
Combining Experimental and
Theoretical Approaches to
Investigate Structure and

Dynamics in Soft Condensed
Matter

Cumulative Dissertation
to obtain the academic degree

doctor rerum naturalium (Dr. rer. nat.)
of the Faculty of Mathematics and Natural Sciences

at the University of Rostock

Submitted by
M.Sc. Joel Diaz Maier

born on June 20, 1996 in Pforzheim

Rostock, April 2024

https://doi.org/10.18453/rosdok_id00005008



Referees:
Prof. Dr. Joachim Wagner, Institut für Chemie, Universität Rostock
Prof. Dr. Christian Gutt, Institut für Physik, Universität Siegen
Prof. Dr. Hartmut Löwen, Institut für Theoretische Physik II – Soft Matter,
Heinrich-Heine-Universität Düsseldorf

Date of submission: April 12, 2024
Date of scientific colloquium: October 15, 2024

The research presented in this work was conducted from November 2020 to April
2024 at the Chair of Physical Chemistry in the Department of Chemistry at the
University of Rostock, under the supervision of Prof. Dr. Joachim Wagner.



Table of Contents
Declaration of Authorship v

Acknowledgments vii

Abstract ix

Publications for the Cumulative Dissertation xi

Abbreviations xiii

1 Introduction 1
1.1 Motivation and Aim . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Fundamentals of the Employed Methods . . . . . . . . . . . . . . 3

1.2.1 Rheology . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2.2 Scattering Methods . . . . . . . . . . . . . . . . . . . . . . 4
1.2.3 Photon Correlation Spectroscopy . . . . . . . . . . . . . . 8
1.2.4 Mode-Coupling Theory . . . . . . . . . . . . . . . . . . . . 10

2 Research Overview 13
2.1 Characterization of a Novel Model Hard-Sphere System . . . . . . 13

2.1.1 Preparation of Poly(dimethylsiloxane)-Stabilized Poly(me-
thyl methacrylate) Particles . . . . . . . . . . . . . . . . . 13

2.1.2 Particle Morphology . . . . . . . . . . . . . . . . . . . . . 15
2.1.3 Measurable Structure Factors of Optically Inhomogeneous

Particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.1.4 Collective Short-Time Diffusion . . . . . . . . . . . . . . . 25

2.2 Mode-Coupling Theory for the Quantitative Analysis of Experiments 28
2.2.1 Collective Dynamics and Transport Properties of Model

Hard-Sphere Suspensions . . . . . . . . . . . . . . . . . . . 28
2.2.2 Schematic Mode-Coupling Model for the Characterization

of Viscoelastic Properties of Poly(N -isopropylacrylamide)
Hydrogels . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3 Perspective 39

References 41

Publication I 49

Publication II 65

Publication III 79

Publication IV 93

iii





Declaration of Authorship
I hereby declare under oath that I have completed the work submitted here inde-
pendently and have composed it without outside assistance. Furthermore, I have
not used anything other than the resources and sources stated. Where I have
taken sections from these works in terms of content or text, I have identified this
appropriately.

Joel Diaz Maier
Rostock, April 10, 2024

v





Acknowledgments
I would like to express my gratitude to Prof. Joachim Wagner for giving me the
opportunity to conduct research on fascinating topics within his group. I am
grateful for the many years of guidance and support that he has provided me with,
while also encouraging me to work independently and develop my own ideas.

I am grateful to Prof. Hartmut Löwen and Prof. Christian Gutt for undertaking
the review of my thesis. I would also like to thank Hartmut Löwen in particular
for attending my oral defense in person.

A huge thank you to the entire Wagner team for making my time there so amazing.
Thanks to Markus Kulossa and his keen eye for details, Daniel Weidig and his
quick wit, Alexandra Bumann for always checking in on me and Paul Tümmler for
sharing so much knowledge, even though we could never realize our joint project.
I also want to express my appreciation to Dr. Philipp Marienhagen for a great
time while sharing an office and for always showing genuine interest in my work.

I want to express my deepest thanks to Katharina Gaus. Working and collaborat-
ing with you has been the highlight of my PhD experience. I sincerely hope that
I was able to offer you something, and I want you to know that I learned so much
from you as well. Not a single second spent with you was wasted time.

I am grateful to the whole physical chemistry department for creating such a great
atmosphere and for fostering a sense of community. Special thanks to all the
technical staff for keeping this place running smoothly. I especially want to thank
Nele Leopold for all the help in the laboratory and Sabine Kindermann for help
with administrative matters.

I would also like to thank the department for giving me the opportunity to teach
and share my knowledge. To all the students I had the luck to meet along the
way, I hope I could teach you one or two useful skills, and if not, at least you had
a fun time with me.

Thank you to Eric Schneider, Iva Rosewig, Ole Tiemann and family, and to all my
other friends for always cheering me on and for the many nights of sharing both
our suffering and our success.

At last, I want to thank my mother for her endless support and for always believing
in me.

vii





Abstract
This work demonstrates the development of advanced quantitative techniques
for the analysis of rheology and scattering experiments on correlated colloidal
many-particle systems. The microscopic structure and dynamics of a novel hard-
sphere model system consisting of poly(dimethylsiloxane)-stabilized poly(methyl
methacrylate) particles is characterized by means of static and dynamic light scat-
tering experiments. Topologically, the particles can be described by a core-shell
model for the refractive-index distribution which takes into account an inhomoge-
neous swelling of the the polymer core caused by the penetration of suspension
medium molecules into the entangled network. The self-organization of the par-
ticles at high volume fractions is analyzed by modeling the scattered intensity
of dense, refractive-index-matched suspensions with a model based on a multi-
component hard-sphere Percus-Yevick ansatz which explicitly takes the particle
size distribution into account. From the quantitative match between experimental
observations and hard-sphere theory, the hard sphere character of the investigated
dispersions is confirmed. Furthermore, it is shown that measurable structure fac-
tors obtained from scattering experiments are decisively influenced by the detailed
optical properties of the scatterers in systems with a size distribution. The col-
lective short-time diffusion of suspensions containing PMMA-PDMS particles are
besides the potential inter-particle interactions also influenced by hydrodynamic
interactions mediated by the surrounding medium, which in these systems can be
described quantitatively using an effective one-component approach involving the
δγ-expansion. The full collective dynamics of the suspensions is modeled quantita-
tively employing an empirically modified multi-component mode-coupling scheme
which uses a rescaled-structure-factor approach. The volume-fraction-dependence
of both the zero-shear viscosity and the average long-time self-diffusion coefficient
as transport quantities are predicted quantitatively by the mode-coupling scheme.
Mode-coupling theory is also used to model the viscoelastic response of a hydrogel
consisting of network-forming poly(N -isopropylacrylamide) particles with an ex-
tended, schematic F

(γ̇)
12 -model, which enables linking a decrease in elasticity with

an enhanced mobility of particles in nearest-neighbor cages.
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1 Introduction

1.1 Motivation and Aim
Soft condensed matter science investigates materials such as colloids, gels, poly-
mers, liquid crystals, foams, and biological tissues.5 These systems are composed
of basic structural units formed through molecular self-organization. With relevant
length scales being on the order of nanometers to micrometers, these units are
significantly larger than individual atoms.6 Due to the interaction energy between
building blocks being on the order of the thermal energy, soft materials are strongly
affected by thermal fluctuations and can be easily deformed by external forces. On
mesoscopic length scales, these systems display slow dynamics with much larger
relaxation times compared to molecular liquids.7
A persistent goal in soft matter physics is to provide microscopic explanations
for macroscopic phenomena with the obvious aim, besides a fundamental under-
standing of matter, enabling the targeted design of new materials with desired
properties.8 This bottom-up approach involves developing rational design strate-
gies to create mesoscopic building blocks from specifically architected molecules,9,10

being able to precisely tune interaction potentials between particles to realize de-
sired structures,11 gaining a quantitative understanding of the relationship between
structure and microscopic dynamics,12,13 and, finally, relating all these properties
to macroscopically observable features.14 This requires an interdisciplinary effort
with the combination of experiments, theory, and computer simulations.
Colloidal suspensions, consisting of dispersed particles with very precisely tuneable
inter-particle interactions, serve as academically highly relevant model systems
for complex fluids.15 By combining suitable surface functionalities and volume
properties, it is possible to replicate a wide range of fundamental interactions
such as hard-core repulsive,16 soft short-range attractive,17,18 long-range repulsive
electrostatic19 or dipolar20,21 forces. More advanced functionalizations may intro-
duce direction-dependent features such as those found in shape-anisotropic,22–25

self-propelled,26–28 or Janus particles.29–31 Colloidal dispersions enable the experi-
mental study of fundamental phenomena in soft matter systems in a very isolated
and controlled environment. These features also make colloidal systems compara-
tively easy to describe theoretically.
In addition to microscopy,32–37 scattering techniques are frequently used to study
colloidal many-particle systems.38 Methods such as laser light scattering, which can
be realized in a laboratory setup,39 or small-angle scattering (SAS) experiments40

using neutrons or X-rays at large scale research facilities, provide access to the
averaged structure of a large ensemble of particles. Dynamical properties can be
investigated by analyzing ensemble-averaged time-correlation functions obtained,
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1 Introduction

for example, from dynamic light scattering (DLS)41,42 or X-ray photon correlation
spectroscopy.43

While the quantitative analysis of scattering experiments on simple colloidal sys-
tems is generally considered textbook knowledge,44 many standard approaches rely
heavily on restrictive assumptions about the systems under investigation. Con-
ventional particle sizing with DLS expects assemblies of non-interacting Rayleigh
scatterers, but can become unreliable for interacting systems and for large particles
where detailed optical properties cannot be ignored.45 Comprehensive form factor
analysis from SAS data is typically limited to dilute, non-interacting suspensions,
especially if systems display a size distribution.46,47 Quantitative structure analysis
of correlated ensembles is seldom conducted for polydisperse systems, and even
for uniform suspensions, such approaches are limited to the simplest interaction
potentials and particle shapes.48,49

From a theoretical perspective, establishing a quantitative link between structure
and dynamics in correlated many-body systems is equally challenging. Theoretical
methods such as Ornstein-Zernike integral equation theory,50 classical density func-
tional theory,51,52 mode-coupling theory,12,53,54 or the self-consistent, generalized
Langevin equation framework55–57 amount to an extensive body of work but can
still not be regarded as standard techniques used by a wide range of practitioners
like, for example, computer simulations or quantum chemical methods.
The aim of this work is to demonstrate methods for the advanced quantitative
analysis of structure-dynamics relations in correlated colloidal many-particle sys-
tems, with a focus on the evaluation of scattering experiments taking into account
both size-dispersity effects and the inhomogeneous scattering capacities of parti-
cles. Hard-sphere suspensions are the model system of choice because they are
theoretically well understood and exhibit comparatively low complexity.
Chronologically, the starting point of this work is a study in which the rheological
response of a comparatively complex-to-describe, gel-forming particle network is in-
vestigated by means of schematic mode coupling theory, outlined in Publication I.
Realizing the overwhelming complexity of this system, it became apparent that
the goal of investigating general quantitative relationships between structure and
rheology in complex soft materials is best targeted by systematically starting
from simpler systems. Thus, Publication II deals with the validation of a novel
hard-sphere system, which is gaining popularity due to its ease of preparation com-
pared to well-established hard-sphere particles. Publication III demonstrates
the impact of size-dispersity on the evaluation of measurable structure factors
extracted from static scattering experiments for optically inhomogeneous particles,
which is integral for understanding the scattering behavior of the here investigated
experimental systems. Finally, Publication IV is a first attempt to use mode-
coupling theory as a quantitative tool to describe the experimentally obtained
collective dynamics of polydisperse hard-sphere systems. It is shown that this
is feasible with knowledge of the detailed particle topology, accurate treatment
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1.2 Fundamentals of the Employed Methods

of size-dispersity, incorporation of hydrodynamic interactions, and slight modifi-
cations of the memory kernel of an established multi-component mode-coupling
scheme.

1.2 Fundamentals of the Employed Methods

1.2.1 Rheology

Figure 1.1: Schematic representation of a shear process, where an applied shear stress τ
causes a body to tilt by the angle α. (Reproduced from Demtröder58 with permission
from Springer Nature.)

Rheological methods allow the characterization of the mechanical properties of
materials using rotational or oscillatory shear experiments.59 Shearing is the defor-
mation of a body by a force acting tangentially on its surface.58,60 This is illustrated
in Fig. 1.1 for an elastic cuboid. Due to the applied shear stress τ , which is defined
as the shear force normalized to the surface area, the body is tilted by an angle
α in the stress direction. For ideal elastic materials the stress magnitude τ = |τ |
is connected to the strain γ = tan α simply by Hooke’s law, τ = Gγ. The shear
modulus G is equivalent to a force constant for shear processes.
Fig. 1.1 can equally represent shearing a viscous fluid enclosed between two parallel,
thin plates, where the upper plate moves in the direction of the applied stress
while the lower plate remains stationary. Under so-called “no-slip” conditions, if
we assume that the liquid layers in the vicinity of the plates have the same velocity
as the plates themselves, the local velocities vary linearly across the gap due to
a transfer of momentum between adjacent fluid layers. The resulting velocity
gradient perpendicular to the shear direction is then precisely equal to the strain
rate γ̇. The shear viscosity η connects stress and strain rate via Newton’s law,
τ = ηγ̇. Fluids such as water or glycerol, which display a constant viscosity,
independent of the shear rate, are therefore called Newtonian fluids while any
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1 Introduction

deviating behavior is referred to as non-Newtonian. If the viscosity increases
with increasing shear rate, the sample behaves in a dilatant (shear-thickening)
manner whereas, if the viscosity decreases, this is referred to as pseudo-plastic
(shear-thinning) behavior.
Soft materials seldom behave exclusively as either pure elastic solids or viscous
liquids. Instead, they display both properties simultaneously, a behavior which
is therefore called viscoelastic. Viscoelastic properties can be probed by oscilla-
tory shear experiments, during which a system is exposed to a sinusoidal strain
γ(t) = γ0 sin(ωt) with amplitude γ0 and angular frequency ω. If the overall defor-
mation is small, the time-dependent stress τ(t) = τ0 sin(ωt+ δ) is a linear response
function of γ(t). The stress oscillates with the same frequency ω but displays a
distinctive amplitude τ0 and additionally a phase shift δ in relation to the incoming
signal. The limit δ → 0, with τ and γ oscillating in phase, corresponds to pure
elastic behavior. Conversely, an out-of-phase oscillation with δ → π/2 indicates a
purely viscous response. The relationship between stress and strain can be conve-
niently formulated using complex notation as τ ∗(t) = G∗γ∗(t), with the complex
shear modulus G∗ = G′ + ıG′′ as a proportionality constant in analogy to Hooke’s
law. For small strain amplitudes γ0 ≪ 1, in the so-called linear-viscoelastic regime,
the frequency-dependent complex modulus G∗(ω) contains the entire viscoelastic
information of such a mechanical linear response system. Its real part G′(ω) is
related to the energy which can be elastically stored during an oscillation cycle
and is therefore called storage modulus, while the imaginary part G′′(ω) represents
the amount of dissipated energy and is as such referred to as the loss modulus.60

1.2.2 Scattering Methods
Scattering experiments are well-established methods for investigating the structure
and dynamics of colloidal many-particle systems.38 In addition to visible light with
wavelengths ranging from 400 nm to 800 nm and X-rays at about 0.1 nm, neutrons
can also be used as probes, with cold neutrons having a wavelength roughly five
times larger than and thus still comparable to X-rays.40

Scattering processes can be described starting from Maxwell’s equations61 which
form the basis of classical electromagnetism and by employing the Huygens-Fresnel
principle of wave diffraction.62 When matter is hit by an electromagnetic wave,
each scattering center forms the source of a new spherical wave. The wave front
resulting from the superposition of all spherical waves can be recorded at a sufficient
distance from the detector as a plane wave. Additionally, we employ the Born
approximation63 and thus assume that the waves generated by different scattering
centers are not perturbed by each other. A visual representation of such a process
is given in Fig. 1.2, where a scattered electromagnetic wave ES(rS, t) is generated
by a plane wave EP(rP, t) interacting with a particle. The resulting diffraction
pattern can be detected as the intensity I(Q).
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1.2 Fundamentals of the Employed Methods

Figure 1.2: Schematic representation of a scattering process. An incoming plane wave
is scattered by the infinitely many point-like scattering centers of a spherical particle.
The resulting intensity pattern emerges from the interference of all scattered waves.

The scattering vector Q is a central quantity for the description of scattering
patterns and is defined as the difference between the wave vectors of the incoming
beam kP and the scattered wave kS. A visual representation of this relationship
is displayed in Fig. 1.3. Scattering processes can basically be divided into two
categories: inelastic processes in which energy is transferred between probe and
target and elastic processes where only momentum but no energy transfer occurs.
In the case of elastic scattering with the incoming and outgoing wave vectors
sharing the same magnitude |kP| = |kS| = 2πn/λ, the magnitude of the scattering
vector Q = 4πn/λ sin(γ/2) can be expressed concisely by the vacuum wavelength
of the radiation λ, the refractive index of the material n, and the scattering
angle γ. The maximum attainable scattering vector is thus Qmax = 4πn/λ for
backscattering at γ = 180°. Since scattering methods probe length scales of the
order d ≈ 2π/Q, the spatial resolution of a scattering experiment is limited by
dmin = λ/(2n), which is around 200 nm for light scattering and on the order of
nanometers or less for X-ray and neutron scattering.44

The scattered electric field of a single mesoscopic particle is proportional to the
so-called scattering amplitude

b(Q) =
∫︂
V

ρ(r)eıQ·r dr, (1.1)

which is essentially the three-dimensional Fourier transform of the scattering con-
trast ρ(r), i.e., the variation in scattering power between the particle and the
surrounding medium. This difference varies depending on the type of probe used.
Neutron scattering considers the scattering lengths of atomic nuclei, X-ray scatter-
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1 Introduction

Figure 1.3: Visualization of the relationship between the incoming wave vector kP, the
outgoing wave vector kS, the scattering vector Q and the scattering angle γ.

ing considers the electron density of atoms, and visible light scattering considers
the polarizability of the electron shell, which is linked to the refractive index.
For spherically symmetric particles, the scattering amplitude only depends on
the magnitude of the scattering vector and can thus be expressed via the one-
dimensional Fourier-Bessel transform

b(Q) = 4π

∞∫︂
0

ρ(r)sin(Qr)
Qr

r2dr (1.2)

of the radial contrast profile ρ(r). The ensemble-averaged scattered intensity
produced by an assembly of N spherical, possibly interacting particles is then
apart from constant pre-factors given by64

⟨I(Q)⟩ ∝
N∑︂

i,j=1
⟨bi(Q)bj(Q) exp[ıQ · (ri − rj)]⟩, (1.3)

where ri denotes the position of the particle with label i. The intensity of an ensem-
ble of interacting particles is basically determined by two distinctive contributions:
The correlations between scattering centers within each particle and the spatial
correlations between different particles, which emerge from self-organization due to
inter-particle forces. For monodisperse suspensions, with all scattering amplitudes
being the same, these contributions can be rigorously separated according to

⟨I(Q)⟩ ∝ Nb2(0) b2(Q)
b2(0)⏞ ⏟⏟ ⏞
P (Q)

S(Q)⏟ ⏞⏞ ⏟
1
N

N∑︂
i,j

⟨exp[ıQ · (ri − rj)]⟩ (1.4)

where we introduced the form factor P (Q), which embodies the optical proper-
ties of the particles, and the structure factor S(Q), which contains the structural
information. A visual comparison between P (Q), S(Q) and the intensity as a
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Figure 1.4: Comparison between the scattered intensity I(Q) = P (Q)S(Q) and its
two factors, the form factor P (Q) and the structure factor S(Q), for a monodisperse
ensemble of optically homogeneous spheres with radius R, interacting via a hard-sphere
potential.

product of both is exemplarily displayed in Fig. 1.4 for a model suspension consist-
ing of monodisperse, optically homogeneous spheres interacting via a hard sphere
potential.
From a statistical mechanics point of view, according to

S(Q) − 1 = 4π

∞∫︂
0

ρ [g(r) − 1]sin(Qr)
Qr

r2dr (1.5)

the structure factor is related to the radial distribution function (RDF) g(r) by a
Fourier transform. g(r) is associated with the probability of finding a particle at
a distance r from another tagged particle relative to the ideal gas as a reference
system with the same number density ρ. S(Q) is as such simply a representation
of g(r) accessible from scattering experiments.65 g(r) or equivalently S(Q) can be
theoretically accessed by solving the Ornstein-Zernike integral equation66

h(r12) = c(r12) + ρ
∫︂

c(r13)h(r23)dr3, (1.6)

which relates the total correlation between particles 1 and 2, h(r12) = g(r12) − 1,
to the direct correlations between these two particles, represented by the function
c(r12), and the indirect correlations mediated by a third particle. This recursive hi-
erarchy provides an appealing physical picture of how the pair interaction between
two particles is indirectly propagated through the entirety of a large many-body
system. To solve Eq. (1.6), a physically motivated approximation which somehow
relates either c(r) or h(r) to a given pair potential, a so-called closure relation, is
needed. The only closure of interest for this work is the one given by Percus and
Yevick67, which allows the analytical calculation of structure factors of both single
and multi-component hard sphere systems.68–71
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1 Introduction

1.2.3 Photon Correlation Spectroscopy
Photon correlation spectroscopy (PCS), also referred to as dynamic light scattering
(DLS), is a specialized scattering method for probing the dynamics of matter.42

In homodyne experiments, where only the photons scattered by the sample are
detected, temporal correlations of the intensity I(Q, t) are quantified by measuring
the intensity correlation function (ICF)41

g2(Q, t) = ⟨I(Q, 0)I(Q, t)⟩t

⟨I(Q, t)⟩2
t

. (1.7)

Here, ⟨...⟩t denotes a time average. Such an auto-correlation function (ACF)
basically represents the similarity of two time series after a certain delay time t
between them. If the intensity fluctuations follow Gaussian statistics, ideally, the
ICF starts at ⟨I2⟩/⟨I⟩2 = 2 for t = 0 and falls to ⟨I⟩2/⟨I⟩2 = 1 for t → ∞ assuming
all fluctuations decorrelate eventually.
The actual dynamics of the system are not directly encoded in the ICF, but rather
in the auto-correlation function of the electric field,

g1(Q, t) = ⟨E∗(Q, 0)E(Q, t)⟩t

||⟨E(Q, t)⟩t||2
, (1.8)

which for ergodic systems is connected to the ICF via the Siegert relation72

g2(Q, t) = 1 + β(Q)g2
1(Q, t). (1.9)

Here, additionally an instrument factor β(Q) is introduced which depends on the
optical alignment, the detector area and the coherence of the radiation but is
relatively close to unity for optical fiber based single-photon detectors.73

For monodisperse suspensions of identical particles g1(Q, t) is equivalent to the
intermediate scattering function (ISF) S(Q, t) normalized to the static structure
factor S(Q), i.e.,

g1(Q, t) = S(Q, t)
S(Q, 0) =

1
N

⟨︄∑︁
ij

exp[ıQ · (ri(t) − rj(0))]
⟩︄

1
N

⟨︄∑︁
ij

exp[ıQ · (ri(0) − rj(0))]
⟩︄ . (1.10)

The ISF S(Q, t) describes the temporal evolution of the spatial inter-particle
correlations and can thus be seen as the dynamical extension of the structure
factor S(Q).65

In weakly interacting systems the particles show no spatial correlations, which
means S(Q) = 1, and they essentially exhibit free Brownian motion in a viscous
medium. In this case the ISF takes the familiar form41

S(Q, t) = e−D0Q2t (1.11)
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Figure 1.5: Left: Comparison between the reduced effective short-time diffusion co-
efficient Deff(Q)/D0 for a monodisperse ensemble of hard spheres with radius R, with
HIs included [H(Q)/S(Q)] and with HIs neglected [1/S(Q)]. Right: Wave-vector depen-
dence of the hydrodynamic function H(Q) of the same system.

from the solution of the diffusion equation in Fourier space. D0 = kBT/(6πηRh) is
the well-known Stokes-Einstein diffusion coefficient representing the ratio between
the thermal energy kBT and the drag coefficient of a sphere with hydrodynamic
radius Rh in a medium with viscosity η.
In strongly interacting systems that self-organize into ordered structures the dy-
namics of colloidal particles is determined not only by the self-diffusion of individual
particles but also by collective motion. In the short-time regime, for correlation
times larger than the momentum relaxation time but smaller than the structural
relaxation time, the expansion64

S(Q, t) = S(Q)
[︄
1 − D0

H(Q)
S(Q) Q2t + O(t2)

]︄
(1.12)

characterizes the initial decay of the ISF. Comparing this result to the power
series expansion of the exponential in Eq. (1.11) we identify

Deff(Q) = D0
H(Q)
S(Q) (1.13)

as an effective, wave-vector-dependent, short-time diffusion coefficient. As ev-
ident, in addition to S(Q), a second factor, the hydrodynamic function H(Q),
contributes to the wave-vector dependence of the diffusivity. H(Q), exclusive to
colloidal systems, accounts for indirect, retarded interactions that are mediated
by the dispersion medium.74 These additional forces are absent in simple atomic
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1 Introduction

liquids, where the atoms move in a vacuum between collisions. Eq. (1.13) can be
considered a colloid analog of the well-known de Gennes narrowing75 observed in
inelastic neutron scattering spectra of structured molecular liquids. De Gennes
narrowing basically states the intuitive principle that collective motion is particu-
larly slow on length scales where a system is highly ordered. Deff(Q) thus shows
a minimum at the location of the structure factor peak. This is exemplified in
Fig. 1.5 which displays the wave-vector dependence of Deff(Q) of a concentrated
hard-sphere suspension with hydrodynamic interactions (HIs) included. For com-
parison, the expected result without HIs, i.e. H(Q) = 1, is also shown along with
the wave-vector dependence of the isolated hydrodynamic function. H(Q) and
S(Q) share the same oscillating features and display local maxima at roughly the
same locations, stressing that both quantities are highly connected.

1.2.4 Mode-Coupling Theory
Mode-coupling theory (MCT) is a well-established approach for theoretically calcu-
lating time-dependent correlation functions based solely on static, time-independ-
ent inputs.12,76 The theory aims to predict the time dependence of the ISF S(Q, t)
for a given material starting from the exact dynamics of a particle diffusing in a
potential. By using the projection-operator formalism by Mori and Zwanzig, the
equations of motion can be simplified by eliminating fast, randomly fluctuating
degrees of freedom from the system, leaving only the time evolution of the slowly
varying observables.53,54

For illustrative purposes, here, the equations for the time evolution of S(Q, t)
for a monodisperse ensemble of overdamped Brownian particles without HIs are
presented. They are given by77,78

∂

∂t
S(Q, t) + D0Q

2

S(Q) S(Q, t) +
t∫︂

0

M(Q, t − t′) ∂

∂t′ S(Q, t′) dt′ = 0. (1.14)

According to this formalism, the time dependence of S(Q, t) is governed, beyond the
initial decay D0Q

2/S(Q), by the memory kernel M(Q, t) which is formally defined
as the auto-correlation function of the fluctuating force. From a phenomenological
perspective, the memory function can be seen as a generalized friction coefficient
that mediates time-retarded memory effects. These effects accumulate as particles
move through the energy landscape of the system.
The core idea of MCT is now precisely that this memory function can be approxi-
mated by a term of the form

M(Q, t) = ρD0

2(2π)3

∫︂
V 2(Q, k)S(k, t)S(|Q − k|, t) dk, (1.15)
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1.2 Fundamentals of the Employed Methods

Figure 1.6: Schematic illustration of the phenomenology of supercooled glass-forming
liquids as predicted by MCT. Note that here, the wave vector is denoted by k and
the intermediate scattering function is denoted by F (k, t). (Reproduced from Janssen12

under the terms of the Creative Commons Attribution License (CC BY).)

where the integrand consists of products of the ISF S(Q, t) and of the so-called
vertex amplitude V (Q, k) which can be calculated solely from the static structure
factor S(Q) and the number density ρ. As such, the memory function given within
MCT provides a self-consistent closure for solving Eq. (1.14).
MCT is considered a very successful theory in a sense that it captures the most im-
portant aspects of the phenomenology of glass-forming liquids.12,79 This is schemat-
ically illustrated in Fig 1.6: Weakly interacting, ergodic systems are characterized
by free Brownian motion of the particles. In contrast, in strongly interacting
systems the diffusion of a central particle in the coordination cage of its nearest
neighbors is restricted. For short times, diffusion is therefore only possible within
this coordination cage, which is also referred to as the β-process. The movement of
a particle over long distances is only possible if the neighboring particles participate
cooperatively or if the central particle can overcome its coordination cage. These
escape processes, known as the α-process, occur with lower probability and are
characterized by significantly longer relaxation times than those of the β-process.
In deeply supercooled liquids, both regimes are clearly separated by an interme-
diate plateau in S(Q, t). The height of this plateau f(Q) is called non-ergodicity
parameter or Debye-Waller factor. The region around the plateau is characterized
by two universal power-laws, f + At−a and f − Bt−b, which respectively describe

11



1 Introduction

the approach and the departure from the plateau. Remarkably, both power-law
exponents are connected by a consistent scaling relation80 given by

λ = Γ(1 − a)2

Γ(1 − 2a) = Γ(1 + b)2

Γ(1 + 2b) (1.16)

where Γ(x) denotes the Gamma function. λ is called the exponent parameter. At
very long times, the α-relaxation can be well described by a stretched exponential
decay according to S(Q, t) ∝ exp

[︂
−(t/τα)β

]︂
.81

For even stronger correlated systems, the interactions are so strong that a central
particle cannot escape its coordination cage in a finite time and S(Q, t) simply
decays to the Debye-Waller factor f(Q) with a diverging α-relaxation time. This
is MCT’s celebrated prediction of a glass transition.82

A very attractive approach to MCT is the reduction of the full wave-vector-
dependent theory to schematic, wave-vector-independent models83 which provide
the freedom to describe arbitrary relaxation processes, not just those directly cou-
pled to density correlations. These simplified models do not rely on any static
inputs and instead resort to adjustable parameters. Consequently, they are widely
popular for the characterization of rheological84–86 and dielectric relaxation87 ex-
periments, particularly when non-linear properties are probed. An established,
very basic schematic model is the F12-model proposed by Götze,53 which describes
the time evolution of a generalized correlation function Φ(t) by

1
Γ

∂

∂t
Φ(t) + Φ(t) +

t∫︂
0

m(t − t′) ∂

∂t′ Φ(t′)dt′ = 0, (1.17)

where the memory function m(t) = v1Φ(t) + v2Φ2(t) is a simple quadratic expan-
sion in Φ(t). The coefficients vi act as substitutes for the wave-vector-dependent
vertex amplitudes. At the non-ergodicity transition, within this model, the critical
vertices vc

1 = (2λ − 1)/λ2 and vc
2 = 1/λ2 and the critical Debye-Waller factor

fc = 1 − λ show an intriguing connection to the exponent parameter λ from
Eq. (1.16).88

This introductory description portrays only a small subset of the full capabilities
of mode-coupling theory. The systems and phenomena investigated in this thesis
show an increased complexity and require advanced mode-coupling schemes for the
treatment of multi-component systems,78 for the evaluation of transport coefficients
like diffusion constants89 or shear viscosities90 and for the application to linear and
non-linear rheology.91,92
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2 Research Overview

2.1 Characterization of a Novel Model Hard-Sphere
System

Sterically stabilized poly(methyl methacrylate) (PMMA) particles suspended in
non-polar media are among the most commonly used colloidal model systems for
the experimental study of hard spheres.16 Since the preparation of hard sphere
model suspensions was not an established method within our group, the first
part of this work focuses on the preparation, characterization and validation of
such a system, which will serve as a starting point for future investigations. The
dispersion in question has to meet several target properties: It should be easy to
prepare in a reproducible way, suitable for light scattering experiments and, of
course, exhibit the structure and dynamics expected for a hard sphere system.

2.1.1 Preparation of Poly(dimethylsiloxane)-Stabilized
Poly(methyl methacrylate) Particles

PMMA-based suspensions in non-polar media are commonly prepared by employ-
ing dispersion polymerization in presence of a stabilizing agent, which results
in particles with a solid PMMA core surrounded by a shell of grafted polymer
chains whose steric hindrance prevents the aggregation of individual particles.93

The most established stabilizer is a poly(12-hydroxystearic acid) (PHSA) comb
polymer whose synthesis is well studied94 but is considered laborious and re-
quires a lot of experience. Despite its proven suitability as a hard sphere sys-
tem, multiple groups pointed out reproducibility problems when trying to synthe-
size particles from different PHSA batches, even when identical protocols were
followed.94–96 In search of a more controllable system, it was decided to explore
a promising alternative, namely, stabilizers based on monomethacryloxypropyl-
terminated poly(dimethylsiloxane) (PDMS-MA).97,98 In contrast to their PHSA
counterparts, these poly(dimethylsiloxane) (PDMS) stabilizers are commercially
available and, due to their reactive end-group functionalization, can be directly
copolymerized with methyl methacrylate (MMA), which greatly simplifies the
preparation. The synthesis and the influence of varying reaction conditions on
particle size and polydispersity is well documented in the literature,99 where a
potential use in electrophoretic display applications is suggested.100 For this work,
a batch of PMMA-PDMS particles was synthesized based on recipes provided
by Richez et al.100 and Hallett et al.96, as described in-depth in Publication II.
In short, as typical for a free-radical dispersion polymerization,101 a monomer
mixture consisting of MMA and PDMS-MA is dissolved in an appropriate solvent,
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2 Research Overview

Figure 2.1: Structure of monomethacryloxypropyl-terminated poly(dimethylsiloxane)
used as steric stabilizer for the described PMMA-PDMS particles, with n ≈ 130. (Re-
produced from Hallett et al.96 under the terms of the ACS AuthorChoice License.)

in this case n-dodecane. In presence of 1-octanethiol as a chain transfer agent
and azobisisobutyronitrile (AIBN) as a radical initiator a stable colloidal suspen-
sion consisting of spherical polymer particles sterically stabilized by the grafted
PDMS chains is formed. To produce suspensions suitable for light scattering ex-
periments, the particles were transferred to a refractive index matching mixture of
decahydronaphthalene (decalin) and 1,2,3,4-tetrahydronaphthalene (tetralin) with
n20

D = 1.496. Refractive index matching eliminates multiple scattering making sam-
ples appear optically transparent to the human eye. This procedure also suppresses
residual van der Waals attractions between the mesoscopic spheres,102 leaving only
excluded volume interactions, which are the defining forces for hard particles.103,104

This study partly builds upon the work of Hallett et al.96, who investigated diluted
suspensions of very similar particles via small-angle neutron scattering (SANS).
Their results essentially confirm the picture of a spherical particle with a dense
core of mainly PMMA surrounded by a layer of grafted PDMS chains extending
radially into the suspending medium. The particles prepared in this work differ
from Hallett’s particles in terms of their detailed chemical structure with regard to
the end groups: In this work, only one side of the stabilizer chain is functionalized
with a reactive end group (see Fig. 2.1), resulting in a chain grafted onto a single
anchor point on the core’s surface. In contrast, Hallett used PDMS with both
terminal ends esterified, causing the grafted chains to instead form loop-like struc-
tures, which however still provide an adequate steric stabilization. Additionally,
different to the suspensions used in this work, n-dodecane is used as the dispersion
medium in Hallett’s study, since there is no direct need to employ optical index-
matching solvents for neutrons as a probe. Since decalin and tetralin are both
hydrocarbons with comparable chemical and physical properties, a solvent mixture
of those two compounds is expected to provide a chemical environment similar to
dodecane. Apart from tetralin and decalin, halogenated hydrocarbons such as bro-
mocyclohexane, bromocycloheptane, tetrachloroethene or tetrachloromethane16

constitute popular choices as suspension media with larger mass density, especially
for colloids suitable for confocal microscopy, which requires larger particles for
the efficient tracking of particle positions in real space.36 In addition to refractive
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2.1 Characterization of a Novel Model Hard-Sphere System

Figure 2.2: Left: Schematic illustration of the PMMA-PDMS particles investigated
in this work, with a realistic ratio between the size of the PMMA core and the grafted
PDMS chains. Right: Two dimensional representation of the scattering contrast based
on the core-shell model described in the text.

index matching, this application needs solvent mixtures to also match the mass
density of the particles to prevent sedimentation. As an undesired side effect,
often, particles in halogenated media acquire surface charges, which is particu-
larly harmful in such low dielectric constant solvents (εr ≈ 10), where unscreened
electrostatic interactions become very long-ranged and even the addition of salts
such as tetrabutylammonium bromide results in Debye-Hückel screening lengths of
the order λD ≈ 100 nm, clearly not suitable to emulate hard-sphere systems with
particles on a nanometer scale.16,20,105 Surprisingly however, Kale et al.106 recently
showed that a mixture of decalin and tetrachloroethene indeed yields suspensions
of PMMA-PHSA particles suitable for confocal microscopy which quantitatively
conform to a hard-sphere fluid structure. Nevertheless, since there is no need to
employ density-matching solvents for scattering studies of submicron-sized parti-
cles, it was decided to settle for decalin-tetralin mixtures, which are a well studied
system. It is well known that tetralin, which is a somewhat good solvent for
PMMA, displays a tendency to slightly swell suspended particles due to the diffu-
sion of a fraction of the solvent molecules into the core.107,108 It is believed that
this does not affect the interaction potential between particles if the suspensions
are given enough time to equilibrate, although the effect will be noticeable when
analyzing the distribution of the scattering length density (SLD) inside the core.

2.1.2 Particle Morphology
To understand the optical properties of the synthesized PMMA-PDMS colloids
on an individual particle level which will turn out to be essential for describing
the structure and dynamics of concentrated suspensions, in Publication II, the
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particle topology is investigated by means of static light scattering (SLS) exper-
iments. It is found that the scattering properties of the individual particles can
be well described by a coarse-grained core-shell model with a constant scattering
contrast of the shell, combined with a gradient of the SLD inside the core, which
is caused by the penetration by tetralin. Fig. 2.2 shows an illustrative comparison
between a schematic, though proportionally realistic, depiction of what such a
particle might look like based on our current knowledge and the coarse-grained
representation of the SLD employed for the following form factor analysis. Within
this model, the scattering contrast profile ρ(r) as a function of the distance r from
the core center is represented by

ρ(r) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ρ0 + (ρR − ρ0)

r

Rc
, for Rc ≥ r,

ρΔ, for Rc + Δ ≥ r > Rc,

0, for r > Rc + Δ.

(2.1)

Here, Rc denotes core radius, Δ is the shell thickness, and ρ0, ρR and ρΔ respec-
tively refer to the contrast at the core center, at the core-shell boundary and inside
the shell. The single-particle scattering amplitude b(Q) can be inferred from this
contrast profile via the Fourier-Bessel transform defined in Eq. (1.2).
It is further assumed that the size distribution of the suspensions can be modeled
after the Schulz-Flory distribution109,110 with probability density function

c(R) = 1
Γ(Z + 1)

(︄
Z + 1
⟨R⟩

)︄Z+1

RZ exp
(︄

−Z + 1
⟨R⟩

R

)︄
, (2.2)

which is commonly employed to describe the molecular mass distribution of syn-
thetically prepared polymers. ⟨R⟩ denotes the average total radius of a particle and
the shape parameter Z is connected with the size dispersity, defined as the standard
deviation relative to the size average, via (⟨R2⟩ − ⟨R⟩2)1/2/⟨R⟩ = (Z + 1)−1/2.
The form factor P (Q) of such a polydisperse system is then given by an average
of the squared scattering amplitude b2(Q) over the size distribution.44,64 Following
Bartlett and Ottewill,111 the shell thickness is assumed to be constant such that
only the core size is distributed according to Eq. (2.2). This is reasonable because
the shell thickness is essentially predetermined by the average chain length of the
stabilizer. A representative form factor P (Q) obtained from a least-squares fit of
the described model to the experimentally obtained intensity of a dilute suspension
is depicted in Fig. 2.3, together with the corresponding radial contrast profile ρ(r).
Inspecting P (Q) in detail, the portrayed form factor shows a somewhat unusual
shape compared to form factors of particles with a homogeneous SLD, like in
Fig. 1.4. Form factors of optically homogeneous particles are characteristically
bounded from above by the low-wave-vector limit P (0) = 1. In contrast, the
form factor in Fig. 2.3 locally exceeds P (Q) = 1 and peaks at the finite wave
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2.1 Characterization of a Novel Model Hard-Sphere System

Figure 2.3: Top: Experimentally obtained form factor P (Q) of a dilute suspension of
the investigated PMMA-PDMS particles. The solid line is the best fit of the polydisperse
core-shell model described in the text. Bottom: Corresponding radial contrast profile
ρ(r), normalized to ρ(0). The dotted line is a guide to the eye for ρ = 0.
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2 Research Overview

vector Q ≈ 0.01 nm−1. This is the result of the contrast matching procedure,
in which the refractive index of the decalin-tetralin solvent mixture is selected
to minimize the total scattering cross-section. As a consequence, the core-shell
particles have a refractive index of the surrounding medium between that of
the PDMS shell and the PMMA core, with the forward scattering contribution
significantly reduced. The form factors of such index-matched particles with
inhomogeneous SLD distributions are explored in detail in Publication III, where
it is shown that a detailed knowledge of the optical properties of scatterers is
essential to correctly interpret scattering experiments of dense, correlated hard-
sphere suspensions.
The topological analysis is extended to particles in more concentrated suspensions
by adopting an enhanced model which also takes the hard-sphere structure of
correlated multi-component systems into account. Surprisingly, the shell thickness
is not independent of the effective hard-sphere volume fraction φeff . Instead,
the shell is observed to shrink for increasing number density. This is illustrated
in Fig. 2.4, which also shows two-dimensional representations of the scattering
contrast distribution of a dilute and a concentrated suspension to visualize the
magnitude of the shrinkage effect relative to the overall particle size. At low volume
fractions, the thickness of the shell exhibits a plateau value of 37 nm, which remains
nearly constant regardless of the volume fraction until a critical value of φeff ≈ 0.5
is reached. Beyond this point, the shell begins to shrink. In a highly concentrated
suspension at φeff = 0.59, the thickness decreases to only 25 nm. This effect is not
investigated in more detail, but it is suspected that the crowded environment in
a dense particle suspension may favor a more coiled conformation of the PDMS
polymer chains, thus reducing the overall thickness of the stabilizer layer.

2.1.3 Measurable Structure Factors of Optically
Inhomogeneous Particles

As stated in section 1.2.2, the average scattered intensity of a many particle system,

⟨I(Q)⟩ ∝
N∑︂

i,j=1
⟨bi(Q)bj(Q) exp[ıQ · (ri − rj)]⟩, (2.3)

is given by what is essentially the sum of a product of single-particle scattering
amplitudes b(Q) weighted by a phase factor exp[ıQ · (ri − rj)], which depends on
the position of two particles i and j. This general expression is now specified by
considering a multi-component system consisting of n distinct classes of particles,
where the constituents of each class are indistinguishable. The composition of the
system is specified by the number fractions xα = Nα/N , which relate the number
of particles Nα belonging to species α to the total particle count N . In such a
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2.1 Characterization of a Novel Model Hard-Sphere System

Figure 2.4: Top: False-color representation of the scattering contrast of the particles
under investigation to provide insight into the ratio of core size to shell thickness in both
dilute (left) and concentrated (right) samples. Bottom: The mean radius of the particle
cores Rcore and the shell thickness Δshell as a function of the effective hard-sphere volume
fraction φeff , with the solid lines being a guide to the eye.
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case, Eq. (2.3) can be reformulated as

⟨I(Q)⟩ ∝
n∑︂

α,β=1
(xαxβ)1/2bα(Q)bβ(Q)Sαβ(Q), (2.4)

by introducing the partial structure factors65

Sαβ(Q) = 1
(NαNβ)1/2

⟨︄
Nα∑︂
i=1

Nβ∑︂
j=1

exp [ıQ · (ri − rj)]
⟩︄

. (2.5)

As this formalism assumes mixtures with a finite number of species, continuous size
distributions like the Schulz-Flory distribution from Eq. (2.2) must be discretized
with an appropriate method. For this particular distribution, this is achieved
very conveniently by employing a technique by D’Aguanno and Klein,112 which
exploits the connection between the Schulz-Flory function and the generalized
Gauss-Laguerre quadrature rule.113 With this method, a discrete mixture of n
species is guaranteed to match the first 2n − 1 moments ⟨Rn⟩ of the continuous
distribution.
In Publication II, the experimentally obtained intensities of concentrated suspen-
sions of PMMA-PDMS particles are modeled quantitatively by using Eq. (2.4) in
conjunction with the previously described core-shell model for the single-particle
scattering properties and partial structure factors Sαβ(Q) obtained from the ana-
lytical solution of the multi-component Ornstein-Zernike equation for hard spheres
within the Percus-Yevick-closure. Because of this quantitative agreement in the
whole range of investigated volume fractions, from diluted dispersions all the way
up to the glass transition at φeff = 0.59, it is concluded that the prepared suspen-
sions can be structurally regarded as effective hard-sphere systems, thus proving
the applicability of PMMA-PDMS particles as a legitimate hard-sphere model
system.
Direct fitting of experimentally obtained intensities with such a comparatively
complex model is not necessarily the most commonly employed analysis method.
An often used approach, which is motivated by the factorization property I(Q) ∝
P (Q)S(Q) [see Eq. (1.4)] of monodisperse suspensions, is simply dividing the
intensity of an ordered sample by the intensity of a diluted, disordered dispersion
while simultaneously accounting for the difference in number densities. This gives
access to the so-called measurable structure factor SM(Q), which is then analyzed
to obtain information on the ordering of particles. It is important to recognize
that this approach would not have been suitable for investigating our particular
samples: As can be deduced from the evolution of the shell thickness with changing
volume fraction in Fig. 2.4, the form factor of a dilute suspension is in our case not
the same as in a concentrated sample. Since however, from our advanced model,
form factors for any given concentration, not just in the diluted case, can be readily
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2.1 Characterization of a Novel Model Hard-Sphere System

Figure 2.5: Measurable structure factor SM(Q) of a suspension of PMMA-PDMS
particles with an effective hard-sphere volume fraction of φeff = 0.50 and a mean radius
of ⟨R⟩ = 282 nm compared to the total structure factor Stot(Q) and a monodisperse
structure factor corresponding to the same system parameters.

accessed, SM(Q) can nevertheless be theoretically acquired from Eq. (2.4), which
results in

SM(Q) = 1
⟨b2(Q)⟩

n∑︂
α,β=1

(xαxβ)1/2bα(Q)bβ(Q)Sαβ(Q), (2.6)

where ⟨b2(Q)⟩ = ∑︁
α xαb2

α is short for the size average of the squared scattering
amplitude. In Fig. 2.5, the measurable structure factor for a sample of PMMA-
PDMS particles with φeff = 0.50 is exemplarily visualized. Therein, SM(Q) is
compared to two other structure factors: the average of the partial structure
factors (also termed total structure factor)

Stot(Q) ≡ ⟨S(Q)⟩ =
n∑︂

α,β=1
(xαxβ)1/2Sαβ(Q) (2.7)

and the structure factor of a monodisperse suspension with the same volume frac-
tion. It is evident that neither of these two structure factors accurately describes
the experimental data over the entire accessible wave-vector range.

21



2 Research Overview

-2/3 -1/3 -1/5 0
ρR/ρ0

-5

2/3

5

R
2 g
/R

2

I)

-2/3 -1/3 -1/5 0
ρR/ρ0

II)

-2/3 -1/3 -1/5 0
ρR/ρ0

III)

10−3

10−1

101

P(
Q
)

0 5 10
Q ⟨R⟩

0

1

2

S M
(Q

)

0 5 10
Q ⟨R⟩

0 5 10
Q ⟨R⟩

Figure 2.6: Breakdown of the classification of the scattering functions of spheres with
a linear contrast gradient into the three regimes introduced in the text. Each column
corresponds to a unique region. The top row depicts the reduced, squared radius of
gyration R2

G/R2 in dependence on the contrast ratio ρR/ρ0. The darker shaded area
indicates the location of the respective region labeled I), II) or III). P (Q) and SM(Q)
are shown in the middle and lower row, respectively, to indicate the variation of shapes,
depending on the contrast.
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2.1 Characterization of a Novel Model Hard-Sphere System

Necessarily, the question arises to what extent the deviation between the mea-
surable structure factor SM(Q), which is influenced by optical properties, and
the average structure factor ⟨S(Q)⟩, which contains only structural information,
depends on the specific particle model and on the polydispersity of the sample.
An in-depth analysis of the influence of optical properties of individual particles
on measurable structure factors of dense hard-sphere suspensions is conducted in
Publication III. Therein, two simplified, prototypical optically inhomogeneous
model particles are systematically investigated: Spheres with a linear profile of
the SLD as a model for particles with continuous contrast gradients and core-shell
systems as a prototype for layered particles. Based on the findings of this study it
can be concluded that the behavior of measurable structural factors in dense hard-
sphere suspensions is highly dependent on the optical properties of the individual
particles. However, this dependence is more general than expected and is not tied
to a particular particle model. Measurable structure factors can be categorized into
three different classes of shared qualitative behavior, which is visualized in Fig. 2.6
for a model particle with a linear contrast gradient. The classification is based
on the behavior of the form factor P (Q) for small wave vectors, in the so-called
Guinier region. This regime is characterized by the low-wave-vector expansion

P (Q) = 1 − R2
G

3 Q2 + O(Q4), (2.8)

which illustrates the dependence of the initial slope of P (Q) on the radius of
gyration RG. For optically homogeneous particles, RG is a characteristic quantity
related to the specific geometry of the body. As an example, the radius of gyration
of an optically homogeneous sphere is trivially related to the particle radius R by
R2

G = 3R2/5. For optically inhomogeneous particles, RG is contrarily not solely
determined by the particle geometry and should therefore be viewed in a more
abstract sense. Consider for example a sphere characterized by a linear gradient
of the SLD, with a one-dimensional contrast profile given by

ρ(r) =
⎧⎨⎩ρ0 + (ρR − ρ0)

r

R
, if 0 ≤ r ≤ R,

0, otherwise,
(2.9)

where R denotes the radius, ρ0 is the scattering contrast in the center and ρR is
the contrast at the surface of the particle. From the resulting scattering amplitude

b(Q) = 4π

[︄
ρ0

sin(QR) − QR cos(QR)
Q3 + ρR − ρ0

R

×2QR sin(QR) − [(QR)2 − 2] cos(QR) − 2
Q4

]︄
, (2.10)

with

b(0) = πR3
(︃

ρ0

3 + ρR

)︃
, (2.11)
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formally, the following expression for the radius of gyration can be derived:

R2
G = 2

5
ρ0 + 5ρR

ρ0 + 3ρR

R2. (2.12)

Clearly, RG not only depends on the radius R, but additionally on the ratio
between the two contrasts, ρR/ρ0. Plotting R2

G/R2 as a function of ρR/ρ0 results
in hyperbola-like curves (see the top row of Fig. 2.6), which can be divided into
three characteristic regions:

I) For ρR/ρ0 > −1/5, R2
G is positive and thus, the form factors P (Q) have a

negative initial slope. The form factors in this regime show a qualitative
behavior known from optically homogeneous spheres, which are included in
the model as the special case ρR/ρ0 = 1. Around its principal peak and
for lower wave vectors, SM(Q) is almost unaffected by contrast variation,
contrary to larger wave vectors, where the measurable structure factor shows
shoulder-like artifacts roughly corresponding to the locations of the form
factor minima.

II) For the contrast ratios −1/3 < ρR/ρ0 < −1/5, R2
G is negative, which techni-

cally implies that the radius of gyration RG itself becomes imaginary. The
initial decay of P (Q) is then positive and the form factors exhibit a maximum
at a finite wave vector. Interestingly, in this regime, SM(Q) shows almost no
dependence on the contrast ratio.

III) For ρR/ρ0 < −1/3, R2
G is again positive. ρR/ρ0 = −1/3 is, as evident from

Eq. (2.11), exactly the condition for which a suspension shows almost no
forward scattering and appears optically transparent. In this regime, P (Q)
is characterized by a prominent, comparatively sharp minimum at low wave
vectors, which results in the appearance of an additional low-Q maximum
in SM(Q), very reminiscent of cluster peaks found in model systems with
competing short-range attractive - long-range repulsive interactions.114,115

It is important to recall that this effect here is caused solely by the optical
properties of the system. This stresses that an uninformed inspection of
measurable structure factors without detailed knowledge of the scattering
properties of the particles can result in severe misinterpretations of structural
changes and the underlying interactions.

Although this model for particles with linear SLD gradients is a simplification of
the more complex core-shell model from Eq. (2.1) which realistically describes the
PMMA-PDMS particles, with this knowledge, the form factor from Fig. 2.3 and
SM(Q) from Fig. 2.5 can be qualitatively assessed. Furthermore, it is demonstrated
in Publication III that the height of the principal peak of SM(Q) can only be
considered as a representative order parameter within a limited range of contrasts,
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2.1 Characterization of a Novel Model Hard-Sphere System

particularly for broad size distributions. Therefore, the fact that the amplitude
of the main peak of the measurable structure factor in Fig. 2.5 coincides with the
peak amplitude of the total structure factor, which truly represents the average
structure, is purely caused by a fortuitous combination of the SLDs of the core
and the shell, and is not a given general fact.

2.1.4 Collective Short-Time Diffusion
For polydisperse systems, the field correlation function

g1(Q, t) = SM(Q, t)
SM(Q, 0) (2.13)

accessed in photon correlation spectroscopy experiments, is connected to the mea-
surable intermediate scattering function

SM(Q, t) = 1
⟨b2(Q)⟩

n∑︂
α,β=1

(xαxβ)1/2bα(Q)bβ(Q)Sαβ(Q, t), (2.14)

which acts as the dynamical extension of the measurable static structure factor
SM(Q). The experimentally observable short-time behavior of SM(Q, t) is still
characterized by the expansion SM(Q, t) = SM(Q)[1−Deff(Q)Q2t+O(t2)], however,
with a slightly different definition of the effective short-time diffusion coefficient

Deff(Q) = D0(Q)HM(Q)
SM(Q) (2.15)

where HM(Q) denotes the measurable hydrodynamic function and

D0(Q) = 1
⟨b2(Q)⟩

n∑︂
α=1

xαb2
α(Q)D0,α (2.16)

is the Stokes-Einstein diffusion coefficient weighted by the scattering amplitude
and averaged over the size distribution. Thus, contrary to the monodisperse case,
this apparent diffusion coefficient is a wave-vector-dependent quantity.
In Publication II, the effective short-time diffusion coefficient Deff(Q) is extracted
from experimentally obtained field correlation functions. Since both SM(Q) and
D0(Q) can be computed from the parameterized hard-sphere core-shell model
introduced previously, this makes the measurable hydrodynamic function HM(Q)
accessible from Deff(Q). Theoretically, HM(Q) is, analog to SM(Q), computable
when all partial hydrodynamic functions Hαβ(Q) of a multi-component system
are known. Practically however, this turns out to be a highly challenging task
and to the present day, no comprehensive theory for hydrodynamic interactions in
dense, polydisperse systems has been developed. To avoid a true multi-component

25



2 Research Overview

Figure 2.7: Experimentally obtained measurable hydrodynamic functions HM(Q) for
effective hard-sphere volume fractions ranging from 0.24 < φeff < 0.59. The solid lines
represent the results from the rescaled δγ-theory. For the glassy sample, the horizontal
dashed line is an estimate of the self part of the hydrodynamic function. The shaded
regions represent the experimental uncertainties.

treatment of HIs the measurable hydrodynamic function HM(Q) is modeled within
an effective one-component approach by using the well-known, semi-analytical
δγ-scheme proposed by Beenakker and Mazur.116,117 Any hydrodynamic function
H(Q) can be decomposed in a wave-vector-dependent distinct part and a wave-
vector-independent self part according to

H(Q) = Hs + Hd(Q) = Ds

D0
+ Hd(Q), (2.17)

with the self part Hs being equal to the short-time self-diffusion coefficient Ds
normalized by D0. The distinct part Hd(Q) can be calculated within the δγ-
scheme with knowledge of the static structure factor S(Q) and the particle volume
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fraction φ via

Hd(x) = 3
2π

∞∫︂
0

[︄
sin x′

x′

]︄
[1 + φ Sγ0(x′)]−1

×
1∫︂

−1

(1 − µ2) [S (|x − x′|) − 1] dµ dx′, (2.18)

Here, x = 2QR is a reduced wave vector with R being the particle radius and
µ = x̂ · x̂′ is the cosine of the angle enclosed by the unit vectors x̂ and x̂′. The
calculation of the function Sγ0(x) is described by Genz and Klein.118 It is found that
a combination of the δγ-scheme supplied with the average of the partial structure
factors ⟨S(Q)⟩ for the distinct part and Hs being determined by a least squares fit
already gives a quite acceptable, but not a complete quantitative representation of
the experimentally obtained hydrodynamic function. This description is improved
by introducing two empirical scaling parameters, resulting in

H(Q) = Hs + AHδγ
d (Q∗), (2.19)

with Q∗ = α(Q − Qm) + Qm, where A scales the amplitude of the distinct part
and α scales the Q-axis about the location of the principal peak Qm.
Fig. 2.7 shows experimentally determined hydrodynamic functions in an effective
hard-sphere volume fraction range of 0.24 < φeff < 0.59 alongside the theoretical
prediction from the rescaled δγ-scheme. The experimental data are accurately
described for all investigated volume fractions in the liquid-like regime and for
the entire accessible wave-vector-range within experimental accuracy, supporting
the success of the rescaling approach. In the glassy state with a packing fraction
of φeff = 0.59, the hydrodynamic function shows virtually no dependence on the
wave vector, except for a small peak that coincides with the maximum of SM(Q).
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2.2 Mode-Coupling Theory for the Quantitative
Analysis of Experiments

From both a fundamental and an applied point of view, the quantitative prediction
of the dynamics of a system from its structural features is of central importance.
Mode-coupling theory (MCT) is a popular theoretical approach for this task, since
it enables the computation of dynamic properties in terms of time-dependent corre-
lation functions based only on static, time-independent inputs12 (see section 1.2.4).
As MCT is an approximate method, the simplifications it imposes often prevent
a complete quantitative match between the theory’s predictions and properties
obtained from experiments or computer simulations.82 Even though a quantita-
tive accuracy may not be necessary when the objective is to provide fundamental
explanations of observed phenomena, predicting the characteristics of a concrete
material is crucial in practice for the guided design of complex compounds. In
the following sections, it is shown for two specialized applications that by refining
existing, well established schemes with comparatively simple modifications previ-
ously unfeasible quantitative theoretical descriptions of experimental observations
with MCT become possible.

2.2.1 Collective Dynamics and Transport Properties of Model
Hard-Sphere Suspensions

In Publication IV, the development of a mode-coupling scheme for the quantita-
tive description of the structural relaxation dynamics of the previously examined
PMMA-PDMS suspensions is outlined. The characterization of particle morphol-
ogy, size distribution, static structure and short-time diffusion has been described
in detail in the previous sections. Therefore, we can directly state our objec-
tive, which is calculating the full time dependence of the measurable intermediate
scattering function (ISF) which, as a reminder, is defined by

SM(Q, t) =

n∑︁
α,β=1

(xαxβ)1/2 bα(Q) bβ(Q) Sαβ(Q, t)
n∑︁

α=1
xα b2

α(Q)
. (2.20)

Since both the size distribution in terms of the number fractions xα and all
parameters needed to calculate the scattering amplitudes bα(Q) from the SLD-
distribution of the proposed core-shell model [Eq. (2.1)] are known quantities, this
task essentially equals finding the time dependence of the matrix of partial ISFs
S(Q, t) with elements Sαβ(Q, t).
The mode-coupling equations which determine the time-dependence of S(Q, t) for
colloidal multi-component systems without hydrodynamic interactions (HIs) read
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as78

∂

∂t
S(Q, t) + Q2DS−1(Q)S(Q, t) + D

t∫︂
0

M(Q, t − t′) ∂

∂t′ S(Q, t′)dt′ = 0, (2.21)

where D denotes the diagonal matrix of Stokes-Einstein diffusion coefficients and
M(Q, t) is the matrix of irreducible memory functions with elements

Mαβ(Q, t) = 1
16π3(ραρβ)1/2

∑︂
γγ′δδ′

∫︂
Vαγδ(Q, k)Vβγ′δ′(Q, k)

× Sγγ′(k, t)Sδδ′(|Q − k|, t) dk. (2.22)

The vertices

Vαγδ(Q, k) = Q · k
Q

δαδCαγ(k) + Q · (Q − k)
Q

δαγCαδ(|Q − k|) (2.23)

are time-independent static functions connected to the density-weighted partial
direct correlation functions

Cαβ(Q) = (ραρβ)1/2cαβ(Q) = δαβ − (S−1)αβ(Q), (2.24)

which are determined from the partial structure factors via the multi-component
Ornstein-Zernike equation.65

Nägele et al.78 present a mode-coupling model in which HIs are incorporated both
in the short-time expansion of S(Q, t) and in the memory integral. However, their
approach is only valid for dilute dispersions with comparatively large inter-particle
distances where HIs can be described by a far-field expansion of the diffusion
tensor. For dense systems, where near-field contributions cannot be neglected, the
inclusion of HIs in the memory kernel is currently not feasible.
The approach in this work is to neglect the influence of HIs on the memory
functions and to simply rescale the time dependence of S(Q, t) by a dimensionless,
effective matrix of hydrodynamic functions with elements

[Heff(Q)]αβ = δαβHs + (xαxβ)1/2Hd(Q). (2.25)

This matrix is constructed from the parameterized one-component description of
HM(Q) in Eq. (2.19). The influence of HIs at long times is thus mediated solely
through the propagation of these altered initial conditions. The validity of this
approach is supported by observations from Medina-Noyola119 and Brady120,121,
which state that the influence of HIs on the long-time relaxation for dense hard-
sphere systems turns out to be negligible beyond a shift of time scales. Supplied
with the correct input, the scheme applied in this form now reproduces the exper-
imentally observed short-time behavior of the measurable ISF SM(Q, t). In a first
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attempt to determine the full time dependence of S(Q, t), the memory function
M(Q, t) is calculated using the experimentally obtained partial structure factors
deduced from the SLS experiments. As apparent from Fig. 2.8, the structural
relaxation time is in this case found to be significantly overestimated, especially at
the highest investigated number densities. This is expected, since MCT’s tendency
to overemphasize correlations within the memory function is a widely known lim-
itation of the theory.82 To counter this trend, a heuristic modification proposed
by Amokrane et al.122 is adopted which, in short, is realized by supplying the
vertices in the memory kernel [Eq. (2.23)] with direct correlation functions C(Q)
evaluated not at the actual, experimentally observed number density, but rather
at a rescaled, effective particle volume fraction. The overestimation of dynamic
correlations is thus ad hoc countered by artificially diminishing the structural
correlations of the static input. The precise value of this effective volume fraction
is determined such that the resulting measurable structure factor SM(Q, t) best
matches the experimental outcome. The results depicted in Fig. 2.8 emphasize
the significant improvements invoked by this comparatively simple modification.
Within MCT, it is possible to derive transport properties either directly or indi-
rectly from S(Q, t). For two examples, namely, the shear viscosity η in the low
shear rate limit and the long time self-diffusion coefficients Ds

L,α, it is assessed how
well these properties can be predicted based on the parameterized scheme for the
collective dynamics without further adjustable parameters. Strikingly, for both
properties the MCT predictions excellently match with results from independent
experiments, as exemplarily displayed in Fig. 2.9 for the volume fraction depen-
dence of the long time self-diffusion coefficient Ds

L,α. These observations serve as
an important consistency test: It can be conjectured that once a mode-coupling
scheme can quantitatively model the collective dynamics of a system, transport
properties can be predicted with the same accuracy.
As a significant drawback of the empirical modification, the first-principles char-
acter of MCT is lost due to the introduction of an adjustable parameter, which
at first glance contradicts the objective of developing theories for the quantitative
prediction of experimental results solely from structural inputs. This work is con-
sidered as a demonstration of the considerable potential of MCT as a practical
method to quantitatively explain experimental findings. Simultaneously, our ob-
servations highlight the great demand for substantial theoretical advancements.
A systematic improvement of the theory, which would eventually lead MCT to
become a tool for the parameter-free, quantitative prediction of dynamical and
mechanical material properties, is a challenging endeavor.13
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Figure 2.8: (a) Experimentally observed, normalized intermediate scattering function
ϕM(Qm, t) = SM(Qm, t)/SM(Qm) in comparison to the results of the rescaled mode-
coupling scheme. Qm is the location of the principal peak of SM(Q). (b) ϕM(Qm, t)
calculated with the rescaled volume fractions compared to results from the original MCT
for the volume fractions φ = 0.24, φ = 0.38 and φ = 0.50.
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Figure 2.9: (a) Comparison between the average long-time self-diffusion coefficient ⟨Ds
L⟩

relative to the average Stokes-Einstein diffusion coefficient ⟨D0⟩ from the MCT prediction,
direct measurements by van Megen and Underwood123 on a similar model system, Stoke-
sian dynamics simulations of a hard spheres by Phung124 and a theoretical prediction
based on parameterized simulation data125 in conjunction with the factorization approxi-
mation by Medina-Noyola.119 (b) Normalized long-time self-diffusion coefficients Ds

L,α of
the individual species of a five-component mixture, representative for the experimentally
observed size distribution, in dependence on the volume fraction φ. (c) Distribution
of particle radii in relation to the mean, with each symbol in correspondence to (b).
The continuous Schulz-Flory distribution, which is approximated by the five-component
mixture, is represented by the solid line.
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Figure 2.10: Transmission electron micrograph of a pNIPAM-c-GA hydrogel. The black
spots can be identified as polymer spheres, linked by thin polymer strings. (Reproduced
from Nack et al.126 with permission of the International Union of Crystallography.)

2.2.2 Schematic Mode-Coupling Model for the
Characterization of Viscoelastic Properties of
Poly(N-isopropylacrylamide) Hydrogels

Stimuli-responsive hydrogels constitute a prominent class of smart materials whose
gelation properties can be influenced by precisely tuneable external parameters
such as temperature or pH.127 Hydrogels based on poly(N -isopropylacrylamide)
(pNIPAM)128 receive wide attention as drug delivery systems or carriers for nano-
particles,129–132 due to their lower critical solution temperature (LCST) around
32 °C133 being close to the human body temperature. In our group, pNIPAM
hydrogels cross-linked by glutaraldehyde (GA) (short pNIPAM-c-GA) were pre-
viously employed by Nack et al.126 as a viscoelastic matrix for the encapsulation
of magnetic hematite particles. The mechanical characterization of the isolated
matrix revealed that these materials show many characteristics known from glass-
forming materials,86,134 such as shear-thinning, strain overshoots in large amplitude
oscillatory shear experiments and two separated relaxation modes in the linear
viscoelastic frequency spectrum.135 Based on an inspection of transmission elec-
tron micrographs [Fig. 2.10], it can be assumed that the gel actually consists of
spherical polymer particles interconnected by thin polymer strings.
In an effort to gain an advanced understanding of the viscoelastic features of
poly(N -isopropylacrylamide) cross-linked with glutaraldehyde (pNIPAM-c-GA)
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hydrogels, the linear and non-linear rheology of these systems is studied in Pub-
lication I. To quantify the experimental observations in terms of a theoretical
model, a schematic mode-coupling scheme is introduced. This model can be re-
garded as an extension of the F

(γ̇)
12 -model developed by Fuchs and Cates136 who

adapted Götze’s famous F12-model53 for the description of rheological properties.
Frequency-dependent linear viscoelastic moduli G′(ω) and G′′(ω) and the shear-
rate-dependent viscosity η(γ̇) are determined by rheometry for three different
hydrogel samples, which share an overall polymer mass fraction of 10 % but
differ in the cross-linker content used during synthesis. The cross-linking ratio
χ = nGA/(nGA + nNIPAM) is quantified by the amount of GA relative to the total
monomer amount and the three investigated cross-linking ratios in this work are
χ = 0.025, χ = 0.05 and χ = 0.1. A set of experimentally obtained moduli and
viscosities for the three cross-linking ratios is displayed in Fig. 2.11. It is found that
Fuchs and Cates’ F

(γ̇)
12 -model is not able to accurately describe the experimentally

found frequency- and shear-rate-dependence. In short, this is due to a limitation
already present in the original F12-model (see section 1.2.4), namely, that the
critical Debye-Waller factor fc within the model cannot be varied independently
of the exponent parameter λ, as both are connected via the constraint fc = 1 − λ.
The F12-scheme, which determines the time evolution of an arbitrary correlator
Φ(t) via

1
Γ

∂

∂t
Φ(t) + Φ(t) +

t∫︂
0

m(t − t′) ∂

∂t′ Φ(t′)dt′ = 0, (2.26)

with the expansion m(t) = v1Φ(t) + v2Φ2(t), depends besides the initial relaxation
rate Γ on the two vertex coefficients v1 and v2. However, the model can also be
parameterized in a physically more appealing picture by exploiting the connection
between the vertices, the exponent parameter λ and a separation parameter ε,
which determines the deviation of the Debye-Waller factor f from its critical value
fc in the vicinity of the glass transition via

lim
ε→0+

f(ε) = fc + (1 − fc)2
√︄

ε

1 − λ
+ O(ε). (2.27)

ε serves as a general measure for the distance from a given state to the glass
transition. A commonly employed parameterization is then fixing v2 = 1/λ2 while
letting v1 = (2λ − 1)/λ2 + ελ/(1 − λ) be determined by both λ and ε. Fuchs
and Cates’ extension136 for sheared systems is the introduction of the auxiliary
function

h(t) =
⎡⎣1 +

(︄
γ̇

γ̇c
Γt

)︄2
⎤⎦−1

, (2.28)
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Figure 2.11: Dimensionless viscosity Γ(η − η∞)/vσ as a function of the dimen-
sionless shear rate γ̇/γ̇c and dimensionless storage modulus G′/vσ and loss modulus
(G′′ − ωη∞)/vσ as a function of the dimensionless angular frequency ω/Γ, all for the
three cross-linking ratios χ = 0.025, χ = 0.05 and χ = 0.1 at a constant temperature
of 20 °C. Γ is the initial relaxation rate of the correlator Φ(t), η∞ is the viscosity at
infinite shear rate and γc and vσ are heuristic parameters which respectively determine
the absolute magnitude of the shear rate and the stress.
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which depends on the shear rate γ̇ and an empirical parameter γ̇c. The memory
equation for Φ(t) then reads

1
ΓΦ̇(t) + Φ(t) + h(t)

t∫︂
0

M(t − t′) Φ̇(t′) dt′ = 0 (2.29)

with M(t) = h(t)m(t). The moduli G′(ω) and G′′(ω) and the viscosity η(γ̇) can be
derived from Φ(t) via a Green-Kubo relation,137,138 as detailed in Publication I.
It is found that the critical constraint fc = 1−λ can be lifted if instead of Eq. (2.29),
the set of coupled equations,

1
αΓΦ̇0(t) + Φ0(t) + h(t)

t∫︂
0

M0(t − t′) Φ̇0(t′) dt′ = 0 (2.30a)

1
ΓΦ̇(t) + Φ(t) + h(t)

t∫︂
0

α M0(t − t′) Φ̇(t′) dt′ = 0, (2.30b)

is employed for determining Φ(t), with M0(t) = h(t)[v1Φ0(t) + v2Φ2
0(t)]. Within

this rescaled scheme, the vertices v1 and v2 are still defined in terms of the exponent
parameter λ and the separation parameter ε, but additionally, a third parameter

α = λ

1 − λ

fc

1 − fc
, (2.31)

provides the flexibility that allows fc to be varied independently of λ. This is
illustrated in Fig. 2.12, where exemplarily, Φ(t), G′(ω) and G′′(ω) are compared
for multiple values of fc. Moreover, the parameterization of the scheme in terms of
the separation parameter ε is contrasted with an alternative parameterization in
terms of a reduced separation parameter ε∗ = α2ε, which emerges naturally when
an equivalent to Eq. (2.27) is re-derived for the modified model.
Fig. 2.11 displays least-squares fits of the rescaled F

(γ̇)
12 -model to the experimentally

obtained viscosities and linear viscoelastic moduli. Within experimental accuracy,
the rescaled schematic model quantitatively matches the observations, with the
exception of η(γ̇) at the highest strain rates, where the model predicts the onset
of a Newtonian plateau while in reality, the viscosity decreases even further, most
likely due to a secondary relaxation process which cannot be explained solely by
the shear-induced destruction of nearest-neighbor cages responsible for the primary
shear thinning. The visualized data is presented in terms of reduced coordinates
such that the physics between samples with different cross-linking ratios χ can be
compared separate from obvious changes in absolute amplitudes and time scales.
Thus, the curves in Fig. 2.11 depend precisely on three parameters, the exponent
parameter λ, the reduced separation parameter ε∗ and the critical Debye-Waller
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(a) (b)

(c) (d)

Figure 2.12: Influence of the critical Debye-Waller factor fc on the correlation functions
Φ(t) and the complex moduli G′(ω) and G′′(ω) resulting from the rescaled F

(γ̇)
12 -model

at either constant separation parameter ε or constant reduced separation parameter
ε∗ = α2ε and all for the exponent parameter λ = 0.7. While at constant ε only the
height of the plateau is influenced, the α-relaxation time increases consistently with the
plateau height if instead ε∗ is held constant.
(a) Φ(t) with ε = −1 × 10−3

(b) Φ(t) with ε∗ = −1 × 10−3

(c) G∗(ω) with ε = −1 × 10−3

(d) G∗(ω) with ε∗ = −1 × 10−3
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factor fc. As a surprising observation, all differences caused by changing cross-
linking ratios can be fully explained by variation of the critical Debye-Waller factor
fc, while both λ and ε∗ are almost unaffected by changes in χ. Physically, the
magnitude of the Debye-Waller factor is connected to the mobility of a particle
inside its nearest neighbor cage, with fc being lower the more freely a particle’s
position can fluctuate inside the cage. Based on this picture, it is astonishing that
an increased degree of cross-linking causes a decrease of fc, against the intuitive
expectation that more cross-linking should inhibit movement instead of facilitating
it. To explain this behavior, a more detailed investigation of the gel’s mesostructure
is required.
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3 Perspective
The results of this thesis motivate future investigations in several directions. Re-
garding the PDMS-PMMA colloids, the mechanisms of the compression of the
PDMS shell at high volume fractions demand further attention. To resolve this
effect in more detail, investigating particles with a larger shell-to-core ratio is a
good approach. This can be achieved either by preparing smaller particles with
the same stabilizer or by using stabilizers with a higher molecular weight. Smaller
particles would require the switch to small-angle X-ray or neutron scattering38

to adequately resolve structural features. To probe inter-particle forces in a con-
trolled fashion on a single particle level, direct-force-probing techniques like optical
tweezers139 or colloidal probe atomic force microscopy140 are adequate methods.
Laser light scattering on dense systems using a standard goniometer setup is largely
limited to refractive-index-matched dispersions. Emerging modulated 3D cross-
correlation techniques141 allow the characterization of turbid systems by overcom-
ing multiple scattering without sacrificing a high amount of speckle contrast. An
interesting complement to DLS is dynamic differential microscopy (DDM),142,143

which allows probing the dynamics of large ensembles of particles using a light
microscopy setup, also for relatively turbid samples.
From a theoretical standpoint, a major obstacle in the MCT analysis of the PDMS-
PMMA suspensions is the accurate treatment of hydrodynamics. Clearly, more
effort to develop analytic frameworks for HIs in dense, multi-component systems is
necessary. Another option is switching to model systems where HIs in polydisperse
samples are more easy to handle, for example, dilute, highly charged colloids where
multi-component theory on the well-studied Rotne-Prager level144 is still applicable.
Clearly however, then, a simplified description of HIs is traded for more complex
potential interactions, with currently no accurate analytic expression for partial
structure factors available.
The concept of empirically modified mode-coupling schemes can also be developed
further. Inspiration can be taken from the process of developing closures for the
Ornstein-Zernike relation, where it is common to approximate bridge functions in
an empirical fashion.145 The method from Amokrane et al.122 in this sense bears
resemblance to the rescaled mean spherical approximation for Yukawa systems146

or the Verlet-Weis correction for hard-sphere Percus-Yevick structure factors.147

Another interesting research direction inspired by findings of this thesis could be
further studying diffusion in correlated, continuously polydisperse systems. While
most effort is concentrated on the investigation of monodisperse suspensions or
binary mixtures, systems with continuous and purposely broad size distributions
are gaining importance in the context of glass-forming liquids, where they are
conjectured to give access to deeply supercooled states not reachable with simpler
particle mixtures.148–150
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Follow-up studies regarding the pNIPAM-hydrogels could encompass a detailed
structure analysis by means of SANS151 and direct imaging via cryo-EM.152 For a
further mechanical characterization of these systems, microrheological investiga-
tions of the local viscoelasticity inside the network could provide promising insights,
best realized with a combination of passive techniques based on, e.g., diffusing
wave spectroscopy153,154 and active friction probing via optical tweezers.155 Also
interesting would be the development of theoretically more tractable and exper-
imentally more controllable gel-forming colloidal model systems. This could be
realized by considering dispersions with combined short-range attractive and long-
range repulsive interactions156 or possibly using colloids with highly controllable
network forming capabilities via DNA-like surface functionalizations.157
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ABSTRACT
We investigate the viscoelastic properties of poly(N-isopropylacrylamide) (pNIPAM) hydrogels cross-linked with glutaraldehyde by means
of small amplitude oscillatory and steady shear experiments in dependence on the frequency and shear rate. These properties are strongly
influenced by the ratio of monomer and glutaraldehyde as a cross-linker. Due to the thermosensitivity of pNIPAM, the rheological properties
of these hydrogels can be tuned by the temperature as an external stimulus. The experimentally obtained viscosities and linear viscoelastic
moduli are analyzed by a schematic mode-coupling ansatz employing a rescaled F12-model.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0097841

I. INTRODUCTION

During the last decades, hydrogels as smart materials have
attracted large scientific interest both from the viewpoint of funda-
mental science and as a result of their manyfold applications from
the viewpoint of engineering. Due to their nonergodicity, hydrogels
are attractive model systems for the investigation of structure-
dynamics relations in soft matter.1 Hydrogels as hydrophilic poly-
mer networks are capable of incorporating large amounts of water
and, thus, are, in principle, biocompatible.2 Caused by their biocom-
patibility, hydrogels are promising smart materials for biomedical
applications,3 drug delivery,4–6 and biosensors.7

Stimuli-responsive hydrogels whose properties can be tuned by
parameters such as pH or temperature8,9 are not only for appli-
cations but also for fundamental research of special interest: The
mesoscale structure and dynamics can gradually be influenced by
these precisely tunable parameters. The most prominent thermore-
sponsive hydrogel is poly(N-isopropylacrylamide) (pNIPAM)10
with a lower critical solution temperature TLCST = 304 K close to
ambient temperature.11

Colloidal suspensions as highly defined model systems essen-
tially contributed to the theoretical understanding of structure-
dynamics relations in nonergodic systems. Structure and diffusive
motion in both hard-sphere-like model systems consisting of

PMMA12,13 and charged Yukawa systems14–16 have exhaustively
been studied. The theoretical understanding of dynamical processes
in strongly interacting colloidal systems is substantially founded on
mode-coupling theory (MCT).17–19 Later on, the use of MCT for
the prediction of rheological properties of nonergodic systems has
been established.20–24 Stimulated by these theoretical advances, the
nonlinear flow behavior of colloidal glasses has been investigated
experimentally.25–27

The viscoelastic behavior of pNIPAM hydrogels cross-linked
with glutaraldehyde has previously been described.28,29 Opposite to a
cross-linking by means of a copolymer, where permanent links con-
nect polymer chains, by the reaction of glutaraldehyde with the sec-
ondary amine functionalities of N-isopropylacrylamide (NIPAM),
hemiaminals are formed. The formation of hemiaminals with
secondary amines that cannot condense to imines in a second
reaction step is reversible in aqueous media and, thus, leads to a
fluctuating network of cross-linked microgels.

The aim of this contribution is a systematic investigation of
the frequency- and shear-rate dependent flow behavior of cross-
linked pNIPAM hydrogels and its analysis by an MCT approach.
Schematic MCT approaches such as the F12 model introduced by
Götze18 reproduce the essential relaxation behavior without a priori
knowledge of the structure factor S(Q) and, thus, are widely used
to describe rheological properties of viscoelastic systems. However,
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the classical F12-model fails to describe the rheological properties
consistently for all cross-linking ratios. Rescaled F12-models30 suc-
cessfully have been used to describe slow dynamic processes in
glass forming liquids studied by means of quasielastic scattering
methods31–34 and dielectric spectroscopy.35 In this paper, we apply a
rescaled F12-model to describe the rheological behavior of hydrogels
with different content of cross-linkers.

II. THEORETICAL BACKGROUND
A. Mode-coupling theory

Mode-coupling theory (MCT) provides a first-principles
approach for the prediction of the relaxation dynamics of glass-
forming liquids. Employing a projection-operator formalism,36–39

the time evolution of the autocorrelation function of wave-vector-
dependent density fluctuations Φ(Q, t) can be described via a
Mori–Zwanzig equation, which for colloidal systems in the over-
damped limit19 can be expressed as

1
Γ(Q)

Φ̇(Q, t) +Φ(Q, t) +
t

∫

0

m(Q, t − t′) Φ̇(Q, t′) dt′ = 0 . (1)

Within the mode-coupling approximation,17 the memory kernel
m(Q, t) is related to the number density 𝜚 and the static struc-
ture factor S(Q). The short-time dynamics is expanded in a series
Φ(Q, t) = 1 − Γ(Q) t +O(t2) with the relaxation rate Γ(Q) as initial
slope.

Schematic, wave-vector-independent models aim to capture
the phenomenology of the full MCT equations utilizing a simplified
memory kernel. An established model is the F12-model proposed by
Götze,18

1
Γ
Φ̇(t) +Φ(t) +

t

∫

0

m(t − t′) Φ̇(t′) dt′ = 0, (2)

with the expansionm(t) = v1Φ(t) + v2Φ2
(t) for the memory func-

tion. The vertices v1 and v2 of the memory kernel and the initial
relaxation rate Γ are adjustable parameters of this model.

For sufficiently small vertices, Φ(t) decays to zero display-
ing a two-step relaxation process in resemblance to the dynam-
ics of supercooled liquids, while at a critical value, a bifurcation
of the long-time limit occurs. In the latter case, a single decay
onto a nonzero plateau, called β-process, remains, while the long-
time dynamics, i.e., the α-process is frustrated as typical for the
glassy state. The long-time limit of the density correlation function
f = Φ(t →∞) is the non-ergodicity parameter or Debye–Waller
factor.

Within the F12-model, the critical vertices are related by
vc1 = (2λ − 1)/λ

2 and vc2 = 1/λ
2 to the exponent parameter λ, leading

to the critical Debye–Waller factor fc = 1 − λ within 1/2 ≤ λ < 1.18,40
For nonergodic systems, the approach and departure from

the plateau fc can be described by the universal power laws
Φ(t) ∼ fc + At−a and Φ(t) ∼ fc − B tb, where the exponents a and
b are related to the exponent parameter λ via the relation,

λ =
Γ(1 − a)2

Γ(1 − 2a)
=
Γ(1 + b)2

Γ(1 + 2b)
, (3)

with Γ(x) denoting the gamma function.41

The distance to the glass transition can be quantified by a
separation parameter ε, which satisfies the relation,

lim
ε→0+

f (ε) = f c + (1 − f c)2
√ ε

1 − λ
+O(ε), (4)

describing the deviation of the Debye–Waller factor f from the
critical Debye–Waller factor fc in the glassy state. Within the
F12-model, the separation parameter is related to the critical ver-
tices by ε = (δv1 f c + δv2 f 2c)/(1 − f c) with vi = v

c
i + δvi. Choosing

δv2 = 0 leads to v2 = v
c
2 = 1/λ

2 depending only on the expo-
nent parameter λ.25,42–44 The vertex v1 = (2λ − 1)/λ2 + ελ/(1 − λ)
depends on the separation parameter ε and the exponent parameter
λ = 1−f c in this case.

B. MCT in external shear flow
Integration through transients (ITT) is a widely used approach

to extendMCT to systems underlying a shear flow.20,21 Applying this
formalism to the F12-model leads to

1
Γ
Φ̇(t) +Φ(t) + h(t)

t

∫

0

M(t − t′) Φ̇(t′) dt′ = 0, (5)

in the case of steady-state rheology. Utilizing the auxiliary function,

h(t) =
⎡
⎢
⎢
⎢
⎢
⎣

1 + (
γ̇
γ̇ c

Γt)
2⎤
⎥
⎥
⎥
⎥
⎦

−1

, (6)

which is related to the reduced shear rate γ̇/γ̇c, the memory function
reads as M(t) = h(t)m(t). Here, γ̇ is the shear rate, and the critical
shear rate γ̇c is an additional adjustable parameter of the F12-model
for sheared systems. Note that in the limit γ̇→ 0, the expression for
the quiescent F12-model is recovered.

Within schematic MCT, the generalized shear modulus reads
with the stress vertex vσ and the high-frequency viscosity η

∞
as

G(t) = vσΦ2
(t) + η∞ δ(t), (7)

where the latter quantity η
∞

accounts for hydrodynamic interac-
tions not included in the idealized MCT. The time-dependent shear
stress σ(t) for a given shear rate γ̇(t) is accessible via a generalized,
nonlinear Green–Kubo relation,45,46

σ(t) =
t

∫
−∞

γ̇(t′)G(t − t′) dt′. (8)

Starting from this expression,

η =
σ
γ̇
=

∞

∫

0

vσΦ2
(t) dt + η∞, (9)

is obtained for the shear viscosity.
In the case of oscillatory shear experiments, a periodic shear

strain γ(t) = γ0 sin(ωt) with the amplitude of deformation γ0
results. To consider a frequency- and deformation-dependent phase
shift between stress and strain, a two-time correlation function
G(t, t′) is required due to the time-translational variance of the shear
flow.27 In the limit of small amplitudes γ0 ≪ 1, however, with a
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trivial phase relation between stress and strain, the two-time cor-
relation function depends in good approximation only on the time
difference t − t′ and, thus, can be replaced by the time correlation
function G(t − t′) as defined in Eq. (7).

The frequency-dependent complex modulus G(ω) is the
Fourier transform of the time-dependent modulus,

G(ω) = G′(ω) + ıG′′(ω) = ıω
∞

∫

0

G(t) e−ıωt dt, (10)

which leads to expressions for the storage modulus G′(ω) and the
loss modulus G′′(ω) in terms of the respective sine and cosine
transformations,

G′(ω) = ω
∞

∫

0

vσΦ2
(t) sin ωt dt, (11a)

G′′(ω) = ω
∞

∫

0

vσΦ2
(t) cos ωt dt + ωη∞. (11b)

III. RESCALED F12-MODEL IN SHEARED SYSTEMS
The discussed F12-model has been proven to accurately

describe the phenomenology of glass forming liquids, despite its
relative simplicity.25–27 There is, however, the well-known con-
straint that the exponent parameter λ and the critical Debye–Waller
factor fc cannot be varied independently of each other, lead-
ing, for example, to the inability to describe processes where a
change of fc at constant λ is assumed. As such, it is preferable to
extend the accessible parameter domain by lifting the constraint
fc = 1 − λ.

The approach in this paper is to calculate an effective correla-
tion function from a rescaled F12-model, which is similar to a class
of models previously used.47–49 For clarity, the modification of the
quiescent equilibrium model is discussed first. After that, the
approach is generalized to account for steady-state shear, which
can also be applied for oscillatory shear experiments in the linear
viscoelastic regime.

Starting from the regular F12-model,

1
Γ0

Φ̇0(t) +Φ0(t) +
t

∫

0

m0(t − t′) Φ̇0(t′) dt′ = 0, (12)

with m0(t) = v1Φ0(t) + v2Φ2
0(t), an initial correlation function

Φ0(t) can be obtained. Using this initial correlation functionΦ0(t),
a rescaled correlation function Φ1(t) is obtained by introducing a
scaling parameter α. In the rescaled F12-model, the memory kernel
reads asm1(t) = αm0(t), leading to

1
Γ1

Φ̇1(t) +Φ1(t) +
t

∫

0

αm0(t − t′) Φ̇1(t′) dt′ = 0, (13)

where time-invariance is preserved by choosing Γ1 = Γ0/α. The long-
time limit of the memory function at the bifurcation transition reads
within the rescaled F12-model as

lim
t→∞

m1,c(t) =
f 1,c

1 − f 1,c
= α

f 0,c
1 − f 0,c

= α
1 − λ
λ

. (14)

Obviously, with α = 1 the original F12-model is recovered as a special
case. In the following, for ease of notation, the subscript 1 for the
quantities referring to the rescaled schematic model is omitted.

The modification leads to the introduction of a factor α into
Eq. (4), yielding the expression,

lim
ε→0+

f (ε) = f c + (1 − f c)2 α
√ ε

1 − λ
+O(ε). (15)

This result can be obtained by rewriting Eq. (4) in terms of the
long-time limit of thememory functionm(t →∞) = f /(1 − f ), and
multiplying all memory functions with a factor α. With the reduced
separation parameter ε∗ = α2ε, an expression formally identical to
Eq. (4) is obtained. Since the exponent parameter λ is independent
of α, the exponents a and b from Eq. (3) are preserved and all scaling
relations only involving λ are identical to the original F12-model.

The MCT equations are numerically solved using common
methods.50,51 Within the rescaled F12-model, as exemplarily shown
in Fig. 1 with exponent parameter λ = 0.7 and separation para-
meter ε = −10−3, tunable critical Debye–Waller factors fc can be
obtained. Keeping λ and ε constant, both, α- and β-relaxation times
are preserved. Keeping instead λ and the reduced separation para-
meter ε∗ constant, the α-relaxation time is changed by the critical
Debye–Waller factor fc (Fig. 2): Increasing critical Debye–Waller
factors fc lead to enlarged α-relaxation times.

From this point, the extension to sheared systems is straightfor-
ward. Again introducing the auxiliary function h(t) [Eq. (6)], the set
of equations,

1
αΓ

Φ̇0(t) +Φ0(t) + h(t)
t

∫

0

M0(t − t′) Φ̇0(t′) dt′ = 0, (16a)

1
Γ
Φ̇(t) +Φ(t) + h(t)

t

∫

0

αM0(t − t′) Φ̇(t′) dt′ = 0, (16b)

FIG. 1. Correlation functions Φ(t) resulting from the rescaled schematic model
[Eq. (13)] for selected critical Debye–Waller factors fc at constant exponent
parameter λ = 0.7 and separation parameter ε = −1 × 10−3. The function with
fc = 1 − λ = 0.3 corresponds to the original F12-model [Eq. (2)].
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FIG. 2. Correlation functions resulting from the rescaled schematic model [Eq. (13)]
for selected critical Debye–Waller factors fc at constant exponent parameter
λ = 0.7 and reduced separation parameter ε∗ = α2ε = −1 × 10−3. The function
with fc = 1 − λ = 0.3 corresponds to the original F12-model [Eq. (2)].

withM0(t) = h(t)m0(t) is obtained.
Storage and loss moduli G′(ω) and G′′(ω) resulting from the

rescaled F12-model at constant exponent parameter λ = 0.7 are dis-
played in Figs. 3 and 4. In Fig. 3, a constant separation parameter
ε = −10−3 is used, while in Fig. 4, a constant reduced separation
parameter ε∗ = −10−3 is assumed.

As expected from the correlation functions in Figs. 1 and 2,
where the β-relaxation time is not influenced by the critical
Debye–Waller factor fc, the maximum of the high-frequency loss
peak associated with the β-process is independent of the fre-
quency ω. At constant separation parameter ε, the α-relaxation

FIG. 3. Frequency-dependent storage modulus G′ (solid lines) and loss modu-
lus G′′ (dashed lines) resulting from the rescaled schematic model [Eq. (13)] for
selected critical Debye–Waller factors fc at constant exponent parameter λ = 0.7
and separation parameter ε = −1 × 10−3. The functions with fc = 1 − λ = 0.3
correspond to the original F12-model [Eq. (2)].

FIG. 4. Frequency-dependent storage modulus G′ (solid lines) and loss modu-
lus G′′ (dashed lines) resulting from the rescaled schematic model [Eq. (13)] for
selected critical Debye–Waller factors fc at constant exponent parameter λ = 0.7
and reduced separation parameter ε∗ = α2ε = −1 × 10−3. The functions with
fc = 1 − λ = 0.3 correspond to the original F12-model [Eq. (2)].

time related to the low-frequency loss peak is practically inde-
pendent of fc and, thus, the maximum of the low-frequency
loss peak is nearly frequency-independent. Opposite, when the
α-relaxation time depends on the critical Debye–Waller factor at
constant reduced separation parameter ε∗, the low-frequency loss
peak’s maximum strongly depends on the frequency. The plateau
of the storage modulus increases with the critical Debye–Waller
factor fc as well as the low-frequency loss peak’s amplitude. In
contrast, the high-frequency loss peak’s amplitude decreases with
rising fc.

IV. EXPERIMENTAL
A. Sample preparation

Poly(N-isopropylacrylamide) (pNIPAM) hydrogels are syn-
thesized via emulsion polymerization of N-isopropylacrylamide
(NIPAM) in the presence of glutaraldehyde (GA) as a cross-linking
agent, as described in Ref. 28. By the addition of GA, a network of
interconnected spherical polymer particles is obtained,52 as visible in
TEM micrographs.28 By variation of the molar ratio of NIPAM and
GA during synthesis, the cross-linking ratio,

χ =
nGA

nGA + nNIPAM
, (17)

can be adjusted. In this paper, hydrogels with three different cross-
linking ratios χ = 0.025, χ = 0.05 and χ = 0.1 are investigated. After
synthesis, the gels were purified by dialysis against deionized water
for at least one week and concentrated to a volume of around
100 ml via vacuum evaporation. The polymer mass fraction w
was determined gravimetrically. Subsequently, the water content
of each hydrogel was adjusted by dilution with deionized water to
obtain a final polymer mass fraction of w = 0.1. Since the mass den-
sity of pNIPAM is approximately identical to that of the majority
compound water, the mass fraction w is practically identical to the
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volume fraction φ. To ensure homogeneity, the samples, after stir-
ring, were left for at least one week for equilibration before any
experiment.

B. Rheology
Rheological experiments were performed using an MCR 302

Rheometer (Anton Paar) in cone-plate geometry with a cone dia-
meter of d = 25mm. For the least viscous gel with cross-linking ratio
χ = 0.1, a cone with a diameter of d = 50 mm was used to increase
the torque sensitivity. Employing a PT 100 sensor for temperature
control in the center of the bottom plate, combined with a Peltier
hood to minimize solvent evaporation, a temperature stability better
than ΔT = ±0.05 K was achieved. The less viscous hydrogel sam-
ples with cross-linking ratios χ = 0.1 and χ = 0.05 were applied to
the bottom plate using a pipette with an enlarged tip, while sam-
ples with χ = 0.025 had to be loaded with help of a spatula. To erase
loading history and to ensure sample homogeneity, all gels were
subjected to rotational shear with a shear rate of γ̇ = 100 s−1 until
the monitored viscosity remained constant. Prior to any experiment,
each sample was pre-sheared with a shear rate of γ̇ = 100 s−1 for
60 s followed by a resting period of 5 min. Experiments were con-
ducted for each sample at four temperatures in a range between
ϑ = 10 ○C and ϑ = 25 ○C. Frequency sweeps from ω = 100 rad s−1

to ω = 0.01 rad s−1 were performed to probe the linear viscoelas-
tic response of the hydrogels. The optimal strain amplitude γ0 was
determined from preliminary tests for each sample and was fixed to
γ0 = 0.05 for χ = 0.1, whereas γ0 = 0.01 was used for gels with smaller
cross-linking ratios. The steady-state viscosity η was measured for
shear rates 1000 ≥ γ̇ ≥ 0.001 s−1.

V. RESULTS AND DISCUSSION
Storage moduli G′(ω) and loss moduli G′′(ω) from frequency

sweeps and the dynamic viscosity η(γ̇) from flow curve measure-
ments were determined for three different cross-linking ratios at

four temperatures each. For each cross-linking ratio χ, the model
[Eqs. (16)] discussed in Sec. III is fitted to the experimental data at
all temperatures simultaneously using an unweighted least-squares
fit algorithm employing the following constraints: The exponent
parameter λ was determined from preliminary fits and was fixed
to a value of λ = 0.815 for the actual fits. This is above the value
calculated for hard sphere suspensions53,54 of λ ≈ 0.76, where the
dynamic arrest is governed by packing effects. Values higher than
that are typical for systems where different mechanisms for dynamic
arrest compete with each other,55 like in systems with attractive short
range interactions,56,57 or asymmetric binary mixtures.58 The critical
Debye–Waller factor fc and the stress vertex vσ are assumed only to
depend on the cross-linking ratio but not on the temperature. The
remaining parameters, the separation parameter ε, the relaxation
rate Γ, the critical shear rate γ̇c, and the high frequency viscosity η

∞

are fitted without constraints. The optimum fit parameters are com-
piled in Table I. For the largest cross-linking ratio χ = 0.1, the separa-
tion parameter ε could not reliably be determined because the sepa-
ration parameter mostly influences the α-relaxation, which occurs
for this specific sample at frequencies below the experimentally
observable frequency range. Opposite, for the sample with the lowest
cross-linking ratio χ = 0.025 the high-frequency limit η

∞
could not

reliably be determined, since for this sample hydrodynamic effects
become important at frequencies beyond the experimentally accessi-
ble frequency range. Experimentally determinedmoduli and viscosi-
ties for all investigated temperatures together with fits employing
the rescaled F12-model are displayed in the supplementary material
(Sec. S-I).

A. Viscosity and viscoelastic moduli
The measured frequency-dependent linear viscoelastic

response of the hydrogels is exemplarily shown in Fig. 5 for all
three cross-linking ratios. All samples show behavior typical for
glass forming liquids and both, the elastic, and the viscous response
can be described well with the rescaled F12-model over nearly the

TABLE I. Optimum fit parameters and uncertainties resulting from the rescaled, schematic model [Eq. (16)] used to describe viscoelastic moduli and viscosity for three cross-
linking ratios χ at four different temperatures ϑ.

χ ϑ [○C] λ fc ε × 103 ε∗ × 103 Γ [s−1] vσ [Pa] γ̇c [s−1] η
∞
[Pa s]

0.025

10

0.815a 0.169(6)

−3.02(22) −2.4(4) 200(40)

1390(120)

74(16)

N/Ab15 −2.10(18) −1.69(29) 260(50) 125(26)
20 −1.81(16) −1.45(26) 350(60) 180(40)
25 −1.28(12) −1.03(19) 500(90) 510(100)

0.050

10

0.815a 0.0575(15)

−15.9(11) −1.15(15) 5.7(4)

53.7(23)

53(10) 1.27(10)
15 −16.3(10) −1.18(14) 7.5(6) 78(15) 1.01(9)
20 −14.1(8) −1.02(12) 9.7(8) 107(20) 0.78(8)
25 −6.7(5) −0.48(7) 12.4(10) 340(50) 0.60(7)

0.100

10

0.815a 0.0134(5) N/Ac N/A

11.0(7)

4.72(27)

4.4(18) 0.446(19)
15 15.5(9) 4.0(11) 0.363(15)
20 21.2(13) 5.2(13) 0.288(11)
25 31.0(19) 2.5(6) 0.252(9)

aFixed value determined from preliminary fits.
bSet to η

∞
= 0 Pa s in the respective plots.

cSet to ε = −5 × 10−3 in the respective plots.
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FIG. 5. Experimentally determined stor-
age modulus G′ (l.h.s) and loss mod-
ulus G′′ (r.h.s) as functions of angular
frequency ω for three cross-linking ratios
χ at ϑ = 20 ○C. The dashed lines are
fits employing the schematic model
[Eq. (16)].

full investigated frequency range with minor deviations, especially
at higher temperatures. With increasing cross-linking ratio χ,
the overall magnitude of storage modulus G′ and loss modulus
G′′ decreases. Furthermore, increasing χ results in a transition
from a viscoelastic solid to a liquid-like gel. This also implies
that G′ and G′′ decay more rapidly with decreasing frequency for
higher cross-linking ratios. As such, the disparity between gels
with different cross-linking ratios is more pronounced at lower
frequencies.

Viscosity flow curves for different cross-linking densities are
displayed in Fig. 6. Analogous to the linear viscoelastic moduli, the
overall magnitude of the viscosity η is lowered for higher cross-
linking ratios χ. All samples feature shear-thinning behavior, with
the effect more noticeable for lower χ. For high shear rates, the
viscosity reaches a similar order of magnitude for all investigated
samples. For shear rates γ̇ ≲ 1 s−1, the measured viscosity can be
described reasonably with the schematic MCT model. For higher
shear rates, the theoretical prediction deviates from the measured

FIG. 6. Experimentally determined viscosity η as a function of shear rate γ̇ for
three cross-linking ratios χ at ϑ = 20 ○C. The dashed lines are fits employing the
schematic model [Eq. (16)].

data as the model predicts the decay to a second Newtonian plateau
for the given range of shear rates, while, in fact, a prolonged decay to
even lower viscosities is observed. For the highest cross-linking ratio
χ = 0.1, the formation of an intermediate plateau is visible. As such,
there appears to be evidence that for steady-state shearing, a sec-
ondary relaxation process, which cannot be described by ideal MCT
emerges at high shear rates.

Given the success of the employed model to describe the exper-
imental data, the observed effects can be interpreted in terms of the
model parameters. The stress vertex vσ scales the overall magnitude
of both the viscoelastic moduli and the viscosity. vσ is, therefore,
strongly dependent on the cross-linking ratio χ and a systematic
decrease of vσ with rising χ is apparent. Surprisingly, the relaxation
rate Γ does not change systematically with varying cross-linking
ratio. While Γ is significantly larger for χ = 0.025, the rates of the
other two samples are of the same order of magnitude where, in
fact, the lowest rates are observed for the intermediate cross-linking
ratio χ = 0.05. The critical shear rate γ̇c only affects the relative
scale of the viscosity’s shear-rate dependence. As γ̇c is greater for
lower cross-linking densities, for these samples similar effects are
observed at higher shear rates. The high frequency viscosity η

∞

has influence on both, the steady-state viscosity at high shear rates,
and the viscoelastic moduli at high frequencies. However, as was
pointed out previously, the model does not account for the mea-
sured viscosity at high shear rates for our samples, so that η

∞
is

solely determined by the high-frequency behavior of the loss modu-
lus G′′, adding the heuristic term ωη

∞
to the MCT prediction. For

χ = 0.025, η
∞

could not be estimated reliably. This parameter
depends moderately on χ and is slightly reduced for higher
cross-linking densities.

Employing the dimensionless moduli G′/vσ , (G′′ − ωη∞)/vσ
and the dimensionless frequency ω/Γ, the frequency-dependent
response can be displayed independently of any scaling parameters
(Fig. 7). The experimental data are located in an intermediate region
between α- and β-process as clearly visible in this representation cov-
ering an extended range of frequencies. With this reduction, it is
apparent that all samples approximately share the same qualitative
high-frequency behavior, whereas differences between cross-linking
ratios appear most prominently at low frequencies. Hence, the cross-
linking ratio essentially influences the Debye–Waller factor fc, i.e.,
the height of the G′-plateau. Similarly, using a reduced shear rate
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FIG. 7. Dimensionless storage mod-
ulus G′/vσ (l.h.s) and loss modulus
(G′′ − ωη

∞
)/vσ (r.h.s) as functions

of dimensionless angular frequency
ω/Γ for three cross-linking ratios χ at
ϑ = 20 ○C. The dashed lines are
fits employing the schematic model
[Eq. (16)].

γ̇/γ̇c, a dimensionless viscosity Γ(η − η
∞
)/vσ can be defined as

displayed in Fig. S-7 in the supplementary material. The experimen-
tal data deviate from the model fits for high shear rates and the
reduction does also not lead to superimposition of the experimental
high-shear-rate data.

The only quantities changing with cross-linking ratio are the
separation parameter ε and the critical Debye–Waller factor fc as
the exponent parameter λ is assumed to be approximately constant
for all χ. The critical Debye–Waller factor fc strongly depends on
the cross-linking ratio and decreases with rising χ. In the picture of
MCT this means that for highly cross-linked gels, most of the den-
sity fluctuations decay during the β-relaxation, such that the cage
dynamics typical for supercooled glass forming liquids are actu-
ally more pronounced for samples with lower cross-linking. As ε
could not be determined for χ = 0.1 reliably, only two cross-linking
ratios can be compared. The absolute value of ε is diminished at
the lower cross-linking ratio, indicating an approach to a dynamic
arrest of slow modes. This is consistent with the observed overall
increase of viscoelastic features for lower cross-linking ratios. Curi-
ously, the scaled separation parameter ε∗ is of the same order of
magnitude for both samples, giving the impression that ε∗ might be
more suitable to quantify the approach to an ideal freezing transition
when comparing different cross-linking ratios. With this assump-
tion, the differences between samples beyond scaling parameters
are mostly characterized by a change of the critical Debye–Waller
factor fc.

B. Temperature dependence
Due to the thermoresponsivity of pNIPAM, the rheological

properties of these hydrogels sensitively can be tuned via the temper-
ature as an external stimulus. The temperature-dependence of the
viscosity and the linear viscoelastic moduli can for the most part be
expressed through the three scaling parameters Γ, γ̇c, and η

∞
. The

assumption that the stress vertex vσ is temperature-independent is
rather to keep the model as simple as possible and to avoid cor-
relations between the parameters than by physical intuition. Since
the high-shear-rate viscosity η

∞
and the rates Γ and γ̇c all describe

thermally activated dynamic processes, within a limited temperature
range, a constant activation energy Ea can be determined employing
an Arrhenius-type equation,

A(T) = A0 exp(±
Ea
RT
), (18)

with the minus sign for the rates Γ and γ̇c and the plus sign for
the viscosity η

∞
. As exemplarily demonstrated in Fig. 8, the model

parameters follow this behavior quite well, slightly deviating values
are found only for temperatures close to the lower critical solution
temperature of pNIPAM at ∼304 K. Apparent activation energies Ea
determined from least squares fits are compiled in Table II. Acti-
vation energies for all parameters are approximately of the same
order of magnitude. Comparing different cross-linking densities, the
most apparent variation of Ea with cross-linking ratio arises for the
reciprocal critical shear rate γ̇−1c , where more cross-linking leads to
a lower activation energy and, therefore, less variation of γ̇c with
temperature. Opposite, the parameters η

∞
and Γ only moderately

depend on the cross-linking ratio χ.

FIG. 8. Arrhenius plots of the high-frequency viscosity η
∞

, the reciprocal relax-
ation rate Γ−1, and the reciprocal critical shear rate γ̇−1

c , exemplarily shown for
χ = 0.05. The lines indicate least-squares fits of the data employing Eq. (18),
where for the determination of the activation energy resulting from γ̇−1

c only the
data obtained at the three lowest temperatures is considered.
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TABLE II. Activation energies Ea and uncertainties determined from the temperature
dependence of the reciprocal relaxation rate Γ−1, the reciprocal critical shear rate
γ̇−1
c , and the high-frequency viscosity η∞ employing Eq. (18).

Ea [kJ mol−1]

χ Γ−1 γ̇−1c η
∞

0.025 38.8(24) 60(5) N/A
0.05 36.5(6) 48.1(24) 33.7(16)
0.1 45.2(6) 16(14) 30.6(14)

Qualitative changes in rheological behavior beyond scaling of
magnitudes can be described by variation of the separation para-
meter ε∗, whose absolute value decreases with higher temperature,
which actually implies an increase of viscoelastic features with ris-
ing temperatures. This is unexpected when comparing this behavior
to concentrated suspensions of only intra-cross-linked spherical
pNIPAM microgels, where an increase in temperature reduces the
hydrodynamic radius of these particles, which in turn leads to a
decrease of the effective volume fraction of the system.25,26 The
mesostructural reason for this effect is still unknown, since for our
system of inter-cross-linked microgels effects beyond the effective
hydrodynamic radius influence the rheological properties. Increas-
ing temperature leading to faster fluctuations of the hemiaminal
cross-links is a possible reason.

VI. CONCLUSIONS
Hydrogels consisting of cross-linked pNIPAM are interesting

model systems for the investigation of the nonergodicity of soft
matter. Due to its thermosensitivity, the structural and dynamic
properties of these systems are tunable by the temperature as an
external stimulus. Themost prominent property of hydrogels is their
viscoelasticity that can be characterized employing steady-state as
well as oscillatory shear experiments in dependence on the shear rate
γ̇, frequency ω, and amplitude of deformation γ0.

The rheological properties of hydrogels depend both on the
polymer volume fraction φ and the cross-linking ratio χ. Here, we
investigated at constant volume fraction φ ≈ 0.1 the influence of the
cross-linking ratio χ.

Using a schematic mode-coupling approach with a rescaled
F12-model, a consistent description of the here described rheologi-
cal properties in dependence on both, temperature and cross-linking
ratio is possible. In contrast to the original F12-model proposed by
Götze,18 within the rescaled variant, the critical Debye–Waller factor
fc can be adjusted by a scaling parameter α. Since the cross-linking
ratio χ strongly influences the critical Debye–Waller factor fc, the
original F12-model is not capable to describe the steady-state vis-
cosity and frequency-dependent complex moduli for all investigated
cross-linking ratios.

Unexpectedly, the elasticity of these hydrogels increases with
rising temperature and therewith approach to the lower critical
solution temperature. This effect is more pronounced with decreas-
ing cross-linking ratio χ. To identify the mesostructural reason for
this unexpected temperature dependence, further experiments are
required. Here, small angle neutron scattering (SANS) would be a
method of choice to get structural information on relevant length
scales in dependence on the temperature.

SUPPLEMENTARY MATERIAL

See the supplementary material for experimentally determined
viscosities and viscoelastic moduli in the linear viscoelastic regime at
different temperatures (Sec. S-I) and shear-rate-dependent reduced
steady state viscosity (Sec. S-II).
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S-I. TEMPERATURE DEPENDENCE OF SHEAR VISCOSITY AND VISCOELASTIC MODULI
IN THE LINEAR VISCOELASTIC REGIME
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FIG. S-1. Experimentally determined viscosity η as a function of shear rate γ̇ for four temperatures T at cross-linking ratio
χ = 0.025. Dashed lines are fits employing the schematic model [Eq. (16)].
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FIG. S-2. Experimentally determined viscosity η as a function of shear rate γ̇ for four temperatures T at cross-linking ratio
χ = 0.05. Dashed lines are fits employing the schematic model [Eq. (16)].
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FIG. S-3. Experimentally determined viscosity η as a function of shear rate γ̇ for four temperatures T at cross-linking ratio
χ = 0.1. Dashed lines are fits employing the schematic model [Eq. (16)].
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FIG. S-4. Experimentally determined storage modulus G′ (l.h.s) and loss modulus G′′ (r.h.s) as functions of angular frequency ω
for four temperatures T at cross-linking ratio χ = 0.025. Dashed lines are fits employing the schematic model [Eq. (16)].
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FIG. S-5. Experimentally determined storage modulus G′ (l.h.s) and loss modulus G′′ (r.h.s) as functions of angular frequency ω
for four temperatures T at cross-linking ratio χ = 0.05. Dashed lines are fits employing the schematic model [Eq. (16)].
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FIG. S-6. Experimentally determined storage modulus G′ (l.h.s) and loss modulus G′′ (r.h.s) as functions of angular frequency ω
for four temperatures T at cross-linking ratio χ = 0.1. Dashed lines are fits employing the schematic model [Eq. (16)].
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S-II. SHEAR-RATE DEPENDENT, DIMENSIONLESS STEADY STATE VISCOSITY
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FIG. S-7. Dimensionless viscosity Γ(η− η∞)/vσ as a function of dimensionless shear rate γ̇/γ̇c for three cross-linking ratios χ
at ϑ = 20 ℃. The dashed lines are fits employing the schematic model [Eq. (16)].
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Structure and short-time diffusion of concentrated
suspensions consisting of silicone-stabilised PMMA
particles: a quantitative analysis taking polydispersity
effects into account

Joel Diaz Maier and Joachim Wagner *

We characterise structure and dynamics of concentrated suspensions of silicone-stabilised PMMA

particles immersed in index-matching decalin–tetralin mixtures by means of static and quasielastic light

scattering experiments. These particles can reproducibly be prepared via a comparatively easy route and

are thus promising model systems with hard-sphere interaction. We demonstrate the hard-sphere

behaviour of dense suspensions of these systems rigorously taking polydispersity effects into account.

Structure factors S(Q) can in the entire range of volume fractions with liquid-like structure quantitatively

be modelled using a multi-component Percus–Yevick ansatz regarding the particle size distribution and

the form factor assuming a core–shell model with a scattering length density gradient in the PMMA

core. Herewith, hydrodynamic functions H(Q) are in the whole accessible Q-range beyond the second

maximum of H(Q) quantitatively modelled using a rescaled dg-approach for all investigated volume

fractions. With these data, previously provided characterisation of dilute systems is extended: the

excellent agreement of structural and dynamic properties with theoretical predictions for hard spheres

demonstrates the suitability of these particles as a model system for hard spheres.

1 Introduction

Colloidal suspensions have attracted wide interest as highly
defined and tunable model systems for the investigation of
condensed matter. The hard-sphere model is of special interest,
as it describes, despite its simplicity, the most fundamental
properties of dense, simple liquids with a dominating repulsive
interaction potential.1,2 Initiated by the pioneering work of
Pusey and van Megen,3,4 suspensions of sterically stabilised
poly(methyl methacrylate) (PMMA) particles in non-polar sol-
vents are the most commonly used colloidal model systems for
experimental studies of hard spheres, which encompass inves-
tigations of the bulk phase behaviour,3,5 the fluid structure,
both in reciprocal space via scattering experiments6,7 and in real
space via microscopy,8–10 structure-dynamics relations,11–14

crystalline15,16 and glass-like17–22 structures as well as the study
of non-equilibrium phenomena such as sedimentation under
gravity23 or rheological properties.24,25

Synthesis via dispersion polymerisation26 yields particles
which are composed of a solid PMMA core, surrounded by a
shell of stabiliser molecules, whose steric hindrance prevents
the aggregation of particles upon close contact, leading to steep

repulsive forces. The most commonly employed stabiliser is a
poly(12-hydroxystearic acid) (PHSA) comb polymer whose
synthesis is well studied27 but nevertheless considered difficult
and a major obstacle for a reproducible particle synthesis with
the detailed complications being described in depth
elsewhere.28,29

In the pursuit of alternatives, a class of poly(dimethyl-
siloxane) (PDMS)-based stabilisers recently gained attention.
Unlike their PHSA counterpart, these PDMS-stabilisers are
commercially available and can directly be copolymerised with
MMA due to their reactive end-group functionalisation which
considerably simplifies the preparation of suspensions. The
synthesis of these PMMA–PDMS particles and the influence of
varying reaction conditions on the particle size and polydisper-
sity is well documented.30,31 In a recent small-angle neutron
scattering (SANS)-study,29 the particles were confirmed to exhi-
bit a core–shell structure analogue to the well known PMMA–
PHSA colloids. Furthermore, the study revealed several char-
acteristics of the novel dispersions: The size distribution of
submicron-sized particles suitable for scattering experiments is
generally slightly broader and the stabiliser shell is slightly
thicker than for PMMA–PHSA particles of comparable size.
On the other hand, there is an enhanced difference of the
scattering contrast between the core and the shell, which
generally enables a clearer determination of the scattering form
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factor. It is worth mentioning that the shell thickness and thus
the core-to-shell ratio of these particles can to a certain degree
be tuned by employing PDMS-stabilisers with different mole-
cular weight. Particles of this type are already adopted in
multiple studies concerning the gelation of colloid-polymer
mixtures,32–36 the formation of crystalline structures37 or the
particle transport in microfluidic channels.38

In comparison to the established, thoroughly characterised
PMMA–PHSA colloids, studies of PDMS-stabilised particles’
topology and dynamics are rather limited. In this work, we
investigate structure-dynamics relations of these particles in
dense, fluid-like suspensions via static and dynamic light
scattering. By studying concentrated systems, not only infor-
mation on the particle morphology, but also on their local
ordering is attainable from the scattered intensity. Thus, by
comparing experimentally obtained static structure factors with
theoretical predictions, the suitability of PDMS-stabilised
PMMA particles as a hard-sphere model system can be tested.
Dynamic scattering experiments give access to the wavevector-
dependent diffusion of the particles which is influenced both
by potential and solvent-mediated, hydrodynamic interactions.
By investigating the relation between structural and hydro-
dynamic features, it can be assessed if the hard-sphere character
of these particles also manifests itself in the hydrodynamics of the
system.

2 Theoretical background
2.1 Scattering of polydisperse particles

Consider a multicomponent system consisting of n distinct
species of isotropically interacting, spherical particles, where
the composition is specified by the number fraction xa = Na/N,
which is the ratio of the number of particles Na of species a
to the total number of particles N. For such a system, the
wavevector-dependent mean intensity,

IðQÞ /
Xn
a;b¼1

ðxaxbÞ1=2baðQÞbbðQÞSabðQÞ; (1)

probed in a static scattering experiment, is proportional to the
weighted sum of the scattering amplitudes ba(Q), describing
the scattering function of a single particle of species a, and the
partial structure factors Sab(Q), representing interparticle
correlations.39 The scattering amplitude

baðQÞ ¼ 4p
ð1
0

raðrÞr2
sinðQrÞ
Qr

dr (2)

is given by the Fourier–Bessel transform of the scattering
contrast ra(r), which for light scattering is proportional to the
difference between the refractive index of the particle and the
refractive index of the surrounding medium. The partial struc-
ture factors can in principle be retrieved from computer simu-
lations or by employing integral equation schemes. For hard
spheres, an analytical solution for Sab(Q) for an arbitrary
number of components can be obtained by solving the

multicomponent Ornstein–Zernike equation employing the
Percus–Yevick closure.40–43

In the absence of particle interactions, with Sab(Q) = dab,
where dab denotes the Kronecker symbol, eqn (1) reduces to

b2ðQÞ ¼
Xn
a¼1

xaba
2ðQÞ; (3)

the squared scattering amplitude averaged over the size dis-
tribution. Similar to a monodisperse system, formally, the
factorisation I(Q) p P(Q)SM(Q) into the normalised average

form factor PðQÞ ¼ b2ðQÞ
.
b2ð0Þ and the measurable structure

factor,

SMðQÞ ¼ b2ðQÞ
h i�1 Xn

a;b¼1

ðxaxbÞ1=2baðQÞbbðQÞSabðQÞ (4)

can be employed for polydisperse suspensions. This structure
factor is experimentally accessible by dividing the scattered
intensity of a concentrated suspension by the intensity of a
diluted system, weighted by the concentration ratio of the two
samples. Within this procedure, special care has to be taken
that the particle morphology in the concentrated sample is the
same as in the diluted state. SM(Q) is influenced not only by the
interparticle correlations but also by the scattering properties
on a single particle level, which also means that samples with
the same particle interactions but different form factors yield
disparate measurable structure factors. A measure for the
overall local ordering of the suspension, irrespective of the
individual particle sizes and shapes, is the total structure
factor,

StotðQÞ ¼
Xn
a;b¼1

ðxaxbÞ1=2SabðQÞ; (5)

which is independent of the scattering amplitudes.
For the particle size distribution, a reasonable choice for

polymeric colloids is given by the Schulz–Flory distribution,
originally derived to describe the molecular weight distribution
of polymers,44,45

cðRÞ ¼ 1

GðZ þ 1Þ
Z þ 1

R0

� �Zþ1

RZ exp �Z þ 1

R0
R

� �
(6)

as the probability density function (pdf) of the total particle
radius R, where G(x) denotes the Gamma function. R0 = hRi is
the mean radius and the parameter Z is related to the poly-
dispersity p of the suspension as p2 = (hR2i � hRi2)/hRi2 = 1/(Z +
1). We discretise the pdf to a more tractable n-component
mixture, where the radii and number fractions for the resulting
histogram are chosen such that the first 2n � 1 moments of the
discrete and the continuous distribution match. This is essen-
tially the application of an n-point Gaussian quadrature rule to
integrate over the size distribution. For the Schulz–Flory dis-
tribution in particular, the roots of the generalised Laguerre
polynomials can be employed.46,47 Because of the rather small
wavevector range accessible in static light scattering experiments,
only a small number of nodes is necessary for convergence.
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2.2 Short-time dynamics and hydrodynamic function

Photon correlation spectroscopy probes dynamical properties
by analysing the time-dependent fluctuations of the scattered
intensity I(Q,t). The normalised measurable intermediate scat-
tering function (ISF) FM(Q,t) = SM(Q,t)/SM(Q,0) is accessible
from the intensity correlation function g2(Q,t) accessed in a
homodyne dynamic scattering experiment. For ergodic systems,
g2(Q,t) is connected to FM(Q,t) by the Siegert relation,48

g2ðQ; tÞ ¼ hIðQ; 0ÞIðQ; tÞit
hIðQ; 0Þit2

¼ 1þ bðQÞFM
2ðQ; tÞ; (7)

where the factor b(Q) depends on the coherence properties of the
radiation and the detector’s aperture. The angular brackets h. . .it
denote a time average. Similar to eqn (4), SM(Q,t) is related to the
scattering amplitudes ba(Q) and the partial ISFs Sab(Q,t):

SMðQ; tÞ ¼ b2ðQÞ
h i�1 Xn

a;b¼1

ðxaxbÞ1=2baðQÞbbðQÞSabðQ; tÞ: (8)

In the short-time regime, for correlation times larger than the
momentum relaxation time but smaller than the structural relaxa-
tion time, the particles exhibit simple translational Brownian
motion and the normalised ISF is characterised by the expo-
nential form

FM(Q,t) = exp[�Deff(Q)Q
2t], (9)

with an effective, collective diffusion coefficient Deff(Q), which
for polydisperse samples can be written as

DeffðQÞ ¼ D0ðQÞHMðQÞ
SMðQÞ ; (10)

and is also called extended de Gennes relation.39,49 Here,D0ðQÞ
denotes the mean Stokes–Einstein diffusion coefficient, which
can be expressed as a weighted average of the diffusion
coefficients of the single species,

D0ðQÞ ¼ b2ðQÞ
h i�1Xn

a¼1

xaba
2ðQÞD0;a; (11)

with

D0;a ¼
kBT

6pZ0Rh;a
; (12)

where kB indicates Boltzmann’s constant, T the temperature, Z0
the viscosity of the surrounding medium and Rh,a the hydro-
dynamic radius of the particles of species a. The measurable
hydrodynamic function

HMðQÞ ¼ b2ðQÞ
h i�1 Xn

a;b¼1

ðxaxbÞ1=2baðQÞbbðQÞHabðQÞ; (13)

is experimentally accessible if Deff(Q), D0ðQÞ and SM(Q) are
known from static and dynamic scattering experiments. HM(Q)
is related to the partial hydrodynamic functions Hab(Q) whose
calculation however, remains a computationally challenging
task. For monodisperse systems, the hydrodynamic function
H(Q) can be calculated with the semi-analytical dg-scheme

proposed by Beenakker and Mazur,50,51 which gives a satisfactory
approximation for the wavevector-dependent short-time diffusion
of hard spheres, but can in principle be employed for any
interaction potential, as the scheme only depends on the structure
factor of the system as an external input.52 H(Q) can be decom-
posed into the sum of a wavevector-independent self part and a
wavevector-dependent distinct part according to

HðQÞ ¼ Ds

D0
þHdðQÞ; (14)

where the self part contains the short-time self diffusion coeffi-
cient Ds. Within the dg-scheme, the distinct part of the hydro-
dynamic function can be calculated from the static structure
factor S(Q) with the relation

HdðxÞ ¼ 3

2p

ð1
0

sinx0

x0

� �
1þ jSg0ðx

0Þ
� ��1

�
ð1
�1

ð1� m2Þ S x� x0j jð Þ � 1½ �dmdx0;
(15)

where j is the volume fraction, x = 2QR is a reduced wavevector
with the particle radius R and m = x̂�x̂0 is the cosine of the angle
enclosed by the unit vectors x̂ and x̂0. The calculation of the
function Sg0(x) is described ref. 52. Although the self part of H(Q)
can in principle also be calculated employing the dg-scheme, the
method can be significantly improved if instead more accurate,
semi-empirical expressions for Ds are used or if Ds is directly fitted
to experimental data or simulation results.53,54 It has been shown
that the combination of the dg-approach with a more elaborate
description of Ds produces hydrodynamic functions in satisfactory
agreement with computer simulations.55

3 Experimental section
3.1 Materials

Dodecane, methyl methacrylate (MMA), 2,20-azobis(2-methyl-
propionitrile) (AIBN), 1-octanethiol and 1,2,3,4-tetrahydro-
naphthalene (tetralin) were purchased from Sigma-Aldrich,
monomethacryloxypropyl-terminated poly(dimethylsiloxane)
(PDMS-MA) (10 000 g mol�1) from ABCR and decahydro-
naphthalene (decalin, cis/trans-mixture) from Carl Roth. Tetra-
lin and decalin were thoroughly filtered through 0.2 mm syringe
filters to remove dust particles, other than that, all chemicals
were used as received.

3.2 Dispersion polymerisation

The particles are synthesised by radical dispersion poly-
merisation following previously reported procedures.29–31

In a round bottom flask, 140 ml dodecane and 3.0 ml PDMS-
MA were degassed with nitrogen for 30 min and afterwards
heated to 80 1C under magnetic stirring. Simultaneously, a
mixture of 15.0 ml MMA, 145 mg AIBN and 175 ml 1-octanethiol
was prepared in a round bottom flask and also degassed with
nitrogen for 30 min at room temperature. To start the reaction,
the monomer solution was added to the stabiliser solution with
a syringe. After 5 min, the initially transparent solution turned
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opaque, indicating the start of the polymerisation. The reaction
was maintained in a nitrogen atmosphere at 80 1C for 4 h. After
cooling down, the dispersion was purified by 4 cycles of
centrifugation and redispersion in fresh decalin.

3.3 Sample preparation

A stock suspension of the particles was refractive-index
matched in a mixture of decalin (n20D = 1.474) and tetralin
(n20D = 1.541). This solvent mixture is known to cause a slight
swelling of the particles, induced by the partial diffusion of
the solvent molecules into the particle core.5,56 The final
refractive index of the suspension was adjusted to n20D = 1.496
after a swelling period of one week after which the optical
transparency persisted for several months even at high particle
concentrations with no indication of polymer degradation due
to the solvent. From the index-matched stock dispersion,
samples of different particle concentrations in the fluid range
were prepared either by concentration via centrifugation or by
dilution with the index-matching solvent directly inside cylind-
rical quartz cuvettes. We additionally prepared from the same
batch one highly concentrated suspension as a metastable
colloidal glass. The fluid-like samples were gently mixed
employing a vortex mixer to ensure sample homogeneity before
the light scattering measurements. The mass density of the
solvent mixture is slightly lower than that of the particles,
however, no significant sedimentation effects and additionally
no signs of crystallisation could be detected over a span of 48 h
for the submicron sized colloids.

3.4 Light scattering

Light scattering experiments were performed with a CGS-3
goniometer supplied by ALV GmbH, Langen (Germany),
employing an ALV/LSE-5004 multiple tau digital correlator, an
avalanche photodiode single-photon detector with an optical
fibre based detection unit and a frequency doubled Nd:YAG-
Laser (wavelength 532 nm) as a light source. The cuvettes were
placed in a temperated index matching vat filled with filtered
toluene. All measurements were conducted at 20 1C, where the
temperature was monitored with a Pt-100 sensor. The tempera-
ture stability of the setup is better than �0.1 K.

For static light scattering experiments, the scattered inten-
sity was recorded at 90 distinct scattering angles for 30 s each,
in a range between 301 and 1501 such that the resulting
scattering vectors Q = (4pn/l)sin(y/2) are equidistantly spaced.
The sample cuvettes were continuously rotated during the
measurement to achieve ensemble averaging through the illu-
mination of many independent scattering volumes. The
recorded mean intensity was corrected for the intensity of the
incident beam, the size of the illuminated sample volume and
for background contributions of the cuvette and the pure
solvent. In dynamic light scattering experiments, the intensity
autocorrelation function g2(Q,t) was measured under the same
conditions at the same scattering angles for 20 min each,
however, without rotation of the sample cell.

4 Results and discussion

To model the scattering function of the particles, we employ an
extended core–shell model, which also takes into account a
possibly inhomogeneous core contrast caused by permeation of
the decalin–tetralin mixture. For simplicity, it is assumed
that this refractive-index gradient can be described by a linear
decay inside the core, while the refractive index of the shell is
assumed to be constant. This coarse-grained description of the
particle is appropriate for the restricted wavevector-range acces-
sible with static light scattering, where, in particular, detailed
features of the surface morphology of the grafted stabiliser
shell cannot be resolved. With these assumptions, the scatter-
ing contrast r(r) in dependence on the distance r from the
particle center is represented by

rðrÞ ¼

r0 þ ðrR � r0Þ
r

Rc
; for Rc � r;

rD; for Rc þ D � r4Rc;

0; for r4Rc þ D;

8>>>><
>>>>:

(16)

where Rc is the core radius, D is the shell thickness and r0, rR
and rD denote the contrast at the center of the core, at the
boundary between core and shell and inside the shell, respec-
tively. A Schulz–Flory function [eqn (6)] is used to model the
size distribution of the particle cores while the stabiliser shell
thickness is assumed to be identical for all particles. The partial
structure factors Sab(Q) are obtained from the analytical
solution of the Percus–Yevick equation for an n-component
mixture of hard spheres in combination with a multicompo-
nent version of the Verlet–Weis correction.57,58 A model for the
scattering cross section, given by eqn (1) as a product of form
factor and measurable structure factor, can then directly be
fitted to experimentally obtained intensities, as demonstrated
in Fig. 1. The model shows excellent agreement with the
experimental data and because of the unique combination of
the features from both structure factor and form factor, the
particle size distribution and the effective hard-sphere volume
fraction can for each sample be accurately determined from the
light scattering experiments, even with the restricted wavevector
range compared to small-angle scattering, employing neutrons or
X-rays as a probe.

Fig. 2 provides a more detailed depiction of the core–shell
morphology of the particles. The radius of the PMMA core is
independent of the effective volume fraction jeff and takes a
mean value of (248� 3) nm for this particular sample. From the
model fit, the polydispersity of the cores is determined to be
approximately 7%. Unlike the particle cores, the thickness of
the monodisperse shell is surprisingly observed to be affected
by the particle concentration. At lower concentrations, the
thickness has a limiting plateau value of (37 � 5) nm, which
is nearly independent of the volume fraction up to a critical
value of jeff E 0.5, after which the shell begins to shrink.
In a highly concentrated glass-like suspension at jeff = 0.59, the
thickness is reduced to only (25 � 2) nm. It is possible that the
crowded environment in such dense particle suspensions
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favours a more coiled conformation of the PDMS polymer
chains. For a more detailed understanding of this behaviour,
further investigations are required. As can be seen from the
visual representation of the particle contrast at the top of Fig. 2,
the effect is rather small when comparing the change in the
shell thickness to the change of the total radius of the particles.
In terms of the mean volume of a single particle, however,
this still implies a decrease to about 88% of its initial volume,
so the relationship between the particle number density and
the volume fraction is noticeably nonlinear. For particles with
even smaller cores in comparison to the shell, this effect is
likely to be more prominent, especially when studying highly
concentrated suspensions.

An upper bound for the shell thickness can be estimated
from the fully elongated contour length of the PDMS-
stabiliser.29 If the functionalised stabiliser is approximated
by a simple PDMS chain, where each repetition unit has a
projected length of approximately 0.32 nm (taken from hexam-
ethyldisiloxane in the gas phase59) and a molar mass of
74 g mol�1, the total molecular weight of 10 000 g mol�1

corresponds to a maximum possible length of 46 nm. The shell
thickness estimated from the model fits is therefore realistic.

The extracted form factor P(Q) of a dilute sample is depicted
in Fig. 3, together with the corresponding radial profile of the
scattering contrast. The form factor displays a somewhat
uncommonly encountered shape, where the peak of the first
local maximum exceeds the zero-wavevector limit. This is a
result of the contrast matching procedure, where the refractive

index of the decalin–tetralin solvent mixture is chosen to
minimise the overall scattering of the suspension. This leads
for the core–shell particles to a refractive index of the surround-
ing medium which lies between the index of the PDMS shell
and the PMMA core, with a greatly reduced forward scattering
contribution. The additional swelling causes a gradient of the
refractive index inside the core, but does not qualitatively
change the scattering pattern of the form factor. The relation
between the different contrast contributions is better visualised
in the contrast profile at the bottom of Fig. 3. It shows that the
contrast of the shell to the suspending medium is similar in
magnitude to the contrast between the core center and sus-
pending medium, however, with opposite sign. Further, it
reveals the extent of solvent permeation inside the PMMA core,
where the contrast at the boundary between core and shell is
almost halfway between the contrast of the core center and of
the pure suspending medium.

Fig. 4 exemplarily displays the measurable structure factor
SM(Q) of a concentrated suspension. SM(Q) is for polydisperse
systems influenced by both the partial structure factors and the
scattering amplitudes of all present species. A visualisation of
SM(Q) is therefore mainly useful for the assessment of the fit

Fig. 2 Top: A false-color representation of the scattering contrast of the
investigated particles to get an idea of the core-to-shell ratio in a dilute
(left) and a concentrated sample (right). The dashed line indicates the
contour of the particle in the dilute state. Bottom: The mean radius of the
particle cores Rcore and the thickness of the shell Dshell in dependence of
the effective volume fraction jeff. The solid lines are a guide to the eye.

Fig. 1 Mean intensity I(Q) of the investigated PMMA–PDMS particles,
obtained by static light scattering, for effective hard-sphere volume
fractions in a range from 0.24 o jeff o 0.59, as indicated in the legend.
The solid lines are the result of a least squares fit of the combined hard-
sphere/core–shell model described in the text. For clarity of presentation,
the curves are scaled by an arbitrary factor.
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quality when comparing the experimental data and the theore-
tical prediction. A good agreement between the experimental
data and the employed model is obvious and as such, the
liquid-like suspension can be well described by an effective,
polydisperse hard-sphere model within the Percus–Yevick the-
ory. For comparison, the polydispersity-averaged total structure
factor Stot(Q) and the structure factor of a corresponding
monodisperse suspension with the same volume fraction are
also shown. In the region around the main peak, SM(Q) and
Stot(Q) behave very similarly, so for this particular model
particle, the measurable structure factor provides a decent
estimate of the ordering on length scales corresponding to
the particle contact distance. The monodisperse structure
factor overestimates the ordering as it neglects any polydisper-
sity effects which generally diminish the peak height. Beyond
the first maximum, Stot(Q) shows considerably stronger oscilla-
tions than SM(Q). The pronounced dampening of the oscilla-
tions in SM(Q) results mostly from the influence of the
core–shell scattering amplitudes, the dampening resulting from

the polydispersity on the other hand is much weaker, as is evident
when comparing Stot(Q) to its monodisperse equivalent.

Dynamic light scattering experiments give access to the
diffusional properties of the system. To analyse the short-time
diffusion of the particles, the effective short-time diffusion
coefficient Deff(Q) is obtained from the measurable intermedi-
ate scattering function SM(Q,t) using the cumulant method. In
Fig. 5, Deff(Q), normalised to the apparent Stokes–Einstein

diffusion coefficient D0ðQÞ, is displayed together with the
experimental structure factor from Fig. 4. In accordance to
the de Gennes relation [eqn (10)], Deff(Q) and SM(Q) show an
alternating progression: The collective diffusion is decelerated
on length scales with stable configurations, precisely where the
local maxima of the structure factor occur.

The inverse relation, however, is not exact for this particular
system, as the diffusion of the particles is not only influenced
by their local interaction potential but also by indirect, hydro-
dynamic interactions mediated by diffusion-induced flow pat-
terns in the suspending medium. With both Deff(Q) and SM(Q)
known from independent experiments, the measurable hydro-
dynamic function HM(Q) is accessible. An exemplary visualisa-
tion of the resulting hydrodynamic function of a concentrated
suspension is displayed in Fig. 6. It is possible to fully resolve
the oscillating HM(Q) up to the second maximum and as
expected for a hard-sphere system, the hydrodynamic interac-
tions slow down the dynamics on all investigated length scales.
The theoretical description of hydrodynamics in strongly inter-
acting colloidal suspensions is still a very challenging task. We
avoid a real multicomponent treatment of the hydrodynamic

Fig. 4 Measurable structure factor SM(Q), exemplarily for a sample with
an effective volume fraction of jeff = 0.50 and a mean radius of R = 282 nm.
The solid line is the SM(Q) corresponding to the model fit to the intensities in
Fig. 1, the dashed line represents the total structure factor Stot(Q) with the
same partial structure factors and the dash-dotted line describes a mono-
disperse structure factor with the same radius and volume fraction.

Fig. 3 Top: Extracted form factor P(Q) of a dilute suspension of the
investigated particles. The solid line is the form factor contribution of the
employed model function which was fitted to the intensities in Fig. 1. From
the extended wavevector-range, the characteristic scattering pattern of an
index-matched core–shell particle is clearly visible. Bottom: Radial profile
of the scattering contrast r(r) in dependence on the distance r from the
particle center, normalised to r(0). The dotted line is a guide to the eye for
the location of the solvent background rsolv.(r) = 0.
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interactions and prefer an effective one-component approach,
which involves the dg-scheme proposed by Beenakker and
Mazur.50,51 We choose the size-averaged total structure factor
Stot(Q) to serve as the structure factor of a hypothetical

monodisperse system in hope that most of the polydispersity
effects can be accounted for by the pre-averaging of this S(Q).
This input is then used to calculate the distinct part of the
hydrodynamic function Hd(Q) according to eqn (15). The self

Fig. 6 Measurable hydrodynamic function HM(Q) of a suspension with an
effective hard-sphere volume fraction of jeff = 0.50. The shaded area
indicates the uncertainty of the experimental data. The dashed line is the
theoretical prediction according to the original dg-theory while the solid
line is the rescaled modification [eqn (17)].

Fig. 7 The scaling parameters A and a from the rescaled dg-scheme
introduced in the text in dependence on the effective volume fraction
jeff. The dashed lines are linear least-squares fits, their fit parameters are
indicated in the legend.

Fig. 5 Comparison between the normalised effective diffusion coefficient

Deff ðQÞ=D0ðQÞ and the measurable structure factor SM(Q), for a suspension
with effective volume fraction jeff = 0.50. The shaded area indicates the
uncertainty of the experimental data. The dashed horizontal line is a guide
to the eye for both SM(Q - N) = 1 and the location of the reduced self-

diffusion coefficient Ds=D0ðQ ! 1Þ � 0:21.

Fig. 8 Selected measurable hydrodynamic functions HM(Q) for effective
hard-sphere volume fractions in a range from 0.24 o jeff o 0.59, as
indicated in the legend. The solid lines are results from the rescaled dg-
theory described in the text. The shaded areas indicate the uncertainty of
the experimental data. The horizontal dashed line is an estimate for the self
part of H(Q) for the glassy sample.

Soft Matter Paper

O
pe

n 
A

cc
es

s A
rti

cl
e.

 P
ub

lis
he

d 
on

 1
9 

Ja
nu

ar
y 

20
24

. D
ow

nl
oa

de
d 

on
 4

/2
/2

02
4 

3:
18

:1
8 

PM
. 

 T
hi

s a
rti

cl
e 

is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
Li

ce
nc

e.

View Article Online



1316 |  Soft Matter, 2024, 20, 1309–1319 This journal is © The Royal Society of Chemistry 2024

part Ds/D0 is determined by a least-squares fit to the experi-
mental data. The resulting prediction for HM(Q) is displayed in
Fig. 6 as the dotted line and already shows a remarkably good
agreement with the experiment. The general shape and espe-
cially the location of the main peak Qm is reflected accurately,
however, its amplitude is overestimated for this sample with
jeff = 0.50 and, although much more subtly, there is a slight
phase mismatch of the oscillation beyond the second max-
imum, which is more noticeable at lower effective volume
fractions. As a further improvement, we decided to employ an
empirical rescaling of the original dg-H(Q). Similar rescaling
procedures have previously been employed in conjunction with
dg-theory, for example for studying solvent-permeable particles
like microgels.60,61 The rescaled hydrodynamic function in our
approach reads as

Hresc:ðQÞ ¼ Ds

D0
þ AH

dg
d ðQ	Þ; (17)

with Q* = a(Q � Qm) + Qm. Besides the reduced self-diffusion
coefficient Ds/D0 as an adjustable parameter, two additional
parameters are introduced: The factor A adjusts the height of
the distinct part Hd(Q) and the factor a scales the spatial
frequency about Qm so that the location of the principal peak
remains constant. These two parameters are also determined

with a least-squares fit to the experimental HM(Q), so in total,
three adjustable parameters are fitted simultaneously in our
approach. The resulting curve is displayed in Fig. 6 as the solid
line. The agreement of this rescaled dg-approach with the
experimental data is excellent up until the second maximum.
For larger Q, the deviation between experiment and theory is
difficult to assess because of the high experimental uncertainty.

The volume-fraction dependence of the scaling parameters
A and a of the rescaled dg-approach is displayed in Fig. 7. Both
scaling factors can be parameterised, within experimental
uncertainty, as a linear function. The two factors show oppos-
ing trends: a, which scales H(Q) along the Q-axis, increases with
higher volume fraction, whereas A, which scales the amplitude
of H(Q), decreases with rising jeff, with a much steeper slope.
There exists a crossover region around jeff E 0.45 where both
scaling factors are very similar and incidentally also close to
unity. Thus, in this regime, the original dg-theory in conjunc-
tion with a fitted self-diffusion coefficient is already accurate
without any rescaling. For volume fractions smaller than that,
the height of the principal peak is underestimated by the
original theory, while for larger jeff the peak height is over-
estimated instead. This is in accordance to results of a compar-
ison between dg-theory and accelerated Stokesian dynamics
simulations,54 where the same trends are observed.

Fig. 9 Experimentally obtained characteristic properties in dependence on the effective hard-sphere volume fraction jeff with theoretical predictions
from eqn (18). Top left: Principle peak height of the structure factor S(Qm), together with the theoretical predictions for monodisperse (dashed lines) and
polydisperse (dashed-dotted lines) hard spheres. Bottom left: Hydrodynamic function H(Qm) at the structure factor main peak, together with the
monodisperse prediction (dashed lines). Top right: Reduced effective diffusion coefficient Deff(Qm)/D0, together with the monodisperse (dashed lines)
and polydisperse (dashed-dotted lines) predictions, which are a combination of the theoretical curves from S(Qm) and H(Qm). Bottom right: Reduced self
diffusion coefficient Ds/D0, together with the monodisperse prediction (dashed lines).
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Fig. 8 exemplarily shows selected extracted hydrodynamic
functions together with the theoretical prediction from the
introduced rescaled dg-scheme. The theory describes the
experimental data well for all investigated volume fractions
within experimental accuracy, which supports the success of
the employed rescaling approach. In the glassy state at
jeff = 0.59, practically no Q-dependence of the hydrodynamic
function except a small maximum coinciding with the max-
imum of S(Q) is observed. An estimate for the self part of H(Q)
is indicated by a dashed line.

From the experimental structure factors and hydrodynamic
functions, the principal peak values S(Qm), H(Qm) and Deff(Qm)
can be extracted as characteristic properties, which, together
with the reduced self-diffusion coefficient Ds/D0, can be readily
compared to semi-empirical expressions from the litera-
ture:54,62

SðQmÞ ¼ 1þ 0:644j
1� j=2
ð1� jÞ3; (18a)

H(Qm) = 1 � 1.35j, (18b)

DeffðQmÞ ¼ D0
HðQmÞ
SðQmÞ

; (18c)

Ds

D0
¼ 1� 1:8315jð1þ 0:1195j� 0:70j2Þ: (18d)

The expressions are accurate at least up to the freezing transi-
tion of monodisperse hard spheres at j = 0.494. The compar-
ison between these theoretical predictions and experimental
values [Fig. 9] therefore provides valuable insight into the
influence of the particle polydispersity on these properties.
As presumed, S(Qm) is overestimated by the expression for
monodisperse spheres. It can instead be well described by the
predictions of the multicomponent Percus–Yevick theory for
hard spheres, as established previously. Altogether, all investi-
gated properties follow closely the expected hard-sphere beha-
vior. As a surprising observation, both H(Qm) and Ds/D0 are well
described by the predictions for monodisperse systems over the
whole volume fraction range. The hydrodynamic interactions in
this investigated system are therefore practically undisturbed
by the moderate polydispersity. The effective diffusion coeffi-
cient Deff(Qm) results from the combination of potential and
hydrodynamic interactions. Looking at the two possible theo-
retical descriptions, depending on whether the monodisperse
or the multicomponent expression for S(Qm) is used for the
structural part, it is evident that the polydispersity only causes
minimal deviations in the volume-fraction dependence of the
diffusion coefficient. Variations in H(Qm) on the other hand
would have a much more pronounced effect.

5 Conclusions

Colloidal PMMA particles grafted with PDMS-stabilisers are a
promising alternative for established PMMA–PHSA particles.
With the combination of MMA as monomer and PDMS which is
commercially available with defined molecular weight and thus

chain length, in a dispersion polymerisation reaction, particles
with tunable size of PMMA-core and PDMS-shell are accessible
in a reproducible way with acceptable polydispersity.

Self-organisation of these PMMA–PDMS particles leads to
liquid-like ordered colloidal suspensions whose structural and
dynamic properties are investigated employing static and
dynamic light scattering. Start values for the topological para-
meters of the particles are determined via static light scattering
experiments with highly-diluted suspensions with neglectable
particle interactions and thus uncorrelated particles. The scat-
tering function of single particles or form factor can be
described employing a core–shell model with a gradient of
scattering length density in the PMMA-core induced by swelling
in the index-matched suspending medium. With the form
factor, regarding the size-distribution of the ensemble, the
scattered intensity resulting from liquid-like ordered systems
can quantitatively be described in the whole range of volume
fractions up to the glass transition employing a Percus–Yevick
ansatz for polydisperse hard spheres. Hence, the structure of
self-organised systems can quantitatively be described employ-
ing hard-sphere interactions.

Since dynamic properties are even more sensitive to particle
interactions, we investigated collective diffusion by means of
dynamic light scattering experiments. Hydrodynamic functions
are determined from the intermediate scattering functions,
structure factors and polydispersity-weighted Einstein diffusion
coefficients. The determined hydrodynamic functions can in
the whole range of volume fractions investigated accurately be
modeled using a rescaled dg-scheme based on hard-sphere
interactions. Using a polydisperse Percus–Yevick ansatz, not
only the principal peak of the hydrodynamic function, but also
beyond its second maximum can for the first time quantita-
tively be described within experimental uncertainties. Also the
amplitudes S(Qm) and H(Qm) of structure factor and hydrody-
namic function as well as the reduced short-time self diffusion
coefficient Ds/D0 are in excellent agreement to predictions for
hard-sphere systems. Hence, in addition to the structure, also
the dynamic properties can quantitatively be described using a
hard-sphere model. In conclusion, the PMMA–PDMS system is
not only a comparatively easy accessible, but also a highly
suitable hard-sphere model system.

Small-angle X-ray and neutron scattering experiments with
practically no limitation with respect to Qmax are promising
experiments giving access to the shell structure with enlarged
spatial resolution. Since optical index matching is not manda-
tory for these techniques, apolar suspending media leading to
higher contrast can facilitate such experiments. Herewith,
additional insights to the mechanism of sterical stabilisation
and shrinking of the shell thickness at high volume fractions
can be expected. Static and dynamic X-ray scattering experi-
ments such as X-ray photon correlation spectroscopy (XPCS)
would also enable the investigation of systems with comparable
size of core diameter and shell thickness, where the validity of a
simple hard-sphere description is still an open question.

Further investigations on dynamics of glassy systems and
rheological properties of liquid-like structured and glassy
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systems are promising remaining tasks. A certain degree of
polydispersity is needed to stabilise metastable glassy systems
in order to prevent crystallisation. Since for these systems with
still acceptable polydispersity, structural and dynamic proper-
ties can quantitatively be modeled by theoretical approaches
regarding their size distribution, they are promising, compara-
tively easy accessible systems to systematically investigate
structure-dynamics relations in colloidal glasses combining
theory such as the mode coupling scheme and experiment.
The availability of accurate experimental data can stimulate the
development of theoretic approaches for glass dynamics and
hydrodynamics rigorously taking polydispersity at high volume
fractions into account which would also improve the prediction
of macroscopic, rheological properties.
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Here, it is investigated how optical properties of single scatterers in interacting

multi-particle systems influence measurable structure factors. Both particles

with linear gradients of their scattering length density and core–shell structures

evoke characteristic deviations between the weighted sum hS(Q)i of partial

structure factors in a multi-component system and experimentally accessible

measurable structure factors SM(Q). While hS(Q)i contains only the structural

information of self-organizing systems, SM(Q) is additionally influenced by the

optical properties of their constituents, resulting in features such as changing

amplitudes, additional peaks in the low-wavevector region or splitting of higher-

order maxima, which are not related to structural reasons. It is shown that these

effects can be systematically categorized according to the qualitative behaviour

of the form factor in the Guinier region, which enables assessing the suitability

of experimentally obtained structure factors to genuinely represent the micro-

structure of complex systems free from any particular model assumption. Hence,

a careful data analysis regarding size distribution and optical properties of single

scatterers is mandatory to avoid a misinterpretation of measurable structure

factors.

1. Introduction

Colloidal dispersions attract wide interest in condensed matter

physics as highly tunable model systems, mimicking atoms and

molecules on the much larger mesoscopic scale with typical

length scales between 10 and 1000 nm. Studying these systems

enabled major advances in the comprehension of the char-

acteristics of simple fluids and solids, which stimulated the

progress of significant theoretical developments towards the

understanding of complex systems and materials (Lu & Weitz,

2013).

Scattering experiments serve as essential methods for

structural and dynamical investigations in colloidal many-

particle systems (Li et al., 2016). Small-angle scattering (SANS

with neutrons or SAXS with X-rays as a probe) enables the

characterization of colloidal suspensions across the entire

range of relevant scattering vector magnitudes Q (Glatter,

2018). By employing visible light, which is also a natural choice

since its wavelength is of the same order of magnitude as the

typical size of a colloidal particle, the same type of analysis is

in principle also possible in a simpler laboratory setup. This is

however connected with the cost of a limited resolution and,

as a consequence thereof, the restriction to comparatively

large structures (Bohren & Huffmann, 2008).

In non-interacting systems, the positions and orientations of

the colloidal particles are completely uncorrelated. Thus, the

scattered intensity results solely from the superposition of the



scattering functions of the single constituents. However, when

the particles do interact, higher-level structures emerge from

inherent self-organization due to interparticle forces, such as

electrostatic and steric interactions or van der Waals attrac-

tions. The intensity is then influenced both by the optical

properties of the scatterers themselves and by the spatial

correlations between them. For idealized radially symmetric

and monodisperse systems, where all particles are assumed to

be identical, the two contributions can be rigorously separated

into the form factor P(Q), containing the single-particle

properties, and the structure factor S(Q), which encodes the

structural correlations, employing the well known factoriza-

tion I(Q) / P(Q) S(Q) (Hansen et al., 1991).

Realistic dispersions typically exhibit a distribution of

characteristics, prominently through particle size. In poly-

disperse interacting systems, the characterization via scat-

tering experiments is in general significantly more

complicated, as the factorization of the intensity into form

factor and structure factor can no longer be employed in a

straightforward way (Salgi & Rajagopalan, 1993). Addition-

ally, the observed diffraction patterns become increasingly

featureless for broader size distributions, further obstructing

the interpretation of experimental intensities. The analysis of

multi-component systems thus requires a thorough under-

standing of the underlying distributions of scattering proper-

ties and particle interactions. Insights can be gained through

contrast-variation techniques (Ballauff, 2001); selectively

altering the contrast between specific particle types or

between particles and the surrounding medium allows for the

isolation and probing of distinct species, aiding the validation

of theoretical models.

From an experimental standpoint, it is useful to analyse the

measurable structure factor SM(Q), which is defined in such a

way that the factorization property I(Q) / P(Q) SM(Q) is also

recovered in the polydisperse case (Hansen et al., 1991).

SM(Q) is comparatively easy to access experimentally from the

ratio between the intensities of an interacting suspension and

a highly diluted non-interacting one. It is as such also widely

used as a measure for structural correlations in polydisperse

systems, where the height of the principal peak is especially

well established as an order parameter (Banchio et al., 1998).

Under specific circumstances, this type of analysis can

however turn into a serious pitfall: SM(Q) is also fundamen-

tally affected by optical properties of the particles and not

only by their interactions (Salgi & Rajagopalan, 1993).

For certain types of dispersions, some simplifying assump-

tions can be employed. In dilute suspensions of strongly

interacting charged particles, for example, the interparticle

distances typically are about an order of magnitude larger

than the particle sizes because of the large electrostatic

repulsion (Hayter & Penfold, 1981). In such a case, the

correlation between the particle positions and the scattering

amplitudes can be neglected. This neglect of correlations leads

to the ‘decoupling approximation’, under which SM(Q) can be

decomposed into a structure factor that genuinely represents

the averaged structural correlations and weighting factors

solely dependent on the scattering amplitudes (Pusey et al.,

1982; Kotlarchyk & Chen, 1983). This type of analysis was also

recently used in a SANS study of moderately concentrated

poly(N-isopropylacrylamide) microgels (Zhou et al., 2023),

where again the importance of an accurate treatment of

polydispersity was stressed. Non-spherical particles cause

effects in scattering patterns that appear quite similar to those

introduced by size dispersity in systems of spherical particles

(Pusey et al., 1982). These effects can to a certain degree also

be treated within the decoupling approximation (Kotlarchyk

& Chen, 1983), whose range of validity has been extensively

characterized (Greene et al., 2016). In highly concentrated

suspensions, where particles are in close contact, the accuracy

of the decoupling approximation is strongly diminished, as in

these systems the correlation lengths of the particles’ centres

of mass are comparable to the correlation lengths inside the

particles themselves (Pedersen, 1997). At such high particle

volume fractions, excluded volume effects are the predomi-

nant contribution to the total interaction potential.

The fundamental interactions in dense colloidal dispersions

consisting of spherical particles can to a good approximation

be theoretically described with the hard-sphere model (Kirk-

wood & Boggs, 1942; Widom, 1967). The radial distribution

functions of an n-component mixture of hard spheres can be

calculated within the Percus–Yevick closure of the Ornstein–

Zernike equation (Percus & Yevick, 1958) using Baxter’s

technique (Baxter, 1970), giving access to the corresponding

partial structure factors (Vrij, 1978, 1979; Blum & Stell, 1979,

1980). Building on Vrij’s work (Vrij, 1979; van Beurten & Vrij,

1981), Griffith et al. (1987) presented an analytical scattering

function of a polydisperse hard-sphere fluid with a Schulz–

Flory distribution (Flory, 1936; Schulz, 1939) of particle

diameters. Despite their helpfulness, these expressions are not

widely used because of their perceived complexity. Nayeri et

al. (2009) later extended this approach to core–shell struc-

tured hard spheres and used their expressions to describe

experimental intensities of a hard-sphere-like microemulsion

system. Only recently, Botet et al. (2020) provided expressions

for SM(Q) in a simple accessible form and for a number of

commonly encountered size distributions. Their analytical

expressions are valid for hard optically homogeneous spheres.

This resurgence of interest is an incentive to systematically

examine how different form-factor models affect the char-

acteristics of measurable structure factors. It is a well known

fact that, especially in dense dispersions, SM(Q) is generally

not equal to the structure factor hS(Q)i representing the

averaged spatial correlations of the entire system (Salgi &

Rajagopalan, 1993; Frenkel et al., 1986). The mismatch

between SM(Q) and hS(Q)i is precisely the reason why in

many past studies an extraction of SM(Q) is deliberately not

attempted. By describing the scattered intensity of concen-

trated suspensions with sophisticated models, a thorough

characterization of particle properties is possible without

calculating SM(Q), as performed, for example, by Stieger,

Pedersen et al. (2004); Stieger, Richtering et al. (2004);

Zackrisson et al. (2005); Balogh et al. (2007); or Scotti (2021).

Certainly, however, for many applications in condensed

matter science, gaining an accurate approximation of the
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structure factor is still highly desired. This is especially the

case when employing computer simulations or many-body

theory to model structural phenomena and wanting to

compare detailed facets of particle self-organization directly

with experimental outcomes (Dekker et al., 2020; Peláez-

Fernández et al., 2011; Anta & Madden, 1999; Krause et al.,

1991; Stellbrink et al., 2002). Beyond using structure factors to

deduct structural patterns from experimental scattering data

(Mohanty et al., 2017; Phalakornkul et al., 1996; Scheffold &

Mason, 2009; Mason et al., 2006), these quantities are used in

theoretical approaches to calculate short- and long-time

dynamics in many-particle systems. Two notable examples in

this context are the ��-expansion by Beenakker & Mazur

(1983, 1984) used to model hydrodynamic effects during short-

time diffusion (Genz & Klein, 1991) and the widely known

mode-coupling theory of the glass transition (Janssen, 2018),

which both need the static structure factor as an input for

calculations. In these theories, a popular method is to

circumvent computationally expensive multi-component

calculations by considering an effective one-component

analysis using the experimentally obtained structure factor

SM(Q) directly, assuming this quantity to be an accurate

representation of the average structure factor hS(Q)i (Robert

et al., 2008; Di Cola et al., 2009).

For a number of specialized cases, deviations between

hS(Q)i and SM(Q) and the general influence of varying optical

properties on SM(Q) have already been assessed (Banchio et

al., 1998; Pedersen, 2001). The purpose of this contribution is

to raise further awareness on how particles’ optical properties

influence the shape of SM(Q) while the underlying interactions

remain unchanged and to show that these observations can be

model-independently systematized on the basis of quite

universal principles. This enables practitioners to make

informed judgements under which circumstances such an

experimentally obtained structure factor can still serve as a

valid order parameter. We show typical examples of shapes

that can be realistically encountered during contrast-variation

experiments, so even without explicitly employing established

theoretical models [see e.g. Pedersen (1997) for a large

collection of scattering functions], a qualitative assessment of

experimental findings is possible. We also analyse two

simplified models for optically inhomogeneous particles: those

with a linear gradient of the scattering contrast and spheres

with a core–shell structure. Nevertheless, the approach is

readily adaptable to any model and provides a toolbox for the

modelling of measurable structure factors for hard-sphere

suspensions with arbitrary form factors, as demonstrated in

several past studies (Vrij, 1979; Frenkel et al., 1986; Pedersen,

2001; Nayeri et al., 2009; Botet et al., 2020; Diaz Maier &

Wagner, 2024).

2. Scattering of hard-sphere mixtures

We consider a mixture of spherical particles, where each

particle can be categorized into one of n species. The

composition of the mixture is specified by the number frac-

tions x� = N�/N, where N is the total number of particles and

N� is the number of particles belonging to species �. We

further restrict ourselves to elastic single scattering events

where the Born approximation is applicable. In such a case,

the mean intensity

IðQÞ /
P

�;�

ðx�x�Þ
1=2

f�ðQÞf�ðQÞS��ðQÞ ð1Þ

is proportional to the weighted sum of the single-particle

scattering amplitudes f�(Q) and the partial structure factors

S��(Q) (Salgi & Rajagopalan, 1993). Herein, the scattering

amplitude

f�ðQÞ ¼ 4�

Z1

0

��ðrÞr2 sinðQrÞ

Qr
dr ð2Þ

is the Fourier–Bessel transform of the scattering contrast

��(r), whereas the partial structure factors S��(Q) are

obtained from the solution of the multi-component Ornstein–

Zernike equation. Expressions for S��(Q) of the hard-sphere

fluid within the Percus–Yevick closure are given by Vrij (1979)

but, for the convenience of the reader, the solution is re-

articulated in Appendix A, and presented in a manner that

is accessible and easily applicable. This genuine multi-

component approach involving partial structure factors is a

general and versatile formalism, from which both the decou-

pling approximation (Kotlarchyk & Chen, 1983) and the local

monodisperse approximation (Pedersen, 1994), serving as a

localized effective one-component approach suited for very

polydisperse systems, can be derived.

For non-interacting particles, the partial structure factors

are simply S��(Q) = ���, where ��� denotes the Kronecker

symbol. Equation (1) then reduces to the size average of the

squared scattering amplitudes,

IðQÞ / hf 2ðQÞi ¼
P

�

x� f 2
� ðQÞ: ð3Þ

The average form factor

PðQÞ ¼
hf 2ðQÞi

hf 2ð0Þi
ð4Þ

is familiarly obtained from the normalization to forward

scattering. As the measurable structure factor should satisfy

the relation I(Q) / P(Q) SM(Q), the expression

SMðQÞ ¼ hf 2ðQÞi
� �� 1P

�;�

ðx�x�Þ
1=2

f�ðQÞf�ðQÞS��ðQÞ ð5Þ

results from the combination of equations (1) and (3). The

averaged structure factor

hSðQÞi ¼
P

�;�

ðx�x�Þ
1=2

S��ðQÞ ð6Þ

provides information about the total spatial correlations

between all present particles, regardless of their species labels.

It represents a true thermodynamic average independent of

any optical properties. Any deviation between SM(Q) and

hS(Q)i is thus a measure for the perturbation of hS(Q)i caused

by the scattering amplitudes.
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We now want to explore the influence of the scattering

amplitudes on the shape of SM(Q). The aim is to gain a

qualitative understanding of generic patterns; so to keep the

analysis tractable, only a single representative size distribution

is considered. For this purpose, the Schulz–Flory distribution

with probability density

cðRÞ ¼
1

�ðZ þ 1Þ

Z þ 1

hRi

� �Zþ1

RZ exp �
Z þ 1

hRi
R

� �

ð7Þ

is chosen. Here, R is the particle radius with mean hRi and

�(x) represents the gamma function. The polydispersity p

of the system is specified by the shape parameter Z via

p2 = (hR2i � hRi2)/hRi2 = 1/(Z + 1). The idea is now to

discretize the distribution to a representative n-component

mixture. For the Schulz–Flory distribution, an efficient way to

achieve this is by exploiting the generalized Gauss–Laguerre

quadrature rule, specifically used to calculate integrals with a

weighting function like equation (7) (D’Aguanno & Klein,

1992; D’Aguanno, 1993; Olver et al., 2010). The nodes and

weights generated by such a procedure are equivalent to the

particle radii and number fractions of a discrete mixture which

shares the first 2n � 1 moments hRni with the original

continuous distribution. For each calculated scattering func-

tion, we carefully checked that the number of nodes necessary

for convergence was reached. The numerical scheme was

further tested against the analytical SM(Q) for homogeneous

spheres provided by Botet et al. (2020), where excellent

agreement was found.

3. Measurable structure factors of polydisperse systems

3.1. General remarks

Fig. 1 provides a general introductory overview of the

influence of polydispersity on P(Q), SM(Q) and hS(Q)i,

discussed for a dense suspension of homogeneous spheres,

serving as a reiteration of well known phenomenology (Botet

et al., 2020). Concerning the form factors, only those corre-

sponding to polydispersities of less than 10% appear struc-

tured. Familiarly, the characteristic minima in P(Q) become

increasingly smeared out for broader size distributions.

Polydispersity also causes a change in the initial slope of

P(Q) in the Guinier region. Reflecting the distribution of

particle sizes when calculating the Taylor expansion of P(Q),

the slope is now given by � Q2hR2
Gi=3, where the familiar

radius of gyration RG is substituted by an apparent radius of

gyration hR2
Gi1=2 (Glatter, 2018; Tomchuk et al., 2014). For

homogeneous spheres,

hR2
Gi ¼

3

5

hR8i

hR6i
ð8Þ
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Figure 1
Comparative analysis of scattering functions for an ensemble of optically homogeneous hard spheres with varying degrees of polydispersity. (a)
Probability density function illustrating the Schulz–Flory distributed radius R. (b) Form factor P(Q). (c) Average structure factor hS(Q)i. (d) Measurable
structure factor SM(Q). All evaluated at a total volume fraction of ’ = 0.5, spanning polydispersities from 5 to 25%. hRi denotes the mean radius of the
spheres.



is obtained, which reduces to the well known result of

R2
G ¼ ð3=5ÞR2 for monodisperse systems.

Similarly to P(Q), both the measurable structure factor

SM(Q) and the average structure factor hS(Q)i become

increasingly featureless at high polydispersities, which is

distinctively noticeable as the principal peak’s amplitude

decreases and the secondary oscillations gradually disappear.

Shifting the focus to direct comparison between the two

structure factors SM(Q) and hS(Q)i, multiple observations are

apparent. While the amplitude of the principal peak is similar

for both functions, differences appear at larger wavevectors,

where secondary peaks in SM(Q) appear at roughly the loca-

tions of the form-factor minima, as similarly noticed by Ginoza

& Yasutomi (1999). With increasing polydispersity, these

maxima evolve into broad shoulders that get smeared out

eventually. As also noted by Ginoza & Yasutomi (1999), sharp

secondary maxima are hard to observe experimentally

because a very narrow size distribution in combination with a

homogenous distribution of the scattering length density

(SLD) inside the particles is required. On the other hand,

shoulder-like features in experimentally determined structure

factors are well documented [see, as an example, Di Cola et al.

(2009)]. In the low-Q region, a striking observation is the

significant increase of hS(0)i at elevated polydispersities

in comparison with SM(0). According to the fluctuation-

dissipation theorem from statistical mechanics, the isothermal

compressibility �T is for monodisperse systems connected to

the zero-wavevector limit of S(Q) via S(0) = �kBT�T, where �

denotes the number density and kBT is the thermal energy.

The extension of this concept to mixtures must however be

treated with caution because, for multi-component systems,

the connection between structure and thermodynamics is not

simply given by the size average hS(0)i. According to the

Kirkwood–Buff theory of solutions, it is instead given by the

relation ð�kBT�TÞ� 1 ¼
P

x�x�S� 1
�� ð0Þ, where S� 1

�� ðQÞ is the ��

element of the inverse structure-factor matrix (Hansen &

McDonald, 2013).

3.2. Linear contrast gradient

As a prototypical example for particles with inhomoge-

neous scattering strength, particles with a linear gradient of

the SLD are investigated. This is particularly relevant for

swellable particles into which the suspension medium can

diffuse. This can occur with microgel particles (Karg et al.,

2019), for example. Under certain reaction conditions, an

inhomogeneous degree of cross-linking arises, which also leads

to inhomogeneous scattering properties. Particles with

intrinsic material gradients are also plausible, obtained for

example by continuously changing the monomer composition

in a feed process during synthesis. Then, in principle, a

suspension in which the contrast within a particle changes its

sign can also be realized. The form of a linear gradient is

assumed for the sake of simplicity in order to investigate the

phenomenology of continuous contrasts as an example.

The scattering contrast as a function of the distance r from

the centre can for a single particle be parametrized as

�ðrÞ ¼
�0 þ ð�R � �0Þ

r

R
if 0 � r � R;

0 otherwise;

(

ð9Þ

where R is the particle radius, �0 is the contrast in the centre

and �R is the contrast at the interface to the surrounding

medium. Accordingly, the resulting single-particle scattering

amplitude is given by

f ðQÞ ¼ 4�

�

�0

sinðQRÞ � QR cosðQRÞ

Q3
þ

�R � �0

R

�
2QR sinðQRÞ � ½ðQRÞ

2
� 2� cosðQRÞ � 2

Q4

�

; ð10Þ

which reduces to

f ð0Þ ¼ �R3 �0

3
þ �R

� �
ð11Þ

in the forward-scattering limit. A closer look at equation (11)

reveals that the forward-scattering contribution disappears if

the condition �R/�0 = � 1/3 is fulfilled. In particular, when the

maximum accessible scattering vector is limited, as in the case

of light scattering, forward scattering contributes significantly

to the total scattering cross section. If the forward scattering is

zero, the sample appears almost optically transparent.

Refractive-index matching can be achieved for particles with a

homogeneous scattering capacity if the SLD of the suspension

medium is adapted to that of the particles. If the scattering

capacity is inhomogeneous, index matching can only minimize

the total scattering cross section, which is often achieved by

making the forward scattering almost zero. In the following,

the condition when the forward scattering power is minimal is

referred to as the index match point.

To gain a systematic understanding of the behaviour of the

measurable structure factor SM(Q) as a function of the

contrast ratio �R/�0, it will prove advantageous to investigate

the Guinier region of the form factor. Using the contrast

profile from equation (9), for a single particle with radius R,

R2
G ¼

2

5

�0 þ 5�R

�0 þ 3�R

R2 ð12Þ

is obtained for the effective squared radius of gyration, which

depends not only on the particle’s radius but also on the two

contrast parameters �0 and �R. For polydisperse suspensions, a

similar expression emerges:

hR2
Gi ¼

2

5

�0 þ 5�R

�0 þ 3�R

hR8i

hR6i
: ð13Þ

As such, the contrast dependence of the prefactor is not

altered by polydispersity and the qualitative discussion can

instead be based on monodisperse suspensions. We will thus

refer to the prefactor simply as R2
G=R2, even in the poly-

disperse case.

Inspecting equation (12), several characteristic ratios �R/�0

are apparent: R2
G becomes zero for �R/�0 = � 1/5; exhibits a

pole at �R/�0 = � 1/3, incident with the index match point; and

has an asymptotic limit of R2
G=R2 ¼ 2=3 for �R/�0 ! �1.

Here, it will be shown that the behaviour of the scattering
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functions can be divided into three qualitatively distinct

classes, and that form factors and measurable structure factors

within each domain share unique features. The classification

based on the behaviour of R2
G, together with form factors P(Q)

and measurable structure factors SM(Q) representative of

each region, is visualized in Fig. 2. The regions are char-

acterized as follows:

(I) For �R/�0 > � 1/5, R2
G is positive and the form factors

have the familiar decaying shape known from homogeneous

spheres. With decreasing contrast ratio, the decay becomes

increasingly gradual until R2
G ¼ 0 is reached for �R/�0 = � 1/5.

Around the principal peak of SM(Q) and for lower wavevec-

tors, changes in the contrast have a negligible influence on the

measurable structure factors. However, at wavevectors

beyond the principal peak’s location, SM(Q) is greatly affected

by contrast variation. Depending on the specific location of

the first form-factor minimum, which shifts to larger wave-

vectors with lower contrast ratios, the shoulder-like artefact

also visible in Fig. 1 moves through SM(Q) towards larger

wavevectors and therein most prominently affects the shape of

the first local minimum and the following secondary

maximum.

(II) For the contrast ratios � 1/3 < �R/�0 < � 1/5, R2
G

becomes negative, which implies an imaginary radius of

gyration RG leading to a positive initial slope of P(Q). Form

factors in this region therefore initially increase from P(0) = 1

until a global maximum is reached at QR ’ 4, after which they

decay. The height of the maximum increases as the contrast

ratio moves towards the index match point at �R/�0 = � 1/3.

Curiously, the measurable structure factors in this domain are

almost indistinguishable, even though the variation of R2
G is

much more pronounced in comparison with region (I), where

the span of R2
G is small but SM(Q) shows a much more diverse

behaviour. Also, the distorting artefacts from region (I)

disappear almost completely.

(III) Contrast ratios of �R/�0 < � 1/3 again result in positive

R2
G and negative initial slopes. Close to the index match point,

where R2
G is comparatively large, P(Q) exhibits an intriguing

shape. At small wavevectors, a pronounced minimum occurs

even in very polydisperse suspensions. Beyond the minimum,

P(Q) rises to a global maximum reminiscent of region (II). For

contrasts in this range, an additional local maximum in SM(Q)

appears at low wavevectors, caused by the presence of the first

form-factor minimum. Such secondary maxima are often
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Figure 2
An illustrative breakdown of the classification of the scattering functions of spheres with a linear contrast gradient into the three regimes discussed in the
main text, where each column corresponds to a unique region. In the top row, the reduced squared radius of gyration R2

G=R2 as a function of the contrast
ratio �R/�0 is depicted. The location of the respective regions labelled (I), (II) or (III) is indicated by the darker shaded area. The middle and bottom
rows display selected form factors P(Q) and measurable structure factors SM(Q) that exemplify each region’s variability in the shape observed during
contrast variation. hRi indicates the mean radius of the particles. Note the shared axes of P(Q) and SM(Q) between rows and columns.



discussed in the literature as an indication of self-organization

on length scales beyond the distance of nearest neighbours, i.e.

the formation of correlated clusters (Sciortino et al., 2004; Liu

et al., 2005). The secondary maxima occurring here are

exclusively caused by the scattering amplitudes and cannot be

attributed to structural properties of the sample. This consti-

tutes a valuable example of a situation where a careless

inspection of experimentally determined SM(Q) can in the

worst case lead to unjustified assumptions about the structure

of a system. Moving further away from the index match point,

the first form-factor minimum moves towards larger wave-

vectors and gets shallower. At the same time, the following

maximum declines and, as such, the shape of P(Q) morphs

back into the familiar decaying shape from region (I).

Simultaneously, the location of the secondary maximum in

SM(Q) drifts towards higher wavevectors. Fig. 2 also displays a

situation where the form-factor minimum exactly coincides

with the location where the principal peak of SM(Q) would

normally occur. In this case, the main peak is drastically

diminished, which is again not an indicator for a less

pronounced short-range order in this particular instance, but

can certainly be mistaken as such.

The principal-peak height of a structure factor is an often

employed structural order parameter. Scheffold & Mason

(2009) noticed in their investigation of highly concentrated

nanoemulsions that the peak amplitude in SM(Q) is deeply

affected by polydispersity. As such, the evolution of this height

during contrast variation is also of special interest. Fig. 3

compares the peak height of the average structure factor

hS(Qmax)i with the value of SM(Qmax) at the same wavevector

as a function of the contrast ratio �R/�0 and for different

degrees of polydispersity. Overall, it is clearly shown that

SM(Qmax) is deeply affected by changes in the contrast. There

exist two contrast ratios where SM(Qmax) and hS(Qmax)i

coincide. One of them is to a good approximation given by

�R/�0 ’ � 1/5, the location where the apparent radius of

gyration disappears and P(Q) decays very slowly. The other

location is at a positive contrast ratio and drifts towards higher

�R/�0 with increasing polydispersity. Bounded by those two

ratios is a regime where SM(Qmax) exceeds hS(Qmax)i, while

for all other contrast ratios, the peak height from SM(Qmax)

underestimates the actual height. For comparatively small

polydispersities around 5%, the deviation from hS(Qmax)i is

small and only amounts to a few per cent, as long as the

contrast ratio is larger than �R/�0 ’ � 1/5. For lower ratios,

SM(Qmax) is strongly diminished, most pronouncedly at

contrast ratios of �R/�0 ’ � 1. For higher polydispersities, the

deviations become even more severe, as best visualized in Fig.

3(b), where the relative deviation between hS(Qmax)i and

SM(Qmax) is depicted. Even in the immediate vicinity of

hS(Qmax)i = SM(Qmax), already deviations of the order of 5–

10% appear for the highest shown polydispersities. This

demonstrates that, no matter what the actual degree of poly-

dispersity, SM(Qmax) can only serve as a reliable order para-

meter for very specific contrast ratios.

3.3. Core–shell particles

Core–shell models are commonly employed to describe

particles consisting of different layers of material, e.g. nano-

particles with grafted stabilizer shells (Hallett et al., 2020; Diaz

Maier & Wagner, 2024) or micellar structures (Szymusiak et

al., 2017). As core and shell naturally differ in their material

properties, in principle both positive and negative contrast

differences with respect to the surrounding medium can occur,

similarly to particles with continuous material gradients.

For Schulz–Flory-distributed core–shell particles, analytical

expressions for the form factor P(Q) exist in the case of a

polydisperse core and a shell of constant thickness (Bartlett &

Ottewill, 1992), for a polydisperse total diameter and a

constant core-to-shell ratio (Wagner, 2004), and for both core

radius and shell thickness independently distributed (Wagner,

2012). Moreover, an analytical solution for the problem of

correlated hard-sphere core–shell systems was provided by

Nayeri et al. (2009).

The scattering amplitude of a single core–shell particle,
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Figure 3
(a) The influence of the contrast ratio �R/�0 on the principal-peak value SM(Qmax) for spheres with a linear contrast gradient, for polydispersities in a
range between 5 and 25% at a total volume fraction of ’ = 0.5. The horizontal dashed lines mark, for comparison, the height of the principal peak of the
average structure factor hS(Qmax)i. The distinction between the different introduced contrast regimes from Fig. 2 is indicated by the vertical dashed lines.
(b) Relative deviation between SM(Qmax) and hS(Qmax)i for an enlarged region.



f ðQÞ ¼ 4�

�

ð�c � �sÞ
sinðQRcÞ � QRc cosðQRcÞ

Q3

þ �s

sinðQRÞ � QR cosðQRÞ

Q3

�

; ð14Þ

is the sum of the amplitudes of a sphere and a spherical shell,

weighted by their respective contrasts, �c and �s. Rc and R are

the core radius and the total radius of the particle, respec-

tively, and we specifically consider the case where the core

radius and the total radius are connected by a constant

species-independent size ratio � = Rc/R.

Similar to the gradient model, the forward-scattering

contribution

f ð0Þ ¼
4

3
�R3 �3ð�c � �sÞ þ �s

� �
ð15Þ

disappears for specific contrast combinations of the ratio of

contrasts �s/�c = �3/(�3 � 1), which now additionally depends

on the size ratio �. For the effective radius of gyration of a

polydisperse system, an expression with similar structure to

equation (13) emerges:

hR2
Gi ¼

3

5

�5�c þ ð1 � �5Þ�s

�3�c þ ð1 � �3Þ�s

hR8i

hR6i
: ð16Þ

That, again, a prefactor containing the contrasts can be

decoupled from the size average is a peculiarity of this model

with constant size ratio and a key reason why this assumption

was made for this investigation.

In Fig. 4, the contrast dependence of R2
G=R2 is visualized for

different size ratios �. As in the case of spheres with a linear

gradient of the SLD, this results in hyperbola-like curves,

where the location of the pole is now influenced by �; an

increasing ratio of core diameter to total diameter shifts the

location of the pole to more negative contrast ratios (�s/�c).

The contrast ratio where R2
G ¼ 0 is, in comparison, only

slightly altered by �. This leads to a larger range of contrast

ratios with negative R2
G as the shell thickness decreases.

This shows that core–shell particles exhibit qualitatively

comparable optical characteristics to particles with a linear

density gradient. As such, the form factors P(Q) of core–shell

systems can likewise be categorized into three classes based on

their behaviour at low wavevectors. Example form factors for

each class are also visualized in Fig. 4.

Because of these similarities, we focus the remainder of the

discussion on aspects that are unique to core–shell particles,

i.e. how measurable structure factors are influenced by
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Figure 4
The influence of the contrast ratio �s/�c on the reduced squared radius of
gyration R2

G=R2 for core–shell particles with different ratios � between
core radius and total radius, along with three representative sets of form
factors, each sharing the same radius of gyration for different size ratios.

Figure 5
Comparison between measurable structure factor SM(Q) and size-
averaged structure factor hS(Q)i of core–shell particles for different core-
to-total ratios (�), contrast ratios (�s/�c) and polydispersities as indicated
in the figure. The total volume fraction for all shown structure factors is
’ = 0.5.



different core-to-shell ratios. For this purpose, structure

factors corresponding to two important edge cases, particles

with a small core and particles with a thin shell, are compared

in Fig. 5 for different degrees of polydispersity and chosen

contrast ratios �s/�c. Core–shell models with thin shells are

often encountered when characterizing particles stabilized by

a grafted polymer layer, which are prototypical colloidal

model particles displaying hard-sphere behaviour (Royall et

al., 2013). The case of hard spheres with a strongly scattering

small core and a weakly scattering comparatively large shell is

equally of interest. Under these conditions, essentially, the

behaviour of highly charged strongly repelling particles whose

interparticle distance is several times larger than their

diameter is artificially mimicked. For these systems, the

measurable structure factor SM(Q) should in theory to a good

approximation coincide with the average structure factor

hS(Q)i. To reasonably compare models with different size

ratios (�), two specific contrast ratios (�s/�c) are depicted: the

ratio �s/�c = �3/(�3 � 1) at the index matching point, where for-

ward scattering is minimized; and the ratio �s/�c = �5/(�5 � 1),

where hR2
Gi ¼ 0 and P(Q) shows the weakest decay. In the

case of � � 1, both conditions basically lead to the same

result: the shell is virtually hidden with �s ’ 0.

As can be observed in Fig. 5, for moderate polydispersities

of 5–10%, the small core-to-total ratio � = 0.1 indeed yields

measurable structure factors SM(Q) that are indistinguishable

from hS(Q)i for both depicted contrast ratios. For particles

with thin shells (� = 0.9), SM(Q) and hS(Q)i also agree well in

the vicinity of the principal peak. However, differences arise

around the secondary maxima, where the peak amplitudes in

SM(Q) are diminished because of the interference of the

scattering amplitudes. With increasing polydispersity, this

deviation becomes more pronounced. Still, even for particles

that are seemingly quite close to homogeneous spheres,

artefacts in SM(Q) can be significantly reduced by careful

contrast variation.

Looking at highly polydisperse systems, it is evident that,

even for rather small cores with � = 0.1, hS(Q)i cannot be

accurately represented by any SM(Q). Only the height of the

principle peak is correctly estimated. This stresses again the

importance of an accurate treatment of very broad size

distributions, where any kind of approximation must be

carefully checked for validity.

4. Conclusions

Colloidal dispersions generally exhibit a particle size distri-

bution, which needs to be taken into account when inter-

preting results from scattering experiments. The measurable

structure factor SM(Q) is an experimental, comparatively

easily accessible measure for the interparticle structure in

interacting systems. However, in polydisperse systems, SM(Q)

is, beyond the structural correlations, also decisively affected

by the optical properties of the individual particles. To this

end, we systematically investigated the influence of different

form-factor models on the shape of SM(Q) of dense disper-

sions with hard-sphere interactions. The characterization of

measurable structure factors was extended to two classes of

spherical particles with inhomogeneous scattering capacity:

first, spheres with a linear SLD profile as a general model for

particles with continuous contrast gradients and, second, a core–

shell system as a prototype for particles with layered structures.

For both models, we find that the structure factors can be

categorized into three distinctive classes of shared qualitative

features, based on the behaviour of the form factor P(Q) in

the Guinier region. SM(Q) can, for these optically inhomo-

geneous model particles, be significantly influenced by the

variation of the scattering contrasts relative to the surrounding

medium. Depending on the specific contrast combination,

shoulder-like features emerge, maxima are diminished or split,

and even secondary maxima in the low-wavevector region,

reminiscent of cluster peaks, can be observed. These effects

are solely due to the optical properties of the particles and are

not caused by structural changes in the sample. We further

showed that the height of the principal peak of SM(Q) can only

be regarded as a representative order parameter in a very

restricted range of contrasts, especially for broad size distri-

butions.

These observations emphasize the need to properly address

the distribution of particle size (and possibly also other char-

acteristics) in the interpretation of static scattering experi-

ments. Actually, for many applications, deliberately broad size

distributions are a desired feature; an academically relevant

example is studies of deeply supercooled glass-forming

systems (Ninarello et al., 2017), where crystallization needs to

be suppressed and where polydispersity effects in any form

certainly cannot be neglected (Zaccarelli et al., 2015; Pihla-

jamaa et al., 2023).

Beyond providing an enhanced qualitative understanding

of features that can possibly be encountered when analysing

experimentally extracted measurable structure factors, the

numerical scheme presented in this contribution in principle

provides a means to model the scattered intensity of any

polydisperse hard-sphere system, provided a model for the

single-particle scattering amplitude and an appropriate size

distribution is available. Performing fits with such advanced

models directly on experimentally observed intensities gives

access to the underlying partial structure factors, enabling a

characterization and possible further theoretical analysis on a

genuine multi-component foundation, rather than employing

effective one-component approaches. The current restriction

to hard-sphere interactions is a major incentive to promote

advancements in the analytical evaluation of partial structure

factors for other interaction potentials, since numerically

solving integral equations or employing computer simulations

with reasonable statistics are currently only realistically

feasible for a restricted number of components, especially in

mixtures with large size disparities (Allahyarov et al., 2022).

APPENDIX A

Percus–Yevick structure factors for hard-sphere mixtures

The analytical solution of the Ornstein–Zernike equation for

the hard-sphere potential within the Percus–Yevick closure in
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terms of the partial structure factors S��(Q), presented by Vrij

(1979) and reformulated by Voigtmann (2003), is restated

here. In short, an expression for the partial direct correlation

functions c��(r) in real space can be found using Baxter’s

factorization technique (Baxter, 1970). The transformed

solution in wavevector space c��(Q) can subsequently be used

to obtain the partial structure factors S��(Q).

Let ’ be the total volume fraction of all spheres, d� be the

diameter and x� be the number fraction of the spheres of

species �. The total number density � of the system is related

to the volume fraction by ’ ¼ ð�=6Þ�
P

x�d3
�. With the

abbreviations

d�� ¼
d� þ d�

2
ð17Þ

and

�x ¼
�

6
�

X

�

x�dx
�; ð18Þ

the set of coefficients

a� ¼
1 � �3 þ 3d��2

1 � �3ð Þ
2

; ð19Þ

~a2 ¼
P

�

��a2
�; ð20Þ

�̂0 ¼
9�2

2 þ 3�1ð1 � �3Þ

ð1 � �3Þ
3

; ð21Þ

A�� ¼
d��ð1 � �3Þ þ 3

2 d�d��2

ð1 � �3Þ
2

; ð22Þ

B�� ¼
1

1 � �3

� �̂0d�d� ð23Þ

and

D�� ¼
6�2 þ 12d��½�1 þ 3�2

2=ð1 � �3Þ�

ð1 � �3Þ
2

ð24Þ

can be determined. Furthermore, by introducing

S� ¼ sinðQd�=2Þ and C� ¼ cosðQd�=2Þ, the terms

�A ¼ A��

S�S� � C�C�

Q2
; ð25Þ

�B ¼ B��

C�S� þ C�S�

Q3
; ð26Þ

�D ¼ D��

S�S�

Q4
ð27Þ

and

~� ¼
4�

Q4
~a2

�
C�C�d�d�

4
þ

S�S�

Q2
�

C�S�d� þ C�S�d�

2Q

�

ð28Þ

can be calculated, which finally leads to

c��ðqÞ ¼ � 4� ð�A þ �B þ �D þ ~�Þ: ð29Þ

The partial direct correlation functions form the matrix C with

elements C�� = (x�x�)1/2c��, which is related to the matrix of

partial structure factors S by the Ornstein–Zernike relation

S ¼ 1 � � C½ �
� 1

: ð30Þ

The partial structure factors here are defined within the

convention limQ!1 S��ðQÞ ¼ ���, where ��� is the Kronecker

delta.
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We describe experimentally observed collective dynamics in colloidal suspensions of model hard-sphere
particles using a modified mode coupling theory (MCT). This rescaled MCT is capable of describing quan-
titatively the wave-vector and time-dependent diffusion in these systems. Intermediate scattering functions of
liquidlike structured dispersions are determined by means of static and dynamic light-scattering experiments.
The structure and short-time dynamics of the systems can be described quantitatively employing a multicom-
ponent Percus-Yevick ansatz for the partial structure factors and an effective, one-component description of
hydrodynamic interactions based on the semianalytical δγ expansion. Combined with a recently proposed
empirical modification of MCT in which memory functions are calculated using effective structure factors at
rescaled number densities, the scheme is able to model the collective dynamics over the entire accessible time
and wave-vector range and predicts the volume-fraction-dependence of long-time self-diffusion coefficients and
the zero-shear viscosity quantitatively. This highlights the potential of MCT as a practical tool for the quantitative
analysis and prediction of experimental observations.

DOI: 10.1103/PhysRevE.109.064605

I. INTRODUCTION

Understanding the intricate connection between a mate-
rial’s macroscopic properties and the microscopic structure
and dynamics of its constituents stands as a key endeavor in
modern condensed matter physics. The quantitative predic-
tion of a system’s dynamics from its structural characteristics
holds pivotal importance, serving as a fundamental step to-
ward tailored material design [1].

Mode-coupling theory (MCT) is a widely recognized
framework for calculating time-dependent correlation func-
tions solely relying on static, time-independent inputs [2–6].
This theory, based on the Mori-Zwanzig projection-operator
formalism [7–10], explains the trapping of strongly interact-
ing particles within nearest-neighbor cages as a vitrification
mechanism which causes structural relaxation processes to
occur on two distinct timescales: The rapid β relaxation is
followed by the gradual α relaxation separated by an interme-
diate plateau. In strongly correlated fluids, arrested states are
formed which are characterized by a diverging α-relaxation
time [11]. MCT’s significance lies not only in predicting an
ideal glass transition but also in offering nontrivial descrip-
tions of the transition between β and α relaxation through
characteristic power laws and scaling relations [12,13]. These
predictions align well with empirical observations of glass-
forming liquids [14–16].

A recognized limitation of MCT is the quantitative discon-
nect of predicted glass transition temperatures or densities for
various systems in comparison to experimental or computa-
tional results [17]. MCT effectively reproduces the qualitative

*joachim.wagner@uni-rostock.de

behavior of numerous dynamical observables such as co-
herent and incoherent density correlation functions [18,19],
long-time collective- and self-diffusion coefficients [20–22],
or various rheological properties [23–28]. Achieving com-
plete quantitative agreement, however, remains elusive. This
discrepancy is attributed to MCT’s tendency to overestimate
correlations within the memory functions [29,30]. Notable
counterexamples in this context are the correct quantitative
prediction of the nonergodicity parameter of liquid silica
[31] and of hard spheres, either in bulk [32,33] or in
confinement [34].

While it is evident that at least one of the underlying
approximations of MCT (for a detailed derivation of the
equations, see, e.g., Ref. [6]) must be the reason for this
exaggeration of correlations, precise insights have long been
missing. Only very recently, Pihlajamaa et al. [35] were able
to dissect the effects of each separate approximation along the
derivation of the MCT equations. Based on their findings, they
identified routes to systematically improve standard MCT, but
also highlighted that many past attempts to extend MCT while
upholding its foundational principles have not yielded wholly
satisfactory results [36–39].

With the systematic improvement of MCT still being an
ongoing effort, in the meantime, developing simplified heuris-
tic schemes for an improved MCT is valuable from a more
practical perspective. Several past studies have proposed ad
hoc solutions to match MCT calculations to experimental or
computational outcomes, such as employing effective temper-
atures or packing fractions [29,30], wave vector cutoffs or
shifts [29], or combinations thereof [18,19,40]. Banchio et al.
[20,21,23,24] found a rescaling of the density dependence
of certain transport properties like viscosity or self-diffusion
coefficient to be effective. Their approach not only accounts
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for MCT’s limitations but also for deviations induced by
solvent-mediated hydrodynamic interactions (HIs), crucial in
colloidal dispersion dynamics [41]. Incorporating HIs directly
into the MCT equations, while feasible in certain cases, re-
mains a challenging endeavor [42–44].

Recently, Amokrane et al. [45] proposed a scheme in which
the MCT equations are solved employing an effective struc-
ture factor as static input. By using a structure factor evaluated
at lower density, the systematic overestimation of correlations
in the memory function can approximately be compensated.
Contrary to just using an overall effective temperature or
density, this approach explicitly takes into account a possible
wave-vector-dependence of the deviations introduced by the
MCT approximations, beyond simply scaling the memory
function by a factor. This method has been demonstrated
to yield excellent agreement between MCT calculations and
simulation data for various dynamic properties in uniform and
binary hard-sphere fluids [46].

In this paper, we go beyond a comparison with com-
puter simulations and apply this scheme directly to describe
the experimentally observed collective dynamics of a model
hard-sphere suspension. Direct comparisons between full,
wave-vector-dependent MCT calculations and experimental
data of density correlation functions have been reported
[16,19,21,33] but remain relatively rare compared to inves-
tigations involving simulations. Most investigations which
interpret experiments in the scope of MCT either exploit
universal scaling laws [33,47,48] or rely on schematic,
wave-vector-independent models [49], most often for quan-
tities indirectly coupled to density relaxation as for example
obtained from quasielastic scattering [50–53], dielectric relax-
ation [54], or rheological [55–58] experiments.

When working with real colloidal suspensions, both the
particle size distribution and the HIs mediated by the sur-
rounding medium need to be taken into account. While the
explicit incorporation of continuous size distributions has
gained popularity in both theoretical and simulation works
[18,39,59–62], an accurate treatment of HIs, especially in
polydisperse systems, remains challenging [21,44,63,64].

We have recently demonstrated that the structure and
short-time dynamics of dense, model hard-sphere suspensions
consisting of silicone-stabilized poly(methyl methacrylate)
(PMMA) particles can be modeled quantitatively employing
a multicomponent Percus-Yevick ansatz in combination with
an effective one-component treatment of HIs within the semi-
analytical δγ scheme [65]. Based on this approach, we show
the capability of MCT as a quantitative tool to describe the
full, wave-vector- and time-dependent collective dynamics of
this system and also test the predictive powers of this method
by calculating self-diffusion coefficients and shear viscosities
explicitly based on the accurate collective dynamics.

II. RESCALED MODE-COUPLING SCHEME

Static structure factors S(Q) and intermediate scattering
functions S(Q, t ) (ISFs) of model hard-sphere suspensions
consisting of sterically stabilized PMMA particles are de-
termined by means of static and dynamic light scattering
experiments for a range of volume fractions in the liquid-
like region. For details on the preparation and experimental

procedures, we refer to Ref. [65], where the here-investigated
suspensions were extensively characterized by means of static
and dynamic light scattering. In this previous work, structure
factors and hydrodynamic functions needed as input to de-
scribe long-time dynamics are quantitatively analyzed.

The optical properties of the studied particles are well-
understood. Their scattering amplitude b(Q) which for light
scattering is essentially the Fourier transform of the refractive
index distribution within a particle [66] can be described by a
core-shell model which also takes into account a slightly inho-
mogeneous distribution of the refractive index inside the core,
induced by the partial penetration of the particles by the sur-
rounding medium. This model of the scattering properties in
combination with multicomponent hard-sphere Percus-Yevick
theory [67–70] is able to describe quantitatively the scattered
intensity of the suspensions over the whole accessible wave
vector range.

The suspensions consist of particles with a mean radius
〈R〉 ≈ 285 nm which is a size well-suited for light scatter-
ing experiments. It was shown that the effective hard-sphere
radius of the particles somewhat decreases with increasing
number density, most likely caused by changes in the chain
conformation of the stabilizer chains when spheres come
into close contact. This effect is accounted for during fur-
ther analysis. The model fits additionally give access to the
particle-size distribution, which can be well described by
a Schulz-Flory distribution [71,72] with probability density
function

c(R) = 1
�(Z + 1)

(
Z + 1
〈R〉

)Z+1

RZ exp
(

−Z + 1
〈R〉 R

)
, (1)

where the dispersity (〈R2〉 − 〈R〉2)1/2/〈R〉 = (Z + 1)−1/2

amounts to approximately 7% in our particular case. The
different samples were assigned effective hard-sphere volume
fractions in a range between 0.24 � ϕ � 0.52 based on the
fit results from the combined form factor and structure factor
model. A volume fraction range still comparatively far from
the glass transition at ϕ ≈ 0.58 [32] constitutes a clean initial
test case for the application of the proposed MCT scheme to
analyze experimental results. Testing the same procedure in
the deeply supercooled region close to the glass transition is
the topic of ongoing investigation.

For our theoretical model, we consider a multicompo-
nent system comprising n species of isotropically interacting,
spherical particles. Following the method of D’Aguanno and
Klein [73], an n-component system representative for the
continuous Schulz-Flory distribution is constructed, where
already n = 5 yields results which are indistinguishable from
finer discretizations. The system is then specified by the radii
Rα and number densities ρα of each species of identical
particles. The total number density ρ = ∑

ρα , the num-
ber fractions xα = ρα/ρ, and the total volume fraction ϕ =
4π/3

∑
ραR3

α can then be inferred from this information.
Photon correlation spectroscopy probes time-dependent

fluctuations of the scattered intensity I (Q, t ) from which the
normalized, measurable ISF φM(Q, t ) = SM(Q, t )/SM(Q) is
determined [74]. φM(Q, t ) is also termed density correlation
function (DCF), since it is essentially the autocorrelation
function of the Fourier components of the microscopic density
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[4]. We employ the descriptor “measurable” to emphasize
that observables directly derived from scattering experiments
always in some form involve an average over the scattering
amplitudes b(Q) and do not constitute simple thermodynamic
averages like when accessed for example by computer simula-
tions. The static structure given by the partial structure factors
Sαβ (Q), the composition expressed by the number fraction
xα and the scattering amplitudes bα (Q) of the suspension are
considered to be known quantities for our multicomponent
system during further analysis. With this in mind, the time
dependence of the measurable ISF

SM(Q, t ) =
∑

αβ (xαxβ )1/2 bα (Q) bβ (Q) Sαβ (Q, t )∑
α xα b2

α (Q)
, (2)

is given by a weighted average of the elements Sαβ (Q, t ) of
the matrix of partial ISFs S(Q, t ) [75]. Note that the partial
structure factors Sαβ (Q) in our convention follow the property
Sαβ (Q → ∞) = δαβ , with δαβ being the Kronecker symbol.

The problem of calculating SM(Q, t ) is thus shifted to com-
puting S(Q, t ). Within MCT, the time evolution of S(Q, t ) is,
neglecting HIs, determined by [44]

∂

∂t
S(Q, t ) + Q2DS−1(Q)S(Q, t )

+ D
∫ t

0
M(Q, t − t ′)

∂

∂t ′
S(Q, t ′)dt ′ = 0, (3)

where M(Q, t ) is the matrix of irreducible memory functions
with elements

Mαβ (Q, t ) = 1
16π3(ραρβ )1/2

∑
γ γ ′δδ′

∫
Vαγ δ (Q,k)

×Vβγ ′δ′ (Q,k)Sγ γ ′ (k, t )Sδδ′ (|Q − k|, t )dk.

(4)

The vertices are given by

Vαγ δ (Q,k) = Q · k
Q

δαδCαγ (k)

+ Q · (Q − k)
Q

δαγCαδ (|Q − k|), (5)

with the dimensionless, weighted partial direct correlation
functions Cαβ (Q) = (ραρβ )1/2cαβ (Q) = δαβ − (S−1)αβ (Q)
which are related to the partial structure factors by the
multicomponent Ornstein-Zernike relation [76]. D is a
diagonal matrix of Stokes-Einstein diffusion coefficients of
species α.

In a single-component system, hydrodynamic interactions
lead to a rescaled short-time diffusion coefficient

Deff (Q) = − 1
Q2 lim

t→“0”

∂

∂t
S(Q, t ) = H (Q)

D0

S(Q)
, (6)

where the notation t → “0” indicates a short time limit
of structural relaxation times beyond momentum relaxation.
The dimensionless scaling factor H (Q) in the resulting ex-
tended de Gennes relation is the hydrodynamic function
[77]. Based on ideas by Medina-Noyola [78] and Brady
[79,80], recently recompiled by Riest et al. [81], it is an
adequate approximation to assume that HIs in hard-sphere
systems mostly influence the short-time behavior of any

relaxation process, which is strengthened by the obser-
vation that for many transport properties, it is sufficient
to rescale theoretical outcomes of non-HI methods with
HI-included short-time/high-frequency contributions to quan-
titatively match experimental data [20,23]. The hydrodynamic
function of hard-sphere dispersions can, in principle, be cal-
culated via computationally expensive accelerated Stokesian
dynamics simulations [63,64] or the approximate δγ scheme
introduced by Beenakker and Mazur [82,83]. The latter is
restricted to uniform dispersions but offers the advantage of
a semianalytical treatment. We used the δγ approximation
to calculate the hydrodynamic function based on the static
structure factor [84].

The collective short-time diffusion of the here-presented
experimental system was thoroughly investigated in Ref. [65].
Therein, it was discussed that the measurable hydrodynamic
function HM(Q), acquired from quasielastic scattering experi-
ments, can be well described by the effective one-component
formulation

HM(Q) = Hs + Hd(Q) = Hs + AH δγ

d (Q∗), (7)

with Q∗ = α(Q − Qm ), where Qm is the wave vector at
the principal peak’s location. HM(Q) separates into a wave-
vector-independent self part Hs and a wave-vector-dependent
distinct part Hd(Q), rescaled by a heuristic factor A. The
function H δγ

d (Q) is the distinct part calculated within the one-
component δγ scheme [82,83], supplied with the size-average
of the partial structure factors 〈S(Q)〉 as static input. The
self-part Hs and the empirical parameters A and α are treated
as fit parameters to match the experimental data.

To include this effective one-component formulation in the
MCT scheme of a multicomponent system, the time depen-
dence of the dynamic structure factor needs to be rescaled by
a matrix Heff (Q) with effective hydrodynamic functions

[Heff (Q)]αβ = δαβHs + (xαxβ )1/2Hd(Q) (8)

as elements. Herewith, Eq. (3) reads as

∂

∂t
S(Q, t ) + Q2Heff (Q)DS−1(Q)S(Q, t )

+ Heff (Q)D
∫ t

0
M(Q, t − t ′)

∂

∂t ′
S(Q, t ′)dt ′ = 0. (9)

This approximation neglects the influence of the scattering
amplitudes b(Q) on HM(Q) which, however, only causes a
very small disturbance of the overall measurable relaxation
rate, not noticeable within experimental uncertainty: Since
size-dispersity effects were found to mostly influence the
potential part of the interparticle interactions in the systems
studied here [65], the differences in scattering power of dif-
ferently sized species are predominantly mediated by the
structure factors and not by the hydrodynamic functions. With
the scheme constructed in this way, the short-time limit of
the resulting measurable ISF SM(Q, t ), calculated via Eq. (2),
matches the experimental data from Ref. [65].

The empirical modifications proposed by Amokrane et al.
[45] can now be incorporated into the memory function
[Eq. (4)]. For this, we first define a scaled volume fraction
ϕ∗ = ξϕ = ϕ − 
ϕ which is connected to the original vol-
ume fraction ϕ either via a scaling factor ξ or, equivalently,

064605-3



JOEL DIAZ MAIER AND JOACHIM WAGNER PHYSICAL REVIEW E 109, 064605 (2024)

TABLE I. Hard-sphere volume fractions ϕ for all suspensions
investigated and optimum rescaled volume fractions ϕ∗ used to de-
scribe experimental data. The relation between ϕ and ϕ∗ can be
conveniently expressed either via a scaling factor ξ = ϕ∗/ϕ or a shift

ϕ = ϕ − ϕ∗.

ϕ ϕ∗ ξ = (ϕ − 
ϕ)/ϕ 
ϕ = (1 − ξ )ϕ

0.52 0.447 0.86 0.073
0.50 0.420 0.84 0.080
0.48 0.393 0.82 0.087
0.47 0.381 0.81 0.089
0.44 0.349 0.79 0.091
0.38 0.292 0.77 0.088
0.33 0.250 0.76 0.080
0.24 0.173 0.72 0.067

via a shift 
ϕ and later needs to be determined by matching
the MCT outcome to the experimental data. Now, a set of
effective partial structure factors S∗

αβ (Q) is calculated with ϕ∗
instead of ϕ as an input parameter and, subsequently, every
occurrence of the weighted partial direct correlation func-
tions Cαβ (Q) in the vertex [Eq. (5)] is replaced by C∗

αβ (Q) =
δαβ − (S−1)∗αβ (Q).

III. COLLECTIVE DYNAMICS

The MCT equations for the presented scheme are nu-
merically solved employing common methods [30,85,86].
From the resulting partial ISFs Sαβ (Q, t ), the measurable ISF
SM(Q, t ) is then calculated according to Eq. (2). The optimum
scaled volume fraction ϕ∗ used in the model was evaluated by
minimizing deviations between experimental data and theory
in the whole accessible time and wave-vector range. Optimum
rescaled volume fractions ϕ∗ and actual volume fractions ϕ

are compared in Table I. Interestingly, the deviation 
ϕ from
the rescaled volume fraction to the actual volume fraction
traverses a maximum at ϕ ≈ 0.44, where the rescaling factors
α and A for the hydrodynamic function [Eq. (7)] become
approximately one: At a volume fraction where the δγ ap-
proximation is practically correct, the largest deviations of
MCT are observed.

Figure 1(a) shows a comparison of the time dependence of
experimentally obtained measurable DCFs φM(Qm, t ), eval-
uated at the wave vector Qm corresponding to the principal
structure-factor peak, and theoretical results according to the
rescaled mode-coupling scheme. In conjunction, in Fig. 2, the
wave-vector dependence of the same correlation functions is
displayed for several delay times. For all investigated vol-
ume fractions, the experimental relaxation functions can be
described quantitatively by the theory over almost the whole
accessible time and wave-vector range. As expected from
liquidlike systems relatively far from the glass transition, the
relaxation is profoundly stretched for the larger volume frac-
tions, but a separation into two different relaxation regimes is
not yet observable. The rescaled theory captures this stretched
decay accurately. While some minor deviations are noticeable,
these can be well explained by statistical fluctuations of the
experimental values, most apparent at long delay times where
φM(Qm, t ) � 0.2. The theoretical prediction itself is techni-

FIG. 1. (a) Time dependence of the measurable density corre-
lation function φM(Qm, t ) at the principal structure factor peak’s
location Qm for volume fractions as indicated in the legend. The
solid lines are the results of the rescaled mode-coupling scheme
described in the text. (b) Comparison between φM(Qm, t ) calculated
with rescaled volume fractions and results from the original MCT
with an unmodified memory function.

FIG. 2. Wave-vector dependence of the measurable density cor-
relation function φM(Q, t ) for chosen delay time as indicated. The
symbols are the same as in Fig. 1, with the solid lines being results
of the rescaled mode-coupling scheme.
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FIG. 3. Reduced zero-shear viscosity η/η0, as predicted by the
rescaled mode-coupling scheme, compared to experimental data by
Segrè et al. [87] and Weiss et al. [88] and results from Stokesian
dynamics simulations by Foss and Brady [89]. Additionally, a the-
oretical prediction based on a modified scaling expression proposed
by Brady (Eq. (56) in Ref. [81]) is given by the solid line.

cally also subjected to uncertainties from the input parameters
propagated through the scheme, however, the precise estima-
tion of an uncertainty range is difficult due to the complexity
of the model.

Figure 1(b) additionally displays for chosen densities a
comparison between the predictions of the MCT scheme
with and without scaling factors for the volume fraction. It
is evident, especially at larger volume fractions, that stan-
dard MCT significantly overestimates the structural relaxation
time. Clearly, this emphasizes the considerable improvements
enabled by this comparatively simple rescaling approach, es-
pecially considering that the experimental values are matched
not only for a conveniently chosen wave vector, but for all
wave vectors simultaneously.

IV. PREDICTION OF TRANSPORT PROPERTIES

Beyond the successful quantitative description of the ex-
perimentally observed collective relaxation, we test if related
transport properties can be predicted correctly based on the
parameterized scheme without further adjustable parameters.

The shear viscosity η in the limit of small shear rates can
be directly calculated within MCT from the partial ISFs and
is given by [43]

η − η∞
η0

= kBT

60π2

∫ ∞

0

∫ ∞

0
Q4 Tr

[(
dC(Q)

dQ
· S(Q, t )

)2
]

dQ dt,

(10)

with η0 being the viscosity of the surrounding medium and
η∞ being the hydrodynamic high-frequency contribution. We
use the accurate parametrization given by Eq. (36) in Ref. [81]
to calculate η∞. The resulting predictions for η/η0 in depen-
dence on the volume fraction ϕ are displayed in Fig. 3, where
they are compared to independent results of experimental
[87,88] and simulation studies [89] from the literature along
with a theoretical prediction based on a generalized Stokes-

Einstein relation [81]. Strikingly, the values predicted from
the collective dynamics fit nicely among these results, which
clearly show that if a mode-coupling scheme can correctly
describe the collective density relaxation of a realistic suspen-
sion, the viscosity calculated via Eq. (10) is consistently also
quantitatively correct.

The self-dynamics of the system are also accessible within
MCT. This, however, requires the self-consistent solution of
a supplementary set of equations. For the self-ISFs Ssα (Q, t ),
these are given by [41]

∂

∂t
Ssα (Q, t ) + Q2HsD

0
αS

s
α (Q, t )

+ HsD
0
α

∫ t

0
Ms

α (Q, t − t ′)
∂

∂t ′
Ssα (Q, t ′) dt ′ = 0, (11)

with the memory kernels

Ms
α (Q, t − t ′) = 1

8π3ρα

∫ (
Q · k
Q

)2

Ssα (|Q − k|, t )

×
∑
δδ′

Cαδ (k)Cαδ′ (k)Sδδ′ (k, t ) dk. (12)

The scheme for the self-dynamics relies on the short-time
self-diffusion coefficients Ds

α , which in the same spirit of
an effective one-component treatment of the HIs are con-
structed to be Ds

α = HsD0
α where Hs is the self-part of the

one-component hydrodynamic function [Eq. (7)]. The rescal-
ing procedure from Amokrane et al. [45] is again incorporated
by calculating the density-weighted partial direct correlation
functions Cαβ (Q) with the scaled volume fraction ϕ∗, exactly
using the same values as for the collective dynamics. From the
self-ISFs, we compute long-time self-diffusion coefficients
Ds

L,α from the long-time, low-wave-vector limit of Eq. (11),
as described, e.g., in Ref. [30]. Figure 4(a) shows the MCT
prediction for the average long-time self-diffusion coefficient
〈Ds

L〉α along with outcomes from independent computer sim-
ulations [90] and experiments on a similar model system
[91,92]. This is in accordance with a theoretical prediction
based on the HI rescaling proposed in Medina-Noyola [78].
Again, the values calculated via the mode-coupling scheme
are in excellent agreement, both with literature data and theory
which demonstrates the applicability of this rescaled MCT
ansatz to consistently also describe tagged-particle motion,
despite an additional layer of approximations within the the-
ory. Furthermore, this especially emphasizes the intricate link
between self-dynamics and cooperative effects.

On a final note, we want to point out a convenient byprod-
uct of the employed scheme: Since the procedure is based on
a multicomponent approach, automatically, species-resolved
analyses become possible. In Fig. 4(b), this is demonstrated by
revealing what is essentially the distribution of long-time self-
diffusion coefficients in the disperse suspension. Particularly
intriguing is the evolution of the width of this distribution with
increasing particle concentration. Compared to the width at
ϕ = 0, which is essentially just a representation of the particle
size distribution [Fig. 4(c)] expressed via the Stokes-Einstein
relation, the distribution significantly broadens with increas-
ing ϕ, up to a threshold value of ϕ ≈ 0.45, beyond which
the relative diffusivities again converge towards the average
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FIG. 4. (a) Average long-time self-diffusion coefficient 〈Ds
L〉 rel-

ative to the average Stokes-Einstein diffusion coefficient 〈D0〉 as
predicted by the rescaled mode-coupling scheme compared to direct
measurements by van Megen and Underwood [92] on a similar
model system and Stokesian dynamics simulations by Phung [90].
Additionally, a theoretical prediction based on parameterized simu-
lation data in conjunction with the factorization approximation by
Medina-Noyola [78] (Eq. (45) in Ref. [81]) is given by the solid line.
(b) Single-species long-time self-diffusion coefficient Ds

L,α relative
to the average 〈Ds

L〉 in dependence on the volume fraction ϕ. The
dashed lines are a guide to the eye. (c) Distribution of particle radii
in relation to the mean, with each symbol in correspondence to
(b). Additionally, the continuous Schulz-Flory distribution, which
is approximated by the n-component mixture, is represented by the
solid line.

value. The same convergence towards a shared timescale at
high volume fractions was similarly observed recently in a
quasi-two-dimensional, binary hard sphere fluid [93]. How-
ever, the exact mechanisms, especially the initial broadening
of the distribution, are still not entirely clear.

V. CONCLUSIONS

In this paper, we described quantitatively experimental
collective density correlation functions φM(Q, t ) of liquidlike

ordered model hard-sphere suspensions with a multicompo-
nent mode-coupling scheme based on the rescaled structure
factor method proposed by Amokrane et al. [45]. Hydro-
dynamic interactions were approximately incorporated using
Medina-Noyola’s [78] short-time factorization. Based on
these results, long-time self-diffusion coefficients and zero-
shear viscosities were derived from the collective dynamics
without further adjustable parameters. Both quantities excel-
lently agree with independent experiments and established
theoretical predictions from the literature. Altogether, this
demonstrates mode-coupling theory’s capability as a tool for
the consistent and quantitatively correct characterization of
experimentally observed collective dynamics and transport
properties in dense colloidal dispersions.

As an obvious downside, the first-principles character of
MCT is lost within our approach due to the introduction
of an empirical parameter without real physical significance.
However, as already noted by Amokrane and Germain [46],
such a treatment is, beyond just being a practical solution for
a complicated problem, certainly meaningful. Results such as
these emphasize the immense potential of MCT if, eventually,
systematic advancements of the theory are indeed realized. A
promising roadmap for this challenge was just recently laid
out by Pihlajamaa et al. [35].

Additional investigations are required to further test the
limitations of the here-employed scheme. We restricted our-
selves to the analysis of liquidlike or only mildly supercooled
suspensions with volume fractions ϕ � 0.52. A natural exten-
sion is thus the investigation of the more deeply supercooled
and also the glasslike regime which probably requires the
use of samples with broader size distributions to prevent
an eventual crystallization even over long observation times
[60]. If the here-employed multicomponent treatment is
generally applicable to such very disperse systems is in it-
self a question of interest. Equally important is testing the
predictions of such schemes for a more extensive set of
dynamical observables, e.g., by probing the full, wave-vector-
dependent self-dynamics or frequency-dependent viscoelastic
properties.

Undoubtedly, also desired is the application to model sys-
tems beyond hard spheres in bulk, with just a few examples
being particles with long-range repulsive [21] or competing
interactions [94], self-propelled particles [95,96], or systems
in confinement [34]. From a technical perspective, this in-
volves additional efforts to further develop methods for the
fast evaluation of partial structure factors in multicomponent
systems, for example, via advanced integral-equation schemes
[97], and of partial hydrodynamic functions, where the only
reasonably applicable analytic multicomponent framework is
based on Rotne-Prager-Yamakawa hydrodynamics, only suit-
able for dilute systems [98].
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