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Rostock. Math. Kolloq. �. 5 - 19 (1982) 04A20 
OSAOS 

Wolfgang Guba 

Ein lokaler Algorith■ue zu■ Aufbau ■ini■aler Oberdeckungen 

Die vorliegende Arbeit beschäftigt eich ■it ■ini■alen Oberdek­
kungen von endlichen Mengen M. Auf die Betrachtung solcher 
Oberdeckungen wird man bei einer Reihe bekannter mathematischer 
Aufgaben geführt. Ee können zu■. Beispiel die Mini■ieiarung Boo.;. 
leecher Funktionen und die Oberdeckung von Graphen durch Kanten 
genannt werden (vgl. /3/). 
Ein ■öglicher Zugang zu derartigen Probla■en wird durch die 
Theorie der lokalen Algorith■en gegeben. Dabei geht es um die 
Gewinnung und Abspeicherung von Infor■ationen Ober Mangan 
NJ. Nj & M, bezüglich dar folgenden Hauptpridikata:

- Nj geht ale Ele■ent in alle ■ini■elen Oberdeckungen von M ein, 
und 
- Nj iat in keiner ■ini■alen Oberdeckung von M enthalten.

Deneben können weitere Prädikate zur Entscheidung der Hauptprä­
dikate herangezogen werden. Diese dienen dann ele Hilfeprädika­
te. Entsprechend da■ lokalen Charakter dar Algorithmen warden
neue Informationen nur aue einer g-ieean Umgebung von NJ abge­
leitet. 
Besondere Bedeutung hat die Angabe ■axi■aler loka·ler Algorith­
■en. bie Haxi■alitit ist dabei wie folgt charakterisiert: Wann
•it eine■ lokalen Algorithaua. der die gl•ichen P.ara•atar be­
ai tzt (Pridikatenauawahl, Umgebungsbegriff), eine Infor■ation
bezüglich einea der Hauptpridikate gewonnen werden kann, eo ist
dieses auch ■it Hilfe des ■axi■alen Algorithmus ■öglich. In /5/
wurde von�. I. Zuravlev die

1 
Konstruktion eines aaxi■slen lo­

kalen Algorith■us ■it dan angegebenen Hauptprldikaten und ohne
Hilhpridikate angegeben. Ziel unserer Betrachtungen ist es,
dieaan Algorith■ua durch Hinzunah■e von Hilfspridikaten zu ar­
waitarn. Dadurch können weitere Infor■ationen Ober die Heupt­
pridikata gewonnen warden.
Zunichat aollan aber noch einige Grundbegriffe aua dar Theorie
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dar lokalen Algorithmen ln enger Anlehnung an die Oberdeckungs- 
probleeatlk geklart, werden. Ea sei jedoch betont, daß die An¬ 
wendung lokaler Algorithmen nicht nur bei Oberdeckungsaufgaben 
möglich ist (vgl. /4/). 

1. Grundlegende Begriffe und Bezeichnungen 

Ее sei M eine endliche Menge. Mit Ш ,m У (*. be- 
n 

zeichnen wir ein System, für das KJ N. » M vorausgesetzt wird. 
J-l 1 

Oede Teilmenge 0(M, TH ) » ,...,N^ j von TO, für die 

Kj N, « M gilt, nennen wir Oberdeckung von M 
j-l j 
mit Elementen aus ffl. 0(M,TO ) heißt unverkürzbar, wenn keine 
echte Teilmenge von 0(M, Ж) eine Oberdeckung von M darstellt. 
Unter einer Wichtung der Elemente aus Ж verstehen wir eine 
eindeutige Abbildung fx von ТПЙ in die Menge der positiven reel¬ 
len Zahlen. Diese Abbildung ordnet jedem Nj. Nj e Ш, ein Ge¬ 

wicht /U(N.) zu. Auf der Grundlage einer Wichtung /u nennen wir 
3 - 

0(M, TO) • |Nt .I minimale Oberdeckung, wenn > ^ wf 

minimal bez. aller Oberdeckungen von M 1st. 
Wie angekündigt, besteht unser Ziel darin, Informationen über 
folgende zwei Eigenschaften (Hauptpridikate) zu erhalten: 

P°(Nj.Ж,M) : Nj ist als Element ln allen minimalen Ober¬ 

deckungen der Menge M mit Elementen aus TO 
enthalten, und 

P^fNj. ffi,M) : Nj geht in keine minimale Oberdeokung von M 

mit Elementen aus TO ein. 

Daneben betrachten wir die Elgenachaften P£(Nj, TO ,M), 

Pg(Nj, Ж ,M), i» 1....,1. die eich auf weitere Obardeckunge- 

klaseen beziehen. Für 1- 1,...,8 sei Qi(M,Ш ) ■ {0(M, TO )| 

0(M, TO ) let minimale Oberdeckung und TO 1 S O(M.TO)} , für 

1 * s + 1,...,1 sei Q^(M, TO ) « [0(M, TO ) I 0(M, TO ) 1st unverkürz- 
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bare Oberdeckung und JE 1 * 0(M. JE )] ( 7ГІІІ (і«1.1) sei Je¬ 
weils als Teilmenge einer minimalen Oberdeckung vorgegeben) und 
damit 

pJ(Nj, JE ,M) ! Nj geht in alle Oberdeckungen aus Q1(M,TO) 
ein, 

Pg(Nj. Ж ,M) : Nj geht in keine Oberdeckung aus 0А(М, JE ) 
ein. 

Bezeichnen wir mit Q°(M, Ш ) die Klasse aller minimalen Ober¬ 

deckungen von M mit Elementen aus XTL, so gilt offenbar 

Q°(M, ТО) а q1(m, Ш ) ... und (30(М.Ж)л Qi(M,m) / ß 

(1-8+1....,1). Hieraus ergibt eich die Möglichkeit, P* und p| 

zur Entscheidung von P® und P® heranzuziehen (P*, p| fungieren 
als HllfsprBdlkate). 
Jedem Nj aus flfi ordnen wir einen (21+2)-stelligen Informa¬ 

tions vek tor OLj - (j , Bg .j, ,j ,... , eg . j ) * a^ . j £ [0,і,Л| , 

zu. Wenn ajj.j - 1 (-0) ist, so folgt daraus *р£(^,Ж,М) wahr" 

(bzw. "falsch"). Im Fall aj.j « Д liegt keine Information Ober 

PjJ(Nj, Ш ,M) vor. Ausgehend von einer Menge Vtt*• {Nj1.Nnn| 

(die Elemente aus Ш werden mit Informationsvektoren markiert) 
beetlmmen die lokalen Algorithmen neue derartige Mengen, die 

ß ß 
mehr Informationen enthalten, z. В. Ш '* ■ {Nj1.Wnn) Blt 

&j - (b?.j.b|.j) - ?h(NjJ.Sk(Nj3, mr)) und Sj < ßj, d. h. 

bj.j ■ *h-j' feil* *h.j e 10,1» gilt. Hinter <pj^ verbergen eich 

hinreichende Kriterien, die Informationen Ober Nj bezüglich des 

Prädikates pj liefern. Neue Informationen Ober Nj werden nur 

aus einer Umgebung k-ter Ordnung des Elementes NjJ in der Menge 

ift* gewonnen. Es soll dabei folgender Umgebungsbegriff verwen¬ 
det worden: 
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SjXNj J , Ш*) lat die Menge aller Npp aus "Ш*, für die gilt: 

d 
a) N л Nj ^ 0 oder b) M s \J N , wobei N ,...,N_ 

P 3 p q«l aq al ad 

aus W. sind und der Bedingung a) genügen. 

r'ür к ä> 2 ist 

<x. 2. 
Sk(N J.W) die Menge aller Ny aus Ш*, für die gilt: 

“t а1 * 
a) Es existiert ein Element Nt aus S|<_1(NjШ) mit 

Nb n Nt ^ 9. oder b) es ist Ny G \J Nf , wobei 

Nf ....,Nf aus Ш sind und der Bedingung a) genügen. 
1 9 fii $L 

Oftmals werden wir auch Sk(Nj, Ж ) = {NulNuU 6 sk (Nj^ . )} 

verwenden. 

2. Ein lokaler Algorithmus für die Prädikate pJ, Pg 

fl « 0Д.2.1)_ 

Es erfolgt nun die Angebe eines lokalen Algorithmus für die an¬ 

gegebene Prädlkatenauswahl. Dabei steht als Frage im Mittel¬ 

punkt der Betrachtungen, wie man aus der Kenntnis der Umgebung 

S|((Njj, Ж") neue Informationen über Nj ableiten kann. 

2.1. Bilden eines Systems von Teilmengen der Menge M: 

Wir setzen M^_i j) • W Np 
4 k. J) VjNq 

NptSk-l(Nj,3K) ’ ” Nq£ Sk<Nj,m) 

und Mk k_i j * M(k,j)\M(k-l J)' Mit Hilf« der Aqulvalenzrela- 

tion - а ist äquivalent b, wenn [Nh|aeNy und Ny e sk(N^ , Ш )} 

“ HgjbcNg und Nge Sk(NJ, TO )J - wird Mk k_1 j in Klassen 
Kj, .... Kq(j,k) zerlegt. Osr nächste Schritt besteht dann im 

Aussondarn der Mengen My: 

My « M(k-i,J)uAy (Ay l8t Vereinigung gewisser Klassen K±, 

8 у- 1.2p(j"k)). 



Wir erhalten dadurch echlleßllch ein Syetem von Teilmengen der 
Menge M, dae wir alt bezeichnen. 

Beleplel: 

4 
Abb.l 

Л. 1 

.л 
N4 N5 

к 1 

.T"~ 

Mit m* • {n£A..ergeben eich fol¬ 

gende Umgebungen: 

St(N^.Д 5 . Я£*)-ЦЛ"‘ ' Л ) ,Ы^Л д ) iN( a ••• • a)}. 

s2(n£a.Д).ТПГг*)-ЦА"' .N( Д... . A)J# 

Weiterhin erhalt men Мц - {e,b,c,d,e,f }, 

M(2 - {a,b,c,d,e,f,g,...,l} und Mj^j » (g.h.l.j ,k,lj sowie 

Abb. 2 

M1t Mj ■ je ,b ,c ,d ,e, f}. Mg- {a.b.c.d.e.f .J}. 

Hj— [e.b.e.d.e.f.J.g.h], Мд — {e.b.c.d.e.f.k.l.l.j}. 

Mg- {a.b.c.d.e.f.g,h), Mg - (a.b,c,d.e,f,g,h,k,i,l{ , 

My — {e.b.e.d.e.f,k,1,1}, Mg — {e.b.c.d.e.f.g.h.l.J.k.l}. 
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Wir wollen nun untersuchen, welche Oberdeckungen von Mengen 

My, My e Tftj, mit Elementen aus Sk(Nj,Ш) eie Teil einer Ober¬ 

deckung aus Q1(M,SJ1!) in Frage kommen. In Fall 1 £ [0.1.W] 

kennen dieses nur minimale Oberdeckungen sein, die (falle 1/0) 

Ш 1 л S^(Nj, Ш) als Teilmenge enthalten. Weiterhin dürfen 

keine Widersprüche zu bereits vorhandenen Informationen beste¬ 

hen. In Fall 1 £ [e +1.1} kommen unverkürzbare Oberdeckun¬ 

gen in Frage, die üft1 л Sk(Ny Ш ) sie Teilmenge enthalten und 

in keinem Widerspruch zu bereits vorhandenen Informationen ste¬ 

hen. Jede zu einem Widerspruch führende unverkürzbare Oberdek- 

kung enthalt JJt1 л Sk(Nj,?nfl) nicht als Teilmenge oder Ober¬ 

deckt eine Menge N* mit (siehe Abb. 3). 

Oa solche Mengen vom Typ Nf und Nb aber nicht ln Sk(Nj.6iSI) 

enthalten sind, müssen Teilmengen von M^ k ^ j überprüft werden, 

ob sie für eine Menge vom Typ N^ in Frage kommen (und somit 

aussondernd wirken können). Diese Gedanken werden durch folgen¬ 

de Definitionen präzisiert und führen zum Begriff der i-zulBeei- 

gen Oberdeckung. 

2.2. Bilden von l-zulässlgen Oberdeckungen 

a) Eine Oberdeckung 0(Му, 5Й) einer Menge Hy mit Elementen aus 

Ш nennen wir widersprüchlich mit den Informetionen Ober 

(pJ.Pj)« wenn folgendes gilt! < 

d, (*, Дівп.іі,,) 
(1) Es existiert in Sk(Nj3, JIt ) ein Element Nf *'T 

(bzw. Ny 1ih ^) und geht in die Oberdeckung 

10 



0(My. т) nicht ein (bzw, geht in die Oberdeckung 

ein), und 

(2) falls i / О ist, so enthält die Oberdeckung 
Ж1 л S^(Nj, Ж) als Teilmenge. 

b) Es seien Aa+1 » [a® .A1 “ {A1.AnJ 

Systeme von Teilmengen der Menge Mk k_1 

A = \J A, bezeichnen wir als System von entscheidenden 
i-s+1 1 

Mengen, wenn bei geeigneter Wichtung der Elemente aus A 

nachfolgende Bedingungen erfüllt sind. 

Für alle i ■ 0,1,.,.,8 gilt: 

84 . [«.tO,a,.,) 
(1) Wenn in Sk(Nj , m ) ein Element Nf 

(..,0. ,,0,,.) 
(bzw. ' ) vorkommt, so gibt es in Ж^ eins 

Menge My mit den Eigenschaften a), b) und c): 

a) My besitzt eine minimale Oberdeckung mit Elementen 

aus Sk(Kj,HI)uA, die (falls i/0) Ш1 n Sk (, OTt ) 
als Teilmenge enthält. 

b) ist kein'Element dieser Oberdeckung (bzw. Nf ist 

Element dieser Oberdeckung). 

c) Alle minimalen Oberdeckungen von My mit Elementen aus 

Sk(Nj, ІЙ ) и А sind nicht widersprüchlich mit den In¬ 

formationen Ober (P^.Pg) und (pJ.Pg). 

(2) Es gibt mindestens eine Menge My aus mit den Eigen¬ 

schaften (1) e) und c). 

Für alle 1 * 8+1,...,1 gilt: 

ai * (..,0,5—,..) 
(3) Wenn in Sk(NjJ, Ш ) ein Element Ng 

(bzw. ) vorkommt, so gibt es eine Menge 

11 



м* МІ ■ ", uUa‘ м_ 
2 2 2 j-1 J z 

b) und c) : 

€ UIj, mit dmn Eigenschaften a), 

a) besitzt eine unverkQrzbare Oberdeckung mit Elemen¬ 

ten aus Sk(Nj,ÜK)uA, die ( WZ1 rv Sk(Nj . Ш )) v als 

Teilmenge enthält. 

b) Ng ist kein Element dieser Oberdeckung (bzw. ist 

Element dieser Oberdeckung). 

c) Alle unverkürzbaren Oberdeckungen von M* mit Elemen¬ 

ten aus S^(Nj, ZU ) и A, die ( Sk(Nj. 3#)) и A^ sie 
Teilmenge enthalten, sind nicht widersprüchlich mit 

Informationen Ober (pJ,p|). 

"i 
(4) Es gibt eine Menge M^. M* » Mv v \J aJ. M, 

J * J 
mit 

den Eigenschaften e) und b) 

a) M^ besitzt eine minimale Oberdeckung alt Elementen 

aus Sk(Nj. Ж) uA, die ( n Sk(Nj. 2ГИ )) u A± als 
Teilmenge enthält. 

b) Alle minimalen Oberdeckungen von M^ mit Elementen aus 

Sk(Nj,Ш )и А sind nicht widersprüchlich mit Informa¬ 

tionen Ober (p1 ■ P2)* und alle unverkürzbaren Oberdek- 

kungen, die ( 2TZ. ^ л Sk (N ^, ffSt ))i/Aj als Teilmenge 

enthalten, sind nicht widersprüchlich mit Informa¬ 

tionen Ober (pJ.Pg). 

DefinitionI Eine Oberdeckung 0(My,Sk(Nj,Ш)) einer Menge My 

aus Stlj mit Elementen aus Sk(Nj,W%) heißt 1-zu lässig 

bez. А ■ JAS+1<... .AjJ , wenn gilt: 

Für i m O: 
a) 0(My,Sk(Nj , fflfl)) ist minimal, und 

b) alle minimalen Oberdeckungen von My mit Elementen aus 

Sk(Nj, Ш) и А sind nicht widersprüchlich mit Informationen 

über (P°.P°). 

12 



Für 1 ■ 1,...,8: 

a) °(My'Sk(Nj ■ )) i8t und enthält Ж1 л Sk(Nj , MT ) 

eis Teilmenge. 

b) Alle mlnlmelen Oberdeckungen von My mit Elementen eus 

Sk(Nj,®OuA sind nicht widersprüchlich mit Informationen 

über (IPg) und, wenn sie Ж^ n Sk(Nj,Ж ) als Teilmenge 

enthalten, nicht widersprüchlich mit Informationen über 

(pJ.Pg). 

Für 1 « s + 1,...,1: 

a) 0(My.S|((Nj,Wf)) ist unverkürzbar und enthält 

HY1 л S,< (Nj . Ж ) eis Teilmenge. 

b) 0(My,Sk(Nj,TO)) и Aa ist unverkürzbare Oberdeckung einer 

Menge M^. Jede unverkürzbare und mit Informationen über 

(pJ ,Pg) widersprüchliche Oberdeckung von M^ mit Elementen 

eus Sk(Nj, Ж) и А enthält A± nicht als Teilmenge. 

Wir sprechen von einer 1-zulässlgen Oberdeckung, wenn die Ober¬ 

deckung i-zulässig bezüglich eines Systems А ist. Damit 1st uns 
eine Charakterisierung von Oberdeckungen gelungen, die als Teil 

einer Oberdeckung aus Q^(M,Ж) auf treten können, 

Hilfssatz: Wenn 0(M, Ш) e Оі(М,Ш) gilt, so 1st 

0(M, Ш ) n sk(Nj, Ш) eine i-zulässige Oberdeckung. 

Beweis: Wir wollen hier nur auf den Fall 1 * О eingehen. Es 1st 
offensichtlich, daß 0(M, Ш) AS.(N,,W?) minimale Oberdeckung 

V1/ einer Menge M , M„ e Ж,. ist. Ferner ist А » А,, 
" У J 1*8+1 1 

A1 ■ KK - Nh\ VJ Nf. NheWl1\sk(N Ж)}, 

Nf amt1 

Nf^h 

immer ein System von entscheidenden Mengen. Wenn M^ nun eine 

minimale Oberdeckung 0(My.Sk(Nj. №)uA) besäße, die wider- 
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sprachlich zu Informationen über (P^.Pg) let, so könnte man 

eine minimale Oberdeckung von M konstruieren, die ebenfalls im 

Widerspruch zu bereits vorhandenen Informationen steht: 

(0(M, Ж) \(0(M, Ttt ) n Sk(Nj , Ш ))) uS(My,Sk(Nj,Tnft ) U A). 

(°(My,Sk(Nj , Ш ) V A) entsteht aus 3(My,'S|t(Nj , TO ) u A), indem 

eventuell auf tretende Elemente N^j aus А wieder durch ersetzt 

werden.) 0(M, Ш) n sk(Nj,Ш ) ist deshalb eine O-zulassige 

Oberdeckung. Der Hilfssatz ist damit bewiesen. 

Folgerung: Wenn Nj in allen i-zulässigen Oberdeckungen enthal¬ 

ten 1st, so geht Nj auch ln alle Oberdeckungen aus Qi(M, Ш) 

ein. 

Damit haben wir ein Kriterium erhalten, das 1-Informationen 

liefert (d. h., in den Informationsvektoren kann gegebenenfalls 

ein А durch eine 1 ersetzt werden). Bel der Gewinnung von 
O-Informationen wollen wir hier nur auf die folgenden Möglich¬ 

keiten zurückgreifen: 

Wir fassen nun die Ergebnisse zusammen: 

2.3. Die Funktionen und ^ (1-0,1.....1): 

<pj(iy>. Sk(Njj. m*)) 

• (.. ,l,a|...), wenn aJ.j « 1 oder “J.j - 1 let. oder ln 

alle l-zuläeslgen Oberdeckungen eingeht. 



■ О,аwenn j = О oder а2 ^ » 1 ist. oder ln Fal¬ 

le i = 0: 

aj . j ■ 0 mit f c fl.... ,s} oder 

8g,j -1 mit f e(s +1.1} , 

* (..,Л ,8g.j,..) in allen anderen Fallen. 

9?|(n“J. Sk(N“j. ffi')) 

« (...aj\j.l,..). wenn Og.j »1 oder a°.j « 1 oder Nj ln keiner 

1-zulässigen Oberdeckung enthalten ist, 

” (...aj. j,0,..). wenn 8g.j »0 oder aj.^ - 1 ist, oder in Fal¬ 

le 1 • 0: 

8g.j » 0 mit f £.{1,2.s) oder 

8j.j - 1 mit f £ {s +1,... ,1) , 

» (.. ,aj . j , Д...) in allen anderen Fällen. 

Satz 1: Die Funktionen und <p| (i-0,.,.,1) liefern keine 
falschen Informationen. 

Der Beweis dieses Satzes ergibt sich im wesentlichen durch An¬ 

wenden des Hilfssatzes und der Folgerung. 

Satz 2; Wenn Sj » Sk(N^, Ш*) « Sk(N^, Ш*) - S2 gilt 

(d. h. Sk(Nj,M() m Sk(Nj. Ш) und jede in den Informationsvek¬ 

toren S^ auftretende 1 oder 0 steht euch in den Informations¬ 

vektoren von S2). so folgt aus 

9a(NjJ* Sk(Nji.JK*)) - (... .c£.r...); c^;J£{0,lj, 

В ß ^ 
Фа(ІѴ' Sk(Nj], %*)) - (... c*. J ...) für i- o;.. ,1 und а-1.2. 
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Beweis: Wir bezeichnen mit 1^ bzw. 12 die Menge aller i-zuläe- 

slgen Oberdeckungen, die mit Hilfe von bzw. S2 gebildet wer¬ 

den können. Aus < S2 läßt sich die Beziehung I2 « 1^ ablei¬ 

ten. Wenn nun Nj ln jeder Oberdeckung aus 1^ enthalten 1st 

(bzw. in keiner enthalten ist), so ist Nj auch in Jeder Ober¬ 

deckung aus I2 enthalten (bzw. in keiner enthalten). Werden In¬ 

formationen aus in bereits vorhandenen Aussagen gewonnen, so 

lassen sich diese natürlich auch aua S2 ableiten, womit Satz 2 

bewiesen ist. 

3. Die Maxlmalltät des angegebenen Algorithmus 

Der folgende Satz rechtfertigt die Aussage, daß der angegebene 

lokale Algorithmus hinsichtlich der 1-Informationen bestmöglich 

1st. Es sei hier nur bemerkt, daß man durch ähnliche Betrach¬ 

tungen, wie sie in /5/ gemacht wurden, auch bezüglich der 0-In¬ 

formationen zu bestmöglichen Ergebnissen kommen kann. 

Satz 3: Wenn ein lokaler Algorithmus, der auch für die angege¬ 

bene Prädikatauswahl und mit dem gleicher! Umgebungsbegriff ar¬ 

beitet, eine 1-Information liefert (d. h., in einem Informa¬ 

tionsvektor wird .Л durch eine 1 ersetzt), so erhalten wir die¬ 

se Information auch mit Hilfe des angegebenen Algorithmus. 

Beweis; Angenommen unser Algorithmus hat nicht die angeführte 

Eigenschaft. In diesem Fall gibt es eine Funktion p® (eines 

*1 * 
anderen lokalen Algorithmus) und eine Umgebung Sk(NjJ, Ж ) , so 

daß gilt: 

0 2. S. , 
9i(Nj • sk(Nj • № )) “ <Д.) und (a) 

VNj • • (*•.)• (b) 

(Wir gehen nur auf diese eine Möglichkeit ein. Die anderen Fäl¬ 

le werden analog ausgeschlossen.) 

Aus (a) leiten wir ab, daß Nj nicht in alle O-zuläselgen Ober¬ 

deckungen eingeht. Eine solche Oberdeckung sei 0(M0,S({(Nj, 3Ä )). 
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А Я \_J А, (Ад - {Ад. .... A^ l) sei ein System von antachei- 
i-a+1 1 1 1 1 "i1 

dsnden Mengen, das die O-zulSsslgkelt dieser Oberdeckung be¬ 

wirkt, Ferner seien 

'1:1' nl:a4 

Mi;l.Mi;04 

M 8 + 1 
X ’ M 1 X 

(Mi;t i -0,1.s). (1), (2). 

ni 
(<:t-"l,t"^^. M1;t e WJf 

І- 8+1.1), (3), 

"i 
(M‘-MxuWAa, Mx£WV .1)" (4) 

solche Mengen, die garantieren, daß А ein System von entschei¬ 
denden Mengen ist. (Man vergleiche hierzu die Punkte (1), (2), 

(3) und (4) bei der Festlegung von A.) 

Darauf aufbauend konstruieren wir folgende Oberdeckungsaufgabe: 

Bl « 11} (1-0.1.s). 

Bi “ iai;l.ai;01,axJ (1 -S +1,...,1). 

1 

M - M(k и (a,b| и B, 

X0 -(M(k J)\M0) и {а.ы V (В\iöi) . 

1—0... ,8, t—1,., , @1 : Xt ¢-(M^k j) \ Mt, 1) V {a ,b| u(B\^0,i|), 

i-s+1,.,1, t.l,.. ,Ot : X^.t-(M{k 3) \М^;4) u{a,b| u(B\ laj.tj), 

1-8+1,.,1 : X* "(M(k.j) \"x> u {a.bju (B \ {o,a*}), 

X ■ [X0.Xx}' 

1-8+1,. ,1, t-І...Пі * Yt “ At U t**l • 

l"a+l- 1 ' Yi • К.YnJ" 

Y * {Ya+l""Yli' 
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Bei entsprechender Wichtung der Elemente aus X, Y und {B0,.,Bjj 

(die Wichtung der Elemente aus Sk(Nj,Mt) wird beibehalten) er¬ 

halten wir fifc1 - , M%) л JÄ1) и [BAj (i» 1,..,8) und 

ЗЙ1 » (Sk(Nj.Wi) л fflfl1) и {В±} и Yt (i- s +1....1) als Teile 

von minimalen Oberdeckungen der Menge M mit Elementen aus 9Tt, 

Damit ergibt sich aber auch Q°(M,OTt) a Qi(M,2JK) (i" 1,..,8) und 

Q°(M,5«) n Q1(M,?Ä) / 0 (1» s +1....1). Weiterhin wurde die 

neue Oberdeckungsaufgebe so konstruiert, daß 

Ш* - Sk(NjJ, m*) u {о(д"* I D е (X uY u jB0,.. .BjP} 

keine falschen Informationen enthält. Da nun 

oi а 
Sk(Nj;l, Ш") • Sk(N^j , m") ist. gilt 

'*%")) - ?l(N^.Sk(N^.m*)) . (1.). 

Das ist aber eine falsche Information, denn 

0(Mo>sk(Nj, 2Л) u [Xq} и {{OJ} ist eine minimale Oberdeckung von 

M mit Elementen aus WL, in der Nj nicht enthalten ist. 
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Eine Beschreibung von Verknüpfungen für partielle Funktionan 

1� Vorbemerkung 

In da• vorliegenden Artikel warden beliebiga partie�le Funktio­
nen zwischen Mengen betrachtet, wobei der Fall endlicher Mengen 
für konkrete Anwendungen von besonderem Interesse ist. Die zwi­
schen den Funktionen erklärten Verknüpfungen werden als Opera­
tionen für partielle Funktionen angesehen und mit Hilfe der 
Verkettung, des kartesischen Produktes und gewisser.Standard­
funktionen (konstante Operationen) ausgedrückt, Der axiomati­
acha Aufbau dieses Anliegens führt auf spezielle angeraicherte 
monoidale Kategorien (Eilenberg-Kelly /1/), sogenannte diago­
nal-halbter■inal-sym■etrische Katagorien (kurz: dht-sy■metri­
sche Kategorien). 
Für den Dafinitionsbereich einer Funktion f wird kurz D(f) und 
für den Wertebereich W(f) geschrieben. Die Verkettung fg zweier 
Funktionen ist durch fg(a) • g(f(a)) gegeben und das kartesi­
sche Produkt t@g durch (f@g)(a,b) • (f(s), g(b)). Wei.terhin 
sei für.ein Mengenayste■ M mit M"" die Menge bezeichnet, die aus 
allen kanonisch beklam■erten kartesiachen Produkten 
( ••• (A1@ �) @ ••• ) ® An von endlich vielen Mengen aus M, den

Mangen von M selbst und der Menge I • LP! besteht. schließlich 
sei 1A I A-A die identische Funktion von A auf A.

2. Die Kategorie.!!!.!:,

Die Objektklasse der Kategorie.!!!.!:, besteht aus allen Mengen, 
die Morphis■anklasse aus allen partiellen Funktionen zwischen 
Haagen. Dabei bedeutet die Schreibweise f I A-B keineswegs 
O(f) • A bzw. W(f) • B. Die Menge 1 • lPJ sei eine ausgezeich­
nete einele■entige Menge und O die leere Menge p. In der Kate­
gorie.!!!.!:, 118t eich neben der Verkettung von Funktionen (Mor­
phis■enko■position) auch das kartesische Produkt für Mengen 
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und Funktionen in der üblichen Welse einführen. Des kertesieche 

Produkt let nicht strikt assoziativ, jedoch sind die Mengen 

A®(B®C) und (A®B)®C zueinander Isomorph vermöge der Zu¬ 

ordnung (a.(b.c))i-»((a,b).c). 

Bezeichnet man diese Bijektion mit 

“a.B.C1 a® (B®C)-*(a®B) ® C. 

dann überzeugt man sich leicht für Funktionen f: A-»A'. g: 8*8' 

und h: C-»C von der Richtigkeit der Gleichung \ 

(al) Vb.C^*® 9) ®h) - (f ® (g® h))aA.(B.c.. 

wobei für Funktionen u: X-*Y, vs X'-»Y' die Gleichung u - v ge¬ 

nau dann zutrifft, wenn X щ X‘, Y ■ Y*, D(u) » D(v) und 
u(z) » v(z) für alle z e D(u) gilt. 

Zwischen den Mengen А® В und В ® А vermittelt die Zuordnung 
(a.b) I—* (b.a) stets eine Bijektion сд Q: A®B*B® А, die mit 

beliebigen Funktionen f: A«*A' . g: B-»8' und der entsprechenden 

Bijektion Сд, g. das folgende Diagramm kommutativ schließt: 

A® 8 -—-»B®A 

(cl) f ® g I (-) I g ® f . 

A' ® 8'—-»8' ® A' 
°A* .8' 

Weiterhin existieren für jede Menge А die Bljektionen 

Гдг А ® I—»A ((e,ßji—»e), ^ 

1A: I ® А —►A ((P.a)f—>a). 

die mit jeder Funktion f: A*A‘ folgende Diagramme kommutativ 

schließen: 

22 



Damit erhalten wir 

Satz 1I In der Kategorie Per mit dem üblichen kartesiechen Pro¬ 

dukt für Mengen und Funktionen bilden die Familien 

8 * ("a.B.cU.B.C elPar I * c " (cA.b)a.B £. |Parl • r" ^ rA^A fei Perl 

und 1 “ (!д)а £|par| ""tödliche Isomorphismen fOr die Funktoren 

Zs Par3-* Par ({A,(B,C))h»A® (В® C). (f.(g.h)) h»f ® (g ® h)) 

und 

7: Par3-* Par ((А. (B.C) )►* (А ® В) ® C. (f. (g',h) )►* (f ® g) ® h)) 

bzw. 

P: Par ^L* Par ((A.BMA® B. (f.g)h*f ® g) 

und 

Ps Par2-* Par ( (a,b)i-*b ® A, (f.g)-»g® f) 

bzw. 

Rs Par-»Par (Ан*А® 1, f>»f ®lj) und Idpep 

bzw. " 

Ls Par-» Par (A«*i ® A. fh»lI®f) und Idpar. ■ 

Zu jeder Menge А existieren schließlich stets die beiden tota¬ 
len Funktionen 

dAs A*A®A (a*-*(a,a)) 

und 

tдs A-»I (ah*(J). 

FOr jede Funktion f s A-*A' gilt fdA, ■ dA(f ® f). d. h., das 

folgende Diagramm 1st kommutativs 

А -^-* А® А 

(d) f I (-) I f®f . 
A'-я-» А' ® А' 

V 
Das liefert in Ergänzung zu den obigen Feststellungen den 

Satz 2s Die Familie d « (da)A 6|Per| 1st eine natürliche Trans¬ 

formation zwischen den Funktoren Idpar.und 

Os Par-»Par (A-*A®A, f-*f ® f). ■ 
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Oie Familie t - (*д)д e|Par| let dagegen keine natürliche 

Transformation für geeignete Funktoren, denn es gilt 

Satz 3: Eins Funktion f: А-FA" 1st genau dann total, wenn 
ftA, = tA zutrifft. 

Beweis: Ist f: A-fA‘ eine totale Funktion, dann gilt D(f) » A. 

Folglich ergibt sich für alle Elemente а aus А die Beziehung 

ftA.(a) - tA> (f(a), = ß = *A(a). Ist umgekehrt ftA, ■ tA, dann 

erhält man 0(tA) ■ A » D(ftA,), woraus unmittelbar D(f) • A 
folgt. ■ 

In der Kategorie Par lassen sich weiterhin für alle Mengen A,B, 

C,D und alle Funktionen f.f'.g.g' folgende Eigenschaften leicht 

nachwsisen: 

(FO) f: A-»B. f : A'4B'=»f®f'i A® A'-FB® B', 

(Fl, 1A®1B - 1A@B, 

(F2) ( f ® f1 )(g ® g' ) - fg® fg" 

(f: A-fB, g: B-FC, f : A'-FB" , g' : ВЧС), 

(a2) ®A,B,C ® OaA® B,C,D 

“ ^aA,B,C ® aB,C,D>aA,B ® C,D» 

(a3) dA(dA®lA) « dA(lA® dA)aA A>A, 

(r12) aA,I,B^rA ® гв^ ” 1A®1B» 

(ГІЗ) а,. A B(1A®1B) - 1д0в» 

(rl4) aABIrA0B - 1д ® Tg, 

(rl5) гj - lj, 

(Пб) rA - oAfIlA, 

(c2) CA,BCB,A ° 1A®B' 

aA,B,CCA® B,CaC,A,B “ ^A® CB,C^aA,C,B^CA,C ® 

(04) dA . dACA A, 

(htl) ftA, . tA (f: A-FA'. 0(f) . A), 
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(ht2) Ѵе.с*(А(Я)в) @c * *а® (в®с)‘ 
°А.9*В® А ■ *А® В» 

ГА*А " *А®1* 

ХА*А " *1 ® А* 

dA*A®A " V 

(hM) tj - lj, 

(ht4) dAdA® tA)rA - dA(tA®lA)lA - 1A> 

Ch*5) dA® g((lA(x)tg)rA(x) (tA® lg)lg) » 1A0B» 

(h*6) fAdA(lA®tA) » lA0j. lAdA(*A®lA) ■ 1i0A» 

(h*7) (tA®tB)*i01 * *А®В* 

0« M aua.einer beliebigen Menge А nur eine einzige Funktion ln 
die leere Menge О und umgekehrt gibt, let О Nullobjekt ln der 
Kategorie Per.und ее gilt 

(01) 0®A-A®0-0. 

Mit der leeren Funktion o: I-»0 konnutleren fOr f: A-PO und 
g: 0-4В folgende Diagramme: 

(02) 

Die bleher zueamaengeeteilten Eigenschaften der Kategorie Per 

bilden die Grundlage fOr den axlomatleohen Aufbau der Theorie 
der dht-eymmetriechen Kategorien (Hoehnke /4/, Schreckenber- 
ger /6/). 

Definition: Eine Folge (£,® ,X,a,r,l.c,d,t,o) heißt genau dann 

eine dht;eymm;t rleohe Kgtegorle, «renn C eine Kategorie, ® ein 
Blfunktor ((FO) - (F2)) und I ein ausgezeichneten Objekt in C 

1st, а - (•A>B(C)AtB>c C|£C r " (rA>A«|C|* 1 ” <1А^Ас|С|* 

о ■ (cA#B)AfBcici F#*ill»n von Iaomorphlsnen ln C, 

d « (dA)Ae|C|, t m (*A)A6|C| Familien von Morphlsmen ln C 
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sind und Oi 140 ein ausgezeichneter Morphienus in C 1st, so 

daß die Eigenschaften (al) , (a2), (rll). ,(rl5). (cl).(c3), 

(htl).... ,(ht7), (01) und (02) erfüllt sind. 

Dabei 1st zu beachten, daß die Bedingung (htl) in einer belie¬ 

bigen Kategorie C bedeutet, daß für jede Coretraktion f: A4A' 

die angegebene Gleichung erfüllt 1st. 

Die angegebenen Axloae sind nicht unabhängig voneinander, las¬ 

sen sich aber in dieser Form bequem handhaben. 

3. Diagonalen und Prolektionen 

Wir vereinbaren folgende Symbolik: 

О 1 n+1 n 

iX1 Ai " *• 1Xi \ * Aj, Ai * tX1 A1 ®Лі+І' 

i><i - ij. 1X1-'1 ■ V 1Xl h - 1X1 fi® fnel* 

n n 
Insbesondere schreiben wir euch X А » A bzw. X f ■ f . 

i ml i - 1 

Die dadurch bestimmte Beklammerung mehrfacher kartesischer Pro¬ 

dukte wird kanonisch genannt: 

Ai ■ 

In dar Kategorie Par definieren wir für jedes Objekt А die 
n-fache Diagonale (neu) gemäß 

< ■ V di " ІА' “Г1 - "a^OV1 а-аП+1 
und für А ■ X A< die Projektionen p^s A-»A, durch 

i ■ 1 J 3 

pA - 1A für А ■ Aj, рА®Ап+1 . (pA® »д^Гд für j < n 

”"a p*®Vl ■ 
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Die Funktionen Pj sind ebenso wie die Diagonalen d^*1 totale 

Funktionen und stellen die Projektionen im üblichen Sinn dar. 

Die Definitionen für die Diagonalen und Projektionen gestatten 

es, die im folgenden Lemma formulierten Regeln induktiv zu be- 

weleen. 

Lemma; a) FDг jede Funktion f: A-»B und alle natürlichen Zahlen 

n gilt fdg - djjf". 

b) För alle natürlichen Zahlen n ь 1 und j mit 1 d j d n gilt 

A* 

Die für eine Funktion Pj benutzte Bezeichnung Projektion von А 

auf die Komponente Aj wird auch dadurch gerechtfertigt, daß die 

Folge ( X Ai« (ft: A-»A. 11 d j e n)) ein kategorientheoreti- 

aches Produkt der Objekte Aj (1 d j d n) ln der Teilkategorie 

der totalen Funktionen von Par 1st. Dabei 1st die zu einer Fa¬ 

milie (f.s C-^AjJld 1 d n) von Funktionen gehörende Funktion 

g: C^1X1 Ai durch g . dg(^)( ^ ft) 

" d^( (... ( f j (x) ^2) ® • • • ) ® f ri) 

gegeben, d. h., das folgende Diagramm 1st für jede natürliche 

Zahl J mit 1 d j d n kommutativ: 

(*) 

Die Elnzlgkeitseussege für die Funktion g 1st nicht auf die 

Teilkategorie der totalen Funktionen von Par beschrankt,, denn 

wenn eine Funktion к: C-+A aus Par das Diagramm 
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с к 

■it jeder pertiellen Funktion einer Familie (fj)±f jf„ von 

Funktionen aue Per kommutativ schließt, dann folgt 

к - dJ(iX1fi) (vgi. /8/). 

Da die Bedingung f ^ - gpj für partielle Funktionen die Überein¬ 

stimmung der entsprechenden Definltlonsbereiche bedeutet und 

die Projektionen totale Funktionen sind, erhalt man 0(g)# D(fj) 

mit 1 d j 4 n. Für die Existenz einer Funktion g mit der obigen 

Eigenschaft 1st demzufolge die Übereinstimmung der Definitions¬ 

bereiche aller Funktionen fj (1 <J fn) notwendig. Diese Bedin¬ 

gung 1st offenbar auch hinreichend dafür, daß g • d£( X 

die Diagramme (*) mit 1 4 j 4 n kommutativ schließt. 

4. Superposition. Komposition und Stellentransformatlon 

Dar Begriff Superposition wird im Sinne von Hoehnke /3/ benutzt, 

wahrend Komposition und Stellentransformatlon in der Begriffs¬ 

bildung von Wille /7/ verwendet werden. 

Satz 4: Es seien f: V A,->C und g, : V B,-»A, (1* 14 n) 
1.1 1 1 j - 1 J 1 

partielle Funktionen. Dann let die partielle Funktion 

B-»G (B . jX/j) 

genau die durch Superposition aue f,g1.gn gebildete Funk¬ 

tion S R ( f . g^ ,g2 •.. • . gn) • 

Die partielle Funktion d2( X Яь)?: 1D-*C • 
к ■ 1 " 
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. n+m-1 
Blt ° ■ „ХД und Dh ‘ Ah för 1 < h * 1-1, Dh - Bh.1+1 för 

i • h * i+m-1, ж für i+m < h < n+m-1. 

% " Pk+m-1 för 1+1 * k * " 

let för jede* 1 (1* 1< n) die durch Einsetzen der Funktion 

ln f an der i-ten Stelle gewonnene partielle Funktion f(g^). 

Schließlich erhalten wir für eine Funktion v von der Menge 

{1.2....,n) auf die Menge {1,2,...,m} und eine Auswahl W von m 

verschiedenen Mengen A{, .... A^ aus dem Mengensystem 

{A^,...,AnJ durch 

(A' - jX/j) 

die durch Stellentransformation aus der Funktion f mit der 

Funktion V und der Auswahl W gebildete partielle Funktion f*. 

Beweis: Es sei (bj,b2,,..,ЬШ) (Kurzschreibweise för 

((...(bj^.bj) .. .. ) .bn)) im Vorbereich Jeder Funktion g^ und 

(gjfbj.bm).g^fbi.bm)) in D(f) enthalten. Dann gilt 

(<,®(і^19і),ИЬі.Ьп)” ((1^i9i)f,((bl'”'b«),--,(bl’*'bm)) 

- f(9i(bi.bn).g„(b1.bj) 

■ (sVc.Si.9n))(b1.....bn). 

Entsprechend erhölt man för (b%,...,bB) aus dem Vorbereich der 

Funktion gt mit (a^."і-і-Эі^.bn)-а1+1.an> 6 0(f) 

(dS(kX19k,f)(a1.ai_i'9i(bi.Ья),аі+1.„) 

“ f (ai>• • • ,ei-i*9i(bj.... ,bB) . a^+^, an)" 

m 
För ein Element (a:,....a‘) 6 X Ai 

J - 1 J 
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"it (av(l).*v(n)) e 0(f) gilt offenbar 

(dÄ-<1XipO;t))n(ai.=') - C(=i.■;>. 

Aus den Satz 4 ergeben sich die anschließenden Folgerungen. 

Im Falle n » О. я ft 0 erhält man durch Superposition die kon¬ 

stante n-stellige Funktion 

<£( 

wenn f die totale nullstellige Funktion 1st. Sonst entsteht die 

leere m-stelllge Funktion aus В in C. 

Bei m » 0, n/0 erhält man die nullatelllge Funktion 

d”( ^ gA)f: I-»C. die entweder ein Element in C euswählt. 

nämlich dann, wenn alle gi: I-»A± totale Funktionen sind und 

(9l(P)'.."9n(P)) £ D(f) gilt, oder sonst leer ist. 

Schließlich ergibt sich bei m » n » 0 

- 4V - f. 
Oie in Setz 4 angegebenen Bildungsvorschriften zeigen, daß man 

Komposition und Stellentransformation durch die Superposition 

ausdrQcken kann. Umgekehrt erhält man durch schrittweise Anwen¬ 

dung der Komposition von f mit den Funktionen g^, ..., gn und 

anschließende geeignete Stellentrensformation die Superposition 

von f mit g^, .... gn. 

De sich die Superposition von Funktionen mit Hilfe der Elemen¬ 

tarfunktionen a,r,l,c,g,t, der Verkettung und der Kreuzprodukt¬ 

bildung beschreiben läßt und sich die Projektionen nur aus ge¬ 

wissen Elementarfunktionen durch Verkettung und kartesische 

Produktbildung zusammensetzen, kann man den Klon einer gewissen 

Funktionsmenge wie folgt charakterisieren. Dazu vereinbaren wir, 

daß eine Fynktion_f_öber_einem_Mengensyeten_M genau eine solche 

Funktion 1st. deren Quelle ein endliches kartesisches Produkt 

von Mengen aus M und deren Ziel eine Menge aus M 1st (domfcM*). 

Satz 5: Es sei F eine Menge von Funktionen Ober einem endlichen 

Mengenayetem M ^B^....,BZJ. Dann 1st der Klon von F genau die 
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Menge von Funktionen über M, die ln der von F erzeugten dht- 

symmetrischen Unterkategorie К von Par enthalten 1st. 

5. Inklusion 

Für totale Funktionen f 1: A-»B, f2: A-»B lat für f ^ » f2 not¬ 

wendig und hinreichend, daß für jedee Element а £ А die Glei¬ 

chung fjja) ■ f2(а) zutrifftf. Bei partiellen Funktionen 1st da¬ 
gegen noch die Bedingung D(f1) = D( f2) zti beachten. So ist z. B. 

die Bedingung für einen Homomorphismus h von einer totalen Al¬ 

gebra (A,f) in eine totale Algebra (8,g), die durch hng = fh 

für die n-stelligen Operationen f und g gegeben ist, nicht ohne 

weiteres auf partielle Algebren zu übertragen. Im Sinne von 

Hoehnke /3/ ist ein partieller Homomorphismus h zwischen par¬ 

tiellen Algebren (A,f) und (B,g) durch O(fh) « D(hng) und 

(h"g)(ai.an) = (fh)(a^.an) für (a^.an) e. D(fh) ge¬ 

kennzeichnet. Dieser Sachverhalt läßt sich ln der vorgestellten 

Sprache durch das folgende kommutative Diagramm beschreiben: 

An @ An 4- 

hng®fh I ' 

B®B - 

- A" 

(“) 

-> А 

ih • 
Satz 6 (Schreckenberger /6/): Für partielle Funktionen f: A-*B 

und g: A4B gilt feg (Inklusion für die entsprechenden Paar- 

mengen) genau dann, wenn 

dA(9®nP?®B“f 
erfüllt ist. Gleichwertig damit ist dA(g®f) « dA(f ®f) - f dg. 

Unabhängig von der mengentheoretischen Inklusion kann auf Grund 

der Axiome einer dht-symmetrischen Kategorie gezeigt werden, 

daß durch dA(g(x)f) * fdg für Morphism an f,g: A-»B eine Halb¬ 

ordnung in der Morphlsmanklaese definiert ist, bezüglich der 

die Morphismenkomposition und die ^-Verknüpfung monoton 

sind /6/. 
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So•• Logical Oependencie• in Relational Deta Base 

01 Introduction 

68B15 

OSAO:.. 

According td E.F.Codd [6] a relation is a matrix without 
two identical �ows. Rows correspond to data records and col­
umns to the attributes that are to be stored of a data item. 
He also introduced [7] the concept of functional dependency: 
a set of columns depends on another if fixing the values in a 
row taken on the first determine those on·the second. 

Other concepts of his are the � (a set of attributes on 
which all depend) ancl the· ·candidate key ( a minimal key). 

Candidate keys clear1y do not contain each other (12]. 
The possible mathematical structure of functional.depen­

dencies was first irtvestigated by W,W.Armstrong [l]. Among 
others he'found that this structure is deteJmined by the maxi­
mal dependencies (those which have maximal attribute subsets 
dependi_ng on minimal ones) and even by the dependent sides of 
the maximal dependencies. We also heavily use these "maximal 
dependent subsets of attributes" as technical tools. 

Different kinds of functional dependency have also been 
introduced [3], (9], [13), (15) and axiomatized, usually in 
similar systems _ to Armstrong's (8). (10) disc.usses an interes­
ting.connection between the decomposition of relational data 
basee and the boolean switching functions. 

The harder problems of the topic are usually of combinato­
rial nature (see (4), [5), (11), [16)). 

In this paper in 1. we give tl\e formal definition of the 
functional, dual, streng and weak dependencies and give new 
axians for full f-d- and s-families. 

In 2. develop the analogy and differences among the de­
pendancies of different types and give an axiom for full w­
families. 

33 



In 3. we deal with a question stated in [11]. 

Certain dependencies of a relational data base are known 

by its designer. We call these initial dependencies. In gene¬ 

ral initial dependencies imply new dependencies. W.W.Armstrong 

[2] has developed a method to find the dependencies implied by 

a given set of initial functional dependencies. He also gave a 

characterization of the sets of initial dependencies that imply 

all the dependencies of a given full f-family and are of mini¬ 

mal cardinality. This characterization has a logical nature? 

we give a combinatorial equivalent of it. 

We use the following notational conventions: 

ft denotes the set of attributes, P(ft) denotes his power 

set. If g is a function with X as its domain and Z £ X then 

g denotes the function which has domain Z and for any z 6 Z 

g(lz) » g ^(z)*c means strict inclusion. 

1. Old and New Axioms 

We start with the definitions of functional, dual, strong 

and weak dependencies based on [1] and [8]. 

Definition 1.1: Let A,В be subsets of ft and let R be a relation 

over ft. Then we say that В 

(i) functionally; 

(ii) dually? 

(ill) strongly? \ 

(iv) weakly ' 

depends on A in R if 

(i) (Vg,h6R) (g Ьд = 'h - g hß = hNß) ? 

(ii) (Vg,h6R) ((3a€A)(g(aX*h(a ))—(3b€B)(g(b)»h(b)))j 

(iii) (Vg,h€R) ((3.aeA)(g(a)-h(a) )~gbB - htß); 

(iv) (Vg,h€R) (дГд = h ^ — (3b6B)(g(b)-h(b))) 

holds respectively and denote these by 
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A ^ В, A ^ В, A ^ В, A ^ В corresponding to the type of the 

denoted dependency. 

The following example [8] illustrates the effect of the 

dual dependency. 

Example: Let Q = {author, title, hall, shelf). Let we have a 

library with eighteen books, three halls and three 

shelves in every hall; one shelf holds two books. Let 

the relation R containing the datas of the library 

given by the following table: 

author 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

1 

5 

4 

7 

6 

6 

title 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

4 

8 

1 

10 

10 

9 

hall 

1 

1 

1 

1 , 

2 

2 

2 

2 

3 

3 

3 

3 

1 

3 

1 

3 

2 

2 

shelf 

2 

3 

1 

2 

3 

1 

2 

3 

1 

2 

3 

1 

1 

3 

3 

2 

2 

1 

Thus {author, title) ^ {hall, shelf) holds, and for 

1=1,...12 the book by authorJ_ and entitled j_ is on 

the ( 1 + 3 •{“•)) -th shelf of the [—•— ]-th hall ([x] de¬ 

notes the whole part and {x) the fraction part of x). 

The reader, knowing the author or the title of the 
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required book, may find it without examining the whole 

library: for example if J_ is the author of the book, 

then it is enough to look the ]-th hall, and the 

( 1 +3• {-j} )-th shelves of the other two halls. 

In R {author, title) ^ {hall, shelf) holds too, 

but to store this functional dependency is equivalent 

to store the tabj.e of R; the {author, title) — 

І {hall, shelf) dependency is more effective. 
For proving the effectiveness of these dependencies we 

elaborated in the Automation Institute of the Hungarian Aca¬ 

demy of Sciences a large-sized practical application of the 

relational data model. 

We have planned an inventory-recording system for an ag¬ 

ricultural corporation. The task of the system is to organize 

the component-traffic of about 350 agricultural estates. More 

exactly the task is: to record the inventory-stores, the or¬ 

ders of customers, to help the decisions making in this field 

and to help services. 

First we used a traditional system concept for this pur¬ 

pose. Later this concept was transformed into the relational 

data model based on recent investigations. We saved about 40 

percent of the memory capacity in this way. With using the re¬ 

sults of Aho, Sagiv and Ullmann about relational expressions, 

we proved that the response time remained in the same order. 

If R is a relation over Q, and Y6{F,D,S,W) and 

yG{f,d,s,w) corresponds to Y then we use the notation 

Yr = {( A,В ): A X B). 

We call full y-familles the sets having this form. 

In order to investigate the various dependencies the 

first step is the automatization of full у-families for 

y6{f,d,s,w}. In [1] there is a system of axioms for full 

f-family and in [8] there are for full d- and s-families. For 

the sake of completeness we reproduce them here. 

Let Y c P(n) X P(n). Then we say that Y satisfies the f- 

axioms, if for all A,B,C,D c fi 
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(Fl) (A,A)€Y; 

(F2) (A,B)6Y, (B,C)6Y - (A,C)eY; 

(F3) (A,B)eY, А C C, D С В - (C,D)6Y; 
(F4) (A,B)6Y, (C,D)6Y - (AUC, BUD)GY. 

Y satisfies the «-axioms if for all A,B,C,D S Q 

(Dl) (A,A)£Y; 

(D2) (A,B)GY, (B,C)6Y - (A,C)6Y; 

(D3) (A,B)EY, CCA, BCD- (C,D)£Y; 

(D4) (A,B)EY, (C,D)GY - (AUC, BUD)GY; 

(D5) ( A,0 ) GY — A * 0. 

Y satisfies the y-axioms if for all A,B,C,D с д 
(51) ({a},{a})GY; 

(52) (A,В )GY, (B,C)GY, В / 0 — (A,C)GY; 

(53) ( A, В )GY , CCA, D С В - (C,D)GY; 
(S4 ) (A,B)GY, (C,D)GY - ( ADC, BUD)GY; 

(S5 ) ( A, В)GY, (C,D)GY - (AUC, BRD)GY. 

We need the following technical lemma. 

Lemma 1.1: Let F £ P(ß) x P(o) be such that (X,Y)GF and Y Л 0 

imply ХЛ0. Then F satisfies the f-axioms iff 

D = {(A,B):(B,A)GF) satisfies the 0-axioms. 

Proof: - Trivial by the f-and 0-axioms. (D5) makes necessary 

the assumption that (X,Y)GF and Y / 0 imply X t 0* о 

Remark: The assumption ((X,Y)GF and Y Л 0 imply X / 0) in lem¬ 
ma 1.1 is not an important restriction: 

if F satisfies the f-axioms let F'= F\{(0,X):X/ 0). 

Then F' obviously satisfies the f-axioms and the cri¬ 

tical assumption as well and we have: X / 0 implies 

that (X,Y)GF m (X,Y )GF'. 

In the following we give new axioms instead of the f-, 0- and 

Y-axioms and give an axiom that characterizes the weak full w- 

families which is such a full w-family that whenever (X,Y) is 

an element of the family then X is not void. 
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F-axiom: Let F £ PCO) x P(Q). Then we say that F satisfies the 

F-axiom if for any (X,Y)EP(Q)xP(Q)\F there is an ESQ 

such that 

(i) X с E and Y ^ E; 

(ii) if (X'.Y')EF and X' then Y' E. 

D-axiom: Let D £ P(Q) x P(q). Then we say that D satisfies the 

D-axiom if for any (X, Y )EP(Q)xP(Q)\ D there is an ESQ 

such that 

(i) X П E / 6 and YflE = 0; 

(ii) if (X',Y')6D and Х'ПЕ Л 0 
then Y *ПЕ / 0. 

/ 
S-axiom: Let S c P(Q) x P(Q). Then we say that S satisfies the 

S-axiom if for any (X,Y)E P(Q)xP(Q)\S there is an 

E c Q such that 

(i) ХПЕ / 0 and Y _j£ E; 

(ii) if (X»,Y*)€S and Х'ПЕ Л 0 then Y' S E. 

W-axiom: Let W S P(Q) x P(Q). Then we say that W satisfies the 

W-axiom if for any (X,Y)EP(Q)xP(Q)\W there is an ESQ 

such that 

(i) XcE and Y ПЕ = 0, 

(ii) if (X',Y')€W and X' £E then Y'nE Л 0. 

Theorem 1.1: (i) Let F£P(Q)xP(Q). Then F satisfies the f-axioms 

iff F satisfies the F-axiom. 

(ii) Let D^P(Q)xP(Q). Then D satisfies the 9-axioms 

iff 0'satisfies the D-axiom. 

(iii) Let S£P(Q)xP(Q). Then S satisfies the y-axioms 

iff S satisfies the S-axiom. 

Proof: (i) Suppose that F satisfies the F-axiom. Then: 

(FI) If (A,A)£F then there is an E£Q such that A£E and A^E 

which is a contradiction. 
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(F2) If (A,B)€F, (B,C)GF and (A,C)£F then there is an Е£д such 

that ACE and C^E. Furthermore (A,B)6F, A£E imply B£E and 

using (B,C)€F, CCE which is a contradiction. 

The proof of (F3) and (F4) is analogous. 

Suppose now that F satisfies the f-axioms. Let ( A,B)GP(q)xP(q)\ F. 

Claim; There is an EaA such that ( E ,B )GP(ß)xP(&)\ F and Е'эЕ 

implies (E',B)EF. 

(n,Q)EF by (FI). Thus, by (F3) (Q,B)GF holds. A£Q and 

(A, В )€R(n)xP(ß)'\ F, consequently there is an E_CQ which is maxi¬ 

mal w.r. to the properties (E,B)EF and ЕЭА. 

This E clearly satisfies the restrictions of the Claim. 

Let E£A which is guaranteed by the Claim. We state that E sa¬ 

tisfies (i) and (ii) of the F-axiom. Namely by the choice of 

E, ACE holds. By (FI) and (F3) B£e implies (E,B)EF. Thus we 

have B^E. 

Let (C,D)EF and CCE. DjtE implies E'=DUEPE and by the maxi- 

mality of E (E*,B)EF holds. 

(E,E)EF by (FI), hence (F4) implies that (E,E*)€F. Now 

(E,E')EF and (E',B)EF and (F2) imply that (E,B)GF which is a 

contradiction. 

(ii) Let F={(A,B);(B,A )60}. Then by Lemma 1.1 F satisfies the 

f-axioms iff D satisfies the ^-axioms. Hence, by (i), it 

is enough to show that F satisfies the F-axiom iff D sa¬ 

tisfies the D-axiom. 

Suppose that F satisfies the F-axiom. For 

(A, В )EP(Q)xP( Q)\ F let E(A,B) be such a subset of Q that 

AcE(A,B), B^E (A, В ) and if both (A',B')gf and АСЕ (A,В ), 

then B»£E(A,B). By the F-axiom such an £(A,B) exists. By 

the definition of F whenever (A,В)6P(Q)xP('fi) then 

(A,B)EP(n)xP(QR F iff (B,A)6P(Q)xP(fi)\ D. 

Now it is easy to chechk that for (B,A)GP(fi)xP(Q)VD 

fi\E(A,B) satisfies the D-axiom. 
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If 0 satisfies the D-axiom, then F satisfies the F- 
axiom; this can be shown by the same argument. 

(ill) Suppose that S satisfies the S-axiom. Then the proof of 

the fact that S satisfies the у-axioms is an easy modi¬ 

fication of the proof of (i). 

Suppose now that S satisfies the y-axioms. 

Let (A,B)GP(«)xP(r>)\ S 

Claim: There is an a6A and an ЕСЯ 

such that (a) aGE; 

(b) ({a),E)GS arid 

(c) E'dE implies that ({aJ,E')0S-. 

If for any aGA we have ({a>,B)eS then (A,B)eS by the repeated 

application of (S5.). Hence there is an a€A such that ((a),B)0S. 

Now if for every bGB ({a),{b})eS holds then by the repeated 

application of (S4) we have ({a),B)GS. Thus there is a bGB such 

that ({a),{b))£S. 

By (SI) and (S3) there is an EGO such that aGE, ({a),E)6S 

and E is maximal w.r. to this property. This E is appropriate 

for the Claim. 

Let Ecn and aGA guaranteed by the Claim. Then by (S3) we 

have b£E. Hence АПЕ Л 0 and Bn(d\E) A 0. Now let (C,0)6S such 

that СПЕ ^ 0; let ceCnE. Suppose that Dn(S2\E) A 0; let 

dGDn(n\E). By (S3) we have ({c),(d))6S and by (SI) we have 
((c),{c))eS -({a),E)eS implies that ({a ,c),(c})6S, by (S5). 

Hence (S3) implies that ({a),{c))GS. Now ({a),{c})es, 

({c),(d))es and (S2) imply that ({a),{d))eS. Thus by (S4) we 

have ((a),EU(d))6S which is a contradiction as E' = EU(d)bE. 

Consequently the E guaranteed by the Claim demonstrates 

that S satisfies the s-axiom. D 

It is worth to remark how can be find the full y-family - 

for y6{f,d,s) - generated by a given subset of P(n)xP(0) based 

on the Y-axiom. Let e.g. y=f and let be given an F'SP(n)xP(n). 
Then the least full f-family containing F' is the following: 
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F = {(А,В):А,Вс£28(ѴЕсЙ)((АсЕ8В^Е) - 

- (Э(А*,В')£F')(А'СЕ8В'^Е)}. 

2. The Equality-Set 

Definition 2.1: Let R be a relation over Q. We define the 

'equality set of R, кr as follows! 

For h,g6R let E(h,g)= {a6Q:h(a) = g( a )> and 

let £r = {E(h,g):h,g€R and h A g) . 

Definition 2.2: Let A.be a set system. Then A is a ü-system if 

for any A,B,C,D€ А А Л В and C / 0 implies 

that АПВ =■ CnD. 

Remark: It is easy to see that A is a Л-system iff for any 

A,BE A A/В implies that АПВ =n A , 

Theorem 2.1: (i) Let R be a relation over £2 and let h,f,g be 

different elements of R. Then E(h,g), E(h,f), 

E(g,f) form a Л-system. 

(ii) Let e = {EI such that for each 

l<i<J<f<k {E j j, E. Ej is a д-system. 

Then there is a relation R over n with a . 

Proof! (i) 

(ID 

by symmetry it is enough to prove that 

a€E(h,g)nE(h,f) implies aeE(g,f). But this is 

trivial as a£E(h,g)ПЕ(h,f ) means both h(a)-g(a) 

and h(a)-f(a). Hence g(a)= f(a) i.e. a£E(g,f). 

We construct the rows of R by induction. Suppose 

that n<k, and the rows h ,...h have been construc¬ 

ted so that for each l<j<J<.n E(hj,hj) = Ej j holds. 
We construct hn+J as follows: 

h.(a), if a€E. for some l<.i<n; 

hn*l(a)“ 
max (hj (Ь):ЬеП81<Кп) + 1 else. 
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Then 

(a) hn+1 Is well-defined. 1 

To prove this we have to show that aGE. . ПЕ. . 
I ,n+ 1 j,n+1 

implies h.(a) = hj(a). But this is obvious beca¬ 

use E. ., E. , E. . from a Д-system and the |,J i,n+i J * n * I 

induction hypothesis hold for i,j£n. 

(b) if l<.i<.n and agE| n+] 

then h . ( a ) / h |(a). 

Suppose first that aEE^ nt] for some l<J<n+l. 

Then, by (a) and by the definition of h 

hn+](a) = hj(a) holds. Furthermore agE^ j because 

{E j J, Ej n+|, Ej n+1> is a д-system. Thus the in¬ 

duction hypothesis implies h^a) Л hj(a), that is 

h.(a) f hn.,(a). 

“ a^Ul<j<n EJ,nM then we have hR+, (a )/h , (a) 

by the definition of h This completes the 

proof of (b). 

Now by (a) and (b) it is clear that for 

I < I < n E(h., h .,) = E, ., and hence the induction 

step works. Let R = {hj,-hR). Then gR= g obvi¬ 

ously holds, о 

After Theorem 2.1 there is a natural way to axiomatize 

full families of dependencies of any type. This follows next: 

F*-axiom: Let FCP(Q)xP(Q). Then F satisfies the F'-axiom if 

there is a natural number к and an indexed set of 

subsets of Q, {Ё. j:1<!< j<k) such that 

(i) If (X,Y)6P(0)xP(o)\F then there are l<I<J<k \ 

such that XcE. j and Y<^E { .. . 

(ii) If (X,Y)GF, l<i<j<k and XCE. . then YCEf .. 

(iii) For any l<i<j<£<k {E. ,, E, ., E. .} is a 

Д-system. 
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D*-axiom: Let D£p(n)xP(Q). Then D satisfies the D'-axiom if 

there is a natural number к and an indexed set of 

subsets of £2, {E, .: 1 < I < j <k> such that 
1 »J — — 

(1) If (X,Y)eP(£?)xP(fi)\D then there are I<i <J<k 

such that ХПЕ, j i* 0 and YnE, j « 0. 

(ii) If (X,Y)eD, 1<i<j<k and ХПЕ . t 0 then 

(ill) The same as (ill) of the F'-axiom. 

S'-axlom: Let SCp(n)xP(n). Then S satisfies the S'-axiom if 

there is a natural number к and an indexed set of 
subsets of n, (E, jjl<i<j<k) such that 

(i) If (X,Y)eP(«)xP(n)\ S then there are 1<l<J<k 

such that ХПЕ. , Л 0 and YІЕ. .. 
I . J г- I r J 

(ii) If (X,Y)ES, l<1<J<k and ХГЕ, J 0 then Y£Ej . 

(ill) The same as (ill) of the F'-axiom. 

W-axiom: Let WCP(o)xf»(n). Then W satisfies the W'-axlom if 

there is a natural number к and an indexed set of 

subsets of Q, (Ej j:l<l<J<k) such that 

(i) If (X,Y)6P(n)xP(n)\W then there are l<i<j<k 

such that XCE. . and YnE, . = 0. 

(ii) If (X,Y)EW, 1<i<j<k and XCE. then YnE, ^ 0. 

(ill) The same as (ill) of the F'-axiom. 

Remark: Observe that the E, j-s in the F'-axiom are maximal 

dependent sets i.e. if (X,Y)€F and XCE, j then Y£E, j. 

Theorem 2.2: (1) Let Ycp(n)xP(0) and Y6(F,D,S). Then Y satis¬ 

fies the Y-axiom iff Y satisfies Y'-axiom. 
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(11) Let n be a finite set, l!2l>3. 

Then there is a WCP(n)xP(n) such that 

W satisfies the W-axiom and W doesn't 

satisfy the W’-axiom. 

Proof: (i) Let first Y-F and suppose that Y satisfies the 

F-axiom. Write Y-F. 

For any (X,Y)6P(n),xP(n)\F take an E(X,Y)cn guaran¬ 

teed by the F-axiom. List these E(X,Y)-s as 

E2,...Ek the indexes begin with (2!). For !<j<k let 

E . ■ E. and for l<Kj<k let E. ,-Е.ПЕ.. 

We claim that (E ^ j:l<i<j<k) demonstrates that F 

satisfies the F1-axiom. 

The requirement (i) of the FJ -axiom holds by 

{E2,...,Ek}C{E^j:|<|<j<k}. 

We left to the reader to check that (ii) holds too. 

To prove (ill) of the F1-axiom let l<!<j<£<k. We 

distinguish two cases: 

(a) i=l. Then Ej j-Ej: E( ^-E^ and Ej ^-E^nE^. Thus 

the Intersection of any two members of 

{E( j;E j ^;Ej|) is EjOE^. This means that 

{5,>j;Ejls a 6-system. 

(b) l<i. Then E j j-EjhEjjE^-EjOE^ and Ej ^-EjflE^. 

Thus the intersection of any two members of 

(E| j;EI £;Ej is EjFlEjnE^. This means that 

{E j j;E j ^;Ej is a Д-system. 
If Y satisfies the F'-axiom then Y obviously satis¬ 

fies the F-axiom. 

Now let Y-D and suppose that Y satisfies the 

D-axiom. Write Y-D. 

For any (X,Y)eP(n)xP(n)D take an E(X,Y)^n guaranteed 

by the D-axiom. List these E(X,Y)-s as E1,...E^. 

For l<I<k let E2)i) 2I-Ej and if l<l<j<2k and E, j 

is still undefined then let E( j = 0. 
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It is easy to see that (E. j:l<l<j<2k) shows the 

D'-axiom to hold for 0. 

If D satisfies the D*-axiom then it trivially satis 

fies the D-axiom. 

The case Y=S is an easy modification of the 

proof worked in the case Y-F. 

(ii) For the sake of simplicity suppose that S2={a,b,c). 

(In the general case pick two different elements of 

П, a,b. The role of (c> will be played by fl\{a,b}.) 
Let W = {(A,B)6P(n)xP(n): A4a} - a£B and 

Af{b} - b£B. 

Then W satisfies the W-axiom while if 

(A, В )€P (f! )xP (П )\W then either (A c{ a } and a0B) or 

(AC{b} and b£B. For (A,B) E={a>taken in the first 

case and E*{b) in the second shows the W-axiom to 

hold. 

We claim that W doesn't satisfy the W-axiom. 

Suppose indirectly that £»{E. j : 1 _< i <j <к} is a 
system that shows the W '-axiom to hold for W. 

Then 

(1) (a) and (b> £ & 

while ({a) ,!5\{a) )e P(n)xP(n)\W and 

({b),!2\(b})e p(o)xP(a)\w hold. 

(2) 00 W and (c}0 W 

while (0,n)EW and ((c},0 {c})E W hold. 

By the "allocation" of (a) and (b), we 

distinguish two cases: 

(a) {a} « E j and {b > - E. ^ 

Then (E. ; E. ^;Ej is a Д-system, that 

is Ej ^ = 0 or (c) which contradicts (2). 

(b) {a}=E. j and (b)=E^ where 1{i,j,i,m>I«4. 

Now we are interested but in E. j, E. £,Ej m> 

E.. ., E . and E, , thus we may suppose that 

1=1, j=2, 1=3 and m=4. 

Investigate what may be E ^ 3. 
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The cases E, 3 = (a) or {b} arise to (a). 

EI 3 t {c} and Ej 3 / 0 by (2). 

El,3 ^ (b,c) while {Ej 2;E j 3;E2 3> is a 

д-system hence Ej 3 = {b,c> implies E2 3 = 0 

contradicting (2). Now it is clear that 

aeEj 3. Thus-a£E2 3, while {E, 2;E, 3;E2 3) is 

a Д-system. 

^E2,3; E2,4;E3,4* 1s a Д-system, hence a E2 4 

that is E2 4C{b,c>. 

E2>4j* 0 and E2,4 / {c} by (2) and E2 4 ^ (b) 

by (a). Hence E? 4 = {b,c}. 

(E2 3; E2 4;E3 4) is a Д-system, hence 

b€E2,3* 
Finally E|,3 = {a,c} while E? 3,E, 2,E, 3 

form a Д-system. 

Now {E^ 3 ;E j 4;E3 4> is a д-system and 

El,3nE3,4" 0 and El 3UE3 4=n' hence E, 4=0 

which contradicts (2).a 

Remark: Theorem 2.2 demonstrates the difference between the 

weak dependency and the rest. 

Theorem 2.3: Let УСР(Я)хР(Я) satisfy the Y'-axiom for some 

Y6{F,D,S,W). Then there is a relation R over Я 

' with У = Yr. Conversely if R is a relation over Я 

then 1R satisfies the Y'-axiom. 
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Proof: Let&»{Ej jSl<l<j<k) show that Y satisfies the Y'-axiqm. 

Then the requirement (ill) of the Y'-axiom and Theorem 

2.1 (ii) imply that there is a relation R over 0 such 

that £R * £. By the Y'-axiom it is obvious that Y = YR. 

Conversely, if R is a relation over 0, then writing 

R = E{ j = E(h.,hy); {E{ j:l<i<j<k} shows 

that Y R satisfies the Y'-axiom. ° 

3, Combinatorial Results 

Definition 3.1. Let F be a full f-family and let A£o. Then A is 

a candidate key for F if (A,Q)6p and for any 

A'CA (A*,n)£ F holds. Let R be a relation over 

0, then the set of candidate keys of R is the 

set of candidate keys of FR. 

Let C denote the set of candidate keys of F. Then C is a 

Sperner system i.e. (VA,BeC)(AcB -> A-B). 

We deal with the following question of [11]: 

(*) What is the largest number r(n) of rows that is needed for 

some c (0) being the set of candidate keys of a relation 

over 0 with r(n) rows, where 101 =n and C is a Sperner 

system? 

In [11] it is shown that for any Sperner system there is a 

relation with this system as its set of candidate keys and that 

vA[n/2p ^ r(n) i 2([n/2p- 

We give sharper estimations for r(n). 

Theorem 3.1: 
~2 C[n/2]> < r(n) i ([n/2])*1- 

Proofi First we prove the upper bound. 

Let C *%_P(0) be a Sperner system. Let 8 consist of the 

maximal sets that do not contain members ofC . Let the 

members of В be B2,...Bk< For l<j<k let j = Вand 
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for 1 <I< j<к let E. . = В . ПВ.. Then (E , .:1<I<J<k} 

satisfies the requirements of the Theorem 2.1 (ii), 

hence there is a relation R over 0 with к rows such 

that £ R = {Ej j:l<!<j<k>. Then obviously C is the set 

of candidate keys of R. It is trivial that В is a 

Sperner system, and thus that is 

k— ( [ n/2]) 

Now let we seen the lower bound. We start with two 

trivial observations. 

1. Let R be a relation over 0 with r rows. Then there 

is a relation R' over 0 such that R' uses no more 

than r symbols and £ R = £ Rl. 

2. Let R be a relation over fi with r rows and let r*>r. 

Then there is a relation R’ over 0 with r* rows such 

that £ R = £ri. (Now we allow identical rows.) 

By 1. and 2. the number of Sperner systems which may be repre¬ 

sented as sets of candidate keys of a relation with r rows is 

no more then rr,n. Hence 

r(n)r(n)’n > 2^n/2]J which implies 

г ( n) > —^ ( 
[n/2] 

If В is a Sperner system and R is a relation such that 

B E. r c (MB': В' с в } then we can define two graphs on the 

set of- rows of R as follows: 

1. the В -graph of R is GR where the vertices of GR are 

the rows of R and two rows are connected by an edge 

if and only if their equality-set is an element of В 

2. the colored graph of R is the complet graph on the 

set of rows of R with the colour E(f,g) on the edge 

<f,gb 

The в -graph of R has the following property: if GR is dis¬ 

connected, then there is a relation R' such that the number of 
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rows of R' is less than that of R and BcSR1 с ІПВ В ' с В}. 
The colored graph of R contains no circuit the edges of which 

have the same colour except exactly one. 

These two observations may be useful to make an algorithm 

to find the minimal relation for Sperner systems. 

The estimation for r(n) in Theorem is not sharp. If 

В » {ХСЯ: I X I = [•-]}, then there is a relation R such that 

B C sR с {n B': B'cB } and the number of rows of R is the least 
natural number greater than 

It is natural to ask the following analogon of (*): 

What is the largest number R(n) of rows that is needed to rep¬ 

resent a relation with F as the set of functional dependencies 

of it for an F£ P(S)xP(0) where I SI I = n and F is a full f-family. 

By the proof of Theorem 2.2 (i) it is obvious that R(n)< 

the maximal number of subsets of Я such that the intersection 
of any two of them is not a third. Thus, by a theorem of 

D.Kleitraan [13], R(n) < c-([n/2]) where c=3/2. Z.Fiiredi and 

J.Pach have shown, that this number is less then 

(1 ♦ (c. logn )/n) <fn/2])- It is trivial that r(n) < R(n). 

Lastly we give the combinatorial characterization - ac¬ 

cording to §0 - of the sets which are of minimal cardinality 

with respect to the property that they imply all the dependen¬ 

cies of a given full f-family. 

We need some definitions and a lemma. 

Definition 3.2: Let MSp(a). 

(i) We say that M has the intersection property 

if for any M* £ M nMeM holds. 

(ii) An MEM is irreducible if 

M /< n{M'6M :MCM' } 

(recall that c means strict inclusion). 

(iil) An N £ M generates M if 
M = (Tin : n> £ n}. 
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Lemma 3.1; Let M have the intersection property and let 

N = {MG M: M is irreducible}. Then an N'£M gene¬ 

rates M if f N C N*. 

Proof: The following proof is standard in lattice theory. If N* 

generates M , then ^ ^ is obvious. For the converse 

we have to prove that N generates M. Suppose indirectly 

that there is an XGM\N% such that X/n{Y:YG N&xG. Y}. Let 

X be of minimal cardinality with respect to this proper¬ 

ty. X£N means that X = n{Y:YGM& XCY), hence XCY im¬ 

plies that there is an Ny c N such that Y-Л Let 

N x - U{ Ny:Xc Y and YG M >. 

Then Nx c Nand X =П ^ which is a contradiction.о 

Remark; Observe that the proofs of Theorems in [2] are essen¬ 

tially our proof of Lemma 3.1. 

Corollary; If M has the intersection property then there is 

exactly one N С Mwhich generates M and has minimal 

cardinality. 

Theorem 3.2; Let F be a full f-family, let В be the set of 

maximal dependent set for F and let C be the set 

which generates В and has minimal cardinality 

(in [1] there is shown that В has the intersec¬ 

tion property). 

Then for any pi 2 ^ we have the following: 

F* implies all the dependencies of F and F* has 

minimal cardinality with respect to this pro¬ 

perty 

if and only if 

for any CGC there is an Ac £ 0 such that 

Fl • <(AC,C) : cec }. 

Vie left the easy proof of the Theorem to the reader. We think 

that it is interesting to compare Theorem 3.2 with the Theorem 

on pp. 16 of [2]. 
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Volker Wedler 

Invariant Properties and Nor■alizations of Picturee 

The classificetion of objects given by geo11etric traneformed 
pictures es caused by shifts, rotations, distortione, or others, 
repreeent a serious problem in picture processing. The present 

·paper discueees an unified epproech for the cheracterization of
invariant properties end no·r11alizations of pictures formed on
Rosenfeld-Kak /1/, where baeic definitions to the conception of
invariant properties are given, allowing an algebraic treat■ent
of this field. It will be ehown that there exists a neturai" re­
latlon. between invariant properties and nor■alizations of pic­
tures.

1. Pictures 1 .Transformations I Propertias

We shall considar digital pictures which are generally defined
in the following way,

Definition 1: Let 11,n be natural nu11bers end G � R1 , then any 
mapping f:{0,1 .... ,111-1}" l0,1, ••• ,n-1}-.G is celled a (digi­
tal) 11 " n p 1 c t u r e with gray-value range G. The eet of 
all pictures is denoted by 8. 

Note thet the restriction to pictures with quantisized do■ains

is only a conceesion to digital picture proceesing, the genera­
lization of our considerations to pictures defined in the real 
plane is straight forward. 
In practice G ie a finite set of gray levels. If G • {0,1} the 
picturee will be noted as binary picturee. 

• A picture ■ay be represented ,by a 111" n ■atrix with valuee fro■ 
G.

Definition 2 :· A aapping T from 8 into B is called a
p 1 c t u r e t r a n' s f o r' • a t i o n, :/':• lT:e-.e}. 
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Definition 3: For a certain fixed set к ■ R1 a mapping P from В 

Into К is called a picture property, 

■Я :- J P :B-* K). 

If К Is a finite set, then a property P may be viewed as a 

picture classification strategy that maps В into card(K) clas¬ 
ses. The most frequently appearing picture transformations are 

geometrical transformations like translations and rotations. We 

shall consider translations as cyclic operations within the 

mxn domain which is no essential restriction. 

Important properties are quantitative features of picture ob¬ 

jects like length, breadth, circumference etc., or properties 

which can be computed by the moments of pictures /2/, /3/ as 

well. 

2. Invariances and Normalizations 

The definitions of invariant properties and normalizations by 

Rosenfeld and Как /1/ correspond to the intuitive conception of 
these notions. 

Definition 4; Let S be a set of picture transformations. A pro¬ 

perty P is called invariant in relation to S iff 

P(T(f)) » P(f) holds for all pictures f and for all transforma¬ 

tions T 6 S. The set of all properties which are invariant in 

relation to S is called invariance class 

of S, and denoted by Inv(S). A transformation N is called 

normalization in relation to S iff N(T(f)) - N(f) 

holds for all pictures f and for all transformations T e S. The 

set of all normalizations in relation to S is called nor¬ 

malization class of S, and is denoted by 

Norm(S). 

For these classes some important properties can be derived 

which will be mentioned in the following theorem. S* denotes 

the algebraic closure of S in relation to superposition. 

Theorem 1; 

1. Inv(P) is the set of all properties, 

2. Norm(fJ) is the set of all transformations, 

54 



3. Inv(r) Is the set of all constant properties , 

4. Norm(T) Is the set of all constant transformations, 

5. If S1 S S2 then Inv(S2) a Inv(S^), 

6. If s S2 then Norm(S2) в NormCSj). 

7. Inv(S^) n Inv(S2) » Inv(S1uS2), 

a. Nora(S1) n Nora(S2) = Nora(S1иS2) , 

9. Inv(S) - Inv(S*) , 

10. Norm(S) - Norm(S*). 

11. Inv(S) ■ [P‘: there exists a property P so that 

P (f) ■ P(N{f)) holds for ell pictures f}. 

Proof: Only the properties for the invariance classes will be 

proved, the proofs for normalization classes can be realized 

analogously. The properties 1,..,,4 are obvious. 

5. If P c Inv(S2) then P(T(f)) a P(f) holds for all pictures f 

and all transformations T e S2. Because of a S2, this holds 

for all T e Sj, too. Therefore P c InvfSj). 

7. Because of Sj £ Sj и S2 and property 5, we have 

Inv(S^) a Inv(S1uS2). Analogously Inv(S2) a lnv(S1uS2). 

Therefore InvfSj) n Inv(S2) э lnv(S^u S2) follows. 

If P € Inv(S^) n Inv(S2) then P(T±(f)) « P(f) and 

P(T2(f)) « P(f) holds for all pictures f, for all T^s and 

for all T2e S2. Therefore P(T(f)) » P(f) holds for all pictures 

f and for all transformations TeS^uSg. It follows that 

Inv(S^) n Inv(S2) is a subset of InvfSjUSg). Altogether these 

sets are equal. 

9. Let Pelnv(S), Tj.TgtS, and f an arbitrary picture, and 

f » T2(f). From the invariance of P it follows that 

p(T1(T2(f))) - P(Ti(f )) . P(f) - P(T2(f)) - P(f). 

By the way of Induction it can be shown that this equality 

holds for any superposition of transformations of S. On the 

other side it is clear, that there exists no transformation 

outside S so that all properties of Inv(S) are invariant in re¬ 

lation to this transformation. 

11. If N is a normalization in relation to S, and P an arbitra¬ 

ry property then P(N(T(f))) ■ P(N(f)) holds for all pictures f 

and all transformations TeS. Thus each property of normalized 
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pictures is an invariant property. On the other side, always 

there exists a normalization N that is itself a transformation 

of S so that P(N(f)) ■ P(f) holds for any property P c Inv(S) 
and all pictures f. Therefore any invariant property can be re¬ 

presented in this way. о 

In picture processing such normalizations of pictures are of 

special interest, because the properties of normalized pictures 

are all invariant properties. If the invariant properties in 

relation to translations shall be investigated then it suffices 

to search the properties of such pictures which arise when the 

centre of gravity is translated into a fixed point. This norma¬ 

lization fulfils the condition that ¢11 invariant properties 

can be derived from the normalized pictures. For a few other 

classes of transformations, normalizations are known, too /1/. 

3. The Algebra of Invariance Classee 

The formation of invariance classes represents a mapping from 

the power set of traneformations into the power set of proper¬ 

ties. It is possible to construct a mapping that produces from 

a set o of properties the maximal set of transformations so 

that D is a subset of the Invariance class of this set of 

transformations. First the following system of sets will be 

constructed, 

■ {S: S is a set of transformations and Inv(S) a D}. 

The union of this system of sets is called transfor¬ 

mation class, and is denoted by Tr(D). 

The production of this transformation clasa represents a map¬ 

ping from the power set of properties into the power set of 

transformations, and has similar properties as the mapping Inv. 

Theorem 2; 

1. Tr(jj) is the set of all transformations, 

2. Tr(ß) is the singleton of the identic transformation, 

3. If Dx e o2 then Tr(D2) Я Tr^), 
4. Tr(D1) пТг(аг) ш Tr(D1uD2), 

5. Tr(0) -(Tr(O)f. 
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This theorem can be proved analogously to Theorem 1. 

Therefore the pair of mappings (Inv, Tr) is a Galois connection, 

and in a natural way the following two hull operators can be 

defined: 

Tt(S) - Tr( Inv(S)) , Гр(0) = Inv(Tr(D)). 

With the help of these hull operators two equivalence relations 

SBp on the power set of properties and smT on the power set of 

transformations can be defined. Two sets , 02 are equivalent, 

Dj eWp 02, if and only if » f^,(02) , for transformation 

classes, »T s2, analogously. If from every equivalence 

class the greatest element is chosen then two algebras of sets 

ГP] and [T] arise. 

It is easy to see that all elements of these algebras are clo¬ 

sed in relation to their hull operator, for all D t[P] and all 

S £ Гт] the equalities Гр(0) - D and Pp(S) ■ S hold. 
For the algebra [P] the following natural operations can be de¬ 

fined: 

naXp{Dj,D2) Dg), 

minpfDj.Dg) - 0 Dj,, 

It is obvious that the maximum is again an element of [P] , and 

the minimum by property 7 of Theorem 1, too. 

Analogously, for [T] it can be defined, 

maXy(S^,S2) * Py(S^US2), 

min-|-(Sj,S2) ■ SjO Sg, 

where maximum and minimum are again elements of [T], 

With these operations the algebras [P] and [T) are lattices 

which are related to each other as follows: 

Theorem 3: fp,maXp,minp] end [T,maxT,minT] are dual isomorphic 

lattices; both with maximum and minimum (1 and 0), 

Proof; The mapping Inv is defined for any set of transforma¬ 

tions, hence for all elements of fr], too. 

If 0 e [P] then Inv(Tr(D)) » D holds, therefore Tr(D) e [T] is an 

origin of 0 in relation to Inv, Thus, Inv is a mapping from [T] 

onto [P]. 
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If Sj.SgefT] and Inv(S^) - Inv(Sg) then Tr(Inv(S1)) 

■ Tr(Inv(S2)). and therefore, 11^(3^) « Г^(32) holds. 

Because of the closedness of all elements of [t] , S^=S2 holds. 

That's why Inv is a one-to-one mapping, the inverse mapping is 

Tr. 

With the help of the points 7 and 8 of Theorem 1 

Inv(maxT(S1,S2)) - Inv( и S2)) = Inv(Tr(Inv(S1 u S2))) 

= Inv(Sj u Sj) ■ Inv(S1) л Inv(S2) ■ minp( InvfSj^) , Inv(S2)) and 

raaxP(Inv(S1), Inv(S2)) = (^(InvfSj) vInv(S2)) 

= Inv(Tr(Inv(Sj) u Inv(S2))) =. Inv(Tr(Inv(Si))nTr(Inv(S2))) 

= InvC^fSj,) n rT(S2)) . Inv(S1nS2) - Inv(minT(S1,S2)) 

follows. 

Thus the lattices [P] and [T] are dually isomorphic. The mini¬ 

mum of [p] is Гр(0) , the set of all constant properties. The 

maximum of [T] is the set of all transformations, and 

Inv(lT) = Op holds. On the other side, the minimum of [T] is 

the singleton of the identic transformation, and 

Inv(0T) « Ip. the set of all properties. □ 

For the normalizations it is possible to construct analogously 

a lattice [N], this lattice is isomorphic to the lattice [P]. 

If a set S of transformations is composed by .3^ in the 

following way, S » (SjU... 1/5^)* then for the invariance 

classes Inv(S) « Inv(S1)n ... nInv(Sk) holds. 

4. An Example 

Let Sj = ^TjJ and S2 = |T2| with 

T1(f)(x,Y) - 1/3 (f(x-l.y) + f(x.y) + f(x+l,y)) and 

T2(f)(x,y) - 1/3 (f(x.y-l) + f(x.y) ♦ f(x,y+l)). 

These transformations are the productions of the means in a 

small neighbourhood of the point, a blurring of the picture; T^ 

in the rows and T2 in the columns. The superpositions of T^, 
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or Tg is a blurring within larger domains. The only invariant 

properties in relation to these transformations are the means 

of the rows, and functions of them, or the means of the columns, 

and functions of them. Thus: 
a 

InvCSj) -£p: P(f)«g(/UjgsR^R1. Mj ■ l/mj> ~f(j.k)|. 

n 

Inv(S2) -[Pi P(f)-g(v1.vj. gtR^R1, - i/n>~f (J ,k)} . 

Any value that oen be computed by the means of the rows, and by 

the means of the columns, too, can be computed by the mean of 

the whole picture. Therefore 

Inv(S^)л Inv(Sg) 

- [Pi P(f) - д(ді). gtR^R1, ^.1/mn ^ ^f(j,k)}. 

On the other elde each transformation of (S^i/Sg)* is a blur¬ 

ring of the whole picture, and the only invariant properties 

are the mean of the whole picture and functions of it. 

In this case the relation Inv^Sj) n Inv(Sg) » Inv(S^u Sg) is 
clear immediately. 

5. Conclusions 

The continuation of this theory can be the finding of the atoms 

of the lattice [T] and of the dual atoms of [p] and [n], or the 

searching of algorithms for normalizations for important clas¬ 

ses of transformations. 
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Zur Charakterisierung stabiler Konfigurationen euf binären 
zellularen Automaten 

o, Zusammenfassung 

Die Arbeit befaßt sich mit der Charakterisierung von stabilen 
Konfigurationen auf binären zellularen Automat!9n. Die (lokale) 
Oberführungsfunktion ist die Implikation. Das Kopplungsmuster 
ist die von-Neumann-Kopplung. Dabei wird, aufbauend auf vorlie­
genden Resultaten für die linearen bzw. verallgemeinert line­
aren Funktionen Antivelenz, Äquival�nz, Konjunktion und· Dis­
junktion, deren Gültigkeit auch auf die nichtline_are Funktion 
Implikation erweitert. 
Für.die untersuchte Funktion gibt es auf zellularen Automaten

stabile Konfigurationen. Die implikative "Oberlagerung" dieser

stabilen Konfigurationen ergibt wiederum stabile Konfiguratio-
nen. 
Der Begriff "Rand einer Konfiguration" als eine Teilmenge des 
Zellgitters wird eingeführt. ;:Jede stabile Konfigurat_ion wird , 
durch ihre Werte auf dem Rand vollständig charakterisiert. Ein 
Rand wird für die untersuchte Funktion angegeben. 
Die Gültigkeit des Superpositionsprinzips für stabile Konfigu­
rationen ermöglicht - zusammen mit dem Rand - den Aufbau stabi­
ler Konfigurationen aus einfachen Grundelementen. Für. die un­
tersuchte Funktion wird eine Basis bestimmt. 

1. Grundbegriffe

Die Definitionen lehnen sibh an die gebräuchliche Terminologie 
an (/3/). Ein zellularer Automat besteht aus· einer unendlichen 
Mange identischer endlicher Automaten. Diese Automaten sind in 
einem zwaidJ.menaionalen Gitter angeordnet •. ;:Jeder Automat ist in 
der gleichen Waise mit seinen Nachbarn verbunden. Formal be­
schreiben wir einen zellularen Automaten durch ein Tripel 
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•Г - (A.G2,S): 

- G2 ist das Zellgitter. G2 • {r1,r2} ist die Menge aller ge¬ 

ordneten Paare ganzer Zahlen. Das Paar 1t я (r^.r^) & G2 be¬ 

schreibt mit den Carteslschen Koordinaten r^, r2 einen Punkt lt 

in der Ebene des Zellgitters. Oedem dieser Punkte in der Ebene 

wird ein Zellautomat A^, zugeordnet. Oieser Zellautomat wird 

auch kurz Zelle 1t genannt. 

- S ist das Kopplungsmuster oder die Nachbarschaftskopplung. 

Das Kopplungsmuster wird hier durch ein 5-Tupel von Vektoren 

S » (s0. Sj, Sg, Sji вд) 

mit sQ - (0,0), Sjl - (1,0), s2 - (0,1), Sj - (-1,0), s4 - (0,-1) 

beschrieben. Dieses Kopplungsmustar ist die sogenannte von-Neu- 

mann-Kopplung. Oie Nachbarn N(1t) einer Zelle sind 

N{1t) = [W I W" - K* s± л s± £ S, i -0,1,2,3,4}. 

Die Zelle ltQ bezeichnen wir als Zentrumszelle. Die Outputs der 
Automaten A, If' e N(v ) sind die Inputs von A^., Die Nach¬ 

barn einer Zentrumszelle 1t zeigt Bild 1. 

Bild 1 

- А ist der Zellautomat mit A » (X, Y, Z, 6, Ä.). wobei in die¬ 
ser Arbeit X-Z5, Y-Z - {0,1} , (f : X X Z-»Z, Л :Z-»Y, 
%(z) - z für z £ Z ist. X, Y, Z sind die Input-, Output- und 

Zustandsmenge, 6 und А die Überführung*- und di* Ausgabefunk- 
tlon- entsprechend dar gebräuchlichen Schreibweise. Oie verwen¬ 

dete Oberführungsfunktion ist die logische Funktion Implikation. 

Für diese Oberführungsfunktlon gilt - unter Beachtung der Vor¬ 

kopplung mit den 5 Nachbarzellen - folgendest 
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<Г[Ѵ+80(‘)' Zf+s/t) ' Z*r+8,(t)' z»f+S4(t)] 

= Z (t+l)# 
о 

Durch die spezielle Klammerung und Reihenfolge der Argumente 

von 6 wird Jeweils eine spezielle Funktion 6 festgelegt. Die 
Untersuchung aller möglichen Klammerungen und Reihenfolgen er¬ 

folgt im Rahmen dieses Vortrages nicht. Die betrachtete Ver¬ 

knüpfung der Eingangsgrößen soll an einem Schaltschema (Bild 2) 

verdeutlicht werden. 

Bild 2 

Eine Konfiguration К, К C G2, 1st die Menge aller erregten Zel¬ 

len: К » {«• I V e G2 л » 1} . К ist endlich (unendlich) , wenn 

die Zahl der erregten Zellen endlich (unendlich) ist. 

Die der Konfiguration К zugeordnete Belegung <&K ist folgender¬ 

maßen definiert: 

<&K : G2-* {0,1} . 

wobei oÖ'K(if) « 1, wenn tf-fcK, und f) ■ 0, wenn if ¢. К ist. 

Die Einschränkung der Belegung auf R c G2 des Zellgittere 

wird mit bezeichnet. 

Oie lokale Belegung (N(1T))-ist die Belegung einer Zelle und 

aller ihrer Nachbarn, also 

j)(N( IC)) . jzr| *• e N( 1C )j. 
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Wir wollen diesen Begriff en einigen Beispielen erläutern. Für 

die von-Neunann-Kopplung sind im Bild 3 einige Beispiele von 

lokalen Belegungen gegeben. 

unerregt 

erregt 

2. Stabile Konfigurationen 

Eine Konfiguration К zun Zeitpunkt t wird els K* bezeichnet. 

Eine Konfiguration К ist stabil, wenn sie sich zeitlich nicht 

ändert, d. h., wenn К • К* für alle t » 0 gilt. Offensichtlich 

folgt aus K* • K*+1 auch Kt+T « К für T >0. Damit gilt für je¬ 

des *" e G2 einer stabilen Konfiguration 

Zy(t+1) ж Zy(t). (1) 

Dieser Gleichung (1) entspricht bei der angenommenen impllkatl- 

ven Verknüpfung 

zv - ((((z^-4-z )-»z )-»z Mz ) 
o ol 2 3 4 

2 (2) ( e G , i-0.4). 

Die Gleichung (2) 1st die sogenannte lokale Stabilitätsbedin¬ 

gung, die für alle Zellen ieQ e G2 gelten muß. 

Mit Gleichung (2) können aus allen lokalen Belegungen die lokal 

stabilen Belegungen ausgewählt werden. In einer (global) stabi¬ 

len Konfiguration sind nur lokal stabile Belegungen zugelassen. 

Bei der untersuchten Funktion Implikation können aber nicht al¬ 

le möglichen lokal stabilen Belegungen in. (global) stabilen 

Konfigurationen auftreten. 

□ 
0 

Bild 3 
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In /1/ und /2/ wurden Stabilitätsbedingungen für die linearen 

und verallgemeinert linearen Funktionen Antivalenz, Äquivalenz, 

Konjunktion und Disjunktion bereits untersucht. Für die genann¬ 

ten Funktionen gibt es in jedem Fall stabile Konfigurationen. 

Für die Zustandsüberführungsfunktion Implikation erhalten wir 

bei der angenommenen Verknüpfung entsprechend (2) 

,(t+l) " :,(*)[! * V zi(t)] 

+ z2(t)[l +^V Z^(t)j ♦ z4(t) (mod 2). 

(3) 

О - z. l(t) + z2(t) [l +^V zt(t)J ♦ z4(t) (mod 2). (4) 

Die LOeungen von (4) sind die im Bild 4 dargestellten lokal 

stabilen Belegungen der Zustandsüberführungsfunktion Implika¬ 

tion. 

E 

E Я [ 

El E 

Bild 4 

El 

а 

E а 

E E m 

] [ 

El E El 

Zur Auswahl und zur Anordnung von lokal stabilen Belegungen, 

die in (global) stabilen Konfigurationen auftreten können, 

stellen wir folgende Betrachtungen an: 

Wir nehmen zunächst an, daß die Konfiguration nicht leer 1st. 

Es gibt dann also mindestens eine erregte Zelle. 

1) Durch Vergleich mit den angegebenen lokal stabilen Belegun¬ 

gen kann man featstellen, daß es keine lokal stabilen Bele- 
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gungen gibt, bei denen die Zentrumszelle unerregt und die 

untere Nachberzelle erregt 1st, d. h., es liegt Ober einer 

erregten Zelle stete eine weitere erregte Zelle. 

2) Liegt eine erregte Zentrumszelle Ober einer unerregten un¬ 

teren Nachbarzelle, so lassen sich nur solche Anordnungen 

von lokal stabilen Belegungen angeben, bei denen mindestens 

bei einer der seitlichen Nachbarzellen im Widerspruch zu 1) 

- eine unerregte Zelle Ober einer erregten Zelle liegt. Es 

liegt also auch unter einer erregten Zelle stets eine weite¬ 

re erregte Zelle. 

Senkrechte unendliche erregte Zellstreifen sind daher Bestand¬ 

teil stabiler Konfigurationen. Ebenso 1st durch Vergleich mit 

den lokal stabilen Belegungen leicht zu erkennen, daß auch 

senkrechte unendliche unerregte Zellstreifen stabil sind. Gibt 

es in der Konfiguration weitere erregte Zellstreifen mit min¬ 

destens einem oberen oder einem unteren Ende, so ist die Konfi¬ 

guration nicht stabil. Die volle und die leere Konfiguration 

sind ebenfalls stabil. 

Wird eine andere Numerierung der Nachbarzellen vorgenommen, er¬ 

geben sich andere stabile Konfigurationen. Als Beispiel sei die 

im Bild 5 angegebene Numerierung genannt, bei der etabile Kon¬ 

figurationen aus unendlichen waagerechten unerregten und erreg¬ 

ten Zellstreifen bestehen. 

Bild 5 

Wird die Klemmerung verändert, so ergeben sich weitere stabile 

Konfigurationen. Beispiel sei die OberfQhrungsfunktion mit der 

im Bild 5 angegebenen Numerierung und der Klemmerung 

((*r*.o(«)**ir*.1(t))**ir+ea{t))*(«^.s(t)*Slf+,4(t)) 

- z^(t+l). 
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Bei dieser Oberföhrungefunktion sind stabile Konfigurationen 

eile schechbrettsrtlgen Anordnungen von erregten und unerregten 

Zellen, die rechte von einen unerregten senkrechten Zellstrel- 

fen des Gittere liegen. Linke von diesen Zellstreifen gibt es 

keine erregten Zellen. 

3. Oberlagerung von Konfigurationen 

In folgenden Abschnitt untersuchen wir die lnpliketlve Oberla¬ 

gerung von stabilen Konfigurationen auf zellularen Automaten 

deren (lokale) Zustendsöberföhrungsfunktlon die Implikation 1st. 

Definition 1; Es seien K^ und K2 zwei Konfigurationen und ihre 

entsprechenden Belegungen 1 und <& 2. Denn 1st deren Oberla¬ 

gerung wie folgt erklärt: 

К - K^-*Kg, 

к - {«\te£ KjVfiftKjAif t Kg)), 

oder 

<Ö-K(iO - <ß 1(if) + &Кг{Ѵ) • &KlOO ♦ 1 (mod 2). 

FOr stabile Konfigurationen gilt ein Superpositionsprinzip, des 

die Erzeugung von weiteren stabilen Konfigurationen durch die 

Superposition von stabilen Konfigurationen aus einer gegebenen 

Menge gestattet. 

Satz 2: Sind Kj und Kg stabile Konfigurationen eines zellula¬ 

ren Automaten £ mit einer lmplikatlven ZustandsOberführungs- 

funktlon, dann 1st Kj mit K%-»Kg • K3 eine stabile Konfigura¬ 

tion von £. 

Beweis; Aus der Bedingung, daß die lokal stabilen Belegungen in 

Kj und Kg Teile einer (global) stabilen Konfiguration sind, 

folgt, daß K3 ebenfalls global stabil 1st. 

Setz 2 erweitert die ln /1/, /2/ erhaltenen Ergebnisse zur 

Oberlagerung von Konfigurationen mit linearen bzw, verallge¬ 

meinert linearen Funktionen auf zellulare Automaten mit einer 

lmplikatlven Oberführungsfunktion, Wir führen nun den Begriff 

des Randes einer Konfiguration ein. Dieser Begriff wurde ln 
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Anlehnung an den Begriff des Randes bei Randwertproblemen der 

Differentialgleichungen gebildet. 

Definition 3: Eine Teilmenge R * G2 der Gitterpunkte wird als 

Rand einer stabilen Konfiguration К bezeichnet, wenn für jede 

Belegung von R « G2 genau eine Belegung <&K von V e G2 

existiert mit 

1) <&R(*) - "#R( ff) für V6R. wobei 

2) die Belegung einer stabilen Konfiguration К let. 

Als Beispiel eines Randes wählen wir einen unendlichen waage¬ 

rechten Zellstreifen wie im Bild 6. (Die Zellen 3 und 5 gehören 

nicht zun Zellstreifen.) 

3 

4 12 
5 

Bild 6 

Nun läßt sich für jede Zelle ff e R eine stabile Belegung fin¬ 
den, die auf den Zellen 1, 2, 4 mit einer lokal stabilen Bele¬ 

gung in einer stabilen Konfiguration Obereinstlmnt. Damit 1st 

aber auch die Belegung der Zellen 3 und 5 eindeutig bestimmt, 

d. h., der Zustand der Zellen 1, 3 und 5 ist gleich. Ebenso 

können die lokalen Belegungen für die anderen Zellen des Randes 

bestimmt werden. Damit- sind die Zustände aller Zellen in den 

oben und unten an dem Rand anliegenden Zellstreifen eindeutig 

bestimmt. Bel einer Fortsetzung des Verfahrene wird schrittwei¬ 

se die Belegung der gesamten Konfiguration durch die Belegung 

des Randes bestimmt. 

Satz 4; För stabile Konfigurationen auf zellularen Automaten _/ 

mit der von-Neuman-Kopplung und mit der ZustandsüberfOhrungs- 

funktlon Implikation gibt es einen Rand R c G2. 

Beweisi För den genannten Fall ist ln Bild 3 ein (endlicher) 

Ausschnitt eines (unendlichen) Randes R c G2 gegeben. 

Mit dar Möglichkeit der Oberlagerung von stabilen Konfiguratio¬ 

nen zu wiederum stabilen Konfigurationen entsteht die Frege 
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nach einfachen Grundmengen von stabilen Konfigurationen, aus 

denen durch Überlagerung von Elementen dieser Grundmengen jede 

stabile Konfiguration erzeugt werden kann. Eine solche Grund¬ 

menge nennen wir Erzeugendensystem. Ist sie ein "kleinstes" Er¬ 

zeugendensystem, so nennen wir sie Basis. 

Definition 5: Wir nennen die Menge В aus stabilen Konfiguratio¬ 

nen Basis zur Zustandsüberführungsfunktion Implikation des 

Zellautomaten, wenn 

1) für Jede stabile Konfiguration K' eine Teilmenge К s В 

existiert, so daß K" ■ ((K^-* Кд)-»К„) . 

mit Kj « К (lal.m.n ...) gilt, und 

2) für alle В' с В Aussage 1) (bei Beschränkung auf Teilmengen 

К von Bf) nicht gilt. 

Wir geben im folgenden eine Basis an. Dazu nehmen wir an, daß К 

eine stabile Konfiguration sei und <6^ die Belegung dieser Kon¬ 

figuration auf dem Rand R. Oie Zellen des Randes werden in 

willkürlicher aber fester Weise numeriert. Mit &£(J) bezeich¬ 

nen wir die Belegung der j-ten Zelle des Randes. Zu jeder Bele¬ 

gung des Randes gibt es genau eine stabile Konfiguration. 

Wir bezeichnen mit K, die stabile Konfiguration, für die gilt: 

Für die etablle Konfiguration B° gilt 

&R°(j) - 0 für alle j > 0. 

Satz 6: Die Menge В и В0 - {kJі - 1,2... J и В0 1st eine Basis 

für stabile Konfigurationen auf zellularen Automaten mit der 

Zustandefunktion Implikation. 

Beweis: Es sei К eine stabile Konfiguration. lat К die volle 

Konfiguration, so gilt К » K^-»K^. 

Ist К nicht die volle Konfiguration und R ein Rand, so wollen 
wir zuerst zeigen, daß В ein Erzeugendensystem 1st, d. h., 
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jede Konfiguration К let aus der Oberlagerung von Elementar*on- 
figuratlonen K^ erzeugbar. Es gilt 

» (...(((Är") -*B°)-»<J5Rn. 

(l.rn.n,.. .£ I, I»{l|<SR(i) « l}, l.m.n... 

und damit wegen der Definition des Randes 

paarweise 
verschieden) 

£K - (...(((<&^-»B°)-$ jf")-»B°)-».... 

Außerdem ist dieses Erzeugendensystem eine Basis, weil keine 

Teilmenge ein Erzeugendeneyetem let. Ее eel mit k > О eine 
beliebige stabile Konfiguration, die nicht in В' с В enthalten 

ist. Dann laßt eich aber, da alle anderen Baelskonflguratlonen 

Kl’Km'KneB' an der Stelle k gleich Null sind, d. h. K^(k) « 0, 

die Basiskonfiguration K^ mit K%(k) « 1 und K^( j) - 0 nicht 

durch 

daretellen. 

Oie Ergebnisse in diesem Abschnitt stimmen mit den entsprechen¬ 

den Ergebnissen für lineare und verallgemeinert lineare Funk¬ 

tionen überein (/1/), d. h., auch für die Implikation läßt sich 

ebenso wie für die linearen bzw. verallgemeinert linearen Funk¬ 

tionen eine Basis angeben. 

Abschließend soll noch darauf hingewieeen werden, daß sich die 

verschiedenen Konfigurationen durch Translation aus einer 

Konfiguration, z, B. K^, erzeugen lassen, d. h., die Basis wird 

durch sine Elementarkonfiguration bestimmt, mit der (durch 

Translation) alle anderen Elementarkonfigurationen beschrieben 

werden können. Mit dem Basissystem ist ein einfaches Beschrei¬ 

bungsmittel für stabile Konfigurationen gegeben. Dieses Ergeb¬ 

nis steht ln Zusammenhang mit Entscheidungsproblemen, wie sie 

in dar Theorie zellularer Automaten untersucht werden (/4/). 
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0D some new NP-oomplete problems in the theor,y of finite 
automata 

68030 

68C25 

This paper deals with time oomputational oompleJCity of several

problems assooiated with simulation of a set of finite auto­
mata with help of one automaton. 
The oonoept of realization of one automaton with llelp ot 
another one assumes that input literals of one automaton oan 
be transformed into input literals of the seoond one. Here

we assume that input words of one automaton oan be transformed 
into input words of the seoond one. This leads to a wide area 
of applications in the theor,y and praotioe, for instanoe in 
a generalized deoomposition theor,y, and also in several pro­
bl8111S of simulation of a set of finite automata with help of 
one automaton. 
We present in tllis paper several results oonoerning time 
oomputational compleJCity of deoision simulation problem for 
arbitrar;y automata and also for speoial subolasses of automata 
such as I asynohronous, k-as;ynchronous, planar automata. We 
assume throughout the �per that automata under oonsideration 
are finite, deterministic and completelJ' defined. 

Let A = (SA' ,EA, IIA) and B ,. (SB, LB, M_e) be two finite lle­

terogenous automata such that l:
.1 
„ LB = ,. A pair of 

functions o<. = (cx8, Olz: ) , oc 8: SA into 5B, and "'J: : :r:: into 

!:;, and 
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for every 8 £ Вд, X eE *, (x) / *B. Ag ¢^2 B is said to be 

a generalized homomorphism of A Into B. The eet of all state 
homomorphlsms will be denoted as SHom(A—»B), and the set of 

all homomorphlsms with :E д intoEg will be denoted 

by Hom(A—>B). We assume that GHom(A—>B) = 0 denotes the 
fact that there exists only the trivial generalized homomor¬ 
phism. i. e. such that there exists a state t £ SA such that 

for every s £ Вд, it follows “g(s) = t, and in a pair of 

functions (oCg, function is arbitrary, respectively 

chosen for Kg and such that К^(б) • x, where Hg(t,x) = t. 

The set of all trivial generalized homomorphlsms will be deno¬ 
ted by TSHom(A—*'B). A set of all nontrivial generalized homo- 
run r phi ятв will be denoted by 

NTGHom(A—>B) = GHom(A—*B)\Hom(A—»B)# 
The algorithm of computing all nontrivial generalized homomor- 

phisms NTSHom(A —» B) has been presented in /19/. 

An automaton A’ = (S^, У~д. Мд) is said to be subautomaton of 

A = (Вд, EA> Ma) with input free monoid EA iff B'k 5 sAr 

Г~А £ У~2, MA is a restriction of Мд to 8Д x EA. and for ar¬ 

bitrary s' £ 8A we have Мд(8',х) t Вд. 

For automaton A = (Вд, У~д. Мд) two kinds of subautomata are 

of special interest, namely A1 = (8Д, У*д. Мд) and 

Ad = (SA’ ^d,A’ Md,A^’ 

where EA = ... бд t 6^, 62, ..., 6± e EA}» 

Hd,A = l66--'6 = б1 I 6 e EA} 
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and M* , SA * Zi-SA, and м|>д = 8Д ж I* д-» 8Д 

ага restrictions of І1д. These subautomata are called subauto¬ 

mata associated with the change of operating time. 

How we will formulate a set of problems, called SIMULATION 

PROBLEMS. Before this we quote several definitions needed in 

what follows. 

A decision problem Ж is defined as an ordered pair 
1Г = (D^ , Yjy-), where Dis a set of instances of a problem 

called domain, and X^ is a subset of 1^., 1. e., the set of in¬ 
stances for which the answer is "yes". A subproblem sub-JT of 

a given problem Ж = (D^, X^) is an ordered pair (D^., X^.), 

where D^ S Dr and X'^ - Хж n Bl¬ 
under P we understand a class of decision problems solvable 

in polynomial time on deterministic Turing machines. Under HP 

we understand a class of decision problems solvable in poly¬ 

nomial time on nondeterminlstic Turing machines. 

Problem Ж = (D^, X^) is polynomially reducible to problem 
XT' = (DjJ., X^) iff there exists a function f : such that 

it transforms every instance I of Т>т into instance f(I) e D^- 
in polynomial time and such that I e. Xy iff f(I) e Xj.. 

We say that problem Я is HP-complete iff JT e HP and every pro¬ 

blem Ж' £ HP is polynomially reducible to JT. We can also prove 
HP-completeness of some problem Ж through showing that T a HP 

and besides that there exists another problem Ж' a HP-complete 

such that Ж' is polynomially reducible to Ж. 
Now we quote the concept of a class of problems of intermediate 

difficulty between the classes P and HP with respect to time 

computational complexityj namely 

NPI = HP \ (P U NPC) 

with the assumtion that NPI 0 0 if P ^ HP. One of the well- 
known among NPI problems Is the vertex isomorphism of directed 

or undirected graphs. This problem have withstood the test 

of time and have certain attributes that seem to distinguish 

it from the types of problems already known to be HP-complete 
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(NFC). In this paper we show that the problem of finding ge- 

' neralized isomorphism between two heterogenous automata be¬ 

longs also to HPI. 

A search problem ЗГconsists of a set of finite objects 

called instances and, for each instance X £ 1>ж, a set of 
Sjj-Cl) of finite objects called solutions for I. An algorithm 

is said to solve a search problem ST if, given as input any in¬ 
stance I e Djp it returns the answer "no" whenever 8%-(I) is 

empty and otherwise it returns some solution s belonging to 

MD- 
An enumeration problem based on the search problem JTis: 

"Given I, what is the cardinality of 8^.(1), that is, how many 

solutions are there?" 

An optimization problem is either a minimization problem or 

maximization problem and consists of the following three 

parts: 

i) a set of instances, D^, 

11) for each Instance I £ Ож, A finite set %(I) of candidate 
solutions for I, and 

ill) a function mT that assigns to each instance I £ and 

each candidate solution в e. 8^.(1) a positive rational 
number rn^I.s), called the solution value for 5Г. 

Now we can formulate a fundamental decision problem associa¬ 

ted with generalized homomorphisms. 

GHOM EMPTINESS PROBLEM 

I. There are given two finite automata A = (SA, Мд) and 

в = (&g, ZZg, Mg). 

q. Is the set of nontrivial generalized homomorphisms from A 

into В empty, i. e. HTGHom(A —» B) = 01 

Of course, this problem is decidable; but the algorithm pre¬ 

sented in /19/ is unefficient because it includes a computa¬ 

tion of characteristic semigroup of automaton B, and a compu¬ 

tation of state homomorphisms from A into (onto) B. 
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For some subclass of permutation automata there exists an 

effective method of solution of GBOM BUTTINESS PROBLEM. This 

follows from the following lemma. 

Lemma 1t Let A = (SA, %]A, MA) and В = (Sg, £Ig, Mg) be two 

permutation automata; then TTÄJ » 1(b) implies 

NTGHCM(A-»B) . 0. 

Thus in general the automata which generate the same group 

are not related by isomorphisms or homomorphisms even if we 

permit a change of the input words. For permutation automata 

the problem of QHOU EMPTINESS PROBLEM, is solvable in pseudoex- 

ponential time due to the fact that a number of generators 

in a group is of order 0(log n). Therefore the problem of 

verifying the equality of 1(A) and 1(B) has a time computatio¬ 

nal complexity of order 0(n^og D), where n is the number of 

elements in 1(A) or 1(B). 

Now we are in a good position to formulate our simulation pro¬ 

blems. 

1. Automat^ simulation decision problem 

X. Let CL ~ ^ A^ — (8^, M,), 

Ag = (Sg, I Mg)»..«! = I 

be a set of finite automata. 

Q. Does there exist a finite automaton A = (S, Ю such that 

for every automaton A^ £ (¾ there exists a subautomaton 

A1 "(8, У~~^. M1) of automaton A such that NTGBom(Aj-» A^) / 0? 

2. Automata simulation search problem 

X. Let OL - ^A^ = (8.,, ) » M^), 

Ag = (Sg, 2Zg, Mg),..., A^ = (&%» 

be a set of finite automata, and let К be a natural number. 
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Q. Compute all automata B^ = (Т^, 1^) such that |Т^| й к 

and for every automaton A., e ft there exists a natural num¬ 

ber i > 1 such that NXQHom(Aj-»B^) / 0. 

3. Automata-simulation enumeration problem 

I. bet ft = [A*, = (8^, » M^), 

•^2 - (Sg,» ^2* = (Sj^* E^> 

be a set of finite automata. 

Q. How many automata there exist such that 

MXmorn(Aj-»B^) / 0? 

4« Automata simulation optimization problem 

X. Let CL = [A^ — (8^, ) ^t M1)J 

^2 = ^®2* 2* *®2^»***> A][ - 
be a set of finite automata. 

Q. Compute automaton В = (I, У. M) such that for every auto¬ 

maton Aj e Й there exists a natural number 1 > 1 and 

HTGHom(Aj-*B^) 0 0 and |I| is minimal (or the cardinality 
of a characteristic semigroup 1(B) is minimal). 

As a special case of the above presented problems, a set of 

problems can be defined in which we deal with subautomata Ад. 

In what follows we will discuss simulation problems asso¬ 

ciated with subautomata A*' only, because problems associated 

with subautomata Ад are subproblems of problems associated 

with subautomata A1. 

All these problems are of great practical importance because 

the set of automata can be "realized” by the help of one auto¬ 

maton, an additional multichannel clock with different fre- 
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quencles being multiplicity of some fundamental frequency, and 

a sequential transducer mapping input symbols of V~. into 

words of 5~+. from technical point of view these problems can 

also be treated as generalized decomposition problems for a 

set of automata with common tail automaton В and different 

front automata (sequential transducers mappingsinput symbols 

into words). 

Now we present several results associated with time computa¬ 

tional complexity of the above presented problems. 

Theorem 1t Automata simulation decision problem is HP-com¬ 

plete. 

Proof: Рог a given set of automata we choose nondeterministi- 
cally an automaton В with 2,3,...,n,... states, respectively; 

then we generate all automata of fixed number of states. Es¬ 

pecially as an automaton В we can choose the universal auto¬ 
maton, 1. a. such automaton that its characteristic semigroup 

is composed of all possible transformations on the set of 

states T. Prom practical point of view we restrict our con¬ 

siderations to such n that n & max |S2I ,..., 18^1 j . 

Then by the help of the algorithm presented in /19/ we verify 

whether the set of nontrivial homomorphisms NTGHom(A-» B^) / 0 

for every j e {1, 2,...,k] and such i that i = rnax(Tmin), 

where 
P 

Тдід(В) = _\J Min Xj,, where Min x^, = y, and 

у - min {|z| I z a Xj,]; TTB7 - (x.,, Xg,..., ^}. 

According to /8/ the problem of finding homomorphism between 

two words on finite alphabets is polynomial in time. Therefore 

using the restriction technique /10/ we have reduced our pro¬ 

blem to the problem of finding state homomorphisms between two 

finite automata (or equivalently, vertex homomorphisms between 

two directed graphs). This last problem is HP-complete accor¬ 

ding to /1/, /9/, /10/, /22/. 
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Corollary 1: She automata simulation decision problem with 

generalized isomorphisms from Aj into B1 is also HP-complete. 

Corollary 2: She automata simulation decision problem with ge¬ 

neralized homomorphisms from Aj onto B1 is also HP-complete. 

Theorem 2» The automata stimulation decision problem with gene¬ 

ralized isomorphisms from Aj onto B1, is НИ. 

Proof: It follows from the fact that the problem of finding 

isomorphism between two words on finite alphabets is polyno¬ 

mial in time /8/. And therefore our problem has been reduced 

to the problem of state isomorphism from Aj onto в\ due to 

restriction technique /10/; this last problem is H7I. 

Theorem 3: The automata simulation search problem with respect 

to generalized onto isomorphisms is НИ. 

Proof; The decision problem whether two directed graphs 

are state (vertex) onto isomorphic and search problem of iso¬ 

morphism between such graphs are polynomially equivalent 

according to /18/. 

Theorem 4: The automata simulation decision problem with gene¬ 

ralised isomorphisms from Aj into B1 is HP-complete. 

Proof: Through a restriction technique from the CLIQUE prob¬ 

lem. 

How we restrict our problems to some subproblems as a way of 

looking for time polynomial subproblems of given problems. Ve 

will discuss three special classes of automata: asynchronous, 

к-asynchronous and planar. 

Automaton A = (8, Y~. H) is said to be asynchronous if for 
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every s 6 S and for every g e JT, M(s, g) = M(s, gg). 

Automaton A =(8, T~. II) ie said to be к-asynchronous if for 

every s £ S and every g ¢. У there exists natural number к > 1 

such that li(s, gk) = ll(s, gk+1). 

Automaton A = (8, У. M) is said to be planar if its transi¬ 

tion graph is planar. . 

t*—« 9; Let A = (S, У. M) be к-asynchronous or an asyn¬ 

chronous automaton with I SI = n; then the oardinality of the 

characteristic semigroup 1(A) has a time computational com¬ 

plexity equal to 0(nk) and 0(n), respectively. 

Proof! Follows from the results included in /19/., . 

Lemma 3: Let A =(8, У. M) be a planar automaton; then every 

subautomaton A1 of A is also planar. 

How we are in a position to state our next result. 

Theorem 5: Automata simulation decision and search problems 

for asynchronous, к-asynchronous and planar automata are poly¬ 

nomial in time. 

Proof I It follows from lemmas 2 and 3, and besides from re¬ 

sults included in /7/, /8/, /14/, /15/. 

References 

/1/ Barrow, H. 0., and Burstall, E. M.j Subgraph isomorphism, 

matching relations and marl mal cliques. Inform. 

Process. Lett. 4, 83-84 (1975) 

/2/ Booth, K. 8.: Isomorphism testing for graphs, semigroups 

and finite automata are polynomially equivalent pro¬ 

blems. SIAM J. Oomput. 2. 273 - 279 (1978) 

81 



/3/ Buda, A.I Generalized sequential machine maps. Inform. 

Process. Lett. 8, 38 - 41 (1979) 

/4/ Busacker, R., and Saaty, T.s Finite Graphs and Networks. 

New York 1965 

/5/ Colbourn, M. J,, and Colboum, C. J.i Graph isomorphism 

and selfcomplementary graphs. SIGACT News 10. 

25-30 (1978) 

/6/ Cook, S.: The complexity of theorem proving procedures. 

In: Proc. 3rd Annual ACM Symposium on Theory of Com¬ 

puting, pp. 151 - 158, New York 1971 

/7/ Cornell, 0. G.: Graph isomorphism. Tech. Report H°18. 

Department of Computer Science, University of 

Toronto, Toronto 1970 

/8/ Ehrenfeucht, A., and Rosenberg, G.: Finding a homomor¬ 

phism between two words is NF-complete. Inform. 

Process. Lett. 2, 86 - 88 (1979) 

/9/ Garey, M. R., and Johnson, D. S.i Some simplified NP-com- 

plete graph problems. Theoret. Comput. Sei. 1, 

237 - 267 (1976) 

/10/ Garey, M. R., and Johnson, D. S.: Computers and intrac¬ 

tability, A guide to the theory of NP-completeness. 

San Francisco 1979 

/11/ Grzymala-Busse, J. W.i Operation-preserving functions and 

autonomous factors of finite automata. J. Comput. 

System Sei. £, 465 - 474 (1971) 

/12/ Hirschberg, D., and JSdelberg, M.: On the complexity of 

computing graph isomorphism. Tech. Report № 130, 

Computer Science Laboratory, Department of Elec¬ 

trical Engineering, Princeton University, N. J. 1973 

/13/ Holt, R. 0., and Reingold, В. M.: On the time required to 

detect cycles, and connectivity in graphs. Math. 

Systems Theory 6, 103 - 106 (1972) 

82 



/14/ Hopcroft, J., and Woog, A.: Linear time algorithm for 

isomorphism of planar graphs. In: Constable, B. L. 

(Id.): Sixth Annual ACM Symposium on .Theory of Com¬ 

puting, Seattle 1974, pp. 172 - 184, Hew fork 1976 

/15/ Hoporoft, J., and TarJan, B.: Isomorphism of planar 

graphs. In: Miller, В. B., and Thatcher, J. V. 
(Bda.): Complexity of Computer Computations, 

pp. 131 - 152, Hew York 1972 

/16/ Bozen, 0.: A clique problem equivalent to graph isomor¬ 

phism. Private communication 

/17/ Levin, L. A.: Universal sorting problems. Problemy Pere- 

da&i Informed! 2» Ш - 116 (1973) 

/18/ Mathon, B.: A note on the graph isomorphism counting pro¬ 
blem. Inform. Process. Lett. 8, 131 - I32 (1979) 

/19/ Mikolajczak, B.: Generalized functions preserving opera¬ 

tions of finite automata. Pound. Control Bngrg. to 

appear 

/20/ Miller, G. L.: Graph isomorphism, general remarks. In: 

Proc. 9th Annual ACM Symposium on Theory of Com¬ 

puting, pp. 143 - 150, New York 1977 

/21/ Miller, G. L.: On the nloe D isomorphism technique, a 

preliminary report. In: Proc. 10th Annual ACM Sym¬ 

posium on Theory of Computing, pp. 51 - 58, 

New York 1978 

/22/ Nieminen, J.: On homomorphic images of transition graphs. 

Inform. Process. Lett. 4, 14 - 15 (1975) 

received: March 30, 1981 

Author's address: 

Dr. habil. В. Mikoiajozak 
Institut of Control Zngineering 
TU Poznah 
Poznad. Tt Polen 

83 



84 



Roatock. Math. Kolloq. �• 85 - 96 (1982) 

Hana-D1eter 8urkhard 
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Fairnaee ie to be underatood ae performing actiona in the order 
of their announceaente. Related problema are etudied in the 
Petri net ■odel where actiona correapond to the firings of 
traneitione. An action ie announced if a tranaition becomes 
firable, it ie perfonwed if thie tranaition firea. Fairness in 
Petri nete •eane firing of_ tranaitione in the order of their 
enabling, Therefore, fairneee ie a property of firing eequen­
cae: eoae of the• aatisfy fairneaa conditiona while othere do 
not end have to be excluded. To eneura fairneae the firings 
11uet be controlled by • queue regime giving te11porary prior.1-
tiee to the traneitione with longest waiting time. The queue 
policy can be performed by finite autometa controlling tha fi­
ringe of the Petri nat. 

While in other fairneaa conaideratione the perfor■ability of a 
waiting action is not influenced by other actione, the eitua­
tion in Petri nete 11ay be different: a firable traneition.may 
looee ite conceasion by firinge of other trenaitione, 1. ••• an 
announced action aay be non-parforaable whan it should ba axa­
cutad with raapact to ite waiting period, Thie leade to certain 
conatrainte for tha net (to per■it fair firinge) or to modified 
fairnaee conditione. 

The probla■a like reachability, boundadnaee, livanaee etc. ara 
coneidarad for nate Uring under fairneee conditione. They can 
ba provad to be undecidable in tha caea of unboundad nate eine• 
wa can ei■ulate counter ■achinee by Patri nate where tha fi­
ringe are conetrained by fairnaee. Thue fairnaee givee the Pe­
tri nete ■ore co■putational power end henca in general it ie 
not poeeibla to ■odify a Patri net in euch a way that tha poe­
eible firinge ara axactly tha fair firinge of the original net. 
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1. Basic notions 

A (generalized initial) Petri net le given by 

N = (P.T, [f'ltcTj, [t+|t6T}, *0) 

with finite disjoint eete P and T of placee and traneltiona, 
respectively, and with the initial marking nQ e JNP. The vec- 

tore t", t+ £ 3NP determine the change of markinge by flrlnge 
of transltione: 
A traneition t e T ie firable at the marking m £ ]NP iff t"<m, 
after ite firing the new marking Ism+At with At :■ t+ - t*. 

A sequence u " *1*2* "*п T* 18 fir®ble at m iff each t^ ia 

finable at m + At^ ♦ At2 + ... ♦ At1_1 (i=l.n). The firing 

of u leads to the new marking m + ли with ди := At1 + atz+... +Atn, 

Ln denotes the eet of all transition sequences firable at the 
initial marking mQ ("firing sequences"). 

Rn denotes the set of reachable markings: RN := £mQ+ ди|иe LNJ, 

A place pc p le bounded :=0F 3k £ JN Vm e RN : m(p) a k. 

A transition t с T is live :=Df. Vu 6 LN Зѵ e T* : uvt c L^. 

The Petri net N is bounded (live) iff all places are bounded 
(qll transitions are live). 
N is persistent :«of Vu t T* ^*1**2 tT : ut^.utg c L^-»ut^tg c. L^. 

2. Fairness definitions 

The waiting time w(u,t) of the transition tsT after the firing 
of u*t1,,.t|16l.N describes the maximum number of firings after 
a pent of time where.t was enabled but not fired in и for the 
suosequent time: 

k-1 
w(u,t) := Max({k |t_ 4 m^Atj... tn_k л A»t^ tn.} и {.-1}). 

]=o J 

The "-1" denotes the feet that t is not waiting: t was not 
enabled after its last firing or even from the beginning. 
Let t cT be firable in mQ+Au for ue L^. Then the firing of t 
after и ie celled fair iff w(u,t) ь w(u,f) for all f с T. 
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Since the traneitione with maximal waiting time might be non- 

firable at mQ+ou (cf. example 1) we consider a "weak fairness", 

too. The firing of t after u is called weekly'fair iff 

w(u,t) » w(u,t') for all t’£T which are firable in т0+ли. 

A firing sequence u = is called (weekly) fair iff 

the firing of t^ after Is (weakly) fair for all 

1* 1....,0. The set of all (weakly) fair firing sequences of 

the net N is denoted by (f). 

LN = (*b)"' {a.ac.Aj, 

L-J[f = {a,ab,aba,abac,acj, 

lN * {a,ab,ас]. 

Observation 1; There are nets N with ^ ^ L^. 

Proposition 1: L* C l_”f S Ln for each Petri net N. 

The first part can be proved by induction over the length of 

the sequences, while the second part is obvious. Furthermore we 

have by the definitions: 

Proposition 2: The sets L^, Ljjf, l_N are decidable. 

3. Temporary priorities 

(Weekly) Fair firings might be considered as firings under tem¬ 

porary priorities where the priorities depend on the history of 

firings which are described by a firing sequence u. Thus we ha¬ 

ve a binary priority relation !>• over т with 
t >JJ t* Iff w(u,t) > w(u,t*) 7 

and an equivalence relation ^ over T with 

t r-f t’ iff not t > f and not f>- t (iff w(u,t) 
u u u w( u,t *)), 

By the factorization T/~ we have classes of traneitione with the 

same priority (with the same waiting time). Fair firing means 
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firing of a transition from the highest priority class of T/^j. 

For weak fairness we have to regard only the set Tm of transi¬ 

tions which are firable at the actual marking m: 

Tm I *“ * “I- 

Weakly fair firing means firing of a transition from the hi¬ 

ghest priority class of Тт^+Ли/Й. 

Observation 2; The number of priority classes may Increase and 

decrease during the firing of a (weakly) fair firing sequence: 

Example 2: 

In this example we have (Л denotes the empty word): 

T/% : |a,b.cj [d.e.f.gj, 

T/tf : i >u ^fi ^ ta-b'c-9}. 

T/g^» T/-v . where u is a firing sequence which contains 

a.b.c in an arbitrary order, and v « defg. 

Moreover, with respect to (weak) fairness we have a "non-deter- 

mlnlstlc" situation in the beginning: there are three firable 

transitions (a.b.c) which are allowed to fire in an arbitrary 

order. But the situation is a "deterministic" one after their 

firings: the three firable transitions d.e.f are allowed to 

fire in the order d-e-f, only. Note that (weak) fairness 

leads to this fixed ordering in each case - independently of 

the chosen order for the firings of a.b.c. Thus we have: 

Observation 3; By (weakly) fair firings it is possible to 

enforce a fixed ordering for the finable transitions. 
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4. (Weak) Fairness marking graph 

Possible firings in Petri nets are determined by the actual 

marking. To satisfy (weak) fairness, possible firings must re¬ 

gard the actual priorities, too. Hence the usual marking graph 

is not sufficient to study the behaviour. Instead of the mar¬ 

king graph we consider a (weak) fairness marking graph where 

the nodes are triples (m,>-,U) such that m is the actual mar¬ 

king ,>- is the actual priority relation and U is the set of 

"unannounced actions", i. a., of transitions with the waiting 

time -1. The initial node is given by ("0.>“0.U0) with * 

UQ ■ T \ Тш and t'V0 t" for t'e Tm , t“eu0. An arc labelled 

by t leads from (m,>-,U) to (m', >-• ,U') iff 

- t is a firable transition from the highest priority class 

of T'/rj (of Tn/>j in the case of weak fairness), 

- m • « m + 4t, 

- IT - (U u{tj)\ T,., 

- V-1 » (>-\ (ItjxT)) и ((T\U) X |t)) и ((T \U") X 1Г). 

Note that the information "U" is necessary to identify the not 

announced transitions (the class with lowest priority is iden¬ 

tical to U only if not all transitions are announced). 

The (weak) fairness marking graph of N contains all nodes which 

are reachable by the directed arcs from the initial node. 

A sequence u e (L^) corresponds to a path in the (weak) 

fairness marking graph which starts in the initial node and 

which is labelled by u. The (weak) fairness marking graphs may 

be Infinite ^ust like usual marking graphs, but they may be fi¬ 

nite in some cases where the usual marking graphs are Infinite 

(cf.5.). Note that a "converability tree" /КМ/ with related 

properties like for usual firings does not exist for (weakly) 

fair firings, cf.5. 
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Example 3 with (weak) fairness marking graph: 

5. Reachability, Boundedness. Liveness, Persistency 

We consider these problems for nets in which only (weakly) fair 

firings are permitted. Thus the set of firing sequences is 

restricted to (L*f), and therefore the sets of reachable mar¬ 

kings are restricted, too: R* - [mQ + au|u £ L*}, 

Rn* " {%+ Ди1и £ L."f}. Boundedness, liveness and persistency 
with respect to (weak) fairness are then defined like in 1., 

where L^R* (L"f/R*f) are used instead of L^/R^. 

Proposition 3: 1. R* S R^f S rn. 

2, If N is bounded, then N is bounded with 

respect to (weak) fairness. 

3. If N is persistent, then N is persistent 

with respect to (.weak) fairness. 

Proof; 1., 2. follow from proposition 1, Persistency: If we 

have ut',ut" £ (lJJ^), then t',t" are in the same priority 

class of Т/л/, Hence ut't" ¢. L* is only possible if ut't" ¢. l_N. 

If ut't" g then ut't" or there must exist some t with 
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tfc f, t >jj- t“, t not firable at m0+Au (but again finable at 

mo+4ut'). Since t is announced but not firable at шо+ди, 

it must have lost its concession by other firings end hence N 

is not persistent. 

Observation 4: 

1. There are nets N with R* R*f ^ R^ (example 1). 

2. There are nets bounded with respect to (weak) fairness 

which are not bounded (example 1). 

3. There are nets persistent with respect to (weak) fairness 

which are not persistent (example 4). 

4. There are nets live with respect to (weak) fairness 

which are not live (example 5). 

5. There are nets not live with respect to (weak) fairness 

which are live (example 4). 

Example 4; Example 5; 

Proposition 4: The net N is bounded with respect to (weak) 

fairness iff the (weak) fairness marking graph is finite. 

Proof; The graph is finite iff R^ (R^) is finite. 

Now we consider four nets where only (weakly) fair firings are 

permitted: the reachability problem: "meR^ the 

boundedness problem: “p/N bounded with respect to (weak) fair¬ 

ness?“, the llveneee problem: “t/N live with respect to (weak) 

fairness?” and the persistency problem: “N persistent with 

respect to (weak) fairness?“. 
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Proposition 5: The reachability, boundedness, llvenees and per¬ 

sistency problems are decidable for Petri nets where only 

(weakly) fair firings are permitted if the (weak) fairness mar¬ 

king graphs are finite. 

Proof: The corresponding graphs can be checked. 

Proposition 6: The reachability, boundedness, llvenees and per¬ 

sistency problems are in general undecidable for Petri nets 

where only (weakly) fair firings are permitted. 

Proof; Satisfying (weak) fairness in a Petri net N it is pos¬ 

sible to simulate deterministic counter machines. For lack of 

space we must omit details of the proof (cf./Bl/ where 

"Queue 3" corresponds to weak fairness). The most important 

point is the simulation of zero-testing for unbounded places: 

In this construction by 

(weekly) fair firings a 

token reaches place pg 
if and only (!) if the 

counterplace Px is empty 

(if x»o). A token comes 

to Pi iff X > 0. 

The undecidability of the halting problem for deterministic 

counter machines implies the undecidability of the mentioned 

problems (for corresponding constructions cf. /81/). 

Since they are able to simulate deterministic counter machines, 

Petri nets satisfying (weak) fairness have more computational 

power than usual Petri nets (cf. /81/). Hence we have: 

Proposition 7: In general it is not possible to simulate 

(weakly) fair firings by usual firings in a modified Petri net, 

exactly. 

Remarks: 1) By the extended computational power, there are sets 

LjÜ (L.JJ*) different from all sets L^, of arbitrary Petri nets If. 

On the other hand there are sets which are different 

from all sets L^, (L.jjf) like LN « {a,b}* for instance. 
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2) Using transition labelling functions (homomorphlsme 

h: u M. a finite alphabet) and a terminal marking in 

Petri nets under (weakly) fair firings it is possible to gene¬ 

rate all recursively enumerable languages by the simulation of 

non-determlnistic counter machines (cf. /В1/). Note that the 
simulation of the non-determinietic choice instruction 

s: goto s' or s' 

cannot be performed by two conflict transitions a.b 

since (weak) fairness would 

enforce alternation of a and b 

while the choice should be 

performable arbitrarily often. 

Nevertheless the non-determi- 

nistlc choice can be realized in Petri nets where only (weakly) 

fair firings are permitted by the following construction: 
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6, Control 

To ensure (weak) fairness the usual firing of a Petri net must 

be restricted. Therefore the firings have to be controlled by a 

queue regime, for Instance, corresponding to the changing prio¬ 

rities (cf. /81/). The control can be performed by a finite 

automaton where the states are pairs (>■ ,U) of actual priority 

relations V— and actual unannounced transition sets U. The in¬ 

put coming from the net with the actual marking m is the set T* 

of transitions finable at m. The output is a transition which 

is to be fired in the net: for ensuring (weak) fairness the 

output transition is a finable transition from the highest 

priority class of T (Tm). If such a transition does not exist, 

the automaton has to stop the work of the net. The necessary 

information is known to the automaton by its state and the 

input. To reflect the new situation after the firing of the se¬ 

lected transition the automaton changes its state regarding the 

old state, the input and the output. Such automata are in gene¬ 

ral non-deterministic. Special (weakly) fair firing sequences 

are realized by deterministic automata with related properties 

/82/. We have: 

Proposition 8: (Weakly) Fair firings can be ensured in a Petri 

net under the control of finite automata. Such automata can be 

constructed. 

7. Blocking by fairness 

We say that the net N is blocked by a fair firing sequence 

u £ -jlj iff there exist some transitions t e T with ut£LN but 

ut' LjJ for all t'£T. Thus blocking means that firing is pos¬ 

sible but only by violating fairness (cf. the example 1: the 

net is blocked by u »ab). A net is blockable iff there exists a 

blocking sequence u e-L^. 

Proposition 9: » Ljjf iff N is not blockable. 
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Proof; If the net Is blocked by u, then we have some t eT with 

Ut e \ L|y since certain weakly fair firings must be possible 

if some firings are possible. 

If L* / L"f, then there must exist ut £ l"* \ with 

u £ L”f Л L^. It means that the firing of t after u is weakly 

fair but not fair. Hence all transitions in the highest priori¬ 

ty class of T/^y are not finable in mQ+ ди, such that fair fi¬ 

rings are impossible and the net is blocked by u. 

Proposition 10: If N is persistent with respect to fairness, 

then it is not blockable. 

Proof: For blocking the appearance of conflicts is necessary. 

Observation 5: Persistency with respect to fairness is not 

necessary for a net to be not blockable (see example 3 where 

a.b £ but ab fk l_f). 

Using appropriate constructions in connection with the simula¬ 

tion of deterministic counter machines (cf.7.) it can be shown: 

Proposition 11: It is not decidable whether a net is blockable. 

(It is decidable for nets with finite fairness marking graphs.) 

8, Conclusions 

Problems in Petri nets become harder under the restrictions by 

(weakly) fair firings: the simulation of deterministic counter 

machines is possible even if no conflicts appear - the con¬ 

struction given in 5. is persistent with respect to (weak) 

fairness. Thus (weak) fairness is one of the examples where a 

control of firings extends the computational power of Petri 

nets. 
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Time Coaplexit;y of Digital Iaage Processing ProblellS 
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ID the present paper, for selected problems drawn from the 
digital illlage processing area (/10/, /11/) 4:1.tterent possible 
�s ot computer realization are discussed where 't;he tillle 
Deeded b;r the programs is used as a measure tor etf�ctiveness. 
lor these discussions twe aodels of computation are W1cierlain1 
the 1:andom !CCess pchine (:RAM) in the sense of /1/ and a 
speoial srrq processor called �lel J!&trix processing us­
ta (PIIB), tor turther architectures of parallel processing 
117stems reference is made to /7/. - The present pa,per reports 
about some parts ot /5/ in a brief way. 

l • Tiae Ceglexitz of Coaputational Probl811S

'!he aodels ot computation, :RAM and FIIS, whicll are yet defined 
in the following are characterized by a certain set ot basic 
operations (basic instructions) which are available in these 
aodels, in both cases. We ass�e each basic operation needs 
one unit ot tiae, the u n i  t o r m c o s t c r i -
t e r  i o D .  Thus the tille of a coaputation is equal to the 
nuaber of basio instruotions thst hss to be oarried out llhere 
- agree upon thst input er output operations are leaved out

. ot oeunt, henver.
The tillle coaplexit;y of a program. ia taken as the 1118XimWII oom.­
plex:1.t;y over all inputs ot a given size k:Down as wo r s t -
c a  s e c o • p l • x 1 t y .  Tho input size u::r be the
aise B et the considered quadratic B::dl illagea, or the nwaber G
et grq levela. Throughout the paper, B is aasuaed to be a
pewer ot twe. G r a y ,; a l u • i • a g e a are 11:d
utrioea with eleaenta drawn fre■ the aet [O, 1, ••• ,a-1} et
linear erdered SrlQ' levela, for G lt 2. B i D a r i i • a -
g e • are Beolean aatrioea ef size ll:d. 7or the ualysia ef
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time complexities of programs we restrict ourselves to asymp¬ 

totic statements. To this, we use the common notations 

g = 0(f) iff (3c > 0)(Vn) g(n) 6c« f(n), 

о oo, 
g = І2 (f) iff (3c > 0)(Vn) g(n) be« f(n), 

for functions g, f which are defined on the natural numbers, 

and which have values in the set of non-negative reals. 

Furthermore, for a real number z, let LXj be the greatest 

integer equal to or less than x, and <х> denotes the least 

integer equal to or greater than x. For a natural number n 61, 

log n denotes rlog^pl . The time complexity of a certain com¬ 

putational problem is equal to 0-^^(f) or ®рцд(£) iff opti¬ 

mal programs for the solution of this problem require 12(f) 

and 0(f) time where the BAM or the BIS are used as models for 

computation, respectively. Furthermore, for a given computa¬ 

tional problem the time complexities 0BtM(f^) and 0Hrjg(f2) 

imply a speed-up of @(f-|/f2) from BAM to HUS. 

An essential intention of report /5/ was the analysis of 

possible speed-ups from the BAM to different kinds of 8IHD paiv 

allel processing systems where the BIS represents one of the 

discussed parallel models. For these comparisons between 

different hardware conceptions the derivation of meaningfull 

lower bounds is the crucial point. The following Data Transfer 

Lemma was used in /5/ for a quite general approach to obtain 

lower bounds for parallel computers in the matrix processing 

area. 

2, Data Transfer Lemma 

In the present paper, a data unit is a real num¬ 

ber. Any register may store one data unit at a 

time. For a certain model of computation, by the execution of 

a sequence of basic instructions some well-defined data 

dependences are marked out: for each register R, 

after the execution of a certain sequence of basic instruc¬ 

tions a collection of registers is fixed such that the 
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contents of these registers at the beginning of this execution 

affect the reached contents of register R at the end of this 

execution in an direct or indirect way, by the syntax of the 

given sequence of basic instructions only. 

lüramnim 11 Suppose the contents of H registers ІЦ, Rg,..., Rg 

are to be added. A certain parallel processing system, say 

PAR_ADD, is assumed to consist of N/2 processing elements, and 

to possess the ability of performing just log N different ba¬ 

sic Instructions for the parallel addition of register con¬ 

tents. For PAR_ADD, the meaning of these log N basic instruc¬ 

tions may be as follows: 

for j <— 1 step 2* until N-1 do in parallel 

Ej*“Ej + Ej + 2i_1 4І, 

V V 
for i = 1, 2,..., log N. This system PAR_ADD models the 

well-known parallel method of addition by an addition tree, 

for N = 8 the characteristic data flow is outlined in Fig. 1. 

Obviously, after the execution of 

log N basic instructions in the 

order i = 1, 2,..., log N, in re¬ 

gister Rj the desired sum is com¬ 

puted. 

Now, let sub^(n) be the set of in¬ 

dices of all those registers whose 

contents at the beginning of com¬ 

putation affect the contents of 

register Rjj after the first t basic operations, direct or in¬ 

direct , for t = 0, 1, 2,..., log N and n = 1, 2,..., N. Ob¬ 

viously, sub0(n) в {n} for n = 1, 2,..., N. If within step t 

an operation R *—R^ + + gt-1 is executed then 

subt(n) = subt-1(n) V sub^_^(n + 2* 1) 

Fig. 1. Addition tree. 

holds, and sub^(n) = sub^_^(n) otherwise, for 

t = 1, 2,..., log N and n = 1, 2. N. After performing all 

the log N basic instructions we obtain 
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8ubj0g д(1) = {1, 2, 3,..., Я], sub^og д(2) = [2], 

8ublog д(3) = (3, 4), sublog n(4) = [4} and so on.П 

тстятлрі а Pj Let us consider the following theoretical square 
array processor: for all integers i, j, module (i, j) posses¬ 

ses one register and in one step, each module transforms the 

contents of its register in dependences upon the previous con¬ 

tents in its own register, and in the registers of its four 

neighbor modules. This model corresponds to the structure of 

II,НАС IV, cp. /7/, that is indicated in Pig. 2. 
For this model, the sets sub^(i,j) 

are defined in an analogous way as 

the sets sub^(n) in Example 1, for 

t = 0, 1, 2,... and integers i, j. 

Then, for any module (i,j) after t 

steps of simultaneous parallel 

computation the result will be that 

card (subt(i,d)) = 2t2 + 2t + 1. 

For a square array processor with , Fig. 2. Square array, 

both horizontal / vertical and diagonal connections of the 

modules, we obtain 4t2 + 4t + 1, for t = 0, 1, 2,..., where 

such a connection scheme corresponds to the structure of 

CUP 3, op. /7/. 

For a hexagonal or triangular array of modules, the data 

transfer is characterized by 3t2 + )t + 1 or ^t2 + |t + 1, re¬ 

spectively, for t = 0, 1, 2,..., where these connection schemes 

may be used for the design of V1SI algorithms, for example.О 
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For a model STB of computation and t = 0, let %g%g(t) be the 

maximal number of registers of STS whose contents at the be¬ 
ginning of a computation affect the contents of a certain re¬ 

gister after t steps of computation, direct or indirect by test 

operations, indirect addressing, or others. 

Vor example, in the case of Example 1 we can deduce 

* 2 , for t 5 0, 1, 2,..., log N, because 
X = max [card(subt(n))s n = 1, 2,..., H] for these 

t-values. From Sxample 2 we know that 

% TT.T.Ttr! = 2t2 + 2t + 1, for t 6 n0, and 

= 4t^ + 4t + 1, for t 6 n^, where n0, n^ are specific parame¬ 

ters given by the real size of these systems. 

The function %gyg is called the data transfer 

restriction of system SYS, and this function offers 
a general approach to analyse the power of SYS for the solution 
of certain computational problems. In /2/ a similar function 
was proposed for the characterization of data transfer between 

processors of multiprocessor systems. According to /2/, we have 

for X gyg and the important computational problem of multipli¬ 

cation of NxR-matrices the following result. 

Lemma 1: The multiplication of two NxN matrices (over the field 

of the real numbers) to produce the HxH product matrix requires 

at least t basic operations of BIB, where %gyg(2t) b N2. 

For example, by the given result for %тт.т.т4л ry we *»ow that 
the multiplication of НхЯ matrices on IJJJAC IT requires at 

least 5(1^/2 - basic operations, op. /2/. For the 

application of Xgjg to the consideration of lower bounds for 

further problems than matrix multiplication, we defines 

For n, m&1 let f be a function defined on n-tuples of real 

numbers, and with m-tuples of real numbers as values. Then, for 

d П, fisd-dependent iff 

(a) there exist an i 6.(,1, 2,..., m} and d pairwise different 
integers i.,, lg,..., i4 drawn from (1, 2,..., n} such that the 

101 



value of the 1-th component of a certain vector 

f(x^, x2. Xg) has to he computed under consideration of the 

values X, , X, ,..., X, , or 
1 x2 ^d 

(b) there exist an 1 e [1, 2,..., n} and d pairwise different 

integers 1^, i2. i4 drawn from the set (1, 2,..., a] such 

that the values in a certain vector f(x^, %2,..., xn) in 

positions 1^, i2,..., i4 are influenced by the value x^. 

Bzamnle 3t bet us consider the function 

Г(Х1 + x2, Xj), if x5 < 0, 

I2» B I C^*|, ^ ^ = 0, 

((x4, x1 + Xj), if x5 > 0. 

According to (a) in our definition, this function f is 1-, 2-, 

and 3-dependent but not 4- or 5-dependent. According to (b) in 

our definition, this function is 1- and 2-dependent but not 

3-, 4-, or 5-dependent. Altogether, f is a 3-dependent func¬ 

tion. The notion of d-dependenoe for vectors can be expanded 

to matrices in a natural way. Let INIT(x) be a UxK matrix with 

all elements equal to x, for arbitrary real x. Рог a NxH matrix 

1 = (*ij)i,j = 0,1,...,H-1 let 
C0DBTx(A) . card [(1,3) »a^-xfcOdi, 

for an arbitrary real x. Then, IHIT is a H^-dependent function 

according to (b), and C0DHTx is a if -dependent function accor¬ 

ding to (a), for any real x. о 

Pro: the given definition of and of that of d-dependenoe, 

Immediately follows 

Lemma 2 (Data Transfer Lemma)i The computation of a d-dependent 

function requires in the worst case at least t basic operations 

о£, SIS, where %g%g(t) & d. 
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Tor example, the multiplication of two NxN matrices represents 

a 2N-dependent function what means that Lemma 1 is to he pre- 

fered rather than Lemma 2 for lower hounds, if 'Xgyg is a poly- 

nom in t and N a sufficient large integer. Further examples: 

the inversion of an NxN matrix represents a №-dependent func¬ 

tion, the solution of a system of N linear equations in N un¬ 

knowns represents a (№ + N)-dependent function, and the 

Fourier transform of NxN matrices (over the field of complex 

numbers) represents a 2N^-dependent function. For such matrix 

processing tasks, the Data Transfer Lemma yields non-trivial 

lower bounds within the parallel processing area. 

It must be mentioned that the data transfer restrictions 

XCLIp 2 end XTTTTtr j-y as given in this Section are approxi¬ 

mations to the real functions only because the basic instruc¬ 

tion sets of these systems were simplified in Example 2. In 

fact, the precise derivation of data transfer restrictions 

from complex computer systems is quite a time-consuming 

attempt. As an illustration of the general way we shall 

compute the data transfer restriction for a simple model of 

computation, the ДАМ as defined in /1/, in the next Section. 

On the other side, for the principal understanding of new 

hardware systems it seems to be sufficient to have some good 

approximations to the data transfer restriction as demonstra¬ 

ted for ТТ.Т.ТАГ. IV and CLIP 3« 

3. Random Access Machine 

The RAM as used in this paper matches the model defined in /1/ 

with the only modification that real number arithmetic re¬ 

places Integer arithmetic, and that input and output opera¬ 

tions have no influence to the discussions on time complexity 

of programs. The RAM disposes of an infinite sequence of re¬ 

gisters R0, Rj, Rg, Rj,... where R0 denotes the accumulator. 
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Sach basic HAU instruction consists of two parts - an opera¬ 

tion code and an address. The basic RAM instructions are 

summarized in Tab. 1 where x denotes a real number, and i, b 

denote natural numbers. The address *i denotes indirect 

addressing. Fore a more detailed description of the RAM the 

reader is refered to /1/. 

operation code 

(1) LOAD, ADD, SUB, MULT, DIV, WHITS 

(2) STORE, HEAD 

(3) JUMP, JGTZ, JZERO 

(4) HALT 

Tab. 1. Basic instructions of the RAM. 

address 

= X, 1, *i 

i, *i 
b 

Lemma it УBiM(t) = 2t + 1, for t&O. 

Proof I Let suhj.Cn) be the set of indices of all those regi¬ 

sters whose contents at the beginning of a certain computation 

affect the contents of register RQ after t basic RAM instruc¬ 

tions, direct or indirect, for n & О and t - 0. We have 
sub0(n) = {n}, for n & 0. In Tab. 2 for basic instructions of 

types (1) and (2) those cases are stated where, after per¬ 

forming a (t+1)-st basic operation, a set suh^Cn) may differ 

from subj.Cn) for a certain n & 0. In this table, c(i) denotes 

the contents of register at the beginning of step t+1. 

The operations SUB, MULT, DIV lead to analogous results as ADD. 

If in certain steps tQ basic instructions JGTZ b or JZSRO b 

have to be carried out then the set subj. (0) has to be joined 
О 

to all sets subj.Cn), for t > tQ and if in step t a certain 

basic operation produces a value in register H^, for n&O. 

In step tQ itself all sub^ -sets remain unchanged. 
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instruction In step t+1 change onnosite to sub^-sets 

LOAD = X 

LOAD i 

LOAD *i 

STORE i 

STORE «i 

ADD 1 

ADD *i 

BRAD i 

READ *i 

suht+1(°) 

sub. 

sub,. 
t+1 (0) 
t+i(°) 
t+1 

subt+1(c(i)) 

subt+1(0) 

subt+i(i) 

sub. t+1 (0) 

subt+i(i) 

= subt(i) 
= SUbt(i)USUbt(c(i)) 
= sub^(O) 

= sub^(O) usubt(i) 

= subt(0)и subt(i) 

= subt(0) usubt(i)o 

subt(c(i)) 

subt+1(c(i)) = subt(i) 

Tab« 2. Changes of sub^+^-eets opposite to sub^-sets. 

Assume that the register contents c(1), c(2), ..., c(t) are 

pairwise different natural numbers greater than t. By the se¬ 

quence 

ADD *1, ADD *2, ..., ADD *t 

of basic instructions we get the sets 

sub^(O) ~ {0, 1, 2, ..., t, c(1), c(2), ..., c(t)jp and 

subt(n) = sub0(n) = (nj for nil. Thus, 7CBau(t) = 2t + 1 

for t i 0. 

On the other side, the maximal number of data dependences may 

be realized in register RQ obviously. By JGTZ b or JZERO b 

in Rq no additional data dependences sire reached. In conformity 

with Tab. 2 the maximal growth in dependences may be attained 

by ADD *i (or SDB *i, MULT *i, DIV *i) instructions. D 

Theorem 1» For a d-dependent function f a computation on the 

bam requires at least Ld/3j basic operations in the worst case. 

This result follows immediately by Lemma 2 and Lemma ). For 

example, by Theorem 1 we know that the two-dimensional Fourier 

transform requires at least № basic operations which have to 

be performed by the RAM. 
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4. Parallel Matrix Processing System 

The HIS represents an enlargement of the KAM by a two-dimensio¬ 

nal processor array of size NxN and by countably many two-di¬ 

mensional memory arrays MB0, ШЦ, MRg, ... which we call 

matrix registers, each of them consists of NxN 

registers. The matrix register MBQ is called the accumulator 

array where all parallel processing takes place. In Tab. 3 all 
basic HIS instructions are summarized which are available in 

the PMS in addition to the BAM instructions. In this table, i 

and j denote natural numbers and the address (i,j) denotes the 

operand mc(0,i,j), mc(n,i,j) is defined to be the contents of 
register MRg(i,j) for n ^ 0 and 1 a i,j a N. Addresses i, *i 

in Tab. 3, (5) refer to matrix registers MR^, MR^jj, respec¬ 

tively. The instructions of type (6) guarantee the communica¬ 

tion between the RAM part and the parallel processing part of 

the ms. LOAD (i,j) means c(0)<—mc(0,i,j) and STORE (1,J) 
means mc(0,i,j)<—c(0). 

operation code address 

(5) MLOAD, MADD, MBUB, MMUIff, MDIV i, *1 

MWRITE, MSTORE, HRBAn 

(6) LOAD, STORE (i,j) 

(7) USER, MSHb, USED, MSHU i 

(8) MAES, MSIGN 

Tab. 3. Additional basic instructions of the НЮ. 

By instructions of types (5), (7), (a), in the accumulator 
array MR0 in all N^ positions the designated operation will be 
performed (SIMD mode): 

MLOAD i means mc(0, j,k)*-mc(i, j,k), 

MADD 1 means mc(0,j,k)<-mc(0,j,k) + mc(i,j,k), 

MSOB i means mc(0,j,k) 4-mc(0,j,k) - mc(i,j,k), 

ММІШГ i means mc(0,j,k)^_me{p,j,k) times mc(l,j,k), i. e., 
the cross product of two NxN matrices, 

MDI7 i means mc(0,j,k)*-mc(0,j,k)/mc(i,j,k), MWRITE i means 

the output of the MR^ contents, MSTORE i means 

me(0,j,k), and MRKAT) 1 means an input into the 

matrix register МВ±, for all j,k = 1, 2,..., Ж in parallel. 
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Indirect addressee *1 denote the operands HRC^ and their mea¬ 

ning is analogous to direst addresses. 

IUB8 means mc(0,j,k)t-|me(0, j,k)| and 

НВІСИ means mc(0,3,k) *-sign(me(0,j,k)), where 

slgn(x) = (¾ H l > g, 

for all j,k z 1, 2,..., Я in parallel. 
Array processors as the HIS are often equiped with a certain 

permutation network in practice, cp. /12/. Within the HIS, the 

parallel data transfer happens by power-of-two shifts in 

only: the instructions MSHfi i, мант, i, цвнп i, or MSHU i mean 

that the contents of MB0 has to be shifted by c(i) rows or 

columns to the right, to the left, down, or up, respectively, 

if c(i) denotes a power of two less or equal to N (otherwise 

these shift operations are not defined), where the rows or 

columns shifted out of array MBq will be discarded, and the 

rows or columns shifted into array UHQ are assumed to be iden¬ 

tical zero. 

grannie 4: To give an impression about the available paralle¬ 

lism within the HIS we consider the HIS realization of the Bo- 

berts gradient on gray value images A z (a^)* j = o,1,...,H-1* 
This transform is defined by the replacement rule 

*ij *-***D*ij - - *i,j+lU' 

for i,j z o, 1, ...,Я-1 in parallel, and represents a well- 

known edge operator in digital image processing. 

For two HxH matrices A and B, let mar(A,B) = (mar (a^jb^j)^ 

Then we have 

max(A,B) z A * sign(A-B) + В * sign(B-A) + A - A * sign |A-B|. 

Thus, the matrix max(A,B) can be computed on HIS within con¬ 

stant time. Finally, it holds 

HOBSHA(A) z max(|A-shl 1(shu 1(A))|, | shu 1(A)-shl 1(A)|). 

That means, the Roberts gradient has time complexity © BtM(lT) 

as well as Ѳцвз^- О 

£5|ggl2_2i Vor a demonstration of the available parallel data 

transfer by power—of—two shifts we return to function 1Я1Т de— 
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fined in example 3. By the following program, 

procedure INIT(A,x): 

begin A<- A - А; ав_1,н_1 i^-1; 

■ while i / H dg A«—A + ehu 1(A); A «—A + Bhl i(A); 
іч—2i od; 

return A 

end. 

the function IHIT can be computed on HIS in O(log H) time. □ 

Lemma 4i /2t + 1, for t = 0, 1, or 2, 

4»2m_<*+2m+1, for t = 3“ and 1 & m A 1 + 2«log N, 
XIMS(t) = . 5*2m_1+2m*2, for t = 3m+1 and 1 £iH t 2*logH, 

6«2B“”*+2m+3, for t = 3m+2 and 1 £ i £ 1 + 2«logH, 
^(t-6«log N + 1)H2+t-2*log H, for t a 6 + 6«log H. 

The proof of Lemma 4 may be accomplished analogously to that of 

Lemma 3. Of course, the parallel structure of the HIS causes 

additional difficulties contrary to the straightforward data 

transfer analysis in the BAU case. By combination of Lemma 2 

and Lemma 4 we have 

Theorem 2; for a d-dependent function f a computation on the 

BIS requires at least 

3.l0g d - 5, if 8 £ d £ SH2, and 

Ld/l^j, if (5 + 6.log ЮН2 < d i (6*log H - 1)H4 

basic operations in the worst case. 

In practice an economic way in computer design consists in si¬ 

mulation of an aspired system on the available one. In this 

sense, the simulation of НШ on а BAU is both of practical and 
theoretical interest. Any input-output relation that may be 

performed on HIS in time f(n) can be realized on BAU in time 

k'H^fCn), for a certain universal к > 0. Thus, the attainable 

speed-up from BAM to HIS is upward restricted by 0(H2) in each 

case. As in Example 4 shown, there exist computational problems 

with this optimal speed-up from BAM to HIS. 
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5. Computational Problems of Digital Image Processing 

la this Section, to some fields of digital image processing 

computational problems are to be mentioned which were discussed 

in /5/ relative to different computer realizations. In Sec¬ 

tion 6 for these computational problems lower and upper bounds 
will be summarized. With the proposed selection of computatio¬ 

nal problems in digital image processing we attach the hope 

that some representative examples of low level image processing 

(i. e. receptive processing) are comprehended. 

(i) For the uniform treatment of the whole of the NxH gray va¬ 

lue image A = (*13)^j=o,1,...,H-1 by certain global transform 

methods, we consider the histogram computation, hist(A) = (hQ, 

h^, hg, ...,bg_^) with h^ * card {(i,3) : a^^ = к & 06i,3AK-l}, 

for к = О, 1, 2, ...,0-1, the (common) matrix multiplication, 

the Fourier transform 

F(A)(u,v) 

for u,v = 0, 

a±j .exp(-2 йН/-7 (iu + jv)/H), 

1, 2, ...,H-1, the Walsh transform 

W(A)(u,v) a13 
, jjr ( _1 )bk( 1 )bn-1 -k(u)+bk( 3 )bn-1 -k( v ) 

k=Ci 

for u,V = 0, 1, 2, ...,N-1, n = log H, and b%(i) denotes the 
k-th bit in the binary representation of 1, and, finally, pat¬ 
tern matchingI if a given pattern of size MxJJ appears in the 

image A in any position, HAH, then this match is signaled by 

a special output. 

(ii) For the uniform treatment of the whole of the NxN gray va¬ 

lue image A = (*13)1,3=0,1,...,H-1 by oertaiD local transform 

methods, re consider the median filter (each pixel gets the 
median of its UxH neighborhood as its new value), and the Ro¬ 

berts gradient as defined in Bxample 4. 

(Ill) as examples for geometric transforms of a HxH gray value 

image A = (*13)1,3=0,1.H-1* ™ 8ba11 consider Bhifte iD 
row 01 column direction, where the shift distance may be an ar¬ 

bitrary integer drawn from the set [0,1,2,3,...,И}, cyclic 
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shifts Id row or column direction with arbitrary shift distan¬ 

ces, the matrix transposition, the vertical and the horizontal 

indentation, and rotations by multiples of JT/2. 

(iv) As problems in computational geometry, we consider the de¬ 

notation of the convex hull for ordered sequences of contour 

points of length n, testing digital straight line segments for 

digital arcs of length n, and testing convexity for digital ob¬ 

jects with contour sequences of length n; for the definition of 

these notions reference is made to /V, /10/, /11/. 

(v) For simple recognition tasks in the case of NxN binary ima¬ 

ges we shall consider decisions whether a given image exactly 

contains one solid rectangle, one solid square, or one solid 

isosceles triangle. 

(vi) As simple examples of feature extraction for a NxJT binary 

image A, we consider the functions number (A) = card {(i,j) t 

a^j = 1 ft 0 * i,j б H—1}, zero(A) = 1 iff A is identical zero, 

zero(A) = 0 otherwise, one(A) = 1 iff in A exactly one pixel 

has value 1, one(A) = 0 otherwise, сощр(А) = number of diffe¬ 

rent 8-components in A, and, finally, the computation of the 

Bui er numbers ЗЦ (A) = number of 8-components in A minus the 
number of 4-holes in A, as well as kg(A) “ number of 4—compo¬ 
nents in A minus the number of 8-holes in A, cp. /10/ for 
different approaches te compute such functions. 

6. Time Complexities 

First of all we state the time complexities of those computa- 

tiooal problems mentioned in Section 5 for which both @рдм 

and ©pjjg, and thus the speed-up from BAH to BIS, are known. 

Her; as in the following it should be clear that the results 

glf»n in Theorems 1 and 2 are useful tools for the statement of 

lower bounds for quite a lot of the mentioned problems. 
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(1) pattern matching 

(2) Roberts gradient 

(3) rectangle 

(4) square 

(5) isosceles triangle 

(6) number 

(7) zero 

(8) one 

(9) B1 and E2 

Now, all those problems will be listed for which Q идм is 
known but not Ѳдщд. 

N2 

N 

N2 

log N 

1 
log N 

log N 

log N 

log N 

log N 
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N (10) histogram 

(11) shifts N2 

(12) cyclic shifts N2 

(13) matrix transposition N2 

(14) vertical/horizontal invertation N2 

(15) rotations by multiples of JT/2 N2 

Adequate we add those problems with known 
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(16) two-dimensional Fourier transform N' N2log 

(17) two-dimensional Walsh transform N2 n21i 
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Finally, the most indeterminate cases among the mentioned pro¬ 

blems are: 

П RAM RAM П PMS PMS 

(18) matrix multiplication N N' 

(19) median filtering N2 M N2 

2 >609 log N N log N 

log N G(log H)2+log N 

For the computational problems given in point (iv) of Sec¬ 

tion 5, in /4/ optimal algorithms are stated with Ѳ P1M(°) 

time in each case. 
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Thus, the determination of the convex hull for an ordered con¬ 

tour point sequence represents, as a matter of principle, a 

more simple problem than the computation of the convex hull of 

n arbitrary placed points in the plane (this problem possesses 

the time complexity ©g^Cs'log n) as shown in /9/). In /6/ it 

is proved that certain quantitative recordings of convexity of 

digital objects may be done on HIS real well (time H) 

for digital objects given by Их» binary images). 

To the given summary for problems (1) ... (19), four notes have 

to be added* 

(a) For the results given for pattern matching in (1), we have 

assumed that the pattern size H is viewed as a constant. 

(b) To the two-dimensional Fourier transform, in /3/ a parallel 

algorithm for the TVS is explained such that all arithmetical 

operations of this transform are performed within O(log Я) ba¬ 

sic HIS operations, however, for the obtained matrix all ele¬ 

ments have yet to change their positions according to the bit¬ 

wise inversion of their indices. To this transform a permuta¬ 

tion network would be well designed but the HIS as defined in 

Section 4 offers no adapted data transfer operations. In this 

sense, the results 0HJS(log N) as used in (16) and (17) are re¬ 

stricted to the performance of arithmetical operations only. 

(o) In /8/ it is shown that under certain restrictions, 

Optu(n.log n) is required for the discrete one-dimensional 

Fourier transform. 

(d) It has to be expected that the upper bound given for the 

multiplication of HxN matrices on a Bill does not reflect the 

state of the art according to the fast growing number of recent 

papers to this subject. 

7. Conclusions 

By the mentioned results in Section 6 it should be clear that 

several computational problems as in digital image processing 

can be essentially speed up by using the HIS opposite to the BAH 

as model of computation, and especially those problems, where 

the whole of the Их» array is submitted to an uniform treat¬ 

ment. It is remarkable that this Includes transforms as the 



median filtering, i. e., transforms with local decisions. Fur¬ 

thermore it is noticed that not only for simple local opera¬ 

tions as the Roberts gradient but also for the arithmetical 

operations of two-dimensional Fourier or Walsh transforms the 

speed-up from RAM to HIS is equal to or closed to the maximal 

possible speed-up 0(H2). 

Altogether, this paper may be understood as a contribution to 

the current research on interactions between 

1. the structure of favourable parallel hardware with special 

attention to the possibilities of data transfer in these 

systems, 

2. the possible parallizations of solution processes for com¬ 

putational problems in different fields of science and engi¬ 

neering, and 

3. the practicability of the proposed hardware-software com¬ 

plexes . 

For the design of optimal parallel algorithms, in hardware or 

for a programmable parallel computer, these three points must 

be taken into consideration as the general framework. For exam¬ 

ple , matrix multiplication may be done by O(log N) parallel 

operations but the corresponding hardware demands are highly 

unrealistic at present, cp. /5/. Thus, the design of parallel 

algorithms is quite different from the common design of sequen¬ 

tial algorithms for a von Neumann computer, where algorithm de¬ 

sign and hardware design are nearly independent processes. 

Furthermore, the investigations in /5/ have teached us that for 

the design of efficient parallel algorithms a programmable par¬ 

allel computer appears not as the best solution neither 

for an universal image processor nor for specialized image pro¬ 

cessors. In our opinion, a modular system would be the economic 

way where besides a central sequential processor to the data 

bus some parallel algorithms, realized in hardware, may be 

connected. Generally speaking, the aim should be that efficient 

solutions for parallel algorithms are realized in hardware to 

obtain the optimal enlargement of the central processor. 
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H1nwe1•• fOr Auteren 

Hanuekr1pte (in deutecher, ggf. auch in rueaiecher oder engli­
echer Sprache} bitten wir, en die Schriftleitung zu echicken. 
Die g••••t• Arbeit ist linkebOndig zu echreiben. Eine Auanah■e 
hiervon bilden hervorzuhebende For■eln und da• Litereturvar­
zeichnie. Der Kopf der Arbeit soll folgende Fore haben: Roetock. 
Mith. Kolloq./ Leerzeile/ vorne■• Na■•/ Leerzeile/ Titel der 
Arbeit/ 1 Zeilenu■echaltung/ Unteretreichung/ Leerzeile. Der 
Text der Arbeit iet eineinhalbzeilig (• 3 Zeilenu■acheltungen) 
zu echreiben ■it ■axl■al 63 Änechllgen je Zeile und ■exi■el 37 
Zeilen je Seite. Z■iechenifllereohriften eind wie folgt einzuord­
nen: 6 Zeilenvaechaitungen/ zwlachenÖberachrift/ Unteratrei­
chung (ohne Zeilenu■acheltung)/ 5 Zeilenu■achaltungen. Hervor­
hebungen eind durch Ullteretreichen und Sperren ■öglich. Ankün­
digungen wie Satz, Definition, Be■erkung, Beweia u. i. sind zu 
unteratreichen und ■!t ein-■ Doppelpunkt abzuschließen. Vor und 
nach Sitzen, Definitionen u. i. iet ein Zeilenebetand von 5 U■-
echeltungen zu leasen. Fußnoten sind ■öglichet zu ver■eiden. 
Sollte doch devon Gebrauch g-■echt werden, ao sind sie durch 
eine hechgeatellte Ziffer i■ Text zu kennzeichnen und innerhalb 
de• oben engegebenen Satzspiegel• unten euf der gleichen Seite 
enzugeben. For■eln und Bezeichnungen sollen ■6glichat ■it der 
Schreib■aechlne zu schreiben aeln. Hervorzuhebende For■eln eind 
drei Leerzeichen einzurGcken u■d ■it 6 U■echeltungen zu■ übri­
gen Text zu echreiben. For■elzihler sollen a■ rechten Rand ate­
hen. Der Platz fQr Abbildungen let bei■ Schreiben euezueparen: 
die Abbildungen eeibat alnd In der d-■ auageepartan Platz ant­
aprechenden Grll6e gesondert nach TGL-Vorechrift auf Transpa­
rentpapier beizufQgen. Der zugehörige Begleittext ist 1� Manu­
akript ■itzuachreiben. Sein Abstand nach unten betrigt 5 U■-
achaltungen. Utereturzitete 1■ Text eind durch laufende Nu■-
■ern in Schrigatrichen (vgl. /8/, /9/ und /10/} zu kennzeich­
nen und a■ Schlul der Arbeit unter der ZwiachenOberachrift Li­
teratur zuaa■■enzuatel!en.

-­

Glapiela1 (ZaitachriftenabkOrzungen nach Heth •. Reviews)
/8/ Zarlaki, o., end Sa■uel, P.: co-utative Algebra.

Priceton 1958 
/9/ Steinitz, E.1 Algebreiache Theorie dar Körper. �. Reine 

Angew. Hath. 137, 167 - 309 (1920) 
/10/ Gnedenko, B. w.: 06ir die Arbeiten von c. F. Gauß zur 

Wahrscheinlichkeitsrechnung. In1 Reichard, H. (Ed,): 
c. F. Geuß, Gedenkb■nd enllßlich de• 100, Todestages.
s. 193 - 204, Leipzig 1967

Die Angeben aollen in Originela,recha erfolgen: bei kyrilli­
achen Buchstaben aoll die bibliothekeriache Transkription 
(Duden) ver■endet -rden. 
NI Ende der Arbeit etehen fol9ende Angeben zu■ Autor und zur 
Arbeit: eingegen3en1 Datua/ Leerzeile/ Anschrift des Verfaaaera:f
Titel Inltleien er vorna■en N-•/ Institution/ StruktureinhaiV 
Streß• Heuanu■■er/ Lend Poetleitzahl Ort. 
Der Autor wird gebeten, eine Korrektur de• Ourchachlaga vo■ 
Offaet■enuakript zu leeen und dabei die ■ath-■atiechen Sy■bole 
einzutregen. Ferner aollte er i - 2 Kleaaifizierunganu■■ern 
(entaprechend der "1980 Math-■etice SUbject Claaaification• dar 
Hath, Review•) zur inhaltlichen Einordnung seiner Arbeit angeben, 
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