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Abstract
Stochasticity is found throughout cell-biological models when describing phenomena such as
diffusion and the resulting random interactions of entities. This thesis is concerned with the
efficient execution of these models. We cover the fundamentals of modeling from the bottom
up. Reaction systems are a main topic, particularly those that use Stochastic Simulation Algo-
rithms. We discuss efficient variations of these algorithms, including their parallel execution
on CPUs and GPUs. Furthermore, the limitations of static reaction systems will be overcome
by introducing dynamic compartmentalization, which is vital for many processes. The arising
challenges in efficient execution (including of a spatial particle variant) are addressed through
novel algorithms and implementations. Another focus will also be the technical realization of
the simulation abstraction through domain-specific languages and their interplay with simu-
lator efficiency. This includes an application of the cell-biological simulation methods to agent-
based models. Finally, we consider the issues of replication and evaluation of simulator imple-
mentations, in particular, as they relate to the questions of stochasticity and determinism. These
introductions lay the groundwork for the six publications that comprise this thesis’s core. The
articles present aspects of this thesis in more detail.

Zusammenfassung
Zellbiologische Modelle verwenden häufig stochastische Prozesse, um zum Beispiel
Phänomene wie Diffusion und das daraus folgende zufällige Interagieren von Partikeln
darzustellen. In dieser Arbeit behandeln wir die effiziente Beschreibung und Ausführung dieser
Modelle. Insbesondere beschäftigen uns Reaktionssysteme, die von den Gillespie-Algorithmen
simuliert werden. Wir beschäftigen uns hier mit effizienten Varianten dieser Algorithmen, ein-
schließlich ihrer parallelen Ausführung auf CPUs und Grafikkarten. Einige methodische Ein-
schränkungen dieser Reaktionssysteme werden durch das Einführen von dynamischer Kom-
partimentierung überwunden. Diese Kompartimentierung ist essentiell für viele zellbiologis-
che Prozesse. Sie birgt aber auch Herausforderungen hinsichtlich ihrer effizienten Ausführung.
Diese werden von uns (auch für eine räumliche Variante) durch neue Algorithmen und Imple-
mentierungen adressiert. Eng verwandt ist die Thematik der technischen Umsetzung domä-
nenspezifischer Sprachen und ihr Einfluss auf effiziente Simulationen. Hier erweitern wir das
Feld der behandelten Anwendungen auch auf Systeme interagierender Agenten. Zuletzt wer-
den wir uns mit Problemen der Replikation und Evaluation der Implementierungen von Sim-
ulationsalgorithmen beschäftigen, auch in Bezug auf Stochastizität und Determinismus. Der
erste Teil der Arbeit gibt allgemeinen Kontext zum behandelten Thema. Darauf folgen sechs
Aufsätze, die den Kern dieser Arbeit bilden. Diese Aufsätze betrachten verschiedene Aspekte
des Themas im Detail.
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1 Introduction
This chapter includes work, results, and text (copied or adapted) from the following
of the author’s previous works: [D].

Historical relationFrom their inception, computers have been used for simulation [22]. Simulation
experiments on computer systems can be executed faster than performing the
algorithmic steps by hand. Speed of execution is at the core of simulation and
is closely intertwined with the development of models, methods, software, and
hardware. The work on underlying computer science concepts touches on issues
far beyond simulation. A famous example is Simula, a programming language for
simulation that introduced object-oriented programming [23]. It has had an im-
pact far beyond its originally intended domain. Another more recent example is
the field of computation on Graphical Processing Units (GPUs) [24]. Originally
designed for computer graphics, the move towards General-Purpose GPU com-
puting, which now fuels most of AI research [25], has its origins in part in Simu-
lation [26].

What is a model?Cellier defines a model as [27]: “A model 𝑀  for a system 𝑆 and an experiment 𝐸
is anything to which 𝐸 can be applied in order to answer questions about 𝑆.” We
are interested in mathematical models, as defined in Mathematical Modeling [28]:
“Any model (including a physical model) can be defined as a simplified represen-
tation of certain aspects of a real system. A mathematical model is a model created
using mathematical concepts such as functions and equations.”

StochasticityStochastic models are a class of models that “predicts a set of possible outcomes
weighted by their likelihoods or probabilities”  [29]. Stochastic modeling is a
powerful means of abstracting a complex process in a compact and efficient
manner [30]. However, even for these abstracted processes, the computational
demands for simulation can still be very high. Beyond the execution time for a
single model run, we have potentially costly parameter optimization and scan-
ning operations. For stochastic simulation, additional replication runs are usually
required to mitigate stochastic noise [31].

What is efficiency?This thesis concerns efficiency which need not be congruent with other similar
(and sometimes interchangeably used) terms like fast or high performance. Effi-
ciency, as a term in simulation, entails more than just speed of execution. Effi-
ciency, in a general sense, is the ratio of a resource’s usage to the achieved output.

Time efficiencyThe most obvious aspect is “time to execute an experiment.” Here, we are inter-
ested in the time efficiency of our simulation tool. However, there also is the
meaning of efficient use of other resources.

If the problem/model is fixed, we have limited options. One choice can be “faster”
hardware. If our existing implementation is capable of making use of it, better,
more modern hardware can improve execution speed. The more interesting ap-
proaches, from a computer science perspective, are optimized algorithms, data
structures, and implementations.

There also is a work efficiency aspect regarding the time needed to implement
the model. This is hard to evaluate, and mostly beyond the scope of this thesis.
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Introduction

However, some closely related questions, like the choice of helpful abstractions
and ease of use, will be considered later in this thesis.

Energy efficiency A defining resource for the financial cost of computing is electrical energy, or
its rate of usage: power. There are different approaches to achieving energy ef-
ficiency [32].

By rather happy coincidence, being energy efficient is very closely related to ex-
ecuting in a short amount of time for fixed hardware. This concept is called race
to idle [33,34]. The underlying principle is to keep power usage as low as possible
(idle state) for as long as possible by spending a short amount of time using all
available resources to complete the computation.

The ideal CPU frequency for computation, as well as the potential interplay with
multiple tasks or even more power intense resources like network or storage, is
subject of ongoing research [35].

Power efficient resources Another avenue to approach (energy) efficiency is through optimized and special-
ized hardware and parallelization. Here, we distinguish different levels to apply
parallelization [36]. In fine-grained parallelization, we want to make a single run
of the simulation fast. On the other end of the scale, we find coarse-grained par-
allelization, where we are interested in exploiting parallel hardware to accelerate
experiments with multiple replications.

Many slower CPU cores can be more power-efficient than a few faster ones due
to the nonlinear scaling of frequency to power usage and other factors. This has
led to a move to many core systems [37]. It was also the core idea behind the Intel
Xeon Phi architecture [38], where specific accelerator hardware was added to a
computer to outsource the expensive computations.

In terms of accelerators, however, the many-core approach has not stood the test
of time for high-performance computing compared to another type of architec-
ture: general-purpose computing on Graphical Processing Units (GPUs) [24]. The
success of this approach to computing comes from massively parallel hardware
specializing in data-parallel computation with high memory bandwidth.

General-Purpose GPUs In the pursuit of improved efficiency, scientists have explored the usage of hard-
ware beyond CPUs. GPUs have evolved from fixed-function hardware targeting
the rendering of three-dimensional scenes to general-purpose accelerators widely
available in machines ranging from laptops to supercomputers. Common GPU
frameworks such as OpenCL [39] and Nvidia Cuda [40] allow developers to spec-
ify GPU programs, referred to as kernels, on the level of individual GPU threads
which to a degree operate in lockstep.

The GPU architecture focuses on executing thousands of arithmetic operations in
parallel rather than on control flow and caches. Therefore, algorithms involving
regular control flow and memory access patterns are a natural fit for GPU-based
parallelization. Although simulations often involve sparse and irregular compu-
tations and thus require GPU-specific adaptations and optimizations, simulations
from various domains, including cell biology, have been shown to benefit im-
mensely from GPU-based parallelization given suitable choices of algorithms and
data structures [41–43].
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Outline
This thesis will cover different aspects of efficiency. First, we will cover the do-
main of abstractions, specifically the use of stochasticity for abstraction and the
related implications on correctness and performance in Chapter 2. Next, we will
discuss in more detail the simulation of reactions in Stochastic Simulation Algo-
rithms in Chapter 3. In Chapter 4, we will delve into the particular challenges
of efficient simulation of dynamic structure models. Finally, the issues of bench-
marking and replication are discussed in Chapter 5. This will prepare the reader
for the six publications that make up the core of this thesis.
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2 Stochasticity in Simulation
The previous chapter outlined in broad strokes the overall topic of efficient
simulation. In this chapter, we will investigate one particular aspect, namely
stochacticity and its interplay with efficient simulation. First, we will discuss
using stochastic processes as an abstraction (Section 2.1). In this chapter, we
will follow a bottom-up approach from ab initio methods to the levels of ab-
straction used in the later parts of this thesis, where reactions are the main
object of interest (Section 2.2). Next, we will discuss a particular case study of
exploiting implementation stochasticity for fast execution and the limitations
inherent to this modeling approach (Section 2.3). These limitations will be par-
tially resolved by introducing event-driven stochastic methods (Section  2.4),
which will, in turn, serve as the foundations for the next chapters.

This chapter includes work, results, and text (copied or adapted) from the following
of the author’s previous works:  [44], [C], and  [B].

IntroductionIn a stochastic process, a series of random values follow a specific probability
distribution. In modeling and simulation, stochasticity is a very powerful abstrac-
tion [30]. It is used whenever a process is either (or a combination of) too complex
or costly to simulate in detail or not understood well enough to be simulated in
detail. The choices associated with stochasticity in modeling are fundamental to
the abstraction process in modeling [45,46].

Queueing exampleTake, for example, a simple queuing model [47] of a supermarket register. The
duration it takes to process an individual custom depends on many aspects. The
exact goods purchased, the detailed layout of the register, the speed at which the
goods are presented at the register, etc. If those dependencies are part of the un-
derlying research question, then they need to be modeled. However, if a broader
question is of concern, a stochastic process could be assumed as part of the ab-
straction process inherent to modeling. For example, our data might suggest that
the duration of processing follows a Poisson distribution. Here, stochastic mod-
eling (instead of including all the potential details) has two main advantages:
Firstly, it is easier to understand and reason about. Secondly, it is faster to execute.

Top-down vs. bottom-upFurthermore, a more complex model might not even be possible due to either
a lack of data or understanding. The right level of abstraction is also naturally
related to the research question at the beginning of the study. A high level of
detail or complexity is not necessarily helpful in this regard. Here, the objective
of the research study is important. Broadly speaking, we find two approaches in
modeling: bottom-up and top-down [48]. In a bottom-up approach, we build our
model up from first principles or individual components. We take these compo-
nents and merge and combine them as needed to create the model. A top-down
approach, on the other hand, tries to look at the overall behavior and iteratively
build a model that matches this. Starting from the top, we move down by adding
and expanding components of the model. In practice, both strategies can be used,
even in building the same model [49]. In this Chapter, we will find a bottom-up
derivation of cellular biology methods in Section 2.1 and a discussion of the per-
formance and problems of a top-down cellular automaton model of HIV spread
in Section 2.3.
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Stochasticity in Simulation

Figure 1:  Overview of methods adapted and extended from [50]. The methods
are placed roughly in line with their associated detail/accuracy compared to the
computational cost. We observe an overall tradeoff between these two aspects.
This thesis will focus on aggregated particle-based methods (where one particle
represents a complex compound structure) with forces in Section 4.2, as well as
discrete stochastic methods in Chapter 3. The blow arrow indicates the direction

of bottom-up abstraction, which Section 2.1 follows.

2.1 Abstraction in Cellular Biology
In this next section, I will detail the process of applying stochastic abstractions
to the fundamental processes to find an appropriate level of abstraction. The fol-
lowing paragraphs follow Figure 1 from the top right to the bottom left corner.
The goal is to model and simulate biological processes like signalling [51], metab-
olism [52], etc., at the cellular and subcellular levels. Systems Biology has made
great progress in our understanding [53] at this scale. Whole-cell simulation has
been coined a “grand challenge of the 21st century” [54]. In this section, we will
structure the method space to find suitable approaches for the different aspects
of this grand challenge.

Starting at the bottom Biological systems are, like all matter, made up of basic subatomic particles (elec-
trons, neutrons, and protons). Their behavior can be modeled through the fun-
damental differential equations of quantum theory. The Dirac or Schrödinger
equations  [55] are, as far as we know, correct and fully describe the behavior
of an object. These most fundamental approaches are, however, extremely com-
putationally expensive and, even worse, scale exponentially, leading to the term
of the exponential wall that limits computational capability, as even a significant
improvement in computational power only allows for insignificantly larger sys-
tems to be solved. The current state-of-the-art methods are only able to fully
capture the behavior of a molecule on the order of a few atoms at nanosecond
timescales [56]. When considering the goal of simulating cellular processes, these
advanced methods are not very helpful, seeing as a single macro-molecule in the
cytosol of a cell, like hemoglobin, consists of ten-thousands of basic particles,
meaning that solving the Schrödinger equation for a reasonably large system of
interest lies magnitudes beyond the current computational power and (keeping
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Artificial Chemistry

the exponential scaling in mind) any attempt at a full and exact solution to the
problem is futile.

Need for approximationAt this point, we need to approximate the fundamental equations using a compu-
tationally tractable method. At the scale of, for example, the hemoglobin mole-
cule mentioned above, the predominant methods are molecular dynamics simula-
tions [57], where the atomic nuclei are described as classical particles propagated
by equations of motion with forces calculated from their electronic structure. Like
most problems in physics and chemistry, this again results in having to solve par-
tial differential equations, like the Hamilton or Newton equation. In practice,
the systems are simulated using numerical integration schemes implemented in
tools like Gromacs [58] or LAMMPS [59]. Beyond the quantum chemistry meth-
ods [60], the most common interaction here is force-field or molecular mechan-
ics, where all interaction is integrated out to potentials like Morse or Lennard-
Jones. Computationally, this has a worst-case scaling of 𝒪(𝑛2), which is already
more tractable than exact quantum methods. Furthermore, in practice, scaling is
closer to linear due to numerous numerical cutoff schemes [61]. Molecular dy-
namics find use, for example, in simulating parts of the cell membrane [62] or for
investigations into the structure of biomolecules [63].

Brownian motionMost of the computational effort in these simulation systems would now be de-
voted to simulating the system’s interaction with solvents or other environmen-
tal materials like water. As discussed above, this is an opportunity for a stochas-
tic approximation. Instead of computing every solvent particle explicitly using
elastic collisions, we can just model random pushes to happen as part of a ran-
dom process. One way to describe this resulting Brownian Motion is using the
Langevin equation [64]:

𝑚
𝑑 ⃗𝑣

𝑑𝑡
= −𝜆 ⃗𝑣 + ⃗𝜂(𝑡)

This equation expands on Newton’s equation of motion (without external force)
𝑚𝑑 ⃗𝑣

𝑑𝑡 = ⃗0. A dampening against the direction of motion (𝜆 ⃗𝑣) and a random force
( ⃗𝜂(𝑡)) are added. This force captures the aggregated effect of random collisions
with nonreactive elements of the system well. While the details of the random
force are slightly involved mathematically [65], in practice, the random displace-
ment is sampled from a Gaussian distribution during each integration step of the
differential equation.

2.2 Artificial Chemistry
By simulating entire molecules or complexes as particles instead of individual
electronic configurations, we have taken away the core feature of reactivity from
the model. Particles can interact only by bumping into one another but can not
merge or create more complex structures other than basic potential-based bind-
ing. Therefore, we have to artificially reintroduce reactivity into the system. Con-
ceptually, when modeling a real-world process, the modeler manually adds spe-
cific reaction features to particular classes of particles. These types of reaction
rules are the building blocks for artificial chemistries [66]. In Chapter 3, we will
discuss the abstraction of reaction systems and their use in domain-specific lan-
guages and simulators in more detail. Artificial chemistry methods can broadly
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Stochasticity in Simulation

be categorized on a spectrum from fully spatial [67] to the more traditional non-
spatial methods [68]. Overall, the landscape of spatial methods is complicated,
with numerous tradeoffs in accuracy, speed, and expressivity [69].

Takahashi classification Takahashi [70] categorized simulation approaches by their choice of represent-
ing space. Below, we find a slightly adapted version of this structure.

a. Stochastic non-spatial dynamics: Approaches from this category are very com-
mon [71]. Momenta and even positions for all particles are ignored under the
assumption that the number of non-reactive collisions is far larger than the
number of reactive ones  [72]. The state consists exclusively of the copy num-
bers (i.e., populations) of the various species. Time propagation can now be
described by the Chemical Master Equation [73]. The underlying stochastic
process here is a Continuous-Time Markov-Chain [74], a jump process with ex-
ponentially distributed sojourn times. The efficient simulation of this system
is largely based on works by Gillespie [75]. This abstraction is of particular
importance for this thesis, and its efficient simulation will be discussed in more
detail in Chapter 3. Beyond the exact stochastic methods, 𝜏 -leaping [76] and
multi-scale [77] also exist, which are increasingly inexact but more efficient
approaches towards sampling the underlying jump process. Continuous sim-
ulation of the stochastic processes [78,79] is also possible [80]. Here, we can
no longer capture the effects of the small numbers of specific populations, as
only concentrations are considered, but stochastic noise is retained in the sim-
ulation.

b. Compartmental dynamics: Many tools [81,82] allow constraining the dynam-
ics of species to specific compartments. However, compartments themselves
can also be subject to dynamics. For example, compartments can fuse and di-
vide [83]. The question of simulating these (and related) dynamical structures
efficiently whilst retaining a seperation of concern is discussed in Chapter 4.

c. Individual particles moving in continuous space: Particles can be identified by
their unique position in space, bimolecular reactions are triggered by collisions
of particles, and typically, particles diffuse by brownian motion [84,85].

d. Partial differential equations: Spatial gradients of concentrations are calculated
deterministically [86].

e. Spatial stochastic dynamics: Multiple particles can occupy a position within a
lattice space and diffuse between neighboring positions [87].

Levels of particle-based
methods

Particle-based approaches (category c) are the subject of a further categoriza-
tion suggested by Schöneberg [88]. While in molecular dynamics particles cor-
respond to individual atoms, in most cellular biology simulation tools, particles
correspond to entire molecules (See aggregated particles in Figure 1). Spatial par-
ticle-based simulation tools are categorized into those that support

• level 1 – free diffusion: basic 3D diffusion of point particles and reactions be-
tween them are considered,

• level 2 – confined diffusion: diffusion can be constrained to compartments,
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• level 3 – excluded volume: point particles are replaced by volumetric entities,
and

• level 4 – potentials for particle-particle interaction: instead of a simple rejection
of movements assuming rigid cells, potentials are used to determine the inter-
action of particles in terms of exclusion of movement or reactions.

One example of a level two software was the original Smoldyn [85]. Here, point
particles do not hamper each other’s movement but are equipped with binding
and unbinding radii. The motion can be constrained to compartments. A more re-
cent version includes collision strategies to reach level 3 [82]. SpringSaLaD [89],
ReaDDy [90], and SRSim  [91] are based on forces to model the particle-particle
interactions (level 4). Still, the levels introduced do not necessarily imply that a
tool that supports level 3 provides all the interesting features that a tool working
at level 2 offers to study the system of interest. For example, Donovan [92], whose
spatial simulation works at level 2, supports arbitrarily complex 3D mesh geome-
tries, whereas in ML-Space [93] at level 3 only rigid spheres are considered.

Multi-regime methodsMerging both classifications, approaches that combine different spatial represen-
tations can be characterized. The Two-Regime method [94] and Klann [95] allow
the combination of particle and grid-based diffusion dynamics within one model:
c(3)-e. Similarly, in [96], particles and partial differential equations are combined
to focus on the spatial region of interest: c(3)-d. [97] couples a partial differen-
tial equations solver and Smoldyn c(2)-d. ML-Space combines particles at level 3
(as excluded volumes are considered), compartmental dynamics, and spatial, sto-
chastic simulation on a grid: b-c(3)-e [93].

In addition, simulation environments offer the possibility to select different spa-
tial semantics for one model specification. For example, in VCELL [86], models
can be interpreted by a particle-based simulator (i.e., Smoldyn) or a partial dif-
ferential equation solver, both confined to realistic geometrical compartmental
structures (c(2), d). This list is far from being complete, and the characterization
of the simulation tools may only depict a specific state of development.

Nesting in ML-ForceDynamic structures, as needed by category a), are the subject of Chapter 4. In
particular, in Section 4.2, we will describe a novel simulation method, called ML-
Force [B], that includes capabilities of a-b-c(4) with an emphasis on dynamic spa-
tial nesting.

2.3 Case study: Probabilistic Cellular Automaton
The interplay between stochasticity and efficiency is not always a trivial one. In
this section, we will describe a case study of one particular model of the spread of
human immunodeficiency viruses (HIV) in a multicellular environment. We were
able to exploit the low entropy in the stochastic processes to drastically improve
the performance [C]. We found a 2.4x performance increase compared to an al-
ready optimized baseline.

This work further builds on our work done to optimize this model in its original
Python realization [18,16].

ModelThe model is based on research by dos Santos  [98]. It describes the in-body
spread of HIV. To understand the performance optimizations, only some of the
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model’s properties are needed as outlined in the following. The biological cells
are arranged as cells in a rectangular 2D cellular automaton [99]. The system is
updated globally, where each cell updates its state based on its previous state
and its environment (Moore neighborhood). The seven states (corresponding to
various levels of health or acuteness of the infection) and their transitions are de-
picted in Figure 2. Most transitions are deterministic and independent of a cell’s
surroundings. There are a few stochastic transitions, but these have very high/
low probabilities. There is one transition that depends on a cell’s neighborhood.

Figure 2:  Flow of the dos Santos model (adapted from [C]). The 7 states are de-
noted by boxes, and the arrows indicate possible transitions. Most transitions are
either deterministic (plain line) or have a very high or low probability (broad or

narrow dashed line).

Baseline First, we realized a baseline implementation of this model with the goal of getting
the “fundamentals” right. That means we used a good memory layout, efficient
state representation, and other best practices of performance software engineer-
ing fundamentals [100]. As a performance metric, we will use Melem/s, which is
a million elements processed per second. As we will see in Chapter 5, the choice
of performance metric is both important and non-trivial. It should convey infor-
mation on efficiency with as few side effects as possible. In this case, giving this
throughput number is helpful as it is independent of the system size. We found
that such an implementation has a throughput of between 76 Melem/s and 91
Melem/s depending on the random number generator used.

Best-case experiments We wanted to understand the limits of implementing a cellular automaton in this
way, so we built simpler versions of a cellular automaton to identify the chal-
lenges to performance. In a simple, purely deterministic model with no neigh-
borhood interactions, we get a throughput of 788 Melem/s. Interestingly, we no-
ticed that by adding another transition with very complex rules that are never
triggered, the performance of this idealized model drops to 156 Melem/s. This is
very interesting and an indication that a more complex rule, even if it is never
fired, limits the potential auto-vectorization of the code. We conducted further
tests as outlined in the paper [C]. The conclusion is that optimal performance is
achieved when transitions are uniform and, therefore, vectorizable. We have two
transition types that don’t meet this requirement: the stochastic transitions and
the neighborhood-dependent transitions.

Optimizations The next step is to optimize specifically for these two types of transitions. For
the neighborhood calculations, we tried different optimizations, including vector-
ization of individual neighborhood checks. However, what performed best was
to do a neighborhood check for every cell by means of vectorized addition over
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the entire state representation matrix. This has some overhead when the number
of neighborhood checks is small. However, since all checks can now be done at
once, it improves the performance of the average neighborhood check. The sec-
ond optimization is more directly related to the topic of this chapter and concerns
the random transitions. Since the stochastic rates are quite extreme (i.e., very
high or low) in this model, instead of doing an explicit random number check on
every transition, it is mathematically equivalent to computing the total number
of transitions that should have occurred or failed, respectively. We can compute
this number using the binomial distribution. Now, during the simulation step, the
probabilistic transitions are assumed to be deterministic, and the stochasticity is
added retroactively by visiting a random subset of cells based on the binomial
distribution. If the (high probability) transition has occurred in these cells, it is
rolled back, and vice versa for the low probability. Overall, we see a 2.4x speed up
when comparing the fastest average throughput of 182 Melem/s with the baseline
of 76.4 Melem/s for high-quality random numbers.

Now, we have improved the performance of this existing model, but working with
it revealed challenges in the chosen abstraction. Next, we will take a look at how
the very things that could be exploited for performance gain also put into ques-
tion some of the model’s soundness. Another criticism investigating the original
model’s claims has been published as a comment to the original paper [101].

Challenges of synchronous
cellular automaton

The model was designed top-down. There was no rigorous formal derivation of the
cellular automaton approach. It was built with the goal of reproducing different
phases of HIV spread based on existing data and less on underlying processes.
These phases are an initial uptick in infected cells (phase one), followed by a
strong reduction with low levels of infection (phase two), and a final steady state
of intermediate levels of infection (phase three). However, it is well known that
synchronously updated cellular automata are problematic for many real-world
simulation applications [102]. Therefore, cellular automata models that simulate
tumor growth use an asynchronous updating scheme instead: “These methods
[cellular automata] usually update the lattice sites in a random order to reduce
grid artifacts” [103]. This is in contrast with the dos Santos model, where (empha-
sis added) “in one time step the entire lattice is updated in a synchronized parallel
way” [98]. If a cellular automaton with a regular grid is executed synchronously
(as is the case with the dos Santos line of models), some directions are favored
over others. This leads to the known problem of anisotropic behavior [104]: a di-
rection-dependent speed of information spread throughout the system, usually
favoring diagonals. In addition, fixed time steps in simulations, as typical for cel-
lular automata execution, can introduce further errors. Therefore, fixed-time steps
should usually only be used if this is inherent to the system itself. A discussion
can be found in the literature, for example, in Appendix 1A of [105]. In the next
section, we will consider some potential remedies for this problem.

2.4 Beyond fixed step: Discrete Event Simulation
In this section, we will examine the discrete event simulation (DES) formal-
ism [22], which may help resolve the model’s problems from the previous section
and will be fundamental for the methods presented in the later chapters of this
thesis.
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Event Driven In discrete event simulation, the central concept is events. Each event has a real-
numbered time stamp. Events are processed in nondecreasing timestamp order.
Each event’s execution may result in the scheduling of future events. As such,
there is generally a very clear chain of causality between state changes. Further,
the system state is well-defined at any point in time. Discrete event simulation
also provides a potential avenue for parallel execution. Various methods for par-
allelization exist [106,107] if the state can be partitioned into separate entities that
can process events locally and exchange events between them.

Tie-braking One known issue with discrete event simulation, related to the synchronicity
problems of Cellular Automata, is simultaneous events and the related question
of tie-braking [108]. These co-incident events can even occur in the case of fully
random sampled time stamps due to the limitations of floating point represen-
tation [109], i.e., the birthday problem [110]. This issue has continued to receive
attention, particularly in the realm of parallel discrete event simulation [111,112].
As we will see in Section 5.2, differences in tie-braking can lead to problems when
deterministic execution across simulation tools is desired.

DES as a solution For our problem with the HIV model, discrete event-based simulation appears as
a natural remedy to counterbalance the problems introduced due to the synchro-
nous, step-wise computation of the cellular automata. Approaches such as Cell-
DEVS and similar [113,114] exploit the potential of discrete event simulation for
the cellular automata category of models. They offer the possibility to explicitly
associate states with sojourn times and thus have a natural notion of continuous
time and can be adapted to arbitrary networks beyond grids. We have tried to
implement the dos Santos model as a discrete event simulation using exponen-
tially distributed sojourn times as well as explicit delays. Although the conceptual
translation appears straightforward, the resulting model behavior differs signifi-
cantly. Instead of the initial infection reduction (second phase), we transition di-
rectly to the stable random state phase (third phase), where all model states are
randomly mixed. Regular structures that shield infected cells from becoming sick
do not occur when transitions are allowed in continuous time. We find that the
desired three-phase behavior could only be reproduced because of the synchro-
nous update.

Another indication that the observed behavior is the result of the synchronous,
step-wise update is the question of what happens if we reduce the step size of
the original stepwise model. One would expect that if the time step is reduced
from one week to one day, the probabilities per step will be accordingly adapted
to obtain the same results. However, the smaller probabilities per time step allow
for the regular patterns of propagation to be interrupted. As a consequence, they
dissolve quickly. Thus, the second phase of the observed behavior will again not
occur.

How to transform? This raises the question of how to transform transition probabilities into transi-
tion rates. To my surprise, in casual conversation, many modelers assume this to
be a trivial task. However, on more detailed introspection, it is neither trivial nor
always possible. [115]

Timestep and rates Many models use a discrete, synchronous time step to update all entities at the
same time, as in Section 2.3. Here, at each step, all model entities are updated and
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transitioned based on some stochastic distribution based on their state. In fact, in
some domains, time-stepped models are arguably more popular than continuous-
time discrete event formulations. For example, a very popular tool in agent-based
modeling is Netlogo [116]. NetLogo has time extension, which in principle would
allow for DES-like formulation, but that is rarely used. At first glance, the discrete
stepwise approach is conceptually appealing because it seems to have a lower
barrier to entry. Furthermore, visualization is more straightforward. Despite their
popularity, several known issues can arise if these models are not carefully de-
signed and validated [117].

2.5 Summary
In this chapter, we have discussed stochasticity and its relation to both modeling
and efficient simulation. In particular, we now have a general understanding of
the methods in the field of cellular biology. We have a clearer understanding of
the capabilities and limitations of the different tools in this domain. Next, we will
examine how to express these formal simulation models using domain-specific
languages and how to overcome the associated challenges of efficient simulation.
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3 Reactions as Interfaces for Simulation
In the previous Chapter, we discussed stochasticity and its relation to modeling,
simulation, and efficiency. We will address a particular class of simulation mod-
els (stochastic reaction networks) and, importantly, its interface to the modeler
in this chapter. After a brief discussion of the need for interfaces, we will de-
scribe Gillespie’s stochastic simulation algorithms in more detail.

First, we discuss the fundamental terminology (Section 3.1). Next, we will pro-
vide an overview of the existing algorithms for the field (Section 3.2). We also
discuss the challenges and opportunities of implementing these Algorithms in
parallel (Section 3.3). A particular variation used in our implementations is de-
scribed (Section 3.4). Finally, we will present work based on simulator special-
ization that overcomes some of the previously existing overheads created by
introducing a reaction interface (Section 3.5).

This chapter includes work, results, and text (copied or adapted) from the following
of the author’s previous works: [1], [3], [15], [A], [D], and [E].

Need for interfaceWhen building a model of a real-world process, we need domain experts to func-
tion as model designers. It is common for these domain experts to use a general-
purpose programming language and start programming. This has several disad-
vantages [118]: First, it is error-prone. Simulation algorithms can be hard to im-
plement. Second, it is probably not efficient. Model designers focus on a model,
not algorithm optimization. Third, it makes the models hard to reuse or repurpose.

Separation of concernThe core problem here is the lack of separation between the model and the sim-
ulator. This boundary is generally hard to draw. The key here is an appropriate
interface [119]. A good simulation tool provides an abstraction that comprises
a formal semantic at just the right level. Next, we will discuss different ways to
realize an abstraction.

The question of a user interface is highly complex, and in this thesis, only a
small subset of potential research directions is considered, with a focus on simu-
lation performance. A plethora of in-depth discussions can be found in the liter-
ature [118,120,121,45].

Levels of abstractionA good abstraction is a matter of seperation of concern. An abstraction is a con-
cept used to hide underlying complexity. An interface is the technical realization
of that abstraction [122]. This boundary choice between what the modeler wants
to use and the model requires a lot of thought. These interfaces are on a spectrum
of how close they are to either an existing programming language or a stand-
alone tool. This does not mean that a more abstracted tool is easier to use. How-
ever, different design decisions have different implications.

Choice of domain-specific
languages

In this work, I will focus on domain-specific languages  [120,118], though the
transition to an API is fluent. Domain-specific languages (DSLs) are languages
optimized for use in a specific application. Broadly, two types of domain-specific
language are distinguished. Internal DSLs are realized within the syntactic and
semantic confines and capabilities of a host language. External DSLs are indepen-
dent of previously existing languages. They can have an entirely unique syntax
and semantics.
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Great abstractions A great example of a good abstraction is the concept of parallel discrete event
simulation [106]. Writing a functional sequential simulator here is relatively sim-
ple and sufficient to understand the model. However, implementing an efficient
(parallel) simulator is a matter of continued research [123,124,15]. The elegance
lies in the fact that both model designers and simulator engineers have a shared
abstraction to reason about.

Success of simple
approaches

Having a (seemingly) simple abstraction and interface is also one of the reasons
for the success of stepwise simulation tools like NetLogo [116], whose compli-
cations were discussed in Section 2.4. Even though the actual implementation
is complex [125,126], NetLogo is perceived to be “simple.” The remainder of this
chapter concerns another very successful abstraction and its efficient realization:
Gillespies’s Stochastic Simulation Algorithm and its reaction abstraction.

3.1 Gillespie’s abstraction
In Section 2.2, we introduced the Gillespies Stochastic Simulation Algorithm’s
level of abstraction [72,50]. In this section, we will discuss how an abstraction at
this level can be realized by means of reaction-based modeling.

Reaction model Key to this abstraction is that we don’t track individuals but instead do our com-
putations only on the total populations of classes of individuals called species [50].
The core concept is the reaction. The reactions describe how populations of certain
species interact and form new species in discrete transition processes based on
a formal Continuous-time Markov Chain (CTMC). Each reaction comprises reac-
tants whose population decreases during the transition and products whose pop-
ulation increases during the execution. Of course, for example, during catalytic
processes, a species can be both reactant and product and, as such, not be affected
in its population by the reaction. Finally, a mathematical expression called the
rate function indicates the speed of the reaction.

Propensities Every possible reaction (or transition if viewed from a CTMC perspective) is as-
sociated with a propensity function. The propensity is the probability density of
a transition occurring in the system. It depends on the current system state. In a
pure CTMC, it is not time-dependent, though this formal limitation is frequently
broken in practice, with tools supporting time-dependent reactions or time-trig-
gered events [127] (e.g., in Copasi [81] or GillesPy2 [128]). The simulator usually
still operates with the CTMC semantics, with some extra logic added on top to
handle the special cases or even introduce delays in a more general fashion [129].

Mass action kinetics For cellular biology, we can motivate the CTMC abstraction from the Chemical
Master Equation [73]. From that rigorous point of view, the reactions are based
on mass action kinetics [130]. That means that in the well-mixed abstraction, a
single mass action constant related to the reaction’s activation energy describes
the reaction rate. The propensity is then computed by multiplying that reaction
constant with the amounts of the reactants in the system. This corresponds to the
higher probability of a collision occurring when the copy number increases. This
is motivated by an increase in concentration for a fixed-volume system.

Arbitrary rates For some applications, we have to go beyond mass action kinetics. Non-mass ac-
tion rates usually fall into one (or both) of two categories.
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• Aggregates processes, where abstracted rates are chosen for cases, where mass
action rates would be possible, but a more complex rate expression reduces
the number of reactions that need to explicitly occur, thereby improving per-
formance

• Cases where the underlying modeled behavior is no longer describable within
the limits of the Gillespie abstraction.

Next, we will give examples of both.

Aggregate processesArguably, the most famous aggregate process rate expression is the Michaelis-
Menten kinetics [131,132]. Here, an enzyme kinetic process is aggregated for the
case of low enzyme concentration. For the purpose of efficient simulation, a re-
peated binding and unbinding process is omitted [133]. A similar aggregate de-
scription can be made in cases of a frequent in-and-out shuttling process or other
binding-unbinding reactions. The mathematically related Hill kinetics [134] has
also been used for such model simplifications [135]. There is some relation be-
tween this type of model-side approach and those cases where the simulator
makes a separation into slow and fast transitions for similar performance pur-
poses [136].

Complex rate behaviorThere are also cases where more complex underlying semantics beyond well-
mixed particles need to be described. This is similar to the process of reintroduc-
ing the model fidelity described in Section 4.2. For example, to model oxidative
phosphorylation of the mitochondrial respiratory system, electromagnetic fields
bring a need for more complex rate expressions [137].

Reactions from rulesIn modeling practice, not all reactions are generated by hand. Instead, a type of
pattern expression called rules is used to generate reaction systems based on pat-
terns. The details of this will be elaborated on in Section 4.1.

3.2 Simulating reactions
Now, how do we actually simulate these models? For this, we can have a look
at Gillespie’s two originally proposed algorithms  [75,138], namely the First Re-
action Method and the Direct Method. Both have resulted in a lineage or family of
approaches.

First Reaction Method
For each transition in the system, we can compute a propensity 𝑝𝑖. Now, we are
interested in the point in time when this transition occurs. The actual point in
time when a reaction occurs follows an exponential distribution with rate 𝜆𝑖 =
1
𝑝𝑖

. The First Reaction Method samples a random number from the exponential
distributions for all reactions. We then take the first reaction and execute it. The
execution here means that we decrease all the populations of the reactants and
increment the populations of the products of the reaction. We then restart by re-
computing all propensities, as they depend on the populations that might have
changed.

Next Reaction Method
Dependency trackingThe Next Reaction Method (NRM) [139] introduced one of the most important al-

gorithmic ideas, at least for larger SSA systems: dependency tracking. Instead of
throwing away every computed timestep in the first reaction method, a sched-
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uling approach is used. A reaction is scheduled to a specific time point, and all
these time points are stored in a priority queue. The key data structure now is
an added dependency graph. Each reaction stores a list of all reactions whose
propensities change if that reaction fires. Therefore, only a minimal amount of
propensity recalculation is needed for every step. A particularly clever idea by
the authors [139] is that they do not even need to resample the random number
when they update the propensity of an affected reaction. The old random number
can be reused utilizing some smart but relatively simple mathematics.

The details and challenges of applying dependency tracking in dynamic systems
within an internal domain-specific language are discussed further in Section 4.3.

Direct method
Another methodological approach, called the direct method, does not draw a ran-
dom time point for every reaction in the system but uses a mathematically equiv-
alent formulation, where the wait time until the next reaction is exponentially
distributed with a 𝜆 = 1

∑
𝑖
𝑝𝑖

.

Therefore, we only need to account for the propensities and their respective sums.
The most basic form of the direct method uses this but recomputes the individual
propensities as well as their sum at every step.

Most proposed optimizations for SSA are built on the direct method. In fact, we’re
not aware of any other major advancement around the first reaction method or
the next reaction method. Inspired by the next reaction method, a dependency
graph is used for variants of the direct method that scale.

Phases of direct method A typical modern variant of the direct method consists of three phases:
1. Random Number generation for timestep and weighted random choice
2. Reaction Selection
3. Reaction Execution

• Update to the population
• Update the propensities as needed using a dependency graph

Summation Implementations and algorithms vary in how they select the reaction efficiently
and how they compute the sum of the propensities with minimal effort. In prac-
tice, it is observed that not all transitions are equally frequent, at least for larger
systems, which are interesting to optimize. Therefore, it has been proposed that
reactions be sorted, making the linear weighted random choice faster. This sort-
ing can be done ahead of time (optimized direct method [140]) or dynamically to
suit changing needs at runtime (sorting direct method [141]). Another approach
is to use a logarithmic search [142] instead.

The reaction sum update is also interesting. It is common practice, e.g., suggested
by the optimized direct method to update only a cumulative sum. However, this
could lead to numerical floating point summation errors for long-running simu-
lations.

Advanced methods There exist also some approaches that break with the typical patterns. Most
prominent here are partial propensity methods [143]. Here a more complex rejec-
tion based sampling is used to minimize costly propensity updates.
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Other notable approaches are approximate methods, like 𝜏 -leaping, where depen-
dent reactions are only updated at regular (or adaptive [144]) intervals [76]. The
accuracy of these methods is unbound due to the potential for negative popula-
tions [145], which can be mitigated by advanced methods [146].

3.3 Gillespie in Parallel
It is generally hard to create parallel SSA implementations that will give a good
speedup compared to a fast sequential implementation. This is because the SSA
system is typically highly interconnected. SSA has event rates beyond 10s of Mil-
lions per second for small systems. Even for larger systems, the even rates can be
very high. The opportunities to identify potential parallel processes are limited,
and advanced methods are needed [147].

Coarse- and fine-grainedThe parallelization strategies for parallel SSA simulations found in the literature
can be divided into two groups [36]. In coarse-grained parallelization, multiple
entire simulations are executed in parallel. Doing this is (mostly) trivial on CPU
systems, but the GPU execution model has some interesting opportunities to
share work. Fine-grained parallelization, on the other hand, also parallelizes in-
dividual simulations, in addition to executing multiple simulations concurrently,
for instance, in [148]. In the Direct Method, for example, a fine-grained approach
may parallelize the updates of the population counts and propensities. The choice
between coarse-grained and fine-grained parallelization determines the resources
that can be dedicated to each individual simulation run. Fine-grained approaches
can utilize many parallel threads to execute a single run. Hence, coarse-grained
parallelization focuses on supporting particularly large numbers of replications
of comparatively small model instances.

Parallel CPU
implementations

There exist several parallel implementations that run on CPUs. A frequent chal-
lenge of these works is an inadequate method, for example, the First Reaction
Method [149]. The superfluous work these methods do (compared to more ad-
vanced dependency-aware methods) is somewhat more accessible to parallel
speedup. More advanced methods for parallel CPU execution try to partition the
model. Nonetheless, the challenge of frequent synchronization remains. A parti-
tioning method for the Next Reaction Method [150] approaches this with a mas-
ter-slave architecture that synchronizes every step. Others have introduced a new
approximate algorithm [151] that reduces the number of synchronizations. There
has also been some success in applying FPGAs to this problem [152]. FPGAs (or
field-programmable gate arrays) are integrated circuits whose structure can be
reprogrammed, yielding capabilities similar to custom embedded hardware.

GPU-specific challengesWhen using GPUs, particular technical challenges have to be considered.

GPUs achieve the highest performance when executing programs with largely
homogeneous control flow and memory access patterns, which runs counter to
the sparsity and heterogeneity of the computations involved when executing var-
ious parametrizations and replications of stochastic simulations in parallel. Thus,
GPU-based SSA implementations require careful consideration of the GPU’s ex-
ecution model and hardware properties. A frequently employed means of opti-
mizing execution speed is the efficient usage of the GPU’s memory hierarchy. For
instance, [153] analyzes different data structures to store model parametrizations
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in fast read-only regions of GPU memory. Consideration is also given to dense
and compressed storage of data [154]. The issue of thread divergence can be ad-
dressed by sorting the computations involved in different simulation replications
so that adjacent threads execute the same control flow [155].

The Direct Method is used in several GPU implementations [156,153,148,157], as
its relatively simple control flow makes it reasonably straightforward to map to
GPU execution. A similar, easier target is the First Reaction Method [158]. An-
other GPU-Simulator [159] uses the more advanced Logarithmic Direct Method.

Dependency graph-based methods perform better for larger models but are more
difficult to implement and less prevalent in the literature. In [160], the Next Re-
action Method and the Logarithmic Direct Method are implemented in addition
to the Direct Method. There is also work on implementing the Optimized Direct
Method [154]. Here, to enable additional fine-grained parallelization, propensity
values and their respective sums are updated in parallel using a prefix sum al-
gorithm.

Compartmental models When modeling large systems, the assumption of spatial homogeneity at the core
of the SSA abstraction is no longer appropriate. Rather conveniently, this also in-
creases the amount of available parallelism. One intermediate approach between
purely non-spatial SSA and fully spatial multi-particle simulation [69] is the Next
Subvolume Method  (NSM) [161]. Here, the system is divided into subvolumes,
each of which contains its own population. Diffusion reactions occur among the
species in adjacent volumes, corresponding to physical movement and balancing
among subvolumes.

Implementations of NSM An implementation of the NSM in the Aurora simulation environment  [162]
demonstrated the difficulties of achieving speedup in a distributed-memory set-
ting, where an efficient parallelization across computationally fine-grained events
is particularly challenging. The Abstract Next Subvolume Method parallelizes the
NSM by mapping it onto the parallel discrete event simulation paradigm [163].
Different implementations of the Abstract Next Subvolume Method using Breath-
ing Time Warp have been shown to outperform both Time Warp and Breath-
ing Time Buckets [164]. Another approach to parallelizing the NSM is to design
dedicated parallel algorithms tailored to the NSM’s known characteristics. One
example is to estimate the communication among simulation entities based on
model-specific knowledge and to minimize the overhead by performing rollbacks
only selectively. This approach has been applied to the All Events Method, in
which transitions are more costly than in the NSM, making speedup more achiev-
able [165], and later to the NSM [166].

Next Subvolume method
and Window Racer

As described above, synchronization algorithms for parallel simulation struggle
to attain speedup if the simulation entities are tightly coupled and their inter-
actions are difficult to predict. Window Racer [15] is a parallel synchronization
algorithm for shared-memory architectures specifically targeted toward attain-
ing speedup in these challenging cases. The key idea is to speculatively process
sequences of dependent events even across partition boundaries through fine-
grained locking and low-overhead rollbacks while negotiating a global synchro-
nization window that rules out transitive rollbacks (See Figure 3).
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Figure 3: Illustration of the Window Racer Algorithm from [147]. Each thread
maintains a u-event list holding unconditional events for a subset of entities. In
the execute phase, threads process event chains generated by local entities’ un-
conditional events regardless of the thread assignment of newly generated events,
up to a dynamically computed window bound. In the commit phase, each thread
identifies local events that have become unconditional, which are inserted in the

thread’s u-event list for the next iteration.

We have implemented the Next Subvolume Method (NSM) within the Window
Racer algorithm. In a first experiment, a reaction network with a low degree of
coupling among subvolumes results in only one in five hundred events crossing
the subvolume boundaries. We observe that Window Racer outperforms the se-
quential simulators for larger numbers of subvolumes. Beyond 2000 subvolumes,
the speedup is attained over all sequential simulators with 16 and 32 threads. Fur-
ther experiments were conducted to analyze the behavior of systems with higher
diffusion, i.e., a greater coupling. Overall, we observed that the NSM implemen-
tation Window Racer could substantially outperform sequential simulators for
spatial biochemical reaction networks given sufficiently large network sizes. Nat-
urally, the benefits seen in practical studies will depend on the need for such ex-
tensive scenarios and on the degree of coupling in the modeled system.

Ensembles on GPUIn [D], we explored the challenge of executing simulation ensembles of stochastic
reaction networks on a GPU. We have used a method similar to the optimized
direct method (ODM) [140] described above, sorting reactions by their propen-
sity, making the linear weighted choice algorithm faster. We have introduced two
concepts that set this implementation apart from the previous work: Computation
Sorting and Code generation.

Code generationTraditionally, SSA simulators adhere to a strict separation between the simulator
and the model. A generic simulator implementation handles functionalities such
as the updating of propensities during a reaction, with dynamic concrete control
flow and memory accesses depending on the model. Code generation offers the
opportunity for compiler optimizations based on full knowledge of the simulator
and the model. We will discuss the implications of model-specific code genera-
tion in a CPU setting in Section 3.5. In the GPU context, static optimizations of
the memory access patterns may increase the opportunities for memory access
coalescing. The separately generated code for each reaction comes at the poten-
tial cost of an increased divergence. On the GPU, threads are grouped into sets
of hardware-dependent sizes of 32 or 64 threads, referred to as warps or wave-
fronts. Within a warp, threads operate in lockstep. Hence, if the control flow of the
threads within a warp diverges, all branches are taken in sequence while discard-
ing unneeded results. In addition, if adjacent threads access adjacent locations
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in memory, the accesses are coalesced into a single memory transaction served
as one.

Computation sorting In a given simulation step, the different replications may execute different reac-
tions, which causes GPU threads within a warp to diverge in both the execution
and the update steps. Computation sorting aims to minimize divergence by sort-
ing the replications by the reaction they choose in each simulation step. The basic
simulation algorithm and its implementation remain unchanged. However, sim-
ulation replications are allocated to the threads in a sorted fashion according to
the selected reactions. This increases the likelihood that identical reactions oc-
cur in adjacent threads, reducing divergence. The sorting introduces additional
computational and memory access overhead. However, it should decrease thread
divergence because most consecutive threads execute the same reactions as long
as the number of possible reactions in the system is significantly smaller than the
number of threads times the number of replications.

Performance of the GPU
implementation

We consider four models to test the suitability of the different simulators and to
obtain a comparison to the sequential implementation. Generally, we observed
that full utilization of a modern GPU’s computational resources is achieved only
at large replication counts between 100 and 1000, depending on model size. In the
best case, a GPU provided the equivalent of around 40 CPU cores executing an
optimized CPU implementation. We find that for some problems, the computation
sorting reduces the execution time of the simulation step substantially. However,
this speedup does not outweigh the overhead introduced by the sorting. Future
work could explore a localized sorting that would reduce control flow divergence
while inducing lower overhead. Due to issues with their public availability, we
could not directly compare to existing GPU implementations. We did, however,
implement a basic GPU implementation of the Direct Method, which performed
well for very small model instances but, as expected, did not scale with increasing
instance size. An attractive avenue for future work is the exploration of improved
memory layouts using thread-local storage, which exhibited promising results in
our initial experiments.

In the next section, we will discuss our own sequiential variant of SSA, which we
used for our CPU implementations.

3.4 Sorting Tree Direct Method
Custom SSA

implementation
Based on hands-on experience, we have built our own variant of a direct method
algorithm implementation based on a cumulative sum tracking tree. The ground-
work for this method was laid in multiple smaller works of ours [3,6,8]. Later,
we used closely related implementations both for agent-based simulation [F] and
dynamic structure SSA [E]. In this section, we will give an overview of the algo-
rithm and implementation. Some performance metrics will be given in Chapter 5.

Goals of our SSA
implementation

The algorithm was also designed for larger systems. Therefore, a dependency
graph is vital. Furthermore, we observed how, in the case studies where our
implementation was used, a small set of reactions dominated the runtime. We
wanted to optimize for these code paths. Finally, the goal was for logarithmic (in
the number of reactions) step cost. While in theory the Next Reaction Method
meets these criteria, we found that in practice, the underlying data structures and
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procedures had a high constant complexity factor. Similar observations led to the
development of the optimized direct method (ODM) [140]. We have, therefore,
called it tree-odm. It also has some relation to the logarithmic direct method [142].
As many different SSA variants exist, we can not be sure that all ideas are unique.
However, we believe their combination is novel.

Tree structureThe implementation is based on storing the propensities in a binary tree with
cumulative sum tracking [3]. We were, in part, inspired by prefix sum implemen-
tations on the GPU [167]. Each node in the tree corresponds to one potential re-
action and stores two values: The propensity of that reaction and the sum of all
propensities of its child nodes. This allows for updates of the total propensity sum
with logarithmic complexity for changing a single propensity. Furthermore, reac-
tion selection (a weighted random choice based on the reaction propensities) can
also be completed in logarithmic time complexity. Similar approaches are used
in other algorithms like the Logarithmic Direct Method [168] or the simulator
implementation for 𝑆𝜋@ [169].

Numerical stabilityAn additional advantage of the tree-based approach is its improved numerical
stability due to the fewer operations which are needed to update the propensi-
ties. Another way to minimize total propensity calculation time is by keeping
track of the total propensity sum and only adding and subtracting the changes
to reaction propensities after reaction execution, as done by the Optimized Di-
rect Method [140]. However, numerical errors from floating-point addition and
subtraction accumulate over time and need to be dealt with. In our tree-based
approach, numerical rounding errors only originate from the single summation,
similar (arguably even better) to a single linear summation approach. The numer-
ical error does not accumulate over time. It is independent of the number of steps
and depends only on the number of reactions. Another possible approach to re-
duce numerical problems could be Kahan summation [170].

Propensity updateAfter a reaction has fired, multiple propensities in the tree must be updated. In
principle, each update in the tree could be done individually based on the depen-
dency graph via updating the cumulative sum until we reach the root. Instead, we
roll these changes out in two phases. First, the node values are changed based on
the dependency graph. Afterwards, the cumulative sums are updated as needed.
If one were to update all sums individually, some nodes near the root might per-
form repeated summation updates. What total summation operations need to be
done for each reaction is calculated ahead of time in a static optimization phase.
This computation can be accelerated via the use of bitsets.

Reaction selectionReaction selection uses a weighted random choice based on the reaction propen-
sities stored in the tree. The performance of reaction selection is improved by
sorting the more likely reactions towards the root of the tree. I have explored us-
ing higher-order trees in [3], and this can lead to a small constant factor improve-
ment when updating propensities but increases the cost of selecting a reaction.
In that earlier implementation, some numerical error also accumulated from the
summation across child nodes.

In the next section, we will further optimize by automatically adapting our sim-
ulator implementation to a specific model.
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3.5 Simulator specialization
Compilation vs.

interpretation
An external domain-specific language that is interpreted at runtime has a similar
tradeoff to the interpretation of a scripting language. An overhead is introduced
from this interpretation. This is the reason why native code is usually compiled:
to increase performance, for example, through compiler optimizations and static
(type) analysis.

Limitations of compilation If compilation is more efficient, why do interpreted languages exist? Compiling is
not always more efficient and, in many cases, not even practically possible. Let us
take a look at the concept of compilation in general and how these effects relate to
simulation. We will focus on the reasons scripting languages are not compiled in
the context of this work. The first reason is efficiency and responsiveness. Compi-
lation can increase program speed. However, time is taken for compilation itself.
This can be quite substantial and introduces a latency of execution. In cases where
programs are already “fast enough” when interpreted or only run a few times,
this tradeoff is not worth it Secondly, not all languages are suitable for compila-
tion. Dynamic typing is a big challenge, as is dynamic interpretation or adding
source code. Also, there might be information available only at runtime that only
then allows for optimal compilation [171]. Finally, there might be technological
concerns, like web security. In Section 5.1, we will talk about WebAssembly as
an intermediate representation for web deployment that addresses both security
and performance challenges.

Dynamic compilation How can we achieve compilation for Domain-specific language? The go-to tools
in this domain are language tool benches  [172]. For the Java Virtual Machine
world, this is relatively easy. Java as a language is always interpreted and com-
piled at runtime. Having such a runtime simplifies the creation of dynamic code
elements. This has been applied to part of the Stochastic Simulation propensity
calculation  [173]. Interestingly, this intermediate representation (Byte-code in
Java world) has a lot of parallels to the independent description of GPU kernels
in the form of PTX kernels [174] as used by CUDA. For native compilation, the
most popular approach is using LLVM [175]. LLVM is a compiler toolchain. Many
languages generate a compatible intermediate representation, which LLVM can
utilize to optimize and then generate appropriate assembly. The concept of in-
termediate representations to map algorithms and implementations to various
hardware has recently gained broader traction through its use in the optimized
execution of AI workloads [176]. Generating optimizations for Stochastic Simu-
lation in cellular biology via LLVM has also been successfully implemented in
libroadrunner [177]. We choose to use Code generation to create a Simulator
Generator tool [A], as discussed in the next paragraphs.

Partial evaluation The idea of partial evaluation dates back at least to Futamura’s work in the early
1970s [178]. Futamura describes different levels of program specialization, start-
ing with some generic computation and gradually becoming more specialized.
The key idea is to provide a computation 𝛼 to automatically increase the level of
specialization by partially evaluating a computation for some of its inputs.

Concretely, a computation 𝜋 with 𝑚 + 𝑛 inputs

𝜋(𝑖1, …, 𝑖𝑚, 𝑖𝑚+1, …, 𝑖𝑚+𝑛)
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can be specialized by supplying values for the first 𝑚 inputs to 𝛼, resulting in a
new computation 𝜋′ that still takes the remaining 𝑛 inputs.

𝜋(𝑖1, …, 𝑖𝑚, 𝑖𝑚+1, …, 𝑖𝑚+𝑛) = 𝛼(𝜋, 𝑖1, …, 𝑖𝑚)(𝑖𝑚+1, …, 𝑖𝑚+𝑛)

= 𝜋′(𝑖𝑚+1, …, 𝑖𝑚+𝑛).

We can apply the same idea to the notions of generic and specialized simulators. A
generic simulator 𝑠𝑖𝑚 is a computation that takes a model 𝑚, model parameters
𝑝1, …, 𝑝𝑛, and a random seed 𝑟 as input and computes some sort of simulation
output. By considering the model 𝑚 as a static input and the remaining parame-
ters as dynamic, we can obtain a specialized simulator via 𝛼. The computation
that generates a specialized simulator for a given model (and a static generic sim-
ulator) is obtained with one additional level of specialization.

𝑠𝑖𝑚(𝑚, 𝑝1, …, 𝑝𝑛, 𝑟) Generic Simulator

= 𝛼(𝑠𝑖𝑚, 𝑚)(𝑝1, …, 𝑝𝑛, 𝑟) Specialized Simulator

= 𝛼(𝛼, 𝑠𝑖𝑚)(𝑚)(𝑝1, …, 𝑝𝑛, 𝑟) Simulator Generator

Similar to how a compiler works, a simulator generator is able to introduce model-
specific optimizations into the generated simulator. In particular, it can exploit
the properties of the model to speed up the simulation. Typically, these properties
can be determined by syntactic or semantic analysis of the model. For example,
a generic algorithm must be able to run models with arbitrarily large states and,
therefore, use a flexible data structure. A specialized algorithm, on the other hand,
can hardcode the state representation and avoid indirections when accessing it.

Related approachesIn practice, partial evaluation has been applied to speed up computations, often by
simplifying them. For example, Schultz et al. [179] present an approach that em-
ploys partial evaluation to remove object orientation from Java code to increase
computational performance. In a similar fashion, Zeng [180] applies partial eval-
uation to remove concurrency or recursion from programs written in domain-
specific languages (DSLs). Other works focus on developing methods for effec-
tively integrating partial evaluation into programs. Rompf and Odersky  [181]
present a library that exploits Scala’s expressive type system to distinguish ex-
pressions evaluated during program generation and during program execution.
Leißa et al. [182] presents a DSL that allows partial evaluation targeting CPUs
as well as GPUs and apply it to computation-intensive problems like image pro-
cessing or genome sequencing.

Performance resultsWe have implemented multiple versions of this simulator generator targeting dif-
ferent programming languages. One key result is shown in Figure 4, where we
have taken 4 different models of increasing size and explored their performance
in detail.

We can see how the different optimizations affect different phases differently for
different models. The models are sorted by increasing size from left to right. There
are different ways to conduct the profiling, leading to two similar, but not iden-
tical results for each experiment. Shown is the data for two different optimiza-
tions. We have explored both the reaction sorting of the ODM (Section 3.2) and
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Figure 4: Profiling results from [A] comparing a generic simulation code to that
of a specialized simulator created through partial evaluation. Shown is the time
spent on the three phases of the direct method style SSA (random number gen-

eration, reaction selection, and reaction execution, see Section 3.2).

the Simulator specialization (i.e. the simulator generated through our simulation
generator).

Random number
generation

Smaller models are significantly influenced by random number generation,
whereas random number generation has little effect on larger models. This is be-
cause random number generation takes on the order of 20 ns, independent of the
size of the model. We notice that for the case of the extremely small model (the
Lotka-Volterra model), the time for the random number generation slightly de-
creases in the specialized simulator. This could potentially be due to less overall
simulation effort being spent elsewhere, resulting in more of the random number
generator staying in the cache.

Reaction execution Reaction execution is affected the most by specialization. When executing a re-
action, the generic simulator needs to do a lot of work to look up what to do, for
example what species to alter and what rate constant a reaction has. Furthermore,
the dependent reactions also need to be updated. The specialized simulator has
all this hard-coded in the assembly. The observed speedup in the execution phase
is around 6x for the models tested.

Reaction selection Reaction selection only plays a minor role for smaller models. On the other hand,
for the larger models we tested, it can be the dominating factor in runtime per-
formance. The reaction sorting as done by the ODM can provide speedup of up
to two orders of magnitude for the selection phase of the largest model tested.

Degrees of specialization We also varied the amount of partial evaluation performed by introducing lesser
levels of partial evaluation. The idea is to still have some benefits of partial eval-
uation with less up-front cost, making partial evaluation also accessible for larger
models, where the huge code size of the generated binary is a limiting factor. Our
results here mainly indicate that it is usually not worth it. The lower levels of
partial evaluation provide only little practical use. We did, however, gain insight
into the partial evaluation of the dependency graph, which is what explains the
performance of the specialized simulator.

When considering large models, generating a single file of source code is imprac-
tical due to large compilation time and memory needs. We, therefore, have ex-
plored strategies to mitigate this. We found separation into different compilation
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units to be helpful at improving compilation time when compiling on a parallel
machine. Link-time optimization provides an intermediate solution that some-
what increases compilation time but also improves execution time. Nonetheless,
the performance of these faster to compile variants is not as great as for the sin-
gle-file variant because reaction execution now stretches (potentially) over many
compilation units.

3.6 Summary
In this chapter, we have discussed reactions and their simulation in the context
of Gillespie’s Stochastic Simulation Algorithm for population dynamics. We have
seen how this abstraction can be simulated efficiently on parallel hardware (CPU
and GPU). Finally, we discussed different approaches for efficient sequential ex-
ecution, like the tree-ODM method and partial evaluation.

The next chapter will now take the methods presented here and expand on them,
adding additional functionality or expressiveness. These will enable new domains
but also bring new challenges for efficient execution.

35



Reactions as Interfaces for Simulation

36



4 Dynamic Structure Models
In the previous Chapter 3, we discussed abstractions in general and Gillespie’s
Stochastic Simulation Algorithms in particular. So far, the number and struc-
ture of the reactions have been considered constant. In this chapter, we will
add a dynamic structure to these static models. We will consider three types of
dynamic structure modeling approaches and their efficient execution.

First, we will introduce the concept of dynamic hierarchy (i.e., nesting) rules,
which, when applied to SSA, leads to the ML-Rules language and formalism
(Section 4.1). Next, we will discuss our work on integrating dynamic nesting
into a spatial simulation approach called ML-Force (Section 4.2). Finally, we
will take the fundamental mathematical CTMC formalism and build from it a
simulation tool called ML3 for agent-based simulation in Section 4.3 and dis-
cuss its efficient simulation.

This chapter includes work, results, and text (copied or adapted) from the following
of the author’s previous works: [4], [17], [B], [E], and  [F].

Fixed structureA fixed size and structure of the simulation model are common across simulation
domains and have several advantages for efficient execution. A fixed structure
can be laid out more efficiently in memory, and neighborhoods or other locality-
dependent computations give constant results. For example, in factory simula-
tion, if the factory layout is a fixed parameter, the paths between the machinery
only need to be computed once and can be reused thereafter. Implementing fixed
structure models is also less error-prone and easier to reason about.

A dynamic structure requires many more dynamic computations. Imagine, for
example, a dynamic road network where the roads change throughout the simu-
lation. Agents regularly need to update their route planning, and an optimal route
will be different at different times in the network. Optimizations, like the code
generation and partial evaluation outlined in Section 3.5 are both more involved
and less effective in these scenarios.

Motivating compartmentsIn the realm of cellular biology, compartmentalization is essential for the mod-
eling of many processes [183]. Compartments affect cellular processes by con-
trolling both the reactions that can occur and the rate at which they do. In
Figure 5 we see an illustration of such a process, where during the endocyto-
sis of a lipoplex, an endosome is formed around it. Dynamic compartments are
considered important to modeling signaling pathways, in which extracellular lig-
ands trigger a cascade of biochemical reactions that span various cellular com-
partments, such as membrane, cytosol, and nucleus [184]. A prominent example
is the canonical Wnt/𝛽-catenin signaling pathway, which is essential for cellu-
lar functions such as proliferation and differentiation and is involved in several
diseases, including cancer [185]. In the last 20 years, more than 20 quantitative
models have been built to analyze the Wnt/𝛽-catenin signaling pathway [186].
Many of these models express the causal influence of compartments on processes,
e.g., constrain processes to specific compartments or study proteins shuttling be-
tween compartments [187,188]. Also, the volume of the compartment may influ-
ence the reactants’ density and, consequently, the kinetics within the different
compartments [189,190]. Compartmental constraints on reactions are supported
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by most simulation tools and standardized modeling exchange formats such as
SBML [190].

4.1 Dynamic rule-based models
Dynamic SSA Before we can consider dynamic hierarchies, we need to consider the concept of

rule-based modeling [191]. In the previous sections, we have seen reactions that
only specify which species’ population to increase or decrease. Similar to objects
in object-oriented programming, species may also have attributes. Changes in the
attribute values can be expressed as mathematical functions (depending on the
expressiveness of the simulation tool used). The fundamental idea of rule-based
modeling is to use rewriting rules to specify transition classes. If the number of
potential species variations (i.e., attribute value combinations) is small enough, a
complete set of reactions may be generated from the rules as a static reaction net-
work. For these reaction networks, the simulation approaches discussed in Sec-
tion 3.2 may be used. This capability is the name-giving feature of the Biological-
Network-Generator BioNetGen [191].

Network-free simulation When enumerating all possible values of attributes in advance is not possible,
network-free methods can be used  [192]. Here, after every reaction execution,
changes to the system are dynamically monitored. If novel attribute values are
created, new possible reactions are initiated. This requires regular restructuring of
the data structures. The dependency graphs, which we saw in the previous chap-
ter to be a powerful element of efficient SSA, are no longer static. These dynamic
checks incur significant runtime costs, making them challenging to execute ef-
ficiently [71].

Figure 5:  Illustration from [E] created with BioRender showing creation and re-
moval of compartments. During the endocytosis of the lipoplex, an endosome is
formed around it. Inside the cell, the lipoplex can unpack its content (?L) into
the cell. In the top panel, we find a graphical representation. The bottom panel
contains the logical nesting hierarchy. Denoted in red is the moving part of the

system.

Dynamic hierarchies
& ML-Rules

Static hierarchies are frequently implemented for existing SSA tools, both rule-
and reaction-based [81]. However, dynamic nesting (where any object may dy-
namically change its content) is a lot more challenging. One approach to dy-
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namic hierarchies is ML-Rules [193]. ML-Rules allows the description of dynamic
nesting processes using rules similar to the reaction-generating rules used for
attribute values. Key to a concise description of dynamic structure processes is
hierarchical rewriting rules, specifically introducing the notion of a rest variable
into biochemical rules. A rest variable is a syntactic expression describing what
happens to all entities that are not explicitly named in the rule [194]. The details
of the ML-Rules specification are discussed in its formal semantics [195]. In Fig-
ure 5, the compartments’ contents are bonded to variables starting with a ques-
tion mark, which are the rest variables.

Efficient multi-level
simulation

The efficient execution of dynamic changes in the system’s structure has been a
challenge in the past. Most simulation tools assume static compartmental struc-
tures and their simulators have been optimized accordingly [196,197,81]. To inte-
grate compartmental dynamics into these simulators without significant loss of
efficiency has been identified as a daunting challenge [198].

To solve the problem of dynamic structural changes, one option is to write a fully
dynamic simulator, which traverses the tree structure of the model after each
reaction execution to instantiate new reactions and re-calculate propensities on
demand, and also checks whether the dependency graph requires any updates.
This is how a previous implementation of ML-Rules was realized [199]. However,
compared to methods optimized for static networks [71], this has a significant
overhead.

New hybrid approachTo improve efficiency, we implemented a new hybrid simulator approach. Dur-
ing an additional analysis step, every reaction is analyzed and marked whether
its execution would result in a structural change. In the models we encountered,
most reactions do not induce a structural change. These reactions are called reg-
ular reactions. The rules altering the dynamic structure are called complex. A
similar distinction between regular and complex transitions has been made when
simulating parts of the system using deterministic numerical integration meth-
ods [200] or by 𝜏 -leaping [201].

The primary mode of our simulator is running a static SSA (as described in Sec-
tion 3.4) that executes only regular (non-dynamic) reactions. The model repre-
sentation has been flattened, enabling static index-based access to the model’s
state. Every species’ amount is stored in an array. Hierarchical relations are only
preserved to the point where they are needed to reverse the system representa-
tion to a tree form. However, they are not needed during the simulation as long
as no transformation to a tree form is required. When we encounter a structure-
changing reaction, the model is transformed back into the tree representation
reflecting the compartmental structures. The reaction is applied to this structural
representation of the model. The resulting structured state is then transformed
into a flat representation, and processing is continued. Every dynamic structure
change requires an entire rebuild of the simulator, including re-enumerating all
potential reactions and a do-over of the static optimization phase. Especially for
larger systems, this can be relatively costly. However, as long as dynamic struc-
tural changes are rare, the costs amortize.

We foresee multiple approaches to address the high transformation cost [E]. If
changes to the dynamic structure are localized, moving forward, only a subset of
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the simulator could be transformed. It would also be possible to integrate the dy-
namic structure more closely into the simulator at the cost of some performance
for the regular transitions.

Challenges of partial
evaluation

We saw in Section 3.5 that SSA simulations can immensely benefit from partial
evaluation. There, we developed a specialized simulator generator for reaction-
based SSA, which is a sub-class of ML-Rules. Adopting this approach for dynamic
compartments appears impractical. Its performance gain relied to a large degree
on optimizing the updates of the dependency network. With dynamic compart-
ments, these reaction networks change during execution. Thus, optimization (i.e.,
recompilation) would need to be repeated after each structural change. This re-
compilation would induce a significant overhead. Especially for large models
(which are typical for ML-Rules models), the additional compilation steps would
increase runtime significantly, independently of model execution duration. There-
fore, we developed an approach that combines dynamic interpretation and partial
evaluation and does not require repeated compilation on every change. Our ap-
proach focuses on the rate evaluation (and thus propensity updates). This is costly
for most dynamic compartmental models, as rate expressions involving dynamic
compartments are typically complex. The complex expressions result in large ab-
stract syntax trees (ASTs) that need to be parsed during execution. When using
an interpreted or reflection-capable language like Java, code generation for these
expressions can be introduced relatively simply [173]. A different approach is re-
quired for compiled languages.

Performance templates Our approach, which we developed for ML-Rules, generates performance tem-
plates during the simulation and stores them for later reuse. Every time the sim-
ulator encounters a new AST, it checks whether generated code in the form of a
performance template is available to replace this tree. Each performance template
represents a partially evaluated AST and can be parameterized with numerical
values (like model-specific constants) and indices (as used to identify involved
species). If such an optimized previous version is found, it is used instead of the
AST. If not, the simulator dynamically interprets the expression (by evaluating the
AST). It generates an optimized code for future use and stores the corresponding
performance template. With every new model developed or recompilation of the
model, the simulator can reuse previously created templates.

4.2 Spatial dynamic compartments
New method needed Compartmentalization is inherently spatial. An object’s outer compartment con-

strains its location. As we saw in Section 2.2, constraining populations to a grid in
order to approximate spatial processes can be cheaper than simulating individ-
ual particles (e.g., via the Reaction-Diffusion Master equation [202] in the Next
Subvolume Method [161] we saw in Section 3.3). We are, however, interested in
methods that can describe the abstract processes discussed above. Specifically,
we would like to describe processes of dynamic hierarchical nesting. One such
method is ML-Space [93,203]. ML-Space considers the case of the overdamped
Langevin equation, where all momentum is immediately dissipated [204]. This
makes it very challenging to include external forces in the model. Other chal-
lenges include the handling of crowding, where a rejection scheme of movement
was used. However, its underlying mathematics was not explored in detail.
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ML-Force abstractionAt this point, we can look back at the Takahashi and Schönberg Classification
schemes from Section 2.2. The literature lacks a method that combines dynamic
compartments with spatial forces. We have identified this gap in capabilities and
developed ML-Force¹ [B]. Following a bottom-up approach, ML-Force builds on
the ideas of particle simulation in Molecular Dynamics. All transitions, including
creation, merging, splitting, or entering of compartments, occur in a smooth, con-
tinuous manner. ML-Force is a particle-based approach. The particles are hollow
spheres. As particles can contain other particles, they can be used to model cel-
lular compartments. For particles to interact, they need to be in close proximity.
In ML-Force, we base our model of propagation on the Langevin equation [205].
ML-Force combines the Takahashi classification’s a,b, and c capabilities at level 4
of the Schönberg description.

¹The name ML-Force is a word play, based on it sounding like ML4s, because it is the 4-th
method developed in this family following ML-Rules [193], ML-Space [93] and ML3 [206]. This
naming was originally motivated by eluding to multi-level models or modeling-languages. In
hindsight, it is not ideal. Originally, it was frequently assumed to be related to the ML family of
programming languages [207]. Nowadays, a relation to machine learning and AI is assumed.

Potential-based methodsCrowding has a significant effect on the physicochemical kinetics of various in-
tracellular processes [208]. Space exclusions need to be considered to capture the
effects of molecular crowding. In addition, interactions based on potentials are an
effective means to study the formation of clusters [91]. Additionally, potentials
allow us to capture directed movements, such as the transport of vesicles [209].
Similar to ReaDDy [90], SRSim [91], or SpringSaLaD [89], ML-Force uses poten-
tials for particle-particle interaction.

Compartmental methodsIntra-cellular space is further structured by compartments and vesicles, most of
which are subject to frequent changes in terms of their numbers, contents, and
interconnectivity. ML-Force uses the same force-based approach for the interac-
tion of particles and global force functions to model the compartmental dynam-
ics. Similar to ML-Space, ML-Force supports both compartmental and particle
dynamics. However, unlike ML-Space, it uses potentials.

ML-Force rule-basedIn ML-Force, the dynamics of particles and their interactions can be defined by
rules. Here, ML-Force supports arbitrary unconstrained attributes. This includes
rules for bimolecular reactions like dynamic nesting. Since every particle is
unique due to its unique location in space, a population-based approach is not
possible at the particle level. This simplifies the realization of arbitrary attributes
compared to the approaches described above, as each individual can track its own
attribute values. However, the rule’s expressive nature allows for population-
based, non-spatial reactions to take place within each particle.

Realization of DSLThe simulator has been implemented using C + + . The user interface is built around
a rudimentary embedded domain-specific language. The developed embedded
DSL bears some similarities with the ℓ-language [210], which also supports an
imperative rather than a declarative approach to modeling.

The modeling layer makes heavy use of anonymous functions in order to encap-
sulate model-specific behavior into single function calls for the simulator. This is
facilitated by various templates that have been defined in the DSL. For example,
after each reaction, the simulator invokes the post reaction function. In the model-
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ing layer, this function is specified by the user and denotes the results of applying
a rule, such as particles changing state, being degraded, or being created.

This simplifies the implementation of the simulator and gives a unified and lean
interface for implementing further features. The simulator also provides a set of
units to the modeler, allowing for consistent parameterization. In general, the
DSL is very expressive, as all rates and reactions are described as functions. These
can be of arbitrary complexity. However, for many of the relatively simple uses
within the ML-Force models, they are somewhat complex. The syntax is verbose
for simple cases. For example, even a constant rate requires the specification of
a (syntactically heavy) anonymous rate function. The macro approach we used
in C + +  makes an embedded DSL possible, but it is very limited in its ergonomics
compared to many more modern languages with advanced macro features like
matching or types. Nonetheless, the functional approach is very capable, and even
complex behavior could be added without additional language features needed. It
served as an important starting point for our work on other embedded domain-
specific languages, like the one we present in the next section.

Performance and GPU One of the challenges of this method is the large computational effort. In part, this
could be mitigated by offloading the challenging spatial intersection calculations
to the GPU [2]. Here, we identified a novel collision detection problem in a hollow
sphere intersection. We found that considering this specific hollow sphere prob-
lem outperforms state-of-the-art approaches for solid spheres in dense scenarios.

4.3 Continuous-time Markov chain for Agent Simulation
In this section, we apply the simulation concepts of the previous section to a dif-
ferent domain. Having looked at cell-biological applications so far, we will now
use the methods for agent-based modeling [211]. In particular, we will explore
this under the constraints of ML3, a modeling language for linked lives  [206].
First, I will discuss the distinctions between this approach and the previously dis-
cussed formalisms. Next, we will identify the challenges in efficient computation
and discuss some of our solutions.

Differences from cell
biology

For agent-based simulation, we are concerned with individuals instead of popu-
lations. The motivation for developing the Modeling Language for Linked Lives
(ML3) originated in social science applications. In ML3, individuals do not exist in
isolation, but their lives are linked through social networks or other connections.
This observation has led to the need to succinctly describe the diverse decision
processes of such linked lives in continuous time [212]. The context for individu-
als to make decisions is formed by their social network. Further requirements are
behaviors conditional on agent attributes, such as age-dependent behavior and
stochastic waiting times [213]. Alternative decisions can be modeled as concur-
rent processes that compete by stochastic race [212].

In ML3, agents represent any entity in the model, including individual persons,
but also higher-level actors such as households, towns, governments, or other
policy-makers. Each agent has a type, and the type determines its attributes and
behavior. The type corresponds to the species in ML-Rules.

The relations between agents in ML3 are represented with links. Links are de-
clared between agents of a specific type. They might refer to social ties, linking
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an agent to friends or an agent being part of a household. Links also allow the in-
troduction of discrete locations, for example, by linking agents to the town where
they are located. Such connections are always on an individual basis, not at the
population level. From an ML3 point of view, the nesting structure of ML-Rules
could be viewed as a directional tree structure of the links. In fact, ML-Rules is a
subset of ML3. ML-Rules models can be expressed in ML3, however, with some
rather inconvenient syntax because the chemical reactions, whose propensities
are calculated based on the global state of the system, are quite involved to ex-
press in ML3.

The rules in ML3 are inspired by guarded commands. They consist of three parts:
guard, rate, and update. This triple has been found to form a natural description
for continuous-time population-based models [214]. Each rule in ML3 is assigned
to a specific type of agent and specifies under which condition, at which rate, and
which state changes occur. The guard condition is evaluated as a boolean variable.
This is mostly a syntactic feature that allows for more convenient notation of
conditional changes. The effect specifies the state change which occurs when the
rule is executed. An agent’s transition can affect not only its own state but also
the state of other agents as well as links of its social network. Finally, the rate,
an expression that evaluates to a positive real number, specifies the propensity of
the transition.

Non-local effectThe effect of a transition in ML3 is very complex. Basic SSAs only allow for the
change in populations in their effect. Rule-based modeling tools might allow for
new attribute values (and thereby populations) to be created. In ML3, the effect
is non-local and potentially affects many linked or globally accessible agents in
the system. This is a particular challenge when working in parallel or distributed
settings. S3A [215] (a precursor to the WindowRacer Algorithm discussed in Sec-
tion 3.3) was developed specifically to work in these zero-lookahead dynamically
connected agent scenarios. Zero-lookahead here means that there is no minimum
time (i.e., a lookahead) between one transition and its effect on another agent.
In parallel discrete event simulation [106], a non-zero lookahead is advantageous
or even required for some methods. The global effect results in two challenges
when building an ML3 implementation. First of all, we need a very expressive do-
main-specific language. Secondly, to use efficient algorithms for larger systems,
we need a dynamic dependency tracking [216]. We will discuss approaches to
these two related challenges in the remainder of this chapter.

Embedded languageThe first ML3 implementation [213] used an imperative external domain-specific
language (DSL). However, relatively quickly, the limits of creating and maintain-
ing a custom language for the agent’s complex behavior were reached. Therefore,
we have explored the idea of using an embedded language where the host lan-
guage provides a large ecosystem of functionality. On the other hand, it is easier
to keep track of the dynamic dependency graph when interpreting an external
DSL. This is because all accesses are mitigated through the simulation runtime
and can be tracked therein. We do not have such facilities when using a host gen-
eral-purpose language for the embedded DSL. We have approached this challenge
of using a host language with all its features and still have dependency tracking
in two different ways. First, we have a top-down approach, using aspect-oriented
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programming to integrate within the Java virtual machine. Second, we take a bot-
tom-up approach, using code generation for custom tracking interfaces within a
native Rust code setup.

Aspect-oriented
programming

Aspect-oriented programming is a programming technique that is used to main-
tain a separation of concern in cases of cross-cutting code [217]. The idea is to use
a specific syntax to access so-called join points, where custom code is injected.
We realized this on top of the existing MASON framework for Agent-based sim-
ulation  [218]. This allows the modeler to use the host programming language
(e.g., Java) the way they are accustomed to it. All accesses and tracking happen
at runtime through aspect-oriented programming. We found that aspect-oriented
programming introduces some additional overhead, but for most systems, where
updates are sparse, this overhead was far outweighed by the overall reduction in
computational effort [17].

Interface generation When peak performance is needed, native programming languages are at an ad-
vantage. Our goal was to build a high-performance implementation of ML3. We
built it using the rust programming language  [F]. It was our goal to keep the
external language close to the host language’s look and feel. To realize this, we
employed compile-time code generation of interfaces that the simulator uses to
keep track of the dynamic dependency graph. The interface consists of object-
oriented getters and setters.

We have benchmarked this new native rust implementation alongside a time-
stepped NetLogo  [116] implementation, a Java implementation of ML3  [213],
and a custom model-specific implementation [F]. For this benchmark, we used
a model of infection spread and found that the new rust implementation per-
formed very well. The optimized custom implementation was faster. However,
that custom implementation was made specifically for that model, with a strong
focus on efficiency and without concerns for the model’s usability or extensibility.
The NetLogo implementation performed well for large timesteps. However, this
stepwise execution introduced a significant error (see Section 2.3). The ML3 Java
implementation using an external domain-specific language was very inefficient
(more than 20 times slower for small systems). In fact, in that implementation,
the step cost scaled linearly with the number of agents in the system, whereas it
scaled logarithmically in the new rust implementation (due to the tree structure
described in Section 3.4), making the difference even bigger for larger systems.

4.4 Summary
In this chapter, we have introduced dynamic structures on top of reactions. The
three realizations (ML-Rules, ML-Force, and ML3) differ in their domain and
the realization of their domain-specific language. In [4], we’ve compared the ap-
proaches for ML3 and ML-Rules 3. Some differences stem from the differences in
handling external and internal DSLs. For efficient execution of the external DSL
ML-Rules, we needed several passes of analysis of the involved reactants and rule
structure to minimize the work done during execution. Such analysis is relatively
easy for an external language, where we have simple access to the entire syntax
tree. However, the efficient evaluation of numerical expressions required addi-
tional work. This posed no problem for the internal DSL ML3. Here, it was more
challenging to access and analyze dependencies to efficiently execute the model
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during simulation. Finally, for ML-Force, the challenges of efficient execution lie
entirely with the simulation engine and its spatial computations, where we used
GPUs to improve the throughput on the inherently parallel spatial computations.
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5 Evaluation and Replication
A key component to discussing the principles of models and their efficient sim-
ulation is their evaluation. In this chapter, we elaborate on the evaluation and
replication of stochastic simulation tools.

Initially, we discuss the problem of reproducibility and comparability of perfor-
mance results in general (Section 5.1). Next, two approaches to particular per-
formance evaluation problems we developed are shown: A concept for bench-
marking parallel discrete event simulators (Section 5.2) and an evaluation study
for Stochastic Simulation Algorithms (Section 5.3).

This chapter includes work, results, and text (copied or adapted) from the following of
the author’s previous works: [E] and [5] (including an unpublished extended version)

Reproducibility crisisThe term reprodicibility crisis has become common knowledge through several
papers  [219] that found significant issues with the ability to reproduce scien-
tific results across research domains. It is also discussed, sometimes controver-
sially [220], in the simulation community. The underlying reasons are manifold,
and their discussion is beyond the scope of this thesis. However, I would like to
discuss in more depth some technical challenges and their methodological reme-
dies in the context of software performance in simulation.

In general, there are two categories of the problem:
• A lack of reproducibility and replicability where the results from a paper can

not be independently reproduced [221]. We will discuss this issue in Section 5.1.
• A lack of comparability and representativity where the chosen benchmark

does not provide a suitable comparison to the state of the art [222,223]. Our
work to address comparability in two specific subfields is described in Sec-
tion 5.2 and Section 5.3.

5.1 Reproducibility
To address the question of reproducibility of published work in Computer Science,
the Association for Computing Machinery (ACM) suggested a policy of review-
ing and badging associated software artifacts. Following the ACM reproducibil-
ity initiative, reproducibility initiatives have been discussed and rolled out across
ACMs groups [224,225], including reports written for papers in the ACM Special
Interest Group on Simulation [10–12].

TerminologyFirst, we need to define the terminology involved. We will follow the updated
ACM classification, which in turn follows the international vocabulary of metrol-
ogy [226] and the US National Information Standards Organization recommended
practice on reproducibility badging and definitions².

²Interestingly, the harmonization with the US National Information Standards Organization
has led to a swap in the meanings of reproduced and replicated. Until August 2020, those mean-
ings were the other way around. The new nomenclature is considered Version 1.1. However,
many older publications use the older version.

A scientific result has been replicated if a different team, using a different exper-
imental setup, can obtain the same results or conclusions as the original team.
The slightly weaker constraint lies in reproduced where a different team may use
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the same experimental setup (in our case, usually a software artifact) to get the
same results. Next, we will discuss technical approaches to improve the ability to
replicate existing results through simplified deployment.

When executing an experiment, it is not always clear whether the original results
have been reproduced. Dalle [221] introduces different levels of reproducibility
for simulation ranging from L1 of deterministic, identical computation to more
relaxed L4 where similar scenarios and instrumentation are considered repro-
duced. The requirements and technical needs for reproducibility vary in differ-
ent simulation approaches and have, therefore, led to different reporting guide-
lines [227,228]. One aspect is the provenance of the model and experiment [229].
The automatic capturing and analysis of model provenance information and its
use in reproducibility is a topic of ongoing research [230,231].

Deployment of artifacts One key challenge of creating replicable artifacts is streamlining their deploy-
ment. Standard practice is to provide a script that automatically installs and ex-
ecutes the experiments. However, these scripts are highly dependent on their
software environment, most prominently the specific operating system used. The
most promising remedy to this is containerization [232,233]. Containers are an
encapsulation of an entire software environment used to deploy specific software.

A related question about deployments is how the involved experiments are spec-
ified. The concept of abstraction through domain-specific languages, as discussed
in Chapter 3, has successfully applied here for both models and experiment spec-
ification [234].

Web deployment As deployment through web apps is prevalent across our everyday lives, it is nat-
ural to explore this also for reproducibility in simulation. The idea to run simu-
lations on the web is not new and has been around almost as long as the web
itself [235].

WebAssembly Web deployment has traditionally not been suitable for the long-term repro-
ducibility of artifacts because the actual computation execution has been typi-
cally delegated to a server in the background or the cloud to enable an efficient
simulation of models [236]. Such services tend not to be hosted for a sufficient
duration. WebAssembly is a recently developed binary format that enables
fast execution in web browsers  [237]. WebAssembly is executed on a stack-
based virtual machine similar to other native code. Additionally, it interoperates
well with JavaScript. Without major changes to the underlying simulator code,
WebAssembly allows reasonable simulation performance for an end user requir-
ing only a web browser [238].

For the Rust simulator of ML-Rules [E] (Section 4.1), we reused the same code
base as the existing simulator and only needed to add a small text editor front.
A two-panel user interface is provided at m l r u l e s . p a g e s . d e v , which includes a
code editor with some syntax highlighting based on the Monaco editor from Vi-
sual Studio Code and another panel to display simulation results or any errors
and instructions from the simulator.

ML-Rules 3 on web A significant advantage of this WebAssembly approach is that there are next to
no hosting costs. The simulation is executed on the end user’s machine. Further-

48

http://mlrules.pages.dev


Benchmark Model for Parallel Discrete Event Simulation

more, we can provide direct links to specific models, e.g., m l r u l e s . p a g e s . d e v /
p p / 1 0 / d a y  or benchmarks, e.g., m l r u l e s . p a g e s . d e v / b e n c h m a r k / y e a s t / 3 / 1 0 0 0 .

Potential of WebAssemblyWebAssembly has a performance penalty of only about 10% to 50% compared
to native execution. This is remarkable considering its technological constraints.
With the advances of WebAssembly and the growth in its ecosystem, we advo-
cate an increase in its use in simulation science, furthering reproducibility and
accessibility. This could include, to a degree, performance studies, however will
initially be focused on simulation tools.

The deployment is not the only issue when publishing simulation performance
results. In the next two sections, we will make suggestions on appropriate bench-
marking models for representative and comparable results.

5.2 Benchmark Model for Parallel Discrete Event Simulation
MotivationOne of the primary motivations for parallelizing discrete-event simulations

(PDES) is the reduction of execution times [239,107]. The significance of novel
methods and implementations developed with this motivation depends on their
performance on well-defined benchmark problems relative to state-of-the-art im-
plementations. Other computational fields follow this mode of evaluation. For
instance, the various libraries that implement the Basic Linear Algebra Subpro-
grams (BLAS) specification [240,241]. Using these standards, the implementations
can be compared regarding their throughput for matrix operations [242,243].

State of the artSome synthetic benchmark models such as Phold [244], Ephold [245], and La-
pdes [246] or proposals targeted towards specific simulation approaches such as
DEVStone [247] exist. Further, there has been progress in characterizing real-
world workloads [248–250].

Still, the various model variants and parametrizations used in simulator perfor-
mance evaluations make comparisons across studies difficult. Further, commonly
employed benchmark models permit comparisons of the simulation results across
simulators only on a statistical level.

GoalsIt is our goal to create a synthetic benchmark model for PDES that avoids the
common pitfalls of parallel reproducible simulation [251]. With our model, we
aim for two specific goals, reproducibility and representativity .

Goal 1: ReproducibilityWe aim to enable researchers to obtain comparable results when repeating pub-
lished experiments, even across programming languages, hardware platforms,
and simulators. To this end, we propose a fully deterministic synthetic benchmark
model related to PHOLD and La-pdes. “Deterministic, identical computations”
forms the strictest level of reproducibility, which demands “the ability to re-ex-
ecute the exact same simulation history as previously in terms of computation,
including the inherently non-deterministic computations” [221]. We achieve this
strict level of reproducibility by handling pseudo-randomness and simultaneous
events as part of the model, which avoids deviating results among simulators. At
termination, a single checksum attests to the correctness of the execution.

Goal 2: RepresentativityPerformance evaluations should capture the performance properties of a reason-
ably comprehensive set of models relevant to practitioners without putting ex-
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cessive weight on particular properties. To achieve this, the proposed benchmark
model is configurable for various essential performance-affecting characteristics.

Challenge of determinism Our benchmark model is fully deterministic. This simplifies testing the correct-
ness of the simulation execution as well as the execution of the same model logic
and the same numerical load. This includes pseudo-random numbers, which are
generated as part of the model and not the simulator. By not prescribing the con-
crete realization of pseudo-randomness the specifications of existing benchmark
models such as PHOLD and La-pdes do not guarantee determinism.

Mathematically speaking, the entire simulation could be viewed as a hash func-
tion on the configuration. This hash function comprises numerous interconnected
deterministic 64-bit xorshift random number generators [252] Each entity is in
itself a random number generator. When receiving an event, the local state is
altered by the event payload, such that future random numbers also change. In
effect, the overall system is comprised of communicating deterministic random
number generators that alter one another’s state. All computation is based on
integer math to achieve full determinism independent of the language, compiler,
or hardware used to avoid some of the nondeterministic aspects of floating point
computation [109]. Therefore, we omit a full description of the code here but have
created annotated and encapsulated versions of the source code for this purpose.
The following will give an overview of our approach, in particular, our handling
of the methodological challenges.

Model parameters To represent various workloads, we have 10 model parameters, as outlined in
Table 1. The model is initialized in a steady state due to the symmetric pattern
of initialization and message sending. The system has a fixed number of entities.
We define entities as indivisible simulation objects, for each of which events must
be handled in non-decreasing timestamp order. There are no assumptions on the
assignment of entities to logical processes (LPs), operating system processes, or
threads. They are placed in a ring topology to enable a notion of locality. Each of
the individual values that make up the state is interpreted as the state of a 64-bit
xorshift random number generator [252].

Communication patterns The entities communicate using messages generated from their local RNG state
that affect the recipients’ RNG state. The entities are placed along a ring structure
to represent locality. Communication can be configured between very local (the
most likely recipient is close along the ring) and entirely random (any recipient
is equally likely).

Temporally, communication can be configured continuously, between a constant
delay and a zero lookahead exponentially distributed wait time. The local RNG
state is also used to generate the new event timestamp. A load imbalance is also
configurable, which modifies the variance of the number of events processed at
an entity’s location. The load is normally distributed, an initial choice supported
by the literature [250].

The performance metric of interest is the mean event processing rate across the
entire simulation execution time, i.e., the number of events finally processed per
unit of wall-clock time. The model itself is initialized in a steady state. Therefore,
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Name Range Description

𝑛entities [1, ∞) Number of entities in the system

locality [0, 1) The lower the locality is set, the further along the ring topol-
ogy messages are sent

load variance [0, ∞) The variance of the total number of events processed (sent
and received) at one entity

𝑛events_per_entity [1, ∞) The total number of events in the system normalized to the
number of entities 𝑛entities

𝑟ratio_constant_offset (0, 1) Ratio of the constant offset (i.e., lookahead) as part of the av-
erage scheduling delay for an event

𝑟internal_events [0, 1] Percentage of events that are not sent to another entity but
rescheduled at the same entity

memory per entity [1, ∞) Memory (in chunks of 64 bit) per entity

memory per event [1, ∞) Memory (in chunks of 64 bit) per event and entity

seed 64 bit Seed for the initial state

extra compute load [0, ∞) Amount of additional computations when handling an event

𝑡end (0, ∞) Logical termination time of the simulation

Table 1: Parameters of the configurable PDES benchmark model

an increase in the logical end time does not change the average computation load
on the system other than what is incurred by simulator overhead.

Determinism under
Simultaneous Events

One methodological challenge we had to approach was determinism under si-
multaneous events. As discussed in Section 2.4, this is one of the challenges, even
with double-precision floating point numbers. To achieve determinism under the
constraints of different simulators, we handle simultaneous events on the model
side.

The key idea is to only advance an entity’s state on an event with a timestamp that
is guaranteed to be unique. This is achieved by only finalizing a state transition
triggered at logical time 𝑡 once the entity has advanced to an event at 𝑡′ > 𝑡. When
first encountering an event with a larger timestamp than the previous event, the
entity stores its current state before advancing the state. If another event with
the same timestamp needs to be handled, the previous state is restored. As the
entity state sent to other entities is delayed by one event, an entity never sends a
message based on a state change that will later be undone. Further considerations
are made to ensure each message sent when processing simultaneous events is
unique by basing messages on the previous entity state and a simultaneous event
counter. This state-saving mechanism is part of the model and thus operates inde-
pendently of the simulator implementation. On the model side, never more than
one previous state needs to be saved.

As an alternative to storing the previous entity state, model-side reverse compu-
tation could be applied: in this variant, the last received event would be stored
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to be able to reverse its effect on the state when another event with the same
timestamp is executed.

high local compute high memory high queue load small phold

optimistic tool I 23,000 ± 1,000 105,000 ± 2,000 1,070 2,304,000 ± 11,000
optimistic tool II 24,530 ± 40 31,850 ± 80 6,714,000 ± 14,000 4,028,000 ± 9,000
conservative tool 9,328 ± 17 36,910 ± 70 135,100 ± 200 86,400 ± 700

sequential tool 5,463 ± 3 35,230 ± 30 2,184,300 ± 900 5,220,600 ± 1,300

Table 2: Performance (events/second) of differently configured models in events
per second across different (anonymized) tools. The fastest is marked in bold. We
can see the significant differences between the different tools for these scenarios

on one particular technical setup (single node).

Results The differences in the tools’ throughput were very high. In Table 2, we have four
different configurations of the benchmarks and can see how four different tools
have particularly strong or weak results at different configurations. This naturally
leads to the combination of different simulators to achieve optimal performance
across different workloads, which has been a recent trend in PDES [253,254].

5.3 Benchmarking Stochastic Simulation Algorithms
In the previous section, we devised a deterministic configurable benchmark model
for Parallel Discrete Event Simulation (PDES). The motivation to introduce a
benchmark for Stochastic Simulation Algorithms (SSA) and its many variations
and implementations, as discussed in Section 3.1, is very similar. Therefore, we
have also worked towards a comparable benchmarking study among them. The
challenges here were more technical than conceptual. We build on existing work,
such as a study on network-based vs. network-free approaches by Gupta et
al. [71]. Jeschke et al. investigated the design space of SSA implementations us-
ing a component-based benchmark study [255].

No determinism Some challenges here differ from those of PDES. First of all, determinism is not
achievable in the context of SSA, as each simulation algorithm uses different im-
plementations of different algorithms with different random number generators.
Specifically, the random process used for reaction selection differs across imple-
mentations and could not be part of the model the way we did it above. These al-
gorithms will result in valid but different samples of the continuous-time Markov
Chain. Furthermore, approximative algorithms like 𝜏 -leaping [76] are far more
prevalent in SSA. Therefore, comparisons are always stochastic. The goal, instead,
is to find a benchmark that suitably represents real-life workloads. Deterministic
simulation algorithms, i.e., interpreting populations as concentrations leading to
coupled ordinary differential equations (ODEs), have been evaluated regarding
their performance [256]. However, the challenges are very different there because
ODE integrators differ in their exactness.

Tool landscape There are more tools currently under active development in this domain than in
PDES. Interfacing with these was a challenge. Ideally, all tools would support a
standardized description of the simulation models and associated experiments.
A recent advance in this field was BioSimulators [257], which is a broad frame-
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work for biological simulation tools. However, we found that the supplied docker
images did not work for all simulators, requiring manual creation of these inter-
faces, utilizing in part existing specification languages and tools like SBML. This
work was conducted by a Herrmann for a total of 10 simulation tools  [258].
Now, we have the means to benchmark the execution of simple mass-action ki-
netic simulation models for Copasi [81], tellurium [259], GillesPy2 [260], re-
bob [261], pSSAlib [262], StochKit2 [263], and our own tools ML-Rules 2 [199]
and ML-Rules 3 [E]. Finally, we included a custom simulation tool that has no
additional features other than optimized implementations of basic simulation al-
gorithms, which we call MinimalSSA. Many of these tools also support multiple
simulation algorithms.

Figure 6:  Different execution speeds across various models from our database for
different simulation tools. The line indicates the percentage of models that can
be executed at at least that speed. Different methods correspond to different line
colors. The tree-odm (Section 3.4) method, is an advanced Direct Method (DM),

but marked specifically with a dashed line here.

Benchmark modelsOne major advantage of the field of SSA for benchmarking is the plethora of
available models, which can be executed by different tools. With some technical
effort, we were able to automate this process. We extracted models from a previ-
ous benchmarking study [71], the BioModels-Database [264], and the JWS Online
model database [265]. We removed all models that were not executable as mass
action SSA. We also did further filtering. For example, we removed duplicates or
removed those that where not executable. In total, we have 116 models. These
models now serve as a foundation for a benchmark.

In Figure 6, we see the (filtered) simulation speed across the various tools and
their algorithms for the models. These benchmarks are automated following the
principles described by Ewald [266]. For each simulator, the models are sorted
in decreasing order of performance. Therefore, the same 𝑥-axis point may not
correspond to the same model across simulators. Some simulators drop off faster
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than others, indicating a worse scaling. We can see the exceptional performance
of the code generation methods (Section 3.5). We also observe that many methods
struggle to scale beyond 60-80% of models. This mostly affects those implementa-
tions that do not use dependency tracking. Nonetheless, we find that the quality
of implementation far outweighs the choice of algorithm for most cases. While
not the fastest for small models, we find that our tree-odm (Section 3.4) imple-
mentations, with and without simulator specialization through code generation,
scale very well for hard-to-execute models.

Data analysis Using this data set, we now have many opportunities for further investigation
into the data. For example, we can now tune our simulators for typical system
sizes and structures. Based on this data set, we can also design a synthetic bench-
mark model similar to what was done in the previous section. We also find that
the difference in performance is less model-dependent in SSA than it is in PDES.
A fast tool will generally be fast across a wider range of models. The exceptions
here are very basic algorithms (i.e., those without the use of dependency graphs as
described in Section 3.2). Those might be fast for small models, but performance
drops for larger ones.

We also see several data science and visualization opportunities based on this
dataset. For example, we have explored how different model characteristics re-
sult in different execution performance. It would also be interesting to reduce the
model set to a representative subset, which could be used to assess a simulation
tool along core metrics quickly.

Model generation Finally, it is a logical next step to explore the creation of synthetic models with
specific performance properties to evaluate simulation tools. Using our dataset of
real-world models, we can build on the state of the art [267,268]. We have explored
the creation of synthetic models using genetic algorithms and geometric patterns.
The model corpus from above could be used to validate that the synthetic models
were representative of real-world scenarios, and we could sufficiently represent
the performance characteristics of more than 80% of the models.

5.4 Summary
Reproducing research is a core concept of science. This chapter started with a brief
discussion of the reproducibility crisis and potential remedies against it. In the
following, we proposed two benchmarking solutions for different domains that
address the challenges of evaluation and representativity of research on efficient
stochastic simulation.
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6 Conclusion
In the previous five chapters, we have identified the ingredients for efficient ab-
straction and execution of stochastic simulation models. In Chapter 1, we discussed
the need for efficiency in simulation. In particular, we outlined the different types
of efficiency as they pertain to the simulation process. We saw how metrics of
efficiency could lead to different choices in hardware, like GPUs. In Chapter 2,
we delved into stochasticity as an abstraction in general and its specific appli-
cation in cellular biology. Here, we structured the space of simulation methods
along different criteria. We found that for the domain of our choice, we could not
operate on first principles alone and needed to add artificial reactions as a core
concept. We also had our first performance case study analyzing and improving
the implementation of a probabilistic cellular automaton.

The cell biological background of this chapter and the event-driven simulation
concept introduced towards its end were combined in Chapter 3. The resulting
Continuous-time Markov Chain approaches were covered in different applica-
tions throughout this thesis. After an introduction to model interfaces, with a
focus on domain-specific languages, we gave some background on their efficient
execution. This included work on their parallel execution, optimized versions of
algorithms, and new optimization strategies in the form of simulator specializa-
tion. We expanded on the reaction concept by introducing dynamic structure
models in Chapter 4. These dynamic structures allowed us to create variations
for cell biological systems with dynamic hierarchy structures, both in an individ-
ual-based spatial approach and in a population-based approach. We applied what
we learned in domain-specific languages and efficient simulation to agent-based
simulation, resulting in an efficient implementation of a concise embedded mod-
eling language for demography.

Finally, in Chapter 5, we discussed the issue of replicating and reproducing per-
formance results, especially within the context of stochastic simulation. Here,
we proposed two approaches tailored to different domains and their intricacies.
For parallel discrete event simulation, we created a synthetic benchmark model,
which identified the strengths and weaknesses when comparing different simu-
lations. For reaction network simulators, we gathered benchmark models from
different repositories. Here, we saw how different implementations of the same
method resulted in very different execution speeds.

We have explored various advancements in efficient simulation, paving the way
for simulating models on larger scales, exploring broader ranges of model para-
meters, and identifying suitable tools. We have successfully combined accessible
and fast simulation techniques and addressed challenges with domain-specific
languages. These outcomes rest on a solid foundation of well-defined physical
principles, resulting in methods that are both sound and reproducible.

The reader is now prepared for the six publications that make up the core of this
thesis, which are listed below. Naturally, these publications have opened up many
potential future avenues of research, which are given as part of each individual
publication.
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works

Domain-specific modeling languages allow a clear separation between simula-
tion model and simulator and, thus, facilitate the development of simulation
models and add to the credibility of simulation results. Partial evaluation pro-
vides an effective means for efficiently executing models defined in such lan-
guages. However, it also implies some challenges of its own. We illustrate this
and solutions based on a simple domain-specific language for biochemical re-
action networks as well as on the network representation of the established
BioNetGen language. We implement different approaches adopting the same
simulation algorithms: one generic simulator that parses models at runtime and
one generator that produces a simulator specialized to a given model based on
partial evaluation and code generation. For the purpose of better understand-
ing, we additionally generate intermediate variants, where only some parts are
partially evaluated. Akin to profile-guided optimization, we use dynamic exe-
cution of the model to further optimize the simulators. The performance of the
approaches is carefully benchmarked using representative models of small to
large biochemical reaction networks. The generic simulator achieves a perfor-
mance similar to state-of-the-art simulators in the domain, whereas the spe-
cialized simulator outperforms established simulation tools with a speedup of
more than an order of magnitude. Technical limitations in regard to the size of
the generated code are discussed and overcome using a combination of link-
time optimization and code separation. A detailed performance study is under-
taken, investigating how and where partial evaluation has the largest effect.
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1 INTRODUCTION & BACKGROUND

To simulate a given model, two general approaches can be distinguished. First, the model can be di-

rectly implemented by intertwining themodel descriptionwith themachinery to execute it. In such

a specialized approach, the implementation can be tailored to the model by hand, exploit domain-

or model-speci�c optimizations, and, consequently, deliver computationally e�cient simulation.

However, specialized implementations of algorithms are hard to test, maintain, or reuse [23]. The

second approach utilizes a separation of model (an abstract surrogate of a system) and simula-

tor (an algorithm that, given a model as input, produces output) [44]. The simulation algorithms

implemented in this way are generic referring to a speci�c class of models. Whereas generic algo-

rithms are easier to test, maintain, and reuse than specialized algorithms [21], they can exploit less

model-speci�c optimizations and are, therefore, less computationally e�cient.

Generic simulators have been successfully applied tomodeling languages ormodeling formalisms

such as DEVS [43], Petri nets [18], or rule-based languages [10]. In the �eld of cell biology, standard-

ized model exchange languages such as the Systems Biology Markup Language (SBML) [24]

and CellML [32] facilitate the development of generic simulators [16]. Modeling languages de�ne

syntax and semantics, and it is not uncommon to provide formal de�nitions [20]. A generic simu-

lation algorithm can rely on the syntax to parse a model description and then execute a simulation

run according to the semantics. This approach corresponds to implementing an interpreter for

a general-purpose programming language. Consequently, it incurs some interpretative overhead

when compared to an implementation specialized to the model. A specialized implementation is

comparable to the program produced by a compiler, where the model description plays the part of

the input source code.

Implementing a generic simulator in the interpretative style is straightforward. In contrast, the

job of the compiler (producing a specialized simulation algorithm) is typically done manually. The

issue of automating this job is tackled by the �elds of partial evaluation or program specializa-

tion [12, 22]. The idea of partial evaluation is to automatically transform an algorithm by partially

applying it to some of its inputs. Whereas partial evaluation is a well-researched topic, so far, it

has found limited use in modeling and simulation.

In this paper, we present an approach to high-performance simulation of biochemical reaction

networks expressed in a rule-based language by applying partial evaluation. This application do-

main has several bene�cial properties for our approach. First, there is a large collection of existing

models that can be executed with newly developed algorithms. Second, the core syntax and seman-

tics of rule-based languages can be kept quite simple (although more complex languages exist as

well), which allows us to focus on the methodological novelties and less on the languages. Third,

executing simulation runs of rule-based languages is well-researched, and existing performance

studies [16] facilitate evaluating our approach.

Speci�cally, our contributions are the following:

• We implement a variant of Gillespie’s stochastic simulation algorithm (SSA) [15] in two

ways. First, as an interpretative generic algorithm that parses a model at runtime. Second, as

a compiler-like code generator that produces code for a specialized model-speci�c algorithm.

• We tune the parameters of the simulation algorithms via pro�le-guided optimization by

inferring the optimal algorithmic con�guration from an instrumented model execution.

• We integrate both implementations with the established BioNetGen simulation package.

Thus, our implementations are applicable to a wide variety of models.

• We conduct a detailed performance analysis based on established benchmark models from

the literature. Our results show that the bene�ts of code generation quickly outweigh the

additional generation and compilation e�ort when compared to a generic algorithm.
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This paper is an extended version of the paper published at the PADS conference [27]. The

initial work only generated a single source code �le. Therefore, compilation times were exception-

ally high, limiting the size of the investigated model. Additionally, the performance analysis of

the partial evaluation was far less in-depth than it is here. Furthermore, the algorithmic capabil-

ities were extended, making use of the code generation technology, for example using arbitrary

complex guard expressions at no additional cost. We have also investigated more variants of the

code generation, including di�erent algorithms as well as di�erent degrees of partial evaluation.

Finally, in this paper, we also evaluate the impact of di�erent compilation strategies, like link-time

optimization.

Some of the results shown in this paper were independently veri�ed using our publicly available

code as part of the PADS reproducibility initiative [6].

2 BACKGROUND

The main idea of this paper is applying partial evaluation to the simulation of rule-based mod-

eling languages. We start by shortly introducing the core ideas of both �elds. Partial evaluation

stems from the area of programming language theory, whereas rule-based modeling is employed

in computational biology.

2.1 Partial Evaluation

The idea of partial evaluation dates back at least to Futamura’s work in the early 1970s [12]. Futa-

mura describes di�erent levels of program specialization, starting with some generic computation

and gradually becoming more specialized. The key idea is to provide a computation α to auto-

matically increase the level of specialization by partially evaluating a computation for some of its

inputs. Concretely, a computation π withm + n inputs

π (i1, . . . , im , im+1, . . . , im+n )

can be specialized by supplying values for the �rstm inputs to α , resulting in a new computation

π
′ that still takes the remaining n inputs.

π (i1, . . . , im , im+1, . . . , im+n ) = α (π , i1, . . . , im ) (im+1, . . . , im+n ) = π
′(im+1, . . . , im+n ).

The equalities in this equation express the correctness of the transformation [22]. Note that

π
′ depends on the concrete choice for i1, . . . , im , and the second equality only holds for these

i1, . . . , im , although our notation omits this. The values for i1, . . . , im are “hardcoded” into π
′ by

α . These �xed inputs are called static inputs, whereas the residual inputs of π ′ are called dynamic

inputs. As a consequence, segments of π that only depend on i1, . . . , im can already be evaluated

by α when transforming π to π ′.

A short, abstract example is the following recursive computation to compute xn :

pow(x, n) = if (n = 0) then 1 else x * pow(x, n - 1)

For any concrete value of n, for example 3, this computation can be transformed to a new compu-

tation that computes x3:

pow3(x) = x * x * x

In this case, the recursion could be evaluated by α , leaving a function with only one input

that executes only two multiplications. As exempli�ed by this transformation, the transformed

computation is typically simpler (e.g., avoids recursion) and more computationally e�cient (e.g.,

by requiring fewer calculations). However, α itself is a computation with some complexity and

runtime.
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We can now return to the concepts of interpreters and compilers and express the relation be-

tween them with specialization steps. First, an interpreter int is a computation that takes as its

input the program source code p and p’s inputs i1, . . . , in . When α specializes int with respect to

p, a computation taking only i1, . . . , in remains—the executable program. Another layer of special-

ization then results in a computation that (for a static interpreter) takes the program code and

produces the executable—a compiler.

int (p, i1, . . . , in ) Interpreter

= α (int,p) (i1, . . . , in ) Executable

= α (α , int) (p) (i1, . . . , in ) Compiler

The compiler usually provides more e�cient execution than interpreters, for example by type-

checking the program during compilation and then producing an executable without runtime type-

checking. However, interpreters are often simpler as they do not need to distinguish between

compile-time and runtime [22].

We can apply the same idea to the notions of generic and specialized simulators. A generic

simulator sim is a computation that takes a modelm, model parameters p1, . . . ,pn , and a random

seed r as input and computes some sort of simulation output. By considering the model m as a

static input and the remaining parameters as dynamic, we can obtain a specialized simulator via

α . The computation that generates a specialized simulator for a given model (and a static generic

simulator) is obtained with one additional level of specialization.

sim(m,p1, . . . ,pn , r ) Generic Simulator

= α (sim,m) (p1, . . . ,pn , r ) Specialized Simulator

= α (α , sim) (m) (p1, . . . ,pn , r ) Simulator Generator

Implementing a simulator generator [25] is the main focus of this paper. Although the specializa-

tion α is useful to de�ne the simulator generator, we implement the underlined part above directly

rather than α . This simulator generator itself is a computation with a certain runtime or computa-

tional cost, so the specialization involves a trade-o�. However, when a simulation model is used in

multiple simulation runs, the one-time cost of generating a specialized simulator should become

negligible.

Similar to how a compiler works, a simulator generator is able to introduce model-speci�c opti-

mizations into the generated simulator. In particular, it can exploit the properties of the model to

speed up the simulation. Typically, these properties can be determined by syntactic or semantic

analysis of the model. For example, a generic algorithmmust be able to run models with arbitrarily

large states and, therefore, use a �exible data structure. A specialized algorithm, on the other hand,

can hardcode the state representation and avoid indirections when accessing it.

In practice, partial evaluation has been applied to speed up computations, often by simplifying

them. For example, Schultz et al. [39] presents an approach that employs partial evaluation to

remove object-orientation from Java code to increase computational performance. In a similar

fashion, Zeng [45] applies partial evaluation to remove concurrency or recursion from programs

written in domain-speci�c languages (DSLs). Other works focus on developing methods for

e�ectively integrating partial evaluation into programs. Rompf and Odersky [37] present a library

that exploits Scala’s expressive type system to distinguish expressions evaluated during program

generation and during program execution. Leissa et al. [28] presents a DSL that allows partial

evaluation targeting CPUs as well as GPUs and apply it to computation-intensive problems like

image processing or genome sequencing.
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In our approach, we do not implement the specialization α itself, but its specialization to the

stochastic simulation of biochemical reaction networks. This corresponds to the underlined part

above, withm being a (rule-based) model of a reaction network and sim being a stochastic simula-

tion algorithm.

2.2 Rule-based Modeling, Reaction Networks, and Stochastic Simulation Algorithms

For modeling biochemical reaction networks, an explicit model representation that is clearly sepa-

rated from the simulation algorithm is widely adopted. Among the variety of available languages

and formalisms for modeling biochemical reaction networks, reaction-based and rule-based mod-

eling has become popular.

In reaction-based modeling, a system is described by enumerating chemical species and reac-

tions between them. A reaction consists of the reacting species (the reactants), the resulting species

(the products), and an expression for the reaction rate, which is usually a function of the reactant

population sizes. Rule-based modeling extends this by equipping species with attributes and de�n-

ing reaction rules instead of reactions [10]. Reaction rules specify the reactants as patterns, and

the products and rate expression depend on the matched reactants.

If the domain of the attribute values is �nite, a rule-based model can be transformed into an

equivalent reaction-based model. For example, consider a species A with three attributes, each of

which can take one of the two values p and u. The reaction rule

A(u,x1,x2) −→ A(p,x1,x2)@k1 · #A(u,x1,x2)

uses the variables x1 and x2. Substituting the possible values for both variables yields 4 reactions

involving 8 species:

Auuu −→ Apuu@k1 · #Auuu

Auup −→ Apup@k1 · #Auup

Aupu −→ Appu@k1 · #Aupu

Aupp −→ Appp@k1 · #Aupp

Although a high number of attributes can lead to a combinatorial explosion of the number of

species and reactions, many rule-based models can be transformed into reaction networks this

way. Such a reaction network then de�nes a population-based CTMC [1, 10, 20]. Consequently,

the standard approach for simulating biochemical reaction networks is sampling this CTMC with

a Stochastic Simulation Algorithm (SSA).

Gillespie presented an SSA for reaction networks, the Direct Method, in 1977 [15]. Since then,

many variations of this algorithm have been developed, including the Next Reaction Method [13],

theOptimizedDirectMethod (ODM) [4], as well as the SortingDirectMethod [30]. Here, the use

of smarter data structures increased performance. Recently, also the particular nature of mass ac-

tion kinetics is exploited to gain performance, e.g., in the rejection-based sampling algorithm [42].

Gupta and Mendes [16] authored a comprehensive review that tests the performance of state-of-

the-art implementations. In this review, BioNetGen [17] and pSSAlib [34] are shown to be the

fastest. Our approach combines insights from this research with the idea of partial evaluation.

3 RELATEDWORK

A few approaches that use code generation or compile-time optimization to speed up the simula-

tion of reaction networks have been proposed.

Meyer et al. [31] augment the JavaML-Rules simulation algorithmwith runtime code generation.

The original simulation algorithm stored rate expressions as abstract syntax trees and evaluated
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them in an interpretative fashion. To speed up the evaluation of rate expressions, each abstract

syntax tree is replaced with generated Java code representing the same expression. Depending on

the model, this change reduced the overall simulation time by 5% to 42%. In contrast to our work,

this approach is less intrusive—due to the re�ective capabilities of the JVM, the code generation

can be integrated transparently into an existing simulation algorithm. On the other hand, it is

also less e�ective—as it only transforms rate expressions, it is not able to exploit model-speci�c

memory management, for example.

The stochastic simulation compiler SSC [29] focuses on “combining a higher level speci�ca-

tion required for modeling larger systems with the ability to model spatially heterogeneous systems”.

To counter the increased computational complexity caused by spatial heterogeneity, SSC employs

code generation to produce e�cient model-speci�c simulators. Similar to our approach, the input

model can be de�ned in a custom DSL or be automatically translated from BioNetGen. Whereas

we generate C++ code that is then compiled, SSC directly generates native x86 assembly and links

it with a C runtime. An old (2009) compiled binary for SCC is available. However, the source code

is not.

LibRoadRunner [41] simulates models de�ned in SBML, which is a general description format

for biochemical reaction networks. In contrast to our approach, libRoadRunner relies on LLVM,

a compiler framework, and integrates its code generation with LLVM’s Just-In-Time (JIT) com-

piler. This yields native machine code for model-speci�c SBML simulators. However, for the spe-

ci�c subset of simulation models that we consider in this work, namely static stochastic models,

libRoadRunner was shown to not be competitive [16].

The simulation of reaction networks is in part related to that of Petri nets. For these models,

code generation has been explored [35], however mostly not for performance improvements, but

for usages on speci�c hardware like microcontrollers [3] or integration with a 3D game engine [5].

The work that is most closely related to ours is a paper from 2008 by Keller et al. [25]. They also

propose the generation of specialized simulators based on partial evaluation of a generic algorithm

and achieve performance gains through this strategy.We expand on this work in several directions.

First, we integrate our implementation to the existing state-of-the-art tool BioNetGen, demonstrat-

ing the practical relevance of the approach. Second, we provide an in-depth performance analysis

of the e�ects of partial evaluation and di�erent compilation strategies. Third, we illuminate the in-

teraction of partial evaluation with algorithmic improvements of the SSA, including pro�le-guided

optimization of model-speci�c algorithm con�guration. Fourth, we relate the performance gains

we achieve to the top state-of-the-art algorithms, proving that a simulator powered by partial

evaluation is able to surpass all of them.

Code generation of several model components and their linking has also been a part of the

Möbius-framework for complex systems modelling [8]. There, the di�erent components of the

model are compiled independently and linked thereafter, similar to what we will be doing to im-

prove our compilation time.

Automatic model transformation has also been used more generally in model development for

simulations, for example in model-driven development [7].

4 OVERVIEW OF OUR APPROACH

The technical framework for our approach is shown in Figure 1. It contains several input languages

and several execution options. The common layer between inputs and execution is a machine-

readable representation of the complete reaction network speci�ed in a TOML �le. TOML is a

frequently used simple textual data markup format. TOML stands for Tom’s Obvious, Minimal
Language. Note that, in addition to the steps shown in Figure 1, it is also possible to process the

model representations further, for example with methods for model reduction or abstraction [36].
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Fig. 1. An overview of the technical framework and involved tools as well as their interdependence. So�ware

tools are denoted by ellipses, own implementations are highlighted. Rectangles are for files and (generated)

artefacts.

4.1 Input Languages

Currently, we accept two kinds of input models. A customDSL presents one option to create TOML

representations. This DSL does not support attributed species or rule-based modeling but enables

writing reaction networks in a human-readable syntax. A model speci�ed in the DSL consists of

an enumeration of species, the initial population of each species, and a set of reactions. As already

introduced in Section 2.2, reactions look like

A + B
︸︷︷︸

Left side

−→ C
︸︷︷︸

right side

@ #A · #B ·

Mass action rate
︷︸︸︷

3.8
︸���������������������︷︷���������������������︸

reaction propensity

Each reaction speci�es the left side species that turn into the right side species at a rate which

is given as a function of the amount of the reactant population and the reaction rate constant,
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ALGORITHM 1: Direct Method

t : current simulation time,

tend: the end time of the simulation run

X = (x1,x2, . . . ,xn ) ∈ N
n : the state vector.

R = {R1,R2, . . . ,Rm }: the set of reactions.

vi ∈ Z
n : state change vector of reaction Ri .

a1 (X ) . . . am (X ): propensities of the reactions R1, . . .Rm .

a0 (X ): sum of all reaction propensities.

1 while t < tend do:

2 // Calculate propensity sum of all reactions

3 a0 (X ) :=
∑m
i=1 ai (X )

4

5 // Select a reaction to be executed

6 x := U (0, a0 (X ))

7 i := min {j |j ∈ {1 . . .m } ∧
∑j
i=1 ai (X ) > x }

8

9 // Advance simulation time by sampling from an

10 // exponential distribution with rate parameter λ = a0 (X )

11 t := t + Exp (a0 (X ))

12

13 // Execute selected reaction

14 X := X + vi

yielding the so-called propensity of the reaction. We have implemented a parser for this DSL using

the Python textx library1 to produce the TOML �le.

In addition, we support the execution of models speci�ed in the BioNetGen language

(BNGL) [10]. BioNetGen is a popular open-source software for the speci�cation and simulation

of rule-based models of complex biochemical systems, including signal transduction, metabolic,

and genetic regulatory networks. BNGL models can be exported into di�erent formats, such as

SBML or the MATLAB language [17]. One of the core functionalities of BioNetGen is the genera-

tion of the underlying reaction network as described in Section 2.2. The reaction network serves

as input for the built-in population-based network simulators of BioNetGen. Our framework in-

cludes a parser that transforms BioNetGen’s reaction network format into our TOML �le format.

Thus, our framework uses the reaction network as expanded by BioNetGen as input to generate

specialized simulators.

4.2 Simulation with the (Optimized) Direct Method

The network description in TOML serves as input for the generic simulator as well as for the code

generator that generates the specialized simulators. All our simulators implement variants of the

Direct Method, the stochastic simulation algorithm introduced by Gillespie [15] (Algorithm 1).

A number of algorithmic optimizations of the Direct Method have been proposed. In this pa-

per, we focus on two of those optimizations: maintaining a dependency graph of reactions and

optimally ordering reactions.

1textX is available at https://textx.github.io/textX/ and is inspired by the popular Xtext framework (https://www.eclipse.

org/Xtext/).
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• Using a dependency graph [13] avoids calculating all reaction propensities at every time step

(line 3 of Algorithm 1). Instead, the propensity of all reactions as well as their sum is stored

between steps. Whenever a species amount is changed, the propensity is only recalculated

for the reactions that are dependent on this species, and the global propensity sum is changed

accordingly.

• The ordering of reactions can be optimized by sorting reactions such that reactions with a

high propensity occur �rst. Since fewer reactions need to be traversed to reach the threshold

(line 7 in Algorithm 1), the selection of a reaction is signi�cantly sped up.

The combination of these optimizations has been shown to improve performance signi�cantly

in the Optimized Direct Method (ODM) [4]. We always use the dependency graph for all simu-

lators.

A central step in the Direct Method is the generation of random numbers. An exponential ran-

dom number is needed for the timestep (line 6 in Algorithm 1) and a uniform random number

for the reaction selection (line 11 in Algorithm 1). All Rust implementations use the PCG random

number generator from the Rust Rand Library [33]. By default, Rust uses advanced random num-

ber generators designed for applications in cryptography. For our purposes, a PCG is su�cient, as

it already provides high-quality numbers but is signi�cantly faster. For the C++ implementation,

we have used both Mersenne Twister, which is a recommended C++ random number generator

and PCG. Mersenne Twister is slightly slower than PCG, but that makes little di�erence for most

models.

4.2.1 Generic Simulators. A generic simulator was implemented in both Rust and C++. It reads

the TOML �le containing the model description and executes it according to Algorithm 1. The

structure of the model is stored in heap-allocated arrays that are created at runtime after parsing

the TOMLmodel description. The entire simulator has about 260 lines of code, including all parsing

and output.

4.2.2 Generated Specialized Simulators. We create the specialized simulators by explicit code

generation. This is done by a Python3 program, the Code Generator (see Figure 1), using jinja22

templates for code generation. All reactions are hardcoded into the specialized simulators. Both

C++ or Rust code can be generated.

Rust was chosen as it creates fast native code (through its compilation backend LLVM) with

strong static guarantees. In addition, the Rust ecosystem includes a good compilation and depen-

dency management ecosystem (crates.io and Cargo), which enables compilation of the generated

code on various hard- and software environments with minimal e�ort. In the generated Rust code,

a simulator is an object that only contains the propensities (the calculated rates) of the reactions

as well as the population sizes of the species. Both of them are stored as stack arrays. In fact, the

entire simulator never performs any heap allocation in any performance-critical part of the simu-

lation. In the main step function the index of the next reaction is calculated (line 7 of Algorithm 1).

Whereas the generic simulator uses this index to look up the reaction to execute in a dynamic data

structure, the generated code immediately jumps to the execution of the reaction at the determined

index. Additionally, it is hardcoded which reactions are a�ected, and their respective propensities

are also updated (if using a dependency graph is enabled). The recalculation of a reaction’s propen-

sity is a small function that can be inlined by the compiler if needed. There is never the need to

look up any dependency graph, and the compiler is free to reorder any calculations as it sees

�t.

2palletsprojects.com/p/jinja/.
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C++ is a well-established language known for creating fast assembly. One advantage of C++ is its

long development in compiler optimization and infrastructure.Wewill exploit some features when

we move towards larger models later in this paper. Due to compile overhead, these larger models

were not tractable using compilation with Rust. Therefore, more advancedmethods of compilation,

as well as some of the advanced model features, are only supported in the C++ code generator. The

generated C++ simulator is similar to the Rust one, but all functions and variables live at global

scope. Other than the random number generation, which uses their respective standard libraries,

the algorithmic implementation is identical. There are no objects used for the C++ code (except

the random number calculator).

5 OPTIMIZING THE SIMULATION

In this section, we will discuss the di�erent kinds of optimizations made. First, we will discuss op-

timizations from the area of partial evaluation. These methods invest additional e�ort when gen-

erating the simulator to improve the performance of the generated simulator. These optimizations

lay on a spectrum—there is a trade-o� between increased up-front e�ort and improved simulator

performance. Furthermore, we present some additional algorithmic optimizations that we have

investigated in Section 5.4.

5.1 Profile-guided Optimization for Reaction Ordering

Pro�le-guided optimization [40] is a type of optimization for repeatedly executed and performance-

critical programs. For this, an instrumented variant of a program is executed once while recording

various statistics on the execution. This record of typical execution behavior is then used to further

optimize the code. A typical example would be branch prediction, where more common choices

can be listed �rst.

We employ the idea of pro�le-guided optimization to integrate the optimal ordering of reactions

as proposed in the Optimized Direct Method (Section 4.2) into the generation of specialized simula-

tors. In particular, we infer an optimal reaction ordering based on pro�le data from a pilot run. To

do this, we use a simple heuristic of counting how often a reaction �red during a sample execution

of the model (the pilot run). Then we regenerate the entire model (i.e., the TOML �le), but sort the

reactions by how often they �red. This basic strategy is already helpful in reducing the reaction

selection times. In principle, of course, reaction propensities can di�er between simulation runs.

However, it is observed in the literature [4], as well as in our experience, that one pilot run tends

to lead to a good average behavior for simulation execution. If changes were more dynamic, the

Sorting Direct Method [30], in which the reaction order is changed at runtime to create more op-

timal reaction selection, would provide an alternative. This is the algorithm that was chosen by

BioNetGen.

It makes sense to execute the pilot run with the generic simulator, as we only need the re-

sults from one run. It is typically slower than the specialized simulators but requires no upfront

compilation.

5.2 Compiler Optimizations

As shown in our initial investigation [27], one of the challenges of generating simulators is the

size of the generated code. Generating and compiling a single source code �le allows for maximum

optimizations during compilation but limits the size of the input models. Large input models can

lead to compilers raising internal errors and also to compile times and memory needs that are not

practical for real-world usage. In addition, it complicates parallelizing the compilation.

To mitigate this, we can generate multiple source code �les. This includes separate �les for

initialization, IO, as well as the reactions of the system. Now for each reaction, di�erent functions
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serve as an interface to other reactions, like reaction execution or rate calculation. However, it is

also not practical to generate one �le for each reaction, as too many �les also lead to technical

issues with compilation and linking, such as the limit in the length of a bash gcc call. Therefore we

have made the following choice: We create at most 2,000 �les for the di�erent reactions. If there

are more than 2,000 reactions, we put multiple reactions into a single �le, constituting one unit of

compilation. This way, we can avoid having too few as well as too many source code �les.

The generation of many separate source code �les allows parallel compilation and also reduces

memory needs. On modern machines, this leads to large compilation speedups, as it is essentially

an embarrassingly parallel problem. However, these advantages in compile performance come at

a disadvantage for the runtime performance. These separate units of compilation are later only

linked together for the �nal executable. Some common and important compilation optimizations

like inlining are limited to units of compilation and cannot be applied during linking. Therefore

the �nal execution speed su�ers.

To combine the optimization potential of a single source code �le with the speed of generating

and compiling many source code �les, we exploit link-time optimization (LTO). Here the units

of compilation are only partially compiled into an intermediate representation, which can be done

in parallel. Subsequently, the intermediate representations are linked, and the �nal executable is

produced. During this step, which is not parallel, LTO improves the performance of the executable

at the cost of more linking time. We have included results for all three modes of generation and

compilation in the results section.

5.3 Specifying Parameters at Runtime

Partial evaluation does not necessarily include all model parameters. For maximum performance

of a simulation run with a speci�c parametrization, all model parameters should be hardcoded

into the generated simulator. However, in some situations, for example when running a parameter

sweep with a model, somemodel parameters may change frequently. To avoid having to recompile

the complete model for every parameter change, model parameters can be set dynamically. Instead

of hardcoding them into the simulator, these parameters have to be speci�ed at runtime. Again, this

means a performance trade-o�, as withmore parameters known at compile-time, more expressions

can be simpli�ed, leading to faster execution. We have analyzed this trade-o� in the results section.

5.4 Algorithmic Optimizations of the Specialized and Generic Simulator

To compare the specialized and the generic simulator, we use the same algorithmwith very similar

implementation in both simulators. To be competitive with other tools in the domain and to make

our tool useful for the community, we have included some algorithmic optimizations compared to

a naïve realization in both implementations.

5.4.1 Redundant Operation & Reaction Removal. When writing reactions frequently, some enti-

ties remain on both sides and/or are unchanged. Our parser will, whenever this is the case, remove

the entity from both sides, i.e. we take

A + B −→ B@7 · #A · #B

and transform it into

A −→ @7 · #A · #B.

This is always done for both simulators. We did not measure the performance di�erence of this

minor optimization.
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We also statically analyze all reactions in the system. It is common practice in models to have

some rates or constants set to zero by the modeler to disable or enable features within the model.

These reactions are skipped when parsing.

5.4.2 Tree-based Reaction Management. To compare di�erent approaches of reaction selection,

we have also implemented a variant of the (optimized) Direct Method, where the propensities

are stored in a tree instead of a vector. Here reaction selection has logarithmic instead of linear

complexity, but on the other hand, reaction rate updates also have logarithmic complexity instead

of constant time. This structure is e�ectively a Fenwick tree [11, 38] and has been used for SSA

simulation in the past [9]. However, its application in conjunction with code generation is novel.

We have also included the sorting in the tree (moving more frequent nodes to the top) in the same

way frequent reactions are moved to the beginning of the array in the optimized direct method.

Since the number of reactions is static, dynamic removal and addition to the tree, as we had to

consider in the past [26], is not an issue.

6 RESULTS

In this section, we analyze the performance results from our simulator implementations. We �rst

look into the substeps of the algorithm and measure how much partial evaluation and reaction

sorting reduces the time cost of these substeps. This gives a �rst idea of how di�erent models

bene�t di�erently from these optimizations. To gain an even more precise understanding of these

e�ects, we then measure the overall runtime of several benchmark models with di�erent degrees

of optimization. In addition, we investigate the in�uence of some further optimizations on the

performance of our approach.

All measurements were done on a Dell PowerEdge R730 Server using an Intel Xeon E5-2683 v4

CPU. Hyperthreading was deactivated, and the machine was only executing the benchmark. We

limited the maximum CPU frequency to 2.1 GHz by deactivating all Turbo Boost functionality. On

the software side, themachine was running Linux 3.10 on CentOS 7.We installed the lasted version

of all compilers for the performance measurements. We used Python 3.8.1, GCC 9.2.0, clang 9.0.1,

and the Rust ecosystem at 1.41.0. The compilation was always done using maximum optimization,

that is, using --release for Rust and -O3 for the C++ compilers. Also link-time optimization

(-LTO) (where indicated) and machine speci�c code (--march=native) was used. A Python script

to recreate all measurements, �gures, and tables from this paper is provided alongside the other

software in the supplementary material.

As benchmarks for the di�erent types of simulators and their con�gurations, we use the �ve

models presented in the performance review by Gupta and Mendes [16]. Due to the subdivision of

the generated code into individual �les (Section 5.2), our implementation handles even the largest

of those benchmark models (in contrast to an earlier version of our code [27]). In addition to

the benchmark models, we added a stochastic variant of the Lotka-Volterra prey-predator model

to serve as an example for an extremely small model. Table 1 lists all models with their speci�c

characteristics, including the number of lines of code generated and the size of the resulting binary

executable.

6.1 Microbenchmarks of the Substeps

Measuring the overall runtime of a simulator as a benchmark is relatively straightforward. We are,

however, interested in understanding the performance pro�le in detail and therefore need more

precise data than just total runtime or time per step. We thus created a set of microbenchmarks to

measure the three phases (substeps) performed in each iteration of the algorithm:
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Table 1. Overview of the Di�erent Models used for the Performance Measurements

model degree species reactions LoC Size of executable [MB]

Lotka-Voltera 2 2 3 ~300 0.78

Multistate 7 9 18 ~800 0.81

Multisite 55 66 288 ~23 000 1.2

EGFR 163 356 3 749 ~800 000 7.5

BCR 381 1 122 24 280 (24 388) ~9 800 000 69

FcϵRI 1 227 3 744 51 136 (58 276) ~64 000 000 350

Also displayed are the lines of code (LoC) of the generated specialized simulator as well as the number of reactions

and species in the model and the size of the binary of the specialized simulator. The LoC are roughly similar for the

two target languages C++ and Rust. The degree of the model is the average number of reactions that need to be

updated when executing a reaction. The average is taken over the set of reactions and not weighted with their

propensities. Given in parentheses is the number of reactions found (and used) by BioNetGen. The di�erence is

because some reactions have a rate of zero and are therefore automatically excluded from our simulator.

• random number generation (line 6 and line 11 of Algorithm 1)

• reaction selection (line 7 of Algorithm 1)

• reaction execution (line 14 and line 3 of Algorithm 1) via the dependency graph as described

in Section 4.2.

These substeps are on the order of 10 to 1,000 nanoseconds and, thus, hard to measure precisely.

It is common practice to measure such fast functions in microbenchmarks by calling the function

n times and measuring the total runtime. For usual numerical functions, this works well, but our

three phases require a speci�c state of the simulator as input and, in the case of reaction execution,

even alter that state. For this microbenchmarking, we use the Criterion.rs Library,3 which provides

methods and statistics for performingmicrobenchmarks. For themicrobenchmarks, we employ the

Rust variant of the specialized simulator.

Tomeasure the desired quantities, we use a scheme that varies the number of replications, where

in each replication, we perform 1,024 steps with an already warmed-up simulator. The replications

are executed sequentially and use the same initial state. The idea is then to increment the number

of replications until the overall runtime depends linearly on the number of replications (i.e., the

domain beyond warm-up and measurement overhead). The slope of that linear dependency is then

the runtime per replication.

The next challenge is to measure the time needed for the three di�erent phases of each simula-

tion step, as mentioned above, instead of only the time that the entire simulation step needs. To

achieve this, we compare the runtimes taken for modi�ed variants of the simulation algorithm.

Figure 2 illustrates these modi�cations. We use two di�erent methods to get the needed substep

resolution.

First, we use an additive method, where extra work is done per step. Subtracting the time of the

regular step gives us an estimate of the extra work. Instead of two random numbers, we generate

four, and instead of selecting one reaction to �re we select two (and then only �re one). This gives

us an estimate of the time for the selection and the random number procedure, with execution

taking up the remainder of the time. Of course, we cannot execute the reaction twice, as this

would lead to incorrect behavior, but we can assume the execution time to be the remaining time

of the step.

3Criterion.rs is found at https://github.com/bheisler/criterion.rs.
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Fig. 2. An illustration of the di�erent benchmark loops. Based on a measurement for the total time of a loop

iteration (computed by running many iterations and dividing the time needed by the number of iterations),

we can get an estimate for the di�erent components that make up the loop, by adding and subtracting

individual components, for example an estimate of trandom would be tadditional random − tregular.

Fig. 3. Composition of the runtime of di�erently sizedmodels, in both the specialized and the generic variant.

The models are ordered le� to right by the model size. The code generation predominantly a�ects reaction

execution. For larger models, the e�ect of order optimization is also visible as reaction selection time is

reduced. The two bars of measurement show the two ways of profiling the functions (Section 6.1). The le�

one is the additive, and the right one the replay approach. Both are wri�en in Rust.

In the second approach, we execute the steps �rst in the regular way and store what random

numbers are generated and what reactions are executed. Now we measure the time it takes to

execute the steps, but without explicitly calculating random numbers or selecting a reaction. In-

stead, the stored values are used. This is essentially a replay of the simulation run. We try to get

an estimate of the overhead due to replay. Therefore, we run the simulator regularly (including

creating random numbers, etc.) and still use the replay numbers. The di�erence between this run

to the regular run should give an estimate of the replay overhead. The replay method has trouble

resolving short times for the select operation. In general, however, both methods result in largely

similar numbers.

The results of the measurement setup, as described in the previous section, can be found in

Figure 3. There are several conclusions we can draw from the data. First of all, smaller models are

signi�cantly in�uenced by random number generation, whereas random number generation has

little e�ect on larger models. This is because random number generation takes on the order of

20 ns, independent of the size of the model.
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Table 2. Di�erent Levels of Code Generation

Simulator reaction e�ect reaction rate dependency graph

generic dynamic dynamic dynamic

Intermediate level 1 evaluated dynamic dynamic

Intermediate level 2 evaluated evaluated dynamic

Fully Specialized evaluated evaluated evaluated

The bold letters indicate the corresponding markers in Figure 4.

The time needed for random number generation is nearly the same for all simulators, since all

use the same random number generator. We notice that for the case of the extremely small model

(the Lotka-Volterra model), the time for the random number generation slightly decreases in the

specialized simulator. This could potentially be due to less overall simulation e�ort being spent

elsewhere, resulting in more of the random number generator staying in the cache.

Reaction execution is a�ected themost by specialization.When executing a reaction, the generic

simulator needs to do a lot of work to look up what to do, for example what species to alter and

what rate constant a reaction has. Furthermore, the dependent reactions also need to be updated.

The specialized simulator has all this hard-coded in the assembly. The observed speedup in the

execution phase is around 6× for the models tested.

Reaction selection only plays a minor role for smaller models. On the other hand, for the larger

models we tested, it can be the dominating factor in runtime performance. The reaction sorting as

done by the ODM can provide speedup of up to two orders of magnitude for the selection phase

of the largest model tested.

6.2 Overall Performance

The previous section shows that optimizing the reaction ordering as well as partial evaluation can

signi�cantly reduce the simulation runtime. Nowwe investigate forwhich parts of themodel partial

evaluation has the largest e�ect. Therefore, we distinguish and compare four di�erent degrees of

partial evaluation (Table 2).

• The most basic variant is the generic simulator. Here no performance-relevant code gener-

ation does take place. Only for the purpose of simplifying the implementation, we perform

code generation for some non-performance-critical parts like IO.

• At the intermediate level 1 the reaction e�ects (changes to the populations in the system)

are partially evaluated.

• At the next intermediate level (intermediate level 2) additionally, the rate calculation is par-

tially evaluated.

• Finally in the fully specialized variant the dependencies between the reactions are also hard-

coded.

The reasonable expectation here is that with an increasing degree of partial evaluation, the

compile-time increases, whereas runtime decreases. The key results are shown in Figure 4. Here

we see how the compile time on the x-axis and the runtime (for simulation until t = 100 as was

done in the original paper [27], which this paper is based on).

The marker shape designates how much partial evaluation was performed in terms of code gen-

eration. Here S and g, refer to the specialized and generic simulators and 1 and 2 to the intermediate

variants. A tilted marker indicates that we have additionally done a pilot run to sort the reactions

resulting in the algorithm being the Optimized Direct Method (ODM). The color indicates how
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Fig. 4. Data for the Cost/Benefit ratio of di�erent evaluation strategies. Error bars indicate one standard

deviation. Data di�ers somewhat from what is shown in Figure 3, as time per step is not explicitly measured,

but taking from the entire model run, including other IO, etc. Also model specific behavior is di�erent, as a

di�erent simulation time is used. In general, we observe a Pareto-type distribution, with mostly diminishing

returns with increasing compile time. For example, for the EGFR model, the change from link time (orange)

to whole program (green) optimization significantly increases compile-time cost but only slightly decreases

runtime for the specialized simulator (S).

far-reaching the used compiler optimization was. The options are red, where optimizations were

applied locally to each compilation unit, orange, where some link-time optimization was used, and

green, where the whole program was compiled as a single unit, allowing the compiler to use all

options of whole program optimization. The panels are sorted by the size of the model shown.

We would expect to see a Pareto-type distribution of the values in the plot. For those markers

further left, we invested relatively little (or no) compile time. We would expect those to be slower

(further up in the plot). For those markers further right in the plot, we spent more time on the
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partial evaluation. If partial evaluation decreased the execution time, we would expect those mark-

ers to be further down.

We will discuss these results in three separate sections. First, we consider the model execution

time. Next, we discuss the compilation time or the overhead for partial evaluation. Finally, we

discuss how these two relate and where the tradeo� is.

6.2.1 Model Execution. We observe di�erent behavior of model execution when considering

the di�erent models. As already seen in the pro�ling section, for the multistate model, sorting of

reactions provides no advantage. This model has a short overall execution time. Therefore there is

a fairly large discrepancy between the reported CPU time and the measured total time. The CPU

time does not include parsing of the input �le (where applicable) and writing of the output �le.

In addition, there is a language-speci�c overhead, as even native languages have a small startup

time. This overhead is di�erent between C++ and Rust, with Rust reporting the shortest CPU time

but taking the longest to actually execute the model. For larger models, this overhead makes little

di�erence.

What we can observe here nicely is that runtime decreases by a constant factor with every level

of partial evaluation. (the di�erent colors). They share a compile-time (discussed below) but have

di�erent execution times. Link-time optimization has no measurable e�ect for this small model.

Moving the whole program to a single unit of execution, however, reduces execution time by

about 20%.

The multisite model is primarily dominated by reaction execution time. Therefore, the special-

ized variants have an advantage here. BioNetGen is comparatively slow for this model. This is due

to BioNetGen’s simulation algorithm, which reorders reactions after every execution. This poten-

tially reduces reaction selection time but introduces some additional overhead when executing a

reaction. In regard to the compilation options and level of partial specialization, we have similar

results to the multistate model.

The advantages of BioNetGen’s Sorting Direct Method can be observed for the EGFR model.

Here, simulation time is dominated by reaction selection for the generic simulators. Therefore, all

simulators, generic or specialized, are roughly equally fast. Sorting after taking a model pro�le,

however, greatly reduces total execution time. In general, for this model, sorting is signi�cantly

more impactful than specialization. However, in combination, both of these together can reach

very high performance. A big driver for the performance of the EGFR model is the order of the

reactions, as a few reactions dominate the execution. Therefore, we have a large variation in the

execution time for the randomly ordered simulations and a low error bar for the sorted variant.

Similar to the BCR Model, reaction sorting dominates. For this model, however, full code gener-

ation into a single �le is no longer tractable. We have put an arbitrary limit here of a compile-time

of more than one hour. Even the best specialized variant (here: link-time optimization, sorted)

performs similarly to the best generic simulator and only slightly better than without link-time

optimization, but with a large compile overhead.

The FcϵRI model, which is larger yet again, has a more uniform distribution of the reactions.

Therefore, reaction sorting mostly results in a minor improvement in performance. Specialization,

however, when done in the form of full code generation, reduces runtime threefold. And again, we

can observe how sorting, once all other overhead is reduced, has a signi�cantly larger impact on

total runtime performance.

There is another interesting artifact. We can observe for the two larger models (BCR and FcϵRI)

that the partial specialization actually produces runtimes that are worse than the generic simulator.

We attribute this to the code size of the generated binary. Whereas the generic simulator has fairly

minimal code size, the partially specialized ones have at least a few functions for every reaction.
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Fig. 5. This figure compares the runtime of di�erent code generation targets (i.e., compilers and languages)

across the three smaller models. The runtime of the di�erent simulators for a single simulation run is shown

in blue. Optimizing the order of reactions has a larger e�ect for larger models. Shown in purple is the ex-

emplary amortized overhead (i.e., the overhead per simulation run) for a di�erent number of replications.

This overhead includes compile-time, time to parse the model input, and time to perform the profile-guided

optimization, where applicable. We see that for few replications, partial evaluation is not beneficial, but for

more replications, the overhead per simulation run vanishes.

Therefore, there is some overhead when executing a reaction because the code needs to be loaded.

If the simulator is only partially specialized, this outweighs the improvement in performance due

to specialization.

From the di�erent degrees of specialization, we can also get insight into where the partial evalu-

ation has the largest e�ect. The �rst intermediate level (1) has little e�ect (and, as discussed above,

can even degrade performance). This is expected, as the pure e�ect of reaction execution takes up

a relatively minor part of total runtime. The largest step up in performance comes from the par-

tial evaluation of the dynamic dependencies. We can generally observe that when the dependency

graph is not partially evaluated, the separation in di�erent units of compilation has relatively lit-

tle e�ect. This implies that part of the speedup is due to the compiler optimizing the hard-coded

interaction between reaction execution and dependencies between reactions.

6.2.2 Overhead of Compilation. In Section 2.1 we already mentioned that there is overhead

associated with the partial evaluation α . In our approach, this overhead depends on the actual

compiler used to compile the specialized simulator. Figure 5 shows the results for the full special-

ization but for di�erent compiler setups. Three di�erent compilers for the generated specialized

code are considered. We only use the smaller models here, as full specialization is not tractable for

the larger models.
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• The GNU Compiler Collection (GCC) is a well-established compiler suite.

• Clang is a C/C++ frontend for the LLVM compiler. It provides a more modern approach but

is not as established as GCC.

• The Rust compiler Rustc is also based on an LLVM backend.

In addition to the total runtime of the simulator for the respective model, we have also measured

the overhead incurred by both compilation and pro�le-guided optimization.

There is no clearly fastest compiler when it comes to the compile time of the models. Nonethe-

less, the compile times di�er by a factor of 1.4 to 2×, depending on the model. However, with every

model, another compiler is consistently the fastest. This relation is certainly an interesting avenue

for future exploration.

In Figure 4 we can observe how partial specialization a�ects the overhead. For the smaller mod-

els, in particular, the multistate model, the general framework, like the output routines and the

simulation loop, dominate compile time. Therefore, compile time is only a�ected by what compile

settings were used. Interestingly, for the multistate model with only nine reactions, the full Spe-

cialized Simulator consistently compiles slightly faster than the partially specialized simulators.

This is because compiling the code needed to dynamically load this information takes slightly

more time than just hard coding them due to the involvement of IO libraries, etc. This only holds

true for small models. For larger models, we can clearly see how the di�erent degrees of code

generation a�ect compile time.

The compiler settings are e�ectively a measure of the parallelization during compilation. Since

the machine used for the benchmark is a parallel-execution-capable server, the traditional com-

pilation, which is then split into several �les and linking, remains fairly tractable even for larger

models.

We can also observe di�erent compile times for the di�erent levels of partial evaluation. There

is little di�erence in compile time between intermediate level 1 and intermediate level 2. This is

because the majority of the generated code is part of the dependency graph, which neither of them

partially evaluates.

It should be noted that other than time performance, memory performance can also be a critical

limiter for the code generation presented. Speci�cally, the compilation of extremely large source

code �les is rather challenging for the compilers. We did not conduct a detailed study on the

memory usage, but with the larger models, we not only ran into runtime limitations but also the

limits of the memory on our 32 GB RAM desktop workstation. Therefore we ran everything on a

larger server.

6.2.3 Runtime-compiletime Tradeo�. Regarding the overall overhead of compilation, there is a

tradeo�. The deciding factor is the number of replications that are executed. Stochastic models

need to be executed multiple times to get statistically meaningful results. When executing hun-

dreds or thousands of runs, the amortized compilation overhead is minimal (cf. Figure 5). For only

a handful of runs, however, due to the overhead, partial evaluation appears hardly worth it.

It is almost always most meaningful to either go for full specialization or just use a generic sim-

ulator with the Optimized Direct Method (i.e., with a pilot run used for sorting). The intermediate

solutions do not appear to perform particularly well in comparison. The yield of generating a sim-

ulator is somewhat model-dependent. In all cases, the specialized simulator clearly outperforms

the generic one. On the other hand, especially for the larger models, the overhead is signi�cant.

For the BCR model, for example, a slightly faster simulator is achieved, but only at high compile-

time costs in the 1000s of seconds. Likely an even faster simulator could have been created if more

compilation time would have been used (more than an hour), but only many replications (1000s)

would justify this investment. For the FcϵRI model, specialization was signi�cant, even without
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any link-time optimization. At this point, we have no indicator or automatic way to estimate the

likelihood of success when performing partial evaluation.

6.3 Performance Impact of other Optimizations

After precisely pro�ling the simulation algorithm and illuminating the interplay between partial

evaluation and pro�le-guided optimization, we now investigate some further factors that impact

the performance.

6.3.1 Dynamic Parameters. As described in Section 5.3, some parameters may be speci�ed to

be read in at runtime. To measure this, instead of hard coding the reaction rate constants, we have

instead modi�ed the models such that each rate expression requires one constant to be evaluated.

Depending on the model, we see a performance decrease between 1% and 7%. The larger models

have more of a performance penalty for two reasons. Firstly, as we have seen above, for these

models, rate calculation is a more dominant part of the overall execution time. Therefore, the

slowdown in calculation has more of an e�ect there. Secondly, for smaller models, we can expect

more of the model to remain in the cache. Therefore, reading the parameter value should be less

costly.

6.3.2 Tree-based Propensity Calculation. The reaction selection phase can be the dominant part

of the runtime. This is especially the case for the unsorted variants of the simulators. In those cases,

we have seen a signi�cant performance improvement when using the tree-based reaction selection

as described in Section 5.4.2. Instead of linear complexity in selecting the reaction, the selection

now has logarithmic complexity. For some models, like the unsorted EGFR model, we, therefore,

see up to a 40% reduction in total execution time. On the other hand, once reactions are sorted, we

actually see a 40% increase in runtime. That is because there is an overhead to keeping this tree

data structure when modifying a reaction rate. We conclude that using this tree structure makes

sense for large systems, where the dominant reactions have not been identi�ed (and moved �rst),

either because no pilot run was done or because the model behavior does not have predictable

dominant reactions.

The tree-based reaction selection works well in conjunction with the partial evaluation of re-

action rate expressions. Similar to reaction sorting, because partial evaluation reduces rate calcu-

lation time so drastically, changes to reaction selection time have a large e�ect. This exaggerates

the e�ect of the reaction selection runtime. However, tree-based propensity calculation appears to

be an inferior choice to reaction sorting for the tested models. Therefore, in cases where partial

evaluation makes sense, the overhead of the pilot run usually amortizes, and we see no need for

the tree data structure. Nonetheless, there might be cases where such an approach might be useful.

6.4 Applications of Code-generation for Simulation

Code generation could be of interest to the simulation community beyond the scope of pure per-

formance improvements. One application for which we have used our tool is generating code for

teaching. With only about an hour’s work, it was possible to provide another output target in the

form of a Python library. We could then supply this as a self-contained model to students, for the

purpose of teaching model experimentation techniques, like parameter estimation and optimiza-

tion. This implementation is not very fast, however su�cient for the purpose of teaching and could

be easily integrated with existing language frameworks.

A second application where code generation has been used in other domains [2] is to create web

tools. Based on the Rust version of the code, we have generated a webassembly variant of the code.

The use case here is to supply a link to a webpage alongside a published model. On this webpage,

some basic experiments could be performed by interested parties with reasonable performance.
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7 DISCUSSION & FUTURE WORK

In this paper, we have explored two ways to speed up the stochastic simulation of biochemical

reaction networks. Based on the well-established Direct Method, we investigated partial evalu-

ation/program specialization via code generation as well as pro�le-guided optimization in the

form of the Optimized Direct Method. Both techniques target di�erent steps in the Direct Method.

Whereas partial evaluation mainly improves the performance of reaction execution, pro�le-guided

optimization provides speedup mostly to reaction selection. We illustrated these dependencies by

carefully examining the performance of di�erent simulator variants for a set of realistic bench-

mark models. With only pro�le-guided optimization, we achieved a total speedup of 4× for the

EGFR model, whereas partial evaluation alone provided a speedup of up to factor only 20%. With

both techniques combined, however, we measured a speedup of up to a factor of 16×. Since either

technique targets a di�erent phase of the simulation algorithm, they work great in conjunction

with one another.

When comparing with the state of the art as surveyed by a recent review [16], our generated

simulators outperform all other implementations in the models we tested. However, our approach

has some limitations. First, both partial evaluation and pro�le-guided optimization create compu-

tational overhead, which is typically justi�ed if many runs are executed. Executing only a single

run, however, can usually not bene�t from our approach. Second, when applying the pro�le-guided

optimization, we assume that a single instrumented run is representative of all further runs of the

same model with the same parameters. In our experience, as well as the observations made in the

literature [4], this appears to be a valid assumption for most models. Third, as discussed below,

generating specialized simulators for very large models requires some compromises on the depth

of partial evaluation, meaning that in such cases, a specialized simulator is not necessarily faster

than a generic simulator.

Neither the optimal ordering of reactions by pro�le-guided optimization nor the partial eval-

uation of SSA variants is novel. However, as our measurements show, the combination of both

techniques has the potential to produce highly e�cient algorithms. The key to this performance

gain is specializing the algorithm using static and dynamic properties of the model. In the �rst

step, partial evaluation exploits information obtained by static analysis of the model to generate

optimized, model-speci�c algorithms, for example by removing any kind of indirection in the ex-

ecution, especially when evaluating rate expressions or following the dependency graph. In the

second step, pro�le-guided optimization helps to further specialize the simulator based on dy-

namic information obtained from a pilot run (or several ones), for example by optimally ordering

reactions.

In this paper, we also performed some in-depth performance analyses of the specialized simu-

lators. For the smaller models, we pro�led the time spent in the di�erent phases of the algorithm

and could thereby �nd out how the di�erent optimizations a�ect the phases. Speci�cally, how par-

tial evaluation reduces the time for reaction execution and reaction sorting can reduce reaction

selection time. We also varied the amount of partial evaluation performed by introducing di�erent

levels of partial evaluation. Our results here mainly indicate that it is usually not worth it. The

lower levels of partial evaluation provide only little practical use. We did, however, get the insight

that especially the partial evaluation of the dependency graph is what explains the performance

of the specialized simulator.

When considering large models, generating a single �le of source code is impractical due to

large compilation time and memory needs. We, therefore, have explored strategies to mitigate this.

We found separation into di�erent compilation units to be helpful at improving compilation time

when compiling on a parallel machine. Link-time optimization provides an intermediate solution
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that somewhat increases compilation time but also improves execution time. Nonetheless, the

performance of these faster to compile variants is not as great as for the single-�le variant because

reaction execution now stretches (potentially) over many compilation units. In most cases, it will,

however, still beat a generic simulator, but the tradeo� is not as clear. A contributing factor here

also becomes code size, as for the larger models, large binaries are generated, compared to the

relatively compact generic simulator.

There are two software artifacts associated with this study. Firstly, the same scripts we used to

create all the graphs and data for this paper are available at https://git.informatik.uni-rostock.de/

mosi/ssa_code_generator. Furthermore, as a starting point for anybody interested in trying out

code generation for SSA models, we provide a more basic but usable implementation at https:

//git.informatik.uni-rostock.de/mosi/compact-ssa-code-gen.

In most standard SSA approaches, the reactions follow mass-action kinetics. This means that a

reaction’s propensity (the likelihood of it happening) is calculated by multiplying a constant (the

rate constant) with the amounts of the input species of the reaction. Some tools support arbitrary

rate functions which are applied to the current state. These arbitrary rates pose a performance

problem for generic simulators because every time they are calculated, the expression tree needs

to be re-evaluated. For our partial evaluation approach, this is of less concern because these func-

tions are compiled similarly to the mass action kinetics. This bene�t can be used with only little

implementation e�ort. In [31], a similar strategy was adopted to generate byte code for rate ex-

pressions, but via Java runtime re�ection.

Our results motivate future work in di�erent directions.

The limitations of our approach are closely linked to the underlying compiler technology. While

faster computation, as in faster memory and CPUs, would decrease the overhead time for partial

evaluation, the larger gain is to be made within the algorithmic structure of the compiler. Ideally,

the compiler would detect the repeated patterns in the reaction rules and avoid redundant work.

Future work could also include �nding ways to hint this to the compiler.

Further future work will focus on the generation and compilation of source code on the one

hand and on the actual simulation algorithm on the other hand.

Compilation Improvements. For the pro�le-guided optimization, we could also employ the pro�l-

ing options of the compiler itself, where after running an instrumented binary, it generates more

speci�c optimized code. The optimizations used there are on a smaller scale than the reaction

sorting done for this work, but other than an additional compilation, they are relatively easy to

include and are certainly worth testing out. In addition to sorting the reactions, it could be useful

to also sort the reactants by usage frequency. Having the most accessed species located next to

one another in memory should improve cache locality.

A �nal improvement could be to explore the possibilities of minimizing the linking against

system libraries for the generated simulators. Speci�cally, since memory allocation and error han-

dling is not needed, linking against such capabilities only increases startup time. This is especially

noticeable for Rust, where startup time is quite signi�cant.

The pro�le-guided optimization is just one example of runtime-based optimization. It would be

interesting to explore other runtime recon�guration approaches [19] for use in conjunction with

the partial evaluation.

It would also be interesting to explore the optimizations made by the compiler to the simulator

structure. Potentially this could provide insight even for traditional generic simulators. Addition-

ally, from a compiler engineering perspective, it would be interesting to explore how the assembly

code generated by the di�erent compilers di�ers. This could give potential insight into how to

further improve compilers.
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One side e�ect of separating the generated code into separate units is that it enables incremen-

tal compilation. That means that for a small change in the model, the entire model is not again

evaluated. Instead, only the modi�ed parts are re-compiled. However, some challenges exist to

apply this approach. First, reactions and reactants are accessed via indices. When a rule or species

is removed from the model, the consecutive ordering of reactions needs to be adjusted. This could

be circumvented, for example, by not using arrays as structures but individual variables for the

di�erent species. However, this would drastically increase compile time. Second, changes to one

reaction are not as local as one might expect when the dependency graph is used. Since the e�ects

of reactions are all hardcoded, changing one reaction also means changing all dependent ones.

Without the dependency graph, incremental compilation would be much more feasible, but also

runtime performance a lot worse. Therefore, after initial tests, we decided against further pursuing

incremental compilation.

Implications. In conclusion, we hope that future publications in the �eld of stochastic algorithms

for reaction networkswill consider the applicability of their algorithms to partial evaluation. Poten-

tially algorithms in the past were designed to circumvent speci�c limitations of generic simulators.

For example, some of them, such as the rejection-based method [42] (or also the approximative

algorithm τ -leaping [14]), have been developed to reduce the e�ort needed for reaction execu-

tion. However, our code generation approach massively speeds up reaction execution, making this

less of an issue. Additionally, we might �nd that algorithms previously considered slow could be

“revived” because they bene�t more from code generation than algorithms currently considered

faster. Additionally, we hope that this work provides another argument for the use of domain-

speci�c languages and a clear separation of model and simulation.
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Potential based, spatial simulation of dynamically nested particles

[B] Potential based, spatial simulation of dynamically nested particles

Background To study cell biological phenomena which depend on diffusion,
active transport processes, or the locations of species, modeling and simulation
studies need to take space into account. To describe the system as a collection
of discrete objects moving and interacting in continuous space, various parti-
cle-based reaction diffusion simulators for cell-biological system have been de-
veloped. So far the focus has been on particles as solid spheres or points. How-
ever, spatial dynamics might happen at different organizational levels, such as
proteins, vesicles or cells with interrelated dynamics which requires spatial ap-
proaches that take this multi-levelness of cell biological systems into account.

Results Based on the perception of particles forming hollow spheres, ML-Force
contributes to the family of particle-based simulation approaches: in addition
to excluded volumes and forces, it also supports compartmental dynamics and
relating dynamics between different organizational levels explicitly. Thereby,
compartmental dynamics, e.g., particles entering and leaving other particles,
and bimolecular reactions are modeled using pair-wise potentials (forces) and
the Langevin equation. In addition, forces that act independently of other parti-
cles can be applied to direct the movement of particles. Attributes and the pos-
sibility to define arbitrary functions on particles, their attributes and content,
to determine the results and kinetics of reactions add to the expressiveness of
ML-Force. Its implementation comprises a rudimentary rule-based embedded
domain-specific modeling language for specifying models and a simulator for
executing models continuously. Applications inspired by cell biological mod-
els from literature, such as vesicle transport or yeast growth, show the value
of the realized features. They facilitate capturing more complex spatial dynam-
ics, such as the fission of compartments or the directed movement of particles,
and enable the integration of non-spatial intra-compartmental dynamics as sto-
chastic events.

Conclusions By handling all dynamics based on potentials (forces) and the
Langevin equation, compartmental dynamics, such as dynamic nesting, fusion
and fission of compartmental structures are handled continuously and are
seamlessly integrated with traditional particle-based reaction-diffusion dynam-
ics within the cell. Thereby, attributes and arbitrary functions allow to flexibly
describe diverse spatial phenomena, and relate dynamics across organizational
levels. Also they prove crucial in modeling intra-cellular or intra-compartmen-
tal dynamics in a non-spatial manner, and, thus, to abstract from spatial dynam-
ics, on demand which increases the range of multi-compartmental processes
that can be captured.

[270] T. Köster, P. Henning, and A. M. Uhrmacher, Potential Based, Spatial Simu-
lation of Dynamically Nested Particles., BMC Bioinformatics 20, (2019)
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Potential based, spatial simulation of
dynamically nested particles
Till Köster*, Philipp Henning and Adelinde M. Uhrmacher

Abstract

Background: To study cell biological phenomena which depend on diffusion, active transport processes, or the

locations of species, modeling and simulation studies need to take space into account. To describe the system as a

collection of discrete objects moving and interacting in continuous space, various particle-based reaction diffusion

simulators for cell-biological system have been developed. So far the focus has been on particles as solid spheres or

points. However, spatial dynamics might happen at different organizational levels, such as proteins, vesicles or cells

with interrelated dynamics which requires spatial approaches that take this multi-levelness of cell biological systems

into account.

Results: Based on the perception of particles forming hollow spheres, ML-Force contributes to the family of

particle-based simulation approaches: in addition to excluded volumes and forces, it also supports compartmental

dynamics and relating dynamics between different organizational levels explicitly. Thereby, compartmental dynamics,

e.g., particles entering and leaving other particles, and bimolecular reactions are modeled using pair-wise potentials

(forces) and the Langevin equation. In addition, forces that act independently of other particles can be applied to

direct the movement of particles. Attributes and the possibility to define arbitrary functions on particles, their

attributes and content, to determine the results and kinetics of reactions add to the expressiveness of ML-Force. Its

implementation comprises a rudimentary rule-based embedded domain-specific modeling language for specifying

models and a simulator for executing models continuously. Applications inspired by cell biological models from

literature, such as vesicle transport or yeast growth, show the value of the realized features. They facilitate capturing

more complex spatial dynamics, such as the fission of compartments or the directed movement of particles, and

enable the integration of non-spatial intra-compartmental dynamics as stochastic events.

Conclusions: By handling all dynamics based on potentials (forces) and the Langevin equation, compartmental

dynamics, such as dynamic nesting, fusion and fission of compartmental structures are handled continuously and are

seamlessly integrated with traditional particle-based reaction-diffusion dynamics within the cell. Thereby, attributes

and arbitrary functions allow to flexibly describe diverse spatial phenomena, and relate dynamics across

organizational levels. Also they prove crucial in modeling intra-cellular or intra-compartmental dynamics in a

non-spatial manner, and, thus, to abstract from spatial dynamics, on demand which increases the range of

multi-compartmental processes that can be captured.

Keywords: Space, Simulation, Nesting, Force, Multi-level, Modeling, Attributed

Background

Space plays an important role in cell biological dynam-

ics, such as cell signalling [1]. To study cell biological

phenomena which depend on diffusion, active transport

processes, or the locations of species, modeling and sim-

ulation studies need to take space into account. Over

*Correspondence: till.koester@uni-rostock.de
1 Institute of Computer Science, University of Rostock, Albert-Einstein-Straße

22, 18059 Rostock, Germany

the last decade, a variety of spatial modeling and simu-

lation methods and tools has been developed to support

these simulation studies. They offer different approaches

how to describe a spatial model, e.g., reaction-based, rule-

based, or graphically, and they differ referring to what kind

of spatial dynamics can be described, e.g., whether con-

centrations, populations, or individual particles are con-

sidered, whether a deterministic or stochastic approach

is pursued, and whether movement takes place in dis-

cretized or continuous space [2, 3]. The kind of spatial
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dynamics that are supported by tools largely determines
the results and questions that can be answered by a
simulation study [4–6] and has been subject to differ-
ent categorizations to structure the portfolio of spatial
simulation methods from which the user can select.
TAKAHASHI et al. [7] distinguished spatial simulation

approaches according to the representation of space. We
adopt this structuring and slightly adapt it for the pur-
pose of this paper as presented in Fig. 1. We distinguish
between:

1. Stochastic non-spatial dynamics: To take the

stochasticity of the modelled system into account,

the propensity of reactions are sampled from

exponential distributions and determine which

reaction will occur at which time [9].

2. Compartmental dynamics: Many tools allow to

constrain the dynamics of species to specific

compartments. However also, compartments

themselves can be subject to dynamics. For example,

compartments can fuse and divide [10].

3. Individual particles moving in continuous space:

Particles can be identified by their unique position in

space, bimolecular reactions are triggered by

collisions of particles, and typically particles diffuse

by Brownian motion [11, 12].

4. Partial differential equations: Spatial gradients of

concentrations are calculated deterministically [13].

5. Spatial stochastic dynamics: Multiple particles can

occupy a position within a lattice space, and diffuse

between neighboring positions [14].

Particle-based approaches (in the above categorization
c)) are the subject of a further categorization suggested by
SCHÖNEBERG et al. [8] (Fig. 1, right lower corner). Spatial
particle-based simulation tools are categorized into those
that support

• level 1 – free diffusion : basic 3D diffusion of point

particles and reactions between them are considered,
• level 2 – confined diffusion : diffusion can be

constrained to compartments,
• level 3 – excluded volume : point particles are

replaced by volumetric entities, and
• level 4 – potentials for particle-particle interaction :

instead of a simple rejection of movements assuming

rigid cells, potentials are used to determine the

interaction of particles in terms of exclusion of

movement or reactions.

According to this categorization [8], Smoldyn is charac-
terised as level 2 particle-based approach: point particles
which do not hamper each others movement are equipped
with binding and unbinding radii, they can be constrained
to compartments. A more recent version includes colli-
sion strategies to reach level 3 [15]. SpringSaLaD [16],
ReaDDy [17], and SRSim [18] are based on forces tomodel

Fig. 1 Representations of space which is based on and slightly adapts Figure 1 of [7]. We distinguish between (a) stochastic non spatial dynamics,

(b) compartmental dynamics, (c) individual particles moving in continuous space, (d) partial differential equations, and (e) spatial stochastic

dynamics. Type (c) individual particles moving in continuous space is further described by four levels, according to SCHÖNEBERG et al. [8]. Each level

builds upon the capabilities of the underlying ones, thus the representation as a pyramid. For example a method that provides excluded volumes

should conceptually also be able to provide free diffusion and confined diffusion. ML-Force is characterized by a-b-c(4)
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the particle-particle interactions (level 4). Still, the levels

introduced do not imply that a tool that supports level 3

provides all interesting features that a tool working at

level 2 offers to study the system of interest. E.g., DONO-

VAN [19], whose spatial simulation works at level 2, sup-

ports arbitrarily complex 3Dmesh geometries, whereas in

ML-Space [20] (level 3) only rigid spheres are considered.

Merging both characterizations, approaches that com-

bine different spatial representations can be character-

ized. The Two-Regime method [21] and KLANN et al. [22]

allow to combine particle and RDME dynamics within

one model: c(3)-e. Similarly in [23], particles and par-

tial differential equations are combined to focus on the

spatial region of interest: c(3)-d. [24] couples a partial dif-

ferential equations solver and Smoldyn c(2)-d. ML-Space

combines particles at level 3 (as excluded volumes are con-

sidered), compartmental dynamics, and spatial, stochastic

simulation (RDME): b-c(3)-e [20].

In addition, simulation environments offer the possi-

bility to select different spatial semantics for one model

specification. For example, in VCELL [13], rule-based

models can be interpreted by a particle-based simulator

(i.e., Smoldyn) or a partial differential equation solver,

both confined to realistically geometrical compartmental

structures (c(2), d). This list is far from being complete,

and the characterization of the simulation tools may only

depict a specific state in their development.

Against this background, we propose a new spatial

particle-based modeling and simulation approach for cell

biological systems, i.e.,ML-Force (Fig 1). It combines:

• Potential-based particle dynamics : The excluded

volumes that are represented by the large amount of

macro-molecules within the cell affect the

physico-chemical kinetics of various intracellular

processes [25]. To capture the effects of molecular

crowding, space exclusions need to be considered. In

addition, interactions based on potentials are an

effective means to study the formation of clusters [18].

Additionally, potentials allow us to capture directed

movements, such as the transport of vesicles [26] (see

“Results” section). Similar to ReaDDy [17],

SRSim [18], or SpringSaLaD [16], ML-Force will use

potentials for particle-particle interaction: c(4).
• Compartmental dynamics : Intra-cellular space is

further structured by compartments and vesicles,

most of which are subject to frequent changes in

terms of numbers, content, and inter-connectivity. A

prominent example is the endosomal system.

Vesicles form at the membrane. Here they acquire

their cargo and engulf protein receptor complexes.

Those are transported towards the inner cell, where

part is degraded and part is recycled. The vesicles

themselves move through stages of early sorting,

recycling to late endosomes, closely interacting with

each other – processes which include frequent fission

and fusion [26] (Fig. 2). ML-Force uses the same

force-based approach that it uses for the interaction

of particles and global force functions, to model the

compartmental dynamics. Similar to ML-Space,

ML-Force supports both: compartmental and particle

dynamics. However, unlike ML-Space it uses

potentials b-c(4).
• Rule-based approach with arbitrary attributes and

functions : As other spatial simulators, ML-Force

supports rule-based modeling [29]. However in

ML-Force, attributes are not constrained to a finite

set of values. Similarly, as in ML-Rules [30], attributes

Fig. 2 Illustration (combined from [27, 28]) of a receptor-ligand binding kinetics, which includes receptor protein coupling, internalization, and

recycling, whose components can be interpreted as nested arrangements of objects within objects that interact at intersection points, can be

approximated to spherical particles of various sizes, move in continuous space and undergo processes of creation, degradation, internalization,

externalization, fusion, and fission. a Biological view, b Hollow spheres view
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are of arbitrary type and arbitrary functions are

supported to determine the result and kinetics of

reactions. The possibility to define attributed species

and arbitrary functions increases significantly the

expressiveness of a modeling formalism [31]. It allows

to express spatial stochastic models (RDME) on a

lattice (e) within a modeling approach that relies on a

standard stochastic simulation algorithm for

execution (a). By attributing species with indices that

locate them in a specific point in the lattice (which

represent a subvolume), e.g., A(x, y),B(x, y), reactions

can be constrained to species within one subvolume,

e.g., A(xa, ya) + B(xb, yb) → 2B(xb, yb)@ if xa =

xb ∧ ya = yb then k else 0. Furthermore diffusion

between neighboring subvolumes can be defined, e.g.,

B(xb, yb) →
B
�
oneOf

�
(x+1, y), (h−1, y), (x, y+1), (x, y−1)

��
@kd .

Thus, attributed species and arbitrary functions can

be used to add space to otherwise non-spatial

approaches. This is an observation also made in

colored PETRI-Nets [32] and in expressive rule-based

modeling languages such as ML-Rules [30].

In ML-Force, equipping particles with attributes and

arbitrary functions allows e.g. to describe some part

of the cellular dynamics in a non-spatial manner. For

example, the reaction B + C → D@ k which takes

place in particle A can be transformed into a

non-spatial stochastic first order reaction (a).

Therefore, the particle A is equipped with the

corresponding attributes and a reaction is defined

A(b, c) → A(d)@ b · c · k. The function b · c · k

calculates the propensity of the reaction to take place.

The possibility to constrain reactions based on

arbitrary functions defined on the attributes, allows

us to include non-spatial stochastic dynamics (a)

which brings ML-Force up to a-b-c(4) (see Fig. 1).

Methods

ML-Force adopts a rule-based approach to specify the

spatial biochemical dynamics. Firstly the mathematical

concepts and abstractions are presented. This is followed

by a short description of its implementation and embed-

ded domain-specific modeling language.

Mathematical concepts and abstractions

As the name suggests, forces are central in ML-

Force: they govern the interactions between and most

of the activity of particles in a continuous manner.

This is in contrast to the discrete event view chosen

by simulators such as ML-Space or other agent-based

approaches which interpret compartmental dynamics

such as the proliferation of cells as discrete events

[20, 33].

Representation of particles

ML-Force is a particle-based approach. Particles represent

hollow spheres. As particles can contain other particles,

they can be used to model cellular compartments. Parti-

cles are spherically symmetric and deformable, their size,

properties and nested content may vary. Particles pm are

categorized into classes called species: pm ∈ Si. Species are

characterized by a set of arbitrary attributes, S(a1, . . . an),

e.g., radius, phosphorylation sites, or phases. In our imple-

mentation of ML-Force we require particles to have at

least the attributes radius r (non-zero) and density ρ. The

information about its radius together with information

about the system’s temperature and the viscosity of its

environment allows to derive the diffusion coefficient of

a particle. In combination with the density, this informa-

tion is used to determine the actual velocity (see “Spatial

propagation” section). Particles may contain other parti-

cles, pm(v1, . . . vn)[ pj + . . . + pk]. All particles belonging

to one class share the same attributes and attribute-types.

Attribute values and content of particles may vary among

particles of the same species. The interactions between

and the activity of particles is governed by rules of behav-

ior that operate on the particles, their attributes and their

content. They rely on arbitrary functions for accessing

and updating attributes and content of particles. Particles

belonging to the same species share the same behavioral

patterns.

Spatial propagation

For particles to interact they need to be in close proximity.

In ML-Force, we base our model of propagation on the

LANGEVIN equation [34]

miẍi(t) = −γ ẋi(t) + f (t) + Fext(xi, t) , (1)

with the dot denoting time derivative and boldness indi-

cating vectors. A Langevin equation is an ordinary differ-

ential equation with a random term added. This equation

can be intuitively understood as an extension to NEW-

TON’s F(x, t) = mẍ(t) by adding both friction (friction

coefficient γ ) which is linear to the velocity and a ran-

dom force f which describes the accumulated effect of the

system interaction with the individual particle. This inter-

action between the particles and the system results in the

diffusion of the particles. In particular f is commonly sam-

pled from a Gaussian distribution to model the aggregate

system behavior.

Values for the constants involved can generally be found

using known equations like STOKES-EINSTEIN relation

(Di =
kBT
γi

=
kBT
6πηri

), as well as system properties like

viscosity η.

The Fext(x, t) expression is the sum of all external forces

on a particle. Two types of external forces are distin-

guished:



Core Publications

100

• global forces are those, that act on one particle,

independent of other particles. Global forces

functions may be specified as arbitrary functions of

the individual particle state (most importantly its

position) and the global state of the simulator. This

may be used to model, for example, some global

current in a blood stream or some other directed

cellular motion (as is done in “A model of vesicular

transport” section below).
• pair-wise forces are those, that originate in the

interaction of two particles like the non-reaction

force (Eq. 2), reaction force (Eq. 7) or a division force

(Eq. 6).

Non-reactive force

In order to model excluded volumes, we introduce a

soft sphere potential between two non-reacting particles.

This is a common and natural way to model excluded

volumes in force-based approaches. In addition, a hard-

sphere potential would imply more efforts numerically,

as it would lead to a discontinuous force. An established

choice for the modeling of elastic (soft-sphere) collision is

the HERTZ collision theory [35]:

Fnon−react(d) =

4

3
E∗√r · d3 (2)

where d is the overlap of the particles, E∗
=�

1−ν21
E1

+

1−ν22
E2

�−1

results from the YOUNG’S modulus E

and POISSON’S ratio ν and r =

�
1
r1

+
1
r2

�−1
from their

radii. However, for many sparse applications, any kind

of polynomial would suffice, as the exact dynamics of

the elastic collision do not matter, when the mean time

between collisions is sufficiently large.

Reactions in mL-Force

Reactions between particles in ML-Force include zero,

first and second order reactions. ML-Force supports a

rule-based description of models. Whereas lower order

reactions are sampled from an exponential distribution,

second order reactions are calculated, similarly as the

movement of particles, based on forces.

Lower order reactions

Simulation of zeroth and first order reaction, e.g.,⊥ → pj,

or pi → p�
i, or pi → pj + pk is a well understood prob-

lem (e.g., in SpringSaLaT [16]). The most basic approach

is to sample the rate every (sufficiently small) time-step

and check it against a random number.

InML-Force, rates can be defined by arbitrary functions

that access the attributes and contents of the particles

involved in a reaction, e.g., for a first order reaction:

pi(v1, . . . vn)[ p1 + . . . + pm]→ . . .@λ(k, v1, . . . vn, [ p1, . . . , pm] ) .

(3)

here λ denotes a function defined by the user, k a param-

eter, whichmight refer to the system globally, e.g., in terms

of temperature and viscosity, or to a kinetic constant.

The result of the function λ serves as the parameter for

the exponential random distribution, that describes the

probability density of the time until the reaction occurs.

Thus in ML-Force, zero and first order reactions are

treated semantically the same as in stochastic simulation

algorithms [9]. In stochastic, non-spatial and spatial, sim-

ulation approaches (see Fig. 1a and e) exponentially dis-

tributed stochastic events form the basis of all, including

second order, reactions.

In ML-Force the rate is sampled every time step.

Instead of propagating the simulation until the exact

time point a reaction occurs, we check (stochastically),

if the reaction occurs in the current time step. Sam-

pling the rate every time step is useful if the informa-

tion (v1, . . . , vn, [ p1, . . . , pm]), on which the rates depend,

frequently changes. If this information remains largely

constant over time, a scheduling approach may be more

efficient computationally, as events do not have to be

rescheduled frequently [36]. In executing ML-Force mod-

els so far, zeroth and first order reactions have only

been responsible for a small fraction of the required

computing-time.

In addition to computational considerations, the error

introduced by this procedure needs to be considered. Due

to the discretization of time (explicit time steps) no-more

than one reaction per particle may take place per time

step. This is important to keep in mind for future models.

In the application domain the mean time between reac-

tions tend to be large compared to the very small time

steps that result from the fast diffusion of particles. As

long as this is the case, the error is negligible. With reson-

able technical effort, this problem could also be avoided

by allowing multiple reactions per time step.

One kind of lower order reaction is the changing of par-

ticle size, in terms of a particle’s radius r. In ML-Force

arbitrary functions can be applied. The new value of the

radius r, i.e., v�
1, of a particle pi ∈ Sj(r, . . .) is calculated

in dependence of some global parameters k, and the cur-

rent state of the particle in terms of its attribute values

v1, . . . vn, and its content p1 . . . pm, such that

pi(v1, . . . vn)[ p1 + . . . + pm]

→ pi(λ(k, v1, . . . vn, [ p1, . . . , pm] ), v2 . . . , vn)[ p1 + . . . + pm] . . .@λ(. . .) .

By default, whenever a particle is created, it is first put

into the system as a very small particle and then quickly

grows continuously to its desired size. This continuous

change of particle radii is also used, whenever the radius
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of a particle is changed in the model by any kind of reac-

tion. Carrying the changes out suddenly (so not slowly

over multiple integration steps) would potentially lead to

integration errors, especially in systems with nesting. A

sudden change in size could for example lead to a high

particle overlap, which in turn would create a high unre-

alistic potential energy leading to a strong force and thus

a disturbance in the system, e.g., numerical heating. Slow

changes in size, allow for each artificial change in energy

to slowly dissipate e.g., in friction due to the numerically

very stable Langevin model. Naturally, it is also possible

to create a particle within or at the surface of another

particle. Those new positions are chosen randomly. At

the surface this means that the new particle’s shell barely

touches the old particle’s shell.

Compartment division

An interesting kind of first order reaction is that of a

cellular compartment (or specifically a cell) dividing.

pi(v1, . . . vn)[ p1 + . . . + pm]→ pi1
�
λ11(y), . . . , λn1(y)

��
λc1(y)

�

+pi2
�
λ12(y), . . . , λn2(y)

��
λc2(y)

�
@λ(. . .), {a} ,

(4)

with y = k, v1, . . . vn, [ p1, . . . , pm] or in shorthand, omit-

ting attributes and contained particles

pi → pi1 + pi2@λ(. . .), {a} . (5)

In ML-Force this is realized in a continuous and nest-

ing compatible manner. As a first order reaction, the

event that the division starts is sampled from an expo-

nential distribution. The simulator temporarily introduces

an “ignoring” relation between particles. This can be best

explained using an example: Imagine a particle pi contain-

ing many particles p̂1 . . . p̂m. If now the reaction for pi to

split into pi1 and pi2 triggers, a few things happen. First of

all, each particle p̂1 . . . p̂m gets assigned to remain in either

pi1 or pi2. By default, this assignment happens randomly. If

required by the model, a specific splitting function may be

specified by the user. Therefore, two arbitrary functions,

i.e., λc1, λc2 are applied. The results of these applications

form the new content of the newly generated particles, i.e.,

pi1 and pi2 respectively. The functions λi1 to λn1, respec-

tively λi2 to λn2 determine the new attribute values of the

particles. If attribute values remain the same, simply the

old values vi can be used.

Each p̂i that will remain in pi1 is set to ignore the particle

pi2 and vice versa. Also pi1 and pi2 are set to ignore one

another. Now an external force is applied to push pi1 and

pi2 apart

Fdivison = mi · adivision . (6)

The force is calculated based on the acceleration a that

is part of this particular reaction type (Eq.: 4, 5) in ML-

Force and the mass of the involved particles (which again

depend on the respective radii and their density ρ). This

is chosen, instead of a uniform force, to create a uni-

form motion of all particles. In principle however, any

force expression suitable to the model could be used

here, like a half sine wave for example. Once pi1 and pi2
are fully outside one another, all the newly introduced

ignore relations are removed and regular propagation

proceeds.

The principle of continuous change in particle size also

applies here. At the beginning both particles have the

same size. If pi1 and pi2 are to change their size throughout

the division (see example in “The yeast model” section),

this change is carried out throughout the division process.

Initially, both pi1 and pi2 share position and radius. The

further they move out, the closer their radii become to the

desired ones. The fusion of compartments could be added

in an identical (if reversed) fashion. However so far, it has

not been implemented yet.

Bimolecular reactions

Handling bimolecular reactions in particle-based

approaches is rather challenging. Whilst solutions

exist when not considering excluded volumes (e.g.

Smoldyn [12]), there has not yet been agreement among

the community on the best way to approach this problem.

This is evident from the many different approaches of

recent tools [5, 12, 16, 17, 37]. Two processes contribute

to the macroscopic rate,

• the diffusion process describes how likely it is that

two particle actually move into the vicinity of each

other. This upper bound to the reaction rate is well

described by the SMOLUCHOWSKI-Theory [38]

(elaborated in the Additional file 1)
• themicroscopic activation process describes how

likely it is for two particle to react once they are close

to each other [39, 40].

The rate is considered to be diffusion limited if every

interaction results in a reaction, all other cases are con-

sidered to be activation limited. We propose to use forces

for both processes. This means also the microscopic acti-

vation process is based on forces. In case a reaction

can occur between two particles, the non-reactive force

(Eq.: 2) has to be replaced by a reactive force. We used

a rather simple approach which is calculated based on a

degree of overlapping required d∗ and the work to cross

the energy barrier between the two particles. Both, the

degree of overlapping and the energy barrier, are specific

for the reaction to occur and have to be defined by the

modeler.

Freact =

W

d∗ (7)
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where d∗ denotes the required overlap of the particles

and W the work required to cross the energy barrier. It

should be noted due to the modular design (see “Simu

lator and implementation” section) within the simulator

these functions can easily be changed. Suppose we were

to look at the reaction pi + pj → pk{d
∗,W }. When-

ever pi and pj overlap, they start to repel each other

with the force Freact . Once they overlap more than d∗, we
consider the reaction to be triggered. Thus, the energy

barrier and the required overlap of the microscopic inter-

action potential determines the likelihood of the reaction

to take place. The higher the energy barrier, the less likely

the particles will overlap sufficiently. If the energy bar-

rier W is negligible, the diffusion is the only limit to the

macroscopic reaction rate in the reaction process, it is

diffusion limited.

This type of bimolecular reaction handling with forces,

allows also for self-consistent handling of dynamic nest-

ing (and “unnesting”) reactions, i.e., one particle shuttles

into (or out of ) another particle. In principle the same

concepts apply as for the regular bimolecular reaction.

Looking at the reaction pi + pj → pi[ pj] {d
∗,W } (and

the same for pi[ pj]→ pi + pj{d
∗,W }), first the parti-

cles need to diffuse into proximity of one another. Once

particles overlap, they repel each other. If pi’s diameter

has fully passed over pj’s outline, the nesting reaction is

triggered. However at this point pj is already fully con-

tained in pi so there is no jerkiness in the simulation.

For example, if there is no unnesting reaction defined for

these particles, the only thing, that changes, is that, if pj
were to move towards again touching pi, it would per-

ceive the force Fnon−react (pulling inwards). This ensures

a soft-sphere-style excluded volume. Similar as for the

regular pi + pj → pk type bimolecular reaction, a high

energy barrier makes for a less, and a low for a more likely

reaction.

The advantage of this force-based approach, is the

smooth integration of the nesting process. On the other

hand, it does require a very small timestep, compared

to other methods. Furthermore, in the current situation,

the parameterization of bimolecular reactions is not opti-

mal. Ideally, the modeler would specify the macroscopic

rate, instead of the microscopic barrier. In the future we

plan on investigating this further and, using principles

from thermodynamics, provide an automatic conversion

method. This would mean, by modeling the system as a

thermodynamic ensemble we could determine the statis-

tical likelihood of a particle surpassing a certain energy

threshold during interaction and put this into explicit

mathematical relation to the reaction rate.

Simulator and implementation

The simulator has been implemented using C++14 and

has been tested on both Windows and Linux (using

CMake-build system) and is available at https://git.

informatik.uni-rostock.de/mosi/ml-force-publication.

The user-interface is built around a rudimentary

embedded domain specific language (DSL). An example

and explanation can be found in the provided code snippet

below. In the long run, it would be advantageous to create

an external DSL using techniques like transpiling, to still

have the performance benefits of a compiling language.

A more in-depth comparison and discussion of DSLs can

be found in the literature [41]. The developed embed-

ded DSL bears some similarities with the �-language [42]

which also supports an imperative rather than a declara-

tive approach towards modeling.

As can be seen in Fig. 3, the software pursues a

component-based design with a clear separation of con-

cern [43]. Its components are arranged around the main

simulation engine. The simulation engine itself is very

basic and designed to make as little assumptions about the

underlying semantics as possible. This simulation engine

interacts with the components via a well defined, small

interface. Each of the key ingredients of the simulation

is separated into exchangeable components, namely the

integrator, collision detection engine, and the visualizer,

as well as the overarching modeling layer which provides

the interface between the simulation engine and DSL.

They are invoked by the simulator and implement the

functionality introduced in the previous section. The sim-

ulator is responsible for executing the lower and higher

order reactions by calling the specified functions of the

model. First it is checked whether lower order reactions

trigger in this step. If so, those are executed. Based on

the forces a numerical integrator calculates the new posi-

tions of the particles. To identify the particles that interact,

a collision detection engines is invoked. Afterward the

simulator calculates the bimolecular forces and executes

the biomolecular reactions accordingly. The calculated

state can be subject to visualizations or other reporting

mechanisms.

Integrator Currently integration is carried out using a

two-step kick-drift-kick integrator [44] of the stochastic

LANGEVIN equation. This integration includes velocity,

and is thus fairly costly numerically. However as an alter-

native, one could select an integrator with immediate

dissipation of momentum, that would allow for a consid-

erably larger timestep. The choice for the more complex

integrator was made as ML-Force makes heavy use of

various forces and carrying out the more complex inte-

gration, helps in terms of correctness. In the current

implementation the time step is chosen adaptively based

on the smallest particle and the fastest velocity currently

in the system, as 	t =
rmin
vmax g

with g as the parameter of

granularity, that describes the precision of the integration.
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Fig. 3 The different components of the software and their respective tasks, as called upon by the main simulator in an UML sequence diagram. The

different components of the software are interchangeable and only interact via their interface to the main Simulator-component. This simulator also

provides the layer between the model (as specified using the DSL).The software implementation is described on in “Simulator and implementation”

section. The second integration of the particles is optional. For example the current integrator advances the velocity in the second integration step

Collision detection engine Finding possible interac-

tions of particles using the collision detection engine

is one of the key drivers of runtime in the current

implementation. Several collision detection engines have

been implemented, using different algorithms and par-

allelization. For example, for highly nested particles, the

collision-detection problem lends itself to be solved by

a specifically tailored algorithm and a massively parallel

execution on the GPU [28].

Visualizer Currently 3 basic visualizers have been cre-

ated. One to just create an output text file, and two based

on CImg [45], one for live viewing and one for generating

movie files. The visualizers are encapsulated in a separate

thread to minimize overhead. One more advanced visu-

alization has been implemented that maps the simulation

to 3D space using OpenGL [46]. It offers some useful fea-

tures for the case studies (see “Results” section), such as

tracking individual particles in space.

Modeling layer The modeling layer makes heavy use of

λ-functions in order to encapsulate model specific behav-

ior into single function calls for the simulator. λ-functions

here are a C++11 feature that allows to define anony-

mous functions, that can be used as parameters in a

functional-like programming style. This is facilitated by

various templates that have been defined in the DSL. For

example, after each reaction, the simulator invokes the

post reaction function (see e.g. afterFuncA in listing 2). In

the modeling layer this function is specified by the user

and denotes the results of applying a rule, such as particles

changing state, being degraded or created.

This simplifies the implementation of the simulator

and gives a unified and lean interface for implement-

ing further features. The simulator also provides a set

of units (via the units:: namespace) to the modeler,

allowing for consistent parameterization. For simplicity

the reactants in the DSL are always denoted as A and

B. The particular type of A and B is then specified

via the as_A etc. functions. In general the DSL is very

expressive, as all rates and reactions are described as λ-

functions. These can be of arbitrary complexity. However,

it should be noted that the current DSL presents only

a proof of concept rather than a language that allows a

succinct description of ML-Force models. Therefore, fur-

ther efforts will be dedicated to improving the design of

the language.
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Listing 1 This is an extract from the lipid raft model that

describes how a receptor moves into a lipid raft. The embedded

domain specific language is built around objects. Species, reaction

or property objects can be put in relation to one another. Some

macro-functions are made available, to minimize boilerplate

code (e.g. the ADD_SPECIES-macro does not only create a

species object, but also sets a string property with that object’s

name). The *_FUNC are wrappers for different λ-functions that

can be used to specify arbitrary complex behavior and rates.

/* declaring species and properties */
ADD_SPECIES(lipid_raft);
radius(lipid_raft) = 200 * units::nano_meter;
local_density(lipid_raft) = nature::protein_density

;
local_viscosity(lipid_raft) = 10E-3 * units::pascal

* units::second;
colorType(lipid_raft) = 8;

ADD_SPECIES(protein);
local_density(protein) = nature::protein_density;
radius(protein) = 3.7 * units::nano_meter;
colorType(protein) = 1;

/* declaring A + B -> B[A] reaction */
reaction Protein_in(as_{A}(protein), as_{B}(

lipid_raft));
Protein_in.barrier = 0. * units::kilogram *

pow(units::nano_meter/units::second
,2);

Protein_in.AinB();

/* inital state */
putHere(lipid_raft, box_size / 2, box_size / 2, 0);
putSomewhere(protein, 200);

Results

In order to test the ML-Force simulator and its imple-

mentation, we conduct a few case studies. These include

simple test cases to investigate correctness andmore com-

plex models. The latter are inspired by realistic cell bio-

logical models, make use of the features inML-Force, and,

thus, demonstrate their usefulness. Both, the basic test

models and the more realistic ones, can be found in the

Additional file 1.

Testing correctness

As other particle-based simulation approaches

[16, 17, 37, 47] we test the correctness of our simulator,

based on a set of simple reactions which we simulate to

compare the achieved results to theory. To those tests

belong the creation of a particle with a constant rate as a

0 order reaction (∅ k−→ A), the decay with a rate A
k−→ ∅ as

first order reaction, and irreversible and reversible sec-

ond order reactions A + B ↔ C in the diffusion limited

(intrinsic rate kint = ∞) case. A comparison of simulation

results and theory shows overall a good agreement with

the theory (see Additional file 1). However, those tests

also reveal the decisive role of selected parameters to

determine forces (“Bimolecular reactions” section) and

time steps. For their selection, suitable computational

support should be provided. As a form of pre-processing

step, energy barriers respectively accelerations for indi-

vidual reactions could be generated by automatically

fitting simulation results to theory. A similar strategy can

help selecting suitable time steps, so that the diffusion of

particles is correctly simulated (see Additional file 1).

Amodel of vesicular transport

HEINRICH and RAPOPORT proposed a model of vesicu-

lar transport [48]. Although the model describes a spa-

tial process, it was formalized by means of differential

equations.

The vesicular transport model refers to two cellular

compartments which exchange membrane-bound solu-

ble N-ethyl-maleimide–sensitive factor attachment pro-

tein receptors (SNAREs) and cargo proteins with the help

of differently coated vesicles. These are budding from the

compartments and move, driven by motor-proteins, to

the other compartment where they are fused. Thereby the

coat of vesicles defines, which type of SNAREs (X or Y),

cargo proteins and motor-proteins are bound to them.

Since different types of motor-proteins move in differ-

ent direction, SNARE X and Y accumulate in different

compartments.

By modeling this process in a spatial regime, the prob-

lem starts, as in each particle-based approach, with the

description of the species. Each species needs a radius

and a diffusion coefficient. TheML-Force simulator deter-

mines the diffusion based on the temperature, solvent

viscosity and particle radius according to the STOKES-

EINSTEIN equation (see Additional file 1). The cell, com-

partments and the vesicles are represented as parti-

cles while the SNAREs are attributes of particles, which

change during the budding and fusion processes. As

KLANN et al. [2] has already shown through the transla-

tion of the original ODE model into a spatial agent-based

model, this transport relies on a directed movement of

vesicles. Therefore Klann et al. added a cytoskeleton struc-

ture to the cell on which the motor-proteins moved along.

In ML-Force the direction is determined by forces which

take the type of particles and their attributes into account.

An external force field is introduced which is shaped like

a dipole field with the compartments as poles. Based on

the coat of the vesicles a force along this field is added

to their movement, which lead them to one of the com-

partments. To test the sorting mechanism of this sim-

ple vesicular transport model we study a system with 2

types of SNAREs (X and Y) with the same amount. As

in [48], we initialize the model: the first compartment is

nine times bigger (V1 ≈ 0.118 μm3 ) than the second

one (V2 ≈ 0.013 μm3) and contains 90% of the SNAREs

(X and Y) (N
X/Y
1 = 90000 and N

X/Y
2 = 10000). Since the

budding process of the vesicles depends on the volume of

the compartments, they should reach an equal size and the

SNAREs should be sorted.
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As shown in Fig. 4 both compartments reach an equal

volume and SNARE X accumulates in compartment 1

while SNARE Y accumulates in compartment 2 (not

shown).

To show that the directed motion is essential for the

sorting, as a control we run the simulation without the

external force field and with compartments with equal

initial size (V1/2 ≈ 0.065 μm3) and equally initially dis-

tributed SNAREs (N
X/Y

1/2 = 50000). In a purely Brownian

model, i.e., a model where all particles perform Brown-

ianmotion, no sorting takes place and both compartments

are just shrinking as shown in Fig. 5. It can also be seen

that the vesicle’s slowly diffusion around the compart-

ments and there behavior is independent of their coating.

In contrast the vesicles in the model with a directed move-

ment either re-fuse with the compartment of origin or

move to the other compartment based on their coating.

As a result vesicles in this model fuse with a specific

compartment after a short time and by this they are sort-

ing the SNAREs. This simplified model illustrates how

external forces can simulate the directed motion in a

biological system.

The yeast model

A more complex model that showcases more of ML-

Force’s abilities is based on an illustrative yeast model [30],

which in turn uses the model of the cell cycle proposed

by TYSON [49]. In the original model each yeast cell can

grow and contains five different proteins whose amounts

oscillate periodically and trigger the fission of a yeast cell.

Each cell has a mating type (P or M) which can change

during the cell fission. Depending on the type the yeast

releases pheromones (M-factor and P-factor, respectively)

to inhibit the cell cycle of cells with opposite mating type.

In addition, the type M cells secrete a protease called Sxa2

which inactivates the P-factor pheromone that stems from

the type P cells.

With the ML-Force model, we want to check whether

cells of identical mating types accumulate in some areas

and inhibit the cell cycle of cells with opposite mating

type in this area. In ML-Force, each species of the system

can be modeled as a particle, as shown in the upper part

of Fig. 6. The problem of this approach are the different

time scales of the dynamics. The cell cycle lasts about 120

min, while the diffusion of the proteins needs a time step

in the sub nanosecond regime. In addition, for our ques-

tion, a spatial simulation of the intra-cellular dynamics

is not required. Therefore, we represent the pheromones

and the cells as particles and the proteins involved in the

cell cycle (as well as the cell cycle) as attributes of the

cells, as shown in the lower part of Fig. 6. Whereas cells

only move during the fission process in the x-y plane,

pheromones and Sxa2 diffuse in the extracellular medium

and disappear when they reach the borders of the test

volume.

As shown in Fig. 7 after 900 min there are twice as many

P-type cells as M-type cells. Furthermore some of the M-

type cells are old (large) and have a highly inhibited cell

cycle, which makes it likely that these cell will enter apop-

tosis before they can divide.

Attributed particles and arbitrary functions allow to

model the intra-cellular dynamics non-spatially as first

order reaction.

Listing 2 The creation of cyclin inside the cell is realized as a first

order reaction that changes the attribute Y.

// 1) cyclin synthesis in cell 0 -> Y
reaction Y_synthesis(as_{A}(cell));
Y_synthesis.rateFunc = R_FUNC(k1);
Y_synthesis.afterFuncA = G_FUNC(Y(A) = Y(A) + 1;);

Nevertheless these non-spatial dynamic can influence

the particle, here by triggering the division of a cell.

Listing 3 After the attribute ’Ma’ of the cell drops below the

threshold t9 the division reaction is executed and new cell

namely B is created.

9) cell division (transition from M->G1)
reaction division(as_{A}(cell));
division.reacPossibleFunc = B_FUNC(Ma(A) < t9 phase

(A) == 3);// #M_A < t9
division.rate = k9;
division.divide(as_{B}(cell), 1.E-8);
division.afterFuncA =
G_FUNC(volume(B) = 0.5 * volume(A); volume(A) = 0.5

* volume(A););

It is also possible for a particle to influence the attributes

(non-spatial) of particle.

Listing 4 The collision of the two particles cell and F_M results in

the ’death’ of F_M and the change of the attribute

’receptor_occupied’ of the particle cell.

/* cell(n) + F_M -> cell(n+1) */
reaction bind_pherome_{M}(as_{A}(cell), as_{B}(F_M)

);
bind_pherome_M.barrier = 0.;
bind_pherome_M.setOverlapp(0.01);
bind_pherome_M.reacPossibleFunc =

B_FUNC(receptor_occupied(A) < receptor_total(A)
&& mating(A) == 1);

bind_pherome_M.afterFuncA =
G_FUNC(receptor_occupied(A) = receptor_occupied

(A) + 1;);
bind_pherome_M.Bdead();

For example this is the case in the yeast model when a

pheromone reacts with a cell (both particles) and inhibits

the cell cycle of the cell. This combination of spatial and

non-spatial behaviors enables the simulation of systems

which include processes on different temporal scales.

Lipid rafts model

The role of lipid rafts in inducing and promoting receptor

accumulation within the cell membrane and the recruit-

ment and binding of proteins from the cytosol has been
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Fig. 4 Volume and amount of SNAREX over time and Snapshot from the vesicle transport model. In the case of a directed movement the volume of

the compartments become equal and SNAREX accumulate in compartment 1 as shown on the left. The right side shows a screenshot from the

simulation where you can see the movement along the external force field. The blue sphere is the cell with a radius of 2.5 μm

subject to several computational studies [50, 51]. A small

model of receptor lipid raft interaction which is inspired

by a sub-model of Wnt signaling [52] shall illustrate the

ability of ML-Force to support dynamic nesting. The

model consists of two proteins (LRP 5/6 and CK1-γ )

which diffuse in the membrane and may enter or leave

lipid rafts. In the model, the mobility of proteins is

reduced in lipid rafts by a 10 times larger viscosity in the

rafts compared to the rest of the membrane. Both pro-

teins have different affinities to enter the lipid raft which is

modeled by different energy barriers in the nesting reac-

tions. LRP 5/6 has to pass a barrier of 12 · 10−21 J which

was estimated from the distribution of the kinetic energy

for demonstration purposes. It shows how the energy

barrier at a bimolecular reaction can be used to slow

down the reaction. CK1-γ can enter the lipid raft freely

(Ebarrier = 0 J). By choosing a larger energy barrier for LRP

5/6 while they are entering the lipid raft we model their

lower affinity to the lipid raft and can show how the energy

barrier at a bimolecular reaction can be used to slow down

the reaction. To show how these functions influence the

accumulation of the proteins in the lipid raft we run a

2D simulation. In this simple experiment, our model con-

tains a single lipid raft which covers 25% of the surface.

The 10 times larger viscosity of the lipid raft causes a

10 times lower diffusion coefficient in the raft compared

to the rest of the membrane. The simulation starts with

200 LRP 5/6 and 200 CK1-γ particles outside the lipid

raft. To enter the lipid raft, the particles need to over-

come the energy barriers described above. After a particle

entered a lipid raft they can leave it again without any

energy barrier.

As expected, Fig. 8 shows that due to the slower diffu-

sion in the lipid raft CK1-γ accumulates in the lipid raft.

Fig. 5 Volume and amount of SNAREX over time and snapshot from the vesicle transport model. In the case of pure brownian motion the volume of

the compartments decreases and no sorting of SNAREs takes place as shown on the left. The right side shows a screenshot from the simulation

where you can see the randommovement of the vesicles. The blue sphere is the cell with a radius of 2.5 μm
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Fig. 6 Sketch of the spatial/non-spatial cell cycle. Cell cycle of a yeast cell with five/six different proteins. The upper cell shows the cell cycle

modeled with particles. As the proteins interaction within the cell occurs on a vastly different timescale than the behavior of the cell this is not a

feasible approach. Instead the internal dynamics are modeled by a non-spatial approach as shown at the bottom

The amount of LRP 5/6 which accumulates in the lipid raft

is lower due to the energy barrier which hampers recep-

tors to enter the lipid raft.

The model shows how the repulsive force during a

bimolecular reaction can lower the reaction rate. Also the

dynamic nesting of particles can change their behavior

(here the diffusion of the nested particle) during simula-

tion. It is also possible to restrict reactions to only occur if

particles are nested inside a specific type of particle, such

as the phosphorylation of LRP 5/6 which is constrained to

lipid rafts.

Discussion

The benchmark models which range from the multi-

cellular yeast model to the subcellular lipid raft model

have shown the usefulness of the realized features. ML-

Force expands upon the state of the art. The combina-

tion of compartmental dynamics and particle simulation

based on forces is a unique feature of ML-Force. This

feature has been used in the lipid raft model (“Lipid rafts

model” section). ML-Force provides a consistent force-

based semantics for spatially resolved dynamic nesting

with excluded volumes. Arbitrary functions and attributes

have proven a necessity for a concise and computationally

feasible realization of the yeast model in ML-Force (“The

yeast model” section) where they are used for the non-

spatial stochastic simulation of the cell cycle. InML-Force,

intra-particle dynamics can be simulated either spatially

resolved by nested particles or in a non-spatial stochas-

tic manner. Applying lower and higher spatial resolutions

on demand facilitates modeling and simulating complex

spatial models. The vesicle transport model (“A model

of vesicular transport” section) relied on the possibility

to let particles grow and to define global force functions

that apply to all particles independently of other parti-

cles to simulate the directed movement of vesicles. The

global force functions provide an additional means for the

modeler for abstraction (in this case from the cytoskeleton
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Fig. 7 Spread of yeast cells. Distribution of yeast cells after 900 min. The numbers in the cells indicate how many pheromones are bound to them.

For example the M-type cell on the left site has a highly inhibited cell cycle with 568 bounded pheromones. It is very likely that this cell will enter

apoptosis, before it divides

Fig. 8 Accumulation of proteins in lipid rafts. Amount of LPR 5/6 and CK1-γ inside the lipid raft. Due to the lower affinity of LRP 5/6 to the lipid raft

(realized by an energy barrier) their concentration is lower then the one of CK1-γ
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structure on which the motor-proteins move). Along all

other dynamics this is seamlessly integrated into the force-

based semantics of ML-Force.

Conclusions

The particle-based modeling and simulation approach

ML-Force combines excluded volumes and forces with

support for dynamic nesting (compartmental dynamics)

and the ability of constraining cellular dynamics by arbi-

trary attributes and functions. Whereas other simulation

approaches have treated compartmental dynamics, such

as particles entering or leaving a compartment, or com-

partmental fission or fusion, discretely, in ML-Force those

are simulated in a smooth, continuous manner. Thereby,

structural dynamics are seamlessly integrated into the

particle-based simulation governed by the LANGEVIN

equation. However, this adds to the requirements the

integrator has to face and consequently the induced cal-

culation efforts.

ML-Force utilizes a rule-based modeling approach. In

combination with attributed species of arbitrary types and

arbitrary functions that work on particles, their attributes

and content, this contributes to the expressiveness and

flexibility of ML-Force. In particular, part of a spatial

model can be executed in a non-spatial stochastic manner.

Abstracting from spatial details on demand reduces the

complexity of themodel and the induced calculation effort

and allows applying ML-Force to a wider range of cell bio-

logical systems. The possibility to define force functions

that act on all particles independently of others provides

another valuable means for abstraction in ML-Force.

Currently, ML-Force is being used in a combined in-

vitro and in-silico study to analyze the impact of external

electrical fields on cellular membranes. Future work will

be aimed at enhancing the readability ofML-Forcemodels

by a more declarative expression of rules. In addition, user

support for selecting time steps and suitable parameters

for force calculation needs to be provided. Also advanced

numerical integration schemes that are exploited by other

particle-based simulators and their impact on compart-

mental dynamics shall be analyzed.

Supplementary information
Supplementary information accompanies this paper at

https://doi.org/10.1186/s12859-019-3092-y.

Additional file 1: The additional file contains tests of of basic functions

and the code of the models from the case study.

Abbreviations

CK1-γ : casein kinase 1-γ ; DSL: domain specific language; LRP5/6: low-density

lipoprotein receptor-related protein 5/6; ML: multi-level; RDME: reaction

diffusion master equation; SNARE: soluble N-ethyl-maleimide–sensitive factor

attachment protein receptors;

Acknowledgements

Felix Hauptmann implemented the OpenGL visualizer.

Authors’ contributions

TK conceived the method. TK designed and implemented the Software. PH

carried out the Case study. TK, PH and AMU wrote the manuscript. AMU

supervised the project. All authors have read and approved the manuscript.

Funding

Financial support (design of the study, analysis, and interpretation of

simulations and in writing the manuscript) was provided by the Deutsche

Forschungsgemeinschaft (DFG) research grant ’ESCeMMo’ (UH-66/13) and the

DFG collaborative research centre ’ELAINE’ (CRC 1270). We acknowledge

financial support by Deutsche Forschungsgemeinschaft (DFG) and Universität

Rostock within the funding programme Open Access Publishing.

Availability of data andmaterials

The datasets used and/or analysed during the current study are available from

the corresponding author on reasonable request.

Ethics approval and consent to participate

Not applicable.

Consent for publication

Not applicable.

Competing interests

The authors declare that they have no competing interests.

Received: 14 March 2019 Accepted: 10 September 2019

References

1. Scott J. D., Pawson T. Cell Signaling in Space and Time: Where Proteins

Come Together and When They’re Apart. Science. 2009;326(5957):

1220–4. https://doi.org/10.1126/science.1175668 Accessed 23 July 2019.

2. Klann M, Koeppl H. Spatial Simulations in Systems Biology: From

Molecules to Cells. Int J Mol Sci. 2012;13(6):7798–827. https://doi.org/10.

3390/ijms13067798.

3. Bittig AT, Uhrmacher AM. Spatial modeling in cell biology at multiple

levels. In: Proceedings of the 2010 Winter Simulation Conference.

Baltimore; 2010. p. 608–19. https://doi.org/10.1109/WSC.2010.5679125.

4. Ridgway D, Broderick G, Ellison MJ. Accommodating space, time and

randomness in network simulation. Curr Opin Biotechnol. 2006;17(5):

493–8. https://doi.org/10.1016/j.copbio.2006.08.004.
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ABSTRACT

Cellular automata are often used for spatial dynamics in cell biology such as the spread of infections

within a cell biological population. Due to the number of cells in a model, efficient simulation algorithms

have received increasing attention over the last decade. Many cellular automata models are executed

synchronously. In this paper, we focus on improving the efficiency of a cellular automaton model known

as the ‘dos Santos’ model for the Human Immunodeficiency Virus (HIV). The synchronous updates in

this model are driven by mostly deterministic transitions and a few highly probabilistic transitions. This

design can be exploited to create an efficient simulation algorithm. We propose such an algorithm using

an advanced scheme to generate random numbers (to efficiently perform probabilistic transitions) that

efficiently leverages CPU vectorization. The benchmarks show a significant performance increase by a

factor of 2.4x in comparison to a quality baseline implementation. We note several limitations in the model

behavior and simulation outputs, which apply not only to the dos Santos design but also to the many

synchronous HIV models inheriting its design. Several mitigation schemes are discussed to address some

of these limitations.

1 Introduction

Over 30 million people have died from complications associated with HIV and AIDS. By the end of 2018,

it is estimated that between 32.7 and 44.0 million were living with HIV (World Health Organization 2020).

Modeling & Simulation (M&S) has been used in HIV research for several decades to understand the spread

of HIV (both within the body and across individuals) or evaluate the potential outcomes associated with

interventions. M&S is particularly useful as a first step in intervention design as it allows to predict effects

in a ‘virtual laboratory’ without causing harm to real-world individuals. Two successful modeling projects

include Kaplan’s early work, which contributed to distributing clean needles to injection drug users (Kaplan

1989), and the study directed by Granich, which strengthened the evidence base for universal testing and

immediate therapy (Granich et al. 2009).

Cellular Automata (CA) provide one of the approaches used to simulate HIV. This approach is most

commonly used to model the spread within the body, as the regular packing of cells within CA provides an

analogy to the tight packing of immune cells in lymphoid tissues which are targeted by the virus. Although

several CA models of the immune response to the virus were proposed in the early 1990s (Pandey and

Stauffer 1990; Kougias and Schulte 1990), this approach gained attention with the model in (dos Santos

and Coutinho 2001), now commonly called the ‘dos Santos model’. Its popularity is partly due to its ability

to replicate the phases of HIV infection (i.e. before the onset of AIDS) despite its apparent simplicity.
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Since many stochastic in-body HIV CA models extend the structure of the dos Santos model (Precharat-

tana 2016), investigating its performance and soundness allows to examine the broader field of HIV CA.

As the simple implementations prevalent in the field are very time intensive to run, simulations of these

stochastic models often use too few runs to yield tight confidence intervals, hence results may not be entirely

replicated in future studies (Giabbanelli et al. 2019). Although these models succeed at producing realistic

average curves for viral load, we may be obtaining the right results for the wrong reasons since the models

are driven by very high rates of cell-to-cell infection (i.e. between close neighbors) unlike the real-world

mix of cell-to-cell and cell-free infections via the bloodstream (Giabbanelli et al. 2019). Recent studies

demonstrate performances of the dos Santos model can be improved through just in time compilation of

Python code (Giabbanelli et al. 2020) or by using machine learning meta-models (Fisher et al. 2020). To

further improve upon these results, we need to study the model’s performance characteristics.

Our study builds on previous work in two ways:

1. We increase performance by a factor of 2.4 by performing the first in-depth performance study for

the dos Santos CA model and using algorithmic optimizations in a modern native language (Rust).

2. We examine whether the design of CA models (particularly the synchronous transitions and their

high probabilities) produces behavior that differs from real-world expectations.

The paper is structured into four parts. In Section 2, we provide a brief background on the design

and implementation of the biological CA models, including the dos Santos model. In Section 3, we

introduce our approach to profile an optimization. Based on our analysis of the technical properties of the

implementation, we propose algorithmic performance improvements in section 4. Finally, we reflect on

the soundness of the overall approach.

2 Background: Design and Optimization of CA Models in Cell Biology

A cellular automaton is a discrete model in three ways: cells are updated at discrete time steps, the space

is discretized into a regular tiling (such as a grid or a hexagonal tiling), and cells are in discrete states. The

rules to update the cells can involve probabilities (hence creating a stochastic model), time (e.g., infected

cells will die at the next step), or the states of neighbors (e.g. being next to an infected cell makes it

possible to pass on virions). Models without probabilistic transitions are deterministic, while those with at

least one such transition are stochastic. All CA for HIV are synchronous, which means that cells are all

updated at the same time by using a copy to store their future states before committing them.

CA used to model other biological systems, such as cancer growth, typically use asynchronous syn-

chronization (Deutsch et al. 2005; Metzcar et al. 2019). This introduces new possibilities for optimization,

such as finding efficient means to iterate through the cells or selecting a random neighbor (Poleszczuk

and Enderling 2014). A common approach to improving performance for cellular automata is to leverage

their ‘embarrassingly parallel’ update step. Parallelization has been done many times in CA (Salguero

et al. 2019), including by running them over GPU-based implementations (Rybacki et al. 2009). Other

improvements have leveraged the trade-off between runtime performance and memory footprint, for instance

by using memoization algorithms that exploit spatial regularities (Gosper 1984; Caux et al. 2010).

The dos Santos model and its successors stand out among biological models for three defining char-

acteristics: transitions are mostly step-based, very high probabilities are used in stochastic transitions, and

only the transition from ‘healthy’ (or variations thereof) to ‘infected’ involves neighbors. The structure

of the dos Santos model (Figure 1) consists of four main states (healthy, infected A1, infected A2, dead)

where deterministic transitions occur either at constant time intervals (e.g., A1 turns into A2 after 4 steps, A2

turns into dead in the next step) or are driven by very high probabilities (e.g., dead cells are replenished by

the system with 99% probability). The dos Santos model has inspired many derived models, which often

consist of adding states and accompanying transitions to explore key concepts such as viral reservoirs (Shi

et al. 2008), therapy (González et al. 2013), or adherence to treatment (Rana et al. 2015).
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Figure 1: The dos Santos model has 4 states (healthy, infected A1 and A2, dead). As A1 turns A2 over four

time steps, we break it down into four consecutive states, resulting in 7 states. Note that most transitions

are either deterministic (plain line) or have a very high probability (broad dashed line).

This ‘line of models’ perpetuates several design choices such as step-based transitions and tends to be

faithful to the initial model even in the parameter values. For instance, the dos Santos model uses 4 steps to

go from A1 to A2. This was still the case for models published up to 15 years later (González et al. 2013;

Rana et al. 2015; Precharattana et al. 2010; Moonchai and Lenbury 2016). Similarly, the 99% probability

of replacing a dead cell by a healthy one was still in effect 16 years later (Golpayegani et al. 2017).

Although some HIV CA models are occasionally created entirely from scratch and hence bear no

resemble to the dos Santos model (Hillmann et al. 2017), the fact that a robust line of research inherits the

dos Santos design and parameter values suggests that our findings can generalize to a class of HIV models.

3 Understanding the Efficiency via Profiling

We have created an implementation with instrumentation of the model as well as created multiple synthetic

benchmarks to investigate specific aspects (e.g. memory limitations) of the algorithm. The implementation

is done in Rust, a modern native language. For the performance measurements we use the Criterion library

(Version 0.3). Measurements were done on a Workstation with an Intel Xeon E5-1630 v4 CPU using Rust

1.41. The code, benchmarks, and scripts to produce the plots can be found at https://osf.io/g5yah/.

3.1 Storing and Iterating Over Model States

Each cell in the model may be in one of 7 states (Healthy, Acute with τ ∈ {0,1,2,3}, Latent, Dead). We

store these states in one byte. Although fewer bits may be used, the small gain in space would be at the

expense of increased computations to pack/unpack states. To support compiler-based optimizations, we

store states in a contiguous (one dimension) array, which supports fast read/write operations.

Vectorization is an optimization where a program uses CPU specific instructions that can handle multiple

data chunks in one step. This is a type of instruction level parallization also known as Single Instruction

Multiple Data (SIMD). For improvements in the vectorization we use the ndarray (version 0.13) library

which provides a matrix abstraction that we use for the implementation of our algorithms. Readers more

familiar with Python than with Rust may think of this abstraction as similar to numpy, albeit more closely

integrated into the language. We use the ndarray zip operator to iterate over the grid. Neighborhood checks

are done via iterations based on indexes1.

Note that this baseline implementation is not a naive one, as that would lead to unrealistically low

performances. Our baseline implements a CA with several techniques including making an efficient use

of the memory and optimizing the iteration schemes.

1By default this would not necessarily be fast in Rust. All typical array access via indices are bound-checked at runtime.

This was circumvented for this implementation by using unsafe code.
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Figure 2: Throughput of different synthetic benchmarks for different number of cells. The different lines

correspond to different data sizes. There is a different peak throughput due to different computational

optimization, with 64bit integers shown in red as fastest due to the optimal native support and 256 bit

integers requiring two separate operations. For some larger per cell memory needs we can see how CPU

caches are no longer able to provide a performance boost when considering larger number of cells. For

smaller per cell storage however even RAM memory rates are sufficient. The separation at 10MB (vertical

dashed line) is consistent with the size of this CPUs L3 Cache. These results also indicate that our results

are applicable to arbitrarily large systems as well.

3.2 Performance Metric

Our performance metric is the number of cells processed per second, given in million elements per second

(Melem/s). We will be measuring this throughput at each step, as well as averaged across the whole 600

steps that are commonly conducted in an HIV CA simulation. This metric only accounts for the operation

that are required in the simulation model, hence additional operations used for analyses (e.g., tracking the

number of cells in each state) are not included in our performance metric.

3.3 Synthetic Benchmark and Maximum Theoretical Throughput

In this section we successively build up some synthetic benchmarks, to get an estimate for potential

performance limitations. Firstly, to identify the maximum throughput that our machine can achieve, we

create a synthetic benchmark consisting of an array randomly filled with states S1,S2, ..., which we replace

using simple rules such as S1 → S5 and S5 → S2. This is the most minimal and simple version of this type of

simulation model and implementation. The throughput we get for this benchmark is the limit no traditional

implementation of an HIV model could surpass, since such models always involve more computations in

their transitions (e.g., accessing neighbors, applying probabilities) Note that there are more advanced works

that do not need to access the entire system, like Memoization (Gosper 1984), but those are beyond the

scope of this paper.

As this benchmark involves very few ‘hard’ operations in contrast to HIV models, its throughput may be

too high. We thus create a second benchmark to offer a tighter bound, by incorporating harder operations.

Specifically, we make optimal code generation a little harder for the compiler by introducing a state Snull.

This state is not created initially and none of the other states transitions to it, but its transition rule is very

complex requiring change of a global state, similar to a random number generator or a counting mechanism.

This limits the kind of optimizations a compiler and CPU can perform, like vectorization.

This already has a tremendous influence on the performance. For the first benchmark we get a rate of

788 Melem/s whereas the second yields only 156 Melem/s. We should stress again that the only difference

between these two benchmarks is a state transition rule, which is never triggered but whose conditions

make it harder to optimize the code..
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For the purpose of comparison we have created a third synthetic benchmark with all identical cells,

applying the same hard to vectorize kernel that yielded 156 Melem/s earlier we now get more than 1470

Melem/s. This is because the CPU can optimize at runtime for identical data. The increased mixing of the

system therefore leads to slower performance.

A few of the transitions in the dos Santos model depend on probabilities. To understand the impact of

these stochastic transitions on performances, we consider an extreme case in which half of all transitions

are stochastic in a fourth and fifth benchmark. We modify the first synthetic benchmark model accordingly.

Naturally this raises the question of how the random numbers are generated. We consider two cases, one with

Rusts default, very high quality cryptographically secure ChaCha block cipher random number generator

and one using the much faster Xoroshift random number generator. For these model implementations we

get rates of 83 Melem/s and 134 Melem/s respectively.

The difference between the easy and hard to vectorize throughput (first and second) is already an

indication that memory access is likely not the limiting factor for the performance of this computational

problem (i.e. it is compute- rather than memory-bound). To confirm this we run a series of tests where we

modify our first synthetic benchmark as such: In between the states of the dummy model we interweave

counters that are incremented on every access. We use different data types to test for the memory limit.

Results (Figure 2) show the effect of caches for the smaller grid sizes, but for a larger amount of cells and

larger counters we run into the memory limit. This limit however is very far from the domain applicable

here, as our memory load is very small. For any real model implementation, the transition rules are more

complex and therefore putting even less strain on memory throughout. Therefore in the following we can

focus on optimization for computational throughput.

3.4 Results for our baseline implementation

Our baseline implementation has a throughput of about 76 Melem/s, which is about 10% of the maximum

as established by the first synthetic benchmark (Figure 2), and already about half of the more reasonable

harder to vectorize second benchmark.

The throughput of the baseline implementation changes throughout the model run. After the first few

steps (which show extreme model behavior), performance increases, then after about 200 steps decreases.

We can explain this by looking at the simulation behavior (Figure 3). Initially, we have many healthy

cells (Figure 3(a)–top), each of which requires an expensive neighborhood check. Later, there are fewer

healthy cells, hence performances improve. However, after about 220 steps, performances degrade again

even though the number of healthy cells (as well as all other cells) remains constant. This behavior can

be understood by examining the heterogeneity in the simulation (Figure 3(b)). Initially the system is quite

well ordered and homogeneous, as measured by the percentage of cells whose left neighbor has the same

state. These are particularly easy to execute efficiently by the CPU.

Using faster (but lower quality) Xorshift random numbers leads to a throughput of about 91 Melem/s

in comparison to 76 Melem/s before.

4 Algorithmic Performance Improvements

Results in the previous section have established that randomness and branching intensive code (e.g.

neighborhood checks) are the limiting factors for performances in our implementation. In this section, we

present three optimizations to improve performances: avoiding the over-generation of random numbers,

reducing the number of conditional checks when looking at the states of neighboring cells, and a combination.

4.1 Random Number Calculation via Geometrical Distribution

In the traditional implementation of this CA model, the random numbers are sampled for every cell. For

example, every dead cell requires the computation of a probability pH to decide whether it is replaced with a

healthy one. Our analysis of the rates used specifically in this model (Figure 1) reveal that stochastic events
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Figure 3: The simulator output is shown by counting healthy and dead cells (a) and the number of cells

that have the same state as the cell to their left (b). The throughput is shown in two configurations: very

high quality random numbers (c), or low quality but faster to compute (d). All runs use 10 replications

and a grid of 1500×1500 cells. Step-averaged data including errors can be found in Table 1.

are either very rare (probability is close to zero) or very likely (probability almost one). Calculating the

random probability for every cell is very costly. To lower this cost, we note that events are all independent,

but follow the same Bernoulli process. For example if we have an event with probability = 0.997, a negative

sample will occur on average only about every 333 samples. The number of negative samples between

two positive samples follows the Geometric distribution. We only need to calculate one sample of that

distribution (using a standard library) and then count until we have reached this number of occurrences.

This works well for both very high as well as very low probabilities, as for those the number of avoided

random number calculations is the highest.

4.2 Neighborhood checks via Matrix addition

Encoding the neighborhood checks using addition instead of iteration and equality checks has already been

presented in the literature (Giabbanelli et al. 2020). However, these checks were still performed on demand.

That is, a cell was first checked to know whether it was healthy, and then the addition was performed.

In the early phase of the simulation, most cells are healthy. To calculate the newly infected cells,

all cells in the neighborhood of each cell are being tested. To optimize this calculation, we introduce

vectorized additions. For that we take the entire grid as a matrix and add the eight shifted variants (for the

Moore neighborhood) and add them to this matrix. These additions are very cheap, as we can use highly

optimized (and vectorized) linear algebra libraries.
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Random Numbers Simulator prob. transitions throughput [Melem/s] setup in %

high quality baseline every time 76.4±0.1

geometric distr. 108.0±0.2

matrix add every time 88.9±0.5 9.8±0.5

geometric distr. 131.8±1.1 14.5±0.7

delayed random n/a 182±3 27.6±0.7

high speed baseline every time 91.1±0.1

geometric distr. 109.5±0.2

matrix add every time 126±1 13.7±0.7

geometric distr. 148±2 16.5±0.7

delayed random n/a 186±2 24.6±0.8

Table 1: Average throughput of the different simulators and their configurations configurations. Setup time

is the time doing matrix adding as well as the random transition for the delayed random variant. Taken

from 10 replications at 1500x1500 cells with errors showing standard error of mean. The behavior of

efficiency through the model run can be found in Figure 3.

Later on we can iterate over the entire grid without the need to use any complex access patterns, as

we have already computed the neighborhood for every cell, which minimizes branching. As observed in

the synthetic benchmarks, branching is detrimental to optimal throughput. In branched code, the CPU has

struggles with branch prediction and vectorization can be less efficient. This optimization is expected to

be the most helpful in the first third of the simulation where there still are many healthy cells.

4.3 Delayed random transitions

Our third optimization in a way combines the first two presented. To improve vectorization and execution

speed we need to minimize branching. One type of branching we have is checking at the random transitions.

Even if we do not need to compute a new random number (using the geometric distribution) we still might

need to alter a counter and check if it is equal to zero.

In this third optimization we remove all stochastic transitions by rounding the probabilities to one or

zero. Together with the matrix addition optimization outlined above, this implementation has almost no

branching. The only check that remains is in the presence of a healthy cell, as we need to check whether

the pre-computed neighborhood sum exceeds the threshold.

Simply removing stochastic transitions would significantly alter model behavior. Therefore we need

to find a way to reintroduce these rare events where stochastic tests would have failed. Here we leverage

that the number of times such a test passes or fails follows the binomial distribution. After a step has been

executed, we then visit a number of cells sampled from the correct binomial distribution and reverse the

step. This binomial distribution takes the probability of success per cell and the total number of cells as

parameters. Therefore the optimization is still exact and not approximate.

4.4 Results for the Proposed Three Optimizations

We have implemented the optimizations presented above and the results can be found per step in Figure 3

and in step averaged form in Table 1.

Reducing the number of random numbers improves the baseline speed by 40% if high quality random

number generators are used and by 20% if the fast random number generators are used. As expected this

optimization mainly affects the beginning of the simulation where healthy and dead cells (i.e. those that

need random numbers) make up a majority of the cells. When using the high quality random numbers,

this optimization even outperforms the matrix add optimization.
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Using the matrix addition for the environment checks also improves performance with throughput rates

of up to 148 Melem/s. Again this also mainly affects the first third of the simulation where there are

very many healthy cells that need to check their environment. In the later stages of the simulation this

optimization only slightly improves upon the baseline. Performing this matrix addition takes only about

15% of the runtime, thus it is not a large contribution to runtime, even though potentially more work than

is strictly needed is performed.

The delayed random calculation where random transitions are added afterwards is again a lot faster

than the optimizations presented above. It reaches speeds in excess of 400 Melem/s leading to an average

throughput of about 186 Melem/s. Performance mainly goes down with increased mixing in the system.

Performing the delayed random calculation as well as using matrix addition for the testing the neighborhood

takes about 25% of the total runtime, so the main iteration loop still dominates.

Overall, we see a 2.4 speed up, when comparing the fastest average throughput of 182 Melem/s with

the baseline of 76.4 Melem/s for high quality random numbers.

4.5 Alternative Approaches

Modeling studies rarely report negative results, and HIV CA studies are no exception. However, it is

important to know which other approaches could be attempted and the results that they lead to. Some

of the results are negative in our context (e.g., no throughout improvements) but would be of interest in

other cases (e.g., better bandwidth utilization). By disclosing these alternatives, we thus limit the risk that

future teams will devote energy to approaches that were not fruitful. Other teams may be interested in

some of the approaches below as they do lead to improvements other than throughput, which is the main

consideration for this paper.

As the model has mostly a single path of transition (Healthy then various levels of In f ected then

Dead), we implemented a buffer free variant of the simulation. However this has only reduced memory

and bandwidth usage and neither of them are currently limiting performances. In practice, this sometimes

even reduced performances due to a more complex environment check.

We have examined whether vectorization could be applied locally at the neighborhood level, i.e.

vectorizing the neighborhood check every time we encounter a healthy cell. However, due to the small

neighborhood tested (a Moore of 8 neighbors) as well as the irregularity of the pattern alignment in memory,

this decreased performances. Note that there have been attempts to expand the neighborhood of HIV CA

models to account for both proximal (cell-to-cell) and more distal (cell-free) infections (Giabbanelli et al.

2019). In such cases, the larger neighborhoods may be better candidates for explicit vectorization.

The dos Santos model seeks to replicate the first two phases of HIV in the absence of any treatment.

Individuals thus necessarily have a larger proportion of infected cells later in the simulation (which would

not necessarily be the case if therapy was modeled). Given that almost all neighborhoods contain an

acutely infected cell in later parts of the dos Santos model run, we assessed the potential of optimizing the

neighborhood look-up. For that, we created a lookup data structure that was a quarter of the size of the

system, with each entry containing the sum of four cells. By checking in the lookup structure first, most

neighborhood iterations could be avoided, however accessing the structure itself had a similar overhead,

resulting in no speedup. This does not check the neighborhood explicitly, but if any of the four cells contain

the an infectious cell, then checking becomes unnecessary.

5 Soundness of the CA Approach

The performance of simulation algorithms is important as an efficient simulation algorithm is necessary to

conduct extensive experiments with a simulation model. Designed Experiments help us understand how

a model responds or identify which (combinations of) parameter values are most important. By shedding

light on the behavior of the model, such experiments contribute to building trust in the model’s ability to

provide useful answers for its intended application context.
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Figure 4: A change in the parameter PHIV only affects the first few steps of the model. This is an artefact

of the methodology.

Another essential expectation to build trust is that the simulation algorithm correctly implements the

approach. However, another aspect of soundness is whether the approach is appropriate for the system

and application context. The former requires comparing the simulation results of different simulation

algorithms, which forms an intrinsic part of any performance study, independently of whether exact or

approximate, spatial or non-spatial simulation algorithms are evaluated(Jeschke et al. 2011).

It is well known that synchronously updated cellular automata are problematic for many real world

simulation applications (Schönfisch and de Roos 1998). Therefore, cellular automata models that simulate

tumor growth use an asynchronous updating scheme instead: “These methods [cellular automata] usually

update the lattice sites in a random order to reduce grid artifacts” (Metzcar et al. 2019). This is in contrast

with the dos Santos model, where (emphasis added) “in one time step the entire lattice is updated in a

synchronized parallel way” (dos Santos and Coutinho 2001). If a cellular automaton with a regular grid is

executed synchronously (as is the case with the dos Santos line), some directions are favored over others.

This leads to the known problem of anisotropic behavior (Schönfisch 1995): a direction-dependent speed

of information spread throughout the system, usually favoring diagonals. In addition, fixed

time steps in simulations as typical for cellular automata execution can introduce further errors. Therefore,

fixed time steps should usually only be used if the system itself is one of regular steps. A discussion can

be found in the literature, for example in Appendix 1A of (Law 2007).

5.1 Manifestation in this particular model

We now examine the particularities of this specific model (and its close relatives) to investigate whether

some of these problems also apply here. The behavior of our model consists of 3 Phases. Initially the

entire system goes through the complete cycle of infected, dead, and then again healthy, since about one in

twenty cells is infected. Here we already have a particular artefact of the synchronous update, that is, that

this spread basically dies out immediately. If we were to alter this initial infection proportion from 5% to

95% or 0% the model behavior after the first few step would not change at all. The rest of the trajectories

remain the same. This can be seen in Figure 4.

Then there is a second phase, of regular patterns in the system. Here some cells randomly turn sick.

Taking the infected cell as origin, waves of infection propagate through the system. However due to the

mostly deterministic nature of the transition, the cells all get healthy again after one iteration of the cycle

as shown in Figure 1. This is because the waves are very stable and therefore the dead cells form a

barrier shielding the healthy cells from becoming infected again. These transitions are rarely avoided due

to stochastic sampling (a fact which we leveraged for performance improvements).

On the very rare occasion, a transition does not take place multiple steps in a row, i.e. a cell remains

healthy while its surroundings are infected. In this situation, we transition into the third phase, the random

noise phase. This cell will be infected at the same time as its surrounding cells become healthy. Those

cells in turn get infected, turn this particular cell healthy and so on, therefore the infection cannot die out
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Figure 5: Larger system sizes do not change behavior, but lead to a convergence of individual runs due to

spatial averaging. We compare a grid of n×n cells varying n between 200 and 1200. The percentage of

healthy cells is plotted both for the individual runs as well as their average. For larger systems we only

see more of a regression to the mean, but no additional insight into the model behavior. At least for the

basic dos Santos model, larger models do not provide additional insight.

at this point. This is again an artefact of the synchronous update with high probabilities. This artefact will

then serve as a contiguous source of infection waves in the system, forming irregular shapes and leading

to a more and more random phase, which is the steady state. This artefact has already been described by

the original authors.

Another question is how sensitive the behavior of the model is to changes in its size. The system is

simulated for 600 steps. For larger systems, such as 1000x1000, a transition at one end of the system cannot

affect a cell more than 600 cells away, since it has a maximum reach of 1 grid cell per time-step. Here,

increasing the system size serves to average multiple potential trajectories. A system of 600x600 cells with

periodic boundary condition will have the exact same average behavior as a system with 60000x60000

cells.Our performance results however, will be applicable to larger models as well, since our implementation

is compute bound. This is the reason we supply throughput and not total runtime numbers.

5.2 Discrete event-based simulation as a solution to problems of soundness

Discrete event-based simulation appears as a natural remedy to counterbalance the problems introduced

due to synchronous, step-wise computation of the cellular automata. Approaches such as Cell-DEVS and

similar (Zeigler 1982; Wainer 2014) exploit the potential of discrete event simulation for cellular automata

type models. They offer the possibility to explicitly associate states with sojourn times, and thus have a

natural notion of time and can easily be adapted to arbitrary networks beyond grids. We have tried to

implement the dos Santos Model as a discrete event simulation using exponential distributed sojourn times

as well as explicit delays. Although the conceptual translation appears straightforward, the resulting model

behavior differs significantly. Instead of the initial infection immediately dying out, we transition directly

to the stable random state phase, where we have random mixing of all model states. Regular structures

that shield infected cells from becoming sick do not occur when allowing transitions in continuous time.

Another indication that the observed behavior is the result of the synchronous, step-wise update is the

question what happens if we reduce the step-size. One would expect if the time step is reduced from one

week to one day and the probabilities per step accordingly adapted to receive the same results. However,
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the smaller probabilities per time step allow for the wave fronts to be interrupted. As a consequence they

dissolve quickly. Thus the second phase of the observed behavior will not occur.

6 Conclusion

We assessed the execution characteristics of the established dos Santos cellular automaton model from a

performance standpoint. We implemented and tested several algorithmic variants that surpass the performance

of an already optimized implementation for these type of CA models by a factor of up to 2.4. A crucial

ingredient of the achieved speedup has been separating the model into a small stochastic part and a large

deterministic part. The expensive deterministic part maps well onto vector execution of the CPU for this

compute bound problem.

Analyzing the behavior of the model revealed several limitations. Retrospectively we observe, that the

very characteristics we exploited to increase performance (synchronicity of execution with very rare stochastic

variations within the model) are the same ones that also limits the soundness of the approach. Consequently,

our novel performance study also emphasizes the importance of analyzing model characteristics and

soundness not only of the algorithm but also of the approach.
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M. S. Mohamad, M. Rocha, J. F. De Paz, and P. González, 175–182. Cham: Springer International Publishing.

Schönfisch, B. 1995, February. “Propagation of fronts in cellular automata”. Physica D: Nonlinear Phenomena 80(4):433–450.

Schönfisch, B., and A. de Roos. 1998. “Synchronous and Asynchronous Updating in Cellular Automata”. In Cellular Automata:

Research Towards Industry, edited by S. Bandini, R. Serra, and F. S. Liverani, 42–46. London: Springer London.

Shi, V., A. Tridane, and Y. Kuang. 2008. “A viral load-based cellular automata approach to modeling HIV dynamics and drug

treatment”. Journal of theoretical biology 253(1):24–35.

Wainer, G. A. 2014. “Cellular Modeling with Cell-DEVS: A Discrete-Event Cellular Automata Formalism”. In Cellular Automata,

6–15. Cham: Springer International Publishing.

World Health Organization 2020. “Global Health Observatory (GHO) data”.

Zeigler, B. P. 1982, June. “Discrete event models for cell space simulation”. International Journal of Theoretical Physics 21(6-

7):573–588.

AUTHOR BIOGRAPHIES
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[D] GPU-Accelerated Simulation Ensembles of Stochastic Reaction Net-
works

Stochastic Simulation Algorithms are widely used for simulating reaction net-
works in cellular biology. Due to the stochastic nature of models and the large
parameter spaces involved, many simulation runs are frequently needed. We
approach the computational challenge by expanding the hardware used for
execution by massively parallel graphical processing units (GPUs) to execute
these ensembles of runs concurrently in a form of coarse-grained paralleliza-
tion. Such computing infrastructure in the form of GPUs is readily available
in desktop workstations and clusters but is not commonly exploited as part of
stochastic simulation studies. Building on the existing literature in the field, we
employ state-of-the-art algorithms to study the degree to which GPUs can aug-
ment the computation resources available for ensemble studies. Furthermore,
the challenge of efficient work assignment given the GPU’s synchronous mode
of execution is explored. There are several algorithmic tradeoffs to consider for
models with different execution characteristics, which we investigate in a per-
formance study across four different models. To explore the limitations of the
GPU-based simulators, the performance characteristics when executing large
models are compared to those of highly optimized CPU simulators. Our results
indicate that for some models adding a typical desktop GPU has a similar effect
on performance as up to 40 added CPU cores.
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ABSTRACT

Stochastic Simulation Algorithms are widely used for simulating reaction networks in cellular biology.

Due to the stochastic nature of models and the large parameter spaces involved, many simulation runs are

frequently needed. We approach the computational challenge by expanding the hardware used for execution

by massively parallel graphical processing units (GPUs) to execute these ensembles of runs concurrently in

a form of coarse-grained parallelization. Such computing infrastructure in the form of GPUs is readily

available in desktop workstations and clusters but is not commonly exploited as part of stochastic simulation

studies. Building on the existing literature in the field, we employ state-of-the-art algorithms to study the

degree to which GPUs can augment the computation resources available for ensemble studies. Furthermore,

the challenge of efficient work assignment given the GPU’s synchronous mode of execution is explored.

There are several algorithmic tradeoffs to consider for models with different execution characteristics,

which we investigate in a performance study across four different models. To explore the limitations of the

GPU-based simulators, the performance characteristics when executing large models are compared to those

of highly optimized CPU simulators. Our results indicate that for some models adding a typical desktop

GPU has a similar effect on performance as up to 40 added CPU cores.

1 INTRODUCTION

Alongside traditional wet-lab experiments, simulation has evolved to be a core branch of scientific work in

the domain of cellular biology. One particularly successful class of models is that of (stochastic) reaction

networks (Loskot et al. 2019). For this model type, the system’s state consists of specific amounts of various

species or reactants. Only the total amount of each species is considered, not their spatial distribution as an

approximation of the well-stirred system (Gillespie 2007). The amounts are propagated through time using

a set of reactions. Each reaction updates the state vector by decreasing the amount of some species and

increasing the number of others. The likelihood of a reaction firing (or, more generally, the speed of the

reaction) is determined by the propensity. This propensity is a function of the current state of the system.

The most common way to calculate the propensity is through mass action kinetics where the propensity is

proportional to the product of the amount of the individual reactants multiplied with a reaction constant.

Reaction networks can be executed deterministically or stochastically. In the latter case, which we will

focus on for this work, instead of mapping the reaction network into a set of coupled differential equations,

a stochastic simulation algorithm (SSA) executes individual reactions stochastically as discrete events in

continuous time, and updates time and state vector accordingly. Thereby, most of the SSAs (as does our

approach) assume the time intervals between successive events to be exponentially distributed.
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step():

k = select_weighted_random(propensities)

execute_reaction(k)

for i in all_reactions:

propensity[i] = calc_propensity(i)

(a) Direct method

step():

k = select_weighted_random(propensities)

execute_reaction(k)

for i in dependent_reactions(k):

propensity[i] = calc_propensity(i)

(b) Optimized method

Figure 1: Pseudocode excerpt for a simulation step in two stochastic simulation algorithms.

Stochastic simulations are computationally expensive, and due to their stochasticity require multiple

replications. Most simulation experiments also rely on the variation of parameter configurations, e.g.,

simulation-based optimization, sensitivity analysis, or general parameter scanning (Kleijnen et al. 2005),

increasing the required number of computations further. In this work, we will focus on the problem of

replications, but the concepts introduced are also suitable for parameter studies.

The computationally challenging portion of SSA consists of two parts: randomly selecting a reaction to

fire, weighted by its computed propensity, and updating the state and its propensities. The Direct Method

(DM) (Gillespie 1977) (and its equivalent formulation, the First Reaction Method (FRM) (Gillespie 1976))

compute all propensities for all reactions at every step. A far more efficient approach for larger systems

is to use a dependency graph to only update those propensities that could have changed. The difference

in pseudocode of the two approaches is shown in Fig. 1. This dependency-based approach is used in

the Optimized Direct Method (ODM) (Cao et al. 2004) for the DM and in the Next Reaction Method

(NRM) (Gibson and Bruck 2000) for the FRM.

In addition to these algorithmic improvements, parallelization is another option to increase simulation

performance (Fujimoto 2016). However, the steps in SSA are often tightly coupled as each executed reaction

may change the propensities of many other possible reactions. Since each step is relatively fast (less than a

microsecond), efficient fine-grained parallelization (i.e., of a single replication) is challenging (Dematté

and Prandi 2010). As many replications have to be executed, a coarse-grained parallelization across large

numbers of replications (also called ensembles), provides another viable option to increase the performance

of SSA simulations, also on the GPU (Li and Petzold 2010).

Code generation is an established technique to generate an executable with minimal overhead from

generic functionality (Futamura 1999). By providing the compiler with both the simulation algorithm and

the specific model, compiler optimizations can consider the simulation as a whole. Code generation works

particularly well in the context of SSA, where a large part of the computational load lies in computing

model-specific (propensity) expressions (Köster et al. 2022).

Our aim is to study the extent to which GPU implementations following state-of-the-art principles can

augment the computational power provided by traditional CPU-based implementations in large ensemble

studies. To this end, we present detailed performance measurements of three variants of SSA on GPUs

across models with different execution characteristics and scales. Our simulator implementations, data and

experiment scripts are publicly available (https://git.informatik.uni-rostock.de/mosi/gpu-ssa-ensemble).

2 BACKGROUND AND RELATED WORK

In the following, we introduce the hardware characteristics of GPUs as well as the existing work on

GPU-based acceleration of ensembles of SSA simulations.

2.1 General-Purpose Computing on GPUs

GPUs have evolved from fixed-function hardware targeting the rendering of three-dimensional scenes

to general-purpose accelerators widely available in machines ranging from laptops to supercomputers.

Common GPU frameworks such as OpenCL (Khronos OpenCL Working Group, Beaverton, OR, USA



Core Publications

128

2011) and NVIDIA CUDA (Cook 2012) allow developers to specify GPU programs, referred to as kernels,

on the level of individual GPU threads. Threads are grouped into sets of a hardware-specific size of 32 or

64 threads referred to as warps or wavefronts. Within a warp, threads operate in lockstep. Hence, if the

control flow of the threads within a warp diverges, all branches are taken in sequence while discarding

unneeded results. In addition, if adjacent threads access adjacent locations in memory, the accesses are

coalesced into a single memory transaction served as one.

Due to the architectural focus on executing thousands of arithmetic operations in parallel rather than on

control flow and caches, algorithms involving regular control flow and memory access patterns are a natural

fit for GPU-based parallelization. Although simulations often involve sparse and irregular computations and

thus require GPU-specific adaptations and optimizations, simulations from various domains, including cell

biology, have been shown to benefit immensely from GPU-based parallelization given suitable choices of

algorithms and data structures (Park and Fishwick 2010; Zhu et al. 2011; Xiao et al. 2019).

2.2 SSA on GPUs

The parallelization strategies for GPU-accelerated SSA simulations found in the literature can be divided

into two groups. In coarse-grained parallelization, multiple entire simulations are executed in parallel.

Fine-grained parallelization, on the other hand, also parallelizes individual simulations, in addition to

executing multiple simulations concurrently, for instance in (Sumiyoshi et al. 2015). In the Direct Method,

for example, a fine-grained approach may parallelize the updates of the population counts and propensities.

The choice between coarse-grained or fine-grained parallelization determines the amount of GPU resources

that can be dedicated to each individual simulation run. Fine-grained approaches can utilize many parallel

threads to execute a single run. Hence, coarse-grained parallelization, which is the prevalent method in the

literature, focuses on supporting particularly large numbers of replications of comparatively small model

instances.

The Direct Method is used in these implementations (Jenkins and Peterson 2010; Klingbeil et al.

2012; Sumiyoshi et al. 2015), as its relatively simple control flow makes it reasonably straightforward

to map to GPU execution. The simulator in (Li and Petzold 2010) uses the Logarithmic Direct Method.

Dependency graph-based methods perform better for larger models, but are more difficult to implement and

less prevalent in the literature. In (Klingbeil et al. 2011), the Next Reaction Method and the Logarithmic

Direct Method are implemented in addition to the Direct Method. The closest existing work to ours presents

an implementation of the Optimized Direct Method (Komarov and D’Souza 2012). To enable additional

fine-grained parallelization, propensity values and their respective sums are updated in parallel using a

prefix sum algorithm.

GPUs achieve highest performance when executing programs with largely homogeneous control flow

and memory access patterns, which runs counter to the sparsity and heterogeneity of the computations

involved when executing various parametrizations and replications of stochastic simulations in parallel.

Thus, GPU-based SSA implementations require careful consideration of the GPU’s execution model and

hardware properties. A frequently employed means of optimizing execution speed is the efficient usage of

the GPU’s memory hierarchy. For instance, (Klingbeil et al. 2012) analyzes different data structures to store

model parametrizations in fast read-only regions of GPU memory. Consideration is also given to dense and

compressed storage of data (Komarov and D’Souza 2012). In our work, we generate specialized simulators

using partial evaluation via code generation (Futamura 1999), in which full knowledge of the considered

model is available during compilation, allowing the compiler to generate optimized model-specific machine

code. We previously demonstrated the benefits of code generation for CPU-based SSA (Köster et al.

2022). In the GPU context, code generation avoids the need for individual threads to traverse complex

data structures at simulation runtime and thus reduces the need for manual optimization of memory access

patterns.

The issue of thread divergence can be addressed by sorting the computations involved in different

simulation replications so that adjacent threads execute the same control flow (Kunz et al. 2012). We
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present detailed measurements assessing the performance benefits and overhead when sorting impending

reactions of SSA replications.

3 OUR APPROACH

(a) CPU (b) GPU, no sorting (c) GPU, sorting
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Figure 2: An illustration of the methods we use for efficient execution. On the CPU, different threads

do not interact and run independently (2a). When running on the GPU, different simulation steps of the

different replications in the ensemble diverge, leading to serialization (2b). An added initial sorting step

reduces divergence during execution (2c).

This section will give an overview of our approach to executing ensembles of SSA runs to GPU

execution, noting where we differ from and expand the state of the art. In contrast to most of the related

work, our approach uses the Optimized Direct Method (ODM) (Cao et al. 2004) in conjunction with code

generation. The ODM has known good scaling behavior. The used data structures are simpler than in the

NRM and thus lend themselves more to mapping to GPUs.

We considered three different approaches, all of which use coarse-grained parallelization, i.e., paral-

lelization across multiple simulations. In preliminary experiments with a fine-grained parallelization, we

observed no performance benefits for the models considered in this paper.

3.1 Code Generation

Traditionally, SSA simulators adhere to a strict separation between the simulator and the model comprised of

production rules and initial populations. In this approach, generic simulator procedures handle functionalities

such as the updating of propensities during a reaction, with dynamic concrete control flow and memory

accesses according to the model data. We have previously shown that the performance of CPU-based SSA

simulations can benefit immensely from code generation (Köster et al. 2020), which produces specialized

simulation code combining a simulator and a specific model. Code generation offers the opportunity for

compiler optimizations based on full knowledge of the simulator and the model. For instance, knowledge

of the dependencies among the reactions reveals the number of propensity updates per reaction type and the

affected propensities. In the GPU context, static optimizations of the memory access patterns may increase

the opportunities for memory access coalescing, at the potential cost of increased divergence given the

separation of update procedures by reaction type.
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3.2 Propensity Sorting

The selection of the next reaction to occur involves a weighted sampling from the list of propensities. By

sorting the propensities based on values gathered from previous simulation runs, as originally described

in the context of the ODM (Cao et al. 2004), more efficient sampling can be achieved. The goal of the

propensity sorting is to speed up the linear reaction selection by moving frequently firing reaction to

the beginning of the array to be searched. The sorting occurs only once as a preprocessing step. Initial

simulation runs are executed to count how often each reaction fires in the course of a simulation. The

propensity list is then sorted using these reaction counts as estimates for future simulations.

3.3 Computation Sorting

As a first approach, we implemented an ODM simulation step in a single kernel that updates the populations

and propensities affected by a reaction. ODM employs a dependency graph to avoid unnecessary updates.

Thus, in a given simulation step, the different replications may execute different reactions which causes

GPU threads within a warp to diverge both in the execution and the update step (Fig. 1b). The resulting

serialization within warps is illustrated in Figure 2b. In this first approach, we do not mitigate the effects of

divergence.

This can be contrasted with the Direct Method, which recalculates all propensities (Fig. 1a) after every

reaction and thus does not scale well to large reaction counts. However, since the Direct Method lends

itself to straightforward implementation targeting GPUs, we will use it as a baseline in our experiments.

Our second approach aims to minimize divergence by sorting the replications by the reaction they

choose in each simulation step. The basic simulation algorithm and its implementation remains unchanged.

However, simulation replications are allocated to the threads in a sorted fashion according to the selected

reactions. This increases the likelihood that identical reactions occur in adjacent threads, reducing divergence.

The sorting introduces additional computational as well as memory access overhead. It should, however,

decrease thread divergence, because most consecutive threads execute the same reactions, as long as the

number of possible reactions in the system is significantly smaller than the number of threads times the

number of replications. Figure 2c visualizes how the sorting takes additional execution time, but increases

the effective parallelism. For contrast, we also show the execution on a CPU (cf. Fig. 2a): since CPU

threads work largely independently of each other, the individual simulations can progress independently.

We implemented two different variants of sorting. In the logical sorting method, only an index map

is sorted based on the next reaction indices. The simulation variables are then accessed according to the

sorted map so that most consecutive threads execute the same reaction. The physical sorting method, on

the other hand, rearranges all simulation state variables based on the chosen next reactions in memory. The

main difference between these sorting methods lies in the resulting access patterns to the simulation state

memory. Since only an index map is sorted within the logical sorting method, the memory accesses made

by adjacent threads are still scattered to different portions of the simulation state, limiting the opportunities

for memory access coalescing (cf. Section 2.2).

A more favorable memory access pattern is achieved by the physical sorting method, in which the n-th

thread processes the simulation variables at the n-th index. On the other hand, the physical sorting method

incurs a higher memory access overhead during the sorting step.

3.4 Implementation

Our GPU simulators are written in C++ and use NVIDIA CUDA together with the high-level library Thrust (Bell

et al. 2017), which provides data parallel primitives such as scans, sorts and reductions. The simulator code

and our plotting scripts are available at https://git.informatik.uni-rostock.de/mosi/gpu-ssa-ensemble.

We reused the model parsing source code from our previous work targeting CPUs (Köster et al. 2020)

but created a new GPU compatible simulator template. Code generation comes with a higher one-time cost

of compiling the generated code, but in our scenario of interest, this is of minor concern, as we are interested
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Table 1: Overview of the evaluated models, together with their respective amounts of species and reactions.

The model degree describes the average number of propensities (based on the dependency graph) that must

be updated after executing a single model reaction.

Model Species Reactions Degree

SIR with N regions 3N ~4N ~6

Decay dimerization 3 4 3

Multistate 9 18 7

Multisite 66 288 55

in many replications where these one-time costs amortize. Compilation times for small to medium-sized

models were similar to a larger CUDA program (On the order of 10 to 100 seconds for the models tested).

The next reaction indices for each replication are chosen through linear weighted random sampling. An

alternative would have been a binary search as described for the LDM (Li et al. 2006). We chose the linear

search for our implementation because it was originally described for the ODM (Cao et al. 2004), and in

our experience works well for many models of practical relevance when used in conjunction with propensity

sorting. For comparability, we use the linear search mode in both the GPU and the CPU simulators. The

ODM uses two random numbers in each simulation step for each replication. Those random numbers are

generated using the CUDA’s default XORWOW pseudo-random generator.

Our implementation deviates from the original descriptions from our CPU-based simulator (Köster

et al. 2022) with respect to the updates of the sum of all propensities, which is required in each simulation

step. While those updated the propensity sum incrementally based on the change in the current step, our

preliminary experiments showed that in the GPU context, it is typically more efficient to sum all propensities

in each step instead.

4 EXPERIMENTS

We consider four models to test the suitability of the different simulators and to obtain a comparison to

the sequential implementation. Table 1 gives an overview of the models. To provide a comprehensive

comparison to a CPU-based execution, we include model instances larger than typically encountered in the

literature, where models with less than 10 reactions are prevalent.

The SIR (Susceptible, Infected, Recovered) model with regions is a variant of the classic SIR

model (Kendall 1956). The regular SIR model describes the course of a disease in a closed population.

Viewed as a reaction network, the model includes three species – Susceptible, Infected and Recovered –

which can react in the following two ways:

S+ I → I + I I → R .

The first reaction describes an infection and the second one a recovery. The SIR model with regions arranges

multiple of these SIR models in a circle. An example of our SIR region model with four regions is visualized

in Figure 3. The simulation is initialized with a single infected individual present in the overall system.

The decay dimerization model (Gillespie 2001) is based on the following four reactions that describe

the possible interactions between three species:

S1 → /0 S1 +S1 → S2 S2 → S1 +S1 S2 → S3 .

We parametrized the model using the reaction rates and initial populations from (Gillespie 2001). All

simulations were executed up to a simulation time of 10. Simulation time here is the virtual time within the

model, measured in the model’s internal unit system.

The Multistate and the Multisite model (Blinov et al. 2004) represent typical biochemical networks.

Both were designed for the illustration of biochemical reaction networks and deal with the phosphorylation
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Figure 3: Structure of the SIR model with four regions.

as either different states of the molecules or at different sites of the molecules. They were simulated up to a

time of 10 and 4 respectively. The models have been used previously in a performance review (Gupta and

Mendes 2018) as well as for the evaluation of the CPU simulator (Köster et al. 2022) used as a baseline in

our performance evaluation.

4.1 Reference Simulators and Environment

We compare the performance of our GPU implementations to our CPU-based simulator (Köster et al. 2020).

This simulator implements a variant of the ODM and uses code generation in combination with partial

evaluation to create specialized simulators for different stochastic models. We previously showed that for

the Multistate and the Multisite model, this CPU-based simulator outperforms both the simulator integrated

into BioNetGen as well as the simulators evaluated in a recent performance review (Gupta and Mendes

2018; Köster et al. 2022).

In addition to our GPU simulator variants based on ODM, we implemented a baseline GPU simulator

using the original Direct Method without reaction sorting and code generation. While we expect the Direct

Method’s performance to be comparatively low for large models, this simulator variant provides an indication

of the performance of a basic SSA implementation on a GPU. The experiments with this simulator serve to

gain a better understanding on how the use of ODM, computation sorting, and code generation affects

the performance. The simulations were run on a Windows 10 system with an i7-8700K Intel CPU with

frequency scaling enabled, and an NVIDIA GeForce GTX 1070 GPU. The CPU simulator was evaluated

running in Debian 10.5 on the Windows Subsystem for Linux (WSL2). This simulator was compiled using

gcc version 8.3.0. The CPU simulator was executed using a single CPU thread. The C++ compiler version

for the GPU simulators is 19.28.29912.0 (Visual Studio 16 2019) with CUDA version 10.2.

4.2 Results

In Figure 4, we give an overview of the different methods compared in our performance evaluation. The

results of the performance evaluation can be found in Figure 5. As a performance metric, we use the

wall-clock execution time in µs per step, which makes simulation results easily comparable across simulators

and models. Five simulation runs consisting of many individual replications were executed to calculate the

average performance values for the GPU simulators. The CPU performance is calculated as the average of

ten measurements with 100 replications. All performance values are measured without code generation,

compilation, or initialization times. The initialization time includes initial memory allocation as well as

the transfer of initial simulation states to graphics memory. These costs amortize when running many

replications. To better understand the impact of sorting, we measured the time taken to sort explicitly.

To verify correctness, we configured the GPU simulators to output the entire system trajectory, which

involves substantial overhead. However, in real-world applications, the number of relevant observables
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Figure 4: Hierarchy and relation of methods used for evaluation. Colors correspond to those used in Fig. 5.

can be assumed to be small, introducing only little overhead. We therefore performed the measurements

without output or storage of observations.

4.2.1 SIR Model with Regions

Figures 5a and 5b show the results for the performance measurements of two different model configurations

of the SIR model with regions. The results shown in Fig. 5a originate from simulations with 215
(= 32768)

replications and with a maximum simulation time of 20. Fig. 5b on the other hand, is based on simulations

with 220
(≈ 106

) replications which run up to a simulation time of 10. The results show that the performance

of all simulators decreases with an increasing number of regions, which is to be expected as the reaction

selection becomes more computationally expensive with larger models. Apart from the possibility of

increased thread divergence due to larger numbers of reactions, the cost of the population and propensity

updates should be unaffected by different sizes of the SIR region model, since each reaction updates two

populations and at most six propensities.

However, in our GPU implementation, the cost of updating of the total propensity varies with different

model sizes as all individual propensities are traversed. Compared to any of the GPU simulators, the

performance of the sequential simulator is not as strongly affected by the varying model sizes. This can be

seen both in Figures 5a and 5b. We attribute the more significant influence of the model size on the GPU

simulators to the reaction selection and the recalculation of the total propensity. Linearly selecting the next

reactions for all threads within a warp delays the progress of all threads until the slowest selection has

completed. When the model instances grow in size and therefore have more possible reactions, it becomes

more likely that one thread takes longer to choose a reaction and in turn, slows down all threads in the

same warp. In addition, our implementation of the recalculation of the total propensities has to iterate over

all propensities and consequently slows down for instances with more reactions.

Overall, the non-sorting method has the highest execution speed. The CPU simulator performs best

only for large instances with relatively few replications. The GPU Direct Method performs well for small

instances of the SIR region model, but slows down with larger instances, because it lacks the optimizations

of the other simulators. Both sorting methods perform worse than the non-sorting method for this model. To

understand the trade-off between the sorting overhead and its benefit during the execution of a simulation

step, we also show results when subtracting the time spent on sorting. When disregarding the sorting

overhead, the execution speed of the physical sorting method exceeds that of the non-sorting method. This

shows that the additional sorting step has the potential to speed up the execution of the simulation steps.

Still, the overhead introduced by this method far outweighs the performance gain.
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Figure 5: Performance graphs for different models and simulators.

The logical sorting method has a lower memory access overhead since only the index map is sorted. In

contrast to the physical sorting method, subtracting the sorting overhead does not improve the performance

significantly. For low numbers of replications (Figure 5a), the performance without the overhead is

comparable to the non-sorting method. However, sorting only the indices when simulating many replications

(Figure 5b) lowers the performance significantly. This is because rearranging the indices results in a

non-optimal memory access pattern for the replication variables, which in turn provides fewer opportunities

for memory access coalescing. This effect worsens with more replications.

4.2.2 Decay Dimerization Model

The Figure 5c shows that the execution speed of the decay dimerization model on a GPU increases with

the number of replications. Overall, the execution speeds are higher than those of the SIR model, even

though the regular SIR model with only a single region has only two reactions and a model degree of two,
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compared to four decay dimerization reactions and a degree of three. This is because the SIR model may

terminate after just one simulation step if the single initially infected entity heals before infecting other

entities. The large variance in the simulation durations lowers the utilization of the GPU’s resources. In

contrast, the simulation durations of the decay dimerization model are more consistent, allowing for higher

GPU utilization.

Similar to the SIR model results, the performance of the GPU simulator without sorting increases

with the number of replications. Since the dimerization model is comparatively small and simple, the

execution speed of the GPU Direct Method is roughly within 20% of the non-sorting ODM across all

tested numbers of replications. Both sorting ODM simulators have similar execution characteristics up

to about 216
(= 65536) replications. Beyond that point, the performance of the physical sorting method

increases further, whereas the speed of the logical sorting method stabilizes. When comparing the results to

those of the SIR model, the performance of the physical sorting ODM is approximately equal or greater

than that of the non-sorting ODM, but only when excluding the sorting overhead. The performance of the

non-sorting GPU simulator, as well as the GPU Direct Method, scales almost linearly with the number of

replications up to a certain number of replications, beyond which the experiment approaches full saturation

of the GPU resources. The performance of the GPU simulator without sorting increases linearly up to

about 214
(= 16384) replications and saturates at a value of about 952 million simulation steps per second

(1.05 ns per step). This throughput is the highest one of all simulators and models that were evaluated as

part of this work. That means that the individual steps in this model are the cheapest to calculate compared

to the other models. The sequential simulator reached an average execution time of about 24.5 million steps

per second. The overall maximum speedup of the non-sorting GPU implementation is therefore about 39.

4.2.3 Multistate and Multisite Model

For the Multistate model, we find that the non-sorting method has, similar to the previous measurements,

the highest overall execution speed when simulating large numbers of replications. Both sorting methods

behave similarly when increasing the replication count. However, the sorting overhead of the physical

sorting simulator is significantly higher than for the dimerization model because the Multistate model has

more species, as well as more propensities to be sorted.

In general, the numbers of simulation steps per second are lower for all GPU simulators compared to

the decay dimerization model. This can be attributed to the higher complexity, due to the larger number of

reactions, and the higher numbers of species and reactions of the Multistate model. The Multistate model

has 288 different reactions that update 55 propensities on average. We also observe an earlier diminishing

of performance gains with more replications. The performance of the CPU simulator, on the other hand, is

barely affected by the different structure of the Multistate model at 20.6 million steps per second compared

to 24.5 million simulation steps per second for the dimerization model.

For the Multisite model, simulations were run up to a maximum simulation time of 4. The data shows

that the implemented GPU methods are not well suited for this model. The performance of the CPU

simulator running on two CPU cores would be better than that of all GPU simulators for all tested numbers

of replications. One notable result, however, is that for this model, the logical sorting performs slightly better

than the non-sorting approach for replication counts up to about 212
(= 4096). The higher performance of

the sorting approach can be attributed to the smaller computational and memory access overhead of the

sorting step for fewer replications and its performance improvements due to minimizing branching for the

propensity and population updates. Due to the large number of reactions and propensities to be updated in

the Multisite model, the runtime overhead for the reaction selection and population and propensity updates

caused by branching is higher than for the previously mentioned models. Measurements for the GPU Direct

Method are not included in Fig. 5e, because of its poor performance for large and complex model instances.
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5 CONCLUSION

This paper presented a detailed performance comparison of three variants of the Optimized Direct Method

for simulating large ensembles of reaction networks on a GPU. A state-of-the-art CPU implementation

and a basic GPU implementation served as baselines. The simulators were evaluated on the example of

three models from the literature across a wide range of replication counts. Generally, we observed that full

utilization of a modern GPU’s computational resources is achieved only at large replication counts between

100 and 1000, depending on model size. In the best case, a GPU provided the equivalent of around 40

CPU cores executing an optimized CPU implementation.

In addition to the use of code generation, we introduced a sorting step to make a more homogeneous

control flow across simulations. We find that for some problems, the sorting reduces the execution time

of the simulation step substantially. However, this speedup does not outweigh the overhead introduced

by the sorting. Future work could explore a localized sorting that would reduce control flow divergence

while inducing lower overhead. A basic GPU implementation of the Direct Method performed well for

very small model instances but did not scale with increasing instance size. An attractive avenue for future

work is the exploration of improved memory layouts using thread-local storage, which exhibited promising

results in our initial experiments.
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[E] Expressive modeling and fast simulation for dynamic compartments

Compartmentalization is vital for cell biological processes. The field of rule-
based stochastic simulation has acknowledged this, and many tools and meth-
ods include provisions for compartmentalization. However, mostly, this is lim-
ited to a static compartmental hierarchy and does not integrate compartmental
changes. Integrating compartmental dynamics is challenging for the design of
the modeling language and the simulation engine. The language should sup-
port a concise yet flexible modeling of compartmental dynamics. As a basis of
our work, we use a rule-based language for multi-level cell biological modeling
called ML-Rules, which supports a wide variety of compartmental dynamics.
We adapt its syntax slightly and develop an efficient simulation engine for com-
partmental dynamics. To execute a rule-based model that includes compart-
mental dynamics efficiently, we combine efficient data structures and new and
existing algorithms and implement them in the Rust programming language.
We evaluate our implementation using two case studies from existing cell-bi-
ological models. The execution of these models outperforms previous simula-
tions of ML-Rules by two orders of magnitude. Finally, we present a prototype
of a WebAssembly-based implementation to allow for a low barrier of entry
when exploring the language and associated models without the need for local
installation.

[273] T. Köster, P. Henning, T. Warnke, and A. Uhrmacher, Expressive Rule-Based
Modeling and Fast Simulation for Dynamic Compartments, Plos One 19, 312813
(2024)
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Abstract

Compartmentalization is vital for cell biological processes. The field of rule-based stochastic

simulation has acknowledged this, and many tools and methods have capabilities for

compartmentalization. However, mostly, this is limited to a static compartmental hierarchy

and does not integrate compartmental changes. Integrating compartmental dynamics is

challenging for the design of the modeling language and the simulation engine. The lan-

guage should support a concise yet flexible modeling of compartmental dynamics. Our work

is based on ML-Rules, a rule-based language for multi-level cell biological modeling that

supports a wide variety of compartmental dynamics, whose syntax we slightly adapt. To

develop an efficient simulation engine for compartmental dynamics, we combine specific

data structures and new and existing algorithms and implement them in the Rust program-

ming language. We evaluate the concept and implementation using two case studies from

existing cell-biological models. The execution of these models outperforms previous simula-

tions of ML-Rules by two orders of magnitude. Finally, we present a prototype of a WebAs-

sembly-based implementation to allow for a low barrier of entry when exploring the

language and associated models without the need for local installation.

1 Introduction

Compartmentalization is a central aspect of cell biological systems [1]. Modeling such systems

as interrelated compartments in and between which processes occur allows approximating the

system structure and its effect on the processes. To include the causal influence of compart-

ments on the processes, it suffices to support static compartments, that is, compartments that

do not change. However, to account for the causal influence of the occurring processes on the

compartmental structure and interactions, the model must support dynamic compartments.

This includes the creation of new compartments, their deletion, merging, and splitting of com-

partments, as well as one compartment entering or leaving another (Fig 1).

The reciprocal influence of compartments and the processes that occur in and between

them can be observed in many cell biological systems. For example, the life cycle of a cell can

be modeled as intracellular processes affecting cell growth, ultimately leading to cell division
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[2]. Intercellular communication in cell populations affects the intracellular behavior of indi-

vidual cells. Signaling pathways include intracellular compartmental processes such as endocy-

tosis or the transfection of lipoplexes. Although such processes can sometimes be

approximated with static compartments, dynamic compartments are the natural method for

precise and expressive models.

Several modeling approaches that support dynamic compartments have been proposed in

the past [3–6]. However, in contrast to approaches limited to static compartments, running

simulations for these modeling approaches proved too computationally challenging for usage

in relevant biological applications. In fact, some of the approaches developed were never

equipped with a (publicly available) simulator implementation.

In the following, we present an approach that overcomes these performance problems and

makes dynamic compartments feasible for studying cellular processes. In particular, our con-

tributions are:

• an analysis of rule-based language design choices on efficiently executing dynamic

compartments,

• an analysis of execution requirements for an expressive rule-based language, such as

ML-Rules, which allows compact and expressive specifications of models with dynamic

compartments [7],

• a design of a new efficient stochastic simulation algorithm tailored to models with dynamic

compartments combining various algorithms with code generation,

• an implementation of a new modeling and simulation tool ML-Rules 3 in Rust based on the

new efficient stochastic simulation algorithm, and slight adaptations in comparison to earlier

implementations of ML-Rules; the latter includes syntactic enhancements to improve usabil-

ity, like type checking of units of measurements, and a new type of attributes to facilitate effi-

cient simulation,

• a realization of a WebAssembly-based web simulation tool at http://mlrules.pages.dev to

enable simple deployment of the tool,

• and an evaluation of the expressiveness and performance of ML-Rules 3 based on case stud-

ies from cell biology, including an mRNA delivery model, where based on dynamic compart-

ments, due to ML-Rules 3, now closer matches to biological results become possible.

1.1 Compartmental dynamics

Cell biology considers compartments essential elements of cell behavior [8]. Compartments

affect cellular processes by controlling both the reactions that can occur and the rate at which

they do. They are considered important to modeling signaling pathways, in which extracellular

ligands trigger a cascade of biochemical reactions that span various cellular compartments,

such as membrane, cytosol, and nucleus [9]. A prominent example is the canonical Wnt/β-
catenin signaling pathway, which is essential for cellular functions such as proliferation and

differentiation and is involved in several diseases, including cancer [10]. In the last 20 years,

more than 20 quantitative models have been built to analyze the Wnt/β-catenin signaling path-

way [11]. Many of these models express the causal influence of compartments on processes,

e.g., constrain processes to specific compartments or study proteins shuttling between com-

partments [12, 13]. Also, the volume of the compartment may influence the reactants’ density

and, consequently, the kinetics within the different compartments [9, 14]. Compartmental
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Fig 1. Examples of compartmental dynamics in cell biology. The figure shows a sketch of the processes, the specification in
ML-Rules 3, and the n-ary tree structure of the term rewriting that underlies ML-Rules interpretation. The red lines in the n-ary
tree structure indicate structures that are changed during the reaction. For the rules, we use the ML-Rules notation. The left side
is transformed (using the!) into the right side at a rate (following the @ symbol). The {} denote nesting relationships. (a)
Fission and fusion of compartments: A large mitochondrium can divide into two smaller ones, whereby its content (here ?M1
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constraints on reactions are supported by most simulation tools and standardized modeling

exchange formats such as SBML [14].

Considering dynamic compartments opens up new possibilities. Treating compartments as

regular species with attributes enables causal effects between compartments and of the

compartmentalization on underlying processes, called downward causation [6]. Causality also

occurs in the opposite direction— intra-compartmental dynamics can influence the compart-

mental level, including its attributes such as volume. This upward causation can also result in

changes to the compartmental structure, such as fission and fusion, or the creation and dele-

tion of compartments.

The changes in the compartmental hierarchy occur during the simulation execution. There-

fore, they have been called dynamic compartments [15]. Dynamic compartments are one form

of variable structure model [16] and might occur at and involve various levels of cellular orga-

nization [6]. Signaling interactions within multi-cellular populations synchronize and organize

the individual cells’ behavior in dynamic processes such as tumor growth [17] or morphogene-

sis [18]. Cell proliferation, migration, and differentiation are regulated by several signaling

pathways, which again react to changes in the cells’ environment. Dynamic compartments are

also necessary for intracellular dynamics; during the last decades, it became evident that a

static view of intracellular compartments does not suffice [8]. The internalization of receptors

is crucial in regulating signaling pathways [19]. Receptors are sorted into different endosomal

compartments when entering the endocytic pathway. To accomplish this sorting, the organ-

elles undergo frequent compartmental dynamics such as maturation, transformation, fusion,

fission, and degradation [20]. More recently, the development of mRNA vaccinations has

increased the interest in studying liposomal dynamics [21] and its modeling [22] to provide

effective drug delivery systems.

Compartmental dynamics take on various forms, as also discussed in [23] and modeling

approaches such as Bioambients [3], Brane Calculi [24], or BetaBinders [25], including a) the

fission and fusion processes of compartments, as in the case of mitochondria [26] (Fig 1a), b)

the formation and disintegration of cellular compartments, as in the case of liposomal dynam-

ics [27] (Fig 1b), and c) a compartment entering or leaving another compartment, as in the

case of a viral entry or release [28] (Fig 1c).

1.2 Stochastic simulation

To simulate these compartmental dynamics, we will interpret compartments as discrete enti-

ties. We assume that the discrete compartments can be arbitrarily nested, that entities can exist

within and outside of compartments, that compartmental dynamics rely on the explicit defini-

tion of reactions, and that the reactants are well-mixed within and outside of each

compartment.

Based on these assumptions, adopting stochastic simulation algorithms (SSA), popularized

under the term of Gillespie algorithms [29], appears most appropriate. These algorithms can

be formalized using Continuous-Time Markov Chains (CTMCs) [30]. In CTMCs, the distri-

butions for the waiting time until the next state transition and the successor state only depend

on the current state. The sojourn time in a state is exponentially distributed, similar to a

and ?M2) is distributed between the two new mitochondria. Two mitochondria can also fuse into a large one containing the
solution of both smaller ones. (b) Creation and removal of compartments: During the endocytosis of the lipoplex, an endosome
is formed around it. Inside the cell, the lipoplex can unpack its content (?L) into the cell. (c) Shuttling of compartments: A virus
carrying DNA or RNA can enter a cell. New viruses produced in the cell can level it and spread.

https://doi.org/10.1371/journal.pone.0312813.g001
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physical decay process. The propensity is the expected rate of firing for a particular transition,

given a specific model state. Each potential transition i between states in the CTMC has a pro-

pensity pi.

In the direct method family of methods [31], a timestep is sampled using the exponential

distribution. The total propensity sum ∑ipi is used as the rate parameter of the exponential dis-

tribution. The reaction is selected by weighted random choice (PðiÞ pi). The first reaction fam-

ily of methods [29] computes a time for every possible reaction by sampling from the

exponential distribution (with the respective pis) and then selecting the smallest one. Both

original approaches are wasteful, as many computations might be needlessly redone. Major

performance benefits result from storing results, such as propensities [32] or the time of the

next event of a reaction [33], and updating this information on demand. For this update on

demand, a dependency graph stores the dependencies between reactions and the associated

propensities. The next reaction method [33] builds on the first reaction method and maintains

a schedule of reactions and the time they will occur. After a reaction is executed, based on the

dependency graph, the affected reactions are rescheduled. Another approach builds on the

direct method, stores the propensities of reactions, and, based on the dependency graph,

updates the affected propensities in each step [32].

1.3 Rule-based modeling and compartments

The modeler enumerates all possible species and reactions in species reaction models. This

modeling approach is limited when dealing with complex systems, like proteins involving mul-

tiple binding sites, as the number of possible species and reactions can grow exponentially in

these cases [34]. The fundamental idea of rule-based modeling (combined with CTMC seman-

tics) is to use rewriting rules to specify transition classes of a CTMC. The left side of a rewriting

rule specifies the reactants and their context as a pattern matched to the current state. Using

patterns, a single rule can express a large set of reactions, which can be parametrized with the

variables matched in the pattern. The patterns on the left rule side constrain the reactants par-

ticipating in a reaction, for example, a pattern like A(x) + B(x)! . . . expresses that one entity

A and one entity B can only react if they share an attribute value x. Each successful match con-

tributes one transition within the CTMC. The rewriting rule is annotated with a rate expres-

sion, which is evaluated based on the left side’s match. This can include factoring mass action

kinetics into the transition rate (based on the multiplicities of the reactants) as well as employ-

ing attribute values of the reactants or their context. The successor state of the resulting transi-

tion is computed by applying the rewriting operation: removing the reactants and adding the

products.

Including dynamic compartments poses a challenge to rule-based modeling languages.

Languages like Kappa [35, 36] or BNGL (as part of BioNetGen) [37, 38], for example, are

based on graph rewriting rules. Their focus is on modeling interacting entities between which

bonds are created and destroyed. Bonds are defined for exactly two entities, which precludes

using them to express compartments. Static compartments can be integrated [9, 39]. They are

used to restrict the scope within which a reaction takes place. Shuttling of simple (or bound)

molecules between static compartments as they are commonly supported also by the modeling

standards [14], can be easily expressed, e.g., by Protein@Cytosol! Protein@Nucleus in Bio-

NetGen. However, here, neither the cytosol nor the nucleus forms a species and, as such, a

potential reactant or product of a rule or reaction.

Dynamic compartments can be expressed using graph rewriting when extending the for-

malism with hyperedges. Hyperedges are those that can connect to more than two vertices.

This approach is used in the modeling formalism React(C) [4]. Here, a compartment can be
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denoted by a hyperedge, which can join any number of entities. In addition, the compartment

itself can be represented as a species. The following rule describes a cell containing a nucleus

and a protein that shuttles into the nucleus (Fig 1c):

CellðcÞ þ Nucleusðn; cÞ þ ProteinðcÞ ! CellðcÞ þ Nucleusðn; cÞ þ ProteinðnÞ :

Note that the containment relation is expressed purely via variables c and n, identifying the cell

and nucleus as a compartment (hyperedge). So the values of the variables c and n are identifiers

for the respective compartments and as such unique. Entities not affected by the rule can be

omitted on both rule sides, Therefore, we could have omitted Cell(c). However, this would

have made it harder to understand the role of the value of variable c.

In the approaches based on hypergraphs, new compartments can be created by introducing

new, unused (“fresh”) values for variables on the right side. Similar solutions to model

dynamic compartments can be found in process algebras, e.g., the attributed PI calculus [40].

The following rule expresses the fission of an organelle, with the ν operator yielding fresh val-

ues (identifiers) for the two new cells, i.e., c1 and c2:

CellðcÞ ! ðnc
1

; c
2

ÞCellðc
1

Þ þ Cellðc
2

Þ

However, this cell fission example also shows a fundamental problem with the hypergraph

approach: the effects on the contained entities can not be modeled as easily as the effect on the

compartments. In the above reaction, all entities referencing the value of c as their containing

compartment need to be updated to either c1 or c2. Also the fusion of compartments

Cellðc
1

Þ þ Cellðc
2

Þ ! ðncÞCellðcÞ

would require that all entities referencing the values c1 and c2 would now need to reference c.

These changes can be expressed with workarounds, for example, by defining intermediate

states and additional rules for each species contained within the original compartment, with

infinite propensities, but this clutters the model description and is computationally rather

expensive. An additional problem with the extension of graph rewriting to hypergraphs is that

finding occurrences of the left rule side in the current state is harder. Whereas graph rewriting

can exploit some properties (e.g., Kappa exploits “rigidity” [41]) to speed up this process, simi-

lar optimizations for hypergraphs are not known. As a consequence, no simulation tool based

on hypergraph rewriting has been published. In particular, no simulator for React(C) is

available.

An alternative approach to graph rewriting is multiset rewriting, a special case of term

rewriting [42, 43]. Here, the containment in compartments is structurally equivialent to an n-

ary trees (see also Fig 1). Therefore, they can be expressed as terms with a variadic function

symbol or, equivalently, an associative and commutative function symbol for forming multi-

sets [44, 45]. The contents of a compartmental entity can then be represented by a multiset,

usually denoted with the symbol + or, in infix notation. The protein movement rule above

(Fig 1c) can be written as

CellðNucleusð?nÞ þ Proteinþ ?cÞ ! CellðNucleusðProteinþ ?nÞ þ ?cÞ ;

where ?c captures the remaining multiset within the cell after finding a nucleus and a protein

in a cell, and ?n captures the contents of the nucleus. These variables starting with ? (called

“sequence variables” in the rewriting literature [46]) play a central role, as they denote the enti-

ties unaffected by a rule and allow operations on those multisets of entities, i.e., the content of

the compartments [47]. One line of work that very closely follows the idea of multiset rewriting
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is Colored Stochastic Multilevel Multiset Rewriting (CSMMR) [5, 48]; another is ML-Rules

[6, 49].

In multi-set rewriting, the cell fission rule could be written as

Cð?cÞ ! Cð?c
1

Þ þ Cð?c
2

Þ where ð?c
1

; ?c
2

Þ ¼ splitHalf ð?cÞ ;

binding the result of the function splitHalf to a pair of variables in a where block [47]. In the

syntax of CSMMR, the rule would read as

CðxÞ ! letðz; yÞ ¼ x in CðzÞ þ CðyÞ :

In the syntax of ML-Rules 3, the operator “+” is overloaded to realize an inline function on cell

content, which randomly assigns each element of C to bind either to the sequence variable ?c1
or ?c2, i.e.,

Cð?c
1

þ ?c
2

Þ ! Cð?c
1

Þ þ Cð?c
2

Þ

(see Fig 1a). In some biological processes, fission events occur asymmetrically. For example,

such asymmetrical fission events are observed in mitochondria. The small mitochondria

might include many damaged parts and can be removed from the cell, thereby contributing to

the health of the mitochondrial network. To model this process weights can be assigned to the

sequence variables

Mitoð?m
1

½R
1

� þ ?m
2

½R
2

�Þ ! Mitoð?m
1

Þ þMitoð?m
2

Þ

where R1/(R1 + R2) and R2/(R1 + R2) are the ratios of elements assigned to ?m1 and ?m2,

respectively.

While multi-set rewriting provides an expressive and readable way to model dynamic com-

partments (see Fig 1), languages that are built on multi-set rewriting, such as ML-Rules, are

still hard to execute efficiently precisely because of their expressive power. One approach to

alleviate this is to provide specialized simulators that exploit that some language features are

not used in a given model [49], thus working on a subclass of models. Another subclass is con-

sidered in the modeling approach presented in [15]: it only considers models where compart-

ments are not nested, and entities do not exist outside compartments.

2 Simulation engine

We implemented version 3 of ML-Rules using the Rust programming language to develop and

test an efficient simulator for dynamic compartments. The model is specified within an exter-

nal domain-specific language which is parsed into Rust code. The structure of the implementa-

tion and its components is shown in Fig 2. We have tuned the implementation for

performance on the main expected code paths. That means we specifically applied several opti-

mizations to the typical main loop at the potential cost of the unusual behavior. Overall opti-

mizations include minimizing allocations, a flat, indexed-based data layout, and partial

evaluation of repeated computations. The following sections will discuss differences from the

previous versions and their implications on runtime performance and user experience.

Compared to the previous implementation, we introduced a few changes to the syntax of

ML-Rules (Section 2.1). However, the focus of our research has been to develop a simulation

approach that is able to handle models that may exhibit a wide range of compartmental

dynamics efficiently. It incorporates a new variant of an SSA specifically designed for large

SSA systems (Section 2.3). This variant of the SSA (labeled flat model simulator in Fig 2) is not

specific to compartmental models, as compartmentalization is abstracted away in a previous

step. One significant optimization is code generation for repeated expression evaluation 2.4.
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We also incorporated a hybrid rule-based simulation method, allowing individual attributes to

be simulated in a network-free manner (Section 2.1). Finally, through the use of recent

advances in web technology (namely WebAssembly), we can provide a simple web editor that

enables fast local execution using the same codebase (Section 2.5).

2.1 Language

ML-Rules 3 builds on and adapts the language ML-Rules for rule-based multi-level modeling

of cell biological systems [6] and its formal semantics [47]. The model is comprised of

• constants that can be used as input parameters for simulation experiments,

• definitions of functions for simplification of repeated notations,

• the initial model state,

• rewriting rules, that can also change the structure of compartments and may use complex

expressions for the rates and attribute values, and

• a definition of potential outputs of the model.

The rewriting rules have the form:

<left> �> <right> @ <rate>

Fig 2. This Figure shows the flow of information between components when running a simulation. The user specifies the model, which is
checked for syntactic and semantic consistency (like units or variable names). This is done through interaction with the web editor or command
line interface. If these checks fail, errors are returned. Otherwise, the simulation loop starts by enumerating all possible species and reactions within
the system into a flat representation. This can lead to errors if the system is too large. This flat representation is then optimized and put into the flat
model (non-compartmental) simulator. Whenever a dynamic structural change is needed, the flattened model is transformed into a hierarchical,
compartmental representation to execute those changes, and the loop starts again with the enumeration.

https://doi.org/10.1371/journal.pone.0312813.g002



Core Publications

148

We have a left side transformed (using the arrow) into the right side at a rate (following the @

symbol). The {} denote nesting relationships.

In the following, we describe some key aspects of ML-Rules and some slight changes com-

pared to earlier implementations. The syntactic enhancements (with the exception of the net-

work-free attributes) were not intended to improve the simulation performance but modeling

in ML-Rules. A core aspect of the language design is the nature of the patterns on the rules’ left

side. Modeling languages based on graph rewriting, such as Kappa or BNGL, employ graph

patterns. Modeling languages based on multiset rewriting, such as CSMMR or ML-Rules,

employ term patterns whose matching can be considered a specific case of unification [50].

The matching relates to compartmental structures and attributes [6, 49]. Attributes can be

addressed either by position (structural pattern matching) or by name.

For a species

Sðatt 1: int; att 2: StringÞ

the previous ML-Rules versions required to list all attributes of a species:

Sða1;a2Þ �> Sða1þ1; a2Þ

as attributes were identified by their position. Instead, we now have named attributes, where,

in the case above, only the changed attribute needs to be listed:

SðÞ �> Sða1¼S:a1þ1Þ

From a formal perspective, rule-based approaches implicitly match omitted attributes. For

example, given a cell species that has two attributes denoting its phase and volume, the rule

Cellðphase ¼¼ 1Þ �> Cellðphase¼2Þ

would be implicitly extended to

Cellðphase ¼¼ 1; volume ¼¼ vÞ �> Cellðphase¼2; volume¼vÞ

to express that the volume does not change. Named attributes have been used in other tools

like BioNetGen [38] or Chromar [51].

The use of named attributes is obviously particularly useful if species have many attributes.

For example, a simulation model of the Baltic Cod, which was developed in a previous version

of ML-Rules, relied on structural pattern matching [52], and is available at http://github.com/

Baltic-Cod/EBC_IBM/blob/main/Basic_asph/Basic_asphyx.mlrj, has been rewritten using

ML-rules 3 to exploit the more efficient execution. This also resulted in a more succinct repre-

sentation due to the named attributes http://mlrules.pages.dev/gm/4/day.

Typically, the simulation engine for rule-based models transforms rules into reaction net-

works by enumerating all possible values of attributes in advance to speed up the actual simula-

tion [53]. Attributes that may assume many different and potentially unbound possible values

are a challenge. In the case of unbound continuous attribute values, e.g., if the size of a lipid

raft changes depending on the number of membrane proteins being aggregated within the raft

or due to merging [54], this in-advance-enumeration becomes impossible. Even finite, categor-

ical values can lead to a combinatoric explosion in the number of reactions and thus increase

the reaction network size beyond tractable limits. This results in amodel too large error in

Fig 2. We have introduced specific types for this kind of attribute called network-free-integer

and network-free-continuous. If an attribute is defined as one of these types, its values will not

be explicitly enumerated before simulation execution (to generate the reaction network). For

simulation, the attribute of type network free is equipped with a vector that stores the currently



Expressive modeling and fast simulation for dynamic compartments

149

existing attribute values when a reaction fires. Once a rule fires, the species is instantiated with

appropriate values. The approach is similar to the network-free simulation in BioNetGen [55]

or CSMMR [5], particularly to the hybrid approach introduced in [56] that combines net-

work-free and network-based calculations. However, instead of specifying entire species as

network-free species, the modeler declares individual attributes to be network-free, and the

simulator handles only those attributes or combinations as network-free. This distinction

between being executed as network-based or network-free applies only to attributes of species

that do not form a compartment. All compartments are handled as individual entities, as com-

partments are typically characterized by an attribute of continuous type, i.e., the volume, and

they may contain an arbitrary number of diverse species (which again might be attributed), so

one compartment’s state is very likely different from the next and is (including its attributes’

values) treated individually.

Other adaptations compared to earlier ML-Rule implementations are motivated by further

increasing readability. In the previous ML-Rules versions, only equality constraints on the

attribute values could be expressed on the left side of the rule. For example,

Cellðvol; MÞ �> . . . if vol > 100 than k1 else 0

can be expressed in ML-Rules 3 as

Cellðvol > 100; phase ¼¼ MÞ �> . . . @ k1

Further adaptations aim to provide further support to define correct models. Similarly, as

in other tools [57], modelers are now asked to assign units of measurement to numerical vari-

ables and constants, like micrometer, 1/second, and liter. The simulator performs the proper

conversion and automatic type checking [58] (Fig 2). This means a meter is correctly added to

centimeters but not seconds. In addition, we introduced an enum type, allowing the modeler

to constrain the admissible string values for a specific attribute to a specific set. Type inference,

as well as constraint checks, occur ahead of simulation execution.

2.2 Efficient handling of dynamic structure reactions

As discussed in Sections 1.1 and 1.3, dynamic changes in the system’s structure are core to the

ML-Rules modeling language. Their efficient execution has been a challenge in the past. Most

simulation tools assume static compartmental structures, and their simulators have been opti-

mized accordingly [36, 38, 57]. Integrating compartmental dynamics into these simulators

without significant loss of efficiency has been identified as a daunting challenge [59].

One option to solve the problem of dynamic structural changes is to write a fully dynamic

simulator. This simulator traverses the tree structure of the model after each reaction execu-

tion to instantiate new reactions and re-calculate propensities on demand. It also checks

whether the dependency graph requires any updates. This is how a previous implementation

of ML-Rules was realized [49] and what is shown in the left panel of Fig 3. However, compared

to methods optimized for static networks [53], this has a significant overhead.

For ML-Rules 3, we implemented a new hybrid simulator approach shown on the right

panel of Fig 3. During an additional analysis step, every reaction is analyzed and marked if its

execution would result in a structural change. In the models we encountered, most reactions

do not induce a structural change. These reactions are called regular reactions. A similar dis-

tinction between regular and complex reactions has been made when simulating part of the

system using deterministic numerical integration methods [60] or by tau-leaping [61].

The primary mode of our simulator is running an SSA (Section 2.3) that executes only regu-

lar (non-dynamic) reactions. The model representation has been flattened, enabling static
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index-based access to the model’s state, i.e., every species’ amount is stored in an array. Hierar-

chical relations are only preserved to the point where they are needed to reverse the system

representation to a tree form. But they are neither accessed nor needed during the simulation

as long as no transformation to a tree form is required. Therefore, we call this the Flat model

simulator in Figs 2 and 3. When we encounter a structure-changing reaction, the model is

transformed back into the tree representation reflecting the compartmental structures. The

reaction is applied to this structural representation of the model. The resulting structured state

is then transformed back into a flat representation, and processing is continued. This circular

process is shown on the right side of Fig 3. This Figure shows the inner loop within the flat

model simulator and the loop involving the dynamic structure changes. Every dynamic struc-

ture change requires an entire rebuild of the simulator, including re-enumerating all potential

reactions and a do-over of the static optimization phase. Especially for larger systems, this can

be relatively costly; however, as long as dynamics structural changes are rare, the costs amor-

tize. We will analyze this in the evaluation section 3.

2.3 Stochastic simulation algorithm for static compartments

Based on our experience with different SSAs, we developed our variant, which is suited partic-

ularly well for typical problems in ML-Rules, where systems can be very large, e.g., for simulat-

ing multi-cellular models. Systems become particularly large when identical reactions are

replicated across many different compartments. This is the Flat model simulator in Fig 2. The

implementation is based on storing the propensities in a binary tree with cumulative sum

tracking [62]. Each node in the tree corresponds to one potential reaction and stores two val-

ues: The propensity of that reaction and the sum of all propensities of its child nodes. This

allows for updates of the total propensity sum with logarithmic complexity changing a single

propensity. Furthermore, reaction selection (a weighted random choice based on the reaction

propensities) can also be completed in logarithmic time complexity. Similar approaches are

Fig 3. Comparison of the dynamic structure approaches.On the left, we have the previous network-free method. It is simpler to
implement, but due to the dynamic structure, each step is significantly more costly in terms of performance. For example, neighborhood
relations are dynamic, and therefore, the nesting tree structure needs to be traversed. Our approach (a subset of Fig 2) is on the right. We can
utilize a faster flat (i.e., static) model simulator and have a costly but amortizing transformation and optimization process on the rare
occasion of a structural change. For example, all relations can be encoded by static indices.

https://doi.org/10.1371/journal.pone.0312813.g003
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used in other algorithms like the logarithmic direct method [63] or the simulator implementa-

tion for Sπ@ [64].

An additional advantage of the tree-based approach is its improved numerical stability due

to the fewer operations needed to update the propensities. Another way to minimize total pro-

pensity calculation time is by keeping track of the total propensity sum and only adding and

subtracting the changes to reaction propensities after reaction execution as done by the Opti-

mized Direct Method [32]. However, here, numerical errors from floating-point addition and

subtraction accumulate over time and need to be dealt with. In our tree-based approach,

numerical rounding errors only originate from the single summation, similar (arguably even

better) to a single linear summation approach. The numerical error does not accumulate over

time. It is independent of the number of steps and depends only on the number of reactions.

After a reaction has fired, multiple propensities in the tree must be updated. In principle,

each update in the tree could be done individually based on the dependency graph via updat-

ing the cumulative sum until we reach the root. Instead, we roll these changes out in two

phases. First, the node values are changed based on the dependency graph. Afterwards, the

cumulative sums are updated as needed. If one were to update all sums individually, some

nodes near the root might perform repeated summation updates. What total summation oper-

ations need to be done for each reaction is calculated ahead of time in the static optimization

component (Fig 2). This computation has been accelerated via the use of bitsets. The genera-

tion of the dependency graph and the propensity tree must be efficient, as it needs to be redone

after every non-regular reaction. Reaction selection is based on a weighted random choice

based on the reaction propensities stored in the tree. The performance of reaction selection is

improved by sorting the more likely reactions towards the root of the tree.

2.4 Performance templates

ML-Rules is an external domain-specific language. This means that all expressions are written

in a custom text format. This format is parsed by the simulation tool. One of the main down-

sides of using an external domain-specific language is the significant computational overhead

in the repeated evaluation of mathematical expressions. Generally, the more expressive and

generic a domain-specific language is, the harder it is to execute efficiently. In a more con-

strained language, code and algorithmic variations that are tailored to the specific require-

ments of the application and hardware architecture are easier to achieve. However, a domain-

specific language is typically more useful if it is more generic and expressive.

In [49], we developed specialized simulators for specific sub-classes of ML-Rules models,

e.g., those that do not exploit compartmental dynamics. In [65], we developed an approach

generating an entire simulator optimized for a specific model defined in a rule-based language,

such as BioNetGen [37]. After parsing the model, custom C or Rust code was generated. This

code was then compiled and optimized using existing compiler software, resulting in a high

throughput performance. This technique (called partial evaluation or Futamura projection)

[66, 67] is an established technique to deal with the problem that genericity does not go along

well with achieving performance.

The central idea of partial evaluation is that a function with multiple inputs can be reduced

to a simpler version if some of the inputs are known. For example, the power function f(base,

exponent) may be simplified to f(base, 2) = base � base for the case of a known exponent. The

two core applications of this in the context of SSA are the dependency graph and the propen-

sity calculations. For the dependency graph, data structures and loops can be omitted. With

the propensity calculations, optimizations focus on reducing mathematical expressions and

removing overhead from dynamic interpretation.
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Adopting the approach developed in [65] for dynamic compartments appears impractical.

Its performance gain relied to a large degree on optimizing the updates of the dependency net-

work. With dynamic compartments, these reaction networks change during execution; thus,

optimization (recompilation) would need to be repeated after each structural change. How-

ever, the (re-)compilation induces a significant overhead. Especially for large models (which is

typical for ML-Rules models), the additional compilation steps on every model run increase

runtime significantly, independently of model execution duration. Therefore, we developed an

approach that combines dynamic interpretation and partial evaluation and does not require

repeated compilation on every change. Our approach focuses on the rate evaluation (and thus

propensity updates). This is costly for most dynamic compartmental models, as rate expres-

sions involving dynamic compartments are typically complex. The complex expressions result

in large abstract syntax trees (AST) that need to be parsed during execution. When using an

interpreted or reflection-capable language like Java, code generation for these expressions can

be introduced relatively simply [68]. For compiled languages such as Rust, a different approach

is required. Our approach developed for ML-Rules 3 generates performance templates during

the simulation and stores them for later reuse. Every time the simulator encounters a new

AST, it checks whether generated code in the form of a performance template is available to

replace this tree. Each performance template presents a partially evaluated AST and can be

parameterized with numerical values (like model-specific constants) and indices (as used to

identify involved species). If such an optimized previous version is found, it is used instead of

the AST. If not, the simulator dynamically interprets the expression (by evaluating the AST). It

generates an optimized code for future use and stores the corresponding performance template

for later reuse. With every new model developed or recompilation of the model, the simulator

can reuse previously created templates.

2.5 Web editor

The software tool is primarily designed as a command line tool. However, as a proof of con-

cept, we also built a web-based version. The idea to run simulations on the web is not new and

has been around almost as long as the web itself [69]. There have also been attempts at running

stochastic simulations of biochemical models using a web interface [70].

However, the execution has been typically delegated to a server in the background or the

cloud to enable an efficient simulation of models [71]. WebAssembly is a binary format

recently developed that enables fast execution in web browsers [72]. WebAssembly is executed

on a stack-based virtual machine similar to other native code. Additionally, it interoperates

well with JavaScript. WebAssembly allows reasonable performance for simulation without

installation in a web browser or major changes to the underlying simulator code [73].

As the Rust language can be compiled into WebAssembly, we can use the same code base

for the simulator and only need to add a small frontend. We used the Rust Yew framework

(http://yew.rs/) for this. A two-panel user interface is provided at http://mlrules.pages.dev,

which includes a code editor with some syntax highlighting based on the Monaco editor from

Visual Studio Code and another panel to display simulation results or any errors and instruc-

tions from the simulator.

A significant advantage of this WebAssembly approach is that there are next to no host

costs. The simulation is executed on the end user’s machine. The web page is static and has a

size of roughly 10 Megabytes, which is very cheap or free to host compared to other

approaches that run the simulation on the server. We also added the possibility to link to spe-

cific models. We use this in our case studies to provide links to the various models, which facil-

itates the reproduction of results and allows users to change and adapt models and conduct
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basic experiments with no additional setup. As done throughout this paper, linking to an exe-

cutable model with a custom URL is possible.

3 Evaluation

In this section, cell biological simulation models showcase the capabilities and performance of

ML-Rules 3. All performance experiments were conducted using an intel i9-13900K CPU, run-

ning Rust 1.74. WebAssembly was run in Firefox version 120 using its spidermonkey engine.

3.1 Fission yeast model

The first case study is based on a multi-cellular model of fission yeast, including cell division

and mating type switching depending on intracellular dynamics. The model is available at

http://mlrules.pages.dev/yeast/300/min. The model (see Fig 4) has been adopted from the orig-

inal ML-Rules publication [6] to show the expressiveness of ML-Rules. The fission yeast model

includes an early cell cycle model [2].

Fig 4. Fission yeast model. Inside the cell, proteins oscillate. Outside the cell, Sxa2 and pheromones (P and M-type)
can inhibit the cell cycle of cells of the opposite mating type. Triggered by the cell cycle, a yeast cell can fission into two
daughter cells.

https://doi.org/10.1371/journal.pone.0312813.g004
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The cell cycle model consists of two proteins (cyclin and cdc2) that can form the matura-

tion-promoting factor (MPF). MPF exists in three versions (active, inactive, and repressed),

which oscillate with a cycle duration of approximately 200 minutes (see Fig 5). This oscillation

triggers the cell to change between its phases (G1, SG2, and M), and eventually, a spike in inac-

tive MPF causes cells in its M-phase to divide into two daughter cells. In addition, cells are

characterized by a mating type (P or M) that might differ in one daughter cell from the type of

the mother cell. Based on the mating type, cells produce and secrete pheromones (M- or P-fac-

tor) to inhibit the cell cycle of the opposite mating type cells by changing MPF from its inactive

to the repressed variant. M-type cells also release P-factor-specific protease (Sxa2) that inhibits

the P-factor pheromone.

This model relies on a unique combination of ML-Rules features and its expressiveness.

Individual cells are defined as compartments that frequently divide. Compartments and pro-

teins are equipped with attributes, e.g., to denote the cell cycle phase, the cyclin’s phosphoryla-

tion state, or the cell’s volume. The cells secrete pheromones into the extracellular

environment. They influence the cell cycle of other cells of the opposite mating type. The

kinetics depend on rate factors that require complex expressions, e.g., a Hill-type sigmoidal

response curve defines the MPF repression (depending on the number of pheromones).

We have used this model as a performance benchmark. The reaction throughput rates for a

run until 1000 minutes (simulation time) are shown in Table 1. ML-Rules 3 is significantly

Table 1. Run time and reactions per second for different simulators. The fission yeast model is executed until 1000
minutes (20 replications). The values in parenthesis refer to executing ML-Rules 3 as WebAssembly code. The
ML-Rules 2 implementation of the model contains ten species and 20 rules. The ML-Rules 3 version of the model con-
sists of 7 species and 20 rules. The model starts with two cell compartments and ends with about 12. During the simula-
tion time, the model undergoes about 10 structural changes and half a million static reactions.

simulator runtime [s] throughput [1000/s]

ML-Rules 2 12.4 40.8

ML-Rules 3 0.124 (0.190) 4190 (2690)

ML-Rules 3—network free 0.321 (0.352) 1590 (1440)

ML-Rules 3—w/o templates 0.259 (0.331) 1950 (1530)

https://doi.org/10.1371/journal.pone.0312813.t001

Fig 5. Two sample replications of the fission yeast model show the oscillation of active, inactive, and restricted MPF. At 200 minutes and 163 minutes,
respectively, a fission event is triggered by the spike of inactive MPF.

https://doi.org/10.1371/journal.pone.0312813.g005
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faster than the previous Java implementation, ML-Rules 2. If performance templates are used,

we observe a roughly 2-order speedup. Even without the templates, the performance is 26 to

18 times faster. The 18x speedup is observed when enabling network-free attributes (see Sec-

tion 2.1). The model does not use network-free attributes; even only enabling this capability

introduces more branching in the critical code and slows down execution. We also tested the

WebAssembly version. The data for this plot can be generated locally by visiting http://

mlrules.pages.dev/benchmark/yeast/3/1000. The first number is the number of replications,

and the second is the longest test duration in minutes of simulation time. The WebAssembly

has a performance penalty of only about 10% to 50%.

3.2 mRNA delivery model

Our second case study is centered around the delivery of mRNA into cells. Understanding

how to deliver mRNA into cells is crucial for its use as a drug or vaccine [21]. Ligon et al. [74]

published a simulation model capable of simulating the mRNA delivery based on lipoplexes

(small lipid spheres containing mRNA).

In their model, shown in Fig 6, lipoplexes are present within the extra-cellular environment

for an hour before being removed by an event mimicking the cell’s washing. During this time,

clathrin-coated pits containing one or more lipoplexes form at the cell’s surface. Via the invagi-

nation of the plasma membrane, endosomes are formed, and the lipoplexes enter the cell.

Inside the cell, the endosome releases the lipoplexes, which then unpack their mRNA. After-

ward, the mRNA can be translated into proteins.

With their model, the authors could gain insight into mRNA delivery by lipoplexes and the

dose-response relationship. However, they also state a few simplifications and workarounds

needed in their model, as the used modeling and simulation method only supported static

compartments. One simplification is that all lipoplexes carry the same amount of mRNA in

the model. In wet lab experiments, this number has been found to vary due to the different

sizes of the lipoplexes [74, 75].

One possibility to model lipoplexes more realistically is to model each lipoplex as a com-

partment that contains the mRNA and enters the cell (which is also represented as a compart-

ment). For this, support of dynamic compartments is required. Another possibility is to model

Fig 6. Sketch of the mRNA delivery model. Lipoplexes are present in the cell’s environment and can accumulate in
pits in the cell membrane. The lipoplexes in the pit can enter the cell via endocytosis, and the endosome can lyse to
release the lipoplexes into the cell. Once they unpack their mRNA, the mRNA gets translated to proteins. The arrows
that point down indicate the degradation of the species.

https://doi.org/10.1371/journal.pone.0312813.g006
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the amount of mRNA a lipoplex contains as a specific attribute of type integer. Both solutions

are possible in ML-Rules but were not possible in the tool(s) used by the authors. This led to

the simplification of assuming a fixed number of mRNA per lipoplex (i.e., 350) in the model.

As a result, the simulation of the protein expression in the original model shows narrow

bands, depending on the number of lipoplexes that could enter the cell and unpack their

mRNA (see Fig 7 left), which is not the case in the wet-lab data [75]. The authors tried to use

the modeling and simulation tool SPim [76], which is based on the stochastic π calculus [77]

and allows to assign an attribute to a lipoplex that states how much mRNA it carries and

unpacks this amount into the cell. However, they ran into performance issues, which made it

impossible to use SPim for their study (see supplement TextS001 p. 7 from [74]).

As stated above in ML-Rules, this simplification is unnecessary, and a varying number of

mRNA can be assigned to the lipoplexes modeled as compartments. The modified model can

be found under http://mlrules.pages.dev/lipoplex_ext/30/h. At the beginning of the simulation,

the simulation state is set to contain one cell and 200 lipoplexes containing mRNA. The

amount of mRNA per lipoplex (L) is calculated based on the lipoplex size sampled from a nor-

mal distribution. The lipoplex can then move into the cell, like in the original model. Inside

the cell, the lipoplex compartment L can unpack its content (?solL).

CellfLf?solLgþ?solCg �> Cellf?solLþ?solCg @ kU;

The ?solL denotes the content of the lipoplex, here a population of mRNA, and ?solC is the

cell’s content, including other lipoplexes, mRNA, and proteins. Alternatively, we could have

modeled the mRNA as an attribute of type integer. In such an implementation, the lipoplex

would not be a compartment carrying the mRNA but a simple species equipped with an attri-

bute (NmRNA) that denotes the amount of mRNA inside. The unpack rule shown above

would change:

CellfLþ?solCg �> CellfðL:NmRNAÞ mRNAþ?solCg @ kU;

Fig 7. Protein amounts over time for the original (left) and modified (right) mRNA delivery model. The time courses are for 100 replications. The
colors indicate the number of lipoplexes that unpack their mRNA in the cell. The histograms next to the time courses show the distribution of proteins after
30 hours without the cells that express no protein (1000000 replications). Runs where no lipoplexes unpack their mRNA in the cell and no proteins are
generated are not shown.

https://doi.org/10.1371/journal.pone.0312813.g007
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A second minor simplification is that lipoplexes can unpack their mRNA not only in the

cell but also in the endosome, where the unpacked mRNA can start to deteriorate. This mecha-

nism, called the “fully nested transfection model” by the authors (see Fig 8 in Ligon et al. [74]),

is missing in the original model.

In the ML-Rules 3 model, it is realized by the two reactions:

CellfEfLf?solLgþ?solEgþ?solCg �> CellfEf?solLþ?solEgþ?solCg @ kU;

for the unpacking inside the endosome, and

EfmRNA : mþ?solEg �> Ef?solEg @ dM∗m;
for the degradation of mRNA in the endosome.

Besides the simplification in the original model, some reactions, like the formation of pits,

are lengthy to write down. Due to the lack of attributes or dynamic compartments, the number

of lipoplexes that reside in a pit is stated in the name of the species. The original model uses

ten pit species (P1—P10) denoting 1 to 10 lipoplexes inside the pit. Consequently, ten reac-

tions need to be specified for all Pi regarding the formation of pits, the endocytosis, the lysis,

and the degradation of pits. This workaround only works for a low number of P-species. The

growing number of reactions makes writing the model down for larger numbers increasingly

harder. In ML-Rules 3, the dynamic nesting allows us to write down reactions more compactly.

For example, the ten endocytosis reactions in the original model:

P1 �> E1

. . .

P10 �> E10

translate into a single rule in ML Rules 3.

Cellð?solCÞþPf?solP �> CellfEf?solPgþ?solCg

By applying the abovementioned changes, the model produces more realistic results, as can

be seen by the protein expression over time in Fig 7. As stated above, the narrow bands as

observed in the original model (Fig 7 left) are not observed in the wet lab experiments [74, 75].

By varying the mRNA number inside the lipoplexes, these bands in the protein expression

broaden and overlap (Fig 7 right), resulting in a more realistic model behavior.

Finally, we have a look at the model’s runtime performance. Therefore, we compared the

runtime for executing the original model written in COPASI (version 4.41) and its ML-Rules

equivalent (available at http://mlrules.pages.dev/lipoplex_orig. The original COPASI model

consists of 48 reactions and 26 species compared to the ML-Rules model with its 12 rules and

8 species. This is due to the manual unrolling of the underlying nesting processes and illus-

trates ML-Rules’ expressiveness, which also results in succinct models. We measured the run-

time for 1000 replications.

As the simulation model contains events to describe the removal of external lipoplexes,

only the Direct Method implementation within COPASI is able to execute the entire simula-

tion model. This is not a limitation of the method but of the implementations. Timed events

can be added relatively easily to most methods as an implementation feature. The difference in

methods should be considered when interpreting the runtime measurements. For larger sys-

tems, the direct methods used generally perform worse than a more optimized logarithmic

method, like the next reaction method.

We found the average runtime for a single execution to be 4.8 seconds (see Table 2). How-

ever, in two-thirds of the simulation runs, no lipoplex can unpack their mRNA into the cell,
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and consequently, no proteins are created. The 20% quantile takes 0.13 seconds, and the 80%

quantile is 11.2 seconds. The equivalent simplified model in ML-Rules takes only about 0.6

seconds on average but 0.59 seconds for 20% and 0.84 seconds for the 80% quantile, respec-

tively. Most of the runtime (87% on average) in the ML-Rules model is spent on a dynamic

structure reactions, something that COPASI does not need to consider. When no mRNA is

unpacked into the cell, and no proteins are created, a simulation run has as many static as

dynamic structure reactions (about 200). When one lipoplex unpacks its mRNA into the cell,

about 200 dynamic structure reactions happen, and about 2 million static structure reactions

occur. Nevertheless, the dynamic structure reactions need about five times longer to be exe-

cuted. We find similar runtimes for the adapted version of the model in ML-Rules.

4 Conclusion

We built ML-Rules version 3, making concise formulations of dynamic structure models run

with high performance. A performance-oriented implementation of various data structures,

including a partial summation tree, made this possible. We also made some changes to the lan-

guage, like introducing named attributes and units of measurement. We found that this imple-

mentation outperforms the previous version of ML-Rules by two orders of magnitude. The

evaluation of the simulator is based on two biological case studies. First, we used a fission yeast

model that was also used in the original ML-Rules publication to show that we have a similar

expressiveness but a higher performance than the previous implementation. Second, we rebuilt

and extended an mRNA delivery model and showed how using dynamic compartments needs

fewer simplifications than the original model that uses a static compartmental approach. The

extended model matches the wet-lab data more closely, allowing a more compact notation and

better performance. Finally, we built a prototypical web-based simulator using the same source

code compiled to WebAssembly that can run locally on the end user machine. WebAssembly’s

ease of deployment and development using existing code bases and competitive performance

are promising. We see further opportunities for simulation tool developers to make their soft-

ware more accessible using this technology.

Our investigation has also raised some questions for future research. Currently, the net-

work-free execution part of the model is determined by attributes explicitly defined as net-

work-free. However, possibly a larger portion of the model could benefit from a network-free

execution. To learn during simulation which part of the model to execute most efficiently in a

network-based or network-free manner, possibly reinforcement learning approaches could be

adapted [78].

The main simulator for ML-Rules 3 now conforms to standard SSA, with the potential

exception of more complex rate expressions. It is easier to integrate with previous research on

more advanced SSA variants like the partial propensity method [79] or approximate methods

like advanced tau leaping [80]. Preliminary experiments with approximate tau leaping showed

significant improvement for some models. However, frequently, the limiting factor is the

Table 2. Run time for different simulators. The mRNA delivery model is executed until 30 hours (1000 replications).
The ML-Rules 3 model is initialized with 201 compartments (1 cell and 200 lipoplexes) and ends with one compart-
ment. On average, about 207 structural changes are executed during a simulation run.

simulator runtime [s]

20% quantile average 80% quantile

Copasi 0.13 4.8 11.2

ML-Rules 3 0.59 0.6 0.84

https://doi.org/10.1371/journal.pone.0312813.t002
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repeated structural conversion. Moving forward, only a subset of the simulator could be trans-

formed if changes to the dynamic structure are localized. It would also be possible to integrate

the dynamic structure more closely with the simulator, at the cost of some performance for the

regular transitions. The simulator is currently applied in three different simulation studies, i.e.,

studying the fission and fusion of mitochondria, bone remodeling processes, and the role of

endocytosis in cellular signaling.
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65. Köster T, Warnke T, Uhrmacher AM. Generating Fast Specialized Simulators for Stochastic Reaction
Networks via Partial Evaluation. ACM Transactions on Modeling and Computer Simulation (TOMACS).
2022; 32(2):1–25. https://doi.org/10.1145/3485465

66. Futamura Y. Partial Evaluation of Computation Process—An Approach to a Compiler-Compiler. Higher
Order Symbol Comput. 1999; 12(4):381–391. https://doi.org/10.1023/A:1010095604496

67. Leißa R, Boesche K, Hack S, Pérard-Gayot A, Membarth R, Slusallek P, et al. AnyDSL: A partial evalu-
ation framework for programming high-performance libraries. 2018; 2(OOPSLA). https://doi.org/10.
1145/3276489

68. Meyer T, Helms T, Warnke T, Uhrmacher AM. Runtime Code Generation for Interpreted Domain-Spe-
cific Modeling Languages. In: Winter Simulation Conference (WSC 2018). IEEE; 2018. p. 605–616.
Available from: https://ieeexplore.ieee.org/document/8632545.

69. Fishwick PA. Web-Based Simulation: Some Personal Observations. WSC’96. USA: IEEE Computer
Society; 1996. p. 772–779. Available from: https://doi.org/10.1145/256562.256807.

70. Ivanov S, Rogojin V, Azimi S, Petre I. Webrsim: A web-based reaction systems simulator. Enjoying Nat-
ural Computing: Essays Dedicated to Mario de Jesús Pérez-Jiménez on the Occasion of His 70th Birth-
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[F] A fast embedded language for continuous-time agent-based simula-
tion

In agent-based simulation methods and applications, discrete timestep ap-
proaches prevail. To support continuous-time agent-based simulation, we ana-
lyze how methods for simulating population-based Con-tinu-ous-Time Markov
Chains (CMTCs) can be adopted and derive implications for the concrete real-
ization. To corroborate our findings, we develop an efficient internal domain-
specific language (DSL) based on ML3, a modeling language for linked lives
in demography. The design as an internal DSL, implemented within the Rust
programming language, allows the modeler to exploit the complete feature set
of the host language, such as data types and structures, when programming
decision processes. A concise and expressive modeling of an agent’s discrete
decisions and behavior introducing exponentially distributed sojourn times can
be supported by adapting the concept of guarded commands from population-
based CTMCs.

The execution of models relies on an optimized version of the direct method.
This method is a variant of stochastic simulation algorithms, an established
method for executing population-based CTMCs in other application areas, no-
tably biochemistry. To efficiently handle the large set of possible transitions
inherent to continuous-time agent-based models, we use a dependency graph
whose updating scheme caters to the dynamic dependencies within agent-
based models and the need for efficient implementation. The presented case
studies include implementations of a continuous-time, agent-based migration
model and a comparative performance study based on an extended SIR model
of infection spread, allowing us to draw conclusions about the impact of differ-
ent design choices on efficiency.

[274] T. Köster, O. Reinhardt, M. Hinsch, J. Bijak, and A. M. Uhrmacher, A Fast
Embedded Language for Continuous-Time Agent-Based Simulation, Journal of Ar-
tificial Societies and Social Simulation 27, 10 (2024)
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Abstract: In agent-based simulation methods and applications, discrete timestep approaches prevail. To sup-

port continuous-time agent-based simulation, we analyze howmethods for simulating population-based Con-

tinuous-Time Markov Chains (CMTCs) can be adopted and derive implications for the concrete realization. To

corroborateourfindings,wedevelopane�icient internal domain-specific language (DSL)basedonML3, amod-

eling language for linked lives in demography. The design as an internal DSL, implemented within the Rust

programming language, allows the modeler to exploit the complete feature set of the host language, such as

data types and structures, when programming decision processes. A concise and expressive modeling of an

agent’s discrete decisions and behavior introducing exponentially distributed sojourn times can be supported

by adapting the concept of guarded commands from population-based CTMCs. The execution of models relies

on an optimized version of the direct method. This method is a variant of stochastic simulation algorithms,

an established method for executing population-based CTMCs in other application areas, notably biochem-

istry. Toe�iciently handle the large set of possible transitions inherent to continuous-timeagent-basedmodels,

we use a dependency graph whose updating scheme caters to the dynamic dependencies within agent-based

models and the need for e�icient implementation. The presented case studies include implementations of a

continuous-time, agent-based migration model and a comparative performance study based on an extended

SIRmodel of infection spread, allowing us to draw conclusions about the impact of di�erent design choices on

e�iciency.

Keywords: Domain-SpecificLanguage, Population-BasedModels, Agent-BasedModels, Continuous-TimeMarkov

Chains, Simulation, Performance

Introduction

1.1 Agent-based modeling has become an established approach for simulating and analyzing complex social sys-

tems (Gilbert & Troitzsch 2005; Bianchi & Squazzoni 2015; Macal 2016; Keuschnigg et al. 2018). The challenges

of developing and applying agent-based models pervade all steps in conducting a simulation study, including

how to program or specify the models, as well as how to calibrate, verify, validate, share and document them

(Manson et al. 2020). Problems typically encountered throughout a simulation study appear aggravated due

to the nature of agent-basedmodels, their flexibility, and their prospect of capturingmulti-level, dynamic phe-

nomena easily and intuitively (Bonabeau 2002).

1.2 These methodological challenges are answered by a plethora of agent-based modeling and simulation tools

(Abar et al. 2017). Themain criteria to assess and compare tools are ease ofmodeling and scalability or, closely

related, the e�iciency of execution. To ease modeling, agent-based modeling tools, such as Mason, Repast, or

NetLogo, providedomain-specific languages (DSLs), standardapplicationprogramming interfaces (APIs), agent
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templates, or libraries of procedures. In contrast to general-purpose languages, domain-specific languages fo-

cus on particular application domains. External and internal (or embedded) domain-specific languages are dis-

tinguished. An external DSL is an independent language with its own syntax and semantics, which is usually

parsed and executed using a general-purpose language. Internal DSLs, in turn, although appearing as indepen-

dent languages, are implemented as APIs within a general-purpose language (Fowler 2010). They provide the

full expressiveness of thehost languageand its features, suchas inheritanceor type systems. These features are

helpful if more complex agent states and behaviors, such as those required for BDI (Belief—Desire–Intention)

agents (Caillou et al. 2017), need to be modeled. However, unlike in external domain-specific languages, ac-

cessing the model structure for analysis or a more e�icient simulation is less straightforward.

1.3 Conductingagent-basedsimulationscanbecomputationally challenging. To increasescalability ande�iciency,

simulation engines may exploit parallelism (Collier & North 2013), rely on approximate calculations (Wilsdorf

et al. 2019; Niemannet al. 2021), or on selecting and configuring simulation algorithmsondemand (Helms et al.

2015). Thereby, model structure and properties play an essential role in partitioning themodel (Cordasco et al.

2018) or selecting a suitable simulation algorithm (Helms et al. 2015).

1.4 The default execution scheme of agent-based modeling and simulation tools relies on fixed-increment time

advances (Abar et al. 2017) and, consequently, the dynamics of “virtually all” (Law 2015, p.704) agent-based

models define and use discrete timesteps. The discrete-time approach might threaten the validity of simula-

tion results (Buss & Al Rowaei 2010; Law 2015, pp.72f.) and require specific care in selecting time steps (Köster

et al. 2020) and scheduling strategies for agents’ interaction (Weimer et al. 2019; Özmen et al. 2016). An al-

ternative approach, discrete event simulation, which uses continuous time, circumvents this problem and, in

some instances, might be more suitable for the simulation study (Willekens 2017; Niemann et al. 2021). How-

ever, providing e�icient discrete event simulators of large continuous-time agent-based models faces specific

challenges and o�en requires specific solutions (Andelfinger & Uhrmacher 2021).

1.5 Oneclassof continuous-timeagent-basedmodels ispopulation-basedcontinuous-timeMarkovchains (CTMCs),

where all waiting times between discrete events are exponentially distributed. A wide variety of stochastic dis-

crete event simulation algorithms (SSAs) have been developed for thesemodels. However, these aim tomodel

macro-level populations rather than individual agents and are tuned to the requirements of their major ap-

plication field of biochemical models (Gillespie 2007; Schnoerr et al. 2017). In this area, the modeling needs

are met by a series of external domain-specific modeling languages, which are rule-based such as BioNetGen

(Harris et al. 2016) or Kappa (Danos & Laneve 2004) or graphical such as Funahashi et al. (2008). The clearly

defined and restricted scope of models also allows standardized formats for automatically exchangingmodels

between simulation tools (Keating et al. 2020). The individuals of the population are typically simple agents

with only a few attributes with a finite and small value domain, e.g., a protein being phosphorylated or not.

Thus, generally, large groups of “identical” individuals exist that can be handled as sub-populations. Together

these sub-populations form the current state of the model. The dynamics of these biochemical systems boil

down to the binding, creation, or removal of agents. The simple structure of the models means that they can

also be transformed into ordinary di�erential equations (Mendes et al. 2009). This is usually a good approxima-

tion if populations are large and stochastic e�ects may be ignored.

1.6 In the following, we will pursue the question of what the modeling and simulation of continuous-time agents

in sociology and demography can learn from experiences in the application field of biochemistry. We will re-

visit central modeling concepts of the external domain-specificmodeling language ML3, which allows succinct

modeling of the dynamics of agent-based CTMCs. Identifying central modeling concepts of ML3 and the lim-

itations of the external DSL will form the basis for developing an internal DSL in the Rust programming lan-

guage. This implementation allows the utilization of the host language’s features and, at the same time, caters

to the specific needs of the modeling domain. Using an internal DSL has implications for the e�icient execu-

tion of the models. We will discuss this next, comparing the e�icient execution of such agent-based CTMCs to

population-based CTMCs, focusing on maintaining dependency graphs during execution. Based on this anal-

ysis, we present ML3-Rust and the realized simulation algorithm. Finally, we utilize ML3-Rust to model and

simulatemigration processes and infections. For the latter, we conduct a comparative performance analysis to

discuss the e�iciency of di�erent languages andmodes of implementation.

Modeling Concepts for Continuous-Time Agent-Based Models

2.1 Domain-specificmodeling languages reflect the centralmodeling concepts of the domain, such as reactions for

modeling biochemical systems or interacting agents for modeling demographic processes. The motivation for
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developing the Modeling Language for Linked Lives (ML3) has its roots in social science applications. In ML3,

individuals do not exist in isolation, but their lives are linked through social networks or other connections.

This observation has led to the need to succinctly describe the diverse decision processes of such linked lives

in continuous time (Warnke et al. 2017). The context for individuals to make decisions is formed by their social

network. Further requirements are behavior conditional on agent attributes, such as age-dependent behav-

ior and stochastic waiting times (Reinhardt et al. 2021). Alternative decisions can be modeled as concurrent

processes that compete by stochastic race (Warnke et al. 2017).

2.2 InML3, agents represent any entity in themodel, including individual persons, but also higher-level actors such

as households, towns, governments, or other policy-makers. Each agent has a typeα, and the type determines

its attributes and behavior.

2.3 The relations between agents are representedwith links. Links are specified between agents of a specific type.

They might refer to social ties, linking an agent to friends or an agent being part of a household. Links also

allow the introduction of discrete locations, for example linking agents to the town where they are located.

The definition of agents in ML3 is similar to other agent-based modeling and simulation tools, neither less nor

more succinctly. The notion of time advances whether in discrete timesteps or a�er sojourn times sampled

from a continuous distribution makes no di�erence to how the agents, their properties, and their interactions

are modelled.

2.4 Consequently, the distinguishing language concept in comparison to the timestepped approaches and the core

of eachmodel inML3 are its stochastic rules, which describe the agent’s behavior in continuous time. The rules

in ML3 are inspired by guarded commands. They consist of three parts: guard, rate, and update. This triple has

been found to formanatural description for continuous-time population-basedmodels (Henzinger et al. 2011).

Each rule in ML3 is assigned to a specific type of agent and specifies under which condition, at which rate, and

which state changes occur, in general form:

α : c
r
−→ e (1)

2.5 The rule can be applied to agents of type α. The guard condition c evaluates to a boolean variable, further

constraining the rule’s application. The e�ect e specifies the state changewhen the rule is executed. An agent’s

transition can a�ect its own state but also the state of other agents as well as links of its social network. Finally,

the rate r, an expression that evaluates to a real number (plus a symbol for infinity to allow rules to apply

instantaneously), specifies the timing of the behavior.

2.6 The following simple rule is inspired by a network-based SIR (susceptible-infected-removed) model (Kermack

& McKendrick 1927). An agent which is susceptible (condition c) becomes infected (e�ect e) at a rate r that is

calculated by multiplying a rate constant with the number of infected neighbors:

Person : status = susceptible
β·# of infectious neighbors
−−−−−−−−−−−−−−→ status := infected (2)

2.7 TheSIRmodel canalsobeused to illustrate the transition frompopulation-basedCTMCs toagent-basedCTMCs.

In the basic SIR model, all susceptible, infectious, and recovered individuals can be grouped together, and the

state consists of the number ofmembers in each group. This population-based approach still works if a few age

classesanda fewdiscrete locationsareaddedasattributes to theagents. However, onceeach individual’s social

network influences the chance of infection, agents can no longer be easily aggregated and thus are treated

individually.

2.8 The rules define the continuous-time (aka discrete-event) dynamics of the model. During the simulation, each

pair of an agent and a matching rule yields an instance of the rule. Intuitively, for each instance, a random

waiting time is drawn from an exponential distribution parameterizedwith the value of the rate r. The instance

with theminimalwaiting time is selectedandexecuted, and the time isadvancedby thatwaiting time. Formally,

this execution yields a Continuous-time Markov Chain (see e.g. Reinhardt et al. 2021).

2.9 It should be noted that ML3 also supports time-dependent (or age-dependent) rates and the scheduling of

events at arbitrary times. These features become important if activities are age-dependent (such as mobil-

ity) or events such as retirement occur at a specific time in an agent’s life course (Warnke et al. 2017). Therefore

the semantics of fully-fledgedML3models is that of Generalized Semi-Markov Processes (Reinhardt et al. 2021).

However, here, this is of less importance.

2.10 So far,wehavedefined thesyntaxofanML3 rule inanabstractmanner. Figure1shows theSIR rule implemented

in the concrete syntax as supported by the external domain-specific language of ML3. The first version of ML3

has been realized as an external DSL (Warnke et al. 2017). The elements of Equation (2) can be easily identified

in the code.
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Figure 1: Example of concrete external DSL syntax.

2.11 The external DSL ML3, including its simulator, has been successfully applied to di�erent case studies of de-

mographic migrations (e.g. Warnke et al. 2017; Reinhardt et al. 2019). In addition, a macroeconomic model to

studymonetary regime shi�s (Peters et al. 2022) and amodel to study the impact of sanctioning on recreational

fisheries (Haase et al. 2022) document the versatility of ML3. However, if agents require more complex belief

structures than simple sets, these need to be modeled by defining a separate agent object to contain and cap-

ture the beliefs, and subsequently linking them to the original agents. Whereas this modeling of a single agent

as a set of interacting agents mimics a component-based design of agents as adopted, for example, in some

so�ware agent architectures (Müller & Pischel 1993), it might not reflect the perception of the modeler, and as

a result, hamper a straightforward model design. However, to support flexible and safe modeling in an exter-

nal domain-specific language, data structures, type systems, and other features of general-purpose languages

have to be re-implemented, which led us to reconsider our design choice to implement ML3 as external DSL.

2.12 In contrast to external DSLs, internal DSLs allow users to exploit the full feature set of general-purpose pro-

gramming languages in modeling agents and, thus, widen the scope tomore elaborate continuous-time agent

models. Not surprisingly, major agent-based modeling and simulation tools rely on internal domain-specific

languages with imperative programming styles (albeit, as stated above, typically with discrete stepwise se-

mantics). For example, Repast Simphony is a well-known example of an internal DSL or API for agent-based

modeling (North et al. 2013). Repast uses Java as its host language. In contrast, the comparatively simple,

well-defined structure of agents and their dynamics enabled the successful design and establishment of small,

declarative, external domain-specific languages for modeling population-based CTMCs in biochemistry, such

as BioNetGen (Harris et al. 2016).

2.13 Let us take a closer look at why there could be a mismatch between external domain-specific modeling lan-

guages and agent-basedmodeling (in general). NetLogo is amulti-agent programming language andmodeling

environment implemented in Java and Scala, which is widely used across various application domains. The

o�ered modeling language is NetLogo. Therefore, one might feel inclined to call NetLogo an external domain-

specific modeling language. However, DSLs are dedicated, small languages focusing on particular aspects of

so�ware systems (Fowler 2010). NetLogo is aprogramming languagederived fromLogo, towhich it addsagents

andconcurrency (Tisue&Wilensky2004). Logohasbeendesignedasageneral-purposeprogramming language

to be usable by children. The latter caters to the first principle of NetLogo, namely its low threshold in getting

started, and the former to the secondprinciple, i.e., no ceiling: that the language should not constrain advanced

users in their programming. This flexibility to program agents every way themodeler likes appears as a central

and distinctive requirement (Bonabeau 2002) and, consequently, best supported (if the class of agents is not

constrained) by embedding the DSL in a general-purpose language. Similar e�orts can be found in other com-

munities, e.g., the Symbolics.jl library where a Computer Algebra System is implemented within the Julia

language (Gowda et al. 2022).

2.14 In the next section, we examine the possible implications of internal DSLs on designing e�icient simulation

algorithms for continuous-timeagent-basedmodels (compared tocontinuous-timepopulation-basedmodels).

Model Execution: Algorithms for Simulating Agent-based CTMCs

3.1 In continuous-time agent-based CTMCs, each agent in the systemmay undergo one of several transitions. Each

of these transitions has an associated rate. This rate is computed by the rate function and corresponds to the

likelihood of this transition occurring in a specific time interval. The standard approach of discrete event simu-

lation is via scheduling based on event queues (Law 2015). For each potential transition, in the case of CTMCs,

delay duration needs to be drawn from an exponential distribution. Based on the current time plus the cal-

culated delay, a time stamp is assigned to the transition and it is stored in the event queue. The basic discrete

event simulationalgorithmtakes theeventwith the smallest timestampthat is scheduledandprocesses it. This

procedure will usually lead to new events being scheduled or the conditions for previously scheduled events
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not being met anymore. Those events are either removed from the event queue or rescheduled. Due to the

inherent lack of memory of the exponential distribution, the delay may be arbitrarily redrawn. Please note we

will omit time-dependent rates for now, as they require specific treatment (Reinhardt et al. 2021).

3.2 Thisprocedure is similar to techniquesofStochasticSimulationAlgorithms (SSA) thatareapplied topopulation-

based CTMCs and have become particularly popular in the field of biochemical reaction models. In this field,

various simulation algorithms and tools exist (for example, Danos & Laneve 2004; Harris et al. 2016; Schnoerr

et al. 2017). A review of the standard SSAs (also called Doob-Gillespie simulation algorithms) can be found in

Gillespie (2007).

3.3 The so-called Direct Method is one possible formulation for solving the scheduling problem (Figures 2a and

2b). Instead of calculating times points for transitions, it operates directly on the propensities (Gillespie 1977,

1976). This by itself is not necessarily an advantage but allows for many further optimizations (Schnoerr et al.

2017). In the Direct Method, at every step of the propagation, for all transitions in the system, we calculate

their respective propensity. We can then pick both a time step and the reaction. The reaction to be executed is

selected via aweighted randomchoice algorithmwith the individual propensities asweights. The time interval

(sojourn time) to execute the reaction is exponentially distributed and relates the reaction’s propensity to the

sum of all propensities. The equivalent SSA to event scheduling in continuous time, as introduced above in the

context of CTMCs, is called the Next Reaction Method (Figure 2c).

Figure 2: Simplified pseudo-codes of di�erent algorithms.

3.4 To pursue the question of whether and how insights from SSA and the developed algorithms apply to simulat-

ing continuous-time agent-basedmodels, we discuss the di�erences and similarities in simulating population-

based CTMCs. We base this on the example of biochemical models and continuous-time agent-based models

based on the example of ML3 (see Table 1).
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population-basedmodels (biochemical) agent-based CTMCs (ML3)

multiplicity populations individuals

dependency graph static dynamic

state array of integers dynamic set of interrelated agents

locality of e�ects constrained to decreasing reactants and

increasing products of the reaction

unconstrained

scheduling of next event depending on rate constant and amount

of reactants

functionof the rate constantand the

current state

Table 1: Similarities and di�erences between simulating population-basedmodels and agent-based CTMCs

3.5 In population-based CTMCsmodels, the state is usuallymade up of various sub-populations (integer amounts)

of di�erent species. Inmost agent-basedmodeling, such asML3, on the other hand, individuals need to be con-

sidered. Thus, instead of counting the amount of a specific species, e.g., 900 receptors being phosphorylated,

the simulation algorithm distinguishes between individual agents, e.g., as eachmigrant has an age, a location,

and specific relations to other agents. The larger number ando�enmetrical type of attributes prevent grouping

agents into (sub-)populations. This has implications not only in termsofmemory usagebut also for the number

of transitions scheduled in the system.

3.6 A reaction has an aggregated rate (so-called propensity) that takes into account its rate constant andmultiplici-

ties of themembers of the (sub-)populations. For example, given the reaction ofA+B → C with rate constant

r, there would only be one transition, and assuming mass action kinetics, the rate of the transition would be

r ·#A ·#B, where#A and#B are the respective population sizes of speciesA andB in the current state. In

a continuous-time agent-based scenario, possible transitions need to be considered for each individual agent.

Therefore, it becomes crucial for the simulation algorithm to e�iciently handle large numbers of possible tran-

sitions.

3.7 The rate function of a biochemical reaction depends on the rate constant and the current amount of its re-

actants. In the standard Direct Method, every propensity is recalculated at every step. This recalculation is

ine�icient as most propensities do not change when one transition of an agent-based model is executed. The

same holds for large biochemical networks. Therefore, several algorithms for biochemical reaction networks

use dependency tracking (Gibson & Bruck 2000). Here propensities are only recalculated where needed. This

is achieved by having a dependency graph that connects reactions (Figure 2b). This graph is used to identify all

transitions that depend on that value whenever a change is made. Only for these transitions, the rate calcula-

tion is repeated.

3.8 In agent-based models, the dependency structure of a transition is typically dynamic, not only depending on

an agent’s attributes, but its relations to other agents at that point in time and the state of those related agents

(e.g., thehealth statusof neighbors in theSIRnetworkmodel). Thesedynamic interaction structures are consid-

ered a defining characteristic of agent-basedmodels (Uhrmacher et al. 2000). Thus, in comparison to biochem-

ical models, continuous-time agent-based models, such as those in ML3, add an additional layer of technical

complexity to these algorithms, as the dependency graph is dynamic and, consequently, has to be frequently

recalculated.

3.9 When selecting a reaction, we need to perform aweighted randomchoice on the propensities. This can be time

intensive if done in a basic linear fashion. Therefore optimized approaches, such as static (Cao et al. 2004) or

dynamic (McCollum et al. 2006) sorting, andmore advanced data structures exist. Storing propensities in a tree

allows for changes in propensity values and selection with logarithmic complexity (Köster & Uhrmacher 2018).

3.10 The e�ects of a biochemical reaction are constrained to decreasing the sub-populations of its reactants and

increasing the sub-populations of its products. On the other hand, the e�ects of transitions of agent-based

models are not constrained to the agent locally but might a�ect the environment, the existence of agents, or

their links. For example, if the parents decide to move to a di�erent location for underaged children, this also

typically implies a change in their location. This tight coupling of agents provides additional challenges for

synchronization, e.g., to allowane�icient, parallel execution (Andelfinger&Uhrmacher2021), and for accessing

the state of the model.
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3.11 Rates and e�ects in ML3 are expressed as arbitrary functions accessing the agents, their states and network.

Thus in externalDSLs complex expressionsneed tobeparsedandevaluatedby the simulator. Toe�iciently han-

dle these expressions would require an optimized compiler for the external DSL. While some tooling for such

an optimization exists (see, for example, Lattner & Adve 2004), it is not yet always easy to use. Alternatively, one

may leverage existing language infrastructure through code generation. Here the model code is read, and the

source code for an existing general-purpose programming language is automatically generated. Meyer et al.

(2018) and Köster et al. (2022) show e�iciency improvements through both run-time and ahead-of-time code

generation. Further details of this trade-o�have beendiscussed inWarnke (2021), Barringer &Havelund (2011),

and Artho et al. (2015). For some external DSLs evaluating complex expressions remains a performance chal-

lenge. However, in many external DSLs for population-basedmodeling and simulation, this is not as much of a

problem, as rate expressions ande�ects are constrained. In the context of continuous-timeagent-basedmodel-

ing, this provides another argument for an internal rather than externalmodeling language for continuous-time

agent-basedmodels.

Implementing ML3 as an Embedded, Internal DSL in Rust

4.1 Developing an embedded or internal DSL implies providing a set of abstractions in a framework written in a

general-purpose language. We can then rely on all the existing capabilities of that host language. These include

using arbitrary data structures and e�icient compilation ofmodel code. Given the requirements of continuous-

time agent-based models discussed above, an embedded approach appears best suited to broaden the scope

of models ML3 can handle. As host language, we use Rust (Matsakis & Klock II 2014), a modern programming

language for reliable and e�icient so�ware.

4.2 The core challenge of implementing ML3 as an internal DSL in Rust is, on the one hand, to provide a similar ab-

straction and the possibility of succinct model specification similar to the original external modeling language

ML3 and, on the other hand, to support e�icient execution of these models. For the latter challenge, track-

ing the dependencies needed for selective/e�icient propensity updates is crucial, also to keep in line with the

requirements of the host language.

4.3 For e�icient execution, themain challenge is tracking attribute writes and reads to update the dynamic depen-

dencies. An implementation as an external language has a clear advantage since the propensity and update

functions are known. The syntax tree is evaluated at every step by the simulator. In this process, dependencies

and changes in the dependency graph can easily be tracked (Reinhardt & Uhrmacher 2017). At the same time,

dependencies cannot be as easily tracked in internal DSLs. Previous solutions to this problem included using a

featurewithin the java virtualmachinewhere it is relatively easy to define cut points within the program (in our

case, the read and writes) and add specific code (in our case, updates to the dependency graph) (Kreikemeyer

et al. 2021). This is also a type of code generation. This is a top-downapproach, where the update code is added

later on top of the model.

4.4 For our implementation, we have chosen a di�erent approach more suited to the workflow of ahead-of-time

compiled languages which allows some further optimizations. The user specifies the structure of the agents

and their interaction channels (i.e., the edge types) in the system. We can then process these definitions using

Rust’s built-in macro system and generate getters and setters. These typed getters and setters are the only

public interface to the agents’ attributes. They also can be used to retrieve agents. In this bottom-up approach,

the modeler builds the model on top of the interface. An example of a rule defined in the internal domain-

specific language of ML3 can be found in Figure 3. Transitions are imperatively added as a rule triple made up

of lambda functions.

4.5 Most transition rates in ML3 are constant in time and only change when the attributes and states (as captured

by the dependency graph) change. However, some transitions are either scheduled (i.e., happen at a specific

time) or are time-dependent. The first is relatively easy to handle. In addition to the rate-based handling for

our dependency graph Direct Method, wemanage an event queue. When a transition is executed, it is checked

whether a queued transition is next. Time-dependent reactions aremore of a challenge (Reinhardt et al. 2021).

The user specifies a timestep that is “small enough” to capture the characteristic changes of the propensity

expression. The propensity is then regularly recalculatedwith this timestep. This is an approximation, but only

to the degree that the rate changes quicker than the selected timestep. This has two advantages compared

to earlier realizations (Reinhardt & Uhrmacher 2017). Firstly, no propensity calculation is wasted. Secondly, it

integrates better with the existing rate or propensity-based transitions.

4.6 All agents are stored as typed variants in a contiguous array. This is not optimally memory e�icient, as each

agent takes as much space as the largest possible agent. However, iteration over agents and de-referencing
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Figure 3: Example of concrete internal DSL syntax for an infection process. This is the same rule as the one

shown in Figure 1

via IDs/indices is faster than in a typical pointer-based (dispersed) map or set data structure. All attributes are

individually tracked via a generated index. The agent types are described as structured enums (variables of the

enumerated type). Based on this, several interfaces are generated. The most important one is a wrapper class

that allows both mutable and immutable access to the attributes of the agent class via functions. Internally,

this wrapper consists of the ID of the agent and a reference to the simulator state. Whenever access is made,

the required value is looked up in the state, and the appropriate changes to the dependency graph are made.

Further generated functionalities include functions for adding and removing agents of a particular type as well

as edges. Edges are also typed, providing compile type correctness checking for compatibility. Some basic

facilities to compute observables are also included, like counting agents with a particular attribute expression.

4.7 An interesting optimization is that of so-called lazy dependency graph updates. Each change in the dependency

graph is relatively expensive. In our experience, for many models, the graph remains relatively constant. That

is, even a�er an expression needs reevaluation, it still depends on the same attributes of the same agents.

While this is not always the case, it can still be exploited as an optimization. Instead of clearing the entire graph

and rebuilding it whenever an expression is computed, we only check if the new dependencies are already

present. If needbe, thedependencies canstill beadded. However, there isnodeletionofunuseddependencies.

Periodically, using a counter, all dependencies are reset to avoid overflow.

4.8 Expressing experiment design and related workflows concisely yet expressively is a topic of ongoing research

(Kleijnen2018). Thepreviousexternal languageversionofML3was integratedwithSESSL, anembeddeddomain-

specific language for specifying simulation experiments (Ewald & Uhrmacher 2014). A final workflow for Rust

implementation still needs to be established for setting up experiments. In the past, we have used external

Python scripts and experiments integratedwith themodel formulation in Rust. The realization as an embedded

languagealso enables using this languages ecosystem like theegobox framework for optimization experiments

(Lafage 2022).

Case study 1: Implementing a Complex Model of Migrant Routes

5.1 As one case study to illustrate the properties of the ML3-Rust implementation, with an individual-level agent-

basedmodel with a relatively complex agent structure, we present a simplified version of a model of the e�ect

of information exchange on the emergence and changes of migration routes (Hinsch & Bijak 2022). Originally

this model was implemented in ML3 alongside a general-purpose language realization in the Julia language

(Reinhardt et al. 2019; Bijak et al. 2021). Themodel has beenmotivated by real-life policy challenges generated

by the emergence and re-emergence of migrant routes in Europe. These migration processes had amplified

since the 2010s, especially in the context of the civil war in Syria. We give a brief overview of the model in

the following paragraphs. For more detailed information, we would like to refer the reader to the publications

on the original model and the ML3 version (Reinhardt et al. 2019; Bijak et al. 2021; Hinsch & Bijak 2022). The

model, simulator implementations, and scripts to execute the experiments and plot the data are available at:

https://git.informatik.uni-rostock.de/mosi/ML3-Rust.
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Model overview

5.2 In themodel, agents attempt tomigrate across aworld consisting of cities connected by transport links. Agents

start with limited or no knowledge about theworld but have to obtain information by exploring their surround-

ings or communicating with other agents. Information is generally unreliable, as exploration, as well as com-

munication, can be imperfect or error-prone. We investigate how the optimality and predictability ofmigration

routes depend on the degree to which agents rely on their peers for information.

5.3 Theworld consists of a randomgraphof cities and transport links (seeFigure4). Citieshavequality and resource

availability, where higher values make them more attractive to agents. A small number of cities function as

entries and exits, respectively. Transport links connect two cities and have a friction value representing ease of

travel, a�ecting the agents’ travel speed.

Figure 4: A randomly generated spatial network. The agents travel from Entry to Exit across fast and slow links.

Agents, communication, and information

5.4 Agents start at randomly selected entry cities and attempt to travel to any exit. They decide where to travel

based on the information available to them by picking a neighboring city with the best combination of travel

time, quality, availability of resources, and proximity to the exit.

5.5 Agents maintain a list of contact agents that they communicate with regularly. Agents can add each other as

contacts if they spend time in the same city. Agents also explore the city they are currently staying at, improving

their knowledge about the cities’ properties and discovering transport links to neighboring cities.

5.6 Each agent maintains an internal (possibly incomplete) model of the world. While topological information (if

existent) is always correct, information on the properties of cities and links can be inaccurate: each property

(e.g., quality of a city) is represented in an agent’s internalmodel by two numbers – an estimated value and the

level of certainty that that value is correct. When exploring, agents’ information always improves, i.e., their esti-

mates becomemore accurate, and their certainty increases. When communicating with other agents, topolog-

ical information is always transmitted faithfully. Information on properties of cities and links, however, carries

a transmission error.

5.7 Furthermore, the e�ect of perceiving another agent’s opinion depends on the combination of the certainty

values and the similarity of the estimate of the two agents. In general, agents adapt their estimates based on

the other agents’ estimates. Still, the agent with higher certainty will convince the one with the lower certainty

to change its estimatemore. If estimates are similar, both agents will increase their certainty, whereas di�erent

estimates can lead to a reduction in certainty for both agents.
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Figure 5: The deviation of the average knowledge about di�erent locations across agents through time for dif-

ferent errors of transmission. The results are averaged across 500 replications. Simulation experiments of this

scale were not possible with the previous version of ML3.

Selected results and performance characteristics of themodel

5.8 In Figure 5, we show sample results for the deviation of the average knowledge of di�erent locations through

time. Each line represents one location. The color of the line corresponds to how far along the x-axis network

the node is located. The network used for the simulations is shown in Figure 4. The three subpanels of Figure 5

show how di�erently the error behaves depending on the error that occurs when transmitting the information.

The lower the y-value of the lines in the figure, the “more correct” the total global knowledge of a city is. We

observe that for the low error in transmission, the quality of information is very good for the early cities in

the migration process. This is because many migrants pass through there and therefore, a lot of high-quality

information isavailableearlyon. Since theerror in transmission is low, thequality stays constantorevenslightly

increases throughout the simulation. This is di�erent for the model with the high error in transmission. Here

we observe a decrease in the quality over time. An initial decrease in the quality is observed for all models for

the later locations in the system. Since only a few agents have reached them, the information is spread chiefly

via transmission and therefore is more susceptible to errors in transmission. Finally, for the medium error in

transmission, we observe an intermediate behavior. First, the information deviation decreases for the starting

locations, but then increases as more agents from di�erent starting points come into contact.

5.9 Tounderstand the simulator’s performance, we conducted aprofiled runof the simulationmodel. Weobserved

the number of times a particular transitionwas executed and the duration each execution took. The results are

shown in Figure 6. We observe that the absolute transition counts (Figure 6a) are relatively evenly distributed

among five di�erent transitions, with the MINGLE transition slightly dominating. However, in the time profiling

(Figure 6b), we observe that this is a costly transition and therefore dominates the runtime.

5.10 The most expensive transition (Figure 6c) is communication. However, this transition happens only compar-

atively rarely and is therefore not dominant for overall performance. However, this transition becomes more

expensiveover timedue to the steadily increasing sizeof the contact networkof agents that havearrivedat their

location. To achieve longer runtimes with this model, an improvement to this communication mechanism is

needed.
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Figure 6: Selected runtime performance metrics for the model of migration route formation. The results are

averaged across 500 replications. The wall clock time needed to execute these transitions is shown, not the

virtual time within the simulation.

Case study 2: Performance Comparison for a Model of Infection Spread

6.1 In this case study,wediscuss theperformance characteristics of theML3discrete event approach in general and

our implementation in particular. We have extended the basic SIR model by placing agents on a spatial grid

to analyze the performance of the implementation. SIR has been chosen as a well-known population-based

model, a point of reference in epidemiology that is easy to describe, implement and analyze. We compare the

performance of ML3-Rust with a few other approaches, including the implementation of ML3 as an external

language in Java (Reinhardt et al. 2021). We also wrote custom simulators specifically for the model to bet-

ter understand the maximum achievable performance for a discrete event implementation. They exploit the

regularity in the network by direct index-based access. Additionally, we use our prior knowledge of how the

three potential transitions interact. The custom simulator works only for this exact model, but it is exact. We

implemented two versions of the custom simulator, one realizes the traditional linear Direct Method still com-

monly used in cell biology (as shown in Figure 2), and the other manages the propensities within a tree (Köster

& Uhrmacher 2018).

6.2 To highlight the unique features of the implementation presented in this paper (high expressive performance

with exact continuous-time semantics), we also implemented a discrete timestep version of the model in Net-

Logo (Wilensky 1999). Whether the transition will occur is randomly sampled at each step. This is a naive (not

high-performing) but commonway to implement this type ofmodel stepwise. For optimal performance in Net-

Logo, some considerations have to be made (Railsback et al. 2017), but generally, it is considered to have rea-

sonable throughput compared to other tools (Abar et al. 2017). TheNetLogo time extension provides the ability

to schedule events in continuous time (Sheppard et al. 2016). However, events cannot be canceledor retracted.

Therefore there is no means of expressing a stochastic race. Dynamic event scheduling is at the core of most

ML3 models, and therefore, an equivalent formulation for ML3 models in NetLogo is not easily accessible. The

NetLogo model, custom simulator implementations, and scripts to execute the experiments and plot the data

are available at https://git.informatik.uni-rostock.de/mosi/ML3-Rust.

Model overview

6.3 Themodel is a variant of the standardSIRmodel (Kermack&McKendrick 1927). The agents are laid out in a two-

dimensional non-toroidal (i.e., finite) grid with a Von-Neuman 4-Neighborhood. The agents can be in 3 states,

susceptible (S), infected (I), and recovered (R). In the presented version of the model (SIRS), we added a

wearing-o� of the immunity to the agents, such that recovered agents turn susceptible again. The exact rules



A fast embedded language for continuous-time agent-based simulation

177

and rates are:

S

∑

I∈Neuman

5 · 10−2
+ 2 · 10−6

−−−−−−−−−−−−−−−−−−−−→ I

I
10

−2

−−−→ R

R
1.5·10

−3

−−−−−→ S

Initially, 0.1% of agents are infected, and the rest are susceptible.

Selected results and performance characteristics of themodel

6.4 Themodel parameterization introduced above leads to a damped oscillation in the number of infected agents.

Theoutputs from theNetLogo implementation andML3are shown in Figure 7a. Thedotted line shows the exact

result of thismodel in continuous timewithexponentiallydistributedeventdelays. At 10,000 replications, these

results are fully converged. The results are identical for ML3, ML3-Rust, and the two custom implementations

of the model, as they all follow the same CTMC semantics. The discrete stepwise model in NetLogo converges

to these results when decreasing the timestep.

6.5 In Figure 7b, we show the performance of the di�erent simulators. On the y-axis, we have the throughput of

performed transitions per second of wallclock time. This forms a more meaningful and standardized measure

of performance than the time to execute a model. The size of the system from Figure 7a experiment is marked

with a dotted vertical line (600 agents).

Figure 7: Results for the second case study, the sir model.

6.6 The measurements for ML3-Rust and the Rust-based custom simulators were done using the Criterion micro-

benchmarking framework. This uses advanced statistics such that the overall benchmark execution time is

about 5 seconds for each aggregate measurement. For the Java implementation, we measured the total run-

time of a number of events (decreasing for larger population sizes to limit total runtime). For NetLogo, we

used the headless execution and timed the total runtime of the simulation model. NetLogo does not provide

a reactions-per-second metric, as there are no discrete events. We used the duration of the overall simulation

run and scaled this with the number of reactions that would have occurred in a discrete event implementation.

6.7 Aswe are only interested in the steady-state simulation performance, we have therefore subtracted the startup

cost from the NetLogo runs by subtracting the cost of a simulation run that only performed a single global

update. Multiple replications (depending on the stochasticity) were performed, and the standard error of the

mean is shown. For NetLogo, five replications per data point were performed for fewer than 100 agents and

three for over 100 agents. Themeasurements were taken on a Desktop workstation with an Intel Xeon E5-1630

CPU.
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6.8 The main result from Figure 7b is the blue line for the ML3-Rust simulator presented in this paper. We observe

that the simulator scales well with an increasing number of agents. Note that this does not mean that the total

runtime of the simulation is constant across system sizes, only that the time spent per agent is largely inde-

pendent of the total system size. For the custom simulators, we see the large impact of the used data structure

and algorithm for storing the propensities of the system. Whereas for a smaller number of agents, the linear

approach is even faster than the tree-based, for larger numbers, we profit from logarithmic scaling when up-

dating or traversing the tree. There is a constant o�set (nearly an order of magnitude) between the custom

simulator and the rust-based ML3 simulator, indicating that there are ine�iciencies in using this generic simu-

lator. Still, overall scaling is not a�ected by this. When considering large system sizes, the scaling behavior of

the algorithms becomes decisive.

6.9 A natural question is whether the custom simulator implementation is genuinely close to the limit of execution

speed for this model. One indication of the performance limitations of this simulator is the pronounced shi�

in simulator throughput at 3 · 106 agents. At this point, the state of the system occupies 48Mb. For each agent,

the system’s state is comprised of two 64-bit floats corresponding to the agents’ propensity and the tree sum at

that point and the agents’ state, stored as an integer and aligned to 64-bit on our platform. At this point, we are

beyond the limit of our CPU’s cache memory. If we increase the model size any further, parts of the model will

have to be saved in themainmemory, which comeswith a performance penalty. While this does not guarantee

that our implementation is optimal, it indicates that most compute operations could not be optimized much

more, as the CPUmostly has towait for data frommemory for largermodels. This could potentially be reduced

further, but not by much, indicating that this algorithm is implemented at least near the maximum e�iciency.

6.10 The NetLogo results show a very large computational overhead: it is by far the slowest for small system sizes.

The per-agent performance increases and is steady for more than 1,000 agents. Algorithmically speaking, one

would expect that performancewill stay constant beyond the initial overhead per agent as each agent is visited

once per step. The NetLogo variant, with a huge time step, reaches the performance of ML3-Rust. However,

as we have seen above, the simulation outputs show a large deviation for this setting. With a much smaller

timestep, the performancenaturally deteriorates (roughly by a factor of 32, as that is the di�erence in the length

of the timestepsunder consideration). Largeragentpopulationscouldnotbe implementedwithNetLogodue to

memory limitations. The performance and potential of using explicit discrete event simulation within NetLogo

have been addressed via an extension (Railsback et al. 2017).

6.11 The legacyJava-basedML3 implementation showssimilar scalingbehavior as thecustomsimulatorusing linear

search. This indicates that even though the used Next Reaction Method should scale the same as a tree-based

propensity approach, some part of the current implementation seems to iterate through all agents or reactions

at every step. Furthermore, we observe a constant performance di�erence, likely due to the chosen language

(java) and data structures.

Conclusion and Future Work

7.1 In this paper, based on the example ofML3, we have analyzed challenges in developing domain-specificmodel-

ing languages for continuous-time agent-basedmodels. ML3 is a domain-specificmodeling language aimed at

modeling linked lives in demography through continuous-time agent-based models. With ML3-Rust, we have

realized an e�icient internal domain-specific language.

7.2 In contrast to external domain-specific languages, internal or embedded languages allow the modeler to ex-

ploit the full set of features of the host language and the modeler to program the agent as they like. This is of

particular interest if more complex data structures and decision processes need to be programmed to govern

the agents’ behavior. In addition, the modeler can use a general-purpose language they might already be ac-

quaintedwith. The disadvantage of internal domain-specific languages is that the language’s syntax cannot be

as freely defined as it is still that of the host language.

7.3 For our implementation, we have adapted stochastic simulation algorithms that are highly popular in the area

of population-based CTMCs, in particular biochemistry. Our analysis and the realization of ML3-Rust revealed

similarities and di�erences between simulating populations of discrete entities in biochemistry and large sets

of individual agents in agent-basedmodels. The key conclusions from this comparison are as follows:

• For population-based CTMCs, in particular in the biochemical area, external domain-specific modeling

languages prevail due to the restricted scope ofmodels defined by biochemical reaction networks. With-

out such a restricted modeling scope, internal domain-specific languages become a better fit for the de-

sire of modelers to program their agents to suit their needs. In continuous-time agent-based simulation,
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agents cannot easily beaggregated into subpopulations resulting in ahighnumberof possible transitions

that compete with each other. Therefore e�icient handling of transitions becomes paramount.

• When it comes to modeling continuous-time agent-based models, one distinctive part is the description

of behavioral rules to support arbitrary sojourn times. Here, the concept of guarded commands, with

guards, rates, and e�ects, as proposed for continuous-time population-based models, allows the mod-

eler to specify the agents’ dynamics in continuous time succinctly. This simple and concise yet versa-

tile structure can also be realized in an internal domain-specific language. Internal domain-specific lan-

guages enable compiler optimizations for handling complex rate expressions (as they are characteristic

for continuous-time, agent-basedmodels) e�iciently during simulation.

• Stochastic simulation algorithms that maintain dependency graphs and are developed for dealing with

large sets of possible biochemical reactions can support equally an e�icient simulation of continuous-

timeagent-basedmodels. Therefore, an internalDSLneeds tokeep trackof thesedependencies transpar-

ently to the modeler. In addition, suitable means for e�iciently updating the dependency graph are cru-

cial since, in contrast to population-based CTMCs, dependency graphs in continuous time agent-based

models are dynamic. A lazy updating schemeof the dependency graph, togetherwith suitable data struc-

tures, keeps the updating e�orts at bay, with several possibilities to track these dependencies.

7.4 One promising avenue of future research is to enhance the support of ML3-Rust for modeling various types of

agents’ decision processes, for example, involving Bayesian beliefs updating or other templates. The potential

and limitations of ML3-Rust could also be tested in real simulation studies that address new research ques-

tions. These include the examples mentioned before, such as migration. Those could follow the preliminary

analysis presented in Bijak et al. (2021) andHinsch&Bijak (2022) or analyze the impact of di�erent intervention

strategies on recreational fishery (Haase et al. 2022).

7.5 Ongoing work on internal DSLs for continuous-time agent-basedmodels is dedicated to the parallel execution

of simulation runs. Comparing theperformanceof anoptimistic synchronizedparallel algorithm for tightly cou-

pled continuous-time agent-based models (Andelfinger & Uhrmacher 2021) with a Timewarp implementation

has revealed insights (Andelfinger et al. 2022). Those will be used to develop a hybrid algorithm combining

synchronous and asynchronous mechanisms.
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