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Chapter 1

Analyzing Time Series of NMR
Spectra

Nuclear magnetic resonance (NMR) spectroscopy is a powerful analytical tool for exam-
ining chemical compounds. Compared to other methods for analyzing chemical species,
NMR is a noninvasive, highly sensitive, and very precise measurement technique. Fur-
thermore, NMR can be used to extract quantitative, qualitative, and structural information
about chemicals. It is therefore widely used in many fields, including food processing [35],
pharmaceutical research [60], biological chemistry [106], medicine [34], and environmental
chemistry [118], to name a few. For the determination of the three-dimensional structures
of biological macromolecules using NMR spectroscopy, a Nobel Prize was even awarded in
2002 [133].

1.1 A Mathematical Perspective

This thesis does not aim to provide a comprehensive overview of NMR spectroscopy. For
a detailed introduction to the topic, we refer to [80]. Nevertheless, from a mathematical
point of view there are some interesting points worth discussing. NMR spectral data is ob-
tained by first measuring the oscillations of the magnetic fields of nuclei, such as 1H, 13C,
19F, and 31P, in the presence of a strongly oscillating magnetic field. These oscillations are
then detected by inducing a voltage in a detection coil and decay approximately exponen-
tially. Hence, this type of data is called free induction decay (FID). Ideal FID data consists
of a sum of sine and cosine functions of different frequencies and amplitudes, multiplied
by a linear exponential decay. Next, the Fourier transformation is applied to the FID data.
Assuming ideal FID data, the resulting Fourier transform creates a spectrum consisting of
Lorentz functions, see Eq. (2.2) and Lem. 3.6.

In the presence of noise, two cases are generally considered, see also [131]. First, ho-
moscedastic noise, which can be represented by adding Gaussian white noise to the FID
data. After the Fourier transform, this added noise remains Gaussian, see [107] and [93,
Sec. 2.10]. Second, linear heteroscedastic noise, which scales linearly depending on the am-
plitude of the FID data. This type of noise can be represented by multiplying Gaussian
white noise to the FID data, [131, Eqs. (3)-(4)]. After the Fourier transform, heteroscedastic
noise leads to deviations from the Lorentz profile and causes Voigt functions to appear, see
Eq. (2.4) and Cor. 3.9. Therefore, an NMR spectrum can be mathematically defined as a sum
of different Lorentz and Voigt functions with added Gaussian noise.

From a mathematical point of view, there are two oddities regarding NMR spectral data.
First, the x-axis of an NMR spectrum that denotes the frequencies conventionally runs from
right to left, i.e., higher frequencies are to the left and vice versa1. Second, the frequency

1Before 1970, two scales, τ and δ, were in use. Ultimately, the International Union of Pure and Applied
Chemistry (IUPAC) recommended using only the inverted δ scale, see [89, Preamble] and [47].
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axis is dimensionless. Since the frequencies of nuclei in different chemical compounds vary
only by tiny amounts, the x-axis denotes the relative frequency difference from a standard
compound, which in the case of 1H and 13C is tetramethylsilane (TMS), expressed in parts
per million (ppm).

1.2 Advantages of Analyzing NMR Time Series

One property of nuclear magnetic resonance is the fact that the frequencies of the oscil-
lating nuclei vary when external or internal conditions change. Spectra depend not only
on the magnetic field strength, but on the number of nuclei, the structure of the molecule,
the interactions between different nuclei inside and outside the molecule, the pressure, the
pH value, etc. This enables the first application of NMR spectral analysis: the detection of
chemical species and the extraction of information about their structure. For example, in 1H
NMR, the protons belonging to different functional groups of an organic compound behave
differently, see [17] for a detailed introduction. Typically, structural or qualitative informa-
tion is extracted by observing the peak positions, the appearance of special groups of peaks,
called multiplets, the distance between multiplet peaks, and peak widths.

Conversely, quantitative information can also be obtained. This information is closely
related to the values of the peak integrals, which depend on peak widths and heights.

Quantitative information e.g., concentrations of a mixture, is relevant for monitoring
chemical reactions or other of processes. In this case, information about the reaction ki-
netics can be obtained by observing changes in concentration profiles over time. This cre-
ates the need for modeling NMR time series. Examples of using connected series of NMR
spectra2 include general reaction monitoring, e.g., using flow NMR [40, 43, 82], monitor-
ing metabolomic reactions [6], observing changes in peak positions over time when the pH
value changes [121], determining the effectiveness of catalysts at different temperatures [49],
and many more.

Whenever concentrations and peak integrals are of interest, numerical integration is the
intuitive and most commonly used computational solution. This relatively simple approach
of obtaining peak integrals works well when the peaks are sufficiently separated. However,
when the peaks are in close proximity, change position drastically, cross over, or change
order, numerical integration of single peaks is often difficult and inaccurate. Additionally,
the integration bounds must be adjusted for peaks that change position within the time
series. In these cases, it is beneficial to first model each individual peak, or to deconvolute the
spectrum. In some cases, defining the integration bounds and detecting the peaks is done
manually. These manual steps are very time-consuming and limit the effectiveness of using
NMR as an analytical tool.

Therefore, an automated approach is called for. Since the goals of analyzing NMR spec-
tra are broad, this thesis aims to provide a general solution. Our proposed solution is to
model the entire time series using peak model functions. This not only eliminates the need
for manual peak picking and numerical integration by providing peak positions and inte-
gral values for every spectrum, it also enables a low-dimensional representation and an easy
recreation of the entire time series using the peak parameters. Additionally, the models and
the peak parameters facilitate further analysis as all relevant information from the data can
be stored more easily accessible in the set of peak parameters.

Unlike other analytical techniques, such as liquid chromatography, gas chromatogra-
phy, and optical spectroscopy, NMR spectra do not satisfy the LAMBERT-BEER law. This
law ultimately enables the use of nonnegative matrix factorization (NMF) methods, which

2In this thesis, we colloquially call all such data time series, even though the second dimension can represent
something different.
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retrieve pure component spectra and concentration profiles by factorizing the data matrix.
There, solutions can be found by using a simple principal component analysis (PCA) [72]
or more sophisticated multivariate curve resolution (MCR) methods [58]. However, these
NMF methods suffer from an intrinsic ambiguity. Therefore, a set of all feasible solutions can
also be determined [42]. As it turns out, this type of ambiguity does not exist for NMR
spectra, assuming they are sufficiently selective. For spectra with overlapping peaks, the
additional information provided by time series can increase selectivity and mitigate the re-
maining ambiguity.

1.3 Overview of This Work

The main aim of this thesis is to present solutions to the modeling problem of NMR time
series, which we define as an optimization problem in Ch. 2. Furthermore, we present com-
mon peak model functions and illustrate important properties. Lastly, we introduce the
Wasserstein metric, a useful tool when dealing with spectral data.

Chapter 3 addresses the question of ambiguity versus uniqueness of solutions to the
modeling problem. We find that, under certain weak assumptions and in the continuous
setting, modeling NMR spectra has a unique solution. For discrete NMR spectra, we pro-
vide upper and lower boundaries on the number of points necessary to ensure a unique
decomposition into peak model functions. However, the presence of noise can cause NMR
spectra to have multiple feasible models with significantly different sets of parameters.

In Chapter 4, we present practical approaches to using numerical optimization algo-
rithms, and compare possible solutions. Our main solution is an approach which reduces
the optimization dimension while simultaneously increasing the convergence stability for
the optimizer by optimizing only a few peak parameters and interpolating the rest using
cubic spline interpolation. Furthermore, we discuss several variants of this optimization
routine and their respective advantages and drawbacks.

Because the peak parameters, such as height, position, and half-width, correspond to
measureable quantities, we can use a second type of approach involving the observation
of peak structures within the spectra to obtain the peak parameters. In a sense, the most
general version of this approach is to not define a fixed heuristic method for parameter pre-
diction, as is described in Secs. 4.2.2 and 4.2.3. Rather, it is to allow an arbitrarily complex
heuristic method, which itself needs to be optimized to achieve satisfactory quality. This can
be achieved through machine learning. A neural network can be viewed as a heuristic pre-
diction algorithm, where an NMR spectrum is input and parameters are output. Chapter 5
is entirely devoted to neural networks, their possible architectures, how to conduct training,
and their applications in the context of NMR spectroscopy.

Ultimately, both types of approaches have their characteristic strengths and weaknesses.
Typically, the second type produces results more quickly, but its models are not always of
sufficient quality. In contrast, the first approach has the potential to achieve high-quality
models, albeit at the expense of increased runtime. Therefore, we propose to combine both
approaches and present a nonlinear optimization algorithm, which is initialized by param-
eter predictions from neural networks. Usually, this results in both a decrease in runtime
and an increase in model quality. The results of extensive testing of both approaches and
all optimization variants are presented in Chapter 6. We use three constructed and three
experimental data sets for testing, and for measuring the runtime and the model quality.

Parts of this thesis have been published before, but have been overhauled and refur-
bished in this work. The mathematical discussion in Ch. 3 has been published in [52].
The spline-based approach in Ch. 4 has been published in [86] and the improvements and
amendments using machine learning in Ch. 5 have been published in [53].
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The implementation of the methods proposed in this thesis can be found on GitHub
using the following link.

https://github.com/CITlabRostock/nmr_timeseries_model

The code is written mostly in Matlab and partially in Python.

https://github.com/CITlabRostock/nmr_timeseries_model
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Chapter 2

Mathematical Foundations

Hard modeling NMR spectral data is not a recent phenomenon. In 1952, Lorentz functions
were used to fit NMR data [101]. Even earlier, in 1949 it was noted that for certain spectral
shapes, the Lorentz function did not yield satisfying results [108]. Still, due to the underlying
physical equations, it was assumed that an NMR spectrum consists of a linear combination
of different types of model functions, for example, Lorentzians, Gaussians and Voigt func-
tions. While the rise of more potent computational devices allowed for more complicated
model functions to be used, computing the Voigt functions still remained expensive. There-
fore, an approximation was introduced in 1968 [129]. This approximation uses a convex
combination of Gauss and Lorentz functions, is easier to compute then Voigt functions, and
has an additional degree of freedom compared to Lorentzians. From that point on, these
so-called pseudo-Voigt functions have been thoroughly studied [4, 19, 66, 128], and used to
model certain types of spectral data, such as NMR [81], X-ray photoelectron spectroscopy
(XPS) [56, 116] and other types of spectroscopy [14, 79, 97, 108].

In this chapter we lay the necessary mathematical foundations for modeling time series
of NMR spectra. First, we define NMR peaks, NMR spectra and entire time series of NMR
spectral data mathematically. Second, we define the modeling problem as an optimization
problem. Third, we discuss useful properties of common peak model functions. Finally, we
introduce another metric for determining the model quality.

2.1 NMR Time Series

In the previous Chapter 1, we established that an NMR spectrum can be modeled by dif-
ferently parametrized peak model functions. Therefore, from a pure mathematical point of
view, we define NMR spectra as a sum of m parametrized peak model functions. As we
discuss in Ch. 3, this relatively simple definition helps to address the questions of ambiguity
and uniqueness, while still originating from physical reasoning.

To define NMR spectra, we first need to define what a peak is. In this general case we
describe a modeled peak by a continuous peak model function fp : R → R, parametrized by a
tuple p ∈ Rk.

Definition 2.1. Let k ∈ N and p ∈ P ⊆ Rk. Then, a peak is defined by a continuous function
fp : R → R, where for all p ∈ P, we have fp ∈ L1(R).

Since in NMR spectroscopy, the peak integrals correspond to the number of nuclei, we
also assume that f is integrable. We can now define an NMR spectrum as a mere sum of
different peak model functions.

Definition 2.2. Let k, m ∈ N, p1, . . . , pm ∈ P ⊆ Rk and α1, . . . , αm ∈ R. Then, an NMR
spectrum s is defined as a weighted sum of parametrized peak model functions fpi

.

s : R → R, with s =
m

∑
i=1

αi · fpi
. (2.1)
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In the setting of time series, we need to be able to vary the parameters for different points
in time. Therefore, all parameter tuples pi(t) and linear combination coefficients αi(t) can
be viewed as a function of t ∈ T.

Next, we look at the data to which we want to fit the model. An NMR time series is
obtained by performing single NMR scans in sequence for a set of points in time t ∈ T. Since
a single spectrum can be written as a vector representing the amplitudes in the frequency
domain X, a time series can be expressed using a data matrix D ∈ R|T|×|X|. Each row
D(t, :) of D represents the spectrum measured at time t ∈ T and each column D(:, x) of D
represents the amplitudes within the frequency channel x ∈ X. The data sets we apply our
methods to are introduced in App. B.

Finally, let d(·, ·) be a metric, whose inputs are matrices of the same dimensions. Then,
we can define the hard modeling optimization problem as follows.

Definition 2.3. Let P = {(αi(·), pi(·)) : T → R × P) | i ∈ [m]} represent the set of parameters,
let MP ∈ R|T|×|X| be defined by

MP(t, x) =
m

∑
i=1

αi(t) · fpi(t)(x),

and let D ∈ R|T|×|X| be the data matrix. Then, the hard modeling problem is to find m ∈ N and
P , such that d(D, MP ) → min. Furthermore, MP is called a model of the time series D.

2.2 Peak Model Functions

In the literature, three different types of model functions are often used to describe NMR
peaks. Typically, Lorentzians are used, when perfect acquisition of NMR spectral data with-
out noise or other interferences can be assumed.

Definition 2.4. Let c ∈ R and w ∈ R+. Then, a Lorentzian Lc,w(x) : R → R is defined by

Lc,w(x) =
w2

w2 + (x − c)2 . (2.2)

The parameter c is called center or peak position and w > 0 is called half-width. Furthermore,
the set of all possible Lorentzians is denoted by Lor := {Lc,w | c ∈ R, w ∈ R+}.

For the other two commonly used model functions, we must first define a Gaussian.

Definition 2.5. Let c ∈ R and w ∈ R+. Then, a Gaussian Gc,w(x) : R → R is defined by

Gc,w(x) = exp
(
− ln(2) · (x − c)2

w2

)
. (2.3)

Again, c represents the center and w the half-width. Furthermore, the set of all possible Gaussians
is denoted by Gau := {Gc,w | c ∈ R, w ∈ R+}.

If Gaussian noise is present in the FID data, then the peaks in the Fourier transformed
spectral data cannot fully be represented by Lorentzians, but rather by a convolution of
Gaussians and Lorentzians, called Voigt functions, see also Sec. 1.1.

Definition 2.6. Let c ∈ R and v, w ∈ R+. Then, a Voigt function Vc,v,w(x) : R → R is defined by

Vc,v,w(x) = (G0,v ∗ Lc,w) (x) =
∫

R
G0,v(y) · Lc,w(x − y)dy. (2.4)
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Here, the parameter c represents the center. However, the half-width cannot be explicitly described
in terms of v, w, but can only be approximated [5]. Furthermore, the set of all possible Voigt functions
is denoted by Voi := {Vc,v,w | c ∈ R, v, w ∈ R+}.

Because of the complicated definition by a convolution integral, it is difficult to evaluate
Voigt functions at any point analytically, even though there are results regarding an easier
analytic description [87, 110]. Despite the fact, that for quite some time lookup tables exist
for the Voigt function [12, 122], it is common to approximate the Voigt function [4]. In this
thesis, we opt for the commonly used convex combination of a Gaussian and a Lorentzian, in
order to facilitate understanding and computation. These approximations are appropriately
called pseudo-Voigt or Gauss-Lorentz functions.

Definition 2.7. Let c ∈ R, w ∈ R+ and λ ∈ [0, 1]. Then, we define a pseudo-Voigt function
pVc,w,λ(x) : R → R by

pVc,w,λ(x) = λ · Gc,w(x) + (1 − λ) · Lc,w(x), (2.5)

where c and w represent center and half-width, respectively and the convex combination coef-
ficient λ represents the deviation from the Lorentzian profile, thereby providing a measure on the
amount of interference. Furthermore, the set of all possible pseudo-Voigt functions is denoted by
pVoi := {pVoic,w,λ | c ∈ R, w ∈ R+, λ ∈ [0, 1]}.

The Gaussians are intentionally defined unconventionally. Note that choosing

v =

√
ln(2)

2
· w

results in a Gaussian

Gc,v(x) = exp
(
− (x − c)2

2v2

)

in the more commonly used form. Fig. 2.1 presents differently parametrized model func-
tions. For example, Gaussians have lighter tails than Lorentzians.

Several functions of similar appearance can be used to model peaks of NMR spectra.
Usually, this is done by introducing additional parameters, for example to account for skew
[116]. Often the purpose is to generalize the set of possible peak model functions in the
hope that more accurate fits to experimental data become possible. In this thesis, we only
consider the four functions mentioned above.

Lemma 2.8 (Useful Equations). There are several equations facilitating the use of these functions.

1. For all c ∈ R, w ∈ R+λ ∈ [0, 1], we have

Lc,w(c) = Gc,w(c) = pVc,w,λ(c) = 1 (2.6)

Lc,w(c ± w) = Gc,w(c ± w) = pVc,w,λ(c ± w) =
1
2

. (2.7)
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2. For all c ∈ R, v, w ∈ R+, λ ∈ [0, 1] and x ∈ R, we have

Lc,w(x) = L0,1

(
x − c

w

)
(2.8)

Gc,w(x) = G0,1

(
x − c

w

)
(2.9)

PVc,w,λ(x) = pV0,1,λ

(
x − c

w

)
(2.10)

Vc,v,w(x) = v · V0,1,w/v

(
x − c

v

)
= w · V0,v/w,1

(
x − c

w

)
. (2.11)

3. All f ∈ (Lor ∪ Gau ∪ pVoi ∪ Voi) satisfy f (x) > 0 for all x ∈ R.

4. (Lor ∪ Gau ∪ pVoi ∪ Voi) ⊂ L1(R)

5. (Lor ∪ Gau ∪ pVoi ∪ Voi) ⊂ C(R)

6. All f ∈ (Lor ∪ Gau ∪ pVoi ∪ Voi) with c = 0 are even functions, i.e., f (x) = f (−x) for all
x ∈ R.

7. Let f ∈ (Lor ∪ Gau ∪ pVoi ∪ Voi). Then, f is strictly monotonically decreasing for all
x ∈ [c, ∞). In other words, f is unimodal.3

Proof. 1. Simple calculations lead to the desired results.

2. Let c, w as defined above. We then have

L0,1

(
x − c

w

)
=

1

1 + ((x − c)/w)2

=
w2

w2 + (x − c)2 = Lc,w(x).

G0,1

(
x − c

w

)
= exp

(
− ln(2) ·

(
(x − c)

w

)2
)

= Gc,w(x).

Eq. (2.10) follows directly for all λ ∈ [0, 1] from Eqs. (2.8) and (2.9). To prove the first
equation of (2.11), let c, v, w be defined as above. Using the substitution y = vt, we
have

v · V0,1,w/v

(
x − c

v

)
= v

∫

R
G0,1(t) · L0,w/v

(
x − c

v
− t

)
dt

=
∫

R
G0,1

(y

v

)
· L0,w/v

(
x − c − y

v

)
dy

(2.8),(2.9)
=

∫

R
G0,v(y) · Lc,w(x − y)dy.

The second equation can be proved analogously.

3. This fact follows from the definition of Lorentzian and Gaussian functions. Pseudo-
Voigt functions are a positive convex combination of both, therefore they are also

3The fact that the Voigt function is a convolution of two unimodal probability densities does not imply uni-
modality for the Voigt function itself. In fact, a convolution of two unimodal functions can even have infinitely
many modes [112]. Therefore, we need to prove the unimodality by hand here.
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strictly positive. For Voigt functions we can see that for all x, y ∈ R the product
G0,v(y) · Lc,w(x − y) > 0, hence Vc,v,w(x) is also positive.4

4. We only need to show, that each of the functions is integrable once. Note that the strict
positivity of all functions allows us to omit the absolute value.

Let c ∈ R, w ∈ R+. First,
∫

R
Lc,w(x)dx =

∫

R
L0,1

(
x − c

w

)
dx

= w ·
∫

R

1
1 + y2 dy = w · arctan(y)

∣∣∣∣
∞

−∞

= w · π < ∞ (2.12)

using the substitution y := x−c
w and Eq. (2.8).

Second,

∫

R
Gc,w(x)dx =

∫

R
exp

(
− ln(2)

(x − c)2

w2

)
dx

=
w√
ln(2)

∫

R
exp(−y2)dy = w ·

√
π

ln(2)
< ∞ (2.13)

using the substitution y :=
√

ln(2)
w (x − c), Eq. (2.9) and the well-known Gaussian inte-

gral [33, Ch. 4.4].

Let λ ∈ [0, 1]. Thirdly,
∫

R
pVc,w,λ(x)dx = λ

∫

R
Gc,w(x)dx + (1 − λ)

∫

R
Lc,w(x)dx

= w ·
(

λ ·
√

π

ln(2)
+ (1 − λ) · π

)
< ∞. (2.14)

Additionally, let v ∈ R+.

Lastly,
∫

R
Vc,v,w(x)dx =

∫

R

∫

R
G0,v(y)Lc,w(x − y)dydx.

=
∫

R
G0,v(y)

(∫

R
Lc,w(x − y)dx

)
dy

=
∫

R
G0,v(y) · wπ dy = vw · π

√
π

ln(2)
< ∞ (2.15)

using Fubini’s theorem [33, Thm. 4.4.5.].

5. From their definitions, it is easy to see that Lc,w, Gc,w and pVc,w,λ are continuous func-
tions, since w > 0. Furthermore, convolutions of continuous functions are continuous
again [33, Thm. 9.1.6.]. Therefore, Vc,v,w is also continuous for all possible choices of
parameters.

6. Again, it is easy to see that for all x ∈ R, the functions L0,w(−x) = L0,w(x), and
G0,w(−x) = G0,w(x), and pV0,w,λ(−x) = pV0,w,λ(x) are symmetric. For Voigt functions,

4Strictly speaking, we also use the fact that G0,v(y) · Lc,w(x − y) is continuous (5.).
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we have

V0,v,w(−x) =
∫

R
G0,v(y)L0,w(−x − y)dy

6.
=

∫

R
G0,v(−y)L0,w(x + y)dy

= −1 ·
∫ −∞

∞
G0,v(t)L0,w(x − t)dt

= V0,v,w(x)

using the symmetry of Lorentz and Gauss functions and the substitution t = −y.

7. Let c < x < y, and 0 < d1 := x − c < d2 := y − c. Then,

Lc,w(x)

Lc,w(y)
=

w2 + d2
2

w2 + d2
1
> 1

Gc,w(x)

Gc,w(y)
= exp

(
− ln(2)

(
d2

1 − d2
2

w2

))

︸ ︷︷ ︸
>0

> 1.

The monotonicity of the pseudo-Voigt functions again follows from the definition and
from the monotonicity of the Gauss and Lorentz functions themselves.

To prove the monotonicity of Voigt functions, we first assume w.l.o.g. that c = 0.
Let 0 < a < b. We then need to show that V0,v,w(a) − V0,v,w(b) > 0. We define
l(y) := G0,v(y) · L0,w(a − y) and r(y) := G0,v(y) · L0,w(b − y), and obtain

V0,v,w(a)− V0,v,w(b) =
∫

R
l(y)− r(y)dy. (2.16)

We can also see that

l(y)− r(y) > 0 ⇔
L0,w(a − y) > L0,w(b − y) ⇔ (2.17)

(b − y)2
> (a − y)2

using the monotonicity of the Lorentzian. Therefore, we have

l(y)− r(y)

{
> 0, for y < b+a

2

< 0, for y >
b+a

2

.

This fact and the transformation y = −y′ + (b + a) allow us to rewrite Eq. (2.16) as
follows

∫

R
l(y)− r(y)dy =

∫ b+a
2

−∞
l(y)− r(y)dy +

∫ ∞

b+a
2

l(y)− r(y)dy

=
∫ ∞

b+a
2

l(−y′ + b + a)− r(−y′ + b + a)dy′ +
∫ ∞

b+a
2

l(y)− r(y)dy

=
∫ ∞

b+a
2

l(−y + b + a)− r(−y + b + a) + l(y)− r(y)dy.
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Note, that L0,w(a + y − b − a) = L0,w(b − y), L0,w(b + y − b − a) = L0,w(a − y) and
therefore

l(−y + b + a)− r(−y + b + a) + l(y)− r(y) =

[G0,v(−y + b + a)− G0,v(y)] · [L0,w(b − y)− L0,w(a − y)].

If both of these factors are positive for y >
b+a

2 , then the proof is complete. For the first
factor, we have

b + a

2
< y ⇒

−2(b + a)y + (b + a)2
< 0 ⇒

0 < (−y + b + a)2
< y2 ⇒

exp
(
− ln(2)

(−y + b + a)2

v2

)
> exp

(
− ln(2)

y2

v2

)
.

Using Ineq. (2.17) ff., we can see that the second factor is positive as well. Therefore,
both factors are positive for all y >

b+a
2 . Then, the integral over all y ≥ b+a

2 must also
be strictly positive. This is equivalent to the initial inequality.

Using the second fact from Lem. 2.8, we can see that an additional center parameter does
not give an additional degree of freedom for the functions in Voi. Let c, d ∈ R, v, w ∈ R+.
Then

(Gd,v ∗ Lc,w) (x) =
∫

R
Gc,v(y) · Ld,w(x − y)dy

=
∫

R
G0,v(y − d) · Lc,w(x − y)dy

=
∫

R
G0,v(y

′) · Lc,w(x − (y′ + d))dy′

=
∫

R
G0,v(y

′) · Lc−d,w(x − y′)dy′

= V(c−d),v,w(x).

Remark 2.9. The peak functions are intentionally parametrized in a way that allows for the
parameters to carry meaning about the spectral properties. The model functions are normed
to one, thereby allowing the introduction of another parameter h, which is multiplied to the
funtion and denotes the peak height5. The parameter c represents the position where the
function reaches its maximum. The height parameter h represents this maximum value. The
parameter w represents 1

2 of the width of the function at half height. In the case of pseudo-
Voigt functions, the convex combination coefficient λ cannot easily be obtained by looking
at the spectra. Still, λ approaching 1 leads to lighter tails, while λ approaching 0 leads to
heavier tails of the model function. Fig. 2.1 illustrates the meaning of the four parameters of
pseudo-Voigt functions. When it comes to Voigt functions, only the parameters c possesses
the same meaning compared to pseudo-Voigt functions. Both v and w contribute to the
width of the function via their ratio v

w and to its height, as per Eq. (2.11).

Additionally, the properties of these peak functions allows for derivative-based param-
eter detection.

5In Ch. 3, the height parameter is omitted since linear independence is observed. The coefficients of the linear
combinations are denoted by αi to avoid confusion with the optimizable height parameter h.
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FIGURE 2.1: Three pseudo-Voigt functions with different values for λ. Center
and height (black line) and half-width (green line) are identical.

Lemma 2.10 (Derivatives and Their Implications). Let c ∈ R, w ∈ R+, λ ∈ [0, 1]. Then, all
functions L′′

c,w, G′′
c,w, pV ′′

c,w,λ possess local minima at x = c and these local minima are sharper than
the original peaks, i.e., their half-width is < w.

Proof. Since fc,w(x) = f0,1
(

x−c
w

)
for f ∈ (Lor∪Gau∪ pVoi), we may consider the derivatives

f
(k)
0,1 (0) w.l.o.g.

For Lorentzians, we have

L′
0,1(x) =

−2x

(1 + x2)2

L′′
0,1(x) =

8x2 − 2(1 + x2)

(1 + x2)3

L′′′
0,1(x) =

24x(1 − x2)

(1 + x2)4

L
(iv)
0,1 (x) =

24(1 − 3x2)(1 + x2)− 192x2(1 − x2)

(1 + x2)5 .

In particular, we have L′′′
0,1(0) = 0 and L

(iv)
0,1 (0) = 24 > 0, thus proving the local minimum

at L′′
0,1(0).
Furthermore, L′′

0,1(x) has two additional roots, ± 1√
3
. This implies that the half-width of

the negative peak is strictly less than 1√
3
, which is smaller than the original half-width of 1.
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For Gaussians, let α = 2 ln(2). Then, we have

G′
0,1(x) = G0,1(x) · (−αx)

G′′
0,1(x) = G0,1(x) · (α2x2 − α)

G′′′
0,1(x) = G0,1(x) · (−α3x3 + 3α2x)

G
(iv)
0,1 (x) = G0,1(x) · (α4x4 − 6α3x2 + 3α2).

Again, we see that G′′′
0,1(0) = 0 and G

(iv)
0,1 = 3α2 > 0, thus proving the local minimum at

G′′
0,1(0). Furthermore, G′′

0,1 has two additional roots, ± 1√
α

. This implies that the half-width

of the negative peak is strictly less than 1√
α

, which is less than 1, the original half-width.
Using the linearity of the derivative, we know that pV ′′

0,1,λ has a local minimum at x = 0.
To estimate the half-width, we look at the roots of

pV ′′
0,1,λ(x) = λG′′

0,1(x) + (1 − λ)L′′
0,1(x).

We know that pV ′′
0,1,λ

(
1√
3

)
≤ 0 and that pV ′′

0,1,λ

(
1√
α

)
≥ 0. The intermediate value theorem

[13, Thm. 5.3.7] implies that there exists a root in the interval
[

1√
3
, 1√

α

]
. Therefore, the half-

width of this negative peak is also strictly less than 1 and the peak is sharper.

The fact that the second, and more generally 2k-th, derivatives produce sharper peaks
can be used to create more robust peak detection methods. In Sec. 4.2.2, we describe one
such method. There, Fig. 4.8 illustrates the advantage of using numerical second derivatives
compared to peak detection using only the data vector.

2.3 Objective Functions d(·, ·)
Regarding the optimization problem described in Def. 2.3, we mainly implemented using
the Frobenius norm d(D, MP) = ‖D − MP‖2

F, or the sum of squares error, as an objective
function. Using the sum of squares has several advantages. This metric is well-known
and minimization of the sum of squares is well-understood. For a good introduction on
nonlinear least squares, we refer to [64]. Furthermore, since the algorithms of this thesis
are implemented in Matlab, we can make use of the optimization algorithms specifically
designed to minimize the Frobenius norm. Mainly, we use lsqnonlin for optimization pur-
poses, which exploits the structure of the sum of squares function to approximate some of
the more complex computations [55].

The optimization problem then simplifies to finding m ∈ N and P such that

d(D, MP) = ‖D − MP‖2
F = ∑

x∈X
∑
t∈T

(D(x, t)− MP(x, t))2 (2.18)

is minimal.
Another objective function that can be used is the Wasserstein distance. Originally, this

metric was defined as a metric between two probability measures [30, 127]. We only need
the special case of absolutely continuous measures on R, in which case a simpler definition
can be found in [123].

The Wasserstein metric can be viewed as the mean distance each grain of sand has to be
moved, if both probability distributions are assumed to represent piles of sand. Therefore,
it is used in the context of optimal transport. For a detailed overview on the Wasserstein
metric in that context, we refer to [124].
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Definition 2.11. Let f , g : R → R be two probability density functions and let F, G : R → [0, 1]
be their corresponding cumulative distribution functions. Then, the (one-dimensional) Wasserstein
metric, or Wasserstein distance, dW( f , g) can be written as

dW( f , g) =
∫

R
|F(x)− G(x)|dx. (2.19)

Now, an NMR spectrum s consisting of a finite number of peaks modeled by Eqs. (2.2)
- (2.5) are also integrable functions. The function s · ‖s‖−1

1 is therefore a probability density.
This allows us to apply the Wasserstein metric to normed NMR spectra as well.

For spectra s, t where X = x1 < . . . < xN is finite, we can compute the Wasserstein
distance in linear time.

Definition 2.12. Let s, t ∈ RN, with s(i), t(i) ≥ 0 for i = 1, . . . , N. Let cs, ct be the normed
cumulative sums of s and t, where for some vector v ∈ RN the cumulative sum cv of v is defined by
cv(n) = ∑

n
i=1 v(i) · ‖v‖−1

1 . Then, the Wasserstein metric in the discrete case can be written as

dW(s, t) =
N−1

∑
j=1

|cs(j)− ct(j)| · (xj+1 − xj).

The Wasserstein metric has some interesting properties regarding the optimization of
NMR spectra. Its properties allow us to separate the optimization into linear and nonlinear
parameters. This is a direct result of Lem. 2.14. First, we quickly define quantile functions.

Definition 2.13. Let F : R → [0, 1] be a cumulative distribution function. Then, its quantile
function F−1 : [0, 1] → R is defined by

F−1(z) = inf{x ∈ R | z ≤ F(x)}.

Lemma 2.14 (Vallender, [123]). Let f , g, F, G be defined as in Def. 2.11 and let F−1(z), G−1(z) de-
note the quantile functions of F and G respectively. Then, the Wasserstein distance can alternatively
be represented by

dW( f , g) =
∫ 1

0
|F−1(z)− G−1(z)|dz. (2.20)

Proof. In [123, p. 785], this fact follows from “obvious geometric considerations”. To facilitate
the understanding of this metric, we recapitulate these considerations here.

Let λ2 denote the two-dimensional Lebesgue measure. Then, the Integral from Eq. (2.20)
is equal to the area in between the graphs of the quantile functions. This allows us to write

∫ 1

0
|F−1(z)− G−1(z)|dz. = λ2(Aq),

where

Aq :=
{
(x, z) ∈ R × [0, 1] | min

{
F−1(z), G−1(z)

}
≤ x ≤ max

{
F−1(z), G−1(z)

}}
.

Analogously, we may write
∫

R
|F(x)− G(x)|dx = λ2(Ap),
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where

Ap := {(x, z) ∈ R × [0, 1] | min {F(x), G(x)} ≤ z ≤ max {F(z), G(z)}} .

Furthermore, we define the two λ2- null sets

Nq :=
{
(x, z), | x = max

{
F−1(z), G−1(z)

}}
,

Np := {(x, z), | z = min {F(x), G(x)}} .

Now, for any point (x, z) ∈ Aq \ Nq, we can assume that F−1(z) ≤ x < G−1(z) w.l.o.g.
Using the defining inequalities of the quantile functions F(x) ≥ z ⇔ F−1(z) ≤ x, we can
infer that F(x) ≥ z > G(x). Therefore, Aq \ Nq ⊆ Ap.

Conversely, for any point (x, z) ∈ Ap \ Np, we again assume F(x) < z ≤ G(x) w.l.o.g.
Again, using the definition of quantile functions, we obtain G−1(z) ≤ x < F−1(z) and
Ap \ Np ⊆ Aq.

Finally, we have

λ2(Aq) = λ2(Aq \ Nq) ≤ λ2(Ap) = dW( f , g)

dW( f , g) = λ2(Ap) = λ2(Ap \ Np) ≤ λ2(Aq),

completing the proof.

The Wasserstein distance is sensitive to changes in nonlinear parameters such as center
and half-width, when applied to NMR spectra.

Remark 2.15. For any NMR spectrum s, and some parameters c ∈ R, h ∈ R≥0, w ∈ R>0,
changes in position s(x − c) or half-width s(x/w) change the Wasserstein metric (almost)
linearly, while changes in height h · s(x) are not detected. More specifically, we have

dW(s(x), s(x − c)) = |c| (2.21)

dW(s(x), s(x/w) = |1 − w| · E (|S|) (2.22)

dW(s(x), h · s(x)) = 0, (2.23)

where S represents a random variable with the probability density function s · ‖s(x)‖−1
1 .

Proof. Since the Wasserstein metric applies only to normed spectra, we can see that for
Eq. (2.23), after norming, we have

dW(s(x) · ‖s‖−1
1 , h · s(x) · ‖h · s‖−1

1 ) = dW(s(x) · ‖s‖−1
1 , s(x) · ‖s‖−1

1 ) = 0.

We further assume that ‖s‖1 = 1 w.l.o.g. Let F(x) =
∫ x
−∞

s(y)dy and G1(x) =
∫ x
−∞

s(y− c)dy
be the cumulative distribution functions of the two spectra from Eq. (2.21). We can easily see
that G1(x) = F(x − c). This implies that G−1

1 (z) = F−1(z) + c. Using Lem. 2.14, we obtain

dW(s(x), s(x − c)) =
∫ 1

0
|F−1(z)− G−1

1 (z)|dz =
∫ 1

0
|c|dz = |c|.

To prove Eq. (2.22), first note that 1
w s

(
x
w

)
again has norm one. Let G2(x) =

∫ x
−∞

1
w s

( y
w

)
dy

be the corresponding cumulative distribution function. Using the substitution u = y/w we
again are able to derive F(x/w) = G2(x) and G−1

2 (z) = w · F−1(z). Using Lem. 2.14, we
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obtain

dW(s(x), s(x/w)) =
∫ 1

0
|F−1(z)− G−1

2 (z)|dz = |1 − w|
∫ 1

0
|F−1(z)|dz.

Finally, we need to show that for real-valued random variables X with density functions
f and quantile functions F−1, the equality

∫ 1
0 |F−1(z)|dz = E (|X|) holds. Now, we have

E (|X|) =
∫

R
|x| · f (x)dx

=
∫

supp( f )
|x| · f (x)dx

=
∫ 1

0
|F−1(z)|dz.

where supp( f ) = {x ∈ R | f (x) > 0}. For the last equation we substituted z = F(x). Note
that the image F(supp( f )) = [0, 1] and that x = F−1(z) for all x ∈ supp( f ).

To use the Wasserstein metric as an objective function for parameter optimization re-
quires us to split the optimization into two parts. This has the advantage of reducing the
number of parameters during optimization, since only the centers ci and the half-widths wi

need to be optimized. Finding the linear heights hi and the convex combination parame-
ters λi is trivial, as optimal linear parameters (w.r.t. the Frobenius norm) can be computed
directly using linear least squares. Details on how exactly we implement the Wasserstein
objective function can be found in Ch. 4. In general, we compute the Wasserstein metric on
each spectrum and thus minimize

d(D, Mp) = ∑
t∈T

dW(D(:, t), MP(:, t)). (2.24)
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Chapter 3

Uniqueness and Ambiguity of
Solutions

The question whether the hard models of NMR spectra are unique or ambiguous has not
yet been discussed prior to [52]. However, in similar fields of spectroscopy, ambiguous so-
lutions play a crucial role. Whenever nonnegative matrix factorization (NMF) methods can
be applied, the so-called rotational ambiguity arises [2, 115]. Since in NMR spectroscopy,
the LAMBERT-BEER law does not apply, one might assume that ambiguity is even worse for
NMR data. However, the ambiguity of the NMF methods arises because there, the spectral
shapes are arbitrary. As we discuss in Sec. 3.1, the physical model and the properties of the
model functions limit the set of possible NMR spectra. Under certain assumptions regard-
ing selectivity, this leads to unique spectral decompositions. In the literature, it is usually
assumed that modeling NMR data has no unique solution. Indeed, there are some types
of ambiguity that are preserved even from a rigorous mathematical point of view. For ex-
ample, multiplets with sub-peak distances equal to the distance from each other can form
shapes identical to another multiplet, see [80, Ch. 8]. Another type of chemical ambiguity
is caused by the fact that some protons behave identically due to symmetry in the chemical
structure, see [80, Ch. 4] and [9, 92]. Aside from these types of ambiguity, it is usually as-
sumed that if peaks are in close proximity, there is no unique model. Usually, this type of
ambiguity is not clearly stated, but can for example be found in [21, p. 14f.]. This type of
ambiguity is typically mitigated through different types of NMR experiments, see [74], in
hopes of increasing the selectivity of the new data.

Similar methods to those used in this chapter can be found regarding the HRT conjecture,
see [28] and Sec. 3.1.6, in functional analysis [25] or in wavelet theory [27].

In this chapter, we aim to answer the following questions:

1. Is the solution to the modeling problem under ideal conditions unique?

2. Is the solution unique, if the spectrum is measured on a discrete set of points X?

3. If not, can certain requirements be met to ensure uniqueness?

4. If noise is present, are all solutions relatively close in parameter space?

Parts of this chapter have been published in [52]. However, this thesis contains refur-
bished theorems, more elegant proofs, and discusses the question of uniqueness in greater
detail. Lastly, to avoid confusion between the summation index i and the complex constant
i, the latter is denoted in bold font.

3.1 The Continuous Problem

To get a hold of the first question, we must first define what ideal conditions actually are. In
the case of this chapter, we assume that an NMR spectrum consisting of m different peaks is
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given by s : R → R, where s = ∑
m
i=1 αi fpi

. We also assume that all model functions f are of
the same type, e.g., all Lorentzian or pseudo-Voigt functions and that there is no noise. This
definition already implies the existence of a solution to the modeling problem, namely the
sum of m model functions αi · fpi

.
An ambiguous solution to this problem would imply that there is a possibly different

number of model functions n with different parameters β j, qj, such that the sum is identical
to s and we have

s =
m

∑
i=1

αi fpi
=

n

∑
j=1

β j fq j
. (3.1)

There are two trivial ways to achieve such ambiguous solutions. First, we can add zeros
to the sums. Since fpi

are usually non-zero for all choices of parameters, we can prevent this
by requiring non-zero heights αi 6= 0, β j 6= 0.

The second way is to split up individual summands. Let t1, . . . , tk ∈ R \ {0} such that
∑

k
l=1 tl = 1. Then, we can choose any i0 ≤ m and substitute

αi0 fpi0
= αi0 ·

(
k

∑
l=1

tl

)
fpi0

, (3.2)

creating a trivial ambiguity. Conversely, if for some index set I = {i1, . . . , ik} with k > 1,
the corresponding parameter set {pi | i ∈ I} has only one element, we may use Eq. (3.2) to
reduce the number of summands in the definition of s and obtain

s =
m

∑
i=1

αi fpi
= Λ fpI

+
m

∑
i=1
i/∈I

αi fpi
, (3.3)

where pI is the single parameter tuple present for indices i ∈ I and Λ = ∑i∈I αi. Now, if we
reduce the number of summands for every parameter tuple that appears multiple times, we
obtain a spectrum s, where the parameter tuples are pairwise distinct.

Definition 3.1. Let F ∈ {Lor, Gau, Voi, pVoi} and, for all i = 1, . . . , m let fpi
∈ F . Let s be

an NMR spectrum as per Def. 2.1. Then, a set of parameters {(αi, pi) | i = 1, . . . , m} is called a
decomposition of s, if

s =
m

∑
i=1

αi fpi

holds.
If, for i 6= j, we have pi 6= pj, and if, for all i = 1, . . . , m, we have αi 6= 0, then the decomposition

is called minimal.

Remark 3.2. Every spectrum has at least one minimal decomposition. If s is defined as in
Eq. (2.1), then omitting all parameters where αi = 0, and simplifying identical parameter
tuples pi as described in Eq. (3.3), leads to a minimal decomposition of s.

Now, ambiguous solutions to the modeling problem can be defined as different minimal
decompositions of the same spectrum s, i.e., as different sets of parameters

{(αi, pi) | i = 1, . . . , m} 6= {(β j, qj) | j = 1, . . . , n}.

However, we are not only interested in whether a specific spectrum has ambiguous decom-
positions. Rather, we are interested in whether all spectra composed of functions of type
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F are uniquely decomposable. First, note that, by Rem. 3.2, if two non-minimal, different
decompositions of s exist, then there are two cases. Either, both decompositions can be re-
duced to the same minimal decomposition, or two different minimal decompositions exist.
Therefore, examining only minimal decompositions is sufficient.

Definition 3.3. An NMR spectrum s with a minimal decomposition {(αi, pi) | i = 1, . . . , m}
has ambiguous decompositions, or is ambiguous, if there exists another minimal decomposition
{(β j, qj) | j = 1, . . . , n}, where additionally, for all i ≤ n and j ≤ m, the parameter tuples pi 6= qj

are different. Otherwise, we call the single decomposition of s unique.

Without loss of generality, we require the tuples of both decompositions to be different.
If there are equal parameter tuples pi0 = qj0 , we can simplify Eq. (3.1) to

s =
m

∑
i=1

αi fpi
=

n

∑
j=1

β j fq j

m

∑
i=1
i 6=i0

αi fpi
=

n

∑
j=1
j 6=j0

β j fq j
+ (β j0 − αj0) fq j0

,

thereby eliminating one summand on the left and possibly one summand on the right.

Lemma 3.4. Let F ∈ {Lor, Gau, Voi, pVoi}. Then, all spectra s composed of finitely many func-
tions fpi

∈ F have unique decompositions if and only if, for all m ∈ N and pairwise distinct
parameters p1, . . . , pm, the set { fp1 , . . . , fpm} ⊆ F is linearly independent.

Proof. "⇒": Assume that for some m ∈ N there exist fp1 , . . . , fpm with distinct pi and nonzero
α1, . . . , αm such that

α1 fp1 =
m

∑
i=2

αi fpi
. (3.4)

Note that m > 1, since 0 /∈ F . We can view Eq. (3.4) as two different minimal decom-
positions of the spectrum s = α1 fp1 , thereby showing the existence of an ambiguously
decomposable spectrum s.

"⇐": Now, assume that a spectrum s with two minimal ambiguous decompositions

s =
m

∑
i=1

αi fpi
=

n

∑
j=1

β j fq j

exists. This implies

0 =
m+n

∑
k=1

β j fq j
,

with βn+i = −αi nd qn+i = pi for all i = 1, . . . , m. Given the assumption that all
parameters are distinct, the set { fq1 , . . . , fqm+n} is linearly dependent.

Using this Lemma, it becomes apparent that for a given function class F , either all spec-
tra are ambiguous or none are.

Before we examine all four types of model functions, we first need to introduce the
Fourier transform.
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3.1.1 The Fourier Transform

Definition 3.5. Let f ∈ L1(R). Then, the continuous Fourier transform f̂ : R → C is defined by

f̂ (ω) = (F f )(ω) =
∫

R
f (x)e−ixωdx (3.5)

This definition and subsequent lemmas can be found in [98, Ch. 2]. Sometimes, the
Fourier transform is defined with an additional factor 1√

2π
attached. Since we are only in-

terested in linear independence, omitting this factor simplifies the subsequent equations.
Why do we study Fourier transforms in this context? According to [98, Thm. 2.5], the

Fourier transform is a linear operator. If some functions f1, . . . , fm form a nontrivial linear
combination 0 = ∑

m
i=1 αi fi, then their Fourier transformed counterparts f̂1, . . . , f̂m also ful-

fill 0̂ = 0 = ∑
m
i=1 αi f̂i. This is equivalent to the fact that linearly independent functions

in Fourier space also imply linearly independent functions in the preimage of the Fourier
transform. Another argument is that our data sets are the result of Fourier transforming
the measured FID data. Applying the Fourier transform again yields functions with useful
properties, such as exponential decay rates, facilitating the proof of linear independence.
The following lemmas provide formulas for Fourier transforming the four model functions.

Lemma 3.6. For a Lorentzian Lc,w with parameters c, w ∈ R and w > 0, we have

L̂c,w(ω) = C(w) · e−icω · e−w|ω|, (3.6)

where C(w) is a constant depending only on w.

The Fourier transforms of commonly used functions in signal theory, e.g., Lorentzians
and Gaussians, are well-known. For the sake of completeness, the formulas and proofs are
presented here as well.

Proof. We obtain

L̂c,w(ω) =
∫

R

w2

w2 + (x − c)2 · e−ixωdx

= w ·
∫

R

1
1 + y2 e−i(yw+c)ωdy

= w · e−icω ·
∫

R

1
1 + y2 e−i(yw)ωdy,

where y = x−c
w . The remaining integral term is well-known and proven in App. A. Using

this Lem. A.1, we see that

L̂c,w(ω) = we−icω · πe−w|ω|.

Defining C(w) := πw completes the proof.

Lemma 3.7. For a Gaussian Gc,w with parameters c, w ∈ R and w > 0, we have

Ĝc,w(ω) = C(w′) · e−icω · e−w′2ω2
, (3.7)

where w′ = w

2
√

ln(2)
and C(w′) is depends only on w′.

Note, that when we are interested in statements for all Gaussians, the distinction be-
tween w and w′ does not matter.
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Proof. Again, we obtain

Ĝc,w(ω) =
∫

R
exp

(
− ln(2) · (x − c)2

w2 − ixω

)
dx

=
w√
ln(2)

e−icω
∫

R
exp

(
−y2 − iy · 2w′ω

)
dy,

where w′ is defined above and y =

√
ln(2)
w (x − c). Completing the square yields

Ĝc,w(ω) =
w√
ln(2)

e−icω · e−(w′ω)2
∫

R
exp

(
−(y + iw′ω)2)dy.

The remaining integral can be seen as one value of a holomorphic function g : C → C, where

g(α) =
∫

R
exp

(
−(y + α)2)dy.

For all α ∈ R, we have g(α) =
√

π, using the well-known integral of the density function
of a normal distribution [33, Ch. 4.4]. According to the identity theorem for holomorphic
functions [3, Thm. 3.2.6], the function g must equal the constant

√
π on the entire domain.

Therefore, the integral in question also equals
√

π.
Finally, we have

Ĝc,w(ω) = 2w′e−icω · e−(w′ω)2√
π.

Now, we define C(w′) := 2w′√π and obtain Eq. (3.7).

The linearity of the Fourier transform allows us to easily obtain the formula for pseudo-
Voigt functions.

Corollary 3.8. Let c, w ∈ R, λ ∈ [0, 1] and w > 0. Then,

p̂Vc,w(ω) = e−icω
(
(1 − λ)CL(w)e−w|ω| + λCG(w

′)e−(w′ω)2
)

,

where CL(w) and CG(w) are the constants from the Lorentzian and Gaussian formulas, re-
spectively.

As it turns out, we can prove a more general statement that does not require using this
formula. The definition of pseudo-Voigt functions as a linear combination of Lorentzians
and Gaussians also allows for an additional type of trivial ambiguity, which we discuss in
Sec. 3.1.4.

Lastly, we use the convolution property of the Fourier transform [98, Thm. 2.15] to easily
obtain the formula for Voigt functions.

Corollary 3.9. Let c, v, w ∈ R, and v, w > 0. Then,

V̂c,v,w(ω) = C(v′, w) · e−icω · e−w|ω| · e−(v′ω)2
,

where v′ = v
2
√

ln 2
and C(v′, w) is a constant dependent only on the parameters of Vc,v,w.

Finally, we take a look at each type of model function to determine if their corresponding
spectra are uniquely decomposable.
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3.1.2 Lorentz Functions

Theorem 3.10. Let m ∈ N and let {(ci, wi) | i = 1, . . . , m, ci, wi ∈ R, wi > 0} be a set of
pairwise distinct parameter tuples. Then, the set of Lorentzians {Lci,wi

| i = 1, . . . , m} is linearly
independent. In other words: Any finite number of different Lorentzians are linearly independent.

We can prove Thm. 3.10 in two different ways. The first proof is direct and only requires
basic algebra. It uses the fact that Lorentzians are rational functions, so equations containing
Lorentzians can easily be transformed into polynomial equations.

The second method of proof is much more similar to those used in the following subsec-
tions. It exploits the linearity of the Fourier transform and the fact that Fourier transformed
functions exhibit different asymptotic behavior.

Direct proof. Assume that m ∈ N different Lorentzians are given. We want to show that

0 =
m

∑
i=1

αi
w2

i

w2
i + (x − ci)2

(3.8)

implies αi = 0 for all i = 1, . . . , m. Multiplying Eq. (3.8) by all denominators yields

0 =
m

∑
i=1

αiw
2
i




m

∏
j=1
j 6=i

w2
j + (x − cj)

2


 . (3.9)

This allows us to define polynomials

gi(x) :=
m

∏
j=1
j 6=i

w2
j + (x − cj)

2

of degree 2m − 2. Each of these non-zero polynomials has exactly 2m − 2 roots. The set of
roots for the i-th polynomial is equal to Ri := {ck ± wk · i | 1 ≤ k ≤ m, k 6= i}. Every root
has multiplicity one, due to the distinct tuples (ci, wi) 6= (cj, wj). Lastly, note that for all
i = 1, . . . , m we have zi = ci + wii /∈ Ri and therefore gi(zi) 6= 0.

Now, from Eq. (3.9) we can derive the following system of linear equations. For every k
we may substitute x with zk in Eq. (3.9) and obtain

0 =
m

∑
i=1

αiw
2
i gi(zk) = αkw2

i gk(zk). (3.10)

Since both w2
i and gk(zk) are non-zero, Eqs. (3.10) imply ak = 0, thereby completing the first,

direct proof.

The second proof is very similar to the proofs of Thms. 3.12, 3.16, and 3.14. We provide a
second proof, since it illustrates the methodology used in all of these proofs in greater detail.
Here, we use the properties of the Fourier transformed model functions. However, before
beginning the second proof, we require an auxiliary lemma.

Lemma 3.11. Let c1, . . . , cm be pairwise distinct real numbers and α1, . . . , αm ∈ C such that

m

∑
j=1

αje
−icjω ω→∞→ 0. (3.11)

Then, αj = 0 must hold for all j = 1, . . . , m.
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Proof. This proof is conducted in two steps. First, we prove that this convergence implies
that there are β j ∈ C such that

m

∑
j=1

β je−icjx = 0. (3.12)

Second, we show that the trigonometric functions e−icjx are linearly independent, if the
parameters cj are pairwise distinct.

The first step uses an argument similar to a finite version of CANTOR’s diagonal ar-
gument. We construct a sequence of points (ωk)k∈N, such that all of the m summands in
Eq. (3.11) converge simultaneously.

First, we need to address a technicality. We assume that |c1| = max{|cj| | j = 1, . . . , m}.
Usually, this implies c1 6= 0. However, c1 = 0 is possible, if m = 1. We consider two cases.
First, let c1 = 0. Then, Eq. (3.11) implies

α1e−i0 = 0

α1 = 0,

which is what we wanted to prove.
Now, let c1 6= 0. To simplify the notation we define f j(ω) := e−icjω. The first summand

α1 f1(ω) is 2π
c1

-periodic, therefore α1 f1(ω
(1)
k ) = α1 for the sequence wk := k · 2π

c1
.

If we now examine the second summand, we see that set Im2 :=
{

α2 f2

(
ω

(1)
k

)
| k ∈ N

}

is bounded by α2. Using the theorem by BOLZANO and WEIERSTRASS [13, Thm. 3.4.8], there

exists a subsequence
(

ω
(2)
k

)
⊆

(
ω

(1)
k

)
, for which

α1 f1

(
ω

(2)
k

)
k→∞→ β1(= α1)

α2 f2

(
ω

(2)
k

)
k→∞→ β2

holds for some β2 ∈ Im2. Iteratively using BOLZANO-WEIERSTRASS lets us define the sub-

sequences
(

ω
(j)
k

)
for j = 1, . . . , m which fulfill the following convergences

α1 f1

(
ω

(m)
k

)
k→∞→ β1,

α2 f2

(
ω

(m)
k

)
k→∞→ β2,

...
...

αm fm

(
ω

(m)
k

)
k→∞→ βm.

Note that for all j = 1, . . . , m we have β j ∈ Imj =
{

αj f j

(
ω

(j−1)
k

)
| k ∈ N

}
, and therefore

|β j| = |αj|.
It turns out that

(
ω

(m)
k

)
is not the only sequence on which all of the summands converge

simultaneously. Let x ∈ R. We define ω
(m,x)
k := ω

(m)
k + x and obtain

αj f j

(
ω

(m,x)
k

)
= αj f j

(
ω

(m)
k

)
· e−icjx k→∞→ β j · e−icjx. (3.13)
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This equality holds for all j = 1, . . . , m and all x ∈ R. Using Eq. (3.13), we finally have

m

∑
j=1

αj f j

(
ω

(m,x)
k

)
k→∞→

m

∑
j=1

β je−icjx.

Since for all x ∈ R the sequence
(

ω
(m,x)
k

)
k∈N

diverges to ∞, we know that for all x ∈ R

Eq. (3.12) must hold.
The second step involves proving the linear independence of the functions e−icjx.
We use a Vandermonde matrix. Let x1 := π

2·|c1| . Since |c1| > |cj| for j 6= 1 we have

x1 · cj ∈
[
−π

2 , π
2

]
. This implies

e−ix1ci 6= e−ix1cj for i 6= j. (3.14)

We then define xk = k · x1 for k ∈ {0, 1, 2, . . . , m − 1} and evaluate Eq. (3.12) at all points xk.
The resulting linear system of equations can be represented as follows:




e−ix0c1 e−ix0c2 · · · e−ix0cm

e−ix1c1 e−ix1c2 · · · e−ix1cm

...
...

. . .
...

e−ixm−1c1 e−ixm−1c2 · · · e−ixm−1cm




︸ ︷︷ ︸
:=V




β1
β2
...

βm


 =




0
0
...
0







1 1 · · · 1(
e−ix1c1

)1 (
e−ix1c2

)1 · · ·
(
e−ix1cm

)1

...
...

. . .
...(

e−ix1c1
)m−1 (

e−ix1c2
)m−1 · · ·

(
e−ix1cm

)m−1




= V.

We can see that V is indeed a Vandermonde matrix. Using the well-known formula for its
determinant, see [10, Ch. 16, Prob. M.3], we obtain

det(V) = ∏
j<k

(
e−ix1ck − e−ix1cj

)
6= 0,

using Eq. (3.14). Therefore, the unique solution to this system of equations is the trivial
(β1, β2, . . . , βm)T = 0. If we then recall that |αj| = |β j|, the proof is complete.

Proof of Thm. 3.10 in the time domain. We consider the Fourier transformed Lorentz functions
1

C(wj)
· L̂cj,wj

(x) = e−icjωe−wj|ω|. Let αj ∈ C \ {0} such that

n

∑
j=1

αje−icjωe−wj|ω| = 0. (3.15)

The idea behind this proof is that these functions all converge at different rates. The
convergence rate of the sum is defined by the function converging the slowest. We can
eliminate one parameter as follows: Let w = min{wj | j = 1, . . . , m}, J = {j | wj = w} and
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we multiply Eq. (3.15) by ew|ω|, essentially dividing by the smallest rate of decay.

∑
j∈J

αje−icjω +∑
j/∈J

αje−(wj−w)|ω| · e−icjω = 0

∑
j∈J

αje−icjω + 0 ω→∞→ 0.

As ω approaches infinity, all functions with larger convergence rates vanish. Note that for
i 6= j ∈ J we have ci 6= cj, since wi = wj = w. Now, Lem. 3.11 implies that αj = 0 for j ∈ J,
which contradicts our assumption and completes the proof.

3.1.3 Gauss Functions

Theorem 3.12. Let m ∈ N and let {(ci, wi) | i = 1, . . . , m, ci, wi ∈ R, wi > 0} be a set of
pairwise distinct parameter tuples. Then, the set of Gaussians {Gci,wi

| i = 1, . . . , m} is linearly
independent. In other words: Any finite number of different Gaussians are linearly independent.

It is possible to prove the linear independence of different Gaussians without the help of
the Fourier transform6. However, after transforming them, we achieve a useful separation
of the parameters cj and wj that can be exploited when examining the asymptotic behavior
of the summands.

Proof. We only need to show that a finite set of Fourier transformed Gaussians is linearly
independent. Now, let {(cj, wj) ∈ R × R>0 | j = 1, . . . , m} be the set of parameters of

the functions 1
C(vj)

· Ĝcj,wj
(x) = e−icjωe−v2

j ω2
, where vj =

wj

2
√

ln(2)
, and assume w.l.o.g. that

αj ∈ C \ {0} exist, such that

m

∑
j=1

αje−icjωe−v2
j ω2

= 0. (3.16)

Similar to the previous proof, we need to divide by the smallest rate of decay. We define
v = min{vj | j = 1, . . . , m} and J = {j | vj = v}. Multiplying Eq. (3.16) by ev2ω2

leads to

∑
j∈J

αje−icjω + ∑
j/∈ J

αje−icjω · e−(v2
j −v2)ω2

= 0

∑
j∈J

αje−icjω ω→∞→ 0,

using the fact that the second sum converges to zero. Again, Lem. 3.11 implies αj = 0 for all
j ∈ J. This contradicts the initial assumption.

3.1.4 Pseudo-Voigt Functions

In the case of pseudo-Voigt functions, there is another type of ambiguity that must be ad-
dressed first. Since these functions consist of a convex linear combination of a Lorentzian
and a Gaussian, changing only the parameter λ while fixing c and w does not lead to linearly
independent functions.

Lemma 3.13. Let m ∈ N, m > 1, λ1, . . . , λm ∈ [0, 1] be pairwise distinct, and let (c, w) ∈
R × R>0. Then, the spectrum defined by the sum of the corresponding pseudo-Voigt functions has
ambiguous decompositions.

6One example can be found online: https://math.stackexchange.com/questions/1081350

https://math.stackexchange.com/questions/1081350
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Proof. We define Λ = 1
m ∑

m
j=1 λi ∈ [0, 1]. Then,

m

∑
j=1

pVc,w,λi
(x) =

m

∑
j=1

λjGc,w(x) +
m

∑
j=1

(1 − λj)Lc,w(x)

= m · ΛGc,w(x) + m · (1 − Λ)Lc,w(x)

= m · pVc,w,Λ(x).

In Cor. 3.15, we show that this type of linear dependence between pseudo-Voigt func-
tions is the only possible type. Therefore, if the tuples (cj, wj) are distinct, the corresponding
pseudo-Voigt functions are linearly independent. We prove a slightly different version of
this statement in the following theorem.

Theorem 3.14. Let j = 1, . . . , m, k = 1, . . . , n, and (cj, vj), (dk, wk) ∈ R × R>0, where for a 6= b
we have (ca, va) 6= (cb, vb) and (da, wa) 6= (db, wb). However, we allow equalities in between tuples
from different sets, i.e., (cj, vj) = (dk, wk) for some indices j, k.

Then, the set

{
Gcj,vj

| j = 1, . . . , m
}
∪
{

Ldk,wk
| k = 1, . . . , n

}

of Gauss and Lorentz functions is linearly independent. In other words: Any finite number of differ-
ent Gaussians and Lorentzians are linearly independent.

A special case of this theorem are pseudo-Voigt functions, where n = m and for all
j = 1, . . . , m we have (cj, vj) = (dj, wj), since we only require (ci, vi) 6= (cj, vj) for i 6= j.

Proof. The case of n = 0 is proven by Thm. 3.12. Therefore, let n ≥ 1. Using the well-
established scheme, we assume that αj, βk ∈ C \ {0} exist, such that

m

∑
j=1

αje−icjωe−v2
j ω2

+
n

∑
k=1

βke−idkωe−wk|ω| = 0. (3.17)

Since n ≥ 1, we know that the slowest converging summand is a Fourier transformed
Lorentzian. We can then define w = min{wk | k = 1, . . . , n} and K = {k | wk = w}
is not empty. We then multiply Eq. (3.17) by ew|ω|, the inverse of the slowest converging
function, and obtain

n

∑
j=1

αje−icjωe−v2
j ω2+wω+ ∑

k∈K

βke−idkω + ∑
k/∈K

βke−idkωe−(wk−w)ω = 0

∑
k∈K

βke−idkω ω→∞→ 0.

The first and the third sums both converge to zero and by Lem. 3.11, we know that for k ∈ K
all βk = 0, contradicting the assumption.

The subsequent corollary immediately follows from this theorem.

Corollary 3.15. Let s be a minimal NMR spectrum consisting of pseudo-Voigt functions with
ambiguous decompositions

s =
m

∑
i=1

αi · pVci,vi,λi
=

n

∑
j=1

β j · pVdj ,wj,µ j
. (3.18)
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Then, for every i = 1, . . . , m there is some j = 1, . . . , n such that (ci, vi) = (dj, wj), or
∑k∈I αk = ∑k∈I αkλk = 0, where I = {k | (ck, vk) = (ci, vi)}.

In other words, if an ambiguous decomposition exists, then it has ambiguities of the type
presented in Lem. 3.13, or the spectrum contains superfluous zero summands allowed by
the structure of the pseudo-Voigt functions.

An example of a non-trivial zero only requires three summands. Let (c, w) ∈ R × R>0

and α1 = 1, α2 = − 3
2 , α3 =

1
2 , λ1 =

1
2 , λ2 = 1

3 , λ3 = 0. Then

3

∑
i=1

αi · pVc,w,λi
=

(
1 · 1

2
− 3

2
· 1

3
+

1
2
· 0

)
Gc,w +

(
1 · 1

2
− 3

2
· 2

3
+

1
2
· 1

)
Lc,w

= 0Gc,w + 0Lc,w = 0,

even though the parameter tuples (c, w, λi) are distinct.

Proof. We conduct this proof by contradiction. Assume that there is an index ℓ ∈ {1, . . . , m}
such that (cℓ, vℓ) 6= (dj, wj) for all j = 1, . . . , n and that

∑
k∈I

αk 6= 0 or

∑
k∈I

αkλk 6= 0,

where I = {k | (ck, vk) = (cℓ, vℓ)}. We rewrite Eq. (3.18) to separate all Gaussians and
Lorentzians with parameters (cℓ, vℓ).

n

∑
j=1

β j · pVdj ,wj,µ j
− ∑

i/∈I

αi · pVci ,vi,λi
= ∑

k∈I

αk · pVcℓ,vℓ,λk

=

(
∑
k∈I

αkλk

)
Gcℓ,vℓ +

(
∑
k∈I

αk − ∑
k∈I

αkλk

)
Lcℓ,vℓ .

By our assumption, one of the two coefficients on the right-hand side is non-zero. Addition-
ally, all of the Gaussians and Lorentzians appearing on the left have parameters different
from (cℓ, vℓ). This implies a non-trivial linear combination of the Gaussian or the Lorentzian
on the right hand side, which does not exist by Thm. 3.14.

3.1.5 Voigt Functions

Lastly, we study the linear independence of Voigt functions.

Theorem 3.16. Let m ∈ N and let {(ci, vi, wi) | i = 1, . . . , m, ci, vi, wi ∈ R, vi, wi > 0} be a
set of pairwise distinct parameter tuples. Then, the set of Voigt functions {Vci,vi,wi

| i = 1, . . . , m}
is linearly independent. In other words: Any finite number of different Voigt functions are linearly
independent.

Proof. Once again, we show that a finite set of Fourier transformed Voigt functions is linearly
independent. Let {(cj, v′j, wj | j = 1, . . . , m} be the set of parameters of the functions

1
C(v′j, wj)

̂Vcj,v′j,wj
= e−icjω · e−wj|ω| · e−(vjω)2

,

where vj =
v′j

2
√

ln 2
.
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Assume that there are αj ∈ C 6= 0 such that

m

∑
j=1

αje−icjω · e−wj|ω| · e−(vjω)2
= 0. (3.19)

Again, we want to eliminate the function with the smallest rate of convergence. Therefore,
we define

1. v = min{vj | j = 1, . . . , n} and w = min{wj | vj = v, j = 1, . . . , n}
2. I1 = {j | vj = v, wj = w} 6= ∅ and I2 = {j | vj = v, wj 6= w}
3. I3 = {1, . . . , n} \ (I1 ∪ I2).

The functions f j, with j ∈ I1, have the smallest rate of convergence. We multiply
Eq. (3.19) by ew|ω|+(vω)2

and obtain

∑
j∈I1

αje−icjω + ∑
j∈I2

αje−icjω · e−(wj−w)|ω| + ∑
j∈I3

αje−icjω · e−(wj−w)|ω| · e−(v2
j −v2)ω2

= 0.

Again, as ω approaches infinity, we observe that both the second and third sums converge
to zero, since I2 and I3 only contain indices of functions with strictly larger rates of conver-
gence. Consequently, the following convergence arises

∑
j∈I1

αje−icjω ω→∞→ 0.

Now, we use Lem. 3.11 to confirm that all αj = 0 for j ∈ I1, which contradicts our assump-
tion.

3.1.6 Outlook: Different Types of Model Functions

These proofs were conducted only for the four most commonly used types of model func-
tions. There are certainly more families of model functions suitable for modeling NMR spec-
tra, for example skewed pseudo-Voigt functions [116] might also result in unique decompo-
sitions. In theory, it may be possible to prove the linear independence of frequency-width
families, i.e., families containing one model function f0,1(x) ∈ L1(R) ∩ C(R) \ {0} with all
other model functions being obtained via the parameter transformation fc,w(x) = f0,1

(
x−c

w

)
.

A similar statement can be found when studying families of time-frequency translated func-
tions. The HRT conjecture, named after HEIL, RAMANATHAN and TOPIWALA, studies the
set of functions

{exp(2πi · bt) · f (t + a) | a, b ∈ R},

where f ∈ L2(R) \ {0}. The conjecture claims that for all such f any finite subset of this
family of functions is linearly independent [51]. Several advancements have been made
regarding the HRT conjecture [15, 46, 68, 78]. Unfortunately, an HRT-like conjecture does
not hold in our case, where the set of possible functions is

{
fc,w(t) = f

(
t − c

w

)
| c ∈ R, w ∈ R+

}
.

For example, consider the triangular function, also known as the hat function

f (t) = (1 − |t|) · 1[−1,1](t) ∈ L2(R).
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Here, the equation

2 f0,2(t) = f−1,1(t) + 2 f0,1(t) + f1,1(t)

presents a counterexample to a possible conjecture similar to the HRT conjecture. Fig. 3.1
illustrates this equation.

-3 -2 -1 0 1 2 3
0

0.5

1

1.5

2

t

f(
t)

FIGURE 3.1: Counterexample to the HRT-like conjecture.

The fact that hard modeling NMR spectra has – at least in theory and under perfect
conditions – only one solution, if no two functions with equal centers and half-widths are
allowed, seems to be counterintuitive. In fact, problems often arise when dealing with ex-
perimental data algorithmically, whenever multiple solutions with significantly different
parameters fulfill the modeling problem. For the next section, we move one step closer to
experimental data by assuming that the spectrum s is not continuous, but is measured at a
finite set of points x ∈ X.

3.2 The Discrete Problem

In the discrete case, one type of ambiguous solution can be summarized by the term over-
fitting. If too many model functions are chosen to model a given spectrum, which is only
evaluated at a discrete set of usually equidistant points X = {x1, . . . , xN}, then intuitively,
it should be possible to ambiguously solve the equations defined by ∑

m
j=1 αj · f j(xi) = s(xi)

for some sufficiently large m. However, the linear independence of the functions f j does not
imply linear independence of all vectors vj = ( f j(x1), . . . , f (xN))

T. The only statement that
can be made, is that there exists a set X ⊆ R such that these vectors vj are linearly inde-
pendent. Using more sophisticated arguments, we can show that a large number of model
functions can indeed interpolate any spectrum s(xi). Additionally, it is interesting to deter-
mine when exactly a modeling problem with a unique solution becomes ambiguous, and
thus the second and third questions from the beginning can be rewritten as:

2. How many model functions are necessary to allow the existence of ambiguous solu-
tions?

3. How many points does the spectrum need to contain for the solution to be unique
given a fixed number of model functions?
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Attempting to answer these questions necessitates providing a rigorous definition of the
discrete modeling problem first.

Definition 3.17. Let X = {x1 < x2 < . . . < xk} ⊆ R and let s be an NMR spectrum composed
of functions f of type F . The discrete modeling problem is to find functions f j ∈ F and coefficients
αj ∈ R \ {0} such that for all xi ∈ X we have

s(xi) =
m

∑
j=1

αj · f j(xi). (3.20)

This definition gives rise to another question. Is overfitting possible with our model
functions? In other words: Must s be an NMR spectrum composed of, e.g., pseudo-Voigt
functions, or can any set of arbitrary values be fitted?

Lemma 3.18. Let X ⊆ R be a set of k points and let s ∈ Rk. Let F ∈ {Lor, Gau, pVoi, Voi}
be a family of functions. Then, the discrete modeling problem with arbitrary values has at least one
solution, or in other words: There exist k distinct functions f1, . . . , fk ∈ F and α1, . . . , αk ∈ R such
that

si =
k

∑
j=1

αj · f j(xi). (3.21)

Proof. The idea of this proof is to construct model functions that behave similarly to the
KRONECKER delta δi,j and show that the matrix resulting from Eq. (3.21) is invertible.

Assume that we can choose model functions f1, . . . , fk with the following properties.
First, we require that fi(xi) = 1 for all i = 1, . . . , k. Second, we require that 0 ≤ f j(xi) ≤ 1

k
for i 6= j. Later on, we show that it is indeed possible to choose suitable f ∈ F .

The matrix representing the system of equations has the following form

A =




f1(x1) f2(x1) · · · fk(x1)
f1(x2) f2(x2) · · · fk(x2)

...
...

. . .
...

f1(xk) f2(xk) · · · fk(xk)




= Ik − E,

where Ik ∈ Rk×k is the identity matrix. According to the properties of the NEUMANN series
[104, Cor. VI. 5], A = Ik − E is invertible, if for some operator norm, ‖E‖ < 1. Choosing the
1-operator norm, we have

max
j=1,...,k

k

∑
i=1
i 6=j

| − f j(xi)| ≤
k − 1

k
< 1.

Therefore, A is invertible (with A−1 = ∑
∞
n=0 En) and Eq. (3.21) has a unique solution in

αi. Note that the uniqueness only holds for the parameters of the functions f j specifically
chosen for this proof. If we allow the parameters to be variable as well, possibilities for
ambiguous solutions would arise. Note that we allow αi = 0, in which case the points are
still interpolated by fewer model functions. If, for all i = 1, . . . , k we have αi = 0, then we
define that zero model functions solve the interpolation problem.

Finally, we demonstrate that our model functions can satisfy the two required properties.
For Lorentzians, Gaussians and pseudo-Voigt functions, we can choose ci = xi to fulfill the
first property. Additionally, for sufficiently small values of wi > 0, we can guarantee that
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fi(xj) < ε for all ε > 0. This can be easily verified by observing Eqs. (2.8),(2.9) and (2.10) in
the limit w ց 0 and noting that all of these functions vanish, when x → ∞.

In the case of Voigt functions, we observe the following: A sequence of Gaussians with
half-widths vn → 0 satisfies the properties of an approximate identity, i.e., the convolution
Gc,vn ∗ f (x)

n→∞→ f (x) w.r.t. the L1-norm [50, Thm. 1.71] for any f ∈ L1(R). If we choose
f = Lc,w, then the fact that both limn→∞ Vc,vn,w and Lc,w are continuous already implies
pointwise convergence. Thus, for every ε > 0 there exists some δ > 0 such that for all v < δ,
we have |Vc,v,w(x)− Lc,w(x)| < ε for all x ∈ {x1, . . . , xk}. Therefore, we can define the vi in
such a way that |Vci,vi,wi

(xj)− Lci,wi
(xj)| < 1

2k2 for all j = 1, . . . , k. Then,

|Vci,vi,wi
(xi)− 1| = |Vci,vi,wi

(xi)− Lci,wi
(xi) + Lci,wi

(xi)− 1| < 1
2k2

|Vci,vi,wi
(xj)| = |Vci,vi,wi

(xj)− Lci,wi
(xj) + Lci,wi

(xj)| <
1

2k2 +
1
k

.

The absolute sums of the columns of the resulting matrix E are at most

n

∑
i=1

|E(i, j)| < 1
2k2 + ∑

i=1
i 6=j

(
1

2k2 +
1
k

)
(3.22)

=
1
2k

+
k − 1

k
= 1 − 1

2k
< 1. (3.23)

Thus, the initial matrix A is invertible and a solution also exists for Voigt functions.

As it turns out, selecting too many model functions creates ambiguous solutions to all
interpolation problems.

From now on, we are only interested in fitting actual spectral data, meaning values s(xi)
obtained by evaluating NMR spectra s at some points xi ∈ X. Therefore, we extend the
definition of ambiguity to the discrete problem.

Definition 3.19. Let {x1 < . . . < xk} = X ⊆ R. An NMR spectrum s with a minimal decompo-
sition {(αi, pi) | i = 1, . . . , m} is (discretely) ambiguous on X, if another minimal decomposition
{(β j, qj) | j = 1, . . . , n} exists, such that pi 6= qj for all i 6= j, and where

s(xℓ) =
m

∑
i=1

αi fpi
(xℓ) =

n

∑
j=1

β j fq j
(xℓ) for ℓ = 1, . . . , k. (3.24)

This definition has some drawbacks. According to Lem. 3.18, all spectra are discretely
ambiguous, if the number of model functions is sufficiently large. However, we also know
that, for some sets of infinitely many points x, e.g., X = R or, using continuity, X = Q,
the decomposition is unique for all possible n ∈ N. This implies that there is a number of
points, dependent on the numbers m and n, where unique and ambiguous solutions change.
We study this behavior from a cautious perspective, trying to guarantee a unique solution.
Therefore, it is possible that a set X1 of k points exists, where a spectrum has two decom-
positions into m and n functions, whereas another set X2 of k points guarantees a unique
decomposition.

Example 3.20. We define s = 1 · L−1,1 + 1 · L1,1 and evaluate this spectrum on the two sets
of points X1 = {−2, 0, 2} and X2 = {−1, 0, 1}. For X1 and n = 1, there is a spectrum
t = 1 · L0,

√
6 consisting of a single Lorentzian that interpolates s. However, there is no

spectrum composed of a single Lorentzian that interpolates s on X2. To prove that, assume
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there are α, c, w such that

α
w2

w2 + (c + 1)2 = s(−1) =
6
5

α
w2

w2 + (c)2 = s(0) = 1

α
w2

w2 + (c − 1)2 = s(1) =
6
5

.

The first and third equations imply c = 0. Then, the second equation gives α = 1. Finally,
the first equation can be transformed into w2 = −6, which has no real solutions. Fig. 3.2
illustrates this example.
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FIGURE 3.2: Two sets of three points, allowing one Lorentzian to fit all (red)
and requiring two to be fitted (yellow).

To guarantee that no spectrum consisting of n functions can interpolate the initial spec-
trum s on any set of k points, we need to find the maximum number of intersections, that
two spectra composed of m and n functions can have. If we then choose k to be larger than
this number, our problem is guaranteed to have a unique solution.

Definition 3.21. Let F ∈ {Lor, Gau, pVoi, Voi}, m, n ≥ 1. Then, kF (m, n) is the maximum
number of points X = {x1, . . . , xk} such that there exists an NMR spectrum s, defined by the min-
imal decomposition {(αi, pi) | i = 1, . . . , m}, which is discretely ambiguous on X with a different
minimal decomposition of ≤ n model functions f j ∈ F .

In other words, if kF (m, n) + 1 points are given, and s is defined by n model functions,
then no second decomposition consisting of m or fewer functions exists.

There are two main ways to obtain values for kF (m, n). The first is to find a lower bound.
If we can construct different spectra s and t that intersect at k points, then k ≤ kF (m, n).
Lem. 3.18 implies that any spectrum can be interpolated by n specifically designed model
functions on n points. Therefore, if we choose any set of n points X ⊆ R \ {0}, then L0,1 can
be interpolated by n different model functions and we have kF (1, n) ≥ n. To obtain an upper
bound, we must consider the algebraic structure of possible ambiguous decompositions and
need to estimate the number of possible zeros when subtracting both sides of Eq. (3.24).
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3.2.1 Lower Bounds for kF (m, n)

We previously established that kF (m, n) ≥ kF (1, n) ≥ n. However, an inductive proof
allows us to improve this bound for a more general class of functions.7

Theorem 3.22. Let f0,1 ∈ L1(R) and define F := { fc,w(x) = f0,1
(

x−c
w

)
| c, w ∈ R, w > 0}. If

the functions fc,w ∈ F fulfill the following set of conditions

1. f0,1 is continuous,

2. f0,1 is monotonically increasing for x < 0, and monotonically decreasing for x > 0,

3. f0,1 is normed, i.e., f0,1(0) = 1 and f0,1(1) = 1
2 ,

then kF (m, n) ≥ 2m + 2n − 2.

Proof. We prove this theorem by mathematical induction. First, note that

A: limx→±∞ f0,1(x) = 0,

B: limwց0 fc,w(x) = 0, for all x 6= 0.

C: fc,w(x) ≥ 0 for all x ∈ R.

We quickly prove these three statements.

A: Since f0,1 ∈ L1(R) and f0,1(x) is monotonically decreasing for large x > 0, we know
that for all ε > 0 eventually, | f0,1(x)| < ε holds. The same argument holds for large
negative x < 0. This proves both convergences.

B: Statement A implies that fc,w(x) = f0,1
(

x−c
w

) wց0→ 0, if x 6= 0.

C: Statement A also implies that fc,w(x)
x→±∞→ 0. Since the convergence is monotonic and

fc,w(c) = 1, statement C is proven.

Using an induction on the numbers of summands m and n, we prove the slightly more
general statement that two sums fm and fn composed of m and n model functions of type F
possess at least 2m + 2n − 1 points x0, . . . , x2m+2n−2 at which the sign of fm − fn alternates,
i.e., we prove that for all i we have fm(xi) > fn(xi) ⇒ fn(xi+1) > fm(xi+1), and vice versa.
Since both sums are continuous functions, BOLZANO’S theorem [111] then implies the exis-
tence of at least 2m + 2n − 2 intersections.

Base case: m = n = 1.

First we show that there are three points x0, x1, x2 in which

fm = f0,1(x)

fn =
3
2
· f0,δ(x)

alternate. The intermediate value theorem [13, Thm. 5.3.7] implies that there exists a point
x∗ < 0, where f0,1(x∗) = 1

2 . We choose a sufficiently small δ > 0 using statement B such that
f0,δ(1) < 1

4 and f0,δ(x∗) < 1
4 .

7In the previous publication [52], this proof was constructive rather than inductive.
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We define x0 = x∗, x1 = 0, x2 = 1. Then,

f0,1(x∗) =
1
2
>

3
8
>

3
2

f0,δ(x∗)

f0,1(0) = 1 <
3
2
=

3
2

f0,δ(0)

f0,1(1) =
1
2
>

3
8
>

3
2

f0,δ(1).

Fig. 3.3 illustrates this construction in the case of F = Lor.
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FIGURE 3.3: Construction for two Lorentzians, L0,1 (blue) and L0,δ (red),
where δ = 1

4 , x∗ = −1. The points x0, x1, x2 are denoted by black lines.

Induction step: (m, n) → (m + 1, n).

Assume there are two sums fm and fn, that alternate at points x0 < . . . < x2m+2n−2. Since
2m + 2n − 1 ≥ 2 there is a point xi where fn(xi) > fm(xi), and where fm(xi±1) > fn(xi±1),
if xi±1 exists. We append the sum fm with one summand, which we define as α · fxi ,δ. This
function is centered at xi and has a linear combination coefficient of α = 2 · ( fn(xi)− fm(xi)).
Again, we need to choose δ to be sufficiently small. Note that there are two points xL, xR such
that xi−1 < xL < xi < xR < xi+1, where fn(xL)− fm(xL) >

α
4 and fn(xR)− fm(xR) >

α
4 . If

one of the two points xi±1 does not exist, then we omit the leftmost or rightmost inequality,
respectively. Let

d∗ := min
j=0,...,2m+2n−2

| fm(xj)− fn(xj)| > 0

d := min
{

d∗,
α

4

}
.

Finally, we choose δ using statement B such that fxi ,δ(xL) <
d
α and fxi ,δ(xR) <

d
α .
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We append the set of points with xL and xR such that it now contains 2m + 2n − 1 ele-
ments

X = {x0 < . . . < xi−1 < xL < xi < xR < xi+1 < . . . < x2m+2n−2}.

For the previously defined points of this set, all inequalities regarding fm and fn remain the
same, except at xi. Finally, for the appended sum f ′m, we have

f ′m(xj) =





fm(xj) + α · fxi ,δ(xj)
C
≥ fm(xj) > fn(xj), i 6= j, fm(xj) > fn(xj)

fm(xj) + α · fxi ,δ(xj)
2.
< fm(xj) + d∗ < fn(xj), i 6= j, fm(xj) < fn(xj)

fm(xi) + α · fxi ,δ(xi) = 2 fn(xi)− fm(xi) > fn(xi), i = j

f ′m(xL) = fm(xL) + α · fxi ,δ(xL) < fm(xL) + d < fm(xL) +
α

4
< fn(xL)

f ′m(xR) = fm(xR) + α · fxi ,δ(xR) < fm(xR) + d < fm(xR) +
α

4
< fn(xR).

Therefore, f ′m and fn alternate on this set.

Induction step: (m, n) → (m, n + 1)

This step can be proven analogously by exchanging fm and fn in the previous step.

Using this powerful theorem, we now only need to show that the families of functions
F ∈ {Lor, Gau, pVoi} fulfill all of the conditions of Thm. 3.22. For pseudo-Voigt functions
we can define f0,1 = pV0,1,0, representing Lorentzians. Both Lorentzians and Gaussians
trivially fulfill conditions 1.-3. Therefore, Thm. 3.22 yields

kL(m, n) ≥ 2m + 2n − 2

kG(m, n) ≥ 2m + 2n − 2

kpV(m, n) ≥ 2m + 2n − 2.

In the case of Voigt functions with sufficiently small parameters v(ε), we know that for
any finite set of points x ∈ X and for all ε > 0, we have |Vc,v(ε),w(x)− Lc,w(x)| < ε, similar
to the proof of Lem. 3.18. Therefore, the construction of new peaks used in the proof of
Thm. 3.22 can also be used for Voigt functions with sufficiently small v > 0 and we have

kV(m, n) ≥ 2m + 2n − 2.

Although this inductive proof is sufficient, it is possible to construct sums of m and n
model functions such that the number of intersections is at least 2m + 2n − 2. This construc-
tion, however, is inelegant and requires additional conditions for the set of model functions.
It can be found in App. A.2.

3.2.2 Upper Bounds for kF (m, n)

While the lower bounds are useful in determining the number of points where ambiguous
decompositions can be constructed, ensuring uniqueness requires obtaining upper bounds
for kF (m, n). We examine the behaviour of our four model functions in the following sec-
tions.
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3.2.3 Lorentz Functions

We are interested in the maximum number of intersections of two sums of Lorentzians.
Therefore, assume that there are m, n ∈ N, parameters αi, (ci, vi), and β j, (dj, wj) defining
the corresponding Lorentz functions. The equation

m

∑
i=1

αi
v2

i

v2
i + (x − ci)2

=
m

∑
j=1

β j

w2
j

w2
j + (x − dj)2

can be transformed into a polynomial equation by multiplying by each denominator. The
degrees of the resulting polynomials are exactly (2m + 2n − 2). A polynomial equation of
degree (2m + 2n − 2) can have at most (2m + 2n − 2) solutions. Therefore, we have

kL(m, n) ≤ 2m + 2n − 2.

3.2.4 Gauss Functions

The situation is more complex for Gaussians. We cannot easily transform the equation

m

∑
i=1

αi exp
(
− ln(2)

(x − ci)
2

v2
i

)
=

n

∑
j=1

β j exp

(
− ln(2)

(x − dj)
2

w2
j

)
(3.25)

into a form in which a maximum number of solutions can be estimated. To accomplish this,
we eliminate each of the m + n summands one by one in an iterative procedure.

Lemma 3.23. Let m, n ∈ N. Then,

kG(m, n) ≤ 2m+n − 2.

Remark 3.24. While writing this thesis, we realized that this method of proving the upper
bounds, particularly the iterative use of ROLLE’S theorem, is already known in the literature,
e.g., in [61, Prop. (Laguerre)], and even earlier, in [130, p. 421], where it is used to estimate
the number of solutions to equations containing exponential polynomials, see [125, Eq. (1)] for
a general definition. Even earlier, a similar problem was posed to students by PÓLYA and
SZEGŐ, see [99, Prob. 77]. Unfortunately, equations containing Gaussian sums, such as in
Eq. (3.25), are not covered by the theory of exponential polynomials.

Proof. The proof of this lemma is conducted by iteratively eliminating each summand until
we reach an equation, where the number of solutions is easily identifiable.

We can rearrange Eq. (3.25) to obtain

m+n

∑
i=1

p
(0)
d0,i(x) · exp(q(0)i (x)) = 0. (3.26)

In Eq. (3.26), the upper index (k) counts the number of iterations performed by our proce-
dure. The term pdk ,i(x) denotes polynomials of degree ≤ dk, and qi(x) denotes polynomials
of degree ≤ 2 for i = 1, . . . , m + n. In each step of the procedure, we divide the sum by one
of the exponential functions. Since exp(qi(x)) · exp(−qj(x)) = exp(q∗(x)), we end up with
another exponential of a polynomial of at most degree 2. We thereby remove the exponen-
tial term of one summand using this method. This summand then only consists of a degree
d polynomial. In the second part of the iteration step, we take d + 1 derivatives of the sum.
Thus, this summand vanishes, while retaining the structure of all the other summands. Note
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that

d
dx

pd,i(x) exp(qi(x)) = (p′d,i(x) + pd,i(x) · q′i(x)) exp(qi(x))

= p∗d+1,i(x) exp(qi(x)).

Thus, a single derivative increases the degree of the polynomial factors by one.
For the k-th iteration step we have eliminated k − 1 summands so far, and the procedure

is as follows.

m+n

∑
i=k

p
(k−1)
dk−1,i (x) · exp(q(k−1)

i (x)) = 0
∣∣∣∣ · exp(−q

(k−1)
k (x))

p
(k−1)
dk−1,i (x) +

m+n

∑
i=k+1

p
(k−1)
dk−1,i (x) · exp(q(k)i (x)) = 0

∣∣∣∣
(

d
dx

)dk−1+1

m+n

∑
i=k+1

p
(k)
2·dk−1+1,i(x) · exp(q(k)i (x)) = 0.

Note that, at each step, the degrees behave as follows: dk = 2 · dk−1 + 1. Since d0 = 0,
a simple induction implies that dk = 2k−1 − 1. Therefore 2k−1 derivatives are performed in
step k.

After m + n − 1 steps, we obtain

p
(m+n−1)
dm+n−1,m+n(x) · exp(qm+n−1

m+n (x)) = 0. (3.27)

The function on the left can have at most dm+n−1 = 2m+n−1 − 1 roots. Note that the polyno-
mial cannot equal the zero polynomial, since all derivatives increased its degree by exactly
one and p

(0)
0,m+n 6= 0 because αi 6= 0 6= β j.

For the second part, we use ROLLE’s theorem [13, Thm. 6.2.3], which states that between
two roots of some differentiable function f , there exists at least one root of its derivative f ′.
Conversely, if the number of roots of f ′ can be estimated to be ≤ n, then f cannot have more
than n + 1 roots.

Therefore, the original function on the left of Eq. (3.26) can have at most 2m+n−1 − 1
roots, plus the total number of derivatives performed throughout the iteration. Therefore,
the original function has at most

m+n−1

∑
k=1

(dk + 1) + 2m+n−1 − 1 =
m+n−1

∑
i=0

2i − 1

= 2m+n − 2

roots, and the proof is complete.

3.2.5 Pseudo-Voigt Functions

Algebraic equations containing pseudo-Voigt functions are even more complex than those
containing only Gaussians. Since there are more degrees of freedom to a single pseudo-Voigt
functions, we expect a larger number of possible roots. Still, the same iterative procedure as
in the proof of Lem. 3.23 can be used.

Lemma 3.25. Let m, n ∈ N. Then,

kpV(m, n) ≤ (2m+n+2 − 2)(m + n)− 2.
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Proof. After some initial differences, we use the same iterative procedure as in Lem. 3.23.
We are again interested in the number of solutions to the equation

m+n

∑
i=1

αi pVci,wi,λi
(x) = 0 (3.28)

m+n

∑
i=1

αi

(
λi exp

(
− ln(2)

(x − ci)
2

w2
i

)
+ (1 − λ)

w2
i

w2
i + (x − ci)2

)
= 0.

We then multiply both sides by the denominators ∏
m+n
i=1 (w2

i + (x − ci)
2), and rewrite the

result with similar nomenclature

m+n

∑
i=1

p∗i (x) exp
(

q
(0)
i (x)

)
+ r(x) = 0.

The polynomial resulting from all Lorentzians r(x) has degree 2m + 2m − 2. The polynomi-
als p∗i have degree 2m + 2n. Now, we derive both sides 2m + 2n − 1 times to eliminate r(x).
Finally, we obtain the equation

m+n

∑
i=1

p
(0)
d0,i(x) exp

(
q
(0)
i (x)

)
= 0.

Performing m + n − 1 steps of the iteration from Lem. 3.23 leads us to

p
(m+n−1)
dm+n−1,m+n(x) exp

(
q
(m+n−1)
m+n (x)

)
= 0,

which has at most dm+n−1 many roots.
Next, using ROLLE’s theorem, we know that the maximum number of roots of Eq. (3.28)

can be bounded by the number of derivatives used in the procedure, plus the number of
derivatives used during initialization, plus the number of solutions of the last equation, or
by

kpV(m, n) ≤
m+n−1

∑
k=1

dk−1 + 1 + (2m + 2n − 1) + dm+n−1.

The recursion dk = 2dk−1 + 1 with d0 = 4m + 4n − 1 leads to the explicit representation
dk = (m + n) · 2k+2 − 1. Finally, we have

kpV(m, n) ≤
m+n−1

∑
k=1

[
(m + n)2k+1

]
+ (m + n)2m+n+1 − 1 + 2(m + n)− 1

= 2(m + n)

[
m+n

∑
k=0

2k

]
− 2 = (m + n)[2m+n+2 − 2]− 2.

3.2.6 Voigt Functions

It remains an open question, whether kV(m, n) < ∞. We have not yet found a way to
manipulate Voigt functions algebraically that allows us to find an upper bound.
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m + n 2 3 4 5 6 7 8 9 10
n = 1 2 4 6 8 10∗ 12∗ 14∗ 14∗ 14∗

n = 2 / / 6 8 10∗ 12∗ 12∗ 12 16
n = 3 / / / / 10 12∗ 12∗ 14 14∗

n = 4 / / / / / / 12∗ 14∗ 14∗

n = 5 / / / / / / / / 14

TABLE 3.1: Maximum number of intersections of randomly defined Gaussian
sums with m and n summands.

3.2.7 Tightness of the Boundaries

Now that lower and upper bounds have been established, the question arises as to whether
these bounds are tight. Obviously,

kL(m, n) = 2m + 2n − 2

is tight for all tuples (m, n) ∈ N2, since the lower and upper bounds coincide.
For m and n Gaussians, we know that at least 2m + 2n − 2 intersections are possible.

In the base case of m = n = 1, the maximum number of intersections can be algebraically
determined as 2. Also both lower and upper bounds are equal, since 2 + 2 − 2 = 22 − 2.

By choosing random parameters, we can at least numerically hint at whether the bound
is tight. For every combination of m, n in Tab. 3.1, we tested for 107 and 108 random Gaussian
sums8. Numbers k∗ with an asterisk indicate that k − 1 intersections were found, and that
one intersection is outside of [−1, 1]. Parameters are defined by a uniform distribution on
certain intervals, e.g., ci ∼ U[−1,1].

As shown in Tab. 3.1, the number of intersections never exceeds 2m + 2n − 2 for our
tests. For larger values of n + m, the proven lower bound of the maximum number of inter-
sections was not even achieved. For a construction with at least 2m + 2n − 2 intersections,
see App. A.2. This indicates that the lower bound is tight for all m, n.

Conjecture 1. For m, n ∈ N, we have

kG(m, n) = 2m + 2n − 2.

However, proving this statement would require handling sums of exponential functions
algebraically, which is not an easy task. Even in the case of m ∈ N, n = 1, it is difficult to
prove that m Gaussians intersect another Gaussian no more than 2m times. The simpler case
of n = 1 could be proven by showing that m Gaussian functions have at most m maxima,
since the equation

α0Gc0,w0 =
m

∑
i=1

αiGci,wi

can be transformed into

1 =
m

∑
i=1

αi

α0
Gc′i,w

′
i
, (3.29)

8From n + m = 7 onwards, 108 random sums were used.
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if w0 > wi. Nevertheless, proving that a (positive) linear combination of Gaussians has
at most m maxima is not trivial. In fact, there is some literature surrounding these kinds
of problems. First, a book by KHOVANSKIJ in which the author describes an upper bound
for the number of solutions of systems of equations containing polynomials and linear ex-
ponential functions [62], however, it does not touch upon quadratic exponentials. Second,
a work in which the number of modes of a sum of d-dimensional Gaussians is estimated
[8]. The latter work also proposes a conjecture that, for m one-dimensional Gaussians, esti-
mates the maximum number of modes as m. If this conjecture is correct, it implies that the
maximum number of solutions to Eq. (3.29) is ≤ 2m, which would confirm Conj. 1 in the
case of n = 1. The proven upper bound, as described in [8, Cor. 5.1], yields in our case, that
kG(m, 1) ≤ 21/2·m2+5/2·m+2, which exceeds our upper bound. In the case of m = 2, n = 1,
however, [103, Thm. 1] improves our upper bound of 22+1 − 2 = 6, to two modes, or four
intersections, which coincides with our lower bound.

Finally, it came to our attention that in one dimension, this problem is claimed to be
proven in [23, Thm. 2]. There, using an induction on the number of Gaussians, it is claimed
that a convolution of any integrable function, or distribution, with a Gaussian kernel does
not create additional maxima. However, since a proof of this convolution property is only
described loosely, it is unclear to us, whether it is true, especially, since a similar conjecture
was mistakenly proven for the two-dimensional case, and was later disproven. Possible
proofs of the convolution property can be found in [11, 65, 109, 134]. However, if it is true,
proving Conj. 1 only requires recapitulating the proofs from [23] for possibly negative sums
of Gaussians, which is done in App. A.

When attempting to falsify Conj. 1, we can consider an optimization problem in which
some function f describing the number of intersections of two sums of Gaussians is to be
maximized. For this purpose, we use the function fminsearch [55], as is implemented in
Matlab, which allows us to optimize f , without using derivatives, since the derivatives of f
are zero almost everywhere. To prevent premature convergence, we use a random method
to obtain a suitable initial condition, where some intersections are already found and further
appended fminsearch for our purposes. Still, this was not enough to improve the number
of intersections found in Tab. 3.1.

In the case of pseudo-Voigt functions, the lower bound 2m + 2n − 2 is not tight. The
smallest example occurs for m = n = 1, with at least six solutions for

pV0,1,1/2(x) =
13
25

pV0,2,3/4(x)

see [52, App. C.4] for the proof.
However, it is also unreasonable to assume that the upper bound of pseudo-Voigt func-

tions is tight, since it would imply the existence of two pseudo-Voigt functions that intersect
exactly (21+1+2 − 2)(1 + 1)− 2 = 26 times.

Since these upper bounds grow quickly, their practical use is limited. Suppose an NMR
spectrum s contains 20 peaks. To prevent overfitting, no more than 25 model functions
are used. If the underlying functions are perfect Lorentzians, the spectrum only needs to
contain at least kL(25, 20) + 1 = 89 points to guarantee uniqueness. For perfect Gaussians
on the other hand, a minimum number of kG(25, 20) + 1 ≤ 245 − 1 ≈ 35.2 · 1012 points is
required. In the case of pseudo-Voigt functions the number of required points is even larger
at ≈ 6.3332 · 1015. Conversely, if a spectrum is measured at 100,000 points, then m + n,
the sum of the number of model functions and peaks in the spectrum may not exceed 16
Gaussians, or 12 pseudo-Voigt functions to ensure unique decompositions.
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3.3 Uniqueness and Noisy Data

So far, we have only considered the modeling problem to be successful if, for all points
x0, . . . , xN , the obtained model recreates the spectrum exactly at a given set of points X.
Usually, a more lenient approach is considered. However, hopes for unique decompositions
quickly fade, when introducing an accuracy threshold ε > 0. Not only is it possible to choose
another model with parameters that differ only slightly from the first model, but even for
greatly different model parameters, we can recreate NMR spectra, if for all points xi we only
require that the model m(xi) fits the spectrum s(xi) up to this threshold ε > 0.

Example 3.26. Let ε = 0.005. Consider the two models created by four pseudo-Voigt func-
tions, which are displayed in Fig. 3.4. The two models have completely different sets of
parameters. However, their maximum deviation is ≈ 0.0026 < ε. Therefore, both sums
solve the modeling problem, if the given spectrum were equal to the first sum of pseudo-
Voigt functions. If noise levels were estimated to be up to 0.5% of the maximum amplitude,
identifying the correct model would be impossible by looking at the spectrum alone.
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FIGURE 3.4: Two sets of pseudo-Voigt functions (red, blue) with different pa-
rameters but with similar sums (black).

3.4 Conclusion

Models of NMR spectral data are useful for gaining a deeper understanding of the underly-
ing chemical compounds, their structures, and their concentrations. Knowledge about the
ambiguity or uniqueness of these models is necessary, for example, to verify whether the
obtained structural information is indeed the only possible conclusion, or to acknowledge
different feasible solutions for fitting concentration profiles and reaction kinetics.

In this chapter, our initial aim is to answer the four questions on page 17. Regarding
the first question, we are able to prove that all of the commonly used model functions are
indeed linearly independent. This implies unique solutions to the modeling problem over a
continuous frequency axis, which contradicts the general understanding of hard modeling
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in the literature. There, the practical approach of fitting models as closely as possible is
considered, which introduces intrinsic ambiguity. Therefore, the fact that the problem has
unique solutions without noise may be surprising. However, the existence and uniqueness
of decompositions does not imply a simple and direct method of obtaining them.

To address the second and third questions, for a discrete spectrum, the solutions are
only unique, if the number of model functions is sufficiently small, or if the number of
points is sufficiently large. In this context, we introduce the number kF (m, n), which denotes
the maximum number of points for which a decomposition of a spectrum into m and n
different sets of model functions exists. We prove a lower bound for kF (m, n), for general
types of model functions in Thm. 3.22, and upper bounds for Lorentzians, Gaussians, and
pseudo-Voigt functions in Thms. 3.23 and 3.25. The lower bound is proven to be tight for
Lorentzians, and we propose a conjecture that this also holds for Gaussians. This conjecture
is supported by different results in the literature and by our own numerical experiments.
Regarding the last question, the noisy case always implies ambiguous solutions. In many
cases, there even exist solutions that are far apart in parameter space, see Ex. 3.26. Since
our methods of proof involve observing the asymptotic behavior of spectra, and are not
constructive, they cannot be applied to modeling experimental NMR spectra. To obtain
models for NMR spectra numerically and computationally, we need to establish different
methods.
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Chapter 4

Obtaining Parameters by Nonlinear
Optimization

Typically, detemining the parameters for a suitable model of NMR spectra involves nonlin-
ear optimization. We first examine possible approaches to this optimization problem.

The simplest method of modeling NMR spectra is to model each peak using peak model
functions. This type of peak fitting has been used for more than half a century [101, 129] and
is still in use today [14, 79]. An overview of the literature on this approach can also be found
at the beginning of Ch. 2.

An alternative modeling method is the indirect hard modeling (IHM). First described by
ALSMEYER, KRIESTEN, et al. [7, 69, 70], this approach applies chemical information and uses
pure component spectra to obtain models of the mixture spectra. Unlike to the approach of
this thesis, which they call direct hard modeling, the peaks corresponding to pure component
spectra are not treated separately, but rather as a whole. Additionally, it is assumed that the
parameters of the mixture spectra only vary within certain ranges from the parameters of
the pure component spectra. These assumptions allow for a well-posed initialization of the
optimizer. Optimization occurs in multiple subsystems throughout the spectrum.

A method similar to IHM using Bayesian statistics was proposed by MATVIYCHUK, VON

HARBOU, et al. [71, 83, 84]. Again, mixture spectra are modeled using prior knowledge of
the pure component spectra. In this case, the Bayes estimator is used for the concentration
profiles, assuming that the mixture spectrum is a linear combination of the pure compo-
nent spectra. Using the Bayes method also works for time series of NMR spectra, since the
optimized results from previous spectra improve the accuracy of the Bayes estimator for
subsequent spectra.

A third approach, called Magnetstein by DOMŻAŁ, KAZIMIERCZUK, et al. [31], aims to
optimize the concentration profiles of chemical compounds using mixture spectra. This
method assumes that the mixture spectrum is close to a linear combination of the pure com-
ponent spectra. The linear combintion closest to the mixture spectrum w.r.t. the Wasserstein
distance is then chosen to determine the concentrations. This method also allows for reac-
tion monitoring [32].

In another approach, KUPČE, KAZMIERCZUK, et al. [26, 73], propose using the Radon
transform to detect linear changes in peak positions throughout NMR time series, thereby
increasing the selectivity of the data and facilitating the optimization of single-peak models.

Lastly, an approach using neural networks for quantitative analysis of NMR time series
was proposed by KERN, MAIWALD, et al. [59]. For more details on applications of machine
learning in the context of NMR spectroscopy, we refer to Sec. 5.1.3.

Unlike other existing approaches, our two main methods of modeling individual peaks
do not require any prior knowledge, such as the number of chemical compounds or a
database of pure component spectra. Our methods are also not limited to analyzing single
spectra, but they excel when dealing with time series of connected spectra, since the second
dimension provides additional information on each individual spectrum. The main idea of
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both approaches is to not optimize all parameters on every spectrum. Instead, we propose a
spline-based optimization routine that only optimizes parameters on selected spectra. The
remaining parameters can be obtained by interpolating the optimized values with cubic
spline functions. Not only does this reduce the dimension of the underlying optimization
problem, it also forces the parameters to behave smoothly over time. As we established
in Ch. 3, ambiguous solutions can be found in noisy data, especially when dealing with
peak overlaps. The forced smoothness mitigates this ambiguity, since information provided
by the second dimension, such as movements of peak positions, helps to identify the true
solution. Furthermore, this stabilizes the optimization routine.

In Sec. 4.1 we first discuss the advantages of the spline-based approach and other im-
provements to the optimization. In Sec. 4.2, we describe the spline-based nonlinear opti-
mization algorithm that is used in our first and second approaches to the modeling problem
in great detail. We consider several variants to this optimization problem to efficiently ob-
tain hard models of NMR spectral time series. Lastly, we discuss the possibility of using a
different objective function with the spline-based optimizer.

The spline-based optimization method was first published in [86].

4.1 Efficient Optimization Strategies

For obtaining the model parameters, applying a nonlinear optimization algorithm alone
does not capture the entirety of the problem. Most optimizers require a fixed number of
parameters, which in our case is dependent on the number of model functions m. There-
fore, approaching the modeling problem using nonlinear optimization requires splitting the
problem into two parts. First, the number of peaks must be obtained. Then, the number of
parameters is known, and the corresponding parameters can be optimized. The number of
peaks m plays a crucial role in the success of the optimization, since too few peaks result in
an incomplete model, while too many peaks run the risk of overfitting, i.e., fitting peaks with
multiple functions, or fitting noise and other interferences.

Note that there are algorithms capable of handling the mixed discrete and continuous
nature of optimizing m and all pi simultaneously, see for example [75]. However, if we
assume that m is known during optimization, then the error function is usually continuous,
and differentiable almost everywhere. This enables the use of derivative-based optimization
algorithms.

We choose the Frobenius norm ‖ · ‖F as our main objective function in Def. 2.3. Then, as
discussed in Sec. 2.3, the goal of the optimization is to minimize

‖D − MP‖2
F =

|T|
∑
t=1

|X|
∑
x=1

(D(t, x)− MP(t, x))2 (4.1)

over all possible sets of parameters P . In this section, we discuss how to efficiently and ac-
curately optimize peak parameters. Crucially, this involves avoiding high-dimensional opti-
mization routines, while simultaneously preserving the ability to obtain meaningful models.

4.1.1 The Spine-Based Approach

Optimizing all parameters at once is very inefficient. For example, assume that ten peaks are
modeled using pseudo-Voigt functions in 100 spectra. The optimization routine would need
to optimize 40,000 parameters simultaneously. Not only is this computationally expensive,
but it is also unstable, as gradient-based optimizers tend to optimize the areas where the
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objective function is largest, and neglect areas with smaller contributions. This can lead to
premature termination or convergence to one of many local minima.

Conversely, it is also possible to optimize spectra sequentially. While this approach may
seem promising for reducing the runtime, it can negatively impact the optimization stability
and model quality, especially when peaks overlap or cross. This effect can be observed when
optimizing the center and height parameters of data set D0, as shown in Fig. 4.1. During the
sequential optimization method, non-smooth peak tracing leads to jumps in peak heights.
The ground truth parameters used to generate Da are denoted by the colored markers.
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FIGURE 4.1: Sequential optimization of centers (left) and heights (right).

Our proposed approach involves the simultaneous optimization of a few selected spectra
within a moving window through time. To further decrease the number of parameters per
optimization, we assume that the optimal parameters, sometimes called ground truth, behave
like smooth functions through time, assuming the spectra are measured in sufficiently quick
succession. Using the smoothness, we are able to interpolate the parameter functions with
cubic splines, which are defined in [120, Ch. 2.4].

Let Tsel = {ti1 , . . . , tis
} ⊆ T be a subset of spectra, e.g., every tenth spectrum. Then, we

optimize in a window of size9 lenw = ℓ, ranging from spectrum tij
to spectrum tij+ℓ

. Dur-
ing this optimization, the parameters of all spectra inside the window, i.e., parameters of
{tij

, tij+1, . . . , tij+ℓ
}, are optimized. Usually, this limits the number of parameters to 200. In

our example, a moving window consisting of four spectra from Tsel results in a total number
of 160 parameters being optimized simultaneously. However, the results of the previous
optimizations are used to initzalize the next, so only 40 completely unoptimized parameters
are added in each step. Then, the window moves along to the next set {tij+1 , . . . , tij+ℓ+1}, until
all parameters of the selected spectra are optimized. The parameters of all other spectra are
obtained via interpolation.

Advantages of the Spline-Based Method:

Compared to the simultaneous optimization of all parameters, this approach is extremely
efficient, as only a few parameters are required to model the entire time series. This is not
only a dimensionality reduction of the optimization problems, but also of the data itself,
since the high-dimensional data matrix can be reconstructed using only a few parameters.
Furthermore, when compared to the sequential approach, the moving window optimiza-
tion ensures that the additional information provided by the second dimension is retained.
The continuous and differentiable spline functions force the parameter functions to behave
smoothly, which is especially helpful when peaks overlap or cross. Fig. 4.2 considers the
same optimization problem as Fig. 4.1, but uses the spline approach to ensure smooth pa-
rameters and meaningful models.

9All hyperparameters appearing in this thesis can be found on page xi.
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FIGURE 4.2: Spline-based optimization of centers (left) and heights (right).

4.1.2 Multiplets vs. Singlets

To further reduce the number of optimization parameters, we introduce multiplets. They
are defined as coupled peaks with equidistant centers, identical half-widths. In the case of
pseudo-Voigt functions, they possess an additional, identical convex combination parameter
λ. Their heights are proportional to a row of binomial coefficients, see [80, Sec. 8.5].

Definition 4.1. Let d ∈ R+ and k ∈ N. Further, let c ∈ R, w ∈ R>0, and λ ∈ [0, 1]. Then, a
k-tuplet consisting of model functions fc,w(,λ) is defined by

mk,c,d,w(,λ)(x) =
k

∑
j=1

(
k

j

)
fc+(j−1)d,w(,λ)(x).

The parameter d represents the distance between its sub-peaks, and k is called multiplicity.
A spectrum consisting of m multiplets can be written as

s(x) =
m

∑
i=1

αimki ,ci,di,wi(,λi)(x),

where αi ∈ R correspond to the peak heights of the smallest sub-peaks. In the context of optimization,
the heights are denoted by hi and are incorporated into the parameter tuples pi.

Note that a spectrum consisting of multiplets requires four (or five) parameters to be
optimized for each multiplet: (h, c, d, w, (λ)). The multiplicity k only needs to be defined
once and does not change over time. Therefore, fewer parameters are required to model a
spectrum when using multiplets. Usually, this reduces the number of parameters by 40% −
60%, depending on the data set. For instance, modeling all nine peaks of D2 using separate
pseudo-Voigt functions requires 36 = 9 · 4 parameters per spectrum. When using multiplets,
this number can be reduced to 18 = 2 · 5+ 2 · 4. In the case of D3, the 23 peaks can be divided
into two septuplets, three doublets and three singlets, reducing the 92 = 23 · 4 parameters
to 37 = 5 · 5 + 3 · 4 when using multiplets.

Since there are fewer possible choices for the smaller number of parameters, optimiza-
tion using multiplets also decreases the likelihood of converging to a local minimum, which
increases the optimization stability. Fig. 4.3 illustrates this fact for the optimization of the
center parameter of a doublet versus the optimization of two center parameters of two sin-
glets. When fitting the center parameter of the doublet, two local minima exist in addition
to the global minimum, (blue line), whereas for the singlets, the optimum is not unique and
there are four local minima and eight valleys with small derivatives. Note that if the opti-
mizer could reliably start close to the global optimum, it would not only increase stability
but also decrease the runtime.
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FIGURE 4.3: Residues for optimizing a doublet versus two single peaks.

However, the improved stability and runtime come at the expense of model quality, since
a modeled multiplet must precisely match the height pattern. If, for any reason, a k-tuplet
in the data does not perfectly fit this pattern, it can most accurately be modeled by a sum of
k individual peaks. In the case of D2, this is displayed in Fig. 6.3.

4.1.3 Localizing the Optimization Procedures

Despite improvements in runtime and complexity, the computational expenses remain high.
There are two main reasons. First, the dimensions of the data matrices D are typically large.
Naturally, the spectra are measured as accurately as is feasible. It would be counterintuitive
to then decrease the number of data points or spectra afterwards. Nevertheless, this remains
a possibility and still, a balance must be achieved between accuracy and runtime.

Second, the dimensions of the underlying optimization problems are large. In other
words, we need to reduce the number of simultaneously optimized parameters. To combat
large optimization routines, we suggest to split large problems into several problems of
lower dimensions. Again, we need to strike a balance between slow and expensive, high-
dimensional optimization problems, which allow a wider set of possible solutions and quick
and cheap low-dimensional probems with a narrower set of possible solutions.

The general idea behind the optimization methods that aim to localize the optimization
procedures is as follows: If the peak centers are already correctly defined, then modeling all
the other parameters becomes much more convenient, see also Fig. 4.3. Therefore, we pro-
pose four variants of optimization, in which the peak centers are modeled first, before either
the optimization problems are split or the data is partitioned. We discuss the optimization
variants in Sec. 4.2.4 in greater detail.

4.1.4 Using the Wasserstein Distance as an Objective Function

An alternative to minimizing the Frobenius norm is to minimize the Wasserstein metric,
which is defined in Def. 2.11. Recalling Rem. 2.15, we know that the Wasserstein metric is
sensitive to changes in nonlinear parameters, but insensitive to changes in linear parame-
ters. We can use this fact to our advantage and split the optimization of nonlinear and linear
parameters. We mainly propose a two-step objective function. First, given a set of nonlin-
ear parameters, we use linear least squares to compute the optimal linear parameters with
respect to the sum of squares. Then, the Wasserstein distance for the set of parameters is
computed. The nonlinear optimization thereby only occurs on the nonlinear parameters.

Using this metric offers several theoretical advantages. First, optimization is more sta-
ble since generally, there are fewer local minima. This fact is illustrated in Fig. 4.4, when
center and half-width parameters of a triplet are optimized. The Frobenius norm yields
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FIGURE 4.4: Residues for the Frobenius and Wasserstein objective functions
for optimizing the center and half-width parameters of a triplet.

larger derivatives, but five local minima. Conversely, the Wasserstein-metric yields smaller
derivatives, but a unique minimum.

Second, since the optimization of the linear parameters is done separately the dimen-
sion is reduced by 40% in the pseudo-Voigt case. To illustrate the separation, consider
an NMR spectrum s consisting of m different pseudo-Voigt functions with 4m parameters
pi = (ci, wi, hi, λi), i = 1, . . . , m. For fixed values of the nonlinear parameters ci, wi the func-
tions Lci,wi

(x), Gci,wi
(x) are independent of hi and λi. Finally, let X = {x1, . . . , xN}. Then,

fitting the spectrum to a given spectrum D(:, t) requires approximately satisfying the fol-
lowing equations for all xj ∈ X

s(xj) =
m

∑
i=1

hi · (1 − λi)︸ ︷︷ ︸
:=ai

Lci,wi
(xj) + hi · λi︸ ︷︷ ︸

:=bi

Gci,wi
(xj) = dj = D(xj, t). (4.2)

In cases where the data D is noisy, this linear system of equations cannot be solved.
Instead, we can find values for ai, bi such that the sum of squared errors of all equations is
minimal. This solution is unique and can be determined rather quickly and directly, e.g.,
using linear least squares [120, Thm. 4.8.1.3.].

From the values for ai, bi, we can then reconstruct the values of the heights hi = ai + bi

and of λi =
bi

ai+bi
.

Nevertheless, there are still practical disadvantages when using the Wasserstein-Metric,
which are discussed in Sec. 6.6.2.

4.2 Implementing the Spline-Based Optimization Algorithm

In this section, we describe the first approach to modeling NMR time series, the spline-
based algorithm. To illustrate the procedures, we use model data. Fig. 4.5 illustrates the
optimization procedure for Da within a moving window on the left as well as the resulting
parameter functions on the right.

The algorithm has many hyperparameters, i.e., custom parameters that are fixed for the
entire algorithm and that fulfill a meta-purpose. For example the bandwidth bw ∈ N de-
fines various window sizes required during the algorithm. We define the most important
hyperparameters in this section. An overview on all hyperparameters is provided on page
xi.
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FIGURE 4.5: Windowed optimization for Da (green rectangle). Parameters on
t ∈ Tsel (red stars) are optimized, all others are interpolated (red lines).

4.2.1 Initialization

Several steps need to be completed before optimization can begin. We omit the necessary
steps to load the given data set in a suitable format for this thesis and assume that the data
is given in matrix form with |T| rows and |X| columns, as well as two vectors representing
the time axis T and the frequency axis X. We also assume that all spectra are phase- and
baseline-corrected, which allows for a hard modeling approach in the first place.

The first step during initialization is to choose the set of spectra Tsel ⊆ T, that serves as
the set of spline knots and on which the parameters are optimized. The naive approach is
an equidistant choice on T. A manual selection is implemented, that can be performed by
choosing spectra in a graphical user interface (GUI). Additionally, one of the spectra of Tsel is
chosen as the starting spectrum tinit

10, i.e., the spectrum from which the optimization begins.
The spectrum tinit should be chosen in such a way that peaks are sufficiently separated
and that all peaks of the data set are present, and detectable. The advantage of manually
selecting Tsel is that there may be intervals in time, where the parameters vary more and
other intervals where they vary less. In areas of greater variation, it is advantageous to
define more spline knots, whereas in areas of lesser variation, fewer spline knots can be
chosen to decrease the runtime of the algorithm. Fig. 4.6 illustrates this for the moving peak
of D3. The equidistant choice is not sufficient to interpolate the actual peak movement.
However, the same number of manually selected spline knots allows for an improved peak
tracing by the cubic spline function.

FIGURE 4.6: Choosing seven spectra of D3 as spline knots (red crosses),
equidistantly (left), manually (right), and the resulting peak tracing (red line).

10This is a short notation for the actual spectrum D(tinit, :)
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4.2.2 Peak Detection

The second step of the initialization process is peak detection. Recall that we required tinit

to contain all relevant peaks and that they are sufficiently separated. We then determine
the peak positions on the first spectrum. First, the data set is smoothed using a Savitzky-
Golay filter [113]. This method uses Gaussian least squares to fit a polynomial of degree
deg to the data points within a moving window of size 2 · bw + 1. The polynomial evalu-
ated at the midpoints of this windows defines the components of the smoothed data vector.
One significant advantage of the Savitzky-Golay filter is that the polynomials provide easily
computable derivatives, presenting a numerically stable approximation of the derivatives of
the data vector. Fig. 4.7 presents the smoothing using a Savitzky-Golay filter with deg = 3
and bw = 4.
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FIGURE 4.7: Savitzky-Golay filter using a cubic polynomial (green, light blue)
inside a moving window (dark blue). The smoothed point is displayed in red.

Due to the nature of our four peak model functions, their centers are also minima of
their second derivatives. However, the second derivative presents sharper negative peaks.
See also Lem. 2.10. Second derivatives can also be used to detect peaks in close proximity,
also known as shoulder peaks. Using fourth, or 2k-th derivatives further amplifies this effect,
i.e., negative peaks in the fourth derivative are even sharper. However, smoothing the data
using the Savitzky-Golay method means fitting a low-dimensional polynomial to the data
to avoid overfitting the noise. Usually, a cubic polynomial is used. Its fourth derivatives are
zero everywhere and thus cannot be used. Still, higher-degree polynomials can be chosen to
obtain higher-order derivatives, albeit at the cost of a worse smoothing effect. Fig. 4.8 shows
the advantage of the second derivatives in situations where multiple peaks overlap. Using
second derivatives facilitates the detection of the shoulder peak on the left.

The process of peak detection is illustrated in Fig. 4.9. First, local minima are detected
within a moving window of size 2 · bw + 1. If local minima lie too close together, only the
minimum with the largest absolute value inside of the window is considered a peak. If these
local minima are too large, i.e., not far enough below a certain threshold δ < 0, then they are
also neglected. Due to noise, not all of these minima correspond to actual peaks.



4.2. Implementing the Spline-Based Optimization Algorithm 51

510

0.1

0.2

0.3

0.4

0.5

510

-8

-6

-4

-2

0

2

10
-3

Chem. shift [ppm]

S
G
(t

in
it
)

Chem. shift [ppm]

S
G
(t

in
it
)′
′

FIGURE 4.8: Smoothed data (left) and smoothed second derivatives (right).
Peak positions are derived from minima on the right (red, green crosses).
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are displayed by black lines. Crosses mark the detected peaks.
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Second, we use the potential peak centers and determine if a peak exists at these posi-
tions in the original data vector. As it turns out, these points often lie slightly apart from the
actual peak. We suspect that this is due to the discretization and the discrete approximation
of the derivatives. To address this issue, we look for the closest peak, i.e., the closest local
maximum, in the data vector. Potential duplicates are then eliminated. Additionally, peaks
below a certain threshold ε > 0 are neglected.

4.2.3 Multiplet Detection

After detecting the peaks in the spectrum, the third step of the initialization is to decide
where multiplets can be found in the data set. In other words, we need a robust cluster-
ing method to group the peaks into multiplets. Fig. 4.10 illustrates the procedure for the
spectrum from Fig. 4.9. The main criterion in this method is the distance between peaks.
Typically, peaks of multiplets lie relatively close together. Also, the peak heights follow a
characteristic height pattern. We also assume that each peak belongs to only one multiplet.

11.522.533.54

0

0.2

0.4

0.6

0.8

Chem. shift [ppm]

t i
n

it

FIGURE 4.10: Multiplet detection for the spectrum from Fig. 4.9. Thresholds
are displayed by green lines, noise is measured in violet window.

Similar to the heuristic peak detection method, we use another heuristic method to detect
multiplets. First, we check for multiplets with a multiplicity of k ≥ 3. Such multiplets have
equidistant peaks. Therefore, we check for groups of three or more peaks whose distances
are very similar, i.e., identical up to a predefined index threshold tolind ∈ N, and smaller
than tolhor > 0. Before sorting the peaks of this group into a multiplet, we must test if
the peak heights follow the characteristic pattern. To do so, we verify that the data vector
evaluated at the peak centers is unimodal11, while allowing for some noise. To measure the
noise level, we estimate the variance of the data vector in an area, where presumably no
peaks are expected using the square root of the unbiased sample variance, denoted by σ.
In Fig. 4.10, this area is displayed in purple. Groups of peaks fulfilling the ascending, then
descending pattern then qualify as multiplets of multiplicity k ≥ 3.

11Only testing the similarity to a row of binomial coefficients is not a robust criterion for detecting slightly
off-shape multiplets.
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Second, we look for doublets (k = 2). If two of the remaining peaks are situated within
tolhor, we evaluate the data vector again at these points. If the values only differ by less than
3 · σ + tolvert, the peaks qualify as a doublet. In Fig. 4.10, both tolerance values are displayed
by the horizontal and vertical green intervals, respectively.

Third, all of the remaining peaks are then defined as singlets. However, to reduce the
number of required parameters, we set their distance to d = −1 and avoid optimizing this
parameter.

In the case of Fig. 4.10, the first three peaks from the right have distances of 10 and 10. In
this case, if the peak heights of the triplet peaks are denoted by h1, h2, h3, then the following
inequalities must hold:

h1 + 3 · σ < h2 h2 > h3 + 3 · σ.

Indeed, h1, h2, h3 fulfill these inequalities even without the addition of noise and a triplet is
defined. For referece, the observed standard deviation of the noise is σ ≈ 0.0049.

The other peak indices are all at different distances from each other, so no other k-tuplet
with k ≥ 3 can be found. Next, the two middle peaks are close together with a distance of
0.20 < tolhor = 0.25 and their corresponding heights are also similar, since

0.009 < tolvert + 3 · σ = 0.05 + 3 · 0.0049.

Therefore, a doublet is detected. The remaining peak can only be a singlet.

4.2.4 Parameter Optimization

After all peaks have been detected and grouped into multiplets, the set of parameters is also
defined. Then, the optimization procedure can begin. Initially, we optimize the parameters
of the first selected spectrum tinit.

Optimization of tinit

Since all peak and multiplet positions are known, we can optimize each multiplet individu-
ally. To do so, we identify local optimization windows on the frequency axis.

For multiplets with multiplicity k > 1, we choose the corresponding window to encom-
pass all subpeaks. If possible, both sides of the window are extended by the maximum
of distance and bandwidth max{di, bw} from the centers of the outer subpeaks. This may
encompass other singlets or multiplets. However, due to the characteristic shape of the mul-
tiplet, fitting a given k-tuplet into more complicated spectral shapes is comparatively easy.

If the spectrum contains only one peak, defining a local optimization window is unnec-
essary.

For the remaining singlets, we cannot use their distance parameters. Furthermore, fit-
ting single peaks into complicated spectral shapes may result in poor models where several
model peaks are fitted onto one spectral peak. Therefore, the window must encompass the
peak, while still producing a meaningful result. Additionally, modeling one peak multiple
times when windows overlap should be avoided. There are two cases. First, if one of the
remaining peaks does not lie inside another multiplet’s window, we define its window to
extend to the midpoint between its and the next and previous peak’s centers, but no further
than 4 · bw. Second, if the peak lies inside another multiplet’s window, we define its window
to extend only bw in both directions.

Once all windows are defined, we optimize each set of parameters belonging to a peak
or multiplet individually and locally within its respective window. After these initial op-
timizations, we finally optimize all parameters belonging to tinit simultaneously to obtain
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FIGURE 4.11: Initial optimization results for the spectrum from Fig. 4.9. Local
optimization intervals are displayed by green vertical lines.

the initial model. To facilitate the global optimization, the local, windowed models serve as
an improved initialization to the optimization routine for the entire spectrum. Otherwise,
we run the risk of converging to a local minimum. Fig. 4.11 presents the local optimization
procedure for the spectrum from Figs. 4.9 and 4.10 on the left and the final results on the
right.

Optimization Variants

There are several ways to improve the runtime of the entire optimization procedure. To ac-
complish this, we must split the optimization into smaller subroutines while maintaining
a meaningful chemical model. Initially, we define five different variants. The second ap-
proach, which is defined in Ch. 5, introduces two additional variants.

Variant 0: [Main Spline-Based Optimization]

In this main method, we optimize all parameters belonging to the selected spectra within a
moving window through time, as initially described in this Sec. 4.1.1. Therefore, we mini-
mize the objective function over all spectra inside this window. Parameters in between the
selected spectra are interpolated using cubic spline functions, with one spline correspond-
ing to one parameter. Fig. 4.5 illustrates this procedure for Da and one step of its moving
window optimization.

After one optimization subroutine finishes, the moving window advances to incorporate
the next selected spectrum. The parameters for the newly added spectrum are initialized by
linearly extrapolating the previously optimized parameters. Although it is possible to use
the same cubic splines to extrapolate the parameters of the newly selected spectrum, a linear
function is chosen to follow a simpler, more general trend. Additionally, linear extrapolation
is numerically more stable and increases the likelihood of meaningful initializations, even
though this extrapolation method is still rather unreliable for moving peaks, especially with
changing movement velocities.

Starting with tinit, the windowed optimization progresses through Tsel in ascending or-
der, then in descending order, again starting with tinit. If desired, the selected spectra with
the smallest and largest indices in Tsel can be optimized multiple times, since every other
spectrum is optimized several times as well.

Variant 1: [Optimizing Centers First]

Since the main optimization method suffers from large runtimes and poor reliability, we
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split up the optimization process into smaller parts. All four variants [1-4] employ an al-
ternative, quicker, but less accurate peak detection method. Given a spectrum and some
number of peaks m, the method yields the m most likely locations of peaks in this spectrum.

In this heuristic peak detection method, we approximate the first derivatives using the
Savitzky-Golay method. Then, we look for sign changes in the resulting derivative vec-
tor. Finally, we output the indices of the m most significant sign changes. Significance is
measured by the distance between the most negative and most positive values before and
after the sign changes again. Additionally, we neglect sign changes with significance below
a certain threshold tolvpd. If desired, we also neglect peaks that are less than tolhpd apart.
Although this method is less reliable than the peak detection described in Sec. 4.2.2, it is sig-
nificantly faster while providing rough estimates for peak positions on the entire data set.
Fig. 4.12 presents this method for a single spectrum of Da and shows the results for the entire
data set Da. Note the scattered points on the right, which implies that this method should
not be used to define exact peak positions. Another advantage is that areas where no peaks
are detected, most likely do not contain peaks. So, even if the number of false positives is
large, false negatives rarely occur.
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FIGURE 4.12: Heuristic peak detection on t = 13 (left) and on Da (right). The
first derivative is displayd in blue, and red crosses represent potential peaks.

After the heuristic peak detection yields the potential peak positions, we optimize the
set of multiplet centers on the selected spectra Tsel as follows:

Let si(t) be the cubic spline function that interpolates the value of the i-th peak center12

and let pos(t) ∈ Rm be the vector of proposed peak positions at t ∈ T. Furthermore, let
Tw = {tl , tl+1, . . . , tu} ⊆ T be the set of all spectra within the moving window. Then, the
optimizer aims to minimize

∑
t∈Tw

m

∑
i=1

(
min

j=1,...,k
|si(t)− posj(t)|

)2

→ min! (4.3)

In other words, the sum of minimum distances of between model peaks to any of the pro-
posed peaks is minimized.

Finally, we fix the optimized values for the center parameters. Then, all the other pa-
rameters are optimized using the same procedure as in variant 0. If the optimization of the
center parameters is successful, the second optimization is not only more stable, but also
runs in less time.

Variant 2: [Optimization of Subsystems]

This method aims to find subsystems that can be modeled independently. In theory, this

12In the case of multiplets, we compute the sub-peak centers and optimize both di and ci.
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results in smaller data matrices with fewer peaks and fewer parameters that need to be op-
timized.

The first step is identical to the previous method. We heuristically detect peaks in the
entire data set, and then optimize only the centers. Due to the rare occurrence of false nega-
tives, we can reliably identify intervals on the frequency axis, where for all spectra, no peak
is present. To ensure that these areas are indeed without peaks, we may can also take the
optimized peak centers into account. If no detected, optimized, or interpolated peak centers
are in an area larger than tolsubsys, we assume that all peaks are situated exclusively on one
side of this area. We usually define tolsubsys = 0.2 ppm.

For each of these areas, we split the data matrix along the corresponding column at
their midpoints. Then, we optimize all parameters, including centers, in each of the newly
defined subsystems. Since the multiplets are contained within a subsystem, this approach
does not compromise generality. Fig. 6.5 presents the results of subsystem detection for the
data sets D1, D2 and D3.

Remark 4.2. A similar subroutine is described in Sec. 5.4.2. It splits single spectra into
smaller subspectra, which are then input to neural networks, see also Fig. 5.17. To avoid
confusion, the smaller data sets are called subsystems, whereas the parts of single spectra are
called subspectra.

Variant 3: [Individual Multiplet Optimization]

The third method optimizes each multiplet individually over time. First, we require heuris-
tic peak positions so that the centers can be optimized similar to variant 1. Then, for each
multiplet, we define a window [ai(t), bi(t)] encompassing the i-th multiplet for all t ∈ T.
These windows are defined to be narrow, with their edges no more than 4 · bw apart from
the outer subpeaks of the multiplet. Finally, we optimize the parameters for each multiplet
individually, in a moving window Tw over time, locally inside [ai(t), bi(t)] for all t ∈ Tw.

This approach typically suffers from peak crossings, as all of the crossing multiplets are
modeled individually. Therefore, the sum of the models usually overestimates the heights
at those crossings.

Variant 4: [Sequential Optimization]

The fourth method is a sequential optimization of the selected spectra, with additional
knowledge of the order of the peak positions for each spectrum.

Again, the first step is the same as in variants 1, 2, and 3, where the peak positions are
optimized initially. Importantly, we take note of the peak positions and the different orders
in the spectra, which change due to peak crossings. We then model all of the selected spectra
similar to modeling tinit. First, peaks and multiplets are detected using the more sophisti-
cated detection methods described in Secs. 4.2.2, 4.2.3. Second, each detected multiplet is
optimized locally on this spectrum. Lastly, all parameters of this spectrum are optimized
simultaneously. We then use the order obtained from optimizing the centers to assign the
parameters from the single spectra to the correct peaks.

Note that all of these variants reduce the runtime, sometimes drastically. While the sec-
ond method takes a conservative approach to dimension reduction, especially the third and
fourth methods can be considered as quick-and-dirty13 methods. In certain situations, for
example to provide an overview of the data set, these methods are still of use.

13https://dictionary.cambridge.org/dictionary/english/quick-and-dirty

https://dictionary.cambridge.org/dictionary/english/quick-and-dirty
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Minimizing the Wasserstein Distance

One naive approach to implementing the Wasserstein distance as an objective function is
to simply neglect the linear parameters during optimization and compute them by solving
Eqs. (4.2) after optimizing the nonlinear parameters. This works well for one peak. How-
ever, for multiple peaks, the linear parameters cannot simply be fixed, because norming the
spectra for the Wasserstein metric eliminates only one degree of freedom. Implementing
this approach can be achieved through a linear constraint on the heights. For example, we
can require that the sum of all heights be constant. The correct constant can be found using
linear least squares after the optimization. This method, however, only decreases the num-
ber of parameters by one, which is insignificant when the total number of parameters for m
peaks is 4m.

To fully exploit the Wasserstein metric and the split between linear and nonlinear param-
eters we suggest to compute the objective function from Eq. (2.24) by the two-step process
described in Sec. 4.1.4. Although each individual computation of the objective function is
more expensive, the optimization dimension is halved.

Since the optimization algorithm that was used for the Frobenius norm, lsqnonlin, can
only be used to minimize the sum of squares, a different optimization algorithm must be
used for the Wasserstein metric. In this case, we choose fmincon, which is implemented in
MATLAB [55]. This complicates the comparison of the two objective functions, as we cannot
assume that the same hyperparameters work well for both optimization routines. Further-
more, fmincon is a more general function, whereas lsqnonlin is specifically designed to
solve nonlinear least squares problems. The results of using the Wasserstein objective func-
tion are displayed in Sec. 6.6

4.3 Conclusion

The most common method of modeling NMR spectra involves using an optimization pro-
cedure of some sort. Our proposed spline-based approach strikes a balance between a si-
multaneous optimization of all parameters on all spectra – which is computationally very
expensive – and a sequential optimization of individual spectra. Unlike sequential opti-
mization, our proposed approach uses the information on the behavior of the parameter
functions over time (pi(t)) to obtain information for the currently optimized spectra. For
one, this eliminates the different possibilities of continuing the parameter functions, which
is especially challenging for sequential optimization methods when peaks overlap or cross,
see Figs. 4.1 and 4.2. Furthermore, using cubic spline functions forces the parameter func-
tions to behave smoothly over time, and leads to chemically meaningful models. Addition-
ally, this approach reduces the intrinsic ambiguity of the noisy case, see Sec. 3.3, by utilizing
the parameter behavior of predecessing and subsequent spectra, that may be more selective.

Our methods can be applied to several fields of chemistry, but are particularly useful for
monitoring chemical reactions, especially those with changes in temperature or pH. Since
it is commonly assumed that the nonlinear peak parameters do not vary drastically, the
moving peaks from D1, D2 and D3, see App. B, can only be modeled accurately, if the peak
tracing is conducted manually. Our more general approach resolves this problem by auto-
matically tracking the peak movements and the behavior of other parameters. In the context
of reaction monitoring, the moving window optimization also allows for online monitoring,
as newly acquired spectra can easily be appended to the data set.

Interpolation using cubic spline functions allows to accurately model parameter changes
while retaining a sufficiently simple model, because each spline function is uniquely deter-
mined by the values {pi(t) | t ∈ Tsel}. Therefore, the dimensionality reduction is further
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amplified, as only a select few spectra contain all essential information about the entire data
set.

Despite being an efficient method, the nonlinear optimization routines are computation-
ally expensive. Thus, we introduce several improvements to the runtime, such as a set of
variants designed to reduce the number of simultaneously optimized parameters, by parti-
tioning the data set into subsystems, dividing the set of parameters, or a more general type
of model that captures the multiplet patterns that appear because of J-coupling.

The most significant reduction in runtime can be achieved by improving the initialization
of the optimization routines. Therefore, if a heuristic can be defined that predicts the peak
parameters with sufficient accuracy for any given spectrum, the optimizer can be initialized
more precisely. This would lead not only to a decrease in runtime, but also to an increase in
model quality, as the likelihood of converging to local minima is reduced. Defining such a
prediction method is the topic of Chapter 5.



59

Chapter 5

Parameter Prediction Using Neural
Networks

The fact that the peak parameters, such as height, position and half-width, correspond to
measureable quantities, see Rem. 2.9, enables us to use a second type of approach, which
involves obtaining the peak parameters by observing the structure within the spectra.

There are possible heuristic methods which can be used to obtain the peak parameters
without optimization, see Secs. 4.2.2, 4.2.3. However, it is easy to define counterexamples to
any fixed heurstic method, where the parameter prediction fails, e.g., due to complex peak
structures and overlaps. In a more general sense, a neural network can be viewed as an
arbitrarily precise heuristic method of parameter prediction.

While the use of machine learning in the context of NMR is a comparatively recent phe-
nomenon, similar tasks to those found in NMR spectroscopy also appear in other fields. For
example, parameter prediction from NMR spectra can be viewed as a problem of feature
recognition, which is a well-known problem in deep learning.

Effective application of machine learning to NMR spectroscopy seems to have begun in
the early 90’es [137], although some uses of simple machine learning have been proposed
earlier [67, 105]. Its many applications include the detection of peaks and multiplets, also
known as peak picking [22, 36, 90], identification and classification of chemical compounds
[37, 38] deconvolution of 1D [117] and 2D [77] NMR spectra, quantitative analysis [59], pre-
diction of chemical shift values [119], and many more [48, 100]. Neural networks are also
used in commercial applications [20, 94]. For further applications, we refer to the review
paper [24]. For other types of spectroscopy, where pseudo-Voigt model functions are used,
such as X-ray crystallography, similar applications can be found [79, 85].

This chapter describes how we use neural networks (NNs) to aid in the optimization
described in the previous chapter. First, we define simple neural networks for our purposes
and explain how they can be used in NMR spectroscopy. Then, we provide a complete
overview of all the architectures and experiments on which we trained neural networks on.
Next, we define the architecture for the NNs that are used in our algorithm and explain the
training process in greater detail. Finally, we describe the implementation of the NNs in
the spline-based optimization algorithm and present some results predicting parameters of
single spectra. The application of convolutional neural networks to NMR time series has
been published in [53].

5.1 Feed-Forward Neural Networks

This thesis does not aim to provide a comprehensive overview of machine learning. For
an introduction, best practices and a general overview, we refer to [44, 57, 102]. One of the
simplest forms of neural networks is the feed-forward network (FFN). In this thesis, we only
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use very specific types of FFNs and therefore omit a more general and thus more complex
definitions. For these, we refer to [44, Ch. 6].

5.1.1 Architecture

Definition 5.1. A feed-forward neural network is a directed graph FFN = (V, E) where V is
the set of vertices, E ⊆ V × V is the set of edges, combined with a set of activation functions
fv : R → R associated with each vertex v ∈ V and with a weight function w : E → R. The
vertices v ∈ V are also called nodes or neurons. Usually, the set V is completely partitioned into

several disjoint subsets V =
⋃̇l

i=1Li called layers. Typically, the first layer L1 = Lin is called the
input layer and the last layer Ll = Lout is called the output layer. In feed-forward networks, all
edges vw ∈ E where v ∈ La, w ∈ Lb also satisfy a < b. This induces a partial order and implies a
progression of data being fed forward throughout the layers. Furthermore, the graph and the set of
activation functions are collectively referred to as the architecture of the neural network.

An example network consisting of eleven nodes grouped into four layers
L1 = {in1, in2, in3}, L2 = {1, 2, 3, 4}, L3 = {5, 6}, L4 = {out1, out2} is displayed in Fig. 5.1.

in1

in2

in3

1

2

3

4

5

6

out1

out2

FIGURE 5.1: Example feed-forward network (FFN) with four layers.

This definition does not yet capture the full potential of neural networks, as it lacks the
computational aspects. NNs can therefore be seen as functions FFN : R|Lin| → R|Lout|.

Definition 5.2. Let FFN be a feed-forward network and let x ∈ R|Lin| be an input vector. Then,
the output vector FFN(x) is computed as follows: We assign a real numbers to each node v ∈ V by
defining a computation function c : V → R, where

c(v) =

{
xj, if v is the j-th node of L1

fv

(
bv + ∑u∈N−(v) c(u) · w(uv)

)
, else.

(5.1)

In the previous definition, N−(v) denotes the set of all vertices u, where an edge uv ∈ E exists and
bv denotes a bias term. Using this iterative computation, we then define FFN(x) as the vector of
values c(v) of all v ∈ Lout.

Starting from the input Layer Lin, all computations are forwarded through the network
to produce values in the output layer Lout. In the case of the network from Fig. 5.1, we take
a closer look at the calculations for node 3 in Fig. 5.2. Its output c(3) can be computed using
the bias b3, the weight function w and the results of previous nodes.

c(3) = f3 (b3 + c(in1) · w1 + c(in2) · w2 + c(in3) · w3)

= f3 (b3 + x1 · w({in1, 3}) + x2 · w({in2, 3}) + x3 · w{in3, 3})) .

Note that since the ini are input nodes, their outputs equal the values of the corresponding
components of the input vector xi.
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FIGURE 5.2: Computation of the output of node 3.

Although several layers can be used to for feed-forward networks, we only require three
different types.

1. Dense layers.
A dense layer connects to all nodes of the previous layer Lprev. In other words, for all
nodes v in a dense layer, N−(v) = {u | u ∈ Lprev}. The activation function for nodes
in dense layers is usually some kind of sigmoid, such as the standard sigmoid,

sig(x) =
ex

1 + ex
.

Other common activation functions include the rectified linear unit function,

ReLU(x) = max(0, x),

the identity function
Id(x) = x,

sometimes called linear activation, or the Heaviside step function

H(x) = 1x≥0(x).

2. Convolution layers.
A convolution layer connects to all nodes in a certain index window of the previ-
ous layer. If Lprev = u1, . . . , uN, then all nodes v in a convolutional layer are fed by
N−(v) = {ui, ui+1, . . . , ui+k−1} for some index i and a kernel size of k. Additionally,
the k weights of the edges connecting to a single vertex are identical for all v of that
convolutional layer. Therefore, its computation resembles that of a convolution ker-
nel of size k moving through the previous layer. Similar activation functions can be
used for convolutional layers, though the identity function is often chosen, especially
if the layer is directly followed by a max-pooling layer. This is because the nonlinear
activation function can be applied after reducing the dimension during pooling. An
example convolution layer with a kernel size of 2 and two kernels F1, F2 can be found
in Fig. 5.3.

3. Pooling layers.
Similar to a convolutional layer, a pooling layer is only locally connected to the previ-
ous layer. However, it is designed to reduce the dimension, so its computations may
not always fulfill the definition from (5.1). Conventionally, pooling layers directly fol-
low convolution layers, and, in the case of max-pooling, compute the maximum value
of k consecutive nodes of the previous layer. Other aggregate functions can also be



62 Chapter 5. Parameter Prediction Using Neural Networks

applied, such as the average, or a mixture of the average and the maximum. If no acti-
vation function was applied to the convolution layer beforehand, it is usually applied
after pooling. Otherwise, the activation after pooling is often omitted. An example
pooling layer which aggregates the outputs of three previous nodes each is displayed
in Fig. 5.3.

4. Recurrent layers.
The last commonly used type of layer violates the partial order in the network graph
by introducing cycles. Its output values are given to previous nodes to be used during
future input predictions. These layers may also use their previous outputs to compute
the next set of outputs, hence the name. For the task at hand, we opted not to use
recurrent layers and refer to [102, Ch. 15] for further details.

i1

i2

i3

i4

F11

F12

F13

F21

F22

F23

P1

P2

Lk+2

Lk−1 Lk Lk+1

FIGURE 5.3: Example of a convolutional (Lk) and pooling layer (Lk+1).

While this definition of feed-forward networks is simple, it still allows us to create sev-
eral data channels, meaning a layer can be the predecessor to multiple subsequent layers, and
several layers can be connected to a single successor layer.

5.1.2 Training

The architecture of neural networks is typically defined in such a way that there are several
layers containing tens of thousands of nodes in total. For industrial applications the number
of parameters may reach 109 for ImageNet [76] and 1011 for GPT-3 [18]. For our purposes,
the number of parameters does not exceed 106. Still, manually defining each bias term bv

and each weight w(uv) is not an option. Instead, the values for these network parameters
must be found automatically. This is done by a large-scale nonlinear optimization algorithm.
This process is called training and requires a large amount of different inputs, called training
data.

Usually, the training is conducted as follows. First, a batch, i.e., a subset of the training
data, is given to the neural network to compute the outputs. Then, an objective function is
computed to measure the error of the outputs. Finally, the network parameters bv, w(uv)
are altered according to some basic optimization procedure. For example, the adjustments
may be made in the direction of the steepest gradient. The gradients of each individual
weight and bias term are computed from back to front in a process called backpropagation,
which uses the previous gradients and the chain rule on the activation functions. For a de-
tailed explanation, we refer to [44, Ch. 6.5]. Since the number of optimizable parameters
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is very large, the training process requires significant amounts of computational power and
time. Typically, the large training time is mitigated by choosing a very basic optimization
procedure, such as steepest gradient descent. Training large-scale neural networks can take
several weeks. In our case no training time exceeded two days, and the networks we even-
tually used were trained in less than one day. The training process stops either after a certain
amount of data has been processed, or when the objective or another loss function is below
a certain threshold.

Since the optimization process works by computing errors on the training data set, this
data set should caputre the general properties of the data that will eventually be processed
by the NN.

5.1.3 Potential Applications of NNs to NMR Spectral Analysis

Typically, neural networks can be used to great effect, when there are calculations requiring
extensive and expensive numerical computations. For example in quantum chemistry, neu-
ral networks can provide improved heuristic methods and quick approximations for large-
scale quantum-chemical computations. For instance, DEERNet predicts electron distance dis-
tributions [132], which, without machine learning, would involve computing expensive and
complex integral terms.

Other applications include procedures, in which a human user is able to quickly de-
termine the results, when an automatied approach fails to detect subtle differences in the
given data, or when no sufficiently good heuristic can be found. One such application is
peak detection. Peak detection can be performed either using a classification approach, e.g.,
in [37, 94, 117], where each pixel is classified into at least two classes, peak or no peak, or
using a regression approach, where peak positions, i.e., real numbers, are predicted [90].
Peak detection is also possible for two-dimensional spectra [22, 77]. Additionally, spectra
may be automatically divided into subsystems or clusters of peaks [36]. Another possible
application of NNs is the quantitative analysis of a mixture spectrum, given information on
the pure component spectra [31, 38, 59]. For more applications of neural networks in NMR
spectroscopy, we refer to the overview article [24].

We initially considered using neural networks as we implemented the optimization vari-
ants. There, it became clear that, once the center parameters were known, optimizing all the
other parameters would be easier, more stable, and quicker.

Therefore, our initial apporach using machine learning is a classification approach as
well. However, it quickly became apparent that this approach does not yield satisfactory
results. Thus, we instead opted for a regression approach of predicting peak centers. Since
only minor adjustments need to be made to the regression approach, predicting all peak
parameters simultaneously is only a logical extension of the regression approach.

5.2 Suitable Architectures

First, we describe a pure classification approach. For the training data, we use a single
spectrum from data set D3, where the peak positions are annotated by hand. All data sets
used are presented in detail in App. B. This spectrum also contains several artifacts, that are
often detected by heuristic detection methods, see also Fig. 6.2. However, modeling these
artifacts is not necessary. Therefore, manually defined peak positions without artifacts serve
as the ground truth. The training data sample is very small because this test merely serves
as a proof of concept and an experiment to familiarize ourselves with the different methods
that need to be implemented. Therefore, the architecture of the given network is also simple.
It consists of the input layer of size 51 followed by a dense layer of 128 nodes, activated by
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the ReLU function. The next and final layer is the output layer of size 1, activated by the
standard sigmoid sig(x) = ex

1+ex . This output layer is densely connected to the previous 128
nodes. However, each edge is deleted with a 50% chance. This process is called dropout.

The simple task of the network is as follows. Given a connected window of this input
spectrum, i.e., the values of [s(xi−w), s(xi−w+1), . . . , s(xi+w)], where i is randomly chosen,
uniformly distributed over all non-edge indices, the network predicts its confidence ∈ [0, 1]
of a peak being present at position xi. A confidence of > 0.5 corresponds to a peak predic-
tion. For the objective function we choose the binary cross entropy, which in our case can be
written as

BCE(ypred, ygt) = −(ygt · ln(ypred) + (1 − ygt) · ln(1 − ypred)),

where ygt ∈ {0, 1} and ypred ∈ [0, 1] represent ground truth and predicted confidence, re-
spectively.

The vector ygt contains only zeros except at the annotated indices, where its components
equal one. The implementation of all machine learning was done in python, initially using
the tensorflow package [1], which is well-established in the literature and provides a robust
framework for implementing our neural network experiments.

Training is typically conducted in epochs. One epoch involves inputting several batches
to the neural network and adjusting the parameters several times. After each epoch, the
progress is measured on validation data, i.e., data that is separate from, but similar to the
training data set. In this case, since only one spectrum was manually annotated to begin
with, both validation and training data is identical. We trained for 100 epochs, each involv-
ing computations on 2,500 batches of size 1, using the optimizer adam [63] which is already
implemented in tensorflow. It very quickly became apparent that some adjustments were
necessary.

There are 23 peaks in this data-set and 48, 005 indices that can be chosen. This means
that in 47982

48005 ≈ 99.9% of cases, no peak is present. Therefore, during training, the network
adapts a trivial strategy of always predicting no peak. This method indeed has an accuracy
of ≈ 99.7% − 100% per epoch. However, the neural network is unusable for any practical
purposes.

5.2.1 Pixel Classification

To combat training trivial classifiers, we force the training data to contain a disproportion-
ately high amount of peaks. To achieve this, we implement a parameter p ∈ [0, 1] corre-
sponding to the probability that a window centered around a peak is chosen during train-
ing.14

For different values of p we obtain different results after training for 100 epochs of 2,500
batches each. We not only measure the loss, the binary cross entropy, but also the number of
true and false positives tp, fp, the number of true and false negatives tn, fn, and the accuracy

acc =
tp + tn

2500
.

Table 5.1 and Fig. 5.4 show that for p ∈ [0.25, 0.75], detection of both classes is trained
even during these short training sessions. Note that accuracy alone is not sufficient for
observing prediction quality. Therefore, we also computed the balanced accuracy, defined as

14This is not quite correct, as the implementation requires us to perform two pseudo-random experiments.
First, a uniformly distributed random number r in [0, 1] is chosen, that decides if a peak should be selected.
Second, a random index i that is either chosen as one of the peak indices, if r ≤ p, or as one of all indices, if
r > p. Therefore, the actual probability to obtain a peak is p + (1 − p) · 23

48005 .
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p 0 0.05 0.1 0.25 0.5 0.75 0.9 0.95 1
loss 0.0117 0.0566 0.0845 0.0809 0.1494 0.1386 0.1872 0.1277 7 · 10−12

acc 0.9988 0.9816 0.9732 0.9784 0.9640 0.9628 0.9528 0.9600 1
tp 0 85 222 593 1224 1850 2209 2354 2500
f p 0 22 32 31 46 51 79 76 0
tn 2497 2369 2211 1853 1186 557 173 46 0
f n 3 24 35 23 44 42 39 24 0

TABLE 5.1: Selected values of p and corresponding training results.

accb = 1
2(

tp
tp+ f n + tn

tn+ f p), which can display weaknesses in finding positives and negatives
alike. Considering there only were 48,055 possible inputs, these results only demonstrate
that a neural network can learn to detect peaks in an experimental spectrum, or at least
learn to recognize the input data set.

We considered this proof of concept to be successful, yet with unsatisfying results. If we
were to train NNs on similar approaches using more complicated and different data, the
results would likely be worse. Therefore, the next set of experiments is conducted using a
different approach.
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FIGURE 5.4: Accuracy measurements acc in green, accb in red and loss in blue
for different values of p.

5.2.2 Parameter Regression

Contrary to the assumptions of the classification method, it suffices to determine a peak
position up to a few indices to achieve a good model. If afterwards, the resulting indices are
converted to floating point numbers anyways, the idea to not requiring the exact indices is
not too far-fetched.

The first experiments of this regression approach are only focused on the peak positions,
as they are the most crucial type of parameter for successful modeling. All the other param-
eters would then be obtained by our nonlinear optimization routine.
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Since this task differs from the previous set of experiments, we must change the training
process. For the training data, we created a connected set of spectra Db. The data set con-
tains three peaks that intersect thrice. More details on the construction of Db can be found
inApp. B. An overview on this data set is presented in Fig. B.2.

The advantage of constructing Db is that all parameters are known and can serve as the
ground truth values. We split the time series into three subsets of spectra. The first set
contains 75% of the spectra and is used as the training set. The second set, containing 15% of
the spectra is used for validation after each epoch. The final 10% are used as the test set after
the training is complete. To avoid having only 75 spectra in the training set, we interpolate
the spectra of the original data-set to 10,000 spectra. Each of the three sets contains randomly
selected spectra. We train the NNs for 100 epochs of size 7,500 and input the entire spectrum
each time.

For the objective functions we choose the mean absolute error (MAE) and the mean
squared error (MSE) and minimize them using the adam optimizer. Since both metrics be-
haved similarly, we ultimately decided to use only MAE as an objective function. For each
pair of predicted and ground truth samples cpred, cgt, we have

MAE(cpred, cgt) =
1
3
· ‖ppred − pgt‖1

MSE(cpred, cgt) =
1
3
· ‖ppred − pgt‖2

2.

Here, our architecture is slightly more complex cpmpared to the initial classification ap-
proach. The input layer consists of 1,000 nodes that are densely connected to a layer of 128
neurons, which then connects to another dense layer of the same size. Both of these lay-
ers are activated by the standard sigmoid. The two layers connect to the output layer of
size 3, which has no activation function, as the image of the sigmoid is [0, 1] and our data
set contains peaks in the range of [0, 10]. Additionally, to prevent the model from merely
learning the data set, each edge between the two dense layers of size 128 is dropped with a
probability 0.5.

Fig. 5.5 shows the development of the validation loss after each epoch. At first glance the
loss looks very promising. A mean average error in the range of 0.01 − 0.015 implies that,
on average, each predicted peak position is 1 − 1.5 indices off the ground truth. In fact, the
error on the testing data set is equal to 0.0154.

There are several problems with this approach. First, even though the network is de-
signed to have redundant information transfer thanks to the droupout, it still learns the
entire data set quickly. Note that after 20 epochs the training error is already below 0.1,
which can be considered suspiciously good. Second, the validation, training and test data
sets are very similar to each other, due to the interpolation from only 100 spectra, which
explains the great results on the test data as well. On the other hand, it would have been dif-
ficult to create large amounts of training data consisting of connected spectra. However, the
biggest giveaway is the order of the predicted peak parameters. The peak crossings are not
reflected in the ground truth vector, i.e., the peak position values of the ground truth vec-
tor are not always in ascending order. However, by looking at a spectrum alone, there are
3! = 6 possible orders for the peak centers. Still, the losses imply that, on average, the order
is guessed correctly, even though there should not be enough information in the spectrum
to reconstruct it.
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FIGURE 5.5: Training progress during the first parameter regression. Training
(black) and validation (blue) losses are displayed.

5.2.3 Predicting All Peak Parameters

Once again, we came to the conclusion that our training approach needs to change. Af-
ter many fruitful discussions with Professor Labahn’s group, particularly with Dr. Tobias
Strauß, the idea of predicting all parameters at once arose. Since this task is more complex
that previous ones, we first tried to determine its feasibility.

Another proof of concept:

To detect all parameters, we first changed the architecture. The first layer after the input
layer contains 100 nodes, whereas the second layer consists of only 50. However, the output
layer contains 12 nodes, or four parameters for each of the three peaks. Additionally, we
also activate the output layer. Therefore, we must normalize each of the parameters to [0, 1]
before beginning the training. This has the added benefit of making each parameter equally
important in minimizing the MAE.

The results, as shown in Fig. 5.6 are very similar to those of the previous experiments.
Training apears to occur quickly, and reliably. Additionally, after only 20 epochs, all param-
eters are already predicted with an absolute error of < 1%. After 100 epochs, the loss on the
test data is ≈ 0.001.

We again consider this a successful proof of concept. However, the networks merely
memorize the data sets. Therefore, they are still not applicable to more general data sets,
let alone experimental data. Crucially, the training data lacked sufficient variance between
different samples.

More Applicable NNs:

For the next set of experiments, we ensure that the training data set is not only sufficiently
large, but also sufficiently general. Therefore, rather than using a fixed data set from which
spectra are selected, we generate the training data ourselves. Since we know the general
form of an NMR spectrum, given by Eq. (2.1), we can cover (almost) the entire space of
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FIGURE 5.6: Training progress during the second parameter regression. Train-
ing (black) and validation (blue) losses are displayed.

possible NMR spectra composed of a fixed number of peaks. When compared to phase- and
baseline-corrected experimental spectra, which can be achieved using the SINC algorithm
[114], the spectra defined by Eq. (2.1) merely lack added noise. Thus, we define our training
spectra as follows.

s(x) = N(x) +
m

∑
i=1

hi · GLci,wi,λi
(x). (5.2)

Here, N(x) describes a normally distributed random vector of finite dimension. This ap-
proach can generalized further to accomodate for incorrect phasing or a baseline using dif-
ferent and more general model functions. However, generating spectra using Eq. (5.2) has
proven sufficiently general in practice. Note that because we generate the training data, we
also obtain the ground truth parameter vectors.

For the following sets of experiments, we randomly choose all peak parameters with
uniform distributions with in the intervals

ci ∈ [0, 10], wi ∈ [0.0001, 0.5], hi ∈ [0.1, 1], λi ∈ [0.0001, 0.2].

This is the only time, where we compromise on generality15. During trainig, all parameters
are linearly transformed into the interval [0, 1] due to the image of the sigmoid. Additionally,
we now sort the values of the ground truth by the center values in ascending order.

Spectra consisting of a fixed number of m peaks are generated during training on 1000
points in the interval [0, 10] and the normal distribution of all components N(xi) has mean
0 and variance 0.005. Training is conducted for 250 epochs. Each epoch consists of ≈ 500

b
many batches of size b.

For the first set of experiments, we vary the batch size b to determine the optimal value.
We use a network with 1, 000 input nodes and two subsequent dense layers of 24 and 16

15Still, any spectrum consisting of finitely many peaks can be linearly transformed into the interval [0, 10].
Similarly, it can be normed such that the heights never exceed 1.
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FIGURE 5.7: Training (black) and validation (blue) losses for different batch
sizes b.

nodes for all experiments. Since in this case, m = 1, the output layer has a size of four.
Fig. 5.7 present the MAE for four batch sizes. During each of the experiments, approxi-
mately 125,000 specta were generated.

The training results for different b are very similar due to the comparable size of the
training sets. However, for large b > 100, the number of adjustments to the weights de-
creases, and the training slows down. Additionally, adjusting the weights after each input
results in a quick, but unstable training process. Therefore, the validation loss for small
b < 10 behaves more erratic, which also slows down the training. We conclude that batch
sizes b ∈ [10, 25] are the most promising.

Another important hyperparameter is the learning rate16 η. It determines the portion
of the gradients added to the weights during backpropagation. The default value for the
adam optimizer is η = 0.001. Again, Fig. 5.8 displys the loss for standardized training using
different learning rates η. It turns out that the default value is not only useable, but often
optimal. When η is too small, learning occurs very slowly. On the other hand, when η is too
large, the weights change too drastically and this sometimes prevents any learning at all.

These experiments demonstrate that relatively simple NNs can learn to predict peak
parameters to a certain extent. In fact, most parameters are already predicted correctly,
whereas parameter prediction is difficult, especially for the spectra with small h and w.
Additionally, the parameter λ often has no significant impact on the appearance of the data
and cannot reliably be predicted. Furthermore, the peak positions are inaccurate, since 24
nodes must take into account information from 1,000 input nodes. The dense layers do not
take advantage of the fact that the same shape of a peak may appear at any position.

This type of feature recognition is the strong suit of convolution layers and CNNs. Con-
volution layers resemble a moving window through the previous layer and eventually al-
lows the NNs to fit a mask of weights suited for peak detection onto the input spectrum.

16In the literature, the learning rate is also denoted by α.
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FIGURE 5.8: Training (black) and validation (blue) losses for different learn-
ing rates η.

5.2.4 Convolutional Neural Networks

The typical architecture of a convolutional neural network (CNN) is as follows: First, there
are multiple convolution and pooling layers. The results of the pooling layers are typically
fed into multiple dense layers.

Since CNNs perform significantly better, we increase the number of peaks per spectrum.
Additionally, we also train CNNs to predict the four parameters of Voigt functions. Since
detecting sharp and small peaks proved difficult during previous experiments, we also im-
plement an option to overly distribute sharp peaks in the training data. Due to the variety of
the architectures used, we only describe some experiments in detail. For most experiments,
we briefly describe the achieved losses. In this subsection, all losses are measured using the
MAE.

We begin our experiments with a CNN with the following architecture

P + (C + C + P) + (C + C + P) + D + D + D + D = P + 2(2C + P) + 4D.

Here, P, C, D represent max-pooling, convolution, and dense layers, respectively. Input and
output layers are omitted, since they are always of size 1,000 and 4m, respectively. In this
case, the detailed parameters for the layers are as follows:

• Pooling layers:
Three max-Pooling layers pooling 20 consecutive nodes of the previous layers

• Convolution layers:
Four layers with descending kernel sizes of 50, 25, 17, and 13. All convolution layers
are activated by ReLU(x).

• Dense layers:
Four layers, densely connected with 60 nodes each. All dense layers are activated by
sig(x)
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• Input and output layers:
Input size 1,000, output layer is dense with 4m nodes, activated by Id(x).

CNNs with this architecture achieved promising results for spectra with one or two peaks.
For similarly generated test spectra containing one peak, the average deviation of the pre-
dicted center parameters is about 0.0015, or about 1.5 pixel in terms of resolution. The aver-
age deviation of half-widths is ≈ 0.014. For heights it is ≈ 0.008. However, for the convex
combination parameter, the deviation is ≈ 0.2447. In other words, the trained predictions
are almost as bad as guessing17. This leads to a total MAE of ≈ 0.067.

Modeling Spectra Using Voigt Functions:

Training CNNs with this type of architecture for more than one peak is difficult, and the
best results can be achieved using Voigt functions. For two peaks, the MAE is ≈ 0.1174.
However, the comparable parameters c and h had lesser average deviations of ≈ 0.021 and
0.055 respectively.

Nevertheless, this indicates that, on average, each peak is approximately 21 pixels from
the ground truth. Therefore, in many cases, the deviation from the correct center values is
larger than the half-width. We cannot guarantee that these predictions are an improvement
on extrapolation during our spline approach.

Note that, because of the similarities between the two functions, a network trained on
Voigt functions can reliably detect pseudo-Voigt peaks and vice versa. In this case, the aver-
age deviation for c amounts to ≈ 0.034 and for h is ≈ 0.15. This fact confirms our suspicion
that some general information about the shape of peaks and their relationship to the corre-
sponding parameters can be learned by NNs.

More Efficient and Large-Scale Training:

The results of the previous experiments were not satisfactory, but they are promising enough
to continue. The next step is to train the models on a larger scale, i.e., for longer periods of
time. Previously, the CNNs were trained over the course of several hours, whereas for the
next few experiments, the training is conducted for several days. To improve the perfor-
mance, we are taking a step back from the generalized approach. Where previously, the
training data was created during training, now, the traning data is generated beforehand.
We create separate data sets containing traning and validation data. Test data can be gener-
ated when necessary after the traninig completes.

Additionally, despite the emphasis on sharp peaks, it should be noted that sharp, thin
peaks are detected less reliably than larger or broader peaks. This may be due to the kernel
sizes of the convolutional layers, as in tensorflow, only one size per layer can be defined.
However, to forward information about broader and sharper peaks simultaneously, it can
be advantageous to provide the ability to detect sharp peaks in narrow windows and broad
peaks in wide windows. Therefore, we implement a custom subtype of the convolution
layer, where the input is split into several data channels, each convoluted with a kernel of
custom size. Fig. 5.9 shows two consecutive custom convolution layers with different kernel
sizes.

The following architectures revolve around the modified convolution (mC) layer. We
conduct experiments with about 20 different architectures and model functions with similar
results. All of the architectures have in common that the first few layers consist of some
number of convolution and pooling layers, with various numbers and sizes of convolution
kernels. After these layers, the last 2-6 layers consist of densely connected layers.

17If 0.5 is always guessed, the expected distance from a uniformly distributed random variable ∈ [0, 1] is 0.25.
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FIGURE 5.9: Input spectrum (black) and two convolution layers (green, red)
with three different kernel sizes each.

For example, Fig. 5.10 displays the losses for two networks with the architecture
3(mC) + P + 6D, trained on 25,000 spectra consisting of two pseudo-Voigt peaks on the left
and on 100,000 spectra consisting of three Voigt peaks on the right. Since the training data set
is generated before the training begins, the networks can experience overfitting, indicated by
a growing difference between training and validation loss on the left of Fig 5.10. Increasing
the number of available training spectra mitigates the problem, but does not completely
solve it.

To further combat overfitting , we implement early stopping, which stops the training
prematurely, if no significant progress is made. It then restores the weights corresponding
to the lowest validation loss achieved.

The average test losses for the parameters c, h, w and λ amount to ≈ 0.012, 0.054, 0.038,
and 0.263, respectively with a total MAE of ≈ 0.092 for the two-peak pseudo-Voigt network.
The three-peak Voigt network achieves average deviations of ≈ 0.017 for centers, ≈ 0.0570
for heights and ≈ 0.0724, 0.0791 for the two half-width parameters with a total MAE of
≈ 0.0563. There are two observations of note. First, it is notoriously difficult for pseudo-
Voigt networks to predict λ. On the other hand, the two half-width parameters of the Voigt
functions have a more direct influence on the peak shapes, enabling the networks to learn
to predict these parameters. Second, the pseudo-Voigt models tend to have slightly smaller
euclidean norms when reconstructing the data.

Applying CNNs to Experimental Spectra:

Finally, we apply the CNNs to expermental spectra. We use different types of data. First,
we use a set containing Highfield and Benchtop data of twelve mixture spectra containing
different carbonhydrates18. Second, we tested the networks against spectra from data set

18The data was provided by Patrick Sterner at RPTU Kaiserslautern-Landau.
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FIGURE 5.10: Training (black) and validation (blue) losses for networks
trained on two pseudo-Voigt peaks (left) and three Voigt peaks (right).

D2, see also B.
To illustrate the precision, Fig. 5.11 shows the results of applying the second network

from Fig. 5.10 to one of the highfield mixture spectra.
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FIGURE 5.11: Experimental mixture spectrum (blue) and predicted models
(red). MSE for the model is ≈ 0.0474h

Similarly, Fig. 5.12 shows the results of predicting peaks from one of the benchtop spec-
tra. On the left hand side, we use a network with architecture 2(2mC + P) + 3D, which is
trained on two pseudo-Voigt peaks. On the right hand side, we apply the second network
from Fig. 5.10.
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FIGURE 5.12: Experimental mixture spectrum (blue) and predicted models
(red). MSE for the models are ≈ 0.0411h (left) and ≈ 0.0402h (right).

Both figures demonstrate successful knowledge transfer, as CNNs trained only on gener-
ated data manage to learn a basic understanding of peak positions, half-widths, and heights.
However, upon closer inspection, e.g., on the right side of Fig. 5.11, it becomes apparent, that
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the predicted models are not precise enough. For other spectra from this data set, the peaks
of Fig. 5.12 are modeled more precisely.

Applying the trained networks requires some additional work, since the spectra usually
do not contain exactly 1,000 data points. Therefore, the spectrum must either be split into
disjoint subspectra of size 1,000, or be interpolated if the number of data points is lower than
1,000. Furthermore, an m-peak network can only predict parameters for exactly m peaks, as
can be seen in Fig. 5.12. Still, two of the three peaks still carry meaningful information. The
two figures also illustrate that both the Voigt and pseudo-Voigt networks manage to prop-
erly model the given experimental peaks. This is no surprise, as the pseudo-Voigt functions
approximates any Voigt function quite well, since the maximum absolute error between
Voigt and pseudo-Voigt is ≤ 0.77% relative to the peak maximum [128].

Since we trained multiple networks with different architectures, different model func-
tions and different numbers of peaks, we can input any spectrum to a several CNNs and
rank the predictions according to some metric. Here, we choose the sum of squares, but
other metrics, such as the Wasserstein distance, can be used, see Sec. 6.6.1. Applying sev-
eral spectra does not significantly increase the runtime, since a single prediction is typically
computed in < 1 ms.
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FIGURE 5.13: Spectrum t = 143 of D2 (blue) and predicted models (orange).
The average euclidean distance is ≈ 0.509h.

The models displayed Fig. 5.13 solidify the point that CNNs can indeed learn a general
understanding. However, the predictions are often imprecise. Note that quality is depen-
dent on the complexity of the data. For example, the top right shows a simpler section of
this spectrum, which is modeled with sufficient precision. On the other hand, the bottom
plots show more complex sections with less accurate models.

5.3 The Final Set of CNNs

Since all previous experiments encountered similar issues, we conclude that a different ap-
proach is once again required. One remaining, largely unaltered, hyperparameter is the
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training time. Experiments with significantly longer tranining times also require signifi-
cantly more computations. This is why, for the following set of experiments, the training is
conducted on a more powerful server, which has several graphical processing units, or GPUs,
installed.

Additionally, we change the python framework. Tensorflow is great when it comes to
large-scale projects and high performance. However, the level of detail it presents is often
overwhelming and requires a lot of fine-tuning. Another popular code library is PyTorch

[95]. This framework is less complex, and allows for quick and easy alterations to each
training subroutine and to the associated hyperparaters. Furthermore, we find its methods
easier to understand and to customize. For example, the autograd method provides an
automatic way of obtaining the gradients necessary during backpropagation. This allows
us to easily define custom loss functions.

Ultimately, the goal is to reduce the sum of squares between model and data. For the
final set of experiments, we use a function that combines the loss in parameter and function
space. Let p = (p1, . . . , p4m)

T ∈ [0, 1]4m be the set of normalized input parameters, and let
q = (q1, . . . , q4m)

T denote the predicted values. Furthermore, let s(x) ∈ R1000
≥0 denote the

spectrum generated from the parameters of x. Then, our custom loss function is defined by

‖p − q‖2

4m
+ β · ‖s(p)− s(q)‖2

1000
, (5.3)

where we choose β = 0.1.
Using this function limits our choice of model functions to Lorentzians, Gaussians, and

pseudo-Voigt functions, as the partial derivatives of the loss functions with respect to each
weight need to be considered. In the case of Voigt functions, computing s(q) requires us-
ing the subroutine scipy.special.voigt_profile, which uses the FADEEVA function. The
FADEEVA function itself uses a Taylor series to approximate the Gaussian error function
er f (z) [135]. However, these operations are not easily differentiable, and are therefore not
supported by autograd. All computations associated with pseudo-Voigt functions are sim-
ple algebraic operations.

5.3.1 Architecture and Training

The architecture of this set of networks is as follows: The input layer is exactly 1,000 nodes
wide. The data is then processed by a series of convolution layers with two different kernels.
The two kernels create two data channels after the convolution. For the first convolution
layer, both kernels have size 32. This layer is activated by the standard sigmoid sig(x). The
outputs are then pooled by choosing the maximum of every two neighboring nodes, thereby
halving the number of data points. This process of convolution, activation, and pooling is
repeated using two convolution kernels of size 16. Since the size of the layer was reduced
by a factor of four, both data channels contain 250 points.

This data is fed to a series of dense layers, each of which is activated by the standard
simoid. These layers contain 320, 160, 80 and finally, 60 nodes. Finally, we flatten both data
channels into a single channel of size 120. The output layer then computes 4m outputs. Only
here does the number of peaks affect the architecture of these CNNs. Note that the output
layer is not activated. For example, if we used a sigmoid for activation, extreme values near
0 or 1 would be less likely, as the sigmoid tends to move values closer to 1

2 . However, the
training parameters are uniformly distributed. A schematic overview on the architecture is
given in Fig. 5.14 in the case of m = 3.
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FIGURE 5.14: Schematic architecture of the CNN for m = 3 peaks. The input
layer (black) is fed to, convolution layers (green) , max-pooling layers (red),

dense layers (blue) and an output layer (violet), defining the peaks.

In total, five networks are trained to predict the parameters of m = 1, . . . , 5 pseudo-Voigt
functions. For each training data set, 100,000 spectra were generated using uniformly dis-
tributed parameters ci ∈ [0, 1], hi ∈ [0.1, 1], wi ∈ [0.00005, 0.5], λi ∈ [0.00002, 0.2]. The spec-
tra then are generated as the sum of m pseudo-Voigt functions with these parameters and
added Gaussian noise with a standard deviation of σ = 0.005. Ultimately, the probability of
sharp peaks or large lambdas, both weakpoints of previous networks, is not disproportion-
ally increased. The validation data set contains 10,000 spectra that are generated in similar
fashion.

To aid the training, the parameters are linearly transformed into [0, 1]. The training runs
for 250 epochs and the training data is delivered in batches of size 25, for the optimization,
the adam optimizer [63] is used with learning rate η = 0.001. The loss function is described
in Eq. (5.3), where β = 0.1. All computations were performed on the GPUs on servers of the
Institute of Mathematics in Rostock. This server has four Nvidia GeForce RTX 2080 Ti cards
installed and we use CUDA [91] for efficient access to the GPUs.

5.3.2 Prediction Quality

To compare the five networks with each other, Tab. 5.2 - Tab. 5.5 display various metrics
for parameter prediction, spectra reconstruction, and usablilty. Note that, with one noteable
exception marked in red, the k peak network achieves the best results for k-peak spectra,
marked in blue. Also note that the model quality rapidly decreases for spectra consisting
of five peaks – in every metric. Therefore, training further networks for larger numbers of
peaks was not pursued. While the final results may appear worse than those of previous
experiments, the loss function from Eq. (5.3) on which the CNNs are trained incorporates
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the reconstruction loss w.r.t. ‖ · ‖2, and therefore, the MAE can be worse. The data was
gathered by constructing 1,000 spectra, each consisting of k peaks, with added Gaussian
noise with a standard deviation of σ = 0.02.

In addition to Tab. 5.2 - 5.5, Fig. 5.15 presents an example spectrum consisting of three
peaks, as well as the reconstructed model spectra in comparison. In this case, the three-
peak CNN has the best fit w.r.t. ‖ · ‖2. Its lack of fit is ≈ 0.5711, while the reconstruction
errors for the 1, 2, 4 and 5-peak networks amount to ≈ 4.2681, 3.5158, 1.2323 and 1.4508,
respectively. Additionally, the three-peak CNN also fits best w.r.t. dw, where its error equals
≈ 0.0513, while the other errors amount to ≈ 0.5883, 0.2785, 0.0758 and 0.1763 for the 1, 2, 4
and 5-peak networks, respectively.

0246810
0

0.2

0.4

0.6

0.8

1

Chem. shift [ppm]

A
m

p
lit

u
d

e

0246810
0

0.2

0.4

0.6

0.8

1

Chem. shift [ppm]

A
m

p
lit

u
d

e

0246810
0

0.2

0.4

0.6

0.8

1

Chem. shift [ppm]

A
m

p
lit

u
d

e

0246810
0

0.2

0.4

0.6

0.8

1

Chem. shift [ppm]

A
m

p
lit

u
d

e

FIGURE 5.15: Comparing models from CNN predictions. From top left to
bottom right, the data spectrum (black) is compared to all predictions, to the

predictions with three peaks , one and two peaks, and four and five peaks.

According to Tab. 5.5, in many cases, the k peak network does not produce the best
fitting predictions when k peaks are present. There are two types of mistakes: Underfitting
and overfitting.

In our case, as displayed in the bottom left plot, the networks trained on fewer peaks are
unable to properly reconstruct the spectrum. This fact is usually reflected in the reconstruc-
tion errors. Still, the two-peak CNN (yellow line) manages to properly model the leftmost
peak. If a network trained on fewer peaks achieves a small lack of fit, it is likely due to
peak overlaps. There, a less complex model suffices for a good fit. One challenge when
implementing these CNNs into the optimization algorithm is to prevent that a previously
modeled peak, has no parameters assigned in this spectrum due to underfitting and the lack
of predicted parameters.

Conversely, networks trained on a greater number of peaks tend to assign meaningless
peak parameters. In Fig. 5.15, this can be observed in the bottom right plot, where the four-
and five-peak CNNs (green and blue lines) assign two and three peaks to the leftmost peak
of the spectrum. This behavior is desirable, since it prevents overfitting and therefore a
falsely improved reconstruction error. When one peak is fitted using m model functions, we
experience the effect, that the peak heights of each individual model function are underes-
timated by an average factor of m, since the sum should equal the original single peak. So
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m-peak CNN
MAE m = 1 m = 2 m = 3 m = 4 m = 5

c 0.0244 0.0213 0.0342 0.0395 0.0839
w 0.0515 0.0684 0.1125 0.1195 0.2029
h 0.0504 0.0807 0.1061 0.1079 0.2089
λ 0.1802 0.2474 0.2476 0.2536 0.2492

total 0.0766 0.1045 0.1251 0.1301 0.1862

TABLE 5.2: Comparison of mean average errors for each parameter type.

‖s − s(p)‖2 m-peak CNN
n-peak inputs m = 1 m = 2 m = 3 m = 4 m = 5

n = 1 0.2803 0.5390 0.7945 0.8638 1.1587
n = 2 2.6542 0.6103 0.7999 0.8576 1.2058
n = 3 4.2244 2.3017 0.9740 0.9611 1.3707
n = 4 5.6687 3.9773 1.8235 1.1789 1.6093
n = 5 6.7025 5.2856 2.8935 1.6795 1.9191

TABLE 5.3: Comparing 2-norm reconstruction errors for n-peak spectra.

dW(s, s(p)) m-peak CNN
n-peak inputs m = 1 m = 2 m = 3 m = 4 m = 5

n = 1 0.2687 0.3107 0.5417 0.5117 1.3306
n = 2 0.9991 0.1271 0.1661 0.2202 0.4666
n = 3 1.2406 0.3511 0.1357 0.1499 0.2730
n = 4 1.5508 0.4927 0.1943 0.1327 0.2051
n = 5 1.6569 0.5797 0.2668 0.1439 0.1831

TABLE 5.4: Comparing Wasserstein reconstruction errors for n-peak spectra.

# of best predictions m-peak CNN
n-peak inputs m = 1 m = 2 m = 3 m = 4 m = 5

n = 1 890 79 15 16 0
n = 2 142 582 176 94 6
n = 3 14 194 399 359 34
n = 4 2 36 263 597 102
n = 5 1 7 187 582 223

TABLE 5.5: Comparing the frequency of best reconstruction out of 1000 n-peak
spectra.
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assigning only one of the parameter sets to a peak leads to an underestimation of the height
parameter. Additionally, two peaks in close proximity and of similar height sometimes add
up to a shape similar to a single peak. In these cases, the center parameter is slightly dis-
placed. However, the four- and five-peak CNNs still manage to properly model the two
rightmost peaks. Therefore, assigning these parameters when initializing the optimizer is
permissible and usually not too bad. For the implementation, we only need to address the
situation where a single peak of a previous spectrum is assigned multiple sets of parameters.

5.3.3 Stability Analysis

Starting from the spectrum in Fig. 5.15, one might ask how small changes in the input spec-
trum affect the output parameters. In theory, every CNN is a continuous function. How-
ever, there can be situations, where the derivatives of this function are quite steep, i.e., where
small changes in the input spectrum, such as noise or other data impurities, greatly affect
the outcome.
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FIGURE 5.16: Average distance in parameter space (blue) and empirical stan-
dard deviation (red) of 100 CNN predictions, if the ground truth parameters

have distance d from the spectrum in Fig. 5.15.

Fig. 5.16 displays how variations in the input affect the predicted parameters. Starting
from the spectrum in Fig. 5.15, we adjust the ground truth parameters by a random vector
of length d in parameter space. Then, we observe the average distance of the predicted pa-
rameters from the original outputs over 100 random iterations at each point and compute
the empirical standard deviation of the distances. For each iteration, we added a different,
Gaussian noise vectors. This explains the relatively large deviations for small parameter
changes d ∈ [10−5, 10−3], leading to slightly different predictions. Note that, within this
range, the deviation of the distances is very small. This means that for two identical spectra
with different, but identically distributed noise vectors, we expect that the parameters devi-
ate by about 10−3. For larger deviations of the parameters d ∈ [10−3, 10−2], we see a gradual
increase in distance. Interestingly, this increase does not exactly mirror the actual distance d.
This may be due to the fact that small changes in ci and wi might be indistinguishable after
the pooling layers reduce the dimension by a factor of 4, resulting in very similar outputs.
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Finally, when d ∈ [10−2, 100], the average distance increases slightly. However, the individ-
ual distance values are increasingly scattered for larger d. This can be explained by the fact
that spectra, whose parameters have a distance of 1 in parameters space also appear quite
differently in function space. Additionally, a parameter vector that differs from the initial
vector by 1 can contain nonsensical values, e.g., w < 0, h < 0. Nevertheless, for relatively
small parameter changes d ≤ 10−1, we can guarantee that the neural network predictions
do not behave erratically, but remain confined around their original predictions.

5.4 Implementation into the Spline-Based Algorithm

Implementing the final set of CNNs requires addressing two problems. First, the fixed input
size only allows spectra with exactly 1,000 points to be input. Second, each CNN always
predicts parameters for m peaks, even if the actual number of peaks present does not equal
m.

5.4.1 Practical Problems

Harmonizing the Input Sizes:

The problem of a fixed input dimension is well-known in the literature. Typically, this issue
is resolved by reshaping the input data to meet the required size. Another approach is
to consider the input spectrum as a sequence. Recurrent neural networks are especially
well-suited to deal with sequences of arbitrary length. One such example is the recognition
of handwriting, [45, 88]. Alternatively, deep-set networks [136] use sets of arbitrary size as
inputs. For example, this is used to extract chemical information by giving a set of spectral
features to a deep-set network [126]. We choose the first, and arguably simplest method of
reshaping the input data.

Most NMR spectra contain more than 1,000 data points. This implies the need for an
automatic method of splitting any given spectrum into several subwindows, which we call
subspectra. This method must run relatively quickly, and yield disjoint subspectra to prevent
modeling the same area twice. For the same reason, the method needs to prevent splitting in
areas, where peaks are present, as this can also lead to duplicate modeling. Lastly, we want
to avoid subspectra containing too few or too many points to prevent a loss of accuracy
caused by binning or interplation. Ultimately, the algorithm avoids subspectra with fewer
than 200 and more than 5,000 data points.

Using the Predicted Parameters:

Since predictions are not very costly (< 1 ms), we can easily use all available networks.
However, the predicted parameters result in two additional problems. First, we need to
determine which prediction to use. Ideally, this involves decision criteria which select the
predictions of the CNN with the correct number of peaks19. Also, the prediction ultimately
should lead to a quick nonlinear optimization. Second, there can be changes in the order of
the peak centers due to peak crossings. The peak centers are predicted in ascending order,
since the training data is structured in this manner. Therefore, we need an automatic assign-
ment method for assigning the predicted peak parameters to the correct peaks to guarantee
correct peak tracing.

19This is not an easy task, see Tab. 5.5
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5.4.2 Suggested Solutions

We incorporate the CNNs into our routine in four steps. First, we split the spectrum into
subspectra containing an appropriate amount of data points and peaks. Next, we predict
parameters using all five convolutional neural networks while also taking into account ex-
trapolation of previous parameters. Then, we apply a decision criterion which compares the
sum of squares of all models. This criterion also heuristically predicts the correct number
of peaks and finally decides which initialization is best. Lastly, we sort the peak parame-
ters into the data structure we use for optimization. When multiplets are included in the
optimization procedure, we then need to combine the predictions for sub-peaks of the same
multiplet.

Subspectra Splitting:

To avoid multiple parameter predictions wherever possible, we aim to avoid splitting the
spectra in areas where peaks reside. Using the results from the quick heuristic peak de-
tection algorithm, see Sec. 4.2.4 [Variant 1], we identify areas in the spectrum larger than
some threshold, tolsubsp = 0.25 ppm, where no peaks are detected. Recall that this method
is especially good at determining areas with no peaks. Initially, the spectrum is split at the
midpoints between two of these peaks. Usually, this creates intervals which are too large
or too small. Therefore, we then find subspectra of 5,000 or more data points. For any of
these large subspectra, we look at the detected peaks within this subspectrum, and find the
largest gap between each of the peaks and the subspectrum bounaries. Finally, we split this
subspectrum in the middle of this gap. We repeat this process until no subspectrum with
more than 5,000 points remains.

In some cases, the splitting process creates subspectra containing fewer than 200 data
points. Therefore, we append these small subspectra to neighboring subspectra. To avoid
creating subspectra with too many peaks, we aim to guess the number of peaks present.
Note that the heuristic method described in Sec. 4.2.4 is not suitable for this task. Moreover,
we are only interested in the peaks which are being optimized. Therefore, we linearly ex-
trapolate the peak centers – and the subpeaks of any multiplet – of previous spectra to the
current spectrum and then count the extrapolated peak centers. This would be an inaccurate
heuristic, if not for the fact that we do not require accurate positions. Peak positions only
need to be extrapolated into the correct subspectrum.

After determining the number of peaks per subspectrum, we check for subspectra con-
taining ≤ 200 data points. If any such spectrum exists, and the predicted number of peaks
in it and in one of its neighboring subspectra combined is less than five, both subspectra are
combined. This only needs to be checked once per subspectrum, though. If a subspectrum
with ≤ 200 data points is not combined with any of its neighbors the first time, it will also
not be combined in any additional attempts. Note that this method has the possibility of
creating subspectra of 5,000 or more points. However, in our experience, this is a rare oc-
casion. After splitting, we harmonize the size of all subspectra to 1,000 points using cubic
spline interpolation on 1,000 equidistant points inside the ppm range of each subspectrum.
Fig. 5.17 displays the splitting process for spectrum t = 140 of D2. Here, the spectrum com-
posed of 2,827 data points (black) is split into four disjoint subspectra containing 805, 719,
341 and 962 data points from right to left. If the red crosses are > tolsubsp = 0.25 ppm apart,
a split is defined at the midpoint between two consecutive peaks. In this case, the parameter
extrapolation from previous spectra agreed with the number of heuristically found peaks
per subspectrum, namely 3, 4, 1, and 1. For the sake of visibility, the first derivatives in
Fig. 5.17 are multiplied by five.
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FIGURE 5.17: Subspectra of t = 140 from D2. The original spectrum (black),
the smoothed first derivatives (blue, exaggerated), the heuristically detected

peaks (crosses) and the final splits (red lines) are shown.

Choosing Optimal Initializations:

Using the previously defined subspectra, we input each one into all available CNNs and
obtain five possible sets of parameters per subspectrum. This process is shown in Fig. 5.15.
These predictions are also compared to the null case, where no peak is found and to the
previously used extrapolation method. To select the best of the seven initializations, we
compare the lack of fit w.r.t. ‖ · ‖F of the corresponding models to the given data within the
range of the subspectrum. Using the predicted number of peaks in this range, we can opt
to give an advantage to the CNN with the corresponding number of peaks. In Sec. 6.6.1, we
discuss the possible application of a scoring function using the Wasserstein distance.

Parameter Assignment:

Assume that, for a given subspectrum, the best prediction contains parameters for k peaks,
whereas the predicted number of peaks is m. Let c1, . . . , cm be the predicted center values
and d1, . . . , dk be the extrapolated center values, including the center values of multiplet
subpeaks. Then, we define the matrix of center distances

Md =



|c1 − d1| · · · |c1 − dk|

...
. . .

...
|cm − d1| · · · |cm − dk|


 ∈ Rm×k.

We then assign the parameters to the peaks corresponding to the minimal remaining cen-
ter distance. For example, if Md(i

′, j′) = mini,j Md(i, j), then the multiplet belonging to dj′ is
initialized using the parameters corresponding to ci′ . Then, the i′-th row and j′th columns
are removed from Md and this process is repeated until Md has no more entries. This method
works for all cases m < k, m = k, and m > k. There is one addition that is specific to mul-
tiplets. Several sub-peaks of a single multiplet can be close to predicted peak centers. Since
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a multiplet only has one set of parameters for all its subpeaks, we count the number of ini-
tializations per multiplet. We then add subsequent predictions to the previously initialized
values and finally divide by the count, thereby averaging over all predictions. Still, there
are two exeptions to this rule. First, the peak heights need to be harmonize by dividing and
multiplying with the corresponding binomial coefficients. Second, the distance parameter
of the multiplet is initialized as the average distance between its predicted centers.
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FIGURE 5.18: Parameter prediction in the first two subspectra of Fig. 5.17. The
data (black), the CNN predictions (blue), predicted and extrapolated centers

(blue and red crosses), and the averaged multiplet (green) are shown.

To better explain the procedure, Fig. 5.18 shows the predictions in the first two subspec-
tra of spectrum, t = 140 of D2. In the left plot, the three-peak network has the best-scored
prediction. In this case, the triplet is treated as three individual peaks, and the predicted
parameters are assigned based on the smallest distance between red and blue crosses. Thus,
the leftmost peak is assigned first, followed by the rightmost peak and lastly, the middle
peak. The right plot also shows this procedure. Here, the prediction of the four-peak net-
work scored best. In this case, the quartuplet is internally treated as a multiplet. Thus, the
red crosses represent the results of extrapolating its center and distance value. All sets of
parameters are then assigned to the same multiplet, and the final initialization uses the av-
erage of all values20.

Optimization Variants using CNNs:

For the variants defined in Sec. 4.2.4, we added two machine learning counterparts. THe
first one improves variant 0, where only for the initializations, the aforementioned imple-
mentation is used. We call this pendant of variant 0, variant -1. Second, a variation of variant
2, where at first, subsystems are found using the same procedure. Then, for each of the sub-
systems, we use the initialization method from above. We call this variation of variant 2,
variant -2.

5.5 Conclusion

In this chapter, we introduce a second type of approach for determining the model param-
eters, namely using neural networks. This approach is enabled by the specific definition
of the peak parameters that carry information about peak shapes. Conversely, this allows
for parameter prediction based on the spectrum alone. In the field of machine learning,
this feature recognition problem is well-known and often solved using colvolutional neural
networks (CNNs).

20With the exception of height and distance parameters.



84 Chapter 5. Parameter Prediction Using Neural Networks

Here, we compare different approaches of parameter prediction. First, in Sec. 5.2.1, we
introduce a classification problem where each frequency channel is classified based on the
presence or absence of a peak. Next, in Sec. 5.2.2, we propose architectures designed to
tackle the more complex regression problem, and describe the experiments we conducted in
great detail. In summary, the regression approach with its more sophisticated architectures
yields significantly better results than the classification approach. However, this machine
learning approach is not suited to deal with time series of NMR data, a topic that certainly
calls for further investigation.

Since the CNNs are not suited for handling time series of spectra, they need to be in-
tegrated into another algorithm that incorporates the additional information provided by
the second dimension. One option is to use the optimization routine from Ch. 4. Another
option is to use some sort of sequential prediction of parameters. However, as we establish
in Sec. 4.1.1, a sequential modeling approach is inferior to an approach that handles several
subsequent spectra simultaneously, especially when peaks cross or overlap. Furthermore,
the modeling quality of the CNNs is far from perfect, even though in most cases, the pre-
dictions are close in parameter space. Conversely, the spline-based optimization routine is
computationally expensive, and sometimes converges in local rather than in global minima.

The advantages of both methods can be seen as complementary. On the one hand, we
have a fast, but inaccurate prediction method that is unable to handle time series on its own.
On the other hand, we have a slower, but more accurate optimization method, that is able
to incorporate the information from the second dimension, though it sometimes converges
unreliably. Therefore, in Sec. 5.4, we propose combining both methods by first predicting the
peak parameters of the next spectrum to be optimized and using the predictions from the
CNNs as well-informed initializations for the optimization routines. This hybrid approach
is quicker than the spline-based optimization alone, it allows for the inaccuracies of the
CNNs to be corrected, and it incorporates the additional information from the time series.
Lastly, the initializations are closer to the global optimum, which increases the optimization
stability.

The following Chapter 6 discusses these improvements and the detailed results of all
methods on several constructed and experimental data sets. There, we also compare all
methods in terms of runtime, modeling quality and optimization stability.

The implementation of our two main approaches can be accessed on GitHub, using the
following link.

https://github.com/CITlabRostock/nmr_timeseries_model

Also, all CNNs that are ultimately used can be downloaded there.

https://github.com/CITlabRostock/nmr_timeseries_model
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Chapter 6

Applying Our Methods

After establishing the functionality of the presented methods in Chapters 4 and 5, it re-
mains to demonstrate their practical use, the quality of their achieved models, and general
algorithm usability through quanititative measures tested on both constructed and experi-
mental data sets. A detailed presentation of all data sets can be found in App. B. First, we
display the resulting models for the initial steps of the algorithm, i.e., peak and multiplet
detection. Third, we demonstrate how to improve the parameter initialization and compare
extrapolation and machine learning methods. Next, we provide a detailed comparison of
all sub-variants and at the final models. Fifth, we examine how the resulting models behave
when the initial assumptions are not met. Therefore, we consider cases where the data con-
tains overlapping peaks, peak artifacts, or a baseline. Finally, we determine the relationship
between the Wasserstein metric of the initialized model spectra, the runtime, the optimiza-
tion stability, and how optimization using the Wasserstein distance compares to the more
common sum of squares.

6.1 Comparing the Optimization Preliminaries

For the first part of this chapter, we present how the algorithms performed for all of the data
sets described in App. B before the optimization phase and examine the resulting models
during each part of the algorithm.

6.1.1 Peak and Multiplet Detection

After selecting an appropriate starting spectrum tinit, we measure the quality of peak de-
tection similar to the classification in Sec. 5.2.1. We observe how many peaks in the spec-
trum were successfully detected, how many of the artifacts were falsly detected and how
many multiplets were assigned correctly. The results of the peak and mutliplet detection are
shown in Tab. 6.1. Note that each data set has its specific set of hyperparameters, such as ε, δ,
etc., since no single set of hyperparameters can reliably predict peaks in all available data
sets. Fig. 6.1 shows the procedure of peak picking for the data set D2. Here, both the triplet
and the quartuplet deviate from the specific height pattern. In general, the peak detection is
very reliable, and there is some leeway when choosing the hyperparameters.

The complexity of D3, e.g., its many peaks and artifacts in close proximity, can still be
addressed using our method. However, since the moving peak is relatively wide and small,
the sharper artifacts of the larger peaks possess more pronounced minima in the second
derivatives, for example in x ∈ [1.4, 1, 9]. Therefore, we must either neglect both the arti-
facts and the moving peak – which is not feasible since the moving peak is chemically very
interesting – or detect the moving peak as well as some additional artifacts. Fig. 6.2 shows
the results of the peak detection in this interval. Note the detection of the relatively small
artifacts.
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FIGURE 6.1: Peak detection for spectrum tinit = 151 of D2.

In general, the results of peak and multiplet detection presented in Tab. 6.1 are satisfying.
All peaks are detected, thus allowing the model recreate each one. In the case of D3, the
results can be improved by considering D3 as two distinct modeling problems. Manually
splitting the data set beforehand allows us to separate the relatively small peaks that should
be modeled and the relatively large artifacts using different sets of hyperparameters, mainly
ε, δ. Increasing tolvert would also lead to 8/8 correct multiplet definitions. For the sake of
comparability, we avoid the manual splitting of D3.

Data Set Peaks Art. Mult. ε δ bw tolind tolvert tolhor

Da 3/3 none 3/3 0.01 −0.0001 11 5 0.05 0.05
Db 3/3 none 3/3 0.05 −0.0001 21 5 0.05 0.05
Dc 25/25 none 7/7 0.025 −0.001 3 3 0.05 0.25
D1 5/5 0/8 5/5 0.01 −0.001 11 5 0.05 0.25
D2 9/9 none 4/421 0.05 −0.0001 11 5 0.05 0.25
D3 23/23 13/44 7/822 0.00025 −0.000025 11 3 0.05 0.02

TABLE 6.1: Peak and multiplet detection results with hyperparameters.

6.1.2 Initial Models of the First Selected Spectrum

After successfully detecting peaks and multipelts, we compare the models for the first spec-
trum tinit. We use two metrics and measure thrice. First, we measure the local deviations of
models from the data averaged over all multiplets, denoted by average local, after the win-
dowed optimization. Second, we determine the quality on the entire spectrum composed by
these local models, denoted by compound local. Finally, we measure the model quality on the
entire spectrum after optimizing all parameters simultaneously, denoted by global. Tab. 6.2
compares the Wasserstein metric normed to [0, 1] as well as the average euclidean norm of

21It is also possible to consider all nine peaks as singlets here.
22One duplet is improperly detected as two singlets.
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FIGURE 6.2: Peak detection in a subwindow of spectrum tinit = 90 of D3.

all data sets. In general, both norms tend to decrease after the second optimization phase.
In the case of Data sets Da, Db, D2, this leads to a error reduction of ≈ 30 − 60%. Note that
the errors vary between data sets due to the different noise levels and peak densities.

Data Set
Average Local Compound Local Global

dW , [%] ‖ · ‖2, [h] dW , [%] ‖ · ‖2, [h] dW , [%] ‖ · ‖2, [h]
Da 1.2341 1.4950 1.1739 0.5497 1.0168 0.2052
Db 2.1281 2.2932 1.0762 0.8654 0.4096 0.3727
Dc 0.6001 2.0802 1.3433 0.3297 0.3829 0.2714
D1 0.9627 2.0118 0.2287 0.0403 0.2742 0.0352

D2 w. Mult. 2.7830 3.5083 0.9252 0.3639 0.9447 0.2677
D2 w. o. Mult. 2.3357 2.4955 1.7149 0.3675 0.8920 0.2131

D3 3.5438 1.6317 0.2766 0.0490 0.2476 0.0246

TABLE 6.2: Comparing the models of tinit of all data sets.

We consider two cases for modeling D2. The first one uses multiplets while the second
one intentionally avoids them. Modeling D2 without multiplets has the obvious drawback
of increasing the number of parameters during optimization, which significantly increases
the runtime. However, in terms of modeling quality, there is a clear advantage, see Fig. 6.3.
Most noteably, the quartuplet and the triplet are more accurately modeled when multiplets
are avoided.

Because we assume that the initial spectra are sufficiently selective, the modeling works
well in general. However, in the case of D3, where the peak and multiplet detection pro-
duces uncertainties, Fig. 6.4 examines the initial model more closely. It displays the entire
starting spectrum and one subsection, where artifacts are falsely detected as peaks, and
where a doublet is modeled as two singlets. Despite these minor issues, mostly senseable
and meaningful models were assigned to the peak artifacts. The incorrect doublet, similar
to D2, only moderately increases the runtime.
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FIGURE 6.3: Modeling tinit = 151 of D2 with (top) and without multiplets
(bottom). Results after local (left) and global (right) optimization are shown.
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FIGURE 6.4: Modeling tinit = 90 of D3 with a closer look at modeled artifacts
and the incorrectly detected doublet on the right.
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6.1.3 Heuristic Peak and Subsystem Detection

Next, we compare the results of the subroutine that splits the data set into subsystems.
This subroutine requires an quick and effective heuristic peak detection, which is described
in Sec. 4.2.4. Here, the most important aspect of this heuristic detection method is not to
identify where the different peaks are, but rather to find areas of the frequency axis, in which
no peaks are located for all spectra. Sometimes, no such area can be found, e.g,. for all of the
constructed data sets. However, for the experimental data sets, senseable subsystems can be
found.

Before applying this method, we define its goals. Visually, data set D1 can be split into
three parts, one containing the moving peak and two containing the stationary groups on
both sides. Data set D2 can be split into two subsystems, one containing the triplet and
the other one containg all other peaks. Lastly, D3 can be split into four independent parts.
The first two contain the peak groups at ≈ 2 ppm, the third subsystem contains the first
septuplet, and the fourth contains all other peaks.

Fig. 6.5 displays the heuristic peak detection and the computed subsystems for all three
experimental data sets. For D1 and D3, the heuristic peak detection clearly identifies areas,
where no peaks lie. Even for the peak crossings of D3, the heuristic method proves to be
robust. Surprisingly, the artifacts which were superfluously detected in D3 do not cause an
influx of heuristically detected peaks. This may be due to the fact, that all artifacts in D3
lie relatively closely to their corresponding peaks. Thus, D1 and D3 are successfully split
into three and four disjoint subsystems, respectively. However, the method is less robust
for D2, where during peak crossings, only one of the two crossing peaks can be heuristically
detected. This causes the algorithm to incorrectly identify sign changes in the first derivative
caused by noise as peaks. Fortunately, these cases are rare enough that still, the data set can
be meaningfully split. One implication of this issue is that ultimately, too many subsystems
are detected. For D2, we obtain five subsystems instead of the expected two. In practice,
this does not cause any further problems, as subsystems without any peaks are not being
optimized and thus, only marginally increase the runtime.

6.2 Initializing the Optimization Subroutines

Introducing machine learning to the algorithm primarily improves the initialization of the
optimization subroutines. Predicting the peak parameters using the CNNs before optimiza-
tion results in quicker and more stable convergence. Table 6.3 compares the initial predic-
tions of machine learning (ML) to the extrapolation method (extrap.) used previously and
illustrates the total runtime as well as the number of optimization steps following these ini-
tializations. In general, the machine learning approach improves both model quality and
runtime. Note that for data sets Db and D2, the extrapolation method fails to trace all peaks,
whereas the machine learning method succeeds. Also note that sometimes in this table, the
runtimes appear to be too large. This is because the between data sets, the hyperparameters
are chosen similarly for comparability reasons. Data set Dc is especially difficult for the ma-
chine learning variants since often, more than five peaks appear in any of the subspectra.
Furthermore, the high peak density and the small number of 1,001 data points are prob-
lematic. Additionally, the changes in parameters are not drastic enough to cause the linear
extrapolation to be inaccurate.

Fig. 6.6 compares the two initialization approaches for Da and D2. Note that parameter
extrapolation results in initial models which are significantly far apart from the data for
the moving peaks. These errors need to be dealt with by the nonlinear optimization which
increases the runtime and decreases the stability.
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FIGURE 6.5: Heuristic peak detection and splitting of D1, D2 and D3. Red
crosses denote the detected peaks, black lines denote the subsystems.
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Data Set
Initialization Errors Avg. Computational Expenses

dW , [%] abs. ‖ · ‖2, [h] Runtime [s] Opt. Steps [#]
extrap. ML extrap. ML extrap. ML extrap. ML

Da 2.4051 1.7555 2.3857 0.8352 39.0 29.5 120.71 111.7
Db 2.6658 1.8425 2.6658 0.6559 41.6 31.1 45.2 28.8
Dc 0.7841 1.5889 1.5757 2.6996 226.8 415.3 32.2 36.8
D1 3.1554 0.8450 0.5510 0.1936 273.5 181.2 45.3 30.9

D2 w. Mult. 2.3559 1.0850 1.2011 0.8194 837.5 319.8 101.1 39.3
D2 w. o. Mult. 2.2490 1.1036 1.3653 0.9811 566.7 352.6 130.9 74.9

D3 3.3043 3.2886 0.7713 0.5457 1280.8 640.8 174.2 96.8

TABLE 6.3: Comparing different initialization methods for all data sets. All
values, except for the runtime, are averaged over t ∈ Tsel.
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FIGURE 6.6: Extrapolation (left) and machine learning (right) initialization
methods (red). Spectra t = 31 of Da (top) and t = 138 of D2 (bottom) are used.

6.3 Comparing the Algorithm Variants

In Sec. 4.2.4 and Sec. 5.4.2, we introduced several optimization variants after initially model-
ing tinit. Here, we compare all variants in terms of runtime and accuracy on the data sets Da

and D2. We measure the computational expenses in terms of total runtime, and the number
of optimization steps. Conversely, the model quality is measured using the relative Frobe-
nius error and the normed Wasserstein distance. Table 6.4 displays all metrics for each of
the seven variants and both data sets. Overall, we see that the negative variants that use
machine learning perform better in terms of runtime and similar in terms of model quality.
In the case of Tab. 6.4, the convergence criteria for the optimizer are chosen very strictly.
The improved initializations of the machine learning methods allow us to choose more le-
nient criteria, thereby resulting in even faster runtimes. However, doing so would result
in significant quality loss when using the other variants. Furthermore, in both Da and D2,
the variants 1, 3 and 4 do not correctly trace all of the peaks. Due to the fact that the incor-
rectly traced peaks are small in comparison; the incorrect tracing is only partially reflected
by the Wasserstein metric and not at all by the Frobenius norm. The quick-and-dirty variants
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1, 3 and 4 perform especially poorly for data set Da. Still, for the experimental data set, the
results are surprisingly good, given the low runtime. However, since the most important
moving peak is not traced correctly, their usefulness is limited.

Variant
Model Quality Computational Expenses

dW , [%] rel. ‖ · ‖2, [%] Runtime [s] Opt. Steps [#]
Da D2 Da D2 Da D2 Da D2

-2 1.03 1.56 4.55 19.58 29.2 118.6 103.0 32.5
-1 0.92 1.68 4.58 20.68 29.5 319.8 111.7 39.3
0 0.96 1.87 4.66 20.68 39.0 837.5 120.7 101.1
1 1.23 2.57 13.84 24.73 20.7 82.8 66.3 106.4
2 0.97 1.56 4.54 19.65 92.6 316.5 183.9 66.3
3 2.60 2.57 124.2 26.53 16.1 59.5 31.6 40.8
4 1.67 2.55 48.7 24.38 19.1 45.3 136.4 106.8

TABLE 6.4: Comparing quality and runtime for all variants. The number of
optimization steps is averaged over the total number of optimizations.

6.4 Modeling Entire Data Sets

Finally, we present the results of the models for entire data sets. We compare the following
metrics from the variant with the best results. First, the Wasserstein distance between the
model and the original spectrum, normalized to [0, 1] and averaged over all spectra. Second,
the Frobenius norm of the error matrix relative to the original data. Third, the total runtime.
Fourth, we count the number of steps that the nonlinear optimization function lsqnonlin

conducted. Therefore, we measure the model quality with the former two measures and
computational expenses with the latter two. All of these metrics for all data sets are dis-
played in Tab. 6.5. For a visual comparison of the modeling results, we refer to App. B.3.
For all data sets except two, the best performance is achieved by the machine learning vari-
ants -1 and -2. For D1, the best variant is variant 4, since the data set contains moving peaks,
but no overlaps or peak crossings. Therefore, only for this data set, variants 3 and 4 excel.
In the case of Dc, where many peaks but few data points are present, the machine learn-
ing predictions struggle to outperform the extrapolation. This is further amplified by the
fact that the multiplets behave relatively tamely, i.e., the peak movements are slow, thereby
mitigating the distadvantages of the extrapolation method.

Data Set
Model Quality Computational Expenses

Variant
dW , [%] rel. ‖ · ‖2, [%] Runtime [s] Opt. steps [#]

Da 0.92 2.58 29.5 111.7 -1
Db 1.35 17.20 35.1 27 -1
Dc 0.35 5.98 226.8 32.2 0
D1 0.36 13.65 15.2 26.2 4

D2 w. Mult. 1.56 19.58 118.6 32.5 -2
D2 w. o. Mult. 1.51 16.64 357.0 34.1 -2

D3 0.57 31.13 622.5 24.2 -2

TABLE 6.5: Comparing quality and runtime for all data sets. The number of
optimization steps is averaged over the total number of optimizations.

Once the model for the entire time series is obtained, a further analysis of the data is
simplified. For instance, peak integral values correspond to the concentration profiles of
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chemical compounds. Without a proper model, obtaining these values involves numerical
integration which is particularly challenging for overlapping peaks. However, after decon-
voluting the spectra, the integrals for each spectrum can easily be computed using Eq. (2.14).
Fig. 6.7 illustrates this procedure for D2 and compares integrals obtained by using variants
0 and -1. Note that the variant using machine learning achieves chemically meaningful in-
tegrals over time, while the extrapolation variant does not. This can be explained by the fact
that the blue and red peaks overlap within the range of t ∈ [60, 90]. Since their centers are
very close together, an ambiguous model as described in Eq. (3.2) becomes possible. Variant
0 selects the meaningless option due to poor initialization.
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FIGURE 6.7: Computation of peak integrals of D2 and comparison between
variants 0 (bottom left) and -1 (bottom right).

6.5 Data Impurity

Initially, we use several assumptions about our data.

1. The signal-to-noise ratio (SNR) is sufficiently high.

2. The NMR spectra are properly phased and have no baseline.

3. In the time series, there is a spectrum in which all peaks are sufficiently separated.

4. Where artifacts are present, they do not interfere with the optimization routine.

The algorithm is designed with these assumptions in mind. Here, we demonstrate the be-
havior of our methods when one or more of these requirements is not met. Therefore, we
violate each of these assumptions to varying degrees. First, we add Gaussian white noise
with signal-to-noise ratios in the range of [10−2, 10−1]. For each of the different SNRs, we
measure runtime and accuracy w.r.t. the Wasserstein and relative Frobenius metrics. The
results are displayed in the top left of Fig. 6.8. For the second assumption, we first add arti-
ficial phasing errors in the range of [0, π

6 ] with no additional baseline to Da. The results are
displayed in the top right of Fig. 6.8. Next, we add baselines with amplitudes in the range
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of [0, 0.2] by adding randomly shifted sine functions with random frequencies to Da. Lastly,
we add both phasing and baseline errors. The bottom row of Fig. 6.8 displays the results
of the latter two experiments. Note that a decrease in runtime most likely corresponds to
a nonsensical optimization, since when no significant improvements can be achieved, the
optimization stops prematurely.
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FIGURE 6.8: Relationship of runtime (black lines) and accuracy w.r.t. the
Wasserstein (blue) and Frobenius (red) metrics with added impurities.

Third, if no spectrum is present, where all peaks can be detected, then the optimization
cannot fully model the data set. Fourth, if artifacts are detected by the peak detection rou-
tine, then the model suffers from overfitting. This can also result in nonsensical models.
Both of these assumptions can be generalized. We require a successful peak detection. Oth-
erwise, two cases arise, when too few or too many peaks are detected. Typically, these cases
have different implications.
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FIGURE 6.9: Optimization with fewer (left) or more (right) detected peaks.

Fig. 6.9 illustrates the two cases using Da as an example. Here, we manually define the
incorrect number of peaks as one too few and one too many. For the two-peak case, the
optimization algorithm managed to model two of the three peaks quite robustly. The peak
tracing only fails when the leftmost peak vanishes for t ∈ [0, 1]. Nevertheless, the entire
procedure takes only 3.43 seconds, while achieving an average Wasserstein distance of 1.8%
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and a comparatively large relative Frobenius error of 17.09%, which is related to missing a
peak. Conversely, the four-peak case also does not trace the peaks correctly. Furthermore,
this leads to an underestimation of peak heights for each of the model functions but to a cor-
rect sum overall. Due to the increased number of parameters, here the runtime equals 16.57
seconds, and the Wasserstein and Frobenius errors amount to 0.94% and 6.57%, respectively.

Similar issues can arise from detecting peak artifacts. Take D3, where some artifacts are
detected. Fig. 6.4 shows that the articfacts in close proximity are initialized too widely. While
this type of modeling error can be propagated during further optimization steps, the larger
optimization routines tend to hide unnecessary model functions by reducing their heights.

6.6 Utilizing the Wasserstein Distance

In Sec. 4.2.4, we established that the Wasserstein distance can be used as an objective func-
tion and discussed possible implementation strategies. There is another use case. When
we compare different initial predictions, e.g., for the machine learning approaches, we use
the Frobenius norm to measure the model quality. However, several observations led us to
believe that the Wasserstein metric of the initial spectrum is a good predictor on the remain-
ing runtime of the subsequent optimization. If so, this fact could be utilized by combining
Frobenius and Wasserstein metrics to improve the quality measure, thereby further improv-
ing the initializations.

6.6.1 Predicting Optimization Times

Previously, Tab. 6.2 suggested that improving the Wasserstein distance for the initial param-
eters also reduces the runtime. While that table considers improving the initializations alto-
gether, here we examine the relationship between the Wasserstein distance of initial spectra
and the number of optimization steps, as well as the runtime for each subsequent optimiza-
tion routine. Fig. 6.10 displays sets of points (x, y), where x represents the initial Wasserstein
distance dW , normalized to [0, 1] and y represents the number of optimization steps, or the
runtime in seconds. The top left plot shows all data points for Da and D2, while the other
three represent the data points when optimizing Da (top right), D2 with (bottom left) and
without multiplets (bottom right). We cannot observe a clear relationship by looking at the
scatter plots alone.

To measure the relationship between the measured quantities, we compute Pearson’s,
Spearman’s and Kendall’s correlation coefficients, which we denote by ρP, ρS and ρK, re-
spectively. For their definitions and further explanations, we refer to [41, Ch. 11] and [29,
Ch. 9]. Tab. 6.6 displays all values for different subsets of points. Since the runtime and
the number of optimization steps varies between different variants, we classify the data into
similar variants. In general, we observe no significant correlation between the runtime and
the initial Wasserstein distance. For some variants and data sets, such as D2 without the
use of multiplets, an increase in wasserstein distance leads to a noticeable increase in run-
time for variants -1 and 0. However, for other data sets, even negative correlations can be
measured. Conversely, for the number of optimization steps, all three coefficients show a
mild positive correlation for almost all combinations of data sets and variants. Therefore,
the Wasserstein distance can be considered an indicator of optimization stability through
the number of optimization steps, rather than an indicator of runtime.

6.6.2 Optimizing the Wasserstein Distance

When choosing the Wasserstein metric as an objective function, several issues have to be
addressed. First, lsqnonlin, or other least squares optimizers, cannot be used. Therefore,
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FIGURE 6.10: Relationship between Wasserstein distance and optimization
expenses.

we select fmincon for optimization purposes. This impairs the optimization, as this routine
is more general and therefore slower. Additionally, the comparison between Frobenius and
Wasserstein objective functions is complicated due to different optimizers requiring similar,
but not identical hyperparameters. While optimizing the Wasserstein distance is more sta-
ble, see Fig. 4.4, it seems to be less accurate in some cases. For example, the Frobenius norm
aims to fit peaks exactly on the maxima, whereas the Wasserstein metric averages all errors
in terms of peak position. This leads to strange optimal fittings. Fig. 6.11 illustrates this
for the example of one doublet. If a single peak is fitted to this data, the Frobenius objective
function forces one of the doublet’s peaks to be modeled. The Wasserstein objective function
averages the integral mass on the left and on the right side, and its unique optimum models
none of the peaks.

In practice, the different, less fine-tuned optimization function and modeling inaccura-
cies manage to negate any advantage the reduced optimization dimension might result in.
Tab. 6.7 compares both model quality and runtime when optimizing both objective functions
for two of our data sets. Not only does it appear as if the Wasserstein objective function has
no advantage, but using it is actively worse in both runtime and accuracy w.r.t. the Frobe-
nius norm. As to the Wasserstein metric itself, the improved Wasserstein objective function
manages to improve the Wasserstein errors. However, this does not come as a surprise
when the same metric is minmized in the first place. Notably, computing the Wasserstein
metric is surprisingly expensive, as computing it takes up to 60% of the total runtime, even
though it can be computed in linear time. In conclusion, we recommend to avoid using the
Wasserstein metric as an objective function.

6.7 Conclusion

In this chapter, we thoroughly test all of the methods presented in this thesis. First, we
conclude that the peak and multiplet detection work well for all data sets and can gener-
ally be applied to all sufficiently selective data sets, see Tab. 6.1. Both peak and multiplet
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Data Set Variants
Runtimes [s] Optimization Steps [#]

ρP ρS ρK ρP ρS ρK

Da

Combined 0.5020 0.2139 0.1449 0.4233 0.1723 0.1220
-2, 2 0.6435 0.3810 0.2143 0.5523 0.4148 0.2646
-1, 0 -0.1145 0.1399 0.1212 -0.1311 -0.0210 -0.0153

D2 w. Mult.
Combined -0.1913 0.0728 0.0308 0.2853 0.5940 0.4459

-2, 2 0.0371 -0.0456 0.0058 0.4016 0.3731 0.2765
-1, 0 -0.0493 0.0769 0.0303 0.2702 0.2028 0.1212

D2 w.o. Mult.
Combined -0.0988 -0.0567 -0.0188 0.1310 0.2980 0.2117

-2, 2 0.0999 0.3684 0.2632 0.1937 0.6260 0.4656
-1, 0 0.3436 0.4391 0.3158 0.2618 0.3820 0.2521

Combined
Combined -0.1202 0.1046 0.0651 0.2172 0.4140 0.2889

-2, 2 -0.0454 0.2105 0.1304 0.2057 0.4971 0.3541
-1, 0 0.2048 0.3202 0.2283 0.2748 0.3005 0.1979

TABLE 6.6: Comapring correlation coefficients of data from Fig. 6.10.
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FIGURE 6.11: Doublet (blue), optimal Frobenius (red) and Wasserstein (yel-
low) peaks.

Data Set Obj. Function Runtime [s] Opt. Steps [#] dW , [%] rel. ‖ · ‖2, [%]

Da

‖ · ‖2 25.2 120.7 0.96 4.67
dW (all) 163.9 255.6 0.87 15.8

dW (nonlin.) 55.6 110.9 0.88 21.31

D2 w. Mult.
‖ · ‖2 111.9 29.3 1.55 19.75

dW (all) 1502.2 251.8 2.16 39.72
dW (nonlin.) 672.1 159.6 1.31 23.52

TABLE 6.7: Quality and runtime for Wasserstein-based optimization.
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detection are robust methods and can be computed in seconds, even in more complex situ-
ations where peaks overlap. The subsequent optimization ensures meaningful models for
the initial spectrum tinit by combining local and global optimizations. The local parameters
facilitate the spectrum-wide optimization by serving as well-defined initializations.

The hybrid method that combines the spline-based optimization with parameter predic-
tion using CNNs leads to more stable optimization, while improving both the runtime and
the model quality, see Tabs. 6.3, 6.4, and 6.5. These improvements are enabled by using
the predicted parameters as well-posed initialization for the optimization. In most cases,
the initial values are close to the assumed ground truth, thereby reducing the possibility of
convergence within a local optimum, and thus ensuring a stable optimization. The opti-
mization then only needs to conduct a few steps to correct the small deviations caused by
the neural networks. Generally, variants -1 and -2, which use neural networks to initialize
the optimization, are quicker while achieving models of similar quality. Furthermore, the
increased stability allows us to choose less strict convergence criteria for the optimization,
thereby decreasing the runtime further.

In Sec. 6.5, we demonstrate that the modeling process is stable, and produces meaningful
models, if the initial assumptions are not entirely met. For instance, an increase in noise level
results in a linear increase in model error, primarily due to the increase in noise. However,
the underlying models remain similar to those with no added noise.

Finally, in Sec. 6.6, we observe that the Wasserstein distance of the initial models does
not directly correlate with the optimization runtime, although it is a predictive measure of
model quality. Rather, it may correlate with the number of steps the optimizer needs to per-
form, see Tab. 6.6. If this correlation can be further validated, then the Wasserstein metric
can be used to select the best initialization in terms of optimization runtime or stability. For
now, only the Frobenius norm is used. Additionally, we find that the Wasserstein distance
is not a suitable objective function either, due to both theoretical reasons, as displayed in
Fig. 6.11, and practical reasons, e.g., the different optimization algorithms and compara-
tively expensive computation of dW .
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Chapter 7

Summary and Outlook

Time series of NMR spectra can often be considered big data because analyzing several hun-
dred spectra with tens of thousands of data points is necessary for understanding the under-
lying chemistry. Typically, big data analysis requires some kind of dimensionality reduction,
as matrices with millions of elements can only be understood through low-dimensional rep-
resentations. In other fields of spectroscopy such as optical spectroscopy, this is achieved
using nonnegative matrix factorization methods. However, in NMR spectroscopy, the pure
component spectra change over time, necessitating a different type of analysis. Usually, the
spectra are recreated using a specific type of model, and this modeling problem is typically
defined as an optimization problem.

In Chapter 3, we answer the question of when ambiguous solutions to the modeling
problem are possible. Assuming that NMR spectra consist of linear combinations of a sin-
gle type of model function, then the problem of finding the correct number of peaks and
their parameters has only one solution in the continuous case, i.e., when the spectrum
is given for all x ∈ R. In the discrete case, we determine upper and lower bounds for
the required number kF (m, n) + 1 of data points23, that ensure uniqueness, for fixed num-
bers of model functions (m, n). In the case of Lorentzians, we can determine the value for
kL(m, n) = 2m + 2n − 2. For Gaussians, we estimate kG and propose the conjecture that
the lower bound is tight, i.e., kG(m, n) = kL(m, n). The proof of this conjecture remains an
open problem. Similarly, establishing stricter bounds for kPV(m, n) and kV(m, n) is a topic
for further investigation.

In this thesis, we suggest two main approaches for obtaining the model parameters. In
Chapter 4, we propose a pure nonlinear optimization routine that treats each parameter as
a continuous and smooth function over time. This allows us to optimize the parameters on
only a few spectra Tsel, while interpolating the parameters in between Tsel. This approach
has two advantages. For one, compared to optimizing all parameters, it reduces the opti-
mization dimension and thus the complexity. Second, interpolation using cubic spline func-
tions forces the parameter functions to behave smoothly and continuously as well, leading
to chemically meaningful models. This approach is not only more stable than sequential
spectra optimization, but it is also more efficient, as optimization of every parameter is not
required. Further improvements to both runtime and stability can be achieved. First, the
so-called J-coupling is implemented by modeling multiplets rather than single peaks. De-
pending on the data set, this reduces the optimization dimension by about 40% − 60%. It
also reduces the number of local minima, thereby increasing the chances of converging to the
global optimum. Second, optimization variants are introduced, that split the optimization
of all types of parameters into multiple parts, and that can find independent subsystems of
peaks within the time series. Still, two main drawbacks remain for the first approach. First,
despite the improvements, the expensive computation leads to long runtimes. Second, the

23The number kF (m, n) represents the maximum number of points at which an ambiguous decomposition
exists.
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nonlinear optimizer is not guaranteed to converge. This sometimes results in chemically
meaningless models.

In Chapter 5, we introduce a second approach. There, we utilize the fact that the model
parameters carry intrinsic meaning to predict them by simply observing structure of the
spectra. This allows for an approach based on machine learning. We trained convolutional
neural networks to reliably detect peak parameters. This prediction method is very time-
efficient, e.g., parameter detection on a single spectrum takes less than 1 ms. However, this
neural network method has two main drawbacks. First, it does not incorporate information
from the second dimension into its predictions. This implies that peak movements cannot
be reliably traced, as the order of peaks is not consistent between spectra. Additionally, this
leaves room for ambiguous solutions. Second, the average prediction quality is fixed after
training, and is sometimes insufficient. In the future, recurrent neural networks (RNNs) can
be used to handle entire time series as inputs, reducing the reliance on comparatively slow
nonlinear optimization.

Since these two main approaches have complementary advantages, we propose com-
bining them. In this combined method, we use the convolutional neural networks to first
approximate the peak parameters, which are then used to initialize the optimization from
the first approach. Because the initialization is sufficiently close to the ground truth, the
optimizer only needs to fine-tune the predicted parameters. This forces convergence within
the global minimum in a reasonable amount of time. Conversely, this method enables us to
correct the predicted parameters and to assign them to the correct peaks unambiguously.

In the future, this method can be evolved further to model reaction kinetics. An auto-
matic method of grouping the different multiplets into several chemical compounds would
allow us to quickly compute the concentration profiles. These profiles are essential for cre-
ating kinetic models, which are essential for reaction monitoring.

Another open problem concerns data acquired by benchtop spectrometers with lower
field strengths. Thisresults in wider peaks, increased peak overlap, and a reduced selectivity
of spectra. In Fig. 5.12, we demonstrate that benchtop spectra can indeed be modeled by
using CNNs. However, as the field strength decreases further, the modeling quality of our
networks decreases. As benchtop spectrometers are typically smaller and more robust, they
can be used to measure reactions in situ. One possible application of our methods is online
reaction monitoring of benchtop data, where the modeled results can be used to control the
reaction occurring in parallel.

All of the methods described are tested and compared in Chapter 6. Therein, we deter-
mine runtimes, stability, and model quality of all variants and approaches. Additionally, we
examine the influence of noise, a baseline, and other data impurities on our methods. In
summary, the proposed hybrid method improves upon the spline-based optimization algo-
rithm in terms of runtime, stability, and model quality in several measures. Our proposed
variants and the implementation of multiplet modeling further reduce the optimization di-
mension, enabling larger data sets to be modeled in a reasonable amount of time. Finally,
the code for all of the presented methods can be downloaded from GitHub.

https://github.com/CITlabRostock/nmr_timeseries_model

https://github.com/CITlabRostock/nmr_timeseries_model
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Appendix A

Unused Lemmas

In the first appendix, we present the proof of those lemmas, whose proofs are either irrele-
vant, inelegant, or imprecise.

A.1 Fourier Transformation of a Lorentzian

The first lemma of this appendix is well-known in complex analysis and probability theory,
as it gives an explicit formula for the complex integral that defines the characteristic function
of a Cauchy distribution [96, App. D]. We study the integral in a slightly different form.

Lemma A.1. Let w, ω ∈ R and w > 0. Then,

∫

R

1
1 + x2 e−ix(wω)dx = π · e−w|ω|. (A.1)

Proof. Let R > 0. First, we consider the two closed complex paths displayed in Fig. A.1

Γ1(t) =

{
R · eit, t ∈ [0, π)

−R + (t − π), t ∈ [π, π + 2R]

Γ2(t) =

{
R · e−it, t ∈ [0, π)

−R + (t − π), t ∈ [π, π + 2R]

and their corresponding path integrals

I1 =
∫

Γ1

e−ix(wω)

1 + x2

I2 =
∫

Γ2

e−ix(wω)

1 + x2 .

Note that both paths encircle an isolated singulatiry located at ±i.
Let ω < 0. Then, the integral

∫

γ1

e−ix(wω)

1 + x2

on the upper arc γ1 can be estimated. For x on Γ1, we have Im(x) ≥ 0 and therefore
∣∣∣e−ix(wω)

∣∣∣ =
∣∣∣eIm(x)(wω) · e−iRe(x)(wω)

∣∣∣
≤ 1,

due to wω < 0.
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FIGURE A.1: Path integrals Γ1, Γ2 (upper and lower half circles) for obtaining
the integral on the real axis (purple). The arcs of Γ1, Γ2 are denoted by γ1, γ2.

This fact and the estimation lemma [54, Thm. 5.24] allow us to find an upper bound for

∫

γ1

e−ix(wω)

1 + x2 ≤
∣∣∣∣

πR

R2 − 1

∣∣∣∣ ,

which converges to 0, as R approaches infinity.
A similar argument holds for the case of ω > 0, the integral I2 and its lower arc γ2.

Lastly, if ω = 0, we use Eq. (2.12). Combining all cases results in a new equation for the
integral from Eq. (A.1).

∫

R

e−ix(wω)

1 + x2 dx =





limR→∞ I2, ω > 0
π, ω = 0

limR→∞ I1, ω < 0

. (A.2)

Finally, we calculate I1 and I2. Note that

e−ix(wω)

1 + x2 =
1
2i

(
e−ix(wω)

x − i
− e−ix(wω)

x + i

)
. (A.3)

Using the residue theorem [3, Thm. 4.1.1] and the fact that the second summand is en-
tirely holomorphic, we obtain

I1 =
1
2i

∫

Γ1

e−ix(wω)

x − i

= π · e(wω),
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for the case of ω < 0.
Similarly, the case ω > 0 leads to

I2 = − 1
2i

∫

Γ2

e−ix(wω)

x + i

= −π · (−1)e−(wω) = π · e−(wω),

where the additional factor (−1) is caused by the opposite winding direction of Γ2.
Combining all cases yields the desired formula.

A.2 Constructing Spectra with Exactly 2m + 2n − 2 Intersections

In addition to the proof of Thm. 3.22 in the main body, we can explicitly describe a construc-
tion that yields two spectra of m and n model functions intersecting at least 2m + 2n − 2
times. We prove the existence of intersections by showing that the difference of both sums is
first negative, then positive, and so on in at least 2m + 2n − 1 points. Using the intermediate
value theorem yields the desired number of intersections. In addition to the requirements
1. – 3. of Thm. 3.22, we also require that f0,1 is even and a specific asymptotic property.

4. f0,1(x) is even, i.e., f (x) = f (−x) for all x ∈ R.

5. For all c, w ∈ R, w > 1 there is some θw ∈
[
0, 1

w

)
such that

fc,1(x)

f0,w(x)
x→∞→ θw. (A.4)

Note that the conditions 1. – 5. imply several useful facts.

Lemma A.2 (Auxiliary lemma). Let F be defined as in Thm. 3.22. Then, the following statements
hold.

A: fc,w(x) ≥ 0 for all x ∈ R.

B: fc,w(x) ≥ 1
2 for all x ∈ [c − w, c + w].

C: fc,w(x)
x→∞→ 0.

D: fc,w(x)
wց0→ 0 for all x 6= c.

E: For 0 < v ≤ w, we have fc,v(x) ≤ fc,w(x) for all x ∈ R.

F: For every m ∈ N there exists w′ > 0 such that 2
5 ≤ f0,w′(x) ≤ 1

2 for all x ∈ [w′, w′ + m].

Proof. Most of the statements directly follow from the conditions 1. – 5.

A: Already proven in the main body, see Thm. 3.22.

B: This statement follows directly from conditions 1, 2, and 3.

C: Already proven in the main body.

D: Already proven in the main body.

E: We have fc,v(x) = f0,1
(

x−c
v

)
≤ f0,1

(
x−c

w

)
= fc,w(x) using monotonicity and the fact

that
∣∣ x−c

v

∣∣ ≥
∣∣ x−c

w

∣∣.
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F: By the intermediate value theorem, f0,1(w) = 1
2 , and statement C, we know that there

must be some y > 1 such that f0,1(y) =
2
5 . We may define w′ = m

y−1 > 0 and obtain

f0,w′(w′ + m) = f0,1

(
w′ + m

w′

)
= f0,1

(
1 +

m

w′

)

= f0,1(y) =
2
5

.

Using the monotonicity, all values in between must also lie in
[ 2

5 , 1
2

]
.

Construcitve proof. Without loss of generality, let m ≥ n. To provide an overview of the
construction, we define the intersections in two main areas of interest. The first area lies
sufficiently far to the left of 0. The second area lies sufficiently far to the right of 0, such
that the functions centered in the first area do not significantly interfere with those centered
in the second area. In the first area, the two sums, which we call fm and fn, intersect a
total number of 4n − 4 times, as we define n − 1 summands of both sums in this area. The
remaining summand of fn is centered in the second area, with m − n functions from fm

centered there, creating an additional number of 2(m − n) intersections. The last peak of
fm is centered at 0 and is sufficiently broad. It serves to create the (4n − 4) intersections in
the first area, as well as two additional intersections, due to the asmymptotic behaviour of
broad peaks. Figs. A.2 – A.6 presented in this proof give an overview of the construction in
the case of m = 10, n = 6 Lorentzians.

Parameter Definitions:

For i = 1, . . . , m and j = 1, . . . , n, we define m + n functions fci ,vi
, fdj,wj

and prove that the
sums

fm(x) =
m

∑
i=1

αi fci ,vi
(x) and fn(x) =

n

∑
j=1

β j fdj,wj
(x)

are equal in at least 2m + 2n − 2 points.
There are two peaks with large half-widths, one in each sum. Their half-widths must

be sufficiently large to fulfill several criteria. Therefore, let w′ be defined as in statement F.
Note that all choices w > w′ also fulfill 2

5 ≤ f0,w ≤ 1
2 for x ∈ [w, w + m]. We define

c1 = 0, v1 = max{w′, 3mn + 1}, α1 = 1.

For the wide peak of fn, we find a point x∗ > 0 such that f0,v1(x∗) < 1
10 . In other words, the

influence of f0,v1 should be small for x > x∗. We then define

d1 = x∗ +
1
2
(m − n + 1), w1 =

1
2
(m − n + 1), β1 =

1
2

.

The function fd1 ,w1 is centered at the middle point of [x∗, x∗ + (m − n + 1)], and the inequali-
ties 1

4 ≤ β1 fd1 ,w1(x) ≤ 1
2 hold for all x from this interval. Fig. A.2 illustrates both wide peaks

for m = 10, n = 6 Lorentzians.
Then, we define the (n − 1) peaks in the first area of interest. Let δ > 0 be sufficiently

small such that fc,δ
(
c ± 1

2

)
<

1
30·m . Furthermore, let N ∈ N be sufficiently large such that
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FIGURE A.2: Functions f0,v1 (blue) and fd1,w1
(red). Here, v1 = 181 and d1 =

546.5, since x∗ = 544 (purple cross). Note that fc1,v1 <
1

10 for x ≥ x∗ (black
line) and fc1,v1([−v1 − m,−v1]) ⊆ [0.4, 0.5] (green box).

fc,δ/N (c ± δ) < 1
10 . Finally, for i, j = 2, . . . , n let

ci = −v1 − i + 1, vi =
δ

N
, αi = 3

dj = −v1 − j + 1, wj = δ, β j =
5
2

.

The corresponding functions have most of their masses within the left area of interest,
[−v1 − n,−v1]. Fig. A.3 illustrates the left area in the case of m = 10, n = 6. In this ex-
ample, the area is [−191,−181] = [−v1 − m,−v1]. Additionally, we define δ = 1

36 and
N = 4. Each of the n − 1 = 5 peak pairs causes four intersections.

Finally, we define the remaining (m − n) peaks of fm in the second area of interest. For
i = n + 1, . . . , m let

ci = x∗ + i − n, vi = δ, αi = 1.

The corresponding functions and fd1,w1 have most of their masses within the right area of
interest, [x∗, x∗ + (m − n + 1)]. Fig. A.4 illustrates the right area of interest in the case of
n = 10, m = 6. The fight area of interest is equal to [544, 549] = [x∗ + (m − n) + 1]. Each
peak causes two intersections.

We now define 2m + 2n − 1 points at which fn < fm and fm < fn alternate.
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FIGURE A.3: The two sums fm (blue) and fn (red) displayed within the left
area of interest.

First Area of Interest:

The first 4n − 3 points x0 < x1 < . . . < x4n−4 are defined as follows

xk =





−v1 − n + 1
2 +

k
4 , k ≡ 0 mod 4

−v1 − n + k−1
4 + 1 − δ, k ≡ 1 mod 4

−v1 − n + k−2
4 + 1, k ≡ 2 mod 4

−v1 − n + k−3
4 + 1 + δ, k ≡ 3 mod 4

. (A.5)

All of these points lie in the interval [−v1 − m,−v1]. Note that f0,v1(xk) ∈
[ 2

5 , 1
2

]
for all xk

defined in Eq. (A.5).
For k ≡ 0 mod 4, we have fm(xk) ≥ f0,v1(xk) ≥ 2

5 . For the summands of fn, we have
fdj,wj

(xk) <
1

30m for j = 2, . . . , n, since |dj − xk| ≥ 1
2 . Using v1 > m > w1 we have

fd1,w1(xk)
2.
≤ fd1,v1(0) = f0,v1(d1)

E
≤ f0,v1(d1)

2.
≤ f0,v1(x∗) <

1
10

.

The last inequality holds by the definition of x∗. Finally, we estimate

fn(xk) =
1
2

fd1 ,w1 +
n

∑
j=2

5
2

fdj,wj
(xk)

<
1
20

+
5(n − 1)
2 · 30m

<
2

15
<

2
5
≤ fm(xk).

For k ≡ 1 mod 4 and k ≡ 3 mod 4, we have xk = dℓ ± δ for some ℓ ∈ {2, . . . , n}.
Consequently, we have fn(xk) ≥ 5

2 fdℓ ,δ(cℓ ± δ) = 5
4 . For the summands of fm, we have

f0,v1(xk) ≤ 1
2 and fcj,vj

(xk) <
1

30m for j = 2, . . . , m and j 6= ℓ, since all of these functions have
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FIGURE A.4: The two sums fm (blue) and fn (red) displayed in the right area
of interest.

half-widths smaller than or equal to δ and their centers are at least 1
2 apart from xk. Lastly,

fcℓ,vℓ(dℓ ± δ) = fdℓ,δ/N(dℓ ± δ) <
1
10

by the definition of N.
Again, we can estimate

fm(xk) = fc1,v1(xk) + 3 · fcℓ ,vℓ(xk) +
m

∑
i=2
i 6=ℓ

αj fci ,vi
(xk)

<
1
2
+

3
10

+
3(m − 2)

30m
<

9
10

<
5
4
≤ fn(xk).

Finally, consider k ≡ 2 mod 4. Again, there is some index ℓ ∈ {2, . . . , n} such that
xk = cℓ = dℓ. The most significant summand of fm is αℓ fcℓ ,vℓ(xk) = 3, implying fm(xk) ≥ 3.
On the other hand, we have |xk − dj| ≥ 1 > 1

2 for j 6= ℓ. Therefore, we have fd1,w1(xk) <
1
10

using similar arguments as before.
Finally, we obtain

fn(xk) =
1
2

fd1,w1(xk) +
5
2

fdℓ,wℓ
(xk) +

n

∑
j=2
j 6=ℓ

5
2

fdj ,δ(xk)

<
1

20
+

5
2
+

5(n − 2)
30m

<
163
60

< 3 ≤ fm(xk).

We conclude the first area of interest with points that satisfy the inequalities

fm(x0) > fn(x0), fm(x1) < fn(x1), . . . , fm(x4n−4) > fn(x4n−4).

Fig. A.5 illustrates the relationship between fn and fm for one of the five peak pairs in the
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FIGURE A.5: Five points xk (black lines), as defined by Eq. (A.5). For xk =
−184 ± 1

2 and xk = −184, we have fn < fm. For xk = −184 ± δ, we have
fm < fn.

left area of our example.

Second Area of Interest:

We define 2m − 2n + 1 points y0 < y1 < . . . < y2m−2n in the interval [x∗, x∗ + m − n + 1] by

yk = x∗ +
k + 1

2
. (A.6)

Note that yk ∈ [d1 − w1, d1 + w1]. We first consider the case of even k. Here, we have
|yk − ci| ≥ 1

2 and we obtain

fm(yk) = fc1,v1(yk) +
m

∑
i=2

αi fci ,vi
(yk)

<
1
10

+
3(m − 1)

30m
<

1
5
<

1
4
≤ fd1 ,w1

(yk) ≤ fn(yk).

In the case of odd k, there is some ℓ ∈ {n + 1, . . . , m} such that yk = cℓ. Therefore, we
have

fn(yk) = fd1 ,w1(yk) +
n

∑
j=2

β j fdj,wj
(yk)

<
1
2
+

5(n − 1)
2 · 30m

<
7

12
< 1 = αℓ fcℓ,vℓ(yk) ≤ fm(yk).

Again, we conclude that

fm(y0) < fn(y0), fm(y1) > fn(y1), . . . , fm(y2m−2n) < fn(y2m−2n).

Fig. A.6 illustrates the relationship between fn and fm for one of the four peaks in the right
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FIGURE A.6: Three points yk (black lines), as defined by Eq. (A.6). For yk =
546 ± 1

2 , we have fm < fn. For yk = 546, we have fm > fn.

area of our example.

Asymptotic Differences:

For the final point, we show the existence of some xa > y2m−2n, where fn(xa) < fm(xa). We
prove this by observing the different convergence rates of fn and fm.

lim
x→∞

fn

fm
(x) ≤ lim

x→∞

fn

fc1 ,v1

(x) = lim
x→∞

n

∑
j=1

β j fdj ,wj
(x)

f0,v1(x)

= lim
x→∞

n

∑
j=1

β j fdj,1(x · wj)

f0,v1/wj
(x · wj)

5.
<

n

∑
j=1

β j · θv1/wj

<

n

∑
j=1

β jwj

v1
<

3mn

v1
< 1,

using wi < m for all i = 1, . . . , n. Therefore, such a point xa exists, and can be chosen
sufficiently far from 0. We additionally require xa > x∗ + m − n + 1

2 .

Applying the Intermediate Value Theorem:

Now, we have a set of (2m + 2n − 1) points

x0 < x1 < . . . < x4n−4 < 0 < y0 < y1 < . . . < y2m−2n < xa,

where the relations

fn(x0) < fm(x0), fm(x1) < fn(x1), . . . , fn(xa) < fm(xa)

alternate. Both sums are continuous functions and by using the intermediate value theorem,
we are able to infer the existence of 2m + 2n − 2 points where fn and fm intersect.
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A.3 Possible Proof of Conj. 1

We want to estimate the maximum number of intersections between n and m Gaussians
Gci,vi

, Gdj,wj
for i = 1, . . . , m, j = 1, . . . , n. Therefore, we find solutions to

m

∑
i=1

αiGci,vi
(x) =

n

∑
j=1

β jGdj,wj
(x)

If we define k = m + n and (−αm+j, cm+j, vm+j) = (β j, dj, wj), then, we can rewrite the
equation as

0 =
k

∑
i=1

αiGci,vi
(x) (A.7)

where w.l.o.g. v1 ≤ . . . ≤ vk.
If the maximum number of maxima of the right sum is estimated to be ≤ k, then a total

of 2k − 1 extrema can be found24. Since the continuous sum converges to 0 if x → ±∞, we
know that all roots must lie between the extrema. By Lem. 3.23, we know that the number
of zeros is finite. Therefore, roots always imply a sign change, and the total number of roots
can be estimated to be ≤ 2k − 2 = 2m + 2n − 2.

To prove the conjecture, we need to consider the following lemma, which is described in
[23, Thm. 2] in the more general case of αi 6= 0.

Lemma A.3 (Carreira-Perpiñán, Williams).

A weighted sum of k Gaussians, as defined in Eq. (A.7), has at most k maxima.

Here, we recreate the short proof 25 from [23] in the more general setting of αi 6= 0. There,
another auxiliary lemma is needed to prove Lem. A.3. This auximilary lemma was for-
mulated by several different groups [11, 65, 109, 134], even though, it seems it was first
formulated by the group of Andrew Witkin26 in the context of image handling and com-
puter animation, and claims that any function with k maxima, when convoluted with any
Gaussian, has ≤ k Maxima after convolution. Unfortunately, we cannot verify this claim
ourselves, since it is worded imprecisely. Here, we quote the formulation from [23].

Lemma A.4 (Witkin).

“The Gaussian [convolution] kernel never creates new maxima [in one dimension].”

Other formulations include “[Gaussian] diffusion only destroys structure but cannot
generate it”, see [65], “the Gaussian is unique in guaranteeing that extrema may be added
but not deleted in moving from coarse to fine scale”27, see [11].

The problem with these definitions is that they are imprecise regarding the type of object
that is convoluted by the Gaussian kernels. We further assume that any sum of Gaussians
and delta distributions falls into this category.

Finally, we can prove Lem. A.3, similar to [23].
This proof uses an induction on the number of summands k.

24We assume that the number of minima is smaller. If not, multiply by −1.
25Due to the lack of rigorous definitions, we denote imprecise formulations in italics.
26Witkin became famous for his work on the movie Toy Story 3 during his time at the studio Pixar.
27Compared to our setting, they consider movement in the opposite direction.
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k = 1:

Trivially, a single Gaussian has a unique maximum at x = c1.

1, 2, . . . , k → k + 1:

We consider the sum

k+1

∑
i=1

αiGci,vi
(x),

where v = v1 ≤ . . . ≤ vk+1 = v and define J = {i = 1, . . . , k + 1 | vi = v} with j = |J|.
Then, Gaussian deblurring is applied, which we can only imagine implies a convolution with
the multiplicative inverse of the Gaussian Gc1,v. Since v1 is the smallest half-width, this
creates different Gaussians for i /∈ J, and delta distributions for all i ∈ J at different points ci.
Crucially, the sum of Gaussians consists of only k + 1 − j > k + 1 summands and thus has
k+ 1− j maxima at most. Furthermore, it is assumed that delta distributions do not interfere
with the structure of the Gaussian sum and only add j maxima. Therefore, the deblurred sum
has at most k + 1 maxima. Next, the change is reverted, and the deblurred sum with ≤ k + 1
maxima is convoluted with Gc1,v again. Due to Lem. A.4, the retrieved original sum of k + 1
Gaussians has no more than k + 1 maxima.

To recapitulate: This series of arguments is imprecise, at the very least. If all of the
remaining uncertainties can be rigorously stated and proven, then Conjecture 1 can be con-
sidered a fact.
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Appendix B

Data Sets and Modeling Results

Here, we provide an overview of the constructed and experimental data sets. Additionally,
we explain the measurement processes for the experimental data sets. These descriptions
can also be found in [53, 86]. Lastly, we display the results of modeling each of the six data
sets.

B.1 Constructed Data

These data sets were created as simpler counterparts to the more complex experimental data
sets. Set Da is used to demonstrate the behavior of the optimization variants and serves as a
benchmark. The set Db was created to observe and prove the functionality of the parameter
detection for neural networks and is used to test the trained CNNs. Lastly, Dc was created
to test multiplet detection and to observe differences in multiplet optimization.

Data set Da:

This data set contains three Lorentzian peaks that cross twice. The center and half-width
parameters are defined by continuous and smooth functions over time. A simple reaction
kinetic A + B → C was used to determine the peak heights. Gaussian white noise with a
signal-to-noise ratio (SNR) of approximately 100 : 1 was added. Compared to the experi-
mental data sets, the resolution in the frequency domain is low, since Da ∈ R61×500. Note
that one peak vanishes at the beginning and another peak disappears at the end of the data
set. Fig. B.1 provides an overview from two angles.
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FIGURE B.1: Data set Da displayed top-down and frontally.

Data set Db:

This data set also contains three pseudo-Voigt peaks that cross three times. It was created
specifically as training data for machine learning. Compared to Da, the changes in param-
eters are more drastic. While the convex combination parameter of the peaks in Da is con-
stant (λi = 0), every parameter varies in Db. However, this comes at the expense of chemical
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meaning, as the peak integral values do not correspond to reaction kinetics. Both Da and
Db ∈ R61×500 have the same number of data points, but the noise level of Db is compara-
tively high, with an SNR of roughly 40 : 1. Fig. B.2 displays Db from two angles.
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FIGURE B.2: Data set Db displayed top-down and frontally.

Data set Dc:

The final constructed data set is composed of several pseudo-Voigt multiplets. It contains a
septuplet, a sixtuplet, a quintuplet, three doublets, and one singlet, for a total of 25 peaks.
When accounting for individual peak crossings, this data set contains a total of 25 peak
crossings, while the multiplets switch positions five times. Data set Dc was designed to
test multiplet detection and optimization behavior. Once again, all optimizable parameters
vary and there is no underlying reaction kinetics. The SNR of Dc is higher than before at
around 200 : 1, and it contains almost four times as many data points as Da and Db, with
Dc ∈ R101×1001. Fig. B.3 displays Dc from two angles.
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FIGURE B.3: Data set Dc displayed top-down and frontally.

B.2 Experimental Data

The remaining three data sets were measured during three separate chemical experiments
using high-field NMR spectrometers. This implies that the peaks are comparatively sharp.
Additionally, imperfect preprocessing of the data leads to deviations from the assumed peak
shape. Furthermore, all three data sets are subject to only moderate amounts of noise.

Data set D1:

The first of the experimental data sets was measured during the esterification of methanol
(CH3OH) and formic acid (HCOOH) to methyl formate (HCOOCH3) and water. For more
information on the experiment, we refer to [16]. During the reaction, 2 mass-% of sulfuric
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acid was used as a catalyst. To acquire the spectra, a 400 MHz NMR spectrometer was used
with single scans. One spectrum was measured every 15 s with an acquisition time of 1 s.
The temperature during the reaction was 333 K, or about 60° C. A total of 199 spectra with
≈ 36,000 data points were recorded. The relevant portion contains fewer spectra and data
points, thus D1 ∈ R195×24577.

This data set contains five non-intersecting peaks. Four of the peaks can be considered
static peaks, i.e., peaks whose position does not significantly change throughout the data set.
Conversely, the last peak can be considered a moving peak. Additionally, at the beginning of
the experiment, the moving peak exhibits distorted peak shapes. This data set contains sev-
eral artifacts in each spectrum, two for each of the static peaks. The noise levels are small at
≈ 1.5 · 10−4. Fig. B.4 gives an overview from two angles. Note that the artifacts are thinner

0

150

100
2

350 4
5

6

0.5

1

Chem. shift [ppm]
No. of spectrum

A
m

p
lit

u
d

e

1234567
0

0.2

0.4

0.6

0.8

1

Chem. shift [ppm]

A
m

p
lit

u
d

e

FIGURE B.4: Data set D1 displayed top-down and frontally.

and smaller than the peaks and can barely be observed in the figure.

Data set D2:

The second experimental data set was collected during an isobaric batch distillation of
methanol (CH3OH) and diethylamine (C4H11N). For further details on the experiment, we
refer to [39]. The composition of the liquid phase was analyzed by a medium-field NMR
spectrometer with a field strength of 1 T, corresponding to a proton Larmor frequency of
42.5 Mhz. NMR spectra were recorded at one-minute intervals with a single scan and an ac-
quisition time of 3.2 s. In total, 151 spectra with ≈16,000 data points each were recorded. The
relevant portion of the measurement covers about 6,001 data points, thus D2 ∈ R151×6001.

This data set contains nine peaks in total, one of is a moving peak, while the remaining
eight are static. Three of the static peaks form a triplet, and another four form a quartuplet.
Initially, the moving peak is located in the same region as the quartuplet. During the course
of the experiment, it crosses parts of the multiplet and another static peak. Since the multi-
plets deviate from the characteristic height pattern, we can choose to avoid modeling them
as such. The two modeling options can be compared in Figs. B.11 and B.12. Fig. B.5 displays
the data set from two angles. The moving peak is second from the left in the highlighted
spectrum. While there are no artifacts in this data set, all peaks are slightly incorrectly phased,
see also Sec. 6.5. Compared to D1 and D3, the noise levels of D2 are relatively high at ≈ 0.5%.

Data set D3:

The final and most complex data set was acquired during the reaction of acetic anhydride
and 2-propanol in the presence of H2SO4 to isopropylacetate and acetic acid. As an inert
component, benzene was added to the reacting mixture. The reaction was accelerated by
sulphuric acid. The reactants were thoroughly mixed, loaded into a 5 mm NMR tube, and
placed in a high-field NMR spectrometer equipped with a 9.4 T vertical superconducting
magnet corresponding to a proton Larmor frequency of 400.25 MHz. The temperature of the



116 Appendix B. Data Sets and Modeling Results

0

150

100

50 1
2

3
4

0.5

1

Chem. shift [ppm]
No. of spectrum

A
m

p
lit

u
d

e

012345
0

0.2

0.4

0.6

0.8

1

Chem. shift [ppm]

A
m

p
lit

u
d

e

FIGURE B.5: Data set D2 displayed top-down and frontally.

reacting mixture was approximately 25 ◦C. NMR spectra were recorded with a single scan,
an acquisition time of 6 s and a pulse angle of 30°. A total of 680 spectra were recorded, each
containing ≈65,000 data points. The relevant portion of the measurement covers 48,055 data
points, thus D3 ∈ R680×48055.

This data set consists of two septuplets, three doublets and three single peaks, adding
up to 23 peaks in total. All peaks except for one single peak are static.28. The moving peak
crosses the peak positions of one septuplet and one single peak. Additionally, one septuplet
vanishes in the beginning and one disappears near the end of the experiment. Fig. B.6 shows
the data set from two angles. Although no artifacts are visible, each static peak causes two
artifacts to appear on either side. This data set is the most difficult to handle, not only
because of the complex peak structures, but also because of the comparatively large ratio of
largest to smallest peak, which sometimes exceeds 1000 : 1. Due to the high field strength of
the magnetic field, the noise levels are relatively low, at ≈ 5 · 10−5.
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FIGURE B.6: Data set D3 displayed top-down and frontally.

B.3 Modeling Results

Lastly, we present the results for all data sets. In the following Figs. B.7 – B.13 only the
peak centers and heights are displayed for the sake of clarity. Each red star represents one
parameter tuple of the spectra t ∈ Tsel, and the red lines represent interpolated or computed
parameters. The modeling quality and runtime is displayed and discussed in the main body,
see Sec. 6.4.

28All of the doublets merge later on, i.e., their distance decreases until only one peak remains.
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[73] Ē. Kupče and R. Freeman. “Mapping molecular perturbations by a new form of two-
dimensional spectroscopy”. In: J. Am. Chem. Soc. 135.8 (2013), pp. 2871–2874.
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