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ABSTRACT

Unstable equilibrium points and unstable periodic orbits are not observable by
direct simulations or experimental time series of uncontrolled dynamical systems.
Feedback control methods allow for finding and stabilizing unstable stationary
points and periodic orbits. In this doctoral thesis, data-based methods applied to
controlled systems are introduced and presented in order to gain stability informa-
tion about the originally uncontrolled systems. Complete bifurcation diagrams can
be obtained for simulated and laboratory experiments while keeping the nonin-
vasive feedback control active. In particular, the knowledge about the bifurcation
points” positions is of great interest in dynamical systems theory since bifurcation
points indicate a possible change of qualitative behavior, e. g., a change of stability.
Thus, a supplementary control is presented that uses the data-based stability in-
formation to continue the curve of bifurcation points for systems depending on an
additional parameter. Laboratory experiments of the Zeeman catastrophe machine
verify the realizability of the methods.

ZUSAMMENFASSUNG

Instabile Gleichgewichtspunkte und instabile periodische Orbits sind nicht durch
direkte Simulationen oder experimentelle Zeitreihen ungeregelter dynamischer
Systeme beobachtbar. Regelungsmethoden erlauben das Finden und Stabilisieren
von instabilen stationdren Punkten und periodischen Orbits. In dieser Dissertation
werden datenbasierte Methoden eingefiihrt und présentiert, die auf geregelte Sys-
teme angewandt werden, um die Stabilitdtsinformationen tiber das urspriinglich
ungeregelte System zu gewinnen. Komplette Bifurkationsdiagramme koénnen fiir
Simulations- und Laborexperimente erhalten werden, wahrend die nichtinvasive
Regelung aktiviert bleibt. Insbesondere das Wissen tiiber die Positionen der Bi-
furkationspunkte ist von grofiem Interesse fiir die Theorie dynamischer Systeme,
da Bifurkationspunkte eine Anderung des qualitativen Verhaltens wie z.B. der
Stabilitat anzeigen. Daher wird eine ergdnzende Regelung présentiert, die die daten-
basierte Stabilitatsinformation verwendet, um die Kurve der Bifurkationspunkte fiir
Systeme zu berechnen, die von einem zusédtzlichen Parameter abhdngen. Laborver-
suche an der Zeemanschen Katastrophenmaschine bestitigen die Realisierbarkeit
der Methoden.
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INTRODUCTION

Motion in a physical system can often be described at least approximately by a
mathematical rule for the evolution in state space. This rule is called a dynamical
system. In many cases, e. g. the pendulum or Hooke’s law for the motion of a spring,
a mathematical model is available. These models concisely depict the system’s state
at each time, except for some small noise that could be modeled stochastically,
too. For other physical systems, no explicit or precise mathematical description is
available due to numerous reasons, e. g. missing information on parameter values
or insufficient knowledge about the involved forces. Regardless of the accessibility
of a mathematical description, dynamical processes occur.

States where no movement is happening, the equilibrium or stationary points, are of
great interest for the analysis of dynamical systems. If a system has reached a stable
stationary point, it will remain inside a small neighborhood for some time, even
in case of small perturbations. However, small perturbations let the system drift
away if the equilibrium point is unstable. Thus, when a dynamical system is not
precisely initialized in an unstable stationary point, it will diverge from it. This fact
inhibits the detection of unstable equilibrium points by uncontrolled performing
or simulation. A well-established tool to gain information about unstable station-
ary states or their analog in Fourier space, periodic orbits, is to stabilize them by
feedback control. In section 1.1, an overview of already existing feedback-control
methods is given. In section 1.2, the necessary foundations of dynamical systems
and control theory for the results in the following chapters are summarized.

Once a stationary point is stabilized, the stability information of the underlying
uncontrolled dynamical system gets lost. The main aim of this dissertation is to
stabilize unstable stationary states by feedback control and to detect the origi-
nal stability of the underlying uncontrolled system for cases where no explicit
mathematical equations are available or are hardly achievable, like in the case
of laboratory experiments. In many cases, the right-hand side of the dynamical
system ¥ = f(x,u) is dependent on a parameter u € R™. Hence, the parameter
choice influences the qualitative behavior of the stationary points” position, number,
and stability. Therefore, the equilibria’s parameter dependence is essential for the
following considerations. Since it is simple to implement, the proportional control
combined with a state observer introduced in [88, 89] is extended such that stability
analysis is also possible for unstable stationary states. The stability information
of the underlying uncontrolled system can be gained by regulating the controlled
system’s stability by an additional control law for the first of the two control pa-
rameters. Since the second control parameter’s sign depends on the equilibrium’s
original stability, it is not possible to follow the parameter-dependent curve of
stationary points around folds. Hence, the gained stability information can serve to
identify bifurcation points, investigate their neighborhood, and indicate the distance
to bifurcations.
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Another class of feedback-control methods is the proportional-derivative (PD) con-
trol respecting the derivative additionally to the system’s state. Under certain
controllability and stabilizability conditions on the system and control parameters,
this method allows for following the curve of stationary points even around fold
bifurcation points. In chapter 3, a least-squares approach is introduced to gain
the original stability information out of the motion data of the PD-controlled sys-
tem [26]. The applicability of the presented method is demonstrated in a real-life
laboratory experiment on the example of the Zeeman catastrophe machine [123].
A comparison between the results for the physical laboratory system with the
analytically gained information for the mathematical simulation shows the high
reliability of the proposed method for physical systems with little noise.

The least-squares-based stability analysis is taken as a foundation for chapter 4.
A second bifurcation parameter is varied by an additional control law based on
the gained stability information. By forcing the system to have an eigenvalue with
real part (close to) zero, the curve of bifurcation points can be traced. Again, the
laboratory example of the Zeeman catastrophe machine demonstrates the method’s
applicability. Except for two singularities, the curve of bifurcation points has been
followed for the simulated model and the physical machine. Also, for the physical
machine first results have been obtained.

Besides the development and adaption of the mathematical methods and their
algorithmic realization, the practical implementation in the laboratory experiment
of the Zeeman machine was a major part of producing the results. The usual diffi-
culties of real-life experiments like measurement noise, friction, and problems like
data collection with electronic devices make the realization a major challenge for
chapters 3 and 4.

The PD control presented in chapter 3 can also be applied to dynamical systems
with periodic orbits. In Fourier space, the periodic orbits appear as stationary points.
In chapter 5, this fact is used, and the PD control is applied to an Atomic Force
Microscope (AFM) model. The derivative information with respect to time can
only be gained by comparing values with a distance of integer multiples of the
period. This was taken as a basis for the stroboscopic control of periodic orbits [27]
in section 5.5, for which no indirect quantities are needed in contrast to the PD
control. This provides new opportunities for challenging future work, especially
for simulation models where at least precise numerical derivative information is
available.

This dissertation concludes with a synopsis of the results and an outlook on possible
further developments in chapter 6.

In appendix D, all variable names and quantities used within this work are summa-
rized.

1.1 ESTABLISHED METHODS BASED ON FEEDBACK CONTROL

As already outlined, one of the general aims of this dissertation is to stabilize
unstable states of dynamical systems by a control method. The methods used are
based on feedback control since they use output information to adapt the control.
That is why these methods are also called closed-loop control. This term is often used
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to distinguish from open-loop or feedforward control, where no output information is
applied. Furthermore, the herein-presented control methods are all noninvasive. This
means the control signal vanishes in the original dynamical system’s equilibrium
point or periodic orbit. The noninvasiveness enables the exploration of the originally
uncontrolled system’s behavior, one of the major topics discussed in this thesis.
For physical systems usually exists neither an explicit mathematical description of
the underlying dynamics nor further knowledge about the periodic orbits or the
equilibria’s time profile. Hence, methods not relying on one of these prerequisites
are highly attractive in physical stabilizing setups.

One of the classes that use information about the state and the integral, the
proportional-integral (PI) control methods, are the so-called washout filter-aided
feedback control methods introduced by Abed et al. [1, 48, 62]. These methods stabilize
unstable stationary states x € R" of the system ¥ = f(x), f : R" — R", by the
usage of a scalar control input u and a washout filter w, and can be written as

X = Mx+ Nu+h(x,u) (1.1a)
w=Q(x —w) (1.1b)
u=K(x-—w), (1.10)

with the Jacobian M of the function f evaluated at a given point %, the derivative
N of f with respect to u, a non-singular matrix Q, the feedback gain matrix K,
and a higher-order term h(-,-) with respect to x. The output signal gets filtered
for the presented method, and its difference from the actual state is used as a
control signal. According to linear stability theory, equilibria and periodic orbits
can be stabilized by eq. (1.1) in the linear sense, if M is invertible and if (M, N) is
stabilizable (def. 1.11); see [48].

The OGY method introduced by Ott, Gregobi, and Yorke in [78] follows a similar
approach. The Poincaré section yields the information to kick the system into
the desired direction. Even though using the Poincaré section needs only little
knowledge about the dynamical processes, the required high measurement precision
can cause problems in physical systems. The OGY method has been successfully
applied to dynamical system, e. g. in [70] on a model of an AFM. Another approach
to stabilize unstable periodic orbits was followed by Pyragas in [87] by using
time-delayed feedback signal. Applications on experiments, e. g. on an oscillatory
dissolution of nickel [60], show the practicality of this method.

The washout filter-aided feedback control’s structure eq. (1.1) is similar to the one
proposed by Pyragas et al. in [88, 89]. See [115] for the details of the similarities.
The authors introduce a combination of a proportional control with a state observer
of the form

t=flx,p)+ar-(y—x)

y=ar-(y—x).

Here, a1, a; # 0 denote the scalar control parameters, # € R is the bifurcation
parameter, and y € R is a dynamic variable representing the control target. In
laboratory experiments, the values of the control parameters are bounded due
to physical restrictions. This approach allows for adapting the control target dur-
ing the control process. This method is the foundation for chapter 2. Due to its
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simplicity and the possibility to track curves of equilibrium points that are either
all stable or all unstable, this approach has been applied successfully in models
[80, 102] and physical systems [79, 88]. For tracking the curve of stationary points
around fold bifurcation points, switching the sign of the control parameter «; is
necessary. Additionally, bifurcation points can only be found implicitly by tracking
the stationary points around them.

A well-established method in numerical bifurcation analysis to overcome the prob-
lem of the singularity around a fold is the so-called pseudo-arclength continuation [28,
29, 58, 59]. An orthogonality condition adds one more dimension to the system of
equations, which are then solved by a Newton method. Due to the orthogonality
condition, the finally found new equilibrium point must be on a line perpendicular
to the one connecting two previously found two equilibria.

In [102], Siettos, Maroudas, and Kevrekidis introduce a method combining the
pseudo-arclength control with a feedback control law that drives a microscopically
defined dynamical system to stationary states on a coarse scale. Thus, a bifurcation
diagram of a macroscopic dynamical system can be produced with knowledge only
about the microscopic dynamics.

The ideas presented in [87] served as an inspiration for the first work on control-based
continuation in [100, 101] by Sieber, Krauskopf et al.; see also [93]. In [101], the
authors propose combining a pseudo-arclength continuation with a PD control
similar to extended time-delayed feedback control. This allows for tracking periodic
orbits even around folds without further knowledge about the underlying dynamics.
In the original work, no explicit feedback-control law is given since this is problem
dependent, and no test model is given. Nevertheless, the control-based continuation
was applied successfully in [100] on the continuation of periodic orbits through a
saddle-node bifurcation point for a pendulum.

In [7], another approach to exploring bifurcation diagrams for laboratory experi-
ments has been introduced. The authors propose to first estimate the position of the
next equilibrium by a secant prediction in the (x, jt)-plane. The newly predicted pa-
rameter value for the stationary point allows for constructing an adequate feedback
control on the dynamical system, which has an w-limit point on the branch of the
bifurcation diagram. Once the transients have settled, the reached state is assumed
to be a (stabilized) equilibrium of the system.

All of the aforementioned works present feedback control methods for noninvasive
stabilization of stationary points or periodic orbits. The introduced control schemes
allow for determining bifurcation diagrams under certain controllability and ob-
servability conditions on the dynamical system. As mentioned above, chapters 2
to 4 are motivated to gain stability information about the underlying uncontrolled
dynamical system. The methods presented in there make use of the above-cited
ideas and approaches.

1.2 FOUNDATIONS IN DYNAMICAL SYSTEMS AND CONTROL THEORY

A dynamical system is a mathematical model whose rules describe the time evolution
in a state space. The system is time-independent, which means that the evolution
depends on the initial state but not on the initial time. Besides other notations of the
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rule, the most common one is generated by an autonomous ordinary differential
equation (ODE) or a system of ODEs

dx )
T =0 = F(x(1), (1.2

where x € R" is the state whose motions are described by the map f : R" — R".
Note that the state x = x(f) is dependent on the time . For reasons of clarity, it will
be denoted simply by x throughout this dissertation. Additionally, the symbol x
denotes the derivative of x with respect to time.

The ODE (1.2) is autonomous in time and independent of the initial condition, while
the solution of an initial value problem varies by these conditions. To distinguish
between these two solutions, we will use the following definitions for the solution
[41, 69, 118].

Definition 1.1 (Solution curve, trajectory, phase space, orbit). If a specific solution
: 1 —R", t— {(tto,x0) on an interval I C R through the initial value x is required,
the system (1.2) becomes the initial value problem

% —2(t) = f(x), x(to) = x0. (1.3)

The graph of a solution of eq. (1.3) through x is defined by {(t, {(t; o, x0)) € R x R"|t € I}
and called the solution curve. The phase space is the space in which the behavior of the
variables x1,...,%, of x = (x1,...,%,) € R" parametrized by the time t is described. The
image set

{Z(t;to, x0) CR"|t € I}

of a solution {(t;ty, xo) is called trajectory in phase space. It is hence a curve in R”"
parametrized by the function ¢ and often named orbit.

When a solution of the initial value problem (1.3) converges to a point or a set of
points in forward or backward time, this point or set defines a limit. Determining
of the origin and the destination of an orbit is one of the primary concerns in
dynamical systems theory. Thus, we will define these sets following [41, 51, 118].

Definition 1.2 (w/a-limit points and sets). A point y € R" is called the w-limit point
of a solution {(t;ty, xo) of eq. (1.3) if a time sequence t, — co as n — oo exists and if
lim C(tusto, x0) =Y.
A point z € R" is called the a-limit point of a solution {(t;to,Xo) of eq. (1.3) if a time
sequence t, — —oo as n — oo exists and
lim C(tnsto, x0) = z.
The corresponding w-limit set consists of all w-limit points of the solution {(t,; to, xo),

and is hence the sample of points a solution converges to in positive time. Analogously, the
a-limit set consists of all the points a solution converges to in negative time.
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1.2.1  Equilibrium points, fixed points, periodic orbits, and stability

One of the main topics in the following chapters is the position of a dynamical
system’s equilibrium points and its properties. In many application scenarios, it
is of great interest to find the points where the system is stationary, i. e. where the
state has no motion (x = 0) [42, 118].

Definition 1.3 (Equilibrium point, stationary point). A point x is called the equilib-
rium point or the stationary point of the dynamical system (1.2) if it holds f(%) =0, i.e.,
{(tto,X) =X forall t € 1.

As already pointed out, stability is the main object for the consideration of stationary
solutions within this dissertation. Throughout the whole work, we will use the
definition following those in [42, 118].

Definition 1.4 (Stable, asymptotically stable, and unstable equilibrium points). An
equilibrium point % of the system (1.2) is said to be stable if for the solution {(t;t, xo) of
eq. (1.2) and for any given € > 0, there exists a § > 0 such that

lx0 — %[| <& = [|7(t;to, x0) — X[| <€,

forall t > to. The equilibrium X is called asymptotically stable if X is stable, if additionally
there exists an r > 0, and if it satisfies

1E(£; £0, x0) — %[| = 0

for t — co and all initial points xq satisfying ||xo — %|| < r. If a stationary point % is not
stable, it is called unstable.

Note that in many textbooks, equilibrium points are called “fixed points”. Through-
out the dissertation, the term fixed point is taken in the discrete-time sense following
the definition according to [51, 61].

Definition 1.5 (Fixed point). Let xy;1 = F(Xky1), Xk, X1 € R”, F: R" — R”
be a discrete-time dynamical system. Then the point x, is called a fixed point of F(x) if
f(xs) = x, holds for all time t € I.

Analogously to the stationarity of solutions exists the periodicity of orbits. If the
values of a solution {(#; t, xo) repeat after a certain period, the solution and hence
its orbit are periodic [42, 118].

Definition 1.6 (Periodic solution, periodic orbit, limit cycle). A solution {(t;t, xo)
of eq. (1.2) is called a periodic solution of period T, with T > 0, if {(t + T; to, xo) =
C(t;to, x0) forall t € 1. If it holds {(t; to, xo) # xo for 0 < t < T, then T is the minimal
period. A periodic orbit of period T is the orbit {{(t; to, x0)|t € I} of a periodic solution
{(t; to, xo) with period T. The periodic orbit, which is the a- or w-limit set for all points on
nearby orbits, is called the limit cycle.

In the general defs. 1.1, 1.3, 1.5 and 1.6, no assumptions were made on the time
interval I C IR. We will assume I = R in the following chapters.
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1.2.2 Linearization of dynamical systems

Heretofore, the function f describing the motion of the state x in the dynamical
system (1.2) was assumed to be nonlinear. Since nonlinear behavior is difficult to
analyze, one of the principal aims for many techniques in analysis and numerics,
e.g. derivative and difference quotient, is to describe the behavior locally by a linear
approximation. This idea is used for stability, and further linear stability, too. Using
the stationarity condition f(%) = 0, the dynamical system (1.2) can be approximated
in the neighborhood of the stationary point ¥ by the linearized form

(6x) = Df(%) -6x and dx=x— %, (1.4)

where D f(X) denotes the Jacobian matrix of f at the stationary point X [42, 69] and
dx is a notation for the vectors of the tangent space at the point . The Jacobian D f
can be used to classify those equilibrium points that are either stable or unstable,
the so-called hyperbolic equilibrium points [61, 69, 118].

Definition 1.7 (Hyperbolic equilibrium point). If all the eigenvalues of the Jacobian
Df(x) in the stationary point X have nonzero real parts, % is called a hyperbolic equilib-
rium point.

Note that their name comes from the hyperbola-like shape of the phase flow in
their neighborhood in the planar case. For higher dimensions, this does not hold,
and the term hyperbolic is misleading but still standard.

The linearization (1.4) is of great interest concerning the system (1.2)’s stability since
the eigenvalues of the Jacobian Df yield the necessary information [42].

Theorem 1.1. Let X be a hyperbolic equilibrium point of the system (1.2), and let f be a
C! function. If all the eigenvalues of the Jacobian Df (%) at the point ¥ have negative real
parts, then X is asymptotically stable. If at least one eigenvalue has a positive real part, the
equilibrium point X is unstable.

A proof of thm. 1.1 requires the Taylor expansion
%= Df(x)-x +g(x)

with a function g : R” — R" containing higher-order terms. Since the Taylor
expansion is a local approximation, there always exists a neighborhood around the
equilibrium point where the dynamics are governed by the ODE x = Df(%) - x as
long as the eigenvalues have a nonvanishing real part. See [42] for further details.
The equivalence of the dynamical system and its linearization in the neighborhood
around hyperbolic equilibrium points was found independently by Hartman and
Grobman [38, 47].

Theorem 1.2 (Hartman-Grobman, 1959/1960). At a hyperbolic equilibrium point X, the
nonlinear system (1.2) is topologically equivalent to its linearization (1.4), i. ., there exists
a homeomorphism h : R" — R" mapping orbits of eq. (1.2) onto orbits of eq. (1.4) under
preservation of the direction of time.
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With the result of thm. 1.2, one needs to only consider the eigenvalues’ real parts of
Df(x). If all have negative signs, it can be shown by the Mean Value Theorem for
the norm of ¢ and Gronwall’s inequality [9, 39] that ||x()|| — O for t — co. For one
eigenvalue with a positive real part, it can be shown that no constant exists for a
finite estimate of ||x(#)|| when t — oo. For a detailed proof of thm. 1.1, see, e. g., [42,
Chapter 9, 51, Chapter 9]. Similar to thm. 1.1, the following result for fixed points
of discrete-time systems is known.

Theorem 1.3. Suppose x. is a fixed point of the discrete-time system xj.1 = F(xy). Let
DF(x,) denote the Jacobian of F(x) evaluated at the point x.. Then the fixed point x, is
asymptotically stable if for all eigenvalues vy, vy, ..., vy of DF(x) holds |v;| < 1 with
j=1...,n

In [61, Chapter 1], this theorem and further details on fixed points can be found.

1.2.3 Bifurcation

A dynamical system’s rule can depend not only on time but also on additional
quantities. We extend the dynamical system (1.2) by a so-called bifurcation parameter
# € R¥, and consider from now on the system

Sx(e) = x() = (x(0), ) (1)

where f : R" x RF — R", (x,u) — f(x,u). If the parameter u is perturbed, the
phase portrait changes, too. From the viewpoint of stability, the changes in the
topological equivalence of the perturbed system yield the necessary information
[61].

Definition 1.8 (Bifurcation point). Let (%, i) be an equilibrium point of the system (1.5).
If there exist nonequivalent phase portraits, i. e., partitionings of the state space into orbits,
for any small perturbation in fi, the point (X, i) is called a bifurcation point.

Throughout this dissertation, we consider a specific type of so-called codimension-one
bifurcations where the system (1.5) for y = ji + 6 for small perturbations J folds
into two topologically nonequivalent systems. See also [15, Chapter 7] for the
following observations. To simplify the subsequent considerations and to avoid
heavy technical notation, we focus on the case x, 4 € R. If no local continuation of
f :R? — R at the bifurcation point (%, fi) is possible, then according to the Implicite
Function Theorem, d,f (X, fi) = 0 is a necessary condition for a bifurcation point of
the system (1.5). Here and throughout the dissertation,

9f(2) = L (2)

denotes the partial derivative of f with respect to x evaluated at the point z. For
reasons of legibility, it is often used the short form 0, f where no evaluation at a
specific point is meant. Furthermore, f is assumed to have no other degeneracies,
so it must hold

Iuf(%, 1) 70 and  (9:(9xf)) (%, 1) #
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On the branch x(u) of equilibria, the vector field vanishes since f(x, ) = 0 holds
for stationary points. Differentiating f(x, ) = 0 with respect to x yields

3xf (%, 1) + 3, f (%, 1) - ‘:TZ —o,

and hence

du
a_o

at the bifurcation point. The second differentiation of f(x,u) = 0 with respect to x
results in

(0x(0xf)) (%, 1) +2 (9x(9,f)) (%, 71) - :K
2 2
+ (94 (9f)) (%, 1) (;15;) +ouf (%, 71) % 0,
and so
(:127]/1 _ (ax(axf)) (f/ﬁ) (1.6)
dx? ouf (%, 1) . |

These bifurcation points are often called nonhyperbolic equilibrium points with quadratic
degeneracy because only the second derivative eq. (1.6) yields information about
the type of equilibria. Even though the bifurcations are assumed to have codimen-
sion one, throughout the following chapters, the system (1.5) can have one more
dimension for %, the derivative of x with respect to time. Since x = 0 is a necessary
condition for all equilibrium points, all stationary points for the 3-dimensional state
(x,%,1)T € R® of eq. (1.5) lie in the plane with & = 0, the bifurcation diagram is
again 2-dimensional. According to thm. 1.1, an eigenvalue, or a couple for higher
dimensions, of the Jacobian Df (%) of f with zero real part is a necessary condition
for an equilibrium ¥ to be a bifurcation point. Since the two equilibrium points
(%1, i + ) and (%, fi + &) collide into a saddle and a node in the point (%, ji) for
0 — 0, the aforementioned bifurcation is called fold or saddle-node bifurcation [61].
Moreover, a specific case with two saddle-node bifurcation points with bifurcation
parameters p1 and o is of great interest for the following chapters. In this case,
for bifurcation-parameter values y € [p1, ya|, two stable equilibrium points and a
branch of unstable equilibrium points connecting the two bifurcation points exist.
The one-dimensional cubic normal form, used as an example for illustration in
chapter 2, has the following form

¥x=flx,u)=p+x—x>, x, neR. (1.7)

A point (%, i) needs to fulfill f(%, 1) = 0 to be an equilibrium point. Hence, the
system (1.7) has the equilibrium points (%, 1) with i = ¥> — %. According to its
definition, a bifurcation point is neither stable nor unstable since it is topologically
nonequivalent to the equilibrium points in its neighborhood. In order to find the
bifurcation points, one needs to investigate the derivative of f with respect to x. It
is

drf =1—3x%.
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Figure 1.1: Bifurcation diagram of the normal form (1.7). Solid curves mark stable equilib-
rium points, the green dots illustrate the bifurcation points (%, fi1) and (%, fi2),
and the dashed lines indicate the position of the unstable stationary points.

So, the system has one stable equilibrium point for y < —v/2/3 and u > 1/2/3, two
equilibria for u = 4+/2/3 where one is asymptotically stable and one with 9, f(%) =
0, and two stable and one unstable equilibrium point for u € (—v/2/3, V2/3).
These two stationary points with d,f = 0 are nonhyperbolic equilibrium points.
The linearizations of eq. (1.5) are topologically nonequivalent to linearizations in
the neighborhood since even small perturbations in ji change the sign of d,f to
be either positive or negative. According to thm. 1.2, these equilibrium points
are topologically nonequivalent to their surrounding stationary points and hence
bifurcation points.

A usual way to visualize the system (1.5)’s dependence on the bifurcation pa-
rameter y is a so-called bifurcation diagram. For each value of y, the corresponding
equilibria are plotted. The branch of stable stationary points is a solid curve, whereas
the branch of unstable equilibrium points is a dashed line. Note that x(ji) is not
a well-defined function for eq. (1.7) while changing the dependencies allows for
finding the equilibrium points (X, ji) by a function fi(%). In fig. 1.1 the bifurcation
diagram of the normal form (1.7) is shown for illustration.

1.2.4 Stabilizability, controllability, and observability of dynamical systems

According to thm. 1.1, a sufficient condition for a linear dynamical system or
control system to be stable in the stationary point ¥ is that all eigenvalues of
the linearization matrix Df in ¥ have negative real parts. A common approach to
guarantee the stability of a controlled equilibrium point is to test whether all roots of
the characteristic polynomial of D f have negative real parts. For the 2-dimensional
case, tr(Df) < 0 and det(Df) > 0 are, in combination, sufficient conditions for the
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negativity of all eigenvalues’ real parts. Alternatively, it is sufficient if all coefficients
of the characteristic polynomial are negative. For the higher dimensional case, these
conditions require replenishment. Routh and Hurwitz [52, 95] independently found
the following criterion, which allows for determining the signs of the roots even for
dimensions larger than two.

Theorem 1.4 (Routh-Hurwitz criterion). The polynomial
p(v) = a V" +a, V" 4 +ag (1.8)

is a Hurwitz polynomial if all roots v of eq. (1.8) have negative real parts. This is fulfilled if
a, > 0 and if the Hurwitz determinant

ay_1 Aay 0 0
ap-3 Odp—2 Aap—1 an
An-5 O0p—4 Ap-3 Aan-2
An—7 OApn—6 On-5 OAn—4
az
0 0 - o 0 a

and all its north-western minors are positive.

Note that standardization to a, = 1 > 0 is always possible by dividing the original
Hurwitz polynomial (1.8) by a,, # 0.

In the following chapters, we consider control systems X for the state v € R" with
the input vector u € R™ of the following form:

Y: 0=Co(t)+Du(t), wv(t) =m0, (1.9)

with the state matrix C € R"*", the input matrix D € R"*", and the initial value
vo. Often, the system X in eq. (1.9) is written as (C, D), which is the case in the
following. The input vector u is also known as the control vector. The sans-serif
notation C, D, and R is chosen for the matrices related to controllability for the
visible distinction between the input matrix D and the Jacobian Df.

In control theory, the system (1.9) is said to be a linear time-invariant (LTI) system
since the matrices C and D are constant over time, and since the time-dependent
system functions v(t) and u(t) are no direct functions of time, i.e., they do not
depend on the initial time ty. The system shows the same behavior for the same
input at any time. Throughout the following chapters, except for section 5.5, a
linearized system of the form (1.9) is assumed to be time-invariant.

When control is applied to a dynamical system, usually the aim is to bring the
system to a desired behavior or state; for details, see, e.g., [104]. If a controlled
system eq. (1.9) can be brought to any target inside the region of interest, it is
controllable according to the following definition [68, 104].

Definition 1.9 (Controllability). A system % is controllable if it can be moved by
an adequate input with u(ty) = ug from any initial state vy to any final state in finite
time. Another term for this system property is complete state controllability in order to
emphasize the aim of controlling the state.

11
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Usually, controllability is scrutinized together with its dual, the observability, which
is defined as follows [68].

Definition 1.10 (Observability). A system is called observable if the initial state vy can
be determined by the input u(t) and the measured output signal over a finite time interval
[0, f.].

Since the herein-mentioned experimental measurements allow accessing directly or,
precisely enough, indirectly the desired quantities, observability is assumed for the
presented methods. In cases where observability cannot be guaranteed or realized,
further considerations could be necessary before applying the control techniques.

Analogously to testing for stability like thm. 1.4, there exist several theorems
stating conditions for the controllability of LTI systems. Besides e. g. the so-called
Controllability Gramian (see, e. g., [68]), a simpler condition concerning the rank was
found by Kalman [57].

Theorem 1.5 (Kalman rank criterion). The system eq. (1.9) has the controllability
matrix

R=|[D|co|cD]...[crip | e RO, (1.10)
The pair (C, D) of the system (1.9) is controllable if and only if

rank(R) = n,
i. e. if the controllability matrix has full rank.

The proof of thm. 1.5 uses the fact that the initial condition v(ty) = v of the solution

te
o(t,) = e“levy + /ec(t"’T)Du(T)dT
to

of eq. (1.9) has the exponential matrix representation

t t t
e e e 2
-0y = C/u(T)dT— CD/TM(T)dT—FCZD/%M(T)dT—...
to to to

= Cup+CDuy + - -+ C"Duy, + C""'Duyyq + ..., (1.11)

where
te .
. T/ .
u]- = (—l)]/]'M(T)dT fOI‘] - 0/ 1/ 2/ s
to

Only if span {C,CD, C°D,...,C"D,C"*!D,... } = R" holds, an arbitrary initial vec-
tor vg € R” tulfills eq. (1.11). By the Cayley-Hamilton theorem [20, 43—45] (proven
completely by Frobenius [33]), every regular quadratic matrix fulfills its own char-
acteristic equation. Hence, it suffices to consider the first n terms in eq. (1.11) to
investigate the representability of vg in the form (1.11).

An analog result to thm. 1.5 and the Gilbert criterion [34] is the Popov-Belevitch-Hautus
test [8, 50, 84], also known as the Hautus test.
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Theorem 1.6 (Popov-Belevitch-Hautus test). Let C € R"*" and D € R"*™. Then the
following statements are equivalent:

1. The pair (C, D) is controllable.

2. Itholdsmnk([ sI—C ‘ D ]) =nforall s € C.

3. It holds rank ({ s —C ‘ D ]) = n for all eigenvalues s € C of C.

The proof of thm. 1.6 uses the linear independence of the 1 rows of the controllability
matrix eq. (1.10). If this was not the case, a row vector w! would exist perpendicular
to R. This vector w” would then be orthogonal, particularly to D, and must be a left
eigenvector of C. So, no eigenvector of C must be perpendicular to D in order to
guarantee controllability. Further details about thms. 1.5 and 1.6 and their proofs
can be found, e. g. in [68, 104].

The Popov-Belevitch-Hautus test is preferred to the Kalman condition in many
applications since it also provides information about the uncontrollable eigenvalues
and their corresponding modes [68]. Nevertheless, we use the Kalman condition
due to the minor size of the matrix R that needs to be computed for validation of
controllability.

A slightly weaker condition than controllability is stabilizability [68].

Definition 1.11 (Stabilizability). A system X is locally stabilizable if all uncontrollable
state variables are asymptotically stable, i.e., the linearization matrix of X in all stationary
points has only eigenvalues with negative real parts. Then, the nonlinear system X is also
stabilizable by the control part linearized by Du in 2.

This means that the second and the third statement of thm. 1.6 must hold for s € C
with R(s) > 0 if the system X is stabilizable. From this definition, it becomes clear
that the controllability of a system implies stabilizability. Or in other words, if a
system X is controllable, the controlled stationary states are stable.

The discrete-time analog of the Routh-Hurwitz criterion (thm. 1.4) is the Jury stability
criterion for fixed points. In [56], Jury gives several rules that must be satisfied to
guarantee stability. For the 2-dimensional case, they can be summarized by the
following rules.

Theorem 1.7 (Jury criterion, 2-dimensional case). Let
q(v) = byv?* +biv! + by (1.12)

be the characteristic polynomial of the Jacobian DF of the right-hand side of the discrete-time
system xi 1 = F(xy) in the fixed point x.. € R?. Then x, is stable, i. e., all roots of eq. (1.12)
lie inside the unit circle if

det(DF(x.)) <1 and |tr(DF(x.))| <1+ det(DF(x.)).






STABILITY ESTIMATION BY PROPORTIONAL CONTROL WITH
STATE OBSERVER

As shown in section 1.1, the choice of the feedback-control method depends on the
prerequisites and the problem itself. Besides stability criteria, the simplicity and the
number of prerequisites to apply the control are decisive for the method of choice.
This makes the class of proportional-feedback control methods highly attractive for
systems where information about the underlying dynamics is rarely known.

In the following, we will consider the dynamical system

x = f(x,p) (2.1)

with the state x € R whose vector field f : R — R depends on the bifurcation
parameter u € IR. We assume that, for a fixed parameter value fi, there exists at least
one stationary point ¥ € R of the system eq. (2.1). Under certain conditions [53],
the point X is an asymptotically stable stationary point of the closed-loop system

x=f(x,f)+a-(y—x), (2.2)

with the control parameter a; € R\{0} and the target y € R. Here, the difference
between the system’s state x and the target y affects the system’s dynamics pro-
portionally. Even though the control’s structure is simple and requires no further
knowledge about the dynamics, finding the right target y can be challenging since
the equilibrium’s position (£, j1) is generally unknown. Only if the position X cor-
responding to ji is known a priori or reached the proportional feedback control is
noninvasive, i.e. vanishes at a stationary state x. Barton and Sieber [7] propose to
adapt the bifurcation parameter ji and the control target y on a line perpendicular
to the linear prediction defined by the two previously found equilibrium points. See
[28, 29, 58, 59] and section 1.1 for pseudo-arclength continuation. This allows for
tracking noninvasively the branch of stationary points even around fold bifurcation
points.

2.1 PROPORTIONAL CONTROL WITH STATE OBSERVER

For cases where the control target y for the proportional feedback control in eq. (2.2)
is unknown, Pyragas et al. present in [88, 89] a method similar to the washout filter-
aided feedback control [1, 48, 62]. The method introduced by Pyragas combines the
proportional control with a state observer a; - (y — x) with a; € R\{0} such that

t=flap)+a-(y—x) (2.32)
y=az-(y—x). (2.3b)

In eq. (2.3b), the target is adapted proportionally to the distance between the
system’s state x and the actual target y. This allows finding the equilibrium point X

15
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for a fixed parameter value ji. The proportional control combined with the state
observer (2.3) has also been applied successfully in laboratory experiments like, e. g.
oscillatory electrodissolution of nickel [88] or a pedestrian evacuation scenario [80].
The stationary points of the original dynamical system (2.1) and the proportionally
controlled system (2.3) are the same in the following sense: If ¥ is a stationary point
of eq. (2.1), it is ¥ = 0 = f(&, ji). Furthermore, let the target 7 be identical to X.
Then, y = a; - 0, and so (&, 7) must be a stationary point of eq. (2.3). If reversely
(x,7) is an equilibrium point of eq. (2.3), it holds y = 0, and hence (7 — %) = 0.
Then x =0 = f(%,fi) + a1 -0 = f(%, i), which is the sufficient condition for X to be
an equilibrium of eq. (2.1). Since the control (2.3b) vanishes at an equilibrium point
of eq. (2.1), the proportional control with the state observer is noninvasive.

2.1.1  Controllability and observability of the proportional control with state observer

Before stating the conditions for controllability of the dynamical system (2.1) with
the proportional control with the state observer (2.3), we consider the linearization
around the stationary point (X,7). We assume that the dynamics described by
eq. (2.3) and written as

z=h(z) = (‘;t (;) with z=(x,y) (2.4)

can be approximated sufficiently well by a linearization in each point of the neigh-
borhood of (%, 7). For this neighborhood, we introduce the notation

oz=2z—12,

which describes the vectors in the tangential space at the point Z = (%, 7) and can
be seen as a shift of the origin. The linearization of eq. (2.4) is then

(0z) = Dh(2) - 6z = (a"f (2) —m “1> -0z, (2.5)

—a2 a2

where 9 f is the partial derivative of f with respect to x, and Dh (z) € R?*? is the
Jacobian of 4 in the point Z = (&, 7). Note that the value of the bifurcation param-
eter y is constant during the whole control of one stationary point. The results from
control theory for continuous so-called linear time-invariant systems (LTI) [104] can
be applied to state controllability conditions of the controlled system (2.3). We have
the 1-dimensional control u := y — x for the system

v = Co(t) + Du(t),

with the state vector

V= (x) € ]Rz,
y

the input matrix

D= %) e R?,
[1%)
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and the state matrix

cm (% 0) eree2,
0 0

The resulting controllability matrix (see [104] and section 1.2) is

RZ[DCD]z(“1 “1'axf>- (2.6)

1 %) 0

Here, and throughout the whole chapter, the short form d, f of the partial derivative
of f with respect to x will be used wherever the evaluation point is clear from
the context. The results for LTI include that the system (2.3) is controllable if the
controllability matrix (2.6) has full rank. This is fulfilled when a; # 0, ay # 0, and
dxf # 0. Hence, eq. (2.3) is controllable if for all Z holds 9, f(z) # 0, and if a1 # 0
and ay # 0 can be found accordingly. Theoretically, the system (2.3) is controllable
for all points Z except for bifurcation points since 9, f (Z) = 0 is a necessary condition
for a linear bifurcation. Due to physical limits, further restrictions on the values for
the control parameters hold for laboratory experiments.

For the state feedback applied in eq. (2.3), the full state v = (x, y) is assumed to be
available, i. e., the full state can be constructed from the measurements or computed
values of the output. Hence, the system (2.3) is considered to be fully observable.

2.1.2  Stabilization of the proportional control with state observer

In order to estimate the control gains a; and a; to guarantee stabilization of the
controlled system (2.3), we consider the eigenvalues v of the linearization matrix
Dh in eq. (2.5). The characteristic polynomial of Dh is

p(v) =12+ (0 — g — Oxf) v+ ap -0y f. (2.7)

A necessary and sufficient condition for the negativity of the real parts of the
eigenvalues v of Dh is that the coefficients of eq. (2.7) are positive, i. e.

a0y —ap —0xf >0, and (2.8a)
ay -0y f > 0. (2.8b)

From eq. (2.8b), we can deduce

sign(az) = sign (3. f) - (29)
And from eq. (2.8a), we get

a1 >y + Oy f
which leads to the stronger condition

a1 > ap +sup {0« f(z)} (2.10)
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for the case where d,f is bounded. Conditions (2.9) and (2.10) give sufficient
conditions for stability, which can, except for bifurcation points, always be fulfilled
for functions f whose partial derivative d. f is limited on the closed set of analyzed
stationary points.

In condition (2.9), the sign of x, must be equal to the sign of d, f. This condition is
reminiscent of the odd-number limitation [74, 88] for time-delayed feedback control
methods. Hence, the sign of x> depends on the original stability of the stationary
point x. Additionally, bifurcation points are not stabilizable by eq. (2.3). So, no
complete automatic continuation of stationary points over folds is possible with
fixed values of the control parameters a1 and a;. When switching from a stable to
an unstable branch or vice versa, the sign of a; needs to be changed.

2.2 EXTENDED PROPORTIONAL CONTROL

Once a dynamical system is stabilized by any control, the stationary points of the
controlled system are asymptotically stable. Hence, direct analysis of the controlled
system’s dynamics cannot produce knowledge about the uncontrolled equilibria’s
stability. Therefore, an indirect method to analyze the original stability of the
uncontrolled system (2.1) by using the information about the dynamics of the
proportional control with state observer (2.3) is presented in the following section.
We use the fact that the dynamics of x are controlled by a proportional control with
the control gain a;. The motion of x consists of the original system f(x,u) and
a control part a; - (y — x). We define the controlled dynamics eq. (2.3a) to be the
function g and bring the controlled dynamics to predefined stability. So, another
control eq. (2.11¢) is applied on the already controlled system eq. (2.3). In control
theory, this is also known as pole placement [68]. For simplicity, we aim for d,g = —1.
By this choice, the system is guaranteed to become stable since it holds for the
eigenvalue d,g = —1 < 0. This can be done by adapting a; continuously by the
additional control &; = a3 - (dxg + 1). This results in the extended control scheme

Xx=flou)+ar-(y—x) =g (xy a1, n (2.11a)
y=ar-(y—x) (2.11b)
by = a3 (0xg+1), (2.110)

where x € R is the state, y € R is the adapted target, a1 € R is the dynamic control
parameter for x, & € R is the control parameter for y, and a3 > 0 is a scaling factor
for the adaption of «1. Since it holds d,g = d,f — a1, we directly get the stability
information d,f = &1 — 1. Once the system has reached an equilibrium with a value
of the control parameter a; such that d,g = —1, the control vanishes. Hence, the
control scheme is again noninvasive.

The idea of adapting the control parameter for a proportional feedback control dates
back to the 1950s; see [126] for a summary and the references therein. The difference
of the control in eq. (2.11) to existing adaptive proportional control techniques is
the combination of control and stability information by the dynamic value of «;. So,
a3 is a control gain for both control and original stability information.

The equilibrium points of the original system (2.1) are identical to the ones of the
extended control scheme (2.11) in the following sense: If (%,7,&;) is a stationary
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point of eq. (2.1) corresponding to ¥, it is ¥ = 0 = f(&, u). Let X be identical to
the control target, i.e., (7 —X) = 0, and let &1 = 9d,f + 1 hold, which is always
possible for bounded d,f. Here d,f is a short form of df(x). Then, it holds
y=war-0and & = a3 (dxf —& +1) =0, and (%, 7, &) must be a stationary point
of eq. (2.11). If reversely (%,7,&) is an equilibrium point of eq. (2.11), it holds
y = 0 and hence (7 — %) = 0. Additionally, it holds x = 0 = g(%,7, &1, ). Then,
f(%,u) =g(% u) — & - (§ — x) = 0, which is the sufficient condition for X to be an
equilibrium of eq. (2.1). The control consisting of egs. (2.11b) and (2.11c) disappears
at an equilibrium point of eq. (2.1). This shows the noninvasiveness of the proposed
extended control method.

2.2.1  Controllability and observability of the extended state observer

For controllability analysis, we follow again the results of the control theory for
LTI [104] introduced in section 1.2. We can again assume that the dynamics of the
controlled system (2.11) written as

x
z=h(z) = c(ilt y with z = (x,y, 1) (2.12)
&1

can be locally approximated by the linearization around each stationary point
Z = (%,7,& ). Again, we use the notation

0z=2z—12
for the vector in the tangential space at the point z. The linearization of eq. (2.12) is
(6z) = Dh(2) - 6z
0:+f(2) — g X1 y—x
= —WN 1% 0 -0z
az - ax(axg)(z) as - aX(ayg) (Z) asz- ax(amg) (2)
oxf(Z) —m1 & §—X

where Dh(Z) is the Jacobian of i in the point Z = (%,7,&)7. Again, the short form
dxf for the partial derivative of f will be used wherever the context allows. Since
the controllability of the system (2.11a) and (2.11b) is already shown in section 2.1.1,
we only consider the additional control (2.11c), where the control vector is defined
by u := &; € R. The dynamics of x, y, and a; are assumed to be coupled, but
here, the original system and the control are distinguished sharply to keep the
representation clear. The linearization (2.13) can be considered as the controlled
system

v = Co(t) + Du(t) (2.14)
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of the dynamics of the state vector

with the state matrix

01,8 Oxf —1 a1 y—x
Dh 3x3
C:= 0u,Y = —0 %) 0 € R,
0 0 0 0 0

where DF is the linearization matrix in eq. (2.5) of the proportional control with
state observer (2.3). Even though the linearization matrix in eq. (2.5) is given in the
stationary point (%,7,&1)7, we use here the general form for any point (x,y,a;).
This should make the text more readable. The input matrix for the system (2.14) is

0
D:=|o| eR3.
1

The resulting controllability matrix is

0 y—x (Ocf —a1)-(y—x)
R=|[D|co|cp|=|0 o —a - (y— x)
10 0

Citing the results for the control theory on LTI [104] again, the system (2.14) is
controllable if R has full rank, i. e. if x # y and a» # 0.

We already assumed x and y to be directly measurable for observability in sec-
tion 2.1.1. If x is directly measurable with enough precision, either x = g(x,y, a1, t)
is directly measurable or can be computed by a difference quotient of the time
series for x. From these values of X, the value of d,g can be approximated by the
difference quotient

X(t2) — x(t)
x(t2) — x(t1)

consisting of the measurements at the times t; < t; if we assume that the changes in
y and «q can be discarded. So, the state and the control of the extended proportional
control (2.11) can be fully estimated only by output measurements. Hence, the
system (2.11) is fully observable.

Applying a Newton method to achieve the derivative information d,g¢ is an alter-
native for cases where initialization at different points is possible. The derivative
information with respect to x, y, and a; could then be obtained by the time se-
ries with different initial values. Numerical results of the Newton method for the
extended proportional control (2.11) applied on the normal form (1.7) will be pre-
sented in section 2.3.

9:g ~ (2.15)
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Incidentally, in cases where numerical initialization is possible, a damped Newton
method with

¥ = —(9f (x, )7 f (2, 1)

locally guarantees convergence of x towards the equilibrium (X, i) of eq. (2.1),
including the stability information d,f. Since we assume to have no direct or
numerically direct access to d, f, this is ansatz is not further considered.

2.2.2  Stabilization of the extended state observer

As controllability, and hence stabilizability, of the extended state observer (2.11)
is given for x # y and ap # 0, we only need find appropriate gains a, and a3 to
guarantee that the stationary points are asymptotically stable since x = y must hold
in these equilibrium points. As the considered points are stationary, i. e. the velocity
is zero, it must hold a; = d,f + 1 in each stationary point of eq. (2.11). We use this
knowledge to simplify the notion of the linearization matrix

Oxf — X §—x -1 oxf+1 0
Dh = —0y %) 0 = —o %) 0 (2.16)
—Q3 ax(axf) 0 —N3 n3 - ax(axf) 0 —N3

for the extended state observer (2.11), where the short form d, f is used again for
legibility reasons. In order to guarantee that all real parts of the eigenvalues of
the linearization matrix (2.16) are negative, we can consider the Routh-Hurwitz
criterion [52, 95] (thm. 1.4). If the negative of the characteristic polynomial

p(v) = =’ + (ag —az — 1) - v* + (apa3 — a2 - 05 f — a3) - vV — a3 - Oxf (2.17)

of the Jacobian (2.16) is a Hurwitz polynomial, the system (2.11) is stable. The first
condition is that all coefficients of eq. (2.17) are positive.
The coefficients of —p(v) are the following:

a3 =1, (2.18a)
ap=14a3—uan, (2.18b)
ay =y - Oy f + a3 — aowz, (2.18¢)
ag = a3 - Oy f . (2.18d)

We can already see that a3 > 0 is fulfilled. From a, > 0, we get the condition
a3 >o0ap — 1. (2.19)
And ag > 0 provides the conditions

sign(ay) = sign (dxf) , and (2.20a)
Oxf #0, ap #0, a3 # 0. (2.20b)

Since a3 > 0 by assumption, the sign of a9 depends only on the product a; - d.f.

Respecting condition (2.19), we choose

ng:=0r—14€>0, (2.21)
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where € > 0. This leads to the following formulation of eq. (2.18c)> 0:
a1 = —(a2)> + (249 f —€)-ap+€e—1>0.

With egs. (2.19) and (2.21) it holds € — 1 > «a5. So, if
—(@)? 4+ (Oxf —e+1)ay=ar - (—aa +9xf —€e+1) >0

holds, then a7 > 0 is fulfilled, too. This is true, if either

{ap >0 and oyf —ax—€+1>0} or (2.22a)
{ap <0 and Oyf —ax—€e+1<0}. (2.22b)

Due to egs. (2.20a) and (2.21) and a3 > 0, condition (2.22b) is fulfilled for the case
of dxf < 0. Condition (2.22a) leads to the choice

o+ €< of+1= a3 <0yf ifdef >0.

The second condition for negativity of the eigenvalues’ real parts of DF is the
positivity of the Hurwitz determinants and all its minors. The Hurwitz determinants
give the following conditions.

H; = |a| >0,
which is already fulfilled by eq. (2.19) and
Hy = apay —azag = (1 4+ a3 —ap) - (a2 - Oxf + a3 — apa3) — apaz - 0 f > 0. (2.23)
Inserting eq. (2.21) into eq. (2.23) leads to the following condition

(—0xf —€)-aj+ (0:f +26—€*) -+ €*—¢€

=(1—a) (ag-0xf+€-(ag+€—1)) >0. (2.24)
This is fulfilled, if
ay <1 and ap-0yf+e-(aa+e—1)=nap-0xf+eaz>0. (2.25)

The second condition in eq. (2.25) is always fulfilled by eq. (2.20a) and €, a3 > 0.
Hence, the two factors in eq. (2.24) must be positive. Together with conditions (2.22),
we get stabilization for

{ap <0}, if 9, f <0

€>0,a3=0ay—14+€ >0, and
{0<ap<land 0 <ag <oyf}, ifdyf >0.

Hence, the extended state observer (2.11) can be stabilized in every stationary point
except for bifurcation points. To switch between the stable and the unstable branch,
the control parameter a; needs to be adapted like for the proportional control with
the state observer.

Since the sign of a; must change in the bifurcation point, one could think of an
adaptive control law for a; in a kind as in eq. (2.11¢) for a;. Additionally, an
alert to detect the neighborhood of a bifurcation could be implemented. Then the
bifurcation point could be skipped, and the sign and size of the control parameter
values be changed to continue on a branch with different stability.
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2.3 NUMERICAL RESULTS ON THE EXTENDED PROPORTIONAL CONTROL

In the previous sections, the concepts of proportional control (2.3) and its extension
(2.11) were introduced. This can be used to produce the bifurcation diagram,
including the stability information of a dynamical system. In the following, the
extended proportional control (2.11) was tested on the one-dimensional normal
form

x:y+x—ﬁ
for hysteresis. Once the k-th stationary point xj is found and stabilized by eq. (2.11),

the target ;1 for the next equilibrium point (X171, 7) is defined. It is the first
(Tk/ﬂ)*(m/m)
(Xiotti) = (Kt |
stepsize s through the previous two equilibrium points (Xx_1, flx—1) and (X, fix)-

Let again ¢(x,y,a1, 1) = p+x — x> +a; - (y — x), and let

component of a linear continuation (¥, fix) = (X, fx) + 5 - I

X p+x—x3+ag-(y—x)
h(x,y1)= |y | = ay- (Y —x) (2.26)
dl a3 - (axg+1)

describe the dynamics of the controlled system (2.11) in vector notation. Then, the
Newton method with the [-th step

Xkl Xj -1

y ™ 7 T
vir | = | i1 | —Dh ((xk,l—lz]/k,l—lflxlk,l—l) ) “h <(xk,l—1/]/k,l—1z“1k,lfl) )
X1kl X1ki-1

for the k-th equilibrium is applied to the controlled system (2.26) to find the
stationary point, i. e., the point with velocity zero in each direction. Even though
the analytical description of the derivative information for the Jacobian is available
for the simulation model of the normal form (1.7), they were approximated by
difference quotients like eq. (2.15) for d,g. In order to obtain the partial derivatives
hiy, Ey, and f1,, for the Jacobian D/ € R3*3, the initial state is varied in each Newton
step three times by Ax = 0.001, Ay = 0.1, and Aa; = 0.2. The resulting Jacobian in
the point (£,7,&7) is

Dh(??, 7, 5(1)
I (2+Ax, ,80) I (2,9,81) (2 9+Ay,81) - (2,9,8) (R0, 0+0m)—h(2,9,41)
5 Ax Ay Axq

~ | (A, G, 81)—ha(2,9,81) ha(RJ+Ay, &) —ha(2,9,81)  h2(X, 7, &1 +Aay)—ha(%,7,41)
} Ax u Ay Any ’
h3(R+Ax, g, 80)—h3(2,9,&1)  ha3(R,9+Ay, &) —h3(%,9,&1)  h3(2, 9, &1 +Awy)—h3(2,§,41)

Ax Ay Axq
A Zi(to+At)—Z; (¢t .
where 1;(£) ~ w with At = 0.02.

As already stated in section 2.2, the continuation of stationary points must be
done in three parts due to changes in the sign of the control parameter a, and
limits for the control parameter a3. See section 2.2.2 for further details on the
control parameter choice. For the results of the continuation presented in fig. 2.1a,
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(a) Stability evaluation for the normal form controlled by the extended proportional control (2.11).
Stability information is computed directly by control (2.11c). The black circles mark the end of
the continuation on the stable branches, and the red ones indicate the simulation limits on the
unstable branch. See the inset reduced to 10 significant points for details of the lower bifurcation
point.
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(b) Stability evaluation for the the normal form (1.7) by analytic computations.

Figure 2.1: Stability evaluation for the controlled the normal form (1.7). Stability information
is given by color code. Blue indicates stability (dxf < 0), and red indicates
unstable stationary points (9 f > 0). The bifurcation points are marked by green
dots. The color scale is limited to the interval [—1, 1] to emphasize the qualitative
change in the neighborhood of the bifurcation points.
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the choices mentioned above for the increments were made. The stable branches
were produced with ap = —1 and a3 = 1. The unstable branch was constructed
under the control parameter values a; = 0.9 and a3 = 0.1. Since the initialization
in the neighborhood of a bifurcation point is hard to realize, the continuation
for the unstable branch was initialized first at (yo, x9) = (0.2731, —0.3) and then
continued upwards. The second time, the continuation was initialized at (po, xo) =
(—0.2731,0.3) and then continued downwards. The complete branch was merged for
fig. 2.1a. Note that the found parts of the branches do not intersect. The last found
points are marked in fig. 2.1a by colored circles. For comparison, fig. 2.1b shows
the analytically computed stability of the stationary points. Even for numerically
computed derivatives, the stability information is accessible with the extended
proportional control (2.11). For physical experiments, an initialization at different
points is hard to realize. Indirect methods to estimate the derivative information, like
the difference quotient (2.15), are an alternative to gaining the stability information
and updating the control parameter a3.
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DATA-BASED STABILITY ANALYSIS BY
PROPORTIONAL-DERIVATIVE (PD) CONTROL

In section 1.1, several approaches to stabilize stationary states were introduced. The
present chapter aims to gain stability information about the originally uncontrolled
dynamical system and construct the corresponding bifurcation diagram. Since
explicit mathematical descriptions of the dynamics in physical systems are rarely
available, the stability information cannot be computed analytically. The results
herein are all published in the joint work [26], and the chapter’s structure was
adapted from this publication. Wherever a nontrivial formulation of a sentence or a
paragraph was taken nearly literally from the original work, this is identified by

“([26])".

3.1 CONTROL-BASED CONTINUATION

In [18, 19, 98], the authors introduce a PD control-based continuation scheme for
experiments with forced nonlinear impact oscillators. The position of an equilibrium
is predicted by a pseudo-arclength continuation [28, 29, 58, 59] (see also section 1.2)
using the information about the previous two stationary points. The difference
between the uncontrolled and the predicted state trajectories defines the PD control.
Since periodic orbits appear in Fourier space as equilibrium points, the update
for the pseudo-arclength continuation by the Newton step is done therein. When
the control is switched off for a short time step, the trajectories of the actual state
diverge from the controlled reference trajectories. This reveals the unstable branch
which defines the separatrix. Estimating the corresponding Lyapunov exponents in
the experiments in [18] allowed the authors to determine the original stability of
the uncontrolled states.

A method to estimate the original stability of stabilized periodic orbits is presented
by Barton in [6]. The stabilized orbit is perturbed slightly in its neighborhood in
state space. The measured data is used for a least-squares fit to an autoregressive
model with exogenous inputs. The Floquet exponents gained thereby serve to
estimate the original stability information. By this method, the author produced
a full bifurcation diagram, including stability information for a nonlinear tuned
mass-damper system.

The two methods presented in [6, 18] allow for gaining stability information only
from the measured data. However, the necessary robustness for the case of inactive
control might not be given, and the intervention in the measurements for the case
of perturbance might be hardly realizable.

The method presented in section 3.1.1 allows for obtaining a complete bifurcation
diagram, including stability information, without further intrusions. Only the
measured data of the controlled system serves as the basis for computing the
stability information a posteriori.
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Figure 3.1: Magnified detail for the continuation of the curve of stationary points by con-
trol (3.2) for the resulting experimental system (3.10). The blue dots mark the
estimated equilibria. The blue lines connecting the dots show the approximated
equilibrium points in between the found ones. The red line segments represent
the trajectory of the controlled system in phase space. Reproduced from [26]
with kind permission from the Society for Industrial and Applied Mathematics
(SIAM).

3.1.1  PD control on the parameter

The presented theory in this chapter is restricted to 2-dimensional dynamical
systems for simplicity reasons with respect to data analysis, presentation, and
comprehensibility. For the Zeeman catastrophe machine, which will be introduced
in section 3.3 and serve as a test model throughout the next chapters and the present
one, the limitation to 2 dimensions is sufficient. The machine’s modeled state x
consists of the state descriptions for a one-dimensional measured state ¢ and its
derivative ¢.

So, we will consider an autonomous dynamical system of the form

t=f(x, ), (3.1)

where x = (x1, x2) € R? describes the state variable and u € R is the bifurcation
parameter. In the following, system (3.1) will be referred to as the original system
since it is free of control.

In eq. (3.1), the dynamics of the state x are described as motion depending on
u. The usual or classical way is to see the resulting curve of stationary points
locally as a function x depending on p. For the proportional scheme (2.3), this
description of the system’s state is used, too. An unsolved problem for control
(2.3) is to continue the curve of stationary points around folds. This is due to the
singularity of x as a function of u (see fig. 3.5 for an illustration) and does not
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hinge on the control scheme. In numerical bifurcation analysis, the extension of

system (3.1) by an additional dimension is often used to avoid these singularities.

This approach is known as the pseudo-arclength continuation [28, 29, 58, 59]. A short
description can be found in section 1.1, too. In the present chapter, we change to a

different description of a similar problem and present a different control approach.

To overcome the singularity problem, we extend the original system (3.1) by a
differential equation expressing the motion of the one-dimensional bifurcation
parameter y as a function depending on x ([26]). The curve of stationary points is
now seen as a function y(x) in x. Following control theory [104], higher-dimensional
systems can be controlled by lower-dimensional control. The control scheme works
locally, starting in a previously found or known stationary point and driving the
system to a defined target x* in the neighborhood. The additional differential

equation for the motion of y describes the proposed additive feedback control.

Adapting u proportionally to the difference (x — x*) allows for reaching the new
target x*. The resulting extension of the system (3.1) with a local dynamic control
scheme in y has the following form

x=f(x,p) (3.2a)
ft=—-K(x—x")=—Kp(x1 —x7) — Kp (x2 — x3) (3.2b)

with the feedback gain K = (Kp, Kp) € R2. The system (3.2) will be called the
controlled system since the control (3.2b) is applied to the original system (3.1). In the
literature, it is often referred eq. (3.2) to as the PD control because of the proportional
part Kp (x1 — x7) and the differential part Kp (x, — x3) since x, = %1 holds in our
context. So, we define in advance of searching for an unknown equilibrium (%, i)
the x-components of the controlled system (3.2) to be the target value x* for the
equilibrium of the original system (3.1). By changing the bifurcation parameter y
according to the distance between the actual state and the target x*, we indirectly
change the state x through the dynamics. Hence, only the x-components of the
newly searched equilibrium of the system (3.2) are known. An illustration of the
interplay between the first component of the state, x1, and the bifurcation parameter
p is given in fig. 3.1.

The equilibrium points of the original system (3.1) are identical to the stationary
points of the controlled system (3.2): If ¥ is a stationary point for ji of eq. (3.1),
and if, in addition, the first component of the state, ¥;, is identical to the control
target x}, itis ;1 = xp =0, ¥, =0, and (¥} —x*) = 0. Then t = 0, and (X, fi) is a
stationary point of eq. (3.2). If reversely (%, fi) is an equilibrium point of eq. (3.2), it
holds ¥ = f(%, i) = 0 which is the sufficient condition for ¥ to be a stationary point
of eq. (3.1). Since the control (3.2b) disappears at an equilibrium point of eq. (3.1),
the proposed method is noninvasive.
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3.1.2  Controllability and observability of PD-controlled systems

In the following, the controllability conditions for a system of the form (3.1) con-
trolled by (3.2b) are scrutinized and stated in a general way. The resulting system
(3.2) can be written as

X1
~ d .
z="h(z) = a | » with z = (x1,x2, 1) . (3-3)
H

Similar to egs. (2.4) and (2.12), we assume that the dynamics described in eq. (3.3)
can be locally approximated by a linearization around each stationary point
(%1, %2, ji). Therefore, we again use the notation

0z =2—2

for the vectors in the tangent space at the point Z = (%1, X2, ji). So, the linearization
of eq. (3.2) is

pfx) |42 ] - .
0

(6z) = Dh(z) - 6z = [
“Kp —Kp |

where Dh(z) € R¥3 is the Jacobian of eq. (3.3) in the stationary point z, which
includes the linearization matrix Df of the uncontrolled system (3.1) and the
gradient f, of f with respect to y. This allows us to use results from control theory
for continuous linear time-invariant (LTI) systems introduced in section 1.2. Even
though the dynamics of x and u in the controlled system (3.2) are assumed to be
coupled, system and control are distinguished sharply in the following analysis to
keep the representation clear and linear. Since the control (3.2b) is 1-dimensional,
we use the control vector 1 := i € R and the state vector

V= (x) € R?
M

for the controlled system
v = Co(t) + Du(t), (3-5)
with the input matrix

0
D=0 eR?
1

and the state matrix

Df | fu
000

C:= € RS
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where the short forms Df and f, are used due to reasons of legibility. This will
again be the case throughout the whole chapter, wherever the context allows for it.
So, we obtain the controllability matrix

0 0
R:[D\CD\CZD}: 0 |lcD|cp | = of” Pfful cgoss.,
1 10| o

Following the Kalman rank criterion [57] (thm. 1.5), i. e. the test if “rank([s] — CD]) =
n for all s” or “rank(R) = n”, the original system (3.1) is controllable by eq. (3.2) if
the controllability matrix R has full rank. This is fulfilled if [f, | Df - f,] has full
rank, i.e., if f, # 0 € R%*1 is not an eigenvector of Df # o € R?2*2. Hence, the
controllability depends only on the original system (3.1), namely Df and f,.

As stated at the beginning of section 3.1.1, bifurcation points of the original system
(3.1) reveal singularities if the dynamics are considered as a function x(p) ([26]).
Since in the case of control (3.2a), j is seen as a function of x, no singularities of the
controlled system (3.2) occur at the fold bifurcation points of the original system
(3.1).

The dual of controllability for a system is its observability, as stated in section 1.2.
Therefore, observability is usually investigated together with controllability. Since
for the presented case of the original system (3.1), it is assumed that the first compo-
nent x; of the state is directly measurable and that the second component x, = %1 is
either directly measurable or it can be approximated precisely enough by numerical
methods like different quotient, no further investigation on the observability is
needed. Only input and output measurements are needed to construct the full-state
trajectory. The generalization of the following results requires further analysis to
guarantee observability.

3.1.3 Stabilization of PD-controlled systems

In section 3.1.2, it is shown that the controllability by control (3.2b) of the original
system (3.1) depends only on the system itself. We will now state sufficient condi-
tions for the control parameter K that guarantee the linear stability of the controlled
system (3.2), hence show by construction the existence of adequate control gains.
For this purpose, eq. (3.2) is considered in the matrix-vector notation (3.4), i.e.
a dynamical system describing the motion of a 3-dimensional state (x,u)’. By
linear stability theory and thm. 1.1, the original system (3.1) is linearly stabilized
by eq. (3.2b), if the eigenvalues of the Jacobian Dh defined in eq. (3.2) have only
negative real parts. Hence, Kp and Kp must be chosen accordingly to guarantee
stability for all considered equilibria (%, ). In cases where no explicit model is
given, experimental measurements could reveal information about the Jacobian D f
of the original system.

3.2 DETECTION OF STABILITY AND BIFURCATION POINTS

One method to gain information about the original system’s stability is to switch off
the control and analyze the data from the uncontrolled behavior like it is presented,
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e.g., in [18]. This approach is easily realizable, but involves the risk of harming
the system and its physical structure. For the stability analysis presented in the
following, the control can be kept permanently activated during the experiment
([26]). So, the closed-loop measurements with control (3.2b) allow for gaining
stability information about the original dynamics. During the whole experiment, no
further inventions or computations about the stability are needed. This approach
is not restricted to the controlled system (3.2). It can be applied to every stability
method where the system state’s and the bifurcation parameter’s behavior can
be separated similarly. Since no exact mathematical description or model of the
considered dynamical system is obtainable in many cases, neither the system’s
stability information nor bifurcation points must be found directly by detailed
analytical detection. The presented method aims to find an approximation of
the linearization for the original system (3.1) in the close neighborhood of each
stabilized equilibrium point. The eigenvalues of the linearization matrix allow
for determining the original stability. For simplicity, in sections 3.1.1 to 3.1.3, the
system was assumed to be 2-dimensional. Even though this is not necessary for
the following chapters, we weaken the assumption to an n-dimensional system
of the general form ¥ = f(x,u) with f : R**! — R", which is controlled by
a 1-dimensional control similar to eq. (3.2b) with parameter u. The state of the
controlled system will be denoted by z := (x,u)T € R"*l. As previously stated,
the method aims to find an approximation of the linearization which can be done
by Taylor expansion up to a linear term. Since, generally, the stationary point z
is not the origin, the position of zZ defines the constant shift of the origin for the
linearization. Hence, we need to find an affine linear map to approximate the
original system’s behavior. So, we search for a least-squares fit G, with (G);; = gij,
of the measured data Z to the general solution z of

z2=Gz—GZz=Gz—-b. (3.6)

The position of the equilibrium point Z, i. e. the shift of the origin, causes the constant
term Gz of the Taylor expansion. We apply a standard least-squares approach like
in [10, 86] in order to find the closest or best-fitting solution of eq. (3.6) to the
measured data 2 € R"*1. The data points are stored in matrices Z, 7 € IR(”“)X‘?,
with each column describing the system’s state or, respectively, its velocity. The
collection of data points is denoted as

7= [5(h) 2(ta) ... 2(ty)] and Z:= [4(1) 4(ka) ... 2(t;)] -

This leads us to the affine linear ansatz with

1 1 1
T:= 211 Z1p Z q e R (n+2)xq
_Z(n—i—l),l Z(71—0—1),2 T Z(n—&-l),q_

for the least-square solution ¥ of

7=GZ-b~Y¥T. (3.7)
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This means the solution ¥ of eq. (3.7), is in the least-square sense, the solution of
the minimization problem

min {2}

with [|H||p = Z Z |hij|? for H € R7*" denoting the Frobenius norm. Classical
i=1 ]_
results [83] state that the matrix

Y — T+ ¢ R x(n+2)

with (Y);; = ¢y, withi =1,...,n+1, j=1,...,n+2,and (T )k = Yiks w1th] =
1,...,n+2, k=1,...,q produces the minimum of the quadratic error ||¥T — 7 |
if I't is the Moore-Penrose pseudoinverse of I'. So, the least-squares solution of
eg. (3.6) is given by

n+2
(Z =2 = (Zgljz]k) bj, fori=1,....n+1,k=1,...,q9
n+2
= Py + Y Yijvjk, with ¢ = —b;and 73 = 1 (3.8)
j=2

n+2

=Y ijrje = (¥T)
=1

The information about the stationary point z, i. e. the shifted center of the lineariza-
tion, is defined as the first row of ¥ in eq. (3.8). This is motivated by the fact that
the first column of G represents the dynamics of the equilibrium point. Hence, we
approximate the Jacobian D/ of the controlled system (3.2) by the linearization
matrix

G = (Y)1,.n41:2,m42 € ROFDX0HL (3.9)
Following the partition of Dh defined in eq. (3.4), we assume

of |

G~
—Kp —Kp ‘0

i.e., the linearization G approximates sufficiently precisely the Jacobian Dh of the
controlled system (3.2), and that the upper left submatrix consisting of the first n
rows and columns of G is the desired approximation for the Jacobian Df of the origi-
nal system (3.1.) So, we can estimate the original stability in every equilibrium point
by computing the entries of the linearization matrix of the underlying dynamical
system ([26]). The real parts of the eigenvalues of Df reveal whether the stationary
point is stable (all real parts are negative), unstable (there exists a positive real part),
or a bifurcation point (”at least one real part is zero” is a necessary condition). See
thm. 1.1 for details on stability information. Since no stability information is needed
for the controlled continuation scheme, the computations for stability information
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can be done in an a posteriori process ([26]).

An approach to approximate the right-hand side of eq. (3.6) by functions of even
higher order could be realized by applying Sparse Identification of Nonlinear Dy-
namics (SINDy) introduced by Brunton, Proctor, and Kutz in [17]. The affine linear
ansatz for the right-hand side in eq. (3.6) is replaced with a more general basis of
nonlinear functions in I'. Since the method proposed in this chapter aims to gain
only information about the linear stability, we restrict ourselves to the affine linear
ansatz and exclude higher-order terms.

From a pure simulator’s perspective, the generated data’s resolution can be as high
as desired or at least necessary. From the experimenter’s point of view, all measure-
ments contain noise which one needs to bear in mind. By applying identification
techniques naively to measurements of a controlled system, this noise is known to
be biased (see, e. g. [103, Chapter 10]). The noise in the presented example of the
Zeeman catastrophe machine was small with respect to the measured signal. This
affected the control and the controlled system (3.2) only minimally; see fig. 3.1. In
the present work, we restrict ourselves to the case of insignificantly small or absent
noise since it has a minor relevance to the identification results. In order to avoid
bias for noisy systems, one might incorporate more elaborate methods [103] than
least-squares methods.

3.3 APPLICATION ON THE ZEEMAN CATASTROPHE MACHINE (ZCM)

The Zeeman catastrophe machine will serve as an example to demonstrate the
proposed methods presented in chapters 3 and 4. Two stable branches clearly
separated by an unstable branch form the bifurcation diagram. Each end of the
unstable branch is connected to the end of one of the two stable branches by a saddle-
node bifurcation point. The first intention for the introduction of the catastrophe
machine by Zeeman [123] in 1972 was to give an example for the illustration
of bistability and hysteresis [40, 85, 123—-125]. The clear and simple construction,
together with its well-described dynamics, made the machine a popular didactic
tool to analyze dynamics in various aspects [72, 73, 124, 125]. Besides, the machine
served as a toy model for testing and verifying methods to analyze and stabilize
dynamical systems [21, 65, 82, 91], like in the present dissertation.

The names of the variables and quantities, including their values for the physical
experiment and the numerical simulations described in section 3.4, can be found in
table D.3 in appendix D.

3.3.1  Setup of the ZCM

The Zeeman catastrophe machine receives its nonlinearity from two identical springs
with tensionless length Lg. Their spring constant is denoted by k. In the middle of
the machine is a mass-carrying disk fixed at the origin O = (0,0), which is both the
center of mass and the rotational center of the disk. Fig. 3.2 depicts the details of the
experimental setup with a sketch in fig. 3.2a and a photo in fig. 3.2b. The technical
details concerning the physical experimental setup can be found in appendix A.
The first spring connects to the point P on the radius p of the disk and its fixed
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(a) Sketch (b) Photo

Figure 3.2: The Zeeman catastrophe machine illustrated as (a) sketch and (b) photo of the
experiment. The point P on the disk with distance p to the origin O is connected
with the fixed end A = (—a,0) via a spring. The second spring connects the
point P with the movable point B = (A, ), whose y-coordinate is the bifurcation
parameter in this chapter. A stepper motor moves the point B vertically to the
line through A and O. For chapter 4, the x-coordinate is chosen as a second
parameter, but for the experiments presented in chapter 3, it is kept constant.
A movement in a horizontal direction is realized by a second stepper motor
attached at one end of the rail for the first stepper motor. The angle ¢ of the
point P is measured optically by a rotary encoder attached to the disk; see
appendix A for technical details. Reproduced from [26] with kind permission
from the Society for Industrial and Applied Mathematics (SIAM).

end at the point A = (—a,0) on the x-axis. The resulting length is L;. The second
spring is attached to the point P, too, and to the movable end B = (A, u). Due to the
changes in u in the y-direction, the second spring’s length L, is variable and hence
Ly, too. Note that A, the first component of B, stays constant for the whole setup
described in this chapter. The quantity of interest is the angle ¢ measured between
the x-axis and the line connecting the origin with P and its velocity ¢. Together,
they define the state vector

x(t) = (",’“)) € R?
¢(t)

of the general dynamical system (3.1). The bifurcation parameter y describes the
y-component of the position B. In the experiment, the point B is moved by a stepper
motor which is mounted on a rail that allows only movements in the vertical
direction. The PD control described in section 3.1.1 is carried out by this dynamic
change of the bifurcation parameter. The target angle ¢* is set close enough to the
previous one. Since we aim for equilibrium points, the target angular velocity is set
to be ¢* = 0. The difference between the actual state and the target x* = (¢*, ¢*)
defines the velocity of u by eq. (3.2b). Similar to eq. (3.2), the controlled system is

X1 al? filx, p) fi(g, ¢, 1)
X2 | = a 47 = fz(X,‘u) = fZ((P/(i)/.u) 4
i 2 —Kp(¢ — ¢*) — Kp(¢ — (4)) —Kp(¢ — ¢*) — Kp¢

(3.10)
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where f : R> — R? with f = (f1, f2)T describes the dynamics of ¢ and ¢. The
explicit description of the function f is unknown for the physical experiment.

3.3.2  Controllability of the ZCM

According to the general considerations in section 3.1.2, the machine’s controlled
system (3.10) can be linearized in the following matrix-vector form

L (9 0 1 0 ¢ o 1 0 ¢ 0
G|l = 1 9%f2 %fa fa| | ¢| = |9f2 %f2 fa| |¢|T|O] H
u “Kp —Kp 0 u o 0 0 u 1

(3.11)

Due to legibility reasons, the short form d, f for the partial derivatives is used wher-
ever the evaluation point can be derived from the context. No assumptions about
the function f = (fi, f2)T are made. Nevertheless, we know by the construction of
the system of the Zeeman catastrophe machine that x; = x; and hence f1(x, ) = ¢.
Like in section 3.1.2, we follow from control theory [104] that eq. (3.11) can be
interpreted as the time-invariant control system (3.5). With this interpretation, we
get the one-dimensional control vector u, the state vector

vi=1|¢|, (3.12)
K

the state matrix

o 1 0
C=10pf2 93fa Oufa| -
0 0 0

and the input matrix

0
D= {0 (3-13)
1
So, the resulting controllability matrix is
0 c13 c11613+ 12023 0 0 ouf2
R= [ D ‘ CD ‘ C2D } =10 €23 C13C21 +CopCo3 | = 0 ayfz a¢f2~ayf2

1 0 0 1 0 0

Since generally no direct equations for the right-hand side of the original system
(3.1) is obtainable, it is hardly possible to give a strict mathematical proof for the
physical experiment to fulfill the controllability conditions found in section 3.1.2.
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Figure 3.3: Parameter sweep for the physical Zeeman catastrophe machine with stable states
compared to controlled stationary states. The measurements for the up and down
sweep without control are depicted in blue and red, respectively. The dashed
lines indicate the jumps, where no measurements are in between. The curve of

green asterisks shows the stationary points’ positions achieved by control (3.10)
mm 3 mms) Reproduced from [26]

with control parameters (Kp, Kp) = (—2 23
with kind permission from the Society for Industrial and Applied Mathematics

(SIAM).

Especially to give a rigorous proof for the rank of the controllability matrix R to
be full is impossible. Nonetheless, after estimating the entries of the linearization
matrices for the least-squares method from section 3.2, there is evidence of the
controllability of the controlled system (3.10) of the Zeeman machine. First, the
entries of the linearization matrix are computed by a simple difference quotient for
the measured data. This is done assuming that the autonomous system (3.2a) is
continuous in x and y and locally monotone. In order to obtain robust values for
the matrix entries, we apply the moving average over 10 neighboring stationary
points. By these steps, we obtain d,,f, < 0 and that dsf> < 0 exists. These are the
sufficient conditions for the controllability matrix R to have full rank. Therefore,
we can conclude that the system of the physical experiment is controllable by the
teedback control (3.2) in a neighborhood of all stationary points. This holds even

for unstable equilibrium points.

3.3.3 Stabilization of the controlled ZCM

Similar to section 3.3.2 for controllability conditions, the conditions for stabilization
by control (3.2b), found in section 3.1.3, will be examined in this section for the
laboratory experiment of the Zeeman catastrophe machine. Hence, the eigenvalues
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of the linearization matrix in eq. (3.11) must be investigated. The controlled system
(3.10) is stable if all eigenvalues of its linearization matrix have negative real parts,
see thm. 1.1. According to the Routh-Hurwitz criterion [52, 95] (thm. 1.4), this is
fulfilled if the negative characteristic polynomial p(v) of the linearization matrix,
i.e. the normed polynomial with leading coefficient 1,

—p(v) =V’ = 9,f2 -V + (Kp -9y fa — 9pfa) - v+ Kp - 9y f2 (3-14)

is a Hurwitz polynomial. This means all coefficients of eq. (3.14) must be positive.
So, the first necessary conditions for stability are

> (52%) L ifa, >0

) .
<(3)  ifaup <o,
Kp-9,f, >0 = sign(Kp) = sign (d,f2) .

Kp - ayfz > 8¢f2 — Kp

Secondly, the Hurwitz determinant and all its principle minors must be positive.
For eq. (3.14), the Hurwitz determinant is

9pf> Kp-9,fs 0
Hy=11 (%fr—Kp-ufa) 0
0 3pf> Kp - 3ufo

= Kp-3ufo- (9f2- (9pfo — K- 3ufo) = Kp - 9fo)
with its principal minors
Hy = [04f2
and

94 f2 Kp-9uf2
1 dgpfo—Kp-9ufa

To fulfill Hy > 0, we get the condition
dpfa #0. (3.15)
From H; > 0, we get the additional condition
9pf2 (9pf2 —Kp - 9ufa) —Kp-0yufo >0
= 032 (9pf2 — Kp - 9uf2) > Kp-9ufo >0
< gi% — alq% , if sign (9,.f2) = sign <a¢f2>
> g‘ﬁ% - % , if sign (ayfz) # sign <8¢f2) .

The last condition Hz > 0 leads to

H, = =9,f2- (99f2 = Kp - 9uf2) = Kp-9yfa.

— Kp (3-16)

Kp - ayfz >0
— sign (Kp) = sign (9,.f2) - (3.17)
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So, the signs and values of the partial derivatives of f, determine the conditions for
the choice of values for the control parameter K = (Kp, Kp). From section 3.3.2, it is
already known that df, < 0, which is a stronger statement than (3.15). Additionally,
in section 3.3.2, it is also stated that d,,f» < 0. According to condition (3.17), the
control parameter Kp must be negative. In order to obtain robust results for the
values of dy f2, it is again computed by the difference quotient out of the measured
data and by the moving average over 10 neighboring equilibrium points. We can
derive from the values of the partial derivatives that %/2/a,f, > —1.8 =32 applies for
all stationary points in the region of interest. Keeping to (3.16), we get the condition
Kp < —1.8%5%2 — % for the second control parameter. Considering the small

noise in the experiment and some inaccuracies concerning the model, it was chosen
to take Kp = —2 5 and Kp = —3 ®%*2. Even though no rigorous proof could be
given under the assumption of having no acurate model available, the successful
stabilization of unstable states in the experiment (see fig. 3.3) substantiates the
stability of the controlled system (3.10). The numerical results for the analytical
model (3.19) presented in section 3.4 support the assumption.

3.3.4 Detection of stability and bifurcation points in the experiment

The search for the asymptotically stable stationary points can be done in the
uncontrolled experiment. They are the w-limit sets found in a quasi-stationary
sweep. The branch of stationary points can be found by starting at one of the edges
of the rail for the motor as point B. The first position of B defines the value for u of
the first equilibrium point. Once the point B has reached the position ji, we let the
system evolve until its measured absolute value of the velocity of ¢ and hence of the
stationary angle ¢ is below a tolerance of 0.00122 % (= 99L). This determines
the position of the stationary point (¢,0, ji). For the laboratory and the numerical
model it is clear that the target ¢* must be zero. For other systems fulfilling the
general form eq. (3.2), the target value for the second coordinate x, may not be that
obvious. Then, the value of i is increased by 5 mm in the up sweep. This procedure
is repeated until B reaches the other edge of the rail. The observed quasi-stationary
behavior is due to the slow change of parameters. In order to find the second stable
branch, a down sweep starts at the second edge of the rail. The stationary points
are again found by letting the system evolve until nearly no movement is detected.
Instead of increasing, the position fi is decreased by 5mm for a down sweep. As
already stated in the introduction to section 3.3, the resulting stable branches of
stationary points are clearly interrupted by an unstable one. This bistable behavior,
particularly the hysteresis, is visualized in fig. 3.3.

In order to localize the bifurcation points and the branch of unstable equilibria,
we apply the feedback control (3.2b). The sweep starts again for the position of B
at one edge of the rail, preferably on a stable branch outside the bistable regime.
From the up or down sweep, the coordinates (¢, 0, ji) of the equilibrium of that
starting position are known. The angle ¢ is set to be the first target ¢* for the
controlled system. With the choice Kp = —2 %# and Kp = —3 ®%*® motivated in
section 3.3.3 to guarantee the stability of the controlled system, the curve of the
bifurcation diagram is obtained. The controlled system (3.10) is evolved until it
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(a) Stability information evaluated in each stationary point taking the trajectory data in the neighbor-

hood of each stationary point. The slight estimation inaccuracies are mostly due to nonoptimal
lengths of the trajectories and noise.
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(b) Stability information evaluated as a moving average, including the 2 neighboring points of the

stationary points depicted in (a). The average is then taken of 3 points in the interval [¢* — A¢,
¢* + A¢p| with A = 0.0349rad(= 2°).

Figure 3.4: Stability evaluated for the controlled physical experiment by approximating G

for Z = GZ with the least-squares approach from section 3.2. The color code
indicates the largest real part of the eigenvalues of G in eq. (3.9) and hence
the estimated stability of each stationary point. The color scale is limited to
the interval [—1,1] for stressing out the behavior in the neighborhood of the
bifurcation points. The insets plot the maxima of the eigenvalues’ real parts

against ¢. Reproduced from [26] with kind permission from the Society for
Industrial and Applied Mathematics (SIAM).
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reaches an equilibrium. Contrary to the previously described sweeps for finding
stable branches, the parameter u is dynamic, and its motions are defined by the
control law (3.2b). The dynamics of y is an extension of the original system and
brings it to the whole branch of stationary points. As already proven in section 3.1.1,
the sets of stationary points traceable by eq. (3.10) and the original system are the
same. Hence, the motor moves the position of B following the discretized version
of the scheme for the feedback control (3.2b):

M1 = pk; — Kp (px1 — ¢f) — Kp (W) - (3.18)

Here, k is the index for the number of stabilizing updates for the I-th found equi-
librium with ¢ = ¢;. For simplicity reasons, the time-difference quotient for the
change (—Kp (P —¢f) —Kp (%{"”’)) is set to 1. The system is considered
to have reached an equilibrium when only velocities below certain tolerances for
(¢, ¢, u) are reached. Then, the target ¢* is increased by 0.0349rad (= 2°) before
the system evolves again and settles at the next stationary point. Following this
procedure, the curve of stationary points contains two stable branches and its origi-
nally unstable connection. The result compared to the ones of the quasi-stationary
up-and-down sweeps is presented in fig. 3.3. The slight mismatch between the
curve of only-stable equilibria and the one including the bifurcation and unstable
stationary points is most likely caused by some inaccuracies concerning the experi-
mental setup. The timing belt mechanism or missed transitions from the rotary
encoder could cause imprecisions ([26]).

The stationary points shown in fig. 3.3 can be directly determined to be asymptoti-
cally stable because the controlled system (3.10) reaches them by direct evolution.
Since we are interested in the stability information of the stationary points of
the underlying originally uncontrolled system, we apply the method proposed in
section 3.2 to the data generated by the controlled system following the curve of
stationary points. Fig. 3.4 shows the result. Even though some values of partial
derivatives and hence the individual entries of approximation (3.9) for the lin-
earization matrix are not exactly determined, the eigenvalue information is fairly
robust. In the bistable regime and even in an area around it, the largest real part
of the eigenvalues determining the stability is depicted as blue for negative, red
for positive, and green for values close to zero, i. e. numerically seen as quasi-zero.
The insets in fig. 3.4 visualize the same facts but directly overview the value of
the largest eigenvalue over the angle ¢. To gain reliable stability information, the
method of section 3.2 needs sufficiently different data points apart from low-noise
measurements. In order to avoid measuring only noise in the w-limit set, the target
value ¢* should not be too close to the initial point. In the experimental setup,
avoidable measurement noise and slackness in the experimental data can be obvi-
ated by tightening up the timing belt ([26]).

As mentioned above, the measurement data should not be taken from the w-limit
set. If the system is already close to the asymptotically stable equilibrium point,
the overall-existing noise is large compared to the quasi-vanishing velocity. To
circumvent this problem, only the first 40 time steps with At = 1/70s (or even
less if the system settles earlier) in the neighborhood of each stationary point are
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taken for the stability analysis. In order to get more robust and hence even more
reliable estimates, the stability information for each stationary point (¢, px) in
tig. 3.4b is computed as the moving average, including the two neighboring states
(¢px—1, px—1) and (g1, px+1) of the values used to produce fig. 3.4a. The positions
of the equilibrium points are the same in both figures.

Besides the question about the choice of data for the analysis, the physical setup
of the experiment has some limitations which may not be respected in the pure
mathematical notation of the differential equation system (3.10) describing approxi-
mately the main dynamical processes. In the specific case of the Zeeman machine
presented in section 3.3.1 and appendix A, the usage of the rotary encoder implies
two restrictions, namely an upper limit for the resolution due to the discretiza-
tion of angles and bounded speed of signal tranmissions ([26]). No effect on the
angle measurements could be identified, whereas the detection rate for the signal
transmission is crucial. In case of missing such a transmission, the measurements
for the angle variable ¢ are offset, i. .e., the originally desired control target ¢* is
then identified as another value and will not be reached in that step of the sweep.
For cases with different setups, particularly those that allow faster dynamics (e. g.,
lower mass or stronger springs), the hardware must perform the signal readout
faster for the angular position. As already mentioned, in the case of a sufficiently
tightened timing belt, almost no measurement noise could be detected by using the
digital metering of the angle. Therefore, no further considerations will be made on
the effect of noise on the specific system of the Zeeman machine. For systems with
relevant noise due to different dynamics or sensor devices, more elaborate methods
[103] are noteworthy for identifying the signal.

The static friction, which lets the system stop before reaching the target state, cre-
ates additional difficulty for the experimental performance. In particular, for the
sweep with only originally stable points, i. e. disabled control, the friction caused
imprecisions in the determination of the angular positions for stationary points. In
this case, the motor controlling the position of the point B is first moved twice the
step size forward and then one step back in order to increase the angular velocity
in the neighborhood of the equilibrium point.

Apart from the physical limitations, choosing the values for the control param-
eters is challenging since the system reaches its final state only after several
oscillatory periods around the equilibrium ([26]). On the one hand, one aim
is to keep the number of periods as small as possible because with the choice
K = (Kp, Kp) = (—22®, —32%) motivated in section 3.3.3 tracing the entire
bifurcation diagram (figs. 3.3 and 3.4) last 15 minutes, whereas a simple up or down
sweep takes only 3 minutes. Faster convergence to the w-limit sets and hence faster
realization of the experiment can be achieved by increasing the absolute values
of the control parameters Kp and Kp. In section 3.3.3, we have shown that only
lower bounds exist for their absolute values to guarantee stability. On the other
hand, physical experiments entail some limits due to the technical realizations (e. g.
motors, belts, or measurement hardware). This restricts the choice of the values
of K since too large values would make it impossible to follow the control output.
For mechanically more sensitive, “real-world” systems, it may be impractical to
have such a slow convergence towards the w-limit sets because of e. g. changes in
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environmental parameters like the temperature ([26]). If these circumstances contin-
uously modify the system’s characteristics, more sensitive measurement hardware
could enable the choice of larger absolute values of the control parameter for higher
convergence speed. This is a minor question for simple systems such as the Zeeman
machine.

3.4 RESULTS FOR THE MATHEMATICAL MODEL

When applying the technique to determine the original stability presented in
section 3.2, generally, no explicit mathematical description is obtainable for the
system under investigation. Only data can give useful information. In the case of
the Zeeman machine presented in section 3.3, a good mathematical model for the
dynamics exists and will be taken to compare analytical and data-based results. So,
this section gives evidence for the analysis and results from physical experiments
and especially for the obtained data in section 3.3.

3.4.1 Mathematical model for the ZCM

The model for the motion of the angle ¢ and its velocity ¢ can be derived by classical
mechanics under the usage of the Lagrange formalism, e. g. in [72]. Even though
the trajectories differ depending on the disk’s geometry and mass distribution, the
position of the stationary points stays constant under such alterations ([26]). We
assume a pointlike mass m at the point P for a simple approximation of the disk’s
behavior. The term —d¢ summarizes all relevant friction of the joints at points A, B,
and P and in the rotational axis. The model is given as the two first-order ordinary
differential equations

d .
£ =¢ (3-192)
d¢ k (L - L . L —L ) .
£ = mp (1(L41)(¢)0-a-sm4>+%)-(y-cosq)—/\-mn(p)) —d-¢
(3.19b)
with the spring lengths
Li(¢) = \/(p ccosp+a)?+ (p-sing)?  and
La(@) = /(A — p-cos)? + (j — p-sin ).
The system is again stabilized by the one-dimensional control
u=jp=—Ke(¢—9*")—Kpo. (3-20)

like in section 3.3. To keep the control law well-defined, we assume ¢, ¢p* € (7, 277).
The aim of section 3.4 is to obtain a good comparison between the data from the
experiment and the simulation. Therefore, the following values for the simulation
are chosen similar to the experimental setup: spring constant k = 5N/m, mass
m = 0.3 kg, distance p = 65 mm from the origin to the point P on the disk, length
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(b) Stability computed by largest real part of the eigenvalues of G for the least-squares approach
7 = GZ in section 3.2 with trajectory data in the neighborhood of each stationary point. The data

points must be at a distance large enough to the stationary point to reveal information on the
dynamic behavior.

Figure 3.5: Stability evaluation for the original simulation model (3.19) with data from the
system controlled by eq. (3.20). The color code indicates the largest real part
of the eigenvalues of G in eq. (3.9) and hence the estimated stability of each
stationary point. The color scale is limited to the interval [—1, 1] for stressing out
the behavior in the neighborhood of the bifurcation points. The insets plot the
maxima of the eigenvalues’ real parts against ¢. Reproduced from [26] with kind
permission from the Society for Industrial and Applied Mathematics (SIAM).
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Lo = 55mm of the springs without tension, distance |a| = 244 mm from the origin
to the fixed end A, and distance A = 230 mm from the origin O to the movable
end B. Since no direct measurements are available, we assume d = 1s~! for the
damping constant § = d - m.
3.4.2  Controllability of the ZCM model
Like in section 3.3.2, the model of the controlled system (3.19) with eq. (3.20)
can be written in a matrix-vector form. Compared to eq. (3.10), for f : R®> — RR?,
(¢, )T — (p,$, )T describing the dynamics, we can give the explicit analytic
partial differentials
k Lo-p-(a-sing)?> Li(¢)— Lo
0 2='<— + -4 - Cos
2 = L)Y L) ¢
Lo-p-(A-sing —u-cos¢)> Ly(¢) — Lo . )
— — -(pu-sing + A - cos ,
(L) Log) = (MsneEAcosd)
(3.21)
84, fo = —d, and
k (0 (La(¢) — Lo .
d 2:<< -(n-cosp — A -sin
La(¢) — Lo . >
+ - —(p-cosp — A-sin
_k Lo (4% - cosp — A sin¢ — cos ¢ - sin
. Ly(¢) — Lo )
+A-p-sin?¢) + —— " .cos¢ | . (3.22)
P ?) La(¢) ¢
This results in the linearization
d ¢ 0 1 0 ¢ 0 1 0 ¢ 0
ar ¢l = |0pf2 —d 9uf2 ¢ | = |9pf2 —d 9uf2 pl+ 10| H,
U —Kp —Kp O u 0 0 0 U 1
which can be interpreted as the system (3.5) with the one-dimensional control
u := yu, the state vector (3.12), the input matrix (3.13), and the state matrix
0 1 0
C=10f2 —d uf2
0 0 0
The resulting controllability matrix is
0 13 c11013+ 12023 0 0 duf2
R=|[D|cD | |= [0 s crgesrtcaacas| = [0 ufs —d-dyfeq: df2dms

1 0 0 1 0 0
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Since the numerical model egs. (3.19) and (3.20) only served for comparison, an
analytical determination of the limits for d, > in eq. (3.22) was eschewed.

A numerical evaluation of the partial derivative given in eq. (3.22) with real-
istic values given in section 3.4.1 indicates that —15 < d,f> < 0 for (i, ¢) €
[—0.15,0.15] x [1.8,4.4]. Hence, rank(R) = 3 holds for the considered bistable area.
In section 3.1.2, it was discussed that this is a sufficient condition for the controlla-
bility of the system in stationary points. Simulations for larger parameter intervals
of ¢ and y reveal the controllability of even larger areas.

3.4.3 Stabilization of the ZCM model

In order to find the criteria for the choice of values for the control parameter K, we
can analyze the linearization matrix Dh of the model (3.19) together with its control
(3.20), which is given as

0 1 0
Dii=|03yfs —d b |- (3-23)
~Kp —Kp 0

Similar to section 3.3.3, we consider the Routh-Hurwitz criterion [52, 95] (thm. 1.4)
for the sign of the eigenvalues’ real parts of Dh. Inserting df> = —d into eq. (3.14),

the negative of the characteristic polynomial of D/ can be written as
—p(V) =13 + dv? + (KD . ayfz — aq;fz) v+ Kp - ayfz .

The generally given conditions (3.15,3.17) together with d,f> = —d < 0 lead to the
following conditions for the model (3.19) and (3.20):

d>0, (3-24a)

9¢ [ K .
<%+7P ,if9, <0

= Kp Ny , and (3.24b)
> S+ i, >0
sign (Kp) = sign (9,.f2) - (3240

The condition (3.24a) is fulfilled because it holds d > 0 for the damping factor by
definition. According to section 3.4.2, it is known from numerical evaluations that
d,f2 < 0 holds for (u,¢) € [—0.15,0.15] x [1.8,4.4] and realistic values given in
section 3.4.1. Hence, it must be Kp < 0 for guaranteed stability. The same numerical
evaluations also show that dy f> is bounded, and a value

9¢ f: K
. ¢J2 P
Kp < min {} + — (3-25)
(o) LOpf2 )~ d
always exists for the control parameter, thus. For the given realistic values in the
A f2

model (3.19), it holds ah > —0.7™5 So, Kp < (Kp —1)s is a safe choice for
the control. Hence, with the right choice for the control parameters Kp and Kp
satisfying conditions (3.24¢c) and (3.25), each stationary point of the model system
(3.19) can be stabilized by control (3.20).
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Figure 3.6: Comparison of the distance err = r, — r, between stability results r, for the ana-
lytical model (3.19) of the ZCM and r, for the largest real part of the eigenvalues

of the least-squares solution G in Z = GZ in section 3.2. The corresponding
values are shown in color code in fig. 3.5a and fig. 3.5b respectively.

3.4.4 Detecting stability and bifurcation points of the ZCM model

In order to compare the results of the simulation for the model (3.19,3.20) with the
ones for the experiment presented in section 3.3, we chose the control parameters
Kp = -2 5% and Kp = —3 =32 to be similar to the experiment. According to the
conditions (3.24¢) and (3.25) and the numerically evaluated partial derivatives of f,
stability of the stationary points can be guaranteed.

The detection of stability information on the underlying uncontrolled system (3.19)
follows the same steps as in the experiment presented in section 3.3.4. First, the
whole curve of stationary points is found by simulation of the model system (3.19)
controlled by (3.20). The procedure has the same rules for the detection of station-
arity as the one for the experiment presented in section 3.3.4. The angular position
and velocity, together with the value for the parameter y in each time step, are stored.
Then, the optimal approximation in the least-squares sense for the linearization
matrix (3.23) is derived by the routine of section 3.2 applied to the motion data. One
motivation for choosing the Zeeman machine as an example was its easily accessible
model. The analytically derived partial derivatives given in egs. (3.21) and (3.22)
and by dyf> = —d allow for constructing the whole linearization Dh. Tts largest real
parts of the eigenvalues are compared to the least-squares approximation in each
stationary point that the simulation finds. The results are presented in fig. 3.5. The
analytically obtained stability information is shown in fig. 3.5a. They are set into
comparison to the least-squares solution (3.9) for the numerically generated data,
which is presented in fig. 3.5b. A quantitative comparison between the analytical
results and the least-squares solution approach is presented in fig. 3.6. It can be seen
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that the stability information of the originally stable stationary points is almost met
by the least-squares approach. The values of the largest real part of the eigenvalues
of the linearization matrix in originally unstable stationary points are overestimated
by the least-squares approach, whereas the eigenvalue information in the bifurcation
points (peaks in fig. 3.6) is underestimated. The number of time steps taken for
the estimation of the least-squares solution G in 7 = GZ introduced in section 3.2
is not varied for the whole bifurcation diagram. The different systematic errors
concerning the sign of the errors in the neighborhood of bifurcation points and the
originally unstable equilibria could be caused by this mismatch in the time-series
length. The asymmetry of the graph in fig. 3.6 is mostly due to the direction of
changes of the target ¢*. Here, ¢* is changed by the positive increment A¢ = 2° for
each next equilibrium.

Even though the model (3.19) and (3.20) simplifies the mechanical processes, the
great similarity of fig. 3.5 and fig. 3.4 give evidence for a good approximation of
the mechanical behavior of the physical experiment.

In addition, the already-known values of the control parameter K = (Kp, Kp) =
(—2mm —3m%) can be directly derived from the last line of the linearization
matrix (3.9) with a relative error of less than 2%. This is possible because no noise
was present in the numerical model.



CONTINUATION OF BIFURCATION POINTS

In chapters 2 and 3, the investigated systems ¥ = f(x, ) were assumed to rely
only on a one-dimensional parameter i € R. In the present chapter, we extend the
system by an additional variable parameter A € R. The aim is then to continue the
curve of bifurcation points of the extended system x = f(x, 1, A) depending on
and A instead of following the curve of stationary points for a fixed A.

For explicitly given models, a bifurcation point can be detected by investigating
points at which the Jacobian has a singularity. A change of sign for the prediction
step in a secant method might be an indication of the neighborhood of a bifurcation
point, see, e. g. [28, 29]. The type of this bifurcation can be explored by test functions
like in, e. g., [61, Chapter 10]. This already leads to the idea of detecting bifurcation
points in experimental setups but requires information about the derivatives or the
possibility of initializing the system several times at the same point. Since this is
generally not given and hardly obtainable from laboratory experiments, the theory
must be adapted to a data-oriented approach.

Other model-oriented methods extend the pseudo-arclength method introduced in
chapter 3 by an additional condition for the equilibrium to be a bifurcation point. A
good overview and an extension to a higher-dimensional system can be found in,
e.g. [75]. These methods need numerical derivative information for Newton-like
methods that are in experimental setups hardly or not available. Hence, their appli-
cation on data-oriented problems or even direct measuring in bifurcation points is
not robust.

Data-oriented approaches to track the curve of limit-point bifurcations or backbone
curves like, e. g., [7, 93, 94] analyze directly bifurcation diagrams which depend on
the first bifurcation parameter u and are constructed for a set of fixed values of the
second bifurcation parameter A. The curve of bifurcation points depending on u
and A can be reconstructed in an a posteriori process.

Another data-oriented approach is introduced in [93]. The authors propose to use
the control-based continuation (CBC) first introduced in [101] to track limit-point
bifurcations and backbone curves. Similar to the previously presented approaches,
they keep the additional parameter A fixed for finding one bifurcation point. With
an estimated target position for the new bifurcation point, predefined by a linear
prediction from the two previously found bifurcation points, several experimental
repetitions with varied target positions around the estimated one are run with CBC.
The gained data is then used for polynomial regression of the bifurcation point’s
position. The fact that the bifurcation point is an extremum in the bifurcation param-
eter y is used for the position’s estimation [61, Chapter 3]. With this method, even
for a laboratory experiment on a mechanical single-degree-of-freedom oscillator, the
curve of bifurcation points could be constructed except for cusp bifurcations. This
is a general problem in higher-order singularities; see [98] and the results presented
in sections 4.2 and 4.3 for further details.
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4.1 CONTINUATION OF BIFURCATION POINTS IN PD-CONTROLLED SYSTEMS

In the following, a data-based continuation method is presented that needs simply
one prediction for a bifurcation point as the initialization. For all subsequent
bifurcation points, starting in a previously found bifurcation point and searching
with any target in a coarse neighborhood is sufficient. In chapters 2 and 3, we
considered a dynamical system of the type

x=f(x, ) (4.1)

with u € IR. So, the dynamics of the state x depend on a one-dimensional bifurcation
parameter. In the following, we will aim to find bifurcation points of eq. (4.1) that
are dependent on the additional parameter A € R, which was, e.g. in chapter 3,
a fixed value for the model (3.19) of the Zeeman catastrophe machine. Therefore,
we assume that the function f depends on the state x € R? and the bifurcation
parameter (y,A)T € R2. This leads to the dynamical system

= flxuA), (42)

which will be referred to as the original system throughout the present chapter.
The idea of the following control method is to bring the original system (4.2) to
a stabilized bifurcation point with the predefined target x* for the state x of the
underlying uncontrolled system (4.1) for a fixed A. The control mechanism (3.2b)
for the bifurcation parameter y from section 3.1 can be kept unchanged. This
ensures a stable stationary point. But we include an additional condition, namely
the point to be a bifurcation point of the original system. One necessity for the
point to be a bifurcation point is that one eigenvalue of the Jacobian Df of f for the
linearization of eq. (4.2) has a zero real part. We use this fact for the control applied
the bifurcation parameter A.

Since we approach the bifurcation point usually from the branch of stable equilibria,
it is sufficient to consider the largest real part of the eigenvalues. Further bifurcation
points could exist on the branch of unstable stationary states that are not detected
by this method because the largest eigenvalue is v > 0. So, only bifurcations in
which at least one stable stationary point collides are traceable. For the herein
studied cases, this limitation is sufficient.

Let v be the real part of the largest eigenvalue of Df. It is estimated by the stability
detection method presented in section 3.2. Here, the Jacobian Df is estimated by the
first n rows and columns of G in eq. (3.9). The parameter is adapted proportionally
in the opposite direction of v to force the system to a bifurcation point of the
originally uncontrolled system (4.2), i.e., controlled with a control target v* = 0.
This results in the following control scheme

X1 = X» (4.32)
X2 = fa(x1,x2, 14, A) (4.3b)
f = —Kp(x1 —x7) — Kpxa (4.3¢)
A =—Kg-v (4.3d)

with the control parameter K = (Kp, Kp, Kp) € R3. So, the control parameter
K consists of the proportional part Kp and the differential part Kp to stabilize
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the stationary points and the part Kz to guarantee an original bifurcation point.
Therefore, the difference (v — v*) is simply v. The control (4.3d) vanishes at a
bifurcation point of the original system, and the method is hence again noninvasive.
The bifurcations points of the original system (4.1) for fixed A are identical to the
stationary points of the bifurcation-point continuation (4.3): If (¥, %) is a bifurcation
point for A of eq. (4.1) corresponding to the point (¥,7, 1), and if, in addition, the
state X is identical to the control target x*, itis ¥ = 0, (x — x*) = 0, and it holds
v = 0 for the largest real part v of the eigenvalues of the linearization matrix. Then
jt=0and A =0, and (X,7, A) must be a stationary point of eq. (4.3). If reversely
(X,7, A) is an equilibrium point of eq. (4.3), it holds * = 0, A = 0, and v = 0, which
means that (X,7) is a bifurcation point of eq. (4.1). Since the control (4.3¢) and
(4.3d) vanishes at a bifurcation point of eq. (4.1), the proposed control method is
noninvasive.

4.1.1  Controllability and observability of the bifurcation-point continuation

To show the controllability of the bifurcation-point continuation (4.3), we assume
again that the dynamics are similar to the linearization around each stationary
point (%1,%;,7,A) in the region of interest, particularly each bifurcation point.
Analogously to egs. (2.4), (2.12) and (3.3), the controlled system (4.3) can be written
as

X1
v d .
z="h(z) = T 3;2 with z = (x1,x2, 11, A) . (4-4)
A

Since the linearization is a local approximation, we again use the notation

bz=z—2
for the vectors in the tangent space at the stationary point z = (%1, %2, ji, ). So, the
right-hand side of the linearization of eq. (4.4) defined on the neighborhood of the
point Z can now be written as

0 1 0 0
(62) = Diz) -6z = | nJ? Irf2 Ok W2 52, (45)
—Kp —Kp 0 0

—KB . axll/ —KB . ale/ —KB . ayl/ —KB . aAV

where v is the largest real part of the eigenvalues of the Jacobian Df of the uncon-
trolled system (4.1). Again, we use the short form d, f for the partial derivatives
of f with respect to x and omit the evaluation point for legibility reasons. The
linearized form (4.5) allows for applying the results from control theory for linear
time-invariant (LTT) systems introduced in section 1.2; see also [104]. The dynamics
of x, i, and A in the bifurcation-point continuation system (4.3) are assumed to be
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coupled. Nevertheless, we distinguish sharply in the following analysis for a clear
and linear representation. The control consisting of egs. (4.3¢) and (4.3d) is applied
to u and A. Hence, the control vector is

w= ") e R
A

for the controlled system
0 = Co(t) + Du(t),
with the state vector
X1

X2
V= € R¥1,

s
A

the input matrix

c R4><2

S = O O
— O O O

and the state matrix

0 1 0 0

Df ‘fﬂ fa _ Ox,f2 Oxfo duf2 Orf2 c R4*4
0 0 0 0

0 0 0 0

with the linearization matrix Df of the original system (4.1), and the gradients
fu, fr € R¥! of f with respect to y and A. Similar to the previous chapters, for
reasons of legibility, the short forms 9, f are used wherever no specific evaluation
point is meant. The resulting controllability matrix is

Rz[D\CD\CZD\c?’D]: CD [ C?D | C°D

o = O O
- O O© O

ful fa Df‘fﬂ‘Df‘fA (Df)Z'fu‘(Df)z'fA

o = | O
_ O | o O

7
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with o denoting a matrix containing only zero-entries and

_ I f2 9nf2
[ foV ‘ fo/\ } n <afo2'a;lf2 axsz'a/\f2> ,

. Ox,f2 - Iy f2 >, and
(Df)” fu <8x1f2.ayf2+8xzf2'(ayfz)Z

Df)2. _ axzfz'a)\fz )
(Df)" - fa (axlfz-aAfz+(axsz)z'aAfZ

The controllability matrix R has full rank if and only if f, # 0 € R**! is not an
eigenvector of Df # o € R?*2. Since f,, and f, are parallel, [f,|f,] does not have
full rank. So, it must hold 9, f> # 0 or d,f2 # 0, and 9d,,f> # 0. Since we are
interested in the stationary, particularly bifurcation points, i.e., 9y, f» = 0, it must
be 0y, f # 0 for a full rank of R in the bifurcation points. According to the Kalman
rank criterion [57] (thm. 1.5), the bifurcation-point continuation method (4.3) is
controllable if dy, f> # 0 and 9, f> # 0 hold.

For the observability of the system (4.3) holds the same argument as in sections 2.1.1,
2.2.1 and 3.1.2. Since the full state trajectory is only constructed from input and
output measurements, i.e. x; and x,, the controlled system (4.3) is fully observable
for the case ;1 = x; and low noise. To avoid bias in the case of noisy system
measurements, one might consider more elaborate methods [103] than the least-
squares method for estimating the eigenvalues’ largest real part, as already stated in
section 3.2. Generalizing the results presented in chapter 4 requires further analysis
to guarantee observability.

4.1.2  Stabilization of the bifurcation-point continuation

In order to guarantee stability of the found bifurcation points (X,7,A) by the
bifurcation-point continuation (4.3), the values of the control parameter K must be
chosen such that the Jacobian Di((X, 7, 1)) defined eq. (4.5) has only eigenvalues
with negative real parts. General conditions depending on the Jacobian D} cannot
be given like in sections 2.1.2, 2.2.2 and 3.1.3 because the Jacobian of the controlled
system (4.3) is 4-dimensional. This does not allow for giving just a handful of
conditions on the parameter values. Hence, the conditions for the negativity of all
real eigenvalue parts must be checked for each individual case.

A numerical analysis of the eigenvalues of Dh for the model (3.19) of the Zeeman
catastrophe machine in section 4.3 shows that finding the right values for the
control parameter is generally possible. See appendix B for a detailed analysis of
the bifurcation-point continuation for the model (3.19) of the Zeeman catastrophe
machine. Furthermore, the laboratory experiment results presented in section 4.2
prove the general stabilizability.
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Figure 4.1: Continuation of bifurcation points for the experiment of the Zeeman catastrophe
machine. The blue dots show the measurements for a starting point with A
larger than the value for the cusp (AA = 0 at A = 242.5mm). The red dots show
the results for the lower branch. The asymmetry of the measurements comes
from the asymmetry of the experimental setup. Continuation over the cusps
with respect to u was possible due to the large step size of the prediction.

4.2 EXPERIMENTAL RESULTS FOR LABORATORY EXPERIMENTS OF THE ZCM

The experimental setup of the bifurcation-point continuation (4.3) for the Zeeman
catastrophe machine is similar to the continuation of stationary points described in
section 3.3.1. The system is initialized in a small neighborhood around a bifurcation
point (@, 0, ﬁ, X) found either by the controlled system (3.10) for a fixed value of
A and the stability determination presented in section 3.2 or by a sweep without
control for a fixed value of A. Here, it is again x; = ¢ and x; = %; = ¢, as
in chapter 3. The first coordinate, i.e., the value of ¢ of the estimated point, is
taken as the first target ¢*. The same values as in section 3.3.4 are taken for the
absolute values of the control parameters Kp and Kp, whose sign depends on
A with respect to the cusp bifurcation. The additional parameter for the control
on bifurcation points is set to |Kz| = 0.063 mm, where the sign depends again
on A. For the sake of completeness, the control parameters are with units |Kp| =
3MM (x0.05236 1), |Kp| = 2MM/78 (1 2.4435 ™IS and |Kp| = 0.063 mm. Then
the system under control (4.3c) and (4.3d) is run until the distances are below the
thresholds |¢ — ¢*| < 0.0087rad(= 0.5°) and |§| < 0.00122 24 (x 2000°) Then,
the largest real part v of the linearization matrix” eigenvalues is computed out of at
least 20 and at most 40 time steps of size 1/70s since the last update of A. This value
is used to update A according to the discrete update scheme of eq. (4.3d):

Akp11 = Ak — Kp - v, (4.6)



4.2 EXPERIMENTAL RESULTS FOR LABORATORY EXPERIMENTS OF THE ZCM

where k is the index for the number of stabilizing updates for the /-th found
bifurcation point with ¢, = ¢*. For reasons of simplicity, the time difference
between Ay ; and Ay, for the change (—Kp - k) is set to 1, like in eq. (3.18) for the
continuation of stationary points. The position of A is changed by a stepper motor
similar to the one for u described in section 3.3.1; see appendix A for details. When
the newly computed value |v| is < 0.5, the system is considered to have reached
a stable equilibrium point of the controlled system (4.3) which is a bifurcation
point of the original system (4.1). When the system has settled at a bifurcation
point, the target is increased or decreased by A¢* = 5°(~ 0.087rad) depending
on the direction with respect to the singularities. The continuation has to stop in
the neighborhood of a cusp bifurcation which is a singularity with respect to the

bifurcation parameters. In a cusp, both real parts of the eigenvalues reach zero.

Hence, it is called a codimension-two bifurcation. So, the routine needs to be initialized
at least 2 times. So far, no other data-based bifurcation-point continuation method
for the controlled systems that could circumvent this problem is known to the
author; see also [93]. Additionally, the sign of the control parameters needs to be

changed at the cusp due to geometrical reasons. At this cusp, it is A ~ 242.5mm.

The experimental results are shown in fig. 4.1.
Due to the step size A¢p* = 5°, continuation over the quasi-singularities in 7 = 0

is possible. For smaller step sizes of the target ¢*, the estimating the eigenvalues’

largest real part v is unreliable. The initialization would be too close to the w-limit
set, and the noise would be large compared to the motion. Besides, the limitation of
the measurement solution mentioned in section 3.3 might be a limitation for the
results here, too. The asymmetry between the upper (A > 242.5mm) and the lower
(A < 242.5mm) half in parameter space is caused by the slight asymmetry of the
experimental setup. When the point P on the disk is closer to the point B and hence
to the stepper motor, the measured trajectories of the angle ¢ and its velocity ¢
provide more reliable information. This might be due to the static friction at the
suspensions for the springs varied by the angle ¢. Eventually, an adaptive number

of considered time steps could lead to better stability estimations for the lower part.

Additionally, the tension of the timing belt causes an asymmetry between the left
(4 < 0) and right (x > 0) half in parameter space. This is clearly visible for the
bifurcation-point curve with A < 242.5mm. So, diagrams with a higher resolution
of the curve might be realizable with a finer machine setup or an adapted routine.
Compared to the PD control of chapter 3, the stability determination introduced in
section 3.2 from the generated data needs an on-time update. Here, the eigenvalue
vk is computed from the data with the least-squares method described in section 3.2
after 20 to 40 time steps. Hence, the time resolution must be fine enough, and
the hardware must be fast enough for a good estimate. Additionally, the stability
information must be reliable. Since this is only the case if the initial point of the time

series is not too close to the w-limit set, the target distance must be large enough.
For details of the resolution limits in the laboratory experiment, see section 3.3.4.

Hence, a finer diagram seems to be only possible with a different hardware setup.
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4.3 RESULTS OF THE SIMULATION FOR COMPARISON

For the comparison with the results of the laboratory experiment presented in
section 4.2, we take the model (3.19) of the Zeeman catastrophe machine again
as the original system (4.1). To gain faster smooth bifurcation-point curves, we
take the same parameter values as in section 3.4.1 except for the spring constant
k = 1N/m. As stated in section 4.2 for the laboratory experiment, the sign of the
control parameter values must be changed depending on the direction towards the
cusps for A = 242.5mm. So, we chose for A < 242.5mm the values Kp = —1 &%,
Kp = —1.552%, and Kz = 0.002mm. For A > 242.5mm, the following results are
taken under control (4.3) with parameter values Kp = 1 5%, Kp = 1.52%=2, and
Kp = —0.002 mm. Hence, the continuation must be initialized at least two times,
once for the branch with A > 242.5mm, and once for A < 242.5mm. Note that
the values for the control gains Kp, Kp, and Kp differ from the ones used for the
physical laboratory experiment presented in section 4.2 due to different time steps
At and different target steps for ¢*.

In principle, the numerical simulation follows the procedure for the laboratory
experiment described in section 4.2. The continuation starts at a point close to a
bifurcation point found by the direct simulation of eq. (3.19) for a fixed value of
A. Then the target ¢* is increased or respectively decreased by A¢ = 0.05rad. The
numerical simulation of the controlled system (4.3) is run with a maximal time
step size At = 0.002s. For larger At, the target step size A¢ must be increased for
reliable results. This could explain why experiments with a much coarser time
resolution cannot be continued with such small target steps. The positions of the
bifurcation points projected into the (y, A)-plane are shown together with their
stability information in fig. 4.2b. Their positions in the set of all stationary points,
including the coordinates of the angle ¢ is depicted in fig. 4.2a and with shifted
axes in fig. 4.3 for comparison.

In section 3.4.1, we assumed ¢ € (77,27) for A = 230 mm. This is still assumed for
A < 2425 mm. For A > 242.5mm, we assume ¢ € (0, ) to keep the control law
still well-defined.

4.3.1  Controllability for the machine’s model by the bifurcation-point continuation

In section 4.1.1, the general conditions for controllability of a system (4.1) controlled
by egs. (4.3¢) and (4.3d) are dyf> # 0, and 9, f> # 0 or d, f> # 0. Since we have four
singularities in the parameter range where bifurcation occurs, we cannot continue
the branch within one approach. As seen in fig. 4.1 for the experimental realization,
for coarse steps for the target ¢*, a continuation is possible for the singularity with
7 = 0. For the fine simulations, this is not the case. But we can estimate the position
of these singularities and investigate the controllability conditions for the parameter
range except for a small neighborhood around the singularities. Due to the system’s
symmetry with respect to y = 0m and A ~ 242.5mm, the controllable parameter
range can be split into four parts. Even though the cusp in fig. 4.2 looks rotationally
symmetric, the machine is only axially symmetric to the y-axes and the line parallel
to the x-axes with A ~ 242.5mm. This is due to the different origins of the singu-
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(a) Bifurcation points inside the set of the Zeeman catastrophe machine’s model (3.19) controlled
by eq. (4.3). Colored dots (blue and green) are the found bifurcation points of the lower half
(A € [210,240] mm) with the same color as in fig. 4.2b. Black dots are stationary points achieved
by the PD-controlled system (3.10) for different values of A. The yellow surface is the interpolation
of stationary points between the simulated sweeps.
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(b) Projection into the (y, A)-plane of the bifurcation points. The colors indicate the stability of the
points estimated by the largest real part of the linearization matrix D/i’s eigenvalues defined in
eq. (4.5). Stability computations are made for the control parameter values |Kp| = 0.5, |[Kp| = 1.2,
and |Kg| = 0.0005. The sign of the control parameters depends on the value of A. See the
explanation in section 4.3.

Figure 4.2: Bifurcation points of the ZCM found by the controlled bifurcation-point con-
tinuation (4.3). The points (a) in the (y, A, ¢)-space are the same as the ones (b)
in the (p, A)-plane. The colors of the bifurcation points indicate their stability
computed by the largest eigenvalue of D in eq. (4.5).
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Figure 4.3: Bifurcation points corresponding to the angle ¢ inside the set of the Zeeman
catastrophe machine’s model (3.19) controlled by eq. (4.3). Data similar to fig. 4.2.
Different view to fig. 4.2a with shifted axes. Here, the shape of the curve in
fig. 4.2b is clearly visible.

larities. So, for the singularities in y = 0, a continuation is possible, whereas the
singularities in A = 242.5 mm cannot be overcome by the bifurcation-point continu-
ation (4.3). Hence, we consider the parameter range (¢, 4, A) € M; U M, consisting
of the upper half M; = {{[—1.5,1.5]rad} x {[—25.5,25.5 mm} x {[243,280] mm}}
and lower half M, = {{[1.6,4.7]rad} x {[—25.5,25.5] mm} x {[210,242] mm}} of
the parameter range where bifurcations occur. For this range, the numerical cal-
culations show [9gf2| > 1.1-107° and |9, f>| > 1.7. In the neighborhood of the
bifurcation points, it is ‘84, f2| > 2.4-10*. If the points close to the singularities are
excluded, the absolute value of 9, f; is even large, which allows for assuming it is
nonvanishing in the realistically considered regime. For the analytical derivatives of
f2, see egs. (3.21), (3.22) and (B.1). So, the system is controllable with this method.
The small absolute values of dyf> are due to the small distance to the singularities
and to points far from the curve of bifurcation points within the considered cubes
in the parameter space.

4.3.2  Stabilization of the machine’s model by the bifurcation-point continuation

Linear stability of the controlled bifurcation points is guaranteed if all real parts
of the eigenvalues of the linearization matrix D are negative. As already stated
in section 4.1.2, due to D/ being a (4 x 4)-matrix, a small number of conditions
for the original system (4.1) and the control parameter values K = (Kp, Kp, Kp)
cannot be computed analytically. Since we use the explicitly given model (3.19)
for the simulation, we can compute the entries of D} analytically. For details,
see appendix B. A numerical evaluation for (¢, 1, A) € M; U M, showed that the
bifurcation points found by the numerical bifurcation-point continuation presented
in fig. 4.2 lie in the area where all eigenvalues have negative real parts. The results
are shown in fig. 4.2. The sets M; and M, are the same as in section 4.3.1. For better
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visual comprehension, the points (¢, 4, A) are projected onto the (3, A)-plane. Their
largest real part v of the eigenvalues is shown by color code. It can be seen that the
two branches of bifurcation points lie in the stable regime. Hence, the points found
by bifurcation-point continuation (4.3) are stabilizable, particularly for the Zeeman
catastrophe machine’s model.

In addition to the stability of the stabilized bifurcation points, it is visible in
fig. 4.2a that the stability, namely the absolute value of the largest real part of the
linearization matrix’ Dl eigenvalues, is decreasing in the direction towards the
cusps. For the case of singularities at A ~ 242.5 mm, the largest eigenvalue tends to
zero. This coincides with the results in [93], where no continuation based on linear
prediction was possible.
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CONTROL-BASED CONTINUATION OF PERIODIC ORBITS

In chapters 2 to 4, the control-based continuation of stationary points and bifurca-
tion points has been discussed. The present chapter focuses on periodically driven
dynamical systems where periodic orbits appear. These periodic orbits are equilib-
rium points in Fourier space.

As pointed out in section 1.1, classical noninvasive feedback control methods re-
quire knowledge about either explicit formulations of the underlying differential
equations or the periodic orbit’s time profile. When stabilizing physical systems,
often, none of this information is available. The following paragraphs are intended
as a summary of the already-existing methods to stabilize periodic orbits. Further
details can be found in chapter 1.

The washout filter-aided feedback control methods introduced by Abed et al. in [1,
48, 62] work rather like PI control to stabilize unstable periodic orbits or stationary
points. Their structures are similar to the proportional control combined with a
state observer (2.3) introduced in [88, 89]. As mentioned in chapter 2, periodic orbits
or stationary states can only be tracked around fold bifurcations when the sign of
the parameter a; in eq. (2.3b) is changed. Another widely used feedback control
method to stabilize unstable periodic orbits, the OGY method [78] introduced by
Ott, Grebogi, and Yorke, is similar to the washout filter-aided feedback control. The
periodic orbits are stabilized by giving them a kick in the desired direction.

The so-called Pyragas control [87] uses a time-delayed feedback control signal to
stabilize the periodic orbits of dynamical systems. It was the inspiration for a
different time-delayed feedback control proposed in [101]. The method does not
require further knowledge about the dynamics for the continuation of the branches
of periodic orbits. The continuation for direct tracking, even around fold bifurcation
points, can be realized by pseudo-arclength control.

Another approach to track branches of periodic orbits by pseudo-arclength continu-
ation for experiments is proposed in [18, 19, 98]. The authors propose to apply a
local PD control based on the difference between the trajectories of the uncontrolled
state and the predicted state in Fourier space. The necessary Newton step for the
pseudo-arclength continuation is realized in Fourier space since periodic orbits
emerge as equilibrium points in Fourier space. The transition to the Fourier space
was also used in the application [100] of [101].

In [7], the authors propose to make use of a secant prediction for the estimation
of the next periodic orbit. By running the system under a proportional feedback
controller in Fourier space, the system is assumed to have reached an w-limit point.
The hereafter presented PD control-based continuation of periodic orbits could be
seen as a combination of ideas presented in [7] and chapter 3. Also, the periodic
orbits are expressed here as equilibria in Fourier space. Instead of estimating the
new equilibrium’s position, the state’s target is defined as in eq. (3.2) by the user
step by step. This way, the whole region of interest is scanned to obtain the bifurca-
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tion diagram. Analogously, the orbit is stabilized by a PD control applied to the
bifurcation parameter.

5.1 EXAMPLE OF THE ATOMIC FORCE MICROSCOPE (AFM)

The Atomic Force Microscope (AFM) is a powerful tool to measure the topographical
landscape of surfaces on an atomic scale. Its mechanism is based on classical
mechanics like Hooke’s law for springs and quantum mechanics like London
dispersion forces [30, 66, 67] between atoms. An introduction to Atomic Force
Microscopy can be found, e.g. in [49] and [113]. The latter served as a basis for
sections 5.1.1 to 5.1.3.

5.1.1 Scanning Probe Microscopes

Atomic Force Microscopy is one of the techniques summarized by the term Scanning
Probe Microscopy. These methods all have in common that they measure the inter-
action between the sample surface and the probe and that they work with atomic
resolution. The instruments have a size of about 10cm = 10~! m and a resolution
of 1A = 10710 m, i.e. 1077 times their size. Voigtlander illustrates this with the
words: “Scaling this precision of 10~ up to macrosize dimensions would correspond to
using a pencil 1,000 km in length to write letters from Cologne (Germany) in a notebook in
Rome (Italy) with 1 mm resolution!” [113, p. 3]

The first Scanning Probe Microscope (SPM) was the Scanning Tunneling Microscope
(STM) based on its forerunner, the so-called Topografiner, introduced by Young,
Ward, and Scire in 1972 [122]. In 1981/1982, Binning, Rohrer, and coworkers [12-14]
invented the STM, for which they received the Nobel Prize in 1986 [76]. The mode
of operation for the scanning is measuring the tunneling current of conducting
samples.

5.1.2  Foundations of the AFM

As mentioned in section 5.1.1, the STM allows for measuring reliably on a nanoscale
for the first time. Since the tunneling current is measured for quantifying the
electron density, the STM can only be applied to conducting samples. Measuring
by an AFM allows for investigating insulating samples, too. Therefore it has an
even broader range of applications. The AFM was invented by Binnig, Quate, and
Gerber in 1985 [11]. It is also known as Scanning Force Microscope (SFM) since
the force between the tip and the sample is the measured quantity. Generally,
three different tips-sample distance regimes are considered [113]. If the distance
between the tip and the surface is large, the force between them is insignificant.
For smaller distances, an attractive, i.e. negative, force between the tip and the
sample is measurable. In the case of very small tip-sample distances, a repulsive,
i.e. positive, interaction force exists. The static mode is one option for measuring the
force between the tip and the sample. The deflection of a cuboid-shaped flat spring,
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the so-called cantilever, serves to measure the force. According to Newton’s second
law, the equation of motion is
d?z
ma=m—s =mzZ=F 1
T (5.1)
for the second derivative a of z, the pointlike mass m, and for the force F on the
cantilever. Since the cantilever is a linear spring in good approximation, Hooke’s
law

Fsp = —k(z — zo) (5-2)

can be used, where k is the spring constant and (z — z¢) the distance of the can-
tilever’s actual position z to its equilibrium position zp without the vicinity of
the sample. The deflection of the spring is measured by photodiodes using the
deviation of a laser beam’s reflection, see fig. 5.1. To gain comparable measurements
of the position, the force between tip and sample is kept constant by a feedback
loop for the z-position. The measurement’s result is an image of the sample’s topog-
raphy [113]. In the regime of a repulsive force, the tip touches the sample surface.
This contact mode is a problem for e. g. polymers or biological samples since they
would be manipulated or destroyed by direct contact with the tip. One option to
avoid this problem is the so-called non-contact mode or dynamic mode. A dizer piezo
with a frequency w,y close to its free resonance frequency bring the cantilever to
oscillations, resulting in a periodically-driven nonlinear oscillator. Close to or on the
sample surface, the force between the tip and the sample changes the cantilever’s
frequency. This force is similar to a second spring’s influence on the cantilever
spring’s dynamics [113]. The change in the resonance frequency corresponds to a
change in the cantilever amplitude indirectly measured by the laser beam’s reflec-
tion. For analyzing a sample surface, this amplitude change serves as a feedback
signal in order to keep the interaction force or force gradient constant between the
tip and the sample. The position adjustment is often realized by a PI control. For the
hereafter presented continuation of periodic orbits, the change of amplitude and
the phase between driving and resonance frequency are the considered quantities
of the bifurcation analysis.

5.1.3 The mathematical model for the AFM

As introduced in section 5.1.2, the AFM indirectly measures the cantilever’s deflec-
tion. Since we do not consider the technical realization of the signal processing,
only the motion of the cantilever tip is an object of the following model. The accel-
eration a of the tip is proportional to the forces working on it in accordance with
Newton’s second law. To approximate the real system, we focus on the relevant
forces working on the cantilever on the nanoscale. In section 5.1.2, the force F;, due
to the spring-like behavior of the cantilever is motivated by Hooke’s law (5.2). The
dynamic mode of the AFM uses the excitation force

Fex(t) = Aex - Sin(wext) ’ (5-3)
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photodiodes

Figure 5.1: Sketch of an AFM. The cantilever is periodically driven in the z-direction by a
piezo. Different colors indicate the different possible positions. The greenish
cantilever is bent by the forces of the sample. Its position without a sample
is depicted in gray. This bending is detected by the laser beam’s reflection
measured by the photodiodes.
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(a) Lennard-Jones potential. (b) Surface force.

Figure 5.2: Lennard-Jones potential and the resulting surface force depending on the dis-
tance r between the atoms. (a) Sketch of the Lennard-Jones potential Vi; of
eg. (5.5) in blue. The dashed red line indicates the border between the repulsive
(r < 0) and the attractive (r > o) regime. The potential is minimized by rg at Vp,
marked by the dashed black and red lines. (b) Surface force (5.6) induced by Vi;.
Inside the attractive regime (Fss < 0), one value of the surface force belongs to
two different distances.
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Figure 5.3: Dynamics of the AFM model (5.8) with excitation frequency w,, = 48.0321 kHz
in (a) the position z of the cantilever over time and (b) the corresponding phase
portrait. The same colors indicate the same time intervals and show convergence
towards the periodic orbit. The discontinuous line segments are due to the
resolution limits of the picture.

which drives the cantilever periodically, similar to the driving force for a harmonic
oscillator with the driving frequency w,y and the driving amplitude A.y. It holds
for the driving amplitude

k- A
Q 4
where Ay is the free amplitude and Q is the quality factor of the cantilever in

free oscillation mode. The quality factor Q is dimensionless and describes the
underdamping of the oscillator and is defined by

Aex

stored initial energy
lost energy per cycle’

Q=2n (5.4)
which means that oscillators with a high Q are lowly damped and oscillate longer
than those with a low quality factor [37, 113].

In section 5.1.2, the tip-sample difference is subdivided into different regimes [113].
The interaction between two neutral atoms in the probe tip and the sample surface
can be approximately described by the Lennard-Jones potential. The potential is an
approximative description of the theoretical potential between atoms of a noble gas
proposed by Lennard-Jones in [54, 55, 63]. The attraction is described by the van
der Waals forces [114] approximated by the London dispersion forces [30, 66, 67],
which consist of a term decaying with the sixth power of the distance r between
the atoms. The repulsive part is motivated by the Pauli repulsion [81], which is
assumed to decay with the twelfth power of r. This results in the Lennard-Jones
model potential

i =a (97 (0] -w [ @], e
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where Vj is the depth of the potential well and ¢ = 27¢ - 74 is the distance for
which the Lennard-Jones potential is zero, i.e., Vrj(0) = 0, and rj as the minimizer
of the Lennard-Jones potential, see fig. 5.2 for illustration. The resulting surface
force with z = r distance to the surface is

Fato) =i = 20 [(2)7 - (2)]

z z

2\ © 2y 3
@]

Its relation to the Lennard-Jones potential is illustrated in fig. 5.2. Note that Fy
is not an injective map, i.e., two different distances map to one surface force
inside the attractive regime with F;y < 0. For the numerical model, singularities
in the neighborhood of z = 0 must be avoided. Therefore, we approximate z ~
/22 + (Az)? for Az < rj. The surface force is approximated accordingly by

12V

2 6 2
B e <zz+€Az)2> - <ZZ+€AZ>2>] |

The system is damped by the oscillation damping force

k
F, = ——
(2(0) = = g0 v(0),
which is proportional to the position’s velocity v with the quality factor Q of the
cantilever and its free resonance frequency wy. The damping is additionally caused

by the sample with the sample damping force

12Vy
z

v
Fy(z,0v) = —s- 5

where s is the damping factor.
Summing up all relevant forces, the total force acting on the cantilever is

Ftot:Fsp+st+Fex+Fod+Fsd- (5-7)

Since we are interested in equations of motion for the position z of the cantilever’s
tip, we deduce from egs. (5.1) and (5.7) the system

Z=0 (5.8a)

_ Ftot (Z(t), i’)
m

v=a

= w(% ’ <_(Z _ZO) + % ’ (st(z) + Aex - Sin(wext) - SZ3U>> - % -0, (58b)

m
In the case of a physical experiment, the signal usually needs to be processed by

hardware and software tools like e. g., a lock-in amplifier or a low-pass filter due to
noise. Additionally, the thermodynamic drift during a measurement series is not
negligible since the experiments are realized on an atomic scale [113, Chapter 17].

since it holds for the eigenfrequency wg = \/z .
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For reasons of simplicity and realizability, the model does not include these details.
The question of more precise models for nanoscale forces in experiments is ad-
dressed in, e.g. [22]. The authors propose a data-driven analysis by SINDy [17].
Nevertheless, the numerical results for the model and its control are shown in
tig. 5.5 show a similar behavior to the experimental measurements depicted in
fig. 5.4.

All names of variables and symbols used for the AFM are summarized in table D.4
in appendix D.

5.2 BISTABILITY FOR THE VIBRATING TIP OF AN AFM’S CANTILEVER

One physical example where the bistability of periodic orbits occurs is the dynamic
mode in AFMs. Theoretical models [107, 116, 119] and physical measurements [36,
90, 105] have shown the bistability of the cantilever’s amplitude and the phase
shift for variations of the driving frequency wey. For experimental measurements,
see fig. 5.4, too. Since dissipation, i. e., energy transmission from the macroscopic
system to higher harmonics [97], is optimal on the branch of unstable periodic
orbits in between the two stable ones, access to the unstable branch may allow for
a higher quality factor (5.4). In addition, the fluctuations on the unstable branch
influence the direction towards which stable state the system is converging. Hence,
the unstable states may reveal information on the forces that cause the dissipation
[24, 109] or, more generally, the surface energy and its dependent quantities [106].
Generally, accurate measurements in this bistable regime could help to characterize
2-dimensional materials with respect to e. g. pre-tension or elasticity, which can be
measured contactless [25, 46, 112].

The mathematical model (5.8) of the AFM describes the motion of the cantilever
tip. If all parameters are kept constant, the system (5.8) reaches a periodic orbit for
large times, i.e. it holds z(ty) = z(to + T) for all ty and T = 27/w,,. The connection
between constant amplitude and periodic orbit is visualized in fig. 5.3. In fig. 5.3a,
the cantilever’s position z is plotted over time for a fixed value of w,,. The corre-
sponding so-called phase portrait in fig. 5.3b shows the velocity v over z with the
same colors in figs. 5.3a and 5.3b for the same time segment. In fig. 5.3b, it is clearly
visible that the trajectory converges towards an orbit corresponding to the final
amplitude, whereas the signal’s amplitude in fig. 5.3a converges towards a limit.
Since the position z is not fixed, z is rather unsuitable to describe the periodic orbit.
For the scope of physical realization, the quantities z, A, and ¢ can be regarded in
the sense of time-scale separation. Here, the position z can be seen as acting on the
fast time scale, whereas amplitude A and phase ¢ correspond to the slow time scale,
i.e., changing in the rate of the period length T. Applying control only on the slow
time scale is easier to realize than full real-time control for many systems, particu-
larly the herein presented AFM. We will now focus on cases where this is sufficient
to control unstable periodic orbits. Therefore, a different variable is taken to define
the periodic orbits. One intuitive choice for the measured quantity is the amplitude
A during one period. It describes the maximal magnitude of the oscillations around
the equilibrium position zg. Since the period’s length T is defined by the driving
frequency wey, each periodic orbit has a unique amplitude. In sections 5.3 and 5.4,
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Figure 5.4: Dynamics of the AFM experiment without control for (a) amplitude and (b)
phase shift over the excitation frequency w.y. Note that the amplitudes are
measured indirectly by the electric current of the photodiode activated by the
laser beam. It can be linearly calibrated into the value of the amplitude in metric
entities. The blue line is achieved by a forward sweep, and the red line by a
backward sweep. The jump in (b) is presumably caused by a modulo operation
to restrict the signal to [—7, 77). Measurements in the vicinity of a Si surface.
Cantilever of length 225 um has a silicon tip with a radius < 10nm and a height
of 50 — 60 ym (model SD-PXL-FM by NANOSENSORS™[71]). Measurements
were done by Lukas Bottcher and can be found in the joint work [27].



5.2 BISTABILITY FOR THE VIBRATING TIP OF AN AFM’S CANTILEVER

it is discussed that the amplitude A does not serve well to find unstable periodic
orbits because the branches of stable and unstable periodic orbits have very small
distances for many parameter settings; see also fig. 5.5a for illustration. Another
choice for the measured quantity is the phase shift ¢ between cantilever oscillation
and driving signal. During one period, the system’s position x = (z,0)T passes
through a quasi-circle in case of scaling, see fig. 5.3b, where the phase ¢ describes
the angle between the actual position and the horizontal axis. The phase is linearly
connected to the angular frequency w by the relation ¢(t) = wt + ¢ and w = .
Hence, it is accessible from the position’s signal. The phase shift, now called simply
phase @ ‘= ¢ex — ¢-, describes the difference between the phase ¢, of the driving
signal and the phase ¢, of the tip. It can be detected by the difference between the
maxima or the zero crossings of the signals. Alternatively, ¢ can be obtained by,
e.g., Fast Fourier Transformation (FFT), where the periodic orbits of the cantilever’s
position become stationary points.

As indicated above, the driving frequency w,, is an obvious choice for the bifur-
cation parameter. Laboratory experimental results and simulations [36] showed
bistable behavior of both the amplitude and the phase for varying w,,. In principle,
the simulation’s and the experiment’s procedure are similar to the sweep of the
Zeeman catastrophe machine introduced in section 3.3. The forward sweep is initial-
ized with a driving frequency w,x < wp smaller than the free resonance frequency.
Then, the system is run until it reaches a periodic orbit. The system is said to have
reached a periodic orbit if the amplitude’s difference after one period T is smaller
than a predefined tolerance. When the system has reached a periodic orbit, the
phase ¢ is approximated by the first harmonic and computed by the difference
between the maxima of driving and oscillation signal during the last period. In the
case of directly determining the phase by e.g. FFT, it is also possible to observe
directly if the phase velocity reaches the tolerance. For reasons of simplicity, only
the first harmonic is considered. Simulations and test measurements for this specific
case of the AFM have shown that the whole phase signal is sufficiently precisely
approximated by the first harmonic. In principle, the method works similarly for
several harmonics. Then the value of w,, is increased, and the system is run again
until it reaches a periodic orbit. After the forward sweep, the backward sweep can
start with the final value of w,, from the forward sweep. Then the value of w,y is
decreased in every step, and the system is run until it reaches the periodic orbit.
The backward sweep is finished when w,, reaches the initial value of the forward
sweep. The resulting stable branches of periodic orbits are clearly separated by
an unstable one both for phase and amplitude. In fig. 5.5, the bistable behavior,
particularly the hysteresis, is visualized.

The bistable behavior has its origin in the nonlinear surface force F in eq. (5.6) and
the attractive and repulsive regime depending on the tip-sample distance illustrated
in fig. 5.2b. A good explanation and illustration are given in [116], which serves
as a model for the following two paragraphs and fig. 5.5. When the cantilever is
driven with a frequency much smaller than wy, the system is in a periodic orbit
corresponding to a point on the graph in fig. 5.5b left of the point I. The system
is in free vibration, which is visualized by the green color of the graph. When the
driving frequency w,y of the cantilever’s amplitude increases, the minimum of
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the tip-sample distance decreases. When the driving frequency reaches the value
corresponding to the point I, the cantilever tip’s lowest position is so close to the
surface that the attractive forces are large enough to let the system jump to the
periodic orbit corresponding to the point I’. This point I’ corresponds to the tip-
sample distance of r = rg where the Lennard-Jones potential (5.5) is minimal, and
Fyf is zero. If the driving frequency is further increased, the surface force becomes
repulsive, which is illustrated by the dark red color of the graph in fig. 5.5. Hence,
the resonance frequency is increased. This repulsion inhibits the decrease of the
amplitude and phase until w,, reaches the value corresponding to the point I1,
and the repulsive forces become large enough to bring the system to a smaller
periodic orbit with an amplitude corresponding to the point II’. Then, the system is
in free vibration again. The inhibition of the decrease in amplitude leads to a larger
effective spring constant k. This behavior is called hardening since the cantilever
acts like an effectively harder spring. As a result, the tip of the resonance curve is
shifted to the right.

When the driving frequency is larger and an amplitude smaller than the ones in
point I1I, the system is in free vibration. When w,, is decreased, the tip-sample
distance r leaves the repulsive regime at 111, and the surface force becomes attrac-
tive. This attraction induces a lower resonance frequency, resulting in a smaller
increase in amplitude and phase. The points corresponding to periodic orbits with
attractive force are illustrated in lilac. At the point IIT’, the attractive force becomes
large enough to let the system jump to a periodic orbit with a larger amplitude
and phase corresponding to point III”. The points II and I1I' are connected by a
branch of unstable periodic orbits visualized as blue and red dots. At the point
111", the repulsive forces dominate until the system reaches point I’. When the
driving frequency w,, is then decreased, the attractive forces slow down the reso-
nance frequency enlarging the amplitude. So, the cantilever acts effectively like a
spring with a smaller spring constant k. This behavior is called softening in analogy
to hardening. The result is a shift of the resonance curve’s tip to the left. When
the driving frequency reaches a value corresponding to the one of point IV, the
tip-sample distance becomes large, and the system jumps to point I'V’. Then, it is in
free vibration again. Due to the cubic-like shape of ¢, the points I and IV must be
connected by a second branch of unstable periodic orbits, too. The points I,IV,I],
and III' can be identified as bifurcation points.

5.3 PD CONTROL ON PERIODIC ORBITS

A driving frequency w,, close to the free resonance frequency wy allows for a higher
sensitivity of measurements in the dynamic mode [23]. Since these frequencies
lie in the bistable regime, perturbations, especially in the vicinity of the sample
surface, could push the oscillations to the other stable periodic orbit corresponding
to the same driving frequency. In order to gain more reliable measurements within
this bistable regime, control methods, e.g. [2—4, 110, 120], for models of an AFM
often focus on time-delayed feedback control to stabilize originally stable orbits
further and avoid irregular or even chaotic behavior for improving the scanning rate.
Considering the phase instead of the cantilever amplitude’s change as the detection
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quantity increases additionally the sensitivity due to faster recognition [117]. The
first experimental time-delayed feedback control was realized on a sample of a poly-
imide film scanned by a magnetically coated cantilever [121]. Besides the classical
time-delayed feedback control, other control techniques like, e. g. state-dependent
Riccati equation control [5, 77] or Poincaré maps for entropy minimization [96]
have also been developed for orbit stabilization for the AFM’s dynamic mode. The
approach of eliminating virtually the instabilities by an additional nanowire in the
model’s construction is followed in [23].

The above-presented works focus on avoiding irregular behavior, whereas accessing
the unstable periodic orbits in between the stable branches is the aim of chapter 5.
In order to explore the originally unstable branch of periodic orbits, in [92, 99],
feedback control is applied to a theoretical AFM model. Since the already mentioned
OGY method requires only very little knowledge about the system and its dynamics,
it is a good choice for stabilizing periodic orbits in a physical system. This was
realized in theory on an AFM model in [70] and allowed for tracking the originally
unstable periodic orbits. These works give great insight into the dynamics but need
derivative information or at least reliable approximations. Since the measurement
signal for the physical experiments in an AFM is noisy, these methods can hardly
be implemented in a laboratory experiment.

At the beginning of chapter 5, techniques to generally stabilize and continue
branches of periodic orbits are presented. As already mentioned, some of them
require further knowledge about the underlying system or are hard to implement in
laboratory experiments. In the following, a control method to continue the branch of
unstable periodic orbits is presented that does not require further knowledge about
the underlying dynamics. It can be understood as a continuation of the control pre-
sented in chapter 3 onto periodic orbits. The method is explained and demonstrated
in the example of the AFM model, but there is no limitation to this specific case.
In general, the same conditions presented in section 3.1 concerning controllability
and stabilizability must hold for the macroscopic function with respect to a suitable
variable, e. g., phase or amplitude and the bifurcation parameter.

The main idea of the following is to implement a control that needs as little infor-
mation as possible about the dynamics. When considering the periodic orbits of
the cantilever tip z as stationary points of the phase ¢, the PD control (3.2) for the
continuation of stationary points presented in section 3.1.1 can be used similarly.
The continuation starts in a small neighborhood around an already-known periodic
orbit. The corresponding phase is set as the first target ¢ for the algorithm. Then
the system is run for a predefined, not necessarily integer, number of periods T.
The actual phase ¢ is estimated by the measurements or values of the simulation.
Its derivative ¢ can be approximated by numerical methods like, e. g. difference
quotient or more elaborate ones in the case where it is needed and possible. After
the predefined time step At = gT, a multiple of the period length, for one update
of the phase and its derivative, one control step is done. Similar to eq. (3.18), the
driving frequency is updated by the discretized scheme

(Wex)iey1, = (Wex)iy = Kp(grs — o) — Kp (W)
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of the PD control, where k is the index for the number of stabilizing updates for the
[-th found equilibrium with ¢ = ¢;. Again, we set the time-difference quotient for

the change (—Kp((pk,l —¢;)—Kp (W)) to 1. In the case of direct access to
the phase, a PD control is possible with

al 2|~ f(9, ¢, wex) : (5.9)
Wex _KP(§0_¢*) _KD¢

When the distance |@x; — ¢ | is smaller than a predefined tolerance and the absolute
value of the derivative ¢ ; is below another predefined tolerance, the system is
considered to have reached the desired periodic orbit. Then, the target is increased
by Ag, and the control procedure is iterated until the system reaches the periodic
orbit.

The formulation of controllability and stabilizability conditions for periodic orbits
similar to the ones in section 3.1.1 become technically more involved, particularly
since we cannot resort no longer to a simple linearized control system. The matter
would become simpler if we resorted to Poincaré maps, an approach we will return
to in section 5.5.

5.4 RESULTS FOR THE MATHEMATICAL MODEL OF THE AFM

As a first example to test the proposed PD-control scheme (5.9) for the continuation
of periodic orbits, it was applied to the AFM model (5.8) derived in section 5.1.3.
In order to gain results approximating the dynamics of the physical AFM, the
values of the parameters were chosen as follows: the spring constant k = 0.7 N/m,
the cantilever equilibrium position zp = 100nm, free amplitude Ay = 250nm,
the quality factor Q = 400, the depth Vj = 4.2a] (= 4.2- 107 18]) of the Lennard-
Jones potential well, its minimizer ryp = 2.8nm, and hence a distance ¢ ~ 2.5nm,
and Az = 0.5nm to avoid singularities in the surface force, the free resonance
frequency wy = 50kHz, and the damping factor s = 7 - 10~*nN - nm? - s. For values
of the driving frequency w,x between 48 kHz and 52 kHz, bistable behavior for
forward and backward sweeps can be observed for a step size of Aw ~ 81.6Hz,
see fig. 5.5. Both diagrams are achieved by the same simulations. In fig. 5.5a, the
bistable behavior with respect to the amplitude is clearly visible. Nevertheless, the
bifurcation point on the stable branch with respect to the backward sweep is not
recognizable by a first view. A PD-controlled continuation of starting on this branch
would be harder to implement than for the phase, see fig. 5.5b, where the branches
are clearly separated from each other.

Even though the continuation with the PD-control scheme (5.9) looks familiar from
the previous chapters, it is much harder to implement. This is due to several reasons.
For the Zeeman catastrophe machine model (3.19), an analytic description of the
angle ¢’s movement is given, and the motions are recognizable by human eyes. For
the AFM model, no explicit equations of motion of the phase ¢ or amplitude A
are available, and the system’s motion is only indirectly detectable. The availability
of an analytical description simplifies the search for the right control parameters
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(a) Amplitude. Inset: zoom on the unstable branch. The small distance between
the unstable and the upper stable branch complicates the continuation of
unstable periodic orbits.
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Figure 5.5: Parameter sweep for the AFM model (5.8) with originally stable states compared
to controlled stationary states. The continuous lines are achieved by direct
simulation without control. The colors indicate whether free vibration (green),
repulsive surface forces (dark red), or attractive surface forces (lilac) dominate.
The dotted lines are produced by the controlled system (5.9), where the blue
points are achieved by a start on the upper branch and the red ones by starting
on the lower branch. The black dots visualize the bifurcation points where
jumps (dashed lines) occur for the uncontrolled system. These lines are not
perpendicular to the x-axis since they connect two successive points of the
sweep.
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since the conditions for controllability and stabilizability can be computed or
numerically approximated. The Zeeman machine and its model are independent
of time, whereas the oscillation mainly caused by the modeled excitation force F,,
is time-dependent, see eq. (5.3). So, implementation of the AFM model (5.8) must
be initialized at the right time. Additionally, the Zeeman machine was introduced
as a didactic tool and hence has a manageable nonlinearity, whereas the AFM’s
nonlinearity comes from several origins on atomic nanoscales, including repulsion
or attraction. As a result of these challenges, it is possible to stabilize the unstable
periodic orbits, but so far, only with specifically chosen different values of the
control parameters for segments of the branches. These values for the control
parameters to stabilize the periodic orbits with the PD control (5.9) can be found in
tables C.1 and C.2. Additionally, the branch of unstable periodic orbits was found
by composing two parts: one party by starting on the forward branch and the
other one by starting on the backward branch. Around the value w,, = 50.4kHz,
no continuation could be found. Therefore, the two parts are shown in different
colors in fig. 5.5. This could indicate a singularity within the controlled system.
Remarkably, the unstable branch lies very close to the forward branch in fig. 5.5a.
This shows again the difficulties when choosing the amplitude as the macroscopic
variable. Besides the missing analytical description, it is also likely that the regions
of attraction around the PD-controlled periodic orbits are rather small. This also
impedes the search for periodic orbits and could be an object of future investigations.
In addition to the small distance between the stable and the unstable branch of
the amplitude, the difference in the magnitude between phase ¢ and excitation
frequency w,y is challenging for the control algorithm. In the prediction step, a
scaling factor for the prediction of the initial value wy  for w for the k-th stationary
point (@x, @) was used to weigh the influence of the directions according to the
scheme

W = Wr—1 + P — Pt
Pk—1— P2

Here, (§x_1, @r—1) and (Px_n, @x_2) are the two previously found stationary points,
and g is the target for the phase of the k-th stationary point. The initial value for ¢
is ¢ = ¢

Other difficulties in tracking the branch of unstable stationary orbits could result
from signal processing. So far, the derivative ¢ is approximated by a simple differ-
ence quotient of the computed phase because the data for ¢ is coarse due to the
period dependency. Additionally, the phase ¢ and its derivative ¢ are taken as the
average over the computed phases of the last six periods of length 1/w... So, they
are measured only discretely.

In the case of direct estimation of ¢, more elaborate methods to estimate ¢ might be
possible and could improve the result. As mentioned in section 5.3, direct and con-
tinuous access to ¢ could decrease the control delay, which is, in the described case,
only working at discrete time steps. Similarly, the phase ¢ is just an approximation
of the first harmonic in the described procedure for reasons of simplicity. Even
though the higher harmonics are of minor importance for the measured signal, their
contribution to the phase is included in the value of ¢. In contrast, the PD control
(5.9) only considers the difference between ¢ and the desired first harmonic ¢*; see

(Wp—1 — Wx—2) -
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[23]. Generally, the PD control (5.9) could be extended to any number n of harmon-
ics. The control parameters Kp and Kp must then be n-dimensional matrices.
Overall, several possibilities exist to optimize the presented PD control on the AFM
model. In particular, the presented method allows no or only negligibly small noise.
More elaborate methods with further requirements concerning knowledge about
the dynamical behavior or signal processing might lead to more robustness.

5.5 STROBOSCOPIC MAP

In the previous sections, a PD-control-based method to continue the branch of
periodic solutions of dynamical systems was presented. The online adjustment
of the frequency hampered a detailed theoretical analysis of the previous control
scheme. This turns stability considerations into Floquet problems, which are hard
to tackle by analytic means. If we move to a simplified scheme, where we adjust
the control input only at the beginning of each period and keep the value constant
through a whole period of the orbit, we may turn the problem again into a study
of plain fixed points, which is then amenable to an analytic approach. Hence, the
following method aims for the same target and is inspired by the afore-presented
approach. Similarly, no explicit mathematical description of the system is assumed
to be given. But the periodicity is directly used by introducing the stroboscopic map
that works discretely in time only at integer multiples of the period length. The ideas
date back to the OGY method [78]. In contrast to OGY or typical control methods
on discrete maps like e. g. [64], the stroboscopic control keeps the control parameter
value constant over the length of whole periods. The following section is based on
the structure and recent results in the joint work [27]. Nontrivial formulations of
sentences and paragraphs that are taken nearly literally from the original work are
marked by “([27])”. The table D.5 of all symbols and variables introduced for the
stroboscopic control can be found in appendix D.

For the following, a T-periodic time-dependent nonautonomous dynamical system
is given that can be described by the differential equations

X:f(x,]/l,'t), f(xzﬂ?t):f(xzﬂ;erT)z (5.10)

where x € R? is the state, i € R is the parameter on which the system is dependent,
and f : R* — R? is the system’s right-hand side. We restrict ourselves again for rea-
sons of simplicity on the 2-dimensional case for the state x, but a generalization for
the n-dimensional case is possible. As already stated at the beginning of section 5.5,
eq. (5.10)’s description is not assumed to be known explicitly. Still, the measured
or simulated signal must be free from any significant noise in order to guarantee
access to the later required derivative information. Let

Gt x0, 1) = x(t)

denote the solution of eq. (5.10) with initial condition x(0) = x(. The system (5.10)
can then be written as

C(txo, 1) = f(C(tx0, ), p5t), Lt %0, 1) = xo.- (5.11)
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Since we are interested in periodic orbits and hence in changes of the state after
integer multiples of the period length T, we can introduce the stroboscopic map

Xep1 = Foxg, ) = 0(T; xx, 1) (5.12)

of the dynamical system (5.10). Here x; = x(Tj) is the solution at times Ty, where
Ti = kT are discrete time points with a distance of one-period length T of the
driving field. This could be, e. g., the end of the k-th period. A T-periodic solution
of eq. (5.10) corresponds to a fixed point x, of the stroboscopic map (5.12). This
means

e = F(x, 1), (5.13)

with x(t) = (t; x4, 1) = {(t + T; x., 1), is the periodic state of eq. (5.10) dependent
on time. With x; = x. + Jxy, the variational equation (5.13) of the stroboscopic map
reads

0xpr1 = DF (x4, 1) - 6, (5.14)

with DF(z) denoting the Jacobian of F in the point z. Following the Jury criterion
[56] (thm. 1.7) for the stability of fixed points, the eigenvalues of DF(x,, ) deter-
mine the stability of x,. Only if both eigenvalues lie inside the unit circle the fixed
point is stable. See section 1.2 for further details.

Since the method’s aim is to stabilize and follow the branch of time-period solutions
of eq. (5.10) for an explicit description of the right-hand side f, only the measured
or simulated time series x(t) with x(kT) = x; can be used for the parameter p’s
update within the control. It is assumed that the following analytically computed
derivatives could be estimated numerically by fitting the generated data. Hence,
the data must be noise-free, and data points must be dense enough. For physical
experiments, this is hard to accomplish. In addition, even for numerically simulated
data, if x(t) reaches a fixed point, only a limited number of different data points is
accessible. So, data quality is one of the main challenges for the following control
method.

Similar to the PD control (5.9), the following control relies on feedback for the k-th
update step

we=pur+¢& - (xp — xg) (5.15)

of the parameter y, where &l = (&1, &2) is the control gain, pg and xg are reference
values. The closed-loop dynamics (5.13) become

X1 = F (o pix) - (5.16)
The fixed point of eq. (5.16) combined with eq. (5.15) is then

Xy = F(x4, pis) (5.17a)

e =HR G- (e — xR) - (5.17b)

Thus, the intersection of the fixed point manifold given in eq. (5.13) with a hyper-
plane defined by the reference value of (xg, ur) defines the fixed point (x,, p*) of
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the controlled system (5.17) [27]. Similar to eq. (5.14), the variational equation of
eg. (5.16) can be denoted by

Oxp+1 = DF (x4, ps)Ox; + 0, F (x4, i) <§T . 5xk) =E-0x. (5.18)
Here, & is the square matrix given by

E=DF +9F®{", (5.19)
with the shorthand notation

DF, = DF (x4, px), OF. = 9, F(xs, pix)

for the expressions inside a fixed point. Here, 0F, ® ¢! denotes the dyadic product.

5.5.1 Controllability and stabilization by the stroboscopic control

As already mentioned above, the Jury criterion for fixed points states the condition
for stability of the fixed points (x,, y.) of the variational equation (5.18). Both
eigenvalues of & must be inside the unit circle. Hence, for the 2-dimensional case,
the Jury criterion simplifies to the following two conditions

det(E) < 1, (5.20a)
[tr(B)] < 1+ det(E). (5.20b)

Thus, the trace and the determinant of & must be considered in detail for a stability
and controllability analysis. From the variational equation (5.18), it can be derived

tr(2) = tr (DF,) + &' - oF,, (5.21a)
det(Z) = det(DF.) + ¢ - adj(DFE,) - oF,, (5.21b)

where adj(DF,) denotes the adjugate matrix of DF,; see [16, 108]. In comparison
to the inverse of a matrix, the adjugate matrix adj(M) is still well-defined even if
the matrix M is not regular. It holds for the matrix product M - adj(M) = det(M).
A simplex inside the space of all possible control value sets is spanned by the set
of parameter values for the control gains ¢ that satisfy the conditions (5.20) for
eg. (5.21). As already stated in section 1.2, controllability implies stability. So, the
set of parameter values that guarantee controllability lies inside the above-defined
stability region. If the two vectors 0F, and adj(DF,) - F, span a nonempty triangle,
i.e., if they are linearly independent, the Kalman rank criterion [57] (thm. 1.5) is
fulfilled. This is equivalent to the linear independence of the set {0F, DF, - oF.}. For
a non-singular matrix DF, the equivalence is obvious. Under certain circumstances,
it can be shown for singular matrices, too. See [27] for further details. If the Kalman
rank criterion is violated, i. e. if dF, is an eigenvector of DF,, there are cases where
the control (5.15) is still successfully applicable, similar to the previously cited OGY
method [78].
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5.5.2  Optimal control gains

Following the linear stability perspective, the control gains are optimal if the fixed
points are superstable, which means that the transients are as short as possible. See,
e.g., [109] for details. This is achieved if both eigenvalues of = in eq. (5.19) are zero.
The solution of eq. (5.15) for tr(E) = det(E) =0 is

ut det(DF,) + vtr(DF,)

T __ _
& = o : (522)
with the vectors
ut = ((8F:)2, —(9F.)1) and (5.23a)
o™ = (—(adj(DF,) - 9F.),, (adj(DF.) - 9F.)1) (5.23b)

orthogonal to the set {dF,, adj(DF,) - oF.}. The computation of the control gains
(5.22) and hence of eq. (5.23) requires the knowledge or a good approximation
of DF, and OF.. In the case of numerical simulations, they are accessible by the
variational equation (5.18) for the discrete time steps of the stroboscopic map
(5.12). As stated above, this is a hardly manageable part of the method for physical
experiments. With respect to the initial conditions of eq. (5.11), it holds

9.0 F1 9 o FD
DF(xo, n) = ( X < )(xw) (5.24a)

)
7 ;T — ax T; , . b
ax(l)g(z) ax(2)€(2)> (XO l’l ) Og( X0 ‘u) (5 24 )

= Y(T/ X0, ]’l) s (524C)
where Y is the fundamental matrix of the variational equation

jt (6x) = Df (x4, u;t) - 0x

of eq. (5.11). Here, the superscript indices in brackets of x(¥) denote the k-th entry of
x with respect to the dimension in space. For legibility reasons, the argument (xo, #)
or (xo, #; T) is denoted only once behind the matrix DF or Y, respectively. However,
the matrices in eq. (5.24) all contain entries with values of the respective functions
evaluated at (xo, 4; T). Additionally, the derivative of the variational equation (5.18)
with respect to the initial condition is

d d (3,07 3,570
7Y t, , = x X t/ ’ . .
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According to eq. (5.11), a single entry of the right-hand side of eq. (5.25) with
k,1 = 1,2 has the form

d
500 1) = fOE(Ex0, ), 11), and (5.262)

d
(Y(tx0, 1) = 5 (0,080 (B30, )
= 0,0 f®(C (5 x0, 1), p 1) - axéwg(z)(t} Xo, 1)
+ 9,0 fE(C (6 x0, 1), i) - axéz>§(1) (t; x0, 1) - (5.26D)

In matrix notation, eq. (5.26b) reads

(60, 0) = DI 0,00, 150) Y (0, p0), (5:27)

which is a differential equation differentiated with respect to the initial condi-
tions. According to eq. (5.24) it holds DF(xo, ) = Y(T; xo, it). Inserting the initial
conditions of eq. (5.11) leads to

1 1
Y(0; x0, ) = ( %o , %o ) (0; xo, 1)

3x<1>x(()1) axu)xéz) 10
axéz) xo ax[()z) XO 01
In cases like e. g. the above-presented AFM model (5.8) where the parameter y is

the driving frequency w, the period length T = 2% depends on the parameter. This
will be used in the following. At first, we define

n(T; xo, 1) == 0,C(T;x0,1t), and so
(£ X0, 1) = 9uG(; x0, 1)

Following a similar scheme, for a fixed T, it is

SHF(xo,y) = ayé(T'XOr )+ 01 (T; xo, 1) ‘ayT(.”) (5.29a)
=n(T;x0, ) + f(F(xo, ), w; T) - 0, T (5.29b)

under the usage of eq. (5.11). The terms f({(T; xo, 1), T) = 01 (T; x0, 1) and 0, T ()
can be computed at least numerically. So, eq. (5.29) is generally accessible. Using
eq. (5.11) results in the derivative

& (0830, 10) = (€60, 1), 1 8) + DFE (30, 10), 15 - S (G050, 1)

So, it follows for eq. (5.29) that the derivative 7 of the solution { obeys

%(ﬂ(t;m )) = Df(C(t;x0, 1), pst) - 11(t; x0, ) + Ouf (G(E %0, 1), w5 t)  (5.30)

with initial condition

17(0;x0, 1) = BVC(O; Xo, i) = duxg =0. (5.31)
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Integrating eqs. (5.27) and (5.30) with initial conditions (5.28) and (5.31), respectively,
results in the stroboscopic map (5.12) and egs. (5.24) and (5.29) by the important
derivatives. Thus, the optimal control gains (5.22) are computable for the noise-free
case. Since the eq. (5.22) requires the knowledge of the derivatives inside the fixed
point, the optimal control is only accessible for already known fixed points which is
not generally the case. The following section 5.5.3 presents an approach for tracking
the branch of periodic orbits without prior knowledge of the exact positions.

5.5.3 Tracking of periodic orbits

As already stated, the access to the optimal control gains (5.22) depends on the
knowledge of the fixed points. Since the tracking and stabilization of these points
is exactly the aim of the presented method, the fixed points are rarely given in
applications where the control (5.15) might be useful. A practical approach similar
to the ones presented in chapters 2 to 4 is to take in every control step the control
gains from the previous one and recompute new values for ¢ € IR? after each step.
Again, it is assumed that F(xo, i), DF(xo, 1), and oF (xo, #) are at least numerically
accessible.

For the search of a new fixed point (5.17), the reference values are favorably chosen
as

XR =Xy and UR = My,

or in the close neighborhood. An approach for (x., y,) can be made by, e. g., secant
methods if previous fixed points are already known. Since stable periodic orbits
are accessible by running the experiment even without control, we can assume
that the starting point of the branch of periodic states is known. Hence, a good
approximation for (xg, ig) is available. For the case of small changes along the
trajectory, i. e. small variations

(x4 +0x) forx, and (p.+ou) for p.,
the variational equation (5.18) becomes

Xy +0x = F(xs + 0, s + )
= F(xs, pis) + 0y F (xs, s )0pt 4+ DF (X, i )0 . (5.32)

Fulfilling the variational equation (5.32) leads to the condition

0 = 9, F(xs, ps) - 0p + (DF (x4, ptx) — Lox2) - 0
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for the vector (8x,0u)T € R3. Hence, the reference values should be chosen such
that

(m) N <—(DF(x*, ) = Taxa) - P (xo, i) -m)
Our S

N <—(DF(X*, ll*> - 112><2>71 'ayF<x*/ V*))
1

~ det(DF(x., 1) — lpx2) - (—(DF(x*,y*) - ]12:2)—1 : aVF(x*,‘u*))

_ <—adj<DF(x*,y*> ~Ta2) -%F<x»~%«>> (5:33)

det(DF (xs, ps) — Lax2)

is fulfilled, where a ~ b means that 2 and b are proportional. For the last step of the
reformulation (5.33), it was used that

-1 1 .
M = det(M) adj(M)
holds for the adjugate of a matrix M. Note that the adjugate matrix in eq. (5.33)
is well-defined even if (DF(x,, u+«) — lax2) is not regular. So, the steps are only
made along the trajectory. Thus, the control algorithm only fails if the controllability
condition concerning the linear independence of dF, and DF, - dF. is violated.

Even though it is, in theory, always possible to state the reference values for each
fixed point analytically, the region of attraction for the stabilized periodic orbits can

be very small. For physical and numerical experiments, this could be challenging.

Additionally, the above-described tracking of periodic orbits is only possible when
no significant changes in the period length T take place. If the frequency w is the
parameter j, changes in p cause changes in the period length T = 2Z. This is
another significant limitation of the stroboscopic control method.

5.5.4 Results for the mathematical example of the Toda oscillator

Similar to the previously presented control methods, we test the continuation with
the stroboscopic control (5.15) and (5.16) on a mathematical example. For reasons
of clarity and simplicity, the one-dimensional motion of a particle x is considered
in an external potential V under damping c and a periodic harmonic drive with
amplitude A and frequency w of the following form

¥=v, v=—co—V'(x)—A-cos(wt).

Due to its simplicity and nonlinear behavior, the Toda oscillator [111] is a popular
example to study the phenomenon of self-pulsation for solid-state lasers and an
appropriate model for our purpose. Its potential is defined as

V(x) =exp(—x)+x—1.

The numerical simulation of this model was done in non-dimensional units and

with the parameter values ¢ = 107, A=8-103, and w = ZT” with the period
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(b) Denominator v - 9F, of the optimal control gains in eq. (5.22)

Figure 5.6: Stroboscopic control of the Toda oscillator with (a) the stationary amplitude and
(b) the denominator of the optimal control gains. The uncontrolled sweep is
depicted in dark green for the forward sweep and lilac for the backward sweep.
The forward control is shown by blue dots, and red dots show the control in the
backward direction. Simulations were done by Wolfram Just and can be found
in [27].



5.5 STROBOSCOPIC MAP

length T. The results are shown in fig. 5.6. The value of the stationary amplitude
2 _

r2=x2+ % shows a bistable behavior in dependence of the driving frequency w.

The bistability and the stabilized unstable branch are depicted in fig. 5.6a. Since
the control gains are optimized in every step by eq. (5.22), their dependence on the
parameter w is of great interest. It can be seen in fig. 5.6b that the denominator
vt - 9F, is vanishing in the neighborhood of a certain point with w ~ 0.9756. Similar
to the results of the continuation with PD control presented in fig. 5.5, a breakdown
of the control can be observed in fig. 5.6a at this specific point. This breakdown is
caused by the violation of the controllability conditions. Thus, we may presume that
a similar lack of controllability causes the breakdown of the PD control described
in section 5.4.
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CONCLUSION AND OUTLOOK

In this dissertation, several noninvasive feedback control-based methods were
presented. For physical systems, explicit descriptions of the dynamics are rarely
given. So, techniques for data-based stability analysis were introduced. They allow
for obtaining complete bifurcation diagrams, including stability information for
simulated systems and laboratory experiments.

The proportional control combined with the state observer presented in chapter 2
is easy to implement. The dynamic adaption (2.3b) of the target y for the next
equilibrium allows for tracking a branch of either stable or unstable states. Since
the sign of the control parameter a; for the target depends on the stability of the
searched stationary point, the continuation of equilibrium points over fold bifurca-
tion points is not possible by this method. By adding a supplementary control (2.11¢)
for the parameter &; of the proportional control for the state x, the value of «; is
adapted according to the derivative information g, of the controlled system. When
the system has settled at a stationary point, the value of a; contains information
about the equilibrium’s stability. The idea of adaptive control, especially for the
proportional case, dates back to the 1950s. See [126] and the references cited therein
for a summary of the first adaptive-control approaches. But instead of more stability,
the extended proportional control (2.11) aims for stability information. As already
stated, the continuation over fold points is not possible by proportional control.
Since the stability information is available with the extended proportional control,
one could think of a continuation that skips the neighborhood of a bifurcation, i. e.
when the absolute value of the derivative f, of the original system is close to zero.
Another alternative could be an additional control for the second control parameter
ap inducing a change of sign in the bifurcation point. A second limitation of this
method is due to the choice of parameter values. The theoretical limits for the values
of the control parameters given in sections 2.1 and 2.2 are nonvanishing except for
bifurcation points. In real-world systems these values are often not realizable due
to physical restrictions. Hence, more elaborate control methods must be chosen.
The PD control has a broader field of applications since it takes the derivative
information additionally into account. In chapter 3 this is used to construct a full
bifurcation diagram, including the fold bifurcation points for the laboratory ex-
periment of the Zeeman catastrophe machine. The motion data of the controlled
system serve for the stability analysis of the originally uncontrolled system. A
least-squares method applied a posteriori provides the linear stability information.
Traditionally, stability analysis based on data is only possible by switching off the
control [18] or perturbation of the controlled system [6]. Both invasion types are not
necessary for the method presented in chapter 3. So far, this stability analysis was
only applied to systems with stationary points. Generally, an adaption on periodic
orbits should be possible since they appear as equilibrium points in Fourier space.
Future works could also consider the stability analysis with higher-order terms
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for other types of bifurcations and the identification of the relevant macroscopic
variables in experimental setups.

The data-based stability information introduced in chapter 3 is used for the two-
parameter continuation of bifurcation points in systems with an additional dynamic
parameter. In chapter 4, the results of the implementation of the additional pro-
portional control on the second bifurcation parameter A are shown for simulated
and laboratory experiments. Bifurcation points are of great interest in dynamical
systems theory since they indicate changes in qualitative behavior. The presented
method could help to identify the borders between stable and unstable regions
for systems where free evolution might harm the experimental setup. Since the
tracking of bifurcation points relies only on the data-based stability information, the
investigation of points with other desired stability properties is generally possible,
too. Producing backbone curves like in [7, 93, 94] are objects of interest for potential
extensions of the continuation routine.

As mentioned above, periodic orbits appear as equilibrium points in Fourier space.
So, the PD control presented in chapter 3 was adapted for the stabilization of peri-
odic orbits in a model of an Atomic Force Microscope in chapter 5. The continuation
of these points was possible for the simulated model but only with adapted control
gains after a few found stationary points. Hence, the stabilization of periodic orbits
in the laboratory experiment of an AFM might be hard to apply, and more elaborate
methods should be considered that take, e. g., the integral part of the motion data
into account. The stabilization of the unstable branch for the AFM could potentially
increase the measurement quality of the AFM in the bistable regime. Another
potential topic of future work is the adaption of data-based stability information
introduced in chapter 3 on periodic orbits. For cases where stability information
is at least numerically available, the stroboscopic map introduced in section 5.5 is
an alternative. In contrast to already existing methods like OGY [78], the control
parameters are kept constant for the length of whole periods. Since no indirect
quantities like the phase for the AFM are needed, the stroboscopic control is easily
implemented and provides simple access to the quantities of interest. But if the
bifurcation parameter is the frequency, the changes in the period length must be
small compared to other quantities involved. On the other hand, the noise of exper-
imental data might cause major difficulties for the implementation, whereas, for
PD control-based continuation, data with small noise might be manageable after
filtering. Hence, the PD control with supplements is much closer to an experimental
realization. As shown in section 5.4, singularities in the controlled systems can
cause discontinuities. Generally, this is possible for the stroboscopic control, too.
Altogether, it has been shown that linear stability analysis of controlled systems is
principally possible without knowledge of the underlying uncontrolled dynamics.
The successful implementation in experiments proves the applicability, at least for
simple laboratory dynamical systems. Additionally, its usage for the continuation of
bifurcation points emphasizes the reliability of the gained stability information. The
periodic orbits were stabilized by methods similar and different to the ones used
for the stationary points within this dissertation. So, for future work considering
the original stability of periodic orbits, several approaches are conceivable.



TECHNICAL DETAILS FOR THE LABORATORY EXPERIMENTS
WITH THE ZEEMAN CATASTROPHE MACHINE

The present technical description is taken from Appendix A of [26] and was
rephrased and adapted where necessary. Wherever a nontrivial formulation of a
sentence or a paragraph was taken close to literally, this is identified by “([26])".

The experimental implementation of the laboratory experiments with the Zeeman
catastrophe machine is based on a commercial low-cost laser engraver kit (ETE
ETMATE). The necessary mechanical parts for 2-dimensional motion are included.
Besides belt-driven linear stages and stepper motors, a controller board is contained,
which facilitates stepper drivers and a microcontroller. The motion path is generated
by the software based on the open-source firmware Grbl [35] implemented on
the microcontroller. The codes for the Zeeman control algorithm (3.18) and the
continuation (4.6) of bifurcation points are implemented in Python on a Raspberry Pi
(RPi) single-board computer (Raspberry Pi 4 model B, 4 GB RAM). The RPi and the
Grbl controller are connected by a universal serial bus (USB) interface operating as
a virtual serial port ([26]). So, the motion of the stepper motor can be controlled via
G-Code commands that consist of text strings and coding motion commands. The
alterations of the angle ¢ are measured by an incremental rotary encoder (Sendix
5000, Fritz Kiibler GmbH, 5000 steps per revolution [32]). The rotary encoder
communicates via a two-channel digital signal (5 V, TTL compatible), which results
in two quadrature square waves. A change in the angular state provokes a voltage
level transition on both channels which allows for unambiguously determining the
angular change direction from the quadrature phase. A voltage divider enables
communication between the rotary encoder and the RPi since the RPi input pins can
only process low-voltage TTL (LVTTL, 3.3 V) signals. Once the signal corresponding
to a change of the angle is detected, the program for the control updates the stored
angle. Note that in this sensor-readout setup, the value of the angle is not absolute.
This means that before each sweep, the mechanics of the Zeeman machine must
be homed into a starting position where the absolute value is known ([26]). The
rotary encoder is attached to a 3-dimensional-printed plastic holder made from
polylactic acid (PLA) to bring the points A, B, and P to the same height so that
the system is nearly planar. For a basis of the point P, a measuring wheel with a
radius of 79.6 mm (type 8000, Fritz Kiibler GmbH [31]) is fastened directly to the
rotary encoder. Since the pin for the point P cannot be mounted on the edge of the
disk, the actual distance is p = 65 mm. Besides a planar basis for the experiment,
the wheel supplies enough inertia to slow down the mechanical speed such that
real-time processing of the data and communication are possible ([26]). The point P
is connected with the two pins corresponding to the points A and B and mounted
on a 3-dimensional-printed PLA holder and a 3-dimensional-printed PLA bracket
attached to the engraver head, respectively. The connections consist of two helical
tension springs, each with tensionless length Ly = 55 mm and a spring constant



II

TECHNICAL DETAILS FOR THE ZCM

k = 5N/m. The point A has a distance of 244 mm to the origin, and the point B
has a vertical distance A of 230 mm to the origin in the case of the PD control (3.2).
For the bifurcation-point continuation (4.3), the parameter A is variable, too. The
friction at the pins is reduced by greasing them with oil for bicycle chains.

As stated above, the speed of communication and measuring, particularly the
angle readout, are crucial for sufficiently prompt control of the Zeeman machine.
Therefore, the Python script for overseeing the rotary encoder state makes use
of threaded callbacks and event detection, similar to the interruption of routines
in microcontroller-based sensor applications. This technique keeps the response
speed fast, and the computation load stays low ([26]). This approach is necessary
for the described experiments since the determined limits for acceleration and
velocity of the stepper motor are already at the mechanical limits. The angular
velocity ¢ is not measured directly but estimated numerically by a difference
quotient with time-step size At = 1/70s since this is the inverse of the update rate
of the angle. A state is considered stationary for the bifurcation-point continuation
(4.3) when the tolerance for the distance [¢* — ¢| between the measured angle
and the target is 0.00175rad (= 0.1°), the tolerance limit for the absolute angular
velocity is 0.00122% (~ 0%01(21131 ), and the limit of the tolerance for the absolute angle
acceleration ¢ is 0.0012223 (~ 08%111'35’;1 ). Then, the next control target (¢*)x1 =
(¢* )k +0.0349rad (=~ (¢*)x + 2°) is set. For the bifurcation-point continuation (4.6),
a state is considered to be a bifurcation point when additionally, the computed
largest absolute value of the eigenvalues’ real parts is [v| < 0.5. A new control
target is set to (¢*)k11 = (¢* )k +0.0873 rad (~ (¢*)i + 5°).




LINEARIZATION FOR THE CONTINUATION OF BIFURCATION
POINTS FOR THE ZEEMAN CATASTROPHE MACHINE

From eq. (4.5) we know that the linearization matrix of the bifurcation-point control
(4.3) has the following short-notation form

0 1 0 0
Di — Ox, f2 x, f2 duf2 drf2
—Kp —Kp 0 0

—KB . axlv —KB . ax21/ —KB . al,,l/ —KB . aAU
For the model (3.19) of the Zeeman catastrophe machine, it holds
—a-p-sing
Lj=——1
dpL1 L ,

BpLs = o (/\-smci—y-coscp) ,
2

for egs. (3.21) and (3.22), 8¢f2 = —d, and

k (Lo-(A-p-cosp—A?-singp —p-p-cos’>p+A-p-sing-cos)
hfo=—— 5/
me (L2)

 (La—Lo)- sin(p) . (B.1)

L

The largest real part v of the eigenvalues of the linearization matrix

(o0 1
Df_<3¢f2 —d>

of the original system x = f(x, u,A) is

_ A2 +4-9pf> i, > —4d?
y { +1/—3 , if dy f2
d

, else.
Since d > 0, the case v = —7 implies the stationary point is originally stable, we
focuse on the case 9y f, > —4d>. So, it holds for the partial derivatives of v:

—1/2
1 (d*>+4-9
84,1/ = 2 ’ (44)]62) -8¢(8¢f2),

NI NI

I
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with

a¢(a¢f2):nfp (3'32‘P'L0'Sin2(]§-()\'Sin(P—‘u-cos(p)

(L)
cos¢p-(2+a?-p-Lo-sing) a-Lo-sing
- +
(L)’ L
3-p%-Lo-(A-sing — - cos¢p)?
+ 5
(L2)
n (p-Lo-(p-cos¢p—A-sing) —1)-(A-cos¢p+ py-sing)
(L)’
—{—LO'(V'COSZ)_A.Sin(P)—{—(A—a)-sincl)—y-cosc[)),
2

—1/2
1 (d*>+4-9
ay‘ljzi. (44’f2> -3,(3gf2) ,

with

0u(0gf2) = — (p Lo (p=p-sing) - (1-sing —p-cos¢)”

me (L2)°
2-p-Ly-cos¢p-(A-sing — u-cos¢)
T 2
(Ls)
Lo (p—p-sing)- (p-sing +A-cos¢) (Lr—Lo) -sin¢
(L2)”? L, ’

L, — Lo Lo )

and

—1/2
1 (d*+4-9
aAyzi. (4‘/’f2) 00 (9pf2)

with

01 (9p2) = ,fp (3‘{) e Cosii)éu sing — pi- cos )
_ 2-psing- (A-sing — p-cos¢)
(L)’

Loy-(A—p-cos¢) - (A-sing—p-cos¢) (L2 —Lo) -coscp>

(L2)5/2 Ly
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where

(Lz—L()) LO'(/\—p'COS(P)
EN —
(L2)

A numerical evaluation shows that the real parts of the eigenvalues of D/ are
negative in a neighborhood around the bifurcation points for Kp = —1 5%, Kp =
—1.522 and Kp = 0.002 mm. For details see section 4.3.







CONTROL PARAMETER VALUES FOR PD CONTROL ON THE

AFM MODEL

An overview of the found periodic orbits of the AFM model (5.8) with the corre-
sponding values for the control parameters of the PD control (5.9) can be found in
tables C.1 and C.2. The values of the first targets ¢* are chosen such that they have
a distance of 0.02rad to the phase corresponding to the previously found periodic

orbit.

The target distance is decreased to 0.01rad for the backward search after ¢* =
—1.1808 for stability reasons.

Table C.1: Periodic orbits of AFM model (5.8) and control parameter values for the PD
control (5.9) in forward direction (blue dots in fig. 5.5).

¢*inrad | ¢ inrad | wey inkHz | Ainnm | Kp in $°/rad | Kp in s/rad
—1.6229 | —1.6229 | 51.147846 97.920 —10000 8
—1.6429 | —1.6438 | 51.147797 97.917 —10000 8
—1.6629 | —1.6624 | 51.135355 97.914 —10000 8
—1.6829 | —1.6836 | 51.134341 97.909 —10000 8
—1.7029 | —1.7023 | 51.120336 97.903 —10000 8
—1.7229 | —1.7235 | 51.113150 97.897 —10000 8
—1.7429 | —1.7395 | 51.080027 97.892 —10000 7
—1.7629 | —1.7614 | 51.074443 97.881 —10000 7
—1.7829 | —1.7892 | 51.049008 97.868 —10000 7
—1.8029 | —1.8021 | 51.027600 97.860 —12000 9.5
—1.8229 | —1.8225 | 51.008250 97.848 —12000 9.5
—1.8429 | —1.8412 | 50.971501 97.841 —12000 9.5
—1.8629 | —1.8640 | 50.937840 97.821 —12000 9.5
—1.8829 | —1.8854 | 50.905149 97.805 —12000 9.5
—1.9029 | —1.9035 | 50.874369 97.789 —12000 10
—1.9229 | —1.9227 | 50.841927 97.773 —12000 10
—1.9429 | —1.9431 | 50.794115 97.753 —5000 12
—1.9629 | —1.9595 | 50.807431 97.742 —4.000 12
—1.9829 | —1.8977 | 50.689415 97.709 —6000 12
—2.0029 | —2.0019 | 50.691240 97.700 —6000 12
—2.0229 | —2.0263 | 50.572886 97.671 —6000 12
—2.0429 | —2.0422 | 50.560071 97.643 —6000 12

VII
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¢* in rad

@ in rad

wey in kHz

A in nm

Kp in sz/rad

CONTROL PARAMETER VALUES FOR PD CONTROL ON THE AFM MODEL

Kp in s/rad

—2.0629

—2.0598

50.429818

97.648

—6000

12

control (5.9) in backward direction (red dots in fig. 5.5).

Table C.2: Periodic orbits of AFM model (5.8) and control parameter values for the PD

¢*inrad | ¢inrad | wex inkHz | Ainnm | Kp in $°/rad | Kp in 5/rad
—2.3208 | —2.3202 | 49.981239 97.026 —10000 6
—2.3008 | —2.3000 | 49.986241 97.101 —10000 6
—2.2808 | —2.2809 | 49.990115 97.163 —10000 6
—2.2608 | —2.2616 | 50.003104 97.220 —9000 10
—2.2408 | —2.2400 | 50.038340 97.281 —6000 11
—2.2208 | —2.2215 | 50.073697 97.327 —8000 12
—2.2008 | —2.2018 | 50.115054 97.373 —6500 12
—2.1808 | —2.1814 | 50.170975 97.418 —10000 12
—2.1708 | —2.1701 | 50.200839 97.441 —6500 12.5
—2.1608 | —2.1617 | 50.224942 97.458 —6500 12.5
—2.1508 | —2.1505 | 50.286487 97.486 —8000 12.75
—2.1408 | —2.1417 | 50.274118 97.494 —6000 12.75
—2.1308 | —2.1299 | 50.192958 97.559 —6000 13
—2.1208 | —2.1218 | 50.425421 97.536 —4000 13
—2.1108 | —2.1121 | 50.334343 97.550 —5500 12.9
—2.1008 | —2.1005 | 50.398446 97.561 —6000 12.9




TABLES OF SYMBOLS

A summary of symbols for variables and quantities used within the paper can be
found in tables D.1 to D.5. The globally used symbols are listed in table D.1. The
list of symbols for derivative-related quantities is table D.2. The specific variables
for the models and experiments concerning the Zeeman catastrophe machine or the
Atomic Force Microscope can be found in tables D.3 and D.4. The specific symbols
used for the theory for the stroboscopic control are itemized in table D.5.

Table D.1: Globally used symbols

Symbol Description
0o matrix with only zero-entries
1 identity matrix
a1,02,03 parameters for proportional control and extended proportional control

C state matrix
D input matrix

Df linearization matrix of original dynamical system
F discrete map (stroboscopic map in section 5.5)
f continuous-time dynamical system
G least-squares linearization matrix
g dynamical system controlled by continuous-time proportional-control
I' coefficient matrix in least-squares method

'™ Moore-Penrose pseudoinverse of T

H,, Hy,, H3; Hurwitz determinants

K feedback gain

Kp Dbifurcation control parameter

Kp differential control parameter

Kp proportional control parameter
p  bifurcation parameter
v eigenvalue
n dimension of dynamical system

p(v) characteristic polynomial

g number of data points
R controllability matrix
T period length
t time

IX
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Description

initial time

u input (control) vector
v state vector

x state of dynamical system
control target for x

X stationary point

X9 Initial value

y target for the proportional control
Z  collection of data points
Z measured data of controlled dynamical system
¢ solution of an initial value problem
Y least-squares solution of Z="YT
(x,f1) stationary point of controlled system
(X,7,A) bifurcation point of controlled system
|- |lr Frobenius norm
Table D.2: List of derivative-related symbols
Symbol = Description
d L . .
ar derivative with respect to time
% derivative of x with respect to time
dxf partial derivative of f with respect to x
fu, fr  gradient of f with respect to  or A
Df Jacobian of f
Table D.3: List of variables and quantities used for the model (3.19) of the Zeeman catastro-
phe machine
Parameter Description Values
A fixed end of spring (—a,0)
negative x-coordinate of A 24.4mm
movable end of spring (A, u)

factor in damping constant 4

damping constant

S o W™ =

angle

(0,2m)
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Symbol Description Values
¢* control target for ¢ (0,2m)
k  spring constant 5N/m and 1N/m
Ly length of springs without tension 55mm
L; length of spring to fixed end A
L, length of spring to movable end B
A x-coordinate of B [200,280] mm
m  equivalent point mass of the disk 0.3kg or 0.1kg
i y-coordinate of B [—200, 200] mm
O origin (0,0)
P fixed point on edge of circular disk
p distance from P to O 65 mm
At time step for update 1/70s or 0.002 s

Table D.4: List of variables and quantities used for the model (5.8) of the Atomic Force

Microscope
Parameter Description Values
a acceleration of cantilever tip’s position
Ap free amplitude 250nm
Aex  driving amplitude
F,, excitation force
Foq oscillation damping force
F,; sample damping force
Fs¢  surface force
F;p spring force
Fi+ total force
¢ phase
¢ex phase of driving signal
¢. phase of cantilever tip
¢ phase (shift) Pex — P2
k spring constant 0.7N/m
m  mass of cantilever tip
r distance between atoms
ro minimizer of Vi 2.8nm
Q quality factor 400

damping factor 7-107*nN-nm? s

XI
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Symbol Description Values

o distance between atoms with Vi;(c) =0 2.5nm

Vo depth of the potential well 42-10718]

Vi; Lennard-Jones potential

v cantilever’s position velocity

x system’s position (z,0)T

cantilever’s actual position

zo cantilever’s equilibrium position 100 nm

Az softening parameter to avoid singularities 0.5nm

wo free resonance frequency 50kHz

weyx  driving frequency [48, 52] kHz

Table D.5: List of variables and symbols used for the stroboscopic control

Symbol Description

DF, DF(xy, ) inside a fixed point

OF, 9,F(x., ) inside a fixed point
1 partial derivative 9,{
F stroboscopic map

xr, Ur reference values for the stroboscopic control

E linearization matrix of variational equation of stroboscopic control
¢ control gain for the stroboscopic control
Y fundamental matrix of variational equation of eq. (5.11)
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