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EUGEN STUMPF

The existence and C'-smoothness of local center-
unstable manifolds for differential equations with
state-dependent delay

ABSTRACT. The purpose of this work is to construct C'-smooth local center-unstable
manifolds at a stationary point for a class of functional differential equations of the form
#(t) = f (z;). Here the function f under consideration is defined on an open subset of the
space C'([—h,0],R"), h > 0, and satisfies some mild smoothness conditions which are often
fulfilled when f represents the right-hand side of a differential equation with state-dependent
delay.

KEY WORDS. Center-unstable manifold, functional differential equation, state-dependent
delay
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1 Introduction

The interest in delay differential equations (abbreviated by DDE, respectively DDEs) dates
back at least to the work [10] of Poisson from the year 1806. Even so, the general the-
ory started to be systematically developed only at the beginning of the second half of the
last century. During the 60th and 70th the theory of DDEs became an established field of
mathematical research. In that progress, the development of another, more abstract class
of differential equations, namely the so-called retarded functional differential equations (ab-
breviated by RFDE, respectively RFDEs), was essential. The development of the theory
of RFDEs has also been started in the second half of the last century. We point out the
fundamental work [3] and the newer edition |!] of Hale. Great parts of the theory of REDEs
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is now as well understood as that for ordinary differential equations as presented in the

monographs [2, 5].

Different DDEs with constant as well as with time- or state-dependent delay can be rep-
resented in the more abstract form of an RFDE. Accordingly, after carrying out such a
transformation, one may ask whether basic or even far-reaching results for RFDEs may be
used to study the original differential equation with delay. It turns out that the solution
of this question is essentially dependent on the involved delays of the considered DDE. The
reason is that the representation of a DDE in the more abstract form of an RFDE may lead
to a loss of smoothness of the right-hand side if the involved delays are not constant. There-
fore, the theory of RFDEs is in general not applicable to study DDEs with state-dependent
delays and a lot of problems such as linearization and invariant manifolds for differential

equations with state-dependent delay at a stationary point stayed open for many years.

In recent times, Walther introduced a modified class of functional differential equations and
developed the fundamental theory in the series [13—15] of works under mild smoothness hy-
pothesis. The main idea of Walther’s approach is to study an abstract functional differential
equation only on a smooth submanifold, the so-called solution manifold, of a function space.
He proved that under mild smoothness assumptions the Cauchy problem is well-posed on
the solution manifold, and the solutions generate a continuous semiflow with continuously
differentiable solution operators. In particular, this framework seems to be often applic-
able in cases where the corresponding functional differential equation represents a DDE with
state-dependent delay. Additionally, in cases of applicability it solves the difficulties concern-
ing the linearization of a semiflow generated by differential equations with state-dependent
delays. As long as the problem of linearization had not been solved, heuristical methods
based on formal linearization were used for considerations as local stability and instability

of stationary points. The work [1] of Cooke and Huang is indicative for such an approach.

In connection with the semiflow from the framework in [13—15] the existence of different
types of local invariant manifolds at a stationary point is also well know by now. For
instance, in |7] Krisztin considers an abstract class of functional differential equations and
proves the existence of local unstable manifolds under a hyperbolicity condition but without
knowledge of a semiflow. However, the result in [7] is also applicable in the situation of the
semiflow discussed in [13—15]. Additionally, |7] discusses the construction of so-called fast
or strong unstable manifolds without the hyperbolicity condition. A proof of the existence
of continuously differentiable local stable and local center manifolds at stationary points is
contained in the survey paper [0] of Hartung et al. and in the work [¢] of Krisztin. The
occurrence of continuously differentiable local center-stable manifolds is confirmed by Qesmi
and Walther in the recent work [11].

The aim of this work is to prove the existence and C'-smoothness of local center-unstable
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manifolds at stationary points for the semiflow from [13-15]. For this purpose, we first follow
the approach used in Hartung et al. [6] for the construction of local center manifolds, and
apply a modification of the Lyapunov-Perron method contained in Diekmann et al. [2] to
establish the existence of Lipschitz continuous local center-unstable manifolds. Hereafter,

we employ the techniques from Krisztin 3] to prove C'-smoothness.

2 The Main Result

Let h > 0,n € N and || - ||g» a norm in R™. For abbreviation, let us denote by C' the set of

all continuous functions from the interval [—h, 0] into R™, equipped with the norm

lielle = max. llp(s)]ze

of uniform convergence. Analogously, we write C! for the Banach space of all continuously
differentiable functions ¢ : [—h, 0] — R™, provided with the norm ||¢||c: = [|¢|lc + ||¢]|c-

For a given function x : I — R™ defined on some interval I C R, and ¢t € R with [t—h,t] C I,
the segment x; of = at t is defined by the relation z;(9) := z(t + ), ¥ € [—h,0]; that is,
by x; we restrict the function z to [t — h,t] and shift it back to [—h,0]. In particular, if the

function z is continuous, then clearly z; € C.

Let U C C! be an open neighborhood of the origin 0 € C! and a function f : U — R" with
f(0) = 0 be given. Throughout this paper, we consider the functional differential equation

(t) = f () (1)

under the following conditions on the right-hand side:

(S 1) f is continuously differentiable, and

(S 2) each derivative Df(y), ¢ € U, extends to a linear map
D.f(p): C — R",

and the induced map
UxC3(p,x) — Def(0) x

1S continuous.

By a solution of the differential equation (1) we understand either a continuously differen-
tiable function z : [ty — h,t.) — R™ with ¢y < t, < oo such that x;, € U for ty <t < t, and
Eq. (1) holds for ty < t < t., or a continuously differentiable function x : R — R" such
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that z; € U and Eq. (1) holds everywhere in R. Additionally, we will consider solutions
on unbounded, right-closed intervals (—oo,t.], —0o < t., which are defined in an analogous

way.

By assumption z(t) = 0, t € R, is a solution of Eq. (1) as f(0) = 0. Therefore, the closed

subset
Xy ={peUl¥0)=f(p)}

of C' is not empty. Under the above conditions on f the framework developed in [13-15]
implies the following fundamental results. The solution manifold X; is a C''-submanifold
of U C C' with codimension n. Each ¢ € X; uniquely defines a constant ¢, (p) > 0 and a
(in the forward time direction) non-continuable solution =¥ : [—h,t (¢)) — R™ of Eq. (1)
with initial value zf = ¢. All segments z{, 0 < t < t;(¢) and ¢ € Xy, belong to Xy and

the equations
define a continuous semiflow F': {2 — X on the solution manifold X; where
Q={(t,p) €[0,00) x Xy [0 <t <ti(p)}.
For every ¢ > 0 the solution map at time ¢, that is, the map
Fo{yeXp|0<t <t (¥)} 29— F(t,p) € Xy,
is continuously differentiable, and for each ¢ € X; the tangent space of X; at ¢ is
T,X;={xe€C" | X(0)=Df(¢)x}-
For all (t,¢) € 2 and all x € T, X the derivative
DF,p : T, Xy — T Xy

satisfies the equations
DFE(¢) x = v,
where v#X : [—h,t,(¢)) — R™ is the solution of the (linear) initial value problem

{D(t) = Df(F(t,¢)) v

Vo = X

(2)

for x € T, X;. Here a solution of the Cauchy problem (2) is a continuously differentiable
function v : [—h,t.(¢)) — R such that v = x, vy € Tp(,,) Xy for all 0 <t < t.(p) and v
satisfies the differential equation for all 0 < t < t.(y).
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Obviously, we have F'(t,0) = 0 for all t € R; that is, ¢y := 0 € X is a stationary point of
the semiflow F'. As discussed in Hartung et al. [0] the linearization of F' at ¢y = 0 is the
strongly continuous semigroup 7" = {7(t) };>0 of bounded linear operators T'(t) = Dy F(t,0),
t > 0, on the Banach space

ToX;={x €C" | X(0)=Df(0)x},

equipped with the norm || - ||c1 of C*'. For any ¢t > 0 the action of T'(¢) on an element
x € ToXy is determined by the relation T'(t) x = vy, where vX : [—h,00) — R" is the

unique solution of the variational equation
0(t) = Df(0) vy (3)
with initial value vy = x. The infinitesimal generator G of T' is given by the linear operator
G:D(G) > x— X € To Xy
with domain

D(G) = {x € C?*|X'(0)=Df(0)x, x"(0)=Df(0)x'},
where C? denotes the set of all twice continuously differentiable functions from [—h, 0] into
R™.
Remark 2.1 For the convenience of the reader we repeat that an RFDE on some open

subset V' C R x (C'is an equation of the form

() = fe(t, zt) (4)

with a function f. : V' — R". A function x is a solution of Eq. (4) on the interval [to—h, 1),
if there are ty € R and ¢, > ¢y such that z : [ty — h,t;) — R™ is continuous, (¢,z;) € V for
all tg <t < t,, and z satisfies Eq. (4) for all ¢y <t < t,. Solutions on unbounded intervals

(—o0,ty) or (—oo,ty] for some t, > —oo are defined in an analogous way.

By assumption (S 2) on f the linear operator D f(0) may be extended to a bounded linear
operator D.f(0) on the larger space C. The operator L. := Df.(0) induces the linear
autonomous RFDE

0(t) = Le vy

and the solutions of the associated initial value problem

{Mﬂ:@w

Vo =X
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for initial values x € C define a strongly continuous semigroup T, = {7.(t)}:>0 on C as

shown, for instance, in Diekmann et al. [2]. The infinitesimal generator of T, is
G.:DG.)>x+— Y €l
with the domain

D(Ge) = {x € C'[X(0) = Lex}

which particularly coincides with T5X;. We have T'(t) ¢ = T,(t) ¢ for all ¢ € D(G.) and
t>0.

For the spectra 0(G.),o(G) C C of the generators G., G of both semigroups we have
o(Ge) = 0(G)

by [6]. The spectrum o(G,) is given by the zeros of a familiar characteristic equation, is
discrete and contains only eigenvalues of finite rank, that is, the generalized eigenspaces are

finite-dimensional. Setting

ou(Ge) :=={A € 0(Ge) | Re(A) > 0},
0.(Ge) :={\ € 0(G.) | Re(A) =0}

V

and

04(Ge) i={A € 7(G.) | Re(A) < 0},
we obtain the decomposition

o(Ge) = 0u(Go) U0 (Go) U o(Go).

As proven in Hale and Verduyn Lunel [5] or in Diekmann et al. [2], for each 5 € R the
half-plane {A € C | ReA > } of C contains at most a finite number of elements of o(G,),
so that spectral parts 0,(G.), 0.(G.) are empty or finite. Hence, the associated realified
generalized eigenspaces C, and C., which are called the unstable and the center space
of G, respectively, are finite dimensional subspaces of C'. In contrast, the stable space
Cy, C C of G, that is, the realified generalized eigenspace associated to the spectral part
0s(G.), is infinite-dimensional. The subspaces C,, C. and Cy are closed, invariant under

T.(t), t > 0, and provide a decomposition
C=0C,C.dC, (6)

of C'. The restriction of T, to the finite dimensional spaces C,, C. has a bounded generator

so that T, may be extended to a one-parameter group in each case.
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As a consequence of the above decomposition of C' we obtain also a decomposition of the

smaller Banach space C'!, namely
ct=C,aC.aC, (7)

with the closed subspace C! := C, N C! of CL.

The sets C,,, C, lie in D(G.) = To Xy and coincide with the unstable and the center space of
G, respectively. The stable space of G'is CsNTy X ;. Consequently, we have the decomposition

ThX;=C,®C.® (Cs NTHXy).

All spaces are closed subspaces of TpX; and positively invariant under the operators 7'(t),

t > 0, and T forms a one-parameter group on each of the finite-dimensional subspaces C,
and C..

Using the notation C., := C\, @ C. for the center-unstable space of GG, we are now able
to state our result on the existence of local center-unstable manifolds for the semiflow F' at

the stationary point ¢y = 0.

Theorem 1 (Existence of Local Center-Unstable Manifold) Suppose in
addition to the previous assumptions on f that {\ € o(G.) | Re(X) > 0} # 0 or, equivalently,
Cey # {0}. Then there are open neighborhoods Ce,o of 0 in Ce, and 05170 of 0 in C! with
New = Ceuo+Ciy C U, and a Lipschitz continuous map we, : Ceyo — Ci ¢ with we, (0) = 0,
such that the graph

Wew i= {@+ wal9) | ¢ € Caro }

has the following properties.

(i) The set W, belongs to the solution manifold X; of Eq. (1). Moreover, W, is a
k-dimensional Lipschitz submanifold of Xy where k := dim C.,.

(ii) For each solution x : (—oo,0] — R™ of Eq. (1) on (—o0, 0], we have

{2, ]t <0} CNo = {&] t <0} C W

(iii) The graph W., is positively invariant with respect to the semiflow F' relative to Ng,;
that s, if p € We, and t > 0 then

{F(s,g0)| ogsgt} C N, = {F(s,@)\ ogsgt} C We,.

The submanifold W, of X; is called a local center-unstable manifold of F' at the sta-
tionary point ¢y = 0. It is C'-smooth and passes ¢, tangentially to the center-unstable

space C, as we shall have established by our next theorem.
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Theorem 2 (C'-Smoothness of Local Center-Unstable Manifold)
The map

. 1
Wey - C(cu,O ? 0570

obtained in Theorem 1 is continuously differentiable and Dw.,(0) = 0.

In the next three sections we prove the above theorems. Even though the proofs are quite
long and at certain points technical, they are nevertheless not difficult to understand. As
mentioned in the introduction, we follow the construction of local center manifolds in Har-
tung et al. [6] and apply the Lyapunov-Perron method to obtain the existence of local
center-unstable manifolds as claimed in Theorem 1. The basic idea of this method is to
transform the differential equation (1), or more precisely, a smoothed modification of it,
into an integral equation such that the corresponding integral operator forms a parameter-
dependent contraction in an appropriate Banach space of continuous functions. The fixed

points of this contraction define a mapping whose graph forms the desired invariant manifold.

After the described construction, we follow the procedure in Krisztin [3] and show the C'-
dependence of the obtained fixed points on the parameter which leads to the continuous

differentiability of the manifolds asserted in Theorem 2.

3 Preliminaries for the Proof of Existence

For the transformation of the considered differential equation into an integral form we will
employ a variation-of-constants formula, which is established in Diekmann et al. [2] and
involves duality and adjoint semigroups. For the convenience of the reader and to make our
exposition self-contained, we repeat some of the relevant material from Diekmann et al. |2]

without proofs. Afterwards we discuss some preparatory results.

Duality and Sun-Reflexivity

Recall that for a Banach space X over R the dual space X* is the set of all continuous
linear functionals on X, that is, X™* consists of all continuous linear maps from X into R.
We write * for elements of X*, and for * € X* and € X we use the notation (z*,z) € R

instead of z*(x). Provided with the norm

l2*)[x- == sup (2", @),
[l x <1
where || - ||x denotes the norm on X, the dual space X* becomes also a Banach space over

R.
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If A:D(A) — X is a linear operator defined on some dense linear subspace D(A) in X,
then its adjoint A* is defined by

D(A*) = {x* € X*| dy* € X* with (y*,x) = (¢, Ax) for all z € D(A)}
and then for 2* € D(A*)
A*x* — y*.

If A: X — X is a bounded linear operator, then for each z* € X* the induced map
X 52+ (2%, Ax) € K is linear and bounded. Thus, in this case, the relations

(A*z*, x) = (2", Ax)

for all x € X and z* € X* uniquely define a bounded linear operator A* : X* — X*. In

particular, we have ||Al| = ||A*]|.

Consider now the Banach space C' and the strongly continuous semigroup 7. = {7.(t) }+>0
of bounded linear operators defined by the solutions of the initial value problem (5). For
every t > 0 the adjoint T(¢) of T.(t) is a linear operator with norm ||77(¢)|| = ||7.(t)|| on
the dual space C* of C' and the family 7" = {T(¢) };>¢ obviously constitutes a semigroup
of operators on C*. We also have T/ (0) p* = ¢* for all p* € C*, but T is in general not
a strongly continuous semigroup. Indeed, if C* is equipped with the topology given by the

norm || - [|¢+, it is not difficult to see that for ¢* € C* the induced curve
[0,00) 2t +——T"(t) " € C* (8)

is not necessarily continuous. However, the set of all functions p® € C* for which the curve

(8) is continuous, in other words, p® € C* with the property ||T.(t) p© — ¢®||c+ — 0 as
t ¢ 0, forms a closed subspace C® of C*. Furthermore, T (t)(C®) C C® for all t > 0 so
that the family of operators

TO() : C9 23 % — T (L) ¥ € C°

e

constitutes a strongly continuous semigroup 7. on C®.

Remark 3.1 It is worth to mention that the family 7)° of linear operators on C* is a weak*
continuous semigroup, and G the associated weak™® generator. More precisely, if the dual
space C* of C' is equipped with the so-called weak™ topology, that is, the coarsest topology
on C* such that for all ¢ € C the functions C* 5 ¢* — (p*, ¢) € R are continuous, then
for each ¢* € C* the induced curve (8) is continuous. In this way, 7" becomes a continuous

semigroup and G its generator.
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Similarly, we can repeat the above process with the Banach space C® and the strongly
continuous semigroup 7. At first, we introduce again the adjoint operators T°*(¢) of
T2(t), t > 0, on the dual space C®* of C®, and afterwards we restrict the semigroup 7% :=

{T**(t) }+>0 to the closed subspace C®®, for which the semigroup is strongly continuous.

The original Banach space C' together with the strongly continuous semigroup 7T, is ©-
reflexive in the sense that there is an isometric linear map 7 : C — C®* with jC = C®®
and T (t) (o) = j(T.(t) @) for all ¢ € C and t > 0. We omit the embedding operator j of
C' in C®* and simply identify the Banach space C' with C®® as usual

The spectrum o(G*) of the generator G¥* for the semigroup 7°* coincides with o(G,), and

the decomposition (6) of C' results in the decomposition
C*=C,0C.®C (9)

of C%*, where C,,, C., and C?* are closed and invariant under 7.°*. Furthermore, there are
constants K > 1, ¢, < 0 < ¢, and ¢, > 0 with ¢, < min{—cs, ¢,} so that the asymptotic

behavior of T®* on these subspaces is given by
IT.(t) elle < Ke*'llglle, <0, p€Cy,

IT.(t) ¢llc < Ke“|pllc,  teR, peC, (10)
| T4 (t) 09 |oor < Ke®H|op*||cox, t >0, ¢ € CF*.

The decompositions (7), (9) of C' and C®* induce continuous projections P,, P., P, and
analogously P2* P®* P®* onto subspaces C,, C., C!, and C,, C., C®*, respectively. Also,

using the identification of C' with C®® we see at once C} = C' N CP*.

The Variation-of-Constants Formula

Next, we proceed with recalling the variation-of-constant formula for solutions of the inho-

mogeneous linear RFDE
&(t) = Lexy + q(t) (11)

with given function ¢ : I — R™ on some interval I C R. For this purpose, let L>([—h, 0], R")
denote the Banach space of all measurable and essentially bounded functions from [—h, 0]

into R™, provided with the norm || - ||z~ of essential least upper bound. With the norm

(e, @) lrn oo = maxgflallgn, lll <},

the product space R" x L*>°([—h, 0], R™) becomes also a Banach space, which is in particular
isometrically isomorphic to the space C®*. Using the temporary notation k& : C®* —
R"™x L>*([—h, 0], R™) for a norm-preserving isomorphism from C'®* onto R™x L*>([—h, 0], R"™),
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we define elements 77" := k~1(e;,0) € C®*, i = 1,...,n, where ¢; is the i-th canonical basis
vector of R™. Clearly, the family {r{* ... r®*} constitutes a basis of the linear subspace
YO := kHR"™ x {0}) of C®*, and the requirement I(e;) = r* for i = 1,...,n uniquely
determines a linear bijective mapping [ : R™ — Y* with ||I|]| = [|I7}]| = 1.

For reals a < b < ¢ and a (norm) continuous function w : [a, b — C®* the weak™ integral
b
/ T (¢ — 1) w(r) dr € C°* (12)

is defined by

([ T e=nyum)dre) = [T =) uir). o) dr

for p® € C®. Furthermore, set

/a T (¢ — 7)w(r) dr = — /ang*@ — ) w(r)dr

b

as usual. It turns out that, under the above condition on w, this weak™ integral belongs to

C' (more precisely, to C®® = j(C)). Additionally, one obtains the formulas

TE*(t) / T (c — T)w(r)dr = / T?*(c+t—7)w(r)dr (13)
for all t > 0, \ ,
e / T (e — 1) w(r) dr = / TO (¢ — 7) PO* w(r) dr (14)

with A € {s,¢,u}, and finally the inequality

If g: I — R™ is a continuous function defined on some interval I C R and if the function
x : I 4+ [—h,00 — R" is a solution of the inhomogeneous RFDE (11), then the curve
u:l>t+— x;, € C satisfies the abstract integral equation

b b
/ T (c — 1) w(r)dr < / HTGQ*(C—T)’LU(T)HC@* dr. (15)
a COx* a

w(t) = To(t — s) uls) + / Tt — 1) Q(r) dr (16)

for all s,t € I with s < ¢, where @ : [s,t] > 7 — l(¢(7)) € Y®*. On the other hand, if
Q : I — Y®* is continuous, and if u : I — C' is a solution of Eq. (16) then there is a
continuous function z : I + [—h,0] — R" with z; = wu(t), t € I, solving the differential
equation (11) for the inhomogeneity ¢ : I > 7 — [7(Q(7)) € R™. In this sense we have a

one-to-one correspondence between solutions for Eq.s (11) and (16).
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Preliminary Results on Inhomogeneous Linear Equations

As the last step to prepare the construction of local center-unstable manifolds for Eq. (1),
we establish the existence and some properties of special solutions of the integral equation

(16). In doing so, we will need certain Banach spaces which are introduced below.

Let X be a Banach space with norm || - ||x. For every n > 0 we define the linear space
Ci(=20.01, ) = {9 € Cl(=200, )| swp e Jg(o)x < o0}
s€(—00,0
where C'((—o0, 0], X') denotes the Banach space of all continuous functions from the interval
(—00,0] into X. Providing C,((—o0,0], X') with the weighted supremum norm given by

lglle, = supe™[[g(t)]x,

$€(—00,0]

we obtain a one-parameter family of Banach spaces with the scaling property

Cm((_oov 0]7 X) C CWQ((_OO7 O]> X)

for all 9 < ny and

9lle,, = llgllcy,
for all g € C,, ((—00,0], X). To simplify notation, we use the abbreviations Y, C’g , and C’%,
for the spaces C,((—o0,0],Y®*), C,((—00,0],C), and C,((—o0,0],C"), respectively, which
are mainly regarded in the sequel.
From now on, let us denote by P2* the projection of C®* along C'®* onto the center-unstable
space Cyy, that is, PS* := PP* 4+ P®*. For a given function @ : (—o0, 0] — Y®* we formally

introduce a mapping K @ from (—oo, 0] into C®* by
t

(K Q)(t) = / TO(t — ) P2* Q(r) dr + / Tt 1) PP Q(r)dr (I7)

for t < 0. Note that the right-hand side of Eq. (17) may not be well-defined for arbitrary
(). However, in our next result we show that for maps @@ € Y, with n € R such that
¢. < n < min{—cs, ¢, } the integrals in (17) do not only exist, but the functions K @ form

also solutions for the abstract integral equation (16).

Proposition 3.2 Let n € R with ¢, < n < min{—c,c,} be given. Then Eq. (17)

induces a bounded linear map
K:Y,5Q+—K"QeC.
In addition, for every Q €Y, the function u = K Q is a solution of the integral equation
t
u(t) =Te(t — s)u(s) + / T (t —7)Q(7) dr (18)

for —oo < s <t <0, and the only one in C’g satisfying P2*u(0) = 0.
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Proof: The proof falls naturally into three parts. In the first one, we show that, under the
stated assumption on 7 € R, the formal expression (17) forms indeed a well-defined mapping
K @ from (—o0,0] into C for all Q) € Y. Afterwards we prove that K is a bounded linear
operator and finally we conclude the part of the proposition concerning the abstract integral

equation. From now on to the end of the proof, we fix n € R with ¢, < 7 < min{—cs, ¢, }.

1. In order to see (K™ Q)(t) € C for all Q € Y, and t < 0, recall that for given ) € Y, and
t < 0 both

t 0
/ Tt — 7) PO Q(r) dr = — / T (—r) T2 (1) P2* Q(r) dr
0 t
and

I(s) :== / TO*(t — 1) PP*Q(7) dr

with s <t belong to C'. Hence, it remains to prove the convergence of I(s) in C' as s — —o0.
To show this, we assume {sy }reny C (—00,t] with s — —o0 as k — co. Then, by inequality

(15) and the estimate (10) for the action of T°* on the center space,

() = I (81l o = ‘

/Sk1 TO*(t — 1) PP*Q(7) dr

Sk2

Co*

< [T - 1) P Q) o dr

Sk2

< K |lp

Skl
/ QM) cor dr

Sk

2
Sk
<K || [ e e iQEles-dr
Skz

Sky
< IRl [ e ar

Skz

_ecst
< K| po* [ —(csHm)sk, _ ,—(cs+n)sk,
S 1@y, |e e
—€Cst
< K P@* —(es+m)sky
P 127 I[1Qlv,e

for all ki, ko € N with s, > sg,. Thus, {I(sk)}ren constitutes a Cauchy sequence in C.
In particular, I := limg_,o I(sy) exists. Furthermore, in the same manner we see that
for any another given sequence {S;}reny C (—00,t] of reals with § — —oo, we also have
|1I(8x) — I||ce~ — 0 as k — oo. This implies the desired conclusion I = lim,, o I($).
Hence, (K Q)(t) € C for all Q €Y, and t <0.

2. The technical results in Diekmann et al. |2, Chapter I11.2] on the continuous dependence

of the weak™ star integral on parameters and estimates (10) enable to show that the induced
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curve (—00,0] 3 t — (K Q)(t) € C is continuous for every @) € Y,. Consequently, Eq.
(17) defines by @ — K@ a mapping from Y, into C((—o0,0],C). This map is also
linear. In addition, we claim K Q) € Cg for all @ € Y;. To this end, consider the apparent

inequality

e (K™ Q)()llcor < ™ /0 T (t—7) P Q(r) dr

Cco*

¢
+ e / TE*(t — 1) PO*Q(7) dr
0 COx*
t
+ e / Te®*(t —7) PS@* Q(r)dr
—0o0 CO*

for fixed @ € Y,, and ¢ < 0. Using the inequalities (15) and (10) as in the part above, we
estimate the first term on the right-hand side by

e

[rea-nEe @
0

t
< et / T2 (¢ — 7) P& Q)| o dr
CO* 0
t
= ‘K‘f"t/ <=l P2 Q(7) | go-d
0
t
= —K/ elee=m(T=t) gn7 HPCQ*Q(T)HCG* dt
0
t
< K|P| / DD Q(7) o dr
0

0
SKHPCQ*H“QHYW/ e(cc*n)(Tft) dr
t
1

C

< K[P Q1

In the same manner we can see that

t
1
| [ -npeemar| < KIPClIRl,
0 Y O Cu"‘n
and
! 1
| [ mre-nreamar| <K,
—00 Y Ox —Cs —
Summarizing, we get
Ll | [ (P |
nt Joew t L < K || c U . s 19
I QYO < r|c2||y,,<n_cc+6u+77 =) (19

and thus £ Q € C’g . It follows that Q — K@ forms a linear mapping K from Y, into

Cp), which in particular is bounded as claimed.
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3. Given any @ € Y, define 0(t,s) = (K™ Q)(t) — T.(t — s)((KQ)(s)) for all reals
—00 < § <t <0. Then, by the linearity and formula (13), we get

t

o(t,s) = /Ot TO(t — 1) P2*Q(7) dT + / T (t — 1) PP*Q(7) dT

—00

—Te<t—s>< / T (s — 1) P Q(r) dr + / T (s — ) PP Q(r) dT>

t

= /t T (t — 1) P2*Q(7) dT + / TO*(t — 1) P*Q(7) dT
0

—0o0
S

— /8 T (t — 7) P2 Q(7) dr — / TO*(t — 1) P*Q(7) dr

0 —00

= /t TO*(t — 7) P2*Q(7) dr + /t TO*(t — 1) PP*Q(7) dr
= [ -namar

which yields that u := I @ satisfies Eq. (18) for all —oo < s <t < 0. Moreover, in view
of Eq. (14) for the relation of the weak* integrals and projections on the decomposition of

C®*, for t = 0 we have

u(0) = (K*Q)(0)
— [ 1 n P Qe ar

— 00

=Ps@*( | reen Q(T)dT>

implying P2* u(0) = 0.

So the assertion of the proposition follows if we are able to prove that u is the only solution of
Eq. (18) in C’g with vanishing C'., component at ¢ = 0. For this purpose, suppose v € C’S is
also a solution of (18) for —oo < s <t < 0 with P2*v(0) = 0. Then the difference w = v —v

belongs to Cg, has a vanishing C., component at ¢ = 0, and satisfies the equation
w(t) =T.(t — s)w(s) (20)
for all —oo < s <t < 0. Furthermore, w can be extended by

w(t), for t <0,
T.(t)w(0), fort>0
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to a solution @ : R — C' of Eq. (20) for all —oo < s <t < c0. Since

supe” " [Jw(t)|lc = sup e || T.(t) w(0)]|c
£>0 >0

< Ksupe e ||w(0)|c
>0
= Kllw(0)l[c

due to (cs —n) < 0 we get

sup e~ ||@(t) e < sup e™ || (t)]|c +supe ™| (t)]|c

teR t<0 £>0

= [[wllcg + K|w(0)[le: < oo
Now from Diekmann et al. [2, Lemma 2.4 in Section IX.2| it follows w(0) € C,, and w(0) € C..
As w(0) = w(0) and C, N C. = {0}, we conclude w(0) = w(0) = 0, and so by Eq. (20),
0="T.(s)w(0) =To(s) Te(—s) w(s) = T.(0) w(s) = u(s) — v(s)

for all —oo < s < 0. This completes the proof. O

Next, we prove a smoothing property of the integral equation (21). This property will be

useful in combination with our preceding result.

Proposition 3.3 Suppose that Q € Y, for somen > 0. If u € Cg satisfies the abstract

integral equation

u(t) = To(t — s) u(s) + / TO(t — 1) Q(7) dr (21)

S

for all —oo < s <t <0, thenuEC% and

lulley < (1+ ™[ Lell) [lulleg + ™ [1@Qlly, -

Proof: Consider the mapping g : (—o0,0] — R" defined by ¢(t) = [7*(Q(t)), —oo < t < 0.
Of course, g € C((—o0,0],R™). Moreover, since

sup e"[lq(t)][zn = sup ™ [I7H(Q()) I
t€(—00,0] te(—00,0]

sup e[| Q(t)lye-
te(—o0,0]

= [1Qlly,
we see at once ¢ € C,((—o0,0],R") with lalle, = 1@y,

By assumption, u satisfies Eq. (21) such that, taking into account our discussion about the
one-to-one correspondence between solutions for (11) and (16), the function x : (oo, 0] — R"

given by z(t) = u(t)(0) is a solution of the differential equation

&(t) = Loz 4+ q(t)
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for all —oo < ¢t < 0. Accordingly, = is everywhere continuously differentiable, x; belongs
to C* for all —oo < t < 0, and the map (—o0,0] 3 t — u(t) = z, € C' is continuous.

Furthermore, by the differential equation for  and the estimate for ¢, we have

l&@)l[en < [ Lellllzllo + llg() |l
< [Lelllu@®lle + e ™llalle,
< e ([ Lellllulleg + 1Q1ly,)

and therefore

sup irllo = sup ( sup ua'c<t+q9>uRn)
te(—o0,0] te(—o00,0] Jd€[—h,0]

< ([ Lellllullco + 1Q1ly,) sup (e"t sup e—n(t+ﬁ))
te(—o0,0] 9€[—h,0]

< e™ ([ Lelllullcg + 1Ql,),

for all —oo < ¢ < 0. From this, it follows that u € C, and
Julley = sup ™ [lu(t)lles
te(—o00,0]

= sup e"||xlen
te(—00,0]

= sup e"([lzlle + [[@le)
te(—00,0]

< llulleg +e™ (I Lelllulles + 1Q1ly,)
as claimed. n
As an easy consequence of the last two results we conclude that the formal definition (17) gen-

erates a bounded linear mapping from the Banach space Y;, into C’}] for ¢, < n < min{—c, ¢, }.

Corollary 3.4 For each n € R with c. < n < min{—c,,c,}, relation (17) defines a
bounded linear mapping
Ky:Yy5Qr— K™QeCl

with

[OX O O
||’C77|| S K(1+e’7h||Le||) ”Pc H + Hpu H o Hps H _}_enh.
n—Ce Cy+1 Cs 1)

Moreover, for all Q €Y, the function u = K, Q) is a solution of

u(t) =T.(t — s)u(s) + / Tt —7)Q(7) dr

for —oo < s <t <0, and the only one in C) with Py u(0) = 0.
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Proof: Apply Propositions 3.2 and 3.3, taking into account the estimate (19) for the bound
of the linear map K. O

Remark 3.5 Observe that the bounds of the linear maps K, in the above corollary are

given by a continuous function in n. This will be a crucial point in the proof of Theorem 2.

4 The Construction of Local Center-Unstable Manifolds

This section is devoted to the actual proof of Theorem 1 about the existence of local center-
unstable manifolds for Eq. (1). Throughout the proof, we consider the differential equation

(1) in the equivalent form

t(t) = Ly + r(xy) (22)
with the linear part
L:=Df(0)
and the nonlinearity
r:U3p+— f(p) — Ly € R". (23)

Obviously, r also satisfies the same smoothness conditions (S 1) and (S 2) as f and we have
r(0) = 0 and Dr(0) = 0.

The proof is organized as follows. In the first part, we modify the nonlinearity r outside
a small neighborhood of the origin and assign the resulting differential equation to an ab-
stract integral equation by the variation-of-constants formula. Then, using the changes on
the nonlinearity in combination with the auxiliary conclusions of the last section, we show
that the associated integral operator forms a parameter-dependent contraction in C’% for
an appropriate n > 0. In the final step, we prove that the graph of this contraction is an
invariant manifold for the modified differential equation and that a part of this graph also

satisfies the assertions of Theorem 1.

Smoothing Modification of the Nonlinearity

As the Banach space C., is finite-dimensional, there exists a norm || - ||, on C., being
infinitely often continuously differentiable on C.,\{0}. Introducing the projection operator

P.,:= P.+ P, of C! along C! onto the center-unstable space C,, and defining

el = max {[| Pew @llcus || Ps llcr } (24)

for ¢ € C', we get a second norm on C*, which is equivalent to || - ||c1.
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Let ¢ : [0,00) — R be a C'*°-smooth function with o(t) =1 for 0 <t <1, 0 < p(t) < 1 for
1 <t<2 and g(t) =0 for all ¢ > 2. Further, let the map 7 : C' — R" be given by

r(p), forpel,
0, for p & U.

Using these two functions, we introduce for all § > 0 the smoothing modification

rs: C' 3 p s Q(H%;ch) -9(”%“01) -7(p) €R"

of the nonlinearity r, where we write ¢.,, @ for the components P,, ¢, P; ¢ of ¢, respectively.

For every v > 0 let B,(0) = {¢ € C'||l¢|l1 < v} denote the open ball in C! of radius
with respect to the || - ||;-norm and centered at the origin. Since U C C' is open and r
continuously differentiable due to property (S 1), we find a sufficiently small 6, > 0 with
Bas,(0) C U, so that the restriction r[p,; ) of 7 to Bas,(0) together with the associated
derivative Dr| Bas, (0) 1€ both bounded. Subsequently, for small reals 9 > 0, the modifications
of r in a neighborhood of the origin are also bounded and continuously differentiable with

bounded derivatives. More precisely, the following result holds.

Corollary 4.1 For all reals 0 < 6§ < &y the restriction of the map 75 to the strip

={ € Il <d}

in O is a bounded, C'-smooth function with bounded derivative. Moreover,

o) = o 122l

forallp € S.

Proof: Given any positive constant 0 < § < dy suppose that ¢ € S. Then, by definition
of rs in combination with the inequality ||psllcr < |lps||1 we get

rit) = o 12l ) p(Iden ) g — o (Bomler) o,

Consequently, we have rs(¢) = r(p) for all ¢ € S with ||p|i < 0, and rs5(¢) = 0 for
all p € S with ||p||; > 26. Since r, ¢ are C'-smooth and the norm || - ||; continuously
differentiable on C,, \ {0} by assumption, the restriction of rs to the strip S is clearly also
continuously differentiable. Moreover, using the above expressions for r5 on .S together with
the boundedness of r and Dr on By, (0) C U, we conclude that both r5 and Dr;s are bounded
on S as claimed. O]
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For sufficiently small § > 0, the functions rs are even globally bounded and Lipschitz con-
tinuous with constants continuously depending on ¢, as proved in [9].

Proposition 4.2 [Proposition 11.2 in Krisztin et al. [9]] Under the above assumptions
there exists 01 € (0,00) and a monotone increasing A : [0,d1] — [0,1] with A(0) = 0 and
A(6) \( 0 as d \, 0 such that

175() lrn < 6 - A(0)

and

I75() = rs(¢)l[en < A() - [l — Pllen

for all 0 < § <6y and @, € C .

Using the modification rs of the nonlinearity r, we introduce for each 0 < § < §; the retarded

functional differential equation
(t) = Loy + rs(ze), —00 <t <0, (25)

and the associated abstract integral equations
t
u(t) = To(t — s)u(s) + / Tt — 1) 1(rs(u(T))) dr, —00 < s<t<O. (26)

We have now a one-to-one correspondence in the following sense: If x : (—o0,0] — R"
is a continuously differentiable solution of RFDE (25), then u : (—o0,0] — z; € C! is a
solution of Eq. (26). On the other hand, for a continuous mapping u : (—o0,0] — C*!
satisfying integral equation (26), the function z : (—oo,0] — R" defined by z(t) = u(¢)(0),

—o00 < t <0, forms a continuously differentiable solution of (25).

Center-Unstable Manifolds of the Smoothed Equation

Until the end of this section fix n € R satisfying the estimate
Ce <m < min{—c, ¢, }. (27)

Then we find a constant 0 < § < §; with

IHCall A) < (28)

where the mappings K, and A are defined in Corollary 3.4 and Proposition 4.2, respectively.
Below, we construct a parameter-dependent contraction on the Banach space C’%, such that
the fixed points will form solutions for the abstract integral equation (26). For this purpose,

we assign to Eq. (26) an integral operator. We begin with the nonlinear part.
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Corollary 4.3 Let R denote the map, which assigns to u € C((—o0,0],C') the mapping
(—00,0] 3 s — I(rs(u(s))) € Y in C((—00,0],Y®*). Then R maps C, intoY,, and the
induced mapping Rsy, : C} 3 u— R(u) € Y, satisfies

[ Rsy(u)ly;, < 6 A(0) (29)
and
[ Ron(u) = Ron(v)ly, < A(0)[[u—vlcy (30)

for all u,v € C*.

Proof: First, note that R indeed assigns a continuous function from (—oo, 0] into Y®* to
a function u € C((—o0,0],C"), as the mappings [ and 75 are continuous. Given u € C%,
Proposition 4.2 implies

sup e"[|R(u)(t)|[yor = sup e™||i(rs(u(t)))|lye-
te(—o00,0] te(—00,0]

= sup e"||rs(u(t))
te(—00,0]

< sup e™IN(9)
te(—o0,0]

— SA(6).

R

This shows R(C,) C Y, and in particular the boundedness of Rj, by dA(d) as claimed.
Using the Lipschitz continuity of 75 from Proposition 4.2, we also see that Ry, is Lipschitz
continuous with Lipschitz constant A(d), and the corollary follows. O
Remark 4.4 The mapping R : C((—0,0],C?') — C((—00,0],Y®*) in the last result is
called the substitution or the Nemitsky operator of the map C* 3 o — I(rs(p)) € Y©*

on (—o0,0].

Next, we consider the linear part of the integral equation (26) and prove that it constitutes

a bounded linear operator from the center-unstable space into C’},.

Corollary 4.5 For each ¢ € Cey, the curve (—00,0] 3 t — T,(t) ¢ € C' belongs to C,,
and S, : C' D Coy — C} defined by (S, 0)(t) = T.(t)p for ¢ € Coy and t <0 is a bounded
linear operator with

1Syl < K (IR + 127]1)- (31)

Proof: To start with, recall that 7, defines a group on C,, C C' and coincides with 7.
Thus, for all ¢ € C,,, the curve (—oo,0] > t — T,(t) ¢ € C., takes values in C* and is in

fact a continuous map from (—oo, 0] into C*. Furthermore, we have

ITe(t) eller = I1Te(t) elle + || G Te(t) ¢l
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and
dit(Te(t) QO) = Te<t> Ge Y = Te(t) SOI

for ¢ € C.,. Hence, by the exponential trichotomy under our assumption (27), it follows

swp M0l = sup (.0 el + IT.0 )
te(—o0,0] te(—o00,0]

< sw e (L) P pllo + IT(0) P2 el

te(—o00,0]

+IT(t) P2 & le + ITo(0) P ¢l

< swp e (IT.00) P gllo + IT.(0) P2 o'l

te(—00,0]
+ swp (L) P plle + IT.() P )
te(—o00,0]
<K sup e @B e+ |PE Sc)
te(—o0,0]
+K swp e ([P pllo+ 1P ¢l
te(—00,0]

< K[ (I(lelle + ')+

KRN (lellc + 1€'lc)
= K(I1PZ + 12" D 1 eller-

Accordingly, S, ¢ € C% for ¢ € C¢,, and thus S, is well-defined. In addition, the mapping
S, is obviously linear by definition, and

1Syllcy < KL+ 121)

for ||¢||cr < 1. Therefore, inequality (31) holds and this completes the proof. O

Using Corollaries 3.4, 4.3, and 4.5 to guarantee the well-definedness, we introduce the map-
ping G, from the product space C} x C., into C, given by

Gy(u, p) == Sy + K, 0 Rsy(u). (32)

In the next proposition we prove that each function ¢ € C\, uniquely determines a solution
of u = G,(u, ) in C}.

Proposition 4.6 For each ¢ € C.,, the mapping G, (-, ) : Cy — Cy has exactly one

fized point u = u(yp). Moreover, the associated solution operator
Uy : Cou 3 @ — u(p) € C) (33)

of u= G, (u,p) is (globally) Lipschitz continuous.
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Proof: We begin with the claim that, for given ¢ € C.,, G,(-,¢) maps sufficiently large
closed balls centered at the origin into themselves. Indeed, for fixed ¢ € C., we find a

positive real v > 0 with 2[|.S, || ||¢]lct < v so that both estimates (28) and (30) together
imply
1G (s )lley = [[Sh e + Ky © Rsp(u)|cy
< IS, SOHC,% + |1 0 Rén(“)”c},
< [ISylllleller + ANyl [[ullc
e

<l
S5t =7

for all u € C} with |ulley <. Hence, G,(-, ) maps {ue ] [ulley < v} into itself. The
mapping G,(-,¢), ¢ € Ce, is also a contraction since, by application of (28) and (30),

1Gn (1, 0) = Gy(v, )l = (1K 0 Ray(u) = Ky 0 Riy(v) ey
< [ 1 By (u) = Roy(0)ly,
< AO) Kyl = wlle

< 1
< Sllw=vle

for all u,v € C%. Consequently, using the Banach contraction principle, we find a unique
u(yp) € C, satisfying u = G, (u, ).
To see the global Lipschitz continuity of u, : Cp, 3 ¢ — u(y) € C’%, assume @, € Cyy.

Using the two inequalities (28) and (30) once more, we see

18, (p) — an(w)HC}, = |Gy (T (), ) — gn(an@/})aw)l‘c,%
= [[Sy(p =) + Ky 0 Roy(ty () = ICy © Ry (1 (¥)) |
< 1Syl le = @ller + 1Kl 1Ry (tin(0)) = Ry (tin(¥))],
< 1Syl lle = ller + A 1[I () = ()l

L . -
< 15l lle = ¥ller + 5 llan(p) = @) ey
Therefore
[y () — (W) llcy < 2[5yl [l = Yllen,
which completes the proof. n

For all ¢ € C,,, the associated fixed point @(p) of the last proposition forms a solution of
Eq. (26) in C’,l] with the property that its component in the center-unstable space at ¢ = 0

is just given by ¢, as shown in the following.

Corollary 4.7 For all p € C,, the mapping i, () is a solution of the abstract integral
equation (26) with P.,(t,(¢)(0)) = ¢.
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Proof: The proof is straightforward. Given ¢ € C,, define z = u,(p) — S, ¢. By Corollary

3.4, we have
A0 =Tt 5)2(5) + [ T2 =) Rl ()b, —oo <5 <220,
and Py, 2(0) = P2* 2(0) = 0. From this we conclude
B ()(0) — To(0) 0 = il )(1) — (5, 0)(1)
"
=Tt 9)2(6) + [ T2 1) Ruialo)) dr
=Tyt — ) Tl)(5) — Tult — 9)(S,0)(6)
# [ 120 1) Rl dr

t

=Te(t — 5) tn()(s) = Te(t)p + [ TE*(t = 7) Ry i1y () (7) d

S

for all —oco < s <t <0 and

Peu(tin()(0)) = v = Peu(iiy(¢)(0)) — Pew
= Peu(lin(9)(0)) — Peu((Sy9)(0))
=P, 2(0)=0
Adding T.(t) ¢ and ¢, respectively, yields the assertion. ]

By the discussed one-to-one correspondence of solutions for the differential equation (25)
and the associated abstract integral equation (26), the above corollary shows that for all
¢ € Cy, there exists a continuously differentiable function z : (—oo,0] — R™ satisfying
z; = u(p)(t) for —oo < t < 0 and solving Eq. (26) on (—o0,0]. The set W consisting of all

segments of these solutions at time £ = 0, that is, the set

W= {i(¢)(0) | ¢ € Cuu},

is called the global center-unstable manifold of RFDE (25) at the stationary point
0 € C!. Note that W" can also be represented as the graph of the operator

w" : Cpy D — Py(t,(9)(0)) € CL.
Indeed, applying Corollary 4.7, we see at once
W = {<p+w”(g0) | p € Ccu}.

We close this subsection with the conclusion that the values of every solution v € C’% of the

abstract integral equation (26) belong to the global center-unstable manifold W™.



The existence and C'-smoothness of local center-unstable manifolds 27

Proposition 4.8 Suppose that v € C) is a solution of Eq. (26). Then
v(t) e W
for all t <0.

Proof: Assuming v € C,% satisfies the abstract integral equation

u(t) = To(t — s) us) + / TO (4 — 1) i(rs(u(r))) dr

for —oo < s <t < 0, we begin with the claim that v(0) € W". In order to see this, let
2 : (—00,0] — C' be defined by 2(t) = v(t) — T.(t) Py v(0). As
swp (W)l = sup e o(t) — To(t) Py (0) e
te(—o00,0] te(—o00,0]

< sup e"||v(t)]en
te(—o00,0]

+ sup ™| Tu(t) Poyv(0)| o1
te(—00,0]

<vlley+ sup ™[ Te(t) Pev(0)]lcn
t

€(—00,0]

+ sup e™||T.(t) P,v(0)|cn
te(—o0,0]

S lloley + K sup e Pev(0)lex
€(—o0,

+ K sup e(C“+")t||Puv(0)||Cl
te(—o00,0]

< |lvlley + KLl [loO)ler + K[ Pullllo(0)] e
< (L+K|P] + K[ P lvlley < oo,

we have z € C’%. Moreover, for all s <t <0, we have
2(t) = v(t) — T.(t) P.,v(0)
t
=T.(t —s)v(s) + / TO*(t — 1) I(rs(v(7))) dr — To(t) Payv(0)

=T.(t —s)v(s) — Te(t — 8) T.(s) Py v(0) + / T (t — 1) l(rs(v(T))) dr

=T.(t —s)2(s) + / Tt — 1) 1(rs(v(r))) dr.

Since furthermore Ry,(v) € Y, by Corollary 4.3 and PS5 2(0) = P., 2(0) = 0, we obtain
z = K o Rs,(v) due to Corollary 3.4. Hence, by definition

v(t) = 2(t) + Te(t) P v(0) = () 0 Ry (v))(t) + Te(t) Py v(0)
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for all t < 0, or equivalently,
v =K, 0 R (v) + S, (P v(0)) = G(v, Py v(0)).

This implies v(0) = G(v, P, v(0))(0) = @, (P, v(0))(0) € W as claimed.

The proof of v(t) € W7 as t < 0 may now be reduced to the above claim as follows. For

given to < 0 consider the translation

A

D1 (=00,0] 2 s vty +s) € C.
Obviously, we have © € C} and © is a solution of Eq. (26). Therefore v(—to) = 9(0) € W
by the above claim. This completes the proof. O]

Remark 4.9 Note that by application of the above result we easily deduce the identity

Uy () (t) = ey (Pow Uy (0)(£))(0)

for all ¢ € C,,, and t < 0.

Proof of Theorem 1

In this final part of the present section we complete the proof of Theorem 1 on the existence
of Lipschitz continuous local center-unstable manifolds. We conclude that in a neighborhood
of the origin, the global center-unstable manifold W7 of Eq. (25) has the properties asserted
in Theorem 1.

Our proof starts with the following series of definitions depending on the constant ¢ > 0

from condition (28):

Ceno = {9 € Cu | Ills < 8},

Cloi={peClllglh <4},
Ncu = Ccu,O + 051,07

Wey = W'

Cch,O’

and

Wow i= {0 +wal) | ¢ € Cavo .
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Given an open neighborhood V' of 0 in X, note that one may choose 6 > 0 with W, C V.
Applying Corollary 3.4 and estimate (29) of Corollary 4.3, we obtain for all ¢ € C,,

lweu ()l = [l () lx

= [1Gy (@ (), #)(0) = Peu(Gn (i (), £)(0))]| o

= [1(Sy ¥)(0) + (K 0 Ry (@(0)))(0) = Peu((Sy ¢)(0)) (34)
= Peu((Ky 0 Ry (a()))(0)) |

= [[(KC; o Rsn(())) (0) [

< 1Ky o Ray(a(e))llcy

< Iy 1| Ban(@(e)ly,

< [y [10A(9),

and thus, we,(Ceyo) C Csl,o by assumption (28). The mapping w,, is also Lipschitz continu-
ous, because for all ¢, € C,, o we have

[weu () = weu(P)ller = lw"(p) — w"(¥)]|c
= [1Ps(@y ()(0)) = Ps(n(4)(0))l|
< [1Ps[[[lt () (0) =ty () (0) |

< 1Bl () = an(¥)lley

and the operator 1, is (globally) Lipschitz continuous due to Proposition 4.6. Moreover,
since G,(0,0) = 0 by definition, we have @,(0) = 0 and hence w,,(0) = 0. Consequently,
Theorem 1 follows if we verify properties (i) - (iii) for W,,, which is done below.

Proof of Assertion (ii): Assuming that = : (—oo, 0] — R" is a solution of the differential
equation (1) with z; € N, t < 0, we have to show z; € W, for all ¢ < 0. To this
end, notice that by definition ||P., z¢||; < d and ||Psz¢||; < d so that Corollary 4.1 yields
r(z) = rs(x;) for all ¢ < 0. Therefore = satisfies the smoothed differential equation (25) as
well. Setting u(t) = x¢, t < 0, we consequently obtain a solution of the smoothed abstract
integral equation (26). In particular, as u is bounded on (—o0, 0], we conclude that u € C’%,
and hence u(t) € W", ¢t <0, by Proposition 4.8. This implies z; € W, for all ¢ < 0, which

is the desired conclusion. O

Proof of Assertion (iii): Assume that for a function ¢ € W,, and ¢ty > 0 we have
{F(t,p) | 0 <s<ty} C Ne. To deduce {F(t,p) | 0<s <ty} C W, from this, consider
the function

Uy (Pey @) (tn + 1), fort < —ty,

F(ty +t,9), for —ty <t <0,
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where 1, (P, ) € C} is the solution of Eq. (26) with 1, (P., ¢)(0) = ¢ from Corollary 4.7.

As v takes values in C1, it is continuous at the questionable point ¢ = —tx in view of the
limits
t}EIth o(t) = t/l‘lzrth un(Pcu ©)(tn +1) = un(Pcu ©)(0) = ¢
and
Am o(t) = lim F(ty +1,90) = F(0,¢) = ¢.
In addition, v is bounded in the || - [|ci-norm due to

sup M o(tlor < meax { (P 9y, e 170 0)len < o
te(—O0,0] te[0,tn]

we have v € C%. Moreover, we claim that v is also a solution of Eq. (26). Indeed, suppose
s,t € (—00,0] with s < ¢. Then the cases s <t < —ty < 0 and —ty < s <t <0 are
obvious, whereas in the situation s < —ty <t <0, we get

v(t) = To(t —s)v(s) =v(t) = T.(t +tn) To(—tn — s) v(s)

=T.(t +tny)v(—ty) + / Tt — 1) l(rs(v(T))) dr

—tN

—Te(t+ty) Te(—ty — s)v(s)
— T(t +tn) <v(—tN) Tty — 5) v(s))

+ /t T (t — 1) l(rs(v(T))) dT

— Tt + tN)/ T (—ty — 1) I(rs(v(r))) dr

S

+ /t T (—ty — 1) U(rs(v(T))) dT

= /_ T (t = 7) s o(r))) dr +/ TE(t = 1) U(rs(v(r))) dr

= [ T - st dr

Thus, v is a solution of Eq. (26) in C, as claimed.

Now Proposition 4.8 shows v(t) € W" for all t < 0. Consequently, for constants 0 <t <ty
we have
F(t, QO) = ’U(t — tN) € Ncu N Wn,

and hence F(t,¢) € W,,, which proves our assertion. O

Proof of Assertion (i): It remains to prove that W,, is contained in the solution manifold
Xy of Eq. (1), and that W, forms a Lipschitz submanifold of dimension dim C,,. For the
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first part, let ¢ € W,, be given. Then from Corollary 4.7 it follows that the equations
xy = Up(Peu ) (t), t < 0, define a continuously differentiable function z : (—o0,0] — R”
satisfying the smoothed differential equation (26) on (—o0,0] and zy = ¢. In particular,
©(0) = Ly +rs(e). As p € W, C N, and in addition rs = r on N, due to Corollary 4.1
we conclude

$(0) = Lo +r(p) = flp) € Xy
This proves W, C Xy.

To see the second part of the assertion, we consider an n-dimensional complementary space
E of Y = TyX; in the Banach space C*. We claim that there is no loss of generality in
assuming £ C C!. In fact, let {ey,...,e,} denote a basis of E. Then by the decomposition
Cl = C., ® C! according to Eq. (7) we get for each i = 1,...,n

€ =U; + S;

with uniquely determined u; € C,., and s; € C!. As the center-unstable space C., is

contained in Y, we conclude that s; ¢ Y foralli=1,... n.
Define vectors é¢; = ¢; — u; for e = 1,...,n and suppose we have
n
i=1
with reals \;, i = 1,...,n. Using the definition of é;, we obtain

E> i/\lel = i)\zuz € Ocu'
=1 =1

Since C.,NE = {0} it follows A; = 0 for all¢ € {1,...,n}. Thus, the elements é;,7 =1,...,n,
generate an n-dimensional subspace E of C', which is complementary to Y in C'. In
particular, £ c O,

In view of the above, we suppose now that indeed £ C C}, which leads to

Cl=FEo ((C!nY),
Y =C, @ (CInY),

and

Let Py : C' — ' denote the projection operator of the Banach space C' onto Y along
E. Then we find an open neighborhood V' of 0 in X such that the restriction of Py to

V forms a manifold chart of X; with a C'-smooth inverse mapping from Yy = Py (V') onto
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V. Additionally, we may assume that 6 > 0 is sufficient small such that W,., C V and
Py W, C Yy. Consequently, we shall have established the assertion if we prove that Py W,
is an dim C,,-dimensional Lipschitz submanifold of the Banach space Y. But this is clear,

since
PYWcu - {PY(QO + wcu(@)) ’SO S Ccu,O} - {()0 + PY wcu(gp) | 2 S C’cu,O}

and we,(p) € C! for all ¢ € Ceyuo. Therefore, for every ¢ € C.,o we obviously have
Pywe, () € CLNY, so that PyW,, is the graph of the map

{peCulllplli <0} 2 x— Prwa(x) €CiNY.

In particular, the above map is Lipschitz continuous. This finishes the proof of the assertion

(i) and so of Theorem 1 as a whole. O

5 The C!'-Smoothness of Local Center-Unstable Manifolds

Having proved the existence of local center-unstable manifolds in the last section, below we
establish Theorem 2, asserting the C''-smoothness of these manifolds. For this purpose, we
follow very closely the procedure in the proof of smoothness of local center manifolds in

Krisztin [¢] and show that the technique also works in our situation.

Auxiliary Results

The main idea of the proof for Theorem 2 is to employ the following abstract lemma stating
under which conditions the fixed points of a parameter-dependent contraction form a C*-

smooth mapping of the involved parameter.

Lemma 5.1 (Lemma II.8 in Krisztin et al. [9]) Let X, A denote two Ba-
nach spaces over R, let P C A be open, and let a map & : X x P — X and a real
k€ [0,1) be given satisfying

||§(l’,p) - g(jvp)HX < IQHZE - ‘i'HX

forall x,z € X and all p € P. Consider a convex subset M of X and a map ® : P — M
with the property that for every p € P, the element ®(p) is the unique fized point of the
induced map £(-,p) : X — X . Furthermore, suppose that the following hypotheses hold.

(i) The restriction & of the mapping & has a partial derivative

- £‘./\/l><7>

szo M xP —>£(A,X),

and D&y 1s continuous.



The existence and C'-smoothness of local center-unstable manifolds 33

(i)

(iii)

There exist a Banach space X1 over R and a continuous injective map 7 : X — X3
such that the composed map k = j o &y is continuously differentiable with respect to M

in the sense that there is a continuous map

B: MxP— L(X, X))
such that for every (z,p) € MxP and every e* > 0 one finds a real 6* > 0 guaranteeing

|k(@.p) — k(e,p) — Bla.p) (&~ 2)|y, <" 17— allx
for all # € M with |7 — || x <.
There exist maps
W Mx P — L(X,X)

and

WM X P — L(X0, X))

such that
B(x,p)# = (j o &Mz, p)) (&) = (&)@, p) 0 4) (@)
for all (z,p,z) € M x P x X and
[€M . p)|| < &

as well as

)| < s
on M x P.

The map
M X P 3 (z,p) — jo &Mz, p) € LIX, X1)

18 continuous.

Then the map jo® : P — X is continuously differentiable and its derivative satisfies

D(j o 0)(p) = &(P(p), p) 0 D(j 0 )(p) + j 0 Dao(P(p). p)

forallp € P.

To verify the hypotheses of the last lemma in our situation, we will need another auxiliary

result on some smoothness properties of Nemitsky operators between scaled Banach spaces.

This result is a negligible modification of Lemma I1.6 in Krisztin et al. [9] and Lemma 3.1

in Krisztin [3].
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Lemma 5.2 Given any two Banach spaces E, F over R, consider for a real n > 0
the scaled Banach spaces E, = C,((—00,0], E) and F, := C,((—00,0], F). Further, let
q : U — F be a continuous and bounded map defined on some subset U C E and let
M((—00,0],U), M((—o0,0], F') denote the sets of all mappings from the interval (—oo,0]

ito U, F, respectively. Then for the induced substitution operator
q:M((—00,0],U) — M((—00,0], F)

defined by
G(u)(t) = q(u(t))
for all u € M((—00,0],U) and t <0 the following holds.
() 1,77 2 0, then GM((—00,0,U) N E,) C F,

(i1) If U is open, if q is continuously differentiable with a bounded derivative Dq and 0 <
n <, then, for all u € C((—o00,0],U), the linear map

A(u) : M((—00,0], E) — M((—00, 0], F),

given by
A(u)(v)(t) := Dq(u(t))v(t)
for v e M((—o0,0], E) and t < 0, satisfies

Au)(Ey) C Fy
and

sup || A(u)(v)]|F, < Sup 1 Dg ()],
(S

vl e, <1

the induced linear maps
Anﬁ(u) : EW — Fﬁ

are continuous and in case n < 1, the map
Anﬁ : (C((—OO, O], U) N Eﬁ) DU+ Anﬁ(U) S E(En, Fﬁ)
s continuous as well.

(iii) If additionally to the hypothesis stated above there holds n < 7 and the set U is convet,
then for every € > 0 and u € C((—o0,0],U) N E, there exists & > 0 such that for every
v € C((—00,0],U) N E, with |[v — ul|g, < 6 we have

13(v) = q(w) = Ay (w)(v = W)y, < Elv = ullg,.
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Proof: We adopt the proof of Lemma 3.1 in Krisztin [3] which falls naturally into three
steps.

1. The proof of (i). Assuming u € (MM((—o0,0],U) N E,), we see at once that the continuity

of u and ¢ implies the one of
(—00,0] 5t — q(u)(t) = q(u(t)) € F.
Moreover, the boundedness of g leads to

sup e™|lq(u(t))|r < sup €™ sup lg(u(t))lr < suplg(z)|F < oo,
te(—o00,0] te(—o0,0] te(—00,0] xcU

and thus ||¢(u)

F; < 0o. Consequently, we have ¢(u) € F, which is the desired conclusion.

2. The proof of (ii). We begin with the observation that for all elements u € C((—o0,0],U)
the map A(u) is well-defined, linear and that under the stated assumption the image A(u)v €
M((—o0,0], F') of an element v € E,, that is, the map

[0,00) 2t — Dq(u(t))v(t) € F,

is continuous. As in this situation we also have

™ | Da(u(t)) v(t)]|p < T [Ju(t)]| sup || Dy ()]

< sup e™|ju(t)||gsup || Dg(x)]

< [lvll&, sup [ Dg(z)]| < o0
zelU
due to the boundedness of Dg on U, we conclude A(u)(£,) C Fj; and additionally

swp_ [[A(w)vlle; < sup [ D(z)].

[l &, <1
In particular, this shows the continuity of the maps A,; : £, — Fj.

The only point remaining of assertion (ii) concerns the continuity of the map
Ay s Cl(=00,01,U) N By 3 u— Ayy(u) € L(E,, Fy)

in case n < 7. To see this, choose u € C'((—00,0],U) N E, and let € > 0 be given. As n < 7
and Dq is bounded on U, there clearly is a real ¢y < 0 satisfying

2¢ sup || Dg(x)|| < &
zeU
for all t < tg. Furthermore, in view of the continuity of v and Dq we find a constant 6>0

such that
Bi(w) = {y € B|lly —u@®)lls < de™} c U



36 E. Stumpf
as to <t <0 and such that additionally

| Dq(y) — Dq(u(t))|| <€

holds for all y € B;. Consequently, if @ € C((—o0,0],U) N E, with ||i — ul|z, < 4, and if
v € B, with [|v| g, <1, then the above estimates yield

et H (Dq(ﬁ(t)) — Dq(u(t)))v(t)HF <ée
for all £ < 0. Indeed, in case t <ty we see
" [[(Da(a(®) = Da(u())v(®)]| < 267 " [lo(®)]lsup [ Da()]

< 26(ﬁ_n)t||v||En Sug ||Dq(l’)”
re

<,

whereas, for o < t < 0, we first conclude
la(t) —u(t)||e < de M < e Mo

and hence

™ || (Dg(a(t)) — Dg(u(t))v(t)||,, < e e o(t)] 5| Dg(a(t)) — Dg(u(t))]|
< lvlle, [Dg(a(t)) — Dg(u(?))]
< E.
This shows
[ Ay (@) = Agz(u)|| < €,

and the continuity of A,; is proved.

3. The proof of (iii). Note that from the additional assumption on the convexity of the open
set U in E it is easy to check that the set C'((—o0,0],U) N E,, is convex as well. Hence, for
all u,v € C((—00,0],U)N E, and all t <0 we have

™ ||q(v(t)) — q(u(t)) — Dq(u(t)) (v(t) — u(®)) ||,
/0 (Da(svlt) + (1~ s)u(t) — Da(u(t)) ) (v(t) — u(®)) ds

< T o (t) — u(t)||s

. ngﬁxl] HDq(sv(t) +(1-— s)u(t)) — DC](U(t)) H

< e(f”")tHv _ UHEW

: Srél[(e)qul] | Dg(sv(t) + (1= s)u(t)) — Dq(u(t))]| -

g ent

F
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Fix u € C((—00,0],E) N E, and € > 0. Then, using n < 7, we find constants ¢, < 0 and
0 > 0 as in the last part. Let now an arbitrary v € C((—00,0],U) N E, with |Jv — ul|g, < 0
be given. Then, in the situation t < ¢;, the estimate (35) and the choice of the real ¢, yield

™ || av(t)) - <o>—D«<wxmw—u®Hu
< Mo — ul|,

- max HDq(sv( )+ (1 — S)U(t)) - Dq(u(t)) H

s€[0,1]

< 26(77*77) I?Eal}( HDq(l’)HHU - uHEn

< élv —u||g,
On the other hand, if {5 < t <0, then we have
[v(t) — u(t)]| g < de™™ < de™.

This implies sv(t) + (1 — s)u(t) € By(u) for all 0 < s < 1 and hence, by inequality (35), we
get again

e™ || a(v(t)) - ((»—Iw<@xmw—uwﬂu

< T o — ul|p,

- max HDq(SU(t) +(1 - 5)“@)) - Dq(u(t)) H

s€[0,1]
< gelm=m|y — ul|g,
< 5“1] — uHEn
Combining these yields
|| q(v) — q(u) — Anﬁ(u) (U - u) HFT, <é&lv— uHEn )

and the proof is complete. n

Proof of Theorem 2

After the preparatory results above, we return to the local center-unstable manifolds from

the last section and prove Theorem 2.

We start our proof with the observation that an important, but probably inconspicuous point
of our construction of the invariant manifolds in the foregoing section was the choice of a
constant 1 > 0 satisfying condition (27), that is,

Ce <m < min{—cs, ¢, },
and hereafter the choice of a second constant 0 < 0 < 4, satisfying condition (28), that is,

1K lA9) <

l\DI»—
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Now, recall from Corollary 3.4 that K, is a bounded linear map from the Banach space Y,

into C’},. Moreover, the bound of K, satisfies the inequality
1KCqll < c(n) (36)

with the continuous map ¢ : (¢, min{—c;s, ¢, }) — [0, 00) given by

P&+ Po* P&*
C(n):K(HenhHLeH)(H [ L R H) o

n—=Ce Cu+77 Cs+77

Hence, fixing a constant 7, > 0 with ¢, < 71 < min{—¢,, ¢s} and additionally a constant
0 <9 < 6, with

mNG) < 3.

we clearly find a real ¢, < 19 < 11 such that the estimate

AG) < 5 (37)

is fulfilled for all ny < n < ;. As an immediate consequence, we see that for any ny < n <
the pair (n,d) satisfies both conditions (27), (28), and thus the construction in the last

section works for any such choice of constants.

Below, we show the assertion of Theorem 2 for the map w™. Hereby, remember that w™

may be also written as the composition
w™ = Psoevyo iy,

with the projection operator P, of C' along the center-unstable space C,, onto C!, the
evaluation map

eVO:C,l]1 > ur— u(0) € C*

and the fixed point operator iy, : Ce, — C, defined by (33). Since P, and evy are both
bounded linear maps, for a conclusion on the C''-smoothness of w™ we are obviously reduced
to proving the continuous differentiability of ,, on C.,. By application of Lemmata 5.1,

5.2, we show that ,, is indeed continuously differentiable on Cg, in the following.

Consider the open neighborhood
Os = { e O ||1Pv|: < 5}

of the origin in C'. The set Os is clearly convex, and from Corollary 4.1 and Proposition
4.2 we see that the restriction of the function 75 to Os is bounded, C''-smooth and has a

bounded derivative with

sup || Drs()|| < A(6).
»€0;s
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Additionally, we claim
{f@l(@)(t) } pE Ccuat S 0} C 05

for all ny < n <. Indeed, combining the inequalities (29), (36) and (37) yields

[ ()l = [1Ps () (0) [l

- H (’Cﬁ © Rz?n(an(@)))(owcl

S H (ICH © Rén(&n(ﬂp))) HC%

< Gyl Nl Bsn (1 ()
< c(n) 5 A(9)

<9

as @ € Cy and 19 < n < ny. Thus, in view of Remark 4.9 we obtain

1P () ()] = 1| Ps thy (P 1y () () (O) |y = ([0 (Pew iy (0) (£))]]; < &

for all (¢,n,t) € Cu X [00,m1] X (—00,0], as claimed. Now, setting F := C!, F := Y%
O :=0y,q:=lors, n:=ny, n:=mn and applying Lemma 5.2, we conclude that the linear
maps

A(u) : m((_oo> 0]7 Cl) - m((—OO, 0]7 YQ*)
define a continuous map A,,, from the convex set
M = {u € CL | u(t) €0, for all t € (—oo,()]}

into the Banach space £(C} Y,

no? £ m
every point u € M and every real £ > 0 there is a constant §(£) > 0 such that for all v € M

with [Jo —ullep < 0 we have Rg,, (u), R, (v) € Y;, and

HR&M(U) — Ry, (v) — Aoy, (w) (U )Hy < Ellv—ulley -

]

. In addition, we see that A has the property that for
nom y

(38)
Next, we are going to employ Lemma 5.1. To this end, we regard the inclusion map
Jnom : Cpy Dur—ueC) .

As ng < my, this map obviously is well-defined and is trivially linear and bounded. Moreover,
for all ¢ € Cyy, jnon, maps the fixed point a,,(¢) of G, (-, ) defined in Proposition 4.6 onto
the fixed point a,, (¢) of G, (-, ¢). Indeed, since for a given ¢ € C,, we have

Gin Gnom (g (), ) = Sy 0+ Ky, 0 Ry (g (U (0)))
=Te(+) o + K% R(tn, ()
= jnom( no P+ lcno © Réno(“no(@)))
= Jnons (Guo (e (2, 0))
(ting (0)),

= Jnom
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Jnom (Ui () is a fixed point of G, (-, ¢) : C} — C} and from the uniqueness of the fixed

point there actually follows
jnom (ano ((p)) = ﬂm (90)

Set X :=C}, X1 :=C) , AN:=P = Cey, § =Gy, J = Jyom and £ := 1/2. Then we see at

once that ,,(P) C M, and this implies that the unique fixed point of £(-,¢) : X — X is
given by the value @(p) of the map

D:P 3@ Uy (p) € M.

Additionally, for each ¢ € Cq, the map &(-,p) = Gy,(-,¢) is Lipschitz continuous with
Lipschitz constant x due to the proof of Proposition 4.6. Thus, for an application of Lemma
5.1 with the above choice of spaces, maps and reals it remains to confirm conditions (i) -

(iv). This point is done below in detail.

Verification of hypothesis (i): Observe that for the restriction &, of the map & to M x P

we have
§o(u, @) = Gno (u, p) = Spo P + Ky © Ry (u).

Consequently, &, is partially differentiable with respect to the second variable, and for every
(u, ) € M x P its derivative Ds&y(u, @) € L(A, X) is given by

D2§0(u7 SDW = Sﬂod)

for all € C.. Obviously, Dy&y : M x P — L(A, X) is a constant map and thus in

particular continuous. This shows hypothesis (i) of Lemma 5.1.

Verification of hypothesis (ii): The mapping k = j o § reads

k(uv @) - Sm Y+ ’Cm © R5m (](u))a

and the map
B: M xP 3 (u,p) — Ky 0 (A (u) € L(X, X7)

is of course continuous as K, , A, are so. Consider next an arbitrary point (u, p) € M xP

o
~ e*
i)
L+ [[KCy, |

with the constant ¢ from estimate (38), we find that for all points v € M with lo—ullcy < 6"

and ¢* > 0. Choosing
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we have
Hk<vv 90) - k(“? (10) - B<u? 90) (U - u) ||X1
= || (B(v)) = Ko (R(w)) = Ky (A, (w)(v = 1)) | s
< Nl R(w) = Rlu) = Ay (w) (v = w) |,

< Il

v — uflcy
L (1K, "

<e|lv—wu

Cho
Thus, condition (ii) is satisfied.

Verification of hypothesis (iii): Next we note that for every u € M and all v € X we
have

Au)(v)(t) = Dg(u(t))v(t)

= D(lors)(u(t))v(t)

= Di(rs(u(t))) o Drs(u(t))v(t)

=l o Drs(u(t))v(t)
for ¢ < 0. Since sup,co, | Drs(¢)|| < A(6) and ||y, || < (o), and [|I|| = 1, it is obvious that
for every u € M, the induced map

Ko © (Angne (1)) € L(X, X)
satisfies
1K © (Ao (W) < ¢(m0) A(9).

In the same manner we see that for all u € M

IC771 ° (Amm <u>> < £<X17X1)

with
1o © (Agyny ()| < () A(9).
Define
VM XP S (u,0) — Ky 0 (Ayne(u) € L(X, X)
and

DM X P 3 (u,0) — Ky 0 (g, (1) € L(X1, X)),
Then, for all (u,p,v) € M x P x X, we get
B(u, p)v = (K 0 (Aygn (w))) (v)
= K(A(u)v)
= 5 (6W (u, p)v)
=& (9 (i)
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Moreover, in view of the choice of ng,7n; and § due to Eq. (37) we have
1€ 0| <
and

<K

& (w0

X1
for all (u,¢) € M x P. This shows that hypothesis (iii) is valid too.

Verification of hypothesis (iv): Finally, we find that the map
M X P 3 (z,p) — jo&W(z,p) € L(X, Xy)

satisfies
F (€M (w, )v) = (4 0 Kyy © (Aygno (1)) (v) = K™(A(u)v) = B(u, p)v

for all (u,p,v) € M x P x X. As B is continuous, the continuity of the map
MxP 3 (z,p) — jotW(z,p) € LIX, X))

follows, and this is precisely condition (iv) of Lemma 5.1.

As by the above all assumptions of Lemma 5.1 are fulfilled, we conclude that the map
(7 :jOQP:C'CU—)C%l

is in fact continuously differentiable. So, if we prove that additionally we have Dw,,(0) = 0,

the assertion of Theorem 2 follows. But this is easily seen in consideration of the formula

Dity, () = & (g (), ) © Dt (9) + j © Dot (), )

for the derivative of @,, at ¢ € Cq,. Indeed, by Drs(0) = 0, we first obtain A(0) = 0 and
F)(o, 0) = 0. Thus, in consideration of ,,(0) = 0 we get

Dy, (0)¢ = j o D2&o(0,0)p = Sy, ¢
for all ¢ € C,. This implies
Dw™ (0)¢ = (P; o evy o Diiy, (0))(¢) = Pap =0

on C,,. Consequently, we get
Dw™(0) =0

and this completes the proof of Theorem 2.
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MANFRED KRUPPEL

The partial derivatives of de Rham’s singular
function and power sums of binary digital sums

ABSTRACT. This note is a supplement to the paper [9] on the partial derivatives T,, of de
Rham’s function R, (z) with respect to the parameter a at a = 1/2. In particular, To(z) = =
and Ty(z) = 2T (z) where T is Takagi’s continuous nowhere differentiable function. We
present a new representation of 7;,. From this we derive a limit relation at dyadic rational
points. Moreover, we show that real linear combinations of 7,, with n > 1 are nowhere
differentiable. Thus we are able to prove that the functions which appear e.g. in the well
known formula of Coquet for power sums of binary digital sums are nowhere differentiable.

Finally, we derive a corresponding formula for power sums of the number of zeros.

KEY WORDS. De Rham'’s singular function, Takagi’s continuous nowhere differentiable

function, functional equations, binary digital sums, number of zeros, Stirling numbers.

1 Introduction

For a fixed parameter a € (0, 1) the system of functional equations

f(E) = af(w),

f(5) = a+(1-a)f()
has a unique bounded solution f = R,(z) with R,(0) = 0 and R,(1) = 1, cf.[6]. It is

Rijs(z) = z, but for a # ; de Rham’s function R,(z) is a strictly singular function which

(z € [0,1)) (1.1)

is also called Lebesgue singular function, cf.e.g.[!]. In [2] it was shown that for £ € N and
n=0,1,...,2%it holds

n—1
R, (%) =a' ; ¢V (1.2)

where ¢ = (1 —a)/a and where s(j) denotes the number of ones in the binary representation
of j. As consequence of (1.2) it was shown in [9] that for ¢ > 0 it holds

N—-1
0 = NG, (log, ) (1.3)

J=0
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where a = log,(14¢) and where G, (u) is a continuous, 1-periodic function which is connected

with de Rham’s function by
Gy(u) = a"R,(2%) (u<0) (1.4)

where a = . Formula (1.3) was the start point for the proof of explicit formulas for digital

N) = JZ:; (5(15)) (1.5)

sums. For the binomial sum
with integer k£ > 1 it holds the formula ([9])

1 1 [log, N\* 1%
_ 2
NBk(N) T ( 9 ) 7! ; log, N Fké (logy N) (1.6)
and for the power sum
N-1
S(N) = s(j)" (1.7)
7=0
with &£ > 1 it holds the formula of Coquet [3], (cf.also [5], [L 1] and [9])

W
,_.

—Sk( ) = (10g2 ) —|—Zlog2 GkglogQN) (1.8)

where Fj o(u) and Gy ¢(u) are continuous, 1-periodic functions. In this note we show that the
functions Fj ¢(u) and Gy ¢(u) are nowhere differentiable. (For Gy ¢(u) this is already known
from [5]). In case k = 1 both formulas yield the well-known formula of Trollope-Delange
([13], []) for the sum of digits

N-1

1 , 1
N Z s(j) = 510g2N+ Fi (logy N) (1.9)

=0
where the 1-periodic function Fj(u) is connected with Takagi’s function 7'(x) by

U 1
Fi(w) = =5 — 5um

cf. [8, Theorem 2.1]. In [9] the functions Fy ,(u) and Gy (u) were expressed by means of the

1
2

T(2Y)  (u<0), (1.10)

partial derivatives of de Rham’s function R,(x) with respect to the parameter a at a =
i.e.
(x €[0,1]). (1.11)

a=1/2
In particular, Ty(x) = x and T} (z) = 27'(x) where T is the Takagi function, cf. [9]. We show
that for 0 < x <1 we have

n—1

—T,,(z) = (=2)"(logy )" + Y _(1ogy )" g,y (l0g, )

v=0
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where the functions g, (u) are 1-periodic, continuous and nowhere differentiable. At dyadic

points x = % it hold the one-sided limits

To(z+ h) — T, ()

wss0 h(logy 1)
and T(z+h) —T
im n(x + ) _1 Z(:B) _ (_1)77,—&-1277,.
w2 ™ [l (logy )

Finally, if so(j) denotes the number of zeros in the binary expansion of j then

1 = log, N\F (1)1 &L
~ > soli)t = (TQ) ot > “(log, N)'Hy¢(logy N) (1.12)
j=1 =0

where Hy, ¢(u) are 1-periodic continuous, nowhere differentiable functions.

In this note we use the Stirling numbers of first and second kind sl(ﬁl’z, 51(2 given by

k
x 1
k'(k) =) st (1.13)
/=0
and

k
=350 @) (1.14)

These numbers are integers. In particular, sk()) = 3,(3()] =0 for k> 1 and s,(cl,)C = sf

k> 0.

,)Czlfor

)

2 Partial derivatives

In [9] were introduced the partial derivatives of de Rham’s function R,(z) at a = 1, i.c.

O R) (z € [0,1]). (2.1)

T -
(@) dar o a=1/2

Thus Ty(xz) = z and T3 (x) = 27 (x) where T' is Takagi’s function. For n > 1 the function T,

is continuous and has the symmetry property
T,(1 —z) = (=1)"*"'T,(z) (2.2)
and for n > 2 it satisfies the functional equations

T, (%) = nT_i(z) + 3T, (2)
(z € [0,1]). (2.3)

T, (xT“) = —nl,_1(x)+ %Tn(x)
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In [1] were investigated the functions

1

T(7), (2.4)

there with the notation T,,(z). For every ¢ > 0 there exist constants C, . such that if
0<zr<zxz+y<l1, then
To(z +y) — Tu(z)] < Chcy' ™, (2.5)

cf.[1]. By [9, Proposition 4.2| we know that for n > 1 the derivatives (2.1) of de Rham’s

function R, satisfy the functional relations

k+x k g
T, ( 5 ) =T, (?> + I;%Ty(l«) (2.6)
where f € N, k=0,1,...,2° =1, 2 € [0,1], To(z) = = and where a, are the constants

a, — ("> O s (g _ gy

(2.7)

v) da™"

a=1/2

which depend on n, k and ¢. In particular, a,, = 1/2°. Moreover, for k = 0, 1,...,2° it holds

" ( % ) _ ;!n ’“i z"x_l)r (s<rj>) (e;_sg)) (28)

7=0 r=0

Proposition 2.1 For(eN, k=0,1,...,2°—1, z € [0,1] we have

k—ax k =
T, ( 5 ) =T, (?> + T, (z) (2.9)
v=0
where b, are the constants

b, = (—1)** (n) o a1 (1 — )k

v) danv

a=1/2

which depend on n, k and £. In particular, b, = (—1)"1/2¢.

Proof: If we denote the coefficients (2.7) more precisely by a,  (for fixed n and ¢) then
from (2.6) with & — 1 instead of k£ and 1 — z instead of x we get

n

k—x k—1
Tn (7) = Tn ( o ) + Zau,kflTu(l - $)
v=0

E—1 -
= Tn (7> + a07k_1 + Z(—l)y+1ay7k_1Ty(J})

v=0

where we have used (2.2) and Tp(x) = . For x = 0 it follows

k k—1
Tn (?) - Tn (7) + g, k—1

and hence (2.9) with the coefficients b, given by (2.10). O
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3 Non-differentiability of linear combinations of T,

The following proposition is a generalization of [, Theorem 1.5] to linear combinations

n 5 n CV
fal@) =T (x) = (@) (ze[01]) (3.1)
v=1 v=1l
with certain constants ci,...,c,. We will modify a bit the nice proof in [!]| where we use

largely the same notations.

Proposition 3.1 Ifc, # 0 then the function f,(z) from (3.1) is nowhere differentiable.

Proof: For x4 € [0,1) and positive integers k we put jj, = [28x¢] such that 0 < j, < 2F -1

and . _
Jk Jk +
? S Zo < 2k )

Observe that jri1 = 2jk or jrr1 = 2jx + 1 where A = {k : jr41 = 2jx} is always infinite and

N\ A ={k: jrs1 = 2jx + 1} is finite if and only if x( is dyadic rational.

ke N. (3.2)

For an arbitrary function f :[0,1] — R we define

flG+1)-27%) = f(G-27Y)

5 keN, j=0,1,...,28—1. (3.3)

Ag(k,j) =

Let be K, the set of all functions (3.1) with ¢, # 0. We show by induction on n that for no
f € K, the limit
lim A (k, ji) (3.4)
k—o0

exists. For n = 1 this is true since each f € Kj has the form f(z) = ¢,T1(z) = 2¢,T(z) with
c1 # 0 and the Takagi function T'(z) for which the nonexistence of the limit is well known
(cf.[12]). Assume for a fixed n > 2 that for no f € K, the limit (3.4) exists. Now we
consider the function f,(z) from (3.1) with ¢, # 0 which belongs to K, and assume that

there exists a finite number A such that

lim Ay, (k, ji) = A, (3.5)
k—o00
It follows
kﬁloloI,II}JGA Afn(k + 1, 2jk) =\ (36)
and
lim o Ag (b1 2 +1) = A (3.7)

whenever N\ A is infinite, cf. [1].
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Put A (k,j) = Az (k,7) then Ag(k, j) = 1 since To(z) = = and by (3.1) we have

n

A (k,3) =) e (k, j).

v=1

In view of

Ak+1,25) — Ay(k+1,2j + 1) =4A, 1 (k,§), (v >1) (3.8)
cf. [1], we find

Ap(k+1,20) = Ap (k+ L2k +1) = > de,A (ki)
v=1

n—1
= derBo(k, i) + D Acui Au(k, i)
pn=1
and hence
Afn(k’ + 1, 2jk) - Afn(k’ + 1, 2jk + 1) = 461 + Af(k,]k> (39)
where f is the function
f(@) = 4Ty (x) + - - -+ de, Ty (2). (3.10)
Obviously,
Ag, (k+1,25) + Ag, (k+ 1,25 + 1) = 244, (k, jx)- (3.11)

Now we consider two cases:

1. If zy is not dyadic rational, i.e. N\ A is infinite, then (3.5), (3.6) and (3.7) imply

k—oo

2. If xy is dyadic rational, i.e. N\ A is finite, then there exists ko such that j.,1 = 2j; for
k > ko and (3.6) can be written as

im Ag (k+1,25;) = A (3.12)

k—o00

Now, (3.11), (3.5) and (3.12) imply
lim Ay (k+1,2j,+1) = A
k—ro0

So in both cases from (3.9) we get limg_,oo Af(k, ji) = —4cy for f from (3.10) which belongs
to K, since ¢, # 0. This is a contradiction to the induction hypothesis. Thus f,(z) with
¢, # 0 is not differentiable at z € [0, 1) which is valid also at o = 1 in view of (2.2). [

Remark 3.2 The proof makes use of the recursion (3.8) which in [I] was derived by a

system of infinitely many difference equations for the functions 7, n(z), cf.[1, Corollary 2.5].
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Theorem 3.3 Ifg,(x) (v=1,...,n) are differentiable functions for x € [0,1] then the

function
fl@) =) g(@)T(x)  (xe[0,1])
v=1
is differentiable at a point xq if and only if g,(xo) =0 forv=1,... n.

Proof: For x4 € [0, 1] we consider h # 0 such that also zo + h € [0, 1]. Obviously,
f(zo +h) — f(zo)

= >
A 1+ 29
where
— gu(xo + h) — gu(x0) . T,(zo + h) — T, (o)
—= Tl/ h , 2 - v °
2 ;:1 Y (zo + h) 2 u§—1 9u(20) N

Note that 3; converges as h — 0 since g, (z) is differentiable and T, (z) is continuous and

that Y5 is convergent by Proposition 3.1 if and only if g,(zg) =0 for allv =1,... n. O

4 Relations to periodic functions

In [9] were introduced the continuous, 1-periodic functions Fj(u) given for u < 0 by

8k:

Fk(lb) = a—qka

R, (2Y) (u < 0). (4.1)

q=1
In particular, Fy(u) = 1 and Fj(u) is the function from (1.10) which appears in the formula

(1.9) of Trollope-Delange. For k > 1 the 1-periodic functions Fj(u) have the representations

Fi(u) = 2u1+k L ’“gf%(zw (u<0) (4.2)

=0

with the binomial polynomials

Puatw) = (15 (M

K (u+k—1
14

) 0<t<h) (1.3)

of degree k — ¢ and the partial derivatives T, from (2.1). In particular,
Proo(u) = (=) u(u+1)--- (u+k—1),  Peg(u)=(-1)", (4.4)
cf. [9, Proposition 5.1]. From (2.4), (2.5) and (4.2) it follows
Proposition 4.1 For h >0 and € > 0 we have
|Fy(u+ h) — Fi(u)] < A h' e

with a constant Ay.
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A consequence of Theorem 3.3 and (4.2) is the following

Proposition 4.2 If the functions hy(u) are differentiable then

Fu) =" hg(u)Fy(u)
k=1

is differentiable at ug if and only if hi(ug) =0 for all k € {1,2,...,n}.

If we put Pye(u) = 0 for £ > k then for n € N equation (4.2) can also be written in the

matrix form

. 11 1 i
(1,2F(u), ..., 2"Fy(u)" = A, (Q—u, ﬁﬂ(u)y cee WTn(u)) (4.5)
with the lower triangular matrix A, = (Pys(u)), 0 < k, ¢ < n.

Lemma 4.3 For arbitrary integer n > 1 the matriz A, is invertible and for the inverse
matriz it holds At = A,,.

Proof: We have to show that B,, = (by¢) = A2 is the unit matrix, i.e. by, = dx,. We have
n k
e =3 Prg(u) Pre() = 37 Pry(u) Pre(u)
j=0 j=t

and hence by, = 0 for 0 < k < ¢ — 1. In view of Pys(u) = (1) we get byy = 1. Now let be
k > ¢+ 1. Note that

Py y(u) = (—=1)* (];) (u+k—1(ut+k—2)---(u+0)

so that ,
Py j(u)Pje(u) = (—1)F (f) @) (u+k—1(ut+k—2)(u—")

and therefore

ber = (=1 (u—k— 1) —k—2)--- (u—10) 2:(_1)]’ (’;) @

J

()0 - (G0

Now

and

Hence by = 0 for k > ¢ + 1. O
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As consequence we get from (4.5)

Proposition 4.4 The partial derivatives (2.1) of de Rham’s function R,(x) have the

representations

2u+ka (2%) ZPH )2 Fy(u (u <0) (4.6)

with the polynomials (4.3) and the 1—pemodzc functions (4.1).

Remark 4.5 According to Pyg(u) = —u, Pii(u) = —1, Fy(u) = 1 and Fi(u) in (1.9) we

get
1

2u+1
Putting z = 2" and using the fact that T}(z) = 27 (z) where T'(x) is the Takagi function,

we find

—T11(2") = —u — 2F;(u) (u <0).

1
ET($) = —log, © — 2F(log, 7) (0<z<1), (4.7)

cf. [3, Formula (2.5)].

By means of (4.6) we can give a new representation of 7, using the explicit representation
of the polynomials Py ¢(u) of degree k — ¢

k—¢

thg(u) = Z cW’juj. (48)

J=0

In view of (4.3) and the Stirling numbers of first kind s,(;% given by (1.13) it is easy to compute

e = (E) X o (Y (49)

r=0

the coeflicients

In particular, the coefficient of ©*~¢ reads

k
Chpk—t = (—1)* (€> (4.10)
which can be seen directly from (4.3).

Theorem 4.6 Forn > 1 the derivatives (2.1) of de Rham’s function R, have the repre-

sentations

i
L

“T(@) = (<2)"(logy2)" + > (logy ) guu(logyw)  (0<z<1)  (411)

<
Il
o

where gy, (u) are 1-periodic functions given by

n—v

() =2 " cn 2 Fio(u) (4.12)

=0

with the coefficients from (4.9). They are continuous and nowhere differentiable.
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Proof: For u <0 we have by (4.6) and (4.8)

k k-t
1 .
WT;C(QU) = Z Z ck,&juJ?ng(u)
=0 j=0
k k—j
= Z Ck’&juerFg(U).
j=0 ¢=0
For k = n we get
1 y n , n—v
ge (2 = D u Y cng2Fi(u)
v=0 =0
n—1 n—v
= (=1)"u"+ Z u” Z Cnin2 Fy(u)
v=0 =0

where we have used that ¢, = (—1)" and Fy(u) = 1. With u = log, = it follows (4.11)
with (4.12). Obviously, the function g, ,(u) is 1-periodic and continuous. By (4.12) we have

n—v—1

gn,l/(“) = 22n_ycn,n—u,an—V(u) + 2" Z Cn,é,l/2£F€(u)
=0

where according to (4.10) it is ¢y, = (—1)"(") # 0. Therefore, by Proposition 4.2 the

function g, , (u) is nowhere differentiable. O

5 Limit relations

For the Takagi function 7' it is known that at each dyadic point z = 2% it holds

lim T(x+h)—T(x)

=1 5.1
h—0 hlog, ’ (5-1)

1
h
cf. |7, Proposition 3.2]. We remember T} (z) = 27'(x) so that the following result is a gener-

alization of (5.1).

Proposition 5.1 Forn > 1 the derivatives (2.1) of de Rham’s function R, satisfy at

each dyadic rational point x = 2% the limit relations

To(z+h) —T,(x)

=27 5.2
h——+0 h(logy )" (5:2)

and T y T
im n(z+ )_1 Z(x) = (—1)~*t2m, (5.3)

% Fl(logs 1)
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Proof: For x = 0 equation (5.2) is a consequence of Theorem 4.6. Let x = 2% and
0 < h < 1/2% According to (2.6) we have

To(z+h) = To(z) =Y _a,T,(2°)

v=0
where a,, = 1/2° so that
T.(x+h) = T,(x)  T.(2'h) Zl T, (2h)
h(log, )" 2€h log2 X e log2 h)

In view of (log, +)* ~ (log, 577)” as h — 0 it follows (5.2) by Proposition 4.6.

According to (2.9) we have

v=0
where b,, = (—1)""!/2¢ and hence
T,(x—h) =T, T, (2" T2
n('x h) - TL(:C) _ (_1)n+1 h‘ Z h‘
h(log, )" 2% log2 h log2 :
which implies (5.3). O

Remark 5.2 Relations (5.2) and (5.3) imply that at dyadic rational points z = % there

exists the improper derivative

To(x 4+ h) — T, (2)

s h = too,
whenever n > 2 is even, whereas for odd n it holds
T h)—-T,
lim n(x 4 h) () = 400,

h—0 |h|

i.e. T, with odd n has at = a local minimum. Note that in case n = 3 there are further

points x where T3 has a local minimum, cf. Theorem 6.24 in [1].

Start point for the proof of (5.1) in [7] was the fact that for 0 < 2 < 3 the Takagi function
T satisfies the estimate . .
zlog, — < T(x) < xlog, — + cx (5.4)
x x

with a constant ¢ < %, ¢f.[7, Lemma 3.1]. By [10, Lemma 2.1] the estimate (5.4) is valid for
0<ax<1.
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Proposition 5.3 The Takagi function T satisfies for 0 < x < 1 the estimate (5.4) with
the optimal constant ¢ = 2 —log, 3 = 0,415 ... where on the right-hand side we have equality
if and only if © = % 20 (1 =0,1,2,...).

Proof: For the Takagi function 7" we know that
1
—T(z) = —log, x — 2F;(log, x) 0<x<1)
x

where Fi(u) is the the fractal function in (1.9), cf. (4.7). The assertion follows by Proposition

2.2 and Proposition 2.5 in [3] in view of ¢ = —2min Fi(.) = —2(}222 —1)=2-1log,3. O

Proposition 5.4 For n > 1 the 1-periodic functions F,(u) given by (4.2) for u < 0

satisfy at each point u with 2% = % the limit relations

h—+0 h(logy )" 2n

and Fy(u+h)—F 1
im n(u+ 1) — (1) = —In2. (5.6)
h=0 |h|(logy 5)" 2"

Proof: For 2% = 2% < 1 and h > 0 such that 2**" < 1 we have

1 1
u—+h
Qu+h T”(Q ) Ju

and by (5.2) the asymptotic relation

2u+th(2 +h) _ _Tn(2 ) ~ 2 (2h — 1) (10g2 m) (h — +0)

—T,(2") = {T (2"") — T (2)} + i (2% — 1) T, (24"

2u

In view of (2" —1)/h — In2 as h — 0 as well as

10g2 m = —u -+ 10g2

2h — 1
and 1 h 1 1
logy —— ST =logy —— TR log, — o~ log, — h (h = +0)
we get
L@y~ 1@ ~ 27 h 2 (log, - ’ h
Qu+h n( ) — u n(24) ~ n 089 I3 (h — +0).

By (4.2) we have

Ew = o C o 4 LS B0 <)
=0

and it follows
F.(u+h) — F,(u) N (=)™ 1n2T”(2u+h) — T,.(2%)
h(log 7)) 2n h(log 7))
Hence (5.2) implies (5.5) at u with 2* = % < 1 which is true for arbitrary u with 2* =

(h — +0).

k.
7

DI\D

since F(u) is an 1-periodic function.
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6 Binomial and Power sums
In [9] it was shown that for integer k > 1 it holds

ak N

k
aq ) k (logy N)a (6.1)

=1

with certain coefficients a , which satisfy a recurrence relation. However, we have overlooked
that ay, is the Stirling number s,(:; of first kind, given by (1.13). By a hint of L. Berg this
can be seen as follows: We have N = (1 + ¢)” with 8 = log, N and hence

8k
g
In view of (1.13) it follows (6.1) with

N*=BB=1)(B=k+ 1)1 +q""

aM = Sgglz (62)

Theorem 6.1 For the binary binomial sum (1.5) with integer k > 1 we have the explicit

formula

1 1 [log SR
2
NBk(N) ol ( ) o ; (logy N FM (log, N) (6.3)

where

Fielw) = o (k)Fk ofu +kzejl< )‘ﬁ)ﬂf Fy(u) (6.4)

with the Stirling numbers of first kind SM and the 1-periodic functions Fy(u) from (4.1).
In particular, Fyo(u) = Fp(u) and Fyp(u) = 1/2F. For ¢ < k the functions Fy(u) are

continuous, nowhere differentiable and of period 1.

Proof: In view of (6.2) and sélz) = 1 the representation (6.3) with (6.4) is already proved
in 9, Theorem 5.3] where Fy ¢(u) (¢ < k) is continuous and of period 1. By Proposition 4.2
the function Fj ,(u) is nowhere differentiable since the coefficient of Fj_,(u) is different from

Zero. O

Remarks 6.2 1. By Proposition 5.4 it holds that if 2" is dyadic rational then for ¢ < k
the functions Fj, from (6.4) satisfy the limit relations

_ _1\k—¢
lim Fk"(“+h)1 Frelw) (D70 (RY o (6.5)
wto h(logy 1)~ SV
and Frolu+h) — Foo(u)  —1 (k
k(W + 1) — L e(u -
: AW _ 2 (M) e, 6.6
% Thllogy Tyt % (i) 60
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2. In case k = 1 formula (6.3) yields the formula (1.9) of Trollope-Delange and in case k = 2

we get

1 _1(log2N)2+log2N

1 1
5 5 {—Z+F1(log2N)}+§F2(log2N).

(In the corresponding formula in [9, p. 705] the term 1 F;(L) is to cancel and in the previous
formula the term (") Fy(u) is to replace by (", ") Fi(u)).

Next, we consider the formula (1.8) of Coquet for the sum of digital power sums.

Theorem 6.3 For the power sum (1.7) it holds the formula of Coquet

_5k< ) = (10g22N ) +i(1og2N)€Gk,e(1og2N) (6.7)

where

k=t k <
n—jl
Gre(u Z Z ( ) o Jj S,(ﬂFj(u) (6.8)

7=0 n=0+j

with the Stirling numbers of the first and second kind given by (1.13), (1.14) and the 1-
periodic functions Fj(u) from (4.1). So Gix(u) = 1/2F and for ¢ < k they are continuous,

nowhere differentiable 1-periodic functions which can be written as

k—(—1

Gho(u) = 21£ (k)Fk o(u) + Z a; Fj(u (6.9)

Jj=

with certain constants a; which depend on k and £.

Proof: In view of (6.2) the representation (6.7) with (6.8) is already proved in |9, Theorem
6.1] where Gy (u) is continuous and of period 1. Obviously, the function Gy (u) has the

form
Gk g Z CL]

where the constants a; depend on k and ¢. From (6.8) we get for the main coefficient ay_,

1
. k Sgg) 2) 1 [k
Wt = \e) 2 ke T g

which yields representation (6.9). By Proposition 4.2 the function Gy ¢(u) (¢ < k) is nowhere
differentiable since a;_, # 0. O

the term
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Remarks 6.4 1. In view of (6.9) the statements for Fy, in Remarks 6.2/1. are valid also

for the functions Gy .

2. In case k = 1 formula (6.7) yields the formula of Trollope-Delange (1.9) and in case k = 2
we get the formula of Coquet |[3]

—52( ) = <1°g22N) +log2N{%+F1(log2 N)}+G(log2N)
where G(u) = Fi(u) + Fa(u).

Proposition 6.5 For every integer k > 1 we have

ak
%N G,(logy N)

1
=N (%) +N§ : logy, N)‘Gye(log, N)
t=0

where ¢ = €' and o = logy(1 + €').

Proof: With ¢ = ¢' we get from (1.3)

=2

e*) = N°G,(log, N) (6.10)

Il
=)

J
where o = log,(1 + €') and Where the 1-periodic function G, is connected with de Rham’s
function by (1.4) with a = . It follows

A\ k ak «
S = £ NGy log, N)

j=0 t=0

and by (6.7) the assertion. O

7 The number of zeros

If 27 < j < 2" then the number of zeros is so(j) = n + 1 — s(j) where s(j) denotes the

number of ones.
Lemma 7.1 Forg>0 and 2" < N < 2" we have

T\ 1 1\"
- NG (logy N) — q + (q——> <1—|——) 7.1
— (Q> = gtV Galloga N) q q (71

J

where a = logy(1 + q) and where Gy4(u) is a continuous, 1-periodic function given by (1.4).
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60
Proof: By formula (1.2) we get for 2" < N < 2!
N-1
N 1 n+1 s(7)
Ra <ﬁ) _Ra(ﬁ) = a™ ) ¢
j=an
N-1 1 s0(4)
_ an+1qn+1 Z (_) .
j=on N4

Moreover, (1.2) yields R,(1/2") = a". If 2"~! < j < 2" the number of zeros is so(j) = 7 —s(j)

and by (1.2) we get

or 2r—1 21 )
w(z)-m () - 2
]:2'r—1
2r—1 1 SO(j)
0
j:2r—1 q
and hence
2" —1 so(7
1 o) _ 1 n—r n—r+1\ __ l—a _ 1
Z o Tl (a —a ) o ro r—1"
q a'q (aq)”  (aq)

j:2r—1

In view of ag =1 — a and

we get
— 1\ N 1 1
— q - (1 _a)n—l-l @\ on+1 anqn+1 q a qn—l
1.e.
N-1 1 s0(J) B 1 . N q2 +1
— ; - qn+1an+1 a on+1 — 4 + anqnfl :
Hence
N-1 s0(J) 2
1\ 1 N q +1

with a = % which yields the representation (7.1).
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With ¢ = €' we get from (7.1)

=z

-1
e~tooll) — e”t("ﬂ)NC“Gq(log2 N)—e +(e—e (1 +e (7.2)
1

J
where @ = log,(1 + €') and n = [log, N| since 2" < N < 2" — 1 and it follows for every
integer £ > 1

N-1
(=1 > s0(4)" = Ap(N) + Bp(N) — 1 (7.3)
j=1
where
ok
Ap(N) = [e "I NG, (logy N)] (7.4)
otk =0
and
By(N) = 2 (" —e (1 +e")] (7.5)
’ ot* ‘
Lemma 7.2 For (7.4) we have the representations
1
A(N) = (Z1)FN (g—) ¥ NZ logs )/ Ay (log, N) (7.6)

where Ay o(u) are 1-periodic function given for 0 < u <1 by

¢ k
AW(U) = Z(—l)z Z (Z) (7) (u — 1)m7in,m’g,¢(u) (77)
with the functions Gy ¢(u) from (6.8).

Proof: We put L = log, N. Observe that

ak

k
—t(n (0% m—n ak_m (03
atk[ et NeG (L :§j(> —n — 1)"e ) [N°G,(L)].
=0

It follows by (7.4) and Proposition 6.5 with n = [log, N|

J=0

with the 1-periodic functions G_, j(u) from (6.8). For 2" < N < 2" — 1 we write N =
2mtun with 0 < uy < 1. In view of L =log, N = n + uy we have Gy, ;(L) = Gj—pm j(un)

and
k k k—m .
=N Z‘B (m> (uN —1-— L)m 2; LJkam,j(uN).
m= j=
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We want to sort the right-hand side by powers of L =log, N. From

NZ( >Z( )@N_l ZLka]uN

we get
Ay(N) =N i LAy o (un)
with ) h
Apo(u) %;g Z( )( ) (u— 1) G (1)

which can be written as (7.7). In particular,

st = 0 (B st = oo (B g = Z () o - 2

=0 i=0

where we have used (6.9) and Fy(u) = 1. If we continue the functions Ay ¢(u) to 1-periodic

functions on R then we also get Ag o(un) = Ak (L) since uy = L—n, and it follows (7.6). O
Remark 7.3 In particular, for 0 < u < 1 we get by (7.7) in case k =1
Al,o(U) =u—1+ Fl(U)
and in case k = 2
Ago(u) = u® — 2u+ 2+ (1 — 2u) Fy (u) + Fy(u),
Aga(u) = 7 = (u—1) = Fi(u)

where we have used (6.8) with the 1-periodic functions Fj(u) from (4.1).

Now, for integer k£ > 1 we compute (7.5). Applying Leibniz formula it is easy to see that

k—1
N)=2") b n’ (7.8)
i=0
with certain coefficients by ;. The first sums read

Bi(N)=2-2" By(N)=-2n-2",  Bs3(N)=(n®+2n+2)2" (7.9)
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Lemma 7.4 For (7.5) we have the representations

e
—_

Bu(N) = N' Y (log, N)'By.s(log, V) (7.10)

Bu(u) =S 2% Z bkﬂ' (Z) (—u)i_e (7.11)

with the numbers by; from (7.8).

Proof: Starting with (7.8) we prove (7.10) with (7.11). As before we write N = 2"*u~¥
with 0 < uy < 1 so that L =logy N = n + uy, 2" = 274~ = N /2%~ and

n'=(L—uy) = Z (6) L (—uy)™".
=0
From (7.8) we get
k—1
NZ log, N Bke (un)
=0

with By ¢(u) from (7.11) for 0 < u < 1. If we By, continue to 1-periodic functions on R then
we have By ¢(logy N) = By y(uy) since N = 2"4~ . So we get (7.10) with (7.11). O

Remark 7.5 In particular, for 0 > u < 1 we get by (7.11), (7.8) and (7.9) in case k =1

1
BL()(U) = 2 . ﬁ
and in case k = 2
U 1
B270(U) = F, B2,1(U) = _2u71 :

Lemma 7.6 For ¢ < k the 1-periodic function Ay(u) given for 0 < u < 1 by (7.7) is

nowhere differentiable.

Proof: We apply Proposition 4.2. According to (7.7) and (6.9) the function Ay ,(u) has

the form

Apo(u) = hj(uw)Fj(u) 0<u<l)

where




BE)-0)0
i) 5]

such that hy_s(u) # 0 for 0 < u < 1. By Proposition 4.2 the function Ay ,(u) is nowhere
differentiable. O

In view of

we get

Theorem 7.7 Ifsy(j) denotes the number of zeros in the binary expansion of the integer
j then for integer k > 1 we have

1 N—-1 10g N k k*l k—1
¥ 2wt = () + S 4 S tton M Hllon ) (112
=1 =0
where
Hio(u) = (—1)F Ap(u) + (=1)" By, o(w) (7.13)

with the functions Ay, from (7.6) and By, from (7.10). They are 1-periodic functions which

are continuous and nowhere differentiable.

Proof: The representation (7.12) follows from (7.3) in view of (7.6), (7.10) and (7.13) where
Hy . (u) = 1/2% since By, x(u) = 0. For £ < k the functions A ,(u) are nowhere differentiable
(Lemma 7.6) and By ¢(u) from (7.11) are differentiable in [0,1) so that Hj¢(u) are nowhere
differentiable. By Lemma 7.2 we know that the 1-periodic functions Hj4(u) are continuous
in [0,1) and that Hg (1 — 0) there exist. It remains to show that Hy (1 —0) = Hj,(1). For
that we show that for integer n it holds

- Zné{Hk,é(l) — Hy,y(1-0)} = o(1) (n — o)

which is possible only if Hy (1) — Hy (1 —0) =0 for £ =k, k—1,...,0. We write S(n) =
Y1(n) 4+ Xg(n) where

= Zné{HM(l) — Hyo(141logy(1 —27")},

Sa(n) = n'{Hy(1 +logy(1 —27") — Hy(1 - 0)}

and investigate both sums separately.
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1. Using (7.12) we get for so(N — 1)* the representation

k

> {N(logy N) Hye(logy N) — (N — 1)(logy(N — 1)) Hy,e(logy(N — 1)) } -

As N — oo we get the asymptotic equation

0N = 1) = > (log, N)* {Hi(logy N) = H(logo(N = 1))} + (1)
=0

since in view of

(logy N)*!

(logy (N — 1>>£ = (logy N +logy(1 — 1/N))Z = (log, N)Z + N

o(1)
and (logy N)*"1/N — 0 we have
(logy (N — 1))[Hk,l<10g2(N —1)) = (log, N)EHk,lf(logQ(N — 1)) +o(1).

We choose N = 2" with integer n. Note that so(2" — 1) = 0 so that

0="> n{Hri(n) = Hee(logy(2" — 1))} +0(1)  (n— o0),

and in view of log, (2" —1) = n+log,(1—27") and Hy o(u+1) = Hie(u) we get X1(n) = o(1)
as n — 0o.

2. Now, we consider the sum Yo(n). In view of (7.13), (7.6), (7.7), (6.8) and the fact that
By ¢(u) are continuous differentiable in [0,1) (Lemma 7.2) we conclude that each function

Hj, o can be written as

Hy o(u) = ij(U)Fj(u) (0<u<1)

with certain continuous differentiable functions f;(u) which depend on k and ¢. By Proposi-
tion 4.1 the functions Fj(u) are Holder continuous with Hélder exponents 1 — & where € > 0.
It follows that for 0 < u < 1 the function Hj,(u) is Holder continuous which is true for
0 <wu < 1if we choose Hy¢(1 —0) for u = 1. So we get

|Hio(1 — 0) — Hyo(1 +logy(1 —27™))| < Ce|logy(1 — 27 F

with ¢ > 0 and in view of |log,(1 — 27")| ~ 27 and n‘/2"(17%) = o(1) as n — co we get
Yo(n) = o(n).

Consequently, S(n) = o(n) as n — oo and the functions Hy ,(u) are continuous. O
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Remark 7.8 In view of Remarks 7.3 and 7.5 we get in case k£ = 1 the known representation

N-1

1

. 1 1
N s0(j) = 5 logy N + — + Hjo(logy N)

N

j=1
with the 1-periodic function H;¢(u), given for 0 < u < 1 by

1—u

1
_ 21—u + _T(2u—1)

HLQ(U) = ou

cf. |8, Theorem 3.2|, and in case k = 2

N-1 2
. 1 1
(s0(4))* = (510& N) N + Hy(logy N) + logy NHj 1 (log, N)

Jj=1

1
N

with the 1-periodic functions Hoo(u), Ha1(u), given for 0 < u < 1 by

ng(u) = U2 — 2u + 2 —I— (1 — 2U)F1(U) —f- FQ(U) —f- 2u71

and . .
ngl(u) = Z - (U — 1) - ou—1

Acknowledgement. The author wishes to thank L. Berg for his hint to the Stirling num-

bers.
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RENE BARTSCH, HARRY POPPE

Compactness in function spaces with splitting
topologies

1 Introduction

Let (X, 7), (Y, 0) be topological spaces, and let be ) # 2 C P(X). We consider the set-open
topology Ty for YX or for C'(X,Y), generated by the family 2, and we assume that 7, C 7y
holds, where 7, denotes the pointwise topology. For H C C'(X,Y) we want to characterize
the Ty-compactness of H. We will need the condition that H is evenly continuous on each
A € . Hence we consider both sets C(X,Y) and C(A,Y) and of course we can link these
spaces by the map qa : qa(f) := fja, the restriction of f to the subspace (A, 7)) of (X, 7).
So we have ¢4 : C(X,Y) — C(A,Y).

Using these maps, we give a new and interesting proof of a "final” kind of the Ascoli theorem,

as former derived by use of hyperspaces in [1].

Most notions used here are standard and explanations can be found in standard books on
general topology such as [3], [1], [7]. Concerning some more special notions we refer to [2],

more explanations can be found in [6] and [1], too.

2 The continuity of the map ¢4

Now let be B C X with ) # B # X; let A CB(X), B CP(B), A # 0 and B # (. Then
we can consider the set-open topologies 7y on YX and 79 on Y'Z respectively, and for fixed
B we have our map qp : Y — Y5 : ¢(f) := fjp. Here at first the question arises, when is
g : (YX,74) — (YB, 73) continuous? (Remark: If g5 : (YX,79) — (YP, 1) is continuous,
then ¢p : (C(X,Y), ) — (Y8, ) is continuous, and we know that qz(C(X,Y)) C C(B,Y)
so we find ¢p : (C(X,Y), 7q) — (C(B,Y), 7s) being continuous.)

Proposition 2.1 [fB C 2 holds, then qp : (YX,79) — (Y8, 73) is continuous.
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Proof: For the generating subbase-elements of our topologies we use the symbols (Z,V)p :=
{9 € YBl g(Z) CV}and (Z,V)x == {f € Y| f(Z) C V} with elements Z of B or 2,
respectively, and open subsets V of Y.

To prove continuity of ¢g, it is enough to show that the preimage of every subbase element of
Ty belongs to 7y, so let Z € B C P(B) and V € o be given. Then we have ¢3'((Z,V)p) =
{feY¥ fip e (Z,V)s} ={f €Y¥| f5(2) SV} ={f €Y f(2) SV} =(ZV)x €
Y- |

Some options to define suitable families 2, *B:

1. Let £ be a property, which is defined for subsets of topological spaces (such as compact-
ness, relative compactness or closedness, for example; but even such "non-topological”
defined things as finiteness may be considered). The family of all subsets of a topo-
logical space (X, 7) having property £ w.r.t. 7 is denoted by £(X,7).! Then we can
define A := £(X, 7) and B := E(B, 15).

2. We start with a family 2 C P(X) and define VB € A : g :={A €A | AC B}.

3 Basic lemmas

We provide a few lemmas, which are very useful for our considerations.

Lemma 3.1 Let (X,7) a topological space, (Y,o) a Hausdorff topological space. Let ¢

be a topology (lim a convergence structure) on C(X,Y) with 7, < ¢ (1, < lim) and let
H C O(X,Y) be compact w.r.t. ¢ (resp. lim). The H is T,-closed in Y.

Proof: Because of 7, < ( (7, < lim) the compactness of H w.r.t. 7, follows from assumtion.

So, H is T,-closed in Y* as a compact subset of the Hausdorff-space (Y, 7,). [ |

Lemma 3.2 Let (X,7),(Y,0) topological spaces; let ) # B C X and O # B C B(B) be

gien with the properties:

(1) VZ C B:Z is tg-closed = Z € B and

(2) Vf € C(B,Y) : f(B) is a Ts-subspace of Y.

Then the set-open topology Ty is conjoining for C'(B,Y).

! Although any dependence of our property &€ on 7 is not required, it remains still allowed, so, we respect T
as a parameter. Somewhat more precise: such an ”"property” £ is just a map from the class of all topological
spaces to the class of all sets fulfilling the condition, that the image £(X, 1) of every topological space (X, 7)
is a subset of PB(X).
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Proof: We will show, that the evaluation map
w:BxCB,Y)—=Y 1w f) = f(x)

is continuous w.r.t. 7 X 7y, 0. For arbitrary x € B and f € C(B,Y) let V € o be given with
w(z, f) € V. Because f(B) is T3 by assumtion and V' N f(B) is open in f(B), there exist a
closed subset Z of f(B) and an open subset W of f(B) such that

fle)eWCZCf(B)NV.

since f : B — (Y, 0) ist continuous, it is continuous, too, viewed as a map from B onto f(B)
w.r.t. o). Thus f~1(Z) is closed and f~*(W) is open in B, and of course, z € f~1(W)
holds. So, by assumption (1), we have f~*(Z) € B and consequently (f~*(Z),V) € 7. Now,
f(f74(2)) € Z CVimplies f € (f1(Z),V), so (f1(Z),V) is an open Tyg-neighborhood
of fin C(B,Y) and obviously, f~!(WW) is an open neighborhood of z in B. Now we have
w(fT(W) x (f~%Z),V)) C V, thus w is continuous. |

Lemma 3.3 Let (X,7),(Y,0) be topological spaces; let ) # A C P(X) be given and for
every B € A let Ap be a subset of P(B) such that B € Ag. Now we consider a filter F on
YX and a function f € YX. Assume

VB EeA: qp(F) =L fip .

Then we have F =% f in VX,

Proof: The sets (B,V)x with B € 2l and V' € ¢ form a subbase of 7y, so we have to show,
that F contains all such neighborhoods of f.

To do this, let B € A, V € o with f € (B,V)x be given; we have f(B) C V and hence
fis(B) C V; by this way fig = ¢s(f) € (B,V)s = {h € YP| h(B) C V}; since B € Up,
(B,V)p is an open subbase-element of 7, in Y. Since ¢p(F) — fip w.r.t. 7y, there
exists A € F such that gg(A) C (B, V)p and so follows A C (B, V)x implying (B,V)x € F.

|

4 T9-compactness

Now, we want to formulate and prove the compactness criterion.

Proposition 4.1 Let (X,7),(Y,0) be topological spaces, let H C C(X,Y) and let ) #
A C P(X) be given. Moreover, for every B € U let Bp be a nonempty subset of P(B).

Assume T, < Ty.
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1. If H 1s 7q-compact and if

(i) (Y, 0) is Hausdorff,
(i) VBe A:Bp CA,
(iii) VBe A, Z C B: Z 1g-closed = Z € Bp,
(iv) VB e, f e C(B,Y): f(B) is a Ts-subspace of Y

hold, then we have:

(a) Vo € X : H(x) is relatively compact in'Y .
(b) H is evenly continuous on each B € 2.

(c) H is Tp-closed in YX.
2. Let (a), (b), (c) be true and let hold

(i) VBeA:Bp CA,
(v) VB : B € By,
(vi) VB € 2 : the set-open topology T, is splitting in C(B,Y).

Then H is Ty-compact in C(X,Y).

Proof: (1) By lemma 3.1 we get (c); moreover by the proof of lemma 3.1 we know that H is
Tp,-compact, too, and hence H is 7,-relatively compact in YX, but then we obtain (a) by the
Tychonoff-theorem for relatively compact sets (see 2], [1]). Now by condition (ii) and by
proposition 2.1 we get: VB € 2 : qg(H) is 7 ,-compact in C(B,Y"). (iii) and (iv) yield that
Ty, 1s conjoining and hence #H is evenly continuous on B since Y is Hausdorff (see theorem
32 in [2]). Thus we got (b).

(2) By (a), H is 7p-relatively compact in Y¥ and hence 7,-compact by (c). Let F be an
ultrafilter on C'(X,Y’) such that H € F; by the 7,-compactness of H there exists f € H
with F 25 f: now, for all B € A the map gz : (C(X,Y),7,) = (C(B,Y),7,) is continuous,
implying that ¢z(F) 2 ¢s(f) = fis in C(B,Y) yielding by (b) that ¢p(F) = g¢p(f) in
C(B,Y) holds. By (vi) we get ¢p(F) ¢ qs(f), thus F 2 f, by lemma 3.3 - showing that

H is Ty-compact. [

Assume 2 := {A C X| A compact} and for all B € A let B := {Z C B| Z compact}.

Then for the families 2, Bp the assumptions (ii) ... (vi) are obviously valid. So, we get:

Corollary 4.2 Let (X,7),(Y,0) be topological spaces, (Y, o) Hausdorff. Let
H C C(X,Y) be given and consider the compact-open topology 1., on C(X,Y). Then are

equivalent:
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(1) H is Teo-compact.

(2) (a) Yx € X : H(x) is relatively compact in'Y,
(b) H is evenly continuous on every compact set K C X,

(c) H is in Y™ 7,-closed.
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A. GEORGIEVA, H. KISKINOV

Existence of solutions of nonlinear differential
equations with generalized dichotomous linear part in
a Banach space

ABSTRACT. A generalization of the well known dichotomies for a class of homogeneous
differential equations in an arbitrary Banach space is introduced. The aim of this paper is
the consideration of the nonlinear differential equation with generalized dichotomous linear
part. By the help of the fixpoint principle of Banach and Schauder-Tychonoff are found

sufficient conditions for the existence of solutions of the nonlinear equation.

KEY WORDS. Ordinary Differential Equations, Generalized Dichotomy

1 Introduction

The notion of exponential and ordinary dichotomy is fundamental in the qualitative theory

of ordinary differential equations. It is considered in detail for example in the monographs
21, [3116-5].

In the given paper we use a (M, N, R) dichotomy, introduced in [5], which is a generalization

of all dichotomies known by the authors.

It is considered a nonlinear differential equation with generalized dichotomous linear part.
A nonlinear operator, acting in the phase space is introduced. Sufficient conditions for the
existence of fixed point of this operator are found. These fixed points are solutions of the

differential equation.

2 Problem statement

Let X is an arbitrary Banach space with norm |.| and identity I and let J = [c, 00) where

c € R. Let L(X) is the space of all linear bounded operators acting in X with the norm ||.||.

We consider the nonlinear differential equation

dx
i A(t)x + F(t,x), (1)
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where A(.): J — L(X), F(.,.):J x X — X. Let F is continuous.
By V(t) we will denote the Cauchy operator of
dx
— = A(t 2
= Al )
where A(t) € L(X),t € J.
We consider also the nonhomogeneous equation

dz
S~ A+ £(1) )

where f(.) : J — X is continuous and bounded.

In this paper we will use the (M, N, R)-dichotomy, introduced in [5] with both following

theorems.

Let R(t): X — X (t € J) is an arbitrary bounded operator.

Lemma 1 [5] The function

)= [ VRSV @ [ VO - ROV W
c ¢
is a solution of the equation (3) if the integrals in (4) exist.
Following conditions are introduced
Hl. |[VO)R(s)V7Hs)z |[< M(t,s,2),t >s,2€ X
H2. | V() (I — R(s))V Hs)z |[< N(t,s,2),t <s,z€ X
For all considered cases the right hand part of (H1) and (H2) will have the form

M(t,s,z) = p1(t)pa(s) | 2|, (t=s), z€ X
N(t,s,2) = h1(t)s(s) | 2|, (t<s), z€ X
where 1 (1), pa(t), 11 (t), 1ho(t) are positive scalar functions. We set
a(t) = max{p: (), ¥1(t), 1},
pu(t) = min{p1(t), ¥1(8)},
B(t) = max{ps(t),va(t)} (t € J).

Definition 1 We call the equation (2) be a (M, N, R) - dichotomous if the conditions
(H1), (H2) are fulfilled.
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Let a(t) is an arbitrary positive scalar function. We consider the following Banach spaces :
t
K,={g:J— X :sup a(t)/ M(t,s,g(s))ds < oo}
teJ c

with the norm

t
’ g ‘Ka = Stu? a,(t)/ M<t7s7g(8))d8’
S C

L,={g:J— X :sup a(t) /too N(t,s,g(s))ds < oo}

teJ

with the norm

g, =sup a(t)/ N(t,s,g(s))ds,
teJ t

Co={g9:J— X :supa(t)|g(t) |< oo}
ted
with the norm
| 9 l¢, =sup a(t) | g(t) |
ey

and
Ta—{g:J—>X:/ a(s) | g(s) | ds < oo}

with the norm

19|y, = /Ooa(s> | g(s) | ds.

The case, when X = R, will be denoted with 7T, :

T,={g:J—=R,: /OO a(s)g(s)ds < oo}

with the norm

19 lz, = /OO a(s)g(s)ds.

Theorem 1 |5] Let the equation (2) is (M, N, R) - dichotomous. Then for every function
f € K, L, the equation (3) has a solution in the space C,.

Corollary 1 [5] Let the equation (1) is (M, N, R) - dichotomous of the form (5).

Then for every function f € Ty the equation (2) has a solution in the space Co-1 and the
following estimates hold

sup (1) [a(0) < [ A(s) | £(5) | ds+ [ T B(s) | £(5) | ds < oo

teJ
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Theorem 2 |5] Let the equation (2) is (M, N, R) - dichotomous.

Then following estimates hold
| z1(t) |< M(t,s,21(s)), t >s>c¢ (6)

for all solutions x1(t) of (1) ,(t > ¢), which started in the set

ﬂ Fiz R(s)

seJ
and
| 22(t) |[< N(t,s,25(s)), c <t <s (7)

for all solutions x5(t) of (1) ,(t > ¢), which started in the set

ﬂ Fix(I — R(s))

seJ
(By FizS we denote the set of all fixed points of the map S, S : X — X.)
Remark 1 Let R(t) = P,where P : X — X is a projector.

For
M(t,s,2) = Kie 0O (4 > 5 2 € X)

N(t,s,z) = Kpe  JF 00 (s > ¢, 2 € X)

where K7, Ky are positive constants and 01, 0o are continuous real-valued functions on J, we

obtain the exponential dichotomy of [7]:
| VPV (s) 1< Krem F200 (1 > 5)

| V) — P)YVYs) ||< Kpe™ 52047 (g5 ¢).

For 6;(t) =0 (¢ <t < o0, i = 1,2) we obtain the exponential dichotomy of [2|, [3], [6], for
which case we have K, (L, = C, by a(t) = 1.
For

M(t,s,z) = Kh(t)h *(s)|z| (t >s>¢,,z € X)
N(t,s,z) = Kk(t)k™'(s)|z] (c <t <s,2€X)

where K is a positive constant and h, k : [0,00) — (0, 00) are two continuous functions, we
obtain the dichotomy of [3-10]:

| V)PV (s) |< Kh(t)h ™ (s) ,(t > s > ¢)

V)T = P)VH(s) < K6k (s) ,(c <t < 5)

It may be also noted, that the dichotomies [1], [7—10] are a generalization of the dichotomy

in [3].
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3 Main results

By the help of the fixpoint principle of Banach we will find sufficient conditions for the

existence of solutions of the nonlinear equation (1).

Let r > 0. We introduce following conditions

H3. There exists a positive function m € T, such that

F(t,a) <m(t) (2] <7, te ).

H4. There exists a positive function k € TB: such that

|[F(t,22) — F(t,21)] < a7 (0)k(t)wa — 1] (|2, [aa] <7, t € J).

We set a1 = |mlg,, a2 = |klz,-

Definition 2 We say that the equation (1) belongs to the class D(ay, as,7) if there exists
r > 0, such that the conditions (H3) and (H4) are fulfilled.

Theorem 3 Let the linear part of (1) is (M, N, R) dichotomous with R(s) (s € J) be
linear and the conditions (H1) and (H2) have the form (5).

Then there exist numbers ay,as > 0 and p < r with following property:

If the initial value & fulfilled || < p and if the equation (1) belongs to the class D(aq,as, 1)
fora; € (0,a1), az € (0,az) then there exists an unique solution x(t) in the ball | z |, <,
1.€.

sup o () |x(t)] <7
teJ

Proof: First we shall prove, that the operator (), defined by the formula

(Qz)(t) = V(t)£+/ V() R(s)V ™ (s) F (s, 2(s))ds—

—/ V(t)(I — R(s))V Y (s)F(s,z(s))ds
t
maps the ball | z |, < into itself. Indeed we have

t

(@a)(B] < (el + r(D@le] + [ ea(sIm(s)ds+ [ r(Ova(Imls)ds

(Qz)(8)] < alt)(pa(c) + a(e)) €] + a?) /Oo p(s)m(s)ds
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Hence
o (0)|(Q2)()] < (pa(e) +12(c))p + ar
For sufficiently small p and ay, @ will map the ball | x | c_, ST into itself.
Now we shall prove, that the operator ) is a contraction in the ball | z ’Cafl <r

Indeed, we have

Q1) (H)~(Qua)(1)] < / VRV () (F (s, 21(s)) = Fls,2a(s)) s+
[TV O = RV OF (s an(s) — Fls.aa(s))ds <
< [ o) Fs.1(6) — Flo,als)dst
+ [ Ol P01 (6) = P al)ids <
<a(t) [ 851" (h(s)laa(s) — wa(s)lds

We obtain

T ONQu1)(t) — (Q2)(t)] < supa (t)]a1(t) — (1)) /Oo P(s)k(s)ds

teJ
Q1 = Qualy , <11 = @ale [kl = 21 = 2ale a2
Hence for sufficiently small ay, the operator @ is a contraction in the ball | z [, <.
The assertion of the theorem follows from the theorem of Banach - Cacciopolli [1]. O

Other sufficient conditions for existence of solution of the equation (1) we will find, using
the fixed point principle of Schauder-Tychonoff. In connection with its applying, we will use

a generalization of the Arzella-Ascoli’s theorem for locally convex spaces.

Let S(J, X) is the linear set of all functions, acting from J in X, which are continuous. The

set S(J, X) is a locally convex space w.r.t. the metric

max [[u(t) — (1)

c<t<T
plu,v) = sup (1+71)7" :
e<T<co 1+ Crgti}gp [u(t) —v(®)]]

The convergence with respect to this metric coincides with the uniform convergence on each

bounded interval. For this space an analog of Arzella-Ascoli’s theorem is valid.

Lemma 2 The set H C S(J, X)is relatively compact if the intersections H(t) = {h(t) :
h € H} are relatively compact subsets of X for everyt € J and H is equicontinuous on each

finite closed interval.
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Proof: We apply Arzella-Ascoli’s theorem to each finite and closed interval. n
Let C is an unempty subset of X and let

C={ueS(X):ult)eCtecJ}

Lemma 3 Let C is an unempty, convex and closed subset of X and the operator F maps
C into itself and is continuous. Let F(C) is relatively compact subset of C.

Then F has a fized point in C.

Proof: It follows from the fixed point principle of Schauder-Tychonoff [1]. O

Let
C(r)y={xe€ S(J,X): ]x\ca_l <r}

Obviously C(r) is unempty, convex and closed.

Theorem 4 Let the following conditions are fulfilled:

1. Let the linear part of (1) is (M, N, R) dichotomous and the conditions (H1) and (H2)
have the form (5).

2. There exists a number r > 0 such that

sup |F(t,u)| = m(t), where m € Tp.

|ul<r
3. The function F(t,u) is continuous (t € J, |u| < 7).
4. The set K(r) = {m Y (t)F(t,z) : t € J, |u| < r} is relatively compact.

5. R(t)u is continuous for every uw € X by any fized t € J.

Then for sufficient small \m|TB and initial value || < r the nonlinear equation (1) has a
solution x € C(r).

Proof: We consider the operator () defined by the formula

(Qu)(t) = V(1) + / V(H)R(s)V () (s, 2(s))ds—

- /too V(t)(I = R(s))V ™" (s) F (s, 2(s))ds,

where (|| < r). First we shall prove, that () maps C(r) into itself. Let = € C(r). Then

(Q2)(1)] < pr(B)palE)lE] + 1 (a(c)€] + / ' or(t)pa(s)mis)ds + / " (a(s)m(s)ds
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1(Q)(1)] < alt) (2(e) + 1n(e))I€] + alt) / " B(s)mis)ds

Hence
o (O)[(Qz)(1)] < (¢a(c) + ¥alc))p +
For sufficiently small |¢| and |m|TB we obtain a™(¢)|(Qx)(t)| < r (t € J), i.e. Q maps C(r)

into itself.

Now we shall prove that the set QC(r) is relatively compact in S(J, X). For this aim we shall

show, that the functions of QC(r) are equicontinuous on each finite closed interval [a, b].

Let a and b are fixed and t',t" € [a,b], ' < t”. Then for x € C(r) we have

(Qz)(t) = (Qu)(t")| < L+ L+ Is

where

Iy = V()€ = V(t")¢]

L= / V)V R(s)V = (5)F (s, 2(s))ds — / V") R(s)V () F (s, 2(s))ds—

—/ V(t"R(s)V " (s)F(s,z(s))ds |

Iy =| h V(I — R(s))V(s)F(s,x(s))ds—

_ /t TV = B(s)V-N(s)F (s, (s))ds |

/

For t" — t' we have I, Iy — 0, because V(t) is continuous in respect to t. For I3 we obtain

the estimate

I3 < /IV(t')(I — R(s)V ™ (s)F(s,2(s))—

—V({#")(I — R(s))V 1 (s)F(s,x(s))|ds+ (8)

+/ V") = R(s))V " (s)F(s,2(s))|ds

For " — t’ the second integral in (8) converges to zero. We will use the Lebesgue’s theorem
to prove, that the first integral in (8) by ¢” — ¢’ converges to zero too. Because V(t) is
continuous in respect to t we have

[V(E) I = R(s))V " (s)F (s, 2(5)) = V(t")(I = R(s))V () F (s, 2(s))| ~— 0

>t
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From the estimates

/°° V() — R(s))V(s)F(s,z(s))|ds+

+ [T = RV () <

< / " on(E)als)| (5, 2(s))ds + / (a5 F (5, 2(s)) s <

IN

| asomes)as+ [ a@stsmiss <
< (alt) + a(t"))mly,
and from the Lebesgue’s theorem follows, that the first integral in (8) converges to zero.

Let t € [a, b] be fixed. We shall show, that the set (Qx)(t) (x € C(r)) is relatively compact
in S(J,X).

Let € > 0 be an arbitrary number. If the numbers 7" and N are large enough, we obtain the

inequality T
\/ W(t,s)F(s,x(S))dS—/ W (t, s)Fn(s,z(s))ds| < e
where
Wit.s) = 4V OEEVTE) s
V(O[T = R(s)VH(s) t<s
and
Fy(t,u) = F(t,u) m(t) <N

0 m(t) > N

From condition 4 of the Theorem follows, that for F(s,z(s)) € NK we have the inclusion

/T W(t,5)F(s,2(s)ds € TN | ] W(t,5)K ()

c<s<T

The set in the right hand of (9) is compact. Hence the set

T
{ / Wt 8)F(s,2(s))ds : @ € C(r)}

is compact too. From the theorem of Hausdorff follows the compactness of the set
{/ Wi(t,s)F(s,z(s))ds : x € C(r)}

Hence the set QC(r) is relatively compact in S(J, X).

Now we shall prove that the operator () is continuous.
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Let {z,(t)} C C(r) is an arbitrary sequence which converges to z(¢) in S(J, X) and let ¢t € J
is fixed. Then

[(Qz)(t) — (Qzn)(2)] S/ [V(t)R(s)V ™ (s)F (s, 2(s))—
— V()

)

R(s)V ' (s)F(s, 2(s))|ds+ (10)
_|_/t V()T — R(s))V ' (s)F(s,2(s))—
— V) — R(s))V " (s)F (s, zn(s))|ds

Because F and V (t)R(s)V~!(s) are continuous, the first integral in (10) converges to zero,
by n — oo.

Let
Ji(s) = [V(B)(I = R(s))V " (s)F (s, 2(s)) = V()L = R(s))V " (s)F (s, 2n(5))|
Because V (t)(I — R(s))V~!(s) is continuous, so we have

Ji(s) — 0 for any s > t.

n—oo

From the estimate
| ntsis < [ st misns < alolmy,

and the Lebesgue’s theorem follows, that the second integral in (10) converges to zero for
n — 0o. Because QC(r) is compact it follows, that

Qz, — Qz in S(J, X).
n—oo

From the Schauder-Tychonoff theorem [!] it follows the existence of a fixpoint = of the
operator @ in the set C(r). O

Remark 2 By dimX < oo the condition 4 of Theorem 4 is not necessary.
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DIETER LESEBERG

Improved nearness research 11

ABSTRACT. When applying in consequence the new created concept "Bounded Topology”
[3] hence "classical structures” like nearness structures |5], convergence structures ] and
syntopogenous structures [3| will be analyzed in connexion with neighbourhood structures
[11] or supertopologies [!], respectively. In this context "nearness” is presented as special
paranearness, "convergence”’ as special b-convergence and being "syntopogenous” as special
case of b-syntopogenous, leading us accordingly to a general theory of his own! Now, in this
paper we will study certain superclan spaces, whichever are in one-to-one correspondence to
strict topological extensions. Here, we should mention that the presented concept is not of

utmost generality, but then the reader is referred to [9].

KEY WORDS AND PHRASES. LEADER proximity; supertopological space; LODATO

space; supernear space; superclan space; Bounded Topology

1 Basic concepts

As usual PX denotes the power set of a set X, and we use BX C PX to denote a collection

of bounded subsets of X, also known as B-sets, e.g. BX has the following properties:

(b)) @ € BY;
(bQ) By, C By € BX lmply By € BX;

(b3) = € X implies {z} € BX.
Then, for B-sets B*, BY a function f: X — Y is called bounded iff f satisfies (b), e.g.

(b) {f[B]: BeBX} CcB.
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Definition 1.1 For a set X, we call a tripel (X, B%, N) consisting of X, B-set BX and
a near-operator N : BX —s P(P(PX)) a supernearness space (shortly supernear space) iff

the following axioms are satisfied, e.qg.

(sny1) B € B* and py << p1 € N(B) imply py € N(B), where py << py iff VFy € p,3F €
p1 Fa D Fy;

(sny) B € BX implies BX ¢ N(B) # <;
(sng) p € N(2) implies p = &;

(sn4) = € X implies {{x}} € N({z});

(sns) By C By € BX imply N(By) C N(B,);

(sng) B € BX and p1V ps € N(B) imply p1 € N(B) or ps € N(B), where py V pg:={F, U
By By € pi, Fy € po};

(sn;) B € BX,p C PX and {cIy(F) : F € p} € N(B) imply p € N(B), where
cn(F):={x € X : {F} e N({z})}.

If p € N(B) for some B € B, then we call p a B-near collection in N. For supernear spaces
(X,BX,N),(Y,BY, M) a bounded function f : X — Y is called sn-map iff it satisfies (sn),
e.g.

(sn) B € BX and p € N(B) imply {f|[F]: F € p} =: fp € M(f[B)]).

We denote by SN the corresponding category.

Example 1.2 (i) For a nearness space (X&) let BX be B-set. Then we consider the
tripel (X, B, N¢), where

Ne¢(@):={@} and
Ne(@):={p C PX : {B}Up € &}, otherwise.

(ii) For a topological space (X,t) given by closure operator t let BX be B-set. Then we
consider the tripel (X, BX,N,), where N,(@):={@} and Ny(B):={p C PX : 3z €
Bx € ({t(F): F € p}}, otherwise.

(iii) For a LODATO space (X, B%,§) with § C BX x PX we consider the tripel (X, BX, Ns),
where N5(@):={@} and Ns(B):={p C PX : pC d(B) and {B}Up C N{o(F): F €
pNBX}}, otherwise, with 6(B):={A C X : B6A}. Hereby, following conditions must
be satisfied:
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(bpg) B € BYX implies cls(B) € BX, where cls(B):={z € X : {x}0B};

(bp1) @6A and Bé@ (e.g. @ is not in relation to A, and analogously this is also
holding for B;

bpg B(S(Al U AQ) iff B5A1 or B(5A2,
bps) x € X implies {z}d{x};
bps) By C By € BX and By§A imply By A;

bps) B1 U By € BX and (B; U By)dA imply B1dA or By A;
bpy) A, B C X, cls(B) € BX and cls(B)dA imply BJA;

(bpz)
(bps)
(bpa)
(bps) B € BX and B§A with A C cls(C) imply BéC;
(bps)
(bpr)
(bpg) B, By € BX and B0B, imply B0 B;.

(iv) For a preLEADER space (X, B*,d) with § C B¥ x PX only satisfies (bp;) to (bps)
we consider the tripel (X, BX, N?), where N°(B):={p C PX : p C §(B)} for each
B e B¥.

Definition 1.3 For preLEADER spaces (X, BX,6),(Y,BY,v) a bounded function f :
X — Y is called p-map iff f satisfied (p), e.g.

(p) B € BX,AC X and BSA imply f[B]vf[A]. By LOSP respectively pLESP we denote
the corresponding categories.

Definition 1.4 TEXT denotes the category, whose objects are triples E:=(e, BX)Y) -
called topological extensions - where X : =(X, clx),Y :=(Y, cly) are topological spaces (given
by closure operators) with B-set BX, and e : X — Y is a function satisfying the following
conditions:

(tx1) A € PX implies clx(A) = e [cly(e[A])], where e~ denotes the inverse image under
e;

(txo) cly(e[X]) =Y, which means the image of X under e is dense in' Y. Morphisms in
TEXT have the form (f,g) : (e,BX,Y) — (¢/,BX,Y"), where f : X — X', g :
Y — Y’ are continuous maps such that [ is bounded, and the following diagram
commutes
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If (f,9): (e,BX,)Y) — (¢!, BX,)Y") and (f',¢") : (¢/,BX,Y") — (¢, BX",Y"), are TEXT-
morphisms, then they can be composed according to the rule:

(f',9) o (f,9):=(f"o f.g 0g): (e,BX,Y) — (", BX",Y"),
where “0” denotes the composition of maps.

Remark 1.5 Observe, that axiom (tx;) in this definition is automatically satisfied if e :
X — Y is a topological embedding. Moreover, we only admit an ordinary B-set BX on X

which need not be necessary coincide with the power PX. In addition we mention that such

an extension is called strict iff it satisfies (tx3), e.g.

(txs) {cly(e[A]) : A C X} forms a base for the closed subsets of Y [1].

By STREXT we denote the corresponding full subcategory of TEXT.

(v) For a topological extension E:=(e, BX,Y) we consider the tripel (X, BX, N.), where
N (@) :={2} and

Ne(B):={p C PX :y € N{cly(e[F]) : F € p} for some y € e[B]}, otherwise.

2 Some important isomorphisms

With respect to above examples, first let us focus our attention to some special classes of

supernear spaces.

Definition 2.1 A supernear space (X, BX, N) is called saturated iff BX is, e.g.

(s) X € B¥.

Remark 2.2 Note, that in above case BX coincide with the power PX. (Also compare
with examples (i) or (ii), respectively). Moreover, we claim that the full subcategory SN® of
SN, whose objects are the saturated supernear spaces is bireflective in SN. Concretely, for a
supernear space (X, B%, N) we put: N¥(B):= N(B) for each B € BX and N°(B):={p C
PX :3rx € X3IB* € BX(x € B D> B* and p € N({z}) UN(B*))} for each B € PX \ B¥,
hence (X, PX, N®) is saturated supernear space and 1y : (X,BYX, N) — (X, PX, N®) to

be the bireflection in demand!

Definition 2.3 A supernear space (X, BX,N) is called

(i) paranearness space (paranear space) iff it is symmetric, hence N additionally satisfies

(sy), e.g.
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(sy) B € BX\{@} and p € N(B) imply {By}Up e nN{N(A): Ae (pnBX)U{B}};

(ii) pointed iff N satisfies (pt), e.g.

(pt) B € BX\{@} implies N(B) = U{N({x}) : x € B}. By PN respectively PT-SN
we denote the corresponding full subcategory of SN.

Theorem 2.4 The category NEAR of nearness spaces and nearness preserving maps
is isomorphic to the full subcategory PN® of PN, whose objects are the saturated paranear

spaces.

Proof: According to example (i). Conversely, we consider for a saturated paranear space
(Y,BY, M):
pav:={ACPX: Aen{M(A): Aec A}}.

]

Theorem 2.5 The category TOP of topological spaces and continuous maps is isomor-
phic to the full subcategory PT-SN° of PT-SN, whose objects are the saturated pointed su-

pernear spaces.

Proof: According to example (ii) and by respecting (sn7) in definition 1.1. ]

Definition 2.6 Let be given a supernear space (X,B%,N). For B € BXC € GRL(X) is
called B-clan in N iff it satisfies

(clay) Be€C e N(B);

(clag) A€ C and A C cly(F) imply F € C, where GRL(X) :={y C PX : v is grill }, and
v C PX is called grill (Choquet [5]) iff

(gri1) @ ¢ v
(grig) GiUGy €y iff Gy € v or Gy € 7.

Then (X, BX, N) is called superclan space iff N satisfies (cla), e.g.

(cla) B € BX\{@} and p € N(B) imply the existence of B-clan C € GRL(X)p C C.

Moreover, if (X,B%,N) € PN satisfies (cla), we analogously call it paraclan space!

Remark 2.7 Here, we note that each pointed supernear space is always a superclan space
by making use of the fact that for each B € BX withx € B{T' C X :x € cly(T)} =: 2y is

B-clan in N, and zy is maximal in N({z}) \ {@}, ordered by inclusion!
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Theorem 2.8 The category BUN of bunch-determined nearness spaces and related maps
[2] is isomorphic to the full subcategory CLA-PN® of PN®, whose objects are the saturated

paraclan spaces.

Proof: Compare with theorem 2.4. O

Definition 2.9 A paranear space (X, BX, N) is called round iff it satisfies (r), e.g.

(r) B € BX implies cly(B) € BX.

Theorem 2.10 The full subcategory R-PN of PN, whose objects are the round paranear

spaces is bireflective in PN.
Proof: For a paranear space (X, B, N) we set:

By :={D C X :3B € BXcly(B) D D} and
N, (@) : ={2} respectively

N,.(D):={p C PX : 3B € B*{D}Up € N(B)}, otherwise.

Then the tripel (X, BX, N,) is a round paranear space and 1x : (X, BX N) — (X, BX N,)
to be the bireflection in demand! n

Corollary 2.11 If (X,B*, N) is paraclan space then (X, Bx, N,) as well.
Definition 2.12 A round paranear space (X, BX, N) is called LOprozimal iff it satisfies

(LOp), e.g.

(LOp) B € BX\{@},p € py(B) and {B}Up C "{pny(F): F € pnBX} imply p € N(B),
where Bp, A iff {A} € N(B).

Theorem 2.13 The category LOSP is isomorphic to the full subcategory LO-PN of R-

PN, whose objects are the LOproximal paranear spaces.

Proof:  According to example (iii). Conversely, we consider the near-relation "py” as
defined in 2.12. Moreover we note that for a paranear space (X,B%X,N) the near-operator
N is dense, e.g. by satisfying (d)B C X and cly(B) € B* imply N(cly(B)) = N(B), and

moreover it is connected, e.g. by satisfying

(enc) By U By € BX implies N(B; U By) = N(By) U N(By).
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Remark 2.14 Now, we mention that in the "saturated case” LOproximal paranear spaces

and LODATO proximity spaces [10] essentially are the same!

Proposition 2.15 Let (Y,t) be a symmetric topological space given by closure operator
t and BX B-set with X C Y. We set B :={D C X : 3B € B*t(B) > D} and D& A iff
t(D)Nt(A) # @. Then (X,BYX,6;) is LODATO space.

Remark 2.16 Now, surely it seems to be of interest to characterize those LODATO spaces
whichever are induced by a topologival space Y as above so that bounded and arbitrary sets
are near iff their closures meet in Y. But this problem already has been solved under more

general conditions in [9].

Remark 2.17 Returning to nearness spaces we already know that in general subspaces of
topological nearness spaces need not to be topological again, hence Bentley [2| has called

them subtopological. But now here, we will give an extended description of this definition

in term of supernear spaces as follows:

Definition 2.18 A supernear space (X,B%,N) is called supergrill space if N satisfies
(gri), e.g.

(gri) B € BX and p € N(B) imply the existence of v € GRL(X) N N(B) with p C 7.

Remark 2.19 We point out that this definition generalize that of 2.6. Moreover, if
(X, B, N) € PN satisfies (gri), we analogously call it a paragrill space. By G-SN respec-

tively G-PN we denote the corresponding full subcategory of SN respectively PN.

Proposition 2.20 For a nearness space (X, &) the following statements are equivalent:

(1) (X,€) is subtopological;
(i) (X,PX, Ng) is paragrill space.

Remark 2.21 According to example (iv) we also note that (X,BX, N%) is a supergrill

space.

Definition 2.22 A supergrill space (X,B%,N) then is called conic iff N satisfies (c),
e.g.

(¢) B € BX implies {F C X : 3p € N(B)F € p} =:UN(B) € N(B).

Theorem 2.23 The category pLESP is isomorphic to the full subcategory CG-SN of

G-SN, whose objects are the conic supergrill spaces.

Proof: According to example (iv) in connexion with the definition of "py” in 2.12. O



94 D. Leseberg

Definition 2.24 A preLEADER space (X, BX,6) then is called LEADERspace iff § in
addition satisfies (bpg) in (iii).

Remark 2.25 We point out that in the "saturated” case LEADER spaces and LEADER
proximity spaces [0| essentially are the same. Moreover, each supertopological space [1]
(X,B%,0), where © : BX — FIL(X):={F C PX : F is filter} satisfies the following

conditions, e.g.

(stop;) ©(2) = PX;
(stopy) B € BX and U € ©(B) imply U D B;

(stops) B € B and U € ©O(B) imply there exists a set V € O(B) such that always
U € O(B")VB' € BXB' C V is leading us to the preLEADER space (X, B¥,de)
by setting BdeA iff A € secO(B). If in addition (X, BX,0) € ASTOP [11], then
(X, B¥, de) is LEADER space, too. The above assignment now is “bi-functoriell”,
hence STOP can be considered as a subcategory of CG-SN. In the second case we
note that the corresponding supergrill operator N% is in addition linked, hence it

satisfies (1), e.g.

(1) BiU By € BX and p € N%(B; U By) imply {F} € N°%(B;) U N% (B,) for
each F' € p.

Definition 2.26 A conic supergrill space (X, B, N) then is called LEprozimal iff N is
linked. By LE-SN we denote the full subcategory of SN.

Theorem 2.27 The category LE-SN is isomorphic to the full subcategory LESP of
pLESP, whose objects are the LEADER spaces.

Remark 2.28 According to 2.25 we also note that ASTOP now can be considered as
subcategory of LE-SN.

Proposition 2.29 Let (Y,t) be a topological space given by closure operator t and BX
B-set with X C Y. We set B6'A iff BNt(A) # & for each B € BX and A C X. Then
(X, BX,6") is LEADER space

Proof: straightforward. O

Remark 2.30 According to 2.16 now it seems to be of interest to characterize those
LEADER spaces, whichever are included by a topological space Y as above so that a bounded
set B is near to an arbitrary one iff B intersects its closure in Y. But we will solve this

problem under more general conditions in a forthcoming paper!
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Remark 2.31 Returning to conic supergrill spaces we point out that for such a space
(X,BX,N) and for each B € BX\{@} U N(B) is a B-clan in N. hence, we claim that conic

supergrill spaces even are superclan spaces!

Theorem 2.32 The category CG-SN is bicoreflective in G-SN.

Proof: For a supergrill space (X, BY, N) we set for each B € BX:
No(B):={p Cc PX : {cIn(F): F € p} CUN(B)}.

Then (X, BX, N,) is a conic supergrill space and 1x : (X, B*, N,) — (X, B, N) to be the
bicoreflection in demand. First, we only show that N satisfies (sny): Let be {cln. (A) : A €
A} € N.(B) for B € B*, we have to verify cly(A) € UN(B) for each A € A.

A € A implies cly(cly,(A)) € UN(B) by hypothesis. We claim now that the statement
cly,(A) C cly(A) is valid. x € cly,(A) implies {A} € N.({z}), hence cly(A) € UN.({z}).
We can find p € N({z}) such that clx(A) € p. Consequently {cIn(A)} € N({z}) follows,
which shows {A} € N({z}), hence = € cly(A) results.

Altogether we get cln(A) D cln(cln(A)) D eln(cly,(A)) implying cly(A) € UN(B), since
UN(B) € GRL(X). Secondly, we prove UN.(B) € GRL(X) for each B € BX. Let be given
B € BY, evidently @ ¢ UN.(B). Now, if F} € UN.(B) and F; C F» C X, then there exists
p1 € N(B)F, € p1. Consequently {clIy(A) : A € p1} C UN(B) follows by definition. We
put po:={Fy}, hence py € N¢(B), because {cln(F) : F € po} = {cly(F2)} and cln(F) D
cly(Fy) € UN(B) implies cly(F2) € UN(B). But Fy € {F»} = p, immediately leading us to
Fy € UN.(B). At last let be Fy U Fy € UN.(B), hence there exists p € N.(B)F; U F, € p By
definition {cly(F) : F' € p} C UN(B) is valid showing that clx(F})Ucln(Fy) D cly(FLUE,) €
UN(B). Consequently, cly(F)) € UN(B) or cly(F;) € UN(B) results, since UN(B) €
GRL(X). If cly(F}) € UN(B) then we put p; : ={F },hence F; € UN.(B) results.

Analogously, this also holds in the second case. Evidently, 1x : (X, B%, N,) — (X, B%,N)
is sn-map. Now, let be given (Y, BY, M) € CG-SN and sn-map f: (Y, BY, M)— (X, B%, N),
we have to prove f: (Y,BY, M) — (X, B*, N,) is sn-map. For B € BY and p € M(B) we
must show fp € N.(f[B]), which means {cly(A) : A € fp} C UN(f[B]). A € fp implies
A = f[F] for some F € p. By supposition fp € N(f[B]) follows, and cly(A) = cln(f[F]) D
flelu(F)] D fIF] € fp € UN(f[B]) is valid. Consequently, cly(A) € UN(f[B]) results! O

Remark 2.33 As mentioned in 2.7 we already know, that pointed supernear spaces are
superclan spaces as well. Moreover, in the next, we will show that PT-SN can be "nicely
embedded” in SN as follows:

Theorem 2.34 PT-SN is bicoreflective subcategory of SN.
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Proof: For a supernear space (X, BX, N) we set:

Np(2):={0} and

Np(B):=[A € PX : dx € B3y € N({z})n GRL(X){cIy(A) : A € A} C v},
otherwise.

Then (X, BX, Np) is pointed supernear space and 1y : (X, B%, Np) — (X, BX, N) to be the
bicoreflection in demand. First, we will show that Np satisfies (sn;). Let be B € BX\{2}
and {cly,(A) : A € A} € Np(B), then we can choose z € B and v € N({z})n GRL(X)
such that {cIy(F) : F € {cln,(A) € A}} C v. In showing A € Np(B) we have to verify
cln(A) € v for each A € A : A € A implies cly(cly,(A)) € 7 by hypothesis. Now,
we claim that cly,(A) C cly(A), because = € cly,(A) implies {A} € Np({z}), hence
there exists v/ € N({z})N GRL(X){cIn(A)} € +/. Then {cly(A)} € N({z}) is valid,
and consequently {A} € N({z}) follows which shows = € cly(A). Altogether we have
cln(A) D cln(cly(A)) D eln(eln,(A)) € v, hence cln(A) € v results! Evidently, Np fulfills
the axioms (sn;) to (sns).

to (sng): Ay V Ay € Np(B) for B € BX\{@} implies the existence of z € B and v €
N({z})Nn GRL(X) so that {cIn(A) : A € A; V Ay} C . If supposing Ay, Ay ¢
Np(B) we get {cly(Ay) : Ay € A1} ¢ v and {cln(As) : Ay € Ay} ¢ ~, hence
there exist Ay € Ajcln(Ar) ¢ v and Ay € Ascln(A2) ¢ v implying A; U Ay € A
and cly(A1) Ucly(A2) ¢ 7. Consequently cly(A; U Ag) ¢ v follows, since v €
GRL(X). On the other hand ¢ly(A; U Ay) € v by hypothesis is leading us to a
contradiction! By definition Np is pointed and 1x : (X, BX, Np) — (X, BX, N))
sn-map. Now, let be given a pointed supernear space (Y,BY, M) and sn-map
f:(Y,BY, M) — (X,B%,N), we will show that f : (Y,BY, M) — (X, BX, Np)
is sn-map as well. Without restriction let be B € BY \ {g} and A € M(B),
hence by hypothesis there exists y € B such that A € M({y}). Since f is sn-map
FA € N({f(y)}) follows with f(y) € f[B]. But f(y)x € N({f(y)})N GRL(X),
according to 2.7. Now, for F' € fA we will show that cly(F) € f(y)y. F € fA
implies F' = f[A] for some A € A. We claim {f[A]} € N({f(y)}). By hypothesis
fA € N({f(y)}), hence {f[A]} << fA, which shows {f[A]} € N({f(y)}), and
at last fA € Np(f[B]) results.
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Remark 2.35 The following diagram illustrates the relationship between important former

mentioned categories:

pLESP TOP
STOP LESP
1
ASTOP LOSP LEPROX NEAR
|
TOP LOPROX Ro —-TOP

3 Topological extensions and related superclan spaces

Taking into account example (v), we will now consider the problem for finding a one-to-one
corresponding between certain topological extensions and their related supernear spaces. It
turns out that there exists an interesting one between pointed supernear spaces and some

strict topological extensions.

Lemma 3.1 For a topological extension (e, BX,Y),(X,BX, N,) is a pointed supernear

space such that cly, = clx.

Proof: First, we will show the equality of the closure operators. So, let A € PX and
x € cx(A). Then by (tx1) e(z) € cly(e[A]) hence {A} € N.({z}), and = € cln.(A)
follows. Conversely, let € cly, (A), then {A} € N.({z}). Consequently there exists
y € el{z}] = {e(z)} with y € cly(e[A]). Hence y = e(x), and as a consequence of (tx;) we
get x € e cly(e[A])] C clx(A), which was to be proven. Secondly, it is easy to check the

axioms (sn;) to (sng).

to (sny): Let be {cin,(F): F € p} € N(B) for p C PX, B € B* and without restriction
B # @, then there exists y € e[B] with y € N{cly(e[A]) : A € {cIn.(F) : F € p}}.
For F' € p we get y € cly(el[cIn.[F]]) = cly(elclx(F)]) according to the first
approved equality. Consequently, y € cly (cly (e[F])) C cly(e[F]) results, which
shows p € N.(B), according to (tx;). By definition N, is automatically pointed.

]
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Theorem 3.2 Let F: TEXT — PT-SN be defined by:
(a) For a TEXT-object (e, BX,Y) we put F(e, BX,Y):=(X,BX N,);

(b) for a TEXT-morphism (f,g) : (e,BX,Y) — (¢/,BX",Y") we put F(f,g):=f. Then
F: TEXT — PT-SN is a functor.

Proof:  With respect to 3.1 we already know that F(e, B%,Y) is an object of PT-SN.
Let (f,9) : (e,B%,Y) — (¢/,BX|Y’") be a TEXT-morphism such that F(e, BX,Y) =
(X,BX,N,) and F(¢/,BX,Y") = (X', BX', N./). Tt has to be shown that f : (X,B%X N,) —
(X', BX', N,/) preserves B-near collections for each B € BX. Without loss of generality, let be
B € BX\{@} and p € N.(B), hence there exists y € e[B] such that y € N{cly (e[F]) : F € p}.
Our goal is to verify that fp € N (f[B]). By hypothesis we have g(y) € gle[B]] = €'[f[B]].
On the other hand let D € fp. We have to verify that g(y) € cly/(¢'[D]). As D =
f[F] for some F € p,y € cly(e[F]). Consequently, g(y) € g(cly(e[F])) C cly(g(e[F]]) =
cly:(e'(f[F])) = cly/(¢/[D]), which results in fp € N (f[B]) according to the definitions in

1.4. Then the remainder is clear. O

4 Pointed supernear spaces and strict topological extensions

In the previous paragraph we have found a functor from TEXT to PT-SN. Now, we are
going to introduce a related one from PT-SN to STREXT.

Lemma 4.1 Let (X,BX,N) be a supernear space. We put X©:={C C PX : C is B-clan
in N for some B € BX}, and for each A® C X we set: clxc(A%):={C € X : AA® C C},
where NAC :={F C X :VC € A°F € C}, so that by convention NA® = PX if A = @.

Then clxc is a topological closure operator on XC©.

Proof: First, we note that for any C € X¢,C ¢ clxc(@), because @ ¢ C according to 2.6
and (sny) respectively. Now, let AY C AY. Then AAY C AAY which yields clxc(AY) C
clyc(AS). Further, let AT and AS be subsets of X¢. Let C be an elements of X¢ and
suppose C ¢ clyc(AY) U clxc(AS). Then we have AAY ¢ C and AAS ¢ C. Choose
Fy € AAY with Fy ¢ C and F, € AAS with F, ¢ C, hence Fy U F, ¢ C, according to 2.6.
On the other hand, we have Fy U Fy € A(AY U AY), and consequently C ¢ clyc (A U AS)
results. Now, let C be the element of clyc(clxc(A%)) and suppose C ¢ clyc(AY). Choose
F € ANA® F ¢ C. By hypothesis we have Aclyc(AY) C C, hence F ¢ Aclyc(A%). Choose
D € clxc(AY) F ¢ D. Then AA® C D, hence F' € D, which leads us to a contradiction! [

Theorem 4.2 For supernear spaces (X,BX,N),(Y,BY, M) let f : X — Y be a sn-
map. Define a function f¢ : X — YC by setting for each C € X¢: fO(C):={D C Y :
[ Yely(D)] € C}. Then the following statements are valid:
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(i) f¢: (XY clxc) — (Y9 clyc) is a continuous map;

(ii) the equality f€ oex = ey o f holds, where ex : X — X© denotes that function which

assigns the {x}-clan xx to each x € X.

Proof:  First, let C € XY, we must show that f¢(C) € Y. fY(C) € GRL(Y), since
C € GRL(X) and f~! respectively cly; are compatible with finite union. By hypothesis
C € N(B) for some B € BX, hence fC € N(f[B]), because f is sn-map. Now, we will show
that {cly (D) : D € f¢(C)} << fC. cly(D) for some D € f€(C) implies f~t[cly(D)] € C,
hence cly (D) D f[ftela(D)]] € fC. According to (sny), f€(C) € M(f[B]) follows. f[B] €
fe(C), since f~tely (f[B])] D ftflcln(B)]] D B € C by hypothesis.

At last, let be D € fO(C) and D C cly(F), we have to verify F' € f¢(C). By supposition
[ el (D)) € C. f el (D)) C en(fela(F)]), because x € f~Y[cly(D)] implies f(z) €
cly(D); but cly (D) C elpy(elpy(F)) C cp(F), hence f(z) € clpy(F). Consequently, z €
f ey (F)] C eln(fela(F)]) results. Since C satisfies (clay), f~!cly(F)] € C is valid,
which shows F' € f¢(C).

to (i): Let A® C X% C € clxc(A%) and suppose fC(C) ¢ clyc(f[AC]). Then AfC[AC] ¢
f€(C), hence D ¢ f°(C) for some D € A fC[A°], which means f~[cly/(D)] ¢ C.
But AA® C C implies f~![cly(D)] ¢ D for some D € AC. Therefore D ¢ f¢(D),

which leads us to a contradiction, because D € A fC[A%].

to (ii): Let = be an element of X. We will prove that the equality f¢(ex(x)) = ey (f(z))
is valid. To this end let T' € ey (f(x)), hence f(z) € clp(T), and consequently x €
el (T)] follows, which shows f~[cly(T)] € xy = ex(x). Thus, T € f%(ex(z))
which proves the inclusion ey (f(z)) C f¢(ex(x)).

Consequently, since ey (f(x)) is maximal in M ({f(x)}) \ {@} (see 2.7 and note also
that {cly(D) : D € f%ex(z))} << fry € M({f(z)}), since by hypothesis f is
sn-map) we obtain the desired equality.

Theorem 4.3 Let G: SN — STREXT be defined as follows:

(a) For any supernear space (X, B%, N) we put G(X,BX, N):=(ex, BX, X%) with
X:=(X,cly) and X :=(XY clxc);

(b) for any sn-map f: (X,BX,N) — (Y,BY, M) we put: G(f):=(f, f¢).
Then G : SN — STREXT s a functor.
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Proof: = With respect to (sn7) cly is topological, and by 4.1 this also holds for clyc.
Therefore we get topological spaces with B-set BX, and ex : X — X¢ is a map according
to 4.2. Now, we have to verify that (ex, BX, X©) satisfies the axioms (tx;) to (tx3).

to (tx1): Let A be a subset of X and suppose = € cly(A). Since Aex[A] = {T C X :
A C cn(T)} we get ex(z) € clyc(ex[A]), hence x € ey'[clxc(ex[A]]] follows.
Conversely, let  be an element of ey [clxc(ex[A])], then by definition we have
ex(x) € clxc(ex[A]), and consequently the statement Aex[A] C ex(z) results. In

applying the above mentioned equation we get A € ex(z), which means = € ¢l (A).

to (txo): Let C € X and suppose C ¢ clxc(ex[X]). By definition we get Aex[X] ¢ C, so
that there exists a set F' € Aex[X]F ¢ C.

Consequently, the inclusion X C cly(F') holds. By hypothesis C is B-clan for some
B € B*, hence B € C according to (cla;), and B C X C cly(F) follows, which
imply F' € C according to (clay). But this is a contradiction, hence C € clyc(ex[X])
holds.

to (tx3): Let C € X and let A® be closed in X with C ¢ A®. Then C ¢ clxc(A%) and
so AAY ¢ C. There exists F' € AAY such that F ¢ C. Now, for each D € A we
have F' € D, which implies Aex[F]| C D, and so at last D € clxc(ex[F]) results.
On the other hand since F' ¢ C we have Aex[F| ¢ C, and so C ¢ clyc(ex[F]).

[]

Now it is interesting to see, how the composite functor F' o G works on the category PT-SN.

Theorem 4.4 Let G : PT-SN — TEXT and F : TEXT —s PT-SN be the func-
tors given in theorem 3.2 and 4.3. For each object (X,B*,N) of PT-SN let t X,B*,N)
denote the identity map ¢ X,BX,N):=idx : F(G(X,B*,N)) — (X,B*,N). Then t :
F oG — 1pr.gy is natural equivalence from F o G to the identity functor 1pr.sy, i.e. idx :
F(G(X,BX,N)) — (X,BX,N) is in both directions a sn-map for each object (X, BX, N),
and the following diagram commutes for each sn-map f: (X,B* N) — (Y,BY, M):

F(G(X,BX, N)) ™ (X, BX,N)
F(G(f))L lf
F(G(Y,BY, M))) — (Y, BY, M),

Y

Proof: The commutativity of the diagram is obvious, because F(G(f)) = f.
idx

It remains to prove that in each case F(G(X, BY, N)) “25 (X, BY, N) “% F(G(X, BX,N))
is sn-map for any object (X,B* N) € PT-SN. To fix the notation, let N; be such that
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F(G(X,BX,N)) = F(ex,B%, X% = (X,BX N;). First we show that for each B €
BX\{2},p € Ni(B) implies p € N(B). To this end assume that p € N;(B), then there
exists C € ex|[B] such that C € N{clxc(ex[F]) : F € p}. We have C = ex(x) for some
x € B, hence C € N(B) according to 2.7 and 4.2, respectively. p C C, because F' € p implies
C € clxc(ex[F)), and in consequence Aex[F| C C results. Since F' € Aex|[F] we get F € C,
which shows p € N(B), according to (sn;). Conversely, let be B € BX\{@} and p € N(B),
we have to show that p € Ny(B).

In assuming the above we get p € N({z}) for some x € B, since (X, BX, N) is pointed. But
xy = ex(x) € ex[B]. We have to show that for each F' € p the statement xy € clyc(ex[F])
is valid. So let be F' € p and T' € Aex[F|. By hypothesis F' C ¢ly(T') results with F' € zy,

hence = € cly(F'), and consequently we get 7' € zy, which concludes the proof.

Now, in making this part of searching more transparent, we give a short characterization of

the subject as follows: O]
Comment 1 Let be given an arbitrary supernear space (X, B%, N). Then his property of

being pointed can be described in such a way that there exists a topological space Y in which
it is densely "embedded”, so that non-empty B-near collections are characterized by the fact,
that its closure meet in Y by the image of an element of B. Hence, we can resume, that

pointed supernear spaces can be strictly extended in such a manner!
Corollary 4.5 If (X, BX, N) is separated, which means N satisfies (sep), e.g.
(sep) w,2 € X and {{z}} € N({x}) imply v = z, then ex : X — X is injective!

Conversely, for a Ty-extension (e, BX,Y), where e is a topological embedding, and Y
is a Ti-space, then (X,BX, N,) is separated!
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