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Abstract

We propose a Bayesian model to investigate a group testing regression model of equally-
sized subgroups. The group testing design was developed by Dorfman (1943) to reduce costs
and increase efficiency when detecting illnesses in populations and can be used to detect
contamination in samples, when prevalence is low enough. We develop a Laplace-Bernstein-
von Mises (BvM) Theorem in the style of Le Cam (1986), where distributional convergence
to a Gaussian holds in total variation distance almost surely, and we list sufficient conditions.
We also deduce additional conditions to derive a strong BvM for the group testing posterior
distribution.

Wir schlagen ein Bayessches Modell zur Untersuchung eines Blocktest-Regressionsmodells
mit gleichgrofen Gruppen vor. Das Blocktestverfahren wurde von Dorfman (1943) ent-
wickelt, um beim Nachweis von Krankheiten in der Bevoélkerung eine Kostenreduzierung
und Effizienzsteigerung zu erreichen, und kann zum Nachweis von Verunreinigungen in
Proben genutzt werden, wenn die Prévalenz ausreichend klein ist. Wir entwickeln ein
Laplace-Bernstein-von Mises (BvM) Theorem im Stile von Le Cam (1986), bei dem die
Verteilungskonvergenz zu einer Normalverteilung im Totalvariationsabstand fast sicher gilt.
Wir leiten zusétzliche Bedingungen her, unter denen ein starkes BvM Theorem fiir unsere
Blocktest-a-posteriori Verteilung gilt.
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1 Basics and Notation

In this section some notation will be introduced with the purpose of clarifying what exactly is
meant with each symbol used in this dissertation. The desire is to make the formulas as rigorous
as possible whilst also ensuring readability and to avoid confusion.

1.1 Measure and Probability Spaces, Metric Spaces, L’-Spaces

Measure and probability theory are fundamental to understand Bayesian statistics. Therefore
a short introduction to these topics will now be presented, as well as results used in the main
section. Throughout, C will denote a subset such that A C B A B C A = A = B, a strict
subset is denoted by C. The introduction of measure integrals requires the following definitions.

Definition 1.1 (o-algebra/field)
For a nonempty set . a family of subsets & C P() is called a o-algebra, if and only if (iff)

(i) e,
(i) Se 6= 5°€6G,
(iii) S, € 6Vn € N= U,enS, € 6.

The o means countable as clarified in condition (iii).

The pair (., ) is called a measurable (mb.) space, and a measure on it is a function p: & —
[0, 00] such that p = 0 and for pairwise disjoint sets one has p Wyen Sn = Y ,en Sn- In this
case, we call the triplet (., S, ) a measure space, and if u.¥ = 1 a probability space. For a
family of subsets § C P(.) we denote by o(F) the smallest o-field containing F.

Definition 1.2 (Borel o-field, Borel set (Bogachev and Smolyanov, 2020))
The Borel o-algebra SB(Rd) of R% is the o-algebra generated by all open sets. For an arbitrary
set E C R let B(E) := {ENB: B B(RY} denote the corresponding trace o-algebra.

Definition 1.3 (Measurable Function (Bogachev and Smolyanov, 2020))

(a) If (%, 8) is a mb. space, and f : . — RY, we call f S-measurable, iff Ve € R : {s :
f(s) <c}e6b.

(b) Let (Z,8) and (T ,%) be mb. spaces. A mapping f : . — T is called (&,%)-measurable,
WS CS eV eT: fUT) e 6.

Remark 1.4. For further definitions and theorems on measurability, in particular the definition
of the Lebesqgue measure A and complete measures, we refer to Bogachev (2007), Bogachev and
Smolyanov (2020), and Kallenberg (2021).

To introduce (Lebesgue) integrals as in Bogachev and Smolyanov (2020), consider a measure
space (., 6, ). A function f is called simple, if there are constants ¢;, j € J C N and pairwise
disjoint sets S; € &, j € {1,...,k} such that f = Z?Zl cjlg;. Here 15,(s) defines the indicator
function, which takes value one if s € S; and zero otherwise, in other words it indicates if s € S;.
Let f := max(f,0) be the positive and f~ := max(—f,0) the negative part of f.

Definition 1.5 (Lebesgue Integral)
The (Lebesgue) integral of a nonnegative simple function is the (possibly infinite) number

k
uf i= [ fdpi= Y ciu(s)).
j=1
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The integral of a p-mb. function f which is nonnegative p-almost everywhere (a.e.) is defined
as

/f dy = / f(s) u(ds) := sup {/cp du : ¢ is simple and nonnegative, o < f p — a.e.} .
5

If this number is finite, f is called (Lebesque) integrable (with respect to (wrt) u); more generally
a signed function f is integrable if both f+ and f~ are integrable. In that case [ fdu := [ frdu—
[ f~du. The set of u-integrable functions is denoted as L' = LY(.7, &, 1); compare Bogachev
(2007). The integral over a set S € & is defined as

/Sfd,u ::/]lsfdu.

Proofs of the following theorem can be found in Bogachev (2007) and Bogachev and Smolyanov
(2020).

Theorem 1.6 (Properties of the Integral)
Let (., 6, 1) be a measure space, let f,g be mb. functions. The integral satisfies the following
properties:

(a) f is p-integrable iff | f| is p-integrable, moreover |[ fdu| < [|f|du. (triangle inequality)
(b) If f is p-integrable and |g| < |f| p-a.e., then g is p-integrable and [ |g|du < [|f|du. This
also implies that if g < f p-a.e. then [ gdp < [ fdu. (monotonicity)

(¢) If a, B are real numbers, and both f, g are p-integrable: [(af+Bg)du = o [ fdu+p [ gdu.
(linearity)

(d) For ABe S :ANB=0: [ypfdu= [, fdu+ [5 fdp.
The next theorems are often of use when evaluating integrals.

Theorem 1.7 (Beppo Levi Monotone Convergence Theorem (Bogachev and Smolyanov, 2020))
Let (fn)nen be an isotone sequence of u-integrable functions, id est (i.e.) Yn € N: f, < fn41
p-a.e.. Suppose that

sup/fnd,u < 0.

neN
Then f :=limy, o fn is finite p-a.e., integrable, and

/fdu:nlgrgo/fndu.

Theorem 1.8 (Lebesgue Dominated Convergence Theorem (Bogachev and Smolyanov, 2020))
Suppose that p-integrable functions f, converge a.e. to f. If there exists a u-integrable function
g such that

VneN:|fu|<g p—ae.

then f is integrable and

/fdu =n1grgo/fndu,
lim /\f—fn\du:O.

n—0o0
A measure pon (27, X) is called o-finite, if there exists sequence (X} )nen € X such that X, T 2
and Vn € N : pu(X,) < oo. The following two theorems are useful for the evaluation of integrals
with respect to product measures.
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Theorem 1.9 (Fubini Theorem (Bogachev, 2007))

Let 11 and v be o-finite measures on the spaces (2 ,%X) and (#,2). Suppose that a function
on X x % is integrable wrt to the product measure p @ v. Then, the function y — f(x,y) is
integrable wrt v for p-almost all (a.a.) x, and the function x — f(z,y) is integrable wrt p for
v-a.a. Yy, and the functions

T é/ flx,yv(dy), y+— /X fz,y)u(dr)

are integrable on the corresponding spaces, and one has

| gduen = [ | s@yudomay = [ [ @ ymdau)

Theorem 1.10 (Tonelli Theorem (Bogachev, 2007))
Let f be a nonnegative u®@v-measurable function on £ X% , where u and v are o-finite measures.
Then f € LYZ x ¥, X @Y, u® v) provided that

/@ /gr [z, y)ulde)v(dy) < oo.

Let (27, X) be a measure space, : X — [0,00] a measure and let f be a p-integrable function.
Then a o-additive set function (possibly signed) is obtained by

V(A) = /Afdu. (1.1)

In this situation denote v by f-u and f by dv/du, which is called the Radon-Nikodym derivative
or density of v wrt u (Bogachev and Smolyanov, 2020).

Definition 1.11
For two countably additive measures p and v on (Z,X) we say

(i) v is absolutely continuous wrt (or dominated by) w if for every set X € X, uX = 0 implies
vX = 0. This is denoted by v < p.

(ii) The measures are called mutually singular, if there exists a set X € X such that pX =0
and v(Z \ X) = 0. This is denoted by v L p.

The next theorem provides a fundamental tool for the development of the results in section 4.1.

Theorem 1.12 (Radon-Nikodym Theorem (Bogachev and Smolyanov, 2020))
Take v and v to be finite measures on (2 ,X). The measure v is absolutely continuous with
respect to the measure p precisely when there exists a p-integrable function f such that v is given

by (1.1).

Remark 1.13. Klenke (2020) relaxes the theorem for countable, i.e. o-finite measures.

For the following two definitions let 2" # () be a linear /vector space over the field of real numbers
(Bogachev and Smolyanov, 2020).

Definition 1.14 (Scalar Product)
2 is called Euclidean, if it is equipped with a scalar/inner product, i.e. a function (-,-) :
2 x X — R satisfying the axioms
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(i) Ve € 2 : (x,x) > 0, (x,x) =0 2 =0,
(ii) Va,y € 27 (z,y) = (y, 3),
(iii) Vx,y,z € Z,a,8 € R: (ax + By, z) = a{x,z) + B (y, 2).

Two vectors are called orthogonal x L y < (x,y) = 0.

Examples are (z,y) = >>7_; x;jy; in R", or if f,g € L?*(,6, ), as defined later in Definition
1.39, (f,9) = | f9dp.

Definition 1.15 (Norm)
2 is called normed, if it is equipped with a norm, i.e. a function ||| : 2~ — [0,00) satisfying
the axioms

(i) llz] =0« z =0,
(ii) Vo € Z,a € R: |azx| = | ||z|],

(iii) Vo,y € Z ||z +y| < |lz| + ||ly]|-

For example, any Euclidean space can be normed using ||z|| := v/(z,); a norm on R! is ||.
A system of mutually orthogonal vectors of unit length in a Euclidean space 2 is called an
orthonormal system (ONS).

Definition 1.16 (Metric)
A set X equipped with a function d : 2" x 2~ — [0,00), if

(i) d(z,y) =0z =y,
(ii) Yo,y € & :d(x,y) =d(y,x),

(iii) Vo,y,z € Z :d(z,z) < d(x,y) + d(y, 2).

Metrics represent distances. Any normed spaced can be made a metric space defining d(z,y) :=
||z — y||. A metric essential for the results in section 4 is the total variation distance.

Definition 1.17 (Total Variation Distance (Tsybakov, 2009))
Let (Q,20) be a measurable space, and let Q, P be probability measures (p-measures) on . Define

dry (P, Q) = sup |[P(A) —Q(A)].

If Q < p and P < p for some o-finite measure u, then the Radon-Nikodym Theorem 1.12
implies the existence of the densities p := %€ and ¢ := 49 und the total variation distance can

du dp
be calculated as

drv (P, Q) = sup ‘/A(p - q)du‘ :

The total variation distance fulfils all metric axioms and takes values in [0, 1].

Proof. Definiteness from left to right is obvious, from right to left consider that if the supre-
mum of the absolute value is zero, the measures must coincide on every set. Symmetry is
induced by the absolute value. For the triangle inequality, exploit the definiteness and consider
supAEQl\PlA—PQA\ = SupAegllplA—P:;A—i-PgA—PQA’. [ |
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Lemma 1.18 (Scheffé Lemma (Tsybakov, 2009))
In the setting of definition 1.17, the following equalities hold:

a) 1 b . .
drv(P.Q) Y 5 [1p=aldn© 1~ [min(aP.d@) =1~ [ min(p. q)d

Proof. Remember that both positive and negative part of a function are nonnegative. Since p
and q are p-p-densities we follow:

1:/pdu:/qdu:>0:/(p—q)du:/(p—qﬁdu—/(p—Q)*du
< /(P—Q)+duz /(p—q)_du- (1.2)
Using a similar argument for the absolute function values one follows exploiting (1.2):
[1p=dldu= [ du+ [G-a du=2[(-a" (1.3)
Using (1.2) and (1.3) one follows:
VAeR: PA-QA= /]lApdu - /lAqdu = /ﬂA(p — q)dp
= [tatp- 0 du— [1a =0y dp < [1atp—0) dn < 5 - aldp,
since 14 < 1. Analogously, VA € : QA — PA < %f’p — q|du. Thus
vAed:|PA-QA| < ;/|p—Q|dM:>iléIQ3[|PA—QA| = ;/|p—Q|dﬂ-

For proof of the second part consider the set

A:=Upeg{w € B:pw)>q(w)}.

Then we have

onA:|lp—ql=p—gq, min(p,q) =g,
on A°: |p—gq| =q—p, min(p,q)=p,

thus, exploiting that P and ) are p-measures:
1 1 1 1 1
§/Ip—QIdu = i/ﬂAPdﬂ_i/ﬂAqdﬂ‘F 5/]1Achu—§/ll,4cpdu
—— —
1-PAc 1-QA
=1 —/]lAcpd,u—/]lAqd,u
and with this the second claim. |

Another measure of distance often used in statistics, is the relative information or Kullback
Leibler divergence as defined in Bretagnolle and Huber (1978). It is nonnegative but does not
represent a metric because of its asymmetry. It is defined in the setting of definition 1.17 as

K (P,Q) = / (—m (32)) dP. (1.4)

Remark 1.19. This can be defined using the definition below as

K(P.Q) = Ep <—ln (ZS)) .
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Theorem 1.20 ((First) Pinsker Inequality (Tsybakov, 2009))
Let Q, P be probability measures on the same measurable space (2,20), then

1
drv (P,Q) < /3K (P,Q).
Corollary 1.21

Theorem 1.20 implies that a sequence (Pp)nen of probability measures satisfying
lim, 00 K (Py, P) = 0 converges to P in the total variation distance.

Proof. Exploiting the properties of the total variation distance and the Kullback-Leibler diver-
gence leads to the claim. [ ]

Theorem 1.22 (Bretagnolle-Huber Bound (Bretagnolle and Huber, 1978; Canonne, 2022))
In the setting of Theorem 1.20 we have drv (P, Q) < /1 —exp(—K (P, Q)).

Remark 1.23. Tsybakov (2009) only features a weaker version of this bound.

A metric space is called complete if every Cauchy sequence (Bogachev and Smolyanov, 2020)
converges to a limit in this space. It is called separable if it contains a dense countable subset
(Dudley, 2002).

Definition 1.24
We have seen that a scalar product can induce a norm which can induce a metric, justifying
these definitions.

(a) A Polish space is a complete and separable metric space.
(b) A complete normed space is called a Banach space.

(¢c) A complete Euclidean space is called a Hilbert space.
Metrics can also be used to define concepts of continuity.

Definition 1.25 (Hoélder Continuity)
Let (Z',]|-|l9-) and (#,]]|l5) be normed spaces. A function f : X — % is called Holder
continuous, if there exist constants R € R, « € (0,1] such that

Vs,t € 2 |[f(s) = f(D)lly < Rls =[5 -

In Banach spaces it is possible to extend the notion of the Lebesgue integral. Let (4, ||-||4) be
a Banach space, and let (., S, u) be a measure space. The integral is then defined in analogy
to the Lebesgue integral with one technical difference. Again, a simple function f : . — £ is
defined such that it can be represented as f = Z?Zl bjls,, Vje{l,...,k}:b; € &, S; € 6.

Definition 1.26 (Bochner Integral (Hsing and Eubank, 2015))
The Bochner integral is defined in two steps via the Lebesgue integral.

(i) Let f be a simple function as above. We call f p-integrable, if Vj € J : u(S;) < oo. In
that case

k
/fdM = bju(S)).
j=1
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(ii) A measurable function f is called p-integrable, if there exists a sequence of simple functions
(fn)nen such that the Lebesgue integrals of ||f — fnll4 converge to zero:

T [15 = ullydi =0,

/fdu 1= ggrgo/fndu-

An interesting property is that the Dominated Convergence Theorem (DCT) of #-valued func-
tions can be formulated wrt to a Lebesgue integrable majorant.

In this case we define

Remark 1.27. We will call a function from a measure space into a Banach space integrable, if
the integral [ ||f|| du is finite; if 8 C R™*"™ the integration can be calculated componentwise.

Now, let (2,2, P) be a probability space and let (Z",X) a mb. space and take X : Q@ — 2
to be a (A, X)-measurable map, i.e. X HX) := Uyex{w € 2 : X(w) € X} C 2, then we
call X a random variable, and the law of X is defined as the corresponding image measure
£(X) :=Px := Po X~!. Sometimes the notation P[X € X] := £(X)(X) will be used for some
X € X, especially when only the induced probability space (27, X, £(X)) is of interest.

Theorem 1.28 (Integration under Mappings and with Change of Variables (Bogachev, 2007))
Presented here are a general version and the special case in R™ where p is the n-dimensional
Lebesque-Borel measure A

(i) Let (o, U, ) be a measure space, (#,B) a mb. space, and let f : o/ — P be a (A, B)-mb.
A B-mb. function g on B is integrable wrt the measure o f~1 precisely when the function
go f is integrable wrt p. Additionally, the equality

/gduo /gofdﬂ

holds true.

(ii) Let ¢ C R™ be an open set, and f : 0 — R™ a continuously differentiable mapping and
denote its Jacobian as J¢(x) := det f'(z) = det Df(z). If f is injective on O, then, for
any measurable set O C O and any Borel function g € L*(R™), one has the equality

Lo t@ig@lde= [ g

f(0)

Remark 1.29. When transforming integrals it may be more convenient to denote the sets with
indicators:

/gduo /Mgdwf1)2/(]1339)0fduz/11%90fdu-

Remark 1.30. As is common when dealing with the Lebesgue measure, abbreviate A (dx) =:
dx.

Remark 1.31. Bogachev (2007) states the formula for nonnegative measures, which should be
considered when working with signed measures.

Using a change of measure comes naturally when calculating expectations. For greater clarifi-
cation the corresponding image measure will often be denoted at the bottom of the operator.
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Definition 1.32 (Expectation, Expected Value)
As in the above setting, let (0,24, P) be a probability space and X ~ £(X) a random variable on
this space such that (2", %, £(X)) is the induced probability space. We say the expectation of X
exists, if E|X| < co. In this case the number

EX :=Egx)X :=PX := /QXdIP’: /% idg dL(X)

the expectation or the expected value of X. Note that the last equality can be seen by setting
g in Theorem 1.28 (i) to be the identity operator. If u is a o-finite measure, £(X) < p, and

f= dil(:()’ the Radon-Nikodym Theorem 1.12 implies EX = [, idg fdu. Furthermore, if g is

X-measurable, the expectation of g(X) can be calculated as

Espo9(X) = [ goXdP= [ g(@)2(x)(dr),
if it exists. We denote E(X; A) :=E14X.

The expectation of an indicator is the corresponding probability, since for A € A : Ely =
Een,)1la=0-PA°+1-PA. Apart from the expectation as a ‘measure’ of location, the variance
is introduced as a ‘measure’ of dispersion.

Definition 1.33 (Variance, Covariance)
If X is a R™-valued random variable satisfying E (X, X) < oo the covariance (matriz) is defined

as
VX := Cov (X, X) := E(X - EX)(X —EX) T,

where the expectance of a matriz is taken element-wise by convention following Definition 1.26.
If X and Y are of the same dimension, we write

Cov (X,Y) :=E(X —EX)(Y -EY)'

Similarly to the expectation, the image measure will be denoted when further clarification
is deemed necessary or helpful, e.g. Vgx)X. In the case n = 1 VX = E(X — EX)? =
E (X? 4 (EX)? — 2(EX)X) which, exploiting measurability, can be computed as EX? — (EX)?.

Closely related to this is the bias-variance decomposition; in statistics, a random variable
0 := T o X will be used to estimate a parameter 6 and to evaluate the quality of the estimator
one could use the bias B := Epg( 6—6 (where the expectation is taken wrt the measure Pg(,

formally introduced in and below Theorem 1.44) and the mean squared error (MSE) (wrt P%)

MSE (6,0) := Ex éfe‘QzE ) 6% — 20E e§+92i(E99)2:Veé+(Bé)Q.
, i i Y, P9 PY,

A distribution required for section 4 is the multivariate Gaussian or normal distribution.

Lemma 1.34 (Finite Dimensional Gaussian Distribution (Bogachev, 2015))

LetR? > t s Eexp(i (X, t)) denote the Fourier transform. A measure v on RY is called Gaussian
if its Fourier transform has the form exp (z (t,u) — % (Ct, t}) where 11 € R and C € R4 with
nonnegative entries. The measure has a Lebesque-Borel density iff C is reqular and symmetric.
In this case the density is

1 1, .
meexp (—2<C 1(x—u),x—u>).

In this case we write X ~~v =: Ny(p, C) and we have EX = p and VX = C.
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An infinite dimensional example of a Gaussian distribution is the Wiener process.

Definition 1.35 (Wiener Measure, Wiener Process (Bogachev, 2015; Henze, 2024))
Let € = €[0,1] denote the space of continuous real-valued functions on [0,1]. The image
measure W on (€,B (%)) of a stochastic process W : € — €,z +— x is called a Wiener measure

if

(ii) If W (t) denotes the projection w7 o W we have ¥t € (0,1] : W (t) ~ N (0,t) given W.

(iii) For k > 0 and each choice of to,...,tx € [0,1] : 0 < tg < -+ <t < 1 the increments
W(t1) — W(to),...,W(ty) — W(tx—1) are independent (Definition 1.41) wrt W.

The Fisher information formalises how much the likelihood changes given some data wrt small
changes in the parameter value; intuitively this hints at how well this parameter may be esti-
mated.

Definition 1.36 (Fisher Information)

For each 0 in the parameter space © let (2, X,P?) be a probability space, with the image measure
P? < p for some random variable wrt some o-finite measure p. Moreover let the Radon-
Nikodym derivative f(-|0) := dP?/du be the corresponding (probability-)density. Then the Fisher
information of 0 is defined as Z(0) := Vpe Vg In f(-]0).

A useful, although sometimes imprecise, tool to bound probabilities is the Chebyshev inequality
(compare Bogachev (2007)).

Theorem 1.37 (Chebyshev inequality)
We present a general version and a special case more common in statistics.

(a) Let (<, 6, 1) be a measure space and take f : % — T to be a p-integrable function. Then
1
VR > 03 p(lf] 2 R) = pl{s €7 1£(s)| = By < - [ 11]du

(b) Let (2,20, P) be a probability space and X : Q — 2~ a random variable satisfying
EX? < oco. Then
1
Ve > 0:P(X —EX| > ¢) < 5VX.

Proof.  (a) Since the inequality R-1 (e 5. ¢(s)>r} < |f(8)| holds pointwise on .# the proposition
follows from the monotonicity and the linearity of measure integrals.

(b) Setting u =P, f = (X —EX)?, R = 2 leads to the claim.

Corollary 1.38
In the setting of Theorem 1.37: [|f|du=0= f =0 p—a.e..

Proof. ¥e > 0:0< p(|f| >¢) <2 [
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Definition 1.39 (L” Spaces)
For any measure space (.7, &, ) and constant p € (0,00), let LP := LP(, S, 1) be the equiva-
lence class of measurable functions f : . — R satisfying

»\1/p P r
£l = (el )7 = ([ 177 dn) < o,
We also abbreviate this by LP(.7) or LP(u) when the rest is clear from the context.

At this point, it should be noted that HHp only represents a norm on LP because on LP the
definiteness does not hold as suggested by Corollary 1.38 (compare Hsing and Eubank (2015)).
Another norm used in later sections is the supremum or uniform norm as defined in Bogachev
and Smolyanov (2020) where Z(Q) is the set of bounded real functions on Q # (:

[flloo = () = [0,00],  f = sup{[f(t)] : t € 2}.

The space LP(.,S, ) is a Banach space, and for p = 2 it is a Hilbert space, if one sets
(f,9) == [ fgdp (Chung and Williams, 1990).

Lemma 1.40 (Jensen-Hélder Inequality (Kallenberg, 2021))
For any integrable vector X with values in R? and convex function f : R® — R, we have
Ef(X)> f(EX).

Another important concept, especially in the Bayesian context, is that of stochastic independence
and will now be formalised as in (Klenke, 2020) or (Kallenberg, 2021):

Definition 1.41 (Stochastic Independence)
Let I be an index set, and let (2, A, P) be a probability space, and for each i € I assume
X () = (25, %), and h; : (25, %) — (F4,9i) to be measurable mappings.

(a) Ewvents (A;)icr are called independent (wrt P)

.....

(b) Families of events, e.g. o-algebras, (§;)ier are called independent if for any choice of
A; € F; the (Aj)ier are independent.

(¢) Random wvariables (X;)icr are called independent if the generated o-fields (o(X;))ier are
independent.

Pairwise independence, for instance between two random variables XY, will be denoted as
X1Y.

Lemma 1.42
In the setting of Definition 1.41 (h(X;))icr are independent random variables.

Proof.

O’(h,’ o Xl) = Ungg{w €Q:h;o Xl(w) S H} = Uygﬁ(hi o Xl)il(/H)
= UnesX; (b ' (H)) C Urex X, 1 (X) = o(X3)
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1.2 Conditioning, Bayesian Statistics

In Bayesian statistics the task is to update some prior information or assumption on a random
variable, in particular the parameter of interest, given some data sample. The following lemma
motivates that this can be done iteratively, i.e. the probability of an event A of interest can be
calculated in one go or sequentially as data, e.g. B = {X; = x1}, C = {X3 = 22}, is available
one at a time.

Lemma 1.43 (Iterative Conditioning for Events)

In the most basic setting let (Q,A,P) be a probability space and let A,B,C € A be events

satisfying PB > 0 and P[BN C] > 0. The conditional probability of A given B is defined as:
AN B]j

P
B A . —
P~ A :=P[A|B] := PE

Then it follows that PB is a probability measure on (2,2) and P[A|B N C] = PB[A|C].
Proof. PP inherits the countable additivity from P given pairwise disjoint sets A4, € A :

w1 A, € A, exploiting the distributivity of intersections and unions, and the fact that the
(A, N B) remain pairwise disjoint:

o Plw> (A, N B < P(A,NB = P(A4,NB >
PPl A, = TR OB DEAPUNNE) P 0B) _ gy
n=1 n=1

Furthermore PB() = 0 and PPQ = M%;B} = 1. By definition it follows that

_PB[ANC]  (PIANBNC]\ ,(P[BNC]\ PAN(BNCO)]
v - 2ig0- (U580 (2250

PBC PB PB P[BNC]

The following theorem defines what a conditional expectation is.

Theorem 1.44 (Conditional Expectation, Kolmogorov (Kallenberg, 2021))
Let (2,2, P) be a probability space. For any o-field B C U, there exists an almost surely (a.s.)
unique linear operator E® : L1 (Q, A, P) — L'(Q,B,P), such that

(i) VB e B :E1gE®*X =ElgX, X €Ll

These operators have further properties whenever the corresponding expressions exist for the
absolute values:

(i) X >0=E®X >0 a.s. (positivity),
(iii) E ‘E%X’ < E|X]| (contractivity),
(iv) 0< X,, + X = E®X, 1 E®X, a.s. (monotone convergence),
(v) if X is B-mb., then EPXY = XE®Y a.s. (pull out),
(vi) E(XE?Y) = E (YE®X) = E (E®Y) (E®X) (self-adjointness),
(vii) € C B = E*E®X = E®X a.s. (tower).

In particular E®X = X a.s. iff X is B-measurable, and X 1. B = EPX =EX.

Let us introduce the following notation:
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o E(X|®B):=E®X,

e EYX :=E(X[|Y) :=E(X|o(Y)),
e PBA:=P(A|B):=EP1,,

o PLXY =PoX1[X]Y], X €X.

Ezxample 1.45. The conditional expectation defined by property (i) smoothes the random variable
X over B. This phenomenon is exploited by the Rao-Blackwell Theorem. It can be illustrated
as follows: Assume B = {0, B, B°,Q}, B € 2. Then take all sets from this o-field. For Q we
have EE® X = EX. On the other hand we have

EX = ElpX + Elp.X = E13E® X + E1gE* X = E(1E* X + 15.E*X),
and in summary we can see that

EZX = cilg +colge P —a.s.,

where ¢; = %, co = E%%‘;X. And if X =14 we get E2X =PPA = (PBA)1p + (PB°A)lpe,

which is consistent with lemma 1.43.

Remark 1.46. Lemma 1.43 can only be applied after the data is collected, e.g. B = {w € Q :
X1(w) = 71}, as the Doob-Dynkin factorisation lemma (Taraldsen, 2018; Henze, 2024) (E¥ X
has a version such that it can be written as ¢ oY where ¢ is mb.) implies that if X; 1 Xo:

E(E(0]X1)[X2) = Ep(X1) = const. # E(0]X1, X2) = (X1, Xa),

in general.

Definition 1.47 (Kernel, Regular Conditional Distribution (Kallenberg, 2021))
Let (Z°,X) and (#,9) be two measurable spaces. A (transition) kernel is a function rk : 2 X
) — [0, 00] such that

(a) VY €9 : k() is X-mb., and
(b) Vo € Z : k(z,-) is a measure on Q).

IfVe € " k(x, %) =1, it is called a probability kernel. Let (Q,A,P) be a probability space. A
(regular) conditional distribution is a probability kernel k = £(X|B) : Q@ — X, such that

YweQ: VX € X: k(w,X)=P(X € XIB)(w), a.s.
More specifically, if X is a random variable in (2 ,X) and Y a random variable in (%,9)):

VY € k(X,Y) =P[Y € V|X] a.s.

Theorem 1.48 (Conditional Distributions, Disintegration (Kallenberg, 2021))
Let X, Y be random elements in 2, %, where % is Borel. Then £(X,Y) = £(X) ® u for a
probability kernel p: & — % that is unique £(X)-a.e. and satisfies

(i) &(X|Y) =u(X,), a.s.,

(i) E(F(X,Y)|X) = [ F(X.9) p(X,dy) as.,f>0.

Kallenberg (2021) also states that (ii) can be extended to suitable real-valued functions f.
The notion of independence in Definition 1.41 can naturally be extended to the conditional
setting introduced in Theorem 1.44.
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Definition 1.49 (Conditional Independence (Schervish, 1995; Kallenberg, 2021))
o-fields (A;)ier are called conditionally independent given a o-field B iff

V(i1 eenyin) €E1" 1ip <o <y : P% [mke{l,...,n}Ak] = H P%Ak, Aj € D/
ke{l,...,n}

Let this notion be extended to events and random wvariables. In that sense, in analogy to the
unconditional case, we write X Ll Y if X and Y are conditionally independent given B.

Theorem 1.50 (Conditional Independence, Doob (Kallenberg, 2021))
Let §,&, 9 be o-fields and let §V & := o(F,8). Then

5 _Iqjs_ H < PSVe = PO 4. on .

Proof. We will give the proof from left to right. For the other direction compare Kallenberg
(2021) or apply a monotone class argument or use algebraic induction.

“&”: Take arbitrary but fixed sets F' € §, H € $), then (using the defining property, tower
property, measurability and pull-out property, as well as the assumption)

P®(FNH) = E®1pny
,pgw Equg\/qj]lFmH

O RO ESVO1
ASS

= E®1E®1 4
= (PO F) (PO H).

Bayesian Statistics Castillo (2014) writes “ Why Bayesian estimators? Often, priors have
a natural probabilistic interpretation and insights from the construction of various stochastic
processes in probability theory can be helpful. Additional smoothing parameters may themselves
get a prior, thus leading to natural constructions of priors via hierarchies. ... There are other
attractive aspects of the Bayesian approach, for instance the fact that there are natural priors
corresponding to exchangeable data, as developed among others by the Italian school after de
Finetti.” “Bayesian methods are a prominent tool in statistics, machine learning, and practical
applications” such as medical imaging, astro-statistics, genomics, etc. (Castillo, 2024).

The introduction of conditioning is crucial for a theoretical understanding of Bayesian statis-
tics. The field is named after Thomas Bayes (1701-1761) whose notes were published posthu-
mously by Richard Price. A simplified version of their statement can be formulated for events
as in the setting of lemma 1.43 and PA > 0 as

i.e. in essence an inversion of conditions.

Proof.
P(ANB
pi 4 oo P(ANB) _ HGEPPA

PB PB
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Notable early contributions to the subject were also made by Pierre-Simon Laplace (1749—
1827) as we will see in section 2.2. In Bayesian statistics the parameter space (0, ) is equipped
with a prior (probability) measure II and the distribution of the data X given the parameter
0 € O is defined by the kernel IP)?X (note that the X will often be suppressed in notation) such
that V0 € © : VX € X : P& (X) = k(0, X), when (2", X,P%) is the probability space induced by
X|6. In other words (X, 0) are defined as random variables on the product space (2" x©0,X®%)
such that

P(X €X,0€T)= / 1-(0)(0, X)TI(d6).

A common notation for this is 6 ~ I, X|0 ~ IP)_QX. As suggested by Ghosal and van der Vaart
(2017) we will from now on assume O to be the Borel subset of a Polish space. For a dominated
collection of measures, a version of the posterior is then given by Bayes formula as found in
Ghosal and van der Vaart (2017) and Castillo (2024) (also compare Durrett (2019) on regular
conditional probabilities):

X |0)T1(d6) dP§
VTGT:HXT:HTXZITP( . p(-e) == =X, 1.5
(M) =1(TIX) = T "0 = G (1.5)
For a dominated prior and 7 := ‘fl—g one has the handy proportionality rule for the posterior
density (Schervish, 1995; Shao, 2003; Robert, 2007)
(| X =) p(zt)m(t)
tlx) = t) = t)m(t 1.
) = G =) = b gy < Pl (1.6)

where the equation defines a version of the posterior’s Radon-Nikodym derivative.

Theorem 1.51 (Bayes Theorem (Schervish, 1995))

Suppose that X was drawn from the experiment (2 ,X,{P% : 0 € ©}) with P% < p for all

0 € O such that X has the conditional density p(-|6) := ®%  Then I(-|X) < II a.s. wrt the

dp
marginal of X and the Radon-Nikodym derivative is

TSI
dIl Jo p(x|t)II(dt)

for those x such that the denominator is neither zero nor infinite. The prior predictive probability
of the set of x values such that the denominator is zero or infinite is zero, hence the posterior
can be defined arbitrarily for such x.

Schervish (1995) writes “A major use of statistical inference is its application to decision
making under uncertainty. When the costs and/or benefits of our actions depend on quantities
we will not know until after we make our decisions, we need to be able to weigh the costs against
the uncertainties intelligently.” And Le Cam and Lo Yang (2000) begin their book with an
introduction to statistical decision theory in the sense of Abraham Wald: A statistician may
observe sample data x from a process governed by the parameter which is not observed, but a
decision of the set D is to be made. Thus, the need of a cost function L : © x D — (—o0, +0]
and a randomised decision §(X) are summarised by means of a risk function. Decisions are then
made by imposing a paradigm, among which Bol (2002) lists Wald’s minimax rule (pessimistic),
Hurwicz’s, minimin rule (optimistic), and the Bayes rule of averaging with respect to a prior. In
Bayesian statistics one may be content with the posterior distribution quantifying all stochastic
information given the data. If the goal is to derive a point estimate one tries to minimise the
Bayes risk. Often the decision is to estimate a parameter such that we write 6(X) = 0.



Jonathan Kunick 1 BASICS AND NOTATION 15

Definition 1.52 (Bayes Risk (Schervish, 1995))
The Bayesian risk associated with the model introduced above and the loss function L is

//L (80 X (w), £)5(6, dw)T1(df) = EqES L(5 0 X, 0).

Typical loss functions may be derived from metrics such as
Ly(8,0) := (5 — 0)?,
Lc(5,9) = 0(5 — 9)]1{529} + (1 — C)(9 — 5)]1{5<9}, cE (0, 1).

Lemma 1.53 (Bayes Decisions (Schervish, 1995))
The Bayes decision on a point estimate for the loss in (1.7) is the posterior mean. For the loss
in (1.8) the optimal decision is the (1 — c)-posterior quantile.

Proof. To prove the first part of lemma 1.53 we restrict ourselves to a dominated experiment.
The risk function then becomes

[ [ @) = 0rpalo)utdnm@wian) = [ [6w) - 0)p(al6)r(0)v(d8)u(da)
= [ 6@~ 07x(le)v(d)g(a)u(d)

- /EH (6(x) — 0)*|X = z) g(x)p(dz),

where the second equation holds thanks to Tonelli, and for the third we have set g(x) :=
[ p(x|0)m(0)r(df) as in (1.6) (also compare disintegration of the joint measure in Le Cam and
Lo Yang (2000), Chapter 8.3). This means that we want to choose §(z) such that it minimises the
posterior variance for the observation X = z, which is achieved by the posterior mean 6(X) =
Eﬁ 0 as long as Eﬂ( 62 < oo according to the Hilbert space projection argument in Kallenberg
(2021). For proof of the second part we refer to Schervish (1995) or Robert (2007). [ |

The posterior can also be used to construct credible regions or the predictive distribution.

An o-(posterior) credible region is a random set C' = C,, such that in the situation above
I(CX () = « (Schervish, 1995; Robert, 2007). Since there are many such regions, one must
choose a set according to some heuristic or decision theoretic foundation. One popular choice are
highest posterior density (HPD) regions. If the set is an interval it is called a credible interval,
for instance for a unimodal density in R' one may choose (1 — «)/2 and (1 + «)/2-quantiles.
Decision theoretic set estimation is introduced in Schervish (1995) or Robert (2007), for instance.

Bayes procedures require the choice of a prior and, as we will later see (compare Le Cam
and Lo Yang (2000) “Bayes procedures behave miserably”) the choice of prior can influence con-
sistency, and because of this, definition 4.1 considers consistency in a prior-a.s.-sense. Common
methods to construct a prior are the use of information available before data collection, conju-
gate priors, which given a certain shape of the likelihood produce posteriors of the same family,
or Jeffreys prior which is chosen to be proportional to the square root of the Fisher information.
Further constructions and examples of priors can be found in Ferguson (1974); Delaigle and Hall
(2010); Phadia (2016); Ghosal and van der Vaart (2017); Castillo (2024), etc.

We will briefly introduce the concept of exchangeability that has been mentioned by Castillo
(2014).

Definition 1.54 (Exchangeability (Schervish, 1995))

A finite set X1,..., X, of random quantities is said to be exchangeable if every permutation
of (X1,...,X,) has the same joint distribution. An infinite collection is exchangeable if every
finite subcollection is exchangeable.
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Theorem 1.55 (De Finetti's Representation Theorem (Schervish, 1995))

Let (27, X, p) be a probability space, and let (%,2)) be a Borel space. For eachn € N, let Y, :
2 — X be (X,9)-mb.. The sequence (Yy,)22, is exchangeable if and only if there is a random
probability measure P on (#,9)) such that, conditional on P = P, (Y,,)72, are independent and
identically distributed (iid) with distribution P. Furthermore, if the sequence is exchangeable,

then the distribution of P is unique, and P,Y converges to PY almost surely for each Y € ).

1.3 Asymptotic Statistics

Aad van der Vaart (1998) writes: “ Why asymptotic statistics? The use of asymptotic approxi-
mations is two-fold. First, they enable us to find approximate tests and confidence regions.
Second, approzimations can be used theoretically to study the quality (efficiency) of statistical
procedures.” This paragraph firstly establishes the concepts of different forms of convergence on
probability spaces and introduces their notation, then the most relevant asymptotic results will
be stated.

Definitions 1.56, 1.58, and 1.59 are based on the assumption that X, X7, Xo,... are random
variables defined on the common probability space (€2, 2, P).

Definition 1.56 (Almost Sure Convergence)
The sequence (X, )nen converges P-a.s. to X iff

P Hw €eQ: nh—%oX”(w) = X(w)H =1,

. . o . . P as.
in other words, the convergence is pointwise P-a.e.. In this case we write X,, —" X.

Lemma 1.57 (Convergence of Products with Degenerated Limits)

Let (2,2, P) be a probability space and let (X, )nen, (Yn)nen, X, Y be real-valued random variables
on this space. The convergence of X, Fas xtoa degenerated random variable X with PoX ! =
0z will be denoted as X, Pi}s' x. Now let X, Pi}s' xz and Y, Piﬁ' y. Then it follows that

XY, P ags. xy. This type of convergence translates to any number of factors by induction.

Proof. By definition of almost sure convergence:

X, s e PlweQ: X,(w) = X(w)}] =1
S JA eA:PA =1AVwE A :Ver >0:3n €NV >ng: | Xp(w) — x| <er.

Similarly:
JAy e A:PAy=1AVw € Az : Ve >0:3ng e N:Vn > ng : |[Yo(w) —y| < ea.

Since A1 C A1UAj3, the monotonicity of P implies PA; =1 <P(A;UA2) < 1, hence P(4;UAy) =
1. It follows that P(A; N Ag) = P(A1) +P(A2) —P(A1 UAs) = 1, i.e. inductively the intersection
of any number of sets with probability one has probability one.

The following argument holds pointwise Yw € A; N Ay and Vn > max{ni,ns} =: m.

e182 > | Xp(w) — 2| - [V (w) — y|
= | Xn(W)Yn(w) — 2y — y(Xn(w) —z) — 2(Yn(w) — y)
> [ Xp(w)Ya(w) — 2y = [y [Xn(w) — 2] — [2| [Ya(w) — ]
> [ Xp (W)Yo (w) —zy| — lyler — [zez

= | Xp(w)Yo(w) — 2y| < e182 + |yler + |z]ea =: &
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For the second inequality compare |a| = |[a —b+b| < |a —b| + |b| & |a — b > |a| — |b], for

any a,b € R. Since ¢ is deterministic and can take any value in (0,00), X, Y, Fas. xy can be
concluded. |

Definition 1.58 (Convergence in Probability / Stochastically)
The sequence (Xp)nen converges in probability to X iff

Ve >0: nh_)ngoP[{w €N | Xp(w) =X(w)|| >e}] =0.
In this case we write X, Pox.

For a real-valued random variable X, let Fx(t) := £(X)((—o0,t]) declare the cumulative distri-
bution function (cdf). This function is monotonous and right-continuous with finite left limits
(cadlag) with left limit 0 and right limit 1.

Definition 1.59 (Convergence in Distribution)
The sequence (X )nen converges in distribution to X iff lim, o Fx, (z) = Fx(x) for every z
in the set of continuity points of Fx. In this case we write X, ~~» X.

The following theorem is often used to examine almost sure convergence of arithmetic means;
the proof is omitted here but can be found in (Kallenberg, 2021).

Theorem 1.60 (Strong Law(s) of Large Numbers (SLLN) of Kolmogorov, Marcinkiewicz & Zyg-
mund)
Let X, X1,Xs,... be iid random wvariables on (Q,2A,P), put S, = > okefl,..n} Xks and fix a

p € (0,2). Then n~YPS, converges a.s. iff these conditions hold, depending on the value of p:
o forpe(0,1]: X € LP
o forpe(1,2): X € LP? and EX = 0.

The limit equals EX when p =1 is chosen and is O otherwise.

In particular, this version of the SLLN states that if random variables are iid and integrable,
the arithmetic mean converges almost surely to the expectation. There are other versions of
SLLNs, among them one needed for section4.1; the proof uses the Borel-Cantelli lemma and can
be found in Schervish (1995).

Theorem 1.61 (SLLN for Bounded Conditionally independent and identically distributed (ciid) Ran-
dom Variables (Schervish, 1995))

Let (Xp)nen be a sequence of bounded random variables and let 6 be a random variable such that
the X,, are iid conditional on o(0) with B®X,, = m(#). Then Y, :==n"! > 7—1 Xj converges a.s.
to m(6).

Finally, two theorems dealing with mappings of convergent random elements are presented.

Theorem 1.62 (Continuous Mapping Theorem (CMT) (van der Vaart, 1998))
Let g : RF — R™ be continuous at every point in X such that £(X)(X) = 1. Then

(i) Xp~ X = g(Xn) ~ g(X),

(i) X, 5 X = g(X,) 5 g(X),
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(iii) X, & X = g(X,) & g(X).

Theorem 1.63 (Slutsky Theorem (van der Vaart, 1998))

Let (X3)nen, (Yn)nen and (Zy)nen be sequences of real-valued random variables, and X,Y,Z
random variables, all defined on the same probability space (0,4, P). Further let Y and Z be
degenerated, in the sense that Py = 6,,Pz = 0, for some y,z € R. Moreover let

then it follows that
Yo Xn+Z, ~YX + Z. (1.9)

Asymptotic equality of sequences will be denoted as (Tsybakov, 2009)

ap <b, & 0< limian—n < limsupa—n < 0. (1.10)

n—00 Op n—oo  bp

Definition 1.64 (Stochastic Order (van der Vaart, 1998))
The following symbols are often used for a more concise notation. Let (Xp)nen, (Yn)nen, and
(Rp)nen be sequences of random variables on the common probability space (€2, A.P).

(a) Xp =op(1) 1 X, 50, n— oo
(b) X, = op(Ry) & X = RyYy, Vi = op(1)
(c) X

) X

d

n=0p(1):&Ve>0:IM € (0,00) : Ing EN:Vn >ng : P(|X,| > M) <e¢

n = Op(Rn) i X = RpYy, Y, = Op(1)

Ezample 1.65. Let X1,... be an iid sequence of real-valued random variables on (2,2, P) sat-

isfying X1 € £2. Define the sequence of arithmetic means X,, := % 71 Xj. Then, since
LIN, ID

EX, = EX; < oo and VX id YXy  Theorem 1.37 implies ‘)_(n —IEXl‘ = op(1). This is

n

called the weak law of large numbers (WLLN).

Theorem 1.66 (Lindeberg-Lévy Central Limit Theorem (CLT) (Henze, 2024))
Let X1,Xs,... be iid random variables satisfying EX? < oo and VX1 > 0. Take (Sp)nen to be

the sequence of partial sums Sy, := Z}Ll Xj. Then the standardised version of S,, converges in
distribution to a standard normal random variable:
Sn —ES,
——— ~ N(0,1).
V5 (0,1)

Other CLTs are versions of de Moivre-Laplace, Lindeberg-Feller, or Lyapunov.

1.4 Asymptotic Bayesian Statistics

The focus of Bayesian statistical analysis is centred on the posterior distribution, which in the
dominated setting is given by the Bayes formula. Asymptotic Bayesian Statistics studies the
asymptotic behaviour of the posterior, such as lower and upper bounds of the contraction rates
and limiting shapes (Castillo, 2014). For the asymptotic behaviour we will follow the approach
of Ghosal and van der Vaart (2017) who interpret their approach: The framework for such a
study is frequentist. It assumes the data are generated according to some “true” distribution,
and the question is whether and how the posterior distribution can recover this data-generating
mechanism.
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Let us now introduce the concept of consistency. For this purpose X(,,) denotes an observation
in the sample space (2", ().

Definition 1.67 (Posterior Consistency (Ghosal and van der Vaart, 2017))

The Posterior distribution I1,,(-| X)) is said to be weakly consistent at 0y € © if IL,(U| X (,y) —
0 in (IP’GO)(") -probability, as n — oo, for every neighbourhood U of 6y. It is said to be strongly
consistent if the convergence is in the almost sure sense.

Definition 1.68 (Kullback-Leibler Property (Ghosal and van der Vaart, 2017))
A density po is said to possess the Kullback-Leibler property relative to a prior II or belong to the
Kullback-Leibler support of I if II(p : KC (po, p) < €) > 0 for every € > 0. We write py € KL(II).

Definition 1.69 (Contraction Rate (Castillo, 2024))
Let (©,d) be a metric parameter space. We say a sequence €, (often tending to zero as n
diverges) is a contraction rate around 0y for the posterior I x -|X) if

/H(d(e,eo) > £ X)dP% = o(1).

Theorem 1.70 (Schwartz (Ghosal and van der Vaart, 2017))
If po € KL(IT) and for every meighbourhood U of po there exist tests ¢y such that Pj¢, — 0
and suppeye P*(1 — ¢,) — 0, then the posterior distribution I, (:|X1,...,X,) in the model

X1,..., Xnlp @p and p ~ 11 is consistent at pg.

Remark 1.71. In essence this means that the prior assigns positive probability to a relevant
neighbourhood of py = p(-|fy) and we can find tests to separate the true parameter from those
that are far enough from it with error probabilities that converge to zero.

A consistency result for parametric models is given by the following theorem.

Theorem 1.72 (Doob'’s Consistency Theorem (van der Vaart, 1998))

Suppose that the sample space (Z°,X) to be a subset of an Euclidean space equipped with the
corresponding Borel o-field. Suppose that the conditional distributions are identifiable in the
sense 01 # 0y = P9 £ P%. Then for every prior measure I1 on (©,T) the sequence of posterior
measures s consistent I1-a.s.

A key concept of asymptotic Bayesian statistics are Laplace-Bernstein-von Mises (BvM)-type
theorems (compare Le Cam (1986a); Castillo (2014)) and will be discussed in section2.2.

1.5 Results from Multivariate Analysis

Judith Rousseau (2016) states local asymptotic normality (LAN) as one of three sufficient con-
ditions for the derivation of BvM-type theorems. As Aad van der Vaart (1998) describes, a
sequence of statistical models indexed by an open parameter space in R? is defined to be lo-
cally asymptotically normal, if the log-likelihood ratios allow a certain quadratic expansion. In
the multivariate parametric setting of section 4.1 this expansion is realised using the following
version of the Taylor formula (compare Cartan (1971)). For this purpose, take & C R? to
be an open set and f : & — RP be a mapping, then C"(&,RP), n € Ny describes the set of
n-times continuously differentiable mappings from & to RP. To understand the formula let us
remark that Duistermaat and Kolk (2004) define h() := (0, .. .,0,h;,0,...,0) € xk_R% and
(h,.. ) = Y5, AU
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Theorem 1.73 (Taylor Formula (Duistermaat and Kolk, 2004))

Assume 0 C R? to be an open and convex set and let f € CFT1(0,RP), k € Ng. Then we have,
for all a and a + h in O, the following version of the Taylor formula with the integral formula
for the k-th remainder Ry(a,h):

k

L i+ £ (- a
flath) =2 5 S )+ 31 (1= 0F DR s ) (e,

where DI f(a)(h?) means DI f(a)(h,...,h), i.e. the product of the j-th derivative of f at point
a times h7. Moreover
|Ri(a, )| = O (IR, h—o0.

Let it be remarked that it can be useful to think of h as the difference z — a. The first derivative
of a vector-valued function will often be denoted as the gradient: V-:= (D-)'

Another concept used in section 4.1 is the square root of a (n x n)-matrix. If .#,, denotes the
set of square (n x n)-matrices, a matrix B € .#, is called the square root of A € ., iff B> = A.

Theorem 1.74 (Existence of Matrix Square Roots (Horn and Johnson, 2012))
Let A € M, be Hermitian — i.e. self-adjoint such that A = AT — and positive semidefinite, let
r:= rankA, and let k € {2,3,...}.

(i) There is a unique Hermitian positive semidefinite matriz B such that B¥ = A.

(ii) There is a polynomial p with real coefficients such that B = p(A). Consequently, B com-
mutes with any matriz that commutes with A.

(iii) rangeA = rangeB, so rankA = rankB.

(iv) B is real if A is real.

Ezample 1.75. Any diagonisable matrix A = VAV~ has the square root VAY2V 1 where A!/2
is the diagonal matrix of the square roots of the eigenvalues of A.
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2 Motivation and Overview of Previous Findings

2.1 Group Testing
2.1.1 Logistic and Binary Regression

Generally, in regression models, the goal is to determine the influence of a (possibly multivariate)
covariate (also called regressor, predictor or explanatory variable) to a response (regressand or
target) variable. Logistic regression stems from the application of ideas of linear regression
to classification problems. For instance, Hastie, Tibshirani, and Friedman (2009) present the
classification problem where the random group indicator G can take values k € {0,..., K — 1},
and the probability that G was drawn from class k conditional on the realisation of the data
{X = X} is modelled as
P(G = k| X =X) = H(Xbk)

where X represents the data matrix, including a column of ones, and £ € R4t are the regres-
sion coefficients to be estimated, for instance by a maximum likelihood procedure, which often
requires numeric optimisation. H is a cdf, for instance the logit or probit link.

Definition 2.1 (Logit and Probit Link Function)
(Hastie et al., 2009; Ghosal and van der Vaart, 2017)

(i) The logit cdf is defined as H(t) := (1 + exp(—t))~!,

(ii) and the probit link as H(t) := [1(_oy (y)(2m) Y% exp(—y?/2)dy.

A special case of this problem arises when K = 2 and is called binary regression. For instance
one might model conditionally on p

Y|X ~ Ber(p(X))

where p can be interpreted as some kind of risk function of the covariate X for the outcome Y,
e.g. the risk of heart disease given the number of cigarettes smoked and their age.

Choudhuri, Ghosal, and Roy (2004) apply a nonparametric approach to model the ‘response
probability function’
p(x) =P =1|X =x) =: Ho{(x) (2.1)

in a Bayesian setting using a Gaussian process prior. Regarding the link function they write:
“A completely nonparametric estimate may be obtained by keeping the link function fired, but
modelling & as an arbitrary function. This kind of flexible shape modelling can produce any
useful shape, especially for spatial data. ...In contrast, the approach of varying H and keeping
the form of & fixed can produce only specifically shaped equal probability contours.” They go on
and present a Markov Chain Monte Carlo (MCMC) algorithm including a model with priors on
the hyperparameters of the Gaussian process and discuss ‘robustification’ as well as a simulation
study.

In the context of binary regression, group testing can be seen as a statistical problem for
which the pairs (X, Y;) are pooled and not all Y} can be observed. This specific design will now
be introduced.

2.1.2 Group Testing

The group testing design was originally introduced by Dorfman (1943) in order to detect syphilis
before army enlistment during World War IT more cost efficiently. Dorfman argues that, for safety
reasons, a complete elimination of defective units is desired. The process of testing involves
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drawing blood from candidates and subjecting it to laboratory analysis to reveal the presence
of antigen as an indicator of infection. Since laboratory analysis is costly, Dorfman suggests
pooling the blood samples whilst retaining part of the original sample. Suppose n € N samples
are pooled. Since the response variable is binary, a negative test — assuming dilution, etc. not
having a relevant effect — suggests that none of the samples contained antigen. However, if the
test was positive, the retained samples are analysed again individually. If p € (0,1) denotes the
prevalence, the number of tests needed is T}, ~ (1 —p)™d1 + (1 — (1 — p)™)dn+1 and the expected
number of tests necessary is
ET,=(n+1)—n(l—p)"

This design only makes sense, if there is a cost reduction on average, i.e. ET, < n < p <
1 —n~'/" This function takes its maximum of about 31% at n = 3, and therefore the design
should only be applied if the prevalence is lower than this percentage, and if it is more practical
to test pooled samples. Dorfman then calculates the relative testing cost as the ratio of the
expected number of tests in the group design to that of the individual technique, i.e.

_ET, n+1

= = —(1-p)"
C - o —(1-p)

and the percentage saving attainable is one minus C),. Table 2.1.2 gives an overview on optimal
group sizes and attainable savings in percent given a certain prevalence in the population.

Further applications include SARS-CoV-2 / COVID-19 PCR-pool tests (Martin et al., 2021),
detection of chlamydia, hepatitis (McMahan et al., 2012), water pollution (Matsushima et al.,
2024; Bryan and Gershman, 1975), and many more, where the design explained above is rea-
sonable.

Delaigle and Meister (2011) investigate a group testing regression problem for a model very
similar to that of section 3, in particular the goal is to estimate p(z) as in (2.1) for x € R. They
assume their data (Xj;,Y;;) to beiid for j € {1,...,J},i € {1,...,n;} and presume that, after
pooling, only the maximum value Y;* := max{Y7j,...,Yn,;} is observed alongside the covariates.
Derivation of the conditional expectation EP[Y| X1, ..., Xp ;] is analogous to that in section 3.
They then derive the relationship

q
p(z) =1——g(z),
Hz
and propose an unbiased estimator for u7,, a maximum likelihood estimator (MLE) based on
the independent, but non-identically distributed variables 1 — Y, as well as a local polynomial

regression estimator (LPE) of degree [ for g.

Table 1: Overview of efficiency increase by pooling relative to prevalence. Compare Dorfman
(1943)
’ Prevalence Rate \ Optimal Group Size \ Relative Cost \ Attainable Savings ‘

0.0001 101 0.0200 0.9800
0.0010 32 0.0628 0.9372
0.0050 15 0.1391 0.8609
0.0100 11 0.1956 0.8044
0.0500 5 0.4262 0.5738
0.1000 4 0.5939 0.4061
0.1500 3 0.7192 0.2808
0.2000 3 0.8213 0.1787
0.2500 3 0.9115 0.0885
0.3000 3 0.9903 0.0097
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LPEs can be found in Fan and Gijbels (2018) and utilise the height Bo of an estimator derived
as

. -1
f=(X"WX) X'wy (2.2)
for the local function value of g(z) (in general g(z) = E(Y|X = x)), where

1 (Xi—2) ... (X1—2) viy o (B
1 (Xp—2) ... (X,—u) Y, Bi

for the covariate data matrix X and a kernel function K depending on the bandwidth h which
is used to weight and smooth the observations around x.

Remark 2.2. Do not confuse the kernel function (Tsybakov, 2009) below with the probability
kernel of Definition 1.47.

Definition 2.3 (Kernel Function)

A kernel function is a Lebesque-integrable function K : R* — R satisfying de)\(d) =1.
The bandwidth-rescaled version is denoted as Kj,(x) := h™ K (h™'x).

In the case d = 1, the kernel is of order |, iff Vi =1,...,1: [id? Kd\ = 0.

Note that such a LPE cannot be defined for the data directly, as the Y;; are not observed — such
a variable is called latent or hidden. Delaigle and Meister (2011) state that “the success of the
estimator depends crucially on the value of h, which must be chosen with much care.” Their main
result states that given ¢ > qg > 0, some local boundedness and continuity conditions on the
density of Xi1, p, and the kernel, as well as the bandwidth rate condition h — 0 and Nh — oo
as N := Z}-le nj — 0o, the estimator p(x) has some favourable asymptotic qualities, namely
the (local) squared error [p(z) — p(z)|? equals an asymptotic squared error plus a stochastically
negligible term based on sample size N and bandwidth h. Furthermore they derive an optimal
bandwidth of order h < N _T1+3. They go on to conduct a numerical study for the heteroscedastic
data, proposing two automatic selection methods for the bandwidth, where the bandwidth is

chosen as the argument minimising the asymptotic weighted mean integrated squared error
(MISE).

Definition 2.4 (MISE (Tsybakov, 2009))
For iid real-valued random variables Xi,..., X, and an estimator p(x) = p(z, X1,...,X,) for
p:R — [0,00), the MISE is defined as

E [ 15) ~ p(o)*do = [ (V(@) + B@)*) do,
where the second term stems from a bias-variance decomposition.

For the weighted version replace dx := A(dx) with w(z)dz. For a parametric estimation of the
bias Delaigle and Meister (2011) propose a rule of thumb bandwidth, and a plug-in method
if the bias is estimated nonparametrically. They also show the practical applicability of their
method in a simulation study before applying it to data from the National Health and Nutrition
Examination Survey (NHANES).

Works by McMahan, Tebbs, and Bilder (2012) and Delaigle and Hall (2015) extend this estima-
tion problem taking the imperfection of the real world into account. Delaigle and Hall (2015)
write that in practice the test “is sensitive to the proportion of contaminated items in the group,
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rather than to the sheer existence of one or more contaminated items.” As in the previous ex-

ample, the data is (X, ... ,anj,Yj*), j€{l,...,J}, but due to measurement errors Y/ may

differ from the true disease or pollution status

Yj* = max{fflj, .. ,Ynjj},

and the new goal is to estimate

They introduce a biomarker concentration level for the i-th individual that was put in the j-th
group as the unobserved quantity B;; and it is assumed that the pool j contains the average
Bj := nj_l Z;Z 1 Bij which is measured as an optical density reading

W;:=B;+U;, B; LU;, Uj~ fu,U; LY/,
with a known error density fy, and what is actually observed becomes

}/}* = ]l(to,]-,oo) (W])7 (24)

where the cutoff point tg ; is assumed to be given. They add: “In practice it can be chosen so
in order to minimise the variance of an estimator of m.” Beside m(z), Delaigle and Hall (2015)
estimate the probability, ¢, that an individual chosen at random is disease free, the specificity
(true negatives)

Sp; = P(W; < to,;]Y;" = 0),

and the sensitivity (true positives)

Sej =P (Wj > 1o,5

nj
foij:k), ke{l,...,n;}

i=1

of the test. As for the statistical estimation, Delaigle and Hall (2015) firstly propose an oracle
local polynomial estimator of m, which would be consistent for the (Xj;, }7”) data that is not
given, but the ffij are replaced by YJ* in each group. Then they propose a nonparametric
estimator for the specificity and sensitivity — modelling it as a deconvolution problem — utilising
a kernel estimator whilst exploiting the inverse Fourier transform. After this they derive the
likelihood Z(q) as a function of the specificity, sensitivity and Y} stating the MLE to be found
after plugging in the estimators for the specificity and the sensitivity. Lastly, they propose a
“fully data-driven nonparametric estimator of m”.

Theoretical properties of the results are stated to depend on the rate of decay of the Fourier
transform and the asymptotic properties are derived for two cases: one which encompasses
Laplace distributions, and one including normal distributions. The main result states that
despite the problems being ill-posed the “estimators of q, Sp and Se are root-N consistent” and
the “estimator of m(x) converges at the rate it would enjoy if q, Sp and Se were known”, which
is specified in their last theorem.

Also included are simulations, where the bandwidth is chosen wrt the asymptotic MISE,
similar to Delaigle and Meister (2011), proposals on the choice of the cutoffs and illustrations
for data from nine Irish prisons regarding hepatitis B and C infections.

Another extension to the approach by Delaigle and Meister (2011) is the contribution by Delaigle
and Hall (2012) where, instead of assigning the covariates X; randomly to groups, the list is
simply partitioned into pools of equal size n (homogeneous group testing). Their approach is to
then assume that

E(1 =Y} |Xyj,..., Xn;) = [] (1 — p(X35))
=1
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is described accurately enough by

(1 —p(Xj)) , Xj = ZXU'

i=1

They then define u(x) := (1 — p(x))", which is then estimated utilising the data (X;,1— Y}) by
means of a linear smoother such as the LPE, thus

px) =1 - fz)"/".

To derive theoretical properties of their estimators, Delaigle and Hall (2012) express the preva-
lence as

p(x) = 0(N)m(z),

where 0 is a sequence of positive numbers which, in the extreme case, tends to zero as the sample
size N diverges, and 7 is taken to be a fixed nonnegative function. Numerous conditions are
developed, among them conditions on the smoother (compare Tsybakov (2009)), continuity of
fx, uniform boundedness of p away from 1 and Holder continuity for the first two derivatives
of m. Included are three theorems regarding the asymptotic behaviour of the bias when nd
diverges as N diverges, a comparison with the approach of Delaigle and Meister (2011), as well
as generalisations to unequal groups and the multivariate case. They also apply their method
to the NHANES data making it directly comparable in practice.

Their main result is a comparison between moderate levels of pooling to the case of “over-
pooling”. In the first case, more accurate nonparametric estimators are obtained by homogenous
pooling and “the same convergence rate as in the case of no pooling” is achieved. In the latter
case, they show a different rate of convergence, however, the disadvantages are “no more than a
logarithmic factor.”

In “New approaches to nonparametric and semiparametric regression for univariate and multi-
variate group testing data”, Delaigle, Hall, and Wishart (2014) summarise many methods and
approaches and study new ideas.

Firstly, they review the previous two articles again. Then they consider a partially linear
model (compare Hérdle et al. (2000)) for the case where the covariates X;; = (Ui, VZ-T]-)T consist
of one continuous variable (e.g. weight) and a vector of discrete values (e.g. gender, number of
cigarettes smoked). Note that number of cigarettes smoked could be considered approximately
continuous while age could be discretised. The idea is to estimate a function g nonparametrically
as above and to simultaneously estimate a parameter v € R?~! for the model

p(Xij) = g(Us) + 7 V.

They develop an estimator for 1 — p(z) and also present a “centralised bias” version of it, and
show asymptotic normality of their estimator of under a number of conditions.

Next, they extend the estimator of Delaigle and Meister (2011) to a multivariate setting,
where they estimate 1 — p(z) via a local constant, i.e. Nadaraya-Watson estimator with a
d-variate kernel function. As an alternative they present a “single-index model” where the
dependence of p is modelled solely through the parameter 8y such that

* i—1
1-— Yj = qgﬂ g (6JXM) + €5, qo = 1 _p(Xij), E(fij‘Xij) —0.

A second theorem (partly in the supplementary material) including the asymptotic bias and
variance term is given for this estimator.

Furthermore they offer computational advice for the choice of the bandwidth inspired by
leave-one-out cross-validation.
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Last but not least, they present examples in the form of simulations, and with data from
NHANES.

A Bayesian approach to group testing regression has been presented by McMahan, Tebbs, Han-
son, and Bilder (2017) where models are developed for different pooling designs and the estima-
tors are evaluated via simulations: “ We use simulation to investigate the quality of our regression
methods under a variety of group testing protocols and prior models.” McMahan et al. (2017)
name the three models considered

1. master pool testing, when only the grouped observations are available,
2. Dorfman testing, the hierarchical design introduced by Dorfman (1943),

3. and array testing, when the individual samples are arranged in an array, such that each
sample is included in both a row group and a column group.

As in the contribution by Delaigle and Hall (2015) the Y; are assumed to be latent and the group
assignments are defined by the index sets (“protocols”)

Pic{l,...,N}:U/_,P;={1,...,N},

such that the unobserved group statuses can be represented as
— ]
Yj = ]l{ziepj Y;>0}"

They assume that the distribution of Y; can be described by a link function H and a linear
relationship via a regression parameter € R™+! as

P(Y; = 1|x;, 8) = H '(x] ).

Under the assumption that the Y; are conditionally independent (Definition 1.49) given the
covariates, their conditional distribution of the vector Y* is

7 (Y*|Se, Sp, X, 5)

7 Y/*

J * « ] Y * w Y
= Y 11 [sejyf (1—Se)' ™ } [1 ~Sp;’ (Se)' "
Ye{o,1}5=1

T 1 T 7Y
JIE B (1-H (= p)
i=1

They then derive the posterior distribution, given the prior S ~ N (r+1) (a,R), up to a propor-
tional factor, which is then sampled via a Metropolis-Hastings (MH)-style algorithm (compare
Chib and Greenberg (1995); Roberts and Smith (1994); Roberts and Rosenthal (2001); Kunick
(2018)). They included an extension with unknown assay accuracies Sej;, Sp; which are “pool-
specific, reflecting that different pools could have different accuracies depending on how large the
pools are and what type of assay is used.” The model is then applied to simulation studies and
Towa chlamydia data.

Two more contributions to Bayesian group testing focussing on computational aspects are the
works of Bai et al. (2019), where an adaptive algorithm with a Expectation Maximisation (EM)-
style optimisation of computational complexity of O(N log(N)) is proposed, as well as the article
by Tatsuoka et al. (2022), proposing a lattice-based model for group testing under dilution
where the computation is optimised by a look-ahead backtracking algorithm. They state that
their “Bayesian halving algorithm, has attractive optimal convergence properties.” Since their
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approach was developed during and after the Coronavirus pandemic, Tatsuoka et al. (2022)
add: “This work has particular relevance given the pressing public health need to enhance testing
capacity for coronavirus disease 2019 and future pandemics, and the need for wide-scale and
repeated testing for surveillance under constantly varying conditions. The proposed Bayesian

approach allows for dilution effects in group testing and for general test response distributions
beyond just binary outcomes.”
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Prior and Posterior Density of the Probability of Rolling a Six

==+ Uniform prior

——— Posterior after 20 rolls

—— Posterior after 200 rolls
Asymptotic Gaussian

0.0 0.2 0.4 0.6 0.8 1.0

Figure 1: Illustration of Laplace’s experiment for the example of n die rolls and the true prob-
ability of rolling a six 1/6 (fair dice).

2.2 Bernstein-von Mises (BvM) Theorems

“The Laplace-Bernstein-von Mises theorem asserts that the posterior distribution of a parameter
in a smooth finite-dimensional model is approximately a normal distribution if the number of
observations tends to infinity.” (Kleijn and van der Vaart, 2012)

Ezample 2.5. Laplace-Bernstein-von Mises theorems date back to the work of Pierre Simon
Laplace published in 1774. Laplace considered an experiment of the form

&y = ({0,...,n},BHO,...,n},{Bin(n,d) : 0 € (0,1)}),

endowing ¢ with a uniform prior U ;) = Beta(1, 1), which is conjugate and produces the pos-
terior II(:| X)) = Beta(X + 1,n — X + 1). “Laplace observed and proved that this asymptotically
looks like N'(X/n,6p(1 — 6y)/n)” if the data had been generated by Bin(n, ) (Castillo, 2024).
This experiment is illustrated in Figure 1 for 6y = 1/6 for a fair (generated by numpy) die roll.

Ghosal and van der Vaart (2017) write in Fundamentals of Nonparametric Bayesian Infer-
ence: “The Bernstein-von Mises theorem for reqular parametric models implies that the posterior
distribution of the parameter centred at the MLE converges to the same normal distribution as
that of the limit of the normalised MLE. Thus, asymptotically, Bayesian and sampling proba-
bilities agree, so confidence regions of approrimate frequentist validity may be generated from
the posterior distribution. Cozx, Freedman and others showed that such a result should not be
expected for curve estimation problems. Some positive results have been obtained by Lo, Kim,
Lee, Shen, Castillo, Nickl, Leahu, Bickel, Kleijn and others.”

2.2.1 Intuitive explanation

In Asymptotic Statistics, van der Vaart (1998) presents the following intuition: Suppose X,y =
(X1,...,X,,) " was obtained as a random sample, i.e. independent and identically distributed,
by repeating the experiment & = (27, B(2), {P : 9 € ©}), where © C R” is open, 2~ C R',
and the experiment is assumed to be dominated as in the situation of section 1.2, where the
dominating measures are = A and v = A*). Then the posterior has a density of the form

i—1 p(X;10)7(0)
O ) = T o, [t
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A rescaling of the parameter h := /n(6 — 6y) < 6 = 6y +n~'/2h leads to the consideration of

(X, = =P o+ n 7 2h)e(By + 1)
TR0 = T (X, 60 + - 20)m(G0 + Pt

Given some smoothness constraints, 7(fy + n~'/?h) behaves asymptotically like 7(6y) “and =
cancels from the expression for the posterior density.” Moreover {P90+"_1/2h : h € R¥} is LAN
and the “likelihood ratio processes h — []i_; p(X;|60 + n~121h)/p(X;]00) behave asymptotically
like those of a normal experiment”, and we can expect the posterior density to behave like the
Lebesgue density of Ny (h,Z(69)7!).

2.2.2 Local Asymptotic Normality

We consider the experiment from section 2.2.1, where P? is the image measure of X;. We will
then draw a ciid (conditional on o(6)) sample such that

Ein = (27", B(27"),{&]_P:0€c0}) (2.5)
becomes our new experiment. We take p(-|0) := pg(-) := ‘%0 to be our densities. LAN requires

the model to be sufficiently smooth. The local nature stems from the reparameterisation h :=
V/n(0 — 6y) such that experiments of the form

Eom = (27 B(2 ™) @) PP h e RYY) (2.6)

arise. van der Vaart (1998) warns that if the fixed point 6y is not an inner point one must
assume this to be defined arbitrarily. Following are the main statements adapted from van der
Vaart (1998). Let fy(x) := In p(x|6) be the log-likelihood and let a dot denote the derivative wrt
6. We call ¢y the score function.

Definition 2.6 (Differentiability in Quadratic Mean (van der Vaart, 1998))
The model above is said to be differentiable in quadratic mean (DQM) at 0, iff

2
[ (Viosi = v = 5 lovE) du= o). 0.

Theorem 2.7 (Order of Likelihood Ratios (van der Vaart, 1998))

Suppose that © is an open subset of R¥ and that the model above is DQM at 0. Then P%ly =
Epoly = 0 and the Fisher information matriz T(0) = Peégé;r exists. Furthermore, for every
converging sequence h, — h as n — oo one has

In {H W(Xj)] =n 2N hTig(X;) - %hTZ(H)h + opo(1).

J=1 J=1

The argument can be made with a Taylor expansion either of first or second degree. van der
Vaart (1998) also provides a lemma giving the sufficient condition that if the square root of the
likelihood is continuously differentiable in 6 for every z, and t if Z(f) exists and is continuous
in 0, the corresponding model is differentiable in quadratic mean.

Ezample 2.8. van der Vaart (1998) states that exponential families

p(]0) = d(0)h(x) exp ((Q(0), t(x)))

generally fulfil the requirements for the asymptotic expansion above.
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Ezample 2.9. A counterexample is given by the uniform distributions Uy g as their support
“depends too much on the parameter”, and

1 h
P/ (pp = 0 :/ — 1 d\= —— =0(h h?), h—0,
(o ) 00 0+ h [0,6+h] 0+ h (h) # o(h?)

which van der Vaart (1998) states as a requirement.

The log-likelihood ratio of two Gaussian shift experiments looks similar to the asymptotic
term in theorem 2.7:

dNy (h,Z(6)™1)

b N (0.2(0) )

= (Z(0)X, h) = 5 (h, Z(0)h) ,

1
2
which, as the next theorem shows, is no coincidence.

Theorem 2.10 (LAN of DQM Experiments (van der Vaart, 1998))
Assume that the experiment of the form &1, is differentiable in quadratic mean at the point 0
with nonsingular Fisher information matriz Z(0). Let T), be statistics in the experiments &y,
such that the sequence T,, converges in distribution under every h.

Then there exists a randomised statistic T in the experiment (2, B(Z), {Nx (h,Z(0)7!) :
h € R*}) such that T, ~ T for every h.

Related concepts discussed in Le Cam and Lo Yang (2000) are the concepts of experiments
being locally asymptotically mixed normal (LAMN) or locally asymptotically quadratic (LAQ).

2.2.3 Selected Bernstein-von Mises Theorems

Theorem 2.11 (BvM with Testing Condition (van der Vaart, 1998; Castillo, 2024))

Let the experiment &, be DQM at 6y (van der Vaart, 1998) / LAN at 0y (Castillo, 2024) and
let the Fisher information matriz Z(0y) be nonsingular. Suppose that for every e > 0 there exists
a sequence of tests ¢, such that

R PP, — 0, sup @) PY(1—¢,) = 0. (2.7)
6:116—60||>¢

Furthermore let the prior measure be absolutely continuous wrt the Lebesgue measure in a neigh-
bourhood of 0y with continuous and positive density at 0g. Moreover let

Angy =12 T(00) " gy (X). (2.8)
j=1

Define the map 7 : 6 — \/n(0 — 0y). Then the corresponding posterior distributions satisfy
dov (T X ) 0 771 N (A0, Z(80) ") ) = 0poo (1).

Remark 2.12. The posterior in the theorem is examined with respect to the local parameter
h =7(6).
Remark 2.13. van der Vaart (1998) writes that the random Gaussian measure in theorem 2.11

can instead be centred around the standardised asymptotically efficient estimators /n(6, — 6).
This is also the version presented by Castillo (2024).

Remark 2.14. The testing condition (2.7) — for the hypotheses Hy : 6 = 0y, Hy : ||6 — 00| > ¢
— ensures that we can separate the true parameter from parameters that are far enough from
it (complements of balls B(y,c) with tests that have decreasing first and second type error
probabilities, i.e. they are uniformly consistent (van der Vaart, 1998; Rousseau, 2016).
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Remark 2.15. Ghosal and van der Vaart (2017) name this theorem BvM-Le Cam theorem (The-
orem 12.1 in their book).

Ezample 2.16 (Continuation of the die roll example 2.5). For this example I have rolled a die 51
times and observed seven times the face value siz among them. An exact (1 — «)-credibility or
credible interval is constructed by taking a and b to be the § and 1— § quantile of the posterior
I(-|X(y))- Using the BvM theorem one may construct approximate credible intervals using a
Gaussian. This is illustrated in Figure 2. Castillo (2024) writes that the (1 — «)-credible interval
can also be taken as an asymptotic confidence interval of level (1 — «).

= = BvM-style Gaussian
—— approx. 0.95 credible interval: (0.0350, 0.2395)
——— Posterior after 51 die rolls

0.95 credible interval: (0.0688, 0.2579)

0.000 0.167 0.333 0.500 0.667 0.833 1.000

Figure 2: Illustration of the posterior distribution of the Bernoulli-parameter for rolling a six,
an exact credible interval, and an approximate credible interval after 51 die rolls.

Lemma 2.17 (Sufficient Conditions for the BvM (Le Cam, 1986a,b; Le Cam and Lo Yang, 2000))

(i) 8o =0, © is the intersection of a closed set with an open set.

)
(ii) PP =P = s =t
(iii) Ift, — t for the Eucledian topology of © then [ fdPi» — [ fdP' for every bounded mb. f.
)

There is a compact K C ©, € € (0, %) and tests ¢y, such that [(1 — ¢p)dP% < ¢ and

VO € K¢: [ ¢,dP? < e. (testing condition)

(iv
(v) A process & with covariance kernel E€(s)E(t) = [V dPsdPt admits at 6 = 0 a derivative in
quadratic mean that has a non-singular covariance matriz.
vi e -singular part o satisfies |t| — — 0.
(vi) The P%-singular part of P* satisfies [t| > P!, || — 0, — 0
(vii) The prior measure I is independent of n and has a Lebesque density 7.

(viii) Let the ball around the true parameter with radius € be denoted as B(0o,<). There is some
number a > 0 such that

. 1 _
21_1)]% m / 150, [T(t) — al A(dt) =0

and B0 C)
lim inf (B(0,¢) N ©)

N )
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Remark 2.18. Condition (viii) says that for parameter values close to the true parameter the
prior is close to a constant a. This condition is similar to the Kullback-Leibler condition stated
by Rousseau (2016), which ensures that enough positive mass is given to neighbourhoods of the
true parameter. Le Cam (1986a) phrases it as follows: “the prior is not too thin around the true
parameter.”

Under these conditions, Le Cam (1986a) takes estimates T;,0 X, € R* and VioXn) € RFxk
assuming V,, to be positive definite. Then he defines measures

HB := /]le@ exp (—Z (t — T, Vu(t — Tn))) AR (dt),
G:=|H| " H,

and obtains the following result.

Theorem 2.19
Let the conditions of lemma 2.17 be satisfied. Let 11(-|X () be the posterior distribution of 0.
Then there exist T,,V,, such that

J i) - Il P (d)
tends to zero as n diverges.

Le Cam and Lo Yang (2000) also present three examples where “Bayes procedures behave
miserably.”, among them an inconsistency result from Freedman (1963) where the parameter set
consists of all probability measures on N and the posteriors live on nowhere dense closed sets
almost surely. Le Cam and Lo Yang (2000) interpret this as follows: “except for those priors
IT that belong to a meagre set, there will be only a meagre set of values of 8 where the posterior
measures do not wander about aimlessly and indefinitely. That will happen even if the support
of Il is the entire space ©. It is due to the fact that, for nearly all § € ©, the prior measure
gives little weight to small neighbourhoods of 6.” They add, however, that this problem may be
solved with careful prior construction, for instance using Dirichlet priors.

The next problematic example involves a p-measure symmetric around zero that gets shifted
by some unknown quantity ¢. If § is the set of the symmetric measures, one puts a prior II®Q v on
& x RL. There are priors for which “the posterior distribution of the one-dimensional parameter
t will oscillate indefinitely and never concentrate around the true value to of t. This occurs
by virtue of a peculiar phenomenon. To ensure consistency for all P € § one must scatter 11
around. There will then be many P’s that have neighbours that are bumpy, symmetric around
zero, but with several modes of about equal heights away from zero. The posterior distribution
of t will make it oscillate between those modes.”

The next negative result is presented by Kleijn and van der Vaart (2012) where a misspecified
model is investigated. In this situation the posterior is formed in the same way as presented
above or in section 1.2, but the observations are sampled from Py instead of P%. Kleijn and
van der Vaart (2012) derive asymptotic normality of the posterior and show consistency in
the sense of: “In the misspecified situation the posterior distribution of a parameter shrinks to
the point within the model at minimum Kullback-Leibler divergence to the true distribution, a
consistency property that it shares with the maximum likelihood estimator.” However, they prove
that the Bayesian credible sets in the misspecified experiment do not yield confidence sets for
the minimum Kullback-Leibler point.

There is another contribution of Kleijn and van der Vaart (2006) for misspecified models
in a nonparametric, i.e. infinite-dimensional, setting. Kleijn and van der Vaart (2006) write:
“Given a prior distribution and a random sample from a distribution Py, which may not be in
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the support of the prior, we show that the posterior concentrates its mass near the points in
the support of the prior that minimise the Kullback-Leibler divergence with respect to Py. An
entropy condition and a prior-mass condition determine the rate of convergence. The method is
applied to several examples, with special interest for infinite-dimensional models. These include
Gaussian mixtures, nonparametric regression and parametric models.”

Another slightly negative result is presented by Franssen and van der Vaart (2021), who write
“The Pitman-Yor process generates discrete probability distributions ...and can be used as a
prior distribution in a nonparametric Bayesian analysis. ...It was previously shown that the
resulting posterior distribution is consistent if and only if the true distribution of the data is
discrete. For a general discrete distribution, the posterior distribution, although consistent, may
contain a bias which does not converge to zero at the v/n-rate and invalidates posterior inference.
We propose a bias correction that solves this problem. We also consider the effect of estimating
the type parameter from the data, both by empirical Bayes and full Bayes methods. In a small
simulation study we dllustrate that without bias correction the coverage of credible sets can be
arbitrarily low even for some discrete distributions.”

Castillo and Nickl (2014) prove BvM theorems for a variety of nonparametric Bayes procedures,
including Gaussian nonparametric regression and an iid sampling model. They “deduce sev-
eral applications where posterior-based inference coincides with efficient frequentist procedures,
including Donsker- and Kolmogorov-Smirnov theorems for the random posterior cumulative dis-
tribution functions, and show that multiscale posterior credible bands for the regression or density
function are optimal frequentist confidence bands.” Donsker’s theorem can be seen as a func-
tional CLT for empirical processes and versions can be found in van der Vaart and Wellner
(1996); Dudley (2014); Giné and Nickl (2015); Henze (2024). Regarding Gaussian processes,
recall lemma 1.34 (compare Bogachev (2015)).

Definition 2.20 (Gaussian Process (Giné and Nickl, 2015))

A stochastic process X (t),t € T, is called a Gaussian process if for all n € N,a; € R and
t; € T, the random variable Z?Zl a; X (tj) is normal, or equivalently, if all the finite-dimensional
marginals of X are multivariate normal. X is a centred Gaussian process if all these random
variables are normal with mean zero.

Ezample 2.21. A Gaussian process used in Castillo and Nickl (2013) and Castillo and Nickl
(2014) is the white noise process. Given a separable Hilbert space (J¢, (-, ) ,,), the process has
the characteristic that EX (h) = 0 and the covariance is given by EX (h)X (g9) = (h, g) -

Theorem 2.22 (Donsker Theorem (Henze, 2024))
Let Zy,Zs, ... be iid random variables satisfying EZ? < oo, EZ; =0, and 0 < 02 := V7| < co.
Define Sp := 0, Sy, =371 Zj,n € N, and further for n € N:

1 Z\n
Xn(t) 1= =Sl + (1t = Lt )~ 2

t e [0,1].

Then Xy, ~> W, for W as in Definition 1.35.

For their framework, Castillo and Nickl (2014) define an S-regular, S > 0, wavelet basis (),
Holder-type spaces, a bounded Lipschitz-metric (compare Lévy-Prohorov metric) and multiscale
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spaces. The latter are defined for monotone increasing weighting sequences w as

a,
maxy, || - OO}
wy

M(w) i= {a = (@) s ol = sup

Mo (w) = {3: € M(w) : ||| pq) = llirgoml?x‘::ulf‘ = 0}

and the metric they use is defined for p-measures on metric spaces (.7, d) as

B(uv)i=  sup
Fi|F|l g <1

/y F(dp — dv)

F :=sup |F(s)|+ sup ———F—F—
” HBL 565/" ( )‘ st st d(S,t)
Definition 2.23 (S-regular Basis (Giné and Nickl, 2015))

Let S € N. By a S-regular basis {¢5, :l € L C Z,k € Z; C Z} of L? and characteristic sequence
ay, we shall mean any of the following:

(i) ik := e; is S-times differentiable with all derivatives in L?, card Z; = 1, a; =:= max(2, |I|),
and {e; : | € L} is an orthonormal basis of L?.

(ii) by, is S-times differentiable with all derivatives in L2, a; := card Z; = 2!, and {¢y : 1 €
L.k € Z;} forms an orthonormal basis of L?.

The models considered are an iid sampling model where X, ..., X, are iid from law P with
density f on [0,1]. Here they estimate (f,y) with (P, ) = 1 71 %u(X;) and find that
for fixed k and !

V(Pn = P)(Yuk) ~ Gp(Yu) ~ N (0, Vpip(X1)) -
Castillo and Nickl (2014) call this a P-white bridge process indexed by the Hilbert space L?(P) :=
{f:10,1] = R': [y f2dP < oo} with covariance EGp(g)Gp(h) = [, (9—Pg)(h—Ph)dP. (Memo
from Def. 1.5: Pg = fol gdP). For this problem they define an admissible w such that it satisfies
1712, 1 0.

Theorem 2.24
Let w be admissible and let P have a density f in €7[0,1],v > 0. Take j, such that

2jnjn
n

V2 0yt = o(1), = 0(1).
Then, as n — oo, in Mo(w):

Their second model is a Gaussian white noise model that is also investigated in Castillo and
Nickl (2013):
dX () (t) = f(t)dt +n~2dW (t) & X, = f +n2W. (2.9)

They write that for admissible w this is in Mg(w). Denote PJ := £(X(p)). Considering X,
was generated by the true PJfo they define a weak BvM phenomenon in Mg(w) such that the
posterior under the mapping 7 : f — /n(f — T},) converges in the bounded Lipschitz metric to

a Gaussian

_ Pl
Bt (w) (T X ) 0 771, W) 225 0.

They present various BvM theorems and also construct credible regions, which they prove to
hold asymptotically for P with the same level.
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Castillo and Rousseau (2013) develop BvM theorems for semiparametric models, i.e. in the
setting of &), in (2.5) the interest lies on a functional ¥(6), ¢ : © — R! of the parameter. The
bounded Lipschitz distance between the image of the posterior under the mapping

Tix V(e —=T,), T,:=00+ A0, (2.10)

where A, g, is defined in (2.8), and a centred Gaussian is then shown to converge to zero in
P%_probability. Versions of the theorem for the Gaussian white noise model, and a density
model are then derived from the main result. A generic LAN framework and semiparametric
BvM are also presented in Castillo (2024) as follows.

The framework involves a LAN expansion of the log-likelihood for a parameter in the Hilbert
space (%7 <'7 >JY’)

n
£a(0) = La(B0) = =5 116 = ol + v/ Wa (60 = b0) + Rn(0,60),

where W, : h + W, (h) is linear P%-a.s. and W,, ~ N(O, ||h] 2) as n diverges.

Secondly a functional expansion: Suppose the functional ¢ can be expanded around ¥ € 7 as

¥(0) — ¥ (bo) = (0,0 — o) , + (0, 60),
and define for a small, fixed t € R! a path through 7, such that 6, € © as
)
V'
Control the remainder terms: Assume the existence of measurable sets A,, satsifying II(A4,|X) =
1 + ope, (1), such that 6 — 6y € # for all 6 € A,, n sufficiently large, and for fixed t € R!:

(9,5 =0 —

sup [tv/nr(6,60) + Ry (60, 00)| = ope, (1).
oAy,

For ¥ and W,, as above, further define

A

b= 1p(00) +n P Wa(00), Vo= [19]% -

Theorem 2.25 (Semiparametric BvM (Castillo, 2024))
Let 11 be a prior distribution on 0 and assume the LAN framework above. If for any t € R

Ja, & (£n(0)) T1(d0)
J exp (£n(61)) 11(d6)

=1+ opey (1), (2.11)

then the posterior distribution of \/n(1)(0) — ¥) converges weakly in PP -probability to a centred
Gaussian distribution with variance V.

Rousseau (2016) offers three sufficient conditions for the existence of a semiparametric BvM,
which are

1. concentration of the posterior,
2. local asymptotic normality of the likelihood, and

3. smoothness of the functional.
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Giné and Nickl (2015) present an approach of deriving BvM theorems that we will adapt in
section 4.2, namely to project the posterior onto a finite-dimensional subspace (at first). In
chapter 7.3 Giné and Nickl (2015) put a prior Borel probability measure on L? for their Gaussian
white noise regression model as in Castillo and Nickl (2014) from (2.9). They take V to be a
finite-dimensional projection subspace of L? spanned by the 1y, of Definition 2.23, and the
projection of f = (fj;) onto V' is denoted as my. The same scale-and-shift transformation that
we have seen before is then used to study the posterior push-forward through this transformation
H(|X(n)) o T;‘l/
T,=T,yv:f— Vnry(f —z),

and they write that this “carries a natural Lebesque product measure on it.”

Lemma 2.26 (Condition 7.3.17 (Giné and Nickl, 2015))

Suppose that 11 is a product measure on the span of the {psiy} and that Ilo 77‘;1 has a Lebesgue
density dIly in a neighbourhood of wy (fo). Suppose also that for every € > 0 there exists a fived
L%-norm ball B = B(f,e) in V such that, for n large enough,

Epso [T(-[X ) 0 T3] (B°) < 0.

Theorem 2.27 (Giné and Nickl (2015))
Consider X, ~ Pfo in the context of (2.9) under a fived fo € L?. Suppose Condition 7.8.17
holds. Then

dry (TI(|X () 0 T, N(0,1)) = 01 (1), = 00,

They then build on this theorem to derive BvM results in negative-order Sobolev spaces and
multiscale spaces, vide supra (v.s.). For nonparametric settings, Giné and Nickl (2015) warn:
“ Likelihood-based procedures . .. This typically relies on the assumption that the true parameter
0o is interior to © so that by consistency 0, will eventually also be. In the infinite-dimensional
setting, even if we can define an appropriate notion of derivative, this approach is usually not
viable because py, s, as we shall see, never an interior point in the parameter space, even when
po 8.”

BvM-type results for regression models are obtained by Bontemps (2011) or Castillo, Schmidt-
Hieber, and van der Vaart (2015), and Ghosal and van der Vaart (2017), for instance. Ning,
Jeong, and Ghosal (2018) write: “We quantify the uncertainty for the regression coefficients
with frequentist validity through a BuvM type theorem. The result leads to selection consistency
for the Bayesian method.”, and later: “To establish selection consistency, Castillo et al. (2015)
devised a key technique through a distributional approximation for the posterior distribution. As
in a BuM theorem, the posterior distribution of the regression parameter is approximated by a
relatively simpler distribution, but unlike in a traditional BuM theorem for increasing dimensional
parameters (Bontemps, 2011), ..., the approximating distribution is a mizture of multivariate
normal instead of a single one.”

The book Fundamentals of nonparametric Bayesian inference by Ghosal and van der Vaart
(2017) features construction of priors and consistency of NONPARAMETRIC BINARY REGRESSION.
Contraction rates are derived for a Dirichlet Process prior, and adaptation and model selection
is discussed for the logit link function as “it allows a direct relationship between the Hellinger
distance, Kullback-Leibler divergence and L*-norm.” Ghosal and van der Vaart (2017) also give
computational advice in the form of a MCMC algorithm for Gaussian Process priors.

To the best of our knowledge, there are no Laplace-Bernstein-von Mises-type theorems for group
testing regression problems yet.
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3 Derivation of Likelihood and Posterior Distribution for Group
Testing Regression

We are interested in the distribution of a binary random variable Y given the covariate X
(random design), and we assume the pairs ((Xij, Yij))1<j<J, 1<i<n; to be ciid given the o-field
generated by the function p. Fized design, arises when the regressor X = x is known or chosen
beforehand. The goal is to estimate the conditional probability

PP[Y = 1]X] = p(X) = H o f(X), (3.1)

where p : R D 2" — [0,1] defines a functional dependence of the Bernoulli-parameter given
the regressor, f : R D 2 — R is called the regression function, and H : R — [0, 1] is a fixed
cdf, called the link function (compare section 2.1 and Definition 2.1). Note that the dependence
on the parameter p is often indicated by a subscript, i.e. IP,, but in the Bayesian context, p is
assumed to be a random element itself, thus it is denoted by a superscript in accordance with
Theorem 1.44. And the probability measure in (3.1) will be interpreted as a regular version of a
conditional distribution as introduced in Definition 1.47 such that we can identify a probability
kernel ry(X, ) := P} [-|X] < € if ¢ is taken to be the counting measure on PB({0,1}), i.e. dp+ ;.
The parameter function p is also defined by the relationship

PPIY = y|X] = p(X)Y(1 —p(X))'7%,  ye{0,1}, (3-2)

For economic reasons explained in section 2.1, the N individuals will be split into J groups

consisting of n; individuals in each group, such that N = Z}I:1 n;. After grouping one may

however only observe

Y := max Y 3.3
J ie{lmy} (3:3)

alongside the covariates. Moreover, it will be assumed that the X;; ~ G are ciid (compare
Lemma 1.42) on the induced probability space (2, X, G) with the marginal distribution G < p,
which has a p-density g := % for some o-finite measure u. To simplify notation, define:

o« Y= (Yy,...,Y)T,

o X = (XH,...,anl,...,le,. . .,Xn(]J)T’

J Xj = (le, ce ,anj)T, and let

* gN: 2N — [07 OO), Xt H}‘Izl H;ZI g(xij)v

o Gn: XM 5 00,1), A [Tagndu™), as well as

* gnj X — [0700)7 X = H:Zl g(x13)7

o Gy, : X)) —0,1], A [Lagy,du™).
To derive the likelihood, similarly to the approach presented by Delaigle and Meister (2011), it
is useful to exploit the properties of the Bernoulli distribution and the fact that if the maximum
of binary values equals zero, so do all of them, thus linking the conditional distribution of the
Y;«* to that of the Yj;. Since the (Xj;,Y;;) are ciid, it follows that the Y;; are ciid and thus

the Yj;[o(X1j,...,Xn,;) are stochastically independent for each j € 1,...,J (x); moreover the
pairwise independences Vj € {1,...,J} : Vi € {1,...,n;} : Vk € {1,...,n;} \ {i} : Vi 1L Xy;
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follow directly. Thus
]EpD/j*|X1j7 . 7anj] — ]P)p[ * = 1|X1J7 . Xn]]]
=1-PP[Y} = 0[Xuj,. .., Xnyj)
=1-PP N { i:l{}/ij = 0}|X1j; cen 7an]}

5

=1 [Py = 0l X ) Q
i=1
Ty

=1-[]PP[Y;; = 01X;5] Yij AL Xyj, b #i
=1
5

=1- I -p(X3))
i=1

=: p; = p;(le, . anj).

Hence Y}*|o(Xyj, ..., Xn,j,p) ~ Ber(p}), and

PP [ (Y] =y Ho (X, X,y X )] (3.4)
J n; Vi /oy 1=y;
H ( -[[a- p(Xz‘j))> (H(l _p(Xij))> (3.5)
Jj=1 i=1 =1

j=1 i=1

+ (1 —yj) iln [1- p(Xm‘)]) : (3.6)
i=1

From this the likelihood of an observation given p, in this case the conditional ¢()) ® pN)_density
of (Y*,X), is obtained by multiplying with the marginal density of X:

j=1 =1

J nj
Z(Y*, X|p) := exp (Z y; In [1 - H(l — p(Xij) (1—yj) Zln ]) gn(X)

(3.7)
Let IT denote the prior distribution of p, i.e. a probability distribution on the measurable space
(7,%). Since the model is dominated by the measure (/) @ u(™) the posterior probability can
be calculated by means of the Bayes formula, as presented in Ghosal and van der Vaart (2017),
as:

NI[TIY", X]:=Pp e Tlo(Y",X)] (3.8)
f o) (T (1= T 1= plag))) (T2 (3= poi))) ) T T gt Mh(d)

(T (1= T0 1= pog ) (T (2= o)) ) T2 T2, o)
(3.9)

for a set T € ¥, if p has the prior measure II on (7, %).

Remark 3.1. In later sections we will confine ourselves to the case of subgroups of equal size,
ie. Vj € {l,...,J} : nj = n, hence N = nJ, resulting in the X; to be ciid G, and the pairs
(Y}, X;)j=1,..,7 to be ciid, as well, a requirement for theorem 4.14. In practical applications u
will often be the Lebesgue measure A which is assumed from this point on. Moreover, assume
Z to be a compact space. As another restriction, p will be parameterised by some multivariate
Y in a compact subset of R¥.
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4 Local Asymptotic Normality and Bernstein-von Mises Theo-
rems

4.1 Bernstein-von Mises Theorem for Finite-Dimensional Parameter Spaces
in the General Case

Assume (2,2, P) to be a probability space. The focus will lie on the induced probability space
of Xy,...,X,, which are assumed to be conditionally independent and identically distributed
random variables: X7 : @ — % given the o-field generated by . Thus the experiments of
interest are of the form

. " n (n)
& = (% X = g %, {pg((n) =0 P, = (Pk,)  :0e @}) , (4.1)

and for each 1 in the parameter space ©, which is assumed to be a Borel subset of a Polish space,
X119 has the conditional image measure IP”;(I, which is assumed to be dominated by some o-finite
measure . Because we study an iid model, the vector X ,,) = X, (w) := (X1(w), ..., Xp(w)’
follows the corresponding product measure IP”;( . < ™. Subsequently, w is assumed to be the

Lebesgue-Borel measure A, and 2" is a subset of R, and X = B(2").

In the Bayesian context, the parameter ¥ is itself assumed to be a random variable, more
specifically, the measurable space (0, %), will be equipped with the prior measure @) dominated
by some o-finite measure v. This prior can be seen as the image measure of ¥, and as Hastie
et al. (2009) put it, reflects our knowledge about the parameter before we see the data. In this
setting we can identify a probability kernel x : © x X — [0, 1] such that P(X; € -|9) = s(¥,-).
We will from now on assume © C R* and T = B(O).

As phrased by Giné and Nickl (2015), we take the frequentist Bayes approach, considering
Yo to be the “true” but unknown underlying parameter of interest (compare section 5). Let the
Radon-Nikodym derivative of the likelihood be denoted by

dPy
19 (n)
Py,
—remember that f,,(X(,[0) = [I}=; f(X;|9), where f(:|9) := ;- Then, the posterior density

with respect to to the likelihood f,, and the prior density ¢q := ‘Zl—g can be calculated applying

the Bayes formula (1.5) and (1.6):

A9 [Ty £OX19)
T ) Iy T (X, [0 ()
4 I 7

J

= " X, [
S ) I sy v (@)

n f(X'W)
a(9) ITj=1 70570,

C(Xmn))

90X () =

For a more concise notation, we denote G' = G, := Q(-|X(y)) = £(J|X(y,)) and define it via its
v-probability density g. For this approach, ¥, is taken to be the MLE

ﬁn(X(n)) (= argsup fn (X(n) |19)
[2SS)

and the posterior is expanded in a way such that the likelihood ratios are regarded. We will also
require the MLE to be strongly consistent in the following sense.
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Definition 4.1 (Strong Consistency)
We call 9,, strongly consistent iff for Q-a.a. 6 € © one has

P? q.s.

In" 570 & P{weQ: lim b0 X, (w) =0} 0] = 1. (4.2)
In particular, ¥, is strongly consistent for ¥y if the convergence holds for 6 = ¥y.

Remark 4.2. For technical simplification we will now assume (4.2) to hold for each ¢ € O.

Moreover, take the sphere
Qg := By, p) :== {9 € R* : |9 — ]| < p} (4.3)

to be a subset of the support of ¢, i.e. supp(q) := {9 € © : ¢(¥) > 0} =: ©; D Oy, and
henceforth that of g. The inclusion of ¥y in this set is important for consistency in accordance
with theorem 1.70.

Remark 4.3. This also means that ¥y is an inner point of © (compare van der Vaart (1998),
Chapter 7).

It will further be assumed that
@1 = B(l?o,pl), p1 > p. (4.4)

Now, take H to be a Gaussian measure with h := % being the corresponding v-density, more
specifically it will be assumed that H = H,(X(,), %) = Np(On,n *Z(9)" ")), and we can
identify a probability kernel 7 : 27" x T — [0, 1] with it, such that m(X,), ") = Hn(X (), U0)(-)-
It shall be remarked that the simplified notation h = hy, (x ()00 will be used when convenient to
increase readability. In the definition of H,, (X, %0), Z(o) is the Fisher information (matrix)
of ¥ with respect to the likelihood f,(X(,)|?) at ¥o and it is clear that this matrix must be
regular and symmetric from lemma 1.34.

Definition 4.4 (Modified Posterior Density)
As the support of g and h may not necessarily coincide, a technical modification is used to
compare these densities asymptotically:

A = Fu(Xy.10) 2= HOF) = [ o, x000 (D) (4.5)
1

§=900X@)) =1 —H)gle, + hy,(x,,).0 Les (4.6)

= (1 = Hn(X(n); 90))9(0 X)) Lo, (9) + ho,,(x )00 (F)L0s () (4.7)
Here O = {9 € R¥ : || — || > p1} for some p; > p since OF C 65.
Lemma 4.5

The function § is a v-(probability) density. H, as defined above, converges to zero as n — oo
PY -almost surely.

Proof. The second part of lemma 4.5 will be proven first. Consider the subsitution
0 020 = 9,(Xy)) = 0 (4.8)
and henceforth the transformed region

6§ = 65 (X (w)) == {9 cRF: Hn_1/29 + 9 0 Xy (w) — 190H > pl} , (4.9)
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which will be empty asymptotically as n — oo, PY0-almost surely, i.e.
. pY — R —

The following argument holds for all w € A, i.e. almost surely in the above sense.

/11@) 90X () (@) 00 WV
/]196 k/2 nk/2 det(Z(d)) exp (Z(ﬁ — ﬂn)TI(ﬂo)(ﬁ — ﬂn)) v(d)

— 1
:/j@mwwmm@mkﬂ @Wﬂ%»apCdMEW®®me
A dominating term is given by the v-density of the multivariate normal distribution
Nk (071(190)71) y

which integrates to one. Since the integrand converges to zero, it follows from dominated
convergence that lim,, .o H=0on A.

For the first part, consider that H € [0,1), because oc¢ C R¥ and h is a probability density, then
exploit the linearity of measure integrals, remembering that supp(g) = O:

/gd’/— (1- (@i))/g]lehdl/""/hﬁn(X<n)),190]1®fde
=(1-H(®©))+HO]) =1
|

The main interest of this section is the asymptotic connection between the posterior distribution
G as defined (v —a.e.) by its density g (G defined by g, respectively) and the distribution H. For
this purpose, their total variation distance will be examined. Applying the triangle inequality
one can see that:

drv (G, H) <dpvy (G, é) + d7v (G, H> .

Using the Scheffé lemma 1.18 and lemma 4.5:
/ Ih — 0| dv
@C

2dry (G,G) = [ 13- glav = /@

=H gdv + hdZ/—ZH—>O P% — q.s.
01 O

and therefore the distance between the modified and unmodified posterior vanishes asymptoti-
cally a.s., as intended, and we can focus on the asymptotic comparison between G and H. As
an application of the Pinsker bound (theorem 1.20) and corollary 1.21, the total variation dis-
tance of two measures converges to zero if the respective Kullback-Leibler divergence converges
to zero. Thus, the remainder of this section studies the asymptotic behaviour of the following
term, which will be split into four summands:

K (H é) - /m (;‘) hdv
:/m(h) hdz/—/ln (§) hdv
- /m(h) hdy — /]1@1 In (§) hdv — /]lei In (§) hdv
/m hdu/@lln<(1 i)g) hdv — efln(h)hdu
_ /ln(h)hdu—ln (1- ) [ hav— | ln(g)hdy—/e)g In (k) hdv.

=:(iv) =:(ii)
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Since h is a v-density, the integral fel hdv is bounded by one, thus the second summand con-
verges to zero as n approaches infinity almost surely according to lemma 4.5.

To calculate term (iv), consider the substitution
O n2T(90) 20 — 0,) = 0, (4.10)

which is well defined thanks to theorem 1.74. It follows that 6 ~ N%(0,I;) and therefore its
components follow a standard normal distribution and are independent. As a first step define
c2 to be the normalising constant of i to enhance readability:

o = (2m) T2 (det(n T Z(9)7Y))TV2 = (20) TR/ 2nk/2, Jdet (Z(0)).

Hence the integral evaluates to
(iv) = / In(h)hdv
_ / (m(@) 20— ) T (o) (0 - f}n)> ¢y exp <—Z(19 —9n)TT(90) (0 — 19”)) o(d¥)
—tnfea) — 5 [ 1612 (2m) 2 exp (= 16]*) w(do)

1
= 111(62) - §E_/\/’k(0,1k) ||9H2

k

1
= In(ca) — §ENk(071k) Z 932'
j=1

1 k
= ln(CQ) — 5 ZEN(O,I)QJZ

j=1
k
= In(ca) — B
k k 1 k

At first glance, the integral [lec In(h)hdv looks similar to (iv), however it is slightly more
tricky to evaluate. As a first step consider substitution (4.10) again. The transformed region
will be defined as

OF = 05 (X (@) = {0 € R : [n™/2Z(90) 720+t 0 Xy (w) = 00| > pr}, (411)

and for each ¥ € © the indicator 1 o (19) converges to zero PY0-almost surely as n diverges. Since

0 ~ Ni(0,T;) it follows that Vj € {1,...,k} : 0; ~ N(0,1) and 6 := [|0]|* ~ x?(k). Now split
the integral into two parts:

/]193- In(h)hdy = In(cg) H(6%) —/ (9 — 95) "Z(90) (9 — ) h(F) v (d) .
—:A ©

n
2

c
1

=:B
As for part A the question is, whether the indicator lge converges to (the) zero (function) fast
enough compared to In(cy) = O(% In(n)).

A= (—I; In(27) + gln(n) + ;ln(detz(ﬁo)))

[ 1, 2m) 2t faet (T(00)) exp (—Zw —9) T (o) (0 — ﬁn)> V()

k k 1
_ (-2 In(2m) + & In(n) + 3 ln(detI(ﬁo))> Ex, 01 Lo
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It turns out that this question does not need to be answered now, because term A can be used
to compensate for other terms asymptotically, which will be done when combining all terms in
section 4.1.1.

For part B = ENk(O,Ik)]lég(g) 16]|* consider the dominating integral

]ENk(O,Ik) ||9H2 = EXS(k)é =k < oo, (4.12)

and since the integrand ]1@5(0) 10]|> converges to zero PY-a.s. — applying the same reasoning

as in the proof of lemma 4.5 — B converges to zero PY-a.s. thanks to dominated convergence
(theorem 1.8).

Term (ii) will firstly be split into three summands. Then, pointwise on 2™, the function
f(X;]9) will be expanded around ¥, (X)) applying the Taylor formula in theorem 1.73.

n

(i1) = /@1 (Z[lnf(X [0) — In f(X]0n)] +1HQ(19)) h(@)v(dd) = | In(C(Xm)))h(9)v(dV)

Jj=1 ©1

- (fjln FOG19) — In f(X; 90 )]—an(z?)) h(9)v(dd) — n(C(X(n))) H(O1)

/ [In f(X;510) = In f(X;[0n)] R(D)v(dd) + o In (q) hdv — In(C (X)) H(O1)

Vo f(X;]0,)
/ < ﬂXlﬂ 19—19n>h(19)1/(dz9) (4.13)

+ ; /@ /0 (9~ D3I F(X 00+ 10— 0,))(9 — 0,) ) () (1 — 1)dt v(dv) (4.14)

i

+ [ In(g)hdv —In(C(X,)) H(O1)
O1 ~—_———
=:(iii)

=:(vi)

To evaluate term (ii) one needs regularity conditions on the likelihood similar to those in Henze
(2024) or Ibragimov and Has'minskii (1981).

Lemma 4.6 (Regularity Conditions on the Likelihood)
The following conditions allow the exchange of integration and differentiation.

(i) Let f(w|V) be differentiable wrt 9 for each w € Q, and let all partial derivatives be bounded
as follows for every ¥ in a neighbourhood U(0) := B(6,pp) C O of a O € O:

Vie{l,...,k}: f(wh?)‘ < k1 (w)for p-a.a. w € Q.

Furthermore let ki be integrable: [kidy < oo. Under these conditions it follows that
Vo f(10)dp = 0.

(ii) If furthermore for every ¥ € U(0) and w € Q the second order partial derivatives exist and
are bounded as follows:

82

39,0, )

Y(l,m) € {1,...,k}*: | < ko(w)for p-a.a. w € Q.

If ko is integrable it follows that [ D3 f(:|9)du = 0.
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(iii) Continuity of the second order partial derivatives for each ¥ € U(H).

Proof. (i) Since the integral is evaluated component-wise:

S al £ 10
[ Vortidu = : ,
[ 35 FC19)du

it suffices to show that each coordinate converges to zero.
For ease of readability define n(¥;) := f(-|91,...,7,...,0) and note that

m

tim (i (91+ ) = n00) = o C19) = €0,

Applying the Mean Value Theorem (compare (Bartle, 2011)) the following inequality holds
for each m € N, if ¥, € (75‘1,191 + %)

oo 3) )= 0

Thanks to the linearity of measure integrals this allows the DCT to be applied to

Em(91) :==m (77 (191 + ;) - 77(?91)> ;

noting that the derivative is zero since f is a p-probability density:

[ €= / 2 (|9)dp
"2 lim / En(01)dps
= b o D) fo]
| =0

(ii) Apply the reasoning in the proof of part (i ) to every component of the (k x k)-matrix
D32 f(-|9), taking the partial derivatives of le(w]'ﬁ), le{l,...,k}, instead of f(w|¥).
|

dug/kldu< 5.

Corollary 4.7
Given the conditions of lemma 4.6 (i) for 9 € U(8) it follows that

Eps Vg In f(-|0) = 0;

in particular, this holds for 6 = V.
If the conditions of lemma 4.6 (ii) and (iii) are also fulfilled, the Fisher information matriz can
be calculated as

Z(0) = —Epe Dj In £(-|0).

Proof. The proof will be given for § = 1y without loss of generality (WLOG):

Vo f(]do) )

E]P’ﬁovﬁ 111f(|190) = ( ‘ )

J(1Po)dp = 0.
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For the second part consider the following calculations:

Voo Vo In f (- wo> Eﬂwo (VoI f(-90)) (Vo ln f(90)
Y [ D310+ Epay (Vo ln F190)) (Voln £(100))"

D3 £(:[0)
F(190)
(_ / F(100) 55 f (190) = 55 F(-190) 5 F (1)

= —Ep, + Epoo (Vo In f(-90)) (Vo In £(-|90)) "

(f(:[%0))? f(~h90)du)

ij=1..k
= —Epo, D In f(-[0),
where e holds thanks to the Schwarz-Clairaut theorem (equality of mixed partial derivatives

(Duistermaat and Kolk, 2004)) and lemma 4.6 (iii). [ ]

Due to the linearity of measure integrals the term in line (4.13) disappears because ¥, is assumed
to be the maximum likelihood estimator, i.e.

0= Vﬁ In fn(X(n)|19n> = vﬂ In (H f(X]W ) Z XAX|'1919) )
j=1

j=1

In order to examine the remainder Rx ,,(,)(¥) of the Taylor expansion in (4.14), consider sub-
stitution (4.8) from lemma 4.5 again and remember that for the indicator of the transformed
region (4.9) we have lim;,, o 1g (0) =1 PY-a.s.

/ /<19 I, D3 I f (X105 + 40 = 0)) (0 — V) ) B(9)(1 = £)dt v(dD)

1 n

_/e / <q9 I, ianW i~ ))(19—0”)>h(19)(1—t)dty(dz?)
< ,EZDﬂln (X0 +tn_l/29)0>n_k/2h(n_1/29+19n)(1—t)dt v (df)

ok

:/0 /@< ZDﬂlnf(X 0, + tn~ 1/29)9>
(2w)*’</2,/det Z(Y0) exp (-29%(190)9) v(dO)(1 — t)dt

Where the last equality holds thanks to the theorems of Fubini 1.9 and Tonelli 1.10 if D129 In f is
bounded, because, in that case, the integrand is bounded by a moment of a Gaussian distribution.
According to the SLLN, the term X ) D2 1n f(X;|9) converges PY0-almost surely to

n

Epoo Djn f(-[99) = —Z (o)
1

as n — 00, assuming the regularity conditions in lemma 4.6 hold.
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IP’Oas

If it holds true that also D21In f(X;|9, + tn~1/20) —Z (o), the limit of the remainder
could then be evaluated using a similar argument as for the substitution in (4.10):

_ /01 / (0, Z(90)0) (27) /2 Jdet(Z(9)) exp (_; <97Z(§0)9>> )1 —
= — 5B, 0:2000)-1) (6, T(00)0)
— Lm0 = 3B =~

The following lemma proves that only continuity is needed for the assumption above.

Lemma 4.8
(a) Assuming D31n f(X;]9) to be continuous in 9y € © and VU, PO gos Yo the following state-
ment holds:
. - 1<
pYo lim leﬁ In f(X;|0, + tn~1/20) — - gDﬁ In f(X;]90)|| = o] =

(b) If the likelihood fulfills the conditions in (a), as well as the regqularities listed in lemma 4.6
Ly D3I (X0, + tn1/20) U8 T ().

Proof.  (a) Almost sure convergence is equivalent to pointwise convergence on a set with prob-
ability one, more specifically

(X (@) T g TA € A PP(A) =1 AVw € A Tim (X ) (w)) = Do,
Thus continuity of D?In f(X;(w)|?¥) in Yo ensures, that
lim DjIn f(X;(w)|0n 0 Xy (w) + tn~"/260) = DjIn f(X;(w)|0o)
pointwise on A, q.e.d.

(b) According to the SLLN %Z?:l D?1n f(X;]9o) converges almost surely to ED2 In f(-|dy),
and the regularity conditions in lemma 4.6 ensure that Dominated Convergence can be
applied and therefore the expected value equals —Z (). Now

n

Z In f(X;|0, + tn~1/20)

]POas

1 n
fZDﬁlanw +tn~Y20) — D2 1In f(X;|00) + D3 1n f(X;[0) 0 —Z(9).

To evaluate term (vi) apply substitution (4.8) again. Then, the reasoning below holds for
PY-a.a. w (REMINDER: Uy, = ¥y 0 Xy (w)):

(vi) = . In(q)hdv = Ex In(q)le,
= o, In(g(9))(27) %2k /2, [det(Z(9)) exp <—Z(19 - ﬂn(X(n)))TI(ﬁo)(ﬁ - ﬂn(X(n)))> v(dv)
— [ a0 (Xge) + n726) (2m) 2 et (Z(00) exp 56T Z(00)0) v(d0).
01(X(n))

=:f(6)
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Firstly we can state that V0 € © : limy, 00 U (X)) + n~1/20 = 9, PY-a.s. Now assume ¢ to be
bounded for each 6 in a neighbourhood U(¥y) of ¥y. Consequently

sup |In(g(0)] < ¢q < 00, (4.15)
U (Vo)

and therefore
[ 16,0 [1m(a(0n + 0720 1(0)] v(@0) < [ 0 (@) v(a8) = e,
In essence, the DCT is applicable and implies (iv) PY-a.s. converging to

[ n(a(20)) £(©)v(d8) = n(q(20))

The next term in line is (iii) H(©;). Remembering lemma 4.5 we observe
T Ha(X(0),90)(01) = 1% — s,

Subsequently expand (iii) applying theorem 1.73 and notice the first term disappearing by
construction:

iii) = In f(ijl) Ny /
(i) I/Eﬂ&mmmWWHMJ
=In / exp (Z In f(X;9) — 1nf(Xj|79n)> q(«?’>v<dz9’>]
j=1
o 2V f(X19)
=In /exp (; <W,ﬁ — 19n>

+
O\,_. T
_
|
=
—

0 =90, Y Dy ln f(X;0n + t(9 — 9n)) (0 — 19”)> dt) q(ﬁ’)u(dﬁ’)] .
j=1

Since v,, was taken to be the MLE the term %

that follow from lemma 4.6. What is left is the function of the remainder term. Before its

evaluation consider the subsequent lemma.

disappears, under regularity conditions

Lemma 4.9
The function y — fol E(y+ %) dt is continuous if £ is continuous and uniformly bounded.

Proof. Continuity ensures that lim,, o & <y + % + %) —&(y+ %) = 0. If £ is also uniformly

bounded the consideration of ‘f (y +1 4 %) —&(y+ %)‘ < 2|€]|, ensures the applicability of
the DCT and therefore
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(iii) =In [
=In [
Rk
2

In Uexp (/ (1—1) <9 . Zpﬁ In £(X;[0n +m—1/29)e> dt)q(z?n —l—n_1/29)1/(d9)]

7=1

exp < (1—1) <19 — U, z”: D31n f( X0y + t(0 — 95)) (9 — 29n)> )q(ﬁ')u(dﬂ')dt]

j=1
exp( (1—1) <

n

—_—

Z D3n f(X;|0, + tn”~ 1/29)e> dt) q(9, + n1/29)nk/2u(d6)]

3\'—‘

If ¢ is continuous in ¥y the CMT implies ¥, +n~1/20 — 0y PY0-a.s., thus q(Vn —|—n_1/29) — q(Yo)
PY.a.s. If, furthermore, D2 1In f(X;|¥) is continuous in ¥y and bounded (as already assumed
above), lemma 4.8 becomes applicable to the term (iii) + & In(n):

lim (iii) + gln(n) =In [/ exp (/1(1 — 1) (0, —Z(90)0)) dt) q(ﬂo)y(dﬁ)] PY —a.s

n—oo 0

(2m)k/2
—In [ JEQ dit 7 ))qwo)v(de)]

= In(q(Yo)) — %ln(det Z(9)) + gln(%r). (4.16)

By applying lemmata 1.57 and 4.5 to H(©1) ((iii) + %ln(n)) one can see that the product

almost surely converges to (4.16), as well.
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4.1.1 Combining the Terms

After expanding the Kullback-Leibler divergence K (H , G) we have developed conditions under

which some of terms converge PY0-almost surely to degenerate limits, if k is fixed, while other
terms remain. It will now be shown that combining these terms cancels them out and one can
follow the desired result of dyv (G, H) converging to zero PY0-a.s.

K (H,G) = (iv) = (i1) ~I(1 = H) [ hdv— [ In(h)hdv
©1 es

— (1v) — (4.13) — (4.14) — (vi) + H(O1) {(iii) + gln(n)} - H(@l)g In(n)
~In(1—H) [ hdv—A+B

(S
k k 1 k
= —5 In(2m) + 5 In(n) + 5 In(det Z(do)) — 5
_ J;l /@1 /01 <19 — O, D3 In f(X; [0 + (I — In)) (0 — 19n)> h(9)(1 — t)dt v(dd)

- In(q)hdv

61
/exp (/01 (1—1) < ii D31n f(X;|0, +tn—1/29)0> dt) q(9p + n~20)v(d9)

H(©,) — g In(n)H(O1)

+ In

— [ In(1— H)hdv
61
—A+B
k 1 k
=3 In(27) + 5 In(det Z(dy)) — B

_ g /@ /01 <29 — O, D3 In f(X; [0 + (I — In)) (9 — 19”)> h(9)(1 — t)dt v(dV)
- In(q)hdv
01
1 1 n
/exp (/o (1—1) < EZ lnf (X195 +tn_1/20)6> dt)q(ﬁnan_l/QG)y(dQ)

H(©1)
- / In(1 — A)hdv + B
61

+ In

k k 1 k k
— H(©9) <—2 In(27) + 5 In(n) + 3 ln(det1(§0)> + 5 In(n) — 5 In(n)H(©1)
P g (n — o0)
Remark 4.10. Term A was combined with parts of terms (iii) and (iv) to form
k k 1 k k
H(©Y) (—2 In(27) + B In(n) + 5 In(det I(ﬁo)) +5 In(n) + 5 In(n)H(©1)
_ H(O) (-’; In(27) + ;ln(detI(ﬁo)> , (4.17)

which converges to zero PY-a.s. according to lemma 4.5 for any finite k € N.
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Remark 4.11. Our BvM theorem implicitly assumes consistency of the prior, which requires a
condition similar to (viii) in lemma 2.17 from Le Cam (1986a,b); Le Cam and Lo Yang (2000).
For this we also (implicitly) suppose the testing condition (2.7) or lemma 2.17 (iv) to hold. Since
© is a Borel subset of a Polish space and ©g C supp(q), a modified version of theorem 1.70 using
the Euclidean metric should let us construct such tests without too much difficulty. Thus this
assumption shall be considered justified. More on consistency in parametric models is presented
in van der Vaart (1998), chapter 10.

Lemma 4.12 (Consistency of the Prior, Prior Mass Condition)
The prior in the experiment above is consistent given

[ 1eula(t) = awo)| D (1) = olph), 1 0.

Proof. Le Cam’s second part of the condition is easily proved by considering

The first part involves the convergence of ¢ to a = ¢(1J) fast enough. Now take A¥)(Qq) =

F(ﬂ’:/i) p¥ = o(p™!) (Smith and Vamanamurthy, 1989), then the first term is o(1) as p; — 0
2

given the condition in the lemma. This holds for any fixed k£ € N. |

Remark 4.13. Another reason to assume consistency is the applicability of Doob’s theorem 1.72
as long as the conditional image measure of the observations is identifiable in the sense of the
theorem. Also compare lemma 2.17 (ii).

Theorem 4.14 (Bernstein-von Mises Theorem for a General Posterior)
Consider the dominated experiment from (4.1)

o= (27X {Pk veol),

and take the parameter space © C R* where (0,%F, Q) is a probability space and Q = £(V) < v =
M%) is the image measure of 9. The prior density q := % must be defined on supp(q) := 01 D O
as defined in (4.3) and (4.4), and is required to be continuous in ¥y and to be bounded as in
(4.15):
sup |In(g(0)| < ¢q < 0.

0cl(90)
Assume the ezistence of a strongly consistent MLE in the sense of (4.2) for each ¥ € ©.
If the likelihood meets the regularity conditions of lemmata 4.6 and 4.8, and if D129 In f is also
bounded, and the Fisher information matriz reqular and positive definite,

then the posterior G = Q(:|X(y)) defined by its density

_dQ( X))
N dv ’

q(0) i1 F(X;]9)
Ja(@) = £(X510")w ()

91 X)) - 90X ) =

approaches the Gaussian
Hn(X(n)7 190) = Nk(ﬁn ° X(n)vnilz(’ﬂO)il))

in the sense that
Jim dpy (HR(X(n)aﬂO)a Q('|X(n))) =0, P*—as.
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4.2 Bernstein-von Mises Theorem for a Finite-Dimensional Subspace in Group
Testing

In the setting of section 3 with equally sized subgroups the parameter p will be projected onto
a finite-dimensional subspace such that, in essence, a parametric setting is achieved, similar to
the initial approach by Giné and Nickl (2015). More specifically:

K
py: X —[0,1], zw~— Z'ﬁkcpk(x), (4.18)
k=1
where ¥ := (91,...,9x)" will be interpreted as a random variable on the measurable space

(U(0),B(U(0))) equipped with the Borel-o-algebra, where ¢ is assumed to be defined on a
compact space U(#) C RX which includes the true parameter 6 in accordance with lemma 4.6.
Additionally it is assumed that the prior is dominated by the K-dimensional Lebesgue measure:
IT < A,
Furthermore p is assumed to be the Lebesgue-measure and 2~ to be compact set in R, and as
mentioned in section 3.

The task now is to check the conditions of theorem 4.14 for the likelihood at hand. As
a first step it will be shown that the necessary regularity conditions are met, and to do so
the partial derivatives of the likelihood and the second order derivative of the log-likelihood
(Y}, X;19) == In (.,2” (Y7, ij)) are calculated. The regularity conditions can then be stated
as:

(i) Dominated convergence of the first order derivative:

sup
deU(8)

0 « %
S L0 X0 < k(Y7 X,)

where [ k1d(¢ ® p(™) < oo.
(ii) Dominated convergence of the second order derivative:

2

00,00,

sup

LY, X;]09)
DeU(9)

< k2(Yj*>Xj>

where [ kod(¢ ® p™) < oo.

(iii) And continuity of the second order derivative of the log-likelihood in g € R¥ i.e.

Ve>0:36>0: [0 — ol < 6 = |DIY;, X;19) — DIV}, X;[00)|| < e

(iv) Boundedness of the second derivative of the log-likelihood.

(v) Symmetry and positive definiteness of the Fisher information matrix.
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The likelihood for this problem is
2L(Y], X;10)

n K n K
= exp (Y;-* In [1 -TIa- Zwmij))] +(1-Y/)Y In ll -3 ﬂm(xmb 9n (X)),
i=1 k=1 =1 k=1

and the first and second order partial derivatives are given below:

0

S 2 VX 00)
n K n K
= exp (Yj* In|1—J](1- Z Vrpr(Xij)) V) In [1 -y ﬁk@k(Xij)D 9n(X;)
=1 i=1 =
21 or(Xig) e,y i} [1 — Yhey k(X )} n oi(Xi;)
Sy 1-Y7 Y ,
[ ’ 1= T (1 — S dkon(X))) ~ ¢ ! )iz::l 1— Y Yeon(Xi)
02 N
a0ia0, 2 Y7 Xal?)
n K
— exp (Yj* In|[1— H (1— Z Deon(Xi)| + (1 =YY In [1 -3 ﬁkcpk(Xij)D gn(X5)
=1 i=1 k=1
s i1 Pm(Xig) Ireqr, n\fi {1 — D=1 Vrpn( rj)} _a _Y'*)i om(Xij)
L ’ 1 =TT (1 — S48 rer( X)) TS 1 - T een(Xy)
-Yj* >ie1 (X)) I, i\ fiy [1 — Yhey Iren( Xy )} - z": o1(Xi5)
I 1—TTy (1= 6 Yeon(X3)) i=1 i7)

= 1— 30 Yeon(X5

n n K
+ exp (Y In [ H 1 - Z ﬁk(pk — Y?) Zln [1 - Z ﬁk@k(XZJ>]> gn(Xj)
i= i=1 k=1

1

{ol -] 11

n K
: [Z o1(Xij) ST oml(Xyy) 11 [1 -3 ﬁkwk(xsj)”
i=1 re{l,...,n}\{i} se{l,..,n}\{i,r}

,,,,, k=1

.....

n K
- {Z om(Xij) 11 [1 -3 ﬁk@k(er)”
i=1 re{l,.n}\{i} k=1

..... ) o _2
-3 ﬁkmxrj)” } : [1 -[Ia-> QWI«(XU))}
i=1 k=1

k=1

SoaXxiy) I

Ll reflnh\{i}

n

(1_y* o1(Xij) om (Xij) }
( ’ ); (1 - ﬁkwk(Xz’j))Q

The Hessian matrix of the log-likelihood D3 In (.,2”(1/3*, Xj|19)) = (Dg((Yj*, Xj|29))
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2 * N . N
— (7819?819m£(}/j ’XjW)>(l,m)€{1,...,K}2 is defined by its entries
82
_ Y uv* X,
59,00y, 7 XilV)
n K
v [T L] -
i=1 k=1

n K
' [Z o1(Xijz) S oml(Xy)) 11 ll = ﬁwk(ij)”

i=1 re{l,...n\{i} se{l,...n}\{i,r} k=1

n K

- [Z om(Xij) 11 [1 - Zﬁkwk(xrj)”
i=1 re{l,...,n}\{:} k=1

: [Z o1(Xijz) H

i=1 re{l,..n}\{i}
R P1(Xij)pm (Xij)
. (1 . ij ) Z K] J -
i1 (1 — >kt ﬁk‘Pk(Xij))

K n K
1-— Z’ﬂk@k(Xm)‘” } : |} — H(l - Z ﬂkSDk(ij))]
k=1

k=1 i=1

As a first step it can be shown that condition (i) holds true if the following three additional
conditions are met:

1. All basis functions are bounded, ie. Vk € {1,...,K} : Vo € 2 : ypr(z) < |pp(z)] <
1Pkl o0 < & < 00,

2. py must be bounded from below, more precisely: 3l > 0: V9 € U(0) : Vo € 2 : py(x) >,
3. and from above: Ju < 1: VY € U(F) : Vx € 2 : py(x) < u.
Now, note that

n K
xp (y In [1 STI0 - 3 don(X))
k=1

=1

n K
+(1-Y)> In [1 - ﬁks%(Xz‘j)D 9n(X;)
i=1 k=1
isa ((® ,u,(”))—(probability) density, which, using the conditions above and the triangle inequality,
can be bounded from above by
exp(l-In(1—(1—w)")+1-nln(l—1))gn(X;) =1 — (1 —u)")(1—=1)"gn(X;),

since the exponential and logarithm functions are strictly monotonous and both exp as well as
gn are nonnegative. Moreover, one can bound the additional factor

- i1 e Xij) I, i\ iy [1 - ﬁkSOk(er)} v i e1(Xij)
! 1= T (1= S0 dreon(Xig)) TS = S Oken(Xig)
(11—t & 1 &
< 1—(1—1)71;9”( )|+ 1—u;¢l( 3)
(1 -t 1
<
Sioa-p Tt s
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Hence

/kld(C ® p™)

(1—nt

= [ - =)A= g (1 et ! u) (¢ ® u™)(dy, dx)

_ n\yn—1
(1 (- W) (1~ g (1(1_ . u) [, ;60 [, ctanu®iax

J— n_l
=21 -1 -w)")(A~1)"n¢ (1(1— (11)— D i u) -

In a similar fashion condition (ii) is shown below, considering
—2
<(1-Q1-0M77

n

K
I < py = [1 =TI = dpn(Xij))
k=1

=1

and
K

—2
py <u= (1 - ﬁk@k(Xij)> <(1—u)2

k=1
Hence V9 € U():
82
09,00,

2(Y}, X;|9)

-t 1)
—(1—l)”+1—u>

< (1= (1 =w") 1= D"ga(X;)n*¢* (1

(1= (L= w)) (1= 1) (X;)
| {((1 e VOt RV et ) O }

(1-(@=0m)? (1—wu)?
_ 1\yn—1 2
= gn(Xj)n¢2(1 - (1 - u)n)(l - Z)n n <1(1_ (11)_ l)n - 1 i u)
(1= =11 =0D)"2(n—1)+n(1-1)*2 1
CRFEDE BREEE

= gn(Xj) Cf,?(na ¢7 l7 U),

and thus [ ked(¢ @ p™) = 2cg 5(n, ¢,1,u) < co.

The condition (iii) holds since the log-likelihood can be seen as a composition of continuous
functions regarding the components of .
To show condition (iv) it suffices to state that the upper bound

{ (A=0"=DA =) " n(n - 1)¢* +n®¢*(1 - 1)*"7 = n¢’ }

(1= (-2 BETEE

holds for the absolute value of each entry since this implies boundedness of the Hessian matrix
in finite dimensions.

In order to show condition (v), it is useful to simplify the entries of the log-likelihood using
the notation ¢y (X;) := [[i=; (1 — py(Xi;)) and to calculate the Fisher information exploiting the
tower property of conditional expectations and the fact that X; is o(X;)-measurable; moreover
the regularity conditions shown above allow for the application of corollary 4.7 as follows:

2

62
A =—-FK -z
(ﬁ)lm 8191879m

—U(Y¥,X,;]9) = —EE
’ 60,00, 1 Xl (

e(Yj*,ij)]Xj) = Ehym(X;).  (4.19)
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Here, the second equality holds because of theorem 1.48.

0? o
ho 1m(X;) G%I}W £(y, X,|9) Bin(py(X;))({y})
~ (X)) em(Xi)
=1 po(Xij) 1 — po(Xy)

= y(X)

+ (1= vo(X5))? > o1(Xij)om(Xrj) 11 (1 —po(Xs;))

{(i,r)e{l,...,n}2:i#r} se{l,...,n}\{4,r}
S(1—(X5)) 7
(1 =a(X) D oem(Xiy) I I Pﬂ(er)]}
i1 re{l,..nP\{i}
' [Z e Xy) I I —Pﬁ(er)]] (1—y(X;))
i—1 re{l,..n)\{i}
o1(Xij)  pm(Xiy) o1(Xij)  om(Xrj)
= X X
) — 1= po(Xij) 1 — po(Xij) o) {(i,ﬂeﬁgn}m#r} 1= po(Xij) 1 — po(Xrj)

¥o(X;)? [n P (Xij 1 [n ‘Pl(Xij)l
i=1 1*p19(Xij) i 1 — py(Xij)
Xy

)
1
- U Om(Xrj) Vo(X5)? IR~ em(Xij) ~ a(Xy)
X)) Y T R T pe Ot T T 00X L i —m(Xij)] L i —m(Xij)]

It can thus be seen that [ and m play symmetric roles in each entry of the Fisher information,
i.e. it is symmetric and therefore self-adjoint. To prove that it is positive definite it remains to
be shown that for any v € R \ {0} the number (Z(9)v,v) is positive (compare Duistermaat
and Kolk (2004)). In order to do so, the linearity of the expectation can be exploited and the
sums will be reordered.

K K n o n .
=Ea, (X)) YD voom Y. > fl(XZJ om(Xrj)

=1 m=1 i=1r=1 pﬁ( %J)l_pﬁ(X )

Po(X;)? X —~  om(Xij) =~ i Xi)
e ’ Z Z o L—1 1 _pﬁ(Xij)l L—1 1 _pﬁ(Xij)l

Koo y K n |
= Eq, ¥s(X;) [Z wy W] v 3 Emn)

wﬁ(XJ)Z X v [n (Pl(Xi]) ] v [n Som(XZJ) ‘|
+EG”1—W(XJ»>; : gl—pﬁ%) mZ:Zl "S- pe(Xyg)
WXy [§~, N~ ailXy)
. "1 —hy(X) Lzl lzzll_pﬂ(Xu)]

Note that Vo € U(6) : lffm > 1(1(1u) y > 0 since u € (0,1) and therefore, the monotonicity of
the integral implies (Z(9)v,v) > 0, i.e. Z(¥) is positive semidefinite. To ensure strict positivity
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remember that [ € (0,1) and thus ﬁ > L. Now bound (Z(9)v,v) and apply corollary 1.38:

2

P S Ul LS W | S S
E@ore) 2 T~ g B |20 2 @K)
_ (- 1 .
=1 (1 —U)n ) (1 — 1)2 EGn <U7q>(XJ)>2a

if we define

> i1 1 (i)

d: 2" - RE xm : . (4.20)

2ic1 px (i)
Assuming this number to be zero implies (v, ®) = 0, Gp-a.s. If we impose the condition that
(v, ®) cannot be zero G,-a.s. on the basis functions, we can conclude by contradiction that
Eg, (v, ®(X;))? # 0 and thus Eg, (v, ®(X;))* > 0, in other words this condition ensures Z(4)
to be positive definite. This condition can be further simplified applying lemma 1.42; it should
be noted that for fixed j,{ the random variables v;p;(X1;), ..., vp(Xy;) are even iid.

2

n K n
[Z u Y el X 1 =Vea, Y ud w(X
=1 i=1

=1 =1

2

K n
+ |Eq, Y u), SOZ(Xij)]

=1 =1

ok . K 2 K K 2
=V, Y > upi(Xiy) + ZEGZW%(XM)] =nVa ) up(Xy) +n” |Ec ZUM(XU)]
i=11=1 i =1 =
b 2
> nVszlgol (X15) +n EGZWW (X1 1 =nEq [Z”M le)l
=1
K K K K
= nEGZ Z Vvmpr(X15)om(X1j) = ”Z Z vvmBa o (X15)om(X1)
=1 m=1 I=1m=1
K K
2 nz Z vvmEcei(X1j)em(Xij)
=1 m=1

Now let supp(g) =: ¢ and assume that g is bounded from below on its support, i.e. Vo € ¢ :
g(x) > ¢4 > 0. To ensure the term in equality e is strictly bounded from below, a sufficient con-
dition is that Eqy;(X1;)em(X1j) = d1m, i.e. the ¢1,...,px form an ONS G-a.s. Alternatively,
we now assume the ©1,...,0x to be supported on 4 or 4 = 2 and to form an ONS. This
assumption is reasonable since the regression function cannot be estimated outside ¢. With the
latter assumption the inequality can be further simplified:

K n 2

K K
>n) Y vumEaei(X1))em(X1;))

N
Il
—
i
—

I
M=

VU, é e1(x)om () p(dx)

K

2
VU 01 m = NCyq Z v
=1

T
A
3
[
5

I
N
M=

_N
I
A
03
I
-
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Theorem 4.15 (BvM for a Finite-Dimensional Subspace in Group Testing)

Take py as defined in (4.18) such that it maps to [0,1] for any ¥ € U(0), and let it be bounded
such thatVe € 27 :0 <l <py(z) <u<1.

Assume the density g of the covariates to be supported on 9 = £, and to be bounded from below,
i.e. Ve €9 : g(x) > cy > 0.

If, furthermore, the basis functions 1, ..., pr are uniformly bounded by ¢ < oo, and if they
form an ONS on L*(Z , %, 1), all prerequisites of theorem 4.14 are met.

Remark 4.16. Again, we assume the natural prior mass condition that is required for consistency.
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5 Discussion, Conclusions and Possible Extensions

In section 2.1 we have given an overview of group testing regression models and various ap-
proaches to derive estimators and their consistency. Section 2.2 provided us with tools and
conditions to study the asymptotic distributional behaviour of different Bayesian models as
they were introduced in section 1.2.

In section 3 we have combined methodology from sections 2.1 and 1.2 to derive a posterior
distribution for a group testing regression problem when only pooled data is considered. As a
second step one may additionally model the individual testing stage, which we have omitted.
Since our study of the posterior in section 4.1 relies on conditionally independent and identically
distributed observations, the last paragraph of section 3 is dedicated to restrictions on the
posterior model. Indeed, pooling samples of equally sized groups does not seem far-fetched
in practice and is implicitly assumed by Dorfman (1943) in his paper. One might, however
argue, that taking the marginal distribution of the covariate to be dominated by the Lebesgue
measure may be somewhat of a simplification, and in fact Delaigle et al. (2014) propose a model
with discrete and continuous covariates. If this really poses a problem, might depend on the
application and the particular model at hand. Age, for instance, is a continuous value that
may very well be made discrete by clustering it (e.g age in years), while other values, such as
cigarettes smoked, while being discrete, might be considered approximately continuous.

Section 4.1 builds on section 2.2 and develops sufficient conditions for a strong Laplace-
Bernstein-von Mises theorem, which is then combined with the insights of section 3 to propose
a strong BvM theorem for a finite-dimensional projection of the functional Bernoulli parameter,
which, to the best of our knowledge is the first of its kind for this particular kind of problem.

Desirable extensions of theorem 4.15 could be the consideration of a Bayesian nonparametric
estimation of p instead of the finite-dimensional projection py. For such an experiment, a few
problems would arise in the argumentation we have given. For instance, taking & (section 4.1)/ K
(section 4.15) to diverge, one could no longer reason with dominated convergence in (4.12) for
the “outside-of-O1-part” of [In(h)hdv. Additionally, the almost sure convergence of the term
(4.17) is no longer guaranteed without restrictions: the divergence of & must be bounded in order
to be compensated by the convergence of the random variable H, i.e. the rate of convergence
must be determined or another solution has to be found.

Moreover, one might want to modify theorem 4.14, such that it becomes fully Bayesian, by
allowing the convergence to be PV ® Q-a.s., or, similarly, in PY ® Q-probability, which means to
relax the consistency of ¥, to only hold for @Q-almost all # € © as proposed in definition 4.1.
In this sense, the prior consistency condition is not required as an extra, but as Bayes theorem
1.51 tells us, the posterior is dominated by the prior, and therefore prior consistency implies
posterior consistency in a fully Bayesian approach.

Another restriction that might be lifted is the shape of ©;. While our definition still allows
arbitrary shapes of priors, one might modify the support of the prior to contain ©; rather than
to be ©1. While this shouldn’t be a big problem, the restriction was made for technical reasons,
similar to restrictions in Le Cam and Lo Yang (2000).

Last but not least, for practical purposes it could be useful to model py = F o & for a
distribution function F : R — (0,1) as proposed by Ghosal and van der Vaart (2017), for
example. If the link function F' is continuous (with respect to the Lebesgue measure), which is
usually the case, conditions (i), (ii), (iii), and (iv) in section 4.15 follow immediately from the
proof already given. Regarding condition (v) the calculation will be slightly more complex and
one would derive a different set of conditions on the .

Furthermore, one could relax the nature of consistency of the MLE to be weaker, i.e. con-
vergence in probability.

Other interesting aspects are the contraction rates, where upper, lower bounds, as well as ex-
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act rates would be of interest, in particular to justify approximations in practical applications.
Regarding practical applications computational aspects and concrete algorithms could be devel-
oped.
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