IRREDUCIBLE POLYNOMIALS
OVER FINITE FIELDS
FOR CODING AND CRYPTOGRAPHY

A thesis presented for the degree of
Doctor rerum naturalium (Dr. rer. nat.)
of the Faculty of Mathematics and the Natural Sciences,

University of Rostock

Universitat ¢
Rostock ¢

: Traditio et Innovatio

presented by

Anna-Maurin Graner

Rostock, 2024

https://doi.org/10.18453/rosdok _id00004733



Gutachter:
Prof. Dr. Gohar Kyureghyan, Universitat Rostock

Univ.-Doz. Dr. Arne Winterhof, Johann Radon Institute for Computational and Applied
Mathematics (RICAM), Linz

Jahr der Einreichung: 2024
Jahr der Verteidigung: 2024



Abstract

Irreducible polynomials over finite fields play a vital role in modern coding and cryptog-
raphy. In this thesis we determine a closed explicit formula for all generating polynomials
of a very popular set of codes - the cyclic and the constacyclic codes over finite fields.
This problem is equivalent to the factorization of the polynomials X™ — 1 and X™ — a into
monic irreducible factors over a finite field for positive integers n and a field element a # 0.
Though partial results existed no closed explicit formula for the factorization of these two
polynomials was known. From our formula for the polynomial X™ — 1 we derive the ex-
plicit factorization of its famous factor ®,,, the so-called n-th cyclotomic polynomial, over
a finite field. Among the first to study the factorization of ®,, over finite fields was Carl
Friedrich Gauss in 1876 and the polynomial has fascinated many mathematicians since
then. Additionally, our formula for the polynomial X™ — a can be extended to a closed
explicit formula for the factorization of any polynomial of the form f(X™) where f is a
monic irreducible polynomial over a finite field. This formula yields an algorithm for the
factorization of f(X"™) which performs much better than the existing factoring algorithms
in the computer algebra systems SageMath and Magma for large positive integers n.

For the construction and efficient implementation of finite fields we need irreducible polyno-
mials of a given degree and a low weight. Applications in cryptography call for irreducible
polynomials of a high order or other additional properties. In general it is a challenging
task to find irreducible polynomials. This task becomes even harder when we are looking
for irreducible polynomials with very specific properties. To tackle this problem we present
a construction of a large set of irreducible polynomial of the same degree from one given
irreducible polynomial. This large number allows the selection of the candidates with the
desired properties.
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Notation

In the following table we present the most used notation in this thesis. It is meant as a
lookup table for later reference. All parameters are properly defined in the chapters to

come.

Notation Definition
q a prime power
Fy, a finite field of size ¢
char(FF,) the characteristic of the finite field
Fq the algebraic closure of F,
Fy = IF,\{0}, the multiplicative group of F,
a an element of F,
ord(a) the multiplicative order of a € Fy
Fq(o) the smallest finite field F such that F, U {a} CF,
where a € F . for a positive integer k
Ma,g = Mo | the minimal polynomial of o over Fy,
where a € F . for a positive integer k
Xag =Xa | = (mmq)g, the characteristic polynomial of a € F x over Fy,
where k and d are positive integers such that d | k
and « is a proper element of F 4
[}« Ty = k, the degree of the extension F » over Fy,
the dimension of the Fy-vector space Fx
f a polynomial over [F,, an element of F,[X], often monic and irreducible
deg(f) the degree of a polynomial f, often denoted by k
ord(f) the order of f
the smallest positive integer e such that f | X¢ —1
e the order of a polynomial f € F,[X] or the order of a € F
coeffdeg, (f) | = [Fy(ao, ..., ax) : Fy]
for a polynomial f = Zf:o a; X" over F,a for a positive integer d
fo = Zf:o angi
for a polynomial f = Ef:o a; X' e F,q[X] and positive integers j and d
spin, [f] = H;ief desa /)71 f

VII




(f) the principal ideal generated by f in Fq[X]

Q a rational function over Fy, Q@ = ¥ € Fy(X) for g,h € Fo[X], h #0
fe the rational transformation h* - f($) € Fy[X],

where f € Fy[X] with deg(f) =k and Q = § € Fo(X)
N =1{1,2,3,4,5,6,...}, the set of the positive integers
n a positive integer
U, the set of all roots of the polynomial X™ — 1 for a positive integer n
Cn a primitive n-th root of unity, meaning: an element of U,

with ord({,) = n for a positive integer n such that ged(n,q) =1

o, the cyclotomic polynomial ®,, = [o<j<n—1 (X — 1) over F,
ged(j,n)=1
for a positive integer n such that ged(n,q) =1

P a prime number, not necessarily the characteristic of F,!
rad(n) the product of all distinct prime factors of n
vp(n) the p-adic valuation of a positive integer n
[m]n the residue class of m in Z/nZ

for an integer m € Z such that ged(m,n) =1

m mod n the remainder r of the division of n by m, n=m-z+r for z € Z

and 0 <r <n — 1, often we select » = n instead of r =0

ord,(m) the multiplicative order of m in Z/nZ
© the Euler totient function
d® = ged(n, gt — 1) for positive integers n and ¢
d® = ged(nq, O‘fia)) for positive integers n and ¢ and an element o of F,

where n = nj - ng such that rad(n1) | ord(«) and ged(ng,ord(a)) =1

dy®) = ged(ng, ¢ — 1) for positive integers n and ¢ and an element « of Fe,

where n = n; - ng such that rad(n) | ord(a) and ged(ng,ord(a)) =1

Cq.a(?) ={i-¢’ (mod d):j >0} the g-cyclotomic coset of i modulo d

for a positive integer d

CR4(d) a representative system of the g-cyclotomic cosets modulo d
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Chapter 1

Introduction

Polynomials are the first abstract mathematical object every school kid gets to know. Even
though this might not be visible at first sight, the set of polynomials over a field F,

F[X] = {aka—|—ak_1Xk_1+...—|—a1X+a0:ao,...,akGF,kGNU{O}},

hides a beautiful structure. This structure is similar to the ring of integers Z which we
all learned to calculate with in primary school. The polynomials form a commutative
ring and also a vector space over F. This allows us to add and multiply polynomials
with other polynomials or elements of the field F. In school these operations are used to
solve polynomial equations of degree less than or equal to two. We say that a polynomial
g € F[X] divides f € F[X], or, equivalently, g is a factor of f, if there exists a polynomial
h € F[X] such that f = g - h. In fact, we can even divide f by g with remainder, meaning
that there exist polynomials ¢, € F[X] such that 0 < deg(r) < deg(g) and f =¢q-g+r.
In high school, we learn to determine the polynomials ¢ and r with the polynomial long
division algorithm, an analogue of the long division algorithm in the ring of integers. In
fact, the division with remainder in F[X] is an analogue of the Euclidean division in the
ring of integers since both F[X] and Z are so-called Fuclidean domains.

Many mathematicians will agree that the most fascinating elements in the ring of integers
are the prime numbers, the natural numbers p > 2 whose only factors are 1 and p itself.
Even though Euclid’s famous and elegant proof (circa 300BC) tells us that there exist
infinitely many prime numbers, they are hard to find. In practice, it also is difficult to
determine whether a given positive integer is prime or not. The prime numbers have been
studied for more than two thousand years and still capture the attention of mathematicians
all over the world.

The prime number’s equivalent in the Euclidean domain of the polynomials are the monic
irreducible polynomials. A polynomial f = a3 X* + ap_ X*¥ ' + ... + a1 X + ag € F[X]
of degree k is called monic if ap = 1. Furthermore, f is irreducible if deg(f) > 1 and for
every g, h € F[X] such that f = g - h holds deg(g) = 0 or deg(h) = 0. From the definition
follows immediately that every polynomial of degree 1 is irreducible. A polynomial f of
degree 2 or 3 is irreducible if and only if there does not exist a root a of f in [F, meaning
an element « satisfying f(«) = 0. This is due to the fact that any element o € F is a root
of f if and only if the polynomial X — « divides f. Things become more complicated for
polynomials of a higher degree. Obviously, a polynomial f € F[X] of degree > 4 which
has a root « in F is reducible, because then X — « is a factor of f. However, if f does not
have a root in F it is in general challenging to determine whether it is irreducible or not.

For every integer n there exists a product n = u- pll1 - plm which is unique up to reordering,
the prime factorization of n, where u € {—1,1} is a unit in Z, py, . .., py, are distinct prime



Chapter 1. Introduction

numbers and [q,...,l, € N. Then the product p; - p2 - - - pn, is called the radical of n and
denoted by rad(n). Furthermore, for any 1 < i < m, the p;-adic valuation of n, vp,(n), is
the exponent /;. For any other prime p such that p { n, we set v,(n) = 0.

Like the prime factorization in the ring of integers, every polynomial f € F[X] of degree
> 1 can be described as a product a - gll1 - glm which is unique up to reordering, of a
field element a € F\{0} and m distinct monic irreducible polynomials g1, ..., gm € F[X],
li,...,lm € N. We call this product the (unique) factorization of f (into monic irreducible
polynomials over IF ). Finding this factorization for a given polynomial is at least as difficult
as determining whether the polynomial is irreducible or not, because f is irreducible if and
only if the factorization of f equals a - g1 for a monic irreducible polynomial ¢g; € F[X]
and a field element a € F\ {0}. Without loss of generality we can assume that f is monic.
Indeed, if a; # 1, then the polynomial f= a,;l - f is monic and the factorization of f
equals ay, -gll1 .- -gf;l”, where gil x -gf;l” is the factorization of f.

The factorization of a polynomial yields a lot of information about its roots. Let f be a
monic polynomial over F of degree k. Then f has a monic irreducible factor X —b € F[X]
of degree 1 if and only if b € F is a root of f. These factors are called linear factors. There
exists an extension field [E of F such that the factorization of f over E consists only of linear
factors. More precisely, there exist 1, ..., Bm € Esuch that f = (X — 1) -+ (X — Bm)bm,
where [1,...,l,, € N. Thus, f1,..., 8, are the roots of f with multiplicities Iy, ..., L.
Moreover, if f has an irreducible factor g of degree greater than 1, then there exists a root
a of g in an extension field E of F with deg(g) = [E : F]. Here [E : F] is the dimension of E
seen as a vector space over [F. Since « is a root of g and g is a factor of f, a is a root of f.

The irreducibility and the factorization of f also determine the structure of the quotient
ring

FIXT/(f) = {r +{f): r € FIX]} = {lr] : r € FIX]},

where (f) = {f ¢ : g € F[X]} is the principal ideal generated by f. By the Euclidean
division in F[X] the elements of F[X]/(f) are in fact the residue classes [r] = r + (f) of
the polynomials r € F[X] with 0 < deg(r) < deg(f) = k.

The quotient ring F[X]/(f) is a field if and only if f is irreducible. Since for every a € F,
there exists the residue class [a] in F[X]/(f), the quotient ring F[X]/(f) can be viewed as
an extension of the field F. The best known example for this construction are the complex
numbers:

C:=R[X]/(X?*+1) = {[a+bX]:a,bc R},

Let f = XF4ap_ 1 X* 14+, .+ a1 X +ag, where ag, . . ., a_1 € F. From the fact that [0] =
[f] = [X*+ar_1 XF 14+, 4a; X +ao], we obtain that [X¥] = [~ap_ X* 1 —.. . —a; X —aq]
and all computations in F[X]/(f) are simplified with this identity. In the complex numbers
this is the identity [X?] = [X]? = [~1]. The number of operations during the simplification
is determined by the number of terms in the polynomial —a;_; X*~' —... —a1X —ag, and
therefore by the number of terms in f. The number of terms, or more precisely, the number
{0 < j < k| a; # 0} of non-zero coefficients of the polynomial f, is called the weight
of f. For an efficient computation in the extension field F[X]/(f) it is of great interest to
find irreducible polynomials of a low weight. Polynomials of a low weight are also called
sparse polynomials. They are difficult to find, because the number of sparse polynomials
in general is much smaller than that of polynomials with a higher weight.

Note that the element [X] is a root of f in F[X]/(f) because f([X]) = Z?:o a;[ X} =
[Z?:o a;X7] = [f] = [0]. We can write o := [X] and

FIX]/(f) = {bo Fbiad ...+ bpa® by, by € F} : (1.1)
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where « satisfies f(a) = 0. In the complex numbers the root [X] of X2 +1 is called 4, the
imaginary unit, which satisfies 2 = —1. With (1.1) we obtain the familiar description of
the complex numbers:

C={a+bi:abeR}.

If f is not irreducible, then the factorization gil -~ glm of f into monic irreducible polyno-
mials over I determines the structure of the quotient ring F[X]/(f). The principal ideal of
f satisfies: (f) = ﬂ;’;ﬁgil) and (gfl> + (g§j> = (1) for all i # j. Consequently, the Chinese
Remainder Theorem implies that:

FIX]/(f) = F[X]/{gy') x .. x FIX]/{(g). (1.2)

Furthermore, every ideal in F[X]/(f) is defined by a factor of f as follows: F[X]/(f) is
a principal ideal domain, because for every nonzero ideal Z C F[X]/(f) there exists a
unique monic polynomial g # 0 of minimal degree, deg(g) < deg(f), such that [g] € Z.
Indeed, for every element [h] € Z there exist polynomials ¢, € F[X| with deg(r) < deg(g)
such that h = ¢ - g + r. Since Z is an ideal, we obtain that [r] = [h] — [q] - [g] € Z and
from the minimality of g follows that » = 0. Thus, Z = ([g]). The residue class [1] is an
element of Z = ([g]) if and only if ged(g, f) = 1. Consequently, Z is a proper ideal if and
only if ged(g, f) = d for a polynomial d € F[X] of degree deg(d) > 1. Then there exist
polynomials q1, g2 € F[X] such that d = ¢1 - g+ q2 - f. Thus, [d] € ([g]) which implies that
d = g and g is a factor of f.

Then the set of ideals in F[X]/(f) is

(T CFIX)/(f) : T ideal} = {{[gf* -~ gix]) i1 < Do < lun)s (13)

where f = gil - glm is the factorization of f into monic irreducible factors over F.

In this thesis we concentrate on polynomials over finite fields. From the fact that there
are only finitely many elements in a finite field follow many interesting properties which
we briefly present here.

1.1 Crash Course: Finite Fields

There exists a finite field F, with ¢ elements if and only if ¢ = p" for a prime p and a
positive integer m. If m = 1, then F, = Z/pZ. Otherwise, there exists an irreducible
polynomial f € F,[X] such that F, = F,[X]/(f). All finite fields of size ¢ are isomorphic
and the characteristic char(F,) of F equals p. The fact that char(F,) = p implies that for
any a,b € F, holds (a+b)? = a” +bP. Furthermore, the multiplicative group F; = IF,\ {0}
is a cyclic group generated by a so-called primitive element b € Fy of order ¢ — 1 such that
(b) = . From this fact follows that a? = a and ord(a) | ¢ — 1 for every a € F}, where
ord(a) denotes the order of a in the multiplicative group Fg.

We denote by ¢ : N — N Euler’s totient function, which is defined as
p(n)={1<j<n:ged(n,j)=1}

for any positive integer n. Recall that in every cyclic group there exist exactly ¢(d)
elements of order d for every divisor d of the group’s order. Consequently, there exist
exactly ¢(¢ — 1) primitive elements in F,. For any positive integer n we further denote
by [m], the residue class m + (n) of m € Z in the quotient ring Z,, := Z/nZ = Z/{n).
Then Z, the multiplicative group in Z,, has order ¢(n) and we denote by ord, (m) the
multiplicative order of [m],, in Z;.

For every positive integer n such that ged(n,q) = 1, there exists an element ¢, of order n
in the extension field F oran(q) of Fq. The element ¢, is a generator of the multiplicative
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group U, of the roots of the polynomial X" — 1 and we call it a primitive n-th root of
unity. For any other element a € Fy \ {1} there exists a root b € F, of the polynomial

—1
X™ — a, such that b" = a, if and only if agcdzfl’") = 1. If b" = a, then the order of a

satisfies ord(a) = #d%)n)'

Let f € F4[X] be a monic irreducible polynomial of degree k over F, and « be a root of f,
that is f(a) = 0. Then f is called the minimal polynomial of o over F,, which we denote
by ma,q, and its degree k equals ordq(q) (q). For every other polynomial g € F,[X] with
g(a) =0 holds f =mq4 | g. Furthermore,

f=(X—-a) (X —a%) (X —a?"

1)7
and the elements % for 0 < j < k — 1 are called the Fy-conjugates of o. For every
1 < j <k —1 the order of a? equals the order of a. The order ord(g) of any polynomial
g € Fy[X] with ¢g(0) # 0 is defined as the least positive integer e such that g divides
X¢ — 1. Interestingly, for an irreducible polynomial f € F,[X] of degree k with a root «
holds ord(f) = ord(a) = ord(a?) for all 0 < j < k — 1. Because of this, we can call the
polynomial f a primitive polynomial when « is a primitive element or, equivalently, when
ord(a) = ¢* — 1.

Since « is a root of the monic irreducible polynomial f of degree k, « is an element of
the extension field Fqk and there does not exist a subfield F, <TF < Fqk such that o € F.
Therefore, we call a a proper element of F . By Fy(a) we denote the smallest field such
that T, U {a} C Fy(a). Thus, Fy(a) = Fp = Fy[X]/(f) and [Fy(a) : Fy] = k. The
algebraic closure of the finite field Fg, the extension field which contains all roots of all
polynomials over Fy, is denoted by Fq. If a e Fq is an element of F 4 for a positive integer

d, then the characteristic polynomial Xa,q of & € Fya over Fy is defined as H;l;é (X — oij).
The characteristic polynomial satisfies Xa.q = (Maq)?*, where k = deg(ma.q)-

Every finite field F,m of size ¢"* forms a vector space of dimension m over Fy. If (v, ..., ap)
is a basis of Fym over [Fy, then every element a; - a1 + ...+ ay, - apy, in Fgm can be denoted
by its coefficient vector (ai,...,an) € Fy*. Many applications call for a simultaneous use
of Fym as an extension field and as a vector space over F,. This can easily be realized
if the finite field Fgm is constructed as Fy[X]/(f) with a so-called normal polynomial
f- A monic irreducible polynomial of degree m with a root « is called normal or N-
polynomial if its roots o, ..., ad" " are linearly independent over [, or, equivalently, if
the degree of the greatest common divisor of the polynomials g, = aX™ 1 + a?X™ 2 +
4" X + 07" and X™ — 1 over Fgm is 0. If f is a normal polynomial, then the
elements [X], [X]4,...,[X ]qu1 form a normal basis of F,n over Fy, because the element
[X] is a root of f in Fy/(f) = Fgm. As a generalization of the concept of normality, a
polynomial is called k-normal if the greatest common divisor of g, and X" — 1 has degree
k or, equivalently, if the dimension of the vector space generated by {«,a?,... ,oﬂm_l}
over [F, has dimension n — k.

The Lagrange Interpolation Formula implies that for every map ¢ : F, — [, there exists a
polynomial f € F,[X] such that f(a) = ¢(a) for all a € F,. Thus, polynomials over finite
fields describe all maps over finite fields. We denote by ¢; : F; — F, the map defined as
¢f(a) = f(a) for all a € Fy. From the identity a? = a for all a € F follows that ¢x« = ¢x.
Consequently, for every polynomial f € F,[X] there exists a polynomial g € Fy[X] of
degree strictly smaller than g such that ¢y = ¢4. Therefore, all maps over a finite field can
be described by the polynomials of degrees smaller than ¢:

{6 :Fg = Fo} ={oy | f € Fy[X], deg(f) < q}

Thus, the polynomials over a finite field play a much more important role than the poly-
nomials over an infinite field.



1.2. Irreducible polynomials in coding and cryptography

A generalization of the polynomials are the rational functions. Let g and h be polynomials
over Fy, where h # 0, then Q = # € Fy(X) is called a rational function over F, and
its degree is defined as max{deg(g),deg(h)}. For any polynomial f € F,[X] of degree
k the polynomial fQ := RrF. f (£) € F4[X] is called the Q-transform of f. Rational
transformations are often used to construct irreducible polynomials (see Section 1.2.3).

Remark 1.1. In many publications the character p is exclusively used for the characteristic
of the finite field F, of ¢ = p™ elements, where m € N. Since we mostly concentrate
on positive integers n such that ged(n,q) = 1, we do not use char(F,) often. Therefore,
in this thesis p is simply a prime number. We state explicitly whenever p denotes the
characteristic char(F,) of Fy.

1.2 Irreducible polynomials in coding and cryptography

1.2.1 Irreducible polynomials in cyclic and constacyclic codes

Almost all modern error-correcting codes and cryptographic ciphers are defined on bits
and bytes, elements of the finite field Fy, the vector space F§ or Fa-vector spaces of a
higher dimension. FError-correcting codes are used for the transmission of data through
noisy channels. Suppose that a sender (Alice) is sending a message m € FJ to a receiver
(Bob) and some bits of this message are not transmitted correctly. That is, an error e € Fy
occurs so that Bob receives the message m + e instead of m. Probably Bob will not guess
correctly what the message m might have been. To avoid this, Marcel J. E. Golay and
Richard Hamming started to work on the first error correcting codes at the end of the
1940s [Ham50|. These codes are designed to add redundancy to the message m so that
even if some bits of m are changed by the error e, Bob is still able to decode the received
message correctly:

encoding decoding

c(m) c(m)+e
transmission

A code C is simply a subset of Fy. One of the most studied types of codes are the cyclic
codes. A code C is called cyclic if it is an Fy-subspace of Fy and for every code word
(coy.--,cn—1) € C the shifted word (c,—1,cp,...,cn—2) is an element of C as well. Any
element (cq,...,cp—1) of [Fy can be interpreted as the coefficient vector of the element
[cot+c1 X +...+cp—1 X" ! in the quotient ring F,[X]/(X™ —1). Then multiplication with
[X] yields the residue class [c,—1 + coX + ...+ ¢,—2X™ '] which corresponds to the code
word (¢p—1,¢0,-..,cn—2). By abuse of notation, we write C C F,[X]/(X"™ — 1) and C is a
cyclic code if and only if C is an Fy-subspace and [X]-¢ € C for all ¢ € C. This is equivalent
to being an ideal in F,[X]/(X™ — 1). Suppose that the factorization of X™ — 1 into monic
irreducible factors over I, is given by gll1 <o gl where g1,...,gm are pairwise distinct
monic irreducible polynomials over F, and [y, ...,l,;, € N. Then with (1.3) every ideal in
F,[X]/(X™ — 1) is of the form (gi'---gim), where i1 < l1,...,im < lnm. The polynomial
glf -+ glm is called the generating polynomial of the cyclic code C. In order to find all cyclic
codes in Fy it suffices to factor the polynomial X™ —1 € Fy[X].

Without loss of generality we can restrict ourselves to the positive integers n satisfying
ged(n, q) = 1. Indeed, if n = char(F,)! -7 for positive integers [ and 7 such that ged(fi, q) =
1, then X" — 1 = xchar(Fg)'i _ 1 — (X7 — 1)Char(]Fq)l and we can study the factorization of
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the polynomial X — 1 instead. Thus, let n be a positive integer such that ged(n,q) = 1.
Then there exists a primitive n-th root of unity ¢, in F, such that U, = ((,) and X" —1
decomposes over I, as

n—1
xr-1=J]x-¢0=[[x - (1.4)
¢eln Jj=0

If n divides ¢—1, then ¢, € F, and (1.4) is the factorization of X™ —1 into monic irreducible
factors over ;. Otherwise, the factorization of X™ — 1 into monic irreducible polynomials
over F, consists of the minimal polynomials of the elements ¢;,, where 0 < j <n — 1.

The factorization of the polynomial X™ —1 over finite fields has been studied since the 19th
century. Carl Friedrich Gauss [Gau76; Gau89] was among the first to study the factors of
X"™ — 1 which are called cyclotomic polynomials over prime fields. For a positive integer n
such that ged(g,n) = 1 the n-th cyclotomic polynomial ®,, is defined as

¢, = H (X - erz)
0<j<n—1
ged(j,n)=1
Thus, ®,, is the polynomial whose roots are the ¢(n) distinct primitive n-th roots of unity
over [F, and

X"—1:H<1>d.

din

Consequently, if the factorization of ®; over I, is known for every divisor d of n, these
factorizations yield the factorization of X™ — 1 over F,. Vice versa, from a complete
factorization of X™ — 1 the factorization of all cyclotomic polynomials ®; with d dividing
n can be derived, if the order of the irreducible factors is known.

The cyclotomic polynomial ®,, can be described as a rational function over F, using the
Mobius inversion formula:

o, = [J(X? = 1)"@) € Fy(X), (1.5)
din

where p is the Mobius function. The Mobius function is defined for every positive integer
n with prime factorization n = pll1 cooplmas

1 ifli=...=1, =1and m is even,
pn)=<¢ -1 ifly =... =1, =1and m is odd,

0 otherwise.

Equation (1.5) is used in computer algebra systems for a fast computation of the factoriza-
tion of ®,, over F,. However, the computation involves polynomial division as (1.5) does
not give the factorization of ®,, over I, explicitly.

Though partial results existed, which we present in Section 2.1, the explicit factorization
of either X™ — 1 or the cyclotomic polynomial ®,, for arbitrary positive integers n was still
unknown.

The concept of cyclic codes has been extended in 1968 by Berlekamp to so-called consta-
cyclic codes [Berl5, p.303|. A constacyclic code or an a-constacyclic code C of length n is an
ideal in the quotient ring Fy[X]/(X" — a), where a is an element of F;. This is equivalent
to C being an [ -subspace of Fy' with the property that for every (co,...,cn—1) € C the
element (a-cp—1,co,...,Cn—2) is a code word in C as well. Again with (1.3) all constacyclic
codes are defined by the factorization of the polynomial X" — a over F,.
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A constacyclic code of length n is called simple-root if ged(n,q) = 1 and repeated-root if
ged(n, q) > 1. The code properties of repeated-root and simple-root codes differ, but this
distinction is irrelevant for the determination of the generating polynomials. This is due to
the fact that the factorization of X™ — a for all positive integers n such that ged(n,q) > 1
can easily be derived from the factorization of X” — a for the positive integers satisfying
ged(n, q) = 1, as the following remark shows.

Remark 1.2. Suppose that n = 7 - char(F,)!, where gcd(7i,q) = 1 and | € N, then there
exists an element b € F, such that a = behar(Fa)' Tf the factorization of X™ — b into monic
irreducible factors over F, is given by gll1 <o glm then

X" g — Xﬁ'char(Fq)l o bchar(IE‘q)l _ (Xﬁ _ b)char(lﬁ‘q)l

l1-char(Fy)! lmchar(Fg)!
factors as gllcar( 2 ---gn’;”car( a)

In 1866 Joseph Alfred Serret gave an irreducibility criterion for the polynomial X" — a
over prime fields which can be adapted for arbitrary finite fields F, (see Theorem 2.22).
The study of the explicit factorization of X™ — a for a # 1 over finite fields started in the
1990s for @ = —1 and n = 2! for a positive integer | [BGM93; Mey96].

In 2012 Chen, Fan, Lin and Liu [Che+12] wrote

“It is remarkable that, though all irreducible binomials over F, have been explicitly
characterized by Serret early in 1866, no effective method was found to characterize
the irreducible factors of X" — a over Fy so far. It is a challenge to determine
explicitly the polynomial generators of all constacyclic codes over finite fields.”

In 2023, though partial results existed, which we present in Section 2.2, the explicit fac-
torization of X" — a over F, for arbitrary elements a € Fy and arbitrary positive integers
n was still unknown.

1.2.2 Overview of Chapter 2

In Chapter 2 we give one closed explicit formula each for the factorization of

« X" —1, (Theorem 2.47)
x Dy, (Theorem 2.49)
* X" — a for arbitrary a € Fy, (Theorem 2.41)
% f(X™) for arbitrary irreducible polynomials f € F,[X], f # X, (Theorem 2.61)

over [, for arbitrary positive integers n such that gcd(n,q) = 1.

Our main theorem, Theorem 2.41, is a closed explicit formula for the factorization of X™—a
into monic irreducible polynomials over F, for arbitrary a € F; and arbitrary positive
integers n satisfying ged(n, ¢) = 1. With our main theorem and Remark 1.2 we determine
the generating polynomials of all constacyclic codes over finite fields (Corollary 2.45).

As a direct consequence of our main theorem we obtain a closed explicit formula for the
factorization of X™ — 1 over [, for arbitrary positive integers n satisfying ged(n, q) = 1,
Theorem 2.47. Thus, we determine the generating polynomials of all cyclic codes over
finite fields (Corollary 2.48).

From Theorem 2.47 we derive Theorem 2.49, a closed explicit formula for the factorization
of the n-th cyclotomic polynomial ®,, for arbitrary positive integers n such that ged(n, q¢) =
1.

Since X™ — a is a composition of the form f(X™) for the monic irreducible polynomial
f = X —a € Fy[X] one might think that we derive the factorization of X" — a from
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our formula for the factorization of f(X™). However, instead we use a result by Mullin,
Mullen and Yucas, Theorem 2.8, to derive Theorem 2.61, a closed explicit formula for
the factorization of the composition f(X™) for arbitrary monic irreducible polynomials
[ € Fy[X], f # X, and arbitrary positive integers n satisfying ged(n, ¢) = 1, from our main
theorem. The connection between the two polynomials X™ —a and f(X™) is discussed and
explained in the beginning of Chapter 2.

The formula given in Theorem 2.61 can be translated into an algorithm, Algorithm 2,
for the computation of the factorization of f(X"™) over F, for arbitrary positive integers
n and arbitrary irreducible polynomials f € F,[X]. Our naive implementation of this
algorithm in Python is faster and much more stable than the existing factoring functions
in the computer algebra systems SageMath and Magma for many positive integers n. In
particular, for large positive integers n our algorithm allows us to factor polynomials which
cannot be factored with either SageMath or Magma.

Chapter 2 is structured as follows:

Section 2.1 We list all positive integers n for which explicit factorizations of the polyno-
mial X" — 1 and the cyclotomic polynomial ®,, over F, were known before

(see Table 2.1 and Table 2.2).

Section 2.2 We list all positive integers n for which explicit factorizations of the poly-
nomial X" — a for arbitrary a € F} were known before (see Table 2.4).

Section 2.3.1 We determine and prove a closed explicit formula for the factorization of
X"—a for arbitrary a € Fy and all positive integers n such that rad(n) | g—1
and (4fnor ¢ =1 (mod 4)) (Theorem 2.37).

Section 2.3.2 We derive our main theorem, a closed explicit formula for the factorization of
X™—a for arbitrary a € Fy and all positive integers n satisfying ged(n, q) =
1, from the formula given in Section 2.3.1.

Section 2.3.3 As a corollary of our main theorem we obtain a closed formula for the
generating polynomials of all constacyclic codes, Corollary 2.45.

Section 2.4 We translate our main theorem into an algorithm for the factorization of
X™ — a over F,, Algorithm 1.

Section 2.5 We derive closed explicit formulas for the factorization of X™ — 1 and &,
for all positive integers n satisfying ged(n,q) = 1 from our main theorem
(Theorem 2.47 and Theorem 2.49).

Section 2.5.1 As a corollary of Theorem 2.47 we obtain a closed formula for the generating
polynomials of all cyclic codes, Corollary 2.48.

Section 2.6 We present and discuss all explicit formulas for the factorization of f(X™)
over [F, which were known before.

Section 2.7 We derive Theorem 2.61, a closed formula for the factorization of f(X™) over
[F, for arbitrary monic irreducible polynomials f and all positive integers n
satisfying ged(n,q) = 1, from our main theorem.

Section 2.8 We translate Theorem 2.61 into an algorithm for the factorization of f(X")
over F,, Algorithm 2.

Section 2.9 We present an implementation of Algorithm 2 and compare its performance
with the existing factoring functions in the computer algebra systems Sage-
Math and Magma.
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1.2.3 Irreducible polynomials in cryptography

Another important application of irreducible polynomials over finite fields are crypto-
graphic algorithms, also called ciphers. A cipher is needed whenever a sender (Alice)
wants to send a message to a receiver (Bob) and fears that the message might be inter-
cepted and read by another party. Then Alice encrypts her message using a cipher and
sends the encrypted message to Bob, who can read the original message after decrypting
it.

m m ——| Bob

encryption decryption

c(m) c(m)
transmission

The Advanced Encryption Standard (AES), also known as Rijndael, which is used for the
encryption of classified documents by the US government since 2002! | is defined on blocks
of 128 bits, elements of F}?8, with key lengths of 128, 192 or 256 bits. The specification
of the AES can be found in [ST01]. The vector spaces F328 F192 and F3% over F can be
viewed as finite field extensions of Fo and the security of the cipher also depends on the
algebraic properties of the cipher in the finite field. In the AES, the 128bit element of F}28
is split into 16 bytes, that is, 16 elements of F§ (the so-called state array):

$0,0 So,1 So0,2 S0,3

128 31,0 31,1 31,2 31,3 8\4 x4
(b127,...,6120,...,b7,...,b0)GFz — G(FQ) .
N’ N — 8270 8271 82’2 82’3

byte s0,0 byte s3,3

$30 S3,1 S32 833

Every byte (a7,...,ap) € F5 of the state array is cast to the finite field Fos as [a7 -
X"+ ...+ a1 X + ag] € Fo[X]/(f), where f = X% + X% + X3 + X + 1 € Fo[X]. The
irreducible polynomial f has order 51, is 1-normal and of weight 5 (which is the lowest
possible weight for an irreducible polynomial of degree 8 over Fg). The 16 field elements
are then substituted using a so-called S-Box. An S-Box is simply a permutation of the
finite field Fos. The choice of this S-Box is crucial and a lot of research has been conducted
to find S-Boxes with good cryptographic properties (see for example [Can05; Liu+05;
CBO08; TBDO08; KK09; KR08; AHJ10; Cui+11; HJ12]). Conventionally, the AES uses a
composition of the inverse function where 0 is mapped to itself with an affine function.
In the next step, the rows of the state array are shifted. Then, in the third step of
the cipher, the columns of the state array are interpreted as the coefficient vector of a
polynomial over Fos, that is, the column (sq j,s1,;, 525, 53,;) defines the polynomial s; =
83, X3 + 82, X2 + 81;X + 805 € Fos[X]. Let Fos = Fo[X]/(f) = Fa(a), then in the third
step the column s; is replaced by the result of the multiplication s;-¢g mod X 441, where
g=(a+1)- X3+ X%+ X +a € Fys[X]. In the last step, keys are added bit-wise to the state
array. However, to generate the keys (Key Expansion) the polynomial h = X3 € Fys[X] is
used to rotate the entries of an element (b, by, ba, b3) € Fos. More precisely, the coefficients
of the polynomial (b3 X3 + b X? +bX +bg)- X3 mod X* 41 are (by, ba, b3, by). Obviously,
the finite field Fos plays a central role in this cipher and the complexity of the computations
in Fos is determined by the polynomial f = X8 + X4 + X3 + X + 1.

The computational power of our computers grows fast and ciphers that might be secure
today will not be secure anymore in the future. The next milestone is going to be the

!The AES has been FIPS-approved (Federal Information Processing Standard) and become effective on
May 26, 2002.
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quantum computer and cryptographers have been working on ciphers resistant against its
computational powers for years. The Kyber cipher won the six-year NIST competition for
quantum-resistant cryptographic algorithms in 20222, Its specification is given in [Ava+20].
Kyber is based on the quotient ring Rssag := F3329[X]/(X?°® 4 1). Since the factorization
of X?°64+1 into monic irreducible polynomials over F33a9 is given by X276 41 = Hg% (X2~

22;'6"1), the ring Rgsa9 is isomorphic to

Fas20[X]/(X? — (956 % ... x Fage[X]/(X? — (5:7™1)

and multiplications in Kyber are computed in this ring. There exist three different versions
of Kyber. All of them are defined on 256 bits and the public key consists of 3072 - k bits
for k € {2,3,4}. Without going into any details of the cipher specification, we can see
that larger computational power leads to ciphers over much larger finite fields. And that
ciphers depend on polynomials over finite fields and their factorization. Thus, irreducible
polynomials over finite fields are indispensable in our modern world.

There exist many different approaches to the construction of irreducible polynomials over
a finite field. A popular technique is the so-called composition method. With this method
one takes an irreducible polynomial f over [, of degree k£ and composes it with a rational
function Q@ = § € Fy(X) such that the rational transformation f@ =nkf (%) is irreducible
itself. The new irreducible polynomial f€ is of degree k - deg(Q). Usually, the rational
function @ is chosen so that the new degree is higher than the initial degree k.

The technique can easily be applied recursively by constructing f<, (f@)%, ((f9)9)?,...,
and yields a sequence of irreducible polynomials of increasing degree and order. Construc-
tions of this type have been presented in [Wie88; Mey90; Coh92; McN95; Kyu02; Kyu03;
Kyu06; AK11; KK11; PRW20].

In [Ugol13; Ugolb; Ugol6]| the author considers polynomials such that the rational trans-
formation f€ is not irreducible but factors into two irreducible polynomials of the same
degree. He then selects one of the irreducible factors and applies the Q-transform to this
factor. With this procedure he obtains a finite sequence of polynomials of the same degree
until the rational transformation is irreducible for one polynomial of the sequence and the
classical recursive method applies again.

In [Mey95| the author shows that the polynomials obtained from the construction in
[Coh92| are normal polynomials. That is, the roots of these polynomials are linearly
independent over F;. [Cha97]| gives a simpler proof for the fact that the constructed poly-
nomials in [Coh92| are normal and extends the result to the polynomials constructed in
[McN95|. There exist several constructions of normal polynomials [Sem89; VG90; Gao93]
- some of which also use the composition method [Kyu04; AM15; SAS22|. Recursive ap-
plication of the composition method has also be used to construct sequences of k-normal
polynomials in [ADM18; KS20].

1.2.4 Overview of Chapter 3

In Chapter 3 we present a recursive construction of a large set of irreducible polynomials (of
the same degree) over F, which is based on a reversal of the popular composition method
for the composition f(X™). More precisely, from one given monic irreducible polynomial
[ =mgq4 € Fy[X], we construct mgn 4 for every positive integer n such that rad(n) | (¢—1),
where 3 is a root of f.

If we are looking for a monic irreducible polynomial of the same degree as f but with better
cryptographic properties, chances are high that there are polynomials of low weight (or

Zhttps://www.nist.gov /news-events /news/2022 /07 /nist-announces-first-four-quantum-resistant-
cryptographic-algorithms
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any other desirable property) among them. Moreover, all computations of our construction
are carried out in F, which is a big advantage since computations in extension fields are
costly.

Additionally, the behavior of our construction can be used to gain information on the order
of the monic irreducible polynomial f. Recall that the order of f was a divisor of ¢4¢8(/) —1.
We define Construction 2 which determines a list of candidates for the order of f (much
smaller than the set of divisors of ¢de8(/) — 1) with computations carried out only in Fy.
For some polynomials f it even yields the exact order of f.

Chapter 3 is structured as follows:

Section 3.1 We present two known constructions of mgn 4 from mg 4 for positive integers
n whose ideas we combine and extend to define our new construction.

Section 3.2 We present and prove new theoretical results on the characteristic polyno-
mial xgn, and the minimal polynomial mgn 4 of 3" over F, for positive
integers n.

Section 3.3 We derive the new construction, Construction 1, from our theoretical results
in Section 3.2 and discuss how its behavior can be used to gain informa-
tion on the order of f. These observations result in a second construction,
Construction 2.

Section 3.4 We discuss which polynomials can be constructed with Construction 1 and
develop a procedure to compute all of them quite efficiently. Additionally,
we present and discuss an implementation of Construction 1, Construction 2
and this procedure.

1.3 How to use the source code in Appendix B

In Appendix B we present the source code of SageMath/Python implementations of many
theoretical aspects discussed in Chapters 2 and 3. SageMath is an open-source computer
algebra system written in Python. Information on how to install SageMath can be found
here:

https://doc.sagemath.org/html/en/installation/index.html.
A comprehensive tutorial for the use of SageMath can be found here:
https://doc.sagemath.org/html/en/tutorial/index.html.

After having installed SageMath open a terminal and start SageMath with the simple
command:

sage

Inside the sage: command line, a program given in a .sage-file can be executed with the
following command. Here /path/to/sage/files/ should be replaced with the path to
the folder, where the .sage-file is, and filename.sage should be replaced with the name
of the .sage-file.

sage: load (" /path/to/sage/files/filename.sage")

The first two files presented in Appendix B - B.1 RichFiniteFieldClass.sage and B.2
RichPolynomialClass - consist of a set of Python classes and functions that are useful for
working with the same polynomial over different finite fields and their base or extension
fields. Both files need to be preparsed in order to be loaded as a python module in other
SageMath programs. To preparse the file RichFiniteFieldClass.sage navigate to the
folder which contains the file and use the following terminal command (in your computer’s
terminal, not in the sage: command line):

11
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sage --preparse RichFiniteFieldClass.sage

In the same folder there will appear a file named RichFiniteFieldClass.sage.py which
can be renamed to RichFiniteFieldClass.py and loaded as a Python module by adding
the following line to the beginning of your Python or SageMath code:

from RichFiniteFieldClass import

The file RichPolynomialClass.py can be obtained in the same way. All programs which
we present in Appendix B use the classes RichFiniteFieldClass and RichPolynomial-
Class. The SageMath script B.3 RichTutorial.sage illustrates how to use the two mod-
ules.

Remark 1.3. The class RichExtensionField from the module RichFiniteField is based
on the SageMath class RelativeFiniteFieldExtension® which is marked as experimen-
tal. The class throws a warning when SageMath creates an instance of this class. However,
at the moment the class simply uses the function Hom to obtain a homomorphism between
the two finite fields. This function belongs to the standard library of SageMath.

List of Source Code in Appendix B

B.1 RichFiniteFieldClass.sage . . . . . . . . . . .. .. ... ... ... ..., 115
B.2 RichPolynomialClass.sage . . . . . . . . . .. .. .. ... .. ... .. ... 118
B.3 RichTutorial.sage . . . . . . . . . . . . . 123
B.4 UsefulFunctions.sage . . . . . . . . . . ... 125
B.5 TIrreducibleGenerator.sage . . . . . . . ... Lo 128
B.6 CompositionGenerator.sage . . . . . . . . .. ... 129
B.7 Ch2-Example.sage . . . . . . . . . . 130
B.8 fXnAlgorithm.sage . . . . . . . . . . . . ... 137
B.9 Ch2-TestNewAlgorithm.sage . . . . . . . ... ... ... ... ...... 142
B.10 Ch2-MagmaMeasurements.txt . . . . . . . . . . . . ... ... ... 147
B.11 Ch3-Example.sage . . . . . . . . . . . 148
B.12 ConstructionClasses.sage . . . . . . . . . . . ..o 155
B.13 Ch3-ConstructionKK.sage . . . . . . . . . .. ... ... ... .. ... 163

3https://doc—gitlab.sagemath.org/html/en/reference/coding/sage/coding/relative_finite_
field_extension.html [February 26, 2024]
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Chapter 2

Closed formulas for the factorization
of X" —a, X" —1, the n-th
cyclotomic polynomial ¢, and f(X")

Our main theorem in this chapter, Theorem 2.41, is a closed formula for the factorization
of the polynomial X™ — a into monic irreducible polynomials over F, for every element
a € F; and every positive integer n such that ged(n, ¢) = 1. From Theorem 2.41 we derive
closed explicit formulas for the factorization of X" —1 (Theorem 2.47), the n-th cyclotomic
polynomial ®,, (Theorem 2.49) and compositions of the form f(X™) for arbitrary monic
irreducible polynomials f € F,[X], f # X, (Theorem 2.61), for arbitrary positive integers
n such that ged(n,q) = 1. Both Theorem 2.41 and Theorem 2.61 can be translated into
an algorithm for the computation of the factorization of X™ — a or f(X"™) into monic
irreducible factors over F, (see Section 2.4 and Section 2.8). All results in this chapter
(except for the algorithms) have been made available on ArXiV (see |Gra23|).

The polynomial X" — a for a € Fj is a composition of the form f (X™) for an irreducible
polynomial itself, since f = X — a is an irreducible polynomial over F,. It has been known
for a very long time under which conditions compositions of this form are irreducible.
In 1866 Joseph Alfred Serret gave the following irreducibility criterion, Theorem 2.2, for
polynomials of the form f(X™) for an irreducible polynomial f # X over a prime field in
[Ser66, Tome 2|. His theorem also holds in finite fields of a prime power size.

Remark 2.1. When considering the composition f(X™) for an irreducible polynomial f,
the polynomial f = X is of no particular interest because f(X") = X" = (X)" is the
factorization over F, of its composition with X" for every positive integer n.

In [Coh69] Stephen D. Cohen attributes Serret’s theorem to A. E. Pellet and claims that
Pellet stated the result in his note [Pel81] without giving a proof for it. However, in [Pel81]
Pellet considers only special choices of n and the general result by Serret was known long
before. In fact, in [Pel89] Pellet attributes the general result to Serret. For a clarification
we give the exact reference to the original result which we could not find anywhere else.

Theorem 2.2 (|Ser66, Tome 2, 356, Théoréme I|,|LN94, Theorem 3.35|). Let n be a
positive integer and f € Fy[X]|, f # X, be an irreducible polynomial over Fq of degree k
and order e. Then the polynomial f(X™) is irreducible if and only if the following three
conditions are satisfied:

(1) rad(n) | e,
(i1) ged(n, T3 = 1,
(i4i) if 4 | n, then ¢® =1 (mod 4).

13
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cyclotomic polynomial ¢, and f(X")

Almost 100 years later, in 1955, M.C.R. Butler determined the number of irreducible factors
of compositions of the form f(X™), together with their order and degree, for an irreducible
polynomial f over F:

Theorem 2.3 ([Butb5|). Let n be a positive integer such that ged(n,q) =1 and f € Fq[X],
[ # X, be an irreducible polynomial over F, of degree k and order e. Further, let n = ny-na,
where rad(ny) | e and ged(ng,e) = 1. Then

(i) Fach root of f(X™) has order d-nj - e for a divisor d of na.

(ii) For every divisor d of na, there exist exactly k - ny - ﬁd)@ irreducible factors of
‘niy-e

f(X™) over Fy. Each of these factors has degree ordg.p,.(q).

Remark 2.4. Many authors include the number of irreducible factors in the statement of
their results on the factorization of X™ — 1, X™ —a or f(X™). We omit this information
in this thesis and refer to Theorem 2.3 instead.

Remark 2.5. Furthermore, without loss of generality we can assume that f is monic. In-
deed, if f = Z?:o a; X" is not monic, then ap € F; \ {1} and f = a; - g for a monic
polynomial g € Fy[X]. Thus, if [][ 5. R is the factorization of g € Fy[X] over Fy, then the
factorization of f over Fy equals ay, - [[per R

The following theorems show how the factorization of f(X™) for a monic irreducible poly-
nomial f € F,[X] of degree k and a positive integer n can be derived from the factorization
of X" — a over Fx, where a is a root of f. The existing results on the factorization of
F(X™) in [MRS19] (which we present in Section 2.6) do not use this connection but were
proved in a direct way. This is not necessary and actually doubles the work, because the
tools in the proof are the same as the tools used in [MGO15] and [WYF18| to determine
the factorization of X" — 1.

The composition f(X™) is a rational transformation of the form f@ = h¥f(£) for the
rational function @ = %= € Fy(X). For any rational function @ = 7 € Fy(X), the Q-
transform of f is directly connected to the polynomial g —ah over Fx, as we can see from

the following well-known theorem by Cohen.

Theorem 2.6 ([Coh69, Lemma 1]). Let f € Fy[X] be a monic irreducible polynomial of
degree k and o € Fyr be a root of f. Further, let Q) = § € Fo(X) be a rational function
over Fy. Then the polynomial 19 is irreducible over Fy if and only if the polynomial g —oh
is irreducible over I x.

We include a proof of Theorem 2.6 which was given by Kyuregyan and Kyureghyan in
[KK11] and shows the close connection between the two polynomials. For this proof we
need the following definitions and the next theorem, Theorem 2.7.

For positive integers j and d, and a polynomial h = Y " a; X ¢ over F,a, we define the
polynomial

() .= Z angi.
=0

Note that hY) = h if j is a multiple of [Fy(ag,...,an) : Fy], the extension degree of
Fy(ao, ..., anm) over Fy. The extension degree [Fy(ao,...,an) : F4] plays a key role in the
arguments to come. We denote it by coeffdeg, (h) and call it the degree of the coefficients
of h over F,.

Theorem 2.7 ([KK11, Lemma 1|). Let g € F,[X] be a monic polynomial of degree dm,
where d,m € N. Then g is irreducible over Fy if and only if there exists a monic irreducible
polynomial h of degree m over Fja such that coeffdeg, (h) =d and

d—1

g= Hh(j)'

J=0
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From Theorem 2.7 follows directly, that for a monic irreducible polynomial h of degree
m over F a4 such that coeffdeg, (h) = d the polynomial H?;é h\9) is a monic irreducible
polynomial of degree dm over F,. We call this polynomial the g-spin of h and denote it
by spin, [h]. Note that if 3 € F am is a root of h, then h is the minimal polynomial of 3
over F 4 and spin, [h] is the minimal polynomial of 3 over F,.

Proof of Theorem 2.6. Since f is a monic irreducible polynomial of degree k and « is a root
of f, the decomposition of f over F . is f(X) = H?;& (X —a?). Thus, the Q-transform
of f considered over F« satisfies:

k—1 _ k—1 .
f=wrf(3)=Tls—a -m =T (g=an". (2.1)
j=0 J=0

because g,h € F,[X] and therefore g¥) = gand hU) = hforall 0 < j < k—1. Fur-
thermore, « is a proper element of F ., which implies that coeffdeg, (9 —ah) = k. Con-
sequently, if g — ah is irreducible over Fx, then Hf;ol (9 — ah)(j) is the g-spin of g — ah
over [y, which is a monic irreducible polynomial over [F,. Otherwise, if g — ah factors as
[[rer R into monic irreducible factors over F x, then (g — ah)(j ) = [Trer RY ) and for all
R € R the polynomial H?;& RU) is a factor of ¥ over F, because coeffdeg, (R) [ k. [

Equation (2.1) shows the direct connection between f@ and g — ah. With this connection
we obtain the factorization of 9 over Fy from the factorization of g — ah over Fx as the
following theorem shows. Since the paper [MYM10] is not publicly available, we include
the proof of Theorem 2.8.

Theorem 2.8 ([IMYM10, Lemma 13|). Let f € F,[X] be a monic irreducible polynomial
of degree k and o € F i be a root of f. Further, let Q = § € Fy(X) and [[per R be the
factorization of g — ah into irreducible factors over F . Then the factorization of 19 into
monic irreducible factors over Fy is given by

H spin, [R],

ReR

where coeffdeg, (R) = k for all irreducible factors R of g — ah over F .

Proof. From (2.1) follows that

k—1 A k—1
=TI »” = T TT#-

j=0 ReR ReR j=0
Since [[per R is the factorization of g — ah and coeffdeg, (g — ah) = k, the degree of the
coefficients of R over IF, divides k for every R € R. If coeffdeg, (R) = m were smaller than
k for a factor R, then the polynomial g — ah would have a root v € Fgm < F x, which
satisfies g(y) — a - h(y) = 0. However g(vy) and h(7y) are elements of Fym, which implies
that «- h(y) is a proper element of F,x and cannot be equal to g(7), a contradiction. Thus,
coeffdeg, (R) = k for all factors R of g — ah and 9 =Tlrer spin,, [R]. O

From Theorem 2.8 follows directly that it suffices to study the factorization of g — ach over
Fx to obtaiI}L the factorization of f? for Q = # € Fy(X). For the composition f(X™) = fQ
with Q = XT this is the factorization of the polynomial X™ — a over F .

At first sight it seems as if Theorem 2.8 does not yield new factorizations of the form f(X™)
from the known factorizations of the polynomial X™ — 1. Since o = 1 holds only for the
polynomial f = X — 1, the composition f(X™) is again X™ — 1. However, the next two
results show that the factorization of X™ —1 over [« yields the factorization of f(X") for
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

every monic irreducible polynomial f € F,[X], f # X, of degree k such that there exists
an element 3 in F . with 8" = a, where « is a root of f. In this case the factorization of
X™ — « can easily be derived from the factorization of X™ — 1, as stated in the following
proposition. In terms of constacyclic codes, the a-constacyclic codes are called n-equivalent
to cyclic codes (see [CDL14]). We reformulate and prove the well-known connection using
the concepts introduced above:

Proposition 2.9 ([Hug00, Lemma 3.1]). Let n € N and a € Fy be such that there exists
b € Fy with b" = a. Set Q = % € Fo(X). If [[ger R is the factorization of X™ — 1 into
monic irreducible factors over Fg, then the factorization of X™ — a into monic irreducible
factors over Fy is [[ per R9.

Proof. Since b" = a, we can write

X”—a:X”—b":b"<();>n—1>:b”HR(if)
ReER
— T v R <)b(> e

RER RER
For every monic irreducible factor R € R let yg be a root of R. Then ~g is a proper
element of F acz(r) and the polynomial X — g - b is irreducible over F ace(r). The element
vr - b is a root of R? and with Theorem 2.6 the polynomial R¥ is irreducible over F,. 0O

The following new theorem is the combination of Proposition 2.9 and Theorem 2.8. It
shows that if there exists an element § € sz such that 8" = « for a monic irreducible
polynomial f € Fy[X] of degree k with a root «, the factorization of f(X™) is given by the

g-spin of the factors R9, where Q = % and X" —1 = [[zcr R over For.

Theorem 2.10. Let n € N and f € Fy[X], f # X, be a monic irreducible polynomial of
degree k. Further, let a € ]F;,C be a root of f such that there exists § € sz with " = «
and let QQ = % €Fp (X). If [Iper R is the factorization of X™ — 1 into monic irreducible
factors over F x, then the factorization of f(X™) into monic irreducible factors over ¥y is

[1 spin, [R7]

ReR
where coeffdeg, (RQ) =k for all monic irreducible factors R of X" —1 over F.

-1

There exists an element 5 € F;k such that 8" = « if and only if ascdd*-1 = 1. If the

order of « is large and n is not coprime with ¢® — 1, it is likely that such an element (3
does not exist. Therefore, we need to find the factorization of X™ — « over Fyr for v # 1
in general. For this, we study the factorization of X" — a € F,[X], where a € F}, in
Section 2.3 and present the resulting factorization of f(X") in Section 2.7.

2.1 Known results on the factorization of X" —1 and 9,

Recall that for every positive integer n such that ged(n,q) = 1 there exists a primitive
n-th root of unity ¢, in F; and X™ — 1 decomposes over F, as

n—1

xn—1=J[x -3 (2.2)

j=0
Furthermore, if n divides ¢ — 1, then ¢, € F, and (2.2) is the factorization of X" — 1 into

monic irreducible factors over F,. If n does not divide ¢ — 1, then the factorization of
X" —1 over Fy can be derived from (2.2) with the following corollary of Theorem 2.7:
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2.1. Known results on the factorization of X" — 1 and ¢,

Corollary 2.11. Let g be a polynomial over Fy and [[pr R its factorization into monic
irreducible factors over Fgw for w > 1. We define the equivalence relation ~ on R as
follows: R ~ R if and only if R = RY) for a positive integer j. Then the factorization of
g into monic irreducible polynomials over Fy is given by:

H spin, [R] .

RER/~
Consequently, with Corollary 2.11 there exists a subset J of {0,...,n — 1} such that
X" —1=]]my,= ] sping [X = G]. (2.3)
JjeJ JjeTJ
For any j € J, the coefficient degree of X — C,% over [, is
coeffdeg, (X — C,jl) =ord_n__(q),

ged(j,n)

n
ged(j.n)

n — 1 the elements C,% and lel are roots of the same monic irreducible polynomial if and
only if j = j'-¢' (mod n) for an integer i. For this reason we define the g-cyclotomic coset
modulo n containing j as follows:

Cyn(§) ={j - ¢ mod n:i>0}.

because the order of C,% is . As we can see from eq. (2.3) for two integers 0 < j, 5" <

The size of Cy,,(j) is k = ordgcd&n) (¢) because (3 is a proper element of Fi. Let CRy(n)
denote a complete set of representatives of the g-cyclotomic cosets modulo n. Then we can
set J = CRy(n). For j € C, 4(j) holds ord(g}];) = ord(¢}), because the two elements are
conjugates over F,. From this follows directly that ged(j,n) = ged(j’,n). Therefore, we

can rewrite eq. (2.3) in the following way:

ordg(q)—1 o
x—1=1] ]I I &-¢d|. (2.4)
dln jeCRg(n) i=0

ged(jn)=7%

Recall that the n-th cyclotomic polynomial ®,, is the polynomial whose roots are the ¢(n)
distinct primitive n-th roots of unity over IF,. Since for every 0 < j < n — 1 the element
7 is a primitive n-th root of unity if and only if ged(j,n) = 1, (2.4) yields the following

factorization of ®,,:

o,= [[ spin, [X-¢]. (2.5)
JECRq(n)
ged(jn)=1

From equation (2.5) follow directly the two well-known facts that ®,, is a polynomial with

coefficients in [F, and that ®,, factors into orﬂ(n()q) distinct monic irreducible polynomials

over F, of degree ord,(q) (see [LN94, Theorem 2.47]).

The factorizations in (2.4) and (2.5) rely on the primitive n-th root of unity ¢, which
might lie an extension field of very large degree over F,. Thus, it is of interest to find a
description of the irreducible factors of X™ — 1 using only elements of F,. Or, if this is not
possible, elements of extension fields with extension degree as small as possible.

Recall that the factorization of X™ — 1 over [, is equivalent to the determination of the
generating polynomials of all cyclic codes. Many results on the factorization of X™ — 1 or
®,, have been proved multiple times because researchers in the domain of cyclic codes were
not always aware of the advances in the domain of discrete mathematics. We only list the
references to the first appearance of the results here.
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

The explicit factorization of the n-th cyclotomic polynomial over the finite field F, was
known before for the following parameters:

Table 2.1: Known explicit factorizations of ®,,

n q Reference

n=np for a prime p # ¢ q prime  [Ste01]

n=2m.p for an odd prime p, p|¢* —1,m €N ¢ odd [FYO07]

n=2"-5 meN [WW12]

n=2".r forr>3odd, ged(¢g,r) =1, meN [TW13]
if ®,. is factored

n=p™.r for an odd prime p, p| (¢ — 1), [Wu-+17]

ged(r,p) = ged(r,q) =1, 7,m €N
if ®,m and ®, are factored

The explicit factorization of X™ — 1 was known before for the following parameters:

Table 2.2: Known explicit factorizations of X™ — 1

n q Reference
n=2" meN g=1 (mod 4) [LN94|
n=2" m e N q prime, [BGM93|
¢ =3 (mod 4)
n=2" meN ¢g=3 (mod 4) [Mey96]
n =2m.p" for an odd prime p, p | (¢ —1), m,l € N g odd [CLT13]
n €N such that rad(n) | (¢ — 1) [MGO15]
n €N such that rad(n) { (¢ — 1), [WYF18|
rad(n) | ¢¥ — 1, w prime
n €N such that rad(n) { (¢ — 1), [WY21]

rad(n) | ¢"* — 1, v # w primes

We present some results of [MGO15|, [WYF18] and [WY21] in detail to show that our
Theorem 2.47 simplifies the statement and the computation of the explicit factorization of
X™ — 1, because it combines and extends all of the existing results in one closed formula
for any positive integer n such that ged(n,q) = 1.

We simplified the notation of Theorems 2.12, 2.13 and 2.17 by introducing the definition
dw) = ged(n, g — 1) for every positive integer w. Obviously, d™) is a divisor of ¢% — 1
and the primitive d(®)-th root of unity ¢ 4w is an element of Fgw. Furthermore, recall that
we do not state the number of irreducible factors in the given factorizations because this
number was already given in Theorem 2.3.

The following result gives the factorization of X™ — 1 over I, for every positive integer n
such that rad(n) | (¢ — 1) and (8tn or ¢ =1 mod 4).
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2.1. Known results on the factorization of X" — 1 and ¢,

Theorem 2.12 (]MGO15, Corollary 1|). Let n € N such that rad(n) | (¢ — 1) and (81 n
org=1 mod 4). Set d) = ged(n, g — 1). Then the factorization of X™ — 1 into monic
irreducible factors over Fy is

H H (X" = Ciy)-

tl—y 0<u<d®—1
ged(u,t)=1

The next theorem completes the case rad(n) | (¢ — 1).

Theorem 2.13 (|[MGO15, Corollary 2|). Let n € N such that rad(n) | (¢ — 1), 8 | n and
g =3 mod4. Set d™ := ged(n,q” — 1) for w € {1,2}. Then d® = 2! . d) where
I = min{vy(5),2(q +1)}. Set (yu) = Cfl(lQ), Then the factorization of X™ — 1 into monic
irreducible factors over Fy is

g+1

IT II &' =co) - TT TT G = (G + i) X" + Gl ),

t| 15 0<v<d® -1 t| s u€l
a(2) Y=V= d(2)
2pt ged(v,t)=1

where Uy = {1 < u < d? : ged(u,t) = 1,2t u,u < (ug mod d®)}.

With the following lemma we show that the set U; in Theorem 2.13 can be chosen more
freely and is actually a subset of CRq(d(2)), the set of the g-cyclotomic representatives
modulo d®:

Lemma 2.14. Let n and w be positive integers such that rad(n) | ¢¥ — 1 and d™) =
ged(n, ¢ — 1). Furthermore, let 1 < u < d®) and @ € Cyamw) (u).

(i) For every positive integer t such that rad(t) | rad(n) holds ged(u,t) = 1 if and only
if ged(a, t) = 1.

(ii) For every divisor m of d™) holds m { u if and only if m | .

Proof. Since d®) = ged(n, ¢¥ — 1) and rad(n) | ¢ — 1, we have rad(d®)) = rad(n). Let
1<u<d® and @ e Cyam) (u) or, equivalently, & = u - ¢* + 7 - d™) for a positive integer
¢ and an integer r.

(i) Suppose that the greatest common divisor of u and ¢ is greater than 1. Then there
exists a prime p which divides ged(u, t) and since rad(t) | rad(n) = rad(d™)), p also
divides d™). From @ = ged(u,t) - W“w) - ¢" + 1 -d™ follows that p | & Thus,
ged(a,t) > 1. Since & € C_ 4w (u) if and only if u € C_ jw) (@), the condition

ged(u, t) = 1 holds if and only if ged(,t) = 1.

(ii) Suppose that m | u, then m divides & = m - = -q" +7-d® as well, because m | d®).
From the fact that @ € Cq7d(w)(u) if and only if u € C,Ld(w)(ﬂ), follows again that
m t u if and only if m t @. O

Remark 2.15. In this remark we show that the set U; can be chosen more freely and that the
a1

monic irreducible factor X — (%, + (hio) X! —|—§§<1>21 is in fact the g-spin of X*— (', for
a positive integer u € Uy. From 8 | n and 2 | ¢—1 follows that v (%) and v2(g+1) are both
greater than or equal to 1. Consequently, [ > 1 and 2.dM) | d®. Thus, d® does not divide
q — 1 and (4 is a proper element of F2. For every 1 < u < d® the g-cyclotomic coset

of w modulo d® is either Cpa» (u) = {u} or C 42 (u) = {u, (ug mod d®)} depending

on whether the order #2;(2)) of (Y divides ¢ — 1 or not. This is true if and only if
% = 2! divides u. Thus, in U; we collect only elements u of {1,...,d®} such that Cay 18

a proper element of F 2. Furthermore, for every such u we select exactly one representative
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

of the g-cyclotomic coset of u modulo d®, namely the smaller positive integer in Cy.aw) (u).
ikl
However, the monic irreducible factor (X% — (Cloy + CZ;(%))Xt + Cd(l) ) is independent of

g+l
the choice of the representative of C, yw) (u), because ¢ 1) C(lgl = (i - Cd(2> From

Lemma 2.14 (i) and (ii) follows that the conditions ged(u,t) = 1 and 2! { u are satisfied for
any other representative of C, ;) (u). Thus, if CRq(d(Q)) is a set of representatives of the

g-cyclotomic cosets modulo d?), then we can select u from the set

{u € CR(dP) : ged(u,t) =1,2" f u}

weit
instead of U;. Furthermore, for every u € Uy, the polynomial X2 — (CZ;@) =+ Cg(l;)) C d(1
equals (X* — C;‘(Q))(Xt — ng)) = spin,, [Xt - <§(2)}'

The authors of [WYF18; WY21| use the following result to derive the factorization of
X™—1, for positive integers n such that ord,,q(n)(¢) is prime or the product of two primes,
from Theorem 2.12 and Theorem 2.13:

Proposition 2.16 (|[Wu+17, Lemma 14|). Let n be a positive integer such that ged(n, q) =
1 and let m = ordyaq(ny(q). Then if g € Fym[X] is an irreducible factor of ®,, over Fym,
then H g(J is an 1rreducible factor of ®, over Fy.

Since X™ — 1 =1]] dln ®4, the same statement holds for the irreducible factors of X™ — 1.
We present a sketch of the proofs in [WYF18| and [WY21]:

Proof. Let ord,,q(n)(q) = w be either prime or the product of two primes.

(1) Since rad(n) | (¢¥ — 1), Theorem 2.12 or Theorem 2.13 yield the factorization of
X™ — 1 into monic irreducible factors over Fgu : X" —1 = [[per R.

(2) For every R € R determine coeffdeg, (R) (which is either 1, w itself or one prime
factor of w).

(3) Define an equivalence relation ~ on R as follows: R ~ R’ if and only if R’ = RY) for
an integer 0 < j < coeffdeg, (R) — 1.

(4) Determine R/ ~.
(5) With Proposition 2.16 the factorization of X™ — 1 over F, is given by

coeffdeg, (R)—1

RER/~ J=0 O

Note that in step (2) the exact order of the coefficients of R is not determined. Furthermore,

the product Hcoeﬂdegq(m ! RU) is in fact the g-spin of R. Indeed, Proposition 2.16 follows
directly from Corollary 2.11.

The proof of our main theorem in Section 2.3.2 has a similar structure as the proofs in
[WYF18| and [WY21]. Instead of Theorem 2.12 and Theorem 2.13 we use Theorem 2.37,
our new closed formula for the factorization of X™ — a for arbitrary a € Fy and every
positive integer n such that rad(n) | g—1 and (4{fn or ¢ =1 (mod 4)) which also specifies
the exact order of all the coefficients of the irreducible factors. With the exact order of the
coefficients we are able to generalize step (2). Additionally, we generalize step (5) with the
use of Corollary 2.11. In fact we do not even need to complete the case rad(n) | ¢ — 1 but
can include the factorization of X™ — a for all positive integers n such that rad(n) | ¢ — 1
and 4 | n and ¢ =3 (mod 4) in our main result, Theorem 2.41. Step (4) is handiwork and
the details in our proof differ from the details hidden in step (4) here.
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2.1. Known results on the factorization of X" — 1 and ¢,

The following nine theorems are given in [WYF18] and [WY21] to describe the factorization
for every positive integer n such that ordrad(n)(q) is either prime or the product of two
primes:

Table 2.3: Overview of the results in [WYF18| and [WY21|

Theorem for positive integers n such that

[WYF18, Theorem 3.2]  ord,aq(n)(g) is an odd prime and (8 {n or ¢ =1 (mod 4))
[WYF18, Theorem 3.4]  ord;aq(n)(g) is an odd prime and 8 [ n and ¢ = 3 (mod 4)
[WYF18, Theorem 3.6]  ord,aq(n)(q) = 2

[WY21, Theorem 3.3| ord;aq(n)(q) = w? for an odd prime w,
(8fnorg=1 (mod 4))

[WY21, Theorem 3.5]| ordyad(n) (q) = w? for an odd prime w,
8| n and ¢ =3 (mod 4)

[WY21, Theorem 3.8| ordyadq(n (q) = 4

[WY21, Theorem 4.2] ordyadq(n) (q) = wo for two distinct odd primes w and v,
(8fnorg=1 (mod 4))

[WY21, Theorem 4.4] ordyaq(n) (q) = wo for two distinct odd primes w and v,
8| nand ¢ =3 (mod 4))

[WY21, Theorem 4.7| ord;ad(n)(q) = 2w for an odd prime w

Theorem 2.12, Theorem 2.13 and all of the theorems listed in Table 2.3 are covered by our
closed new formula for the factorization of X™ — 1 for every positive integer n such that
ged(n,q) = 1, Theorem 2.41.

We only present the first result from [WYF18|, the factorization of X™ — 1 for all positive

integers n such that w = ord;aq(y)(g) is prime and (8 { n or ¢ = 1 (mod 4)). The other

results become more and more technical and do not give further insight into the structure

of the factorization.

Theorem 2.17 ([WYF18, Theorem 3.2|). Letn be a positive integer such that ord;aq(y)(q) =
w for an odd prime w and (84 n or ¢ = 1 (mod 4)). We write n = w"»™ . ny - ny with
rad(ny) | ¢—1 and rad(ng) | =*. Furthermore, we set d®) := ged(n, ¢°—1) for s € {1,w}

q—1
and Cy0) = CZEZ;/{Z(D. Then the factorization of X™ — 1 into monic irreducible factors over
Fy is

w—1 _
I I & ¢ IT IT | TTx" =] -
t‘ﬁgﬁfﬁg t|ﬁ u€ly | j=0
where for all t | ﬁ the set Uy is defined as:
U = {1 <u<d™ :ged(u,t) =1, qu_—ll fu- qZ(;)ly

u = min{ (v mod d™), (ug mod d™), ..., (ug®” "' mod d™)}}.

Remark 2.18. In this remark we show that instead of U; we can select the following subset
of the g-cyclotomic representatives modulo d(®):

(w) dw)
u € CRy(d""’) : ged(u,t) =1, o) fu
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

and that the monic irreducible factor Hw_ol (Xt—¢ (w)) is in fact the g-spin of (Xt — Cwy)-
Note that for all other results in [WYF18] and [WY21] hold similar statements.

Since w = ord;aq(n) (q), the d™)-th primitive root of unity Cgw) is a proper element of

Fgw. For every 1 < u < d®) the element (e s either an element of Fy or a proper

element of Fgw because w is prime. Furthermore, q;u__ll | w- q;(;)l holds if and only if the
g w_1
element C d(w) = () 1s an element of Fy. This is true if and only if Cém) | u because

gcd(d(w),q 1) = gcd(gcd(n q“—1),q—1) = ged(n,g—1) = dV. Thus, forall 1 < u < d)
the g-cyclotomic coset of u modulo d®) i

d(w) ’
Cq7d(w) (u) = {(umod d™), (ug mod d™), ..., (ug®”" mod d™)}

and [WYF18| select the smallest positive integer in Cq7d(w)(u) as a representative. How-

ever, the product [[;Z 1(X t—¢ (w)) is independent of the choice of the representative of
Catw (v). With Lemma 2.14 () and (ii) follows that the conditions ged(u,t) = 1 and

% f u also hold for every other element of Cydw (u). Furthermore, since (yw) is a
proper element of Fgv and coefldeg, (Xt — (Z;(w)) = []Fq(g;(w)) : Fy] = w, the product
H;-”;Ol (Xt — C;‘(ﬁ)) is in fact the g-spin of X' — (%,

2.2 Known results on the factorization of X" — a

The explicit factorization of X™ — a over a finite field Fy for a € Fy\{1} and a positive
integer n has mainly been studied for the construction of constacyclic codes. Recall that
an a-constacyclic code of length n is an ideal in F,[X]/(X™ — a) which is generated by
a factor of X” — a. For a = —1 an a-constacyclic code is called negacyclic. Negacyclic
and cyclic codes are closely connected. For even ¢ these two sets of codes are actually the
same. For odd ¢ and positive integers n such that 2 | n the factorization of X™ — 1 yields
the factorization of X2 + 1, because

X' —1=X%2 —1=(X? —1)(X? +1).

Thus, a specific factorization of X" — (=1) = X" 4+ 1 over F, is not necessary if the
factorization of X?" — 1 over F, is known.

Recall that a (consta-)cyclic code is either called simple-root if ged(n,q) = 1 or repeated-
root if ged(n,q) > 1. As we discussed in Remark 1.2, this distinction is irrelevant for the
factorization of X™ — a. However, the code properties of repeated-root and simple-root
codes differ. A code C C Fy is considered to be good if

e it contains many code words, that is, if |C| is large,

e its minimum distance d(C) is large, where

dC)=min{[{0<i<n—1:¢ #c} ¢ €C},

e its length n is small,
e the encoding and decoding algorithm are of a low complexity.

|Cas+91| and [Lin91| showed that some repeated-root cyclic codes are optimal, meaning
that they contain the largest possible number of codewords for their given length and
minimum distance. Additionally, their decoding algorithm is of low complexity. However,
. . . . d(C) .
in general the relative minimum distance = tends to zero as ged(n,q) grows, making
repeated-root constacyclic codes asymptotically bad.
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2.2. Known results on the factorization of X" — «

Because of the differences in the code quality many authors determine the factorization of
X" —a over F, for positive integers n = char(F,)! -7, where [ > 1 and ged(#, q) = 1. Since
with Remark 1.2 this factorization is equivalent to the factorization of X™ — a over F, we
list the positive integers n instead of n. We further omit all results which do not hold for
arbitrary a € Fj. The explicit factorization of X™ — a over Fy for arbitrary a € [} was
known before for the following positive integers n:

Table 2.4: Known explicit factorizations of X™ — a

n q Reference
n=2 [Din12]
n=7pm for a prime p # char(F,;), m € N [Che+12]
n= [Din13b)
n = g odd |Dinl3al
n=pm for an odd prime p # char(F,), m € N [Shalb]
n=2-pm for an odd prime p # char(F,), m € N g odd [CDL15]
n=3-p for an odd prime p # char(F,) [Liu+16]
n=4-p" for an odd prime p # char(F,), m € N g odd [SR16]
n=1pi-ps for two distinct odd primes pq, po [Liu+17]

p1,p2 # char(F,) such that p; = 2ps + 1
for p3 prime or p3 =1

n=pi-py for two distinct odd primes pq, ps # char(F;) ¢ odd [Tonl6]
such that ps { ord,, (¢q)

n=pm for a prime p such that ord,(q) is prime [LY18]
and ged(p, (g — 1)) =1

n=48- pm for an odd prime p # char(F,), m € N g odd [Ranl9]

n €N such that rad(n) | (¢ — 1) [WY18]

n=2".pm  for an odd prime p # char(Fy), [DR19]
mq, mg € N, such that 2™ | (¢2 — 1)

n = pytpy”? for two distinct odd primes p1, po [SF20]

such that ord,, p,(¢) prime
and ged(pip2,q(¢ —1)) =1

mi, ma, ms3

n =p| 'py-py° for three distinct odd primes pi, p2,p3 [Rak-+22]
such that ordy, p,p,(¢) is prime
and ged(p1p2ps, q(q — 1)) =1

In [WY18] Wu and Yue specify the factorization of X™ — a for all positive integers n such
that rad(n) | (¢—1) in the following three separate theorems, Theorem 2.19, Theorem 2.20
and Theorem 2.21. The results are derived from the factorizations of X™ —1 for all positive
integers n such that rad(n) | (¢ — 1) by [MGO15| and they use similar arguments in their
proofs. As in Section 2.1 we simplified the notation of their results by introducing the
definition of d®) = ged(n, ¢% — 1) for positive integers w.

The following theorem, Theorem 2.19 gives the factorization for all elements a € I such
that there exists an element b in F, satisfying b = a. With the use of Proposition 2.9 the
theorem is a direct consequence of Theorem 2.12 and Theorem 2.13.
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

Theorem 2.19 ([WY18, Theorem 6|). Let n be a positive integer satisfying rad(n) | (g—1)
and let a be an element of Fy such that there exists b € Fy with a = b". We set d®) .=
ged(n, ¢ — 1) for w € {1,2}.

(1) If 8t n or ¢ = 1 (mod 4), then the factorization of X™ — a into monic irreducible
factors over Iy is

H [T &=

I~y 1<u<d(1)
ged(u,t)=

(2) If 8 | n and ¢ = 3 (mod 4), then let | = min{va(5),v2(q + 1)} and the factorization
of X™ — a into monic irreducible factors over Fy is

g+1

H H (X' =" CYy) H H X2 — b (Gl + G X+ 07 Cd(F

t| oy 1<v<d® t] -ty u€Uy
éiJF:) ged(v,t)=1 a
where Uy = {1 < u <d® : ged(u,t) = 1,2 Y u,u < (qu mod d?)}.
The following theorem specifies the factorization of X" — a for all positive integers n such
that rad(n) | ¢ — 1 and all elements a of F, such that a = b" - q 1
and an integer 1 < j < d) — 1 satisfying vp(j) < yp(d(l)) for all prime factors p of d(l)
with vp(n) > vp(g — 1).

for an element b € IF*

Theorem 2.20 (|[WY18, Theorem 8|). Let n be a positive integer satisfying rad(n) | ¢ — 1
and let d = ged(n,q—1) = dy - da with vy(n) < vy(g—1) for allp | di and vp(n) > vp(g—1)
for all p | da. Further, let a = b™ - CJ 1 € Fy, where b € Fy and 1 < j < d—1 such that
vp(j) < vp(dz) for all primes p | da. Set d :=ged(j,d) and 1 := {va(n),v2(q¢+1)}.
(1) If 4t n or ¢ = 1 (mod 4), then the factorization of X™ — a into monic irreducible
factors over Iy is

d'—1 Jti-(g—1)

[T —birg, " ).

=0

(2) If 4| n and ¢ = 3 (mod 4), then the factorization of X™ — a into monic irreducible
factors over Fy is

d—12'-1

2n _n w L] u
[T TT 0 — i (b2 (G + ) + (i - b2 PG,
=0 u=1
2tu

vi-(g+1)
where for 0 < i < d' — 1 the parameter h; is defined as h; = quiH and v; =

1 i Lg—1 -
L=+ & + %= is even.

The next theorem completes the case rad(n) | (¢ — 1) and gives the factorization of X™ —a
over [, for all elements a € ]F':; such that a = b™ - C;_l for an element b € F Z and an integer
1 < j <dW 1 satisfying v,(j) > v,(dV) for a prime factor p of dM) with v,(n) > v,(g—1).
Theorem 2.21 (|[WY18, Theorem 9|). Let n be a positive integer satisfying rad(n) | ¢ — 1
and let d = ged(n,q—1) = dy - da with vp(n) < wvp(g—1) forallp | di and vy(n) > vp(g—1)
for all p | da. Further, let a = b"-()_; € Fy, where b € Fy and 1 < j < d —1 such that
vp(j) > vp(da) for a prime p | da. Set n' = p'{pl(n) . ~p;}pt(n), where py -+ - p = rad(dy)
and d' := ged(n',q — 1) and @ = ged(n',¢% — 1). Let | = min{va(n),v2(q + 1)} and
w = ged (57, 4). There exists B € N such that (g‘ﬁl)"/ =G
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2.3. New results on the factorization of X" —

(1) If either (j is odd and (4t n or q =1 mod 4)) or (j is even and (8 fn or g =1
mod 4)), then the factorization of X™ — a over Fy into monic irreducible factors is

(tip+ult)+i(g—1)

w—1
ITII 1I (Xw%—bﬁ/.gq_l m ).

1=0 4n/ 1<u<d’
f2 1<us
4" ged(u,t)=1

(2) If j is odd, ¢ = 3 (mod 4) and 4 | n, then the factorization of X™ — a into monic
irreducible factors over Fy is

w—1
=0 g0/ 1<u<d 1<k<2'-1
4" gcd(u,t)=1 2tk

_nt nt
(X T — b= (DX) T (G + Gfka) + (i - b7 ) - D),
vi-(g+1)
where for all 0 < i < w — 1 the parameter h; is defined as h; = ¢, QZH and v; =
—1

i3 1, u
T+JT+ZqT+7

w

(3) If j is even, ¢ = 3 (mod 4) and 8 | n, then the factorization of X™ — a into monic
irreducible factors over Fy is

tjB+v- L5l ti(g—1)

w—1
nt nt _—
[T I IT oo oigy )
= Ot\n’d’(z) 1<v<d’
t odd gcd(v,t)=

ti8(g+ D) +ulms ,(2)

w—1 )
_nt_ nt o d 77 9=
H H H (Xwn? —bwn’ (" (1)
= 0t| n! _ u€Us
d/(2

tjB(q+1)+qul /(2> g1

_nt_ nt o d°7 42
' (Xwn, — buwn’ qufl * C—li ) )

where
Uy={1<u< a? . ged(u, t) =, gmin{v2(5)v2(g+1)} fu,u < (qu mod d'(2))}.

For all positive integers n such that ord,,q(n)(¢) is prime and such that the number of
distinct prime factors of n is less than or equal to three |[LY18|, [SF20] and |[Rak+22]
determine the explicit factorization of X™ — a. No complete factorization for the positive
integers n such that ord,,q(,)(¢) is prime had been given so far.

2.3 New results on the factorization of X" — «a

In this section we prove Theorem 2.41, the closed formula for the explicit factorization of
X"™ —a over F, for every a € F and every positive integer n such that ged(n,q) = 1. The
element a = 0 does not need to be considered since X" — 0 factors as X" = (X )" over F,
for every positive integer n. Thus, let a be an element of F throughout this section.

Our proof can be briefly summarized as follows:

(0) We give a new proof for a new closed formula for the factorization of X™ — a for
all positive integers n such that rad(n) | (¢ — 1) and (4 t n or ¢ = 1 (mod 4)),
Theorem 2.37.

Additionally, we determine the exact order of the coefficients of the irreducible factors
R, which allows us to determine coeffdeg, (R) in Step (2).
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

(1) Let w = ordyaqeny(q). If 4{n or ¢ =1 (mod 4), then set s := w. Otherwise, set
5 = 2w.

Then Theorem 2.37 yields the factorization of X™ — a into monic irreducible factors
over Fgs: X" —a = [[per R-

(2) All R € R are monic binomials. Thus, R = X! — 3, for a positive integer ¢ and an
element 8 of Fys, and coeffdeg, (R) equals ord,.q(s)(q). We determine ordeq(s)(q)
explicitly.

(3) We define an equivalence relation ~ on R as follows: R ~ R’ if and only if R’ = RU)
for an integer 0 < j < coeffdeg, (R) — 1.

(4) We determine R/ ~.
(5) With Corollary 2.11 the factorization of X™ — a over F, is given by

X" —a= H spin, [R].
ReR/~

A big part of this section is devoted to step (0) (see Section 2.3.1). Recall that the
factorization of X™ — a for all positive integers n such that rad(n) | ¢ — 1 was given by
[WY18| in Theorem 2.19, Theorem 2.20 and Theorem 2.21. However, we use new ideas and
a new approach to this problem which allows us to give one closed formula for all positive
integers n satisfying rad(n) | ¢ —1 and (4{n or ¢ =1 (mod 4)), Theorem 2.37. Only with
this new closed formula we obtain the general closed explicit formula for the factorization
of X™ — a for every positive integer n such that ged(n,q) = 1. Theorem 2.37 covers
and extends Theorem 2.19 (1), Theorem 2.20 (1) and Theorem 2.21 (1). As can be seen
from a direct comparison of Theorem 2.37 and Theorem 2.19 (1), Theorem 2.20 (1) and
Theorem 2.21 (1), our new closed formula simplifies the statement and the computation
of the factorization of X™ — a for the specified integers n.

Furthermore, determining the order of the coefficients of the irreducible factors is a non-
trivial task because the coefficients are products of elements with a non-coprime order. For
any b, c € Fy such that ged(ord(b), ord(c)) = 1 holds ord(bc) = ord(b) - ord(c). However, in
general, if ged(ord(b),ord(c)) > 1, the order of be can be anything from 1 to ¢ — 1.

Note that [MGO15] and [WY18| prove the case rad(n) | (¢ — 1), 4| n and ¢ = 3 (mod 4)
separately. However, it is not necessary to prove this case separately. We include the pos-
itive integers n satisfying rad(n) | (¢ — 1), 4 | n and ¢ = 3 (mod 4) in our general theorem
for all positive integers n such that ged(n, q) = 1, Theorem 2.41. Thus, Theorem 2.19 (2),
Theorem 2.20 (2) and Theorem 2.21 (2) are covered by Theorem 2.41.

The results on the factorization of X™ — 1 and X" — a given in [MGO15] and [WY18] are
proved with a top-down approach. More precisely, first, the authors name the irreducible
factors of X™ — a over F,. Then they show that the named polynomials are irreducible
over [F, and factors of X" — a. In the last step, the argument that the sum of the degrees
of the named polynomials equals n concludes their proof.

We use a bottom-up approach and prove our results in Section 2.3.1 via induction. More
precisely, if n = p;---py, is the factorization of n into (not necessarily distinct) prime
factors, we factor

XPL—q, (XP2)P' —a, (XP3)P2YPY —q, ... (... (XP)Pmt )P — g

inductively. The advantage of this method is that the proof itself shows why the factors
are given as they are and it allows us to give one closed formula for the factorization of
X" —a.
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2.3. New results on the factorization of X" —a

2.3.1 A new closed formula for the factorization of X" — a for every
positive integer n such that rad(n) | (¢ — 1) and (4 { n or ¢ = 1
(mod 4))

In this section let n always be a positive integer such that rad(n) [¢g—1and (4tnorg=1
(mod 4)). We use an induction on the number of prime factors of the positive integer n
to obtain one closed formula for the factorization of X™ — a and the exact order of the
irreducible factors’ coefficients. Our proof can be summarized as follows:

(1) We determine the order of the roots of the polynomial X? —qa for a prime p such that
p | (¢ — 1) (Proposition 2.23). There arise the two cases p { ord(a) and p | ord(a).

(2) We establish a connection between the order of the roots of X? — a and the factor-
ization of the polynomial X% — a for an irreducible binomial X* — ¢ and a prime p
such that p | (¢ — 1) (see Proposition 2.27 and Theorem 2.32).

(3) By induction, we obtain the factorization of the polynomial X —a and the order of
the appearing coefficients, for an irreducible binomial X* — a and a positive integer
n such that

e rad(n) | ord(a) (Theorem 2.33)
e gcd(n,ord(a) - t) = 1 (Theorem 2.35).
(4) We combine Theorem 2.33 and Theorem 2.35 to a closed formula for the factorization
of X™ — a for every positive integer n satisfying rad(n) | ¢ — 1 and (4fnorg=1
(mod 4)), Theorem 2.37. In this result we also specify the exact order of all appearing

coefficients.

The condition rad(n) | ¢ — 1 and (4 f n or ¢ = 1 (mod 4)) on the positive integer n
comes from the following theorem, Theorem 2.22, by Serret. It characterizes all irreducible
binomials X! — a over F,, where ¢ is a positive integer and a € F;. We use it in every
induction step to decide on the irreducibility of the appearing factors. The result is a
specification of Theorem 2.2 and we give an exact reference to the original result.

Theorem 2.22 ([Ser66, Tome 2, 358, Théoréme III|, [LN94, Theorem 3.75|). Let t > 2.
Then the binomial X' —a is irreducible in Fy[X] if and only if the following three conditions
are satisfied:

(i) rad(t) | ord(a),
(11) ged(t, Ofd;(i))
(1) 41t or g =1 (mod 4).

1

)

If X' — a is irreducible, then its order equals t - ord(a).

In this section we simply assume that condition (iii) always holds so that we can ignore it
for now.

Let p be a prime integer such that ged(p,q) = 1 and let a € F;. Then there exist a
primitive p-th root of unity ¢, and an element b such that b» = a in the algebraic closure
F, of F,. The polynomial X? —a decomposes as H?;é(X — (}b) in Fy[X]. The following
proposition gives the order of the roots (}b for the two cases p { ord(a) and p | ord(a).

Proposition 2.23. Let a € F; and p prime such that ged(p,q) = 1. Then the following
statements hold:

(i) If ptord(a), then there exists a positive integer r such that (a")P = a and ord(a”) =
ord(a). If a = 1, then r = 1, else r satisfies rp = 1 (mod ord(a)). Furthermore,
ord((a") = p-ord(a) forall1 < j<p-1.
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(ii) If p | ord(a), then every root b € F, of the polynomial XP — a has order ord(b) =
p-ord(a).

Proof. Note that for any element b € E] such that b = a, the order of b satisfies
ord(b) = ord(a) - ged(ord(b),p) € {ord(a), ord(a) - p}. (2.6)

(i) If ptord(a) and ord(a) > 1, then there exists r € N such that rp =1 (mod ord(a))
and the element a” € F, satisfies (a")? = a. If a = 1, then obviously (a!)? = a
and we set r = 1. Since a” is an element of the multiplicative group (a) < Fy, its
order divides ord(a). This fact combined with eq. (2.6) yields that ord(a”) = ord(a).
For every 1 < j < p — 1, the element CIJ, has order p, which is coprime with ord(a).
Therefore, we can conclude that ord((ja") = p-ord(a) for 1 < j <p—1.

(ii) If p | ord(a), then with eq. (2.6) also p | ord(b). Suppose that ord(b) = ord(a).
With the fact that a = b7, we know that ord(a) = ord®) _ _ ord(h) _ ord(a)

. . ged(ord(b),p) —  p T p 7
a contradiction. Consequently, our assumption must have been false and we have
ord(b) = ord(a) - p. O

The following example illustrates the implications of Proposition 2.23 for the element a = 2
in F7. All examples in this chapter (2.24, 2.29,2.31, 2.34, 2.36, 2.42, 2.46, 2.64) have been
computed with the SageMath program B.7 Ch2-Example.sage. Detailed information on
how to use the program can be found in Appendix B.

Ezample 2.24. Let ¢ = 7 and @ = 2. Then ord(a) = 3 and in this example we discuss
which information about the polynomial X? — 2 € F7[X], its roots and their order can be
obtained from Proposition 2.23 for the primes 2,3,5 and 19.

Let p = 2, then p { ord(2) and with Proposition 2.23 (i) there exists a positive integer
r such that r -2 = 1 (mod 3) and b = 2" is an element of F, such that > = 2. Since
2.2 =1 (mod 3), this element b is 22 = 4 € F, which satisfies ord(4) = ord(2) = 3. Since
(2 = —1 € F7, the other root of X% — 2 is (ob = —4 = 3 € F7 with ord(3) = 2 - ord(2) = 6.
The polynomial X? — 2 factors as (X — 4)(X — 3) in F7[X], because 4 and 3 are both

elements of Fr.
i

Let p = 3, then p | ord(2) and with Proposition 2.23 (ii) all roots of the polynomial have
order 3-ord(2) = 9. Since 9 does not divide 7—1 = 6, but divides 73 —1 = 342 = 2-32 .19,
all three roots Cgb for 0 < j < 2 are proper elements of Frs. Proposition 2.23 (ii) does not
specify the element b or the other roots of X3 — 2 € F;. However, from our observations
follows that the polynomial X3 — 2 is irreducible over F.

Let p = 5, then p { ord(2) and the positive integer r such that -5 =1 (mod 3) is r = 2.
Thus, b = 22 = 4 satisfies 45 = 2 and ord(4) = ord(2) = 3. Since ords(7) = 4, all
primitive 5-th roots of unity are proper elements of the extension field Fr4. The roots Cé b
for 1 < b < 4 all have order 5 - ord(2) = 15. Since 15 | 74 — 1 = 2° . 3 - 52, they are proper
elements of F-4 as well. By polynomial division we obtain that the polynomial X5 — 2
factors as (X —4) - (X* +4X3 +2X? + X +4) over Fy.

p=95 X —4
[ X4 +4X3 42X+ X +4

X -2

28



2.3. New results on the factorization of X" —a

Let p = 19, then p { ord(2) and also p t ¢ — 1 so that all primitive 19-th roots of unity
lie in a true extension field of F7. With Proposition 2.23 (i) the element b = 2 satisfies
bt = 2, because 19 = 1 (mod 3). Obviously, ord(b) = ord(2) = 3. The other 18 roots Cfgb
for 1 < j < 18 all have order 19 - 3 = 57. They are proper elements of Fys, because 73 — 1
factors as 2 - 32 - 19 and 19 does not divide 72 — 1 = 48. Thus, the polynomial X — 2
factors in F7[X] as a product of the linear factor X — 2 € F7[X] and 6 distinct irreducible
polynomials of degree 3. In fact, the factorization is (X —2) - (X®+ X +6) - (X3 + X2 +
2X +6) (X3 +X24+4X +6)- (X3+3X2+6) (X3 +5X2+5X+6)- (X3+6X2+5X +6).

p=19
X34+X+6

| X3 4+ X2 42X +6|

X 2 [ X%+ X%+ 4X + 6]

| X3 +3x2 46|

[ X% +5x2+5X + 6]

[ X%+ 6X2+5X +6]

Example 2.24 shows that even though the statement of Proposition 2.23 is quite simple,
many different factorizations of XP — a can result from the two cases p { ord(a) and
p | ord(a).

If p| (¢ —1), then (, is an element of F, and for every 0 < j < p — 1, the root C,Zb is an
element of F, if and only if b is an element of IF,. Thus, if one root b of X? —a is an element
of Fg, then all roots Cgb for 0 < j < p—1 are elements of IF,. Then the polynomial X? —a
decomposes as H?;é (X — Cgb) over [F,. Furthermore, with Proposition 2.23 there exists at

least one root of X? — a of order p-ord(a) and the following corollary of Proposition 2.23
holds:

Corollary 2.25. Let p be a prime satisfying p | (¢—1). Then there exists b € Fy such that
b? = a if and only if p-ord(a) | (¢ — 1).

Ezample 2.26 (Example 2.24 continued). For p =2 and p =3 holdsp | (¢ — 1) =7 -1
in Example 2.24. If p = 2, then p-ord(a) = p-ord(2) = 2 -3 divides 7 — 1 and we see
that both elements b = 4 and (3b = 3 are elements of F;. If p = 3, then p-ord(a) =3-3
does not divide 7 — 1 and all three roots of the polynomial X3 — 2 € F7[X] lie in a true
extension field of F.

With Theorem 2.22 the irreducibility of X! —a, for t € N and a € [Fg, relies solely on the
order of a. This is why Proposition 2.23 and Corollary 2.25 are the key components of the
proofs in this section.

In the next proposition, we combine Corollary 2.25 and Theorem 2.22 to obtain a result
which can be applied recursively. More precisely, given a prime p such that p | (¢ — 1) and
an irreducible binomial X’ — a over F,, we show that X' — a is irreducible if and only if

p-ord(a)f(qg—1).
Proposition 2.27. Let a € Fy, p be a prime such that p | (¢ — 1) and let t € N be such

that X' — a is irreducible over Fy. Further, let 4ttp or ¢ =1 (mod 4). Then X" —a is
irreducible over Fy if and only if p - ord(a) { (¢ — 1).

Proof. We show that X' —q is irreducible over F, if and only if there does not exist b € F,
such that b¥ = a. Then Corollary 2.25 completes the statement.
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Suppose that there exists b € F, such that ” = a. Then the polynomial X" — a in F,[X]
satisfies X% —q = H?;é (Xt — ¢pb) and it is reducible.

Suppose that there does not exist b € F; such that b¥ = a. Then all roots of X? — a lie in
proper extension fields of Fy. Let b € Fy(b) be a root of X? — a. Then since ¢, € F,, we
have Cgb € Fy(b) for all 1 <j <p—1. Vice versa, b = C;j . Cgb € Fq(Cgb). Thus, the degree
of the minimal polynomial of every root of X? —a is equal to [Fq(b) : Fy]. Since X? —a is
a product of the minimal polynomials of its roots over F,, there exists a positive integer
m such that p = m - [Fy(b) : Fy]. The two facts that p is prime and b is not an element of
F, imply that [F4(b) : F] = p and XP — a is irreducible over F,.

Theorem 2.22 yields that p | ord(a) and ged(p, o?d;(i)) = 1. Furthermore, since X! — a is
irreducible over F,, we have rad(t) | ord(a), ged(t, O‘rzd;(i)) = 1. As a direct consequence we

obtain that rad(¢p) | ord(a) and also ged(tp, Ofd;(;)) = 1. Since we assumed that 4 { ¢tp or
¢ =1 (mod 4), the third condition of Theorem 2.22 is satisfied and we can conclude that
X' — q is irreducible over F,. O

The following corollary states the useful fact that for a prime p such that p | ¢ the polyno-
mial X% — q is irreducible if X! — a is irreducible and (4 { tp or ¢ =1 (mod 4)).

Corollary 2.28. Let a € Fy, p be a prime such that p | (¢ — 1) and let t € N such that
X' —a is irreducible over Fy. Further, let 41tp or ¢ =1 (mod 4). Then if p divides t the
polynomial X' — a is irreducible over F,,.

Proof. Since X' — a is irreducible over Fy, Theorem 2.22 implies that ged(t, Ofd;(}l)) = 1.

If p | ¢, then also ged(p, Ofd;(i)) =1 and p - ord(a) cannot divide (¢ — 1). Proposition 2.27
completes our proof. O

Corollary 2.28 simplifies the check for irreducibility significantly, because it is not necessary
to compare the properties of ¢ and ord(a) as specified in Theorem 2.22 (i) and (ii), if p is
a prime factor of ¢.

Example 2.29. Let a = 2 € F7 and ¢t = 3. From Example 2.24 we know that the binomial
X3 — 2 is irreducible over F7. Let p = 3, then 3 - ord(2) = 9 does not divide 7 — 1. Thus,
with Proposition 2.27 the polynomial X33 — 2 is irreducible. However, with Corollary 2.28
we could have seen directly that X® — 2 is irreducible, because p | t.

XKo"

From Example 2.24 we know that the order of the roots of X3 —2is 9 = 3-ord(a). Here,
all nine roots of X — 2 are proper elements of Fyo and their order equals 27 = 9 - ord(a)
which follows directly from Theorem 2.22.

The following proposition shows that even if X — a is reducible, under certain conditions
the factorization of X' — a is determined by the factorization of X? — a over F,.

Proposition 2.30. Let a € Fy, p be a prime such that ged(p,q) = 1 and let t be a
positive integer such that X' — a is irreducible over F,. Suppose that the factorization of
XP —a into monic irreducible factors over Fy is given by [[per R. Then the factorization
of X' — a into monic irreducible factors over B, is given by [lrer R(XY) if and only if
)=1.

dp-ord(a)@),l

Ordp-ord(a) (Q) =1or ng(t, 1 (CESYEY

Proof. If t = 1, then X —a = XP — q and the factorizations are obviously the same.

ordy, ord(a) ()
Since ged(1, %) = 1, the statement of Proposition 2.30 holds for ¢ = 1.

Let t > 2. Since X! — a is irreducible, Theorem 2.22 implies that
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(I) rad(t) | ord(a),

(1) ged(t, 25L) =1,
(III) and4ttor g =1 (mod 4).
The factorization of X' —a = (X")P — a over Fy is given by [[pcrp R(X?) if and only if
R(X?!) is irreducible for every R € R. Let R € R be a monic irreducible factor of X? —a
over F,. By Theorem 2.2 R(X") is irreducible over Fy if and only if

(i) rad(t) | ord(R),

de (R)

(ii) ged(t, gd(R) 1) =1,

(iii) and 41t or ¢%e(®) — 1 =1 (mod 4).
If 4 | t then ¢ = 1 (mod 4) (with (IIT)), which implies that gdee(®) =
(iii) holds. Furthermore, from Proposition 2.23 follows that ord(R) € {ord
Consequently, (I) implies (i).
Moreover, if deg(R) = 1, then ( ) divides ( - Thus, (II) implies that ged(, Ofd;(lR)) =
1 and R(X?) is irreducible. If ordp,ord(a) (¢) = 1 then all irreducible factors of X? — a are

of degree 1. If ordy,.ora(q)(g) > 1, then all irreducible factors R € R such that deg(R) > 1
satisfy ord(R) = ord(a) - p and k := deg(R) = ord,, Ord(a)( ). We can write % =

O‘rzd_(i) . (gii)l_ and (ii) does not hold if and only if ged(¢, ) > 1. O

(mod 4) and

1
(a), p - ord(a)}.

(q l)p

Ezample 2.31. We consider again the irreducible binomial X3 — 2 € F7[X]. Let p = 2 and
recall that X2 — 2 factored as (X —4) - (X — 3) over F7 (see Example 2.24). Furthermore,
p-ord(a) =2-3|7—1 and ordg(7) = 1. Thus, with Proposition 2.30 the binomial X32 —
factors as (X3 —4) - (X3 — 3) over Fy.
p=2 p=3
X -3 X3 -3

X -4 X34

Since the orders of 4 and 3 are ord(4) = 3 and ord(3) = 6, Theorem 2.22 implies that the
order of X3 — 4 equals 3 -ord(4) = 9 and the order of X3 — 3 equals 3 - ord(3) = 18.

However, the factorization of X" — a is not always given by [[per R(X?) if X? —a
factors as [[pcp R over Fy. For example let p = 19. Then ordig.3(7) = 3 > 1 and

X -2

ged(3, Ufﬁ) = ged(3, 2233 1199) = 3 > 1. Thus, the condition in Proposition 2.30 is not
satisfied. With Example 2.24 we know that X9 — 2 factors as

I &= ) (X3P X 46) (X3 +X?2+2X +6)- (X3 + X2 +4X +6)

ReR

(X?4+3X2+6)- (X?+5X?+5X +6)- (X?+6X>+5X +6)
over F7 and the factorization of X319 — 2 = X7 — 2 over F» is
(X?—2) - (X] 43X +5)- (X3 +5X +5)- (X>+6X +5)
(X XPH X +5) (X X2 43X +5) - (X2 + X2 46X +5)
(X4 2X2 43X 4+5) - (XP+2X2 44X +5) - (X2 +2X2 45X +5)
(X34 3X2 42X +5) - (X2 +3X2+3X +5) - (X?+4X? +2X +5)
(X3 4+4X2 45X +5 541 4X%2 46X 45)- (X3 4+5X%2 44X +5)

) -

) (

) (

(X34 5X2 46X +5)- (X2 +6X2+X+5)- (X3 +6X24+5X +5),
R

X
X
which is not equal to [] RER (X )
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cyclotomic polynomial ¢, and f(X")

The following theorem gives the factorization of X? — a for an irreducible binomial X! —a
and all prime factors p of ¢ — 1 such that X% — q is reducible over Fy.

Theorem 2.32. Let a € Fy, p be a prime such that p-ord(a) | (—1) and lett € N be such
that X' — a is irreducible over F,. Further, let 4{tp or ¢ =1 (mod 4). Then there exists
b € Fy such that P = a and the factorization of X' — q into monic irreducible factors over
Fy s

p—1

[T =¢w).

Jj=0

(i) If ptord(a), then b = a" and ord(b) = ord(a) for a positive integer r satisfying r = 1
ifa=1orrp=1 (mod ord(a)) otherwise.

(i1) If p | ord(a), ord(b) = p - ord(a).
Furthermore, ord(¢ib) = p - ord(a) for all 1 < j <p—1.

Proof. Since p - ord(a) | (¢ — 1), Proposition 2.27 implies that the polynomial X% — a
is reducible. Furthermore, ord,.,;q(q)(¢) = 1 and from Proposition 2.30 follows that the
factorization of X" — a is given by []per R(X"), where []por R is the factorization of
X? —a over F;. With Corollary 2.25 there exists an element b € F, such that b’ = a
and since p | (¢ — 1), the p-th primitive root of unity (, is an element of F,. Thus,
XP —q = H?;(l) (X — ¢Jb) and the factorization of X — a over F, is H?;é(Xt — ).
Statements (i) and (ii) follow directly from Proposition 2.23. O

Note that Theorems 2.27 and 2.32 allow us to factor the polynomial X% — a simply by
examining the order of the element a and comparing it with p and ¢ — 1. This is why
statements (i) and (ii) in Theorem 2.32, which specify the orders of the new appearing
coefficients, are of great importance.

Theorems 2.27 and 2.32 can be applied recursively and we use them for the induction
step in the proofs of the next two theorems, Theorem 2.33 and Theorem 2.35. These
give the factorization of the polynomial X — a for the two cases rad(n) | ord(a) and
ged(n,ord(a)) = 1, where X! — a is irreducible over F,. Additionally, they specify the
order of all the appearing coefficients.

Theorem 2.33. Let a € Fy, t € N such that X' — a is irreducible over Fy and let n € N
such that rad(n) | ord(a). Further, let 41 tn or ¢ = 1 (mod 4). Set d := ged(n, Ogd;(i)).
Then there exists b € Fy such that b? = a and the factorization of X'™ — a into monic
irreducible factors over Fy is

d—1

j=0

and ord((éb) =ord(a)-d forall0<j<d-1.

Proof. We use the fact that every positive integer n can be written as a product of
prime factors and prove the statement by induction on the number of prime factors of
n. Base case: If n = p for a prime p such that p | (¢ — 1) and p | ord(a), the statement
follows directly from Theorem 2.32 (i).

Induction hypothesis: Suppose that the statement of Theorem 2.35 holds for n,d, b such

that rad(n) | ord(a),d = ged(n, Ogd;(i)) and b? = a.
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2.3. New results on the factorization of X" —

Induction step (n — np): Let p be a prime such that p | ord(a), then

d—1
Xt —q = [[(x"a7 = b). (2.7)

=0
If dp does not divide ﬁ() then with Proposition 2.27 the polynomial (X R - Cj b) is
irreducible over I, for every 0 < j < d — 1. Furthermore, the greatest common divisor

of np and Ofd;(z) is also d. Consequently, (2.7) is the factorization of X" — g into monic
irreducible factors over F,; and the statement of Theorem 2.33 holds.

If dp divides ( L then d := ged(np, S d( )) = dp and there exists (5 € F,. Furthermore,
for every 0 S j < d—1 holds ord( fib) p =ord(a)-d-p| (¢ —1) and the polynomial
(Xta — Cj b) is reducible. Theorem 2.32 yields that there exists an element ¢; € F, such
that cp (glb and that the factorization of (X*dP — C] b) into monic irreducible factors over

Fy is given by [[2-, N(xta — (i), where ord((le;) = ord( fib)- =ord(a)-d-p = ord(a)-d.
ThUb the factorlzatlon of X™P — g into monic irreducible factors over F, is

d—1p—1 d—1p—1 p '
X" —a =] IxX" = ¢ley) = [T TTE" @ = Gicy)- (2.8)
7=01:=0 7=0 =0

Moreover, ¢ := cq satisfies ¢®? = (c?)? = b? = @ and the factorization of X*™ — ¢ into
monic irreducible factors over IF, can also be written as:

d

X —a =[] - o). (2.9)

7=0

Then for every 0 < j < d — 1 holds ord(Cgc) = ord(a) - d, because every factor in (2.9)
corresponds to a factor in (2.8). O

Ezample 2.34. Let ¢ = 37, then ¢ — 1 = 36 = 22-3% and ¢ = 1 (mod 4). We select
a = 11 with ord(a) = 6 and n = 108 = 22 - 32. In this example we present the inductive

character of our proof. Thus, let p; = ps = p3 = 3 and ps = ps = 2 and we factor
((((XPs)Pa)p3)P2)P1 — 1] recursively.

(p1) The factorization starts with the binomial X3 — 11 € F37[X]. Then ¢t = 1 and
since p1 ord(a) = 18 divides ¢ — 1, the factorization is given with Theorem 2.32
as [ i—0(X — (3b), where b € F37 satisfies b® = 11. A primitive 3rd-root of unity

is given by (3 = 10 and b = 21 € F3; satisfies 212 = 11. Thus, H?ZO(X — Cgb) =
(X —21)- (X —25) - (X —28). All three roots have order 3 - ord(a) = 18.

(p2) Next, we factor (X3 —21) - (X3 —25) - (X3 —28). Again t = 1 and for all factors
X3 — ¢ the order py - ord(c) = 3 - 18 = 54 does not divide ¢ — 1 = 36. Thus, the
factors are all irreducible over F37 by Proposition 2.27.

(p3) We consider (X33 —21) - (X33 — 25) . (X33 — 28). Here we have t = 3 and p3 | t.
Thus, with Corollary 2.28 follows that all factors are irreducible over 3.

p1=3 p2 =3 p3 =3
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

(ps) We factor (X%2 —21) - (X?2 —25) . (X2 — 28). Recall that ord(21) = ord(25) =
ord(28) = 18 and py4-18 = 36 divides ¢— 1. Consequently, all three binomials X%2 —¢
for ¢ € {21,25,28} are reducible and the factorization is given by Theorem 2.32:
]_[}ZO(X9 — (3b), where b € F3; satisfies > = ¢. A primitive 2nd-root of unity is
given by (o = —1 = 36. Furthermore, 13?> = 21,52 = 25,182 = 28. Thus, the
factorization of X3°2 — 11 is
(X2 —13)- (X% —24) - (X2 —5)- (X —32) - (X? —18) - (X¥ — 19),
where ord(13) = ord(24) = ord(5) = ord(32) = ord(18) = ord(19) = 36.
(ps) Since p5-36 = 72 does not divide ¢—1, all binomials X°?—cfor ¢ € {13,24,5,32,18,19}
are irreducible and the complete factorization of X™ — 11 is given by:
(X1 —13) - (X188 —24) - (X1® —5). (X18 - 32) - (X'® —18) - (X'® —19).
With Theorem 2.22 the order of all the irreducible binomials is 18 - 36 = 648.
ba = 2 Ps = 2

_<-—>
_<-—>

Now lets apply Theorem 2.33 directly. The parameter d = ged(n, ord( )) = gcd(22 - 33, %6)

equals 6. The element 5 € F3; satisfies 5° = 11 and a primitive 6-th root of unity is given
by 11 itself. With Theorem 2.33 the factorization of X0 — 11 over F37 is given by
5
[[(x'®—117-5)
j=0
= (X8 —5) (X®-18) (X8 —13)- (X' —32) - (X'® —19) . (X'® — 24).

This is obviously the same factorization as above. Furthermore, the application of Theo-
rem 2.33 is a lot easier than a recursive factorization by hand.

As in the proof of Theorem 2.33, we obtain the factorization of X' — @ for the positive
integers n such that ged(n,ord(a)) = 1 by induction on the number of prime factors of n.
Additionally, we impose the condition ged(n,t) = 1 on n because otherwise the polynomials
would not be reducible in every induction step (see Corollary 2.28). Note that for a = 1
holds ged(n,ord(a)) = 1 for every positive integer n and therefore, the structure of the
factorization of X™ —1 in Theorem 2.35 resembles the factorization given in Theorem 2.12.
Theorem 2.35. Let a € Fy, t € N such that X' — a is irreducible over Fy and let n € N
such that rad(n) | (¢ — 1), ged(n,ord(a) -t) = 1 and (4 t tn or ¢ = 1 (mod 4)). Set
d := ged(n ,ord(l)) = ged(n,q — 1) and select r € N such that r =1 ifa =1 orrn =1
(mod ord(a)) otherwise. Then the factorization of X'™ — a into monic irreducible factors
over Fy is

11 H (X" = ¢Ga™), (2.10)
Uldgcd(Jv) 1

and for all applicable v and j holds
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2.3. New results on the factorization of X" —

n
v

(i) (Gja™)
(i1) ord(C] a") = ord(a) - de,d)'

Proof. Base case: If n = p, then the statement follows directly from Theorem 2.32 (ii).

:a’

Induction hypothesis: Suppose that the statement of Theorem 2.35 holds for n,d,r such
that rad(n) | (¢ — 1), ged(n,ord(a) - t) = 1,d = ged(n, g — 1) and either a = 1 and r = 1 or
rn =1 (mod ord(a)).

Induction step (n — np): Let p be a prime such that p| (¢ — 1) and pford(a)-t. Iff a =1

then set # = 1 so that (a”)? = a. Otherwise there exists a positive integer 7’ such that
rp=1 (mod ord(a)). Since ord(a”) = ord(a), this implies that a’"? = (a”)"? = a”. We
set 7 := rr’ and together with (2.10) we obtain:

xtw a—H H (XWP (g™, (2.11)
l gcd(]v) 1

where 7 satisfies r = 1ifa =1 or 7#-np = rn-r'p =1 (mod ord(a)) otherwise. Furthermore,
we have ord(a™") = ord(a), because (a’?")% = a. It remains to discuss which of the factors
(Xtop — Cgl'a;”p) are reducible. For this we need to discern the two cases ged(np,q —1) =d
and ged(np,q—1) =d - p.

Case ged(np,q — 1) = d: If ged(np,q—1) = d, then p | n but dp 1 ¢—1 and also ord(a)-d-p ¢
(g—1). Lgt v| % and 0 < j <d—1such that gcd(j,v) = 1. Then if p | v, the polynomial
(xtop — Cglaﬁ’p ) is irreducible over F, with Corollary 2.28. Thus, the following expression
is a factorization into irreducible factors over Iy, where we set ¥ := vp:

H H Xtvp j rvp H H Xtv ] rv)7 (212)

,U‘n — J
plv gcd(J, ) 1 p% ged(j,0 ) 1

where ged(j,v) = 1 if and only if ged(j,2) = ged(j,vp) = 1, because p | v. If p 1 v,
then with Proposition 2.27 the polynomial (X"? — (Ja™P) is irreducible if and only if
ord((za™”) - p = ord(a) - g5
p1J, because ord(a)-d divides (¢—1) but ord(a)-d-p does not. Consequently, the following
expression is a factorization into irreducible factors over F,, where we set v := vp:

- p does not divide (¢ — 1). This is the case if and only if

d—1
H H Xtvp . C(jiarvp) _ H (Xt” _ éa”’)_ (2.13)
U‘ n — | 2R 7=0
plv ng(J ) Vp(‘@)d:l ged(4,0)=1

ptj

Let 0 < j < d—1 such that p | j. Then the polynomial (X?P — Cj h’p) is reducible
J
and (J a’™ is an element in F, satisfying ((; a™)P = Cgla”’p. Let ¢, = (d, then from

Theorem 2.32 follows that its factorization into irreducible factors over F, is

p—1 p—1

H(Xt’u (7, p 7‘1}) o H(Xtv _ Cd%‘H’;aF’U)'

i=0 i=0
With the fact that {0 <j<d—1:p|j}={pj:0< % — 1}, the following expression
is a factorization into irreducible factors over F:

5—1

H H H Xti) Cd +] m) H H th} C] rv ’ (214)

v 5 j=0 =0 o2 j=0

pv Mv
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where ord(a™) = ord(a), because (a™)P% = a. Equations (2.12), (2.13) and (2.14) com-
bined yield that if ged(np, g — 1) = d the factorization of X' — g into irreducible factors
over [, is given by:

H H Xtv _ Cga?v)’
o gcd(J v)

where for all applicable v and j holds:
(i) (C] rv) C a™ = a, because v | % implies d | %,

(if) ord(¢a™) = gy - ord(a), because ged(d, ord(a)) = 1.

Case ged(np,q — 1) =d - p: If ged(np,q — 1) = dp, then d-p | (¢ — 1) and there exists

Cdp € Fq such that Cgp = (4. Additionally, we set (, := C(jlp. We consider the polynomial
(X™P — ¢Ja™P) from eq. (2.11), where v | @ and 0 < j < d — 1 such that ged(j,v) = 1.
Since ged(d - p,ord(a)) = 1 and dp | (¢ — 1), the product ord(a) - d - p divides (¢ — 1).
Consequently, also ord(C] P . p divides (¢ — 1) and with Theorem 2.32 the factorization
of (XtP — (J a™P) into monic irreducible factors over F, is

p—1 p—1

S didi 7
H(Xtv - sz?cc]lparv) = H(Xtv - CdeJrjaTv)?
=0 1=0
U

because Cépa is an element of [F, satisfiying (Cgpaf"”)p = Céamp :

Note that {di +j:0<i<p—-1,0<j<d—-1} ={0 < j <dp—1}. Therefore, the
factorization of X — @ into monic irreducible factors over F, is

H H H Xt _ Cdz-i—] m H dﬁl Xtv _ Cépai“v)7
M ng(] v) 1 = A gcd(J v) 1

where ged(j,v) = 1 if and only if ged(di + j,v) = 1, because every prime w that divides
v must divide n. Since rad(n) | ¢ — 1, w also divides d. Furthermore, for all applicable v
and j, we have

(i) ({gp PR = (Cj a™)P"% , because p does not divide v. Indeed, suppose that p |

v, then with Corollary 2 28 the polynomlal (xtop — Cgla”’p) would not have been
reducible. Thus, (Cd ”’) (CJ ”’p) = a by induction hypothesis.

(ii) ;)rd(ggpa’:”) = Wﬁdp) -ord(a), because ord(a™) = ord(a) and ged(dp, ord(a)) E

Ezample 2.36. Again let ¢ = 37 and we consider a = 6 € F3; with ord(a) = 4. Further, let
n =81 =3%and p; = p» = p3 = ps = 3. As in Example 2.34, we factor X — 6 recursively
to show the structure of the proof of Theorem 2.35.

(p1) We begin with + = 1 and the binomial X3 — 6 € F37[X]. Since p; - ord(a) =
12 divides ¢ — 1 = 36, the binomial is reducible and the factorization is given by
Theorem 2.32 as H?:o(X — Cgb), where b = o for a positive integer r such that
p1-r =1 (mod ord(a)). The integer r = 3 satisfies 3-3 =1 (mod 4) and therefore
b = a® = 31. Furthermore, a primitive 3rd root of unity was given by (3 = 10 and
the factorization is (X — 31) - (X — 14) - (X — 29), where ord(31) = ord(a) = 4 and
ord(14) = ord(29) = p; - ord(a) = 12.
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(p2)

(P4 )

Next, we consider the product (X3 — 31) - (X3 — 14) - (X3 — 29) with t = 1 and
p2 = 3 in all factors. For X? — 31 holds p-ord(31) = 12 and since 12 divides 36, the
factorization is given by Theorem 2.32 as H?:o(X — C§313), because 7 = 3 satisfies
r-py =1 (mod 4). Thus, b= 313 =6 and X3 —31 = (X —6) - (X —23)- (X —8),
where ord(6) = ord(31) = 4 and ord(23) = ord(8) = 12.

For X3 — 14 the order ps - ord(14) = 36 also divides 36 and the factorization is given
by H?ZO(X — 107b). However, since py | ord(14), the element b has order 36 and
needs to be looked up in Fs7. Indeed, b = 5 satisfies b3 = 14. Thus, the factorization
is (X =5)- (X —13) - (X —19), where ord(5) = ord(13) = ord(19) = 36.

For X3 — 29 we have ps - ord(29) = 36, which divides ¢ — 1 and ps | ord(29). The
element b = 17 satisfies b3 = 29 and the factorization is given by (X —17)- (X —22)-
(X — 35), where ord(17) = ord(22) = ord(35) = 36. Consequently, the factorization
of X — 6 over F3; is given by

(X —6)-(X —23)- (X —8)-(X —5)- (X —13)- (X —19)- (X —17)- (X —22)- (X —35),

where ord(6) = 4, ord(23) = ord(8) = 12 and ord(5) = ord(13) = ord(19) =
ord(17) = ord(22) = ord(35) = 36.

X —31
¥

In this step, we factor the product (X3 —6)- (X3 —23)- (X3 —-8)- (X3 —5). (X3 —
13) - (X3 —19) - (X3 —17) - (X3 — 22) - (X3 — 35). The factorization of X3 — 6 can
be taken from (p;): (X —31)- (X —14) - (X —29), where ord(31) = ord(a) = 4 and
ord(14) = ord(29) = p; - ord(a) = 12.

For ¢ € {23,8} holds p3 -ord(c) = 36, which divides 36. Thus, both binomials X3 — ¢
factor as H?ZO(X — 107 - b), where b € F3; satisfies b3 = ¢. With 183 = 23 and
23 = 8 we obtain that X3 — 23 = (X —18) - (X —32) - (X — 24) and X3 — 8 =
(X —2)- (X —20) - (X — 15), where ord(b) = 36 for all b € {18, 32,24, 2,20, 15}.

For ¢ € {5,13,19,17,22,35} the order p3 - ord(c) = 108 does not divide 36 and the
binomial X3 — ¢ is irreducible with Proposition 2.27.

In the last step, we consider the product
(X3 —31)- (X3 —14) - (X® —29) - (X3 - 18) - (X® - 32) - (X3 — 24)
(X3 —2)- (X3 —20)- (X2 —15) - (X33 —5) . (X33 —13)
(X33 —19) - (X33 —17) - (X33 - 22) - (X3 - 35).
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For ¢ € {31,14,29} we obtain the factorization from above: X3 — 31 = (X — 6) -
(X —23)- (X -8), X3—-14=(X-5)-(X—-13)- (X —19) and X® — 29 =
(X —17)- (X —22)- (X — 35).

For ¢ € {18,32,24,2,20,15} we have p4 - ord(c) = 108, which does not divide 36 so
that all binomials X3 — ¢ are irreducible with Proposition 2.27.

For ¢ € {5,13,19,17,22,35} holds ¢t = 3 and the prime p4 divides t so that X'P4 —c =
X9 — ¢ is irreducible with Corollary 2.28. Thus, the factorization of X3! — 6 over F37
is given by

(X —6)- (X —23)- (X =8)- (X =5)- (X —13)- (X —19) - (X — 17)
(X —22) - (X —35)
(X3 —18) - (X —32) - (X3 —24)- (X3 —2)- (X3 —20)- (X3 —15)
(X2 =5) (XY —13) - (X? —19) - (X? —17) - (X? —22) - (X¥ — 35),
where ord(6) = 4, ord(23) = ord(8) = 12 and all other coefficients have order 36.
ps=3

-<m

X1
X —17

X —22

X
¥
-
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Using Theorem 2.35 instead, we determine d = ged(n,q — 1) = 9 and {9 = 7, which is a
primitive d-th root of unity in F37. Furthermore, r-81 =1 (mod 4) holds for » = 1. Thus,
6™ = 6 and the factorization of X8! — 6 over F3; is given by:

8
II I & -7-6v.

The formula yields the same irreducible factors as our factorization above and the order of

the coefficients 776° is given by ord(a) - gcd?d =4 gcd?Q 7

The next theorem combines Theorems 2.33 and 2.35. It gives the complete factorization
of X™ — a and the order of all appearing coefficients for every positive integer n satisfying
rad(n) | (¢—1) and (41 n or ¢ =1 (mod 4)). Note that the result covers Theorem 2.12,
Theorem 2.19 (1), Theorem 2.20 (1) and Theorem 2.21(1).

Theorem 2.37. Let a € F; and n € N such that rad(n) | (¢ — 1) and (4{n orq =1
(mod 4)). We write n = ny - ng, where rad(n;) | ord(a) and ged(ne,ord(a)) = 1. We select
r € N such that r =1 if a =1 and rng = 1 (mod ord(a) - d1) otherwise. Further, we set
dy = ged(n1, otrzd;(i)) and dy := ged(na, g — 1). Then there exists b € F, such that b = a
and the factorization of X™ — a into monic irreducible factors over IFy is

di—1 do—1 n ' '
H H H ‘X'cl1 v - Qégcgllbm})?
=0l g da gcd(z U)
and for all applicable j,v,7 holds:
; % | pro) 2.
(i) (Ch,¢h,b™) ™ =a,
(ii) ord(¢h, ¢ b)) = ord(a) - dy - R

Proof. From Theorem 2.33 follows that the factorization of X™ —a is Hdl 1(X o Cél b),
where b € Fy such that b = a and ord(¢} b) = ord(a) - dy for all 0 < j < di — 1.
Since ged(ng, ord(a) - di - +) = 1, application of Theorem 2.35 yields the factorization of

(X0 — ¢ b):

do—1 n
I1 H (X0 = G, (0™,
|d2 gcd(‘Z v)=
where (¢}, (¢5,0)™) "% = (¢J,b) and ord (¢}, (¢],0)™) = ord(¢],b) - otz = ord(a) - di -
m The element (37 has order dy, because ged(rv,d1) = 1. Consequently, {C]m 0<
j<di—1}= {Cdl :0 < j <dj — 1} and instead of (Cdl b)"™ we can write g‘dlb”’. O

2.3.2 A new closed formula for the factorization of X" — a for every
positive integer n such that ged(n,q) =1

With Theorem 2.37 we completed step (0) from our sketch of proof in Section 2.3. We use
steps (1) to (5) to prove our main theorem, Theorem 2.41, and therefore state them again:

(1) Let w = ordyaq(n)(q)- If 41 n or ¢ =1 (mod 4), then set s := w. Otherwise, set
s 1= 2uw.

Then Theorem 2.37 yields the factorization of X™ — a into monic irreducible factors
over Fgs: X" —a =[]pcr R
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cyclotomic polynomial ¢, and f(X")

(2) All R € R are monic binomials. Thus, R = X — 3, for a positive integer ¢ and an
element 8 of Fys, and coeffdeg, (R) equals ord,q(s)(q). We determine orde.q(s)(q)
explicitly.

(3) We define an equivalence relation ~ on R as follows: R ~ R’ if and only if R’ = RU)
for an integer 0 < j < coeffdeg, (R) — 1.

(4) We determine R/ ~.
(5) With Corollary 2.11 the factorization of X™ — a over [, is given by

X" —a= H spin, [R].
RER/~

In Step (1) we set s = 2w if 4 | n and ¢ = 3 (mod 4), because then ¢** =1 (mod 4) and
the factorization of X™ — a over Fys is indeed given by Theorem 2.37.

For our proof of Theorem 2.41 it remains to determine coeffdeg, (R) for all irreducible
factors R € R of X™ —a over Fys (see Step (2)) and to find a representative system of the
equivalence classes of the relation ~ as specified in (3).

From Theorem 2.37 we know that the irreducible factors of X™ — a over Fys are binomials
defined by three parameters (j,v,7). In the proof of Theorem 2.41 we use the following
fact to split the equivalence relation ~ on the irreducible factors of X" —a in the extension
field [Fs into three separate equivalence relations for j,v and ¢ instead. This reduces the
complexity of finding the representative system R/ ~ significantly.

Fact 2.38. Let (G,-) be an abelian finite group and a,b € G.

(i) Let ged(ord(a),ord(b)) = 1 and mi,ma,n1,na € N. Then a™b™ = a™2b" if and
only if a™ = a™2 and b" = b2,

(1) Let m € N such that gcd(m,ord(a) -ord(b)) = 1. Then a™ = b™ if and only if a = b.
Proof. (i) The equation ab™ = a™2b"2 is equivalent to ™ ~™2 = p"2~"™1, Since ord(a)
and ord(b) are coprime, this equation holds if and only if ¢ ~™2 =1 = p"27"™ and
the statement holds.

(ii) If a = b, then obviously a™ = b™. If a™ = b™, then 1 = (7)™ and therefore ord($) |

m. Since ord(b~!) = ord(b), we know that (%)Ord(a)'ord(b) = 1 and thus ord(%) divides
ord(a) - ord(b). Then ord(%) = 1, because ged(m, ord(a) - ord (b)) = 1. O

The following fact is well known. We use it in the proof of the next lemma, Lemma 2.40
and in the proof of the closed formula for the factorization of ®,,, Theorem 2.49.

Fact 2.39. Let ¢ = 3 (mod 4) and n be a positive integer such that rad(n) | (¢ — 1) and
4| n.
(i) Then ged(n,q? — 1) = ged(n,q — 1) - glmin{va(§)r2(5)},

(ii) Let e be a divisor of ¢ — 1. Then ged(n, Le_l) = ged(n, %) gl+min{va(§)a2 ()}

Proof. (i) Since ¢ = 3 (mod 4), we have 2 | ¢ — 1 but 4 { ¢ — 1. Furthermore, ¢*> — 1 =
(q—1)-(¢g+1) and 2 | (¢ + 1), which implies that ¢*> — 1 is divisible by 4. Then
4 also divides ged(m,q? — 1), because 4 | n. Note that ¢> — 1 and ¢ — 1 do not

have any other common prime factors apart from 2. Consequently, ged(n, ¢? — 1) =
2min{%,1/2(q+1)} . gcd(n’ q— 1)
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2.3. New results on the factorization of X" —a

(ii) Since e divides ¢ — 1, we have va(e) < 1. If 2 { ¢, then 4 | n and ((i)) imply that
vo(ged(n, %)) = 1 and vy(ged(n, qu_l)) =2+ min{ug(%),ug(%)}. If 2 | e, then
va(ged(n, %)) = 0 and ve(ged(n, q;el)) = 1+ min{ra(2), (1)}, In both cases,
the statement is true, because there are no common prime factors of ¢> — 1 and ¢ — 1
other than 2. -

The following lemma specifies the order and the degree of the irreducible factors of X™ —a
for every positive integer n such that rad(n) | ord(a), a special case of rad(n) | (¢ — 1).
We use it in the proof of Theorem 2.41 to determine one of the parameters (namely si)
explicitly. The information about the degree of the irreducible factors could be derived
from [WY18, Theorem 8|. However, to present the mechanics behind the case 4 | n and
g =3 (mod 4), we give an elementary proof of Lemma 2.40 here.

Lemma 2.40. Let a € Fy and n € N such that rad(n) | ord(a). Set d := ged(n, O?d;(i)),

Then every root of the polynomial X™ — a has order ord(a) - n and is a proper element of
Fyx, where

ifdtn orqg=1 (mod4),
k= n .
otherwise.

g.omin{va()va (L)}

a3

Proof. Set d®) := gcd(n, %) for s € {1,2}. It suffices to determine the order and

the degree of the irreducible factors of X" —a. We set s :=1if 44 n or ¢ =1 (mod 4),
otherwise we set s := 2. Then the factorization of X" —a over Fys is given by Theorem 2.33
fort =1:

(X"a5 — ¢ b), (2.15)

where b € Fys such that b = g and ord( £<S)b) = ord(a) - d®) for every 0 < j < d®) —1.

Theorem 2.22 implies that for every 0 < j < d®) —1 the order of X a7 é(s)b is ord(a) - n.

Consequently, the order of every root of the polynomial X" — a equals ord(a) - n.

If 44norqg=1 (mod4), then (2.15) is the factorization of X" — a over F, and every
irreducible factor has degree %.

If 4] n and ¢ = 3 (mod 4), then (2.15) is the factorization of X" — a over F,2 and with
Corollary 2.11, the factorization of X™ —a over [F is given by Hjej spin,, Xa@ — C§(2)b )
where J is a representative system of {0, ..., d® — 1}/ ~. The equivalence relation ~ is
defined as j ~ j if and only C§<2>b = (C£<2)b)qm for an integer m € {0,1}. For every j € J
the order of C§(2>b equals ord(a) - d®. Since rad(n) | ¢ — 1, 4 | n and ¢ = 3 (mod 4),

Fact 2.39 ((ii)) implies that 2 | % and d® - ord(a) does not divide ¢ — 1. Consequently,
for all j € J holds coeffdeg, (X a®) — (é(2>b) = 2 and every irreducible factor of X" — a
R — n — n
over Fy has degree 2 - 75; =2 d(0).glmin{va (F),ma (LY T 41y gmin{ra($)wa (L)} =

The following theorem is our main result in Chapter 2. It gives a closed formula for the
factorization of X™ — a into monic irreducible polynomials over F, for every a € F; and
every positive integer n such that ged(n, q) = 1. Recall that with Remark 1.2 the condition
ged(n, q) = 1 is no restriction on the selection of the positive integer n.
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Theorem 2.41. Let a € Fy and n € N such that ged(n,q) = 1. We define:

ni,na  s.t. n=ny - ng, where rad(ny) | ord(a) and ged(ne,ord(a)) =1

w = Ordrad(n) (Q)
w  ifd4n orq” =1 (mod 4),
S =
2w otherwise.
d;® = ged(ng, 2 Ord ) forte{l,s}
dy® = ged(ng, ¢t — 1) fort € N
(s) . S —
. 31(1) zf4)(d1( )org=1 (mod 4),
1 = dq (9 .
0 (Do) otherwise.
~p s. t for j,j € {o0,.. d ) — 1} holds j ~y j if and only if
d (5 = C(Ji (fs)bq -1 for an integer 0 <u < sy —1, forb e F,
t; = min{t € N : ZQE;) | i} for every i € CRy(do®)
2
Ci = lem(ti, s1) for every i € CRy(do'®)
r=1 ifa=1,
T s.t.
rny =1 (mod ord(a) - di®))  otherwise.

Then there exists b € Fgs such that b1 = 4 and the factorization of X™ — a into
monic irreducible factors over Fy is

ged(t;,81)—1

11 11 11 H S(w.iam)»

GEL0,dy B =13/, | n(QS) i€CRq(d2 S)) m=
ged(i,v)=
where for all applicable (j,v,i,m) the polynomial S(;,, ; m) is defined as

L — an a () U g™ g TV
S(jv.im) = Pl [X ! Cd2<s>( d1<s>b) ]

il " o N
— H <Xd1(s) _ (CZ;Q(S)(CCJh(S)b)m)q )

u=0

c; dn<1S> v (c;—1) I j TU qv
=) X 00 Y TG (€ ™).

=0 UCHO,....c;—1} ueld

| =l

do(3)

S(jv,iym) has degree - a s v - ¢; and order ord(a) - ny - v - PTERACIE

Proof. Since rad(n) | ¢ —1 and 41 n or ¢° =1 (mod 4), with the proof of Theorem 2.37
the factorization of X™ — a over Fys is given by:

(-1 dy(®)—1

H H H Xdl(S) 6'12(5) (Cil(s)b)rv)7 (2.16)

d2<5> gcd(z v) 1
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2.3. New results on the factorization of X" —

where b € Fys such that 54" =, rmy =1 (mod ord(a)-d;®)) and ord((’ o o é D)) =

ord(a)-d;®. for all applicable (j,v,7). Note that we use the formulation (¢7 )™

gcd( do <6>) )

in (2.16) instead of Cgl (50" because this allows us to split the equivalence relation ~ (see
1

below) into three separate equivalence relations for j,v and i. We define
J ={(j,v,3):j€{0,...,d;® -1}, vy i€ {0, da®) — 1}, ged(i,v) = 1}
to be the set of all applicable (j,v,). For all (],v,z) € J we set

RO , .
Rjyi = (X4 — gyt ((th(s)b)”’)
and ¢; := coeffdeg, (R;,i). With Theorem 2.37 holds

¢; = ord b)m)(q) = ord o (),

ged(i,dg (5))

ord((l ( 4y () ord(a)-d; ().

which only dependb on i. Additionally, on J we define an equivalence relation ~ as
follows: (j,v,i) ~ (j,,1) if and only if R0 = Rijw Z)(m) for an integer 0 < m < ¢; — 1.
Meaning that R( 5,6) is a factor of the g-spin of R(;, ;. Then from Corollary 2.11 follows

that the factorization of X" — a over F, is given by: H(j,v,i)ej/z spin,, [R(j,vyi)] , where

spin,, [R(j’v,i)] = Hcfl R(]M)( m o= S(w,i)- Since Rj, ;) is a binomial, we can easily
compute S, )
Stwi) = ZXd N DS T, 0@ ™™,
1=0 UCHO,...,c;i—1} ueld
[U|=c;—1

and from Theorem 2.22 follows that

n i j TV
Ord(s(jvvvi)) = Ord(R(jvvvi)) = dl (8) O Ord(CdQ(S)( ;1<5> b) )

do(®) do(®)
=M yiord(a)- i@ — 22— voord(a) — 2
) ged(i, d2*) ged(i, o)
It remains to determine a representative system J/ ~. For R(;,; and R( § to be of
the same ¢-spin, the two polynomlals need to be of the same degree, which 1mphes that
v = 0. Furthermore, Cd (¢ T b)™ = ;q(s)( 2 (D)™ for an integer 0 < m < ¢; — 1.

Since gcd(dg(s),ord(a) d;)) = 1, with Fact 2.38 (i) this is equivalent to

m

1 = Sy (2.17)
and (¢} )" = (¢ b (2.18)

for an integer 0 < m < ¢; — 1. Condition (2.17) is equivalent to i = i - ¢™ (mod dy®®)).
We define i(™) = . ¢™ (mod dQ(S)) for all nonnegative integers m. This is in fact an
enumeration of the elements in C 0. (s) (1), the g-cyclotomic coset of ¢ modulo do®). Since
Cjb(s) is a proper element of F ., Cq d (s) (1) contains exactly ¢; := ord dQ(S)( ) (q) elements.
ged(i,dg %))
Consequently, i) = (0 =4 and the elements (@, (1) ... &~ are all distinct.

Concerning equation (2.18), v divides ny and rny = 1 (mod ord(a) - d1*)), which implies
that ged(rv, ord(a) - d1®)) = 1. Then with Fact 2.38 (ii) equation (2.18) is equivalent to

chl 90 =( ch (S)b)qm. For any nonnegative integer m we define
1 1

m

=i e Cd b (Cil(s)b)q'

J
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Note that the elements {chl b 0<j < dl(s)} are the distinct roots of the polynomial
1

X4 _geF ¢[X] and our definition of j(m) is well-defined. Since rad(d;®)) | ord(a), we

can apply Lemma 2.40 and the order of ¢/ b is ord(a) - dl(s) forall 0 < j < dl(s). We

dy (®)

set 51 := Ordord(a)~d1(s)(q) and every element Cd (»»b is a proper element of Fysi. Conse-
1

quently, 56V = j(O = j and the integers j(©, ;1) ... 11 are all distinct. Additionally,

Lemma 2.40 yields that

L if4td® org=1 (mod 4),

S$1 = ()
2671(;) otherwise.
1
We define an equivalence relation ~ on the set of integers {0, .. .,dl(s)}, which follows

naturally from our observations above: For j,j € {0,..., di®) — 1} holds j ~ 7 if and only
if 7 = 7™ for an integer 0 < m < s; — 1.

Using our definitions, (j,v,i) =~ (j,9,4) holds if and only if (j,%,7) = (j™,v,i™) for an
integer 0 < m < ¢; — 1. Thus, the equivalence class of every (j,v,i) € J is:

[(G,0,8)] = {5, 0,i@), GV, 0,iD), ..., (G, v, i@ Dy,

It is our goal to find a unique representative (j,v,4) for every equivalence class [(j,v,1)]
in J/ ~. The fact that s; = ordord(a).dl(s)(q) and t; = ord () (q) implies that
ged(i,dg (5))

¢; = ord (= lem(sy,t;). Therefore the sequence 7@, ... =1 runs
Ord(a)'dl(s)'m
ged(i,do

exactly - L times through the distinct elements j(o) ..,j®171 By definition, exactly one
of these 31 elements is an element of {0, .. -1}/ ~. Thus, for the representant
(J,v,1) of the equivalence class [(j,v,i)] we can assume that 7€{0,...,d;® -1}/ ~.

Without loss of generality, we assume that j = j(©).

Now we examine for which 4,7 € {0,... Ldoy(®) — 1} the equivalence classes [(j',v,i)] and
[(7,v,1)] are equal. Obviously, 7 needs to be an element of C, g (1) Hallie Cpa® (i)

satisfy [(5, v,1)] = [(j, v,1)], then we can select i € CR,, (dz(s)) and uniquely describe every
equivalence class. However, not all 7 € C, ay0 (i) satisty [(7,v,7)] = [(J,v,9)]. In fact,
since j&U) = j and j® # j for all 1 <[ < s, the equivalence classes of [(4,v,4)] and
[(4,v,i"™)] are equal if and only if m = s; - I (mod t;) for a nonnegative integer 1. Since
{s1-1 (mod t;) : I > 0} = {ged(s1,t;) - | (mod t;) : I > 0}, this is equivalent to 7 = (™)
for an integer m € {ged(s1,t;) -1 (mod ¢;) : [ > 0}. From this fact follows directly, that if
ged(sy, ;) = 1 then [(j,v,4)] = [(J,v,i"™)] for all 0 < m < t; — 1. Otherwise

(G0 )] = (G, v, D)) = = [0, O Getera =)
[(G, 0,8 )] = [(G, v, aEACLDT =

9

[(7,v, @At =] = [(§ v, jeedlsnt)—1))] =

The equivalence classes [((7,v,4)], [(7,v,iM)], ..., [(7, v, €60t =D)] are all distinct. Thus,
for every i € CR,(d2'®) such that ged(v,i) = 1 we put

(ja v, /L)) (57 v, Z(l))a s (37 v, i(ng(SLti)_l))

in our representative system 7/ /2, which we can describe as the following cartesian prod-
uct:

{0,...,d;) =1}/ ~
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x {(v,i™) 1 v | i € CRy(d2®), ged(i,v) = 1,0 < m < ged(sy, t;) — 1}

n2
dy(®’
For any i € {0,...,d2"® — 1} and any positive integer ¢ holds ¢; = ¢ if and only if ¢

do(3)

. . t _ . . .
wed(ida™) divides ¢ 1. This is true only if

is the smallest positive integer such that

ﬁ;)@) ] gcd(dg(s),qt —-1) = dy® . Since dy® is a divisor of do®, this is equivalent
to ffit)) | i. Thus, t; = min{t € N : 328 | i}. Furthermore, for all i € C g.d,(» (1) holds
gcd(z,dg( )y = ged(i, do®). Consequently, ord(S(jm’i)) = ord(S(;) and Theorem 2.41
holds. O

We illustrate the steps of our proof with the following example:

Example 2.42. Let ¢ = 5 and a = 2 € F5. We select n = 2% -3 - 72 = 2352 and factor the
polynomial X2352 — g over F5[X]. The order of a is ord(a) = 22 = 4 and we can write
n = ny-ng for ng = 2* and ny = 3- 72, Since w = ordrad(n)(f)) = ordg;(5) = 6 and
50 = 1 (mod 4), we can set s = w = 6. Note that since w is not prime, the factorization
of X352 — g over F5 was not given by any existing result before.

The factorization of X2352 — 2 over Fs is given by Theorem 2.37. Let Fye = F5(5)
where f3 is a root of the monic irreducible polynomial X6 + X% +4X3 4+ X2 4+ 2 € F5[X].
The multiplicative group of Fss has order ¢° — 1 = 56 —1 = 23.32.7.31 and d©) =
ged(ng, %()) =2 and dp® = gcd(ng 56 —1) = 3.7 = 21. The element b = 5% + 3% +

3% 4+ 43 + 3 € Fy6 satisfies b =2 =2=qgandr-np=r-3-72 =1 (mod 2 - ord(a))
holds for r = 3, because 3-72 = 3 (mod 8). Then b" = b> = 23°+ 3*+232 + 35+ 1 satisfies
(br)”Q'dl(s) = (b")23™ =2 = . Furthermore, a primitive d;*)-th root of unity is ¢ = —1
and a primitive do®)-th root of unity is (o1 = 38° 4+ 382 + 2. Then the factorization of

X2352 _ 92 over F5e is
3. 3.0 7 ] )
HH H X2 C21 C%bgv = H H H X2 —C21(C%b)3 )
J=0 v|7 gcdzz:v) j€{0,1} ve{1,7} ngEZS)Zl
i 112\3-v) s dp(®) _
where ord (¢, (¢30)3?) = ord(a) - d;*) - iy =42 ey € 18,24,56,168). We
define J to be the set of all applicable (j,v,7). For all tuples (j,v,i) € J we set R(;,;) =
X23.U_C§1(ggb)3‘v and ¢; = coeffdeg, (R(jv i)) ord,s. - (5). Then with Corollary 2.11
[ gc 1,7

X2352

the factorization of — 2 over 5 into monic irreducible factors is given by

[I  sping [Rjoa]
(Gv,i)ed [~
where (j,v,7) ~ (j,9,1) if and only if there exists an integer 0 < m < ¢; — 1 such that
Riom = R(j,v,i)(m). Note that this is true only if v = ©. Furthermore, (j,v,4) =~ (j,v,1)
holds if and only if (¢4, (¢Jb)?)° = i, (¢Ib)3. Since ged(21, ord(¢C4h)) = ged(21,8) = 1, this
is true if and only if (5} = ¢y and (C2b)15 = (C]b) (see Fact 2.38(i)). Thus, i € Cs21(i)
and (C%b) = Cgb with Fact 2.38(ii). The elements CQb are roots of the polynomial X? — a
and X? — a is irreducible with Corollary 2.28. Thus, (Cgb)‘:’ = Cgb if and only if j # J.

We set 51 := ord, .4, (5) = ordg(5) and Lemma 2.40 yields that s; = 312?; =2=2
For every i € {0,...,20} the coefficient degree ¢; is the least common multiple of ¢; :=
ord d2<s>( ) (¢) and s; = 2. Furthermore, ¢; is a divisor of sg := ord, (s y(g) = orday(5) =6
ged(i,do 8
and satisfies t; = min{t € N : 32((:; | i}. Since do™ =1,dp® =3,d>® =1 and dp® = 21,
2
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we obtain that for ¢ = 0 holds ¢y = 1, for i € {7,14} holds ¢; = 2 and for ¢ ¢ {0,1,7,14}
holds t; = 6.

Let @ = 0, then v = 1, because for v = 7 holds ged(0,7) = 7 > 1. Thus only the
elements (0,1,0) and (1,1,0) in J satisfy ¢ = 0. With our observations above holds
(0,1,0) =~ (1,1,0) and [(0, 1,0)] yields the irreducible factor (X®—b)(X®—(—1)b) = X642

Let i € {7,14}, then also v = 1, because for v = 7 holds ged(i,v) > 1. There are the
elements (0,1,7),(1,1,7),(0,1,14),(1,1,14) € J and (0,1,7) ~ (1,1,14) and (0,1, 14) ~
(1,1,7), because Cs21(7) = {7,14}. Then [(0,1,7)] yields the irreducible trinomial X6 +
X8+ 2 and [(0,1,14)] the irreducible trinomial X6 + 4X8 4 2.

For i ¢ {0,7,14} both v € {1,7} satisfy gcd(i,v) = 1 and we have t; = |C521(i)| = 6.
Since ged(t;, s1) = ged(6,2) = 2, every cyclotomic coset yields 2 distinct equivalence
classes for every v € {1,7}. Take for example ¢ = 1 and v = 1. Then Cs2;(1) = {1-5™
(mod 21): 0 < m < 6 —1} = {1,5,4,20,16,17} and
[(0,1,1)] = {(0,1,1), (1,1,5), (0,1,4), (1,1,20), (0,1, 16), (1,1,17)}
=1[(0,1,4)] = [(0,1,16)],
which gives the irreducible factor X484+3X4042X3244X24 1 4X1612X8 13 Additionally,
[(07 17 5)] = {(07 17 5)7 (1’ ]" 4)7 (07 1’ 20)’ (1’ ]" 16)7 (07 17 17)}
= [(0,1,20)] = [(0,1,17)]
gives the irreducible factor X4® 4 2X40 4 2X32 + X24 1 4X16 4 3X8 + 3 Since there exist
exactly 18 elements in {0 < ¢ < 20} \ {0, 7,14}, these integers define W ged(t;, s1) =

168 2 = 6 irreducible factors of degree 8v of X232 — 2 over Fj for every v € {1,7}. The
complete factorization of X2352 — 2 over F5 is

(X0 42). (X104 X8 4+92). (X160 +4X%12)

(X X0 1 4x32 4 3X10 4 4X8 13)

X X48+2X40+X32+4X24+2X16—|—3X8+3)

. X48—|—2X40—|—2X32+X24—|—4X16—{—3X8—|—3)

(X 43X 4 x4 x4 2X 10 4 2X8 4 3)
48+3X40+2X32+4X24+4X16—|—2X8—|—3)

18 4 4x10 4 4x32 4 316 4 X8 4 3)

336 X280+3X224—|—2X168+4X112—|—4X56—|—2)
336 X280+4X224+3X168+2X112+4X56+2)
X X336—|—2X280+X224 3X112 3X56—|—2)

. X336+3X280+X224+3X112+2X56+2)

. X336—|—4X280+3X224—|—3X168+4X112—|—X56—|—2)
i X336—|—4X280+4X224—|—2X168+2X112—|—X56+2)

el

(
(
(
(
(
(
(
(
(
(
(

The following lemma shows that Fs is actually the smallest extension of I, such that ¢ &
and ¢ do(s) are both elements of this extension:

Lemma 2.43. Let a € Fy and n € N such that ged(n,q) = 1. We define the positive
integers s,d1®) and dy'® as in Theorem 2.41. Then

IE‘qs = IE‘q(Cdl(S) ) CdQ(S))-

Proof. Since di®) and dy® divide ¢® — 1, the elements Cg,(» and (g (s) are elements of Fys
Furthermore, Fyw is the smallest extension of F, such that rad(n) | ¢* — 1. From the fact
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2.3. New results on the factorization of X" —

that rad(dl(s) 'dQ(s)) = rad(n) follows that the extension IFq(CCh(s) , <d2<3)) equals either Fyw
or Fgs. If s = w this distinction is irrelevant. If s = 2w, then 4 | n and ¢ = 3 (mod 4)
and Fact 2.39 implies that

4,69) — g, w) — g, () _glminfua("1”

v}

Thus, d1®) does not divide q“¥ — 1 and R0 is not an element of Fyw. Consequently,
Fq(Cg, 9 Cap0 = Fes. O

Remark 2.44. The finite field Fgs is the smallest extension of F, such that rad(n) | ¢° — 1
and (41 n or ¢° =1 (mod 4)) so that we can apply Theorem 2.37. Lemma 2.43 shows
that it can be constructed by adjoining Cdl(s) and Cd2<s) to IFy,.

Not only s but also the parameters s1, so,t;,¢; in Theorem 2.41 are actually degrees of
extension fields over F,,.

From the proof of Theorem 2.41 follows that s; = Ordd1<5)-ord(a) (¢). Since the order of

( © - b and also of (C] © b)™ equals d, ) . ord(a) for all applicable j,r, v, the extension
}F g1 equals

71 = Fe(Gyyb) = Fo (& D)™).

The parameter so, which only appears in the proof of Theorem 2.41 describes the finite
extension

F q°2 — (Cd (s) )
Consequently, Fgs is the smallest extension of I, which contains Fgs1 and Fgs2 as subﬁelds.
The finite fields F; for i € CR o(d2®) are the subﬁelds of Fys2 defined as F s, = Fy((° 5 )
Therefore, ¢; = lem(sy,t;) defines the extension Fq(( A (S),(qh(s) )™ for all applicable
j,v,r. For all 0 < m <t; we have ord(§2l2(s)) = ord(Cd (g)) and this order and the order
d,®) - ord(a) of (¢

e ,b)" are coprime. Thus,

Foei = Fg(C) s (ggl b)) = Fq@;qg : (<§1<s> b)),

where ;q(”:) (¢ (@) b)"" are the elements which define the monic irreducible factors of X" —a
2 1

over [F,. The following picture shows the connection between the mentioned extensions of

Fy:

IE?qs -~ Cdl(s) ’ Cd2(5)

Foe: |

T SR Fgs2 FC@(S)
J
Cd2 (s) (€d1 (s) )T'U

j .
Fqsl -~ (Cdl(s) b)"’v ]thi -~ C;2(5>
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

2.3.3 The generating polynomials of all constacyclic codes
We obtain a closed explicit formula for the generating polynomials of all constacyclic codes
with Theorem 2.41 and Remark 1.2:

Corollary 2.45. Letn be a positive integer and C = (g) be a A-constacyclic code C = (g) of
lengthn = n-char(IFq)l for A € F and positive integers n and | such that ged(n,q) = 1. Fur-

thermore, let a € Fy be an element satisfying ahar®a) — )\ e define ni, ns, dl(s), dz(s), b,
~p, Ty S1,ti, ¢ as in Theorem 2.41. Then the generating polynomial g of C is of the form

o= 11

(J,v,i;m)€T

c;i—1 n
H (Xdl(s) - (C (s)(Cle(s) b)) )

char(F,)! Gvsim)
u=0 ]

char(FF,)'(-v.im)

_ H Zxﬁu(ci—l)(_l)l Z H dz() Cle(s) rv)q

(j,v,i,m)eZ | =0 UcA{0,...,c;—1} ueld
led]=l

where l(j . im) <1 for all (j,v,i,m) € T and the index set T is a subset of
{(j,v,i,m): je€{0,...,d;®) =1}/ ~p, v | %, i € CRy(d2®))
da

such that ged(i,v) =1, 0 <m < ged(t;, s1) — 1}

2.4 A new algorithm for the factorization of X" — a

Our main theorem, Theorem 2.41, is not only a theoretical result, but can be used to
compute the factorization of X™ — a. The following algorithm is a detailed description of
this computation. It is designed so that the number of computations is reduced.

Algorithm 1 (Factorization of X" — a).
Input: Field size ¢, n € N such that ged(n,q) =1, a € Fy.
Output: Factorization of X" — a into monic irreducible polynomials over [F,.

Preliminaries in Z and Fq:

1.1. Compute w = ordaq(n)(q)-

w ifdfnorg” =1 (mod4),

2w otherwise.

1.3. Compute ord(a).

1.4. Compute ny,n9 € N s.t. n =nq -ng, rad(ny) | ord(a) and ged(ng,ord(a)) = 1.
1.5. Compute d;® = ged(n1, %) and d; M = ged(ny, O‘r]d;(i)).

% if4J(d1(s) or ¢ =1 (mod 4),

1.6. Set 51 := (s) .
4 17— otherwise.
dy (1) .gmin{ra()va(F57)}

1.7. Compute dp® = ged(n, ¢° — 1).
1.8. Compute s3 = ord, ((q)-
1.9. Let T be the list of all divisors of sa (sorted from lowest to highest).
For all t € T
a. Compute dp't) = ged(ng, ¢t — 1).
b. If dy® = dy® for a T € T such that 7 < ¢, then remove ¢ from 7.
1.10. If a =1, set r := 1.
Else compute r € N such that r-ny =1 (mod ord(a) - d;®).

1.2. Set s:=
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2.4. A new algorithm for the factorization of X" —a

Preliminaries in Fys :
1.11. If Fys = Fy[X]/(f) for a primitive polynomial f € [F,[X], then let v be a root
of f.

Else find a primitive element v € Fys.
¢°—1 ®—1 q®—1

1.12. Set (g0 =74, (g =72 and (g ) gy = 7@,
1.13. Find b € {C(lil(s)'ord(a,) :0<1<d® - ord(a) —1,ged(l,d;® - ord(a)) = 1} such

that bh =
1.14. For all j € {0,... ,dy ) — 1} compute b; := (Cél(s) -b)".
Representative system {0, . .. L d ) — 1}/ ~:
1.15. Set R:={} and J := {0,...,d,®) — 1}
While |J| > 0 do:
a. Select j € J.
b. Set R — RU {j}.
c. Compute J; = {jeJ: b; = b?m,O <m< s}
d. Set J — J\ J;.
After the while-loop set {0,...,d;®) —1}/ ~:=J.

Representative system CR,(d2'®)) and t;,¢; for every i € CRy(dz®):
1.16. Set C := {}, I :={0,...,do® —1}
While |I| > 0 do:
Select i € 1.
Set C' — C U {i}

Compute t; = min{t € T : Zziz)) | i}.

Compute ¢; = lem(t;, s1).

Compute Cq’dQ(s) (1) = {i-¢™ (mod dg(s)) 0<m<t;—1}.
Set I — 1 \ Cq,dQ(S) (’L)

After the while-loop set CR,(d2(*)) := C.

=00 T

Computation of the irreducible factors of X" — a:
1.17. For all j € {0,...,d;®®) =1}/ ~,

for all v | %,
for all i € CR,(d>®)) such that ged(i,v) = 1,
for all m € {0,...,ged(t;, s1) — 1}:

Compute
c;i—1 n
y (15) ) qu ) qu,
[T ca® " =t - o)™
u=0

Proof of Correctness. We only discuss the correctness of the algorithm steps which differ
from the formulation in Theorem 2.41.

1.9. The set T does not appear in Theorem 2.41. Note that we use it in Step 1.16. c.
for the computation of ¢; for every i € CRq(dQ(S)). In Theorem 2.41 the parameter

t; is defined as min{t | so : 32((: | i} If dg(%) = dy® for two divisors t,7 of sy
2
such that ¢ < ¢, then ZQ((;) | ¢ if and only if 322)) | 3. Thus, ¢t is never going to
2 2
be considered as a candidate for ¢; and we can remove it beforehand to reduce the

number of computations.
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

1.12.

1.13.

1.14.

1.15.

1.16.

g°—1

ged(£1 g5 —1)

S—1
If v € Fgs is a primitive element, then qu has order = d for every

divisor d of ¢° — 1.

In Theorem 2.41 the element b is defined as b € Fys such that b — g, However, if
q° is large, then looping through all elements of Fys takes a very long time. Instead we
can use the fact that with Theorem 2.33 (which is used in the proof of Theorem 2.37)
the order of b equals ord(a) - d1®) and restrict our search to the elements in Fys of
this order.

In Theorem 2.41 the equivalence relation ~ is defined for the element Cg (b and not
1

bj = ((; (»b)". However, in the proof of Theorem 2.41 we show that with Fact 2.38(ii)
1 ~ .
the elements C;l(s)b and Cél(s)b are [F-conjugates if and only if the elements (chll b))

and (C;l(s)b)r are Fg-conjugates. By computing b; := (Cé

the repeated computation of this power in the formula of S(; i m)-

1(S)b)” beforehand we omit

The representative system {0, ..., dq ) — 1}/ ~ is determined by computing all equiv-
alence classes using the b;s (see 1.14.) and selecting one representative each (in R).

The representative system CRq(d2<5)) is determined by computing all cyclotomic
cosets modulo do(®) and selecting one representative each (in C). For every represen-
tative we also compute ¢; (see 1.9.) and ¢;. O

We illustrate the application of Algorithm 1 with the following example.

Ezxample 2.46. We factor the polynomial X" —4 € F5[X] over F5 for n = 2°-72-13 = 20 384
with Algorithm 1.

1.1.

1.2.
1.3.

1.4.
1.5.

1.6.

1.7.
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For any two positive integers k and d such that ged(k,d) = 1, the order of k in the
multiplicative group (Z/dZ)* is a divisor of the group order, which is ¢(d). Thus,
ordg(k) equals min{m | ¢(d) : d | K™ — 1}.

Since rad(n) = 2 -7 - 13, we have p(rad(n)) = 1-6-12 = 72 and the divisors of
p(rad(n)) are {1,2,3,4,6,8,9,12,18,24,36,72}. The smallest divisor w of 72 such
that rad(n) =2-7-13 | ¢ — 1 is w = 12.

Since ¢ = 5 =1 (mod 4), we also have ¢'? =1 (mod 4) and we set s := w.

Since a is an element of F,, its multiplicative order e is a divisor of the group order
|F;| = ¢ — 1. The smallest divisor e of ¢ — 1 = 4 such that a® =1 is ord(a) = 2.

Since ord(a) = 2, we have n; = 2% and ny = 72 - 13.
Since ¢* —1=52-1=2%.32.7.13-31-601, we have

24.32.7.13-31-601
2

dl(S) = ng (nla
=23=8

di M = ged (25, ;) = 2.

> =ged(2°,2%-3%.7-13-31-601)

Since 5 =1 (mod 4), we set s1 := % = % =4.

Recall that s1 = ord, )4, (q) = ordgs(5). Since 52 —1 =23-3,5% —1 = 22.31
and 5* —1 = 2% .3 .13 we have indeed s; = 4. Thus, even though Step 1.6. looks
complicated, it reduces the computational complezity significantly.

Since ¢°* —1 =52 —-1=2%.32.7.13-31- 601, we have
dy®) = ged(ng, ¢® — 1) = ged(7%- 13,24 - 32.7-13-31-601) = 7- 13 = 91.



2.4. A new algorithm for the factorization of X" —

1.8.

1.9.

1.10.

1.11.

1.12.

1.13.

1.14.

1.15.

As in 1.1. we use the fact that ord, () (g) = min{m | o(da®) : do® | (¢ — 1)}
Euler’s totient function of do® is ©(7-13) = 6-12 = 72 and the smallest divisor m
of 72 such that 7-13 | (¢ — 1) is so = 12.

The set of all divisors of so = 12 is T = {1,2,3,4,6,12}. We determine ds® for
every t € T:

oM = ged(ng, g — 1) = ged(7% - 13,4) = 1,

<2) =ged(72-13,23.3) = 1, T — {1,3,4,6,12}
23 = ged(7%- 13,22 - 31) = T — {1,4,6,12}
o@ = ged(7%- 13,24 - 3. 13) = 13,

d2(6) = ged(7?-13,23-32.7.31) =17,

dy1? =7.13 (see 1.7.).
Thus, t; € T = {1,4,6,12} for all i € CRy(d2¥).
Since a # 1, we look for a positive integer 7 satisfying r - 72 - 13 = 1 (mod 8 - 2).
Since 72-13 = 13 (mod 16), we determine the multiplicative inverse of 13 in Z/16Z.
This is r = 5.
Let Fgs = Fgi2 = F5(8), where 3 is a root of the monic irreducible polynomial
X124 XT4 X0 44X4 +4X34+3X24+2X +2 € F5[X]. The polynomial is a primitive
polynomial and f is a primitive element of Fxi2.

In general, finding a primitive element in Fys is no trivial task. However, in SageMath
we can construct the finite field Fgs with a primitive modulus:

Fgs=GF (54(12), modulus="primitive")
or select a primitive element with

Fgs.multiplicative_generator ()

We compute
12_4

Cay (9 — (=85
=g+ 510+359+2ﬁ7+ﬁ6+ﬁ5+2ﬂ4+2ﬁ3+ﬁ2+5
(oo = Grag = B75° = BU1 4 3810 4 389 4+ 85 1 3 + 65 42642

Cord(a)-dl(s) - C2'8 - C16
= 48" +,6’1°+469+367+ﬁ6+4B5+4B4+4ﬁ3+362+36+2.

For 0 <[ < 15 such that ged(l,16) = 1 we compute Cl (0 = ¢!8 until we find an

integer [ such that (£% = a. Since 54 has order ord(a) = 2 and there exists only
one element of order 2 in F5, we can select any 0 <[ < 15 such that ged(l,16) = 1.
We select [ =1 and b := (y6.

For0§jS?zdl(s)—lwecomputebj:(j

: »0)". We omit the detailed results
1

here but they can be found in Example A.1.

Every equivalence class in {0,...,7} with respect to ~ contains exactly s; = 4
elements. Thus, there exist two equivalence classes. For j = 0 we compute

bl = by, b1 = by, bT = by, b = b,
which implies [0] = {0,2,4,6}. For j =1 holds
b9 = by, b = by, BT = b, bY = by
and [1] = {1,3,5,7}. We set {0,...,7}/ ~={0,1}.
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cyclotomic polynomial ¢, and f(X")

1.16.

1.17.

We determine CR5(7 - 13) = CR5(91) and for every i € CR5(91) we determine

t; =min{t € T : % | i} and ¢; = lem(t;, s1):

it ¢ Cs91(4)

0 1 4 {0}

1 12 12 {1,5,25,34,79,31,64,47,53,83,51, 73}
2 12 12 {2,10,50,68,67,62,37,3,15,75,11,55)
4 12 12 {4,20,9,45,43,33,74,6,30,59,22,19}

7 4 4 {7,3584,56)

8 12 12 {8,40,18,90,86,66,57, 12, 60,27, 44, 38}
13 6 12 {13,65,52,78,26,39}

14 4 4 {14,70,77,21}
16 12 12 {16,80,36,89,81,41,23,24,29, 54,88, 76}
17 12 12 {17,85,61,32,69,72,87,71,82,46,48,58}
28 4 4 {28,49,63,42}

'Thus(3R5(91)::{0 1,2,4,7,8,13,14, 16,17, 28}.

The divisors of a "y = 772 1133 = T are 1 and 7 and "15) = 23 = 4. Thus, for all
je{0,1},ve{1,7},1€{0,1,2,4,7,8,13,14,16, 17, 28} such that ged(i,v) = 1 and
all m € {0,...,ged(t;,4) — 1} we compute

c;i—1
[T = - oo,
u=0
Note that the computation of the explicit formula given in Theorem 2.41

Cj

ZX4~U-I . (_1)0171 Z H 1 q bv

1=0 UCO,...,c;—1} ueld
[U|=c;—1
would take much longer because it is costly to determine all ¢;—[ subsets of {0, ..., ¢;—

1} for all 0 <1 < ¢; and for all elements of {¢; : i € CR5(91)} = {4,12}.

For i = 0 we have gecd(tp,4) = 1 and ged(0,7) = 7 > 1. Thus, for ¢ = 0 we
consider the tuples (7, v,4,m) = (0,1,0,0) and (1,1,0,0) which both yield one monic
irreducible factor of degree 4 - ¢; = 16. For i € {7, 14, 28} we have gcd(¢;,4) = 4 and
ged(i,7) =7 > 1 and we need to consider the tuples (0, 1,4,0),(0,1,4,1), (0, 1,1, 2),
0,1,4,3),(1,1,4,0),(1,1,4,1),(1,1,4,2),(1,1,4,3) which all yield one factor of degree
4-4 =16. In total i € {7,14,28} yield exactly 24 factors of degree 16. For i €
{1,2,4,8,16,17} we consider all tuples (j,v,i,m) with j € {0,1},v € {1,7},m €
{0,1,2,3}. For v = 1 each of these i yields exactly 2 -4 = 8 irreducible factors of
degree 4-12 = 48 and for v = 7 exactly 8 irreducible factors of degree 4-7-12 = 336.
For ¢ = 13 we consider all tuples (j,v,13,m) with j € {0,1},v € {1,7},m € {0,1}
because ged(t13,4) = ged(6,4) = 2. These give 2 - 2 = 4 factors of degree 48 and 4
factors of degree 336.

In total, the factorization of X 20384 — 4 consists of 26 factors of degree 16, 52 factors
of degree 48 and 52 factors of degree 336. For the complete explicit factorization see
Example A.1.

From Example 2.46 we can see that the preparation steps 1.1. to 1.14. are simple
computations. A little more work is necessary to determine the representative systems

(...,

d;® =1}/ ~ and CR,(do®)) and the computation of the irreducible factors them-

selves is heavy work for the computer.

In Section 2.9 we present an implementation of Algorithm 1 and compare its performance
with the existing functions factor from SageMath and Factorization from Magma.
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2.5. New results on the factorization of X" — 1 and ®,,

2.5 New results on the factorization of X" — 1 and 9,

Recall that there exist explicit formulas for the factorization of X™ — 1 over F, for all
positive integers n satisfying rad(n) | (¢* — 1) where w = 1 [MGO15, Corollaries 1 and 2],
w is prime [WYF18, Theorems 3.2, 3.4 and 3.6] or w is the product of two primes [WY21,
Theorems 3.3, 3.5, 3.8, 4.2, 4.4 and 4.7]. No closed formula for arbitrary positive integers
n was known.

With the choice a = 1 we derive the following closed formula for the factorization of X™ —

for every positive integer n such that ged(n,q) = 1 from Theorem 2.41. Recall that with
Remark 1.2 the condition ged(n,q) = 1 is no restriction on the selection of the positive
integer n. Theorem 2.47 covers all factorizations given in [MGO15; WYF18] and [WY21].

Theorem 2.47. Let n € N such that ged(n,q) = 1. Let w := ord;aq(n)(q) and
set s := w if 4t n or ¢* = 1 (mod 4), else set s := 2w. Furthermore, for all
positive integers t we define d) := ged(n, ¢ — 1) and for every i € CRq(d(s)) we set
¢; :=min{t € N: (f) | i}.

Then the factomzatwn of X™ — 1 into monic irreducible factors over Fy is

0T [T(e-)

v~y zeCRq(d<s>)

ged(i,v)=
= vl cz—l
S | I D SECHEICE D SR | (B
U|d(s) 1€CRy (d(5)) =0 UCH0,....ci—1} ueld
gcd(z v)=1 [U|=c;—1

where for all v | -5 and all i € CR ,(d®)) such that ged(i,v) = 1, the monic

d(s
irreducible factor belonging to (v,i) has degree ve; and order v - %.

Proof. We apply Theorem 2.41 for a = 1. Then ord(a) = 1 implies that 1 =n; = di® for
all positive integers ¢ and n = ny. Furthermore, (; ) = 1 and the element b € Fy such
that 54 = 4 can be set to 1. Its order is obviously 1, which implies that s; = 1. The
representative system {0,...,d;®) — 1}/ ~= {0}/ ~ is {0} and we can set j = 0 for all
irreducible factors. Furthermore, for all i € CR,(d2*)) holds ged(t;,s1) = 1. Since a = 1
the positive integer r satisfies r = 1. Set d(®) := d2®). Then the factorization of X™ — 1
over [, is given by

II II Sowo=1I 1I Zle pet o > TTC)™

|d(5 i€CR4(d®) v| <") i€CRy(d(® )) =0 Uc{0,...,c;—1}y ueld
ged(i,v)=1 ged(i,0)= [U|=c;—1
) . db
S(0,v,,0) has degree v - ¢; and order v wed(id®) " O
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

2.5.1 The generating polynomials of all cyclic codes

With Theorem 2.47 and Remark 1.2 we obtain a closed explicit formula for the generating
polynomials of all cyclic codes.

Corollary 2.48. Let n be a positive integer and C = (g) be a cyclic code of length i =
n - char(F,)!, for positive integers n and 1 such that ged(n,q) = 1. We define s, d® ¢ as
in Theorem 2.47. Then the generating polynomial g of C is of the form

] char () (G:v4m)

[c;i—1

o= T1 |II (x*- <)
(v3)eZ Lu=0

- char(Fy)' (Gv.i:m)

= II Dox ot > Jlah
=0

(vi)ET Uc{0,...,ci—1} ueit
L [U|=c;—1

where 1y im) <1 for all (j,v,i,m) € L and the inder set T is a subset of

{(v,7) :v | %,z’ € CR,(d2'®)) such that ged(i,v) = 1}.

2.5.2 A new closed formula for the explicit factorization
of the n-th cyclotomic polynomial ¢,

Recall that for any positive integer n such that ged(n,q) = 1 the n-th cyclotomic polyno-
mial @, is the product of all primitive n-th roots of unity and that X™ — 1 is the product
Hd‘n ®,;. Consequently, the explicit factorization of the n-th cyclotomic polynomial ®,,
is given by the product of all monic irreducible factors of order n in the factorization of
X™ —1 from Theorem 2.47.

We present the resulting new closed formula for the factorization of ®,, for every positive
integer such that ged(n,q) = 1 in the next theorem, Theorem 2.49. It covers all explicit
factorizations given in [FY07; WW12; TW13; Wu+17; Als18|. Even though Theorem 2.49
is a corollary of Theorem 2.47, we give a direct proof for it here.

Theorem 2.49. Let n € N such that ged(n,q) = 1. Set w := ord,aq(n)(q) and set
s:=wifdtn orqg” =1 (mod 4), otherwise set s := 2w. Furthermore, we define
d®) = ged(n, ¢® — 1).

. . . . . (s)
Then the factorization of the cyclotomic polynomial ®,, into %
factors of degree -t - s over Fy is

monic irreducible

d)
s—1
iy — i
11 [H (Xd _Cd(8)>]
i€CRq(d®)) Lu=0
gcd(i,d<5)):1

— Ok s—l i-q"

= ]I > X (-1 > II6s
i€CRy(d(®)) [ 1=0 Uc{o,...,s—1} uel
ged(i,d(9))=1 [U|=s—1

Proof. Let T := {0 < i < d® —1: ged(i,d®)) = 1}. Then every primitive n-th root of
unity ¢, is a root of a binomial of the form X a() — le<8) € Fys[X] for a primitive d®)-th
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2.5. New results on the factorization of X" — 1 and ®,,

root of unity Cjz(s) with i € Z. Note that for two distinct elements i and ¢ of Z, there do

not exist any common roots of X a®*) — C;(S) and X 4] — Cé(s). Furthermore, there exist
exactly o(d®)) polynomials of this form.

Let ¢« € Z. We show that the binomial X PO Ci(s> is irreducible over Fys. Every prime
factor of - is also a prime factor of d®) because rad(n) | ¢* — 1 and d® = ged(n, ¢® —1).

Since ord(Cd ») = d®), holds rad( ) | ord(Cd ») and ged (4, le)) = 1. The positive

integer s was selected so that either 41 n or ¢°® =1 (mod 4). Wlth Theorem 2.22 follows
that the polynomial X a() — C;(S) is irreducible over Fys. Consequently, ord,(q) =

n_
0 OB
The roots of X ) — (7, are 5
exactly ¢(d®)) irreducible binomials of this form, we obtain that ¢(n) =
factorization of ®,, into monic irreducible factors over Fys is :

distinct primitive n-th roots of unity. Since there exist

5 -0(d®)). The

d®)—1
_n_ .
H (X — (o))
=0
ged(i,d(®)=1)

With Corollary 2.11 the factorization of ®,, over [, is given by

11 spin, | X — G
{0<i<d(®) —~1: ged(4,d(®))=1}/~

where i ~ i if and only if ¢ € Cae (7). It remains to prove that for every ¢ € Z, the
primitive d®-th root of unity Cé(g) is a proper element of Fys. The smallest integer ¢
such that d®) | ¢* — 1 satisfies t = ordy)(q) > ord,,q(q)(q) = 0rdraqn)(¢) = w and

from the fact that d®) divides ¢* — 1 follows that ¢ = ordys < s. If s = w, then
t =ordys(q) =s. If s =2w, then 4 | n and ¢* = (mod 4). Thus, with Fact 2 39 (1))

holds ged(n, ¢ — 1) = ged(n, ¢ — 1) - 21 +min{ra(§).» va(5H)}, Consequently, 2 | 4 W which

implies that d®) { ¢ —1 and s = = ordys)(q). Thus, coeffdeg, (X ) — Cd(s)) = 5. Since
Xa C;(S) is a binomial, its ¢g-spin can easily be computed:

CORREED DR | [y

UCHO,....ci—1} ueld
[U|=c;—1

S
i _n_ . n_.
spin, X al®) _C(Zi(s):| = E X a®)
=0

O

Remark 2.50. In Section 2.1 we explained that the de ree of the irreducible factors of ®,,
is ord,(¢q) and the number of irreducible factors is d (q) In Theorem 2.49 the degree of
n

the irreducible factors is given as &5 - s and the number of irreducible factors as @.
These two statements are equivalent. Indeed, from the proof of Theorem 2.49 follows that

ordy(g) equals %5 - s. Furthermore, since d® | n and rad(n) = rad(d®®)), for every i in

{0,....n=1}=H0,...,d® —1,d® +0,...,d" + (d® — 1),

Ny g® " .d®) (s) _
..,(d(s) 1)-d —|—0,...,(d(8) )-d"¥ +(d 1)}
holds ged(i,n) = 1 if and only if ged(i,d®)) = 1. Consequently, ¢(n) = yio) - o(d®) and
pn) _ o #dD) o)
ordn(q) dE—LS)s - s
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

2.6 Known results on the factorization of f(X")

In this section we consider again the factorization of the composition f(X"™) for a posi-
tive integer n and a monic irreducible polynomial f € F,[X], f # X. Recall that with
Remark 2.1 the polynomial f = X is of no interest.

Let f be of degree k and « € F;k be a root of f. The explicit factorization of f(X™)
was known before for all positive integers n such that ged(n,ord(f) - deg(f)) = 1 and
rad(n) | (¢* — 1) where w = 1 or w is an odd prime satisfying ged(n,w) = 1. It was given
in [MRS19] in the following three separate theorems, Theorem 2.51, Theorem 2.55 and
Theorem 2.57.

Theorem 2.51 gives the explicit factorization of f(X") over I, for all positive integers n
such that rad(n) | (¢ — 1) and (¢ =1 (mod 4) or 8fn). As in Section 2.1 and Section 2.2
we simplified the statement of Theorems 2.51, 2.55 and 2.57 by introducing the definition
d® := gcd(n, ¢* — 1) for positive integers t.

Theorem 2.51 (|[MRS19, Theorem 2.3|). Let f € Fy[X], f # X, be a monic irreducible
polynomial of degree k and let o € Fyr be a root of f. Furthermore, let n € N such that
rad(n) | (¢ — 1), ged(n,ord(f)-k) =1 and (84 n or ¢ =1 (mod 4))). Let r be a positive
integer satisfying rn = 1 (mod ord(f)). Set dV) := ged(n,q —1). Then the factorization
of f(X™) into monic irreducible factors over Fy is

f(X™) = H H Cﬂ)k 9:(Cny X1,
iy 1<u<d®
ged(u,t)=1
where g (X) = H?;& (X — a”qj) for every divisor t of .

Remark 2.52. In Theorem 2.51 the positive integers n and r satisfy ged(n,ord(f)) =
ged(n,ord(a)) = 1 and rn = 1 (mod ord(«)). Then the element o satisfies (o)™ = «.
Consequently, with 5 = " there exists an element [ in F;k such that ™ = «. The
authors of [MRS19| claim that their results are generalizations of the factorizations of
X" —1 given in [MGO15] and [WYF18|. As they choose the positive integer r such that
rn =1 (mod ord(a)), their results technically do not hold for a = 1 which corresponds to
the polynomial f = X — 1. This little mistake could easily be corrected by choosing r = 1
if f=X-1

However, even then, the factorizations given in [MRS19| could easily be derived from the
factorizations of X™ — 1 in [MGO15; WYF18| with our Theorem 2.10 because there exists
an element 8 € FZ’“ such that ™ = «. In fact, Theorem 2.10 combined with all results from
[MGO15; WYF18; WY21| yields the factorization of f(X™) for every positive integer n
such that there exists 3 € F, satisfying §" = a and rad(n) | (¢ —1), where w = 1 or w is
prime or w is the product of two primes, without the condition ged(n,ord(f)-deg(f)) =1
on n. As a reminder, we state the result again:

Theorem 2.10. Let n € N and f € Fy[X], f # X, be a monic irreducible polynomial of
degree k. Further, let a € F;k be a root of f such that there exists 5 € F;k with " = «

and let Q) = % € Fe(X). If [Irer R is the factorization of X™ — 1 into monic irreducible
factors over Ik, then the factorization of F(X™) into monic irreducible factors over Fy is

H spin, [RQ] ,
ReR
where coeffdeg, (RQ) =k for all monic irreducible factors R of X" —1 over F.

Theorem 2.51 is proved with the same top-down approach as the results in [MGO15] and
with the use of the following lemma.
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2.6. Known results on the factorization of f(X")

Lemma 2.53 (|Bey77, Proposition 1|). Let p be a prime such thatp | (¢ —1) and let k be
a positive integer. Then

(i) If p is odd, then v,(¢* — 1) = v,(q — 1) + vp(k).

va(q—1) if k is odd,
va(q—1)+ (k) +rv2(qg+1)—1 if k is even,
so that vy(¢* — 1) = v,(q — 1) + vp(k) if =1 mod 4.

(ii) Ifp =2, then va(g" — 1) = {

From Lemma 2.53 we can derive the following corollary. It shows that the condition
ged(n, k) = 1 in Theorem 2.51, where k is the degree of the monic irreducible polynomial
f € Fy[X], implies that d®) equals d).
Corollary 2.54. Let n,k € N such that rad(n) | (¢ — 1) and ged(n, k) = 1. For every
positive integer t we set d¥) := ged(n, ¢t —1). Then

(i) d*m™) = d™) for every positive integer m,

(i) d®) = 2. dM)  where | = min{max{0, vo(n) — vo(q — 1)}, v2(q + 1)}.

Proof. (i) Let p be a prime factor of n. If p is odd, then Lemma 2.53(i) implies that
vp(d*™ — 1) = vp(¢™ — 1) + (k) = vp(¢™ — 1). If p = 2, then k is odd, because
ged(n, k) =1, and v5(¢"™ — 1) = vy(¢™ — 1) with Lemma 2.53(ii).

(ii) Let p be a prime factor of n. If p is odd, then Lemma 2.53(i) implies that v,(¢?* —1) =
vp(q — 1) + vp(2k) = vp(q — 1), because p # 2 and ged(n, k) = 1. If p = 2, then
va(¢® — 1) =va(qg— 1) + 10(2k) + ra(g+1) =1 =wa(g— 1)+ 1+wa(qg+1) -1 =
va(q — 1) + v2(q + 1) with Lemma 2.53(ii). O

As discussed in Remark 2.52, the factorization of f(X") presented in Theorem 2.51 is
defined by the factorization of X" —1 over F «, because ged(n, ord(f)) = 1. Our alternative
proof goes as follows:

Proof of Theorem 2.51. There exists a positive integer r such that rn = 1 (mod ord(f))
and = o satisfies /" = a. With the conditions rad(n) | (¢ —1) and (8 fnorg =1
(mod 4)) the factorization of X™ — 1 over F is given by Theorem 2.12 as:

II I &=

t‘d(k) 0<u<d(k) 1
ged(u,t)=1

Then Theorem 2.10 implies that the factorization of f(X") is

k—1
. g
H [T sping [(X" = Ciw)® H II I =8¢
t—tey 0<u<d® -1 tl—tey 0<u<d®—1 | J=0

ged(u,t)=1 ged(u,t)=1
where = % € Fi(X). Since ged(n, k) = 1, Corollary 2.54 implies that d*) = d) and
Ca) = (41 is an element of IF Thus, the factorization of X" — 1 over Fx is actually a

factorization over F, and ('} (k) = Qg forall 0 <j <k-—1. O

For the proof of the next two theorems, Theorem 2.55 and Theorem 2.57, the authors of
[MRS19] use the same method as [WYF18; WY18; WY21]| and as we do in Theorem 2.41.
They determine the least positive integer s such that rad(n) | (¢° —1) and (8t n or ¢° =

(mod 4)), obtain the factorization of f(X"™) over F;s with Theorem 2.51 and show that
the g-spins of the irreducible factors over Fys are the irreducible factors of f(X™) over F,.

The next theorem, Theorem 2.55, details the factorization of f(X™) for all positive integers
n such that ged(n,ord(f) - deg(f)) =1 and rad(n) | (¢ — 1), 8| n and ¢ =3 (mod 4).
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

Theorem 2.55 (|[MRS19, Theorem 4.1]). Let g =3 mod 4, f € Fy[X], f # X, be a monic
wrreducible polynomial of an odd degree k and let o € sz be a root of f. Furthermore, let
n be a positive integer such that rad(n) | (¢ — 1), ged(n,ord(f) - k) =1 and 8 | n. Let
r be a positive integer satisfying rn = 1 (mod ord(f)). Set d) := ged(n, ¢t — 1) for
t € {1,2}. Then d® =2t dM)  where | = min{ve(5),v2(q +1)}. Set (o) = (3;2). Then
the factorization of f(X™) into monic irreducible factors over [y is

=1I II <& e(Cnxh

t\d(%) 1<v<d®
24t ged(v,t)=1

H H [ (;L)k g+1) t(<§(2)Xt) g (Cu(qQ)Xt)}

t‘d<2) u€EUy
where g (X) = H?;é (X — o) for every divisor t of —@ and

U = {1 <u<d?:ged(u,t) =1,2" fu}/ ~y0 -

The equivalence relation ~ ) is defined as u ~ ) w if and only if © = wu - q" (mod d(2))
for a positive integer i.

Remark 2.56. In the original statement of Theorem 2.55, [MRS19, Theorem 4.1|, the
result is stated without the condition ged(n,ord(f) - deg(f)) = 1. However, without this
condition the statement of the theorem would be false. For example with Lemma 2.53 the
greatest common divisor d® of n and ¢ — 1 would equal dV) - ged(n, k) - 2!, where [ :=
min{vy (%), v2(q+1)}, and not satisfy the equation d® = 2!-d(!). Furthermore, the authors
prove this theorem using results from their Section 3 and the condition ged(n,ord(f) -
deg(f)) is set throughout this section.

Theorem 2.55 could alternatively be proved with Theorem 2.10, Corollary 2.54 and Theo-
rem 2.13.

The following theorem gives the factorization of f(X™) for every positive integer such that
ged(n,ord(f) - deg(f)) = 1 and rad(n) does not divide ¢ — 1 but divides ¢* — 1 for an odd
prime w such that ged(n,w) = 1.

Theorem 2.57 (|[MRS19, Theorem 4.2|). Let f € F,[X], f # X, be a monic irreducible
polynomial of degree k and let o € sz be a root of f. Furthermore, let n be a positive
integer such that ord,,q(n)(q) = w is an odd prime, ged(n,ord(f) - k) = ged(n,w) =1 and
(84n org=1 (mod 4)). For every positive integer t we set d¥) = ged(n,qt — 1) and we
define the equivalence relation ~ gy on {1,. ,d(“’)} as follows: u ~ ) @ if and only if
t=u-q (mod d™) for a positive integer i. Then the factorization of f(X™) into monic
irreducible factors over Fy is

fX™) = H H Cd/ gt(Cd’Xt)

t-fy  1<v<d
rad(t)]g—1 £ed(v:)=1

k 1+ —+ 1 w—1
H H [ d(Z) a t(Cg(w)Xt) o 'gt(C:(qw) Xt) )

t| d(w) uEU,

rad(t)tg—1
where

(1) ifwin orwtq—1 orvy(n) >velg—1)>1,d =dY and

Uy = {1 <u<dw . ged(u,t) =1, ged (n, qq __11> J(u} ] ~gw) -
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2.7. A new closed formula for the factorization of f(X")

(2) ifw|nandw|qg—1 and vy(n) > vw(g—1), d =w-ged(2,q—1) and

w?

w_1
—dl<u<d® . - A ~ ) -
Uy {]-_U_d ng(u7t) 1,gcd (w’w(q—l) 'fu / dw)

Theorem 2.57 could alternatively be proved with Theorem 2.10, Corollary 2.54 and Theo-
rem 2.17.

Remark 2.58. Note that for a prime w the equivalence classes of the relation ~ w) as
defined in Theorem 2.55 and Theorem 2.57 on {1,...,d™)} are in fact the g-cyclotomic
cosets modulo d™). Furthermore, if U = {1 < u < d™ : ged(u,t) = 1,m t u}/ ~guw
for two positive integers ¢ and m such that rad(t) | rad(n) and m | d®) then Lemma 2.14
implies that

U = {u € CRy(d™) : ged(u,t) = 1,m {u}.

In Theorem 2.55 we have d® = 2. d1) and m = 2! divides d®. In Theorem 2.57 both
positive integers m = ged (n, 1 !

| ) and m = ged (%, %) are divisors of ged(n, g% —

1) = d™). Thus, the index sets U; are actually subsets of the representative system
CR,(d™)) in both theorems, Theorem 2.55 and Theorem 2.57.

2.7 A new closed formula for the factorization of f(X")

In this section we derive a closed formula for the factorization of f(X™) for every monic
irreducible polynomial f € F,[X], f # X and every positive integer n such that ged(n, q) =
1 from our main theorem, Theorem 2.41. Let f be of degree k and « € sz a root of f.

Remark 2.59. As in Remark 1.2, we can assume ged(n,q) = 1 without loss of generality.
Indeed, if ged(n,q) > 1, then n = 7 - char(F,)! and there exists an element v € F & such
that v F) = o Let [1x R be the factorization of X™ —~ over Fx, then (T]p R)char(Fq)'
is the factorization of X" —a over F . With Theorem 2.8 the factorization of f(X™) over

I, then is given by (][] spin, [R])char(Fo)"

Additionally, without loss of generality, we can restrict ourselves to the monic polynomials
f by Remark 2.5.

Recall that f(X™) is a rational transformation f@ with the rational function Q = -~ €
F,(X). By Theorem 2.8, the factorization of any rational transformation 9 with Q = Je
Fy(X) is given by the g-spins of the irreducible factors of g — ah over F e. As a reminder
we state the result again:

Theorem 2.8 ([MYM10, Lemma 13|). Let f € F,[X] be a monic irreducible polynomial
of degree k and o € F . be a root of f. Further, let Q = § € Fo(X) and [[per R be the

factorization of g — ah into irreducible factors over F . Then the factorization of f< into
monic irreducible factors over Fy is given by

I svin, [R],
ReR
where coeffdeg, (R) = k for all irreducible factors R of g — ah over F .

Thus, with Theorem 2.8 the factorization of f(X") over Iy is given by []ger spin, [R],
where [[per R is the factorization of X" — « into monic irreducible factors over F .
The factorization of X™ — « over Fx is given by Theorem 2.41 and consists of ¢"-spins
of the monic irreducible factors of X™ — a over F ks, where s is either ordrad(n)(qk) or

2. Ordrad(n) (qk)
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

The following fact shows that the g¢-spin is transitive. We use it in the proof of our
next theorem to simplify the factorization of f(X"™) obtained from the combination of
Theorem 2.41 and Theorem 2.8.

Fact 2.60. Let k,s be positive integers and g be an irreducible polynomial over F s such
that k | coeftdeg, (g), then the q-spin of g satisfies

spin,, [g] = spin, [spingx [g]] .

Proof. Since k | coeffdeg, (g), there exists a divisor d of s such that coeffdeg, (g) = kd and
coeffdeg i (9) = d. Then if g = 7" a; X",

d—1 m k—1d—1 m

. . . kj : kj+l .
spin, [spin . [g]] = spin, H Zag X' = H H Zag X'
§=0i=0 1=0 j=0 i=0
kd—1 m
— ¢ X’L _ .
=TI D_af X" = spin, [g],
j=0 i=0
_ kil .
because ¢ is a power of char(Eq) and for the coeﬁicients of the polynomial H?:(l) Sty al D¢
kj kj kj+l1 kj+1
we can write Le. (a} e ag J)ql =al g ag . O

In the next theorem, we give a closed formula for the factorization of f(X™) for every
monic irreducible polynomial f € F,[X], f # X, and every positive integer n such that
ged(n, q) = 1. Tt covers and extends Theorem 2.51, Theorem 2.55 and Theorem 2.57.

Theorem 2.61. Let f € Fy[X], f # X, be a monic irreducible polynomial of degree
k and let n be a positive integer such that ged(n,q) = 1. We define:

Q € FZ’“ a root of f

ni,ng | n=ny - ne, where rad(ny) | ord(a) and ged(ng,ord(ar)) =1

w | = ordrad()(¢")
_{w if44n or ¢* =1 (mod 4),

2w otherwise.

A | =ged(ny, L) for t € {1,5}

do®) | = ged(ng, ¢ — 1) fort € N

~g | BEF,s and for j,5 € {0,...,d1®) — 1} holds j ~z ]

3 P.gku u .
if and only if Cc]l o = Zl‘{s B9 for an integer 0 < u < s — 1,
1 1

Ziﬁ; if41di® or¢" =1 (mod 4),
51 - dy ) — otherwise.
4y (1).gmin{ra () .o (T51)}
t; = min{t € N : ZZS; | i} for every i € Cqu(dZ(s))
ci = lem(t;, 51) for every i € CR (dy®))
r=1 iff=X—1,
r
rng =1 (mod ord(a)-di®))  otherwise.
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2.8. A new algorithm for the factorization of f(X")

()

Then there exists 5 € F;ks such that B4 = o and the factorization of F(X™) into

monic irreducible factors over Fy is

ged(t;,81)—1

H H H S(j,fu,i,m)7

§€{0,...,d1( =1} /~p U| g) ZQCRk(d2< )y m=0
gcd(zv) 1

and for all applicable (j,v,i,m) the polynomial S(; . im) is defined as

ny .
S(j,v,i,m) = Spinq [X ot <d2<5 (<;1<5>5)TU]

kc;—1

-1 (x5 - T o)
ke; ny

= ZXd oy v (kei=l) . (—1)l Z H (C;:,(ir)n (Cél(s)/@)m)qu

UCHO,....ke;—1} ueld
]=l

d2(8)
ged(i,d2 ()’

S(jw,im) has degree k- s - v - ¢; and order ord(a) - ny - v -

Proof. The factorization of X™ — a over F x is given by Theorem 2.41 as
ged(t;,81)—1

11 H 11 II  Sowim

FE{Osnsdt () =1} /v 0] =% (S) zeCRk(dg(S)) m=0
gcd(zv)

where S(; ., ; m) is the ¢*-spin of the binomial Rijvim) = X‘ilﬁ.v - (;'Zq(i;n (gél(s)ﬂ)”’ with
coeffdeg (R(j,v,i,m)) = ¢;. The positive integer r satisfies r = 1 if @« = 1, which is
equivalent to f = X —1, or rng = 1 (mod ord(a)-d;®)) otherwise. Then with Theorem 2.8
the factorization of f(X™) = f? for Q = ¥ € Fy(X) is given by

ged(t,81)—1

11 H 11 [T sping [SGawim)] -

GE{0,sds D=1}/ v 5 HECR 1 (D) =0

gcd(zv) 1
and coeflfdeg, (S(j7v7i7m)) = k. With Fact 2.60 holds spin, [S(j,v,i,m)] = spin, [R(j7v7l-7m)]
and coeffdeg, (R(jﬂ,ﬂ»,m)) = kc;. Since R(j,;m) 18 a binomial, its g-spin can easily be
computed:
ke; nq

> i RIS SR | (AR A

UCH0,... ke;—1} ueld
U|=ke;—1

The degree of the g-spin of R;, ; m) is ke; - -v and its order is the same as the order

d(f‘

. . do(®
of R(j,i,m), Which is ord(a) - n1 - v - m. O

2.8 A new algorithm for the factorization of f(X")

With Theorem 2.61, Remark 2.59 and Remark 2.5 we define a new algorithm for the
factorization of f(X™) for every irreducible polynomial f € F,[X], f # X, and for every
positive integer n.
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Chapter 2. Closed formulas for the factorization of X" —a, X" — 1, the n-th
cyclotomic polynomial ¢, and f(X")

Notation. In the following algorithm we denote the characteristic char(F,) of the finite

field F, by p.

Algorithm 2 (Factorization of f(X™)).
Input: Field size ¢ with char(F,) = p for a prime p, n € N,
f € Fy[X] monic irreducible of degree k, f # X.
Output: Factorization of f(X") into monic irreducible polynomials over F,.

2.1. Compute vp(n).

2.2. Set n:= 1%
2.3. If F[X] =TF,/(g) for a primitive polynomial g € F,[X], then let v be a root
of g.

Else find a primitive element v € F .
2.4. Find o € Fx such that f(a) =
2.5. Compute ord( )

2.6. Find & € {’yOrd(a) : ged(l, ord(ev)) = 1} such that & S
2.7. Apply Steps 1.1. to 1.16. of Algorithm 1 for input ¢*, 7 and Q.
2.8. For all j € {0,...,d; (5) —1}/ ~,

for all v | 5,
2

for all i € CRx (d2®)) such that ged(i,v) =1,
for all m € {0,...,ged(t;, s1) — 1}:

Compute
kc;—1 ny
_ (=" i N
S(jzv:iam) - H <Xd1 - (qu(s b)q > *
u=0

2.9. The factorization of f(X") is

ged(t;
p’/p(")
H H H H S(j7v7i7m)
G€{0,0ydr ) — 13/~ v~ (S) i€CR 1 (do(®)  Mm=0
gcd(z'u) 1

Algorithm 2 is a generalization of Algorithm 1, because the polynomial X —a € Fy[X] is
irreducible over Fy for all a € F; and its composition with X" is the binomial X" — a.
Consequently, it suffices to implement and use Algorithm 2.

Remark 2. 62 For applicable (j,v,4,m) the polynomial S(jv,i,m) 18 & composition of the

form g(Xdl(s) ) where

kci—1
g=TT (x =2 o™).
u=0
n]

Therefore, instead of computing S, ; m) directly, we can compute g first and g(X d1 (%) .v)
afterwards. Computations with polynomials of a high degree are costly in computer algebra
systems. Thus, for implementations this adaptation of 2.8. has the advantage that the
computation of the product over 0 < u < k¢; —1 happens with polynomials of much smaller
degree.

In [MRI18| an algorithm has been presented for the factorization of f(X™) for a monic
irreducible polynomial f € F,[X] and every positive integer n such that v,(¢ — 1) >
vp(n) + vp(ord(f)) for every prime factor p of n. Note that this condition is equivalent to
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-1
| ged(g— lord( )"
shows that the binomial X" — o splits into linear factors over Fx if n |

g1
ord(a) "

Let f be of degree k and o € F i be a root of f. The following lemma
g—1 —
ged(g—1L,ord(f)) —

m. In fact, the condition can be relaxed to n |

Lemma 2.63. Let a € F; and n be a positive integer such that n | Furthermore,

g—
ord(a) -
write n = ny - ng such that rad(ny) | ord(a) and ged(ng,ord(a)) =1 and let r be a positive
integer satisfying r = 1 if a = 1 and rny = 1 (mod n; - ord(a)) otherwise. Then the

factorization of the binomial X™ — a into monic irreducible factors over Fy is:

n—1

X7 —a= [[(X -G

i=0
where b € Fy satisfies b™ = a.

Proof. 1f 4 | n, then4 | ¢—1and ¢ =1 (mod 4). Let n = n; -ng such that rad(n;) | ord(a)
and ged(ng, ord(a)) = 1. Then the fact that n | Ofd;é) implies that d; = ged(ng, O‘r]d;é)) =m
and dy = ged(ng, ¢ — 1) = ng. Furthermore, we have rad(n) | ¢ — 1 and the factorization
of X™ — a into monic irreducible factors over F, is given by Theorem 2.37 as

di—1 da—1 n . . ni—1no—1
T e | § ' CEE
|d 7=0 =0
2gcd(1v)

where b € [F, satisfies b"! = a and r is a positive integer satisfying » = 1 if a = 1 and
r-ng = 1 (mod ny - ord(a)) otherwise. Since ged(ng,n2) = 1, there exists a primitive
n = ning-th root of unity ¢, in F, and we can write X" —a = H?:_OI(X —CLbM). O

From Lemma 2.63 and Theorem 2.8 follows that if n | Ok (1) for a monic irreducible

polynomial f € F,[X] of degree k, then the factorization of f(X™) over F, equals

n—1
[T spin, [x - 5] =1 H — (G|, (2.19)
=0

where ™ = « for a root a of f and a positive integer r satisfying »r = 1 if @« = 1 and
rng =1 (mod ord(«)-np) otherwise. The positive integers ny, ng are defined by n = nq-no,
rad(ny) | ord(c) and ged(ng,ord(a)) = 1. The algorithm presented in [MR18] does not
compute the formula given in (2.19) directly. It is defined only for prime powers n =9 for
a positive integer I, which satisfy the condition v,(¢—1) > l+vp(ord(f)). If n = pi' - pl,;y
for distinct prime factors p1, ..., pm, then the algorithm in [MR18] needs to be apphed m
times.

Note that the set of integers for which the algorithm from [MR18] can be applied is the set

of divisors of WM. If g is small or ged(q — 1,0rd(f)) is large, then the number of

divisors of WM is very small - might even be 1 - and also the divisors themselves
are smaller than ¢ —1. However, the authors state that their algorithm performs best if ¢ is
not very big, g < e (kn)™20%0 Thus, the selection of n is quite restrictive and the algorithm
can only be applied for a limited number of polynomials f and integers n.

Since our algorithm allows us to factor the composition f(X™) for every positive integer
n with one closed formula, it is much more powerful than the algorithm given in [MR18]|.
In particular, it allows us to compute the factorization of the composition f(X™) over

the binary field Fs, which is not possible for any positive integer n with the condition

q—1
" | gedte=1y o)
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In the following example, we factor the composition f(X"™) for the monic irreducible poly-
nomial f = X6 4+ X® 4 X% 4+ X2 + 1 € Fyo[X] and the positive integer n = 182952 =
23 .33 .7.112 over the binary field Fy with Algorithm 2. Then 7 = 33 - 7 - 11?2 satisfies
ged(71, 2) = 1 and ordaq(s)(2) = ords.7.11(2) = 30 is not prime. Furthermore, ord(f) = 21
and ged(n, deg(f)) = 3 = ged(n, ord(f)). Thus, the factorization of f(X"™) over Fa cannot
be determined with either Theorem 2.51, Theorem 2.55, Theorem 2.57 or the algorithm
presented in [MR18].

Ezample 2.64. Let f = X®+ X%+ X4+ X2+ 1 € Fo[X] and n = 182952 = 23-3%.7-112.

2.1.
2.2,
2.3.

2.4.
2.5.
2.6.
2.7.

We have char(Fz) = 2 and v»(n) = 3.

= gty = 3% 7117 = 22869.

Let Fr = Fg6 = Fg4 = F2(7), where « is a root of the monic irreducible and primitive
polynomial g = X6 + X4+ X3 + X +1 € Fo[X].

Then a = ~3 is a root of f.

The order of a is 21 =17 - 3.

& =747+~ +1 € Fy satisfies a2 = a.

1.1. The multiplicative order of 2 modulo rad(n) = 3-7-11 = 231 equals w =
ord231(2) =5.

1.2. Since 41 n, we set s :=w = 5.

ord(&)

= @ or@) 14

1.3. The order of & is the same as the order of a, because ord(«)
2 tord(&). Thus, ord(a) = 21.
1.4. Thus, n; =33 -7 and ny = 112
1.5. We have ¢®* —1=26%—-1=32.7.11-31-151-331 and
32-7-11-31-151-331)_3
3-7
Furthermore, ¢ — 1 =26 —1 =63 =32-7 and d; (V) = ged(33 - 7,37 = 3.

37
1.6. Since 41d;®, we set 51 := 318 =1
1

1.7. dy®) = ged(112,205 — 1) = ged(112,32-7-11- 31 - 151 - 331) = 11.
1.8. S9 = 0rd11(26) =5.

1.9. The set of all divisors of sy = 5 is 7 = {1,5}. We determine dp*) for every
teT:

dy™ = ged(ng, ¢ — 1) = ged(112,63) =1,
dy®) = ged(112,26° — 1) =11, (see above)
Thus, t; € T = {1,5} for all i € CR,x(d2®)) = CRys(11).

d1®) = ged(3% - 7,

1.10. The positive integer r = 25 satisfies 7 - ng = r- 112 = 1 (mod 21 - 3).

1.11. Let Fgs0 = Fy(d), where § is a root of the monic irreducible and primitive

polynomial A = X304+ X174 X164 X134 X1 4 X7 X5+ X34 X2+ X +1 € Fo[X].

1.12. Then

64

Cd1(5) — <3 :529 4 527 4 526 4 525 4 524 4 523 4 520 4 519 4 517 4 516
+01 46 462+ 6%+ 67+ 8%+ 6%+,
<d2(5) — Cll :529 4 525 + 524 + 523 + 521 + 519 + 517 4 516 + 512 + 510
+6%+0° 4 67,
<d1(5)‘21 — C63 :528 4 527 + 524 + 522 + (521 + 520 + 517 4 515 + 514 + (513
+60+ 6% +467 46
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1.13. An element 8 € Fy30 such that Bd1(5) =B =ais

1.14.-1.15.

1.16.

2.8. The divisors of d”<25) = % = 11 are {1,11} and
2

B=0% 4 0% 4+ 62T 462 4 618 4 617 4 015 4612 4 61 4 6% 4 6% 4 5%

Since s; = 1, we know that the equivalence class of every 0 < j < d1(5) —1=2
contains only j itself. Therefore, we can set {0.1.2}/~; = {0,1,2} without any
further computation.

We determine the set of the 26-cyclotomic representatives modulo dy®) = 11,
CRys (d2®)) = CRe4(11), and for every i € CRg4(11) we compute

. o . 1
ti—mln{tET.dQ(t)\z = min t€{1,5}.wlz

and ¢; = lem(t;, s1) = lem(t;, 1) = ¢;.

it ¢ Cean(d)
01 1 {0}

1 5 5 {1,3,4509)
2> 5 5 {2,6,7,8,10}

Consequently, CRg4(11) = {0, 1,2}. Note that for every i € CRg4(11) we have
ged(t, s1) = ged(t;, 1) = 1 and every cyclotomic coset induces exactly one monic

irreducible factor of f(X™) for m = 0.

5 = 35T = 327, Thus, for all

j€40,1,2},v € {1,11},7 € {0, 1,2} such that ged(i,v) = 1 and m = 0 we compute

k-c; ) .
sping | X% — G 8| = TIE™ — (€, 87)).

=0

For i = 0, only v = 1 satisfies ged(i,v) = 1 and therefore ¢ = 0 yields exactly three
monic irreducible factors of degree 3% -7 -6 = 378. For i € {1,2} both v = 1 and

vo=

11 satisfy ged(i,v) = 1 and they each yield exactly three monic irreducible

factors of degree 3%2-7-6-5 = 1890 and exactly three monic irreducible factors of
degree 32 -7-11-6-5 = 20 790.

(jov,iom)  sping | X0 — 0 B
(0’ 1’070) X378 +X252 +X189 +X63 + 1
(0’ 1’ 170) X1890 +X1827 —|—X1701 +X1638 +X1449 +X1386 +X1260

+X1197 +X1134 —|—X1008 +X945 —|—X882 +X756 + X630
+X567 + X504 +X378 +X126 +1

(0’ 1,2,0) X1890 +X1827 —|—X1638 —|—X1575 +X1449 —|—X1386 —|—X1323
+ X1134 + X1071 + X882 + X819 + X756 + X630 + X441
+ X378 + X315 + X189 + X63 +1

(07 11, 170) X20790 +X20097 +X194O4 + X18711 + X18018 +X16632
+X15246 +X13860 +X12474 +X11781 +X10395 +X9702
+ X9009 + X8316 + X5544 + X4851 + X4158 + X3465
+ X2772 + X1386 41

(07 117270) X20790 +X18018 +X17325 + X15246 + X14553 +X13167
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+ X9009 +X7623 + X6237 + X5544 + X3465 + X2772
+ X1386 + X693 1

(1,1,0,0) X378 4 X315 1

(1,1,1,0) X890 4 1827 | ¥ 1764 4 1638 | x1512 1449 | 51260
4 X184 4 x1008 | 945 | x756 4 x693  x315 | x252
4+ X126 L x63 4 q

(1’ 1’2’0) X1890 +X1701 +X1638 +X1575 —I—X1512 +X1449 —I—X1386
+X1323 + X1197 +X1071 +X1008 +X945 4 X567 +X441
+ X189 + X63 +1

(1’ 11’ 170) X20790 +X20097 +X18018 —|—X17325 —|—X15939 —|—X15246
+ X14553 + X12474 + X11781 + X9702 + X9009 + X8316
+X6930 + X4851 +X4158 +X3465 +X2079 +X693 +1

(1’ 1172,0) X20790 4 X20097 +X18711 —I—X18018 +X15939 +X15246
+X13860 +X13167 +X12474 +X11088 —I—X10395 —I—X9702
+ X8316 +X6930 + X6237 + X5544 + X4158 + X1386 +1

(2,1,0,0) X378 4 x315 4 x126 4 x63 4 |
(2,1,1,0) X890 | x1638 | 1575 | 1386 4 y1323 | 1197 | 819

|X093 | X567 | x504 | x315 | x252 4 x126 4 x63 |
(2,1,2,0) X1890 | x1827 | x1764 4 w1701 | y1638 | 1512 | Y1386

—|—X1260 +X1134 —|—X1071 +X945 —|—X882 —|—X819 —{—X756
+ X504 + X441 + X378 + X315 + X252 + X126 +1

(2’ 11, 170) X20790 +X18711 +X18018 +X17325 —|—X16632 +X15939
+X15246 +X14553 +X13167 +X11781 +X11088 +X10395
+X6237 +X4851 —|—X2079 —I—X693 +1

(2’ 11’2’0) X20790 +X20097 +X19404 +X18018 —I—X16632 —|—X15939
+ X13860 + X12474 + X11088 + X10395 + X8316 + X7623
—|—X3465 +X2772 —|—X1386 —|—X693 +1

In the factorization of
FX™) = f(Xﬁ~8) _ f(X182952) _ x1097712 | x014760 | 731808 | 365904 4 g

every monic irreducible factor listed above appears with multiplicity 8.

The computation of Example 2.64 was done with our implementation of Algorithm 2, which
we discuss in more detail in the following section.
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2.9 Implementation of Algorithm 2

In Appendix B.4 we present an implementation of Algorithm 2, the SageMath file B.8
fXnAlgorithm.sage, which can be preparsed and loaded as a Python module (see Sec-
tion 1.3). The algorithm is called with the function factor_fXn(f,n,printing), where
f is an irreducible polynomial given as a RichPolynomial instance, n is a positive integer
and printing is either True or False depending on whether all steps of the algorithm
should be printed or not. Thus, you can use it as follows:

Source Code 2.1: How to use fXnAlgorithm.sage

from fXnAlgorithm import *
from UsefulFunctions import * # for Magma—style printing

q =2
RFF = RichFiniteField(q,False, "X")

f RichPolynomial([1,1,1,0,1,0,1], RFF)
n 2A3%7%3A3%114A2

# with printing all algorithm steps:
print(factor_£fXn(f,n,1))

# without printing all algorithm steps:
print (factor_f£fXn(f,n,0))

# in Magma—style :
print_Magma_style(factor_£fXn(f,n,0))

The module fXnAlgorithm makes heavy use of the classes RichPolynomial and Rich-
FiniteField. Even though they are practical, both classes are not very efficient. Our
implementation could be improved by removing the dependency of the Rich classes, by
implementing it in the programming language C and in many other ways. However, even
our naive and slow implementation in Python performs much better than the existing
SageMath function factor for univariate polynomials over finite fields. For large positive
integers n our implementation also performs better than Magma’s function Factorization
for univariate polynomials.

The SageMath function factor calls the factorization of univariate polynomials from
the computer algebra system PARI! which is written in C. PARI uses the Berlekamp-
Zassenhaus algorithm with improvements by van Hoeij [Ber67; Ber70; CZ81; Van02|. As
PARI, Magma’s function Factorization for univariate polynomials in the computer al-
gebra system Magma uses the Berlekamp-Zassenhaus algorithm with the improvements
by Van Hoeij for the factorization of univariate polynomials over “very small finite fields”.
“For medium to large finite fields, the von zur Gathen/Kaltofen/Shoup algorithm is used
by default.”? (see [Van02; VS92; KS95; Sho95|) Magma’s kernel is also written in C. The
developers of the SageMath implementation wrote a Performance Note in the file polyno-
mial_element.pyx of the SageMath source code (version 9.5). In this note they mention
that Magma’s performance is better than PARI’s even though they use the same algorithm.

In the following tables we present computation time comparisons (CPU time) of our func-
tion factor_fXn with SageMath’s factor and with Magma’s Factorization. The mea-
surements of our implementation and the SageMath function factor were done with the
program B.9 Ch2-TestNewAlgorithm.sage. This program is designed for testing our im-
plementation of Algorithm 2, measuring its computation time and comparing it with the
SageMath function factor. The computations of Magma’s Factorization function were
measured with the script B.10 Ch2-MagmaMeasurements. txt.

https://pari.math.u-bordeaux. fr/
’https://Magma.maths.usyd.edu.au/Magma/handbook/text/23 7#2058|February 14, 2024]
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The interested reader might want to compare the computation times of our implementation
and the SageMath function factor her- or himself. In this case, specify the examples
you wish to compute as tuples (q,n, f) in the variable gnfs (look for USER INPUT). By
default the program uses the module multiprocessing to measure the computations for
all tuples in gnfs in parallel. However, the PARI implementation is not compatible with
the module signal which is used for the computation timeout then. Set the variable
parallel_computations to False if you run into problems and the program will execute
the measurements consecutively.

The computations presented here have been done on a DL380 GenlO server with 384GB
of RAM. In the column of the SageMath CPU time appears the entry stackovf which
means that the computation was terminated by a PARI Error due to a stack overflow.
Note that the stack size is increased until the computer memory (RAM) is full. Thus, for
computers with less RAM the SageMath function already exits due to a stack overflow for
much smaller positive integers. For some (g, n, f) SageMath and/or Magma did not return
a result after 600 seconds which we denote by a computation time of co seconds.

First, we consider the monic irreducible polynomial f = X%+ X° 4+ X4 4+ X2 +1 € Fy[X]
of order 21 = 3 -7 from Example 2.64. The following table shows a comparison of the
computation times for the factorization of the composition f(X™) for given positive integers

n. The parameter s is either ordrad(n)(26) or 2 - ord;,q(n)(2°) as defined in Theorem 2.61.
In the first row we present the computation times for Example 2.64.

Table 2.8: CPU times for f = X6+ X% + X* + X2 + 1 € Fo[X]

n s | SageMath | Magma | New Alg | SM:NA | MA:NA
1.1 | 182952 =2%-3%.7.11% | 5 | 77.727s | 1.240s | 0.727s | 107:1 2:1
1.2 | 361 =192 3 0.020 s | 0.000 s 0.232 s 1:11 0:1
1.3 | 6859 =193 3 5.038s | 0.190s 0.292 s 17:1 1:2
1.4 | 130321 = 194 3 00 s | 25.660 s 0.376 s oo:1 68:1
1.5 | 2476099 = 19° 3 | stackovf 00 S 0.530 s oo:1 oo:1
1.6 | 47045881 = 19° 3 00 S 00 S 1.764 s oo:1 0o:1

Table 2.8 shows that for small positive integers (1.2 and 1.3) SageMath and/or Magma are
faster than our implementation. We think that for small positive integers the computation
of the preliminary parameters and representative systems is costly. However, our algorithm
yields a result after less than 0.3 seconds and it is questionable whether in applications
this difference in performance is relevant. For large positive integers (1.1, 1.4, 1.5 and 1.6)
our algorithm becomes much faster than SageMath’s and Magma’s. For 1.4, 1.5 and 1.6,
SageMath’s and/or Magma’s computation time explodes such that our algorithm yields a
result after less than 2 seconds where both other computer algebra systems do not return
a result after 600 seconds.

For SageMath’s function the stack size needs to be adjusted to perform the computations.
The stack sizes for the computations in Table 2.8 are shown in the following table. The
stack size of 1.5 (401353 109504) is the maximum possible on a 384 GB RAM computer
because PARI exits due to a stack overflow (see 1.5 in Table 2.8). We believe that the
stack size is equally adjusted during the Magma computations because they use the same
algorithm and the function also runs out of memory for the next example (2.6 in Table 2.11).
Since Magma is closed-source we do not know for sure.
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n SageMath stack size
1.1 | 182952 =23.3%.7.112 8192000 000
1.2 | 361 =192 2000000
1.3 | 6859 =193 512000 000
1.4 | 130321 = 19* 262144 000 000
1.5 | 2476099 = 19° 401 353109 504
1.6 | 47045881 = 19°

For n = 195 (1.6) SageMath does not give any information on the stack size. We believe
that SageMath has problems computing the polynomial f(X 196) itself because of its very
high degree:

f(X196) — X282275286 +X235229405 —|—X188 183524 —I—X94091 762 +1¢ FQ[X]

In Algorithm 2 we do not need to compute the polynomial f(X™) itself. Thus, our im-
plementation only needs to handle the degrees of the irreducible factors of f(X™). Let
s, k,nq, dl(s),ﬁ, d>® be defined as in Algorithm 2. Then the maximum ~degree appearing

in the computation of Algorithm 2 is less than or equal to s - k - d”<1s> : ﬁ because ¢; < s
1 2

holds for all i € CRx (dg(s)). In general this number is much smaller than k- n, the degree
of f(X™). The following table shows the largest degree appearing in the factorization of

f(X™) for the computations from Table 2.8.

n 6n | max degree
1.1 | 182952 =2%.3%.7.112 1097712 20790
1.2 | 361 =192 2052 342
1.3 | 6859 =193 41154 6498
1.4 | 130321 = 19* 781926 123462
1.5 | 2476099 = 19° 14 856 594 2345778
1.6 | 47045881 = 196 282275286 44 569 782

Note that the Berlekamp-Zassenhaus algorithm first factors f over a suitable prime field
F, and then lifts the solution to ¢ = p! for a positive integer I. Consequently, both
SageMath and Magma perform best over prime fields. In the following computations we
chose g = X0 + X3 + § € F4[X], where Fy = F(§) and § is a root of the monic irreducible
polynomial X2+ X +1 € F5[X]. SageMath returned a result only for n = 19?2 and Magma
only for n =192 and n = 19°.

Table 2.11: CPU times for g = X% 4+ X3 + § € F4[X]

n s | SageMath Magma | New Alg | SM:NA | MA:NA
2.1 | 182952 =2%.3%.7-11%2 | 5 00 8 00 8 4.203s oo:1 oo:1
2.2 | 361 = 192 3| 468.408 s 0.030 s 0.516 s | 908:1 1:17
2.3 | 6859 =193 3 00 S 62.160 s 0.787 s oo:1 79:1
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2.4 | 130321 = 19* 3 o0 8 o0 s 2.332 s 00:1 00:1
2.5 | 2476099 = 19° 3 00 8 00 8 28.634 s oo:1 oo:1
2.6 | 47045881 = 19 3 00 s | outofmem | 533.414 s oo:1 o0o:1

For n = 195 (2.6), Magma’s computation is terminated by the following error, which we
denote by outofmemn:

Current total memory usage: 75524.6MB, failed memory request:
3727186.0MB

System error: Out of memory.

All virtual memory has been exhausted so Magma cannot perform this
statement.

Thus, Magma was already using 75.5GB of RAM and would need at least 3 727GB of RAM
to perform the computation for n = 195. Recall that the computations presented here were
done on a computer with 384GB of RAM. Most computers do not even have 75.5GB of
RAM. Home computers are sold with 8 to 32GB RAM in stores at the moment. Thus,
on computers with up to 32GB of RAM both SageMath and Magma would not return
factorizations even for small positive integers n.

The biggest advantage of our algorithm is that it uses almost no memory. The only values
which need to be stored are the parameters computed in steps 1.1. to 1.16., and the
irreducible factors of f(X™) if we want to return a Factorization object. If we printed
the irreducible factors directly, we could reduce the used memory even further.

The bottleneck of our algorithm is the conversion of the irreducible factors over F . to Fy,
where k is the degree of f and s either ordrad(n)(qk) or 2- ordrad(n)(qk). The conversion
function to_basef defined in our class RichExtensionField is a redirection to Sage-
Math’s RelativeFiniteFieldExtension. Eventually the conversion could be speeded up
by a better implementation of sage.coding.relative_finite_field_extension. At the
moment the module chooses a random homomorphism between the two finite fields instead
of constructing the extension field with an irreducible polynomial over the base field. We
believe that such an implementation could improve the performance of the module. If ¢
is prime, then the conversion of the irreducible factors over Fyrs to Fy could be omitted,
because the coefficients are displayed in F . exactly as in F,. However, this simplification
is currently not implemented in our function factor_fXn because we return a Factor-
ization instance over the finite field IF,. Otherwise the function would technically return
a Factorization instance over F s even though this would not be visible in the printed
output.

Thus, for factorizations with few monic irreducible factors or factors of low weight, our
implementation performs better than when many coeflicients need to be cast to the base
field. If s = 1 and f is a binomial of the form X — a for an element a € Fy, then no
conversion is necessary and our algorithm performs best. In general, when s is small the
performance is better than when s is large because computations in extension fields are
costly (also for SageMath and Magma). Furthermore, if s is large, then the computation of
the g-spin takes longer than when s is small. The following table illustrates this behavior
of our implementation.

Let ¢ = 16 and Fi6 = Fa(y), where 7 is a root of the monic irreducible polynomial
X%+ X +1 € F3[X]. We compute the factorization of the binomial X" —~3 € Fi4[X] for
positive integers n, where ord(y3) = 5.
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Table 2.12: CPU times for X —~® € Fy4[X]

n s | SageMath Magma New Alg | SM:NA | MA:NA

3.1 ] 1331=113 5 137.708 s 0.010 s 0.086 s | 1607:1 1:8

3.2 | 1321 15 118.352 s 0.190 s 3.884 s 30:1 1:20
3.3 | 4513 47 00 8 3.720 s 27.401 s oo:1 1:7

3.4 | 4177 87 00 8 2.090 s 59.457 s oo:1 1:28
3.5 | 3375 =33.53 1 00 8 0.050 s 0.044s | o0:1 1:1

3.6 | 50625 = 3* .54 1 oo s | 153.410 s 0.462s | ool 332:1
3.7 | 759375 =3°-5° 1 00 S 00 S 6.590 s oo:1 00:1
3.8 | 11390625 = 3% - 56 1 00 S 00 S 97.549 s oo:1 oo:1
3.9 | 170859375 =37 -57 | 1 0o s | outofmem | 1470.325 s 11 0o:1

Rows 3.1 to 3.4 show that for equally large positive integers n the CPU time grows signif-
icantly if s grows. Rows 3.5 to 3.9 show that our algorithm performs very well for positive
integers n such that s = 1, which is equivalent to rad(n) | (¢ — 1) and (4 { n or ¢ = 1
(mod 4)). Even for relatively small positive integers such as n = 3375 = 33 .53 it is
faster than Magma. For n = 37 - 57 (3.9) we raised the maximum computation time to
1500 seconds. Even though the computation time grows, our algorithm returns a result
eventually (after 1470 seconds) because it does not use much memory. Thus, in general
our algorithm is much more stable than SageMath’s or Magma’s for large positive integers
n.

We believe that an implementation of our algorithm in C would be a valuable addition to
any computer algebra system for the factorization of polynomials of the form f(X") for
a polynomial f € F,[X], especially for large positive integers n. If f is not irreducible,
Algorithm 2 can be applied for every monic irreducible factor of f separately.

2.10 Future Work

In Section 2.5.1 and Section 2.3.3 we determined the generating polynomials of all cyclic
and all constacyclic codes of length n for every positive integer n. For applications it would
be of interest to study their code parameters. In particular, determining the minimum
distance of a constacyclic code is difficult. For some cyclic and constacyclic codes the
minimum distance has been determined in [AP99; BR03; Din08; O009; Lop+13; LYL14;
CLZ15; Liu+16; LC17; LYL15; Din+19; Din+21; DWS20; GYL21] but no general result
exists.

Let C' C Fy be a code of length n with minimum distance d, then its dual C* is defined as
CJ':{UEFZZUT-CZOfOI‘aHCEC}.

Among the cyclic and constacyclic codes defined by Corollary 2.48 and Corollary 2.45, we
could identify special types of codes such as

e linear complementary-dual (LCD) codes (satisfying C' N C+ = {0}),

e self-dual codes (satisfying C+ = C),

e dual containing codes (satisfying C+ C C),

e self-orthogonal codes (satisfying C' C Ct),
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cyclotomic polynomial ¢, and f(X")

e MDS (maximum distance separable) codes (satisfying |C| = ¢"~4+1).

Identifying all MDS constacyclic codes is especially relevant for practical applications be-
cause they can be used to construct quantum MDS codes. Partial results for all of the types
mentioned above exist but it would be of interest to completely describe all constacyclic
codes satisfying these properties.
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Chapter 3

Constructing irreducible polynomials
recursively with a reverse
composition method

The irreducible polynomials obtained with the composition method are usually of higher
degree than the initial polynomial. However, if a given polynomial does not have good
cryptographic or arithmetic properties, it is of interest to construct a large number of
irreducible polynomials of the same degree from which better candidates can be selected.

In this chapter we present a recursive construction of monic irreducible polynomials which
reverses the classical composition method for the composition f(X™). More precisely, we
construct the minimal polynomial mgn 4 from the monic irreducible polynomial f = mg, €
F,[X], where 8 is a root of f and n is a positive integer such that rad(n) | ¢ — 1. Since our
construction can be applied for every positive integer n satisfying rad(n) | ¢ — 1, it yields a
large number of monic irreducible polynomials of the same or a lower degree than deg(f).

Most of the content of this chapter has been published in the article Constructing irre-
ducible polynomials recursively with a reverse composition method - |[GK23| - which is a
joint work with Gohar M. Kyureghyan.

We only consider minimal polynomials over a fixed finite field F, in this chapter and
therefore use the simplified notation mg instead of mg, and xg instead of xg 4.

3.1 Known constructions of mg» from mg

In this section we present two known constructions of the minimal polynomial mg» from
the monic irreducible polynomial f = mg € Fy[X] of degree k, where n is a positive integer
and 8 € Fyx is aroot of f. In their first step both constructions compute the composition
xpn (X™), where xgn is the characteristic polynomial of 8" in F «x over ;. Then in Step 2
the polynomial xgn is extracted from the composition ygn(X™), which is a reversal of the
classical composition method.

The first construction, Construction AD in this thesis, has been presented in [Alb56] for
primitive polynomials and generalized in [Day65|. It is defined for every positive integer n.
In its next steps, Step 3 and 4, either the order of 8 needs to be known or the polynomial
Xg» needs to be factored in order to derive mgn from ygn. Both operations are no simple
computations.

The second construction from [KK22|, Construction KK in this thesis, is applicable only
for n = 2 in finite fields of odd characteristic. The authors develop a simple condition on
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the coefficients of f which holds if and only if xg2 = mg2. They apply the construction
only if this condition is satisfied.

Recursive application of both constructions shows a periodic behavior and in [KK22] the
authors explain how this behavior can be used to obtain information on the order of g if
it was previously unknown.

We combine the ideas from [Alb56|, [Day65| and [KK22| to develop a construction of mgn
from f = mg for every positive integer n such that rad(n) | (¢ —1). We generalize the
condition on the coefficients of f from Construction KK so that the construction does
not rely on the order of 8 or the factorization of xgn. Furthermore, our main result
Theorem 3.21 allows us to compute the composition mgn (X™) instead of xgn(X"™) in Step
1 even if the generalized condition does not hold for f. Therefore, mgn does not need
to be derived from xg». Furthermore, we correct and generalize the method to obtain
information on the order of 5 presented in [KK22|. Our construction can be used in finite
fields of even characteristic which is important for applications in cryptography and coding
theory.

We present the results from [Alb56; Day65; KK22| with a unified notation and terminology
so that the similarities of the approaches become visible. Construction AD is based on the
two following theorems, which were originally stated for primitive polynomials in [Alb56,
pp.142-145| but have been generalized in [Day65].

Theorem 3.1 ([Alb56; Day65|). Let f € Fy[X] be a monic irreducible polynomial of degree
k and B € Fx aroot of f. Letn € N such thatn = f-char(F,)! for 1 > 0 and ged(, q) = 1.
Then the characteristic polynomial xgn € Fy[X] of 8" € Fyx over Fy satisfies

Xpr (X™) = (=)D T F(EX).

Jj=1

Given a monic irreducible polynomial f = mg over IF,; of degree k, Theorem 3.1 allows us
to build the composition xgn(X"™) by computing the following product in Fy((z):

(—1)kn+) H F(EX).

j=1

From the composition xgn (X™) = Z?:o a; X" we extract the polynomial ygn = Zf:o a; X*
by dividing all the exponents of X in yxg»(X"™) by the positive integer n. Since xgn is a
power of the minimal polynomial mgn of 5" € Fr over Fg, it remains to derive mgn
from xgn. The exponent of the power of mgn in xg» depends on the order of the initial
polynomial f as the following theorem shows.

Theorem 3.2 (|Alb56; Day65|). Let f € Fy[X], f # X, be a monic irreducible polynomial

of degree k and order e and let B € F;k be a root of f. Then for every positive integer n
the characteristic polynomial xgn € Fo[X] of B" € Fgn over Fy satisfies xgn = (mgn)ﬁ,
where the minimal polynomial mgn of " over F, has order m and degree m, which
18 the smallest positive integer for which m divides ¢ — 1.

Based on Theorems 3.1 and 3.2 Albert defines a so-called cubic transformation, which
maps mg onto mgs. If there exists a positive integer m such that mgss = mg, he calls the
transformation periodic and remarks that this happens if and only if there exist positive
integers s and j such that 3° = ¢/ (mod ord(3)). Then s is the period of the transforma-

tion. He further proves that the transformation is periodic if and only if 3 does not divide
ord ().

In [Day65] Daykin proves that there exists a sequence (n;) of positive integers 1 < n; <
ord(f) such that in the sequence (mgn;) every irreducible polynomial whose order divides
the order of 8 appears exactly once. The result is presented in the next theorem.
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Theorem 3.3 (|[Day65, Theorem 4]). Let 8 be a proper element of Fo. and ord(B) = e.
Further, let (n;)icz be a finite sequence of positive integers n; < e fori € T C N defined as
follows. Set n1 =1 and n; < e to be the least positive integer such that for all 1 < j < 1
and all 0 <1 < deg(mgn;) holds n; Zn; - ¢* (mod e).

Then each irreducible polynomial over IF, whose order divides e appears exactly once in the
sequence (Mmgn; )ict.

We summarize the ideas from [Alb56; Day65| in the following construction:

Construction AD. Let f € F,[X], f # X, be a monic irreducible polynomial of degree
k and order e and let B € sz be a root of f. Given a positive integer n < e such that

n=mn-: char(IFq)l for 1 > 0. To construct the minimal polynomial mgn of B € Fyn over
Fy, do the following steps:

Step 1. Compute the product

(0 T 7 () = xm (X7).

Jj=1

Step 2. Eatract xgn from the composition xgn (X™).

Step 3. Determine m, the least positive integer for which m divides g™ — 1.

k
Step 4. Derive the factor mgn from the product xgn = (mgn)m.

Remark 3.4. (a) In [Alb56] the author states that "the main advantage of the cubing
transformation is that it is a relatively simple matter to compute mgs when mg is
given". However, the n-th root of unity (;, which is needed for the computation in
Step 1., is an element of F,, if and only if 7 | ¢—1. Thus, if  does not divide ¢—1 the
computation is carried out in a pure extension field of IF;. Computations in extension
fields are difficult to implement and take up more resources than computations in a

fixed finite field F,,.

(b) Construction AD can also be applied without the knowledge of the order e of the
polynomial f. In that case we replace Step 3. and Step 4. with factoring xg», which
will be an unknown power of the minimal polynomial mg- of 8" over F,.

(¢) On the other hand, if the order e of f is known, it is possible to avoid the computation
intensive Step 4. by selecting n such that & = m. Then the characteristic and the
minimal polynomial of 3" over F, are equal.

The following result gives all the information needed to formulate Construction KK.

Theorem 3.5 ([KK22, Corollary 3|). Let g be odd and f € F,[X], f # X, be a monic
irreducible polynomial of degree k and order e. Let B € Fux be a root of f. Then the
following statements hold:

(i) There exists a polynomial C € Fy[X] such that C (X?) = f(X) - (-D)*f(-X).
More precisely, C (X) = (—1)* Z?:o Z?f:o(—l)“cuczj_qu, where cy, . .., ck are the
coefficients of f and ¢, =0 for u > k.

(ii) If C is irreducible, it is the minimal polynomial of 8% over F, and ord (C) = m.

(11i) The polynomial C' is irreducible if and only if there does not exist a polynomial D €
Fq[X] such that f(X) =D (X?).
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Theorem 3.5 (i) and (ii) follow directly from Theorems 3.1 and 3.2, but the theorem can also
be proved by elementary means. The polynomial C'is in fact the characteristic polynomial
of B2 € Fyn over Fy, which means that C is irreducible if and only if it is the minimal
polynomial of 32 over F,. Theorem 3.5 (iii) allows us to determine whether C' equals m >
or not by a simple examination of the coefficients of the polynomial f. This leads to the
following construction, which is the key step of constructions [KK22, Construction 1| and
[KK22, Construction 2].

Construction KK ([KK22|). Let g be odd and f € Fy[X], f # X, be a monic irreducible
polynomial of degree k such that there does not exist a polynomial D € Fq[X] with f (X) =
D (Xz). To construct the monic irreducible polynomial C € Fy[X] of degree k over Fy, do
the following steps:

Step 1. Compute the product (—1)* - f (X)- f(—=X) = C (X?).
Step 2. Extract C from the composition C (XQ).

Numerical results obtained from a recursive application of Construction KK are presented
in [KK22, Example 2]. These computations were done with the SageMath program B.13
Ch3-ConstructionKK.sage which we present in Appendix B.5.

A recursive application of Construction KK shows the same periodic behavior that Albert
describes for his cubing transformation. In [KK22, Construction 2, Remark 1| the authors
explain how this behavior can be used to gain information on the order of the initial
polynomial if it is not known. Suppose that the initial polynomial f = mg for 3 ¢
Fx satisfies ord(f) = 2 - r, with ged(2,r) = 1. Then the construction first yields ¢ —
1 polynomials of strictly decreasing even order. The following sequence of constructed
polynomials begins with m ,.¢. After a finite number of applications this polynomial is the
first to appear twice. Then the length of the sequence of polynomials constructed, starting
from m g2t up to the second appearance of m 2t is a divisor of ordy(r).

Remark 3.6. In the first version of [KK22| the authors stated that this length equals orda(r)
by overseeing that thH might be an [F -conjugate of BQt for a positive integer s < ords(r).
Then mge+s equals mg: and the length of the sequence of polynomials constructed is s and
not orda(r).

In Section 3.3 we discuss the generalization of these ideas in more detail.

3.2 New results on 3 and mg»

In this section we show how for a proper element 3 of F x and any divisor n of ¢ — 1 the
composition mgn (X™) can be computed directly from mg. For this we combine and extend
the ideas from [Alb56; Day65| and [KK22|. This section is basically the proof of our main
result in this chapter, Theorem 3.21, which states that for a divisor n of ¢ — 1 holds

|3

man (X™) = [ &7 F(GX),
j=1
where t = max{m | ged(n, k) : f(X) = g(X™) for a polynomial g € F,[X]}. However,
most results in this section hold not only for divisors n of ¢ — 1 but for arbitrary positive
integers n.

Remark 3.7. Tt suffices to consider only the positive integers n such that ged(q,n) = 1.
Indeed, if ged(g,n) > 1 we can write n = p' - i, where ged(g,7) = 1 and p = char(Fy),
and the coefficients of mgn can easily be derived from the coefficients of mgn. Indeed, let
e = ord(3), then Theorem 3.2 implies that

e B e
ged(e,n)  ged(e, i)

ord(mgn) = = ord(mgn)

76



3.2. New results on xg» and mg-

and therefore deg(mga) = deg(mgn) = m. Suppose that mg. = > 7" a; X" and set
g=Y",a" X! € Fy[X]. Then
UL ’ UL N i N\ P
g (8 =Y al (B =Y al (87) " = (mg (87))" =0,
=0 =0
Thus, " is a root of g and since deg(g) = m = deg(mgn) the polynomial g is the minimal
polynomial of 8" over Fy. That is, mgn = > " aplXi.

1=0 "7

Ezample 3.8. Let Fy = Fa(a), where a is a root of the polynomial X2 + X + 1 € Fo[X].
In the next three examples we consider the polynomial f = X2 + aX + a over the finite
field Fy. f is irreducible over F4 and the minimal polynomial of 8 = b3 4+ b + 1 over Fy.
B is a proper element of the finite field F16 = Fa(b), where b is a root of the polynomial
X4+ X +1 € Fqy[X].

For n = 10 = 2 - 5 the element $'° is b + b 4 1 and its minimal polynomial over Fy is
mgio = X +a+ 1. Then 7 = 5 and the minimal polynomial of B° = b? + b over Fy is
mgs = X +a. With the fact that a’ = a + 1, we easily see that the coefficients of mpgio
can indeed be derived from the coefficients of mgs as described in Remark 3.7.

The computations for all examples in Chapter 3 ( 3.8, 3.10, 3.12, 3.14, 3.17, 3.20, 3.22,
3.24, 3.28, 3.29) were done with the SageMath script B.11 Ch3-Example.sage. The user
can change the variable examples and include only the numbers of the examples she or he
wishes to see (look for USER INPUT in the code).

We state all of our results only for positive integers n satisfying ged(q,n) = 1. Nonetheless,
note that all results also hold if ged(g,n) > 1. A big advantage of considering only positive
integers n such that ged(g,n) = 1 is that there always exist exactly n distinct n-th roots
of unity in an extension field E > I, of IF,.

The next theorem shows that there exists a direct connection between the exponent ¢ of
the minimal polynomial mgn in xgn = (mgn)’ and the multiplicities of the roots of the
polynomial xgn (X™). Note that the main statement of the theorem is that the multiplicities
of the roots of xgn(X™) equal those of the roots of xgn.

Theorem 3.9 (|GK23, Theorem 4|). Let n € N with ged(q,n) = 1. Further, let 3 € Fx
be a proper element of Fox and xgn be the characteristic polynomial of B™ € Fyn over Fy.

Then xgn = (mﬁn)t for a positive integer t € N if and only if every root of the polynomial
Xgn (X™) has multiplicity t. That is, the roots of xgn(X) and the roots of xgn (X™) have
the same multiplicity t.

Proof. Since xgn is the characteristic polynomial of 8" over [y, there exists a positive
integer ¢ > 1 such that ygn (X™) = (mgn (X™))". Furthermore,
= |
mgn (Xn) — H (Xn _IBn.q )
i=0
i\ P
and for every i the polynomial X" — <ﬁq ) has n distinct roots of the form ¢7,3% in an

k_ N
extension field of F, where 1 < j <n. Thus, xg» (X") = Z.tzol H?Zl (X — B ) . Note

that the roots C%qu of xgn (X™) for 1 <j<mand 0 <i< %t — 1 are distinct. Indeed,
if for 1 < j1,70 < mand 0 < iy,i0 < % — 1 the two roots Cﬂf/@’qil and (,%QB‘JQ were equal,
we would have (B”)qi1 = (Q{lﬁqil)n = (C,jfﬁqiz)n = (5")(11.2 and since the elements (Bn)qi
of F L are distinct, we have 71 = i9 and consequently also j; = j2. To complete the proof,

q
recall that the roots of irreducible polynomials over finite fields are simple. ]
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Ezample 3.10. Let n = 5 and we consider again the polynomial f = X2 + aX + a over
Fy = Fy(a). Then 3% = b? 4+ b = a is an element of Fy and mgs = X + a.

We need to factor the polynomials xgs and xgs (X ®) in their respective splitting fields to
determine the multiplicity of their roots. The splitting field of xgs is always a subfield of
F,x. Here, the characteristic polynomial of B% in Fig over Fy satisfies Xgs = (m55)2 =
(X + a)? and the multiplicity of the root a is obviously equal to the exponent of mgs in

Xﬁ5'
The splitting field of xs(X?) is F16. This is convenient for us since we do not need to
introduce another finite field. In general this is not true and the splitting field of xgn (X™)
can be a proper extension of F k. We denote the polynomial ring over F1 by F16[Y]. Then
the polynomial xgs (X %) splits into linear factors as follows:

Xps(XP) =Y +0)* (Y +b+1)?- (Y + 0> +b+1)* (Y +b6° + b+ 1)

(Y 4+ 0%+ b+ 1)?

As Theorem 3.9 states, all roots of the polynomial ygs (X ®) have multiplicity 2 as well.
Except for one root, b + b+ 1 = a + 1, all roots are proper elements of F15 = Fa(b).

In general the roots of xgn(X™) are not elements of Fy and the check for their multiplicity
would require a factorization in an extension field of F x. Since we want to remain in Fg,
we translate the property of Theorem 3.9 to the irreducible factors of xgn(X") in Fq[X].

Corollary 3.11 (|GK23, Corollary 5|). Let n € N such that gcd(q,n) = 1. Further, let
B € Fyr be a proper element of Fyx and xgn be the characteristic polynomial of B™ € F 4
over F.

Then xgn = (mﬂn)t for a positive integer t if and only if every irreducible factor of xgn (X™)
over Fy appears with multiplicity t.

Ezample 3.12. Let n =5and f = X2 +aX +a € Fy[X] and B =0 + b+ 1 € Fig as in
Example 3.10. In this example we use Theorem 3.1 to obtain x5 (X?) and the multiplicity
of its irreducible factors over Fy. The formula given in Theorem 3.1 yields:

5
Xps (XP) = (1O T £(6:X). (3.1)

J=1

For the computation we need to determine a 5-th root of unity over Fy. Since 5 does not
divide 4 — 1 = 3, (5 is not an element of F4. However, 5 is a divisor of 16 — 1 =15=3-5
and (5 = b>. This is convenient for us since we do not need to introduce another finite
field. In general F,(¢,) is not equal to F k.

Thus, (3.1) needs to be computed in Fig even if we are only interested in the irreducible
factors over Fy. The polynomial f cast into Fi6[Y] is:

f=X?4+aX+a=Y*+D*+D)Y +b> +b
For (3.1) we need to compute f(CgX) for 1 <j<5:
F(GY) =@ +0)Y2+ (P +1)Y + b2+
B 4+b2) - (Y+b+1)- (Y +b2+b+1)

f VA2 40+ 1)Y24+ (0P + 02+ b)Y +b% +b

=@+ +b+1)- (Y +b)- (Y +0°+b+1)
FEY) =Y+ 0P+ 1)Y + 0% +b

=) - (Y +b4+1)- (Y 4+ +b0*+1)
FEY)= >+ b)Y24+0%Y +b° +b

= (
(GGY) = (
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=B +b)-(Y+b) - Y+ +b+1)

FGY) = f(Y).
Except for f(Y), the polynomials f(CgY), 1 < j <4, are not polynomials over Fy. Thus
Theorem 3.1 does not give the factorization of xg»(X™) into irreducible factors over Fy.
Computing the product of the polynomials above yields: xgs (Y) =Y 402 +b4 1. We
know that x4s(Y?) is a polynomial over F4 and it remains to cast the coefficients to the
field Fy: xps(X?) = X'+ a+ 1. The factorization of x5 (X®) into irreducible factors over
Flﬁ is

XV ra+1=(X+a+1)?- (X*+X +a)? (X*+aX +a)?
As Theorem 3.9 states, the multiplicity of the irreducible factors of xgs (X %) over [y is the
same as the multiplicity of any root of xgs(X?).
As we have seen in the last example, in general Theorem 3.1 does not yield the factorization
of xpn(X™) into irreducible factors over F,. The next three theorems examine under
which conditions this does happen. These three results, Theorem 3.13, Theorem 3.15 and
Corollary 3.16 are new and do not appear in [GK23|.

From the proof of Theorem 3.1 follows directly that (—1)*"+1) = j e 7. Thus, we also
can compute the composition xg»(X"™) in the following way:

X (X7) H G F(EX) (3:2)
7j=1

We consider this variation of Theorem 3.1, because the polynomials (, ik f ((%X ) are monic.
The next theorem shows that the coefficients of these polynomials are elements of F, if
and only if the polynomial f is a composition with X for a positive integer m such that
+ | g—1. Note that m is not necessarily the largest positive integer d satisfying f = g(X )
for a polynomial g € F,[X].
Theorem 3.13. Let f = Zf:o a; X' € F,[X] be a monic irreducible polynomial of degree
k and B € Fyr a root of f. Let n € N such that ged(q,n) = 1. Then the factorization of
the polynomial xgn (X™) into monic (not necessarily irreducible) factors over Fy is given
by H;L:1 Q?]k f(GhX) if and only if there exists a positive integer m such that 2 | (¢ — 1)
and a polynomial g € Fy[X] such that f = g(X™).

Proof. “=" Suppose that C{jkf(@iX) is a polynomial over F, for all 1 < j < n. We define
Z:={0<i<k:a;#0}. Then 0,k € Z because f is an irreducible polynomial of degree
k. We can write
G FEX) =D ai ¢ ¢ X7
i€l

We select j = 1 and ¢ = 0 € Z. Then a; C;kj C,ilj =ay- (ke F, and since ag is an
element of Fy, also ¢, * has to be an element of F,. This is equivalent to ¢k e F,. Thus,
(M e By forall 1 < j < nanda; 7" (7 is an element of F, if and only if ¢/ € F,.
With j = 1 follows that ¢!, € F, for all i € Z. Let d = ged(Z) and i # i € Z. Then
d = 1-ged(iy,i2) for a positive 1nteger I and there exist q1, g2 € Z such that d = q1i1 + g2i2.
Thus, ¢4 = (022 = (¢hya . (¢i2)e2 ¢ Fq and n,d) | g — 1. Set m := ged(n,d), then
m|nand |q—1 Furthermore since d = ged(Z), there exists a polynomial h € F,[X]
such that f h(X?) = h((X™)m). Set g = h(X ), then f = g(X™).

“< I f(X) = g(X™) for a positive integer such that - | ¢ — 1, then C;jkf(Q%X)

(n_mm A ((ijm) where (' = Cn is an ;*-th primitive root of unity. Thus, Cn? f(CﬂLX) =

_ k
C%’" g((J%Xm), which is a monic polynomial over F,. O
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In the following results the irreducible polynomials of the form f = g(X™) for g € F,[X]
and m € N play an important role. The interested reader might check the statements of
the results herself or himself and needs such a polynomial to begin with. For this, the
SageMath-script B.6 CompositionGenerator.sage is useful. It computes all irreducible
compositions of the form f = ¢g(X™) € F,[X], where g € F,[X], of degree mindeg <
deg(f) < maxdeg for a fixed positive integer m over a fixed finite field of size ¢q. Look for
USER INPUT to change the parameters q, m, mindeg and maxdeg.

Ezample 3.14. Again let Fy = Fo(a), where a is a root of the polynomial X2+X+1 € Fo[X].
In this example we consider the monic irreducible polynomial

f=X0+X%+a+1eFyX]

It satisfies f = g(X?) for the monic irreducible polynomial g = X2 + X +a + 1 € F4[X].
Its root (8 is an element of Fygg6.

Let n = 9 and m = 3, then > = 3 divides ¢ — 1. Since F4(¢9) = Fg4, we usually would
compute formula (3.2) in the extension field Fg4. However, from the proof of Theorem 3.13
follows that since (§ = (3, we can compute CgQJg(C?J)X:)’) instead of Cg_ﬁjf(CgX). This
computation happens in Fy, so that we are able to remain in the original field F,.

As j runs through the integers 1, ..., 9, the polynomials ngjg(ch?’) and C§2(j+3)g(C§+SX3)
are equal. Therefore, there are only three distinct polynomials appearing three times each:

G5 29(GX%) = G Pg(GX%) = G Mg(¢IX?)
=X+ (a+1)X3+1
G 9(GX%) = (9 X7) = G709 (G5X7)
=X®+aX3+a
F(X) =G (G X%) = G Pg(GX7) = ¢ g (G X)
=X'+X3+a+1
All three polynomials are polynomials over F4, but only the second and third polynomial
are irreducible over F4. The first polynomial factors as
X0t (a+1)X3+1=(X*+X+a)- (X*+aX+1)- (X?+(a+1)X +a+1)
over 4. The factorization of xgo (X 9) into monic irreducible factors over Fy is:

Xpo(X?) =(X?+ X +a)* (X?+aX +1)* (X?+ (a+ )X +a+1)°
(XS X3 ra+1)2 (X4 aX3 +a)

Thus, (3.2) does yield monic factors over I, if the condition of Theorem 3.13 is satisfied.
For all of them to be irreducible, we need more conditions on the polynomial f as the
following theorem shows.

Note that the proof of Theorem 3.15 relies on Theorem 2.37, our closed formula for the
factorization of X™ — a over [F, for every positive integer n satisfying rad(n) | (¢ — 1) and
(4fnorq=1 (mod 4)). Here we do not use Theorem 2.37 to determine the factorization
of a binomial of the form X™ — a but to determine the order of elements of the form (5,3
which shows that the theorem can be useful in many applications besides factorization.

Theorem 3.15. Let f € Fy[X], f # X, be a monic irreducible polynomial of degree
k and B € F(’;k a root of f. Let n,m € N such that ged(g,n) = 1, % (q‘— 1) and
f(X) = g(X™) for a polynomial g € Fy[X]. Then all polynomials in {ijkf(le) 1<
Jj < n} are irreducible if and only if there does not exist a prime p such that p | m and

vp(ord(B)) — vp(m) < Vp(%).
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Proof. Since f = g(X™) is irreducible, g must be irreducible itself. We know that 5™ is a
root of g and a proper element of Fqk/m. Thus, from Theorem 2.2 follows that the following
three conditions hold:

. m .. qﬁ —1 _
(i) rad(m) | ord(8™) (73) ged (m, ord(ﬁm)> =1 (3.3)

(i) 4fm or gm =1 (mod 4).

. k
The polynomial (7% f(¢AX) = n/m g(¢? n/ Xm) is irreducible if and only if g(C/ X™)
is irreducible. Suppose that v is the root of g(¢? . X™) satisfying CJ = ™. Then ~
is a root of the polynomial X™ — Cn_/fn p™. Since (n,, € Fg and ™ is a proper element of

Fqk/m, this is a polynomial with coefficient degree % over . The polynomial g({i /mX ™) is

irreducible if and only if v is a proper element of F .. This is equivalent to the polynomial

XM — C;/im 8™ being irreducible. With Theorem 2.22 we need to check if the following three
conditions hold:

(i) rad(m) | ord(¢,? B™) (i) ged (m qm_l) - (3.4)

(iii) 4fm or gm =1 (mod 4).
From (3.3) (iii) follows directly that condition (3.4) (iii) above is always satisfied. If
ord(8™) | ord(C_] ™), then (3.3) (i) and (ii) also are satisfied. If ged(;:,ord(8™)) = 1,

then ord(C 7 g™y =ord(C,/ i )-ord(™) and conditions (3.4) (i) and (i) hold. Consequently,
for (3.4) (i ) or (ii) to be violated, we have ged (-, ord(8™)) > 1. More precisely, condition
(i) is violated if and only if there exists a prime p dividing m such that p does not divide
ord(Cn_/Zn B™). Condition (3.3) (i) implies that p | ord(S™) and we reformulate as follows:
Condition (3.4) (i) is violated if and only if

there exists a prime p such that p | m and 0 = Vp(ord(g“;/iﬁm)) < vp(ord(8™)). (3.5)
Furthermore, condition (3.4) (ii) is violated if and only if there exists a prime p dividing

m such that zxp(ord(g/ilﬁm)) < yp(q% —1). Since (3.3) (ii) holds for ord(8™), we know
that vp(ord(5™)) = Vp(q% —1). Thus, (ii) is violated if and only if

there exists a prime p such that p | m and Vp(ord(cgiﬁm)) < vp(ord(8™)). (3.6)

Since (3.5) implies (3.6), we only need to check whether (3.6) holds for the order of the
elements (n_/fn Bm™.

Note that {1 < j <n} = Uogcgm—l{c' ..., (c+1)- 2} and for any 0 < ¢ < (m —1) the
elements C;/fnﬁm for c- * +1 < j < (c+1)- > are the roots of the polynomial Xm —(fm)m
Since - | q — 1, the positive integer ;- also divides qﬁ — 1 and q% —1. Weset s = % if

412 or gm =1 (mod 4) and we set s = 2% if 4 | 2 and gm =3 (mod 4). Then in Fys we
can apply Theorem 2.37, which yields:

m di—1 da—1
- my 2 m ey ) rv
X —(gm)m = [[(X — ¢'6™) H H H (X — ¢, (Ca, D)),
=t vl 3 da gcd(‘z v)=

where - = ny - ng such that rad(n;) | ord ((ﬁm)%> and ged(ng, ord((8™)m)) = 1.
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If d = ged(5,0rd(8™)) > 1, then

ord(p™) _ ord(B)
gcd(%, ord(f™)) d

ord((8™)m) = < ord(8™).
Furthermore, d; = gcd(nl, %) and dy = ged(ng,¢® — 1) and the element 0" € Fs

satisfies (b")% % = (f™)m. Since the maximum degree of the irreducible factors is 1, we
can deduce that n1 = d; and ng = ds and rewrite the factorization in the following way:

% ' ni—1ng—1 .
[Tx-¢/s™ =TT TT X~ (G,
j=1 =0 =0

Theorem 2.37 (ii) further states that

ord(8™) ngy

_ . nl 0
d ged(ne, 1)

for integers 0 < i < my — 1 and 0 <1 < ny — 1. Consequently, (3.6) holds if and only if
there exists a prime p such that

ord(¢? ") = 0rd (€1, (Gh, b)) =

n2

ng(ng,l)) < vp(d) for a positive integer 0 < i < ng — 1.

plm, pld, p|ne and Vp<
The prime p divides d if and only if p | 7> and p | ord(ord(8™)). Furthermore, p | ny if
and only if v,(%) > vp(ord(5™)). Thus, the properties p | d and p | np are equivalent
to vp(7r) > vp(ord(f™)) > 1. From the fact that v,(ord(8™)) < v,(;-) we can derive
that vp(d) = vp(ord(8™)). Then since vp(n2) = vp(5r) = vp(d) + (Vp(7%) — vp(d)) holds,
the property v, (%) < vp(d) is satisfied for 0 < i < ng — 1 if and only if v,(i) >
Vp(7) — vp(d) = vp(%) — vp(ord(8™)). This is equivalent to p := pre () —vp(ord(8™))+1
dividing .
Obviously, ¢ = 0 is divided by p and condition (3.4) (ii) is violated if there exists a prime
p such that p | m and 1 < v,(ord(8™)) < vp(;-). Note that (3.3) implies v, (ord(8™)) > 1
and we can omit this condition. Furthermore, ord(™) = #{% and from v,(m) > 1
and v,(ord(8™)) > 1 follows that 1v,(ord(8™)) = v,(ord(8)) — vp(m). This proves the

statement of Theorem 3.15.

If there exists a prime p dividing m such that v,(ord(8)) —vp(m) < Vp(%), in total exactly

na

2 integers 0 < i < np — 1 satisfy that p ] i. Since [ runs through {0, .. — 1}, the

polynomial (Xm — (4™)m) has at least n; - %2 = (8™).
Consequently, the polynomial xg»(X"™) has at least m - / "= % reducible factors of the
form Cn] f (C%X ), maybe more for other primes p. O]

The following theorem is a direct corollary of Theorems 3.13 and 3.15.

Corollary 3.16. Let f € F,[X], f # X, be a monic irreducible polynomial of degree k
and 8 € ]F(’;k a root of f. Let n € N such that ged(q,n) = 1. Then the factorization of the

polynomial xgn (X™) into monic irreducible factors over Fyq is given by H?:l CEjk f(C%X)
if and only if the following two conditions hold:

(i) There exists a positive integer m such that = | ¢ — 1 and a polynomial g € Fy[X]
such that f = g(X™).

(ii) There does not exist a prime p such that p | m and vy(ord(B)) — vp(m) < vp(5%).
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Ezample 3.17. Again let Fy = Fy(a), where a is a root of the polynomial X2+X+1 € Fo[X].
In this example we consider the monic irreducible polynomial

F=X4(a+ DX+ (a+1)XP +aXP +aX04 (a+1)X° 4+ a+1€FyX]
It satisfies f = g(X®) for the monic irreducible polynomial
g=X+ @+ D)X’ +(a+1)X* +aX?®+aX?+ (a+ D)X +a+1€FyX].

Let n =15 and m = 5, then > = 3 divides ¢ — 1. Furthermore, its root 3 is an element of
Foco satisfying ord(3) = 32-52-7-13. Thus, v5(ord(8)) —vs(m) = 1 > 0 = v5(3) and with
Corollary 3.16 formula (3.2) yields the factorization of xg1s (X 15) into monic irreducible
factors over Fy.

Asin Example 3.14, we can compute C?:6jg((§X5) = g(CgX5) in Fy instead of C;53Ojf(C{5X).

As j runs through the integers 1, ..., 15, the polynomials g(¢3 X®) and g( §+3X5

Therefore, there are only three distinct polynomials appearing five times each:
9(GX) = 9(G5X°) = 9(G5X°) = 9(¢°X7) = 9(¢5°X°)
:X30+aX25+X20+GX15+X10+X5+G+1
9(GEX7) = g((3X°) = g((5X°) = 9(G3' X°) = 9(G3"X°)
=X+ XP +aX? +aXP +(a+ DX +aX’ ta+1
FX) = g(G3X5) = g(3X°) = 9(B3X°) = 9(G°X°) = 9(G°X°)
=X L a4+ DX+ (a+DXP +aXP +aX 4 (a+ DX +a+1

) are equal.

All three polynomials are monic irreducible polynomials over [F4 and the factorization of
X5 (X %) into monic irreducible polynomials over Fy is:

XI65<X5):(X30+aX25+X20+aX15+X10+X5+a+1)5
(X4 X 4 aX? +aX P+ (a+ DX +aX? +a+1)°
(XL (e +DXB 4 (a+ DX+ aXP +aX0+ (a+1)X5 +a+1)°%.

Note that in both Example 3.14 and Example 3.17 the multiplicity of the irreducible
factors of xgn(X") was exactly the number of polynomials of the form C{ka(C%X) that
were equal. Since with Corollary 3.11 this is the exponent of the minimal polynomial mgn
in the characteristic polynomial xg», we are interested in the conditions under which the
polynomials of the form (, gk f (C%X ) are equal. Theorem 3.19 specifies these conditions
and we use the following proposition for its proof. Note that here the primitive n-th root
of unity ¢, is not necessarily an element of IF,.

Proposition 3.18 (|GK23, Proposition 6(a)|). Let n € N such that ged(q,n) = 1 and
[ € Fy[X]. Then there exists g € Fy[X| such that f(X) = g(X™) if and only if f(X) =
f(GnX).

Proof. If f(X) = g(X™), then f((,X) =g (C%X”) =g (X™) = f(X). Vice versa, suppose
that f(X) = f(¢,X). Then if f(X) = 3% ja; X?, we have f((,X) = S8 ai¢i X"
Thus, ¢! = 1 for all 0 < i < k such that a; # 0. Consequently, n = ord (¢,) | i for all

0 < ¢ < k such that a; # 0. O
The next theorem shows that for any n with ged(g,n) = 1, polynomials of the form
Cn gk f(¢hX) for distinet 1 < j < n can only be equal if there exists a divisor m of

ged(n, k) greater than 1 such that f(X) = g(X™) for a polynomial g € F,[X].
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Theorem 3.19 (|GK23, Theorem 7). Let n € N such that ged(n, q) =1 and let f € Fy[X]
be a polynomial of degree k such that f(0) # 0. Set

t =max{m | gcd(n, k) : f(X) =g(X™) for a polynomial g € F,[X]}.
Then for 0 < j,j' <n —1 the two polynomials ijkf (C%X) and C{jlkf <C£/X> are equal
if and only if j = j' mod %.

Proof. “<": Note that since t | n the element ¢,;; = ( generateb the subgroup U, of the
t-th roots of unity of Fy. If j = j' mod %, then j —j' = v- % for an integer v and we have

(;jkf( %X) — Gk g (Cy(Lj—j’)C%”X> ot vkc ik (CE‘UC%/X)
= GG (G X) =G (qax).

From the definition of ¢ and Proposition 3.18 follows that f (X) = f (¢;X) and therefore
also f (X) = f (7). Thus, G,/ f (GGl X ) = 67" r (¢l x
“=7 Suppose that ¢r7* f (g,{X) Gk (g] ) Then also
G (G X) = G v (6 (6 X))
=GR (o (67 X)) = £ (X)

Let f = Zf:o a; X" € F [X]. Then we have
k

¢ U=k (%7]”){) — Z a;¢;U=10k=0) X0,

1=0

(3.7)

For this polynomial to be equal to f (X), we need n | (j — j')(k — %) for all a; # 0. Note
that ag = f(0) # 0. Consequently, n | (j —j') - k. Let d := ged(n, k), then % | (j — ') and

there exists v € N such that j — j' = v - 5. Furthermore, the element G = (4 generates
the subgroup Uy of the d-th roots of unity of F; and we obtain

GO (x) = 6 () = Fgix). (33)

Ifl = gcd(d ok the element (j = (; generates the set U; of the I-th roots of unity over Fj,.
Equations (3.7) and (3.8) yield that f(X) = f((;X). Note that ged(d,q) = 1 and with
Proposition 3.18 we obtain that M := {m | d: f(X) = g(X™),g € F4[X]} is equal to the
set {m | d: f(X) = f((mX)} and consequently, | € M.

Let t := max M. We will prove that M is in fact the set of all divisors of t. Note that if
f(X) = f(GX),also f(X) = f(¢/X) forall 1 <i < ¢and any divisor m of ¢ satisfies that
t

Cn = Cﬁ. Thus, all divisors of ¢ are elements of M.

Suppose that there exists an element m € M such that m does not divide t. Then for all
0 < ¢ < k such that a; # 0, we have m | ¢ and ¢ | i. Consequently, the least common
multiple of m and ¢, lem(m,t) = ¢ - m, divides i. Since both m and t divide d, we
obtain that lem(t,m) € M. But lem(t,m) > ¢, because m { ¢. This is a contradiction to
the choice of ¢t and M is in fact the set of all divisors of ¢.

Thus, the fact [ € M is equivalent to [ | t. Recall that [ = m = d(dv | ¢

which is equivalent to ¢ | ged(d, v) and this agam is equivalent to ¢ \ v. Thus, there exists

an integer w such that v = % -w. Since v = 13

to j =37 mod %. O

and therefore

, we have 7 — 7/ = 2 -w, which is equivalent
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Ezample 3.20. Again let Fy = Fy(a), where a is a root of the polynomial X2+X+1 € Fo[X].
First, we check the statement of Theorem 3.19 for the polynomial f = X% + X3 4+ a +
1 € F4[X] from Example 3.14. For n = 9 we have ged(n, k) = ged(6,9) = 3 and since
f = g(X3) for g = X?> + X 4+ a + 1 the positive integer ¢ equals 3. Then Theorem 3.19
yields that two polynomials Cg_ﬁjf(ch) and Cg_ﬁj/f(cng) are equal if and only if j = 7’
mod % = 3. Recall that the polynomials §§j6f(CgX) and C;jlﬁf(gg/X) were equal if and
only if j = j' (mod 3) and the statement is correct for this polynomial f.

Next, we consider f = X304+ (a+1)X?°+(a+1) X P +aX P +aX 0+ (a+1) X5 +a+1 € Fy[X]
from Example 3.17 and the positive integer n = 15. Then ged(n, k) = ged(15,30) = 15.
The largest divisor ¢ of 15 such that f = g(X?) is t = 5. Theorem 3.19 yields that the
polynomials Clggojf(C{S)X) and Clggoj/f(C{;X) are equal if and only if j = 7/ mod % =3,
which matches the observations in Example 3.17.

Theorem 3.13 shows that if we want to compute the composition xg»(X") in F,, we need
to choose a polynomial f € Fy[X] such that f = g(X™) and > | ¢ — 1. If we choose
a positive integer n such that n | (¢ — 1) this condition is satisfied for every irreducible
polynomial f over F,. This is good for the application of our construction because the user
does not need to check any additional condition on the polynomial f besides irreducibility.
If n| (¢—1), then ¢, is an element of F, and for every 1 < j < n the element C{]ﬂ is
a proper element of F x. Since ¢n? B is a root of Cﬁjkf(C%X) € F,[X], this polynomial is
the minimal polynomial of ¢;,7 3 over [y and (3.2) yields the factorization of yg»(X") into
monic irreducible factors over [Fy.

Theorem 3.19 and Corollary 3.11 combined yield the following direct formula for the com-
putation of mgn(X") for all positive integers n satisfying n | ¢ — 1:

Theorem 3.21 (|GK23, Corollary 8]). Let n € N such that n | ¢ — 1 and let f € F,[X],
[ # X, be a monic irreducible polynomial of degree k. Further, let 3 € F . be a root of f
and mgn € Fy[X] be the minimal polynomial of B over Fy. Set t = max{m | ged(n, k) :
[(X)=g(X™) for a polynomial g € Fy[X]}. Then

o

mgn (X*) = [ &7%F (GX) -

1

J

Proof. Application of Theorem 3.19 to equation (3.2) yields:

t
n

Xgn ( H (X)) = ch”“f (G X)

j=1 7j=1

Furthermore, from Theorem 3.19 follows that the polynomials ¢, Jk f (C] X ) for1<j<7%
are distinct. Then Corollary 3.11 completes the proof.

O

Recall that Construction KK only considers the case where xg2 = mg: and Construction
AD relies on the derivation of mgn from xgn, if the order of f is known, or on a complete
factorization of xgn in Fy[X] in order to obtain the monic irreducible polynomial mgn.
Theorem 3.21 allows us to compute the polynomial mgn(X") directly, from which mgn
can easily be extracted as the following example shows:

Ezample 3.22. We consider the monic irreducible polynomial f = X% + X3 + a € Fy[X]
and the positive integer n = 3 which divides 4 — 1. Then t = 3, because 3 | gcd(n,6) = 3
and f = g(X?3) for the polynomial g = X? + X + a. Theorem 3.21 yields that

1
mgs(X*) = [ &7 F(GX) = 9((X)?) = g(x?).

J=1
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Consequently, mgs = g = X2+ X +a.

For the monic irreducible polynomial f = X%+ X° + X + a € F4[X] we have t = 1 and
Theorem 3.21 implies that

3
mg(X°) = [T 71 (GEX)
j=1
= XS+ @+ )X +aX+a) X +aX’+(a+1)X +a) (X +X°+ X +a)
=XB L XB L (a+1)X2 + X0+ X341,

We can easily extract mgs = X0+ X%+ (a+1)X*+ X2+ X +1 from this composition. Note
that since n = 3 is prime, only the two options ¢ = 1 and ¢ = 3 exist. This observation is
discussed in general in the following remark.

Remark 3.23. If n | (¢ — 1) and n is prime, then the parameter ¢ from Theorem 3.21 is
greater than 1 if and only if ¢ = n. Thus, only two cases can arise. Either ¢ = 1 and
we obtain the minimal polynomial of 3" over F, by extracting it from the composition

mgn (X") = [}, Gk <C¥LX) = (—1)k(n+D) IT=, f (C%X) . Or t = n, which implies
that f(X) = g(X™) for a polynomial g € Fy[X]. Then mgn(X") = (5 f(¢.X) = 1-
9((¢,X)™) = g(X™) and consequently mgn = g, which we easily extract from f = g(X™).

3.3 The new recursive construction of mg» from mg

Observe that Theorem 3.21 can be applied recursively in the following way:

Let n be a postive integer such that n = ny---n,, and n; | ¢ — 1 for all 1 < i < m. Let
k € Nand 3 be a proper element of F . Then the polynomial mgn, (X™!) can be computed
directly from mg with Theorem 3.21. From this polynomial we easily extract mgnr,. In the
next step we compute mgniny (X"?) from mgn, with Theorem 3.21 and extract mgnins.
This procedure can be repeated m times and in the end we obtain mgni-nm (X"™) from
mgni-nm—1 With Theorem 3.21 and extract the monic irreducible polynomial mgny--nm =
mgn.

Combining these ideas, the unique prime factorization of a positive integer n and Re-
mark 3.23, we obtain the following new construction of mgn from mg for any positive
integer such that rad(n) | (¢ — 1):

Construction 1. Let n € N such that n = ny ---n,, where ny,...,n, are prime factors
of ¢ — 1 (which are not necessarily distinct). Further, let f € Fy[X] be a monic irreducible
polynomial of degree k. Set fo := f. For 1 < i < m compute the monic irreducible

polynomial f; in the following way:
If there exists a polynomial g € Fy[X| such that fi_1 (X) = g (X™), then f; = g. Otherwise,
compute

(_1)deg(fi—l)'(ni+1) l_l[ fii1 (C%lX) = f; (X™) (3.9)
j=1

and extract f; from the composition. Then fm 1s the minimal polynomial of B™ € Fr over
Fy, where B € Fy is a root of f.

An implementation of one single step of Construction 1 for n = p prime is included in
the class RichPolynomial as the function construction_mbetap and we present the code
in detail below. Note that for the computation of (3.9) the polynomial needs to be used as a
polynomial, which is the data structure Polynomial from the module sage.rings.polyno-
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3.3. The new recursive construction of mg. from mg

mial.polynomial_element in SageMath, and for the extraction of mgr from the com-
position mg» (X?) the polynomial needs to be considered as a list of coefficients for which
we need the Python data structure 1ist. The switching between these two data structures
of a polynomial is what the class RichPolynomial has been designed for. Additionally,
the function construction_mbetap makes use of the two functions is_composition and
extract of the class RichPolynomial, which check if a polynomial is a composition with
XP and can extract a polynomial g from a composition g(XP).

Source Code 3.1: Construction of mg»

def construction_mbetap(self, p):
# checks if p divides q—1:
if p not in (self._RFF).get_primefactors():
raise ValueError(str(p)+" is not a prime factor of "+str((self._RFF
).qd+"-1.")

if self.is_composition(p):

# if f = g(X°p), then m {beta"p} (X p)=f

m_betap_Xp = self
else:

# if f is no composition with X°p, then m {beta"p}(X"p) is computed
with formula:

m_beta = self.get_polynomial ()

zeta_p = (self._RFF).get_unityroot(p)

m_betap_Xp = (-1)A(self.deg*(p+1)) * prod([m_beta(zeta_p*j*(self._
RFF).x) for j in range(p)])
m_betap_Xp = RichPolynomial (m_betap_Xp, self._RFF)

return m_betap_Xp.extract(p)

Ezxample 3.24. Let Fy = [F4 as before and we consider again the monic irreducible polyno-
mial f = X%+ X3 + a € F4[X]. The positive integer n = 27 satisfies rad(n) = 3 | (4 — 1)
and n = nq - ng - ng for ngy = ng = nz = 3.

Then fp := f and since fy = g(X?) for the monic irreducible polynomial g = X2+ X +a €

F4[X], we set f; = g. Since fi is not a composition with X3, we compute fo(X?) by (3.9)
and extract fs. For this we use construction_mbetap, which yields that

fo=X%4+(a+1)X +1.
At last, with construction_mbetap we obtain that

f3 = X2 +aX +1 = Mgor.

As we can see from Source Code 3.1 all computations of Construction 1 are carried out in
[F, and the construction is based solely on the examination of the non-zero coefficients of
the polynomials f;. Where Construction AD relies on the order of the initial polynomial
f for the derivation of mgn from xg» or a complete factorization of xsn in Fy[X], the
polynomials f; are computed directly from f; 1 in each step of Construction 1.

Remark 3.25. (a) In Example 3.24 the degree of fi, fa, f3 was strictly lower than the
degree of the initial polynomial f. If we select positive integers n such that one of the
following two conditions is satisfied, then all polynomials obtained with Construction
1 are of the same degree k as the initial polynomial f:

(i) ged(n, k) =1

(ii) The order m of the minimal polynomial of 8™ does not divide q% — 1 for

any divisor t of k, whose prime factors divide ged(n, k).

87



Chapter 3. Constructing irreducible polynomials recursively with a reverse
composition method

(b) If there exists a polynomial g € F,[X] such that f =g (Xt) for a prime divisor ¢ of
n, then the minimal polynomial of 5™ will be of lower degree. Observe that in this
case the polynomial f (X + a) for any element a € F,\{0} will not be a composition
with X™ for any positive integer m > 1 and could be used instead of f. This fact
was proved in [KK22| for ¢t = 2. For the convenience of the reader, we include the
generalized proof here.

Proof. If f(X) = Zf:o bXi=g (Xt) for ¢t > 1, then b;_1 = 0 and since f is monic,

we have b, = 1. Furthermore,

k—2
f(X+a)=(X+a)*+) b (X+a)
=0
deg(...)<k—1
k k—2
=Y ( ,)ajx’f—j +) bi(X +a)
7=0 =0
L k=2 ’
= X* 4 kaX 14> (j)aﬂX’“—J +) bi(X +a)
j=2 i=0

Since ged(k,q) = 1, char (F,) does not divide &k from which follows that ka # 0 and
there cannot exist any positive integer m > 1 such that f (X +a) = h(X™) for a
polynomial h € F,[X]. O

Theorem 3.3 states that Construction AD yields all monic irreducible polynomials whose
order divides the order of the initial polynomial f. This poses the question which of these
polynomials can be constructed with Construction 1. Obviously, Construction 1 can be
applied for every positive integer n such that rad(n) | (¢ — 1). However, many of these
integers yield the same polynomial. We mentioned before that Constructions AD and KK
show a periodic behavior when applied recursively. Our new construction shows the same
behavior.

The following construction generalizes Construction 2 from [KK22]. It is a recursive ap-
plication of Construction 1 for a fixed prime integer n dividing g — 1.

Construction 2. Let n be a prime factor of ¢ — 1 and f € Fy[X] be a monic irreducible
polynomial of degree k. Further let w = v, (qk — 1) be the n-adic valuation of ¢* — 1. Set
fo:=f. Fori>1 compute the monic irreducible polynomial f; in the following way:

If there exists a polynomial g € Fq[X| such that fi_1 (X) = g(X"), then f; = g. Otheruwise,
compute

(_1)deg(f¢71)'(n+1) ﬁ fiz1 (C%X) = fi (Xn>
j=1

and extract f; from the composition. If f; = fi for an integer | such that 0 <1 < w and
[ < i, then stop.

With the notation from Construction 2, suppose that the construction terminates for the
polynomial f;; ¢ which is equal to f;, for integers s > 1 and 0 < I < v(¢¥ —1). Then we
call the sequence

(fos f1s-- -5 f1-1)

the tail of the construction and the sequence

(fla e 7fl+s—1)

88



3.3. The new recursive construction of mg. from mg

the orbit. Note that the construction would yield the polynomials of the orbit repeatedly if
we continued to iterate through the integers ¢ > [+ s. This is the periodic behavior which
we mentioned before. Observe that the length of the tail is [ and the length of the orbit s.

The following result shows that the two parameters [ and s can be used to gain information
on the order of the initial polynomial f.

Theorem 3.26. With the notation from Construction 2, we suppose that Construction 2
terminated after a tail of length | and an orbit of length s.

Then ord (f) = n! - r and v must satisfy
(i) ged(n,7) =1,
(ii) s = %‘l(n) for a divisor d of deg (f1),
(11i) Furthermore, for an integer 0 < j < deg(f;) — 1, d must satisfy ord, (qj) =d and
n®*=¢’ modr.
Proof. Let B € F x be aroot of f, that is, f = mg is the minimal polynomial of 8 over F,.
Then with Construction 1 we know that f; = m gni for every ¢ > 0. Further, let ord(f) =e

and e = n" - r with ged(n,r) = 1. Then with Theorem 3.2 the minimal polynomial of B,
that is, the polynomial f;, has order

£ —ptl.pr for0<i<
ord(fy =4~ T =R (3.10)
T for i > v.
Since the order of the polynomials (fo, f1,..., fu—1) strictly decreases, these polynomials

cannot appear twice in the sequence (f;);>0. Note that v < w = v,(¢* — 1). Thus, the
polynomial f,, which is the first polynomial of order r of the sequence (f;);>0, is an element

of the sequence (fo, f1,.--, fw)-

We need to examine Zy, the multiplicative group modulo r, to see that f, is the first
polynomial to appear twice in the sequence (f;);>0 and therefore v = [. The subgroup
(n) of Z} generated by n has order ord,(n), which is the multiplicative order of n modulo
r. This implies that ﬁ”word"(n) = " and obviously the minimal polynomials of 8" and
B"Hmdr(n) over Fy are equal. Thus, f, = fy,4ord,(n) and we have shown that f, does appear
again in the sequence.

However, the length s of the orbit is not always equal to ord,(n). The polynomials f;, and
fi, are equal if and only if ™" and " are [F4-conjugates. Thus, it is possible that there
exists a positive integer v smaller than ord,(n) such that ﬁ"wu is an F,-conjugate of g
and the minimal polynomial f,4, = M grvtu also is equal to f, = mgne. To account for
this, we choose u € N to be the smallest positive integer that satisfies

(nyN{(q) = (n*) = (¢ < Z} for an integer 0 < j < deg (f,) — 1. (3.11)
Note that since(nordT(")) = (q°) such an integer u exists and satisfies u < ord,(n). Then

ﬁ”wr“ = (ﬁ”v)q] and f,4+4 = fu. Moreover, the minimal polynomials of ,B"UH for 0 <i <
u— 1 are distinct because we selected u to be the smallest positive integer to satisfy (3.11).
Consequently, v = [, which shows that (i) holds, and the length s of the orbit equals w.

Set d := |(¢’)| = |(n®)| which is a divisor of deg(f;), since (¢/) < (g) and |(q)| = deg(f;).
Then because of (n®) being a subgroup of (n), we have s = |‘<<nns>>|‘ = Ordg(n) which shows

that (ii) holds. (iii) follows directly from equation (3.10) and our definition of d. O

Remark 3.27. In the original version of [KK22] on ArXiV, [KK20], the number of distinct
polynomials produced by [KK22, Construction 1] was given as ord,(2) where ord(f) = 2Vr
with v > 0 and r > 1 odd. As we can see from Theorem 3.26 this number is not correct,
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since the authors did not take into consideration that the construction could also yield
the minimal polynomials of Fg-conjugates over Fy. Similarly, in [KK22, Remark 1| the
information about the order of the initial polynomial Cy (X) obtained by the construction
should be changed to: 2t where ¢ is an odd divisor of ¢ — 1 and k — [ = %’5(2) for a
divisor d of n.

Note that with equation (3.10) in the proof of Corollary 3.26 the polynomials f; for 0 <
i <1 —1 of the tail of Construction 2 have order n!~% - r and all polynomials of the orbit
have order r.

If p1,...,pm are the distinct prime factors of ¢ — 1, and ord (f) = e = p{* - - p¥m - r with
ged(q,7) = 1 and v; > 0,...,v, > 0. Then Construction 2 allows us to determine the
pi-adic valuations vy, . .., vy, of the order of f. Additionally, Corollary 3.26 ((ii)) and ((iii))
give further conditions on the factor r.

In the module B.12 ConstructionClasses.sage there exists an implementation of Con-
struction 2 and Theorem 3.26 as the class Construction2. In Section 3.4 we explain in
detail how to use it.

Ezample 3.28. Let ¢ = 4 and Fy = F(a), where a is a root of the polynomial X2 4+ X + 1.
We can apply Construction 2 for the prime factor 3 of 4 — 1. For the monic irreducible
polynomial f = X%+ X® + X + a € F4[X] the construction yields the following result:

D vp(ord(f)) orbit length s
3 2 12

Since the order of f divides 45 —1 = 4095 = 32.5.7-13, there are 24 possibilities. If we apply
Theorem 3.26, we can remove 16 of them because they do not satisfy the 3-adic valuation.

Then 5 more can be removed because the orbit length s does not satisfy Theorem 3.26 (ii),
ord,(3)
d

that is, s does not equal for a divisor d of 6. For the remaining three possibilities s
equals the order ord,(p) and j = 0 satisfies Theorem 3.26(iii). Thus,
ord(f) € {3%-5-.7,3%-5-13,3%.5.7-13}.
The polynomial is in fact of order 4095 = 32 -5-7-13.
We consider the polynomial

f=X0 4+ (@®+1)X3+a+1¢eTFpiX],

where Fig equals F(a) and a is a root of the polynomial X% + X + 1. We can apply
Construction 2 for the two prime factors 3 and 5 of 16 — 1. We obtain:

D vp(ord(f)) orbit length s
3 2 8
5 1 8

There exist 96 divisors of 166 — 1 =3%.5.7.13-17-241. 80 of them do not satisfy the
p-valuations given by Construction 2. When considering p = 3 and the condition (ii) of
Theorem 3.26, for 12 divisors the orbit length s is not of the form %T(?’) for a divisor d
of 6 and for one divisor (iii) is violated. From the remaining three candidates two can
be eliminated when considering Theorem 3.26 (ii) for p = 5. Consequently, Theorem 3.26

yields the order of f, which is ord(f) = 765.

For all polynomials that we tested Construction 2 for, the algorithm could reduce the
number of candidates significantly or give the exact order of the polynomial. However, the
computation does not seem to be more efficient than existing algorithms, which compute
the exact order. The biggest advantage is that all computations are done in F,.
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3.4 How to find all polynomials generated by Construction 1
efficiently

In this section we present a procedure to generate all polynomials that can be obtained
from a fixed monic irreducible polynomial f with Construction 1 efficiently. For this, we
use the periodic behavior of Construction 2.

The ideas in this section have been presented before in [GK23| but we present them here
in much more detail. In particular, we give all proofs which were not included in [GK23].

Let p1,...,pm be the distinct prime factors of ¢ — 1. Then we can apply Construction 1
for any integer n that is an element of the set

N o= {p - pim iy, i, > 0.

Suppose that f is of degree k, has order e and 8 € Fx is a root of f. Since the element
$ has multiplicative order e, for every n € A holds g = g"™°d¢  Thus, the set of
polynomials that we can construct with the integers in A is

M = {mﬂnmode n :plll ...pizl’i17. . .7’L.m 2 O}. (3.12)

However, we would like to emphasize that the construction should not be restricted to the
elements of N which are smaller than e, here denoted by N.. An integer n € N/, n > e,
can yield a polynomial that cannot be constructed by choosing all elements of N_.. This
is the case if (n mod e) is not an element of A/ as can be seen from the following example:

Example 3.29. Let Fg = F(a) where a is a root of the monic irreducible polynomial X3 +
X +1 € Fy[X]. We consider the primitive monic irreducible polynomial

f=X+aX"+ X3 +aX?+ (a®> + a)X + a® € Fg[X]

of order e = 32767 = 7-31 - 151. There exists only the prime factor 7 of 8 — 1 and we can
apply Construction 1 for all elements of N' = {7 : i > 0}. Note that this the same as an
application of Construction 2. The construction yields a tail of length 1 and an orbit of
length 150. Thus, mgr and Mgps1 are equal, where § is a root of f.

However, the smallest positive integer i such that 7% is greater than or equal to e is 6, which
implies that N, = {1,2,3,4,5}. The positive integer 7% (mod e) = 117649 (mod e) =
19348 = 22 .7-691 is not an element of . Thus, if we had restricted ourselves to N,
we would only have found 5 of the 151 possible polynomials.

The number of polynomials that we can construct with Construction 1, which is the size
of M, obviously depends on the size of N considered in Z,:

Nimode = {p -+ -pim mod € : i1, ... ,im > 0} (3.13)

Indeed, we have M = {mgn : n € N'pyoqc}. Note that in general |[M]| is smaller than the
size of N od e, because in N 04 ¢ €xponents can belong to F ¢-conjugates which then yield
the same polynomial multiple times.

The statement of the following lemma has been mentioned briefly in [GK23] but not been
proven. We present its proof here.

Lemma 3.30. Let p1,...,pm be the distinct prime factors of q—1 and let f € Fy[X] be an
irreducible polynomial of degree k and order e. Further, let 3 € Fx be a root of f. Then
the size M| of the set M = {mgnmoae : 10 :plf copim iy, i > 0} only depends on q
and the order e of f.

Proof. We can write M = {mgn : n € Nyode}, Where N pod e is defined as in (3.13).
Obviously |N mod el, the size of N podqe, only depends on g and e. Furthermore, two
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distinct positive integers n,n’ € N o4, yield the same polynomial mgn = Mgnt € M if
and only if 4" and 8" are F,-conjugates. That is, if and only if there exists a positive
integer 1 < j < k—1 such that " = B”/'qj. This is equivalent to ﬁ”_”/'qj = 1 and thus also
equivalent to e | (n —n’-¢’). The last statement only depends on ¢ and e and Lemma 3.30

holds. O

We believe that it is not possible to give a closed formula for | M| in general since computing
IV mod | 1s difficult. Indeed, it is related to determining the order of some prime numbers
in Z;. In order to see this, suppose that e = pi*...p% - r with ged(¢ — 1,7) = 1 and
V1,...,Um > 0. Then by the Chinese Remainder Theorem the ring Z. is isomorphic to
val X ... X Lypom X L. To determine IV mod e|, in particular, we need to calculate the size

1
of the multiplicative subgroup (p1,...,pm) in Z}.

Thus, it does not seem to be possible to determine a subset A of A/ such that every
polynomial in M is contained exactly once in the sequence {mb’”}ne - We are interested in
finding a subset N of N such that the number of multiples in the sequence {mgn },en is as
small as possible. The following lemma shows that the periodic behavior of Construction 2
yields a naive upper bound on the exponents i1, ..., %m:

Lemma 3.31. Let pi,...,pm be the distinct prime factors of ¢ — 1 and f € Fy[X] a
monic irreducible polynomial of degree k. Further, suppose that for every 1 < | < m,
Construction 2 applied to f for the prime p; has a tail of length v; and the orbit a length
of s;. Then

Mg{mﬂ":n:pill”'piglail§U1+817~-aim§vm+5m}-

Proof. Let n = pil ---plm such that i; > v; + s; for a positive integer 1 < j < m and
I =min{l <j <m:i; >v;+s;}. We prove that for n; = p* ---p;' the polynomial mgn,
is already contained in the set {mg. : n' = p;! ---p;l 1i <wj+sj forall 1 <j <I}. Then
by induction, the statement of Lemma 3.31 is true.

The polynomial f = mgm-_1, where n;_1 = plf e p?_‘f is of degree k < k and order

- e
C T i @) min{vy @1}
| D
The order € divides the order e of f and satisfies v, (€) = vp,(e) because pi,...,py, are
distinct.

If we applied Construction 2 to f for the prime p;, we would also obtaiq a tail and an orbit.
The length v of the tail equals v, because vy, (€) = vp,(e). Let 7 = Vpe(é), then the length
l

5 of the orbit is the smallest positive integer s such that

pi=¢ (mod#) foran integer 0 < j <k — 1.

Thus, the positive integer p'' - - -p;}ﬁ(il*w (mod 5)) yields the same polynomial as the positive

; _ i i
integer n; = p;' - -+ p;’, namely mgn; .

Recall that s; is the smallest positive integer such that p;

"' = ¢’ (mod r) for an integer

0<j<k-—1, wherer = ﬁ From the fact that 7 is a divisor of r follows that s; > 5.
l

This implies that the exponent v; + (i; — v; (mod 3)) is less or equal than v; + s; and the

statement of Lemma 3.31 is true. ]

Remark 3.32. If the order e of the initial polynomial f = mg is known, the values v; and
sj can be determined directly with Theorem 3.26.
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Using the ideas from the proof of Lemma 3.31, we give a more precise definition of the
tails and orbits obtained from Construction 2:

Let f = mg be a monic irreducible polynomial over F, of degree k and let 8 € F » be a
root of f. Furthermore, let n be a positive integer and p a prime dividing ¢ — 1. If we
apply Construction 2 to the polynomial mg» for the prime p, we obtain a tail of length
vp(e) and an orbit whose length is a divisor of ord%(e)(p), where e = ord(mgn). We call

this tail the tail of n for p and this orbit the orbit ofn for p.

Let p1,...,pm be the distinct prime factors of ¢ — 1 and for all 1 < j < m let v; be
the length of the tail of 1 for p; and s; the length of the orbit of 1 for p;. Moreover,
let 1 <1 < m and n be a positive integer such that n = p}'...p,"} pﬁf <o pim for
Wy ey8—15041s -+ - im € NU{0}. Then Lemma 3.31 and its proof imply that the length
of the tail of n for p; equals v; and the length of the orbit of n for p; is less than or equal

to s;.

Ezample 3.33. Let ¢ = 31 and we consider the monic irreducible polynomial f = X% +
30X3 +9X? + 15X + 27 € F31[X]. The order of f equals e = 307 840 = 27 -5-13-37 and
Construction 2 applied for the distinct prime factors p; = 2,p2 = 3, p3 = 5 of 30 yields :

Table 3.1: Construction 2 for p; =2, po =3 and p3 =5

D; vj = vp(ord(f)) orbit length s;

2 7 36
3 0 288
5 1 288

Then Lemma 3.31 states that for Construction 1 we only need to consider positive integers
n =201 .32 .58 guch that i1 < 7+ 36 = 43, iy < 0+ 288, i3 < 1 + 288 = 289. However,
in general these naive upper bounds are not reached as the following table shows for is. It
specifies the lengths of the orbits of n = 2/ - 59 = 241 4, > 0, for py = 3. The length of
the tail of n = 2% for py = 3 equals v = 0 for every i; > 0. The bound vy + sy = 288 is
reached in only one of these orbits:

Table 3.2: Orbits of n = 2% for py = 3

n orbit length orbit order

20 288 27.5.13-37
21 144 20.5.13.37
22 72 25.5.13-37
23 36 24.5.13-37
24 36 23.5.13-37
25 36 22.5.13-37
26 36 2.5-13-37
27 36 5-13-37

28 36 5-13-37
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29 36 5-13-37
210 36 5-13-37
211 36 5-13-37
212 36 5-13-37

Table 3.2 ends with i; = 12, because the polynomials in the orbit of 2'3 for py = 3 are the
same as in the orbit of 27 for py = 3. In particular, the distinct polynomials obtained from
Construction 2 with the positive integers n = 2° for 13 < i < 43 are already contained in
the orbits shown in the table above.

Orbits consisting of the same polynomials can also be found in the orbits of the positive
integers n = 20 - 3%2, jy,iy > 0, for p3 = 5. For all 41,92 > 0 the tail of n for p3 = 5 has
length 1 = v3. The following table specifies the lengths of the orbits for ps = 5 and the
order of the orbit polynomials. Only three of the orbits are of length s3 = 288.

Table 3.3: Orbits of X* +30X3 +9X2 + 15X + 27 € F31[X]

n orbit length orbit order same orbit as
1 288 27.13-37

2! 144 26.13.37

22 72 25.13-37

23 36 24.13-37

24 18 23.13-37

20 18 22.13-37

26 18 2-13-37

27 18 13- 37

28 18 13-37

29 18 13- 37

210 27
3! 288 27.13-37

32 288 27.13-37

33 1
21. 31 144 26.13.37

22. 3! 72 2°.13-37

23.31 36 24.13.37

24.31 18 23.13-37

25.31 18 22.13-37

26 31 18 2-13-37

27 .31 28
21 .32 144 26.13.37
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22 .32 72 25.13-37
23 .32 36 24.13-37
24 .32 18 23.13.37
25 .32 18 22.13-37
26 .32 18 2-13-37
27. 32 29

The exponents (i1,i2) in

{(0,3),(1,3),(0,4),(2,3),(1,4),(0,5), (3,3), (2,4), (1,5),
(0,6), (4,3),(3,4),(2,5),(1,6),(0,7),(7,1),(5,3), (4,4),(3,5), ...,
(1,36), (0,37), (1,37), (0,38), (1,38),. ..,
(0,144), (0,145), (0, 146), . . ., (0,287)}

yield one new tail polynomial each but their orbit is the same as one in the table above.

The following lemma shows that orbits of different integers n and n’ for the same prime p
are either completely distinct or equal.

Lemma 3.34. Let f be a monic irreducible polynomial over Fy of degree k and B € Fyr a
root of f. Further, let n,n’ be two positive integers and p be a prime factor of ¢ — 1.

Then the orbits of n andn’ for p contain either exactly the same or no common polynomials.
If the orbits contain the same polynomials, then these appear in the same or a shifted order.

Proof. Let e = ord(mgn) and €’ = ord(mﬁn/). Note that for any polynomial g in the tail or
orbit of n for p or n’ for p holds that its successor is the polynomial m.», where v is a root
of g. Thus, we can define a successor mapping on the polynomials and if two polynomials
g and ¢’ are equal, all of their successors are also equal.

If one polynomial g of the orbits of n and n’ for p is equal, both orbits contain all polyno-
mials of the form {m_,i : i € Ng}, where 7 is a root of g, because of the periodic behavior

of Construction 2 . ﬁms, the whole orbit is equal. ]

Based on the fact that with Lemma 3.34 orbits for one fixed prime factor p of ¢ — 1 are
either equal or distinct, we define the following algorithm, where we fix the prime factor
pm of ¢ — 1 and compute only tails and orbits for p,:

Algorithm 3. Let p1,...,pn be the distinct prime factors of ¢ — 1 and f € F,[X],
f # X, a monic irreducible polynomial of degree k.

Suppose that for every 1 < j7 < m, Construction 2 applied to f for the prime p; has
a tail of length v; and an orbit of length s;.

3.1. Set T :={},0 :={} and M := {}.

3.2. Choose 0 <ij <wj+s;for1 <j<m—1

3.3. Set n:= plf . -pi;”_‘ll.

3.4. Compute the polynomial mgr and add it to M.

3.5. (Tail) For 1 < iy, < vpy:

Compute m ___ i, from m grplp ] with Construction 1.

grv
If m gnvi is already contained in 7, then stop.
Otherwise add M g gl to 7 and to M.

3.6. (Orbit) For vy, < iy < vy + S
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Compute M i from M iy with Construction 1.

If mﬁn‘p%n is already contained in O, then stop.

If mﬁn.p%,l = Mg then add m grpi to O as orbit representative and all

orbit polynomials {m DU <1 <ip} to M.

ﬁ"'p?n

Let
Sz{mlgn:n:p?-'-pf‘gjll,()gijﬁvj—l-sj forall1 <j<m-—1}

be the set of all starting polynomials of Algorithm 3. Then from Lemma 3.31 and
Lemma 3.34 follows that the union of all M for mgn € § equals the set M as defined
in (3.12).

We present an implementation of Algorithm 3 in the class Constructionl from the module
B.12 ConstructionClasses.sage. In Appendix B.5.1 we explain in detail how to use our
implementation.

In our implementation of Algorithm 3 steps 3.2. to 3.4. are implemented so that every
polynomial mgn € & is obtained from another Mgnr € S with exactly one application of
construction_mbetap (see Source Code 3.1). This is realized as follows: Every polynomial

mgn € S is stored together with the list [i1,...,4m—1] of its exponents and a pointer to
an index 1 < j < m — 1 of the list. Then the polynomials mgn» for j <1 < m —1
are computed from mgn. They are stored together with the list [i1,...,4 4+ 1,...,4,] and

the pointer [. The same procedure is applied recursively to each of them. The use of
the pointer here is crucial. For example the polynomial M 522,52 from Table 3.3 could be
computed from m 2231 and from m 2132 with one application of construction_mbetap.
However, in this program the pointer can only “move” to the right and m 2132 would not
be considered a predecessor of m 2232 With this procedure all computations of step 3.4.
are done exactly once.

The computation of the upper bounds v; + s; for 1 <7 < m — 1 are not done beforehand,
but are included in the program itself. They are stored and updated in the dictionary
max_exponents (see lines 203ff. in Source Code B.12).

The statement of Lemma 3.34 is applied in step 3.6.. Here we use the fact that either
the orbit of n for p,, is the same as an orbit that has been computed before or all orbit
polynomials are new polynomials.

In [GK23| we had a false intuition and claimed that an analogue of Lemma 3.34 would hold
for tails. More precisely, we claimed that two integers n and n/ either have a completely
distinct or an equal tail. This statement is not true as the following example shows.

Example 3.35. Let ¢ = 31 and we consider again the monic irreducible polynomial f =
X4 4+30X3 +9X2 + 15X + 27 € F31[X]. The following table gives the tails of n = 3 - 5°
and n/ = 3%.52 for p = 2:

Table 3.4: Counterexample for completely equal or distinct
tails

1 MM g2 M g 2

X4+ 17X3 +7X2 425X +30 X*+16X3+29X2%+20X +30
X4 4+4X3 +3X24+12X +1 X4 4+19X3 +13X24+7X +1
X4 4+21X34+8X2 417X +1  X*46X3+20X24+8X +1
X4 4+9X3 +3X%24+6X +1 X4 4+22X3 +3X%24+25X +1

W N = O
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4 X*4+18X3+27X%2 4+ X +1 X4+ 18X3 +27X%2+ X +1
5 X*49X34+13X24+22X+1  X*49X3413X24+22X+1
6 X*4+7X34+23X24+7X+1 X4+ 7X34+23X24+7X +1

Even though the first four polynomials for 0 < ¢ < 3 are distinct, the fourth polynomial
and all its successors are equal. Thus, the statement from [GK23| is false. However, the
presented numerical results were correct. Since the tails were all of length 1, they were
either equal or completely distinct.

We can use the fact that all successors are equal, if one polynomial in the computations
for two integers n and n’ is equal, to our advantage. The following lemma shows that this
fact reduces the number of orbits that need to be considered by our implementation.

Lemma 3.36. Let f be a monic irreducible polynomial over Fy of degree k and B € Fyrx a
root of f. Further, let p be a prime factor of ¢ — 1 and n,n’ be two positive integers such

that for 0 < i,4" the two polynomials M g and UL equal.

Then for any positive integer m € N, also the polynomials M g andm . . i are equal.

ﬁm
In particular, if the orbits of n and n' for p are equal, also the orbits of m -n and m - n’
are equal for any positive integer m.

Proof. Since Mgy = Mgy there exists an integer 0 < j < deg(mﬁn,pi) such that

5”'pi = Bnl'pi @’ For any positive integer m € N follows that ﬁm'"'pi = ﬁm'"l'pi @’ and the

polynomials M it and Tt ! T equal.

If the orbits of m and n' are the same for p, then there exist positive integers 7,7’ >
vp(ord(f)) such that m . Then for any positive integer m, the polynomials

M g AN ULPA

P=Mm,
pr ﬁn -p?
i are also equal. Since 4,4’ > v,(ord(f)), these polynomials are in the
orbits of m - n and m - n/. Because of the periodic behavior of Construction 2 the whole

orbits are equal. O

Note that Lemma 3.36 explains Table 3.3. We see that the orbits of 27 and 29 are equal,
then with Lemma 3.36 follows directly that the orbits of 2'' and 2% are equal. The orbit
of 28 has already been computed and does not need to be computed again. Moreover, for
any i > 10 the orbit of 2¢ is the same as the orbit of 27+" where i = 7+ (10 — 7) - m +r
and 0 < r < (10— 7). Furthermore, from Lemma 3.36 follows that for any positive integer
n the orbits of 27 - n and 2'0 - n are equal. Thus, 10 is an upper bound on the exponent i,
of 2 for the computation of new orbits.

In the implementation Constructionl in ConstructionClasses.sage the upper bounds
on the exponents for the construction of new orbits are stored and updated in the dictionary
new_orbit_exponents (see lines 249ff. in Source Code B.12).

The following lemma generalizes the ideas used for the new_orbit_exponents:

Lemma 3.37. Let f be a monic irreducible polynomial over Fy of degree k and 8 € Fx
a root of f. Further, let py,...,pm be the distinct prime factors of ¢ — 1 and let n' =

pzf . -p;’f__ll andn’ = pzf . -p:;”__ll be positive integers such that i, < i) for alll <1< m—1.
Suppose that the orbits of n’ and n” for p,, are equal and suppose that the positive integer
n is of the form

n:pil---pi,(b”jf with iy = 1) + (i —7) ~dy 47 for all 1 <1 <m—1,
where d; > 0 and 0 < 1 < (1) — 1)) for all1 <1 < m —1. Then the orbit of n for py,, is
equal to the orbit of an integer n € N(n',n") for p,,, where

N(n',n") = {ﬁ:pilo--pimmjll i <7 <] for alllglgmfl}.
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Proof. From Lemma 3.36 follows that the orbit of

i) +(if —i1)-d1 i1 (U1 1) dm—1

1 DY pm_l
is equal to the orbit of n’ and n”. Consequently, the orbit of n is equal to the orbit of
n:= piM1 . -p;’f__lﬁrmfl and 7 is an element of the set N(n’,n”). O

The statement of Lemma 3.37 could be used to further reduce the number of duplicates
during the computation of step 3.6. in Algorithm 3. All pairs (n’,n”) whose orbits for py,
are equal would have to be stored and for every positive integer n the program needs to
check whether n € N(n/,n") for any of the stored pairs (n/,n”). It is not clear whether
this actually speeds up the computation time of the program.

In Chapter 1 we mentioned that different applications call for irreducible polynomials with
different properties. Especially the construction of large finite fields calls for irreducible
polynomials of a low weight. When working simultaneously in a finite field F x as an
extension of F, and also as a vector space over I, it might be useful to select a normal
polynomial and this concept was extended to so-called k-normal polynomials in [Huc+13|.
The class RichPolynomial contains the functions get_weight and get_knormal. Using
these functions the implementation B.12 of Algorithm 3 yields an overview table of the
weight and k-normality of the constructed polynomials as output.

Example 3.38. We consider the polynomials
=X+ X4+ X3+ X2 +aq,
fo=X"+ (> +a)X® + (a®+a®>) X"+ aX® + X° + (& + a® + a) X*?
+ @ +a+1)X*+a*X’+a*X +a*+a®+a

over F1g = F(a), where a is a root of the monic irreducible polynomial X* + X + 1 over
Fs.

The polynomial f; is primitive and has order 4294967295 =3 -5 17 - 257 - 65537. Con-
struction 1 with f as initial polynomial yields 1114 113 monic irreducible polynomials of
degree 8. Considering the orbits of the positive integers n = 37, j > 0, for 5 there are 33
orbits of 32 768 polynomials each. The orbit of n = 1 for 5 contains 32 768 of the 67 108 864
monic irreducible polynomials of order 3 - 17 - 257 - 65537 over F14 and the other 32 orbits
of n =237 for 5, 1 < j < 32, yield 1048576 of the 33 554 432 monic irreducible polynomials
of order 17 - 257 - 65537 over Fi5. fi has 5 non-zero coefficients and yields a weight distri-
bution of 465384672257659973310849709417 ' which means that there exist 6 polynomials with
smaller weight and 384 polynomials with the same weight. Hence, from these we could
try to choose polynomials with other required properties that our initial polynomial might
lack.

The polynomial fy has order 68719476735 = 33.5-7-13-19-37-73-109 and yields
4644 monic irreducible polynomials over Fig of degree 9 with the weight distribution
62747837391401102821 ' Even though the number of constructed polynomials is not very
large, we could find polynomials of weight 6, 7 and 8. Considering the orbits of the positive
integers n = 37, j > 0, for 5 there are 21 orbits of 216 polynomials each and the construction
yields 3 888 of the 40310 784 polynomials of order 509033161 =7-13-19-37-73-109.

Tables 3.5 and 3.6 show that Construction 1 also yields a large number of k-normal poly-
nomials for small values of k& which could be used for respective applications. Since the
number of k-polynomials decreases with k increasing, this distribution of k-normality is to
be expected (see |[Huc+13]).
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Table 3.5: Weight and k-normality distribution for f;

Weight Total O0-normal 1-normal 2-normal 3-normal
4 6 1 5 0 0

5 384 139 240 5 0

6 7225 4160 2927 136 2

7 65997 47088 17746 1119 44

8 331084 283554 44713 2625 192

9 709417 709417 0 0 0

Table 3.6: Weight and k-normality distribution for fo

Weight Total O-normal 1-normal 2-normal 3-normal 4-normal

6 2 1 1 0 0 0
7 47 28 15 4 0 0
8 373 256 102 14 1 0
9 1401 1091 290 18 0 2
10 2821 2475 339 5 2 0

3.5 Future work

Construction AD, Construction KK and our new construction Construction 1 all were a

reversal of the classical composition method for the rational function Q) = % and selected

positive integers n. Gohar M. Kyureghyan suggested that the method could also be applied
for arbitrary rational functions Q = { € F,(X).

For an arbitrary rational function @ = # € F,(X) the reverse composition method can be
described as follows:

Step 1. Choose an irreducible polynomial f; € F,[X].
Step 2. Compute other irreducible polynomials fa, ..., fm, € Fy[X] from f; such that
fiofore fm =1
for a polynomial f € F,[X].
Step 3. Extract f from the composition f<.
Step 4. Either f is irreducible or an irreducible polynomial can easily be computed from f.

For this construction to work, the rational function ) needs to satisfy the following con-
ditions:

(i) The factorization of f% into irreducible factors fi--- fn, over F ¢ is known for any
polynomial f € F,[X].

(i) When one factor f; of the factorization is given, the other factors fo,..., f;, can be
easily computed.

(iii) The polynomial f can easily be retrieved from the composition f%.

(iv) Tt is easy to decide whether f is irreducible or not, or an irreducible polynomial can
easily be computed from f.
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Chapter 3. Constructing irreducible polynomials recursively with a reverse
composition method

The properties of the polynomials obtained from the reverse composition method depend
on the rational function (). For example, our construction with Q = ¥ yielded only
irreducible polynomials of the same or a lower order. Other choices of @ will yield other
interesting irreducible polynomials with different properties.

Thus, it might be interesting and useful to study other factorizations of compositions f<
and to derive methods for conditions (ii), (iii) and (iv) for them.
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Appendix A

Numerical results

Ezample A.1 (Example 2.46 extended). We present the details of the computation in
Example 2.46 which have been omitted in Chapter 2.

14. For 0 < j <7=d;"¥ — 1 we compute b; = (Cj 50"
1

bo = 38" + 280 +38° 4+ 87 +28% + 38° + 38* + 38 + 52 + B+ 4,

by =48° + 87+ 4% +45* +26° + 287 + 1,

by =B +48" + 87+ 287 + 48° + B° + B + B° + 287 + 28 + 3,

by = 38°% + 287 +38° + 38 +48% + 452 + 2,

by = 28" + 38" +28° + 487 +38° + 28° + 28" +28° + 48° + 45 + 1,
by = 8%+ 487 + B% + B +35% + 387 + 4,

be =481 4+ 810 1439 + 387 + B0 + 485 + 484 +48% + 362 + 38 + 2,
by =26°+ 38" +28° + 28" + 8% + B> + 3.

17. On the next six pages we present the complete factorization of the binomial
X¥TB g e Fy[X]

For every j € {0,1}, every v € {1,7}, every i € {0,1,2,4,7,8,13,14,16, 17,28} such
that ged(i,v) = 1 and every m € {0,...,ged(t;,4) — 1} we give the monic irreducible
factor S, i,m) as specified in Theorem 2.41:

doxthnstt 3T [T e
=0

UCHO,...,c;—1} ueld
|Z/{|:C7;—l
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Appendix A. Numerical results

CH X+ X + g1 XV + 0o XV + 52XV + ge XT+ e XV + e XV + 5 XC+ 13 XT+ g X
T XCT X T 1 XCt g1 XT 1 3z XE T e XTH ge X + g X ¢

CH XVt g XCt gr XVt 0o XC 1 35X T e XV 1+ e XV + e XCF 3 XE+ 13 XT + g X -
T XVt XV + 1 X + g1 XC+ 37 XC+ e XT+ ge XCH g X °

CHpXCT g XV T+ g1 XV + X T g XV g X€ T ge XV T 9o X + 0p XT T 5 XE+ g X
€+ 9eX 13X T i XTF gpr XV T gor XV 7+ 961X T+ 12z XT 1 09X T g0e X T geeX
Ct geXE€F 9o XV F 3o XE€ T 211X T 901 XE€ T 961X T 1ge X € T 05X T+ goe X T geeX
€1 9o XV T 5 XE€F g XTH 0p1 X F 991X + 061X + 122 XC T 0ge XV T g0e X€ T gee X
Gt g XV T gaX T X T g X T 991 XC T 961 XC 1 pge X€ + 0gg X€ T g0e XC T gee X
€1 9eX T XV T g1 XC ¥ gpr X T gor XV T 961X € T 12z XT T 09X T g0e XV T ggeX
Gt g XTH 9o XV F 50 XTF g1 X T gor X€ 961 XV + 12X €+ 0gg XC T goe XV gee X
€1 9 XV T 5 XTF g1 XTH 0p1 XC ¥ gor X F 961XV T 1gg X T T e XV T g0 XC T+ ggeX
Gt g X T g9eX T g XTV T g1 X T 091 XC T 961 X € T pgg X€ + 0gg X€ T g0e X € T gee X

E X T X T g1 XTF g XV F XV + geXTH g XCH g X T X X

CHpXET XV T g1 XE€F gp X 1 g XE€ T g X T e XE€F pXTF X + X

EF XV + g XET i XTH g XE€+ 15X + g X T e XCT gp XV 5 XE+ X

CH XV H X T X + g1 X g XTF g XTF e XEF g XE+ 1 XCH g X

EF X T XV + g1 XTH g X T XV + g XEF g XCH qp X T XV T g X

CH Xt gXV+ g XCt g1 X + 3z XE€ T go XV + e XE+ . XC+ 55 XV + g X
XV + 1 XCt+ g1 XC T g XCt+ 35X T ge XV + e XCt . XV + 3 XCTH g X ¢
CHpX T X XV + g1 X g XTF g XEF e XEF pXEF i XE+ g X

¢+ g1 X+

Ct+t g1 X

(zz‘10)
(T'e'tn)
(T2°1°0)
(0211
(0z‘T‘0)
(€1°2°T)
(€1°2°0)
(1°L°T)
(1°L°0)
(T1°2°1)
(T1°2°0)
(0T°2°T)
(0‘1°2°0)
(11T
(€110
(21°1T)
(z21°1°0)
(T1°1°1)
(T1°1°0)
(01T
(0‘1T‘T‘0)
(00°TT)
(00T 0)
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Gt g XV T 9o XTF X + gp1 XV F g1 X T 961X € T 3gg X € T 05X T+ g0 X € T ggeX

€1 g XV T X T 211X T+ gor XV + 961X € T 5 XV T 20z X T F g XT + g0e X €+ gee X

Tt ggXTH 9o XE€F g XTF g1 XTF gor XV + 961X 52 XE€ + 0gg X € + g0e X+ ggeX

€+ g XE€ T g XE€F g XTF oo X 961 XV + 5 XV + 20e XV T 0ge X € T goe XV + gee X

Gt e X T 9eXC T XV F g1 X + 01X + 961X C T 15z X € T 0gg XC T goe X T+ gee X

T X + XV 1+ g1 XCt g XT 1+ gg XCt e XV + 9o XE€E+ 3 XC+ 15 XC+ g X -

CH 3 XET gXE+ g1 XET 0z XE+ 37XV T e XV + e XE+ 0 XE+ 5 XV T X

€T pXCT g XCF grXCF X T g X T g XV F g X T p XE€ET 5 X X

CH XV 1+ gXT+ g1 X Tt g XV + 32X T g XE+ e XE+ 3 XT3 XE+ g X -

CT XVt X + g1 XCt g XV + o XE+ o XV + 9o XC+ 3 XT+ 1 XE+ g X ¢

CH 3 XCT gXE+ 1 XCF 0z XC+ 37XV T ge X T e XET . XE+ 55X T X ¢

T3 XE€T g XE+ g XC Tt 1o X T gg XVt e XV + 9o XV + 3 XE+ 55 XV + g X -

CHpX T oXCT gr XV g X T g X T e XCF g XE€T p XT3 XCF g X

€1 g XE€F 90X + e XE€F g1 XCF g1 XE€F e XT + 2o XV + gee X

Gt e X T X T g XV T gprX€ T gor X T 961X T 3ee XV T 26 X € + 0gg.X € T g0eX T ggeX
€1 g X T ge XV T XV + 511 XCF 991 XC T 3gg XC T gg XE€+ ggeX

Ot geXE€F 50X + ot XV F gpr XV + gor XV + 961 XC F 1ge XV T 2ae XV F 05X T + g0e X T+ gge X
€1 g XT T 9o X T e XC T g XC T gor X€F 5 XT + gee X T gee X

CH g XV F e XCF g XV F i1 XC F 991X T 961 XV T pee XV + e XTF 0gg X € T goe XV F gee X
€+ g XV T 9o XV T 50X T 211 XC T gor XC ¥ 1gg XT + ggg X T T gee X

Ot e XTH XV F g XV + p1 X T go1 XV + 961X € T 1ee XV T ge X T 086X C T goe X€ T gee X
ET 3 XET X T 1 XE€+ g1 XT+ 5z XE+ e XT+ ge XV + g X ¢

CHpX T o Xt g1 XV + g XE€ T 52X T e X T ge XV + 9o XET p XE€T 5 X T g X -

T X T XV + 1 XV + g1 XT+ 5z XC+ o XT+ ge XE+ g X ¢

cVLO
%L1
T'%7°L°0
0FLT
0F°L0
AR
€vT0
A AR
cv10
TP 1T
I'7'T°0
0711
0710
€CL
€CL0
AV
ccL0
1°C°L°T
1°2°L°0
0°CLT
0°C°L0
AR
€C10
YA

s o s e T T T s s s T e N T T s s s s T e T T s
A N N N N e N N N N N N N N g
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Appendix A. Numerical results

Gt g X T e XE€ T g XV + g1 XT o1 XCF 961X + 1ge XV T 26X T 0ge X €+ ggeX
€+ g XE€F 90X F ot XV F g1 XE€ oo XV + 12 X €+ 0e XV 7+ 0ge XT F goe XT + gee X
CtH g XE€F 9o XTH g XV + op1 X+ go1 X€ + 961 XC F 15 XV T 2g X €T 05 X T+ gee X

€1 e X T oeXV T g1 XV g1 X T gor X T 32g X€ T 25 X € + 092X € T g0e XC T gpeX

Gt g XV T 9o X€ T XV T p1 XE€ T gor XC ¥ g1 XV + 1ge XV T 2eg XV T 05 XE€ T gee X
€ pXTT X F gr XV F g XCF g XV + e XEF g X+ p XT3 X + X

CH 3 XCT gXT+ g XVt g XV + 32XE T ge XE T+ 0o XV + e XC+ 3 XC+ g X -

T XV T XV + g1 XV 1 g XV + 52X T 2o XET g XCTT  XE+ 15 XE+ g X 1 (T

CHpX T oXE€F g XV + g XCF g XCF g X T ge XV e X T XE+ g X

T XET X + g XV + 0z XE+ 52XV T e XE T g XV + 3 XC+ 53 XV + g X ¢

CH 3 XE€T gXT+ gi XVt g X T 3z XE 1 ggXT T e XV + 9o XE+ 5 XC+ g X °

ETpX T XV T gr XV + g X T g X T g6 XE€F 9o XET p XE€T 13 XCTF g X

CH XV T gXE+ g XVt 0z XE T+ 52XC T ge XV + g XV + 9o XV + 3 XE+ g X
CHgX + 4XT+ g1 X+ (€

€+ XCt gXT+ g1 X - (€

CH XV + X + g1 X0

X TgXE+ g1 X -

CHgX + 4 XE+ g1 X+

T3 XE+T gXT T g1 X -

CH XV + XV + g X -

T XV T gXE+ g1 X -

€+ g X 11XV T g1 XC + gor XV + 961 XC T 5 XV T 2z X€ F g X T+ 06 XC F gee X
Tt g XE€F 9o XE€F 50 XE€F gpr XE€F gor XV + 961 XT + 1ge X € T e X € T goe XV + gee X
€1 g XTF g XTH g1 XTH gorX + 961X T e XV + g6e X + 080X € T goeX T ggeX

(z‘8°L°0)
(189°2°1)
(1'8°2°0)
(0°8°L°1)
(0°8°2°0)
(8°1°1)
(€8°T0)
(3‘8°1°1)
(2'8°T°0)
(18°1°1)
(1°8°1°0)
(08°TT)
(08‘1°0)
(€21°7)
(€21°)
(z'L1'1)
(z'LT0)
(T°21°7)
(T°24°T0)
(0LT°1)
(0°2°1°0)
(€vL7)
(€v°L0)
(tvL1)
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CH X T ot XV F XV + g XV + g XET p XE€F 5 XTH g X

€+ L XE+ o XT + g XT + g X+ X+ g XE+ 0o XT + 2o XT + 0o XFT + 13 XE + g X
CH Xt g XV F X T ge XV + 9o XV p XC+ 5 XV + g X

EHpX T X T XCH g1 XTt g X T g XC T ggXCF geXTF ge XE+ XV + g X
T i XV T g XV T o XV + g6 XV T g XT T p XET 1 XET g X

T+ X+ gXE+ g XT+ g X

€+, XT+ X + g XV + g1 X

2+ XT+ gXT+ g X + g X

£ X + o XT+ o XE+ o1 X (2

T+ XV gXE+ 1 XE+ g X :

ETpXET X T X T X+

T+ XE+ o XT+ g XT+ g X

€+ XT + o XF + g X+ g X

€+ 9 XE€ T g1 XC+ gor XV F pgg X + 0ge X T T geeX

Gt 9o XV T g1 XT 1 ggr X€ + 5z XV 7+ 0ge X T ggeX

€+ 9eXC T g XC Tt gor X T ygeX T 0gg X € T gee X

CF 90X T gt XT T gor XTF e XV + 0ge XV + gge X

€ gXET grXCF XV + g X T p XTH g X

CH XV T grXC T g XE T e XV + p X T g X

€T gXCT grXC T X T e X T pXE€ T g X -

CH X g1 XCH g XTH ge XV p XV + g X

€1 g XTH 9o X T grr XV T gp1 X T+ o1 XV F 5ge X € T 2ag X T 08eXC T goe X T gpeX

G e XC T 9o XT T g XV + gpr XV T g1 XE€ T 961 X € T 55 XV T+ 260 XC T 0ge X C T gpeX
€+ e XV 96XV F g1 XV + pr XV + 901X + 122 X €+ 2e XTF e XE g0 XE€ + g X 7 (T

Z9T‘T‘0)
TOTT‘T)
1°91°1°0)
09T ‘T‘T)
0°9T‘T°0)
AR
AR 1))
ZYITT)

PTT0)
T9TTT)
T9T1°0)
0PT‘T°T)
0PT‘1°0)
T€T°L°T)
T€T°L°0)
0CT‘L‘T)
0€T‘L°0)
T€TT°T)
T€T°T0)
0€T‘T‘T)
0‘CT‘1°0)
€'8°L°T)
€8°2°0)

(
(
(
(
(
(
(
(
(¢
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(3‘8°L°1)
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Appendix A. Numerical results

Gt g XV T 9o XV 50X F g1 XE T gpr XV + 991 XE€ + 1gg XV 20g X €T g0 XC T gee X

€t e X T 9eX + XV + g1 X + g1 XE€ T 961 XE 20 XT + 0ge X + g0 X €+ ggeX

Gt g XTH 9o X + e XC+ g XE€ T g1 XT T gor XT T e XV + g0g XV + goe XV F gee X

€1 e XC T 9o XV T g1 XV + 051 XC T g1 XC T 961XV T 26 XV + 0ge XV T g0e XV T gpe X

G e X T e XV T XV T g1 XE€ T gpr X T g91 XE€ T e XV T+ 2g XT + g0e X €+ ge X

T XV T X + g1 XVt 0z XV + 52 XE T ge XT+ ge XE+ 3 X T35 XC+ g X ¢

CHpXET X T g XE€F grXE€ T g XE€ T g XCF ge XV + ge X T X T X -

ETpXET XV + g1 XV + g XET g XCH X T e X T p XV X T X

CH XV + XV + 51 X+ g1 XE T 0z XV + 32 XE+ 2o XT+ 9o XE+ 15 XC+ g X °

EH X T X T gr XV + X T g XE€F ggXE€F 9o XTF p X + 5 XE+ g X

CH3XCt gX + 1 XC+ g1 XE€ 1 g XCt 12 XC T o XV + 9o XV + 5 XV + g X -

€T3 XCT gXV+ g XVt g XC+ 1zXCF ge XV + ge XV + 0 XV + 5 XV + g X -

CH X T XV + g1 XVt g1 XE+ 0z X 132 XE T e XT 1 9o XT+ 15 XE+ g X ¢

€1 g XT T 9o XV 50X F g1pXC T gprXTF gor X€ + 961X T 5 XC + g6 X T g0eXC T ggeX
Gt X €T g XV + gor X T pge XV T+ geeX T 08eXC T goe X T gee X

€ ge XV + 90X + 3 XE€F g1 XCF gpr XV F gor XT + 961 X € + 1gg X T+ 2g XTF goe X T gee X
CH X T ot XV T gor XV + e XV + 6g XE€ F 0gg X € T goe X T+ gee X

€1 g XE€T 90XV T 3o XV + g1 XT+ g1 XE€ T 091 XE T 961 XV T 322 X T+ g XV + g0e X €+ gee X
G peXC T g XV + gorX T pee XV T+ gg XV 0ge X C T goe XV T gee X

€t geX T oeX + 19 XTH g1 XCF g1 X + 991 XC F 961X T T g XTF g XE€ + goe XV + ggeX
G g XV F g XV + o1 XV + 5 XV T 2g X T F 05 X €+ g0 X € F geeX

ETpXCH XV + X T g1 XCF g XC T g XE€ T g X T 26 XCF geX 5 XC T g X -

CH g XE€F g XV F X + e XV + e X T pXCF X + g X

T XV T X + g1 XE€T g1 XT+ g XV 1 32 XC+ g XE€T e XCH geXT T 45X + g X -

(c21°L°0)
(T21°2°1)
(T21°2°0)
(0°21°L°T)
(0°LTL0)
(LT°T°T)
(g21'1¢0)
(CL1°T°T)
(2L1°1°0)
(T21°T°7)
(T°21°1°0)
(021°T°T)
(0L1°T°0)
(€9T°2LT)
(€9T°2L0)
(G91°L°T)
(291°L0)
(T°91°L°1)
(T1°9T°2°0)
(0°9T°21)
(0‘91°L°0)
(€91°1°1)
(€91°1°0)
(29T‘T‘1)
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T XV X T4 X T g1 X+

€T3 X T oXC T g X + g1 X

T+ XE+ XT+ g XE+ g X

€+ XE+ o XE+  XT+ g X

CTpX T X T XV g X+

€+ XV + XT+ g XF+ g X :

T+ o XT+ XV + 1 X+ g X

€+, XT+ gXE+ 1 XE+ g X :

€ e XV F 9o X T orp XV T g1 XV 1 g9 X € + 961X C T 6z XE€ T 0gg X T g0e X C T gpeX
Gt geXE€T 9o X T g XE€ T g1 XE€T gprXE€ T gor XC ¥ pgg XV 26X T goe X T gee X
€t e XE€ T 9o XV g0 XV + gy XE€ + g1 XTF 961X T 2aeX T 08e XV T goe X T gpeX

(£92°T°1)
(£‘82°1°0)
(2‘821°1)
(2‘82°1°0)
(T°82°T°1)
(T1°82°1°0)
(0°8z‘1°T)
(0‘82°1°0)
(€21°L°T)
(€LT°L°0)
(L1L°T)
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Appendix B

Source code

B.1 The classes RichFiniteField and RichPolynomial

The SageMath /Python programs presented in this chapter are all based on the two modules
RichFiniteFieldClass.sage and RichPolynomialClass.sage. In Section 1.3 we explain
how to preparse them. When preparsed, the Python modules RichFiniteFieldClass.py
and RichPolynomialClass.py can be loaded with the following commands:

oo
*

from RichFiniteFieldClass import
from RichPolynomialClass import

The script B.3 RichTutorial.sage shows how to use the two modules in more detail.

The following file B.1 contains the specification of the custom Python class RichFinite-
Field. It contains the base class RichFiniteField and its kid RichExtensionField.

The base class RichFiniteField consists of a SageMath finite field GF(q) of size ¢, a
polynomial ring over this finite field and functions returning the prime factors of ¢ — 1, a
primitive element in F, and primitive n-th roots of unity in F, for positive integers n such
that n | ¢ — 1.

The class RichExtensionField stores a SageMath finite field of size ¢" for a positive in-
teger n. It inherits from RichFiniteField and additionally stores its base field F, as a
RichFiniteField instance, a RelativeFiniteFieldExtension and the homomorphism
between the base field and the extension field. The functions defined in this class can cast
elements from one of the two fields to the other and can cast RichPolynomials over one
of the two fields to the other. Furthermore, for elements of the extension field, the func-
tion minimal_polynomial_over_basefield(self,el) returns the minimal polynomial
of el over the base field ;. In SageMath only minimal polynomials over the prime field
Fepar(r,) are defined. Likewise characteristic_polynomial_over_basefield(self,el)
computes the characteristic polynomial of el over the base field.

Source Code B.1: RichFiniteFieldClass.sage

G O I 1 I oo
Copyright (C) 2023 Anna—Maurin Graner

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation, either version 3 of the License, or
(at your option) any later version.

https://www.gnu.org/licenses/
sk sk sk sk sk sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk ok sk k ok sk ok sk
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11 # This file contains the following Python Classes for computations with

polynomials over finite fields and their extension fields

2 # — RichFiniteField
3 # — RichExtensionField (kid of RichFiniteField)

# The class stores a finite field together with its polynomial ring so that

from sage.coding.relative_finite_field_extension import

these two structures can be used together easily

*

import RichPolynomialClass

sep

= "\t”

# CLASSES

# The Class RichFiniteField stores a Sagemath finite field instance FF and

a polynomial ring over this finite field

class RichFiniteField:

116

def __init__(self, qq, charroot, charvar):
self.q = qq
if g in Primes():
self.F = GF(self.q)
else:
self.F = GF(self.q, charroot)#, modulus="primitive")
self.gen = (self.F).gen()
self.zero = (self.F) (0)
self.one = (self.F) (1)
self. _PRF = PolynomialRing(self.F,charvar)

self.charvar = charvar
self.x = (self._PRF).gen()
return

def __str__(self):

return "RichFiniteField of size q = "+str(self.q)+" = "+str(factor(
self.q))+"\n"+sep+"q-1 = "+str(self.q-1)+" = "+str(factor(self.q-1))+"\
n"+sep+"modulus: "+sep+str((self.F).modulus())+"\n"+sep+"generator: "+
sep+str(self.gen)+"\n"+sep+"polynomial ring in: "+sep+str(self.charvar)

# public (redirection): returns the modulus of the finite field
def get_modulus(self):
return (self.F).modulus()

# public: returns a list of the prime factors of gq—1
def get_primefactors(self):
if not hasattr(self, "_primefactors"):
self._add_primefactors ()
return self._primefactors

# private: adds a list of the prime factors of gq—1
def _add_primefactors(self):

self._primefactors = [fact[0] for fact in factor(self.q-1)]
#self. primefactors.reverse ()
return

# public: returns a primitive element of F q
def get_primitive_element(self):
if not hasattr(self, "_primitive_element"):
self._add_primitive_element ()
return self._primitive_element

# private: adds a primitive element in F g
def _add_primitive_element(self):
self. _primitive_element = (self.F).multiplicative_generator ()
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# public: returns a primitive n—th root of unity if n divides q—1
def get_unityroot(self, n):
if (self.qg-1)%n == O0:
return (self.get_primitive_element())A(int((self.q-1)/n))
else:
raise ValueError(str(n)+" does not divide "+str(self.q)+"-1.
Thus, there is no primitive "+str(n)+"-th root of unity in F_{"+str(
self.g)+"}.")
return

# public: returns a dictionary of one n—th primitive root of unity for

all divisors n of gq—1

def get_unityroots(self):
self._add_unityroots ()
return self._unityroots

# private: add the dictionary of n—th primitive roots of unity for all
divisors n of gq—1
def _add_unityroots(self):
if not hasattr(self, "_unityroots"):
self._unityroots = dict()

for d in (self.q-1).divisors():
self._unityroots[d] = self.get_unityroot(d)
return

2> # The class RichExtensionField which inherits from the class

RichFiniteField , is mainly an extension of another RichFiniteField —
instance such that the elements of the base field are embedded in the
extension field.
class RichExtensionField(RichFiniteField):
def __init__(self, RFF, nn, charroot, charvar):
super () .__init__(RFF.qg*nn, charroot, charvar)
self._basefield = RFF
self._RFFE = RelativeFiniteFieldExtension(self.F,RFF.F)
self._base_embedding = (self._RFFE).embedding ()
self._extension_degree = nn
return

def __str__(self):

return "RichExtension"+(super().__str__())[10:]+"\n"+sep+"extension

of degree : "+sep+str(self._extension_degree)+"\n"+sep+"over : "+sep
+((str(self._basefield)).split("\n"))[0]

# public: function returns basefield as RichFiniteField —instance
def get_basefield(self):
return self._basefield

# public: function returns the extension degree over basefield
def extension_degree(self):
return self._extension_degree

# public: function embeds an element el from the base field in
extension field self
def to_extf(self, el):

return self._base_embedding(el)

# public: function casts an element of F {q°n} to F {q} (redirection)
def to_basef(self, el):
return (self._RFFE).cast_into_relative_field(el)
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# public: function represents an element of F {q°n} in the basis of F {
q°n} over F q (redirection)
def in_basis_over_basef(self,el):

return (self._RFFE).relative_field_representation(el)

# public: function converts a RichPolynomial—instance over the
basefield to a RichPolynomial—-instance over the extension field
def pol_to_extf(self,pol):

return RichPolynomialClass.RichPolynomial ([self.to_extf(el) for el
in pol.list], self)

# public: function converts a RichPolynomial—instance over the
extension field to a RichPolynomial instance over the basefield
def pol_to_basef(self, pol):

return RichPolynomialClass.RichPolynomial ([self.to_basef(el) for el
in pol.list], self._basefield)

# public: function computes the minimal polynomial over the base field
of an element of extension field
def minimal_polynomial_over_basefield(self, el):
mp = self.x - el
for i in range(l, self._extension_degree):
eltoqi = elA(((self._basefield).q)?i)
if eltoqi == el:
break
else:
mp = mp * (self.x-eltoqi)
mp = [self.to_basef(e) for e in mp.list()]
mp.reverse ()
return RichPolynomialClass.RichPolynomial (mp,self._basefield)

# public: function computes the characteristic polynomial over the base
field of an element of the extension field
def characteristic_polynomial_over_basefield(self, el):
mp = self.minimal_polynomial_over_basefield(el)
return RichPolynomialClass.RichPolynomial ((mp.get_polynomial ())*(
int(self._extension_degree/mp.deg)), self._basefield)

The following file B.2 specifies the custom Python class RichPolynomial. The class stores a
polynomial f over a RichFiniteField as a polynomial and as a list in parallel. It can com-
pute and store the properties degree, weight, irreducibility, order, primitivity, k-normality,
and its factorization, the roots of f in the finite field and the roots of f in the splitting
field. Additionally, the functions is_composition(self,m) and extract(self,m) can be
used to extract the polynomial g from f if f is a polynomial of the form g(X™) for a
positive integer m. The function construction_mbetap(self,p) is an implementation of
Construction 1 for a prime p.

Source Code B.2: RichPolynomialClass.sage

IO I T T I I I I I I Iy I oo
Copyright (C) 2023 Anna—Maurin Graner

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation, either version 3 of the License, or
(at your option) any later version.

https://www.gnu.org/licenses/
R I ooy

# This file contains the following Python Classes for computations with
polynomials over finite fields and their extension fields
# — RichPolynomial
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14 # The class RichPolynomial is useful for working with a polynomial over a
given RichFiniteField —instance as a list and as a polynomial in
parallel.

15 # Furthermore, it is enRICHed with many useful functions returning
properties of the polynomial such as its weight, its order, its k—
normality , its primitivity.

16

17 # This class contains many functions some of which are redirections to
existing SageMath—functions , many others are new implementations.

18 # All functions are split into private functions doing the computations and

storing the result in a class attribute and a public function
returning this attribute. This has the big advantage that all
computations are done exactly once and only if needed.

from sage.arith.functions import LCM_list
import RichFiniteFieldClass

sep = "\t"

B W N =

class RichPolynomial:
def __init__(self,pol ,RFF):
self._RFF = RFF

~

NONON NN NN N NN
[0 1 oo

if isinstance(pol, list):

30 self.list = [RFF.F(pol[i]) for i in range(len(pol))]
1 self.deg = len(self.list)-1

2 else:

33 self._polynomial = pol

1

self.deg = pol.degree()
5 self.list = pol.list()
36 (self.list).reverse()
37 return

39 def __str__(self):
10 return str(self.list)+" = "+str(self.get_polynomial())

12 def __mul__(self,pol):
13 return RichPolynomial (self.get_polynomial ()*pol.get_polynomial (),
self._RFF)

15 def __add__(self,pol):

46 return RichPolynomial (self.get_polynomial ()+pol.get_polynomial (),
self._RFF)

17

48 def __eq__(self,pol):

19 return self.list == pol.list

50

51 def __neq__(self,pol):

52 return not self.list == pol.list

54 # If self is a binomial with nonzero constant term, this functions
returns a string representing this polynomial of the form X t—a

55 def str_binomial (self):

56 if self.get_weight() >2 or (self.list)[-1] == (self._RFF).zero:

57 raise ValueError ("The polynomial "+str(self)+" is no binomial!"
)

58 return str((self._RFF).charvar)+"A"+str(self.deg)+" - ("+str(-(self
dist)[-11)+")"

60 # This function returns a string detailing all information that can be
obtained from a RichPolynomial—instance

61 def get_full_info(self):

62 s = str(self.list)+" = "+str(self.get_polynomial())+"\n"+sep+"
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120

irreducible: "+sep+str(self.is_irreducible())+"\n"+sep+"weight: "+sep+
str(self.get_weight ())
if self.is_irreducible():
s= s+"\n"+sep+"order: "+sep+str(self.get_order())+" = "+str ((
self.get_order()).factor())+"\n"+sep+"primitive: "+sep+str(self.get_
primitive())+"\n"+sep+"k-normality: "+sep+str(self.get_knormal ())
return s

# This function returns the finite field over which self is defined
def get_RFF(self):
return self._RFF

#public: returns the polynomial in F[X]
def get_polynomial (self):
if hasattr(self,"_polynomial"):
return self._polynomial
else:
self._add_polynomial ()
return self._polynomial

#private: adds polynomial in F[X] to attributes
def _add_polynomial (self):

self._polynomial = sum([self.list[i]*(self._RFF).xA(self.deg-i) for
i in range(self.deg+1)1)

return

# public: get splitting field of polynomial as RichExtensionField —
instance:
def get_splitting_field(self):
if not hasattr(self, "_RSplF"):
self._add_splitting_field()
return self._RSplF

# private: if polynomial is irreducible, this function adds the
splitting field as a RichExtensionField —instance
def _add_splitting_field(self):
if not hasattr(self, "_RSplF"):
if self.is_irreducible():
self. _RSplF = RichFiniteFieldClass.RichExtensionField(self.

_RFF, self.deg, "z", "X")

else:
max_deg = LCM_list([fac[0].deg for fac in self.get_factors_
asRP O 1)
self._RSplF = RichFiniteFieldClass.RichExtensionField(self.
_RFF ,max_deg, "z", "X")
return

#public: returns self as RichPolynomial—instance over the splitting
field
def get_RP_in_splitting_field(self):
if not hasattr(self, "_in_RSplF"):
self._add_pol_in_RSplF ()
return self._in_RSplF

#private: adds self as RichPolynomial—instance over the splitting field
def _add_pol_in_RSplF(self):

self._in_RSplF = RichPolynomial ([(self.get_splitting_field()).to_
extf(e) for e in self.list], self.get_splitting_field())

return

#public: returns whether polynomial is irreducible
def is_irreducible(self):
if not hasattr(self,"”_irreducible"):
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self._add_irreducible ()
return self._irreducible

#private: determines whether polynomial is irreducible

def _add_irreducible(self):
self._irreducible = (self.get_polynomial()).is_irreducible()
return

# public: returns the factorization of the polynomial over the finite
field (as SageMath Factorization object)
def get_factorization(self):
if not hasattr(self, "_factorization"):
self._add_factorization()
return self._factorization

# private: adds the factorization to the attributes of the polynomial
def _add_factorization(self):

self._factorization = (self.get_polynomial()).factor()

return

#public: returns the list of factors as RichPolynomial—instances
def get_factors_asRP(self):
if not hasattr(self, "_factors'"):
self._add_factors ()
return self._factors

# private: adds a list of factors as RichPolynomial—instances
def _add_factors(self):

self._factors = [(RichPolynomial( g[0], self._RFF), g[1]) for g in
self.get_factorization()]

return

# Returns one root of the polynomial in _RFF
def root(self):
if len(self.roots())>0:
return ((self.roots())[0])[0]
else:
raise ValueError ("The polynomial "+str(self)+" does not have a
root in the finite field of size "+str((self._RFF).q)+"."™)
return

# Returns all roots of the polynomial in RFF
def roots(self):
if not hasattr(self, "_roots"):
self._add_roots ()
return self._roots

# private:

def _add_roots(self):
self._roots = (self.get_polynomial()).roots ()
return

# public: Returns a list of the roots of all irreducible factors of the
polynomial over the respective extension fields
def get_all_roots(self):
if not hasattr(self, "_all_roots"):
self._add_all_roots ()
return self._all_roots

# private: computes the roots of all irreducible factors over the
respective extension field

# Returns a list (sorted in the same order as the list self. factors)
of the form
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1 # [(factor, q°k, multiplicity , [rootl, root2, root3]), ... |

2 def _add_all_roots(self):

3 self._all_roots = [(fac[0].1list, (fac[0].get_splitting_field()).q,
fac[1], (fac[0].get_RP_in_splitting_field()).roots()) for fac in self.
get_factors_asRP ()]

74 return

76 #private: adds the variable order to polynomial

77 def _add_order(self):

78 if not self.is_irreducible():

79 print ("The polynomial "+str(self)+" is not irreducible.
Therefore has no order.")

180 self._order = 0

181 else:

182 self._order = ((self.get_RP_in_splitting_field()).root(Q)).
multiplicative_order ()

183 return

184

185 #public: Returns the order of the polynomial

186 def get_order(self):

187 if not hasattr(self,"_order"):

188 self._add_order ()

189 return self._order

190

191 #private: Computes and sets the variable primitive to True or False
192 def _add_primitive(self):

193 self. _primitive = (self.get_order()==((self._RFF).q)%*self.deg-1)
194 return

195

196 #public: Return True/False whether polynomial is primitive

197 def get_primitive(self):

198 if not hasattr(self, "_primitive"):

199 self._add_primitive()

200 return self._primitive

201

202 # public: Returns the weight of the polynomial

203 def get_weight(self):

204 if not hasattr(self,"_weight"):

205 self._add_weight ()

206 return self._weight

207

208 #private: compute weight of polynomial —> package multiset needed!
209 def _add_weight(self):

210 #Version without multiset dependence since this package is missing
from the SageMath version of Python

211 self._weight = sum([1 for a in self.list if not a==0])

212 return

214 # public: Returns the positive integer k such that the polynomial is k—
normal

215 def get_knormal (self):

216 if hasattr(self,"_knormal'"):

217 return self._knormal

218 else:

219 self._add_knormal ()

220 return self._knormal

222 #private: computes the k—mormality of the polynomial and stores it in
self. knormal

223 def _add_knormal (self):

224 alpha = (self.get_RP_in_splitting_field()).root()

225 f=((self.get_splitting_field()).x)*(self.deg)-1

226 g=sum([alpha*r((self._RFF).q*i)*((self.get_splitting_field()).x)*(
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self.deg-1-i) for i in range(self.deg)])
self._knormal = (£f.gcd(g)).degree()
return

NN N
© 0w

# Checks if the polynomial is a composition of the form g(X"m)
def is_composition(self, m):

32 for i in [j for j in range(len(self.list)) if j%m !=0]:

if self.list[i] !=0:

34 return False

35 return True

36
37 # Extracts the polynomial g from the composition f = g(X"m)
38 def extract(self, m):
39 if self.is_composition(m):
return RichPolynomial ([self.list[i] for i in range(len(self.
list)) if i%m == 0], self._RFF)

NN NN NN NN N NN NN

241 else:

242 raise ValueError ("The polynomial "+str(self)+" is no
composition of the form g(X*"+str(m)+").")

243 return

245 # This function constructs m {beta"p} from self, where beta is a root
of self and where p is a prime dividing (q-—1)

246 # It is an implementation of Corollary 8 from the paper <<Constructing
irreducible polynomials recursively with a reverse composition method>>
by Anna—Maurin Graner and Gohar M. Kyureghyan
def construction_mbetap(self, p):

# checks if p divides q—1:

if p not in (self._RFF).get_primefactors():

raise ValueError(str(p)+" is not a prime factor of "+str((self.

_RFF).q)+"-1.")

NN
0

NN N
S

if self.is_composition(p):
# if f = g(X°p), then m {beta"p} (X p)=f
m_betap_Xp = self
else:
# if f is no composition with X°p, then m {beta"p}(X"p) is
computed with formula:
257 m_beta = self.get_polynomial ()
258 zeta_p = (self._RFF).get_unityroot(p)
2

T

NN NN NN
v o ¢ o & Y
s W N

260 m_betap_Xp = (-1)A(self.deg*(p+1)) * prod([m_beta(zeta_p*j*(
self._RFF).x) for j in range(p)])
m_betap_Xp = RichPolynomial (m_betap_Xp, self._RFF)

[CEECIN
X RO o~

return m_betap_Xp.extract(p)

The following script shows briefly how to use the two classes RichFiniteField and Rich-
Polynomial:

Source Code B.3: RichTutorial.sage

*

1 from RichFiniteFieldClass import
> from RichPolynomialClass import *

1 q = 4

6 # Create a RichFiniteField instance of size q, with generator displayed as
"a" — F q = F p(a)- and a polynomial ring in the variable displayed as
Ilel:

7 RFF = RichFiniteField(q, "a", "X")

s a = RFF.gen

# Get all information on this RichFiniteField
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11 print (RFF)

12

13 # The SageMath finite field GF(q) hidden inside of the RichFiniteField can
be accessed with:

14 print (RFF.F)

15

16 # The RichFiniteField already contains a Polynomial Ring in the variable "X
n

17 # Its generator can be accessed with

18 X = RFF.x

19

20 # Create a RichPolynomial f over RFF:

1 # = X 2+4a

f = RichPolynomial ([1,1,"a"], RFF)

24 # Get all information on f:
25 print(f.get_full_info())

7 # or every property separately:
s print (f.get_weight ())

o print(f.get_order())

30 print (f.get_knormal ())
print(f.get_primitive())
print(f.is_irreducible (D))

# Factorization :
print (f.get_factorization())
36 print(f.get_factors_asRP())

38 # Get roots of f over F q:
30 print(f.roots())

41 # Create another RichPolynomial g over RFF:
2 g = RichPolynomial (x*3+a*2*x, RFF)

i3 print(g.get_full_info())

44 print(g.roots())

16 # Basic arithmetic operations are implemented for RichPolynomials:
47 print (£+g)

s print(£*g)

19 print (£==9g)

51 # Lets create an extension of RFF:
52 k = 2

53 REF = RichExtensionField (RFF, k, "b", "Y")
54 print (REF)

56 # Cast f to the extension field and consider it as a polynomial over F {q"k

}

57 £_inREF = REF.pol_to_extf(f)
55 print (£_inREF)

60 # Get roots over F {16}:
61 print (f_inREF.roots())

63 # It is not necessary to build the splitting field of f in general, it is
already implemented in f:

614 print(f.get_all_roots())

66 # If you wish to access the splitting field:
67 print(f.get_splitting_field())
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B.2. Useful functions

B.2 Useful functions

The following SageMath file contains a collection of functions which are used by the pro-
grams to come.

Source Code B.4: UsefulFunctions.sage
s sk sk sk sk sk ok sk sk sk ok sk ok sk sk sk sk K sk sk sk sk sk sk sk sk K sk sk sk sk sk ok sk sk sk ok sk sk sk sk sk sk K sk sk sk sk sk ok sk ok s ok sk sk sk ok sk sk sk sk ok sk sk sk sk sk ok sk sk ok K

Copyright (C) 2023 Anna—Maurin Graner

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation, either version 3 of the License, or
(at your option) any later version.

https://www.gnu.org/licenses/
sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk sk sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok ok

SR R R S S

import itertools

def pause():
input ("\n(Press ENTER to continue and CTR+C to stop)')
return

#

# Functions in number theory:

# function splits the positive integer n into two positive integers n’ and
m such that gcd(n’,q)=1 and rad(m)|q
# where g=p~1 is a prime power
def make_gcd_one(qg,n):
p=((q.factor ()) [0]) [0]
l=n.valuation(p)
return (int(n/p*1l), p7l)

# function checks whether a given integer is a prime power
def is_prime_power(q):
if q==0:
return False
else:
if len(factor(q))==1:
return True
else:
return False
return

# function returns the radical of a positive integer n:
def rad(n):
return prod([fac[0] for fac in factor(n)])

# function returns all k—subsets of the set s:
def k_subsets(s,k):
return set(itertools.combinations(s,k))

i # This function returns the cyclotomic coset of i mod d over Fq

def cycl_coset(q,d,i):
return [i*q*j % d for j in range((Mod(q,d/(gcd(d,i))) .multiplicative_
order (0))]

# This function returns a representative system for the g—cyclotomic
classes modulo d
def cycl_coset_repsystem(q,d):
if d==1:
coset_reps = {0}
elif d>1:
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55 coset_reps = set()

56 tbd = list(range(0,d))
57 while len(tbd) >0:

58 i = tbd[0]

59 coset_reps.add(i)
60 tbd.remove (i)

61 cyclel = i*q % d

63 while not cyclel == i:

64 tbd.remove (cyclel)

65 cyclel = cyclel*q % d
66 return coset_reps

68 #

60 # Functions in finite fields:

I # inverse function on a finite field
72 def inverse(a,F):

3 return a*(F.cardinality () -2)

y

7
7

76 # Functions for polynomials:

78 # £(X°n) for f given as a list:

70 def composition_Xn(f,x, n):

80 k=len(f)

81 return sum([f[i]*xA(n*(k-1-i)) for i in range(k)])

83 # function computes the g—spin of a given polynomial pol in the variable x
g4 # coefficient degree is already given as cd
s5 def spin(q,x,pol,cd):

86 poll = pol.list()

87 spin = pol

88 for j in range(l,cd):

89 spin = spin * sum([poll[i]*(q*j)*x*i for i in range(len(poll))1)

90 return spin

92 # function computes the gq—spin of a binomial X"t—b given as (x,t,b)

93 # coefficient degree is already given as cd

901 def spin_binomial(q,x,t,b,cd):

95 spin =0

96 for i in range(cd+1):

97 bproduct = sum([prod([bA(g*j) for j in J]) for J in k_subsets(range
(cd),cd-1i)1)

98 spin = spin+xA(t*i)*(-1)2(cd-i)*bproduct

99 return spin

100

101 # function casts polynomial in X°d to the basefield of REF

102 def pol_inXd_to_basefield(pol, REF, x, d):

103 pol = pol.list()

104 pol [pol[1l] for 1 in range(len(pol)) if 1%d ==0]

105 pol = sum(REF.to_basef(pol[1])*xA(d*1) for 1 in range(len(pol)))

106 return pol

107

108

109 # function computes the gq—spin of the linear factor X-b given as x,b

110 # with the explicit formula based on k—subsets

111 # coefficient degree is already given as cd

112 def spin_linear_factor_explicit(q,x,b,cd):

113 spin =0

114 for i in range(cd+1):

115 bproduct = sum([prod([bA(g*j) for j in J]) for J in k_subsets(range
(cd),cd-i)1)
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B.3. Generating irreducible polynomials to begin with

spin = spin+xA(i)*(-1)A(cd-i)*bproduct
return spin

# functions prints the factorization as Magma does
def print_magma_style(factrztn):

print (str_magma_style(factrztn))

return

# function returns a string of a Factorization object in Magma—style

def str_magma_style(factrztn):
return "\t"+"\n\t".join(["<"+str(fact[0])+", "+str(fact[1])+">" for fact
in factrztnl])

s # function returns a string of a polynomial for use with LaTeX:

def latex_pol(f,x):
f=f.1list ()
R
for i in range(len(f)):
if not f[i]==0:
if not f[i]==1:
sn = str(f[i])
else:
sn =""

if not i in [0,1]:
sn=sn+x+"A{"+str(i)+"}"

if i==0:
if f[i]==1:
sn = str(f[i])
if i ==1:
Sn = sSn+x

if len(s)>0:
s=sn+"+"+s
else:
s=sn
return s

B.3 Generating irreducible polynomials to begin with

Some of the programs in sections B.4 and B.5 need an irreducible polynomial over F, to
begin with. For a comprehensive list of the irreducible polynomials of degree < 11 over o,
of degree < 7 over Fs, of degree <5 over F5 and of degree < 4 over F; we refer to [LN94,
pp. 384-394|.

For finding polynomials of higher degree over a larger field, we present the following pro-
gram IrreducibleGenerator.sage. It computes monic irreducible polynomials of a given
degree k over a finite field ;. For every computed polynomial the program gives its weight,
its order, its k-normality and information on whether the polynomial is primitive or not.

Look for USER INPUT to choose the finite field size ¢ and the degree k. The variable
maxnumber can be set to False if you wish to generate all monic irreducible polynomials
of degree k over [F,. If you set maxnumber=100 then at most 100 monic irreducible poly-
nomials of degree k over F, are computed. The results are written to a .csv-file called
irreducible_pols_over_Fq_deg_k.csv in the folder specified in the variable filepath.
A .csv-file can be opened with LibreOffice Calc, Microsoft Excel or any text editor. When
opening this .csv-file make sure that in LibreOffice Calc you specify the separator to be
\t. You can also change the variable sep to any other separator.

The program calls the function minimal_polynomial_over_basefield from the class
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Appendix B. Source code

RichExtensionField and actually computes the minimal polynomials over F, for all ele-
ments in F r. Thus, the computations are done in the extension field F r. For large field
sizes ¢ and large positive integers k this might become problematic, but for small examples
this program is quite handy.

Source Code B.5: IrreducibleGenerator.sage
sk ok ok ok ok ok ok ok ok ok ok sk ok ok % ok sk ok ok sk ok ok ok ok ok ok ok sk ok ok sk ok ok ok ok sk ok ok s ok sk ok ok sk ok ok sk ok sk ok ok sk ok ok sk ok ok % ok sk ok ok ok ok % ok sk ok ok k ok ok

Copyright (C) 2023 Anna—Maurin Graner

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation, either version 3 of the License, or
(at your option) any later version.

https://www.gnu.org/licenses/
sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok ok sk ok sk sk ok sk ok ok sk ok sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk ok sk kK

This program computes all monic irreducible polyomials over F q of given
degree k

for every polynomial its weight, its order, its k—normality and whether
it is primitive are given

# OUTPUT: a .csv—file detailing the irreducible polynomials

import datetime

from RichFiniteFieldClass import

*

sep = "\t"

def main(Q):

# USER INPUT: Finite field size q and degree k
q=64
k=5 # degree of the monic irreducible polynomials, which are generated

maxnumber = 100 # maximum number of polynomials to be generated
# Set maxnumber=False if you wish to generate all monic irreducible
polynomials of degree k over Fq

# USER INPUT: Filepath
filepath = "/put/your/filepath/here/"

print ("This program computes all monic irreducible polyomial over F_{"+
str(q)+"} of degree "+str(k)+".\n\n")

RFF = RichFiniteField(q, "a", "X")

print (RFF)

#Initialization of file

dt = str(datetime.datetime.now())

filename = "irreducible_pols_over_F"+str(q)+"_deg_"+str(k)+".csv"

file = open(filepath+filename, "w")

s= sep+"Polynomial "+sep+"Weight"+sep+"Order"+sep+"Primitive"+sep+"k-
normal\n"

file.write(dt+"\n\nIrreducible polynomials \nover a\n"+str (RFF)+"\nwith
modulus: "+sep+str(RFF.get_modulus())+"\nof degree: "+str(k)+"\n\n"+s)
print(s)

i=1
REF = RichExtensionField(RFF,k,"b","Y")
for gamma in REF.F:

pol = REF.minimal_polynomial_over_basefield(gamma)

if pol.deg==k:

s=str(i)+sep+str(pol.list)+sep+str(pol.get_weight())+sep+str(

pol.get_order ())+sep+str(pol.get_primitive())+sep+str(pol.get_knormal ()
)

file.write("\n"+s)
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B.3. Generating irreducible polynomials to begin with

print(s)

i=i+1

if not maxnumber==False and i>maxnumber:
break

print ("\nThe irreducible polynomials and their properties have been
written to the file <<"+filename+">> \nwhich can be found in the folder
\n<<"+filepath+">>.\n")

return

if __name__=="__main__":
main()

In order to verify some of the statements in Chapter 3 we need a monic irreducible polyno-
mial f of form g(X™) for a monic irreducible polynomial g € F,[X] and a positive integer
m to begin with. The following SageMath script CompositionGenerator.sage generates
all monic irreducible compositions of the form f = g(X™) of degree mindeg < deg(f) <
maxdeg for a fixed positive integer m over a fixed finite field of size ¢ (look for USER INPUT
to change the parameters).

Source Code B.6: CompositionGenerator.sage
sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk ok sk sk ok sk ok ok

Copyright (C) 2023 Anna—Maurin Graner

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation, either version 3 of the License, or
(at your option) any later version.

https://www.gnu.org/licenses/
sk st ok sk ok ok sk sk sk ok ok ok ok sk sk sk ok ks ok sk sk sk sk ok sk ok sk sk sk sk ok ok ok sk sk sk sk ks ok sk sk sk sk ok sk sk ok sk sk sk ok ok s sk sk sk sk sk ok ok ok ok sk sk sk ok ok ok

B R N S

#Script to look for irreducible polynomials satisfying f=g(X"m) for g in F_
q[X]

from RichFiniteFieldClass import *

from RichPolynomialClass import

o

#

# USER INPUT:
g=4 +# Field size q

m=3 # f=g(X"m)
mindeg = 1 # minimum degree to be considered

maxdeg=6 # maximum degree to be considered

#

F = RichFiniteField(q, "a", "X")

print ("Looking for irreducible compositions f=g(X*m) over F_"+str(q)+"\ng-1

= "+str(q-1)+" = "+str((q-1).factor())+"\nm = "+str(m)+"\nminimum
degree: "+str(mindeg)+", maximum degree: "+str(maxdeg)+"\n")

found = 0

f_vecs = [[F.onel]]

for i in range(l,maxdeg+1):
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38 if i%m==0:

39 f_vecs_new = []

10 for a in F.F:

11 f_vecs_new = f_vecs_new +[f_vec+[a] for f_vec in f_vecs]
12 f_vecs = f_vecs_new

14 if i >= mindeg:
15 for f_vec in f_vecs:
16 if f_vec[-1] == F.zero:
\7 pass
18 else:
19 fv = f_vec.copy(Q
50 fv.reverse ()
51 pol = RichPolynomial ([(£fv[0]A(-1))*fv[j] for j in range
(len(fv))]1, F)
2 if pol.is_irreducible():
53 print (pol)
1

print ("\torder = "+str((pol.get_order()).factor()))
5 print("\tg2"+str(pol.deg)+"-1 = "+str((q*(pol.deg)
-1).factor()))
56 found = found+1
57 else:
58 f_vecs = [f_vec+[F.zero] for f_vec in f_vecs]

59 #print (f_vecs)

61 print ("\nNumber of polynomials found: "+str(found))

B.4 Source Code for Chapter 2

The following script computes Examples 2.24, 2.29, 2.31, 2.34, 2.36, 2.42, 2.46, 2.64. Look
for USER INPUT and select the examples you wish to see. Put them into the list examples.

Source Code B.7: Ch2-Example.sage

stk o ok ok K ok ok ok ok ok oKk ok ok K ok ok ok K ok ok ok ok ok ok sk ok kK ok ok ok K ok ok K ok ok Kk ok ok K ok ok ok ok ok Kk ok ok oKk ok ok Kk ok ok koK K R ok ok K
Copyright (C) 2023 Anna—Maurin Graner

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation, either version 3 of the License, or
(at your option) any later version.

https://www.gnu.org/licenses/
I s OOns O nnmnnnOoOT

Fe F F W FR

11 # This program computes the examples given in Chapter 2
13 from RichPolynomialClass import *
14+ from RichFiniteFieldClass import
15 from UsefulFunctions import *

16 from fXnAlgorithm import

*

1& # USER INPUT:

19 # Select which examples you wish to see:
20 examples = [24,29,31,34,36,42,46,64]
# Examples available:

el=24

e2=29

e3=31

5 e4=34

; e5=36

e6=42

e7=46

AW N

~

NN NN N NN N
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e8=64

def example(i,q):
print("\n

B o R e o S L Y

nSageMath computations for Example 2."+str(i)+":\n")

F = RichFiniteField(q, "a", "X")
a = F.gen

x = F.x

print (F)

return (F,a,x)

if el in examples:
(F,a,x)=example(el,7)

alpha = F.F(2)

print("a = "+str(alpha)+", ord(a) = "+str(alpha.multiplicative_order())

)

for p in [2,3,5,19]: #,13,17,19
print("_____________________ \np="+str(p))
f = RichPolynomial (xAp-alpha, F)
roots = f.get_all_roots()
print (f.get_factorization())
#print (roots)

for rs in roots:

print("\n"+str(rs[0])+":\n\t"+"\n\t".join([str(r[0])+"\torder:

"+str((r[0]) .multiplicative_order()) for r in rs[3]])+"\n\n\tin
RichFiniteField(rs[1], "b","Y")))
pause ()
if e2 in examples:
(F,a,x)=example(e2,7)
alpha = F.F(2)
f = RichPolynomial (x43-alpha,F)
print(f.get_full_info())
p=3
print("_____________________ \np="+str(p))
f = RichPolynomial (xA(3*p)-alpha, F)
roots = f.get_all_roots()
print(str(f.get_polynomial ())+ " = "+str(f.get_factorization()))

for rs in roots:

print("\n"+str(rs[0])+":\n\t"+"\n\t".join([str(r[0])+"\torder:

"+str(

+

str((r[0]) .multiplicative_order()) for r in rs[3]])+"\n\n\tin "+str(

RichFiniteField(rs[1],"b","Y")))
pause ()

if e3 in examples:
(F,a,x)=example(e3,7)
alpha = F.F(2)
f = RichPolynomial (x43-alpha,F)
print(f.get_full_info())

for p in [2,19]:
print("_____________________ \np="+str(p))
f = RichPolynomial (xA(3*p)-alpha, F)
roots = f.get_all_roots()

print(str(f.get_polynomial ())+ " = "+str(f.get_factorization()))

131



124
125
126

127

128
129
130
131
132
133
134
135
136
137
138
139
140
141
142

Appendix B. Source code

for rs in roots:
print("\n"+str(rs[0])+":\n\t"+"\n\t".join([str(r[0])+"\torder:
"+str((r[0]) .multiplicative_order()) for r in rs[3]])+"\n\n\tin "+str(
RichFiniteField(rs[1],"b","Y")))

pause ()

if e4 in examples:

q=37
(F,a,x)=example(ed,q)

alpha = F.F(11)

print ("\na="+str(alpha)+", ord(a)="+str(alpha.multiplicative_order()))
n=2A2%3A3

print("n="+str(n)+"="+str(factor(n)))

print ("\nElements in F_"+str(qg)+":")
for b in F.F:
if not b == F.F(0):
print("b="+str(b)+", ord(b)="+str(b.multiplicative_order())+",
br3="+str(b*3)+", b22="+str(b*2))
pause ()

f=x-alpha
ps = [3,3,3,2,2]
for i in range(len(ps)):
p=ps[il]
f=f(x*p)
print("\np="+str(p)+", "+str(f)+"="+str(f.factor()))

pause ()

if e5 in examples:

132

q=37
(F,a,x)=example(e5,q)

alpha = F.F(6)

print("\na="+str(alpha)+", ord(a)="+str(alpha.multiplicative_order()))
n=3+4

print("n="+str(n)+"="+str(factor(n)))

print ("\nElements in F_"+str(g)+":")
for b in F.F:
if not b == F.F(0):
print(str(b)+", ord(b)="+str(b.multiplicative_order())+", br3="
+str(b+3))
pause ()

f=x-alpha
ps = [3,3,3,3]
for i in range(len(ps)):
p=ps[i]
f=£(x*p)
print ("\np="+str(p)+", "+str(f)+"="+str(f.factor()))
pause ()

print ("\nTheorem 2.32:")
for v in (3%22).divisors():
for j in range(3+2):
if gcd(j,v)==1:
print("v="+str(v)+", j="+str(j)+",74j%arv ="+str((72j*64v)
%37)+", order = "+str(Mod(72j*6Av, 37).multiplicative_order()))
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143

144 f = RichPolynomial (xA(3%4)-alpha, F)

145 roots = f.get_all_roots()

146 print("\n"+str(f.get_polynomial ))+ " = "+str(f.get_factorization()))
147

148 pause ()

149

150 1f e6 in examples:

151 q=5

152 (F,a,x)=example(e6,q)

154 print ("\nElements in F_"+str(q)+":")

155 for ¢ in F.F:

156 if not c==F.F(0):

157 print("c="+str(c)+",ord(c)="+str(c.multiplicative_order()))

159 a = F.F(2)

160 e = a.multiplicative_order ()

161 print("\na ="+str(a)+", ord(a)="+str(e))
162 n = 2A4%3%7A2

163 print ("n="+str(n))

164 nl = 244

165 n2=3%742

166 print("n_I="+str(nl)+", n_2="+str(n2))
167 dl = 2

168 d2 = 21

169 print("d_I1="+str(d1)+", d_2="+str(d2))
170 sl = Mod(q,dl*e).multiplicative_order ()
71 print("s_1="+str(sl))

72 s = Mod(qg,rad(n)).multiplicative_order ()
73 if n%4==0 and q%4 ==3:
1

1

1

1

17 s = 2*%s

175 print ("s="+str(s))

176 pause ()

177

178 Fs = RichExtensionField(F,s,"b","Y")

179 b = Fs.gen

180 y = Fs.x

181 print (Fs)

182 ainFs = Fs.to_extf(a)

183

184 print("\nRelevant elements in F_"+str(q*s)+": ")
185 for ¢ in Fs.F:

186 if not c==Fs.F(0):

187 #print ("c="+str (c)+" ord(c)="+str(c. multiplicative order()))
188 if cA2 == ainFs:

189 print("c="+str(c)+", c42 ="+str(c*2))
190 if c.multiplicative_order ()==d2:

191 print("c="+str(c)+",ord(c)="+str(c.multiplicative_order()))

192

193 binfac = bA5 + 3*bA4 + b4A2 + 4*%b + 3

194 r=3

195 z21 =3*%bA5 + 3*bA3 + 2

196 z2 = F.F(-1)

197 print ("\nb="+str(binfac)+", \n\tbAr = b23 ="+str(binfac*3)+", \n\t(bAr)
A(dl1*d2)="+str(binfac*(3%2%n2)))

198 print("zeta_21="+str(z21))

199 print("zeta_2="+str(z2))

200 pause ()

201

202 ts = (Mod(5,21).multiplicative_order()).divisors()
203 ts.sort ()

204 tis = dict(Q)
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print("\nt_1i:")
for i in range(21):
for t in ts:
if i%int(d2/gcd(d2,54t-1)) ==0:

tis[i]=t
print("i="+str(i)+", t_i= "+str(t))
break

pause ()

print("\nCyclotomicCosets:\n\nCR_5(21)="+str(cycl_coset_repsystem(5,21)
))
for i in range(21):

print("C_(5,21) ("+str(i)+")="+str(cycl_coset(5,21,1i)))

print ("\nRelation on js:")
for j in range(2):

print("j="+str(j)+",\t(-1)4jb = "+str(z2+j*binfac)+",\n\t((-1)4jb)
A5 = "+str((z2+j*binfac)Ar5))

pause ()

print("\nRelation on (j,v,i)s:")
for v in divisors(7):
for i in range(21):
if gcd(i,v)==1:
coeff = (z21)*i*(z2*j*binfac)A(3*v)
eqclass = [(m%2,v,(i*q*m)%d2) for m in range(lcm(sl,tis[i])
)1
spininFs = RichPolynomial (prod([(yA(int(nl/d1)*vv)-2214ii*(
z27rjj*binfac)r(r*vv)) for (jj,vv,ii) in eqclass]),Fs)
spininFq = Fs.pol_to_basef(spininFs)
print("[(0, "+str(v)+", "+str(i)+")J={"+str(eqclass)+"}\n\t"+
str(spininFqg.get_polynomial ()))
pause ()

fac = factor_fXn(RichPolynomial ([1,F.F(-a)],F),n,0)
fac = list(fac)
print ("\nXA"+str(n)+"-"+str(a)+" =")
for fact in fac:

print("\t<"+str(fact[0])+", "+str(fact[1])+">,")
pause ()

if e7 in examples:

134

q=>5

(F,a,x)=example(e7,q)

a = F.F(4)

print("a ="+str(a))

e = a.multiplicative_order ()
print("ord(a)="+str(e))

n = 2A5%7A2%13

print("n="+str(n))

radn = prod([fac[0] for fac in factor(n)])
print("rad(n)="+str(radn)+"="+str(factor(radn)))

print("\nStep 1:")
for m in (euler_phi(radn)).divisors():
print("m="+str(m)+",q*m-1="+str(factor(gq*m-1)))
if (gq*m-1)%radn ==
print ("w="+str(m))
w=m
break

print("\nStep 2:")
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if grw%4==1:
S = W
print ("s="+str(w))

print("\nStep 3:")
for m in (gq-1).divisors():
print("a2"+str(m)+"="+str(a*m))
if a*m == F.F(1):
print("ord(a)="+str(m))
e =m
break
pause ()

print ("\nStep 4:")

nl =1
n2 =1
for £ in factor(n):
if e%f[0]==0:
nl = n1*£f[0]AC£[1])
else:

n2 = n2*f[0]AC£f[1])
print("nl ="+str(nl)+"="+str(factor(nl)))
print("n2 ="+str(n2)+"="+str(factor(n2)))

print("\nStep 5:")

dls = gcd(nl, int((q*s-1)/e))

dll = gcd(nl,int((q-1)/e))

print("dls ="+str(dls)+"="+str(factor(dls)))
print("d11 ="+str(dl1)+"="+str(factor(d11)))

print("\nStep 6:")
if n%4==0 and q%4==3:
sl = int(dls/(d11*2A(min([int(n/4) .valuation(2),int((qg+1)/2).
valuation(2)1))))
else:
sl = int(dls/d11)
print("sl1 = "+str(sl))

print("\nStep7: ")
d2s = gcd(n2, g*s-1)
print ("d2s="+str(d2s)+"="+str(factor (d2s)))

print("\nStep 8: ")

s2 = Mod(5,d2s).multiplicative_order ()
print("s2 ="+str(s2))

pause ()

print("\nStep 9:")
d2ts = dict(Q
T=[]
for t in s2.divisors():
d2t = gcd(n2,g*t-1)
print("t="+str(t)+", d2t=gcd("+str(factor(n2))+","+str(factor(g*t
-1))+")="+str(factor (d2t)))
if not d2t in d2ts.values():
d2ts[t] = gcd(n2,qg*t-1)
T.append(t)
print ("T="+str(T))

print("\nStep 10: ")

print ("n2 mod (ord(a)*dls)="+str(n2%(e*dl1ls)))
r=n2.inverse_mod(e*dls)

print("r="+str(r))
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print("\nStep 11: ")

Fs = RichExtensionField(F,s, "c","Y")
b = Fs.gen

y = Fs.x
print (Fs)
print("beta="+str(b)+", ord(beta)="+str(b.multiplicative_order()))

pause (

)

print("\nStep 12:")
zdls= bA(int((gqrs-1)/d1s))

zd2s =

b

A(int ((gq*s-1)/d2s))

print("zeta_{dl}="+str(zdls))
print("zeta_{d2}="+str(zd2s))
zdlse=bA(int ((g*s-1) /(dls*e)))
print("zeta_{dl*ord(a)}="+str(zdlse))

print("\nStep 13:")
for 1 in range(dls*e):
if gcd(l,dls*e)==1:

print("1="+str (1))

gamma = zdlse*l

if gammardls==a:
beta = gamma
print("b="+str(gamma)+", bAdls="+str(betardls))
break

print("\nStep 14:")
bjs = dict(Q)

js = dict(Q

for j in range(dls):

bj

(zdls*j*beta)Arr

bjs[j]l = bj
js [bjl =3
print("j="+str(j)+", bj="+str(bj))

pause (

)

print("\nStep 15:")
J = list(range(dls))

R=[]

while(len(J)>0):
j=J3[0]
R.append(j)
print("j="+str(j))
for u in range(sl):

bju = (bjs[jl)*(q*u)

ju = js[bjul

J.remove (ju)

print("m="+str(u)+", b_"+str(j)+"2{gAr"+str(u)+"}=b_"+str(ju)+"=

"+str(bju))
print ("R="+str(R))

print("\nStep 16:")
I = list(range(d2s))

C=[1]
tis =
cis =

i

dict Q)
dict O
while(len(I)>0):

I[0]

C.append (i)

ti

min([t for t in T if i%int(d2s/(d2ts[t]))==0])

tis[i] = ti

ci

lcm(ti,sl)



105

106

122
123
424

125

S S R R

~

B.4. Source Code for Chapter 2

cis[i] = ci

print("i="+str(i)+", t_i="+str(ti)+", c_i="+str(ci))

for m in range(ti):
im = (i*qAm)%d2s
I.remove(im)

print("\tm="+str(m)+", i*g4Am mod d2s = "+str(im))

if not (i*qAti)%d2s==1i:
print ("Something went wrong.")
pause ()

print ("\nStep 17 (Computation of the irreducible factors):'")

nldl = int(nl/d1s)
print("\nnl/dls="+str(nld1)+"\n")
for i in C:
for v in divisors((int(n2/d2s))):
if gcd(i,v)==1:
for m in range(gcd(tis[i],s1)):
for j in R:

spininFs = spin_binomial(q,y,nldl*v,zd2sA(i*gq*m)*

bjs[jl,cis[i])
spininFq

nldl*v)

pol_inXd_to_basefield(spininFs,

Fs, x,

print("("+str(j)+", "+str(v)+", "+str(i)+", "+str(m)+"

): "+str(spininFq))
pause ()

if e8 in examples:
q=2
(F,a,x)=example(e8,q)

f = RichPolynomial( [1,1,1,0,1,0,1], F) #x°6 + x°5 + x4 + x°2 + 1

print(f.get_full_info())

N=2A3%7%3A3%11A2
print ("\nn="+str(n)+"="+str(factor(n)))
pause ()

factrztn = factor_fXn(f,n,1)
print("\nFactorization of f(X*n):")
print_magma_style(factrztn)

#print (factrztn)

print ("\nThank you, these were all the examples you wished to see.')

B.4.1 Implementation of Algorithm 2

The SageMath file fXnAlgorithm.sage is a Python/SageMath implementation of Algo-
rithm 2. It can be preparsed (see Section 1.3) and the resulting file fXnAlgorithm.py can

be loaded as a Python module with the command

oo
*®

from fXnAlgorithm import

We discuss the performance of our implementation in Section 2.8.

Source Code B.8: fXnAlgorithm.sage

Copyright (C) 2023 Anna—Maurin Graner

(at your option) any later wversion.

3k ok K K ok K ok Kk Kk oK K ok Kk K K ok K ok Kk K K ok K ok 3k ok K ok Kk 3 sk oK K ok K ok K K ok K ok Kk K K ok ok ok K K ok Kk K K oK K ok KOk KOk K

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as
the Free Software Foundation, either version 3 of the License,

published by

137



Appendix B. Source code

8 # https://www.gnu.org/licenses/
B R SR S S R R A R R R R A P S R SR A SR SRR R R SRR
10
11 # This module contains the function factor fXn which computes the
factorization of f(X°n) for any positive integer n and any irreducible
polynomial f over Fq
12 # with the new algorithm by Anna—Maurin Graner
13
142 from RichPolynomialClass import
15 from RichFiniteFieldClass import *
16 from UsefulFunctions import *
17
15 # function computes the q—spin of a the linear factor x—b
19 # coefficient degree is already given as cd
20 def spin_linear_factor(q,x,b,cd):
1 spin = x-b
2 for u in range(l,cd):
3 spin = spin * (x-bA(g*u))
1 return spin

*

6 # Cast list in X°t to basefield of tower of two extension fields:
7 # mode:

28 # 3 —q ks—> q k —>¢q

9 # 2 — q_ks —> q k=q

30 # 1 —qgk—>q

31 ## 0 — none

32 def cast_from_qgks_to_q(mode, pol, RF_qks, RF_gk, x, d):

33 if mode==0:

34 return pol(xAd)

35 else:

36 pol = pol.list()

37 if mode == 3:

38 return sum(RF_qgk.to_basef(RF_qgks.to_basef(pol[1]))*xA(1*d) for
1 in range(len(pol)))

39 elif mode == 2:

40 return sum(RF_qgks.to_basef(pol[1l])*x+(1l*d) for 1 in range(len(
pol)))

11 elif mode == 1:

42 return sum(RF_qgk.to_basef(pol[1l])*xA(1l*d) for 1 in range(len(
pol)))

13 return

44
15 # Factorization of f(X°n) with the new algorithm by Anna—Maurin Graner
6 # Input: RichPolynomial f, positive integer n

47 # Output: Factorization of f(X"n)

v def factor_fXn(f,n, printing):
50 if not f.is_irreducible():
5 raise ValueError ("The given polynomial f is not irreducible.")

> 1

52 else:

53 RF_q = f.get_RFF(Q)
54 q=RF_q.q

55 k = f.deg

57 # Determine root of f and F_{q"k}

58 if k==1:

59 RF_qgk = RF_gq

60 alpha = f.root(Q)

61 else:

62 RF_qk = f.get_splitting_field()

63 alpha = (f.get_RP_in_splitting_field()).root ()

65 q_k = RF_qgk.q
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B.4. Source Code for Chapter 2

# Determine nu p(n) and tilde —alpha
p_to_1 =1

# Case gecd(q,n)>1: Using remark of Chapter 2 we consider b instead

of alpha where b~ (p~1)=alpha
if gcd(g_k, n)>1:
(n, p_to_1) = make_gcd_one(q_k, n)
alpha = alpha.nth_root(p_to_1)

# Determine ord(alpha)
e = alpha.multiplicative_order ()

# Determine F {q~s}, the extension field such that rad(mn)|(q~s—1)

and 4 !| n or g°s = 1 mod 4
w = Mod(g_k,rad(n)) .multiplicative_order ()
if (not n%4==0) or q_k*w%4 ==1:

S =W
else:
S = 2%w
if s>1:
RF_gks = RichExtensionField(RF_qgk, s , "y", "T")
alpha = RF_qgks.to_extf(alpha)
else:

RF_qgks = RF_qk

# Determine n 1, n 2, d 1, d 2
q_ks = RF_qgks.qg
n_1 =1
n_2 =1
for fac in factor(n):
if e%fac[0] ==0:
n_1 = n_1 * (fac[0])A(fac[1])
else:
n_2 =n_2 * (fac[0])A(fac[1])

d_1s gcd(n_1, int((q_ks-1)/e))
d_11 gcd(n_1, int((q_k-1)/e))

# Determine s_1:
if (not d_1s%4==0) or q_k%4 ==
s_1 = int(d_1s/d_11)
else:
s_1= int(d_1s/(d_11*2A(min([(Integer(n/4)).valuation(2),
Integer ((g_k+1)/2)) .valuation(2)]1))))

#Determine d_2"s:
d_2s = gcd(n_2, g_ks-1)
s_2 = Mod(q_k, d_2s).multiplicative_order ()

# Determine T and d 2t s:

ts = s_2.divisors()

ts.sort ()

d2sd2ts = dict ()

for 1 in range(len(ts)):
d2sd2t = int(d_2s/gcd(d_2s, q_kA(ts[1])-1))
if d2sd2t not in d2sd2ts.values():

d2sd2ts[ts[1]] = d2sd2t
ts = list(d2sd2ts.keys())

# Determine r:
if e==1:
r=1

(
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126 else:

127 r= n_2.inverse_mod(e*d_1s)

128

129 # Determine gamma:

130 #gamma = (RF_qks.F).multiplicative generator ()
131 #print ("gamma="+str (gamma) )

132

133 # Find primitive unity roots

134 zeta_d_1s = RF_gks.get_unityroot(d_1s)

135 zeta_d_2s = RF_gks.get_unityroot(d_2s)

136 zeta_d_1s_e = RF_gks.get_unityroot(d_1s*e)
137

138 # Find beta:

139 for 1 in range(d_1ls*e):

140 if gcd(l,d_1s*e)==1:

141 if zeta_d_1s_e*r(l*d_1s) == alpha:
142 beta = zeta_d_1ls_e*l

143

144 # Compute beta j:

145 bjs = dict()

146 js = dict(Q

147 for j in range(d_1s):

148 #bj = (zeta_d _1s~j*beta) r

149 bj = (zeta_d_1ls*j*beta)Ar

150 bjs[j]l = bj

jslbjl =3

53 #

154 # Determine a representative system of the equivalence classes of

155 if s_1 ==

156 j_repsystem = set(range(d_1s))

157 else:

158 j_repsystem = set()

159 J = set(range(d_1s))

160 while len(J)>0:

161 j = J.pop(Q)

162 j_repsystem.add(j)

163 J = J.difference(set([js[bjs[jI*Ca_k*1)] for 1 in range(s_
IDRDY

164

165 # Cyclotomic representatives and t_is:

166 if s_2 ==

167 i_repsystem = set(range(d_2s))

168 tis = dict([(i,1) for i in i_repsystem])

169 cis = dict([(i,s_1) for i in i_repsystem])

170 else:

171 i_repsystem = set()

172 tis = dict(Q)

173 cis = dict()

174 I = set(range(0,d_2s))

175 while len(I)>0:

176 i= I.popQ)

177 i_repsystem.add(i)

178 for 1 in range(len(ts)):

179 if i%d2sd2ts[ts[1]]1==0:

180 tis[i] = ts[1]

181 cis[i] = lecm(s_1, ts[1l])

182 break

183 I= I.difference(set([(i*gq*r(k*1))%d_2s for 1 in range(tis[i
DI
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B.4. Source Code for Chapter 2

nldl = int(n_1/d_1s)
irred_factors = []

if s>1:
if k>1:
casting = 3
else:
casting = 2
else:
if k>1:
casting =1
else:
casting =0

if printing:
print("n="+str(n)+"="+str(factor(n)))
if gcd(gq_k, n)>1:
print("n = "+str(n)+"*"+str(p_to_1))

print("beta = "+str(alpha)+" satisfies betar"+str(p_to_1l)+"

="+str(alpha*p_to_1))
print ("k="+str(k))
print("q2k = "+str(q_k)+"="+str(factor(q_k)))
print ("F_q*k: "+str (RF_qgk))
print("alpha="+str (alpha))
print ("ord(alpha) = "+str(e))
print("rad(n)="+str(factor(rad(n))))
print("rad(n) [qAw-1 for w="+str(w))

print("s = "+str(s))

print("g4s-1 = "+str(RF_gk.g*s-1)+" = "+str(factor(RF_qgk.g*s-1)
))

print("n_1 = "+str(n_1)+"="+str(factor(n_1)))

print("n_2 = "+str(n_2)+"="+str(factor(n_2)))

print("d_1Is = "+str(d_1s)+"="+str(factor(d_1s)))

print("d_11 = "+str(d_11)+"="+str(factor(d_11)))

print("s_1="+str(s_1))
print("d_2s="+str(d_2s)+"="+str(factor(d_2s)))
print("s_2 = "+str(s_2))

print("d_2s/d_2t : "+str(d2sd2ts))

print ("r="+str(r))

print (RF_qgks)
print("zeta_{d_1s}="+str(zeta_d_1s))
print("zeta_{d_2s}="+str(zeta_d_2s))
print("zeta_{d_1s_e}="+str(zeta_d_1s_e))

print ("beta="+str(beta))

print("bjs = "+str(bjs))
print("j_reps : "+str(j_repsystem))
print("i_reps : "+str(i_repsystem))

for i in i_repsystem:
print("i="+str(i))
print("t_i="+str(tis[i]))
print("c_i="+str(cis[i]))
print("C_q,d_2s(i)="+str(set([(i*qAr(k*1))%d_2s for 1 in
range (tis[i])1)))
print("casting method: "+str(casting))

# Product over j, v, i, m
for j in j_repsystem:
for v in divisors(int(n_2/d_2s)):
for i in i_repsystem:
if gcd(i,v)==1:
for m in range(gcd(s_1,tis[i])):

fact = spin_linear_factor(q,RF_qks.x,zeta_d_2s
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AC(i*q_k*m)*bjs[jlAv,cis[i]*k)

fact = cast_from_gks_to_qg(casting, fact, RF_gks
, RF_gk, RF_q.x, nldl*v)

if printing:
print("(j,v,i,m)=C"+str(j)+", "+str(v)+","
str(i)+", "+str(m)+")\n\t"+str(fact))
#print ("("+str (j)+","+str(v)+","+str (i)
+""+str (m)+")&: "+latex pol(fact ,"X"))
irred_factors.append((fact,p_to_1))

+

return Factorization(irred_factors)

With the following program Ch2-TestNewAlgorithm.sage our implementation of Algo-
rithm 2 in fXnAlgorithm can be tested and compared to the existing SageMath function
factor for univariate polynomials.

For tuples (¢, n, f) the program computes the factorization of f(X™) over F, with the new
algorithm or the existing SageMath function. Here F, = IF,,(¢c) is a finite field in ¢ and the
polynomial f is given by its coefficient vector i.e. f = X — ¢ is given as [1,"-c”3"].

Look for USER INPUT to insert your tuples in the variable gnfs and to change the variables
filepath, fileID and sep to specify .csv-file that the measurements are written to.
Each computation is going to be stopped after timeout seconds. If you wish to compare
the computation times of the new algorithm with the SageMath function factor, then set
comparison=True. Set print_factorization=True if you wish to see the factorization
of f(X™). Otherwise, if you are only interested in the computation times, you can set
print_factorization=False.

If the variable parallel_computations is set to True, then the computations are done by
multiple processes in parallel using the Python module multiprocessing. The computa-
tions are stopped after timeout seconds with the use of the module signal. The module
signal might not agree with the PARI computations in C for the SageMath function
factor if you set comparison=True. In the documentation of Python 3 for signall, it
says:

A long-running calculation implemented purely in C' (such as reqular expression matching
on a large body of text) may run uninterrupted for an arbitrary amount of time,
regardless of any signals received. The Python signal handlers will be called when the
calculation finishes.

Thus, if the program seems to run endlessly or your computer memory (RAM) is full, then
set parallel_computations=False. Then the computations are executed consecutively
and the timout is done with the module multiprocessing.

Source Code B.9: Ch2-TestNewAlgorithm.sage
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Copyright (C) 2023 Anna—Maurin Graner

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation, either version 3 of the License, or
(at your option) any later version.

https://www.gnu.org/licenses/
S ok oK Sk oK K K K K KK KK KK KK KKK KKK R KRR KRR KKK KKK KKK KKK KKK KKK KKK KK KK KK KK KK KK KR KK KR KR KO

'https://docs.python.org/3/library/signal.html [March 10, 2024
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11 # With this program the implementation fXnAlgorithm of the new
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factorization algorithm for polynomials of the form f(X"n) by Anna—
Maurin Graner can be tested and compared with the existing SageMath
function factor

from datetime import datetime
import time

5 import multiprocessing

import signal

from RichPolynomialClass import *
from RichFiniteFieldClass import
from fXnAlgorithm import *

*

def main(Q):
print ("This program tests the implementation of the new factorization
algorithm for polynomials of the form f(X2n) by Anna-Maurin Graner and
compares it with the existing SageMath function factor (if you wish).'")

# USER INPUT':

filepath = "/put/your/filepath/here/"

fileID = "your_file_id"

sep = "\t"

timeout = 30 # timeout of the computation after timeout seconds

comparison = True # comparison with the SageMath algorithm (PARI)?
print_factorization = True # Shall the factorization be printed?

parallel_computations = False # Do you wish to do the computations
simultaneously or not?

# IMPORTANT: If the computation seems to run endlessly or your computer
is out of RAM, then set parallel computations=False. Otherwise, set
parallel computations=True

# Polynomials given as follows: (q,n,f), where f is the coefficient
vector of an irreducible polynomial over F q = F p(c)
# f =X24c <> =[1,0,"c"]

gnfs = [(16,1143,[1,"-c+3"]), (2,19+2,[1,1,1,0,1,0,1])]

# Table 2.8:

#[(2, 2~3*7*3~3*11~2, [1,1,1,0,1,0,1]), (2,19~2,[1,1,1,0,1,0,1])
(2,19°3,[1,1,1,0,1,0,1]), (2,19°4,[1,1,1,0,
,(2,19~5,[1,1,1,0,1,0,1]), (2,19°6,[1,1,1,0
# Table 2.11:

#|(4, 2~3*7*3~3*11~2, [1,0,0,1,0,0,"c"]),(4,19~2,[1,0,0,1,0,0,"c"])
,(4,19°3,[1,0,0,1,0,0,"¢c"]), (4,19°4,[1,0,0,1,0,0,"c"])
,(4,19°5,[1,0,0,1,0,0,"¢c"]) ,(4,19°6,[1,0,0,1,0,0,"c"])]

# Table 2.12:

#[(16,11~3,[1," —¢c~3"]),(16,1321,[1,"—c~3"]),(16,4513,[1,"—c"~3"]),(16,
4177, [1,"—=c"~3"]),(16,3°4*5°4,[1,"—c"~3"]),(16,3°5*5°5,[1,"—c"~3"])
,(16,37°6*5°6,[1,"—c~3"]),(16,3°7*5~7,[1,"—c"~3"]) ]

# END of USER INPUT. Do not change anything after here.

print("\ntimeout after: \t\t\t"+str(timeout)+" seconds\nparallel
computations: \t\t"+str(parallel_computations)+"\ncomparison with
SageMath: \t"+str(True)+"\nprinting factorization: \t"+str(print_
factorization)+"\n\nPlease be patient - measurements are in progress.\n

"

if comparison:

print("Info: Due to the comparison with the SageMath function, the
polynomial f(X4n) needs to be computed explicitly and this can take a
long time. Don’t worry if you see an error thrown by the SageMath
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def

7 def

def

function (PARI). Unfortunately, we cannot suppress all error messages

but the program will terminate properly.\n")

measurements (qnfs, timeout, comparison, sep, filepath, filelID
_computations,print_factorization)

return

computation_time(new, n, f):
if not new:
f = composition_Xn(f.list,(f.get_RFF()).x,n)
wstl = time.time()
cstl = time.process_time()
if new:
factorization = factor_fXn(f,n,0)
else:
try:
factorization = f.factor()
except NotImplementedError:
factorization = False
wetl (time.time () -wstl) +# in seconds
cetl = time.process_time()-cstl
if factorization==False:
wetl="stackovf"
cetl="stackovf"
return (cetl, wetl, factorization)

computation_time_to_Queue(new, n, f, que):
que.put (computation_time(new, n, f))
return

computation_time_max_mprocessing(new, n, f, seconds):
g = multiprocessing.Queue ()
p = multiprocessing.Process(target=computation_time_to_Queue,
computation_time_max_fXn_mprocessing", args=(new, n, f, q,))
p.start ()
p.join(timeout=seconds)
if not q.empty():
result = q.get()
else:
result = ("infty","infty",False)
p.terminate ()
return result

class TimeoutException(Exception): # Custom exception class

def

def

144

pass

timeout _handler (signum, frame): # Custom signal handler
raise TimeoutException

computation_time_max_signal (new, n, f, seconds):
# Change the behavior of SIGALRM
signal.signal (signal.SIGALRM, timeout_handler)

signal.alarm(seconds)

try:

result = computation_time(new, n, f£f)
except TimeoutException:

result = ("infty", "infty", False)
else:

signal.alarm(0)
return result

parallel

hame=
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comparison,

RFF = RichFiniteField(q, "c","X")
c = RFF.gen
f = RichPolynomial (£, RFF)

n_tilde = make_gcd_one(q,n)[0]
w=Mod (qrf.deg,rad(n_tilde)) .multiplicative_order ()
if not n_tilde%4==0 or gq*(f.deg*w)==1:

S=w
else:
s=2%w

string =
factor(n))+",

"\n"

if multiprocess:

(ctn, wtn, fac) =
else:

(ctn, wtn, fac) =
seconds)

if fac==False:

"\m_______ _ _ _ _ o ____
f="+str(f.get_polynomial ())+",

multiprocess,

computation_time_max_signal (True, n, f,

\ng="+str(q)+",
w="+str(w)+",

printing):

computation_time_max_mprocessing(True, n,

f ’

print(string+"The new AMG algorithm did not yield a result

after
else:
if printing:
string2=

else:
string2=string

"+str(seconds)+"

print(string2+"New AMG Algorithm:
\t"+str(wtn)+"

seconds\n\tWall time:

if comparison:
if multiprocess:

seconds.")

\n\tCPU time:
seconds")

string+"f(X4n)=\n"+str_magma_style(fac)+"\n\n"

computation_time_max_signal (False, n,

\t"+str(ctn)+"

f ’

computation_time_max_mprocessing(False,

n="+str(
s="+str(s)+

seconds)

n, f

print (string2+"The SageMath function factor() exited due to a \

(cto, wto, faco)
seconds)
string2 = string
else:
(cto, wto, faco)
, seconds)
string2 = ""
if cto == "stackovf":
n<<PariError:

elif faco==False:

the PARI stack overflows>>.")

print (string2+"The SageMath function factor () did not yield a

result after

"+str(seconds)+"

seconds. ")

if not fac==False and not faco==False:

if not fac==faco:

raise SystemError ("\nThe factorizations of the new and the

SageMath Algorithm are not equal.

else:
rno =
ron =

int(round(ctn/cto,0))
int (round(cto/ctn,0))

elif faco==False and not fac==False:

rno=0
ron="infty"

elif fac==False and faco==False:

rno=False
ron = False

Something must have gone wrong!")
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165 elif fac==False and not faco==False:

166 rno="infty"

167 ron =0

168 fac=faco

169 if printing:

170 string2 = string2+"\nf(X4n)=\n"+str_magma_style(fac)+"\n"

172 if not faco==False:

173 print (string2+"SageMath Algorithm: \n\tCPU time: \t"+str(cto)+"
seconds\n\tWall time: \t"+str(wto)+" seconds\nratio NA:SM = "+str(rno)
+":1\nratio SM:NA = "+str(ron)+":1\n")

1
17 if not fac==False:

176 max_deg = ((fac[-1])[0]) .degree()
.

77 else:

178 max_deg = False

179

180 result_str = "\n"+str(q)+sep+str(n)+sep+str(factor(n))+sep+str(f.list)+
sep+str(f.get_order ())+sep+str(w)+sep+str(s)+sep+str(max_deg)+sep+str(
ctn)

181

182 if comparison:

183 result_str = result_str+sep+str(cto)+sep+str(rno)+" : 1"+sep+str(
ron)+" : 1"

184 if printing:

185 result_str=result_str+sep+str(fac)

186

187 return result_str

188

150 def measurements (gnfs, seconds, comparison, sep, filepath, filename,
multiprocess, printing):

190 filehead = "NewfXnAlg_measurements_"

191 file = open(filepath+filehead+filename+".csv", "w"

192 file.write("Computation time measurements \nfor the new f(X"n)
factorization algorithm \nby Anna-Maurin Graner\n\n"+str(datetime.now()
)+"\n\nq"+sep+"n"+sep+"factor(n) "+sep+"f"+sep+"ord(f) "+sep+"w"+sep+"s"+
sep+"max deg'"+sep+"New Alg (CPU time)'")

193 if comparison:

194 file.write(sep+"SageMath Alg (CPU time)"+sep+"NA:SM"+sep+"SM:NA")

195 if printing:

196 file.write(sep+"Factorization f(X4n)")

198 if multiprocess:
199 pool = multiprocessing.Pool ()

201 for st in pool.starmap (measure_tupl,[(q,n,f,seconds, comparison,
multiprocess,printing) for (q,n,f) in gnfs]):
202 file.write(st)

204 pool.close ()

205 else:

206 for (q,n,f) in gnfs:

207 file.write(measure_tupl(qg,n,f, seconds,comparison,multiprocess,
printing))

2
209 file.close ()

210 print ("\nThe results of the measurements can be found in "+filepath+
filehead+filename+".csv.")

return

3 if __name__ == "__main__":
| main ()

The following Magma script has been used to measure the computations in Table 2.8,
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B.5. Source Code for Chapter 3

Table 2.11 and Table 2.12. In the Magma command prompt it can be executed with the
command:

> load "./Ch2-MagmaMeasurements.txt";

Note that the Alarm function quits Magma. Thus, if one computation takes longer than
600 seconds, you need to restart Magma and load the script for the next positive integer
n.

Source Code B.10: Ch2-MagmaMeasurements.txt
// MAGMA computations for the tables in Chapter 2:

// Table 2.4:
F2:=GF (2);
P2<Y>:=PolynomialRing (F2);

h:= YA6+YAS5+Y2A4+YA2+1;
print h;
J/2A3%7%3A3%11A2,1942,1943,1944,19A5,1946
for n in [1942] do

g:=Evaluate(h,Y4n);

print "\nn=",Factorization(n);
Alarm (600) ;
time Factorization(g);

end for;

// Table 2.7:

F4<c>:=GF(4);

P4<X>:=PolynomialRing (F4);

print F4;

print "modulus: ",DefiningPolynomial (F4);
f:= X26+X723+cC;

J/2A3%7%3A3%1142,1942,1943,1944,1945,1946
for n in [1942] do
g:=Evaluate(f,X*n);

print "\nn=",Factorization(n);
Alarm (600) ;
time Factorization(g);

end for;

// Table 2.8:

Fl6<c>:= GF(16);
P16<X>:=PolynomialRing (F16) ;

print F16;

print "modulus: ",DefiningPolynomial (F16);

//1123,1321,4513,4177 ,3A3%5A3,3A4%5A4 3A5%5A5 3AG*5A6 ,3A7*5A7
f:= X-cA3;
for n in [1143] do
g:=Evaluate(f,X*n);
print "\nn=",Factorization(n);
Alarm(1500); //Alarm(1500);
time Factorization(g);
end for;

B.5 Source Code for Chapter 3

The following script computes Examples 3.8, 3.10, 3.12, 3.14, 3.17, 3.20, 3.22, 3.24, 3.28
and 3.29. Look for USER INPUT. Some of the numerical results are written to the folder
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specified in filepath. Please enter a filepath of your choice. Then select the examples
you wish to see and change the variable examples accordingly.

Source Code B.11: Ch3-Example.sage

3k 3k >k 3k >k 3k sk >k 3k sk sk sk ok sk >k 3k sk ok 3k ok Sk sk sk sk >k sk sk 3k 3k ok Sk sk 3k sk >k sk sk 3k 3k ok Sk sk 3k sk >k 3k sk 3k sk >k Sk sk 3k sk >k 3k ok 3k Sk >k 3k sk 3k sk >k 3k ok 3k sk ok 3k ok k

Copyright (C) 2023 Anna—Maurin Graner

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation, either version 3 of the License, or
(at your option) any later version.

https://www.gnu.org/licenses/
otk K o kK R KK K R o kKK R o kK K o S kR K K R ok o ok Kk K Sk ok ok Kk K R ok ok kK R R R kK K

from RichFiniteFieldClass import *
from RichPolynomialClass import *
from ConstructionClasses import
from UsefulFunctions import *

o

5 #

# USER INPUT:

# Please provide a filepath of your choice:
filepath = "/put/your/filepath/here"

# Select which examples you would like to compute:
examples = [8, 10, 12, 14, 17, 20, 22, 24, 28, 29]
#

el=8
e2=10
e3=12
e4=14
e5=17
e6=20
e7=22
e8=24
e9=28
el0=29

def example(i):
print("\n
B e e T b o T b b b b o o o e = oA
nSageMath computations for Example 3."+str(i)+":\n")
return

#Initialization

4

RichFiniteField(q, "a", "X'")
F.gen

= F.x

print (F)

q:
F
a
X
if el in examples:

example(el)

f = RichPolynomial ([1l,a,a], F)

# Counterexample for roots spread out: [1, a + 1, a + 1, a, a], gq=4, n
=2*5, n=17

print("\nf = "+f.get_full_info())
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SF = f.get_splitting_field()
print("\nSplitting field of f: SF = "+str(SF))

print ("\nAll roots in splitting field: "+str((f.get_all_roots()[0])[2])
)

beta = (((f.get_all_roots()[0])[3]1)[0])[0]
print("\nbeta = "+str(beta)+" = "+str(SF.in_basis_over_basef(beta)))

n = 2%5
hatn = make_gcd_one(q,n)[0]

print("\nn = "+str(n))

print ("\nbeta2(10) = "+str(beta?n)+" = "+str(SF.in_basis_over_basef(
beta*n)))

print ("\nm_{beta*(10)} = "+str(SF.minimal_polynomial _over_basefield(
beta’n)))

print ("\nbeta25 = "+str(betatrChatn))+" = "+str(SF.in_basis_over_basef(

betarhatn)))

print ("\nm_{beta45} = "+str(SF.minimal_polynomial_over_basefield(beta*
hatn)))

pause ()

; if e2 in examples:

example (e2)
f = RichPolynomial([l,a,a], F)
print("\nf = "+str(£f))

beta = (((f.get_all_roots()[0])[3]1)[0])[0]

print ("\nbeta = "+str(beta))

n=>5

print("\nn = "+str(n))

print ("\nbeta25 = "+str(betar(n))+" = "+str(SF.in_basis_over_basef(beta
Ahatn)))

chi_betan = SF.characteristic_polynomial_over_basefield(beta’n)

print ("\nchi_{betar5} \n\t= "+str(chi_betan)+" = "+str(chi_betan.get_

factorization()))

print ("\nRoots of chi_{betar5} in Fqtok: \n\t"+str((SF.pol_to_extf(chi_
betan)) .roots()))

print ("\nRoots of chi_{beta”5} in Fq: \n\t"+str(chi_betan.roots()))
chi_betan_Xn = RichPolynomial ((chi_betan.get_polynomial ())(F.xAn), F)

SF_chiXn = chi_betan_Xn.get_splitting_field()
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112 print ("\nchi_{beta+5}(X+5) \n\t= "+str(chi_betan_Xn)) #+" \n\t= "+str(
chi_betan Xn.get factorization()))

113

114 print ("\nSplitting field of chi_{betar5}(X*5):\n\tChiSF = "+str (SF_
chiXn))

115

116 print ("\nRoots of chi_{betar5}(X45) in ChiSF: \n\t"+str((SF_chiXn.pol_
to_extf(chi_betan_Xn)).roots()))

118 print("\nFactorization of chi_{betaA5}(X25) ChiSF: \n\t"+str((SF_chiXn.
pol_to_extf(chi_betan_Xn)).get_factorization()))

120 roots_in_Fq=chi_betan_Xn.roots ()

21
122 print ("\nRoots of chi_{beta5}(X45) in Fq: \n\t"+str(chi_betan_Xn.roots
0O

124 if len(roots_in_Fq) >0:

125 print ("\nRoots in Fq cast into ChiSF: \n\t"+str([(root[0], SF_chiXn
.to_extf(root[0])) for root in roots_in_Fql))

126 pause ()

128 1f e3 in examples:

129 example (e3)

130 f = RichPolynomial([1l,a,a], F)
131 print("\nf = "+str(f))

133 beta = (((f.get_all_roots()[0])[3]1)[0])[0]

134 print ("\nbeta = "+str(beta))
135

136 n=>5

137 print("\nn = "+str(n))

138

139 # Extension field where zeta n lies:

140 ZEF = RichExtensionField(F, Mod(q,n).multiplicative_order(), "c", "Z")
141 z = ZEF.x

142

143 print ("\nExtension F(zeta_5):\n\t"+str(ZEF))

144 f_inZEF = ZEF.pol_to_extf(£f)

145 print("\nf cast into F(zeta_5): f = "+str(f)+" = "+str(£_inZEF))

146 f_inZEF = f_inZEF.get_polynomial ()

148 zeta = ZEF.get_unityroot(n)
149 print ("\nPrimitive 5-th root of unity in Fq(zeta_5): "+str(zeta))

151 print ("\nComputation of formula (3.1):")

152 irred_factorization = True

3 chi_betan_Xn_comp = (f_inZEF)

154 for i in range(l,n):

155 next_pol = f_inZEF(zeta’*i*z)

156 print("\nj="+str(i)+": \n\tin Fq(zeta): \t"+str(next_pol)+" \n\t\t=

"+str(next_pol. factor()))

157 try:

158 next_pol_inFq = ZEF.pol_to_basef(RichPolynomial (next_pol, ZEF))

159 print("\tin Fq: \t"+str(next_pol_inFqg)+" = "+str(next_pol_inFq.
get_factorization())+"\n\tirreducible = "+str(next_pol_inFq.is_
irreducible()))

160 if not next_pol_inFq.is_irreducible():

161 irred_factorization=False

162 except ValueError:

163 irred_factorization = False
164 print ("\tThis polynomial is no polynomial over Fq.")
165 pass
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chi_betan_Xn_comp = chi_betan_Xn_comp*next_pol

print("\n(3.1) yields irreducible factors over Fq: "+str(irred_
factorization))

print("\nchi_{beta45}(X25) in F(zeta_5) computed with formula (3.1): \n
\t"+str(chi_betan_Xn_comp)+"\n\t\t= "+str(chi_betan_Xn_comp. factor()))

chi_betan_Xn_basef = ZEF.pol_to_basef(RichPolynomial (chi_betan_Xn_comp,
ZEF))

factors_in_basef = chi_betan_Xn_basef.get_factorization()
print ("\nchi_{betar5}(X45) in F_4[X]: \n\t"+str(chi_betan_Xn_basef)+" \

n\t= "+str(chi_betan_Xn_basef.get_factorization()))
pause ()

if e4 in examples or e6 in examples:

example (e4d)

f = RichPolynomial([1, O, O, 1, O, 0, a + 1], F)
print("\nf = "+str(f.get_full_info()))

SF = f.get_splitting_field()
print ("\nSplitting field of f:\n\tSF = "+str(SF))

beta = (((f.get_all_roots()[0])[3]1)[0])[0]

print("\nbeta = "+str(beta))
m = 3
print("\nm = "+str(m))

g = f.extract(m)
print("\ng = "+str(g))
g = g.get_polynomial ()

betam = beta‘m
print("\nbeta*m = "+str(betam)+"\nord(beta’m) = "+str(betam.
multiplicative_order ()))

n =29

print("\nn = "+str(n))

betan = beta*n

print("betasn = (beta’m)*(n/m) = "+str(betan)+"\nord(betasn) = "+str(

betan.multiplicative_order()))

# Extension field where zeta n lies:
ZEF = RichExtensionField(F, Mod(q,n).multiplicative_order(), "c", "Z")
print ("\nExtension F(zeta_9):\n\t"+str (ZEF))

zeta = F.get_unityroot(3)
print("\nzeta_3 = "+str(zeta))

pause ()
print("\nComputation of formula (3.2) in F_4:")

irred_factorization = True
chi_betan_Xn_comp = 1
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for i in range(l,n+1):
print OO
next_pol = zetatr(-i*2)*g(zetari*xA3)
print("\nj="+str(i)+": \tzeta_3A("+str(-2*i)+")*g(zeta_34
X23): \n\t"+str(next_pol)+" = "+str(next_pol.factor()))
if not next_pol.is_irreducible():
print("\tnot irreducible over F_"+str(q)+".")
irred_factorization=False
chi_betan_Xn_comp = chi_betan_Xn_comp*next_pol
print("\n(3.2) yields monic irreducible factors over Fq:
factorization))

print ("\nchi_{beta*9}(X*9) in F_q:
= "+str(chi_betan_Xn_comp. factor()))

pause ()

if e5 in examples or e6 in examples:

example (e5)

f = RichPolynomial([1, 0, 0, 0, O, a + 1, 0, O, O, O,
o, a, 0, 0, 0, 0, @, 0, 0, 0, 0, a +1, 0, O, O, O,
print("\nf = "+str(f.get_full_info()))

m=>5
print("\nm =

"+str(m))

f.extract (5)
"+str(g))

g:
print("\ng =

SF = f.get_splitting_£field()

print ("\nSplitting field of f:\n\tSF = "+str(SF))
beta = (((f.get_all_roots()[0])[3]1)[0])[0]

print ("\nbeta = "+str(beta))

n=15
print("\nn = "+str(n))

zeta = F.get_unityroot(3)
print("\nzeta_3 = "+str(zeta))

pause ()
chin_Xn = 1
for j in range(l,n+1):
next_pol = (g.get_polynomial ())(zetarj*F.xA5)

print("\nj="+str(j)+": \t
next_pol.is_irreducible()))
chin_Xn = chin_Xn * next_pol

print ("\nchi_{beta*(15)}(X*(15)) \n\t=
_Xn. factor()))
pause ()

"+str(chin_Xn)+"\n\t=

if e7 in examples:

example (e7)

f = RichPolynomial([1, O, O, 1, 0, O,
print("\nf = "+str(f.get_full_info()))

al, F)

"+str(next_pol)+"\n\tirreducible:

"+str(id)+"

"+str(irred_

\n\t"+str(chi_betan_Xn_comp)+"\n\t\t

"+str(

"+str(chin
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n =3
print ("\nn

k = f.deg
print("\nk =

d = gcd(n,k)
print("\nd =

ms =
t = max(ms)
print("\nt =

g =
print("\ng =

zeta = F.get_
print("\nzeta_3 =

"+str(n))

"+str (k))

gcd(n,k) = "+str(d))

[m for m in d.divisors() if f.is_composition(m)]
print("\nDivisors of d s.t.

f=g(X*m): "+str(ms))

"+str(t))

f.extract(t)

"+str(g))

unityroot(n)
"+str(zeta))

print ("\nComputation of Theorem 3.20:")

m_betan_Xn =

for j in range(1,

next_pol

print("\nj =

1
int(n/t)+1):

= zetar(-j*k)*(f.get_polynomial ())(zeta’rj*x)

"+str(j)+": "+str(next_pol))

m_betan_Xn= m_betan_Xn*next_pol

print ("\nm_{beta43}(X*3) =

print("\nm_{betar3} =

)
pause ()

f:
print("\nf =

n = 3
print("\nn =

k = f.deg
print("\nk =

d = gcd(n,k)
print("\nd =

ms =
t = max(ms)
print("\nt =

g =
print("\ng =

zeta =

print("\nzeta_3 =

"+str(m_betan_Xn))

"+str ((RichPolynomial (m_betan_Xn,

RichPolynomial (1, 1, 0, O, O, 1, al], F)

"+str(f.get_full_info()))

"+str(n))

"+str(k))

gcd(n,k) = "+str(d))

[m for m in d.divisors() if f.is_composition(m)]
print("\nDivisors of d s.t.

f=g(X*m): "+str(ms))

"+str(t))

f.extract(t)

"+str(g))

F.get_unityroot(n)

"+str(zeta))

print ("\nComputation of Theorem 3.20:")

F)) .extract(n))
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#

m_betan_Xn = 1
for j in range(l, int(n/t)+1):

next_pol = zetar(-j*k)*(f.get_polynomial())(zetarj*x)

print("\nj = "+str(j)+": "+str(next_pol))
m_betan_Xn= m_betan_Xn*next_pol

print("\nm_{betar3}(X23) = "+str(m_betan_Xn))
print ("\nm_{beta*3} = "+str((RichPolynomial (m_betan_Xn,
)

#

if e8 in examples:

#

example (e8)

f = RichPolynomial([1, O, O, 1, O, 0, a], F)
print("\nf = "+str(f.get_full_info()))

n = 27

print("\nn = "+str(n))

m_beta3 = f.construction_mbetap (3)
print("m_{beta23} = "+str(m_beta3))
m_beta9 = m_beta3.construction_mbetap(3)
print("m_{beta29} = "+str(m_beta9))
m_beta27 = m_beta9.construction_mbetap (3)
print("m_{beta*(27)} = "+str(m_beta27))
pause ()

if e9 in examples:

#

example (e9)
f =1[1,1,0,0,0,1,a]

constr = Construction2 (RichPolynomial (f,F), filepath)
constr.start_construction ()

pause ()

F2 = RichFiniteField(l1l6, "b", "X")
b = F2.gen

f =[1, 0, 0, b42 + 1, 0, 0, b + 1]

constr2 = Construction2 (RichPolynomial (f,F2),filepath)
constr2.start_construction ()
pause ()

#

if e10 in examples:

154

example (el0)

F3 = RichFiniteField (8, "c","X")

c = F3.gen

f = [1,c,1,c,cr2+c,c*2]

constr3 = Construction2 (RichPolynomial (f,F3),filepath)
constr3.start_construction()

pause ()

constr4 = Constructionl (RichPolynomial (£,F3),filepath)

F)) .extract(n))
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constr4.start_construction ()

B.5.1 Implementation of Construction 1 and Construction 2

The following module B.12 ConstructionClasses.sage can be preparsed and loaded as
a Python module (see Section 1.3). It contains the base class Construction with the kids
Constructionl and Construction2.

The class Constructionl is built for the computation of all monic irreducible polynomials,
which can be obtained from one monic irreducible polynomial f € F,[X] with Construc-
tion 1, as discussed in Section 3.4. The polynomials together with their weight, their order
and their k-normality are written to a .csv-file. An overview of the parameters of the
constructed polynomials can be found in a second file with the ending _ov.csv.

The class Construction2 is an implementation of Construction 2. It gives the p-adic
valuation of ord(f) for every prime factor p of ¢ — 1 and a list of positive integers such that
ord(f) is among them. For some polynomials f the exact order ord(f) is determined. All
results are written to a .csv-file in the folder specified by the variable filepath.

The polynomial f needs to be given as a list and the finite field I, as a RichFiniteField.
Then the constructions can be used as follows:

¥*

from RichFiniteFieldClass import
from ConstructionClasses import

o

filepath = "/home/user/Documents/"

F = RichFiniteField (8, "c","X")

c = F.gen

f = RichPolynomial([1,c,1,c,cA2+c,c*2],F)

constrl = Constructionl(f, filepath)
constrl.start_construction()

constr2 = Construction2(f,filepath)
constr2.start_construction ()

Source Code B.12: ConstructionClasses.sage
3k 3k sk osk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skosk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk

Copyright (C) 2023 Anna—Maurin Graner

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation, either version 3 of the License, or
(at your option) any later version.

https://www.gnu.org/licenses/
st ok ok sk ok ok ok ok ok ok ok ok sk ok ok ok sk ok ok ok sk ok ok ok sk ok 3 ok sk ok sk sk ok ok ok sk sk sk ok ok sk sk ok ok ok sk ok ok ok ok ok sk ok ok sk sk ok sk ok ok ok ok ok ok o ok ok ok

11 # This is an implementation of the constructions of irreducible polynomials

presented in the paper

12 # <<Constructing irreducible polynomials recursively with a reverse

13
14
15
16
17
18
19
20

21

composition method>> by Anna—Maurin Graner and Gohar M. Kyureghyan
ver = "2024-03-11"

from collections import deque
from RichPolynomialClass import *
from UsefulFunctions import *
from datetime import datetime

sep = "\t" #separator used for the csv—files
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filename = "NewConstruction"

#

6 # CLASSES:

s # Class Construction is the parent class of Construction 1 and Construction

2

20 # contains the finite field as RichFiniteField —instance, the initial

30
31
32
33
34

60

62
63

64

66

67

68

69

polynomial as RichPolynomial—instance and a file that the results are
written to

class Construction:

def __init__(self,f, no, filepath):

self.finite_field = f.get_RFF(Q)

self.init_pol = f

self.filename = filename+"_"+str(no)+"_F"+str((self.finite_field).q
)+"_"+str((self.init_pol).list)

self.filepath = filepath

self.no = no

if not (self.init_pol).is_irreducible():

raise ValueError ("The polynomial "+str(f)+" is not irreducible.

self.file = open(self.filepath+self.filename+".csv","w")
(self.file).write(str(self))

print(str(self))

return

def __str__(self):

return "Construction "+str(self.no)+" from the paper\n<<
Constructing irreducible polynomials recursively with a reverse
composition method>> \nby Anna-Maurin Graner and Gohar M. Kyureghyan\n\
nversion"+sep+ver+"\n\ndate"+sep+str(datetime.now())+"\n\nInitial
polynomial: "+str(self.init_pol)+"\n\n"+str(self.finite_field)

def end_construction(self):
(self.file).close()
print ("\nAll results have been written to the file\n<<"+self.

filename+">> \nin the folder: "+self.filepath+".\n

return

class Constructionl (Construction):
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def __init__(self, f, filepath):
super () .__init__(£f,1, filepath)

self.ov_file = open(self.filepath+self.filename+"_ov.csv","w'")
s = "\nOrbits:\nn"+sep+"order"+sep+"length"
(self.ov_file).write(str(self)+"\n"+s)

print(s)

self.no_of_pols = 0

self.no_of_orbit_pols = dict() #stores a list with two entries:

# [the number of irreducible polynomials of given order (as
mentioned in Daykin(1965)), the number of constructed polynomials of
this order]

self.parameters = dict() # Sorted by degree the number of weights
and normal polynomials is collected.
self.orbit_reps = dict() # key is a representant for every orbit
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and the value is a set of all ks that share the same orbit
self.new_orbit_exponents = dict()

#Compute ord rp(p) for all p in primefactors where e=p~{nu p(e)}*rp
self.max_exponents = dict()
for p in (self.finite_field).get_primefactors():
nu_p = ((self.init_pol).get_order()).valuation(p)
self.max_exponents[p]l=nu_p+(Mod(p,(self.init_pol).get_order()/(
pAnu_p)) .multiplicative_order())-1

self.nu_pmax = ((self.init_pol).get_order()).valuation(((self.
finite_field).get_primefactors())[-1]) #nu for maximal primefactor of q
—1 of order of initial polynomial

self.tail_pols = [dict() for i in range(self.nu_pmax)] +# store
tail pols sorted by nu p(ord(f)) = 5~ {nu_pmax—i}
return

def str_parameters(self, separator):
ds = [d for d in self.parameters]
ds.sort ()

return "\nParameters of the "+str(self.no_of_pols)+" constructed
polynomials:\nDegree"+separator+"Weight"+separator+"Total "+separator+
separator. join([str(i)+"-normal" for i in range((self.init_pol).deg)])+
"\n"+"\n".join([str(d)+"\n"+("\n".join([separator+str(w)+separator+str
(((self.parameters[d])[w])["all"])+separator+separator.join([str(i) for
i in ((self.parameters[d])[w])["k-normal"]]) for w in self.parameters[
dlld) for d in ds])

def update_no_of_pols(self, i):
self.no_of_pols = self.no_of_pols+i
return

def update_parameters(self, pol):
d = pol.deg
w = pol.get_weight()
knormal = pol.get_knormal() #Returns an integer in [0 ,...,d—1]
if d in self.parameters:
if w in self.parameters[d]:
((self.parameters[d])[w])["all"] = ((self.parameters[d])[w
D["all"]+1
(((self.parameters[d]) [w])["k-normal"]) [knormal] = (((self.
parameters[d]) [w]) [ "k-normal"]) [knormal]+1
else:
(self.parameters[d]) [w]= {"all":1,"k-normal":[1 if i==
knormal else 0 for i in range(d)]?}
else:
self.parameters[d]={w:{"all": 1, "k-normal": [1 if i==knormal
else 0 for i in range(d)]}?}

return str(pol)+sep+str(w)+sep+str(knormal)
def start_construction(self):

#List of constructed polynomials that still need to be considered
recursively

#Stored as tuple (k, k list , position, m beta~k) where k list
contains the exponents of the primefactors of g—1 in integer k

pols = deque([(1l, [0 for p in (self.finite_field).get_primefactors
O1, 0, self.init_pol)])

self._recursive_construction(l ,self.init_pol)

while(len(pols)>0):
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#print ([str ((pol[0]) .factor ())+","+str(pol[1])+","+str (pol[2])
+""+str((pol[3].1list)) for pol in pols])
# Polynomial is popped (removed) from left end of deque
(k, k_list, pos, pol) = pols.popleft()
for i in range(pos, len((self.finite_field).get_primefactors())
-1):
if k_list[i]< self.max_exponents[(self.finite_field).get_
primefactors () [i]]:
new_k = k*((self.finite_field).get_primefactors()[i])
new_k_list = k_list.copy()
new_k_list[i] = new_k_list[i]+1
new_pol = pol.construction_mbetap((self.finite_field).
get_primefactors()[i])

# New polynomials are appended at the right end of
deque
pols.append ((new_k, new_k_list, i, new_pol))

# Construction of tail and orbit for the new polynomial
—> all computations for this polynomial are done, only needed for
construction of next polynomials
self._recursive_construction(new_k ,new_pol)
#end while

self.end_construction ()
return

def end_construction(self):
(self.file).close()

#Write overview file:

s = "\nComparison of constructed number with total number of
irreducible polynomials with orbit-order:\nOrder"+sep+"Total "+sep+"
Constructed\n"+"\n".join([str(key. factor())+sep+str((self.no_of_orbit_
pols[key]) [0])+sep+str((self.no_of_orbit_pols[key])[1]) for key in self
.no_of_orbit_pols])

print(s)

(self.ov_file).write("\n"+s)

print(self.str_parameters("\t"))

print ("\nThe constructed polynomials can be found in the file \n"+
str((self.file) .name))

(self.ov_file) .write("\n\n"+self.str_parameters(sep))

(self.ov_file).close()

print ("\nAn overview of the results can be found in the file \n"+
str((self.ov_£file) .name))

return

# Generate the exponents of the primefactors and construct the minimal
polynomial of beta"k recursively

# k — is the current k (just for information!)

# pos — is the position of the exponent which needs to be
raised for next k

# pol — is m beta"k for current k

def _recursive_construction(self, k, pol):
p = ((self.finite_field).get_primefactors())[-1]

(self.file).write("\n\nn = "+str(k.factor())+"*"+str(((self.finite_
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field).get_primefactors())[-1])+"41i")

# Tail:
# Construct tail if nu pmax > 0
if self.nu_pmax > O0:

(self.file).write("\ni"+sep+"m_beta’n"+sep+"weight"+sep+"k-
normal\nTail:")

for i in range(self.nu_pmax):
if tuple(pol.list) in self.tail_pols[i]:
(self.file).write("\n"+str(i)+sep+"same polynomial as n
in {"+",".join(str(factor(othern)) for othern in (self.tail_pols[i])[
tuple(pol.list)])+"}.")

# This is Construction 2 hidden — polynomials for one
prime factor power — if same as one power before, then set this as new
max

if i==0 and len(list(k.factor()))==1:

for prev_k in (self.tail_pols[i])[tuple(pol.list)]:
if k % prev_k ==0:
pf = (list(k.factor()))[0]
self.max_exponents[pf[0]] = pf[1l]-1
s = "Construction 2 for "+str(pf[0])+"
yields max exponent "+str(pf[l]-1)+"."
print("\n"+s+"\n")
(self.file).write("\n\n"+sep+s)

((self.tail_pols[i]) [tuple(pol.list)]).append(k)

self.update_no_of_pols (i)

return #BREAK: stop construction of successors since
all successors are equal to previous polynomials

else:
(self.tail_pols[i]) [tuple(pol.list)] = [k]
(self.file).write("\n"+str(i)+sep+self.update_
parameters (pol))

# next construction step
pol = pol.construction_mbetap(p)

# After tail:
self.update_no_of_pols(self.nu_pmax)
#orbit :
(self.file).write("\nOrbit:")

#Check if exponents are smaller than new orbit exponents:
for pf in dict(k.factor()):
if pf in self.new_orbit_exponents:
if (dict(k.factor()))[pfl>self.new_orbit_exponents[pf]:
(self.file).write("\n"+sep+"n larger than new orbit

exponents - orbit already constructed.')
return
pols = [] # first polynomial of orbit has been constructed in last

step of tail—loop or is m {beta’"n}

# Construct orbit until the first polynomial appears for the second
time
while(len(pols)<l or pol.list != (pols[0]).list):
# collect constructed polynomials in list pols
pols.append(pol)
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#

# Check if this polynomial has been constructed in another
orbit

if tuple(pol.list) in self.orbit_reps:
# Determine maximal exponent for one—prime—factor—orbits
if len(list(k.factor()))==1:
for prev_k in self.orbit_reps[tuple(pol.list)]:
if k % prev_k ==0:
pf = (list(k.factor()))[0]
self.new_orbit_exponents[pf[0]]=pf[1]-1
print (str(k.factor())+" same orbit as "+str(
prev_k.factor())+" -> New orbit-max-exponent for "+str(pf[0])+": "+str(
pf[1]1-1)+".")

break
(self.file).write("\n"+sep+"orbit for representant "+str/(
pol.list)+" - same as n in "+str([k.factor() for k in self.orbit_reps[

tuple(pol.list)]1]1))

# Then add k to the list of orbits which consist of the
same polynomials
self.orbit_reps[tuple(pol.list)].append (k)

return

# next construction step
pol = pol.construction_mbetap(((self.finite_field).get_
primefactors())[-11)

#orbit has not been constructed before:
self.orbit_reps[tuple(pol.list)] = [k] #first (and last)
polynomial is stored in orbit—reps as representant of this orbit

i=self.nu_pmax

for f in pols:
(self.file).write("\n"+str(i)+sep+self.update_parameters(f))
i=i+1

# Update number of irreducible polynomials of order of this orbit—
representant
r= pol.get_order ()
if r in self.no_of_orbit_pols:
(self.no_of_orbit_pols[r])[1]= (self.no_of_orbit_pols[r])[1]+
len(pols)
else:
self.no_of_orbit_pols[r] = [euler_phi(r)/pol.deg , len(pols)]

s =(str(k.factor(Q)+"*"+str(((self.finite_field).get_primefactors()
J[-11)+"4i", str(r.factor()), str(len(pols)))

print(s[0]+"\t\t"+s[1]1+"\t\t"+s[2])

(self.ov_file) .write("\n"+s[0]+sep+s[1]+sep+s[2])

self.update_no_of_pols(len(pols))

return

class Construction2 (Construction):
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def __init__(self, f, filepath):
super () .__init__(f, 2, filepath)

self.nu_maxes = dict(factor((self.finite_field).qgA(self.init_pol).
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deg-1)) #p—adic valuations for primefactors of g—1 in q~(deg(init_ pol))
—1

self.valuations = dict() # p—adic valuations for primefactors of q
—1 of order(init_ pol)

self.orbit_lengths = dict()

self.candidates = divisors((self.finite_field).q*(self.init_pol).
deg-1) #list of possible orders

return

def __str__(self):
gqnl = (self.finite_field).qg*(self.init_pol).deg - 1
return (super().__str__())+"\n\nOrder is a divisor of "+str((self.
finite_field).q)+"A("+str((self.init_pol).deg)+")-1 = "+str(gnl)+" = "+

str(gnl. factor())

# This function is the exact implementation of Construction 2 for a
prime integer p dividing gq—1
# it returns the parameters nu p(ord(f)) and the length of the orbit
def nu_p_of_order(self, p):

first_pols = [(self.init_pol).list] #polynomials f 0,...,f nu max
are stored here
i=0

pol = self.init_pol

while True:
i=i+1
pol = pol.construction_mbetap (p)
try: #If polynomial is in list of first polynomials, then
orbit ends
nu = first_pols.index(pol.list)
# Return tuple with information (nu p(ord(init pol)), orbit

_length)

return (nu, i-nu)
except ValueError:
if i<=self.nu_maxes[p]:
first_pols.append(pol.list)
return 1

def start_construction(self):

s = "\np\tnu_p\torbit-length"
(self.file) .write("\n"+s)
print(s)

# For every prime p dividing q—1 Construction 2 is computed with
the function self.nu p of order(p)
for p in (self.finite_field).get_primefactors():
(self.valuations[p], self.orbit_lengths[p]) = self.nu_p_of_
order (p)
s = str(p)+"\t"+str(self.valuations[p])+"\t"+str(self.orbit_
lengths[p])
(self.file).write("\n"+s)
print(s)

# Remove candidates that do not satisfy the conditions of Corollary
3.25:
# remove all possible orders that do not have the correct p—adic
valuations:
for p in (self.finite_field).get_primefactors():
self.candidates = [candidate for candidate in self.candidates
if candidate.valuation(p)==self.valuations[p]]

if len(self.candidates)>1:
for p in (self.finite_field).get_primefactors():
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#print (" \np="+str (p))
i=0
while i<len(self.candidates):

candidate = self.candidates[i]

#print ("candidate: "+str(factor (candidate)))

# remove all possible orders that do not satisfy that
the orbit length can be an intersection of <q~j> and <p> in Z/ord p(ord
(£)/p mu_p(ord(f)))Z

r = candidate/(prself.valuations[p])

#print ("r = "+str(r))

#print ("ord _r(p) = "+str(Mod(p,r). multiplicative order

0))

lengths[p]

ord_qgqj = (Mod(p,r).multiplicative_order())/self.orbit_

#print ("d = "+str(ord_qj))

if ord_qj == 1:
# if ord r(p)=—=s (orbit length), then j=0 satisfies
the equation because p°s mod r = 1 and q°0 mod r = 1.
i =i+l
else:

if ord_qj not in divisors((self.init_pol).deg):
(self.candidates).remove (candidate)
#print ("removed because d not divisor of deg(f)

else:
p_ol = pA(self.orbit_lengths[p]) %r
#print ("p~s mod r = "+str(p_ol))
keep_candidate = False
#find js such that ord(q~j)=ord qj and <q~j>
and <p> have intersection at orbit length
# j=0 only relevant for p°s mod r =1 <= s =

ord r(p)
for j in range(l,(self.init_pol).deg):
if (Mod((self.finite_field).q”*j,r)).

multiplicative_order()==ord_qj and p_ol == (self.finite_field).q*j % r

#print ("j="+str (j)+" satisfies equation
l|)

keep_candidate = True

break

if not keep_candidate:
(self.candidates) .remove (candidate)
#print ("removed because no j satisfied the
equation")
else:
i=i+l

s="\nord("+str((self.init_pol).list)+")"
if len(self.candidates)==1:
s += " = "+str(self.candidates[0])
else:
S += is in \n{"+",".join([str(candidate. factor()) for
candidate in self.candidates])+"}."
print(s)

"

(self.file).write(s)
self.end_construction()
return
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B.5.2 Source code for the computations in [KK22]

The numerical results presented in [KK22, Example 2| have been obtained with the fol-
lowing program, B.13 Ch3-ConstructionKK. sage.

For a monic irreducible polynomial f € [F,[X] over a prime field F,, the program computes
ConstructionKK if f is not a composition of the form g(X?) for a monic irreducible polyno-
mial g € F,[X]. It writes the constructed polynomials and their weight table to a .csv-file
in the folder specified by the variable filepath. If f = g(X?) for a monic irreducible
polynomial g € F,[X], then the program computes ConstructionKK for f(X + a) for all
a € F instead.

The user can enter the field size p and the polynomial f € F,[X] interactively. The
polynomial f needs to be specified by its coefficient vector, i.e. f=X*+ X3+ X241 ¢
F5[X] would be given by [1,1,1,0,1].

Source Code B.13: Ch3-ConstructionKK.sage

3K 3k 3k 3k sk 3k ok >k sk sk 3k sk >k sk sk 3k sk >k sk sk 3k sk sk sk sk 3k sk >k sk sk 3k sk sk sk sk 3k sk 3k sk sk sk sk sk sk sk 3k sk sk sk sk sk sk 3k sk sk 3k sk 3k sk sk sk sk 3k ok >k sk sk 3k sk ok sk ok ok

Copyright (C) 2023 Anna—Maurin Graner

This program is free software: you can redistribute it and/or modify
it under the terms of the GNU General Public License as published by
the Free Software Foundation, either version 3 of the License, or
(at your option) any later version.

https://www.gnu.org/licenses/
S o ok o oK o oK oK oK oK oK oK oK oK oK K K oK oK K K K K K K K K KK KSR KK KKK SRR KRR KKK KRR KK KR KK KK KKK KKK KKK KKK KK KK K K

S I SO N R

S S R R

This program computes Construction 1 from "A recurrent construction of
irreducible polynomials of fixed degree over finite fields" by Gohar M.
Kyureghyan and Melsik K. Kyureghyan

12

13 filepath = "/put/your/filepath/here/"

14

15

16 # Functions:

17

18 # Input: a coefficient list f vec of entries in a finite field Fq, a
generator var of a polynomial ring over Fq

19 # Output: a polynomial in the polynoial ring over Fq with coefficients from

f vec

20 def polynomial (f_vec, var):

21 £=0

22 for i in range(len(f_vec)):

23 f+=f_vec[i]*varA(i)

24

2

return f

6 # This program generates a string representing a polynomial only given as a
coefficient vector — without computing a real polynomial

27 # Input: a coefficient list f vec of a polynomial, a character/string var
supposed to be a generator of a polynomial ring

28 # Output: a string of the form c¢ O+c_1*varfc 2*var ~2+...

20 def print_pol_extended(f_vec, var):

30 k=0 #number of terms

1 s=""

2 for i in range(len(f_vec)):

33 j=len(f_vec)-1-1i

!

5 if f vec[j]!=0:

36 if k>0:
7 s+=" +

39 if j==0:
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s+= str(f_vec[j])
else:

if f_vec[j]!=1:
s+=str(f_vec[j])+"*"

if j==1:
S+=var

else:
s+=var+

man

+str(j)
k+=1
return s

51 # This function returns a string representing the polynomial given as

def

def

coefficient vector f vec in the variable X
print_pol (f_vec):
return print_pol_extended(f_vec ,"X")

5 # This function returns the weight of a polynomial given as coefficient

vector f vec
weight (f_vec):
wt=0
for ¢ in f_vec:
if c!=0:
wt+=1
return wt

# This function computes the order of a in (Z/nZ)*
# Attention: Only applicable for a such that gcd(a,n)=1

def

order_mod(a,n):

order =1

while(a*(order)%n != 1):
order +=1

return order

# Main program

def

164

main():
sep="\t"

#Interactive user input of filename—ID and field size q:

print ("This program computes Construction 1 from <<A recurrent
construction of irreducible polynomials of fixed degree over finite
fields>> by Gohar M. Kyureghyan and Melsik K. Kyureghyan")

# 1If you wish to add a personal ID at the end of your filenames, then
unquote the following line instead of the one after that:

#id = input("Please enter an id for your computation in quotation marks
(e.g. "test"). It will be added to the filename: ")

id: "

P=Primes ()

q=0

while(q %2 ==0 or g not in P):
g=int (input ("\nNote: This program can only handle prime fields. \
nPlease enter an odd prime as field size q: "))

#Initialization of the finite field F and its polynomial ring PRF

F = GF(q,"a")
PRF = PolynomialRing(F, "x")
x = PRF.gen()
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# Interactive user input of the initial polynomial as a coefficient
vector

#e.g. [c 0,c_1,..., 1] for the polynomial ¢ 0 * X0 + ¢ 1 * X + ...+ 1
* X°n

# The polynomial needs to be irreducible over Fq

irreducible = False

n=0

while (irreducible == False):
# Convert input (which is a string in Python3) to list of integers
start_f_vec = list(map(int, (((input("\nPlease enter the

coefficient vector of an irreducible polynomial over Fqg. \n(eg.
[1,0,0,0,1,0,1] for XA6+X42+1)\nf = "))[1:-1]).strip()).split(",")))

start_f_vec.reverse()
if (polynomial(start_f_vec, x).1is_irreducible() == False):

print ("\nERROR: The given polynomial f is not irreducible.')
else:

irreducible = True

print ("\nThe polynomial you gave was: f = "+print_pol(start_£f_vec))

n=len(start_f_vec)-1

satisfies_conditions = True
if (n%2==0):
odd_index = False
for i in range(len(start_f_vec)):
if(i%2 == 1 and start_f_vec[i]!=0):
odd_index = True
break

if(odd_index==False):
print ("\nFOR YOUR INFORMATION: \nThe polynomial does not have
an odd index i with c_i!=0. \nTherefore, the program computes
Construction 1 for f(X+a) for all a!=0 in GF("+str(q)+").")
satisfies_conditions = False

if satisfies_conditions == True:
print ("\nThe program computes Construction 1 for the given
polynomial.")

filename = "nr_ConstructionKK_"+str(q)+"_"+str(start_£f_vec)
filename_prefix = filepath+filename
file_init = sep +"Numerical results obtained with Construction 1 from \

n"+sep+"<<A recurrent construction of irreducible polynomials of fixed
degree over finite fields>> \n"+sep+"by Gohar M. Kyureghyan and Melsik
K. Kyureghyan\n"+sep+"implemented by A.-M. Graner\n\n"+sep+"F=GF("+str(
a)+")\n\n"

#
# Initialization of the extension field F {q"n} — needed for the

computation of the order of the constructed polynomials
E = GF(g*n, "b")

PRE = PolynomialRing(E, "y")
y=PRE.gen ()
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# This variable stores the weight of all constructed polynomials
weight_tables = []

# Computation of Construction 1 if condition (2) is satisfied

# Computation of Construction 1 for all f(X+a), a in Fq\{0}, if
condition (2) is not satisfied

# Here a = el

for el in F:

compute = True

if satisfies_conditions == True and el !=0:
compute = False

if satisfies_conditions == False and el ==0:
compute = False

if compute:
f_vec = polynomial(start_£f_vec, x+el).list()

if polynomial (f_vec, x).is_irreducible()==True:
#
#Initialization of files
s=filename_prefix+"_X+"+str(el)+id

# For every a in Fq a separate .csv—file containing all
constructed polynomials is written (otherwise the file would be too
large to handle)

csv_file = open(s+".csv","w'")

csv_file.write(file_init+sep+"Initial polynomial:\n"+sep+
print_pol_extended(start_f_vec, "(X+"+str(el)+")")+"\n"+sep+" = "+print
+str(n)+"-1 = "+str(g*n-1)+"\n

man

_pol(f_vec)+" in F[X]\n\n"+sep+str(q)+
\n"+sep+"Polynomial "+sep+"Weight "+sep+"Order\n")

#
#Initialize the while—loop

weights = [0 for i in range(n+1)] #Counts number of
appearances for weights

num_odd_order = 0 #Counts the number of polynomials with

odd order

order_mod_2 = 0 # Will be number of irreducible polynomials

with odd order
first_orbit_pol = False

f_order = 0
f = polynomial (f_vec, x)

while (first_orbit_pol==False or not f==first_orbit_pol):

#Check if f is irreducible
if (f.is_irreducible()==False):

return "The polynomial "+print_pol(f.list())+" is

not irreducible in F!"

#Compute order and/or factorization

g=polynomial (f_vec, y) # embed the polynomial f in PRE

mwn

S_CsSV =

# Compute the order of the current polynomial while no

polynomial of odd order has been found (tail polynomials)
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B.5. Source Code for Chapter 3

198 if f_order%2==0:

199 root = g.roots()

200 root = root[0]

201 root = root[0]

202 f_order = root.multiplicative_order ()

203 s_csv = sep + str(f_order)+" = "+str(gAn-1)+" / "+
str((gAn-1) /f_order)+ " = "+str(f_order.factor())

205 if f_order%2 ==

206 order_mod_2 = order_mod(2,f_order)
207 first_orbit_pol = £
208 print ("First orbit pol = "+str(first_orbit_pol)

csv_file.write("\n")

1 if(f_order %2==1):
2 num_odd_order +=1
3

1

# Update weight table
f_wt = weight(£f_vec)
weights[f_wt-1]+=1

o

NONONNN NN N NN

0~

csv_file.write("\n"+str(num_odd_order)+sep+print_pol (f.
list())+sep + str(f_wt) + s_csv)

#Construct new polynomial:

for i in range(len(f_vec)):
if(i%2==1):

f_vec[i]l=-f_vec[i]

=~

NN NN NN
NORON N NN &
C w N =

# new_f vec is the coefficient vector of the polynomial

C(X~2):

new_f_vec = (£f* (-1)An * polynomial (f_vec, x)).list(Q)
f_vec = []

~

NN NN
[0

# Extraction of C from C(X"2):

30 for i in range(len(new_f_vec)):

1 if (i%2==0):
f_vec.append(new_f_vec[i])

f=polynomial (f_vec, Xx)

36 # END of WHILE-Loop of Contruction 1 for f(X+a)

39 # Print and write the weight table:
10 s_csv = "\n\n\n"+sep+"Weight table of constructed orbit
polynomials of order "+str(f_order)+": "+"\n\n"+sep+(sep).join(str(i+1)
for i in range(n+1))+"\n"

1

2 for i in range(len(weights)):

3 s_csv += sep+str(weights[i])
1

1
4
1
1
15 csv_file.write(s_csv)
16 csv_file.close()

1

4

NN NN N NN

8 # If initial polynomial was irreducible , print weight table
of constructed orbit polynomials

249 # Else add weight table of f(X+a) to list and proceed with
next a

50 if satisfies_conditions:

1 print(s_csv)

52 else:
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Appendix B. Source code

if

168

weight_tables.append([str(el), f_order, str(order_mod_
2), weights])

# END of FOR-Loop through all a in Fq

if satisfies_conditions==False:

#Write overview file for all a in Fq

weights_file=open(filename_prefix+"_ov"+id+".csv", "w")
s=file_init+sep+"Initial polynomial f = "+str(print_pol(start_f_vec
))+"\n\n"+sep+str(g)+"A"+str(n)+"-1 = "+str(qrn-1)+"\n\n"+sep+"Weight
tables of constructed orbit polynomials from f(X+a) for all a in F:\n\
na in F"+sep+"Orbit order'"+sep+"#0rbit polynomials"+sep+"Weight"+ sep +
(sep).join(str(i+1) for i in range(n+1))+"\n"

print("________ __ _ _____ _ _ \n\nWeight tables of
constructed orbit polynomials from f(X+a) for all a in F:\n\na\tOrbit
order\t#0rbit polynomials\tWeight:\t"+"\t".join(str(i+1) for i in range
(n+1))+"\n")

for tuple in weight_tables:
print (tuple[0]+"\t"+str(tuple[1])+"\t\t"+tuple[2]+"\t\t\t\t"+"
t".join(str(m) for m in tuple[3]))
s+="\n"+tuple[0]+sep+str(tuple[1])+" = "+str(qrn-1)+" / "+str ((
g*n-1)/tuple[1]) +sep+tuple[2]+sep+sep+(sep).join(str(m) for m in tuple
[31)

weights_file.write(s)
weights_file.close()

print ("\nMore detailed results can be found in the file(s) <<"+filename

"

+"_....csv>> in the folder "+filepath+".")
return
__name__ == "__main__":

main ()
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