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Chapter 1

Introduction

To appreciate the mathematical model presented in this document it is nec-
essary to understand the basic theory of Quantum Mechanics first. Therefore
we present this short introduction.

1.1 Modelling Quantum Mechanics

Summarized under the term Copenhagen interpretation the quantum model
was developed in the first part of the 20th century by a group of theoreti-
cal physists mainly consisting of Niels Bohr, Werner Heisenberg, Max Born,
Ernst Pasqual Jordan, Erwin Schrédinger and Paul Dirac. In 1932 John
von Neumann contributed significantly by releasing his groundbreaking text-
book Mathematical Foundations of Quantum Mechanics. The Hilbert space
L%(R™) and differential operators defined within were presented as the per-
fect mathematical environment to model the newly developed theories in
quantum physics. Quantum mechanics served as a catalyst for mathematical
fields such as operator theory and functional analysis in the years following.

Generally speaking in quantum mechanics the objects are at the scale of
atoms or subatomic particles such as electrons. The term quantum system
or short system is often used when refering to a union of several individual
particles. The atom is the prime example. A mathematical model of a sys-
tem’s evolution over time reads as following.



Starting at time ¢ = 0 a normed function uy € L*(R") is interpreted as a
probability density of the position of the system’s electrons. In particular

/A|u0(x)|2d:v €[0,1]

is interpreted as the probabilty of at least one of the system’s electrons being
contained in A C R™. The term wave function is often used in quantum
mechanics for such a probability density function.

The system’s evolution over time is described by Schridinger’s equation. An
operator H: D(H) C L*(R") — L2?(R") is called a Hamilton operator or
Hamiltonian if it characterizes the complete energy of the system such that
its eigenvalues are interpreted as the system’s possible energy levels. In this
document we refer to H as a Schrodinger operator since most of our references

do. The system’s evolution over time is given by the unique solution u €
C1((0,00),L2(R™)) N C([0,00), D(H)) to the intial value problem

{ i/(t) = Hu(t) for t > 0,
uw(0) = ug

in L%(R™). Again |u(t)|* as a function on R" serves as a probability density
function of the position of the system’s electrons at time ¢.

1.2 Schrédinger operators in L*(R")

Let us focus on the definition of an operator H in L*(R") to qualify as a
Schrodinger operator of a system. We present a short introduction in con-
trast to a detailed analysis in later sections.

In quantum mechanics a system’s energy is not continuous but discrete.
Every system owns energy levels with a smallest among them. The latter is
called the system’s ground state energy which is considered to be the most
important of all. To qualify as a Schordinger operator H should be defined
such that its pure point spectrum is not empty, real-valued and bounded from
below. Please mind that modelling free electrons instead of a system requires
the spectrum of H to be purely absolutely continuous since free electrons do
not have any bound states.



Let us consider the simple case of a hydrogen atom. Our system consists
of a single electron and an atomic nucleus. We neglect any magnetic fields
at this point although we are dealing with a moving electron. Formally we
define H by —A + ¢(z) in L?(R3) where the negative Laplacian character-
izes the kinetic energy and the multiplication with a measurable function ¢
characterizes the electric potential of the electron resulting from the charge
difference to the nucleus. In contrast to the free electron ¢ is responsible for
the existence of a pure point spectrum of H. For a spectrum contained in
R the operator H has to be self-adjoint which requires ¢ to be real-valued.
Also the spectrum shall be bounded from below. So ¢ is usually assumed to
be non-negative. Last but not least we demand the spectrum of H to be dis-
crete and ideally consists only of eigenvalues. Typically that is the spectrum
of compact operators. But H is not even bounded in L?(R3). We demand
that ¢(z) — oo is satisfied for || — oo which gives a compact resolvent of H.

By focusing on
R¥ =R? x -+ x R
~—_——

m times
instead of R? we approach the more complicated situation of a system with
m electrons. Here x € R®" is treated as * = (z1,...,7,) where x;, =

(1, Tho, Trz) € R? characterize the spatial coordinates of the k-th electron.
The Hilbert space is given by L?(R3™). Again we neglect any magnetic fields.
So the Laplacian in H is defined as expected but for the definition of electric
potential one has to take into consideration that not only the nucleus and
the electrons interact but also the electrons with each other.

Although all the major arguments in this document unfortunately only
hold for the non-magnetic case we give some insights on magnetic Schrodinger
operators as well. Magnetic fields are included to the model by adding a
magnetic vector potential a to the formal definition

H(a) = (V —ia)? + q(x)

for a = (ay,...,a,) with real-valued functions. Most of the arguments refer-
ing to the spectrum being pure point and bounded from below hold in the
magnetic case as well. Hence we will present the arguments in the most
general way possible and only distinguish between the magnetic and non-
magentic case when necessary.



1.3 Intrinsic ultracontractivity of e

Let H: D(H) C L*(R") — L*(R"™) be a non-magnetic Schrodinger operator
with a ground state energy Ey. As we will see the eigenspace of Ej is one-
dimensional spanned by an eigenfunction ¢ that is strictly positive almost
everywhere in R". This function is called the ground state of H. At the core
of this document we give a condition of ¢ in H such that to every energy
level X of the system there is a C'(\) > 0 satisfying

lu(z)] < C(A) p(z) (1.1)

almost everywhere in R™ for every normed eigenfunction v of H to A. We
give a precise definition of the constant C'(\). So the probability of the posi-
tion of the system’s electrons in every energy level can be estimated simply
by using the system’s ground state ¢.

We study strongly continuous Schrodinger semigroups {e=* | t > 0} in
L%(R™) to prove (1.1) which might be irritating in the context of quantum
mechanics at first glance. Usually such a semigroup solves the abstract evo-
lution equation u/(t) + Hu(t) = 0 instead of Schrédinger’s equation. However
it was Leonard Gross who introduced Logarithmic Sobolev inequalities for
H as a tool to prove the intrinsic ultracontractivity of {e=*# | ¢ > 0} which
gives a constant Cy > 0 at every time ¢ > 0 such that

e u(z)] < Cy [lull2 ¢(x)

holds almost everywhere in R™ for every u € L*(R"™). For the special case
that u is an eigenfunction of H to A we conclude that

t tA
—tH, _ 1 o=k, _ 1 Ak, o~
e u—kh_{glo(ld—i—kH) u ]}Lrgo(1+k) u=e"u
is true in L2(R™) which offers () !u(z)] < Cie||ullo. Further arguments
on a universal lower boundary regarding ¢ for fixed x finally give (1.1).



Chapter 2

Definitions and Spectral Analysis

This section is devoted to the study of Schrédinger operators H(a) in L*(R").
We define the operators in the most general way possible such that —H (a)
generates a strongly continuous semigroup {e_tH @ | ¢> O} of contractions
in L2(R"). We follow the procedure of H. Leinfelder and C. G. Simader in
[13]. Furthermore we analyze the spectrum of H(a) and present a general-
ization of the Perron-Frobenius theory to ensure the existence of a ground
state ¢ in the non-magnetic case.

2.1 The Schrodinger Operator H(a) in L*(R")

Let us start with a comment on the notation. We use L?(R™) for the set of
complex-valued and measurable functions v on R™ such that

lu(z)|? dz < oo
R

is satisfied. For real-valued functions in L?(R") we explicitly write L?(R", R).

Let the magnetic vector potential a = (ay,...,a,) be given such that
a; € L (R™"R) is satisfied. Also the electric potential ¢ € Lj,.(R",R) is

loc
assumed to be non-negative almost everywhere in R". By

{u e L’(R") | Vj e {1,...,n}: dju—iau € L*(R") and qiu € L2(R”)}

9



we define a subspace D(h(a)). Mind that u € D(h(a)) is weakly differen-
tiable but d;u is not necessarily an element of L?(R™) if a; does not map
R" to 0 almost everywhere. Furthermore D(h(a)) is dense in L?(R") since
C>(R™) is contained. We define a sesquilinear form h(a) by

h(a)(u,v) = {i(é?ju — iaju, ;v — iajv)} + (q2u, g7 )

Jj=1

for u,v € D(h(a)) where the inner product of L*(IR") is denoted by (-, ).
The form h(a) satisfies almost all of the properties to be an inner product of
D(h(a)). It lacks positive definiteness. Therefore we define

<U, v>h(a) - h(a)(ua U) + <u’ U>

for u,v € D(h(a)). In the usual way ||u|lp@) = /(U W)n(a) for u € D(h(a))
defines a norm on D(h(a)). Let us prove completeness.

Lemma 2.1.1
The form domain 'D(h(a)) is complete with respect to || - ||n(a)-

Proof. Let (u,) C D(h(a)) be a Cauchy sequence with respect to || - |[na)-
Then ((0; — ia;)uy), (¢2u,) and (u,) are all Cauchy sequences in L2(R™).
Since L?(R") is complete there are functions u, v and w; in L*(R™) such that
(u,) converges to u, (q2u,) converges to v and ((0; — ia;)u,) converges to
w; in L2(R™).

i.) From the convergence of (u,) to u in L*(R™) we conclude that this
convergence also holds pointwise almost everywhere in R” for a suitable
subsequence of (u,). We keep the notation for esthetic reasons. Then
(q%un) converges pointwise almost everywhere in R” to q%u. Therefore
v is equal to q%u almost everywhere in R".

ii.) For ¢ € C2°(R™) we infer
(w0 = I (3 — ;) ) = (u,(1a; — 0,)¢)

is true. Then —(u, 0;¢) = (w; + iaju, ¢) follows. Since w; and a;u are
both functions in L, (R") we see that u is weakly differentiable with
dju = w; + ia;u. Hence d;u — iaju is equal to w; € L*(R") almost
everywhere in R”.

10



iii.) Finally we conclude that u is contained in D(h(a)) such that (u,) con-
verges to u with respect to | - ||5) which proves the claim.

]

We define an operator H(a) in L?(R") associated to the form h(a). First
a set D(H (a)) is defined by

{u € D(h(a)) | Jv € L*(R") : h(a)(u,w) = (v,w) for every w € D(h(a))}

which is not empty since the null function is contained. Further D(H (a))

is a subspace in L*(R"™) since the form h(a) is linear in the first component.

Also for every u € D(H(a)) there is exactly one v € L?(R") satisfying
ha)(u, w) = (v, w)

for every w € D(h(a)) due to the density of the form domain. So we define
an operator H(a) in L*(R") by

(H(a)u,w) = h(a)(u,w) (2.1)
for u € D(H(a)) and every w € D(h(a)).
Definition 2.1.2

The operator H(a) defined by (2.1) is called a Schridinger operator in L*(R™).
If every a; in a is 0 almost everywhere in R™ we write H(0).

If the upcoming arguments hold in the general magnetic as well as in the
non-magnetic case we refer to H(a) which includes the non-magnetic case.
We explicitly write H(0) when a non-magnetic environment is necessary.

Lemma 2.1.3
Schridinger operators H(a) are densely defined with (0,00) C p(—H(a)).

11



Proof. Although the proof can be found as Proposition 1.22 on page 13 in
[14] we present some details to show that Lemma 2.1.1 is essential for proving
that (0,00) C p(—H(a)) holds. Also see Lemma 3.19 on page 32 in [20].

We focus on proving that 1 is contained in p(—H(a)). For A > 0 the
proof works with similar arguments. Let v € L2(R") be arbitrary but fixed.
Then

[{v, W) < vllz - lwllz < [[oll2 - [[wl]lne)

is true for every w € D(h(a)) since h(a) is positive. Hence the map

{w}—><v,w)}

is an element of the anti-dual space D(h(a))". By Lemma 2.1.1 we use the
representation theorem by F. Riesz to argue that there exists an element

u € D(h(a)) such that
(u, w) + h(a)(u,w) = (U, W)@ = (v, W)

holds for every w € D(h(a)). But then u is an element of the domain
D(H(a)) by definition such that

(H(a)u,w) = (v — u,w)

is true for every w € D(h(a)). That means that Id +H (a) is surjective due
to the density of D(h(a)) in L*(R™). Furthermore from the postivity of the
form h(a) we can easily argue that

1(1d +H (a) Jull2 = [lull,

holds for every u € D(h(a)). So Id+H(a) is injective. Finally this last
inequatility also gives a bounded inverse. So 1 € p(—H (a)) follows.
O

Lemma 2.1.4
Schrédinger operators are self-adjoint in L*(R™).

This is proved by showing that the adjoint operator of H(a) in L2(R") is
associated to the adjoint form h(a)” which is defined by

h(a)'(u,v) := h(a)(v,u)

12



for u,v € D(h(a)’) = D(h(a)). Hence H(a) is self-adjoint since h(a) is equal
to its adjoint form. We skip the details and refer to Proposition 1.24 on page
15 in [14].

Theorem 2.1.5
Negative Schrodinger operators —H (a) generate Cy-semigroups

{e—tH(a) | tZO}

of contractions in L2(R™) that we call Schridinger Semigroups in L2(R™). So
in particular ||e @ yl|ly < ||lully holds for every u € L2(R™) and t > 0.

Proof. The famous Lumer-Phillips theorem characterizes generators of Cp-
semigroups of contractions in L?(R"™) as m-accretive operators. Please con-
sider Theorem 3.18 on page 32 in |20] for reference if needed.

Since the form h(a) is positive the associated operator H(a) is accretive.
Also H(a) is densely defined and 1 € p(—H (a)) holds by Lemma 2.1.3. So
H(a) is m-accretive by Lemma 3.16 and Lemma 3.19 on page 32 in [20].

[

Remark 2.1.6

i.) We defined H(a) as suggested in [13] by H. Leinfelder and C. G. Simader
in 1981. But forms h(a) including magnetic vector potentials a were
studied before. Tosio Kato in 1978 and one year later Barry Simon
both wrote articles that included magnetic Schrédinger forms in [11]
and in [17] respectively.

it.) In both articles was already shown that the form closure to h(a) on
C(R™) x C=(R™) is equal to the mazimal domain D(h(a)) we chose.
Therefore every rational choice of a domain of h(a) that contains C2°(R™)
leads to D(h(a)) in order to define a Schridinger semigroup in L*(R™)
in the sense of the Lumer-Phillips theorem.

13



Let us finalize this section by mentioning the operator extension method
by K. Friedrichs to define Schrodinger Operators. It requires stronger as-
sumptions on the electric potential ¢ and the magnetic vector potential a.
Additionally we assume ¢ € L (R™",R) and a = (a4, ..., a,) such that

loc
i) a; € L (R",R)

loc

i) V-aelL2 (R"R)

loc

are satisfied where V - a denotes the divergence of a. For u € C°(R")
H(a)u = —Au+ |a(z)|*u + g(z)u +i(2a(x)Vu + (V - a)(z)u)

is a well defined operator in L?(R™) which is essentially self-adjoint by The-
orem 2 on page 12 of [13]. Its closure is equal to H(a) we defined earlier.

2.2 Spectral Analysis of H(a)

Schrédinger operators H(a) are self-adjoint in L*(R™) such that (—oo,0) is
contained in p(H (a)). Therefore o(H(a)) C [0, co) is satisfied. Nevertheless
an empty spectrum is possible at this point as well. For an electric potential
q additionally satisfying

q(x) — o0 (2.2)
for |#] — oo we show that o(H(a)) is not empty. Furthermore the spec-
trum of H (a) is discrete consisting only of eigenvalues with finite dimensional
eigenspaces in this case. There even exists a basis of eigenfunctions in L?(R").

In the following let H(a) and H(0) be Schrodinger operators to an elec-
tric potential ¢ satisfying (2.2). We use Theorem 2.9 on page 21 in [12] to
prove the lemma below.

Lemma 2.2.1
The resolvents of —H(0) are compact.

Proof. Let (v;) € L%(R™) be bounded and define
u, = (1d+H(0)) v, € D(H(0)).

We want to prove that (uy,) posseses a convergent subsequence in L*(R™).

14



i)

ii.)

iii.)

iv.)

The bounded sequence (v;) has a weakly convergent subsequence (vy;)
due to the reflexivity of L?(R"). For esthetic reasons we keep the no-
tation. Let v € L2(R™) be the weak limit of the subsequence (v;,) and
define

u=(Id+H(0))'v € D(H(0)).

We conclude that a subsequence of (uy,) converges weakly to u in L*(R")
by using the adjoint of the resolvent. Again we keep the notation.

Let us prove a technical statement that we use later. We argue that

[H(0)(uy —w)||, < [|(Td+H(0)) (ur — w)|[, + [Jux —ul],
< (L+[|@d+H2(0)7H[) (lowll2 + [[v]l2)

is true. So there exists a constant C' > 0 such that for every k € N
h(0)(ue — u,ue — u) < ||H(0)(ur — w)||, (luell2 + llull2) < C
holds since (uy) and (v;) are bounded.

Let € > 0 be arbitrary but fixed. There exists R = R(e) > 0 such that
q(x) > e~ holds for |z| > R due to (2.2). Using

Hq%(uk - u)Hi < h(0)(ug — u,up, —u) < C
we conclude that

/||>R g () — u(z)[2dz < eC

holds for every k£ € N. In the following we see for a given R there is a
J = J(e) € N and a subsequence (uy,) that satisfy

/ ug, (z) — u(z)|Pdz < e
|z|<R

for every j > J.

We use Rellich’s embedding theorem for H}(Bsr(0)). Please consider
Theorem V.2.13 from page 216 in [19] as a reference.

15



vi.)

Let vg € C(R™, R) satisfy 0 < ¢r(z) < 1, Yr(x) = 1 for x € Bg(0)
and supp¥r C Byg(0). Then 1 serves as a smooth cut-off function
such that the product ¥r(uy — ) is an element of
Hy(B2r(0)) = C(B2r(0)).
Furthermore ¢ (uy, — u) is bounded sequence in HJ(Byg(0)) since
IV (us, — w) I3 < h(0)(uy, — u,up —u) < C

holds by ii.) Therefore there exists a strong limit w € L?(Byr(0)) to a
subsequence g (uy, — u) since Hj(B;g(0)) is compactly embedded in

L%(Bsr(0)) by Rellich’s embedding theorem.

We can easily conclude that w is equal to 0 since

(w,v) = lim (g (up, —u),v) = lim (ug, — v, Prv) =0
j—o0 j—o0

holds for every v € L?(Byg(0)) since (uy) converges weakly to u. That
means that ¢z(ur, — u) converges to 0 in L?(Byg(0)).

Hence there exists a J = J(¢) € N such that
/ |ug, (2) — w(z)]Pde < e
lz|<R

is true for every j > J since ¥gr(x) = 1 holds for # € Bg(0) by choice.
Finally we conclude that (uy,) converges strongly to u in L*(R") since

/R o () = u(a) P
_ /M g () — u(x)|2dx+/ g, (&) — u(z)Pdz

|z|>R
<e+eC

holds for every j > J which proves the claim.

16



Remark 2.2.2

Remember that the operator product of a compact and bounded operator is
always a compact operator. So due to the resolvent identity we only have to
prove the compactness of (Id %—H(()))f1 to conclude that all resolvent opera-
tors of —H(0) are compact.

We introduce the following very important inequalities when dealing with
Schrodinger Semigroups to expand the last result to the general possibly mag-
netic case. However we skip the proofs. For a detailed investigation of the
given statements we refer to Lemma 6 on page 7 and the end of Remark 1
on page 9 in [13|. Other important references are [11] and [10].

Lemma 2.2.3 (Diamagnetic inequalities)
Let u be a function of L2(R™) and X\ > 0.

i.) The first form of the diamagnetic inequality reads
(A + H(a)) u(@)| < (A= A)) " ul(z) (2.3)
almost everywhere in R™. Then
e @ u(z)| < e ul(x)

follows directly by the use of Euler’s formula.
ii.) The second form of the diamagnetic inequality reads
(A + H(a)) " u(z)| < (A + H(0)) " Jul(2) (2.4)
almost everywhere in R™. Again we conclude to
e @ u(z)] < e Ou|(x).
The compactness of the resolvents of —H(a) is a direct consequnce of
(2.4) which is shown in Theorem 1 on page 49 in [15]. Please mind that the

posivity of the resolvents of —H (0) which is needed in the reference is shown
in Lemma 2.3.1 of this document.

17



Lemma 2.2.4
The resolvents of —H (a) are compact.

We use the statements on the compactness of the resolvents to argue with
rather simple arguments that the spectrum o(H (a)) cannot be empty.

Theorem 2.2.5
The spectrum o (H (a)) is not empty.

Proof. We prove by contradiction and assume that O(H (a)) = () is true.

Hence 0 is contained in the resolvent set of H(a). So H(a)™' is compact.
We show that o(H(a)™") = {0} follows.

i.) First we prove that 0 is contained in o(H(a)™). If 0 € p(H(a)™")
would be true, then H(a)™' would have a bounded inverse. Hence
H(a) would be a bounded operator in L?(R™) which is obviously not
the case. But even if this would be true then

Id = H(a)H(a)™!

would be a compact operator due to the compactness of H(a)™!. But
the identity operator can only be compact in an finite dimensional vector
space which L?(R") is not.

ii.) Now we have to show that o(H(a)™"') contains no element beside 0.
Due to the compactness of H(a)™! we see that every element A # 0 in
the spectrum is an eigenvalue of H(a)~!. In this case A~! would be an
eigenvalue of H(a) which is not possible by our assumption.

At this point we have shown that our assumption gives o(H(a)™') = {0}.
Using Theorem 1.1 on page 95 in [5] we state that

(H(@)) ™ = (H(a)™)'

holds where the adjoint of H(a) is noted by H(a)'. So H(a)™! is self-adjoint
and we conclude that ||H(a)~!|| = 0 follows by using Proposition 6.9 on page

18



165 in [3]. Alternatively we can argue that either |H(a)™!| or —||H(a)™?|
is an eigenvalue of H(a)™! due to compactness. So once again ||[H(a)™!|| =0
follows. Either way we get

u=H(a)H(a) 'u=0

for every function u € L*(R™) which is obviously false.
O]

Information on the spectrum of operators with compact resolvents is com-
mon knowledge and therefore is available in most textbooks on Spectral The-
ory. The following theorem relates to H(a). We ommit any proofs.

Theorem 2.2.6

The spectrum of H(a) is equal to the pure point spectrum of H(a). Hence it
contains at most countably many eigenvalues with finite dimensional eigenspaces.
Furthermore there are no accumulation points in U(H(a)) and there exists
an orthonormal basis of L*(R™) that consists only of eigenfunctions of H(a).

For an eigenvalue A of H(a) with an associated eigenfunction u we con-
clude that
0 < h(a)(u,u) = (H(a)u,u) = Aul;

is true. Therefore the spectrum of H(a) is contained in [0,00). Theorem
2.2.6 ensures the existence of a smallest eigenvalue in O'(H (a)) that we call
the ground state energy Ey of H(a). In the non-magnetic case we can show
even more. In particular we are able to prove that the eigenspace of Ej is
one-dimensional spanned by an eigenfunction ¢ being strictly positive almost
everywhere in R". We call ¢ the ground state of the system. The proof relies
on a generalization of the Perron-Frobenius theory to e *7(®) which does not
hold in the general magnetic case unfortunately.

2.3 Perron-Frobenius Theory of ¢ (0

Let us look at a classic theorem by O. Perron for square matrices A € R"*"
with positive entries that was later generalized further to non-negative entries

19



by F.G. Frobenius. So the term Perron-Frobenius theory was established.

In general the spectrum of a matrix A € R™" consists of complex eigen-
values {\1, ..., A, }. The spectral radius r(A) of A is defined as

r(A) = max{|\],..., | |}

If A has only strict postive entries Perron states that r(A) itself is an eigen-
value of A with a one-dimensional eigenspace. Furthermore there is an eigen-
vector u € R™ to r(A) with strict positive entries.

In finite dimensional vector spaces linear operators can be expressed as
matrices. But in our case L?(R") is obviously not finite dimensional. So we
are dealing with a quite different scenario here. Luckily there is an extension
of the Perron-Frobenius theory to bounded and positivity improving opera-
tors in infinite dimensional vector spaces. But please mind that differential
operators like H(0) are not bounded. The resolvent operators of —H(0)
however are bounded and their spectra is connected to H(0).

In the non-magnetic case the form h(0) is defined as

h(0)(u,v) = {Z@u, ov)} + <q%u, q%v) = (Vu, Vv) + (q%u, q%v>

=1

for u,v € D(h(0)) = {u € H'(R") | q2u € L2(R™)}. As mentioned the
associated operator H(0) is unbounded in L?(R™). To generalize the Perron-
Frobenius Theory to resolvent operators of —H(0) we focus on e *#(0) for
t > 0. Remember that resolvent operators and the semigroup are connected
via

(A + H(O))flu = / e M e 0y, dqt
0

for A > 0 and u € L?(R"). We will show that e *#(® are real and positive
operators for ¢ > 0. Therefore the resolvents of —H(0) given above are as
well. Finally we get similar results to Perron’s for the ground state ¢ of H(0)
being positive almost everywhere in R™.
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Lemma 2.3.1

i.) The set L2(R™;R) is invariant under e *#©) fort > 0. So we call the

“tH(

operators e tH©) regl,

ii.) The set L2(R";[0,00)) is invariant under e " (©) for t > 0. Therefore

—tH(0)

we call the operators e positive.

Proof. We use Propostion 2.5 and Theorem 2.6 on page 50 in [14].

i)

ii.)

Let u € D(h(0)). The real part Re(u) of u is also an element of H*(R")
such that Re(d;u) = 0;Me(u) holds. Furthermore from gzu € L2(R")
we conclude that g2Re(u) = Re(gzu) € L2(R") is true. In total Re(u)
is contained in D(h(0)). The same is true for the imaginary part Jm(u)

of u. So
h(0)(Re(u), Im(u)) € R

follows from the defintion of the form. The citation proves the claim.
Let v € D(h(0)). As usual we define the positive part of Re(u) by
Re(u)t(z) = max{Re(u)(x),0} >0
and the negative part by fe(u)” = min{9Re(u)(z),0}. So that
Re(u) = Re(u)™ + Re(u)~

holds. Furthermore we use Lemma 7.6 on page 152 in [6] by to conclude
that Re(u)™ and Re(u)~ are weakly differentiable such that 9;0Re(u)™ is
equal to 1{gew)>0y 0;Re(u) and 0;Re(u)™ to Limew)<oy 0;Re(u). There-
fore both functions Pe(u)t and PRe(u)~ are elements of the domain

D(h(0)) that satisfy
h(O)(%e(u)Jr,i)‘{e(u)_) =0
due to their disjoint supports. The claim follows from the given citation.

]
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The operators e (0 are positive for ¢ > 0. But similar to Perron’s orig-

inal theorem we need them to be positivity improving as defined below.

Definition 2.3.2
For t > 0 we call e *H(©) positivity improving if the function e~
strictly positive almost everywhere in R™ for u € L2(R"; [0, 00)).

tH(O)u is

We present a characterization for e *#(%) being positivity improving taken

from page 54 in [14] as Corollary 2.11. Please mind the reference uses the
term irreducibility of e *#(®) instead of positivity improving. Compare with
Definition 2.8 on page 51 to ensure that both terms are interchangeable.

Lemma 2.3.3
If h(0) satisfies h(0)(u,v) = 0 for functions u,v € D(h(0)) having disjoint
supports then the following statements are equivalent:

tH(0)

i.) For every t > 0 the operators e~ are positivity 1mproving.

ii.) If @ C R" satisfies 1o u € D(h(0)) for every u € D(h(0)) then either
Q or R\ Q is a Lebesgue null set.

To utilize this characterization to its full capacity we first have to show
that the form h(0) satisfies the demanded property.

Proposition 2.3.4
Let u,v € D(h(0)) have disjoint supports. Then h(0)(u,v) =0 follows.

Proof. We take u,v € D(h(0)) such that supp(u) Nsupp(v) = 0 is true.

Let us first deal with the special cases that the support of u is either R"
or (). If supp(u) = R™ then supp(v) has to be empty. That means v is 0
almost everywhere in R™. Then h(0)(u,v) = 0 is true by simply using the
defintion of the form. A similar argument holds for the case of supp(u) = 0.
Because then u is the function being 0 almost everywhere in R™. Once again
h(0)(u,v) = 0 follows in this case.
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Therefore let neither supp(u) nor supp(v) be @ or R". We define the
closed sets S as supp(u) and Sy as supp(v). Remember that S; NSy =0 is
true. We check that the j-th weak derivative of u is equal to 0 on R™\ 5.
For 1) € C2°(R") such that supp(v)) C R™\ S; we get

0=~ [ ) ) do = [ (@) ) o= [ opute) )

R"

Hence the fundamental lemma in the calculus of variations states that d;u
is 0 on R™\ S;. A similar statement is true on R™ \ Sy for the j-th weak
derivative of v. That means the equations Jju = 1g,0;u and J;v = 1g,0;v
follow. So we conclude that

n

1(0)(u,v) = {D (051, 070)2} + (q2u, q2v)a = Y _ (15,0, 15,0;0)> = 0

J=1 Jj=1

follows which proves the claim.
]

The arguments of the following theorem are taken from Lemma 11.1.1
on page 141 in [2]. However we modified the proof slightly to our needs.
In subsection 11.1 of the given reference W. Arendt proves a similar result
for semigroups that are generated by the Dirichlet or Neumann Laplacian in
L2(X) where ¥ C R" is open and connected. Our case is much simpler since
we are not dealing with any boundary conditions.

Theorem 2.3.5

For every t > 0 the operators e~*(0)

are positivity 1mproving.

Proof. We prove by contradiction and assume that {e #(® | ¢ > 0} is not
positivity improving. By Lemma 2.3.3 we take 2 C R” such that 1qu is
contained in D(h(0)) for every u € D(h(0)) but neither Q nor Q¢ =R"\ Q
is a Lebesgue null set. We denote the Lebesgue measure in R™ by .

i.) We start by showing that there exists a point xg € R™ such that neither
QN B(xg, ) nor QYN B(zg,r) is a Lebesgue null set for any radius r > 0.
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ii.)

We assume that this claim would be false. Then for every x € R” there
is a radius 7 = r(x) > 0 such that either QN B(x,7) or Q° N B(xg,r) is
a Lebesgue null set. We define the sets €2; by

{z eR"|Ir>0: ANQNB(z,r)) =0}

and Qy by {z € R* | Ir >0 : A(Q°NB(z,r)) = 0}. Then R = Q;UN,
is true. Furthermore mind that both sets are disjoint. If there would
exists a ¢ € €; N )y then

0=XQNB(z,7) + A(Q° N B(z,r)) = A\(B(z,7)) >0

would follow for » > 0 chosen appropriately small enough. So €; N €2,
must be empty. It is also clear that €2; and 25 are both open sets in R™.
But then either R™ = €y or R"” = (2, must be true since R" is connected.

Let R™ = €y be true. We choose a compact set K C () such that
A(K) > 0. This is possible since €2 is not a pure point set in R™. For
every x € K there exists a r = r(x) > 0 such that

AB(z,m)NQ2) =0
since K C R™ = ();. By the compactness of K we conclude that
K C B(xy,r1) U+ U B(xp, Tm)

holds for some xy,...,z,, € K where r; are given by ;. But then
0 < MK)=MNEKNQ) Z (zj,7;)NQ) =0

is obviously a contradiction. Using the same argumentation R" = €
leads to a contradiction. Hence there must exist a point xy € R™ such
that neither Q N B(zg,7) nor Q¢ N B(zg,7) is a Lebesgue null set for
any radius r > 0.

Let u € C°(R™) C D(h(0)) be a function such that u(zg) = 1. So lou
is contained in D(h(O)) as we mentioned in the very beginning of this
proof. In particular 1qu is an element of H*(R™) with 9;(1qu) = 190;u.
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This last equation needs further explanation. First remember that €2 is
not a Lebesgue null set. Therefore we choose v € C(€2). So

[0u@i@) do = - [ @@ dr =~ [ (o)) do

= [ 0@ dr = [ 310l de

]Rn
is true where the last equation is due to the support of v in ). Hence
we see that d;u is equal to 0;(1qu) in © again due to the fundamental
lemma in the calculus of variations. Now we remember that Q° is also

not a Lebesgue null set. We use the similar arguments for v € C>°(Q°).
So

0= [ Qan)@ @)@ do = [ 5)(10w)@)o(o) do

R
= | 9;(lou)(x)v(z) do
(o1&

holds due to the support of v in Q¢. Therefore 9;(1qu) is 0 in 2. So
in total we have shown that 0;(1qu) = 1g0;u is actually true.

Since u was taken out of C2°(R") we infer that lgu is contained in the
Sobolev spaces W1P(R™) for every p > 2. So Sobolev embedding the-
orems state that 1gu has a continuous representative on R". We treat
lou as a continuous function without minding mathematical rigor.

Remember that for zo we have shown that neither © N B(xo, 1) nor
QY N B(wo, 1) are Lebesgue null sets for every k € N. Hence we choose
two sequences by z, € QN B(zo, 1) and y, € Q¢ N B(xo, +). Then

|(Tou) () — (Tau)(ye)| = [u(zs)]

converges to |u(xg)| for k — oo. But since u(zg) is equal to 1 by
the choice of u this contradicts the continuouity of 1gu. Hence our
assumption leads to a contradiction which proves the claim.

]

The resolvent operator ()\ + H (0))71 is real and positivity improving for
every A > 0 as we directly see in the following equation for v € L?(R")

(A + H(O))flu = / e M e 0y, ¢,
0
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Finally we prove the main theorem on the ground state ¢ of H(0) where we
expand the Perron-Frobenius theory.

Theorem 2.3.6

Let Ey = mino (H(0))€ [0,00) be the ground state energy of H(0). Then
the eigenspace of Ey is one-dimensional spanned by a ground state ¢ being
strictly positive almost everywhere in R™.

Proof. Let 0 < A be arbitrary but fixed. Then X is in p(—H(0)).

i.) The resolvent operator (A+ H(0)) ~!is compact and self-adjoint. Hence
by Proposition 6.13 on page 66 in [20] we state that || ()\ + H(O))AH is
an eigenvalue of (A + H(O))fl.

ii.) The resolvent operator ()\ + H (0))71 is real and positivity improv-
ing. Hence the eigenspace to this particular eigenvalue in i.) is one-
dimensional containing a strictly positive eigenfunction by Theorem
10.11 on page 236 in [18].

iii.) We show that ||(A+ H(O))_lH = (A + Ey)~! is true. First mind that
the spectrum of (X + H(O))_1 satisfies

o ()x-l—H(O))f1 \{0}2{% : pea(—H(0)) }.
A—p

So for every element 7 in the spectrum of (A + H (O))_1 we conclude

that
O<ns3TE,
is true since o (H(0)) C [Ey, o). So we argue that
-1 1
(e p—

follows from i.). But due to Proposition 6.7 on page 163 in [3] the term

I ()\—i—H(O))_l || is also an upper bound of the spectrum of (A+H(0)) -

Therefore the inequality

L <o+ HO)

il
N+ By
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holds as well and so [|(A + H(O))le = (A + Ep) ! follows.

iv.) Let ¢ € D(H(0)) be such that H(0)p = Eyp. So we conclude that

1

=g o= 0+ HO) e

(A+ H(0) "o

holds. So every eigenfunction of H(0) to Ej is also an eigenfunction of
(A+ H(O))_1 to ||(A+ H(O))_lH. Using ii.) we have proven the claim.

O

Let us end this section with a remark on the pitfalls of trying to argue in
the same manner for the general magnetic case H(a).

Remark 2.3.7

One might be tempted to argue in a similar way for Schrédinger semigroups
in the magnetic case. But e 1@ do not have to be positivity improving.
FEven more the operators might not even be real.

Let us assume that e 7@ would be a real operator. Then H(a)u would
be real-valued for u € CP(R™, R) since

_ 1 1 —tH(a)
—H(a)u = 11_{% g(e u—u)
is true as CP(R™R) C D(H(a)) holds. But for the specific choice of a =
(a,...,a,) such that a; € L} (R",R) with V -a € L} (R™,R) we see that

loc loc
H(a)u = —Au+ |a(z)]*u + ¢(z) + i(2a(z)Vu + (V - a)(z)u)

is not real-valued. So we face a contradiction. Hence the operators e *H()

are not real in the general magnetic case.

Most relevant cases in Physics are of this nature. Although there is no
general technique individual approaches do exist. In Theorem 2.2 on page
14 of the doctoral thesis [8] of A. Hansson from the KTH Royal Institute
of Technology in Stockholm ground states of several magnetic Schrédinger
operators with radial symmetric electrical potentials were explicitly calculated.
FEven though the ground state is not strictly positive in general these explicit
solutions are non zero almost almost everywhere in R™.
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Chapter 3

Intrinsic ultracontractivity of
—tH(0)

In this chapter we present a condition on the electric potential ¢ in H(0) =
—A + q(x) such that for every time ¢ > 0 there exists a constant C; > 0
which satisfies

e Ou(z)| < Cy [lull2 ¢(x)

almost everywhere in R" for every v € L?(R") and the ground state ¢. We
call e (9 intrinsic ultracontractive in this case.

We follow the procedure of B. Davies in [4] by introducing a weighted
Lebesgue space LZ(R") of measurable functions u on R™ that satisfy uy €
L*(R") and define a semigroup in L7 (R") by

y 1
e tH Oy () = —— o tHO) (4 ()
@)= (pu)(

for u € Li(]R”) that we call the weighted Schrodinger semigroup. For every

time ¢ > 0 we show that e=*#(®) maps from L2 (R") into L:*(R") continously.
The weighted Schrodinger semigroup is ultracontractive in this case which
results in the intrinsic ultracontractivity of e *#(® . Our proof is based on
Logarithmic Sobolev inequalities for H(0) which were introduced by L. Gross
in [7]. In particular these Logarithmic Sobolev inequalities for F(0) are given
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(e 1Oy (z)) (e 1Oy (2)) du(x)

< & {(H(0) + B)e MO, (7O ), + L peitony

\

+ e~ Oy n [leH O], ,

for every p € (2,00) and € > 0 with 3(¢) > 0 where u € D([:I(O)) N LY (R")
is non-negative almost everywhere in R".

If for every e > 0 there is a y(e) > 0 satisfying
/ —In(p(2)) - u(x)* dv < eh(0)(u,u) + y(e)|ull3

for every u € D(h(O)) that is non-negative almost everywhere in R"” then

J. Rosen proved in [16] that Logarithmic Sobolev inequalities for H(0) are
implied. Alternatively see in section 4.4 starting on page 117 in [4].

3.1 Transference to weighted L’ (R") spaces

Following the procedure of B. Davies in Section 4.2 on page 111 in [4] we in-

tH(0)

troduce weighted Schrédinger semigroups e~ and sesqulinear forms ;L(O)

3.1.1 Weighted Schrodinger semigroups e tH(0)

Let Ejy be the ground state energy of a Schrodinger operator H(0) in L*(R").
Furthermore let ¢ be the associated ground state that satisfies ||¢|[2 = 1. So
for any Borel set B in R™ we define a probability measure p on R™ by

u(B) = [ plaf do

Definition 3.1.1
For every p € [1,00) we denote L7 (R") as the Lebesgue function spaces of
measurable functions u: R™ — C that satisfy

u(@)[” dp(z) = | fu(@)] - p(2)* dz < oo.

R Rn
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Furthermore L°(R") is defined by L>(R").

For the definition of L°(R") please mind that Lebesgue null sets with
respect to p coincide with the null sets with respect to the regular Lebesgue
measure on R" since ¢ is strictly positive almost everywhere in R". By

ol = ([ o aute))

for u € LE(R™) we define a norm on L?(R") and show completeness.

Proposition 3.1.2
For every p € [1,00) the weighted Lebesgue spaces LT (R™) are complete.

Proof. Let p € [1,00) be chosen arbitrarily but fixed and let (u,) be a Cauchy
2
sequence in LE(R™). By definition (¢?u,) is Cauchy in LP(R"). Hence there

is a function v € LP(R™) as a limit of gogun. We define u = go_%v € L2(R").
So

[ Juala) —u@)l” dp(e) = [ o) (o) ~ (@) da

is true and therefore Lf,(R") is complete.

In particular L7 (R") is a Hilbert space with the inner product

(u, 0)u = (pu, pu)

for u,v € L7, (R™). We define the operator U: LZ(R") — L*(R") by Uu = @u
which is unitary as we see. The operator U is bounded and therefore has
an adjoint U’ that maps L*(R") to L7 (R"). Now let u,v € L*(R"). So
¢t € L2 (R") is satisfied as well as

(u,v) = (Up~ u,v) = (o u, U, = (u, oU'v).

Since @U'v is contained in L*(R™) we conclude v = pU'v follows. So U'v =
¢ v holds pointwise almost everywhere in R™ and U is in fact unitary.
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Definition 3.1.3 3
We define the domain D(H(0)) := U'D(H(0)) € L2(R") for the operator

H(0) := U'(H(0) — Ey)U.

We call H(0) the weighted Schrodinger operator in L2(R™).

We show that —H (0) generates a strongly continuous semigroup
{e—tﬁ(o) | ¢ 2 O}

of contractions in the weighted Lebesgue function space LZ(R”). We use a
rather sloppy notation in the following by writing ¢u and ¢~'u instead of
Uu and U'u respectively.

Theorem 3.1.4
The operator —H (0) generates a Cy-semigroup of contractions in Li(R”).

Proof. Using the theorem of G. Lumer and R. Phillips we only have to show
the weighted Schrédinger operator H(0) is m-accretive. For a reference please
see chapter 3.4 starting from page 32 in [20].

Theorem 2.19 on page 77 in [18] offers
Ey=info(H(0)) = inf{(H(0)u,u) | u € D(H(0)), |juls =1}.

Therefore we conclude that

(H(0)u,u), = (H(0)pu, pu) — Eollpull; > 0

holds for every u € D(ﬁf (0)) So H(0) is accretive. Furthermore we al-
ready know that (—Fy,00) C p(—H(0)) is true. We easily conclude that

(0, 00) is contained in the resolvent set of —H (0). In particular the weighted
Schrodinger operator H(0) is m-accretive.
[

In the next lemma we characterize the semigroup generated by —H(0).
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Lemma 3.1.5

For every t > 0 the operator e "H(© s equal to o~ le!Poe=tH(0)

Proof. First we understand that {oet®oe @y | ¢ > 0} is a strongly
continuous semigroup in LZ(R”) with a generator B. We show that B is

equal to —H(0). The semigroups have to match as well.

i.) First we see that —H (0) is an extension of B. Let u € D(B). Then

1
H;(e’”’“’)wu — pu) — (pBu — Eow)H2

1 1
< H;(etEOe_tH(O)gou — pu) — nguHQ + Hg(etEO — 1)e Oy — Eocpu)H2

1
HZ(@—letEoe—tH(o)wu ) — Bu‘

1
* H‘(et% — 1)e 1 Opu — EOW)H
2,0 t 2
converges to 0 for ¢ — 0. So pu € D(H(0)) and
¢Bu = (Ey — H(0))pu = —(H(0) — Ep)pu

both follow. Hence B C —H(0) is true by using the definition of H(0).

ii.) Now we see that —H(0) C B holds as well. Let u € D(ﬁ(O)) Then

1 -
H;(gﬁ‘letEOe_tH(O)gou —u) + H(O)u‘

2,p

1
= Hg(etEOe_tH(O)gpu —u) + (H(0) — Eo)goqu

1 1
< Hg(etEo e tHO) gy — EOSOUH2 i Hg(e—tH(O)gou — ou) + H(g)spu’t

converges to 0 for t — 0 which results in —H(0) C B.
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With this characterization of the weighted Schrodinger semigroup we con-
clude that every operator e (9 for t > 0 is real and positivity improving as
a direct conclusion of the Perron-Frobenius theory on e (0 So ¢=t(0) g
an operator in L2 (R", R). Furthermore L2 (R",R) is contained in L, (R", R)
since p is a probability measure. So we might be able to uniquely extend
e~tH(0) to an operator in L. (R",R). We keep the notation.

Lemma 3.1.6 i
Fort > 0 the operator e *1©) s q contraction in L\ (R",R).

Proof. Let t > 0 be chosen arbitrary but fixed.

i.) Let u € L2(R",R) C L,(R",R) be non-negative almost everywhere in
R™. So we reason that

[l O @) dute) = [ O (@) dita)

— etE0<e—tH(0)¢u’ S0> tEO<(pU e~ (O)SD>

—tEy

tE°<gou e

Q0> = <90u790> = HUHL#
is true where we used e t#(0)p = e=tFoy,
ii.) Let u € Li(R”,R) we denote the positive and negative part of u by

ut = ly>0p w and u~ = —lyg,<op u respectively. Using i.) we end up
with

[l ()] dua)
< [ e O @) duta) + [ e O (@) duta)
= /Rn e tH(O0)yF (x) du(x) —I—/ e Oy~ (z) du(x)

R

— [ @ au)+ [ @ dute) = [ juo)] dute) = fuls
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iii.) Now let u € Li(R”,R). We define a sequence uy, = 1,<xy u for k € N.
Mind that uy is a bounded function on R™ and therefore is contained in
L2(R™,R) since p is a probability measure. Furthermore (uy) converges
to u in L,(R") by Lebesgue’s theorem since u; converges pointwise
almost everywhere to u in R™ and |uy — u| < 2|u| € L (R") is true as

—tH(0)y, ) is a Cauchy sequence in

—tH(0)

well. So using ii.) we conclude that (e
Li(R”). Hence there exists a unique and bounded extension of e
to L,,(R") that proves the claim.

]

Mind that L°(R", R) is dual to L)(R",R). Furthermore e (0 a5 an
operator in L2(R™ R) is well defined in L°(R",R) since it is a subset of

L>(R™,R). We can easily see that e~ g a contraction in L(R™, R).

Corollary 3.1.7

For every t > 0 the operator e tH(0)

is a contraction in L7 (R",R).

Proof. Let u € L?(R",R) be chosen arbitrarily. We denote the adjoint
operator of ¢~ in L! (R", R) by (¢~*#(®))" which is bounded in L*(R", R)

and satisfies

H (e—tﬁ(o e—tH(o) ”L1 <1
i

ol =
Lee—Lege —L =

For every v € L2(R",R) C L\ (R",R) we conclude that
—tH(0) _ —tH(0) _ —tH(0) Y/
<e u, v># = <u, e U># = <(e ) u, v>#

where et ig taken as a self-adjoint operator in L2(R",R) in the first
equality and as an operator in L), (R",R) with its adjoint in L;°(R™, R) in the

second. Hence e~y is equal to (e~*7(®)y which proves the claim.

[

3.1.2 The weighted Schrédinger form A(0)

We introduce a sesquilinear form A(0) associated to H(0) + E, that is called
the weighted Schrodinger form. By

D(h(0)) = ¢~ 'D(h(0)) C L%(R")
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the domain of h(0) is given. For u,v € D(il(ﬂ)) the form is defined by

h(0)(u,v) = h(0)(pu, v).

Then (u,v)j,g) = h(0)(u,v) + (u,v), defines an inner product and

HUHFL(O) = (Uau>ﬁ(o)

a norm on D(E(O)) Again we prove completeness.

Lemma 3.1.8 .
The function space D(h(O)) is complete.

Proof. Let (u,) C D(B(O)) be a Cauchy sequence with respect to || - [|j,)-
So (pu,) € D(h(0)) is a Cauchy sequence with respect to || - [|50). Hence
there exists a limit v in D(h(0)) of (pu,). Then 1o is the limit of (u,) in
D(B(O)) which proves the claim.

[

We prove that the self-adjoint operator H (0)+Ep in the weighted Lebesgue
function space L7 (R") is the associated operator to the weighted form h(0).

Lemma 3.1.9 3
The operator H(0) + Ey is associated to h(0).

Proof. Using the argumentation given in Section 2.1 there exists an associ-
ated self-adjoint operator A in L2 (R") with a domain D(A) given by

{u € D(E(O)) | Jv € L(R") : h(0)(u, w) = (v, w), for every w € D(B(O)) }

Let u € D(H(O)) and w € ’D(iL(O)) Then
((H(0) + Eo)u,w), = (H(0)pu, pw) = h(0)(pu, pw) = h(0)(u, w)

follows and therefore A is an extension of H(0)+E,. But since both operators
are self-adjoint they coincide.
O
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3.2 Rosen’s lemma
In this section we use Rosen inequalities that read

—In(p(x)) < eq(x) +(e)

for every £ > 0 with an associated y(¢) > 0 to prove a pre version of Log-
arithmic Sobolev inequalities for the weighted Schrodinger operator H(0).
These inequalities are of the form

[ nu(a)) (w))” due) < ehO)(w )+ Bl + fuln s

for every € > 0 with an associated S(¢) € R where u € D(B(O)) NLe(R") is
non-negative almost everywhere in R".

Let @: [0,00) — (0,00) be a continuous auxiliary function such that

([ o0} fo([0h)] =

holds for 1o < r for a given ry € [0,00) is given and P: R — (0, 00) being
strictly monotone increasing such that P(R) = (0, 00) and

/ Pt dt < oo
0
hold. Also let @) satisfy

/ QO QP At < oo

o

for a constant v € (1,2]. By Proposition 2.2 a) on page 4102 in [1]

/TOOQ(t)—é dt < oo

is implied. Typical examples of such auxiliary functions () are

Q(r) = r2Ho, r?(In 7’)2+5, r?(In7)?(In(In 7’))2+‘S

for 7o < or more generally Q(r) = 7?(In7)?(Inlnr)%... (In"(r))**° where
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In"(r) =Inlnln...In(r).
~—
m times
For details please consider Example 2.5 on page 4105 and Proposition 2.2 on
page 4102 in [1|. In the following we always consider ¢: R” — [0,00) as a
continuous function satisfying

( |[2 Q(t)% dt) b

In that case Proposition 5.1 on page 4116 in [1] implies

0

|z[2 L
ln( Q)2 dt)] < q(z) < Q(z|2). (3.1)

—In(p(z)) < eq(z)+C P (%) + Cy (3.2)

(. J
~~

=7(e)
for constants C;, Cy > 0 where P is the inverse function of P o ln on (0, 00).
Remark 3.2.1

Please consider the appendiz A for a detailed presentation of the arguments
in [1] which we cited here.

Before we infer a pre version of Logarithmic Sobolev inequalities for H (0)
we need to prove a rather technical proposition. Due to Sobolev embedding
theorems we let n > 2 for the dimension of R" from now on.

Proposition 3.2.2
There exists a constant C > 0 such that

(vu,u) < C oflz (R(0)(u,u) + [lul3 )
holds for every real-valued u € D(h(0)) and every v € Lz(R",R).

Proof. Let u € D(h(0)) be real-valued and v € L (R™,R).
By definition u is contained in the Sobolev space H'(R"). Using Sobolev

embedding theorems H'(R") is continuously embedded in Las (R™). So there
exists a constant C' > 0 independent of u such that

2y = Nulle < CCIVull3 + flull3 )
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holds. The Holder inequality ensures that vu? € L!'(R") follows from
[(vu, ) < llvlls W] 2,
Therefore the claimed inequality holds since
(vu,u) < Colly (IIVullz + llullz ) < C flolly (h(0)(u,w) + [lull3 )

follows by the definition of h(0).
[

Now we prove the following pre version of Logarithmic Sobolev inequali-
ties for H(0).

Lemma 3.2.3
Let u € D(h(0)) NL*(R™) be non-negative almost everywhere in R™. Then,
for every e > 0 we claim that

[ 1n0@) (u@)? dnte) < <l0) () + Bl + [l I

holds for () = 5§ — 7 1In(5) +v(5) + C with a constant C € R.

Proof. Let £ > 0 be arbitrary but fixed and additionally let ||ul|2, = 1.

i.) We define an auxiliary function 1: R" — R by

1(z) = { L, if §u(z)e(r) 2 1

0, else
Furthermore there is an upper bound b > 0 such that
ln(s)% < bs?

holds for every s € [1,00). We easily see that since s~2In(s)2 converges
to 0 for s — oo by I’'Hospital’s theorem.

ii.) So
[ 1@mcu@e@)? o < [ 1@peuiee) do< o

n
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holds. Then 1In(éuy) € L2 (R™ R) with [1In(Eup)|lz < b%£% is im-
plied. We use Propostion 3.2.2 to conclude that

(1In(Eup)u,u), = (11n(Eup)pu, pu)
< Cbn & (h(0)(ou, pu) + lpul3)
= Cbnén (h(0)(u,u) + 1)
follows where we used [|pulls = [[ulla, = 1.
iii.) Furthermore
In(¢) + (In(w)u, u) , + (In(p)u,u), = (In(Gup)u, ),
< (1n(Sup)u, u) < Cbr&e (h(0)(u,u) + 1)
holds.
iv.) We define ¢ = Cbu&n. Then

In(€) = %ln(e) ~C

holds for an appropriate constant C' € R. We use (3.2) for

— [ ) () dua) < <O+ ()l

to finally conclude that

/n 1n(u(x)) (u(:z:))2 du(z)

< eh(0)(u,u) + ¢ — gln(s) +C — (In(p)u, u>u

< 2eh(0)(u,u) + & — %111(5) +C +4(e)

= 2¢h(0)(u, u) + B(2e).

v.) For |lul|s, # 1 the claim follows by using ul|ul|;,, instead of u in the
inequality above.

]
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3.3 Logarithmic Sobolev inequalities for H(0)

In this section the pre version of Logarithmic Sobolev inequalities for H(0) is
given. So every u € D(h(0)) NL;?(R™) being non-negative almost everywhere
in R™ satisfies

[ nu() (u))” due) < eh(O)(uw)+ )l + ful s

for every € > 0 and () = § — §In(5) +~(5) + C with a constant C' € R.

We prove Logarithmic Sobolev inequalities for H(0)

/n ln(e_“q(o)u(x)) (e_tﬁ(o)u(x))p dp(z)

~ ~ 2 -
< € ((H(0) + Eo)e ™ Ou, (7 Py )71, + 206) le™ @y,
p I’
+ (e Oullp , In[le™ ]l ,

for every p € (2,00). We use Lemma 2.2.6 on page 67 in [4] but present an
alternative proof. Since we are dealing with a probability measure p on R
the arguments can be simplified quite a bit. Nonetheless we have to prove a
technical proposition first.

Proposition 3.3.1 )
Letp € (2,00) and v € D(H(O))HLZO(R”) be non-negative almost everywhere

in R™. Then v% is an element of D(B(O)) which satisfies

[N4S]

R(0)(v%,v%) < ZU(H(0) + Ep)v, "),

Proof. Lemma 1.56 on page 38 in [14] states that v is an element of D(E(O))
if and only if

sup 1@5 — e—tEoe—tH(O)Ugng
>0
exists in R. In that case
7(0) (0%, v8) = lim — (0§ — e~tFoe—tAO) % By

follows. Please remember that H(0) + E, is associated to h(0).
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i)

ii.)

First we prove that a%(a? — %) < £ a?"}(a — () holds for every
a, > 0. Without loss of generality we assume that 0 < o < (3 is true
and conclude that

B
at =t = - [ Petag < Lal(s- ) = Lt o - ),

The case 0 < 3 < « is treated similar.

For x € R” fixed the constant function v(z)? is contained in L2(R")

since p(R™) = 1 holds. Also the linearity of e~tH(0) gives
e O (y(2)2) = v(x)2e O = y(z)3

where we used that 1 € L2 (R") with e~tH(0)1 = 1 where 1 maps R" to
1. Furthermore

2tEgy D 2tEg p D
2

(e77 v(x))? (e v(z)) —05)§g (e7v v(m))pil(e

2tEgy

v u(z) —v)

is true almost everywhere in R™ by i.) since v is non-negative. Then
v: € L2(R") is true since v € L2(R™). So e H@p% is well defined.

tH(0)

Using the positivity of the operator e~ we conclude that

2tEg 2 2tEg = »

(e P v(x)) ((e » v(:c))%

2tEq

< e 0 <g O v(x))p_l (thfov(x) — v))




2tE
holds almost everywhere in R”. Then e~*50 < e~ v follows from 2 < .
Therefore we argue that

(U(J}) e 2tfo e_tﬁ(O)v) < (U(ZE) _ e—tEOe—tH(o)v)

tH(0)

since v is non-negative almost everywhere in R” and e~
operator. We summarize that

is a positive

(e 7 v(@)) 2 (e 7" v(x))% — et HOh)

< g e v(z)Pt (v(z) — e’tEOe’tﬁ(O)v)
is true almost everywhere in R"™.

iii.) So we conclude with ii.) that

thEO<(Id _e*tEoe*tﬁ(O))vg, ’U%>N

_ <(etEo . e_tﬁ(o))vg tEg, 2

_ g e2tE0 <(Id —e_tEOe_tH(o))v,vp_ln

iv.) For t — 0 the terms 1 ((Id — e tEogtH(0))y, vP~1),, converge to

((H(0) + Ep)v,v"™),,

since v is an element of D(f[ (0)). Hence we conclude that

1 ] P
sup — ((Id —e "B tH©))5 43
>0
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exists and that v is an element of D(h(0)) with
h(0)(v},v8) < S((H(0) + Eg)o,o" ™),

by the mentioned reference at the beginning of this proof.

Finally we prove Logarithmic Sobolev inequalities for H(0).

Lemma 3.3.2
Let w € D(H(0)) NL*(R™) be non-negative almost everywhere in R™. Then,
for every e > 0 and t > 0 we claim that

/n ln(e_tﬁ(o)u(x)) (e_tmo)u(x))p du(x)

~ ~ ~ 2 .
< e ((H(0) + Eo)e 1 Ou, (e Py jpt) , + e le™ @y,
p bl

+ e Oy n [|etH Oy, ,

is true for every p € (2,00).

Proof. Let u € 'D(]:I (0)) NLe°(R™) be non-negative almost everywhere in R".
Furthermore let ¢ > 0, ¢ > 0 and p € (2, 00).
i.) Then e~y ¢ D(]:I(O)) N L2 (R™) is strictly positive almost every-

where in R" since e_”? ©) ig positivity improving. By Proposition 3.3.1

we conclude that (e7(®y)% € D(h(0)) is true and satisfies

B(0) (¥, (7 Ou)k) < L ((H(0)+Eg)e™ O, (e Oy,
ii.) We use Lemma 3.2.3 for

/n In (e’tﬁ(o)u(:c))

p ~
2

) (e’tH(O)u(x))pdu(x)

< & h(0)((e @), (e HOu)E) 1 () ||(e” )52,

+ e Ou)F 3, nfl(e w3y,
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Finally using i.) we argue that

/ In (e_tﬁ(o)u(x)) (e_tH(O)u(x))pd,u(x)

< Z h0) (1)}, Tty + L yetiton
P p ’
+ e HOy|pIn e Oy, ,

~ . ~ 2 _
< e ((H(0) + Eg)e Oy, (e tHOyyp—1y 4 % le=t @y
+ e HOy|pIn e~ Oy, ,

follows which proves the claim.

3.4 The core argumentation

For proving the intrinsic ultracontractivity of e (%) we cite a crucial theorem
from section 2.2 in [4]. Due to its technical nature we neglect the proof in this
document and only give a reference instead. Then we use all the gathered
information to prove the intrinsic ultracontractivity of e *#(0),

3.4.1 Preliminary

Let u € D(ﬁ[ (0)) NL*(R™) be non-negative almost everywhere in R™ and
let p: [0,7) — [2,00) be continuously differentiable for a given 7" > 0. Then

e~tEog—tH(0)y is strictly positive and bounded almost everywhere in R for

every t € [0,T). So e~ tEe=tH(0)y ¢ LEO(R) follows as u(R") = 1. Remem-
ber that e " 0e~*#(0) is a contraction in L) (R",R) as well as in L*(R",R)
and therefore meets the criteria of Lemma 2.2.2 on page 64 in [4].

Theorem 3.4.1

The function { t — He*tEoe*tH(O)u’ igg . } is differentiable in (0,T) with a
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derivative equal to
p(t) <_(1f1(0) + Eo)e—tEoe—th(O)u’ (e—tEoe—th(O)u)p(t)—1>u

+p'(t) /n(etEOetﬁ(O)u(x))p(t) ln(e’tEOe’tg(O)u(x)) du(x)

3.4.2 Intrinsic ultracontractivity of e *#(0)

Let Q, P, P and ¢ be as in Section 3.2. First we define

T:4[OO P(r) " dr € (0,00). (3.3)

In(2)

Using the intermediate value theorem for every ¢ € (0,7] there exists a
&(t) > 0 such that

4/ P(rytdr =t
1

In(2)+£(2)
holds. Mind that ¢ is decreasing with £(t) — oo for t — 0.

Let t € (0,7] be arbirary but fixed. In contrast to equation (2.2.11) on
page 70 in [4] we define
2
P(5In(p) +£(t))
for p € [2,00). Compare with equation (59) on page 4120 in [1]. Then

/2 N 5t;p) dp = 2 /2 P () +em) 'y dp =1 / T Pt

2 L In(2)+£(¢)

e(p) = (3.4)

follows. Let us prove the following proposition for later use.

Proposition 3.4.2
The improper integral [, B(e.(p))p~? dp eists in R.

Proof. So first we state that 8(e.(p)) = Etép) — %ID(M) + P(%) 4+ C'is
given by the definition of .

i.) Tt is easy to see that 0 < [ E;(f) dp < [}° # dp =t holds.
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ii.) Furthermore [;°Cp~2 dp = § is true.

et(p)
2

&;P)) _ m(P(% In(p) + £(1)))

is true. We use P(r) < Kexp(e") for r > §. Then

iii.) Now we focus on In(=5*). Using the definition of ¢; we state that

1n(P(% In(2) +£(1)) < 1n(P(% In(p) +£(1))) < In(K) + ¢*Op3

holds for max{Z,exp(Q(é - £ (t)))} < p by using the monotonicity of
P. Without loss of generality we assume that exp(2(6 — &(t))) < 2 is
satisfied. The improper integral of the upper bounding function is

/OO ) | cwp3 gp = @ /Bt
2 p

For the lower bounding function

/°° n(P(3I0(2) +€0) | In(P(3I() +£0)

p? 2

et(p)
2

In(K) V2l < /°° ln(#)p* dp < _ln(P(%ln(Q) +§(t)))

is true. Hence the improper integral of In(<52)p~2 satisfies

2 2

iv.) Finally we focus on the improper integral of P(Et?p) )p

The equations
/ P( 2 )p~? dp
— [ P(PG Il + <)) dp
= [ oGt + € ap
EIONY B oW
e /2 D p=2e

-2

over (2,00).

hold where we used P o P = exp on R which follows from P being the
inverse function of P oln on (0, 00).
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]

So far we have seen that [ 8(e:(p))p~2 dp exist in R for every ¢ € (0,7].
Using the estimates in the proof of Proposition 3.4.2 we show that this family
of integrals is bounded from below.

Corollary 3.4.3
There is a constant C € R with C' < f;o @(q(p))p*2 dp for every t € (0,T].

Proof. The claim is a direct consequence of

> € _ > 1 _ In(P(%1n(2))
[P 4= [T(pC i) ) apz PR
2 2
from the proof of Proposition 3.4.2.
O
—tH(0)

Finally we are able to prove intrinsic ultracontractivity of e .

Theorem 3.4.4

Letn >3 and ¢: R™ — R satisfy (3.1). Furthermore we assume ¢ to be con-
tinuous. Then e~ s intrinsic ultracontractive in L*(R"™). In particular
for every time t > 0 there exists a constant Cy > 0 satisfying

e Ou(z)| < Cillulls ()

almost everywhere in R"™ for every u € L2(R").

Proof. Let t € (0,T] arbitrary but fixed for 7" > 0 from (3.3) and let ¢; be
defined by (3.4).

i.) We define p: [0,¢) — [2,00) as a solution of the initial value problem

P(s) = s for s € (0,1)
p(0) =2

by a separation of variables approach. Define G: [2,00) — R as

G(r) = /2 neuls) g

S
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ii.)

i)

Then G'(r) = @ > 0 is true for every r > 2. Hence G is a strictly
monotone increasing and continuous on [2,00) such that G(2) = 0 and
G(r) — t for r — oco. In particular G is a bijection from [2,00) to [0,1)
by the intermediate value theorem. We define p as the inverse function
G~! of G on [0,t). Then p satisfies p(0) = 2 and
P = — p(s)
o) ()

for every s € [0,%) by the inverse function theorem.

We define a function N as
s p(s)
N(s) = 2 ﬁ(gt (P(T))) dr — 2/ 5(&52((])) dq
o € (p(r))p(r) 2 q
for s € [0,¢) and M (t) = lim,_; N(s). Please mind Proposition 3.4.2.

Let u € D(ﬁ (0)) NLP(R™,R) be non-negative almost everywhere in
R"™. By Theorem 3.4.1

{ PN He—sEoe—st(O)u’ p(s) }
p(s)p

is differentiable in (0,¢) with a derivative given by
p(s)(—(H(0) + Eg)eFoe—sH )y, (e_SEOe‘SH(O)u)p(s)‘l>u
+9'(s) / (e—sEoe—sﬁ(O)u(I))P(S) ln(e—sEOe_s]}(o)u(x)) du(z).

From the following equation

]_ 7 s
ln( e’N(s)||e’SE°e’SH(0)u||p(s)’u ) = —N(s)—l—w ln||e’SE°e’SH(0)u||iES;H

we infer that its derivative is given by

 2B(e(p(s))) 1

— 1
00 peaeey e
1 —s _sH _(5) d —s _sH
Tl A vl T

-5 —sH (s)
Kl

’p(S)
p(s)n
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which is equal to

1
€t (p(s))

{ /n(eSEOeSH(O)u(x))p(S) ln(e’SEOe’SmO)u(x)) du(x)

—2(p(s)) ((H(0) + Ep)e*Foe Oy, (e*SEOe*Sﬁ(‘))u)p(s)*lﬁ
_ M || fsEoesz
p(s)

— — p(s
sEoo—sH( O)UH

sEg esz 0)

le” ull, &

S)N

pS

ul[5
S

e 0t unp(s -

We use Logarithmic Sobolev inequalities for H(0) on e~*0y instead of
u. Please compare with Lemma 3.3.2 and mind that

e "y € D(H(0)) NLZ(R",R)

is true. Therefore

{/n(e—sEoe—sf{(O)u(x))p(S) ln(e—sEoe—st(O)u(x)) d,u(a:)
—e¢(p(s)) ((H(0) + Eg)e*Ere A0y, (¢=sEoesH Oy )plo)-1)

 2B(ee(p(s)))
p(s)

— |[e7" e O)UHP (),h lnHe_SEOG_SH(O)qu(S)’“} =1

m

||e’SE°e’Sf{(0)u||pES)

follows and hence we conclude that

d —s -5
(e ) <0

is true on [0,%). So
e MO lem e O] < MOl = Il

follows for every s € [0,¢) due to monotonicity.
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iv.) Mind that for r > 0 the operator e "% "H(©) is a contraction in
L, (R",R) as well as in L*(R",R). For every p € [1,00] we use the
Riesz-Thorin interpolation theorem to uniquely extend e EoerH(0) g
a contraction in L7 (R",R). For s € [0,t) we argue that

—tEy e—tH(o —(t—s)Eo e—(t—s)H(o) o—sEo e—sH(o)

)uHP(S = |l UHP(S)u

|| (t—s)Eo —(

e

sEo e—sf{(O)

t=5)H(0) ||p 8)—p(s),u le” u”p(S)w

|| —sEoe sH(O u”p(s),u S eN(s

is true where [|e~(t=9)Foe—(t=9)H(0

norm in LA (R™,R).

||p(S )—p(s),u < 1 holds for the operator

ftEoeftﬁ'

v.) Since u is bounded almost everywhere in R™ so is e (©9. Hence

for every ¢t € (0, 7] we infer

—tEy —tH(0)

lle e u||oo,u 11m||e tEo o—tH (0)

e U i)
N
< lim eV Juflz = M fullz,,
is true. For t > T we argue that

e—tEoe—tH(O)u(x) _ e—TEoe—TH(o) (e—(t—T)Eoe—(t—T)H(o)u) (x)
holds almost everywhere in R™ and so

‘e—tEge—tﬁ(O)u(IH < oM He (t=T)Eo ,—(t— T)H(O u“ op < < M(T) ||u”2#

follows almost everywhere in R" in this case as well. So in general we
conclude that for every ¢ > 0 there exists a constant C; > 0 that

le™ e Ol < Cy fulla
is true. Using the definition of e~tH(0) we get
e O (pu)(2)| < Cip(x) [oulls (3.5)

almost everywhere in R".
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vi.)

vii.)

viii. )

In v.) we have proven

e (pu)(@)] < Cro(@)llpully

for every u € D(H)NLY(R™,R) being non-negative almost everywhere

in R". Using the definition of D(H) which is D(H) = ¢ 'D(H) we
rewrite to
e () (@) < Crp(@)llv]l-

for every v € D(H) being non-negative such that %Dv is bounded almost
everywhere. Using the continuity and positivity of ¢ we state ¢! is

bounded on every compact set M in R™. So for every non-negative
function v in C°(R™) C D(H) we conclude that év is bounded. Hence

e (v) ()| < Crp(@)[v]]-

holds for every non-negative v € C2°(R™). The inequality follows for
every non-negative function in L2(IR") as well by density argumentation.

Now let u € L?(R™, R) but not necessarily non-negative almost every-
where in R™. But since u is real-valued we use the positive and negative
parts u™ and u~ of u. These are functions in L?(R",R) which are non-
negative almost everywhere in R™. Using the linearity and positivity of
the operator e (9 we see that (e‘“"(o)u)Jr = ¢ Oyt i true which
means that the positive part of e *#(©)y is given by e 7@+ A similar
argument can be made for the negative part of e *#(®q,. So the claimed

inequality holds also in the case of a general u € L*(R™, R).

Finally we let u € L?(R") but not necessarily be real-valued. Then the
argumentation is similar to x.) since the real and imaginary parts of
u are functions in L?(R™ R). This time we use the fact that e #7(©) is
linear and real to argue that the claim follows also in the most general
case. Therefore the theorem is proven.

]

Let us prove a consequence of Theorem 3.4.4 for eigenfunctions of H(0).
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Corollary 3.4.5

Let H(0) be defined as in Theorem 3.4.4 and u € L2(R™) be a normed eigen-
function of H(0) to an eigenvalue X > 0. Then there is a C(\) > 0 depending
only on the energy level X such that |u(x)| < C(X)¢(x) holds almost every-
where 1n R".

Proof. For a fixed t € (0,T] we use v.) in the proof of Theorem 3.4.4 to
conclude that |e™#@u(z)| < eMWp(z) holds almost everyhwhere in R™.
Then

—”LL(Q?)’ < eM(t)-‘:—)\t < eM(lt)e/\T

is true almost everyhwhere in R” since u is an eigenfunction of H(0) to A.
Mind that the left hand side does not depend on t anymore. For an arbitrarily
chosen but fixed x not in a null set we infer that

1
——|u(z)] < inf eM®BM = AMexp( inf M(t))

p(z) —te(0,1] t€(0,7]
is true where we used that inf,co 1) M (t) exists due to Corollary 3.4.3. The
right hand side is completely independent of x so it serves as an upper bound

of the function ¢~ !u| almost everywhere on R™ which proves the claim.
UJ
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Chapter 4

Some pitfalls in the magnetic case

In the case of a magnetic vector potential a being non-zero on R"™ we defined
magnetic Schrodinger operators H(a). These operators are self-adjoint in
L%(R") for real-valued ¢ with a spectrum that contains at most countably
many eigenvalues with a ground state energy FEj if ¢ satisfies a given growth
condition. Unfortunately in the magnetic case we no longer have a general-
ization of the theory of O. Perron and F.G. Frobenius at our hands. Hence
we might not have a one-dimensional eigenspace of E, with a non-negative
ground state ¢. This creates problems when referring to a possible intrinsic
ultracontractivity of e *(® since the ground state might not be unique any
more. There might exist eigenfunctions ¢ to Fy that satisfy

o™ ®u(z)] < Cillullz lo(2)]

almost everywhere in R” and some that don’t. Furthermore we used weighted
Schrédinger semigroups which required ¢ to be non-zero almost everywhere
in R™. There is no general theory that guarantees the existence of such ¢ in
the magnetic case but specific examples are known as mentioned in Remark
2.3.7. We proceed assuming there exists at least one ground state ¢ to H(a)
that is non-zero almost everywhere in R".

We define weighted LZ(R”) spaces as we did in the non-magnetic case.
Also the definition of weighted Schrédinger semigroups e tH@) and forms
h(a) are done in the same way. One major pitfall in the magnetic case is the

—tH(a

proof of e ) being a contraction in L) (R™). First of all let us understand

—tH(a

that these operators might not be real anymore since neither e ) needs to
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be real as we mention in Remark 2.3.7 nor ¢ has to be a real-valued function.
Therefore we are dealing with contractions in Lj(R") instead of L) (R",R).
But this is only a minor concern. The much bigger problem occurs in the
proof of Lemma 3.1.6 where

/ et O ()] dp() = / o0 (1) dp(r)

tEy < o—tH(0) tEy < tH(0)

=e ou, p) = e {pu, e )

= e (pu,e700) = (pu, ) = ||ul|1,,

holds for u € L2(R",R) C L] (R",R) being non-negative almost everywhere
in R*. We directly see that e tH(0) being a positivite operator is needed to
get the desired result. In the magnetic case we do not have this property
in general. But Lemma 3.1.6 is crucial for the proof of the intrinsic ultra-
contractivity of e #(®_ In the proof of the Theorem 3.4.4 we used Theorem
3.4.1 as well as the Riesz-Thorin interpolation theorem for e=*# (0). For both
of these arguments e *(®) has to be at least bounded in Li(R”,R). The
diamagnetic inequalities in Lemma 2.2.3 might be helpful to prove Lemma
3.1.6 in the magnetic case since

le 7@ pu(z) < (e pu])(x)

holds almost everywhere in R™. Let us also define the probability measure u
by |p]? instead of ©?. Then we argue that

[l @ (@) dute) = [ e 1@ o) (o) [ole)] da

<e® [ (e 1Olpul(z) (o) da

= (e Vgul, |p]) = P (|pul, e gl

is true. An inequality such that e (|| < Cy|¢| holds almost everywhere

in R™ for a constant C; > 0 is desired but missing. In the non-magnetic case
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this was almost trivial since ¢ was positive and an eigenfunction of H(0) to
Ey. But here we cannot assume that |¢| is an eigenfunction of H(0).

But it might be soothing to hear that our new version of Rosen’s lemma
works for the magentic case as well. Therefore we get a pre version of Log-
arithmic Sobolev inequalities for H (a). Unfortunately Proposition 3.3.1 re-
quires e (9 to be a positive operator. Hence we cannot expand Lemma
3.3.2 to the magnetic case using the same arguments as in the non-magnetic
case. But there is another issue with Logarithmic Sobolev inequalities for
H(a). We have to give meaning to the term In(e *7®y) when e 7@y is
no longer positive but complex-valued. Here the complex logarithm might
offer an alternative but we have to argue that (e=*#®q)(z) # 0 holds almost

—tH(a

everywhere in R™. The problem of e )y being no longer positive reoccurs

in Theorem 3.4.1.

We conclude that the proof of intrinsic ultracontractivity of e *#(®) might
need a different strategy after all. Nevertheless we offer a trivial result using
the diamagnetic inequalities in Lemma 2.2.3 and call this property a quasi

intrinsic ultracontractivity of e *#(®),

Lemma 4.0.1

Let n > 3 and q: R" — R be continuous and satisfy (3.1). Furthermore let
@ be the ground state of H(0) instead of H(a).

Then there exists a constant C; > 0 that satisfies

‘e*tH(a)u(:C)’ < Cillullz ()

almost everywhere in R™ for every u € L2(R™) and t > 0.
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Appendix A

Rosen’s Lemma in [1]

In Section 3.2 Rosen inequalities are taken from Proposition 5.1 in [1]. There-
fore this appendix is purely informative.

We will define a class of electric potentials ¢ such that the ground state
¢ of the operator H = —A + ¢(z) in L*(R") satisfies the Rosen inequalities

—In(p(z)) < eq(z) + ()

for every € R™ and an arbitrarily chosen € > 0 with an associated v(¢) > 0.

A.1 The class of electric potentials ¢

In [1] the potentials ¢ that offer Rosen inequalities are characterized by an
auxiliary function @: [0, 00) — (0, 00) being continuous such that

(oo ) fo([00)] =

holds for 9 < r where 1y € [0, 00) is given and P: R — (0, 00) is a strictly
monotone increasing function satisfying P(R) = (0, c0) and

/ Pt ' dt < oo
0
Also let () satisfy
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/ Tl Quyt

To
for a constant v € (1,2]. Please mind the comment given in the paragraph
on the top of page 4101 in [1] regarding the exponent § — 2~. By Proposition
2.2 a) on page 4102 in [1]

/ Q)2 dt < oo
ro
is implied. Typical examples of such auxiliary functions () are

Q(r) = P2+ r?(In 7’)2+5, r?(In7)?(In(In r))2+5

240 where

for ro <7 or more generally Q(r) = r?(Inr)?(Inlnr)2... (In"(r))
In™(r) =Inlnln...In(r).
_—

m times

For details please consider Example 2.5 on page 4105 and Proposition 2.2 on
page 4102 in [1]. In the following we always consider ¢: R" — [0,00) as a
continuous function satisfying

( o Qt): dt) P

Remark A.1.1

Please compare with Remark A.3.2 as well. While the arqument for the
Hartman- Wintner asymptotic formula works for any v € (1, 2] we might need
to demand v = 2 to arque that the function v in the following subsections is
contained in H'(Qr) where the set

0

|z]2
1n< Q(t) dt)] < q(x) < Qzl2). (A1)

Qpr={xeR": |z| > R}

and R are chosen in the Hartman-Wintner context. In particular ¥ €
HY(QR) is needed in the final Theorem A.3.1 to argue that v~ is in the do-
main D(hag). For that reason the class admissible potentials might even be
smaller than cited above.
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A.2 The Hartman-Wintner asymptotic formula
For the auxiliary bounding function ) we define the operator
Ho = =A+Q(|zl2)

in L?(R™) where Eg > 0 is the ground state energy of Hg. Ideally we are
looking for a radial symmetric solution ) to the following eigenvalue equation

(Ho — Eq)y = 0.

Using the Laplace operator in spherical coordinates we end up with the
ordinary differential equation

n—1

—¥(r) - U(r) +(Q(r) = Eq)i(r) =0 (A.2)

for » > 0. With this ODE in mind we want to use the Hartman-Wintner
formula (0) on page 80 in [9]. We need to transform (A.2) to the form of

f'(r) =V(r)f(r)=0

where V': [0, 00) — (0, 00) is continuous such that

r

/OOO VOP Ve dt < o
holds. For a solution ) of (A.2) we take f(r) = r®%(r) to get
71y =1 ($0) +229/(1) + ala = )ro2e(r)
= ((Q) - Equtr) = "R/ + 220/) ) +ala— Dr ()

We choose a = "T_l to end up with

f'(r) = (Q(T) —Eg+ (n - 14)70(271 — 3)) f(r).

Now we need to make further adjustments such that the term

(n—1)(n —3)
4r2

Qr) — Eq +
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meets all the required properties of V. From

/TOO Q)2 dt < oo

we conclude that Q(t) — oo follows for ¢ — co. So we argue that

1
dR > 0Vr e [0,00) : §Q(T+R)ZEQ and Q(r +R) > 1

is true. We define the auxiliary potential V' by

(n—1)(n —3)

V() = QU+ R) — Bo+ =

for r > 0. So V is continuous and strictly positive on [0,00). We have to
prove that

/oo\v'(t)yv V() dt < oo
holds. Therefore we stait by stating that

V(r)z 27 <2272 Q(r 4+ R)z 2"
follows for > 0 from V(r) > 1Q(r + R) and v > 1. Then

(n—1)(n—-3)\"
(r+ R)? )

V) < (|@'<T+R>| T

= QVmaX{!Q’(r R ) () }”

(r+ R)3
<z (e s (U 22)')
Hence
/OOO VP v < oo (/: Q' (M Q(r)z 27 + /: P37 dr) < 00

is true. Now having found a proper definition of V' we forget about ¢ and
(A.2) for a moment and focus on a solution f of

f'(r) =V(r)f(r) =0. (A.3)
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We use () on page 80 in [9] to conclude that there exists a solution
feC?([0,00),R)

to (A.3) such that

f(r)=cV(r)"Texp (h(r) - /0 ' V(t): dt)

holds for > 0 where ¢ € R is a constant and h is a function with h(r) — 0
for r — co. We define a function

¥(@) = 2], f(lzl2 — R)

for every x € R™ such that |z|s > R. Then

—Aip(z) + Q(|]2)¢(x) — Eqy(x) = 0

holds pointwise for every x € R™ such that |z|s > R (see Proposition B.0.1).
Due to the explicit form of the solution ¢ we can use Corollary 4.6 on page
4113 in [1] and state that there are constants ¢y, co > 0 such that
|z[2 L
—1In (w(l’)) S C1 Q(t)§ dt+02

To

is true for |z|s > R. Furthermore using equation (49) on page 4118 we end
up with

“n@(x) < eqlx)+ e P (%) +e (A4)

for |z|s > R. So 1 satisfies Rosen inequalities. But be careful as 9 is not the
ground state p. We need a comparison argument of the two functions.

A.3 A comparison argument

Next we focus on showing that there exists a constant C' > 0 such that

—In(p(z)) < —In(P(x)) +C

holds for |z|s > R. Please mind some of the following argumentation is put
in the appendix. Also the following is taken from Lemma 4.1 on page 4110 in
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[1]. However more details are presented here. Let us consider ¢ as a solution
of

— A (@) +2Q(|z]2) () — Exqip() = 0
for |z]o > R in the context of the last subsection. Please mind that
q(r) < Q(lzl2) < 2Q(|z[2)

is obviously true as well. We understand the reason for this minor change
from @ to 2Q) later. We start by defining the set

Qpr={xeR": |z| > R}
and v(x) = yp(z) — (x) for x € Qi where 7 is given by

L )
T \x|OOER o(x)

€ (0,00).

Please mind that ¢ is strictly positive and contained C'(R) due to Remark
4.3 in [1]. Also y is defined a little different to the proof of Lemma 4.1 in [1]
for technical reasons only.

Theorem A.3.1
For every x € Qg we conclude

—In(p(z)) < —In((x)) +In(y).

+

Proof. First let us write v = v™ — v~ where

0 <v (x) = max{—wv(x),0}

for x € Qx. Mind that v~ is 0 for every € R" such that |z|,, = R. This
is due to v(z) = ye(x) — ¥ (x) > 0 being true for every |z|,, = R using the
definition of 7. Setting v~ to 0 in [-R, R]" we conclude that v~ € H'(R")
by Proposition B.0.3. Using Lemma 7.6 on page 152 in [6] we argue that

(Vu, Vo) = (Vo , Vo) (Vo™ , Vo) = || Vo ||?
=0

is true. From y¢ > 0 we infer that 0 < v~ < ¢ holds in (2. From Proposition
B.0.5 we state that Q(|z|2)2¢ is contained in L2(€2z) which implies

Q(|z]2)2v™ € LA(R™).
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So
(2Q(|z]2)) 2, (2Q(|z]2))2v7) = —((2Q(|x2))2v™, (2Q(|z]2)) v 7).

Also v~ is contained in the domain D(hsyg) of the form hyg associated to the
operator Hog = —A + 2Q)(|x]2). We conclude that

1

(Vo, Voo ) + {((2Q(|z]2)) v, (2Q(|2]2))2v™) — Eag(v,v™)

=7 | (Vo, Vo) + ((Q(|z]2) — Eaq) v, v7) +(Q(|z]2) ¢, v7)

>0 >q(z)
— ((Vo, Vo) + 2Q(|z]2)1,v7) — Eaq(eh,v7))

holds where we choose R > 0 large such that Q(|z|2) > Esg holds for every
|x|]s > R. Here we also see the reason for the slight technical change going
from @ to 2Q). Since v~ is equal to 0 in [—R, R]™ we conclude that

(Vo, Vo) +{(2Q(|z]2)) v, (2Q(|2]s)) 7v™) — Eag(v,v™)

>y ((Ve, Vor) + (g(2)p,v7)) — (Av + (QQ(|§|2) — Exq),v7)

=0

= y(H(0)p,v™) = vEo(p,v7) >0

is true. But also

_ 1 . _

(Vo, Vo©) +((2Q(lz]2))2v, (2Q([z]2))7v™) — Exq{v,v7)

= —haq(v™,v7) + Exqllv” 3.
Then hog(v™,v7) < FEagllv~||3 follows. On page 4112 in [1] in the proof of
Lemma 4.1 is argued that the ground state ¢y is the unique minimizer to
the form hyg up to a scalar multiple. So there exists a scalar ¢ € C such
that v~ = cpag. Since gy > 0 holds almost everywhere in R” and v~ = 0
in [-R, R]" it is concluded that ¢ = 0 and therefore v~ =0 in R". Sov >0
holds almost everywhere in 2z. Hence we conclude that 1 < v follows in
) r which results in

—In(p(z)) < —In(Y(x)) + In(y)
for every x € Qp. .
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So using the continuity of ¢ and (A.4) we conclude that there exist con-
stants ¢, ¢, > 0 such that

—In(p(z)) < eq(z) + ¢, P (%) + Gy

holds for almost every z € R™ and every ¢ > 0.
Remark A.3.2

a) Please mind that in Proposition B.0.3 the choice of v = 2 is needed to
conclude that v is contained in H'(Qg) which is used to conclude that v~
is in the domain of the form hag.

b) In the proof Theorem A.3.1 we used an argument taken from [1] that the
ground state o s the unique minimizer of the form hog up to a scalar
multiple. For the numerical range of the operator Hag = —A + 2Q(|z|2)
this is well known. Here it is used for the form hag of Hag. We give reason
to this argument in the following that is not included in the original article

/1.

Let us understand the final argument in the proof of Theorem A.3.1
namely that there exists a constant ¢ € C such that

V=P

holds as an equation in L?(R"™). We start by using a well known equation for
the numerical range of a self-adjoint operator in a Hilbert space

inf{(Haqu,u) : v e D(Hyg), |lullo =1} = Ex

where Esyq is of course the ground state energy of Hsp. This equation is
found in most textbooks such as [19] on page 411. The ground state o is
up to a scalar multiple the unique minimizer of the numerical range of Hyg.
Furthermore Lemma 1.28 on page 16 in [14] gives

inf{hog(u,u) : u € D(Hsg), |ulls =1}
= inf{(Hyqu,u) : u € D(Hag), |lull2 =1}
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Therefore we know that
inf{hog(u,u) : u € D(Hag), ||ulls =1} = Esg

is true. Hence we argue that hog(v™,v™) = Eagllv™||3 holds in the proof of
Theorem A.3.1. So v~ is a minimizer of the numerical range of hyg. If we
can show that v~ is contained not only the domain of the form hyg but in
D(Hyq) then v~ would be another minimizer of the numerical range of Hyg.
Hence we argue that

VT = cpag

has to follow in this case for a constant ¢ € C.

Lemma A.3.3
We claim that v— € D(Hsq) is true.

Proof. We prove by using the Lagrange multiplier theorem for Banach spaces.
In the following we are focussing on L?(R", R) and real-valued functions in
D(hyg) and D(Hag). We keep the notation for aesthetic reasons.

We already know that v~ is indeed a real-valued minimizer of the numer-
ical range of hyg. By

() = Shaglu,v)

for u € D(hag) we define a function on the domain D(hyg). Then

[ullneg = (hog(u, u) + <u,u>)%

for u € D(hyg) defines a norm that makes D(hsg) a Hilbert space. The
function f is Fréchet differentiable with the derivative (Df)(u) = hag(u, )
since

1
|f(u+w)— f(u) = hag(u, w)|
Tl
Lot w,u+ w) — ~hagu u) — hag(u,w)

= ——— |Zheg(u+w,u+w) — —heg(u,u) — hog(u,w

I E 2

1 hog(w,w) 1 HUJH;QQQ 1
_ L hlw,w) 1 = L g, =0

2 Tl = 2 Tl 2 WMo



follows for ||w||n,, — 0 and every u € D(hyg). Please mind that
hag(u, w) = hog(w, u)

holds since we are dealing only with real-valued functions as mentioned above.
We define another function g: D(hyg) — R by

1 1
g(u) = 2 HUH% )

for u € D(hag). Mind that
{u € D(haq) | g(u) = 0} = {u € D(haq) | ||ulla = 1}

characterizes the constraint in terms of the Lagrange multiplier theorem.
Then g is also Fréchet differentiable with the derivative (Dg)(u) = (u,-)
since

follows for ||w|s — 0. Furthermore the map (Dg)(v™) is surjective from
D(hsg) to R since

(Dg)(v ) (aw™) = (v, av") = allv” |3

holds for every a € R. We have shown all the requirements to use the
Lagrange multiplier theorem for the Banach spaces D(hsg) and R. So there
exists a constant A € R such that

(Df)(v7) = A(Dg)(v")

holds as an equation in D(hyg)*. Hence for every w € D(hyg) we conclude
that
hag(v™,w) = (Df)(v7)(w) = A (Dg)(v™)(w) = (M, w)

holds. But here we have to be careful. We can’t directly infer that v~ is
contained in D(Hag) since we only focus on real-valued functions w in D(hyg)
as stated in the above. But this is not an issue since for every complex-valued
function w € D(hyg) the real part Re(w) as well as the imaginary part Jm(w)
are both real-valued functions in D(hyg) such that

hag(v™,w) = hog(v™, Re(w)) — ihag (v, Im(w))
= (A7, Re(w)) + (A, 1Tm(w))
= (M7, Re(w) + iTm(w)) = (Av™,w)
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holds as well. Now we conclude that v~ € D(Hsyg) is true by the definition
O
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Appendix B

Additional proofs

First let f € C?([0,00),R) such that f”(r) = V(r)f(r) is satisfied for r > 0.
Define a function

W(x) = |zl,* f(jz]s — R)

for |z|o > R > 0. Then we prove the following proposition regarding 1 as a
solution to a certain PDE.

Proposition B.0.1
For |z]y > R we have 0 = —AY(z) + Q(|z]2)v(z) — Egi(z).

Proof. 1)
1—n GR 2 DI ( 1-n T,
I(z) = zl, * Szl = R) +zl® fi(lzle = R) —
2 |2 |2
1—n (n+3) (nt1)

=5 lel 7w (2l = R)+laly * 2 f(j2le — R)

71



i)

(1 —=n)(n+3) (n+5)

52 — —T2 Yk - R
WU (T) 1 |2, o f(lz]z = R)
1l—n 6 @3 1—n @3 Ty
+—3 lzly 2 f(lzla — R) + [zly > a f(|2]2 — R) zh
(n+1) o3 xp _(tD
- B T w Pah = R+ lely T (el B)
_(nt+1) T
+laly, 7 @ f(|zl — R) -
|22
l—n o= (1—n)(n+3) 27 o
~ fllak - 1) (1520l - B T
l—n, _@t) g2  p41 @) g2 _(n41)
/ — R - 2 kT~ 2 Tk 2
£l = B) (S5 el = TR

iii)

nn—1 _(n43) n—1)n+3 _(n43)
(o) = ol — 1) (g, 5 )
n — 1 _(n;l) n + 1 _(n;l) _(n;l)
T Y L e e
=0



for z € Qp where v = SUD|y| =R

We conclude that

— A¢(z) + Q(|z]2)v(x) — Eqi(z)

1-n —1 —1)(n+3 ”
~ oy (70l =) (MG - CE DO L Gty - ) — (el )
— oy [ £l = 1) (U5 4 0ol - o) - 7ol - )
R Afz[3 g
—V(lel2—R)
—ela® (V(Jal — Bzl — B) — ["(Jal — R)) =0
holds for every |z|s > R.
O

We define Qp = {z € R" : |z|» > R} and

v(r) = yp(r) — ()
o)

> € (0,00).

Proposition B.0.2
We claim that v € L*(Q2g) is true.

U(@)* = laly " f(|lzl: — R)®

Proof. First let us understand that v is contained in L?(Q2z). We see that

|lzl2—R
= sV (Jals — R)7 exp <2h<lx|2 —m-2 [ v dt)
0

< (@)%2s"Q(|x]y) 2

V(r) > =Q(r+ R)

N | —
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big enough such that



holds for every » > 0 and that
[ et ar < o [Tamtar <
R

holds by Proposition 2.2 a) on page 4102 in [1] for a constant C' > 0. We

conclude that v is contained in L?(Qg) and therefore v is as well.
O

Furthermore v is in C'(Qg). Next we argue that v € H*(Qp) is true.

Proposition B.0.3
The function v is contained in H'(Qgr).

Proof. We only need to prove that ¢ € H'(Q2p) is true. For x € Qg we have

1—n _(n+1) T lon g
2y 2 = Szl = R)+ Jaly® - [zl = R)
|22 |22

where the derivative is meant in the strong sense. We show that both func-
tions of the sum are contained in L?(2) to conclude that dy1) is as well.

i)

() =

—n—1 J’% 2
i =" 5 Szl — R)” dz
R

|$|2
< / |az:|2_"_1 f(zl2 — R)2 dr < c/ pnolpnl flr— R)2 dr
Qn R
<£ OOV(T—R)_% d7“<\/§£/ooQ(r)_é dr < oo
~ R? Jp - R Ji

for constants ¢,¢ > 0. We used that R was chosen large enough such
that V(r) > 2Q(r + R) holds for every r > 0. So we see that

l—n - 7y
—— lzfy ° mf(\i’?’z—R)

is contained in L?(Qg).
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ii) Now let us consider the more complicated case of

1-n T
|x|22 @ f’(|$|2 - R)-

Consider that
fl(r) =
cexp (h(m - /0 V(t): dt) (V(r)i(h'(r) —V(r)z) — ivmi V’(r)) .

Mind that exp (h(r) - J5 V(t)2 dt) is bounded. We show that both

terms of the sum of functions in f” are in L?(0, 00).

a) First we see that
/0 T (verivie) ar= /0 TWmPVe T dr

Exactly at this point we see that the choice of v = 2 in the definition
of () is needed such that

/ VPV dr = / (V'(r)V(r)2~37 dr
0 0
holds. By definition of () and V' we argue that

/0 TV dr < oo

b) Let us now focus on the second term in f’. Here the situation is a
bit more complicated. We show that

exp <h(r) - / V(n)? dt> (W (r) - V(r)}) ’
0
is bounded in (0,00). Due to the properties of h we only need to

show that .
exp (—/ V(t)% dt) V(r)
0

I6)

N



5

is bounded in (0,00). From [V (r)~2V'(r)* dr < co we conclude

that )
V,<7n) . r —Sv )2
(V(r)i) =V(r)2V'(r)* —- 0

follows for » — co. Hence there exists a rg > 0 such that

3

VI(r) < V()i =V(r)2V(r)
holds for every r € [rg,00). Then
“V(r): < V() IV(n)

follows for r € [ry,00). So

exp (— / V(t)2 dt) < exp (— / V() iV (1) dt)
- ( [V )
= Cexp (—4V(T)i)

holds for r € [rg, 00) where C' > 0 is a constant. Then

exp (— /0 V(t): dt) V(r)z < Dexp (— / V(t): dt) V(r)

< CDexp (—4V(r)i> V(r): <K < oo

NI

holds for every r € [ry,00) where D and K are positive constants.
Furthermore the boundedness of exp <—4V(7‘)%> V(r)z is checked by
using I’Hospital’s theorem for r — oco. So

exp (hm _ / V(1) dt) (H(r) = V()3 ‘
0
is bounded. Hence there exists a cosntant C > 0 such that
/ V(r) 2 exp (Qh(r) —2 / V(t): dt) (W'(r) = V(r)2)? dr
0 0

<C / V(r)_% dr < 0.
0

N
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In total we conclude that f’ is contained in L?(0, c0). So

1-n xi ' 2
|5 rgUWW—RDdx
Qr z

2

< / el (7ol — R e < C / T (P~ R)) dr

R

= C/oo(f’(r— R))? dr < cc.

R

We have shown that 1 is contained in H'(Q2g) and so is v. O

Proposition B.0.4
We claim that
v~ € H'(R")
is satisfied where v~ (x) = max{—v(x),0} for x € Qgr and v=(x) = 0 for
€ [-R,R]".

Proof. For |z|s = R we infer that
v(x) = ye(x) —¥(x) = 0.

Hence v~ is continuous in R™. Furthermore v~ is piecewise differentiable in
R™ by Lemma 7.6 on page 152 in [6] and Remark 4.3 on page 4111 in [1]. So
we determine the weak derivative of v~ by integration by parts.

Let k € {1,...,n} be arbitrary but fixed and let w € C(R™). Then
there exists a > 0 such that

supp w € [—r,7]"
is satisfied. Then

/ o (2) () (x) da
[=rr]™
/ / v (2)(Opw)(x) depd (@, ..., Tp—1, Thg1, - - - Tn)
[—rrn—1

/ ) / (Opv™) () depd (@1, ... The1, Thgrs - -5 T)
[=rr]™
= / (Ov )w(z) do

[77177']”
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is satisfied due to the continuity and piecewise differentiability of v—. Of
course the integration by parts of the inner integrals only needs to be done
on the intervals where v~ is not 0. So v € H'(R™). O

Proposition B.0.5
We state that Q(|x|2)2¢ € L2(QRr) is true.

Proof. Let x € Qg. Then
Q(lzl2)v(2)* = [xl;™ Q(lzl2) f(lz]2 — R)?
1 lzl2—R 1
= ¢ [zl V|l — R)7Z Q(l2]2) exp <2h(|$|2 —R) - 2/ V(t) dt) -
0

Since |z "V (|z|s — R)"2 is contained in L}(Qz) we need to show that

2
Q(|z]2) exp(=2 ["* " V(t)2 dt) is bounded in Q. Mind that

|z|2—R L lz|2—R L
Q(|z|2) exp (—2/0 V(t)z dt) < 2V(|xz|a—R) exp (—2/0 V(t)2 dt)

follows from V(r) > 3Q(r + R) for r > 0. Now we use

I

)

lz]2—R L
oxp (-/0 V() dt) < Cexp (~4V(jalo ~ B)

from the proof of Proposition B.0.3 above to conclude that

lzl2—R L lzl2—R L
Q(|z|2) exp (—2/0 V(t)2 dt) <2V (|z]s — R) exp (—2/0 V(t)2 dt)

<20V x|z — R) exp (—8V(|:1:\2 . R)i>
holds for every x € . Using I'Hospital’s theorem multiple times on

V(r) exp(=V (r)3) for r — oo we infer that V (|z]s — R) exp(—8V (|z|, — R)7)
is bounded on Qp. Hence Q(|x]2)y? € L1 (QR) is implied. O
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