
Kumulative Dissertation

Directional transport in
interacting Floquet systems

Helena Drüeke

Institut für Physik
Mathematisch-Naturwissenschaftliche Fakultät

Universität Rostock

Betreuer: Prof. Dr. Dieter Bauer
Gutachter: Prof. Dr. Lars Bojer Madsen

https://doi.org/10.18453/rosdok_id00004816



eingereicht und verteidigt 2024

Dieses Werk ist lizenziert unter einer
Creative Commons Namensnennung 4.0 International Lizenz.





Abstract

Floquet systems are temporally periodic systems. The periodic drive can be internal
or external. An external drive might, for example, be an external laser field. An
internal drive means the system itself is changing, such as the position or potential
depth of lattice sites. Floquet systems can exhibit interesting effects, which would
be impossible in static systems. This thesis investigates the influence of interaction
on three Floquet systems.

In the first system, we show that the interaction between two particles leads to their
directional transport in a system of two linear (one-dimensional) chains. This effect
is only possible due to the internal Floquet drive, which, for this system, is the
alternating movement of the particles.

Our second system is a two-dimensional Floquet topological insulator. Topological
insulators are characterized by an insulating bulk and conducting edges. Our system,
a modified Rudner–Lindner–Berg–Levin model, is topologically insulating only due
to its periodic drive. We investigate a diagonal potential and find that it switches
the path of the topological edge states.

The final system has a laser field as an external drive, unlike the first two systems,
which have an internal drive. Two-dimensional hexagonal nanoribbons emit high-
order harmonics due to their interaction with the laser. We find that the strength
and polarization of these harmonics depend on the edge structure of the nanoribbons,
as well as on an alternating potential on their lattice sites.
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Zusammenfassung

Floquet-Systeme sind zeitlich periodische, getriebene Systeme. Der Antrieb kann
intern sein, das heißt das System selbst ändert sich, wie zum Beispiel die Position der
Gitterplätze oder die Tiefe ihrer Potentiale. Ein externer Antrieb kann beispielsweise
ein externes Laserfeld sein. Floquet-Systeme können interessante Effekte zeigen, die
in statischen Systemen unmöglich wären. Diese Dissertation untersucht den Einfluss
von Wechselwirkung in drei Floquet-Systemen.

In unserem ersten System von zwei eindimensionalen Ketten führt die Wechselwir-
kung zwischen zwei Teilchen zu ihrem gerichteten Transport. Dieser Effekt ist nur
aufgrund des internen Floquet-Antriebs möglich. In diesem System ist der Floquet-
Antrieb die abwechselnde Bewegung der Teilchen.

Unser zweites System ist ein zweidimensionaler Floquet-topologischer Isolator. To-
pologische Isolatoren sind gekennzeichnet durch einen isolierenden Kern und leiten-
de Ränder. Unser System, ein modifiziertes Rudner–Lindner–Berg–Levin-Modell,
ist nur aufgrund seines periodischen Antriebs topologisch isolierend. Wir untersu-
chen, wie ein Potential auf der Diagonale den Weg der topologischen Randzustände
beeinflusst.

Während die ersten beiden Systeme durch einen internen Antrieb periodisch getrie-
ben werden, untersuchen wir in unserem dritten System den externen Antrieb eines
Laserfelds. Zweidimensionale hexagonale Nanoribbons emittieren hohe Harmonische
aufgrund ihrer Wechselwirkung mit dem Laser. Die Stärke und Polarisationsrichtung
dieser Harmonischen hängen von der Randstruktur der Nanoribbons ab, sowie von
einem alternierenden Potential auf den Gitterplätzen.
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Part I.

Context and summary
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1. Introduction

To introduce the topic of this thesis, we will use the metaphor of a screw to explain
its title, Directional transport in interacting Floquet systems.

Floquet systems are temporally periodic [6], i.e., they repeat in regular time
intervals. Section 2.1 of this thesis describes the theoretical background of Floquet
theory. The periodic drives of Floquet systems are either internal or external. In
internally driven systems, intrinsic properties of the system change, for example
potential strengths or lattice positions. Laser fields are an example of external drives.
An applied example of a Floquet system would be a screw, where the external drive
would be the turning of a screwdriver. After one full rotation, the screwdriver is
again in its initial configuration.

Directional transport is one possible effect of a Floquet drive. The drive can
move particles such as electrons or atoms so that, at the end of a driving cycle,
they are no longer (and neither again) in their initial positions. A more abstract
transport phenomenon would be the emission of light. The emitted photons con-
stitute an energy transport. The photons’ frequency may differ from that of the
drive. Section 2.4 gives a theoretical description of this process, called high-order
harmonic generation. In the metaphor, the rotation of the screwdriver results in the
movement of a screw into a piece of wood. (Depending on the direction of rotation,
the screw might also move out of the wood.) The periodic rotation leads to a linear
motion in a direction perpendicular to the plane of rotation.

Interaction is necessary for some of the transport processes in Floquet systems.
For a laser field to act as the external drive of a Floquet system, the light must
interact with the particles to affect them. Chapter 5 describes our study on how
hexagonal nanoribbons interact with a laser field. The light-matter interaction leads
to the emission of high-order harmonics. The metaphorical screwdriver needs to
engage the head of the screw. Otherwise, it cannot turn the screw.

Interaction can also change the direction of transport in a Floquet system. One
class of materials in which this happens is called (Floquet-)topological insulators.
Sections 2.2 and 2.3 explain their theoretical background. (Floquet-)topological
insulators have an insulating bulk and a conducting edge. In the insulating bulk,
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1. Introduction

the particles return to their initial locations at the end of the Floquet driving cycle.
The particles at the boundary move along the edge due to the periodic drive. In
Chapter 4, we study how interaction steers the directional edge states in a two-
dimensional Floquet-topological insulator.

In an internally driven Floquet system, the interaction between particles can also
be a prerequisite for transport. We study this in a system comprising two interact-
ing particles on one-dimensional chains, as described in Chapter 3. The particles
perform a bound, directional motion due to the combination of their interaction
and the internal Floquet drive. In the picture of the screwdriver, imagine that the
screw does not go into a piece of wood but through (predrilled) holes in two sheets
of metal, to bolt them together. On its own, the screw cannot achieve this task. It
must be combined with a nut on the other side of the metal to hold it in place. A
wrench needs to hold the nut in place while the screwdriver turns the screw. (Or
the screwdriver holds the screw while the wrench turns the nut.) The interaction
between screw and nut is necessary to achieve the desired effect.

Structure of this thesis This thesis is a cumulative one and consists of two parts.
Part I gives the context for the research and summarizes the results, as described
above. It also contains an outlook in Chapter 6, and a bibliography.

Part II contains the three publications that make up the central part of this thesis,
in Chapters 7, 8, and 9. Since all papers are open-access publications, they are each
reprinted in their entirety. The reprints contain their respective bibliographies.
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2. Theory

2.1. Floquet theory

Although the Floquet theorem came before it, perhaps more widely known today is
a similar approach, called Bloch ansatz [7]. Bloch’s theorem applies to the solutions
of the Schrödinger equation in a spatially periodic potential

V (r) = V (r+R) ∀ r , (2.1)

with lattice vector R. It states that these solutions can be written as the product
of plane waves eik·r and periodic functions u(r) = u(r+R),

φ(r) = eik·r u(r) . (2.2)

The solutions themselves have the same lattice periodicity as the potential, except
for a phase,

φ(r+R) = eik·(r+R) u(r+R) = eik·R eik·r u(r) = eik·R φ(r) . (2.3)

The resulting probability density is periodic as well,

p(r+R) = |φ(r+R)|2 =
∣∣eik·R φ(r)

∣∣2 =
∣∣eik·R

∣∣2 |φ(r)|2 = |φ(r)|2 = p(r) . (2.4)

Bloch theory is used in calculations on crystalline solids, e.g., for electronic band
structures.

Floquet theory [6] is equivalent to Bloch theory, except it treats temporal period-
icity instead of spatial periodicity. Numerous applications of Floquet theory have
been studied. An overview can be obtained from the recent reviews [8–11]. An
introduction suitable for readers new to this field can be found in the pedagogical
handbook by Rudner and Lindner [12].

The Floquet theorem applies to sets of linear differential equations with periodic
coefficients. For instance, we use it to solve the time-dependent Schrödinger equation

iℏ
d

dt
φ(t) = Ĥ(t)φ(t) (2.5)

with a temporally periodic Hamiltonian

Ĥ(t) = Ĥ(t+ T ) ∀ t . (2.6)
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2. Theory

According to Floquet’s theorem, the states

φn(t) = exp

(
εnt

iℏ

)
ψn(t) (2.7)

with temporally periodic states ψn(t) = ψn(t + T ) and quasienergies εn form a
complete set of orthonormal solutions. Inserting Eq. 2.7 into Eq. 2.5 yields

(
εn + iℏ

d

dt

)
ψn(t) = Ĥ(t)ψn(t) . (2.8)

The Floquet states are an advantageous basis for describing the system dynamics.
Any solution of the Schrödinger equation can be written as a superposition of the
Floquet states,

φ(t) =
∑

n

anφn(t) . (2.9)

The following subsections will explain two approaches for solving the time-dependent
Schrödinger equation (2.5) with a temporally periodic Hamiltonian: the direct so-
lution for piecewise-constant systems and the method of Floquet blocks.

2.1.1. Piecewise-constant systems

The time evolution operator Û(t, t0) describes the system’s temporal evolution from
time t0 to time t,

φ(t) = Û(t, t0)φ(t0) . (2.10)

It is evident from this definition that

Û(t, t) = 1̂ ∀t (2.11)

and
Û(t2, t0) = Û(t2, t1) Û(t1, t0) ∀t1, t2 . (2.12)

Inserting Eq. 2.10 into Eq. 2.5 yields

iℏ
d

dt
Û(t, t0)φ(t0) = Ĥ(t) Û(t, t0)φ(t0) . (2.13)

This must be true for any initial state φ(t0) and we obtain an equation of motion
for the time evolution operator [13],

iℏ
d

dt
Û(t, t0) = Ĥ(t) Û(t, t0) . (2.14)

For constant Hamiltonians, this is solved by

Û(t, t0) = exp

(
t− t0
iℏ

Ĥ

)
. (2.15)
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2.1. Floquet theory

For a temporally periodic Hamiltonian, we are interested in the stroboscopic (Flo-
quet) time evolution operator, which is defined as Û(T ) = Û(T, 0). Solving the
equation

Û(T )ψn(0) = λn ψn(0) (2.16)

gives the Floquet eigenstates ψn(0), and the Floquet energies εn are calculated
from the eigenvalues λF = exp (εFT/(iℏ)). Choosing the correct branch cut for the
complex logarithm in

εn =
iℏ ln(λn)

T
(2.17)

limits εn from −πℏ/T to πℏ/T .

Generally, the Floquet operator Û(T ) which solves the equation of motion (2.14) is
not easy to calculate. For piecewise-constant Hamiltonians, however, it is straight-
forward. For example, for a driving period consisting of four equal-time phases of
duration τ = T/4,

Ĥ(t) =





Ĥ1 0 < t ≤ τ

Ĥ2 τ < t ≤ 2τ

Ĥ3 2τ < t ≤ 3τ

Ĥ4 3τ < t ≤ 4τ = T

, (2.18)

we split the Floquet operator into four parts according to (2.12) and use (2.15) for
the resulting constant Hamiltonians to arrive at

Û(T ) = Û(4τ, 3τ) Û(3τ, 2τ) Û(2τ, τ) Û(τ, 0) (2.19)

= exp
( τ
iℏ
Ĥ4

)
exp

( τ
iℏ
Ĥ3

)
exp

( τ
iℏ
Ĥ2

)
exp

( τ
iℏ
Ĥ1

)
, (2.20)

a simple multiplication of matrix exponentials.

2.1.2. Floquet blocks

If Ĥ(t) is not piecewise-constant, calculating Û(T ) is more complicated. We could
numerically approximate Ĥ(t) in many piecewise-constant time intervals. But we
can also solve the time-dependent Schrödinger equation with a temporally periodic
Hamiltonian (2.5) by another method, using Floquet blocks. (The following deriva-
tion parallels the one in [12].)

We start with a Fourier expansion. The periodic Hamiltonian Ĥ(t) and the states
ψn(t) can both be represented as Fourier series

Ĥ(t) =
∑

m

exp(−imωt) Ĥ(m), (2.21)

ψn(t) =
∑

m

exp(−imωt)ψ(m)
n , (2.22)
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2. Theory

where ω = 2π
T

. They are entirely determined by the sets of their Fourier components
Ĥ(m) and ψ(m)

n . The series index m ∈ Z may take any integer number.

Inserting the Fourier expansions into Eq. 2.8 results in

(εn +mℏω)ψ(m)
n =

∑

m′

Ĥ(m−m′) ψ(m′)
n . (2.23)

We interpret Eq. 2.23 as an eigenvalue equation in Fourier harmonic space,

Hψn = εnψn . (2.24)

The vector ψn contains all Fourier components,

ψn =




...
ψ

(m−1)
n

ψ
(m)
n

ψ
(m+1)
n

...




(2.25)

and the matrix H is

H =




. . . . . . . . . . . . . . .

. . . H(0) − (m− 1)ℏω H(−1) H(−2) . . .

. . . H(1) H(0) −mℏω H(−1) . . .

. . . H(2) H(1) H(0) − (m+ 1)ℏω . . .

. . . . . . . . . . . . . . .




, (2.26)

with the time-averaged Hamiltonian H(0) = 1
T

∫ T

0
dtH(t). H is a block matrix

(partitioned matrix) composed of blocks (submatrices) of size d × d, where d is
the dimension of Ĥ(t). The infinite-dimensional matrix H describes the solutions
to our finite-dimensional problem (Eq. 2.5). Therefore, the solutions to Eq. 2.24
must be linearly dependent. Indeed, the spectrum of H contains infinitely many
shifted copies of the system’s Floquet spectrum. The energy of each Floquet state
can be shifted by multiples of ℏω while leaving the state unchanged (up to a phase
shift). We only need to determine those Floquet states with Floquet energies ε
in the Floquet-Brillouin zone, −ℏω/2 < ε ≤ ℏω/2. The physical interpretation
of the Floquet-Brillouin zone is that the energy of a periodically driven system is
only conserved up to the absorption or emission of integer multiples of the driving
frequency ℏω.

8



2.2. Topological insulators

2.2. Topological insulators

A topological insulator (TI) is a material whose bulk is electrically insulating while
its surface is electrically conducting. In order to understand TIs, let us first reca-
pitulate the quantum Hall effect.

2.2.1. Quantum Hall effect

Classical Hall effect

Edwin Hall discovered this eponymous effect in 1879 [14] in a sheet of gold leaf while
working on his PhD. When a conductor is placed in a magnetic field, a current I
flowing through it (perpendicularly to the magnetic field lines) is deflected in a
direction perpendicular to both the magnetic field and the current. This deflection
leads to a measurable voltage UH, called Hall voltage. The Hall resistance is defined
as

RH =
UH

I
. (2.27)

It depends on the magnetic field strength and the material.

The magnetic field breaks the time-reversal symmetry. (For example, the Lorentz
force [15] on a charged particle moving through a magnetic field changes its sign
when the direction of motion (i.e. time) is reversed.) As we will see later, topological
insulators break time-reversal symmetry by other mechanisms, resulting in similar
effects without external magnetic fields.

Quantum Hall effect

In a magnetic field, the possible electron energies become quantized, convined to
the so-called Landau levels [16]. Higher field strengths cause a wider spacing of
the Landau levels. Therefore, fewer levels are filled. The number of filled Landau
levels determines the Hall resistance, which becomes quantized itself [17]. At low
temperatures, in two-dimensional electron systems, this effect is measurable and the
Hall resistance is

RH =
h

νe2
(2.28)

with the elementary charge e and Planck constant h.

9



2. Theory

Integer quantum Hall effect

The divisor ν (in Equation 2.28) can take integer values; the effect is then called
integer quantum Hall effect. Theoretically predicted (but not believed) in 1975 [18],
it was experimentally demonstrated by Klaus von Klitzing in 1980 [19] in a silicon-
based metal–oxide–semiconductor field-effect transistor (MOSFET). He received the
Nobel Prize in Physics in 1985 [20] for his discovery. The von Klitzing constant
RK = h

e2
is named after him.

cyclotron orbits

skipping orbits

skipping orbits

Figure 2.1.: Sketch of cyclotron orbits (in the bulk) and the resulting edge currents
in a two-dimensional material exhibiting a quantum Hall effect. The
magnetic field in perpendicular to the plane of the material.

The magnetic field induces a circular motion of the electrons (cyclotron orbits) in a
two-dimensional material, as illustated in Figure 2.1. The electrons remain localized.
They are not mobile, which makes the bulk of the material an insulator. Along the
boundaries of the material, the electrons collide with the edge and cannot complete
their orbits. Because they can only orbit in one direction, they repeat a series of
half-orbits, leading to directional transport: an edge current.

Fractional quantum Hall effect

Although not necessary for the storyline of this thesis, the fractional quantum Hall
effect is included for completeness: In the fractional quantum Hall effect, ν (in
Equation 2.28) takes fractional values. It was experimentally discovered by Daniel
Tsui, Horst Störmer, and Arthur Gossard in 1982 [21]. Robert Laughlin found
its theoretical explanation (a many-electron wave function leading to fractionally

10



2.2. Topological insulators

charged quasiparticles) in 1983 [22]. Laughlin, Störmer, and Tsui received the Nobel
Prize in Physics in 1998 [23].

2.2.2. Haldane model

In a topological insulator, the time-reversal symmetry is not broken by an external
magnetic field but instead by intrinsic properties of the material. Topological in-
sulators are a broad field of research, and several textbooks exist on the topic [24–
26].

In 1988, Duncan Haldane proposed a hexagonal model system in which complex
hoppings break time-reversal symmetry [27]. He received the Nobel Prize in Physics
in 2016 [28] for this work.

Figure 2.2.: Sketch of the Haldane model, showing the lattice sites and the hoppings
between them. The unit cell (marked by an orange hexagon) comprises
two lattice sites, A and B (marked by red circles and black squares).
Gray lines mark the first-neighbor hoppings t1. They are real-valued
and, therefore, the same in both directions. Black and red lines with ar-
rows indicate the direction of the complex-valued second-neighbor hop-
pings t2.

The Haldane model is defined on a two-dimensional hexagonal lattice, as shown in
Figure 2.2. It models a two-dimensional semimetal. The system’s parameters can be
adjusted to break inversion symmetry, which turns it into a normal semiconductor. If
time-reversal symmetry is broken, however, the system exhibits an integer quantum
Hall effect. If both symmetries are broken at the same time, the relative strength
of the perturbations determines the resulting state [27].

The total flux through each lattice cell (also called a plaquette, marked by the orange
hexagon in Fig. 2.2) is fixed to zero. Because the phase accumulated on a closed path
must equal the enclosed flux, we can explicitly set the hoppings between lattice sites.
The first-neighbor hoppings t1 must be real-valued, and no phase is accumulated on

11



2. Theory

the hexagonal orbit around the plaquette because it encloses a complete unit cell
and, therefore, zero flux. The second-neighbor hoppings t2, on the other hand,
are complex-valued. A complete cycle (following second-neighbor hoppings along
a triangle marked by red or black arrows) does not enclose a complete unit cell
and, therefore, possibly non-zero flux, accumulating a non-zero phase. With a non-
real value t2, the direction of the second-neighbor hoppings becomes significant. If a
particle hops in the opposite direction, it accumulates an opposite phase. Therefore,
the complex-valued second-neighbor hoppings break time-reversal symmetry, just as
an external magnetic field would. The Haldane model has an insulating bulk and
edge currents. It is a model of a two-dimensional topological insulator. Many other
models exist, and we categorize them in the following subsection.

2.2.3. Categorization of topological insulators

Topological invariants

Non-zero topological invariants characterize topological materials. To illustrate the
concept of a topological invariant, let us look back at a system with an integer quan-
tum Hall effect (as described in Subsection 2.2.1). The integer ν in Equation 2.28
is the topological invariant of the system. It characterizes the quantized Hall resis-
tance. If ν vanishes (ν → 0), the Hall resistance becomes infinite (RH → ∞) and
no edge current occurs. The system exhibits no integer quantum Hall effect and is
not topological.

Many topological invariants exist, classifying systems of different dimensions and
symmetries (particle number conservation and time reversal). Kitaev condensed the
invariants for these different systems into a periodic table [29].

Higher-order topological insulators

Higher-order topological insulators differ from first-order topological insulators in
the difference between the dimension of their edge states and the dimension of the
whole system. In first-order topological insulators, the dimension of the topological
edge state is n − 1, where n is the dimension of the material. Examples are zero-
dimensional corners in one-dimensional materials, one-dimensional edges in two-
dimensional materials, and two-dimensional surfaces in three-dimensional materials.
In higher-order topological insulators, the dimension of the edge state is smaller
than n− 1. Second-order topological edge states are, for example, zero-dimensional
corners in two-dimensional materials and one-dimensional edges in three-dimensional
materials. Zero-dimensional corners in three-dimensional materials are third-order
topological edge states.
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2.3. Floquet-topological insulators

Topological materials

While topological effects were first described for electronic systems, the same con-
cepts can be used to describe topological effects in a vast array of physical systems.
In spin systems, they may be used for quantum computations [30]. Applied to me-
chanical waves [31–33], they can be used to construct metamaterials with tailored
responses [34, 35]. We will explain topological effects in photonic systems [36–41] in
more detail in the following section on Floquet-topological insulators.

2.3. Floquet-topological insulators

The time-reversal symmetry is also broken in so-called Floquet-topological insula-
tors (FTIs). In contrast to Hall materials and topological insulators, this symme-
try breaking is not caused by a magnetic field or imaginary hoppings but instead
by time-dependent hoppings. The reviews [10, 42] provide an introduction and
overview. FTIs can be used to create metamaterials [43]. Floquet engineering [44],
i.e., the control of quantum systems using time-periodic external fields, is used to
modify band structures [11] and in ultrafast spintronics [45–47].

Floquet-topological invariants

Floquet-topological insulators can be classified into a periodic table [48], extend-
ing the one for (non-Floquet) topological insulators [29]. Recently, invariants were
systematically studied for higher-order Floquet-topological insulators [49].

2.3.1. Rudner–Lindner–Berg–Levin model

1 2 3 4 5

Figure 2.3.: Sketch of the five driving phases of the Rudner–Lindner–Berg–Levin
model. The black circles and squares mark the sites of the two sublat-
tices A and B. The gray lines indicate the hoppings J in the first four
phases.

The Rudner–Lindner–Berg–Levin (RLBL) model [50] is an anomalous FTI on a
square grid. As shown in Figure 2.3, the driving scheme of the RLBL model consists
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2. Theory

of five phases. In each of the first four phases, a hopping term J couples each lattice
site to one of its nearest neighbors. The hoppings define two sublattices, A and B,
which form a checkerboard pattern. A sublattice potential δAB separates the on-site
energies of the two sublattices. In the fifth phase, all hopping amplitudes are zero,
and only the sublattice potential is active.

Figure 2.4.: Particle paths in the Rudner–Lindner–Berg–Levin model. The gray
arrows show the path of a particle around a plaquette in the bulk of the
system. The red arrows show the edge current.

The time T/5 (in relation to the hopping term J) of each phase is such that a particle
transfers perfectly between neighboring sites in each step. Following a particle within
the bulk of the system, it performs a discretized, clockwise “cyclotron orbit” around a
plaquette (a smallest square in the lattice), as shown by the gray arrows in Figure 2.4.
The particle returns to its origin at the end of the driving cycle. These closed orbits
make the bulk isolating, in analogy to the quantum Hall effect (see Subsection 2.2.1).
Also, as in the quantum Hall effect, the particles on the edge cannot complete the
cyclotron orbits. This leads to an edge current in a counter-clockwise direction, as
shown by the red arrows in Figure 2.4.

We investigated a modified version of the RLBL model in [3], which is part of this
thesis (see Chapter 8).
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2.3. Floquet-topological insulators

2.3.2. Experimental realization

Experimental realization in optical lattices

Optical lattices are a viable experimental platform for implementing Floquet-topo-
logical insulators. In an optical lattice [51, 52], the arrangement of multiple laser
beams forms a standing wave. Depending on the number of laser beams involved,
the interference pattern can be a periodic structure in not just one but also in two
or three dimensions. The Stark shift allows the trapping of neutral atoms. The light
field is off-resonance from one of the electronic transitions of the atoms. It, therefore,
induces a dipole moment in each atom. This dipole moment then interacts with the
light, resulting in a force on the atom. Depending on the sign of the detuning (of
the laser), the atoms accumulate on the intensity minima or maxima. The atoms
must be at (ultra-)cold temperatures to suppress random motion away from their
lattice sites.

The correspondence between a Floquet-topological insulator model and its realiza-
tion in an optical lattice is easily apparent. The sites of the lattice in the topological
model are the sites of the optical lattice. The particles are the cold atoms. The mod-
ulation of the lasers achieves a temporal change of the lattice.

A large variety of FTIs have been implemented in optical lattices (see review [53]).
One-dimensional [54–56], two-dimensional [57–59], and second-order [60] FTIs have
been studied, as well as systems with large topological numbers and multiple edge
modes [61].

Experimental realization in photonic waveguides

Photonic waveguides can be written into transparent materials by femtosecond
lasers [62, 63]. Focusing the laser pulse inside the material creates a high opti-
cal intensity in the focal volume. This intensity can lead to permanent structural
changes, such as a modified refractive index. The focal point is steered (in all three
dimensions) through the bulk of the material on a predetermined path. It thereby
writes the desired refractive index pattern. The Schrödinger equation is replaced by
the coupled-mode equations for light propagation in the waveguides, which model an
analogous behavior. Light pulses are sent into individual waveguides, which act as
the sites of the lattice. They propagate along the waveguide (this direction is usually
called z), which corresponds to a temporal evolution. The distance between neigh-
boring waveguides governs the transmission of light between them, corresponding
to the hopping between lattice sites.

Rechtsman et al. achieved the first experimental implementation of an FTI in pho-
tonic waveguides in 2013 [64]. Since then, a wide variety of experiments were per-
formed [36, 40]. For example, experiments on Anderson insulators [65], in which
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2. Theory

disorder causes the topological behavior. Recently, progress has been made on the
topic of non-Hermitian [66, 67] and non-linear [68] systems. Photonic FTIs are a
possible avenue towards quantum computing [30, 69].

2.4. High-order harmonic generation

High-order harmonic generation (HHG) is an interaction process between matter
(atoms, solids, clusters) and an external driving laser field. HHG is only one of
several possible strong-field interactions between atoms and lasers [70]. Two other
processes are above-threshold ionization [71, 72] and non-sequential multiple ioniza-
tion [73, 74].

2.4.1. High-order harmonic generation in atoms

HHG can occur in the interaction of laser light with many different kinds of matter.
We will first look at HHG in atoms because the process is easier to understand than
in more complex systems (such as solids). Additionally, HHG was first observed
experimentally in rare gases (in the late 1980s) [75, 76]. Since then, many different
experimental setups have been used to investigate HHG and significantly improve
the efficiency of the process [77–79].

Three-step model

The theoretical explanation for HHG in atoms was developed in the late 1980s and
early 1990s [80–87]. In the following, we describe the three-step model proposed by
Corkum in 1993 [87].

Step 1: Ionization In the first step, ionization occurs: the electron is removed
from the atom. Depending on the strength of the laser, different ionization pro-
cesses can take place. Figure 2.5 shows sketches of the three different ionization
processes. The relevant property that distinguishes between them is the Keldysh
parameter [88–90]

γ =

√
Ip
2Up

. (2.29)

For weak fields (γ > 1), multiphoton ionization occurs as depicted in Figure 2.5
(a). The electron absorbs multiple photons until it has sufficient energy to escape
the attractive potential of the atom. The laser does not significantly distort the
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2.4. High-order harmonic generation

(a) (b) (c)

Figure 2.5.: Binding potentials for different ionization regimes. (a) Multiphoton ion-
ization: the electron (red circle) absorbs multiple photons and escapes
from the binding potential. (b) Tunneling: the electron tunnels through
the tilted potential. (c) Barrier-suppression: the electron is free due to
the strong distortion of the potential.

potential. This ionization regime is not typical for HHG, because HHG occurs for
strong fields.

Stronger fields (γ < 1) significantly distort (tilt) the binding potential (Figure 2.5
(b)). The electron tunnels through the resulting barrier and out of the atom. In this
tunneling regime, the ionization rate depends exponentially on the field strength [91].

For very strong fields, we enter the barrier-suppression regime [92, 93] (Figure 2.5
(c)). The laser suppresses the potential barrier below the energetic level of the
electron, which can then freely move out from the atom without tunneling. The
ionization rate is higher than in the tunneling regime, but lower than what the
tunneling formulas predict when used for these strong fields (beyond their applica-
bility) [94–99].

Step 2: Propagation After its emission from the ion, the laser’s electric field
accelerates the electron. Let us assume a cosine-field, E(t) = E0 cos(ωt). Due to the
temporal periodicity of the laser field, it is helpful to write the time t as a phase θ,
with θ = ωt. If the electron was emitted in a phase θe of the cycle where the electric
field is increasing,

(
n− 1

2

)
π < θe < nπ, n ∈ Z, the electron flies away from the ion

and never returns. The electron generates no harmonics.

For emission during decreasing field strength, nπ < θe <
(
n+ 1

2

)
π, the electron

is first accelerated away from the ion by the electric field of the laser. Then, the
electric field reverses, and the electron is accelerated back towards its parent ion.
The electron arrives at the ion with non-zero kinetic energy. The energy depends
on the time of emission. The maximum energy is Ekin,max = 3.17Up [87, 100] and is
achieved by electrons emitted at θe = 17◦, which return at θr = 255◦.
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2. Theory

Step 3: Recombination The last step is recombination: the electron falls back
into a bound state with the ion. It emits its surplus energy as a photon with photon
energy equal to the sum of the ionization potential Ip (of the atom) and the kinetic
energy Ekin of the electron. The maximum kinetic energy determines the maximum
photon energy (called the cutoff of the harmonic plateau).

In high-harmonic spectra, the number of emitted photons is plotted as a function of
their frequency Ω. The emitted frequency Ω = nω is usually denoted as multiples
of the incoming laser frequency ω. We call n the harmonic order of the emission.

Brunel harmonic generation

After an electron has been removed from an atom by ionization, it cannot only
generate harmonics by recombination, as described in the three-step model. So-
called Brunel harmonics [83] are caused by the time-dependent population of free
electrons.

Perturbative harmonic generation

Harmonics can even be generated without ionization. If an atom absorbs two or
more photons from the external driving field, it can emit their combined energy
as a single high-energy photon. The strength of these perturbative harmonics de-
creases rapidly with increasing harmonic order, because the probability of absorbing
multiple photons decreases with the number of photons.

2.4.2. High-order harmonic generation in solids

Stepping up in complexity from single atoms, researchers observed harmonic emis-
sion from larger systems in the 2000s [101]. These atomic clusters and nanoparticles
bridge the gap between atoms and solids. First observations of HHG in solids were
made in bulk crystals [102]. Later, they were also observed in amorphous solids [103].
Since then, the field has grown tremendously. These recent reviews [104–107] provide
an overview.

A complete theoretical understanding of HHG in solids is still subject to research.
An overview may be gained from this tutorial [108] or this review [109]. An overview
of numerical methods can be found in [110].

As necessary background knowledge for understanding our paper [2], we now have
a look at the distinction between interband and intraband harmonics.
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2.4. High-order harmonic generation

Interband harmonics

The generation of interband harmonics in solids unfolds analogously to the three-
step model in atoms [111]. However, electronic bands replace both bound states and
free space.

Step 1: Separation of charges An electron moves from a lower (valence) to a
higher (conduction) band. This jump likely happens at a position in k-space where
the bandgap is small. The electron is now in the conduction band and leaves behind
a hole in the valence band.

Step 2: Evolution The electron and hole move in their respective bands accord-
ing to the band curvatures and the external field. Both may gain energy from the
field or lose energy to it. Therefore, the energy difference between bands might differ
from the energy difference when the electron-hole pair formed.

Step 3: Recombination The electron and hole recombine and emit a photon
with photon energy corresponding to their bandgap at this instance. Therefore,
interband harmonics can only have frequencies larger than the minimum bandgap
on the solid.

Intraband harmonics

In addition to the interband harmonics, solids can also emit intraband harmonics.
As the name suggests, the electrons do not move from one band to another. In-
stead, the movement of electrons within a band causes the intraband harmonics.
The external laser field moves the electrons in all occupied bands. In non-parabolic
bands, the anharmonicity of the band curvature leads to higher-frequency compo-
nents in the electron motion. This anharmonicity causes the emission of harmonics
of the original laser frequency. In contrast to interband harmonics, intraband har-
monics have no minimum energy and are usually strongest at low harmonic orders.
Intraband dynamics also influence interband harmonics [112].

Intraband harmonics can only be emitted from partially filled bands. Completely
filled bands do not emit intraband harmonics because the contributions from elec-
trons at positive and negative band curvatures cancel each other out. This cancel-
lation is complete because the integral over the Brillouin zone vanishes due to its
periodicity.
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Brunel harmonics

The time-dependent populations in the valence and conduction bands of the solid
generate Brunel harmonics.

High-order harmonic generation in finite solids

In our publication [2], which is part of this thesis (see Chapter 5 and Chapter 9), we
investigate HHG in a finite system, a hexagonal nanoribbon. Even though this rela-
tively small system (of 24 or 26 atoms) is not spatially periodic and does, therefore,
not have a proper band structure, the model of inter- and intraband harmonics is
very suitable to describe our observations. Intraband harmonics occur up to an en-
ergy corresponding to the width of the valence band. The minimum and maximum
bandgap between the valence band and the first conduction band limit the energies
of the interband harmonics. The nanoribbons are a quasi-one-dimensional system,
and we observe differences between harmonics emitted parallel and perpendicular to
the ribbon. More detailed descriptions of these effects can be found in Chapter 5.

2.4.3. Selection rules

Selection rules govern the emission of high-order harmonics. The simplest one is the
absence of even-order harmonics in inversion-symmetric systems (such as atoms) due
to the destructive interference between successive half-cycles of the linearly polarized
laser [113]. Different symmetries lead to different selection rules [114]. Many of their
theoretical derivations use Floquet theory [115].

This concludes the theory chapter. The following three chapters summarize the
findings of the three publications that constitute this cumulative thesis.
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3. Interaction-induced directional
transport

This chapter summarizes an article we published in Physical Review Research in
2024 [4].

3.1. Interacting particles on coupled chains

1

1 2

2 3

3 4

4 5

5

chain a

chain b

Figure 3.1.: Two one-dimensional chains a (red) and b (black) of identical length
N = 5. The red and black lines indicate the hopping J of particles
a and b between lattice sites (red circles and black squares) on their
respective chains. Dashed gray lines indicate the interaction V between
nearest-neighbor sites on different chains.

The system consists of two 1D chains, a (lattice sites indicated by red circles) and b
(black squares), as shown in Figure 3.1. Two particles (also called a and b), one on
each chain, hop between sites. The particles remain on their respective chains; they
cannot move onto the other chain. The hopping element J connects all neighbors
along the chains. A Floquet drive with period T governs the temporal evolution of
the system. The two particles move alternatingly, particle a during the first half of
the driving period, particle b during the second half,

Ja(t) =

{
J 0 ≤ t < T/2

0 T/2 ≤ t < T
(3.1a)

Jb(t) =

{
0 0 ≤ t < T/2

J T/2 ≤ t < T.
(3.1b)
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3. Interaction-induced directional transport

In addition to the intra-chain hopping, there is an inter-chain interaction V . It acts
between nearest neighbors, as indicated by the gray dashed lines in Figure 3.1. Site
i on chain a interacts with site j on chain b if j = i− 1, i, i+ 1.

The length N of the chains could be infinite or finite. For most of our calculations,
we choose a finite length long enough so particles cannot reach the edge during the
observed time.

3.2. Interaction-dependent behavior

Without interaction (V = 0), each particle diffuses symmetrically to the left and
right along its chain.

A very strong interaction leads to an energetic separation between configurations
with interaction energy (when particles are neighbors) and configurations without in-
teraction energy (when particles are not neighbors). Strong interaction |V | prohibits
two particles that are not neighbors from becoming neighbors and two particles that
are neighbors from separating. Interestingly, the sign of V (whether the interaction
is attractive or repulsive) is irrelevant. The system behaves identically for V and
−V .

Two different kinds of particle configurations arise at |V | → ∞: If the particles start
apart (not as neighbors), they can never get close to each other. Both particles dif-
fuse along their chain, away from each other. If the two particles start as neighbors,
they form a bound pair, a quasiparticle called a doublon. They remain together and
do not spread.

We will now rigorously investigate the doublon behavior. During the first phase
(first half of the driving cycle), particle a moves while particle b is stationary on
site j. The two particles form a doublon if particle a starts in one of the three sites
i = j − 1, j, j + 1, next to particle b on site j. Due to the interaction, particle a
cannot move to any lattice site except those three. Its movement is governed by the
3 Hamiltonian

H =



V J 0
J V J
0 J V


 (3.2)

with the eigenenergies
E0 = V, E1,2 = V ±

√
2J (3.3)

and eigenstates

φ0 =




1
0
−1


 , φ1,2 =




1

±
√
2

1


 . (3.4)
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3.3. Mapping to two dimensions

We can now write any time-dependent state as

ψa(t) =
2∑

h=0

ch exp(−iEht)φh. (3.5)

Stationary doublon If particle a starts at i = j, with the right timing, the
doublon (bound pair of particles a and b) remains stationary. The initial state of
the particle is ψa(0) = (0, 1, 0)T, and the time-dependent probability becomes

pa(t) = |ψa(t)|2 =
1

2




sin2
(√

2Jt
)

2 cos2
(√

2Jt
)

sin2
(√

2Jt
)


 . (3.6)

The particle moves symmetrically from the starting site j to the left and right
neighbors j ± 1 and then completely returns to site j at t = π/

(√
2J
)
. We choose

T =
√
2π/J , and particle a returns to its initial site within its phase, pa(T/2) =

(0, 1, 0)T. Particle b behaves analogously during its phase, and the doublon remains
stationary.

Leapfrogging doublon Moving doublons occur for i = j ± 1. Without loss of
generality, we initialize particle a at i = j − 1, ψa(0) = (1, 0, 0)T. The probability
becomes

pa(t) =



cos4

(
Jt/

√
2
)

1
2
sin2

(√
2Jt
)

sin4
(
Jt/

√
2
)


 . (3.7)

Choosing the same T =
√
2π/J , we obtain pa(T/2) = (0, 0, 1)T. Particle a leapfrogs

over particle b from its left neighbor (i = j − 1) to its right neighbor (i = j = 1).
During its phase, particle b leapfrogs over particle a, leading to directional transport.
Effectively, both particles move two sites to the right without spreading. Figure 3.2
shows a sketch of the particles’ movement. If the starting configuration is i = j + 1
(instead of i = j − 1), the particles move two sites to the left (instead of the right).

3.3. Mapping to two dimensions

We map our system from two one-dimensional chains to a two-dimensional grid by
taking the coordinates of the two particles as x- and y-coordinates of a single particle
in two dimensions. This mapping allows us to calculate a bandstructure, as we also
do in the modified Rudner-Lindner-Berg-Levin model (Chapter 4, Chapter 8, [3]).
We also calculated band energies in hexagonal nanoribbons (Chapter 5, Chapter 9,
[2]).
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3. Interaction-induced directional transport

a b

Figure 3.2.: Sketch of the leapfrogging movement of particles a and b during a com-
plete driving cycle. During the first phase (0 ≤ t < T/2), particle a
jumps over particle b and two sites to the right. Then, during the sec-
ond phase (T/2 ≤ t < T ), particle b jumps over particle a and two sites
to the right.
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Figure 3.3.: Floquet energies εF at k = π
d

as a function of potential V for a 20-site
wide strip. The orange shadow at εF = V marks the energies of the
doublons.

Figure 3.3 shows the Floquet energies εF
(
k = π

d

)
as a function of potential V . The

Floquet energies are periodic with period 2
√
2. Looking at these energies, we can

clearly distinguish between the different types of states.

The bulk states are at constant εF
(
k = π

d

)
= 0. They are configurations with the

two particles far apart, not interacting. Therefore, their energy is independent of V .

The energies of the doublons increase linearly with V , as indicated by the orange
shadow around εF = V . The two particles are interacting; therefore, the state’s
energy equals the interaction energy V .

The energies of the two edge states have a tilted pole at V ≈ 3, where they approach
the doublon energies. At higher potentials, they approach the energy of the bulk
states, limV→∞ εF

(
k = π

d

)
= 0. In these states, the two particles are two sites apart

(i = j ± 2). They are not interacting, but the interaction blocks them from moving
closer together.
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3.4. Significance

3.4. Significance

Our work introduces a minimal model of a two-particle system demonstrating di-
rectional transport. The transport only arises due to interaction, which itself is not
directional.

Many other systems have a predetermined direction of movement. Examples in-
clude (semi)classical [116, 117] and quantum ratchets [118–120], and Thouless pump-
ing [121, 122]. These systems employ periodic driving in conjunction with asym-
metric potentials.
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4. Steering edge currents through a
Floquet topological insulator

This chapter summarizes an article we published in Physical Review Research in
2023 [3].

4.1. Modified Rudner-Lindner-Berg-Levin model

1 2

4 3

Figure 4.1.: Sketch of the four driving phases of the modified Rud-
ner–Lindner–Berg–Levin model. The red circles mark the diagonal
sites, which have a different potential than the other sites.

This work extends the Rudner-Lindner-Berg-Levin model [50] (see Subsection 2.3.1).
We use the same periodic driving on a square lattice but without the fifth phase (the
one in which all hopping amplitudes were equal to zero). Additionally, we replace
the alternating (sublattice) potential with a diagonal potential, as shown by the red
circles in Figure 4.1. This diagonal potential is inspired by mapping two interacting
particles in one dimension onto a single particle in two dimensions. The x-position
of our 2D particle corresponds to the position of the first 1D particle, while its
y-position corresponds to the position of the second 1D particle. If the particles
interact locally (only when they are at identical positions), this results in a diagonal
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4. Steering edge currents through a Floquet topological insulator

potential in 2D. A longer-range 1D interaction would affect the secondary, tertiary,
etc. diagonal. The mapping makes the 1D particles distinguishable.

In the standard RLBL model, the drive results in an insulating two-dimensional
bulk. A particle in the bulk takes four steps to circle around a plaquette (a smallest
square in the lattice), one in each phase of the driving cycle. It returns to its origin
at the end of the driving cycle. At the edge, a particle can only take two steps in
each cycle because its site has no connection to another site in the other two phases,
and the particle cannot move. This leads to edge currents running around the whole
border of the system (see Figure 4.2 (a)). The helicity of these long edge paths is
opposite to that of the small orbits in the bulk.

4.2. Influence of the diagonal potential

(a) (b) (c)

Figure 4.2.: Edge currents in the modified Rudner–Lindner–Berg–Levin model with
diagonal potential. (a) Edge current around the whole square system,
as it occurs for a vanishing diagonal potential, Vdia = 0. (b) Edge
current around the upper triangular half of the system, as it occurs for
an infinite diagonal potential, |Vdia| → ∞. (c) Split edge current, as it
occurs for most finite diagonal potentials.

What new effects does our diagonal potential Vdia bring to this system? The limiting
cases are straightforward: When we have no diagonal potential, Vdia = 0, we repro-
duce the results of Rudner et al. [50]. The edge current propagates along the outer
edge of the system, as shown in Figure 4.2 (a). A very large potential, |Vdia| → ∞,
effectively cuts the system in half. Particles cannot overcome the energetic sepa-
ration between diagonal and off-diagonal sites. The edge currents run around each
(triangular-shaped) half of the system. The edge current along the upper traingle
is shown in Figure 4.2 (b). A particle initialized on the diagonal cannot move.

Interesting behavior arises for finite potential Vdia. A finite potential can split the
edge current as shown in Figure 4.2 (c). One might expect that,for increasing Vdia,

28



4.2. Influence of the diagonal potential

the system merely continuously transitions from one limiting case to the other.
However, that is not the case due to resonances between the hopping amplitude
(between connected sites) and the timing of the phases.

We define the hopping probability between two connected sites as the probability of
finding a particle on one site at some time t after it had started perfectly localized
on the other site. The hopping amplitude between the sites is J , and their potential
difference is V . The hopping probability is

p(t, V ) =
4J2

V 2 + 4J2
sin2

(√
V 2 + 4J2

2
t

)
. (4.1)

The derivation of this equation can be found in Appendix A of our publication [3].

We choose the period T = 2π/J such that perfect transfer happens between con-
nected sites at identical potential,

p

(
T

4
, 0

)
= p

( π
2J
, 0
)
= sin2

(
±π
2

)
= 1 . (4.2)

With this period T = 2π/J and setting J = 1, let us look at the transfer between
connected diagonal and off-diagonal sites during a phase of the driving cycle. The
hopping probability p(Vdia) = p(T/4, Vdia) at the end of the phase (t = T/4) is

p(Vdia) =
4

V 2
dia + 4

sin2

(
π

4

√
V 2
dia + 4

)
, (4.3)

shown in Figure 4.3.

At the resonances
V

(n)
dia,0 = ±2

√
4n2 − 1 , (4.4)

with n ∈ N, the hopping probability vanishes, p(Vdia,0) = 0. These finite potentials
(marked by dashed gray lines in Figure 4.3) can cut the system in half and cause edge
states around the two halves, just like an infinite potential Vdia would. How might we
interpret this? The hopping between two sites is effectively a two-level system. Their
potential difference determines the period of the resulting Rabi oscillation [123]. At
discrete finite potentials, an integer multiple of the Rabi period equals the duration
T/4 of the hopping phases. The particle moves from its origin to the neighbor
and back one or several times. This effectively prohibits transfer between sites of
different potential and cuts the system in half, even though the potential is not very
strong.
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Figure 4.3.: Hopping probability p(Vdia) as a function of diagonal potential Vdia.
The continuously decreasing prefactor is shown in red. It dampens
the periodic oscillations. This results in the full hopping probability,
shown in black. Dashed gray lines mark the zeros V (n)

dia,0 of the hopping
probability.

4.3. Mapping back to one dimension

The diagonal potential was inspired by the mapping of two interacting, one-dimensional
particles onto a single, two-dimensional particle. As described above, we interpret
the two coordinates of our 2D particle as the coordinates of two 1D particles. The
horizontal position of our 2D particle represents the position of the first 1D par-
ticle a. Its vertical position represents the position of the second 1D particle b.
However, taking our whole system back from two dimensions to one dimension is
more challenging. In the hopping scheme, hoppings are either vertical or horizontal,
meaning that only one of the one-dimensional particles moves at a time. Whatever
drive enables the hopping would need to distinguish between the two particles.

The possible hoppings for each particle during its phase depend on the position of
the other particle. If the interaction strength is such that the 1D particles cannot
be on the same site of the linear chain, the 2D particle cannot be on the system’s
diagonal. The triangular movement in 2D, which occurs at |V | → ∞ and at V (n)

dia,0 =

±2
√
4n2 − 1 corresponds to a complicated coupled movement of the 1D particles.

Let us follow an edge state around the upper left triangle of the 2D system. The
1D particle a always stays left of particle b. They can never be on the same site
and never jump over each other. The edge motion consists of three types of motion,
each shown in a column of Figure 4.4.
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4.3. Mapping back to one dimension
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Figure 4.4.: Correspondence between the 2D edge state on a square grid and the
1D doublon on a linear chain. The empty circles and squares represent
the lattice sites. The horizontal position of the 2D particle (marked
by a black filled square) in the top row represents the position of the
first 1D particle a (red filled circle in the bottom row). Its vertical
position represents the position of the second 1D particle b (black filled
circle). (a) The 2D edge state moves along the system’s upper edge from
right to left. (b) The edge state moves along the left edge from top to
bottom. (c) The edge state moves along the diagonal from bottom left
to top right. (d) The 1D particle a moves from right to left. Particle b
remains stationary at the right end of the chain. (e) Particle b moves
from right to left. Particle a remains stationary at the left end of the
chain. (f) The particles move alternatingly to the right, particle a always
trailing particle b.

The 2D particle starts one site to the left of the top right corner and moves to
the left along the system’s top edge (see Figure 4.4 (a)). In the 1D picture, this
corresponds to the two 1D particles starting on the right side of the chain. Particle
b starts on the rightmost site, and particle a starts on the second site from the right
(Figure 4.4 (d)). They form a local doublon. Particle a moves to the left. Each
step of particle a switches the connections of the rightmost site, where particle b
is. However, because the phases of the driving scheme also switch (there are four
phases, not just two), particle b’s site is never connected to any other site. Particle
b could only move further to the right, but no neighbor exists beyond the rightmost
site. The movement of the two particles is determined by each other’s position.
They form an increasingly extended doublon.

When particle a reaches the leftmost lattice site, particle b follows (Figure 4.4 (e)).
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4. Steering edge currents through a Floquet topological insulator

Its motion keeps particle a locked at the leftmost site like particle a had previously
kept particle b locked at the rightmost site. The distance between the particles
making up the extended doublon decreases again. When particle b reaches particle a,
the extended doublon becomes a local doublon. In the 2D picture, this corresponds
to a motion along the system’s left edge (Figure 4.4 (b)).

The edge state then moves along the 2D diagonal (Figure 4.4 (c)). Particle a is on
the leftmost site, and particle b is on the second site from the left (Figure 4.4 (f)).
Particle a cannot go anywhere because its site has no neighbor to the left and the
neighboring site on the right is occupied by particle b. Therefore, particle a stays
on the leftmost site. Particle b goes to the right. Then particle a follows it and also
goes to the right. Particle a always lags behind particle b. In this bound motion
of the local doublon, the distance between particles a and b alternates between one
and two lattice constants. The two particles hobble along until they reach the right
edge, and particle b cannot go forward anymore.

Then, the cycle repeats; particle a moves to the left, leaving particle b behind.

This behavior of the doublon (bound pair) is remarkable: during the cycle, the local
doublon turns into an extended doublon and back to a local doublon. The periodic
drive enables this extended doublon, even though the interaction between particles
a and b is local.

4.4. Significance and experimental results

Experiments Beck et al. implemented this model system in photonic wave-
guides [124]. The temporal evolution of the model corresponds to the propagation
of light along the waveguides. A different refractive index on the diagonal sites,
compared to the other sites, implements the diagonal potential.

The experiments confirm the predicted behavior for various strengths of diagonal
potential. A joint publication [5], combining (an extension of) our theory with their
experimental results, is currently under review.

Significance The experiments confirm that it is possible to steer topologically
protected light currents along the edge or through the bulk of the waveguide array,
depending on the diagonal potential (refractive index). This steering could have
applications for photonic computing.

The effect becomes even more interesting when we consider nonlinear phenomena.
Intense laser light can modify the refractive index, allowing it to switch the topo-
logically protected currents. This would enable a programmable photonic platform.
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5. High-harmonic emission from
hexagonal nanoribbons

This chapter summarizes an article we published in The European Physical Journal
Special Topics special issue on Intense Laser Matter Interaction in Atoms, Finite
Systems and Condensed Media in 2021 [2], with additional program code and data
in a public repository at the Open Science Framework [125].

5.1. Hexagonal nanoribbons

The harmonic emission of one-dimensional [1, 126–129] and two-dimensional [130–
134] systems are an active field of research. We investigate the emission of high-order
harmonics from hexagonal nanoribbons using time-dependent Schrödinger calcula-
tions. The nanoribbons are a single hexagon wide and can occur in two different
configurations, armchair and zig-zag, as shown in Figure 5.1. The names of the
ribbons refer to the shapes of their long edges.

As the other systems investigated in this thesis, this is also a temporally periodically
driven system. The external drive is a laser field. In contrast to atomic systems, our
nanoribbons are not isotropic. Therefore, the direction of the laser relative to the
system becomes significant. In our quasi-1D linear chains, an electric field oriented
along the longest dimension of the system leads to the strongest interaction between
laser and matter. For this reason, we investigate a laser that is polarized along the
ribbons, as shown in Figure 5.1.

One famous material with a hexagonal structure is graphene. In graphene, all atoms
are identical carbon atoms. We model this by identical potentials at all lattice sites.
When introducing an alternating on-site potential, we increase the potential depth
at some sites and decrease it at others. Two different kinds of lattice sites correspond
to two different kinds of atoms. In hexagonal boron nitride, for example, the two
kinds of atoms are boron and nitrogen.
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5. High-harmonic emission from hexagonal nanoribbons

laser polarization

parallel harmonics
perpendicular
harmonics

Figure 5.1.: Armchair (top) and zig-zag ribbon (bottom): At the black (square)
lattice sites, the potential depth is increased by the on-site potential,
Vblack = Vavg + Vos. The red (circle) sites correspond to the shallower
potentials of depth Vred = Vavg − Vos. The arrows indicate the polar-
ization directions of the external laser field (along the ribbons) and the
directions of the harmonics, which we refer to as parallel and perpen-
dicular.

5.2. Harmonic generation

The general process for generating high-order harmonics is described in Subsec-
tion 2.4.2. To calculate them for our hexagonal nanoribbons, we first calculate
their electronic eigenstates by imaginary-time propagation of the time-dependent
Schrödinger equation. Next, we perform real-time simulations of the interaction
of all occupied electronic orbitals with a short 4-cycle sin2-shaped laser pulse. We
record the electronic dipoles and add them up. Fainally, the harmonic spectra are
calculated as the absolute square of the Fourier transform of the recorded total
dipoles, multiplied by a symmetric Hann window [135, 136].

Harmonics are generated by transitions between bands and by movements within
bands. Intraband harmonics occur at energies below the bandwidth of the valence
band. Interband harmonics occur at energies above the bandgap between the valence
and conduction band. Without an alternating on-site potential, the bandgap is
smaller than the bandwidth. This leads to an overlap between intra- and interband
harmonics and an increased harmonic yield, as seen in Figure 5.2 (black line, Vos =
0). With a sufficiently large on-site potential, the bandgap becomes larger than the
bandwidth. A gap arises between the highest intraband and the lowest interband
harmonics (red line in Figure 5.2, Vos = 0.5). In this gap region (where neither
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5.2. Harmonic generation

intra- nor interband harmonics occur), the harmonic emission is several orders of
magnitude weaker.

Strictly speaking, band structures only exist for periodic systems. The periodicity is
necessary to convert from the position vector r to the wave vector k. The nanorib-
bons we investigate are not periodic and too small to approximate them as such.
Therefore, we cannot calculate proper band structures. We can, however, calculate
the eigenstates and eigenenergies of the system. These eigenenergies correspond to
the band energies and the above interpretation of the harmonic generation is valid.
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Figure 5.2.: High-order harmonic spectra from armchair nanoribbons with (red line,
Vos = 0.5) and without (black line, Vos = 0) alternating on-site potential.

Another interesting feature of the emitted harmonics is their polarization. The
zig-zag ribbon emits harmonics parallel to the laser polarization and, for non-zero
on-site potentials, also perpendicular to it. The laser accelerates electrons along
its polarization direction, which then emit parallel harmonics. A non-zero on-site
potential introduces asymmetry in the perpendicular direction. Electron movement
is deflected and no longer parallel to the laser polarization. The perpendicular
motion component causes perpendicular harmonics. The armchair ribbon only emits
harmonics parallel to the incoming laser. This is because it is symmetric in the
perpendicular direction, and the electron movement is always parallel to the laser
polarization.
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5. High-harmonic emission from hexagonal nanoribbons

5.3. Significance

In this publication, we used time-dependent Schrödinger calculations [137]. A par-
allel paper by Jürß and Bauer [138] uses a tight-binding approach to investigate the
same system. The results of both approaches are consistent with each other. Our
work validates the computationally much faster and simpler tight-binding approach.
It can confidently be used for further investigations, for example, of larger and more
complex systems for which time-dependent Schrödinger calculations are numerically
unattainable.
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6. Outlook

We investigated three systems in this thesis and answered many open research ques-
tions. However, every answer leads to new questions, and our results lay the founda-
tion for additional research in many directions. This chapter provides an overview
of different possible extensions of our research.

Longer-range interactions One could investigate the coupled chains and the
modified Rudner-Lindner-Berg-Levin model for longer-range interactions. Then, the
interaction would influence not only two particles on identical or neighboring sites
but also states where they are further apart. The result could be several propagation
channels, in which the particles’ propagation speed depends on the distance between
them. Of course, the interaction could have many different spatial shapes. It could,
for example, fall off as 1/distance or 1/distance2, or it could be constant up to a
threshold distance and then go to zero. For many experimental settings, this would
be more realistic than a short-range discrete interaction.

Time-dependent interactions The systems in this study are periodically time-
dependent, but the interactions are all constant and static. Time-dependent interac-
tions (both periodic or not) offer an avenue for very tailored behavior. One possible
experimental realization is in cold atomic gases, where the interaction strength is
tunable via magnetic Feshbach resonances [139–142]. Periodic modulations of in-
teraction strengths have caused striking experimental results, including Faraday
waves [143, 144] and Bose fireworks [145–147].

High-order harmonic generation in larger systems Many research groups
also investigate high-order harmonic generation in larger or more complex systems.
The nanoribbons we investigated are one hexagon wide and a few hexagons long.
More extensive systems were not computationally feasible in the Schrödinger cal-
culations. However, because our calculations verified the results of the much sim-
pler tight-binding approach, it can be used for future calculations. Staying in two
dimensions, one can investigate wider ribbons or whole sheets of hexagonal mate-
rials. Stacking these sheets into a multilayer system bridges the gaps to full three-
dimensional materials.
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6. Outlook

Higher dimensions Not only the harmonic generation but also the two coupled
chains could be studied in higher dimensions, and the two coupled chains could be
extended to a two- or three-dimensional grid. Our quasi-one-dimensional system
confined the movement of the doublon to a single dimension. Additional dimensions
of the lattice would correspond to additional dimensions for the doublon’s movement,
leading to additional interesting phenomena. For example, impurities in the grid
could deflect the doublon motion.

One could also imagine three-dimensional systems similar to the modified Rudner-
Lindner-Berg-Levin model. The three dimensions can be considered as a single
particle in three spatial dimensions or three particles in one spatial dimension.

Combination of internal and external drives Two systems in this thesis are
Floquet due to an internal drive, and one has an external drive. A combined system
with both internal and external drives would be exciting (but also challenging) to
study because it would have many degrees of freedom. Combining internal and
external drives could enable even more precise control of transport phenomena.

Experimental realization Beck et al. [124] implemented the modified Rudner-
Lindner-Berg-Levin model in photonic waveguides. This experimental platform
would also be suitable for the coupled chains. Because the direction of motion
in this system depends on the initial configuration, it could be used to optically
transport signals and perform computations.

Quantum simulation and sensing A slight change in the initial configuration
of the two particles in the coupled chains switches the transport from left-moving to
right-moving or off. This sensitivity could act as a switch in a quantum computer
or enhance the accuracy of measurements for improved sensing devices.
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We study a driven system in which interaction between particles causes their directional, coupled movement.
In that model system, two particles move alternatingly in time on two coupled chains. Without interaction, both
particles diffuse along their respective chains, independent from one another. Interaction between them, whether
attractive or repellent, leads to an energetic separation of configurations where the particles are close to each
other and those where they are farther separated. The energy difference causes close-by particles to remain
bound together, forming a doublon. Their relative position in the starting configuration determines whether the
doublon moves to the left or right or remains stationary due to the periodic driving.

DOI: 10.1103/PhysRevResearch.6.023032

I. INTRODUCTION

Directional transport in physical systems can be realized in
various ways. The most obvious one is applying an external
field, e.g., an electric field that accelerates a charged parti-
cle in a particular direction or an inhomogeneous magnetic
field that deflects atoms in different directions according to
their spin. An alternating electric field can also lead to di-
rectional transport. A simple example is an electron emitted
at, say, t = 0 into a linearly polarized laser field, e.g., by
ionization. Depending on the emission time, the electron may
drift in opposite directions, parallel to the polarization of the
incident laser field. Other ways to achieve directional trans-
port are by topologically protected edge currents through the
breaking of time-reversal symmetry, e.g., by a magnetic field
or spin-orbit coupling [Hall effect(s) [1–4]], or by periodic
driving and asymmetric potentials [(semi)classical [5,6] and
quantum ratchets [7–9], and Thouless pumping [10,11]]. All
these systems prescribe the direction of movement of particles
within them. Interactions between the particles will affect the
particle dynamics, but as long as the particle interaction is
symmetric under particle exchange, one would not expect
directional transport to arise. In fact, one might expect that
interaction, in general, would broaden momentum distribu-
tions, including peaks in such distributions that correspond
to directional motion without interaction. The directional
motion would then gradually disappear with increasing in-
teraction strength. However, it has been shown recently that
topologically protected motion survives to a certain extent
in a Hubbard-Thouless pump [12]. Interaction might even
be required to achieve directional transport in a topological
many-body system [13].

*helena.drueeke@uni-rostock.de
†dieter.bauer@uni-rostock.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

In this work, we present a minimal model of a driven
two-particle system that shows directional transport due to
interaction, even though this interaction is symmetric under
particle exchange. Moreover, the drive is spatially symmetric
(unlike the laser example above) and no asymmetric potentials
are involved (in contrast to the ratchet systems). Therefore,
the direction of movement is not predetermined by the system
parameters and depends on the initial condition.

The key to directional transport in our system is the alter-
nating driving of the two particles. While the interaction in our
model system is always active, the hopping of each particle is
only allowed for half of the driving period. In this case, the ini-
tial configuration determines the direction in which the bound
pair of particles (i.e., doublon) moves. Without interaction, the
doublon does not exist and the two particles simply diffuse in-
dependently without preferred directionality. The alternating
drive where only one of the two particles is allowed to move
per half period implies that the two particles are distinguish-
able and should be independently addressable by external
fields. Lin, Ke, and Lee [14] investigated a system similar to
the one described in this work, as well as its implementation
in ultracold atoms in optical lattices (see Sec. IV). Their
two spin-1/2 particles experience different one-dimensional
trapping lattices because one is spin-up and the other spin-
down. In contrast to our work presented in this publication,
the interaction between neighboring particles is not isotropic.
By tuning hopping and interaction strengths, the two particles
form topological bound states. Periodic modulation of these
two parameters leads to topological Thouless pumping of the
bound states. Without interaction, however, the system in [14]
is topologically trivial and no transport occurs.

A related phenomenon is Coulomb drag [15], where a
current in one conductor induces a current in a second, ad-
jacent, but electrically isolated conductor. In our system, the
two particles behave similarly but drag each other reciprocally
without an external bias (voltage) on either conductor.

This publication consists of the following parts. We in-
troduce the model in Sec. II and explore the behavior of
one particle during half its driving period in Sec. III. The
doublon dynamics can be conveniently analyzed by mapping

2643-1564/2024/6(2)/023032(8) 023032-1 Published by the American Physical Society
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1
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2 3

3 4

4 5

5

chain a

chain b

FIG. 1. Chains a and b of identical length N = 5 (we chose this
small N for illustration purposes but performed all calculations with
much longer chains). The red and black lines indicate the hopping
J of particles a and b on their respective chains. Dashed gray lines
indicate the interactionV between nearest-neighbor sites on different
chains.

onto a 2D system, as discussed in Sec. IV. Section V describes
possible experimental implementations. Finally, we conclude
and discuss the significance of our work in Sec. VI.

We use units in which h̄ = 1.

II. SYSTEM

We consider the lattice shown in Fig. 1, consisting of
two chains a and b of length N with one particle on each
chain (also labeled a and b). Each particle may hop along its
respective chain; hoppings to the other chain are prohibited.
The particles move alternatingly, starting with particle a. The
interaction between particles is between nearest neighbors,
i.e., across the chains.

The Hamiltonian reads

Ĥ (t ) =
∑
〈i, j〉

(Ja(t )â
†
i â j + Jb(t )b̂

†
i b̂ j ) +V

∑
〈〈i, j〉〉

n̂(a)i n̂(b)j , (1)

where âi and b̂i are annihilation operators on site i of chains
a and b, respectively, â†i and b̂

†
i are the corresponding creation

operators, and n̂(a)i = â†i âi and n̂(b)j = b̂†j b̂ j are the occupation
number operators. 〈i, j〉 indicates nearest neighbors within a
chain and 〈〈i, j〉〉 nearest neighbors across the chains.

The hoppings Ja,b(t ) are assumed to be periodic with a
period T and piecewise constant,

Ja(t ) =
{
J, 0 � t < T/2,
0, T/2 � t < T,

(2a)

Jb(t ) =
{
0, 0 � t < T/2,
J, T/2 � t < T .

(2b)

We choose J = 1 in all numerical calculations throughout this
publication. With the labeling in Fig. 1, we can write

Ĥ (t ) =
N−1∑
i=1

(
(Ja(t )â

†
i âi+1 + Jb(t )b̂

†
i b̂i+1) + H.c.

+V
(
n̂(a)i n̂(b)i+1 + n̂(a)i+1n̂

(b)
i

)) +V
N∑
i=1

n̂(a)i n̂(b)i . (3)

III. MOVEMENT OF ONE PARTICLE
DURING A HALF PERIOD

We investigate particle a’s movement on its chain a during
the first half period (0 � t < T/2). Particle a starts in site

i and propagates. Particle b is located in site j and remains
stationary during this time.

The Hamiltonian during this phase can be written as an
N × N matrix

H = HJ + HV . (4)

It consists of two parts, one describing the hopping

HJ = tridiag(J, 0, J ) =

⎛
⎜⎜⎜⎜⎜⎝

0 J 0

J 0 . . .

. . .
. . . J

0 J 0

⎞
⎟⎟⎟⎟⎟⎠ (5)

and one describing the interaction

HV = (vk,l ), (6)

with

vk,l =
{
V, k = l = j − 1, j, j + 1,
0, else

(7)

on sites neighboring the position j of particle b.

A. |V | � J

The interaction between particles is between neighboring
sites, i.e., for states with |i − j| � 1. Therefore, a strong po-
tential |V | � J leads to a large energetic separation of the
states i = j − 1, j, j + 1 from the others. If particle a starts
its movement in a site i with i < j − 1 (i > j + 1), it cannot
bridge this energy gap and will remain on the left side of par-
ticle b, i < j − 1 (right side, i > j + 1). Interestingly, it does
not matter if the potential is repulsive (V > 0) or attractive
(V < 0).

Assuming |i − j| � 1 with a strong potential |V | � J con-
fines particle a to the three sites j − 1, j, and j+1. The N×N
Hamiltonian (4) becomes limited to these three states (3×3),

H =

⎛
⎜⎝V J 0
J V J
0 J V

⎞
⎟⎠, (8)

with eigenenergies

E0 = V, E1,2 = V ±
√
2J (9)

and eigenstates

ϕ0 =
⎛
⎝ 1

0
−1

⎞
⎠, ϕ1,2 =

⎛
⎝ 1

±√
2

1

⎞
⎠. (10)

We can now write any time-dependent state as

ψ (t ) =
2∑

h=0

ch exp(−iEht )ϕh. (11)

023032-2
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FIG. 2. Probabilities of particle a on different sites as a function
of time with |V | � J (a) for starting position i = j and (b) for
starting position i = j − 1. The crosses mark the probabilities at the
end of the driving phase ta = π√

2J
.

1. i = j

If particle a starts at i = j, ψa(0) = (0, 1, 0)T, the coeffi-
cients are c0 = 0 and c1,2 = ± 1

2
√
2
, resulting in

ψa(t ) = exp(−iVt )√
2i

⎛
⎜⎝

sin(
√
2Jt )√

2i cos(
√
2Jt )

sin(
√
2Jt )

⎞
⎟⎠. (12)

The probability at the three sites i = j − 1, j, j + 1 is

pa(t ) = |ψa(t )|2 = 1

2

⎛
⎜⎝

sin2(
√
2Jt )

2 cos2(
√
2Jt )

sin2(
√
2Jt )

⎞
⎟⎠, (13)

shown in Fig. 2(a). The particle moves symmetrically from the
starting site j to the left and right neighbors j ± 1, where it
reaches a maximum probability of 0.5 at time t = π

2
√
2J

before
completely returning to site j at t = π√

2J
.

2. i = j − 1

If particle a starts at i = j − 1, ψa(0) = (1, 0, 0)T, the
coefficients are c0 = 1

2 and c1,2 = 1
4 , resulting in

ψa(t ) = exp(−iVt )

2

⎛
⎜⎝

1 + cos(
√
2Jt )

−√
2i sin(

√
2Jt )

−1 + cos(
√
2Jt )

⎞
⎟⎠. (14)
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FIG. 3. Probabilities of particles a and b on different sites as a
function of time. Particle a moves from site i via site i + 1 to site
i + 2 during the first phase; then particle bmoves from site i + 1 via
site i + 2 to site i + 3 during the second phase.

The probability is

pa(t ) =

⎛
⎜⎝
cos4(Jt/

√
2)

sin2(
√
2Jt )/2

sin4(Jt/
√
2)

⎞
⎟⎠, (15)

shown in Fig. 2(b).
We choose ta = π√

2J
to achieve a complete transfer of

particle a from site j − 1 to site j + 1. Particle a leapfrogs
over particle b from its left to right neighbor. If we choose the
timing of the second phase of the driving cycle as tb = π√

2J
,

particle b will leapfrog over particle a, leading to directional
transport. Effectively, both particles move two sites to the right
without spreading. Figure 3 shows the probabilities pa(t ) and
pb(t ) for the complete cycle. Figure 4 shows a sketch of the
particles’ movement.

3. i = j + 1

If particle a starts at i = j + 1, ψi= j+1(0) = (0, 0, 1)T, it
will analogously leapfrog over particle b to site j − 1, result-
ing in directional transport to the left.

B. V = 0

For potentialV = 0, the position j of particle b does not in-
fluence particle a’s movement. The Hamiltonian (4) simplifies

023032-3
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a b

FIG. 4. Sketch of the leapfrogging movement of particles a and
b during a complete driving cycle. During the first phase (0 � t <

T/2), particle a jumps over particle b and two sites to the right.
Then, during the second phase (T/2 � t < T ), particle b jumps over
particle a and two sites to the right.

to

H = HJ = tridiag(J, 0, J ) =

⎛
⎜⎜⎜⎜⎜⎝

0 J 0

J 0 . . .

. . .
. . . J

0 J 0

⎞
⎟⎟⎟⎟⎟⎠. (16)

The time-dependent Schrödinger equation

i∂tψa(t ) = Ĥψa(t ) (17)

leads to a diffusion-type equation for the time-dependent wave
function ψ (n, t ) in site n,

∂tψa(n, t ) = −iJ (ψa(n − 1, t ) + ψa(n + 1, t )). (18)

For a particle starting in site i on an infinitely long chain, it
follows [16] that

ψa(i + l, t ) = i−lJl (2Jt ) (19)

and

pa(i + l, t ) = |ψa(i + l, t )|2 = J 2
l (2Jt ), (20)

where Jl is the Bessel function of the first kind.

0 π
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FIG. 5. Probabilities of particle a on different sites as a function
of time with V = 0. The crosses mark the probabilities at the end of
the driving phase ta = π√

2J
.
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FIG. 6. Probabilities of particle a on different sites at time
ta = π√

2J
as a function of interaction V (a) for starting position i = j

and (b) for starting position i = j − 1.

The probabilities pa(t ) are shown in Fig. 5. Particle a
spreads symmetrically to the left and the right. This proves
that, without interaction between the particles (V = 0), no
doublons can exist and neither the stationary nor leapfrogging
state occurs.

C. V �= 0

For potential V �= 0 but not V � J , we have to use the
whole Hamiltonian (4) to describe the system.

A video in the Supplemental Material [17] shows the evo-
lution of the probabilities for increasing interaction V going
from the spreading at V = 0 shown in Fig. 5 to the periodic
returns at V � J shown in Fig. 2. We are mainly interested
in the probabilities at the end of phase a, ta = π√

2J
. These

are marked by crosses in Figs. 2 and 5. Figure 6 shows the
probabilities p(ta) as a function of the interaction V . Even
at relatively small interactions V � 6, the initial configura-
tion i = j remains stationary, pi= j (ta) ≈ 1. The leapfrogging
state (starting at i = j ± 1) needs higher interaction strengths
V � 20 to remain localized [pj∓1(ta) ≈ 1] while jumping
from site j ± 1 to site j ∓ 1.

IV. MAPPING TO 2D

We map the two chains to a square grid, as shown in Fig. 7.
The positions i and j of particles a and b are plotted along the
horizontal and vertical directions, respectively.
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FIG. 7. Mapping of the Hamiltonian to a 2D lattice with the two
particles’ indices along the two axes (a-chain index s at the x axis;
b-chain index t at the y axis). Red and black lines connecting sites
indicate the time-dependent hoppings Ja(t ) and Jb(t ). Gray crosses
indicate the combinations of lattice sites for which the interaction
potential is nonvanishing. These form the reduced lattice on which
the doublon dynamics take place if V � Ja,b. The unit cell of this
three-site-wide ribbon and the new labeling i − j = 1, 0, −1 are
indicated in brown.

A. Interacting subsystem for V � J

For strong interactions V � J , interacting states (located
on sites marked by crosses in Fig. 7) are energetically sep-
arated from noninteracting states (located on sites marked
by dots). If the initial state is interacting, it will remain an
interacting state. Hence, for V � J , we only need to consider
a subset of the 2D system, as indicated by the brown unit cell.
This reduced system is quasi-1D, effectively a three-site wide
ribbon. The unit cell m contains three sites, labeled by the
difference of positions a and b, i − j = 1, 0, and −1.

1. Stationary states

A state initially located at site (m, 0) will split towards sites
(m − 1,−1) and (m, 1) during the first phase, returning to
(m, 0) at the end of the phase, ta = π√

2J
. During the second

phase, it will equivalently split towards sites (m,−1) and
(m − 1, 1) before returning to (m, 0) at the end of the driving
cycle T = ta + tb =

√
2π
J . The state appears to be stationary

when looking stroboscopically after complete driving cycles.

2. Leapfrogging states

A state starting in site (m,±1) moves to site (m ∓ 1,∓1)
during the first phase and then to site (m ∓ 2,±1) during the
second phase. The states move two unit cells in each cycle.

3. Reflection at the corner

The two preceding paragraphs described the evolution of
states in an infinite system or the bulk of finite chains. Now,

we will investigate the effects of borders. The bottom left
corner comprises the complete unit cell m = 1. The upper
right corner is a partial unit cell m = N , containing only the
site (N, 0) with sites (N,±1) absent.

For the Hamiltonian at the edge, one needs to consider only
two sites during each driving phase (instead of three for the
bulk),

H =
(
V J
J V

)
. (21)

The eigenenergies are

E1,2 = V ± J (22)

and the eigenstates are

ϕ1,2 =
(

1
±1

)
. (23)

We can now write any time-dependent state during that driv-
ing phase as

ψ (t ) =
2∑

h=1

ch exp(−iEht )ϕh. (24)

Without loss of generality, we initialize the state as ψ (0) =
(1, 0)T. The coefficients become c1 = c2 = 1/2, resulting in

ψ (t ) = exp(−iVt )

(
cos(Jt )

−i sin(Jt )

)
(25)

and the probability

p(t ) = |ψ (t )|2 =
(
cos2(Jt )

sin2(Jt )

)
. (26)

Compared to the three-site Hamiltonian in Sec. III, the oscilla-
tion frequency of the two-site Hamiltonian is decreased from√
2J to J . Therefore, at the end of the phase ta = π√

2J
, the state

is incompletely transferred from one site to the next,

p(ta) =
(
cos2

(
π/

√
2
)

sin2
(
π/

√
2
)
)

≈
(
0.3669
0.6331

)
. (27)

The corner influences the stationary state starting at site (1, 0).
It leaks into (1, 1) in the first phase, from where it continues
to (2,−1) in the second phase. It also leaks into (1,−1) in
the second phase. The stationary state sends out leapfrogging
states until it vanishes. Here, we described the edge at m = 1,
but the behavior at the other edge is equivalent.

The leapfrogging states split up when they run into an edge,
similar to the stationary states.

4. Interpretation as a spin-1 system

Labeling sites in the unit cell as −1, 0, and 1 already sug-
gests an analogy to a spin-1 system. The leapfrogging states
undergo a spin-flip operation from ±1 to ∓1 in each phase,
accompanied by a spatial movement. The spin 0 states are
unaffected by the spin-flip and remain in the same location.
Experimentally, this could be achieved by moving particles
with a time- and space-dependent magnetic field.

Although there is a similarity to the quantum spin Hall
effect in that the transport direction depends on the spin, there
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1 2 3 4 5 Sm

m+ 1

m− 1m− 1
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d

FIG. 8. Unit cell of the 45◦-rotated system. The sites within it are
numbered by α = 1, 2, 3, . . . , S with even S. The crosses mark the
diagonal sites and the dots mark the nondiagonal sites. The unit cell
is infinitely repeated in the vertical direction and numbered by the
indexm. The height of the unit cell, d , is marked. Periodic boundaries
are employed horizontally, connecting sites S and 1 within the same
unit cell.

are essential differences. While the spin remains unchanged
in the spin Hall effect, it flips during transport in our model.

B. Band structure

Calculating a band structure in the one-dimensional sys-
tem described in Sec. II is impossible due to the particles’
interaction. After the mapping to 2D, we can calculate a band
structure. To do so, we use a unit cell (shown in Fig. 8), which
contains nondiagonal sites in addition to the three diagonal
sites. The sites are numbered α = 1, 2, 3, . . . , S with even S.
The unit cell is repeated infinitely in one direction and num-
bered by an indexm. We employ periodic boundary conditions
in the other, finite direction, connecting the left and right edges
of the unit cell. While this periodicity does not exist in the
complete 2D system, the alternative would create diagonal
edges, which do not exist in the 2D square system since
there are only horizontal and vertical edges. The edge states
at these diagonal edges would obfuscate the bands we are
interested in.

We can write the Hamiltonians for the two phases of the
driving cycle in real space as

Ĥi =
∑
m

(
J

∑
α odd

(ĥi(m, α) + H.c.) +V
3∑

α=1

|m, α〉〈m, α|
)

,

(28)

with

ĥa(m, α) = |m, α〉〈m, (α − 1) mod S|
+ |m, α〉〈m + 1, (α + 1) mod S|,

ĥb(m, α) = |m, α〉〈m, (α + 1) mod S|
+ |m, α〉〈m + 1, (α − 1) mod S|. (29)

We transform the Hamiltonians to k space by making the
Bloch ansatz [18]

|m, α〉 = d

2π

∫
BZ

dk exp(−ikmd ) |k, α〉, (30)

0 π
2d

π
d

3π
2d

2π
d

momentum k along diagonal

−
√
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√
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F
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q
u
et

en
er
g
y
ε F

FIG. 9. Band structure of a 20-site wide strip with V = 10. The
red bands reside on the three sites with the modified potential and the
black bands on other sites.

where d is the lattice constant in the vertical direction in
Fig. 8. We obtain

Ĥi = d

2π

∫
BZ

dk |k〉〈k|
(
J

∑
α odd

(ĥi(k, α) + H.c.)

+V
3∑

α=1

|α〉〈α|
)

, (31)

with

ĥa(k) = |α〉〈α − 1| + exp(ika)|α〉〈α + 1|,
ĥb(k) = |α〉〈α + 1| + exp(ika)|α〉〈α − 1|. (32)

The time evolution operator is

Û (T ) = exp

(
T

2i
Ĥb

)
exp

(
T

2i
Ĥa

)
. (33)

Solving the equation

Û (T )ψF = λFψF (34)

gives the Floquet [19] eigenstates ψF and the Floquet energies
εF are calculated from the eigenvalues λF = exp(−iεFT ).

The resulting band structure in Fig. 9 confirms our previous
observations on the behavior of the doublons. They are located
on the three sites α = 1, 2, 3, and Floquet eigenstates where
this is the case are drawn red in Fig. 9. One of these doublon
bands is quite flat, corresponding to the stationary doublons.
The two sloped bands correspond to doublons moving in
opposite directions along the diagonal. The other bands are
shown in black and form a continuum for N → ∞. These
bands are the diffusing states.

Depending on the potential V , some diffusing bands have
nonzero energy at the center of the Brillouin zone, εF(k =
π
d ) �= 0. These are edge states localized at the boundary be-
tween α = 3 and 4 and between α = S and 1.

Figure 10 shows the Floquet energies εF(k = π
d ) as a

function of potential V . The bulk states are at constant
εF(k = π

d ) = 0. The energies of the doublons increase linearly
with V , as indicated by the orange shadow around εF = V .
The energies of the edge states show an interesting behav-
ior: they have a tilted pole at V ≈ 3, where they approach
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FIG. 10. Floquet energies εF at k = π

d as a function of potential
V for a 20-site wide strip. The energies of the doublons are marked
by an orange shadow at εF = V .

the doublon energies. At higher potentials, they approach
the energy of the bulk states, limV→∞ εF(k = π

d ) = 0. There
are crossings between the doublon and edge state energies. We
have checked that they are avoided crossings by following the
Floquet eigenstates.

V. POSSIBLE EXPERIMENTS AND APPLICATIONS

Ultracold atoms in optical lattices [20,21] suggest them-
selves for an experimental realization of our model system.
The correspondence between our Floquet model and its real-
ization in an optical lattice is readily apparent. The moving
particles are the cold atoms. The sites of the lattice in the
model are the sites of the optical lattice, which traps the
ultracold atoms. The interaction between the two atoms can
be finely tuned using Feshbach resonances [22]. Bound atom
pairs have been demonstrated in periodically driven lattices
[23] and for repulsive interaction in static optical lattices [24].
Modulation of the lasers achieves a change of the lattice,
which enables the temporal modulation of the hoppings. Many
Floquet systems have been implemented in optical lattices
[25]. The use of Floquet engineering to modify the band
structures of temporally periodic systems of ultracold atoms
has been studied in both theory [26] and experiment [27].
Thouless pumping is one of the transport regimes that have
been implemented in optical lattices [28,29]. A recent report
[13] shows the implementation of interaction-induced Thou-
less pumping of fermionic 40K atoms in an optical lattice. In
their experiments, the interacting particles may be located on
the same lattice sites (in contrast to our model). The periodic
driving also differs. Nevertheless, the experiments suggest
that our model could be implemented in optical lattices.

Another implementation would be possible in photonic
waveguides [30–34]. The photonic waveguides are written
into a glass block; they constitute the lattice sites. The propa-
gation dimension of the light pulses (which are the particles)
corresponds to the temporal dimension. Hopping amplitudes

can be modified by changing the distance between waveg-
uides or turned on and off by writing “blockers” between
them. Directly implementing the two one-dimensional chains
would be challenging to realize experimentally because of
the necessary interaction between particles (light pulses) on
neighboring sites. The two-dimensional square lattice (after
mapping to two dimensions as described in Sec. IV) is more
suitable for experimental realization. The different potentials
of its lattice sites are implemented as different refractive in-
dices of the respective waveguides. Solitons and edge states
have been achieved experimentally [35–39] and also Thouless
pumping [40].

VI. CONCLUSION AND SIGNIFICANCE

We investigated two particles on two linear chains in a
periodic driving scheme and showed how their interaction
influences their temporal evolution. Without interaction, both
particles diffuse. With sufficiently strong interaction, they can
form a stationary bound state that remains localized with-
out diffusing. They can also form nonstationary, nondiffusing
states, which propagate in a leapfrogging manner. These states
are energetically separated from all others, as seen in the Flo-
quet band structure. The relative position of the two particles
in the starting configuration determines their behavior.

A possible extension of the system would be going from
linear chains to two-dimensional grids on which the particles
move. The added dimension would enable vertical and diago-
nal movement of the particles in addition to the horizontal one
on the chains.

Our relatively simple model system harbors spatially lo-
calized states, which are only stable due to interaction. We
think of it as a building block, a part of a toolbox for synthetic
quantum systems. We envision its potential use for transport-
ing two particles together for some distance and then splitting
them up again at the target location. This could be useful
for information transfer in quantum computing. Entangling
particles (e.g., their spins) before their transport would also
be possible.

Observing the evolution of the two particles and the life-
time of their bound state could allow us to measure the
strength of the interaction between them. Since the direction
of transport depends on the exact initial locations of the two
particles, the system could be used as a switch in quantum
computing, relaying signals to the left or to the right depend-
ing on the input.
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Periodic driving may cause topologically protected, chiral transport along edges of a two-dimensional (2D)
lattice that, without driving, would be topologically trivial. We study what happens if one adds a different on-site
potential along the diagonal of such a 2D grid. In addition to the usual bulk and edge states, the system then also
exhibits doublon states, analogous to two interacting particles in one dimension. A particle initially located at
an edge propagates along the system’s boundary. Its wave function splits when it hits the diagonal and continues
propagating simultaneously along the edge and the diagonal. The strength of the diagonal potential determines
the ratio between both parts. We show that for specific values of the diagonal potential, hopping onto the diagonal
is prohibited so that the system effectively separates into two triangular lattices. For other values of the diagonal
potential, we find a temporal delay between the two contributions traveling around and through the system. This
behavior could enable the steering of topologically protected transport of light along the edges and through the
bulk of laser-inscribed photonic waveguide arrays.

DOI: 10.1103/PhysRevResearch.5.023056

I. INTRODUCTION

Topological insulators [1,2] exhibit an insulating bulk and
conducting edges. Floquet topological insulators [3–5] are
synthetic systems. Periodic driving causes their behavior as
topological insulators. Therefore, time becomes an additional
system dimension, and modifications of the driving scheme
are a practical parameter for tuning Floquet topological insu-
lators. They are realized experimentally with cold atoms in
optical lattices [6–8], with photonic platforms [9–14], or even
for acoustic waves [15,16]. Theoretically, they are studied in
one dimension (1D) [17,18], two dimensions (2D) [19,20],
and systematized in a periodic table [21]. For a recent theo-
retical review, see [22].

Rudner et al. [23] proposed a Floquet topological insulator
on a bipartite square lattice. They also derived a topological
invariant for that system. In our paper, we investigate a modi-
fied version of Rudner’s system. Instead of global, alternating
on-site potentials on the two sublattices, we introduce an on-
site potential along the diagonal of the lattice. We examine
how the diagonal potential can cut the system in half, fully
or partially. Without it, a topologically protected edge current
can flow along the system’s outer edge. The addition of a
diagonal potential introduces an “inner” edge. Depending on
the exact choice of parameters, a portion or the whole edge
state may flow along this inner edge instead of the outer edge.

*helena.drueeke@uni-rostock.de
†marcus.meschede@uni-rostock.de
‡dieter.bauer@uni-rostock.de
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The diagonal potential leads to some eigenstates located
(almost) exclusively along the diagonal. We relate these eigen-
states to doublon physics. There, two interacting particles on,
for example, a one-dimensional [24–27] or two-dimensional
[28] lattice may form a bound pair, a so-called doublon state.
Doublons are stable due to their energetic separation from
other states or because of topology, characterized by a dif-
fering topological invariant. They can arise from repulsively
as well as from attractively interacting particle pairs.

In order to prove that our system is topologically nontrivial,
we need a topological invariant. The usual Chern number is
insufficient to determine the existence of chiral edge states in
Floquet systems. The Chern number of an energy band gives
the difference between the numbers of chiral edge modes
entering it from above and below. In a static system, the
energy spectrum is bound from below, i.e., no edge modes
can exist below the lowest-energy band. The number of edge
states in any band gap equals the sum of the Chern numbers
of all bands below it. However, in Floquet systems, due to
their temporal periodicity, the energy becomes a quasienergy,
which is also periodic. Edge modes can loop around from
below the lowest to above the highest band. This allows chiral
edge states to exist in a Floquet system in which all bands have
Chern number 0. Rudner et al. [23] derived a winding number
as a topological invariant for Floquet systems. In contrast to
the Chern number, which only depends on projectors onto
Floquet bands, the winding number considers the whole time
evolution throughout the driving cycle.

This paper is structured as follows: Sec. II contains a
description of the system under study, Sec. III its Floquet
eigenstates, Sec. IV its band structure, and Sec. V the temporal
evolution of states. We give a conclusion in Sec. VI. The
Appendices contain derivations of the hopping probability
(Appendix A) and the topological invariant (Appendix B), as
well as the algorithm for tracking states through (avoided)
crossings (Appendix C).
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1 2

4 3

FIG. 1. Sketch of the driving scheme for a 4 × 4 system. The
dots (squares) indicate the lattice sites on sublattice A (B). The
orange dots are the lattice sites on the diagonal (with a modified
on-site potential). The four panels show the different hoppings in
the four phases of the driving cycle as (blue, orange, green, and red)
connecting lines. The gray rectangle indicates the unit cell used for
calculating the band structure in Sec. IV.

II. SYSTEM

We investigate an N × N square-lattice system. The lat-
tice sites si, j are numbered by horizontal and vertical indices
i, j ∈ {1, 2, . . . ,N}. Index i increases from left to right, and
j increases from bottom to top. Sublattice A contains all
sites with even sum i + j, and sublattice B those with odd
i + j. The periodic driving scheme of this Floquet system is
sketched in Fig. 1. We modify the potentials of the sites si, i
along the diagonal (as shown in Fig. 1), which we set to Vdia.
All other on-site potentials are 0.

A. Hamiltonians

We will now introduce a mathematical description of the
system and its parameters. The hopping amplitudes and po-
tentials are described by the stepwise constant Hamiltonian

Ĥ (t ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Ĥ1, 0 < t � T/4

Ĥ2, T/4 < t � T/2

Ĥ3, T/2 < t � 3T/4

Ĥ4, 3T/4 < t � T

(1)

with

Ĥk = Ĥdia + J
N∑

i, j=1
i+ j even

ĥk (i, j) + H.c., (2)

Ĥdia = Vdia

N∑
i=1

|i, i〉〈i, i|, (3)

ĥ1(i, j) = |i, j〉〈i + 1, j|, ĥ2(i, j) = |i, j〉〈i, j + 1|,
ĥ3(i, j) = |i, j〉〈i − 1, j|, ĥ4(i, j) = |i, j〉〈i, j − 1|, (4)

period T , and hopping amplitude J .

B. Hopping probabilities

In each of the four phases of the driving scheme, each
lattice site connects to (at most) one neighboring lattice site.
Therefore, the Hamiltonian of the whole system breaks down
into several two-state Hamiltonians, each describing the inter-
action between connected sites. In Appendix A, we derive the
hopping probability between two connected sites

p(t,V ) = 4J2

V 2 + 4J2
sin2

(√
V 2 + 4J2

2
t

)
(5)

as a function of the potential difference V between the sites
and the duration t of the respective driving phase. Without
a potential (i.e., between the off-diagonal sites), we want
the particles to hop completely during each of the four
phases, p

(
T
4 , 0

) = sin2
(
JT
4

)
:= 1. We set J = 1 and choose

T = 2π
J = 2π , such that in the absence of on-site potentials,

the hopping probability between two connected sites during
each phase is exactly 1. With on-site potential Vdia along the
diagonal, the hopping probability between connected diagonal
and off-diagonal sites (and vice versa) becomes

p(Vdia ) = p

(
T

4
,Vdia

)
= 4

V 2
dia + 4

sin2

(
π

4

√
V 2

dia + 4

)
, (6)

shown in Fig. 6(a). The prefactor 4/
(
V 2

dia + 4
)

leads to a
decrease in the hopping probability at higher diagonal poten-
tials. As expected, the particle cannot overcome the energetic
separation between off-diagonal and diagonal sites at high
diagonal potentials. But the probability for hopping onto the
diagonal is also vanishing at finite diagonal potentials

V (n)
dia,0 = ±2

√
4n2 − 1 (7)

for n ∈ N, determined by the zeros of the sin2 term of (6).
At these specific potentials, the duration of each phase cor-
responds to one complete Rabi period. Therefore, at V (n)

dia,0, a
particle moves from its starting site to the connected neighbor-
ing site and back n times, returning to the starting site at the
end of the phase. The first zero is at a remarkably low diagonal
potential V (1)

dia,0 = 2
√

3.

C. Time evolution operator

The time evolution operator (in units where h̄ = 1)

Û (t ) = T exp

(
−i

∫ t

0
dt ′ Ĥ (t ′)

)
, (8)

where T is the time-ordering operator, describes the system’s
temporal evolution. For a complete driving cycle consisting of
the four discrete phases (t = T ), the time evolution operator
reads

Û (T ) = ecĤ4ecĤ3ecĤ2ecĤ1 , (9)

with c = T
4i . Solving the equation

Û (T )ψF = λFψF (10)

gives the Floquet eigenstates ψF, and the Floquet energies
εF are calculated from the eigenvalues λF = exp(−iεFT ). By
following the states (not just their energies) as a function of
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Vdia, we can distinguish state crossings from avoided cross-
ings. Appendix C explains the details of the state-tracking
algorithm.

III. FLOQUET STATES

Without a diagonal potential, the N × N system contains
(N − 1)2 bulk states at Floquet energy εF = 0 and 2N − 1
edge states at equally spaced Floquet energies εF = m/(2N −
1), m ∈ Z, |m| < N . At nonvanishing diagonal potential,
some of the bulk states superpose to form doublon states,
resulting in (N − 3)(N − 2) remaining bulk states, N − 1 pri-
mary doublon states, and 2(N − 2) secondary doublon states.
Particles in a primary doublon state hop on and off the modi-
fied diagonal twice during a complete driving cycle. They hop
on and off the diagonal once in a secondary doublon state.

We call these diagonal states doublons, in analogy to
doublons in one-dimensional, interacting systems [24–28]. A
system of two interacting particles on a one-dimensional lat-
tice (e.g., a Su-Schrieffer-Heeger chain [29]) can be mapped
to a single particle on a two-dimensional lattice. The x and
y coordinates of the 2D particle correspond to the position
of the first and the second particle on the 1D chain, respec-
tively. Movements of the first (second) particle then amount
to horizontal (vertical) hoppings. Their interaction V (|x − y|)
is captured by an on-site potential in 2D. A local interaction
in 1D, through which the particles only affect each other if
they are on the same site, corresponds to the diagonal poten-
tial along x = y used in this study. Longer-range interactions
would require nonvanishing on-site potentials on not only the
main but also the secondary, tertiary, etc., diagonal, depending
on the maximum interaction distance. However, in our Floquet
system, the mapping between the two-particle-1D and the
one-particle-2D case is more involved and not that intuitive
because the simple driving scheme in 2D corresponds to in-
tricate, time-dependent, nonlocal interactions of two particles
in 1D.

Figure 2 shows the Floquet energies εF as a function of
the diagonal potential Vdia. The four different types of states
are indicated in Fig. 2(a): The diagonal potential does not
influence the bulk states’ energies because the bulk states
remain located on sites whose potentials are zero in each
step of the driving cycle. The edge states cross the diagonal
in the system’s bottom-left and top-right corners. Therefore,
their energies increase with increasing diagonal potential. The
doublons cross the diagonal as well, which leads to increasing
Floquet energies. The primary doublons’ energies increase
faster because they cross the diagonal twice during a driving
cycle, unlike the secondary doublons, which only cross it
once.

At higher diagonal potentialsVdia � 2 [shown in Fig. 2(b)],
three types of states exist: The bulk states’ energies remain
zero, while the edge states’ energies increase slightly with
diagonal potential. For the Floquet states located on the di-
agonal of the system, we find εF ≈ Vdia. All states form pairs
with similar energies. These pairs degenerate to identical en-
ergies at the zeros of the hopping probability, and we find
superpositions of the states confined to either the top-left or
bottom-right triangular half of the system.
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FIG. 2. Floquet energies εF for the 10 × 10 system as a function
of the diagonal potentialVdia. (a) The line colors indicate the types of
states: bulk states (black), edge states (blue), primary doublon states
(orange), and secondary doublon states (green). (b) The dotted gray
lines indicate the zeros V (1)

dia,0 and V (2)
dia,0 of the hopping probability

p(Vdia ).

IV. BAND STRUCTURE

In order to calculate a band structure, we must have a
system that is infinitely extended in at least one direction. We
turn our system by 45◦ and obtain an infinite strip with the
former diagonal in the middle. The narrowest viable strip is
four sites wide, as shown in Fig. 3. Wider strips would only
host more bulk states with identical energies. The unit cell is
repeated infinitely in the vertical direction and numbered by
an index m. The sites are numbered α = 1, 2, 3, 4.

We can write the Hamiltonians for the four phases in real
space as

Ĥi = V |m, 3〉〈m, 3| +
(
J

∑
m

ĥi(m) + H.c.

)
(11)

with

ĥ1(m) = |m, 1〉〈m, 2| + |m, 3〉〈m, 4|,
ĥ2(m) = |m, 3〉〈m, 2| + |m, 1〉〈m, 4|,
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1

2

3

4

a

FIG. 3. Unit cell of the 45◦-rotated system as outlined in light
gray in panel 4 of Fig. 1. The system is infinitely extended in the
vertical direction. The height of the unit cell, a, is marked. Periodic
boundaries are employed horizontally. The orange circle (3) marks
the diagonal. The hoppings of all four phases are shown in the same
colors as in Fig. 1.

ĥ3(m) = |m + 1, 3〉〈m, 2| + |m + 1, 1〉〈m, 4|,
ĥ4(m) = |m + 1, 1〉〈m, 2| + |m + 1, 3〉〈m, 4|. (12)

We transform the Hamiltonians to k space by making the
Bloch ansatz

|m, α〉 = a

2π

∫
BZ

dk exp(−ikma) |k, α〉, (13)

where a is the height of the unit cell (i.e., the distance from
site 1 in cell m to site 1 in cell m + 1). We can identify

Ĥi = a

2π

∫
BZ

dk|k〉〈k|[V |3〉〈3| + J (ĥi(k) + H.c.)] (14)

with

ĥ1(k) = |1〉〈2| + |3〉〈4|,
ĥ2(k) = |3〉〈2| + |1〉〈4|,
ĥ3(k) = exp(ika)(|3〉〈2| + |1〉〈4|),
ĥ4(k) = exp(ika)(|1〉〈2| + |3〉〈4|). (15)

We used these Hamiltonians to calculate the band struc-
tures shown in Fig. 4. At diagonal potentials Vdia = V (n)

dia,0
[Fig. 4(a)], the band structure consists of four separate bands:
The flat band at εF = 0 (shown in black) consists of station-
ary bulk states, and the other flat band (orange) consists of
primary diagonal states, which are also stationary. The two
diagonal bands (green and blue) consist of secondary diagonal
states. Their slope indicates the movement of these states
along the diagonal. The bulk band remains unchanged at other
diagonal potentials [Fig. 4(b)]. The three other bands, how-
ever, connect as their crossings turn into avoided crossings.

We employed periodic boundary conditions on the left
and right edges of the unit cell when calculating the band
structures. The full system is not periodic in this direction. It
only contains a single modified diagonal, not a periodically re-
peated one. For the calculation of the band structure, however,
this periodicity (the connection between sites 1 and 4 in Fig. 3)
is necessary. Without it, the left and right edges of the unit cell
would become edges of the system, hosting edge states (two
additional diagonal bands). Such edges, which would lie in
diagonal direction in the nonrotated system, do not exist in the
full (square) system. It only contains horizontal and vertical
edges, whose edge states move with a different velocity than
the diagonal ones. These edge states would also result in
diagonal bands but with a different slope. The band structures

FIG. 4. Band structure of a four-site-wide diagonal strip at dif-
ferent diagonal potentials Vdia. The bulk states (shown in black)
form a flat band at εF = 0, irrespective of the diagonal potential.
(a) Vdia = 2

√
3, i.e., p(Vdia ) = 0; the primary diagonal states form

a flat band (orange) and the secondary diagonal states form diagonal
bands (green and blue). Transferring between bands is impossible.
(b) Vdia = 5, i.e., p(Vdia ) = 0.10819: the crossings between (primary
and secondary) diagonal states become avoided crossings.

in Fig. 4 do not contain these bands. They are band structures
of the bulk, showing stationary states and those moving along
the diagonal. A topological invariant for the system is derived
in Appendix B.

V. TEMPORAL EVOLUTION

By definition, the Floquet states ψF remain unchanged
after a complete cycle’s evolution, except for a phase factor.
However, for an intuitive understanding of the driven quantum
dynamics, it is instructive (and closer to experimental realiza-
tions on photonic platforms) to study the temporal evolution
of (initially) localized states ϕ(r, t ). We initialize these as one
at a single site rinitial and zero everywhere else. Specifically,
in Fig. 5, we look at a state starting on the left edge of the
10 × 10 system.

Without a diagonal potential and therefore perfect hopping
p(0) = 1 between diagonal and off-diagonal sites [Fig. 5(b)],
the state remains localized and moves counterclockwise along
the edges of the system, returning to its origin after 2N − 1
complete driving cycles. The state cannot cross the diag-
onal at the zeros of the hopping probability p(Vdia ) = 0.
Because it started above the diagonal, it will remain in the
upper-left triangular half of the system, moving along the
edge of that triangle and returning to its origin after 2N − 3
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FIG. 5. Temporal evolution of a localized edge state in the 10 ×
10 system. The dots mark the locations of the sites. The orange
ones are those on the diagonal. (a) Starting configuration (n = 0).
(b)–(d) State after evolution for n = 8 complete cycles. The arrows
sketch the path of the state during its evolution. (b) Vdia = 0, i.e.,
p(Vdia ) = 1; the state moves around the whole system and will re-
turn at its initial site after 2N − 1 = 19 cycles. (c) Vdia = 2

√
3, i.e.,

p(Vdia ) = 0; the state moves around the upper left triangle because
the diagonal is insurmountable and will return after 2N − 3 = 17
cycles. (d) Vdia = 1.597 37, i.e. p(Vdia ) = 0.5; the state splits. The
Supplemental Material [30] contains animations of these three cases
for a 20 × 20 system.

cycles [Fig. 5(c)]. For all other potentials, which result in
0 < p(Vdia ) < 1, the state splits at the bottom-left corner of
the system and delocalizes [Fig. 5(d)].

Most [(N − 3)(N − 2)] of the (N − 1)2 bulk states do not
interact with any sites on the diagonal, and therefore their
evolution is unaffected by Vdia. The other 3N − 5 bulk states,
however, interact with the diagonal at least once and are split
up for 0 < p(Vdia ) < 1. For p(Vdia ) = 0, 2N − 3 bulk states
turn into edge states on the upper-left and lower-right trian-
gles. The N − 2 bulk and two edge states that start on the
diagonal remain stationary for p(Vdia ) = 0.

While snapshots of the temporal evolution allow us to
understand the general behavior, it is inconvenient to investi-
gate them systematically for varying potentials. Therefore, we
record the probability density |ϕ(rinitial, nT )|2 (n ∈ N) at the
starting location rinitial after each driving cycle. Because we
initialize all states perfectly localized, |ϕ(rinitial, 0)|2 = 1 for
all states. The bulk states return to their starting location after
each cycle, and therefore |ϕbulk (rinitial, nT )|2 = 1 ∀n ∈ N.

FIG. 6. (a) Hopping probability p(Vdia ) as a function of diagonal
potential. (b) Probability density |ϕ(rinitial, nT )|2 (n ∈ N) at the start-
ing location rinitial for an edge state in a 20 × 20 system, as a function
of time and diagonal potential. The dotted gray lines indicate the
zeros of p(Vdia ) in (a), which coincide with the perfect earlier returns
in (b).

As shown in Fig. 6, without a diagonal potential, an edge
state returns at its origin after 2N − 1 cycles. At the zeros of
p(Vdia ) (7), the system is equivalent to one without sites on the
diagonal. The edge states remain confined to the upper-left or
bottom-right triangle, which they started in, and return to their
origins after 2N − 3 cycles. Other on-site potentials Vdia lead
to a splitting of the state. Part of the wave function travels
through the diagonal and along the square’s edge, arriving
after 2N − 1 cycles, while another part travels around the
triangle and arrives after 2N − 3 cycles. Due to the imperfect
transfer, there are not two discrete arrival peaks. Instead, the
peaks disperse and interfere.

VI. CONCLUSION AND OUTLOOK

We characterized a Floquet topological insulator on a
square lattice with varying diagonal on-site potential. The
addition of a diagonal potential causes the appearance of
additional bands. We call these states doublons, in analogy
to doublons in systems of one-dimensional, interacting parti-
cles. There are stationary doublons and those which perform
directional motion along the diagonal.

We showed how fine-tuning the diagonal potential cuts
the Floquet topological insulator into halves. While a small
diagonal potential is sufficient to disconnect the system com-
pletely, surprisingly, increasing the diagonal potential further
will partially reconnect the system. This partial cutting allows
switching between the propagation along the edge and the
diagonal. In a photonic setting with laser-inscribed waveg-
uides, intense laser light and nonlinearities can modify the
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diagonal potential (i.e., refractive index) [11,12,31]. In that
way, one may switch topologically protected light currents by
light, rendering a photonic platform programmable instead of
“hardwired.”
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APPENDIX A: DERIVATION OF HOPPING PROBABILITY

The 2 × 2 Hamiltonian

Ĥ =
(
V J
J 0

)
(A1)

describes the hopping between two sites with potential differ-
ence V and hopping element J . Its eigenstates

ϕ1,2 =
(
V ± √

V 2 + 4J2

2J

)
(A2)

and corresponding eigenenergies

ε1,2 = 1
2

(
V ±

√
V 2 + 4J2

)
(A3)

satisfy the time-independent Schrödinger equation

Ĥϕ1,2 = ε1,2ϕ1,2. (A4)

The solutions of the time-dependent Schrödinger equation

Ĥψ (t ) = i∂tψ (t ) (A5)

are superpositions of the eigenstates

ψ (t ) = a1 exp (−iε1t )ϕ1 + a2 exp (−iε2t )ϕ2. (A6)

For a time-dependent state starting localized on the first lattice
site, (

1
0

)
= ψ (0) = a1ϕ1 + a2ϕ2, (A7)

we find

a1 = −a2 = 1

2
√
V 2 + 4J2

. (A8)

The hopping probability is the absolute square of the time-
dependent state at the second lattice site,

p(t,V ) = |ψ2(t )|2 (A9)

= 4J2

V 2 + 4J2
sin2

(√
V 2 + 4J2

2
t

)
. (A10)

APPENDIX B: TOPOLOGICAL INVARIANT

In the following, we discuss the topological properties of
the Hamiltonian (1). Especially the state propagating along the
diagonal potential for specificV (n)

dia,0 [Eq. (7)] seems peculiar as
the diagonal is not a boundary between topologically different
bulks and is therefore not expected to host any edge states.

However, we argue that at these V (n)
dia,0 the diagonal potential

decouples the bulk on either side of the diagonal, and the
invariant of our Hamiltonian (1) without the diagonal potential
can describe the edge state.

One might guess that interpreting the diagonal potential as
a defect, the state along the diagonal is, in fact, a defect edge
state. We explicitly start from the winding number defined on
defect Hamiltonians to show that this cannot be the case.

The Altland-Zirnbauer classification [32] has been
adopted to Floquet systems with defects [33]. The over-
all structure of the periodic table of static topological
insulators/superconductors remains the same. However, the
Floquet invariants are now winding numbers associated with
the band gaps at quasienergy ε of the time evolution operator
U (k, r, t ), where r describes the positional dependence of
the time evolution operator. Notably, because the quasienergy
spectrum is periodic, there is an additional band gap at εT =
±π . More specifically, because the time evolution operator is
generally not periodic in time, one can calculate the Floquet
invariant through a periodized time evolution operator Uε

[33]:

Uε(k, r, t ) = U (k, r, t ) exp (itHeff,ε(k, r)) (B1)

with

Heff,ε(k, r) = i

T
ln−ε (U (k, r,T )). (B2)

The subscript epsilon denotes the branch cut of the com-
plex logarithm so that ln−ε(eiφ ) = iφ for −εT − 2π < φ <

−εT . Setting it to a quasienergy value inside the band gap
ensures Uε is a continuous function.

The topological classification in each symmetry class is
then only dependent on the difference between the spatial
dimension ds and the defect dimension dd . The dimension
of the defect is the dimension of the circle Sdd enclosing the
defect. For example, a point defect in three dimensions (3D)
can be enclosed by a 3D sphere S3. A line defect in 2D (such
as the modified diagonal in our system) is enclosed by S0,
which are only two points (±1) in the plane on either side of
the defect.

Our Hamiltonian and its corresponding time evolution op-
erator Uε do not possess time reversal, charge conjugation,
or chiral symmetry, nor do we enforce any other symmetries
(e.g., crystal symmetries). Therefore, the system belongs to
the complex symmetry class A, for which topologically non-
trivial phases exist if ds − dd is even. The 2D winding number
with our dd = 0 defect, given by the diagonal potential, is then
the difference of the winding numbers of the bulk on the two
sides (±1) of the defect:

W (Uε ) = W (Uε(k,+1, t )) −W (Uε(k,−1, t )), (B3)

where

W (Uε(k,±1, t )) = 1

8π2

∫
BZ×S1

dkxdkydt

× Tr
{

(U−1
ε ∂tUε )

[
U−1

ε ∂kxUε,U
−1
ε ∂kyUε

]}
.

(B4)

Here, the square bracket inside the trace denotes the commu-
tator. In our system, there is only a band gap at εT = π , as (in
contrast to [23]) we do not have any bipartite on-site potential
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in the bulk. We find the winding number

W (Uπ/T (k,±1, t )) =
{

1, π < JT < 6.9π

0, else
(B5)

identical to the one found by Rudner et al. [23] even without
the bipartite on-site potential. Because we chose JT = 2π in
Sec. II, W (Uπ/T (k,±1, t )) = 1.

As the bulk Hamiltonian on both sides of the diagonal
potential is equal, we see from (B3) that the observed edge
state cannot be a defect edge state. Still, each bulk on its
own is topologically nontrivial with our driving parameters.
As we have shown in Sec. II B, at V (n)

dia,0 the probability of
the state to hop onto, and hence over the diagonal, is zero
after a full period T . Therefore, we interpret a quantum state’s
inaccessibility to the other side as an isolation of each bulk to
an effective system with open boundary conditions. For this
system the edge states at the boundary between the bulk to
the vacuum is then clearly protected by the winding number
W = 1.

APPENDIX C: TRACKING STATES

We follow states through changing parameters, e.g., in
the closed interval [Vdia,min,Vdia,max]. As a starting point,
we calculate the Floquet energies ε0, j and states ψ0, j ( j =
1, 2, . . . ,N2) at V0 = Vdia,min. Then we loop through the fol-
lowing procedure: We increase the diagonal potential to Vi =
Vi−1 + δ, with 0 < δ � Vdia,max −Vdia,min, and calculate the
new Floquet energies εi,k and states ψi,k (k = 1, 2, . . . ,N2).
We compare each of the states ψi,k to all states ψi−1, j from
the previous step by calculating their overlap (scalar product).
The index l of the most similar previous state ψi−1,l (with
|ψi,kψi−1,l | � |ψi,kψi−1, j | ∀ j) is stored in a similarity variable
si,k = l .

If the mapping of states from the previous parameterVi−1 to
the current parameterVi is not bijective, i.e., si,k = si,k′ for k 
=
k′ [as shown in Fig. 7(a)], we cannot follow the states because
they have changed too much. In this case, δ must be decreased
(in our calculations to δ′ = δ/10), and the step repeated for
Vi = Vi−1 + δ′.

FIG. 7. (a) Example of tracking algorithm failure. Both ψi,2 and
ψi,3 are most similar to (i.e., have the largest overlap with) the same
state ψ(i−1),3 from the previous step (si,2 = si,3 = 3). We need to
unambiguously track the evolution of ψ(i−1),3. Therefore, we must
repeat the step from i − 1 to i using a smaller step size. (b) Example
of tracking algorithm success. The states ψ(i−1), j map biuniquely to
the states ψi,k ( j, k = 1, 2, 3, 4).

If the mapping was successful [Fig. 7(b)], δ may be kept
constant or increased before the next step to Vi+1. We repeat
these steps until we reach Vdia,max.

This adaptive-stepsize tracking works for nonzero diagonal
potentials but breaks down at Vdia = 0, where the doublon
states all collapse to localized bulk states at εF = 0 and cannot
be followed.
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Abstract High-harmonic spectroscopy is a promising candidate for imaging electronic structures and
dynamics in condensed matter by all-optical means and with unprecedented temporal resolution. We
investigate harmonic spectra from finite, hexagonal nanoribbons, such as graphene and hexagonal boron
nitride, in armchair and zig-zag configuration. The symmetry of the system explains the existence and
intensity of the emitted harmonics.

1 Introduction

High-harmonic generation (HHG) has been first observed
in gases [1,2]. Its non-perturbative nature, featuring a
plateau of almost constant high-harmonic yield, was
subsequently explained by the three-step model [3,4]:
An electron is removed from the atom, propagates
under the external field’s influence, and recombines
with the atom. The orbital energies of electrons in
atoms do not depend on momentum, and the electron’s
dispersion relation in the continuum is shaped parabol-
ically. Therefore, electrons in the ground state or free
electrons emit no harmonics. Only transitions between
bound states or recombination from continuum states
back to bound states lead to harmonic emission.
To describe HHG in the bulk of solids, electronic

bands replace the orbital energies and the continuum
[5]. This opens a whole new field of research [6–13].
Analogous to the HHG process in gases, the transi-
tion of electrons between valence and conduction bands
causes high harmonics, called interband harmonics.
Intraband harmonics, on the other hand, are produced
by the movement of electrons in partially filled, non-
parabolic bands. Band structures are usually defined
for periodic or infinite solid bulk systems. However,
every realistic system has boundaries, which may cause
completely different HHG spectra compared to the bulk
[14–18]. Graphene and hexagonal boron nitride (hBN)
are two-dimensional materials that possess fascinating
features with promising potential applications [19,20].
Their hexagonal structure allows for two different edges:
zig-zag and armchair. While graphene contains only
carbon atoms (all identical), hBN consists of boron and
nitrogen atoms. Recently, the interaction of intense-

a e-mail: helena.drueeke@uni-rostock.de (corresponding
author)

b e-mail: dieter.bauer@uni-rostock.de

laser light with graphene got into the focus of interest
for its prospects to steer electrons at will on ultrafast
time scales [21–24].
In this article, we investigate the harmonic spec-

tra emitted by hexagonal nanoribbons in two differ-
ent edge configurations, armchair (Sect. 3) and zig-zag
(Sect. 4). We performed our calculations using a real-
space time-dependent Schrödinger solver (as described
in Sect. 2). The results of this publication validate the
tight-binding approach in [25].

2 Methods

The nanoribbons’ Nions atomic nuclei were positioned
in a hexagonal lattice, as described for the armchair
and zig-zag configuration in Sects. 3 and 4. Atomic
units are used throughout this paper unless stated oth-
erwise. The distance between neighboring lattice sites
was 2.683, the bond length in graphene (1.42Å). An
effective Pöschl–Teller potential

V (r) = −
∑

i

Vi

cosh2(ε|r− ri|)
(1)

with ion potentials Vi = 3.2±Vos and screening parame-
ter ε = 2 describe the attractive potentials of the nuclei.
For graphene ribbons, all atoms are carbon, therefore
the additional on-site potential Vos = 0. A non-zero on-
site potential represents two alternating, different kind
of atoms, such as boron and nitrogen in hBN. Figures 1
and 4 show at which lattice sites the ion potentials are
increased or decreased by Vos.
In this work, we did not employ the usual tight-

binding approximation commonly made in condensed-
matter theory. Instead, we have developed a 2D, real-
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space, time-dependent Schrödinger solver for the ab
initio simulation of the intense-laser interaction with
2D matter. In that way, we can reveal differences and
similarities in HHG spectra as compared to corre-
sponding tight-binding studies, e.g., in Ref. [25]. The
non-interacting electronic orbitals in our Schrödinger
solver are defined on a two-dimensional grid of spacing
Δx = Δy = 0.2, which encompasses all lattice sites
plus a border of 8 on each side. In contrast to the usual
tight-binding description, this allows us to have elec-
tron orbitals ϕi (with energies Ei) that are not only
localized at lattice sites but also between them, or free
electrons.
The electronic eigenstates of the system were found

by imaginary-time propagation of the time-dependent
Schrödinger equation

i∂tϕi(r, t) =

[
−1

2
∇2 + V (r)

]
ϕi(r, t) (2)

employing the Crank–Nicolson method [26]. Start-
ing from a random initialization, imaginary timesteps
−0.05i are taken (each step followed by renormalization
of the wavefunction) until the ground state is reached
and the relative change of the state is smaller than the
threshold of 10−18 for two consecutive iterations. To
find the higher-lying states, the workflow is identical
but with an additional (Gram-Schmidt) orthogonaliza-
tion to all previously found states in each iteration. This
procedure gives us all states of interest in the unper-
turbed system.
Real-time simulations of the interaction of all occu-

pied electronic orbitals with a short laser pulse were
performed with a timestep 0.05 using, again, Crank–
Nicolson propagation. The pulse was a ncyc = 4 cycle

sin2-shaped laser pulse of frequency ω = 0.0075 (λ �
6.1mm) with vector potential

A(t) = A0 sin
2

(
ωt

2ncyc

)
sinωt (3)

for 0 < t < 2πncyc/ω and zero otherwise. The electronic
dipoles were recorded at each time step during the laser
pulse and added up according to

P(t) = 2

Noccupied∑

i=1

∫
r|ϕi(r, t)|2 dr, (4)

where Noccupied = Nions/2 is the number of occu-
pied orbitals, each occupied by a spin-up and a spin-
down electron. Harmonic spectra were calculated as
the absolute square of the Fourier transform of the
recorded dipoles, multiplied by a symmetric Hann win-
dow [27,28].

3 Armchair ribbon

First, we investigate a hexagonal nanoribbon in the
armchair configuration. A total of 24 lattice sites are
arranged in the shape of four hexagons, as shown in Fig.
1. For Vos = 0, the armchair ribbon is symmetric about
the horizontal as well as the vertical axis through the
center. The introduction of an on-site potential deep-
ens the blue (square) sites’ potentials while making the
orange (circle) ones shallower. This causes a left-right
asymmetry, while the top–bottom symmetry is con-
served. These (a)symmetries of the system are present
for ribbons consisting of both even and odd numbers of
hexagons. Calculations for a ribbon of 30 sites arranged
in five hexagons are consistent with the results shown
here.
Note that the lines drawn in Fig. 1 connect near-

est neighbors. In tight-binding calculations (such as in
Ref. [25]), hopping takes place along these lines. How-
ever, in our simulation based on the time-dependent
Schrödinger equation, electronic wavefunctions are not
restricted to move along these lines but may propagate
in the entire plane.
The asymmetry in the potential leads to an asymme-

try in the orbitals. Figure 2a shows the highest occupied
(1 and 3) and lowest unoccupied (2 and 4) orbitals with-
out (1 and 2) and with (3 and 4) on-site potential. The
orbitals without on-site potential are horizontally and
vertically symmetric (as is the potential), and there is
only a small bandgap between the occupied and unoc-
cupied states. With an on-site potential, the occupied
orbitals are localized on the sites with deeper potentials
and therefore have a decreased energy. The unoccupied
orbitals are localized on the sites with shallower poten-
tials and therefore have increased energy. This leads to a
bandgap ΔEmin between the occupied and unoccupied
orbitals, which, for Vos � 0.2, grows linearly with the
on-site potential (Fig. 3b). In contrast to tight-binding
methods, our approach allows us to calculate an arbi-

Fig. 1 Armchair ribbon: At the blue (square) lattice sites,
the potential depth is increased by the on-site potential,
Vblue = Vavg + Vos. The orange (circle) sites correspond to
the shallower potentials of depth Vorange = Vavg − Vos. The
arrows indicate the polarization directions of the external
laser field (along the ribbon) and the harmonics referred to
as parallel and perpendicular
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Fig. 2 Orbitals and orbital energies of the armchair rib-
bon. a Orbitals of the armchair ribbon. (1) Highest occu-
pied orbital without on-site potential (Vos = 0). (2) Low-
est unoccupied orbital without on-site potential (Vos = 0).
(3) Highest occupied orbital with on-site potential Vos = 0.4.
(4) Lowest unoccupied orbital with on-site potential Vos =
0.4. b Orbital energies of the armchair ribbon as a func-
tion of on-site potential Vos. Circles mark the orbital ener-
gies of the orbitals shown in (a). The orbitals form three
bands: occupied valence band (blue), unoccupied conduc-
tion band (orange), and box states (gray). The gray shaded
area indicates additional box states lying above those shown
explicitly. The arrows mark the bandwidth of the valence
band (ΔEintra) and the minimum and maximum bandgap
between the valence and (first) conduction band (ΔEmin

and ΔEmax)

trary number of orbitals of increasing energy. The states
above the conduction band describe “free” electrons,
which are not localized on the ribbon but still inside the
simulation box with reflecting boundary conditions.
The incoming laser field is linearly polarized along

the armchair ribbon. All emitted harmonics are linearly
polarized in the same direction (parallel harmonics, as
indicated in Fig. 1). The armchair ribbon is top–bottom
symmetric, regardless of on-site potential. Without a
top–bottom asymmetry in the system, the horizontally
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Fig. 3 Harmonic spectra of the armchair ribbon in paral-
lel direction. a Harmonic spectra without (bold orange line,
Vos = 0) and with (blue line, Vos = 0.4) on-site potential.
b Harmonic spectra as a function of harmonic order and on-
site potential. The bandwidth ΔEintra of the valence band
is the upper bound of the intraband harmonics. The mini-
mum (ΔEmin) and maximum (ΔEmax) bandgaps limit the
energies of the interband harmonics. Transitions to the box
states generate harmonics above ΔEmax. Triangles of the
corresponding colors indicate the energies of the two spec-
tra shown in (a)

polarized laser leads to a perfectly horizontal move-
ment of the electrons, which generates only horizontally
polarized harmonics. Therefore, the armchair ribbon
can not generate perpendicular harmonics. The band-
widths and bandgaps (ΔEintra, ΔEmin, and ΔEmax)
from Fig. 2b explain the most important features of
the harmonic spectra shown in Fig. 3. Intraband har-
monics are only present at harmonic energies below the
width of the valence band ΔEintra. Interband harmon-
ics appear between the minimum ΔEmin and maximum
ΔEmax bandgap between the valence and (first) con-
duction band. Above the two bands are the box states
(marked as gray lines in Fig. 2b), which are not local-
ized on the ribbon, and whose energies are determined
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Fig. 4 Zig-zag ribbon: At the blue (square) lattice sites,
the potential depth is increased by the on-site potential,
Vblue = Vavg + Vos. The orange (circle) sites correspond to
the shallower potentials of depth Vorange = Vavg − Vos. The
arrows indicate the polarization directions of the external
laser field (along the ribbon) and the harmonics referred to
as parallel and perpendicular

by the size of the simulation box. The figure only shows
the energies of the four lowest box states (which are
pairwise almost degenerate), but many more lie above
them, indicated by the gray shaded area. Transitions
to these box states cause harmonics above ΔEmax. In
an experiment, transitions to higher bands or the con-
tinuum would cause harmonics beyond the maximum
bandgap. These can not be described in tight-binding
approximation with one atomic orbital per site, because
then the energy difference between states is bound from
above by ΔEmax (see Ref. [25]).

4 Zig-zag ribbon

In the zig-zag configuration, a total of 26 lattice sites
are arranged in six hexagons, as shown in Fig. 4. On
the orange (circle) sites, the on-site potential decreases
the potential depth, while on the blue (square) sites,
it deepens the potential. The on-site potential causes
a top–bottom asymmetry but no left-right asymmetry.
Reference [25] investigates the influence of the ribbon’s
length using a computationally less demanding tight-
binding approach. Full time-dependent Schrödinger cal-
culation results for a ribbon of 30 sites (seven hexagons)
agree with those for 26 sites (six hexagons).
As for the armchair ribbon, the asymmetry of

the potential leads to decreased energies of states in
the valence band, localized at the deeper sites, and
increased energies of states in the conduction bands,
localized at the shallower sites (see Fig. 5). The mini-
mum bandgap increases almost linearly with the on-site
potential; the bandwidths of both bands decrease.
The parallelly polarized harmonics (Fig. 6a) are

present with and without on-site potential. The band-
width and bandgaps can explain the cutoffs of both
intra- and interband harmonics. Perpendicular harmon-
ics (Fig. 6b) with on-site potential agree with these cut-
offs, as well. Without an on-site potential, there is no
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Fig. 5 Orbitals and orbital energies of the zig-zag ribbon.
aOrbitals of the zig-zag ribbon. (1) Highest occupied orbital
without on-site potential (Vos = 0). (2) Lowest unoccu-
pied orbital without on-site potential (Vos = 0). (3) Highest
occupied orbital with on-site potential Vos = 0.4. (4) Low-
est unoccupied orbital with on-site potential Vos = 0.4.
b Orbital energies of the zig-zag ribbon as a function of
on-site potential Vos. Circles mark the orbital energies of
the orbitals shown in (a). The orbitals form three bands:
occupied valence band (blue), unoccupied conduction band
(orange), and box states (gray). The gray shaded area
indicates additional box states lying above those shown
explicitly. The arrows mark the bandwidth of the valence
band (ΔEintra) and the minimum and maximum bandgap
between the valence and (first) conduction band (ΔEmin

and ΔEmax)

top–bottom asymmetry, and therefore, almost no har-
monics perpendicular to the laser are observed. Transi-
tions to the box states lead to weak harmonic emission
above ΔEmax.
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Fig. 6 Harmonic spectra of the zig-zag ribbon as a func-
tion of on-site potential in a parallel and b perpendicular
polarization. The bandwidth ΔEintra of the valence band
is the upper bound of the intraband harmonics. The mini-
mum (ΔEmin) and maximum (ΔEmax) bandgaps limit the
energies of the interband harmonics. Transitions to the box
states generate harmonics above ΔEmax

5 Conclusion

The introduction of an on-site potential in hexagonal
nanoribbons causes lower energies for occupied states
and higher energies for unoccupied states. The valence
band’s bandwidth decreases, and the minimum and
maximum bandgaps between the valence and conduc-
tion bands increase. These three energies explain the
overall features in harmonic spectra for different on-
site potentials. Intraband harmonics are only present at
energies below the valence bandwidth. Interband har-
monics are present at energies between the minimum
and maximum bandgaps. For a laser polarized along
the ribbon, the resulting harmonics are polarized in
the same direction unless a non-zero on-site potential
causes a top–bottom asymmetry, which is only possible
in the zig-zag ribbon.
The results of this paper provide valuable verifica-

tion of simpler tight-binding models [25]. Our approach

is not limited to a fixed number of states (grouped in
bands), and our results account for transitions to even
higher bands or the continuum. However, these tran-
sitions are expected to play an important role only in
the generation of higher harmonics beyond the cutoff
ΔEmax, leading to higher order plateaus with decreas-
ing yield (see, e.g., [29]). On the other hand, tight-
binding approaches capture the essential mechanisms
underlying high-harmonic generation up to ΔEmax, are
computationally much less demanding, and thus can be
used to investigate much larger systems.
The datasets generated and analyzed during this

study are available at Ref. [30].
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30. H. Drüeke, D. Bauer, High-harmonic spectra of
hexagonal nanoribbons from real-space time-dependent
Schrödinger calculations: data repository (2021).
https://doi.org/10.17605/OSF.IO/8RTFU

123





Author contribution statements

H. Drüeke and D. Bauer: “Interaction-induced directional transport on
periodically driven chains” Physical Review Research 6.2 (2024), 023032
doi: 10.1103/PhysRevResearch.6.023032

Helena Drüeke performed the analytical derivations and numerical calculations, an-
alyzed and discussed the results, prepared the figures, and wrote and revised the
manuscript. Dieter Bauer proposed the model system, supervised the project, dis-
cussed the results, and provided feedback on the manuscript.

H. Drüeke, M. Meschede, and D. Bauer: “Steering edge currents
through a Floquet topological insulator” Physical Review Research 5.2
(2023), 023056 doi: 10.1103/PhysRevResearch.5.023056

Helena Drüeke performed the analytical derivations and numerical calculations, an-
alyzed and discussed the results, prepared the figures, and wrote and revised the
manuscript. Marcus Meschede derived the topological invariant and wrote the cor-
responding appendix. Dieter Bauer supervised the project, discussed the results,
and provided feedback on the manuscript.

H. Drüeke and D. Bauer: “High-harmonic spectra of hexagonal
nanoribbons from real-space time-dependent Schrödinger calculations”
The European Physical Journal Special Topics 230.23 (2021), 4065–4070
doi: 10.1140/epjs/s11734-021-00188-9

Helena Drüeke performed the numerical calculations, analyzed and discussed the re-
sults, prepared the figures, and wrote and revised the manuscript. Dieter Bauer su-
pervised the project, discussed the results, and provided feedback on the manuscript.

83

https://doi.org/10.1103/PhysRevResearch.6.023032
https://doi.org/10.1103/PhysRevResearch.5.023056
https://doi.org/10.1140/epjs/s11734-021-00188-9




Danksagung

An dieser Stelle möchte ich mich bei Allen bedanken, die mich unterstützt und diese
Arbeit ermöglicht haben.

Zuallererst Prof. Dieter Bauer für seine fachliche Unterstützung und Beratung, für
die gemeinsame Ideenentwicklung und sein Feedback. Besonders die Ermöglichung
meiner zahlreichen Konferenzbesuche weiß ich sehr zu schätzen.

Der gesamten Arbeitsgruppe Quantentheorie und Vielteilchensysteme danke ich für
die kollegiale Zusammenarbeit. Ich danke Frau Marina Hertzfeldt für die Unterstüt-
zung in allen administrativen Fragen.

Der Studienstiftung des deutschen Volkes danke ich für die finanzielle und ideelle
Förderung meines Studiums und meiner Promotion.

Ich danke meiner Familie, dafür dass sie mich immer in meinen Plänen gefördert
haben.

Vorallem aber danke ich Till Köster, für seine unermüdliche Unterstützung und
Ermutigung.

85


	Abstract
	Zusammenfassung
	List of publications
	Context and summary
	Introduction
	Theory
	Floquet theory
	Topological insulators
	Floquet-topological insulators
	High-order harmonic generation

	Interaction-induced directional transport
	Interacting particles on coupled chains
	Interaction-dependent behavior
	Mapping to two dimensions
	Significance

	Steering edge currents through a Floquet topological insulator
	Modified Rudner-Lindner-Berg-Levin model
	Influence of the diagonal potential
	Mapping back to one dimension
	Significance and experimental results

	High-harmonic emission from hexagonal nanoribbons
	Hexagonal nanoribbons
	Harmonic generation
	Significance

	Outlook
	Bibliography

	Publications
	Interaction-induced directional transport on periodically driven chains
	Steering edge currents through a Floquet topological insulator
	High-harmonic spectra of hexagonal nanoribbons from real-space time-dependent Schrödinger calculations
	Author contribution statements
	Danksagung


