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Mathematische Aspekte im Werk der
Astronomischen Uhr von St. Marien zu Rostock

Die monumentale Uhr aus dem Jahre 1472 zeigt in ihrem oberen Teil, einem préachtig gestal-

teten zweimal 12stiindigen romischen Zifferblatt, neben der Tageszeit, auf die der Stunden-

zeiger weist, auch den Lauf der Sonne und des Mondes durch den Tierkreis an.

Astronomische Uhr in St. Marien, oberer Teil,
6.8.2007 15 Uhr

In der Néhe der Enden des Stundenzeigers
befinden sich ferner die ,Planetenstunden’-
Scheibe (HORAS PLANETARUM), deren Zei-
ger auf den jeweiligen Stundenregenten, ab-
hangig vom Wochentag, weist, sowie am ge-
geniiberliegenden Ende die sogenannte Sebes-
Scheibe, an deren 24stiindigem Ziffernfeld

nochmals auf die Tagesstunde gewiesen wird.

Im unteren Teil der Uhr wird an der grofsen
Kalenderscheibe das Tagesdatum angezeigt,
aber es befinden sich auf dieser Scheibe
zahlreiche weitere Angaben. Fiir Einzelheiten
hieriiber sowie aus der Geschichte der Uhr sei
verwiesen auf die Publikationen [12], [13] von
Herrn M. SCHUKOWSKI, dessen grofe Ver-
dienste um die Uhr sich schon tiber Jahrzehn-

te erstrecken.

Erwdhnt werden miissen der mittégliche (und
mitternéchtliche) Apostelumgang, vorbei an
einer segnenden Christusfigur, sowie das Mu-
sikwerk, durch das stiindlich stets weihevoll
als Glockenspiel eine (nahezu beliebig einzu-

gebende) Choralmelodie erklingt.
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Astronomische Uhr in St. Marien, 22.8.2007 15 Uhr

Wenn sich Scharen von Besuchern an der Uhr und deren Anzeigen erfreuen, und wenn diese
in Génze oder doch im wesentlichen wahrgenommen werden, so beruht das Zutreffen der
Anzeigen auf gldnzenden Konzeptionen. Dennoch mufs der Uhr geholfen werden, weil es zu-

nehmende Abweichungen vor allem in der Mondanzeige gibe, wenn die Einstellung nicht von



Mathematische Aspekte im Werk der Astronomischen Uhr 5

Zeit zu Zeit korrigiert wiirde. Gerade hierzu werden nachfolgend das Zahnraderwerk der Uhr
analysiert, Approximationen der Anzeigen an die naturgegebenen Verhéltnisse beurteilt und
daraus Vorschlége fiir Einstellungskorrekturen {iber einen lingeren Zeitraum abgeleitet, Un-
tersuchungen und Einsichten, die sich in der bisherigen Literatur zur Uhr nicht finden. Hinzu
kommt ein Blick auf die Planetenstunden-Scheibe und ihre nach mehr als 11/2 Jahrhunderten

letztendlich angepafste Funktionsweise.

Fiir die Symbole der Sonne und des Mondes an der Uhr, die ja den Lauf der Himmelskorper
modellieren, verwende ich die Benennungen Modell-Sonne bzw. Modell-Mond. Genauer ist
das Sonnensymbol am Rand einer sich drehenden Scheibe befestigt, der oben liegenden Son-
nenscheibe mit einem kreisformigen Ausschnitt. In diesem Ausschnitt werden Mondphasen
sichtbar, wechselnd bedeckte Mondgesichter, mit denen eine zweite, darunterliegende Schei-
be bemalt und an deren Rand das Mondsymbol befestigt ist. Beide Scheiben drehen sich

konzentrisch mit dem Stundenzeiger aber entgegengesetzt zu ihm linksherum.

Uhrscheibe
Hakenanker Stundenzeiger
/ Siderisches ) 8
(\ 24-h-Rad Monatsrad <
Jahresrad onnen-
0 288 scheibe

/20 4 \[_L|73 82 L —

Ankerrad H12 // Tl
l 50 l/ Mondphasen-
f 30 scheibe
IJ & 6 10 _—
W
eiltromme
144
84
Pendel
Standenrad Achse bzw. Welle
Wochenrad | 20 Zahnrad mit 20 Zihnen
Schema d Zahnrad- oder Laternen-
es Hauptwerkes D 10 trieb mit 10 Zihnen bzw.
Stecken
Aus [13], mit freundlicher Erlaubnis des Autors

1 Die Modell-Sonne

Ausgangspunkt fiir den Lauf des Uhrwerkes ist ein Pendel mit der Schwingungsdauer 3s, das
tiber Ankerhaken ein 20zinkiges (angetriebenes) Steigrad hemmt, welches somit genau eine

volle Umdrehung pro Minute vollfiihrt, kurz 1 Drehung pro Minute, d.h. 60 - 24 Drehungen

pro Tag (d). Durch drei nachfolgende Ubersetzungen mit den Zahnradverhéltnissen 19, 12

507 144’
21—828 werden diese Drehungen (wegen 60 - 24 - % . % . % = 1) zu 1 Drehung pro Tag oder
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360°
1d

mal 12stiindiges Zifferblatt bewegt. Von der Achse des Stundenzeigers wird im Verhéltnis

eben auf die Achse des Stundenzeigers iibertragen, der sich wie erwéhnt iiber ein zwei-

é—i (: %) die Bewegung des Wochenrades gewonnen, das sich somit um ?’(75—20 dreht. Von der

Achse des Wochenrades nun werden sowohl die Bewegung der Modell-Sonne als auch die des

Modell-Mondes abgenommen. Fiir die Achse der Modell-Sonne ergibt sich mit den nachein-

anderfolgenden Ubersetzungsverhéltnissen 370, =, daf sie sich um % . % . 360 dreht, d.h. um
360°
365d°

Einsicht 1 Die Modell-Sonne vollfihrt in Normaljahren mit 365 Tagen genau einen Um-

lauf. In Schaltjahren wandert sie unjustiert um einen Tag (knapp ein Grad) zu weit.

2 Der Modell-Mond

2.1 Gegebene Konstanten

Die Drehbewegung der Achse des Wochenrades wird durch Zahnrader im Verhéltnis 2 auf

die Achse des Modell-Mondes iibertragen:

Einsicht 2 Der Modell-Mond dreht sich um 8—2 . %, d.h. pro Tag um 8—2 360° oder um

3 Zahne seines 82er-Rades.

Zwischen die Zahnrdder mit 21 bzw. 82 Z&hnen ist noch eins mit 10 Zahnen (Stecken)
geschaltet, das fiir die Ubersetzungsverhiltnisse, die uns interessieren, ganz unwesentlich ist.
Aber erstens kehrt dieses Rad den Drehsinn sinnvoll nochmals um, und zweitens befindet
sich genau hier die Stelle — im Jahr 2000 lange vergeblich gesucht, schlieflich im Januar
2001 wiederentdeckt von den Herren U. NATH, Pastor em., und H. SUR, seinerzeit téatig
an hiesiger Universitatsbibliothek — wo man den Modell-Mond entkoppeln kann, um ihn

unabhéngig vom iibrigen Werk neu zu justieren.

Was aber bedeutet das Verhaltnis —7 Im nachstehenden Teilabschnitt 2.2 erfolgt eine In-

terpretation und Wiirdigung, in 2.3 und dann in 4 werden Schluffolgerungen gezogen.

Zunéchst aber ein Blick auf den zugrundeliegenden Lauf des Naturmondes. Als Konstante
fiir den synodischen Monat (Mond), der Zeitspanne zwischen zwei gleichen Mondphasen, sie
sei hier mit b bezeichnet, gilt b = 29,530 588 853d (= 29d 12h44m 2,87 ...s), in der grofsten

Genauigkeit aus der hier betrachteten Literatur.

Es handelt sich bei b allerdings um einen Durchschnittswert, in Wahrheit bewegt sich der
Naturmond nicht so regelméfig, seine Erdumlaufbahn ist das Resultat zahlreicher Einfliisse,
sie ist ,die komplizierteste im ganzen Sonnensystem und dementsprechend vielfaltig sind die
Rhythmen, die sich in der Mondbewegung tiberlagern® ([14] S. 195). Fiir die Schwankungen
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der Lunationen, das sind die tatsdchlichen Zeitspannen zwischen zwei aufeinanderfolgenden

Neumonden, wollen wir, zumindest qualitativ, sogleich noch Griinde einsehen.

In [7] Kap. 47 wird ein Algorithmus zur Berechnung der Mondphasen présentiert, der auf
,heuer Mondtheorie“ und ,,Theorie fiir die Sonne* beruht, dort findet sich der zitierte Wert
von b als Anfangskoeffizient. Die diversen im Algorithmus zu bestimmenden Summanden
entziehen sich zunéchst iberwiegend einer anschaulichen Interpretation, geben jedoch einen
Eindruck vom Endpunkt der Geschichte zur Entwicklung genauer Bewegungsbeschreibungen
seit den Anféngen vor Tausenden von Jahren bis ins 20. Jahrhundert, wie sie faszinierend in
[10] Kap. 6 geschildert wird. Man mufite abkommen davon, Ellipsenbahnen an den Anfang zu
stellen, sondern mit ,speziellen einfachen Losungen des Dreikérperproblems” beginnen, um
den Einflufs der Sonne gebiihrend zu berticksichtigen, und dann ,zusétzliche Schwankungen

und Verschiebungen tiberlagern® (nach [10] S. 164).

Fiir die beabsichtigten qualitativen Einsichten allerdings beziehen wir uns allein auf die
KEPLERschen Gesetze. Wichtig werden die Apsiden von Erde und Mond, d.h. Aphel und
Perihel, Sonnenferne bzw. -néhe der elliptischen Erdbahn, sowie Apogdum und Perigdum,
Erdferne bzw. -ndhe der elliptischen Mondbahn. In je einer Lunation geschieht zunéchst

konstant

ein voller Umlauf des Mondes bez. der Erde um den Polarwinkel 360°
in 27d 7Th43m 11,65 (|1] S. 51), dem konstanten siderischen Monat.

Hinzu kommt durch die inzwischen erfolgte Weiterbewegung der Erde um einen Polarwinkel

Ae auf ihrer Bahn bez. der Sonne

ein weiteres Bahnstiick Ay fiir den Mond, das er zuriicklegen mufs, um wieder
die erforderliche Neumondstellung zwischen Erde und Sonne zu erreichen

(wihrenddessen Ae noch etwas zunimmt).

Nach dem zweiten KEPLERschen Gesetz ist in der Nahe des Aphels der Erde bei konstantem
siderischen Monat das Ae kleiner, dagegen in der Ndhe des Perihels grofer, jeweils als der
Durchschnitt. Diese Verhéltnisse iibertragen sich unmittelbar auf das genannte Bahnstiick
Ap fiir den Mond.

Liegt die Neumondstellung nun auferdem in der Nédhe der Apsiden des Mondes, und zwar
das kleinere Ay beim Perigdum, so ist nach demselben KEPLERschen Gesetz die benotigte
Zeit fiir Ap noch zusétzlich verkiirzt, hingegen ist fiir das grofere Ay beim Apogéaum des
Mondes die benotigte Zeit zusétzlich verldngert. Somit resultieren fiir Neumondstellungen
beim Perigdum im Aphel (Sommer auf der noérdlichen Hemisphére) relativ kurze und

beim Apogéum im Perihel (Winter) relativ lange Lunationen.
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Aphel und Perihel fallen im {ibrigen nicht auf die Sonnenwenddaten, sie liegen erst Anfang Juli bzw.

Januar.

In erwihntem [7] werden auf S. 354 als absolute Extrema fiir den Zeitraum 1900 bis 2100
kiirzeste Lunationen von 29d 6h 35m (bis zum Neumond am 24.7.1903 und am 15.7.2053)
sowie eine ldngste von 29d 19d 55m (bis zum Neumond am 23.1.1974) angegeben, das sind

Abweichungen vom Wert b um mehr als 6h bzw. 7h.

Nachrechnungen [16] lassen relative Extrema analog erkennen, auch fiir den Vollmond, auf
den sich die qualitativen Erorterungen leicht iibertragen. Periodizitédten sind nicht zu erwar-
ten, denn z.B. dreht sich die Apsidenlinie (grofse Achse) der Mondbahn in ca. 8,85 Jahren
einmal voll in Laufrichtung des Mondes ([!] S. 51), so daf Neumondstellungen bei den Ap-

siden der Erdbahn von Jahr zu Jahr in andere Bereiche der Mondbahn fallen.

Solchen Schwankungen kann der Modell-Mond natiirlich nicht gerecht werden. Er bewegt
sich mit konstanter Geschwindigkeit, und die mufs sich orientieren an der ,Durchschnitts-
konstanten‘ b fiir den synodischen Monat. Hinzu kommt, dafs zu gewissen Zeiten die wahren
Lunationen mehrfach nacheinander z.B. kiirzer als b ausfallen, erst weiter abnehmend, dann
wieder ansteigend, und dabei summieren sich die Vorlaufszeiten des Neumondes gegeniiber
dem ,Durchschnittslauf‘. Fiir den Modell-Mond bedeutet dies, daf er sich dann jeweils (aus
einem Vorsprung) am Ende zu relativ maximalem Riickstand verspétet. Analog erkldren
sich relativ maximale Vorausldufe sowie beides auch fiir den Vollmond; eine wesentliche

Ergénzung aber erfolgt in Abschnitt 2.3.

Eine Néherung fiir b a8t sich bereits aus Erkenntnissen des Altertums gewinnen: Um das Jahr
432 v. Chr. entdeckte der Athener METON, daf 235 synodische Monde (recht gut) 19 Jahren ent-
sprechen. Nimmt man das (spatere) Julianische Jahr von 365,25d, so wird 19 - 365,25d/235 =
6939, 75d/235 = 29,53085 . .. d; METON hatte seinerzeit 6940d in 19 Jahren.

Bei der Gregorianischen Reform 1582 wurde einerseits durch die seitherige Regel fiir den Wegfall von
drei Schalttagen in 400 Jahren der Kalender besser an die Sonnenstellung im Tierkreis angepafst,
diese Korrektur verhindert eine ,Abwanderung’ des Datums 21.3. in Richtung Sommer. Auferdem
aber wurde in der Reform der Lauf des Mondes genauer erfalt und der Berechnung des Osterdatums
weit in die Zukunft eingefiigt, hier wirkt sich der genauere Wert b fiir den synodischen Mond aus,

und darauf sei am Rande eingegangen.

Der erste Vollmond ab dem 21.3. (eingeschlossen) bestimmt die Ostergrenze, am Sonntag nach die-
sem Termin ist Ostern. Die Ostergrenze als spezielles Vollmonddatum wird fiir jedes Jahr formal
(nicht direkt astronomisch) bestimmt, sie durchlduft 19jahrige Zyklen, die mindestens fiir ein Jahr-
hundert unveréndert bleiben.

(Zur Herleitung bzw. Préasentation der , GAussschen Osterformel‘ s. z.B. [1], [5].)
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Die Abfolge der Ostergrenzen ist insoweit unabhéngig vom Schaltjahrsstatus. Fallt nun allerdings
gregorianisch in einem Sakularjahr ein Schalttag aus, so erhéhen sich (i. allg.) alle Daten der Oster-

grenzen ab dann um einen Tag (der stets in den 18.  korrigierte 19.4. wird zum 21.3.).

Fiir den Lauf von 235 synodischen Monden in 19 Jahren hat man heutzutage genauer 235-b — 19 -
365, 25d = 6939, 688380...d — 6939, 75d = —0,061619...d. Um (absolut) diese Zeitspanne tritt der
235. Vollmond nach 19 Jahren eher ein, seine Stellung im Tierkreis hat sich verdndert, was zusétzlich

zur eben genannten Korrektur der Ostergrenzen beriicksichtigt werden muf.

Sieht man nun auf 2500 Jahre, so wird 2500-(—0,061619...d)/19 = —8,1078. .. d, und daher miissen
die Ostergrenzen in dieser Zeit um 8 Tage vorversetzt werden. Das erfolgt in der Gregorianischen
Reform, unter einer Zwischenkorrektur bis zum Jahr 1800, fiir nachfolgende Zeitrdume von je 2500
Jahren durch Vorversetzung der Ostergrenzen um je einen Tag 7mal nach je 300 Jahren, zuerst
2100, und dann einmal nach 400 Jahren, das ist 4300. (2100 aber wird diese Vorversetzung durch
die Datumserhéhung wegen Ausfalls des Schalttages kalendarisch annulliert, so daf ,unsere‘ ab 1900
geltenden Ostergrenzen noch bis 2199 unverdndert bleiben. Unter ihnen fehlt der 21.3., daher ist
der eigentlich friitheste Ostertermin am 22.3. in diesen Zeiten unmoglich — zuletzt 1818, wieder 2285;
aber 2008 ist immerhin am 23.3. Ostern — dann wieder 2160.)

Nach 10 solchen Perioden von 2500 Jahren hat sich der Mond jedoch, wie obige Rechnung zeigt,
um 81d statt 80d verschoben, spéatestens dann muf die Osterformel modifiziert werden. Dies mufs
sogar viel eher geschehen wegen des immer noch ungenauen Gregorianischen Jahres, 365,2425d
statt 365,24219879d ([!] S. 41) im tropischen Jahr, mehr als 1d zu grof in 3400 Jahren, in solchem
Zeitraum muf ein weiterer Kalendertag entfallen, wofiir es noch keine Festlegung gibt — im Jahr
4000, wenn spekuliert werden darf. (Uberlegungen zur Periodizitit der Osterformel sind also miiRig,
wenn auch in [5] fiir sie die Minimalperiode von 5.700.000 Jahren bestimmt wird, ebenfalls angegeben
in [7]; wéhrend dieser Zeitspanne wéren aber der 21.3. und mit ihm Ostern zunéchst in Richtung

Sommer gewandert und dann sogar mehrfach durch alle Jahreszeiten.)

2.2 Eine Erklirung fiir das Ubersetzungsverhiltnis 21 /82

Analog zur scheinbaren Bewegung in der Ekliptik kreisen an der Uhr Symbole von Mond
und eben von Sonne. Der Betrachter schaut auf die Umlaufebene, wobei ihm zusétzlich
Mondphasen angezeigt werden im eingangs erwahnten Ausschnitt der oberen Scheibe. Re-
gelméfig in einem synodischen Monat b, z.B. von einem Neumond zum néchsten, muf der
Modell-Mond, genauso wie in der Beschreibung des vorigen Abschnitts fiir den Naturmond,
einen vollen Umlauf von 360° und das Bahnstiick Ay zuriicklegen, welches hier nun von der
Weiterbewegung der Modell-Sonne herriihrt.

Setzen wir fiir den Modell-Mond statt % ein gesuchtes Ubersetzungsverhiltnis V' an, so

360°

=5» die Modell-Sonne hingegen nach

bewegt er sich im Zeitraum b nach Einsicht 2 um b-V -
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Einsicht 1 um b - %, deshalb mufs gelten

360° 360°
. =360°+b-

bV 7d 365d

und somit

V=r. (%d + %) (= 0,2562204. . ., dimensionslos).
Statt vom synodischen kénnte man zur Bestimmung von V' evtl. einfacher auch vom siderischen Mo-
nat und dazu einem 360°-Umlauf des Modell-Mondes ausgehen. Synodische Monate sind durch die
geldufigen Neu- und Vollmondstellungen sowie deren allgemein zugéngliche Termine naheliegender

und werden im folgenden zu Vergleichszwecken herangezogen.

Wegen des doch etwas komplizierten Wertes von b, und damit von V', sind nun gute Néhe-
rungsbriiche fiir V gesucht, Ubersetzungsverhéltnisse in nicht zu groken Zahlen, auch abseits

der dezimalen Néherungen.
Ergebnisse hierzu liefert die Theorie der Kettenbriche (z.B. in [9], z.T. in [15]).

Mit der fiir die weiteren Zwecke ausreichenden Genauigkeit (im Grunde der METONischen)
29,530d < b < 29,531d gilt 0,25620 < V' < 0, 25623.

Wir bestimmen den Kettenbruch der kleineren Schranke v := 0, 2562 (: % = %):

1 1 1 1
Y7 5000/1281 ~ 3+ 1157/1281 1 - I -
34—~ 34 -
1281/1157 1+ 124/1157
1 - 1 - 1 B 1
5 i - i - i - i
" P ! TR ! 14+ L " 14 1
1157/124 01 41/124 0. 1 o, 1
124/41 ;. L

41
Gefunden sind somit die Zahlen a; = 3, ay =1, a3 =9, ay = 3, a5 = 41, die Teilnenner des
Kettenbruchs fiir v. Errechnet wurden sie durch sukzessive Divisionen mit Rest entsprechend

dem EUKLIDischen Algorithmus, und wir bestimmen iiber ihn auch die ersten Teilnenner von

v’ = 0,25623 (: 12050602030), der groferen Schranke fiir V:

100000 = 3 - 25623 + 23131,
25623 = 1- 23131 + 2492,
23131 =9 - 2492 4 703,

2492 = 3 - 703 + 383.

Die ersten vier Teilnenner 3, 1, 9, 3 von v' stimmen also mit a; bis a4 von v iiberein (die
weiteren fiir v" sind 1, 1, 5, 12, 1, 1, 2).
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Man erhélt fiir v und v" die Hauptniherungsbriiche (in dieser Aufeinanderfolge)

1 1 1 10 1 31

1

3 I3 . 1 ~30 R TTE

3 3+I 4 31 39 31 : 121
14 - 1+ —

94 =
+3

1 31 10 1
Fiir die (eo ipso gekiirzten) Briiche gilt 1 < 91 <v< V<< 39 < 3 aber ferner:

(I) Jeder dieser Briiche p/q ist eine beidseitig ,beste’ Naherung von v (und von v'), d.h.,
alle beliebigen anderen Briiche, und zwar auf beiden Seiten von v (oder von '), die

mindestens so nahe an v (oder an v’) liegen wie p/q, haben Nenner grofer als ¢ (nach

9] S. 46).

Aufler den genannten Hauptndherungen gibt es die Nebenndherungsbriiche. Sie werden aus

beliebigen aufeinanderfolgenden Hauptn&herungsbriichen p/q und r/s gebildet und liegen

c-r r r c-r
zwischen diesen: b < Pt < — oder — < Pt < b mit 0 < ¢ < a;
q q+c-s s s qg+c-s g

,
ist hierin — aus gewissen Teilnennern gewonnen worden, so bezeichnet a den drauffolgenden
Teilnenner, und auch c¢ sei ganzzahlig gewéhlt. Die Nebennaherungen liegen auf derselben

. . D .. . .
ite von v u wie —, u rn sich v und v" mit w n :
Seite von v und v’ wie =, und nahern sich v und v’ mit wachsendem ¢
q
pta-r

(q +a-s
Fiir beliebige Néherungsbriiche von v und ¢ gilt (nach [9] S. 49-51):

ist die ndchste Hauptniherung.)

(IT) Jeder Bruch, der zwischen zwei in der Grofe aufeinanderfolgenden Naherungen liegt

(Haupt- und Nebenndherungen sind hier gemeint), hat einen groferen Nenner als die

beiden Ndherungen, er kommt somit als ,beste’ Naherung nicht in Frage.

(III) Wird eine Nebennéherung mit ¢ > a/2 gebildet, so ist sie eine beidseitig ,beste’ Nahe-

rung von v (von v’). Bei ¢ < a/2 ist sie nur einseitig ,beste’, auf der anderen Seite von

v (von v') liegt /s mit kleinerem Nenner néher.

Mit den Hauptndherungen 10/39 und 31/121 erhélt man beispielsweise:

31 10+c¢-31 10 1281
— — < —, 0 =41 (bei ¢ = a5 = 41 entsteht —— = v).
121<v<39+c.121<39, <c<as (bei ¢ = as; entsteht - v)

Die Nenner dieser Nebenndherungen sind grofer als 121, daraus folgt nach (II):

(IV) Zwischen v und 39 liegen nur Briiche, deren Nenner grofer als 121 sind.
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Aus den Hauptniherungen 1/4 und 10/39 folgt andererseits:

1 - 10 0 31
e <v<iv<—, 0<c<ay=3 (beic:a4:3entstehtﬁ).

1
_<—
4 44c¢-39 39

1 1
Fiir ¢ = 1 ergibt sich die Nebennéherung ER die linksseitig ndher an v liegt als 7

10
rechtsseitig jedoch liegt wegen ¢ < ay/2 nach (I1I) 9 (mit kleinerem Nenner) néher,

eben als nach (I) beidseitig ,beste’ Naherung fiir v und v'.

21
Aber fiir ¢ = 2 gewinnt man ok

21 31 10 21
Nun gilt 3 < op <V V< < 39" Nach (III) ist gg Wegen ¢ = 2 > a4/2 beidseitig

,Jbeste’ Naherung von v und o', liegt somit néher als 39" Nach (II) sind die Nenner aller

21 31
Briiche zwischen = und ol grofer als 121, und mit (IV) folgt insgesamt (auch fiir V'):

. 21
Einsicht 3 Das Ubersetzungsverhdltnis 22 fuir den Antrieb des Modell-Mondes ist so giin-
stig gewdhlt, dafS es niher am theoretisch gewiinschten Verhdltnis V' liegt als alle Briiche auf
beiden Seiten von V' mit Nennern bis 120.

31
Besser mit ndchstgrofferem Nenner ist 1 und dies auch beiderseits von V.

Beildufig erwiahnt werde noch v < % <V< % < v/, wobei zwischen v und v’ die Nenner aller

weiteren Briiche grofler als 402 sind.

2.3 Bewertung von Abweichungen zwischen Modell-Mond und Naturmond

Den modellierten synodischen Mond b;; der Uhr bestimmen wir nun bei gegebenem Wert

des Ubersetzungsverhiltnisses V aus der ersten Gleichung des vorigen Abschnittes 2.2:

360° 360°
by - V- = °+ by - )
a - Ve = 30074 bar - e
Es wird )
bM == v 1 da
7 7 365

und fiir den Modellwert 21/82 von V' errechnet man

1 ~82:365 29930
2L L7 3.365—-82 1013

d, das sind 29d 13h 6,1...m.
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Einsicht 4 Die Termine fir kiinftige Neu- und Vollmondstellungen an der Uhr lassen sich

mat by :%d aus bekannten Ausgangswerten sukzessiv bestimmen.

Der modellierte synodische Mond by von 29d 13h 6,1 ...m ist gegeniiber dem wahren syn-
odischen Mond b von 29d 12h 44,0...m ca. 22min zu grof.

In vier Jahren verliert der Modell-Mond gegeniiber dem Naturmond modellbedingt
(byr — b)- &bsﬂd, das sind ziemlich genau 18h 11m (oder fast 4h 33m im Jahr).

Pro synodischem Mond b ist der Verlust namlich by; — b.

(Fiir den erwéahnten besseren Naherungswert 31/121 von V' ergébe sich by, zu

ﬁd = 29d 12h 48,0...m, also ca. 4min zu grof,
121-7 365
fiir die naive dezimale Néherung 0, 256 (: % = %) von V' (s. Abschnitt 2.2) jedoch zu

0,256;161 = 29d 13h 23,6...m, also sogar fast 40min zu grofs, und dies bei dem noch

7365

groferen Nenner 125, dezimal eigentlich sogar 1000.)
Die an der Uhr, bei genaueren Beobachtungen, festzustellenden Differenzen zwischen Modell-
Mond und Naturmond resultieren aber wie in 2.1 gesehen neben der soeben behandelten
Ursache wesentlich aus Schwankungen im Lauf des Naturmondes, die im Modell nicht rea-
lisierbar sind. Eine Beurteilung der Ganggenauigkeit des Modell-Mondes durch spontanen

Vergleich etwa bei Neu- oder Vollmond ist somit wenig aussagekriftig.

Die Durchschnittswerte der Zeitdifferenzen zwischen Modell-Mond und Naturmond, d.h. der
vorzeichenbehafteten Riickstéinde des Modell-Mondes, an Neu- und Vollmondterminen in
den Jahren 2004 bis 2007 z.B. betragen —6h 23m (25 Termine), —2h 4m (25 Termine),
2h 34m (24 Termine) bzw. 7h 43m (25 Termine), Werte aus den Nachrechnungen in [10], ein
jahrlicher Verlust des Modell-Mondes um etwa 41/2h nach Einsicht 4 deutet sich an.

Extreme Riickstdnde in diesem Zeitraum sind:
Modell-Neumond —14h 43m am 15.8.2004 13:04, 16A 49m am 13.8.2007 17:50,
-Vollmond —17h 34m am 6.3.2004 6:40, 20~ 13m am 24.12.2007 22:27.

Der durchschnittliche Riickstand von Neu- und Vollmond der Uhr in den vier Jahren 2004 -

2007 berechnet sich zu 26min und ist auch das Ergebnis einer am 5.3.2004 erfolgten Justie-

rung, erstmals unter (vermeintlich) voller Einsicht in die Gegebenheiten. Fiir den vorliegen-

den Zeitraum ist diese Durchschnittsabweichung minimal, s. dazu Abschnitt 4.
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3 Die Scheibe HORAS PLANETARUM, die ,Planetenstunden‘-Scheibe

Auf der Scheibe sind die seit alters bekannten, im Tierkreis ,umlaufenden sieben Gestirne*
angeordnet: Saturn, Jupiter, Mars, Sonne (Soll), Venus, Merkur, Mond (Luna) befinden
sich in dieser Reihenfolge mit Symbolen und Namen viermal linksherum in 28 abgeteilten
Sektoren. In einem inneren Kreis liest man HORAS PLANETARUM. Die Kreisscheibe ist
drehbar auf ihrer Achse gelagert, diese Achse fest am Stundenzeiger der Uhr, und vor der

Scheibe befindet sich ein roter Zeiger.

HORAS PLANETARUM
Montag, 30.7.2007 5 Uhr Montag, 6.8.2007 15 Uhr Mittwoch, 22.8.2007 15 Uhr

Zuriick bis zu den Sumerern und Babyloniern im 4. Jt. v. Chr. reicht die Kenntnis der 7 umlaufenden
Gestirne, angeordnet nach der Lange ihrer Umlaufzeiten. Diese Anzahl 7 gilt als eine der Ursachen
fiir die Siebentagewoche. Vermutlich haben die Juden diese Woche schon friih iibernommen, im
Alten Testament gibt es spétestens im 6. Jh. v. Chr. Erwdhnungen. Im 1. vorchristlichen Jh. ge-
wann im romischen Reich die unverdnderliche Zeiteinteilung in Siebentage-Wochen immer mehr an

Bedeutung und ist so auch zu uns gekommen.

,Mit der Siebentage-Woche gekoppelt war die Belegung sowohl der Tage als auch der 24 Stunden
eines Tages mit astrologischen Symbolen und Sinngehalten*: Fiir jeden Wochentag und seine Stunden
ergab sich eine Abfolge von 24 Stundenregenten, indem die eingangs genannte Sequenz der 7 Gestirne
periodisch fortgesetzt wird; dabei erkennt man in dem jeweiligen Regenten der ersten Tagesstunde

gleichzeitig den Tagesregenten.

Es beginnt z.B. am Sonntag in der ersten Stunde mit dem Tagesregenten Sonne, dann folgen Stunde
fiir Stunde Venus, Merkur, Mond, Saturn, Jupiter, Mars, in der 8. Stunde wieder Sonne, auch in der
15. und 22. Stunde, anschliefsend Venus, Merkur fiir die 23. und 24. Stunde, und danach steht fiir
die erste Stunde am Montag sein Tagesregent Mond. In weiterer Folge stehen u.a. die Tagesregenten
Mars am Dienstag, Merkur am Mittwoch, Jupiter am Donnerstag, Venus am Freitag, Saturn am
Samstag. (Bemerkenswert sind z.B. die Namen Sonntag, Montag, mardi, mercredi (franz. Dienstag,

Mittwoch), Saturday (engl. Samstag)).
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,Mit dem Aufkommen der Schlaguhren an Rathdusern und Kirchen wurde allméhlich die schon friih
von babylonischen und spéter auch von dgyptischen Astronomen eingefiihrte Teilung des Volltages
in 24 gleiche Abschnitte (Aquinok‘tmlstunden) fiir den Alltag iibernommen.” ,Die kleine (halbe oder
deutsche) ,Uhr‘ zéhlte von Mitternacht an zweimal 12 Stunden. Sie setzte sich in Deutschland ab
der zweiten Halfte des 14. Jh. immer mehr durch.“ (Diese Absétze nach [¢] Abschnitte 1.2 und 3.4.)

Hinter der angesprochenen Scheibe nun befindet sich ein Getriebe mit zwei Zahnradern

24
287

Antriebsrad drehbar auf seiner Achse am Stundenzeiger befestigt aber durch ein Konterge-

im Verhaltnis das 28er-Rad ist dabei konzentrisch an die Scheibe montiert, das 24er-

wicht gleichstehend ausgerichtet.

Folgende Realisierungen sind denkbar und sind auch aufgetreten.

(a) Das Getriebe ist wie beschrieben in Funktion, oder (a’) es ist aufer Betrieb gesetzt

und dafiir die Scheibe selbst durch ein Kontergewicht gleichstehend ausgerichtet.

(b) Der rote Zeiger ist auf der Achse der Scheibe in konstantem Winkel zum Stunden-
zeiger fest montiert, oder (b’) er ist drehbar auf der Achse gelagert, steht durch sein

Eigengewicht stets vertikal.

In der Schrift [6] aus dem Jahre 1885 liest man, daft die Uhr bis 1835 in Funktion war,
dann aber Stillstand erfolgte (wegen Bauarbeiten in der Kirche) bis zur Wiederherstellung
1885, dem ersten Jahr auf der Kalenderscheibe. Beschrieben wird ,eine Scheibe mit einem
Planetarium ..., welche sich, von einem Contragewicht gehalten, mit der Bewegung des
Stundenzeigers nach rechts (?) dreht* (S. 8).

Diese Bewegungserklarung ,mit Hilfe einer Gewichtsbeschwerung . .. genau nach dem Prinzip
der Sebes-Scheibe® (sie ist stets gleichstehend ausgerichtet) findet sich 1960 auch in [11] S. 26.

Realisiert ist also zu diesen Zeiten die Funktionsweise (a’).

Das bestétigen Fotografien von Karl ESCHENBURG aus dem Jahr 1936 |2], siche nachfolgende
Seiten, auf denen zu unterschiedlichen Stellungen des Stundenzeigers die Scheibe stets in
derselben Ausrichtung zu sehen ist (Mond, Saturn, Jupiter unten, man vergleiche auch den
Schriftzug HORAS PLANETARUM nahe des Zentrums der Scheibe). Andererseits aber zeigen
die Aufnahmen den roten Zeiger in konstantem Winkel zum Stundenzeiger, realisiert ist

Funktionsweise (b).

Die Kombination (a’,b) bewirkt, daft sich der Zeiger in 24h einmal iiber alle 28 Sektoren
der Scheibe hinwegdreht, und zwar rechtsherum, d.h. entgegengesetzt zur eingangs notierten

Reihenfolge der Gestirne.
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Aus [2] 1936, mit freundlicher Erlaubnis des Eigentiimers

Bei der umfangreichen Restaurierung 1976 (s. [3]) wurde die ,,Aufserbetriebsetzung des Ge-
triebes hinter der Planetenscheibe und Anbringung eines Kontergewichtes am Rand der
Planetenscheibe korrigiert in Funktionsweise (a). Leider folgt: ,Richtig ist, dass der Zeiger
durch Eigengewicht stets senkrecht steht, also Funktionsweise (b’), von der auch in [12]

(S. 33) gesprochen wird. In [13] (S. 11) ist die heutige Realisierung (b) erstmals publiziert.
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Aus [2] 1936, mit freundlicher Erlaubnis des Figentimers

Einsicht 5 I'm g—g -Getriebe der Planetenstunden-Scheibe volifihrt das 24er-Antriebsrad in
24h auf seiner Drehachse eine volle Linksdrehung (wegen der Ausrichtung durch das Kon-

tergewicht, bei vollem Rechtsumlauf des Stundenzeigers).

Die Scheibe dreht sich dadurch (mit dem 28er-Rad) auf ihrer Achse rechtsherum, und zwar
in 24h um 24 threr 28 Sektoren.

Wenn der rote Zeiger dabei fest zur Scheibenachse steht, so drehen sich unter ihm pro Tag

24 Stundenregenten hindurch, die auf der Scheibe linksherum aufeinanderfolgen.
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Bei der Realisierung (a, b’) jedoch kommt zur Rechtsdrehung der Scheibe eine volle Links-
drehung des hingenden Zeigers pro Tag auf derselben Achse hinzu, pro Stunde wandern
unter dem Zeiger zuséatzlich % Sektoren, insgesamt mehr als zwei hindurch. (Wahrnehmung
dieses Effekts gab 1999 den ersten Anstofs zur vorliegenden Ausarbeitung.) Die Festsetzung
des roten Zeigers auf der Scheibenachse und somit die nach Einsicht 5 sinnvolle Realisierung

(a, b) sowie eine zutreffende Ersteinstellung des Stundenregenten erfolgten am 28. Juni 2001.

Nach Quellenlage ist ab diesem Datum erstmals seit 1835 die Anzeige der Stundenregenten

wieder addquat.

4 Uberlegungen zu gelegentlich erforderlichen Justierungen

An einem Schalttag sollte die obere Uhr normal weitergehen, damit sich einerseits der Modell-
Mond wie erforderlich fortbewegt und andererseits der Zyklus fiir die Stundenregenten auf der
Planetenstunden-Scheibe korrekt fortsetzt. Dadurch gewinnt die Modell-Sonne jedoch einen
Tag (Einsicht 1). Dies ist zwar zunéchst unerheblich, wiirde sich aber nach mehrmaliger
Wiederholung schlieflich doch zeigen. Weil nun aber der Modell-Mond in vier Jahren mehr
als 18h verliert (Einsicht 4), liegt seine Justierung nahe, und dies kénnte in jedem Schaltjahr
dann gleich gemeinsam mit der Modell-Sonne (an weitgehend beliebigem Tag) erfolgen, so
laute hier der Vorschlag mit den nachfolgenden Uberlegungen dazu. (Fiir die Kalenderscheibe
der unteren Uhr, die keinen 29.2. fithrt, muf die Weiterschaltung einen Tag unterbrochen

werden, um auf ihr die richtige Datumsanzeige zu sichern.)

Zur Einstellung des Modell-Mondes unabhéngig vom iibrigen Uhrwerk gibt es die erwéhnte
Moéglichkeit, ihn zwischen seinem 21er- und 82er-Antriebsrad zu entkoppeln. Dann 1afst er sich
um eine zu wihlende Anzahl von Zdhnen seines 82er-Rades, aber nicht anders, neu einstellen.
Welcher Zeitspanne entspricht dabei 1 Zahn des 82er-Rades? Die Neueinstellung geschieht
entlang des nun stillstehenden, konzentrisch gelagerten Jahresrades der Modell-Sonne, und

darum entspricht eine volle Drehung um 82 Z&hne einem modellierten synodischen Mond

_ 29930 7 _ 82:365-247 _ 8760 L : )
b (— 013 0 = s h =82 {;3h, Einsicht 4). Somit folgt:

Einsicht 6 Das Zeitiquivalent pro Zahn des 82er-Rades ber Entkopplung ist

8760
8807 (= 8h 38,85...m ~ 8h 39m).

Man beachte den Unterschied zu Einsicht 2.

In vier Jahren verliert der Modell-Mond 18k 11m (Einsicht 4); hinzu kommt ein vierjihriger
durchschnittlicher vorzeichenbehafteter Riickstand D zum Naturmond, wir setzen
S : =D+ 18h 11m.

Um S miifste der Modell-Mond vorverstellt werden, damit in der néchsten Vierjahresperiode,

in der er wiederum 18h 11m verlieren wird, sein durchschnittlicher Riickstand Null wére.
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Die Prozedur der Justierung beginne vor Entkopplung des Modell-Mondes mit

Riickstellung der Modell-Sonne um einen Tag, durch entsprechende Riickdrehung

am seinerseits entkoppelbaren 24h-Rad, dem Antriebsrad des Stundenzeigers.

Die Planetenstunden-Scheibe ist dann um eine erzwungene ,volle’ Rechtsdrehung,
die das Kontergewicht tiberwindet, wieder auf den richtigen Wochentag vorzu-

stellen.

Durch diese Riickstellung des Werkes vergrofiert sich der Riickstand des Modell-Mondes

kiinstlich zunéchst um weitere 24h, die zusammen mit S nun bei seiner Entkopplung aus-

zugleichen wiren. Die hierfiir zu wihlende Anzahl von Z&hnen bestimmt sich aus dem Ver-
haltnis zum Zeitdquivalent 8h 39m pro Zahn:

_ S+24h
Ist ] '=%h 39m

so werde der entkoppelte Modell-Mond um k Zahne seines 82er-Rades vorgestellt.

, und ist k& die ganzzahlige Rundung von [ (d.h. —3 <1—Fk < 1),

(Man tausche sich iiber Unbequemlichkeiten bei der Wiedereinkopplung nicht, sie bedarf
guter Vorbereitung.)

Hierdurch vermindern sich alle anstehenden Zeiten fiir den Modell-Mond um

Z =k -8h 39m — 24h, die kiinstliche Erhohung um 24h, die in k enthalten ist, mufs ndmlich
annulliert werden. Gewiinscht war, dal D' := S —Z = D+ 18h 11m — Z zu Null wiirde, daf
durchschnittlicher Riickstand D sowie 4jahriger Verlust ausgeglichen worden wéren. Dies
aber kann kaum je eintreten, und daher dndert sich, nach Ausgleich des 4jahrigen Verlustes,

der Durchschnitt D in den neuen 4jiahrigen Durchschnitt D’

Nun ist S+ 24h = 1-8h 39m und Z + 24h = k-8h 39m, somit D' = S—Z = (I— k) -8h 39m,
also —4h 20m < D" < 4h 20m.

Einsicht 7  Wird der entkoppelte Modell-Mond nach vier Jahren bei geschilderter Prozedur
um k Zdhne vorgestellt, so kommt er zukiinftig um Z =k - 8h 39m — 24h eher.

Der bisherige durchschnittliche Riickstand D zum Naturmond verdandert sich um 18h 11m—2
zum neven vierjihrigen Durchschnitt D' :== D + 18h 11lm — Z (= S — Z).

Die Einstellung ist bestmaglich, falls D' absolut kleiner als 4h 20m ist.

Empfehlung fiir 2008:
Es ist D = 26m in den Jahren 2004 -07 (s. Ende Abschnitt 2.3),

1 2
S =D+ 18h 1lm = 18h 37m, 1= P32 e omit k=5
8h 39m

dann wird Z = 5-8h 39m —24h = 19h 15m, 18h 1lm —Z = —1h4mund D' = D —1h 4m =
26m — 1h 4m = —38m fir 2008 —11.
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Am 21.6.2001 (Sommeranfang, Neumond) wurden Modell-Sonne und Modell-Mond, der
einen Riickstand von mehreren Tagen aufwies, neu eingestellt, und zwar noch nach Au-
genschein. Spéter wieder auftretende Abweichungen verwunderten zunéchst, und fithrten zu

Uberlegungen mit den geschilderten Einsichten.

Am 5.3.2004 erfolgte erstmals eine Justierung nach obiger Prozedur (mit & = 6). Damals
galt D = 10h 6m fiir den zuriickliegenden 4jahrigen durchschnittlichen Riickstand. Obwohl
also drei Jahre zuvor der Modell-Mond vermeintlich bestmoglich eingestellt wurde, war dies

nicht gelungen.

5 Schluftbemerkungen, ein Blick in die Zukunft

Konkrete Neu- und Vollmondzeiten des Modell-Mondes in diesen Ausfithrungen beziehen
sich auf die Stellungen der Gesichter, die im Ausschnitt der Sonnenscheibe sichtbar werden.
Das Mondsymbol geht leider nicht génzlich konform hiermit, insbesondere bei Neumond wird
erkennbar, dafs es dem Sonnensymbol etwas voraus ist. Hierfiir sollte bei kiinftiger Restaura-
tion eine Korrektur angestrebt werden. (Aufnahmen [2| zeigen einen gekriimmten Sonnenzeiger,

s. Bilder in Abschnitt 3, wodurch dieser Effekt geringer gewesen sein konnte.)

Vollmond an der Uhr, 30.7.2007 5:00 Neumond an der Uhr, 13.8.2007 17:50

Zahlreiche Beobachtungen erhellten aufterdem, dafs sich Neu- und Vollmondgesicht auf der
bemalten Scheibe nicht genau gegeniiberstehen: Von Neumond bis Vollmond sind es ca. 15d,
von Vollmond bis Neumond ca. 14d 13h. Letztlich konnten die Daten so prézisiert werden,

dak nun stets eine zutreffende Fortberechnung (s. Einsicht 4) méglich ist.

Bei nochmaliger Betrachtung von Einsicht 7 und der Empfehlung fiir 2008 sieht man, dafs
mit k = 5 stets 18~ 11m — Z = —1h 4m gilt. Der Vierjahresdurchschnitt D &ndert sich somit

bei nachfolgenden vierjahrlichen Justierungen mit £ = 5 immer um diesen selben Wert, und
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solange D grofer als —4h 20m bleibt, ist & = 5 richtig gewahlt. Mit D = —38m fiir 2008 -
11 trifft dies nach entsprechender Justierung 2012 zu, auch noch 2016 und 2020, hier mit
D = —3h 50m fiir 2020 - 23.

Dann ist 2024 zur Justierung k& = 4 richtig mit Z = 4-8h 39m — 24h = 10h 36m, 18h 11m —
Z = Th 35m und neuem D = —3h 50m + 7h 35m = 3h 45m fiir 2024 —-27.

Danach kommen wieder Verminderungen um 1h 4m — wenn denn das Uhrwerk, wie durch

geschickte Hénde jetzt, seine gute Pflege behilt.

Angemessenes Justieren ist hiernach iiber eine lingere Zeitspanne hinweg klar, die prognosti-
zierten Werte sind grundsétzlich dem Werk immanent. Das Einbeziehen der Modell-Sonne rét
fiir die Justierungen zu einem Vierjahresrhythmus; haufigeres Justieren kénnte u. U. Durch-
schnittsabweichungen verbessern, aber dies immer nur kurzzeitig und jeweils auch nur in
Schritten von 8h 39m, dem Zeitdquivalent fiir einen Zahn des 82er-Rades. Darum bleibt eine
Beurteilung der Einstellungen mittels vierjahriger Riickstandsdurchschnitte und ihrer Lage
innerhalb des allgemein bestmdoglichen Intervalls I von —4h 20m bis 4h 20m (s. Einsicht 7)

unsere Grundlage.

Das empfohlene Vorgehen wird auch davon nicht beriihrt, dafs die in den Rechnungen ver-
wendeten Grofen 18k 11m und 8h 39m (s. Einsicht 4 bzw. 6) gerundet wurden, ihre Run-

dungsfehler wirken sich auf die Vorschlage bis in weitere Zukunft nicht aus: Es gilt

4-365+1

b d < 18,1841h, 8,6475h < @h < 8h 39m.

18h 11m < (by; — b) - E

Daraus folgt fiir die wahren Anderungen A; des Durchschnitts D bei Justierungen um &
Zahne (s. Einsicht 7)

18h 11m — (k- 8h 39m — 24h) < Ay < 18,1841h — (k - 8,6475h — 24h),
speziell bei £ = 5 bzw. 4
—1h 4m < Ay < —1,053h bzw. T7h 35m < Ay < 7,595h.

Ab 200407, d.h. der Justierung 2008 gerechnet, ergibt sich fiir den wahren Wert von D im

Zeitraum 2024 —27 bei den oben genannten Prozeduren deshalb
3h 45m < 26m+4-As5+1-Ay =D < 3,817h < 3h 50m,

D liegt im soeben bezeichneten Intervall I, und fiir alle vorhergehenden (kleineren) Durch-

schnitte sichern dies ja schon die fritheren Werte (als giiltige untere Abschétzungen).

Bedenkt man noch 7m < 7-A;+1-Ay < 0,224h (= 13,5m), so erhéhen demnach 7 vierjéhr-

liche Justierungen mit k£ = 5 und eine mit £ = 4 zusammen in 32 Jahren den Durchschnitt D
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um einen Wert innerhalb der genannten Schranken. Bei zweimaligem derartigen Vorgehen
ab 2024 - 27 wiirde sogar fiir 2088 - 91 hochgerechnet gelten

3h 45m +2-Tm = 3h 59m < D < 3,817h + 2 - 0,224h = 4,265h < 4h 16m,

auch dieses grofte D der gesamten Abfolge l4ge noch in I, aber ebenso alle anderen, denn

das kleinste unter ihnen (nach 7 Justierungen mit k = 5) wére grofer als
3h 45m + 7 - (—1h 4m) = —3h 43m.

In den Jahren 2092 und 96 ware wieder £ = 5 zu wahlen, das Nicht-Schaltjahr 2100 dann
wiirde eine eigene Prozedur erfordern ..., wenn nicht kiinftige Interessierte andere Modi

bevorzugt haben werden.

Allerdings wurde der Ausgangswert D = 26m fiir 2008, auf dem die Rechungen basieren, le-
diglich aus Stiitzstellen der kontinuierlichen ,Riickstandsfunktion® ermittelt, theoretisch wére
ein Integralmittelwert einzusetzen. Solche Untersuchungen erscheinen jedoch im anstehenden

Rahmen als irrelevant.

Uber eine einfache technische Realisierung, die bereits eine Mdaglichkeit fir spo-
radische Korrekturen enthdlt, zeigt die Uhr thren Besuchern Abbilder des natiir-
lichen Sonnen- und Mondlaufs, und diese sind unter geeigneten vierjahrlichen
Korrekturen so zutreffend, daff unvermeidliche Abweichungen nur bei gezieltem

Vergleich wahrgenommen werden kénnen.

Im Jahr 2017, es ist das Jahr des 500jédhrigen Reformationsjubilaums, enden auf der groften
Kalenderscheibe die ab 1885 geltenden jahrbezogenen Angaben, z.B. die Osterdaten, die
Scheibe mufs zumindest an diesen Stellen erneuert werden, erforderliche neue Daten liegen
seit 1994 vor ([13] S. 20). Auch weitere Restaurationen, so an den Scheiben mit Sonnen-
und Mondsymbol, sind sicherlich nétig, um die Uhr als einzigartiges Kulturdenkmal nicht
zu gefahrden. Hoffen wir, dafs gut informierte, wohlgesinnte Verantwortliche hierfiir die er-

forderliche pekunidre Ausstattung bereithalten.

Ab 2018, dem Jahr des 800jahrigen Jubildums unserer Hansestadt, sollten die neuen Angaben
der Kalenderscheibe gelten, und 2019 feiert die Universitiat Rostock ihr 600jahriges Bestehen,

vermutlich auch in St. Marien — wo sie einst gegriindet wurde.
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DARUNI BOONCHARI, SATIT SAEJUNG

Weak and strong convergence of a scheme with errors
for three nonexpansive mappings

ABSTRACT. We establish weak and strong convergence theorems of modified Ishikawa
iteration with errors with respect to three nonexpansive mappings. We improve and extend
many results due to Khan and Fukhar-ud-din, Tamura and Takahashi and many authors.

We also point out that an additional condition imposed in Rafiq’s paper does not make sense.

KEY WORDS. nonexpansive mapping, Ishikawa iteration, uniformly convex space, Opial’s

condition, condition (A”)

1 Introduction

Nonexpansive mappings have been widely and extensively studied by many authors in many
aspects. One is to approximate a common fixed point of nonexpansive mappings by means

of an iteratively constructed sequence.

Let C' be a nonempty convex subset of a normed space £ and R, S, T : C' — C' be three

mappings. Xu [13] introduced the following iterative scheme,

(a) The sequence {x,} defined by

1 € C, (1)

Tpi1 = pxy + b, T2, + cru,, n > 1,

where {a,},{bn}, {cn} are sequences in |0,1] such that a,,+0b,+c¢, = 1 and {u,} is a bounded
sequence in (', is known as Mann iterative scheme with errors. This scheme reduces to Mann

iterative scheme if ¢, =0, i.e.,

T C
- )

Tpr1 = Ty + (1 —ap)Tz,, n>1,

where {a,} is a sequence in [0,1].
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(b) The sequence {x,} defined by
r€C

Yp = ahx, + b, Tx, + v, (3)

Tpi1 = ApTy + bnTxn + Cplip, n > 17

where {a,},{b.},{cn},{a},{b.},{c.} are sequences in [0,1] satisfying a,, + b, + ¢, =1 =
a, + b, + ¢, and {u,},{v,} are bounded sequences in C, is called the Ishikawa iterative

scheme with errors. This scheme becomes Ishikawa iterative scheme if ¢, =0 = ¢, i.e.,

xr1 € C
Yo = a,xn + (1 —a,)Tx, (4)

Tpr1 = apnTp + (1 —ap)Tz,, n>1,

where {a,}, {al,} are sequences in [0,1].

A generalization of Mann and Ishikawa iterative schemes was given by Das and Debata

[3] and Takahashi and Tamura [11]. This scheme dealt with two mappings:
xr1 € C
Y = alx, + (1 —al) T, (5)

Tptl = ATy + (1 - an)Synu n =1,
(c¢) The sequence {x,}, defined by

x| € C
Yn = ahxy, + 0, Tz, + v, (6)
Tpi1 = Xy + 0, SYn + cpttn,, n>1,

where {a,},{b.},{cn},{a.},{V.},{c,} are sequences in [0,1] satisfying a,, + b, + ¢, =1 =

al + b, + ¢, and {u,},{v,} are bounded sequences in C, is studied by S.H. Khan and
H. Fukhar-ud-din [4].

Inspired by [1] and [5], we generalize the scheme (6) to three nonexpansive mappings with

errors as follows:

(d) The sequence {x,}, defined by

xg € C
Yn = a, Rx, + U, Tx, + v, (7)

Tpt+1 = anRxn + bnsyn + crun, n > 17
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where {a,},{b,},{c.},{al},{b.},{c,} are sequences in [0,1], a,, + b, +¢c, =1 =al, + b+,
and {u,}, {v,} are bounded sequences in C.

2 Preliminaries

Let E be a Banach space and let C' be a nonempty closed convex subset of E. When {z,}
is a sequence in E, we denote strong convergence of {x,} to z € E by =, — x and weak

convergence by x,, — .

A Banach space F is said to be satisfy Opial’s condition [7] if for any sequence {z,} in E,
x, — x it follows that limsup,, . ||z, — z|| < limsup,,_, . ||z, —y|| for all y € E with y # x.

For every € with 0 < ¢ < 2, we define the modulus dg(g) of convexity of E by

lz +yll
2

op(e) = inf {1 - Azl < 1yl <1, e =yl > e}

A Banach space F is said to be uniformly convex if dg(¢) > 0 for every € > 0.

A mapping T : C' — C is said to be nonexpansive if |7z — Ty|| < |z — y|| for all z,y € C.
A mapping T : C — FE is said to be demiclosed with respect to y € FE if for each sequence
{z,} in C and each = € F, x,, — x and Tz, — y it follows that z € C' and Tx = y.

Next we state the following useful lemmas.

Lemma 1 ([ ]) Suppose that E is a uniformly convex Banach space and 0 < p <t, <
q < 1 for all positive integers n. Also suppose that {z,} and {y,} are two sequences of E
such that limsup,, . ||z.] < 7, limsup,_. o [|y.|| < 7 and lim, o ||tpz, + (1 — t)yn|| = 7

hold for some r > 0. Then lim, o ||z, — yn|| = 0.

Lemma 2 ([12], Lemma 1) Let {s,},{t.} be two nonnegative real sequences satis-
fying
Spi1 < Sp+t, forall n>1.

If 5700 t, < 00, then lim,_.« s, exists.

Lemma 3 ([ ]) Let E be a uniformly convex Banach space satisfying Opial’s condition
and let C' be a nonempty closed convex subset of E. Let T be a nonexpansive mapping of C

into itself. Then I — T is demiclosed with respect to zero.

3 Main results

In this section, we shall prove the weak and strong convergence theorems of the iteration
scheme to a common fixed point of the nonexpansive mappings R, S and 7. Let F'(T") denote
the set of all fixed points of T
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Lemma 4 Let E be a uniformly convex Banach space and C' its nonempty closed convex
subset. Let R, S, T : C'— C be nonexpansive mappings and {x,} be the sequence as defined
in (7) with Y2 ¢, <00, Yy 2 ¢, <oo. If F(R)YNF(S)NF(T) # 0, then lim,_.« ||z, — |
exists for all p € F(R)NF(S)NF(T).

Proof: Assume that F(R)NF(S)NF(T) #0. Let p € F(R)YNF(S)NF(T). Since S, T, R

are nonexpansive mappings, we have

1yn — pll = |lay, Ran + b, T2, + con — p|
< ay||Rzy — pl| + 0| Tz — pl| + ¢ [[vn — pl|
< apllzn — pll + 1z — pll + cllon — pl|
= (ay, + b)) [|zn — pl| + ¢ llvn = pll
= (1= &)lzn = pll + &, llvn = pll
< lzn = pll + i llvn — pll (8)

|Tns1 — pl| = lan Rz + b0 Syn + cruy, — p|
< an|| Ry — pll + 0nl[Syn — pll + callun — pll
< anlyn = pll + ballzn — pl| + cnllun — pll
< ap([lzn = pll + cullvn = pl) + bullwa — pll + eallun — pl]
= apl|zn — Il + ancy[vn — pll + bullzn — pll + callun — pl]
= (an + o) |20 — pll + ancyllvn — pll + callun — pl|
< lzn = pll + ey llve = pll + callun — D (9)

By Lemma 2, lim,,_,« ||z, — p|| exists. O

Lemma 5 Let E be a uniformly convex Banach space and C' its nonempty closed convex
subset. Let S,T, R : C — C be nonexpansive mappings and {x,} be the sequence as defined
in (7) with Y2 cp <00, Y00 ¢y <ooand 0 < <b,b,<1-06<1. IfF(R)NF(S)N
F(T) # 0 and

e — Syl < IRz — Syl| for allz,y € C, (10)
then
lim ||Sz, — z,| = lim ||[Tz, — z,| = lim ||Rz, —x,|]| =0

for allp € F(R)NF(S)NF(T).
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Proof: From Lemma 4, we get lim, . ||z, — p|| exists. Let lim, ., ||z, — p|| = ¢. Then if
¢ = 0, we are done. Assume that ¢ > 0. Next, we want to show that lim,,_,« [|Sy,—Rz,|| = 0.

We note that {u, — Rx,—p} is a bounded sequence, so lim,, ., ¢,||u,— Rz, —p|| = 0. Consider
e= i ene ]
= Tlan;O (1 = b,) Rz + by Syn + cruy, — cnRx, — pl|
= tim [[(1 - b)(Br, — p) + bu(Sw — D) + e, — Ry — )]
= lim |[(1 = by)(Ren —p) + ba(Sya — p)| (11)
and from (8) we have

limsup || Sy, — pl| < limsup ||y, — pl| < limsup ||z, — pl| + & llvn —pll =c  (12)

n—00 n—00 n—oo
also,
limsup || Rz,, — p|| < limsup ||z, — p| = c.
n—oo n—oo

Using Lemma 1 and (11), we have
lim ||Sy, — Rx,| = 0. (13)
It follows then that

HRIn - xn” < HRxn - SynH + HSyn - xn”

< 2||Rzy, — Syn|| — 0, (14)

and hence
15yn = 2nll < [[Syn — Ran|| + | Rz — 20| — 0. (15)
We are going to apply Lemma 1 again. To show that lim,, ., ||y, — p|| = ¢, we observe that

[z, = pll < [lwn — Synll + [1Syn — Il < ll2n — Syull + [[yn — pl| which implies that
¢ < liminf ||y, — p||.
This together with (12) gives
Timlyn — pl| = c. (16)
Finally, from (16) and the boundedness of the sequence {v, — Rx,, — p}, we have
¢ = lim [[y, —p||
= lim ||(1 —¥),)Rx, + b, Tx, + v, — ¢, Rz, — p|
= lim [|(1 = b},)(R2, — p) + b, (Txn — p) + &, (vn — Rxy — p)||
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Moreover,

limsup || Tz, — p|| < limsup ||z, — p|| = ¢,

n—oo n—oo
and

limsup || Rz, — p|| < limsup ||z, — p[| = c.

n—oo n—oo

Applying Lemma 1, we get

lim |Rz,, — Tx,| = 0. (17)
Using (14) and (17), we get that
lim ||Tz, — x,| = 0. (18)

Consequently, using (13), (14), (18) and

|20 — Szall < 2w — Syall + [[Syn — Sz4]|
< len = Synll + [[yn — 24l
< o = Synll + an | Rz — wal| + 0, [ Ton — 2| + & llon — @a|
<l = Syall + apll Bon — | + 01T 20 — 2l + ¢ [lon — pll,
we have
lim ||z, — Sz,|| = 0. (19)
This completes the proof. O

We first establish the weak convergence theorem of our iteration.

Theorem 6 Let E be a uniformly convex Banach space satisfies the Opial’s condition
and C, S, T, R and {x,} be taken as in Lemma 5. If F(R)N F(S)NF(T) # 0, then {x,}

converges weakly to a common fixed point of S, T and R.

Proof: Let p € F(R)N F(S)N F(T), then as proved in Lemma 4, we get lim, o ||z, — p||
exists. Now we prove that {z,} has a unique weak subsequential limit in F(R)NF(S)NF(T).
To prove this, let z; and 2z, be weak limits of the subsequences {z,,} and {w,,;} of {z,},
respectively. By Lemma 11, lim,, . ||z, — Sz,| = 0 and I — S is demiclosed with respect to
zero by Lemma 3, therefore we obtain Sz; = z;. Similarly, Tz; = z; and Rz; = z;. Again in

the same way, we can prove that zo € F(R)N F(S)N F(T). Next, we prove the uniqueness.
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For this we suppose that z; # 29, then by the Opial’s condition

lim |z, — 21| = lim [J2,, — 2|
— 00 11— 00
< lm ||z, — 2|
11—
= lim ||z, — 2|
n—oo
= i [}, — 2]
j—00
< tim [}, — 2
j—00

= lim ||z, — 2]

n—oo

This is contradiction. Hence {z,} converges weakly to a point in F'(R)N F(S)NF(T). O

Our next goal is to prove a strong convergence theorem. Recall that a mapping 7 : C' — C
where C'is a subset of E, is said to satisfy condition (A) ([10]) if there exists a nondecreasing
function f : [0,00) — [0,00) with f(0) =0, f(r) > 0 for all r € (0, 00) such that ||z —Tz| >
f(d(z, F(T))) for all z € C where d(z, F(T)) = inf{||lx — z*|| : 2* € F(T)}.

Senter and Dotson [10] approximated fixed points of nonexpansive mapping 7" by Mann
iterates. Later on, Maiti and Ghosh [(] and Tan and Xu [12] studied the approximation of
fixed points of a nonexpansive mapping 7" by Ishikawa iterates under the same condition (A)

which is weaker than the requirement that d is demicompact.

Three mappings R, S,T : C — C where C'is a subset of E, are said to satisfy condition (A”)
if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(r) > 0 for all
r € (0,00) such that

1
e = Re|| + llo = Tz + [|lz — Sz]) = f(d(z, F))

for all € C where d(z, F) = inf{||z —2*|| : 2 € F=F(R)NF(S)NF(T)}.

Note that condition (A”) reduces to condition (A) when R =S = T. We shall use condition
(A”) instead of the compactness of C' to study the strong convergence of {z,} defined in
(7). It is noted that if R = I, then condition (A”) reduces to condition (A’) of Khan and
Fukhar-ud-din [4].

Theorem 7 Let E be a uniformly convex Banach space and C, {x,} be taken as in
Lemma 5. Let R, S, T : C — C be three mappings satisfying condition (A”). If F(R) N
F(S)NF(T) #0, then {x,} converges strongly to a common fized point of R, S and T.

Proof: By Lemma 4, lim, . ||z, — p|| exists for all p € F(R) N F(S) N F(T). Let

lim, .o ||z, — p|| = ¢ for some ¢ > 0. If ¢ = 0, we are done. Suppose that ¢ > 0. By
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Lemma 5, lim, . ||[Sz, — @l = im0 [T, — x| = lim, oo ||Rzn — || = 0. Let
M = sup{||vn, — zu||, ||un — z.|| : n € N}. Moreover, by (9),

| Zn1 — 2|

< llzn = pll + cillva — pll + callun — p

<@ = pll + i llvn — zall + o llzn — Pl + cnllun — 2]l + callzn — pl]

< (T +c, +co)llzn —pll + cllve — zall + callun — @n

< (14, +cn)llzn —pll + (¢ + cu) M. (20)

This implies that d(x, 11, F) < (14, +c¢n)d(xy, F)+ (), + ¢,) M and hence lim,, .. d(z,, F)

exists by virtue of Lemma 2. By condition (A”),

lim f(d(z,,F)) =0.

n—oo

Since f is a nondecreasing function and f(0) = 0, therefore lim,, ., d(x,, F') = 0. Next, we

show that {z,} is a Cauchy sequence in E.

Let € > 0. We choose a positive integer /N; such that

d(zy,, F) < Z. (21)
We next choose ¢ € F' such that
€
lzn =gl < - (22)

By lim,, o ||z — ¢|| exists, the sequence {||z,, — p||} is bounded. Let K = sup,n{|lzn —
ql|, M}. Then from (20), we have

lznsr = gqll < llzn — gll + (6, + cn) K. (23)

Since > 07 ¢, < oo and Y 7, ¢, < 0o, there exists Ny such that

n=1""n
© €
Z Qi < T (24)
i=No

where @Q; = (¢; + ¢;) K. We take N = max{Ny, No}. Let n > N and m > 1. It follows from
(22), (23) and (24) that
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H$n+m - xn” < Hanrm _pH + Hp - an

n+m—1
<z —pll +llp—zal + D @
n+m—1 -
:QHxn_pH_" Z Qi
;—l n+m—1
<2y —pll +2D Qi+ Y. Qi
=N i=n
n+m—1
<2fey —pll+2 Y @Q,
i=N

<2llzy —pll +2) Qs
i=N

€ €
< 2(1) + 2(1) =e.

Hence {z,} is a Cauchy sequence in E. Since C is closed, z,, — = € C'. By the continuities
of S, R, T and (14), (18), (19), we get So = Rx =Tz =xz. Sox € F(R)NF(S)NF(T).
This completes the proof. n

If R is the identity mapping, then (10) is automatically satisfied and we have the following,.

Corollary 8 ([4],Theorem 1, Theorem 2) Let E be a uniformly convex Banach
space and C, S, T and {x,} be taken as in Theorem 7. Suppose that F(S)NF(T) # 0. Then

1. If E has the Opial’s condition, then {z,} converges weakly to a common fized point of
S and T,

2. If the mappings S and T satisfy condition (A’), then {x,} converges strongly to a
common fized point of S and T.

Remark 1 Theorem 6 and Theorem 7 extend and improve Theorem 1 and Theorem 2 of

[1] in the following ways:

1. the iteration methods in [4] are included as a special case of ours. Indeed, the identity

mapping is replaced by the more general nonexpansive mapping,
2. the boundedness of C' is not assumed as was the case in [1].

Remark 2 The following example |5, see Example 3.1| shows that our results extend sub-

stantially results in [4].
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Example 9 Let E be the real line with the usual norm and let C' = [—1,1]. Define
R, S, T:C — C by

z, x€l0,1]

—z, x€[-1,0)

Rx =

—sinz, z€][0,1]
Sx = and Tx =

sinx, x € [—1,0) —sx, x€[-1,0).

Obviously, F(R) N F(S) N F(T) = {0}. Moreover, it is not hard to see that nonexpansive
mappings R, S and T satisfy condition (A”).

z, x€l0,1]

N[ —=

Remark 3 Recently, Rafiq [3]| introduced the following condition: two mappings S, T :
C' — C are said to satisfy (AU-N) if

Sz —Tyl| <|lz —yl| forallz,yeC.

It the clear that if S = T, then (AU-N) is the definition of nonexpansive mappings. Unfor-
tunately, if S and T satisfy (AU-N), then

|ISe = Tx|| < |lz —z|| =0 forall xzeC,

from which S = T. This means (AU-N) is meaningless. Consequently, all results in [3] are

just dealing with only one mapping.
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MANFRED KRUPPEL

Takagi’s continuous nowhere differentiable function
and binary digital sums

ABSTRACT. In this paper we derive functional relations and explicit representations at
dyadic points for Takagi’s continuous nowhere differentiable function 7" and also for functions
which are connected with T'. As consequence we get formulas for binary digital sums, namely
the Trollope-Delange formula for the number of ones, a formula counting the zeros as well

as a formula for the alternating sum of digits.

KEY WORDS. Takagi’s continuous nowhere differentiable function, functional equations,
Trollope-Delange formula for the sum-of-digits function, alternating sum of digits, Cantor
sets.

1 Introduction

In 1903, T. Takagi [10] discovered an example of a continuous, nowhere differentiable function

that was simpler than a well-known example of K. Weierstrass. Takagi’s function 7" is defined
by

Ty =Y 227 ep (1.1)

n=0
where A(z) = dist (z,Z) is an 1-periodic function. 7" is given for 0 < x < 1 by the following
system of functional equations

7 (%) :f+%T(x), T(1+x) _ 1_x+%T(x). (1.2)

2

This function is connected with the well-known formula of Trollope-Delange for the sum of
digits, cf. [11], [1]. Let & € N have the binary expansion

k=Y a2 (a;€{0,1}) (1.3)
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with &' = [log, k|, and let s1(k) = ag + a1 + ... + ap the number of ones then it holds the

Trollope-Delange formula

i
L

1
s1(k) = élog2 n+ Fy (logy n) (1.4)
0

S|

B
Il

where F(u) is a continuous, 1-periodic, nowhere differentiable function. In [1] was also de-
termined the Fourier expansion of Fj. In [0] it was given a new proof of the Trollope-Delange
formula by means of the Mellin transforms. We show that formula (1.4) is a consequence of

functional relations for 7" and that the periodic function Fi(u) for u < 0 is representable by

Fi(w=—3 - 25T (w<0)

where T is Takagi’s continuous nowhere differentiable function (Theorem 2.1). We shall verify

log 3
log4

the well-known bounds min F; = — 1, max F; = 0 and determine the local maxima of

Fi(u) (Proposition 2.5).

If so(k) denotes the number of zeros in the binary expansion (1.3) of k then it holds

1 1 1
- ; so(k) = §log2 n+ - + Fp (logym)

where Fj is a continuous, 1-periodic, nowhere differentiable function which is given by

1—- 1
Fo(u) = = O ogtmuy T2 (0<u<
(Theorem 3.2). It holds min Fy = —1 and max F = }Zii — 2 (Proposition 3.3).

Moreover, for the alternating binary sum

(k) = (~1)a, (1.5)

=0
with k from (1.3) we show that
1 n—1 _
LS 5k) = Flog )
k=1

where F' is a continuous, 1-periodic, nowhere differentiable function which is connected with

Takagi’s function as follows:

where
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(Theorem 5.1). Finally, we investigate several properties of F. The bounds of F' are min F =
0 and max F = % We show that the zero set of F is a Cantor set of Lebesgue measure 0

and that F satisfies the functional equation
~ ~ 1 1

(Proposition 5.5).

2 The binary sum-of-digit function

In [7] it was shown that for £ € N, k = 0,1,...,2° — 1 and x € [0, 1], the Takagi function T

satisfies the functional equations

T(k;x) :T(§> Lz Ly (2.1)

and that the representation

n nt 1 &
k=0
with n = 0,...,2% is a consequence of (2.1).

Formula (2.2) implies that for n < 2¢ the binary sum-of-digit function

n—1
Si(n) = s1(k) (2.3)
k=0
can be represented by
nt _ n
Sin) = 5 =277 (?) (2.4)

where T is the Takagi function given by (1.1). In particular, for n = 2° we find from (2.4)
in view of T(1) = 0 that S;(2°) = £2°~!. We show that the formula of Trollope-Delange is a

consequence of (2.4).

Theorem 2.1 It holds Trollope-Delange formula (1.4) where Fy is a continuous, 1-

periodic, nowhere differentiable function which is given by

Fi(uw) =3 - 2u1+1T(2“) (u < 0). (2.5)

Proof: According to the first equation in (1.2) the function

filz) = —% {bgzw + éT(x)} 0<z<1) (2.6)



40 M. Kriippel

has for 0 < x < % the property fi(2x) = fi(x) so that it can be extended for all positive x
by

f1(2z) = fi(x) (x > 0). (2.7)
We show that for n € N it holds
%Sl(n) = %logﬂl + fi(n). (2.8)

For given n we choose / so large that n < 2¢. From (2.4) we find in view of (2.6) and (2.7)

1 ¢ 21
S = 5-57(5)
1 1 n 26 n
- glmn Ty {10g2 (7) 37 (@}
1 n
= Slogn+hi (3)
1
= §log2n + fi(n).
If we put
Fi(u) = f1(2")  (v€R) (2.9)

then (2.7) is equivalent to Fy(u+ 1) = Fi(u). Moreover, (2.8) turns over into (1.4) and (2.6)
yields (2.5). O

According to (2.9) the functions F; and f; have the same bounds.

Proposition 2.2 For the function f; : (0,1] — R from (2.6) we have max f; = 0 where
fi(z) = 0 if and only if x = 2—1,3 with ¢ € Ny. Furthermore, min f; = }ggi — 1 and we have

(z) = min f, ezactly for x = 24 with ¢ € Ny.
32

Proof: In view of (2.7) we only have to consider an interval of the form (a,2a] with any
a € (0,3].

1. First we show that for z € (3,1) we have fi(z) < 0 = fi(1) which in view of (2.6) is
equivalent to

T(z) > —xlog, .

We consider the partial sum Th(z) = A(z) + $A(22) of (1.1), which satisfies

1 1 3
2\L) =
2(l—xz) for 3<z<1,
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and T'(z) > Ty(z) for z € (3,1). For the function f(z) = —:Elong we have f(%) =T(i)=1
and f(1) = Ty(1) = 0. It follows in view of f'(3) =1— 10g2 <0and f'(1) = —@ > —2 and
the convexity of f that Ty(z) > f(z) for 3 < z < 1. Consequently, fi(z) <0 for § <z < 1.

2. Let c = fi(3) = {‘;ﬁ — 1. We show that fi(z) > cfor 3 <z < 2, ie.

1 1
-3 {long + ;T(x)} > c

which is equivalent to

1 2
zlogyx +T(x) +2cx <0 <§<x<§>

Since max 1 = % the inequality is true if the function
2
g(x) = xlog, x + 3 + 2cx

has the property g(z) < 0 for % <z < % But this is valid since g is strictly convex and
9(3) =9(3) =0 O

In order to determine the local maxima of f; we shall show the

Lemma 2.3 Leta = % and b = % with ¢ € N and 21 < k < 2°. Then for x =

ta+ (1 —1t)b with 0 <t <1 we have the inequality

1) 1)

T(b)
x a b

+(1-1) (2.10)
Proof: If this inequality is valid for ¢t = l then it follows by induction that it is valid for all
dyadic t = 2+ € (0,1) and hence for all ¢ 6 (0,1) in view of continuity of 7. So it is sufficient
to prove (2.10) only for t = 1

Incase { =1wehave k =1,ie. a=2%, T(a)=2,b=1,T(b) =0,z = %, T(x) = %, so that

2
(2.10) is true for ¢ = 1.

In the following let ¢ > 2. If we put A = T(a) and B = T(b) then for z = %2 we get from

(2.1) that T'(z) = 442 4+ %52, and (2.10) with ¢ = 1 reads

ALB L ba 4 B
2 2 > 4T
“;fb _2a+2b

A simple calculation yields that this inequality is equivalent to

A %4‘2 (2.11)
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According to (2.1) we have

B—A 0 — 281(k‘)
o
and hence
A . B 251(]{?) 4
a a k
Because of + = <+ G +1) we have L = 3+ & and so inequality (2.11) is satisfied whenever
B 281(]{?) —/
— 4 — 7 <2
A
ie. %B + 2s1(k) — ¢ < 2k. This is true for ¢ > 2 since b > = B <maxT = % ie. %B < %,
and s1(k) < k. O

Proposition 2.4  The function f; from (2.6) has exactly at the dyadic points 5 ({ €
N,k € {1,...,2°) local mazima.

Proof: In [7] it was shown that for dyadic points z = & (¢ € N,k € {1,...,2"}) there exists

the limit
e limi T(x+h) — T(x)

h—0 |h| log, ﬁ

= 1.

For the function f; from (2.6) by simple calculation it follows

g @)~ file) 1
h—0  |h|log, ﬁ 2z

Consequently, for dyadic x = 2—'@ it holds

lim filx +h) — fi(z) — oo
h—0 |h|

which implies that f; has at x a local maximum (top).

Now let 2 be a nondyadic point where by (2.7) we can assume that « € (3,1). Thenfor ¢ € N
there is an integer k= k(€) with 27! < k < 2* such that 2 <z < & ie. z =ta+ (1-1)b

21’ )
with @ = %, b = %! and a certain ¢ € (0, 1).

287

We show that fi(z) < tfi(a)+ (1 —t)fi1(b) which by (2.6) is equivalent to

log2x+@>t{log2a+¥}+(l—t) {log2b+ @} (2.12)

By Lemma 2.3 it holds (2.10) and for the concave function log, z we have for 0 < ¢ < 1

log, x > tlog,a + (1 —t)log, b.
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Addition with (2.10) yields (2.12), so that indeed fi(x) < tfi(a) + (1 —t)f1(b). It follows
fi(x) < max{fi(a), f1(b)} so that f; cannot have a local maximum at x. O

It follows from (2.7), (2.9), Proposition 2.2 and Proposition 2.4

Proposition 2.5 The continuous, 1-periodic function Fy(u) in the formula (1.4) of
Trollope-Delange has in [0,1) its maximum exactly at umax = 0 with Fy(0) = 0, and its
manimum exactly at Umi, = 2 — }8%; = 0,4150 with F}(tUmin) = igii —1=-0,2075. The local
mazxima are exactly the numbers }ggg +0 (keN,leZ).

As consequence of formula (1.4) we have the well-known inequality (cf. [5], [3], [3], [9]):
1 1 1
élog2 n—oc < 551 (n) < élog2 n (2.13)
. . log 3
with the optimal constant ¢; =1 — @.

-0,25-

Figure 1: The graph of Fj(u).

3 Counting zeros
In order to determine the number of zeros in binary expansion first we compute the number

of all digits. Let a(k) denote the number of all digits in the binary expansion of k, i.e.
a(k) = 0 if 2 < k < 241, We state a formula for the sum

An) =Y a(k). (3.1)
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Proposition 3.1 For the number of all digits in the binary representations of the inte-

gers 1,2,... . n—1 we have

1 1
EA(n) = logy, n + - + F (logyn) (3.2)

where F' is a continuous, 1-periodic function which is given by
Fluy=1-u-2"" (0<u<1). (3.3)

Proof: Obviously, A(2) =1+2-2+3-224 ...+ /(-2 In view of

T VS R G 1)#(75(;_1)1)_2 (- (t#1)

we get
AR = (0 +1)2" =2 1= (0 —1)2 4 1.

For 0 < m < 2% we have A(2° +m) = A(2°) + m({ + 1), i.e.

AR+ m) = — 12+ 14+ ml+1) =02 +m) — 2" + 1 +m.

Write n = 2 +m = 241 + z) with 0 < 2 < 1 we get inviewof%:p%xand%: ”;24 =
1
L
1 2¢ 1
“An) = -4
n n n

2¢ 261 m
= log,n + log, - _E+E+E

1 2
= 1] — 1-—1 1 — .
og2n+n+{ 0gy(1 + z) 1—|—m}

This yields the assertion since in view of the periodicity of F' we have for n = 2¢(1 + )
F(logyn) = F(logy{2°(1 + 2)}) = F(logy(1 + x)) = F(u)

with 1+2=2"(0<u<1). O

Theorem 3.2 For k € Ny let so(k) denote the number of zeros of k in the binary repre-
sentation of k. Then it holds

n—1

1 1
E so(k) = 5103;2 n+ - + Fpy (logym) (3.4)
k=1

S|

where Fy is a continuous, 1-periodic, nowhere differentiable function which is given by

1— 1
Fy(u) = — U gtmuy 527 (0<u<1) (3.5)
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Proof: We have so(n) = a(n) — s1(n) where a(n) counts the number of all digits of n in
the binary expansion and s;(n) counts the number of ones. Formulas (1.4) and (3.2) im-
ply (3.4) with Fy(u) = F(u)— Fi(u). The representation (3.5) follows from (2.5) and (3.3). O

Proposition 3.3 The continuous, 1-periodic function Fy(u) in formula (3.4) has in

[0,1) its maximum ezactly at Umax = 2 — iig with Fo(Umax) = Egi — % = —0,707519, and
its minimum exactly at upy, = 0 with Fy(0) = —1.

Proof: Put 2“7! =z in (3.5) we see that Fy(u) has in [0,1) the same bounds as

1 1 1

folz) = —§log2:c - — 4 £T< x)

in [3,1). For z = & with 0 < ¢ < 1 we get in view of (1.1)

1+1 1 1 2 1 1—t 1
—— | = —=logy(l+1t)+=— =Tt
fo(z) ploga(1+1) 43 1+t+1+t{ 2 +2()}
1 1 1
= —=1 1+t — T(t).
plosll 1) = P o 0
1. Let cozfo(é):%—g. We show that for 0 < ¢ < 1 we have fo(F) < fo(3) = co, L.
1 1 1
——log,(1+1t) — T(t) <
1081 +1) [Ty )<

where we have equality if and only if ¢t = % The last inequality is equivalent to T'(t) < g(t)
where
g(t) =24 2¢co(1 +t) + (1 + ) logy(1 + ).

The derivative ¢'(t) = 2c¢ —1—%&”) is strictly increasing with g (%) = Tog

we get by (1.2) with o = 2t that T(t) = ¢ + 5T7(2t) < t + 3 (%) (% — t) where we

have used that max7 = 2 = T(3). In view of T(3) = g( ) and ¢'(t) < ¢'(3) < 1 for
0 <t < 3 it follows T'(t) < g(t) for these t. Moreover for <t < 1 we have g(3) < g(t) since
g'(t) > ¢'(5) > 0. For these ¢ it holds T'(t) < T'(3) so that in view of g(3) = T'(3) indeed we

have g(t) < T'(t) for 3 <t < 1.

—1. For0 <t < g

2. We have to show that for 0 < ¢ < 1 we have fo(£) > fo(3) = —1, i.e.

1 1 1
~logy(1+1) — T(t) > —1
g Lol +8) =75+ 5 TW

which is equivalent to

T(t)— (1+1t)logy(1+¢)+2t >0 (0<t<1).
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From (1.1) we get T'(t) > A(t) + $A(2t) > 2¢(1 — ¢) for 0 < ¢ < 1 so that the inequality is
true if the function
h(t) =2t(1 —t) — (1 +¢)log,(1 +¢) + 2t

has the property h(t) > 0 for 0 < ¢ < 1. Since

log(1+1t)+1 1

h'(t) =4 — 4t — R'(t)=—-4— ———
®) log 2 ’ ®) (1+41t)log2 <

0,

h is strictly concave in [0, 1] and by h(0) = h(1) = 0 it follows h(f) > 0 for 0 < ¢t < 1. O

So we have

1 1 1 1 1
—logon+— —1< —=5y(n) < zlogyn+ — + ¢
2 n n 2 n

log3
log 4

N

with the optimal constant ¢y =

-0,5 '

Figure 2: The graph of Fy(u).

4 The alternating sum

Besides of (1.1) we also consider the alternating series

T(z) = Z(—mA 2'2) e (4.1)
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which can be written as

Tw)=To(@) =T (x) (2 €R) (4.2)
where
T () = Z_; Ag:”, T (x) = Z_; % _ %T+(2x). (4.3)

Proposition 4.1 The function T from (4.1) is continuous, 1-periodic and nowhere dif-
ferentiable. It can be expressed by the Takagi function T as follows:

Fla) = Tw) + 3 (1) L)

— (zeR). (4.4)

Proof: . Obviously, representation (4.1) implies that T is continuous and 1-periodic. Further
T(z) = Z a’g(b"x)
v=0

with a = 1, b= il and g(z) = A(z) — $A(2x) which is piecewise linear (polygonal) but not
constant. Since T is not polygonal it follows by Behrend [!], Theorem III on p. 477, that T

is nowhere differentiable.

From (4.3) and (1.1) we get T'(xz) = T (x) + T_(x). Hence
T (a) = T(r) = T (x) = T(x) ~ 5T, (22)

[teration gives

S T2
T (x) = (-1 e T (272) + 3 (1) L)
n=0
for every m € N and x € R. As T is bounded we get
e T(2")
7o) = (e
n=0
Now from (4.2) and (4.3) it follows the assertion. O

Proposition 4.2 ForteNandk € {0,1,...,4°—1} the function T from (4.1) satisfies

the functional equations

T<k+x>zf(k)+§(m —I—l'f(m) (0<z<1) (4.5)

4 40) Tt Ty
where §(k), given by (1.5), denotes the alternating sum of digits of the number k in the binary

representation. Moreover, for n € {1,...,4"} we have

n—1

T (4%) - 2T11 3 5(k). (4.6)

k=0
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Proof: First we show that the function T from (4.3) satisfies the functional equation

T+<k+x):T+<k)+wx+%T+(m) 0<z<1) (4.7)

4 4¢ 40

where s_(k) = a; + az + ... denotes the sum of the digits ag;+; with 25 +1 < &’ of the
number k in the binary representation (1.3). Since A(m) = 0 for m € Ny we get from (4.3)

that o
o (BY A0
T4 4n
n=0

and hence

-1 nk+z n k 0 nk+z

p (FE2) g (B) RO - A | A
4¢ 4¢ 4n 4r

n=0 n=>~¢
For n > ¢ we find with m = n— ¢ > 0 that A(4"252) = A(4™k+4™z) = A(4™x) so that the
last sum in the last equation is equal to ﬁTJr (). For n =0,...,¢ — 1 there is no integer in
the open interval (4”4%, 4”%), and hence the both numbers 4"’“4# and 4"4% belong to the

same interval [m, m+ 3] or [m+ 3, m + 1] (m € Ny) since 0 < z < 1. Since A(-) is linear in

each of these intervals we find that
AWk AWE)

) T
4n _6"46

k
rg
binary representation (1.3) then k' < 2¢ since k < 2% and

where e, = +1 whenever 4"% € [m,m + 3) and where e, = —1 elsewhere. If k has the

20

with a; = 0 for &' < j < 2¢ for which we also write shortly k = ageage_1 . ..ao. Because of
4”4% = Qgp...0A20—_2p,A2p—2p—1...09 for 0 < n < ¢ —1 we have ¢, = —1 when agy_9,-1 = 1
which happens s_(k) times, and ¢,, = +1 when agy_2,-1 = 0 which happens ¢ — s_(k) times.
This yields

2_:5" =—s_(k)+0—s_(k)=1(—2s_(k)

and hence (4.7) is proved.

Analogously one can show for 7 from (4.3) the relation

T <kjl;x) =T (%) + 6_24%%)@% %T(m) 0<z<1) (4.8)

where s, (k) = ap+as+. .. denotes the sum of the digits ay; of k in the representation (1.3).
Obviously, the alternating sum (1.5) can be written as §(k) = s (k) — s_(k) so that (4.7)
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and (4.8) imply (4.5) in view of (4.2). Finally, equation (4.6) follows by summation from
(4.5) in view of T'(0) = T(1) = 0. O

5 Alternating binary sums

Equation (4.6) yields for the alternating sum (1.5) the sum formula

n—1

S a(k) = 22T <4£) (5.1)

k=0

provided that n < 4. We want to determine a formula which is independent of .

Theorem 5.1 For the alternating sum (1.5) it holds the formula

n—1

F(log, n) (5.2)

S|

k=0

where F' is a continuous, 1-periodic, nowhere differentiable function. This function is given

by
. 1

F(u) = 22u+1T(4“) (u < 0) (5.3)

where T is given by (4.1) or (4.4) .

Proof: By Proposition 4.1 the representations (4.1) and (4.4) are equivalent. Writing (4.1)

in the form
T T 1

(1) =2()-32()+7@ @ew

we see that for 0 < z <1 it holds

Hence, the function

f@) = ~T@)  (0<w<1) (5.4)

satisfies the equation
~ x‘ ~
i(5)=f@ <a<,

and we can continue this function for all z > 0 such that

fldz) = f(x)  (z>0). (5.5)
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It is easy to see that for n € N we have

5(k) = f(n). (5.6)

n-1 26-1 _ /m _
289 = =T () = 7 () = fo
k=0
where we have used (5.4) and (5.5). If we put
Fu)=f(4") (ueR) (5.7)

then (5.5) is equivalent to F(u + 1) = F(u), (5.4) turns over into (5.3) and (5.6) yields
formula (5.2). Finally, from (5.3) we see that F(u) is nowhere differentiable since 7" has this

property, cf. Proposition 4.1. O

In order to obtain more information on the functions f and F, we need the following result
of [2], p. 1005-1007 (cf. in particular formula (3.5) and the representations of =, =™ on p.
1007).

Lemma 5.2 (|2]) For a > 2 the set of numbers

— &
r=(a-1)) =  (&e{01} (5.8)
v=1
form a perfect Cantor set F C [0,1] of Lebesque measure zero. The complement G = [0, 1]\ F

is an open Cantor set of measure |G| = 1. This set consists of all numbers of the form

n , ¢
x:(a—l)Z%—kanH (l<t<a-—1).
v=0

Lemma 5.3 Let x be a number in [0,1]. Then for all k € Ny it holds the inequality

A(4kz) <

A

iof and only if x is representable in the form

| 3

r=Y o (mef{0.3). (5.9)
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Proof: Assume that x has the form (5.9). We show that for k£ € Ny we have

1
14k —ny| < 1
where ny, is the integer
k
n=1

In the case ;1 = 0 it is nj, < 4%z, and in view of (5.9), (5.10) and 7, < 3 we have
3“ 1

In the case ;.1 = 3 it is ny > 4Fz, and in view of the (5.9), (5.10) and 7, > 0 we have the

estimate

o0
4y —ny =
n:k+2

If 2 is not of the form (5.9) then according to Lemma 5.2 with a = 4 we have the represen-
tation

T = 77_n+

TR (1<t<3)
=1

with a certain £ € Ny. Therefore

k
t
4k’ — 4k7nn -
x ; n —1—4

and, in view of 1 <t < 3, we find

1 1
Z<Mx—Wﬂ<1—Z
Therefore in this case we have A(4%z) > 1. O

Proposition 5.4 The function f from (5.4) satisfies the functional equation

F@) + f(ox) = % (x> 0). (5.11)

We have min f = 0 and f(z) = 0 if and only if x > 0 has the form

r= Y G4 (G e{0,3}) (5.12)

n=—oo

where ¢, =0 forn > log, x.
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Proof: Owing to (5.4) we investigate the function T'(x) for 0 < z < 1. From (4.1) we get

T(o) + %T(Zm) ~A(x)  (z€R).

By multiplication with 5 it follows (5.11) for 0 < z < 3 in view of A(z) = z for these z
and (5.4). Equation (5.5) implies the validity of (5.11) for all z > 0.

According to (4.1) the function 7" can be written as

Ta)=3"" (+') (z € R) (5.13)

4k
k=0

where g(z) = A(z) — 3A(2z) is a periodic function with period 1 which in [0, 1] is given by

;

0 for 0<z<1
20— 1 for {<x<i
g(x) = f (5.14)
—2z+3 for f<a<?
3 1
\ 0 for 1<r< g

Because of g(z) > 0 for € R we have T(z) > 0, too. For 0 < z < 1 we get from (5.4) that
min f = min ﬁf(x) — 0 since T(1) = 0, and f(z) = 0 if and only if T(z) = 0. Equation
(5.13) implies in view of g(z) > 0 that T(z) = 0 if and only if for all k& € Ny we have
g(4¥z) = 0. According to (5.14) we have g(x) = 0 in [0,1] exactly for 0 < z < 1 and for

— 1<z <1, ie A(z) < 1. Consequently, for all k € Ny it holds g(4*z) = 0 if and only if
A(4%z) < L so that by Lemma 5.3 we have T'(z) = 0 for 0 < = < 1 if and only if z is of the
form (5.9). It follows from (5.4) and (5.5) that f(x) = 0 for > 0 if and only if z is of the
form (5.12). O

Proposition 5.5 The continuous, periodic function F in formula (5.2), given by (5.3),
satisfies the functional equation
~ ~ 1\ 1

The bounds of F are min F' = 0 and max F = % It holds ﬁ(u) =0 if and only if u =log, x

where x > 0 has the form (5.12). The zeros of F form a Cantor set of Lebesque measure 0.

Proof: For the periodic function F it holds (5.7). Proposition 5.4 implies that F' satisfies
the functional equation (5.15) and that min F = 0. It follows from (5.15) that max F' = :.
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According to (5.7) Proposition 5.4 also implies the assertion on the zeros of F. By Lemma

5.2 the set of all x of the form (5.9) form a Cantor set of Lebesgue measure 0. This is true

also for the zeros of F according to (5.7). O

Remark 5.6 1. Functional equation (5.15) implies
- 1

/ Flu)du =+, (5.16)
0 4

2. The map 4* — x maps the interval [0, 1] onto [1,4]. In (1,4] the number zy = 3 is the

smallest number of the form (5.12), and z1 =3+ 3 4+ % + ... = 4 the largest such number.
Hence, in (0, 1] the number uy = }ggi is the smallest zero of F and u; = 1 the largest zero of

F, cf. Figure 3.

0,5 --rmrmnnns PR TR T

Figure 3: The graph of F(u).
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ZOLTAN BOROS, ARPAD SzAZ

Reflexivity, Transitivity, @Symmetry, and Anti-
Symmetry of the Intersection Convolution of Relations

ABSTRACT. We give some sufficient conditions in order that the intersection convolution
F % G of two relations F' and G on a groupoid X be reflexive, transitive, symmetric, and

anti-symmetric.

Here, F' x (G is a relation on X such that
(FxG)a)=(V{FW+G): w=u+v, Fu)#0, G +#0}

forall z € X.

KEY WORDS. Groupoids, binary relations, intersection convolution, reflexivity, transitivity,

symmetry, and anti-symmetry

1 A few basic facts on relations and groupoids

A subset F of a product set X x Y is called a relation on X to Y. If in particular I C X2,
then we may simply say that F' is a relation on X. Thus, a relation /' on X to Y is also a
relation on X UY.

If Fis a relation on X to Y, then for any x € X and A C X the sets Fl(z) = {y € X :
(z,y) € F} and F[A] = J,c 4

Moreover, the sets Dp = {x € X : F(x) # 0} and Rp = F[Dp| are called the domain and
range of F', respectively. If in particular Dr = X, then we say that F'is a relation of X to
Y, or that F' is a total relation on X to Y.

F(a) are called the images of  and A under F', respectively.

Now, a relation £’ on X is called
(1) reflexive if x € F(x) for all x € Dp;
(2) symmetric if y € F(z) implies = € F(y);

(3) transitive if y € F(x) and z € F(y) implies z € F(z);
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(4) anti-symmetric if y € F(z) and z € F(y) implies z = y;

In particular, a relation f on X to Y is called a function if for each @ € Dy there exists
y € Y such that f(z) = {y}. In this case, by identifying singletons with their elements, we
may simply write f(z) = v.

If X is a set and + is a function of X? to X, then the function + is called an operation in
X and the ordered pair X (+) = (X, +) is called a groupoid even if X is void.

In this case, we may simply write x + y in place of +(z,y) for any =,y € X. Moreover, we

may also simply write X in place of X (+) whenever the operation + is clearly understood.

In the practical applications, instead of groupoids, it is usually sufficient to consider only
semigroups. However, several definitions and theorems on semigroups can be naturally

extended to groupoids.

For instance, if X is a groupoid, then for any A, B C X, we may naturally write A + B =
{a+b: a€ A, be B}. Moreover, we may also write t + A = {z} + Aand A+2 = A+ {x}
for any x € X.

Note that if in particular X is a group, then we may also naturally write —A = {—a : a € A}
and A — B = A+ (—B) for any A, B C X. Though, the family P(X) of all subsets of X is

only a semigroup with zero.

2 The intersection convolution of relations

Definition 2.1 If X is a groupoid, then for any x € X and A, B C X, we define
I(z,A,B)={(u,v) eAXxB: xz=u+v}.
Remark 2.2 Now, in particular, we may simply write
[(z) =T(z, X, X).
Thus, I' is just the inverse relation of the operation + in X. Moreover, we have
['(z,A,B) =T(z)N(Ax B).

Definition 2.3 If F and G are relations on one groupoid X to another Y, then we
define a relation F x G on X to'Y such that

(F+G)(z)=({F)+Gw): (uv) €T (z,Dp, Ds)}

for all x € X. The relation F' x G will be called the intersection convolution of the relations
F and G.
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Remark 2.4 If in particular F' and G are relations of X to Y, then we may simply write

(F+G)(x)= (] (Fw)+G®) =] {F+G®): (uv)el(x)}.

T=u+v

A particular case of Definition 2.3 was already considered in [2]. But, the following theorem

has only been proved in [3].

Theorem 2.5 If F and G are relations on a group X to a groupoid Y, then for any
x € X we have

(FxG)(z)=(){Flx-v)+G): wve(-Dp+z)NDg} =
:ﬂ {F(u)—i—G(—u—l—x): uEDFﬂ(x—DG)},

Hence, by using that —X + 2 = X and x — X = X for all x € X, we can immediately get

Corollary 2.6 If F and G are relations on a group X to a groupoid Y, then for any
x € X we have

(1) (F+G)(z) = ﬂ (F(z —v) + G(v)) whenever F is total;

v€EDg

(2) (F*G)(z) = ﬂ (F(u) + G(—u+ z)) whenever G is total.

u€EDEp
Hence, it is clear that in particular we also have

Corollary 2.7 If F and G are relations of a group X to a groupoid Y, then for any
x € X we have

(FxG)(x) =) (Fz—v)+Gv) = [ (Fu) +G(-u+x)).

veX ueX

3 Reflexivity and transitivity of the intersection convolution

Theorem 3.1 If F and G are reflexive relations on a groupoid X, then F x G is a

reflezive relation of X.
Proof: If z € X, then by the reflexivity of F' and G, for any (u,v) € I'(x, Dp, D¢), we have
r=u+v € Flu)+Gv).
Therefore, by the corresponding definitions,
vV {F(u)+G): (uv)€eT(z,Dp,Dg)} = (FxG)(x),

and thus the required assertion is also true.



58 Z. Boros, A. Sziz

Theorem 3.2 If F and G are transitive relations on a groupoid X such that Rp C Dp

and Rg C Dgq, then F x G is also a transitive relation on X.

Proof: If x € X,
y € (F*xG)(x) and z€ (FxQ)(y),

then by Definition 2.3
y € ﬂ {F(u)+G(v): (u,v) €T(x,Dp,Dg)}

and
ze(V{F(s)+G(t): (s,t) €T(y,Dp,Ds)}.

Thus, for any (u,v) € I'(x, Dr,Dg), we have y € F(u) + G(v). Therefore, there exist
s € F(u) and t € G(v) such that y = s+ ¢. Hence, by using the transitivity of F' and G, we

can infer that

F(s) C F[F(u)] C F(u) and G(t) C G[G(v)] C G(v).
Moreover, by using that

s€ F(u) C Rrp C Dp and te€ G(v) C Rg C D,
we can also see that (s,t) € I'(y, D, Dg). Hence, since z € (F * G)(y), it is clear that
z€ F(s)+G(t) C F(u)+ G(v).

Therefore,

ze(V{Fw)+G@): (uv)€eT(x,Dr, De)} = (FxG)x),

and thus the required assertion is also true.

Now, as an immediate consequence of Theorem 3.1 and 3.2, we can also state

Corollary 3.3 If F and G are preorder relations on a groupoid X such that Rp C Dp
and Rg C Dg, then F x G is a preorder relation of X.

4 Symmetry and anti-symmetry of the intersection convolution

Unfortunately, concerning the symmetry and anti-symmetry of the intersection convolution,

we can only prove the following less satisfactory theorems.

Theorem 4.1 If F is a symmetric relation of a group X and g is a symmetric function

on X, then F x g is a symmetric relation on X.
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Proof: If x € X and y € (F x g)(x), then by Corollary 2.6

yeﬂ (z —v) +g(v)).

vEDy

Therefore, for any v € D,, we have

ye Fx—uv)+g(v), and thus  y—g(v) € F(z —v).
Hence, by the symmetry of F', it follows that

x—vGF(y—g(v)), and thus xEF(y—g(v))—l—v.

Moreover, by using our assumptions on g, we can see that

Therefore,

Hence, it is clear that

ve () (F ) +9(g@)) = [ (Fly—1) +9(t)) .

vED, teR,

Moreover, by using the symmetry of g, we can see that R, = D,. Therefore,

e (V(Fly—t)+g(t) = (F*g)y),

teDy

and thus the required assertion is also true.

By using the second statement of Corollary 2.6, we can quite similarly prove the following

Theorem 4.2 If f is a symmetric function on a group X and G is a symmetric relation

of X, then f x G is a symmetric relation on X.

Moreover, by using the corresponding definitions, we can easily prove the following

Theorem 4.3 If F and G are relations on a groupoid X such that Dp.q C Dp + D¢

and there exists an anti-symmetric relation H on X such that
F(u)+G(v) C H(u+v)

for allu € Dp and v € Dg, then F x G 1s an anti-symmetric relation on X.
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Proof: Assume that z,y € X such that
y € (F«+G)(x) and z € (F*G)(y).
Then, by Definition 2.3 and the hypotheses of the theorem, we have
s ﬂ {F(u)+G(v): (u,v) €T(z,Dp,Dg)} C
C ﬂ {Hu+v): (u,v) €T(z,Dp,Dg)} =
= {H(): (uv)€l(x,Dp,Dg)} = H(x),

and quite similarly z € H(y). Hence, by the assumed anti-symmetry of H, it follows that

x = y. Therefore, the required assertion is also true.

Remark 4.4 1If F', G and H are relations on one groupoid X to another Y, then by using
the global sum
FoG={(u+sv+t): (uv)€F, (s,t)eqG},

investigated in [1]|, we can easily see that the following assertions are equivalent:
(1) FoGC H;
(2) F(u)+ G(v) C Hu+wv) for all w € Dp and v € Dg.

Therefore, the anti-symmetry of the global sum of two relations should also be investigated.

5 Two illuminating examples

Example 5.1 If in particular

F=1{(0,1),(1,00} U (R\ {0})?,

then F'is a symmetric relation of R and the relation F'x F' is not symmetric.

From the definition of F', it is clear that F' is symmetric. Moreover, we can also at once see
that

F(0) = {1}, F(1) =R,
F(z) =R\ {0} foral zeR\{0,1}.
Hence, it is clear that
F1-0)+F(0)=R+{1} =R,
F(1-1)+F(1)={1} +R =R,
F(1—v)+ F(v)=(R\{0}) + (R\{0}) =R forall veR\{0,1}.
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Therefore,

(FxF)(1) = ﬂ(F(l—v)—i—F(v)) =R.
veER
Moreover, we can quite similarly see that

F(0—0)+ F(0) = {1} + {1} = {2},
F(0—1)+F() (R\ {0}) +R =R,
F(0—(-1)) + F(=1) =R+ (R\ {0}) =
F(O—v)+F() (R\{0}) + (R\{0}) =R forall veR\{-1,0,1}.
Therefore,
(F*F)(0) = ()(F(0—v)+F(v)) = {2}.
Now, since

0eR=(FxF)1), but 1¢ {2} =(FxF)O0),
it is clear that F'x F' is not symmetric.

Example 5.2 If in particular F' is the usual order relation on R, that is,
F={(z,y) eR*: <y},

then F and F~! are linear order relations of R such that the relation F % F~! is not anti-

symmetric.

To check this, it is convenient to note that
F(z) =z +[0,400] and Fy) = y+ ] — o0,0]
for all z,y € R. Namely,
r€F(y) <= yeF(z) < (v,y) € F <
= <y <<= r€]-—00,y] <= xE€Y+|—0,0].
Therefore,

(FxF ) (@)= ((Fx—v)+F () =

= ﬂ(:c—v—l— [0, +00[-+v+] — 00,0]) =
= ﬂ(x—v+v+[0,—|—oo[+]—oo,0]) =
=((=+R)=[R=R

for all # € R, and thus F * F~! = R2.

Remark 5.3 In view of this example and Corollary 3.3, it would be interesting to construct

two equivalence relations F' and G of R such that the relation F' % G be non-symmetric.
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LAURE CARDOULIS!, QuOc ANH NGO, HOANG Quoc TOAN

Existence of non-negative Solutions for cooperative
elliptic Systems involving Schrodinger Operators in the
whole Space

ABSTRACT. In this paper, we obtain some new results on the existence of non-negative

solutions for systems of the form

n
(—A + gi)u; = pimiu; + Z aguj + fi(z,un, oou,) n RY =1, ...,n,
J=Lij#i
where each of the ¢; are positive potentials satisfying lim, 1o ¢i(2) = 400, each of the
m; are bounded positive weights, each of the a;;, ¢ # j, are bounded non-negative weights
and each of the u; are real parameters. Depending upon the hypotheses on f;, we obtain
some new results by using sub- and super-solution methods and the Schauder Fixed Point

Theorem.

1 Introduction

In this paper, we are interested in the existence of non-negative solutions of the following

cooperative elliptic system

(—A + qz)ul = U;m;u; + Z QU5 + fl-(:c,ul, - ,un), in RN, 1= 1, N (11)
=Ly

We consider the following hypotheses for each ¢ =1,...,nand j=1,...,n

(RY) (p > &) such that lim|;|— 400 ¢i(z) = +00 and ¢; > const > 0.

(hy) ¢; € L}, (RY)N L], D)

loc loc

(hg) Qg5 € LOO<RN) and Q5 Z 0if ¢ 7é j

(hg) m; € L>®°(RY) and there exists o; > 0 such that m;(x) > a; > 0 for all z € R".

!Corresponding author
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Note that our system is cooperative since a;; > 0if i # j. We will specify later the hypotheses

on each f; and we denote by u; real parameters for i =1,... n.

The variational space is denoted by V,, (RY) x - -+ x V, (RY) where for i = 1,...,n, V,,(R"Y)

is the completion of D(RY), the set of C* functions with compact support, under the norm

G = \//RN (IVul? + gu?). (1.2)

We recall that each of the embedding V,(RY) — L*(RY) is compact. We denote by

m; = / mu?  for all u € L*(Q).
\ Jo

According to the hypothesis (h3), || - ||, is @a norm in L?(RY), equivalent to the usual norm
so the embedding V,(RY) — (L*(RY),

[ u

|

|+ ||m,) is still compact.

We denote by M; the operator of multiplication by m; in L2(R"). The operator
(A +¢)) " My - (L2RY), [ - flmi) = (L2RY), [ I,

is positive self-adjoint and compact. So its spectrum is discrete and consists of a positive
sequence tending to 0. We denote by \; the first eigenvalue and by ¢; the corresponding

eigenfunction which satisfy
(—A+ g)¢i = Nimygy; in R, \; > 0 (1.3)

and ||¢;||m, = 1. We recall that \; is simple and that ¢; > 0 (see for examples |1, 2, 1, 5, 15,
|). By the Courant-Fischer formulas, \; is given by

. fRN (|V¢|2 + Qi¢2>
A; = inf { fRN i

NORS D(RN)}. (1.4)

The aim of this paper is to study the existence of non-negative solutions for the system (1.1).
This extends earlier results obtained for the Laplacian operator in a bounded domain (see
[12, 13]), for an operator of divergence form in a bounded domain (see [9]), for equations or

systems involving Schrédinger operators —A + ¢; in RY (see [3, 6-5, 10, 11]).

Our paper is organized as follows. Section 2 provides some preliminaries and notations before
stating our main result which is given in Section 3. In Section 4, we give some remarks on

our hypotheses for a two-by-two system.
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2 Preliminaries and Notations
2.1 Review of results for the scalar case (i = 1)
We consider here the following equation, in a variational sense,
(—=A + q)u = dmu + g in R, (e)

We assume the following: The potential ¢ satisfies (hy), the weight m satisfies (hjz), the
constant A is a real parameter and finally ¢ € L*(RY). We denote by (\yq, Gmy) the

eigenpair of eigenvalue and eigenfunction which satisfy

(_A + Q)¢m,q = Am,qm¢m,q ’ )\m,q > 07 ¢m,q > 0.
We recall the following results on the existence of solutions and the Maximum Principle.

Theorem 2.1 (see [11]; Theorems 1.1 and 1.2) Assume that A < A, 4. Then

there exists a unique solution u € V,(RY) for the equation (¢). Moreover,

(i) the weak Maximum Principle holds: if g > 0, then this solution u satisfies u > 0,

(ii) the strong Mazimum Principle holds too: if g > 0, g # 0 then u > 0.

2.2 Notations and Hypotheses

We recall that for each i = 1,...,n the eigenpair (\;, ¢;) is defined by (1.3)-(1.4). Let us
denote by ® the vector defined by

"D = (¢,...,0n). (2.1)

We assume that for each i = 1,...,n, the nonlinear term f; of the system (1.1) satisfies the

following hypotheses

(hy) Foreachi=1,...,n

() fi(z,kid1, ..., knd,) € LA(RYN) for all positive numbers ki, .. ., k.
(i) 0 < fi(x,uq,...,uy,) forall uy >0,...,u, > 0.

(iii) For all 0 < uy <wy,...,0 <wu, <o,

0 < filz,ur,... uy) < filz,v1,...,0,).
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(iv) For all positive real numbers ky, ..., ky,
(k1o ... nkydp ) )
filw, nk1 61 k) — 0 as n — 400, uniformly in x.
yloy
(v) fi is Lipschitz respect to (uq, ..., u,) uniformly in z.

For instance, the function f;(z,uy,...,u,) = ui + -+ u, lx (where 1 denotes the
indicator function on a compact K C RY) satisfies (hy)(iv).

We denote by L = (I;;) the following n x n matrix be defined by
)\i — ;) O if i = .,
—llaijll L@y if i #

for all i,5 = 1,...,n. We also assume that the following hypothesis holds for some § > 0
(hs) (L—p0)® >0

where [ is the n x n identity matrix. Here (L —(1)® > 0 means that the entries of (L —31)®
are non-negative functions. Note that the hypothesis (hs) forces that the coupling is very

weak, i. e., with small coefficients a;; and with eigenfunctions ¢; which have the same
i(2)
b;(x)
develop our main result in the next section.

behaviour at infinity: is bounded for all i,7 = 1,...,n and all x € RY. We can now
3 Existence of solutions

We begin stating our main result, obtained by considering a sub- and a super-solution of the

system (1.1) and using the Schauder Fixed Point Theorem. We recall that (vy,...,v,) is a

sub-solution (resp. a super-solution) of the system (1.1) if for each i = 1,...,n, we have
(—A + qi)vl- < pymuv; + Z a;;V; + fz(«r, V1, ... ,’Un) in RN (31)
J=Lj#i
(resp. >).

Theorem 3.1 Assume that the hypotheses (hy)-(hs) are satisfied. Then the system (1.1)

has at least one non-negative solution in Vg (RY) x - x V, (RY).

Proof: First, note that uy = (0,...,0) is a sub-solution of the system (1.1). Then, by
hypothesis (hs), we have (L — $1)® > 0 and so we get for each i =1,... n,

(i = pa)mai — By — Y ayd; > 0.

J=Lij
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Since, by hypothesis (h4)(iv), we have for  sufficiently large

fi(z,nér, ..., ndy)
los

0<

< B,

we can write for n sufficiently large

(Ni — pi)ming; — Z aiine; > nBo; > fi(x,ndr, ..., ndn).

=l

Thus we have .

J=Lj#

Therefore u° := n® = (n¢1,...,n¢,) is a super-solution of the system (1.1).

Now, we define the set o = [ug, u°]. Let a be a positive real such that for all 7, p; + a > 0.
Let

T (L*RY)" — (L*RY)"

(Ul .oy tly) =ur— v = (v1,...,0,)
where for each i =1,...,n
(—A + q; + Ozm,-)vi = (,Ul + Oz)miui + Z aijuj + fZ(I', Uy - .. ,Un) n RN. (33)
=Ly

Note that, by the scalar case, T is well defined for all u € o.

As in [3], we prove now that T'(¢) C 0. Let u = (u1,...,u,) € 0 and T'(u) = v = (vy,...,0,).
By the weak Maximum Principle for the scalar case, since the system (1.1) is a cooperative

one and a > 0, we get v; > 0 for each i = 1,...,n. Moreover, we have

(—A + g + am;)(nds — vi) =(Ai + a)nmid; — (pi + a)myu;

n

— Z aijuj—fi(:v,ul,...,un).

j=liji

By (3.2), we get

(—A+qi + am;)(ndi — v;)

> (i + )mi(ng; —w) + Y ay(ng; — uy)
J=Lj#
+ fi(x7n¢17 s 7n¢n) - fi(xauh s >un)
>0.
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By the weak Maximum Principle for the scalar case, we obtain v; < n¢; foreachi=1,... n.
Therefore T'(0) C o.

As in [3], we prove now that 7' is continuous and that T'(o) is compact. Let (uy)g, where

ur = (Uig, ..., unk), be a sequence in o and define T'(ug) = vy where vy, = (Vig, ..., Vpk)-
First, if (uy) converges to u = (u1,...,uy,) for || - |2, and if T'(u) = v = (v, ..., v,),
from (3.3) we have for each i = 1,...,n and for all k

(—A + q; + ami)(vik — Uz') :(/Lz + a)mz(uzk — UZ) + Z Q5 (ujk — Uj)
=L

+fi($,u1k,...,unk)—fi(x,ul,...,un). (34)

Multiplying (3.4) by v — v; and integrating over RY | we get

[0k = Vill} 4oy =t + ) [ m(ug — i) (Vi — ;)
RN
n
+ > / aij(ujr — uj) (Vi — v;)
=tz R

+ /N (filz,win, - wnk) — fil@,ug, o un)) (v — ;).

Using the hypothesis (hy)(v) and the Cauchy-Schwartz inequality, since the coefficients m;

and a;; are bounded, we deduce that there exists a constant C; > 0 such that
n
[vik = Villgeram, < Cv Y gk — usl r2(e).
j=1

Therefore T is continuous. We prove now that T'(o) is compact. Multiplying (3.3) by v;x we

have also

n
|vik C21i+ami = (i + @) MWk Vik + Z / QiU Vik, + / filw, g, ooy Uk ) Vi
RN RN

RN j=Li#i
Since the coefficients m; and a;; are bounded, then by the hypothesis (hy), we see that
fi(z, uig, . .., upk) is bounded too and we can deduce the existence of a constant Cy > 0 and
of a constant C3 > 0 such that

j=1

|vik

But u € o. Therefore the sequence (vy); is bounded in V,, (RY) x --- x V, (RY) and since
each of the embedding V,, (RY) — L?(R") is compact, we can find a subsequence of (vy)y

which is convergent in (L?(RY))". Therefore T'(c) is compact.
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By the Schauder Fixed Point Theorem, we deduce the existence of u € o such that T'(u) = w.

Clearly u is a non-negative solution of the system (1.1). O

As in [11], we can relax the hypotheses on the increasing of each function f; but assuming
stronger hypotheses on the regularity of f;. For the next result, we will suppose that each

function f; of the system (1.1) satisfies the following hypothesis

(hy) () fi(z,ur,...,nPs, ... u,) € LA2(RY) for all p > 0 and all 0 < uy < néy,...,0 <
Up < 1Pn-
(i) 0 < fi(x,uy,...,uy,) forall uy >0,...,u, > 0.
(iii) f; is of class C*.

(iv) For all 0 < wuy < n¢q,...,0 <wu, < 1oy,

filz,ug, oo ndiy .o uy)

— 0 as 1 — 400, uniformly in x.

nei
(v) fi is Lipschitz respect to (uq, ..., u,) uniformly in z.
Following |14], we say that a couple (uqy, - ., ug,) — (1), ..., u?) is a sub—super-solution of

the system (1.1) (Miiller type conditions) if for each i = 1,...,n,
ug; < uf

and moreover

0> (=A + gi)uoi — pimitto; — 35y Qigtly — filTun, oo oy -y ), (3.5)
0<

(—A + qz)u? — ulmlug — Z?:l;j;éi aijuj — fl(.l', Up,y ... ,U?, e ,un),

for any u; € [ug;, u)).

It is clear that this definition is much more stringent than the natural definition (3.1) where
(3.5) are only satisfied for u; = ug; (for the sub-solution) and for u; = uj (for the super-

solution). Note that if f; is increasing, both definitions coincide.

Theorem 3.2 Assume that the hypotheses (hy)-(hs), (h})) and (hs) are satisfied. Then

the system (1.1) has at least one non-negative solution in Vg (RN) x -+ x V, (RY).

Proof: As in Theorem 3.1, we denote by ug = (0,...,0), ® = (¢1,...,,) and by u° = nd
for n sufficiently large positive real defined later. First, we prove that (ug,u°) is a couple of

sub-super-solution in the sense of (3.5).
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Indeed, proceeding as for Theorem 3.1, using hypotheses (h)) and (hs) we have (for 5
sufficiently large)

(i — pa)mings > > aind; + fi(@,us, .. ndi, . u) for any 0 < uj < ¢
=L

and therefore (since the system (1.1) is cooperative)

()\@ — ,uz)mmqﬁl Z Z QiU —+ fi(:c,ul, R 777¢i7 R ,’U,n) for any 0 S Uj S T](ZSJ
J=Lji

We define the set o = [ug, u"]. Let a be a positive real such that for all 7, p; + o > 0. Let

T,:0— (L*RY)"

(Ugy .oy Up) = U= 0= (V1,...,0,)

where for each ¢t =1,...,n,

(—A+ q¢; + am; + pm;)v; = (pu; + a)mu; + Z a;juj + filx,uy, ..., u,) + pmiu; in RY
=L

and where p > 0 is a constant such that f;(z,us,...,u,)+ pm;u; is increasing in u;. We can
find such p by hypotheses (hs) and (h/) since the function f; is C. Still by the scalar case,
the operator T, is well defined and proceeding as for Theorem 3.1, we can prove that T} is

continuous and 7, (o) is compact.

Now we prove that T,(c) C . Let u = (uy,...,u,) € 0 and T,(u) = v = (vq,...,v,). Note

by the scalar case v; > 0 for each i = 1,...,n. Moreover we have for each ¢ =1,...,n

(A4 g + am; + pmi)(ndi — vi) 2 (pi + a)mi(ngi — w)
+ filz,ur, . 0, . un) + prung;
— filx,ug, ... uy) — pmyu;

>0.

Since u; < ng; and w; — fi(z,u1,. .., w; ..., u,) + pmyw; is increasing, by the scalar case,

we obtain v; < n¢; for each i = 1,... n. Therefore T,(c) C o.

By the Schauder Fixed Point Theorem, we deduce the existence of at least one fixed point

of T, or equivalently, one weak non-negative solution of the system (1.1). O
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4 Study of a two-by-two system (i = 2)

For a 2 x 2 cooperative system with constant coefficients a, b, ¢, d and the same potential ¢,

if we rewrite the system (1.1) under the following form

(=A+ q)u = au+ bv + f(x,u,v) in RV, 1)
(=A+q)v =cu+dv+ g(x,u,v) in RY, ‘

the hypothesis (hs), (L — $I)® > 0, means that
AN—a—b—0)p,>0and (\,—c—d—3)p, >0

where A, is the principal eigenvalue associated with the eigenfunction ¢, for the operator
—A +q (g being a potential satisfying the hypothesis (hy)). Since ¢, > 0, (hs) is equivalent,
in this case, to A\, > a+ b+ § and A\, > ¢+ d+ 3. Therefore the hypothesis (hs) is
stronger than the usual hypothesis in [3], [6-11], [12], [13] which is A, > a, A, > d and
(A —a)(A\y — d) > bc or equivalently

Ag—a =D
(o) "

is a non-singular M-matrix. However, for the nonlinear terms of the system (1.1), we consider
here in Theorem 3.1 another class of functions f; (denoted by f and g for n = 2) than the

one used in [3] or [6-11] (where in these papers, each function f; satisfies
0 S fi(xaula s 7un) S 61

for all u; > 0 and with 6; a fixed function in L?(RY)).

Moreover, for the system (4.1) when the function g depends only of u (g(u,v) := g(u)), using
a decoupling method, we can prove the existence of a non-negative solution assuming that
the nonlinear term f(x,u,v) satisfies (hy) and that the 2 x 2 matrix defined by (4.2) is a

non-singular M-matrix (which is the usual condition and a weaker hypothesis than (hs)).

So we now consider the following cooperative system

(=A+ q)u = au+bv + f(z,u,v) in RV, (43)
(—A+q)v = cu+dv + g(z,u) in RV, ‘

Theorem 4.1 Assume that the potential q satisfies the hypothesis (hy), the coefficients
a,b,c,d are real parameters with b > 0 and ¢ > 0, the function f satisfies the hypothesis

(hy) respect to ¢, the principal eigenfunction associated with A, the first eigenvalue of the

operator —A + q. Assume also that the function g satisfies the following hypothesis
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(hg) (i) There exists a constant K > 0 such that 0 < g(u) < Ku for all u € L*(RY),
u > 0.

(i) g(ur) < g(ug) if 0 < uy < wy.

(iii) g is Lipschitz respect to u uniformly in x.

Assume that the 2 X 2 matriz A be defined by

A= Ay — @ —b
—(c+K) N\ —d
is a non-singular M-matriz. Then the system (4.3) has at least one non-negative solution

(u,v) € (Vo(RY))?.

Proof: We use the decoupling method combined with the sub- and super-solution method.

First, we recall that
(=A+q)gq = AP In RY (4.4)

with A, > 0 and ¢, > 0. We proceed as in [!]| and we define for u > 0 the continuous and

compact operator
Bu = (=A+q—d)  cu+ g(u)). (4.5)

Note that the operator B is well defined since d < A,. Therefore (u,v) is a solution of the
system (4.3) if and only if v = Bu and

(=A +q—a)u = bBu+ f(x,u, Bu) in RY. (4.6)

We denote by u := 0. By the weak Maximum Principle for the scalar case, since ¢ > 0 and
g(u) > 0, we have Bu > 0 and using the hypothesis (hy), we have also f(z,u, Bu) > 0.

Therefore u is a sub-solution of the equation (4.6).

We construct now a super-solution of the equation (4.6) of the form w = n¢, where n will be
a real positive parameter defined further on. Note that w is a super-solution of the equation
if and only if

(Ag — a)ngg = bBngy + f(x,nde, Bnd,). (4.7)

We have b
D=+ g — ) (gt

q

bB??qu =

By the hypothesis upon g, we have 0 < g(n¢,) < Kn¢,. Still using the weak Maximum

Principle for the scalar case, we deduce that

nk

(=A+q—d) " 9(ney)) < (A +q—d) " (Kndy) = =— 5.
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So we get
bn(c+ K)
A —d

Moreover, from the hypothesis which assures that A is a non-singular M-matrix, we have

bBno, < Pq-

Ay —a)(A\, —d) —b(c+ K)

> 0.
A —d

Since (c+ K)
f(xa 77¢q7 B77¢q) < f('ru 77¢q777ﬁ¢q)7
q

by (hy), we can choose a positive real 7 sufficiently large such that

0 < £@:n%0 Bnde) (A — )y — d) —blet K)

Ndq Ag—d

Therefore for n sufficiently large and now fixed, we have

b(c+ K)
N —d

()‘q_a)(Aq_CD —b(c+ K)
Ag—d

bBndg + (2,104, Bndg) <1 Pq + Ndq

and so (4.7) is satisfied or equivalently @ = n¢, is a super-solution of the equation (4.6).

Now we define the operator T on o = [u,u] by
Tu:=(—A+q—a) ' (bBu+ f(z,u, Bu)). (4.8)

Still again, the operator T is well defined since a < \,, Bu € L*(R") and f(z,u, Bu) €
L*(RY) for all u € 0. We prove that T'(c) C 0. Let u € 0. Since u > 0 then Bu > 0 and so
f(z,u, Bu) > 0 by the weak Maximum Principle for the scalar case. Therefore Tu > 0. We
have from (4.7) and (4.8)

(—A+q—a)(Tu) =bBu + f(x,u, Bu)

and
(—A+ g —a)ng, = (A — a)ndy > bBnd, + f(x,1m94, Bng,).
So we get

(—A+q—a)(n6, — Tu) > b(Bno, — Bu) + f(z, 16y, Budy) — f(w,u, Bu) in RY.

Moreover, since ¢ is an increasing function with respect to u, by the weak Maximum Prin-
ciple for the scalar case, we deduce that B is an increasing function with respect to u too.

Therefore, using (hy) for f, we obtain

(=A+q—a)(nd, —Tu) 2 0.



74 L. Cardoulis, Q. A. Ngo, H. Q. Toan

The weak Maximum Principle allows us to conclude that Tu < n¢, since a < A,. As for
Theorem 3.1, we can prove that T is a continuous operator for the L?(RY)-norm and by the
compact embedding V,(RY) < L*(R") we get that T(c) is compact.

By the Schauder Fixed Point Theorem, we deduce the existence of ug € V,(RY) such that
(—=A + q)ug = aug + bBug + f(z,ug, Bug) in RY.

Clearly, (ug, Bug) is a non-negative solution of the system (4.3). O

Note that if we add an hypothesis on the nonlinear term ¢, then we can construct a sub-
solution of the equation (4.6) of the form u = e¢, and consequently, we get the existence of

a positive solution of the system (4.3). This is the following result.

Theorem 4.2 Assume that the potential q satisfies the hypothesis (hy), the coefficients
a,b,c,d are real parameters with b > 0 and ¢ > 0, the function f satisfies the hypothesis
(hy) respect to ¢, the principal eigenfunction associated with A, the first eigenvalue of the
operator —A + q. Assume also that the function g satisfies the hypothesis (hg) and the

following hypothesis

S (A —a)( Ny —d) —be
s—0+ § b ’

Assume that the 2 x 2 matriz A be defined by

A~ Ay — @ —b
—(c+K) N\ —d
is a non-singular M-matriz. Then the system (4.3) has at least one positive solution (u,v) €

(Va(RY))2.

Proof: We proceed as for Theorem 4.1. We construct a sub-solution of the equation (4.6)

of the form u = €¢, such that u < s, where sg is a positive real sufficiently small which

g(s) > (Ag — a)(Ag — d) — bc
s b
for all 0 < s < sq. This is possible due to the boundedness of the function ¢,.

satisfies

Indeed, since 0 < ey < s, then

(A —a)(N\; —d) — bc
b

g(epq) > €Qyq.

Thus, by the Maximum Principle for the scalar case, we have:

(A —a)(A; — d) — b

(A -+q=d) gles) 2 SR

€Qq
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and so

b Ao —a)hg —d) — b
bB(ed,) > X—§?3¢q+-( : ?lif_d)) Cetg = (N — a)edd,.

q
Since f(x,ep,, Bep,) > 0, we well deduce that u = e, is a sub-solution of the equation
(4.6).

We can conclude as for Theorem 4.1 applying the Schauder Fixed Point Theorem for the
operator T" defined by (4.8) in the set [edq, n¢,]. We have just to verify that T'([ep,, n¢,]) C
[€dg, NPg) 1.e. if €y < u < Ny, then Tu > €g,. Indeed, from (4.6), since €g, is a sub-solution
of (4.6), we have:

(—A+q—a)(Tu—epy) > b(Bu — B(ep,)) + f(x,u, Bu) — f(x,€ep,, Bedy).

By the Maximum Principle for the scalar case, since a < \;, we get e, < T'u. [

We conclude giving a uniqueness result. As in [3], we add for that the following hypothesis

(h7) There exists a concave function H such that f(z,u,v) = b2 (z,u,v) and g(z,u) =

c%—f(x, u,v) for all u,v.

Then, proceeding exactly as in [3], we have the following result.

Theorem 4.3 Assume that the potential q satisfies the hypothesis (hy), the coefficients
a,b,c,d are real parameters with b > 0 and ¢ > 0, the function f satisfies the hypothesis
(hy), the function g satisfies the hypothesis (hg). Assume that the 2 X 2 matriz A be defined

by
A~ Ag— @ —b
—(c+K) A\ —d

is a non-singular M-matriz and the hypothesis (hz) is satisfied. Then the system (4.3) has

a unique positive solution (u,v) € (V,(RN))2.
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KRIENGSAK WATTANAWITOON, USA WANNASINGHA HUMPHRIES, Poom Kumam?

Strong convergence by new hybrid methods of
modified Ishikawa iterations for two asymptotically
nonexpansive mappings and semigroups

ABSTRACT. In this paper, we introduce the iterative sequence for two asymptotically
nonexpansive mappings and two asymptotically nonexpansive semigroups. Then we prove
strong convergence theorems for a common fixed point of two asymptotically nonexpansive
mappings and for a common fixed point of two asymptotically nonexpansive semigroups by
using the new hybrid methods in a Hilbert space. Moreover, we discuss the problem of strong
convergence and we also apply our results to generalizes extend and improve these announced
by Plubtieng and Ungchittrakool’s result [Strong convergence of modified Ishikawa iterations
for two asymptotically nonexpansive mappings and semigroups, Nonlinear Anal. 67 (2007)
2306-2315.] and Takahashi et al. [Strong convergence theorems by hybrid methods for
families of nonexpansive mappings in Hilbert spaces, J. Math. Anal. Appl. 341 (2008) 276—
286.].

KEY WORDS. strong convergence; nonexpansive mapping; Ishikawa iterations; asympto-

tically nonexpansive mappings; asymptotically nonexpansive semigroup

1 Introduction
Let E be a real Banach space, C' be a nonempty closed convex subset of £, and T : C' — C
be a mapping. Recall that T is nonexpansive if
Tz — Tyl < ||z -yl for all z,y € C.
We denote by F(T') the set of fixed points of T', that is F(T) = {x € C : x = Tz}. A

mapping 7' is said to be asymptotically nonexpansive [1] if there exists a sequence {k,} with
k, > 1 for all n and lim,,_,~k, = 1 and

|T"x — T™y|| < kyllx — yl| forall n>1 and z,y € C.

!Corresponding author
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If S and T are two (asymptotically) nonexpansive mappings, then the point z € F(S)NF(T)

is called the common fixed point of S and T

Recall also that a one-parameter family 7 = {T'(t) : 0 < t < oo} of self-mappings of a
nonempty closed convex subset C' of a Hilbert space H is said to be a (continuous) Lips-
chitzian semigroup on C (see, e.g., [10]) if the following conditions are satisfied:

(a) T(0)z =2, xze€C,

(b) T(t+ s)x =T (t)T(s)x, forallt,s>0, zeC,

(c) for each x € C, the map t — T'(t)zx is continuous on [0, 00),

(d) there exists a bounded measurable function L : (0,00) — [0,00) such that, for each
t >0,

IT(t)x — Tyl < Lullz — yll, for all 2,y € C.

A Lipschitzian semigroup 7 is called nonexpansive if L; = 1 for all £ > 0, and asymptoti-
cally nonexpansive if limsup, . L; < 1. We denote by F(7) the set of fixed points of the
semigroup 7, that is F(7) ={zx € C: T(s)xr =z, Vs> 0}.

In 1953, Mann [5] introduced the iteration as follows: a sequence {x,} defined by
Tpt1 = Qup + (1 — )Tz, n >0, (1.1)

where the initial guess z is taken in C' arbitrarily and the sequence {a, }22 is in the interval
[0, 1].

The second iteration process is referred to as Ishikawa’s iteration process [2|, which is defined
recursively by

(1.2)
Tpt1 = Ay + (1 — ) TyYn,

where the initial guess ¢ is taken in C' arbitrarily and the sequences {«a,} and {f,} are in
the interval [0, 1].

In 2003, Nakajo and Takahashi [6] proposed the following modification of the Mann iteration

method for a nonexpansive mapping 7" in a Hilbert space H:

(20 € C chosen arbitrarily,

Yn = Qndy + (]- - Oén)TIn,
Cr={velC: |y, — vl <z, — |}, (1.3)
Qn={velC:{(x,—v,x,—1x9) >0},

Tny1 = Po,no, (T0),

\

where P denotes the metric projection from H onto a closed convex subset C' of H. They
prove that the sequence {x,} converges weakly to a fixed point of T. Moreover they intro-

duced and studied an iteration process of a nonexpansive semigroup 7 = {T'(t) : 0 <t < oo}
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in a Hilbert space H:

xo € C' chosen arbitrarily,

Yn = Qpy + (1 — an)% g" T (u)x,du,

¢ Cn=A{vel: |y —v| <llan -2}, (1.4)
Qn={velC:{(x,—vx,—1x9) >0}

\

In 2006, Kim and Xu [3] adapted the iteration (1.3) to a asymptotically nonexpansive map-
ping in a Hilbert space H:

(9 € C' chosen arbitrarily,
Yn = Ty + (1 — ) T2y,
Co={v € C:lyn — v|* < llan — 0] + 0n}, (1.5)
Qn={veC:(x,—v,z,—1x9) >0}

(| Znt1 = Po,nq. (7o),

where 0,, = (1 — a,,)(k? — 1)(diamC)* — 0 as n — oco. They also proved that if a,, < a
for all n and for some 0 < a < 1, then the sequence {z,} converges weakly to a fixed point
of T. Moreover, they modified an iterative method (1.4) to the case of an asymptotically
nonexpansive semigroup 7 = {7'(¢t) : 0 <t < oo} in a Hilbert space H:

(20 € C chosen arbitrarily,
Yn = Ty + (1 — O‘")i fg" T(uw)z,du,
Co= {0 € g — ol < n — ol + 60}, (16)
Qn={velC:(x,—vz,— 19 >0},

L Tnt1 = PCnﬂQn(x(J)?

where 6,, = (1 — an)[(i Jo" Ludu)? — 1](diamC')* — 0 as n — oo.

Recently, Takahashi et al.|9] introduced the modification Mann iteration method for a non-
expansive mapping and nonexpansive semigroup J = {T'(t) : 0 < ¢t < oo}. They proved

strong convergence theorems in Hilbert spaces by a new hybrid method.

Very recently, Plubtieng and Ungchittrakool %] modified Ishikawa iteration processes for two
asymptotically nonexpansive mappings, and two asymptotically nonexpansive semigroups
T={Tt):0<t<oo}and S ={S(t) : 0 <t < oo} with C' be a closed convex bounded

subset of Hilbert space H. They obtained strong convergence theorems.

In this paper, motivated by Plubtieng and Ungchittrakool’s result [3| and Takahashi et al.
[9], we prove strong convergence theorems for a common fixed point of two asymptotically
nonexpansive mappings and two asymptotically nonexpansive semigroups in Hilbert spaces
by using the new hybrid methods, which is introduced by Takahashi et al. [9]. Our results

are extend and improve of some previous literature results.
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2 Preliminaries

This section collects some lemma which will be used in the proofs for the main results in the

next section.

Lemma 2.1 There holds the identity in a Hilbert space H:
Az + (1 =Nyl = M| + (1 = Myl = A1 = Nlz =y,
for all z,y € H and X € [0,1].

Lemma 2.2 (Opial [7]). Let C be a closed convex subset of a real Hilbert space H and
let T : C — C be a nonexpansive mapping such that F(T) # 0. If {x,} is a sequence in C

such that x,, — z and x, — Tz, — 0, then z =Tz.

Lemma 2.3 (Lin et al. |1]). Let T be an asymptotically nonexpansive mapping defined
on a bounded closed convex subset of a bouded closed convex subset C' of a Hilbert space H.
If {z,} is a sequence in C' such that x, — z and Tx, — x, — 0, then z € F(T).

Lemma 2.4 (Nakajo and Takahashi |6]). Let H be a real Hilbert space. Given a closed
convex subset C' C H and points x,y,z € H. Given also a real number a € R. The set
D:={vel:|y—v|?<|lz—v]*+ (z,v) +a} is convex and closed.

Lemma 2.5 (Kim and Xu |3]). Let C be a nonempty bounded closed convex subset of
H and T ={T(t) : 0 <t < oo} be an asymptotically nonexpansive semigroup on C. If {z,}
s a sequence in C' satisfying the properties:

(a) z, — z; and,

(b) limsup,_, . limsup,,_, . [|7(t)z, — z,|| = 0,

then z € F(T).

Lemma 2.6 (Kim and Xu |3]). Let C be a nonempty bounded closed convex subset of
Hand T ={T(t) : 0 <t < oo} be an asymptotically nonexpansive semigroup on C. Then
it holds that

1

1 t t
lim sup lim sup sup ;/ T(u)zdu —T(s)(;/ T(u)zdu)|| = 0.
0 0

§—00 t—oo zeC

3 Convergence to a common fixed point of two asymptotically non-

expansive mappings

In this section, we prove a strong convergence theorem by the new hybrid method of modified

Ishikawa iterations for two asymptotically nonexpansive mappings in Hilbert spaces.
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Theorem 3.1 Let C be a bounded closed convex subset of a Hilbert space H and let
S, T : C — C be two asymptotically nonexpansive mappings with sequence {s,} and {t,}
respectively such that F := F(S)N F(T) # 0. Assume that oy, < a for all n and for some
0<a<1landp,€l0,1]. Define a sequence {x,,} in C by the following algorithm:

(

xo=x€C,Cy=C,

Yn = Ty + (1 — )T 2y,

Zn = PnTyn + (1 — B,)S @y, (3.1)
Cor1 ={v € Oyt |lyn — v|” < [lzn — vl|* + 60},

Tpi1 = Po, (), n=0,1,2...,

\

where 0, = (1 — a,)[(t2 — 1) + (1 — B,)t2(s% — 1)](diam C)? — 0 as n — oo.

Then {x,} converges in norm to Pr(x).

Proof: We first show that C,,; is closed and convex for all n € NU{0}. From the definition
of €41 it is obvious that C),,; is closed for each n > 0. By Lemma 2.4, we observe that

Cp41 1s convex.

Next, we show that F' C C), for all n > 0. Indeed, let p € F', we have

Yo — 2> = llonz, + (1 — )Tz, — p|?
= |lon(zn = p) + (1 = an)(T"z, — p)|I>
< apllz, = pllP 4+ (1 — ) || T"z, — plI? (3.2)
< apllz, = pllP + (1 = an)tillzn — pll?

lzn = plI* + (1 = ) (E2ll20 = pII® = ll2n = pII?)-

By Lemma 2.1, we get

|20 — p||2 = BullTn _pH2 + (1 = B[S n — p“2 — Bu(L = Bu)|| 5", — anz
||xn _p||2 + (1 - ﬁn)(s - 1)”3371 - p||2 - ﬁn(l - 5n)||SnIn - anQ (33)
[2n = plI* + (1 = Ba) (s — Dz — plI*.

Substituting (3.3) in (3.2), we obtain

I I

<
<

1y = PP <l — plI? + (1 — @) (@ (|2 — plI* + (1 = Ba) (s — Dz — pl1?) = [lza — p[1?)
=[xy —pl* + (1 = an) (2 (1 + (1= B)(s% — 1)) = D]l2n — pl®
=[lzn —plI* + (1 = an)(t;, = 1) + (1 — aw)(1 = Ba)to(sh — 1)) ||2n — plf
=z, — p|> + 6, with 6, — 0.

It follows that p € C,,11 and F C C,,1; for all n > 0. Thus {z,} is well defined.

From z,, = Pe,x¢ and 11 = Popt120 € Chyq C O, we have

(g — Tpy Tp — Tpy1) >0 forallpe F andn e N (3.4)
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So, for z,,, € C,, we have,

0 < (xo—2p,Tp— Tpi1),
(g — T, Ty — To + To — Tpy1),
= —(Ty — To,Tp — Tg) + (To — Tpn, To — Tnt1),
<l = 2ol* + 2o — zallllzo — Tl

for n € N. This implies that
lwo = zall* < llzo — @allllz0 — @nsal,

hence

lzo — 2ol < ||xo — T for all n € N.
Therefore {||xg—x,||} is nondecreasing. From x,, = P¢, x¢, we also have (xg—x,, x,—y) > 0,
for all y € C,,.
Since F' C C,,, we get

(xg — Tp,xpn —p) >0 forall pe F(T).

Thus, for p € F, we obtain

0 < <.T0 — Tn, Tn _p>
<[L’0 — T, Tn — I'0> + <:L‘0 — Tp, To — p>

= —llen = zol* + llxo — 2allllzo — pll-

forall p e F and n € N.
Hence {x,} is bounded. Thus lim,, ||z, — xol|| exists.

Next, we show that ||z,+1 — 2| — 0. From (3.4) we have

|20 = Tnga|? = (|20 — 20 + 20 — Tnga||?

= ||zn — zol]* + 2(xn — 20, Zo — Tns1) + |0 — Tppa|]?

= ||zn — ol|* + 2{xp — 20, To — Tp + Ty — Tpy1) + |T0 — Trpa|]?

= [lzn — 2ol = 2(x0 — T, B0 — T) — 20 — Tn, T — Tps1) + |0 — T |

< lzn = 2ol® = 2|20 — @0|* + llzo — 2nta1?

= —llzn — moll* + 20 — Tpsa ||

Since lim,, o0 ||z, — xo|| exists, then lim, oo ||x, — Tpy1]] = 0.
Since z,11 € Cpy1 C Cp, we have ||y, — 2pi1]l* < |20 — i ||* + 05, which implies that
1Y — Tpaill < |20 — Tnsa || + vOn. We now claim that lim,, . ||7"2, — x,|| = 0. Indeed, by
definition of y,,, we have

|T"2n — zal| = 1 — o [
n

< n - 4n n  dn
< U = |+ i = )

IN

1~ a (lzn = Tppa |l + VOn + [[Tn41 — 20|]) — 0 as n — o00.
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By using the same argument as in the proof of |8, Theorem 3.1, pp. 2310|, we have
|1S™ 2, — x,]| — 0 as n — oo.
Putting to = sup{t, :n > 1} < oo and s, = sup{s, : n > 1} < 0o, we deduce that
[ T2n = 2all < (T2 — T || + |72, — T an || + 1T 2ng1 — 2|
@41 — Tnl]
< toolltn = Tl + 1T 2pss — zaa || + (14 too) |20 — T |-

Since 7' is uniformly continuous, we have
| Tz, — z,|| — O, as m — 0o. (3.5)

Similarly, we have
[Szn —xull < |[Szn — S" || + 19", — S" || + 15" i1 — 2ol
H|Tng1 — |
< toonxn - Snan + HSnJrlxn-i-l - xn-&-l” + (1 + SOO)Hxn - xn-&-lH-

Since 7' is uniformly continuous, we have
|Sz, — x,]| — 0, as m — 00. (3.6)

Finally, we show that x,, — zo where zy = Przy. By (3.5), (3.6), Lemma 2.3 and boundedness
of {x,} we obtain 0 # w,(z,) € Przo. By the fact that ||z, — x| < ||z0 — x¢]| for alln >0
where zy = Pp(x¢) and with the weak lower semi-continuity of the norm, we have
|lzo — 20| < ||lxo — w|| < liminf ||z — x,|| < limsup ||zg — x| < ||zo — 20]|,
n—oo n—oo
for all w,(z,). However, since w,,(x,) C F, we must have w = z; for all w € wy(z,). Thus

wy(xn) = {20} and then x,, — 2. Hence, z,, — 2y = Prxy by
[0 = 20l* = Nl#n — w0l|* + 2(2n — w0, 0 — 20) + [|70 — 20|
< 2(|lz0 — wol* + (Tn — o, o — 20)) — 0 as n — oo.
This completes the proof. O

The following corollary follows from Theorem 3.1 reduces (3.1) to the modified Mann’s

iteration for an aysmptotically nonexpansive mapping.

Corollary 3.2 Let C be a bounded closed convex subset of a Hilbert space H and let
T :C — C be an asymptotically nonexpansive mapping. Assume that o, < a for all n and

for some 0 < a < 1. Then the sequence {x,} generated by

xg € C' chosen arbitrarily,

Yn = Ty + (1 — o) T™xy,

Cop1={v € Ct[lyn — v[* < [z — v[|* + 0a},
Ty = Po,.,, (), n=0,12...,

(3.7)

converges in norm to Ppryxo, where 6, = (1 — o) (k2 — 1)(diamC)? — 0 as n — co.
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Proof: By Theorem 3.1, if S = I,3, = 1 for all n € NU {0} then, (3.1) reduces to the

modified Mann’s iteration for an asymptotically nonexpansive mapping. O

Theorem 3.3 Let C be a closed convex subset of a Hilbert space H and let S,T : C — C
be two nonexpansive mappings such that F = F(S)NF(T) # 0. Assume that o, < 1—6 for
all n and for some § € (0,1] and B, € [b,c] for alln and 0 < b < ¢ < 1, then the sequence
{z,} generated by

ro=x€C,Cy=C,

Un = Ty + (1 — ) T2,

Zn = Bntn + (1 — B,) STy, (3.8)
Cot1 ={v € Cp ¢ [lyn — 0[] < [l — 0|12},

T = P, (), n=20,1,2...,

\

converges in norm to Ppxg.

Proof: Since every nonexpansive mapping is asymptotically nonexpansive mapping and
using the same argument as in the proof of Theorem 3.1, we obtain ||T'z, — z,|| — 0 and
|Sz, — x,|| — 0 as n — oo. Hence, by Lemma 2.2, w C F and therefore {z,} converges

strongly to Ppxg. O

By Theorem 3.3 reduces (3.8) to the modified Mann’s iteration for a nonexpansive mapping,

we obtain the following result:

Corollary 3.4 (Takahashi et al. |9|, Theorem 4.1) Let C be a bounded closed convex
subset of a Hilbert space H and let T : C' — C be a nonexpansive mapping such that
F(T) # (0. Assume that o, < 1 —0 for all n and for some 6 € (0,1]. Then the sequence
{z,} generated by

xg € C' chosen arbitrarily,

Yn = Qpy + (1 — )Ty,

Cor ={v € Cp - lyn — vl < [lzn —0ll},

Tpi1 = Po,,, (), n=0,1,2...,

(3.9)

converges in norm to Ppr)xg.

4 Convergence to a common fixed point of two asymptotically non-

expansive semigroups

Theorem 4.1 Let C be a nonempty closed convex subset of a Hilbert space H and let
T={T(t):0<t<oo} and T ={S(t): 0 <t < oo} be two asymptotically nonexpansive
semigroups on C such that F(T) N F(S) # 0. Assume also that 0 < o, < a < 1 and
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0<b<pB,<c<1foralln € NU{0} and {t,} is a positive real divergent sequence. Define
a sequence {x,} in C by the following algorithm.:

(zy=2¢€C,Cy=C,

Yn = i + (1 —an) - [o" T(w)zndu,

Zn = PnTn + (1 — ﬁ")i 0" S(u)zndu, (4.1)
Crpr = {v € Ot |lyn — vl* < [z — vl + 6},

Tpr1 = Po, (), n=0,1,2...,

\

where 0, = [(1 — a)2 4+ (1 — @) (1 — 3,)E2(32 — 1)](diam C)2 — 0 as n — oo. (hence

t, = % 5" LYdu and s, = Sl OS" L¥du). Then {x,} converges in norm to Pp(rynr(s)Zo-

Proof: First observe that F(7) N F(S) C C, for all n. Indeed, we have for all p €
F(T)NF(S)

o + (1 — )& o T(u)zadu — pl|?
levn (2 — p) + (1 = o) (3= [5" T(u) zndu — p)|?

lyn — pl|?

< lan(@n = p) + (1= an) it fo" T(u)zndu — p||?
< anflan = pl? + (1= an)ll fy" T(w)zadu — p|? (4.2)
< anflen = pl? + (1= an) (& fy" [1T(w)z, — plldu)?
< anllzn =l + (1= an) (5 [y Liudu)llzn — pll?
< o —pl? + (1 = an) (@20 — pl?).
By Lemma 2.1, we have
[2n = pI? < Bullwn —pl>+ (1~ ﬁn)Hé osn S(u)w,du — pl?
—Bn(1 = Ba)llzn — 5 o™ S(w)zndull?
< Ballwn —pl* + (1 - ﬁ@(i fosn 1S (u)x, — pl|du)?
—Bn(1 = B)||lzn — i osn S(uw)zndul?
< Ballen =2+ (1= Ba) (5 Jo " Ladu)? ||z, — pl® (4.3)

—Bu(1 = Bo)llzn — 5 5" S (w)zndul?
< len =l + (1= Ba) (5% — Dllan — pl?

—Bn(1 = Bp)llwn — i osn S(u)apdull®
< lzn = pl?+ (1= 8a) (55 — Dllzn — pl*.

Substituting (4.3) into (4.2) yield,

lyn = pl* =N = pl* + (1 = @)@ (llen = pI* + (1 = B2) (57 = Dllen = pl*))
= Nz = plP + (1 = @) + (1 = an) (1 = SB35, = D)2 — plf?

< lwn = pl* + 6n.
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So, p € Cyy1. Hence F(T)N F(S) € C, for all n € NU {0}. By the same argument as in
the proof of Theorem 3.1, C,, is closed and convex, {x,} is well defined. Also, similar to the

proof of Theorem 3.1, we also have
|20 — @nia ]l — 0.
Since 41 € Cpq1 C Gy, We get
lyn = ZasaI” < 2 = nsa||* + G,

which in turn implies that

Hyn - xn—HH < Hxn - $n+1|| + V én (4'4)
We can deduce that for all 0 < r < oo,

1S(F)an —2all < Sz = S(r)(5- [3" S(w)zadu)
HIS) (G- ) S (u)ndu) — o Jo " S(w)zydull
+IE S S( )Tndu — |
< (Loo + 1)|| L s" S(u)x,du — x,]|
+IS(r)(+ Os" S(u)x,du) — i 0" S (u)w,dull
= (Lo + 1)Ag + B5(r),

(4.5)

where AS := ||+ [°" S(u)z,du—w,| and B (r):=[|S(r)(+ [;" S(u )xndu)—— oS (w)zpdull.
We claim that hmn_mAg = 0 = limsup,_lim supn_)ooB;f (r). By Lemma 2.6, we have
limsup,._, . limsup,,_,. B (r)=0. By the proof of [3, Theorem 4.1, pp. 2312-2313, eqa.
(4.4)], we obtain that lim, ..,AY = 0. On the other hance, we can deduce that for all

0<r<oo,

1T (r)zn —znl| < |IT(r)x, tn LT (w)zpdu) ||
+[|7(r) fo w)x,du) — 1f0” u)x,dul|
—l—Ht fO" a:ndu 7| (46)
< (Lo + 1)||t T'(u )ffndu T |
+[T(r) fo (w)andu) — 3= 0" T(u)z,dull

= (Lo + 1)AT + BI(r).

where AT:=|| [ T(u)z,du—a,|| and BI(r):=|T(r)(£ [i" T(w)zndu)— 2 [i" T(w)z,dul.

Moreover, we observe that

|z, — fo" w)xpdul| < |z, — i Jo" T(u)zdul| + ||t Jo" T(u)zpdu — ti Jo" T(w)x,dul
< llow — i Tl + & 2 1T (w) 20— T(w)i
< ||z, — i fon T(u)zpdul| + thZn T |-
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Since ||z, — 2| = (1= Ba)ll5- =" S(u)apdu — ]| — 0 and ||z, — i fot" T(u)z,dul| — 0, we
obtain
1 [t
lim,, oo ||z, — t_/ T(u)x,dul| =0 (4.7)
n Jo

By (4.7) and Lemma 2.6, we have lim,, .,,Al = 0 = limsup,_, limsup,_,. BL(r).
We thus conclude from (4.5) and (4.6) that

limsup,_, ., limsup,, . ||7(r)x, — z,|| = 0 = limsup,_, ., limsup,,_, . ||S(r)x, — ||

An application of Lemma 2.5 implies that every weak limit point of {z,} is a member
of F(7) N F(S). Repeating the last part of the proof of Theorem 3.1, we can prove
that Ppr)nrs)(z) is the only weak limit point of {z,}, hence {x,} weakly convergence

to Pp(ynr(s) (x), and therefore the convergence is strong. O

Corollary 4.2 Let C be a bounded closed convex subset of a Hilbert space H and T =
{T(t) : 0 <t < oo} be an asymptotically nonexpansive semigroup on C. Assume also that
0<a, <a<lforallneNU{0} and {t,} is a positive real divergent sequence. Then, the

sequence {x,} generated by

xo=x € C chosen arbitmm’ly,

Yn = Ty + (1 — ap) 1= fo u)x,du, (48)
Cov1 ={v € Cu t lyn — v]? S [z = vlI* + 6.}, .
Tpr1 = Po, (), n=0,1,2...,

converges in norm to Ppryzo. where 0, = (1 — a,)[(+ ft" Lydu)? — 1)(diamC)* — 0 as

n — o0.

Proof: By Theorem 4.1, if the semigroup & = {S(¢t) : 0 <t < o0} =7 := {[( ):0<t<
oo} and 3, = 1, then S(t)z, = x, for all n and for all ¢ > 0. Hence = fo w)Tpdu =
for all n and z, = z,, then, (4.1) reduces to (4.8). O

Theorem 4.3 Let C be a nonempty closed convex subset of a Hilbert space H and T =
{T(t):0<t<oo}and S ={S(t) : 0 <t < oo} be two nonexpansive semigroups on C'.
Assume also that 0 < a, <a <1 and 0<b< f, <c<1 foralln € NU{0} and {t,} and
{sn} are two positive real divergent sequence. If F = F(T)N F(S) # 0, then the sequence
{z,} generated by

( 2=z € C, chosen arbz’tmm’ly,

Yn = QpZy + ( fo” u)zpdu,
_ﬂnxn ( ﬁ”)sn () ( )xndu, (49)
n+l {U GC ”yn_UH < H.ﬁn—UH},

l’n+1—PCn( ), n=20,1,2...,

converges in norm to Ppr)Tg.

\
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Proof: By Theorem 4.1 we have
lim [|T(r)z, — z,]| =0 = lim ||S(r)x, — z,|| forall 0<r < occ.

Hence, by Lemma 2.5, w C F(F) and therefore {x,} converges strongly to Prxy. O

The following corollary follows from Theorem 4.3

Corollary 4.4 (Takahashi et al. |9], Theorem 4.4) Let C be a nonempty closed convex
subset of a Hilbert space H and T = {T'(t) : 0 <t < oo} be a nonexpansive semigroup on
C. Assume that 0 < a,, < a < 1 for alln € NU{0} and {t,} is a positive real divergent
sequence. If F(T) # 0, then the sequence {x,} generated by

xo € C, chosen arbitrarily,

Yn = iy + (1 — an)i Jo" T(w)xydu,

Crr ={v € C: |lyn — vl < llzn — o[},
Tni1 = Po,v1(x0),, n=0,1,2...,

(4.10)

converges in norm to Pp1)Tg.
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