9.6324(5) 1.6638  0.433528(23)  9.2345(5)
2.9186  0.441345(12)  11.2533(4) 2.0893  0.460141(22)  10.9254(6)
3.6164  0.466114(16)  13.2028(5) 2.6307  0.486731(22)  13.0050(6)
4.4898  0.490844(11) 15.56562(29) 3.3255  0.513398(28)  15.5859(9)
5.5904 0.51551(4)  18.4537(13) 42251  0.54015(4) 18.8216(12)
6.9877 0.54023(6)  22.0110(22) 54026 0.56722(5) 22.9181(18)
8.0070  0.55542(11) 24.532(5) 6.3250  0.58445(5) 26.0402(19)
8.7770 0.5663(6)  26.375(25) 6.9630  0.59495(8)  28.161(4)
9.6320 0.5864(5)  27.952(24) 76760  0.60544(13)  30.507(7)
8.4750  0.61601(12)  33.104(7)
9.3710  0.62664(28)  35.983(16)

TABLE S-4. Equation-of-state data for hard

simulations.

lenses with aspect ratios v = 4/5 and v

= 10/11 determined by cluster-MC

v=4/5 v=10/11
Bprig © Z Bprag © Z
0.0202 0.0499909(18)  1.23220(5) 0.0169 0.0500912(26)  1.22884(7)
0.0503  0.100023(5) 1.53351(8) 0.0418  0.099940(4)  1.52336(6)
0.0947  0.149930(6)  1.92611(8) 0.0786  0.149982(4)  1.90877(5)
0.1941  0.219733(6)  2.69370(8) 0.1325  0.199879(11) 2.41445(13)
0.2438  0.244194(10) 3.04452(12) 0.2116  0.249739(8) 3.08601(10)
0.3040  0.268676(10) 3.45036(12) 0.2550  0.270634(9) 3.43185(12)
0.3770  0.293155(15) 3.92160(20) 0.3060  0.291481(13) 3.82367(17)
0.4657  0.317649(10) 4.47073(14) 0.3663  0.312389(13) 4.27082(18)
0.5736  0.342127(11) 5.11260(16) 0.4374  0.333254(15) 4.78050(21)
0.7054  0.366622(11) 5.86728(17) 0.5217  0.354158(12) 5.36529(18)
0.8670  0.391156(17) 6.75911(28) 0.6217  0.375042(11) 6.03769(17)
1.0658  0.415685(20)  7.8186(4) 0.7407  0.395942(15) 6.81365(25)
13115 0.440242(12) 9.08441(25) 0.8820  0.416885(13) 7.71373(24)
1.6171  0.464819(24)  10.6089(7) 1.0532  0.437839(19)  8.7613(4)
1.9992  0.489448(29)  12.4558(8) 1.2581 0.45880(4)  9.9877(8)
2.2790  0.504454(19)  13.7766(6) 1.5058  0.479760(24)  11.4317(7)
2.4900  0.514520(24)  14.7576(7) 1.6420  0.489757(28)  12.2113(8)
27230  0.52456(4) 15.8298(11) 1.7920  0.49979(4)  13.0593(9)
1.9570  0.50977(4) 13.9824(12)
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List of Symbols and Notation

Mathematical notation

a scalar variable
a vector

a unit vector

A matrix

Greek symbols

Q scaled excess part of excluded volume
g inverse thermal energy
A,  maximum rotation angle
4] cutoff distance
0 integrand
Vref reference integrand
Yo parameter of generalised Carnahan-Starling relation
" parameter of generalised Carnahan-Starling relation
Y2 parameter of generalised Carnahan-Starling relation

0 3D angular coordinate
0 4D angular coordinate
.. aperture of critical cone
Iy 4D angular coordinate of randomly orientated unit vector
A thermal de Broglie wavelength
A variable parameter for spherocylinder
Amin  parameter for spherocylinder with minimum distance

L variable parameter for spherocylinder
[min  parameter for spherocylinder with minimum distance
v aspect ratio
T mathematical constant 7t
s sampling distribution

Thew ~ New sampling distribution
Told old sampling distribution
m(a'|x) transition probability from x to 2’

0 particle number density
o closest surface distance
Oij closest surface distance between particles ¢ and j
o lower limit for closest surface distance
Oul upper limit for closest surface distance
[0) 3D angular coordinate
© volume fraction
© 4D angular coordinate
Ymax ~ Maximum volume fraction
Or 4D angular coordinate of randomly orientated unit vector
X 4D angular coordinate
Xe specific cluster realisation
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4D angular coordinate of randomly orientated unit vector
rotation matrix

rotation angle

angular coordinates

angular coordinates of unit vector at step N

angular coordinates of randomly orientated unit vector
proposal probability

cluster probability

volume change proposal probability

Latin symbols

A

A

a
Qo,;

)

>R IO QT TS

=]
@
()

Ii,ref

shape matrix of ellipsoid A

arbitrary observable

element of Hamilton quaternion

polynomial expansion coefficient

polynomial expansion coefficient

polynomial expansion coefficient

shape matrix of ellipsoid B

virial coefficient of order @

virial coefficient of order 7 reduced by power of particle volume

virial coeflicient of order ¢ reduced by power of Bs
Carnahan Starling reduced virial coefficient of order ¢

reduced second virial coefficient of a hard sphere
analytical value for reduced second virial coefficient
bond probability function

element of Hamilton quaternion

center of mass of particle ¢

element of Hamilton quaternion

Ree-Hoover star content of graph G

dimension

element of Hamilton quaternion

distance between centres of generating spheres
e-function of Ree-Hoover graph for particles ¢ and j
free energy

Mayer f-function of particles ¢ and j

free enthalpy

graph

transformation matrix

Hamiltonian

Planck’s constant

identity matrix

reference integral

reference integral of order ¢

order of virial coefficient
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94

index

index

centre of most distant generating sphere of lens ¢
centre of most distant generating sphere of lens j
kinetic contribution to Hamiltonian H
Boltzmann’s constant

order of spherical harmonic or bond order parameter
set of labelled Mayer graphs of order ¢

set of unlabelled Mayer graphs of order

mass

number of particles

apparent number of particles

number of cluster bonds

number of trees, cardinality of topological class of trees
probability of system

number of e-bonds

number of f-bonds

acceptance probability

momentum

pressure

probability density function

normalised probability of the isobaric-isothermal ensemble
normalised probability of the canonical ensemble
bond order parameter of order [

partition function of the isobaric-isothermal ensemble
partition function of the canonical ensemble

rotation matrix

mean radius of curvature of particle

radius of generating sphere

D-dimensional Euclidean space

set of labelled Ree-Hoover graphs of order i

set of unlabelled Ree-Hoover graphs of order ¢
Cartesian coordinate

line segment 1

line segment 2

position vector of particle 7

center-of-mass distance vector from particle 7 to particle j
radius of sphere

contact distance

equatorial radius

entropy

nematic order parameters of order 2

nematic order parameters of order 4

integral of graph G



surface area of particle

reduced coordinate

temperature

potential

contribution of potential to Hamiltonian
contribution of i-particle potential to Hamiltonian H
contribution of potential between i and j to Hamiltonian H
orientation vector of particle 7

orientation vector of particle j

orientation unit vector at step NV

orientation unit vector at step N + 1

randomly orientated unit vector

system volume

particle volume

inner product ¢

spherical harmonic of order [, m

real gas factor

Carnahan Starling real gas factor

configuration integral of isobaric-isothermal ensemble
configuration integral of canonical ensemble
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