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Abstract

In this work, virial coefficients of hard, anisotropic particles in various-dimensional Euclidean
spaces are calculated. Using the Brunn-Minkowski theorem, exact values for the second virial
coefficients of arbitrary convex bodies and their binary mixtures can be obtained in arbitrary
dimensions of space. Therefore, in two-, three-, and four-dimensional spaces second virial
coefficients of uniaxial solids of revolution and regular polytopes are calculated based on their
geometric measures, including higher-dimensional solids of revolution with singularities in their
surface curvature. Using these, for selected geometries in arbitrary-dimensional spaces new
theorems are derived and proven. For the calculation of virial coefficients up to the eighth order,
optimized Monte Carlo simulations are used and extended to four- and higher-dimensional
spaces. The obtained highly accurate numerical results can be used in the virial equation
of state for the description of the isotropic phase of such systems. For all virial coefficients,
a direct relation to the excess part of the averaged excluded volume in dependence on the
dimensionality of space can be observed, allowing the interpolation of the data via heuristic low-
order polynomials. An overview of the manuscripts [1-4|, published as part of this dissertation

is given and placed in the scientific context.

Ubersicht

Die vorliegende Arbeit beschéftigt sich mit der Berechnung von Virialkoeffizienten harter,
anisotroper Korper in euklidischen Vektorraumen verschiedener Dimensionalitdt. Unter An-
wendung des Brunn-Minkowski-Theorems ist die exakte Berechnung der zweiten Virialkoef-
fizienten fiir beliebige, konvexe Korper sowie fiir bindre Mischungen dieser in beliebig-dimensio-
nalen Rdumen moglich. Dazu werden exemplarisch fiir den zwei-, drei- und vier-dimensionalen
Raum systematisch zweite Virialkoeffizienten fiir uniaxiale Rotationskérper und regulére Poly-
tope mit Hilfe ihrer geometrischen Kenngréfsen berechnet, insbesondere fiir héher-dimensionale
Rotationskorper mit Singularitéten in deren Oberflaichenkriimmung. Fiir ausgewéahlte Geome-
trien werden daraus neue Theoreme fiir beliebig-dimensionale Ré&umen erhalten und bewiesen.
Fiir die Berechnung weiterer Virialkoeffizienten bis zur einschlieflich achten Ordnung wer-
den verschiedene, optimierte Monte-Carlo-Simulationen verwendet und auf vier- und héher-
dimensionale Rdume iibertragen. Die dabei erhaltenen, hochgenauen numerischen Ergebnisse
ermoglichen den direkten Zugang zu Zustandsdaten der isotropen Phase solcher Systeme iiber
die Virialzustandsgleichung. Fiir alle berechneten Virialkoeffizienten wird in Abhéingigkeit
der Dimensionalitdt des Raumes eine direkte, universelle Abhéngigkeit vom Exzessanteil des
gemittelten Ausschlussvolumens beobachtet, was die Interpolation der Daten iiber heuristische
Polynome niedriger Ordnung ermoglicht. Die im Rahmen der kumulativen Dissertation pub-
lizierten Manuskripte [1-4] werden zusammengefasst und in den wissenschaftlichen Rahmen

eingeordnet.
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1 Introduction

1.1 Motivation

During the past decades, soft matter science emerged as a field of increasing interest for in-
vestigating the fundamentals and applications of condensed matter at the interface between
chemistry, statistical mechanics, material science, and biophysics. Therefore, a broad range of
systems is studied, including colloids, liquid crystals, polymers, glasses, foams, gels, and active
matter. Today, the presence of such materials is ubiquitous in a wide variety of areas, e.g.,
liquid crystal displays (LCD), cosmetics, or biomedical tissues. Beside experimental studies
including scattering techniques, microscopy, and rheology, these systems are also modeled in
computer simulations and theoretical investigations gaining insights into their thermodynamic
properties, i.e., self-organization and phase behavior.

The model system studied the most, is the many-particle system of hard spheres [5]. Hard
particles are defined as impenetrable with an infinitely repulsive potential for overlapping con-
figurations and exhibit no interactions otherwise. Thus, their phase behavior is solely driven
by entropy as excluded volume effects with the volume fraction as control parameter. For
colloidal hard-sphere suspensions, freezing as the self-assembling with phase transitions from
a fluid into crystalline and glassy phases can be observed with increasing volume fraction [6].
Using density functional theory (DFT) by employing free energy calculations and fundamental
measure theory |7], the structure and thermodynamics of an equilibrium fluid can be predicted
based on the excess free energy. The virial equation of state (VEOS) provides access to closed
expressions for the free energy, where the compressibility factor, denoting deviations from an
ideal gas, is expanded in powers of the particle number density or the volume fraction respec-
tively [8]. Therefore, expansion coefficients B,,, known as virial coefficients of order n, account
for the influence of intermolecular interactions in clusters with n particles. With the inevitable
need to know the virial coefficients of a given many-particle system, only a finite number can
be provided, e.g., for hard spheres up to Bjs [9-11]. The remaining virial coefficients of higher
order have to be approximated, e.g., for hard spheres with the Carnahan-Starling method [12].
Therefore, a sequence with as many virial coefficients as possible has to be provided.

Starting with the seminal work of Onsager, observing an isotropic-nematic phase transition
for infinitely thin hard rods [13], a significant interest in the influence of the particle shape on
the thermodynamics of a many-particle system arises. The phase diagrams for a vast amount
of particle geometries in R? and R? are studied using free energy calculations and computer
simulations [14]. This includes ellipsoids [15, 16|, spherocylinders [17,18], cylinders [19], lenses
[20-22], polyhedra [23-25], dumbbells [26-28], and bowl shaped particles [29-34] in R3 and
ellipses [35], stadia [36], rectangles [37-39], and circular arcs [40-43] in R?. Complementarily,
additional experimentally observed phase diagrams [44, 45| and computed equation-of-state
data [46-49] are reported for respective geometries. Generalizing fundamental measure theory
to non-spherical (anisometric) particles [50,51], a free energy functional can be obtained. For
solids of revolution, this can be simplified [52, 53|, enabling the prediction of nematic and

smectic phase transitions [54,55|. To obtain the VEOS for anisometric particles, often Parson’s



approach is used, which accounts excluded volume effects solely relying on the second virial
coefficient of the particle and rescaling the Carnahan-Starling virial coefficients of spheres [56].
An improved agreement with numerical equation-of-state data can be obtained by considering
more virial coefficients of a given particle geometry with respect to truncation effects [57, 58].
Therefore, virial coefficients B,, with n > 2 for a given particle geometry in the respective
dimension of space have to be determined. Since for hard particles excluded volume effects are
based on their geometric measures, additional insights into jamming phenomena and closed
packings at respectively higher volume fractions can be gained, too [59-62|, with relevance for

granular materials [63].

1.2 Model systems and methods for calculating their virial coefficients

Modeling many-particle systems, their interactions are often described by a simple hard-body

potential. Therewith, this potential U is exactly pairwise additive

U:ZZUij (1)

i J>i

with a pair potential

Uij:{oo BB (2)

0 : PBNP=0

for two arbitrary particles P; and P;.

Starting with the works of van der Waals, Boltzmann, and Jager [64-67|, exact values for the
virial coefficients up to fourth order are derived from the grand canonical partition function
for hard, D-dimensional spheres in arbitrary even-dimensional Euclidean spaces [68] and odd-
dimensional Euclidean spaces up to D = 11 [69]. For hard, non-spherical convex particles in R,
exact values for their second virial coefficients can be derived by the Isihara-Hadwiger theorem
[70-72], only requiring the geometric measures volume Vp, total surface area Sp, and mean
radius of curvature Rp of the individual particles [73]. These formulations are also extended
to arbitrary convex particles in two-dimensional Euclidean spaces R?, where analogously only
their two-dimensional volume (area) and surface area (perimeter) are required. Also for concave
dumbbells in R? and R3, explicit expressions for their second virial coefficients are already
provided [74-76|. For other concave geometries, in general the second virial coefficient has to
be calculated numerically in the respective space by the orientation-averaged excluded volume
using computer simulations [77]. Also, Bs and By for anisometric particles and B,, with n > 4
in general for arbitrarily shaped particles (including spheres) have to be determined numerically
so far, employing Monte Carlo (MC) methods and graph theory, pioneered by Metropolis et
al. 70 years ago [78,79].

Using MC simulations, numerical results for virial coefficients up to the eighth order of hard
spheres in R3 and hard disks in R? are reported over several decades due to the availability of

advancing computational resources [80-84]. Initiated by Ree and Hoover [85], virial coefficients



of hyperspheres in higher-dimensional Euclidean spaces are simultaneously reported up to the
eighth order, too [86-89]. Using graph isomorphism [90,91] and adapted simulation techniques
the ninth and tenth virial coefficients of hard, D-dimensional spheres are obtained [92, 93],
whereas for higher orders other computational methods are implemented [9-11].

For hard, anisometric particles, the computation of virial coefficients is in general more de-
manding, since the pair potential [Eq. (2)] additionally depends on the relative orientation
of the particles. For solids in R3, virial coefficients for various particle geometries are pro-
vided [57, 58, 84, 94-106], where due to the introduction of Mayer sampling [107, 108| their
numerical uncertainties reduced significantly during the last decades. There, Mayer-sampling
Monte Carlo (MSMC) simulations are originally used to compute virial coefficients for other
interaction potentials, referring to the corresponding virial coefficients with hard-body poten-
tial as a reference system. Recently, MSMC simulations have also been adapted to calculate
Boyle temperatures of Lennard-Jones fluids [109], allowing for the calculation of the respective
virial coefficients without the need of a reference integral. For hard, two-dimensional, aniso-
metric particles, certainly less virial coefficients have been computed [110-115]. These were
at most up to the fifth order and have higher relative uncertainties. In a higher-dimensional
Euclidean space R” with D > 3, virial coefficients of any anisometric particles (without fixed

orientations) have previously to this work not been published.

1.3 Aim and outline of this thesis

Aim of this thesis is the calculation of virial coefficients for hard, anisometric particles with
various geometric shapes in two-, three-, and especially higher-dimensional Euclidean spaces.
Therefore, the detailed influence of the specific particle geometry is studied with the main pur-
pose to provide so far unknown virial coefficients and a minor priority to reduce uncertainties
of already known virial coefficients for given particle shapes. To obtain the virial coefficients,
an optimized MSMC simulation can be used [58|, enabling their accurate calculations up to
the eighth order without the need of graph canonization etc. [10]. Beside the adaptation of the
dimension of space with the corresponding (random) translation and rotation of particles, the
key step for the calculation of virial coefficients for hard, anisometric particles is the develop-
ment of an algorithm to detect particle overlaps for a given particle configuration depending on
their geometry [Eq. (2)]. Furthermore, the Isihara-Hadwiger theorem [70-72| for the analytical
calculation of By for hard, convex particles in Euclidean spaces R? is studied with its extension
to R? [113,116] and especially higher-dimensional Euclidean spaces [117,118]. The derived the-
orems can then be applied to analytically calculate second virial coefficients of convex, uniaxial
solids of revolution and polytopes, particularly examining the influence of singularities in their
surface curvatures. If the second virial coefficient of a given many-particle system is known
with sufficiently high accuracy, beside improving the virial equation of state, that virial coef-
ficient can also be used as an intrinsic reference to calculate higher-ordered virial coefficients
employing MSMC simulations [58]. Computations of virial coefficients for anisotropic particles
are exemplarily studied in detail in R* with an extension to higher-dimensional spaces being

straightforward. Additionally, the second virial coefficient for a system of many identical hard



particles quantifies the sphericity of the particle’s geometry, too.

This work is organized as follows: After a brief introduction about the fundamentals of virial
theory and graph theory, analytical and numerical methods to calculate virial coefficients of
hard particles are given in more detail in Sec. 2, including a geometric description of the
Euclidean space R” and the shapes of the embedded particles. Afterwards, an overview of the
results of this thesis is given in Sec. 3, where all relevant additional data is for convenience
attached in the appendix of the manuscript, expanded by complementary results taken from
the literature. Then, the work is summarized in Sec. 4, including a brief perspective of the
topic. Finally, the scientific papers published as part of this dissertation are presented in Sec. 5.
A total of four publications are provided [1-4], all written as first author.

In Publication I, virial coefficients B,, are provided for anisotropic particles in a high-
dimensional Euclidean space R? with D > 3 for the first time. They are calculated numerically
for hyperspherocylinders up to Bg employing Mayer-sampling Monte Carlo simulations. Then,
in Publication II, the first calculations of virial coefficients up to Bg for a concave geometry in
a high-dimensional space is followed, where a comparison with the analog geometries in lower
space dimensions is included. In Publication III, the virial coefficients up to the eighth order
for various convex solids are calculated in the two-dimensional Euclidean space R?, exemplar-
ily showing the results of ellipses for the virial equation of state within the boundary of the
isotropic phase. Finally, in Publication IV, so far unknown explicit analytical expressions for
second virial coefficients of various four-dimensional, uniaxial solids of revolution with singu-
larities in their surface curvatures are provided, compared with previously reported expressions

for other geometries, and extended to arbitrary dimensions.



2 Theoretical background

2.1 Virial series

Many-particle fluids consisting of particles without positional and orientational order embody
isotropic phases. This accounts for gases, supercritical fluids, or liquid crystals at sufficiently
high temperatures or low particle number densities, respectively. For their thermodynamic
characterization, an adequate equation of state is required. Starting from the ideal gas with a
simplified equation of state at sufficiently small pressure p and high temperature 7', real gases
and supercritical fluids can be described by the virial equation of state (VEOS), originally
proposed by Kamerlingh Onnes as a heuristic expansion in powers of the particle number

density ¢ with the compressibility factor

[ee] [ee]
p -1 * n—1
7 = =1 g B,o" =1 g Bin" 3
kT + no ~I—n:2 nh (3)

n=2

accounting for the departure from the ideal gas [119]. The coefficients B,,, in general depending
on the temperature T', are the virial coefficients of order n, initially serving to correct exper-
imental equation-of-state data for real gases of non-spherical molecules (e.g.: Hgy, Nao, COg,
or CHy) and spherical noble gases at low temperature [120,121]. Using statistical mechanics,
Mayer and Goeppert Mayer were able to derive the virial series solely from the grand canon-
ical partition function with the virial coefficient B,, considering the interactions in n-particle
clusters [122,123], enabling Born the merger with the previously heuristic virial equation of
state [124].

Employing the volume fraction n = pVp, the virial series can be rewritten using reduced

virial coefficients

(4)

normalized to powers of the volume of the individual particles Vp. In this form, the virial
coefficients are independent of the size of the particles and instead only characterized by their
shape. Assuming additive pairwise interactions for a many-particle system in RP, its virial
coefficients B,, of order n can, for sufficiently small number densities ¢ and high temperatures

T, be derived from the grand canonical partition function as

B, = ]';'n// Z H fij dDr12"‘ dDrlna <5>

GeML ijeG
with f;; being the Mayer f-function
U. .
fij = exp |:— szé_‘:| -1 (6)

for a corresponding pair potential U;; of two particles 7 and j [125|. Here, r;; = r; — r; is the



distance vector between the centers of both particles r; and r;, whereas the products of Mayer
f-functions are represented through graphs G (cf. Sec. 2.1.1).

Graphs G, that contribute to B,,, are those with n nodes (vertices) that are undirected and
biconnected [126]. They form the set of labeled Mayer graphs MY. Thus, the virial coefficients

B,, can for orders n < 4 be written as

1
By = —2/f12 dPrya, (7)

B3 = / fiafizfoz dPrip dPrys, (8)

1
3
B, = —é /// [f12f14fo3f3a + frafizfoafaa + fi3frafos foa + frafi13f14f23 f34

+ fi2f1afes foaf3a + fiaf13f23f24f3a + fi2f13f1af23f24 + f12f13f14 f24 f34
+fisfiafos foafsa + frafiz frafos foafsa] dPri2 dPriz dProy, 9)

whereas for n > 4 the number of contributing graphs, or the cardinality of MY respectively,
increases dramatically (cf. Sec. 2.1.1, Tab. 1).
Note, that for hard particles (solids), where the pair potential can also be written as

: ij| <
vy ={ ¢ rlse (10)
0 : ‘I‘ij’ Z g

the representation of the many-body potential U through sums of pair potentials is exact [cf.
Egs. (1) and (2)]. Here, o is the contact distance, which in general depends for anisometric
particles of a given configuration on f;; and the relative orientations of the particles. Using
Eq. (6), the Mayer f-function for two solids simplifies to f;; = —1 if |r;;| < o and f;; = 0
otherwise. Thus, the virial coefficients of hard-body systems are independent of the temperature
T. Also, as seen by Egs. (7) and (8), for solids in arbitrary-dimensional Euclidean spaces,
the second and third virial coefficients are always non-negative with By, > 0 and Bs > 0.
Oppositely, for virial coefficients of order n > 4, negative virial coefficients are possible.

For other potentials, e.g., square well, Lennard-Jones, or dispersion interactions, negative
second and third virial coefficients are possible, resulting from attractive particle interactions.
Also, Eq. (1) possibly remains an approximation and the virial coefficients depend on the
temperature of the system. For systems with dispersion interactions, non-additive contributions
to the virial coefficients have to be considered, too [127-130].

2.1.1 Graph theory

For the calculation of virial coefficients, especially for orders n > 3, fundamental graph theory
emerged as an indispensable tool, generally modeling abstract objects and their interactions.
These objects, here particles, are modeled as nodes (vertices), where two nodes can be connected
by an edge (line), representing their interaction, here the Mayer f-function. A set of nodes and

edges form a graph G. The number of edges linking a node to other nodes defines its degree



where a loop, an edge that connects a node to itself, contributes twice. If a graph consists of
nodes that all have a degree of zero, the graph is empty and the nodes are isolated. If a graph
contains edges connecting two vertices asymmetrically, it is a directed graph. Directing edges
are only linking vertices along their orientation while undirected edges connect vertices in both
directions. If a graph only consists of nodes and undirected edges, the graph is undirected
itself. Graphs with nodes directly connected by multiple edges to other nodes or to themselves
are referred to as multigraphs, otherwise they are simple graphs. Graphs which have nodes
that can be connected to themselves through edges without using a single edge multiple times
are circuit graphs. If in addition only starting and ending node are equal and the trail of edges

has a length of at least three, the graph has a cycle. In Fig. 1, examples for cyclic graphs are

A A A D

undirected directed undirected directed
simple graph  simple graph ~ multigraph  multigraph

displayed.

Fig. 1: Examples for cyclic graphs with three nodes.

Focusing on undirected simple graphs, a total of 2:i=1)/2 different graphs with ¢ nodes exist.
In Fig. 2, these 26 graphs are shown for simple graphs with i = 4 nodes. If all nodes are
connected through edges and other nodes, a graph is connected. Connected graphs, where by
removing one node with adjacent edges the graphs remains connected, are called biconnected
graphs. Otherwise, the graph is singly-connected (articulated) and becomes disconnected by
removing the articulation point. E.g., W is articulated, but not biconnected. If a graph gets
disconnected by removing a single edge, this edge is referred to as a bridge. The graph for
which each pair of nodes is connected by a unique edge is known as the complete graph with
i nodes and (7 — 1)/2 edges. Undirected connected graphs without cycles are known as trees.
Nodes in a tree with degree one are known as leaves. A subgraph of an undirected graph G that
is a tree and includes all nodes of G is called a spanning tree. Using Cayley’s formula [131],
the number of labeled spanning trees for the complete graph with ¢ nodes is i*~2. Thus, 16
spanning trees result for the complete graph with four nodes in Fig. 2. Removing edges of a
tree, a disjoint union of trees results, known as forest. Vice versa, if a forest gets connected, a
tree results.

Applying graph theory in chemistry and physics, virial coefficients can be calculated by
representing the configuration integral through products of Mayer f-functions, summarized in
graphs G with G € M. Starting from Egs. (7), (8), and (9), the virial coefficients up to the

fourth order can be rewritten as
1 1
By = —= dPris = —= e—e 11
2 5 / fizd"rio 5 , (11)

/ fr2f13fas dPr12dPry3 = - Av (12)

B3 = 3
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Fig. 2: The 64 undirected simple graphs with four nodes. Color-highlighted are the empty
graph (red), the 16 spanning trees with three or two leaves (orange or blue), and the
complete graph (violet). Isomorphic graphs are bounded by a dashed green box.

B4=—é O+ X+ N+ N+ X+ K+ K+ ]+ K|
—_é[3|:|+6|Z|+1|ZH, (13)

considering all biconnected graphs with n nodes.

For virial coefficients with sufficiently high order, it is possible to summarize isomorphic
graphs and only consider topologically distinct graphs [Eq. (13)]. Two graphs are isomorphic
to each other, if they have the same canonical representation, i.e., the same connectivity for
all nodes disregarding their labeling [90,91,132,133]|, as seen in Fig. 2. Let go be the number
of isomorphic permutations for a graph G and S¢g the corresponding configuration integral for

this graph, then

1—n
By = — > g9aSa (14)
GeMy

results for the calculation of the virial coefficient of order n [Eq. (5)]. Here, MY is the set of
unlabeled (topologically distinct) Mayer graphs with n nodes. These graphs are displayed only
by their edges and without their nodes in this manuscript [cf. Eq. (13)].

Since for virial coefficients B,, with increasing order n the number of biconnected graphs
increases dramatically (Tab. 1), a reformulation of the Mayer graphs is required for the cal-
culation of higher-ordered virial coefficients. Using the function e;; = f;; + 1, introduced by
Ree and Hoover [80, 81, 134], all graphs can be represented as complete graphs with nodes
being connected either by f-bonds or e-bonds. Therewith, Mayer graphs can be rewritten as
a combination of Ree-Hoover graphs, e.g., for the not-fully connected, unlabeled graphs with
four nodes [Eq. (13)]

IZ = /// Frofisfrafos faa (eas — for) dPrio dPrys dPryy = & - & -



Tab. 1: Cardinality of the sets of labeled and unlabeled Mayer graphs (M}, MY) and respec-
tively Ree-Hoover graphs (R}, RY) with i nodes [11,92,93].

i Ml MY 4RE 4RV
2 1 1 1 1
3 1 1 1 1
4 10 3 4 2
) 238 10 68 b}
6 11368 56 3053 23
7 1014 888 468 297171 171
8 166 537 616 7123 56671216 2606
9 50680432112 194066 21286 987064 81564
10 29107809374 336 9743 542 4980 756

11 32093527159296 128 900969 091

and

|:| :/// f12f1afo3f3a (e13 — f13) (21 — foa) dPr12dPrizdPris = -2 & + g, (16)

with e-bonds colored in red. Hence, Eq. (13) can be rewritten as

B4——;[3—2|Z”——;[ + DX+ X -2 } (17)

using unlabeled or labeled Ree-Hoover graphs G with G € RY or G € RL for n = 4 nodes.

In general, the number of graphs to consider is reduced by about 65% for n > 3 with this
reformulation (Tab. 1). Conversely to labeled Mayer graphs, Ree-Hoover graphs G have to be
considered with their respective weights cg [cf. Eq. (17)], which have to be calculated, too [80].

This results in

1—n
By =—, > caSa (18)
GeRL

for the virial coeflicient of order n. For hard bodies, the calculation of virial coefficients is
further simplified using Ree-Hoover graphs, since for a given configuration of particles always
fij €i; = 0 results. Subsequently, only one graph with a non-zero contribution to the respective
virial coefficient is obtained for a respective particle configuration. For this graph, all Mayer
f-functions give f;; = —1 (P;NP; # () and all Ree-Hoover e-functions give e;; = 1 (P;NP; = ().

2.1.2 Analytical calculation of virial coefficients

Virial coefficients B,, with sufficiently low order n can, for solids with an accessible contact

distance o [Eq. (10)], be calculated analytically by their configuration integrals [Eq. (5)]. For



the simplest model of D-dimensional spheres in R, a reduced second virial coefficient

By = —= =2P"1 (19)

By A(1+2) e
By=22- """ "2/ / sin? ¢ dg (20)
By ml(HR) )

in arbitrary-dimensional Euclidean spaces R” [135]. Also, analytical expressions for the fourth
virial coefficients of hard hyperspheres are available for arbitrary even-dimensional Euclidean
spaces and odd-dimensional Euclidean spaces with D < 11 [68,69, 136].

For anisotropic particles, the analytical calculation of virial coefficients is more complicated
in general, since the average contact distance over all relative particle positions and orientations
is required. If the hard particles are identical, arbitrary convex solids K in R3, their second
virial coefficient By can, as independently shown by Isihara and Hadwiger [70-72|, be obtained
analytically by

By(K) = Vp(K) + Sp(K) Rp(K), (21)

using the geometric measures volume Vp, total surface area Sp, and mean radius of curvature
Rp of a single particle. This is referred to as Isihara-Hadwiger theorem. Similarly, for arbitrary

convex figures in R?, the general expression

SE(K)
47t

BQ(K):VP(K)—F%SP(K)RP(K):VP(K)+ (22)
results [113,116]. Starting with the known results for hyperspheres, an extension of the Isihara-
Hadwiger theorem to arbitrary higher-dimensional Euclidean spaces R” is reported in the
literature [117]. As part of this dissertation, this expression for By appeared to be incorrect in
general, being a rigorous lower limit with a correct result only for hyperspheres. After private
communication, the authors published an already prepared correction [118].

For concave solids, no general analytical expression for their virial coefficients is available so
far. Nevertheless, for homonuclear and heteronuclear dumbbells in R? and R3, closed analytical

expressions for By have been reported [74-76,137].

2.1.3 Numerical calculation of virial coefficients

With limited analytical expressions for the configuration integrals of virial coefficients B,,, the
remaining calculations have to be performed numerically, employing computer simulations.
Starting with the seminal works of Metropolis et al. [78,79], Monte Carlo simulations can be
used to obtain virial coefficients of up to the eighth order for arbitrary hard particles, employing

Mayer and Ree-Hoover graphs summarized in previously prepared lookup tables [10,80,81,83].
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A significant improvement on the accurate numerical calculation of virial coefficients for
hard particles results from the introduction of Mayer sampling [107]. Starting from the general

umbrella sampling method, an integral I can be calculated with

(v/p)p

I = Lot
re <7ref/p>p

(23)
relative to an already known reference integral I..s with corresponding integrands v and ~per.
For Mayer-sampling Monte Carlo (MSMC) simulations, the sampling distribution p = || is
selected. Each simulation step is then accepted by a probability Paee = min(1, ppew/pfold)s
with ppew being the distribution of the step to be accepted and pgq the distribution of the
previous step. Therefore, at the beginning of each simulation an acceptance ratio Pae. ~ 50 %
is tuned in by a step-parameter in an equilibration phase which is then set as constant for the
determination of the averages in Eq. (23) in a followed production run.

By selecting an appropriate reference system, being part of the phase space of the investigated
system, it is then possible to numerically obtain unknown virial coefficients of a selected many-
particle system relative to the virial coefficients of the reference system. Beside the initial
application to calculate virial coefficients of spheres with other interaction potentials relative
to known virial coefficients of hard spheres [107]|, hard spheres can be selected additionally
as a reference system to obtain virial coefficients of hard, anisotropic particles in the same
dimensional space. The more similar system and reference system are with their corresponding
integrals, the more efficient is the MSMC simulation. For hard, uniaxial solids of revolution,
virial coefficients can usually be obtained with high accuracy for geometries with aspect ratios
1/5 < v < 5 using virial coefficients of the same order of hard spheres as a reference system. For
highly anisotropic particles, however, similar anisotropic particles (e.g., spheroids with v = 2)
have to be selected as a reference system to obtain reliable results.

Furthermore, virial coefficients of lower order can for a system of interest be selected as
a reference integral to calculate higher-order virial coefficients [107]. Besides the accurate
numerical computation of higher-order virial coefficients of hard hyperspheres, this intrinsic
reference allows for the accurate numerical computation of higher-order virial coefficients for
anisotropic particles, too, since the influence of a different geometry of the reference system is

eliminated. The reference integral for the calculation of B,, with n > 3 can thus be written as
Liet = Ny (—2By)" (24)

using the second virial coefficient as a reference with Nt spanning trees with n nodes (Fig. 1)
[58]. To the reference integrand 7yef the n spanning trees with n — 1 leaves and one node of
degree n usually contribute by far the most. Thus, as an approximation it is sufficient to only
consider these n out of n"~2 spanning trees for the reference system [58]. Therewith, virial
coefficients up to the eighth order of hard, anisotropic particles can be calculated using binary

stored spanning trees and Ree-Hoover graphs with their respective weights [2,3,58].
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With currently accessible computer hardware it is usually not possible to binary store all
labeled Ree-Hoover graphs G € RE with their weights cg for n > 9 in the computer memory
before a simulation. Thus, more complex computational techniques are required for the calcula-
tion of higher-ordered virial coefficients. For the ninth and tenth virial coefficients of hard bod-
ies, canonical representations of graphs and graph isomorphism can be used [10,92,93,104,138],
whereas for n > 10 other methods are required [9-11]. Due to the complexity of the calcula-
tion, virial coefficients B,, with n > 10 have not been computed for any anisotropic particle

geometry so far.

2.2 Euclidean space of arbitrary dimension

Beside the fundamental two- and three-dimensional Euclidean spaces R? and R? with

x rsindcos
x r COS
< ) = ( ) gp) and y| =|rsindsing |, (25)
Y rsin @
z r cos v

other Euclidean spaces RP of arbitrary positive integer dimension D can be defined using

Cartesian or polar coordinates

1 7 COS @1
T 7 8in ¢1 cos ¢o
- : (26)

Tp_1 rsingy - -singp_ocospp_1

Tp rsing; ---singp_osinp_1

with the volume element

D D—1
H de; =P~ Ldr H sin" ! op_idop_; (27)
i=1 i=1

and ¢p_1 € [0,2n], as well as ¢1,¢2,...,¢p—2 € [0,m], based on the dot products of the
vectors defining the Euclidean space. Therefore, the four-dimensional Euclidean space R* can
be defined as

w rsin sin x cos ¢ r(2z) sin x cos ¢

x| rsindsin y sin ¢ _ r(2)sin x sin ¢ ’ (28)
Yy rsind cos x r(2) cos x

z rcos v z

relabeling the coordinates where in general ¢; is denoted as ¥ and ¢p_1 as ¢ in each dimen-
sion. Additionally, beside Cartesian and polar coordinates, the corresponding D-dimensional

cylindrical coordinates can be obtained.
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Regarding the four-dimensional Euclidean space R?, a vector v can be rotated via a rotation

matrix R using Hamiltonian quaternions ¢ with
qg=a+bi+c+dk (a,b,c,d €R; i*=j*=k*> =ijk=—1) (29)

which consist of one real part and three imaginary parts. The quaternion number system H is
the extension of the complex number system C with C C H. When operating with quaternions,
it has to be taken into account that multiplication is not commutative, giving qi1qs # ¢2q1 in
general.

For the rotation of a vector v in R* with r, ¢, x, and ¥ [Eq. (28)], a left isoclinic rotation

matrix Ry, or a right isoclinic rotation matrix Ry with

a —b c —d a —b c d
R, = b a —d —c and Ry — b a —d c (30)
o —c d a -b o —c d a b

d c b a —d —c -b a

can be used [139].

For a counterclockwise rotation around the angle ¢ using the left isoclinic rotation matrix,
v/ =Ry ¥($) R v (31)
results for the vector after the rotation. Here, at first the vector v is aligned via R{ with

d = sin ¥ sin x cos ¢, (32a
¢ = sin ¥ sin x sin ¢, (

b = sind cos x, (32¢
a = cosv (32d

to the positive direction of the z-axis and then via

costp; —siny 0 0
B(y) = sin ¥y cos Y1 0 0 (33)
o 0 0 Ccosty —sin g
0 0 sin 1o cos o

rotated around the angle 1, before finally getting rotated back via Ry [1|. For ¥(v), the rela-
tion 1)1 = 19 results for left isoclinic rotations and ¥; = —1) for right isoclinic rotations [139].

Note, that, independent of the dimension of space, a rotation is always executed in a plane
around a rotational invariant element. Therefore, quaternions can also be used for rotations
in R3, where the rotation is around an invariant axis. This has various applications, especially
in robotics where due to the high numerical accuracy and simple operations a high precision

results in the technical implementation. For rotations in Euclidean spaces RP with D > 4,
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other, computationally more demanding methods are required, where, e.g., the Aguilera-Perez

algorithm [140] can be used, whose computational time scales with the number of dimensions D.

2.3 Geometry of selected solids
2.3.1 Uniaxial solids of revolution

For modeling hard, anisotropic particles, one of the most common types of geometries are uniax-
ial solids of revolution. Their shape can solely be defined by their meridian curve r(z), describ-
ing the distance of the surface to the rotational invariant z-axis. Therefore, a D-dimensional
cylindrical coordinate system for R” is preferred for such solids. Since in Euclidean spaces
of higher dimensions (D > 3) a rotation is always in a plane around a (D — 2)-dimensional
invariant element, an additional rotational invariance exist for uniaxial solids of revolution.
Furthermore, in addition to the meridian curve, the aspect ratio v as the ratio of the height of
the solid in respect to the elongated axis to the width in respect to each remaining axis can be
used to characterize their specific geometry. Defining the size of a particle by its radius, vari-
ous solids of revolution can be defined by their meridian curve r(z). A selection of geometries
investigated in this work is summarized in Fig. 3 with their corresponding meridian curves

given in Appendix A, Tab. A-1.
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Fig. 3: Two-dimensional sections of selected uniaxial solids or revolution in this work, FLTR:
Ellipsoid, spherocylinder, cylinder, spindle, doublecone, cone, truncated cone, lens,
spherical segment (9. < 71/2), spherical segment (J. > 7/2), homonuclear dumbbell,
peanut [2,4].

The generalization of these geometries from two- and three-dimensional Euclidean spaces to
arbitrary higher-dimensional Euclidean spaces is straightforward, using their meridian curves

and hypercylindrical coordinates [Eq. (28)]. The D-dimensional volume (hypervolume) Vp of
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a solid in R can in general be calculated with

VP = kp_1 / erl(z) dz, (34)
with
/BD 7.[D/2

KD (35)

D T(1+D/2)
being the volume of a D-dimensional unit ball B and 8p its corresponding (D —1)-dimensional
surface area (hypersurface area). The (D — 1)-dimensional lateral surface area (lateral hyper-

surface area) of a solid can in general be calculated by

Sp = Bp-_1 / TD*Q(z) [1 + 7"2(2)]

Zmin

2 4z (36)

where for uniaxial solids of revolution with 7(zmin) = 7(2max) = 0 the lateral hypersurface area

Sp is equal to the total hypersurface area Sp [4].

2.3.2 Polytopes

Beside uniaxial solids of revolution, mainly polytopes are used for modeling anisotropic par-
ticles. Each polytope P can be characterized by its sets of proper k-faces Fj(P) with k =
0,1,...,D — 1 and the external angle v(P,F’) for each k-face F' of P. Denoting F' € Fi(P) as
Fy, for any k-face F' of a polytope P, Fp is commonly referred to as vertex, F} as edge, Fy as
face, and Fp_1 as facet. Furthermore, Fj is referred to as cell, Fp_o as ridge, and Fp_g3 as
peak. Additionally, Fp represents the polytope P itself as an improper k-face. Writing Ny (P)
for the cardinality #F(P), the Euler characteristic

D

=

S (CDENG(P) = 14 (—1)P (37)
k=0

results for any convex polytope in R”. The external angle v of each k-face F of a polytope P
can be written as
HP—F(N(P,F)nBP)

V(PF) = p— , (38)

using the normal cone N (P,F) and the D-dimensional unit ball B” with the (D —k)-dimensional
Hausdorff measure HP~* of their intersection [141,142|. There, the cases

1
>, WPF)=1,  A(PFpa)=5. (PFp)=1 (39)
FeFo(P)
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for vertices, facets, and the polytope itself (Fp = P) can be deduced for arbitrary convex
polytopes.

If all k-faces of a polytope have a transitive symmetry, the polytope itself is regular if all
k-faces are regular k-dimensional polytopes, too. Hence, all k-faces and their external angles
are respectively identical for a regular polytope. Let PP be the set of different types of regular,
convex polytopes in RP. For P € PP, the external angle of a ridge v(P,Fp_3) can be rewritten

as

T[—(SP

PFp_5) =
v(P,Fp_2) o

(40)

with dp being the dihedral angle of the polytope. Also, each regular D-dimensional polytope
(D-polytope) can be characterized by its Schléafli symbol {p1,p2,...,pp-1} or {p,q,r,...} [143].
Only one type of 1-polytope exist, the line segment {} with length a. Oppositely, infinite many
types of regular, convex polygons (2-polytopes) exist, with {p} denoting the Schléfli symbol
and p being the number of its vertices and edges of length a.

The five types of regular, convex polyhedra P € P3 are known as the platonic solids {p,q}
with faces of type {p} and vertex figures of type {q} [143|. They are shown in Fig. 4 and their

(3
sin( >

dihedral angles dp can be written as

<A

O¢p,qy = 2arcsin (41)

hSTE]

in dependence on their Schléfli symbols [143].

To0

Fig. 4: The five Platonic solids tetrahedron {3,3}, cube {4,3}, octahedron {3,4}, dodecahedron
{5,3}, and icosahedron {3,5}.

For regular 4-polytopes (polychora), a total of six convex types exist: 5-cell {3,3,3} (also
called 4-simplex), 8-cell {4,3,3} (also referred to as 4-cube or tesseract), 16-cell {3,3,4} (also
known as 4-dimensional cross-polytope), 24-cell {3,4,3}, 120-cell {5,3,3}, and 600-cell {3,3,5}.
Each regular, convex polychoron {p,q,r} has cells of type {p,q}, 2-faces of type {p}, edge figures
of type {r}, and vertex figures of type {q,r}. While 5-cell, 8-cell, 16-cell, 120-cell, and 600-cell
are the analog geometries for the five platonic solids tetrahedron, cube, octahedron, dodeca-
hedron, and icosahedron in R*, the 24-cell is an additional regular, convex polytope which is
unique in this dimension of space. In higher-dimensional Euclidean spaces RP with D > 4,
only three types of regular, convex D-polytopes exist: D-simplex, D-cube, and D-dimensional

cross-polytope. Their characteristic Schlafli symbols, numbers of k-faces and dihedral angles
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are summarized in Tab. 2.

Tab. 2: Schlafli symbol {pi,...,pp_1}, number of k-faces N, and dihedral angle dp for the
three regular, convex D-polytopes in arbitrary-dimensional Euclidean spaces RY [143].

Name Schléfli symbol Ni, op
. _ D
Simplex {3,3,3,...,3} = {31} (kj_rll) arccos (%)
_ —k(D
Cube {4,3,3,...,3} = {4,3P72}  2D=F(]) z

Cross-polytope  {3,3,3,...,4} = {30724} 2k+! (kfl) arccos (272)
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3 Results and Discussion

3.1 Analytical calculation of second virial coefficients for anisotropic solids
3.1.1 Exclusion volume of two convex solids

For particles purely interacting as hard bodies, their second virial coefficient is directly re-
lated to their orientation-averaged excluded volume. For two solids with fixed orientation, the
exclusion volume is the volume inaccessible for the center of the second body in the vicinity
of the first one. Averaging for anisotropic particles over all relative particle orientations, the

orientation-averaged excluded volume Vg, with the corresponding second virial coefficient

Vex

By = 5

(42)

as orientation-averaged excluded volume per particle can be obtained in arbitrary-dimensional

Euclidean spaces R”. E.g., the excluded area in R? for two hexagons is shown in Fig. 5.

Fig. 5: Excluded area for parallel-oriented (green) and anti-parallel-oriented (orange) hexagons
as the area inside the solid lines with the orientation-averaged excluded area Vi as the
area inside the dashed line.

For two arbitrary convex solids K and L in RP , the rotation-averaged excluded volume Vey

can be calculated analytically by the Brunn-Minkowski theorem with

D

Vi) = =3 (V) wit wo_io) (4
1=0

using quermassintegrals W; of order i as geometric measures for each convex solid [118,142,144].
The ith quermassintegral W;(K) of a convex body K with ¢ = 0,1,...,D is the mixed volume of
(D — i) copies of K and i copies of the D-dimensional unit ball BY. Specific quermassintegrals

are related to other common geometric measures [117,118,142,144,145], e.g.,

Wo(K) = Vp(K), (44a)
Wi (K) = SPZ()K : (44D)
Wa(K) = MPZSK) = % }'{ Hp(K)dP~1s, (44c)

18



wp(K)
2
Wp(K) = kp, (44¢)

WD_l(K) = RP(K) RKp = KD, (44(1)

with Vp denoting the volume, Sp the total surface area, Mp the surface integral over the mean
curvature Hp, Rp the mean radius of curvature, and wp the mean width of the convex particle.
Alternatively, independent of the dimension of space in which the convex body in embedded

into, the ¢th intrinsic volume

vt = (7) Heti)

( KD—i

(45)

of a convex body K can be used instead of the corresponding quermassintegral [146].

For many-particle systems consisting of hard, convex particles, all identical in size and shape,
the Brunn-Minkowski theorem [Eq. (43)] with Eq. (42) and K = L can be used to obtain the
second virial coefficient By for particles in arbitrary-dimensional Euclidean spaces R”, resulting
with Eqs. (44) in Eq. (22) for R? and in the Isihara-Hadwiger theorem [Eq. (21)] for R3. In

the four-dimensional Euclidean space R*, analogously

By(K) = Vo(K) + Sp(K) Re(K) + 5 W3 (K) (16)

can be obtained [1|. The previously proposed general expression

L o) Re(K) (a7

By(K) = Vp(K) +
for arbitrary convex solids in R” by Torquato and Jiao [117], however, is just a rigorous lower
bound, giving the correct results only in the limiting case of hyperspheres [118|.

Since the Brunn-Minkowski theorem with Eq. (43) is defined for two arbitrary convex parti-
cles in general, the second cross virial coefficient By(A,B) of a binary mixture with components
A and B can analytically be obtained, too, if A, B € KP. Therefore, with the second virial
coefficients of the pure components By(A) and Bs(B), the second virial coefficient of a binary

mixture BIX with
BY'™(A,B) = 2% B2(A) + 2z 42 B2(A,B) + 23 B2(B) (48)

can be calculated analytically in dependence on the number fractions x4 and xp for arbitrary
hard, convex particles in RP, if all quermassintegrals W; are known for A and B. In addition,

the general extension to second virial coefficients of mixtures with m components as

BY™ =3 "N mia;By(i.j) (49)

i=1 j=1

is straightforward [147].
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3.1.2 Geometric measures of convex solids

To calculate the second virial coefficient of a many-particle system consisting of an arbitrary
number of distinguishable hard, convex particles in R, only their individual geometric mea-
sures in form of quermassintegrals W; or intrinsic volumes V; are required. Since uniaxial solids
of revolution and polytopes are the most common types of geometries for modeling anisotropic
particles, general and specific expressions for their quermassintegrals are derived [4,118].

For uniaxial solids of revolution with continuous surface curvatures in R, their quermassin-
tegrals Wy and W7 can directly be obtained in dependence on their meridian curve r(z) using
Eqgs. (44a) and (44b) by calculating their volume Vp and total surface area Sp [Egs. (34) and
(36)], while Wp is already given as the volume of a D-dimensional unit ball [Eq. (35)]. For
the remaining quermassintegrals, the principal curvatures or the reciprocal principal radii of
curvature are required. The principal curvatures of a solid can be obtained as the eigenvalues

of its Weingarten map Wp (also known as shape operator) with
Wp =I;'p (50)

where Ip denote the first and IIp the second fundamental form of the solid’s surface [4, 73].
For solids of revolution, this results for the Weingarten map in a main diagonal matrix with

D — 1 elements where thus the eigenvalues are directly accessible, giving

:I:r(z)[1+7"2(z)]1/2 tlsisD-2

for their principal radii of curvature in dependence on their meridian curve r(z) [4,73].
Using the principal radii of curvature, quermassintegrals W; with ¢ > 1 can then be rewritten

as surface integrals, e.g., in R? as

1
W= 7{ d3s, (52a)
1171 1 1
Wo==¢ - |—+—+—| dS 52b
2 4%3[R1+R2+R3] ’ (52b)
11 1 1 1] .,
11 2
Ws 4%3[R1R2+R1R3+R2R3}d5’ (52¢)
1 1
Wi=-¢ ——a3s 52d
, 47431321%3 , (52d)

or in general by the recursive relation

1
AR TR S b | (53)
o R L
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with

1
il =D —1
R; '
a;j = 1 i+l (54)
= 2. Gk ¢ i< D=2
Rj 5570
and
D-1 p-1
7S = | ][ &i| | I siw'~" 605 don-
i=1 Jj=1
D2
= rD72(2) [1 4+ #2(2)] [H sin® ¢p_; dpp_; | dz (55)
i=1

for the surface element [4]. Here, the mean curvature Hp is written as

)

—1
1 1
Hp= ——3 —
P D—14 R (56)

[Eqs. (44c) and (52b)] and the mean radius of curvature Rp as

1 1 D-1 D-1
= A .oi—1 ) )
Sl SEEEE

[Egs. (44d) and (52c)].

Using the provided equations, all quermassintegrals for convex solids of revolution with
continuous surface curvature can be calculated in dependence on their meridian curve r(z). For
the geometries selected in this work, i.e., hyperspheres, uniaxial hyperellipsoids of revolution
(hyperspheroids), and prolate hyperspherocylinders the obtained expressions are summarized in
Tab. A-2 (Appendix A), which agree with the expressions provided in the literature [118,144].
Therefore, the Gaussian hypergeometric function 9 F(a,b,c; z), related to the complete elliptic
integral of the first kind K (k) and the complete elliptic integral of the second kind E(k) by

K(k) = ngl <;,;,1;k2> . B(k) = ggFl <—;,;,1;k2) : (58)
is used for the quermassintegrals of uniaxial hyperellipsoids. For oblate solids of revolution
with v — 0, a (D — 1)-dimensional spherical plate results in R”. Its general quermassintegrals
are given in Tab. A-2 too, which can also be obtained using the intrinsic volumes V; of a
(D — 1)-dimensional sphere with the corresponding quermassintegrals in R~ [118].

For uniaxial solids of revolution with discontinuities in their surface curvatures, e.g., hy-
percylinders, hypercones, hyperspindles, or hyperlenses, additional contributions to the quer-
massintegrals W; with 1 < ¢ < D — 1 have to be considered. Firstly, for uniaxial solids of

revolution with 7(zmax) 7# 0 or r(zmin) # 0, the top or the bottom of the solid is covered by
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half a spherical hyperplate with the additional contribution of half its quermassintegral to the
respective quermassintegral of the solid. Thus, the general expression for the quermassintegrals
of cylinders can be obtained, giving the result shown in Tab. A-2. Furthermore, in general,
zero-dimensional singularities or (D — 2)-dimensional singularities might occur in the hypersur-
face curvatures of uniaxial solids of revolution, e.g., the apical singularities of hyperspindles or
the equatorial singularities of hyperlenses. Due to the symmetry of the solid, other-dimensional
singularities in the surface curvature do not occur for a uniaxial solid of revolution.

To calculate the contribution of a (D —2)-dimensional singularity W/ to the quermassintegral
of a convex solid of revolution, e.g., an equatorial singularity for a hyperlens, the meridian curve
of the geometry can continuously be replaced by a hypertorus in the vicinity of the singularity
[Fig. 6 (left)] [4,73]. For the limit of an infinitely thin hypertorus, the contribution of the

equatorial singularity

T—V¢
1 ) '
W = kpor 1l / sin?9dy o 1<i<D-1 (59)
Ve

results in dependence on the critical angle ¥, to the total quermassintegral W; with W/ being
the previously calculated contribution of the parts with continuous surface curvature using
the principal radii of curvature of the solid [4]. Finally, if a uniaxial solid of revolution has a
zero-dimensional singularity with r(z) = 0 in its surface curvature, where for convex solids only
apices with 7(zmax) = 0 or r(zmin) = 0 are possible, the contribution to the quermassintegral
W!" can be derived by continuously replacing the meridian curve by a hypersphere segment in
the vicinity of the apex [Fig. 6 (right)] [4,73]. For the limit of an infinitely small hypersphere
segment, a vanishing contribution of the apical singularity W/” to the total quermassintegral
W; results, regardless of the specific geometrical shape. Therefore, only (D — 2)-dimensional
singularities contribute to the quermassintegrals W; with 2 < ¢ < D — 1 of convex, uniaxial
solids of revolution, depending on their critical angles ¥ which are compiled for the selected

geometries of this work in Tab. 3.

Tab. 3: Critical angles ¥, of D-dimensional, uniaxial solids of revolution with singularities in
their surface curvatures contributing to W;.

Cylinder Lens Spherical segment Doublecone Truncated cone
Cone

fad 1—2 h 1 ro—r1
5 I I 1 —_ — I I —_——
19C 2 arccos (1+I/2) arccos ( T'O) arccos ( 1+IJ2) arccos < h2+(r07'r1)2

For uniaxial solids of revolution with 7(zmax) # 0 or 7(zmin) # 0, only half of the contribution
using Eq. (59) has to be considered for a singularity in the surface curvature, while the other half
of the contribution is replaced with half the contribution of a spherical hyperplate. Note, that

for the contribution of the top singularity of a truncated hypercone the sign of the contribution
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Fig. 6: Left: Continuous completion of a hyperlens by a hypertorus at the vicinity of the
equator |4]. Right: Continuous completion of a hyperspindle by a hypersphere segment
at the vicinity of the upper apex [4].

W/ has to be reversed or the critical angle 9. has to be adapted accordingly [4,73]. With
the derived expressions, all quermassintegrals for convex, uniaxial solids of revolution in R*
can be obtained, including geometries with apical and equatorial singularities. Results can
also be obtained for arbitrary dimensions with the general expressions for doublecones and
cones given in Tab. A-2 (Appendix A). For the remaining geometries spindle, lens, spherical
segment, and truncated cone, also expressions for arbitrary dimensions could be obtained while
exemplarily the results for four-dimensional solids of revolution in R* are displayed in Tab. A-3
(Appendix A).

While the geometric measures for two- and three-dimensional spindles, lenses, spherical seg-
ments, doublecones, cones, and truncated cones have been previously reported in the liter-
ature |73], general expressions for the quermassintegrals of the four- and higher-dimensional
analog geometries have not been provided in the literature before. For hyperspherical segments

with h < 7, concise formulas for volume Vp and lateral surface area S}, are reported by Li [148],

giving
WO = 72 o Irgap/rg ( 2 75 ’ (60&)
KD p_1 D—-11 KD—1 p_1
W= P (P ) + s (605)

for opening angles ¥, < 7t/2 with I, (a,b) being the regularized incomplete beta function. For

hyperspherical segments with h > r¢ and 9. > 7t/2, analogously

KD D+11
Wy = 7”)D |:2 - Irgap/rg (272>:| ) (613“)
__ KD p-1 D-11 KD-1 p_1
Wl = 77"0 |:2 — If‘gap/ﬁ% (2,2 =+ D 'r'cap (61b)

can be obtained.
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While for a convex, uniaxial solid of revolution its geometric measures are determined by
its meridian curve, for an arbitrary convex polytope P its geometric measures are set on its

k-faces F' € Fj, and its external angles. The intrinsic volumes V; [Eq. (45)] of an arbitrary

convex polytope P in R” can for i =0,1,...,D be written as
ViPy= Y (PF)H!(F) (62)
FeF;(P)

with v(P,F) being the external angle of P at its face F' and H?(F) the i-dimensional Hausdorff
measure of the latter in R” [142]. For regular, convex polytopes, the external angles and

Hausdorff measures are identical for all i-faces, thus the intrinsic volumes simplify to
Vi(P) = Ni(P)y(P,F) H'(F) (63)

with F' being any i-face of P. Using Eq. (40) with Fp_s being a ridge F € Fp_o(P), the

second quermassintegral of a regular, convex polytope can be rewritten as

ﬂ——5p

Np_o(P)Vp(Fp_2) (64)

in dependence on the dihedral angle 0p and the (D —2)-dimensional volume of the ridges. Also,

the quermassintegral Wp_; can be rewritten as

Wp-1(P) = "2 Ni(P) y(P.F1) a (65)

with F} being an edge F' € Fi(P) of length a.

Using Eq. (62), the geometric measures of any convex polytope can be obtained, where
general results for the intrinsic volumes of regular simplices, cubes, and cross-polytopes are
already reported in the literature [118,141,149,150] and summarized in Tab. A-2 (Appendix A).
For the remaining regular, convex polytopes in RP with D < 4, their intrinsic volumes or
quermassintegrals have to be calculated individually. For regular polygons and polyhedra
all geometric measures are already available [117|, using Eqgs. (62), (38), and (64) with the
dihedral angle 6p given by Eq. (41). For regular, convex 4-polytopes, an analog expression of

the dihedral angles can be obtained in dependence on the Schléfli symbols {p,q,r}, where

cos (%) sin (%)

: Jus
S | —
(hnq)

O¢p,gry = 2arcsin (66)

with
hpg = VANi({p,q}) +1 -1 (67)

results. Therewith, W5 of a regular, convex 4-polytope can be obtained using Eq. (64) and for
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the calculation of W3, Eq. (65) with the external angle

cos (1‘) _9
v(P, F) = %_[ arccos VA (68)

sin <5> 4
p

for a regular, convex 4-polytope P with {p,q,r} can be used. Thus, all geometric measures for

P € P* can be obtained with the results for the remaining geometries summarized in Tab. A-3
(Appendix A).

3.1.3 Second virial coefficients for uniaxial solids of revolution

Using the Brunn-Minkowski theorem with the provided expressions for the quermassintegrals of
uniaxial solids of revolution in dependence on their meridian curve r(z), reduced second virial
coefficients B3 can be calculated analytically in Euclidean spaces R” | allowing to compare the
influence of the detailed particle shape on B5 among the dimensions of space. In Fig. 7, B3 is

shown for hard particles with moderate anisotropy in R? and R%.

T T T T T T T T T 20 [
| — Hyperellipsoid
71 ¢ Rhombus : [ — — Hyperspherocylinder
I gllzllirllaire]ens 18 —.- Hyperspipdle ’
6 4 Rectangle . [ Hypercylinder A,
¥ Stadion v 16 |~~~ Hyperdoublecone .

Fig. 7: Left: Reduced second virial coefficients B3 for anisotropic solids with aspect ratios v
in R? [3]. Right: Reduced second virial coefficients Bj of prolate, uniaxial solids of
revolution with inversion symmetry and aspect ratios v in R* [4].

As seen in Fig. 7, D-dimensional spherocylinders, ellipsoids, and spindles approach for v — 1

— 2D—l

spheres with B3 . Similar to solids of revolution in R? 73], with increasing aspect ratio

v > 1 the reduced second virial coefficient linearly depends on the aspect ratio with B o v [4].

1 can be observed

For oblate, uniaxial solids of revolution, the inverse relation B3 (v < 1) o« v~
in RP where for v — 0 all uniaxial solids of revolution approach spherical hyperplates [4]. For
high aspect ratios v — oo, as shown in Fig. 8 (left) for R*, all geometries approach hard needles
where for spherocylinders and cylinders the smallest values for B; out of the selected geometries
result, with a vanishing contribution of the capping hyperspheres to Bj for spherocylinders. In
addition, for aspect ratios v — 0o, hyperdoublecones have the highest values for B3 out of the

selected geometries in R?, R?, R*, whereas for planar spindles and spindles Bj is higher than for
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Fig. 8: Left: Reduced second virial coefficients Bj of prolate, uniaxial solids of revolution with
aspect ratios v > 1 in R*, normalized to corresponding values of uniaxial hyperellipsoids

B, (hell [4]. Right: Reduced second virial coefficients Bj of uniaxial solids of revolution

defined for prolate and oblate aspect ratios v in R* [4].

ellipses and ellipsoids [3,73] in R? and R?, but smaller for hyperspindles than for hyperellipsoids
in R* [4]. Due to the additional symmetry of the solid, Bj becomes more similar for highly
prolate, uniaxial solids of revolution with increasing dimensions of space. Conversely, for oblate
geometries with v — 0, larger differences for ratios of B3 oc v~1 arise [4,73]. In Fig. 8 (right)
the reduced second virial coefficients for uniaxial solids of revolution defined for prolate and
oblate aspect ratios v in R* are displayed.

For uniaxial hyperellipsoids of revolution, the parity Bj(v) = Bj(v~!) is observed in R* [4],
as for spheroids in R3 [73]. Using the Brunn-Minkowski theorem with the general quermassin-
tegrals for this geometry, the parity is proven in this work for arbitrary-dimensional Euclidean
spaces RP [4]. Also, for four-dimensional doublecones and cylinders with aspect ratio v = 1,
the reduced second virial coefficients Bj are identical in R%. This can trivially be observed for
the analog two-dimensional rhombi and rectangles in R? too, where for v — 1 both geome-
tries approach hard squares [3]. This non-trivial identity is unique for the four-dimensional
Euclidean space R*. The result for B} of cylinders with v = 1 exceeds the result for B3 of dou-
blecones with v = 1 in R3, whereas for higher dimensions D > 4 the results for D-dimensional
doublecones with v = 1 exceed those of the corresponding cylinders. This is shown in Fig. 9

(left).

By carefully studying the general expression for the quermassintegrals W; of D-dimensional
spherocylinders in R” (Tab. A-2, Appendix A), the simplified expression

D—1kp (v—1)2
D kp 2w-—1)+ 2

KD-1

1+

Byt — gD=1 4 9D-3 (SPRP — D> = oP-1

Vo (69)

for the reduced second virial coefficient of this geometry is obtained from the Brunn-Minkowski

theorem in dependence on at most three of its proper D geometric measures for arbitrary-
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Fig. 9: Left: Reduced second virial coefficients B5 of D-dimensional doublecones and cylinders
with aspect ratio » = 1 in R” [4]. The dashed lines serve as a guide to the eye. Right:
Reduced second virial coefficients Bj of D-dimensional homonuclear dumbbells, peanut-
shaped particles and spherocylinders with aspect ratio v in RP [2].

dimensional Euclidean spaces with the respective aspect ratio v of the solid [4]. For the limit of
hyperspheres with v — 1, again, the commonly known result B3 = 2P~1 is obtained [Eq. (69)],
while in the opposite limit of an infinitely long hyperspherocylinder

Byt p-1r1(%

B N S 35 (70)

results, with the proportionality B3 oc v for highly anisotropic, prolate solids of revolution.
Since for high aspect ratios the contribution of the hyperhemispherical parts of a hypersphe-
rocylinder to B3 become negligible, this is the limit for hypercylinders, too.

While for convex solids analytical results for Bs can be obtained based on their quermass-
integrals, no general analytical expressions are available for Bo of arbitrary concave solids.
However, in R? for planar, homonuclear dumbbells [74], planar, heteronuclear dumbbells, and
multimers of fused hard disks [75] and in R? for homonuclear dumbbells [76], explicit analyt-
ical results for By are reported in the literature. In this work, a corresponding expression for
hyperdumbbells with 1 < v < 2 in R* is derived. For homonuclear hyperdumbbells in R* with

volume

4
prhb) _ % [6 arcsin(v — 1) + 37+ (—4v® + 1202 — 20 — 6) (2 — V2)1/2] (71)

[Eq. (34)], the second virial coefficient By can be calculated by

7T 71'
2vrg b bl

T
2
Béhdb) Vel ol +8 / /sm Iy /sm 192/f r0r,02,x2) sin x2 dxe dda dd, dr,  (72)
0

Oc 0
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with
Oe =10(2 + 4v — 2%)1/? (73)

being the contact distance of the core where for any angular configuration at r < o, an overlap
of two particles with corresponding contact function f(r,J,,92, x2) = 1 results [2]. Here, the
inner most integration can be performed using the critical cosines cos 2. at the contact dis-
tances of the hyperdumbbells. The remaining integration has to be performed numerically, e.g.,
employing adaptive Gauss-Kronrod algorithms, resulting in highly accurate, semi-analytical
values for the second virial coefficients of four-dimensional, homonuclear dumbbells.

Defining a D-dimensional, peanut-shaped particle with the meridian curve shown in Tab.
A-1 (Appendix A), an additional concave solid of revolution with an overlap criterion identical
to that of a homonuclear hyperdumbbell with the same radius and aspect ratio results. Thus,
the second virial coefficients By (v) and reduced virial coefficients B, (v) = B, (v)/ By~ *(v) are
identical for these particles whereas the reduced virial coefficients B} (v) only differ by powers
of the ratio of their respective volumes Vp [2|. The results for By = By/Vp of D-dimensional
dumbbells and peanut-shaped particles in R” are shown in Fig. 9 (right), compared to the
results for corresponding spherocylinders. As expected, with v — 1 being the limit of D-
spheres, B3 increases with rising aspect ratio v, while for each v the reduced second virial
coeflicient B3 decreases for the particles with the increasing volume of the respective shape, as

the geometries are encapsulated subsets.

3.1.4 Second virial coefficients for convex polytopes

With the provided analytical expressions for all quermassintegrals of all regular, convex D-
polytopes P € PP their second virial coefficients can be obtained using the Brunn-Minkowski
theorem. For the only regular 1-polytope, the line segment with Schléfli symbol {}, B5({}) =1

results. For regular, convex polygons with Schléfli symbol {p}, the general expression

Bi({p}) =1+ ”f()

can be obtained with lim Bj({p}) = 2 for hard disks. The values of B; for regular p-gons with
p—o0

p < 11 are summarized in Tab. A-9 (Appendix B). As expected, B; decreases with increasing
number of edges of the polygon. Due to the Alexandrov-Fenchel inequality [142], the reduced
second virial coefficient for any convex body K is Bj(K) > 2P~! with equality only for the
limit of a D-dimensional sphere.

Similarly, B5 can be calculated for all five regular, convex polyhedra with the results provided
in Tab. A-9, too. The reduced second virial coefficient B3 can be used to quantify the sphericity
of an arbitrary solid. As seen, not the number of vertices, but the number of facets determines
how spherical a regular, convex polyhedron is. These results can also be compared to B of the
remaining four isotoxal (edge-transitive) polyhedra: Cuboctahedron, rhombic dodecahedron,

icosidodecahedron, and rhombic triacontahedron. For each of these, the dihedral angles are

28



s
10 E -+ Simplex

[~ Cube
|+ Cross-polytope
F = Sphere

~

10

103 3
102 3
10! 3
100 ? L L L L L L L L L L
2 4 6 8 10
D

Fig. 10: Reduced second virial coefficients Bj of hyperspheres and the three regular, convex
polytopes in arbitrary-dimensional Euclidean spaces R for D < 11. The solid lines
serve as guide to the eye.

identical for all edges. Thus, their geometric measures can be calculated, using Eqgs. (62) and
(40) with their reduced second virial coefficients summarized in Tab. A-9 (Appendix B). The
obtained values for Bj of the quasi-regular polyhedra and their dual geometries are significantly
smaller than the results of the platonic solids they are based on, due to the increasing sphericity
of each solid.

Next, Bj is calculated for the six regular, convex polychora P € P* (Tab. A-9, Appendix B),
where so far unknown results for the 24-cell, 120-cell, and 600-cell are obtained. Again, B;
decreases with increasing number of facets for a regular, convex polychoron. Extending the
calculations to arbitrary higher-dimensional Euclidean spaces RP with D > 4, the results for
the three existing regular, convex D-polytopes are displayed in Fig. 10 and compared to D-
spheres. Note, that the values printed in [118] for simplices and cross-polytopes with D > 3 are
flawed due to typos in the formulas for their quermassintegrals W;. For the correct expressions
see [141,149,150] or Tab. A-2 (Appendix A). As seen in Fig. 10, the sphericity of a regular,
convex polytope increases with the number of facets and not with the number of vertices in
arbitrary-dimensional Euclidean spaces RP.

Generalizing the geometry of a D-dimensional cube by elongating the length of an axis a by
the ratio v, a D-dimensional squared rectangular cuboid (quadratic pillar) with Vp = vaP and
all axes being perpendicular towards each other results. Its general quermassintegrals W; are
provided in the literature [118] and can be rewritten by the expression displayed in Tab. A-2
(Appendix A). While for the limit ¥ — 1 a hypercube results, a quadratic hyperplate can
be obtained for v — 0. Using this expression for W;, the general parity Bj(v) = B3(v1)
results for this geometry in arbitrary dimensions D, too, similar to uniaxial hyperellipsoids of

revolution. E.g., for the squared rectangular cuboid in R3, the reduced second virial coefficient
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can be written as

By =~ vt (74)

with lim [B, (qp)/ v] = lim [VB; (qp)] = 1 for infinitely long and short aspect ratios.

V—00 v—0

3.2 Numerical calculation of virial coefficients for hard particles
3.2.1 Algorithms for overlap detection of anisotropic solids

For the numerical calculation of virial coefficients by means of Monte Carlo integration, a
reliable algorithm for the contact detection of the respective particle geometries at any possible
particle configuration in R” is required. For hard, D-dimensional spheres and fusions of them,
e.g., homonuclear dumbbells [2], this is straightforward by using the center-to-center distances
for all pairs of spheres. Thus, for geometries without a simple mathematical overlap detection
procedure, these shapes are out of necessity often approximated by combinations of fused
hard spheres [151]. Also, for peanut-shaped particles, the same algorithm as for homonuclear
dumbbells with identical size and aspect ratio can be used [2].

For hyperspherocylinders, the contact detection can in general be reduced to the determina-
tion of the shortest distance between two one-dimensional rods in R [1,152]. If this minimum
distance is less than the sum of the radii of the respective spherocylinders, the latter overlap,
otherwise they do not.

For general ellipsoids (and thus also spheroids) in R3, the well established Perram-Wertheim
algorithm can be employed for an overlap detection [153]. While in general algorithms for R?
can be applied to their analog geometries in R? by restricting the positions and orientations
of the particles into a fixed plane, the overlap algorithm for ellipsoids can be generalized to
hyperellipsoids in R”, too [3,154,155]. Here, a hyperellipsoid is defined by its shape matrix
and the configuration of two hyperellipsoids by a polynomial function f(\) with 0 < A < 1. If
3: f(A) <0, the two hyperellipsoids do not overlap, otherwise they do.

For convex polytopes, the hyperplane separation theorem (or its generalization the Hahn-
Banach separation theorem) can be used to detect overlaps in arbitrary space dimensions [156].
In general, two non-overlapping convex solids in R” are separated by hyperplanes. For convex
polytopes the detection of a possible hyperplane of separation simplifies, as at least one facet
of a polytope has to be in such a hyperplane [3,157]. For concave geometries, other overlap
algorithms are required, often using shape approximations or (triangular) tessellations [157].

The adaptation of overlap algorithms for other anisotropic particle geometries from R3 to
higher-dimensional spaces is usually more complicated. For lenses in R3, with a lens defined by
the section of two spheres with identical radius giving a circular equatorial singularity (Fig. 3),
overlap routines are already reported in the literature [58,158|. Therefore, three possible types
of overlap configurations have to be detected: sphere-sphere, sphere-circle, and circle-circle
overlaps. While sphere-sphere and sphere-circle overlaps can straightforwardly be extended to

hyperlenses in higher dimensions, the overlap detection between two circular disks in R? [159] is
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already surprisingly complex. An extension to spherical plates in higher dimensions is possible,
but relies at the state of this work on respectively highly computationally demanding, numerical
minimization routines of non-injective functions with multiple parameters.

Besides lenses, overlap algorithms for other geometries in R3, e.g., cylinders [19, 160] or
spindles, can be developed. Particularly interesting is the reported contact detection for su-
perellipsoids [161-163]. With this type of geometry a variety of convex shapes can be formed

and analyzed, including doublecones, cylinders, cuboids, and square bipyramids.

3.2.2 Implementation of the numerical Monte Carlo integration

In this work, virial coefficients are calculated up to the eighth order for hard particles of
various geometries in the two-, three-, and four-dimensional Euclidean space, using Mayer-
sampling Monte Carlo simulations. For the calculations of the second virial coefficients, hard,
D-dimensional spheres with B} = 2P~! [Eq. (19)] are used as a reference system. For convex
solids, the obtained numerical results are compared with available analytical expressions, serv-
ing as a validation for the used simulation technique. For concave geometries without analytical
results for By (hyperdumbbells [2]), the results of the respective Monte Carlo simulations are
compared and validated with values obtained by numerical Gauss-Kronrod integration. The
reduced second virial coefficient of a many-particle system with a respective particle geometry
is then used as an intrinsic reference to calculate the higher-ordered virial coefficients Bs up
to Bg for this geometry. Therefore, n spanning trees with n — 1 leaves and one node of degree
n — 1 are used for the reference system [Eq. (24), Fig. 2|.

For the numerical calculation of By up to Bg, a simulation with a total of 16 parallel runs,
each with 5 x 1010 steps with a previous equilibration phase of 107 steps, is typically used. With
the latter an acceptance rate for each step is set to ~ 50 %. To obtain B7 and Bg for hard solids
in R* and hard, homonuclear dumbbells in R, the number of steps is increased to 4 x 10!
to reduce the uncertainties of the results while for the remaining systems again 5 x 10! steps
are used. The uncertainty of the results is the standard error based on the deviation between
the 16 independent runs. To calculate B,,, in each step of a Monte Carlo simulation n particles
are randomly translated and rotated in R”. The center and the orientation of the first particle
define the origin and the direction of the coordinate system. For the translation and rotation,
polar coordinates are used with the corresponding angular coordinates ¢, ¥, and y [Eqs. (25)
and (28)], where each angular coordinate ¢p_; [Eq. (26)] has to be randomly generated,
weighted by sin®!(¢p_;) [1].

3.2.3 Anisotropic particles in two-dimensional space

Firstly, the influence of the detailed particle geometry on higher-ordered virial coeflicients B}
with n > 2 is investigated in R?. Therefore, based on statistical mechanics or scaled particle

theory (SPT) respectively, a characteristic shape parameter « can be defined as the normalized
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mutual excess excluded volume per particle [116,164], which can be written as

By — By -1
o= (2D71 — 1)VP = 2D71 1 (75)

for arbitrary anisotropic particles and space dimensions in general [2]. In R2, less particle
geometries have been investigated in respect to their virial coefficients compared to anisotropic
particles in R?. Only for fused disks, stadia, ellipses, and rectangles some virial coefficients are
available in the literature, limited up to order n <5 [111-115].

As part of this work, virial coefficients up to Bg of planar, homonuclear dumbbells, stadia,
ellipses, planar spindles (lenses), rectangles, and rhombi with various aspect ratios v are pro-
vided [2, 3], summarized in Tabs. A-11 to A-17 in Appendix C. Therefore, Mayer-sampling
Monte Carlo simulations have been employed, starting with the numerical calculation of B3
based on the developed overlap algorithms. The obtained numerical results are, within the
uncertainty, in perfect agreement with the analytically known results [2,3|, exemplarily shown
for planar dumbbells in Fig. 11 (left), validating the employed simulation technique.

The virial coefficients of orders n > 3 can then efficiently be calculated using B3 of the
respective geometry as an intrinsic reference, resulting in highly accurate values in agreement
with numerical results using B} of hard disks as a reference. Resulting reduced virial coef-
ficients B,, = Bn/BS_1 of planar dumbbells, stadia, and ellipses are exemplarily shown in
Figs. 11 (right) and 12. Overall, the obtained numerical results are all in agreement with pre-
viously reported results from the literature. In addition to more accurate results for the virial
coefficients up to the fifth order, new virial coefficients are derived systematically up to Bg,
including planar spindles and rhombi as two geometries that have not specifically been investi-
gated before. Note, that planar spindles and lenses in R? are identical geometries whereas for
higher dimensions D > 2 different geometries result, based on their defined meridian curves
[Tab. A-1, Appendix A].
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Fig. 11: Left: Reduced second virial coefficients B3 of planar dumbbells in dependence on the
aspect ratio v with deviations ABJ to the analytical result B3, [2]. Right: Reduced

virial coefficients B,, = By, / Bgil of planar dumbbells in dependence on the inverse of
the shape parameter a1 [2].
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For aspect ratios v — 1, planar dumbbells, stadia, ellipses, and planar spindles approach
hard disks with o = 1 for which virial coefficients up to Bj, are available [Tabs. A-4 and
A-10 (Appendix)]. Rectangles and rhombi result in hard squares with identical B} instead.
While homonuclear dumbbells are by the definition of the geometry restricted to aspect ratios
1 < v < 2, the other investigated geometries approach for v — oo hard needles. These can
also be redefined as infinitely thin hard rods of unit length, resulting in the analog geometry
of a spherical plate in R? for the two-dimensional Euclidean space. For this geometry, also
an analytical expression for Bj is available in the literature [113] with a slight but significant
deviation from the obtained numerical results of this work [3]. The latter still agree with
previous numerical results taken from [115|, whereas older data reported in [110,112] is already
discussed in the literature to be insufficient [113,115].

By considering reduced virial coefficients B, in dependence on the inverse of the shape

1 as shown in Figs. 11 (right) and 12, a qualitatively identical dependence

parameter o~
irrespective of the general particle geometry can be observed [3|. Therefore, the data can
sufficiently be interpolated by low order polynomials. For planar dumbbells, even a nearly
linear dependence can be observed. By that, virial coefficients up to Bg are available for
arbitrary aspect ratios for each investigated geometry, covering the limits of isotropic disks up

to infinitely thin needles.

3.2.4 Anisotropic particles in three-dimensional space

Oppositely to R?, in R? various particle geometries have previously been investigated regard-
ing their virial coefficients [58,103,104,106]. To extend these calculations to unknown virial
coefficients of analog geometries in higher-dimensional spaces, already known results are re-
visited, performing recalculations for selected geometries and aspect ratios. Here, the focus is
not to provide virial coefficients for geometries where already respectively high-accurate virial
coefficients are available, but to implement and validate overlap-algorithms for arbitrary di-

mensions of space in an adaptable MSMC simulation. This further allows the calculation of so
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Fig. 13: Reduced virial coefficients B,, of hard, homonuclear dumbbells (left) and hard sphero-
cylinders (right) in dependence on the inverse of the shape parameter a1 [2,104].

far unknown virial coefficients for other geometries with given overlap algorithms in R3, i.e.,
spindles, cylinders, and doublecones.

In addition to their analog geometries in R? and R*, the virial coefficients of hard, homonu-
clear dumbbells, spherocylinders, and ellipsoids of revolution are recalculated up to Bg. The
results are displayed in Figs. 13 and 14 with numerical data summarized in Tabs. A-18 to A-21
(Appendix C). For comparison, additional data of these and other selected geometries available
in the literature are summarized in Tabs. A-18 to A-25, too.

As shown in Figs. 13 (left) and 14 (right), a nearly linear dependence of the reduced virial
coefficients B, = B,,/By ™" on the inverse of the shape parameter a~' [Eq. (75)] is observed
for dumbbells and oblate spheroids [2,58|. For prolate geometries, i.e., spherocylinders and
spheroids with v > 1, a significant non-linearity exist [Figs. 13 (right) and 14 (left)]. However,
all data can be interpolated by low order polynomials. While the results agree with previous
values provided in the literature [48,103,104|, the obtained results for prolate spheroids are
slightly more accurate compared to the values reported in the literature [103|. Furthermore,
new results for Bg are obtained, providing more reliable values compared to the marginally
flawed results from [84] (see [92]). For oblate spheroids with v = 4/5, an erroneous value for By
in [58] can be identified. For the remaining geometries, the results from the literature [48,104]
have similar or higher accuracy. For dumbbells and spherocylinders, By is reported for various
aspect ratios v in [104], too. To accumulate results with smaller uncertainties, the number of
steps in each MC simulation could be increased, but since already highly accurate results are
available in the literature, this is beyond the scope of this work.

Regarding highly oblate solids of revolution with v — 0, spherical plates result with their
respective virial coefficients summarized in Tab. A-25 (Appendix C). For these, as generally
for highly oblate solids of revolution in R3, positive fourth and negative fifth virial coefficients
are obtained [57]. Conversely, highly prolate solids of revolution generally have negative fourth
and positive fifth virial coefficients in R3. Comparing this with the corresponding geometries

of high anisotropy in R? with positive fourth and negative fifth virial coefficients, the latter
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Fig. 14: Reduced virial coefficients B,, of prolate ellipsoids of revolution (left) and oblate ellip-

soids of revolution (right) in dependence on the inverse of the shape parameter o',

behave similarly to oblate solids in R? due to similar orientational degrees of freedom. For
virial coefficients with higher orders (n > 5), more negative values are obtained for highly

oblate solids compared to highly prolate solids in R3.

3.2.5 Anisotropic particles in four-dimensional space

As part of this work, for the first time numerical virial coefficients are provided for anisotropic
particles in a higher-dimensional space. Therefore, virial coefficients up to the eighth order
of hard, homonuclear hyperdumbbells, hyperspherocylinders, and uniaxial hyperellipsoids are
calculated with the results summarized in Tabs. A-26 to A-29 (Appendix C) and displayed in
Figs. 15 and 16 as reduced virial coefficients Bn = B,/ Bg_l in dependence on the inverse of
the shape parameter a1 [Eq. (75)] [1,2].
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Fig. 15: Reduced virial coefficients B,, of homonuclear hyperdumbbells (left) and hypersphero-
cylinders (right) in dependence on the inverse of the shape parameter a~! [1,2].

For hyperdumbbells, similar to planar dumbbells in R? and dumbbells in R3, a nearly linear

1

dependence for B,, on a~! can be observed [Fig. 15 (left)]. Conversely to the analog geometries
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in R3, for oblate, uniaxial hyperellipsoids a non-linear dependence results in R* [Fig. 16 (right)].
Also, for uniaxial hyperspherocylinders and prolate hyperellipsoids a non-linear dependence can
be observed, too. However, all data can still adequately be interpolated by low-order polyno-
mials. Here, for hyperspherocylinders and hyperellipsoids the employed overlap-algorithms are
validated by the computation of second virial coefficients with available exact expressions from
the Brunn-Minkowski theorem [1, 4|, whereas for hyperdumbbells the results for Bj are in
agreement with the semi-analytical expressions [2].

For aspect ratios v — 1, all of these geometries approach hyperspheres with virial coeffi-
cients in accordance to available results [10]. Uniaxial hyperellipsoids with v — 0 additionally
approach spherical hyperplates in the highly anisotropic, oblate limit. For this geometry, no
established overlap algorithm is available so far. Thus, no numerical virial coefficients have
been provided, leaving only the results of oblate, uniaxial hyperellipsoids with v — 0 as an
indication of the approximate results. With a given efficient algorithm for the overlap detection
of spherical hyperplates, the numerical calculation of virial coefficients of hyperlenses would
also be straightforward, analogously to lenses in R? [58]. For highly anisotropic, oblate ge-
ometries in R*, the fourth virial coefficient is positive while the fifth is negative [Tab. A-29,
Appendix C]. This is identical to highly anisotropic, oblate solids of revolution in R? [Tabs.
A-21 and A-22, Appendix C]. Oppositely, again identical to analog geometries in R3, Bj is
negative and B; is positive for uniaxial, prolate geometries with high aspect ratios [Tabs. A-27
and A-28, Appendix C]|.

For uniaxial, prolate solids with sufficiently high aspect ratios ¥ > 1 in R?*, the provided
virial coefficients of odd order are positive and of even order are negative in general. This is
similar to the sign of virial coefficients for hyperspheres in high space dimensions [10]. There,
the ring diagram with n nodes dominates the contribution to B,, with increasing dimension of
space [165]. Also, for hyperspheres and anisotropic particles, the absolute value of each reduced

virial coefficient B, at first decreases with increasing dimension D and order n for particles
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with analog geometries and aspect ratios [2]. For hyperspheres, reduced virial coefficients B,
of very high order start to increase again for sufficiently low dimensions of space [10]. Similar
to hyperspheres [165], also for anisotropic particles in sufficiently high space dimensions a
negligible contribution of high-order virial coefficients to the virial equation of state can be
predicted. Vice versa, in R? and R3, higher-ordered virial coefficients significantly contribute

to the virial equation of state.

3.3 Equation-of-state data and phase behavior

With a finite number of available virial coefficients for a given many-particle system in R”, a

truncated virial series [Eq. (3)]

Mmax

Z~14 Y Bi*! (76)
n=2

results for the thermodynamic description of its isotropic phase, considering particle interac-
tions through reduced virial coefficients B} up to the highest known order nyax. The accuracy
of this equation of state can be evaluated by comparing the results with available numeri-
cal data. The obtained compressibility factor Z in dependence on the volume fraction 7 is
exemplarily shown for ellipses in R? and prolate ellipsoids of revolution in R? in Fig. 17.

With an increasing number of consecutively known, highly accurate virial coefficients the
compressibility factor can usually be described more adequately for increasing volume fractions.
However, depending on the geometry of the particles, truncation effects of the virial series arise
for sufficiently high volume fractions n < 7. before an isotropic phase transition at a critical
volume fraction 7.. For ellipses and ellipsoids with available phase diagrams [15, 16, 35, 47|,
similar to other geometries, an isotropic fluid - plastic crystal phase transition is observed for
small aspect ratios at higher volume fractions, whereas for moderately and highly anisotropic
particles an isotropic-nematic phase transition occurs at smaller volume fractions. Thus, for
near-spherical particles more higher-order virial coefficients are required for an adequate ther-
modynamic description of the isotropic phase at high volume fractions.

For highly anisotropic particles, the isotropic phase is limited to smaller volume fractions
instead. Thus, less virial coefficients should be required for an adequate thermodynamic de-
scription. However, their obtained virial coefficients are usually less accurate and truncation
effects have a bigger impact on the equation-of-state data. Since negative virial coefficients ap-
pear at lower orders n with increasing anisotropy, positive higher-ordered virial coefficients are
required to compensate their contributions, otherwise resulting in possibly even nonphysical
negative compressibility factors [3,48]. E.g., for ellipsoids with v = 10 (Fig. 17) the negative
seventh virial coefficient is overcompensated by a high positive eighth virial coefficient. Here,
additional virial coefficients and a reduced uncertainty for the result of Bg are required to de-
crease these truncation effects on the virial series. For prolate ellipsoids with sufficiently high

aspect ratios v in R3, Bg can be predicted to be negative, similar to spherocylinders [104].
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results from Eq. (77). Numerical results are taken from [35,47,112] and [15, 16, 57|
with open circles approximating the point of the isotropic-nematic phase transition.

Furthermore, the virial equation of state can generally also be compared to other provided

equations of state. E.g., using scaled particle theory (SPT), Boublik derived

1 an [1+ a(n/7—n?/14)]

Z:
1—1n (1—n)?

(77)

with @ = Bj — 1 [Eq. (75)] as an approximation for arbitrary convex solids in R? [166]. As
seen in Fig. 17 (left), SPT also predicts fairly accurate compressibility factors for small volume
fractions, but remains only a useful first order approach in general [115,151|. Instead, the virial
series provides reliable results if enough virial coefficients are known.

To compensate truncation effects, various corrections to the VEOS are available, too [48].
For hyperspheres, unknown virial coefficients of order n > npax can be approximated by the
Carnahan-Starling method [12], resulting in a closed expression for its equation of state as re-
ported up to D = 9 [167]. For anisotropic particles, a rescaled Carnahan-Starling approach can
be used, considering all known virial coefficients and rescaling the remaining to the (approxi-
mated) values for hyperspheres [57]. While this is useful for moderately anisotropic particles,
a modified Carnahan-Starling equation with correction parameters obtained by least-squares
fits of numerical data is more adequate for highly anistropic particles [48]. If only B3, Bj,
and Bj are known, the equation of state by Song and Mason for convex solids in arbitrary
dimensions of space should be considered, too [168]. For additional data and discussions re-
garding the equations of state for ellipses and ellipsoids, see 3,46, 48,103, 166, 169-171]. In
higher-dimensional spaces, the critical volume fraction for an isotropic phase transition, i.e.,
freezing, starts to decrease, as shown for hyperspheres [172]. Thus, truncation effects of the
virial equation of state should have less impact on an adequate description of the isotropic

phase in higher dimensions, allowing for the determination of convergence criteria.
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4 Summary and Outlook

In this work, virial coefficients of various hard, anisometric particles are calculated up to the
eighth order in two-, three-, and four-dimensional Euclidean spaces. Previously unknown
virial coefficients of planar dumbbells, stadia, ellipses, rectangles, planar spindles (lenses),
and rhombi are reported for various aspect ratios in R? [2,3]. Furthermore, first numerical
calculations of virial coefficients for anisotropic particles in Euclidean spaces D > 3, i.e., uni-
axial hyperdumbbells, hyperspherocylinders, and hyperellipsoids are implemented, employing
Mayer-sampling Monte Carlo simulations [1,2]. For the second virial coefficients of arbitrary
convex solids, the Brunn-Minkowski theorem employing quermassintegrals provides access to
explicit analytical expressions depending on the geometric measures of the particles through
excluded volume effects. General and explicit expressions for the quermassintegrals of uniaxial
solids of revolution with apical and equatorial singularities in their surface curvature are pro-
vided [4], extending the recent variety of anisotropic particle models in arbitrary-dimensional
spaces [118|. For higher space dimensions, the influence of the specific particle geometry on
the virial coefficients and geometric measures is studied in detail for R*, providing procedures
for a straightforward extension to arbitrary higher-dimensional Euclidean spaces. As an extra,
for regular, convex polytopes a list of all quermassintegrals for arbitrary-dimensional Euclidean
spaces R? is provided, completed by studying the 24-cell, 120-cell, and 600-cell in R*. Also, an
expression for the dihedral angles of 4-polytopes in dependence on the Schlafli-symbol {p,q,r}
is given. For the study of convex polytopes as an additional part of this work, the mutual
scientific exchange with Professor Achill Schiirmann and Valentin Dannenberg is especially
acknowledged.

For D-dimensional, uniaxial spherocylinders, a reformulation of the excluded volume by a
reduced second virial coefficient B5 depending on at most three geometric measures, volume Vp,
total surface area Sp, and mean radius of curvature Rp, is obtained and proven for aspect ratios
v > 1, including the limit of hard needles [Eq. (69)] [4]. Also, the parity Bj(v) = B3(v™1) is
proven for uniaxial, D-dimensional ellipsoids in arbitrary-dimensional Euclidean spaces R [4].
By additionally studying convex polytopes, the identical parity is obtained for D-dimensional
squared rectangular cuboids, too.

With obtained analytical and semi-analytical expressions for B3 of all investigated particle
geometries, higher-order virial coeflicients B} with n > 3 are accessible by Monte Carlo simu-
lations, employing an optimized version of Mayer sampling for hard, anisotropic particles [58|.
In addition, algorithms for the contact detection of hard particles in RP can be validated
by comparing the numerical and analytical results for B3. Using reduced virial coefficients
B, = B,/By ™! and the normalized mutual excess excluded volume per particle a [Eq. (75)],
depending on By for arbitrary dimensions of space [2], a nearly linear dependence of B,, on the

I is observed for two-, three-, and four-dimensional dumb-

inverse of the shape parameter o~
bells [2]. This is similar to previous results of oblate ellipsoids and lenses in R? [58]. For the
remaining geometries, i.e., solids with aspect ratios v > 1 and uniaxial, oblate hyperellipsoids

in R*, a non-linear dependence is observed instead. However, all data can adequately be in-
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terpolated heuristically by low-order polynomials [1-3]. Thus, a respectively accurate virial
equation of state for sufficiently small volume fractions n results. At high volume fractions in
the isotropic phase, truncation effects of the VEOS arise due to a limited number of known
virial coefficients and an increasing uncertainty for virial coefficients of higher-order. Therefore,
more and accurate higher-order virial coefficients are required for a given particle geometry.
Complementarily, the phase behavior should be studied, identifying isotropic phase transitions.

Further insights into the detailed influence of the particle geometry on the virial coefficients
can be expected upon studying other shapes, e.g., convex spherical caps [173] or concave
particles. For the latter, an interest for self-assembling phenomena and packings of such colloids
arose recently [174]. For these systems, generally less virial coefficients are known so far, since
their second virial coefficients are not analytically known in general and are thus not available
for validating overlap algorithms and Monte Carlo simulations to obtain higher-ordered virial
coefficients. Furthermore, virial coefficients of biaxial convex particles could be studied, where
a more complex phase behavior is observed, including additional phases [175,176]. Also, in R*
beside uniaxial solids of revolution, virial coefficients of other geometries are accessible. Here,
hyperellipsoids with axes of different lengths, e.g., r, r, vr, and vr can be studied with overlap
detection algorithms already being available [154]|. Therefore, a uniform random rotation of the
particles with multiple orientation vectors is required. In addition, accurate closed expressions
for the virial equation of state of anisotropic particles are required, avoiding the approximation
of higher-order virial coefficients to values of corresponding hyperspheres, especially for highly
anisotropic particles.

Finally, beside the virial equation of state for the thermodynamic description of the isotropic
phase, the isotropic-nematic phase transition and the nematic phase can be investigated further
for selected particle geometries. Here, nematic virial coefficients of uniaxial solids of revolution,
e.g., of ellipsoids [46], provide further insights into the self-organization of anisotropic colloids
and can be compared to calculations of the free energy and the chemical potential in dependence

on the order parameter.
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5 Publications

In this section, the four scientific papers [1-4| published as part of this work are shown, all full

articles as first-author. For each publication, all authors are listed with their respective con-

tributions according to Contributor Roles Taxonomy (CRediT) and approximated in percent.

Additionally, my respective approximated contributions in percent are summarized in Tab. 4.

Tab. 4: Overview of publications resulting as part of this work with own contributions approx-

imated in percent.
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I M. Kulossa, P. Marienhagen, J. Wagner, Virial coefficients of hard 50 %
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I M. Kulossa, D. Weidig, J. Wagner, Virial coefficients of hard, 50 %
homonuclear dumbbells in two- to four-dimensional Euclidean
spaces, Phys. Rev. E 107, 024129 (2023).

III M. Kulossa, J. Wagner, Virial coefficients of hard, two-dimensional, 80 %
convex particles up to the eighth order, Mol. Phys. 122, ¢2289699
(2023).
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revolution in higher-dimensional Euclidean spaces and their relation
to the second virial coefficient, Phys. Rev. E 111, 024112 (2025).
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Virial coefficients of hard hyperspherocylinders in R*: Influence of the aspect ratio
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We provide second- to sixth-order virial coefficients of hard hyperspherocylinders in dependence on their
aspect ratio v. Virial coefficients of an anisotropic geometry in four dimensions are calculated employing
an optimized Mayer-sampling algorithm. As the second virial coefficient of a hard particle is identical to
its excluded hypervolume, the numerically obtained second virial coefficients can be compared to analytical
relations for the excluded hypervolume based on geometric measures of the respective, convex geometry in

dependence on its aspect ratio v.

DOI: 10.1103/PhysRevE.105.064121

I. INTRODUCTION

Hard particles have been investigated thoroughly as a
model for many-particle systems for more than a century.
These studies have significantly contributed to the understand-
ing of self-organization in condensed matter [1]. The virial
series introduced by Kamerlingh Onnes [2],

p:QkBT(1+32Q+B3Q2+...), (D

where p denotes the pressure, kg7 the thermal energy, and
o the particle number density, is the first attempt to describe
thermodynamic properties of imperfect gases. The coeffi-
cients B; in the MacLaurin expansion in number density
accounting for the nonideal behavior are the virial coeffi-
cients. Introducing the volume fraction n = oVp as the product
of number density o and particle volume Vp, with

p:ViPkBT(1+B§n+B§n2+...), )

an expansion in terms of the volume fraction 7 results, where
B = B;/Vi™! are reduced virial coefficients.

The first attempts to calculate virial coefficients use hard
spheres as a model system with its geometric constraint of
impenetrability [3-6]. The seminal work of Onsager with the
analytically treatable model of infinitely thin rods predicted
the formation of liquid-crystalline structures beyond a critical
volume fraction [7]. Based on the theoretical foundation by
means of statistical mechanics [8], with emerging computer
performance, virial coefficients of order 5 < i < 12 of hard
spheres have been computed [9-15]. These methods have
been extended to virial coefficients of anisometric hard bodies
with different topology and aspect ratio [16-24].

Virial coefficients of hard discs as two-dimensional analogs
of hard spheres have been theoretically [25,26] and numeri-
cally [27] calculated. For orders i > 5, in most cases, these
virial coefficients were calculated together with those of hard
spheres [10-12,28]. With these data, first insights into the

*joachim.wagner @uni-rostock.de
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dimensionality’s influence to the nonideal behavior of gases
and superecritical fluids with impacts on the maximum packing
fraction have been possible [29].

The extension of the hard-sphere model system to Eu-
clidean spaces with dimensionality D > 3, already published
by Ree and Hoover [30], does not only provide useful physical
insights [31], but also has implications to information theory
[32]. Virial coefficients of hard spheres in higher dimensions
interestingly become negative for even orders i in dimensions
D > 5 [33]. For hard hyperspheres, selected virial coefficients
up to order i = 64 and up to dimension D = 100 are known
[28]. Virial coefficients of anisometric, hard objects in dimen-
sions D > 3, however, are so far unknown.

The aim of this contribution is the calculation of uniaxial,
hard hyperspherocylinders’ virial coefficients for dimension
D = 4 in dependence on their aspect ratio v. Since the second
virial coefficient of hard, convex objects equals the mutual ex-
cluded volume, its relation to geometric measures is analyzed
in dependence on the aspect ratio v. Herewith, expressions
for a four-dimensional analog of the Isihara-Hadwiger relation
[34-36] can be tested.

II. THEORETICAL BACKGROUND

Using the Ree-Hoover reformulation, the virial coefficient
of order i can be written as

i—1
Bi=——— ) ccS 3)
GeR}

where RY is the set of labeled Ree-Hoover graphs G with
i vertices and weighting factors cg, called Ree-Hoover star
contents, depending on the graph’s topology. S¢ is the config-
uration integral over interactions represented by the labeled
graph G. Since in the case of hard-body interaction a single
Ree-Hoover diagram contributes to the integrand, the calcula-
tion based on the Mayer-sampling method [37] can be done
employing an optimized algorithm with a bisection search in
an ordered list containing all labeled diagrams with their star
contents [23]. Mayer sampling as an importance sampling

©2022 American Physical Society
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technique requires the simultaneous calculation of a known
reference integral. For the calculation of the second virial
coefficients the analytically known second virial coefficient of
hard hyperspheres is used as a reference for small aspect ratios
v < 5. To increase the accuracy for aspect ratios v > 6, as a
reference, the virial coefficient of hard hyperspherocylinders
with aspect ratio v = 5 obtained with hard hyperspheres as
a reference is used. To minimize the total uncertainties for
v 2> 6, this reference value is extensively sampled to reduce
the uncertainty of this numerically obtained reference integral.
For virial coefficients with order i > 3, however, integrals of
highly branched spanning trees containing i vertices, each
with the value (—2B,)""!, are the more efficient choice as an
intrinsic reference integral [23].

A. Geometric measures of hyperspherocylinders in R*

A hyperspherocylinder is the union of hyperspheres with
radius req the centers of which are located at r = ¢ + A,
where ¢ = (cyw, ¢y, ¢y, ¢,)T is the hyperspherocylinder’s cen-
ter of mass and @ = (uy, uy, uy, u,)T its direction indicated
by a Cartesian unit vector. The parameter —(v — 1)req < A <
(v — 1)req defines the length of the hypercylinder barrel and is
related to the hyperspherocylinder’s equatorial radius r.q and
its aspect ratio v > 1. The hypervolume V of a hypersphero-
cylinder with equatorial radius r.q and aspect ratio v reads as

_ 6(v—1)+37

v z Tregs “)
and its hypersurface S can be written as
S =274 — 1)+ 7lry,. (5)

Its mean radius of curvature R is accessible as the hyper-
surface integral of its mean curvature « [38,39]. Since the
latter quantity is « = 1/(3r62q) in the hypercylindrical part
with length 2(v — 1)req, 1/ rgq in both hemihyperspheres, and
the curvature is continuous at the entire hypersurface, a hyper-
spherocylinder’s mean radius of curvature R reads as

R—[“”_D 1] (6)
g ()

B. Overlap criteria for hyperspherocylinders

Let ¢; and ¢, be two hyperspherocylinders’ centers of
mass, 0; and @, unit vectors describing their orientation,
req their equatorial radius, and v their aspect ratio. The
overlap problem of hard hyperspherocylinders in R* can be
solved by determination of the minimum distance between
the two lines ri(A) = ¢; + Ay and r(u) = ¢, + wii; un-
der the constraints [A] < (v — D)reg and |u] < (v — Dreq in
analogy to the overlap problem in R? [40]. If the minimum
distance i [r{(Amin) — F2(min)| < 27¢q, both hypersphero-
cylinders overlap, otherwise not. This overlap criterion can
easily be extended to arbitrary dimensions D.

C. Simulation details

The calculation of the ith virial coefficient of an uniax-
ial solid of revolution in R* requires an integration over a
7(i — 1)-dimensional configuration space which can be per-

formed efficiently using a Mayer-sampling algorithm [37]
extended to the four-dimensional space. In the case of hard-
body systems, the originally proposed acceptance criterion
has to be adapted by using a weighted sum of the integrands of
both the system of interest and the reference system [23]. The
algorithm is based on random translation and rotation attempts
of randomly selected particles.

Let £ = (¢, x, ¢) be the angular coordinates of a ran-
dom unit vector in R* with the probability densities p(¢) =
2 sin? ¥/, p(x)=sinx/2, and p(p)=1/2m) in 0<
<, 0< x <, and 0 < ¢ < 27. With the abbrevia-
tions @ = cos?¥, b =sin® cos x, ¢ = sin¥ sin x sin¢g, and
d = sin ¥ sin x cos ¢, a randomly oriented unit vector @t =
(—d, —c, —b,a)" is generated. A random translation of a
particle is achieved by choosing its center-of-mass position
cy+1 at step N + 1 relative to its previous position cy:

CN41 = CN + Apans & 11, )

where 0 < & < 1 is a uniformly distributed random number.
The maximum length of displacement A,y is tuned to obtain
an acceptance ratio of p,.c &~ 1/2.

Using again random angular coordinates €2, a left isoclinic
rotation matrix in R* can be written as

a —b c —d
b a —d -—c
R(®) = —c d a —b ®)

d c b a

based on the Hamilton quaternion [41]. Additionally employ-
ing a rotation matrix

YY) =R(¥,0,0)

cosy —siny 0 0
| siny cos ¥ 0 0 )
B 0 0 cosyy —siny |’
0 0 siny cos Y

a randomly rotated unit vector iy can be obtained from the
orientation of a given particle @iy at step N by

vy =R(®)-¥(¥) - RY(RQ) - dy. (10)

Choosing ¥ with —A < ¥ < Ay as a random number
with probability density p(y¥) = 1/(2A,o) allows an explo-
ration of the rotational configuration space with uniform
density at the unit hypersphere’s hypersurface as shown in
the Appendix complemented by a detailed description of the
rotation. The maximum rotation A, is again chosen to obtain
an acceptance probability of p,.. = 1/2.

The calculation of virial coefficients with known overlaps
and nonoverlaps is independent of the systems’ dimensional-
ity and thus identical to the strategy in R? and R? as described
in [23]: After translation and rotation of a selected particle
i(i —1)/2 Mayer f functions fj; are calculated based on
overlaps and nonoverlaps between particles j and k of the ob-
tained configuration, where, in the case of an overlap between
particles j and k, fj; = —1 is obtained and otherwise fj; =0
results. Defining additionally ej; = fj + 1, the contribution
of the generated configuration to the virial coefficient [Eq. (3)]
is a product of f and e functions of the single contributing
graph G weighted by its star content ¢ [10].
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TABLE I. Reduced virial coefficient B} of hard, four-dimensional hyperspherocylinders with the aspect ratio v.

v B: B: B: B: B:
1 32.4061 (19) 77.743 (9) 146.23 (6) 253.2 (8)

8 32.405759.. . 77.745183 .. 146.2451 (5)° 253.388 (6)*
2 9.6026 (4) 42.7361 (20) 96.325 (14) 174.58 (16) 340 (4)
3 11.9340 (6) 57.9720 (29) 108.70 (4) 270.5 (5) 444 (19)
4 14.3853 (7) 74.454 (9) 104.28 (5) 564.3 (13) —850 (40)
5 16.87831 (21) 91.606 (11) 81.18 (7) 12132 (22) —7000 (130)
6 19.3904 (11) 109.188 (21) 39.09 (14) 2363 (7) —23500 (400)
7 21.9132 (13) 127.076 (25) —21.31 (16) 4161 (12) —57500 (600)
8 24.4416 (16) 145.19 (4) —99.59 (24) 6723 (27) —119000 (1100)
9 26.9744 (11) 163.52 (5) —194.71 (24) 10180 (40) —215600 (1900)
10 29.5108 (17) 182.00 (9) —306.7 (6) 14581 (30) —360000 (4000)

#Value from [28].

For the calculation of virial coefficients of order 2-6 at
least 16 independent runs, each with 5 x 10'© Monte Carlo
steps, are used. The data provided are averages with confi-
dence intervals given by standard errors.

III. RESULTS AND DISCUSSION

The calculated virial coefficients of hard hypersphero-
cylinders with aspect ratios 1 < v < 10 from order 2-6 are
compiled in Table I. The literature values for hard hyper-
spheres’ virial coefficients are in the limit v — 17 reproduced
within their uncertainties for the orders 3 < i < 6. Since the
scope of this paper is an aspect-ratio dependent approach
covering orientation averages of anisotropic particles, the nu-
merical effort is drastically increased. The larger uncertainties
compared to hard hyperspheres’ virial coefficients in [28] are
therefore not a principal limitation of the used algorithm,
but a consequence of the significantly enlarged computational
demands.

A. Second virial coefficient and excluded hypervolume

Using the geometric measures of hypersurface S, mean ra-
dius of curvature R, and particle hypervolume Vp, the relation

" 7SR
By=1+ IV, (11)
was proposed for convex geometries as the excluded hy-
pervolume per particle in R* [38], which is in the case of
hard-body interaction identical to the second virial coeffi-
cient. While this relation is valid for a hypersphere in the
limit v — 17, for larger aspect ratios severe discrepancies to
second virial coefficients calculated by means of Mayer sam-
pling arise (Fig. 1). However, the relation

SR 8 [4(v— 1 +37][4(v — 1) + 7]

By =2— = (12)
Ww =« 16(v — 1)+ 37

describes the reduced second virial coefficients for 1 <v <10
with high accuracy.

Recently, the same authors corrected their conjecture (11)
using mixed volumes and quermassintegrals [42]. For a con-
vex set K, the excluded hypervolume per particle vex and thus
the second virial coefficient can in the four-dimensional space

be written as
4

1 4
B, = X = A~ ‘/ViKW—iKa
2= Ve 2K4§(i) (K)Wi_i(K)

where k4 = m?/2 is the hypervolume of the unit hypersphere
in R* and W;(K) are quermassintegrals of K. With the latter
quantities, B, can be written as

13)

2
By = — [Wo(K)Wa(K) + 4Wi (K)W5 (K) + 3W(K). - (14)

Wo(K) = VP(D)(K) is the D-dimensional hypervolume of a
convex shape, W; (K) = S®~D(K)/D its (D — 1)-dimensional
hypersurface, Wp_;(K) = kpR its mean radius of curvature R
multiplied by the hypervolume kp of a D-dimensional unit

40
1 x10~%
35F L3
A RiRUUS
30 | &
25 F
20 |
15
--1+7SR/(4Vp)
10F —2SR/Vp
¢ Mayer sampling
5 L L L L L
2 4 6 8 10
v

FIG. 1. Reduced second virial coefficients B5 = B, /Vp for hard,
four-dimensional hyperspherocylinders in dependence on the aspect
ratio v. The dashed red line represents relation Eq. (11), while the
blue solid line represents Eq. (12). The inset displays the relative
deviations AB; = B3 — B ,, between numerically calculated, re-
duced second virial coefficients B3 and analytically calculated B
employing Eq. (12).
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hypersphere, and finally W (K) = «p the hypervolume of the
D-dimensional unit hypersphere. Using these quantities, B, of
a convex shape in R* can be expressed as

By = V{P(K) + SO (K)R(K) + %WZZ(K) (15)

with the missing quermassintegral

2

T oo
W= —ri +

5 4—”(u — Dr? (16)

3 e
of a hyperspherocylinder in R* [43,44]. As easily can be seen,
this leads to Vp + 6W22 /7:(2 = SR and results in the analyt-
ical expression B, = 2SR and therewith B] = 2SR/Vp. The
relation Ve + 6W; /7% = SR is to our knowledge unique for
hyperspherocylinders in R*.

In the limit of infinitely long hyperspherocylinders,
Eq. (12) leads to

B3 8
im 2200 _ 3 (17)

v—>00 P T

indicating an excluded hypervolume proportional to the aspect
ratio v.

In the two-dimensional Euclidean space with the figure’s
area Ap, the circumference S, and the mean radius of cur-
vature R = S/(27), the reduced second virial coefficient can
be written as By =1 + SR/(2Ar) = 1+ 8% /(4mAg) [45]. In
the three-dimensional Euclidean space, the relation By = 1 +
SR/Vp is obtained with the surface S, the mean radius of
curvature R, and the particle volume Vp [34-36].

Despite that the hypervolume in Eq. (12) is not an
additive contribution to the excluded hypervolume, the formu-
lation based on quermassintegrals [Eq. (15)] shows that the
hypervolume in fact contributes to the mutual excluded hy-
pervolume. In analogy to the excluded volume in the two- and
three-dimensional space, also in four- and higher-dimensional
Euclidean spaces, the D-dimensional hypervolumes are addi-
tive contributions to the mutual excluded hypervolume.

B. Higher-order virial coefficients

The excellent agreement of our numerical results for the
second virial coefficients with the analytical result [Eq. (12)]
proves the correctness of the Mayer-sampling algorithm and
the overlap criterion in R*. The third- to sixth-order virial
coefficients in Table I are calculated using this analytical result
as an exact reference integral. Noticeably, the higher-order
virial coefficients exhibit alternating signs between even and
odd orders at large aspect ratios: The even-order virial coeffi-
cients B} and Bf are negative and strongly decrease with in-
creasing aspect ratio v, while the odd-order virial coefficients
B3 and B are positive and notably increase with the aspect ra-
tio v. This behavior is also known for hyperspheres in dimen-
sions D > 8 for third- and higher-order virial coefficients [28].

For convex figures in two dimensions and for oblate ge-
ometries in three dimensions, a nearly linear dependence of
reduced virial coefficients B; = B; /B;_] on the inverse excess
part of the excluded volume « appears especially for lower-
order virial coefficients [23,46]. Employing Eq. (12), in four
dimensions o = (B, — Vp)/(7Vp) = (2SR/Vp — 1)/7 results,

05F

—0

0.0}

0.2 0.4 0.6 0.8 1.0
a-!

FIG. 2. Reduced virial coefficients B; = B; /Bg’l in dependence
on the inverse of the rescaled, excess part o = (2SR/Vp — 1)/7 of
the excluded hypervolume. The solid lines are least-squares fits em-
ploying a third-order polynomial as a heuristic approach.

where the scaling factor 1/7 guarantees (v — 17) =1 in
the limit of a hypersphere.

In the case of four-dimensional hyperspherocylinders, con-
sistent with results for three-dimensional spherocylinders
[47], already for the third-order reduced virial coefficient Bs,
a significant nonlinearity is observed (Fig. 2). However, the
reduced virial coefficients B; of order 3-6 can excellently be
described using a third-order polynomial in dependence on the
aspect ratio v and therewith reliably be interpolated.

IV. OUTLOOK

With the described approach, for the first time virial coeffi-
cients of four-dimensional, anisotropic objects are calculated.
Using hard hyperspherocylinders exemplarily as a convex
shape with tunable aspect ratio v in R*, the impact of aniso-
metry to the geometric measures of hypervolume, hypersur-
face, mean radius of curvature, and the quermassintegral W,
can be analyzed and related to the second virial coefficient.

Our numerical results for B, agree with the analytical re-
sult employing mixed volumes and quermassintegrals [42].
A remaining task is the calculation of virial coefficients
with order i > 6 for four-dimensional hyperspherocylinders
and virial coefficients of differently shaped, hard anisotropic
objects in R*.
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APPENDIX: EXPLORATION OF THE ROTATIONAL
CONFIGURATION SPACE

Let @y = (Un, xn, ¢n) be generalized angular coordinates
describing the orientation of an uniaxial solid of revolution in
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R* at step N. The orientation alternatively can be written as

sin ¥y sin xy COS @y
.| sindy sin xy sin gy
u sin ¥y cos Xy
cos Uy

(AD)

using the Cartesian unit vector fiy. A random rotation in R*
can be achieved as follows.

(i) Generate a randomly oriented unit vector @,. Let 0 <
Y < 7 be arandom number with probability density p(d;) =
2sin® ¥, /m, 0 < x < 7 a random number with probability
density p(x;) = sin x;/2, and 0 < ¢; < 27 a random number
with probability density p(¢) = 1/(2m).

Using the definitions

d = sin ¥, sin x; cos ¢, (A2a)
¢ = sin ¥ sin x; sin ¢, (A2b)
b = sin ¥, cos yx;, (A2c)
a = cos vy, (A2d)

a left isoclinic rotation matrix in R* [41] can be written as

a —b c —d
b —-d -
Re)=|_0 5 7 ) (A3)

d c b a

with the generalized angular coordinates 2. = (9, xr, ¢r)

and the corresponding unit vector @i, = (—d, —c, —b, a)T. Us-

ing RT(L,) - @, the random unit vector @, is rotated, resulting

in a unit vector in the positive z direction @i, = (0, 0, O, DT.
(i1) Using an additional rotation matrix

YY) =R(¥,0,0)

cosy —siny 0 0

| siny cos Y 0 0
o 0 0 cosyy —siny |’ (Ad)

0 0 siny cos Y

describing a counterclockwise rotation by 1, the unit vector
G, = (0,0, —siny, cos y)" results from

Gy = (0,0, —siny, cos )" = W(y) - 0. (AS5)
(iii) Applying

0y 0 =R(R) -0y, (A6)
the intermediate result @i, is back-transformed to the initial
coordinate system. Combining (i)—(iii)

E(Q, ¥) = R(R) - ¥(¥) - R (R) (A7)

B,x

FIG. 3. Probability densities of polar angles ¢, x, and ¢ obtained
during 10'° random rotations according to Eq. (A8) with A, = 1/2
starting from the initial orientation @i, = (0, 0, 0, 1)T. The solid lines
represent the theoretically expected probability densities.

results, which again is a rotation matrix in R* with the
properties 2T(Q,, ¥) - B(R, ¥)=I and det(E(L;, ¥))=1,
where I denotes the identity. Choosing a random orienta-
tion vector £, and a random number —A, < ¥ < A With
probability density p(¢¥) = 1/(2A0t), a consecutive applica-
tion of E(R;, V)

Uy = E(L, ¥) - ly (A3)

to a particles’ orientation @iy at step N leads to a homogeneous
exploration of a unit hypersphere’s hypersurface as shown
in Fig. 3. The probability densities are obtained during 10'°
random rotations employing Eq. (A8) using A, = 1/2 and
starting from the initial orientation @; = (0,0, 0, 1)T. The
solid lines are the theoretical probability densities p(¥) =
2sin® ¥ /7, p(x) = sin x /2, and p(¢) = 1/(27). The excel-
lent agreement of the obtained probability densities with the
theoretical predictions proves a homogeneous exploration of
the rotational configuration space by the described method.
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Virial coefficients of hard, homonuclear dumbbells in two- to four-dimensional Euclidean spaces
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We calculated virial coefficients up to the eighth order for hard dumbbells in two-, three-, and four-dimensional
Euclidean spaces employing Mayer-sampling Monte Carlo simulations. We improved and extended available
data in two dimensions, provide virial coefficients in R* in dependence on their aspect ratio, and recalculated
virial coefficients for three-dimensional dumbbells. Highly accurate, semianalytical values for the second virial
coefficient of homonuclear, four-dimensional dumbbells are provided. We compare the influence of the aspect
ratio and the dimensionality to the virial series for this concave geometry. Lower-order reduced virial coefficients
B; = B;/B5! depend in first approximation linearly from the inverse excess part of their mutual excluded volume.

DOI: 10.1103/PhysRevE.107.024129

I. INTRODUCTION

Many-particle systems with hard-body interaction are thor-
oughly investigated model systems for condensed matter since
more than a century. These systems essentially contributed
to an understanding of the self-organization and structure
of matter [1]. Since hard-body systems are purely entropy
controlled, less dense systems are supercritical fluids whose
departure from the ideal-gas behavior can be expanded in the
virial series originally proposed by Kamerlingh Onnes [2].
Employing the virial series

oo o0
p i—1 x i1
=Z=1+)Y Bo'=1+> B, (1
okaT +i=2 Y +i=2 in (D

the real gas factor Z can be written as an expansion in powers
of the particle number density o, where p denotes the pressure
and kgT the thermal energy. The coefficients B; called virial
coefficients account for the influence of i-particle interactions
to the imperfect gas behavior. Introducing reduced virial coef-
ficients B} = B;/ Vli_l, where Vp denotes the particle volume,
an expansion in powers of the volume fraction n = oV is
obtained.

Virial coefficients of order two to four for hard spheres in
three dimensions were already analytically calculated more
than 100 years ago [3-7]. With the availability of computers,
higher-order virial coefficients were numerically calculated
[8-14]. Meanwhile, virial coefficients of three-dimensional
hard spheres are known up to order 12 with considerable accu-
racy [15-17]. Parallel to the virial coefficients of hard spheres
in three dimensions, regularly virial coefficients of hard disks
are calculated [8,10-14,16]. Ree and Hoover calculated virial
coefficients of hard hyperspheres up to the fourth order in
Euclidean spaces with dimensionality 1 < D < 9 [18]. Virial
coefficients of orders two and three are analytically avail-
able for spheres of arbitrary dimensionality [19]. The fourth
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virial coefficient is available for arbitrary even-dimensional
spaces [20], while for odd-dimensional Euclidean spaces only
analytical values up to D = 11 are known [21]. Numerical
values for virial coefficients of higher order are calculated in
Euclidean spaces of various dimensionalities up to D = 100
[14,16,22,23].

While hard spheres in R® are model systems for atomic
systems, inspired by the seminal work of Onsager [24], virial
coefficients of various anisometric systems in three dimen-
sions, serving as model systems for liquid-crystalline matter,
are calculated [25-29]. Recently, the first virial coefficients for
anisometric, hard particles in R* were reported [30]. Mostly,
virial coefficients of convex shapes are calculated while only
few concave geometries were investigated in three dimensions
[31-34] and even less in two dimensions [35,36].

The aim of this contribution is to calculate virial co-
efficients of second to eighth order of hard, homonuclear
dumbbells in dependence on their aspect ratio in R2, R3,
and R*. The three-dimensional dumbbell is a reasonable
model system for diatomic molecules. The comparison
with two- and four-dimensional analogs might give useful
insights for the behavior in three dimensions and thus con-
tribute to the understanding of equation-of-state data and
phase behavior of concave, anisometric many-particle sys-
tems in three dimensions. The two-dimensional dumbbells
are of relevance as a model system for monolayer ad-
sorption with impact on applications such as heterogeneous
catalysts.

II. THEORETICAL BACKGROUND
A. Virial series

Mayer and Mayer [37,38] have shown that the virial series
originally proposed as a heuristic MacLaurin expansion in
the number density is connected to the potential energy of
interacting many-particle systems, where the virial coefficient
of order i accounts for interactions in i-particle clusters. In the
case of hard-body interaction, the potential energy can in a

©2023 American Physical Society
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pairwise additive ansatz for an N-particle system exactly be
written as

Uv =) Ut b, dy), )
j k=)
where
o0 ri < o(fy, b, ty)
J jko Wj
Uy = e 3)
0:rjk =2 o(Fjp, 0y, 0y)
is infinite in the case of an overlap and otherwise zero.
o (fjx, 0, ) is the contact distance dependent on the di-
rection of the center-to-center distance expressed as the unit
vector £ and the particle orientations given by the unit vec-
tors @1; and 1.
The virial coefficient of order i reads as

B=-1 Y s o)

i!
GeME

where Sg is the integral over products of Mayer f functions
represented by the edges of biconnected graphs G. The Mayer
f function is

Uik —l:rp<o
ffk:e""[_kB_T] _1={ 0irpzo. O
in the case of an overlap fj; =—1 and f;; =0 for a
nonoverlap.

M is the set of labeled, biconnected graphs with i vertices,
where the Mayer f functions represent the connections in
the graphs. For the second and third virial coefficients, only
a single Mayer graph contributes, which reads in the three-
dimensional case as

1 [f : 1
By = *W //<f12>ﬁ2d31‘1d31‘2 = 750—0

(6a)

: : 1
_W _///<f12f13f23>ﬁ2,ﬁ3d31‘1d3r2d3r3: _5

(6b)

where (- - - )g,....a, indicates the average over the orientations
of the second to ith particle, while the position r; and orien-
tation @) of the first particle determine the coordinate system.
Since only particle distances rj; are relevant for the Mayer f
function, the integration over r; results in the system volume
V. In the D-dimensional case, for each vertex j, the volume
element has to be replaced by d”r;.

Since the number of labeled graphs increases dramati-
cally with the order i, for the calculation of high-order virial
coefficients, an optimization is mandatory. Ree and Hoover
proposed a reformulation of the Mayer graphs introducing an
additional function ej; = fj + 1 leading to fully connected
Ree-Hoover graphs G, connected either by f bonds or e
bonds [39].

Based on the Ree-Hoover reformulation, the virial coeffi-
cient of order i reads as

i—1
Bi=——— > cSa. (7)

i!
GeGl

where c¢ is the Ree-Hoover star content of the graph G de-
pending on its topology. S¢ is now the integral over products
of Mayer f functions and e functions represented by edges
of the Ree-Hoover graph G. Since for hard-body interaction
fikejx = 0, for a given configuration only a single Ree-Hoover
graph contributes to the virial coefficient of order i. Moreover,
the number of graphs with star content cg # 0 reduces to
roughly one-third of the Mayer graphs.

B. Computational details

The second virial coefficients of hard, planar dumbbells
and three-dimensional hard dumbbells are analytically known
[40,41]. For other orders of virial coefficients and different
dimensions, a numerical approach is required.

For the calculation of the second virial coefficient of
four-dimensional hyperdumbbells in dependence on their
aspect ratio, a Mayer-sampling algorithm [42] with a four-
dimensional hypersphere of the same hypervolume as a
reference is used. To ensure that the configuration spaces of
both, system of interest and reference system are exhaustively
sampled also for hard-body systems, the sum of the integrands
of system of interest and reference is used as an acceptance
criterion [29]. The random translation and rotation in the four-
dimensional space is described in [30]. For consistency, the
analytically known second virial coefficients of hard homonu-
clear dumbbells in R? and R3 are numerically reproduced
using hard disks and hard spheres with the same area and
volume, respectively, as a reference (Table I). Analogously,
for hyperdumbbells in R* the semianalytical values of B} (cf.
Appendix A) are reproduced by means of Mayer-sampling
Monte Carlo integration. For comparison, second virial coef-
ficients for stadia, spherocylinders, and hyperspherocylinders
as similar convex shapes with identical aspect ratio are com-
piled in Table II.

For the calculation of higher-order virial coefficients in
any dimension, a Mayer-sampling algorithm optimized for
hard-body interaction is used [29]. This algorithm is based
on the property of Ree-Hoover diagrams, that in the case
of hard-body interaction exactly one diagram contributes to
the integrand for a given configuration, which can with the
star content cg and the number of overlaps n be written as
cg(—1)". The determination of the star content is realized by
a fast method based on a bisection search in an ordered array
of Ree-Hoover diagrams represented as ordinal numbers. As
areference, spanning trees with i vertices, each with the value
(—2B,)"~!, are used for the virial coefficient of order i. Here-
with, the numerically demanding determination of overlaps
and nonoverlaps in a system of different geometry is avoided.
At the same time, since either B; is analytically known or
numerically available with high accuracy and the reference
system is identical to the system of interest, the confidence of
the obtained virial coefficients is increased compared to other
approaches.

For our simulations, we average for a selected virial coeffi-
cient and geometry 16 independent simulation runs, where for
each run 5 x 10'° configurations are sampled after a tuning
phase of 107 steps. To reduce numerical uncertainties, for
the virial coefficients B; and Bg of four-dimensional dumb-
bells, 16 independent runs each with 4 x 10'' steps were
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TABLE I. Reduced second virial coefficients B} of planar dumbbells, dumbbells, and hyperdumbbells in dependence on their aspect
ratio v calculated via Mayer-sampling Monte Carlo simulation (MSMC) and (semi-)analytical equations.

D=2 D=3 D=4

v B: (MSMC) B: [Eq. (13)] B3 (MSMC) B: [Eq. (16)] B: (MSMC) B: [Eq. (A21)]
1.1 2.003879 (4) 2.0038787. .. 4.014341 (13) 4.0143448. . . 8.041285 (17) 8.041278116 (11)
12 2.014986 (9) 2.0149865. . . 4.055426 (17) 4.0554243. ... 8.159320 (24) 8.159328006 (2)
1.3 2.032861 (10) 2.032859. .. 4.121566 (29) 4.1215709. . . 8.34919 (4) 8.3491846 (5)
1.4 2.057422 (11) 2.0574229. .. 4.21253 (4) 42125392. .. 8.60977 (4) 8.609761190 (8)
15 2.088985 (13) 2.0889839. .. 4.32935 (4) 4.3293529. .. 8.94292 (7) 8.9429226 (4)
1.6 2.128300 (14) 2.1283000. . . 4.47433 (4) 4.4743249. . . 9.35272 (4) 9.35274172 (5)
1.7 2.176759 (14) 2.1767625. .. 4.65123 (7) 4.6512436. .. 9.84453 (6) 9.84454201 (5)
1.8 2.236848 (15) 2.2368422. .. 4.86575 (6) 4.8657570. ... 10.42306 (5) 10.4230371 (9)
1.9 2.313358 (21) 2.3133557. .. 5.12604 (5) 5.1260408. .. 11.08794 (7) 11.0879331 (13)
2.0 2.420636 (27) 2.4206379. .. 5.44393 (7) 5.4439183. .. 11.82095 (8) 11.8209372 (15)

performed. The maximum translational and rotational dis-
placement is optimized during the tuning phase to obtain
an acceptance ratio of ~0.50. The results with uncertain-
ties given by standard errors are compiled in Tables III, IV,
and V.

III. OVERLAP CRITERIA AND GEOMETRIC MEASURES
FOR D-DIMENSIONAL DUMBBELLS

A homonuclear D-dimensional dumbbell is the union of
two D-dimensional spheres with identical radii Ry whose cen-
ters are separated by 0 < L < 2Ry (Fig. 1), where in the limit
L — 0 a D-dimensional sphere and in the limit L — 2R, two
adjacent D-dimensional spheres result. Its aspect ratio, i.e., the
ratio of the long to the short extent, can be written as

L +1 (8)

V= —

2Ro
with 1 < v < 2. The overlap criterion of this union of two
spheres can be reduced to the simple overlap criterion of
spheres: An overlap exists if any of the spheres of the first
particle overlaps with any sphere of the second particle and
otherwise not. Using the center-of-mass coordinates ¢; and ¢,
and the orientations given by the unit vectors @; and @, of

TABLE II. Reduced second virial coefficients B of D-
dimensional spherocylinders depending on the aspect ratio v.

D=2 D=3 D=4

v B3 (see [44]) B3 (see [27]) B; (see [30])
1.0 2 4 8

1.1 2.0035951. .. 4.0130434. .. 8.0369564. . .
1.2 2.0129210... 4.0461538. .. 8.1290911...
1.3 2.0263938. .. 4.0931034... 8.2577846. . .
1.4 2.0429641. .. 4.15 8.4119480. ..
1.5 2.0619088. .. 4.2142857. .. 8.5845650. ..
1.6 2.0827138. .. 4.2842105. .. 8.7709798. ..
1.7 2.1050033. .. 4.3585365. .. 8.9679811...
1.8 2.1284966. .. 4.4363636. .. 9.1732826...
1.9 2.1529792... 4.5170212... 9.3852120...
2.0 2.1782850. .. 4.6 9.6025180. ..

two dumbbells, the centers of the generating D-dimensional
spheres are located at

Sii =¢1 £ (v — DRyt
S ;= ¢ £ (v — DRplip,

(9a)
(9b)

where r = ¢, — ¢; is the dumbbells’ center-of-mass distance

vector. If any of four possible distances
dij = |IS2,; — Su.:ll < 2R, (10)

an overlap occurs and otherwise not.

A. Two-dimensional dumbbell

The area or formally the two-dimensional volume Vp(z) ofa
homonuclear, planar dumbbell reads as

Ve = 2R(2)|:(2v —vH)!2(v = 1) + arcsin(v — 1) + %]

ey

in dependence on the radius Ry of the generating disks and the
aspect ratio v. Its circumference or formally one-dimensional
surface SE,I) can be written as

) _ - T
Sp’ = 4Rg| arcsin(v — 1) + 7| (12)
Rowlinson et al. provided the analytical expression
4R2 (3 (v—1)? v—1
B;:KZO){EJT+T—2MCCOS( 5 >
w—127"
+(u—1)[1—T] } (13)

for the reduced second virial coefficient B} = B, /VP(Z) [40].
Boublik extended the expression to heteronuclear, planar
dumbbells and multimers of fused hard disks [43].

B. Three-dimensional dumbbell

For homonuclear dumbbells in the three-dimensional Eu-
clidean space R3, the geometric measures volume VP(3 ) and
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TABLE III. Reduced virial coefficients B} of two-dimensional dumbbells in dependence on their aspect ratio v.

v Bj B} B: B B; By
1.0 3.12802 (5) 4.25789 (23) 5.3368 (5) 6.3626 (10) 7.3525 (26) 8.320 (10)
3.128017...% 4.257854. .. 5.33689664 (64)* 6.363026 (11) 7.352080 (29) 8.318669 (65)*
1.1 3.13810 (8) 4.27453 (22) 5.35881 (29) 6.3893 (7) 7.3813 (26) 8.347 (10)
1.2 3.16723 (8) 432297 (21) 5.4240 (6) 6.4673 (9) 7.4692 (30) 8.447 (9)
1.3 3.21481 (6) 4.40338 (18) 5.5334 (5) 6.5990 (10) 7.6190 (28) 8.607 (13)
3.22 (4)°
1.4 3.28142 (8) 4.51748 (17) 5.6902 (6) 6.7906 (9) 7.8385 (26) 8.865 (12)
1.5 3.36863 (5) 4.66972 (14) 5.9024 (5) 7.0523 (12) 8.142 (4) 9.190 (18)
3.370 (7) 4.68 (3)° 5.9 (2)
1.6 3.47997 (7) 4.86783 (21) 6.1823 (5) 7.4011 (8) 8.551 (5) 9.661 (17)
1.7 3.62098 (10) 5.12428 (20) 6.5516 (7) 7.8673 (11) 9.099 (4) 10.276 (21)
3.62 (4)°
1.8 3.80149 (10) 5.46156 (29) 7.0474 (6) 8.5030 (17) 9.857 (5) 11.17 (4)
1.9 4.04045 (7) 5.92374 (24) 7.7458 (6) 9.4182 (16) 10.967 (6) 12.46 (5)
2.0 4.39398 (9) 6.64200 (30) 8.8815 (8) 10.9668 (29) 12.913 (6) 14.78 (7)
4.394 (9)° 6.64 (4)° 8.9 (2)
Value from [16].
YValue from [35].
¢Value from [36].
surface Sl(}) can be written as Isihara derived an analytical expression for the second virial
coefficient of hard, homonuclear dumbbells in the three-
3) _ 213 % dimensional Euclidean space [41]. The reduced second virial
Vel = 2mv RO<1 B 5) (4 coefficient B; reads as
and
B; = iR3gm[9 — (v —3)%] (16)
S = 4mvR2. (15) Ty
TABLE IV. Reduced virial coefficients B} of three-dimensional dumbbells in dependence on their aspect ratio v.
v Bj B} B; B B; Bg
1.0 9.9998 (4) 18.3652 (12) 28.225 (6) 39.821 (20) 53.34 (13) 69.0 (17)
10° 18.36476. . .° 28.22437 (2)* 39.8152 (2)* 53.3418 (6)* 68.526 (4)*
1.1 10.0604 (4) 18.4943 (13) 28.422 (7) 40.077 (22) 53.70 (12) 68.8 (17)
10.060307 (25)° 18.49433 (15)° 28.42184 (59)° 40.0883 (27)° 53.659 (15)° 69.093 (88)°
1.2 10.2345 (4) 18.8709 (11) 28.998 (5) 40.876 (24) 54.77 (17) 69.5 (25)
10.234601 (25)° 18.87081 (15)° 28.99836 (65)° 40.8812 (30) 54.774 (16)° 70.273 (90)°
1.3 10.5189 (4) 19.4908 (16) 29.956 (6) 42.209 (24) 56.52 (20) 72.5(22)
10.518960 (22)° 19.49162 (11)° 29.95581 (44)° 42.2099 (16)° 56.5327 (89)° 72.406 (54)°
14 10.91708 (29) 20.3695 (14) 31.316 (6) 44.09 (4) 59.10 (22) 74.8 (19)
10.917214 (27)° 20.36946 (17)° 31.31624 (76)° 44.1084 (37)° 59.093 (20)° 75.23 (12)°
1.5 11.4401 (4) 21.5372 (18) 33.130 (6) 46.645 (27) 62.6 (4) 80 (5)
11.440035 (29)° 21.53740 (18)° 33.12783 (83)° 46.6552 (41)° 62.617 (24)° 79.95 (15)°
1.6 12.1064 (5) 23.0452 (23) 35.473 (8) 49.98 (5) 67.3 (4) 85 (4)
12.106367 (26)° 23.04531 (14) 35.47086 (60)° 49.9702 (25)° 67.208 (15)° 85.52 (10)°
1.7 12.9450 (6) 24.9723 (24) 38.459 (11) 54.23 (6) 73.4 (5) 92 (6)
12.945143 (34)° 24.97247 (22)° 38.4561 (11)° 54.2213 (58)° 73.273 (38)° 92.50 (26)°
1.8 13.9994 (4) 27.4366 (15) 42.251 (9) 59.63 (8) 81.1(8) 99 (11)
13.999401 (37)° 27.43608 (25)° 42.2500 (13)° 59.6389 (75)° 81.184 (50)° 103.47 (37)°
1.9 15.3326 (5) 30.6094 (23) 47.095 (14) 66.65 (10) 91.8 (8) 111 (16)
15.332444 (40)° 30.60935 (29)° 47.0961 (16)° 66.6526 (98)° 92.005 (74)° 113.51 (54)°
2.0 17.0399 (8) 34.763 (4) 53.338 (16) 75.91 (13) 106.6 (19) 140 (40)
17.039851 (46)° 34.76134 (34)° 53.3373 (21)® 75.797 (13)° 106.79 (10)° 132.22 (82)°

2Value from [16].
bValue from [26].
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TABLE V. Reduced virial coefficients B} of four-dimensional hyperdumbbells in dependence on their aspect ratio v.

v B; B} B: B B; Bg
1.0 32.4057 (12) 77.747 (6) 146.22 (9) 253.3 (6) 374.7 (28) 610 (80)
32.405759...° 77.745183...° 146.2451 (5)* 253.388 (6)* 375.07 (6)* 609.2 (7)*
1.1 32.6898 (15) 78.486 (9) 147.59 (11) 256.1 (9) 378.9 (29) 610 (80)
1.2 33.5071 (14) 80.636 (10) 151.46 (7) 263.2 (13) 386 (5) 620 (120)
1.3 34.8407 (14) 84.156 (12) 157.88 (10) 275.7 (11) 398 (6) 680 (160)
1.4 36.7060 (16) 89.070 (15) 166.78 (10) 2932 (18) 417 (7) 740 (170)
1.5 39.1485 (18) 95.493 (12) 178.48 (10) 317.8 (17) 439 (11) 880 (200)
1.6 42.2394 (19) 103.548 (14) 193.02 (13) 349.5 (19) 461 (15) 900 (400)
1.7 46.0677 (28) 113.371 (13) 210.69 (21) 392 (4) 463 (15) 1000 (500)
1.8 50.7204 (22) 124.972 (20) 231.15 (21) 444 (5) 450 (30) 1900 (800)
1.9 56.2473 (25) 138.046 (30) 253.9 (4) 515 (6) 380 (50) 2400 (1400)
2.0 62.4926 (25) 151.288 (18) 276.4 (5) 594 (11) 220 (80) 2200 (2700)
*Value from [16].
with the abbreviations be written as
301 5\ v =2 f v R 232, 22)
§=2y|1+ Zx - Ex , 7 Ro(1—v) 3
L resulting in
=2v—1)= —, 18
x=20v -1 Ry (18) o TR ‘
" Ve = T[6 arcsin(v — 1) + 3x
=8- i 1 — 1 2 % i 2 3 2 24172
Yy = yp g* 5T 5" + (=4 1202 =20 —6)2v — VD). (23)
64 3 1 1/2 The hypersurface S}(,3) reads as
+ | — — 84 >x*)arctan | [ 1 — =x?
5x2 4 8 Ro dr(z) 2 1/2
s& = 2/ 42 ()11 + [ ] dz
1, 4 1, 1/2 Ro(1—v) dz
+{x— —x"Jarctan | —{ 1 — =x , (19) &
80 X 8 0 s o2
=87 Ry (R§—2%) 'dz, 24)
and Ro(1-v)
which results in
4 X 3, x3 ;
B= w3t nY 1w (20 S& = 4z R3[(v — 1)(2v — v} 4+ 1 — arccos(v — 1)]

C. Four-dimensional hyperdumbbell

The hypervolume VP<4) can, using hypercylinder coordi-
nates v = [r(2) sin x cos ¢, r(z) sin x sin ¢, 7(z) cos x, z]T
and the meridian curve
172

3

21

r@ = (R — %)

FIG. 1. Two-dimensional section of a dumbbell with dimension
D > 2 with the radius of the fused D-dimensional spheres R, and the
center-to-center distance L.

(25)

in dependence on the radius R of the generating hyperspheres
and the aspect ratio v.

An analytical expression for the second virial coefficient
of four-dimensional hyperdumbbells is so far unknown. We
provide highly accurate semianalytical values obtained em-
ploying an algorithm described in Appendix A (Tables VI
and VII).

IV. RESULTS AND DISCUSSION

Since our Mayer-sampling algorithm uses for the calcu-
lation of higher-order virial coefficients spanning trees as
reference integrals, which factorize to powers of the second
virial coefficient, the uncertainty of higher-order virial co-
efficients depends on the accuracy of the available second
virial coefficients. For two- and three-dimensional, homonu-
clear dumbbells, analytical values for the second virial
coefficients serve as a reference, whereas in the case of four-
dimensional hyperdumbbells, highly accurate semianalytical
second virial coefficients are used (Table I). Additionally,
reproducing known second virial coefficients is a validation
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TABLE VI. Reduced second virial coefficients B of hard,
four-dimensional homonuclear hyperdumbbells with aspect ratio
1.00 < v < 1.50.

TABLE VII. Reduced second virial coefficients B of hard,
four-dimensional homonuclear hyperdumbbells with aspect ratio
1.51 < v £ 2.00.

v B; v B; v B; v B;
1.00 8 1.26 8.264769125 (19) 1.51 8.9803727 (13) 1.76 10.1810592 (16)
1.01 8.000430089 (1) 1.27 8.28481649 (4) 1.52 9.01859360 (20) 1.77 10.2402304 (17)
1.02 8.00171175 (8) 1.28 8.30556824 (11) 1.53 9.0575901 (4) 1.78 10.3002848 (5)
1.03 8.00383260 (6) 1.29 8.3270242 (7) 1.54 9.09736758 (29) 1.79 10.36122120 (27)
1.04 8.006780994 (11) 1.30 8.3491846 (5) 1.55 9.137931510 (2) 1.80 10.4230371 (9)
1.05 8.01054591 (6) 1.31 8.3720497 (6) 1.56 9.1792874 (8) 1.81 10.4857288 (13)
1.06 8.015117052 (10) 1.32 8.3956203 (8) 1.57 9.2214407 (8) 1.82 10.5492914 (4)
1.07 8.02048467 (16) 1.33 8.4198975 (9) 1.58 9.26439705 (19) 1.83 10.61371834 (13)
1.08 8.02663965 (26) 1.34 8.4448824 (10) 1.59 9.30816219 (7) 1.84 10.67900131 (16)
1.09 8.03357346 (15) 1.35 8.4705767 (9) 1.60 9.35274172 (5) 1.85 10.74513013 (25)
1.10 8.041278116 (11) 1.36 8.4969822 (7) 1.61 9.3981413 (9) 1.86 10.8120923 (12)
1.11 8.04974618 (6) 1.37 8.5241010 (5) 1.62 9.4443667 (4) 1.87 10.8798731 (9)
1.12 8.058970720 (5) 1.38 8.55193526 (27) 1.63 9.491423331 (10) 1.88 10.9484546 (10)
1.13 8.068945328 (9) 1.39 8.580487753 (26) 1.64 9.5393168 (9) 1.89 11.0178161 (12)
1.14 8.07966407 (6) 1.40 8.609761190 (8) 1.65 9.58805253 (14) 1.90 11.0879331 (13)
1.15 8.091121460 (30) 1.41 8.639758633 (19) 1.66 9.6376358 (5) 1.91 11.1587768 (7)
1.16 8.1033125 (4) 1.42 8.670483345 (1) 1.67 9.68807154 (26) 1.92 11.2303140 (12)
1.17 8.1162326 (6) 1.43 8.70193882 (29) 1.68 9.73936484 (9) 1.93 11.3025056 (16)
1.18 8.129877656 (21) 1.44 8.7341287 (6) 1.69 9.791520212 (17) 1.94 11.3753057 (4)
1.19 8.144243893 (9) 1.45 8.7670570 (9) 1.70 9.84454201 (5) 1.95 11.4486607 (4)
1.20 8.159328006 (2) 1.46 8.8007276 (10) 1.71 9.8984340 (4) 1.96 11.52250680 (12)
1.21 8.1751270 (7) 1.47 8.8351450 (11) 1.72 9.9532005 (6) 1.97 11.596767479 (25)
1.22 8.19163843 (27) 1.48 8.8703135 (9) 1.73 10.0088438 (8) 1.98 11.67134873 (18)
1.23 8.2088600 (4) 1.49 8.9062378 (6) 1.74 10.0653668 (10) 1.99 11.7461298 (7)
1.24 8.2267899 (5) 1.50 8.9429226 (4) 1.75 10.1227713 (4) 2.00 11.8209372 (15)
1.25 8.24542667 (13)
of our algorithm. For this reason, second virial coefficients of
homonuclear dumbbells in Euclidean spaces with dimension 25| 10—5
D =2 to D = 4 are calculated in dependence on their aspect = 1}
ratio v by means of Mayer sampling. *55\'“
£ b
241 &
A. Second virial coefficient B, g —1 ¥ l !
In Table I, reduced second virial coefficients for hard, 1.0 1.5 2.0
homonuclear dumbbells in two- to four-dimensional Eu- 23

clidean spaces are compiled. Known reference values for two-
and three-dimensional dumbbells are included for compar-
ison. The calculated data are in excellent agreement with
the analytical values in two and three dimensions as well as
the semianalytical values in four dimensions. In Figs. 2—4 the
numerically determined, reduced second virial coefficients are
displayed as open circles, while the (semi-)analytical values
[Egs. (13), (16), and (A21)] are represented as solid lines. In
the inset, relative deviations AB3 /B3 . = (B} — B3 ,,)/B5 .,
are analyzed. The deviations are smaller than the estimation
of the uncertainty of the numerical data.

Hard spherocylinders in R3, hard stadia in R2, and hard
hyperspherocylinders in R* are nearly similar convex, ani-
sometric shapes as the concave homonuclear dumbbell with
the same aspect ratio 1 < v < 2 in Euclidean spaces with the
respective dimensionality, whose second virial coefficients are
analytically known [27,30,44]. Despite the similarity of both
shapes, beyond the aspect ratio a significant influence of the
specific geometry on the reduced second virial coefficients

\%

&N
22
2.1 F
~Eq. (13)
20t b Mayer-sampling

L L | 1 L 1

1.0 1.2 1.4 1.6 1.8 2.0
v

FIG. 2. Reduced second virial coefficients B3 of planar, homonu-
clear dumbbells in R2. Numerical values obtained by Mayer
sampling are displayed as open circles, while the analytical values
[Eq. (13)] are displayed as a solid line. In the inset, relative deviations
AB;/B; ., = (B; — B3 ,,)/B; ,, of the numerical values B and the
analytical values B3 | are displayed.
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56 F

54F

*
2,an

52 F

AB/B

~Eq. (16)
b Mayer-sampling

1.0 1.2 1.4 1.6 1.8 2.0
v

FIG. 3. Reduced second virial coefficients B; of hard, homonu-
clear dumbbells in R®. Numerical values obtained by Mayer
sampling are displayed as open circles, while the analytical values
[Eq. (16)] are displayed as a solid line. In the inset, relative deviations

AB3/B; ., = (B5 — B3 ,,)/B; ,, of the numerical values B; and the
analytical values B; , are displayed.
=9
1 10
12 g
* N
2 et
| _1 1 L Il
11 1.0 1.5 2.0
\%
10
9 -
1 Eq.(A21)
. ¢ Mayer-sampling

1.0 1.2 1.4 1.6 1.8 2.0
1%

FIG. 4. Reduced second virial coefficients B; of hard, homonu-
clear hyperdumbbells in R*. Numerical values obtained by Mayer
sampling are displayed as open circles, while the semianalytical
values [Eq. (A21)] are displayed as a solid line. In the inset,
relative deviations AB;/B; . = (B; — B3 ¢)/B; s between Mayer-
sampling Monte Carlo simulations and the semianalytical reference
are displayed. The uncertainties of the semianalytical reference are

displayed as black error bars.

® Dumbbell * Peanut ¢ Spherocylinder

FIG. 5. Reduced second virial coefficients B; of D-dimensional,
homonuclear dumbbells () in comparison to D-dimensional peanuts
(%) and D-dimensional spherocylinders (¢) in R? (blue), R* (red),
and R* (green).

is observed. In Fig. 5, reduced second virial coefficients of
hard homonuclear dumbbells and spherocylinders in R?, R?,
and R* are compared: With increasing aspect ratio, the re-
duced second virial coefficients of homonuclear dumbbells
progressively exceed those of the corresponding spherocylin-
ders. Opposite to the convex geometry of a spherocylinder, for
dumbbell regions on their surface exist that are inaccessible by
a second dumbbell. Filling out the spherical lunes such that a
third sphere with radius equal to the dumbbell’s generating
spheres can completely access the surface, a peanut-shaped
particle results. The overlap criterion for these peanut-shaped
particles is identical to that of dumbbells for the aspect ratios
1 < v <2 investigated in this work. As a result, thermo-
dynamic properties such as virial coefficients are identical,
despite of a different particle volume VP(D ). The meridian curve
and particle volumes VP(D) of peanut-shaped particles are given
in Appendix B. Due to larger D-dimensional particle volumes
VP(D) , the reduced virial coeffcients B} = B;/ Vp"’1 of hard
peanuts are smaller than those of homonuclear dumbbells, but
still larger than those of spherocylinders with identical aspect
ratio as displayed in Fig. 5.

Analytical values of the reduced second virial coefficients
of D-dimensional spherocylinders for selected aspect ratios
are compiled in Table II.

B. Higher-order virial coefficients B;—Bg

Higher-order virial coefficients of hard, homonuclear
dumbbells in R2, R3, and R* are calculated employing an
optimized Mayer-sampling algorithm using spanning trees
as an intrinsic reference. In the two- and three-dimensional
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spaces, analytical values of the second virial coefficients are
used, while in four dimensions, the previously discussed semi-
analytical values are used. Since the reference values in R*
have uncertainties, these uncertainties have to be included by
means of error propagation into the estimation of higher-order
virial coefficients’ uncertainties. Due to the high accuracy of
the reference values for B; (Table I), this contribution to the
total uncertainties of higher-order virial coefficients is mostly
negligible compared to the statistical fluctuations of Mayer-
sampling runs. The data for the two-dimensional dumbbells
are shown in Table III, for three-dimensional dumbbells in
Table IV, and for the four-dimensional hyperdumbbells in
Table V.

Unlike in the limit of hard disks (v — 1%), for larger as-
pect ratios only few virial coefficients of planar, homonuclear
dumbbells are reported in the literature so far [35,36]. We
reproduced available data, improved its accuracy, and system-
atically calculated third- to eighth-order virial coefficients in
dependence on their aspect ratio. The uncertainties of liter-
ature data for hard disks are smaller than our values, which
is not a principal limitation of our algorithm: The scope of
this contribution is to calculate virial coefficients of anisomet-
ric particles in dependence on their aspect ratio rather than
improving the reference values for the extensively studied
hard-disk fluid. For hard disks, the numerical demanding ori-
entation average can be avoided.

For three-dimensional homonuclear dumbbells, highly ac-
curate virial coefficients up to the ninth order are available
[26]. To validate our algorithm, we reproduced these liter-
ature data with slightly larger uncertainties; however, up to
the eighth order (Table IV). The focus of this paper is the
calculation of so far unknown virial coefficients of four-
dimensional homonuclear dumbbells, which are compiled in
Table V. In the limit v — 17, our data is in excellent agree-
ment to known virial coefficients of hard hyperspheres in R*.

As earlier reported for oblate, hard ellipsoids of revolution
and hard lenses, virial coefficients B; = B,/ Bé’l normalized to
powers of the second virial coefficients depend nearly linearly
on the inverse excess part o« ~! of the mutual excluded volume
[29]. Since the orientational average of the mutual excluded
volume per particle equals the second virial coefficient in the
case of hard-body interaction, its excess part o can be written
as

(D) *
oy B, -V, _ B —1 ’ 26)
e A

where B} = 2P~ is the reduced second virial coefficient of a
D-dimensional sphere. Hence, 2D-1 _ 1 is the reduced excess
part of a D-dimensional sphere’s mutual excluded volume.
The normalization leads to

lim o =1 27)

v—>1+
in the limit of a spherical particle. As visible in Figs. 6-38,
also for homonuclear dumbbells with aspect ratio 1 < v < 2,
a nearly linear dependence of reduced virial coefficients B; on
the rescaled, inverse excess part a1 of the reduced mutual
excluded volume is observed in Euclidean spaces with dimen-
sionality 2 < D < 4.

08 _M ¢ B3

¥ B4

0.7 | .

¢'B~5

0.6 *B~6

By

0.5 _M ‘#’B~8
Q0.4

0.3 M

0.2 Mﬁ(
e
O M
0.0 & ] I I
0.7 0.8 0.9 1.0

FIG. 6. Reduced virial coefficients B; = B; /B;‘l of two-
dimensional, homonuclear dumbbells in dependence on the inverse
excess part ! of their rescaled, mutual excluded volume. The solid
lines are least-squares fits employing a second-order polynomial as a
heuristic approach.

The influence of the dimensionality D on the reduced
virial coefficients B; is visible in Figs. 9-11, where exem-
plarily for the aspect ratios v =1 (sphere), v = 1.5, and
v = 2.0 reduced virial coefficients from order three to eight
in two, three, and four dimensions are compared. For all

aspect ratios, reduced virial coefficients B; decrease with

Y R

0.04 F @ Bs
05 +Bg
' 0.02 | B;

¢ Bg
04T 000 oo oo oo

o3} o

02 F

0.1 M

00 fo6——3—30—5—0—0—0°®

FIG. 7. Reduced virial coefficients B; = B; /B;*1 of three-
dimensional, homonuclear dumbbells in dependence on the inverse
excess part a~! of their rescaled, mutual excluded volume. The solid
lines are least-squares fits employing a second-order polynomial as a
heuristic approach.
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0.5

04 F 8

_Q/Q/Q/Q/M ‘#34

¢ B3

0 Bs

*B~6
» By

¢ Bg

FIG. 8. Reduced virial coefficients B; = B; /Bg’l of four-
dimensional, homonuclear dumbbells in dependence on the inverse
excess part ! of their rescaled, mutual excluded volume. The solid
lines are least-squares fits employing a second-order polynomial as a

heuristic approach.

their order i, where the decay of the virial coefficients is
more pronounced with increasing dimensionality. The van-
ishing importance of higher-order virial coefficients with
increasing dimensionality is expectable, since the maxi-
mum packing fraction of spheroids, i.e., dumbbells with

0.8 [,
\ v=1.0 4) D=2
07 B \\\\ qJD = 3
g N\ ¢D=4
0.6 |
‘\\\‘ \\Q
05Fe N
F04F NN
‘\\\ \\\ \O\
03F % g \
02 f NN S,
\Q\ ) AN h RN
01} S B S
e RS -0
o B
oovp T D i ~ S |
1 1 1 L |
3 4 5 6 8
i
FIG. 9. Reduced virial coefficients

dotted lines are cubic splines as a guide to the eye.

B =Bi/By"
D-dimensional, homonuclear dumbbells with the aspect ratio
v =1 in dependence on the order of the virial coefficients i. The

of

08 F
Q v=1.5
\ ¢D=2
0.7F bD— 3
. $¢D=4
06F%
05Fe %
w5 04 h
03F N\ Q.
.
0.2 | \ .
. _
0.1F |, N
T ~-g e
0.0 | T R -8
| L L 1 L 1
3 4 5 6 7 8
i
FIG. 10. Reduced  virial coefficients B; = B;/B;"'  of

D-dimensional, homonuclear dumbbells with the aspect ratio

v = 1.5 in dependence on the order of the virial coefficients i. The
dotted lines are cubic splines as a guide to the eye.

v — 1T, decreases with the dimensionality: In two dimen-

sions, we have n?) =
dimensions &), =

max

/412 =0.906899 ..., in three
7/+/18 = 0.740480 ..., and in four di-

max

mensions 7% = 72/16 = 0.616850 ... [45,46].

Q
\ v=20
07} $D=2
\ 6D =3
06k ¢D=4
g N\
05F N
| ®
QN
L04F N
Q A
03F \ N
VN Q.
02 % h
\ .
0.1F
R ‘|, \‘O\‘\
o~ o R -0
oo T Hgn—n
1 | L | L
3 5 6 7 8
i
FIG. 11. Reduced virial coefficients B; = B; /Bg_l of

D-dimensional, homonuclear dumbbells with the aspect ratio
v = 2 in dependence on the order of the virial coefficients i. The

dotted lines are cubic splines as a guide to the eye.
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Comparing the reduced virial coefficients of hard stadia
[44,47], hard spherocylinders [26], and hard hypersphero-
cylinders [30], also for this similar, convex geometry, the
vanishing importance of higher-order virial coefficients with
increasing dimensionality is observed.

V. CONCLUSIONS

We calculated virial coefficients of two- to four-
dimensional, homonuclear dumbbells up to order eight in
Euclidean spaces with the respective dimensionality. For hard,
homonuclear dumbbells in R2, we extended and improved
the accuracy of available data. We verified available, highly
accurate data for homonuclear, three-dimensional dumbbells
and provided so-far-unknown virial coefficients of four-
dimensional, homonuclear hyperdumbbells up to the eighth
order. Herewith, in addition to virial coefficients of hy-
perspherocylinders as convex, anisotropic solids, also virial
coefficients of a concave, anisometric geometry in R* became
available.

As already identified in R? for oblate geometries [29],
also for homonuclear, hard dumbbells in dimensions two to
four, a nearly linear dependence of reduced virial coefficients
B; = B;/B" on the rescaled, inverse excess part of the mutual
excluded volume o ~! is observed. The systematic comparison
of reduced virial coefficients B; at any aspect ratio shows a
decreasing importance of higher-order virial coefficients in
Euclidean spaces with increasing dimensionality D. In ad-
dition to the calculation of virial coefficients for differently
shaped anisometric geometries, the investigation of closest
packings consisting of such bodies could improve the under-
standing of self-organization in condensed matter.

APPENDIX A: SEMIANALYTICAL RESULTS FOR THE
SECOND VIRIAL COEFFICIENT
OF FOUR-DIMENSIONAL HOMONUCLEAR
HYPERDUMBBELLS

1. Overlap criterion for four-dimensional homonuclear
hyperdumbbells

Let the unit vector @; be the orientation of a homonuclear
hyperdumbbell with radius Ry of the generating hyperspheres
at ¢; = 0, and the unit vector @, the orientation of a second,
identical hyperdumbbell centered at ¢, = rifi,, where r de-
notes the center-to-center distance and the unit vector @, its
direction.

Without loss of generality, due to the axial symmetry, the
orientation 11, = (0, 0, 0, 1)T is chosen to be in the z direc-
tion and the distance vector is with @i, = (0, 0, sin 9, cos 9,)T
chosen to be in the (y, z) plane. The orientation of the second
hyperdumbbell can be written as

sin 9, sin x, cOS @o

sin 9, sin x» sin ¢, (AD)

=
9
I

sin 9, cos X2
cos 1

The hyperdumbbells’ generating hyperspheres are located
at ¢y £ L/26; and ¢ + L/21,, where 0 < L < 2Ry is the
distance between both hyperdumbbells’ generating hyper-
spheres. The aspect ratio of a hyperdumbbell reads as v =
1 4+ L/(2Ry) [Eq. (8)]. Hence, an overlap occurs if the squared
distance between any combination of the generating hyper-
spheres

L. L_\* 5
ra, + Euz F Eul < 4R; (A2)

is less than its diameter squared. We have
L2
2
— sin @, sin ¥ cos 2],

d,fa =7’ 4+ —(1 — cos ) — rL[cos (1 — cos I,)

(A3a)

LZ
dgb =+ ?(1 + cos ;) — rL[cos ?,(1 + cos )

+ sin 19, sin 1%, cos x»], (A3b)

L2
dl, =r+ —- (14 cos ) + rL[cos 9,(1 + cos 1)

+ sin 9, sin 1%, cos 2], (A3c)

L2
d} =r*+ 7(1 — cos ) + rL[cos ¥,(1 — cos )

— sin @, sin ¥, cos 2] (A3d)

for all possible combinations. Hence, an overlap occurs if
min(d,,, d2,, dy,, dj,) < 4Rj and otherwise not. Note that d7;

does not depend on the azimuth ¢,. As symmetry relations,
the parities

d2, (9,92, x2) = dpy (D, 0 — D2, T — x2),  (Ada)
d2, (9, 02, 2) = dp,(m — 9,0 — D2, x2),  (Adb)
d2, (9,92, x2) = dyy(m — 0y, 02, — x2),  (Adc)
Aoy (O, 02, x2) = dpy (T — 0. 0. — x2), (A4d)
A2 (90, 92, x2) = dpy(m — 900, T — D2, x2),  (Ade)
dpy (90, 92, x2) = dp, (0, T — Vo, — x2) (A4

exist.

2. Calculation of the second virial coefficient of
four-dimensional homonuclear hyperdumbbells

Let f(r, 9,2, x2) be the four-dimensional hyper-
dumbbell’s contact function with

L:r < o(@, 2, x2)

A5
0:r 2 (@, 12, x2), (A43)

f(l", 19)‘» 192, XZ) = {
where o denotes the contact distance depending on the an-
gular coordinates 2, = (3,) of the distance vector and the
orientation 2, = (¥, x2) of the second hyperdumbbell.

The second virial coefficient of a homonuclear hyper-
dumbbell with radius Ry of the generating hyperspheres can
be written as

21)R()
B=» / 2P F (B, D2, X oyon e dre (A6)
0
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with

2 T T m . . .
(D 9202020 = —3 / / / F(r, 0, 92, x2) sin® ¥, sin® ¥, sin xod x2d02d0,. (A7)
0 0 0

An analytical result for the integration over y, can be obtained as follows: Let us formally calculate the critical cosines

;; = €OS X2t at the contact distances dl-zj = 4R3. We obtain

L(r = ™) 4 (1 — cos 92)(£ — cos 9,)

) (A8a)

Yaa == sin 9, sin ¥,

1 4R? L

+(r— =)+ (1 +cos)(>= —cosv,

gy = L( r ) ( i 2)(2r )’ (A8b)
sin ¥, sin ¥,

Lir - ﬁ) + (14 cos ,)(£ + cos ¥,)

Upg = — N " 5 A8c
b sin ¥, sin ¥, ( )

L(p— %R _ L
wy = L (r—=2) 4 (1 —cos 9,)(£ + cos ¥,) - (ASd)
sin ¥, sin ¥

Looking further at the slopes of 8d}/dx2 in 0 < x2 < 7,

dd>
8—;2“<0 V 0< o<, (A9a)
ad?,
8_)(2>O V 0< 2 <, (A9b)
adz,
8_)(2<O V 0< <, (A9c)
ad3,
3_)(2>0 V 0< <, (A9d)
we obtain choosing Ry = 1 the conditions
<-1 d2,>4 V 0<p<nm
g =3 -1 <, <1 dga <4 YV xp > arccos (¢y,) (A10a)
> 1 d3a<4 V 0< x <,
< -1 codh <4 ¥V 0< <7
=1 —-1<ayp <1l : d <4 ¥V x <arccos (o) (A10b)
> 1 cody>4 V 0< <,
<-1 d}, >4 VvV 0< o<
pe = —1<ap <1 : di, <4 ¥V x> arccos (op,) (A10c)
> 1 D odi, <4 V 0< <,
< -1 codh <4 ¥V 0< o<
ap =4 —-1<am<1l : d}y<4 VYV x»<arccos () (A10d)
> 1 codh>4 ¥V 0< o<

for an overlap. Combining Egs. (A10), the analytical expression

b4
/ f(r, 0, V2, x2) sin x2d x» = 2 + min {max [max (egq, —1), max (ape, —1)] — min [min (egp, 1), min (o, 1)1, 0} (A11)
0
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for the integral over x, is obtained. Using the parities
Egs. (A4) leading to

f(r5 1-97" 1927 Xz) :f(r’ ﬂlﬂ” _ﬁ25ﬂ _Xz)

=flrnm =0, %, 7 — x) (A12)
the relation
/2
/ f(r, 0, m — V2, x2)sin xod x2
0
= f f(l", 19)‘» T — 192, Xz)Sin X2dX2 (A13)
/2
results. Hence,
| 5002 0rsin rade
0
= / f(r, ﬁr, T — 192, Xz) sin X2dX2 (A14)
0
is obtained. Analogously, the parity
/ f(r, Dp, D2, x2) sin xad x2
0
= / f(l", T — l?r, 192, Xz) sin ng)(g (AlS)
0

results. Using these symmetry relations, we can express the
orientational average in Eq. (A7) as

(f(r, V7, V2, X2))0,.00, 10

8 /2 /2 P
= _2 / f f(rv 19)‘7 1929 Xz) sin X2dX2
7= Jo 0 0

X sin® 9,d, sin® &,d ;. (A16)

The closest nonoverlap distance occurs at ¥, = ¥, = x, =
7 /2, where

d> =d’ =d} =d}y =0 + L; = 4R;. (A17)
Using
L =2Ry(v—1) (A18)
we obtain
o = Ro(2 + 4v — 20112, (A19)

Since for any angular configuration at » < o an overlap oc-
curs,

1 o 2
BY = 5/ 27 rdr = %(2 +4v—20°)°R}  (A20)
0

is the core contribution to the second virial coefficient. Here-
with, we can reformulate the second virial coefficient of a
homonuclear hyperdumbbell as

72 1

2vRy
B, = I0'4 + 5 / 27T273<f(r, U, ¥, X2)>79,,192v)(zdr'
(A21)

Using the analytical expressions, Eq. (A20), for the core
contribution B(ZC), the integration over x, [Eq. (A11)], and

3 — vy —2)1/2R,

FIG. 12. Configuration of peanut-shaped particles in comparison
with homonuclear dumbbells with the same aspect ratio. The mini-
mum distance for a nonoverlap is for both geometries the same, as
well as the overlap function.

performing the remaining integrations numerically employing
adaptive Gauss-Kronrod algorithms, highly accurate values
for the second virial coefficients are calculated. The results
with uncertainties are compiled in Tables VI and VII.

APPENDIX B: COMPARISON OF HARD DUMBBELLS
WITH PEANUT-SHAPED PARTICLES

Filling out the surface of a homonuclear dumbbell at its
spherical lunes inaccessible for a sphere with radius R iden-
tical to the dumbbell’s generating spheres, a peanut-shaped
particle results. The meridian curve of a peanut-shaped parti-
cle with overlap criterion identical to that of a dumbbell and
maximum particle volume Vi{” reads as

[R-(-571" : &<
r@) = {rn— (RR—2)" © —L<z<k (BI)
(R — (= +5)71"
where
L=2Ry(v—1) (B2)
is the center-to-center distance [Eq. (8)] and
rort = [3 = v(v = 2)]'"2Ry (B3)

the minimum nonoverlap distance to a third sphere with radius
Ry with respect to the dumbbell’s center of mass (Fig. 12).

The volume VP(D ) of a D-dimensional peanut-shaped parti-
cle reads as

URO
Vi =2 f kP V()P dz (B4)
0
with
D/2
oo 7" (B5)
I'(1+D/2)
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SUL

FIG. 13. Two-dimensional sections of D-dimensional dumbbells
(blue), peanuts (red), and spherocylinders (green) with the aspect
ratiov = 1.9.

being the volume of a D-dimensional unit sphere. For dimen-
sions 2 < D < 4,
Vi =2 — 13 +2v —v)"2 4 7R}
= R} + Lo, (B6)

2

3 [31;(1 +1)=3 -1 =33 +2v—1H)?
) (v—
x arcsimm | ——

1)]1%8, (B7)

3) _
Vo =

and

Vi = %[n + (8v? — 16V — 24) arcsin (

v—1
)
—g(v — D =20 —=7)3+2v — v2)1/2i|Rg (B8)

results. The volume of D-dimensional peanut-shaped particles
is in between those of dumbbells and spherocylinders with the
same aspect ratio v, radius Ry, and dimension D (Fig. 13).

While the virial coefficients B;(v) and reduced virial co-
efficients B;(v) = Bi(v)/Bé’l(v) are identical for dumbbells
and peanut-shaped particles, the reduced virial coefficients
Bf(v) = B,-(v)/VP"_l (v) can be obtained as

I
Bips = Bipg ( VP’ oS ) (B9)

with Vp pg denoting the volume of a peanut-shaped particle,
Vp pB that of a homonuclear dumbbell, and BT’DB the provided
data for reduced virial coefficients of homonuclear dumbbells
in the respective dimension. The excess part « of the mutual
excluded volume per particle differs for peanut-shaped parti-
cles from that of dumbbells and can be obtained using Eq. (26)
accordingly.
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ABSTRACT

We calculated virial coefficients for hard ellipses, stadia, rectangles, planar lenses and rhombi up to
the eighth order employing Mayer-sampling Monte Carlo simulations. We improved and extended
available data for ellipses, stadia, and rectangles and provide virial coefficients for planar lenses and
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shape parameter o = B — 1, with B = B,/Vp and Vp the particle area is analysed. The reduced
virial coefficients Bj(«) are approximated as functions of the shape parameter employing third-order

polynomials, enabling an interpolation for all aspect ratios v.

1. Introduction

The compressibility factor Z as a quantitative parameter
describing the equation of state for gaseous and super-
critical fluids can, with the pressure p and thermal energy
kg T, be written as

o0
p i—1
7 = =1+ Bip'™, (1)

a power series in the particle number density p.
This power series, originally proposed by Kamerlingh
Onnes [1] as a heuristic approach for the equation of
state, is known as virial series with the virial coefficients
B;. Later on, Mayer and Mayer [2,3] derived the virial
series employing the grand canonical partition function

and have shown that the virial coeflicient of order i is
related to interactions in an i-particle cluster. Since the
free energy of a multi-particle system is related to its
equation of state, virial coefficients are also relevant in
classical density-functional theory [4-7] and computa-
tional chemistry [8].

The first virial coefficients of order two to four have
been calculated for hard spheres as a well established
model system for condensed matter [9-13]. More than
thirty years later, for hard discs as a two-dimensional
analogue, these lower-order virial coeflicients have been
calculated for the first system in an even-dimensional
Euclidean space [14-16]. Virial coefficients of hard
spheres and discs with order i > 5 are so far not analyt-
ically accessible. These quantities became available with

CONTACT Joachim Wagner @ joachim.wagner@uni-rostock.de @ Institut fir Chemie, Universitdt Rostock, 18051 Rostock, Germany
@ Supplemental data for this article can be accessed online at https://doi.org/10.1080/00268976.2023.2289699.

© 2023 Informa UK Limited, trading as Taylor & Francis Group



2 M. KULOSSA AND J. WAGNER

emerging computer performance by the pioneering work
of Metropolis ef al. [17,18] and Ree and Hoover [19,20]
up to order i="7. Nowadays, virial coeflicients for hard
spheres are available up to order i =12 and for hard discs
up to order i =14 [21,22]. The first virial coefficients of
hyperspheres in Euclidean spaces with dimension D > 3
have been calculated by Ree and Hoover [23].

Due to their relevance as model systems for liquid-
crystalline matter, virial coefficients of non-spherical,
hard particles became into the focus of scientific interest.
Starting point is the seminal work of Onsager [24] pre-
dicting an isotropic-nematic phase transition of infinitely
thin, hard rods in the three-dimensional Euclidean space.
Since in the case of hard-particle interaction the sec-
ond virial coefficient is identical to the mutual excluded
volume per particle, B, for convex shapes is accessible
by Minkowski functionals or quermassintegrals as geo-
metric measures of the respective geometry in arbitrary
dimension D [25-27].

With advancing computer simulations, also higher-
order virial coefficients for differently shaped, hard
particles such as ellipsoids [28-32], spherocylinders
[30,31,33,34], lenses [32] in dependence on their aspect
ratio, and polytopes [35] became available. Also virial
coefficients of concave geometries such as homonuclear
dumbbells in the three-dimensional Euclidean space
have been reported [34]. Recently, virial coeflicients up
to order i =8 of planar, homonuclear dumbbells as two-
dimensional analogues have been published [36]. In the
case of hard, convex particles in the two-dimensional
Euclidean space, only virial coefficients of ellipses and
stadia up to order i=>5 and rectangles up to order i=4
are known for selected aspect ratios [37,38].

The aim of this work is to provide highly accurate
virial coefficients up to the eighth order for multiple con-
vex geometries (ellipses, stadia, rectangles, planar lenses,
and rhombi) in dependence on their aspect ratio v.
Additionally, virial coefficients of hard needles as highly
anisotropic limit for both v — 0o and v — 0 are cal-
culated as well as discs and squares for v — 1 in the
case of ellipses, planar lenses and stadia, and rectangles
and rhombi, respectively. We systematically investigate
the influence of both, the detailed particle shape and
aspect ratio on equation-of-state data of anisometric fig-
ures in the two-dimensional Euclidean space with impact
on self-organisation of monolayers at planar surfaces.

2. Theoretical background
2.1. Virial theory

As already shown by Langmuir [39], the two-
dimensional analogue of the pressure p is formally a

surface tension y which can, by the virial series, be
expanded in a series

o0 o0
14 i—1 % i—1
kT + ;:2 ip + ;:2 in (2)

of the particle number per area p = N/A. Introducing
reduced virial coefficients Bf = B;/ sz‘;l normalised to
the (i — 1)th power of the particle area Vp, an expansion
in powers of the area fraction n = pVp is obtained.

For arbitrary dimension D of an Euclidean space,
starting from the grand canonical partition function E,
the virial coefficient of order i can be written as

B=-1% s, (3)

where S is the configuration integral of an i-particle
cluster whose interactions are represented by the edges
of a biconnected graph G with i vertices, called Mayer
graph [2,3]. M- is the set of labelled Mayer graphs with i
vertices.

Defining the edges (j, k) connecting vertices j and k of
a graph as Mayer f-function

Ujk
fik = exp |:_kB_T:| -1, (4)

the second virial coeflicient reads as

1
By = o7 //(,f12>ﬁ2d21“1(121‘12
1

-5 ° .,

2 (5)

with V' denoting the two-dimensional system volume
(area), r; the position of the centre of the first particle,
12 the centre-to-centre distance vector, and Ujk the pair
interaction between particles j=1 and k=2. Perform-
ing the integration over r; results in the two-dimensional
system volume V. In the case of anisotropic particles,
the orientational average (.. .),, g, over all particle ori-
entations Uy, . . ., 0; except the first particle defining the
coordinate system has to be used as the integrand.

In the case of hard-body interactions, the pair poten-
tial reads as

Upy = {03 . o < U(f‘lz,l:ll)l:lz) ©6)
: 12 = o (U, )

with the unit vector ¥, denoting the direction of the dis-

tance vector of length r1; between the centres of both

particles, the unit vectors @; and 1w, their orientations,

and o (12, 01, 0) the contact distance of the given con-

figuration. In the case 15 < o, the particles overlap with



Ui, = oo and otherwise, r12 > o, they do not overlap
with Ujz = 0. Hence, the Mayer f-function is

f = -1 rj<o(@j 0,0y )
ik 0 > o (b B
rij = O’(I‘]k, uj, uy)

Furthermore, for hard body systems the pairwise additive
representation of the potential energy

U= Z Z (]jk(rjka ﬁ]) ﬁk) (8)
j

k>j

for many-particle systems is exact.
This leads to the expression

B3 = 37 ///(f12f13f23>ﬁ2,ﬁ3d21"1(121“12 d?r3

1
1
E A ©9)

for the third virial coefficient with a product of three
Mayer f-functions as integrand. While for the second and
third virial coefficients only a single biconnected graph
exists, the number of labelled Mayer graphs dramati-
cally increases with the order of virial coefficients [40].
Introducing an additional function ejx = fjx + 1, Ree and
Hoover could reduce for virial coefficients of order i > 3
the number of labelled graphs to be considered to roughly
one third of the Mayer graphs [41]. Using these fully,
either with f- or e-bonds connected graphs, the virial
coeflicient of order i reads as

i—1
Bi=—— Y Sc (10)

with G denoting a labelled Ree-Hoover graph in the set
GL. The weighting factor cg is the Ree-Hoover star con-
tent of the graph G resulting from the reformulation.
In the case of hard-body interaction, with ejx =0 for
an overlap and ejx = 1 for a non-overlap, resulting in
fikejk = 0, only a single Ree-Hoover graph contributes for
a given configuration with overlaps and non-overlaps to
the virial coefficient.

2.2. Computational details

In the two-dimensional Euclidean space, for the com-
putation of the virial coefficient of order i, a 3(i — 1)-
dimensional integration in the configurational space is
required. This problem can efficiently be solved employ-
ing the Mayer-sampling Monte Carlo method originally
proposed by Singh and Kofke [42]. This variant of an
umbrella sampling method samples the configurational
space exhaustively in regions, where the modulus of
the integrand is large. Since the configurational space is
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Figure 1. Spanning trees with four vertices. The 16 existing span-
ning trees can be subdivided in two topological classes with one
vertex of order 3 and three vertices of order 1 and two vertices of
order 2 and 2 vertices of order 1.

inhomogeneously sampled, the parallel computation of
an already known reference integral at the same points
of the configurational space is required. The statistical
fluctuations of this method are minimised and thus its
accuracy is increased if the system of interest and the ref-
erence system are as similar as possible: For moderately
anisotropic particles, the virial coefficient of hard discs of
the same order is a suitable reference, whereas for highly
anisotropic systems a similar anisotropic shape leads to
higher accuracy. As recently shown, for virial coefficients
of order i > 3 the accuracy can be increased and the com-
putational effort reduced by approximately 50 % by using
spanning trees as reference integrals [32]. A spanning tree
connecting i vertices by i—1 Mayer f-bonds has the value
(—2B,)""L. Despite i"~% spanning trees with i vertices
exists, it is sufficient to use only the topological class of i
spanning trees with one vertex of order i—1 and i—1 ver-
tices of order 1. Exemplarily, in Figure 1 spanning trees
with four vertices belonging to two topological classes are
displayed. Since the second virial coefficients of convex
geometries are analytically known (Section 3.1), the ref-
erence integral of a spanning tree is exactly known and
does not contribute to the uncertainty of the calculated
virial coefficient.

In this work, each virial coeflicient is calculated by
averaging 16 independent simulation runs with 5 x 10'°
configurations sampled in each run. The uncertainty of
the result is estimated by the standard deviation between
these runs. Before each run, the translational and rota-
tional displacement is adjusted in a tuning phase with 10’
steps to achieve an acceptance rate of &~ 0.50.

3. Geometric measures of two-dimensional
convex solids

We calculate virial coefficients of ellipses, stadia, rectan-
gles, planar lenses and rhombi as anisometric, convex
geometries. The anisometry is quantified by the aspect
ratio v, which is the ratio of height h = 2vrq to width
W = 2req. Let us, without loss of generality, restrict h >
w, with v > 1 for all investigated geometries. In the limit
v — 1 ellipses, stadia, and planar lenses approach discs,
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Figure 2. Characteristic shapes of a rhombus, planar lens, ellipse,
stadion, and rectangle with the aspect ratio v = 2 (from left to
right).

L

Ro T'eq

Figure 3. Construction of a planar lens with radius req and aspect
ratio v = 2 by two circles with radius Ry and centre-to-centre
distance L.

while rectangles and rhombi become squares. The inves-
tigated shapes with v = 2 are displayed in Figure 2. In
the limit v — oo, all considered geometries approach
infinitely thin needles with a characteristic length.

A stadion is the union of a rectangle with height b’ =
2(v — 1Dreq and width w = 2req capped with two semi-
circles with radius req. The planar lens is the section of
two circles with the radius

V241
Ry = 2 Teq» (11)
separated by the distance
L=2(Ry—req) = (V* — 1) req (12)

with 0 < L < 2Ry as shown in Figure 3.

The geometric measures area Vp and perimeter Sp for
the investigated geometries are provided in Table 1.

The circumference of an ellipse can with the complete
elliptic integral of the second kind E(})

/2

E() = / [1—2%sin?(6)]"/* dt (13)

0

Table 1. Area Vp and perimeter Sp for selected geometries in
dependence on the height h = 2vreq and width w = 2req of the
particles.

Vp Sp

Ellipse murg, 4vregE (L)
Stadion Ty 44, (v — 1) 27 Feq + Areq(v — 1)
Rectangle 4vr§q Areq(v + 1)
Planar lens g2+ DS 2req(v? 4 1) arccos

-2 =) =202 +17]
Rhombus 2vrg, dreq(v? + 1)1/2
and

AM=1—v72 (14)

be written as Sp = 4vreqE(R).

3.1. Excluded volume and quermassintegrals

The excluded volume of two convex bodies K and L can
be written as

K
D S

1 D
VoK D) = — 3 (1]) ) WoL (OW/@)  (15)

with

zD/2

= Ta+D/2) (16)

KD
being the volume of a D-dimensional unit sphere [26].
For D =2, this leads for identical shapes K=L to

Vex(K) = = 2Wo(K)W2(K) + 2Wi(K)?],  (17)

1
b4
where W are the quermassintegrals of the body K, which
are also referred as Minkowski functionals or intrinsic
volumes. For the calculation of the quermassintegrals
some special cases occur as shown, e.g. by Torquato and
Jiao [26], which can be formulated as

Wo(K) = Vp(K), (18a)
1
Wi(K) = BSP(K)) (18b)
Wp_1(K) = kpRp(K), (18¢)
and
Wp(K) = «p, (18d)

where Vp is the volume, Sp the surface area and Rp the
mean radius of curvature of the convex particle K.

In the two-dimensional Euclidean space R?, the par-
ticle Volume Vp is often simply referred as area and the



surface area Sp as perimeter. In R2, the mean radius of
curvature Rp directly relates to the perimeter as

~ S
R 2

P= (19)

[Equations (18b) and (18c)]. Using Equations (17)
and (18), the excluded volume Ve can be reformulated
as

- S
Vex = 2Vp + SpRp = 2Vp + 2—P (20)
T
for arbitrary, two-dimensional convex bodies K.
Since in the case of hard bodies the second virial coef-
ficient is the excluded volume per particle (B; = Ve /2),

Sp

By=Vp+ -2
2 P 47

(21)
is obtained as the second virial coefficient, which is iden-
tical to the expression provided by Boublik [37,43].

For the analytical calculation of the second virial coef-
ficients for arbitrary, two-dimensional, convex geome-
tries only the geometric measures Vp and Sp need to be
calculated. For the selected shapes these are compiled in
Table 1 in dependence on the aspect ratio v and radius

Teq-

3.2. Overlap criteria

For the calculation of virial coefficients with order i > 3,
the contact function o (12, 4, 01;) [Equation (6)] for the
given geometry is required which depends on the direc-
tion r1, of the distance vector r;» = ¢; — ¢j between the
centres ¢; and ¢, of the particles and their orientations
denoted by the unit vectors @1; and ;. In the following,
the overlap criteria for the investigated geometries are
discussed.

3.2.1. Stadia and needles

The overlap criterion of two hard stadia with centres ¢,
¢, and orientations i1, 01, can be reduced to the determi-
nation of the minimum distance d;; between two hard

rods described by

ri() = ¢ + Al (22)
and

r2(1) = ¢ + pip (23)

under the constraints [A| < (v —1req and
|| < (v — 1)req. The minimum squared distance

d*(h, ) = [r2() — (W) (24)

MOLECULARPHYSICS (&) 5

occurs at the roots of the derivatives dd*(X, )/dA and
dd*(A, 11)/du as analogously described by Vega and
Lago [44] in R®. This criterion can be adapted for
Euclidean spaces with arbitrary dimension RP [27]. If
dmin < 27eq, two stadia overlap and otherwise not.

The limiting case of hard needles with v — 0o can
formally be described as stadia with req — 0 and length
I=1 leading to the constraints |A| < I/2 and |u| < I/2.
An overlap of needles occurs when dpin, = 0 while at
dmin > 0 needles do not overlap.

3.2.2. Ellipses
For the overlap criterion of hard ellipses, the well estab-
lished Perram-Wertheim algorithm for hard ellipsoids
[45] can be employed, restricting centres ¢, ¢3, and
orientations @, @, of the ellipsoids to a fixed plane.
However, due to higher numerical stability, in this work,
the overlap algorithm proposed by Gilitschenski and
Hanebeck for arbitrary D-dimensional hyperellipsoids
[46] is used instead. We summarise their algorithm as
follows.

An ellipse with centre at ¢ and orientation &' =
[—b, a] can be written as

-0 RTA)R (r—0¢) <1 (25)

with the rotation matrix

R— [_“b ﬂ (26)

1
o 0
Ao = e 1 (27)
TaqV?

of an ellipse with the half axes r.q and v7eq. The rotation
matrix R fulfils the conditions RT R = I with I denoting
matrix identity and det(R) = 1.

With

A;=R'A(R, (28)

the polynomial function K(A) for a configuration of two
ellipses can be written as

KO)=1-xclAjci —(1 -2 Ay, + m"E;m
(29)

withA € Rand0 < X < 1.
To obtain

m'E;m = [AA;c; + (1 — 1) Ai0] B}
: [)\Alcl + A=A A2C2] > (30)
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the inverse of
E, =3, +(1-MA, (31)

is required. Using M =A;, — A, and X = —A,, the
inverse E;l can be rewritten as

=M-X)" (32

E=[r(A-4A)+ 4]
which analytically can be inverted by Leverrier’s
algorithm [47] (see Appendix). If 3 A : K(1) < 0, two
ellipses do not overlap, otherwise they overlap.

3.2.3. Rectangles and rhombi

For all D-dimensional, convex polytopes, a possible over-
lap can be determined using a (D — 1)-dimensional
plane of separation. For rectangles and rhombi in R?, a
line of separation is the criterion for an overlap or non-
overlap. If all polygonal faces of the first D-dimensional
convex polytope are located at one side of a (D —
1)-dimensional plane of separation and all polygonal
faces of the second convex polytope are at the oppo-
site side of that plane, these polytopes do not overlap.
If a plane of separation does not exist, both polytopes
overlap.

If at least one polygonal face of a polytope is in a plane
of separation, both polytopes do not overlap. Opposite,
if none of the polygonal faces is in a separation plane, an
overlap exists.

If a plane defined by a polytope’s face is a plane of sep-
aration, all vertices not contained in that face have to be
separated by that plane from all vertices of the second
polytope. In R?, a face is the edge of a polygon.

Both, rectangles and rhombi are convex quadrilater-
als. Let ey = (x2 — x1,¥2 — y1) be the edge between the
vertices (x1, y1) and (x2, ¥2). Two points r; = (x;, y;) and
rj = (xj, yj) are located at the same side of the edge, if ¢;
and t; with

ti= i —yDea —x1) — (2 — y)xi — x1)
ti= 0 —y)2—x1) — (2 — y(x— x1)

(33)

have the same sign. The positions of the four vertices of
a rectangle are

Aj =¢ — T’eq(l + v2)1/2

(v (@ +vH)72 (10?72

X 141212y (14 v2)-12 0 (34a)
Bj =¢j+req(1+ 1)2)1/2
v+ 4072
XU 4v) 12y 4y Y (34b)

Ci=c¢+reql+ 21/

v (1 + 1)2)*1/2
| (1403712

—(1+ )71

X v (1 + 1)2)_1/2_

. ﬁj (34¢)

Dj=¢j —req(1+ p2)1/2

(v (1 + v2)~1/2
__(1 + 1)2)71/2 v(l+ UZ)*I/Z_

(1+vH)72 7

x 4 (34d)

with the centre ¢; and the orientation ﬁj. For rhombi, the
vertices are

A=gtrg| ol % (352)
Bj = ¢j + vreqlly (35b)
G=¢—re __01 é b (35¢)
Dj = ¢j — vreqly. (35d)

3.2.4. Planar lenses
As described earlier, a planar lens with aspect ratio v and
radius req consists of two intersecting circles with radius

[see Equation (11)], separated by the centre-to-centre
distance

L=2(Ry— req) = (Vz - 1)req

[see Equation (12)]. The generating circles of a planar
lens with centre r; and orientation u; are at

ci+ =ri R (36)

with ¢ = Ry — req and the rotation matrix

0 -1
[0 7). -
Let
dmax = HrZ == ¢ BﬁZ + é.gﬁl H (38)

be the maximum distance between the four generating
circles. If dpyax > 2Ry, an overlap is impossible. Other-
wise,

p (pz 1/2
(39)



and
1/2
p p2 /
AV
P, = ) 12 (40)
a-+ b_p +b P_ q
2 4
with
S+ -2 -
a= 2x 2y 1x ly’ (41a)
2 (CZJ' - Cly)
p— 2T (41b)
Cz), — Cl),
2bcyy — 2¢1x — 2ab
= , 41
4 b2 +1 (41c)
_C%x+c%y_2‘”1y+“2_R% (41d)
1= b2 +1

are the sections of both generating circles with distance
dmax- If c1y = ¢z, the circles are parallelly aligned to the

x-axis and
1
2 (c1x + c2x)
P1 = >
Cly + Ureq

% (c1x + c2x)
P, =
Cly — Vreq
result.

If at least one point of P; and P is inside both planar
lenses, they overlap. This is fulfilled when (||P; — ¢ <
vreg A [[P1 — €2l < vreq) V (I[P2 — c1| < vreg A P2 —
¢2|| < vreq) and otherwise not. In Figure 4, a configura-
tion with dmax < 2Rg is shown where planar lenses do
not overlap.

(42a)

(42b)

4. Results and discussion
4.1. Second virial coefficient

The reduced, second virial coefficients

2
B§=ﬁ=1+iS—P (43)
Vp 47 Vp
of hard, two-dimensional, convex particles are analyti-
cally available from the area Vp and perimeter Sp as geo-
metric measures of the respective geometry employing
Equation (21). The analytically obtained, reduced sec-
ond virial coefficients of ellipses, stadia, rectangles, planar
lenses, and rhombi for selected aspect ratios are com-
piled in Table 2. These analytical data are compared to
the results obtained by means of Mayer-sampling Monte
Carlo simulations. The excellent agreement of analytical

MOLECULAR PHYSICS (&) 7

L L L 1

-2 0 2 4

Figure 4. Configuration of two planarlenses withv = 2,req =1,

r2 = (1.95,26), @ = (1,0), and &, = (3, 2). The centres of
the planar lens’ generating circles are indicated by crosses. The
dotted lines whose central points are marked by dots indicate
distances between these centres.

and numerical data is a validation of both, the over-
lap criterion, and the algorithm used. In Figure 5, the
reduced virial coefficients for these geometries with an
aspect ratio v < 10 are shown. Due to the normalisa-
tion to the particle area Vp, the influence of the detailed
geometry is visible: The reduced excluded area of rhombi
exceeds those of all other shapes investigated. Despite the
similar shape of ellipses and planar lenses, with increas-
ing aspect ratio, the reduced virial coefficients of pla-
nar lenses exceed those of ellipses since S3/Vp increases
faster with increasing aspect ratio for planar lenses than
for ellipses. In the limit v — 17, both geometries as
well as stadia approach to discs with B} ;; - = 2. How-
ever, rectangles and rhombi approach squares in the limit
v — 1 with B} ..o = 14 4/7. Opposite, in the limit
v — 00, all geometries approach hard, infinitely thin
needles of length [ with B, = /. Hard needles as one-
dimensional objects can in R? be treated like stadia with
a modified overlap criterion (Section 3.2.1).

For sufficiently large aspect ratios, the reduced sec-
ond virial coefficients B} (v) o v are proportional to the
aspect ratio with

B*,(stad) v 1
lim 2—() = —, (44a)
V—00 v T

B*,(rect) Y 1
lim By " _ -, (44b)
V—>00 Vv T



8 M. KULOSSA AND J. WAGNER

Table 2. Reduced second virial coefficients B3 = B, /Vp of ellipses, stadia, rectangles, planar lenses, and rhombi in dependence on their

aspect ratio v.

B3
v Ellipse Stadion Rectangle Planar lens Rhombus
1 2 2 2.2732395.-- 2 2.2732395.--
2.273240(11) 2.273236(16)
2 2.1888271.-- 2.1782850--- 2.4323944... 2.2238322-- 2.5915494...
2.188825(13) 2.178284 (14) 2.432392 (20) 2.223831(14) 2.591541 (24)
3 2.5081689-- 24571122 2.6976527--- 2.6123451..- 3.1220659---
2.508172 (25) 2.457123 (20) 2.697659 (24) 2.612358(19) 3.12207 (5)
4 2.8640392--- 2.7567999--- 2.9894367--- 3.0449732--- 3.7056340---
2.864049 (21) 2.75681 (4) 2.989428 (30) 3.044973 (26) 3.70564 (7)
5 3.2362698--- 3.0642705--- 3.2918311--- 3.4954664--- 4.3104228.--
3.23626(12) 3.06427 (5) 3.29185 (4) 3.49547 (5) 4.31040(7)
6 3.6175228--- 3.3754882--- 3.5995307--- 3.9549296--- 4.9258219---
3.61753(15) 3.37549 (5) 3.59952 (5) 3.95492 (8) 4.92583 (7)
7 4.0043790--- 3.6887963--- 3.9102618--- 4.4195283--- 5.5472840---
4.00437 (16) 3.68882 (6) 3.91028 (6) 4.41951 (6) 5.54729 (8)
8 4.3949948... 4.0033894--- 4.2228875--- 4.8873400--- 6.1725356---
439506 (14) 4.00339(5) 4.22288 (6) 4.88731(9) 6.17254(9)
9 47882751 4.3188286:-- 4.5367765-- 5.3572950--- 6.8003134---
4.78832 (20) 4.31882(8) 4.53679 (8) 5.35731(9) 6.80035 (11)
10 5.1835228--- 4.6348545. - 4.8515496--- 5.8287510--- 7.4298597---
5.18350(23) 4.63489(7) 4.85159(7) 5.82876 (14) 7.42986 (14)

Note: For each aspect ratio the values in the first row display the analytical results from Equation (43) and the second row the numerical results from Mayer-sampling

Monte Carlo simulations.

7k Rhombus i
¥ Planar lens
¢ Ellipse

6} 4 Rectangle .

% Stadion

Figure 5. Reduced second virial coefficients B = B, /Vp of hard
rhombi, planar lenses, ellipses, rectangles and stadia for selected
aspect ratios v. Analytical values [Equation (43)] are shown as solid
lines and numerical values obtained by Mayer-sampling Monte
Carlo simulations as open symbols. The deviations are compiled
in Table 2.

By M) 4

lim 22— = —, (44c)
V—>00 v T
L(pD)
B (v 3
lim B, _ - (44d)
V00 ) 2

and

B;,(rhomb)(v) B 2

lim —. (44e)
g

V—00 )
As expected, in the limit v — 00, the reduced second
virial coefficients of stadia are identical to those of rect-
angles since the contribution of the capping semicircles
can be neglected for sufficiently long stadia.

4.2. Higher-order virial coefficients

Reduced, higher-order virial coefficients B = B;/Vy !
of ellipses, planar lenses, stadia, rectangles, and rhombi
are compiled in Tables 3-7. For hard needles as the limit
of all investigated geometries in this work with v — oo,
reduced virial coefficients B; = B;/B5 ! are provided in
Table 8. For all shapes, the data of this work excellently
agrees with known literature data [37,38], however with
significantly improved accuracy. So far unknown, higher-
order virial coefficients are systematically calculated up
to the eighth order in dependence on the aspect ratio v.
Despite the numerical data in our work for hard nee-
dles agree with previously reported numerical results
[38], discrepancies to the analytical result [37] within the
confidence of our numerical data exist.

In analogy to three- and four-dimensional Euclidean
spaces, at large aspect ratios negative higher-order virial
coefficients appear [27,31,32,34]. The critical aspect ratio
Verit leading to negative virial coeflicients increases from
rhombi, planar lenses, and ellipses to rectangles and sta-
dia related to increasing curvature at the elongated axis.



Table 3. Reduced virial coefficients BY = B;/V5 ™'
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of hard ellipses in dependence on their aspect ratio v.

v B; B B B B B}
1 3.12799 (6) 425777 (23) 5.3370 (4) 6.3625 (8) 7.3520(21) 8.321(9)
3.128017-- -2 4257854 . -2 5.33689664 (64) 6.363026 (11)? 7.352080 (28)? 8.318668 (62)°
2 3.59622 (10) 4.94310 (24) 6.0753(5) 7.0261(9) 7.946 (5) 9.01(4)
3.5961 (15)° 4950 (11)° 6.06 (5)°
3.593 (5)¢ 4939 (21)°
3 4.46471 (10) 6.1635 (6) 6.9348 (9) 6.787 (5) 6.668 (20) 7.89(15)
4.4647 (19)P 6.169 (16)P 6.97 (8)P
4 5.54971(17) 7.6062 (6) 6.8812(19) 2.735(9) —122(7) 3.1(6)
5.5475 (25)° 7.588 (24)° 6.86 (14)°
5.553 (9)C 7.59 (5)¢
5 6.81920 (30) 9.1990 (10) 4,988 (5) —9.108 (24) —22.73(20) —25(Q21)
6.817 (4)P 9.19 (4)° 4.94(22)P
6.818(11)¢ 9.22(7)¢
6 8.26395 (28) 10.9071(9) 0.181(8) —3432(5) —68.4(5) 3(5)
8.264 (4)P 10.89 (5)° 0.2 (4)°
8.258 (14) 10.89 (10)¢
7 9.8800 (4) 12.7066 (16) —8.790 (12) —80.67 (9) —153.7 (10) 67(17)
8 11.6664 (5) 14.5789 (27) —23.359(11) —157.95 (15) —298.6 (19) 270 (50)
11.642 (6)° 14.43 (9)P —239(8)°
13.6219(5) 16.5092 (19) —45.157 (26) —278.94(25) —530(5) 810(90)
10 15.7462 (8) 18.478 (4) —76.00 (5) —4589 (4) —884 (6) 1880 (190)
15.748 (9)P 184 (2)° —75.8(15)P
aValue from [40]
bValue from [38]
“Value from [37]
Table 4. Reduced virial coefficients B} = B,-/V,’;1 of planar lenses in dependence on their aspect ratio v.
v B; B; B B B B
1 3.12804 (8) 425781 (25 5.3368 (5) 6.3633(10) 7.3518(16) 8.318(10)
3.128017-- -2 4257854 -2 5.33689664 (64) 6.363026 (11) 7.352080 (28)? 8.318668 (62)°
2 3.70315(8) 5.1400 (4) 6.3479(7) 7.3334(19) 8.240 (5) 9.21(4)
3 4.79564 (11) 6.7005 (5) 7.3796(12) 6.761(7) 6.330(17) 8. 52 (24)
4 6.17692 (21) 8.4973 (5) 6.5653 (26) —1.036 (13) —7.13(8) 7(8)
5 7.81020 (27) 10.4278 (14) 2.078(8) —24.495 (23) —46.42 (23) 23(5)
6 9.6857 (4) 12.4518(17) —8.162 (9) —75.81(7) —132.9(7) 132(13)
7 11.8001 (5) 14.5403 (27) —26.594 (19) —171.73(17) —298.7 (15) 490 (110)
8 14.1516 (7) 16.6740 (27) —55.978 (30) —334.08 (29) —592 (4) 1440 (120)
9 16.7395 (9) 18.829 (4) —99.44 (4) —591.0 (4) —1070 (5) 3540 (170)
10 19.5631(9) 20.987 (4) —160.55 (6) —976.2(7) —1811(13) 7700 (600)
aValue from [40]
Table 5. Reduced virial coefficients B} = B,-/V{,_1 of hard stadia in dependence on their aspect ratio v.
v B B B B B B
1 3.12803 (6) 4.25781 (23) 5.3367 (5) 6.3630 (11) 7.3526(19) 8.315(11)
3.128017-- -2 4257854 .2 5.33689664 (64) 6.363026 (11) 7.352080 (28)° 8.318668 (62)°
2 3.58548 (9) 496478 (20) 6.1581 (4) 7.1502(15) 8.022 (4) 8.86 (4)
3.5843 (15)° 4.961(11)° 6.15(5)
3.587 (5)¢ 4,930 (21)¢
3 435851 (11) 6.1491 (4) 7.3115(11) 7.7567 (26) 7.911(15) 8.35(12)
4.3566 (19)° 6.142(15)° 7.29 (8)P
4 5.27623 (15) 7.5506 (5) 8.2301(18) 6.829(7) 4.689 (27) 4.4(4)
5.2766 (23)° 7.543 (21)° 8.20(12)°
5.236 (8)° 7.56 (5)°
5 6.31242 (20) 9.1236 (8) 8.537 (4) 2.833(11) —4.75(9) —59(13)
6.3071(29)° 9.121(29)b 8.64(18)P
6.310 (10) 9.15 (6)°
6 7.45958 (20) 10.8501 (10) 7.824(4) —6.292 (24) —24.97 (20) —24(4)
7.456 (4)° 10.81 (4)° 7.79 (26)°
7.463 (12)° 10.88 (8)¢
7 8.71429 (23) 12.7211(12) 5.630 (6) —23.21(5) —62.0 (5) —46(11)
8 10.0755 (5) 14.7273 (21) 1411(12) —51.39 (6) —124.4(7) —80(14)
10.076 (5)° 14.69 (7)° 1.0(6)°
9 11.5423 (6) 16.8625 (18) —5.428(11) —95.13(10) —222.9(10) —99 (26)
10 13.1142 (6) 19.1200 (21) —15.582 (14) —159.37 (13) —370.8 (21) —100 (50)
13.119(7)° 19.12(10) —15.7 (10)°

2Value from [40]
bValue from [38]
“Value from [37]
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Table 6. Reduced virial coefficients B = B,~/V,",’1 of hard rectangles in dependence on their aspect ratio v.

v B B B B B B

1 3.98333(10) 5.94843 (25) 7.9507 (6) 9.7521(15) 11.103 (5) 11.766 (22)
3.98(2) 5.94(8)

2 443409 (14) 6.6993 (4) 8.8470 (8) 10.542 (4) 11.543(7) 11.64 (6)
444 (2) 6.72(8)

3 5.24381(13) 8.0503 (4) 10.2095 (10) 10.994 (6) 10.231(18) 7.97 (17)

4 621777 (22) 9.6715 (7) 11.3221(19) 9.343(12) 3.75(6) —2.98 (30)
6.22 (3) 9.7 (52

5 7.31910(19) 11.4963 (7) 11.756 (5) 3.743(15) —12.26 (16) —27.6(15)
7.31(4) 11.4(8)

6 8.53585 (21) 13.4993 (9) 11.067 (5) —8.22(4) —43.74 (30) —71(5)
8.53(6) 14(2)?

7 9.8632 (4) 15.6678 (16) 8.765 (7) —29.59 (6) —98.9 (6) —136 (9)

8 11.2984 (4) 17.9906 (19) 4.283(9) —64.30 (8) —188.8(11) —222(13)

9 12.8406 (5) 20.4600 (21) —3.021(19) —117.06 (14) —326.4(18) —321(25)

10 14.4890 (5) 23.0705 (21) —13.814 (20) —193.51(23) —529.8(29) —440 (60)

@Value from [37]

Table 7. Reduced virial coefficients B} = B’,-/fo1 of hard rhombi in dependence on their aspect ratio v.

v B: B B: B: B B
1 3.98335(11) 5.94841 (21) 7.9505 (6) 9.7530(17) 11.104 (4) 11.776 (19)
3.98(2)72 5.94(8)

2 490794 (16) 7.4813 (4) 9.6767(13) 11.048 (5) 11.507 (17) 11.12(15)
3 6.64549 (21) 10.1098 (7) 10.397 (4) 5.477(12) 0.02(9) 8.1(7)
4 8.86529 (29) 13.0689 (11) 5.109(7) —26.741 (24) —57.3927) 36 (6)
5 11.5232(7) 16.2044 (14) —11.408 (14) —116.26 (10) —217.1(9) 300 (21)
6 14,6075 (5) 19.441 (4) —45.40 (4) —309.06 (20) —571.9(30) 1330(90)
7 18.1136 (7) 22722(5) —104.20 (5) —669.1(4) —1262 (8) 4480 (170)
8 220399 (8) 26.000 (5) —196.29 (6) —1281.3(10) —2486 (16) 11700 (1000)
9 263854 (11) 29.214(9) —331.29(13) —2255.0 (14) —4530 (40) 27300 (1600)
10 31.1492(15) 32330(16) —519.81(14) —3725.0(23) —7790 (70) 57900 (2400)

aValue from [37]

Table 8. Reduced virial coefficients B; = B,-/Bg_1 of hard needles.

i B;

3 0.514547 (19)
0.5142024.. .2
0.5145 (3)°

4 —0.031027 (19)
—0.031 (1P

5 —0.28816 (5)
—0.288 (2)°

6 —0.22659 (9)

7 —0.03464 (25)

8 0.1012(8)

2Value from [37]
bValue from [38]

In Figures 6 and 7, reduced virial coefficients B; =
B;i/By ! are displayed in dependence on the shape
parameter

B, —Vp
o=

=B —1 45
v > (45)

as the reduced excess contribution of the mutual excluded
volume per particle [36,38]. For its inverse, the relation
0 < a~! < 1holds with the limiting cases of @ ! = 1 for
a hard disc and o~ = 0 for a hard needle. As known
from reduced virial coefficients of prolate shapes in R?, a
non-linear dependence on o ~! appears which, however,

AW

(=)}

li]wl wl vj‘wl wl wl

[

Figure 6. Reduced virial coefficients B; = B;/B5 " of ellipses in
dependence on the inverse of the shape parameter @ . The solid
curves are least-squares fits employing a third-order polynomial
as a heuristic approach. The polynomial coefficients are provided
in the supplemental material.

excellently can be described by lower-order polynomi-
als allowing an interpolation for arbitrary aspect ratios
v [32,34,36]. For rectangles and rhombi, with the limit-
ing case of squares for v — 17, the inverse of the excess
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Figure 7. Reduced virial coefficients B; = B;/B’f of planar lenses (upper left), stadia (upper right), rectangles (lower left), and rhombi
(lower right) in dependence on the inverse of the shape parameter o . The solid curves are least-squares fits employing a third-order
polynomial as a heuristic approach. The polynomial coefficients are provided in the supplemental material.

excluded volume per particle is limited to 0 < a~! <
/4.

4.3. Equation-of-state data and phase behaviour

Employing Equation (2), the compressibility factor Z can
be written as

00
14 * i—1
7 = =14+ By (46)

with the reduced virial coefficients B} of order i and
the area fraction 7. Using scaled particle theory, Boublik
suggested

1 an(l +an/8)
Z:
1—-mn) (1—n)?

as a generalised equation of state for arbitrary convex,
two-dimensional shapes [43,48,49]. Here again, the shape

(47)

parametera = B} — 1 = S%, /(4 Vp) is the excess part of
the mutual excluded area per particle.

We compare in Figure 8 the virial equation of state
[Equation (46)] to the scaled particle equation of state
[Equation (47)] exemplarily for ellipses with various
aspect ratios v in dependence on the area fraction 5
within the phase boundaries of the isotropic phase. For
small area fractions, with increasing number of virial
coefficients, independent of the aspect ratio, both equa-
tions of state result in identical compressibility factors.
For small aspect ratios, even at moderate area frac-
tions deviations between both equations of state vanish
with increasing number of virial coefficients considered
(Figure 8). With emerging negative virial coeflicients at
higher aspect ratios, for higher and even moderate area
fractions, the virial equation of states predicts signifi-
cantly smaller compressibility factors than Equation (47).
At v =9, even non-physical, negative compressibility
factors appear using virial coefficients up to order eight.
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30F -- B; .
[ |-- B ]
- BZ
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Figure 8. Equations of state for ellipses with v = 2, 4, 6, and 9. The dotted lines are from Equation (46), considering the sum of virial
coefficients up to the order displayed in the legends. The solid lines represent Equation (47) using scaled particle theory.

At high aspect ratios, long-range orientational cor-
relations appear, leading to an isotropic-nematic phase
transition at a critical area fraction 7t decreasing with
the aspect ratio v [50,51]. The critital area fractions 7rit
for the transition from the isotropic to a crystalline or
liquid-crystalline phase are compiled in Table 9. Even for
the isotropic phase, long-range orientational correlations
with correlation lengths exceeding the size of clusters up
to eight particles contributing to virial coefficients up to
order eight are reported [50,51]. To overcompensate the
negative virial coefficients, even higher-order, again pos-
itive virial coeflicients are required. In the case of ellipses,
planar lenses, and rhombi, already the eighth virial coef-
ficient is again positive for large aspect ratios as well as
for hard needles. Interestingly, opposite to other shapes,
the maximum packing fraction of two-dimensional

Table 9. Upper bound for the critical area fraction 7t of an
isotropic phase transition of hard ellipses with aspect ratio v
reported by Xu et al. [51].

Phase
v Narit transition
2 > 0.80 I—S
3 ~ 0.75 I— N
4 ~ 0.69 I— N
5 ~ 0.63 I— N
6 ~ 0.57 I —-> N
7 ~ 0.53 I—> N
8 ~ 0.47 I —> N
9 ~ 0.45 I—> N
10 ~ 0.42 |- N
ellipses
V il 0.906899 (48)
Nmax = Pmax VP = —= = U.
23



is independent of the aspect ratio v as already reported by
Vieillard-Baron [52]. Since stretching preserves the pack-
ing fraction, and applying a stretching transformation
to discs yields an ellipse, ellipses have the same packing
fraction as discs (v = 1).

5. Conclusion

We provide virial coefficients for the anisometric shapes
of ellipses, planar lenses, stadia, rectangles, and rhombi
in R? in dependence on their aspect ratio v. Using
Mayer-sampling Monte Carlo simulations as an efficient
method to explore the configuration space, the accu-
racy of available virial coefficients could significantly
be improved and so far unknown virial coefficients are
systematically calculated. The comparison with analyt-
ically obtained second virial coefficients employing the
Isihara-Hadwiger theorem is used to validate both, the
Mayer-sampling algorithm used, and the overlap cri-
teria for the investigated shapes. The dependence of
reduced, higher-order virial coefficients B; = B, /Bg_1 on
the inverse excess part of the mutual excluded volume per
particle o as a universal shape parameter can accurately
be described by lower-order polynomials as a heuris-
tic approach. Hereby, a reliable interpolation of virial
coefficients can be achieved.

Exemplarily for ellipses, compressibility factors from
the virial series up to the eighth order are compared to
an equation of state resulting from scaled particle theory.
With emerging negative, higher-order virial coefficients,
truncation effects of the virial series are evident: For
highly anisometric shapes, angular correlations with cor-
relation lengths exceeding the size of simulated clusters
arise. To include these effects in the virial series, even
higher-order, positive virial coeflicients are required. A
change of sign from negative to positive eighth-order
virial coefficients is observed for sufficiently anisometric
shapes. A remaining task is to calculate even higher-order
virial coeflicients for these objects.
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Appendix. Leverrier's algorithm

Leverrier’s algorithm can be used to calculate the resolvent

1

S=(M-X)'=—(X-2)" (A1)

of a matrix X € RP*P with A € R and the identity matrix I €
RP*D [46]. For the computation of the inverse of a matrix E,

with
- -1
El=(M-X)", (A2)
the algorithm needs to be generalised since M can be singular
[47]. Leverrier’s algorithm inverts a matrix analytically, which
increases especially for matrices with elements close to zero the
computational stability and accuracy compared to numerical
inversion algorithms. The inverse of a matrix E, with
L adiEy)
Th T det(E))
is the quotient of the adjugate and the determinant of the matrix
E, . Defining

(A3)

R = adj(E;) = adj(AM — X) (A4)
and
g(0) = det(E;) = det(:M — X), (A5)
the recursive relations
D—1
R() =Y Ry paF (A6)
k=0
and
D
an) =Y apir* (A7)
k=0
with
MR 1 +gjt1kl i k=j+1
Bj-&-l,k = ng,k - ng,k_1 + Qj+1,kl ok=1,... 5]
XR;; 4 gjr1kl ¢ k=0
(A8)
and
1
Gjt+1k = _mtr(XBj,k —MR;; ) k=1,...,j
- tr(XR; ;) k=0
1
(A9)

result [47]. Here, tr(Z) is the trace of matrix Z € RP*D je. the
sum of their main diagonal elements and Ry, = I 'is the matrix
identity.
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S-I. Interpolation of reduced virial coefficients B;

The dependence of reduced virial coefficients B,; = B,/ B;fl on the shape parameter o~ ! can

for each investigated geometry heuristically be described using a third order polynomial
Bi~aa? +ba" 2 +cat+d (S-1)

with the coefficients a, b, ¢, and d. Their optimum values determined by least-squares fits are
compiled in Tab. S-1.
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Table S-1. Coefficients a, b, ¢, and d of third-order polynomials [Eq.
(S-1)] as an heuristic approach for the dependence of reduced virial coeffi-
cients B; on the shape parameter o~ 1.

i a b c d
3 0.0044 (18)  —0.1189 (26) 0.3820 (11) 0.51450 (14)
= 4 0.156 (11) —0.534 (15) 0.942 (6) —0.0307 (8)
2 5 0294(27)  —0.78(4) 1.104(16)  —0.2874(21)
g 6 0.172 (20) —0.382(29) 0.636 (12) —0.2260 (15)
w7 —0.162(15) 0.418 (21) —0.106 (9) —0.0350 (11)
8 —041 (5) 0.96 (7) —0.588(27) 0.100 (4)
3 0.000 (5) —0.121 (5) 0.4213 (15) 0.51451 (15)
%0 4 0.233 (10) —0.646 (11) 1.048 (4) —0.0309 (4)
g 5 0.46 (4) —0.97 (4) 1.229 (12) —0.2879 (11)
s 6 0.247 (23) —0.443 (27) 0.689 (9) —0.2264 (9)
,:qé 7 —0.318(21) 0.645 (24) —0.165 (8) —0.0348 (8)
8 —0.73(6) 1.38(7) —0.711 (22) 0.1007 (22)
3 —0.077(13) 0.045 (18) 0.300 (8) 0.5141 (10)
o 4 —0.105(25) —0.05 (4) 0.717 (15) —0.0320 (20)
& 5 —0.069(24) —0.12 (4) 0.812(14) —0.2890 (19)
= 6 —0.093(13) 0.093 (19) 0.425 (8) —0.2271 (10)
Boo7 0202 (7) 0.503 (10) —0.152 (5) —0.0349 (6)
8 —0.277(9) 0.750 (13) —0.509 (6) 0.1011 (7)
» 3 —0.119(15) 0.096 (22) 0.291 (9) 0.5138 (12)
g 4 —0.23(4) 0.12(6) 0.672 (24) —0.033 (4)
~ 5 —0.25(5) 0.13(8) 0.74 (4) —0.291 (4)
g 6 —023(4) 0.29 (6) 0.367 (22) —0.2283 (28)
f 7 —0.223(9) 0.524 (14) —0.151 (6) —0.0350 (7)
8 —0.207(17) 0.632 (25) —0.462 (11) 0.1019 (14)
3 —0.271(27) 0.25(3) 0.299 (11) 0.5139 (11)
3 4 —-0.62(8) 0.49 (10) 0.677 (30) —0.0330 (30)
@ 5 —0.73(12) 0.60 (13) 0.73(5) —0.291 (5)
s 6 —0.59(9) 0.65 (10) 0.35(4) —0.229 (4)
e 7  —0.350(17) 0.677 (20) —0.169 (7) —0.0349 (7)
8 —0.16(5) 0.62 (6) —0.469 (18) 0.1024 (18)
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Geometric measures of uniaxial solids of revolution in higher-dimensional Euclidean
spaces and their relation to the second virial coefficient
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We provide analytical expressions for the second virial coefficients of various hard, convex, monoaxial solids
of revolution in higher-dimensional Euclidean spaces. Therefore, the rotation-averaged mutual excluded volume
per particle is calculated employing the Brunn-Minkowski theorem using quermassintegrals of the respective
shape. In addition to geometries without singularities in their surface curvature, so far unknown quermassin-
tegrals for geometries with singularities in their surface curvature, such as hyperlenses and hypercones, are
calculated. Studying the influence of the detailed particle shape, the second virial coefficients are analyzed in four
dimensions depending on the aspect ratio v. These analytical expressions are extended to arbitrary-dimensional
Euclidean spaces. The resulting virial coefficients are compared to available data for analogs in two and
three dimensions. For hard hyperspheroids, the universal parity B;(v) = B;(v™") of the reduced second virial
coefficient with respect to the aspect ratio v is proven. Unlike other geometric shapes, the excluded volume of
hyperspherocylinders in any dimension solely depends on at most three quermassintegrals.

DOI: 10.1103/PhysRevE.111.024112

I. INTRODUCTION

The geometric description of particle shapes is of crucial
importance for predicting physical and chemical properties
of many-particle systems with hard-body interaction serving
as model systems for colloids, liquid crystals, and granular
matter [1-4]. Most experimentally investigated nonspherical
particle shapes are modeled either as polytopes [5,6] or solids
of revolution [7-9]. Sufficiently anisotropic solids of revo-
lution, both as prolate and oblate shapes, lead to a complex
phase behavior, including liquid-crystalline nematic [10-14]
and smectic phases [15,16].

Classical density functional theory (DFT) is a commonly
used approach to predict the phase behavior of many-particle
systems consisting of hard, anisotropic solids connected to
the free energy of these systems [17-19]. The real gas factor
Z = p/(oksT), where p denotes the pressure, o the particle
number density, and kg7 the thermal energy, reads, using
virial theory as

Z=1+) Bg"" =1+§:Bj-‘n"‘l, (1)
j=2

i=2

an expansion in powers of the number density ¢ or the vol-
ume fraction 7, respectively, and provides an access to closed
expressions for the free energy. The coefficients B; are virial
coefficients of order i and B} = B;/V{i~' reduced virial co-
efficients, with Vp denoting the volume of a single particle.
Since commonly only few orders of virial coefficients are
known, contributions of so far unknown, higher-order virial
coefficients are approximated via the Carnahan-Starling series

“Contact author: joachim.wagner @uni-rostock.de

2470-0045/2025/111(2)/024112(16)

024112-1

[20]. In many cases, DFT studies employ expressions for the
free energy solely based on the second virial coefficient of the
respective, anisometric particle shape [21,22].

For hard, convex particles, the second virial coefficient
corresponding to half of the orientationally averaged mutual
excluded volume can analytically be expressed employing
the Brunn-Minkowski theorem [23] based on quermassinte-
grals as geometric measures of the respective shape. In three
dimensions, only volume Vp, surface area Sp, and mean ra-
dius of curvature Rp as geometric measures are required to
obtain the second virial coefficient B, = Vp + SpRp of a con-
vex particle. This relation is also known as Isihara-Hadwiger
theorem [24-26]. In two dimensions, even two geometric
measures are sufficient to calculate the second virial coeffi-
cient B, = Vb + S3/(47) of a convex shape, with Vp denoting
the two-dimensional particle volume or area and Sp the two-
dimensional surface area or perimeter [27,28].

In the two- [29] and three-dimensional space [30-32],
analytical expressions for the second virial coefficients of
various hard convex solids are available. Also second virial
coefficients of four-dimensional particles have been provided
[33,34], and the Brunn-Minkowski theorem [35,36] has been
applied to calculate second virial coefficients of various
convex particles in higher-dimensional spaces [23]. Further-
more, accurate values for second virial coefficients, serving
both as a reference and validation of Monte Carlo simula-
tion techniques, are relevant for the numerical calculation of
higher-order virial coefficients [37,38].

In this work we provide so far unknown expressions for
virial coefficients of uniaxial solids of revolution in R* and
compare the results with analog geometries in lower- and
higher-dimensional spaces. We investigate the influence of
removable singularities in the surface curvature giving ac-
cess to the second virial coefficients of hard, D-dimensional

©2025 American Physical Society
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spindles, lenses, cones, doublecones, truncated cones, and
spherical caps. Beyond contributing to equation-of-state data
and phase behavior in higher dimensions, the availability of
second virial coefficients for various shapes in dependence on
the aspect ratio can provide insights into close packings in
higher-dimensional spaces [30,39-42].

This paper is organized as follows: After introducing
virial theory, emphasizing the second virial coefficient re-
lated to the excluded volume of hard bodies, we introduce
the Brunn-Minkowski theorem. The required quermassinte-
grals of uniaxial, four-dimensional solids of revolution are
calculated as surface integrals over generalized principal
curvatures, starting with shapes with continuous surface cur-
vature. Possible contributions of singularities in the surface
curvature, where for uniaxial solids of revolution in R* only
zero- and two-dimensional singularities exist, are analyzed.
Extending the calculation of contributions of singularities in
the surface curvature of uniaxial solids of revolution in Eu-
clidean spaces with arbitrary dimension is straightforward. We
provide quermassintegrals for several solids of revolution in
R* needed to calculate their second virial coefficients. Finally,
we analyze the influence of detailed shape and aspect ratio in
R* and compare the results to analogs with identical meridian
curves in other dimensions.

II. THEORETICAL BACKGROUND
A. Virial theory

Mayer and Mayer have shown by means of statistical me-
chanics, starting from the grand-canonical partition function,
that the virial coefficient of order i depends on interactions
in an i-particle cluster [43,44]. The second virial coefficient,
describing the initial departure from the ideal-gas behavior in
the low-density limit, reads as

_ 1 U@ | D
B, = Zf{exp[ kol ] l}d I, 2)

with U(r) denoting the potential energy of two particles
with centers located at ry and r, with distance vector rj; =
r, — ry. The integrand in Eq. (2) is the Mayer f function fi,,
depending on the interaction of both particles. For hard-body
interaction, the potential reads as

Xirp <o
0571220',

Urp) = { 3)
with o denoting the contact distance, which in the case of
uniaxial, anisometric shapes depends on the unit vectors 0y,
i, denoting their orientations and the direction of the distance
vector £, = ryy/r2. Hence, irrespective of the thermal en-
ergy kg7, fio» = —1 results for overlap configurations while
the integrand vanishes for nonoverlap configurations.

For D-dimensional spheres with radius r( the contact dis-
tance is, independent of the orientation, o = 2ry, leading to

b= 3o [ 7ar = o) @
0
with
27TD/2
= T2 ®)

denoting the surface area and

R

D T ©
(1+D/2)

KD
the volume of the D-dimensional unit sphere.

Since in the case of uniaxial, anisometric shapes the con-
tact distance depends on the orientations @, @, and £y,
the orientation-averaged Mayer f function has to be used as
integrand, leading to

1 D
B, = ) (fi2)a, d7r12, @)
where the direction @; defines the orientation of the coordinate
system. For hard-body interaction, the second virial coeffi-
cient

By = Vix ®)

is half the orientation-averaged mutual excluded volume be-
tween two identical particles and is thus solely related to
geometric properties of the considered shape.

B. Excluded volumes of convex solids

Let K,L € RP be two convex bodies. The rotation-
averaged excluded volume Vex (K, L) is

1 & (D
VoK. L) = — > (i)VW(K)WD,«(L), ©)
i=0

known as the Brunn-Minkowski theorem [23,35,36]. Em-
ploying this expression, not only second virial coefficients
of identical convex solids with K = L but also cross virial
coefficients of different convex shapes are accessible. The lat-
ter quantities are of interest for thermodynamics of mixtures
leading to the second virial coefficient,

m m

Blznix = Z inijz(i, ]), (10)

i=1 j=1

of an m-component system with number fractions x;.

The quantity W;(K) is the mixed volume of (D — i) convex
bodies K and i D-dimensional unit spheres denoted as the ith
quermassintegral of K, which relates to the intrinsic volume
v; as

D) Wp_i(K) (an

vi(K) = ( .
i KD—i

for a convex set. If L is a D-dimensional sphere with radius ¢,

Eq. (9) reads as

D
VoK, )= (ll.))w,-(K)e", (12)

i=0

also known as the Steiner formula [45].

Focusing on identical convex bodies K = L, the Brunn-
Minkowski theorem provides an analytical expression for the
second virial coefficient of a convex particle, since due to
the rotational invariance of quermassintegrals directly the ori-
entation average is obtained. Quermassintegrals W; of orders

024112-2
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i=1{0,1}and i = {D — 1, D} are related to common geomet-
ric measures as

Wo(K) = Vp(K), (13a)

1
Wi(K) = D Sp(K), (13b)
Wp_1(K) = Rp(K)«p, (13¢)
WD(K) = Kp, (13d)

where Vp denotes the volume of K, Sp its total surface area,
and Rp its mean radius of curvature [23,30].

Using these common measures, in the two- and three-
dimensional Euclidean space second virial coefficients for
arbitrary convex solids K can be calculated. In R*, the second
virial coefficient reads as

- 6
By(K) = Vp(K) + Sp(K) Rp(K) + ;WZZ(K)- (14)

To calculate W,(K), the surface integral over the continuous
surface curvature,

1
Wa(K) = — f Hp(K)d"~'s, (15)
is required, where Hp is the mean curvature
Hp(K) = Ly ! (16)
P = D1 & R(K)’

i=1

depending on the principal radii of curvature R; of a convex
solid [31,46].

III. GEOMETRIC MEASURES OF UNIAXIAL SOLIDS
OF REVOLUTION WITH CONTINUOUS
SURFACE CURVATURE

Let K be a convex particle in R*. Its second virial coeffi-
cient B,(K) can analytically be calculated with Eq. (14) using
its geometric measures volume Vp(K), surface area Sp(K),
second quermassintegral W,(K'), and mean radius of curvature
Rp(K). Uniaxial solids of revolution with meridian curve r(z)
can be parameterized conveniently in hypercylindrical coordi-
nates,

rsin ¥ sin x cos ¢ r(z) sin x cos ¢

w
v X rsin ¥ sin x sin ¢ r(z)sin x sin ¢
Sy rsin ¥ cos x r(z)cos x
z
rcos U Z

A7)

related to Cartesian or polar coordinates. Since the volume of
a uniaxial solid of revolution in R” is simply

W) = o1 [ 7@z, (18)
using hypercylindrical coordinates, the expression
4 Zmax
Ve(K) = 3 / r’(2)dz (19)
Zmin

results in R* for a particle with height % = zpnax — Zmin. If
7(Zmin) = 7(Zmax) = 0, its total surface area equals its lateral

surface area and can be written as

s a7
SP<K)=ﬂD_1/r @ 1+[ ] & Qo)

dz

in R?, with

)T 1/2
r(z

ds = {[dr(2))* + [dz"}/? = [l ! [ dz } ] dz @D
being the infinitesimal arc length element of the meridian
curve with the result

Sp(K) = 4 / "R+ PO (22

Zmin

in R* [31,34].

The second quermassintegral W,(K) depends on the prin-
cipal radii of curvature R; of the convex solid [Egs. (15) and
(16)], accessible as reciprocal eigenvalues of the Weingarten
map:

W=I"IL (23)

The Weingarten map MV is also known as shape operator,
where I and II denote the first and second fundamental form
of the solid’s surface W. In R*, both fundamental forms can
be written as

A2 v A2 v A2
£ k) E) ax o¢
1= (5) (%) &) &) &) G| @
W v A v I
) dx

and
P P i P
n-gor Mgy M g
_ | a 3w P PO i
O=|n-55 #5355 0751, (25)
PR P A D2Y
n- 9z0¢ n- 9z0x L P

with the normal field i = fi(p, x, z) of the solid’s surface,
which reads with a = W /d¢, b = 0V /dx, and ¢ = 0¥ /0z,
as

ey ay by ¢y

e a b c
n@@bc=det| T | (26)

e, a, b, ¢

e; da b, C;

using the canonical basis (e, e,, ey, ;) with
n(a,b,c) = —n(b,a,¢) =n(c,a,b) = —n(c,b,a) (27)

as parities. This results in

—sin y cos ¢
n 1 —sin x sing
n=—= — , (28)
Il [1+722)] —cos
7(z)
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and, finally, the Weingarten map

o
r@+2@)]" 0 0
1
W= 0 rU+R2@)]7 0 29
0 0 -

[1+2)1?

is obtained as a main diagonal matrix. Hence, its eigenvalues
are directly accessible from the diagonal elements indicating
the principal curvatures. The mean curvature thus can be writ-
ten with the trace of the Weingarten map as

Hp Tr(W). (30)

T D-1
Hence, for a uniaxial solid of revolution in R*, three principal
radii of curvature,

Ri1(2) = Ro(2) = r(@)[1 + #*(2)]'/? 31

Ri(2) = ——[1+ PP, (32)
F(z)
result as inverses of the principal curvatures, where two
of them are identical. Using the surface element d3S =
r2(z) sin x dp dy ds, the second quermassintegral in R* with
Egs. (15) and (21), performing the integration over the angular
coordinates ¢ and yx, finally reads as

»wm—f/mﬂo[l T 1}
=3 ) TR T RG) R

x [14 i*(z)]"?dz (33)

for convex solids with continuous surface curvatures.

The mean radius of curvature of a convex solid with con-
tinuous surface curvature can, in general, be calculated from
its principal radii of curvature as

_ 1 1 D—1 D-2 )
&=%f5?{;&mw”%%hkwwmw
(34)

normalized to the surface area of a D-dimensional unit sphere.
Employing the surface element

d®S = R|RyR; sin® ¥ sin x dp dyx do
= r2(z) sin x[1 + 2(2)]'? dp dy dz, (35)

the angular integral can be written as a surface integral,

Rm—ifm%{ L]
LAY " RORG)

Ri1(2)R3(2)
}[1 + i2(2)]"% dz, (36)

TRORE

where again the integration over the angular coordinates ¢ and
x results in a factor 4.

Using the relations to the other quermassintegrals in
Eq. (13), analytical expressions for them can be summarized
as

Wo(K) = Vp,

Wi (K) = I%div—ls
1 _4 _4P9

(37a)

(37b)

Wh(K) = lf 1[i + 1 + i}d3S, (37¢)
4V 3|RL R, Rz
Wi(K) = lfl[ ! + ! + ]d3s = Rpky,
4J 3| RiR, ' RR; RR;
(37d)
1 1
Wa(K) = 5 f RRE. d3S = k4, (37e)

for convex solids with continuous surface curvature in R*.
For arbitrary-dimensional Euclidean spaces R?, this can
generally be written as

Y :1=0
WiK)= 15§ 4”7’ T
5 ﬁ[Z?gH ap—is1,;]dP71S 12<i<D
(38)
with
a4 = RL,- . ii=D-—1 9
! R% Z;::,H aiy1x i< D-2
and

D D—1

i=1 j=0

for the surface element. For uniaxial solids of revolution in
RP, their principal radii of curvature can directly be obtained
by

11<ig<D-2

{j:r(z) [1 4 2(2)]V2
; = . (41)
i=D—1,

Frgll + @7

in dependence on their meridian curve r(z) with the sign
defined by the direction of the normal field. For convex
solids with discontinuities in their surface curvature, addi-
tional contributions to quermassintegrals W;(K) need to be
considered: Additional contributions to W;(K) exist for uni-
axial solids of revolution in R* if r(zmin) # 0 or r(Zmax) # 0.
One- and two-dimensional singularities of the surface curva-
ture, where in the case of uniaxial solids of revolution in R*
only two-dimensional singularities can exist, cause additional
contributions to W>(K) and W3(K). Zero-dimensional singu-
larities, which can for uniaxial solids of revolution only exist
at r(z) = 0, do not cause additional contributions to W; for
0 < i < D. In the following we provide quermassintegrals for
various uniaxial solids of revolution in R*, including shapes
with discontinuities in their surface curvature.

IV. SPECIFIC GEOMETRIC MEASURES FOR SELECTED
SOLIDS OF REVOLUTION

A uniaxial solid of revolution in R” can solely be defined
by its meridian curve r(z), with z being the invariant axis.
Using the aspect ratio v as the ratio of height # and maximum
diameter 2r;, the meridian curves of the geometries investi-
gated in this work can be conveniently summarized as shown
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TABLE I. Meridian curves r(z) of D-dimensional uniaxial solids of revolution defined in range zmin < z2 < Zmax-

Geometry r(z)
1
Sphere (-22)° —rp <z <71
. . 2 !

ElllpSOld [rezq — (%) ]7 —Vleq < Z g VFeq

1
Spherocylinder {72 —lz—(w—=DrglP}? (V= Dreg <z < vrg

req (1_v)req<z<(v_1)req
1
{2 = 2+ = Drgl?}? Ve SZS (L= w)reg
Cylinder Teq —Vleq <z< VFeq
1
. _2
Spindle (55 ) reg + 3[0* + )%, — 422]? —Vreq < 2K Vreg
e =1) 3
Lens [—"—Izlr — + (e - )] —Vreq < 2K Vrg
1

Spherical cap (R-2%)° rnn—h<z<r
Doublecone Teq — % —Vreq £ 2K Vigg
Cone ro— 0<z<vn
Truncated cone ro— "1z 0<z<h

in Table I. Two-dimensional sections of these geometries are
displayed in Fig. 1.
Let, in general,

"Vi — ‘/Vi/ + VVi// + ‘/Vim (42)
be the quermassintegral of a convex uniaxial solid of rev-
olution, with W/ being the contribution of the continuous
surface curvature, W, the total contribution of all (D — 2)-
dimensional singularities in the surface curvature of the solid,
and W;” the total contribution of all zero-dimensional singu-
larities in the surface curvature. For four-dimensional uniaxial
solids of revolution, W/ can with the meridian curve r(z)
defined in Table I be obtained by Egs. (19), (22), (33),
and (36) or for arbitrary dimensions by Eq. (38) in general.

Therefore, the principal radii of curvature have to be calcu-
lated by Egs. (31) and (32) in R* or by Eq. (41) in general.

If a solid has discontinuities in its surface curvature, their
contributions to the quermassintegrals have separately to be
considered in addition to the contribution of the continuous
parts W/.

For geometries with a (D — 2)-dimensional singularity,
e.g., the equator of a hyperlens, the meridian curve r(z) can
in the vicinity of the singularity continuously be replaced by
a toroidal hypercylinder with height 2¢ and meridian curve

rﬁ(z) =&+ (rt2 _ 12)1/2’ 43)

with 7#(g) = r(e) and () = i(¢) as shown for a hyperlens
in Fig. 2.

Feap

FIG. 1. Two-dimensional sections of uniaxial solids of revolution. FLTR: Hyperellipsoid, hyperspherocylinder, hypercylinder, hyperspin-
dle, hyperdoublecone, hypercone, truncated hypercone, hyperlens, hyperspherical cap (h < ry and i > rp).
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05F
0.0
—0.5¢ ! ! ! ! !
—-1.0 —-0.5 0.0 0.5 1.0
--&=0.125
------ e =0.075
- & =0.025

FIG. 2. Continuous completion of a hyperlens with radius roq =
1 and aspect ratio v = 1/2 by a hypertorus of height 2¢ with meridian
radius r, and distance & between the center of the torus and the center
of the meridian arc.

In Eq. (43), 1, is the meridian radius of the hypertorus and
& the distance between the center of the hypertorus and the
center of the meridian arc. In the limit ¢ — 0, the contribution
of the equatorial singularity to the quermassintegrals,

” i—1 D—i i s 02

W = kp_i D Teq ,/19 sin'"“ (¢) do, 44)
results for 1 < i < D — 1, in dependence on the critical angle
¥, of the singularity. To the quermassintegrals of order i €
{0, 1, D}, the singularity does not contribute. Expressions for
these angles ¥, are compiled for the investigated geometries
in Table II. In the case of hyperspherical caps, hypercones,
and truncated hypercones, half of the respective contributions
W/ of Eq. (44) need to be considered, in addition to half the
contribution of a (D — 1)-dimensional spherical hyperplate
W/ for each singularity.

TABLEII. Critical angles 9. of D-dimensional uniaxial solids of
revolution with equatorial singularities.

Geometry U
Cylinder z

1—2
Lens arccos (1 +U2)

. h
Spherical cap arccos (l - 6)
Doublecone arccos ( \/L)

1412
Cone arccos ( ! )
A 1402
Truncated cone arccos (L)
N P2 +(ro—r1

--e=0.50
2k —- £ =030
------ e=0.15
e =0.05
Ir Vieq
lg )
Uy / o701\
[N
1l )
ol

-1 0 1

FIG. 3. Continuous completion of a hyperspindle with radius
Teq = 1 and aspect ratio v = 2 by hypersphere segments with radius
o and the vicinity to the apex e. The crosses indicate the centers of
the hyperspheres with z = &.

To determine the contribution of a zero-dimensional singu-
larity to the quermassintegrals of a convex uniaxial solid of
revolution, its meridian curve r(z) can in the vicinity of the
singularity continuously be replaced by the meridian curve of
a hypersphere, as visualized in Fig. 3 for a hyperspindle. Here
& is the z position of the hypersphere’s center and ry its radius.
Performing the integration over the critical angle 9.(¢) results
in the limit ¢ — 0 in a vanishing contribution
W/ =0 (45)

1

to the quermassintegrals.

For few uniaxial solids of revolution, their quermassin-
tegrals are already reported in the literature for arbitrary-
dimensional Euclidean spaces R? [23,35,36]. Their ex-
pressions are summarized in Table IIl. For D-dimensional
ellipsoids of revolution, the Gauss hypergeometric function
»Fi(a, b, c; z) can be used in general, which is directly related
to the complete elliptic integrals of first and second kind.
To study the influence of the detailed particle shape, further

TABLE III. Known quermassintegrals W; of D-dimensional, uni-
axial solids of revolution in the literature [23].

Sphere W, = chré”i
Ellipsoid Wi = ipv b R (B L 51 =07
Spherocylinder W = [KD +2(v—=1) % KD,]]ré";i
ZKD_lvrg1 1i=0
Cylinder Wi=1, ) b 1Dei .
SKD-1 [(D — Dy + 2'@:1 ]req” i1
0 i=0
Spherical plate W, = )
PR S iz
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TABLE IV. Geometric measures of four-dimensional hyper-
spheres, hyperellipsoids of revolution, hyperspherocylinders, hyper-
cylinders, and spherical hyperplates.

Hypersphere Vo = 3m?ry  Sp=2n"r;

Wy =1inr3 Rp=ro
Hyperellipsoid Ve = %nzvrjq

Sp =277 2 F1(3, 5, 2,1 —0%)

W, = l7'[ r? (1_‘;)

RP—Vreqz.F](z 2,21 )
Hyperspherocylinder Ve =[37% + 5(v — Dr]rd,

Sp =272 4+ 8(v — l)y'r]rgq

Wy = [3n% + 500 — D],

Rp = [1 + %(V — 1)])"eq
Hypercylinder Ve =Smvrd,  Sp=37GBv+ g,

Wy = im(4v + e, Rp = (v +2)reg
Spherical hyperplate V=0 Sp = 3nrg

W =173 Rp==2rp

geometries with singularities in their surface curvature are in-
vestigated in R* in the following, which can straightforwardly

be extended to arbitrary higher-dimensional uniaxial solids of
revolution.

V. RESULTS

The excluded volume per particle of four-dimensional,
convex solids of revolution, derived from the geometric
measures volume Vp, total surface area Sp, second quermass-
integral W,, and mean radius of curvature Rp provided in
Sec. 1V, is obtained using Eq. (14). These geometric measures
are summarized in Tables IV and V. To investigate, indepen-
dent of the particle volume Vp, the influence of the specific
particle shape in dependence on the aspect ratio v, reduced
second virial coefficients

B

By =—
2=

SpRp
W

6 W}

=1 — 2 46
+ 2V, (46)

are compared.

A. Solids with inversion symmetry

In Fig. 4, second virial coefficients B, of hyperellip-
soids, hyperspherocylinders, hyperspindles, hypercylinders,
hyperdoublecones, and hyperlenses as four-dimensional, uni-
axial solids of revolution with inversion symmetry are
shown. While hyperspherocylinders and hyperspindles are
strictly prolate geometries with v > 1, hyperlenses are strictly
oblate geometries with 0 < v < 1. Hyperellipsoids, hyper-

TABLE V. Geometric measures of four-dimensional hyperspindles, hyperlenses, hyperspherical caps, hyperdoublecones, hypercones,

and truncated hypercones.

Hyperspindle Vo =32 r;‘q[(v4 — 22+ 1)(V* 4 1)?arcsin () — 207 — {207 + 17 +2v]
Sp = 3re [(3v° +v +1? —I—S)arcsm( o) — 6v° +6v]
Wy = Zra [(v' + 302 + 1) aresin () — 2v° +2v]
Fo = [0+ D scsin(25) - B 2]
Hyperlens W = ;Z;:i {1 +v2)Hr - 2arcsm( )] 4u[1 =0+ L1 — D))}
Sp = M{(1 + v} — 2arcsm( )] 4v(1 —v?)}
W, = 7;;“’ [(1 4+ v2)2r —2(v* — 202 4 1) arcsin ‘*ﬁ) —4v(1 —?)]
Re = 5 {1+ v)[x — 2aresin (175)] + 4 537
Hyperspherical cap Vo = ”T rg[1 — 7 arctan (2 ph) ZT“:" (ro —h)(3r5 +2r2,)]
Sp = mr3[1 — 2 arctan (=" p") - 2'“‘" 2 (ro = m)+37rd,
Wi = 2R — arcan (52) - 2y — )] + 32,2 +arcsin (1 - £)]
Re = 3[1 = Zarctan (111) — Z;j"_"( ro =]+ 5rap(2 = )
Hyperdoublecone Ve = 3mvre, Sp=8nr] m
W, = 3mrZ [v + arcsin (\/1l+7)] Rp =+ eq&%
Hypercone Vo = tmurd Sp=3rrg(VT+ 2+ 1)
Wa = grr[2v + 7 + 2aresin (A=)] Re= Zn(2+ \/%)
Truncated hypercone W= %n(rg +rgr +rort + rf’) Sp = %n[rg +r+ (rg + rory + V%)m]
W = 17 (ro + r)){h + (ro — r) arcsin [%ﬁ;ﬁimz]} + ix2(r3 +1})
Re = Z[2(ro+ 1)+ Ll/f;i:(:o ri:;]
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20 7 — Hyperellipsoid
| — - Hyperlens
2ob Hypercylinder
| ---- Hyperdoublecone
[ __64,2 2
0] S
"Lg 50 F
S i
m |
40 |
30F
200 L
1 7\ 1
0102
v
S | — Hyperellipsoid ‘ Py
10° f — — Hyperspherocylinder
- —-- Hyperspindle
[ oo Hypercylinder
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< I
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A 10 F
102}
| —”/ Vs
101\\ - R | . )
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FIG. 4. Second virial coefficient B,/ r:q of oblate (top) and pro-
late (bottom) uniaxial solids of revolution with inversion symmetry
in dependence on the aspect ratio v. For v — 0, the common limit
B, /rg‘q = 64/9 + 2m?/3 of a spherical hyperplate is approached as
visualized by the horizontal line. To indicate the common slope at
infinite aspect ratio, 5v? is depicted as a guide to the eye.

cylinders, and hyperdoublecones can be prolate or oblate with
0<v < o0

As visible in Fig. 4, hyperellipsoids, hyperspherocylinders,
hyperspindles, and hyperlenses approach in the limit v — 1
hyperspheres with radius req and B = 472y, as their sec-
ond virial coefficient. For oblate geometries, with decreasing
aspect ratio all geometries approach the limit

B, 64 2,

Iim —=—+ -7

w—ord T 9 3 @D

for spherical hyperplates with radius re,.

In the limit v — oo, hard hyperneedles result, where
hyperspherocylinders approach hypercylinders since the con-
tribution of the capping hyperspheres becomes negligi-
ble. For sufficiently large aspect ratios, the proportionality

By(v > 1) o v? is observed as indicated by the black line
5v2. The limits

. B;hCyl) L thscy) B 6_4
lim = lim Y = (48a)
V—>00 ) req V—=>00 P }"eq 3
(hell)

lim 22 =% 202 (48b)
=00 vArd, 9 3

BIP) 1408
lim —=— = —, (48¢)
V=00 VIR 135

B(hdcn) 36
lim =—— = — (48d)
v=00 Virg 9

decrease from hypercylinders (hcyl) and hyperspherocylin-
ders (hscy) with identical value over hyperellipsoids (hell)
and hyperspindles (hspi) to hyperdoublecones (hdcn). This
sequence is in accordance to the relation

K(hdcn) C K(hspi) C K(hell) C K(hscy) C K(hcyl) (49)

for convex sets K = K(v, req) of hyperdoublecones, hyper-
spindles, hyperellipsoids, hyperspherocylinders, and hyper-
cylinders with identical aspect ratio v and equatorial radius
Teq- This behavior is identical to their three-dimensional
analogs [31].

1. Prolate geometries

To analyze the influence of the detailed particle geometry,
reduced virial coefficients B3 are compared in Fig. 5 (top) in
dependence on their aspect ratio v. For a better display of rela-
tive deviances, the ratios of reduced second virial coefficients
B3 (v) to the reduced second virial coefficient B, tell (1)) of hy-
perellipsoids are shown in Fig. 5 (bottom). In the limit v — 1,
hyperellipsoids, hyperspherocylinders, and hyperspindles ap-
proach hyperspheres with a reduced second virial coefficient
of B; ™™ = 8 in accordance to the general result

B; (hsph) — 2D—l (50)

for D-dimensional spheres [47].
With increasing aspect ratio v, the general proportionality
B3(v > 1) o< v is observed with the limits

B* (heyl) B* (hscy) 8
lim = lim =2 =—, (51a)
V—00 Vv V=00 Vv T
B* (hspi) 77
lim —2 = —, (51b)
V=00 v O
i B GelD 4 128 510)
im = -+ —, C
V— 00 Vv 3 9]T2
B* (hdcn) 28
lim —2 =, (51d)
V—>00 ) 37

in increasing order [Fig. 5 (bottom)]. Again, for large aspect
ratios hyperspherocylinders approach hypercylinders with a
negligible contribution of the capping hyperspheres. The limit
for four-dimensional hyperspherocylinders is already reported
in a previous work [33].
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FIG. 5. Reduced second virial coefficients B; of prolate solids of
revolution with inversion symmetry in dependence on the aspect ratio
v (top) and these coefficients normalized to the reduced second virial

coefficients of hyperellipsoids B} ®e) 3t an extended scale of aspect
ratios v (bottom).

Interestingly, in R*, unlike R? [31], the reduced second
virial coefficients

[B;"Y 0w =D] =B =1]=3+ i—o - % (52)

of hypercylinders and hyperdoublecones with aspect ratio v =
1 are identical. In R?, both analog geometries are hard squares
for v = 1 with trivially identical reduced virial coefficients
B; =1+ 4/m [29]. Results for dimensions D > 4 are shown
in Sec. VD.

Comparing Fig. 5 (bottom) with the analog three-
dimensional results (Fig. 7 in [31]), significant differences
are observed between R? and R*: For large aspect ratios
v > 1, the ratios of the reduced second virial coefficients
B:/B;™" are more similar in R* than in R? due to the
additional symmetry of the solid. The reduced second virial
coefficients of hyperspherocylinders and hypercylinders in R*
normalized to those of hyperellipsoids similarly depend on

the aspect ratio v as the reduced second virial coefficients
of spherocylinders and cylinders normalized to ellipsoids in
R3. However, for solids with apical singularities, deviations
are observed. Opposite to spindles in R3, for hyperspindles in
R* the ratio [B;(v)/BZme”)(v)] < 1 results for v — 0o. Also
for hyperdoublecones with increasing aspect ratio v, the ratio
B;(v) /B;(heu) (v) is significantly smaller than for doublecones
in R3. Especially, the reduced second virial coefficients of
geometries with apical singularities differ much less in R* at

large aspect ratios v 3> 1 from those without apical singulari-
ties than in R.

2. Oblate geometries

While hyperellipsoids of revolution, hypercylinders, and
hyperdoublecones exist in addition to prolate aspect ratios
v > 1 also as oblate solids of revolution with 0 < v < 1,
hyperlenses are restricted to oblate aspect ratios. In Fig. 6
(top), reduced second virial coefficients B} of oblate geome-
tries are shown in dependence on their inverse aspect ratio
vl

In the limit v~' — 1, hyperlenses and hyperellipsoids ap-
proach hyperspheres with B = 8. With decreasing aspect
ratio v, the proportionality B5(v < 1) v~!is observed with
the limits

. * (heyD)7 _ z i

llil’(l) [vB2 ] =7 + o (53a)
4 128

li B*(hell) — _

lim [vB; "] 3t o7 (53b)
5 20

li B* (hlen) i = 53

fim BT = 57+ 35 39

lim [vB; ™) = 7 + 2, (53d)

v—0 2 37‘[

in increasing order. Note that for hyperellipsoids of revolution
the relation

B3(v)
v

lim[vB3(v)] = lim (54)
v—0 V—00

is fulfilled [Egs. (51c) and (53b)]. Despite that hyperlenses
and oblate hyperellipsoids are similar particle shapes, the re-
duced second virial coefficients of hyperlenses exceed those
of the corresponding hyperellipsoids of revolution for all
aspect ratios v < 1, indicating the influence of the detailed
particle shape beyond size and aspect ratio. In R*, for
small aspect ratios 0 < v < 1, larger differences between the
reduced second virial coefficients of these geometries are
observed than between their analogs in R? [Fig. 11 in [31]
and Fig. 6 (bottom)], which is opposite to the comparison of
prolate geometries between R3 and R*.

3. Comparison of shapes existing both as prolate
and oblate solids of revolution

Hyperellipsoids, hypercylinders, and hyperdoublecones
exist both as prolate and oblate solids of revolution with aspect
ratios 0 < v < oo. Since in addition to the former geometries
with inversion symmetry also hypercones (discussed later in
Sec. VB?2) exist as prolate and oblate solids of revolution,
they are for completeness included in this comparison. In
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FIG. 6. Reduced second virial coefficients B; of oblate solids of
revolution with inversion symmetry in dependence on the inverse as-
pect ratio v~ (top) and these coefficients normalized to the reduced
second virial coefficients of hyperellipsoids B tel) at an extended

scale of inverse aspect ratios v~! (bottom).

Fig. 7, reduced second virial coefficients B} of these geome-
tries are displayed as well as reduced second virial coefficients
normalized to those of hyperellipsoids of revolution in de-
pendence of their aspect ratio v. The reduced second virial
coefficient B; for each geometry traverses a minimum B3 .
at Vpin as summarized in Table VI.

TABLE VI. Minima of reduced second virial coefficients B5 ..
and corresponding aspect ratios vy, in R*.

Geometry Vinin B3 in(Vmin)
Hyperellipsoid 1 8
Hyperdoublecone 1.456428 ... 9.506 809 ...
Hypercylinder 0.801098 ... 10.050852 ...
Hypercone 2.502640 ... 12.394541 ...

103F — Hyperellipsoid
F — -~ Hypercone
N Hypercylinder
F \‘\ ---- Hyperdoublecone
g 107y
10"}
1072 107! 10° 10! 102
\
N — Hyperellipsoid
. \, — - Hypercone
41 N e Hypercylinder
i \-\ ---- Hyperdoublecone
| '\‘
g 3 \
T | \
S —
R 5L N ,
2 7 A
\\\ \‘
e\
1F : — -;"“""‘.‘..‘.‘..'
............ \'\-5._._
102 107! 100 10! 102
v

FIG. 7. Reduced second virial coefficients B; for shapes existing
as prolate and oblate solids of revolution (top) and their reduced
second virial coefficients normalized to those of hyperellipsoids
B;/B; ™" (bottom) in dependence on the aspect ratio v.

As expected, hyperellipsoids approach for v — 1 a hyper-
sphere with the smallest B} possible for a convex solid, while
for different geometries the minima are located at vy, 7 1. In
addition to the symmetry relation for reduced second virial co-
efficients of hyperellipsoids of revolution, in the limits v — 0
and v — oo [Eq. (54)], a general symmetry relation

B;(hell)(v) — B;(hell)(v—l) (55)

can be identified in R*, which also exists for ellipsoids of
revolution in R* [31]. This parity is universal for arbitrary-
dimensional, uniaxial ellipsoids of revolution as proven in
Appendix A.

B. Solids without inversion symmetry

Hyperspherical caps, hypercones, and truncated hyper-
cones are convex, uniaxial solids of revolution without
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FIG. 8. Second virial coefficient B, of hyperspherical caps with
radius of the generating hypersphere ry and radius of the spherical
singularity r.,, in dependence on the critical angle . (top) and
reduced second virial coefficients B;(v)/B; (hlem) (1)) normalized to
those of hyperlenses in dependence on their aspect ratio v (bottom).

inversion symmetry whose second virial coefficients are com-
pared in the following.

1. Hyperspherical caps

The second virial coefficients of hyperspherical caps can
either be expressed in dependence on the critical angle . or
the aspect ratio v. The latter quantities are related by

b —[1 - cos (9)][2 sin (¥)] !

o th<r
3 = 31 —cos ()] th>r

with 9. € [0, 7].

In Fig. 8 (top), the second virial coefficients B, of hyper-
spherical caps are shown in dependence on the critical angle
¥.. For critical angles ¢, — 0, a spherical hyperplate with
radius rc,p and second virial coefficient By = ( % + %nz)ré‘ap
results, while for ¥, — 7 a hypersphere with radius ¢ and
second virial coefficient By = 472r] is obtained. For 9, =

_}"1/}’():0
4L
10 E— =11 /rp=0.2
:—"}’1/1’0:0.4
[ r1/ro=0.6
|~ V1/Vo=0.8
103}
¢k0 -
=
Q
102}
101 ul ol .
10~2 107!
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FIG. 9. Second virial coefficient B, (top) and reduced second
virial coefficient B; (bottom) of truncated hypercones in dependence
on the aspect ratio v for selected ratios of radii r;/ry. In the limit
r1/ro — 0, a hypercone results.

/2, with ey = rg = h, the second virial coefficient B, =
(B7% + 27 + 12)rg is obtained.

The ratio of reduced second virial coefficients of hyper-
spherical caps and hyperlenses B5(v)/B} (hlen) (1)) s displayed
in Fig. 8 (bottom) in dependence on the aspect ratio v. The
reduced second virial coefficients are nearly identical in the
whole range of aspect ratios with a maximum at v ~ 0.59,
a minimum at v ~ 0.22, and a second, less pronounced
minimum at v & 0.95. In the limit v — 0, both geometries
approach a spherical hyperplate.

2. Hypercones and truncated hypercones

The second virial coefficients B, and reduced second virial
coefficients B of truncated hypercones are depicted in Fig. 9,
in dependence on the aspect ratio v for selected ratios r; /rg.
In the limit r /ro — 0, truncated hypercones approach hyper-
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cones. For the second virial coefficient BY'“™" of hypercones,
in the limit
B(hcon) 14
lim 2 = — (57

V=00 vzrg 9

the proportionality B,(v >> 1) o v? is observed, while for the

reduced second virial coefficient,

B; (hcon) 14
3n’

the proportionality BS(v 3> 1) oc v results. The second virial

coefficients of both hypercones and truncated hypercones ap-
proach in the limit v — 0 the expected value of a spherical

lim

V—00 v

(58)

hyperplate. In the limit r, /ry — 0, approaching hypercones

with the reduced second virial coefficient B} (heon) “in the limit
64

li B*(hcon) =2 —. 39

lim [vB; |=2r+ 3 (59)

the proportionality B; ™" (v « 1) oc v™! is observed for
vanishing aspect ratios v. With increasing aspect ratio v, the
second virial coefficient B, of the truncated hypercones de-
creases with increasing ratio of radii r;/rg. The minima of
reduced second virial coefficients B} in dependence on the
aspect ratio v decrease with rising ratio of radii | /ry and shift
to larger v.

C. Excluded volume of hyperspherocylinders

Using the general expression for quermassintegrals of D-
dimensional, uniaxial spherocylinders in Euclidean spaces
RP,

W = 2( 1)D_i D—i (60)
i = |kp +2(v D KD—1|Teq

[23,33], and the Brunn-Minkowski theorem [Eq. (9)], the ex-
cluded volume of two identical hyperspherocylinders can be
written as

v = 2Py, 4 2P72(SpRp — DVp) (61)

in RP, depending only on quermassintegrals of orders i €
{0, 1, D — 1}, as proven in Appendix B.

As a unique feature of four-dimensional spherocylinders,
their excluded volume V™Y [Eq. (61)] does not depend
on the particle volume Vp [33]. Using Eq. (46), the reduced
second virial coefficient of D-dimensional, uniaxial sphero-
cylinders reads as

SpR

The influence of the aspect ratio v is visible from the reformu-
lation

D —1kp_ — 1)
Kp—1 (wv—1) S
D kp 2(v—1)+«kpkp_,

B; (scyl) — 2D71 |:1 +

with the limit

lim B (D, v) = 20!
vV—>

TABLE VII. Reduced second virial coefficients B; for D-
dimensional spherocylinders and cylinders with aspect ratio v in the
limit v — oo [Eq. (64)].

D lim, ., 2 D lim,  , 20
1 0 2 1

3 1 4 2

5 6 6 Z

7 30 8 2

9 140 10 z

11 630 12 22

for a D-dimensional sphere [Eq. (50)], and

By*"(D,v) _,D-1 T(D/2)
7 8w TI(D+1)/2]

for an infinitely long, D-dimensional spherocylinder. In the
latter limit, the proportionality B o v is obtained in ac-
cordance to the results in dimensions 2 < D < 4 reported
in the literature [29,31,33]. Since in the limit v — oo the
contributions of the capping D-dimensional hemispheres are
negligible (see Sec. VA1), the limits are identical for D-
dimensional spherocylinders and cylinders. In Table VII the
results for these limits are provided for Euclidean spaces R”
with D < 12.

Instead of an infinitely long D-dimensional spherocylinder
with radius 7eq, a rod with length / and radius req =0 is
an alternative description of a hard needle in R” [29]. The
quermassintegrals W; read as

0

i
]
i

lim

V—00 Vv

(64)

N

2
Wi = 1

(65)

D—
D D—
D

KD

for such line segments [23,36]. With Eq. (9), in R! the
excluded volume V., = 2/ and in R? the rotation-averaged
excluded volume V., = 212 /7 of hard rods are obtained. In
Euclidean spaces R? with D > 3, the rotation-averaged ex-
cluded volume Ve = O of infinitely thin rods with length [
vanishes [23].

D. Geometric measures of hyperdoublecones

The results for quermassintegrals of convex solids of
revolution in R* can straightforwardly be extended to higher-
dimensional Euclidean spaces R? as exemplarily shown for
hyperdoublecones in the following. Using Eq. (18), with the
defined meridian curves,

Vo (0, reg) = DV (v, req) = 26p_vrl),

(66)
is obtained for the volumes of hypercylinders and hyperdou-
blecones. For hyperdoublecones, also the lateral surface area
equals the total surface area, which can directly be obtained
using Eq. (22). For the remaining quermassintegrals W; with
i € {2, D — 1}, the contributions of the continuous part W/
can be obtained by Eq. (38) and of the equatorial singularity
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TABLE VIII. Quermassintegrals W; of D-dimensional, uniaxial solids of revolution. For spherical caps with & <

by Li [48], with Z,(a, b) being the regularized incomplete beta function.

ro, Wo and W) are reported

Spherical cap
0<h<n:

ro <h<

2}’() :

Doublecone

1<i<D—1:

Cone

1<i<D-1:

Truncated cone

Wo
W
Wo
Wi
Wo
Wi
VV[.
Wo =
W;

W/ =

i

W/ =

Wo

W

= Dl 1
- Irgap/r()( 2 ’2)
— kD ,D-1 D1 1 Kp—1 .D—1
=27 I’czap/f(z)( 2 ’2)+ D 'cap
— kD D+l 1
=27 [2 Ir&p/ro( 2 ’2)]
__ kD D 1 D-1 1 kp—1 _.D—1
=3 [2 Irgap/r[)(T’E)]—’_ D Teap
2 D
= BKl),ll)I’eq
ZVVI-/-"-VViH
W/ = Zkp v (1 4 02020
—1 ,.D—i [T=Vc : i-2
= Kp- l—req ’L,C sin'" (%) dv
KD 1\)}"0
Zm/_l_m//
— K’ZI vi—l(l +v2)(27i)/2rD—i
Kp—1 .D—i /2 si 1 2
p 1o [2K . (’_l)f (ﬂ)dﬁ]
_ kpot g TG
) r—ro

D,l —1
=L 0 P+ 7”_,0 Vh 4 (ro — r1)?]

W/ by Eq. (44), resulting in the expressions summarized in
Table VIII.

Using these general expressions for the quermassintegrals
W;, the reduced second virial coefficients of D-dimensional
doublecones and cylinders can be compared. For solids with
aspect ratio v = 1, this is shown in Fig. 10 up to D = 12. Re-
markably, for D = 2 and D = 4 the values are identical. While
in R3 the reduced second virial coefficient of a doublecone is

2.0
-+- Hyperdoublecone P
[ -= Hypercylinder e
1.8} ‘
/‘//
— e
T L6} ’
Q P
N *
Q # /,,r”"
14} S
/,0' /,r/
//-/::/
12f &
o«
2 4 6 8 10 12
D

FIG. 10. Reduced second virial coefficients B of D-dimensional
doublecones and cylinders with aspect ratio v = 1. The dashed lines
serve as a guide to the eye.

smaller than of a cylinder, in higher dimensions (D > 4) the
opposite is observed for the analogs.

General expressions for quermassintegrals of further uni-
axial solids of revolution in arbitrary dimension can be
obtained using Eqs. (38) and (44) with the critical angles from
Table II. For solids of revolution whose total surface area
exceeds their lateral surface area, only half the contribution
of Eq. (44) and half the contribution of a spherical hyperplate
[cf. Table III] need to be considered.

VI. SUMMARY AND OUTLOOK

In this work, analytical expressions for the geometric mea-
sures volume Vp, surface area Sp, second quermassintegrals
W,, and mean radius of curvature Rp are derived for selected
convex solids of revolution in R*. The results are summarized
in Tables IV and V. Using Eqgs. (13), analytical expressions for
so far unknown quermassintegrals W; are obtained. Employing
these quantities, with Eq. (11) the intrinsic volumes v; of these
convex solids of revolution are analytically accessible, too.

In addition to hyperspheres, hyperellipsoids of revolution,
hyperspherocylinders, hypercylinders, and spherical hyper-
plates with already known quermassintegrals (Table III),
analytical expressions for so far unknown quermassinte-
grals of hyperspindles, hyperlenses, hyperspherical caps,
hyperdoublecones, hypercones, and truncated hypercones are
provided. The latter geometries possess removable singulari-
ties in their surface curvature. While apical, zero-dimensional
singularities do not contribute to quermassintegrals, higher-
dimensional singularities contribute to quermassintegrals W;
with 0 < i < D, as exemplarily shown for hyperlenses. This
contribution, in general, depends on the critical angle enclosed
within the ¢ vicinity of the respective singularity. For uniaxial
solids of revolution with infinitely large aspect ratios in R*,
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a general proportionality B o< v of reduced second virial
coefficients to the aspect ratio arises, whereas for infinitely
thin oblate geometries, the general proportionality B} oc v
results.

With known principal radii of curvature, the quermass-
integrals are accessible for arbitrary convex solids in R*
[Egs. (37)]. The generalization to dimensions D > 4 for ge-
ometries with continuous surfaces curvature [Eq. (38)] is
straightforward. Possible contributions of singularities can be
determined analogously as demonstrated in R? [31] and R*
(this work). For selected geometries with discontinuities in
their surface curvature, general expressions for their quer-
massintegrals are compiled in Table VIII. Using such general
expressions, the parity Bj(v) = B}‘(v‘l) for uniaxial, D-
dimensional ellipsoids of revolution is proven. Additionally,
for D-dimensional, uniaxial spherocylinders, the dependence
of the reduced second virial coefficient B} on at most three
quermassintegrals Wy, Wi, and Wp_; is proven, too.

APPENDIX A: PROOF OF THE PARITY Bj(v) =
FOR UNIAXIAL HYPERELLIPSOIDS

B3;(v™h

Theorem A 1. For D-dimensional, uniaxial ellipsoids of
revolution with aspect ratio v the parity

By, v) =B;“"(D, v (A1)

is fulfilled for the reduced second virial coefficient B; " in

arbitrary-dimensional Euclidean spaces R”.

Proof. Starting from the Brunn-Minkowski theorem for
the rotation-averaged excluded volume of two identical con-
vex particles K,

1 & (D
m®=EZX)mm%4m
i=0

[Eq. (9)], the reduced second virial coefficient of D-
dimensional spheroids can be written as

2 D+2,.D
ZKD 22 vrD Z[( ) Teq

B;(e“)(D, U) —

eq ;=0
D+1 i D
]: a_;l_
2 ‘( 2 22 ”)
D+1 D—-i D
F s , =1 — , (A2
X2 1( IR V):| (A2)

using the general expression

D+1 i D

W, = io—i o (200 L2
VT 2T\ T 0 g

o u2) (A3)

for the quermassintegrals of this geometry [23] and B3 (K) =
Vex (K)/[2Wy(K)]. Equation (A2) can be simplified to

B;“(D, v)

D .
1o D D+1 i D ,
=Y LS
2" izo[(i)zfl( 2 202 Y

~

(A4)

and analogously for aspect ratios v—!,

1 ° r/p
B;(e")(D, V*l) — 5V7(D+1) E [( l)
D+1 i D 1

2 22 v?

D+1 D—-i D 1
(2252

2 2 2 : V2
(A5)
is obtained. Using the Pfaff transformation [49],
zﬂw%a0=ﬂ—d%ﬂGw—hai%)(M®
7 —

=(1- z)—b2]-'1 (c —a,b,c; Z_%), (A6b)

the relations

D+1 i D
2f1<T’ 57_;1_])2)
D

and

D+1 i D 1
:v(D“)ﬂ-"l(; L —-1——) (A8)

2 7272 v?
result. Using Egs. (A7) and (AS8), Eq. (AS) can be transformed

into Eq. (A4). Hence, Eq. (A1) results. This completes the
proof. |

APPENDIX B: ON THE EXCLUDED VOLUME
OF UNIAXIAL HYPERSPHEROCYLINDERS

Theorem B 1. For identical, uniaxial D-dimensional sphe-
rocylinders with aspect ratio v and radius req, the rotation-

averaged excluded volume V.SV can be written as

VO = 2Py, 4 2P2(SpRp — DVp) (Bla)
= (2req)D |:KD +2(v — Dkp_q
-1 KD 1
+ - 1) —_— (B1b)
D Kp
in Euclidean spaces R? with arbitrary dimension D.
Proof. Starting from the Brunn-Minkowski theorem

[Eq. (9)] for the rotation-averaged excluded volume between
any two identical convex solids K, the expression

D ;
1 D . D — .
Vol = — E (J{[Imrg;’ +2(v—1) D “kn e l]

K
D i

X |:KDV +2(v — 1) i —Kp_ lreq“ (B2)
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results for D-dimensional spherocylinders using Eq. (60). This
can be rewritten as

2 /D 2 /D
e =3° (i>KDrgl +y (l,)zo) — Dip_irly
i=0 i=0

D e 2
D (D —Dikp_,
+y (l,)4(v - 1)27 p rh. (B3)
i=0
Using the binomial theorem,
Ve(xscyn = (2Veq)D[KD +2(v — Dkp_1]
W—12k3_ = (D\,(D—i)i
T w2\ ) B
i=0

is obtained. With

D .
> (l,))zt@ =2°(D - 1), (BS)

i—0 \}!
immediately Eq. (B1b) results. Using the representation of
geometric measures Vp, Sp, and Rp via quermassintegrals

Vb = /(Drg1 +2(v — l)KD_lrgl, (B6a)
Sp = Dipriy ' +2(v — 1)(D — 1)/<D,1re’{;1, (B6b)
~ 1 Kp—1

Rp =req +2(v—1) Teqs (B6¢)

5 Kp
the relation
. D — 1«2
SpRp — DVp = 4(v — 1) ——2=/0 (B7)
D Kp

is obtained for D-dimensional spherocylinders [Eqs. (13) and
(60)]. With Egs. (B6a) and (B7), the excluded volume with
Eq. (B1b) can be rewritten as Eq. (Bla). This completes the
proof. |
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A Geometric measures for selected particle geometries

Tab. A-1: Meridian curves r(z) of D-dimensional, uniaxial solids of revolution defined in range
Zmin < 2 < Zmax With (equatorial) radii req, 70, 71, height h, and aspect ratio v [2,4].

Geometry r(z) Zmin Zmax
Sphere (r% 22)1/2 -7 70
) 51 1/2
Homonuclear {7"0 —[z—= (v —=1)r(] } 0 vro
1/2
dumbbell {T% -z+v-1) ro]g} —vrg 0
) 51 1/2
Peanut {7‘0 —[z— (v —1) 7] } (v—1)rog/2 vro
B—v(—2)]"2r — (r2 —22)"? —(v—=1)ro/2  (v—1)rg/2
1/2
{7’(2)— [z4+(v—-1 ro]z} —vr —(v—=1)ry/2
o ) L\ 211/
Ellipsoid {req — (;) } —UTeq UTeq
51 1/2
Spherocylinder {rgq —[z— (v —1)req] } (v —1)req UTeq
Teq ) — (v —1)req (v —1)7Teq
1/2
{qu —[z+(-1) Teq]Q} —VTeq — (v =1)71eq
Cylinder Teq —UTeq UTeq
1—v2 1/2
Spindle 5 > Teq + 5 [(VQ + 1)2 rgq - 422} —VTeq UTeq
2|req (V2 = 1) + v (r2, — 22 e
Lens [| | eq( ) ( = ) —UTeq UTeq
v
. 2 2\ 1/2
Spherical segment (7"0 ) ro — h 70
Doublecone eq — Ll —UTeq UTeq
v
Cone rog — z 0 vrQ
v
Truncated cone rg — 10 ; " 0 h
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Tab. A-2: Quermassintegrals W; of selected D-dimensional, convex solids in R? with Wp = kp

[4,118].
Geometry Wi
Sphere /ﬁ}DTOD !
Blipsoid — wpu o (215 11— 02) = kpwnl) R (<13, 851 )
Spherocylinder [/{D +2(v—-1)=5 /{D_l] rglﬂ
2kp_1vrl i=0
Cylinder 9 ed 5 Do
HKD-1 [(D — i) v+ gt 1} Teq (s
ZKp_1vT i=0
Doublecone KDt Di | g i-1 i s ‘ '
> vt 14+t 4 (i—1) fsm d9dd| :0<i<D
Je
“o=tyrl =0
Cone “D‘ID‘[ Y14 02)%5 40 +(z—1)f n'~ 219d19] :0<i<D
D 0 2Kki—1 3 .
Spherical 0 1=
plate '75:11 %/@zréj - i>1
Quadratic i D
plate pfid
Cube kiaP~
Quadratic ' i1 D
pillar kilv+(1-v)pla
, ~ N i
. ' ki D41 —(D—i 2 1 a2
Simplex <%> %NTJFHI)_LG (D—i+1)z (ﬁ_{oe Y dy) dz
2 (L>D 1 =20
DI \ 2 =
Cross-polytope D_ (D—ise [ 1 z i—1
a QK i T _ .
(7) Bt z+1ffe <ﬁbfe ydy) dr :i>1

Line segment

i< D-—-1
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Tab. A-3: Quermassintegrals W; of selected convex solids in R* with Wy = 72 /2 [4].

Geometry W
Hyperspindle Wy = %tréq [(1/4—gy2+1) (u2—|—1)2arcsin( 311) 21/7—&1/54— %g 1/3—1—21/}
W1:8 [(31/ + vt 402 +3)arcsm( 2+1>76V5+6V}
Wy = %‘rgq {(1/ + 2V2 + 1) arcsin ( 2+1> — 203 + 21/}
W3 = Zreq [(1/ -+ 1) arcsin (T«VH) %Vyhrﬂ
Hyperlens Wy = ;T2V4 {(1 +v ) |:7T—2 arcsin (1+ )} — 4y +407 — 44 V3 (1 - 1/2)}
Wy = 7(1;;3)@* {(1 + 1/2)2 [7[ — 2arcsin G;Z;)} —4v (1 — 1/2)}
Wy = ﬂ;:j [(1 + 1/2)2 —% (V4 — 21/2 + 1) arcsin G_T_"i) —= (1 — V2):|
Wgz%{(l—l—uz) [7[ 2arcsm( )}—1—4;}#;2}
Hyperspherical Wy = %27“3 1 2 arctan (”’ h) ?);;‘p (ro — h) (3r§ + 2rcap)]
segment Wy = %27’8 :1 2 arctan (TOC h) 2;;‘;" (ro — h)} + %ﬂrg’ap
Wy = %27'8 :1 2 arctaun(TO ph> 2;;:" (To—h)]-i—grzap[ -i-arcsin(l —%)}
W3 = %27“0 :1 2 arctan (Tocaph) 2T°ap (ro — h)} S Teap (2 - %)
Truncated Wy = %‘h:ij::g Wi=% [TS’ + 13+ (1§ +ror1 + %) /A2 + (ro — 7"1)2]
hypercone Wo =% (ro+71) {h + (1o — 1) arcsin [ hQT(r;nl—rl)Q] }—F%Q (rd +r?)
W3 =% [2 (ro+m)+ th—;i((T:O__T;);}
24-cell Wy = 20t Wy =220 Wy = %ﬂ\/ga W3 =28 [3 arccos (%) 71] a
120-cell Wo=25vB(1+v5) a* Wi =1 (15+7V5)d®
Wy = 37t\/ma W3 =100 {3 arccos (%) — } a
600-cell Wo =2 (2+V5)a Wy =224

Wy = 25v/3 [arccos (%) — %] a?

W3 = 60 [5 arccos (—%) — 37(] a
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B Analytical values for virial coefficients of hard bodies

Tab. A-4: Virial coefficients of D-dimensional spheres and (D — 1)-dimensional spherical plates
with radius ro in R” [69,113,118].

D 2 3 4
Sphere B3 2 4 8

B3 3.128017. .. 10 32.40575. ..

B} 4.257854 ... 18.364768... 77.74518...

Spherical plate By/r{

B3

1.273239. ..
0.514202. ..

4.934802... 13.69084...

Tab. A-5: Reduced, analytical second virial coefficients Bj of planar dumbbells in R? and
dumbbells in R3 and reduced, semi-analytical second virial coefficients Bj of hyper-
dumbbells in R* with aspect ratio v [2].
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v

B3

Planar dumbbell Dumbbell

Hyperdumbbell

1.1
1.2
1.3
14
1.5
1.6
1.7
1.8
1.9
2.0

2.003878. ..
2.014986. . .
2.032859. ..
2.057422 ...
2.088983. ..
2.128300. ..
2.176762. ..
2.236842. ..
2.313355. ..
2.420637 ...

4.014344 . ..
4.0556424 . ..
4.121570. ..
4.212539. ..
4.329352 . ..
4.474324 . ..
4.651243 ...
4.865757 ...
5.126040...
5.443918. ..

8.041278116 (11)
8.159328006 (2)
8.3491846 (5)
8.609761190 (8)
8.9429226 (4)
9.35274172 (5)
9.84454201 (5)
10.4230371 (9)
11.0879331 (13)
11.8209372 (15)




Tab. A-6: Reduced second virial coefficients Bj of convex solids with aspect ratio v in R? [3].

B3
v Stadium Ellipse Planar spindle = Rectangle Rhombus
1 2 2 2 2.273239... 2.273239...
2 2.178285... 2.188827... 2.223832. .. 2.432394 ... 2.591549...
3 2.457112... 2.508168... 2.612345. .. 2.697652... 3.122065...
4 2.756799... 2.864039... 3.044973 . .. 2.989436... 3.705634...
5 3.064270... 3.236269... 3.495466 . . . 3.291831... 4.310422...
6 3.375488... 3.617522... 3.954929. .. 3.599530... 4.925821...
7 3.688796... 4.004379... 4.419528. .. 3.910261... 5.547284...
8 4.003389... 4.394994... 4.887340. .. 4.222887... 6.172535...
9 4.318828... 4.788275... 5.357295... 4.536776... 6.800313...
10 4.634854... 5.183522... 5.828751. .. 4.851549... 7.429859...

Tab. A-7: Reduced second virial coefficients B3 of convex solids of revolution with aspect ratio

v in R3 [58,73].
B3 By
v Spherocylinder Ellipsoid v Ellipsoid Lens
2 4.6 4.538486. . . 1/2 4.538486. .. 4.792694 . ..
3 55 5.453748 ... 1/3  5.453748... 6.123448. ..
4 6.454545. .. 6.477898... 1/4  6.477898... 7.581452...
5  7.428571... 7.552003 ... 1/5  7.552003... 9.087395. ..
6 8.411764... 8.654088 ... 1/6  8.654088... 10.616259...
7 94 9.773725. .. /7 9.773725... 12.157786...
8 10.391304... 10.905217. .. 1/8 10.905217... 13.707019...
9 11.384615... 12.045146. .. 1/9 12.045146... 15.261282...
10 12.379310... 13.191323... 1/10 13.191323... 16.819006...
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Tab. A-8: Reduced second virial coefficients Bj of convex, uniaxial solids of revolution with
aspect ratio v in R* [4].

B3 By
v Hyperspherocylinder Hyperellipsoid v Hyperellipsoid  Hyperlens
2 9.602518. .. 9.263435.. .. 1/2 9.263435... 10.21107...
3 11.934231. .. 11.414980. .. 1/3  11.414980... 13.81911...
4 14.385623 . .. 13.825608. .. 1/4 13.825608... 17.71034...
5 16.878455 . .. 16.355484 . .. 1/5 16.355484... 21.69561...
6 19.390485 . .. 18.952106. . . 1/6 18.952106... 25.72150...
7 21.912971... 21.590481 . .. 1/7  21.590481... 29.76806 ...
8 24.441780. .. 24.256959. .. 1/8 24.256959... 33.82638...
9 26.974704 . .. 26.943363 . .. 1/9 26.943363... 37.89195...
10 29.510455. .. 29.644467... 1/10 29.644467... 41.96228...

Tab. A-9: Reduced second virial coefficients Bj of regular, convex polytopes in R?, R?, and R*,
including the quasiregular polytopes in R? with their dual geometries and limiting
the number of side for polygons up to eleven [117,118,142].

Polygon B3 Polyhedron B3 Polychoron B3
Triangle 2.653986. .. Tetrahedron 7.703715... 5-cell  23.36594...
Tetragon 2.273239... Cube 5.5 8-cell 13.79061 ...
Pentagon 2.156328... Octahedron 5.318988... 16-cell  12.56631...
Hexagon 2.102657... Dodecahedron 4.560508. .. 24-cell  10.05559...
Heptagon 2.073029... Icosahedron 4.457632... 120-cell ~ 8.50003...
Octagon 2.054786. .. Cuboctahedron 4.662978... 600-cell  8.32916...
Nonagon 2.042697... Rhombic dodecahedron 4.674234 ...
Decagon 2.034251... Icosidodecahedron 4.298816. ..
Hendecagon 2.028106... Rhombic triacontahedron 4.269441...

120



C Numerical results for virial coefficients of hard bodies

Tab. A-10: Reduced virial coefficients B} of D-dimensional spheres in R”. Values from [10,92].

D 2 4
B  5.33680664 (64)  28.22437(2)  146.2451 (5)
Bf  6.363026 (11) 39.8152(2)  253.388(6)
B 7.352080 (28) 53.3418(6)  375.07(6)
B:  8.318668 (62) 68.526 (4) 609.2 (7)

B 9.27236(29) 85.83 (3) 767 (11)

B, 10.2155(32) 105.6 (2) 1420 (110)

By, 11.195(19) 126.4 (7)

Bi, 12.01(11 160 (40)

By 12.94(66)

Bi, 14.9(42)

Virial coefficients of hard, anisotropic particles in two-dimensional space

Tab. A-11: Reduced virial coefficients B;; of planar dumbbells with aspect ratio v. First row:
This work [2], second row: Values from [111,114].

v B} B} B: B; B B}
1.1 3.13810(8) 4.27453(22) 5.35881(29)  6.3893(7)  7.3813(26)  8.347(10)
1.2 3.16723(8)  4.32297(21) 5.4240 (6) 6.4673(9)  T7.4692(30)  8.447 (9)
1.3 3.21481(6) 4.40338(18) 5.5334 (5) 6.5990 (10)  7.6190(28)  8.607 (13)

3.22(4)
1.4 3.28142(8) 4.51748(17) 5.6902 (6) 6.7906 (9)  7.8385(26)  8.865 (12)
1.5 3.36863(5) 4.66972(14) 5.9024 (5) 7.0523 (12)  8.142(4) 9.190 (18)
3.370 (7) 4.68(3) 5.9(2)
1.6 3.47997 (7)  4.86783(21) 6.1823 (5) 7.4011(8)  8.551(5) 9.661 (17)
1.7 3.62098 (10) 5.12428 (20) 6.5516 (7) 7.8673(11)  9.099 (4)  10.276(21)
3.62 (4)
1.8 3.80149(10) 5.46156 (29) 7.0474 (6) 8.5030 (17) 9.857(5)  11.17(4)
1.9 4.04045(7)  5.92374(24) 7.7458 (6) 9.4182(16) 10.967(6)  12.46 (5)
2.0 4.39398(9) 6.64200(30) 8.8815(8)  10.9668(29) 12.913(6)  14.78(7)
4.394 (9) 6.64 (4) 8.9 (2)
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Tab. A-12: Reduced virial coefficients B}; of stadia with aspect ratio v. First row: This work [3],
second row: Values from [115].

v B B} B B B: B
3.58548(9)  4.96478(20)  6.1581(4) 7.1502 (15) 8.022 (4) 8.86 (4)
3.5843(15)  4.961(11) 6.15(5)

3 4.35851(11)  6.1491(4) 7.3115 (11) 7.7567 (26) 7.911 (15) 8.35 (12)
43566 (19)  6.142(15) 7.29(8)

4 527623(15)  7.5506(5) 8.2301 (18) 6.829 (7) 4.689 (27) 4.4(4)
5.2766(23)  7.543(21) 8.20(12)

5 6.31242(20)  9.1236(8) 8.537 (4) 2.833 (11) —4.75(9) —5.9(13)
6.3071(29)  9.121(29) 8.64(18)

6  7.45958(20) 10.8501 (10) 7.824 (4) —6.202(24)  —24.97(20)  —24(4)
7.456 (4) 10.81 (4) 7.79 (26)

7 8.71429(23) 12.7211(12) 5.630 (6) —23.21 (5) —62.0 (5) —46(11)

8 10.0755(5)  14.7273(21) 1.411(12)  —51.39(6) —124.4(7) —80(14)
10.076 (5) 14.69 (7) 1.0(6)

9 11.5423(6)  16.8625(18)  —5428(11)  —95.13(10)  —222.9(10) —99(26)

10 13.1142(6)  19.1200(21) —15.582(14) —159.37(13)  —370.8(21)  —100(50)
13.119(7) 19.12 (10) ~15.7(10)

Tab. A-13: Reduced virial coefficients B} of ellipses with aspect ratio v. First row: This

work [3], second row: Values from [115].
v B B B: B: B: B:
2 3.50622(10) 4.94310(24)  6.0753 (5) 7.0261 (9) 7.946 (5) 9.01 (4)
3.5961 (15)  4.950 (11) 6.06 (5)
3 4.46471(10)  6.1635(6) 6.9348 (9) 6.787 (5) 6.668 (20) 7.89 (15)
4.4647(19)  6.169 (16) 6.97 (8)
4 554971(17)  7.6062 (6) 6.8812 (19) 2.735 (9) ~1.22(7) 3.1(6)
5.5475(25)  7.588(24) 6.86 (14)
5 6.81920(30)  9.1990 (10) 4.988 (5) 9.108(24)  —22.73(20) —2.5(21)
6.817 (4) 9.19 (4) 4.94 (22)
6 8.26395(28) 10.9071(9) 0.181(8)  —34.32(5)  —68.4(5) 3(5)
8.264 (4) 10.89 (5) 0.2 (4)
7 0.8800(4)  12.7066(16)  —8.790(12)  —80.67(9)  —153.7(10) 67 (17)
8 11.6664(5)  14.5780(27) —23.350(11) —157.95(15) —298.6(19) 270 (50)
11.642(6)  14.43(9) —23.9(8)
9 13.6219(5) 165092 (19) —45.157(26) —278.94(25)  —530(5) 810 (90)
10 15.7462(8)  18.478(4)  —76.00(5)  —458.9(4)  —884(6) 1880 (190)
15.748(9)  18.4(2) —75.8(15)

122



Tab. A-14: Reduced virial coefficients B} of planar spindles (lenses) with aspect ratio v [3].

v B B B B B B

9 3.70315(8)  5.1400 (4) 6.3479 (7) 7.3334 (19) 8.240 (5) 9.21 (4)

3 4.79564(11)  6.7005 (5) 7.3796 (12) 6.761 (7) 6.330 (17) 8.52 (24)

4 6.17692(21)  8.4973(5) 6.5653 (26)  —1.036 (13) ~7.13(8) 6.7 (8)

5 7.81020(27) 10.4278 (14) 2.078 (8) —24.495 (23) —46.42 (23) 23 (5)

6 9.6857(4)  124518(17)  —8.162(9) —75.81(7) —132.9(7) 132 (13)

7 11.8001(5)  14.5403(27) —26.594(19) —171.73(17) ~9298.7 (15) 490 (110)

8 14.1516(7)  16.6740(27) —55.978(30)  —334.08 (29) —592 (4) 1440 (120)

9 16.7395(9)  18.829 (4) ~09.44 (4) ~591.0 (4) ~1070(5) 3540 (170)

10 19.5631(9)  20.987(4)  —160.55(6) —976.2 (7) —1811(13) 7700 (600)
Tab. A-15: Reduced virial coefficients B}, of rectangles with aspect ratio v. First row: This

work [3], second row: Values from [113].

v B B} B: B} B: B;
3.98333(10)  5.94843(25)  7.9507 (6) 9.7521(15)  11.103 (5) 11.766 (22)
3.98(2) 5.94(8)

2 443409 (14)  6.6993(4) 8.8470 (8) 10.542 (4) 11.543 (7) 11.64 (6)
4.44(2) 6.72 (8)

3 5.24381(13)  8.0503 (4) 10.2095(10)  10.994 (6) 10.231 (18) 7.97 (17)

4 621777(22)  9.6715(7) 11.3221 (19) 9.343(12) 3.75(6) —2.98(30)
6.22(3) 9.7(5)

5 7.31910(19) 11.4963(7) 11.756 (5) 3.743(15)  —12.26(16)  —27.6(15)
7.31(4) 11.4(8)

6 8.53585(21) 13.4993(9) 11.067 (5) ~8.22(4) —43.74(30)  —71(5)
8.53(6) 14(2)

7 0.8632(4)  15.6678(16) 8.765 (7) —29.59 (6) —98.9 (6) ~136/(9)

8 11.2984(4)  17.9906(19) 4.283(9) —64.30 (8) —188.8(11)  —222(13)

9 12.8406(5)  20.4600(21)  —3.021(19) —117.06(14)  —326.4(18)  —321(25)

0 14.4890(5)  23.0705(21) —13.814(20) —193.51(23)  —529.8(29)  —440(60)

123



Tab. A-16: Reduced virial coefficients B} of rhombi with aspect ratio v. First row: This
work [3], second row: Values from [113].

v B} B} B: B B: B}
1 3.98335(11)  5.94841(21) 7.9505 (6) 9.7530 (17) 11.104 (4) 11.776 (19)
3.98(2) 5.94 (8)

2 4.90794(16)  7.4813 (4) 9.6767 (13) 11.048 (5) 11.507 (17) 11.12 (15)

3 6.64549(21) 10.1098 (7) 10.397 (4) 5.477(12) 0.02(9) 8.1(7)

4 8.86529(29) 13.0689 (11) 5.109 (7) —26.741 (24) —57.39(27) 36 (6)

5 11.5232(7)  16.2044(14)  —11.408(14)  —116.26(10) —217.1(9) 300 (21)

6 14.6075(5)  19.441(4) —45.40 (4) —309.06 (20) —571.9(30) 1330 (90)

7 18.1136(7)  22.722(5) —104.20 (5) —669.1 (4) —1262 (8) 4480 (170)

8 22.0399(8)  26.000(5) —196.29 (6) —1281.3(10) —2486 (16) 11700 (1000)

9 26.3854(11)  29.214(9) —331.29(13)  —2255.0(14) —4530 (40) 27300 (1600)
10 31.1492(15) 32.330(16)  —519.81(14)  —3725.0(23) —7790 (70) 57900 (2400)

Tab. A-17: Reduced virial coefficients B,, of infinitesimal thin needles. First row: This work [3],
second row: Values from [113], third row: Values from [115].

n 3 4 5 6 7 8
B, 0.514547(19) —0.031027(19) —0.28816(5) —0.22659(9) —0.03464(25) 0.1012(8)
0.514202...  —0.031(7)
0.5145 (3) ~0.031 (1) —0.288(2)
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Virial coefficients of hard, anisotropic particles in three-dimensional space

Tab. A-18: Reduced virial coefficients B;, of dumbbells with aspect ratio v. First row: This

work [2], second row: Values from [104].

v B} B} B: B} B: B}
1.1 10.0604 (4) 18.4943 (13)  28.422(7) 40.077(22)  53.70(12) 68.8(17)
10.060307 (25)  18.49433 (15) 28.42184(59) 40.0883(27)  53.659(15)  69.093 (88)
1.2 10.2345 (4) 18.8709 (11)  28.998 (5) 40.876(24)  54.77 (17) 69.5 (25)
10.234601 (25)  18.87081 (15) 28.99836(65) 40.8812(30)  54.774(16)  70.273 (90)
1.3 10.5189 (4) 19.4908 (16)  29.956 (6) 42.209 (24)  56.52(20) 72.5(22)
10.518960 (22) 19.49162 (11) 29.95581 (44) 42.2099 (16)  56.5327 (39)  72.406 (54)
1.4 10.91708(29)  20.3695(14)  31.316(6) 44.09 (4) 59.10 (22) 74.8 (19)
10.917214 (27)  20.36946 (17) 31.31624 (76) 44.1084 (37)  59.093(20)  75.23(12)
1.5 11.4401 (4) 21.5372(18)  33.130(6) 46.645 (27)  62.6(4) 80 (5)
11.440035 (29)  21.53740 (18) 33.12783(83) 46.6552 (41)  62.617(24)  79.95(15)
1.6 12.1064 (5) 23.0452(23)  35.473(8) 49.98 (5) 67.3 (4) 85 (4)
12.106367 (26) 23.04531 (14) 35.47086 (60) 49.9702(25)  67.208(15)  85.52(10)
1.7 12.9450 (6) 24.9723(24)  38.459(11)  54.23(6) 73.4(5) 92 (6)
12.945143 (34)  24.97247(22) 38.4561(11)  54.2213(58)  73.273(38)  92.50 (26)
1.8 13.9994 (4) 27.4366 (15)  42.251 (9) 59.63 (8) 81.1(8) 99 (11)
13.999401 (37)  27.43608 (25) 42.2500(13)  59.6389 (75)  81.184(50)  103.47 (37)
1.9 15.3326 (5) 30.6094 (23)  47.095(14)  66.65 (10) 91.8 (8) 111 (16)
15.332444 (40)  30.60935 (29) 47.0961 (16)  66.6526 (98)  92.005(74)  113.51 (54)
2.0 17.0399 (8) 34.763 (4) 53.338(16)  75.91(13)  106.6(19) 140 (40)
17.039851 (46) 34.76134(34) 53.3373(21)  75.797(13)  106.79(10)  132.22(82)
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Tab. A-19: Reduced virial coefficients B} of prolate spherocylinders with aspect ratio v. First
row: This work, second row: Values from [104].

v B B} B: B B B

2 12.4156(4)  22.6885(19)  32.904 (9) 45.35 (7) 62.2(5) 74(9)
12.41560 (4)  22.6882(4)  32.906 (2) 45.33 (1) 61.75(7) 78.4(5)

3 16.1835(7)  27.9829(30) 36.235(18)  59.01(20) 85.1(25) 40 (60)
16.18331(9)  27.9805(6)  36.231 (4) 58.96 (3) 85.5(3) 55 (2)

4 20.4055(11)  31.772(5) 37.51 (6) 97.8 (7) 60 (12) —210 (220)
20.4056 (2)  31.775(1) 37.511(7) 97.89 (6) 59.2 (6) —210(30)

5 24.9257(19)  33.127(11)  41.30(11) 181.7(10) —250 (50) —900 (800)
24.9248(2)  33.128(2) 41.30 (2) 181.8 (1) —253(1) 339 (11)

6 29.677 (4) 31.387(12)  55.70(20)  315(5) —1320 (60) 2000 (5000)
20.6758(2)  31.389(2) 55.63 (2) 312.3(2) —1323(2) 2220 (30)

7 34.620 (4) 26.053(16)  90.9 (5) 452 (10) —3750(280) 15000 (9000)
34.6205(2)  26.057(3) 90.98 (3) 454.5 (3) —3788 (4) 15230 (60)

8 39.737(7) 16.714(28)  160.2(7) 525 (20) —8400 (500) 48 (24) x 10°
9 44.994 (8) 3.002(17)  277.4(13) 370(40)  —14700 (800) 14 (6) x10*
44.9960 (3) 3.008(4)  277.24(6) 366.7(8)  —15000(20) 145400 (300)

10 50.394(9)  —15.37(5) 458.5(20)  —260(70)  —23700 (1700) 32(9) x10*
Tab. A-20: Reduced virial coefficients B;; of prolate ellipsoids of revolution with aspect ratio

v. First row: This work, second row: Values from [100, 103].

v Bj Bj B B B B;

2 12.0913(6)  21.9537(16)  32.248(7) 45.91 (5) 64.1(6)  82(5)
12.09 (4) 21.6 (3) 31.9(7)

3 15.8348(8) 27.0134 (21)  35.664 (19) 60.26 (20) 85 (3) 70 (50)
15.8357(6)  27.005 (4) 35.70 (3) 60.0 (3) 83(3)

4 20.3006 (14) 30.575 (4) 36.50 (7) 101.7(7) 39(10) —100 (260)
20.3026 (9) 30.568 (6) 36.5(2) 101.3(5) 21 (4)

5 25.2587(15)  31.157(7) 40.02(11)  198.0(17) —400(50)  —10(1500)
25.256 (2) 31.153 (9) 39.9(1) 197 (2) —401(10)

6 30.5968 (30) 27.642 (17) 57.42 (25) 359 (5) —1890(110) 2(6) x10?
30.6 (4) 28.0 (6) 61(3)

7 36.252(4) 19.141(18)  104.7(6) 540 (12) —5700 (400)  19(28)x 103
36.252 (2) 19.13(2) 105.4 (8) 524 (4) —5936 (9)

8 42.174(6) 4.883(26)  202.3(10) 589(21)  —12600(700)  10(6) x10%
42.2 (5) 5.2(2) 200 (8)

9 48.331(9) —15.76 (4) 374.0 (14) 260 (50) —23100(1700) 24 (11)x 10*

10 54.691(9)  —43.32(5) 647.2(26)  —840(70)  —35000 (4000) 49 (28)x 10%
54.692 (4) —43.34(5) 648 (1) —900 (30) —36900 (600)
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Tab. A-21: Reduced virial coefficients B;; of oblate ellipsoids of revolution with aspect ratio v.

First row: This work, second row: Values from [58].

v B B} B: B} B: B;
4/5 10.21019(25) 18.7637(15)  28.736 (6) 40.458 (27) 54.35 (16) 69.8 (18)
10.2101 (4) 18.7641 (12)  28.735(12) 40.435 (21) 54.32 (12) 84 (4)
2/3 10.7169 (4) 19.7345(16)  29.940 (7) 41.898 (28) 56.57 (25) 73.4 (15)
10.7166 (6) 19.7359 (24)  29.940 (8) 41.90 (6) 56.53 (16) 74.3 (17)
1/2  12.2648 (5) 227288 (13)  33.225(8) 45.00 (4) 61.67 (24) 85 (7)
12.2653 (8) 227280 (24)  33.226 (19) 45.02(7) 61.88 (12) 82.4(27)
1/3 16.7417(6) 31.4863(30)  38.524(17) 39.19 (20) 56.6 (18) 114 (28)
16.7412 (9) 31.486 (5) 38.53 (4) 39.3 (4) 56.39 (10) 94 (13)
1/4  22.6447(8) 43.221 (5) 34.47(5) ~14.0(6) —15 (5) 80 (100)
22.6462 (16)  43.222(10) 34.51(6) ~13.9(10) —10(4) 120 (40)
1/5 29.8426(12)  57.823(8) 10.57 (9) —170.1(11) —241 (22) 300 (400)
29.8431(20)  57.823(13) 10.53 (9) —170.4(28) —227(8) 170 (140)
1/6 38.2949(13)  75.390(15)  —46.14(13)  —513.2(20) —720 (40) 100 (900)
38.2043(13)  75.389(21)  —46.09(26)  —513(5) —764 (11) 400 (400)
1/7 47.9885(16)  96.066 (16) —151.1(19)  —1154(5) —1730 (70) 500 (4000)
47.9872(26)  96.077(25)  —150.9(4) —1156 (16) —1670 (50) 700 (2200)
1/8 58.9149(21)  120.035(16)  —322.8(4) —2247 (7) —3320(200)  —700 (9000)
58.916 (4) 120.05 (4) —322.9(8) —2247(9) —3350(130)  —300 (4000)
1/9 71.0768(29)  147.49 (4) —582.5(7) —3979 (15) —5800(400)  —2000 (12000)
71.075 (5) 147.50 (5) —582.1(11)  —3988(26) —5700 (400) 2000 (10000)
1/10  84.467 (5) 178.59 (5) —953.7(9) —6601 (24) —9400 (700) 3000 (23000)
84.465 (5) 178.61 (6) —953.2(11)  —6583(29) —9760 (120) 4000 (19000)

Tab. A-22: Reduced virial coefficients B} of lenses with aspect ratio v. Values from [58].

v B} B} B! B; B: B}
4/5  10.3219(6) 19.0350 (23) 29.190 (13) 41.06 (5) 54.88 (8) 70.91 (15)
2/3 11.1016(8) 20.6321 (17) 31.344 (10) 43.66 (6) 58.26 (12)  74.8(25)
1/2  13.50721(26)  25.519(4) 36.864 (12) 48.65 (10) 65.9 (5) 85 (5)
1/3  20.5802(12)  39.798(6) 41.34(7) 21.17(23) 48 (4) 184 (26)
1/4  30.1398(17)  59.162(9) 13.94 (11) ~160.5 (13) —163(28) 490 (230)
1/5  41.9838(24)  83.784(14) —78.11(26) —718.6 (16) —933(24) 1800 (900)
1/6  56.078 (4) 114.06 (5) —275.2(5) —1965 (7) —2780(220) 4400 (1300)
17 72.397 (6) 150.51 (8) —627.0(11) —4377 (25) —6600 (400) 8000 (9000)
1/8  90.926 (8) 193.61 (9) —1189.0 (20) —8490 (40)  —13900 (600) 20 (18) x 103
1/9 111.66(11) 243.91(14)  —2030.0(23)  —15140(70)  —26000 (1300) 5(5) x10*
1/10 134.610 (6) 301.62 (14)  —3225(6) —25230 (70)  —41100(2400)  10(5) x10%
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Tab. A-23: Reduced virial coefficients B} of cylinders with aspect ratio v. Values from [57].

v B3 B} BZ
1/10 =~60.64 ~127.8 =~ —359
1 ~13.72 ~ 25.3 ~ 34

3 =~ 19.98 ~ 31.6 ~ 36

10 =~55.99 =~ -37.7 ~ 547

Tab. A-24: Reduced virial coefficients B} of regular polyhedra. Values from [105,106].

Tetrahedron Cube Octahedron
B3 33.02466 (7) 18.30341 (5) 17.00537 (5)
B} 80.7479 (8) 41.8485(5)  36.9035 (3)
BZ 85.025 (8) 70.709 (2) 58.149 (2)
B —90.62 (8) 88.33(2) 67.07 (1)
By —326.1(8) 63.5(1) 49.9(1)
Bg 193 (8) -37(1) 17.6 (8)

B:  1284(80)

Tab. A-25: Reduced virial coefficients B,, of spherical plates. First row: This work, second
row: Values from [103].

n 3 4 5 6 7 8
B, 0.444625(16) 0.019968 (17) —0.06035(5) —0.01791(7) 0.00148 (10) 0.0004 (4)
0.44464 (2)  0.01993(2)  —0.060339(3) —0.01730(5) 0.00157(7)
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Virial coefficients of hard, anisotropic particles in four-dimensional space

Tab. A-26: Reduced virial coefficients B} of hyperdumbbells with aspect ratio v [2].

v B B B: B; B: B}

1.1 32.6898(15) 78.486(9) 147.59(11) 256.1(9) 378.9(29) 610 (80)

1.2 33.5071(14) 80.636(10) 151.46(7)  263.2(13) 386 620 (120)
1.3 34.8407(14) 84.156(12) 157.88(10) 275.7(11) 398 680 (160)
1.4 36.7060(16) 89.070(15) 166.78(10) 293.2(18) 417 740 (170)
1.5 39.1485(18)  95.493(12) 178.48(10) 317.8(17) 439 880 (200)
1.6 42.2394(19) 103.548(14) 193.02(13) 349.5(19) 461 900 (400)
1.7 46.0677(28) 113.371(13) 210.69(21) 392(4) 463 1000 (500)
1.8 50.7204(22) 124.972(20) 231.15(21) 444(5) 450 1900 (800)
1.9 56.2473(25) 138.046(30) 253.9(4)  515(6) 380 2400 (1400)
2.0 62.4926(25) 151.288(18) 276.4(5)  594(11)  220(80) 2200 (2700)

Tab. A-27: Reduced virial coefficients B} of hyperspherocylinders with aspect ratio v [1].

A B B! B} B B}

2 42.7361(20)  96.325(14)  174.58(16) 340 (4) 373 (15 1200 (500)

3 57.9720(29)  108.70 (4) 270.5 (5) 444(19)  —640( 11000 (6000)

4 74.454(9) 104.28 (5) 564.3 (13) —850 (40) 3600 ( 39000 (23000)

5 91.606 (11) 81.18(7) 1213.2 (22) —7000 (130) 59200 ( —38(13)x 10%
6 109.188(21) 39.09(14) 2363 (7) —23500 (400) 288 (6 —33(4) x10°
7 127.076(25)  —21.31(16)  4161(12) —57500 (600) 925 ( —141(10)x 10°
8 145.19(4) —99.59(24)  6723(27)  —119000 (1100) 2337 ( —45(4) x 108
9 163.52(5) ~194.71(24) 10180 (40)  —215600 (1900) 504 ( —121(7) %108
10 182.00(9) —306.7 (6) 14581 (30)  —360000 (4000) 978 ( —274(13) x 108
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Tab. A-28: Reduced virial coefficients B of prolate, uniaxial hyperellipsoids of revolution with

aspect ratio v.

v B} B} B: B} B: B;

2 40.2748(17)  91.834(14)  171.97(13) 327.5(15)  374(12) 1000 (400)

3 54.041(4) 105.184(29)  247.0 (4) 409 (9) —200 (80) 8500 (2800)

4 70.020(7) 103.02 (5) 476.0 (12) —440 (50) 2400 (400) 34000 (30000)
5 87.265(9) 80.01 (6) 1032.5 (19) —5180(120) 41600 (1100) —21 (11)x 10
6 105.321(15) 33.94(13)  2121(6) —19570 (290) 225(5) x10°  —23(4) x10°
7 123.968(16)  —35.85(23) 3944 (9) —52000 (500) 788 (17)x 103 —122 (17)x 10
8 143.04(4) ~129.18(30) 6694 (22) —113500 (1200)  217(4) x10*  —43(5) x10°
9 162.41(5) —245.56(23) 10550 (40)  —218400(2300)  499(5) x10* —115(17)x10°
10 182.09 (6) —384.0 (5) 15680 (40) —383000 (4000) 1031 (13)x10*  —29(4) x107

Tab. A-29: Reduced virial coeflicients B;; of oblate, uniaxial hyperellipsoids of revolution with
aspect ratio v.

v B; B} B B B: B}
4/5 33.2168(15)  79.561(10) 148.98 (7) 259.6 (7) 384(10) 660 (270)
2/3  35.1908 (14)  84.079(11) 155.40 (10) 273.6 (12) 401 (15) 590 (270)
1/2 41.3178(23)  98.345(11) 172.29 (18) 310.4 (25) 456 (13) 1000 (250)
1/3  59.5237(26) 141.562(21) 190.6 (4) 343 (9) 430 (50) 2600 (1600)
1/4  84.202(4) 201.58 (6) 127.8 (10) 130 (40) —330 (180) 2000 (6000)
1/5  114.911(6) 278.38 (8) —104.4(19) —690 (50) —3300(500) 6000 (29000)
1/6 151.539(10)  372.95(11) —618.8(28) —2630(90)  —10100 (2200) 2(9) x 10*
1/7 194.058 (10)  486.46 (13) —1555 (4) —6420 (200)  —26800 (2300) —4(24)><104
1/8 242.448 (16)  620.35(16) —3084 (10) —12800 (400)  —57(8) x 10° 2(4) x 10°
1/9 296.710(22)  775.93(24) —5387 (13) —23400 (700) —111(11) x 10? 3(12) x 10°
1/10 356.853(19)  954.44 (25) —8694(23)  —39200(1200) —186(23) x 10° 714( 7) x 10°
1/20  1281.91(6)  4327.6(24) —164700 (400)  —114(4) x 10*  —66(25) x 10° 1(46) x 107
1/50  7596.6 (4) 43720 (50)  —6843 (17) x 103 —97(4) x 108 —12(7) x 108 —5(26)><1010
1/100 29932.9 (19) 295100 (400) —11137(20) x 10* —292(14) x 10"  —34(26) x 10°  7(50) x 10'2
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