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LoTHAR BERG

On the Difference Equation
Lpt1 = (/Bwn + an—l)/('ywn + /Bwn—l)

ABSTRACT. The difference equation in the title is solved by means of functions, which
can be represented as composed functions of the exponential function and a function being
odd with respect to one or two arbitrary parameters. In the case § = 1/4, v = 3/4 there is
given a conjecture concerning a solution of a new type. A second conjecture concerns the
existence of asymptotically 3-periodic solutions. Though the difference equation is of second

order, we point out singular cases where three initial values can be prescribed.

KEY WORDS. Nonlinear difference equations, odd functions, asymptotic behaviour, 3-

periodic solutions, three initial values, conjectures.

Rational difference equations of second order are systematically investigated in the book
M. R.S. Kulenovi¢ and G. Ladas [6|, where also various applications of these equations are

pointed out.

Here, we consider the special case

ﬁxn +’Y$n_1 (1)

Tnt1 =
YTn, + ﬁxnfl

with 3% # 72 and integer n. According to the classification in [6] it belongs to the type (2,2)
or to the type (1,1). In the case of positive coefficients a detailed stability and semicycle

analysis of the positive solutions of (1) is carried out in |6, Chapter 6.9].

In this paper we study arbitrary solutions of (1) with respect to its structure and its asymp-

totic behaviour. These solutions can have zeros, but not at consecutive points.
It can easily be seen that (1) has the following property:

Proposition 1 If z, = w, is a special solution of (1), then x, = wln is also a solution

of (1).
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Here we allow that a solution equals infinity, but not at consecutive points. This means that
the forbidden set of the initial values (z_1,x¢) is only {(0,0), (co,00)}, cf. [6, pp. 2.17|.

Without loss of generality we use for the coefficients the normalization
B+v=1, (2)

so that we can eliminate v, and it follows § # 1. Equation (1) has the equilibrium = = 1,

and about this equilibrium it has the linearized equation

Yn+1 = (26 - 1)(yn - yn—l)

with the characteristic equation
M4+ (1-28)(A=1)=0. (3)

At first we study solutions with one arbitrary parameter, and afterwards with two parame-
ters. Moreover, we consider the exceptional case § = %, we ask for asymptotically 3-periodic

solutions, and finally we point out cases with three given initial values.

One parameter. Let A = z be a solution of (3) with |z| # 1. Then (1) possesses a solution

of the form
Ty, =1+ Z cja’ 2™ (4)
j=1

with ¢; = 1, arbitrary a and |¢;| < M’~! for a certain constant M, cf. |2]. Hence, (4)

converges for

1

nl o 5
az") < 1. )

i. e. for sufficiently large n in case of |z| < 1, and for sufficiently large —n in case of |z| > 1.

The series in (4) is simultaneously an asymptotic expansion as n — 400 resp. n — —o0.

Proposition 2 Ifz, is the solution (1) of (1), then cs = 3 and, under the condition (5),
the solution %" has the expansion (4) with —a instead of a. Moreover, under the sharpening

of ()

1
M+1 (6)

laz"| <
there exists a function f,(a) being odd in a such that

Ty = exp(fn(a)) . (7)
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Proof: Under the condition (5) it follows from (4) that

1
— =1-az"+(1—cp)a®z* +.... (8)
Ty,
According to Proposition 1 the left-hand side is also a solution of (1), and the right-hand
side must have the form (4), i.e. the expansion in (8) is the expansion (4) with —a instead

of a.

Let z, = F,,(a) and therefore ﬁ = F,(—a). Under the condition (6) it is |F},(a) — 1] < 1, so
that f,(a) = In(F,(a)) exists, and this function satisfies f,(a) = —f,(—a). From this and

1
fn(a) =In(1 + az" + a2 + . L) =az" + (02 _ 5) 221

it follows that ¢y = % [ |

The functions F,(a) and f,(a) are holomorphic under the condition (6). Hence, the analytic

continuation of (7) remains a solution of (1).

Example 1 In the case = i we can choose the solution A = % of (3) and obtain by means
of the DERIVE system
1 ad 19 d° 68437  a’ }

a
o = XD {27 T 108 287 T 71280 257 6951510720 27

and for the coefficient in (4)

19 11 943 4159 764869

BT1087 T 2160 7 712807 T 12830407 7T 993072960

Note that (1) in this example corresponds to [0, (6.66)] with p = 1/3 and ¢ = 3, however,
neither [0, (6,67)] nor [0, (6,68)] are satisfied.

Two parameters. Let A = z and A = s be two different solutions of (3), and assume that
A\ = 275 is no solution of (3) for all non-negative integers j, £ with j + ¢ > 2, then (1) has

also a solution of the form

Tn =14 Z cjoa’ 2" ™ 9)

1<j+¢
with ¢ = coy = 1, arbitrary a, b, and |c;o] < M1 for a certain constant M, which is
convergent for |z| < 1, |s| < 1 and n large, |z| > 1, |s| > 1 and —n large, cf. [2] in the real,

and [3] in the complex case, and also for |z| < 1 < |s], if |a| and |b| are sufficiently small and

In(|a|M) — In(|b| M)

—In|z| Ins
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Instead of a detailed analysis we only mention that with some more effort Proposition 2 can

be generalized to these cases, and that also the analytic continuatioy/can be applied.

Figure 1: The curve (3) —— | the curve A = /23 — 1 «+«---
and the straight lines A = £1 ----

Figure 2 shows the real branches of the curve (3), and for % <pB< g the curve A = /20 — 1
(= |z| = |s|) concerning the complex branches. For 1 < 3 < 1 there are two real, and for
% < f < 1 two complex solutions with |A] < 1. For 1 < g < g there are two complex, and
for 2 < 8 two real solutions with [A| > 1. For § <  there is one solution with £ < A <1

and one solution with A < —1.

In the two cases, where (1) belongs to the type (1,1), we have elementary solutions of the

form
z, = exp{az" + bs"}, (10)

which visualize Proposition 2, and which can be expanded in the form (9) for all a, b and
all n. The first case is # = 0 with z = -1 + \/75, §=—13— @ and therefore |z| < 1 < |s],
cf. [6, Chapter 3.3]. The second case is f = 1 with z = ¢/, s = ¢7/3 and |2| = |s| = 1,
cf. [6, Chapter 3.2] and [3, Example 4]. Of course, this solution (10) can also be written in
the real form

{ nim + d . 7”L7T}
Ty, = €xXp 3 C COS — sin —
P 3 3

with arbitrary real parameters c, d.

In some of the excluded cases with z¥s* = 1 for some integers k, ¢, there also exist solutions

of the form (9), however, with polynomial coefficients, cf. [2].
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Example 2 Let us come back to Example 1 with 3 = ;11, but concerning the second solution
A = —1 of (5). In this case equation (1) should be expected to have a 2-periodic solution,

however, it turns out that such a solution must be the constant x,, = 1.

Hence, we expect that (1) has a solution of the form
Tp =14 u, + (—=1)"v, (11)

with functions u,, v, tending to zero as n — oo. In order to find the asymptotic behaviour
of these functions, we use the heuristic method from |[I], assuming n = ¢ as a continuous
variable, replacing u, ., according to Taylor approximately by u + ku’, assuming that v’ =

o(u), and proceeding analogously with v,,. Then (1) can be replaced approximately by
Q+u+u — (=D)"(v+0))4+4u—u + (=1)"(2v+ ")) = 4+ 4u — 3u' + (=1)" (30" — 2v) .
Comparing coefficients of (—1)" we obtain
6u' + 4u + 4u® + 3un’ — u? — 20 — 3’ —v? =0,
—60" — 2uv — 3uv’ + 3vu’ + 2u'v' = 0.
Cancelling all terms of smaller order and dividing by 2, these equations reduce to
2u = v? ,
—3v = uw.
Integration yields

3 3
_ — bl 12
u-2t, v==+ . (12)

disregarding the constant of integration. A further analysis shows that we can expect an

improvement of (11) with (12) (taking the sign +) in the form

xn:1+%+(alnn+b)%+(—l)” (\/g—l—(clnn—f-d)\/%) (13)

up to smaller terms as n — oo. By means of the DERIVE system we find

3 9 V3
a 3 b=3d g c = (14)

where d is an arbitrary constant, cf. [7, Remark 1], and

Tn + 3Tpn_1 3 In’n
31, + Tp_1 32 n3

Lp+l —
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Conjecture 1 There exists a solution x,, of (1) such that the expansion (13) with (14)
15 valid up to o (H—IQ)

However, similarly as in |3, Conjecture 1] we cannot prove it. Obviously, a solution z, having
the finite asymptotic expansion (13) as n — oo is oscillating about the equilibrium 1. From
(13) it follows that i has the asymptotic expansion (13) with —v/3, —d instead of /3, d
and that

n Zexp{(—l)” <\/g— % (\/élnn—gd+4¢§> \/%

3 1
+ (5\/§lnn —40d + 18\/5) ﬁ) }

both up to smaller terms as n — oo, where the argument of the exponential function is an

odd function of \/n.

Asymptotically 3-periodic solutions. Since 2-periodic solutions were already investi-

gated in [0, Section 6.9.1|, we ask for 3-periodic solutions. It can easily be seen that

-1,-1,1,-1,-1,1, ... (15)

c Y )y Y )

is such a solution of (1) for all considered coefficients.

In connection with (15) it makes sense to ask for asymptotically 3-periodic solutions of the

form
T3n—1 = -1 + a\"
Tsm = —1 + bA" (16)
T3n+1 — 1 + c\"

up to O(A*"), cf. [1, Section 5]. Substituting (16) into (1) we find

(T+cA")(y(=1+0A\") + B(—1 4 aX™))
(=1 + aX" ™ (y(1 4 eA™) + B(—1 + bA™))
(=1 + A" (y (=1 + aXA™) 4+ B(1 + cA™))

B(=14bA") + y(—1 + a\")
B(1+cA™) + (=14 bA")
B(=1 4 eA™™) + (1 +cA™)

again up to O(A\*"), and, comparing the coefficients of A", it follows

ba — b — ¢ =0
oxa + b + ¢ = 0 (17)
A — O + ¢ = 0
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using the notation 6 = § — v = 20 — 1 according to (2). The homogeneous system (17) has

a non-trivial solution, if its determinant

o -0 —1
SA 1 1| =0N+(20° -0+ 1)A+0
A —=oX 1
vanishes, i.e. with the notation n = %, if

N+2-n+)A+n=0.

If the condition (18) is satisfied, then (17) has the solution

1+A n+A

b=——a, c=———

1—n n(n—1)

with arbitrary a.
A
0.5
—1 -1 . 1 1 2 2.
D 0 O5_05A* 0 D 0 5
________________ T N =

Figure 2: The curve (18) —— | and the straight line A = —1 ----

(18)

Figure 2 of the curve (18) shows that for all n # 1, i.e. § # 1, there exists one solution of (18)
with |A| < 1, and another one with A < —1. Since for all finite 3 it is n # 0, it follows that
always A # 0. We expect that for 3 # 1 there are two solutions of (1) with the asymptotic
behaviour (16) for n — oo in case of |A| < 1 resp. for n — —oo in case of |\| > 1, and with

regard to (4) we make the

Conjecture 2 For 3 # 1 there exist two solutions of (1) such that Ts,_1, T3,, Tapi1

can be expanded into power series in X" with the first terms (16) and an arbitrary a. The

1

other parameters are determined by (18), (19) and n = 33
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Conjecture 2 comes true in the case § = 0, where n = —1. Namely, denoting the 3-periodic
solution (15) by &,, then (1) has besides of (10) also the solution &,z,, cf. [, Setion 4.2] as
well as [, p. 175], and the two solutions of (18) are 2® and s* with z and s from (10).

Let us remark that the curve (18) attains its maximum A = 1 at n = —%, where b = 7,

W~

_ a 1
c=—%and f=g.

Three initial values. Let x,, be a solution of Equation (1) for non-negative integers n. In

order to continue this solution to negative n, it is appropriate to write (1) in the form

VYTnt+1 — ﬁ
Tp1 = Tp————, 20
' Y= ﬁxn—&-l ( )

which is singular for x,, ., = % In the case that the initial values (x_1, xo) are neither (0, %)

nor (oo, §>7 the value x_5 is uniquely determined by means of (20). Otherwise, this value
r_o remains indetermined and can be prescribed arbitrarily, disregarding the countably many
cases where the continuation by means of (20) satisfies z,, 1 € {0,000} for some negative n.
In particular, we have to avoid the case x_s = x_; in order to avoid the (shifted) forbidden

set.

Analogously, if the initial values (x_1, o) are given in such a way that for a negative integer
m the pair (z,,_1, ;) is either <0,%> or <oo, g), then we can choose x,,_o as a third
arbitrary initial value subject to an analogous restriction as before.
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LoTHAR BERG

Nonlinear Difference Equations
with Periodic Solutions

ABSTRACT. For ten nonlinear difference equations with only p-periodic solutions it is
shown that the characteristic polynomials of the corresponding linearized equations about
the equilibria have only zeros which are p-th roots of unity. An analogous result is shown
concerning two systems of such equations. Five counterexamples show that the reverse is not

true. Some remarks are made concerning equations with asymptotically p-periodic solutions.

KEY WORDS. Nonlinear difference equations, systems of such equations, p-periodic solu-

tions, asymptotically p-periodic solutions

In their new book [5] the authors E. A. Grove and G. Ladas present a series of examples of

nonlinear difference equations

Tpt+1 = f(xnv Lp—1y--- an—k) ) (1)

with fixed k¥ € Ny and variable n € Ny, such that all solutions are periodic with the same

(not necessarily prime) period p. On p. 25 they put the following two questions:
“What 1s it that makes every solution of a difference equation periodic with the same period?”
“Is there an easily verifiable test that we can apply to determine whether or not this is true?”

We deal with these questions under the following conditions:

(i) Assume that f: G**!— G for some non-empty complex open set G, and let (1) have

an equilibrium = € G defined by
z=f(z,7,...,7). (2)
(ii) Assume that f(ug,us,...,ux) is holomorphic in some neighbourhood of (7,7, ..., 7).

Then there exists the linearized equation of (1) about the equilibrium =

Zp+l = fOZn + len—l + -+ szn—k: (3)
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with
_of
_>8Uj

and with the corresponding characteristic polynomial

fi

(Z,Z,...,T)

N foNF — o — f N — S (4)

We call a solution admissible if the initial values belong to G.

Conjecture If all admissible solutions of the difference equation (1) are p-periodic, and

if the conditions (1)-(ii) are satisfied concerning all equilibria T € G then:

(111) All zeros A of (4) are simple p-th roots of unity (simple means that all zeros have

multiplicity 1).

Note that the book [5]| contains also examples (1) with only periodic solutions, where f is
not differentiable at the positive equilibrium. Such examples contain the maximum function,
cf. |5, p. 27| or the function |- |. We cannot prove this conjecture, but we check assertion
(iii) for eight examples of [5] and two further ones, all with periodic solutions only, and we
give five counterexamples with nonperiodic solutions, where (iii) is fulfilled nevertheless. In
particular, we discuss the case A = 1 in (iii). It follows an analogous check concerning two
systems of [6], and we make some remarks concerning equations with asymptotically periodic

solutions.

Single equations. We begin the following seven cases of |, Section 2.2]:

(1) T (4) p
1

Tl = — +1 At 1 2
Tn
1

Tpyq = J1 AM4Ha+1 3
Lpdn-—1
1

Tl = +1 A2 41 4
Tp—1
1+, 1

Ty = S(1EVE) [ A2 Lay 5
Tn—1 2

Togr = —2 1 oA+ 6
Tp—1
L+ xn + 2 1

xnﬂz% 1EVE [ XN+ |8

Py = —nEn=2 1 MM LA A+1]10
Tp—1Tn-3
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Here, the validity of assertion (iii) follows immediately from

—1=A+1)(A-1)
=(N+A+1)(A-1)
=N+ 1\ 1)
N—1= <>\2—:/\+1> NP+ZA+1)(A—1)
T
Mol =N = A+ DN+ A+D(N=1)
N —1= </\3—i(/\2+)\)+1) (A3+é(A2—>\)—1) (A2 +1)
T T
MO T = (M = XX A DV D(N 1),
This assertion also comes true for the equation |5, (2.66)]

xn+xnfl+"'+xn7k
Inlp—-1-- - Tp—k — 1

Tnt1 = (5>
with k£ 4+ 1 equilibria T = (k + 2)'@%1, the further equilibrium = 0, the characteristic
polynomial A**! 4+ \*4-... 41, which is a factor of \¥¥2 — 1, and the period p = k+2. But it
does not come true for equation |5, (2.26)| z,11 = |,| — 2,—1 with only 9-periodic solutions,

since its equilibrium is ¥ = 0 and the corresponding linearized equation does not exist.

A funny example for an equation with only 3-periodic solutions is

5(xp + xpq) —4xpxH 1 — 3
4(513'n + l'nfl) -5

(6)

Tnt1 =

with the unique equilibrium Z = 1 and the corresponding characteristic polynomial A2+ \+1.

Recall that a p-periodic sequence x,, can be represented as discrete Fourier series
p—1
=) bz (7)
m=0
) 211 . .
with z = exp < — ¢ and the inversion
p
-1
17
P

where we want to point out that the last formula with p = 5 was misprinted in |1, p. 1073].

Counterexamples. Next we show by means of two symmetric examples with nonperiodic

solutions that nevertheless assertion (iii) comes true at least for one equilibrium. Here we
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call an equation symmetric, if it is uniquely solvable with respect to x,,_x, and if this solution

reads
Tpn—k = f(l'n—k—}—la cooy T, xn—&—l)

with the same function f as before. It can easily be proved:

Lemma 1 If equation (1) is symmetric and all solutions of it are p-periodic with p >

k+ 3, then the solutions x, with equal initial values xo = x_1 = --- = x_y have the property
T =xpp—; (J=1,...,p—k—1). (8)

A third example with nonperiodic solutions concerns the case where (iii) is satisfied com-

pletely.

As first example we choose the symmetric equation
Tnp1Tno1 = 2(1 — V2) + 2z, (9)
with the equilibria 7, = \/5, Ty = 2 — /2. The linearized equation
T(Tps1 + Tpo1) — 22, =0
has the characteristic polynomial
5 2
AT —=A+1, (10)
T
and for the first equilibrium its zeros are simple 8th roots of unity in view of
AN —1=(A V2 + 1N +V2+ 1)\ —1).
For the initial values z_; = 2o = 1 (cf. [, p. 26]) we find

3 1
21 =4—2V2, z9=10—6V2, x3=4—§\/§7 x4:ﬁ(20+5\/§),

so that x3 # x4, i.e. (8) with j = 3, p = 8, k = 1 is not fulfilled. According to Lemma 1

Equation (9) cannot have only 8-periodic solutions. Here, the zeros of (10) concerning the

second equilibrium are A =1+ %\/ﬁ + 4/ % + \/5, and these real numbers cannot be roots of

unity.

As second example we choose
Tpi1Tp_1 =2 — T, (11)
with the equilibria Z; = 1 and To = —2. The linearized equation

f(‘rn—s—l + xn—l) +z, = 0
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has the characteristic polynomial
1
M4 ZA+1, (12)
z

and for the first equilibrium its zeros are simple third roots of unity. For the initial values
x4 = x9 = 3 we find x; = —%, Ty = g, so that this solution is not 3-periodic. Here,
the zeros of (12) concerning the second equilibrium are A\ = }1(1 + iv/15), and according to

A? = —55(22 £ 6iv/15) no third roots of unity.

The third example reads

1 -

with the single equilibrium T = 1 and the single characteristic polynomial (12). For the

initial values x_1 = 2o = 2 we find 1 = —1, 25 = %, so that this solution is not 3-periodic.

The case A = 1. In the foregoing examples all zeros of (4) are different from 1. But the

case A = 1 is likewise possible. By differentiation of (2) with respect to T we easily see:

Lemma 2 Let (2) be satisfied for all T € G, and let (ii) be satisfied in G. Then the

characteristic polynomial (4) has the zero A = 1.

This case can appear by linear homogeneous difference equations with constant coefficients.

A nonlinear example is

TnTn—2

(14)

Tp+1 =
n—1

with arbitrary 7, the single characteristic polynomial A* —A\* + X —1= (A —1)(A*+ 1), and
the 4-periodic solutions
ac
a,b,c,—,a,...

b

with arbitrary nonvanishing constants a, b, c.

A fourth counterexample is

1 x?
Tn+1 = 5 (xn + nl) (15>

with arbitrary 7, the single characteristic polynomial A — 1 with the roots £1, but x5 = x¢
if and only if g = x;. Hence, disregarding the constant solutions, no further solution is

2-periodic.

As last counterexample we consider the equation

TpTp—tk = 2T, — 1 (16)
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with £ € N, the single equilibrium Z = 1, the linearized equation
Tpn = Tn—k,

and the single characteristic polynomial \¥ — 1. All zeros are simple k-th roots of unity,
but the solutions of (16) are not k-periodic (disregarding z,, = 1). In this case the first
hypothesis of Lemma 2 is not fulfilled.

Systems of equations. The foregoing conjecture can also be transferred to systems of

nonlinear difference equations. We shall show this for the two systems from |[(]

(=14l (17)
and
sy Y =14l 2l (18)

with variable m,n € 7Z, where the solutions in both cases shall be k-periodic in m with a

fixed k € N. For k£ = 1 the systems reduce to special cases from before.

In [6] it was proved: Every admissible solution of (17) is p-periodic with p = 5k when 51 k
and p = k else. Every admissible solution of (18) is p-periodic with p = 8q when k = 2iq
(0<j<2),2tqandp=Fk else.

In both cases we shall show that every zero of the corresponding characteristic polynomials

about the common equilibria is a p-th root of unity.

We begin with (17). The common equilibria are the solutions of
T=1+T. (19)

Fixing one of it, the corresponding linearized system reads

z (xﬁ)z _{_l,;m—i-Q)) _ xglfi-{l)7

where as before z\™ is k-periodic in m. With the ansatz ™ = EnA" we get the cyclic

system
f>‘2§m - )‘gm—i-l + E£m+2 =0

with k-periodic &,,,. The matrix is the circulant matrix
Circ (TA?, =\, Z,0,...,0)
where the eigenvalues are the discrete Fourier transform (7) of the first line

TN — \e™ 4 T (20)
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o
m=20,...,k—1, with e = exp {% , cf. |1]. The characteristic polynomial is the deter-

minant of the circulant matrix, and its zeros are the zeros of (20), i.e. the solutions of
TN = e — 3™

From this it follows by means of (19) that
At = —ATe¥ 4

and \° = 5™ i.e. A% = 1 and therefore p = 5¢ when either k¥ = ¢q and 5 ¢ or when k = 5¢

with an integer ¢q. The result is independent of the chosen equilibrium.

In the case (18) the common equilibria are the solutions of
T=1+27. (21)
Fixing one of it, the corresponding linearized system reads
7 (ol + D) = ol + g,
and the ansatz 7\ = EnA" with k-periodic &, yields the cyclic system
TN E — Nyt — Mmgo + Tnyz = 0

with the circulant matrix

Circ (TA*, =A%, =\, 7,0,...,0).

Again, the eigenvalues must vanish, so that
TN — NZe™ -\ 4Tt =0, (22)
m=0,...,k— 1, with the same ¢ as before. The left-hand side of (22) can be factorized as
(T(A2 = Ae™ 4 ™) — Ae™) (A + ™),

so that one solution of (22) is A = —&™. For the zeros of the other factor it follows by means
of (21) that A = —&%™ hence in both cases A3 = ¥, This implies A% = 1 and therefore
p = 8¢, when either k¥ = 27¢ (0 < j < 2) and ¢ odd or when k = 8¢ with an integer ¢. The
result is independent of the chosen equilibrium.

Asymptotically periodic solutions. In |5, p. 61| there is contained a further question:

“What s it that makes all the solutions of a difference equation be eventually periodic with

the same period?”
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Under the assumptions (i) and (ii) the last assertion comes true, if some (but not all) zeros
of the characteristic polynomial (4) about an equilibrium are simple p-th roots of unity, all
other zeros \; satisfy 0 < |N\;| < 1, and if the general solution of (1) can be represented
in the form (7), where the coefficients are convergent power series in A for large n (with
polynomial coefficients in case of need), cf. the special cases in [1, (7.12)] and |2, Propositions
3.3 and 3.4]. But the situation can be more complicated, cf. [3, Example 2|, in particular in
the case A = 1 for one zero of (4), cf. |1, (1.7)], i.e. [5, (5.2) witha = =0and y= A =1].
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STEVO STEVIC

A Note on Periodic Character of a Higher Order Dif-
ference Equation

ABSTRACT. In this note we prove that every positive solution of the difference equation

xn—m

where k,m € N are so that &k < m, and 2m = k(L + 1) for some L € N, converges to
a k-periodic solution. A similar result is proved for a corresponding symmetric system
of difference equations. We also consider the systems of difference equations whose all
solutions are periodic with the same period. It is generalized and solved Open Problem
2.9.1 in M. R. S. Kulenovi¢ and G. Ladas, Dynamics of Second Order Rational Difference
Equations. With open problems and conjectures. Chapman and Hall/CRC, 2002.

KEY WORDS. k-periodic solution, difference equation, positive solution, system of differ-

ence equations

1 Introduction

In this note we study the difference equation

pa=14 27k —01,. (1)

xn—m

where k,m € N are so that k < m, and 2m = k(L+1) for some L € N and initial conditions

T_m,...,T_o,T_1 are positive real numbers.

In [5, Theorem 4.1] was proved that every positive solution of the difference equation z,, =

1 + =2 converges to a period two solution. This motivated us to generalize the result in

Tn—-3

[10]. In [6] we prove the following result:

Theorem A Let I be an open interval of the real line, ¢ : I¥ — I be a continu-

ous function which is nondecreasing in each variable and increasing in the first one and
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olx,z,...,x) <z, for every x € I. If (a,) is a bounded sequence which satisfies the inequal-

1ty
Uik < P(Anik—1, Anyr—2,---,an) for neNU{0},

then it converges.

Other useful globally convergence results can be found, for example, in |7, &].

It is easy to prove that every positive solution of Eq. (1) is bounded, moreover, in [9] we

prove that if p > 1 and m, k € N, then every positive solution of the difference equation

Ty
Tp =P+ k ) (2)

xnfm

is bounded. By a slight modification of the proof of Theorem 3 in [10] it follows that if p > 1,
then every positive solution of Eq. (2) converges, see, also [9]. Unlike the case p > 1, Theorem
4.1 in |5] shows that positive solutions of equation x,, = 1 + % need not converge. Hence,
Eq. (2) is more interesting in the case p = 1. The case p € (0,1) was considered in paper
[3]. Our aim is to generalize the main results in 2], [5] and [10]. In Section 2 we generalize
the main result in [10] developing the main idea from the same paper. In Section 3 we show
that the main result in [2] is an easy consequence of known results, also a generalization
of the result is given. Section 4 is devoted to the systems of difference equations which all
solutions are periodic with the same period. In the section we generalize and solve Open

Problem 2.9.1 from [1].

2 Asymptotic periodicity of solutions of Eq. (1)

In this section we consider the positive solutions of Eq. (1). We prove the following result:

Theorem 1 Letk,m € N be such that k < m and 2m = k(L+1) for some L € N. Then
every positive solution of Eq. (1) converges to a not necessarily prime k-periodic solution
of Eq. (1). If L is odd, then every positive solution of Eq. (1) converges to the equilibrium

T* = 2.
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Proof: We have

JZn:l—f-L:l%— Ln—k
1 + Lnm—k 1 + ]‘ 1 + Tn—m—2k
Ln—2m Tn—2m Tn—2m—k
Tn—k
=1
* 1 1 Tn—m—3k
1+ + 14
Tn—2m Tp—2mLn—2m—k Lp—2m—2k
Ty
=1+ -2 1 : ’ (3)
Tn—m—lk
P n—2m—jk
=0 j=0 H Tn—2m—jk

7=0
for every n > lk +m — k.
Let [,t € N are chosen such that ¢t <[ and | —t = L. Since 2m = k(L + 1) we have that

n—m—1Ilk]+m—k=n—2m—tk. (4)
For such chosen [ and ¢ it follows from (1) that

n—m-— 1
’ L , for n>Ik. (5)
Tp—om—tk  Tn—2m—(t—1)k — 1

From (3) and (5) it follows that

1+ Tnk
€T =
n -2 i 1
1 (xn72mf(t71)k - 1)
1+ .
=0 j—0 Tn—2m—jk H T s .
n—2m—j
Jj=0,j#t
that is
1+ ok (6)
Tp = - )
— T 1 (Tn—k(r4ey — 1)1
14 E +
— o Tn—k(L+14j) e
=0 j=0 I1 Tn—k(L+147)

J=0,j#t
Using the changes yfq? = Tpmai, © = 0,1,...,k — 1, Eq. (6) separates into the following &
equations

y® =1+ . Y1 , (7)
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i=0,1,...k—1.

Eq. (7) can be written in the following form

yr(wi):F(yr%ll?“'?yf’r?—([ri-l))? 2207177k_1

Since

F(z,...,z) =1+ =z, for O0#zxz#1,
1 1
_i+:cl—1(x—1)

)

Il
o

and since F' is nondecreasing in each variable and increasing in the first one, we see that all
conditions in Theorem A are satisfied on the interval (1, c0), which implies that the sequence
yﬁ,?, that is, g, converges to yf, for each ¢ =0,1,...,k — 1. It is clear that (yg,...,y; ;)
is a k-cycle of Eq. (1), from which the first statement follows.

Assume now that L is odd. Then L = 2s + 1 for some s € N U {0}. Hence Eq. (1) can be

written as follows

Ty=14 k. (8)
Tpn—(s+1)k

Using the changes y,g? = Tmai, 0 = 0,1,...,k—1, Eq. (8) can be separated into the following

k equations

g =14 Il e, k1), (9)
Ym—(s+1)

Each of equations in (9) is a special case of Eq. (1) with k=1, m=s+ 1 and L =2m — 1.
According to the first part of the theorem it follows that every positive solution of each of
equations in (9) converges to a periodic solution of period one, that is, to y* = 2, from which
it follows that every positive solution of Eq. (1) in this case, converges to the equilibrium

r* =2, as desired. O

For k = 1 we obtain the following global stability result.

Corollary 1 Let m € N. Then every positive solution of the difference equation

Tp—1
xn:1+ y n:O,l,...
Tn—m

converges to the positive equilibrium x* = 2.
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3 A symmetric system of difference equations

In this section we consider the following symmetric system of difference equations

and g, =14+ 228 n—01,... . (10)

ynfm xnfm

Ty
T, =1+ K

which corresponds to Eq. (1). A little surprising fact is that the method in Theorem 1 can
be used also in studying of system (10). As a by-product we obtain a very short proof of the

main result in [2]. The main result in this section is the following:

Theorem 2 Let k,m € N be such that k < m and 2m = k(L + 1) for some L € N.

Then every positive solution of system (10) converges to a k-periodic solution of the system.

Proof: We have

Tp—
Tn = 1 - yn—km—k
1+
Tn—2m
-1 + Tn—k
1+ (1 + yn—m—2k>
Ln—2m Tn—2m—k
Tn—k
=1
* 1 1 Yn—m—3k
1+ + 14 et
Tn—2m Tn—2mTn—2m—k Tn—2m—2k
Tpn—k
g . , (11)
n—m—Ilk
1+ +
Z 2 T SO R |
=0 j=0 H Tn—2m—jk

7=0
for every n > lk +m — k.
Let I,t € N are chosen such that t <! and [ —¢ = L. Since 2m = k(L + 1) we have that

o 1
Yn—m—tk _ for n > Ik. (12)

)
LTn—2m—tk Tpn—2m—(t—1)k — 1

From (11) and (12) it follows (6). As in the proof of Theorem 1 we have that x,, converges

to a k-cycle, say (z3,...,25 1)

Similarly, it can be proved that y, satisfies Eq. (6) and that it converges to a k-cycle, say
(Yo, yi_q1). It is easy to see that (zf,..., 25 1), (Y5, ---,y5_1), is a k-periodic solution of
system (10), from which the result follows. O
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Remark 1 Note that unlike the scalar Eq. (1) with & = 3 and m = 6, the corresponding

system

Tn—3

and y,=1+ , n=0,1,..., (13)
Yn—6 Tn—6

z, =1+

has prime three-periodic solutions of the form

a b c
(xn) = (a,b,c,a,b,c,...), (yn) = (a—l’b—l’c—l"') )

4 Periodic solutions of Eq. (1)

In this section we find a subclass of Eq. (1) which have periodic solutions. Before we formulate
and prove the main result of this section say that GC'D(m, k) denotes the greatest common

divisor of integers m and k.

Theorem 3 Let m = 2im; where my is odd, and 27! | k. Then Eq. (1) has infinitely
many periodic solutions with period 2GC' D(m, k).

Proof: . First note that k = 2!k, for some k; € N. Then m and k can be written in the
following forms

m = 2'GCOD(my, ki)mg = GCD(m, k)my

and
k= 2i+1GCD(m1, kl)kz = QGCD(m, k)kg .

Hence Eq. (1) can be written

Lpn—2GCD(m,k)ks

T, =1+ (14)

Tn—GCD(m,k)msz .
Since every natural number n can be written in the following form n+1 = GCD(m, k)l +r,
where [ € NU {0} and r = 0,1,...,GCD(m, k) — 1, it follows that Eq. (14) is separated
into GC'D(m, k) independent equations of the form
(2)
: x
xl(z) g D2k (15)

(@)
Il—mz

i€{0,1,...,GCD(m, k) — 1}.

Now note that ms is odd. This means that the numbers [ and | — 2k, have the same parity,

but | — my has different one. Hence, each equation in (15) has a 2-periodic solution

O, 0, ... 0,0, ...
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with s y
p=1+— and ¢Y=1+—,
(8 ¢
which is equivalent to ¢ + ¥ = 1¢. It means that each equation in (15) has infinitely many

periodic solutions with period two of the form
¢ ¢
— Py
¢—1 ¢—1
From all above mentioned the result follows, that is, Eq. (1) has infinitely many periodic
solutions with period 2GCD(m, k). O

¢,

For the readers interested in this topic we leave the following interesting open problem:

Open Problem 1 Investigate the behavior of the positive solutions of system (10) when
k,m € N are so that k # m, and 2m # k(L + 1) for every L € N.

In view of Theorem 1 and Theorem 3 we also believe that the following conjecture holds:

Conjecture 1 Assume that k,m € N such that k < m and 2° is the largest power of 2

which divides m. Show that the following statements are true:

(a) If 21 [k, then every positive solution of Eq. (1) converges to the equilibrium x* = 2.

(b) If 2°*Y k, then every positive solution of Eq. (1) converges to a 2GC'D(m, k)-periodic

solution.

5 On systems which have only periodic solutions

In [1, p. 43] the authors claim that for a linear equation, every solution is periodic with
period p > 2, if and only if every root of the characteristic equation is a pth root of unity.
However, this is only true if we add the condition that all these roots are simple and the
equation is homogeneous, or the right-hand side constant and no resonance case. Motivated

by this observation they posed the following open problem.
Open Problem 2.9.1 Assume that f € C[(0,00)%,(0,00)] is such that every positive

solution of the equation

Tp+1 :f<$naxnfl)7 n:O,l,... (16>

18 periodic with period p > 2.

Is it true that the linearized equation about a positive equilibrium of Eq. (16) has the property

that every one of its solutions is also periodic with the same period p?
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In [I] L. Berg shows that for ten nonlinear difference equations, whose all solutions are
periodic with the same period p, all solutions of the corresponding linearized equations are
periodic with the same period. This Berg’s paper motivated us to believe that not only

Open Problem 2.9.1 is true but that a more general result holds.

In order to solve Open Problem 2.9.1 we need a useful result contained in the following
lemma. Before formulating it we say that for a mapping f : X — X, (f [p])pGNU{O} denotes
the sequence of iterates of f, that is, fl! = I, the identity function on X, fl! = f and
generally fPt1 = f o fIPl for any p € N.

Lemma 1 Let I C R be an interval. Consider the system of difference equations
Tn1 = f(fn) ) (17)
where f € CHI* I¥], and x* is an equilibrium of Eq. (17). If all solutions of Eq. (17) are

periodic with period p, then Jacobi’s matriz D f(x*) is diagonalizable and all its eigenvalues

are pth roots of unity (here Df denotes Jacobi’s matrixz of the function f).

Proof: Since all solutions of Eq. (17) are periodic with period p, then we have
z, = fW(T) = T, (18)
for every ¥, € I*. Differentiating (18) we have that
D(fP(z)) =D =1d, (19)
for every T € I*, where Id denotes the identity operator on R".
Now note that every stationary point z* of system (17) is a fixed point of the equation
f@) =7
Using this fact, chain rule and taking ¥ = z* in (19), we have that
[Df(@"))P = 1d, (20)

that is, pth power of Jacobi’s matrix [D f(z*)] is equal to Id. Using Jordan’s decomposition
of the matrix and (20), it follows that the matrix [Df(z*)] is diagonalizable and that all

roots of the characteristic polynomial of the matrix are pth roots of unity, as desired. O

Notice that the linearized system of (17) at z* is

Uns1 = [Df (z7)]n-

From all above mentioned it follows that the characteristic polynomial of the matrix in the
corresponding linearized equation about an equilibrium has only zeros which are pth roots

of unity.

As a corollary of Lemma 1 we obtain the next result which among other things solves Open
Problem 2.9.1.
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Corollary 2 Let I C R be an interval. Consider the difference equation

:Cn+1 - f(xnu o ,l'n,k+1> 9 (21>

where f € CYI* 1], and x* is an equilibrium of Eq. (21). If all solutions of Eq. (21)
are periodic with period p, then the zeros of the characteristic polynomial of the linearized

equation

_of ., of .
Ynt1 = a—xl(x VYn + + D (") Yn—k+1 (22)

about the equilibrium x* of Eq. (21) are simple pth roots of unity and consequently all solutions

of Eq. (22) are periodic with period p.

Proof: By standard transformation Eq. (21) can be written as a k x k system of difference

equations of first order. The corresponding linearized system have the following matrix

[0 1 0 0 ]
0 0 1 0
| (23)
0 0 0o --- 1
of , .. of af . .
| Oxy, (") 0xr_1 v o0x, (z") |
By Lemma 1 the characteristic polynomial
of _ of
AN Nt ey = 0 24
() () (24)

of the system has only zeros which are pth roots of unity.

By a well known result (see [11, No. 9.67 point 4]) if the polynomial (24) has multiple zeros,
then matrix (23) cannot be diagonalizable. By Lemma 1 matrix (23) is diagonalizable, which
is a contradiction. Hence all zeros of polynomials (24) are simple pth roots of unity, which
implies that all solutions of Eq. (22) are periodic with period p, as claimed. O
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SHAOLONG XIE!, WEIGUO Rul, XIAOCHUN HONG

The Compactons and Generalized Kink Waves to a
generalized CAMASSA-Holm Equation?

ABSTRACT. In this paper, the bifurcation method of planar systems and simulation
method of differential equations are employed to investigate the bounded travelling waves
of a generalized Camassa-Holm equation. The bounded travelling waves defined on finite
core regions are found and their integral or implicit expressions are obtained. Their planar
simulation graphs show that they possess the properties of compactons or generalized kink

waves.

KEY WORDS. Camassa-Holm equation; compactons; generalized kink waves.

1 Introduction

In recent years the so-called Camassa-Holm [1] equation has caught a great deal of attention.

It is a nonlinear dispersive wave equation that takes the form
Uy + 2kUy — Upgr + 3UUy = 2UpUgy + Ullpgy - (1.1)

When £ > 0 this equation models the propagation of unidirectional shallow water waves on
a flat bottom, and u(t, z) represents the fluid velocity at time ¢ in the horizontal direction
x [1,2]. The Camassa-Holm equation possesses a bi-Hamiltonian structure [1,3] and is com-
pletely integrable [1,4,5]. Moreover, when k& = 0 it has an infinite number of solitary wave
solutions, called peakons due to the discontinuity of their first derivatives at the wave peak,

interacting like solitons:

u(z,t) = ¢ exp(—|z — ct]). (1.2)

!Corresponding author: E-mail address: xieshlong@163.com
2This research was supported by Natural Science Foundation of China (10261008).
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Liu and Qian [0] investigated the peakons of the following generalized Camassa-Holm equa-

tion
Uy + 2kUy — Upgr + U™ Uy = 2UpUyy + Ullgyy - (1.3)

witha > 0,k € R,m € N and the integral taken as zero. In the case of m = 1,2,3 and k # 0,
they gave the explicit expressions for the peakons. The concept of compacton: soliton with
compact support, or strict localization of solitary waves, appeared in the work of Rosenau

and Hyman [7] where a genuinely nonlinear dispersive equation K (n,n) defined by
U + a(un):c + (un):c:czr =0, (14)

was subjected to experimental and analytical studies. They found certain solitary wave
solutions which vanish identically outside a finite core region. These solutions have been
called compactons. Several studies have been conducted in [3]-[12]. The aim was to examine

if other nonlinear dispersive equation may generate compacton structures.

In fact, When a = 3 and m = 2, the Eq. (1.3) has another kind of bounded travelling
waves which possess some properties of kink waves. We call them generalized kink waves.
Therefore, in this paper, we shall consider the compactons and generalized kink waves of the
Eq. (1.3) when a = 3 and m = 2. In the conditions of a = 3 and m = 2, the Eq. (1.3) can

be rewritten as:
Wy 4 2Kty — Uggr + 3UPUy = 2UplUyy + Uy , (1.5)

where the constant k € R is given.

The rest of this paper is organized as follows. In Section 2, we firstly derive travelling
wave equation and travelling wave system. Then we study the bifurcations of phase portrait
of the travelling wave system. In Section 3, using the information of phase portrait, we
make the numerical simulation for bounded integral curves of travelling wave equation. In
Section 4, we obtain the integral representations of compactons and the implicit or integral
representations of the generalized kink waves from the bifurcations of phase portrait and the

bounded integral curves. Finally, a short conclusion is given in Section 5.

2 Travelling Waves System and its Bifurcation Phase Portrait

In this section we derive travelling wave system and study its bifurcation phase portrait.
Substituting u(x,t) = ¢(§) with £ = x — ¢t into (1.5), we have

—C¢,+2k¢,+6¢/”+3¢2¢/:2¢/¢”+¢¢”/, (21)
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where c is the wave speed. Integrating it once gives

1
(6= )" = 6 + (2% — )6 — 5()?, 22
where the integral constant is taken as 0. Letting ¢’ = y, we obtain a planar system
dg dy  ¢°+ 2k — )¢ — 3v°
- =Y, s = 2 ) (2?))
dg dg ¢—c

which is called travelling wave system. Our aim is to study the phase portrait of system
(2.3). But system (2.3) has a singular line ¢ = ¢ which is inconvenient to our study. So we
make the transformation d§ = (¢ — ¢)dr. Thus system (2.3) becomes Hamiltonian system

Yoy L=t h-do- (2.4
Thus system (2.3) and (2.4) have the same first integral

dy

H(6,5) = (6 )y — 50"+ (c— 2M)¢> = h. (25)

Therefore both systems (2.3) and (2.4) have same topological phase portraits except the
straight line ¢ = c.

Now we consider the singular points of system (2.4) and their properties. Let

Yl = +2(c2 —c+2k)c for 2(c2 —cH42k)e >0, (2.6)
0 =+Ve—2k for 2k<ec, (2.7)
¢ =+tV—-c2+2c—4k for —c+2c—4k>0, (2.8)
oL = ++/2(c —2k) for 2k <c, (2.9)
ki(c) = g (2.10)
2¢ — 2
ka(c) = C4 < for 0< c, (2.11)
2
k(o) = —5— (212)
Thus, the k& = k;(¢) (i = 1,2, 3) have a unique intersection point (0,0), and
ks(c) < ka(c) < ki(c) for 0<ec, (2.13)
and
ks(c) < ki(e) for 0<ec. (2.14)

By the theory of planar dynamical system and (2.4)-(2.14), we derive the following proposi-
tion for the equilibrium points of the system (2.4):
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Proposition 2.1 1). When ¢ <0 and k < k3(c) or 0 < ¢ and ks(c) < k, the (c,y°)

10).

11).

and (c,y}) are two singular points of the system (2.4). They are saddle points and
H(c,y?) = H(c,y}).

. When 0 < ¢ and ki(c) < k, the system (2.4) has three singular points (0,0), (c,y°) and

(c,y%). The (0, 0) is a center point.

. When ¢ = 0 and 0 < k, the system (2.4) has only one singular point (0,0) and this

point is a degenerate saddle point.

. When ¢ < 0 and ki(c) < k, the system (2.4) has only one singular point (0,0) and this

point is a saddle point.

. When ¢ < 0 and ks(c) < k < ki(c), the system (2.4) has three singular points

(0,0), (¢°,0) and ( 3,0) and ¢ < ¢° < 0 < gb?r The (0,0) is a center point, (¢°,0)
and (¢, 0) are saddle points and H(¢",0) = H(¢5,0) .

. When ¢ <0 and k = ks(c), the system (2.4) has three singular points (0,0), (¢,0) and

(—c,0). The (0,0) is a center point, (c,0) is a degenerate saddle point, (—c,0) is a
saddle point and H(c,0) = H(—c,0).

. When ¢ < 0 and k < ks(c), the system (2.4) has five singular points (0,0), (¢°,0),

(05,0, (¢,y2) and (¢,y}), and ¢° < ¢ < 0 < ¢%. The (0,0) and (¢°,0) are center

points, (¢9,0) is a saddle point.

. When ¢ =0 and k < 0, the system (2.4) has three singular points (0,0), (¢°,0) and

(¢%,0) , and ¢° < 0 < ¢%. The (0,0) is a degenerate saddle point, (¢°,0) is center
0

point and (¢2.,0) is a saddle point.

. When ¢ > 0 and k < ks(c), the system (2.4) has three singular points (0,0), (¢°,0)

and (¢%,0) and ¢° < 0 < c < ¢%. The (0,0) and (¢%,0) are saddle points, (¢°,0) is

center point.

When ¢ > 0 and k = ks(c), the system (2.4) has three singular points (0,0),(—c,0)
and (c,0). The (0,0) is a saddle point, (c,0) is a degenerate saddle point and (—c,0)

18 a center point.

When ¢ > 0 and ks(c) < k < kao(c), the system (2.4) has five singular points (0,0),

(¢,0), (¢%,0), (¢,y°) and (c,y}), and ¢° <0< ¢% < c. The (0,0) is a saddle point,

(¢,0) and (¢%,0) are center points.
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12). When ¢ > 0 and k = ko(c), the system (2.4) has five singular points (0,0), (¢°,0),
(0%.,0), (¢,y°) and (c,y?), and ¢° <0 < ¢S < c. The (0,0) is a saddle point, (¢°,0)
and (¢%.,0) are center points, and H(0,0) = H(c,y°) = H(0,yY}).

13). When ¢ > 0 and kao(c) < k < ki(c), the system (2.4) has five singular points (0,0),
(02,0), (¢%,0), (¢,y°) and (c,y}), and ¢° <0< ¢% < c. The (0,0) is a saddle point,

(¢°,0) and (¢%,0) are center points.

Proof: It is easy to see that all of the singular points of (2.4) are only distributed on ¢-axis
or the line ¢ = c. Firstly we consider system (2.4) on the line ¢ = ¢. From (2.6), on the line
¢ = ¢, (2.4) has two singular points (¢,y%) and (¢,3%) when ¢ < 0 and k < ks(c) or 0 < ¢
and k3(c) < k, has one singular point (¢, 0) when k = k3(c), and has not singular point when
¢ < 0and k > ks(c) or 0 < ¢ and kz(c) > k. Assume that \(¢,y) is an eigenvalue of the
linearized system of (2.4) at point (¢,y). Then we have

N(e,y?) = N(e,yl) = 2¢(c® —c+2k) >0, (2.15)
for c <0 and k < k3(c) or 0 < ¢ and k3(c) < k, and
M(c,0) =0, for k=ks(c). (2.16)
Now we consider system (2.4) on ¢-axis. Let

f(¢) ="+ (2k — )9, (2.17)

then the (¢, 0) is singular point of system (2.4) if and only if f(¢p) = 0. It is easy to see

that we obtain the following facts:

1) When k;(c) < k, the system (2.4) has one zero point (0,0). Thus the (0, 0) is singular

( , the sy p : ) g
point of system (2.4) on ¢-axis. From (2.7) and (2.17) we have f/(0) > 0 and f'(0) =0
when k;(c) < k and k = k1 (c) respectively.

(2°) When k;(c) > k, the system (2.4) has three zero points (¢, 0), (0,0) and (¢%,0). Thus
the (¢°,0), (0,0) and (¢%,0) are singular points of system (2.4) on ¢-axis. From (2.7)
and (2.17) we have f'(¢°) >0, f'(0) < 0 and f'(¢%) > 0.

On the other hand, we have
N(02,¢) = f(¢2)(¢2 — o), (2.18)
N?(0,0) = —cf'(0), (2.19)
A%, 0) = f'(69)(¢ — o), (2.20)
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From (2.5) and (2.15) - (2.20) the proof is completed.

According to the above analysis, we draw the bifurcation phase portrait of (2.3) and (2.4),

shown in Fig. 1.

Fig. 1 The bifurcation phase portrait of systems (2.3) and (2.4)

3 Numerical Simulations of Bounded Integral Curves of Travelling

Wave Equation

From the derivation in Sec. 2 we see that the bounded travelling waves of Eq. (1.5) correspond
to the bounded integral curves of Eq. (2.2), and the bounded integral curves of Eq. (2.2)
correspond to the orbits of systems (2.3) in which ¢ = ¢(£) is bounded. Therefore we can
simulate the bounded integral curves of Eq. (2.2) by using the information of the phase
portrait of systems (2.3).

From Fig. 1 it is seen that ¢ = ¢(§) is bounded in the following orbits of system (2.3):

(1). The homoclinic orbits, (2). The periodic orbits, (3). The orbits I'y and TI'y, (4). The

heteroclinic orbits L., L3 and L3.

When (i). ¢ > 0 and k < ks(c), (ii). ¢ < 0 and k3(c) < k < ki(c), according to the above

analysis we will simulate the bounded integral curves of Eq. (2.2) by using the mathematical
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software Maple. In the other case we can use a similar argument. We assume that (¢, 0) is

the initial point of an orbit of system (2.3) in the following cases.

Case 1. ¢ > 0 and k < ks(c). For this case, system (2.3) has an orbit I'; on which ¢ is
bounded when ¢q < ¢! or 0 < ¢y < ¢, has a homoclinic orbit when ¢y = ¢!, has a periodic
orbit when ¢! < ¢y < ¢°, two heteroclinic orbits L1 on which ¢ are bounded when ¢ = 0,
has an orbit I'y on which is bounded when ¢ < ¢y < ¢, and has two heteroclinic orbits L3
which lie on the left side of the line ¢ = ¢ on which ¢ are bounded when ¢y = ¢%. For
example, choosing ¢ = 2 and k = —4, we have ¢! = —4.472135955 and ¢ = +3.16227766.

(i). We respectively take ¢y = —4.48, —4.472135955, —4.4721,0.01, 3.1622 and 3.1622776,
letting ¢(0) = ¢ and ¢'(0) = 0, we simulate the integral curves of Eq. (2.2) as (a),

(b), (¢), (f) , (g) and (h) in Fig. 2.

ii). The two heteroclinic orbits L! respectively have expressions
+ y

B ot +2(2k — ¢)¢?
yfc(gb)—i\/ 26— , for0 < ¢ <ec. (3.1)

If 0 < ¢9 < ¢, then from the first equation of system (2.3) we have fl—‘é’]g:&) = 47 (¢9)
at ¢ = ¢{. For example, when ¢ = 2 and k = —4, taking ¢! = 0.2, we have
yE (V) = £0.4709328804. Letting ¢(0) = 0.2 and ¢'(0) = 0.4709328804, respec-
tively we simulate the integral curves of Eq. (2.2) as (d) and (e) in Fig. 2.

(iii). The two heteroclinic orbits L2 respectively have expressions

Loy 9120k — @+ 2@y 0
Y2 (¢2)—i\/ 26— ¢) , fore< o <oy, (3.2)
A() = —5 (6" + (e~ 2K) (60" (33)

If ¢ < ¢9 < ¢Y, then from the first equation of system (2.3) we have fl—?szo =y (49)
at ¢ = ¢9. For example, when ¢ = 2 and k = —4, taking ¢9 = 3, we have y5(¢3) =
+0.7071067812. Letting ¢(0) = 3 and ¢/(0) = £0.7071067812, respectively we simulate
the integral curves of Eq. (2.2) as (i) and (j) in Fig. 2.

Remark 1 Under the conditions of Case 1 the following facts can be seen from Fig.2:

(1) The integral curve is only defined on [—&},&L] or [—€2,&€2] and it is of peak form [see
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(a), (f), (g) and (h) in Fig. 2] when ¢y < ¢L or 0 < ¢g < c or ¢ < ¢y < ¢, where

/\/32 G20 g5 for go<ol or O<gy<c, (3.4)
%o

¢5)(s* — )
%o (s —c¢)
/ \/ — (5 = a)ds, for ¢ < ¢y < g, (3.5)
a = —¢5 — 4k + 2c. (3.6)

The point (0, ¢g) is the peak of the integral curve ¢ = ¢(§) which tends to ¢ when
€] tends to &, where & = &} or &. Following Rosenau and Hyman [7] we call a
compacton. For example, when ¢ = 2 and k£ = —4, we respectively take ¢g = 0.01 and
3.1622776, from (3.4) and (3.5) we obtain &} = 2.417690442 and &2 = 4.1086580 which
is identical with the simulation [see Figs. 2 (f) and (h)].

When ¢y = 0, Eq. (2.2) has two bounded integral curves ¢;(§) and ¢»(§) [see Figs. 2
(d) and (e)]. ¢1(&) is defined on (—o0, ;| and tends to ¢ when & tends to &, to 0 when
€ tends to —oo. ¢o(&) is defined on [—¢;, +00) and tends to 0 when & tends to +oo ,

to ¢ when ¢ tends to —&;, where

S—C
& = /d,os\/ _26_2kd for 0<¢)<e. (3.7)

For example, for the above ¢ = 2,k = —4, taking ¢! = 0.2, from (3.7) we obtain
& = 0.7904027914 which is identical with the simulation [see Figs. 2 (d) and (e)].

When ¢y = ¢, Eq. (2.2) has two bounded integral curves ¢3(&) and ¢4(€) [see Figs. 2
(i) and (j)]. ¢3(§) is defined on [—&, +00) and tends to ¢ when £ tends to —&,, to ¢%
when & tends to +00. ¢4(€) is defined on (—o0,&,] and tends to ¢ when £ tends to

—00, to ¢ when £ tends to &, where

_ ¢ 2(s—c¢)
“ / @ —s) (@ +5)™ T s 9y < 9. (3.8)

For example, for the above ¢ = 2,k = —4, taking ¢y = 3, from (3.8) we obtain
& = 0.3697389765 which is identical with the simulation [see Figs. 2 (i) and (j)].
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Fig. 2 The simulation of the integral curves of Eq. (2.2) when ¢ =2 and k = —4.

(a) ¢(0) = —4.48 and ¢(0) = 0, (b) ¢(0) = —4.472135955 and ¢(0)' = 0, (¢) ¢(0) = —4.4721 and
$(0) =0, (d) ¢(0) = 0.2 and (0) = 0.4709328804, (¢) $(0) = 0.2 and ¢(0) = —0.4709328804, ()
$(0) = 0.01 and $(0)' = 0, (g) #(0) = 3.1622 and ¢(0) = 0, (L) $(0) = 3.1622776 and ¢(0)’ = 0,
(i) $(0) = 3 and $(0) = 0.7071067812, (j) $(0) = 3 and (0) = —0.7071067812.

Case 2. ¢ < 0 and k3(c) < k < ki(c) . For this case, system (2.3) has an orbit I'; on which
¢ is bounded when ¢y < ¢, has an orbit I'y on which ¢ is bounded when ¢ < ¢y < ¢° and
four heteroclinic orbits L2 and L3 are bounded when ¢y = ¢°, has a periodic orbit when
#° < ¢y < 0. For example, choosing ¢ = —2 and k = —2, we have ¢%. = £1.414213562.

(i) We respectively take ¢g = —1.4 and —1.4133, letting ¢(0) = ¢y and ¢'(0) = 0, the
simulation integral curves of Eq. (2.2) are (a) and (b) in Fig. 3.

ii) The two heteroclinic orbits L3 respectively have expressions
+ y

44+ 2(2k — 2 4 2h(Y
yE = i\/¢ X 2(¢C)_¢C)+ @) for g <p< 0, (3.9)
where
M) = 5 () + (e — 2K)(60)°. (3.10)

If ¢ < @3 < ¢7, then from the first equation of system (2.3) we have le_(gk:&o =y (4Y)
at ¢ = ¢3. For example, taking ¢J = 0, we have yi (¢3) = +1. Letting ¢(0) = 0 and
¢'(0) = %1 respectively, we simulate the integral curves of Eq. (2.2) as (¢) and (d) in
Fig. 3.
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(iii) When ¢y = ¢°, L2 lie on the left side of the line ¢ = ¢°, the simulation integral
curve of Eq. (2.2) is similar to Figs. 2 (i) - (j), when ¢y < ¢, to Fig. 2 (a) or (f), when
c < ¢y < ¢’ to Fig. 2 (g) or (h).

Remark 2 The simulation in Fig. 3 imply that under of case 2, the integral curve ¢ = ¢5(&)
and ¢ = ¢g(€) are defined on (—o0, +00), ¢5(&) tends to ¢° when & tends to —oo or tends
to ¢Y when & tends to +00 and ¢g(§) tends to ¢ when & tends to —oo or tends to ¢° when
¢ tends to +o0.

Fig. 3 The simulation of the integral curves of Eq. (2.2) when ¢ = —2 and k = —2.

(a) $(0) = —1.4 and ¢/(0) = 0, (b) ¢(0) = —1.4133 and &'(0) = 0, (c) ¢(0) = 0 and ¢'(0) = 1, (d)
$l0) = 0 and ¢'(0) = —1.
4 The Expressions of Compactons and Generalized Kink Waves

In this section, we derive the expressions of compactons and generalized kink waves by using

the information obtained from above sections.
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4.1 Integral Expressions of Compactons

For given ¢ and k, we give hypotheses as follows:

(H1) ¢ <0, k < k3(c) and ¢ satisfies ¢y < ¢* .
(H2) ¢ =0, k < 0 and ¢, satisfies ¢y < ¢! .
(H3) ¢ >0, k < k3(c) and ¢ satisfies ¢y < ¢ or 0 < ¢y < c.
(H4) ¢ >0, ks(c) < k < ka(c) and ¢y satisfies ¢g < @1 or 0 < ¢y < ¢7.
(H5) ¢ >0, ko(c) < k and ¢q satisfies ¢y < —c.
(H6) ¢ <0, k > k3(c) and ¢y satisfies ¢y < c.
(H7) ¢ <0, k < k3(c) and ¢y satisfies —c < ¢ < ¢..
(H8) ¢ >0, k < k3(c) and ¢y satisfies ¢ < ¢ < ¢..
(H9) ¢ <0, k> ki(c) and ¢ satisfies ¢ < ¢y < 0.
(H10) ¢ <0, k3(c) < k < ky(c) and ¢y satisfies ¢ < ¢y < ¢°.

Proposition 4.1 (i) If one of hypotheses (H1) — (H6) holds, then Eq. (1.5) has a

concave compacton u = ¢(&) which satisfies integral equation

— = ’ 2s — o) s, for
50 ’6‘ /¢> \/<82—¢%)(S2—Oé)d ) f ‘5’ Sgo? (4'1)

/0 \/ (;2 _302 — a)ds . (4.2)

(ii) If one of hypotheses (H7) — (H10) holds, then Eq. (1.5) has a conver compacton
u = ¢(&) which satisfies integral equation

el ¢ 2(s —¢) s for
&= [ \/(52_¢%)($2_a)d,f €l <a. (1.3

/¢o \/ (; —802 - a)ds‘ (4.4)

where

where
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Proof: From Fig. 1 it is seen that the unique orbit I'y or I'y of system (2.3) passes the point
(¢0,0) when one of above hypotheses holds. From (2.5) the I'; and I'y have expression

2060 — )y*(9) = (¢" — ) (¢" — ). (4.5)
Substituting y = 92 ¢ into (4.5), we have
2(¢ —¢) _
jE\/ F—R@ - o)

Thus along I'; and 'y respectively integrate (4.6), the (4.1) and (4.3) are obtained.

4.2 Implicit or Integral Expressions of Generalized Kink Waves

For given ¢ and k, we give hypotheses as follows:

(H11) ¢ > 0,k < ko(c) and ¢ satisfies 0 < ¢ < ¢ < ¢".

(H12) k < k3(c) and ¢9 satisfies ¢° < ¢ < ¢ < ¢9.

(H13) ¢ < 0,k > ki(c) and ¢9 satisfies ¢ < ¢9 < 0.

(H14) ¢ < 0,k3(c) < k < ky(c) and ¢9 satisfies ¢ < ¢§ < ¢°.
(H15) ¢ < 0,ks(c) < k < ky(c) and ¢ satisfies ¢ < ¢? < ¢} < ¢%.

Proposition 4.2 (i) If hypothesis (H11) holds, then Eq. (1.5) has two generalized
kink waves u = ¢1(§) and u = ¢o(&) which satisfy integral equation

1
1\/82+2 Gls=& for —0 <<t (4.7)

and

__\/52—1—2 ‘) ds—f, for —& <& <400 (4.8)

where

9 s—c
ds. 4.
&= / \/s2+22k5—c (4.9)
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(i) If hypothesis (H12) holds, then Eq. (1.5) has two generalized kink waves u = ¢3(&)

(iii)

and u = ¢4(&) which respectively satisfy equation

VI (VI VT | e VB _ 9
: In \/T—c—\/(bgi—c ¢++carctan\/m \/_(f—!—{z)
(4.10)
for =& < € < +o00. And
Vol —c VL —c+ Vi —c Véi—c ¢}
%ln qb(_;:—c— Qﬁi—c ,/ngr—i—carctan\/; \/t( §+&),
(4.11)

for —oo < & < &. Where

V=, (VA= B0\ o B
§o = ¢0[ 5 (\/¢0 R — @Y + carctan ~—— NG

(4.12)

If hypothesis (H13) holds, then Eq. (1.5) has two generalized kink waves u = ¢3(§)

and u = ¢4(§) which respectively satisfy integral equation

1 2(s —
—;\/%“:f’ for — & < f e 1)

and

D4
1\/52+2 ) G =& for —co<E<b (4.14)

where

%% s —c)
—— . 4.1
&2 = / \/52+2 2k — ¢) ds (4.15)

If hypothesis (H14) holds, then Eq. (1.5) has two generalized kink waves u = ¢3(§)
and u = ¢4(€) which satisfy equation

(m— m) <m+ my— = Grelv2e
VI —c+ e Vo —e—Bs—e

Y

(4.16)
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for =& < & < 400, and

(W m) (\/T—Hm)v _ g evane
VU —c+Vpi—c —¢? Vi —c

(4.17)

for —oo < & < &, where

3, = (\/¢9—c—\/¢3—0> ¢Oc(\/¢oc+ \/¢g—c> R (4.18)
i) \VE—-va—<)

and
§a=Inp. (4.19)

(v) If hypotheses (H15) holds, then Eq. (1.5) has two generalized kink waves u = ¢5(§)
and u = ¢¢(§) which satisfies equation

VO, —c+Vhs —c Ve Vs —c— /=0 — — B,e(V20%9)
ol = o =< Vo —ct —¢‘i— |

(4.20)

for —oo < & < 400 and

WJF Vs — ¢ Vs —c— \/T —Bze (V262.6)
\/¢+ — Vs — ¢ Vo —c+ _¢+ 7

(4.21)
for —oo < & < +o0. Where

Y O RV e N O By ra M
r—e—va=e) \Va—erva-c) "

Proof: Here we only proof (ii), in the other cases one can use a similar arguments. If
hypotheses (H12) holds, then there are two heteroclinic orbits L7 and L? of system (2.3)

passes the point (¢%,0), From (2.5) they have expressions

2(¢ — )y’ (0) = [(#5)? — ¢*, for ¢° <c < <. (4.23)
Substituting y = 1nto (4.23) and letting ¢(0) = ¢9, we have
20— >d¢ dg, —& < & < +oo and ¢ X
, —& oo and ¢_ <c< ¢ < ¢, (4.24)

(65)? — ¢
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and

2(¢ —¢)
(@) - ¢?

Integrating (4.24) and (4.25) along L2 and L? respectively, we have

¢>3md_

sy (61)°— s

Yoo dp=df, —c0 << &and ¢ <c< <. (4.25)

/ds —&H<E<+ocand @) <c< g <o), (4.26)

and

b1 /(g —
/ (¢0)S_§2d —/ ds, —00 < £ < & and ¢° <c<¢<q§0. (4.27)

From (4.26) and (4.27) we obtain (4.10) and (4.11).

5 Conclusion

In this paper, we have employed both the bifurcation method of planar dynamical systems
and numerical simulation method of differential equations to investigate the bounded travel-
ing waves of a generalized Camassa-Holm equation. We have found another kind of bounded
traveling waves which have the properties of compactons or generalized kink waves. Their
planar graphs are simulated (see Figs. 2 (a), (f), (g) and (h) for compactons; Figs. 2 (d),
(e), (i) and (j) and Figs. 3 (c¢) and (d) for generalized kink waves). Their integral or im-
plicit representations are obtained (see Proposition 4.1 for compactons; Proposition 4.2 for

generalized kink waves).
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SADEK BOUROUBI, MONCEF ABBAS

New identities for Bell’s polynomials
New approaches

ABSTRACT. In this work we suggest a new approach to the determination of new identities
for Bell’s polynomials, based on the Lagrange inversion formula, and the binomial sequences.
This approach allows the easy recovery of known identities and deduction of some new

identities including these polynomials.

KEY WORDS. Bell’s polynomials, Bell’s numbers, Lagrange inversion formula, binomial

sequences.

1 Introduction

Using a proof by recurrence, Salim KHELIFA and Yves CHERRUAULT gave the following
identity on Bell’s polynomials [3].

Theorem 1 Forn and k € N*,k < n, it holds

B, (1°2,3%,.. ) = (n - 1) nk. (1)
kE—1

This identity allowed the authors to demonstrate a new theorem of convergence for the Ado-

mian decomposition method [4], but the proof is excessively long (7 pages) and consequently

it requires another proof. Here we propose two new identities, with shorter proofs. The first

uses the Lagrange inversion formula, having as an immediate consequence the identity (1),

and the second uses binomial sequences, begetting new identities, and the known identities

in the literature.

Definition 2 The Bell polynomials are the polynomials By, (z1, o, ...) in an infinite
number of variables x1,xa, ..., defined by (see |2], p. 133)

k
H(me@> :ZBn,km, k=0,1,2,...- (2)

m>1 n>k
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Their exact expression is (see |2], p. 134)
n!
By (x1,22,...) = abigh
S ksl (1) (20 ...
where 7 (n) denotes a partition of n, with ky + 2ky + ... = n; k; is of course, the number of
parts of size i. Also ky + ks + ... = k is the number of parts in the partition.

2 Main results
2.1 Method based on the Lagrange inversion formula
Let f be an analytic function about the origin such that f (0) # 0 and for n and m € N let

D [f (w)]"yeg ifmn=1

In (m) = m )
(f(0)) ifn=0

d
where D is the differential operator T
w

Theorem 3 Forn and k € N*, k <n, it holds

n—1

Bk (fo(1),f1(2),f2(3),...) = (k:— 1)fn—k (n) .

Proof: For z € C, let us consider the equation of the unknown w € C,
w—zf (w)=0.

This equation admits a unique solution w = g (z) around the origin (see [!], p. 234) and for

any analytic function F' around the origin we have by Lagrange inversion formula

Zn

Flg(z)) = F(0)+ Y D" {F (w) [f (w)]"}]

n>1

(3)

w=0 7!

If we choose F' (w) = w, we get from (3)

9= D )]y

n>1 ’

= anl(n)%:.

n>1
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Thus from (2) we have

S = o (Z fm(n);—’;)

n>1

=3 Bux (fo(1), 1(2), fo(3),..) = -

n>k

On the other hand, if we choose F' (w) = IZ—T, we get by (3)

L (9() = _I,Z D )],

n>1
— ';D” ! {wk_ljZ;Dj Lf (w)]n|w:02j-_j} MOZ_T
1 1; {j;l (fj—k/:l( 1)) v wzo%

]
Corollary 4 Leta € R. We have for all n and k € N*, k < n,
—1
B, ((10)°,(2a)", (3a)?,...) = (Z 1> (an)"* -
Proof: We have just to apply Theorem 3 by putting f (w) = ™, that gives
) (em)t ifn>1
f”(m)_{1 ifn =0
m

Remark 5

1) If we choose a = 1 we find the identity (1).
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2) It is obvious that the identity of Corollary 4 is not the only consequence of Theorem 3,
because it depends on the choice of f. If, for instance, we choose the function f (w) =

14 aw, we get

a[m], ifn>1
1 ifn=0

where [m], =m(m —1)---(m —n+1). Thus we have

— 1\ n!
Bk (11a°,21a",3la?,..) = a"7* (Z ) 1) %

If we choose :

A a =1, we recover the known identity

“1\a!
By (1,2,3!,..) = <Z 1)%

A a=0, we get
B, (1,0,0,...) =0, except B,, = 1.

2.2 Method based on binomial sequences

A sequence of definite functions (¢, (z)), on a subset I of R is called binomial if,

u n
ontat ) =3 () )ou @) eua ) o € 1
k=0

Theorem 6 Let (¢, (), be a binomial sequence defined on I, N C I C R, with ¢y # 0.
Then for all n and k € N*, k < n, we have

n

B (0 (1).201 (1) 32 (1)) = () oncn (),

Proof: Let by ®, denote the exponential generating function associated to the sequence
(on (2)),,, i-e.
®, (t) = Z@n () =~

(We suppose, of course, that the radius of convergence satisfies R > 0.)
The sequence (¢, (z)),, is binomial, then we have, from Cauchy product
CI)z-‘ry (t) =, (t) ) (I)y (t) Va,y € 1.

Hence
®y, (t) = (4 ()", Vk € N*. (4)
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It comes then, on the one hand

1 tn+1 K
(10 (0 k:' 2_ o)

n>0

-1 (Z nn s (1) %)

n>1

= Bur (90 (1),201 (1), 302 (1), ..) =

n>k

On the other hand by (4), we have

1
7t (1) = Etkq’k( )
tn+k
%! Z on (K
n>0
n t"
=§Z(k)@lk@>m'
n>k

Application

Let S (n, k) denote the Stirling number of the second kind, and put

= Z S (n, k) 2"
k=0

The sequence (B, (x)), is defined in R, where By (z) = 1 and B,, (1) = B,,, the Bell numbers.

Corollary 7 We have
n—k
Boi (Bo,2B1,3B,,...) = ( )ZS n—=k,j)
7=0

Proof: It is well known and easily verified that

TL

ZB 0 = exp(r (et 1) )
In fact, from (5) it follows that

() n +oo n
2 z 2
nEZDBn(ac+y)m—exp((:v—|—y e —1)) ZB —!nED n(y)m
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Therefore

By (z+y)= k; (Z) By, () B (y) -

Thus the sequence (B, (x)),, is binomial and the result is proved by means of Theorem 6. [

Remark 8 Corollary 7 is not the only consequence of Theorem 6. It all depends on the
choice of binomial sequence. If we choose for example the binomial sequence defined on R

by ¢n (x) = 2™, we recover the known identity

By (1,2,3,...) = (Z) ik
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WEIGUO RuUT!, YAO LONG AND BIN HE

Periodic wave solutions and solitary cusp wave solu-
tions for a higher order wave equation of KdV type?

ABSTRACT. This paper is the continuation of Ref. [I|. Both the bifurcation theory of
planar dynamical system and elliptic function integral method are applied to study a higher
order wave equation of KAV type. And the parametric space is redivided when the integral
constant g # 0. Many explicit and implicit solutions of periodic wave and solitary cusp wave

are obtained.

KEY WORDS. higher order wave equation of KAV type, solitary cusp wave solution, periodic

wave solution, elliptic function integral method.

1 Introduction

In this paper, we will seek periodic wave and solitary cusp wave solutions for the following

higher order wave equation of KAV type (see |1, 2]):
Uy + Uy + QUUL + Pl + 02 pruu, + afB(potlypy + P3tiptizg) =0, (1.1)

where p;(i = 1,2, 3) are free parameters and «, 3 are positive real constants which character-
ize, respectively, the long wavelength and short amplitude of the waves. Just as Tzirtzilakis,
E. 2] said, the equation (1.1) is a water wave equation of KdV type which is more physically
and practically meaningful. By the local coordinate transformation

7 1
u=1v— ap1v2 —f (Spl + Zpg — §p3) Vaz » (1.2)

Eq. (1.1) can be transformed into the following simple equation, see [3, 1]:

3 3 1
Vg — 5692%@5 + B(l - §p2>vxccar + QUUy — EaﬁpQ(vvmxw + Q'Uwvccm) = 07 (13)

!Corresponding author: E-mail address: weiguorhhu@yahoo.com.cn
2This research was supported by Natural Science Foundation of Honghe University (XJZ10401) and the

National Natural Science Foundation of China (10261008).
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where py # 0. In Ref. [1], we obtained two explicit parametric representations of periodic
solutions of equation (1.3) when integral constant g = 0. In this case, we also proved the
existence of all travelling wave solutions. However, when g # 0, the bifurcation of travelling
solutions had not been studied. In fact, when the integral constant g # 0, the dynamical
behaviors of the equation (1.3) are better than the case of ¢ = 0. Therefore, we shall use
bifurcation method of planar dynamical system [5]-[%] and elliptic function integral method

[9, 10] to investigate the explicit and implicit travelling wave solutions of (1.3) when g # 0.

Let v(x,t) = ¥(x — ct) = (&), where ¢ is the wave speed, then the equation (1.3) becomes

the following ordinary differential equation

1 3 3 1 1
504(@/12)5 — e + (50ﬁ02 + B(1 - 5102)) Veee — 504502 (W/Jgg + §¢§) =0, (1.4)
3

Integrating once with respect to &, we obtain the following wave equation of (1.3)

B(3cps +2 — 3p2 — pat))ibee — %aﬂpzwg +ay® =2+ g =0, (L.5)

where ¢ is the integral constant and g # 0.

Clearly, (1.5) is equivalent to the following two-dimensional systems:

ap _ dy _ taBpay® — a? +2cp — g
d& =Y dé o ﬁ(3P2(C _ 1) T o_ Oépﬂb) .

System (1.6) is a planar dynamical system defined by the 5-parameter space («, 3,c, p2, g).

(1.6)

Because the phase orbits defined by the vector field of (1.6) determine all travelling wave
solutions, we will investigate bifurcations of phase portraits of the system, when the pa-
rameters vary. Since (1.3) is a physical model where only the bounded travelling waves are

meaningful, so we only consider their bounded travelling wave solutions.

Suppose that ¥ (z — ct) = 1(§) is a continuous solution of (1.6) for £ € (—oo,00) and
Elim Y(&) = a, §lim Y(€) = b. It is well known that (i) ¥(z,t) is called a solitary wave

solution if @ = b; (ii) 9 (z,t) is called a kink or anti-kink solution if @ # b. Usually, a
solitary wave solution of (1.3) corresponds to a homoclinic orbit of (1.6); a kink (or anti-
kink) wave solution of (1.3) corresponds to a heteroclinic orbit (or the so-called connecting
orbit) of (1.6). Similarly, a periodic orbit of (1.3) corresponds to a periodically travelling
wave solution of (1.6). Therefore, we must find all periodic annuli, heterclinic and homoclinic
orbits of (1.6) in order to investigate the bifurcations of periodic waves and solitary cusp
waves of (1.3). Thus, the bifurcation theory of dynamical systems and some computational

method of travelling wave solutions are very important and useful, see [5]-[11].

We notice that the right-hand side of the second equation in (1.6) is not continuous when
v =1y = “L where n = 3pa(c — 1) + 2. In other words, on such straight line ) = 1), in

apa’
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the phase plane (1, y), the function 1 is not defined. It implies that the smooth system
(1.3) sometimes has non-smooth travelling wave solutions. The similar phenomenon has

been considered before, see |1, 7, 8, 10].

In Section 2, we discuss bifurcations of phase portraits of (1.6), where explicit parametric
conditions will be derived. In Section 3, we derive the explicit parameter representations of
the smooth periodic wave and non-smooth solitary cusp wave solutions of (1.3). In Sections

4, we derive the implicit parameter representations of the smooth periodic wave solutions.

2 Bifurcations of phase portraits of system (1.6)

Because the function ¢ is not defined on the singular straight line ¢ = ZZ_Q’ we make a
transformation d¢ = 26(n — apsp)dE, n = 3pa(c — 1) + 2. Then the system (1.6) becomes

the following system:

d
d—‘ﬁ — 26(n — aps)y,

It is easy to see that (1.6) and (2.1) have the same first integral

dy

gc = ~(-aBpay” + 200” — deyp + 29).. (2.1)

2
H(,y) = B(n— aps)y® + st — 269 + 299 = b, (2.2)
where h is integral constant.

By system (2.1), we define the ¢ = ¢, = ain is a singular straight line L and write

fW)=ap? =2cp +g, A=c—ay, @blg:Ci\/Z, Yy =+ LUCDY (2.3)
@ afps

Thus, we obtain the following conclusion for equilibrium points of system (2.1):

(1) when A > 0, (2.1) has two equilibrium points at A; 2(t¢12,0) in the ¢)-axis;
(2) when A =0 and ¢ # 0, (2.1) has only one equilibrium point at Ay(<,0) in the ¢-axis;
(3) When pof(1)5) > 0, there exist two equilibrium points of (2.1) at Sy (s, Yy) in L;

(4) When f(1¢5) = 0, there exist only one equilibrium point of (2.1) at Sy(¢s,0) which is
the intersection point of the line L and the -axis.
Let M (v;,y;) be the coefficient matrix of the linearized system of (2.1) at an equilibrium
point, (¢;,y;). Then we have Trace(M (1);2,0)) = 0 and
c
J(12,0) = detM (1,0) = —88[p2V/A £ (3p: — 20c = 2)]VA, J (=,0) =0.
(2.4)
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J(s, Yi) = detM (¢, Yy ) = —4aB%p3YE < 0,  J(¢5,0) =0. (2.5)

By the theory of planar dynamical systems, we know that for an equilibrium point of a
planar integrable system, if J < 0 then the equilibrium point is a saddle point; if J > 0
and Trace(M (1;,0)) = 0 then it is a center point; if J > 0 and (Trace(M (v, 0)))? —
4J(1;,0) > 0 then it is a node; if J = 0 and the index of the equilibrium point is zero
then it is a cusp; if J = 0 and the index of the equilibrium point is'nt zero then it is a

high order singular point.

Notice that for H(v¢,y) = h defined by (2.2), we have

2(c £ VA)[(2¢2 + cVA) — (A + 3ag)]

hia = H(¢12,0) = — 302 , (2.6)
e 2¢(2¢% - 3ag)
2n(n® — 3cpan + 3gap3)
hs = H<¢S7 Y:I:) = 3a2p§ 2 y (28)
_ _ 21*(3cpz — 2n)
hs = H(¢s,0) = 3028 . (2.9)
From A = 0, we have
2
c
(1) : 9=g(c) = o (2.10)
For a fixed ps, the case of hy = hs or hy = hg imply
(12p5 — 8pa)c — 9p3 +12p, — 4
Iy): g = ga2(c) = , 2.11
() (0 o (2.11)
and
2c? —12p2 212 4
(Tg):  g=gslc) = —22° pact 8pac 90y — 12pp + 4 (2.12)

2
ap;

It is easy to see that 15 = ¥ (1hs = 15) corresponds to J(11,0) = 0(J(¢9,0) = 0) when the
parameter (c,g) € I's. In this case, f(1s) = 0 corresponds to pavV/A £ (3ps — 2pac — 2) = 0
when the parameter (¢, g) € T's.

Write

Ty (2[5 = Q. (2.13)

—92 (3py—2)2 .. . .
where @) <%, %) is intersection point of I'y, T'y, I['s.

Here, we express the part of ¢ > 5%;2 on curve I' with I'®; We express the part of ¢ < 5%;2

on curve I' with I'’; Similarly, we express the part of g > 0 at the regional I — V with
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I™ — VT we express the part of g < 0 at the regional I — V with I~ — V™~ ; we express the
part of ¢ > 0 on curve I' with I'"; We express the part of g < 0 on curve I with I'".

Thus, the bifurcation curves I'f, T'E T2 TL TZ TL which are defined by (2.10), (2.11),
(2.12) divided the plane (¢, g) into six regions, i.e. (I) — (V) and the region of A < 0, shown

in Fig. 1.
rl\L 15T £ 1:1R ,rzR
\ | /1
A<O Z/
Qo Z Con
7 7
1% R 2 a C
A / 7 \
i
L/ R
I I T
(1—1) p2 <0
TE g] =
A <O
4 7
FZL = - T z l‘;
Vi 7
Irr
r3 FZR
(1-3) po =3 (1-4) po > 3

Fig. 1 The bifurcation curves and the six regions of (2.1)

For a fixed h, the level curve H(¢,y) = h defined by (2.2) determines a set of invariant
curves of (2.1), which contains different branches of curves. As h vary, it defines different

families of orbits of (2.1), with different dynamical behaviors.

Corresponding to the bifurcation curves I'; 53 and regions I — V' of the plane (¢, g) in the

L
7N

R

Fig. 1 (1-1), we obtain the following different phase portraits
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Fig. 2 The phase portraits of (2.1) for ps <0, g #0
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Corresponding to the bifurcation curves I'; 5 3 and regions I — V' of the plane (¢, g) in the

Fig. 1 (1-2), we obtain the following different phase portraits
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N
PX

(3-9) TX (3-10) V

Fig. 3 The phase portraits of (2.1) for 0 < py < %, g # 0.

Corresponding to the bifurcation curves I'; 5 3 and regions I — V' of the plane (c,g) in the

Fig. 1 (1-3), we obtain the following different phase portraits

= 1 P ek

9

I N

—~\ NL )

(4-1) 1 (4-2) 11 (4-3) IV (4-4) V

QWAL e
N\

Fig. 4 The phase portraits of (2.1) for ps = %, g # 0.

Corresponding to the bifurcation curves I'; 5 3 and regions I — V' of the plane (¢, g) in the

Fig. 1 (1-4), we obtain the following different phase portraits
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/4

/

§
TA

(5-9) V* (5-10) V-~

Fig. 5 The phase portraits of (2.1) for py > 2, g # 0.

Note: When A < 0 and py > 0, (¢, g) € I'1,T's, I11, system (2.1) has not closed orbit. Here

we omit their phase portraits.

3 Explicit expressions of periodic wave solutions and solitary cusp

wave solutions of (1.3)

According to the analysis in the section 2, we derive the explicit expressions of periodic
wave solutions and solitary cusp wave solutions of (1.3). See the computational process and

results below.
3.1 Suppose that p, < 0, (c,g) € T¥ie py <0, ¢> %, g = g3(c). In this case, we get

1 = g, hy = hy = %ﬂ. When h = hy, system (2.1) has a periodic orbit to the

point Sp(1)s,0) and around the center point Az (109, 0), see Fig. 2 (2-3), (2-4). Substituting
h = hy into (2.2) yields the following algebraic equations for this periodic orbit

2

y== 36(—p2)

V(s — ) (¥ — ), (3.1)

P2 ap2 ap2

Substituting (3.1) into the first equation of (2.1) yields the following equation

i - 2 . (3.2)

0=\ 3

Integrating (3.2) along this periodic orbit yields

¥ €
dip B 2
Z V=W =40\ 38(=p2) / el .
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and

Ps 0
B dy _ 2
! N e R e ! o e=0 (34)

By (3.3) and (3.4), we obtain a smooth periodic wave solution of (1.3):

1
vz —ct) = y(x —ct) = S{(vs + o) + (s — o) cosw(z —ct)], (3.5)
where w = ﬁ.
3.2 Suppose that p, < 0, (c,9) € TEie py <0, ¢c< 3”;/;2, g = g3(c). In this case, we get

g = g, hy = hyy = %ﬁ?m. When h = hy, system (2.1) has a periodic orbit to the
point Sp(1s,0) and around the center point As(¢q,0), see Fig. 2 (2-7), (2-8). Substituting

h = hg into (2.2) yields the following algebraic equations for this periodic orbit

_ 2
36(—p2)

y== V(o — ) (1 — 1), (3.6)

where 1, 1y are given above and 1y > ;.

Similarly, substituting (3.6) into the first equation of (2.1) to integrate along this orbit, we

obtain a smooth periodic wave solution of (1.3):

o — et) = (e — ct) = 5[0+ ) — (s — ) coso( — ef)]. (37)

2

where w = M

3.3 Suppose that (1) 0 < pg < %, (c,g) € THie 0 < py <2 ¢> 3”2—;2, g = ga2(c);

37 2p
(2) po > 2, (c,9) € TH ie. pp > 2, ¢ > 5%;2, g = g2(c). In these two cases, we get
2_3. o2
Yy = 222 <y, and hy = h, = 2 R ) When h = hy = h,, system (2.1) has

two heterclinic orbits connect three saddle points As(1)9,0) and S (s, Y1), see Fig. 3 (3-3),
(3-4) and Fig. 5 (5-2). Substituting h = h, into (2.2) yields the following algebraic equations

for these two heterclinic orbits

2ap91) — 3py + 2 _ 2 _
ap2/605ps - V6052 (¥ =) (3.8)

Similarly, substituting (3.8) into the first equation of (2.1) to integrate along these two orbits,

y==+

we obtain a non-smooth solitary cusp wave solution of peak type of (1.3):

v(z — ct) = b(z — ct) = Py + (s — Uy) exp (_2|’C6—\/;3_;2’5|) . (3.9)
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3.4 Suppose that (1) 0 < py < 2, (c,9) € Thie 0 < py < 2, ¢ <222 g — g(c);

3 3’ 202
(2) p2 > 3, (c,9) € Thie pp> 2 ¢< 3’;2—;, g = ga2(c). In these two cases, we have
2_3. a2
Y =13 —-2) >4, and by = h, = 200" —Sepan t39003) - \Nhen h = hy = hs, system (2.1)

2 P2 3a2P2
has two heterclinic orbits connect three saddle points A;(1)9,0) and Sy (s, Y1), see Fig. 3

(3-9) and Fig. 5 (5-7), (5-8). Substituting h = h, into (2.2) yields the following algebraic

equations for these two heterclinic orbits

—20ap) +3p2 —2 2
apa/605p2 V6052

Similarly, substituting (3.10) into the first equation of (2.1) to integrate along these two

y== (Y1 —¢). (3.10)

orbits, we obtain a non-smooth solitary cusp wave solution of valley type of (1.3):

v(x —ct) =(x —ct) =Py — (Y1 — s) exp (—mxT;;ﬂ) . (3.11)

4 Implicit expressions of periodic wave solutions which is defined by
H(i,y) =0

By the phase portraits of (2-2)-(2-6), (2-8), (2-10), (3-2), (3-4), (3-6), (5-8) and (5-10) in
Fig. 2-Fig. 5, it is easy to know that there is a periodic annuli through the point O(0,0). This
periodic annuli is defined by H(¢,y) = 0. By using the elliptic function integral method,
see [9, 10] and their references, we derive the implicit expressions of periodic wave solutions
of (1.3). See the below computational process and results. Here, we only consider the case
of ps < 0, see Fig. 2. The other cases are similar to p, < 0, see Fig. 3-Fig. 5.

4.1.1 Suppose that py < 0, (c,9) € T¥ ie. py <0, ¢ > 3’2;2

there is ¢ = 1, = %;21)”. And, when h = 0, system (2.1) has a periodic orbit to the

point O(0,0) and around the center point As(15,0), see Fig. 2 (2-3). From H (v, y) = 0, we

obtain the following algebraic equations for this periodic orbit

, g = g3(c) > 0. In this case,

2 — ) — ) (¢ — 0
- (oot = ) — D)0 = 0) )
3ﬁ(_p2) ¢s - ¢
where ¢m _ 3pzc+\/3(5pzc—2622:-4)(3p2¢:—6p2+4)7 wM _ 3pzc—\/3(5/)20—2622-2{-4)(3pzc—6p2+4) and 0 < Q/} <
¢m < ¢s < ¢M

Substituting (4.1) into the first equation of (2.1) yields

ws —¢ o L
i\/(@bM — ) (Y — ) (Y — O)dw = 35(_[)2)@. (4.2)
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Integrating (4.2) along this periodic orbit, we get

— _ 2 r

\/¢M D) (W w)(¢0)d¢\/7mg/df, £§>0 (4.3)
¥ 9 ‘

~/¢¢w djmnzwwOﬂ¢V;;;;/V& £<0 (4.4)

By (4.2) and (4.3), we obtain

\/ ¥ @y = |2l (4.5)

and

(¥ —¥) wm — )¢ - 0) 36(—p2)

By using the elliptic integral formulas citelon12, we obtain

o

s ¢ du
dy = s — Ym 5 5 4.6
ZVAwaxmnwxwo>w (¥ ﬂ’ﬁﬂ)l_a%ﬁu (4.6)
where ¢g = et wo = st (\/ G ), o = RS K < e =t <1
And
7 du B 5
/m = [I(uo, ap) - (4.7)
0
By (4.5), (4.6) and (4.7), we obtain a smooth periodic wave solution of (1.3):
- Ys (¢m — Q/}) 1 Vs (¢M - ¢m)
I { (sn ™ty |2 = ) a3 ) = 18
((STL Q/Jm(Q/JS — ’(/1)’ 0)7 OCO) <¢s _ wm) 65(—/)2) |£| ) ( )

where sn™!(x , *) is the inverse function of sn(x , *) which is the Jacobian elliptic function,

II(* , *) is Legendre’s incomplete elliptic integral of the third kind.

4.1.2 Suppose that py < 0, (c,g) €TH ie. py <0, ¢ > 3p22p;2, g = g3(c) < 0. In this case,

there is ¥ = ¢y = %ﬂj“ And, when h = 0, system (2.1) has a periodic orbit to the

point O(0,0) and around the center point As(19,0), see Fig. 2 (2-4). From H (¢, y) = 0, we

get the following algebraic equations for this periodic orbit

_ 2 (Var =)0 = ) (¥ — )
y= &%wﬁ¢ P ’ (49)
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where 9,,, 1) are given above and ¥, < ¥ < 0 < s < Y.

Corresponding to (4.9), we obtain a smooth periodic wave solution of (1.3):

_ s — Wm 1 ¢M(¢s )

11 ( (ot [0l p 2} o L [ (e = W) 110
<( bl — ) ) =GN 6B (4.10)
where the computational process is similar to (4.2)-(4.8) and k} = %, al =
i < L

4.1.3 Suppose that py < 0, (c,g) €5 ie. pa <0, c < 3’;2922, g = g3(c) < 0. In this case,

there is ¢y = ¢y = %pl“ And, when h = 0, system (2.1) has a periodic orbit to the

point O(0,0) and around the center point A;(11,0), see Fig. 2 (2-8). From H (¢, y) = 0, we

get the following algebraic equations for this periodic orbit

_ 2 (Var =) (W = 0) (¥ — ¥)
y= 36(—;)2)\/ o=, | (4.1)

where 1,,,, ¥y are given above and 1, < ¥y < 0 < ) < YPyy.

Substituting (4.11) into the first equation of (2.1) yields

ws - w 2
dip = d€ . 4.
i¢WM—WWM—¢WWJD¢ 3W—m)€ (4.12)
Integrating (4.12) along this periodic orbit, we get

Y
w_qu)s o 2
/ \/wM —06 -0 T F el (41

By using the elliptic integral formulas [11]|, we obtain

Y — s _ "2 dn*udu
J IO = O | T

_ 2 _ — _¢m "/’M w 2 __ wM(¢s_wm) 2 _ w_
where ¢; = Ty 2 T o0 ( Dt (—m) 7 k2> ky = gt @2 = g <0
And

Y2 dn2udu 1
— 5 5 = 5k 5 — k) (uz, a3)] 4.15
/0 1 — a3sn’u a%[ suz + (a5 — k3)I(us, 03)] (4.15)

By (4.13), (4.14) and (4.15), we obtain a smooth periodic wave solution of (1.3):

2 -1 _wm<wM - 17/}) 2 1.2 Sn—l _wm(wM - w) aQ —
k’QS’I’L (\/ wM(¢ — ¢m) ’kQ) + (O'/Q k2)H (( \/ ¢M<w _ wm) 7k2)’ 2> Ql|€| )

(4.16)



Periodic wave solutions and solitary cusp wave solutions . .. 69

— a2 Y
where ) = o3 68(—p2)(Yar—bs)

4.2.1 Suppose that py < 0, (¢,g) € I1IT ie. py <0, 0 < g < g3(c). In this case, when
h = 0, system (2.1) has a periodic orbit to the point O(0,0) and around the center point
Ay(1)9,0), see Fig. 2 (2-5). From H(,y) = 0, we get the following algebraic equations for
this periodic orbit

B > We—v)wi— ) -0)
y= 35(—,02)\/ - ’ (4.17)

3c—1/9c3 12 3c+1/9c3 12
Wherewl:%,w C++“agand0<w<wl<ws<wg.

Corresponding to (4.17), we obtain a smooth periodic wave solution of (1.3):

H<<sn-1 M,@,ag): L [elds =) (4.18)

Ui(Ys — ) (s — ) 63(—p2)

4.2.2 Suppose that (1) po <0, (c, g) €Il ie py< O, 9 < g3(c) <0;(2) p2 <0, (c,9) €
IT~ ie. p2 <0, g3(c) < g <0. In these two cases, when h = 0, system (2.1) has a periodic
orbit to the point O(0,0) and around the center point Ay(1)9,0), see Fig. 2 (2-6), (2-2). From
H(¢,y) =0, we get the following algebraic equations for this periodic orbit

_ 2 (Ve —¥)(0 =) (b — )
— 35(—/)2)\/ R ’ (4.19)

where 9y, ¥g are given above and ¥ < ¥ < 0 < ¥ < 9¢.

Corresponding to (4.21), we obtain a smooth periodic wave solution of (1.3):

(s =)y 9 Ve (s — )
II k _— 4.20
((Sn wl(¢s ¢) 4),Oé4> ¢s ﬁ( ) |§| ( )
where kf = SREESIE of = 5t < 1

4.2.3 Suppose that p, <0, (c,g) € IV™, 5,V i. 2 g3(c) <g<0. In
this case, when h = 0, system (2.1) has a periodic orbit to the point O(O, 0) and around the
center point A;(11,0), see Fig. 2 (2-10). From H(v¢,y) = 0, we get the following algebraic

equations for this periodic orbit

_ 2 (Ve — ) (Y —0)(t) — 1)
y== 35(_/)2)\/ , (4.21)

1/1—"%
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where 9, ©¥g are given above and 1, < ¥y < 0 < ¥ < 9g.

Corresponding to (4.21), we obtain a smooth periodic wave solution of (1.3):

o —1, | —iYe — ) 02— 12 a1, | —ve —¥) A
k:5sn ( wG(¢_¢Z) ak5)+( 5 k )H (( wG(¢_¢Z) ak5)7 5) QQ|§|7

(4.22)
2 - 2 _ Ya(s—i) 2 _ vYa
where €2, = a3 \/ B bo—0) M5 = “htwa—uy % = g < O
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YIXIANG Hu, X1ANYI L1t

Dynamics of a Nonlinear Difference Equation®

ABSTRACT. In this paper the dynamics for a third-order rational difference equation is
considered. The rule for the trajectory structure of solutions of this equation is clearly
described out. The successive lengths of positive and negative semicycles of nontrivial solu-
tions of this equation are found to occur periodically with prime period 7. And the rule is
3%7,27,1%,17 in a period. By utilizing the rule, the positive equilibrium point of the equation

is verified to be globally asymptotically stable.

KEY WORDS. rational difference equation, semicycle, cycle length, global asymptotic sta-
bility.

1 Introduction and Preliminaries

The study of rational difference equations of order greater than one is quite challenging and
rewarding because some prototypes for the development of the basic theory of the global
behavior of nonlinear difference equations of order greater than one come from the results
for rational difference equations. For this, see, for example, [, 2] and the papers in the
journal of “ Advances in Difference Equations énd the references cited therein. Furthermore,
there have not been any effective general methods to deal with the global behavior of ratio-
nal difference equations of order greater than one so far. Therefore, the study of rational

difference equations of order greater than one is worth further consideration.

Recently, M. R.S. Kulenovi¢ et al [3], Tim Nesemann [!] and Yang et.al [0, 7| investigated

the global asymptotic stability of some second or higher order rational difference equations.

!Corresponding author; Present address (Until September 2006 ): Département de Mathematique, Uni-

versité de Lille 1, Cité Scientifique, 59655, Villeneuve d’Ascq, France, xli@math.univ-lillel.fr.
2This work is supported by NNSF of China (grant: 10371040), Mathematical Tianyuan Foundation of

China (grant: TY10026002-01-05-03), Excellent Youth Project of Educational Committee of Hunan Province
(grant: 04B056), the Foundation for “ New Century ‘121’ Talents in Hunan Province” and the Foundation

for “ Chief Professor of Mathematical Discipline in Hunan Province”.
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From the known work, one can see that it is extremely difficult to understand thoroughly the
trajectory structure of solutions of rational difference equations although they have simple
forms (or expressions). One can refer to [1]-[10], especially |1, 2] for examples to illustrate
this.

In this paper we consider the following third - order rational difference equation

Tp1+ Tp—2+ta
b
Tp1Zpnot1l+a

Tyl = n=0,1,2---, (1.1)

where a € [0,00) and the initial values x_o,2_1, 20 € (0, 00),

Mainly, by analyzing the rule for the length of semi-cycle to occur successively, we describe
clearly out the rule for the trajectory structure of its solutions and further derive the global
asymptotic stability of positive equilibrium of equation (1.1). Whereas, it is extremely
difficult to use those methods in the known literature, such as [1]-[7], to obtain the rule of

trajectory structure of solutions of equation (1.1).

It is easy to see that the positive equilibrium Z of equation (1.1) satisfies

_ 2T +a
I=———),
2?+1+a

from which one can see that equation (1.1) has a unique positive equilibrium z = 1.

Here, for convenience of readers, we give some corresponding definitions, also review some
results which will be useful in our investigation of the behavior of solutions of Eq. (1.1). Let
I be some interval of real numbers and let f : I x I — I be a continuously differentiable

function. Then for every group of initial conditions x_o,2_1,z¢ € I, the difference equation

Tnt1 = f(xn—la xn—?): n = 07 17 27 ) (E)

has a unique solution {z,}5° ..
A point Z is called an equilibrium point of Eq. (E) if z = f(z, ). That is, z,, = z, for
n > 0, is a solution of Eq. (E), or, equivalently, Z is a fixed point of f.

Definition 1.1 Let z be an equilibrium point of Eq. (E).

(a) The equilibrium T is called stable if, for every e > 0, there exists § > 0 such that if

T_9,T_1,%0 € I and |x_9 — Z| + |x_1 — Z| + |xg — Z| < 6, then |z, — | < € for all > 1.

(b) The equilibrium T is called locally asymptotically stable if it is stable and if there exists
v > 0 such that if x_9,2 1,20 € I and |x_5 — T| + |v_1 — T| + |0 — T| < 7, then

lim, oo T, = T.
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(¢) The equilibrium T is called a global attractor if

lim x, =% forany x_9,x_1, x9 € I.

n—o0

(d) The equilibrium T is called globally asymptotically stable if it is stable and is a global

attractor.
(e) The equilibrium T is called unstable if it is not stable.

(f) The equilibrium T is called a repeller if there exists v > 0 such that for x_o,x_1,x9 € I
and |z_o — Z| + |x_1 — Z| + |x0 — Z| < 7, there exists N > —2 such that |xy — Z| > 7.

Clearly, a repeller is an unstable equilibrium.

Let
of(z, 7) of(z, 7)

p=—7— and ¢g=-—"1—,

ou ov

where f(u, v) is the function in Eq. (E) and Z is an equilibrium of the equation. Then the
equation
Yni1 = PYn-1 + Q@Yn-2, N =01,

is called the linearized equation associated with Eq. (E) about the equilibrium point Zz.

Definition 1.2 A positive semicycle of a solution {x,}>> ., of equation (1.1) consists
of a “string” of terms {x;, 141, -+, Tm}, all greater than or equal to the equilibrium T, with
[ > =2 and m < 0o such that

either 1=-=2 or [>-2 and x_1<2Z

and
either m=o00 or m<oo and Ty, <ZI.
A negative semicycle of a solution {x,}>° 5 of equation (1.1) consists of a “string” of terms
{z, 2101, ,xm}, all less than T, with | > —2 and m < oo such that
either |=—-2 or |>-2 and x_1>2%
and
either m=o00 or m<oo and T, > Z.

The length of a semicycle is the number of the total terms contained in it.

Definition 1.3 A solution {x,}>_, of equation (1.1) is said to be eventually trivial if

T, 1s eventually equal to ¥ = 1; Otherwise, the solution is said to be nontrivial.

A solution {x,}5° o of equation (1.1) is said to be eventually positive(negative) if x, is

eventually great (less) than T = 1;

For the other concepts in this paper, see [1, 2].
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2 Main Results and Their Proofs

In this section we will formulate our main results in this paper, that is, with respect to
the nontrivial solutions, oscillation and non-oscillation and global asymptotic stability for

equation (1.1).

2.1 Nontrivial solution

Theorem 2.1 A positive solution {x,,}°° 5 of equation (1.1) is eventually trivial if and
only if

(x_g —1)(x_y —1)(xog—1)=0. (2.1)

Proof: Sufficiency. Assume that (2.1) holds. Then it follows from equation (1.1) that the

following conclusions hold.

i) If z_5 =1, then x,, = 1 for n > 3;
ii) f x_y =1, then z,, =1 for n > 1;

iii) If zg = 1, then x, = 1 for n > 2.

Necessity. Conversely, assume that

(l‘_g — 1)(1‘_1 — 1)($0 — 1) 7é 0. (22)

Then one can show that

x, #1 forany n>1.
Assume the contrary that for some N > 1,
ry=1 andthat z,#1 for —2<n<N-1. (2.3)
Clearly,

TN_2 +TN_3+a
)
Ty_2ZNy_3+1+a

1:Z)§N:

which implies (zy_o — 1)(zny-3 — 1) = 0, which contradicts (2.3).

Remark 2.2 Theorem 2.1 actually demonstrates that a positive solution {z,}>° _, of equa-
tion (1.1) is eventually nontrivial if and only if (x_g — 1)(x_1 — 1)(zg — 1) # 0. Therefore, if

a solution {z,}>° , is nontrivial, then z,, # 1 for n > —2.

Next we consider some properties of nontrivial solutions of equation (1.1).
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2.2 Oscillation and Non-oscillation

Before stating the oscillation and non-oscillation of solutions, we need the following key

lemma.

Lemma 2.3 For any nontrivial positive solution {x,}°°_, of equation (1.1), the follow-

ing conclusions are true:
(a) (xpe1 — D(zp1 — D(xp2—1) <0 forn >0;
(b) (zn41 — Tp-1)(@p—1 — 1) <0 forn >0;
(¢) (Tny1 — Tp—2)(Tp_o —1) <0 forn > 0.

Proof: In view of equation (1.1), we can see that

(Tn1 — 1)(2p2—1)
Tp1Tn—2+14+a

xn-f—l_l:_ ) TL:O,]_,Q,"'

and
(1—z,1)]a+x, 214+ x,1)]

Tp-1Tp—2+1+a

Tp+l — Tp—1 = ) n:071727"'7

from which inequalities (a) and (b) follow. The proof for inequality (c) is similar to that of

inequality (b). So the proof is complete.

Theorem 2.4 There exist non-oscillatory solutions of equation (1.1), which must be

eventually negative. There don’t exist eventually positive non-oscillatory solutions of equation

(1.1).

Proof: Consider a solution of equation (1.1) with x_5 < 1, z_; < 1 and xy < 1. We then
know from Lemma 2.3 (a) that =, < 1 for n > —2. So, this solution is just a non-oscillatory

solution and furthermore eventually negative.

Suppose that there exist eventually positive non-oscillatory solutions of equation (1.1). Then,
there exists a positive integer NV such that x,, > 1 for n > N. Thereout, for n > N + 2,
(X1 — D (zp—1 — 1)(xy—2 — 1) > 0. This contradicts Lemma 2.3 (a). So, There don’t exist

eventually positive non-oscillatory solutions of equation (1.1), as desired.

We now analyze the rule for trajectory structure of strictly oscillatory solutions of equation
(1.1).

Theorem 2.5 Let {,}>° , be a strictly oscillatory solution of equation (1.1). Then the
rule for the lengths of positive and negative semi-cycles of this solution to successively occur
is---,37,27, 1%, 17,3%, 27,1",17,3%, 27,1",17,3", 2=,1",1~, 3+,27,17,17,37,27, 1,
17, -,



78 Y. Hu, X. Li

Proof: By Lemma 2.3 (a), one can see that the length of a negative semi-cycle is not larger
than 2, whereas, the length of a positive semi-cycle is at most 3. Based on the strictly
oscillatory character of the solution, we see, for some integer p > 0 , one of the following two
cases must occur:

Case 1: )9 > 1,2, 1 < 1,2, > 1,

Case 2: 2,9 > 1,2, < 1,2, < 1.

If Case 1 occurs, it follows from Lemma 2.3 (a) that z,,1 > 1, 2,400 > 1, 7,403 < 1,
Tpra < Lixpys > 1, 2pye < 1, Tpyr > 1, Tpys > Lixprg > 1, 2pr10 < 1, 2pin < 1,
Tpr12 > 1, Tpris < 1, Tpria > 1, Tpy1s > 1, 2ppie > 1, Tprar < 1, ppas < 1, 2ppi9 > 1,
Tproo < 1, Tpror > 1, Tproo > 1, Tpyog > 1, @ppon < 1, @pros < 1, Tpioe > 1, 2pp07r < 1,
Tprog > 1, Tprog > 1, Tpizo > 1, Tpygr < 1, Tpyso < 1, pysz > 1, @pisa < 1, 2piss > 1,
Tpise > 1, Tpyar > 1, @pyag < 1, Tpysg < 1, Tppao > 1, Tppsn > 1, -+, which means
that the rule for the lengths of positive and negative semi-cycles of the solution of equation
(1.1) to successively occur is ---,3%,27 17 17,37 27 17 17,37 27 17 17,3" 27 1" 1,
3t,27,17, 17,37, 27,17, 17, ---.

If Case 2 happens, then Lemma 2.3 (a) tells us that z,11 > 1, zp40 < 1, 2p43 > 1,
Tpra > 1, Tpps > 1, wpre < 1, Tpyr < 1, Tpig > Lixppg < 1, Tpri0 > 1, 2ppn > 1,
Tpriz > 1, wpp1s < 1, Tpra < 1, 2pp1s > 1, pp16 < 1, @piar > 1, Tppas > 1, Tpp19 > 1,
Tproo < 1, Tpror < 1, Tpyroo > 1, Tpyog < 1, Tppon > 1, @pros > 1, Tpioe > 1, 2ppor < 1
Tprog < 1, Tprog > 1, Tpizo < 1, Tpyzr > 1, Tpyso > 1, Tpyss > 1, apisa < 1, 2ppss < 1,
Tpae > 1, Tpygr < 1, Tpisg > 1, Tpgzg > 1, pyao > 1, 2pran < 1, Tpgan < 1, xppa3 < 1,
Zpiaa > 1, ---. This shows the rule for the numbers of terms of positive and negative
semicycles of the solution of equation (1.1) to successively occur still is ---3%, 27, 17,17, 3T,
9= 1+ 17,3+ 27 1+ 17,3+, 27 17,17, 3+, 2,1+, 17,3+, 2 17,17, .- ..

Hence, the proof is complete.

Remark 2.6 It is well known to all that the two cases in the proof of Theorem 2.5 are
caused by the perturbation of the initial around the equilibrium point. So, the theorem 2.5
actually indicates that the perturbation of the initial values may lead to the variation of the

trajectory structure rule for the solutions of equation (1.1).

2.3 Global Asymptotic Stability

First, we consider the local asymptotic stability for unique positive equilibrium point z of
equation (1.1). We have the following results.

Theorem 2.7 Then the positive equilibrium of equation (1.1) is locally asymptotically
stable.
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Proof: The linearized equation of equation (1.1) about the positive equilibrium & =1 is
yn+1:OXyn+0Xyn—l+0xyn—27 TLZO,L"'.

By virtue of [2, Remark 1.3.7|, Z is locally asymptotically stable. The proof is complete.
We now are in a position to study the global asymptotic stability of positive equilibrium
point Z.

Theorem 2.8 The positive equilibrium point of equation (1.1) is globally asymptotically
stable.

Proof: We must prove that the positive equilibrium point z of equation (1.1) is both locally
asymptotically stable and globally attractive. Theorem 2.7 has shown the local asymptotic
stability of . Hence, it remains to verify its global attractivity. That is, it suffices to prove

that every solution {x,}2>% ., of equation (1.1) converges to Z as n — 00, i.e., to prove

lim z, =72 =1. (2.4)

n—oo

We can divide the solutions into two kinds of types.

i) Trivial solutions;

ii) Nontrivial solutions.

If the solution is a trivial solution, then it is obvious for (2.4) to hold because z,, = 1

eventually.

If the solution is a nontrivial solution, then we can further divide the solution into two cases.

a) Non-oscillatory solution;

b) Oscillatory solution.

If case a) happens, then it follows from Theorem 2.4 that the solution is actually an eventually
negative one. Accordingly, there exists a positive integer N such that z,, < 1forn > N. From
Lemma 2.3 (b), we know that two subsequences {z2,} and {z,.1} of the solution {z,}° ,
are increasing and have upper bound 1. So, the limits lim, .. 2, and lim, ., T, exist
and are finite, denoted by L and M, respectively. It is clear from equation (1.1) that

Ton + Top—-1+a

TonTon—1 +1+a

Ton-1+ Ton—2 + a
Top—1Ton—2+1+a

Ton+1 = and Ton+t2 =

Taking limits on both sides of the above equalities produces

M+L+a . L+M+a
= — a. = -
IM+1+a t LM +1+a
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Solving these two equations, we get L = M = 1. This manifests that (2.4) is valid for

non-oscillatory solutions.
Thus, it suffices to prove that (2.4) holds for the solution to be oscillatory, i.e., case b) occurs.

Consider now {z,} to be strictly oscillatory about the positive equilibrium point z of equation
(1.1). By virtue of Theorem 2.5, we know that the rule for the lengths of positive and negative

semi-cycles which occur successively is ---,37,27, 1", 17,37, 27, 17,17,3",27, 17, 17,---.

For simplicity, for some nonnegative integer p, we denote by {z,, Tpt1, Tpt2}t the terms of
a positive semi-cycle of length three, followed by {z,3, 2,14}~ a negative semi-cycle with
length two, then a positive semi-cycle {z,,5}* and a negative semi-cycle {x,¢}~, and so on.
Namely, the rule for the positive and negative semi-cycles of the solution to occur successively

can be periodically expressed as follows:
+ - + - —
{xp+7n7xp+7n+laxp+7n+2} ) {xp+7n+3axp+7n+4} ) {93p+7n+5} ) {il?p+7n+6} ,n=0,1,---.

From Lemma 2.3 (b) and (c) the following results can be derived straightforward:

(1) Zprmnr < Tprmnts < Tprmie < Tpin

(11> Tp+7n+6 > maX{$p+7n+47 xp+7n+3}'

From i), one can see that {z,47,} is monotonically decreasing and has lower bound 1. So,

the limit lim,,_, 47, exists and is finite, denoted by L. Moreover, it follows from i) that

lim 2pi7n45 = Im 247,40 = im zp47, = L. (2.5)
n—oo n—oo

n—oo

According to the taking values of variable in positive and negative semi-cycles and equation

(1.1), we also have

_ Tprmn T Tppm A 1

€T e
p+Tn+3 ’
Tpttni1Tprm +1+a  Tpizngr
and
_ Xpymnt2 T Tprntr T Q 1
Tp+Tntd = .
Tprtn+2Tp+7Tn+1 +1+a Tprn+2
So, we further obtain
_ Xpytnts T Tptrnea T Q 1
Tptnt7 = < Tpt7n+2 (2.6)
Tpttnts5Tprmmia T 1+ a  Tpirnga
and
T + +a 1 1
_ “p+Tn+6 p+Tn+5
Lptnt8 = < < Tp+7n+l - (27)

Tptnt6Tptnts T 1+ 0 Tpirnie  Tpints
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we see by (2.5) and (2.6) that lim,, e Zpi7n1a = 1/L.

(2.7) indicates that {z,7,41} is monotonically decreasing and has lower bound 1. So, the
limit lim,, . pt7n+1 exists and is finite, denoted by M. Furthermore, it is clear from (2.7)
that

1

hm Ip+7n+6 = hm Ip+7n+3 = —. (28)
n—oo n—oo M

Now it’s sufficient for us to verify that L = M = 1. To this end, noting

Tprnta + Tpr7nt3 +a

Tp+nt+6 = )
e TprntaTprmts + 1+ a
taking the limits on both sides of the above equality, we obtain % = % Solving
this equation, we can derive M = 1.
By taking the limits on both sides of
. _ Xpytn+4s T Tprnte T Q
+Tn+5 — )
e Tprnt3Tprmie + 1+ a
we have L = lim, .o Tpyrnis = 1.
Up to this, we have shown lim,, .o Zpy7ntr = 1,5 =0,1,2--- 6, which indicates lim,,_,oc 2, =

1. So, the proof for Theorem 2.8 is complete.

2.4 Rule of Trajectory Structure

Finally, we can sum the general rule for the trajectory structure of solutions of equation
(1.1) as follows.

Theorem 2.9 The rule for the trajectory structure of any solution of equation (1.1) is

as follows.

I). The solution is either eventually trivial or;
IT). The solution is eventually nontrivial and further either
[I-1). The solution is eventually negative non-oscillatory or;

[1-2). The solution is strictly oscillatory and moreover, the successive lengths for positive and
negative semi-cycles occur periodically with prime period 7 and in a period the rule is
3t,27,1%, 1.

The positive equilibrium point of equation (1.1) is a global attractor of all its solutions.

It follows from the results stated previously that Theorem 2.9 is true.
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XUE ZHIQUN

Ishikawa Iterative Process with Errors for Generalized
Lipschitz ®-Accretive Mappings in Uniformly Smooth
Banach Spaces!

ABSTRACT. Let E be a uniformly smooth real Banach space and T' : ' — E be generalized
Lipschitz ®-accretive mapping with ®(r) — 400 as r — 4o00. Let{a,}, {b,}, {c.}, {a}},
{0}, {c,} be six real sequences in [0, 1] satisfying the following conditions: (i)a, + b, + ¢, =
dyt U+, = 1 ()lim b, = lm ¥, = lim ¢, = 0, (i) > by = oo, (iv)ey = ofby).
For arbitrary zo € FE, define the Ishikawa iterative process W?E}Ol errors {x,} -, by (ISE):
Yp = ATy + b Sy 4 €L Un, Tpy1 = A&y + b, SY, + Crun,n > 0. where S : E — FE is defined
by Se = f+ax—Tx, f € F,Vr € E. Assume that the equation Tx = f has solution and
{un}. "y, {vn},—, are arbitrary two bounded sequences in E. Then the sequence {z,} -,
converges strongly to the unique solution of the equation Tx = f. A related result deals

with approximation of fixed point of generalized Lipschitz ®-pseudocontractive mapping.

KEY WORDS. Ishikawa iterative process with errors; generalized Lipschitz; ®-accretive

mapping; ®- pseudocontractive mapping; uniformly smooth Banach space.

1 Introduction

Let E be real Banach space and E* be the dual space on . The normalized duality mapping
J : E — 27" is defined by

Jo=A{f € E":<x f>= |zl [IfI = IfII*} (1.1)

for all x € E, where < -,- > denotes the generalized duality pairing. It is well known
that if F is an uniformly smooth Banach space, then J is single-valued and such that
J(—z) = —J(x), J(tx) = tJ(x) for all z € E and t > 0; and J is uniformly continuous on

any bounded subset of E. In the sequel we shall denote single-valued normalized duality

!Project supported by the National Science Foundation of China and Shijiazhuang Railway College Sci-
ences Foundation.
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mapping by j. By means of the normalized duality mapping J. In the following we give

some concepts.

Definition 1.1 Let E be real Banach space, and T : E D D(T) — E be a mapping
with domain D(T) and range R(T). A mapping T is said to be strongly accretive if for any
z,y € D(T) there exists j(x —y) € J(x —y) such that

<Tz—Ty,jx—y) >>kllz —y| (1.2)

for some constant k € (0,1). A mapping T is called ®-strongly accretive if for any x,y €
D(T) there exists j(x —y) € J(x —y) and a strictly increasing function ® : [0, 00) — [0, 00)
with ®(0) = 0 such that

<Tx—=Ty,j—y) >= (lz — yl)llz - yll (1.3)

The mapping T is called ®-accretive if, there exists a strictly increasing function ® : [0, 00) —
[0, 00) with ®(0) =0, and for any x,y € D(T) there exists j(x —y) € J(z —y) such that

<Tz =Ty, j(xz —y) >= O([lz —yl) (1.4)

Recently, Zhou [0] proved the following result: Let X be real uniformly smooth Banach space.
Assume that A : X — X is Lipschitz ®-strongly accretive mapping with ®(r) — +oo as

r— 4o00. Let {an,},—, and {B,} —, be two real sequences in (0, 1) satisfying the conditions:

1
< m, n >0, where Ly =1+ L, L > 1 is Lipschitz constant of A;

(i) b(am), Bn — 0 as n — oo

(iii) > an(l —ay,) = oo.
n=0
Assume that {un} o, {vn} o, are two sequences in X satisfying condition: |u,| = o(aw,),
|lvn|| = 0 as n — oo, and ||v,|| < 1,Vn > 0. Define S: E — E by Sx = f+x—Taz, f €
X,Vx € X. Then the Ishikawa iterative process {x,},., xo € X by

T € X,
Yn = (1 = Bp)xy + B Txy + vy,n >0,
Tpr1 = (1 — o)y + @, Tyn + uy,n > 0.

converges strongly to the unique solution of the equation Tx = f. one question arises natu-
rally: If T neither is Lipschitzian nor has the bounded range , whether or not the Ishikawa
iterative sequence {x,} | generated by converges strongly to the unique solution of the equa-

tion T'x = f. It is our purpose in this paper to solve the above part question by proving the
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following much more general result: If E is an uniformly smooth real Banach space. Assume
that T : E — E is ®-accretive mapping, and T neither is Lipschizian nor has the bounded
range, then the Ishikawa iteration sequence with errors generated by converges strongly to
the unique solution of the equation Tx = f. For this, we need to give the following concept

and Lemma.

Definition 1.2 A mapping T : E — E is called a generalized Lipschitz mapping, if there
exists a constant L > 0 such that ||Tx — Ty| < L(1 + | Tz — Ty||), Vz,y € E. Clear, every
Lipschitz mapping is generalized Lipschitz mapping. However, generalized Lipschitz mapping

must not be Lipschitz. See the following example.

Example Let £ = (—o00,+00)and T : £ — E be

x—1, if x € (—00,0),

T — r—/1—(x+1)2 if xe[-1,0),
r+4/1—(x—=1)2 if xe€]0,1],

x+1, if x e (1,+00).

Lemma 1.1 ([ ]) Let E be a real Banach space, then for all x,y € E, there exists
j(x+y) € J(x +y) such that ||z +y|]? < ||z]* +2 <y, j(z+y) >.

2 Main Results

Now we prove the main the results of this paper, In the sequel, we always assume that E is

a uniformly smooth real Banach space.

Theorem 2.1 Assume that T : E — E is generalized Lipschitz ®-accretive mapping
with ®(r) — 400 as r — +oo. Let{a,}, {bn}, {cn}, {a,}, {0,}, {c,} be real sequences in
[0, 1] satisfying the following conditions:

(i) ap+by,+cp=al, + b, +c,=1;

(ii) lim b, = lim b/, = lim ¢, = 0;

(iii) 3 b, = oo
n=0
(iv) ¢, = o(by).
For arbitrary xo € E, define the Ishikawa iterative process with errors {x,} -, by (ISE):

{ Yn = an Xy + b, Sxp, + vy, (2.1)

Tl = ApTp + bnsyn + Cplin,
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where S : E — FE is defined by Sx = f+ x — Tx,Ve € E. Assume that the equation
Tz = [ has solution and {u,} ~,{vn} -, are arbitrary two bounded sequences in E. Then

the sequence {x,} —, converges strongly to the unique solution of the equation Tx = f.

Proof: Let ¢ be the solution of the equation T'x = f, then ¢ is the unique solution. Since 7' is
generalized Lipschitz ®-accretive, then there exists Ly > 0 such that |72 —Ty|| < Lo(1+|lz—
yl) and < Te—Ty, J(x—y) >> O(||lx—yl|), forall x,y € E, i.e., [|[Sx—Sy| < L(1+|z—yl),
< Sz —Sy,J(x —y) >< |z —y||* — ®(]|z — y||), where L = 1 + Ly. Especially, for Vz € E,
< Sz —8q,J(x —q) >< ||z — q||* — ®(||]x — ql|). Observe that (ISE) equivalent form

{ Yo = (1 = Bo)zn + BS2n + Vi + cp(q — ) (2.2)

Tpt1 = (1 - Ozn)l‘n + a, Sy, + U, + Cn(q - wn)
where V,, = ¢, (v, — q), U, = cn(un — q), By = b, a, = b,. Then [|[V,]] — 0 as n — oo,
|U.|l = o(by,). From form (2.2), we obtain that
o = all = 10 = B2) (0 =) + Bu(S0 — S + Vi il — )|

(2.3)
S (1 - 671 + ﬂnL + C;’L)H'/L.n - QH + ﬁnL + HVHH )

[2n41 = all = |1 = an)(@n — q) + an(Syn = 5¢) + Un + cnlq — 2|
< (=an+anLl(l =B+ Bul +c) + o)z — gl (2.4)
+ (L + B L + L||Vall) + [|U]| -
Furthermore, we have the following estimates
2¢ul2n = qll - 2t — all < 26a(1 = an + @ L(1 = By + BuL + ) + ca) |z — ql”
+2¢n(an(L + BuL? + Lllvall) + [|Unl) |2 — gl (2.5)
< Rollzn — ql* + Pu,
where R, = 2¢,(1 — oy + 0, L(1 = B+ Bu L+ ¢,) + ¢n) + cu(an (L4 BuL? + L|| V) + | U,
P, = cp(an(L + B, L* + L||V,||) + |U,|). And have
2(IVall + cullzn = all) 1y — al
< 2([[Vall + cullzn — al) (X = B+ BoL + ;)20 — all + B + [[Val])
< 26, ((1 = By + BaL + ) llwa — gl + 2|Vl (BuL + [Val))
+2(IVall(X = Bu + BuL + ) + cu(Bal + [l l2n — gl
< 26, (1 = B + BaL + )z — al” + 2| Vil (BuL + |Val))) (2.6)
+ (IVall(1 = Ba + Bl + ) + L (Bul + [ValD (1 + llzn — all?)
< (¢, + 1Val) (X = 8o + BuL + ) + G (BaL + [Val) 1z — alf)
+ (IVall(X = B+ BuL + ) + (¢, + 2 VAl (BaL + [[Val])
= Gyllxn —ql* + H,
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where G, = (2¢,, + [|[Val)(1 = Bn + Bul + c,) + ¢, (Bl + Val), Ha = ([[Vall(1 — Bn +
Bul + &) + (€ + 2ValD (G + IVal)- Set A, = |7 (2=t) =7 ()| D0 =

Iflzn—all ) zn—q||

Yn—4q . Tn—g s N SN Yn —4q
HJ (—H‘lznfq”) J <—1+I|znfq||> ’, then A, 0, D, — 0as n — oo. Indeed Tlzn—all f,,_
o o0
Tn—q Tnt1—4q Tn+1—9q Yn—4q
—on_d __ and are all bounded, and — —
T lan—al [, _y’ Tlen—al §,_ ) Hlen—al  1+|en—dl 0,
Yn—q Tn—q 1 1 1 1
— — 0 as n — o0o. Applying uniformly continuity of J on any bounded
THllrnal — Tilen—ar|| 0 pplying y y of J y

subset, hence A,, — 0, D,, — 0 as n — oo. Using Lemma 1.1 and (2.4), (2.5), we may obtain
2011 = qll* = [(1 = an)(z — @) + n(Syn — Sq) + Un + calg — )|
< (1= apn)?llzg — ql” + 200, < Sy, — Sq, J(zp41 — q) >
+2<Up, J(@ps1 —q) > 420, < ¢ — X, J(Tpy1 — q) >
< (1= )’ — ql” + 200, < Syn — Sq, J(yn — q) >
+2a, < Syn — Sq, J(xpi1 —q) — J(yn — q) >
+2[Unll - llenta = all + 2¢nllzn — gl - |21 = gl

< (1= )l = alP + 200 ({12 — gl = 2l —al) 27)
Tnt1 7 4 Yn — @
+2an<5n—sq,J(+—>_J(—) e
! L+ [z, —q| 1+ [z — q|| (L+] I

+ 2| U |I(1 — o + i L(1 — By, + BuL + ¢) + cn)||2n — ¢

+2||Unll(an L + 0nBuL® + o L Vall + [Unll) + Rallzn — qll* + Pr

< (1= an)’llen — qll* + 200 (llyn — alI* = 2(llyn — all)

+ 20 An L1+ [lyn — al) (1 + [lzn = gll) + En + Po+ Rullzn — gff”

+ 2| Unll(1 = i + o L(1 = B + B L)) — ]|

where E,, = 2||U,||(anL + a3, L% + o, L||V,o|| + [|U,]]). Furthermore,
20|Unll(1 = i + o L(1 = B + BaL + ¢,) + cn)l|2n — 4]

<O =+ LU= o+ Bl 4 €) 4 e 4 ) (28)
< NUn | My + | Unlllln — gl

20 Ap L(1 + [lyn — ql)(1 + [|z — q))

< 20, A L((1 = Bo + BuL + c) |z — gl + 1+ BoL + flual D + [l — gl])

< 4, ApL(1 + BuL + ) (1 + |2, — g®)

= Follzn — ql* + Fa
where M = sup {(1 — a, + @, L(1 = B, + BuL + ) + cn)*}. F, = 4, A L(1 + B,L + ¢,).
Substituting (2.8) and (2.9) in (2.7), we have

21 = all* < (1= an)® + Fy + By + |Ua]) |20 — all* + B + F,
+ Py + [|U[|M1 + 200 ([lyn — 4l = (Il — all)) -

(2.9)

(2.10)
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Again using Lemma 1.1 and (2.6), we obtain

lyn — qlI” < (1 = Bu)? [z — gl + 26, < Sz — Sq, J(yn — q) >
+2([IVall + cpllzn — alD)llyn — 4l
< (1= Bo)?llzn — qll* + 280 < Sz — Sq, I (Y — @) — J (20 — q) >
+28, < Sz, — Sq, J (20 — q) > +GChllzn — q||> + H,
< (1+ 62+ Go)llzn — qlI> = 28,220 — qll) + Hn

yn_q mn_q
+2n<an—S,J(—>—J(—>> L4 e —
g I\ T en =l T fan—q) = 4 len =)

< (1+ 62+ Go)llzn — qlI> = 28,220 — qll) + Han
+28||Sx, — Sql| Du(1 + |2, — 4]
< (1485 + G + 48, Dy L) ||z — ql?
+ H, +48,D0L — 26,0 (||2n — q|)) -
(2.11)

Substituting (2.11) in (2.10), get

|Znse1 — gl < (1 + a2 + F, + Ry + || Un| + 20 (52 + Gy, + 48,D,, L))
X |20 — q||* + En + Fy + Py + ||U, || My + 20, H,,
+ 8a, 3, Dy L — 20, @(||yn — ¢l])) (2.12)

— 40, 8, @(||x — gl |20 — al))
< o, — Q||2 + L2, — q“2 + 20, (O — @(||lyn — ql]))

where I, = o2 + F, + R, + ||U,|| + 22.(8% + G,, + 43,D,L), O,, = (E, + F, + P, +
UMy + 20, Hyy + 80,3, D, L) /2cv,,.  Base on definition of S, for any Vo € E, < Sz —
Sq—x+q,J(x —q) >< —=®(|]z — q||). Thus, &(||x — ¢||) < ||x — Sz||. Any choose
zro € F such that |zg — Szo|| # 0, i.e,xg # q. If xg = ¢, then we are done. Suppose
this is not the case, then have ||zg — ¢l < ®7'(|lzg — Sxzol]). Since an,f, — 0 (n —
o0), so that I, = o(ay), 0, = o(ay,), |Us|| = o(a,) and ||V,|| — 0(n — o0), there exists

e &1 (||wo—Szol|) 20! (||lzo—Szol)
positive integer IV such that a,, < (1L L2)® 1 (JJzo—Swol) +2L2 1 4L’ B < 3(14+L)% L (JJzo—Szo)+3L°

U] < 2=zl v < min {1, Se=Seol kg — g, = BL — > 3, B+ |Vall <

» . , ¢(¢—1<Hzg,sz0”>)
L (||33%—5'330||)7 (22 (Jzi_&m”)) +0,, < 5 . For alln > N. Suppose ||zny —q|| <

207 (|lzg — Sxol|) holds, we prove ||zy11 — q|| < 2@ (||zo — Sxol|). Assume that this is not
true, then ||zyy1 — ¢|| > 207 (||zo — Sxgl]). From (2.2) we may get (1 — ay)|zy — ¢|| >
len1 =gl — anlley = Synll = Ul — enllzn — gl (N is enough big, 1 —ay + ey < 1).
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We also obtain the following inequality:

lzn = gqll = [[en+1 — all — anllzn — Sy || = [|Un|]
> 207 (||zg — Sol|)
—an(2(1 + L+ L) (||zg — Saol|) + L* + 2L) — || U]
> &7 ([|lwg — Sol])

and

lyx —all =2 (1 = Bu)llen — gl = AnLllzy —gll = By L = IVl = eyllen —dll
= (1= By = BxL = cy)llen —qll = B L — ||V
(o= Szl
- 2
so that ®(||lyn — ¢l|) > @(w). Using (2.12) and above relevant form, we compute

as follows:

lzni1 — gl < llow — gl + Inllay — qll* + 2an(On — @(|lyn — )
(IN||$N —q|?

o+ Ox = @l )

' (flzo — 5$o||)>
2
< llan = qlI* < (207 (|lwo — Szoll))* .

< |lon —ql® + 2an

< oy — qll* — an®(

contradicting with assumption. By induction, so sequence {||z,, — ¢/} -, is bounded, there-
fore {||y, — qll}.—, is also bounded. Set W = sup{|z, —q|} + sup{|lyn — ¢l|}, Qn =
% + O,,. Then using (2.12), we have

Ionn - QHQ
1k O 31 _ P _
20, +On — @([lyn —qll)

< llwn = all”* + 20 (Qu — (Il — qll))

= llzn — all* + @ (2Qn — 2(llyn — dll)) — an®(llyn — qll)) -
In the following we prove that lim inf ||y, — ¢|| = 0 holds. If not true. Let lim inf ||y, —
q|| = 20 > 0. Then, there exists an integer N; such that |y, — q|| > 4, VZ;OZO Ny, ie.,
O (||yn —¢l]) > P(5). Since Q,, — 0(n — 00), there exists positive integer Ny > N; such that
Qn < ®(0),Vn > Ny. The implies that @, < ®(||y, — ¢||). Hence, for all n > N,, we obtain
that

mm1—mﬁswm—qW+z%(
(2.13)

21 = all* < llzn = gl = an®(llyn — all)) < [z — qll* — n®(5).
This implies that

©©) Y an< Y (e —all’ = lwns = all) < low, —al* < o0

n=N> n=Ns
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contradicting with condition (iii) of Theorem. So there exists a infty subsequence
{yn; — a}_ of {yn — @}y Again from (2.2), get [y, —qll = (1=, — B, L~} )|, —all
Bn; L—||Vy, ||, so that lim ||z, —q|| = 0. Hence, for any Ve > 0, there exists a positive integer
j—00
Ny, such that |2, —q|| <&, an,(LW+L)+[|Uy, || < 5, (ﬁnj—l—ﬁnjL+c;1j)W+(ﬁnjL+HanH) <
£, for all n; > n;,. Again choose a positive integer Ny > nj, such that Q, < ®(5)3, for all
n > Ny. Next, we want to prove: for arbitrary Vm > 1,||zn,+m — q|| < &,n; > ny,. First,
we prove that |z,,11 — ¢|| < e. If it is not the case, then there exists n; > nj, such that

|20, +1 — ql| < e. Using (2.2) again, we have

sy = all < (1= @y llens, — all + g, 159;, — Sall + [T, 1|+ o, Iy, — al
< (1= gy + euy My, = all + 0y, L+ 51y, — all) + U]
< [tny, = gll + oy, L(L+ W) 4 ([T, |

9

< o, —all +

lead to ||z, — qll > [[n, +1 — ¢l — § > %. And we get also

/
1Yn, = all = (L= Buy Mwn;, = all = Buj, Llll2n;, — all + 1) = (Vo | = e, Ny, =4l

> ||xnj1 —ql = (ﬁnjl + ﬁnle + C;’le)”xnjl —qll - (ﬁnhL T anjl D
3e
> Z _ (ﬂnjl + ﬁnle —+ C;jl)W - (/anlL + ||an1 ||)

>€
5

Hence ®(|[yn,, — ql) > ®(5). By (2.12), we obtain that

e? < |l +1 — all®

<lzn,, = all* + 2am;, (Qn,, — @(llyn,, — all))

e 1 €
<52+204n]-1(‘1>(§)§— (5))
1
=2 —q, ® £y2
€% — (2)2
< e

contradiction. By induction, we obtain that ||, +m — ¢|| < €. This show that z, — ¢
oo

as n — oo. About case Y ||U,| < oo, repeating above-mentioned course, we can get the
n—=

conclusion. Completing proof of Theorem 2.1. O

Remark 1 Theorem 2.1 contains a good number of the known results as its special cases.
In particular, if the mapping 7" considered here satisfies one of the following assumptions: (i)
T : K — K is a Lipschitzian. (ii) 7" has the bounded range. Then T satisfied the conditions
of Theorem 2.1.
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Remark 2 It is well known that T is strongly pseudocontractive (®-strongly pseudocon-
tractive, ®-pseudocontractive)if and only if (I —T') is strongly accertive (®-strongly accretive,
d-accretive), where I denotes the identity operator. In the following we give about the results

of ®-pseudocontractive.

Theorem 2.2 Let K be nonempty closed convex subset of E and T : K — K be gener-

alized Lipschitz ®-pseudocontractive mapping. Assume that ®(r) — +oo as r — 400 and
F(T) # 0. Let {a,}, {bn}, {cn}, {a,}, {b.}, {c,} be siz real sequences in [0,1] satisfying

the following conditions:

(i) ap+by,+cp,=al, + b, +c,=1;

(ii) lim b, = lim b, = lim ¢, = 0;

n—oo n—oo n—oo
oo
(iii) > by = oo;
n=0
o0
(iv) cn = o(by) or > ¢, < +o0.
n=0

For arbitrary xy € K, define the Ishikawa iterative process with errors {x,}. -, by (ISE):

{ Yn = LTy + U, Txy + vy, (2.14)

Tl = ApTy + bnTyn + Cplin,

Suppose {u,},~ o, {vn}rey are arbitrary two bounded sequences in K. Then the sequence

{xn}.2, converges strongly to the unique fized point of T'.

Proof: Applying Theorem 2.1, we obtain directly conclusion of Theorem 2.2. a

Remark 3 Our two Theorems extend the main known results from Lipschitzian or the
boundedness range to more general class of neithe Lipschitzian nor the range boundedness
mappings, and also from strongly pseudocontractive (accretive) to ®- pseudocontractive
(accretive).
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ARIF RAFIQ

Convergence of an iterative scheme
due to Agarwal et al.

ABSTRACT. In this paper, we are concerned with the study of an iterative scheme with
errors due to Agarwal et al [1] associated with two mappings satisfying certain condition. We
approximate the common fixed points of these two mappings by weak and strong convergence

of the scheme in a uniformly convex Banach space under a certain condition.

KEY WORDS AND PHRASES. Iterative Scheme with Errors, Common Fixed Point, Con-
dition (AU-N), Condition (AR), Weak and Strong Convergence

1 Introduction

Let C' be a nonempty convex subset of a normed space £ and S,T : C' — C be two
mappings. Xu [15] introduced the following iterative schemes known as Mann iterative

scheme with errors and Ishikawa iterative scheme with errors:

(1) The sequence {x,} defined by

xel
o (1.1)

Tpi1 = pxy + b, Ty + cuy, n > 1,

where {a,}, {b,}, {c.} are sequences in [0, 1] such that a, +b,+¢, =1 and {u,}isa
bounded sequence in C', is known as Mann iterative scheme with errors. This scheme

reduces to Mann iterative scheme [8] if ¢, =0, i.e.,

X € C,
Tpi1 = (1= by)x, +b,Tx,, n>1,

where {b,} is a sequence in [0, 1].
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(2)
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The sequence {z,} defined by

xr1 € C,
Tpt1 = ApTp + bnTyn + Cplin, (12)
Yn = LTy + U, Txy + chvg,n > 1,

where {a,}, {b.}, {c. H{a,},{b,},{c,} are sequences in [0, 1] satisfying a,, + b, + ¢, =
1 =al, +0,+c, and {u,},{v,} are bounded sequences in C, is known as Ishikawa
iterative scheme with errors. This scheme becomes Ishikawa iterative scheme [5] if
n=0=10, e,

r1 € C,

Tpi1 = (1= bp)zy + 0, Tyn, (I)

Yn = (1 = 0wy, + 0, Ty, n>1,

where {b,}, {b},} are sequences in [0, 1].

A generalization of Mann and Ishikawa iterative schemes |5, 8] was given by Das and
Debata [1] and Takahashi and Tamura [13]. This scheme dealt with two mappings:
x € C,

Yo = (1 =by) zp, + b, Ty, n> 1.

In [1] Agarwal et al introduced the following scheme for quasi-contractive mappings as

follows.

The sequence {z,}, in this case, is defined by

X1 € C,
Tnt1 = AT + bpSYn + Cptin, (1.4)
Yn = LTy + U, Txp + vy, n>1,
where {a,},{b.}, {cn}H{a,}, {b,},{c,} are sequences in [0, 1] with a, + b, + ¢, =1 =
al, + b, + ¢, and {u,}, {v,} are bounded sequences in C.

A Banach space F is said to satisfy Opial’s condition [9] if for any sequence {z,} in

E, x, — z implies that ||z, — z|| < limsup,_.. ||z, — y| for all y € E with y # x.

A mapping T : C' — F is called demiclosed with respect to y € E if for each sequence
{z,} in C and each z € F, x,, = x and T'z,, — y imply that z € C' and Tx = y.

Next we state the following useful lemmas.
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Lemma 1 |[11] Suppose that E is a uniformly convexr Banach space and 0 < p < t,, <
q <1 for all positive integers n. Also suppose that {x,} and {y,} are two sequences of E
such that limsup,, . ||z.] < r, limsup,,_ . |yall <7 and lim, o [[thx, + (1 = t)yn|| = 7

hold for some r > 0. Then lim,, ., ||z, — yn|| = 0.

Lemma 2 [14] Let {s,},{t.} be two nonnegative sequences satisfying
Spa1 < Sp +t, foralln > 1.

If 3% t, < oo then lim, . s, exists.

Lemma 3 [2] Let E be a uniformly convex Banach space satisfying Opial’s condition and
let C' be a nonempty closed convex subset of E. Let T be a nonexpansive mapping of C' into

itself. Then I —T is demiclosed with respect to zero.

Nonexpansive mappings since their introduction have been extensively studied by many
authors in different frames of work. One is the convergence of iteration schemes constructed

through nonexpansive mappings.

Recently Khan et al presented the following results in [0].

Definition 1 Two mappings S,T : C — C where C a subset of E, are said to satisfy
condition (A’) if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) =
0, f(r) >0 for all v € (0,00) such that 5(||x — Tx|| + ||z — Sz||) > f(d(z, F)) for all z € C
where d(z, F) = inf{||jz —z*|| : 2* € F = F(S) N F(T)}.

Lemma 4 Let E be a normed space and C its nonempty bounded convex subset. Let
S, T : C — C be nonexpansive mappings. Let {x,} be the sequence as defined in (1.4) with
Yo en<ooand Yy c, <oo. IfF(S)NF(T)# ¢, then lim,_. ||z, — x*|| ezists for all

x* e F(S)NF(T).

Lemma 5 Let E be a uniformly convex Banach space and C' its nonempty bounded closed
conver subset. Let S,T : C — C' be nonexpansive mappings and {x,} be the sequence as
defined in (1.4) with 0 < 6 < by, b, <1—0 < 1,> 7 ¢, < oo and > ¢, <oo. If
F(S)NF(T) # ¢, then lim,_, ||Sx, — xp]| = 0 = lim,, o || T, — 2]

Lemma 6 Let E be a uniformly convexr Banach space satisfying the Opial’s condition

and C,S,T and {z,} be as taken in Lemma 5. If F(S)NF(T) # ¢ , then {x,} converges
weakly to a common fized point of S and T.

Lemma 7 Let E be a uniformly convex Banach space and C, {x,,} be as taken in Lemma 5.
Let S, T : C — C be two nonexpansive mappings satisfying condition (A’). If F(S)NF(T') #
¢, then {x,} converges strongly to a common fixed point of S and T.
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The following observations about the results of Khan et al [6] have been made.

1: In [0] the authors claimed that, the iterative scheme (1.4) is new. Infect it is studied

by Agarwal et al in [1].

2: Unfortunately, just as in [10], one cannot directly deduce the Mann type convergence
theorems for one mapping due to the condition 0 < § < b/, <1—4 < 1 (similar to the
condition 1 — 3, <1 —¢, ¢ > 01in [L0]).

3: To say that S and T" are nonexpansive (separately) is meaningless, the classical defini-
tion of two nonexpansive mappings is stated as follows: Two mappings S, T : C' — C

are said to be nonexpansive, if
1Sz =Tyl < |lz —yll, (AU-N)
for all x,y € C. For S =T, we get the usual definition of nonexpansive mappings.

4: In [6] the authors stated that, {u,},{v,} are bounded sequences in C, while they are

taking C' as bounded. Hence {u,}, {v,} should be arbitrary sequences in C' (just as in

[3])-

In this paper, we study the iterative scheme given in (1.4) for weak and strong convergence
for two mappings satisfying (AU-N) in a uniformly convex Banach space. In order to prove
our results, we do not need C' to be bounded. We also remove the condition 0 < ¢ < b/, <
1—0 < 1. Similar results for usual Ishikawa iterations for one mapping can be obtained, and

consequently results including of Schu [11] can be recapture.

2 Main Results

In this section, we shall prove the weak and strong convergence of the iteration scheme (1.4)
to a common fixed point of two mappings S and 7T satisfying (AU-N). Let F'(T") denote the
set of all fixed points of T. We first prove the following lemmas.

Lemma 8 Let E be a normed space and C its nonempty convex subset. Let S,T : C' —
C' be two mappings satisfying (AU-N). Let {x,} be the sequence as defined in (1.4) with
Yo en<ooand Yy c, <oco. IfF(S)NF(T) # ¢, then lim,_. ||z, — x*|| exists for all

z* € F(S)N F(T).
Proof: Assume that

M = max{sup ||u, — z*||, sup ||v, — z*||},
n>1 n>1
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and F(S)NF(T) # ¢. Let 2* € F(S)N F(T). Then

[ens = 2"l = llanzn + bpSyn + coun — 27|

= Han(xn - x*) + bn(Syn - x*) + Cn(un - x*>H

< an llzn — 2" 4 b [|Syn — 27| + ¢ [lun — 27|
< (1 =10y ||lzn — x| + b ||Syp, — Tz*|| + Mc,
< (1=0bn) o — 2% + b |y — 2*|| + M. (2.1)
1Yo — 2"l = llapan + 0,720 + v, — 27|
= |lap(zn — 27) + b, (Twn — %) + ¢ (v — 27) |
< ap o — ||+ 0 | T2n — ™| + & [lon — 27
< (1=0)||zy — 2| + 0, || T2, — Sx*|| + Mc,
< (L=0p) lwn = 2™l + by, |lon — 2™ + Mc,

|z, — z*|| + Mc,,. (2.2)
Substituting (2.2) in (2.1) yields
[2n 1 = 2" < flwn = 27| + M (bac;, + cn)-

Using Lemma 2, lim,, . ||z, — «*|| exists for each z* € F(S)NF(T'), and the sequence {z,}
is bounded. O

Lemma 9 Let E be a uniformly convexr Banach space and C its nonempty closed convex
subset. Let S, T : C'— C be two mappings satisfying (AU-N) and {z,} be the sequence as
defined in (1.4) with {b,} C [0,1— 0] for some § € (0, 1), lim sup b, <1, ¢, <ooand
S o < oo, IfF(S) N F(T) # ¢, then limy oo [|[Szn — || = 0 = limyy oy [| T — 2]

n=1"n
Proof: Assume that

M, = max{sup ||z, — z*||, sup ||u,, — 2" , sup ||v, — z*||}.
n>1 n>1 n>1

By Lemma 8, lim,,_,« ||z, — *|| exists. Suppose lim,, . ||z, — 2*|| = ¢ for some ¢ > 0.

Taking limsup on both the sides of (2.2), we have

limsup ||y, — 27| < c. (2.3)

n—oo

Next consider

1Sy — 2" + cn(tn —2)|| < [[Syn — 27| + ¢ [t — 24|
< |Syn — Tz*|| + 2M; ¢y,
S ||yn_l’*|| +2M16n.
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Taking limsup on both the sides in the above inequality and then using (2.3), we get that

limsup || Syn — 2" + cu(u, — )| < c.

n—oo

Also
[2n — 2"+ calun — zn)|| < lon — 2™ + cn [Jun — 24|
< lan = 27| + 2Micy,
gives that
limsup ||z, — 2" + ¢, (u, — x,)|| < c.
n—oo
Further, lim,, .« ||Zn411 — 2*|| = ¢ means that

lim |[(1 = b,)(z, — 2" + cp(un — 22)) + 00 (Syn — ° + cn(u, — x0))|| = ¢
Hence applying Lemma 1, we obtain that
lim ||z, — Sy,| = 0. (2.4)

Next consider

[0 = Tanll < flzn = Synll + [1Syn — T

< llen = Synll + llyn = 2nll - (2.5)
lyn — zall = llapzn + 0,720 + cjvn — 2|
< by llan = Tl + ¢, lon — @4l

IN

b ||z, — Ty, + 2Myc,. (2.6)
Substituting (2.6) in (2.5), we get
|20 — Tan|| < (|20 — Synll + by, |20 — Txn|| + 2Mic,,

implies
1 c
n_Tn < —F n_Sn 2M—na
B3 ff||_1_b%||$ Ynll + S

gives us with the help of condition lim sup?d] < 1,

n—oo

lim ||z, — Txz,| = 0. (2.7)
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Now observe that

||xn+1 - an+1H = ”anxn + bnsyn + cpuy — an+1”

= |[(1 = bp)xn + b,Syn + cn(ty — Tp) — STy

< (1 =0n) lzn — Spiall + o [|Syn — Stnsa |l + cn [[un — 24|
< X =b)lzn — ol + lzntr — Sznsal)
+bn (|| Syn — Tan + HT-'En — Srppal]) +2Micy,
< (I =ba)(lzn — znsall + |20 — Szpsall)
+bn(Hyn - mn” + Hmn - $n+1H) + 2M10n
= lzn — o ll + (1 = b) [[Tn1 — Sznsall + bn |y — 20|
+2M1Cn7
implies
1 Cn
[Zn41 = STppa]| < b [Zn = Zngall + [yn — zall + 2Mlb_
1 Cn
< 5 |20 — Znga || + |yn — 20l + 2M1?~
Also
”xn - 'Tn-i-l“ = Hmn — AnTy + by SYn + Cnun”
< by Hxn - SynH +cn Hun - In”
< (1=9) ||lxn — Synll + 2Mic,.

Substituting (2.6) and (2.9) in (2.8) yields
1-96 Cn

|Zni1 — S|l < |20 — Synll + 8, |20 — T, || 4+ 4M; 5 +2Mc,,
implies
nh—>nc}o [Zn11 — Spia|| = 0.
Thus
lim ||z, — Sz,|| = 0.

Hence

lim || Sz, — z,|| =0= lim ||Tx, — x,].

n—0oo n—00

This completes the proof of the lemma.

H(l - bn)(‘rn — STpp1) + 0y (Syn — STpgr) + cn (g — xn)”
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(2.9)

]

Theorem 1 Let E be a uniformly convex Banach space satisfying the Opial’s condition
and C,S, T and {z,} be as taken in Lemma 9. If F(S)N F(T) # ¢, then {x,} converges

weakly to a common fived point of S and T.
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Proof: Let z* € F(S)N F(T). Then as proved in Lemma 8, lim,, ., ||, — 2*|| exists. Now
we prove that {z,} has a unique weak subsequential limit in F'(S) N F(T). To prove this,
let z; and 2z, be weak limits of the subsequences {x,,} and {z,,} of {x,}, respectively. By
Lemma 9, lim,, . ||z, — Sz,| = 0 and I — S is demiclosed with respect to zero by Lemma 3,
therefore we obtain Sz; = z;. Similarly, T'z; = z;. Again in the same way, we can prove that
2y € F(S) N F(T). Next, we prove the uniqueness. For this suppose that z; # z3, then by
the Opial’s condition
Tl = 22l = Jim_ e, — ]

< lim ||@,, — 22|

n;— 00

= lim ||z, — 22|
n—oo

= lim ||z, — 2|
n;—00

< lim |2, — 2|
j—00

= lim ||z, — 2]

n—oo

This is a contradiction. Hence {z,} converges weakly to a point in F'(S) N F(T). O

The following condition is due to Senter and Dotson [12].

Definition 2 A mapping T : C — C where C is a subset of E, is said to satisfy condition
(A) if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(r) >0
for all v € (0,00) such that ||x — Tx| > f(d(z, F(T))) for all x € C where d(z, F(T)) =
inf{|lz —a*|| : 2* € F(T)}.

Senter and Dotson [12] approximated fixed points of a nonexpansive mapping 7' by Mann
iterates. Later on, Maiti and Ghosh [7] and Tan and Xu [1/] studied the approximation of
fixed points of a nonexpansive mapping 7" by Ishikawa iterates under the same condition (A)

which is weaker than the the requirement that 7" is demicompact.

We modify the condition (A) and (A’) for two mappings 5,7 : C' — C' as follows:

Definition 3 Two mappings S,T : C — C where C' a subset of E, are said to satisfy
condition (AR) if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) =
0, f(r) > 0 for all r € (0,00) and X € [0,1] such that \||z —Tzx| + (1 — A) ||z — Sz| >
fd(z, F)) for all x € C where d(x, F) = inf{||lx —2*|| : 2* € F = F(S)NF(T)}.

Note that condition (AR) reduces to condition (A) when S =T and (4') if we take A = 3.
We shall use condition (AR) instead of compactness of C' to study the strong convergence
of {x,} defined in (1.4). It is worth noting that in case of two mappings S,7" : C — C
satisfying (AU-N), condition (AR) is weaker than the compactness of C.
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Theorem 2 Let E be a uniformly convex Banach space and C,S,T and {z,} be as
taken in Lemma 9. Further let S,T : C — C be two mappings satisfying condition (AR). If
F(S)NF(T) # ¢, then {x,} converges strongly to a common fized point of S and T.

Proof: By Lemma 8, lim,, . ||z, — 2*|| exists for all z* € F(S)NF(T). Let it be ¢ for some
¢ > 0. If ¢ = 0, there is nothing to prove. Suppose ¢ > 0. By Lemma 9, lim,, ., ||Sx, —2,| =
0 = lim, oo [|T% — @,||. Moreover, ||z,1 — 2*|| < ||z, — 2*|| + M (bnd, + ¢,) for all z* €
F(S)NF(T). This implies that d(x,11, F) < d(zy, F)+(bnc),+cy) gives that lim, .o d(z,, F)
exists by virtue of Lemma 2. Now by condition (AR), lim, . f(d(x,, F') = 0. Since f is a
nondecreasing function and f(0) = 0, therefore lim, ., d(x,, F)) = 0. The rest of proof is

the same as provided by Tan and Xu [14]. O

Lemma 10 Let E be a normed space and C its nonempty convex subset. Let S,T :
C — C be two mappings satisfying (AU-N) and {z,} be the sequence as defined in (1.3). If
F(S)NF(T) # ¢, then lim,, ., ||x, — x*| exists for all x* € F(S)N F(T).

Lemma 11 Let E be a uniformly convex Banach space and C its nonempty closed convex
subset. Let S,T : C' — C be two mappings satisfying (AU-N) and {x,} be the sequence
as defined in (1.3) with {b,} C [§,1 — d] for some 6 € (0,1) and lim supb,, < 1. If
F(S) N F(T) # &, then limy .o || St — ]| = 0 = oo | Ttn — 20|

Theorem 3 Let E be a uniformly convexr Banach space satisfying the Opial’s condition
and C, S, T and {x,} be as taken in Lemma 11. If F(S)NF(T) # ¢ , then {x,} converges
weakly to a common fized point of S and T.

Theorem 4 Let E be a uniformly convex Banach space and C,S,T and {z,} be as
taken in Lemma 11. Further let S,T : C — C be two mappings satisfying condition (AR).
If F(S)NF(T) # ¢, then {x,} converges strongly to a common fized point of S and T.

Lemma 12 Let E be a normed space and C' its nonempty convex subset. Let T : C' — C
be a nonexpansive mapping and {x,} be the sequence as defined in (M) with {b,} C [§,1— ]
for some 6 € (0,1). If F(T) # ¢, then lim,, . ||z, — x| exists for all z* € F(T).

Lemma 13 Let E be a uniformly convex Banach space and C its nonempty closed convex

subset. Let T : C'— C be a nonexpansive mapping and {x,} be the sequence as defined in

(M) with {b,} C [0,1 — 0] for some d € (0,1). If F(T) # ¢, then lim,_ ||[Tx, — x,| = 0.

Theorem 5 Let E be a uniformly convexr Banach space satisfying the Opial’s condition
and C,T and {x,} be as taken in Lemma 13. If F(T) # ¢ , then {x,} converges weakly to
a fixed point of T.
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Theorem 6 Let E be a uniformly convex Banach space and C, T and {x,} be as taken

in Lemma 13. Furthere let T : C — C' be a nonexpansive mapping satisfying condition (A).
If F(T) # ¢, then {x,} converges strongly to a fized point of T.
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