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Abstract

It is a common theme in multiple branches of sciences to detect and control gen-
uine unstable states periodic in time, as illustrated by e.g. dynamical properties
in neuroscience, chemical catalytic surface reactions, or optimizing atomic force
microscopy in surface physics, to mention just a few. When underlying equations
of motion are known, such as satellite dynamics in celestial motion, the task re-
duces to solving boundary value problems. A considerable challenge occurs when
no suitable accurate mathematical model is available, such as in areas mentioned
above. Then the control and detection tasks have to be based predominantly on
experimental observations. This work proposes methods for the stabilization of
unstable periodic orbits by dynamically adjusting a system parameter. In particu-
lar, the case where the equations of motion of the system that possesses periodic
orbits are unknown is discussed. First, a stabilization scheme based on a linear
state feedback of a Poincaré map is presented. Furthermore, a nonlinear control
scheme that leads to a large basin of attraction of the stabilized periodic orbit
is proposed. We also develop a strategy that enables nonlinear control directly
from input-state time series of a Poincaré map. Thus neither the equations of
motion have to be known nor arbitrary choices for the control gains are neces-
sary. The presented methods are numerically validated on both autonomous and
non-autonomous nonlinear dynamical systems.
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Chapter 1

Summary

Mechanical, electrical, and industrial systems are all examples of systems that
must be brought into a desired state by appropriately adjusting their inputs [6].
This is typically achieved by adjusting the input according to the deviation of
the current state from the desired state, the central idea of feedback control [37,
16]. In this work, we focus on the case where the desired behavior of the system
is given as a periodic state which could either be stable or unstable [25]. This
refers to a state that changes periodically over time. We aim to stabilize unstable
periodic orbits with the help of feedback control. This even allows observation of
such objects in laboratory experiments.

This dissertation contains the results achieved during my time as a doctoral
student. The present chapter serves to summarize these results. In section 1.1 we
provide an introduction to the concepts from dynamical systems theory that are
necessary for the subsequent discussion of the results. Section 1.2 presents the
methods developed for stabilizing periodic states and puts them in relation to the
current state of research. Finally, section 1.3 concludes this work and section 1.4
contains a statement regarding my own contribution to the manuscripts contained
in this dissertation. The paper [20] of chapter 2 proposes a stabilization scheme
for periodic orbits via linear feedback control of a Poincaré map. Enlargement of
the basins of attraction and therefore increased robustness of the control scheme is
achieved in the published work [32] of chapter 3. These ideas are also applicable
in a data-based setup where the stabilizing feedback is constructed from recorded
input-state time series of a Poincaré map, see the publication [30] of chapter 4.
The paper [31] of chapter 5 applies similar ideas of data-driven control based on
the Koopman operator to a simulation of a nonlinear ball-on-a-wheel system. Ex-
perimental results obtained from stabilizing unstable periodic orbits of a scanning



force microscope are presented in the publication [10] of chapter 6. A method that
also obtains stability information during the application of a proportional-integral
control in an experiment of the Zeeman catastrophe machine, is presented in the
paper [19] of chapter 7.

1.1 Dynamical systems and Poincaré maps

First, we assume that the change of state with time of the given system can be
described by a set of autonomous ordinary differential equations

x = fx, ). (1.1)

Here, x denotes the N -dimensional state vector, i is an M -dimensional parame-
ter, and a dot over a letter denotes the derivative with respect to time. In this work,
the parameter p is also referred to as the control parameter. We further assume
that for each xo € RY and 1 € RM there exists a function ¢ (-, xo, ) : R — RY
that satisfies

P(t,x0, ) = f(P(t, X0, 1), L)

for all t € R and ¢(0, xo, ) = xo. That is, ¢ (-, xo, i) solves the initial value
problem given by (1.1) and x(0) = x,. With a continuously differentiable f,
for example, the function ¢ (-, x¢, ) may only be defined on (—¢, &) for some
e > 0. This follows from the Picard-Lindelof theorem [2]. But since we have
applications of our methods for real experimental systems in mind, we may as
well assume global existence of ¢ (-, xq, i).

Second, we also consider non-autonomous systems

x = flx,t,0) = flx, 1+ (W), pw. (1.2)

Here, the function f is periodic in time with period t(x). That is, the period
depends on the parameter L.

As mentioned in the introductory remarks, we are interested in periodic orbits
of (1.1) and (1.2). These are defined as follows. Suppose that for a fixed ini-
tial condition xo and parameter value (i, the solution of (1.1) or (1.2) satisfies
o(t, xo, ux) = ¢ + T, xg, ux) for some T > 0 and all 1 € R. Then the set
Yy = {d(t, x0, ix) : 0 <t < T} C R¥ is called a periodic orbit. The smallest
number 7" with this property is called the period of the orbit.



The analysis of a given periodic orbit can be based on the following construc-
tion. Suppose that for a fixed parameter value (., the system (1.1) possesses a
periodic orbit y with period 7. Let ¥ C R¥ denote an (N — 1)-dimensional
submanifold and let x, € X be the unique point of intersection of y with X.
We further assume that the standard inner product ( f(x, i), n(x)) # 0 for all
x € X. Here, n(x) denotes a normal vector to X' at x. Geometrically, this means
that the vector field x — f(x, i) is transverse to X'. Under these assumptions,
there exists an open set U C X containing x, and an open set ¥ C R™ containing
s such thatthe map P : U x V — X' given by

P(x,pn) = ¢(t(x, n), x, n (1.3)

exists. Here, t(x, ) € R denotes the time it takes for the orbit starting at x with
a fixed parameter p to first return to the submanifold X'. The map P is called the
Poincaré map [25], see Figure 1.1.

Note that by definition t(x,, i) = T and therefore

P(X*, ,U«*) = Xx,

i.e., x4 is a fixed point of the map P (-, u«). Note that, in practice, one often works
with a coordinate representation of P, see e.g. [33]. Thatis, if ¢ : RN"1 D W —
Y, (&1,&,...,EN-1) > X is a parametrization of X, see e.g. [35], the coordinate
representation of P is given as the map

P& Evor ) = (97 0 P) (961, E2. .. EN—1), )

with P : o 1 (U) x V — RN=1 If &, = ¢~ !(x,) are the coordinates of the fixed
point x,, it follows that 13(5*, Ux) = &x. Now, the local stability of the periodic
orbit y is characterized by the local stability of the fixed point £, of the Poincaré
map. The stability of the latter can be examined by computing the eigenvalues of
the (N — 1) x (N — 1) jacobian matrix

OP;
o) |, i,j=1,...,N—1.
(3&' )

If all eigenvalues have an absolute value less than one, then it follows that the
fixed point and the periodic orbit are asymptotically stable [25].

For the class of non-autonomous systems described by (1.2), the construction
of a Poincaré map is more straightforward. Suppose that for a fixed parameter
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Figure 1.1: An illustration of a Poincaré map. For a given periodic orbit y of
the vector field x — f(x, its), x € R¥, we construct an (N — 1)-dimensional
submanifold ¥ which intersects the orbit at the unique point x.. In a neighbor-
hood of the point (x, (t«), the Poincaré map is defined as follows. For a given
point (x, i) in this neighborhood, we integrate the vector field f(-, u) starting
at the initial value x until the resulting trajectory first returns to the submani-
fold X, intersecting in a point P(x, ;). This map defines a Poincaré map where
P (x4, it+) = X4 holds.

value 4, the system (1.2) possesses a periodic orbit y of period 7" = t(u«). We
now define the Poincaré map P : RY x RM — R¥ as

P(x,pn) = ¢(r(p), x, w). (1.4)

If P(x«,ux) = X, for some x,, then it follows that x, € y. Similar to the
reasoning above, the local stability of the periodic orbit can then be examined by
computing the eigenvalues of the N x N jacobian matrix

P
(a (X*,,LL*)), l,]:1,,N
an

In summary, for autonomous systems (1.1) and non-autonomous systems (1.2),
one obtains Poincaré maps that can be used for the analysis of periodic orbits.
Regardless of whether the obtained map is constructed from (1.1) or (1.2), we



denote it by (x, u) — P(x, n). Here x and P denote either the coordinate vector
¢ and the corresponding coordinate representation P in the case where the map is
constructed from (1.1), or they denote the state vector of (1.2) and the map (1.4).
Thus, the analysis of periodic orbits boils down to the study of the parameter-
dependent time-discrete system

Xp+1 = P(xp, ), n=0,1,2,.... (1.5)

Here, x,, € R?. Note that due to the submanifold construction described above,
d = N — 1 for (1.1), while starting with system (1.2) impliesd = N.
As an example of (1.2), consider the two-dimensional differential equation

X=v

b= —w’x +¢ (—yv —U'(x) — h'9 cos(wt) — h® sin(a)t)) ,

which describes a forced one degree of freedom oscillator. Here, (x, v) is the
state vector, U : R — R denotes the potential energy, and w, €, y are fixed real
parameters. The control parameter p is given as the vector (h(c), h(s)) and the
period is the constant function t() = 27 /w. This system forms the basis of the
publication [32] from chapter 3. In fact, it is shown there that using a first order
perturbation expansion in &, one obtains the Poincaré map

s v
Xn41 = Xn + 6~ (—ya)xn + 2Z"w(x,f + (2 /w?) + h(s)) + O(e?)

Unet = v 2 (<yun = 26w (x] + (02/07) — h) + O()

with a suitably chosen function w : R — R.

In general, computing an analytic expression for the Poincaré map (1.5) is not
possible since this requires an analytic expression for the solution of the corre-
sponding differential equation. This can be seen from the definitions (1.3) and
(1.4) since the solution ¢ appears explicitly in both expressions. However, an ex-
plicit expression for ¢ is only available in a few cases. Consequently, one must
resort to numerical computations of ¢ for the evaluation of the Poincaré map.

Let x. be a fixed point of the Poincaré map (1.5) for a fixed parameter value
Ws. That is, x, satisfies the equation

Xx — P (x4, pts) = 0. (1.6)



We compute the d x d jacobian matrix of the function x — x — P(x, i) with
respect to the state x and evaluate it at (X, jt«). This matrix is given by

a—P(x*, M) (1.7)
ox

and if it is nonsingular, then the implicit function theorem implies the existence of
a smooth function u +— g(u) that is defined on an open set containing /¢, where
it satisfies g(u) — P(g(n), ) = 0. In particular, g(iu«) = x«. Consequently, the
dependence of the fixed point on local variations of the parameter p is described
by the function g(u). If the matrix (1.7) turns out to be singular, the point (X, (L)
is called a bifurcation point [25]. To illustrate in an example what can happen in
this case, we consider a Poincaré map given by

I —

Xnt1 = P(xn, 1) = X _x;f + u. (1.8)

The fixed point condition (1.6) reads x2 = .. Consequently, for a negative fi,
there exists no real fixed point. If w, is chosen positive, we have the fixed points
/M« and — /i, which coalesce for s« = 0. The derivative of P with respect to
the state evaluated at the points (£ ,/ft«, t+) is given by

P
E(ivﬂ*vﬂ*) =1F 2/«

Thus, for 0 < s« < 1 the points /it are asymptotically stable and the points
— /I« are unstable. Therefore, the graph of the function /.« over the interval
0 < us« < 1is called the stable branch and the graph of —, /i« over the same
interval is referred to as the unstable branch. At the point (x4, 1) = (0,0) we
have (dP/dx)(0,0) = 1 and therefore (0, 0) is a bifurcation point, at which the
two branches coincide, see Figure 1.2.

Such a bifurcation analysis is possible for much more general systems, where
stable and unstable branches typically coexist [25, 33]. In general, if we fix a
point (X, i4«) on the stable branch and initialize the system x,+1 = P(Xp, fts)
sufficiently close to x., the stability of x, implies the convergence of the sequence
X0, X1, X2, ... tothe fixed point. Thus, if the Poincaré map results from an exper-
imental system, one observes convergence of the state to the stable periodic orbit
corresponding to the fixed point x.. Note that the parameter u is kept constant
while the experiment is running. In contrast, for a point (x4, (tx) on an unsta-
ble branch, every initialization at points different from the fixed point x, results
in the divergence of the state sequence from it. But since experimental setups
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Figure 1.2: Bifurcation diagram of the system x,+1 = P (X, t) = X, — X2 + 4.
The diagram is obtained from the solution of the fixed point condition x2 = .,
which implies x, = &£ ,/itx. Since (0P /0x) (£ \/Ihx, ptx) = 1F2/[Lx, it consists
of a stable branch /¢« (black solid line), an unstable branch — /.« (black dashed
line), and the bifurcation point (0, 0) (black dot), where we have (dP /dx)(0,0) =
1.

never allow for an exact initialization, fixed points on the unstable branch are not
observed in experiments. However, if such an unstable state fulfills a given opti-
mality property, for example, one would still want to drive the system to that state.
This work aims to show how this goal can be achieved by dynamically adjusting
the parameter . The results obtained are summarized in the following section.

1.2 Control of periodic orbits

In the previous section 1.1 it has been shown that the analysis of given periodic
orbit boils down to the study of a corresponding Poincaré map

Xnt1 = P(xp,p), n=012.... (1.9)

We assume that this parameter-dependent time-discrete system possesses coexist-
ing stable and unstable branches, as explained in the example (1.8). Furthermore,



we work with the restriction of not knowing the equations of motion of the given
experimental system. Thus, an analytic expression of the Poincaré map (1.9) is
not available. However, we assume that one is able to record time series. That
is, for a given initial condition x( and a fixed parameter u, it is possible to record
Xo, X1, X2, .... If the experimental system is described by an autonomous differ-
ential equation, this amounts to taking a state measurement whenever the orbit
crosses the constructed submanifold. In the non-autonomous case, one records
the state at times 0, t(u), 2t (W), ... resulting in xg, X1, X2, .... Finally, we as-
sume that the parameter p can be dynamically adjusted in the following way.
Suppose that the system is in the initial state xo. We now take 1o as our initial
control parameter. The state at the next time instant is given by x; = P(xq, ito)-
At this stage, we choose 1, resulting in the state x, = P(xy, 1). Continuing
in this manner, a new value for the parameter © is chosen at each time instant
[7]. The key idea of feedback control is to base the decision u, at the time in-
stant n on the measurement x, [37]. This feedback law is described by a function
h : R — RM. Consequently, the Poincaré map under the effect of such a feed-
back is given by

Xp+1 = P(xn,h(x,)), n=0,12,.... (1.10)

We want to choose the function / so that the sequence of states defined by (1.10)
and the corresponding sequence of decisions o = h(xg), U1 = h(xy), ur =
h(x,),... converges to some point (X, [tx) on an unknown unstable branch of
(1.9). That is, the feedback control tracks and stabilizes a formerly unstable pe-
riodic orbit of the uncontrolled system (1.9). See Figure 1.3 for an illustration of
this concept.

By stabilizing different such orbits, one reveals parts of the unknown unstable
branches of (1.9). In the publication [20] of chapter 2, we apply an affine linear
feedback law to a Poincaré map and the obtained results are summarized in the
following section.

1.2.1 Linear control

The idea of using a Poincaré map in combination with linear feedback control
to stabilize an unstable periodic orbit was proposed in [38]. It has been applied
to a simulation model of an atomic force microscope [36], for example. Also, a
data-driven identification method [12, 13] has been used to identify a model for
a Poincaré map. This model is then used in combination with linear feedback
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Figure 1.3: An illustration of successful control of an unstable periodic orbit
which is given as the unit circle in the two-dimensional plane. (a) The constructed
cross section (black line) is a subset of the x-axis. The given system is integrated
from the initial condition (black dot) for both the uncontrolled (pink line) and the
controlled case (yellow dashed line). The uncontrolled case shows the divergence
of the state away from the unstable periodic orbit. In the controlled case, the tra-
jectory converges to the periodic orbit. (b) Corresponding points of intersection
Xo, X1, ..., X10 With the cross section in the controlled case, i.e., a state sequence
x, of the controlled Poincaré map. The sequence converges to the point x, = 1
that corresponds to the periodic orbit.

control for the stabilization of a periodic orbit [11]. There exists also alternative
ways of stabilizing periodic orbits. Here we mention the idea of time-delayed
feedback control [40, 28, 44, 43], and feedback methods that are based on an
approximation by a truncated Fourier series [15, 14, 42].

We assume that the control parameter pu is scalar and propose the feedback
law

fn = pur +kT(xy, —xg). HRER x4 xp €R?

where x, denotes the state of the system at time n, k7 = (k1 ko ... kd) is
the vector of control gains, and pg, xg denote reference values. A state x, is a
fixed point of the controlled Poincaré map if and only if

Xy = P (x*,,uR + kT (xs —xR)).
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This holds if and only if the pair (x«, it+), Where (s = pr + k7 (x« — xg), is
an intersection point of the manifold given by {(x, 1) € RY x R : x = P(x, u)}
and the hyperplane defined by {(x, ) € R xR : u = pg + kT (x — xg)}.
Thus, by adjusting the reference values and the control gains, one can select
points on the stable and unstable branches of the Poincaré map. If we define
38Xy = X, — X«, the linearized dynamics of the controlled Poincaré map x,4+; =
P (xn, g + k7 (x, — xg)) in the neighborhood of the fixed point is given by

P opP
8xn+1 = _(X*’ M*)an + —()C*, /L*)kTgxn- (111)
ax au

With the abbreviations

A = (3P /03x)(x+, [1+) (1.12)
b = (9P /1) (xx, ptx) (1.13)

it holds that
8xnt1 = (A + bkT) xy. (1.14)

If all eigenvalues of the d x d matrix A + bk have an absolute value less than

one, the fixed point x, is asymptotically stable. This means, that if the controlled

Poincaré map is initialized sufficiently close to x., the iterates xo, X1, X2, ... con-

verge to the fixed point and the corresponding chosen parameter values (o, i1, 2,
. converge to [Lx.

If the d x d matrix (b Ab ... A97'D) is nonsingular, it follows that by
adjusting the control gains, the eigenvalues of A + bk” can be freely placed in the
complex plane. In particular, it is then possible to place the eigenvalues within the
unit circle to ensure stability. The condition on the matrix (b Ab ... A97'D)
is called controllability [37, 16]. If the gains are chosen such that all eigenvalues
of the matrix A + bkT are zero, then for every initial condition 8x,, the linear
dynamics (1.14) converge in at most d steps to the fixed point éx, = 0 [37, 16].
Therefore, such a choice of control gains is referred to as optimal.

In the publication [20] of chapter 2, we apply the above-mentioned method to
a two-dimensional non-autonomous system

x = flx,t,0) = flx, 1+ (W), 1. (1.15)

If the equations of motion (1.15) are known, the derivatives that appear in (1.11)
can be calculated numerically in the following way. By definition of the Poincaré

12



map, we have

oP ad
X 0x
oP 0 .
a_(x*,,u*) = —¢(T, X, Uow) + BT, Xoes ) T/ () (1.17)
% Iu
0
= %(Tv x*’ /~’L*) + f(x*, T, /JL*)T/(M*), (1.18)

where ¢ denotes the solution of the differential equation (1.15), T = t(us) is
the period of the given periodic orbit, and t’(i«) denotes the derivative of T with
respect to the parameter u evaluated at p.. The relevant derivatives X(¢) =
(0¢p/0x)(t, x4, ;tx) and y(¢) = (d¢p/) (¢, x4, p«) satisfy the initial value prob-
lems

¥ = L@ xe p) L)K@, XO) =1 (1.19)

0 0
() = a—f(d)(t,x*,u*),t,u*)y(t) + a_f(qb(t’x*,//v*)vt’ﬂ*)’ y(0) =0,
X M
(1.20)

where I denotes the 2 x 2 identity matrix. This can be seen by differentiating the
equations

¢, x,pn) = f(p@,x, ), t, 1), ¢0O,x, 1) =x

with respect to the state and the parameter. Thus, by integrating (1.15), (1.19), and
(1.20) numerically, one obtains the derivatives of the Poincaré map via equations
(1.16) and (1.18). For the two-dimensional system (1.15) it follows by requiring
vanishing eigenvalues, see [20], that the optimal control gains are given by

VT — uTdet(A4) + vTtr(A)
N vTh '

where

MT = (b2 —bl)
v’ = (—(adj(4)b)> (adj(4)b)) .

Here, A and b denote the partial derivatives of the Poincaré map with respect to
the state x and the control parameter u, see equations (1.12) and (1.13), det(A4)
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is the determinant, tr(A) refers to the trace, and adj(A) denotes the adjugate [23]
of the matrix A. Furthermore, by, b, denote the components of the vector b and
(adj(A)b)1, (adj(A)b), are the components of the vector adj(A4)b.

The proposed feedback scheme can be used to track and stabilize multiple
points on the fixed point curve {(x, 1) € RY x R : x = P(x, i)} to obtain the
bifurcation diagram with bifurcation parameter p. Suppose (X, [tx) denotes a
stabilized point on this one-dimensional manifold. We select the new reference
values g, xg along the tangent vector of the curve at the point (x., 4«), refer
to e.g. [21, 22, 33, 3, 43]. This is done by computing the jacobian matrix of the
map F : (x,u) — P(x, ) — x at the point (X, iu«). With (1.12) and (1.13),
this matrix is given by DF (x4, ) = (A -1 b) and the tangent space of the
manifold at the point (x4, i«) is the kernel of DF (x4, p«). The vector

—adj(A—1)b

( det(A—1) )
spans this kernel. Thus, we set the new reference values to (xg, ur) = (xx +
dx, s« + du), where (dx, dp) is any vector that is parallel to the basis vector
of the tangent space. Continuing in this way, the feedback control stabilizes un-
stable states along the fixed point curve of the uncontrolled system resulting in
a parameter-dependent bifurcation diagram. For a numerical illustration of this
method applied to a Toda oscillator, we refer the reader to the paper [20] in chap-
ter 2. There, we also discuss the case where only some components of the state x
are measurable. In this case, a feedback law . = h(x) cannot be implemented but
it is possible, for example, to use delayed observations of the measurable compo-
nents.

Without an analytically given form of the equations of motion (1.15), the re-
quired derivatives needed for computing stabilizing control gains are not directly
accessible. Also, even in the case where a stabilizing controller is used, the system
has to be initialized sufficiently close to the fixed point to be stabilized. The set of
initial values that lead to convergence of the controlled system to the fixed point
is called the basin of attraction of the fixed point. We aim for a control design that

leads to a large basin of attraction. The results achieved with respect to this goal
are summarized in the following section.

1.2.2 Nonlinear control

Linear control design is based solely on the linearization of the system at the fixed
point to be stabilized. However, the resulting basin of attraction is determined by

14



higher-order terms, i.e., the nonlinearities. Therefore, a promising strategy is to
design a control law that minimizes the effect of these nonlinearities. In the best
case scenario, the nonlinearities are cancelled and the resulting controlled system
is linear and stabilized, resulting in a global basin of attraction. This strategy
is referred to as feedback linearization. Although feedback linearization is well
known for stabilizing stationary states of systems [26, 27], it has, to the best of
our knowledge, not yet been used to stabilize periodic states via a Poincaré map.

For an illustration of this strategy, we consider a one-dimensional Poincaré
map given by

X1 = P(xXn, ) = o+ f(xn).

With the feedback u = u, = ugr + g(x,), the controlled system reads

Xn+1 = (R + &(xn) + f(xn). (1.21)

A state x, is a fixed point of (1.21) if and only if

Xx = MR + g(xx) + f(xx).

But this holds if and only if the pair (x4, tt«), where s = ur + g(x4), is an
intersection point of the manifolds given by {(x, ) € RxR : x = u + f(x)}
and {(x,u) e RxR: u = ur + g(x)}. Hence, by adjusting the reference value
LR, the fixed point x, can be selected. The corresponding parameter value py is
therefore given by s« = ur + g(x«). A suitable choice for the function g is to
set g(x) = — f(x), since this leads to the controlled system

Xn+1 = MR,

that converges in one step to the fixed point given by g, regardless of the ini-
tial condition xo. In the paper [32] of chapter 3 we apply this strategy to a
two-dimensional non-autonomous differential equation describing a periodically
forced nonlinear oscillator. We summarize the results below.

Consider the differential equation

i=v (1.22)
b= —w’x +¢ (—yv —U'(x) = h© cos(wr) — h® sin(a)t)) (1.23)
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already discussed in section 1.1. As also mentioned in this section, by using a first
order perturbation expansion in ¢, one obtains the Poincaré map

s v
Xni1 = Xn + 6 (—ya)xn + ZZ"w(x,f + (2 /w?) + h(s)) + O(e?)
Va1 = Un + o (—yun = 25,002 + (v2/0%) — ) + O@),

w

where w : R — R denotes a suitably chosen function. Since the control param-
eters h©), h®, the amplitudes of the driving force in (1.22) and (1.23), appear in
both equations of the perturbed system, we are able to cancel the nonlinearities by
choosing the feedback law

hS,C) — hgg) _ 2xnw(x3 + (v’%/a)z)) (1.24)

where hgg) and h(If) denote reference values. This results in the controlled system
b/
Xp+1 = Xp + 8—2 (—)/a)xn + hg))
a)
/4
Upt1 = Uy + 85 (—yvn — hg?) ,

where we have omitted the Landau symbol O(g?). Consequently, the fixed point
of the controlled system is given by

h(S)
X = R (1.26)
)/a)
h(C)
Ve = ——& (1.27)
1%

Hence, by adjusting the reference values hg) and hgg), a fixed point can be se-
lected. The stability of the fixed point can be investigated by the linear system

8xny1) _ (1 —e(m/w)y 0 0xy
Svns1) 0 1 —e(@/w)y) \bv, )’
where §x, = x, — x4 and §v, = v, — V4. Thus, as long as |1 — e(7/w)y| < 1,

the fixed point is asymptotically stable. For small €, the perturbation expansion
and the resulting linear description of the controlled system are accurate, implying
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convergence to the fixed point for a large set of initial conditions. Even for large
e, the feedback law (1.24) — (1.25) performs well. For a detailed discussion of
these results, we refer the reader to the paper [32] of chapter 3.

The proposed control scheme can be used to track and stabilize the unstable
branch of the fixed point curve {(x,v, 7)) e RZ xR : P(x,v,h,0) = (x,v)},
where P(x,v,h©,0) denotes the Poincaré map with h®) = 0. This fixed point
curve represents both stable and unstable periodic orbits of the driven nonlinear
oscillator (1.22) and (1.23). Using the perturbation expansion of the Poincaré
map, one can show that this curve can be parameterized as

x(s) = =2w(s)s/h©(s) (1.28)
v(s) = —yw?s/h©(s) (1.29)
hO(s) = Vs (yw)® + Qu(s))2, (1.30)

where s is a scalar parameter. If x, = x(s4), v« = v(s4) denotes the fixed point
to be stabilized, the needed reference values for doing so are obtained from the
equations (1.26) and (1.27). For a numerical illustration of this strategy for both
small and large €, we refer the reader once again to chapter 3.

In order to implement the feedback scheme (1.24) — (1.25), the function w
has to be determined. In an experimental setup, one can compute an estimate for
w from the stable part of {(x,v,h©) € R2 xR : P(x,v,h'9,0) = (x,v)}.
Points on this stable part can be obtained by fixing the parameter 4() and letting
the experiment run until convergence of the state is observed. The parameter is
then slightly modified and the experiment is run again until convergence. This
process is repeated until sufficiently many points on the stable branches are ob-
tained. This results in a data set of the form (2'?, x1, v1), (A, x,v,), . ... For
a given fixed point (x;, v;), we compute the corresponding curve parameter s; by
using the identity x(s)* + (v(s)?/w?) = s, which follows from equations (1.28)
— (1.30). Finally, we perform a least squares fit of equation (1.30) to the data
set (', s1), (%9, s5), ..., where w(s) = wo + wys. The paper [32] of chapter
3 contains an illustration of the resulting basin of attraction, when the control is
implemented in this data-based fashion. We reproduce it here in Figure 1.4.

1.2.3 Data-based global control strategy

We have shown that for systems of the form (1.22) — (1.23), the strategy of can-
celling the nonlinearities via feedback leads to large basins of attraction. Further-
more, by using the described least squares fit, the control is data-driven, meaning
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v(0)

Figure 1.4: Resulting basin of attraction of a stabilized periodic orbit correspond-
ing to the fixed point given by the filled circle (cyan) (after Fig. 12 in the paper
[32] of chapter 3). The controlled system is the forced one degree of freedom os-
cillator model (1.22) — (1.23) in the highly nonlinear regime (¢ = 1). The control
is based on the nonlinearity cancellation defined by equations (1.24) and (1.25),
where the function w is obtained from a least squares fit using data points on the
stable branches of the Poincaré map. We kindly thank the journal for permission
to reproduce this figure.

that the equations of motion (1.22) — (1.23) are not needed for the implementation
of the control scheme. It is only necessary to be able to record time series of the
Poincaré map of the system. The paper [30] of chapter 4 extends this data-driven
strategy to general parameter-dependent Poincaré maps

Xn+1 = P(xp, ), n=0,1,2,... (1.31)

without relying on a perturbation expansion. We summarize the results below.
Consider the one-dimensional Poincaré map

2

Note that each control law i, = k1x, + kox2 with |1+ k| < 1 and k» = 1 leads
to the controlled system

Xn+1 = (1 + k1)xp,

which converges to zero for every initial condition xo. We now aim for a method,
that computes such a globally stabilizing set of control gains solely from recorded
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time series of general Poincaré maps (1.31). When stabilizing gains are computed
directly from time series data, the underlying method is referred to as trajectory-
based. These trajectory-based schemes have been used, for example, to stabilize
stationary states [18, 17, 8, 9, 1]. In particular, it was shown in [17] that the
trajectory-based approach can be combined with nonlinearity cancellation to ob-
tain large basins of attraction for the stabilized stationary states. We extend this
idea to the stabilization of periodic orbits. Note, that a key feature of such a
method is that there is no explicit model identification step involved, as is the
case, for example, with the control-based dynamic mode decomposition [39].

Explanation of the main ideas for a linear control system

Trajectory-based methods are usually formulated within the framework of linear
control theory. Therefore, we assume for the moment that the Poincaré map is
given as the linear system

Xnt1 = AXp + bptn, X €R? i, €R, (1.32)
where A is a d x d matrix and b € R?. For a fixed initial condition xo and a
sequence of N parameter values jg, i1, ..., UN—1, @ sSimulation of (1.32) results
in a sequence of N + 1 states x¢, X1,...,Xxy. Including a linear feedback law

Un = kT x, in (1.32) results in the controlled system
Xp+1 = (A + ka) Xn,

where kT = (k1 ko ... kd) is the vector of control gains. If all eigenvalues
of the matrix A + bk have an absolute value less than one, the origin is asymp-
totically stable. Normally, we require to know A and b in order to check this
condition for a given k. However, in [18] it was shown that the matrix A + bkT
can be computed directly from the obtained time series data. In fact, if the matrix

(Mo Hio... mv—l) (1.33)

Xo X1 ... XN-1

has rank d + 1, the equation
(kT) _ (Mo Mmoo MN—1) G
1 Xo X1 ... XN-1 ’
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with the d x d identity matrix 7, always has a solution G € RY*¢_ Then it follows
with (1.32) that

kT -

r _ Mo M1 HN—-1

A+ bk —(b A)(])—(b A)(xo X1 ... XN—1)G
:(xl X2 ... XN)G

Thus, we can check in a purely data-driven fashion whether a given k is stabiliz-
ing.
On the other hand, if we choose an N x d matrix G with

I = (XO X1 ... XN_1)G (134)
such that all eigenvalues of (x1 X2 ... X N) G have an absolute value less than
one, then a stabilizing k is given by k7 = (/Lo U1 .. /LN_l) G. This gives

an alternative formulation of finding stabilizing control gains when only times
series are at hand. Note that the rank condition on the matrix (1.33) also im-
plies that the equation (1.34) always has a solution. In the following, we use
the abbreviations X = (xo x1 ... xy—1), Y = (x1 x2 ... xy), and
U= (Mo Mmoo MN—1)-

Now, we reformulate the condition on the eigenvalues in terms of the Lya-
punov function V(x) = x7 Px, where P is symmetric and x” Px > 0 holds for
all nonzero x € R?. We have V ((YG)Tx) — V(x) = xT (YGPGTYT — P) x.
Consequently, if

xT(YGPGTYT —P)x <0 (1.35)

for all nonzero x € R?, then the origin is asymptotically stable for the system
Xnt1 = (YG)Tx,. However, YG has the same eigenvalues as (YG)T, so the
same holds for the original system x,+; = YGXx,. If we define Q = GP, the
condition (1.35) reads

xT(yorP'QTYT — P)x <0. (1.36)

Thus, if we find a positive definite symmetric matrix P and a matrix Q with
XQ = P such that YOP7'QTYT — P is negative definite, the gain k7 =
UQP! is stabilizing [18]. But YOP~'QTYT — P is negative definite with a
positive definite P if and only if the symmetric matrix

P QTyT
(o ¢
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is positive definite, as follows by using the Schur complement [41]. This is an
example of a linear matrix inequality. Efficient solvers such as CVX [24] can be
used for the numerical computation of P and Q that satisfy the conditions

P QOTyT

_ pT _
p=rT, X0=rP, GQ »

) 1s positive definite.

The computed matrices can then be used to calculate a stabilizing control gain via
kT =UQpP.

Extension to nonlinear control

For an illustration of how this method can be combined with nonlinearity cancel-
lation, we consider the one-dimensional Poincaré map

Xn+1 = f(xn) + bﬂn’ f(O) =0

and the corresponding time series data. Assuming that the function is sufficiently
well approximated by the first M coefficients of its Taylor series at x = 0, we
write

Xpt1 = A1y 4 apx? + -+ apxM £ b, + OxMY,

With the nonlinear feedback law given by u, = k7 h(x,), the controlled system
reads

mﬁl=aTM%J+kamwy+0@%+5:(bcﬂ)Cf)h@»449&%+%

where aT = (a1 a, ... a M) contains the unknown Taylor coefficients of f,

kT = (k1 ky ... kM) is the vector of control gains, and /7 (x) = (x,xz, .. .,xM).

Similar to equation (1.34), we choose an N x M matrix G that satisfies

I = (h(xo) h(xy) ... h(xN_l)) G, (1.37)
which is always possible if the matrix (h(xo) h(xiy) ... h(xN_l)) has rank
M. With the control gain defined by kT = (,uo m1 ... ,uN_l) G, the con-

trolled system reads

Xn4+1 = (Xl X2 ... XN) Gh(x,) + O(x,],u“).
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Using the partitioning of G = (G1 G2) ,G; € RVX1 G, € RV*XM=1) e can
also write

Xy
X
Xpp1 = (X1 X2 ... xN)Gixa+ (x1 X2 ... xn) G S O(xM+h,
xy!
(1.38)
Now, the matrix G is chosen such that {(xl Xy ... X N) G1| < 1 and the norm
” (x1 Xy ... xN) G, ”2 corresponding to the weight of the nonlinearities is

minimized. Again, this can be done by solving an optimization problem

minimize 1Y G2,
PeR,QeRN*1 GreRN (M —1)
subject to
HQ = ( P ) (1.39)
Om—1)x1
HG, = (OIXW—U) (1.40)
Iv—
P QTYyT\ . . .
(Y 0 P ) is positive definite, (1.41)
where H = (h(xo) h(x1) ... h(xy—1)) e RN Y = (x; x2 ... xn)

e RN 0 denotes the k x [ zero matrix, and I is the k x k identity matrix.
The CVX solver can also be used for this purpose [17, 24]. Suppose that P, Q, G,
denotes a solution to this optimization problem. With the definition G; = QP ™!,
it follows from the equations (1.39) and (1.40) that HG = I, which is equa-

tion (1.37). Consequently, setting k7 = (,uo wi ... ,uN_l) G leads to the
controlled system (1.38). But since the condition (1.41) holds, it follows that
‘(xl X2 ... X N) G1| < 1, as was explained in the linear setting. In addition,

the controller minimizes the nonlinearities. Thus, if the function f is sufficiently
well approximated by the first M coefficients of its Taylor series, it can be ex-
pected that the controller will lead to a large basin of attraction of the stabilized
fixed point x, = 0.

Instead of using a Taylor series for approximation, it is also possible to choose
different basis functions. Furthermore, what has just been said can be immediately

22



extended to higher-dimensional Poincaré maps, where even a multidimensional
parameter p can be taken into account. For a numerical illustration of the method,
we refer the reader to the paper [30] of chapter 4.

While the above discussion was based on the assumption that the Poincaré map
is linear in the parameter p, the method can also be applied to general Poincaré
maps of the form

Xn+1 = f(xna /'Ln)

By defining the extended state vector (x,, i,) and the new control input v,, the
extended system reads

Xn4+1 = f(xnuun)

Mn+1 = Up,

which is linear in the new control input.

We have shown that if the given Poincaré map is sufficiently well approxi-
mated by a set of basis functions, a stabilizing controller with a large basin of
attraction can be obtained from time series data. So far, we have restricted our dis-
cussion to the case of stabilizing the pair (x«, ;) = (0, 0). If the fixed point to be
stabilized x, and the corresponding parameter /. are known but not both are zero,
we transform the system by defining new variables y, = x, — X«, Vy = Un — Ux,
and apply the proposed method to the system

Yn+1 = P(Yn» Vp) = P(yn + X, Uy + U*) — Xx

for which P (0, 0) = 0 holds.

Now, if the obtained controller 1, = g(x,) stabilizes a known pair (X, L)
on the fixed point manifold {(x, 1) € R? xR : P(x, ) = x} of the uncontrolled
Poincaré map, further, but now unknown, points on this manifold can be selected
by including reference values pg, xg in the control law. Thus, as explained at the
beginning of this section, we use the control law u, = ug + g(x, — xg). Note,
that it is typically possible to find a pair (X, it«) on the stable branches of the
fixed point manifold by initialization, which can serve as a starting point for this
strategy.

Tracking reference values

In general, the reference value xg differs from the actual fixed point x, that is
stabilized by the control. In the case of a one-dimensional Poincaré map, it is
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typically possible to obtain a good estimate of an interval in which unstable fixed
points lie. That is, one knows that for any reference xg in that interval, there
exists a pair (X, t«) such that P(x., 4«) = X« and xg = x.. However, the
corresponding parameter i, is unknown. In this case, the proposed trajectory-
based method can be applied to the extended system

Xn1 = P(xn, tn), P(0,0) =0 (1.42)
Upn+1 = Uy — P(xn, Mn)a (1.43)

where x,, Wy, v, € R. Under the assumption that the obtained controller u, =
g(xn, vy,) cancels the nonlinearities of the system (1.42) — (1.43), the controlled

system reads
Xn+1 — A4 Xn
Un+1 Un ’

where all eigenvalues of A € R?*? have an absolute value less than one. The
controller is now included in the system

Xn+1 = P(xn, n), (1.44)
Un+1 = Up + XR — P(xn, /Ln) (145)

Thus, one obtains the controlled system

Xn+1 _ Xn 0
() =2 () ()

which converges to the point

_ n—1
(5) = im () = i ( (32)) + (LI&ZA) ()
P = A W R
N (nlglgo;A ) ()CR) - (I A) ()CR)

for every initial condition (xg, vg). The corresponding control converges to

o= lim g(xu,vs) = g(X,0)

24



and from equation (1.42) it follows that
X = lim x,41 = P(x, ). (1.46)

But equation (1.45) implies that x = xg and if the unknown parameter i, is
the unique value such that xg = P(xg, [t«), it follows from equation (1.46) that
L = Wx. Thus, the controller stabilizes the pair given by the reference value xg
and the corresponding parameter /.. The strategy of augmenting the system with
an equation of the form (1.45) and designing a controller for the extended system
in order to track a given reference is referred to as integral control [37]. The
paper [30] of chapter 4 contains a numerical illustration of this method applied to
a two-dimensional autonomous differential equation and the corresponding one-
dimensional Poincaré map. We reproduce these numerical illustrations here in
Figures 1.5 and 1.6.

1.2.4 Applications of control in experimental setups

Before concluding this summary, we would like to comment on the papers con-
tained in chapters 5, 6, and 7. These have not been mentioned so far, but are
also closely related to the methods mentioned above. The paper [31] of chapter 5
considers a time-discrete system

Xn+1 = f(xn’ Mn)
Yn = h(xn)y

where y, denotes the measurement at time n. Here, f describes the discretized
equations of motion of a nonlinear ball-on-a-wheel system, but both f and / are
assumed to be unknown, see Figure 1.7.

For a given initial condition x( and a sequence of parameter values (g, L1, .. .,
we record the sequence of measurements yq, y1, . ... This data is then used for the
identification of a Koopman predictor [34], which is included in a model predic-
tive control scheme, as was proposed in [29]. The resulting output feedback con-
trol u, = g(y,) drives the system to a prescribed reference yg. Since a Poincaré
map is also given as a time-discrete dynamical system, this method could be ap-
plied directly for the stabilization of periodic states. In particular, it covers the
more realistic case where, for example, only some components of the state x,, can
be measured. This provides an outlook for further research in this area.

The paper [10] of chapter 6 contains the experimental results obtained from
stabilizing unstable periodic orbits of a scanning force microscope. Although we
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Figure 1.5: Simulated time series of a controlled Poincaré map x,,+; = P(x,, u,)
corresponding to a two-dimensional autonomous differential equation (after Fig-
ure 6 in the paper [30] of chapter 4). The control signal is set to u, = kL h(x,, v,)
in the extended system x,+1 = P(Xy,Un), Un+1 = Uy + Xgr — P(x,, u,), where
kT is obtained from the solution of the optimization problem discussed above and
h is defined as h(x,v) = (x, v, x2, xv, v?, x3, x%v, xv2, v3). For 0 < n < 98, the
reference is set to xg = 1.5, while for 99 < n < 200 we choose xg = 0.5. This
induces a switching from the stable periodic orbit given by the fixed point 1.5 to
the unstable periodic orbit corresponding to the fixed point 0.5. (a) Time series of
the state x, together with the reference signal xg. (b) Time series of the feedback
control signal u,. We kindly thank the journal for permission to reproduce this
figure.

used a Fourier discretization in combination with a proportional-integral control
for this purpose, a control scheme based on a Poincaré map could possibly also
be applied in future work.

Finally, the paper [19] of chapter 7 contains further experimental results. In
particular, we propose a control scheme that tracks and stabilizes unstable branches
of stationary states including the bifurcation points. Furthermore, the stability in-
formation about the uncontrolled stationary states is also obtained in a data-driven
manner. The proposed method is applied to a physical experiment of the Zeeman
catastrophe machine.
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Figure 1.6: Bifurcation diagram with parameter u: A set of stabilized points on the
stable and unstable branch of a Poincaré map x,+; = P(x,, u,) corresponding to
a two-dimensional autonomous differential equation (after Figure 5 in the paper
[30] of chapter 4). Here, the controller u, = kT h(x,, v,) is used in the extended
system Xp4+1 = P(Xn,Un), Ups1 = Un + Xg — P(Xn, u,), where k7T is obtained
from the solution of the optimization problem discussed above. The function &
is defined as h(x,v) = (x,v,x2, xv,v2, x3, x%v, xv2, v3). In order to drive the
system to different points on the branches, the reference xg is varied. We kindly
thank the journal for permission to reproduce this figure.

1.3 Conclusion

In this work, we proposed multiple strategies to stabilize unstable periodic orbits
with a suitable dynamic adjustment of a parameter. In particular, we have dealt
with the situation where the equations of motion of the given system are unknown.
In this case, we only assume that time series of a Poincaré map are accessible.
That is, one is able to measure the state of the system at times determined by the
constructed Poincaré map. The parameter-based control at a given time instant
n is computed based on the state measurement at time n. First, we considered
the scenario where the parameter depends linearly on the state, resulting in a lin-
ear state feedback control scheme. By including reference values in this control
law, different periodic orbits of the uncontrolled system can be selected and sta-
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Figure 1.7: Illustration of a ball-on-a-wheel system (after Fig. 1 in the paper [31]
of chapter 5). A ball with mass mp and mass moment of inertia /p is balanced
on a driven wheel. For further details see [31]. We kindly thank for permission to
reproduce this figure.

bilized. In particular, if the underlying equations of motion are available, optimal
control gains can be computed. These lead to convergence of the linearized con-
trolled system to the selected fixed point in at most d steps, where d denotes the
state dimension. The derivatives used for the computation of the optimal control
gains can also be utilized to update the reference values, if the method is applied
to track and stabilize an unstable branch of periodic orbits of the uncontrolled
system. However, since linear feedback control is based exclusively on the lin-
earization of the system at the fixed point to be stabilized, the resulting basin of
attraction can be very small. This means that for successful stabilization, the sys-
tem must be initialized extremely close to the fixed point, even in the case when
optimal control gains are used. After all, the basin of attraction is determined by
the nonlinearities of the given system. This motivates the use of a nonlinear feed-
back control that minimizes the intrinsic nonlinearities of the system and at the
same time stabilizes the linear part. In the best case scenario, all nonlinearities are
cancelled and the controlled system behaves as a stable linear system, resulting
in a global basin of attraction. First, we proposed a design of such a nonlinear
feedback control for systems that can be described by a one degree of freedom
oscillator model. While for the initial perturbation-theory-based construction of
the controller, we assumed that the model is weakly nonlinear, numerical studies
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showed that the control scheme also works in cases of strong nonlinearity. In par-
ticular, large basins of attraction are obtained for the controlled system. We have
also showed how the feedback law can be obtained in a data-driven way using
a least squares fit to data points on the stable branches of the fixed point curve
corresponding to the uncontrolled system. Thus, even if a perturbation analysis
of the Poincaré map is not possible, the control scheme can still be implemented
in this data-based fashion. Finally, we proposed a data-based method that applies
the idea of nonlinearity cancellation to general Poincaré maps. This strategy is
based on an input-state time series of the given Poincaré map. That is, for a given
initial condition and a sequence of parameter values, one computes the resulting
sequence of states. Furthermore, one has to select a suitable set of basis functions
that are used to minimize the nonlinearities of the given system. Suitable control
gains are then determined by solving a convex optimization problem, that is based
on linear matrix inequalities. In particular, there is no model identification step in-
volved and the control gains are computed directly from the time series data. Also
in this case, numerical studies showed that the obtained controller leads to large
basins of attraction. For the case where a good estimate for the fixed point to be
stabilized is available but the corresponding parameter is unknown, the proposed
strategy can be embedded in an integral control scheme. The resulting controlled
system converges automatically to the pair given by the estimate of the fixed point
and the corresponding parameter. This allows, for example, to switch between
two periodic orbits without requiring them to be close to each other, as is the case
with linear controllers.

We have a number of ideas for further research in this area. First of all, the pre-
sented control methods are based on state feedback. As was already mentioned
in the summary, typically only a few components of the state can be measured.
While the paper [20] of chapter 2 already discusses this restriction and uses a
delayed observation of the measurable component to compensate for this, the im-
pact of using such delay coordinates on a nonlinear feedback controller could be
studied. Furthermore, the method of stabilizing periodic orbits by minimizing the
nonlinearities could be tested in a real experimental setup, where large basins of
attraction are in particular important to deal with possible fluctuations. In this
case especially, it will be crucial to choose adequate basis functions. Different
such choices could be compared. To circumvent the problem of choosing basis
functions, one could apply the theory of dynamic programming to obtain a non-
linear controller [4, 6, 5]. In this case, a cost function is defined that penalizes the
distance to a reference state. Then, based on a sequence of low-dimensional op-
timization problems, a control law is computed that minimizes this cost function.
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In fact, since dynamic programming can be naturally formulated in the setup of
time-discrete systems, an application to Poincaré maps seems promising.
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1 Introduction and experimental context

Tools to analyse the phase space structure of dynamical
systems are probably at the heart of most subjects in
science and engineering. Approaches which exploit lin-
ear dynamical properties have a well established tradi-
tion, which to some extent dates back more than a cen-
tury. Linear tools still provide some of the most pow-
erful methods to analyse dynamical behaviour, as most
vividly illustrated by the success of linear response
theory, which underpins among others large branches
of physics and chemistry (see, for example, textbooks
such as [1]). Within the context of data science, one
should probably also mention the seminal idea of [2]
which did plant the seed for a whole universe of suc-
cessful data analysis tools exploiting the concept of
linearity.

With the advent of nonlinear dynamics and chaotic
behaviour at about four decades ago, the need to supple-
ment these approaches by suitable nonlinear techniques
became apparent (see, for example, [3]). From a plain
theoretical perspective, bifurcations as well as unstable
solutions are a key to understand the dynamics in sys-
tems with a finite number of degrees of freedom. The
importance of unstable solutions is also emphasised
by the fact that these orbits may provide a skeleton
for an otherwise observable stable chaotic behaviour
[4]. Powerful numerical tools have been developed to
explore the bifurcation and phase space structure of low
dimensional dynamical systems, whenever the mathe-
matical equations of motion are accessible [5]. We ulti-

@ Springer



1262

A. Dittus et al.

mately aim at taking this idea to the next level and make
bifurcation analysis and tracking of unstable solutions
available in an experimental context, when no underly-
ing equations of motion are at hand. Equation-free anal-
ysis can be viewed as a first step in such a direction since
the ideas proposed in [6] have the potential to reduce a
microscopic model with a huge number of degrees of
freedom to an effective low dimensional macroscopic
dynamics where bifurcation analysis becomes a mean-
ingful approach. But contrary to a theoretical analysis
the detection and tracking of bifurcations in an exper-
imental setting becomes a challenge as unstable states
are not directly accessible. For this reason, one ulti-
mately relies on control techniques which on the one
hand are able to stabilise unknown periodic states and
which on the other hand have no impact on the target
state so that the control force finally vanishes. We ulti-
mately aim at proposing a true model-free approach
by developing concepts for phase space reductions and
bifurcation analysis to analyse real-world experiments
for which no underlying mathematical model is avail-
able (see, for example, [7] for a recent application in
the context of crowd management), and which cannot
be tackled by state of the art methods. In this context,
experimental control techniques are a key for stabil-
ising and tracking experimentally unstable states, and
these techniques can then even be considered as a kind
of novel spectroscopic tool for systems analysis.
There exists a considerable number of non-invasive
feedback control methods in the literature which are
able to stabilise unstable equilibria or unstable peri-
odic orbits and where in principle no a priori knowl-
edge of the unstable state is required. These methods
may be suitable for stabilising physical systems and
to implement a model-free approach by identifying
effective phase space structures based on plain observa-
tions. The class of washout filter-aided feedback con-
trol methods introduced in [8—10] can be understood as
a proportional-plus-integral control to stabilise unsta-
ble stationary points. Linear stability theory can be
utilised to prove linear stabilisation of equilibria or peri-
odic orbits of the closed-loop system by washout filter-
aided feedback control under certain conditions [10].
The seminal work of Ott, Grebogi and Yorke [11] was
based on a similar reasoning where, however, some
a priori knowledge of the Poincare map is required.
These essential details, such as an estimate of the tar-
get state, can be obtained from data, normally by a
suitable preprocessing of experimental time series, and
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[12] presents generalisations of these ideas covering
stabilisation and tracking of unstable orbits as well as
a successful application of the method in a model of
atomic force microscopy. Stabilisation of unstable peri-
odic orbits with a feedback control using a time-delayed
signal has been introduced in [13] and applications
can be found, for example, in [14]. In the same spirit,
Sieber and Krauskopf [15] proposed a method based
on time-delayed feedback control to stabilise periodic
orbits. The authors used pseudo-arclength continua-
tion for tracking of periodic orbits and this method
succeeds in experiments even when fold bifurcations
occur. An experimental application of this approach for
pendula in the vicinity of saddle-node bifurcations is
presented in [16]. Pyragas et al. suggested the simplest
instalment of a state observer and proportional feed-
back to deal with the stabilisation of unknown equilib-
ria in experiments [17,18]. The method has much in
common with the previously mentioned washout filter-
aided feedback control [9,19]. These methods have
the limitation that tracking around a fold bifurcation
fails at the bifurcation point. A numerical implemen-
tation of an equation-free approach where a bifurca-
tion diagram at a macroscopic scale is obtained by
applying pseudo-arclength continuation with a feed-
back control law to equations on a microscopic scale
can be found in [20]. Application of feedback control
with a suitable prediction of target states has been pro-
posed in [21] to explore bifurcation diagrams for labo-
ratory experiments. Along similar lines, an implemen-
tation of an experimental continuation scheme based on
local proportional—derivative control for forced nonlin-
ear oscillators is presented in [22-25].

While our subsequent analysis will be entirely the-
oretical, our approach is inspired by real-world experi-
ments on fast time scales where a model-free approach
has so far never been put to a test. As a paradig-
matic experimental set-up, we consider atomic force
microscopy which is a quite versatile method to inspect
surfaces and attached structures or objects thereon,
down to the nanoscale [26,27]. The sensor element
is a bending micro-cantilever of crystalline silicon or
amorphous Si3N4 with a tip at one end. Most popular
is the dynamic mode, where the cantilever is driven
into oscillation via a dither or shaker piezo. A reg-
istration laser spot is reflected from the top end of
the metal-coated cantilever onto a segmented photo-
diode. The photocurrents are dynamic, and they serve
as a measure of the vertical and lateral displace-
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ment of the tip upon cantilever bending or torsion.
Many attempts have been undertaken to model force
microscopy, using driven, damped harmonic oscilla-
tor models with more or less complicated tip—sample
contact models. A theory-reality gap persists, mainly
due to poorly controllable effects such as dissipation,
capillary forces, patch charges, soft crashes, and oth-
ers. Nonlinear effects are already caused by anharmoni-
cities of the bending cantilever. In frequency scans of
dynamic force microscopy close to a surface, a low-
and a high-amplitude branch with an unstable branch at
intermediate amplitude does exist (cf. Fig. 1b). Jump-
ing between the two stable branches during acquisi-
tion of topography is a common distortion, particu-
larly with mobile molecular species, requiring man-
ual intervention. Particularly beyond the resonance fre-
quency of the cantilever a rather broad range of tip—
sample separations is prone to such imaging insta-
bilities. In [28], stabilisation of a cantilever oscilla-
tion has been managed, leading to reduced noise. For
suspended two-dimensional materials, the analysis of
nonlinear dynamics enabled determination of elastic
and heat transport properties [29,30]. In dynamic force
microscopy, two bistabilities can be accessed, one in
the attractive (soft interaction) and another in the repul-
sive (strong interaction) regime [31]. In experiments
with control electronics, the unstable branches cannot
be reproduced, and the resonance curves take on shark

U [mV]

4 "

0 0.05 0.1 0.15 0.2
t [ms]

Fig. 1 a Experimental time series (voltage at the photodiode
vs time) for an atomic force microscope micro-cantilever in
dynamic mode with driving frequency of 53.7kHz. b Nonlin-
ear resonance curve (amplitude of the oscillation vs. driving
frequency) for an atomic force microscope in dynamic mode.
Experimental frequency sweep (shark fin) under ambient condi-
tions, in the vicinity of a Si surface (attractive interaction), expos-

fin signatures, see Fig. 1b. In addition, chaotic motion
of micro-cantilevers has been reported in [32-35].
Atomic force microscopes may therefore serve as
a paradigmatic model system to test a model-free
approach properly for systems at the nanoscale and on
the kHz frequency scale. The device clearly displays
instabilities and bifurcations known from dynamical
systems theory. Hence, it looks promising to apply suit-
able control techniques to track unstable periodic orbits
and to continue related unstable branches and bifur-
cation points. We aim at proposing a control scheme
which can stabilise unknown periodic states and which
does not require any kind of data processing, i.e. the
control is based on the measurement of a single data
point per period. In addition, the scheme needs to be
non-invasive, i.e. control forces have to vanish asymp-
totically so that the final state is a periodic solution
of the system without control. These constraints rule
out various of the control techniques mentioned previ-
ously; for instance, no time-consuming data processing
can be done, e.g. to reconstruct potential target states
from observed data. We want to stress again that we see
here atomic force microscopy just as a motivation. We
do not claim that the control scheme developed here can
be instantly implemented in experiments. Nevertheless,
we consider the theoretical challenge of designing a
control scheme within the limitations described above
to be of interest from the plain theoretical point of view.
Of course that does not rule out that our ideas may ulti-

T
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ing a clearly visible jump (left arrow) from a high-amplitude
branch to a low-amplitude branch when sweeping from high to
low frequencies (cross, bronze). A jump, though much smaller in
size (right arrow), from the low-amplitude to the high-amplitude
branch appears as well when sweeping from low to high fre-
quencies (circle, blue). The amplitude has been estimated from
the Fourier coefficient of the first harmonic (cf. as well a)
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mately find an experimental realisation within atomic
force microscopy.

We introduce in Sect. 2 a simple driven oscilla-
tor model which will be used to illustrate our con-
trol design, and we set up the required notation for
the formal analysis of the Poincare map. Linear pro-
portional full-state feedback on a system parameter in
the Poincare map will be used to achieve stabilisation
of unstable periodic orbits, and the details are outlined
in Sect. 3. The selection of optimal control gains and
the analytic procedure for tracking unstable branches
are introduced in Sect. 4 where we also cover the lim-
itations of the control design which are determined by
controllability conditions known from classical control
theory. Various generalisations of the concept, such as
the impact of a ceiling function for the control feed-
back, or the use of delayed observations in cases where
full-state feedback is not feasible is covered in Sect. 5.
Finally, we also discuss the impact of our theoretical
considerations for the real-world application outlined
above.

2 Stroboscopic map and periodic states

As a motivation to develop the theoretical concepts for
tracking unstable states with a view to perform a data-
based experimental bifurcation analysis, let us consider
the one-dimensional motion of a particle in an external
potential subjected to damping and a periodic harmonic
drive with amplitude A

x=v, V=—yv—U'(x) —hcos(wt). (1)
For the purpose of a numerical illustration, we will

choose later a Toda oscillator [36] in non-dimensional
units with

Ux)=exp(—x)+x—1 )
and parameter values

2
y =102, h=8x 1072, w=7”. 3)

Equation (1) is an example for a two-dimensional non-
autonomous differential equations with T-periodic
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time-dependence which can, in general, be written as

i= [0, fu@0=f,&i+T). )
Here, the two-dimensional vector z describes the state
ofthesystem, f, theright-hand sides, and the subscript
u takes the dependence of the system on a static real-
valued external parameter into account. We will base
our theoretical considerations on the fairly general class
of equations given by Eq. (4), and that clearly covers
the concrete physical example Eq. (1).

As we are finally interested in stabilising and track-
ing time-periodic solutions of Eq. (4), it will turn out
to be convenient to capture the dynamics in terms of
a stroboscopic map. If z(r) = &, (z, z0) denotes the
solution of the system Eq. (4) with initial condition
z(0) = zo, that means

8I;M(t7 ZO):fM(gl,L([,ZOLt)a ;M(O’ ZO):ZO (5)

the stroboscopic map F, is given by
In+1 = F/L(zn) =CM(Tv Zn) - (6)

Here, z, = z(T,) denotes the solution at times 7j,,
where T, stands for discrete time points with fixed
phase of the driving field,e.g. 7, = nT is the end of the
n-th period of the drive. In experimental terms, a strobo-
scopic map is easily realised by recording the output at
integer multiples of the period only. While it is obvious
how to obtain the stroboscopic map, Eq. (6), based on
numerical integration over one period, we finally aim
at a scheme which does not require the precise form
of the map F, and thus can be implemented as well
in experiments. For the time being, let us assume that
we have access to the dynamics and to the stroboscopic
map, say via Eq. (5).

A T-periodic solution of Eq. (4) turns out to corre-
spond to a fixed point of the stroboscopic map, i.e.

T = FM(Z*) (7)

with z() = &, (1, z+) = &, (t + T, z4) being the peri-
odic time-dependent state. The condition Eq. (7) deter-
mines the fixed point manifold z, = z.(u) in depen-
dence on the system parameter. Using z,, = 2z, + 62,
a linear stability analysis of Eq. (6) yields the so-called
variational equation

61n+1 = DF/,L(Z*)SZI’[ (8)
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where DF,(z+) denotes the Jacobian matrix at the
fixed point. Stability requires all eigenvalues of the
Jacobian to be contained in the unit circle. The so-
called Jury criterion [37] gives necessary and sufficient
conditions for the stability in time discrete dynamical
systems. For a two-dimensional map F, (z), these con-
ditions can be expressed in terms of the trace and the
determinant of the two-dimensional Jacobian matrix
DF (z4) evaluated at the fixed point z,. The stability
criteria read

det(DF ,(z4)) < 1, [tr(DF ,(z4))| < 1+det(DF ,(z4)) .

)

To illustrate the considerations so far, we resort to
the example defined in Egs. (1-3). The state vector
is given by z = (x, v), and we chose the frequency
w as our external static parameter w. Integration over
a period simply gives the stroboscopic map, and itera-
tion gives a discrete time series (29, Z1, . . .) Which con-
tains position and velocity at discrete times 7, = nT.
Numerical simulations demonstrate that this series ulti-
mately may converge to a fixed point z, = (x4, v4).
Skipping the transient we record the fixed point, while
we change the parameter p in a quasi-stationary way.
While we could simply record each component of the
state vector z, = (x4, vs), we chose here the combi-
nation 2 = x2 + v2/w? as this quantity would give
the actual amplitude of the oscillation if the solution
were a plain harmonic function. The result displayed
in Fig. 2 clearly shows the usual tilted nonlinear reso-
nance curve with a region of bistability which contains
as well an invisible unstable state. This unstable state
normally determines the basin boundaries of the two
coexisting stable branches via a separatrix. We aim to
complete this bifurcation scenario by supplementing
the unstable state with a method which can then also
be implemented in experiments.

3 Instantaneous full-state feedback

A bifurcation analysis and the corresponding numeri-
cal continuation tools can easily supplement the data
shown in Fig. 2 with the unstable branch. To achieve
such a goal in experiments, one needs to design con-
trol tools to stabilise and track unstable states based on
observations. In addition, such a control has to be non-
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Fig.2 Nonlinear resonance in the driven Toda oscillator, Egs. (1)
and (2), with parameters as in Eq. (3). Stable fixed points of the
stroboscopic map, r2 = x2 + v2 /w?, in dependence on the driv-
ing frequency, w. Circle (blue): adiabatic parameter downsweep,
cross (bronze) adiabatic parameter upsweep

invasive as the control should not alter the position of
the final unstable state. As we deal here with time peri-
odic solutions of time continuous dynamical systems,
we base our approach on the stroboscopic map, Eq. (6),
since just the stabilisation of unstable fixed points is at
stake. We chose the parameter p as our control input, so
that u becomes a dynamical quantity u,,. The simplest
way to install a closed-loop control is by linear state
feedback. That means on each time step we update the
parameter u by a linear function of the current state, so
that

tn =g +al - (z, —zr). (10)

Here, a” = (ay, o) are the two control gains and pg
and zr denote reference values which result in a single
offset. The closed-loop dynamics then reads

In+1 = F,un(zn) . (11)

The fixed point of Eq. (11) is given by (see as well
Eq. (10))

Ze=Fu,(z), pe=pr+a’ - (zo—zr). (12)
Hence, the fixed point z, and the corresponding param-
eter value ., are determined by the intersection of the
fixed point manifold given in Eq. (7) and a hyperplane
which is determined by the reference values (ug, Zr).
By making the system parameter ¢ a dynamical quan-
tity, we aim at stabilising fixed points which have been
previously unstable, by a suitable choice of the control
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gains o’ . Stability of the fixed point is governed again
by the variational equation of Eq. (11) which reads

82n+1 = DF, (2082 + 31, F 1, (2:) («T : 6zn>
= Az, (13)

where the 2 x 2 square matrix A is given by
A=DF,.+dF,®a. (14)

and the contribution caused by the control d F, @ ac” is
the dyadic product of the control gains and the coupling
of'the control action to the dynamical system. Here, and
in what follows, we use the shorthand notation

DF, =DF, (z+), 0F, =20, F, (z+) (15)
to abbreviate the Jacobian matrix and the parameter
derivative of the system at the fixed point. Stability of
the fixed point subjected to control is again determined
by the Jury criterion for the matrix A, cf. Eq. (9). To
evaluate these conditions, we need the trace and the
determinant of the expression Eq. (14). They are simply
given by

tr(A) = tr(DF,) + a! - 3F,
det(A) = det(DF.) + a” - adj(DF,)dF, . (16)

Here, adj(DF ) denotes the adjugate matrix which has
the property that the matrix product DF .adj(DF )
results in the determinant det(DF ). That means the
adjugate is a kind of scaled inverse matrix. Even if the
Jacobian DF, becomes singular, the adjugate matrix
is still well defined.

The Jury criterion for the matrix A (see Eq. (9))
gives three linear inequalities for the control gains o’ .
These inequalities determine a simplex, that means a
triangle, in the parameter space of control gains. As
long as the vectors d F, and adj(DF )0 F , are linearly
independent, the two equations Eq. (16) can be solved
for the control gains e’ for any values of tr(A) and
det(A). That means we can always find control gains
so that the matrix A has eigenvalues which guarantee
linear stability, i.e. so-called pole placement is possible.
Thus, the region for successful control in the parameter
plane of control gains becomes a nonempty triangle. To
perform pole placement and to ensure a stable state, one
needs to solve Eq. (16) for given left-hand side for the
control gains e’ . That requires the coefficient matrix to
be non-singular, i.e. that {0 F ., adj(DF )0 F .} is a set
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oflinearly independent vectors. This condition of linear
independence is equivalent to the linear independence
of {0F,,DF,0F.}, ie. to the classical condition of
controllability. The equivalence is obvious for a non-
singular matrix D F, but it can also be shown to be valid
for singular matrices with a little bit of linear algebra.
Hence, our condition for successful control coincides,
of course, with the classical engineering controllability
condition for the matrix defined in Eq. (14).

Even if the controllability condition is violated, that
means if the set {0 F,, DF,0 F .} is linearly dependent
so that d F,, is an eigenvector of DF,, one can show
by a short calculation, using for instance a coordinate
system where DF ., is diagonal, that one can still find
control gains so that the system becomes stable, as long
as the eigenvector of D F, which differs from 9 F , cor-
responds to a stable direction of the system without
control. This case corresponds in the following sense to
the seminal control algorithm proposed by Ott, Grebogi
and Yorke [11] more than three decades ago. The orig-
inal OGY control algorithm has been essentially moti-
vated by a geometric construction whereby the control
force in phase space is applied in the direction of the
unstable manifold to push the phase space point on the
stable manifold in phase space. The internal dynam-
ics of the system then moves the phase space point
towards the desired target state at a rate determined by
the stable eigenvalue of the target state. Formally, this
successful algorithm violates the condition of control-
lability. The vector which determines how the control
force couples to the system, d Fy, is an eigenvector of
the Jacobian matrix of the system, DF . Thus, the two
expressions 0 F, and DF 0 F , are linearly dependent
and the formal condition of controllability is violated.
Nevertheless stabilisation works. Controllability is in
fact a stronger condition as controllability ensures that
by proper control gains eigenvalues of the system with
control can be placed at will, a feature which the orig-
inal OGY algorithm does not share (see as well [38]).
Thus, violation of controllability does not necessarily
mean that stabilisation fails, as briefly outlined above.

To demonstrate the feasibility of the proposed
approach, we illustrate the control again for the driven
Toda oscillator, Egs. (1) and (2). For the control input,
we use the parameter w, i.e. the frequency. This quantity
is often easily accessible and adjustable in experiments,
but the dynamics normally depends in a very sensitive
way on the frequency of the drive. At the end of each
period, we record the state of the system given by the
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values of x(7,) and v(T,). One then uses the linear
law, Eq. (10), to determine a new value for the fre-
quency which is then kept constant during the follow-
ing period. This process is repeated after completion of
each period, so we apply the control in a stroboscopic
way. The time 7,, for the end of the n-th period is now
not any longer an integer multiple of a base period. For
the control law, Eq. (10), we made up reference values
UR = wpg and z£ = (xR, vg) as well as control gains
o’ out of thin air. We demonstrate successful control
of the unstable state in the region of bistability, see Fig.
2, simply by time traces, see Fig. 3. Frequency w, and
amplitude r2 converge to values which are on the unsta-
ble branch of the nonlinear resonance curve, cf. Fig. 2.
We should, however, remark that control may fail if ini-
tial conditions are set far away from the unstable target
state, i.e. the scheme so far has occasionally bad global
properties.

The basic idea of the stroboscopic control algorithm
can be summarised in non-technical terms in the fol-
lowing way. One adjusts an external parameter at the
beginning of each period to a new value so that the
parameter becomes a time-dependent piecewise con-
stant quantity. The control gains are adjusted in such
a way that the time-dependent parameter converges to
a constant value, while at the same time the state of
the system converges to a periodic solution. By design,
this periodic solution is an unstable state of the origi-
nal dynamics, with a parameter value which is given by
the limit obtained during the control process. The offset

a)

0.99

Wn

0.98

0.97

60 80

Fig.3 Successful control of the unstable state in the driven Toda
oscillator, Egs. (1) and (2), with parameter setting according
to Eq. (3), see Fig. 2 for data without control. The frequency
o has been used as control input u. Reference values in the
control law Eq. (10) are wg = 0.97, xg = (zr)1 = —0.28,
vg = (zg)2 = —0.54, while gains have been chosen as o) = 4.9

in the control law enables one to tune this limit value
and to select the target state. Above all, the scheme
is able to stabilise an unknown periodic state without
the need of any data-based estimation or reconstruction
in phase space, and the scheme is non-invasive, even
though there is no quantity in the control loop which
tends to zero.

4 Optimal control gains and tracking

From alinear perspective optimal control gains result in
transients as short as possible, i.e. these gains cause the
fixed point to become superstable with both eigenvalues
of A vanishing (see Fig. 3 for an illustration). Solving
Egs. (16) with tr(A) = det(A) = 0 for a” gives

1 1
det(DF tr(DF
ol — _u et( %) + vtr( %) (17)
vl.0F,

where

uh = ((OF.)y, = (@F.)
vi = (= (adj(DF.)3F ), . (adj(DF)dF.),) (18)

are orthogonal vectors to the set {0 F, adj(DF ;)0 F .}.
The analytic computation of these optimal control gains
requires the knowledge of DF, and 9 F .. It is not sur-
prising that without any knowledge about the under-
lying dynamics an a priori determination of optimal
control gains cannot be achieved. It is in fact already

0.39
b)

0.385
N 0.38
0.375

037 | | |

0 20 40 60 80
n

and «p = 8.5. Time series of the stroboscopic map with control,
Eq. (11), and initial condition x (0) = xg, v(0) = vg (blue, open
symbols, lines are a guide to the eye); a frequency value w,, b
amplitude estimate 2 = x2 + v2/w?. For comparison, the cor-
responding time series for optimal control gains, see Sect. 4, are
shown as well (bronze, full symbols)
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quite remarkable that we were able to show that for a
generic dynamical system there exists a range of gains
where stabilisation of the target state is possible. Based
on this observation, it is then possible to find such gains
in experiments and optimise their values when looking,
e.g. at the transient dynamics or at the spectral width
of residual signals, as the latter gives an estimate of the
eigenvalues of the system subjected to control (see, for
example, [39] for an application of such a general idea
in a different control setting). Hence, maximising such
linewidths by tuning the gains will result in optimal
control gains as well.

Let us here study in more detail the analytic impact
of Eq. (17). At least in numerical simulations the
required derivatives can be quite easily computed from
the variational equation of Eq. (5), along the lines of
the stroboscopic map. In fact, the Jacobian matrix

DF ), (z0) = 0208, (T, z0) = X (T, 20) 19)

follows from the derivative of the time-dependent solu-

tion with respect to the initial condition and thus results

in the so-called fundamental matrix X . Taking the

derivative of Eq. (5) with respect to the initial condi-

tion, we obtain

9 X (1, 20)
=Df (&, (t,20), )X, (,20), X,(0,20) =1.

(20)

Similarly, we have for the derivative of the stroboscopic

map with respect to the parameter

8. F u(20) = 8,8 ,(T. 20)
+8T;/,L(T7 ZO)aMT = nM(T7 ZO)
+ £ (Fu(20), T)3, T (1)

where the derivative 9,¢, of the solution ¢, with
respect to the parameter obeys (see Eq. (5))

9, (t,z0) =D f (£, (1, z0), )m, (1, Z0)
+0u f (8, 20), 1), 1,(0,20) =0. (22)

If we integrate Egs. (20) and (22) together with Eq. (5),
we obtain the stroboscopic map, Eq. (6), and the rele-
vant derivatives, Egs. (19) and (21). Hence, the optimal
control gains, Eq. (17), are easily accessible.

The reference values (g, zr) in Eq. (10) deter-
mine the actual fixed point z, to be stabilised and the
corresponding parameter value .. By a slow quasi-
stationary change of the reference values, it is possible
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to track unstable states. While not required, it is suit-
able to set reference values close to the desired target
state ({4, Z+). When control is achieved, one may then
increase the reference values (14 g, Zr) in the direction
of the curve of fixed points. Suitable increments can
thus be obtained from the tangent vector of this mani-
fold, which is given in terms of the differential of the
fixed point condition z, = F,, (z4), that means

0= (DF,LL* (z+) — 1) dz + 9, F ., (z)dw . (23)
Hence,

dp det(DF, — 1)
(dz ) | (—adj (DF, —1) BF*) (24)

so that the vector of increments is parallel to a vec-
tor determined by the Jacobian matrix and deriva-
tives of the stroboscopic map. The increments can be
computed explicitly with the quantities that have been
already used to determine the optimal control gains,
Eq. (17). Thus, no additional input is needed to imple-
ment a quasi-stationary change of the reference values,
(1R, Zr) = (s +du, 2+ + dz), which allows to per-
form a control-based tracking of unstable states.

Again we illustrate the tracking with the driven Toda
oscillator, Egs. (1) and (2), with parameter setting as in
Eq. (3). We implement control, Eq. (10), with the fre-
quency w being the control input . The control gains
are adjusted to their linear optimal values, Eq. (17),
where the relevant quantities can be obtained, as men-
tioned, from Egs. (20) and (22), when control has been
successful. The reference values are changed by the
tracking procedure based on the tangent of the fixed
point manifold, Eq. (24), as described above. Results
obtained from a manifold upsweep and downsweep are
shown in Fig. 4a. We clearly recover the full resonance
line including the unstable branch (cf. Fig. 2 for the data
without control). Near the tip of the resonance curve
the tracking fails. Here, control gains start to diverge
as the controllability condition is violated. That feature
is reflected by a vanishing denominator in Eq. (17),
see Fig. 4b for the value of the denominator along the
parameter upsweep and downsweep.
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Fig. 4 Control-based tracking of the driven Toda oscillator,
Egs. (1) and (2) with parameter setting specified in Eq. (3). For
the control input, the frequency is used and control gains have
been adjusted to their optimal values, Eq. (17). Tracking is done
by incrementing the reference values in the control law, Eq. (10),
along the tangent of the control manifold, see Eq. (24). a Station-

5 Practical challenges and extensions

The linear full-state feedback along the lines of Eq. (10)
is just a special case of a more general instantaneous
law defined by a function A
:Uvn = h(znv a’ UR) (25)
where vg stands for some reference value used, e.g.
for selecting fixed points or tracking. The fixed point is
now determined by the intersection of two manifolds
Zx = Fu, (24), s = h(z4, a, VR). (26)
As far as linear stability is concerned the previous anal-
ysis by and large still stands as the variational equation
of Eq. (25) reads

Sibn = 07, h(Z4, 0, VR) - 82, . 27)
Hence, stability is now governed by some renormalised
control gains d;, (24, &, VR) but otherwise the analysis
remains unchanged. In particular, the constraint caused
by controllability still stands, even for the fairly gen-
eral scheme of Eq. (25). The original linear scheme,
Eq. (10), may have bad global properties, e.g. with
regard to the size of the basin of attraction or the struc-
tural stability of the control loop. One may aim at opti-

mising some of those features by suitable choices of
the feedback A.
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ary amplitude rf = x,% + vi Jw? as a function of the frequency
(see Fig. 2 for the data without control), b value of the denomi-
nator of the optimal control gains, see Eq. (10). The denominator
vanishes near the tip of the resonance curve. Red (circles): man-
ifold downsweep, cyan (crosses): manifold upsweep

5.1 Nonlinear observation and ceiling function

It is worth to consider a few special cases of Eq. (25)
more explicitly. If one observes the state of the system
through two observables g1 (z) and g>(z) instead of the
state vector, a corresponding linear feedback reads

tn =g +a’ - (g(zy) — gg) (28)

where gp are some reference values. The variational
equation

Sitn = ol - Dg(z4)8zn (29)

tells us that stability is governed by rescaled control
gains a’ Dg (z,) which are still independent quantities
as long as the Jacobian Dg(z,) is not singular (i.e. the
two observables are in this sense independent).

The system may depend very sensitively on the
parameter w. That is in particular the case if the fre-
quency of the drive is used as control input. Then, the
control tends to overshoot, in particular for the linear
law Eq. (10) which is defined by an unbounded func-
tion. One can try to cure this problem by using a ceiling
function. A simple version where the control feedback
stays bounded is given by

T- —
al - (z, ZR)) (30)

Mn=me+ntanh( n
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where n > 0 determines the cut-off of the control feed-
back. By this choice, we ensure on the one hand that
the parameter stays in a neighbourhood of the reference
value wg, while on the other hand the linear stability
is unaffected as the variational equation coincides with
the case of linear feedback. It may, however, happen
that the system settles on coexisting stable branches as
for large deviations from the reference value the control
feedback along the lines of Eq. (30) becomes constant.

5.2 Incomplete information and time-delayed
observation

An important variant of the scheme outlined in Eq. (28)
occurs if instead of the full-state vector z only partial
information, say one component, is accessible. To anal-
yse this case in slightly more detail, let us use the nota-
tion z = (x, v) for the two components, and assume
that the first component x(¢) is accessible. The strobo-
scopic measurement at times 7},, i.e. at the end of the
n-th period of the driving field, gives us x, = x(7},).
Since we assume the second component to be inacces-
sible, we are left with the option to base our feedback
on x(t) evaluated at a different time during the period
of the drive. Following, for instance, the reasoning of
delay embedding [40], it is instructive to choose the
value of &, = x(T,, — ) as our second observation,
where 7 denotes a fixed time delay. For a theoretical
analysis of a scheme which uses such a delayed obser-
vation, we recall that &, can be expressed in terms of
the solution of the equations of motion, Eq. (5), as

=00 (—T.z0) =y, (@) 31)

since ,— is the actual value of the control input during
the period when the delayed observation is performed.
In some sense, we are aiming at a control feedback
along the lines of Eq. (28) with the choice g1(z) = x
and g>(z) = hy,_,(z). Since the delayed observation
already depends on the parameter value w,_; of the
past period, it looks consistent to take that also explic-
itly into account for the feedback law of w,,. Thus, we
arrive at

Mn = R + o1 (xy — xR) + 02(§, — &R)
+B(n—1 — UR)
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= R + o1 (xp —xg) +az(hy, (2,) —&R)
+B(tn—1 — UR) (32)

with some fixed reference values (g, xg, and &g. The
theoretical analysis now closely parallels the steps of
the previous sections. The fixed point of the closed-loop
dynamics, Egs. (11) and (32) is determined by

T = F;L*(z*)a s = UR + a1 (X5 — XR)
+052(h;1.* (zx) —&R) + B(x — R), (33)

while the variational equation with z, = z. + 8z,
Un = s + Sy (cf. as well Eq. (13))

0zp41 =DF 8z, + 0F 0,
Spp = a18xy + az(dhy - 8z, + 0hySpy) + BSun—1
(34)

provides the details about the stability of the fixed point.
Here,

dh* = Vz*hu*(z*), ah* = a;},*h,u*(z*) (35)
abbreviate the gradient of the delayed observation and
its derivative with respect to the external parameter at
the fixed point. Introducing rescaled gains by

&1 = ay + aa(dhi)1, 6o = ax(dhy)a, B = B+ azdh,
(36)

the variational equation, Eq. (34) can be conveniently
written as

Szn—H) < 8z, )
=B 37
< Spn Spn—1 37

with

DF. 0 oF, AT 3
B= (o) ()o@ h). o

It is quite easy to check that, as expected, the condi-
tions for controllability of the matrix B coincide with
the simpler case of matrix A discussed in Sect. 3, as
long as DF . isnon-singular. The same statement essen-
tially holds in the singular case, as we will see shortly.
To assess the stability properties, let us focus on the
characteristic polynomial of the matrix B, Eq. (38),
which evaluates as
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det(B — A1) = —23
+32 (wDF,) +&" - 9F, + §)
— (det(DF*) + &7 . adi(DF)aF 4 + ﬁtr(DF*))
+Bdet(DF ) . (39)

The Jury criterion [37] gives again necessary and
sufficient conditions for stability, but the criterion is
slightly involved for a polynomial of degree three, see,
for example, [41] for a simple application on delayed
feedback control. Here, we resort to the simpler con-
cept of pole placement which requires to find gains al
and f so that the subleading coefficients in Eq. (39)
can take any prescribed numerical values. Thanks to
the linear dependence of the coefficients on the control
gains that is indeed the case if det(DF ;) # 0 and if the
set {0F, adj(DF )0 F.} is linearly independent. The
last condition coincides in fact with the controllabil-
ity condition encountered for full-state feedback dis-
cussed in Sect. 3. Even if DF, becomes singular, the
condition of linear independence still guarantees suc-
cessful control since the third eigenvalue of the matrix
Eq. (38) just vanishes. As for the optimal control gains,
i.e. for control gains so that the stabilised orbit becomes
superstable, all nontrivial coefficients in Eq. (39) have
to vanish. That means these optimal control gains are
given by B = 0, while a’ obeys the conditions of opti-
mality discussed in Sect. 4, see Egs. (16) and (17). In
particular, the inclusion of the damping term Su,—1 in
the control law Eq. (32) has turned out to be crucial, as
otherwise stabilisation or optimal gains could be inac-

a) 0.984
0.982
3 098
0.978

0.976 - | | s

0 20 40 60

n

Fig. 5 Control based on measurements of the position in the
driven Toda oscillator, Egs. (1) and (2), with parameter setting
according to Eq. (3), see Fig. 2 for data without control. The
frequency w has been used as control input x in the control law
Eq. (32) with delay time 7 = 1.5. Reference values in the con-

cessible, see Eq. (36). Finally, we need to ensure that
the rescaled gains a’ and ,3 translate into actual control
gains a” and B via Eq. (36). That requires (dhy), to
be nonzero, a condition which means that the second
unobserved component of the state vector has a finite
impact on the delayed observation, see Eq. (31). Such
a constraint can thus be considered as a trivial instal-
ment of what is called observability in the engineering
context.

In summary, we conclude that control with incom-
plete state information is possible when delayed obser-
vations are employed. If one has access to the underly-
ing equations of motion, the required control gains can
be computed in the same way as before, since Eq. (31)
and the required derivatives, Eq. (35), can be obtained
again from the solution of Egs. (5), (20), and (22). For
the experimental context, our considerations tell us that
a control law along the lines of Eq. (32) will be suc-
cessful for a suitable set of control gains.

For the purpose of an illustration, we again resort to
the Toda oscillator with the parameter setting already
employed in Fig. 3. Now, however, we base the control
on the observation of the position x () only, Eq. (32),
with the frequency being the control input, ©, = w,.
Measuring the position at an intermediate time, &, =
x(T, — 1), and at the end of the period, x,, = x(T,,), we
update the frequency after each period. For the choice
of a suitable time delay 7, we recall that for harmonic
solutions the observation of the position with a delay
of a quarter of the period results in a value which is
proportional to the velocity. Therefore, we take 7 =

b) -0.285 - 7
-0.29

e

X

-0.295

0.3 &°

n

trol law are wg = 0.98, xg = —0.3, gr = 0.527, while gains
have been chosen as «; = 5.0, ap = —8.0, and 8 = 0.1. Time
series of the stroboscopic map with control, Eq. (11), and initial
condition x(0) = xg, v(0) = —0.53. a Frequency value w,, b
position x,
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1.5. While optimal control gains can be computed as
outlined above, here we make up some suitable values
out of thin air. Figure 5 shows time traces of successful
stabilisation of an unstable state.

6 Conclusion

We have introduced a design for the non-invasive con-
trol of an unknown periodic orbit. Our approach is
based on a stroboscopic observation of a time series and
an implementation of a full-state proportional feedback
for a parameter of the system. During the stabilisation,
the parameter and the time-dependent state simultane-
ously adjust in such a way that a proper periodic orbit of
the plain system at a target parameter value is obtained.
Our approach relies on simple measurements of the
state of the system and does not require any further
data processing. Our design is thus able to deal with
systems on fast time scales, like the example of ampli-
tude modulation dynamic force microscopy described
as a motivation in the introduction, and where no accu-
rate mathematical model is available.

We have evaluated the performance of the control
in terms of linear stability analysis. That enabled us
to determine optimal control gains by and large by
analytic means, to implement a tracking algorithm for
unstable branches, and to clarify the role and the limi-
tations caused by controllability conditions, which are
well established in the engineering context. By defi-
nition, a linear stability approach cannot give detailed
information about the global performance of control,
such as the basin of attraction of the stabilised state, or
the invariant manifolds which cause basin boundaries.
Numerical findings indicate that the basin is occasion-
ally quite small, and any analytic estimate turns out to
be quite challenging. We will address this important
issue elsewhere.

In typical situations, information about the full state
of the system is hardly available as one often just relies
on the measurement of a single scalar time series. Even
in such cases our design can succeed by employing
delayed observations, as shown in the example above.
With access to the underlying dynamics, one can even
determine suitable control gains a priori, and essentially
by analytic means. In addition, it is worth to explore
whether the control performance of periodic orbits can
be improved by using multiple delayed observations
for a larger set of time delays and for a larger number
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of control gains, following in some sense the spirit of
extended time-delayed feedback control [42].

While the implementation of the control design out-
lined above is based on the stroboscopic observation of
an experimental time series, we have used some prop-
erties of the underlying equations of motion for the
theoretical analysis. While in numerical simulations
one has full access to the details of the dynamical sys-
tem, so that the optimal control gains, Eq. (17), can
be evaluated, such information is hardly available in
actual real-world experiments, since a data-based accu-
rate estimate of the required derivatives normally turns
out to be a delicate problem. Therefore, finding suitable
control gains in experimental set-ups may turn out to
be a considerable challenge. It is therefore still a highly
nontrivial task to design a feedback, Eq. (25), in fast
real-world experiments so that stability estimates and
good global properties can be obtained a priori if only
a scalar experimental time series is at hand.

Our analysis has been based on linear stability and
thus cannot address the questions mentioned above in
full detail. In fact, numerical simulations with success-
ful control may show basins in phase space which are
small, even if we employ dead beat control with vanish-
ing eigenvalues. The mechanism of stroboscopic con-
trol and the conditions for controllability do not rely on
any time scale separation. Control is successful even if
the internal dynamics is fast compared to the period of
the orbit if one discounts for the well-known impact
of control loop latency. Eigenvalues of the target states
involved do not have to be a small perturbation of unity
so that one can deal with situations where one is either
far apart or in the vicinity of a bifurcation point. While
all these aspects may turn out to be useful in appli-
cations, they make an intuitive understanding of the
control performance quite challenging, if not impos-
sible. To make some progress, it could be sensible to
take a step back and to focus on models and situa-
tions where the dynamics is a perturbation of harmonic
motion, and where time scale separation and averag-
ing can be applied. In such cases, one would be able to
gain analytic and intuitive insight into global properties
of the control mechanism such as basins of attraction
or the impact of the parameter that is used to couple
the control force. In experiments, the frequency and
the amplitude of the drive are usually easily accessible
for control input. It would be interesting to figure out
which of these variables is more suited to optimise the
global control performance such as basins of attraction
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or removing obstacles caused by controllability. In that
respect looking at the seemingly simple case of weakly
nonlinear systems would be a promising next step, even
from the point of view of a potential application, and
details about the corresponding global analysis will be
published elsewhere.
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Abstract Numerical continuation tools are nowadays
standard to analyse nonlinear dynamical systems by
numerical means. These powerful methods are unfor-
tunately not available in real experiments without hav-
ing access to an accurate mathematical model. Imple-
menting such a concept in real world experiments using
control and data processing to track unstable states and
their bifurcations, requires robust control techniques
with large basins and good global properties. Here we
propose design principles for control techniques for
periodic states which lead to large basins and which
are robust, without the need to have access to a detailed
mathematical model. Our analytic considerations for
the control design will be based on weakly nonlinear
analysis of periodically driven oscillator systems. We
then demonstrate by numerical means that in strong
nonlinear regimes successful control with large basins
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of attraction can be achieved when only plain time
series data are available.
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1 Introduction and experimental context

Dynamical systems theory, in particular the investi-
gation of instabilities and of chaotic motion in non-
linear systems is one of the key themes in theoreti-
cal and experimental sciences of the last decades [1—
3]. Numerous tools have been developed to study the
complex motion in such systems. From a theoretical
perspective continuation of stable as well as unstable
solutions and of bifurcations play a prominent role [4]
since global structures in phase space and a skeleton
of unstable states for the dynamics can be discovered
which gives insight into details of the dynamics [5].
Equation free analysis has been proposed as a practical
tool to derive effective equations of motion from micro-
scopic models by numerical means [6]. These effective
models can then be studied by analytic and numerical
bifurcation analysis to understand the low-dimensional
nonlinear structures and pattern formation in complex
real world systems.
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The idea of a model free approach has taken this con-
cept a step further by proposing an approach where one
avoids the intermediate derivation of effective equa-
tions of motion, making the idea directly applicable
to experiments. In this context the required continu-
ation of stable or unstable dynamical states relies on
non-invasive control methods which are directly appli-
cable to real world experiments. Non-invasive control,
sometimes called orbit control in the engineering con-
text, has the crucial property that the control forces
ultimately tend to zero, so that the stabilised state is
a genuine unstable orbit of the original system with-
out control (see as well [7], where this idea has been
popularised within the physics community). In addi-
tion to numerical implementations of an equation-free
approach to obtain bifurcation diagrams at a macro-
scopic scale, see for instance [8], a successful imple-
mentation of this concept has been already demon-
strated in mechanical and electro-mechanical hybrid
experiments [9—11], in electrochemical setups [12], or
even in experimental studies of pedestrian flows [13].
Key to these experimental implementations of contin-
uation techniques is the availability of suitable control
methods which can deal with quite diverse experimen-
tal conditions. Control problems have of course a long
standing tradition in engineering. They took a large
boost during and after world war two, where linear con-
trol theory was formalised in a systematic manner. Sub-
sequently these ideas have been extended to nonlinear
systems, see e.g. [14,15]. Putting the emphasis on non-
invasive methods the relevance of control techniques
for the purpose of system analysis has been rediscov-
ered in the context of chaotic dynamics [7]. Unlike in
engineering, control is considered here merely as a kind
of spectroscopic tool to identify structures in the phase
space of the system.

To illustrate some of the challenges one faces when
one aims at implementing control based experimen-
tal continuation of unstable states we refer to atomic
force microscopy as a paradigm. A comprehensive the-
oretical study of control-based continuation in a model
of atomic force microscopy can be found in [16]. In
experimental terms atomic force microscopy is a quite
versatile method to inspect surfaces and attached struc-
tures or objects thereon, down to the nanoscale [17,18].
During the last decades scanning platforms have been
substantially augmented, so that frame sizes of 80 um
down to 1nm are possible without any drawback in
lateral and vertical linearity. During topography acqui-

@ Springer

sition under ambient conditions the relative amplitude
drop can serve as setpoint variable while the control
variable is the piezo actuator height. To a good degree,
thereby the tip-sample separation is kept constant dur-
ing lateral scanning and a topography is acquired as a
discrete data set. Typically, physical lateral resolution
is at about Inm while vertical resolution is at about
1A. It is quite common to operate atomic force micro-
scopes in the dynamic mode where the sensor element,
a bending micro-cantilever with a tip, is driven into
oscillation via a dither or shaker piezo. The nonlinear
features in the interaction with the surface turn atomic
force microscopy into a complex nonlinear dynamical
systems which shows bistability, a variety of bifurca-
tions, and chaotic motion [19-22]. In dynamic force
microscopy stable low and high amplitude branches
with an unstable branch in between do coexist. Jump-
ing between the two stable branches during acquisition
of topography is a common distortion, particularly with
molecular species, requiring manual intervention (see
Fig. 1 for experimental images). Especially beyond the
resonance frequency of the cantilever a rather broad
range of tip sample separations is prone to such imag-
ing instabilities. By applying ideas from time-delayed
feedback control to atomic force microscopy noise
reduction in the imaging process has been reported
[23].

We have mentioned atomic force microscopy just
to motivate our plain theoretical considerations. Con-
trol challenges which may occur in such an experi-
mental context, such as the lack of a proper mathemat-
ical model, fast time scales like those encountered in
nanosystems which prevent extensive online data pro-
cessing, parameter drifts and non-stationary behaviour
which preclude a preliminary data based modelling, or
the dynamical impact of noise are the topic of our inter-
est. Above all we want to design a control scheme which
is robust and comes with a large basin of attraction, and
which finally can be set up if just plain measurements of
the system are available. In a previous theoretical study
[24] we have outlined a scheme to deal in principle
with these issues by linear control schemes applied to
stroboscopic maps. However, such linear schemes have
severe limitations when it comes to global properties of
the control in nonlinear setups. In our work we focus on
the design of non-invasive control schemes with large
basins of attraction. We will demonstrate their success
by numerical simulations. Actual implementations in
experiments will be addressed elsewhere.
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Fig. 1 Dynamic force microscopy of a conductive polymer
blend (PEDOT:PSS) thin filmdeposited by spin coating on a glass
substrate (rotational frequency is 5000 revolutions per minute,
film thickness ~ 32 nm). Cantilever type: Nanosensors SSS-
NCHR with a force constant in the regime of 10-13 N/m and a

The design of control schemes with good global
properties is of course a standard theme in engineer-
ing. For instance, the problem of globally stable con-
trol design has been solved by exact state-space lin-
earisation for single-input systems, see [14]. Having
said that, the implementation of such ideas requires
some knowledge about the underlying dynamics. In
very basic terms the issue of globally stable control has
been revisited in the context of control of chaos [25]
and has been popularised beyond the remit of engineer-
ing problems. To keep our presentation self-contained
Sect. 2 will give a brief sketch of the basic ideas
and of the related challenges in a theoretical setting.
Design of control schemes with good global properties
requires access to some properties of the dynamics.
Since we have ultimately applications for atomic force
microscopy in mind we focus here on general nonlin-
ear driven oscillators and the corresponding nonlinear
resonance behaviour. We will outline in Sect. 3 how
weakly nonlinear perturbation expansions will give us
analytic access to the dynamics, and in particular to the
stroboscopic map of the equations of motion. Based on
these analytic estimates we will show in Sect. 4 how
to design a globally stable control scheme to stabilise
periodic orbits in a non-invasive way. In particular, our
design utilises the phase of the driving field as a key
component of a globally stable control scheme. While
our approach has been based on weakly nonlinear anal-
ysis and on the analytic expression of the stroboscopic
map, we will show by numerical means that our control
scheme also works well beyond the perturbative regime
and can thus be applied to generic nonlinear oscilla-

nominal tip radius of 2 nm. AFM instrument: Park Systems NX-
20 (in ambient air). AM amplitude drop A/A f,e. 2 0.75. Left:
topography, middle: phase between excitation and cantilever
bending, right: amplitude. The phase exhibits a clear bimodal
distribution peaking at —33° and +14° (not shown)

tor systems. We demonstrate in Sect. 5 that the control
scheme can be used for a data based tracking of unstable
orbits and for the generation of a complete bifurcation
scenario. While the design of the control scheme has
been based on a perturbative treatment of model equa-
tions, we will show in Sect. 6 that all the elements of the
control scheme can be obtained from data, in particular
from scanning a bistable nonlinear resonance curve, as
long as higher order harmonic components do not dom-
inate the dynamics of the system. Above all, the control
scheme can be implemented without any a priori access
to a mathematical model. Finally, we briefly discuss in
the conclusion limitations and merits of the proposed
approach, in particular in the context of atomic force
microscopy and related experimental setups.

2 Globally stable control in a nutshell

As we are aiming at controlling periodic states of
a dynamical system it seems promising to focus on
Poincare maps or stroboscopic maps since periodic
states will become fixed points of the time discrete
dynamical systems. To illustrate the basic idea how to
design a globally stable control scheme consider a time-
discrete dynamical system given by a one-dimensional

map f,
Xn+1 = fu(xn) =pn+ glxn) (D

where the right hand side depends on a parameter p
which will serve as control input. For simplicity and for
the purpose of illustration we assume here that the map

@ Springer
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depends on the parameter u in an additive way. Such an
assumption is by no means essential for the subsequent
considerations. We aim at controlling fixed points of
the dynamical system, Eq. (1), where the fixed point
manifold, that means the fixed point x, in dependence
on the parameter w, is determined by

X = S, () = s + 8(x4) . (2

In order to stabilise such a fixed point we make the
parameter 1 a dynamical time-dependent quantity. In
its simplest instalment the time-dependence of w is just
given by a static relation with the state variable, say

Mn = R + h(xy) 3)

where h specifies the control law, i.e., the dependence
of the parameter ., on the state of the system x,,. Then
the closed loop dynamics reads

Xn1 = fu, (xXn) = g +h(x,) + g(x,) . 4)

The actual fixed point to be stabilised is determined by
eq. (2) together with

s = UR + h(xy) . (%)

In geometric terms Eqgs. (2) and (5) amount to the inter-
section of two manifolds. The static offset ;g which
has been included in the control law, Eq. (3), serves as
an external parameter by which the fixed point to be
controlled, x,, and the corresponding actual parameter
value it can be selected.

We aim to chose the control feedback /(x,,) insuch a
way so that the fixed point x,. becomes a globally stable
fixed point of the closed loop dynamics, Eq. (4). The
obvious choice is of course h(x) = —g(x) since the
fixed point of the closed loop dynamics becomes super-
stable and convergence happens in one iteration step.
The offset g of the control loop becomes in fact the
fixed point value to be stabilised and the correspond-
ing parameter value is given by Eq. (5). Global con-
vergence can be obtained as well under less stringent
conditions. For instance it is sufficient that the closed
loop dynamics, Eq. (4), gives rise to a contraction map.
Hence a rough estimate of the full internal dynamics
may be sufficientto design a successful control scheme.
As asimple illustration consider the logistic map on the
interval [0, 1] which reads

Xn+1 = fu(xn) = puxp(1 —x,) . (6)

To stabilise the fixed point we employ the control
scheme u = w, with the choice

Mn = LRh(Xp) = R/ sin(mx,) . (7)

@ Springer

Then the closed loop dynamics

n 1 - n
ol = fou, (n) = m% 8)

yields a contraction on the interval [0, 1] and the
dynamics converges globally to a unique fixed point
xx. The actual value of the fixed point is determined
by the control gain g, and the corresponding actual
parameter value is given by p,. = wrh(xy), see Eq. (7).
Figure 2 shows time traces of successful control of the
unstable fixed point for some typical parameter values.
It is worth to mention, that by construction, the control
scheme outlined above is non-invasive, even though a
control force does not seem to tend to zero. By mak-
ing the system parameter 1 a dynamical quantity (&,
which is adjusted by an instantaneous feedback law
such as Egs. (3) or (7), successful control is signalled
by the dynamical parameter tending to a limit value i
(see Fig. 2). In such a case the resulting dynamics for
x, in our case a fixed point (see Fig. 2), coincides by
construction with an orbit of the system without con-
trol at fixed parameter value . Hence, we have a
non-invasive control scheme which stabilises a proper
unstable orbit of the original equations of motion. In
fact, the fixed point which is stabilised in Fig. 2 (red
symbols), coincides with the unstable fixed point of the
logistic map for the limit parameter value oo (Fig. 2,
cyan symbols). We also note that the reference value
g in the feedback law tunes the limit value oo and
the control target, see Eq. (5), but is by no means per
se the target value of the control scheme.

To design a globally stable control law one needs
the full knowledge or at least a sufficiently accurate
estimate of the underlying equations of motion. That
is of course far from surprising as a globally stable
solution requires the control law to remove all poten-
tially occurring basin boundaries of the stabilised state.
Such boundaries are normally caused by unstable sad-
dles and their stable manifolds which, as said, have
to be removed from the equations of motion. The rea-
soning summarised in this section is far from novel.
Such considerations are at the heart of any sensible
control design and they are normally covered in any
basic course in control engineering. The main idea is
also well established for, say, almost a century and sim-
plified versions have also popped up in the physics con-
text, see e.g. [25]. Nevertheless we felt it useful to recall
these basic considerations as we will use such reason-
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Fig.2 Red: Time series of the logistic map, Eq. (6), for u = 3.6
with initial condition xo = 1/3, without control for n < 50
(full symbols) and with control, Eq. (8), with ug = 2.75, for
n > 50 (open symbols). Cyan: corresponding time evolution
of the parameter p,, without control for n < 50 (full symbols),
and with control, Eq. (7), with ur = 2.75, for n > 50 (open
symbols)

ing to design globally stable control of periodic states
in oscillator systems in the next sections.

3 Stroboscopic map for weakly nonlinear
oscillators

We will mainly deal with control of unstable periodic
solutions in two-dimensional driven oscillator systems,
which are described by the set of differential equations

X =,

b= —wx

+e& (—yv —U'(x) — h'© cos(wt) — h® sin(a)t)) )

)

Here y denotes the viscous damping constant, U (x) the
anharmonic part of the potential, and £¢/¢) the ampli-
tudes of a harmonic periodic driving force. As pointed
out in the previous section we will require some degree
of access to the full dynamics, hence we adopt a sys-
tem with a small parameter & which can be employed
to perform an analytic perturbation expansion.

The purpose of the model, Eq. (9), is twofold. For
¢ = 1 the model constitutes a general nonlinear driven
oscillator which will be used to test our control design
(see Sects. 5 and 6 ), even to the level where we base
control only on a recorded time series of the model.
On the other hand we will use the regime of small ¢

in Eq. (9) to develop, inspired by analytic perturbation
expansion, a globally stable control design in Sect. 4.
In particular, we will show that access to the ampli-
tude and the phase of the driving field is sufficient to
set up the control scheme. While this design will work
by construction in the perturbative regime we will also
demonstrate that good global properties persist for typ-
ical oscillators.

As far as dynamical phenomena of Eq. (9) are
concerned we can simply resort to numerical compu-
tations of stroboscopic maps, that means computing
Xp = x(n2w/w) and v, = v(n27/w), and study the
properties of the map (x,,v,) — (Xp+1,Unt1) by
numerical means. While in our analytical studies we
will keep a general potential we use for numerical pur-
poses a simple Duffing oscillator with potential given

by

b
Ux) = %xz +oxt (10)

and we chose in numerical simulations a standard set
of parameter values

y=0.1, a=-05 b=10, w=10. (11

A dominant dynamical signature of such oscillator
systems is a nonlinear resonance which occurs even
beyond the perturbative regime of small ¢ values, where
a bistability between a large and a small amplitude
branch appears. That can be vividly illustrated by a
numerical computation of time traces of the strobo-
scopic map which tend toward fixed points, and where
the bistability occurs when the amplitude of the driv-
ing field is changed in a quasi-stationary manner, see
Fig. 3. This bistability will be at our centre of interest
as we aim to stabilise the unstable branch which sep-
arates the two stable states in the bistable region, with
a view towards performing finally a control based data
driven continuation of bifurcations in experiments such
as atomic force microscopy.

One of the two amplitudes () or 1®) in eq. (9) seem
to be redundant because

h© cos(wt) + b sin(wt) = h cos(wt — 6),

h= \/(h(c>)2 + (R (12)

Here 6 denotes the phase of the driving field relative to
the cross section of the stroboscopic map, i.e., relative
to the times n2m /w of the observation. The phase 6 can
be easily eliminated by choosing an appropriate cross
section for the stroboscopic map, i.e., by shifting the

@ Springer
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1.2 ..
condition (x,, v,) reads
Up .
x(o)(t) = x, cos(wt) + — sin(wt),
0.8 - w
o v (1) = vy, cos(wr) — wx, sin(wt) . (13)
0.4 At firstorder O(e) we obtain the linear inhomogeneous
system
0 ROERN0!
0

h(c)

Fig. 3 Bifurcation diagram of Egs. (9) and (10) with ¢ = 1,
h® = 0, and other parameters as in Eq. (11). Data have been
obtained from a numerical simulation of the stroboscopic map,
i.e., from time traces evaluated at integer multiples of the period
of the driving field. Skipping a transient of 50 iterations the orbit
settles on a stable fixed point (x4, v). The dependence of rf =
x2 4+ vZ/w? on h'© is shown for a quasi-stationary parameter
upsweep (cyan, full symbols) and a parameter downsweep (red,
open symbols). The black line shows the analytic result obtained
from a first order perturbation theory, see Eq. (24)

time of observation by a constant amount. However,
we will see soon that having access to the phase of the
driving field will be a key element to construct a glob-
ally stable control scheme. In fact using the phase of the
driving field for the purpose of control is by no means
novel, see e.g. [26]. Such feedback has been proposed
in experimental contexts, for instance, for noise reduc-
tion at the microscale [27,28]. However, neither non-
invasive control, nor control with good global proper-
ties has been at the centre of interest in these studies.
As we have seen in the previous section a success-
ful design of a suitable control feedback requires some
basic understanding of the dynamics of the underly-
ing system. That means some analytic access to the
stroboscopic map is beneficial. While a closed ana-
lytic expression for the stroboscopic map is never avail-
able in non-trivial situations, we can get some insight
if we constrain to the perturbative regime of small ¢
values. If x (¢, x,,, v,, &) and v(¢, x,,, v,, &) denote the
time dependent solution of Eq. (9) with initial con-
dition (x,, v,) the exact stroboscopic map is given
by (xn, vp) = (Xpp1s Unt1) = (xQCm/w, xp, vy, €),
v(2mw/w, Xu, vy, €)). Using a straightforward series
expansion of the solution of Eq. (9) in terms of ¢ we
are able to derive an analytic approximation of the stro-
boscopic map. At lowest order O(?), Eq. (9) reduces
to a harmonic oscillator and the solution with initial

@ Springer

100 = —’x V() =y ) - V'V 1))

—h© cos(wt) — h® sin(wt) (14)
with initial condition x((0) = 0, vV (0) = 0. The
solution can be easily computed and we finally obtain

for the solution after a period 27 /w, using the expres-
sion Eq. (13)

21 /w
xDer/w) = ! / sin(wt) (yv(o)(t) + U xQ@y)
0

w

+1h© cos(wt) + h® sin(wt)) dt

T 1 27 /w ) '0)
= —yxp,— + —/ sin(wt)U" (x* ())dt
o o)
)T
+h e

21 /w
v 27 /w) = _/ cos(wr) (yv(o) O+ U Q)
0

+h) cos(wt) + hS) sin(wt)) dt

T 27 /w
= —yup— —/ cos(wt)U' (x O (1)dt
w 0
AOKS (15)
w

To evaluate the remaining integrals we introduce the
amplitude r,, and the phase ¢, of the solution eq. (13)

by
Xy + i = el (16)
w

Then we have

/o 2n/w
/ ela)l U/(x(O) (t))dt — / ela)t
0 0
U/ (%1 (ei‘Ut_(/)n + e_(i‘I)t—th))) dt

ei% . isyr (Tn is —is
- wfo e U(;(e +e ))ds. (17)

A simple substitution shows that the last integral is
an odd function of r,,, that means the integral can be
written as r;, times an even function. Therefore we can
define

rnw(r,%) = L /‘OZﬂ eHSuU’ (%ﬂ ( is —|—e_is)> ds (18)

2w
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where the quantity w can be viewed as an effective
suitably averaged force. Then Eq. (17) reads

2n/w 2
/ FU @O e = (3 + i) Zwerd)
0 (] w
19)

if we take the abbreviations (16) and (18) into account.
The real and imaginary parts of this expression yield
the remaining integrals contained in Eq. (15). Egs. (13)
and (15) result in the stroboscopic map at first order in
the expansion parameter

T v
XYppl =Xp +6— <—ya)xn + wa(r,%) + h(s)> + (’)(82)
w

T ,
Uptl = Un + e (—yvn — 2xnw(r,%) — h(‘)) + O3,
(20)

This result of the perturbation expansion is valid for
any type of potential U (x), as long as the integral in Eq.
(18) does not vanish and defines a meaningful effective
force w. In particular, the result, Eq. (20), does not rely
on any symmetry properties of the potential. ! For the
particular case of the Duffing oscillator, Eq. (10), Eq.
(18) readily gives the explicit expression
3b ,

2 a
=—+4+—r,. 21
we) =35+ 5 @D

It is rather straightforward to compute the fixed
points of the map, Eq. (20) in closed analytic form.
In fact, for the fixed point (x,, vy) Eq. (20) results in
the linear system of equations

—Yw 2w(rf)/a) Xe\ —h®
(™5 ) ()= () - e

Solving this system for x, and v, we get
2w + yoh®
(yw)? + Qw(r}))?
yoh'© 4 2wEr2)h®
“ywr + Quird)?
agd using the definition of the stationary amplitude,

r2 = x2 + v2/w? (see eq. (16)) we finally obtain an

implicit equation for r,
(1) + (n9) =12 ((yw>2 + (2w<rf>)2) (24)

! For the special case of the Helmholtz oscillator, a potential
which contains only quadratic and cubic terms, the analytic per-
turbation expansion has to be carried out at second order [29] to
obtain meaningful equations of motion and a bistable resonance
by perturbation theory.

Xy =

(23)

Vy = —

To demonstrate the accuracy of the perturbation
expansion we compare bifurcation diagrams obtained
directly from the numerical integration of the equations
of motion with those computed from the first order
perturbation result, Eq. (20) or (24). Figure 4 shows
the stationary amplitude in dependence of the driving
amplitude for quasi-stationary parameter upsweeps and
downsweeps. The results obtained from the analytic
first order expression are surprisingly accurate when
compared with numerical simulations for small values
of . Actually deviations turn out to be so small that
at the scale used in Fig. 4 no difference between the
simulation of the differential equation, the iteration of
the analytic map Eqgs. (20) and (21), and the analytic
expression Eq. (24) is discernible. For large values of
¢ the first order truncation in Eq. (20) fails when iter-
ations of this map are considered, as the sequence of
iterates tends to diverge. Nevertheless, the bifurcation
diagram of stationary states for large values of ¢, see
Fig. 3, is still in qualitative and to some extent even in
quantitative agreement with the data obtained analyti-
cally for small ¢, cf. Figs. 3 and 4. While time scales and
transients for small and large values of ¢ vastly differ
there seems to be little change in the stationary states,
i.e., in the location of fixed points. This coincidence is
surprising but not totally unexpected as our perturba-
tion scheme is essentially equivalent to the averaging
principle or the principle of harmonic balance. While
those approaches are formally first order perturbation
schemes they sometimes perform well even beyond the
perturbative regime as these approaches can also be
viewed as a non-systematic mean field type expansion.

4 Design of globally stable control

Our main goal is to construct a control feedback so
that stabilisation of an unstable state occurs for a large
set of initial conditions, if possible even globally in
the entire phase space. Following the basic reasoning
outlined in Sect. 2 we would need some information
about the underlying stroboscopic map. At least in a
perturbative regime of small values of ¢ such informa-
tion is available as demonstrated in Sect. 3. Hence we
will base our control design on the expression Eq. (20)
for the stroboscopic map. Thanks to two driving field
amplitudes, i.e. thanks to the fact that we have taken
explicitly the phase of the driving field into account, a
field amplitude occurs as an additive part in each of the
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04 [

h(c)

Fig.4 Bifurcation diagram of Eq. (9) fore = 0.05 (other param-
eters are as in Fig. 3). Data are obtained from a numerical sim-
ulation of the stroboscopic map (red, open symbols), or using
iterates of the analytic map derived by first order perturbation
theory Egs. (20) and (21) (cyan, full symbols). Skipping a tran-
sient of 800 iterations the orbit settles on a stable fixed point

0.6

0.2 - T

r2, Xp, Vn

-0.2 *

0 100 200 300 400 500

n

Fig. 5 Time series of the stroboscopic map, for the driven
Duffing oscillator, Eqs. (9) and (10), subjected to stroboscopic
control, Eq. (25), for parameter values as in Egs. (11) and
& = 0.05. Control offsets have been chosen as hg) = 0.03515

components of the stroboscopic map, and we can use
these amplitudes for control purposes. Following the
reasoning outlined in Sect. 2 it looks tempting to imple-
ment a control feedback which removes the nonlinear
part, so that the remaining dissipative linear contribu-
tion ensures global convergence towards a stabilised
fixed point. Such a reasoning leads us to the design

hO =19 —2x5,we2), Y =hY — 22 w(r2)
w
(25)
where 12 = x2 + v2/w?, see Eq. (16). The reasoning
which lead us to the design, Eq. (25), follows the idea of
feedback linearisation which is well established in the

engineering context, see ¢ g. [30]. However, we want to
emphasise that the control scheme can be implemented
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h(c)

(x4, vx). The dependence of rf = xf + vi/a)2 on h(© is shown
for a quasi-stationary parameter upsweep (left) and a parameter
downsweep (right). The black line shows the analytic expression
obtained for the fixed point at first order perturbation theory, see
Eq. (24)
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e
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| | |
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n

and hg) = 0.05713. Left: Time dependence of x, (cyan), v,
(amber) and r,% = x,zl + v,% Jw? (blue). Right: Time dependence
of the driving amplitudes, 7\ (cyan) and 1>’ (red)

easily by experimentally accessible parameters such
as the amplitude and the phase of the driving field.
Evaluating the fixed point condition under control (see
Eq. (20) with 2/ replaced by hff/ s)) we have

— YUs — hgg) =0, —yox.+ hg) =0 (26)

so that the two offset values hgs/ %) in our control design
select the components of the fixed point to be stabilised.
The amplitudes 4\ and 7' of the driving field will
then converge towards values héf)) and hé‘g) which cor-
respond to the stabilised fixed point (x,, v,), as already
illustrated in Fig. 2 for our toy model. Having access
to the phase of the driving field, i.e., having thereby
access to both terms of the driving field has turned out
to be crucial for our design.
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Fig. 6 Time series of the stroboscopic map, for the driven Duft-
ing oscillator, Egs. (9) and (10), subjected to stroboscopic con-
trol, Eq. (25), for parameter values as in Egs. (11) and ¢ = 1.0.

The control offsets have been chosen as hgg) = 0.03515 and
hg) = 0.05713. Left: Time dependence of x,, (cyan, open sym-

While the setup defined in Eq. (25) will by definition
work for the stroboscopic map in firstorder of ¢ we still
need to confirm whether the scheme has good conver-
gence properties when applied to the full equations of
motion. For that purpose let us first consider numeri-
cal simulations for small values of ¢ where first order
perturbation theory has turned out to be quite accurate
even at a quantitative level, see Sect. 3. Implementing
the control means that at the beginning of each period
of the drive we readjust the amplitudes of the driving
field using Eq. (25), i.e., using the current values of
X, = x(n2w/w) and v, = v(n2x/w). We could use
in principle any values for the offsets hg) and hg).
However we are aiming at stabilising unstable states in
the bistable regime and for driving fields which have
no non-trivial phase (i.e. driving fields with ultimate
value h&) = 0). In practice one could tune such off-
sets when stabilisation has been achieved, but there is
also a way to determine suitable offsets a priori, which
we will address in the next section. For the moment
we just make up “suitable” values out of thin air. Fig-
ure 5 shows time traces obtained for the driven Duffing
oscillator with the control scheme along the lines of Eq.
(25). The time traces of the phase space coordinates
prove successful stabilisation with a limiting value of
r2, = 0.448..., while the time traces of the control
forces h,(f/ *) settle on values of the driving amplitude
h) =0.128...and hY) = —0.0002 . . ., which corre-
spond to the unstable branch right in the middle of the
bistable region, cf. Fig.. 4. We have also checked how

n

bols), v, (amber, cross) and 2 = x2+v2 /w? (blue, full symbols).
Right: Time dependence of the driving amplitudes, hﬁf) (cyan,
full symbols) and hi,‘” (red, open symbols). Cf. Fig. 5 for the
analogous result for small values of ¢

the control performs for different initial conditions.
For initial conditions in the range —5 < x(0) < 5,
—5 < v(0) < 5 we always find successful stabilisa-
tion of the unstable periodic state, in line with what
we expect from the first order perturbation treatment.
For larger values of the initial condition occasionally
solutions seem to diverge, which is far from surpris-
ing given that the equations of motion and the control
scheme contain cubic terms. Hence, even if the basin
for successful control is finite, its size is so large that
the scheme can be considered as sufficiently robust.

It is not so surprising that the control design works
quite successfully for small values of ¢ since the anal-
ysis of the previous section has shown that this case
is quite well covered by the perturbative analysis. As
a test for our approach we address parameter settings
beyond the perturbative regime and apply the control
defined by Eq. (25) to the Duffing oscillator, Egs. (9)
and (10), for larger values of ¢, say ¢ = 1. Time traces
of the oscillator subjected to control with the parameter
setup used in Fig. 3 are shown in Fig. 6. The perfor-
mance in the strongly nonlinear regime, ¢ = 1, is in
fact comparable to the perturbative regime, cf. Fig. 5,
even though the transients are now much shorter thanks
to the larger dissipation ¢y . For large times the ampli-
tude tends towards the limit rgo = 0.411... and the
amplitude of the driving field has the limiting value
hgfg = 0.140. . ., so that the asymptotic state is in fact
on the unstable branch of the strongly nonlinear Duff-
ing oscillator, see Fig. 3. In addition there is as well a
small component hgg) = —0.0066. .. giving rise to a
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Fig. 7 Basin for stroboscopic control, Eq. (25), with control

parametersettinghg) = 0.03515 andhg) = 0.05713 (see Fig. 6)
applied to the driven Duffing oscillator, Egs. (9) and (10) with
parameter values as in Eq. (11) and ¢ = 1.0. The filled circle
(cyan) indicates the stabilised orbit

non-vanishing phase in the drive, see Eq. (12), which
could be removed by a slight adjustment of the offsets
h(ls) or hg) . Overall our control design performs quite
well even beyond the perturbative regime.

To judge the overall performance we investigate by
numerical means the basin of the control with param-
eter settings used in Fig. 6, i.e., hgg) = 0.03515 and

hg) = 0.05713. We are no longer within the pertur-
bative regime and the basin is finite, see Fig. 7. How-
ever, the basin is still quite large and covers all the
states which occur in plain parameter sweeps, cf. Fig. 3.
Hence the control design can be considered as a success
even from an experimental point of view. The boundary
of the basin resembles the fractal structure caused by
homoclinic tangles. Hence, the basin boundary in our
case may be caused by the stable manifold of a saddle.

5 Control parameter setting and tracking

The control offsets hgg) and hg‘;) determine the final
amplitudes of the driving field and the fixed point to
be stabilised. Since the control design has good global
properties one could start with any values for the off-
sets. After successful control a continuation of unstable
states could be done, as usual, by small quasi-stationary
changes of the offsets.

If one employs the knowledge from the weakly non-
linear analysis one can do better and determine a priori
estimates for suitable offsets to stabilise an unstable
state with an approximate amplitude 2. Given a value
for r2, Eq. (24) tells us within the limits of first order

@ Springer

perturbation theory that the corresponding amplitudes
of the driving field read

B = rJre? + Qued, BV =0 @)

when we impose a constraint on the phase of the driving
field. Using these values to estimate the actual fixed
point coordinates via Eq. (23) we have

Xe = 200Dri/h9, v =—yo’ri/h9 . (28)

Finally Eq. (26) yields the estimates for suitable control
offsets as

2
© _ _ (yory)
hg' = —yve = o
() Zya)w(rf)rf
hR = Yywx, = _T (29)

We have in fact used Eq. (29) to determine offsets for
the control in the previous section (with r, = 0.4).
The actual fixed point controlled, see Fig. 5, then dif-
fers slightly from the estimate rf, in particular, if the
parameters of the equations of motion are not within
the range of the first order perturbative treatment.

We use Eq. (29) for tracking of stable and unstable
states without resorting to a quasi-stationary change of
the control offsets h%) and hg). Figure 8 shows the
result for the Duffing oscillator in a strongly nonlinear
regime, ¢ = 1, with the parameter setup as in Fig. 3.
Even though we are well beyond the validity of the
perturbative regime our control design performs rea-
sonably well, allowing to track the unstable state within
the region of bistability.

There are visible deviations in Fig. 8 between the
fixed point without control and the fixed point sub-
jected to control, in particular, close to the fold instabil-
ities which bound the region of bistability. In addition,
the unstable branch shows a seemingly subtle structure.
These deviations are caused by the control action result-
ing in a non-vanishing value for 2, see Fig. 8, that
means in a non-vanishing phase for the driving field, see
Eq. (12). Hence our observation for the amplitude r2
under control does not correspond to the setup used in
the system without control, see Fig. 3, where we have
h®) = 0. If the orbit were a plain harmonic such an
effect would not matter. Since the orbit in phase space
is not a perfect ellipse the measured amplitude depends
on the actual phase of the driving field.

There are a couple of ways to compensate for this
effect. On the one hand we can slowly tune hg) SO

that héso) becomes zero, which essentially amounts to
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Fig. 8 Control based continuation of the stationary state in the
Duffing oscillator, Egs. (9) and (10), for ¢ = 1, with parameter
settings as in Eq. (11), and with the control scheme definedin Eq.
(25) and (21). Control offsets for the tracking have been taken
from Eq. (29) (with rf serving as the curve parameter). Left: Suc-
cessful tracking of the stationary state rgo (blue, full symbols) in

an experimental root finding problem. One has to keep
in mind, however, that beyond the perturbative regime
the rotational symmetry shared by the low order per-
turbation expansion Eq. (20) is not valid any longer.
Therefore the stability of the unstable state may get lost
during this adjustment. It may in fact happen that within
our design successful control for a non-vanishing phase
of the driving field does not per se translate into suc-
cessful control for vanishing phase of the driving field
when the offsets are readjusted accordingly. On the
other hand, there is no need to perform such an adjust-
ment. The phase of the driving field, Eq. (12), can be
compensated for if we consider the stroboscopic map
at a different time, i.e., if we formally chose a different
cross section. If we record data at times n27w/w + 6/ w,
that means if we compute a renormalised amplitude
r2 based on x(n27/w + 0/w) and v(n2w/w + 0/w)
then such a value of 2 is identical to the value one
obtains from an ordinary stroboscopic map in a Duffing
oscillator where the driving field has vanishing phase
6 = 0. That means, while we still base control on dis-
crete time points n27 /w we use a suitable time lag in
the data recording to compensate for the non-vanishing
final value of h(oso) . By this trivial change we obtain a
perfect match of the controlled and the uncontrolled
data, see Fig. 9, where even subtle details of the unsta-
ble branch are detected with considerable accuracy. It is
again worth to stress that the control, the data process-
ing, and the control based continuation can be easily

h(ogls)

dependence on the amplitude of the driving field, see Eq. (12).
For comparison the corresponding data of the oscillator without
control are shown as well (open symbols, cyan), see Fig. 3. Right:
resulting amplitudes of the driving field, Eq. (25), when control
has been successful. Cyan h&), amber th.)
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Fig.9 Control based tracking of the stationary state in the Duff-
ing oscillator with parameters and control design as in Fig.8.
To compensate for the non-vanishing phase of the driving field,
see Eq. (12), the estimate of the stationary amplitude rf has
been computed from time series data x(n27/w + 6/w) and
v(n2m /w+6/w) with a time lag given by the phase of the driving
field. Stationary amplitude as a function of the amplitude of the
driving field with control (full symbols, blue). For comparison
the corresponding data without control, see Fig. 3, are shown as
well (open symbols cyan)

implemented in experiments as only a plain time series
is required.

6 Data-driven control design
Our control design, Eq. (25), was inspired by the first
order perturbation expansion of the stroboscopic map,

Eq. (20). This design has been quite successful even
beyond the perturbative regime, where Eq. (20) fails
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to model the dynamics properly, as exemplified by the
results of Sects. 4 and 5. But the approach so far has
not been really data driven and thus may have lim-
ited applicability. Having said that, any control scheme
which claims to have good global properties needs to
take some features of the underlying nonlinear dynam-
ics into account.

We consider here driven oscillator systems such as
Eq. (9), where now ¢ is not any longer a small quan-
tity, say € = 1. As data input for our control design we
require that recorded time series’ are available, in par-
ticular, that we have measured the nonlinear resonance
curve by sweeping a system parameter and measuring
the amplitude of the stationary state, see Fig. 10. We
now assume that the shape of this graph is described
as well by Eq. (24), so that we can compute the effec-
tive force w(rf) from data. The validity of such an
approach, i.e. using Eq. (24), can be justified even at a
quantitative level if the relevant periodic orbits, are pre-
dominantly harmonic solutions, i.e., that higher order
Fourier modes are only of limited importance. Then
we can apply in some sense the principle of harmonic
balance and capture main aspects of the resulting peri-
odic states in terms of an effective force w(r?). That
does not mean that Eq. (20) gives an accurate quanti-
tative description of the dynamics, it is just sufficient
that the resulting periodic solutions, in particular the
relation between the amplitude and the driving field
is well modelled by Eq. (24) with a suitable effective
force w(r?). Given the data from the frequency sweep
of the nonlinear resonance, see Fig. 10, we can then use
a least square fit to determine a suitable shape for the
effective force.

Here, we illustrate this idea with data of the Duff-
ing oscillator, Egs. (9) and (10) with ¢ = 1 and other
parameters as in Eq. (11). The measured nonlinear res-
onance curve, the dependence of the amplitude of the
oscillation on the amplitude of the driving field is shown
in Fig. 10. We now use a data fit of Eq. (24), that means
h? = rf (y2w? + 4w? (rf)), to obtain an expression for
the effective force w. For that purpose we use a simple
expression linear in 2 and perform a least square fit of
Eq. (24) to the data shown in Fig. 10 and obtain

w(rz) = wo + w1r2,

wo=—0.2338..., w; =0.3290.... (30)

The result of this least square fit shows a reasonable
quantitative agreement with the data apart from small
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Fig. 10 Least square fit of the analytic expression Egs. (24)
and (30) to the data shown in Fig. 3, i.e., least square fit for the
nonlinear resonance line of the driven Duffing oscillator, Egs. (9)
and (10) with parameters as in Egs. (11), 2> = 0, and ¢ = 1.
Line: Eq. (24) with eq. (30) and wy = —0.2338, w; = 0.3290.
Symbols: data obtained from a parameter upsweep and parameter
downsweep (cf. Fig. 3)

regions close to the fold bifurcations where the fine
structure is not reproduced accurately, see Fig. 10.

The numerical values for wy and w; which were
obtained from the least square fit differ by about 10%
from those which correspond to the first order pertur-
bation expansion given in Eq. (21). That again signals
that orbits are not plain harmonics and differ from an
elliptic shape in phase space, as already seen in the dis-
cussion in Sect. 5, see Figs. 8 and 9. Nevertheless, the
effective force, eq. (30), captures quite well the periodic
stationary states of the driven oscillator. It is tempting
to use the effective force, Eq. (30), to implement the
control law, Eq. (25), for the driven Duffing oscillator
in the parameter setting specified above. Even though
there is no a priori guarantee that the approach will
work, as the perturbation expansion Eq. (20) definitely
does not capture the dynamics any longer, the result
shown in Fig. 11 demonstrates that control works quite
robust even for an initial condition which is not close
to the target state.

Even though the parameter setups used to produce
the data in Figs. 6 and 11 coincide, the stabilised fixed
points differ slightly as the effective force w(r?), i.e.,
the actual control feedback is not the same, so that
the final driving amplitudes héso/ ) in both cases differ
slightly. In addition to time traces we have as well com-
puted the basin of the control, obtained with the data-
based control design. The results shown in Fig. 12 indi-
cate in fact a considerable improvement as compared
to Fig. 7 where the design was based on the first order
perturbation scheme. Hence, the approach outlined in
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Fig. 11 Time series of the stroboscopic map, for the driven Duft-
ing oscillator, Egs. (9) and (10), subjected to stroboscopic con-
trol, Eq. (25) with effective force Eq. (30), for parameter values
as in egs. (11) and ¢ = 1.0. Control offsets have been chosen
as h's) = 0.03515 and 1y = 0.05713 (cf. Fig. 6). Left: Time

v(0)

Fig. 12 Basin for stroboscopic control, Eq. (25) with effective
force Eq. (30), and control parameter setting h%) = 0.03515

and 1y’ = 0.05713 (see Fig. 11) applied to the driven Duffing
oscillator, Egs. (9) and (10) with parameter values as in Egs. (11)
and ¢ = 1.0. The filled circle (cyan) indicates the stabilised orbit

this section, which is based on the data obtained from
a simple parameter upsweep and downsweep provides
a promising strategy for a wider class of driven oscil-
lator systems. One may even exploit the dependence
of the parameter sweeps on the driving frequency w
in conjunction with the analytic expression Eq. (24) to
explore the damping mechanism in more detail. Details
will be published elsewhere.

7 Conclusion

We have succeeded with our main aim to design a glob-
ally robust non-invasive control scheme for the stabil-

n

dependence of x, (cyan, open symbols), v, (amber, cross) and
r2 = x2 + v2/w? (blue, full symbols). Right: Time dependence
of the driving amplitudes, 1" (cyan, full symbols) and 1$” (red,
open symbols)

isation of periodic orbits, to enable control-based con-
tinuation. The control is based on the measurement of
a single data point per period of the drive, so that such
a scheme is applicable in fast systems like atomic force
microscopy, when no extensive data processing can be
done during control, and where no accurate mathemat-
ical model is available for preprocessing. The design of
our control scheme was initially inspired by the weakly
nonlinear analysis of oscillator systems. Having access
to the phase of the driving field has turned out to be
a key for the success of the control, since thereby we
have been able to ensure for large basins of attraction
for the stabilised state. The control feedback contains
an effective averaged force, so that the design already
gives vital information about the underlying dynamics.
Numerical simulations indicate that the control scheme
works quite well beyond the perturbative regime, and
further systematic numerical studies look promising.
Above all, we have shown that the required details of
the control design can be obtained from a simple scan of
the nonlinear resonance curve, so that in fact no under-
lying mathematical model is needed from the outset.
We have based our analysis on a one degree of free-
dom mechanical oscillator model with fairly general
potential. For the theoretical analysis we have used
the assumption that higher order harmonics play a lim-
ited role, even though our numerical studies show that
such a constraint can be relaxed to some extent. How-
ever, it still needs to be investigated how the present
approach can be generalised to higher dimensional
driven dynamical systems. Again weakly nonlinear
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analysis could provide a hint how to proceed in this
context.

We have here considered a model with a simple
viscous damping. In real world experiments, such as
atomic force microscopy, the treatment of all losses by
a single viscous damping constant y may be regarded
as undercomplex, even in the seemingly simple situa-
tion of a stiff, hydrophobic sample in a vacuum envi-
ronment. While the dynamics of an oscillating micro-
cantilever beam itself behaves largely linear, the com-
plexity of the system arises from the largely unknown
dynamics of the multitude of effects taking part in
the nanoscopic junction between probe and sample.
These unknowns and nonlinearities do pose the chal-
lenges. Currently, it is hard to say what physics or
(bio)chemistry happens at the turning point of the tip
in the vicinity of the sample, the point of strongest
interaction which shapes contrast and stability of the
measurement. While force-distance spectroscopy can
help to unravel force contributions from molecule
layering, visco-elasticity, plastic deformation, electri-
cal polarisation and attraction, electro-chemical reac-
tions, rupturing molecular bonds, entropic interaction,
depletion forces, oxidation, receptor-ligand, or other
(see, for instance [31,32]), this is of limited value to
judge the situation of topography acquisition in the
dynamic mode at cantilever frequencies in the 10 to
500 kHz regime. At a phenomenological level the com-
plex dissipation processes can be modelled by a state
dependent damping, and its impact can be analysed
within a weakly nonlinear perturbation expansion as
well, resulting in an additional effective damping term
which along the side of the effective averaged force
enters the shape of the nonlinear resonance curve. Both
contributions, the effective damping and the effective
force can be disentangled by monitoring in addition
the frequency dependence of the nonlinear resonance.
Hence, by having access to stable as well as unsta-
ble branches we can quite accurately determine poten-
tial and damping from measured data and thus con-
tribute, for instance, to the outstanding challenge to
understand the dissipative mechanisms in atomic force
microscopy.

A robust control scheme which enables large basins
of attraction is one of the keys to implement model
free continuation of bifurcations in experiments, to
make the power of continuation tools in the study of
mathematical models available as a 21st century data-
based spectroscopic tool. Our control design meets all

@ Springer

these constraints, so that we can track unstable states
even when no quasi-stationary parameter sweep can be
implemented. Having developed a suitably robust con-
trol scheme we have taken the next step towards finally
implementing control based continuation in real world
complex experiments. Details in that direction will be
reported elsewhere.
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Trajectory-Based Stabilization of Periodic Orbits*
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Abstract. We present a data-driven feedback control scheme, which stabilizes unstable periodic orbits of dy-
namical systems. Model equations of the underlying system are assumed to be unavailable. Our
approach relies only on previously measured input-state trajectories of a Poincaré map of the sys-
tem. The success of a stabilizing feedback control in experimental systems typically depends on
an adequate choice of control gains. The presented scheme computes stabilizing control gains by
solving an optimization problem. No explicit model is identified and the control gains are computed
directly from the measured trajectories. As a demonstration, we apply the scheme to a control-based
continuation problem and obtain the corresponding bifurcation diagram.

Key words. data-driven control, Poincaré map, periodic orbit, control-based continuation
MSC codes. 37N35, 34H05, 34H20
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1. Introduction. Experimental systems typically depend on parameters, which can be
adjusted in order to obtain a desired behavior. This desired behavior may be represented by
a stationary state or some periodic solution in the state space. If these are unstable, meaning
that initialization near but not exactly at them causes the system state to diverge, the desired
behavior is not observable in the experiment, which never allows for exact initialization. Even
if one succeeds at initializing the experiment exactly at, for example, an unstable stationary
state, the never completely avoidable external disturbances would again cause the system
state to diverge. To overcome this, feedback control is often used for the stabilization of an
unstable steady state of the underlying system [22, 26, 12, 29]. When the desired behavior
is represented by a certain unstable periodic solution in the state space, one can again rely
on feedback control to stabilize these periodic orbits, thus making them observable in the
corresponding experiment. One way to extend linear feedback control to this scenario was
suggested in [27]. The idea is to reduce the stabilization of the desired periodic solution
to the stabilization of the corresponding fixed point of a Poincaré map [19]. Consequently,
feedback control techniques for stabilizing fixed points of discrete-time systems can be applied.
However, keeping the application of these techniques in real experiments in mind, we want to
point out the following two problems.

*Received by the editors November 26, 2024; accepted for publication (in revised form) by K. Tsaneva-Atanasova
April 6, 2025; published electronically August 1, 2025.
https://doi.org/10.1137 /24M171303X
Funding: This work was supported by the German Research Foundation (Deutsche Forschungsgemeinschaft,
DFG) through project SFB 1270/2 - 299150580.
Institute of Mathematics, University of Rostock, Rostock 18057, Germany (niklaskru®@icloud.com, wolfram just®@
uni-rostock.de, jens.starke@uni-rostock.de).

2162

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/04/25 to 139.30.105.204 . Redistribution subject to STAM license or copyright; see https://epubs.siam.org/terms-privacy

TRAJECTORY-BASED STABILIZATION OF PERIODIC ORBITS 2163

Feedback control is often formulated in a framework, which assumes that the experimental
system is modeled by a system of differential equations. While in some situations, first princi-
ples allow for deriving such an analytic model, this is not always the case. To overcome this,
data-based control strategies are used [31, 24]. These are based on a data-driven identification
of a linear control system, which are amenable for linear feedback control [26, 12]. Further-
more, we want to point out that feedback control relies on an adequate choice of control gain
parameters. Having an analytic model at hand, which was either derived or identified with
the aid of the above-mentioned data-based identification methods, there exist methods for
computing stabilizing control gains [26, 12]. Also, model-based methods for designing feed-
back control laws of nonlinear systems are available, which include, for example, linearization
via feedback, sliding mode control, backstepping, and passivity-based control [22, 23]. How-
ever, motivated by the fact that experimental systems are naturally observed through time
series of some number of measurement variables, it was shown in [14, 13, 6, 2], that one
can directly compute stabilizing control gains from collected time series. This means, that a
model identification is not required, which sometimes is referred to as a trajectory-based ap-
proach. These trajectory-based methods are used to stabilize known fixed points of discrete-
and continuous-time control systems and have also been used in a model predictive control
scheme [7]. In this work, we extend this framework to the stabilization of periodic orbits
of continuous-time systems. In [9], the above-mentioned model identification methods were
used to derive analytic expressions of Poincaré maps, which allows for stabilizing unstable
periodic orbits via linear feedback control. Although we ultimately have the same goal, our
approach is not based on this explicit model identification and computes stabilizing control
gains directly from observed time series of a Poincaré map. We apply the proposed scheme
by tracking an unstable branch of periodic orbits, which appears in a system that is defined
from the normal form of the saddle-node bifurcation. This is referred to as control-based con-
tinuation [37, 35, 36, 4, 5, 11, 10, 34, 32, 3, 1, 29, 15, 30, 16, 8]. While some of the mentioned
articles already use feedback control for stabilizing unstable steady states or periodic orbits in
laboratory experiments, finding adequate control gains remains a challenging problem. With
the proposed scheme, we are taking a step towards a systematic calculation of control gains.

The remainder of this article is structured as follows. In section 2, we give an overview
of trajectory-based data-driven feedback control of discrete-time systems. Section 3 includes
an extension to the stabilization of unstable periodic orbits of continuous-time systems via a
Poincaré map. We embed the proposed method into an integral control setup, which is used
to solve a control-based continuation problem. Section 4 concludes this article.

2. Data-driven feedback control of discrete-time systems. Trajectory-based control
methods allow for constructing stabilizing feedback controllers without having to identify
an explicit model. Instead, an input-state time series of the given system is recorded. Sub-
sequently, stabilizing control gains are computed by solving an optimization problem with
convex constraints. This method is based on data-driven linear control theory, to which we
now turn.

2.1. Trajectory-based methods for linear systems. First, we review some of the results
that are included in [14, 31]. For given matrices A € RV*Y and B € RY, consider a discrete-
time linear system

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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(2.1) Tna1 = Axy + Bug,

where z,, € RN denotes the state and u,, € R refers to a control parameter at time n.

Choosing an initial state zg and a sequence ug,uq,...,ur—1 of T' > 0 control parameter
values, we compute via (2.1) a corresponding sequence xg,zq,...,xp of states. The first
question is, whether it is possible to compute A and B only from the obtained simulation
data

U= [uo Uy ... uT_l] ,
(2.2) X=zg o1 ... wr1],
Y = [Il Tro ... IT] .

This is answered by the following theorem.

Theorem 2.1 (see [14]). Suppose that

rank E?] =N+1.
Then it follows that
t
U
[BApyhy

where

] = (e )

denotes the right inverse, which exists due to the rank condition.

In the general case, starting with experimentally obtained data of the form (2.2), one is
interested in solving the least squares problem

(2.3) min ||Y - C {U} )
c X1l g
where || Z||p = /3, ;%i;|* denotes the Frobenius norm. Note that the square of the Frobenius

norm is a quadratic function in the absolute values of the matrix elements, and therefore the
minimization leads to a linear zero problem. If the rank condition of Theorem 2.1 holds, it
follows that

UT

c-v[

is the unique minimizer of (2.3), where [{]' denotes the right inverse from Theorem 2.1.
Defining matrices A € RV*N and B € RV by setting
UT

[Bﬂ—yh

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/04/25 to 139.30.105.204 . Redistribution subject to STAM license or copyright; see https://epubs.siam.org/terms-privacy

TRAJECTORY-BASED STABILIZATION OF PERIODIC ORBITS 2165

gives a linear approximation z,4+; ~ Az, + Bu, of the experimental system subject to con-
trol inputs. This identification method is referred to as dynamic mode decomposition with
control [31].

If the matrix C = [B AB ... AY7!B] has full rank, the linear system of the form (2.1)
is called controllable. It follows from this that one can compute a matrix K € R~ such that
the eigenvalues of the matrix A + BK lie at predetermined locations. In particular, one can
place all eigenvalues inside the unit circle. If this is the case, we say that the controller u, =
Kz, is stabilizing. This is equivalent to the fact that the trajectories of the closed-loop system

(2.4) Zp+1=(A+ BK)z,

converge to the origin for every initial condition; see, e.g., [26]. Thus, after identification of a
controllable linear system from data, one can design a stabilizing feedback controller. While
for given matrices A and B there exist efficient algorithms for doing so, we aim for a stabilizing
feedback control, which is computable directly from the data (2.2). This means no explicit
model is given, nor does one have to identify one during the application of the method. A key
result in this direction is given as follows.

Theorem 2.2 ([14]). Consider the discrete-time linear system (2.1). Suppose that
(2.5) rank [%] =N+1.

Then, for a given K € R™N | there exists a G € RT*N with
K U
URHE

A+ BK =YG,

and

where I denotes the N x N identity matriz.
Conversely, if (2.5) holds, choosing a G € RT*N with I = XG and setting u,, = UGz,
implies the closed-loop representation

A+BUG=YG.

Note that the first part of Theorem 2.2 provides for a fixed control gain matrix K a way
of computing the matrix A + BK of the closed-loop system (2.4) directly from the data
(2.2). This makes it possible to check whether, for a given K, the feedback control u, = K,
is stabilizing. On the other hand, due to the second part, one can search for a G with
I = XG@, such that the feedback control u,, = UGz, becomes stabilizing without an explicit
identification of A and B. This forms the basis of the following theorem.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Theorem 2.3 (see [14]). Suppose that

(2.6) rank [g_] =N+1.

Then, given a matriz Q € RT*N such that XQ is symmetric and
XQ YQ

(2'7) |:QTYT XQ:|

is positive definite, the matriz (XQ)™' exists and the feedback controller u, = Kx, with
(2.8) K=UQ(XQ)™"

is stabilizing.
Conversely, if (2.6) holds and K is stabilizing, then there exists a Q such that (2.7) is
positive definite and (2.8) holds.

Thus, as long as the rank condition is satisfied, the second part of Theorem 2.3 parametrizes
all stabilizing gain matrices K by the data matrices (2.2), which are obtained by computing
one input-state trajectory of the system (2.1). If, in addition, the system is controllable, it
follows that there exists at least one solution ) with the desired properties. In fact, finding
a @ that renders (2.7) positive definite can be cast as a standard problem in the framework
of linear matrix inequalities; see, e.g., [33]. Linear matrix inequalities are convex constraints,
and thus the stated problem is convex. For a numerical computation of the matrix @, efficient
solvers such as CVX are available [18, 17].

2.2. Extension to nonlinear systems via nonlinearity cancellation. One can extend the
previous considerations of linear control theory to certain classes of nonlinear systems. So
far, we have seen that designing a stabilizing controller for a linear system of the form (2.1)
does not require an a priori identification of the matrices A and B. Although there exists a
direct extension of this idea to the case of nonlinear systems, it is restricted in the following
sense. While a controller, which renders the linearization around an equilibrium point of a
given nonlinear system stable, also locally stabilizes the nonlinear system, there is no further
information on the basin of attraction of the stabilized point. In practice, one might have to
initialize the system extremely close to the point to be stabilized, which is not always possible.
To circumvent this, trajectory-based feedback linearization can be used [13, 23, 21, 25]. The
key idea of this concept can be explained as follows.

Consider the control system

(2.9) Tnt1 :xn—xi—i—un,

where x, € R and u,, € R. Observe that any feedback law u, = k1x, + kgm,% with |1+ k| <1
and kg =1 globally stabilizes the origin. To see this, note that the closed-loop dynamics read

Tnt1 = (1+ k1)xp.

Thus, x, — 0 for n — oo regardless of the initial condition xg.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Returning to the trajectory-based setup of the stated theorems, one would like to compute
such a globally stabilizing K = [kl kg] directly from data. For a special class of nonlinear
systems, this is indeed possible. We restrict ourselves to systems of the form

(2.10) Tnt1 = Ag(xy) + Buy,.

Here, 2, un, and B are as in (2.1), while A € RV*E. The nonlinearities are included in the
map ¢ : RY — R which is assumed to be continuous. For example, the system (2.9) is of
this form with

A=[1 -1],
B= ’
s0)= | 5]

and R =2. For the purpose of illustration, we assume here that we know a continuous function
h: RN — RS such that

(2.11) g(x) =Ch(z)

for some matrix C' € R*S where S > N. Later we will show that in applications such an
assumption may not be required. In the following, we review some of the results obtained
in [13]. For this, we compute data matrices of the form (2.2) via (2.10) for a fixed initial
condition zy and a chosen sequence ug,u1,...,ur—_1 of control parameter values, but also
include h(xg),h(x1),..., h(xr_1). This results in the data set

U=[u w ... up_q,
X:[xo Ty ... xT—l]a

(2.12) Y=[r x2 ... @r],
H = [h(zo) h(z1) ... h(zr_1)].

Corresponding to Theorem 2.3, one has the following.

Theorem 2.4 (see [13]). Suppose that

(2.13) rank [}UI} =5+1
If there exist matrices P = PT e RN*N | Z e RT*N " gnd G e RT*S=N) such that
z=| T ] ,
10(s—N)xN
[P (YZ)T] _ . .
1§ positive definite,
(2.14) Yz P
HG = -ONX(S—N)]
| Is—n |’
YG=0nx5-N)

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/04/25 to 139.30.105.204 . Redistribution subject to STAM license or copyright; see https://epubs.siam.org/terms-privacy

2168 NIKLAS KRUSE, WOLFRAM JUST, AND JENS STARKE

hold, then the control law u, = Kh(zxy), where

(2.15) K=U[zP™' @],
implies closed-loop dynamics of the form

(2.16) Tnt1 = Dxn,

such that all eigenvalues of D have absolute value less than one. Here, Oy denotes the zero
matriz of dimension k x 1 and Iy is the k X k identity matriz.

Conversely, if (2.13) holds and there exists a stabilizing K, such that the closed-loop dy-
namics are of the form (2.16), then K can be written as in (2.15) for some P,Z,G satisfying
(2.14).

Note that, in contrast to [13], we have slightly adjusted the notation for our purposes.
Theorem 2.4 gives a way of designing globally stabilizing control laws for a specific class of
nonlinear system. There is no systems identification step involved and the control gains are
computed directly from the data (2.12). However, for some systems of the form (2.10), a fully
linearizing controller does not exist. In this case, the convex program of Theorem 2.4 can be
recast as a minimization problem. In this way, one obtains a controller that minimizes the
nonlinearities of the given system and locally stabilizes the origin; for details, see [13].

As an example, consider the map

Tn+1 = Yn,

(2.17) 3
Yntl = —Tp + 3yn — Yy T Up

defined on the plane, which has been suggested as an approximation of the Poincaré map
corresponding to the Duffing oscillator [20]. The origin is an unstable fixed point of the map
for u, =0. The given system is of the form (2.10) with

We do not intend to use the information about the right-hand side of (2.17) for deriving a
globally stabilizing control law. Instead we choose

T
(2.18) hoy)=[z y 2* zy y* 23 2%y zy® o

as our library of basis functions. Note that with this choice we include every function that
appears in (2.17), and thus (2.11) holds. In general, it is not possible to check this condition,
which makes the application of the described trajectory-based method somewhat heuristic.
To compute a globally stabilizing control law via the convex program (2.14), we collect
data matrices of the form (2.12). For this, we choose zg =0 and yo =0 as an initial condition

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Figure 1. Simulated time series of the system (2.17) for the initial condition (xo,y0) = (2,—2). The control
signal is set to uy = Kh(n,yn), where K is obtained from the solution of the convexr program (2.14) and h is
as in (2.18). (a) Time series of the state components. (b) Time series of the feedback control signal.

and define the control parameter values ug,uq,...,u14 to be uniformly distributed random
numbers in the interval (—0.025,0.025). Note that in this example 7' = 15 and S = 9 hold.
Finally, we use CVX to solve the convex program (2.14). From the obtained solution we
compute a gain matrix K = [0.94 —242 0 0 0 0 0 0 1.00] by using (2.15). We
define the feedback control u, = Kh(x,,y,) and insert it into the system (2.17). A simulation
with zg = 2 and yg = —2 results in the time series shown in Figure 1. The time series of the
state components is shown in Figure 1(a), while Figure 1(b) displays the control signal over
time. Both state components as well as the control signal rapidly converge to zero.

To illustrate the global stability of the origin under the constructed feedback control, we
numerically compute its basin of attraction. By this we mean the set of initial conditions that
lead to convergence of both state components to zero after a sufficiently long simulation time.
A part of this basin is shown in Figure 2(a). For comparison, Figure 2(b) shows a part of a
basin that is obtained by simulating the system (2.17) subject to linear feedback control of
the form u,, = ki1, + koy,. Here, the control gains k; and ke are chosen in such a way that
the linearization of the system (2.17) at the origin has only eigenvalues with absolute value
less than one. Note that since the chosen h given in (2.18) contains all the functions that
appear in the system (2.17), Theorem 2.4 guarantees global stability of the origin.

This example shows that by solving the convex program (2.14), one may be able to con-
struct a globally stabilizing control for certain classes of nonlinear systems. Furthermore, no
explicit model is needed and the controller is derived solely from the data matrices (2.12).
These are generated by one input-state trajectory of the given system as well as some suitable
choice of the function h. However, so far we have only discussed the stabilization of the origin.
In control-based continuation problems also nonzero fixed points are to be stabilized. Taking
this into account, one has to modify the control law. This is explained in the following section.
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Figure 2. Numerically computed parts of the basins of attraction of the origin. These are computed by
simulating the closed-loop dynamics of the system (2.17) for nonlinear as well as linear feedback control. (a)
The control signal is set to up = Kh(xn,yn), where K is obtained from the solution of the convex program
(2.14) and h is as in (2.18). (b) The control signal is set to un = k1Zn + koyn. Here, k1 and ko are chosen in
such a way that the linearization of the system (2.17) at the origin has only eigenvalues with absolute value less
than one.

3. Application to control-based continuation. So far we have demonstrated how to de-
sign globally stable control schemes for unstable fixed points based on plain time series. We
now address the question of how to use such ideas for system analysis, in particular how to
track unstable states and how to uncover bifurcation scenarios when just plain time series are
at hand.

3.1. Trajectory-based tracking of unstable states. To explain the main ideas we use a
simple normal form for the purpose of illustration. Consider again the one-dimensional control
system

(3.1) xn+1:xn—x%+un:f(xn,un).

For a fixed value of w,,, the map f(-,u,) can have multiple fixed points. In fact, if @ denotes
a constant parameter value, the fixed points are given as the real solutions of the equation
72 = 1. Thus, for a negative @ there exists no real fixed point, while for % > 0 we have the fixed
points v/ and —+/u, which coalesce for % = 0. Furthermore, by inspecting the linearization
of the map for 0 < @ < 1, it follows that the fixed points /& are asymptotically stable, while
the points —+/@ are unstable. One therefore refers to the graph of the function / over the
interval 0 < % < 1 as the stable branch. The graph of —v/& over the same interval is the
unstable branch. These two branches are connected by the bifurcation point (@,z) = (0,0).
This bifurcation analysis is also possible for a more general class of parameter-dependent maps
and differential equations [19].

Control-based continuation now aims for the following. If the control system is initialized
for a fixed parameter value in a sufficiently small neighborhood of a stable branch, the state
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is converging to the corresponding stable fixed point on the branch. Subsequently, a nearby
point (@, ) on the branch is selected by the continuation scheme, and the controller acts such
that both the state as well as the parameter converge to the selected coordinates (@, Z). This
is repeated until sufficiently many points on the stable as well as on the unstable branches
are stabilized. This detects a part of a complete bifurcation diagram of the given system. In
an experimental system, model equations are not always accessible. Consequently, there is no
a priori information about the location of the branches. Nevertheless, the attraction of the
stable branch makes it possible to locate a point on it by initialization. This can then be used
as a starting point for a continuation scheme. In the following, the trajectory-based controller
of section 2 is modified, so that it drives the system along its stable and unstable branches.
Given the fact that the framework of section 2 is purely data-driven, model equations are not
required and control gains are computed directly from an input-state trajectory of the system.

The suggested method is illustrated by the example (3.1), which serves to illustrate the
effect of including a reference value directly into the control law under the assumption that
we already obtained a stabilizing controller for the given system. The solution of the convex
program (2.14) leads to a controller u,, = kz,, +x2, such that in a closed-loop system we have
ZTp+1 = (1 + k)z,. Here, |1 + k| < 1 holds, so the controller globally stabilizes the origin.
Including a reference parameter r in the control law yields u, =r + kx,, + w% and

Tnp1 =1+ Kk)x, +r.

The explicit solution of this system is given by

n—1
xn=(1+k)"zo+ TZ(I +k), n>0.
i=0

Consequently, the modified controller globally stabilizes a fixed point Z that is given by

_ . 1 1
Furthermore, the control parameter converges to

U= lim u,=r+kz+7°=r+kr <1> + 7% =72
n—00 —k

Thus, for a fixed nonzero value of the reference r, the system is driven to some point (%, Z) on
the stable or unstable branch. If one chooses r = 0, the system converges to the bifurcation
point (@,Z) = (0,0). Also, note that |1+ k| < 1 implies —2 < k < 0. Consequently, the relation
between the reference and the stabilized fixed point is given by Z = rc for some positive
constant c¢. For the special case k = —1, the selected reference equals the stabilized fixed
point. By using different reference values, sufficiently many points on the branches can be
stabilized and a part of the full bifurcation diagram becomes visible. We further point out
that the controller is computed solely from an input-state time series of the system. Finally,
if a full nonlinearity cancellation is possible, the controller globally stabilizes the fixed points
and a nearby initialization is not necessary. This differs from the control-based continuation
methods that are based on linear feedback control, where only local stabilization is achieved.
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Figure 3. Bifurcation diagram with parameter u: A set of stabilized points on the stable and unstable
branches of the system (3.1). Here, the controller up = Kh(zyn) + r is used, where K is obtained from the
solution of the convex program (2.14). The function h is defined as h(x) = [z 2* 2 2* 2°]7. In order to
drive the system to different points on the branches, the reference r is varied.

Figure 3 shows a set of stabilized points on the stable as well as the unstable branch of
example (3.1). These are generated by using the presented continuation scheme. The con-
troller is obtained by numerically solving the convex program (2.14) for a recorded input-state
trajectory of the system (3.1). For details of how to generate such a trajectory, we refer the
reader to example (2.17) of section 2. The function h is set to h(z) = [z 2* 2* a* x5]T
In order to drive the system to different points on the branches, we vary the reference r in
the control law.

As was already pointed out, if a full nonlinearity cancellation is possible, the controller
globally stabilizes the points on the branches. Continuation schemes that are based on linear
feedback control generally do not have this property and may depend on an initialization near
the point to be stabilized. The global property can be utilized in the following situation.
Suppose an experimental system has to abruptly change its state from one point on the stable
branch to some point on the unstable branch, in order to maintain some optimality property
[27]. The presented control scheme is able to meet such a requirement without having to
assume that the points lie in a small neighborhood. Figure 4 illustrates a fast switching from
one point on the stable branch of the system (3.1) to one point of its unstable branch.

3.2. Trajectory-based tracking of unstable periodic orbits with nonlinear integral con-
trol. In the following, we apply Theorem 2.4 or the mentioned minimization problem to
discrete-time control systems that are induced by parameter-dependent Poincaré maps.

Continuous-time control systems of the form

(3.3) &= f(z,u),

where 2 € RN denotes the state and u € R denotes the control parameter, can have periodic
solutions [19]. These are characterized by the property that there exists a real T > 0 such
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Figure 4. Simulated time series of the system (3.1) for the initial condition xo =0.4. The control signal is
set to un, = Kh(xy,) +r, where K is obtained from the solution of the convex program (2.14) and the function h
is defined as h(z) =[x z? 2® 2z 2°]T. For 0 <n <8, the reference is set to r = 0.5, while for 9 <n <18 we
choose r = —0.3. This induces a fast switching from the fixed point 0.5 on the stable branch to the fized point
—0.3 on the unstable branch. (a) Time series of the state. (b) Time series of the feedback control signal.

that ¢(t) = ¢p(t + T) and ¢(t) # ¢(t + 7) for all real 7 with 0 < 7 < T. Here, ¢ denotes the
solution curve of (3.3) through a fixed initial condition and control parameter equal to zero.
Such a periodic orbit v induces a parameter-dependent Poincaré map as follows. First, we
construct an (N —1)-dimensional hypersurface 3, which is everywhere transversely intersected
by the solution curves of the vector field f(-,0). We assume that v intersects ¥ at a unique
point p. If v intersects ¥ at multiple points, then one can shrink ¥ until there is only one
intersection. Finally, we define a parameter-dependent Poincaré map on a neighborhood U
around (z,,u,) = (p,0) as

(34) Tp41 = P(xnau’rl)a

where 2,41 denotes the first inteysection of 3 by the solution curve of f(-,u,) that is initialized
at x, € 2. Note that

P(p,0) =p,

and thus p is a fixed point of the map P(-,0). The stability of the fixed point p characterizes
the stability of the periodic orbit . Consequently, if the system (3.4) is of the form (2.10),
we can use trajectory-based feedback linearization in order to stabilize ~.

In the following, we propose a trajectory-based control scheme, such that the prescribed
reference r equals the stabilized fixed point Z. Note that for a fully linearizing controller
uyp = Kh(zy,) + 7 in a system like (3.1), equation (3.2) holds. Consequently, apart from the
special case k = —1, the reference differs from the actual fixed point that is stabilized. To
circumvent this problem, integral control can be used [26]. We will explain in the following
how it can be used in a trajectory-based manner.
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The method relies on the construction of an integrator state v, that sums up the deviation
between the system state x,, and the reference r over time. In order to take this into account,
the state equations of v,, are defined as

N
(3.5) Untl =Vp + 7 — Tpy1 =Up + 17— Plap,uy), Ty, Un, T €RY, u, €R,

where P(xy,u,) denotes a parameter-dependent Poincaré map. Then the dynamics of the
extended state (z,,,vy) are governed by the system

In4+1 = P(xm un);

(3.6)
Unt1 =Vn +7 — P(xn, up).

Assume that for the system (3.6) with r =0, a fully linearizing controller u,, = Kh(xy,v,) can
be constructed by solving the convex program (2.14). This yields the closed-loop system

Un+1 Un
such that all eigenvalues of the matrix A have absolute value less than one. Using the con-
structed controller in the system (3.6) for some nonzero reference r yields

—alel+ )

where 0 € RV*N denotes the zero matrix and Iy € RV*Y the identity matrix. The given
system converges to

)= 2] = (an[20]) 4 (J;H;OZAZ) ME
_ (T}LH;:N) {I?v] r= (I — A)~1 [I?V] .

1=

Tn+1
Un+1

for every initial condition (zg,vg). Furthermore, the control signal converges to
u= lim u, =Kh(z,v).
n—oo
Finally, the point Z is a fixed point of the map P(-, ) since
Z= lim 2,41 = P(Z,q).
n—oo
However, by (3.5), we have v =¥ 4+ r — Z, which implies that z=r.
For an illustration of the presented control scheme, consider the differential equations

(u—m -y —1+2\/x2+y)

=10y +
(3.7) vt +y?
y<u7x2fy —1+2\/ﬂc2+y2)
y=—10z +
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defined on R?\ {0}. Here, u € R denotes the control parameter. A one-dimensional hypersur-
face ¥ is defined as ¥ = {(z,y) : > 0,y =0}. Given a point (x,,0) € ¥ and a fixed value u,
of the control parameter, we numerically integrate the differential equation until the orbit of
the given vector field intersects ¥ again. Denoting the point of intersection by (z,+1,0) € X,
we obtain a one-dimensional parameter-dependent Poincaré map x,+1 = P(Zp,u,). Note that
in this example no analytical expression for the map P is given. By transforming the system
(3.7) to polar coordinates, it can be shown that for a given positive value of u, there exists a
stable as well as an unstable periodic orbit. In fact, qualitatively, the bifurcation diagram of
the map P looks the same as the one depicted in Figure 3, where the upper branch corresponds
to stable periodic orbits and the lower branch corresponds to the unstable ones. Our aim is
to reconstruct the bifurcation diagram of P by using the presented trajectory-based integral
control scheme.

In the first step, the convex program (2.14) is solved for the extended system (3.6) with
r=0. For this, data of the form (2.12) is generated, where

hzv)=[z v 2? zv v* 23 2%v a? v3]T.

Finally, the obtained controller u,, = Kh(zy,v,) with
K= [—0.72 0.09 069 0 0 —0.60 0 O O]

is used in the extended system (3.6) for different nonzero reference values r. By construction,
the integral controller drives the state x, to the selected reference. The control parameter
converges to 4 such that P(r,u) =r. A number of different stabilized points corresponding to
different choices of the reference are shown in Figure 5. The described scheme is summarized
in Algorithm 3.1.

1.6+ —<—stabilized points |

1.4’ P S ¢ 7
1.2’ .o‘. 7

08 [ .'.o. 7
06 [ e -~ o 7
0.4 1

Figure 5. Bifurcation diagram with parameter 4: A set of stabilized points on the stable and unstable
branches of the parameter-dependent Poincaré map corresponding to the system (3.7). Here, the controller
Up = Kh(xn,vy) is used, where K is obtained from the solution of the convex program (2.14). The function h
is defined as h(z,v) =[x v 2® av v* 2* 2% 2v® ©®]|T. In order to drive the system to different points on

the branches, the reference r is varied.
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Algorithm 3.1 Trajectory-based stabilization of periodic orbits.

1: Construct a section to obtain a parameter-dependent Poincaré map.

2: Choose a function h, which contains the basis functions.

3: Generate data of the form (2.12) by simulating the extended system (3.6) for » =0 and
a chosen set of control parameter values.

4: Solve the convex program (2.14).

: Compute the gain matrix K by using (2.15).

6: Use the obtained controller u, = Kh(x,,v,) in the extended system (3.6) for different
nonzero reference values r in order to drive the system to different points on the

ot

branches.
1.6 w w w 0.3 w \ ;
Ty o Up
14 f 0 —reference | e
1 0.2+ :
1.2+ b 1 b
1} ! | 0.1} |
08| Y | ]
Y o ]
0.6 \ 1 .
0.4 : : : -0.1 : - :
0 50 100 150 200 0 50 100 150 200
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Figure 6. Simulated time series of the Poincaré map corresponding to system (3.7). The control signal is
set to un = Kh(xn,vyn), where K is obtained from the solution of the convexr program (2.14). For 0 <n < 98,
the reference is set to r = 1.5, while for 99 < n < 200 we choose 7 = 0.5. This induces a switching from the
fized point 1.5 on the stable branch to the fized point 0.5 on the unstable branch. (a) Time series of the state
together with the reference signal. (b) Time series of the feedback control signal.

To demonstrate the global stabilization property of the obtained controller, we again solve
a switching problem from one point of the stable branch to one point of the unstable branch.
Figure 6(a) shows the time series of the state as well as the reference signal, and Figure
6(b) depicts the corresponding control signal. Observe that after changing the reference, the
controller drives the state to the selected point on the unstable branch.

4. Conclusions. Trajectory-based control methods allow for an automatic construction
of a stabilizing controller based on one a priori recorded input-state trajectory. Section 2
shows that by utilizing feedback linearization, the linear setting can be extended to a class
of nonlinear systems. Based on this extension, discrete-time control systems that are in-
duced by parameter-dependent Poincaré maps are amenable to this method. As a result,
unstable periodic orbits can be stabilized by the constructed controller, which is obtained by
solving a convex program. This circumvents the problem of finding adequate control gains.
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Furthermore, in the case of a full nonlinearity cancellation, the controller globally stabilizes
the unstable fixed point. Consequently, there is no need for a nearby initialization. The
embedding of the trajectory-based scheme into an integral control framework in section 3
allows for stabilization of nonzero fixed points, which makes it possible to use the method
for control-based continuation problems. But, in contrast to continuation schemes that are
based on linear feedback control, switching between a point on the stable branch to one on
the unstable branch is possible without requiring the assumption that the points lie in a small
neighborhood. Also, the robustness against external disturbances is increased by the global
stabilization property, which is useful in an experimental setup.

There are several possible further research directions in this area. First, the proposed
integral control scheme in section 3 assumes that the full state is available for feedback, which
typically is not the case in experimental setups. Thus, either a state estimation scheme is
needed or one would have to resort to output feedback, where the output includes all the
measurement variables [26]. State estimation is possible by using delay coordinates [38, 28].
The influence of such modifications on the stabilization properties of the proposed method
will be studied in the future. Furthermore, the presented method is not restricted to single-
input systems. Thus, also Poincaré maps that depend on a multidimensional parameter can be
handled. This could be used to discover more complex bifurcation diagrams. Also, periodically
driven oscillators are amenable to the stabilization scheme. In fact, for this class of systems,
it is possible to construct a globally defined Poincaré map; see, e.g., [19]. Finally, a validation
of the integral control scheme in a laboratory experiment would be useful and may lead to
further research questions. For example, the influence of introducing delay into the integral
scheme on the stability could be studied.
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Data-Driven Model Predictive Control of a
Nonlinear Ball-on-a-Wheel System

Niklas Kruse, Alexander Wache, Harald Aschemann and Jens Starke

Abstract— The topic of this paper is the design of a data-
driven model predictive controller for a nonlinear ball-on-a-
wheel system. A Koopman predictor is identified using simu-
lation data of a ball-on-a-wheel system model. The challenge
lies in using data, which is characterized by the instability of
the given system. This limits the time horizon during which
meaningful time series can be extracted. Within this scenario,
the predictor is included in a model predictive control scheme.
This controller successfully tracks a specified non-flat output
trajectory subject to input and output constraints. Finally, the
prediction quality of the Koopman predictor is compared with
a linear predictor based on dynamic mode decomposition with
control.

I. INTRODUCTION

Data-driven design methods form an attractive alternative
for the active control of systems, where an accurate model is
not given. These methods can be classified into two different
approaches.

Given measurements of a system, a control law can be
computed directly that, for example, forces the system on
a given reference trajectory [1], [2]. Here, an explicit model
identification is omitted. On the other hand, one may first
identify a model and, afterwards, apply model-based design
methods [3], [4]. A strategy which corresponds to the latter
approach is the combination of a model identification and
a model predictive control scheme that allows for reference
tracking with given constraints on the input and output of
a system. An identification becomes possible by using the
Koopman operator and extended dynamic mode decomposi-
tion (EDMD) [5].

This paper successfully transfers ideas of [5] to a data-
driven predictive controller applied in a neighborhood of an
unstable state in a tracking scenario of a nonlinear ball-on-
wheel (BoW) system. Model-based control strategies for this
BoW system, where the model equations are derived from
first principles, already exist [6], [7]. However, this work is
characterized by the following points:

e The successfully obtained control scheme is purely
data-driven in the sense that we only use previously
generated input-output time series of a BoW system
simulation.
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« Simulation data is collected in open-loop operation and
in the neighborhood of an unstable equilibrium point.
This generates bounds on the time horizon during which
meaningful time series can be extracted.

o The natural system output is not a flat output and, there-
fore, the considered tracking problem is not directly
amenable to flatness-based control strategies [8]-[10].

o In terms of the identified predictor, we provide a com-
parison concerning the prediction quality of a Koopman
predictor and a linear predictor based on dynamic
mode decomposition with control (DMDc) for different
measurement noise levels.

The remainder of this paper is structured as follows. Sect. II
contains a description of a BoW system, the used simulation
model and a linear stability analysis. In Sect. III, the data-
driven identification of a predictor based on the Koopman
operator and EDMD is described. Subsequently, this predic-
tor is combined with a model predictive control scheme in
Sect. IV. Finally, in Sect. V, the proposed control scheme
is tested via simulation of the BoW system. The prediction
quality of the identified Koopman predictor is compared with
a prediction based on DMDc [3]. This work is concluded in
Sect. VL.

II. MODEL DERIVATION AND STABILITY ANALYSIS

A BoW system represents a multibody system consisting
of a driven wheel and a ball, which rolls without slip on the
wheel as depicted in Fig. 1.

The ball has the mass m g, radius » and moment of inertia
Ip. The wheel with radius R and mass moment of inertia
Iy is driven by an electric motor with an underlying velocity

Fig. 1: A Ball-on-a-wheel system. A ball with mass mp and
mass moment of inertia /g is balanced on a driven wheel
with y as angular deviation from the upper equilibrium point.
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control. The state of the system is uniquely determined by
the generalized coordinates q and velocities q. We choose
g = (¥, x), whereby ¥ measures the absolute angle of the
wheel and x describes the angular deviation w.r.t. the current
position of the ball and the upper equilibrium, where the
ball’s center coincides with the z-axis. The input u of the
system is defined to be the desired angular velocity 14 of the
wheel. The dynamics of the angular velocity ¥ is governed
by a first-order lag system for the underlying control of the
electric motor

Ty + 9 = g, (1)

with time constant 77.

By using the Lagrange formalism and combining the
resulting equations of motion with the motor dynamics (1),
one obtains the nonlinear control system

) 0
(GRS o o EOe)
by + csin 'y =b
Yt =X, 3)

with the full state ¢ = (q,q), the output yr = x and
constants

1
= —— 4
a T “)
IgR?>+ 1
L Linte i L )
Ty (R+r)2(mpr?+ Ip)
2
= agmpr 6)

(R+7r)2(mpr2+1Ig)’

where g denotes the gravitational acceleration. The model
parameters correspond to a BoW laboratory test rig. In future
work, it is planned to implement and validate the data-driven
control at this experimental setup. The right-hand side of the
system (2) is independent of the state variable ¢ and thus, in
the remainder of this paper, we consider the reduced-order
form

T3 0

&= f(z,u) = axy + |—alu,
bxrs + csin —b

Y =1, 3

with the reduced state & = (z1,x2,23) = (x,%,x) and
output y = 1 = X.

Obviously, the upper equilibrium point & = 0 represents
an unstable stationary point of the uncontrolled system
f(x,0). Indeed, if A = (Jf;/0x;) denotes the Jacobian
of f(«,0) at = 0, then we obtain the linear system

0 0 1
t=Ax= (0 a 0|, 9)
c b 0

with eigenvalues (A1, A2,A3) = (a,—+/¢,+/c). In the
case of our experimental setup we have (A1, A3, \3) =~
(—667,—11,11) and thus the point & = 0 is unstable.

Nevertheless, we want to force the system output y on
a specified reference trajectory in the neighborhood of the
unstable equilibrium & = 0. Furthermore, we want to obtain
the necessary control law without the model (7), using
only a-priori measured input-output time series from model
simulation. This is done by a data-driven model predictive
control scheme. For this scheme a predictor is identified
using the Koopman operator and EDMD. The following
section gives a brief introduction into the method behind
this identification.

III. DATA-BASED IDENTIFICATION OF A KOOPMAN
PREDICTOR

Assume, according to [5], that a discrete-time dynamical
system of the form

Tit1 = F(wi, Ui), (10)
yi = h(z;), (11)

with unknown functions F© : R® x R — R"™ and h :
R™ — R is given. In our case, this dynamical system is a
discretization of (7)-(8). The only information we want to use
in the remainder of this section are input-output time series
{(uk7 yk)};fnzl = {(ulv yl)’ (u27 y2)1 RS (um7 ym)}’ where
uy and yi denote the k-th measurement of the input and
output and m is the number of measured data points. We
aim at a linear system of the form

zit1 = Az; + Bu,, (12)

13)

where z; € RY is called the lifted state, 1J; denotes the
prediction of the output y; of the discrete-time dynamical
system (10)-(11), and N is the dimension of the lifted
state space RY, which typically exceeds the state space
dimension n. This linear predictor is also called Koopman
predictor. The Koopman operator framework allows for
finding a global linear representation of a nonlinear system
at the expense of infinite dimensions. However, considering
a finite projection (12)-(13) is sufficient in the treated
case [5]. In the following, we describe the identification
of a linear predictor of the form (12)-(13) using only the
input-output time series {(ux,yr)} ;-

gi = CZi,

A. Partitioning of the Data

The first step is to arrange the data {(ug,yx)}y, in
matrices X, Y and U. These matrices are of the form

X =[G Cul, Y =[¢ Gl (14

U = [’Ul ﬂM] R (15)
where

Ci= [yire wis1 Vie1 s yi]T, (16)

¢ = [yirs itz w2 uwip yi+1}T7 (17)

U; = Ui4-2- (18)
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Here, ¢; denotes the i-th delay coordinate. For example, if
we set m = 4, the time series {(u,yx)}i_, is partitioned
into

G=[ys uz y2 w yl]T» (19)

S T R (20)

U] = Uz, 21
and the data matrices are given as

X=0, Y=¢ U=, (22)

with M = 1. Note that in this case, it is not possible to
construct C;r since y5 is not included in the time series
{(uk, yr)}i_,. Consequently, the number of columns M of
the data matrices X, Y and U depends on m.

B. Identification of a Koopman predictor

A Koopman predictor is identified by solving an opti-
mization problem in order to find the matrices A, B and
C of (12)-(13), which are considered in two subsequent
optimization problems. These optimization problems are
based on the EDMD, described in the following. The first
optimization

min || Yy — AXige — BU||p (23)
AB

involves all possible matrices A and B. Here, || - || denotes
the Frobenius norm and the matrices X;; and Yj;s are given
as

Xiiee = [¥(¢1) Y(Cur)] (24)

Yiiee = [9(¢7) P(Cip)] (25)
where

P(¢) = [¢¥1(¢) Un(0)]" (26)

is a vector that contains real or complex-valued nonlinear
basis functions. Thus, one has to choose adequate basis
functions, which span the possible nonlinearities of the given
system (10)-(11). The solution of the optimization problem
(23) is given by

[A B| = Yix (X U)T, (27)

where T denotes the pseudoinverse. The matrix C of the
Koopman predictor (12)-(13) is computed as

C=XX/,, (28)

which is the optimal solution of the second optimization
problem

mci’n||X—CX11ftHF. (29)

The direct computation of the pseudoinverse in (27) and (28)
is replaced with the associated normal equations, which can
be solved more efficiently as explained in [5]. Within these
two steps, hence, we have identified a linear predictor of
the form (12)-(13) using only the input-output measurement
{(ug,yx)}i, of the given dynamical system (10)-(11).
Subsequently, we want to explain how to use the identified
Koopman predictor in a model predictive control scheme to
track a specified reference trajectory.

889

IV. MODEL PREDICTIVE CONTROL FRAMEWORK

In Sect. I1I, we showed how to obtain a Koopman predictor
from a given input-output time series {(ux,yx)}j-,. This
allows to predict the output y of a dynamical system, where
the right-hand side is unknown. In this work, the dynamical
system is given as a discretization of (7)-(8). Starting from
the computed Koopman predictor, we obtain a control law
that tracks a specified reference trajectory for the output
y. The control law is computed via a model predictive
control scheme, which allows for imposing constraints on the
input and output of the system [11]. Traditionally a model
predictive control scheme uses model equations derived
from first principles to predict the behavior over finite time
horizons. In the present work, these model equations are
replaced by a Koopman predictor, which makes the control
scheme applicable even to systems where model equations
are unknown or cannot be derived.

A model predictive control scheme solves an optimization
problem at fixed time t; that runs over a finite time horizon
and is initialized with the measurement y;. Only the first
input value of the optimal input is applied to the system at
time tj. At times tyy1, tx+2, ... this procedure is repeated
in a shifted time horizon and, hence, the control scheme
accounts for measurements of the system.

For a given sample time At, T}, denotes the length of
the prediction window, which specifies the optimization
horizon N, = T,/At. At a time ¢ during the closed-
loop operation, the given measurements (ug,yy) are used
to initialize an optimization in the following way. Recall
that the data (ug,yx) together with previous measurements
specify (. But ¢, determines an initial value zo = ¥ (k)
of the identified Koopman predictor (12)-(13). Now, the
optimization problem

min J(u, z),
u,z

(30)

is solved, where the feasible set is the polyhedron given by
the constraints

zip1 = Az; + Bu,, (3D
Dlu 2" <o (32)
Here, u and z denote the vectors (uq,u1, ... ,uNp,l) and

(20,21, .., 2n,). The matrix D is defined by the constraints
on the inputs w; and the outputs y; of the system. The
deviation from a given reference trajectory is penalized by a
quadratic cost function of the form

J(u,z):[u z]P[u z]T—i-qT[u z]T—H“, (33)

where the matrix P, the vector g and the scalar r are
chosen appropriately as is explained in [5]. For the quadratic
optimization problem (30)-(32) efficient solvers exist [12].

Finally, the first component uj of the optimal vector u*
is applied to the given dynamical system at the fixed time
instant t;. The described procedure is now repeated at the
subsequent times tg1, tx42, ... resulting in a feedback law
z +— u(z), which tracks a desired reference trajectory. In
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the following section, this control strategy is applied in a
simulation scenario of the nonlinear BoW model (7)-(8).

V. NUMERICAL RESULTS AND COMPARISON

In this section, the described identification and model
predictive control scheme are combined in order to track
a specified reference trajectory of a BoW system. After the
identification of a Koopman predictor of the form (12)-(13),
the model predictive control scheme described in Sect. IV is
tested via simulation of the nonlinear BoW model (7)-(8).

The remainder of this section is structured as follows: In
Subsect. V-A, we describe the identification step using sim-
ulation data of a BoW model. Subsequently, in Subsect. V-
B, the identified predictor is included in a model predictive
control scheme, and a desired reference trajectory is tracked
in a simulation of the nonlinear model (7)-(8).

A. Identification of a Koopman Predictor

The only information we want to consider for the
identification of a Koopman predictor of the form (12)-(13)
are input-output time series {(ug, yx)}7r ;-

First, it is described how we generated the data out of
a system simulation. For this, the BoW model (7)-(8) is
discretized by a fourth-order Runge-Kutta method to obtain
a discrete-time dynamical system of the form (10)-(11),
where the discretization time step is set to At = 0.01 s. We
run 10 simulations, where each simulation generates a input-
output trajectory {(ug,yx)}22,. The input is determined
by uniformly distributed random numbers between 1 and
—1 and the initial conditions for the state are uniformly
distributed random numbers between 0.1 and —0.1. The
generated output trajectories are shown in Fig. 2.

Recall that the measured output y = x is the angular
deviation from the upper equilibrium position of the ball,
which is unstable. Therefore, after randomly initializing
the system in a neighborhood of the equilibrium position,
the difference angle x rapidly increases in the positive or
negative direction depending on the initial value. Thus, for
the identification we could only use trajectories that diverge
from the equilibrium position.

For the partitioning of the collected data in the matrices
(14)-(15), we choose three Gaussian basis functions [5].
Combined with the delayed state ¢ in (16)-(17) this results
in an eight-dimensional lifted state z. The dynamics of
the lifted state z is governed by the Koopman predictor
(12)-(13), which is computed by solving the optimization
problems (23) and (29).

B. Tracking of a desired reference signal

The tracking of a specified reference trajectory is tested in
a simulation of the nonlinear BoW model (7)-(8). After the
identification of a Koopman predictor based on simulation
data, the proposed model predictive control scheme is applied
in a simulation.
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Fig. 2: Simulated output trajectories for 10 different initial
conditions. The initial conditions are uniformly distributed
random numbers between 0.1 and —0.1. This data is used
for the identification of a Koopman predictor.
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Fig. 3: Resulting control u, which tracks the desired refer-
ence trajectory. The constraints on the input are set to 0.6
and —0.6. The used Koopman predictor is obtained from
simulation data.

The control u, the simulated output y = x in closed-loop
operation and the tracking error are shown in Fig. 3, 4 and
5. The closed loop is simulated for 7" = 20 s. Applying the
control shown in Fig. 3 to the BoW system results in the
output trajectory y, which is depicted in Fig. 4. The marked
input and output constraints are satisfied, and the desired
reference trajectory is tracked with high accuracy.

This can be understood by investigating the prediction
quality of the identified Koopman predictor. In Fig. 6, the
prediction quality is compared with the model output and a
linear prediction model, which is identified with DMDc [3].

The Koopman and DMDc predictors are identified based
on simulation data. The trajectories are generated in open-

0.1 V\ ‘ constraints ||
T ey
S B\ ”
X ‘\I
0.1 ‘ ‘ ‘ B
0 5 10 15 20

tin s

Fig. 4: The simulated output y (blue) together with the
desired reference trajectory (red) and the chosen output
constraints (black). The constraints on the output are set to
0.05 and —0.05 and the simulation of 7" = 20 s with a
prediction horizon of T}, = 0.8 s is initialized with &y =
(Xgﬂ/.)o, Xo0) = (0.02,0,0). The used Koopman predictor is
obtained from simulation data.
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Fig. 5: Resulting tracking error between the simulated output
x and the desired reference trajectory.

0.02 \ ol
A mode!
//F\,/D\J \\-o-a\\ = = = Koopman
- 0.01 Pa¥d \ DMDe ||
s d \\\ o
o O [ \\\\-\»« ’rd “
R N J
o '\\ A 4
—0.01 \ m\y/ \/ 7
—0.02 ‘ ‘ ‘
0 0.2 0.4 0.6 0.8
tin s

Fig. 6: Comparison of the prediction quality of a Koopman
predictor (red) and a predictor based on dynamic mode
decomposition with control (DMDc) (green). Both predictors
are identified with simulation data. The trajectories including
the model output (blue) are generated by a random input
signal and are shown within the prediction horizon T),, =
0.8 s.

loop operation with a random input signal. The prediction
of the Koopman and DMDc predictor coincides and shows
a high accuracy in the chosen time window.
By additionally considering a perturbed output
Y =Yk +epr, k=1,2,...,m, (34)
where pj are uniformly distributed random numbers in the
interval (—1,1) and ¢ denotes the amplitude of the perturba-
tion, the robustness of the Koopman predictor is investigated.
For comparison, we also show the prediction quality of a
DMDc predictor, which is trained with a perturbed state
time series with the same noise amplitude €. The resulting
predictions for different values of ¢ are shown in Fig. 7
and 8. For an increasing noise amplitude ¢, the prediction
quality of the DMDc predictor decreases. The prediction
quality of the Koopman predictor, however, remains un-
changed. The resulting tracking performance together with
the corresponding tracking errors, where the identification
is based on noisy output time series, is shown in Fig. 9,
10, 11 and 12. Despite an increasing noise amplitude, a
high tracking accuracy is observed. As is shown in [5], the
Koopman approach can be extended to perturbed systems.
Given a stochastic disturbance with known distribution and
a sequence of control inputs, this extension makes it possible
to approximately predict the distribution of the state variable.
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Fig. 7: Comparison of the prediction quality of a Koopman
predictor (red) and a predictor based on dynamic mode
decomposition with control (DMDc) (green). Both predictors
are identified with simulation data, where the output/state
time series is perturbed with a noise amplitude ¢ = 107°.
The trajectories including the model output (blue) are gen-
erated by a random input signal and are shown within the
prediction horizon 7}, = 0.8 s.
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Fig. 8: Comparison of the prediction quality of a Koopman
predictor (red) and a predictor based on dynamic mode
decomposition with control (DMDc) (green). Both predictors
are identified with simulation data, where the output/state
time series is perturbed with a noise amplitude ¢ = 1075,
The trajectories including the model output (blue) are gen-
erated by a random input signal and are shown within the
prediction horizon T, = 0.8 s.

VI. CONCLUSIONS

In this work, a data-driven model predictive control
scheme is proposed that allows for tracking of a specified
reference trajectory and could be successfully applied to a
BoW system. The challenge relies on the fact that data is
only available in a neighborhood of an unstable equilibrium
of the system, which limits the time horizon during which
meaningful time series can be collected. Furthermore, the
considered output is not flat, i.e. the tracking problem is not
directly amenable to flatness-based control strategies. When
using previously obtained simulation data in the identifica-
tion of the used Koopman predictor, a high tracking accuracy
is achieved. This is based on the high prediction quality,
which is observed for the Koopman predictor. In future work,
the proposed data-driven model predictive controller will be
implemented and validated on a BoW test rig.

Authorized licensed use limited to: Universitaetsbibl Rostock. Downloaded on July 31,2025 at 08:13:31 UTC from IEEE Xplore. Restrictions apply.



01 [~ constraints ||
* output x
e - H
< = = = reference
= p p
= 0 oy /\/\/\_/
B \
X ‘\ ’
0.1 ‘ ‘ ‘ |
0 ) 10 15 20

tins

Fig. 9: The simulated output y (blue) together with the
desired reference trajectory (red) and the chosen output
constraints (black). The constraints on the output are set to
0.05 and —0.05 and the simulation of 7' = 20 s with a
prediction horizon of T}, = 0.8 s is initialized with xy =
(x0,%0, X0) = (0.02,0,0). The used Koopman predictor is
obtained from simulation data, where the output time series
is perturbed with a noise amplitude ¢ = 1076.
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Fig. 10: Resulting tracking error between the simulated
output x and the desired reference trajectory for the case
e =105
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The nonlinear interaction between the tip of a scanning probe microscope (SPM) and a sample is
manifested in the emergence of bifurcations and unstable branches in the frequency response of a
driven cantilever. While extensively investigated theoretically, exploring the unstable branch in an
actual SPM experiment is lacking so far, reflecting the broader challenge in studying mechanical
nanojunction oscillators under strongly varying external forces. Here we demonstrate experimental
tracking of unstable periodic orbits between two saddle-node bifurcation points in the attractive
regime, revealing the full set of stationary oscillatory states. This is achieved by a minimally invasive
control scheme based on fast adaptive phase extraction and Fourier discretisation of the tip dynamics.
Stabilization of unstable branches of oscillating AFM cantilevers opens avenues for novel
experimental modes, potentially enabling ultrasensitive surface detection at considerably large
amplitudes with minimal tip-surface interaction, new insights in tip-surface interaction mechanisms,
as well as new AFM modes enabling arbitrary setpoint choice while inherently avoiding discontinuities.

Control of nanomechanical dynamics is of extreme technological impor-
tance. Applications range from motion and position sensors', detection of
chemical and biological species’™, transducers and microfluidic transport’,
to more fundamental demands such as gravitational wave detection and
quantum state analysis”®. Typically, the resulting dynamics are treated
linearly, i.e., in terms of a driven, damped harmonic oscillator, where a
stationary state corresponds to a periodic orbit. As for any oscillator,
however, increasingly nonlinear external forces result in drastic changes in
the frequency response, up to the emergence of bifurcation points or even
chaotic behavior’’. For micro-cantilevers in the vicinity of a surface, the
nonlinearity can originate from repulsive (i.e., hardening), attractive (ie.,
softening), or combined interaction™"”. As a result, multiple branches of
stable states emerge>, and the system may change quasi-erratically
between them, triggered by external disturbances such as varying ambient
conditions or noise.

These stable states are separated by unstable states, which, however, are
experimentally not directly accessible because of their unstable character:
infinitesimal deviations from the ideal stationary point in Fourier space
rapidly drive the oscillator toward one of the stable solutions. Experimental
access to unstable states has been realized via control-based continuation
methods for macroscopic mechanical systems™ >, and via phase control for
miniaturized oscillators™, offering a variety of advantages over the uncon-
trolled system, such as an extended parameter space for reliable operation,

or improved noise performance and hence resolution®'. The first attempts to
apply control-based continuation methods to atomic force microscopy can
be found in ref. 32. However, the proposed method was only tested in a
simulation of a model.

In this work, we explore nonlinear surface-engaged nanomechanical
oscillators as they are employed in dynamic scanning force microscopy
(SEM), particularly the concept of stabilizing an unstable branch of periodic
orbits of an SFM cantilever in the vicinity of a solid sample surface. Scanning
force microscopy, also known as atomic force microscope (AFM), is a
versatile and popular method for revealing surface properties on the
nanoscale. These include morphology, atomic and molecular structure,
stiffness, surface potential, magnetic field, and many more™*!. Material
parameters can be extracted, e.g., employing phase imaging, force-distance
curves™, multimodal SFM™, or by analyzing transient deflection data *, e.g.,
by using sparse identification of nonlinear dynamics (SINDy) *’. Applica-
tion scenarios of SFM in the past decades range from atomic and molecular
systems to life-sciences™***". In short, in this method, a sharp tip attached to
a microcantilever beam is approached to the sample surface. The resulting
beam deflection due to tip-sample interaction is measured and processed
further, usually in a closed-loop manner. Most SEM modes rely on the
periodic mechanical actuation of the cantilever on one of its eigenmodes,
where continuous changes of the periodic orbits are indicative of varying
sample properties, e.g., as a function of the lateral position of the tip.
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While usually treated as a harmonic oscillator, tip-sample interaction
forces are highly nonlinear, hence the SFM represents a prototype nano-
mechanical system. However, transferring control concepts to the SFM is
not straightforward, for both technical and physical reasons: when inter-
acting with a surface, the attractive van-der-Waals interaction dominates all
other forces", if not the even larger capillary forces come into play, e.g., due
to condensation of a water meniscus. Therefore, the relevant external forces
acting on the oscillator are fundamentally different compared to macro-
scopic or intrinsically nonlinear systems, and the same holds for the shape of
frequency-response curves™. Since the tip-sample distance critically affects
the oscillator’s properties on the nano- or even atomic scale, stable and
precise distance control is crucial. In this work, we are aiming at stabilizing
unstable states of a conventional SFM with nanometer amplitudes, while
leaving the system’s intrinsic properties unchanged via non-invasive con-
trol-based continuation®. As a useful side effect, unwanted sudden jumps
between temporarily stable periodic orbits can be avoided, leading to further
robustness of SFM measurements, which otherwise has to be actively
enforced using dedicated approaches®.

Results and discussion

Bifurcation diagram of a nonlinear oscillator

Figure 1 shows a typical bifurcation diagram of a nonlinear oscillator with an
attractive (i.e,, softening) external force. A natural set of independent
parameters for an SEM consists of the driving frequency f and the (mean)
tip-sample separation s, which both serve as bifurcation parameters in our
setup. The latter adjusts the strength of the external nonlinear force. The
state can be characterized by the cantilever’s amplitude A(f) (Fig. 1a and
phase ¢(f) of the deflection with respect to the driving frequency (Fig. 1b),
although other descriptors may be appropriate as well, such as a complex
Fourier vector. Starting far away from the sample (ie. large s), the

phase

frequency

frequency-response A(f) resembles that of a typical driven, damped har-
monic oscillator with its maximum at the resonance frequency f;. As the
nonlinearity increases (i.e. s decreases), the resonance initially shifts, then
deforms, until it finally enters the bistable regime where A is not uniquely
determined by f: for a given frequency f, there are two stable periodic orbits
separated by an unstable one. In a pseudo-3D representation (Fig. 1), the set
of amplitudes or phases of stationary states in Fourier space describes a
folded surface, respectively.

In experimental frequency sweeps, the bistability manifests as sudden
amplitude jumps, also called catastrophes, accompanied by a pronounced
hysteresis behavior (Fig. 2a. The resulting shape of A(f) is occasionally
referred to as shark fin, where the orientation of the shark fin depends on the
sign of the nonlinear force. The branches of unstable states extend within the
region between the two bifurcation points (red curve indicated in Fig. laand
cover a considerable part of the amplitude range. At the smallest separation
(s = 61 nm in Fig. 2a), the shark fin appears to point to both directions, left
and right, for the frequency down-sweep, as well as for the up-sweep.

This is a consequence of the coexistence of attractive and repulsive
forces, resulting in a complex double-bent frequency-response curve®.
Some of the bifurcation points are hardly visible, because the sudden
amplitude change is small, e.g., for the forward sweep (blue curves). How-
ever, the same bifurcation points are also formed in the phase response
(Fig. 2b), where they are clearly visible. The unstable part of the fold in
Fig. 1a, b is inaccessible by simple frequency sweeps. In the following we
present a method enabling measurement of such hidden folds of the
response surface in SFM experiments.

Tracking unstable states
Our mathematical and experimental approach is summarized graphically in
Fig. 3 and described in detail in the Methods section. In short, the tip of an

Amplitude

Fig. 1| Schematic rendering of the complete response surfaces of Amplitude and Phase. a amplitude A and b phase ¢ of a surface-engaged nano-oscillator under attractive
interaction. The red lines indicate positions of bifurcation points and their projection onto the separation-frequency plane.
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Fig. 2 | Frequency sweeps at different separations. a Amplitude A and b phase ¢ on
a silicon sample for various separations s, ranging from a free oscillation (largest
separation, top), to slightly attractive, attractive, and coexisting attractive and
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repulsive (lowest separation, bottom) forces. Red curves indicate sweeps from high
to low frequencies and blue curves from low to high. The curves are offset vertically
by an arbitrary amount for clarity.
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Fig. 3 | Simplified scheme of the experiment. Blue-
colored parts symbolize parts of the commercial
SFM setup, beige components were added later on
and integrated via a breakout-box. As the z-piezo
voltage is kept constant during control attempts, the
tip-sample distance control is omitted for simplicity.
PSPD position-sensitive photodiode, ADC analog
digital converter, DFL deflection, LMS least-mean
square algorithm, DAC digital analog converter.

dither piezo

z-piezo

registration laser

actuation voltage

e
~~ high
voltage
amplifier

z-piezo voltage
<4

SEM is approached to a silicon sample, and a periodic force is applied to the
cantilever. The phase of the first Fourier component of the resulting oscil-
lation state is extracted and used as an input parameter for a non-invasive
control scheme, implemented in a real-time signal processing unit
(RTSPU). The control acts on the frequency f = -+ 4 y, which results in a
time-dependent forcing signal of the form I sin(y/(t)), where the accumu-
lated phase y() (often referred to as instantaneous phase) is obtained by
integrating the proportional plus integral controller

d
GV =@ TK@—¢)+A (1

d .
TA=Ki(9— ¢ @

with initial conditions y(0) = 0 and A(0) = 0, a starting angular frequency w,,
the target phase ¢*, the integral part A, and control gains Kp, K;. Note that
this control law is non-invasive by design®, in that it does not alter the
system’s dynamics once the control target is reached. Instead of the
commonly utilized lock-in amplifier for phase extraction, we implemented a
successive phase detector based on the normalized least-mean-square
(nLMS) method”, which turned out to be an essential ingredient due to its
superior rate of convergence™. Once a stationary point in Fourier space is
reached with sufficient accuracy, a new control step is started where the
target phase is decremented by a constant value, such that the entire relevant
phase range is sampled in both, stable and unstable regions. Then, the tip-
sample separation is changed such that the full set of periodic orbits is
tracked while still residing in the predominantly attractive regime of the tip-
surface interaction. Hence, double-bent bifurcation diagrams, as described
in the previous section, are largely avoided for simplicity.

Unveiling the hidden folded surface

Figure 4a shows an experimental example of a controlled sweep through the
phase range from ¢~ 1.00rad to ¢ = — 0.48 rad, including stable and
unstable branches of the bifurcation diagram. The blue and red lines are
conventional frequency sweeps (i.e., at disabled control loop), showing the
bifurcation points where sudden jumps occur, depending on the sweep
direction (cf. Fig. 2b). These curves serve as a reference, and facilitate the
identification of the area in the (f, ¢)-plane where the unstable branch is
expected. When the control scheme is enabled and the phase is varied from
large values in decreasing directions. Initially, the upper stable branch is
followed (black-filled circles). At the bifurcation point the frequency
direction reverses thanks to control-based continuation, thus tracking the
unstable branch without occurrence of any catastrophes. Finally, the

frequency reverses again, and the lower stable branch is followed. Therefore,
the full set of stationary oscillatory states is revealed for this particular tip-
sample separation s. Repeating this scheme for various tip-sample separa-
tions s unveils the entire fold, as shown in Fig. 5. When reducing the tip-
sample distance, the influence of nonlinear interaction increases and so does
the range along both phase and frequency of the unstable region, resulting in
higher path lengths of the unstable branch. A general observation is, that the
data scatter more pronounced within the unstable branches compared to the
stable ones which points to a high sensitivity to external influences, see
discussion below. From the data in Fig. 5, the location of the cusp, i.e., the
point in the (f, s)-plane where the two branches of saddle-node bifurcations
start to occur, can be extracted, which is located around f=58.43 kHz and
s=103 nm.

Transient data for phase and frequency is shown in Fig. 4b, illustrating
the dynamic behavior of the control scheme, particularly for the unstable
branch. A magnified view of the transient phase evolution for one of the
control steps is displayed in Fig. 4c. The target phase is approached quickly
after each control step, while the remaining deviation is reduced on a slower
timescale (see Fig. 4c), reflecting the typical behavior of the utilized
proportional-integral (PI) control scheme, see equations (1) and (2). Finally,
the phase clearly converges towards the target.

All control steps, including those on the unstable branch, reach the
control target within the given period of time, where some minor oscilla-
tions are sufficiently damped by the control (see Fig. 4c). Occasional
oscillations in the s-dependent curves visible in the frequency transients
(Fig. 5, transients not shown) still result in much smaller uncertainties
compared to the interpoint distance between two adjacent control steps.

Numerical simulations

In order to ensure the feasibility of our control approach prior to actual
experiments, we employed a simple driven point mass model in common
tip-sample interaction potentials, such as the Lennard-Jones or Derjaguin-
Muller-Toporov model. However, quantitative a-priori modeling of
unstable branches is essentially obstructed because the nature of the tip-
sample system strongly depends on tip and sample materials, ambient
conditions (particularly humidity), and time scales involved. Commonly
accepted ingredients for a mathematical SFM model are a weak, long-range
attractive interaction dominated by van-der-Waals forces (range of the
order of 100 nm) and a short-range repulsive force caused by the Pauli
principle (range of the order of 1 nm) and/or contact mechanical forces, e.g.
treated within the Hertz model. Other attractive, repulsive, and dissipative
contributions to the interaction force have been considered'*”* but crucial
parameters (e.g., the dissipation coefficient) are essentially unknown.
Hence, we did not try to find a physically accurate model but rather adhered
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Fig. 4 | Controlled frequency sweep accessing unstable states. a Phase response
curve of a frequency sweep with disabled control in forward (blue dotted line) and
backward (red dotted line) direction. With enabled control, the unstable branch is
tracked (black-filled circles). Control parameters are: Kp = 12.6 kHz rad ' and
K;=113kHzrad 's™". Error bars represent the mean standard deviation (see

c
< 0.50 — —ty
£ 025 é
0.00 -
N 55.95 LLLU_JIIllllll
=4 SN LIRS
= = —
55.90 — ()
T T T
0.0 1.2 2.4 36
t/s
b
/2.
77
0.325 o
E
< 0300 —
0.275 — A ae i bt e P i
T 77 T T
1.681 1.684 1.860 1.920

Methods section). b Transient behavior (green) of phase ¢ (top) and frequency f
(bottom). The target phase ¢* (top) and the mean value of the last 2000 frequency
values (bottom) are shown for comparison (orange). ¢ Is a magnified view of the
eighth control step indicated by rectangles in (b) and by a green-filled circle in (a).
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Fig. 5 | Complete measured response surfaces. a Phase ¢(f, s) and b amplitude
A(f, s) of an oscillating cantilever in attractive interaction with the silicon surface.
The indicated mean tip-sample separation s corresponds to the amplitude setpoint
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(hard-surface approximation), which is varied in steps of 1.85 nm. An interactive
version of these plots can be found in the Figshare repository.

to the simple Lennard-Jones model and chose parameters that qualitatively
reproduce the experimental curves (Fig. 4).

Figure 6 shows simulation results for a Lennard-Jones potential with
viscous dissipation as described in ref. 49. The control law (1) and (2), as well
as the Least-Mean-Square (LMS) algorithm to obtain the Fourier coeffi-
cients on the fly, are realized with a similar time discretisation as in the
experiment, while the equations of motion of the point mass oscillator are
numerically integrated with a Runge-Kutta solver using adaptive step sizes.
Despite the model’s simplicity, interaction forces and amplitudes are
comparable to the experiment (see “Methods” section). Indeed the unstable
branch is successfully tracked with suitable control parameters (Kp = 0.4 - f,,
K, = 0.004%, fo = 55 kHz), which are kept constant. The transient behavior
in Fig. 6b shows that after some initial oscillations, the target phase and the
instantaneous frequency are stable after a few ms, and thus confirms fast

convergence to the stationary points in Fourier space. This proves that the
feedback control scheme is indeed capable of stabilizing unstable states in
the desired region of the bifurcation diagram.

Figure 6¢ shows the 3D two-parameter bifurcation diagram of the
numerical model, i.e., frequency responses with enabled control for
various tip-sample separations using the same control parameters for
the entire simulation. All essential features, such as the initial shift of the
frequency-response curve for large s, the occurrence of the unstable
branch, its increasing length in the (¢, f) parameter space, and the
emergence of a two-dimensional hidden fold are reproduced. This
confirms the validity of experimental results, particularly the shape of
the unstable branches. The remaining quantitative deviations are most
likely due to the oversimplified model (interaction forces, point
approximation).
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Fig. 6 | Simulated controlled sweeps. a Simulated frequency-response curves of a
driven point mass in a Lennard-Jones potential with viscous damping at a separation
of 60 nm. Black dots represent responses with enabled control, whereas red and blue
lines correspond to backward and forward frequency sweeps with disabled control
accordingly, indicating jump behavior at saddle-node bifurcation points.
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b Transient behavior of the driving frequency and phase-lag error towards formerly
unstable periodic orbits, highlighted as green dots in (a). ¢ Numerical frequency-
response surfaces of phase ¢ (left) and amplitude A (right) where we choose the
separation as the second bifurcation parameter.

Control behavior
While our results imply that tracking of unstable branches is successful,
some uncertainties remain, resulting in potentially imprecise determination
of the native states in the (f; s, ¢)-phase space. Possible sources of errors are
imperfect achievement of the control goal due to small oscillations around it,
incomplete convergence, electronic noise resulting in fluctuations of the
retrieved oscillation state (i.e., phase and amplitude), and variations of
external forces, dynamically changing the characteristics of the oscillator.
The main compromise we have to achieve is the total period of time available
for the control sweep because thermal drift results in a time-dependent
variation of the tip-surface distance and, hence, of the interaction force. Even
sub-nanometer changes within a few minutes result in altered frequency-
response curves, which impedes unambiguous characterization of the
reference frequency sweeps (blue and red curves in Fig. 4a. In addition, a true
stationary point in Fourier space does not exist, because the orbits lose their
strict periodicity, and the phase to be targeted becomes a function of time.
To avoid these complications, we limit the period of time per control step
and rather occasionally accept a certain amount of remaining deviation
from the control target. This may introduce a systematic error which, in
principle, can be avoided by a more stable setup (e.g. employing active
temperature control), by faster control schemes (e.g., beyond a simple PI
controller), and by a more sophisticated termination criterion for each
control step, hence saving some time, particularly in the less critical stable
regions of the bifurcation diagram. Results shown in Figs. 4 and 5 are not
affected by long-term drift, as evidenced by the coinciding (uncontrolled)
frequency sweeps before and after the control sweep, respectively.

In our simple control approach, we selected static control parameters
Kp and K, which apparently are not optimal for the entire range of the
unstable branch. Although we obviously stay within the basin of attraction,
we expect an even more robust behavior and faster convergence by a refined
choice of parameters, e.g., in an adaptive manner”. The employed control
not only enables stabilization of unstable branches, but also offers acceler-
ated convergence to the stable states, resulting in much faster frequency
sweeps. The effect is similar to that of decreasing the Q-factor via feedback,

also known as Q-control™', which can drastically reduce the system’s

response time to a changing excitation frequency.

Envisioned applications

Once successful stabilization on an unstable branch is achieved, the question
of potential benefits emerges. We propose, that imaging on an unstable state
—in the following referred to as unstable branch scanning force microscopy
(UB-SEM)—potentially results in highly sensitive, yet robust imaging
conditions, as argued in the following: consider the conditions for “soft"
SEM, where the interaction between tip and sample is to be minimized,
sometimes referred to as non-contact mode. A widely used strategy for
achieving this goal is to increase the spring constant and decrease the
oscillation amplitude, which has been particularly successful for the case of
tuning-fork-based SFM operated in vacuum®, but is also pursued for
cantilever-based microscopes in air.

A limiting factor, especially at ambient or liquid conditions, is the
signal-to-noise ratio which ultimately sets a lower bound to the employed
amplitude for practical purposes: using the amplitude modulation (AM)-
detection scheme and typical cantilevers with normal spring constants k
around 1 Nm™ the noise level in the vertical z coordinate corresponds to
about 0.1 nm*****’, Furthermore, amplitudes smaller than the sample cor-
rugation result in a high probability of tip or sample modification, because of
the predominant sideways forces exerted in such situations. Hence, for
robust, long-term, and large-scale imaging, larger amplitudes are generally
beneficial. This, however, is not easily possible in the attractive region of the
tip-sample interaction because of the small range of amplitude setpoints
required for this scenario, and due to the emergence of bifurcations (see
Fig. 1), frequently encountered as erratic jumps of phase and amplitude in
practical SEFM experiments. Choosing the repulsive regime (often referred to
as tapping mode), in turn, impedes the requirement of minimized tip-
sample interaction. Forcing the system to remain on the upper stable branch
in the attractive regime* implies a weak amplitude dependence as a function
of frequency due to the flat shape of the shark fin, hence, the sensitivity on
tip-surface interaction forces is limited. Only on the unstable branch, large
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amplitudes can be combined with a high sensitivity (i.e., large | %—? |) while
entirely remaining in the attractive regime. Particularly when combined
with the increasingly popular light-driven excitation scheme (e.g., via
photothermal actuation)™, we expect UB-SFM to enable ultra-soft imaging
conditions, being beneficial for soft samples, such as those encountered in
biological systems.

Another application is touchless sensing of the effective tip-sample
potential and dissipation at nanometric resolution. Further refinements of
the interaction model, such as those collected in ref. 48 may result in
quantitative data obtained simultaneously with imaging. As a side effect,
erratic jumps between different stable orbits are avoided with enabled
control, although other, dedicated approaches for this purpose have been
proposed”’. In a wider scope, our methodology is applicable to any micro- or
nanomechanical system comprising a mechanical nanojunction, i.e., nearby
interfaces with controlled (semi-) contact. Avoidance of stiction in con-
trolled micro- or nanomechanical structures thus appears feasible, with
numerous applications from sensors to miniaturized mechanical trans-
missions employing articulating surfaces.

An interesting topic for future investigation is also the question of how
noise-reduction capabilities of a suitable control scheme, as shown for
example in ref. 31, can lead to enhanced performance in an actual SFM
experiment.

All these applications require implementing continuous scanning
while stabilizing the unstable state. While this may be a technical challenge,
based on our work, there are no fundamental obstacles.

Methods

Experimental realization

The experiment is based on a commercial SEM setup (NT-MDT NTEGRA
Spectra Solar) with an external signal access module (see Fig. 3 for a sim-
plified scheme). For versatile implementation of arbitrary control algo-
rithms, signal generation and processing are accomplished by a real-time
signal processing unit (RTSPU, ADwin Pro II, Jager Messtechnik GmbH,
Germany) based on a hybrid hardware combining a fast central processing
unit (CPU), field-programmable gate arrays (FPGA), and fast 16-bit digital
to analog and analog to digital converters (DAC, ADC). Time-discrete
versions of equations (1) and (2) are used using a simple forward Euler
method with a step-size of 1.2 s, implemented within the ADwinC software
package (Jager Messtechnik GmbH, Germany). One of the RTSPU outputs
is used for the actuation voltage applied to the dither piezo of the SFM, and
the resulting cantilever deflection is measured by the integrated position-
sensitive photodiode (PSPD) and fed to an RTSPU input for further pro-
cessing. A second RTSPU output is connected to a high-voltage amplifier
(Nanonis HVA4, SPECS Surface Nano Analysis GmbH, Germany), pro-
viding the z-piezo voltage for controlling the tip-sample separation.

Cantilevers with a low resonance frequency of nominally f, = 45 kHz
and high Q-factor (Q = 400) are chosen (Extra Tall PointProbePlus SFM
Tips, NanoWorld AG, Switzerland) for moderate controller speed
requirements. Typical free oscillation amplitudes are =70 nm, and tip-
sample distances are chosen such that the predominant forces remain
attractive (with the exception of the respective lowest curve in Fig. 2a, b,
where the repulsive force sets in as evident from the additional bifurcation
point for each sweep direction).

All measurements are conducted on a Si(111) sample with a native
oxide layer. Ambient humidity ranges from 17% to 36%. To minimize
thermal drift and electromagnetic noise, the SEM setup is enclosed by a
grounded protective box. The tip-sample separation is estimated from the
oscillation amplitude, calibrated by force-distance curves on the Sisample.
The phase is used as the control target because compared to the amplitude,
it is more distinct between the two stable states (see Fig. 2), and it behaves
monotonically within the region of the unstable branch, simplifying the
sampling algorithm. Each experimental control run consists of frequency
sweeps (forward/backward) with disabled control, followed by the con-
trolled phase sweep from high to low values, and another set of frequency
sweeps (forward/backward). The uncontrolled frequency sweeps serve as

a reference and enable identification of the approximate location of the
unstable branch in the (f, ¢) plane. We used control gains in a range from
Ki=113kHzrad's™' to202kHzrad's' and Kp=11.4kHzrad!
to 12.6 kHz rad ™. Typical durations are = 1.2 ps per individual control
cycle, resulting in about 240 ms for one control run (i.e., for each value of
the target phase ¢*). This reflects a compromise between minimal drift
and good data quality. The last ~40% of data points of each control step
are used for deducing statistical figures (i.e., mean and its standard
deviation), represented by data points and error bars plotted in Fig. 4a
(where the phase error is much lower than the size of the graph markers,
hence hardly visible). A full version of the ADwinC code, including nLMS
implementation, signal generation, and control algorithm, can be found in
the Figshare repository.

For the response surfaces A(f; s) and ¢(f, s) as shown in Fig. 5 the tip-
sample separation is varied in steps of 1.85 nm between each control run.
This is done by setting the respective new z-piezo voltage and employing a PI
feedback loop to stabilize the z position (i.e., keeping the amplitude con-
stant). Then, the feedback is disabled again, and the next control run is
started. Due to technical restrictions on the communication between the
RTSPU system and the personal computer, only part of all control runs is
available as a full data set for the response surface. For control steps without
full datasets, only the final values of phase and frequency are taken as a result,
hence these data points show increased scatter.

Phase extraction

For both, experiment and simulation, fast phase extraction is crucial. Our
approach is based on aleast-mean square algorithm. In dynamic mode SFM,
a mono-harmonic excitation force of the form T sin(y(%)) is applied. We
observe the deflection response x(f) using a truncated Fourier series

1 N
x(t) = 5 X(T) + > X o(T)sin(w;t) + X, (T cos(w;t) — (3)
i=1
We will refer to

Xy s(D), XN_C(T)) T ¢ R2NH
(4)

as the harmonic state, to the Fourier coefficients Xo, X; ., X; . as the harmonic
variables, which change at a slow timescale T>>27/ min w;, and towards N
as the truncation order. To obtain the harmonic variables, which coincide
with the Fourier coefficients, we use a Least-Mean-Square (LMS) algorithm
in contrast to the standard Lock-In-Amplifier setup. For general
decomposition practices the LMS algorithm was introduced for noise
canceling applications in", in atomic force microscopy this method was
investigated in*, for continuation purposes the LMS algorithm was first
used in™, a comprehensive overview of general adaptive filters can be found
in*’. Time-explicit update equations for the harmonic state X can be found
in the “Methods” section.

In the experiment as well as in the simulation, we get information on
the current tip displacement x with a sampling time At. Using the index as
the time discretisation x(nAt) = x|,,, the LMS Algorithm updates the har-
monic state X time explicitly by

X(T) = (Xo(T), X, 5(T), X, (T), ...

X|n+1 =X|n +HC(W|n)e|n
el, =x|, = X" |,c(yl,)
W|n+1 =vyl, + Atwg,

where p denotes the step-size. We exploit the linear parametric form of the
truncated Fourier series and

-
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describes the current basis vector with the instantaneous phase v/, of the
actuator I' cos y|, as an argument to ensure synchronized clocks between
measurement and forcing. The error e|,, is the difference between current
measurement x|, and approximation of the displacement
%, = X"],¢(wl,). In quadrature interpretation we obtain amplitudes A,
and phaselags ¢; from harmonic state X via

A(T) = (X, (D + (X, (T

Whereas in experimental settings we only use the fundamental i=1 to
manipulate the driving frequency, in principle we can take into account
higher harmonics. Experimental data of the deflection signal (see Supple-
mentary Fig. 1) illustrates that mono-harmonic approximation of the
measured signal is reasonable.

Simulations

For simulations, we use a normalized time, which can be seen as the number
of cycles at the natural frequency wy of the cantilever. In the following, we
will refer to t as the normalized time. The driven point mass in the Lennard-
Jones potential with viscous damping can then be written as a coupled
ordinary differential equation (ODE)

ia = x5
%xz = —xl—éxz—i—%sin%—%xz
wuel(a) ()
k/ G =57 \ \ W/ =5 V-9

and is integrated numerically in Julia by an adaptive Runge-Kutta solver
TSIT5() of DifferentialEquations.jI”’. We thereby choose the parameters,
k=07Nm™', Q=400, s=60 nm, o= 28nm, f=130nm,
wo=2m - 55000 rads™', Vy=4.2-10""*J, y=0.6- 10" In the open loop
and also closed-loop simulation we vary the normalized driving frequency
‘:}—2 after the transients die out by a discrete callback. In order to check
convergence towards a steady state we use an adapted Welford algorithm in
combination with a circular buffer. The variance %, and mean value (y) of
the circular buffer with head H can be obtained time explicitly by

W1, + 22
2+ 0l +H = 0y = Olag) (0, — H).

In our case, we store transient phase-lag values ¢, in a circular buffer of
length L =40 with a sampling frequency of 15.3 cycles at the resonance
frequency. We identify steady-state behavior and do a continuation step in
the phase-lag target ¢7 once the conditions

(601 Y
Zlf’l+1 =

Z'VH—I
L

and

(@dps € [¢I — AgY, 7 + A‘Pﬂ SOl

are fulfilled. Hereby we choose A¢] = 0.0005 rad and o, = 0.00001 rad.
For the LMS algorithm, we truncate the Fourier series at the 4th harmonic,
use the step-size y =0.01, and update the harmonic state as well as the
instantaneous phase y, 10 times every cycle at the natural frequency wp,
which corresponds to At = 0.01. For further details and exact implementa-
tions we would like to refer to the code, which is available in the public
GitHub repository.

Data availability

Datasets are available via Figshare.

¢,(T) = arctan,(X; (T), X,»‘S(T)).

Code availability

The code used for the experimental stabilization of unstable orbits is also
available via Figshare. Simulations shown in this paper are available at
GitHub.
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Abstract. Feedback-based control of dynamical systems enables tracking of unstable branches that cannot be
reached by the free evolution of a simulated or physical system. As the stationary points are stabilized
with these control methods, the stability information on the original system gets lost in the data from
the transient behavior reaching these equilibria. We introduce, by means of a physical experiment
of the Zeeman catastrophe machine, a method to construct the whole bifurcation diagram including
stability information about the underlying uncontrolled equilibria and the location of bifurcation
points.

Key words. bifurcation analysis, control-based continuation, stability determination, noninvasive control, feed-
back control, stabilization of unstable equilibria, laboratory experiment
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1. Introduction. Unstable states of dynamical systems contain relevant system informa-
tion since they play an important role for the separatrix between different regions of attraction.
The traditional approach in science starts with experimental observations which serve as a
basis for the development of a model, enabling a simplified mathematical description. This
model can then be used for prediction to be verified and might lead to further refinements.
Naturally, the information about unstable states is by definition inaccessible in an experi-
ment. One approach to gaining information about unstable states is to use feedback control
to stabilize them [29, 34, 35]. But then, stability information gets lost in the gained data.
To overcome this problem, one could switch off the control for a short time interval and in-
vestigate the uncontrolled behavior [7]. In extreme cases, systems in uncontrolled states can
destroy the whole physical setup such that alternatives are required. Well-known examples
of such events are bridge oscillations, the parameter-dependent climate change, or vibration
motion in gears taking destructive amplitudes.

In this paper, we present a method that allows us to control all equilibrium points and still
gain stability information from the data. The proposed method offers a substantial increase
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in information from experiments compared to traditional time series analysis which focuses
on transients and w-limit sets like stable stationary points or stable periodic orbits.

This is illustrated by the example of the Zeeman catastrophe machine. The machine
was suggested by Zeeman [39] as a didactic model to illustrate the effects of small changes in
parameters on nonlinear systems. It is a simple, clear, mechanical experiment for which math-
ematical models are available. Therefore, it is a good prototype experiment for comparison
and to verify concepts.

The paper is organized as follows. In section 2 we introduce a method to stabilize station-
ary points while determining the stability of the original uncontrolled system. After a short
outline of already existing control-based methods to stabilize unstable equilibria or periodic
orbits of dynamical systems and approaches to gain stability information about the underlying
original system in subsection 2.1, we shortly introduce our control-based approach used for
the presented method in subsection 2.2. In subsections 2.3 and 2.4, conditions for controlla-
bility and stability for dynamical systems to use the method of subsection 2.2 are given. The
approach to investigating stability information on the underlying uncontrolled system out of
the gained data is presented in subsection 2.5. The Zeeman catastrophe machine is presented
in section 3 and taken as a prototype experiment to verify the concept presented in section
2. A full bifurcation diagram is achieved by control-based continuation and the stability of
the gained equilibrium points can be computed. In general, we assume no a priori knowledge
about a model describing the system’s dynamics. To verify the method introduced in section
2, the results of section 3 are compared with an analytical model in section 4. We conclude
with a summary and an outlook of the results in section 5.

2. Control-based continuation for laboratory experiments. Standard methods of numer-
ical bifurcation analysis are often difficult or impossible to be used in laboratory experiments
as they require initialization at any point in state space. In such situations, it turned out that
a control-based approach allowed the performance of similar tasks of bifurcation analysis with
reduced accessibility.

2.1. Methods based on feedback control. Several noninvasive feedback control methods
are known and used to stabilize unstable equilibria or unstable periodic orbits. In the following,
we will define a feedback control as noninvasive if the control vanishes in an equilibrium
point or periodic orbit of the original uncontrolled system at any time. All of these methods
require prior knowledge either about the equilibria’s or periodic orbits’ time profile or about
the explicit function of the underlying differential equation. This circumstance makes them
highly attractive for stabilizing physical systems.

The class of washout filter-aided feedback control methods introduced by Abed et al. in
[1, 13, 16] can be understood as a proportional-integral control to stabilize unstable stationary
points of & = f(x). The closed-loop system with state variable x, scalar control input u, and
washout filter w can be written as

(2.1a) t=Mz+ Nu+ h(z,u),
(2.1b) w=Q(x—w),
(2.1¢) u=K(x —w),

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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where M is the Jacobian of the function f evaluated at a given point xg, N is the derivative
of f with respect to u, @ is a nonsingular matrix, K is the feedback gain matrix, and h(,-)
are higher-order terms with respect to . A comparison of (2.1) with the proportional control
combined with a state observer (2.2) reveals the similarity of the structures of the methods.
Linear stability theory shows that it is possible to stabilize equilibria or periodic orbits of the
closed-loop system (2.1) in the linear sense; see [13].

A similar approach is followed by the OGY method introduced by Ott, Grebogi, and Yorke
n [21]. This method aims to stabilize periodic orbits of dynamical systems by kicking them
in the desired direction. The necessary information is gained by consideration of a Poincaré
section. So, only very little knowledge is needed for the stabilization. On the other hand, one
has to identify the Poincaré section and calculate precisely the necessary perturbations. A
successful application of an OGY method on a model of an atomic force microscope was done
n [18]. Stabilization of unstable periodic orbits with a feedback control using a time-delayed
signal has been introduced by Pyragas [28] and applied, e.g., on oscillatory electrodissolution
of nickel in [15].

Another noninvasive method to stabilize equilibria is an approach with a state observer
introduced by Pyragas, et al. [29, 30]. They propose a proportional feedback control while
automatically finding the control target by an additional equation and choosing the parameters
to stabilize the whole controlled system.

For many applications, stabilization is needed for an autonomous system of the form
% = f(x,p) with state vector z € R™ and bifurcation parameter p € R. A method based on a
proportional control combined with a state observer [29, 30] has the following form,

(2:2a) &= f(z,p) + ki (y — 2),
(2.2b) y=ka(y—x)

with control parameters k1, ko € R, the fixed bifurcation parameter u, and dynamic variable
y which represents the role of the control target. As already mentioned, this is similar to
the scheme (2.1) of the washout filter-aided feedback control [38]. This has been used in
[22, 29, 35] to stabilize and track stationary points either on the stable or on the unstable
branch. With this method, it is only possible to track the curve of stationary points around
fold bifurcation points by change of the sign for parameter k.

With pseudoarclength control, stationary points are found by adding an orthogonality
condition, and hence one more dimension to the set of equations which are solved by a Newton
method. By searching the next stationary point on a line perpendicular to the line connecting
the two previously found equilibria, the problem of singularity around a fold can be overcome.
In [35], the authors combine pseudoarclength continuation with a feedback control law that
drives a microscopically defined system automatically to a steady state on a coarse scale. This
allows for producing a bifurcation diagram of a macroscopic dynamical system while knowing
only equations on a microscopic scale.

Inspired by the ideas in [28], Sieber and Krauskopf [34] proposed a method based on
time-delayed feedback control to stabilize periodic orbits (see also [33]). It can be embedded
into a pseudoarclength continuation for direct tracking of periodic orbits and also around
fold bifurcations of experiments without further knowledge about the dynamics. The lack
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of an explicit model leaves the question about a suitable feedback control, as this is prob-
lem dependent. An experimental application of the control-based continuation is presented
in [33] on the continuation of periodic orbits through a saddle-node bifurcation point for a
pendulum.

Another approach to exploring bifurcation diagrams for laboratory experiments has been
proposed by Barton and Sieber [3]. The method uses first a secant prediction in the (z, u)-
plane to estimate the position of the next equilibrium. Starting with the newly estimated
parameter value for the equilibrium, an adequate feedback control is constructed having an
w-limit point on the branch of the bifurcation diagram. When the transients have settled, the
system is assumed to have reached a (stabilized) equilibrium.

All of the works cited above focus on the noninvasive stabilization of stationary points or
periodic orbits. If the considered dynamical system fulfills the controllability and observability
conditions, it is possible to determine bifurcation diagrams with these control schemes. None
of the therein presented methods provide stability information on the original system. In the
following, examples from the literature are provided with approaches on how to obtain this
information.

A continuation scheme based on local proportional-derivative (PD) control for experi-
ments with forced nonlinear impact oscillators is given in [7, 8, 32]. It is possible to predict
the next equilibrium by pseudoarclength continuation and to control the system’s state by
the difference between the trajectories of the uncontrolled state and the predicted state. The
necessary Newton step for pseudoarclength control is done in Fourier space where periodic or-
bits appear as equilibrium points as in [33]. In [7], the authors determined the stability of the
uncontrolled system by switching off the control for a short time step. Then the trajectories
diverged from the reference trajectories, and the unstable branches served as the separatrix.
This allowed for estimating Lyapunov exponents in an experiment.

Another method to estimate the original Floquet exponents of already stabilized periodic
orbits has been introduced by Barton in [2]. The author proposes a least-squares fit of the
measured data to an autoregressive model with exogenous inputs by perturbing the orbit
slightly in its neighborhood in state space. This determines the Floquet exponents and hence
the desired stability information. This approach has been already applied successfully on
a nonlinear tuned mass-damper system and allowed the author to obtain a full bifurcation
diagram including stability information.

The works [2, 7] address the gain of stability information by different approaches. Never-
theless, the methods require either invasion into the measurement in case of perturbation or
some robustness of the system in the case of switching the control off.

In the following subsection 2.2, we will present a scheme that enables one to produce
a complete bifurcation diagram including stability information gained only from the data
obtained during the control.

2.2. Control scheme on the parameter. For simplicity with respect to presentation, ap-
plication, data analysis, and the solution, we limit ourselves in the following to a 2-dimensional
system. This limitation is sufficient for the Zeeman catastrophe machine since its phase space
consists of a 1-dimensional state ¢ in physical space and its derivative qb A generalization to
the n-dimensional case is possible.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/25 to 139.30.104.151 . Redistribution subject to STAM license or copyright; see https://epubs.siam.org/terms-privacy

DETECTING STABILITY IN CONTROL-BASED CONTINUATION 1279

We consider an autonomous dynamical system of the form

(2.3) &= f(z, ),

with state variable = (1, x2) € R? and bifurcation parameter y € R. We refer to (2.3) as
the original system since no control is applied to it.

The system (2.3) describes the dynamics of the state x depending on x and p. Usually,
the curve of stationary points would be regarded as a function x depending on p. In the
neighborhood of a fold, this approach is not even locally possible (for illustration, see Figure 5
in section 4). In numerical bifurcation analysis, this problem is solved by pseudoarclength
continuation. This overcomes the singularity problem by extending the system (2.3) by an
additional dimension. In the following, a different approach to a similar problem is presented.
The proportional control scheme (2.2) does not allow for tracking stationary points in the
neighborhood of fold bifurcation points. To overcome this problem, we change to a control for
the state x by adapting the 1-dimensional parameter p in the original system (2.3) since the
curve of stationary points is a function u(x) in z. We use the fact that higher-dimensional
systems are controllable by lower-dimensional control [37]. Starting from a previous stationary
point in the neighborhood, a target x* is defined for the system. To drive = to the target z*,
the difference (z — 2*) has to be considered. To reach the new target through the proposed
additive feedback control, we extend the original system (2.3) by an additional differential
equation for the parameter p. The aim is to adapt p proportionally to the difference (z —z*).
This leads to the following scheme for local dynamic control,

(2.4a) &= f(z,p),
(2.4b) p=—K(x—a")=—Kp(x; —x]) — Kp (x2 — x3),

where K = (Kp, Kp) € R? defines the feedback gain. In the literature, this control scheme is
often called PD-control. This means we search for an unknown equilibrium (z, 1) for which
we set in advance a target value a* for the equilibrium of the original system (2.3) as z-
components of the equilibrium of the controlled system (2.4), i.e., a target for the dynamics
(2.4a). The distance between the actual state and the target defines the change of the bi-
furcation parameter p and hence indirectly the change of the state x. For an illustration
of the interaction under control (2.4) between the first component of the state, 1 and the
bifurcation parameter u, see Figure 1.

The z-components of the equilibria of the controlled system (2.4) are identical to the
equilibrium points of the original system (2.3): If (Z,f1) is a stationary point of (2.3) corre-
sponding to Z, i.e., £ =0, and if furthermore, the state is identical to the control target, i.e.,
(z —2*) = 0. Then 4 =0, and (T, i) must be a stationary point of the system (2.4). If,
to the contrary, (Z,[) is a stationary point of (2.4), we get £ =0, and (Z, 1) must be a sta-
tionary point of (2.3). This means that the proposed method is noninvasive, i.e., the control
disappears at an equilibrium point.

2.3. Controllability for dynamical systems. Controllability describes a system’s property
to be moved by external input from any initial state to any final state in finite time [37]. In
the following, we state the conditions for a system to be controlled by (2.4b). We assume that
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= frajectory
=@ estimated equilibria

10 15 20 25 30 35
©inmm

Figure 1. Magnified detail for the continuation of the curve of stationary points by control (2.4) for the
resulting experimental system (3.1). FEstimated equilibria are marked by a blue dot connected by blue line
segments which approzimate the position of equilibrium points in-between. The trajectory in (¢, u)-space is
represented in red.

the controlled system (2.4) can be approximated by its linearization in a neighborhood around
each stationary point. As a consequence, we can use results from control theory for continuous
so-called linear time-invariant (LTT) systems [37] to give conditions for the controllability of
the controlled system (2.4). The systems are called LTI because the linearization matrix is
constant. For reasons of clarity and to gain a linear representation, the following notation
distinguishes sharply between system and control. We use the 1-dimensional control vector
u € R for the system

(2.5) 0= Cv(t) + Du(t),
with the state vector
vi= (x) €R3,
I
the input matrix
0
D:=|0] eR?
1

and the state matrix

0010

where J € R?*? is the Jacobian of f with respect to z, and fue R2*! is the gradient of f with
respect to . The resulting controllability matrix [37] is

0 0 |,
(2.6) R=[D|CD|C*D|=|0 |CD|C?’D |=|0 |'*
1jo] o

C = |: J fH :| ER?’X?),

J'fﬂ €R3X3.
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Following the results of LTI systems, we know that the original system (2.3) is controllable
by (2.4) if R has full rank. This is fulfilled if [f,|J- f,,] has full rank. So, controllability depends
only on J and f,, hence on the original dynamical system (2.3). The condition “rank(R) =n"
is equivalent to the condition “rank([sI —C D]) = n for all s” which is also known as the
Popov—Belevitch-Hautus test [4, 14, 25]. Often, the system (2.5) is considered in a more
general manner when the output is a function of the state v.

By definition, the linearization in a bifurcation point is singular. This requires considering
these cases separately. In the specific case of the control (2.4b), we perform the control by
change of the parameter p and not of x, as i is a function of x and not the other way around.
Hence, no singularities of the controlled system (2.4) appear at fold bifurcation points.

Usually, controllability is scrutinized together with observability, i.e., the system’s property
to estimate the current state only from the output information. In the presented case of
system (2.3), we assume that the first component z; of the state is directly measurable and
the second component xo = &7 can be approximated by the difference quotient or similar
methods from the measurements of x;. Hence, the full state trajectory is constructed only
from input and output measurements. Therefore, it is not required to investigate observability.
For a generalization of the following results, further investigations are necessary to guarantee
observability.

2.4. Stability of controlled dynamical systems. In order to find sufficient conditions for
the control parameter K to guarantee the linear stability of the controlled system (2.4), it can
be considered in the matrix-vector notation

(2.7) % </:j> - (}g%“;ﬂ) cR3

of a 3-dimensional state (z,u)7. Similarly to subsection 2.3, we assume that the system (2.7)
can be approximated in the neighborhood of an equilibrium (z, )7 by the linearization

d [« = z
d (u) = (u)

of (2.7) with j|(x v as the Jacobian

T

(2.8) J= / u ] eRP

[—Kp —Kp | 0

evaluated at (Z,71)”. This uses the Jacobian J of the original system (2.3) and the gradient
fu € R2X1 of f with respect to u. If Kp and Kp are chosen such that all eigenvalues of
the Jacobian J have negative real parts, the original system (2.3) is stabilized by (2.4) or,
respectively, by (2.7). For systems where no explicit model is given, information about the
Jacobian J could be obtained by experimental measurements.

2.5. Detecting stability and bifurcation points. Methods like those in [7] that switch off
the control to gain stability information by the original system’s behavior entail disadvantages.
There are many cases where switching off the control could harm the system. In the follow-
ing, we present a way to analyze the stability while keeping the control (2.4b) permanently
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activated during the experiment. This means we gain stability information about the original
dynamics from the closed-loop measurements without further interventions during the exper-
iment. In general, this approach is not limited to the control (2.4). It can be adapted to any
other control where a similar separation of the system state’s and the bifurcation parameter’s
behavior is possible. In many cases, no exact mathematical description of the considered dy-
namical system is available. So, we cannot directly use a detailed analytical detection neither
of the stability information nor the bifurcation points. At first, we find an approximate de-
scription of the linearization for the original system (2.3) close to each stabilized equilibrium
point in order to obtain stability information from experiments. Computing the linearization
matrix’s eigenvalues allows us to determine the original stability. Even though we assumed
in subsections 2.2 to 2.4 the system to be 2-dimensional, we now consider an n-dimensional
system @ = f(z,pu) with f: R"! — R"™ controlled by the 1-dimensional control (2.4b) with
parameter . The state of the controlled system is denoted as z := (z, )T € R**!. Since the
stationary point Z is not the origin but a shifted center for the linearization, we approximate
by Taylor expansion up to the linear term including the constant shift for the affine linear
approximation. So, we need to find a least-squares fit G, with (G);; = gi;, of the measured
data Z to the general solution z of

(2.9) 2=Gz—Gz=Gz—b.

The constant term GZ of the Taylor expansion is due to the shift of the equilibrium point z.
In order to find the best-fitting solution for (2.9) to the measured data 2 € R"*! we apply a
standard least-squares approach [5, 27]. The collection of data points is referred to as

Z:=[5(t1) 2(t2) ... 2(t,)] and Z:= [é(tl)é(tg)...é(tp),

and we make an affine linear ansatz with

1 1 . 1
- Z?J ZT,Q . Z1p R+2)xp
ZA(n+1)71 Z(n+l)72 o Z(n+1)7p

for the least-squares solution ¥ of
(2.10) 7=GZ — b~ T,

So, we search for the solution W in the least-squares sense of the minimization problem

min{ o =2}

q r
where ||H||p = /> > |hij|? for H € R7" is the Frobenius norm. We know from classical
i=1j=1

results [24] that the matrix

(2.11) U= 2T+ e RFDx(42)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/25 to 139.30.104.151 . Redistribution subject to STAM license or copyright; see https://epubs.siam.org/terms-privacy

DETECTING STABILITY IN CONTROL-BASED CONTINUATION 1283

with (U);; = ¢y, i=1,...,n+1, j=1,...,n+2, and (I)jx =vjk, 5=1,....,n+2, k=
1,...,p, minimizes uniquely the quadratic error |[UT — Z ||z, where I't is the Moore-Penrose
pseudoinverse of I'. So, we search for the least-squares approximation of (2.10) with

. n+2
(2.12&) (Z)ik:'gik: Zgijéjk —b;, fori=1,....n+1,k=1,...,p
j=1
n+2
(2.12b) = P11k + sz‘ﬂjk with;; = —b;and vy, =1
=2
n+2
(2.12¢) = vk = (IT) .
j=1

In (2.12b), we define the first row of ¥ to contain the information about the center of
the linearization, i.e., the stationary point. We used in (2.12b) that the first column of G
represents the dynamics of the equilibrium point. Hence, we get for the Jacobian J of the
controlled system (2.4) the approximated linearization matrix

(2.13) G=W)1,..n+1;2,.n42 € ROHD>(4D)
We know from (2.8) that

~ S |
Sl P o]’

and hence that the upper left submatrix consisting of the first n rows and columns of G
approximate the Jacobian J of the original system (2.3). So, we can estimate the entries of
the linearization matrix of the underlying dynamical system in every stationary point. By
computing the eigenvalues of J, we can detect whether the equilibrium is stable (all real parts
are negative), unstable (there exists a positive real part), or a bifurcation point (at least one
real part is zero as a necessary condition). Since the stability information is not required for
the control-based continuation, the computations can be done a posteriori after running the
whole experiment.

A similar approach replacing the affine linear ansatz of the right-hand side in (2.9) with a
more general basis of nonlinear functions in I' was chosen by Brunton, Proctor, and Kutz in
[6]. Their approach for sparse identification of nonlinear dynamics enables approximating the
right-hand side of (2.9) even by functions of higher order. As we are only interested in linear
stability information, we do not need terms of higher order and restrict ourselves to the affine
linear ansatz.

The naive application of identification techniques to measurements of a controlled system
is known to result in a bias in the case of relevant noise (see, e.g., [36, Chapter 10]). For the
presented example of the Zeeman catastrophe machine, we could see some small noise that
influenced the control and hence the controlled system (2.4) only minimally; see Figure 1.
Due to its minor relevance to the identification results, we do not consider correction methods
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and restrict ourselves to the case of small or absent noise. For noisy systems, more elaborate
methods [36] than least-squares schemes might be considered to avoid bias.

3. Application on the Zeeman catastrophe machine. On the basis of the example of
the Zeeman catastrophe machine, we demonstrate the proposed method. The catastrophe
machine was introduced by Zeeman [39] in 1972 as an example to illustrate bistability and
hysteresis [12, 26, 39, 40, 41]. The bifurcation diagram consists of 2 stable branches which are
separated by an unstable branch. Each stable branch is connected to one end of the unstable
branch over a saddle-node bifurcation point. Due to its clear and simple construction and its
well-described dynamics, it has been used many times as a didactic tool to analyze dynamics
in various aspects [19, 20, 40, 41]. In addition, it is used as a toy model to test and verify
methods to analyze and stabilize dynamical systems [9, 17, 23, 31].

Even though we do not use an explicit mathematical description for the right-hand side
f(x, 1) of the original system (2.3), we can control and stabilize its unstable stationary points
by (2.4) using a dynamic controller for the parameter pu. Furthermore, we can additionally
detect the stability of the stationary points and the bifurcation points from the data of the
controlled experiment by the least-squares approach described in subsection 2.5.

3.1. Setup of the Zeeman catastrophe machine. The Zeeman catastrophe machine con-
sists of two tension springs with tensionless length Ly and spring constant k, and a mass-
carrying rotatable disk fixed at the origin O = (0,0) which is the rotational axis of the disk
and coincides with the center of mass. Figure 2(a) shows a sketch of the machine. A photo
of the physical realization used for the experiments analyzed in the present paper is shown in
Figure 2(b). The technical details for the experimental setup can be found in Appendix A.
One spring with dynamical length L; is attached to a fixed end A = (—a,0) and the point P
on the radius of the disk. The second spring with dynamical length Lo is attached to the point
P on the disk and the movable end B = (A, ). The angle ¢ is measured between the x-axis
and the line connecting the origin with P. The angle ¢ and its velocity qb define together the

state vector
0= (G0)

The ordinate of point B is defined as the parameter u. A change of p is realized by
the stepper motor moving point B in the y-direction; see Figure 2. The dynamic change of
the bifurcation parameter p can be understood in the sense of PD control as described in
subsection 2.2. This allows us to do continuation over the fold points without the problem of
a singularity. The desired velocity of p is calculated in (2.4b) by the difference of the actual
state to the target «* = (¢*,¢*)T. We set the target angle ¢* for the next stationary point,
and require its target angular velocity to be ¢* = 0 because we aim to reach an equilibrium
of & = f(x, ). Following the procedure, as described in subsection 2.2, we get the controlled
system

T d (z) fl(l‘?/j/) fl(@d%ﬂ)
(31) f'Q :& ¢ - f2($7u) . i = f2(¢7¢nu’) . ’
I I —Kp(¢p—9¢") — Kp(p—¢*) —Kp(¢—¢") — Kpo

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/25 to 139.30.104.151 . Redistribution subject to STAM license or copyright; see https://epubs.siam.org/terms-privacy

DETECTING STABILITY IN CONTROL-BASED CONTINUATION 1285

(a)

Figure 2. The Zeeman catastrophe machine illustrated as (a) sketch and (b) photo of the experiment. One
spring is attached to a fivzed end A= (—a,0) and a point P on the disk with distance p to the origin. The other
spring is attached to P and a movable end B = (\, 1) whose y-coordinate u is the chosen bifurcation parameter.
The position B can be moved vertically to the line through A and O by a stepper motor, and the angle ¢ of the
disk is measured optically by a rotary encoder; see Appendix A for the technical details.

where f:R3 — R? with f = (f1, f2)7 describes the dynamics of ¢ and qb The function f is
assumed to not be explicitly known.

Tables 1 and 2 in Appendix C with all introduced variables and quantities support the
overview throughout the paper.

3.2. Controllability of the Zeeman catastrophe machine. As outlined in subsection 2.3,
the linearization of the controlled system (3.1) in the matrix-vector form is

P 0 1 0 ¢ 0 1 0 ¢ 0

d 7 ofs  0fs  Ofe ' ofs 0fs Ofs - .

(3.2) X ol=1 3¢ P  ou ol=13¢ D0 o ol +10] -
7 —-Kp —Kp 0 0 0 0 0 1 1

Even though we do not assume any knowledge about the function f = (f1, f2)*, we know that
in the case of the Zeeman catastrophe machine it holds that ©1 = x9 and hence fi(z,p) = ¢
Following control theory [37], the linearization (3.2) can be seen as the time-invariant control
system (2.5) with the 1-dimensional control vector u, the state vector

¢
(3.3) vi=|¢],
0

the state matrix

and the input matrix

(3.4) D:=1|0
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This results in the controllability matrix (cf. (2.6))

Ofs
0 €13 C1,1C1,3 + C1,2C2.3 0 0 %
R= [D CD C2D] =|(0 c23 ci13c21+c22c23] =10 % %]:; . %
1o 0 1 0 0

In general, explicit equations for the right-hand side of the original system (2.3) are not
available. Hence, one cannot give a strict mathematical proof for a physical experiment that
the controllability conditions found in subsection 2.3 are fulfilled. In particular, it is not
possible to show directly that the controllability matrix (2.6) has full rank. But we can give
some evidence that the system of the physical experiment of the Zeeman catastrophe machine
is controllable by estimating the entries of the linearization matrices for the least-squares
method from subsection 2.5. Assuming that the autonomous system (2.4a) is continuous
in z and p, and locally monotone, we first calculate the entries of the linearization matrix
by a simple difference quotient using the measured data. With the moving average over 10
neighboring stationary points, we robustly obtain % < 0. In addition, the same is possible
for the other entries of the linearization matrix. We conclude that % < 0 and that ?TQZ exists.
Therefore, the controllability matrix R must have full rank. Hence, the system of our physical
experiment is controllable by the feedback control (2.4) in a neighborhood of the stationary
points including the unstable ones.

3.3. Stability analysis of the controlled Zeeman catastrophe machine. In subsection
2.4, the general conditions for stabilizing the stationary points are discussed. In the following,
an estimation for the eigenvalues of the linearization matrix is given to verify that stationary
points can be stabilized by the control (2.4b). For the controlled Zeeman catastrophe machine,
we have a 3-dimensional system with a linearization matrix given in (3.2). For the stability
analysis, we compute the determinant of the linearization matrix and subsequently apply the
Routh—Hurwitz criterion. The controlled system (2.4) is stable if the negative characteristic
polynomial p(v), i.e., the normed polynomial with leading coefficient 1,

s 0k <K G 3f2> v+ K22,
d¢ o

(3.5) —pv)=v Pon " 96

of the linearization matrix in (3.2) is a Hurwitz polynomial. A necessary condition for all
real parts of the eigenvalues v being negative is that all coefficients of (3.5) are positive. This
requires

73 o
> (;) it 42 >0,

s <<5’;;> if 9 <o,
df2 : . (9f2
KP(?,u>0 = 81gn(Kp)—81gn<aM>.
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The second necessary condition for the negativity of the real parts of the eigenvalues is
that the Hurwitz determinant and all its principal minors are positive. We get the Hurwitz
determinant

o of
op o ’ ofs (0fs (OF of of
(36) Hs=|1 %—{;—K %{j 0 |=Kp 82 (.2<82K 82> Kp82)
fa KOt 0 0 ) 1 1
9 Pau

with its principal minors

(3.7) = |22
d¢
and
8 KpSE | ap (of of af
3.8 Hy=|% on 2<2K 2)}( 2
38 I -k 0d \oo Ton) o

From H; > 0, we get the condition

(3.9) <8f2> £0.

Additionally, we get from Hs > 0 the condition

Oy <8f2 8f2> df2
(2 - Kp Kp—=—=>0

96 \ 9 O " ou
dfs (8 f2 8f2> af2
06 \oo o) o

Of2
<<§;¢;>—]@(f§ 1f81gn(f2)—81gn(f>a
(310) :}KD A 9¢

ofy
> <§’;z> - 5e  ifsign (ai) # sign (a—];>
Em ¢

From Hs > 0, we get the additional condition

Af2
Kp—= (9/1 >0
(3.11) = sign (Kp) = sign < 8],;2>

It remains to study the signs of the partial derivatives of fo. We can take again the averaged
linearization matrices like in subsection 3.2, and consider the entries of interest. We find that

%’;2 < 0, which is a condition for stability. Additionally, we already know from the entries of

the linearization in subsection 3.2 that 8f 2 < 0 which provides the condition that Kp must

8f2

be negative. Then, we can again compute by the difference quotient out of the measured
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Figure 3. Parameter sweep for the Zeeman catastrophe machine with stable states compared to controlled
stationary states. The blue curve is achieved by an upsweep and the red curve by a downsweep. Dashed lines
indicate that there are no measurements for the jumps. The stationary points achieved by control (3.1) with
control parameters (Kp, Kp) = (=2, —3) are marked by a curve with green asterisks.

data and by taking the moving average over 10 neighboring stationary points. Finally, we
can establish that %—J;f / 88—];2 > —1.8 holds for all stationary points in the region of interest.

Hence, the controlled system (3.1) is stable for Kp <0 and Kp < —1.8+Kp/%—];f. Aiming for
a safety margin for inexact assumptions concerning the model and noise in the experiment,
led to the choice Kp = —2 and Kp = —3. The numerical evaluation of the analytical model
(4.1) in section 4 confirms that this results in the desired stability information. The successful
stabilization of unstable states in the experiment, i.e., the convergence towards the equilibrium
points (see Figure 3), verifies additionally the stability of the controlled system (3.1).

3.4. Detecting stability and bifurcation points in the experiment. The asymptotically
stable points of the uncontrolled experiment can be found as w-limit sets without any control
carrying out a quasi-stationary sweep. To find the stable branches of the system, we start with
B at one of the edges of the rail for the motor. For each position i, we let the system evolve
until we cannot detect any movement, i.e., until the measured absolute value of the velocity
of ¢ and hence of d) is below a tolerance of 0.00122 % (: 0%01041305). We take this position for
the stationary point (¢,0,7). Then, we increase i by 5mm in an upsweep and repeat the
procedure until we reach the other edge of the rail. This slow change of parameters results
in a quasi-stationary behavior. The second stable branch can be found in a downsweep by
starting at the second edge and reducing i by 5 mm before letting the system run to the next
stable point for the new value of fi. In Figure 3, the bistability, in particular, the hysteresis,
of the system is visible. The two stable branches are separated by an unstable one.

The feedback control (2.4b) allows for finding the unstable stationary branch and the
bifurcation points supplementing the sweep information. To localize the unstable branch, we
start again with B on one edge of the rail, i.e., on the stable branch outside the bistable
regime. Choosing Kp =—2 and Kp = —3 so that the controlled experimental system (3.1) is
stable, the curve of the bifurcation diagram can be obtained by letting the system (3.1) evolve
until a stationary point is reached. We aim to approach the curve of equilibria by controlling
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the parameter p by a control law given as the differential equation (2.4b). The equation for p
is an extension of the original system. The movement by changing p brings the system to the
branch of stationary points. By construction, the set of stationary points is identical to the
one of the original system. So, we move B by the motor according to the discretized version
of the scheme for the feedback control (2.4b):

(3.12) k41,0 = Pkl + At <—KP(¢k,z —¢/)— Kp <W>>

with % indicating the number of updates for stabilizing the Ith found stationary point ¢;.
As soon as the system has reached the stationary point, we increase the target ¢* by
0.0349rad (= 2°), and let the controlled system (3.1) evolve again and let it settle at the
stationary point. The result is a curve containing two stable branches which are connected
with a branch of unstable stationary points. For comparison, Figure 3 also shows the stable
branches obtained by quasi-stationary up-and-down sweeps. There is a slight mismatch most
likely due to the imprecision induced by the timing belt mechanism or missed transitions from
the rotary encoder.

Since the stationary points of Figure 3 are reached by direct evolution of the controlled
system (3.1), their asymptomatic stability is confirmed. The method proposed in subsection
2.5 can be used to detect the stability information and in particular the bifurcation points
of the uncontrolled system. The result is presented in Figure 4. The eigenvalue information
shown in Figure 4 turns out to be rather robust, even though the individual entries of the
linearization matrix (2.13) are difficult to determine from experimental data. In the area of
the assumed bifurcation point, the colors represent the largest real part of the eigenvalues
with blue as negative, red as positive, and green as zero values. Additionally, the insets in
Figure 4 show the maxima of the real parts of the eigenvalues depending on the angle ¢.
To extract stability information, sufficiently different states have to be contained in the time
series. Therefore, the initial point should not be too close to the w-limit set. If the tension of
the timing belt is not sufficiently large, the resulting data contain further outliers compared
to Figure 4 due to measurement noise and slackness in the experimental data.

For producing Figure 4(b), we took for the stability information the moving average of
2 neighboring stationary points, (¢;—1, i—1) and (¢ry1, iv1), of Figure 4(a) to get a better
estimate. The positions are the same as in Figure 4(b). To avoid giving too much weight to
the noisy behavior close to the asymptotically stable point, we took only the first 40 time steps
with At =1/70 s (or less, if the system settled earlier) in the neighborhood of each equilibrium
point.

During the course of the experiments, we noticed that some of the experimental limitations
unaddressed by the control algorithm can become critical. The rotary encoder implies two
restrictions: finite resolution due to the discretization of angles and limited speed of signal
transitions or their detection. While there were no indications of any resolution-related effects,
the rate of detection of signal transitions is particularly critical. Once such a transition is
missed, the angle variable ¢ is offset, hence, the originally desired control target ¢* cannot be
reached anymore. For faster systems (e.g., lower mass or stronger springs), a more performant
signal processing hardware to read out the angular position is required. On the other hand,
the digital angle readout essentially results in the absence of measurement noise. Since we

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/25 to 139.30.104.151 . Redistribution subject to STAM license or copyright; see https://epubs.siam.org/terms-privacy

1290 DITTUS, KRUSE, BARKE, SPELLER, AND STARKE

4 10 0o ® ® 4 10 oo ® ®
2~ 0 20
: 05 = \/\\J /‘ 05
35 -10 M 35 -10
2 3 4 2 3 4
in rad

/’
<
bin rad
\ 0
25 25
05 / 0.5

oo® °
20"... 2l o © ©°

R(v)
R(v)

¢ in rad
w

¢ inrad
w
o

40 -20 0 20 40 i -40 -20 0 20 40
/v in mm 4 in mm

(a) (b)

Figure 4. Stability evaluated in the controlled physical experiment by approzimating G for Z = GZ —b with
the least-squares approach from subsection 2.5. Stability is visualized by color code for the largest real part of
the eigenvalues of G in (2.13). The scale of color is limited to the interval [—1,1] to emphasize the behavior in
the neighborhood of the bifurcation points. Insets show mazima of real parts of the eigenvalues against ¢. (a)
Stability information evaluated in each stationary point taking data points in the neighborhood of each stationary
point. These points require a distance large enough to the stationary point such that they cover information
on the dynamic behavior. (b) Stability information evaluated as a moving average including the 2 neighboring
points of the equilibrium points in (a). The 2 neighboring points for the mean value in (b) define the interval
[¢" — Ag, ¢* + A¢] with A¢p =0.0349 rad (=2°).

discovered very little noise in the case of a sufficiently tightened belt, its impact is not studied
within this paper. Hence, when applying our approach to other systems or sensor devices, the
control and the system identification method may have to be adapted to cope with noise.

A further experimental complication is the static friction, leading to zero angular velocity
prior to reaching the target state. Particularly when frequently reaching static states (e.g.,
for the sweep with stable points with disabled control, see Figure 3) this leads to an imprecise
determination of the angle for stationary points. In that case, we employed a simple scheme
to induce additional motion for overcoming the static friction; see Appendix A.

Finally, the control parameters themselves are critical in practice, because the final state
is only reached after several oscillatory periods around the stationary point. Thus, tracing
the entire bifurcation diagram requires a long time, i.e., 15 minutes compared to a simple
up-or-downsweep of 3 minutes. In section 2 we gave lower bounds for the absolute values of
the control parameters Kp and Kp. Increasing the absolute values of K = (Kp, Kp) leads
to faster convergence to the w-limit set. For physical experiments, there are upper bounds
due to possible technical realizations (e.g., motors and belts). Larger values for the control
parameters Kp and Kp speed up the process but at some point, the motion system can no
longer follow the control output due to physical restrictions. Mechanically more sensitive,
“real-world” systems may not allow for spending that time, e.g., due to changes in environ-
mental parameters such as the temperature, continuously altering the characteristics of the
system under investigation. This problem could be overcome by more sensitive measurement
hardware. However, for a simple system such as the Zeeman machine, this is less of a problem.

4. Mathematical model for verification. The main target of this paper is to determine
the stability of equilibrium points of a feedback-controlled system. Since in general no explicit
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mathematical description is assumed to be available, all usable information must be taken from
data. Nevertheless, in the case of the Zeeman catastrophe machine, there is a good model
available for comparison between analytical and data-based results. This mathematical model
serves for verification of the analysis and results from physical experiments and the obtained
data in section 3.

The model can be derived from classical mechanics, e.g., in [19], using the Lagrange
formalism. Modification of the geometry and the mass distribution of the disk change the
trajectories towards the stationary point, whereas the positions of the stationary points remain
unaffected by these alterations. Therefore, we assume for simplicity reasons a pointlike mass
m at the point P which approximates the behavior of the disk. The friction of the joints at
points A, B, and P as well as the friction in the rotational axis are summarized in the term
—d(ﬁ. With mass m, this model is given as

de _

) Py
do_ k (Li@)—Lo o La(@)=Lo (o ).'
(4.1b) i = mp < ) a-sing + ) (1 -cosgp — A\ -sing) d-¢

with the spring lengths

Li(¢)=V(p-cosp+a)’ + (p-simg)?  and
L2(6) = VA =p-cos @) + (1 — p-smo)2.

Like in section 3, we have a 1-dimensional control with the equation
(4.2) u=f=—-Kp(¢p—¢*) - Kpé.

Details of controllability and stability analysis for this model can be found in Appendix B.

The following values are chosen for the model simulation in order to obtain a good com-
parison to the experiment described in section 3: spring constant k =5N/m, mass m = 0.3kg,
distance p = 0.065m from the origin to the point P on the disk, distance a = 0.244m from the
origin to the fixed end A, distance A = 0.23m from the origin O to the movable end B, and
length Lo = 0.055m of the springs. We assume d = 1s~! with damping constant 6 = d - m.
The control parameters Kp = —2 and Kp = —3 are chosen like for the experiment. This
choice is derived and justified for unknown values in Appendices B.1 and B.2, and guarantees
controllability and stability for the controlled model system (4.1) and (4.2).

To detect stability information on the underlying uncontrolled system (4.1), we search
for the optimal approximation for the linearization in the least-squares sense with respect to
experimental data proposed in subsection 2.5. The stability estimations obtained by the least-
squares method are compared with the analytically gained information from the Jacobian of
model (4.1). The results are shown in Figure 5. The largest real parts of the eigenvalues of the
analytically derived linearization matrix are shown in Figure 5(a), whereas the results in Figure
5(b) are obtained from the least-squares solution (2.13) approximating the Jacobian for the
numerically generated data of model (4.1) and (4.2). A comparison of Figure 5 with Figure 4
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Figure 5. Stability evaluation for the original simulation model (4.1) with data from the system controlled
by (4.2). Stability is visualized by color code for the largest real part of the eigenvalues of G. The scale of
color is limited to the interval [—1,1] to emphasize the behavior in the neighborhood of the bifurcation points.
Insets show maxima of real parts of the eigenvalues against ¢. (a) Stability computed by the largest real part
of eigenvalues of the linearization matriz for the analytical model (4.1). (b) Stability computed by eigenvalues

from G for the least-squares approach Z = GZ—b in subsection 2.5 with data points in the neighborhood of
each stationary point. These points require a distance large enough to the stationary point such that they cover
information on the dynamic behavior.

shows that despite its simplification, model (4.1) and (4.2) describes well the experimental
behavior summarized in the bifurcation diagram Figure 4.

Because of the absence of noise in the numerical model, it is even possible to obtain the
already known control parameter K = (Kp, Kp) = (=2, —3) directly from the estimated
linearization matrix (2.13) with a relative error of less than 2%.

5. Conclusion. This paper aims to find a method to first perform control-based continu-
ation along stable and unstable branches of a bifurcation diagram, and second to determine
the stability along these branches. While conventional feedback-controller methods are typi-
cally invasive and aim primarily for robustness or general applicability, the presented control
scheme (2.4) is noninvasive and allows for tracking stationary points even around folds without
initializing the full state, as is necessary e.g., for the Newton method.

It has been demonstrated for a laboratory experiment of the Zeeman catastrophe machine
that the unstable branch of stationary points can be stabilized by the proposed method.
Furthermore, it is even possible to estimate a full bifurcation diagram including stability
information from experimental data through the proposed least-squares method. Bifurcation
points are identified by a sign change of the real parts of the eigenvalues of the linearization. It
is unnecessary to switch off the control or run the experiment at the borders of stable behavior
to obtain stability information on the original unstabilized system. Especially for cases where
the physical setup might be damaged when the system converges to an undesired w-limit set,
the presented approach enables obtaining stability information and locating bifurcation points.

In section 3, the approach to determine stability information has been applied successfully
by a time series analysis of the controlled system in the experiment of the Zeeman catastrophe
machine. The continuation begins on a stable branch which becomes unstable at a certain
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point. The change of stability corresponds to a change of sign in the largest eigenvalue of
the linearization matrix. This locates a bifurcation point. In the experiment of the Zeeman
catastrophe machine, two saddle-node bifurcation points were located. As the method does
not use any specific knowledge or properties of the dynamics, it could be applied to many other
dynamical laboratory experiments. Hence, information on these systems is extended beyond
traditional experimental access. In future works, systems with other types of bifurcations
and other laboratory experiments could be considered under the discussed assumptions of
subsection 2.3 (e.g., controllability and observability). For complex systems with unknown
macroscopic description, the relevant macroscopic variables could be identified by e.g., proper
orthogonal decomposition or diffusion maps.

Appendix A. Technical details of the experiment. The Zeeman machine is experimen-
tally implemented using a commercial low-cost laser engraver kit (ETE ETMATE). It contains
all necessary mechanical parts for 2-dimensional motion, including belt-driven linear stages,
stepper motors, and a controller board. The latter provides stepper drivers and a microcon-
troller that takes care of motion path generation based on the open-source firmware Grbl
[11]. The Zeeman control algorithm is implemented in Python and runs on a Raspberry Pi
(RP1i) single-board computer (Raspberry Pi 4 model B, 4 GB RAM) which is connected to
the Grbl controller via a universal serial bus interface operating as a virtual serial port. This
enables simple motion control via G-Code commands consisting of text strings and coding
motion commands. An incremental rotary encoder (Sendix 5000, Fritz Kiibler GmbH, 5000
steps per revolution [10]) is used as an optical angle sensor. It provides a two-channel digital
signal (5 V, TTL compatible), resulting in two quadrature square waves. Each voltage level
transition on either channel corresponds to a change of the angular state whose direction can
be unambiguously determined from the quadrature phase, i.e., from the (unchanged) state of
the other channel, respectively. Upon each such state change, the stored angle in the control
program is updated correspondingly. The RPi input pins can only cope with low-voltage TTL
(LVTTL, 3.3 V) signals, hence a voltage divider is inserted between the rotary encoder and
the RPi, acting as a unidirectional level shifter. Since no absolute angle readout is provided by
the sensor, the mechanics of the Zeeman catastrophe machine have to be homed, i.e., driven
to a defined starting position where the angle is set to a known value. The rotary encoder is
mounted on a 3-dimensional-printed plastic holder made from polylactic acid (PLA). A mea-
suring wheel with a radius of 79.6 mm (type 8.0000, Fritz Kiibler GmbH) is attached directly
to the rotary encoder, providing the distance p = 65 mm, because the pin for the point P
on the disk cannot be installed directly on the edge of the disk (see Figure 2). In addition,
the wheel provides enough inertia, thus it sufficiently slows down the mechanical response for
real-time processing and communication. Two helical tension springs with tensionless length
Lo = 55mm and spring constant k = 5N/m are attached to the measuring wheel, one spring
with length L; connected to a pin (point A) on a fixed 3-dimensional-printed PLA holder,
and the other one with length Lo to a 3-dimensional-printed PLA bracket mounted to the
engraver head (point B). Point A and the origin, i.e., the center of the disk, have a distance
of 24.4mm, and point B has a distance A in the z-direction to the origin of 23 mm. To reduce
friction, all spring connections are lubricated with oil for bicycle chains.
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Particular care has to be taken to enable reliable angle readout and sufficiently fast control
of the Zeeman machine. To this end, threaded callbacks and event detection are used in the
Python script for monitoring the rotary encoder state. This technique is related to interrupt
routines frequently used in microcontroller-based sensor applications, and combines fast re-
sponse with a low computational load. Furthermore, the predefined limits for acceleration
and velocity have been pushed to the mechanical limits of the stepper motor, using the corre-
sponding Grbl commands. In experiments with active control, the output is updated 70 times
per second. The angle velocity <b is estimated numerically by a simple difference quotient with
time step At = 0.0143s. When the distance |¢* — ¢| between the measured angle and the
target is below a tolerance of 0.00175rad (=0.1°), the absolute value of the angular velocity is
below a tolerance of 0%01(21155 ~ 0.00122%, and the angle acceleration QS has an absolute value
lower than 200L1°s " 0.00122?—2(1, then the state is considered to be stationary, and the next

0.0143s
control target (¢*)r+1 = (¢*)x + 0.0349rad (= (¢*)x + 2°) is defined.

Appendix B. Details of the analytical model.

B.1. Controllability of the model. Using %—{; = —d in (3.2), the linearization of the
controlled model system (4.1) and (4.2) can be written in the matrix-vector form

d ¢ a(,)f ! a?f ¢ a?f ! a(J)f ¢ 0
(B.1) Slol={ % -4 )(o]={% —« %]||s]+(0]n
—-Kp —Kp 0 % 0 0 0 W 1

with f:R3 = R2, (¢, )T — (¢, ¢, )T describing the dynamics. The linearization (B.1) can
be seen as the system (2.5) with the control vector u := fi, the state vector (3.3), the input
matrix (3.4), and the state matrix

0 1 0
= Of2 9fs
C=\% —d 3
0 0 0
This results in the controllability matrix
Of2
0 c3 cc3tciacg 0 0 %
R=[DCDC’D]= (0 ca3 c13c21+ca2c23| =10 %% _d. %—{f
1 0 0 10 0

A numerical evaluation of the partial derivative (B.3) with realistic values A = 0.23m,
a = 0.244m, p = 0.065m, d = 1kg/s, m = 0.3kg, k = 5N/m, and Ly = 0.055m shows that
%—{f < =15 < 0 for (pu,¢) € [—0.15,0.15] x [1.7,4.5]. Therefore, rank(R) = 3, which is a
sufficient condition for the controllability of the system at stationary points, as discussed in
subsection 2.3. The rank condition is also satisfied for larger parameter intervals for p and ¢.
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B.2. Analytical stability analysis of the mathematical model. For the Zeeman catas-
trophe machine, we have a model consisting of the 2-dimensional model system (4.1). We
restrict the control to one dimension described by (4.2). Hence, the linearization matrix J of
the 2-dimensional system (4.1) with control (4.2) is

0 1 0
7 _ 9fs O0fs
J=1 3 4 B
“Kp -Kp 0

For the stability analysis, we consider the Routh-Hurwitz criterion for the determinant of
J. From subsection 3.3 we know the negative of the characteristic polynomial of J is

0 0 0
—p(v) =13 +dv* + <KD$—£)V+KPE)‘}3.

The Routh-Hurwitz criterion gives us the conditions (3.9)—(3.11). We know %—];f =—-d <0,
and hence get the stability conditions

(B.2a) d#0
(B.2b) — Kp

(B.2¢) sign (K p) = sign (%) .

Condition (B.2a) is fulfilled because d > 0 is the damping factor. It remains to study the sign

9f2

of %—{j and the possible values of (7) . We have

¢
9fa

o

8f2_ k a L2(¢)*L0 . L2(¢)*LO 8 .
=g (3 (P ) coso=Asn)+ L Fucosg—sino))
(B.3)
k Lo 9 . . o
:n/Lp(W(M ‘COS¢_A-M~Sln¢—u~p.Cos¢.81n¢+)\_p.81n ¢)
La(9) — Lo
+LQ(¢)'COS¢>.

As we already know from subsection B.1, a numerical evaluation of the partial derivative (B.3)
with the values from above shows that %—{f < 0 for (u,¢) € [-0.15,0.15] x [1.7,4.5]. So, we
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already know that Kp < 0 must be chosen to guarantee stability. For the right choice of the
control parameters to fulfill (B.2), we have to study

Ofs k. <_L0'P'(G‘Sin¢)2+L1(¢)Lo
¢ mp (L1(9))? L1(¢)
~Lo-p-(A-sing —p-cosp)®  La(¢) — Lo

-a-Ccos

-(,u~sin¢>+)\'cos¢>)>.

(L2(¢))?  La(9)
A numerical evaluation of this term for the above-mentioned values (u,$) € [—0.15,0.15] x
[1.7,4.5] shows that %—’;f is bounded and that for the control parameter, a value
(), x
. 99 p
B.4 Kp < min —
(B4 (1:6) (%) d

can always be found. Thus, each stationary point of the model system (4.1) can be stabilized
by (4.2) with the control parameters Kp and Kp satisfying conditions (B.2c) and (B.4).

Appendix C. Description of variable names and quantities. A summary of variable
names and quantities used within the paper can be found in Tables 1 and 2.

Table 1
Quantities with descriptions.

Parameter Description Value Used in

Physical quantities

At time step for update 70s  (3.12)

k spring constant 5N/m  (4.1) and (B.3)

m equivalent point mass of the disk 0.3kg  (4.1) and (B.3)

p distance from P to O 0.065m  (4.1) and (B.3)

Ly length of springs without tension 0.055m (4.1) and (B.3)

Ly length of spring to fixed end (4.1) and (B.3)

L, length of spring to movable end (4.1) and (B.3)

d factor in damping constant ¢ 157! (4.1), (B.1), (B.2), and (B.4)

Indirect quantities

z state of dynamical system (2.3), (2.4), (2.7), and (3.1)

x* control target for x (2.4) and (2.7)

K feedback gain (Kp, Kp) (2.4) and (2.7)
Kp proportional control parameter —2 (2.4), (2.8), (3.1)-(4.2), and (B.1)~(B.4)
Kp differential control parameter -3 (2.4), (2.8), (3.1)-(4.2), and (B.1)~(B.4)
o origin (0,0)

P fixed point on edge of circular disk

A fixed end of spring (—a,0)

a negative xz-coordinate of A 0.244m (4.1)

B movable end of spring (A, )

A z-coordinate of B 0.23m (4.1) and (B.3)

I y-coordinate of B [—0.2,0.2] m (2.3)-(2.7), (3 l) (4.2), and (B.1)—(B.4)
¢ angle [7/2,37/2] (3.1)—(4.2) and (B.1)—(B.4)

o control target for ¢ [7/2,37/2] (3.1), (3.12), and (4.2)
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Table 2
Auziliary variables.

Parameter Description Used in
u input (control) vector (2.5) and (4.2)
v state vector (2.5) and (3.3)
c state matrix (2.5) and (2.6)
D input matrix (2.5), (2.6), and (3.4)
R controllability matrix (2.6)
J linearization matrix of original dynamical system (2.6) and (2.8)
J linearization matrix of controlled dynamical system (2.8)
G least-squares linearization matrix (2.9), (2.10), (2.12), and (2.13)
z solution of 2=Gz—b (2.9)
z measured data of controlled system (2.12)
Z collection of data points (2.10)—(2.12)
n dimension of dynamical system (2.12) and (2.13)
D number of data points (2.12)
v least-squares solution of Z = WI’ (2.10)—(2.13)
r coefficient matrix (2.10)—(2.12)
Hy, H», Hs Hurwitz determinants (3.6)-(3.8)
v eigenvalue of Hs (3.5)
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