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1. Introduction

1.1. Nonnegative matrix factorization of incomplete data sets

In a world where big data and sustainability are increasingly relevant, it is important to harness
the information content of high-dimensional data in an efficient and resource-conserving way.
This includes extracting the maximum amount of information from the data. In particular, if
parts of the data are faulty or even missing, the goal is to work with the given data. No attempt
is made to fill the data gaps, as such a step can be costly.

For example, spectroscopy processes large amounts of measured spectroscopic data that can
be analyzed using chemometric methods. Malinowski [46] describes chemometrics as the use of
“mathematical and statistical methods for handling, interpreting and predicting chemical data”.
A key tool for such analysis is nonnegative matrix factorization (NMF). Beyond spectroscopy,
NMF has many applications in data analysis. NMF for nonnegative data can be interpreted as
linear dimensionality reduction [26]. A well-known example of linear dimensionality reduction
is the so-called cocktail party problem [13] where the goal is to separate the individual sources
from a set of mixed signals. NMF can solve the source separation problem, but the solution is
known to be NP-hard [26]. For the historical context of NMF see chapter 2.

This thesis focuses on numerical chemometrics, i.e. the use of a numerical approach to analyze
spectroscopic data. In particular, the focus is on NMF of matrices with unknown or unreliable
matrix entries, which are considered as incomplete. Incompleteness can occur when a data set
is subject to measurement errors or is incomplete by design (see chapter 3 for more information
and classification).

Instead of relying on additional data to eliminate the incompleteness or analyzing only the largest
complete parts of the data, the goal is to use incomplete data as efficiently as possible. This
thesis provides a new approach to solving the nonnegative matrix factorization problem in an
incomplete setting by analyzing the underlying geometric relations. The analysis is performed
using a divide-and-conquer approach on the incomplete data set. That is, parts of the data set
that are not affected by the incompleteness are analyzed and their results are combined, see
chapter 3.

This leads to the following roadmap. First, the theory of the nonnegative matrix factorization
problem is presented in chapter 2. The NMF theory is then applied and further developed
to allow an analysis of incomplete data sets, see chapter 3. The algorithmic solution for the
analysis of incomplete data is presented in chapter 4. The analysis of incomplete data is closely
related to the analysis of subsystems, which is discussed in chapter 5. The approaches of
subsystem analysis, especially their detection, make it possible to detect areas suffering from
incompleteness, which is a key step in the analysis of experimental data. An application of the
developed methods to experimental data is presented in chapter 6.

Parts of the results of this thesis have been published in [8].



2 1. Introduction

1.2. Data sets and notation

Two model data sets are used to illustrate the results of this thesis. These data sets, data set 1
and 2, are described in the appendix, see Sec. A.1.

An overview of the notation used is provided next. Additionally, for matrix and vector indexing
the Matlab notation is used, meaning D(:, j) denotes the j-th column of a matrix D, D(i, :) the
i-th row and D(i : i+ 10, :) the submatrix formed by the rows i to i+ 10 of D.

R+ Set of nonnegative real numbers including 0.
D ∈ R

k×n A matrix of rank s, mostly nonnegative, see problem 2.3.
C ∈ R

k×s A matrix of rank s and left factor of the nonnegative matrix factorization problem 2.3.
ST ∈ R

s×n A matrix of rank s and right factor of the nonnegative matrix factorization problem 2.3.
C A finitely generated convex cone, see Eq. (2.2).
colcone(D) Cone generated by the columns of D, see Eq. (2.3) and (2.7).
rowcone(D) Cone generated by the rows of D, see Eq. (2.4) and (2.7).
ED Index set of essential rows, see Eq. (2.5).

ẼD Index set of essential columns, see Eq. (2.6).

esi Set denoting the essential entries, given by the Cartesian product of ED and ẼD.
Desi A matrix reduced to its essential rows and columns, see Sec. 2.2.1.
UΣV T Truncated singular value decomposition of D with rank s, see Thm. 2.11.
σi Singular values with 1 ≤ i ≤ s.
T ∈ R

s×s Invertible matrix to define the set of feasible solutions, see Def. 2.15.
IS(D) Inner polytope in the V -space of D, see Eq. (2.11), it is spanned by data points ai.
FS(D) Outer polytope in the V -space of D, see Eq. (2.10).
IC(D) Inner polytope in the U -space of D, see Eq. (2.13), spanned by data points bi.
FC(D) Outer polytope in the U -space of D, see Eq. (2.12).
MS Set of feasible solutions of the V -space, see Eq. (2.9).
MC Set of feasible solutions of the U -space, see Eq. (2.14).
H Affine subspace in the V -space spanned by selected data points, see Eq. (3.5).
MR Restricted set of feasible solutions, see Lem. 3.25.
D Row space of D, see Sec. 5.2.1.



2. Nonnegative matrix factorization

In the last decades, nonnegative matrix factorization (NMF) has become increasingly popular.
Not least by a publication in Nature in 1999 by Lee and Seung [39], who shifted the focus
to determining a possible NMF rather than focusing on the underlying chemical or physical
situation and the corresponding model behind the NMF [26]. Previously, NMF had been used
in analytical chemistry, where it was described byWallace in 1960 [85], with the goal of recovering
the pure spectra of the chemical species present in a measurement, such as a chemical reaction.
In 1994, Paatero and Tapper [54] introduced the problem of finding an NMF in its modern form,
but until Lee and Seung it was limited to the field of chemometrics [26]. In addition to analytical
chemistry and geoscience and remote sensing where NMF was first used, it is now applied in
many other fields, such as audio signal processing, computational geometry, image processing,
and document clustering [26].

In order to properly address the problem of nonnegative matrix factorization, it is formally
introduced in Sec. 2.1. Then, two approaches to solve this problem are presented. The first
is based on a cone representation of the given data matrix (see Sec. 2.2) and the second uses
a singular value decomposition of the data matrix and corresponding polytopes (see Sec. 2.3).
Both approaches cover not only the determination of a possible nonnegative factorization, but
also certain properties of the data matrix are investigated, e.g., if it is possible to reduce a data
matrix without losing information. Additionally, a connection between the two approaches is
made in Sec. 2.3.6. Finally, the influence of noise in a data set and its influence on how to solve
the nonnegative matrix factorization problem or how to find factors whose product approximate
the given data matrix reasonably well is considered (see Sec. 2.4).

2.1. The nonnegative matrix factorization problem

In order to gain an understanding of what a nonnegative matrix factorization is, the NMF
problem is introduced.

Problem 2.1 (General nonnegative matrix factorization problem, [26, 65]). Let a nonnegative
matrix D ∈ R

k×n be given. A factorization D = CST is desired, with C ∈ R
k×r
+ and ST ∈ R

r×n
+ ,

such that r is minimal.

Closely related to the NMF problem 2.1 is the nonnegative rank.

Definition 2.2 (Nonnegative rank, [14, 26, 65]). The nonnegative rank of D ∈ R
k×n
+ is the

smallest r ∈ N for which Prob. 2.1 has a solution. It is denoted by rank+(D) = r.

Based on this definition, rank(D) ≤ rank+(D) ≤ min(k, n) (see [14]). This work focuses on
the case where rank(D) = rank+(D), and thus on cases where both C and ST have full rank.
Therefore, Prob. 2.1 is formulated more precisely as follows (see [65]).

Problem 2.3 (NMF problem [65]). Let a nonnegative matrix D ∈ R
k×n be given, with s =

rank(D) = rank+(D). A nonnegative factorization is sought, that means finding factors C ∈
R
k×s
+ and ST ∈ R

s×n
+ so that D = CST .
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In the following, when referring to the NMF problem, Prob. 2.3 is meant. When faced with such
a problem, the question arises whether there exists a solution. For the case rank(D) = s ≤ 2
Thomas showed in 1974 that there exists always a nonnegative factorization, see [80]. But what
about arbitrary rank(D) > 2? And if there is a solution, is it unique? These questions will be
examined next.

2.1.1. Characterizing the NMF problem

Looking at the NMF problem as in Prob. 2.3, it is not obvious that the factors C ∈ R
k×s
+ and

ST ∈ R
s×n
+ exist and whether they are unique. Therefore, a short analysis of the problem is

given.

The NMF problem can be categorized as an inverse problem, because it is inverse to the mul-
tiplication of two nonnegative matrices, see [20] for inverse problems. A further categorization
is possible to specify whether a problem poses numerical difficulties or not [20]. Therefore,
Hadamard’s definition is used to check the “well-posedness” of a problem.

A problem is called well-posed if the following conditions are met (see [20,65])

1. a solution exists,

2. the solution is unique,

3. the solution is continuously dependent on the data (stability condition).

If one of these conditions is not met, the problem is called ill-posed.

The first step to check if it is well-posed is to look at the existence of a solution. This step is
closely related to the rank and the nonnegative rank of D, because if s = rank(D) < rank+(D)
there is no NMF of D where C and ST both have rank s. A well-known example of this is the
following nonnegative matrix from [80]

D =




1 1 0 0
1 0 1 0
0 1 0 1
0 0 1 1


 .

For this matrix rank(D) = 3 < 4 = rank+(D) holds and thus there is no full rank factorization
of D where rank(C) = rank(ST ) = rank(D). Thus, the first condition for a well-posed problem
is not fulfilled. However, it is possible to relax the existence condition and implement additional
specifications to ensure a solution. Thus, the previous restriction to the NMF problem 2.3 with
rank(D) = rank+(D) is used, which ensures a full rank factorization.1

The next step is to verify that a solution is unique. Therefore, trivial ambiguities are considered
first, see [65,75]. These are due to permutations and scaling of the factors C and ST . If P ∈ R

s×s

is a permutation matrix and ∆ ∈ R
s×s is a diagonal matrix with positive diagonal entries, then

CST = (C∆−1P T )(P∆ST ) are both nonnegative factorizations of D.

Unfortunately, even excluding trivial ambiguities from the consideration does not lead to a
unique solution. This is illustrated by the following example from [65]

D =

(
1 2 3
4 5 6

)
=

(
1 0
0 1

)
·
(
1 2 3
4 5 6

)
=

(
1 0
1 1

)
·
(
1 2 3
3 3 3

)
. (2.1)

The NMF problem 2.3 is thus ill-posed. Nevertheless, an analysis of the NMF problem is of
interest. The knowledge that there can be multiple solutions to the NMF problem motivates
the analysis of this ambiguity.

1To check whether rank(D) = rank+(D) is NP-hard. This implies the NP-hardness of the NMF problem, see [26].
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The notion of a solution in the context of the NMF problem is defined next.

Definition 2.4. The pair of C ∈ R
k×s
+ and ST ∈ R

s×n
+ is called a solution or a feasible pair,

if it is a factorization of a matrix D ∈ R
k×n
+ with rank(D) = rank+(D) = s, as in problem 2.3.

Furthermore, a factor ST ∈ R
s×n
+ is called feasible if there exists a corresponding C ∈ R

k×s
+ so

that C and ST form a feasible pair. Similarly, the feasibility for the factor C ∈ R
k×s
+ can be

defined.

There are several approaches to computing solutions to the NMF problem 2.3. Two of them are
presented next, namely a cone-based approach and one based on a singular value decomposition
of the data matrix. Finally, the ambiguity of the solution to the NMF problem and how to
determine it is discussed. The choice of which approach to use depends on the application and
preferences. In this thesis, both approaches are used for the considerations in chapter 3.

2.2. Solving the NMF problem using convex cones

The NMF problem 2.3 can be interpreted geometrically as a nested cone problem [26]. The first
step is to take a closer look at how cones are defined.

The cones treated in this thesis are convex and finitely generated, i.e., finitely many vectors are
sufficient to construct the cone. Thus, a convex and finitely generated cone C is given by

C =

{
l∑

i=1

αivi : αi ≥ 0

}
, (2.2)

with its generators v1, . . . , vl, the cone is the conic hull of them [26]. For simplicity, this thesis
uses the simplified term cone to describe C. An example is shown in Fig. 2.1. It is possible to
define cones generated by a matrix D ∈ R

k×n using Eq. 2.2. For example, the columns of D
become the generators and the conic hull of them leads to the corresponding cone. The cone
generated by the columns of D is given by

colcone(D) =





n∑

j=1

αjD(:, j) : αj ≥ 0



 . (2.3)

In the same way, it is also possible to define the cone generated by the rows of D

rowcone(D) =

{
k∑

i=1

αiD(i, :) : αi ≥ 0

}
. (2.4)

Both cones span a subspace of dimension s in the k- and n-dimensional space, if rank(D) = s.
This definition of the cones follows the definition of [8] as opposed to [26] where only the column
space cone of D is defined, using DT for the row space cone. The column and row space cones
of the example matrix of Eq. (2.1) are shown in Fig. 2.1 with the generators marked by dashed
lines.

To bridge the connection between cones and the NMF problem, a nested cone problem is consid-
ered. The idea is to find a cone C, such that colcone(D) ⊆ C ⊆ R

k
+. The matrix that generates

C should have fewer columns than D. So that only a small number of vectors generate the
edges of C that encloses colcone(D). Ideally, the number of edges reaches its minimum with
s = rank(D) = rank+(D). Thus, a matrix C ∈ R

k×s
+ is sought where C = colcone(C). With

C+D = ST the other factor is calculated, where C+ is the pseudoinverse of C [28]. If ST ∈ R
s×n
+
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Figure 2.1.: Corresponding cones of the column space (upper row) and the row space (bottom
row) to the matrix D of Eq. (2.1) in blue with the vectors corresponding to the
columns or rows, marked by dashed lines. The cones corresponding to possible
factorizations of Eq. (2.1) are colored in yellow and red, respectively. Thus, the
second and third columns represent possible nonnegative factorizations of D. Since
D ∈ R

2×3, the cones of the column space are 2D and the cones of the row space are
in 3D.

and rowcone(D) ⊆ rowcone(ST ), then C and ST form a feasible pair, as in Def. 2.4 and the
nested cone problem becomes equivalent to problem 2.3. This is also shown in Fig. 2.1 with
two possible feasible solutions marked in red and yellow. These colored cones correspond to the
solutions given in Eq. (2.1).

This connection between the NMF problem and the nested cone problem can be simplified,
since a feasible factor ST already results when C is selected (in the way described). This is a
well-known concept, see [26]. It is repeated in the following lemma in a slightly different form
to fit the style of the following theory.

Lemma 2.5 (From [8]). Let C ∈ R
k×s and D ∈ R

k×n be nonnegative matrices with rank(D) =
rank+(D) = s, where colcone(D) ⊆ colcone(C). This implies that there exists a nonnegative
matrix ST ∈ R

s×n so that D = CST . So C and ST are a feasible pair.

Proof. The connection colcone(D) ⊆ colcone(C) leads to D(:, j) ∈ colcone(C) for j = 1, . . . , n.
Consequently, each column of D can be represented by a conical combination of the columns of
C, i.e. D(:, j) = Ca with a ∈ R

s
+. These linear factors are stored in S, where S(j, :) = aT , which

implies that S is a nonnegative matrix. Thus, C and ST form a nonnegative factorization of D
and are a feasible pair.

The same holds for rowcone(D) and rowcone(ST ) and the corresponding factor C. Lem. 2.5
allows to formulate the NMF problem 2.3 as a problem of finding s = rank(D) vectors in the
positive orthant such that either colcone(D) or rowcone(D) is nested, see [26].

It is again important to note that because of Lem. 2.5 it is not necessary to check whether ST

is feasible if C is feasible. This must be kept in mind for later arguments in chapter 3, since it
is possible to check feasibility in both spaces (for both factors), but it is not necessary.
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Instead of looking at just one feasible pair of C and ST , it is possible to look at the entire set
of solutions to the NMF problem and thus the entire set of feasible factors. These solutions
can be computed by finding matrices T ∈ R

s×s with rank(T ) = s such that Ĉ = CT−1 and
ŜT = TST again form a feasible pair. This concept is known as ambiguity of the solution of the
NMF problem. It is further investigated in Sec. 2.3.2, where a singular value decomposition is
used as an approach to solve the NMF problem, which also allows an easier representation of
the solutions.

Instead of dealing with convex cones, it is also possible to reduce the problem to convex hulls.
This is done by normalizing the vectors spanning the cone, which are thus on the same plane
and, for colcone(D), in a (k − 1)-dimensional space. Now, instead of finding a cone, the goal is
to find a polytope containing the determined convex hull with s vertices. How this approach is
used to further analyze NMF problems can be found in [26]. For this work, it is usually sufficient
to look at cones. The concept of convex hulls is rather used to connect the cone approach with
the approach of using a singular value decompositions to solve NMF problems. The latter is
done in Sec. 2.3.

Going back to convex cones and the initial definition in Eq. (2.3) and (2.4) as well as Fig. 2.1,
it can be seen that not all columns or rows are necessary to define the cones. This is the topic
of the next subsection.

2.2.1. Determining essential information

Looking at the definition of the cones of the column and row space of D (in Eq. (2.3) and (2.4)),
it becomes clear that a certain amount of redundancy can occur. This means that neglecting
certain vectors will result in the same cone.

The first step in reducing redundancy is to eliminate all repeated rows and columns, including
those with different scaling. Without loss of generality, only the first occurrence of such rows or
columns is considered. Therefore, a temporary index set is used, first for rowcone(D)

TD =
{
i ∈ {1, . . . , k} : D(i, :) 6= βD(ℓ, :) for all ℓ ∈ {1, . . . , i− 1}, β ∈ R+

}
.

The same consideration can be done for colcone(D) and another index set is given by

T̃D =
{
j ∈ {1, . . . , n} : D(:, j) 6= βD(:, ℓ) for all ℓ ∈ {1, . . . , j − 1}, β ∈ R+

}
.

With these temporary index sets, the set of generators of the cones can be reduced, because
using only rows or columns corresponding to the temporary index set means that each edge of
the respective cone corresponds to only one index.

The redundancy can be reduced even further by using only the edges to define the cones. Looking
at Eq. (2.3) and (2.4) this still leads to the same cones, because each inner point of the cone can
be represented by a conic combination of the edges. This further reduces the temporary index
sets.

The corresponding index set that identifies the edges of rowcone(D) is given by

ED =
{
i ∈ TD : D(i, :) 6=

∑

ℓ∈TD\{i}

αℓD(ℓ, :), for all αℓ ∈ R+

}
. (2.5)

The index set for colcone(D) is given analogously and is denoted by

ẼD =
{
j ∈ T̃D : D(:, j) 6=

∑

ℓ∈T̃D\{j}

αℓD(:, ℓ), for all αℓ ∈ R+

}
. (2.6)
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These index sets allow to rephrase Eq. (2.3) and (2.4) using only the edges, cf. [8]. The resulting
cone representations are given by

colcone(D) =





∑

j∈ẼD

αjD(:, j), for all αj ∈ R+



 ,

rowcone(D) =





∑

i∈ED

αiD(i, :), for all αi ∈ R+



 .

(2.7)

The rows and columns defining ED and ẼD are especially important for the cones. Therefore,
the following definition is given.

Definition 2.6. The i-th row of a data matrix D is called essential if it is an edge of the cone
of the row space and the first occurrence of this row, including different scales, i.e. i ∈ ED. In
the same way the j-th column is called essential if j ∈ ẼD.

In the same style, the rows and columns that do not belong to an edge are denoted as non-
essential. These terms are based on extremal vectors, see [68,73], and will be discussed in detail
in Sec. 2.3.7.

Since both cone representations of Eq. (2.3)-(2.4) and Eq. (2.7) are equivalent, a statement can
be made about the essential rows and columns.

Remark 2.7. There are at least s = rank(D) = rank+(D) essential rows or columns. This is
because the cone representation of Eq. (2.7) spans the same space as when all rows or columns
of D are considered, see Eq. (2.3)-(2.4) and (2.7).

Even if this minimum is not reached in general, a drastic data reduction is often possible if only
essential rows and columns are considered. This is of particular interest when considering large
matrices. A reduction to the essential parts can reduce the subsequent computational cost by
several orders of magnitude and speed up the analysis, see [25].

Determining possible edges of the cones for matrices with high dimensions can also be compu-
tationally expensive. To reduce this cost, it is possible to look at submatrices of the original
data matrix D and determine their essential parts to obtain a superset of the essential rows and
columns of D. This is shown in the following lemma.

Lemma 2.8 (From [8]). For a given matrix D =
(

D11

D21

)
∈ R

k×n
+ holds ED ⊆ ED11

∪ ED21
for

the index sets of essential rows, where the rows of D21 are numbered from k1 + 1 to k. Here
D11 ∈ R

k1×n
+ , D21 ∈ R

k2×n
+ with k = k1 + k2 and ED denotes the index set of essential rows of

D, ED11
belongs to D11 and ED21

to D21.

Proof. Looking at the temporary index sets it is clear that TD ⊆ TD11
∪ TD21

holds. Thus, the
connection between the index sets of essential rows is as follows:

ED =
{
i ∈ TD : D(i, :) 6=

∑

ℓ∈TD\{i}

αℓD(ℓ, :), for all αℓ ∈ R+

}

⊆
{
i ∈ TD11

: D(i, :) 6=
∑

ℓ∈TD11
\{i}

αℓD(ℓ, :), for all αℓ ∈ R+

}

∪
{
i ∈ TD21

: D(i, :) 6=
∑

ℓ∈TD21
\{i}

αℓD(ℓ, :), for all αℓ ∈ R+

}

=ED11
∪ ED21
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This lemma can also be formulated for the transposed case and essential columns. However, it
is not possible to extend it directly for the essential rows and columns together in one step. A
counterexample is given next.

Example 2.9. Let the two matrices

D11 =

(
1 0 0.5
0 1 1

)
, D21 =

(
1 0 2
0 1 1

)

be given. For both matrices, all rows and the first two columns are essential. As in Lem. 2.8 the

matrices are combined to D =
(

D11

D21

)
. Now only the first 3 rows are essential and the essential

columns of the submatrices are not a superset of the essential columns of D, since the third
column can no longer be represented by a linear combination of the first two columns. This
coincides with the fact that the rank of the individual submatrices is smaller than the rank of D.
This relation is further investigated in chapter 3.

The combination of the essential rows and columns by forming the Cartesian product ED × ẼD
defines the term essential information of a matrix D. When D is reduced to its essential
information, i.e., it contains only essential rows and columns, it is referred to as Desi ∈ R

kesi×nesi
+ ,

kesi ≤ k, nesi ≤ n.

When a data matrix is reduced to its essential parts, the question arises whether the structure
is preserved. In particular, is a solution of the complete matrix is also feasible for the reduced
matrix and vice versa? This may seem to be clear, because the essential rows and columns
remain the same and thus seemingly the corresponding cones, but since also the dimensions and
thus the spaces of the cones change, it is not so trivial. This relationship was already mentioned
in [68], but is described in detail in the following lemma.

Lemma 2.10. When determining the solution of a nonnegative matrix D ∈ R
k×n, rank(D) =

rank+(D) = s, both D and its reduced version Desi ∈ R
kesi×nesi can be considered as equivalent.

This means that any solution of the NMF problem of D can be transformed into a solution of
the NMF problem of Desi and vice versa.

Proof. The reduced matrix Desi is constructed from D by eliminating non-essential rows and
columns. Thus, a solution that is feasible for D is also feasible for Desi by performing the same
reduction for both factors (eliminating the same rows of C ∈ R

k×s
+ and the same columns of

ST ∈ R
s×n
+ as in D).

The reduction of D to Desi can also be done by looking at the entries of Desi given by D(p, q)
with p ∈ ED, q ∈ ẼD. To prove that Desi results in the same feasible factors as D, it is necessary
to also look at the non-essential parts of D. For all rows and columns of D holds

D(i, :) =
∑

p∈ED

α̂i,pD(p, :) and D(:, j) =
∑

q∈ẼD

β̂j,qD(:, q), with α̂i,p, β̂j,q ∈ R+.

Thus, each matrix entry can be constructed using Desi by

D(i, j) =
∑

p∈ED

∑

q∈ẼD

α̂i,pβ̂j,qD(p, q) =

kesi∑

r=1

nesi∑

t=1

αi,rβj,tDesi(r, t),

with αi,r, βj,t ∈ R+ corresponding to α̂ and β̂ respectively.
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The same can be done for the factorization Desi = CesiS
T
esi, with the factors Cesi ∈ R

kesi×s,
ST
esi ∈ R

s×nesi and using the r-th and t-th unit vector er and et

D(i, j) =

kesi∑

r=1

nesi∑

t=1

αi,rβj,te
T
r Desiet =

kesi∑

r=1

nesi∑

t=1

αi,rβj,te
T
r CesiS

T
esiet =

kesi∑

r=1

αi,re
T
r Cesi ·

nesi∑

t=1

βj,tS
T
esiet.

With this it is possible to define the factors C ∈ R
k×s
+ and ST ∈ R

s×n of D by

C(i, :) =

kesi∑

r=1

αi,re
T
r Cesi, i = 1, . . . k and ST (:, j) =

nesi∑

t=1

βj,tS
T
esiet, j = 1, . . . , n.

Since αi,r ≥ 0 and βj,t ≥ 0, as well as Cesi and ST
esi are nonnegative, C and ST are also

nonnegative. So C and ST form a feasible pair of D. Therefore, D and Desi can be considered
equivalent when determining the solutions of D.

Thus, Desi is sufficient to compute solutions of the NMF problem for D and consequently the
cone representation of Desi can be used to compute the solutions of D instead of the cone
representation of D.

This also means that if for two matrices D1 and D2 the corresponding matrices D1,esi and D2,esi

are identical (up to permutation and scaling), they can be considered equivalent and a solution
only needs to be computed for one matrix to obtain a solution for the other. This results in
a minimization of the computational effort, since the solutions for a matrix do not need to be
computed if they are known for an “equivalent” matrix. This relation is of particular interest in
the context of incomplete data sets and online analysis and is further investigated in chapter 3.

After introducing the cone-based approach and seeing how the NMF problem 2.3 can be solved, it
is possible to list its advantages and disadvantages. On the one hand, the cone-based approach
is a simple way to represent a matrix by using the row and column spaces. No additional
computational steps are required to achieve this representation. However, the “quality” of the
representation and how easy it is to find enclosing cones and thus a solution depends strongly on
the dimensions of D. A large number of rows and/or columns leads to a high-dimensional row
or column space, even if the rank of D is small. Thus, the representation of high-dimensional
data is difficult.

This inevitably leads to the question of what other ways are possible to deal with high-dimensional
data. An approach based on the singular value decomposition of the data matrix, which takes
advantage of the low rank of D with respect to k and n, is presented next.

2.3. Solving the NMF problem using a singular value decomposition

In this section, the solutions of the NMF problem are determined with an approach based on
singular value decomposition. The aim is not only to determine one possible solution of the NMF
problem, but to extend the approach to determine all solutions. Furthermore, the connection
to the cone approach of Sec. 2.2 is drawn together with the transfer of the concept of essential
information. Finally, a short presentation of possible numerical approaches to determine all
solutions of the NMF problem is given.

2.3.1. The singular value decomposition

Instead of using the rows and columns of a matrix directly to find solutions to the NMF problem
2.3, it is possible to use a low-rank approximation as a prior step and use this approximation to
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represent D. For this purpose, the singular value decomposition (SVD) is introduced.

Theorem 2.11 (Singular value decomposition [28]). If D ∈ R
k×n, then there exist orthogonal

matrices Û ∈ R
k×k and V̂ ∈ R

n×n such that ÛTDV̂ = Σ̂ = diag(σ1, . . . , σp) ∈ R
k×n with

p = min{k, n}, where σ1 ≥ σ2 ≥ · · · ≥ σp ≥ 0.

Accordingly, D is represented by Û Σ̂V̂ T . Assuming rank(D) = s, D can also be represented by

D =
s∑

i=1
σiuiv

T
i , where ui = Û(:, i) and vi = V̂ (:, i) are the singular vectors and σi the singular

values. Thus, only the first s singular vectors and values are used to represent D, since the
remaining singular values are equal to 0, see [28]. Therefore, the truncated matrices U ∈ R

k×s

and V ∈ R
n×s are defined as U = (u1, . . . , us) and V = (v1, . . . , vs) and Σ = diag(σ1, . . . , σs) ∈

R
s×s. This means that D = UΣV T is a truncated SVD and will be referred to as SVD of D.

Using the SVD, a factorization of D with proper dimension and rank is already obtained to find
a solution to the NMF problem 2.3, using C = UΣ and ST = V T . However, C and ST contain
negative entries for s > 1, see the following Thm. 2.13 and Lem. 2.14. The goal is to transform
the factors so that they become nonnegative. Therefore, the factor T ∈ R

s×s with rank(T ) = s
is introduced, so that C = UΣT−1 and ST = TV T are nonnegative matrices and a feasible pair
of D. This concept of transforming C and ST so that they become nonnegative is known as
target transformation [46].

To transform C and ST into a feasible pair, multiple matrices T can be found. Thus, multiple
feasible pairs are also possible. This ambiguity is known from Sec. 2.1.1, since the NMF problem
is ill-posed. The ambiguity is investigated next to identify not only one solution of the NMF
problem but all.

2.3.2. Ambiguity of the solutions of the NMF problem

The ambiguity of the solution to the NMF problem is known as rotational ambiguity in the
context of chemometrics [1, 82]. However, it is not a rotation in the mathematical sense and is
therefore simply referred to as ambiguity in this thesis. Ambiguity is documented in the early
work of chemometrics in [38] and [10]. It is an ongoing research topic to determine the ambiguity
and find ways to reduce it. Possible ways to reduce it are explored in the following chapters.

The heart of ambiguity analysis is the factor T ∈ R
s×s with rank(T ) = s, so that C = UΣT−1

and ST = TV T form a feasible pair of D ∈ R
k×s
+ , rank(D) = rank+(D) = s, with its SVD

D = UΣV T . Finding such a T can be done by solving optimization problems. There are s2

degrees of freedom, corresponding to the number of entries of T . To allow faster analysis, the
goal is to reduce the degrees of freedom. To achieve this goal, prior considerations must be made.
Thus, the terms “reducible” and “irreducible” are needed and used in the following theorem.
This allows to classify matrices.

Definition 2.12 (From [65], see also [48]). A matrix M ∈ R
n×n with n ≥ 2 is called reducible,

if there exists a permutation matrix P ∈ R
n×n, so that

PMP T =

(
M11 M12

0 M22

)

with M11 ∈ R
m×m and M12 ∈ R

m×(n−m), 1 ≤ m < n. Otherwise M is called irreducible.

The notion of irreducibility is used as a condition in the theorem of Perron and Frobenius [21,55],
which concerns the spectrum of a nonnegative matrix. The theorem is reduced to two aspects
needed in this work and is based in its form on [65].
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Theorem 2.13 (Perron-Frobenius). Let M ∈ R
n×n be a nonnegative and irreducible matrix.

Then

(i) the spectral radius of M is a simple eigenvalue of M and

(ii) there exists a component-wise positive eigenvector corresponding to this eigenvalue.

Proof. See [81].

Applying this theorem to a matrixD ∈ R
k×n with its corresponding SVD, where the eigenvectors

of DTD are stored in V (with DTD an irreducible matrix), yields the following lemma. An
application to the transposed case DDT with the eigenvectors stored in U is analogous.

Lemma 2.14 (Thm 3.1 from [51]). Suppose D ∈ R
k×n, with rank(D) = s > 2, is a nonnegative

matrix. If DTD is an irreducible matrix, then “any nonzero linear combination of the columns
2, . . . , s of V has at least one negative component” [51].

Proof. See [51].

The key of this lemma is that if ST is constructed from the columns of V , by ST = TV T , then
there is always a contribution from the first column of V , since ST must be nonnegative to
be feasible. Thus, all entries of the first column of T are unequal to zero. Using the notation
T (i, j) = tij results in ti1 6= 0 for i = 1, . . . , s.

The next step is to reduce the degrees of freedom of T . So far, all s2 entries of T had to be
determined. To achieve this goal, a scaling matrix ∆ = diag(t11, . . . , ts1) ∈ R

s×s
+ is inserted

so that D = UΣT−1TV T = UΣT−1∆∆−1TV T , see [51]. This choice of ∆ is possible because
ti1 6= 0 for i = 1, . . . , s. This results in the first column of ∆−1T containing only ones. This
means that the scaling of the resulting factors C and ST is fixed. This step eliminates the
scaling ambiguity, see for example [51]. Consequently, the degrees of freedom of T are reduced
to s2 − s. The justification for this reduction is, that no qualitatively different solutions to
the NMF problem are excluded during this step [65]. This means that a solution C and ST is
equivalent to a solution Ĉ = a · C and ŜT = a−1 · ST , with a > 0, which is considered to be
qualitatively the same.

It is possible to reduce the degrees of freedom of T even further. This is because two matrices Ĉ
and C are considered qualitatively the same if they differ only in the order of their columns. So
a permutation matrix P ∈ R

s×s
+ is used. The permutation of the columns of C and S is done by

D = UΣT−1TV T = CST = UΣT−1PP TTV T = ĈŜT , see [51]. Thus, C and Ĉ are considered
as equivalent if Ĉ = PC. This step eliminates the permutation ambiguity.

Therefore, the focus can be shifted from finding a complete factor to finding the first column
of C and S such that there are s − 1 columns such that C is feasible. This step is transferred
to T . Thus, the problem of finding T is reduced to finding the first row of T . Additionally, for
each first row, s − 1 remaining rows must be found so that T is still invertible and leads to a
feasible pair. For this construction it is sufficient to find one set of possible s − 1 rows and not
all possible remaining rows.

Together with the scaling matrix ∆ this leads to

P T∆−1T =




1 x1 . . . xs−1

1 w11 . . . w1(s−1)
...

...
...

1 w(s−1)1 . . . w(s−1)(s−1)


 , (2.8)
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with (wi1, . . . , wi(s−1))
T the i-th remaining row.

For simplification, from now on the T to be sought has the structure of (2.8). Thus, the
problem of finding a suitable T can be reduced to finding x1, . . . , xs−1 where suitable wij exist.
This structure of T allows to consider not only at one feasible solution for the NMF problem
2.3, but all possible feasible pairs, the so-called set of feasible solutions.

Definition 2.15 (Set of feasible solutions (SFS), see [51, 65]). Let D ∈ R
k×n
+ with rank(D) =

rank+(D) = s ≥ 2 and D = UΣV T an SVD of D. Further, DTD and DDT are irreducible. A
vector x ∈ R

s−1 is called feasible, if a W ∈ R
(s−1)×(s−1) exists so that

T =

(
1 xT

1 W

)

is an invertible matrix, with 1 = (1, . . . , 1)T ∈ R
s−1, and the factors C = UΣT−1 and ST = TV T

are nonnegative. The set of feasible solutions (SFS) can thus be defined as

MS = {x ∈ R
s−1 : exists W ∈ R

(s−1)×(s−1), with T =

(
1 xT

1 W

)
, rank(T ) = s and C,S ≥ 0}

(2.9)

The set of feasible solutions MS can be represented in the space Rs−1. With this representation,
the question arises how to determine MS .

2.3.3. Geometric construction of the SFS

Borgen and Kowalski [10] introduced a geometric construction in 1985 for s = rank(D) =
rank+(D) = 3. For arbitrary s it was later generalized in [61] and [34]. The following explanation
and notation is based on [34] and [67].

Based on Eq. (2.9) it is possible to bound the SFS. Therefore, the relation TV T = ST ≥ 0 is
used, but only the first column of S and thus the first row of T is considered. This means that
only the nonnegativity constraint of MS is taken into account. It follows that MS is a subset
of

FS = {x ∈ R
s−1 : (1, xT )V T ≥ 0}. (2.10)

The convex set FS is called the outer polytope or FIRPOL (based on the term “first polygon”
[10,61]).

To include the remaining constraints of Eq. (2.9) a second polytope is used. It is based on the
convex hull of the rows of D. This is because all rows of D must be representable by a conic
combination of the columns of S. This ensures the nonnegativity of C. The second polytope is
given by

ai =
((DV )(i, 2 : s))T

(DV )(i, 1)
=

((UΣ)(i, 2 : s))T

(UΣ)(i, 1)
, IS = convhull{ai : i = 1, . . . , k}. (2.11)

The convex set IS is called the inner polytope or INNPOL (based on the term “inner polygon”
[10,61]). Both polytopes are shown for data set 1 in Fig. 2.2.

With these two polytopes it is now possible to determine MS geometrically. This is based
on [10,61] and the following formulation is based on Thm. 4.6 from [51].
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Figure 2.2.: Left: V -space of data set 1. The outer polygon from Eq. (2.10) is marked in blue
and the inner polygon from Eq. (2.11) is marked in red with the data points ai as
gray crosses. The facets that bound FS are marked with gray lines, see Sec. 2.3.5.
Right: The corresponding U -space. The outer polygon from Eq. (2.12) is marked in
red and the inner polygon from Eq. (2.13) is marked in blue, with the corresponding
data points bj marked by gray crosses.

Theorem 2.16. Let D ∈ R
k×n
+ be given with DDT and DTD irreducible matrices and rank(D) =

rank+(D) = s. Then x is an element of MS , if and only if x ∈ FS and the convex hull of x and
s− 1 other vectors in FS form a simplex containing IS.

Proof. See [51], Thm. 4.6.

This theorem enables a geometric construction of MS by finding all simplices that enclose IS
and lie within FS . A visualization for MS of data set 1 is shown in Fig. 2.3 with a possible
simplex marked by black dashed lines. This construction can be seen as a connection between
the cone approach of Sec. 2.2, in particular the nested polygon problem described there and the
SVD approach. In both cases, a polytope must be found that contains all points corresponding
to the rows or columns of D and is bounded by a second polytope (for cones defined by the
positive orthant).

The geometric construction of MS from Thm. 2.16 leads to the following lemma.

Lemma 2.17 (Lem. 3.5 from [67]). Let D ∈ R
k×n
+ be given with rank(D) = rank+(D) = s and

DDT and DTD irreducible. Then the origin (x = 0 ∈ R
s−1) is an interior point of IS.

Proof. See [67].

This implies that MS does not contain the origin. In addition, it is known that MS is bounded
and also that IS and FS are convex polytopes [51].

Instead of looking only at T and thus at feasible factors ST resulting in a corresponding C, it
is possible to do it the other way around. That is, determine C directly based on a geometric
construction. Therefore, the geometric construction is applied to DT . Equivalent to Eq. (2.10)
and (2.11) the outer and inner polytopes are defined by

FC = {y ∈ R
s−1 : UΣ

(
1
y

)
≥ 0}. (2.12)
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Figure 2.3.: The same low-dimensional representation of data set 1 as in Fig. 2.2, but with the
SFS added and a solution marked by dashed triangles. This solution corresponds
to the factors shown in Fig. A.1, where the color of the profiles corresponds to the
color of the areas they are in. Left: V -space of data set 1 with marked MS . Right:
Corresponding U -space with marked MC . The corresponding profiles with their
band representation are shown in Fig. 2.4.

Thus, instead of the rows, the columns of D are considered with

bj =
((UΣ)−1D)(2 : s, j)

((UΣ)−1D)(1, j)
=

V T (2 : s, j)

V T (1, j)
, IC = convhull{bj : j = 1, . . . , n}. (2.13)

The two polytopes polytopes IC and FC are shown in Fig. 2.2 on the right. Additionally the bj
are marked with gray crosses. The bj as well as the ai from Eq. (2.11) play a special role in the
further theory, which motivates the next definition.

Definition 2.18. The ai from Eq. (2.11) and bj from Eq. (2.13) are called data representing
points or just data points. This term is motivated by the fact that the i-th row of the data matrix
is represented by ai. The same holds for the j-th column and bj.

Analogous to Thm. 2.16, solutions can be found with the inner and outer polytopes IC and FC .
Thus, simplices are formed that contain IC and are inside FC . The resulting set of solutions is

MC =
{
y ∈ R

s−1 : exists T ∈ R
s×s, with rank(T ) = s,

(T−1)(:, 1) =

(
1
y

)
, and UΣT−1 ≥ 0, TV T ≥ 0

}
.

(2.14)

However, MC is not directly equivalent to MS when looking at T . This is due to a different
scaling since each set ensures that the first row of T or T−1 contains only ones. Thus, MC and
MS are equivalent up to scaling. A set that is equivalent to MC except for scaling is shown
together with FC and IC in Fig. 2.3. The spaces defined by the inner and outer polytopes are
denoted by the V -space for FS and IS and the U -space when looking at FC and IC , see [32].
The set of both spaces is called the low-dimensional representation.

The set of feasible solutions is thus visualized by subsets of the outer polytopes in the low-
dimensional representation. It is also possible to represent the ambiguity by plotting the columns
of feasible C and S, known as profiles. In addition, the envelope of all profiles, known as band
boundaries, can be represented. This allows easier visual comparison of different ambiguities,
e.g., when analyzing submatrices, and is used in chapter 3. It can also be used to visually verify
solutions.
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2.3.4. Band boundary representation of the SFS

The SFS representation using band boundaries is used to visualize all solutions of the NMF
problem. It is based on [24] and [78]. The idea is to determine the minima and maxima that
can be reached by the columns of all feasible C and S, respectively. The columns of C and S
are also called profiles, which comes from chemometrics. The upper and lower bounds for S are
determined element-wise by

uS,i = max
x∈MS

(1, xT )(V T (:, i)),

lS,i = min
x∈MS

(1, xT )(V T (:, i)).

Analogously the band boundaries can be defined for C.

When MS consists of separate subsets, the boundaries uS and lS are usually determined for each
of these subsets separately. The resulting corresponding band boundaries of data set 1, with the
low-dimensional representation in Fig. 2.3, are shown in Fig. 2.4. The profiles corresponding to
the simplices of Fig. 2.3 are marked with black dashed lines. These profiles coincide with the
profiles of Fig. A.1, on which the data set is based.

20 40 60 80 100

No. frequencies
20 40 60 80 100

No. frequencies
20 40 60 80 100

No. frequencies

Bands of ST

10 20 30 40

No. time steps
10 20 30 40

No. time steps
10 20 30 40

No. time steps

Bands of C

Figure 2.4.: Visualization of the SFS of Fig. 2.3 with the profiles corresponding to the selected
simplex (triangle) as dashed lines. Upper row: Bands corresponding to the V -space
and the factor ST . Bottom row: Bands corresponding to the U -space and the factor
C.

So far, the band boundaries, the SFS, and the U - and V -space have been considered separately
for each factor. However, the factors C and ST are directly related to each other, since a chosen
feasible C already results in a feasible ST . This connection is known as duality and describes
how the U - and V -space are coupled. This is discussed next.

2.3.5. Duality

The concept of duality in the context of the U - and V -space was proposed by Henry [32]. As
stated there, this concept “does not derive a duality relationship in the classical mathematical
sense; it presents a duality relationship that is useful in multivariate receptor modeling”, it
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is a duality relation in the form of an isomorphism, according to [32]. It was conveyed to
(multivariate) curve resolution by Rajkó [59], which is the basis of the duality used here.

To define and use duality again, the polytope FS of Eq. (2.10) of the V -space is considered.
The boundary of this polytope is determined by looking at where the inequality of Eq. (2.10),

namely V (:, 1) +
s−1∑
i=1

xiV (:, i) ≥ 0, becomes an equality, see [51, 67] and the basics in [32, 59].

Thus, the facets (or for s = 3 the edges) bounding FS can be written as

ES
j =

{
x ∈ R

s−1 :
V (j, 2 : s)x

V (j, 1)
= −1

}

with j = 1, . . . , n. These edges are shown as gray lines in Fig. 2.2 for data set 1.

Keeping in mind the data points bj that define IC from Eq. (2.13), the facets of FS can be
expressed by

ES
j = {x ∈ R

s−1 : bTj x = −1}.

Thus, there is a relation between the data points in one space and the facets of the outer polytope
in the other space. This relation can be formulated in a more general way and is called duality.

Definition 2.19 (From [67]). An affine hyperplane E = {x ∈ R
s−1 : zTEx = −1} and a vector

z ∈ R
s−1 are called dual if zE = z.

Correspondingly, points in the U -space are dual to affine hyperplanes in the V -space and vice
versa.

The facets that bound FC in the U -space are defined by

EC
i =

{
y ∈ R

s−1 :
(UΣ)(i, 2 : s)y

U(i, 1)σ1
= −1

}
.

Thus, all points on the boundary of IS have a dual affine hyperplane which is a tangent plane
to FC , see [67]. Points on FC are also dual to tangent planes of IS. These relations also hold
for FS and IC , see [67]. More generally, an arbitrary point y ∈ R

s−1 is dual to the hyperplane
E = {x ∈ R

s−1 : yTx = −1}, independent of the corresponding space.

Using this relation, the U - and V -space are called dual. This is visualized in Fig. 2.5, where dual
objects are marked with the same color. This concept allows to compute the outer polytopes
FS and FC in a fast way (see [67]) by using the given data points and duality instead of
approximating the outer polytopes with half-spaces.

Duality also allows to describe the relation between the two factors C and ST . When ST , and
thus T , is defined by s points in the V -space, the corresponding points of C in the U -space are
automatically given. This is because the dual facets of the points defining ST form a simplex
whose vertices are the points belonging to C.

With the concept of duality and the SFS as a representation of the ambiguity at hand, it is now
possible to look back to the cone approach of Sec. 2.2. Both approaches can be used to solve
the NMF problem 2.3, but they are not yet comparable. Therefore, a connection will be drawn
next.

2.3.6. Connection of the SVD approach to the cone representation

The low-dimensional representation and the cone representation from Sec. 2.2 are connected
by the extremal points or vectors of each representation. First, the connection between both
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Figure 2.5.: Display of duality for data set 1. Dual objects are marked with the same color. This
includes the inner and outer polytopes, as well as the green point on IS selected in
the V -space, which corresponds to an edge of the outer polytope in the U -space.
Similarly, a point in U -space is selected with its corresponding dual line in the V -
space, both in purple.

representations is made and a closer look at the extremal points and vectors is taken in Sec.
2.3.7.

Lemma 2.20 (From [8]). Let D ∈ R
k×n
+ be given with rank(D) = rank+(D) = s and an

SVD D = UΣV T . Both DDT and DTD are irreducible. The row vector D(j, :) is an edge of
rowcone(D) if and only if the data point aj , corresponding to D(j, :), is a vertex of IS.

Proof. The following equivalences hold:

D(j, :) is an edge of rowcone(D)

⇔ D(j, :) is not representable by the other edges as
∑

i∈E, i6=j

αiD(i, :) with nonnegative

coefficients αi

⇔ the V -space projection eTj DV = eTj UΣ is not representable as
∑

i∈E, i6=j

αie
T
i DV =

∑

i∈E, i6=j

αie
T
i UΣ

⇔ the data point aj is not representable as
∑

i∈E, i6=j

αiai

⇔ aj is a vertex of IS.

It is also possible to strengthen the connection by looking at feasible solutions of the NMF
problem. It must be shown that a solution in the cone representation is also a solution in the
low-dimensional representation of the SVD.

Lemma 2.21. Let D ∈ R
k×n
+ , with rank(D) = rank+(D) = s, DDT and DTD irreducible, and

ST ∈ R
s×n
+ be given. If rowcone(ST ) ⊇ rowcone(D), then the simplex in the low-dimensional

representation of D corresponding to ST encloses IS(D) and vice versa.



2.3. Solving the NMF problem using a singular value decomposition 19

Proof. An analogous argumentation as was used in Lem. 2.21 is applied. The data representa-
tives of ST , meaning the vertices of the simplex defined by ST , are denoted with dpST .

rowcone(ST ) encloses rowcone(D)

⇔ for all rows of D holds eTj D =
s∑

i=1

αie
T
i S

T with αi ∈ R+, j = 1, . . . , k

⇔ the V -space projection leads to eTj DV = eTj UΣ =
s∑

i=1

αie
T
i S

TV, αi ∈ R+, j = 1, . . . , k

⇔ for all data points holds aj =

s∑

i=1

αidpST , αi ∈ R+, j = 1, . . . , k

⇔ dpST enclose IS .

The same reasoning can be done for the factor C and thus for all feasible solutions.

Remark 2.22. Because of Lem. 2.20, the rows and columns corresponding to vertices and edges
of the low-dimensional and the cone representation, respectively, are the same. With Lem. 2.21
the sets of all feasible pairs are also the same, up to scaling. Thus, both representations are
equivalent.

Lem. 2.10 has already shown that D and Desi lead to the same solutions of the NMF problem.
Especially when considering the SVD approach, this connection is not so obvious, since both
matrices D and Desi have different SVDs (if not all columns and rows of D are essential). This
means that the low-dimensional representations are different. But because of Lem. 2.10, even
with two different low-dimensional representations, both lead to the same solutions of the NMF
problem.

Since these considerations are based on the vertices of the inner polytopes, the next step is to
take a closer look at these extremal points.

2.3.7. Essential information in the low-dimensional representation

The concept of essential information appears not only in the cone representation, as in Sec.
2.2.1, but also when using the SVD.

SVD-based approaches to determine the essentiality of certain rows and/or columns of D were
first published simultaneously in 2019 by Ghaffari et al. [25] and Sawall et al. [68]. However,
methods to prioritize certain rows and columns and classifying them as more important than
others were already known, especially in the context of linear unmixing [41]. The motivation
behind these approaches was to obtain the purest rows and columns. In the chemical context,
this means to obtain the spectra, channels, or pixel (depending on the application) where one
chemical species appears ideally isolated, and thus pure, or with relatively small interferences
from other chemical species. This is equivalent to obtaining extremal absorptivity relations,
see [68].

In the context of essential information, the motivation shifts. The interest is no longer only to
get the “purest” rows and columns to allow easier unmixing, i.e. to get a good guess at a possible
nonnegative matrix factorization of the data set. It is also of interest to reduce the data set in
a way that all information is preserved. This is especially desirable in the context of big data,
where the analysis of large data sets leads to high computational cost.
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When considering the low-dimensional representation, this data reduction can be formalized
while preserving all information, see [68]. Information preservation for the low-dimensional
representation means that the ambiguity remains the same. The ambiguity is defined by the
inner and outer polytopes, in particular by their shape and size. This is defined by D, not least
by the size of D since it limits the number of vertices of the inner polytopes. The question
arises whether a certain row or column affects the polytopes and thus the ambiguity. That is,
if a certain row and thus the corresponding data point is neglected, does IS decrease? Or if
a certain row is added, does IS increase? This effect corresponds to the row belonging to a
vertex of IS. The same can be phrased for columns and IC . Thus, it is now possible to consider
essential rows and columns in the context of using an SVD, see [63,73].

Definition 2.23. A row of D ∈ R
k×n
+ is called SVD-essential if its data point is a vertex

of IS. If multiple rows project to the same vertex, only the first of those rows is considered
SVD-essential. The same holds for a column of D and IC .

Thus, all rows and columns that affect the inner polytopes are called SVD-essential. Depending
on the application, terms such as essential pixel [25] or essential spectra and essential frequencies
[73] are defined, where, e.g., the pixel are assigned to the rows and the frequencies to the columns.

Initially, essentiality was defined in only one direction, e.g., selecting only essential rows. The
combination of selection along both axes has already been shown in Lem. 2.10 and can allow
a drastic reduction of the original data set D. But in order to apply Lem. 2.10 to the current
definition of essentiality, it must first be shown that both approaches to essentiality coincide.

Remark 2.24. Both definitions of essentiality using cones (Def. 2.6) and using the low-dimensional
representation (Def. 2.23) are equivalent. This is because with Lem. 2.20 the index set of the
edges of rowcone(D) coincides with the index set of the vertices of IS. Thus, the term essential
can be used for both definitions, regardless of the underlying approach.

Therefore, analogous to Sec. 2.2, essential information is defined as the combination of the index
sets of essential rows and essential columns, as well as Desi, which is the reduction of D to its
essential rows and columns.

A visualization of essentiality is shown for data set 2 in Fig. 2.6 in the low-dimensional represen-
tation. In the data matrix, the corresponding essential rows and columns, as well as the entries
belonging to both, are marked. This is shown in Fig. 2.7. For data set 1 it can be seen in Fig.
2.2 that all data points are needed to span the inner polytopes and thus all rows and columns
are essential.

The main advantage of Rem. 2.24 is that it allows a simplification of known relations. For
example, the proofs of Thm. 2.6 and Lem. 2.8 of [68], which describe the connection between
linear combinations of rows/columns and essentiality, can be given by drawing the connection
between the inner polytopes and the cones of the row and column spaces. Analogously, this
approach is used in chapter 3 to provide “simpler” proofs (compared to using data points and
the low-dimensional representation).

Instead of looking only at the vertices of IS and IC it is possible to use duality (see Subsec.
2.3.5) and to consider the facets of FC and FS instead. Thus, Def. 2.23 can be reformulated (if
rows/columns appearing multiple times up to scaling are excluded):
A data point, and thus its corresponding row or column, is essential if its dual affine hyperplane
is a facet of the corresponding outer polytope.
This enables an application to noisy data sets, which is further investigated in Sec. 2.4.3.

When determining essential information, the key is to do it in a space of the right dimension.
Up to now, the low-dimensional representation in s− 1 dimensions was always considered when
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Figure 2.7.: Corresponding to Fig. 2.6 the essential rows and columns of the data matrix are
shown in different representations of the data set 2. Left: The indices of the essential
columns are highlighted in green. Center: Indices of essential rows are highlighted
in green. Right: Only those entries of the data set that belong to both an essential
row and an essential column are highlighted in green to visualize the total amount.

rank(D) = s. But what if instead of s − 1 dimensions the representation is done in s − 2
dimensions? Or in an even smaller dimension, because the computational cost of determining
the vertices is lower in that space?
The influence of such a choice of dimensions on the essential information is investigated next.

Theorem 2.25 (See Thm. 2.4 from [73]). Let IS be the inner and FS the outer polytope in the
(s − 1)-dimensional low-dimensional representation of D ∈ R

k×n
+ with rank(D) = rank+(D) =

s. The polytopes I ′
S and F ′

S denote the inner and outer polytopes belonging to the rank-m
approximation of D with m < s. For an SVD-based low-rank approximation see Thm. 2.28.
Suppose also that the linear subspace P = {x ∈ R

s−1 : xm = . . . = xs−1 = 0} is given.
Then I ′

S is the projection of IS onto P and F ′
S is the intersection of FS with P, where the points

of both I ′
S and F ′

S are extended column-wise by s−m zeros.

Proof. See [73], Thm. 2.4.

This theorem can also be applied analogously to IC and FC .

On the one hand, this theorem shows the effect of a wrongly assumed rank, namely that the
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inner and outer polytopes can intersect. On the other hand, it shows how essential data points
behave when D is approximated with different ranks m. This will be explained next.

Remark 2.26. Looking only at the inner polytopes IS and I ′
S from Thm. 2.25 it becomes clear

that only vertices of IS can be vertices of I ′
S. For the essential index sets this means ED,m ⊆ ED,s,

where the subscript s indicates the dimension s − 1 used to determine IS and the subscript m
belongs to the (m−1)-dimensional I ′

S, with m < s. The same holds when looking at IC and I ′
C ,

namely Ẽm ⊆ Ẽs. This can be extended to the essential information in general, i.e. esim ⊆ esis,
where the subscripts s and m again indicate the dimension used.

The basis of a proper selection of the essential information is the selection of the correct dimen-
sion in which the data set is represented, i.e. a properly selected rank s. This is of particular
interest when considering data sets that are not noise-free, for example, when analyzing data
sets based on chemical measurements. This case is considered in Sec. 2.4 for model data with
simulated noise and in chapter 6 for measured experimental data.

Besides data reduction, the consideration of essential information has a wide range of applica-
tions. For example, it can be used for the design of experiments [68]. With a Fourier-based
approach to determine the essential information, even accelerations during the measurements
are possible [15]. But also in matrix augmentation essential information can be used to reduce
ambiguity. Such a consideration is also a motivation for chapter 3, when several matrices are
combined.

With this theory about the low-dimensional representation and its properties, it is clear that
the essential information, and thus the vertices of IS and IC , can be determined using the
convex hull of the data points. But what about the set of feasible solutions? How can the SFS
be efficiently determined without testing all possible points inside FS and checking if they are
feasible?

2.3.8. Numerical methods to approximate the SFS

In this section, possible approximations for the SFS MS in the V -space are shown. Approxima-
tions of MC in the U -space work analogously. Additionally, MC can be determined from MS

using duality.

There are several ways to determine MS , depending on the dimension of the problem, i.e., the
rank of the factorization problem. For s = 2, Lawton and Sylvestre [38] described that the SFS
covers the entire area between the inner and outer polytopes. The SFS can also be determined
analytically for s = 3 using so-called boundary curves [6,10,61]. However, there is no analytical
solution for s > 3. Therefore, alternative methods are needed to determine the SFS. Or rather,
to approximate it, and this is where numerical methods come into play.

The following two methods are chosen because they are used later to compute the SFS and can
be adapted for noisy data sets.

Polygon inflation algorithm

On the one hand, there is the polygon inflation algorithm (PIA) for s = 3 [69, 71]. The SFS
can be split into several subsets, depending on the inner and outer polygons and thus on D.
For example, Fig. 2.3 shows 3 separate subsets of the SFS. The PIA approximates the SFS
subsets with inflating polygons. This is done based on an initial feasible factor ST and the
corresponding points in the SFS subsets, in the V -space. Using these points, polygons are
spanned that are contained in the respective subsets of the SFS and these polygons are inflated
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until they represent a sufficient approximation of the respective SFS subset. If there is only one
connected SFS subset, the inner boundary of MS is approximated with such a polygon, as well
as the outer polygon. The intersection of both polygons forms MS . To achieve a given accuracy,
tolerances regarding the quality of the approximation and the allowed negativity of the factors
must be defined (and met).

Ray casting method

Another way to approximate the SFS is to use the ray casting method [72]. It is applicable
for any s, but with exponentially increasing computational cost. In the ray casting method,
equiangular rays are constructed starting from the origin discretizing the entire space. Then
the intersection points of the rays with the subsets of the SFS (MS) are determined. This is
done using a bisection method. Starting with a point on the ray, first the boundary of FS is
approximated and it is checked if the corresponding point is feasible. In a next step, again using
a bisection method, the inner boundary of MS is determined, i.e., the innermost feasible point
on each ray. The result is an approximation of MS .

2 Parameters such as the number of rays
and nonnegativity tolerances are critical to the quality of the approximation. Comparing the
ray casting method to PIA, it becomes clear that it has a “smaller precision-to-effort ratio” [72]
when applied to s = 3. But the main advantage of the ray casting method is its simplicity and
adaptability to arbitrary dimensions. It is described in more detail in chapter 4, where it is used
in a modified version.

It is also possible to use PIA or the ray casting method if a data set contains noise and to
approximate not only the SFS but also the restricting polytopes FS and IS . This is discussed
in the next section.

2.4. Numerical approaches to noisy data sets

The goal is to apply the presented methods to measured data sets, such as (optical) spectroscopic
measurements of chemical reactions, which are subject to errors, either due to a limitation of
the accuracy of the measuring device or due to other environmental influences. Therefore, a
consideration of data sets affected by noise becomes necessary.

The first step is to look at model data, where the feasible solutions are known, and add noise so
that the results can be compared. An analysis of experimental data sets is done in chapter 6.

The addition of noise can be realized by different types of perturbations. In this thesis, only
homoscedastic noise is considered because it best describes the noise that occurs in the presented
applications. Homoscedastic noise means that the noise is independent of the measured values
and thus has a constant variance [46]. In contrast, there is heteroscedastic noise, which is related
to the measured values and increases as the measured values increase. More details can be found
in [11].

Thus, instead of considering a noise-free model data set D̂ ∈ R
k×n
+ , the noisy case considers

D = D̂ + E, where E ∈ R
k×n is the residual matrix containing the noise. For modeled data E

contains, e.g., normally distributed noise with mean zero.

This added noise can not only lead to small negative entries in D, but also to D becoming a
full-rank matrix, i.e. rank(D) = min(n, k) ≫ s = rank(D̂). Thus, the NMF problem of D cannot
be solved directly with the introduced approaches. For this purpose, the NMF problem 2.3 is

2The properties and behaviour of the method are described in [72].
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redefined to make the introduced approaches to solve the NMF problem applicable to noisy data
sets.

Problem 2.27 (See [65], Prob. 2.5). Let D ∈ R
k×n be given. The entries of D are nonnegative

or negative, but small according to the amount, meaning

D(i, j) ≫ −max
l,ℓ

|D(l, ℓ)|, for all i = 1, . . . , k, j = 1, . . . , n.

Furthermore, let s ≤ rank(D), s ∈ N, εC , εS ≥ 0 be given. A factorization is sought after so
that ‖D − CST ‖F is minimal with factors C ∈ R

k×s and ST ∈ R
s×n with

C(i, h)

max |C(:, h)| ≥ −εC and
S(j, h)

max |S(:, h)| ≥ −εS ,

for i = 1, . . . , k, j = 1, . . . , n, for all h = 1, . . . , s.

There are slightly different approaches to the control parameter ε, depending on the method
chosen to determine the factorization, see [70]. All approaches regulate the tolerance on how
much negative entries in C and ST are allowed to approximate D. These tolerances on the
negative entries in C and ST have several reasons. On the one hand, they are based on negative
entries in D for example due to a baseline correction or background subtraction (see [70]). It
is also possible that the best approximation of D, based on ‖D − CST ‖F from problem 2.27,
contains negative entries, so there exists no corresponding feasible pair without negative entries.

How the product CST can be chosen to be a best possible approximation of D was described
by Eckart and Young in 1936.

Theorem 2.28 (Eckart-Young Theorem [19], here from [28]). Let D ∈ R
k×n be given with its

SVD D = UΣV T . The singular vectors are denoted by ui = U(:, i) and vi = V (:, i) and σi

denotes the i-th singular value. If r < rank(D) and Dr =
r∑

i=1
σiuiv

T
i with p = min{k, n} holds

min
rank(B)=r

‖D −B‖2 = ‖D −Dr‖2 = σr+1

min
rank(B)=r

‖D −B‖F = ‖D −Dr‖F =
√

σ2
r+1 · · ·+ σ2

p

Thus, the best rank-r approximation is obtained by using a truncated SVD. That is, CST =
s∑

i=1
σiuiv

T
i = Ds is the best rank-s approximation of D from problem 2.27. This consideration

allows using the SVD-based approach of Sec. 2.3 and applying it to the matrix Ds to determine
C and ST with the negativity conditions of problem 2.27.

All of these considerations are based on a proper choice of s with which to approximate D. At
the beginning of this chapter, s was defined as the rank of D (see Prob. 2.3). Since in the noisy
case D is a full-rank matrix, a different definition of the rank is needed. Since the focus of the
application is in chemistry, the definition provides a link to chemical systems.

Connections between the rank of a matrix and the underlying chemical system were made in
1960 by Wallace [85]. There, the rank of the data matrix corresponds to the number of chemical
species in a system. The idea is to subtract (sufficiently good) rank-1 matrices until only values
below a certain level of noise remain, where the number of rank-1 matrices defines the chemical
rank.

In a more mathematical way it was defined in [52], where the number of relevant singular values
above a certain tolerance εchem is assumed to be the chemical rank. This definition is justified
by Thm. 2.28, since the approximation error is directly related to the singular values. The
estimation of εchem and other approaches to the chemical rank are examined next.
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Figure 2.8.: Scree plot of data set 2 with different levels of added noise. For a small level of
added noise there is a clear bend associated with a chemical rank of three, see blue
curve. At higher noise levels the bend is less clear (red curve) or even a wrong rank
selection is possible (yellow curve, the bend indicates a chemical rank of two).

2.4.1. How to determine the chemical rank for noisy data sets

In [46] Malinowski gives a good overview of possible approaches to determining the chemical
rank. Some of them are presented in the following. In addition, further investigations are made
in chapter 5 in the context of subsystem detection and analysis.

The goal of the first approach is to find a chemical rank that explains a certain amount of
variance. Since the variance of a data set can be calculated based on the eigenvalues of the data
matrix [46], a closer look is taken at the eigenvalues of DDT and thus at the singular values of
D. The eigenvalues of DDT are the squared singular values of D. It is possible to determine the
variance and thus the importance of each eigenvector or singular vector from the corresponding
eigenvalue or singular value. Thus, only the first s singular vectors, which describe the majority
of the variance of the data set, are considered relevant and are used to approximate the data
set. The remaining singular values and vectors are assumed to belong to noise. However, this
technique is subject to personal bias, depending on how much variance should be explained by
the chosen approximation.

It is also possible to look at the logarithm of the singular values of the data set, plotted against
the number of the respective singular value. This is shown in Fig. 2.8 for data set 2 with different
amounts of noise. The corresponding curve should drop rapidly at a certain point and then level
off. The number of singular values before the bend represents the number of species [75]. Thm.
2.28 supports this approach, because if the remaining singular values are all significantly small,
the residuum of the approximation will be correspondingly small.

Both approaches also allow to estimate εchem, depending on the last selected singular value.
This value can be selected as εchem with σs ≥ εchem ≥ σs+1. Assuming s, as the chemical rank
is properly selected, the next step is to look back at the cone and the SVD-based approach and
see how they are affected by noise.

2.4.2. The effect of noise on the approaches of Sec. 2.2 and 2.3

Although the factors C ∈ R
k×s and ST ∈ R

s×n can be represented by the truncated SVD of
a data set D ∈ R

k×n, the SVD-based approach of Sec. 2.3 is not yet directly applicable. The
reason for this is that the rank-s approximation Ds of D can contain negative entries, which
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means that the outer polytope no longer encloses the inner polytope, or in other words, that
there are no nonnegative matrices C and ST for which CST = Ds holds.

The same is problematic for the cone-based approach of Sec. 2.2, i.e. if Ds contains negative
entries, then the vectors spanning the row and column spaces are no longer within the positive
orthant. A solution to this is to reformulate the problem 2.27 so that both factors C and ST

are necessarily nonnegative, resulting in a constrained best approximation of D. This ensures
that there exists a nonnegative factorization and that the approximation of D is nonnegative
(eliminating both constraints described above).

Nevertheless, it is still possible to use the SVD as a best approximation, taking into account
the tolerances of problem 2.27, i.e. the nonnegativity constraints of problem 2.3 are relaxed.
As a result, the outer polytope expands and the inner polytope is compressed. The associated
SFS becomes larger or even starts to exist. This reasoning can be applied to both PIA and the
ray casting method of Sec. 2.3.8 by adjusting the tolerances with respect to nonnegativity. The
effect of different tolerances is shown in [69] Fig. 9 for PIA, but the results are identical for the
ray casting method.

As the outer polytope FS becomes larger, it is no longer dual to the convex hull of the data
points in the dual space, i.e., the inner polytope IC of the noise-free case, see Eq. (2.11).
Correspondingly, the inner polytopes have to be re-determined based on the outer polytopes
using duality. This also means that the essential rows and columns of D can no longer be
determined from the data points, which are no longer the vertices of the inner polytopes. A way
to determine essential information for noisy data sets is investigated next.

2.4.3. Determining essential information for noisy data sets

Since the inner polytopes are no longer the convex hull of the data points, the data points can
no longer be used to identify the essential information, as was done in Def. 2.23. Thus, the
relation to the facets of the outer polytopes is used to identify the essential information. A facet
of FS is dual to a vertex of IC . The same holds for FC and IS. The following considerations
are reduced to the use of FS , but can be applied analogously to FC . Thus, Def. 2.23 can be
rewritten as:

The ℓ-th column of D ∈ R
k×n
+ , with the SVD D = UΣV T , is essential if there exists a y ∈ R

s−1,
so that V (ℓ, :)(1, yT )T = 0 and for all other rows j = 1, . . . , n, j 6= ℓ, V (j, :)(1, yT )T ≥ 0. If
several indices ℓ satisfy the inequality for a y sharply, only the first of these ℓ is considered
essential.

Thus, the ℓ-th column of D corresponds to a facet of FS . In the case of noise, small negative
entries are allowed, as described in problem 2.27. These negative entries of the factor ST must
therefore satisfy

min
j=1,...,n

(V (j, :)(1, yT )T )

max
j=1,...,n

|V (j, :)(1, yT )T | ≥ −εS. (2.15)

This allows to find the boundary of the outer polytope depending on the tolerance εS . The
approximation of the outer polytope with respect to the noise is now denoted by FS . The points
that span the outer polytope are stored in the matrix F ∈ R

N×(s−1), where N is the number
of sampling boundary points. The number of boundary points depends on the method used. It
is possible to specify this number, e.g., in the ray casting method by specifying the number of
rays. These boundary points are used to determine the profiles that represent the boundary.
Thus, the points are represented by yj = F (j, :), j = 1, . . . , N , which results in the profiles
pTj = (1, yTj )V

T for j = 1, . . . , N .
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Eq. (2.15) can be rewritten for the profiles, more precisely for the relation between essential
columns and the profiles

pj(ℓ)

max |pj |
≥ −εS , for all ℓ = 1, . . . , N.

Thus, the ℓ-th entry of the j-th profile is essential, and thus the ℓ-th column of D, if

pj(ℓ)

max |pj|
= −εS . (2.16)

This equality is satisfied for at least one ℓ = 1, . . . , N , because yj is on the boundary of FS .

If the boundary is approximated numerically, an additional control parameter δ > 0 is needed
to determine the essentiality, since Eq. (2.16) holds only in an approximated manner. Thus, Eq.
(2.16) is rewritten as

−εS − δ ≤ pj(ℓ)

max |pj|
≤ −εS + δ. (2.17)

Since only the boundary points of FS are used to determine pj, only the right inequality needs
to be considered. Smaller negative entries in the profiles are not possible, since this would mean
that the data representing point of the profile is outside of FS , see Eq. (2.15).

The choice of the additional control parameter δ can be made in several ways. It is possible to
select δ in dependence of εS and thus as a fixed constant. Another approach is to select the
parameter depending on the data. In this way, not only the index of the minimum of each profile
is essential, but also the indices belonging to entries that have values close to the minimum are
classified as essential. This is of interest because the profiles are noisy and it is not that easy to
distinguish between minima of profiles that are close to each other and to determine “the right
profile”.

Possible choices are either δ = 0.01| min(pj)
max(pj)

| or a dependence on the difference between −εS

and the reached minimum
min(pj)
max(pj)

, i.e. δ = 1.01| − εS − min(pj)
max(pj)

|. It is advisable to choose a

data-dependent approach, but as with most tolerances, the choice depends on the data given.3

In addition to all ℓ = 1, . . . , N that satisfy Eq. (2.17), the entry where the maximum of pj is
reached is also considered as essential. This is because if it is not essential, this entry could be
neglected. However, this results in a different denominator in Eq. (2.17) and thus can lead to
changed essential information (e.g., an essential entry becomes non-essential). Even if it would
not result in any changes, it is better to have a slight superset of the essential information than
to have too few indices included. Especially when dealing with noisy data sets, it is not so black
and white what is essential and what is not, especially when considering different tolerances.
Therefore, it is better to have a superset of the essential information. Depending on the noise,
it may even be beneficial to include non-essential parts of the data matrix, as this may stabilize
the subsequent analysis by reducing the influence of noise [73].

A comparison of essentiality for data set 2 with and without noise is shown in Fig. 2.9.

The determination of the essential information can be realized by the ray casting method from
Sec. 2.3.8. During the step where FS is approximated, the essential information for the cor-
responding ray can also be determined. Thus, determining the essential information does not
drastically increase the computational cost of using the ray casting method.

3The choice suggested in [73] is similar, but with a missing epsilon.
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Figure 2.9.: Low-dimensional representation of data set 2 in the U -space with marked essential
data points. Left: Model data set without noise. The data points of the essential
columns (green) correspond to the vertices of IC (blue). Right: Model data set
with 1% homoscedastic noise added. The polytopes and essential information are
computed using the ray casting method with standard tolerances. Both IC and FC

are changed due to noise. The data points of the essential columns for the noisy
case (green) no longer correspond to the vertices of IC . Also, FC (red) is no longer
bounded by the affine hyperplanes (gray lines), which are dual to the data points
in the V -space.

2.5. Critical summary of the approaches to solve the NMF problem

The mathematical techniques presented in this chapter allow not only to find solutions to the
NMF problem 2.3 of a given data matrix, but also to determine its underlying factor ambiguity.
Both techniques presented are geometric approaches based on certain convex cones (directly
based on the data matrix) and polytopes (based on an SVD of the data matrix). They allow
a deeper understanding of crucial parts of the data, since only certain edges of the cones or
vertices of the polytopes represent active constraints in the process of determining solutions to
the NMF problem and the factor ambiguity, which is the SFS (Def. 2.15). These crucial parts
led to the concept of essentiality (Def. 2.6 and 2.23), which allows data reduction.

The geometric approaches are strong for strictly nonnegative data matrices with a small rank
number, but they fail when the data matrix contains small negative entries or when its rank
number is increased due to noise, as in Sec. 2.4. Then numerical techniques based on SVD are
very useful. For example, for small negative entries in the data matrix, the active constraints
of the SVD-based approach can be relaxed to allow small negative entries in both factors. In
the case of noisy data, low-rank approximations based on a truncated SVD (Thm. 2.28) can be
used to allow a determination of the SFS.

All these tools are building blocks for the development of NMF solvers and factor ambiguity
analysis methods for more complex incomplete data sets.



3. The shared low-dimensional representation

When faced with unknown or unreliable parts in a data matrix, as visualized in Fig. 3.2, the
question arises how to analyze it. Is it possible to modify the approaches of chapter 2 and apply
them to analyze such an incomplete data set? Or is it possible to reduce such an affected data
matrix so that the cone or the SVD-based approach can be used directly?

These questions are the main topic of this chapter and are analyzed for both the noise-free
and noisy cases. The questions can be reformulated to find a low-dimensional representation
of an incomplete data matrix to analyze the data set. The goal is that this low-dimensional
representation is shared by several complete submatrices of the incomplete data matrix and
represents all given information. Hence, the name shared low-dimensional representation arises.
A general flowchart of the approach proposed in this chapter for analyzing incomplete data sets
is shown in Fig. 3.1.

The main content of this chapter has already been published in [8], but will be discussed in more
detail here.

3.1. Motivation and background

Why might it be interesting to look at a data matrix that contains unknowns? Looking at the
application of the NMF problem in chemometrics, data sets with unknown or missing parts,
so-called incomplete data sets, appear in a variety of cases.

Such appearances can be divided into two classes. They are motivated by the application
background. On the one hand, the data matrix may be affected by an instrument malfunction
during the measurement, e.g., due to saturation [7, 31]. This case is simulated for data set 1 in
Fig. 3.2. It may also be that it is simply not possible to measure certain things, e.g., when having
trilinear data from excitation emission measurements [29]. On the other hand, it is possible that
such incompleteness is created by design. This can be the case when the cost of measurement
is too high for a complete measurement, thus creating incompleteness. Or when doing online
process monitoring where future time steps are unknown [7]. Image fusion [56] or multiblock
data fusion in general [76] are also use cases. Here, measured data matrices are combined into
one to be analyzed, but depending on the axes, this fusion can create blockwise incompleteness
in the data matrix.

With all these occurrences of incomplete data matrices, the question of how to handle them
arises again. As stated in [57]: “The most radical – and common – solution is to delete as
many variables and/or objects from the data as necessary to reach completeness”. Thus, the
incomplete data matrix is reduced until all unknown entries are eliminated. However, this
typically results in a loss of information, especially if the major part of the matrix is unknown.
Therefore, there are other approaches, such as NIPALS, an algorithm based on partial least
squares that can be adapted to account for missing values [49,87]. It is also possible to use so-
called data imputation, a concept from statistics, where missing values are estimated, e.g., based
on known neighboring values, thus creating a complete matrix that can be analyzed [7,57,83,84].

However, these methods are limited when large blocks are missing or when special patterns of
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Figure 3.1.: Schematic overview of the approach for case 1 where rank(D11) = rank(D11,D12) =

rank

(
D11

D21

)
using the V -space representation of Sec. 3.4 for data set 1 from Fig.

3.2. The saturated block is shown as blank space. The goal is to represent all given
information in the same V -space, which is achieved by splitting the incomplete data
matrix into submatrices and adding their information to the representation of the
shared block D11 (see Def. 3.1). These steps are considered in detail in Sec. 3.3 and
3.4, leading to Thm. 3.16 and 3.17, which make this construction possible.
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Figure 3.2.: Simulated sensor saturation for data set 1, where everything above an intensity of 1
is saturated and thus assumed to be missing. The saturated part is marked in gray
(right). The submatrix marked by the red box (right) is the smallest submatrix
containing all unknown values and thus corresponds to the block D22 in Eq. (3.1).

missingness occur. Such patterns can occur, e.g., when faced with sensor saturation where large
blocks are missing instead of sparsely and randomly distributed missing values. Therefore, the
missingness is not statistically based.

Even if data imputation in such a case would lead to a proper complete data matrix, it is not
guaranteed that the result can be factorized as stated in the NMF problem 2.3 for a given s,
even for model data. In the context of blockwise missing data, this has been addressed by Beyad
and Maeder [9] in 2013. Their approach is based on linear regression using a given nonnegative
factorization of a submatrix. If such knowledge of a solution to the NMF problem is not available,
the approach of Alier and Tauler [3] can be used. Here the method MCR-ALS [77] is modified
to find a single solution that represents the incomplete data set [3]. The result is obtained by
an iteration in which both factors C and ST are alternatingly optimized. The only restriction
is that, in a chemical context, all underlying chemical species must appear in all given blocks of
the matrix. This is summarized in the following as case 1. This restriction is explained in detail
in Sec. 3.2. Apart from this limitation, the method is already in use, e.g., in image fusion, and
has been tested with different noise levels, see [16,56]. Recently, this approach has been further
developed in [30] and applied in [58] to cover cases where the underlying chemical species do
not appear in all blocks.

However, this approach only accesses one possible solution and does not capture the entire
ambiguity. So is there a way to access the entire ambiguity of an incomplete data set? To do
this, the specific problem must be formulated.

3.2. Problem description

To describe the general procedure of the approach used, only one block in the data matrix is
assumed to be missing. This is shown in Fig. 3.2, where the submatrix in the red rectangle
is assumed to be missing. If the missing block is not at the bottom right of the matrix, then
a permutation of the rows and columns can be done to bring the matrix into this L-shaped
structure. If more than one block is assumed to be missing (or if the missing entries are not
blockwise missing as shown in Fig. 3.2), either one large block is used that contains all missing
values, or the data set can be analyzed in an iterative way. The latter is described in Sec. 3.6.

AssumingD ∈ R
k×n is a nonnegative matrix and can be represented as a block matrix consisting

of 2×2 blocks as in Eq. (3.1), where the block D22 contains the unknowns (the missing entries).
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If D has a nonnegative factorization D = CST , then the relations between the single blocks are
as follows

D =

(
D11 D12

D21 D22

)
= CST =

(
C1

C2

)(
S1

S2

)T

=

(
C1S

T
1 C1S

T
2

C2S
T
1 C2S

T
2

)
. (3.1)

For the individual blocks holds D11 ∈ R
k1×n1

+ , D12 ∈ R
k1×n2

+ , D21 ∈ R
k2×n1

+ and D22 ∈ R
k2×n2

+

with k = k1 + k2 and n = n1 + n2. These blocks are coupled by the factors C ∈ R
k×s
+ and

ST ∈ R
s×n
+ , where s = rank(D) = rank+(D). In particular, D11 is connected to D12 through C1

and to D21 through ST
1 .

The largest complete submatrix is (D11,D12) or
(

D11

D21

)
and they can be analyzed separately.

However, the results of both submatrices are connected by C1 and ST
1 which correspond to the

block D11 which appears in both submatrices and is therefore shared. Because of this special
role of D11 and its use in the following construction, it is defined next.

Definition 3.1. The block D11 of Eq. (3.1) is called shared block, if there exist submatrices

(D11,D12) and
(

D11

D21

)
of D that are complete and do not contain unknown entries.

Alternatively, another structure of D is considered. It contains only 2 × 1 blocks. This is a
special case of Eq. (3.1).

D =

(
D11

D21

)
=

(
C1

C2

)
ST (3.2)

Let D11 ∈ R
k1×n
+ and D21 ∈ R

k2×n
+ . Here no missing block appears, but a shared block can still

be selected, because both matrices are connected by ST . In this case, D11 is also selected as
shared block. This selection is also motivated by the fact that Eq. (3.2) is used as an intermediate
step to analyze Eq. (3.1).

This case has already been studied in [4] with the corresponding SFS and low-dimensional
representation. In [4], it is considered as a complete data set and thus the SVD of D is used and
analyzed as described in Sec. 2.3. In this thesis, however, the focus is shifted to the submatrix
D11 with additional information contained in D12. Thus, the analysis focuses on D11.

This block or submatrix must have one important property. It must not be locally rank deficient.
This term was introduced in [18] and [2] and is refined for the problem at hand.

Definition 3.2 (Local rank deficiency). Let D ∈ R
k×n
+ be given as in Eq. (3.1) with rank(D) =

rank+(D) = s. Let rank(D11) = rank+(D11) = s1 < s hold for the submatrix D11 ∈ R
k1×n1 ,

thus D11 = Ĉ1Ŝ
T
1 , Ĉ1 ∈ R

k1×s1
+ , Ŝ1 ∈ R

n1×s1
+ . Then D11 is local rank-deficient if there exists no

C1 belonging to D such that Ĉ1 = C1(:, 1 : s1). Or alternatively, there exists no solution to the
NMF problem of D such that either C1(:, s1 + 1 : s) = 0 or S1(:, s1 + 1 : s) = 0 is satisfied.

In other words, D11 should have no rank deficiency or hidden rank deficiency [5] that can be
resolved by adding rows and/or columns. This matrix augmentation results in D. An example
of possible choices of D11 is shown in Fig. 3.3, which illustrates the difference between a proper
choice (in purple) and one with a local rank deficiency (in yellow).

Given the matrix structure of Eq. (3.1) where D22 denotes the incomplete block, the NMF
problem 2.3 can no longer be applied directly. Therefore, the problem is rephrased for incomplete
data matrices.
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Figure 3.3.: Visualization of local rank deficiency. Two affine subspaces are shown in yellow
and purple, spanned by the submatrices corresponding to the data points on the
corresponding line. The SFS segments are shown in gray. Using Def. 3.2 for both
submatrices and their corresponding data points, i.e., their affine subspaces, results
in the yellow line corresponding to local rank deficiency. The purple line does not
correspond to local rank deficiency because it intersects with two SFS segments.

Problem 3.3 (NMF problem for incomplete data). Let D ∈ R
k×n
+ be a matrix with the structure

of Eq. (3.1) and rank(D) = rank+(D) = s. Further, let D11 have no local rank deficiency. A
nonnegative factorization is sought, where D11 = C1S

T
1 , D12 = C1S

T
2 and D21 = C2S

T
1 , with

the factors
(

C1

C2

)
= C ∈ R

k×s
+ and (ST

1 , S
T
2 ) = ST ∈ R

s×n
+ .

Since the blocks of Eq. (3.1) and (3.2) play an important role in problem 3.3, they are examined
in more detail. As can be seen in Eq. (3.1) and (3.2), the different blocks are connected by C
and ST . This connection can be expressed by using the row and column spaces of D.

Looking at Eq. (3.2). If rank(D11) = rank+(D11) = s1 ≤ s = rank(D) = rank+(D) and D11 has
no local rank deficiency, then D11 can be represented by s1 elements of a basis of the row space
of D. The basis of D can be chosen such that the basis elements correspond to columns of a
feasible S and thus to profiles.

The same connections can be made for Eq. (3.1), working with reduced spaces. This com-
plicates the connection of which basis elements of D are used to represent which block. To
make this concept more tangible, the term (chemical) species is used instead of basis elements
of the corresponding spaces. A chemical species is represented by the i-th columns of C and
S, which correspond to the i-th profiles, and thus by C(:, i)(S(:, i))T . Therefore, the following
representation of D is used to express the contribution of each species

D =

s∑

i=1

C(:, i)(S(:, i))T .

From this equation it can be derived that the number of underlying chemical species of a data
matrix is an upper bound of the rank and nonnegative rank.

The concept of species also allows to express the connection of the blocks of Eq. (3.1).

Definition 3.4 (Shared species). If a species appears in multiple blocks, it is called shared.

For example, if C(1 : k1, i) 6= 0, C(k1 + 1 : k2, i) 6= 0 and S(1 : n1, i) 6= 0, the i-th species is
shared between D11 and D21.
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Looking at the particular block D22 from Eq. (3.1), it has a special role, especially with respect
to the underlying species. This is because it is assumed that D22 contains missing entries
and causes the incompleteness of D. Thus, the knowledge about which species appear in D22

is limited. In particular, if a species appears only in D22, i.e., it exists a j = 1, . . . , s with
C(1 : k1, j) = 0 and S(1 : n1, j) = 0, it cannot be analyzed (and not even detected) by looking
only at the given blocks D11, D12 and D21. Thus, the general assumption of this chapter is that
no species appears only in D22.

Returning to the posed Prob. 3.3, the goal of this chapter is to find all nonnegative factorizations
for each D with the structure of Eq. (3.1), as was done in Sec. 2.3 for the complete case, but under
the assumption that D22 is unknown. Thus, a corresponding low-dimensional representation is
sought in which all solutions of Prob. 3.3 are represented. To this end, cones, as introduced in
Sec. 2.2, are used as a tool for this construction. The insights gained are then transferred to the
SVD-based approach.

Prior to the analysis, a case differentiation must be made. Assuming that the given data set has
the structure as in Eq. (3.1).

Case 1. For a matrix with the structure in Eq. (3.1) holds rank(D11) = rank(D11,D12) and

rank(D11) = rank
(

D11

D21

)
or, if D is a complete matrix, rank(D) = rank+(D) = rank(D11).

This means that all underlying species that are present in D also appear in D11. The opposite,
that not all species of D appear in D11, is described next.

Case 2. For a matrix with the structure in Eq. (3.1) holds rank(D11,D12) > rank(D11) or

rank
(

D11

D21

)
> rank(D11) or, if D is a complete matrix, rank(D) = rank+(D) > rank(D11).

This case differentiation can also be applied to Eq. (3.2) by considering only the submatrices
D11 and D21.

The general idea and procedure for handling case 1 is summarized in Fig. 3.1. The details are
described in Sec. 3.3 and 3.4. The analysis of case 2 is done in Sec. 3.5, where the goal is to
reduce case 2 to case 1. As in the previous chapter, the noisy case is also considered, see Sec.
3.8, as well as a critical evaluation of whether and when it makes sense to consider a data set
as incomplete, see Sec. 3.7.

3.3. The shared representation using cones

In this section the representation of the cones is used as in Eq. (2.7), i.e., it is based only on
the edges of the cones and thus on the essential information of the data matrix. The goal is to
solve the problem 3.3 for case 1 and thus to find a representation that contains all information
of the known blocks D11, D12 and D21. Therefore, a matrix, in this case D11, is analyzed, which
is row- and column-wise augmented by D21 and D12. For this purpose, the first matrices to be
considered are those that are augmented in one direction only, either by rows or columns. Parts
of this section have already been published in [8].

3.3.1. Analyzing row- or column-wise augmented matrices

In order to look at augmented matrices, some considerations about essential information have
to be made beforehand. Sec. 2.2 concluded with the introduction of essential information in
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the context of the cone representation. It is possible to project the determination of essential
information of D onto the factors C and ST . For the following consideration it must be kept in
mind that in order to verify that C is feasible for D, colcone(D) ⊆ colcone(C) must hold.

Lemma 3.5 (From [8]). Let D = CST be a nonnegative matrix factorization of D ∈ R
k×n
+ , with

rank(D) = rank+(D) = s and C ∈ R
k×s and ST ∈ R

s×n. Then the ℓ-th column of D is an edge
of colcone(D) if the ℓ-th column of ST is an edge of colcone(ST ) and vice versa.

Proof. The complementary case is shown where a certain column is not an edge. Thus, holds:

D(:, ℓ) = Deℓ is not an edge of colcone(D), where eℓ is the ℓ-th unit vector

⇔ D(:, ℓ) = (CST )eℓ =
∑

i∈Ẽ

αiCST ei, αi ≥ 0 (i.e., a conic combination exists)

⇔ C


ST eℓ −

∑

i∈Ẽ

αiS
T ei


 = 0, αi ≥ 0

⇔ ST eℓ −
∑

i∈Ẽ

αiS
T ei = 0, αi ≥ 0 (because the columns of C are linearly independent)

⇔ ST (:, ℓ) is a conic combination of the edges of colcone(ST )

⇔ ST (:, ℓ) is not an edge of colcone(ST ).

The essence of this lemma is similar to Lem. 2.7 in [68], but with a different approach of the proof.
Both imply that the essential information of D is also contained in the factors C and ST . Thus,
one solution is sufficient to determine the essential information, which allows a determination
in a lower dimension than with D. Lem. 3.5 also allows to consider and compare the essential
information of C and ST instead of looking at D. This property is used in the following lemma
when considering augmented matrices.

Lemma 3.6 (From [8]). Let D = CST be a nonnegative matrix factorization of D ∈ R
k×n
+ with

rank(D) = rank+(D) = s and C ∈ R
k×s
+ , ST ∈ R

s×n
+ . Adding a (k+ 1)-th row leads to a matrix

D̃ ∈ R
(k+1)×n
+ . It is assumed that rank(D̃) = rank+(D̃) = s, which is equivalent to the existence

of a nonnegative matrix factorization D̃ = C̃ST with C̃ ∈ R
(k+1)×s. Then the index sets of the

edges of colcone(D) and colcone(D̃) are the same.

Proof. This follows from Lem. 3.5, since D = CST and D̃ = C̃ST are based on the same ST ,
and thus the index sets of the edges of colcone(D) and colcone(D̃) are the same.

Thus, the essential columns are the same when a new row is added toD under the rank condition.
The case of an unfulfilled rank condition was shown in example 2.9. Lem. 3.6 can also be used
when adding more than one row or whole blocks as in Eq. (3.2). However, the essential rows may
change. This was addressed in Lem. 2.8. It is now possible to extend this lemma to essential
information in general.

Remark 3.7. If the conditions of Lem. 3.6 are fulfilled, then Lemma 2.8 holds for all essential
information (esi) instead of E, because the essential columns are the same due to Lem. 3.6.

Instead of comparing only the index sets of the essential information and thus the set of edges
of the cones, it is possible to look directly at the cones and compare what the effect is, e.g., on
the cone of the column space when a row is added.
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Lemma 3.8 (Based on [8]). Let D(1 : ℓ, :) be a submatrix of D ∈ R
k×n
+ with ℓ ≤ k, rank(D) =

rank+(D) = rank(D(1 : ℓ, :)) = s. Then

(colcone(D))(1 : ℓ) = colcone(D(1 : ℓ, :)),

where (colcone(D))(1 : ℓ) denotes the first ℓ dimensions of colcone(D).

Proof. Because of Lem. 3.6 the matrix D and the submatrix D(1 : ℓ, :) have the same index set
of edges Ẽ of the column cone. Thus, the same columns define the edges of the corresponding
cone. Therefore, reducing the dimension of colcone(D) to (colcone(D))(1 : ℓ) leads to the same
edges as for colcone(D(1 : ℓ, :)). Since the edges of both cones are the same, both cones must
coincide.

These relations form the basis of the following section, where a closer look is taken at how the
solutions are affected when D is augmented not only row- or column-wise, but in both directions
simultaneously.

3.3.2. Construction of a shared representation

The goal is to include augmented rows and columns in the representation of the original row
and column spaces of a data matrix. Therefore, some preliminary considerations are made.

If an additional constraint is added to the row space cone to be satisfied (e.g., an additional
vector to be enclosed by rowcone(ST )), a new set of solutions is obtained. This set is a subset of
the original set of solutions. However, it is only a constraint for the cone in the row space and
not for the cone in the column space, since it is not projected into the column space. Thus, a C
can be found whose cone encloses the column cone, but the cone of the dual ST does not enclose
the row cone and the additional constraint. Therefore, the set of feasible C is also influenced by
the additional constraint in the row space. This is illustrated in the following example.

Example 3.9. A rank 3 matrix D with a nonnegative rank 3 is factorized into D = CST , where
C is the identity matrix



1 1 1
2 1 1
3 2 1


 =



1 0 0
0 1 0
0 0 1


 ·



1 1 1
2 1 1
3 2 1


 . (3.3)

Assuming an additional constraint is added to the row cone. This constraint is represented by
an additional row of D, resulting in D̃. Such a constraint or row is represented by the red
row in D̃ in the following equation. The nonnegative rank is unchanged by the new row, so
rank+(D) = rank+(D̃) = 3.

D̃ =




1 1 1
2 1 1
3 2 1
4 2 0


 =




1 0 0
0 1 0
0 0 1
−1 1 1


 ·



1 1 1
2 1 1
3 2 1


 = C̃ST (3.4)

Because of Lem. 3.8 it is possible to consider colcone(D) instead of colcone(D̃) (for the first 3
dimensions). Thus, when finding a solution based only on the column cone, it is possible to use
the same C for D and D̃, where C = C̃(:, 1 : 3).

However, the choice of C and thus C̃ from Eq. (3.4) results in a corresponding ST which is
unchanged compared to Eq. (3.3). Thus, the new row vector is not included in the row cone
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spanned by ST , resulting in negative entries in the last row of C̃. This means that the pair C̃
and ST does not qualify as a feasible pair of D̃.

Therefore, when using the representation of the reduced column cone to compute solutions, it is
important to verify that the dual factor ST encloses the row cone. It is no longer sufficient to
consider only one space.

The message of this example is summarized in the following theorem.

Theorem 3.10 (From [8]). Assuming D ∈ R
k×n
+ has a nonnegative matrix factorization D =

CST , with rank(D) = rank+(D) = s, C ∈ R
k×s
+ and ST ∈ R

s×n
+ . Augmenting D by a nonnega-

tive row results in D̃ ∈ R
(k+1)×n
+ . Assuming rank(D̃) = rank+(D̃) = s and thus D̃ = C̃ST with

C̃ ∈ R
(k+1)×s
+ and S ∈ R

n×s
+ .

Then the solutions of D̃ can be determined with rowcone(D̃) and colcone(D) instead of rowcone(D̃)
and colcone(D̃).

Proof. From Lem. 3.8 follows that (colcone(D̃))(1 : k) = colcone(D). Furthermore, the cone of
a feasible factor C̃ enclosing colcone(D̃) also satisfies (colcone(C̃))(1 : k) ⊇ (colcone(D̃))(1 : k).
Thus, by Lem. 3.8, C̃(1 : k, :) is also a solution of the NMF problem of D. However, now not all
factors satisfying (colcone(C̃))(1 : k) ⊇ colcone(D) have a feasible dual ST (see example 3.9).
Therefore an additional step is needed, where also the feasibility of ST is checked. Alternatively,
rowcone(D̃) can be considered to obtain ST . This is, because the rowcone has not been reduced.
Therefore, no additional step is necessary when looking at rowcone(D̃), since the dual factor is
automatically feasible, see Lem. 2.5.
So it is possible to consider only rowcone(D̃) and colcone(D) to get all solutions.

If D is augmented by more than one row, Thm. 3.10 can be applied successively. Thus, Eq.

(3.2), i.e.,
(

D11

D21

)
, can be analyzed with colcone(D11) and rowcone

(
D11

D21

)
if they have the same

rank. The same can be done for (D11,D12) using the transposed case. The natural next step is
to look at the block matrix D of Eq. (3.1) and find reduced cones that are sufficient to compute
all solutions. This requires a closer look at the reconstruction of the set of solutions based on
submatrices.

Remark 3.11. Let D ∈ R
k×n
+ be given, as in Eq. (3.1), with rank(D11) = rank(D) = rank+(D) =

s. Then the feasible pair C =
(

C1

C2

)
∈ R

k×s
+ and ST = (ST

1 , S
T
2 ) ∈ R

s×n
+ of D is uniquely recon-

structed by C1 and S1 (except for contributions from the respective null space). This is because
ST
2 = C+

1 D12 and C2 = D21(S
T
1 )

+. Here C+
1 denotes the pseudoinverse of C1, see [28].

With this remark it is now possible to construct reduced cones that still lead to the same set of
solutions as when the cones of the whole matrix are considered.

Theorem 3.12 (From [8]). Based on the premise that rank(D11) = rank(D) = rank+(D) = s,
where D11 ∈ R

k1×n1

+ being a submatrix of D ∈ R
k×n
+ , see Eq. (3.1), and D has a nonnegative

factorization with C ∈ R
k×s and ST ∈ R

s×n, the following holds

(colcone(D))(1 : k1) = colcone(D11,D12),

(rowcone(D))(1 : n1) = rowcone
(

D11

D21

)
.

The set of solutions for D = CST is determined by these cones.
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Proof. Applying Lem. 3.8 leads to (colcone(D))(1 : k1) = colcone(D11,D12) and thus both
colcone(D11,D12) and rowcone(D) are considered. This means that C1 and ST can be deter-
mined using these cones. However, it is sufficient to consider only C1 and S1 = S(1 : n1, :),
since they already determine C and ST (see Rem. 3.11). Thus, only the first n1 dimensions of

rowcone(D) are needed, which leads to the use of (rowcone(D))(1 : n1) = rowcone
(

D11

D21

)
(see

Lem. 3.8). The next step is to consider the set of feasible solutions.
Possible solutions C1 which enclose colcone(D11,D12), but whose dual ST does not enclose

rowcone(D), are also not feasible when considering the reduced factor ST
1 and rowcone

(
D11

D21

)
and

vice versa. This is because if the dual ST is not feasible for rowcone(D), then the number of edges
of the cone spanned by rowcone(D)∪rowcone(ST ) is greater than s. However, a dimension reduc-

tion for D and ST to
(

D11

D21

)
and ST

1 means that the cone spanned by rowcone(D)∪rowcone(ST )

is reduced. Due to Lem. 3.8 the number of edges remains the same (here greater than s) and
thus the reduced dual factor ST

1 is also not feasible in the reduced space. Therefore, the set of

feasible solutions of D is not affected by the reduction to colcone(D11,D12) and rowcone
(

D11

D21

)
,

where the solutions of D are constructed based on C1 and ST
1 , see Rem. 3.11.

With this theorem it is now possible to consider data matrices as presented in Eq. (3.1) without
using the block D22 and hence to find solutions of problem 3.3. Thus, D22 can contain missing
values or can be completely unknown, but all solutions of the NMF problem 2.3 of D can still
be found. In the noise-free case, this also allows to reconstruct D22 using the factors C2 and ST

2 .

This construction has the side effect, that it allows the block D22 to be very large.

Remark 3.13. Based on the assumptions of Thm. 3.12, D11 must be a matrix of rank s. This
means that D can be permuted so that D11 ∈ R

s×s with rank(D11) = s, k1 = s and n1 = s.
Thus, D12 ∈ R

s×(k−s) and D21 ∈ R
(n−s)×s result in D22 ∈ R

(n−s)×(k−s). Therefore, up to

100 · (k − s) · (n− s)

k · n % of missing entries are possible and can still be handled with the proposed

method (if a proper s× s shared block is selected).

To allow an analysis of the SFS and the underlying ambiguity of problem 3.3, the insights of
this section are transferred to the low-dimensional representation using an SVD, see Sec. 3.4.
But first, an alternative approach is presented on how to analyze a data matrix with a missing
block D22 by reconstructing it directly.

3.3.3. Alternative: Direct reconstruction of D22

If the goal is a reconstruction of D22, it is also possible to compute the missing block directly.
However, this approach can only be used for noise-free data. The noisy case for this reconstruc-
tion is examined in Sec. 3.8.2.

Theorem 3.14 (From [8]). Let D ∈ R
k×n
+ have the structure of Eq. (3.1) with D11 = C1S

T
1

and rank(D11) = rank(D) = rank+(D) = s, C1 ∈ R
k1×s
+ and S1 ∈ R

n1×s
+ . Then the block D22 is

determined by D22 = D21D
+
11D12.

Proof. Based on Eq. (3.1) holds D12 = C1S
T
2 and D21 = C2S

T
1 . Because of rank(D) =

rank(D11), the column space of D11 already includes the column space of D12. The same is true
for the row space and D21. This allows to solve the equations D12 = C1S

T
2 and D21 = C2S

T
1

with respect to ST
2 and C2 from Eq. (3.1). Thus, ST

2 and C2 are given by

ST
2 = C+

1 D12, CT
2 = D21(S

T
1 )

+.
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The use of the pseudoinverse C+
1 and (ST

1 )
+ guarantees a solution of smallest Euclidean norm

[28]. This allows the representation of D22 by

D22 = C2S
T
2 = D21(S

T
1 )

+C+
1 D12 = D21(C1S

T
1 )

+D12 = D21D
+
11D12.

However, this representation of D22 is not necessarily unique, since the pseudoinverse is not
necessarily unique due to contributions from the respective null spaces.

If D11 is an s× s matrix, then D22 is unique, since D11 is then invertible and thus the pseudoin-
verse becomes the inverse.

This theorem holds only if rank(D11) = rank(D) = rank+(D). For case 2 with rank(D11) <
rank(D) no such equation can be formed, because either the column space of D12 is not included
in D11 or the row space of D21. The result is that it is not even possible to determine a unique
approximation of D22 by considering only the species of D11 or the shared species. This is
because it is possible to vary S2 while keeping C1(:, 1 : s1) and S1 fixed. Since S1 stays the
same, C2 does not necessarily change. Since D22 = C2S

T
2 , different approximations can be

obtained.

Case 2, where rank(D11) < rank(D), is discussed in detail in Sec. 3.5 using the low-dimensional
representation. But first, the general approach for rank(D11) = rank(D) = rank+(D) is trans-
ferred to the low-dimensional representation using an SVD.

3.4. The shared representation using an SVD

As described in Sec. 2.2 and 2.3, the drawback of using the cone representation to solve the
NMF problem 2.3 is that the dimension of the representation depends on the rows and columns
of the data matrix instead of the rank. Although this can be avoided by choosing D11 as a
matrix of size s × s, see Rem. 3.13, such a reduction is not always advisable, especially when
transferring the proposed approach to noisy data sets. Therefore, the SVD representation is used
in this section to solve problem 3.3. Therefore, all the results of Sec. 3.3 are transferred to the
low-dimensional representation based on the SVD. This is done by taking Thm. 3.10 and 3.12,
which contain the main results, and transferring them to the low-dimensional representation.

A flowchart of the procedure to analyze a data set D ∈ R
k×n
+ of Eq. (3.1) and to solve problem

3.3 using a low-dimensional representation has already been shown in Fig. 3.1. The explanations
and proofs are given in this section.

Starting with the data points of a nonnegative matrix D ∈ R
k×n, see Eq. (2.11) and (2.13), they

are computed based on the rows or columns of D using an SVD of D = UΣV T with subsequent
scaling.

The more general calculation of a data representing point belonging to an arbitrary vector
d1 ∈ R

n
+ is done by a projection of the vector into the low-dimensional representation, in this

case into the V -space by

â =
((dT1 V )(2 : s))T

(dT1 V )(1)
.

For the U -space a projection of d2 ∈ R
k
+ is done by

b̂ =
(Σ−1UTd2)(2 : s)

(Σ−1UTd2)(1)
.
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This calculation can be used when D is extended by additional rows and/or columns and to
represent them by their corresponding data points in the low-dimensional representation of D.
However, considering these additional rows and/or columns is not as easy as it seems.

Remark 3.15. Augmenting a matrix by rows or columns changes its SVD and thus its low-
dimensional representation. Therefore, data points belonging to the augmented rows and columns
cannot simply be added into the V - or U -space to compute the corresponding SFS.

The construction of adding either a row or a column to D in a low-dimensional representation
with the corresponding conditions is considered next. The idea follows the same structure as for
cones in Thm. 3.10.

Theorem 3.16. Assuming D ∈ R
k×n
+ with rank(D) = rank+(D) = s has a nonnegative matrix

factorization D = CST , where C ∈ R
k×s, ST ∈ R

s×n and DDT and DTD are irreducible.

Adding a (k + 1)-th nonnegative row to D results in D̃ ∈ R
(k+1)×n
+ . Assuming rank(D̃) =

rank+(D̃) = s and therefore D̃ = C̃ST with C̃ ∈ R
(k+1)×s
+ and ST ∈ R

s×n
+ .

Then the solutions of the NMF problem for D̃ can be determined using FS(D) and IS(D)
expanded by the data point of the new row instead of FS(D̃) and IS(D̃).

Proof. Because of Thm. 2.20 and Lem. 2.21 holds that the low-dimensional representation of D
is equivalent to the cone representation of D. Adding a row results in an additional data point in
the V -space. The convex hull of IS(D) and the additional data point is equivalent to rowcone(D̃)
because E is the same (based on conic combinations). To show that both representations are
equivalent, it is also necessary to check that the solutions are the same. The same reasoning as
for Lem. 2.21 is applied based on a feasible factor ST for D̃ (or for rowcone(D̃)). Thus, if ST

is feasible for rowcone(D̃), it is also feasible in the low-dimensional representation with the new
data point added.
This means that even with an added data point, both representations are still equivalent, and
thus Thm. 3.10 can be used to prove the statement.

This theorem also holds for the transposed case when additional columns are considered.

As a consequence of Thm. 3.16, it is now possible to add data points to the low-dimensional

representation and to make the SFS of, e.g., two matrices D11 and
(

D11

D21

)
, more comparable

without changing the low-dimensional representation, as long as the rank is not changed by the
new rows. This is illustrated in Fig. 3.4 for added rows and columns in the second and third
rows, respectively. Using duality, the effect is also shown in the corresponding dual space, where
the additional data points lead to affine hyperplanes that constrain the outer polytope.

This consideration also means that as long as the rank condition is satisfied, the modified inner
polytope is enclosed by the original outer polytope FS(D). But what happens if the outer
polytope is also modified? Can an intersection between the two polytopes occur, resulting in an
empty SFS? These questions are investigated in the next theorem.

Theorem 3.17. Based on the premise that rank(D11) = rank(D) = rank+(D) = s, with D11 ∈
R
k1×n1

+ and D ∈ R
k×n
+ from Eq. (3.1), with DDT and DTD being irreducible, and D has a

nonnegative factorization D = CST with C ∈ R
k×s and ST ∈ R

s×n, it holds that the set of
feasible solutions for D is restricted by

IS(D11) expanded by the data points of D21 (in the V-space) and

IC(D11) expanded by the data points of D12 (in the U-space, thus a reduced FS(D11)).
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Figure 3.4.: Low-dimensional representation of the shared block D11 of the saturated data set
1 in the first row. The second and third rows use Thm. 3.16. Second row: The
information of the submatrix D21 is added by adding data points in the V -space
and thus adding the dual nonnegativity constraints in the U -space. Both are shown
in yellow. Third row: The information of the submatrix D12 is added to the low-
dimensional representation of D11 as green data points in the U -space and green
lines in the V -space.
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Figure 3.5.: Shared low-dimensional representation (Def. 3.18) of the saturated data set 1, where
Thm. 3.17 is applied. The added information of D21 is marked in yellow and the
information of D12 is marked in green in both the V - and U -space of D11. This also
visualizes the combination of the results of Fig. 3.4.

Proof. Thm. 3.16 leads to the statement that IS(D11) expanded by the data points of D21 is

equivalent to rowcone
(

D11

D21

)
and that IC(D11) expanded by the data points of D12 is equivalent

to colcone(D11,D12).

The goal is to reduce the problem to the one given in Thm. 3.12, which uses rowcone
(

D11

D21

)
and

colcone(D11,D12) to determine the solutions of D. So the next step is to compare the solutions
of both representations. To check if a solution of both representations is feasible for D, it has to
be checked for both cones, the one in the row space and the one in the column space. The same
can be done in the low-dimensional representation. Because of duality it is sufficient to check
whether both expanded inner polytopes are enclosed by both factors instead of, e.g., looking at

IS and FS in the V -space. Lem. 2.21, applied to the expanded IS and rowcone
(

D11

D21

)
as well

as to IC and colcone(D11,D12), shows that the solutions of both representations are the same.
Therefore, Thm. 3.12 is used to show the assertion.

This allows the SFS of D to be represented in the low-dimensional representation of the shared
block D11 by including the data points of the blocks D12 and D21 without using the block
D22. Fig. 3.5 shows this for the saturated data set 1 from Fig. 3.2, with the corresponding
band boundary representation in Fig. 3.6. The band boundaries for the resulting reconstructed
factors C and ST are shown in Fig. 3.7. The representation of Fig. 3.5 using the shared block
is defined next.

Definition 3.18. The representation of all constraints of D ∈ R
k×n
+ of Eq. (3.1) for case 1

in the low-dimensional representation of the shared block D11 is called shared low-dimensional
representation.

This shared low-dimensional representation allows not only to represent incomplete data sets
for case 1 as in Eq. (3.1), but also to represent complete data sets that are augmented (for case
1) in one low-dimensional representation without the need to change the representation despite
a changing SVD. Thus, an evolution of the SFS over time can be represented by the shared
low-dimensional representation without knowing the entire data matrix a priori.

Looking at the shared low-dimensional representation, Thm. 3.17 also leads to the conclusion
that if the inner and outer polytopes intersect, then the assumptions are not met, i.e., either D
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Figure 3.6.: Band boundary representation for factor ST
1 corresponding to the V -spaces of Fig.

3.4 and 3.5. First row: As shown in Fig. 3.4 in the first row, there is only one
connected segment when considering the SFS of D11. Therefore, the corresponding
band representation is only one plot and it is shown in gray for all 3 underlying
species. Second row: Corresponding to Fig. 3.4 (second row) the bands are shown
when the information of D21 is added. Now the SFS consists of three separate
segments and thus there are three band boundary representations. Third row: As
in Fig. 3.4 the information of D12 is added to D11, resulting in the band boundaries
shown. Fourth row: Adding the information of both D21 and D12 results in the
shared low-dimensional representation as shown in Fig. 3.5 with the corresponding
band boundaries shown in this row. This is a subset of the intersection of the
previously determined band boundaries.
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Figure 3.7.: Band boundary representation of the SFS corresponding to the shared low-
dimensional representation of Fig. 3.5 and extended to show the entire C and ST

belonging to data set 1 underlaid in gray. Comparing this representation with Fig.
3.6, which shows only the band boundaries of ST

1 , the axes are chosen to give a
better view of the ambiguity. Additionally, the profiles from A.1, which are also
shown in Fig. 2.4, are marked in magenta.

contains negative entries or the rank condition is not satisfied, resulting in rank(D) > rank(D11).
How such intersections can occur due to a wrong rank assumption is shown in Thm. 2.25. Data
sets that do not satisfy the rank condition and are therefore not classified into case 1 are discussed
in Sec. 3.5. An example is data set 2.

But first a closer look is taken at the resulting band boundaries shown in Fig. 3.6 and the
underlying SFS in Fig. 3.4 and 3.5.

3.4.1. The problem of artificially minimizing the SFS

When computing the SFS of (D11,D12) and
(

D11

D21

)
, there is a tendency to simply compare

the sets of feasible solutions in the shared low-dimensional representation. This is because the
standard methods for computing the SFS can simply be applied to the submatrices (D11,D12)

and
(

D11

D21

)
and the results need only be projected into the shared low-dimensional representation

for comparison. However, computing the intersection of the SFS does not give the SFS of the
complete data set or the SFS considering all given rows and columns.

Remark 3.19. The intersection of the SFS of (D11,D12) and
(

D11

D21

)
in the shared low-dimensional

representation leads to a superset of the SFS of the complete data set D from Eq. (3.1).

This remark is visualized in Fig. 3.8 for the SFS and the band boundaries.

Considering the geometric construction of the SFS using a simplex rotation of Sec. 2.3.3, this
fact is not surprising. That is, minimizing the SFS has the consequence that it is possible that
simplices that were feasible are no longer feasible. Thus, to a point inside the minimized SFS,
no feasible simplex can be found, since the possible corresponding vertices are now outside the
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Figure 3.8.: Comparison of different SFS sets in the shared low-dimensional representation (left)
and the corresponding band boundaries (right). In yellow is the SFS of (D11,D12),

in red is the SFS of
(

D11

D21

)
and the orange region represents the intersection of both.

The SFS with respect to the additional constraints of both D12 and D21 is enclosed
by the dashed black lines, showing a subset of the orange segment. The same is
shown with the same color coding for the band boundaries of one species (the red
one in Fig. 3.6).

SFS. Therefore, the SFS has to be recomputed for every change, be it on the inner and outer
polytopes or by artificially minimizing the SFS.

This reasoning can also be applied to comparing band boundaries. However, a different aspect
comes into play here. When comparing band boundaries, the underlying scaling must be the
same. This can be seen by comparing Fig. 2.4 and Fig. 3.7. Both figures show the same
set of solutions, but scaled using the low-dimensional representation of D and the shared low-
dimensional representation respectively. For better comparison, the same 3 selected profiles are
shown in dashed black and magenta, respectively.

These relations are relevant not only for case 1, but also for the following case 2 and even more
complex cases as in Sec. 3.6 and should be kept in mind when comparing different sets of feasible
solutions.

3.5. How to handle the case of rank(D) > rank(D11)

After examining case 1 in detail, case 2 is analyzed in this section. Case 2 describes that not all
species of the data set appear in the submatrix D11, see Eq. (3.1) and (3.2) for assumed block
structures. An example is shown in Fig. 3.9 for data set 2 with simulated incompleteness, which
is classified as case 2. Therefore, a closer look at the submatrices is necessary.

As in Eq. (3.2), the selection of submatrices is done first along one dimension. This means that

a submatrix D̂ ∈ R
k̂×n̂
+ of D ∈ R

k×n
+ has either the same number of rows or columns as the

original matrix (either k̂ = k or n̂ = n). This makes it possible to analyze submatrices that
are a selection of rows. Considering submatrices with a column-wise selection is the transposed
case. Cases where a submatrix is selected along both dimensions (with k̂ < k and n̂ < n) are
considered in Thm. 3.24.

Thus, looking first at Eq. (3.2), rank
(

D11

D21

)
> rank(D11) holds to classify as case 2. To access the

SFS, a low-dimensional representation of
(

D11

D21

)
is used. However, in order to include all given

information, the rank of each matrix must be taken into account. Therefore, affine subspaces
are used. Let k̂ data points di in the V -space be given. Then the affine subspace on which all
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Figure 3.9.: Simulated incompleteness for data set 2, where only the first 9 rows and the first 80
columns are complete, the submatrix D(10 : 66, 81 : 150) is assumed to be missing
or unknown. This allows a classification as case 2 because the first 9 rows span a
rank 2 submatrix.

data points lie is given by

H = {x ∈ R
s−1 : x = d1 +

k̂∑

i=2

λi(di − d1), λi ∈ R}. (3.5)

An affine subspace is visualized in Fig. 3.3 and in Fig. 3.10 for data set 2 by the yellow line. In
the same way, affine subspaces can be defined in the U -space.

The next step is to look at the dimension of the affine subspace.

Lemma 3.20. Let D̂ be a submatrix of D ∈ R
k×n
+ with D̂ ∈ R

k̂×n
+ , k̂ < k, rank(D) =

rank+(D) = s and rank(D̂) = rank+(D̂) = ŝ < s. Then the corresponding object spanned
by the data points of D̂ in the low-dimensional representation of D has the dimension ŝ − 1.
Similarly, for an (ŝ−1)-dimensional affine subspace H spanned by data points of D, there exists
a rank ŝ submatrix that generates it.

Proof. If there is a submatrix D̂ ∈ R
k̂×n, its corresponding data points di in the V -space are

calculated by di = (D̂V )(i, 2 : s))T /((D̂V )(i, 1)), i = 1, . . . , k̂, where V belongs to the SVD
of D = UΣV T . Therefore, the affine subspace spanned by the data points has a maximum
dimension of ŝ, since rank(D̂) = ŝ and thus also rank(D̂V ) = ŝ.
However, the dimension reduction by scaling (here scaled by (D̂V )(i, 1)) maps the ŝ-dimensional
subspace D̂V to an (ŝ−1)-dimensional affine subspace (which can be represented in the V -space
ofD). This is because the low-dimensional representation is based on a cone representation using
rowcone(UΣ) for the V -space and projecting it onto a hyperplane, resulting in the cone becoming
a polytope and reducing the dimension by one. Thus, the data points span an (ŝ−1)-dimensional
affine subspace denoted by H (see Eq. (3.5)).
Conversely, the reasoning is the same. Having an (ŝ − 1)-dimensional affine subspace H in
the V -space, it can be transferred to the space of the right singular vectors by considering
(1, xT )T for all x ∈ H. Thus, a ŝ-dimensional subspace of the column space of V is spanned.
The corresponding submatrix D̂, on which the data points generating H are based, thus has
rank(D̂) = ŝ.

Thus, all spectra that lie in the row space of D̂ have corresponding data points, that are elements
of H.
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Using rank information of a submatrix of D is a well-known concept and is called “local rank”
information [79]. Usually the goal of local rank information is to use it in a way that reduces the
ambiguity. This reduction is achieved by fixing the rank of parts of the corresponding factors C
and ST . For example, if rank(D(1 : k̂, :)) = ŝ, this results in two factors where only the first ŝ
columns of C and S contain non-zero entries, i.e., C(1 : k̂, 1 : ŝ) = Ĉ and S(:, 1 : ŝ) = Ŝ with
D(1 : k̂, :) = ĈŜT . If such a reduction to Ĉ and Ŝ is not possible, but for all possible solutions
rank(C(1 : k̂, 1 : ŝ)) = rank(S(:, 1 : ŝ)) = ŝ holds, the submatrix has a local rank deficiency,
see Def. 3.2. This means that the number of species that should be contained in this submatrix
when analyzing the full matrix does not match the nonnegative rank of the submatrix. Thus,
there is no nonnegative solution that factorizes both the submatrix, with Ĉ and Ŝ, and the
entire matrix. Therefore, the assumption for this section is that H is based on a properly chosen
submatrix without local rank deficiency.

Considering now the matrix D11 as submatrix of
(

D11

D12

)
of Eq. (3.2), where rank(D11) =

rank+(D11) = s1 and D11 having no local rank deficiency. The data points of D11 span the
(s1 − 1)-dimensional subspace H. Then holds the following lemma.

Lemma 3.21. Assuming D11 is a properly selected submatrix of D ∈ R
k×n
+ from Eq. (3.2), with

rank(D) = rank+(D) = s and DDT , DTD being irreducible. Let the affine subspace H of Eq.

(3.5) be based on D11. The intersection of H with IS
(

D11

D21

)
is only part of the boundary of

IS
(

D11

D21.

)
.

Proof. Assuming that H intersects with IS, this means that there exists no solution whose
simplex has s1 vertices lying on H (since IS is not enclosed by the simplex). This also means that

there is no solution to the NMF problem of
(

D11

D21

)
that factorizes only D11, which contradicts

the choice of the submatrix. It remains to show that H actually touches IS
(

D11

D21

)
. Since H is

spanned by the data points of D11, which also define IS
(

D11

D21

)
, it must touch IS

(
D11

D21

)
.

With this lemma it is possible to formulate statements about the position of the subsystem in
the low-dimensional representation.

Remark 3.22. The affine subspace H of Eq. (3.5), belonging to a properly chosen submatrix,
does not intersect with the origin, since the origin must be an interior point of IS, see Lem.
2.17. Therefore, H cannot coincide with an axis.

Having made the connection between H and IS , the natural next step is to take a closer look
at the outer polytope.

Lemma 3.23. Let D11 ∈ R
k1×n1

+ be a submatrix of D ∈ R
k×n
+ with rank(D) = rank+(D) = s,

rank(D11) = rank+(D11) < s, and DDT and DTD are irreducible. Assuming D11 has no local
rank deficiency and spans H as in Eq. (3.5). Then FS(D11) can be mapped to H, which coincides

with the intersection of H and FS

(
D11

D21

)
.

Proof. The profiles corresponding to the points on the boundary of FS(D11) contain at least
one zero due to active constraints defining the boundary of FS , see Eq. (2.10). Thus, mapping

these profiles to the low-dimensional representation of
(

D11

D21

)
means that the corresponding

data points lie on H and also on the boundary of FS

(
D11

D21

)
, since the profiles contain zeros,
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see Eq. (2.10). Since FS(D11) is a convex set, there are no holes, especially at the boundary.

Therefore, the transferred FS(D11) is also a convex set, and since FS

(
D11

D21

)
is also a convex set,

the transferred FS(D11) must coincide with the intersection of H and FS

(
D11

D21

)
.

The dual case where IC and FC are considered is equivalent, for example when having (D11,D12)
from Eq. (3.1).

The next step is to determine the ambiguity using the rank condition, but not only for
(

D11

D21

)
,

but also for (D11,D12) of Eq. (3.1) and to combine the results. So the goal is to analyze case 2.
For this, the concept of shared species is used, see Def. 3.4. This concept can also be expressed
in terms of the corresponding ranks. For example, two blocks D11 and D21 have at least one
shared species if

rank
(

D11

D21

)
< rank(D11) + rank(D21)

holds with a matrix structure of Eq. (3.1), or Eq. (3.2).

Theorem 3.24 (From [8]). Let D ∈ R
k×n
+ with rank(D) = rank+(D) = s have a nonnegative

matrix factorization D = CST with C ∈ R
k×s and ST ∈ R

s×n, where DDT and DTD are irre-
ducible. Also rank(D) > rank(D11) holds, where D has the block structure from Eq. (3.1). Then
the constraints of the species shared by either D11 and D21 or D11 and D12 can be represented
by the low-dimensional representation of D11, the shared block.

Proof. The blocks D11 and D21 are considered first, with rank
(

D11

D21

)
> rank(D11) = s1. The

case where D11 is extended in column direction by a block D12 can be treated analogously.

Starting with the low-dimensional representation of
(

D11

D21

)
, whose V -space has the dimension

rank
(

D11

D21

)
− 1. The data points belonging to D11 lie on an (s1− 1)-dimensional affine subspace

H, see Eq. (3.5). For all data points lying on H, the corresponding profiles are part of the
row space of D11 because the data points do not change the dimension of H and thus the
corresponding profiles do not change the dimension of the row space of D11. Thus, the rows
of D21 corresponding to a data point located on H lie in the row space of D11 (and thus
correspond to shared species). All such rows of D21 are collected in a submatrix D′

21. It also
holds rank(D11) ≥ rank(D′

21).
This allows to include the information of the shared species ofD21 andD11 in the low-dimensional
representation of D11. This step already includes all constraints of D21 regarding the inner and
outer polytopes in the low-dimensional representation of D11. This is because in the V -space
the intersection of the outer polytope and H coincides with a projection of FS(D11) onto H, see
Lem. 3.23. So the outer polytope remains unchanged. The inner polytope is only affected by the
data points. Because of Lem. 3.21 only data points lying on H can lead to further constraints of
IS(D11). These are already included by D′

21. Therefore, all constraints of D21 regarding shared
species can be included by D′

21 in the same way as for a shared low-dimensional representation

in case 1, because rank(D11) = rank
(

D11

D′
21

)
.

There are several ways to determine the submatrix D′
21 used in the proof of Thm. 3.24. The

purpose of this matrix is to add the information of D21 to the low-dimensional representation
of D11. It can be determined by finding those rows of D21 whose data points lie on H, the
affine subspace formed by the data points of D11. Alternatively, D′

21 can be found by finding

the rows that satisfy rank
(

D11

D21(i,:)

)
= rank(D11) for i = 1, . . . , k2. Thus, D′

21 contains all rows

that satisfy this rank condition.
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This allows an analysis of the ambiguity of the species of D11 under the additional constraints
of D′

21. But what about the ambiguity of the species that are not shared?
Looking at D21, the approach is to project the SFS determined in the shared low-dimensional

representation onto H in the V -space of
(

D11

D21

)
. This represents the SFS of the species of D11.

This limits the total SFS. The SFS of the species that are not shared can be recalculated. An
example is shown in Fig. 3.10 (left), where the total SFS is constrained by the SFS projected to
H. The procedure for dealing with D12 is similar.

However, this approach has a major drawback. What if D21 does not contain any rows that are
only mixtures of the species of D11? Then D′

21 would be empty and no additional ambiguity
reduction could be done for D11 and thus for D21. The solution is to look not only at the
intersection of H and the inner polytope and determine D′

21, but also at the intersection of H
and the SFS of

(
D11

D21

)
. That this approach leads to a superset of the desired restricted SFS of

the species of D11 is shown next.

Lemma 3.25. Let D ∈ R
k×n
+ be given with rank(D) = rank+(D) = s, so there exists a factoriza-

tion D = CST with C ∈ R
k×s
+ and ST ∈ R

s×n
+ . Furthermore, let DDT and DTD be irreducible

matrices. As in Eq. (3.2) D is divided into two submatrices D =
(

D11

D21

)
with D11 ∈ R

k1×n
+ ,

rank(D11) = rank+(D11) = s1 < s and D21 ∈ R
k2×n
+ , k = k1 + k2. The submatrix D11 has no

local rank deficiency and spans the affine subspace H of Eq. (3.5). The corresponding MS(D11)
is transferred to H, since it is also part of the row space of D11, and is denoted by M(D11). A
restricted SFS for the species of D11 is defined as

MR(D11) =
{
x ∈ M(D11) : ∃y1, . . . , ys−1 ∈ R

s−1 with y1, . . . , ys1−1 ∈ H and

IS
(

D11

D21

)
⊆ convhull{x, y1, . . . , ys−1} ⊆ FS

(
D11

D21

)}
.

Then H ∩MS

(
D11

D21

)
⊇ MR(D11) holds.

Proof. By definition, MR(D11) is part of H. Since only points corresponding to a feasible

simplex of
(

D11

D21

)
are in the restricted SFS, it is also a subset of MS

(
D11

D21

)
. So H∩MS

(
D11

D21

)
⊇

MR(D11).

Next, a special case is examined, which allows an exact determination of the restricted SFS of
Lem. 3.25.

Lemma 3.26. Let the assumptions of Lem. 3.25 hold. If MS

(
D11

D21

)
consists of s separate

segments and s1 = s− 1, then H ∩MS

(
D11

D21

)
= MR(D11).

Proof. If x ∈ H ∩ MS

(
D11

D21

)
, then there exists a feasible simplex for

(
D11

D21

)
with a vertex on

H. Since there are s separate SFS segments and the simplex must enclose IS
(

D11

D21

)
, the s1

vertices of the s1 segments that intersect H can be moved along the edges of the simplex until
they are on H. Since H is an (s1−1)-dimensional affine hyperplane that lies on the boundary of

IS
(

D11

D21

)
, the facet of the simplex corresponding to the s1 vertices is now also on the boundary

of IS
(

D11

D21

)
. Since the affine hyperplanes on which the remaining facets lie remain the same,

IS
(

D11

D21

)
is still contained in the new simplex. It is also still in FS

(
D11

D21

)
because all vertices
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Figure 3.10.: Representation of the V -space of
(

D11

D21

)
of the incomplete data set 2 with the cor-

responding SFS in gray and H in yellow. Left: Limited SFS due to rank conditions
of D11 and thus due to the SFS of D11 shown in green. Right: Using the additional
information of D12 to limit the ambiguity of D11 further reduces the SFS, shown
in purple. The retrieval of this information is shown in Fig. 3.11.

are elements of the SFS segments. Thus for all x ∈ H∩MS

(
D11

D21

)
there exists a feasible simplex

and thus all x are feasible and part of MR(D11).

Thus, it is possible to compute a superset of the reduced ambiguity with respect to the combined

constraints of D11 and D21 by determining the intersection of H and the SFS of
(

D11

D21

)
. Fig. 3.10

(left) shows the restricted SFS for the special case of Lem. 3.26. The practical determination of
MR is examined in chapter 4. The profiles corresponding to the points of the reduced ambiguity
can be represented in the shared low-dimensional representation based on D11. They represent
the SFS subsets of the shared species with respect to the constraints of D21. This is shown in
Fig. 3.11 in green.

The next step is to include the information of the submatrix D12. For data set 2 D12 and D11

have the same rank. Therefore, their information can be included as for case 1. This is shown in
Fig. 3.11 in light blue. The combination of both SFS by adding D12 and D22 is the intersection
of the corresponding intervals and is shown in purple. This ambiguity reduction can also be
used to reduce the ambiguity of species that are not shared. This is shown in Fig. 3.10 (right)
for the segment that does not intersect the affine subspace.

The resulting band boundaries are shown in Fig. 3.12, highlighting the drastic reduction in

ambiguity compared to considering only the SFS of
(

D11

D21

)
. In addition, a reconstruction of the

profiles corresponding to the shared species is possible for high frequencies, since this region is
described by D12. However, the third species, which is not shared, cannot be reconstructed in
this region because the information needed for this is in D22, the missing block.

Another example of a case 2 analysis was given in [8], see the analysis of data set 2 there. For
this data set, it is even possible to achieve uniqueness with the approach presented here.

The result of the analysis of case 2 is that now all possible cases that can occur regarding the
rank can be analyzed. But what if there are several missing blocks and an L-shaped form of the
accessible information as in Eq. (3.1) is not desired in the analysis, since this can lead to a loss
of information. Such complex appearances of missing blocks are examined next.
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Figure 3.11.: Shared low-dimensional representation with the rank-2 shared block D11 of the
incomplete data set 2. The SFS of D11 is shown in yellow, the reduced SFS due to
D12 in blue (IC grows and FS shrinks). The reduced SFS due to D21 is shown in
green and is the same as in Fig. 3.10 on H. The combination of all these reductions
is the intersection of all SFS segments and is shown in purple. It corresponds to
the purple SFS in Fig. 3.10 (right).
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Figure 3.12.: Band boundaries corresponding to the V -space in Fig. 3.10 (right). The band

boundaries corresponding to the SFS of
(

D11

D21

)
are shown in gray and cover only

the first 80 frequencies, due to the submatrix on which they are based. In purple
are the band boundaries corresponding to the purple SFS in Fig. 3.10 (right). The
original profiles used to generate data set 2, see Fig. A.2, are shown in blue, red
and yellow. Only the shared species (left and center) are known for the frequencies
81-150, so only these can be reconstructed.
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3.6. Complex block structures

After treating block structures as in Eq. (3.1) with one missing block, denoted by D22, the
question arises whether it is possible to analyze structures where more than one block is missing.
Such structures have already been analyzed in [8], but are presented here in more detail.

For example, a matrix with a missing value pattern as in Eq. (3.6) can be considered as in Eq.
(3.1), where all rows and columns with missing entries are permuted so that the missing entries
appear only in D22. However, entries that are not missing are also part of D22. It can even
happen that it is not possible to achieve such a structure, where all columns are included in D11

and D12 and all rows in D11 and D21 from Eq. (3.1). This would lead to ignoring whole columns
or rows to get an L-shaped structure.

When having a matrix that classifies as case 1 an analysis with a complex block structure is not
relevant if blocks D12 and D21 can be found so that all essential information of the matrix is
included. This is because only essential rows and columns affect the polytopes. An example of
such a data set is the saturated data set 1 as shown in Fig. 3.2. It is possible to consider more
blocks to minimize the number of unused entries in the analysis. But as shown in Thm. 3.17,
the selected blocks already lead to the same ambiguity as for the complete matrix.
However, if such blocks D12, D21 cannot be found, then case 1 can also be analyzed by the
following procedure. Even if the reconstruction of the missing parts is possible using Thm. 3.14,
and thus the data set does not need to be analyzed as one with multiple missing blocks, the
following procedure is of interest when applying the results to noisy data sets.

Looking at case 2, both blocks D12 and D21 do not contain all the information to reconstruct the
ambiguity of the corresponding complete data set, see Sec. 3.5. Thus, the goal is to maximize the
information used in the analysis. One solution is to allow multiple blocks with missing entries,
thus minimizing the neglect of information. Another aspect why it is important to be able to
handle more complex structures is that certain measurements may result in such a pattern, e.g.,
when multiple areas are saturated or when there are incomplete multisets.

A possible resulting block structure for a nonnegative matrix is shown next. In this section, the
missing blocks are left blank for better understanding.

D̃ =

(
D1 D3

D2 D4

)
(3.6)

Here, for example, the scenario could be that there are two saturated regions or it is a multiset.
For the multiset, each column would be measured by a different technique, but for the second
and third columns not everything is measured.

To make the connections between the blocks more visible, the blocks are reordered and a non-
negative factorization is shown to further emphasize the connections.

D =

(
D1 D3

D4 D2

)
=

(
C1S

T
2 C1S

T
3

C2S
T
1 C2S

T
2

)
=

(
C1

C2

)

S1

S2

S3




T

(3.7)

Even if blocks D3 and D4 are not directly connected at first sight (they do not share the same
rows or columns), they have an effect on each other’s ambiguity. Even if they do not contain
any shared species.

The general notion of connection between blocks means that if a block is chosen at random, it
must share its rows or columns with another block. If not all rows or columns are the same, then
the block can be divided into submatrices so that one submatrix has the same rows or columns
as another block.
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To check if all blocks of a matrix are connected, the concept of irreducibility is used, see Def.
2.12. However, the data matrix is not directly checked for irreducibility, but a representative
is used. This representative is constructed using the block structure of the matrix. Each block
containing missing entries is represented by a zero and all others by a one. If the resulting matrix
is reducible, it can be divided into irreducible systems that are analyzed separately. Thus, the
data matrix contains different systems that are independent of each other.

Another aspect when considering the connection between blocks is whether the underlying
species are shared between the connected blocks. If this is not the case for a block or a subset
of blocks, they can be isolated and analyzed separately, since they contain different species and
thus have no influence on the remaining parts.

Returning to the proposed example of Eq. (3.7), it can be seen that the representative of the
block matrix is irreducible. Also, assuming that the species are shared between the adjacent
blocks, the system does not need to be split. Thus, the next step is to go into detail on how to
analyze this data matrix. The first step is to divide the matrix into submatrices that have an
L-shape as in Eq. (3.1) (up to permutation), i.e.

D̂1 =

(
D1

D4 D2

)
, D̂2 =

(
D1 D3

D2

)
.

Each of these matrices can be analyzed as described in Sec. 3.4 and 3.5 with the corresponding
SFS as a result. However, this does not reflect the minimum possible ambiguity of the entire
data set, so two additional steps must be taken.

First, the ambiguity of the species of D1 and D2 is compared, since both blocks appear in both
submatrices. This can be done by using the low-dimensional representation of D1 and D2 and
determining the intersection of the SFS segments with a subsequent recalculation, see Sec. 3.4.1.

Second, based on this reduced ambiguity of the shared species between D1 andD2, the ambiguity
of the remaining species is recalculated. This is the same step as for case 2 in Sec. 3.5. Thus,
the minimum ambiguity is achieved. This procedure is visualized in Fig. 3.13.

D =

(
D1 D3

D4 D2

)

(
D1

D4 D2

)

(
D1 D3

D2

)
compare ambiguity
of shared species

recalculate SFS
of species that
are not shared

calculate SFS

Figure 3.13.: Schematic representation of the handling of complex block structures, based on [8].

On this basis, it is possible to analyze even more complex structures, such as

D =




D1 D2 D5

D3

D4 D6

D7


 .

This example is only meant to illustrate what structures can be handled. However, a possible
application where such a structure appears is in subsystem analysis, where only areas where
certain species appear are analyzed, see chapter 5.
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As before, the goal is to divide this matrix into submatrices that are again L-shaped as in Eq.
(3.1). A possible decomposition is the following (where blocks are re-sorted, e.g., D5 is now on
the left to get the L-shaped structure).

D̂1 =




D5 D1 D2

D3

D4


 , D̂2 =




D2

D3

D4 D6


 , D̂3 =

(
D4 D6

D7

)
.

The analysis of each block and the combination of the SFS is the same as before, with D2, D3

and D4 as shared blocks. This procedure is also used in chapter 5 in the context of subsystem
analysis.

3.7. When is it useful to apply the proposed approaches?

The analysis of incomplete data sets can be quite complex (especially for case 2). Thus, the
question arises when considering an incomplete data set is superior to simply ignoring entire
rows or columns if they contain missing entries. This is investigated in this section.

3.7.1. The role of essential information

As described in Sec. 2.3.7 only rows and columns that are essential affect the inner and outer
polytopes and thus only these affect the SFS. This knowledge is applied to adding rows and
columns to a matrix to study changes in the SFS.

The following considerations are done with a case differentiation regarding the rank of a given
data set D ∈ R

k×n
+ as in Eq. (3.1). Again the cases 1 and 2 are considered.

Considering rank(D) = rank(D11)

Using Rem. 3.7 when extending D11 by D12, only the essential columns can change. The same
holds for an extension by D21 and the essential rows.

Thus, if the essential columns of D11 and (D11,D12) are the same, then the SFS of D11 and
(D11,D12) is the same, since the polytopes of the low-dimensional representation do not change.
The same holds for the transposed case when D21 is considered. Thus, if neither D12 nor D21

contributes new essential information, then the SFS of D and D11 is the same (using Thm. 3.17
and Rem. 3.11 to extend the factors of D11 to D).

But even if only one of the blocks D12 and D21 contributes essential information, it is not

necessary to look at an incomplete matrix. It is sufficient to look at (D11,D12) or
(

D11

D21

)
and

thus compute the SFS for a complete data set.

However, the case of rank(D) > rank(D11) is more complex

Considering rank(D) > rank(D11)

Unlike the previous case, adding rows or columns that result in a higher rank has a direct effect
on the essential information.

Lemma 3.27. Expanding D11 ∈ R
k1×n
+ row-wise by D21 ∈ R

k2×n
+ with rank(D11) = rank+(D11) <

rank
(

D11

D21

)
= rank+

(
D11

D21

)
, inevitably results in new essential rows and columns.
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Proof. By Lem. 2.10 a matrix and its to essential information reduced version are considered
as equivalent. This also means, that both have the same rank, since they are based on the

same factors C and ST . Since rank(D11) < rank
(

D11

D21

)
holds, the same relation must hold

between both matrices when they are reduced to their essential information. So their essential
information cannot be the same. Since increasing the rank means increasing the dimension of

both the row space and of the column space,
(

D11

D21

)
contains both, new essential rows and

columns.

However, considering only D′
21 from Thm. 3.24, where rank(D11) = rank

(
D11

D′
21

)
again leads to

case 1 and thus affects the SFS only if D′
21 contains additional essential information. But as in

Sec. 3.5 it is also possible to include the knowledge of the SFS and thus the intersection of the
SFS with H when reducing case 2 to case 1. This additional knowledge about the ambiguity
does not necessarily lead to a smaller SFS for the shared low-dimensional representation and
thus for the species of D11 or even for the species of D21. However, unlike for case 1, this cannot
be distinguished by determining the essential information, but depends solely on the shape of
the SFS.

The result for case 2 is that there is no gain in trying to exclude a block. Even if there is no gain
SFS-wise for the species of D11, no general statements can be made. Also, because additional
blocks that increase the rank always provide new essential information, excluding blocks is not
advisable.

In addition to these considerations, it is possible to check how large the impact of the additional
essential information is, and thus whether it is worthwhile to include it or not.

3.7.2. Determining the importance of essential information

Rather than simply determining whether certain rows and columns are essential, it is possible
to take a closer look at how much impact each of these rows and columns has. The goal is to
include only the most important essential ones to simplify the analysis.

A classification of essential information has been done by Zade et al. in [88]. There, the data point
importance (DPI) is determined for each data point, where not only data points corresponding
to essential rows or columns are evaluated, but all data points. The idea is that if a row or
column is less important than others, it can be neglected without losing much information. This
is desirable, for example, when dealing with incomplete data sets, to determine whether it is
useful to include blocks such as D12 and D21 and thus analyze the data set as an incomplete
data set or not. But also for data reduction, when reduction to essential information is not
sufficient, while “keeping the structure of the data points in the abstract sample space” [88].

The DPI is calculated based on the hypervolumes of the inner polytopes. The hypervolume of
the inner polytope IS is denoted by V0. Then one data point is removed and the hypervolume of
the convex hull of the remaining data points is recomputed, denoted by V1. Both hypervolumes
are compared by computing the ratio

DPI =
V0 − V1

V0
. (3.8)

This determines the DPI for each row and column of the data matrix. Obviously, non-essential
rows and columns have a DPI of zero (since they are inside the inner polytope), and only
essential rows get a value greater than zero, indicating how important they are, based on the
ratio between the hypervolumes. The idea is that rows with a small DPI, below a chosen
threshold, can be neglected since they contribute only a small amount of information. This is



56 3. The shared low-dimensional representation

a fast way to determine the influence of rows and columns, since only the convex hull of the
data points needs to be computed, and no SFS computation is required. However, if the data
points are all close together, or if there are clusters of points, then they all have a small DPI,
and neglecting a whole cluster of data points will result in structural loss, see [88]. During this
reduction, it is also important that the rank of the data set is maintained.

However, when focusing on incomplete data sets, the focus is on how the solutions behave rather
than on the inner polytope, since the goal is to retrieve minimal ambiguity. Thus, a change of
IS may not be sufficient to determine the importance of a row. This is due to the fact that two
additional rows may have the same DPI, but a significantly different influence on the ambiguity
of the feasible solutions. This is shown in Fig. 3.14, where only one of the additional data points
leads to a change of the SFS.
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Figure 3.14.: V -space representation of a simulated data set. Two data points are added, marked
by purple circles, and the inner polygon containing each is shown as a dashed line
for one point and as a dot-and-dash line for the other. Both points have the same
DPI (−0.0317, since the polygon is enlarged). However, the upper point does not
change the SFS (gray areas), unlike the second point. The resulting reduced SFS
segments for the inclusion of the second point are outlined in red, with one segment
even being reduced to a line.

This leads to an alternative way to determine the importance of essential information. Namely,
to compare the ambiguity of the solutions. This can be done by comparing the volume of the SFS
or by comparing the corresponding bands. This has been done in [74], using both the volume of
the SFS and the band integrals to measure the ambiguity. For data sets with rank(D) = s ≥ 4
this can be time consuming.

In the context of DPI and determining the importance of essential information, whether or not
the SFS is considered, one important fact remains to be addressed. The DPI of data points
depends on the selected SVD. This is shown in Fig. 3.15 with the DPI values in table 3.1. Here,
the low-dimensional representation, and thus the SVD, is based on all data points, as opposed
to only the essential ones. Both representations lead to very different DPI values and also
to different volumes when comparing the SFS. However, the resulting solutions are the same
because they are independent of the low-dimensional representation.

In conclusion, there is no approach without flaws. But a possible combination of several ap-
proaches, e.g., DPI and the volume of the SFS, could lead to decent results regarding the
importance of essential information. Thus, additional tools are provided to identify when it
makes sense to analyze data sets with missing entries as incomplete data sets or not.



3.8. The influence of noise on incomplete data sets 57

0 1 2 3

-3

-2

-1

0

1

2

3

1

2

3

x1

x
2

V-space of D

-1.5 -1 -0.5 0 0.5

-1

-0.5

0

0.5

1

1

2

3

x1

x
2

V-space of Desi

Figure 3.15.: Simulated data set D with its data points marked with red asterisks. Three added
data points are marked with red circles and are numbered. The inner polygon
containing them is dashed in gray. This also shows the effect of each added point
and is thus a visualization of the DPI. Left: V -space of D with 3 data points at the
boundary of the inner polygon which are essential and 5 data points inside near a
vertex. Right: V -space of Desi with the same data points, showing different DPI
when using a different SVD. This is also shown in table 3.1.

data point 1 data point 2 data point 3

reference is IS(D) -0.0712 -0.0712 -0.5268
reference is IS(Desi) -0.1429 -0.1429 -0.1429

Table 3.1.: DPI of the data points shown in Fig. 3.15 using D and Desi as reference. Since all
points are outside the original inner polytope, they have a negative DPI.

3.8. The influence of noise on incomplete data sets

To apply the methods presented in this chapter to chemical data, the influence of noise must
be considered. Therefore, it is examined what difficulties arise in the presence of noise. Since
the crucial part of the proposed method is the shared block D11, it is first examined how noise
affects this block and the resulting factors.

3.8.1. Choosing the shared block D11

If there are several ways to choose the shared block D11 from Eq. (3.1) and (3.2), the question
arises which is the best way. In the noise-free case, they are all equal. In the presence of noise,
there may be “good” and “bad” choices. These are examined below.

When dealing with noisy data sets, the signal-to-noise ratio (SNR) of the data set, and thus of
each submatrix, is crucial. When there are several D11 options to choose from, the one with
the highest SNR is the preferred choice. For a data set with homoscedastic noise, this means
that the submatrix with the highest signals should be chosen. Additionally, the rank of D11

has to be considered, which is denoted by rank(D11) = rank+(D11) = s1. As discussed in Sec.
2.4, the chemical rank can be determined using the singular values. Here, the distance of the
s1-th singular value from the (s1+1)-th must be sufficiently large. The term “sufficiently large”
depends on the data set. However, the larger the distance, the higher the SNR of all underlying
s1 species, especially those with a small amount in the submatrix.

In addition to SNR, the size of D11 is also important. As noted in Rem. 3.13, a shared block
of size s1 × s1 is sufficient when considering case 1. However, for noisy data sets, this means
that the SVD has no noise filtering effect. This is because an approximation with s1 singular
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Figure 3.16.: The V -space of the first 80 columns of data set 2 with 1% standard distributed
noise. The first 9 rows form the block D11 and have rank 2. The data points are
marked by gray circles and the SFS by gray areas. The yellow circles indicate the 9
data points belonging toD11. The affine subspace spanned byD11 is represented by
lines based on different approximations. The blue line is obtained by linear curve
fitting of the underlying data points. The red line is computed by approximating
D11 with an SVD with s = 2 and transferring the results to the V -space. The
green line is the transferred affine subspace of the original noise-free D11. None of
these lines intersect the upper SFS segment, and their intersection with the lower
SFS segment is also different.

vectors and values represents D11 exactly. Thus, the noise is also represented in the singular
vectors and values and distorts the shared low-dimensional representation, even with a high
SNR. Consequently, additional rows and columns must be considered to limit the influence of
noise in the SVD approximation. When in doubt, it is recommended to choose D11 as large as
possible, but under the previous rank constraint. That is, maximize the distance of the smallest
singular value belonging to a species from the noise level.

The procedures described in Sec. 3.4 and 3.5 generally work for a shared block. However, when
considering case 2, the choice of D11 becomes even more crucial. This is examined next.

Choosing D11 for case 2

Besides the general notes on SNR and rank, there are additional effects to consider when con-
sidering case 2. The difficulties are due to the fact that not all species are present in D11.

Therefore, the focus is on Eq. (3.2), where rank(D11) < rank
(

D11

D21

)
is assumed.

As described in Sec. 3.5, the intersection of the affine subspace spanned by D11 and the SFS

of
(

D11

D21

)
in the corresponding low-dimensional representation must be considered (same for

the transposed case when adding D12). If noise is present, the s1 dimensional affine subspace
spanned by D11 can be approximated. However, if the SNR is too small, the approximation
of the affine subspace may differ from the true solution and the affine subspace spanned by

it, see Fig. 3.16. Thus, if the intersection of the affine subspace with the SFS of
(

D11

D21

)
is

computed, the intersection may be empty due to the distortion. This means that no solution to
the factorization problem can be found under the constraint that D11 has s1 species. This is in
general a contradiction to the assumptions that require the existence of a factorization.

If it is known that a solution to the NMF problem exists for a given data set, then the rank
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condition on the shared block can be relaxed by finding a solution that is close to the affine
subspace. Thus, solutions forD11 with more underlying species are allowed, where the additional
species are present with a small amount. Varying the affine subspace to allow intersection with
the SFS subsets is also possible, but makes direct assumptions about the affine subspace of the
species of D11, which are unknown.

When considering case 2 in the context of subsystem analysis, there is another way to handle
this problem. Here, the entire matrix is known, and only in a subsequent step is it reduced to
an incomplete data set to allow subsystem analysis. One possible solution is a prior nonnega-
tive factorization of the data matrix, with a local rank condition on the submatrices, e.g., the
approximated D11 should have rank s1. This ensures a nonnegative matrix factorization that
takes into account the different submatrices. Thus, the approximation of the shared block and
the corresponding affine subspace is less affected by noise, and the intersection of the subspace

of D11 and the SFS of
(

D11

D21

)
is non-empty. An application of this approach can be found in [8].

The selection of the shared block is important not only when considering case 2, but also when
the focus shifts to the reconstruction of the missing block D22, see Thm. 3.14. Although the
main result on the selection of D11 was discussed at the beginning of this section, the reason for
it is different and is discussed next.

3.8.2. Reconstructing D22 with noise

As shown in Thm. 3.14, the missing block D22 can be reconstructed in the noise-free case for
rank(D11) = rank(D) = rank+(D) (case 1). However, the question arises whether this still holds
for noisy data sets. The following considerations assume that the entire data set is affected by
the same level of noise. Since the reconstruction of D22 is based on the assumption that case 1
is considered, it holds in general that

D21(i, :) =

k1∑

j=1

λjD11(j, :), with λj ∈ R, for all i = 1, . . . , k2. (3.9)

So the missing block D22 is reconstructed with the same coefficients using the rows of D12

D22(i, :) =

k1∑

j=1

λjD12(j, :), for all i = 1, . . . , k2. (3.10)

The same construction can be done column-wise using D12 instead of D21 in Eq. (3.9), which
results in the transposed case. For simplicity, only the row-wise construction described in Eq.
(3.9) and (3.10) is considered.

When considering noise, Eq. (3.9) and (3.10) hold only approximately, since D11 = C1S
T
1 +E11

with the assumption that E11 ∈ R
k1×n1 contains normal distributed noise. The same holds for

D12 = C1S
T
2 + E12 with E12 ∈ R

k1×n2 . Thus Eq. (3.10) is reformulated to

D22(i, :) =

k1∑

j=1

λjC1(j, :)S
T
2 +

k1∑

j=1

λjE12(j, :), for all i = 1, . . . , k2 with λi from Eq. (3.9).

To identify the influence of noise, it is necessary to look closely at the coefficients λj. There are
two cases regarding the coefficients λj:

(I)
k1∑
j=1

|λj | ≤ 1
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(II) λj ∈ R arbitrary for j = 1, . . . , k1, so that case (I) is not fulfilled

For case (I), the influence of the noise on D22 is limited. Since E12 is assumed to contain
normally distributed noise, negative coefficients are also allowed. Limiting the sum in case (I)
means that the influence of E12 is limited. Thus, the noise level of D22 is limited by the noise
level of D12.

When considering case (II), this limitation no longer applies. Thus, the noise level of D22 is not
limited and the noise is amplified compared to the remaining blocks.

An example is shown in Fig. 3.17. Here data set 2 is considered with 1% noise added. By
selecting D11 = D(1 : 17, 1 : 80) as shared block, it is ensured that D11 has 3 underlying species.
This choice allows a classification as case 1. So D22 is reconstructed. The resulting reconstructed
matrix is shown in Fig. 3.17 (left) together with the original noisy data set (right).
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Figure 3.17.: Left: The data matrix of data set 2 with 1% added, homoscedastic noise drawn
from a standard normal distribution. It is denoted by Dnoise ∈ R

66×150. Right:
Reconstructed data matrix based on blocks selected from the noisy data set D11 =
Dnoise(1 : 17, 1 : 80), D12 = Dnoise(1 : 17, 81 : 150) and D21 = Dnoise(18 : 66, 1 :
80) with a reconstructed block D22 ∈ R

49×70 based on Thm. 3.14. The amplified
noise can be seen from index 81 to 150.

In this construction it does not matter whetherD22 contains essential information or not, because
conic combinations of rows or columns also lead to case (II).

Since a reconstruction of D22 is not reliably possible without potentially amplified noise, the
shared low-dimensional representation must be used to compute all solutions of the incomplete
data set in the presence of noise.

3.8.3. How to handle noise for case 1

As described in Sec. 2.4, the analysis of a complete noisy data set is done by increasing the
outer polytopes in the low-dimensional representation and decreasing the inner polytopes due
to duality. Thus, small negative entries in the factors C and ST are allowed, denoted by the
tolerances −εC and −εS , which are combined into a tolerance −ε in this section, see problem
2.27.

When rows and columns are added to a noisy data matrix, the data points cannot be added to
the V - or U -space as easily as described in Sec. 3.4. Thus, duality is used to compute the cor-
responding constraints on the outer polytopes in the shared low-dimensional representation. As
in the complete case, the idea is to relax these constraints. However, the shared low-dimensional
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representation represents only C1 and ST
1 , while the additional constraints belong to the addi-

tional rows and columns and thus to C2 and ST
2 . Therefore, these constraints cannot be directly

relaxed in the shared low-dimensional representation.

To solve this problem, it is possible to look at the low-dimensional representation of (D11,D12)
and compute the outer polytope FS(D11,D12) with respect to a chosen tolerance ε. The pro-
files representing the vertices of FS(D11,D12) are then projected to the shared low-dimensional
representation by projecting only the first n1 entries of the corresponding profiles. The same

is done for
(

D11

D21

)
and FC

(
D11

D21

)
, where the representing profiles, or rather the first k1 entries,

are used to determine FC in the shared low-dimensional representation. The last step is to use
duality to determine IS. It is even possible to use different tolerances for ST

1 and ST
2 with this

approach. For example, if different measurement techniques are used that result in different
levels of noise.

The computation of the outer polytopes such as FS(D11,D12) can be done using common meth-
ods such as PIA or ray casting, see Sec. 2.3.8. An alternative approach to determine the polytopes
and the SFS of the shared low-dimensional representation is presented in the next chapter.

3.8.4. How to handle noise for case 2

The main problems of case 2 were already addressed at the beginning of this section on selecting
the shared block. Otherwise, this case can be handled in the same way as case 1 above. For
example, (D11,D12) is used to compute the low-dimensional representation with respect to
the selected tolerances. Using the rank constraints imposed by D11, the SFS of (D11,D12) is
computed. Since the affine subspace spanned by D11 is disturbed by noise, the same procedure
described at the beginning of this section must be applied. For example, finding a solution that
is sufficiently close to the affine subspace, but whose representing points do not lie on the affine
subspace.

When considering different noise levels between D11 and D12, Lem. 3.23 no longer holds. So for
FC(D11,D12) the tolerance of D12 is used and additionally the outer polytope of D11 is mapped
to the subspace with the corresponding tolerance. For the selection of a solution, this means
that the profiles corresponding to data points on or near the affine subspace of D11 should satisfy
the softened constraints belonging to D11.

How these considerations are implemented is shown in the next chapter.

3.9. Critical summary of the proposed approaches

The focus of this chapter is to further develop the methods for solving the NMF problem of
chapter 2 and to make them applicable to incomplete data sets. The proposed shared low-
dimensional representation (Def. 3.18) allows to determine the ambiguity of incomplete data
sets and thus to analyze them. It is introduced for the special case that all species are present
in the shared block (Def. 3.1), which is summarized as case 1. The main result and the proof
why such a shared low-dimensional representation works are given in Thm. 3.12 and 3.17.

The introduced approach is generalized to be applicable when not all species are present in the
shared block (this is case 2). The main difference to case 1 is that case 2 data sets may suffer
from information loss compared to looking at the corresponding complete matrix. With these
approaches, not only data sets with a single missing block can be analyzed, but also data sets
with multiple missing blocks. The previous approaches are generalized for such structures, see
Sec. 3.6.
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Although it is useful to analyze incomplete data sets, it is not always recommended, as discussed
in Sec. 3.7. If there is little or no information gain from adding blocks to a data set that result
in an incomplete matrix structure, then it may be beneficial to not include these blocks and
analyze the data set as a complete one. There are also problems when an incomplete data set
is affected by noise, especially when the SNR is low. But even if the shared block is not ideally
chosen, the analysis faces difficulties, as discussed in Sec. 3.8.



4. The modified ray casting method

In Sec. 2.3.8 the general ray casting method was briefly introduced. It is now used to access the
SFS of the shared low-dimensional representation of an incomplete data set as described in Sec.
3.4. Therefore, the modified inner and outer polytopes are used. To account for these modified
polytopes, the ray casting method must be modified. Therefore, the ray casting method is first
introduced in more detail. Then, the modifications necessary to account for the modified inner
and outer polytopes of the shared low-dimensional representation are described. This is divided
into a description of the modifications for cases 1 and 2 as well as the effects of noise.

For simplicity, only the V -space and thus FS and IS are considered. The calculations in the
U -space work analogously. As an alternative to the ray casting method, it is possible to use a
geometric approach for s = 3, see [6], if the inner and outer polytopes are selected appropriately.

4.1. The general ray casting method

The general ray casting method [72] allows to approximate the boundary of MS of Eq. (2.9). It
is applicable for arbitrary s and thus in s−1 dimensions. As described in chapter 2, equiangular
rays are used, starting at the origin and their intersection with FS and MS is determined.

For s = 3 these rays are given, using spherical coordinates, see [72], by

ri =

(
cosφi

sinφi

)
, φi = 2π

i− 1

m
, i = 1, . . . ,m.

The total number of rays is denoted by m and the angle of the current ray ri is denoted by φi.

For each ray, the bisection method is used to determine the boundary of FS , starting with one
point outside and one point inside FS (e.g., the origin). In a subsequent step, the bisection
method is used again to determine the part of the boundary of MS that does not intersect FS ,
the so-called inner boundary of MS . The starting point is the intersection of the current ray
with FS , if it marks a feasible point, and the origin. This step uses the gap-free intersection
property described in Thm. 3.3 in [72], which means that if there is a feasible point on a ray,
then the line segment formed by that point and the intersection with FS (of that ray) is also
feasible. The result is an approximation of the SFS MS .

The generalized version for arbitrary s > 3 works in the same way. The rays ri are defined
element-wise by

ri,1 = cosφi,1,

ri,2 = sinφi,1 cosφi,2,

...

ri,s−2 = sinφi,1 · . . . · sinφi,s−3 cosφi,s−2,

ri,s−1 = sinφi,1 · . . . · sinφi,s−3 sinφi,s−2.

The angles φi,j are given by φi,j = π i−1
ℓj

, for i = 1, . . . , ℓj , j = 1, . . . , s − 3 and the last angle is

given by φi,s−2 = 2π i−1
ℓs−2

, for i = 1, . . . , ℓs−2. The variable ℓj indicates how fine the discretization
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is. The resulting total number of rays is given by m = ℓ1 · ℓ2 · . . . · ℓs−2. For evenly distributed
rays ℓj must be chosen as ℓs−2 = ℓ · 2 and ℓj = ℓ, j = 1, . . . , s− 3, with ℓ ∈ N.

Using these rays, the generalized method for arbitrary s can be summarized by the following
steps for evenly distributed rays (analogous to s = 3). The following parameters are needed:

m . . . total number of rays

εC ≥ 0 . . . amount of permitted negativity of C (C is normalized)

εS ≥ 0 . . . amount of permitted negativity of ST (ST is normalized)

εb > 0 . . . accuracy of the boundary approximations (numerical accuracy)

The procedure for each ray ri, i = 1, . . . ,m, is as follows:

1. Find a point that is on ri and outside of FS .

2. Bisection method to find the point on the boundary of FS :

- Start with the interval between the origin and the found point outside FS on the ray.

- Choose a new interval by changing a boundary point so that one endpoint is inside
and the other is outside FS .

- Finish if the current interval is smaller than εb and select the inner point as the
boundary point of FS .

If a point is outside FS , then the corresponding scaled profile has a minimum less than −εS .

The result of this procedure is the outer boundary of FS . To determine the inner boundary of
MS and thus the SFS, the following steps are performed for each ray.1

3. Determine if the current boundary point of FS belonging to ri is feasible.2 If it is not
feasible, continue with the next ray, otherwise continue with the next step.

4. Bisection algorithm to find the point of the inner boundary of the SFS on the current ray:

- Start with the interval between the outer boundary point and the origin.

- Choose a new interval by changing a boundary point so that one endpoint is feasible
and the other is not.

- Finish if the current interval is smaller than εb.

To determine whether a point is feasible or not, an optimization problem must be solved. The
second to last rows of T from Def. 2.15 (stored in W ) are searched for such that the normalized
C and ST are greater than −εC and −εS , respectively, with a regular matrix T . In the case
of noise-free data, these tolerances are set close to zero. This ensures that the corresponding
simplex lies within FS and encloses IS. If no suitable T can be found, the corresponding point
on the ray is considered not feasible. By adjusting the tolerances εC and εS it is possible to
apply this method to noisy data sets.

Since the SFS is determined by solving optimization problems that are highly dependent on a
good initialization of T , points may be misclassified. To compensate for this, it is possible to
use post-iterations, e.g., by initializing the optimization with feasible solutions of neighboring
points. Possible approaches for this post-iteration are described in [72] and in detail for s = 4
in [33]. The advantages and disadvantages of the ray casting method (and how to deal with
them) are examined in [72].

1It is advantageous to have the outer boundary of FS to select initial values for the optimization and to find a
solution, instead of determining FS and MS in one step.

2Feasibility of a point means that it belongs to a solution.
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4.2. The ray casting method for the shared low-dimensional

representation

Considering the shared low-dimensional representation of Sec. 3.4, additional constraints corre-
sponding to additional blocks affect the low-dimensional representation of D11 from Eq. (3.1).
These constraints are represented by the matrices D12 and D21 from Eq. (3.1). To take these
constraints into account, the general ray casting method must be modified. This is done in two
steps. First by looking at D12 and calculating the corresponding new FS , and second by taking
D21 into account to determine the SFS. These two steps are described in detail next. As in
the previous general ray casting method, only the V -space is considered. The dual case in the
U -space is analogous.

4.2.1. Considering the additional block D12

Adding D12 to the low-dimensional representation of the shared block means that FS is modified
by additional constraints, see Fig. 3.4. These additional constraints correspond to the nonneg-
ativity of ST

2 ∈ R
s×n2 , with ST = (ST

1 , S
T
2 ) ∈ R

s×n of Eq. (3.1). If only a solution of the NMF
problem of D11 is given, the submatrix ST

2 of the matrix is calculated using Rem. 3.11. This even
holds row-wise for ST when the profile corresponding to a point in the shared low-dimensional
representation is considered.

Remark 4.1. Let x ∈ R
s−1 be an arbitrary point in the shared low-dimensional representation

with t1 = (1, xT )T . It is possible to determine the corresponding profile ŜT = (ŜT
1 , Ŝ

T
2 ) to t1.

This is done using the SVD of D11 = U11Σ11V
T
11 ∈ R

k1×n1 of Eq. (3.1). Thus holds

tT1 V
T
11 = ŜT

1 .

Using the SVD of (D11,D12) = U1Σ1V
T
1 the following (overdetermined) system of equations

is solved for t2, which contains the data point of ŜT in the low-dimensional representation of
(D11,D12)

tT2 V
T
1 = (ŜT

1 , Ŝ
T
2 ) ⇒ tT2 (V1(1 : n1, :))

T = ŜT
1 .

The resulting t2 ∈ R
s is unique, because rank(V1) = rank(V11) = s, since case 1 is considered.

With t2 the corresponding profile Ŝ2 is calculated by tT2 (V1(n1 + 1 : n, :))T = ŜT
2 . Thus, the

profile ŜT = (ŜT
1 , Ŝ

T
2 ) corresponding to the data point x is determined.

With this remark it is now possible to check the nonnegativity of ŜT
2 when a point is given in the

shared low-dimensional representation. This also allows to check the nonnegativity of ŜT
2 in the

second step of the ray casting method. Thus, the outer polytope of the shared low-dimensional
representation is computed. This approach allows to approximate the outer polytope also in the
noisy case, see Sec. 4.4.1.

The next step is to determine the SFS of the data set considering the additional block D21.

4.2.2. Considering the additional block D21

If the outer polytope is already determined, the next step is to check which points along a ray
are feasible to determine the SFS. Again, the general procedure is the same as in the general
ray casting method in Sec. 4.1. The feasibility must be checked not only for C1 and ST

1 , which
result directly from the shared low-dimensional representation, but also for ST

2 and C2. Both
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ST
2 and C2 are determined using Rem. 3.11 and can thus be checked for nonnegativity. With

this step, the expanded inner polytope is taken into account. The result is the SFS of the shared
low-dimensional representation.

4.2.3. The special case of s = 2

The steps described above can be simplified if s = 2 is considered. Not only is the number of rays
fixed with m = 2 (because the low-dimensional representation is 1D), but also the calculation of
the SFS becomes simple, since the SFS is defined by the intervals between FS and IS . Thus, the
outer polytope can be computed as before, and the inner polytope can be computed by adding
the data points corresponding to D21. In the presence of noise, instead of adding the data points
to IS, the inner polytope is computed using duality (computing FC instead of IS), as described
in Sec. 2.4.

4.3. Modified ray casting method for case 2

If case 2 is considered, there is no direct shared low-dimensional representation, but it can be

returned to case 1, see Thm. 3.24. The focus is on the V -space and thus on matrices like
(

D11

D21

)

from Eq. (3.2). An application to the U -space is analogous.

As introduced in Sec. 3.5, the submatrix D11 spans an (s1 − 1)-dimensional affine subspace in

the space of the low-dimensional representation of
(

D11

D21

)
. This affine subspace is denoted by

H, see Eq. (3.5). To obtain the additional constraints on C1 of D11, the first step is to check
which parts of D21 affect the polytopes of D11 Because of Lem. 3.23 only data points satisfy
this condition. The profiles corresponding to these data points are stored in D′

21 and allow an
analysis as in case 1, see Sec. 3.5.

As noted in Sec. 3.5, even if D′
21 is empty, the SFS of D11 can be affected by D21. The solution

is to compute the restricted SFS MR(D11) as given in Thm. 3.25 and not only the intersection

of H and the SFS of
(

D11

D21

)
, which is a superset. A modified ray casting method is used for this.

Therefore, two approaches are presented next.

4.3.1. Modified ray casting on H to determine the restricted SFS

Intuitively, the space of the low-dimensional representation of
(

D11

D21

)
is used to apply the ray

casting method. However, it is not necessary to do a ray casting of the entire space of the

low-dimensional representation of
(

D11

D21

)
and check if the current point is on H. Instead, it is

sufficient to do the ray casting on the affine subspace H to determine MR(D11). However, since
the origin is an interior point of the inner polytope, see Lem. 3.5 of [67], the starting point of
the ray casting method must be shifted to H. Since the ray casting method is based on the
gap-free intersection property, see Thm. 3.3 of [72], it must be verified that shifting the starting
point to H does not affect the method and that the entire SFS can still be determined. This is
proved in the following lemma.

Lemma 4.2 (Gap-free intersection property). Let D ∈ R
k×n
+ be given, where rank(D) =

rank+(D) = s, DDT and DTD are irreducible matrices. Furthermore, D has an SVD D =
UΣV T and V (:, 1) > 0.
If d ∈ IS and x0 = d + r is an element of the inner boundary of MS with r 6= 0, then there
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exists an x∗ = d + α∗r ∈ ∂FS such that the line segment {d + αr : α ∈ [1, α∗]} is a subset of
MS .

Proof. If x0 ∈ MS , then there exist points y1, . . . , ys−1 ∈ MS such that convhull{x0, y1, . . . , ys−1}
is a feasible simplex which represents a solution to the NMF problem of D (all these points are
vertices of the simplex). Since d ∈ IS holds, d is also an element of this simplex. The point
x0 = d + r is a vertex of the simplex and it holds x0 ∈ [d, d + αr] for α ≥ 1. So taking
the simplex given by convhull{x0, y1, . . . , ys−1} and replacing the vertex x0 by x = d + αr,
with α ≥ 1 means that x0 is also an element of this new simplex. This means it holds
IS ⊆ convhull{x0, y1, . . . , ys−1} ⊆ convhull{x, y1, . . . , ys−1}. Since y1, . . . , ys−1 ∈ MS , these
points are inside the outer polytope. Also, since α ∈ [1, α∗], all x = d + αr ∈ [x0, x

∗]
are inside the outer polytope, since x∗ ∈ ∂FS , x0 ∈ FS , and FS is convex. This results in
convhull{x, y1, . . . , ys−1} ⊆ FS , i.e., the corresponding simplex represents a solution, see Thm.
2.16. Thus holds {d+ αr : α ∈ [1, α∗]} ⊆ MS .

To ensure the assumption r 6= 0, it is sufficient to choose d so that it does not coincide with
a vertex of the inner polytope. This is because the SFS can only touch the inner polytope at
its vertices. If it would intersect a point x̂ that is not a vertex, the simplex construction would
cause x̂ to be on an edge or a higher dimensional element of the simplex to ensure that the inner
polytope is enclosed. Thus, x̂ is not a vertex of the simplex and thus not part of the SFS. This
means that to do the ray casting method on H, it is sufficient to choose a starting point d on H
that is not a vertex. Since the inner polytope is finitely generated, there are edges, so d can be
properly selected. This makes it possible to do the ray casting method on H.

4.3.2. Modified ray casting in the low-dimensional representation of D11 to

determine the restricted SFS

An alternative way to apply the ray casting method to H is to apply the method in the low-
dimensional representation of D11 using additional constraints contained in D21. This approach
is similar to case 1 in Sec. 4.2. When using the ray casting method in the low-dimensional
representation of D11, it is necessary to not only check whether the current point on the ray
leads to a solution for D11 but also whether additional columns for C can be found so that it

also leads to a solution of the NMF problem of
(

D11

D21

)
.

Again, the gap-free intersection property holds. This is because the restricted SFS MR(D11),
which is gap-free by Lem. 4.2, can be transferred to the low-dimensional representation of D11.
This is done by transferring the feasible line segment along each ray, using the underlying
profiles. These profiles span a rank-two space and thus also represent a line segment in the
low-dimensional representation of D11. This line segment must be gap-free, otherwise profiles
that are a convex combination of the start and end points of the line segment would not be
feasible, which contradicts the gap-free intersection property of the restricted SFS.

Algorithmically, this results in a modified objective function for determining the SFS in the
general ray casting method. Therefore, the current point is transferred to the space of the low-

dimensional representation of
(

D11

D21

)
and checked for feasibility, with the additional constraint

that s1 points must lie on H.
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4.4. How to handle noise and other effects for the modified ray

casting method

The idea behind using the ray casting method to compute the SFS of the shared low-dimensional
representation is not only the simplicity of the method and its applicability to arbitrary dimen-
sions, but also its easy modification to handle noisy data sets. For the general ray casting
method, only the tolerances εC and εS of the nonnegativity need to be adjusted. This allows
small negative entries in the factors C and ST . The amount of allowed nonnegativity is chosen
with respect to the normalized factors. The same can be done for the modifications of the ray
casting method described in Sec. 4.2 and 4.3.

The effects of noise are not as different as described in Sec. 3.8 for incomplete data sets, so the
focus is specifically on the modified ray casting method.

4.4.1. The effect of noise for case 1

Depending on whether the data set D is a fusion of several data sets (represented by the blocks
D11, D12 and D21 of Eq. (3.1)) or if it is an incomplete data set, different approaches are applied.

For an incomplete data set, the noise level is assumed to be homogeneous. The same tolerances
are applied to all blocks and thus to C1 and C2 as well as ST

1 and ST
2 (from Eq. (3.1)). Since

the tolerances are applied to the normalized factors, the profile Ŝ from Rem. 4.1 is normalized
and then the tolerances are applied to check if the corresponding point is in the outer polytope
and if it is feasible. Thus, the ray casting method works as in the general case, but additionally
the corresponding factors ST

2 and C2 are checked for their smallest entries.

If the noise level of the different blocks is not homogeneous, e.g., if the data set is fused out of
several ones, then different tolerances are needed for the factors, namely εC1

, εC2
, εS1

and εS2
.

These tolerances can be applied in the same way to the factors ST
2 and C2. This inevitably leads

to an individual normalization for each profile ŜT
1 and ŜT

2 from Rem. 4.1, the same holds for C.

4.4.2. The effect of noise for case 2

For case 2, the same aspects as discussed in the previous section need to be considered, such
as the same scaling of the submatrices and the noise level. These aspects are addressed in the
same way by adjusting the objective function using tolerances.

The main difference to case 1 is the affine subspaceH in which the ray casting method is applied.
As discussed in Sec. 3.8, the main point is to properly approximate this affine subspace spanned
by D11. Thus, if H is properly approximated, the modified ray casting method can be applied
as proposed with a modified objective function.

4.5. Critical summary of the modified ray casting method

The techniques presented in this chapter are a generalization of the ray casting method of [72]
and allow an approximation of the SFS for incomplete data sets. This is done separately for
the two cases 1 and 2 of chapter 3. For case 1, the constraints of the blocks D12 and D21 are
added step by step to check the nonnegativity of the factors ST

2 and C2. This leads to a stepwise
modification of the ray casting method. For case 2, the gap-free intersection property, which
ensures that the ray casting method works, is extended to an arbitrary starting point of the ray
casting method (Lem. 4.2). Thus, the ray casting method is performed on the affine subspace
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spanned by D11. This allows the local rank constraint given by D11 to be directly taken into
account when determining the SFS. Alternatively, the ray casting method can be performed in
the space of D11, taking into account the constraints of the additional blocks by modifying the
objective function.

The advantage of this approach is its universal applicability to an arbitrary number of underlying
species and its applicability to noisy data. The modifications to handle noisy data are reduced to
modifications of the objective functions when approximating the SFS to account for the factors
C2 and ST

2 .

However, the computational complexity grows exponentially with higher dimensions. Further-
more, the approximation of the SFS is highly dependent on the optimization algorithm and its
initialization (Sec. 4.1) and can thus be improved.





5. The detection and analysis of subsystems

The analysis of subsystems is especially desirable when a data matrix has a high chemical rank
and is thus associated with many chemical species that make analysis difficult. This is the case,
for example, for the methods of Sec. 2.3.8, which work best for s ≤ 4. Therefore, it is desirable to
divide the data matrix into smaller parts, called subsystems [66], and analyze them to examine
the entire system.

But before considering subsystems, how to detect them, and how to analyze them, the question
arises of what a subsystem is.

Definition 5.1 (Subsystem). A subsystem of a data matrix D ∈ R
k×n
+ , with rank(D) =

rank+(D) = s, is a union of several connected submatrices1 of D having a chemical rank of
s1 < s.

This term is considered separately from the term “submatrix”. Submatrices are created by
deleting certain rows and columns of a matrix and are therefore complete. The subsystems
considered here can also be created by deleting only certain entries and not entire rows and
columns, leading to incompleteness. This allows to include as much information about the se-
lected species as possible in the subsequent subsystem analysis. Thus, the analysis of subsystems
can be understood as the analysis of incomplete data sets, and the approaches of chapter 3 allow
the analysis of such subsystems.

Thus, given a complete data set with the structure as in Eq. (3.1), instead of selecting (D11,D12)

or
(

D11

D21

)
as a subsystem if the individual blocks all are associated with s1 species, a subsystem

consisting of D11, D12 and D21 can now be selected.

Before subsystems can be analyzed, they must be detected. In the noise-free case, this can be
done by determining the rank of the submatrices and checking whether these submatrices are
connected. Since the goal is to apply the subsystem analysis to measured spectroscopic data,
the case of noisy data sets is considered in this chapter. As an example, the noisy data set 2 is
used as shown in Fig. 3.17 (left). However, the methods presented can also be applied to the
noise-free case.

5.1. Subsystem detection

The goal is to identify subsystems associated with s1 species. Thus, the submatrices forming
the subsystem each have a maximum chemical rank of s1, see Sec. 2.4.

Three steps must be taken to enable subsystem detection

1. determining the chemical rank,

2. identifying submatrices and their chemical rank,

3. combining the submatrices associated with the desired species into subsystems.

This section covers these steps in sequence.

1See Sec. 3.6 for the notion of connected submatrices or blocks.
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5.1.1. Determining the chemical rank

Possible methods for determining chemical rank are presented in [46] and [43]. Only selected
methods are presented here.

Scree test

The scree test, also known as the scree plot, was proposed by Cattell in 1966, see [12]. It was
briefly introduced in Sec. 2.4.1. It is used to determine the size of the factor space [46]. The
number of species is determined by plotting the singular values in descending order. The scree
plot is usually done by a logarithmic plot of the magnitude of the singular values, see [43]. A
scree plot for data set 2 is shown in Fig. 2.8. Ideally, the curve drops rapidly at a certain point
and levels off. The singular values above this bend indicate the significant factors. Furthermore,
this level can be defined as the noise level to identify the chemical rank of the data matrix. At
high noise and thus low SNR, the smallest singular values corresponding to species are no longer
distinguishable from the noise [43]. This is also visualized in Fig. 2.8, where different noise levels
are used for the same data set.

Using singular vectors

Not only the singular values can be examined to determine the number of species, as in the
scree test, but also the singular vectors. This is because the noise of a data set is reflected in
particular by the singular vectors, which belong to singular values below the noise level and thus
to the noise [43, 46]. The noise can be seen when the singular vectors oscillate wildly. This is
shown in Fig. 5.1 for data set 2.
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Figure 5.1.: The first 4 left singular vectors of data set 2 with 1% noise added. First in blue,
second in red, third in yellow, fourth in purple. The first 3 contain signal, while
the third is already a bit noisy. The fourth singular vector oscillates wildly and
is therefore considered to belong to noise. Thus, the data set is associated with 3
species.

Looking at the residual matrix E

Another approach is to look at the residual matrix E ∈ R
k×n. It results from considering the

noisy case and thus from D = CST + E with D ∈ R
k×n, C ∈ R

k×s and ST ∈ R
s×n. The
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data matrix D is approximated using different numbers of chemical species s. If the s chosen to
approximate D is too small, then E will still contain structured residuals that do not correspond
to noise [43]. The smallest s for which E contains only noisy residuals is taken as the chemical
rank. An example is shown in Fig. 5.2.
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Figure 5.2.: Data set 2 with 1% noise, with different rank approximations. Shown are the dif-
ferences between the original data set and a possible rank approximation. For
comparability, the colormap limits are the same for all three plots, with cyan indi-
cating values close to zero. Left: D minus a rank-1 approximation. The blue and
yellow regions indicate contributions from the signals. Center: D minus a rank-2
approximation. It can be seen that parts of the signal are still contained by the blue
tones. Right: D minus a rank-3 approximation. No clear signal contribution can be
seen, so only noise is visible, which means that D is reasonably well approximated
by a rank-3 approximation.

5.1.2. Identifying submatrices

So far, only the chemical rank of a matrix is determined. In the same way, the chemical rank of a
submatrix can be determined. The goal is to identify submatrices such that their rank is smaller
than that of the entire matrix. Instead of randomly selecting submatrices and determining their
chemical rank, systematic approaches are presented next. The assumption of these systematic
approaches is an inherent order of the data to obtain meaningful results [17,86].

Evolving factor analysis

The method of evolving factor analysis (EFA) was first introduced by Gampp et al. in 1985 [22]
and successively improved by Maeder and coworkers in [42,44,45]. EFA studies the evolution of
the singular values of a sequence of submatrices of a given data matrix D ∈ R

k×n. This sequence
of submatrices is given by

Df [ℓ] = D(1 : ℓ, :) ∈ R
ℓ×n for 1 ≤ ℓ ≤ k.

The corresponding singular values, in decreasing order, are denoted by σi(Df [ℓ]) with i =
1, . . . ,min{ℓ, n}. This notation is based on [53]. Since this sequence of submatrices starts from
the first row, it is called forward EFA. A forward EFA plot is shown in Fig. 5.3 (left) for data set
2. When a new species appears at a certain index ℓ, a singular value evolves from the remaining
singular values belonging to the noise. This singular value increases in value depending on its
contribution to the current submatrix [46].

The same procedure can be done in reverse, starting with the last row of D, the so-called
backward EFA. The submatrices are given by

Db[ℓ] = D(ℓ : k, :) ∈ R
(k−ℓ+1)×n for 1 ≤ ℓ ≤ k.
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The corresponding singular values, in decreasing order, are again denoted by σi(Db[ℓ]), now
with i = 1, . . . ,min{k− ℓ+1, n}, depending on the dimension of Db[ℓ]. The backward EFA plot
shows the disappearance of a species. A backward EFA plot is shown in Fig. 5.3 (center).

A common practice is to combine both the forward and backward EFA into one plot to determine
a rough estimate of the regions of existence or, for example, concentration windows for chemical
species [35,45]. This approach assumes that the first substance to appear is the first to disappear,
the second appears and disappears second, and so on. Thus, for the i-th species, regions of
existence are spanned “from the point where the rank rises to i in the forward EFA calculation
to the point where the rank rises to N − i + 1 in the backward calculation” [35], where N is
the chemical rank of the entire matrix D. But even if this premise is not fulfilled, a combined
visualization is advantageous. It is shown in Fig. 5.3 (right).
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Figure 5.3.: Left: Forward EFA plot for the noisy data set 2. Center: Corresponding backward
EFA. Right: Combination of both forward and backward EFA to show the appear-
ance and disappearance of species.

This procedure can be applied not only in the row direction, but also in the column direction
for DT analogously [35]. Thus, regions of existence can also be found in the column direction.
This makes it possible to find submatrices of a certain chemical rank in both row and column
directions.

To interpret an EFA plot, it is necessary to take a closer look at its fundamentals and properties.
Because of the interlacing property of singular values, see Cor. 8.6.3 of [28], holds

σi(Df [ℓ+ 1]) ≥ σi(Df [ℓ]) ≥ σi+1(Df [ℓ+ 1]), for i = 1, . . . ,min{ℓ, n}.

The same can be formulated for backward EFA. This interlacing property describes the behavior
of EFA curves with monotonous growth. In the special case of D consisting of only one row,
which is repeated, this growth behavior can be specified. Such a construction of D describes,
e.g., a chemically stationary system.

Remark 5.2. If D(1, :) = xT for any non-zero x ∈ R
n and Df [ℓ] =

(
Df [ℓ−1]

xT

)
for ℓ = 2, 3, . . . , k,

then the growth behavior of the EFA curves is given by σ1(Df [ℓ]) = ‖x‖2
√
ℓ, see property 2.2

from [50].

Thus, the EFA curve of the first singular value has a square root shape for the special case of
such a data matrix D. The appearance of a second species can thus be detected by looking for
a deviation of the square root profile of the first singular value.

If the underlying model is more complex than the described case, the EFA curves can no longer
be described mathematically. This is, because “explicit mathematical representations of EFA
curves require strong assumptions on the simplicity of a model problem” [50]. Nevertheless, a
fine structure analysis of data sets can be performed if all rows have a fixed Euclidean norm and
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are above the noise level. Such a fine structure analysis can, for example, provide information
about the degree of linear independence of the underlying species, see [50].

This makes EFA a good technique for analyzing the structure and chemical rank of a data set.
However, there is a drawback to this approach. This is that submatrices selected in this way
always contain either the first or the last ℓ rows or columns. Another drawback is that it may be
difficult to distinguish between a singular value corresponding to noise and one corresponding
to a species that is only present in small amounts, see [35]. An approach that addresses these
drawbacks is discussed next.

Fixed size moving window EFA

Keller and Massart proposed an approach called fixed size moving window evolving factor anal-
ysis (FSMW-EFA) in [36]. Instead of analyzing submatrices of increasing size, the size is fixed,
resulting in the following submatrices being analyzed

Dfsmw[ℓ, w] = D(ℓ− w : ℓ+ w, :) ∈ R
(2w+1)×n for w + 1 ≤ ℓ ≤ k −w,

with a fixed window size parameter w ∈ {1, . . . , ⌊k−1
2 ⌋}, resulting in a window size of 2w+1. The

curves of the FSMW-EFA plot are thus given, similar to the original EFA plot, by σi(Dfsmw[ℓ, w])
with i = 1, . . .min{2w + 1, n}. The window size is crucial for this analysis. The choice of this
parameter depends on the data set and the local chemical rank. The window size is usually
a small number, but should be at least equal to the expected number of chemical rank in the
data set “to show all possible situations of rank overlap in the data set” [17]. A large window
size means that the local rank information is spread out and the boundaries of the regions of
existence are blurred [43].

However, if there are many underlying species with little overlap and widely spread, the window
size can be oriented on the expected local rank. With a properly chosen window size, it is
possible to determine the local rank of a data matrix in either row or column direction, see Fig.
5.4. Instead of a monotonous growth, the curves of the singular values increase and decrease
depending on the local number of underlying species, i.e., the local rank. This makes it possible
to identify regions of a certain local rank in a single plot without having to combine two methods,
as was done in EFA with forward and backward analysis. However, it should be noted that
FSMW-EFA is prone to a local rank deficiency [2], see Def. 3.2, which should be checked in a
subsequent step, e.g., with the approach of Sec. 5.1.3.

The main advantage of FSMW-EFA over “normal” EFA is that with FSMW-EFA it is possible
to detect small contributions of underlying species, even if they are not well separated from the
remaining ones [36]. A combination of both methods is useful, not only to determine the local
rank (using FSMW-EFA), but also to see if certain species occur multiple times, and thus in a
larger region, than determined by the local rank (using EFA).

Other methods of identifying regions of interest are possible, and most are modifications of either
EFA or FSMW-EFA [17]. One possible method is a modification of FSMW-EFA, as it is highly
dependent on the window size chosen. Thus, an evolving size moving window EFA approach can
be used, starting with a small number for the window size, e.g., 2, and increasing it until the
maximum number of overlapping species is reached, see [40]. Also the exhaustive EFA (E-EFA)
of [86] is a possible modification, where instead of analyzing the inside of a selected contiguous
window, the outside is analyzed in each step.

Such modifications always depend on the goal and the application and are modified accordingly.
For example, if the goal is to select subsystems not only along one direction, but both along
rows and columns, a different method is proposed.
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Figure 5.4.: FSMW-EFA with different window sizes w. The different window sizes result in
different x-axes. Left: Only two singular values rise above the noise level, indicating
a maximum local rank of 2. This contradicts the underlying noise-free profiles used
to generate the data set, see Fig. A.2. Thus, the window size is too small and selected
submatrices are likely to have a local rank deficiency. Center: The appearance of
the third singular value can be observed, indicating submatrices of rank 3. But also
submatrices of rank 1 and 2 can be observed. This is consistent with the local rank
as designed by the noise-free simulated data set 2, see Fig. A.2. Right: The window
size is too large, because all 3 singular values rise above the noise level for most time
steps and thus no fine structure analysis is possible.

Combination of EFA methods

It is also possible to combine different methods, such as EFA and FSMW-EFA, to detect subma-
trices that do not span entire rows or columns. This also allows the identification of subsystems
that are fused by multiple submatrices. The correct combination of submatrices is the topic of
Sec. 5.1.3.

Similar approaches are already known, e.g., one proposed by Geladi and Wold in 1987 [23], before
the introduction of EFA, where a moving window, e.g., of size 2-by-2, is used to scan the whole
measurement. At the time, it was considered too time-consuming [40], and so modifications of
EFA and FSMW-EFA were studied.

The idea here is to use FSMW-EFA, but not only to determine the singular values of each
window, but to perform an EFA (either forward or backward). Thus, not only the number of
species of each window is determined, but also their appearance or disappearance.

Such a combination of EFA methods can also be used to detect errors in a measurement. Es-
pecially if they cover a large area. In applications, this can be caused by sensor saturation, for
example. Due to additional effects, the affected area may be larger than visible to the naked eye.
Therefore, it is advantageous to select a reasonable area. An example of such a case is shown
in Sec. 6.1. The explanation that such error detection works is that, under the assumption that
errors describe nonlinear behavior, they lead to an increase in the rank and thus in the singular
values (since SVD assumes linear relationships). This increase is detected by EFA. Another
reason is that EFA methods only detect linear behavior [35].

This justification makes it clear that regular EFA can already detect affected areas, but these are
entire rows or columns. The combined method of performing EFA on specific windows allows
for the detection of precise areas that are affected.

Thus, to determine erroneous areas, a singular value belonging to the noise is selected and its
behavior during the combination of FSMW-EFA and EFA is studied. Explicitly, the gradients
of the EFA curves are examined, since large increases in the singular value and thus in the noise
level are of interest. With this step it is possible to identify affected areas. An example is shown
in Fig. 6.2 for an experimental data set.
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Evolution of trace of the data points

A completely different approach is to look at the low-dimensional representation of a data matrix
and the corresponding data points, see Eq. (2.11) and (2.13). Lem. 3.20 already described the
relation between the rank of a submatrix and the dimension of the corresponding affine subspace
spanned by these data points. Thus, if data points span an (ŝ− 1)-dimensional affine subspace,
the matrix containing the rows or columns that correspond to these data points has rank ŝ.
Again, the evolutionary aspect comes into play, where data points are added step by step until
they can no longer be represented by a (ŝ−1)-dimensional affine subspace. Thus, an appropriate
submatrix can be found.

For noisy data sets, such a relationship is only approximate, i.e., the question is whether the
data points can be approximated reasonably well by a (ŝ − 1)-dimensional affine subspace. An
indicator for the quality of the approximation can be the deviation of the data points from the
affine subspace, or the volume of the convex hull of the data points (it must be relatively small),
and also the underlying structure. If the data points oscillate around the selected affine subspace,
this oscillation is most likely due to noise. This reasoning is justified by the approaches of Sec.
5.1.1. A small deviation of the data points from the affine subspace correlates with relatively
small singular values σŝ+1, σŝ+2 (as used in the scree test). The same relation is used when
looking at the volume (in at least ŝ dimensions). Looking at the structure of the data points,
oscillating data points are caused by an oscillation in the singular vectors, which belong to noise
if there is an intrinsic order in the data set.

An example is shown in Fig. 5.5. As can be seen there, it can sometimes be advantageous to
plot the data points of submatrices (and thus data points based on an SVD of the corresponding
submatrix) instead of using the entire matrix. In this way, the influence of small amounts of an
additional species can be represented, which would otherwise be lost due to smoothing based on
the SVD.

However, determining submatrices of a certain rank with this procedure has a flaw. This ap-
proach is susceptible to local rank deficiency, in the same way as FSMW-EFA, see Fig. 3.3
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Figure 5.5.: Left: Data points in the V -space spanned by the first 10 rows of data set 2 with 1%
noise added. Their oscillation in the direction of x2 has no structure and is around
the axis of x1 = 0. Thus, the oscillation is assumed to be noise, resulting in the first
10 rows belonging to two species and a chemical rank of 2. Right: Data points in
the V -space spanned by the first 20 rows. Their distribution with respect to x2 is
structured and thus not noise. It can also be seen that the first 10 data points lie
approximately on a line and thus have a chemical rank of 2.
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5.1.3. Combining submatrices into subsystems

When submatrices of a data set are identified, the next step is to combine them into subsystems.
This approach is based on [66]. Therefore, columns or rows are identified that belong to at least
two submatrices (these are, in a sense, shared blocks), and along these columns or rows, it is
determined whether the submatrices have shared species. This is done by looking at the singular
values of the individual matrices and their combination in the form of a scree plot. If the number
of significant singular values does not change when looking at the combination of two matrices,
then they share all species (at least in the selected window along the shared columns or rows).
Also, if the number of significant singular values is less than the sum of the significant singular
values of the individual submatrices, then there are shared species. This is shown in Fig. 5.6.

If the submatrices are of different sizes, an alternative way is to compare the singular values of a
subset of columns or rows so that both are weighted equally. Alternatively, individual columns
or rows can be selected to see if they affect the rank and thus are associated with an additional
species.
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Singular values of 3 submatrices

Figure 5.6.: Scree plot of the 10 largest singular values of selected submatrices of data set 2
with 1% added noise. Because 2 singular values are above the noise level for the
submatrices D(1 : 15, :) and D(35 : 66, :), they both have 2 species. However, the
combination of both has 3 significant singular values, so the individual submatrices
share one species.

5.2. Subsystem analysis

Once the submatrices and subsystems are identified, the next step is to analyze them. For this
purpose, the methods from chapters 2 and 3 are applied with the goal of obtaining a unique
solution of the NMF problem 2.3 or, in the incomplete case, of problem 3.3 for a given data set.
The analysis is divided into two steps.

The first step is to use the local rank information of the submatrices and to identify a (partially)
unique solution based on the selected submatrices, if there exists one. A partially unique solution
means that the profiles of a certain species are unique (except for scaling), but not all species have
corresponding profiles that are unique [27]. In the context of a low-dimensional representation,
this means that an SFS segment is point-like. This happens for example if the inner polytope
touches the outer polytope [60] and is the intrinsic uniqueness of a data set. However, that
such a situation occurs is a very strong assumption about the data. Therefore, the version used
here relies on additional information, using local rank information of the selected submatrices
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to obtain partially unique solutions, see Def. 5.4. In addition to partially unique solutions, there
is full uniqueness, where all species have unique profiles.

Besides these two types of uniqueness there are others, see [27], which are not relevant in the
following analysis. Thus, the focus is on either partial uniqueness or full uniqueness, which is
abbreviated by the term uniqueness.

The second step is to analyze and possibly reduce the remaining ambiguity based on the selected
subsystems as described in chapter 3. Thus, the minimal ambiguity of the data set is obtained
by using local rank information.

The corresponding theory assumes that the data set is noise-free. It can be extended to the
noisy case, as was done in chapter 2, by introducing tolerances regarding nonnegativity and
local rank. To include information about selected submatrices, namely local rank information,
the NMF problem 2.3 has to be extended.

Problem 5.3. Let D ∈ R
k×n
+ be given with rank(D) = rank+(D) = s, where DDT and DTD

are irreducible. Furthermore, there exist h ∈ N submatrices of D denoted by Di ∈ R
ki×n
+ with

ki < k, rank(Di) = si < s, i = 1, . . . , h. A nonnegative factorization is sought, i.e., finding
factors C ∈ R

k×s
+ and ST ∈ R

s×n
+ such that D = CST . In addition, the local rank constraints

must be satisfied, i.e., for the factors C and ST , Di = C(Ki, :)S
T must hold for each submatrix,

where Ki is the index set belonging to the ki selected rows and C(Ki, :) has only si non-zero
columns.

The submatrix selection is done along one dimension only, but is analogous for the transposed
case. Furthermore, the case can be made more complex by adding local rank constraints on
ST , which can be traced back to problem 5.3. The condition that C(Ki, :) has only si non-zero
columns ensures that no local rank deficiency occurs, see Def. 3.2.

Problem 5.3 allows to define partial unique solutions with respect to the local rank constraints.
Thus the next definition follows, extending Def. 3 from [27].

Definition 5.4 (Partial uniqueness under local rank constraints). Let D = ĈŜT ∈ R
k×n
+ be a

nonnegative matrix factorization under the local rank constraints of problem 5.3, with rank(D) =
rank+(D) = s and Ĉ ∈ R

k×s
+ , ŜT ∈ R

s×n
+ . The i-th column of Ĉ is unique if for any other

nonnegative matrix factorization of problem 5.3 of D = CST , with C ∈ R
k×s
+ , ST ∈ R

s×n
+ , there

exists an index j and a scalar α > 0 such that C(:, j) = αĈ(:, i).

The definition can also be applied to the transposed case.

5.2.1. Determination of partially unique solutions

To determine partially unique solutions of a given data set, the first step is to look at the
intrinsic uniqueness. This means looking at the low-dimensional representation of the data set
and determining whether the inner and outer polytopes touch and thus limit the SFS. Ideally,
such a case leads to a point-like SFS segment and thus partial uniqueness for a species. This
concept is known as data-based uniqueness [27,60]. Such an assumption is strong and not easy
to fulfill, especially when dealing with noisy data sets. Thus, there are more general approaches
to limit the underlying ambiguity of a data set by additional constraints. Such constraints can
be selectivity or local rank assumptions. It is also possible to add information in the form of
multisets or multiway data [79].

Taking a closer look at local rank assumptions, they were also investigated by Manne [47]. His
analysis is based on finding submatrices that have only one species in common and thus uniquely



80 5. The detection and analysis of subsystems

determine that shared species, see Thm. 2 in [47]. This idea is taken up and formalized in Thm.
5.5 and used for further analysis. Further work on how to limit the ambiguity of a data set were
done in [64,68].

The idea of using local rank constraints as in problem 5.3 is as follows. Given two submatrices
D1 ∈ R

k1×n
+ and D2 ∈ R

k2×n
+ of D ∈ R

k×n
+ with k1, k2 ≤ k, rank(D) = rank+(D) = s,

rank(D1) = rank+(D1) = s1 ≤ s, rank(D2) = rank+(D2) = s2 ≤ s. Both submatrices D1 and

D2 have no underlying local rank deficiency, see Def. 3.2. If rank
(

D1

D2

)
= s1 + s2 − 1, then D1

and D2 share one species which is uniquely determined.

This consideration can also be expressed in terms of the underlying row spaces. These are
defined as Di = {y ∈ R

n : yT = xTDi, ∀x ∈ R
ki} for a submatrix Di ∈ R

ki×n of D ∈ R
k×n with

ki ≤ k. If rank(Di) = rank+(Di) = si, then the row space Di is spanned by si basis elements.

Thus, if there are 2 submatrices D1 ∈ R
k1×n
+ and D2 ∈ R

k2×n
+ of a matrix D ∈ R

k×n
+ , their

corresponding row spaces are given by D1 and D2. If dim(D1 ∩ D2) = 1, then they have one
shared species which is uniquely determined. This is because if a profile Ŝ ∈ R

n belongs to a
solution (under local rank constraints) and corresponds to a species shared between D1 and D2

then it must be part of both row spaces, i.e., Ŝ ∈ D1 and Ŝ ∈ D2 resulting in Ŝ ∈ D1 ∩ D2. A
one-dimensional intersection of the row spaces means that the profile of the shared species is
uniquely determined (up to scaling).

If the intersection of the row spaces is of higher dimension, then D1 and D2 share more than
one species. This is investigated in Sec. 5.2.3.

The concept of finding a partially unique solution based on submatrices is generalized in the
next theorem, because in general two submatrices do not share only one species, but several.
The essence of this theorem coincides with Thm. 2 of [47].

Theorem 5.5. Let D ∈ R
k×n
+ be given, with rank(D) = rank+(D) = s. Furthermore, there

exist h ∈ N submatrices of D denoted by Di ∈ R
ki×n
+ with i = 1, . . . , h, ki < k, rank(Di) =

rank+(Di) = si < s, without local rank deficiency, see Def. 3.2, and Di denote the corresponding

row spaces. If dim
( ⋂

i=1,...,h

Di

)
= 1, then the intersection consists of one basis element that

represents a partially unique solution to the NMF problem of D and thus a profile of a species.
Thus, the corresponding species is separated and its profile is uniquely determined.

Proof. A nonnegative basis of D is used, so that each Di is spanned by si basis elements of D.
This ensures that the submatricesDi have no local rank deficiency. In the intersection of two row
spaces are the basis elements and thus the profiles of the shared species. Since the intersection
of all subspaces Di is one-dimensional, only one basis element can and must be shared between
them. This indicates partial uniqueness and can be shown by an indirect proof. Suppose there
are two basis elements w and v with w 6= αv, for all α ∈ R+ shared by all Di. However, since

w 6= αv, w and v span a two-dimensional space, which contradicts dim
( ⋂

i=1,...,h

Di

)
= 1. Thus,

the basis element is uniquely determined and corresponds to a partially unique solution of the
NMF problem of D.

Thus, partial unique solutions can be determined by looking at the intersections of subspaces.
The intersection of two subspaces D1 ∩ D2 = {z ∈ R

n : z ∈ D1 and z ∈ D2} can be computed

by (DT
1 ,−DT

2 )
(

x
y

)
= 0 where x ∈ R

k1 and y ∈ R
k2 are not part of the kernel of DT

1 and DT
2

respectively, 0 is the n-dimensional vector containing only zeros, and the intersection vectors
are given by z = xTD1 = yTD2.
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A more convenient approach would be to use the rank of the submatrices to determine whether
basis elements are separable (for any number of submatrices). However, such a consideration
“always” goes back to determining the dimension of the intersection of subspaces, and results in
determining the dimension of the intersection of all subspaces as described in Thm. 5.5. Thus,
there is no added value in using the rank to determine partial uniqueness.

Remark 5.6. Thm. 5.5 can be transferred to the low-dimensional representation of D. The row
spaces of the submatrices Di can be represented by (si − 1)-dimensional affine subspaces in the
low-dimensional representation of D. The intersection of the row spaces Di can be transferred
to the intersection of the affine subspaces. If their intersection is 0-dimensional, i.e., consists of
a single point, this point corresponds to a partially unique solution.

If all species of D can be separated as in Thm. 5.5, then they are all partially unique, which
means that they form a fully unique solution and that the NMF problem under local rank
constraints 5.3 has a unique solution. The question that arises in this context is how many of
these submatrices are needed as a minimum to achieve full uniqueness. This is investigated next.

5.2.2. What is the minimum number of submatrices required for a unique solution?

If an arbitrary choice of submatrices along the rows of a given D ∈ R
k×n
+ is possible, the minimum

number of submatrices needed to determine a unique solution of the NMF problem under local
rank constraints 5.3 for a data set can be estimated. This estimation depends on the number of
underlying species of each submatrix. It is described in the next theorem.

Theorem 5.7. Let D ∈ R
k×n be a nonnegative matrix with rank(D) = rank+(D) = s. Ad-

ditionally, let Di ∈ R
ki×n
+ , for i = 1, . . . h, ki < k, be submatrices of D with 2 ≤ rank(Di) =

rank+(Di) = m < s, based on m basis elements of D, so that the union of these submatrices is
of rank s. The minimum h so that the basis elements of D are separable is R(s,m). A lower
bound is given by

R(s,m) ≥
⌈
2s

m

⌉
.

An upper bound is given by

R(s,m) ≤ s.

If s ≥ m(m− 1), then

R(s,m) =

⌈
2s

m

⌉
.

Proof. The lower bound can be estimated by the following consideration. Each element must be
contained in at least 2 row spaces of the submatrices in order to be separable. So there are at
least 2s elements to divide into the row spaces of the submatrices. Since each submatrix must
be associated with m species, thus each row space must be spanned by m basis elements, there
must be at least 2s

m
submatrices.

An upper bound for R(s,m) is given by s, because for every s and m there is a construction as
in example 5.8, so that every element is separable.
The exact estimation of R(s,m) =

⌈
2s
m

⌉
is done by intersecting the bases and thus separating

each basis element. The approach is based on completely separating systems of m-sets.2 The
proofs can be found in [62], Lem. 3, Eq. (2) and Thm. 6.

2At this point I would like to thank Prof. Labahn and Prof. Kalinowski of the University of Rostock for a
suggestion and helpful discussion on separating systems of m-sets.
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Known values of R(s,m) for 2 ≤ s ≤ 48 and 1 ≤ m ≤ min(20, s − 1) are given in [62].

It is important to note that Thm. 5.7 does not mean that only h = R(s,m) submatrices need to
be chosen to achieve uniqueness, but rather that it is possible to need only R(s,m) submatrices
if they are chosen properly. It is also not guaranteed that such a selection exists for an arbitrary
data set.

Assuming that arbitrary submatrices can be chosen with respect to the underlying basis ele-
ments. The upper bound of Thm. 5.7 is reached by the following construction. This partition
can be obtained for arbitrary s and m.

Example 5.8. Let D ∈ R
k×n
+ , rank(D) = rank+(D) = s and let the basis elements of the row

space of D be represented by the numbers 1, . . . , s. If 1 < m < s, then a possible, not necessarily
smallest, selection of submatrices with h = s is given by the bases represented by

{1, . . . ,m}, {2, . . . ,m+ 1}, . . . , {s − 1, s, 1, . . . ,m− 2}, {s, 1, . . . ,m− 1},
where the elements are computed modulo s. To separate a basis element, the intersection of m
(consecutive) subspaces must be determined.

In contrast to this example, next is an example where h = R(s,m) is reached.

Example 5.9. Let D ∈ R
k×n
+ be given with rank(D) = rank+(D) = s = 7. The basis elements

of the row space of D are represented by the numbers 1, . . . , 7. When searching for submatrices,
each based on m = 3 basis elements and thus 3 species, and spanning 3 dimensions, the minimum
number of submatrices is given by R(7, 3) = 5, based on Thm. 5.7. This minimum number is
satisfied if the submatrices are chosen with the following bases

{1, 2, 3}, {3, 4, 5}, {5, 6, 7}, {1, 4, 7}, {2, 4, 6}.
Intersecting these bases means that each basis element can be separated. Thus, the solution of
the NMF problem of D is uniquely determined.

It is possible not to fix the number of underlying species, and thus the number of underlying
basis elements of each submatrix, but to fix an upper limit. This leads to the following remark.

Remark 5.10. Under the assumptions of Thm. 5.7, but changing the rank condition on Di to
rank(Di) = rank+(Di) ≤ m, the minimal h is denoted by R(s,≤m). Then holds R(s,≤m) ≤
R(s,m). Lower and upper bounds for R(s,≤m) are given in [37].

The assumption of Thm. 5.7 regarding the submatrices is that there is no local rank deficiency,
since every submatrix must be based on m basis elements of D. But what if this assumption is
not true and some submatrices are rank deficient? Even in this case it can be possible to obtain
a unique solution. This is shown in the next example.

Example 5.11. Let D ∈ R
k×n
+ be given with rank(D) = rank+(D) = s = 5. The basis elements

of the row space of D are represented by the numbers 1, . . . , 5. Each selected submatrix spans
an m = 3 dimensional space, but can be based on more than 3 basis elements. An example of
possible bases is

{1, 2, 3}, {1, 4, 5}, {2, 4, 5 + 3}, {3, 4 + 2, 5},
where 5+3 is a vector based on two basis elements. Intersecting these separates all basis elements,
keeping in mind that {5} ∩ {5 + 3} = ∅.

The goal is to identify submatrices so that the solution to the NMF problem is unique. But what
if no unique solution is obtained? How can the results still be used to simplify the analysis?
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5.2.3. What if there is no unique solution using local rank constraints?

If no unique solution to the NMF problem can be found, as described in the previous section, the
idea is to use the given submatrices and maximize the information used to reduce the ambiguity
as much as possible. The results are similar to those in Sec. 3.5, where the information of the
submatrices is also used.

The idea is, as in the previous section, to compute the intersection of the subspaces defined by
the submatrices. The difference is that these intersections do not only lead to one-dimensional
subspaces. However, these intersections can be used to limit the ambiguity. This is because the
basis elements or profiles corresponding to the shared species of D1 and D2 span the space given
by D1 ∩D2. Thus, the selection of profiles for this shared species is limited compared to looking

at the entire matrix given by
(

D1

D2

)
. This can be phrased in a more general way.

Remark 5.12. If for the intersection described in Thm. 5.5 dim
( ⋂

i=1,...,h

Di

)
= ρ > 1 holds,

then ρ basis elements are shared by all h ∈ N row spaces of the submatrices. That is, to
determine these ρ basis elements, it is sufficient to look at the ρ-dimensional subspace spanned
by the intersection instead of D. Thus, to find a feasible factor for the shared species and their
corresponding basis elements, ρ profiles and thus basis elements need only be determined in the
subspace of the intersection of Di.

To determine the solutions of the shared species and in general the solutions of the species that
are not partially unique, their ambiguity must be determined. Since the ambiguity is determined
in the low-dimensional representation, the ideas have to be conveyed.

5.2.4. Transfer to the low-dimensional representation

The general approach of using the intersection of row spaces to determine partially unique
solutions can be transferred to the low-dimensional representation.

Considering the intersection of row spaces spanned by submatrices and thus affine subspaces
spanned by submatrices in the low-dimensional representation, the uniqueness condition of Thm.
5.5 corresponds to the affine subspaces intersecting in a point. Similarly, if the intersection of
the row spaces is not one-dimensional and thus the shared species are not partially unique, as
in Rem. 5.12, the affine subspaces corresponding to the row spaces given by Di, can also be
intersected to limit the ambiguity. This is because in order to satisfy the local rank constraints,
the representing points of the solutions must be on the corresponding affine subspaces spanned
by the submatrices. This describes the same case as in Sec. 3.5 for case 2.

It is not as simple as described in Rem. 5.12 to just look at the subspace of the shared species
and determine the ambiguity of them in that space or rather the corresponding low-dimensional
representation. This is because there is not necessarily an underlying matrix of, e.g., the subspace
D1∩D2 that is part of the NMF problem and leads to the same solutions (e.g., if there are no rows
in the submatrices that are linear combinations of only the shared basis elements). Thus, there
is no corresponding inner polytope, although the outer polytope can be computed by finding
the intersection of the affine subspace of the shared species with the outer polytope of the entire
data set. However, it is possible to resort to using the intersection of the affine subspace of the
shared species with the SFS of the entire data matrix to obtain a superset of solutions, see Lem.
3.25. This goes back to the procedure used in Sec. 3.5 and the algorithm described in Sec. 4.3.
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5.2.5. Analysis of subsystems based on submatrices

Finally, the previous considerations can be used to analyze not only submatrices, but also
subsystems. As described in Sec. 5.1.3, the submatrices can be combined to subsystems. Also
the knowledge of partially unique solutions can be transferred. The analysis is carried out as
in chapter 3, depending on the case and thus on the distribution of the shared species. If the
resulting subsystem is not as easy to represent as shown in Eq. (3.1), then the analysis can be
done as described in Sec. 3.6 for more complex structures. Thus, reverting to the methods of
chapter 3 allows the analysis of subsystems and thus of matrices with local rank constraints.

5.3. Critical summary of the detection and analysis of subsystems

The approach of using and analyzing subsystems is closely related to the analysis of incomplete
data sets. Therefore, the main focus of this chapter is the detection of subsystems and, in a
subsequent step, the analysis of the uniqueness of their solutions. For the detection of subsystems
and their chemical rank only selected methods are presented, mostly SVD-based, which are
sufficient for the use cases of this thesis. In general, other approaches, e.g., based on statistical
methods, are possible, but the choice depends on the data.

The analysis of the subsystems and their underlying submatrices can be done as described in
chapter 3. However, the focus is shifted from determining the SFS to identifying partially unique
solutions using the subspaces spanned by selected submatrices. This is equivalent to using local
rank constraints. This approach leads to general statements about the minimum number of
submatrices needed to obtain a unique solution to the extended NMF problem 5.3. However,
these estimates are only lower bounds and indirectly describe the dependence on the distribution
of the species over the submatrices. Thus, there is a strong dependence on the given data matrix.
Since an ideal choice of submatrices is not always possible, especially with measured data, the
considerations regarding the minimum number of submatrices required are only theoretical.

The general concept of looking at the spaces spanned by the submatrices to identify partially
unique solutions can be transferred to the low-dimensional representation. However, in the
presence of local rank deficiency or when the subspace of interest has no representation in
the data matrix, the transfer to the low-dimensional representation is not completely possible.
Furthermore, considering the affine subspaces spanned by submatrices in the presence of noise to
determine partially unique solutions or to give local rank constraints faces the same difficulties
as described in Sec. 3.8 for case 2.



6. Application studies

To conclude, the methods presented in this thesis are applied to the following experimental data
set.

Data set 3. This experimental data set is a UV/Vis spectroelectrochemical (SEC) data set
and has already been presented in [8]. It represents different oxidation states of a phenazine
derivative and is measured over k = 1518 time steps and n = 1000 frequency channels. For
this experimental setup, acetonitrile was used as the electrolyte with 0.1 M tetrabutylammonium
hexaflourophosphate as the conducting salt. A gold mesh was used as the working electrode and
a platinum wire as the counter electrode. Initially, only the phenazine derivative is present with
0.66 mM.1 The potential is cycled during the measurement. The range is between -0.4 and 1.2 V,
with a scan rate of 0.5 mV/s. There are two equilibrium potentials at 0.029 V and 0.266 V.
The expected number of chemical species is three. This data set suffers from sensor saturation
in several regions and is therefore ideal for applying the methods described in chapters 3 through
5.

Data set 3 is shown in Fig. 6.1. For the analysis, first the submatrices and subsystems are
identified as described in chapter 5 and analyzed with the methods presented in chapter 3 using
the algorithms from chapter 4. The data set has already been analyzed in [8], but especially
the identification of the subsystems and thus the identification of the saturated region is done
in detail here.
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Figure 6.1.: Representation of data set 3. In both plots, affected areas are visible, e.g., the first
frequency channels where the signal is clipped.

6.1. Analysis of data set 3

First, the methods of chapter 5 are applied to identify the regions suffering from sensor satu-
ration. As a first step, backward EFA is used in frequency direction. This is shown in Fig. 6.2

1This additional chemical knowledge is used in the analysis.
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Figure 6.2.: Left: Backward EFA in the frequency direction of data set 3. Black lines mark the
jumps in the noise level. Right: Combination of FSMW-EFA and backward EFA,
showing the gradient of the curve corresponding to the 20th singular value. White
indicates low values and black indicates high values. The red dashed lines mark the
boundaries of the dark areas at 175, 330, and 385.

(left), where there are two jumps of the noise level at 175 and 385. This can already be seen
in Fig. 6.1 where these jumps mark the right boundary of the sensor saturated areas along the
frequency axis. Instead of excluding the entire affected part, i.e., the frequency channels up to
385, a detailed analysis is possible. This is shown in Fig. 6.2 on the right. A combination of
the FSMW-EFA and backward EFA methods is used, as proposed in Sec. 5.1.2. To detect areas
where the noise level grows rapidly, a singular value is used that is assumed to belong only to
noise, in this case the 20th singular value is chosen. For each selected window of FSMW-EFA,
backward EFA is performed to obtain curves of singular values. The numerically approximated
gradients of the curves belonging to the 20th singular value are examined. As can be seen in
Fig. 6.2 (right), there are areas where the gradient grows rapidly (marked in black). These are
surrounded by red dashed lines. These areas are assumed to belong to the erroneous part of the
data set.

However, not all time steps for a particular frequency channel are affected. For example, in
the lower left corner of the right plot of Fig. 6.2 (frequency channel 142-175) there is a brighter
part, indicating that this area is not or only sufficiently small affected. A similar relationship
can be seen for frequency channel 330-385. Here only the middle part is affected by a high noise
level. To determine the start and end of the erroneous part for these frequency channel, an EFA
analysis in time direction is performed for this subwindow, see Fig. 6.3. A clear increase of the
noise level can be seen at the beginning (time step 210). Not so clear is the increase at the end,
at 1370 (it is oriented on the increase of the 5th singular value, which is assumed not to belong
to an underlying species).

This identifies possible submatrices that are not affected by saturation. The entire data set with
the marked erroneous parts is shown in Fig. 6.4 (left). The next step is to identify complete
submatrices, possibly subsystems, and reorganize them to obtain an L-shaped structure at best
(see Sec. 3.6). Such a division and re-sorting can be seen in Fig. 6.4 (center and right), with a
corresponding labeling of the submatrices, which is used in the following. The submatrix D2 is
selected as shared block between D1 and D3. The submatrix D4 leads to a more complex case
and will be used later.

The next step is to determine the chemical rank of the submatrices. An example is shown for(
D2

D3

)
in Fig. 6.3 (right) for the evolution of the trace of the corresponding data points. It can
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EFA is based on the fifth singular value. Thus, the erroneous part corresponds
only to time steps 210-1370. Right: Determination of the chemical rank for D2 in

the V -space of
(

D2
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)
. The data points of

(
D2

D3

)
are marked in blue and the data

points of D2 are circled in red. The red marked data points lie approximately on a
1-dimensional affine subspace, so it is assumed that the chemical rank of D2 is two.

be seen that D2 has a chemical rank of 2 because it spans a 1-dimensional affine subspace. The

chemical rank of
(

D2

D3

)
can be determined in the 3-dimensional space, resulting in a chemical

rank of 3.

The approach of looking at the data points is used because the singular values are not well
separated, as shown in Fig. 6.2 (left) for a backward EFA in frequency direction (the part from
385 to 1000 is not affected by the erroneous part and can be used for the analysis). The same
analysis is done for (D2,D1), indicating a chemical rank of 2.

The rank analysis shows that the current data set is classified as case 2 with the shared block
D2. Therefore, it is analyzed as described in Sec. 3.5.

First, (D2,D1) is analyzed. Since D2 and (D2,D1) both have chemical rank 2, they can be
analyzed as case 1. The impact of D1 on the low-dimensional representation of D2 is shown in
Fig. 6.5 (right) in purple, the SFS of the low-dimensional representation of only D2 is shown in
green. A reduction of the outer polytope (i.e., the outer most interval points) is shown, but the
impact is only on the left boundary point.

The reduced SFS can be used to analyze and reduce the ambiguity underlying
(

D2

D3

)
. This is

shown in Fig. 6.5 (left), where the affine subspace spanned by D2 is marked in yellow and the
reduced SFS due to (D2,D1) of the species of D2 is shown in purple. Opposed to Lem. 3.23,
the right outer boundary of the purple SFS segment (this boundary point coincides with the
boundary of the SFS segment using only D2) does not coincide with the boundary of the SFS

of FS

(
D2

D3

)
. This is due to noise. Both the right boundary point of the purple segment and the

intersection of the affine subspace (yellow) and the right part of the SFS of FS

(
D2

D3

)
belong to

profiles that are close to zero for high frequency channel. Because the signal in this area is low

(see Fig. 6.1) and has a low SNR, the two SVDs of D2 and
(

D2

D3

)
approximate this area slightly

differently. So, even with the same tolerance for noise, the results can vary.
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Figure 6.4.: Left: Data set 3 as in Fig. 6.1 but now with marked areas affected by sensor sat-
uration (gray). The first 141 frequencies, which are completely affected by sensor
saturation, are not shown. Center and right: Visualization of the structure of the
data set. Again, gray areas indicate the incomplete blocks. For proper analysis,
the data matrix (center) is rearranged into a structure with a connected incomplete
block (right) so that D1, D2 and D3 have an L-shaped structure. This representa-
tion is similar to Fig. 17 in [8].

Since the focus of the analysis is on the low-dimensional representation of the shared block D2,
the corresponding transferred SFS is used (Fig. 6.5 left in purple) instead of augmenting the

SFS due to the boundary of the outer polytope of
(

D2

D3

)
.

The resulting SFS reduction is the intersection of the purple intervals with the light blue SFS
segment and the dark blue segment. The impact on the shared species is also shown on the
right in Fig. 6.5 in dark blue. This SFS is computed using the modified ray casting method
from chapter 4 and the constraints given by the purple segment.

Additional knowledge can be used to further reduce the ambiguity. This can be chemical knowl-
edge of the underlying reaction. For this data set, it is known that only one chemical species is
present at the beginning. Thus, the spectrum of a shared species is known. It is marked by a
single red circle in Fig. 6.5 (left). The resulting reduction in ambiguity is shown by red dashed
lines (a line segment and an outlined area). The corresponding intervals belonging to the shared
species in the shared low-dimensional representation are also shown in red in Fig. 6.5 (right).

This reduction based on external knowledge shows that it is advantageous to first use all available
knowledge and subsequently perform an analysis regarding incompleteness or to apply only rank
constraints and extrapolate the results to the remaining blocks. For the present data set, this

means to use only the rank information regarding D2 and to extrapolate the results from
(

D2

D3

)

to D1, since no essential information is contained in this block when the first species is known.
This means that D1 does not reduce the SFS.

Finally, a look is taken at the submatrix D4. This block is close to the saturated part and has
a small SNR. It contains small amounts of the second species, but too small compared to the
SNR. Thus, only the presence of the first species is assumed, which allows to approximate the
spectrum of this species for frequency numbers 142-175, where this species shows a peak.

These application studies show that it is possible to apply the methods presented in this thesis
to experimental data sets and to recover information from regions that would otherwise be
neglected. Such regions are the submatricesD1 andD4 belonging to frequency channels partially
affected by saturation. With traditional methods, these submatrices would not be included in
the analysis.
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as a basis for the shared low-dimensional representation. The SFS of D2 is shown
in green. Adding the information from D1 results in the purple intervals (only the
outer boundaries are affected). Adding the constraints fromD3 limits the SFS to the
blue intervals (only the inner boundaries are affected). The additional knowledge
of a pure component spectrum results in a red point and a red interval. The latter
contains the ambiguity of the second species. This representation is similar to Fig.
18 in [8], but differs slightly because the blocks are chosen slightly differently.





7. Summary and outlook

The question of finding a nonnegative matrix factorization (NMF) in an incomplete setting is
addressed in this thesis, together with an analysis of the underlying ambiguity of solutions to
the NMF problem. The main results are summarized in the following and their implications for
future research are discussed.

Two general approaches are used to solve the NMF problem for incomplete data sets. One
of them is the cone-based approach. It is used to directly represent a data matrix, namely
its row and column spaces. This approach examines the effect on the solution of the NMF
problem when information is added in the form of additional rows and columns. It provides
easy access to the underlying geometric structures of the data matrix, but suffers in terms
of representability because the representation depends on the dimensions of the matrix. The
second method is based on an SVD. It is used to determine and represent the ambiguity of
the nonnegative matrix factorization problem. The use of an SVD allows for a low-dimensional
representation of the data matrix, depending on the underlying rank of the data matrix. It
is possible to examine the effect of additional information on the ambiguity by transferring
the results of the cone-based approach. This step allows information to be added to the low-
dimensional representation without changing the underlying SVD. An important aspect of this
construction is the underlying rank of the matrix. If the additional rows and columns increase
the rank, the approach must be modified. This is done by considering (affine) subspaces spanned
by submatrices in the representation of the SVD-based approach, which leads to constraints on
the solutions.

Challenges such as the presence of noise are addressed, and approaches are presented for dealing
with small amounts of noise when determining the ambiguity of solutions to the NMF problem
of incomplete data sets. To allow the analysis of both noise-free and noisy data, an algorithmic
approach to approximate the ambiguity is presented in chapter 4. The main advantage of this
approach is its easy applicability to noisy data.

Chapter 5 shifts the focus to subsystems and their detection and analysis, which are a special
case of incomplete data sets. This emphasizes the different applications of the methods pro-
posed in chapter 3. Subsystem analysis is advantageous because data sets with a high chemical
rank are more difficult to analyze. Subdividing these data sets into subsystems simplifies the
analysis. Furthermore, subsystem analysis allows the use of local rank constraints in the form of
submatrices underlying the subsystems to identify partially unique solutions to the NMF prob-
lem. An experimental spectroelectrochemical data set is used in chapter 6 to demonstrate the
applicability of the presented methods, from the detection of incompleteness and subsystems to
their analysis as incomplete data sets.

Thus, it is now possible to analyze the ambiguity of solutions to the NMF problem for incom-
plete data sets. The methods can be used, for example, in the context of subsystem analysis,
online process monitoring, image fusion, or multiblock data fusion to determine the underlying
ambiguities, as addressed in Sec. 3.1.

A further perspective is the application of the consideration of blockwise incomplete data to
a kinetic hard-modeling approach. In SVD-based MCR analysis, kinetic hard-modeling can be
used as an approach to obtain a factorization of a data set with concentration factors that satisfy
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the underlying kinetic model [75]. If the data set suffers from incompleteness, there is no SVD of
the entire data set, making it impossible to apply the kinetic hard-modeling approach directly.
An example is when the intermediate of a chemical reaction suffers from sensor saturation, so
the affected time steps would typically be neglected. To avoid the loss of information and still
apply the kinetic model to all time steps, the idea is to use the approach of chapter 3. That
is, either apply the model to the submatrices that do not suffer from saturation and combine
the results, or find a shared block and analyze the data set by adding the constraints of the
remaining blocks as well as the constraints of the kinetic model. This analysis can be done, for
example, in the shared low-dimensional representation. In addition, this representation enables
a visualization of the underlying parameter ambiguity of the kinetic model.

Beyond this possible application, there are other research questions that can be addressed.
As considered in Sec. 5.1.2 and 6.1, determining the affected areas of a data set in a noisy
environment is not easy. There are certain areas where it is not clear whether these areas
are affected by incompleteness or whether the observed effects are due to noise. There are
two aspects to keep in mind. On the one hand, the goal is to exclude the affected areas as
thoroughly as possible. On the other hand, the excluded part of the data matrix should be as
small as possible, as otherwise removing too large areas would increase the ambiguity of the
solution. The goal is to find a balance between these two aspects. This can be achieved by
gradually including parts of the potentially affected regions in the analysis. By comparing this
inclusion with the case where such parts are not included, it is possible to evaluate how much the
included part suffers from noise or other effects. This can be done, for example, by examining
the different low-dimensional representations, the effect on the SFS, or the resulting profiles.

As described in chapter 3, this thesis focuses on blockwise missing data. However, what happens
if a data set suffers from different, non-block-shaped structures of incompleteness? Such consid-
erations lead to more general cases like those considered in Sec. 3.6 – still under avoidance of
data imputation as described in Sec. 3.1. Such situations may arise, for example, with excitation
emission data where the incomplete block may be triangular [29]. The question is not only how
to choose the shared block, but also what area should and can be covered block by block if the
approaches presented in this thesis are to be applied. Alternatively, the question can be asked,
what other approaches exist to access the underlying ambiguity of the solutions to the NMF
problem for such data sets that do not rely on a blockwise structure to resolve the data set.

In conclusion, there are still many open research questions that need to be addressed in the
context of incomplete data, especially with respect to the underlying ambiguity of the solution
to the corresponding NMF problem. However, the first step towards analyzing such ambiguity
using the available information in a blockwise manner is taken by the methods presented in this
thesis.



A. Appendix

A.1. Model data sets

The two model data sets that are used throughout this thesis are presented next.

Data set 1. A simulated data set with a nonnegative matrix D ∈ R
40×100, based on three

concentration and spectral profiles as shown in Fig. A.1. It can be considered as a spectroscopic
data set where C satisfies the kinetic A → B → C, see [75].

20 40 60 80 100

0

0.5

1

1.5

Data set 1, D

No. frequencies

In
te
n
si
ty

10 20 30 40

0

0.2

0.4

0.6

0.8

1
Concentration profiles, C

No. time steps
20 40 60 80 100

0

0.5

1

1.5

2

2.5

3

Spectral profiles, S

No. frequencies

Figure A.1.: Representation of data set 1. Left: Representation of the complete data matrix D.
Center: The modeled concentration profiles used for C and to generate D. Right:
The modeled spectral profiles stored in S and used to generate D with D = CST .
Each spectral profile corresponds to a concentration profile. They are marked with
the same color.

Data set 2. This data set is a model data set with D ∈ R
66×150
+ . The factors C and ST which

are used to generate the data set are shown in Fig. A.2 and consist of three profiles each. The
shape of the concentration profiles is based on elution profiles.
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Figure A.2.: Representation of data set 2. Left: Representation of the data matrix D. Cen-
ter: Modeled concentration profiles used to generate D. Right: Modeled spectral
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concentration profile marked with the same color.
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[67] M. Sawall, A. Jürß, H. Schröder, and K. Neymeyr. Simultaneous construction of dual
Borgen plots. I: The case of noise-free data. J. Chemom., 31(12):e2954, 2017.
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