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HRrISTO KISKINOV, STEPAN KOSTADINOV, ANDREY ZAHARIEV, SLAV CHOLAKOV

Weighted exponential Dichotomy of the Solutions
of linear impulsive differential Equations
in a Banach Space

ABSTRACT. In the paper a dependence is established between the 1-exponential dichotomy
of a homogeneous impulsive differential equation in a Banach space and the existence of -

bounded solution of the appropriate nonhomogeneous impulsive equation.

KEY WORDS AND PHRASES. Exponential dichotomy for impulsive differential equations,
1-dichotomy, 1)-boundedness

1 Introduction

The impulsive differential equations are an adequate mathematical apparatus for simulation
of numerous processes and phenomena in biology, physics, chemistry and control theory,
e.t.c. which during their evolutionary development are subject to short time perturbations
in the form of impulses. The qualitative investigation of these processes began with the
work of Mil’'man and Myshkis [17]. For the first time such equations were considered in an

arbitrary Banach space in [2, 3, 18, 19].

The problem of ¥-boundedness and -stability of the solutions of differential equations in
finite dimensional Euclidean spaces, introduced for the first time by Akinyele [1| has been
studied later by many authors. A beautiful explanation about the benefits of such a use of

weighted stability and boundedness can be found for example in [15].

Inspired by the famous monographs of Coppel 6], Daleckii and Krein [7] as well as Massera
and Schaeffer [10], where the important notion of exponential and ordinary dichotomy for
ordinary differential equations is considered in details, Diamandescu [3|-[10] and Boi [4]-[5]

introduced and studied the 1-dichotomy for linear differential equations in finite dimensional
Euclidean space, where 1) is a nonnegative continuous diagonal matrix function. The concept
of 1-dichotomy for arbitrary Banach spaces is introduced and studied in [I1] and [12]. In

this case ¥ (t) is an arbitrary bounded invertible linear operator for all t.
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The goal of the present paper is to study such a weighted dichotomy for linear differential
equations with impulse effect in arbitrary Banach spaces. We will establish a dependence be-
tween the y-exponential dichotomy of a homogeneous impulsive equation in a Banach space
and the existence of a solution of the corresponding nonhomogeneous impulsive equation
which is 1-bounded on the semi-axis R, .

The first investigation in this direction was made in [20] for the particular case of ¢-ordinary
dichotomy.
It must be mentioned that in |13, 11] the attempt to introduce ¥-exponential dichotomy for

impulsive differential equations in finite dimensional spaces is a real disaster - due to the

meaningless use of the fundamental matrix there even the definitions are wrong.

2 Preliminaries

Let X be an arbitrary Banach space with norm |.| and let LB(X) be the space of all linear
bounded operators acting in X with the norm ||.|| and identity I. Denote R, = [0, c0).

We consider the nonhomogeneous impulsive equation

dz
LA+ 1) (4 1) ()
z(t, +0) = Quz(t,) + h, (n=1,2,3,...) (2)

where the operator valued function A(.) : Ry — LB(X) and the function f(.) : Ry — X
are strongly measurable and Bochner integrable on the finite subintervals of Ry, {@Q,} -, is
a sequence of impulsive operators @, € LB(X) (n =1,2,3,...), T = {t,},—, is a sequence
of points on the semi-axis R, satisfying the condition

0<t; <ty <.. limt, =00

n—o0

and {h,} -, is a sequence of elements h, € X. The corresponding homogeneous linear

impulsive equation is

dx
5 = Az (t#t) (3)
z(t, +0) = Quz(t,) (t=1,2,3,...). (4)

Definition 1 By a solution of the impulsive equation (1), (2) (or (3), (4)) we shall call
a function x(t) which for t # t, satisfies equation (1) (or (3)), for t =t, satisfies condition
(2) (or (4)) and is continuous from the left.
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It is known (see [18], [3]) that for the impulsive equation (3), (4) there exists an evolutionary
Cauchy operator associating with any element £ € X a solution z(t) of the impulsive equation
which satisfies the initial condition z(s) =€ (0 < s <t < 0).

Lemma 1 ([3]) Let the conditions A(t),Q,, € LB(X) hold, wheret € Ry (n=1,2,...).

Then the evolutionary operator V (t,s) (0 < s <t < 00) of the impulsive equation (3), (4)

has the form
(

Vb(t, S), ty, <8< T < 1pt1
k+1

V<t7 S) = %(tv tn) H Qj%(tja tjfl) Qk‘/(](tku 8)7
j=n

ktk,l<$§tk<tn<t§tn+1

where Vy(t,s) (0 < s <t < o0) is the evolutionary operator of equation (3).

The operator-valued function V'(t, s) satisfies the equalities

V(t,t) =1 (0<t< o), (5)

Vi(t,s)=V(t,T)V(r,s) (0<s<7<t<o0). (6)
Moreover, it is differentiable at the points t € (¢;_1,t;] (j =1,2,3,...) and s € [t;_1,;) (j =
1,2,3,...), and it is
dV(t, s) dV (¢, s)
dt ds
At the points t,, (n = 1,2,3,...) the following equalities are staisfied:

= A(t)V (¢, s),

=V(t,s)A(s). (7)

V(t,+0,8) =@,V (ts,s) (0<s<t, <o0). (8)
Lemma 2 ([ ]) Let the following conditions hold:
1. A(t),Q, € LB(X), wheret € Ri(n=1,2,...).
2. The operators Q,, have continuous inverses Q' (n=1,2,3,...).

Then the evolutionary operator V (t,s) (0 <t,s < 0o) of the impulsive equation (3), (4) has
the form

;

%(t78)a tn < S;t S tn-i—l

k+1

Vo(t,t,) (H QjVo(tj,tj—1)) QrVo(tk, s),
Jj=n

V(t,s)=Qtpr <5<ty <tp <t <t

%<t7 tn) (knl Qj_l‘/ﬂ(t]a tj-i—l)) Q;1%(tk7 S)?

j=n

tn_1<t§tn<tk<8§tk+1
\
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where Vo(t,s) (0 < s,t < 00) is the evolutionary operator of the equation (3).

If the conditions of Lemma 2 are satisfied, then the following equalities hold:
V(t,s) =V (s,t), V(t,s)=V(t,1T)V(r,s) (0<s,7,t<00), (9)

V(t,+0,5) =@,V (tn,s) (0 <s,t, < o0). (10)

Let RL(X) be the subspace of all invertible operators in LB(X) whose inverse operators are
bounded, too. Let ¥(t) : Ry — RL(X) be a continuous operator-function with respect to
teR,.

Definition 2 A function u(.) : Ry — X is said to be y-bounded on R if ¥(t)u(t) is

bounded on R, .

Definition 3 A function f(.) : Ry — X is said to be 1-integrally bounded on R, if it
is measurable and there exists a positive constant m such thatffrl | (7)) f(T)|dr < m for all
te R;.

Definition 4 A sequence of points h = {h,}>~, is said to be -bounded on R, if
sup  |Y(tp)ha| < 00, hy, € X t, € T(n=1,2,3,...).

n=1,2,3,...

Let Cy(X,T) denote the space of all functions with values in X and ¢-bounded on R, which

are continuous for ¢ # t,,, have discontinuities of the first kind for ¢ = ¢,, and are continuous

from the left which is a Banach space with the norm

l1£llle, = sup [w () f (¢l

Let My(X,T) denote the Banach space of all functions with values in X and #-integrally
bounded which are continuous for ¢ # ¢,,, have discontinuities of the first kind for ¢ = ¢,, and

are continuous from the left for ¢ = ¢,, with the norm

t+1
1, = sup [ li(s) (s

teRL
Let Hy(X,T) denote the space of all -bounded sequences h = {h,} —, in X, ie.

Hy(X,T)={h: sup [¢Y(tn)hs| <o00,h, € X t, €T ,n=123,...}

n=1,2,3,...

with the norm

17, = sup  [e(tn)hn].

n=1,
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Definition 5 The homogeneous impulsive equation (3), (4) is said to be 1-exponential
dichotomous on R, if there exist a pair P, and P, = [ — Py of mutually complementary

projections in X and numbers M, > 0 for which the inequalities

L@V PV () ()] < Me ™) (0< s <t < 00), (11)

[V RV () ()] < Me*t™0 (0<t < s < o) (12)
hold, where V (t) = V(t,0) and V(t,s) (0 < s,t < 00) is the Cauchy evolutionary operator
of the impulsive equation (3), (4).

The equation (3), (4) is said to have a ¥-ordinary dichotomy on Ry if (11) and (12) hold
with 6 = 0.

Lemma 3 Equation (3), (4) has a 1-exponential dichotomy on R, with positive constants
vy and v if and only if there exist a pair of mutually complementary projections Py and

Py = I — P, and positive constants M, N1, Ny such that following inequalities are fulfilled:

WOV OPE < Nie™ () V() Pig] (€€ X,0<s <), (13)

[V () Po| < Noe 2C0g(s)V (s)Pot] (€ € X,0<t < s), (14)
loOVEO PV OO <M (t=0). (15)

The proof of the lemma is similar as the proof of Lemma 3.1 in |1 1] for equations without

impulses and will be omitted.

Definition 6 The homogencous impulsive equation (3), (4) is said to have a ¥-bounded

growth on Ry if for some fized l > O there exists a constant ¢ > 1 such that every solution

x(t) of (3), (4) satisfies
[W()z(0)] < clp(s)z(s)] (0<s <t <s+1). (16)

Lemma 4 Equation (3), (4) has 1-bounded growth on R if and only if there exist pos-
itive constants K > 1 and o > 0 such that

l@OVEOV s ()] < K™ (0<s <), (17)

The proof of the lemma is similar as the proof of Lemma 3.2 in |1 1] for equations without

impulses and will be omitted.

Remark 1 It is easy to see that the condition for ¢-bounded growth (and for bounded
growth) of (3), (4) is independent of the choice of I. Hence we will use the Definition 6 with
fixed [ = 1.
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Lemma 5 If (3), (4) has ¥-bounded growth on R, then (15) is a consequence of (13)
and (14).

The proof of the lemma is similar as the proof of Lemma 3.5 in |1 1] for equations without

impulses and will be omitted.

3. Main results

We shall say that condition (H) is satisfied if the following conditions hold:
H1. A(t),Q, € LB(X), wheret € R, (n=1,2,3,...).
H2. Q. € RL(X) (n=1,2,3,...).

H3. ¥(t) : Ry — RL(X) is a continuous operator-function with respect to t € R,.

Theorem 2 Let us assume the following:
1. Condition (H) is satisfied.
2. Equation (3), (4) is ¥-exponential dichotomous.

3. There exist a number | > 0 and a positive integer \ such that each interval on R, with

length | contains not more than \ points of the sequence T'.

Then for any function f € Cy(X,T) and any sequence h € Hy(X,T') there exists a solution

of the nonhomogeneous equation (1), (2) which is 1¥-bounded on R..
Proof. Consider the function

(1) = / SOV PV () (s)ds — / T LV OBV (s) f(s)ds
+Y POV PVt 4 0)hy — Y (V) PV 7 (t + 0)hy

ti<t tj>t

(18)

In order to prove the boundedness of Z(t) we shall estimate the norms of the summands in
(18). By (11) and (12) we have

| [ vV PV (s)f(s)ds| =
=| [ vV PV (s)d (s)1(s)f(s)ds]

; (19)
< [ AR@VOPV T (s)v (s)l] [(s)f(s)]ds

0

< me [ eas Ao, < i
—_— 0 Cﬂ, —_— 5 Cw
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Llwwﬁﬂﬂw%v‘%ﬁf@Mﬂ

=r[mw@vuﬁMf%@w%@w@ﬁ@mﬂ
s[mnw@vawur%@w*wnuw@vwww
<M [ e 1l < Il

Analogously having in mind also the conditions 3 and H3 we obtain for the next summands

and

(20)

|Zw Uty + 0)hyl
= |Zw Tty 4 0)y Tt + 0)(t; + 0)hyl
= ti+0)~ (t; 4+ 0)(t;)h;
r;w Tty + 0) Yt + 0)(t5)hy] o)
<ZH¢ Tt 0) (it + 0)] [1h(t) by
MM\
<M(Zﬂ%ﬂm%<rzm|m%
and
|Zw “H(t; + 0)hy]
= |Z¢ Tt 0)Y Tty + 0)Y(t; + 0)hy]
= ti +0)p~H(t; + 0)(t;)h,
rKZt]w Tty + 0) g (t + 0))(t))hy] 2
< (Vv Tty 0) 0 (t + 0)] [t by

t<t;
» M
<M (Zew m) 1Alla, < 7=z P,
tSt]‘

From (18) - (22) it follows that Z(¢) is bounded on R, and satisfies for t € R, the inequality

2M 2M M\
201 < Sl + g Ikl

Let be z(t) = ¢~ (¢)Z(t). Obviously z(t) is ¢-bounded on R, . It is immediately verified
that the function z(¢) is continuous for ¢ # t,, and that the limit values z(¢,+0) (n = 1,2, ...)
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exist. We shall show that the function x(¢) satisfies the impulsive equation (1), (2) using the
equalities (7) and (10).

We differentiate z(t) by ¢ # t,, and get

T A0 [ VIRV e+ VORY 05
FVIORVOS0) - AW [ VORY 956
+Y AV PVt + 0)hy — ZA “Ht; + 0)h,
AW+ VORYV-O £+ VOPY ()
— A)a(t) + F(0).

Analogously we obtain for t = ¢, (n=1,2,...) taking into account (10)

z(t, +0)

- /tn V(t, +0)PLV 1 (s)f(s)ds — h V(t, +0)PV 1 (s) f(s)ds
0 tn

+ ) Vit + 0PVt + 00y — D Vity +0) RV (t; + 0)hy
= [ VIRV (s - Q. [ VIRV )
+QnZV H(t; + 0)h QnZV “(t; + 0)hy
+V(ty +0)PV Ht, +0)hy, + V(t, + O)PQV‘l(tn +0)hy,
= Qnx(ty) +h

Hence the function z(t) is a ¥-bounded solution of the nonhomogeneous impulsive equation
(1), (2) on R;. Theorem 2 is proved. O

Remark 3 Theorem 2 still holds, if the condition f € Cy,(X,T) is replaced by the weaker
condition f € My(X,T).

Proof. In the case f € My (X, T) the estimates (19) and (20) can be replaced by the following
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estimates

t

| i DOV () PV (s) f(s)ds|

= | i POV PV T (s)) (5)v(s) f(s)ds]

< W( WPV ()™ ()] [¥(s) f(s)lds (23)

<M/ 6= [(3) f(5)|ds < M| ]y, 3 e
k=0

< =1l

[ wovery s
=1 [ e OVORY v s
< [ IsOvRY e 6l e o)ds o
<M [T <s>|dssM|||f|||Mw§;e-5’“

< 1l
0

Remark 4 Theorem 2 obviously holds without condition 3 if we consider inhomogeneous
equations with h = 0. In this case the 1-bounded solutions lie in the subspace C’g(X ,T) of
the space Cy(X,T') which consists of the functions satisfying the condition

x(t, +0) = Qux(t,) (n=1,2,3,...). (25)

Let X; be the linear manifold of all £ € X for which the functions V(¢)¢ (t € Ry) are
1-bounded.

For our next main result we will need the following lemma.

Lemma 6 ([20]) Assume the following:
1. Condition (H) is satisfied.

2. By(X) is an arbitrary Banach space of functions f(.) : Ry — X and for any function
f € By(X) the nonhomogeneous equation (1), (2) has at least one -bounded on R solution
T < 01!1 (X, T)
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3. The set X, is a complementary subspace of X and X5 is a complement of it (X;14+Xo = X).

Then to each function f(t) € By(X) there corresponds a unique solution x(t) which is 1)-
bounded on R, and starts from Xs, i.e. x(0) € Xo.

This solution satisfies the estimate

lellle, < KI5, (26)

where k > 0 is a constant not depending on f.

Now we are ready for our second main result - a theorem, which is like an inverse of Theorem
2.

Theorem 5 Let us assume the following:

1. Condition (H) is satisfied.

2. The homogeneous impulsive equation (3), (4) has a ¥-bounded growth on R, .

3. The linear manifold

Xi={e X sup [(H)V(t)§| < oo} (27)

0<t<o0o

is a complementary subspace (i.e. there exists a subspace Xy of X for which X = X7+ X5).

4. For each function f € Cy(X,T) the nonhomogeneous impulsive equation (1), (2) for
h={hn},—y = 0 has at least one solution belonging to the subspace C)(X,T).

Then the impulsive equation (3), (4) is W¥-exponential dichotomous.

Proof. Let z(t) be a nontrivial ¢-bounded solution of the impulsive equation (3), (4) with
initial value z(0) € X;. Set

y(t) = x(t) / A (F)a(r)| dr,

where
1: 0<t<tyg+r1
Xt)=q1—(t—tg—7): to+7<t<to+7+1
0: to+7’+1§t

It is not hard to check that the function y(t) is a solution of the nonhomogeneous impulsive
equation (1), (2) for h =0 and for

1O =xOrme@r
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Obviously f € Cy(X,T) and |[|[f[l[c, = 1. But y(0) = 0 € X5, and applying Lemma 6 it

follows
Hylllc, = sup [w(@O)y(@)] < K[| flllc, =&
teERL

from (26). Hence

wwwwhﬂwmw»Ax@W@a@N®Sk (teR,).

By t =ty + 7 we obtain the inequality

[ (to + )y (to +7)| = |1b(to + 7)(to + 7)] /0 " [W(s)z(s)| " ds < k. (28)

Let consider the function .
o) = [ 1)) ds
0
From (28) it follows
gltotr) 1
olto+7) ~ k
After integrating the inequality with respect to 7 on [1, 7] this implies the estimate

(r—1)
o(to+7) > pto+ e ®

(r>1). (29)

From condition 2 of the theorem it follows for s € [ty,to + 1] that there exists a constant
¢ > 1 such that

o(s)z(s)] < ellto)z(to)
and that is why
fotl 1 1
wm+n=Z’ (s)2(s)| s = o to)ato)| -

From here, taking into account the estimates (28) and (29) we obtain for 7 > 1 the relation

T—1

k ke™ & 1 T
[(to + T)x(te + 7)| < ST 7 < P < keeke  k|h(to)x(to)].

For 7 <1 we have

[0(to + 7)x(to + )| < c(to)a(te)] < ce ® |9(to)x(to)]-

Hence we obtain the estimate

[ (D)2(6)] < Nem (o) (to), (30)

where v =+ and N = max{cer, keer }, ie. the inequality (13).
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Analogously we consider the case if the solution z(¢) of the impulsive equation (3), (4) has

an initial value z(0) € X,. Then we will consider the function

g(t) = x(t) /toO X(s)|¢(s)x(s)|flds

instead of y(t). It is easy to check that the function () is a solution of the nonhomogeneous

impulsive equation (1), (2) for h = 0 and for
x(t)

70 = XOpaaar

The solution §(t) is 1-bounded because g(t) = 0 for t > ¢ty + 7+ 1. But g(0) € X, and
obviously f € Cy(X,T). Now we can apply Lemma 6, and from (26), taking into account
that |||f|]|Cw =1, it follows

OO = O] [ X)) s < il = -
By 7 — 0o we find the inequality
| e s < oot (31)
Setting
o0 = [ loopals)| as
we obtain

By integration the estimate
(1) < @lto)e (32)

follows. Now let 7 > ¢. From z(7) = V(7)V 'x(t) it arises

Y(7)a(r) = P(r)V(N)V T (0w (t)a(t)
and
[Y(m)a(r)] = [V (VT @] [z (@)].
Condition 2 of the theorem and Lemma 4 imply that there exist constants K > 1,a > 0
such that

[W(7)a(r)| = KT |y (t)x(t)].
Then

B0 = (B0 / e
> / b(s)a(s)|

704(3 t)

(s)a(s)|"ds = j( / me—a@—wds:KL

«
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Having in mind (31) and (32) it follows

(ko) (Ka)™ 1y (Ka)”
M e T E

This inequality is from the same type as the desired estimate (14). From condition 2 of

(t)z(t)] > et =0 (o) (t))

the theorem and Lemma 5 and Lemma 3 it follows that the impulsive equation (3), (4) is

1-exponential dichotomous. Hence Theorem 5 is proved. O

Remark 6 Theorem 5 holds without condition 3 if the space X is finite dimensional.
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Estimate of the validity interval for the Antimaximum
Principle and application to a non-cooperative system

ABSTRACT. We are concerned with the sign of the solutions of non-cooperative systems
when the parameter varies near a Principal eigenvalue of the system. With this aim we give
precise estimates of the validity interval for the Antimaximum Principle for an equation and
an example. We apply these results to a non-cooperative system. Finally a counterexample
shows that our hypotheses are necessary. The Maximum Principle remains true only for a

restricted positive cone.

KEY WORDS. Maximum Principle, Antimaximum Principle, Elliptic Equations and Sys-

tems, Non cooperative systems, Principal Eigenvalue.

1 Introduction

In this paper we use ideas concerning the Anti-Maximum Principle due to Clement and
Peletier [5] and later to Arcoya Gamez |3] to obtain in Section 2 precise estimates concerning
the validity interval for the Antimaximum Principle for one equation. An example shows

that this estimate is sharp.

The Maximum Principle and then the Antimaximum Principle for the case of a single equa-
tion have been extensively studied later for cooperative elliptic systems (see the references
(ILLISLI7LEL110],[12]). The results in [10], are still valid for systems(with constant coeffi-
cients) involving the p-Laplacian. Some results for non-cooperative systems can be found
e.g. in [1],[11]. Very general results concerning the Maximum Principle for equations and co-
operative systems for different classes (classical, weak, very weak) of solutions were given by
Amann in a long paper [2[, in particular the Maximum Principle was shown to be equivalent

to the positivity of the principal eigenvalue.

Here in Section 3, we consider a non-cooperative 2 x 2 system with constant coefficients
depending on a real parameter u having two real principal eigenvalues u; < p. We obtain

some theorems of Antimaximum Principle type concerning the behavior of different cones of
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couples of functions having positivity (or negativity) properties. We give several results of
this type for values of ;7 < p but close to p; by combining the usual Maximum Principle

and the results for the Antimaximum Principle in Section 2.

Finally a counterexample is given showing that the Maximum Principle does not hold in gen-
eral for non cooperative systems, but a (partial, under an additional assumption) Maximum
Principle for p < p; is also obtained.

2 Estimate of the validity interval for the Anti-maximum Principle

Let © be a smooth bounded domain in IRY. We consider the following Dirichlet boundary
value problem
—Az = pz+ h inQ, z=0on 0%, (2.1)

where p is a real parameter. We associate to (2.1) the eigenvalue problem
—Ap = Ap inQ, ¢=0o0no0N. (2.2)

We denote by A\g, k € IN* the eigenvalues (0 < A\; < Ay < ...) and by ¢y, a set of orthonormal
associated eigenfunctions. We choose ¢; > 0.
Hypothesis (Hy): We write

h = ap; + h* (2.3)
WherethLgpl:Oandweassumea>0andhGLq,q>NifN22andq:2ifN:1.

Theorem 1 We assume (Hy) and \y < p < A < \y. There exists a constant K depend-
ing only on Q, A and q such that, for \; < p < Ay + §(h) with

Ko
o(h) = 2 (2.4)
13| o
the solution z to (2.1) satisfies the Antimazimum Principle, that is
z2<0inQ; 0z/0v > 0on 09, (2.5)

where 0/0v denotes the outward normal derivative.

Remark 2.1 The Antimaximum Principle of Theorem 1, assuming « > 0, is in the line of

the version given by Arcoya- Gamez [3].

Lemma 2.1 We assume \y < p < A < Xy and h € L9, ¢ > N > 2. We suppose that
there exists a constant Cy depending only on §,q, and A such that z satisfying (2.1) is such
that

12]l22 < Cilh] 2. (2.6)
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Then there exist constants Cy and C3, depending only on €, q and A such that
[2ller < Col[h]|ze and [|z||e < C3|R|La. (2.7)

Remark 2.2 Hypothesis (2.6) cannot hold, unless & is orthogonal to ;. Indeed, letting
i go to Ap, (2.6) implies the existence of a solution to (2.1) with g = A\;. Note that in the

proof of Theorem 1, Lemma 2.1 is used for i (and hence z) orthogonal to ¢y .

2.1 Proof of Lemma 2.1

All constants in this proof depend only on €2, A and gq.

Claim: ||z|/pe < Cs|h||La.

If the claim is verified then, by regularity results for the Laplace operator combined with

Sobolev imbeddings
[zller < Cullzllwaa < Cs(Allzllze + 1]l ze). (2.8)

From the claim and regularity results we deduce (2.7).

Proof of the claim:

- Step 1 We consider the sequence p; = 2 + % for 5 € IN. Observe that for any j,
W2Pi — [Pi+1 and that there exists a constant H(j) such that

Vo € W2 vl rivs < H(j)[v]lpen; - (2.9)

The relation (2.9) is obvious if 2p; > N and for 2p; < N we have

Nop: 2imii — 8
p] _pj+1 _ p]p]+1 > 0

N —2p; N —2p;

and the result follows by classical Sobolev imbedding.

- Step 2 We consider z satisfying (2.1). For j = 0, we derive from (2.6) and Hélder
inequality that
12ll2 < Cs|IA]] L. (2.10)

By induction we assume that z € LPi with p; < ¢ and that
1202 < KGR Lo (2.11)

By Holder inequality,
]
[z + Al < Allzl[pes + 192 5 [[A]] L.
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By regularity results for the Laplace operator:

[Zllw2rs < CE A2l + 120 [[RllLe) < CGYAK(G) + Q] ) |A]| e
Using (2.9) the relation (2.11) holds for j + 1 and the induction is proved.

- Step 3 Let J be such that p;y1 > ¢ > p;y. After J iterations we get by (2.11)
12|20 < Collz||rrer < CeK(J + 1)||2]lwzs <

CrK(J + 1)||pz + h|pes < Cs(A||R||za + ||R]|zrs) < Col|| Lo,

which is the claim. L]

2.2 Proof of Theorem 1

- Step 1: We prove the following inequality:

Izt ler < Colln* |l za. (2.12)
We derive from (2.3)
a
z = Al _lugpl + ZJ_, (213)
with z+ solution of
~Azt = pzt 4+ At inQ; 2t =00n0Q. (2.14)

By the variational characterization of As:

AQ/‘ZJ_P < /|Vzl|2 = ,u/\zﬂz + /thl.
0 Q 0 0

1
Ao — A

Hence

Il < 1222

By Lemma 2.1, we derive (2.12).

- Step 2: Close to the boundary:
We show now that on the boundary 22(z) > 0. and near the boundary = < 0.

Since dp1/0v < 0 on 0F2, we set
A = minga|0p1/0v| > 0. (2.15)
By a continuity argument there exists € > 0 such that

dist(z,00) <e = Opi/0v(x) < —A/2. (2.16)
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Hence by (2.12) to (2.16) , for any = € € such that dist(z,0Q) < ¢, and if

aA
O<p—M<———,
ST TP
we have 5 5 aL 5
z o V1 z o Y1 n
- — _r- -~ > i _ .
o A —p Ov (z) + v (x) 2 A1 — 0 Ov (@) = GallA~ o,
hence 5 P
z o ¥1
— > — . 2.1
@) > 5T @) >0 (2.17)

Therefore 92(z) > 0 on 9. Moreover since z = ¢; = 0 on 9, we deduce from (2.17) that,
for x € Q with dist(z,00) < & <¢/2 (¢ small enough),
a

z2(z) < m@l(@ <0,
where €’ does not depend on p.
- Step 3: Inside Q):
We consider now Q. := {z € Q, dist(z,00) > £'}. Set
B = rgin o1(x) > 0.

El

We have in €. by (2.12) and (2.13)

(2) = 3ee) + ) < 0

B+ Cyllh*|ze <0

if we choose
amin(B, A/2)

Collh*|| La
We derive now Theorem 1. O

/J,—>\1<

2.3 An example

Let N =1, Q2 =]0,1] and h = hyp; + haops with hy > 0, hy > 0. We note that
1(x) — spa(x) = sinmx(l — 2scosmx) > 0 (2.18)
in  implies s < 1/2. For this example, taking u = A\ + &, > 0, we have:
hy ho hq cho
z= N _M% + e —M% = (@1 "m0 —M _6)802> :

If the Antimaximum Principle holds, z < 0 in €2, and by (2.18), we have

€h2 1
< 5
hl()\g —)\1 —8) -2
hence
. < hi(Ag — 2\1) < hi(Ag — )\1)‘
2hs(1+ L) 2N,

We obtain an estimate of §(h) similar to that in Theorem 1.
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3 A non-cooperative system

Now we will consider the 2 x 2 non-cooperative system depending on a real parameter u:

—Au = au + bv + pu + f inQ, (S1)
—Av = cu + dv + pv + g in Q, (S2)
u=wv=0on J. (S3)
or shortly
—AU = AU 4+ pU + F in§2, U = 0on 012. (9)

Hypothesis (H;) We assume b > 0,c <0, and

D = (a — d)* + 4bc > 0. (3.1)

3.1 Eigenvalues of the system

As usual we say that u is an eigenvalue of System (S) if (S1) — (S3) has a non trivial solution
U = (u,v) # 0 for F'=0 and we say that p is a principal eigenvalue of System () if there
exists U = (u,v) with u > 0,v > 0 solution to (S) with F' = 0.

Notice that, since (5) is not cooperative, it is not necessarily true that there is a lowest prin-

cipal eigenvalue p; and that the Maximum Principle holds if and only if p; > 0 (Amann [2]).

We seek solutions u = py1, v = gy to the eigenvalue problem where, as above, (A1, 1) is

the principal eigenpair for —A with Dirichlet boundary conditions.

Principal eigenvalues correspond to solutions with p,q > 0. The associated linear system is
(a+p—X)p+ bg =0,

cp + (d+p—XA)g =0,
and it follows from (Hy) that (a +p — A1) and (d + pu — A1) should have opposite signs. We
should have
Det(A+ (p—M)I)=(a+p— )(d+p—A)—bc=0,

which implies by (H;) that the condition on signs is satisfied and this whatever the sign of
p could be. (Notice that D > 0 implies that both roots are real and that D = 0 gives a real
double root).
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We have then shown directly that our system has (at least) two principal eigenvalues. Their
signs will depend on the coefficients. If, for example, a < \;, d < \;, the largest one is

positive. We will denote the two principal eigenvalues by u; and p; where

o= =6 < o= M -G, (3.2)
where the eigenvalues of Matrix A are:

a+d++vVD

a+d—+D
5 _—

&= y

> &y =

Remark 3.1 Usually the Maximum Principle holds if and only if the first eigenvalue is
positive. Here by replacing —A by —A + K with K > 0 large enough we may get u; > 0.
Nevertheless the Maximum Principle needs an additional condition (see Theorem 4 and its

remark).

3.2 Main Theorems

3.2.1 The case p; < p < pj

We assume in this subsection that the parameter p satisfies:
(Ho) py < p < pf
Theorem 2  Assume (H,), (H,), and

(Hg) d < a,

(Hy) [>0,g>0, f,g#0,f,geL?, ¢>Nif N>2; g=2if N=1.

Then there exists 6 > 0, independent of u, such that if

we get
u<0,v>01inQ; @>O,@<Oon89.
v v

Remark 3.2 If in the theorem above we reverse signs of f,g,u,v that is f < 0, g <
0, f,g Z 0, then for p satistying (Hs), we get

u>0,v<0in @<O,@>Oon89.
ov ov

Note that the counterexample in subsection (3.3) shows that for f, g of opposite sign( fg < 0),

u or v may change sign.
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Theorem 3  Assume (H,), (Hs), and

(Hs) a<d,

(Hy) [<0,g>0, f,g#0,f,ge L ¢>NifN>2; ¢q=2if N=1

Then there exists 6 > 0, independent of u, such that if

we obtain P 9
u<0,v<0in —u>0, —U>Oon8(2.
ov ov

Remark 3.3 If in the theorem above we reverse signs of f,g,u,v that is f > 0,9 <
0, f,g # 0, then for u satisfying (Hs), we get

u>0,v>0in @<0,@<00n89.
ov ov

Note that, by the changes used in the proof of the theorem above, the counterexample in

subsection (3.3) shows that for f, g with same sign (fg > 0), v or v may change sign.

3.2.2 The case p < py

We assume in this Section that the parameter p satisfies:
(H3) n < py -
Theorem 4  Assume (H,), (H)), and

(H3) a<d,

(HY) f>0,9>0, f,g#£0, f,g€ L

Assume also t*g — f >0, t*g — f £ 0 with

t*_d—a—l—\/ﬁ

N —2c

Then 5 9
u>0,v>01m —u<0,—v<00n89.

ov ov

Remark 3.4 As above we can reverse signs of f, g, u,v .
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3.3 Counterexample: a > d
We consider the system in 1 dimension

—u" = 4du+ v+ pu+ fin [ :=]0;7,

A = 1land Ay = 4; ¢ = sinz, py = sin2z. We compute p; = 1 — % Choose
f=v1— %902 >0 and g = kf with k£ # 0 to be determined later. We obtain

u = uyp1 + Uz and v = vip + Vo,

where
k—u w—k—3

U = —————, Uy = ,
P23+l 2(p2 — 3+ 1)

o =
1/ Choosing pt = —3 < py, we get v; = —1 and vp = 1225, Therefore

3k —1
38

—UV = + P2,

and for 37;—? > %, v changes sign. Hence Maximum Principle does not hold.
2/ Choosing ] < p = py +¢€, k= pj + €%, we have
u2_<,u—k—3)( pwr+3u+1 >_(3+6> V5 —¢
Uy k—p 2(p* = 3p+1) € (943V5) — (6 +V5)e+e2 )

So that 2 — oo as € — 0. Hence for these f >0, g <0, u changes sign. m

3.4 Proofs of the main results

3.4.1 Some computations and associate equation

In the following we introduce

1

71:§(a+d+2u—vD):A1+u—uf; (3.3)
1

72:§(a+d+2u+\/D):)\1+M—M1_> (3.4)

and some auxiliary results used in the proofs of our results.
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Lemma 3.1 We have

(L1) p<p & om <A

(L2) py < po& A <.

(L3) VD<a—d & d+p<vy <7 <a-+p
(L4) VD<d—a & a+p<y <y <d+p
(L5) p<puf+0 & <M\ +0.

(L6) < py +0 < v < A +0.

3.4.2 Proofs of Theorems 2 and 3
Proof of Theorem 2, a > d:

We introduce now

w = u+ tv,

with
t_a—d+\/5_ 2b
—2c a—d— D
so that
—Aw =yw+ f+tgin;
w|aQ:0.
We remark that
N—d—p  at+p—y c c .

(3.8)

Note first that Hypothesis (Hs) implies t > 0 and a — d > v/D. By (H,), (Hy), and (L1)
in Lemma 3.1, 73 < A1, and we apply the Maximum Principle which gives w > 0 on 2 and

g—f < 0 on 0f2. We compute
b
a+u—g:a+d+2u—% =72,
and since v = (w — u)/t, we derive

b b b
—AU:(G+M—Z)U+;w+f=72u+;w+f,

(3.9)
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where 2w + f > 0. From (Hs) and (L6), 72 < Ay + &1, where

5y = 5(%%0 T 1), (3.10)

we deduce from the Antimaximum Principle that « < 0 on € and % > 0 on 0f2. Hence
cu—+g>0.

Now (H3), (L1) and (L3) imply d+ 1 < 71 < A; and the Maximum Principle applied to (S5)
givesv>OonQandg—}j<00nE)Q.

We apply now Section 1 to estimate 6.

b
h;:Ew—i—f:(vl—d—u)w—i-f:(ﬂm—FhL. (3.11)
First we compute o:

Set f = ap1 + f*, g = Be1 + g+, w = Kk + wh. Since

—Aw = yw + f+ g,

Nn—d—p

we calculate:
)\1 —d—- 1% 4 b

Al =" >\1—71'

c=a+(n—d-—pr=a

Now we estimate ||ht]|2.

b 1

—Awt = pwt + fr+ ——gh
N—d—p

The variational characterization of Ay gives
A2 = )llwt [z < (1 f 2 + S — g™ Il 2.
Nn—d—p

We derive from ( 3.11)

Ao —d —
2 R e +

1
2.
A2 —m )\2—71”9 Iz

1B e < Nz + (n = d = p)llw |2 <
Reasoning as in Lemma 2.1, we show that there exists a constant C'5 such that

Ag—d—p )
EEE—— a +
A2 — M ”f HL Ay —m

I e < G ( ||gl||m) | (3.12)

In fact for proving (3.12) we use the same sequence than that in Lemma 2.1 and we show

by induction that
=t lrs < KG) (1 llze + g™ llza) -
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Now we apply the Antimaximum Principle to the equation
—Au = yu+ h.

This is possible since by (L6) in Lemma 3.1, A\ < 75 < A; + d2 = A\; + d(h) where, as in
Theorem 1, §(h) Ko

= Ttz
Moreover we notice that Ay — v, = uf — pu < pf — py and therefore, since a > 0 and 3 > 0
by (H4)7

M —d—p b AN —d—pf b
o=« + > A=« — +f -
At —m At —m = i i —

and from (3.12), we obtain

Ao —d—py oy b i
)\2 _ )\1 Hf ||Lq + )\2 _ )\1 ”g HLq :

HhJ—”Lq S B = 03 (

From the computation above we can choose d = %4 which does not depend on p, and the

result follows. O

Proof of Theorem 3, a < d:
We deduce this theorem from Theorem 2 by change of variables. Set a = d, d=a , U=,
ﬁ:—uandf:g,g}:—f. fEO,QZO,implyzl<0,ﬁ>O. We get Theorem 3. n

3.4.3 Proof of Theorem 4

Since a < d, we have t* = %ﬁ > 0. With now the change of variable w = —u + t*v, as
in [4] (see also [11]) , we can write the system as

—Au=yu+ (b/t")w+ finQ, (3.13)

—Av =1 —cw+ ginfd (3.14)

—Aw =yw+ (t*g— f) inQ, (3.15)

u=1v=w=0on 0.

Now p < pi, and it follows from (L2) in Lemma 3.1 that 71 < 75 < A;. From (3.15) it
follows from the Maximum Principle that w > 0. Then in (3.14) —cw 4+ g > 0, and again
by the Maximum Principle v > 0. Finally, since (b/t*)w + f > 0 in (3.13), again by the

Maximum Principle u > 0. O]
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DIETER LESEBERG

Subdensity as a convenient concept for
Bounded Topology

ABSTRACT. A subdensity space is a special case of a density space, which also occur under
the name of hypernear space in [17]. Hence, most of classical spaces, like topological spaces,
uniform spaces, proximity spaces, contiguity spaces or nearness spaces, respectively can be
immediately described and studied in this general framework. Moreover, the more specific
defined subdensity spaces allow us to consider and integrate the fundamental species of b-
topological and b-near spaces, too, as presented and studied in [19]. In this paper it is shown
that b-proximal spaces also can be involved, and b-topological spaces then have an alternate

description by different corresponding subdensity spaces.

At last, we establish a one-to-one correspondence between suitable subdensity spaces and
their related strict topological extensions [l|. This relationship generalizes the one of

LODATO, studied by him in the realm of generalized proximity spaces [20].
KEY WORDS AND PHRASES. Bounded Topology; b-topological space; b-proximal space;

strict topological extension

1 Basic Concepts

As usual PX denotes the power set of a set X, and we call BX C PX a bornology (on X)
[3], if it possesses the following properties, i.e.

(bo)
(b1) By C By € BX imply B, € BX

(be) x € X implies {z} € BY;

(b3) By, By € BX imply By U By € BX.

The elements of BX are called bounded sets. Then, for bornologies BX, BY a function f :
X — Y is called bi-bounded iff f satisfies
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(biby) fBX:={f[B]: B € BX} c BY;
(biby) f1BY :={f"'[D]: D € BY} C BX.

Evidently, for corresponding power sets each map f : X — Y is bi-bounded. As an
instructive example we consider for sets X, Y as bornologies in each case the set of all finite
subsets of those. Then, for each map f : X — Y and some B € B}(i :={DC X :Dis
finite} we look at the power set on B and consider the restriction f|p of f on B. Then f|p
is bi-bounded.

Then we make use of the following notations: For collections p, p1, po C PX we put:
P2 << p1 iff VF, € pgﬂFl SN F, C FQ;

p1Vp2::{F1UF2:F1 Epl,FQ Gpg};
secp:={DC X:VFe€pDNF #0}.

Definition 1.1 We call a triple (X, B%,N) consisting of a set X, bornology BX and a
function N : BX — P(P(PX)) an episd-space (shortly esd-space) iff the following axioms
are satisfied:

p2 << p1 € N(B),B € BX,p, C PX imply p, € N(B);

esdy) B € BY implies BX ¢ N(B) # 0);

p € N(0) implies p = 0;

esds

(esdy)

(esdy)

(esds)

(esdy) z € X implies {{z}} € N({z});

(esds) @ # By C By € B* imply N(Bs) C N(By);
(esde)

esdg) {cIn(F): F € p} € N(B),p C PX, B € B* imply p € N(B), where cly(F):={x €
X {F} e N({z})};

(esd7) p1V pa € N(B),p1,p2 C PX,B € BX imply py € N(B) or p, € N(B);

(esdg) B € B* implies cly(B) € B*;

(esdg) pNBX € N(B), B € BX\{0},p C PX imply p € N(B).

If p € N(B) for some B € BX, then we call p a B-collection (in N). For esd-spaces
(X,BX,N), (Y,BY, M) a function f : X — Y is called bi-bounded sd-map (shortly bibsd-
map iff it satisfies (biby), (bibg) and

(sd) B € B* and p € N(B) imply fp:={f[F]: F € p} € M(f[B]).

We denote by ESD the corresponding category.
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Remark 1.2 In a former paper [19] it was shown, that the category b-TOP of b-topological
spaces and b-continuous maps as well as the category b-NEAR of b-nearness spaces and
b-near maps can be fully embedded into ESD. In our following research we will establish
a further equivalent description of b-topological spaces by means of different esd-spaces
resulting into an alternate description of the category TOP, if the given bornology B* of the
considered esd-space is saturated, which means X is an element of BX. Moreover, we focus
our attention on so called b-prozimal spaces which also can be integrated into the above
defined concept. Then, in a natural way, we will characterize those esd-spaces which can be
extended to a certain topological one. In case of saturation this new established connection

deliver us the well-known famous theorem of LODATO [20] up to isomorphism.

Definition 1.3 For a set X let BX be a bornology. A function t : BX — PX s called
a b-topological operator (b-topology) (on BX) iff the following azioms are satisfied, i.e.

b-t1) B € B* implies t(B) € BY;

)
) t(0) =
t3) B € BX implies B C t(B);
)
)

(
(b-t2
(b-
(b-t4) By C By € BX imply t(B;) C t(Bs);

(b-t5) B € B* implies t(t(B)) C t(B);

(b-tg) Bi, By € BX imply t(By U By) C t(By) C t(By).

Then the triple (X, BX,t) is called a b-topological space. For b-topological spaces (X, BX, ),
(Y, BY tY) a function f : X — Y is called b-continuous map iff it is bi-bounded and satisfies

the following condition, i.e.

(cont) B € BX implies f[t*X(B)] C t¥(f[B)).

We denote by b-TOP the corresponding category [19].

Example 1.4 For a set X let Bf be denote the set of all finite subsets of X. Thus,

Bff defines a bornology on X. Then, for a fixed set D € Bj)f we establish a b-topology
tP . BX — PX by setting tP(0): =0 and tP(B):= B U D, otherwise.

Remark 1.5 If BY is saturated, then a b-topological space can be considered as topological
space and vice versa. Moreover, if for bornologies BX, BY with saturated BXf : X — Y is

constant map, then f is automatically b-continuous.

Lemma 1.6 For a b-topological space (X, BX,t) we set: Ny(0):={0} and Ny(B):={p C
PX : Besec{t(F): FepnBX}}, otherwise.

Then (X,BX, N;) is an esd-space such that t = cly, (see also Chapter 2).
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Proof: Firstly, we have to verify that N, is satisfying the axioms (esd;) to (esdy).

to (esdy):

to (esdy):

to (esdy):

to (esds):

to (esdy):

ps << p1 € Ni(B),p C PX,B € BX\{0} and F € p, N BX imply the existence
of Fy € py with Iy C F,. Hence Fy € p, N BY follows by applying (b;), and
B N t(F) # 0 results by hypothesis. Consequently, B N t(Fy) # 0 is valid
according to (b-t4), resulting into ps € Ny(B).

Let B € BY; in first case if B = () we have ) € Ny(B) by definition. In second
case if B # () we get {B} € Ny(B), since BNt(B) # 0 is valid.

Further suppose BX € Ny(B), and without restriction B # (), otherwise B =
() contradicts. Then B € sec{t(F) : F' € BX} implies B N () # 0, which
contradicts too. Hence B* ¢ Ny(B) follows.

: evident by definition of N;.

see especially proof of (esds).

evident.

: For {cly,(F): F € p} € N(B),p C PX,B € BX let A € pnB*, we have to verify

BNt(A) # (. Since cly,(A) € {cly,(F) : F € p} we get BNt(cly,(A)) # 0 by
hypothesis. Note, that cly,(A) C t(A) € BX is valid. Consequently BNt(t(A)) #
() follows, and BNt(A) # ) results according to (b-t5), showing our made assertion.

p1V pa € Ni(B) and without restriction B # () with p; # 0 # py imply B €
sec{t(F) : F € (p1 V pa) N BX}. Now, let us suppose pi,ps &€ Ny(B). Hence
there exists F1 € py "N BXBNt(F) =0 and Fy € po N BX BNt(F) = (. But
FLUF, € (p1 V p) N BX, since BX is bornology and

0= (BNt(F))U(BNt(Fy))=BnN(t(F)Ut(F,))=BNt(FUF)
according to (b-t4) and (b-tg), respectively which contradicts.
evident.

B € BX\{0} and pN B* € Ny(B),p C PX imply B € sec{t(F) : F € (pnN
BX) N BX}, and p € Ny(B) results. To show the equality ¢ = cly, is valid let
without restriction B € BX\{0}, then = € cly,(B) is equivalent to the statement
{B} € Ny({z}), which is further equivalent to {x} € sec{t(F): FF € BN B}, at
last resulting into the statement = € t(B) as equivalent to above.

]

Remark 1.7 As an interpretation of this Lemma we keep hold that every b-topological

space is induced by a certain esd-space.
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As a next step in our research we will introduce the concept of b-proximal spaces and related

facts.

Definition 1.8 For a bornology BX a relation 6 C BX x BX is called b-proximal, and
the triple (X, BX, ) a b-proximal space iff § satisfies the following conditions, i.e.

(b-p1) B € BX implies cls(B) € BX, where cls(B):={x € X : {z}dB};
(b-p2) 6D and B for each B, D € BX;

(b-ps) B&(Dy U Dy) iff BSD, or BSDy for cach B, Dy, Dy € BX;
(b-ps) = € X implies {x}é{z};

(b-ps) By C B € BX and B,6D imply BSD for each D € B*;
(b-ps) B16D and D C cls(B), B € BX imply B,dB.

(Hereby, § denotes the negation of §). For b-provimal spaces (X, BX,0), (Y, BY,v) a function
f: X — Y is called b-proximal map iff f is bi-bounded and satisfies the following condition,

1.€.
(prox) BdD implies f|B]yf[D]. We denote by b-PX the corresponding category.

Remark 1.9 If BY is saturated, then a b-proximal space (X, BX,§) may be considered as
a generalized proximity space and vice versa [14]. In special cases LEADER proximities as

well as LODATO proximities then can be easily recovered.

Proposition 1.10 For a b-topological space (X, BX,t) we set: B6,D iff BNt(D) # () for
each B, D € BX. Then (X,B*,d;) defines a b-prozimal space which additionally is additive
by satisfying

(add) (ByU By)dD, By, Bo, D € BX imply B16D or BydD.

Proof: straight forward. ]

Definition 1.11 A b-prozimal space (X, BX, ) is called symmetric iff in addition holds

(s) B10By implies BodBy for each By, By € BX.

Remark 1.12 Here, we only note that if BX is saturated, then (X, BX,d) can be essentially
considered as a LODATO proximity space [20] and vice versa. We denote by b-SPX the
corresponding full subcategory of b-PX.
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2 b-TOP, b-PX and b-SPX as fully embedded subcategories of ESD

Now, firstly let us start with the objects of b-PX.

Lemma 2.1 For a b-prozimal space (X, BX,8) we set: N5(0):={0} and Ns(B):={p C
PX : pnBX C §(B)}, where §(B):={D € BX : BSD}, otherwise. Then (X,B*, Ns) is an

esd-space.

Proof: Straight forward. Here, we only will verify the validity of the axioms (esdg), (esdr)
and (esdsg) in definition 1.1.

to (esdg): For p C PX let {cln,(F) : F € §} € Ns(B), we have to verify p N BX C §(B).
A € pn BYX implies cly,(A) € {cln,(F) : F € p}. Since A € BX we claim
cln;(A) C cls(A), hence cly,(A) € BX. By hypothesis cly,(A) € §(B) follows,
showing that Bdcly,(A) C cls(A) is valid. But ¢ is satistying (b-p6), and BJA
results, hence A € §(B) follows.

to (esd7): Without restriction let B € BX\{0} and p1 V p2 € Ns(B), p1 # 0 # po. If
supposing p1,p2 & Ns(B) we get Fy, Fy & 6(B) for some F} € p; N BX and
Fy € po N BX. Hence BSF, and BSF, implying BS(F, U F;) according to (b-ps),
note that BX is bornology. But FyUF, € (p;Upy)NBX leads us to a contradiction.

to (esdg): B € BY implies cls(B) € BX. We will show that cly,(B) C cls(B), then by (by)
we get the desired result. x € cly,(B) implies {B} € Ns({z}), hence {B} C
d({z}), and {z}dB results, showing that x € cls(B) is valid.

Definition 2.2 An esd-space (X,B%, N) is called conic iff N satisfies the condition

(con) B € BX implies | J{p C PX : p€ N(B)} € N(B).

Example 2.3 According to Lemma 1.6 we state that the esd-space (X, BX, N;) is conic.

Remark 2.4 Here, we note that the esd-space (X, B, Nj) is conic, too. But in general
this property must not be necessary fulfilled, if, par example we look at the near subdensity

spaces considered in [19].

Lemma 2.5 For a conic esd-space (Y,BY, M) we put ByyD iff {D} € M(B) for sets
B,D € BY. Then (Y,BY ) is a b-prozimal space such that N.,,, = M.

Proof: Straight forward. Here, we only will verify the validity of axiom (b-p6) in defini-
tion 1.8.



Subdensity as a convenient . .. 39

to (b-p6): B16D and D C cl.,,(B), B € BY imply {D} € M(B;), hence {cly(B)} <<
{cl,,,(B)} << {D} follows, and {cly(B)} € M(B;) is valid. We get {B} €
M (By), according to (esdg) which results in ByyyB. It remains to prove the
equality N,,, = M. Without restriction let B € BX\{0} and p € N,,,(B), hence
p N BX C vy (B). Now, we will show that vy(B) C J{o : ¢ € M(B)} holds.
D € vy (B) implies Byy D, hence {D} € M(B) is valid with D € {D}, and
D € J{o : 0 € M(B)} follows. Consequently, p N BX € M(B) can be deduced
by applying (esd; ), resulting into p € M (B) according to (esdg). The reverse case

is easily to verify.

O

Theorem 2.6 The full subcategory CON-ESD of ESD, whose objects are the conic esd-

spaces is isomorphic to the category b-PX.

Proof: Taking into account former results we further note that for a given b-proximal space
(X, BX,6) the equality vy, = ¢ is valid. Moreover, we claim that for each b-proximal map
f between b-proximal spaces f is bibsd-map between the corresponding esd-spaces and vice

versa. ]

Definition 2.7 A conic esd- space (X,BX, N) is called proximal iff N satisfies the con-
dition

(px) B € BX\{0} and p € N(B) imply {B} € N{N(F): F € pn BX}.

Remark 2.8 Here, we note that for a given symmetric b-proximal space (X,BYX,6) the
corresponding esd-space (X, BX, Ns) is proximal. Because for B € BX\{0} and p € Ns(B)
we have pN BX C §(B). Then, F € pn B implies { B} € N;(F). Since by hypothesis BJF

is valid F'0B results, because § is symmetric.

Corollary 2.9 The full subcategory PX-ESD of CON-ESD, whose objects are the

proximal esd-spaces is isomorphic to the category b-SPX.

Proof: Here, we only note that for a given proximal esd-space the corresponding b-proximal

space is symmetric. O
Proposition 2.10 Every prozimal esd-space (X, B, N) is closed by satisfying

(clo) B € BX implies N(cly(B)) = N(B).

Proof: Without restriction let B € B*\{0} and p € N(cly(B)), we will show that pNB* C
U{o : ¢ € N(B)} is valid. F € pn BX implies {ciy(B)} € N(F), since (X,B*,N) is
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proximal. Then {B} € N(F) follows by applying (esdg), and {F'} € N(B) results with
respect to (px). Consequently, F' € U{c : 0 € N(B)} is valid, showing that pNB* € N(B),
according to (esd;). But this induce p € N(B) by applying (esdg). The reverse inclusion

then can be easily verified with respect to (esds). ]
Proposition 2.11 Every prozimal esd-space (X, B, N) is linked by satisfying
(1ik) p € N(B\ U Bs), By, By € BX imply {F} € N(B,) UN(Bo)VF € pn BX.

Proof: evident. [

Definition 2.12 A conic esd-space (X, BX, N) is called covered iff N satisfies the con-
dition
(cov) B € BX\{0} and p € N(B) imply B € sec{ciy(F): F € pn BX}.

Example 2.13 With respect to example 2.3 we note that (X, B%, N;) is a covered esd-

space.

Lemma 2.14 For a covered esd-space (X, BX, N) the restriction of cly; on BX, denoted
by clb, is a b-topology on BX such that Ngp = M.

Proof: Firstly, we only will verify the validity of the axioms (b-t5) and (b-tg), respectively

in definition 1.3. Then, the remaining is clear.

to (b-ts): x € clb,(clb,;(B)), B € BX imply {cl,(B)} € M({z}), hence {cly/(B)} € M({z})
is valid, and {B} € M ({z}) results, according to (esdg). But then = € cly/(B) =
cly,(B) follows.

to (b-tg): Bi, By € BX and without restriction let By # 0 # By - x € cl;(B; U By) implies
{B,UBy} € M({z}), by paying attention to the fact that B is bornology. Since
{B1}V{Bs2} = {B1UBy}, we get {B1} € M({z}) or {B2} € M({x}) by applying
(esdy), resulting into = € cl%,(B;) U cl,(B,). In showing the equality Ny =M
let without restriction B € BX\{0}. p € Ngp (B) implies B € sec{clb,(F) :
F € pn BX}, which is the same as B € sec{cly(F) : F € pN BX}. Since
(X, BX, M) is conic, we know that | J{o : ¢ € M(B)} € M(B). Thus, it remains
to verify p N BX C U{o : ¢ € M(B)}, because then p N BX € M(B) follows,
according to (esd;), and p € M(B) is valid by applying (esdg). F € pn B¥
implies B N cly(F) # 0, hence x € cly(F) for some z € B. Consequently,
{F} € M({z}) C M(B) follows, showing that F' € | J{o : 0 € M(B)}, which put

an end of this. Then, the reverse inclusion is easily to verify.

]
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Theorem 2.15 The full subcategory COV-ESD of CON-ESD, whose objects are the

covered esd-spaces is isomorphic to the category b-TOP.

Proof: Taking into account former results we further note that for each b-continuous map
f between b-topological spaces f is bibsd-map between the corresponding esd-spaces and

vice versa. O

Theorem 2.16 The category CON-ESD is bireflective in ESD.

Proof: For an esd-space (X,B%,N) we set: NY(0):={0} and NY(B):={A C PX :
{clny(A) : A e ANB*} c U{p: p € N(B)}}, otherwise. Then (X, BX, NY) is conic esd-
space, and 1y : (X, BX,N) — (X, B¥, NY) is bibsd-map. In the following we only will
verify the validity of the axioms (esdg), (esd7) in definition 1.1 and that of axiom (con) in

definition 2.2. Then the remaining statements are obvious.

to (esdg): {clyc(A) : A € A} € N9(B), B € BX\{0}, A c PX imply {cIy(F) : F €
{clyo(A) : Ae AynBX} CcU{p:p € N(B)}. We will show that {cly(A): A€
ANBXY cU{p:p e NB)}. Ae AnB¥ implies cly(clyc(A)) € U{p:p €
N(B)}, since clyc(A) € BX. Further we have the inclusion clyc(A) C cly(A)
is valid: = € clyc(A) implies {A} € N({z}), hence cly(A) € p for some p €
N({x}). {cIn(A)} € N({z}) holds by applying (esd;), and {A} € N({z}) results
according to (esdg), hence = € cly(A) follows. By hypothesis cly(clyc(A)) € o
for some o € N(B), and {cIy(A)} € N(B) follows by applying (esds), again.

Consequently our assertion holds.

to (esd;): Let A; V Ay € NY(B) and without restriction B € BX\{0} with A; # 0 # As.
Then {cin(A): A€ (A V A)NBX} C U{p: p € N(B)} follows. If supposing
Ay, Ay & N(B) we can choose A; € Ay N B* with cly(A;) € U{p: p € N(B)}
and Ay € Ay N BY with cly(Az) & U{p: p € N(B)}. Consequently, A; U Ay €
(A1 V Ay) N BX follows, since B is bornology. By hypothesis cly(A; U As) € A
for some A € N(B), hence {cIn(A; U Ay)} € N(B) is valid. But {cly(A41)} V
{cln(A2)} = {cIn(A; U Ay)} is holding, and consequently {cin(A;)} € N(B) or
{cln(A2)} € N(B) follows by applying (esd7) which contradicts.

to (con): Without restriction let B € B¥\{0}. We have to verify | J{A : A € NY(B)} €
N€(B), which means that {cIy(F): F € U{A: A€ N9B)} nB*} c U{p:
p € N(B)}. Now, let cly(F) be given for F € (J{A : A € N9B)} n B¥
hence F € A for some A € NY(B). By hypothesis there exists p € N(B) with
cn(F) € p/, and cly(F) € U{p : p € N(B)} results. Now, let (Y,BY, M) be a
conic esd-space and f : (X,BX, N) — (Y, BY, M) be a bibsd-map, we have to
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show f : (X, BX,NY) — (Y, BY, M) is bibsd-map, too. Since by hypothesis f

is bi-bounded, we will now verify the validity of axiom (sd) in definition 1.1.

to (sd): Without restriction let B € BX\{0} and A € NY(B), hence by definition
{eiy(A) : A e AnBX} c U{p : p € N(B)} is valid. Tt suffices to show
fANBY € M(f[B]). Therefore its being enough to verify the validity of the
inclusion fANBY C U{M : M e M(f[B])}. D€ fANBY implies D = f[A]
for some A € A. Then A C f7Y[f[A]] = f7'[D] € B, and A € B¥ fol-
lows. Hence cly(A) € p for some p € N(B) by hypothesis. Consequently,
fp € M(f[B]) follows with f[clny(A)] € fp. Since cly(f[A]) D fleln(A)] we
get {cly(f[A])} € M(f[B]), and {D} = {f[A]} € M(f[B]) results, according to
(esdg). But then fANBY € M(f[A]) is valid, since by hypothesis (Y, BY, M) is
conic, and at last fA € M(f[B]) can be deduced by applying (esdy).

Theorem 2.17 The category COV-ESD is bicoreflective in CON-ESD.

Proof: For a conic esd-space (X, BX, N) we set: NYV(0):={0} and N°V(B):={p C PX :
B € sec{cly(F) : F € pn BX}}, otherwise. Then (X,BX, N°V) is a covered esd-space,
and 1y : (X,BX NY) — (X,BX N) is bibsd-map. It is straight forward to verify that
(X,BX,N®) is a covered esd-space. In showing that 1y is bibsd-map let p € NV (B)
and without restriction B € BX\{0}. Consequently, B € sec{cly(F) : F € p N BX} holds
by definition of N¢V. Now, we will verify that p N BX is a subset of J{A : A € N(B)}.
F € pn B¥ implies the existence of an element * € B with z € cly(F). Hence {F} €
N({z}) C N(B) follows, showing that F' € [J{A: A € N(B)} is valid. Now, let (Y, BY, M)
be a covered esd-space and f : (Y, BY, M) — (X, BX, N) be a bibsd-map, we have to show
f:(Y,BY, M) — (X,B*, N°V) is bibsd-map, too. Since by hypothesis f is bi-bounded we
will verify the validity of axiom (sd) in definition 1.1. Without restriction let B € BY\{0}
and p € M(B), hence B € sec{cly(F): F € pnBY}. For A€ fpNBX we have A = f[F]
for some F € p with f~![A] € BY, since f is bi-bounded. Consequently, F' € BY is valid,
and we can choose y € cly(F) for some y € B by hypothesis. But f also satisfies (sd) in
definition 1.1, hence f(y) € cly(A) N f[B] results, concluding the proof. O

3 Topological extensions and related esd-spaces

We will now consider the problem for finding a one-to-one correspondence between certain
topological extensions and their related esd-spaces. This question arises from a problem
formulated by LODATO in 1966 as follows:
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He asked for an axiomatization of the following binary nearness relation on the power set of
a set X: there exists an embedding of X into a topological space Y such that subsets A and

B are near in X iff their closures meet in Y.

Now, we will generalize and solve this problem for esd-spaces, involving also LODATO’s
result as a special case. At first, we define the category BTEXT of so-called bornotopological

extensions — shortly btop-extensions — and related morphisms (see also [19]).

Definition 3.1 Objects of BTEXT are triples E:=(e, BX,Y), where X : =(X,tx),
Y :=(Y,ty) are topological spaces (given by closure operators tx respectively ty ) with bornol-
ogy BX, so that iff B € BX then tx(B) € BX also holds.

e: X — Y s a function satisfying the following conditions:
(btx;) B € BX implies tx(B) = e~ [t,(e[B])], where e™* denotes the inverse image under e;
(btxy) ty(e[X]) =Y, which means that the image of X under e is dense in Y.

Morphisms in BTEXT have the form (f,g) : (e, BX,Y) — (¢/,BX",Y"), where f : X —
X' g:Y — Y’ are continuous maps such that f is bi-bounded, and the following diagram
commutes

X—=Y .

s

X/L>Y/
If (f,9): (e,BX)Y) — (¢/,BX,)Y") and (f',¢') : (¢/,BX,Y") — (¢, BX",Y") are
BTEXT-morphisms, then they can be composed according to the rule (f',q") o (f,g):=
(f'of,d 0g):(e,BX)Y) — (¢",BX")Y"), where “o” denotes the composition of maps.

Remark 3.2 Observe, that axiom (btx;) in this definition is automatically satisfied if e :
X — Y is a topological embedding. Moreover, we admit an ordinary bornology B¥X, which

need not be necessary coincide with the power set PX.

Definition 3.3 We call such an extension E:=(e,BX)Y)
(1) strict iff E satisfies the condition
(st) {ty(e[A]) : A C X} forms a base for the closed subsets of Y [1];
(ii) symmetric iff E satisfies the condition

(sy) € X andy € ty({e(z)}) imply e(z) € ty({y}) [7].

Example 3.4 For a symmetric bornotopological extension E: =(e, BX,Y’) we consider the
triple (X, BX, N¢), where N°¢ is defined by setting:
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Ne(@) :={0} and
N¢(B):={p C PX : ty(e[B]) € sec{ty(e[F]): F € pn BX}}, otherwise.

Then (X, BX, N¢) is a proximal esd-space such that for each B € BX cly<(B) = tx(B).

Proof: Firstly, we will verify the above cited equality. Without restriction let B € BX\{0}.

tO 144 Cﬂ:

to “D™

to (esdg):

to (esdy):

x € clye(B) implies {B} € N¢({z}), hence ty({e(z)}) Nty (e[B]) # 0. Then we
can choose y € ty(e[B]) with y € ty({e(z)}). Since by hypothesis E is symmetric,
we get e(z) € ty({y}). But then e(x) € ty(e[B]) is valid, because t is topological.
Consequently, x € tx(B) follows by applying (btx;) in definition 3.1.

xr € tx(B) implies e(z) € ty(e[B]) according to (btx;), hence {B} € N¢({z})
follows, resulting into = € clye(B). Further, we only will verify the validity of the

axioms (esdg) and (esdy), respectively. Then the remaining statements are clear.

{clne(F): F € p} € N¢(B), B € BX\{0},p C PX imply ty(e[B]) € sec{ty(e[A]):
A€ {clye(F): F € pynBX}. Then F' € pn BX implies cly(F") € {cly:(F) :
F € p} N BX, because clye(F') = tx(F') € BX by definition 3.1. By hypothesis
ty (e[B]) Nty (eltx(F")]) # O follows. But e[tx(F")] C ty(e[F']) holds by apply-
ing (btxy), and ty (e[tx(F")]) C ty(e[F’]) can be deduced, since ty is topological,
resulting into p € N¢(B).

Let p1V pa € N¢(B) and without restriction p; # () # pa, B # (). By definition we
get ty (e[B]) € sec{ty(e[F]) : F € (p1 V p2) N BX}. If supposing py, ps & N¢(B).
Then we can choose F; € py N BX with ty(e[B]) Nty (e[F}]) = 0 and Fy € p, N BX
with ty(e[B]) Nty (e[Fy]) = 0. Hence Fy U Fy, € (p1 V p2) N BX, since BYX is
bornology. Consequently, ty (e[B]) Nty (e[F1UF,]) # 0 results. On the other hand
we have () = ty(e[B]) N (ty(e[F1]) U ty(e[F])) = ty(e[B]) Nty (e[F1] U e[Fy]) =
ty (e[B]) Nty (e[F} U Fy]), which contradicts.

O

Definition 3.5 For a prozimal esd-space (X,B%,N) and for B € BXo C PX s called
B-bunch in N iff o satisfies the following conditions:
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Proposition 3.6 For a prozimal esd-space (X, B*, N) and for B € BX\{0} with x € B
zy:={A C X : z € cn(A)} is a B-bunch in N. Moreover, xy is maximal element in

N({x})\ {0}, ordered by inclusion.

Proof: Evidently, zy is satisfying (bun;) and (bung). B € zy, since {B} << {{z}} €
N({z}) C N(B) and (esds) are holding.

to (buny): A € 2y and A C cly(F), F € BX imply x € cly(A), hence x € cly(F) follows,
showing that F' € xy is valid.
to (buns): A € xxy NB* and F € xy N BX imply {A} € N({z}) C N(cIn(F)) = N(F),

according to proposition 2.10.

Now, let ¢ € N({z}) \ {0} with xy C 0. For F' € o we have {F} € N({z}), and = € cln(F)
follows, showing that ¢ = xy holds. m

Definition 3.7 A prozimal esd-space (X,B%, N) is called a bunch space iff N satisfies

the condition
(bun) B € BX*\{0} and p € N(B) imply VF € pN BX3 B-bunch o in N with F € o.

Proposition 3.8 The esd-space (X, BX, N°) is a bunch space.

Proof: For B € BX\{0},p € N¢(B) let F' € pnB~, hence by definition ty (e[ B])Nty (e[F]) #
() holds, so that we can choose yr € ty (e[B]) Nty (e[F]). Now, we put t(yr):={A C X 1 yr €
ty (e[A])}, hence F' € t(yr)-t(yr) is a B-bunch in N¢, since () € t(yr), and for A;UA; € t(yr)
we have yp € ty (A1 UAy) = ty (A1) Uty (Ay), showing that Ay € t(yr) or A € t(yr) is valid.
If Ay € t(yp) and A; C Ay C X, then yp € t,(e[A4;]) is valid with ¢y (e[A;]) C ty(e[As)),
and consequently yr € ty(e[As]) follows, resulting into Ay € t(yr). By definition B € t(yr)
holds, and t(yr) € N¢(B), because for A € t(yr) N BX we have yr € ty(e[A]) Nty (e[B]).
Now, let A € t(yr) and A C clye(F),F € B, hence yr € t,(e[A]) C ty(e[clye(F)]) =
ty (eltx(F)]) C ty(e[F]) follows by applying (btx;). Consequently, F' € t(yr) results. At
last let A € t(yp) N BX and F € t(yr) N BX, then {A} € N¢(F) follows, because yr €
ty (e[A]) Nty (e[F]) is valid. The above arguments are showing that (X, B%, N¢) is bunch
space. 0

Convention 3.9 By SYBTEXT we denote the full subcategory of BTEXT, whose ob-
jects are the symmetric btop-extensions and by BUN the full subcategory of PX-ESD

whose objects are the bunch spaces.

Theorem 3.10 Let H: SYBTEXT — BUN be defined by
(a) for a SYBTEXT-object E:=(e, BX)Y) we put H(E):=(X, B*, N°);
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(b) for a BTEXT-morphism (f,q): E — E" we put H(f,g9):=f.

Then H : SYBTEXT — BUN is a functor.

Proof: We already know that the image of H lies in BUN. Now, let (f,g) : (e, BX,Y) —
(¢/,BX')Y") be a BTEX T-morphism: it has to be shown that f is bibsd-map.

By hypothesis f is bi-bounded. Without restriction let B € BX\{0} and p € N¢(B), we
have to verify that fp € N¢(f[B]). For showing this statement let A € fp N B, then we
claim ty(e'[f[B]]) Nty (e'[A]) # ), which would prove our assertion. We have A € BX with
A = f[F] for some F € p. By hypothesis we get ty (e[B]) Nty (e[F]) # 0. Note, that F is also
an element of BX, since F C f~[f[F]] = f~'[A] € BY is valid, and f is bi-bounded. Now, we
can choose an element y € ty(e[B]) Nty (e[F]). Consequently, g(y) € glty (e[B])|Ng[ty (e[F])]

follows.

But the proposed diagram (see 3.1) commutes so that ty/(gle[B]]) = ty/(¢/[f[B]]) and
ty(e'[A]) = ty/(gle[F]] = ty/(e/[f[F]]) are valid, which put an end of this. Evidently, H

fulfills the remaining properties for being a functor. O

4 Strict bornotopological extensions

In the previous section we have found a functor H from SYBTEXT to BUN. Now, we

are going to introduce a related one in the opposite direction.

Lemma 4.1 Let (X,B%,N) be a prozimal esd-space. We set: X’:={c C PX : o is
B-bunch in N for some B € BX\{0}}, and for each A’ C X° we put: tx(A%):={0 €
XV ANAY C o}, where AA":={F € BX : VYo € A’F € o}. (By convention AA* = BX if
A =1(). Then txs : PX® — PXP" is a topological closure operator.

Proof: Firstly, we note that ty:(0)) = 0, since ) ¢ o for each 0 € X°. Now, let A’ be
a subset of X* and consider 0 € A®. Then F € AA® implies F' € o, hence A’ C ty(A?)
is valid. TfA? C A%, then AAS C Ab implying tys(A3) C txs(AY). For arbitrary subsets
A% AL C X® we consider an element o € X° such that o & s (A%) Utys(AS). Then we get
NAY ¢ 0 and AAS ¢ 0. We can choose Fy € AA® with F} € o and F, € AAS with Fy, € 0.
By (buny) we get Fy U Fy € 0. On the other hand F} U F, € B, since BX is bornology,
and Fy U Fy € AA N AAS € A(AY U AY) imply o & tye (A5 U AY). At last, let o be an
element of ¢y (txs(A?)), A* C X° and suppose o & txs(A®). We can choose F' € AA®, with
F ¢ 0. By assumption we have Atyi(A%) C o, hence F' ¢ Aty (A®). Consequently, there
exists o1 € tx»(AY) with F' ¢ oy. But this implies AA® C oy, and F € oy results, which

contradicts. O
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Theorem 4.2 For prozimal esd-spaces (X,B%X,N),(Y,BY,M) let f : X — Y be a
bibsd-map. Define a function f°: X* — Y by setting for each o0 € X*: f(0):={D C Y :
[ Yely(D)] € o}. Then the following statements are valid:

(1) f° is a continuous map from (X txe) to (Y tys);

(2) the composites f®oex and ey o f coincide, where ex : X — X° denotes that function

which assigns the {x}-bunch xy to each x € X.

Proof: First, let ¢ be a B-bunch in N. We will show that f°(¢) is a f[B]-bunch in M.
It is easy to verify that f°(o) satisfies the conditions (bun;) and (buny), respectively (see
3.4). In order to establish (bung) we observe that B € ¢ € N(B) is valid by hypothesis.
Since cly(f[B]) D f[B] we have f~[cly(f[B])] 2 f7Y[f[B]] O B. Then f[B] € f(0)
results by applying (bun;). In showing fb(c) € M(f[B]), we will verify that {cly/ (D) :
D € f(0)} << fo (note, that f is satisfying (sd) in definition 1.1). For any D € f°(o)
we have f~'[cly/(D)] € o, hence cly (D) D f[f[clm(D)]] € fo. By applying (esdg) we
obtain the desired result. Now, let D € (o) and D C cly(F), F € BY. We have to show
that f~[cly(F)] € 0. By hypothesis f~[cly(D)] € o is valid. f~[cly(F)] € BX holds by
applying (esdg) and since f is bi-bounded. Consequently, f~*[cly/(D)] C cln(f[cla(D)]) C
cn(fcly(F)]) follows, leading us to the desired result by applying (buny) for o. At
last let D € f%o) N BY. For F € f°o) N BY we have to show that {D} € M(F) is
valid. Since M is proximal, therefore it suffices to prove {F} € M(D). By hypothesis
[ Yelar(D)] € onNBX, note that f is bi-bounded. On the other hand if F' € f*(0)NBY we also
have f~[cly (F)] € oNBYX. But o satisfies (buns), hence { f~[cly (F)]} € N(fcla(D)]) is
valid. Consequently, {cly/(F)} € M(cly (D)) follows, since f satisfies (sd) and by applying
(esds). But then {F'} € M(D) results according to (esds) and proposition 2.10. Taking
all these facts into account we conclude that f°(o) defines a f[B]-bunch in M, and thus
fb(0) € Y is valid.

to (1): Let A® C X° o € txs(A®) and suppose f(o) & tys(f°[A%]). Then Af°[A®] ¢ f°(0),
hence D ¢ f%o) for some D € AfP[A®, which means f~![cly/(D)] € o. But
NA® C o implies f~Ycly (D)) € oy for some o7 € A, Consequently, D & f°(oy)
results, which contradicts, because D € A f°[A?] is valid.

to (2): Now, let o be an element of X. We will prove the validity of the equation fb(ex(x)) =
ey (f(z)). To this end let D € ey (f(z)). Then f(z) € cly (D) follows, and = €
fYela(D)] is valid. Consequently, f~'[cly(D)] € zny = ex(x) holds, and D €
fb(ex(x)) results, proving the inclusion ey (f(x)) C f*(ex(x)). Conversely, we note
that {cly (D) : D € fP(ex(z))} << fex(z) € M({f(z)}), since by supposition f
satisfies (sd). But ey (f(z)) is maximal in M ({f(z)}) \ {0}, and thus we obtain the
desired result.
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[]

Theorem 4.3 We obtain a functor G : BUN to SYBTEXT by setting:

(a) G(X,B*,N):=(ex, BX, X" for any bunch space (X,BX,N) with X :=(X,cly) and
Xb::(Xb,txb);

(b) G(f):=(f, f*) for any bibsd-map f : (X,BX,N) — (Y,BY, M).

Proof: With respect to (esdg), cly is topological closure operator, and by Lemma 4.1 this
also holds for ¢ys. Therefore we get topological spaces with bornology B¥, and ey : X —
X" is a map according to theorem 4.2. Moreover, ey is a function satisfying (btx;) and

(btxy), respectively.
To establish (btx;) let B € BX and suppose x € cly(B). Then we get Aex[B] C zx, hence

ex(z) € txs(ex[B]), which means x € ey [txs(ex[B]). Conversely, let x be an element of
ex'[txe(ex[B])]. Then by definition we have Aex[B] C xy. Since B € Aex|B] we get
x € cly(B). To establish (btx,) let 0 € X° and suppose o & tys(ex[X]). By definition we
get Aex|X] ¢ o, so that there exists a set F' € Aex[X] with F' ¢ 0. But then X C cly(F)
follows. Since B € o for some B € BX\{0} we get B C cly(F), hence F € o, because o
is satisfying (bung). But this contradicts, and o € tys(ex[X]) is valid. Moreover, we have

that f and f° are continuous maps (see also theorem 4.2), and the diagram

XXt
fl j yb commutes.
Y syt

Finally, this establishes that the composition of bibsd-maps is preserved by G. In showing
(ex, BX, X?) is symmetric, let  be an element of X such that o € tys({ex(x)}). We have to
prove xy € txs({o}). By hypothesis we have xy N B C ¢ and must show that A{o} C zx.
To this end let F' € A{o}, hence F' € cNB~* follows. We already know that {z} € o is valid,
and consequently {F'} € N({z}) follows by applying (buns). But this implies = € cly(F),
and F € xy results. At last we will show that the image of G also is contained in ST-
SYBTEXT the full subcategory of SYBTEXT, whose objects are the strict symmetric

bornotopological extensions. O

Corollary 4.4 The image of G is contained in ST-SYBTEXT.

Proof: Consider o ¢ X® and let A® be closed in X® with o & A®. Then o ¢ tx1(A°), hence
AAY ¢ 0. We can find some F € AA® such that F' € 0. Now, for each o; € A® we have
F € oy, which implies Aex[F] C oy, because D € Aex[F] implies F' C cly(D) with D € BX,
and o, satisfies (buny). Therefore we conclude oy € txs(ex[F]), and A® C txs(ex[F])
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results. On the other hand, since F' ¢ o we have Aex[F] ¢ o, hence o & txs(ex[F]), and
txv(ex[F]) C A® results, which put an end of this. O

Theorem 4.5 Let H: SYBTEXT — BUN and G : BUN — SYBTEXT be the
above defined functors. For each object (X,B%,N) of BUN let tx, Ny denote the identity
map idy : H(G(X,BX,N)) — (X,BX,N). Thent: HoG — 1gpyn is natural equivalence
from HoG to the identity functor 1gyn, i.e. idx : H(G(X,B%,N)) — (X, BX, N) is bibsd-
map in both directions for each object (X, BX, N), and the following diagram commutes for
each bibsd-map f : (X,BX,N) — (Y, BY, M):

idx

H(G(X,BX,N))—— (X,B* N)
H(G(f))l Lf

idy

H(G(Y,BY,M))—— (Y, BY, M)

Proof: The commutativity of the diagram is obvious, because of H(G(f)) = f. It remains
to prove that idy : H(G(X,B%,N)) — (X,BX, N) is bibsd-map in both directions. Since
H(G(X,B*,N)) = (X,B*, N°x) by definition of G respectively H, it suffices to show that
for each B € BX\{0} we have N°X(B) C N(B) C N°(B). To this end assume p €
Nex(B),B # 0. Then txi(ex[B]) € sec{txs(F) : F € pn BX}. Now, we will show that
p N BX is subset of |J{A : A € N(B)}. Note, that (X,B%, N) is conic by assumption.
F € pn B¥ implies the existence of o € txs(B) Ntxs(F), hence Aex[B], Aex[F] C o are
valid. Consequently, B, F' € o NBX result, and {F} € N(B) follows, since o satisfies (buns).
Consequently, F' € [J{A : A € N(B)} is valid, showing that p N B* € N(B). But then
p € N(B) follows by applying (esdg). Conversely, let B € BX\{(} and p € N(B). We
have to verify txu(ex[B]) € sec{txs(F) : F € pNBX} - F € pn B implies the existence
of a B-bunch ¢ in N with F' € o, according to (bun). Now, we claim that the following

statements are valid, i.e.

(a) o € txv(ex[B]);
(b) o € txo(ex[F]).
to (a): We have to check that the inclusion Aex[B] C o is valid. A € Aex[B] implies

B C cly(A). Since B € o we get cly(A) € o, and A € o results, according to
(buny). Note, that A € BX by definition.

to (b): We must show that the inclusion Aex[F| C o is valid. But by hypothesis we know
that F' € o holds, hence this proving is as above.
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Corollary 4.6 For a btop-T, extension E:=(e, BX,Y), where e is topological embedding
and Y Ty-space, then (X, B%, N¢) is separated by satisfying

(sep) z,z € X and {{z}} € N°({z}) imply x = =.

Proof: For z,z € X with {{z}} € N¢({z}) there exists y € ty({e(x)}) Nty ({e(z)}). By
hypothesis e(x) = y = e(2) follows, and x = z results, because e is injective. O

Corollary 4.7 For a separated prozimal esd-space (X,B%, N) the function ex : X —

X? is injective.

Proof: For z,z € X let ex(z) = ex(z), hence z € cly({z}), and {{z}} € N({z}) follows.
By hypothesis x = z results. O

Remark 4.8 In making the main theorem of this paper more transparent we state that
a proximal esd-space (X, B%, N) is a bunch space iff it can be considered as subspace of a
topological space Y, such that the B-collections in N for non-empty bounded sets B are
characterized by the fact that their closures of bounded members in Y meet the closure
of B in Y. In case if BX is saturated, then proximal esd-spaces essentially coincide with
LODATO proximity spaces up to isomorphism. Hence the main theorem generalizes the one
of LODATO, presented by him in the past and where symmetric generalized proximities are

playing an important role, especially those arising from a family of bunches on a set X.
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RENE BARTSCH

Vietoris hyperspaces as quotients of natural function
spaces

ABSTRACT. Hyperspaces form a powerful tool in some branches of mathematics: lots of
fractal and other geometric objects can be viewed as fixed points of some functions in suit-
able hyperspaces - as well as interesting classes of formal languages in theoretical computer
sciences, for example (to illustrate the wide scope of this concept). Moreover, there are
many connections between hyperspaces and function spaces in topology. Thus results from

hyperspaces help to get new results in function spaces and vice versa.

We give here a new description of the Vietoris hyperspace on the family K(Y) of the
nonempty compact subsets of a regular topological space Y as quotient of the space C'(SD,Y),
endowed with compact-open topology 7.,, where 8D is the Stone—éech—compactiﬁcation of

a discrete space.

1 Preliminary Definitions and Results

For a given set X we denote by (X) the power set of X, by Po(X) the power set without
the empty set. By F(X) (resp. Fo(X)) we mean the set of all filters (resp. ultrafilters) on
X; if pis a filter on X, the term §o(y) denotes the set of all ultrafilters on X', which contain
¢. For z € X we denote by & := {A C X| z € A} the singleton filter on X, generated by
{z}. With &(X) := {z] z € X} we mean the family of all singleton filters on X.

For families 2 C B(X) and any M C X we set
M2 .={AcA ANM #0}

and

Mt ={AcA ANM =0} .

Then for a topological space (X, 7) on A C By (X) the lower Vietoris topology 7.4 is defined
by the subbase {O~2| O € 7}, whereas the upper Vietoris topology 7,9 on 2 comes from the
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subbase {(X \ O)™| O € 7}. The Vietoris topology on 2 is Tyy := 79 V Tua. In most cases
20 is chosen as the family C(X) of the nonempty closed, or K(X) of the nonempty compact
subsets of a topological space (X, ), or as the entire Py (X).

The Vietoris topology on 2 is also generated by the standard basis consisting of all sets

AQUUZ» A Vizl,...,n:AﬂUi%(b}

i=1

<U1, e Un>gl = {A e

with open Uy, ..., U,.
Whenever there is no doubt about 2(, we will omit it as sub- and superscript.

We will need some basic facts about the Stone—éech—compactiﬁcation of discrete spaces.

A discrete space (D,0d) clearly is T, and Hausdorff, so its Stone-Cech-compactification is
homeomorphic to its Wallman extension, consisting in this case just of the set Fo(D), where
the singleton filters are identified with their generating points via w : D — Fo(D) : w(x) := z,
endowed with the topology generated from the base consisting of all sets §o(M ), with M C D
(see [1], p. 176 fT).

Proposition 1.1 Let (D,6) be a discrete topological space. Then for its Stone-Cech-
compactification (8D, 6") hold

(a) For all M C D in B the closure M is clopen.

(b) 6° has a base consisting of clopen sets.

(c) All clopen sets C in (BD,6") are of the form C = C N D.

Proof: We use the homeomorphy of (8D, ?) to the Wallman extension.

(a) + (b) We have w(M) = Fo(M): from Fo(M) = Fo(D) \ Fo(D \ M) we conclude, that
Fo(M) is closed and of course it contains w(M). So, w(M) C Fo(M) follows. If there would
be a filter ¢ € Fo(M) which belongs not to w(M), then there would exist a base set Fo(.S),
S C D, of 6% st. ¢ € Fo(S) and Fo(S) Nw(M) = (. But this implies M NS = (), and
thus Fo(S) N Fo(M) = 0 - in contradiction to ¢ € Fo(S) N Fo(M). So, we have indeed

w(M) = Fo(M), which is also open, because it belongs to our defining base of 7.

(¢) Let C' C D be clopen. Then for all ¢ € C' there exists a basic open set Fo(M,.) with
M, C D, s.t. ¢ € Fo(M,.) C C, because C' is open. From closedness of C' automatically
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follows compactness, because 5D is compact, thus there are finitely many M., ..., M., with
C =, §o(M,,). Now, for such finite union we have generally | ", Fo(M,,) = Fo(U\—, M.,)
and it is clear, that w({J_, M,,) = C N w(D) holds. O

For a topological space (Y, o) - especially, if it is not T - we define an equivalence relation
on Y by
r~y & VOe€eog:ze0+ye0).

Then the quotient space (Y/~,0.) is obviously Ty; we call it the T-zerofication of (Y, o).
Let v: Y — Y/~ : v(y) := [y]~ be the canonical surjection. Because v is continuous, the

space (Y/~,0.) is compact, whenever (Y, o) is.

Proposition 1.2 Let (X,7) be a Tychonoff space, (Y,0) a compact Ts-space and f :
X —'Y a continuous function. Then there exists a continuous extension F : pX — Y with

Fx =,

Proof: The T-zerofication (Y/~,0.) of (Y, o) is also T3 (see [3], p. 191), and of course Tj,
S0 it is Th. Because it is also compact, from the theorem of Stone-Cech we get a continuous
extension G : X — (Y/~,0.) of vof: X — Y/~ where v is the canonical surjection from
Y to Y/~. Now, let o : Y/~ — Y be a choice function, i.e. ¥[y|. € Yo : a([y]~) € [y]~.

Then
; X
F:X =Y :F(x):= fl@) 5 we
aoG(z) ; zepfX\X
is continuous by [3], prop. 4.1.4(4), and is obviously an extension of f. O

Proposition 1.3 Let (Y,0) be a topological Ts-space, K CY compact and O CY open
with K C O. Then an open set U exists with K CU C U C O. Especially, K C O holds.

Proof: K C O just means K N (Y \ O) = 0 and (Y \ O) is closed. Thus, by T3, for every
element k € K there are Uy, Vi € o s.t. k € U, Y\ O C Vi and U, NV, = 0. The Uy's
cover K, so by compactness a finite subcover Uy, ..., Uy, exists. Let U := |J_, Uy, and
V=, Vi, so UV are open, UNV =0, K CU and Y\ O C V hold, i.e.

KCUCY\VCO.

Now, Y \ V' is closed, so we get

KCUCY\V=Y\VCO.
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2 Vietoris Hyperstructure as final w.r.t. Function Spaces

Remember a wide class of function space structures, defined for YX or C(X,Y): the so called
set—open topologies, examined in [1], [5]. According to [5], we use the following convention:
Let X and Y be sets and A C X, B C Y then let be (A4, B) := {f € YX| f(A) C B}. Now
let X be a set, (Y,0) a topological space and 21 C Bo(X). Then the topology 7y on Y

(resp. C(X,Y)), which is defined by the open subbase {(A,W)| A € A, W € o} is called
the set-open topology, generated by 2, or shortly the 2A-open topology.

We know

Lemma 2.1 |[cf 2], lemma 3.4] Let (X,7),(Y, o) be topological spaces, let 2 C (X))
contain the singletons and H C YX be endowed with 75. Then the map

px s H = Po(Y)" 1 f = px(f) 1 VA € A px (f)(A) = f(A),

is open, continuous and bijective onto its image, for Po(Y") is equipped with Vietoris topology
oy, and Po(Y)* with the generated pointwise topology.

Now, the pointwise topology on Po(Y)* is just the product topology on [ .o Bo(Y)a (with
all Po(Y') 4 being copies of Py (Y)). By chosing H := C(X,Y), A := K(X) and consequently
replacing Bo(Y') by K(Y), we have the following situation:

C(X,Y) " K(Y)KO = ko K(Y)a

TA

(K(Y),0v)
Of course, by m4 we mean the canonical projection from the product to the factor K(Y)4 =
K(Y).
From lemma 2.1 we get the continuity of uy, if C(X,Y) is equipped with compact-open
topology, thus in this case all compositions m4 o ux are continuous, too.
Moreover, px is even a homeomorphism onto its image and the product structure is initial

w.r.t. the projections. So, the question arises, whether or not the Vietoris topology oy on

K(Y) is final w.r.t. all m4 0 pux.

Lemma 2.2 Let (X,7), (Y,0) be topological spaces and let oy be the Vietoris topology
on K(Y). Then for every O € oy and every A € K(X) the set (maoux) 1(O) C C(X,Y)

15 open w.r.t. the compact-open topology.
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Proof: Let A € K(X) be given and let ' € CI(Y) be a closed subset of Y. Then
(maopx) (FH) ={f e CX,Y)| f(A) CY\F} =(AY\F) € 7. Let now O € o be
given, then

(Taopx) HO7) ={f € C(X,Y)| fF(A)NO # 0} = U,ea{a}, 0) € 7.

So, because the F'* and O~ form a subbase of oy, for O € oy the preimage (w4 0 pux) ' (O)

is an element of 7,. O

Corollary 2.3 Let (Y,0) be a topological space. For every topological space let C(X,Y)
be equipped with compact-open topology.

Then the Vietoris topology oy on K(Y') is contained in the final topology w.r.t. all TAO L x5
(X,7) € B, Ae K(X,T1), for every class B of topological spaces.

Theorem 2.4 Let (Y,0) be a Tz-space and let (K(Y), o) be its Vietoris Hyperspace of
compact subsets. Let furthermore ¢ be the discrete topology on'Y X Y and denote by (Z,()
the Stone-Cech-compactification of (Y x Y, ).

Then oy is the final topology on K(Y) w.r.t. mzopuy : C(Z,Y) — K(Y), where C(Z,Y) is

endowed with compact-open topology Te,.

Proof: From Lemma 2.2 we know that oy is contained in the final topology w.r.t. 7z o iz,
so we only have to show, that every open set of the final topology also belongs to oy . Let

9 be an open set of the final topology, i.e. (770 uz) 1 (O) € 7o, and let A € O.

We want to show, that there exist finitely many open sets Uy, ...,U,, € o s.t.
Ae <U17 ) Um>K(Y) C 0.

At first, chose any surjection s from Y onto A C Y. Then extend it to a surjection
fa 1Y XY — Aby falyi,y2) := s(y1), just meaning, that f4 maps such pairs with

equal first component to the same image.

Now, endowing Y X Y with discrete topology, we get fa being continuous. So, if (Z, ()
denotes the Stone-Cech-compactification of the discrete Y x Y, there exists a continuous

extension Fs : Z — A of f4, by proposition 1.2.

Because Fy is an extension of f4, we have

V(a,b),(c,d) €Y XY :a=c = Fala,b) = Fa(c,d) . (1)

Because O is open in the final topology, there are finitely many compact subsets K1, ..., K,, €
K(Z) and open subsets Oy, ...,0,, € o s.t. Fa € (i (K;,0;) C (mx o pux) (D).
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We will improve the sets K; and O; a little in an appropriate manner.

(a)

For each K; and every k € K; there is an open neighbourhood Uy of k, s.t. Fa(Uy) C Oy,
because F4 is continuous. Now, ( has a base consisting of clopen sets B of the form
B = m So, there exist always such a clopen B, C Uy with k € By and
FA(Bg) C O;. The family of all B,k € K; is an open cover of K; and consequently
there is a finite subcover {By,, ..., By, }, by compactness of K;. Now let

l
K= B,
j=1

and observe, that K as a finite union of clopen sets is clopen again, hence it is compact
and of the form K] = K/ N (Y x Y). Furthermore we have K; C K/ and consequently

Fy e (K[,0;) C (K;,0;) .

We want to have our K’s saturated in the sense, that whenever (a,b) € K N (Y xY)
holds, then {a} x Y C K also holds. So, let us define

D; = U {a} xY
a€Y, ey
(a,b)EKIN(Y XY)

and then K/ := D;. From the continuity of F follows

FA(K]) = Fa(Di) € Fa(Di) (2)
and from (1) we get
Fa(Dy) = Fa (Kin (Y xY)) . (3)

Of course, Fu (K] N(Y xY)) C Fa(K]) and Fa(K]) is compact and fulfills F4(K]) C
O;, so by proposition 1.3 we get from (Y, o) being T3

Fa(K]) C Fa(Di) C Fa(Kj) CO; . (4)

Note, that all K are compact and clopen again, by construction as a closure of a
subset of Y x Y in the Stone-Cech-compactification (Z,¢) of the discrete ¥ x V.
Clearly, K]' O K] holds, yielding (K, O;) C (K}, O;), thus

Fae (K], 0) C()(K].0:) . (5)
=1 =1
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(c) To cover Z (resp. A) with our compact sets, we add K| := Z (resp. Op :=Y) and

find of course
n

Fae((K],00) = (K], 0) .
=1

i=0
For each z € Z define
I(z) :={ie€{0,...,n}| z € K'}
and then
Clz):= (] KI'\ U &7 (6)
i€l(z) 7€{0,....,n}\I(2)

as well as

implying Fu € (C(2),V(2)).

The family of all C'(z) covers Z, because every z € Z is contained at least in it’s own
C(z). Observe, that different C'(z;) and C(z2) are disjoint: if y € C'(21) N C(22) exists,
then I(z1) = I(y) = I(22) follows, implying C(z;) = C(z2) by (6).

Obviously, there are only finitely many different sets C(z),V(z), because they are
uniquely determined by I(z), which is a subset of {0, ...,n} and this set has just finitely
many subsets. So, for simplicity, let us denote them by Ci,...,C,, and Vi, ..., V,,,

respectively.

It is clear, that the C}’s are clopen (thus compact) and saturated in the sense of para-

graph (b), by construction (6) from just clopen saturated K!s.

For G € (V4(CVy) = M.ep(C(2),V(2)) we find
Vie{0,...,n} : Vze K/ c 1€ I(z)
= : G(z)eVi(z) CO;
= : G(K[!')CO;.
Consequently, we have

Fae ()G V) € (K200 ©

j=1 i=0
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(d) At last, let us chose for every j = 1,...,m an open set U; € o s.t. Fa(C;) C U; C
Uj C V; holds, as provided by proposition 1.3. Of course, we have then automatically
Fa e (C;,U;) € (C5,V5).
So, because the C}’s cover Z, the F4(C;)’s cover A, and so the U,’s do.

With these U;, j = 1,...,m, we show A € (Uy,...,U;)gy) € O.

A € (Uy,...,Un)k(y) is clear, because the U;’s cover A, as seen in paragraph (d), and
0+ Fa(Cj) CANU;forall j=1,...,m.

Let
B e <U1,...,Uj>K(y) (9)

be given.

Because every C is nonempty clopen and saturated in the sense of paragraph (b), C;N(Y xY)
has the cardinality of Y. So, there exists a surjection ¢; : C; N (Y xY) — U; N B (the range
is not empty by (9)).
Now, define

t: (Y xY)—= B: t(z,y) :=t;(z,y) for (z,y) € C;

This ¢ is well defined, because the C;’s are pairwise disjoint and cover Z by paragraph (c),
and it is a surjection onto B, because the U;’s cover B by (9) and the ¢; are surjections
onto U; N B. Our t is continuous w.r.t. the discrete topology on Y x Y, so it extends to a
continuous 7' : Z — B.

By construction we have for each j € {1,...,m}

T(C;N(Y xY))CU, (10)

implying T(C;) = T (Cj A x Y)) CT(C;N(Y xY)) C T, by continuity, thus T(C;) C
V; by choice of U; in paragraph (d).

We find 7' € /2, (C;,V;) C (77 0 pz) (D), yielding B = 7z 0 pz(T) € O. This works for
every B € (Ui, ..., Un) k(v), thus we have indeed (U, ..., Up) k(yv) € O. Consequently, O is a

union of Vietoris-open subsets of K(Y), just meaning O € oy . O

Remark 2.5 Of course, Y x Y with discrete topology is homeomorphic to Y with discrete
topology for infinite Y. So, we used Y xY here just for convenience concerning the description
of the ,saturated” subsets within the proof. Moreover, even for finite Y this proof works fine,
but wouldn’t do so with Y instead of Y x Y.
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Corollary 2.6 Let (Y,0) be a Ts-space. For every topological space let C(X,Y) be
equipped with compact-open topology. Let B be a class of topological spaces, that contains the
Stone—éech—compactiﬁcation of a discrete space with cardinality at least card(Y').

Then the Vietoris topology ov on K(Y') is the final topology w.r.t. all taop,, ., (X,7) € B,
Ae K(X,T).

This characterization of the Vietoris hyperspace of the nonempty compact subsets of a reg-
ular space as a quotient (or more generally as a final object of a given class of spaces under
certain mappings) includes an easy possibilty to characterize the Vietoris hyperspace of the

nonempty closed subsets for Hausdorff T-spaces.

Lemma 2.7 Let (Y,0) be a Hausdorff Ty-space. Then its Vietoris hyperspace on the
nonempty closed subsets (CI1(Y),ov) is homeomorphic to a subspace of the Vietoris hyper-
space (K (BY),0?) of compact subsets of the Stone-Cech-compactification of (Y, o).

Proof:

(1) The map
a:ClY) = K(BY) : a(A) = A"

is injective: Let A; # Ay € Cl(Y) be given, say w.lo.g. Ja € A; \ As. Be-
cause Y is Tychonoff, we get a continuous f : Y — [0,1] such that f(a) = 0
and f(Ay) = {1}, and then by the theorem of Stone-Cech a continuous extension

F:pY — [0,1] with F(a) = f(a) = 0 and F(A2) = f(Az) = {1}, thus by continuity
F (A_gﬁy) C F(Ay) = {1} = {1}, implying a ¢ A_zﬁy and consequently A_lﬁy # A_QBY.

(2) « is continuous w.r.t. to oy, (07)y:
e Let O € 0 and
Ageat (07xem) = {Aeciy)| A" no 0}
= {AeClY)ANO # 0}

be given.
Because Y is a dense subspace of Y, we get ) # ONY € o and Ay € (ON
Y) o) C o=t (O7x6). Thus o~ (O756Y)) is open in oy .

e Let O € of and
Agca (BY \O)Txem) = {Aeciy) a2 c oy

be given.
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Now, BY is T3 and A_OK(BY) is compact, so by proposition 1.3 we get an U, € o”

with A_OK(BY) C Uy C mK(ﬁy) C O. So, we have Ay € UyNY € o and further-
more VA € (Y \ Up)tam : A < 7" ¢ 0, yielding Ay € (V' \ Up)ten €

a™ ((BY \ O)Txem). Consequently, o= ((8Y \ O)*&¢) is open in oy

Note, that we didn’t use T} so far.

(3) « is an open map onto its image.

Let Uy, ...,U, € o be given.

Let A e (Uy,....Un)ciy)-

We have A C U, Ui = An(N_,(Y\U;)) = 0. So, A and N, (Y \ U;) are
disjoint closed subsets of Y, which can be separated by a continuous function from
Y to [0, 1], according to Ty. This function extends to a continuous function from Y

to [0,1] by the Stone-Cech theorem, yielding () = a7 n N, (Y Ui)ﬂy

e\ (NLOT)).

, SO we have

Furthermore, ANU; # 0 implies A € Y \ U;, and this yields by the same argument as
in (1), that 777 ¢ Y\ T, , thus A" (51/ \ (Y \ Ufy)) £ 0.

So, let Vo = BY \ (ﬂ?zl(Y\Ui)5Y> and for i = 1,...,n we define V; := BY \
(YNNG, e o?.

Note, that [J;, (ﬁY\ (W’By>> C BY'\ <mﬁy> holds, i.e.

Vil 1)

=1

So we get a(A) € (Vo, Vi, ..., Vo) k(sy) from the above.
This for all A € (Uy, ..., Up)cyy) yields

a((Ui, ..., Un)aiyy) € (Voo Vis oo Vi) k(v - (12)

If otherwise A € CI(Y) is given with a(A) = a7 e (Vo, Vi, ..., Vi) k(sy), then for
: —BY —BY ———BY —BY _, ———BY
i=1,...nwegetfrom£ A" AV, =4 ﬂ(ﬁY\(Y\Ui )),thatA ZY\U,
and consequently A € Y\ U;, thus ANU; # (.
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Moreover, from A C (Ui Vk) = Vo we get
n pY
AcyndV cyn|sy\ Y \U
i=1
whY n
C Y\(Y\Ui c<Y\(Y\U
i=1 i=1

n n

c Yooy = Ju

=1

This yields
a ' ((Vo, Viy oo, Viksy)) € (U, Un)cugyy - (13)

So, from (12) and (13) we get

Oé(<U1, ceey Un>Cl(Y)) == OZ(CZ(Y)) N <‘/0, ‘/1, cevy Vn>K(5y) .
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