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wolfgang Guba

Ein lokaler Algorithmus zum Aufbau minimaler Oberdeckungen

Die vorliegende Arbeit beschiéftigt sich mit minimalen Oberdek-
kungen von endlichen Mengen M. Auf die Betrachtung solcher
Oberdeckungen wird man bei einer Reihe bekannter mathematischer
Aufgaben gefihrt, Es k&nnen zum Beispiel die Minimisierung Boo-
lescher Funktionen und die Oberdeckung von Graphen durch Kanten
genannt werden (vgl. /3/).

Ein mdglicher Zugang zu derartigen Problemen wird durch die
Theorie der lokalen Algorithmen gegeben. Dabei geht es um die
Gewinnung und Abspeicherung von Informationen iber Mengen

NJ' NJ & M, beziglich der folgenden Hauptprédikate:

- NJ geht als Element in alle minimelen Oberdeckungen von M ein,
und
- NJ ist in keiner minimalen Oberdeckung von M enthalten.

Deneben kdnnen weitere Prédikate zur Entscheidung der Hauptpré-
dikate herangezogen werden. Diese dienen dann els Hilfsprédika-
te. Entsprechend dem lokalen Charakter der Algorithmen werden
neue Informationen nur aus einer gewissen Umgebung von NJ abge-
leitet,

Besondere Bedeutung hat die Angabe maximaler lokaler Algorith-
men, Die Maximalitét ist dabei wie folgt charakterisiert: Wenn
mit einem lokalen Algorithmus, der die gleichen Parameter be-
sitzt (Prédikatenauswahl, Umgebungsbegriff), eine Information
beziglich eines der Hauptprédikate gewonnen werden kann, so ist
dieses auch mit Hilfe des maximalen Algorithmus méglich. In /S5/
wurde von Ju. I. Zuravlev die Konstruktion eines maximslen lo-
kalen Algorithmus mit dan sngegebenen Hauptpr&dikaten und ohne
Hilfsprdédikate angegeben., Ziel unserer Betrachtungen ist es,
diesan Algorithmus durch Hinzunahme von Hilfspriédikaten zu ar-
waitarn, Dadurch kdnnen weitere Informationen Ober die Heupt-
prédikata gewonnen warden,

Zunéichst sollan aber noch einige Grundbegriffe aus dar Theorie
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der lokalen Algorithmen in enger Anlehnung an die UOberdeckungs-
problematik geklart. werden, Es sei jedoch betont, daB die An-
wendung lokaler Algorithmen nicht nur bei Oberdeckungsaufgaben
mdglich ist (vgl. /4/).

1, Grundlegende Begriffe und Bezeichnungen

Es sei M eine endliche Menge. Mit W = {Nj.....N,{. Ny # @, be-
n

zeichnen wir ein System, fir das \U/ NJ = M vorausgesetzt wird.
=l

Jede Teilmenge O(M, WY ) = {Ni sose Ny } von T, fur die
t 1 t
U N
J=1

mit Elementen aus TIY., O(M, W ) heiBt unverkirzbar, wenn keine
echte Teilmenge von O(M, W) eine Oberdeckung von M darstellt.
Unter einer Wichtung der Elemente aus T verstehen wir eine

eindeutige Abbildung u von T in die Menge der positiven reel-
len Zahlen. Diese Abbildung ordnet jedem NJ‘ NJ € M, ein Ge-

y = Mgilt, nennen wir Oberdeckung vonM
3

. wicht p(NJ) zu, Auf der Grundlage einer Wichtung u nennen wir
t

O(M, M) = N, ,....N minimale Oberdeckung, wenn (N, )

[y, e mally } o MMy

minimal bez, aller Ubor&ockungen von M 1ist,
Wie angekiindigt, besteht unser Ziel darin, Informationen Uber
folgende zwei Eigenschaften (Hauptpriidikate) zu erhalten:

Pg(NJ. WL ,M) : N, ist ale Element in allen minimalen Ober-

3

deckungen der Menge M mit Elementen aus R 114
enthalten, und .
P2(N e .M) NJ geht 1n keine minimale Uberdeckung von M
i mit Elnontcn aus UL ein,

Daneben betrachten wir die Eigenschaften P,_(Nj. WL M),
Z(NJ. W M), 1=1,,,.,1, die sich suf weitere Oberdeckungs-
klassen beziehen, FiOr i=1,...,8 sei Q! (M, W) = {O(M, ‘m)l
O(M, W) ist minimale Oberdeckung und mis o(M, T )}

1es+1,...,1 sei Q! (M. W) = oM, W )[O(M, T) tet unverklrz-

v
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bare Oberdeckung und mie o(M, W )} (Tt (1s1,...,1) sei je-
weils als Teilmenge einer minimalen Oberdeckung vorgegeben) und
damit

Pi(NJ. WL M) : Ny geht in alle Oberdeckungen aus Qi(M. )
ein,

p;(nj. TW M) : Ny geht in keine Dbordockung aus QY(M, L)
. Gil‘l.

Bezeichnen wir mit Q (M, Mt ) die Klasse aller minimalen Ober-
deckungen von M mit Elementen aus 7IL, so gilt offenbar

Qm. M) 2 o*(m. M) (1-1,....8) und C(M.T)nQ (M) # 9
(1=8+1,,..,1), Hieraus ergibt sich die Mbg'lichkoit Pi und Pé

zur Entscheidung von F und P horanzuziehon (Pi' P; fungieren
als Hilfspradikate).
Jedem Ny sus W ordnen wir einen (21+2)-stelligen Informa-

~ 0 0 1 1 i
tionsvektor o = (’1;,1' 82,50 81;q0ece> 02:1). ah:Je{O.i.A}.
zu, Wenn .:‘;J = 1 (=0) ist, so folgt daraus "P;(NJ."m.M) wahr"

(bzw, "falsch™), Im Fall .‘j‘.'i = A liegt keine Infor;ation iber
Pi(NJ. WL ,M) vor. Ausgehend von einer Menge LA {Nll.... .Nn"}

(die Elemente aus UW! werden mit Informationsvektoren markiert)
bestimmen die lokalen Algorithmen neue dorart:l.ge Mengen, die
3

mehr Informationen enthalten, z. B, W - {N1 veos .Nn"} mit
o & -

By = (b j0eenib3 ) -cy,‘,(nj-",sk(u 3, W) und & € By, d. h.

bh " - ‘h R falls 'h i3 & {0,1} gilt, Hinter q:h verbergen sich

hinreichende Kriterien, die Infornat:l.onon Ober N bezﬂglich des

(=Y

Priédikates Ph liefern, Neue Informationen lber N, werden nur

L=

R

aus einer bngobung k-ter Ordnung des Elementes "1.1 in der Menge

WL* gewonnen. Es soll dabei folgender Umgebungsbegriff verwen-
det werden:



d &
SI(NJJ.m*) ist die Menge aller Npp aus W*, for die gilt:

d
\_U N, , wobei N_ ,...,N
q=1 %q a, ay
aus M sind und der Begingung a) genigen,

a) an NJ;lpoder b) NPE

rar k & 2 ist

& &
Sk(NJJ,m") die Menge aller Nbb aus WU, far die gilt:

~

&, &J "
a) Es existiert ein Element N, aus sk-i(Nj , UY mit

N, N N_ ¥ @, oder b) es ist N, &8 \_J N_. , wobei
b t b h f
ul h

Ne¢ sooo Ng aus WL sind und der Bedingung a) gendgen.
1 g )

& &
oftmals werden wir auch Sy (Ny. M) = {Nu]Nu" 3 Sk(NJJ. m*)}
verwenden, -

2, Ein lokaler Algorithmus fir die Prédikate Pi. P;
(1 =0,1,2,...,1) i

Es erfolgt nun die Angebe eines lokalen Algorithmus fir die an-
gegebene Pradikatenauswahl, Dabei steht als Frage im Mittel-
punkt der Betrachtungen, wie man aus der Kenntnis der Umgebung

&
Sk(NJJ.M') neue Informationen iber NJ ableiten kann,

2.1, Bilden eines Systems von Teilmengen der Menge M:

Wir setzen M, _, 4y = W No o ‘Mg " ) \:Js -
Np€ Syg(Ny. ) q k(Nyo

und Mk.k-:l,j = M(k,;])\ M(k-l,J)' Mit Hilfe der Aquivaler.:zrola-

tion - a ist Bquivalent b, wenn {N,|ac N, und N € Sk(NJ:m )}

" {Ng[beng und Ngesk(NJ, m)} - wird Mk,k-:l.,j in Klassen

Kyv eees Kq(;j,k) zerlegt, Der nichste Schritt besteht dann im

Aussondsrn der Mengen My:

. My = M(k-i,j)UAy (Ay ist Vereinigung gewisser Klassen K,,
y=1.... .Zq“'k)).



Wir erhalten dadurch schlieBlich ein System von Teilmengen der
Menge M, das wir mit T, bezeichnen, '

Beispiel:
!"3 Ne "%
a e f g [h 1 oo
b c d [;] (e 1 | -
\ T Y x
Ny Ny Ng Ny Ng
Abb,1

Mit T i"iA'....A)""'NsA'”.'A)""} ergeben sich fol-

gende Umgebungen:
si(NiA""'A),'m’)-{NgA”"A).NgA""A).NgA""A)}.
LI S I Ay Y - SPP S B SR

Weiterhin erhdlt men M., .y = {a.b,c.d,e,f},
= {.lblcodo"fuglounol} und M2.1.1 - [glhcivjlknlj sowie

e

|
K.

M2,1)

|

o

-]

Q.
1]

]

-
r

N

3
Abb, 2
Wi, : My = {a,b,c.d,e,f}, My= {a,b,c.d,e,f.3}.
My= je.b,c.d,e.f,3.0.h}, My= {a,b,c,d,e,f,k,1,1,3}.
Mg= {a.b,c,d,e,f,g,h}, Mg= {a.b,c,d,e, f,.g,h,k,1,1},
M, = (a,b,c.d,e,f k,1,1}, Mg={a,b,c,d,e,f.g.h.1,5.k.1}.



Wir wollen nun untersuchen, welche Oberdeckungen von Mengen
My. M, € ‘ﬂlj. mit Elementen aus sk(NJ' ML) wls Teil einer Ober-

deckung aus Qi(M.FH) in Frage kommen, Im Fell i € {0,1,...,}
kd3nnen dieses nur minimale Uberdeckungen sein, die (falls 1 ¢O0)
mioa S (Ny. TL) ale Teilmenge enthalten, Weiterhin ddrfen

keine widerspriche zu bereits vorhandenen Informationen beste-
hen, Im Fall 1 € js+1,,.,,1} kommen unverkOrzbare Oberdeckun-
gen in Frage, die Ihi n sk(NJ,vn.) als Teilmenge enthalten und

in keinem Widerspruch zu bereits vorhandenen Informationen ste-
hen, Jede zu einem Widerspruch filhrende unverklrzbare Oberdek-
kung enthalt mtn sk(NJ,Uu ) nicht als Teilmenge oder (ber-

deckt eine Menge N% mit (siehe Abb, 3).

- Njf, .
N Ng Ny (e m*)

Mik-1,3) Mk k-1,3

Da solche Mengen vom Typ Nf'und N, aber nicht in sk(n . 0iL)
enthalten sind, missen Teilmengen von "k k-1,3 Gberprift werden,

ob sie flir eine Menge vom Typ N% in Frage kommen (und somit
aussondernd wirken kdnnen), Diese Gedanken werden durch folgen-
de Definitionen praézisiert und fihren zum Begriff der i-zullesi-
gen Oberdeckung,

2,2, Bilden von i-zuldssigen Oberdeckungen

a) Eine Oberdeckung 0(ﬁy,iﬂi) einer Menge ﬁy mit Elementen aus

%ﬁ nennen wir widcfcprﬁchltch mit den Informationen Ober
(Pi.P;). wenn folgendes gilt: i

1
& (eoediay coee)
(1) Es existiert in S, (NI, 71L*) ein Element N, 2 ¥

(...ai,h,i,..)
(bzw, N, ¢ ) und Ng geht in die Oberdeckung
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b)

U(ﬁy,i?f) nicht ein (bzw. N, geht in die Oberdeckung
ein), und

(2) falls i ¥ O ist, so enthalt die Oberdeckung
mt A Sk(NJ,Fﬂ) als Teilmenge.

s+l s+l 1 1
Es seien A reesA R ) teees
] s+l {Ai "s+1} 1 {Ai Anl}
Systeme von Teilmengen der Menge Me ket 3
g . .
A= \_}1 A; bezeichnen wir als System von entscheidenden
i=s+

Mengen, wenn bei geeigneter Wichtung der Elemente aus A
nachfolgende Bedingungen erfdllt sind,
Fdr alle £ = 0,1,,,.,8 gilt:

~ i

4 (e0.0,85 ¢4..)
(1) Wenn in Sk(NJJ, W*) ein Element Ng 2 F

i
(...8] .5.0...)
(bzw, N¢ 1'f

) vorkommt, so gibt es in NKJ eine

Menge My mit den Eigenschaften a), b) und c):

a) M, besitzt eine minimale Uberdeckung mit Elementen
aus S, (N,, W)U A, die (falls 1y0) LU Sy (Ny, L)
als Teilmenge enthiélt,

b) N¢ ist kein' Element dieser Uberdeckung (bzw, N, ist
Element dieser UOberdeckung).

c) Alle minimalen Uberdeckungen von M, mit Elementen aus
sk(NJ. MWL) v A sind nicht widersprichlich mit den In-

(o] S . §
formationen dber (P17Pg) und (P1.P2).

(2) Es gibt mindestens eine Menge My aus znj mit den Eigen-
schaften (1) a) und c).

Fir alle 1 = s+1,,,.,1 gilt:

i }
ees0, too
( 92:9 )

&J 3
(3) Wenn in Sk(NJ , 00L') ein Element Ng

(--083,q:0:00)

o ) vorkommt, so gibt es eine Menge

(bzw, N

11



Definition: Eine Uberdeckung n(ny,sk(nj,m )) einer Menge M

(4)

M:. Hi =M, UUAJ. M, € mj, mit den Eigenschaften a),
J-

b) und c):
a) M besitzt eine unverkiirzbare Obordockung mit Elemen-

ten aus sk(NJ ,MWHyuva, die (m nsk(N JWL))v A ale
Teilmenge enthélt,

b) N_ ist kein Element dieser Oberdeckung (bzw,’ Ng ist
Element dieser UOberdeckung).

c¢) Alle unverkirzbaren Uberdeckungen von M1 mit Elemen-
ten aus sk(NJ' M)uvA, die ( e "sk("J' M))uA; als
Teilmenge enthalten, sind nicht widersprichlich mit
Informationen {ber (Pi‘,P;).

n
i
i i i

Es gibt eine Menge M,, M, = qu,j\-{ AJ. M, € mj. mit

den Eigonsch-ften a) und b):

a) M besitzt eine minimale Uberdockung mit Elementen
aua sk(NJ ,MWY)uA, die ( et nsk(N L)) v A, als
Teilmenge enthélt,

b) Alle minimalen Oberdeckungen von H" mit Elementen aus

sk(NJ JALYu A s:l.nd nicht widoraprachlich mit Informa-
tionen Gber (Pg, P2). und alle unverkirzbaren Oberdek-

kungen, die (m nsk(NJ.a‘d'L))uAi als Teilmenge
enthalten, sind nicht widersprichlich mit Informe-
tionen Uber (P:'_.P;).

Y

aus JF[J mit Elementen aus S| (N, 0TL) heiBt 1-zulés s ig

bez., A = (A j.....A1}., wenn gilt:

Fir 1 = O:
a) o(ny,sk(nj,mn ist minimal, und

b) alle minimalen Oberdeckungen von M, mit Elementen aus

sk(uj, Wl)u A sind nicht widersprichlich mit Informationen

Gber (Pg.Pg).
12



Fir { = 1,,,.,8: )
8) O(M,.S,(N;, T )) ist minimal und enthalt mn‘fask(nj,mu)

als Teilmenge.

b) Alle minimalen Uberdeckungen von M, mit Elementen aus
sk(NJ' TWL)u A sind nicht widersprichlich mit Informationen

Gber (P?,Pg) und, wenn sie wed n sk(NJ,m) als Teilmenge
enthalten, nicht widerspriichlich mit Informationen iber
(P}.P3).

Fir 1 = s+1,,,,,1:

a) U(My,sk(NJ,'(ﬂl‘t)) ist gnverkﬂrzbar und enth&lt
™t A Sk(NJ'. ) als Teilmenge.

b) O(My.sk(NJ,m)) v A, ist unverkiirzbare Oberdeckung einer
Menge M;. Jede unverkiirzbare und mit Informationen iber
(Pi,Pé) widersprichliche Oberdeckung von M; mit Elementen
aus Sk(NJ,m) v A enthélt A; nicht als Teilmenge.

Wir sprechen von einer i-zuldssigen Oberdeckung, wenn die Ober-

deckung i-zullissig beziglich eines Systems A ist, Damit ist uns

eine Charakterisierung von Oberdeckungen gelungen, die als Teil
einer Oberdeckung aus Qi(M. W) suftreten kdnnen,

Hilfssatz: Wenn O(M, 1) € Q"(M.m) gilt, so ist
O(M, ) N sk("j' M) eine i-zulassige Oberdeckung.

Beweis: Wir wollen hier nur auf den Fall 1 = O eingehen, Es ist
offensichtlich, da O(M, M) n sk(Nj' ¥8() minimale Oberdeckung

1
einer Menge M, , M, € T8, , ist, Fermer ist A = U Ay
Y 4 J i=g+l

A = {N:]N:; = N\ U Mo Nhemi\sk(NJ.m)}.
Nfem
Ng#Ny

immer ein System von entscheidenden Mengen., Wenn M_ nun eine
minimale Oberdeckung a(My.sk(NJ. M) u A) beséBe, die wider-

13



spriichlich zu Informationen lber (Pg,Pg) ist, so kdnnte men
eine minimale Oberdeckung von M konstruieren, die ebenfalls im
Widerspruch zu bereits vorhandenen Informationen steht:

(O(M, W) \ (O(M, T ) n S (Ny, TIL))) us(My,Sk(NJ.m yuR).
(8(My'sk(NJ W) v X) entsteht aus G(My.‘sk(NJ , WL )uv A), indem
eventuell auftretende Elemente Nﬁ aus A wieder durch N ersetzt
werden. ) O(M, T0L) n sk(NJ' Wt ) ist deshalb eine O-zuléssige

Oberdeckung, Der Hilfssatz ist demit bewiesen,

Folgerung: wenn NJ in allen i-zuldssigen Oberdeckungen enthal-

ten ist, so geht Nj auch in alle Oberdeckungen aus Qi(M, L)
ein, '

Damit haben wir ein Kriterium erhalten, das i-Informationen
liefert (d. h., in den Informationsvektoren kann gegebenenfalls
ein A durch eine 1 ersetzt werden), Bei der Gewinnung von
O-Informationen wollen wir hier nur auf die folgenden Mdglich-
keiten zurickgreifen:

(e} (¢] a a b b (] (o] a a b b
Aus | Py.|Pp|Pys|Poi| Py Py | folgt | Py.IPa.|Py.| Pl Prui Py
w f f f
w f f f
w t f
w f f
f f
f f
w f f
w f f i

e cf1,2,,..,8}, b efs+1,...,1}, w: wahr, f: falsch,

Wir fassen nun die Ergebnisse zusammen:

2,3, Die Funktionen Qi und ?%’(1-0.1.....1):

)

[ a
pind. s N, mey)
= (...i.a;:J,..). wenn °i-j = 1 oder ag:j = 1 ist, oder Nj in

 5d alle i-zuléssigen Uberdeckungen eingeht,



= (...O.aé:J...), wenn 81:3 = 0 oder a;:J‘- 1 ist, oder im Fal-
le 1 = O:

aI;J =0 mit fefl,...,s} oder

f
32;3 =1mit fefs+1,,..,1},
- (...t&.a%_l...) in allen anderen Féllen,

& &
HTOCHENTICH )
i i 0 .
= (“"1;1'1"')' wenn °2;J = 1 oder °2;J = 1»oder NJ in keiner
i-zulédesigen Oberdeckung enthalten ist,

= ("'31:1'0"')' wenn a;;J = 0 oder ai:J = 1 ist, oder im Fal-

le 1 = O:
af =0 mit fef1,2,....8} oder
i3
aI:J = 1 mit f e{s +1,;f.,1},

- (...ai,J.ZS...) in allen anderen ?éllen;‘

Satz 1: Die Funktionen @i und &; (1=0,...,1) liefern keine
falschen Informationen,: ’

Der Beweis dieses Satzes ergibt sich im wesentlichen durch An-
wenden des Hilfssatzes und der Folgerung.

Satz 2: Wenn S, = Sk(NJ LAy s sk(Nj s TIL7) = 5, gilt

N ~ 5
(d. h, Sk(NJ,ﬁTt) - Sk(NJ,Fn) und jede in den Informationsvek-
toren S, auftretende 1 oder O steht auch in 'den Informations--

vektoren von S,), so folgt aus
& & ‘ '
ORI, (b DI PP S PR PR S LRI

- B B o~
PaengdL s (v 3L W) = (Llich y.el) fOr 1= 001 und @ m12,

15



Beweis: Wir bezeichnen mit I, bzw. I, die Menge aller i-zulis-
sigen Oberdeckungen, die mit Hilfe von S, bzw, S, gebildet wer-
den kdnnen. Aus S, € S, 188t sich die Beziehung I, § I, ablei-
ten. Wenn nun N, in jeder Oberdeckung aus I, enthalten ist
(bzw. in keiner enthalten ist), so ist NJ auch in jeder Ober-
deckung aus I, enthalten (bzw., in keiner enthalten). Werden In-
formationen aus in S, bereits vorhandenen Aussagen gewonnen, so
lassen sich diese natiirlich auch aue S, ableiten, womit Satz 2
bewiesen ist,

3, Die Maxinalit!t\des angegebenen Algorithmus

Der folgende Satz rechtfertigt die Aussage, daB der angegebene
lokale Algorithmus hinsichtlich der i-Informationen bestméglich
ist, Es sei hier nur bemerkt, daB man durch &hnliche Betrach-
tungen, wie sie in /5/ gennchtlwurdon. such beziiglich der O-In-
formationen zu bestmbglichen Ergebnissen kommen kann,

Satz 3: Wenn ein lokaler Algorithmus, der auch fir die angege-
bene Prédikatauswahl und mit dem gleicheri Umgebungsbegriff ar-
beitet, eine i-Information liefert (d, h., in einem Informa-
tionsvektor wird A durch eine 1 ersetzt), so erhalten wir die-
se Information auch mit Hilfe des angegebenen Algorithmus.

Beweis: Angenommen unser Algorithmus hat nicht die angeflhrte
& ~
Eigenschaft, In diesem Fall gibt es eine Funktion gng (eines

&
anderen lokalen Algorithmus) und eine Umgebung sk(NJJ. ™), so
daB gilt:

5 7
PoNLL s Ny d, WE*)) = (A .......) und (@
g

F{ORH sk(Nf’. TN = [Laswnvesbe (b)

(Wir gehen nur auf diese eine M8glichkeit ein. Die anderen F&l-
le werden analog ausgeschlossen. )

Aus (a) leiten wir ab, daB N, nicht in alle O-zul@ssigen Ober-
deckungen eingeht, Eine solche Oberdeckung sei D(Ho.sk(NJ.mM)L
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-

1
A=\ A (A = {Ai. — }) sei ein System von entschei~
i=g+l i 4 1 ny

denden Mengen, das die O-zuléssigkeit dieser Oberdeckung be-
wirkt, Ferner seien '

Myigrees oMy e (Mg, €Ty, 120,1,...,8), (1), (2).

Ny
1 1 1
Miiaeees Mo (":.:t'Mi;tu Age My o € TH,,

a=1

i=s+1,,..,1), (3),
"y

s+l 1 t 1
My voee My (Mx-qua\.{ Ags My € Ty, tmsel,.... 1), (4)

solche Mengen, die garantieren, daf A ein System von entschei-
denden Mengen ist, (Man vergleiche hierzu die Punkte (1), (2),
(3) und (4) bei der Festlegung von A,)

Darauf aufbauend konstruieren wir folgende Oberdeckungsaufgabe:

B, = {1} (1=0.1,...,8),

1 1 1
By = {"1;1"""1;01'%} (L=8+1,...,1),

1
B= \U/ Bi'
i=0

M- Mk, 4y v {a,b} v B,

X ""(k,g)\"o) v {a,b} v (B\{0}),
1=0,.,,8 t=l,,,,m, : xi;t'(n(k.j)\ni;t) v {a,b} v (B\{0,1}),
i=g+t,,,1, t=1,,.,0, @ xi;t'(M(R.J)\Mi:t) v fa.b} v (B\ {'i;:“'
imgel,.1 : x; '("(k.J)\M:) v {a,bju (s fo.ail),
1
X = {Xg...0 X}
ims+l,,,1, t=1,.,n, : Y: = A: v {b},

tesel,. ,1: ¥y = s 'Y'1'1}'

Rl \ARRAY
e Sy (N AU)u XY v By,...8}.

17



Bei entsprechender Wichtung der Elemente aus X, Y und {Bo,..BI}
(die Wichtung der Elemente aus Sk(NJ.W‘L) wird beibehalten) er-
halten wir G = (S (Ny.T2) n 'y v {8} (1=1....s) und
W . (Sy(Ny.T7) a W) v B} v Y, (1= +1,..,1) sls Teile
von minimalen Oberdeckungen der Menge M mit Elementen aus m
Damit ergibt sich aber auch Q (M,’m) 2 Q (M.'m) (i=1,,,,8) und
Qo(ﬁ,t?ﬁ) n QM. F%) # @ (L=s+1,,.,1). Weiterhin wurde die
neue Oberdeckungsaufgabe so konstruiert, daB
&

*

WL - sk(NJJ,m") v {D(A""A) | D e (xuyuiBy....B;})}

keine falschen Informationen enth&lt, Da nun

skmj‘l,m*) . sk(N:J.m*) ist, gilt

~n & i o~ oo & & ‘ :
Fhndis v Ty = PoNI s ngd Ay = (1.l

Das ist aber eine falsche Information, denn

U(Mo,sk(NJ,M) u {Xg} v {i0}} ist eine minimale Oberdeckung von

# mit Elementen aus 7%, in der Ny nicht enthalten ist.
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Hans-Jargen Vogel

Eine Beschreibung von Verknipfungen fir partielle Funktionan

1, Vorbemerkung

In daem vorliegenden Artikel warden beliebiga partielle Funktio-
nen zwischen Mengen betrachtet, wobei der Fall endlicher Mengen
far konkrete Anwendungen von besonderem Interesse ist, Die zwi-
schen den Funktionen erkldrten Verknipfungen werden als Opera-
tionen fir partielle Funktionen angesehen und mit Hilfe der
Verkettung, des kartesischen Produktes und gewisser.Standard-
funktionen (konstante Operationen) ausgedrickt. Der axiomati-
scha Aufbau dieses Anliegens fihrt auf spezielle angeraicherte
monoidale Kategorien (Eilenberg-Kelly /1/), sogenannte diago-
nal-halbterminal-symmetrische Katagorien (kurz: dht-symmetri-
sche Kategorien),

Far den Dafinitionsbereich einer Funktion f wird kurz D(f) und
far den Wertebereich W(f) geschrieben, Die Verkettung fg zweier
Funktionen ist durch fg(a) = g(f(a)) gegeben und das kartesi-
sche Produkt f ® g durch (f ® g)(a.b) = (f(a), g(b)). Weiterhin
sei far ein Mengensystem M mit M* die Menge bezeichnet, die aus
allen kanonisch beklammerten kartesischen Produkten

_ (...(A1®A2) ®...) ®An von endlich vielen Mengen aus M, den

Mangen von M selbst und der Menge I = [@} besteht, SchlieB8lich
sel 1,: A=A die identische Funktion von A auf A,

2, Die Kategorie Par

Die Objektklasse der Kategorie Par besteht aus allen Mengen,
die Morphismenklasse aus allen partiellen Funktionen zwischen
Mangen, Dabei bedeutet die Schreibweise f: A—> B keineswegs
O(f) = A bzw, W(f) = B, Die Menge I = {(@} sei eine ausgezeich-
nete einelementige Menge und O die leere Menge @. In der Kate-
gorie Par 188t eich neben der Verkettung von Funktionen (Mor-

phismenkomposition) auch das kartesische Produkt fir Mengen
: 21



und Funktionen in der iblichen Weise einflhren. Des kartesische
Produkt ist nicht strikt assoziativ, jedoch sind die Mengen
A® (B®C) und (A® B) ® C zueinander isomorph vermdge der Zu-
ordnung (a.(b,c))r» ((a,b).,c).
Bezeichnet man diese Bijektion mit

8,.8,c* A® (B@®C)—>(A®B)®C,
dann dborzougt man sich leicht fir Funktionen f: A<A‘, g: B3B'
und h: C=C*' von der Richtigkeit der Gleichung \

(81) &, 5 ((f@ g ®h) = (F®(g®h))ay. g oo

wobei far Funktionen u: X-Y, v: X‘'-»Y*' die Gleichung u = v ge-
nau denn zutrifft, wenn X = X', ¥ = ¥*, D(u) = D(v) und

u(z) = v(z) far alle z ‘e D(u) gilt,

Zwischen den Mengen A(X B und B(X) A vermittelt die Zuordnung
(a,b)—>(b,a) stets eine Bijektion c, p: A®B+B® A, die mit

beliebigen Funktionen f: A>A', g: B->B' und der entsprechenden
Bijektion ¢,, . das folgende Diagramm kommutativ schlieBt:

"
€a,B
A®sB . >B8® A
(e1) f®9$ (=) &g@f.
A ®B— —B' @ A’
cAl.BO

Weiterhin existieren fir jede Menge A die Bijektionen
ry: A®I—A ((a.9)—a), »
1,: 1@A—aA ((g.8)—a).

die mit jeder Funktion f: A+ A' folgende Diagramme kommutativ
schlieBen: ’

A P
A@I-—.rA_;A I1®A—A LA
(rl1) f®11$ (=) 1f. 1I®fé (=) lf-
A’ IT’A' I A'—-I-A-.—)A'



Damit erhalten wir

Satz 1: In der Kategorie Par mit dem Ublichen kartesischen Pro-
dukt fOr Mengen und Funktionen bilden die Familien

a= (e ,8,c)a,8,c clpari® ©*(Ca,8)a,Belpari’ 7™ ("A)A ¢ |par|

und 1= (IA)A clpar| natGrliche Isomorphismen fir die Funktoren

z: par®-par ((A.(8.C))»A® (8@ C), (f,(g,h))=f ® (g@®h))
und :
Z: par’~ par ((A.(B.C))= (A®B) ®c, (f.(g.h))=(f Dg) @)
- bzw, '

P: Par®3Par ((A.B)+A®B, (f.g)=>f® g)
und )
B: par®sPar ((A,By>B®A, (f.g)rg® f)

bzw,

R: Par>Par (AA®1I, f>f ®1;) und 1d
bzw,
L: Par-Par (AmI ®aA, frrl, ® f) und 1d

Par

Par’ e

Zu jeder Menge A existieren ochliesliqh stets die beiden tota-
len Funktionen

dyt A+A A (a»(a,a))
und

t,: A1 (a=>g@).

FOr jede Funktion f: A=A’ gilt fd,, = dA(f®f), d. h., das
folgende Diagramm ist kommutativ:

d
A Aoy A®A
(d) fl (=) fRFf .

Al g3 A @ A
Al
Das liefert in Erglhzung zu den obigen Feststellungen den

Satz 2: Die Familie d = (d )A ¢|Par| ist eine natiirliche Trans-

fonation zwischen den Funktoren IdPar und

D: Par-sPar (A+A® A, f>f® f). ®
23



Die Familie t = (tA)Ae|Par| ist dagegen keine natlrliche
Transformation fir geeignete Funktoren, denn es gilt

Satz 3: Eine Funktion f: A-»>A' ist genau dann total, wenn
ft,, = t, zutriffe,

Beweis: Ist f: A=»A' eine totale Funktion, dann gilt D(f) = A,
Folglich ergibt sich fiar alle Elemente a aus A die Beziehung
ftA.(e) a tA.(f(a)) s @ a tA(a). Ist umgekehrt ftA. = t,, dann
erhdlt man D(t,) = A = D(ftA,), woraus unmittelbar D(f) = A
folgt. [

In der Kategorie Par lassen sich weiterhin fir alle Mengen A,B,
C,D0 und alle Funktionen f,f',g,g' folgende Eigenschaften leicht
nachweisen:

(FO) f: A9B, f': A'9B' =f®f': A®A'>BR®B",
(F1) 1, ®1g = L

(F2) (F®f ) (g®g') = fg@ f'g’
(f: A»B, g: B=>C, f': A'=»8B*, g': B'>C*),

(82) 8, 5,c®0%A®B,C.0
= (84,5,c ®1p) (1, ® 8 ¢ p)es 8 ® .0
(83) d,(d,®1,) = dy(1,® dadap A a0
(r12) ’A.:,a('"A®1a) -1, ®1,
(rl3) aI.A,B(1A®1B) = 1A®B’
(rla) ®a8.I"A®8 " 1, ®rgs
(r1s) r; = 15,

= C 1

(rle) r A, 1iA

A
(c2) c4,8%,a = IA@SB’

(c3) e,8,cA@B.c%.a.8 = (2a®Cq,c)% c.alCh,c ®lp)s
(ca) dA = dAcA.A’

(ht1) fr,, = t, (f: A>A', D(f) = A),

24



(ht2) 8y B.cta@B)®C " 'AQ® (8@ ©)*
°As's®A " fAa@ e’
A'A " A® 1
Wt tr@a
Wta@a " A

(ht3) 'I - 11,

(ht4) d, (1, ® 8 LA A(tA®1A)1A -1,
(hts) "A@B(“A@‘a)"A@('A®1a)1a) * L @e
(ht6) A\ (1, @ ta) = hpy: 1,4,(t,®1,) = L@

(ht7) (tA®ta)tI®I - 'A®a'

De es .aus. einer beliebigen Menge A nur eine einzige Funktion in
die leere Menge O und umgékehrt gibt, ist O Nullobjekt in der
Kategorie Par ,und es gilt

(01) O@®A=A®O =0,

Mit der leeren Funktjon o: I-»0 kommutieren fOr f: A->O und

9: 08 folgende Diagramme:

(02) t 4 1 t
At 1 B®0 =0 _&_—,a@ b
0 B
Die bisher zussmmengestellten Eigenschaften der Kategorie Par
bilden die Grundlage flr den axiomatischen Aufbau der Theorie
der dht-symsetrischen Kategorien (Hoshnke /4/, Schreckenber-
ger /8/).

Definition: Eine Folge (C, ® .I,s.r,1,c,d,t,0) heiBt gensu dann
eine dht-symmetrische_Kategorie, wenn C eine Kategofie, (X ein

Bifunktor ((FO) - (F2)) und I ein ausgezeichnetes Objekt in C
et. @ = (8 p,claBccrct’ "= (Aacigr 1 (Waeigye
Cw “A,B’A,be it Familien von I.o-orpﬁionon in C,
d= (dA)AEICI‘ te ('A)AGIC' Fasilien vor Morphismen in C
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sind und 0: I->0 ein ausgezeichneter Morphismus in C ist, so
"de8 die Eigenschaften (a1), (a2), (rl1),...,(rlS). (c1),....(c3),
(ht1),....(ht7), (01) und (02) erfillt sind,

Dabei ist zu beachten, daB die Bedingung (hti) in einer belie-
bigen Kategorie C bedeutet, daB fir jede Coretraktion f: A->A’
die angegebene Gleichung erfGllt ist,

Die angegebenen Axiome sind nicht unabh&ngig voneinander, las-
sen sich sber in dieser Form bequem handhaben.

3, Diagonalen und Projektionen

Wir vereinbaren folgende Symbolik:

0 1 n+l n
P T O P T S Pl Pt PRl TL
o 1 » n+l n .
1>.<1 fo= 1 1>.<1' 1>-<1 f1 1'>-<1 H® f",“'_

n
Insbesondere schreiben wir auch X A = A" bzw. X fwf"
- i =1

Die dadurch bestimmte Beklammerung mehrfacher kartesischer Pro-
dukte wird kenonisch genannt:

1>:.<1 A1 - (---(M@%)@..-)@An.

In der Kategorie Par definieren wir fOr jedes Objekt A die
n=fache Diagonale (n € N) gem#B

nel n nel
d e, dia1,, ' ad, (@1, AsA
A
und fOr A = >< A; die Projektionen Pyt A—)AJ durch
i=1

Pl =1, for A=A, p9®'\n41 - (p?@ t“mi"‘j for € n

n+l

und png‘)A" 1, (’:tAn®1A"’1)1A .
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Die Funktionen p? sind ebenso wie die Diagonalen dx’i totale

Funktionen und stellen die Projektionen im @blichen Sinn dar,
Die Definitionen fir die Diagonalen und Projektionen gestatten
es, die im folgenden Lemma formulierten Regeln induktiv zu be-
weisen,

Lemma: 8) Fir jede Funktion f: A=B und alle natdrlichen Zahlen
n gilt fdy = dpf".

b) Fir alle natOrlichen Zahlen na 1 und j mit 1 & j & n gilt

n

n_A

dApJ =1, L
Die fir eine Funktion p? benutzte Bezeichnung Projektion von A
auf die Komponente AJ wird auch dadurch gerechtfertigt, daB die

n
Folge (ijxfi Ags (p?: A-)Ajlli j€n)) ein kategorientheoreti-

sches Produkt der Objekte AJ (1 € J 4§ n) in der Teilkategorie

der totalen Funktionen von Par ist. Dabei ist die zu einer Fa-
milie (f,: c-9A1|1‘ i€ n) von Funktionen gehbrende Funktion

n n
g: C= X A, durch g = dg(:l)-(i )

i=1
= 4 (F PR ... ) B F)

gogebon; d. h,, des folgende Diegramm ist fOr jede natirliche
Zahl j mit 1 € §J € n kommutativ: ' :

c g

(#) ARG

Die Einzigkeitsaussage flr die Funktiqn’g ist nicht auf die
Teilkategorie der totalen Funktionen von Par beschrénkt, denn

wenn eine Funktion k: C->A aus Par des Diagramm
! 27



mit jeder partiellen Funktion einer Familie (fj)li'j‘ n Von

Funktionen aus Par kommutativ schliefit, dann folgt
n N
k = dc(1>-<1f1) (vgl. /8/).

Da die Bedingung fJ = gp? fir partielle Funktionen die Oberein-
stimmung der entsprechenden Definitionsbereiche bedeutet und
die Projektionen totale Funktionen sind, erh&lt man D(g)= D(fj)
mit 1 € § € n, FOr die Existenz einer Funktion g mit der obigen
Eigenschaft ist demzufolge die Obereinstimmung der Definitions-
bereiche aller Funktionen fJ (1 €3 €n) notwendig., Diese Bedin-

n
gung ist offenbar auch hinreichend dafir, def g = dg(1>(1f1)
-

die Diagramme (#) mit 1 € j € n kommutativ schlieBt,

4, Superposition, Komposition und Stellentransformation.

Der Begriff Superposition wird im Sinne von Hoehnke /3/ benutzt,
wihrend Komposition und Stellentransformation in der Begriffs-
bildung von Wille /7/ verwendet werden,

n n
Satz 4: Es seien f:1>-<1A1->c und 91:J>-<1BJ-§A1 (1€ 1€ n)

partielle Funktionen, Dann ist die partielle Funktion
00 X _9y)fs B¢ ( X .8y)
d : B B =
LA j>-<1'1

genau die durch Suporposifion aus f,9,, ..., g, gebildete Funk-
1
tion Sn: (f.gl.gz..;- pﬁn)-

¢

n
Die partielle Funktion dg(k;X(lqk)fz 1pwc:
7 .
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1 M)‘(.i d £ £ h
mit ‘D= D, und D, = ar 1 & 4-1, D,_ = B for
w4 Oh h ® " h ® Bhetes

1 s h o< fem-1, Dh = Ah-m+1 far i+m € h € n+m-1,

D m 2 D
q =P fir 1 &k é1-1, q, = dD(1>.<1pi’l_1)gi,
q = pE¢u-1 fOor 141 € k € n

ist fOr jedes 1 (1% 1€ n) die durch Einsetzen der Funktion 9
in f an der i-ten Stelle gewonnene partielle Funktion flgy).
SchlieBlich erhalten wir fir eine Funktion v von der Menge
{1,2,....,n} auf die Menge {1,2,...,m} und eine Auswahl W von m
verschiedenen Mengen Ajr ocos Ay aus dem Mengensystem

{Agrece Al durch

n A . , m .
dx,(‘>-<1pv“))f= A'=>C (A' = J>.<1AJ)

die durch Stellentransformation aus der Funktion f mit der
Funktion v und der Auswahl W gebildete partielle Funktion fg.

Beweis: Es sei (b,.,b,.....,b,) (Kurzschreibweise far

((...(bl.bz)....).b‘)) im Vorbereich jeder Funktion 9y und

(gi(bi""{bn)""'gn(bi""'bm)) in D(f) enthalten, Dann gile

: . . :

<ag<1>_<191m<b,.....b.,>- (€ X910 ((byee ibg).enu by b))
= £(9y(byreeeibp)ienaigi(by.....by))

- (sn;i(f-gin--- .gn))(bl,.., ,bn)'
Enteprechend erhdlt man fir (b,,....,b,) aus dem Vorbereich der

Funktion g, mit ('1"""’1-1'91“’1""'ba)'aiu“""n) € D(f)
n

(‘3(k>_<1%’""'1'---v°1-1'9x(b1----"’m)-ﬂm'---"n)
= f(8g0000s8 1,9,(bgs.c.0by),ay g0 08)

m
FOr ein Element (a;.....a;) € inAj
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MLt (8)(q):e--+8y0py) € O(F) gilt offenbar

% pA’ ; ‘ w . .
(dn.(i>.=(1pv(i))f)(al.....am) = fv(al...‘. an).

Aus dem Satz 4 ergeben sich die anschlieBenden Folgerungen.
Im Falle n = O, m ¥ O erhélt man durch Superposition die kon-
stante m-stellige Funktion

0 m \
dg(i>_(191)f = gl f = tyf: j)_(laj-m ((by.....by) = £()),

wenn f die totale nullstellige Funktion ist, Sonst entsteht die
leere m-stellige Funktion aus B in C,
Bei m = O, n ¥ O erhilt man die nullstellige Funktion

n
d™( X g4)f: I-3C, die entweder ein Element in C auswahlt,
'yt

némlich dann, wenn alle g,: I-A, totale Funktionen sind und
(94(9)1e.0.9,(9)) € D(f) gilt, oder sonst leer ist.

SchlieBlich ergibt sich bei m = n = O
d°()°( a1 1 faf

g - = .
1 171 i I"1

Die in Satz 4 angegebenen Bildungsvorschriften zeigen, daB man
Komposition und Stellentransformation durch die Superposition
ausdriicken kann, Umgekehrt erhdlt man durch schrittweise Anwen-
dung der Komposition von f mit den Funktionen 93¢ eee0 9y und
anschlieBende geeignete Stellentransformation die Superposition
von f mit Qg+ eees Qpe

Da sich die Superposition von Funktionen mit Hilfe der Elemen-
tarfunktionen a,r,1,c,g,t, der Verkettung und der Kreuzprodukt-
bildung beschreiben 158t und sich die Projektionen nur aus ge-
wissen Elementarfunktionen durch Verkettung und kartesische
Produktbildung zusammensetzen, kann man den Klon einer gewissen
Funktionsmenge wie folgt charakterisieren. Dazu vereinbaren wir,
deB eine Fynktion_ f_ober_einem Mengensystem M g eine solche
Funktion ist, deren Quelle ein endliches kartesisches Produkt
von Mengen aus M und deren Ziel eine Menge aus M ist (domfeM®),

Satz 5: Es sei F,oino Menge von Funktionen (iber einem endlichen
Mengensystem M -’{Bl.....Bz}. Dann ist der Klon von F genau die
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Menge von Funktionen iber M, die in der von F erzeugten dht-
symmetrischen Unterkategorie K von Par enthalten ist,

5. Inklusion

FGr totale Funktionen fi: A->B, f2: A->B ist far f1 = fz not-

wendig und hinreichend, daB fir jedes Element a ¢ A die Glei-
chung f,(a) = fy(a) zutrifft, Bei partiellen Funktionen ist da-
gegen noch die Bedingung D(fy) = D(f;) zu beachten. So ist z, B,
die Bedingung fir einen Homomorphismus h von einer totalen Al-
gebra (A,f) in eine totale Algebra (B,g), die durch h"g = fth
fGr die n-stelligen Operationen f und g Qegeben ist, nicht ohne
weiteres auf partielle Algebren zu Gbertragen, Im Sinne von
Hoehnke /3/ ist ein partieller Homomorphismus h zwischen par-

tiellen Algebren (A,f) und (B,g) durch D(fh) § D(h"g) und
(h"g)(8y.....8,) = (fh)(a;.....8,) far (8,.....8,) € D(fh) ge-

kennzeichnet, Dieser Sachverhali 18t sich in der vorgestellten
Sprache durch das folgende kommutative Diagremm beschreiben:

d
n f
AP A" A A" > A
h"g ® fh J’ £ 0 (=) 1 h.
B®B b
Lo

Satz's (Schreckenberger /6/): Fir partielle Funktionen f: A—»B
und g: A->B gilt f € g (Inklusion fir die entsprechenden Paar-
mengen) genau dann, wenn

d (s ® e ®B o ,
orfﬁllt': ist, Gleichwertig demit 1st da(g® f) = d(F@F) -fds;

Unabhiingig von der mengentheoretischen Inklusion kann auf Grund
der Axiome einer dht-symmetrischen Kategorie gezeigt werden,
da8 durch dA(g()f) = fdy fir Morphismen f,g: A=>B eine Halb-
ordnung in der Morphismenklasse definiert ist, beziiglich der
die Morphismenkomposition und die (X)-Verknipfung monoton

eind /6/.
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Some Logical Dependencies in Relational Deta Base

O, Introduction

According to E.F.Codd (6] a_relation is a matrix without
two identical rows. Rows correspond to data records and col-
umns to the attributes that are to be stored of a data item.
He also introduced [7] the concept of functional dependency:

a set of columns depends on another if fixing the values in a
row taken on the first determine those on the second.

Other concepts of his are the key (a set of attributes on
which all depend) and the candidate key (a minimal key).

Candidate keys clearly do not contain each other [12].

The possible mathematical structure of functional depen-
dencies was first investigated by W.W.Armstrong [1l]. Among
others he found that this structure is detemined by the maxi-
mal dependencies (those which have maximal attribute subsets
depending on minimal ones) and even by the dependent sides of
the maximal dependencies. We also heavily use these “maximal
dependent subsets of attributes" as technical tools.

Different kinds of functional dependency have also been
. introduced [3}, {91, [13], [15]) and axiomatized, usually in
similar systems to Armstrong’s (8], [10] discusses an interes-
ting connection between the decomposition of relational data
bases and the boolean switching functions.

The harder problems of the topic are usually of combinato-
rial nature (see [4], (5], [11], [16]).

In this paper in 31, we give the formal definition of the
functional, dual, strong and weak dependencies and give new
axioms for full f-d- and s~families.

In 2, develop the analogy and differences among the de-
pendencies of different types and give an axiom for full w-
families. '
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In 3, we deal with a question stated in [11].

Certain dependencies of a relational data base are known
by its designer. We call these initial dependencies. In gene-
ral initial dependencies imply new dependencies. W.W.Armstrong
[2] has developed a method to find the dependencies implied- by
a given set of initial functional dependencies., He also gave a

characterization of the sets of initial dependencies that imply
all the dependencies of a given full f-family and are of mini-
mal cardinality. This characterization has a logical nature;
we give a combinatorial equivalent of it.

We use the following notational conventions:

Q denotes the set of attributes, P(Q) denotes his power
set. If g is a function with X as its domain and Z € X then
ng denotes the function which has domain 2 and for any z € Z
a(z) = g t,(z)-c means strict inclusion.

1, 0ld and New Axioms

We start with the definitions of functional, dhal, strong
and weak dependencies based on [1] and [8].

Definition 1.1: Let A,B be subsets of Q and let R be a relation
over Q. Then we say that B

(i) functionally;

(ii) dually;
(iii) strongly: '
(iv) weakly ! !

depends on A in R if

(1) (vg,h€R) (gh, = hihy = ghg = hhg);
€i1) (vg,heR) ((3a€A)(g(al=h(a))—(3beB)(g(b)=h(b)))g
(ii1) (vg,h€R) ((32€A)(g(a)=h(a))—=ghg = h});

(iv) (vg,heR) (gP, = h}, — (3b€B)(g(b)=h(b)))

holds respectively and denote these by



A % B, A % B, A % B, A % B cosresponding to the type of the

denoted dependency.
The following example [8] illustrates the effect of the
dual dependency.

Example: Let ¢ = {author, title, hall, shelf}. Let we have a
library with eighteen books, éhree halls and three
shelves in every‘hall; one shelf holds two books. Let
the relation R containing the datas of the library
given by the following table:

author title hall shelf
1 1 1 2
2 2 1 3
3 3 1 1
4 4 1, 2
‘ 5 5 2 3
. 6 6 2 1
7 7 2 2
8 8 2 3
9 9 -3 1
10 10 3 2
11 11 3 3
12 12 3 1
1 4 1 . 1
5 8 - 3
4 1 1 3 !
7 10 3 2
6 10 2 2
6 9 2 1

[

Thus {author, tit;e) % {hall, shelf} holds, and for
i=1,...12 the book by authori and entitled i is on

the (\+3-(%)) -th shelf of the [{33]-th hall ([x) de-

notes the whole part and {x} the fraction part of x).
- The reader, knowing the author or the title of the
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required book, may find it without examining the whole
library: for example if 1 is the author of the book,
then it is enough to look the ['+3]—th hall, and the

(143 {3 }) -th shelves of the other two halls.

In R {author, title} = (hall, shelf} holds too,
but to store this functional dependency is equivalent
to store the table of R; the {author, title} -

% {hall, shelf} dependency is more effective.

For proving the effectiveness of these dependencies we
elaborated in the Automation Institute of the Hungarian Aca-
demy of Sciences a large-sized practical application of the
relational data model.

'We have planned an inventory-recording system for an ag-
riciltural corporation. The task of the system is to organize
the component-traffic of about 350 agricultural estates. More
exactly the task is: to record the inventory-stores, the or-
ders of customers, to help the decisions making in this field
and to help services.

First we used a traditional system concept for this pur-
pose. Later this concept was transformed into the relational
data model based on recent investigations. We saved about 40
percent of the memory capacity in this way. With using the re-
sults of Aho, Sagiv and Uilmann about relational expressions,
we proved that the response time remained in the same order.

If R is a relation over @, and YE{F,D,S,W} and
ye{f,d,s,w} corresponds to V then we use the notation

Yp = ((R;B): A % B).

We call full y-families the sets having this form.

In order to investigate the various dependencies the
first step is the axiomatization of full y-families for
ye{f,d,s,w}. In [1] there is a system of axioms for full
f-family and in [8] there are for full d- and s-families. For
the sake of completeness we reproduce them here.

Let Y C P(Q) x P(Q). Then we say that Y satisfies the f-
axioms, if for all A,B,C,DC Q

36



(F1) (A,A)eEY;
(F2) (A,B)eY, (B,C)eEY — (A,C)eY;
(F3) (A,B)eY, AC C, DC B — (C,D)eY;
(F4) (A,B)eY, (c,D)eY — (AuC, BUD)EY.
Y satisfies the $-axioms if for all A,B,C,D
(D1) (A,A)eY;
(p2) (A,B)eY, (B,C)eY — (A,C)eY;
(p3) (A,B)EY, C C A, B CD - (C,D)eY;
(D4) (A,B)eY, (C,D)EY — (AUC, BUD)E€Y;
(DS) (A,D)EY — A = p,

n
0

n
©

Y satisfies the y-axioms if for all A,B,C,D

(s1) ({a},{a))eY;

(s2) (A,B)eYy, (B,C)eY, B £ 8 — (A,C)eY;

(s3) (A,B)eY, C S A, DS B - (C,D)eY;

(s4) (A,B)eY, (C,D)eY — (ANC, BUD)eY;

(s5) (A,B)ey, (C,D)eY — (AUC, BRD)EY.

We need the following technical lemma.

Lemma 1.1: Let F € P(Q) x P(Q) be such that (X,Y)EF and Y £ B
imply X # 0. Then F satisfies the f-axioms iff
D = {(A,B):(B,A)EF} satisfies the 9-axioms.

Proof: . Trivial by the f-and 9$-axioms. (D5) makes necessary
the assumption that (X,Y)EF and Y # @ imply X # f.0

Remark: The assumption ((X,Y)EF and Y # § imply X £ £) in lem-
ma 1.1 is not an important restriction:
if F satisfies the f-axioms let F'=F\{(0,X):X# 0}.
Then F' obviously satisfies the f-axioms and the cri-
tical assumption as well and we have: X # 9§ implies
that (X,Y)EF & (X,Y)eF'.
In the following we give new axioms instead of the f-, 8- and
vy-axioms and give an axiom that characterizes the weak full w-
families which is such a full w-family that whenever (X,Y) is
an element of the family then X is not void.
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F-axiom:

D-axiom:

S-axiom:

W-axiom:

Let F € P(Q) x P(Q). Then we say that F _satisfies the
F-axiom if for any (X,Y)eP(Q)xP(Q)\F there is an ESQ
such that

(1) X € E and Y i E;
(i1) 4if (X',Y')€EF and X' EE then Y' E E.

Let D € P(Q) x P(@). Then we say that D satisfies the
D-axiom if for any (X,Y)EP(Q)xP(Q@N\D there is an ESQ
such that
(1) XNnE#P and YNE = 0;
(1i) 4if (X',Y')eD and X'nE # ©
then Y'NE # 0.

Let S € P(@) x P(Q). Then we say that S satisfies the
S-axiom if for any (X,Y)e P(Q)xP(Q)\S there is an
E c @ such that
(i) XnE # 9 and Y f E;
(ii) if (X',Y')ES and X'nNE # © then Y' & E.

Let W € P(Q) x P(Q). Then we say that W satisfies the
W-axiom if for any (X,Y)EP{Q)xP(Q)\W there is an EcQ
such that .

(i) XcE and. YNE = B,

(i1) 4if (X',Y')eWw and X' CE then Y'nE # 0.

Theorem 1.1: (i) Let FCP(Q)xP(Q). Then F satisfies the f-axioms

iff F satisfies the F-axiom.

(i1) Let DSP(Q)xP(Q). Then D satisfies the d-axioms
iff D' satisfies the D-axiom. .

(iii) Let SCP(Q)xP(Q). Then S satisfies the y-axioms
iff S satisfies the S-axiom.

Proof: (i) Suppose that F satisfies the F-axiom. Then:
(F1) If (A,A)¢F then there is an Ece such that ACE and AfE
which is a contradiction.
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(F2) If (A,B)EF, (B,C)EF and (A,C)¢#F then there is an ECQ such
that ACE and C¢E. Furthermore (A,B)eF, ACE imply BCE and
using (B,C)EF, CCE which is a contradiction.

The proof of (F3) and (F4) is analogous.

Suppose now that F satisfies the f-axioms. Let (A,B)eP(Q)xP(QN\F,

Claim: There is an EaA such that (E,B)eP(Q)xP(Q)\ F and E'SE
' implies (E',B)eF.

(@,2)€F by (F1). Thus, by (F3) (,B)EF holds. ACQ and
(A,B)éH(Q)xP(Q)\F, consequently there is an EcQ which is maxi-
mal w.r. to the properties (E,B)EF and EDA.

This E clearly satisfies the restrictions of the Claim.
Let EDA which is guaranteed by the Claim. We state that E sa-
tisfies (i) and (ii) of the F-axiom. Namely by the choice of
E, ACE holds. By (Fl) and (F3) BCE implies (E,B)EF. Thus we
have B¢E.

Let (C,D)EF and CCE. D$E implies E'=DUEDE and by the maxi-
mality of E (E',B)EF holds.

(E,E)EF by (F1), hence (F4) implies that (E,E!')EF, Now
(E,E')EF and (E',B)EF and (F2) imply that (E,B)eF which is a
contradiction. )

(ii) Let F={(A,B):(B,A)eD}. Then by Lemma 1.1 F satisfies the
f~axioms iff D satisfies the 9-axioms. Hence, by (i), it
is enough to show that F satisfies the F-axiom iff D sa-
tisfies the D-axiom.

Suppose that F satisfies the F-axiom. For
(A,B)EP(Q)xP(Q)\ F let E(A,B) be such a subset of @ that
ACE (A,B), BgE (A,B) and if both (A',B')ef and ACE (A,B),
then B'CE (A,B). By the F-axiom such an € (A,B) exists. By
the definition of F whenever (a, B)ep(Q)xP(q) then
(A,B)eP(Q)xP(QN F iff (B,A)eP(Q)xP(QN D.

Now it is easy to chechk that for (B,A)EP(Q)xP(Q)%D
Q\E(A,B) satisfies the D-axiom.



If D satisfies the D-axiom, then F satisfies the F=-
axiom; this can be shown by the same argument.

(11i) Suppose that S satisfies the S-axiom. Then the proof of
the fact that S satisfies the y-axioms is an easy modi-
fication of the proof of (i).

Suppose now that S satisfies the y-axioms.
Let (A,B)EP(Q)xP(Q)\S

Claim: There is an 2€A and an ECQ
such that (a) a€E;
(b) ({a},E)eS and )
(c) E'SE implies that ({a},E')gS-.

If for any a€A we have ({a},B)eS then (A,B)€S by the repeated
application of (S5). Hence there is an a€A such that ({a},B)#S.
Now if for every be€B ({a},{b})ES holds then by the repeated
application of (S4) we have ({a},B)€S. Thus there is a b€EB such
that ({a},{b})¢s.

By (S1) and (S3) there is an E&Q such that a€E, ({a},E)E€S
and E is maximal w.r. to this property. This E is appropriate
for the Claim.

Let ECQ and a€A guaranteed by the Claim. Then by (S3) we
have bgE. Hence ANE £ 9 and BN(oN\E) # p. Now let (C,D)€ES such
 that CNE # §; let ceCnE. Suppose that DN(Q\E) # &; let
debn(Q\E). By (S3) we have ({c},{d})€S and by (S1) we have
({c},{c})es -({a},E)ES implies that ({a,c},{c})€S, by (S5).
Hence (S3) implies that ({a},{c})€S. Now ({a},{c})es,
({c},{d})eS and (S2) imply that ({a},{d})€S. Thus by (S4) we
have ({a},EU{d})€eS which is a contradiction as E' = EU{d}DE.

Consequently the E guaranteed by the Claim demonstrates
that S satisfies the S-axiom. O

It is worth to remark how can be find the full y-family -
for ye{f,d,s} - generated by a given subset of P(Q)xP(Q) based
on the Y-axiom. Let e.g. y=f and let be given an F'&P(Q)xP(Q).
Then the least full f-family containing F' is the following:
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F = {(A,B):A,BcRa(VECR) ((ACESBZE) —
- (a(A',B')EF')(A'gsssng)L

2, The Equality-Set

Definition 2.1 Let R be a relation over Q. We define the
‘equality set of R, g as follows:
For h,g€R let E(h,g)= {a€Q:h(a) = g(a)} and

let &R = (E(h,g):h,g€R and h £ g}.

Definition 2.2: Let A_be a set system. Then A is a A-system if
for any A,B,C,DE A A # B and C # D implies
that ANB = CnND.

Remark: It is easy to see that A is a A-system iff for any
A,BE A AfB implies that ANB =n A,

Theorem 2.1: (i) Let R be a relation over Q and let h,f,g be
different elements of R. Then E(h,g), E(h,f),
E(g,f) form a A-system,
(ii) Let g = {E; j#1Xi<j<k} such that for each

J
1<i<j<<k (EI,J' Ei,l' Ej,L) is a A-system.

Then there is a relation R over Q with &pd.

Proof: (i) by symmetry it is enough to prove that
a€e(h,g)nE(h,f) implies a€E(g,f). But this is
trivial as a€E(h,g)NE(h,f) means both h(a)=g(a)
and h(a)=f(a). Hence g(a)= f(a) i.e. a€E(g,f).

(ii) We construct the rows of R by induction. Suppose
that n<k, and the rows hl"“hn have been construc-
ted so that for each 1<i<j<n E(h',hJ) = E'.j holds.
We construct hn+l as follows:

h‘(a), if‘aEEi'ml for some 1<i<n;
hpeq (2D
max (hl(b):bEQ&lglgn)+l else.
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Then

(a) h ney 1S well-defined. !
To prove this we have to show that aEE[’mlnEJ'm1
implies hi(a) = hj(a). But this is obvious beca-

use E!,j’ El,n+l‘ Ej,n*l from a A-system and the

induction hypothesis hold for i, j<n.

(b) if 1<i<n and a¢EI’n+l

nepta)e

Suppose first that aEEJ nl for some ‘1<j<n+l.

.Then, by (a) and by the definition of h

then h.(a) F h

n+1?

(a) = h.(a) holds. Furthermore a¢fE, . because
Pre J 1,J

(El'Jl
duction hypothesis implies hl(a) £ h
hi(a) £ h (a).

If aéulgign EJ,n’l then we have hn’l(a)fhi(a)

by the definition of h
proof of (b).

Now by (a) and (b) it is clear that for'
I<ign EChy, h ) = El,n*l and hence the induction
step works. Let R = (hl""hk)' Then &p= & obvi-
ously holds. O

Ey,ne1r By ne)} is a A-system. Thus the in-
, ,

J(a), that is

n+1

. This completes the

n+1

After Theorem 2.1 there is a natural way to axiomatize
full families of dependencies of any type. This follows next:

F'-axiom: Let FCP(Q)xP(Q). Then F satisfies the F’-axiom if
there is a natural number k and an indexed set of
subsets of @, (E :11<i<j<k} such that

(i) 1£ (X, Y)EP(Q)xP(Q)\F then there are 1<i<j<k \
such that XcEI . and YdE

(1i) If (X,Y)E€F, 1<|<J<k and XCE i then YSE, J

i,Lr Ej,l) is a

(1iii) For any 1<i<j<e<k (Ei 3’ E
’
A-system.
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D’-axiom: Let DEP(Q)xP(Q). Then D satisfies the D’-axiom if
there is a natural number k and an indexed set of
subsets of @, {E".:151<j5k) such that :

(1) 1I£ (X,Y)eP(Q)xP(Q)\D then there are 1<i<J<k

such that XnE, # 0 and YnE, LI/
[P} i,J

(11) If (X,Y)eD, 1<i<j<k and XNE, j # 0 then
»
YnE“Jf 8.

(iii) The same as (iii) of the F’-axiom.

8'-axiom: Let SCP(Q)xP(Q). Then S satisfies the S’-axiom if
there is a natural number k and an indexed set of
subsets of Q, (Ei J:15I<j5k) such that
»

(1) If (X,Y)eP(Q)xP(@N\ S then there are 1<i<j<k

such that ani,J # 0 and Y¢E"J.

(11) If (X,Y)es, 1<i<j<k and XrE

i jf f then YCE

(1i1) The same as (iii) of the F’-axiom.

1,

W'-axiom: Let WCP(Q)xpP(Q). Then W satisfies the W’-axiom if
there is a natural number k and an indexed set of
subsets of @, (EI

14

J:I_<_I<J5k) such that
(1) 1f (X,Y)eP(Q)xP(Q)\W then there are 1<i<j<k
such that XCE, . and YNE = 0.
=1, ] i oy
(11) If (X,Y)eW, 1<i<j<k and XCE, j then YNE, Jf 8.
’ ’

(11i) The same as (iii) of the F’-axiom.

Remark: Observe that the E' -5 in the F’-axiom are maximal

dependent sets‘i.e.'if (X,Y)EF and XQE‘ ] then YEEi I
? 1

Theorem 2.2: (i) Let YCP(Q)xP(R) and Y&{F,D,S)}. Then Y satis-
fies the Y-axiom iff Y satisfies Y’-axiom.
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Proof:

(1i1) Let @ be a finite set, 1Q1>3.
Then there i1s a WCP(Q)xP(Q) such that
W satisfies the W-axiom and W doesn’t
satisfy the W'-axiom.

(1) Let first Y=F and suppose that Y satisfies the

F-axiom, Write Y=F,

For any (X,Y)eP(Q)xP(Q)\F take an E(X,Y)cQ guaran-
teed by the F-axiom. List these E(X,Y)-s as
Ez""Ek the indexes begin with(2!). For 1<j<k let

E],j = E. and for 1<i<j<k let El,JgElnEj'

We claim that {E ,i :1<i<]J<k} demonstrates that F
satisfies the F'-axiom

The requirement (i) of the F--axiom holds by'

{E ,...,E )C(E L $1<1<J<k}.

We left to the reader to check that (ii) holds too.
To-prove (iii) of the F'-axiom let 1<i<j<f<k. We
distinguish two cases:
(a) 1i=1, Then EI,J'EJ;

the intersection of any two members of

El,l'EL and EJ'£=EJOEL. Thus

(Ei,j;El,l;EjZ) is EJnEL' This means that
{Ei,J;EI,L;Eyl) is a A-system.

(b) 1<i. Then EI,J’E nEJ, J‘Elnsl and EJ,L-EJnEt'

Thus the intersection of any two members of
(E J;El l;EJ L) is E "EJ”EL' This means that

(E J' i, It J L) is a A-system.
If Y satisfies the F'-axiom then Y obviously satis-
fies the F-axiom.

Now let Y=D and suppose that Y satisfies the
D-axiom. Write Y=D.
For any (X,Y)eP(Q)xP(Q)D take an E(X,Y)SQ guaranteed
by the D-axiom. List these E(X,Y)-s as El,...Ek.
For |<l<k let Eopen, zi'EI and if 1<1<j<2k and €Ll

is still undefined then let El 5" a.
’



(i1)

It is easy to see that (Ei,j:‘5‘<j52k) shows the
D’'~-axiom to hold for D.
If D satisfies the D' -axiom then it trivially satis~
fies the D-axiom.

The case Y=S is an easy modification of the
proof worked in the case Y-F.
For the sake of simplicity suppose that Q={a,b,c}.
(In the general case pick two different elements of
Q, a,b. The role of {c} will be played by Q\{a,b}.)
Let W={(A,B)eP(Q)xP(Q): AS{a} -~ a€B and

AS{b} - beB,

Then W satisfies the W-axiom while if
(A,B)EP(Q)xP(Q)\W then either (AC{a} and a¢B) or
(Ac{b} and b¢B. For (A,B) E={a}taken in the first
case and E={b} in the second shows the W-axiom to
hold. '

We claim that W doesn’t satisfy the W'-axiom.
Suppose indirectly that 8=(Eiyj:|§i<j§k) is a
system that shows the W'-axiom to hold for W.
Then

(1) {a}) €& and (b} €&
while ({a},2\{a})€ P(Q)xP(Q)\W and
({b},a\{b})€ P(Q)xP(Q)\W hold.
(2) o¢w and {c}g w

while (#,2)€W and ({c},2 {c})E W hold.

By the "allocation" of {a} and {b}, we
distinguish two cases:

(a) {a} = El,j and {b} = Ei e

Then (Ei,j; Ei,L;Ej,Z) is a A-system, that

is E e # or {c} which contradicts (2).
(b) (a)-E"J and (b)=El.m' where 1{i,j,&,m}i=é,
Now we are interested but in Ei,j' Ei,l’El,m'
EJ,L’Ej,m and Fl,m’ thus we may suppose that
1=1, j=2, £=3 and m=4.
Investigate what may be El,B'
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The cases E 5= {a} or {b} arise to (a).

EI # {c) and E, )3 £ 6 by (2).

E] # {b,c} while {EI,Z;EI,S;E

A—system hence E )3 = {b,c} implies E2 5 = [/}
’
contradicting (2) Now it is clear that

aeE]'B. ThuS'aeEz’s, while {E

a A-system.

3) is a

1,2581,33E5, 3} 1s

(E2,3; EZ,A;ES 4} is a A-system, hence a E2,4'

that is E2 4C{b c}.

E2’4f # and E2,4 F {c} by (2) and 52'4 # (b}

by (a). Hence 52’4 = {b,c}.

(E2’3; E2,4‘ES,4} is a A-system, hence
bEE2,3.

Finally El,} = {a,c} while EZ,}’El,Z'E],3
form a A-system.

Now (E1 3 ;El 4;E3,4} is a A-system and

E, 3 4 9 and El,3UE

which contradicts. (2).0

3’4=Q, hence E|'4=0

Remark: Theorem 2.2 demonstrates the difference between the
weak dependency and the rest.

Theorem 2.3: Let YCP(Q)xP(Q) satisfy the Y'-axiom for some
YE{F,D,S,W}. Then there is a relation R over
' with Y= Yﬁ Conversely if R is a relation over Q
then‘YR satisfies the Y'-axiom.
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Proof: Let &a(E"J:liquk) show that Y satisfies the Y’-axiom.
Then the requirement (iii) of the Y’-axiom and Theorem
2.1 (ii) imply that there is a relation R over @ such
that &p = &. By the Y’~axiom it is obvious that Y = Y
Conversely, if R is a relation over @, then writing
R = (hl""hk)' E & E(hi'hj); (EI,J

R*
R :1<i<j<k} shows
I:J - -

that ¥ R satisfies the Y’-axiom. O

3. Combinatorial Results

Definition 3.1. Let F be a full f-family and let ACQ. Then A is
a candidate key for F if (A,Q)ef and for any
A'CcA (A',Q)¢ F holds. Let R be a relation over
Q, then the set of candidate keys of R is the
set of candidate'keys of FR.

Let C denote the set of candidate keys gf F. Then C is a

Sperner system i.e. (VA,BEC)(ACB — A=B).

We deal with the following question of [11]:

(%) What is the largest number r(n) of rows that is needed for
some CSP(Q) being the set of candidate keys of a relation
over Q with r(n) rows, where IQi=n and C is a Sperner
system? )

In [11] it is shown that for any Sperner system there is a
relation with this system as its set of candidate keys and that

'é([n;zl) < r(n) < 2([n72])‘
We give sharper estimations for r(n).

Theorem 3.1:

1 n n
2 (n/2D) < (M) 2 (ras2))*t

Proof: First we prove the upper bound.
Let CCP(Q) be a Sperner system. Let B consist of the
maximal sets that do not contain members of C. Let the

members of B be B,,...B, . For 1<j<k let E, . = B. and
2 k =2 ‘IJ J
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for I1<ig<j<k let E. i, = B, nBJ. Then (E' $1<1<j<k}

satisfies the requirements of the Theorem 2.1 (ii),

hence there is a relation R over Q with k rows such

that & , = (E J'|<l<J<k) Then obviously C is the set

of candidate keys of R. It is trivial that B is a

Sperner system, and thus IBI< &n721) that is

kf-’([n;'Z])”‘

Now let we seen the lower bound. We start with two

trivial observations.,

l. Let R be a relation over Q@ with r rows. Then there
is a relation R' over @ such that R' uses no more
than r symbols and &R ﬁR,.

2. Let R be a relation over Q@ with r rows and let r'>r.
Then there is a relation R'over Q with r' rows such

that & =&.,. (Now we allow identical rows.)

By 1. and 2. the number of Sperner systems which may be repre-
sented as sets of candidate keys of a relation with r rows is
no more then r'*", Hence

n
([n/2]

r{n).n s 2

r(n) which implies

i n
r(n)>:7([n/2]),D -

IfB is a Sperner system and R is a relation such that

BCé&_,c (nB': B' Cp) then we can define two graphs on the
set of rows of R as follows:

1. the B -graph of R is GR where the vertices of GR are
the rows of R and two rows are connected by an edge
if and only if their equality-set is an element of B .

2, the colored graph of R is the complet graph on the
set of rows of R with the colour E(f,g) on the edge
(f£,9}. -

The B -graph of R has the following property. if Gy is dis-
connected, then there is a relation R' such that the number of
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rows of R' is less than that of R and Bc &;, c {(nB': B' CB}.
The colored graph of R contains no circuit the edges of which
have the same colour except exactly one. '
These two observations may be useful to make an algorithm
to find the minimal relation for Sperner systems.
The estimation for r(n) in Theorem is not sharp. If
B - {XcQ:1X1=[3]), then there is a relation R such that
BE & S {n.B': B'cB} and the number of rows of R is the least
natural number greater than

2 (enp2r) * /2 png2)-

It is natural to ask the following analogon of (#):

- What is the largest number R(n) of rows that is needed to rep-
resent a relation with F as the set of functional dependencies
of it for an FEP(Q)xP(Q) where I1Ql=n and F is a full f-family.

By the proof of Theorem 2.2 (i) it is obvious that R(n)<
the maximal number of subsets of Q@ such that the intersection
of any two of them is not a third. Thus, by a theorem of
D.Kleitman [13], R(n) < c.([n72]) where c=3/2. z.Firedi and

J.Pach have shown, that this number is less then
(1+(c.logn)/n) ({n;‘z])' It is trivial that r(n) < R(n).

Lastly we give the combinatorial characterization - ac-
cording to §0 - of the sets which are of minimal cardinality
with respect to the property that they imply all the dependen-
cies of a given full f-family.

We need some definitions and' a lemma.

Definition 3.2: Let MEP(Q).
(i) We say that M has the intersection property
if for any M'S M nMtM holds.
(ii) An MeM 18 irreducible if
M £ N{M'EM :MCM"'}
(recall that € means strict inclusion).

(1ii) An NEM generates M if
M={AN : N S N}




Lemma 3.1 Let M have the intersection property and let
N = {ME M: M is i¥reducible}. Then an NCM gene-
rates M iff N ¢ N',

Proof: The following proof is standard in lattice theory. If N'
generates M i then NC N is obvious. For the converse
we have to prove that N generates M., Suppose indirectly
that there is an XeMW  such that X#n{Y:Ye NgXS Y}. Let
X be of minimal cardinality with réspect to this proper-
ty. X¢N means that X = n{Y:ve Mg x Cy}, hénce XCY im-
plies that there is an N, C N such that Y=n NY' Let
N o = u{N;:xCY ana vem}.

Then Nx c Nand X =n N which is a contradiction.o

Remark: Observe that the proofs of Theorems in [2] are essen-
tially our proof of Lemma 3.1l. !

Corollary: If M has the intersection property then there is
exactly one N < Mwhich generates M and has minimal
cardinality.

Theorem 3.2: Let F be a full f-family, let B be the set of
maximal dependent set for F and let € be the set
which generates B and has minimal cardinality
(in [1] there is shown that B has the intersec-
tion property).

Then for any F1 € F we have the following:

F' implies all the dependencies of F ahd F' has
minimal cardinality with respect to this pro- .
perty :

if and only if
for any CeC there is an A
. {(Ag,C) : ce€y,

c.C @ such that ’

We left the easy proof of the Theorem to the reader. We think
that it is interesting to compare Theorem 3.2 with the Theorem

on pp. 16 of [2].
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Rostock, Math. Kolloq. 20, 53 - 60 (1982) 68899
Volker Wedler

Invariant Properties and Normalizations of Pictures

The classificetion of objects given by geometric transformed
pictures es caused by shifts, rotations, distortions, or others,
repreeent a serious problem in picture processing. The present

- paper discueees an unified epproech for the cheracterization of
invariant properties end normalizations of pictures formed on
Rosenfeld-Kak /1/, where basic definitions to the conception of
invariant properties are given, allowing an algebraic treatment
of this field. It will be shown that there exists a netural re-
lation between invariant properties and normalizations of pic-
tures,

1, Pictures, Transformations, Properties

We shall considar digital pictures which are generally defined
in the following way.

Definition 1: Let m,n be natural numbers end G € Rl. then any

mapping f:{0.1,....,m-1} = {0.1,....n-1} — G is celled a (digi-
tal) mxn picture with gray-value range G. The set of
all pictures is denoted by B,

Note thet tLe restriction to pictures with quantisized domains
is only a concession to digital picture processing, the genera-
lization of our considerations to pictures defined in the real
plane is straight forward.

In practice G ie a finite set of gray levels., If G = {0,1} the
pictures will be noted as binary pictures.

A picture may be represented by a m xn matrix with valuee from
G,

Definition 2: A mapping T from 8 into B is called a
Picture transformation, J:= {T:8-+8}.
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Definition 3: For a certain fixed set K ® R1 a mapping P from B
into Kis calleda picture property,
P := {P:BK], -

If K is a finite set, then a property P may be viewed as a
picture classification strategy that maps B into card(K) clas-
ses, The most frequently appearing picture transformations are
geometrical transformations like translations end rotations, We
shall consider translations as cyclic operations within the

m x n domain which is no essential restriction,

Important properties are quantitative features of picture ob-
jects like length, breadth, circumference etc., or properties
which can be computed by the moments of pictures /2/, /3/ as
well,

2, Inveriances and Norgglizations

The definitions of invariant properties and normalizations by
Rosenfeld and Kek /1/ correspond to the intuitive conception of
these notions,

Definition 4: Let S be a set of picture transformations, A pro-
perty P is called invariant in relation to S iff
P(T(f)) = P(f) holds for all pictures f and for all transforma-
tions T € S, The set of all properties which are invariant in
relation to S is called invariance class

of S, and denoted by Inv(S)., A transformation N is called
normalization in relation to S iff N(T(f)) = N(f)
holds for all pictures f and for all transformations T ¢ S. The
set of all normalizations in relation to S is called n o r -
malization class of S, and is denoted by
Norm(S).

'For these classes some important properties can be derived
which will be mentioned in the following theorem. S* denotes
the_algobraic closure of S in relation to superposition,

Theorem 1:
1, Inv(@) is the set of all properties,

2, Norm(@) is the set of all transformations,
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3. Inv(7) is the set of all constant properties,
4, Norm(7) is the set of all constant transformations,
5. If S, € S, then Inv(S,) @ Inv(s,), ‘

6, If S; §5, then Norm(S,) & Norn(sl).
7. Inv(S;) n Inv(s,) = Inv(S;US;).
8. Morm(S,) n Norm(S,) = Nor-(Slu S5) »

9. Inv(S) = Inv(S"),

10, Norm(S) = Norm(S¥).

11, Inv(S) = {P': there exists a property P so that
P'(f) = P(N(f)) holds for all pictures f}.

Proof: Only the properties for the invariance classes will be
proved, the proofs for normalization classes can be realized
analogously, The properties 1,...,4 are obvious,

5. If P e Inv(S,) then P(T(f)) = P(f) holds for all pictures f
and all transformations T & S,. Because of S, € S,, this holds
for all T ¢ Sy, too, Therefore P € Inv(S,).

Z‘ Because of 81 < 81 v 52 and property 5, we have

Inv(Sy) @ Inv(S;uS,). Analogqusly Inv(Sy) 2 Inv(S,u S5).
Therefore Inv(S;) n Inv(S;) 2 Inv(S,uS,) follows.

If P e Inv(S,) n Inv(S,) then P(Ti(f)) = P(f) and

P(Tz(f)) = P(f) holds for all pictures f, for all T1¢ §; and
for all T, € S,. Therefore P(T(f)) = P(f) holds for all pictures
f and for all transformations Tes,us,. It follows that
“Inv(S,) n Inv(S,) is a subset of Inv(S,vS,). Altogether these
sets are equal,

9. Let Pe Inv(S), T4:Tp€8S, and f an arbitrary picture, and

f' = T,(f). From the invariance of P it follows that
P(To(To(£))) = P(To(£')) = P(f') = P(To(F)) = P(F).

By the way of induction it can be shown that this equality
holds for any superposition of transformations of S. On the
other side it is clear, that there exists no transformation
outside S so that all properties of Inv(S) are invariant in re-
lation to this transformation,
11, If N is a normalization in relation to S, and P an arbitra-
ry property then P(N(T(f))) = P(N(f)) holds for all pictures f
and all transformations T €S. Thus each property of normalized
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pictures is an invariant property, On the other side, always
there exists a normalization N that is itself a transformation
of S so that P(N(f)) = P(f) holds for any property P & Inv(S)
and all pictures f, Therefore any invariant property can be re-
presented in this way. DO L

In picture processing such normalizations of pictures are of
epecial interest, because the properties of normalized pictures
are all invariant properties, If the invarient properties in
relation to translations shall be investigated then it suffices:
to search the properties of such pictures which arise when the
centre of gravity is translated into a fixed point. This norma-
lization fulfils the condition that all invariant properties
can be derived from the normalized pictures. For a few other
classes of transformations, normalizations are known, too /1/.

3. The Algebra of Invariance Classes

The formation of invariance classes represents a mapping from
the power set of transformations into the power set of proper-
ties, It is possible to construct a mapping that produces from
a set D of properties the maximal set of transformations 8o
that D is a subset of the invariance class of this set of
transformations, First the following system of sets will be
constructed, :

2, = {S: 5 1s a set of transformations and Inv(S) = Dj.

The union of this system of sets is called transfor-
mation c1lass, andis denoted by Tr(D),

‘The production of this transformation class represents a map-
ping from the power set of properties into the power set of:
transformations, and has similar properties as the mapping Inv.

Theorem 2:

1. Tr(@) is the set of all transformations,

2, Tr(?) is the singleton of the identic transformation,
3. 1f Dy & D, then Tr(Dy) & Tr(Dy),

4, Tr(Dy) nTr(Dy) = Tr(Dy uDy,),

5. Tr(D) =(Tr(D))*.



This theorem can be proved analogously to Theorem 1,

Therefore the pair of mappings (Inv, Tr) is a Galois connection,
and in a natural way the following two hull operators can be
defined:

F3(S) = Tr(Inv(s)), [L(D) = Inv(Tr(D)).
With the help of these hull operators two equivalence relations
=, on the power set of properties and == on the power set of
transformations cfﬁ be defined, Two sets Dl' 02 are equivalent,

D, ==, D,, 1f and only if r;(Dl) - f;(Da), for transformation
classes, S, = S,, analogously, If from every equivalence

class the greatest element is chosen then two algebras of sets
(Pl and [T] arise,

It is easy to see that all elements of these algebraé are clo-
sed in relation to their hull operator, for all De [P] and all
S c[T] the equalities (D) = D and FT(S) = S hold.

For the algebra [P] the following natural operations can be de-
fined: )

max, (D4 .05) -)f;(Dlu D,).

minP(Di,Dz) =D, N D,. ‘
It is obvious that the maximum is again an element of [P], and
the minimum by property 7 of Theorem 1, too.
Analogously, for [T] it can be defined,

maxp(S,,S,) = (s us,).
min.(S,.S,) = 5,0 S,, \
where maximum and minimum are again elements of [T].

With these opantiona the algebras [P] and [T] are lattices
which are related to each other as follows:

Theorem 3: [P,naxP,ninP] and [T,-axT,ninTJ are dual isomorphic
lattices; both with maximum and minimum (1 and 0),

Proof: The mapping Inv is defined for any set of transforma-
tions, hence for all elements of [T], too,

1f D € [P] then Inv(Tr(D)) = D holds, therefore Tr(D) e [T] is &an
origin of D in relation to Inv, Thus, Inv is a mapping from [T]

onto [P].
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If 5,,5,¢ [T] and Inv(S,) = Inv(S,) then Tr(Inv(s,))
= Tr(Inv(S,)), and therefore, [1(S,) = [(S,) holds,
Because of the closedness of all elements of (T}, 51‘ Sz holds,

That's why Inv is a one-to-one mapping, the inverse mepping is
Tr.
with the help of the points 7 and 8 of Theorem 1

Inv(maxp(Sy.55)) = Inv([1(S; US,)) = Inv(Tr(Inv(S,u S,)))
= Inv(S, US,) = Inv(S;)n Inv(S,) = ninP(Inv(Sl).Inv(Sz)) and

maxP(Inv(Sl). Inv(sz)) = f;(Inv(si) uInv(Sz))
= Inv(Tr(Inv(sl) U Inv(S,))) = Inv(Tr(Inv(S,))n Tr(Inv(S,)))
= Inv( r‘.r(sl) a FT(sz)) = Inv(S,n Sy) = Inv(min.(S;,S,))
follows,
Thus the lattices [P] and [T] are dually isomorphic. The mini-
mum of [P] is r;(Q), the set of all constant properties. The
maximum of [T] is the set of all transformations, and
Inv(1;) = Op holds, On the other side, the minimum of [T] 1s
f}(a). the singleton of the identic transformation, and

Inv(0y) = 1., the set of all properties. O
For the normalizations it is possible to construct analogously

a lattice [N], this lattice is isomorphic to the lattice [P].
If a set S of transformations is composed by S,,....5, in the

following way, S = (Squeee usk)* then for the invariance
classes Inv(S) = Inv(si)n ese n Inv(S,) holds,

4. An Example

Let 51’= {T1} and S, = {Tz§ with
T (xy) = 1/3 (f(x-1,y) + f(x,y) + f(x+1,y)) and
Tz(f)(x,y) = 1/3 (f(x,y=1) + f(x,Y) + f(x,y+1)).

These transformations are the productions of the means in a

small neighbourhood of the point, a blurring of the picture; Ty
in the rows and Ty in the columns, The superpositions of Ty
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or T, is a blurring within larger domains, The only invariant
properties in relation to these transformations are the means
of the rows, and functions of them, or the means of the columns,

and functions of them, Thus:
m

Inv(S,) -{P: P(f) = g(pgeeeepy). g:RMRY, My 1/::;1‘(1*)}.

. ,
Inv(S,) -{Pz P(f) =g(¥yreeeivy), g:RBRY, vy = 1/n;f(3,k)}.

Any value that csn be computed by the means of the rows, and by
the means of the columns, too, can be computed by the mean of
the whole picture., Therefore

Inv(S4) n Inv(szj

n L]
= {P: P(1) = g(u), giRLR, pat/mn ;Z_;f(a.k)}.

On the other side each trangforuation of (SlLrsz)” is a blur-
ring of the whole picture, and the only invariant properties
are the mean of the whole picture and functions of it,

In this case the relation Inv(S,)n Inv(S,) = Inv(S,V S;) 1s
clear immediately,

5, Con si

The continuation of this theory can be the finding of the atoms
of the lattice [T] end of the dual atoms of [P] and [N], or the
searching of algorithms for normalizations for important clas-
ses of transformations,
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Gottfried wolf

Zur Charakterisierung stabiler Konfigurationen euf binéren
zellularen Automaten

0, Zusammenfassung

Die Arbeit befaBt sich mit der Charakterisierung von stabilen
Konfigurationen auf bindéren zellularen Automaten. Die (lokale)
Oberfahrungsfunktion ist die Implikation, Das Kopplungsmuster
ist die von-Neumann-Kopplung. Dabei wird, aufbauend auf vorlie-
genden Resultaten fir die linearen bzw., verallgemeinert line-
aren Funktionen Antivelenz, Aquivalenz, Konjunktion und Dis-
junktion, deren Giltigkeit auch auf die nichtlineare Funktion
Implikation erweitert,

Fur die untersuchte Funktion gibt es auf zellularen Automaten
stabile Konfigurationen, Die implikative "Oberlagerung” dieser
stabilen Konfigurationen ergibt wiederum stabile Konfiguratio-
nen, J

Der Begriff "Rand einer Konfiguration" als eine Teilmenge des
Zellgitters wird eingefihrt, Jede stabile Konfiguration wird .
durch ihre Werte auf dem Rand vollsténdig charakterisiert, Ein
Rand wird fir die untersuchte Funktion angegeben, :
Die Glltigkeit des Superpositionsprinzips fir stabile Konfigu-
rationen erméglicht - zusammen mit dem Rand - den Aufbau stabi-
ler Konfigurationen aus einfachen Grundelementen, Fir die un-
tersuchte Funktion wird eine Basis bestimmt,

1, Grundbegriffe

Die Definitionen lehnen sich an die gebréuchliche Terminologie
an (/3/), Ein zellularer Automat besteht aus einer unendlichen
Menge identischer endlicher Automaten, Diese Automaten sind in
einem zweidimenaionalen Gitter angeordnet, Jeder Automat ist in
der gleichen Weise mit seinen Nachbarn verbunden. Formal be-
schreiben wir einen zellularen Automaten durch ein Tripel

=
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L = (AG2,5):

- 62 ist das Zellgitter, 6% = {rl.rz} ist die Menge aller ge-
ordneten Paare ganzer Zahlen, Das Paar # = (ry.ra) € 62 be-
schreibt mit den Cartesischen Koordinaten Fqe Tp einen Punkt #

in der Ebene des Zellgitters, Jedem dieser Punkte in der Ebene
wird ein Zellautomat A, zugeordnet, Dieser Zellautomat wird

auch kurz Zelle #  genannt, ;

- S ist das Kopplungsmuster oder die Nachbarschaftskopplung.
Das Kopplungsmuster wird hier durch ein 5-Tupel von Vektoren

S = (so, 84+ 85, 83, 34)
mit s, = (0,0), 8y = (1,0), sy = (0,1), 8y = (-1,0), 8,= (0,-1)

beschrieben., Dieses Kopplungsmuster ist die sogenannte von-Neu-
mann-Kopplung., Die Nachbarn N(# ) einer Zelle sind

N(#) = {#'|#" = W+ 8 A8 €8, 1-0,1,2,.7.,4}.

Die Zelle w, bezeichnen wir als Zentrumszells, Die Outputs der
Automaten A,.,, %' € N(% ) sind die Inputs von Aﬂ‘" Die Nach-

barn einer Zentrumszelle # zeigt Bild 1,
Ly

Bild 1

- A ist der Zellautomat mit A = (X, Y, Z, §, 1), wobei in die-

ser Arbeit X = Z°, Y= Z = {0,1}, d:Xx Z—2Z, 1:Z—Y,

2(z) = z fir z € Z ist. X, Y, Z sind die Input-, Output- und
Zustandsmenge, d und A die Oberfihrungs- und die Ausgabefunk-
tion - entsprechend der gebrduchlichen Schreibweise. Die verwen-
dete Oberfiihrungsfunktion ist die logische Funktion Implikation,
FOr diese Oberflhrungsfunktion gilt - unter Beachtung der Ver-
kopplung mit den S5 Nachbarzellen - folgendes:
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J[z‘+so(t), 2 v, (1) Zgrs, () Z00q (1), z“.+54(t)]
Uz g (2 g ()24 o ()2 g ()220 (V)

= Z (t+1),
1"0

Durch die spezielle Klammerung und Reihenfolge der Argumente
von d wird jeweils eine spezielle Funktion & festgelegt. Die
Untersuchung aller mbglichen Klammerungen und Reihenfolgen er-
folgt im Rahmen dieses Vortrages nicht, Die betrachtete Ver-
knipfung der EingangsgroBen soll an einem Schaltschema (Bild 2)
verdeutlicht werden.

N N
R PO

Bild 2
Eine Konfiguration K, K & 02

len: K = {® % ¢ 62 A z,= 1}. K ist endlich (unendlich), wenn

die Zahl der erregten Zellen endlich (unendlich) ist.

, ist die Menge aller erregten Zel-

Die der Konfiguration K zugeordnete Belegung G 1st folgender-
maBen definiert:

X : 6% §0.13,
wobei e‘b-K(w) = 1, wenn # €K, und bK(w) = 0, wenn # £ K ist

Die Einschrénkung der Belegung B auf R & 62 des Zellgitters
wird mit 4}: bezeichnet,

Die lokale Belegung J¥ (N(4% )) ist die Belegung einer Zelle und
aller ihrer Nachbarn, also

D(N(®)) = [Z oo | ¥ € N(x )
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Wir wollen dieien Begriff an einigen Beispielen erldutern, FOr
die von-Neumann-Kopplung sind im Bild 3 einige Beispiele von
lokalen Belegungen gegesben,

.

Ly =

Xl [x] _Ix]

X

x| |

IxIx]x]

D unerregt
erregt

Bild 3

‘

2, Stabile Konfigurationen

Eine Konfiguration K zum Zeitpunkt t wird als k® bezeichnet,
Eine Konfiguration K ist stabil, wenn sie sich zeitlich nicht

éndert, d. h,, wenn K = k® far alle t>0 gilt, Offensichtlich

1

folgt aus Kt = k**? auch k™7 = k far T >0, Damit gilt fdr je-

des % € G2 einer stabilen Konfiguration
z, (tel) =z (¢). ’ (1)

Dieser Gleichung (1) entspricht bei der angenommenen implikati-
ven Verkniipfung i i

z,,‘,o = ((((z ",o—bz vl)ézwz)fz ,,3)—»: 4(4)

(2)
(1, € 6%, 1e0,...,4).

Die Gleichung (2) ist die eog.naﬁnto lokale Stabilititsbedin-~
gung, die fir alle Zellen %, e G2 gelten muB,

Mit Gleichung (2) kdnnen aus allen lokalen Belegungen die lokal
stabilen Belegungen susgewshlt werden., In einer (global) stabi-
len Konfiguration sind nur lokal stabile Belegungen zugelassen,
Bei der untersuchten Funktion Implikation kdnnen aber nicht al-
ie mdglichen lokal stabilen Belegungen in. (globsl) stabilen
Konfigurationen auftreten, ‘
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In /1/ und /2/ wurden Stabilit&tsbedingungen fir die linearen
und verallgemeinert linearen Funktionen Antivalenz, Aquivalenz,
Konjunktion und Disjunktion bereits untersucht, Fiir die genann-
ten Funktiohen gibt es in jedem Fall stabile Konfigurationen,
FOr die ZustandsiberfOhrungsfunktion Implikation erhalten wir
bei der angenommenen Verknipfung entsprechend (2)

‘ 4
z,(ts1) = zo(:)[1 "V zi(t)]

(3)
4

+ zz(t)[l +1!3 zi(t)] + z,(t) (mod 2),

4 4
0 = zy(f) V. 2,(t) + Z(t) [1 +i\-1321(t)] + z4(t) (mod 2), (4)

Die L8sungen von (4) sind die im Bild 4 dargestellten lokal
stabilen Belegungen der Zustands(berfihrungsfunktion Implika-
tion,

m 7 % ]
CT) LT O X U] X DX X
[X] [X] K [] [] IX]
X CxE 1 CIxpd CIx] XX X
| L L %] X X]
A [X] n X X
Lix x[xT | IxIxIX] [fxix] [x]x]x]
(X X (X X X

Bild 4

Zur Auswahl und zur Anordnung von lokal stabilen Belegungen,
die in (global) stabilen Konfigurationen auftreten kdnnen,
- stellen wir folgende Betrachtungen an:

Wir nehmen zundchst an, daB die Konfiguration nicht leer ist.
Es gibt dann also mindestens eine erregte Zelle. '

1) Durch vurgieich mit den angegsbenen lokal stabilen Belegun-
gen kann man feststellen, daB es keine lokel stabilen Bele-
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gungen gibt, bei denen die Zentrumszelle unerregt und die
untere Nachbarzelle erregt ist, d. h,, es liegt Gber einer
erregten Zelle stets eine weitere erregte Zelle,

2) Liegt eine erregte Zentrumszelle {ber einer unerregten un-
teren Nachbarzelle, so lassen sich nur solche Anordnungen
von lokal stabilen Belegungen angeben, bei denen mindestens
bei einer der seitlichen Nachbarzellen im Widerspruch zu 1)
- eine unerregte Zelle Uber einer erregten Zelle liegt. Es
liegt also auch unter einer erregten Zelle stets eine weite-
re erregte Zelle.

Senkrechte unendliche erregte Zellstreifen sind daher Bestand-
teil stabiler Konfigurationen., Ebenso ist durch Vergleich mit
den lokal stabilen Belegungen leicht zu erkennen, da8 auch
senkrechte unendliche unerregte Zellstreifen stabil sind. Gibt
es in der Konfiguration weitere erregte Zellstreifen mit min-
destens einem oberen oder einem unteren Ende, so ist die Konfi-
guration nicht stabil, Die volle und die leere Konfiguration
sind ebenfalls stabil,

Wird eine andere Numerierung der Nachbarzellen vorgenommen, er-
geben sich andere stabile Konfigurationen, Als Beispiel sei die
im Bild 5 engegebene Numerierung genannt, bei der stabile Kon-
figurationen aus unendlichen waagerechten unerregten und erreg-
ten Zellstreifen hestehen,

%3
N
Ly
s
16'2 1(4
LL

Bild 5

Wird die Klammerung verdéndert, so ergeben sich weitere stabile
Konfigurationen, Beispiel sei die Oberfdhrungsfunktion mit der
im Bild 5 angegebenen Numerierung und der Klammerung

(2 g0 (1132 40 (8D 22 40 (01D (20 0q ()3 240, (1))

= Z,‘((t¢1).
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Bei dieser Oberfihrungsfunktion sind stabile Kénfigurationen
alle schachbrettartigen Anordnungen von erregten und unerregten
Zellen, die rechts von einem unesrregten senkrechten Zellstrei-
fen des Gitters liegen. Links von diesem Zellstreifen gibt es
keine erregten Zellen,

3, Oberlagerung von Konfigurationen

Im folgenden Abschnitt untersuchen wir die implikative Oberla-
gerung von stabilen Konfigurationen auf zellularen Automaten
deren (lokale) ZustandsOberfihrungsfunktion die Implikation ist,

Definition 1: Es seien K; und K, zwei Konfigurationen und ihre

K K
entsprechenden Belegungen & 1 und L 2. Denn ist deren Oberla-
gerung wie folgt erkldrt: )

K= K1"K2'
K= {#]6£€K v (FeK K ek,
oder

K K K .
0% = B oe) + HE)  Biw) + 1 (mod 2).
FOr stabile Konfigurationen gilt ein Superpositionsprinzip, das
die Erzeugung von weiteren stabilen Konfigurationen durch die
Superposition von stabilen Konfigurationen aus einer gegebenen
Menge gestattet,

Satz 2: Sind Ky und K, stabile Konfigurationen eines zellula-

ren Automaten [ mit einer implikativen Zustandsiberfihrungs-
funktion, dann ist K3 ait K, >K, = Ky eine stabile Konfigura-
tion von L.

Beweis: Aus der Bedingung, daB die lokal stabilen Belegungen in
K, und K, Teile einer (global) stabilen Konfiguration sind,
folgt, daB K3 ebenfalls global stabil ist.

Satz 2 erweitert die in /1/, /2/ erhaltenen Ergebnisse zur
Oberlagerung von Konfigurationen mit linearen bzw. verallge-
meinert linearen Funktionen auf zellulare Automaten mit einer
implikativen Oberfihrungsfunktion, Wir fdhren nun den Begriff
des Randes einer Konfiguration ein, Dieser Begriff wurde in
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Anlehnung an den Begriff des Randes bei Randwertproblemen der
Differentialgleichungen gebildet,

Definition 3: Eine Teilmenge R & G2 der Gitterpunkte wird als
Rand einer stabilen Konfiguration K bezeichnet, wenn fir jede
Belegung Jf, von R & 62 genau eine Belegung X von # e 6%’
existiert mit

1) SR(W) = Fo(%) foar xR, wobet

2) a‘ék(lf) die Belegung einer stabilen Konfiguration K ist,

Als Beispiel eines Randes widhlen wir einen unendlichen waage-
rechten Zellstreifen wie im Bild 6, (Die Zellen 3 und 5 gehdren
nicht zum Zellstreifen,)

412

Bild 6

Nun 188t sich fiir jede Zelle # &R eine stabile Belegung fin-
den, die auf den Zellen 1, 2, 4 mit einer lokal stabilen Bele-
gung in einer stabilen Konfiguration (Obereinstimmt, Damit ist
aber auch die Belegung der Zellen 3 und 5 eindeutig bestimmt,
d. h,, der Zustand der Zellen 1, 3 und 5 ist gleich, Ebenso
k8nnen die lokalen Belegungen fir die anderen Zellen des Randes
bestimmt werden., Damit- sind die Zusténde aller Zellen in den
oben und unten an dem Rand anliegenden Zellstreifen eindeutig
bestimmt, Bei einer Fortsetzung des Verfahrens wird schrittwei-
se die Belegung der gesamten Konfiguration durch die Belegung
des Randes bestimmt,

Satz 4: FOr stabile Konfigurationen auf zellularen Automaten -
mit der von-Neuman-Kopplung und mit der ZustandsUberflhrungs-
funktion Implikation gibt es einen Rand R c 62,

Beweis: Fir den genannten Fall ist in Bild 3 ein (endlicher)
Ausschnitt eines (unendlichen) Randes R c c? gegeben,

Mit der M8glichkeit der Oberlagerung von stabilen Konfiguratio-
nen zu wiederum stabilen Konfigurationen entsteht die Frage

68



nach einfachen Grundmengen von stabilen Konfigurationen, aus
denen durch Oberlagerung von Elementen dieser Grundmengen jede
stabile Konfiguration erzeugt werden kann, Eine solche Grund-
menge rennen wir Erzeugendensystem, Ist sie ein “kleinstes” Er-
zeugendensystem, 80 nennen wir sie Basis,

Definition 5: Wir nennen die Menge B aus stabilen Konfiguratio-
nen Basis zur Zustandsiberfihrungsfunktion Implikation des
Zellautomaten, wenn

1) fir jede stabile Konfiguration K' eine Teilmenge KsB
existiert, so daB K' = ((Kl*Km)"Kn)"""'

mit K, € K (i=1l,m,n ,..) gilt, und

1

2) for slle B' c B Aussage 1) (bei Beschrénkung auf Teilmengen
K von B) nicht gilt,

wir geben im folgenden eine Basis an. Dazu nehmen wir an, daB K
eine stabile Konfiguration sei und d5: die Belegung dieser Kon-

figuFatioﬂ auf dem Rand R, Die Zellen des Randes werden in
willkdrlicher aber fester Weise numeriert, Mit 3{(3) bezeich-

nen wir die Belegung der j-ten Zelle des Randes. Zu jeder Bele-
gung des Randes gibt es genau eine stabile Konfiguration,
Wir bezeichnen mit K, die stabile Konfiguration, fir die gilt:

K 1 for § = 1,
Gt (D) -{
0 far J ¥ 4,
FOr die stabile Konfiguration B® gilt

-ngo(g) = 0\fur alle 3 > 0.

Satz 6: Die Menge B v B° = {x/1=1,2...} v 8° 16t eine Basis

far stabile Konfigurationen auf zellularen Automaten mit der
Zustandsfunktion Implikation,

Beweis: Es sei K eine stabile Konfiguration. Ist K die volle
Konfiguration, so gilt K = Kl"Ki'

Ist K nicht die volle Konfiguration und.R ein Rand, so wollen
wir zuerst zeigen, deB B ein Erzeugendensystem ist, d. h.,
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jede Konfiguration K ist aus der Oberlagerung von Elementarkon-
figurationen Ky erzeugbar, Es gilt

Ky K K
SR (e ((BLs8%) > B 8% 5B, ..

K
(Lm.n,...el, IT={1]|Bp(1) = 1}, Lm.n,... paarws:g:chieden)

und damit wegen der Definition des Randes

K K
S5 = (Lo (((B 128%) =23 ®)>8%)....

AuBerdem ist dieses Erzeugendensystem eine Basis, weil keine
Teilmenge ein Erzeugendensystem ist, Es sei K, mit k > O eine
beliebige stabile Konfiguration, die nicht in B8' c¢ B enthalten
ist, Dann 1Bt sich aber, da alle anderen Basiskonfigurationen
Ky KoKy €B' an der Stelle k gleich Null sind, d. h, Kj(k) =0,

die Basiskonfiguration K, mit Kk(k) = 1 und Kk(J) = 0 nicht
durch

K K K
B = (one (DRl 28%) 5 )8 ...

darstellen,

Die Ergebnisse in diesem Abschnitt stimmen mit den entsprechen-
den Ergebnissen fir lineare und verallgemeinert lineare Funk-
tionen Gberein (/1/), d. h,, euch fir die Implikation 1l3Bt sich
ebenso wie fir die linearen bzw, verallgemeinert linearen Funk-
tionen eine Basis angeben,

AbschlieBend soll noch darauf hingewiesen werden, daB sich die
verschiedenen Konfigdrationen Ky durch Translation aus einer
Konfiguration, z, B, K,. erzeugen lassen, d, h,, die Basis wird
durch eine Elementarkonfiguration bestimmt, mit der (durch
Translation) alle anderen Elementarkonfigurationen beschrieben
werden kdnnen, Mit dem Basissystem ist ein einfaches Beschrei-
bungsmittel fOr stabile Konfigurationen gegeben. Dieses Ergeb-
nis steht in Zusammenhang mit Entscheidungsproblemen, wie sie
in der Theorie zellularer Automaten untersucht werden (/4/).
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Bolesdaw Mikozajczak

Op some new NP-complete problems in the theory of finite
automata

This paper deals with time computational complexlity of several
problems associated with simulation of a set of finite auto-
mata with help of one automaton.

The oonmcept of realization of onme automaton with help of
apother one assumes that input literals of one automaton can
be transformed into input literals of the second one. Here

wo assume that input words of one automaton can be transformed
into input words of the second one. This leads to a wide area
of applications in the theory and practice; for instance in

a generalized decomposition theory, and also in several pro-
blems of simulation of a set of finite automata with help of
one automaton.

We present in this paper several results concerning time
computational complexity of decision simulation problem for
arbitrary automata and also for special subclasses of automata
such as: asynchronous, k-asynchronous, planar automata. We
assume throughout the paper that automata under comsideration
are finite, deterministic and completely defined.

Let A = (8,, 2, M,) and B = (8, 2 5 Mg) be two fipive he-
terogenous automata such that ZA“ ZB = §. A pair of

0 3 ’
functions & = (g, A )y 0ig: 8, into 8g, and o& : Z‘ into

;, and

&gy (5,x)) = Mylag(s), o _(x))
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for every s ¢ 8,, x e :, oA (x) £ 2gy Ag €35 18 said to be

a generalized homomorphism of A into B. The set of all state
homomorphisms will be denoted as SHom(A-——B), and the set of
all homomorphisms with oy > A intoZB will be denoted

by Hom(A—B). We assume that GHom(A—> B) = & denotes the
fact that there exists only the trivial generalized homomor-
phism, i. e. such that there exists a state t € SA such that

for every s € s‘, it follows as(s) = t, and in a pair of
functions (as, “}: ), function (xz is arbitrary, respectively
chosen for og and such that 12(6) = x, where llB(t,x) =t.

The set of all trivial gemeralized homomorphisms will be deno-
ted by TGHom(A—B). A set of all nontrivial generalized homo-
morphisms will be denoted by

NTGHom(A —B) = GHom(A —B) \ Hom(A—B).
The algoTithm of computing all nontrivial generalized homomor-
phisms NTGHom(A — B) has been presented im /19/.

An automaton A' = (SA, ZA, Mi) is said to be subautomaton of
»*
A = (8, 3, M;) with input free monoid 2, iff B €58,

1
EA = }::, M, is a restriction of M, to S, X 24, and for ar-
bitrary s' € Bi we have lli(',x) 3 BL.
For automaton A = (SA’ ZL' IIA) two kinds of subautomata are

of special interest, namely al = C Zi, lli) and
i_ i 1 )
Ad = (sk’ Zd,A’ md.A),
>
where I, = {6, 65 ..o 65 1 67, 65y e00y 6; € pENE

Ti.i=(66.6=6" 16T}
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i i i " i
and My : By X 3, —8,, and Mg 4 : 8y X 34,8,
are restrictions of IIA. These subautomata are called subauto-

mata associasted with the change of operating time.

Now we will formulate a set of problems, called SIMULATION
PROBLEMB. Before this we quote several definitions needed in
what follows.

A decision problem 7 is defined as an ordered pair

7 = (DW. + !7,—), where Dj- is a set of instances of a problem
called domsin, and I_,r is a subset of Dy i. e., the set of in-
stances for which the answer is "yes". A subproblem sub-7 of

a given problem T = (Dg, Y,) is an ordered pair (o, Yy;.),
where Dﬁ',-s Dand Yy = Y5 n D}.

Under P we understand a class of decision problems solvable

in polynomial time on deterministic Turing machines. Under NP
we understand a class of decision problems solvable in poly-
nomial time on nondeterministic Turing machines,

Problem T = (D4, Y,) is polynomially reducible to problem

7' = (Dy, Y,) iff there exists a function £ 1 Dy — D} such that
it traneforms every instance I of Dy into instance £(1) € D_.;,—
in polynomial time and such that IeY, iff £(I) ¢ Y.

We say that problem 7 is NP-complete iff # ¢ NP and every pro-
blem 7’ ¢ NP is polynomially reducible to 7. We can also prove
NP-completeness of some problem J through showing that I ¢ NP
and besides that there exists another problem 7'e NP-complete
such that 7’ is polynomially reducible to 7.

Now we quote the concept of a class of problems of intermediate
difficulty between the classes P and NP with respect to time
computational complexity; namely

NPI = NP\ (P u NEC)

with the assumtion that NFI £ g if P # NP, One of the well-
known among NPI problems is the vertex isomorphism of directed
or undirected graphs. This problem have withstood the test

of time and have certain attributes that seem to distinguish
it from the types of problems already known to be NP-complate

v
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(NFC). In this paper we show that the problem of finding ge-
» neralized isomorphism between two heterogenous automata be-
longs also to NPI. )

A search problem J consists of a set D, of finite objects
called instances and, for each instance I € Dy a set of
B,r(I) of finite objects called solutions for I. An algorithm
is said to solve a search problem 7 if, given &s input any in-
stance I € Dyry it returns the answer "no" whenever S,,—(I) is
empty and otherwise it returns some solution s belonging to
8,(1).

An enumeration problem based on the search problem 7 is:
"Given I, what is the cardinality of S,r(I), that is, how many
solutions are there?"

An optimization problem is either a minimization problem or
maximization problem and consists of the following three
parts:

1) a set of instances, Dy,

ii) for each instance I € D, & finite set §;(I) of candidate
solutions for I, and

ii1) a function m, that assigns to each instance I € Dy and
each candidate solution s e 8,(I) a positive rational

pumber m,(I,8), called the solution value for 7.

Now we can formulate a fundamental decision problem associa-
ted with generalized homomorphisms.

GHOM EMPTINESS PROBLEM
I. There are given two finite sutomata A = (SA, ZA’ MA) and

B = (SBo ZB’ uB).
Q. Is the set of nontrivial generalized homomorphisms from A

into B empty, i. e. NTGHom(A— B) = @?

Of course, this problem is decidable; but the algorithm pre-
sented in /19/ is unefficient because it includes a computa-
tion of characteristic semigroup of automaton B, and a compu-
tation of state homomorphisms from A into (onto) B.
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FPor some subclass of pemt;tation automata there exists an
effective method of solution of GHOM EMPTINESS PROBLEM. This
follows from the following lemma.

Lemma 1: Let A = (SA' ZA' IA) and B = (BB, ZB’ IB) be two

permutation eutomata; then T(A) = T(B) implies
NTGHCM(A —B) = @.

Thus in general the automata which generate the same group
are not related by isomorphisms or homomorphisms even if we
permit a change of the input words. For permutation automata
the problem of GHOM EMPTINESS PROBLEM. is solveble in pgeudoex-
ponential time due to the fact that a number of generators

in a group is of order O(log n). Therefore the problem of
verifying the equality of TA) and f(—'B) has a time computatio-

nal complexity of order O(nl®8 D), where n is the number of
elements in I(4) or I(B).
Now we are in a good position to formulate our simulation pro-
blems.
1. Automata simulation decision problem
I. Let O ={a = (85, 34, My,
by = By o0 pseens iy = (Byy T )
be a set of finite automata.

Q. Does there exist a fimite automaton A = (8, J_, M) such that
for every automaton Aj € (I there exists a subautomaton

At «(s, T2, ul) of automaton 4 such that menonud-ui)ﬁm

2. Automata simulation search problem

I.Let O = §A1 = (81’ :]1 u1)0
Ay = (Byy Tp, Mp)yenes by = (Bpy T 1))

be a set of finite automata, and let K be a natural pumber.
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Q. Compute all sutomata By = (T,, Zl’ M;) such that |T;] < K

and for every automaton Aj € (! there exists a natural num-

ber i > 1 such that NTGnom(Ad—»Bi) £ 2.

3 Automatméimuiation enumeration problem

I. Let O = (a5 = (84, 34, My,
Aa = (Sar Za: MZ)""’Ak = (st Zk’ Mk)}
be a set of finite automata.

Q. How many automata Bl there exist such that

nmnomua-mi) P

4, Automata simulation optimization problem

I.Let O = {L,] A=ﬂ(s1s 211 ull)’
Aa = (52’ Zz, Mz).’,o-o, ‘k = (sk’ Zkl uk)}

be a set of finite automata.

Q. Compute automaton B = (T, 3_, M) such that for every auto-
maton A.‘l € (I there exists a natural number i > 1 and

NTGHom(Ay »B) # @ and |T| is minimal (or the cardinality
of a characteristic semigroup I(E) is minimal).

As a special case of the above presented problems, a set of
problems can be d.erine& in which we deal with subautomata Aé.
In what follows we will discuss simulation problems asso-
ciated with subautomata Ai only, because problems associated
with subautomata Axi are subproblems of problems associated

with subautomata Ai.

All these problems are of great practical importance because
the set of automata can be "realized" by the help of one auto-
maton, an additional multichannel clock with different fre-
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quencies being multiplicity of some fundemental frequency, and
a sequential transducer mapping input symbols of Zi into

words of Z+. FProm technical point of view these problems can
also be treated as generalized decomposition problems for a
set of automata with common tail automaton B and different
front automata (Bequential transducers mapping:input symbols
into words). .

Now we present several results associated with time computa-
tional complexity of the above, presented problems.

Theorem 1: Automata simulation decision problem is NP-com-
Plete. )

Proof: For a given set of automata we choose nondeterministi-
cally an automaton B with 2,3,...,0,... 8tates, respectively;
then we generate all automata of fixed number of states. Es-
pecially as an automaton B we can choose the universal auto-
maton, i. e. such automaton that its characteristic semlgroup
is composed of all  possible transformations on the set of
states T, From practical point of view we restrict our con-
siderations t,o such p that n £ max {|s1l v 1850 5000y ISkI}.

Then by the help of the algorithm presented in /19/ we verify

whether the set of nontrivial homomorphisms NTGHom(A- Bi) AP
for every J € {1, 2,...,k} and such i that i = max(Tp; ),
where
P
x X and
Tain(B) = 3H1 Min xa,, where Min X5 =7,

y=min {|8] t 2 € 'ij,}; ITEY - {51, T 'fp].

Accordipng to /8/ the problem of finding homomorphism between
two words on finite alphabets is polynomial in time. Therefore
using the restriction technique /10/ we bave reduced our pro-
blem to the problem of finding state homomorphisms between two
finite automata (or equivalently, vertex homomorphisms between
two directed graphs). This last prodblem is NP-complete accor-
ding to /1/1 /9/, /10/, 722/«
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Corollary 1: The automata simulation decision problem with
generalized isomorphisms from ‘.‘l into 13:L is also NP-complete.

Qorollary 2: The automata simulation decision problem with ge-—
neraliged homomorphisms from ‘5 onto B:l is also HP-complete.

Theorem 23 The gutonta sumulation decision problem with gene-

ralized isomorphisms from ‘d onto Bi is NFI.

Proof: It follows from the fact that the problem of finding
isomorphism between two words on finite alphabets is polyno-
.mial in time /8/. And therefore our problem has been reduced

" to the problen of state isomorphism from Aj onto Bi, due to
restriction techhlque /10/; this last problem is EPI.

Theorem 3: The a;gtomata simulation search problem with respect
to generalized onto isomorphisms is NPI.

Proof: The decision problem whether two directed graphs

are state (vertex) onto isomorphic and search problem of iso-
morphism between such graphs are polynomially equivalent
according to /18/.

Iheorem 43 The automata simulation decision problem with gene-
ralized isomorphisms from ‘.‘i into Bi is NP-complete.

Proofs Through a restriction technique from the CLIQUE prob-
1.‘.

Now we restrict our problems to some subproblems as a way of
looking for time polynomial subproblems of given problems. We
will discuss three special classes of automata: asynchronons,
k-asynchronous and planar.

Automaton A = (s, Z, M) is said to be asynchronous if for



every s € S and for every 6 ¢ 3_, M(s, 6) = M(s, 66).
Automaton A = (8, 3, M) is said to bé k-asynchromous if for

every 8 € S and every 6 ¢ »_ there exists nutural number k>1
such that M(s, 65) = M(s, 65*7), o

Automaton A = (8, >, M) is said to be plan if 1ts transi-
tion graph is planar. .

lemma 23 Let A = (8, 3_, M) be k-asynchronous or an asyn-
chronous automaton with 8] = n; then the cardinality of the
characteristic semigroup Y(A) has a time computational com-
plexity equal to O(n~) and O(n), respectively. ’

Proof: Follows from the results included in /19/..

Lemma 33 Let A = (8, Y_, M) be a planar automaton; then every

subautomaton Ai of A is also planar.
Now we are in a position to state our pext result.

Theorem 5: Automata simulation decision and search problems
for asynchromous, k-asynchronous and plapar automata are poly-
nomial in cime.

Proof: It follows from lemmas 2 and 3, and besides from re-
sults included in /7/, /8/, /14/, /15/.
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On Feirneee in Petri Nete

Fairnaee ie to be understood ae performing actions in the order
of their announcemente, Related problems are etudied in the
Petri net model where actions correspond to the firings of
traneitione., An action ie announced if a transition becomes
firable, it ie performed if thie transition fires., Fairness in
Petri nete meane firing of transitione in the order of their
enabling, Therefore, fairneee ie & property of firing eequen-
cae: eome of them satisfy fairness conditions while othere do
not end have to be excluded. To eneura fairnese the firings
muet be controlled by a queue regime giving temporary priori-
tiee to the traneitione with longest waiting time. The queue
policy can be performed by finite autometa controlling tha fi-
ringe of the Petri nat,

while in other fairness consideratione the performability of a
. waiting action is not influenced by other actione, the eitue-~
tion in Petri nete may be different: a firable traneition.may
looee ite concession by firinge of other transitione, i, e,, &n
announced action may be non-parformable whan it should ba axa-
cutad with respact to ite waiting period, Thie leade to certaein
constrainte for tha net (to permit feir firinge) or to modified
feirnesee conditione,

The problema like reachability, boundadnaee. livanaee etc. aras
considarad for nate firing under fairneee conditione, They can
be proved to be undecidable in ths cees of unbounded nate eince
wa can eimulate counter machinee by Patri nate where tha fi-
ringe are conetrained by fairnaee. Thue fairnaee givee the Pe-
tri nete more computational power end henca in general it ie
not poeeibla to modify a Patri net in euch a way that tha poe-
eible firinge ares axactly tha feir firinge of the originasl net,
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1, Basic notions

A (generalized initial) Petri net is given by

N = (PT, {tTIteT] {t*lteT}, my)
with finite disjoint sete P and T of places and transitions,
respectively, and with the 1n1tia} marking mn, € INP. The vec-

tors t7, tT e INP determine the change of markings by firings
of transitions:

A trensition t € T is firable at the marking m € N 1ff t"4m,
after its firing the new marking is m + At with At := t* - ¢t~
A sequence u -'titz...tn € T* 1e firable at m iff each ty is
firable at m + 4ty + Aty + .., + Aty 4 (i=1,.,.,n). The firing
of u leads to the new marking m + au with au := Aty +At 4+, .. 44T,
Ly denotes the set of all transition sequences firable at the
initial marking m, ("firing sequences”).

Ry denotes the set of reachable markings: Ry := {mo» sujue Lyl-

A place p€P is bounded :=;. JkeIN ¥meRy : m(p) € k.
A transition teT is live := VueLN IveT® : uvte Lye

The Petri net N is bounded (live) iff all places are bounded
(all transitions are live),
N is persistent :=q. YueT* th,tz €T : uty,ut e L Sut e Ly,

2, Fairness definitions

The waiting time w(u,t) of the transition t¢ T after the firing
of u=ty...t el describes the maximum number of firinge after
a pa.nt of time where_t was enabled but not fired in u for the
subsyquent time:

k=1
w(u,t) := Max({k|t™ ém sat . .t | A Q-r,« th.gjui-1h).

The "-1" denotes the fact that t is not waiting: t was not
enabled after its last firing or even from the beginning.
Let t €T be firable in L for ue Lye Then the firing of t
after u is called feir iff w(u,t) » w(u,t') for all t'e T,
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Since the transitions with maximal waiting time might be non-
firable at m +au (cf, example 1) we consider a "weak fairness",
too, The firing of t after u is called weakly fair iff

w(u,t) 2 w(u,t') for all t'e T which are firable in mo*au,

A firing sequence U = ty...t € Ly is called (weakly) fair iff
the firing of t after tyeeaty 4 is (weakly) fair for all

i=1,,,.,n, The set of all (weakly) fair firing sequences of

the net N is denoted by LN (LN ).
Example 1: Ly = (ab)"-{a,ac,h},
° Lnf = {a,ab,sba,abac,ac},
c £ gh,ab
L, = {a,ab,ac}.
a0 N

Observation 1: There are nets N with L g L"‘f g ne

Proposition 1: Lf & L wi ¢ Ly for each Petri net N,

The first part can be proved by induction over the length of
the sequences, while the second part is obvious, Furthermore we
have by the definitions:

Proposition 2: The sets LL, fo, LN are decidable,

3. Temporary priorities

(Weakly) Fair firings might be considered as firings under tem-
porary priorities where the priorities depend on the history of
firings which are described by a firing sequence u, Thus we ha-
ve a binary priorify relation 5 over T with

t Bt iffw(u,t) > w(u,t') i
and an equivalence relation o over T with

t t* 4ff not t > t°' and not t' > t (iff w(u,t)
w “ CHAR =w(u,t)).

By the factorization T/ﬁ we have classes of transitions with the
same priority (with the same waiting time). Fair firing means
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firing of a transition from the highest priority class of T/ﬁ.
For weak fairness we have to regard only the set L of transi-
tions which are firable at the actual marking m:

STy = {t |7 €},
Weakly fair firing means firing of a transition from the hi-
ghest priority class of To 4 Au/ﬁ‘
o

Observation 2: The number of priority classes may increase and
decrease during the firing of a (weakly) fair firing sequence:

Example 2:

In this example we have (A denotes the empty word):

T/fz : {e,b,c}>7‘~ {d,e,f,g}. i

T/ ¢ idi% led if} 35 fa.b.c.gh

T/TFG' Tyﬁf. where u is a firing sequence which contains
a,b,c in an arbitrary order, and v = defg,

Moreover, with respect to (weak) fairness we have a "non-deter-
ministic” ;situation in the beginning: there are three firable
transitions (a,b,c) which are allowed to fire in an arbitrary
order, But the situation is a "deterministic" one after their
firings: the three firable transitions d,e,f are allowed to
fire in the order d-e ~f, oniy. Note that (weak) fairness
leads to this fixed ordering in each case - independently of
the chosen order for the firings of a,b,c, Thus we have:

Observation 3: By (weakly) fair firings it is possible to
enforce a fixed ordering for the firable transitions,
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4, (Weak) Fairness marking graph

Possible firings in Petri nets are determined by the actual
marking, To satisfy (weak) fairness, possible firings must re-
gard the actual priorities.'too. Hence the usual marking graph
is not sufficient to study the behaviour, Instead of the mar-~
king graph we consider a (weak) fairness marking graph where
the nodes are triples (m,>,U) such that m is the actual mar-
king, ™ is the actual priority relation and U is the set of
“unannounced actions”, i, e,, of transitions with the waiting

time -1, The initial node is given by (m ., > .U ) with ®

U =T\T_ and t*»_t" for t'e T
LR o

5 t"e.Uo. An arc labelled

m
o
by t leads from (m,>,U) to (m', »',U') iff

- t is a firable transition from the highest priority class
of T/~ (of Tmﬁv in the case of weak fairness),

-m' = m+ At,

- U = (UUi)N\ T,

¥ = (=N (LxT)) v ((TAU) x {t]) v ((T\U') x U').
Note that the information "U" is necessary to identify the not
announced transitions (the class with lowest priority is iden-
tical to U only if not all transitions are announced).
The (weak) fairness marking graph of N contains all nodes which
are reachable by the directed arcs from the initial node.

A sequence ue.LL (L:f) corresponds to a path in the (weak)

fairness marking graph which starts in the initial node and
‘which is labelled by u, The (weak) fairness marking graphs may
be infinite just like usual marking graphs, but they may be fi-
nite in some cases where the usual marking graphs are infinite
(cf.5.). Note that a "converability tree" /KM/ with related
properties like for usual firings does not exist for (weakly)
fair firings, cf.5.
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Example 3 with (weak) fairness marking graph:

(161)
a, ,C}
: @
a 1?
0,2 2,0 0,2
3 "*{b,f:i >) {a} {a,t(:} >-) {cj g-.f:} >-) {bj r'
ja} ic} b3
cL a ‘\\Q‘ I§
[ o3 5 101 {8} >— iy (A0
—%a g
a b

5, Reachability, Boundedness, Liveness, Persistency

We consider these problems for nets in which only (weakly) fair
firings are permitted Thus the set of firing sequences is
restricted to Lf (LN ), and therefora the sets of reachable mar-

kings are restricted, too: N = {mo +auju eLN}.

R:f = {mof Aulu eL:f}. Boundedness, liveness and persistency

with raepect to (weak) fairness are then defined like in 1,,
where LN/RN (L"f/R:f) are used instead of Ln/Rye

f wf
Proposition 3: 1, RN 9 RN s RN'

2, I1f N is bounded, then N is bounded with
respect to (weak) fairness,

3, If N is persistent, then N is persistent
with respect to (weak) fairnees,

Proof: 1,, 2, follow from proposition 1, Persistency: If we

have ut' ,ut" € L ), then t',t" are in the same priority

N (
class of T/ Hence ut't" ¢ LN is only possible if ut't" g Lye

If ut't™ ¢ L:f then ut't” & LN or there must exist some t with
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tzi t, tz; t", t not firable at m_+ au (but again firable at

o

n,+ aut'), Since t is announced but not firable at m + au,

it must have lost ites concession by other firings and hence N
is not persistent,

Observation 4:

f f
1, There are nets N with Ry g R: f Ry (exemple 1),

2, There are nets bounded with respect to (weak) fairness
which are not bounded (example 1),

3, There are nets persistent with respect to (weak) fairness
which are not persistent (example 4),

4, There are nets live with respect to (weak) fairness
which are not live (exemple 5),

S, There are nete not live with respect to (wesk) fairness
which are live (example 4).

Example 4: Example 5:

Proposition 4: The net N is bounded with respect to (weak)
fairness 1ff the (weak) fairness marking graph is finite,
Proof: The graph is finite iff R; (Rnf) is finite,

Now we consider four nets where only (weakly) fair firings are
permitted: the reachability problem: "m eR£ (R:f)?'. the

boundedness problem: "p/N bounded with respect to (weak) fair-
ness?", the liveness problem: "t/N live with respect to (weak)
fairness?" and the persistency problem: "N persistent with
respect to (weak) fairness?”,
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Proposition 5: The reachability, boundedness, liveness and per-
sietency problems are decidable for Petri nets where only
(weakly) feir firings are permitted if the (weak) fairness mar-
king graphs are finite,

Proof: The corresponding graphs can be checked.

Proposition 6: The reachability, boundedness, liveness and per-
sistency problems are in general undecidable for Petri nets
where only (weakly) fair firings are permitted,

Proof: Satisfying (weak) fairness in a Petri net N it is pos-
sible to simulate deterministic counter machines, For lack of
space we must omit details of the proof (cf,/Bi/ where

“Queue 3" corresponds to weak fairness), The most important
point is the simulation of zero-testing for unbounded places:

In this construction by
(weakly) fair firings a
token reaches place Po
if and only (!) if the
counterplace Py is empty
( :}. . 1 (if x=0). A token comes
x to py iff x>0,
The undecidability of the halting problem for deterministic

counter machines implies the undecidability of the mentioned
problems (for corresponding constructions cf, /B1/),

Since they are able to simulate deterministic counter machines,
Petri nets satisfying (weak) fairness have more computational
power than usual Petri nets (cf, /Bl/). Hence we have:

Proposition 7: In general it ie not possible to simulate
(weakly) fair firings by usual firings in a modified Petri net,
exactly,

Remarks: 1) By the extended computational power, there are sets
L; (sz) different from all sets Ly of -rbitrary'Petri nets N,
On the other hand there are sets L, which are different

from all sets L;, (L:f) like Ly = {a,b}" for instance.
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2) using transition labelling functions (homomorphisms
. h: T3 v {A}, 3~ a finite alphabet) and a terminal marking in
Petri nets under (weakly) fair firings it is possible to gene-
rate all recursively enumerable languages by the simulation of
non-deterministic counter machines (cf. /B1/). Note that the
simulation of the non-deterministic choice instruction
8: goto 8' or s"
cannot be performed by two conflict transitions a,b
since (weak) fairness would
’ Pq: enforce alternation of a and b
[ while the choice should be
performable arbitrarily often,
Nevertheless the non-determi-
nistic choice can be realized in Petri nets where only (weakly)
fair firings are permitted by the following construction:

Pg=
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6, Control

To ensure (weak) fairness the usual firing of a Petri net must
be restricted, Therefore the firings have to be controlled by a
queue regime, for instance, corresponding to the changing prio-
rities (cf., /B1/)., The control can be performed by a finite
automaton where the states are pairs (> ,U) of actual priority
relations” % and actual unannounced transition sets U, The in-
put coming from the net with the actual marking m is the set T,
of transitions firable at m, The output is a transition which
is to be fired in the net: for ensuring (weak) fairness the
output transition is a firable transition from the highest
priority class of T (T,). If suchAa transition does not exist,
the automaton has to stop the work of the net, The necessary
information is known to the automaton by its state and the
input, To reflect the new situation after the firing of the se-
lected transition the automaton changes its state regarding the
old state, the input and the output, Such automata are in gene-
ral non-deterministic, Special (weakly) fair firing sequences
are realized by deterministic automata with related properties
/B2/, We have:

Proposition 8: (Weakly) Fair firings can be ensured in a Petri
net under the control of finite automata, Such asutomata can be
constructed,

7. Blocking by fairness

We 3ay thét the net N is blocked by a fair firing sequence

ue.-; iff there exist some transitions te T with ut eLN but

ut' & L; for all t'e T, Thus blocking means that firing is pos-
sible but only by violating fairness (cf, the example 1: the
net is blocked by u =ab), A net is blockable iff there exists a

blocking sequence u CL;.

Proposition 9: L; - L:f iff N is not blockable,
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Proof: If the net is blocked by u, then we have some t €T with
ut € L:f\ L; since certain weakly fair firings must be possible

if some firings are possible,

wf

If L; # L:f, then there must exist ut € L

ue L:f n L;. It means that the firing of t after u is weakly

fair but not fair, Hence all transitions in the highest priori-
ty cless of T/Tf are not firable in m,+ au, such that fair fi-
rings are impossible and the net is blocked by u,

f
\ Ly w#th’

Proposition 10: If N is persistent with respect to feirness,
then it is not blockable,

Proof: For blocking the appearance of conflicts is necessary,

Observation 5: Persistency with respect to fairness is not
necessary for a net to be not blockable (see example 3 where

f but ab ¢ 1F).

Using appropriate constructions in connection with the simula-
tion of deterministic counter machines (cf.7.,) it can be shown:

a,b €L

Proposition 11: It is not decidable whether a net is blockable,
(It is decidable for nets with finite fairness marking graphs.)

8, Conclusions

Problems in Petri nets become harder under the restrictions by
(weakly) fair firings: the simulation of deterministic counter
machines is possible even if no conflicts appear - the con-
struction given in 5, is persistent with respect to (weak)
fairness, Thus (weak) fairness is one of the examples where a
control of firings extends the computational power of Petri
nets,
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Time Complexity of Digital Image Processing Problems

In the present paper, for selected problems drawn from the
digital image processing area (/10/, /11/) different possible
ways of computer realization are discussed where the time
needed by the programs is used as a measure for effectiveness.
Por these discussions twe models of computation are underlain:
the random access machine (RAM) in the sense of /1/ and a
special array processor called parallel matrix processing sys-
tem (FMS), for further architectures of parallel processing
systems reference is made to /7/. -~ The present paper reports
about some parts of /5/ in a brief way.

1. Time Cemplexity of Computational Problems

The models of computation, RAM and PMS, which are yet defined
in the following are characterized by a certain set of basic
operations (basic instructions) which are available in these
models, in both cases. We aaaline each basic operation needs
one unit of time, the uniform cos8t cri-

t erion . Thus the time of a computation is equal to the
pumber of basic instructions that has to be cerried out where
we agree upon that input er output operations are leaved out
of ceunt, hewever,

The time complexity of a program is taken as the maximum com~-
plexity over all inputs of a given size known a8 wor s t -
case complexity . The input size may be the
size K ef the considered quadratic NxN images, or the number G
ef gray levels. Throughout the paper, K is assumed to be a
pewer of two. Gray value images are Nx¥
matrices with elements drawn frem the set [O, 1,...,G-1} ef
linear erdered gray levels, for G* 2, Bipary ima-=-
g8es are Beolean matrices ef size NxN. For the amalysis ef
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time complexities of programs we restrict ourselves to asymp-
totic statements. To this, we use the common notations

o(£) iff (Jc > o)(:?n) g(n) £ ¢ ¢ £(n),

g

g = Q (£) iff (Jc > 0)(°V°n) g(n) = ¢ « £(n),

for functions g, f which are defined on the natural numbers,
and which have values in the set of non-negative reals.
Furthermore, for a real number x, let .x, be the greatest
integer equal to or less than x, and X' denotes the least
integer equal to or greater than x. For a natural number n 21,

log n denotes rlogzn". The time complexity of a certain com-
putational problem is equal to C)RAM(f) or (:Eus(f) iff opti-

mal programs for the solution of this problem require (2(f)
and O(f) time where the RAM or the FMS are used as models for
computation, respectively. Furthermore, for a given computa-
tional problem the time complexities ©p,,(f,) and @pr(2,)

imply a speed-up of C)(f1/f2) from RAM to FMS.

An essential intention of report /5/ was the analysis of
possible speed-ups from the RAM to different kinds of SIMD par-
allel processing systems where the FPMS represents ome of the
discussed parallel models. For these comparisons between
different hardware conceptions the derivation of meaningfull
lower bounds is the crucial point. The following Data Transfer
Lemma was used in /5/ for a quite general approach to obtain
lower bounds for parallel computers in the matrix processing
area.

2. Data Transfer Lemma

In the present paper, a data unit is a real num-
ber. Any register may store one data unit at a
time. For a certain model of computation, by the execution of
a sequence of basic instructions some well-defined da t a
dependences are marked out: for each register R,
after the execution of a certain sequence of basic instruc-
tions a collection of registers is fiXed such that the
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contents of these registers at the beginning of this execution
affect the reached contents of register R at the end of this
execution in an direct or indirect way, by the syntax of the
given sequence of basic instructions only.

Example 1: Suppose the contents of N registers Rys Ryyeeny By

are to be added. A certain parallel processing system, say
PAR ADD, is assumed to consist of N/2 processing elements, and
to possess the ability of performing just log N different ba-
sic instructions for the parallel addition of register con-
tents. For PAR _ADD, the meaning of these log N basic instruc-
tions may be as follows:

for je1 step 2* uptil N1 do in perallel
Rj<—Rj + R;j - 21—1 ) od,
for i =1, 2,s.., log N. This system PAR ADD models the
well-known parallel method of addition by an addition tree,

for N = 8 the characteristic data flow is outlined in Fig. 1.
Obviously, after the execution of

1 2 3 4 5 6 72 8 log N basic instructions in the
\gf \3/ \5"/ \,'71 order i = 1, 2,.0., log N, in Te-
V4 N glster R, the desired sum is com-
1 5 t
puted.
\'1/ Now, let sub (n) be the set of in-
dices of all those registers whose
Fig. 1. Addition tree. contents at the beginning of com—

putation affect the contents of
register Rn after the first t basic operations, direct or in-
direct, for t = 0, 1, 2,..., log N and n =1, 2,004y N. Ob=-
viously, subo(n) = {n} for m =1, 2,..0, N. If withip step ¢

an operation Ru«—-Rn + Rn ¥ 2t-1 is executed then

subt(n) = subt_1(n) v subt_1(n + Zt'1)

holds, and aubt(n) = sqbt_1(n) otherwise, for
=1, 2y000y log Nand n = 1, 2,¢..y N. After performing all
the log N basic instructions we obtain
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suby e g = {1, 2, 3,..., ¥}, suby oo 5 = {2},
Bublos x(3) = {3, 4}, Sublos N(4) = {4} apd so on., O

Bxample 2; Let us consider the following theoretical square
array processor: for all integers i, Jj, module (i, j) posses-
ses one register and in one step, each module transforms the
contents of its register in dependences upon the previous con-
tents in its own register, and in the registers of its four
neighbor modules. This model corresponds to the structure of

ILLIAC IV, cp. /7/, that is indicated in PFig. 2.
For this model, the sets subt(i,j)

are defined in an analogous way as
the sets subt(n) in Example 1, for
t=0,1, 2,... and integers i, j.
Then, for any module (i,j) after ¢
steps of simultaneous parallel
computation the result will be that
card (suby(1,3)) = 262 + 2t + 1.

For a square array processor with . Mg. 2. Square array.
both horizontal / vertical and diagonal connections of the
modules, we obtain 4t° + 4t + 1, for t = 0, 1, 2,..., where
such a connection scheme corresponds to the structure of
CLIP 3, cp. /7/.

Pig. 3. Hexagonal array. Fig. 4, Triapgular array.
For a hexagonal or triamgular array of 'mod.ules, the data

transfer is characterized by 3172 + 3t + 1 or %tz + 21; + 1, re~

spectively, for ¢t = 0, 1, 2,+0+, Where these connection schemes
may be used for the .design of VISI algorithms, for example.O
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For a model S8Y8 of computation and t = 0, let xszs(t) be the
maximal number of registers of SYS whose .contents at the be-
ginning of a computation affect the contents of a certain re-
gister after t steps of computation, direct or indirect by test
operations, indirect addressing, or others.

For example, in the case of Example 1 we can deduce

xPAR m(t) = 2#, for t =0, 1, 2,..., log N, because
xmx"m(t) = max {card(subt(n))z D=1, 2,600, N} for these

t-values., From Example 2 we know that

X prrzae 1) = 26 + 26 + 1, for & €0, and Agprp 5(8) |
= 48" + 4% + 1, for t € n,, where Dy By are specific parame-

ters given by the real size of these systems.

The function xsm is called the data transfer
restriction of system SYS, and this function offers
a general approach to analyse the power of SYS for the solution
of certain computational problems. In /2/ a similar funqbtion
was proposed for the characterization of data transfer between
prodessors of multiprocessor systems. According to /2/, we have
for xS!B and the important computational problem of multipli-
cation of NxN-matrices the following result.

Lemma 13 The multiplication of two NxN matrices (over the field
of the real pumbers) to produce the NxN product matrix requires
at least t basic operations of BYB, where Xgyo(2t) 2 ¥,

For example, by the given result for xILLIAG v ¥ know that
the multiplication of NxN matrices on ILLIAC IV requires at

least J(8%/2 - H1/2 - % basic operations, cp. /2/. For the

" application of xBIS to the oconsideration of lower bounds for

further problems than matrix multiplication, we define:

Por n, m 2 1 let £ be a function defined on n-tuples of real
numbers, and with m~tuples of real numbers as values. Them, for
d21, fisd~-dependent Iiff

(a) there exist an i € {1, 2,..., n} and A pairwise aifferent
integers i,, i5,.¢., i, drawn from {1, 2,..., D} such that the
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value of the i=-th component of a certain vector
.f.(x1. Typeeey xn) hss to be computed under consideration of the
values 111, xia,..., x"d' or

(b) there exist an 1 € {1, 2,..., n] and 4 pairwise different
integers 11, iy7000y 14 drawn from the set {1, 2,..., m} such
that the values in a certain vector 2(11, Xopeees xn) in
positions 11, 12...., id are influenced by the value X

Example 3: Let us consider the funotionm
(x,] + X5 xs), if x5 < 0,
f(x1, Ty Tzy Xy x5) = (x1, xz), if x5 = 0,
(24, X, ¢+ xj), if xg > 0.

According to (a) in our definition, this function f is 1-, 2=,
and 3-dependent but not 4- or S5-dependent. According to (b) im
our definition, this fumction is 1- aad 2-dependent but not

3=, 4=, or 5-dependent. Altogether, £ is a 3-dependent funmc-
tion. The notion of d-dependence for vectors carp be expanded
to matrices in a natural way. Let INIT(x) be a NxN matrix with
all elements equal to x, for arbitrary real x. For a NxN matrix

A =(a549); 4 =0,1,...,§1 10
COUNT_(4) = cerd f(1,3) 8 =T&0« i, J£N§ -1},

for an arbitrary real x. Then, INIT is a Nz-dopendant function
acccerding to (b), and COUNT is a lz-dnpond.ont function accor-
dipg to (a), for any real x. O

Fror the given definition of xsm and of that of d-dependence,
imnediately follows

lemma 2 (Data Trapsfer Lemma): The computation of a d-dependent

function requires in the worst case at least t basic operatioms
of, 818, where xsm(t) x d.
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For example, the multiplication of two NxN matrices represents
a 2N-dependent function what means that Lemma 1 is to be pre-
fered rather than Lemma 2 for lower bounds, if XS!S is a poly-
nom in t and N a sufficient large integer. Further examples:
the inversion of an NxN matrix represents a N“~dependent func-
tion, the solution of a system of N linear equations in N un-
knowns represents a (N2 + N)-dependent function, and the
Fourier transform of NxN matrices (over the field of complex
pumbers) represents a 2N“-dependent function. For such matrix
processing tasks, the Data Transfer ILemma yields non-trivial
lower bounds within the parallel processing area.

It must be mentioned that the data tramsfer restrictions
XCLIP 3 and xILLIAc Iy 88 given in this Section are approxi-

mations to the real functions only because the basic imstruc-
tion sets of these systems were simplified in Example 2. In
fact, the precise derivation of data transfer restrictions
from complex computer systems is quite a time-consuming
attempt. As an illustration of the general way we shall
compute the data transfer restriction for a simple model of
computation, the RAM as defined in /1/, in the next Section.
On the other side, for the principal understanding of new
hardware systems it seems to be sufficient to have some good
approximations to the data transfer restriction as demonstra-
ted for ILLIAC IV and CLIP 3.

3. Random Access Machine

The RAM as used ip this paper matches the model defined in /1/
with the only modification that real number arithmetic re-
places integer arithmetic, and that input and output opera-
tions have mo influence to the discussions on time complexity-
of programs. The RAM disposes of an infinite sequence of re-
glsters Ro' R1, Ra, 33,... where Ro denotes the accumulator.

103



Bach basic RAM instruction consists of two parts - an opera-
tion code and an address. The basic RAM imstructions are
summarized in Teb. 1 where x denotes a real pumber, and i, b
denote patural numbers. The address »i denmotes indirect
addressing. Fore a more detailed description of the RAM the
reader is refered to /1/.

operation code address
(1) LOAD, ADD, SUB, MULT, DIV, WRITE =x, 1, »1
(2) STORE, READ i, =1
(3) JUMP, JGTZ, JZERO b
(4) HALT =

Tab. 1. Basic ipstructions of the RAM,
Lemma 3: Zm(t) =2t + 1, for t 2 0.

Proof: Let subt(n) be the set of indices of all those regi-
sters whose contents at the beginning of a certain computation
affect the contents of register Ph after ¢t basic RAM instruc-
tions, direct or indirect, for m 2 0 and t 2 0. We bave
suby(n) = {n}, for n = 0. In Tab. 2 for basic instructions of
types (1) and (2) those cases are stated where, after per-
forming a (t+1)-8t basic operation, a set subt”(n) may differ
from sube(n) for a certain n 2 0. In this table, c(i) denotes
the contents of register Bi at the beginning of step t+1.

The operations SUB, MULT, DIV lead to amalogous results as ADD,
If in certain steps to basic instructions JGIZ b or JZERO b
have to be carried out then the set '“bto‘(o) has to be joined

to all sets nubt(n), for t > to and if in step ¢t a certain
basic operation ‘preduees a value in register Bh’ for n 2 0,
In step to itself all subt ~-sets remain unchanged.

o
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ipstruction in step t+1 change opposite to subh-sets

LOAD = x sub, ,(0) =p

LOAD i auth(O) = subt(i)

LOAD #i suby 4 (0) = subg(i) v subt(c(i))

STORE i subt+1 (i) = su‘bt(O)

STORE «i subt”(c(i)) = aubt(o) usu.bt(:l.)

ADD i subt+1(0) = subt(o) v subt(i)

ADD #i ) subtﬂ(o) = subt(O) usubt(i) v
subt(c(i))

READ i suby (i) =9

READ #i subt+1(c(i)) = subt(i)

Tab. 2. Changes of subt +q~80t8 opposite to subt-sets.

Assume that the register conmtents c(1), c(2)y ooy c(t) are
Pairwise different natural numbers greater than t. By the se-
Quence

ADD *1' ADD *2, eesy ADD %t

of basic instructions we get the sets

8uby(0) = {0, 1, 2, ...y &, ¢(1), c(2), .., c(t)}, and
subt(n) = subo(n) = {n} for » > 1, Thus, Ap,(t) = 2t + 1

for t 2

On the othez- side, the maximal pumber of data dependences nay
be realized in register R obviously. By JGTZ b or JZERO b

in R no additional data dependencea are reached. In conformity
with 'rab 2 the maximal growth in dependences may be attained
by ADD #i (or S8UB xi, MULT xi, DIV #i) instructions. O

Theorem 1: For & d-dependent function £ a computation on the
RAM requires at least . 34/2, basic operations in the worst case.

This result follows immediately by Lemma 2 and Lemma 3, For
example, by Theorem 1 we know that the two-dimensional Fourier
transform requires at least N2 basic operations which have to
be perto\rmed. by the RAM.
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4. Parallel Matrix Processing System

The FPMS represents an enlargement of the RAM by a two-dimensio-
nal processor array of size NxN and by countably many two-di-
mensional memory arrays MR, MR,I, MR,y oee which we call

matrix registers , each of them consists of NxN
registers. The matrix register IRO is called the accumulator
array where all parallel processing takes place. In Teb. 3 all
basic PMS instructions are summarized which are available in
the PMS in addition to the RAM instructions. In this table, i
and j depote natural numbers and the address (i,j) denotes the
operand mc(0,1i,3), mc(n,i,j) is defined to be the contents of
reglister I(Rn(i,;j) forn > 0 and 1 £ i,j £ N. Addresses 1, »i
in Tab. 3, (5) refer to matrix registers MR, MRc(i)' respec~
tively. The instructions of type (6) guarantee the communica-
tion between the RAM part and the parallel processing part of
the PMS. LOAD (i,j) means ¢(0)¢—mec(0,i,3) and STORE (i,J)
means mc(0,1,J) «—c(0).

operation code ' " address
(5) MIOAD, MADD, MSUB, MMUIT, MDIV i, 1
MWRITE, MSTORE, MREAD
(6) LoaD, STORE (1,3
(7) MSHR, MSEL, MSHD, MSHU ‘ i
(8) MABS, MSIGN &

Tab. 3, Additional basic ipmstructions of the FuB.

By instructions of types (5), (7), (8), in the accumulator
array II\Ro in all positions the designated operation will be
performed (SIMD mode):

MLOAD i means mc(O, j,k) < me(i,j,k),

MADD 1 means me(O, j,k) <—me(0,]j,k) + mc(i,j,k),

MSUB i means me(0,J,k) < me(0,j,k) - me(i,j,k),

MMUIT i means me(0,J,k) «— me(0,,k) times me(i,j,k), 1. e.,
the cross product of two NxN matrices,

MDIV i means mc(O0,J,k) «—mc(0,j,k)/mc(i,j, k), MWRITB i means
the output of the le contents, MSTORE i means

me(d, J,k) €~me(0,j,k), and MREAD i means an input into the
matrix register Imi, for all j,k = 1, 25¢eey N in parallel.
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Indirect addresses ¥1 denote the operands MR (1) and their mea-
ning is analogous to direet addresses.

MAB8 means mc(0,J,k)<«|me(0,J,k)| and

MBIGN means mc(0,j,k) « sign(me(0,3,k)), where

0, ifx €0
sten(o) = {§ 12356,

for all j,k = 1, 2,.4+, N in parallel.
Array processors as the PMS are often equiped with a certain

permutation network in practice, c¢cp. /12/. Within the PMS, the
barallel data transfer happens by power-of-two shifts in MR,
only: the instructions MSHR i, MSHL i, MSHD i, or MSHU i mear
that the contents of MR, has to be shifted by c(i) rows or
columns to the right, to the left, down, or up, respectively,
if c(i) denotes a power of two less or equal to N (otherwise
these shift operations are not defined.), where the rows or
columns shifted out of array MR, will be discarded, and the
rows or columns shifted imto array lmo are assumed to be iden-
tical zero. :

Bxemple 4: To give an impression about the available paralle-
lism within the PMS we consider the FMS realization of the Ro-
berts gradient on gray value images A = (ai;j)i,;j 2 0,1y000,N=1°

This transform is defined by the replacement rule

gy emaxflagy = 8y, 5qls lagq 5 - 85 gualls
for i,j = 0, 1, «..,N=1 in parellel, and represents a well-
known edge operator in digital image processing.
For two NxN matrices A apd B, let max(4,B) = (max {aij’bij})i i
Then we have

max(4,B) = A x sign(A~B) + B x sign(B-A) + A = A x sign|A-Bl.
Thus, the matrix max(A,B) can be computed on FMS within con~
stant time. PFinally, it holds

ROBGRA(A) = max(|A-shl 1(shu 1(A))|, | shu 1(A)-shl 1(4a){).
That means, the Roberts gradient has time complexity @m( )

as well as @ pys(1). O

Example 5; For a demomstration of tl‘m available parallel data
transfer by power-ef-two shifts we return to function INIT de-
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fined in Example 3. By the following program,

procedure INIT(4,x):

begin Ae A - A3 33-1,11-1 —x; i1

.while i # N do A«-A + shu 1i(A); A< A + 8hl 1(A);
121 ody
return A

end, ’

the function INIT can be computed on PMS in O(log N) time. O

Lemma 43 2t + 1, for t = 0, 1, or 2,
4.2 7,2m41, for t = 3m and 1 € m £ 1 + 2.10g N,
Apyg(E) ={5+2® l42m2, for t = 3m+1 and 1 € m £ 1 + 2.120gK,
622 142ms3, for t = 3m+2 and 1 £ m £ 1 + 2-1logh,
(t-6°10g N + 1)NS+t-2+1og N, for t 2 6 + 6-1log N.

The proof of lemma 4 may be accomplished analogously to that of
Lemma 3. Of course, the parallel structure of the FMS causes
additional difficulties contrary to the straightforward data
transfer analysis in the RAM case. By combination of Lemma 2
and Lemma 4 we have

Theorem 2: For a d-dependent function £ a computation on the

PMS requires at least
3elog d -5, if 8 £ 3 € 6N
(0/K2], if (5 + 6elog B)N2 < a ¢ (6log K - 1)EY

basic operations in the worst case.

2, and

In practice an economic way in computer design consists ip si-
mulation of an aspired system on the available one. In this
sense, the simulation of FMS on a RAM is both of practical and -
theoretical interest. Any input-output relation that may be
performed on PMS in time £(n) can be realized on RAM in time
koN2.£(n), for a certein universal k > O. Thus, the attainable
speed-up from RAM to FMS is upward restricted by 0(!2) in each
case. As in Example 4 shown, there exist computational problems
with this optimal speed-up from RAM to FMS,
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5. Computational Problems of Digital Image Processing

In this Section, to some fields of digital image processing
computational problems are to be mentioned which were discussed
in /5/ relative to different computer realizations. In Sec-
tion 6 for these computational problems lower and upper bounds
will be summarized. With the proposed selection of conputatio-
pal problems in digital image processing we attach the hope
that some representative examples of low level image processing
(i. e. receptive processing) are comprehended.

(1) Por the uniform treatment of the whole of the NxN gray va-
lue image A = “13’1,;1:0.1,...,1«-1 by certain global tramsform
methods, we consider the histogram computation, hist(A) = (h,,
bys By, sesshg o) With by = card {(1,) & &4 = k & O£1,j<R-1},
for k = 0, 1, 2, eesyG=1, the (common) matrix multiplication,
the Fourier transform

=1 §=1
F(A)(u,V) = i} i; fTU aid-exp(-zm (iu + jv)/N),
for u,v = 0, 1, 2, ...,N-1, the Walsh transform

-1 B-1 n-1 b (1) (a)#be (3B a1 (¥
W(A)(u,v) ‘= 1}}; ; ai‘;l'ﬂ(—,("‘) kP p-1- Dy 39Pp 1 ,

for u,v = 0, 1, 2, «..,N~1, 0 = log N, and bk(i) denotes the
k-th bit ip the binary representation of i, and, finally, pat-
tern matching:s if a given pattern of size MxM appears in the
image A in any position, M £ N, then this ma:tch is signaled by
a special output.

(i1) For the uniform treatment of the whole of “he NxN gray va-
lue image A = (833)5 4-0,1,...,N-1 DY certain local tranéfom
methods, /e consider the median filter (each pixel gets the
median of its m.neighborhoud ‘as its new value), and the Ro-
berts gradient as defined in Example 4.

(iii) As examples for geometric transforms of a NxN gray value
image A = (313)1,3=0,1,...,N-1' we shall consider shifts in

row or column direction, where the shift distance may be an ar-

‘bitrary integer drawn from the set {0,1.2,3....,1‘}, oyolic
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shifts in row or column direction with arbitrary shift distan~
ces, the matrix transposition, the vertical and the horizontal
invertation, and rotations by multiples of 77/2.

(iv) As problems in computational geometry, we consider the de-
notation of the convex hull for ordered sequences of contour
points of length n, testing digital straight line segments for
digital arcs of length n, and testing convexity for digital ob-
Jects with contour sequences of length n; for the defimitiom of
these notions reference is made to /4/, /10/, /11/.

(v) For simple recognition tesks in the case of NxN binary ima-
ges we shall consider decisions whether a given image exactly
contains one solid rectangle, ome solid square, or one solid
isosceles triangle.

(vi) As simple examples of feature extraction for a NxN binary
image A, we consider the functions number (A) = card {(i,;j) :
8y =1&0<1,j¢ F-1}, zero(A) = 1 iff A is identical zero,
zero(A) = O otherwise, one(A) = 1 1ff in A exactly one pixel
has value 1, one(A) = O otherwise, comp(A) = number of diffe-
rent 8-components in A, and, finally, the computation of the
Buler pumbers E, (A) = number of 8-components in A minus the
pumber of 4-holes in A, as well as lz(l) = pumber of 4-compo-
pents in A mipus the pumber of 8-holes in A, cp. /10/ for
different approaches te compute such functions.

6. Time Complexities

FMrat of all we state the time complexities of those computa-
tiooal problems mentioned in Sectiom 5 for which both @m
and @PIS' and thus the speed-up from RAM to PMS, are knmown.

Hers as in the following it should be clear that the results
2iyam in Theorems 1 and 2 are useful tools for the statememt of
lower bounds for quite a lot of the memtiorned problems.
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© ran Ong
(1) pattern matching §e log N
(2) Roberts gradient NZ 1
(3) rectangle N2 log N
(4) square N2 log N
'(5) isosceles triangle N° log N
(6) number N2 log N
(7) zero N° log N
(8) one . N2 log N
(9) B, and E, N log N

Now, all those problems will be listed for which Oy 18
known but not @ pyo. »

Oriu Op  Opys
2

(10) histogram N log N Glog N
(11) shifts . N 1 log N
(12) cyclic shifts _N2 1 log N
(13) matrix transposition N° 1 log N
(14) vertical/horizontal invertation N2 1 log N
(15) rotations by multiples of 77/2 N2 1 log K

Adequate we add those problems with known @ pyc but unknown
© ran*

Qry %n  Ops

(16) two-dimensional Fourier transform N° Nalog N log N
(17) two-dimensional Walsh transform N2 log N log N

Fipally, the most indeterminate cases among the mentioned pro-
blems are:

Omu %en Trs O

(18) matrix multiplication N> NZ'§°9 log N N log N
(19) median filtering lz MN log B G(log M)“+log K

For the computational problems given in point (iv) of Sec~
tion 5, in /4/ optimal algorithms are stated with © R‘x(n)

time in each case. .
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Thus, the determination of the convex hull for an ordered com-
tour point sequence represents, as a matter of principle, a
more simple problem than the computation of the conmvex hull of
n arbitrary placed points in the plane (this problem possesses
the time complexity @RAI("1°5 n) as shown in /9/). In /6/ it
is proved that certain quantitative recordings of convexity of
digital objects may be done on PMS real well (time @m(lq K)
for digital objects given by NxN binary images).
To the given summary for problems (1) ... (19), four notes have
to be added:
(a) For the results given for pattern matching in (1), we have
assumed that the pattern size M is viewed as a constant.
(b) To the two-dimensional Fourier transform, in /3/ a parallel
algorithm for the PMS is explained such that all arithmetical
operations of this transform are performed within O(log N) ba-
sic PMS operations, however, for the obtained matrix all ele-
ments have yet to change their positions according to the bit-
wise inversion of their indices. To: this transform a permuta-
tion network would be well designed but the FPMS as defiped inm
Section 4 offers no adapted data transfer operations. In this
sense, the results Om(log N) as used in (16) and (17) are re-
atricted to the performance of arithmetical operationms only.
(c) In /8/ it is shown that under certain restrictionms,

(nelog n) is required for the discrete one-dimensional
Fourier tramsform.
(d) It has to be expected that the upper bound given for the
multiplication of BxN matrices on a RAM does not reflect the
state of the art according to the fast growing number of recent
papers to this subject.

Z. Conclusions

By the mentioned results in Section 6 it should be clear that
several computational problems as in digital image processing
can be essentiallyspeed up by using the PM8 opposite to the RAM
as model of computation, and especially those problems, where
the whole of the NxN array is submitted to an uniform treat-
ment., It is remarkable that this includes transforms as the

112



median filtering, i. e., transforms with local decisions. Fur-
thermore it is noticed that not only for simple local opera-
tions as the Roberts gradient but al\so for the arithmetical
operations of two-dimensional Pourier or Walsh transforms the
speed-up from RAM to FM8 is equal to or closed to the maximal
possible speed-up O(Na).

Altogether, this paper may be understood as a combtribution to
the current research on interactions between

1. the structure of favourable parallel hardware with special
attention to the possibilities of data tramsfer in these
systems,

2. the possible parallizations of solution processes for com-
putational problems in different fields of science and engi~-
neering, and .

3. the practicability of the proposed hardware-software com-
plexes.

For the design of optimal parallel algorithms, in hardware or
for a programmable parallel computer, these three points must
be taken into consideration as the genmeral framework. For exam-
ple, matrix multiplication may be done by 0(log N) parallel
operations but the corresponding hardware demands are highly
unrealistic at present, cp. /5/. Thus, the design of parallel
algorithms is quite different from the common design of sequen-
tial algorithms for a von Neumsnn computer, where algorithm de-
sign and hardware design are nearly independent processes.
Furthermore, the investigations in /5/ bave teached us that for
the design of efficient parallel algorithms a programmsble par-—
allel computer appears n o't as the best solution neither
for an universal image processor nor for specialized image pro-
cessors. In our opinion, a modular system would be the economic
way where besides a central sequential processor to the data
bus some parallel algorithms, realized in handwere, may be
connected. Genmerally speaking, the aim should be that efficient
solutions for parallel algorithms are realized in hardwere to
obtain the optimal enlargement of the central processor.
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Hinweiee fOr Auteren

Manuskripte (in deutscher, ggf. such in ruesischer oder engli-
scher Sprache) bitten wir, en die Schriftleitung zu schicken.
Oiwgewewts Arbeit ist linkeblindig zu schreiben. Eine Ausnahme
hiervon bilden hervorzuhebende Formeln und dae Litereturver-
zeichnis. Der KopFf der Arbeit soll folgende Fore haben: Rostock.
. Kolloq,/—tserzeile/Vornems—Name/—teerzeile/ Titel der
Arbeit/ 1 Zeilenumeschaltung/ Unterstreichung/ Leerzeile. Der
Text der Arbeit iet eineinhalbzeilig (= 3 Zollonul.choltungon)
zu echreiben mit maxImal &3 Anechlligen je Zeile und meximel 37
Zeilen je Seite., Zwischwniberwchriften sind wie folgt einzuord-
nen: 6 Zeilenumechaltungen/ ZwischenUberschrift/ Unterstrei-
chung ( ungen, Hervor-
hebungen sind durch Unteretreichen und Sperren mdglich. Ankion-
digungen wie Satz, Definition, Bemerkung. Beweis u. &. sind zu
unterstreichen und mIt einem Doppelpunkt abzuschlieBen. Vor und
nach Sitzen, Definitionen u. 3. iset ein Zeilenebetand von 5 Ua-
scheltungen zu lessen, FuBnoten sind mdglichet zu vermeiden,
Sollte doch devon Gebrauch gemecht werden, ao sind sie durch
eine hechgeatellte Ziffer im Text zu kennzeichnen und innerhalb
des oben engegebenen Satzspiegele unten euf der gleichen Seite
enzugeben, Formeln und Bezeichnungen sollen mbglichat mit der
SchreibmeechIne zu schrelben sein. Hervorzuhebende Formeln sind
drei Leerzeichen einzuricken umd mit 6 Umecheltungen zum Gbri-
gen Text zu echreiben, Formelzdhler sollen am rechten Rand ate-
hen, Der Platz fur AbbiTdungen Ist beim Schreiben euszusparen:
die Abbildungen eelbst aind In der dem eusgeeparten Platz ant-
sprechenden Grd8e gesondert nach TGL-Vorschrift suf Transpa-
rentpapier beizufQgen, Der zugehdrige Begleittext ist im Manu-
skript mitzuschreiben, Sein Abstand nach unten betridgt 5 Um-
schaltungen, Litereturzitete im Text sind durch lsufende Num-
mern in Schrigstrichen (vgl. /8/, /9/ und /10/) zu kennzeich-
nen und am SchluB der Arbeit unter der ZwischenGberschrift Li-
terstur zussmmenzustellen,
Belaplels: (ZaitechriftenabkOrzungen nach Math.. Reviews)
787 Zarlaki, 0., end Semuel, P,: Cosmutative Algebra.
Priceton 1958
/9/ Steinitz, E.: Algebreische Theorie dsr Kdrper. J. Reine
Angew, Math, 137, 167 - 309 (1920)
/10/ Gnedenko, 8, W.: Ober die Arbeiten von C. F, GeuB zur
Wahrescheinlichkeitsrechnung., In: Reichard, H. (Ed,):
C. F, GeuB, Gedenkband enllBlich dee 100. Todestages,
S. 193 - 204, Leipzig 1967

Die Angaben sollen in Originelsprechs erfolgen: bei kyrilli-
schen Buchstaben soll die bibliothekerische Transkription
(Duden) verwendet werden,

An Ende der Arbeit etehen folgende Angeben zum Autor und zur
Arbeit: eingegengen: Datum/ Leerzeile/ Anschrift des Verfassers:/
Titel er Vornamen Nsme/ Institution/ Struktureinhait/
StreBe Heusnummer/ Land Poetleitzahl Ort,

Oer Autor wird gebeten, eine Korrektur dee Ourchschlags vom

Of feetmenuskript zu leeen und debei die maethematiechen Symbole
einzutregen, Ferner sollte er 1 - 2 Klessifizierunganummern
(enteprechend der "1980 Mgthemetice Subject Claassification“ der
Math. Reviews) zur inhaltlichen Einordnung ssiner Arbeit angebsen.
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