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44A10
Lothar Berg

On Daniel jan’s class of distribution functions

In E. A7 Danieljan and F. Liese [3] there‘wgs introduced a class
of distribution functions F(t) = Fy (), 1< ¥ <2, with the

Laplace transform f(s) = %{F(t)}v= Qo,v(S)’ namely
-1 ® ¥t 1/%-1
f(s) = rizsEy e (1 + t) “tdt, (1)
L/ fo

and F(t) 20 for t < O. At first we assume that s > O. 1In
the case ¥ =2 we find by means .of the. substitution
s¥t+l = s + x/2 that

2
f(s).= E%R I“e—sx-x /44x
o

and therefore
. t
=1 (. -x%/a
F(t) = e dx
#/,

for t 5 0. In the limit case ¥y =1 we have F(t) =1 for
t > 0. .

In what follows we derive in the case 1 < ¥y < 2 for f(s) and
F(t) converdent and asymptotic expansions in the neighbourhood
of - zero and infinity, respectively. In preparation of this we
obtain from (1) by méans of the substitution s¥(t+l) = x the
second repreéentation

g ¥
f(s) =_§T%T7¥T 1:7 e™X x1/¥-14y. (2)
In view of L
a + sy l/¥-1 fl.' I:e—(1+t)x x~ 1/ ¥4y
and

r(z)r(1-2) = gy _ (3)



we moreover obtain from (1) the £hirdyr¢presentation

_ l 7 o0 e—x x-l/“
f(s) = = sin‘, ’o -—m dx. . } (4)

Theorem 1: The function (1) possesses for & —>» +w the asympto-
tic expansion :

f(s) ~ L sind él(—nk’lr(k—z/f)s‘k", : (5)

and the corresponding original function possesses the develop-
ment

o k-1 ‘
F(t) = 1 sind D Ll glo-, (8)

wvhich converges for allt t » 0.

Proof: By means of the elementary formula

n . -
1 7 = z (—x)k—ls‘kx + L:&)—Y B_n‘.
xX+8 k= X+s '

we immediately obtain (5) from (4). And formally, we obtain (6)
from (5) by termwise inversion of the Laplace transform, how-
ever, only as an asymptotic expansion for t — +0. The convér-
dence of (B8) follows from Stirling’s formula and .y > 1.

In order to show that (6) is indeed the original function of
f(s) we derive from (2) the differential equation

¥

i.e.

(¢ - sOe(e) - 1V (o) = gy oY

corresponding in the original domain to the Volterra integral
equation :

t : :
4 x — & - v ¥-1
C(¥+1)F(t) + jo 2 ry Foodx = iy

¥
(s 27% £(s))’

which is uniquely solvable according to a siﬁple modification of
Theorem 18.5 in [2]. Now it can easily be checked that (8)  is
the solution of this equation, what proves the theorem. m

\



For ¥ = 2 ‘the series (8) coincides with the foregoing integral
representation. :

Theorem 2: The function (1) possesses the development

fsy =L e - Fo oY N
) = 3% - T Mty

which makes sense for all complex s + O, and the corresponding
original function possesses for t —> +x the asymptotic expan-
sion ’

F(t) ~ 1+ 1 L sin(om)Mien ™

1 sin(kyr)C(ky+1) . -ky-1 (8)
Sl e +1+1/% '

Proof: For the contour integral

T
ms
i/

3

-+
s
11 M8

-z _~1/%
J = e % dp
f z+s¥

PO

\ o
e1Ts¥ oLz=2xe —
/ e =

over the curve shown in the figure with s > O we obtain by the
thed¥em of residees

' ¥ -x -1
J = —2ni eF (elTg¥) I/ 4 (1 _ o 2mi/Y¥)y f" X x~ /¥ dx
o x+s8¥

and by development into a power series

<,
i

- E (—s*)k I e % z—k—1~1/tdz

k=0
= (1~ e‘ﬁlﬂ)k'i (~s) ¥ (-k-1/¥),
\ =0

where we have used the analytical continuation of the - r-func-
tion and the fact that J is holomorphic with respect to the
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variable s¥. Both equations together with (4) imply (7).
From (7) with

3 o
e = 3 L& , (9)

=0
we formally arrive at (8) replacing all powers sﬂ by

+P-1,p(-8) and applying (3). To justify this procedure we use
Theorem 1 from pp. 142-143 of G. Doetsch [4] after some rearran-
gements. For this reason let us write (7) with (9) in the form

8
ko, o(san)

1 n
f(s) = 5 + kgl 2y s

uniformly for s ~— O in any andular sector. Such expansion can
be différentiated termwise, so that we obtain for any m

8,,-m 8_-m
kKo o5 ™ )y, (10)

n B
£m(s) = (-1)® -BL 4 Z aym! (%ys
s =

in particular uniformly in |arec s| < n/2. With regard to the
theorem from {4] we choose m > Bn + 1. For O< res< a with
a >0 and suitable larde |im s| we have in view of x» O
and 1 < ¥y < 2 the ineguality

ix + s¥1 > 1817,
so that from (4) we easily find that
£(® (5) = 0(s¥ ™

for {im s| - «» uniformly in O < re s € a. Hence by the above
mentioned theorem from {4] we can transform (10) into
m—Bk—l

am  eam n Br. ¢ m-$, -1
(~£)"F(t) = (-t)" + kzl akm!(m ) PTE:FET + o(t

),

what implies according to (3)

n Bl g
F(t) =1+ 3 a & +o(t K7y
k=1 k TCBy)
for all n. This proves the theorem. =

\



Remarks: 1°. In (7) there appears a constant term with k=0
and possibly further terms with inteder Powers ky, but ali
‘these terms disappeér in (8) in view of the factor sin(kyn). In
pp. 150-151 of G. Doetsch [4] you find another Theorem 1, where
such cases are excluded, cf. also Theorem 45.4 in [2], which is
a weak version of it. Our foredoing proof shows a general possi-
bility to overcome this deficiency.

2° Let us emphagsize that, in the proof we have rearranged the
convergent development (7) by meens of (9) _jpto an asymptotic
expansion for s — O. ‘

3°. Using once more (3) we can'write (5) in the form

o sk"
o) v 2 MBTIAY -

Comparin¢ this expanslon with (7) we see a connection to a
deneralization of Theorem III from p. 60 of W. B. Ford [5], cf.
also Theorem 28.4 in [1]. Analogously, the-swm—in (8) is nothing
else than the last sum in (8) for 'k = -1,-2,... . The term with
k = 0 and the terms of the other sum with k < O are equal +to
Zero.

4°. Formu1a< (7) implies that the first moment of the density
function F’(t) equals to m; = ¥/C(1/¥) whereas (8) shows that
all higher moments do not exist. ~ .

Supplement from Oktober 24, 1988. In the ceSe that 'y = 3/2 the
function F(t) = Fl 3/2(t) can be expressed by hyperdeometric

functlons. c.f. 0. I. Maridev [8]. In particular, the correspon-
ding density function reads

1 2/3 _ 7/6 4.3
Freey = 2 rép ( 2F2(172] sr6s Zt) - § 1 F1(30%: g3t%y.

.where the parameters are the six numberg 3/6(1/6)8/6. The
function Fy 3/2(t) was calculated by W. Peters (7] for

t<4.35 by means of (6) and for t » 3.75 by means of (8),
where in the over-lappind domain the results are equal within 6
decimals. The author wants to express his thanks to Dr. Peters
for the permission to publish some of his results in the
following table.



t F(t) t F(t) t F(t)
0.00  0.000000 2.00 0.879231 10.00 0.890213
0.05 0.186023 2.10 0.887078 10.50 0. 990940
0.10 0.262289 2.20 0.8984210 11.00 0.991582
0.15 0.320001 2.30 0.900705 11.50 0.892151
0.20 0.367838 2.40  0.806634 12.00 0.992660
0.25 0. 409169 2.50 = 0.91205¢ 12.50 0.993116
0.3¢ 0.445739 2.80 0.917022 13.00 0.993527
0.35 0.478590 2.70 0.921582 13.50 0.993899
0.40 0. 508409 2.80 0.925776 14.00.  0.994236
0.45 0.535681 2.80 0.929640 14,50 0.9894544
0.50 0. 560767 3.00  0.933208 15.00 0.9984825
0.55 0.583942 3.10 0.936504 16.00 0.995320
0.60 - 0.605428 3.2Q 0. 939559 17.00  0.995741
0.85 0.625404 3.30 0.842393 18.00 - 0.996103
0.70 0. 644020 3.40 0.945027 19.00 0.996418
0.75 0.661402 3.50 0.947479 20.00 0. 996680
0.80 0.677659 3.60  0.948764 21.00 0.996930
0.85 0.692888 3.70 0.851898 22.00 0.997143
0.90 0.707169 3.80  0.953893 23.00 0.997332
0.95 0.720579 3.90 0.955761 24.00 0.997501
1.00 0.733183 4.00 0.957512 - 25.00 0.997854
1.05 0. 745040 4.10  0.959158 26.00 0.997791
1.10 0. 756204 4.20 0.960701 27.00  0.997915
1.15 0.766724 4.30 0.962155 28.00  0.998028
1.20 0.776645 4.40 0.963526 29.00 0.998132
1.25 0. 786007 4.50 0.964819 30.00 0.998226
1.30 0.794848 4.60  0.988040 31.00 0.998313
1.35 0.803202 4.70 0.967194 32.00 0.998393
1.40 0.811102 4.80 0. 968287 33.00 0.998487
1.45 0.818576 4.90 0.969322 34.00 - 0.998535
1.50 0.825651 5.00 0.970304 35.00 0.998599
1.55 0.832353 5.50 0.974531 40.00 0.998857
1.80 0.838705 6.00 0.977861 50. 00 0.999186
1.85 0.844729 6.50 0.980535 80.00 0.999383
1.70 0.850444 7.00 0.982719 70.00 0.9899511
1.75 0.855870 7.50 0.984527 80.00 0.999601
1.80 0.861024 8.00 0.986044 . 90.00 0.999666
1.85 0.865923 8.50 0.887330 100. 00 0.999715
1.90 0.870581 8.00 0.988432 200. 00 0. 9988900
1.95 0.875013 8.50 0.989384 300. 00 0.999946



For t » 200 we can use the simple approximetion

F(t) = 1 - ’27&?1 y7372.
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Thomas Hintzschel

Dieter NeBelmann

Ein Algorithmus 2zur Untersuchung von Halbordnungen auf Cohen-
Macaulay-Eigenschaft

O. EinfUihrung

In der vorliedenden Arbeit wird ein Aldorithmus bereitgestellt,
der entscheidet, ob eine vorgegebene Halbordnung {iber dem Be-
reich der ganzen Zahlen oder einem K8rper der Charakteristik
p»O die Cohen-Macaulay-Eigenschaft besitzt oder nicht. Fur
diesen Algorithmus wurde ein Turbo-Pascal-Programm f{ir Personal-
computer andefertidt und an einfachen Beispielen detestet.

In (2] fuhrt K. Baclawski den Begriff der Cohen-Macaulay-Halb-
ordnungd ein. Ist P eine Halbordnung mit maximaler Kettenlinge
d, dann sei K(P) der abstrakte Simplizialkomplex, dessen Sim-
prlexe die Ketten von P sind, einschlieBlich des leeren Sim-
rlexes, das der leeren Kette entspricht. K(?) ordnen wir in
iblicher Weise reduzierte Homologiedruppen ﬁi(K(?),K) {lber dem
Kbrper K 2zu. Wir sagen, P ist ein Homologie-Bouquet fiber K,
wenn

ﬁi(K(?),K) =0 fir alle i mit O0<C i <d,

d.h., K(?) ist aus topologischer Sicht die Vereinigung d-dimen-
sionalerASph&ren. Fugen wir zu 2 zusﬁtz}ich ein kleinstes Ele-
ment O und ein gréBtes Element 1 hinzu, dann sei
P=2PU fO,l}. ? heiBt nun Coheq—Mecaulay-Halbordnung, wenn
Jjedes offene Intervall (x,y) in ?® ein Homologie-Bouquet ist.
Es erweist sich ([2], Prop. 3.3), daB diese Definition gleich-
wertig mit der von A. Reisner (8], Theorem 1, gedebenen Charak-
terisierung von Cohen-Macaulay-Komplexen ist.
Cohen-Macaulay-Halbordnungen besitzen eine Rangfunktion ([2]L
Prop. 3.1), d.h., in jedem offenen Intervall (x,y) von P
besitzt jede maximale Kette dieselbe Linge r(x,y). Wir nennen
r(0,x) den Rang von x und bezeichnen ihn kurz mit r(x).

Fir weitere Eidenschaften von Cohen-Macaulay-Halbordnunden sei
u.a. auf die Arbeiten [2] und [3] verwiesen.

2°



1. Algebraische Vorbereitunden

Sei ¥ eine Halbordnungd auf der Mengde V={a1,...,an}. Dann
_ordnen . wir entsprechend wie Reisner (6] jedem Element a; € V
eine Unbestimmte X3 {iber dem K&rper K 3zu.

Sei R = K[xl,...,xn] der Polynomring in XyseeenXy, {iber K. Der
Halbordnung % ordnen wir das Ideal I(P,K) zu, das von allen
quadratfreien Produkten x50 Xy erzeugt wird, so/da8 a; und
ay in ? nicht verdgleichbar sind:

L(P.K) = ({xj-x;: a; + a3 A -a; € a5 A-a; < a;1)-R
Ist P’ € P eine Teilhalbordnund von P, die auf einer Teilmenge
V'’ von V definiert ist, miissen wir die Unbestimmten X4» fur
die a; ¢ V', ebenfalls hinzufilden. Dann entspricht einer Kette

e {ai P...Pa.} in P das Ideal
[} nm
I(®’,K) = ({xj: 1€ i€nAadé€ {ig ..., 3R
Es gilt ({6], Prop. 1, Proof)

I(P,K) =N I(P’,K) : {9’ 1ist meximale Kette (der
Linge m) in P}.

I(P’,K} hat die Krull-Dimension ﬁ+1, die wir mit dim I(P’,K)
-bezeichnen. Es gilt (vgl. [4],131.7)

dim I(P,K) = mex {dim I(P’,K): P’ ist Kette in P} = d+1.

P ist nach den oben angefilhrten Ergebnissen von Baclawski und
Reisner genau dann pohen#Macaulay—Halbordnung, wenn es d -For-
men Fo""’Fd—l € R gibt, so daB das Ideal
(I(P,K),F,,...,Fy_;)R ungemischt von der Krull-Dimension 1 ist.
Letztere Bedingung wird in der Theorie der Polynomringe _ als
Definition fiir die Cohen-Macaulay-Eigenschaft denommen  und
liegt der Arbeit [6] zugrunde. Man sagt auch, I(P,K) ist per-
fekt tber K. Ist I(P,K) perfekt, dann ist filr alle Formen
F,o’f"’F,d’ so daB ’

dim (I(?,K).F’,...,Fi_l) =n ~ dim I(P,K) - i,

das Ideal (I(®,K),F,...,F}) ungemischt fur i =1, ..., d-1.
Es sei im folgenden P eine Halbordnung mit Rangfunktion, Ij

12 ’



die Indexmenge Ij = 44 = r(ai) = j} und Lj die Linearform
Lj =2 x; 1€ Ij.

Satz 1: Sei = = (xl,...,xn)-ﬁ degs maximale homogene Ideal in
R, d=dim I(P,K) - 1 und I*(?,K) = (I(?,K).Lo,...,Ld). Dann

gilz =29*2 ¢ 1%p,K).

Beweis: I*(?.K) enthilt alle Quadrate der Unbestimmten

LSTRRREE o9 denn wenn r(ai) = j, tritt x5 in L als Summand

auf. In der Summe xk'Lj =i§1'xk-xi ist Xpx; € I(P.K) fir

i*k, da a; und ay upvergleichbar sind. Daher ist auch xﬁ €

I*(?,K). Ist x5 ...xid " ein Produkt aus d+2 paarweise ver-
o ;
schiedenen Unbestimmten, so sind sicher zwei der Elgmente
8; 5...58y 3 unvergleichbar, da d die maximale Kettenlidnge
ist, also Xy CeeXg € I*(?.K). »n
0o d+1

Wegen Satz 1 gibt es eine endliche Kompositionsreihe homogener
Ideale von I™(P,K) bis = der Linge u: '

* - s
I(PK) =a; S apc ... © a, =

Satz 2: Sei P eine Halbordnung mit Rengfunktion, d.h., I(P,K)
ist ungemischt. I(P,K) ist genau dann perfekt, wenn u gleich
der Anzahl der maximalen Ketten in P ist. N .

Beweis: Wir betrachten die Hilbertfunktion H(t, I(P,K))" des
Ideals I(P,K)Y.. H(t, I(P,K)) ist fiir denlidend groBes +t ein
Polynom in t, das men foldendermafBen andeben kanni‘

- t t
H(t,I(?,K)) =h () + hy(32) + ... +hy, b >0, h,,....hy ¢ z.

Der hochste Koeffizient ho = ho(I(?,K)) ist die Ordnung des
Ideals -I(P,K). Mach [2], 6., Satz 24, ist weden .

I(P,K) = N I(P’,KY : {P’ ist maximale Kette in P},
da P eine Rangfunktion besitzt,
ho(I(?,M)) =Z ho(I(?’,K)).

Die Ideale I(P’,K) haben die Ordnung 1, da sie von Linearfor-
men erzeugt werden. Folglich ist hO(I(?,K)) gleich der Anzahl
der maximalen Ketten von P, ‘ ’

13



Sei andererseits Xn41 eine Unbestimmte {iber R. M;t «* be-
zeichnen wir das von a-R in B[xn+1] erzeugte Erweiterungs-
ideal. Nach {5],(6.8), gilt a =« NMA, und «a ist genau dann
prim (prim¥r), wenn &* prim (primdr) ist. Die Hilbertfunktion
H(t,I*(?,K)*) des Ideals I*(?,K)* ist flir denligend groBes t
eine Konstante, die Ordnung h (I*(®,K)*). Nach [8], Satsz, ist
I(?,K) genau dann perfekt, wenn
* -

ho(I (?.K):) = ho(I(?,K))-ho(Lo,...,Ld).

also h (I (P,K)*) = h (I(®,K)), da hO(Lo,...,Ld) = 1. Weiter-
hin ist ho(I*(P,K)*) = p-ho(ﬂ*) nach [4], 143.5, wobei u die
‘LEnde einer Kompositionsreihe von ®*-priméren Idealen von

I(P,K)* nach #*, also gleich der Linde einer Kompositionsreihe
von homogenen Idealen von I (P,K) nach ® ist. m

2. Aldorithmische Realisierung

Der Aldorithmus besteht im wesentlichen aus zwei Teilen. Zum
einen werden nach der Eingabe der miteinander in Relation ste-
henden Elemente die maximalen Ketten bestimmt (und demit ihre
Anzahl), und zum anderen wird eine Kompositionsreihe von
I*(?,K) bis ® konstruiert. Wegen w9*lc I*(P,K) gibt es ein

r mit 1< r<d, soda8 a™!c 1%®,K), aber af ¢ 1%(,K).
D1e Kompositionsreihe kenn man so aufbauen, deB die Ideale
(%2, K),a%) fur s = 1,...,r darin auftreten:

2.k c (1%2,K),27) © ... c (I%®.K),®) =
Nach [9], Ch.I1I, §6, ist der Faktormodul
(I (P,K},®

s
)
/(1% (2,K), 2541
ein Vektorraum tiber K = ﬁ/ , dessen Dimension Hg sei, und fir
den wir eine Basis bestimmen wollen. Als Baslselemente kénnen

wir Restklassen von Potenzprodukten LIPRRES 5 wdhlen, so daB
1 s .
ail < aiz < ... € ais eine Kette der Linge s-1 ist. Sind
- TS die Potenzprodukte vom Grad s und Q-9 i
s g

diejeniden vom Grad s-1, die Ketten der Linge s-1 baw. s-2
in P repridsentieren, dann entstehe @ aus q.L., indem wir
alle Potenzprodukte in q L streichen, die bereits in I(®,K)

auftreten Bezeichen w1r d1ese Formen mit Gy,..,G; , B0 gilt
Gy =Z e;jp; mit e i5 € 10,1}, =1, ceea 8y 1
Die Koeffizienten 253 aller dieser Formen werden =zu einer
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Matrix M= (eij) zusammengefant. Nun ist P; € I*(?,K) genau
dann, wenn es Yir--¥g € K gibt, so daB py = 2 y:G:, wenn
1 37

also das lineare Gleichungssystem . M E = ny l6sbar ist, wobei
wir Py durch den Vektor nm; reprédsentieren, der als i-te
Komponente die 1 und sonst O besitst. Offenbar ist M E = n
genau dann unlisbar, wenn die i-te Zeile von M linear abhn-
gig von den vorherigen ist, also Hg =8 - Reng M . .

Da M eine ganzzahlige Matrix ist, k&nnen wir bei der Rangbe-
stimmung in Z rechnen. Ist daher p > O eine Primzahl, so
ergibt sich durch das Rechnen modulo p eine Aussage dariiber,
ob P f{ber einem K8rper K der Charakteristik p eine Cohen-
Macaulay-Halbordnung ist oder nicht.

.

3. Bemerkungen zur rechentechnischen Umsetzung

Dem realisierten Algorithmus liegt foldende Programmstruktur
zugrunde:

I Eingabe der Halbordnung: Zur Beschreibung von P reicht es
aus, diejeniden Elementepaare anzugeben, die unmittelbar zu-
einander in Relation stehen. Es sind A[1l..n], B[l..n] String-
vektoren, -in denen Erzeugendenpaare A[i]/B[i] des Hasse-Dia-
dgramms gespeichert werden.

11 Uberpriifung der Antisymmetrie: Dieser Schritt ist notwendig,
da ansonsten auf Grund von Eingabefehlern im weiteren Programm-
ablauf endlose Schleifen entstehen kdénnen.

li:=1(1)n
l
|

| § :=i+1 (1) n
| if A[3] = B[i] and A[i] = B[j] then Programmabbruch

111 Bestimmung der Kettenanfﬁnﬁe: Es werden diejeniden Elemente
desucht, die nur im Vektor A, nicht aber in B auftreten.

I1:=1(1)n
if A[il not in B[1l..n] then A[i] Anfangselement

IV Suche der meximalen Ketten: Ausgehend von allen in III gefun-
denen Anfangspaaren werden durch Suche von AnschluBelementen
Ketten gebildet.

K’ := A[i] + B[i] =  (Kettenbildung durch Stringaddition)
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| repeat

| x :

i s : = 1 (1) n ,

|| i# "Ar31 = B[i] then K’ = K + B[J]

) |-unt11 K> =K ’

Durch riickwirtiges- Suchen muB nach eventuell verschiedenen An-
schluBelementen gesucht werden, um Verzweidungen in der Halbord—
nung zu berilicksichtigen.

Speicherung aller K im Vektor V1[1l..p]
| §:=1 (1) p1
if Lénge V1[Jj] <> Lénge V1[j+1] then Programmabbruch
(nicht Cohen-Macaulay !)
1 := Lénge V1{1] (maximale Kettenlinge)
max := p (Anzahl der maximalen Ketten)

V. Bestimmen der Ringe/Aufstellen der Linearformen:
C{i..m] (Elemente der Halbordnung)
li:=1((1)Ym
.r := Position von C[i] in V1[j] (beliebige Kette, die
. ) C[i]l] enthdlt)
Lir,n.] :=C[i) (L[1..1,1..n.] - Linearformen,
nr-Anzahl der Elemente vom Reng r)

D, = n.+ 1

VI Bestimmung der Lénge u der Idealkette: Es ist zu untersu-
chen, welche Potengprodukte vom Grad s (1»>s>2) sich nicht als

Linearkombinationen von Potenzprodukten vom Grad s-1 mit den
Linqarformen Li darstellen lassen. Da nur die Ketten unter-
sucht werden milssen, die keine nichtvergleichbaren Elemente
enthalten, k&nnen die kilrzeren Ketten durch suk23551ven Abbau
aus den maximalen Ketten gevonnen werden.

# =1 (Ausgangsideal)
8 :=1(-1) 2

| i:=1 (1) p

, s-maliges Streichen jeweils eines Elementeés aus Vi[i]
I Speicherung der so gewonnenen Ketten der L¥nge s-1 in
I veri..q ’

lexikographisches Ordnen von V2

Aufstellen der Koeffizientenmatrix

M(1..p,1..t] ganzzahlige Matrix, alle Elemente gleich O
t =1

[
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i::=1(1) q
j:=1(1) 1
=1 () n
:= V2{i] + L[4, k] (evtl. Umordnen zur Kette !)
fu:=1(1) p
| if K=Vi{u] then Mfu,t] := 1 _
t,:= t+1 (falls Kette aus V1 in V2[il*L[Jj] gefunden
wurde) '
Anwendung des GauB-Algorithmus auf M
Anzahl u, der gestrichenen Zeilen ist t - Rand M

i
I
¥
I
[l
|

Ll o +ug
Vi := V2
V2 18schen

v o=@ 4+ (m-1) (h—l : Anzahl der nicht im Ausgangsideﬁl
enthaltenen Potenzprodukte vom Grad 1)
if ¢ = max then Cohen-Macaulay-Eidenschaft ist erfiillt !

4. Anmerkungen zur Realisierund des Algorithmus

Auf der Grundlage des hier verkiilrzt beschriebenen Aldorithmus
wurde ein Programm in einer Turbo-Pascal-Variante flir einen 16-
bit-Personalcomputer geschrieben. Bei der Umsetzung sollte fol-
gendes beachtet werden:

- Es ist mit Problemen hinsichtlich der SpeicherkapazitBt zu
rechnen. Nach M8glichkeit wurden Stringvektoren mehrfach denutzt
(z.B. werden die Vektoren der Erzeugenden nach Schritt V nicht
mehr bendtigt). Der GauB-Algorithmus ist gilnstig ganzzahligd zu
realisieren, so daB M keine speicherplatzintensivere Real-
Matrix ‘séin muB. Die ganzzahlige Rechnung bietet darilber hinaus
die Mtglichkeit, fiber KoeffizientenkBrper mit einer Charakteris-
tik griBer O Aussagen zu treffen.

- Zur Vermeidung allzu langer Rechenzeiten wurden auftretende
Vektoren lexikographisch geordnet, um bei der hsufig vorkom-
menden Suche nach bestimmten Elementen nach Uberschreiten be-
stimmter Schranken abbrechen zu kénnen.

- Beispiele zum Testen des Programms lassen sich leicht durch
baryzentrische Unterteilung einfacher simplizialer Komplexe
gewinnen. So ergibt z.B. ein Tetraeder eine Halbordnung mit 14
Elementen ' und 24 Ketten der Linge 3. Diese Halbordnung ist
Cohen-Maceaulay; die Laufzeit unseres Programms betr¥gt dafir 2
Minuten.
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On strongly coercive pseudo-differential operators

1. Introduction

Let G be an open set in R™ and let L be a 1linear operator
from C:(G) into the Schwartz class S. Furthermore, let K*
denote the totality of positive continuous weight functions k
such that for each k € K* one finds C » O end s € B with

K(B) < C(1+1819)%/2 =: Ck (8) for E ¢ R". (1.1

Let k and k¥ be in K*. We say that the operator L is
strongly k" ~coercive on G, when the estimate

Re(Le, @)y > CylieliE 4= - Collel2 (1.2)

for all ¢ ¢ Cg(G) holds with C; > O and C, > O. Here the
scalar product (...)k: S xS —>C€ is defined by

Coswdyi= (2070 (Fo) (E)TFOITED K2 (E)dE, (1.3)

where F:S — S is the Fourier transform.

Various classes of partial differential operators satisfy the
estimate (1.2) with certain weight functions k and k~. For
the elliptic case we refer to [3] and (1, pp. 78-80]. For the
semi-elliptic case cf. [8]. For a certain non-hypoelliptic class
of operators the estimate (1.2) is established in ([5]. For
strongly 2t-coercjve operators with constant coefficientS we
refer to [6] (cf. also [{10)}). The estimates (1.2) are also
obtained for classes of pseudo-differential operators (cf.
[1, 7) and [9, pp.54-55]).

We shall give an aldebraic characterization of (1.2) in the case
when G belonds to a certain subclass A of open sets in R?
and when L is a translation invariant pseudo-differential
operator with smooth (tempered) symbol (cf. Theorem 3.1).

Furthermore, we shall show a sufficient condition for the vali-
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dity of (1.2) in the case when G = R® and when L is a
pseudo-differential operator, whose symbol L(.,.) 1lies in the

Beals and Fefferman class Sg’: of symbols (cf. Theorem 4.5).

Specifically, we ohtain that (1.2) holds with k = ks, s € R and
x¥ = ki, when the symbol L(.,.) of L lies in the Hbrmander

class Sz,sf 08 <es<l, m €M of symbols and when (with
¥ >0 and R > 0)

Re L(x,E) > ¥k (E) for x ¢ A" and |El >R
where t € Im-(e-5), ml.

2. Preliminary notations
2.1. Let K* be a totality of positive continuous weight fune-
tions k:R® —> R such that for each k ¢ K* there exist con-
stants C > 0 and s € R with

KD < c(1 ¢ 1E1DS/2, for £ €AY (2.1

In the following we demote k (E) = (1 + IE1%)5/%; s ¢ R. The
function k is clearly an element of K*. We also remark that
the tota11ty K of weight functions given in [4, p. 4] is a
subset of K ¥

Suppose that p -is a number in the interval [1,x[. In the
‘Schwartz class S we define a norm and a scalar proddbt with
the requirements

-n Pye)l/P
Help, i = ((2m™ [ 1 (Fe) (E)KCE) 1PaE) (2.2)

and

vy = (207 [ (Fe) () TR TETKE (B)d, (2.3)

vwhere F denotes the Fourier transform from the Schwartz class
S into 8. We write leelly = Nv“zlk.

.The integral fnn?(x)v(x)dx is denoted by ¢(w). We recall the
Parseval identity

elw) = (2n) N(Fo)(Fp). (2. 4)
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2.2. In the sequel we shall consider strongly coerciveness re-
sults for the linear pseudo-differential operators L(x,D) de-
fined by

(L(x, D))o} (x) = (2m)™™ [ L(x,8)(Fo)(E)et(E-X)qg,
R (2.5)
for ¢ & S.

Here the mapping L{.,.):R" x R" — € lies in C°(R® x A") and
obeys certain (which we shall make explicit below)  tempered
conditions. ’

Let (&,4) form a pair of weight functions R® x R —> R in the
sense of Beals and Fefferman [2], that is, @ end ¢ are posi-
tive continuous functions R® x R” —» R such that with some
c>0, C>0 and € > O one has

(i) c < $(x,E) < Ckl(E) and ck, _,(E) < #(x,§). € C . for
all x, € € R",

(ii) ¢ < #(x,E)P(x,E) for all x,E € R,

(iii) For each q > O there exists a constant G > O such
that the estimate

s EE - EEB MY <o

holds for all (x,(E,n)),(y,(f,n)) € P? x Eq, where Eq
is defined by }

= {(E.n) € Bh x BP: +§+ + +%+ < q}. .

(iv) For each (x,E) € R® x A" there exists .a constant
Cx £ > 0 such that the estimates

W IO < o e FEY ¢ HEN < e

hold for all (¥,m) € U{x,E):= {(y.,n) € R x RD:
: ly-xl < c#(x,€) and {n-El < cd(x,E)}.

One sees easily that the functions &(x,E):= k() and
(%, E):= k_g(E) form a pair of weight functions, when
0S8 < e 1; 6<1. .

Let M and m, be in R. Suppose that L) ise a
C”(R® x R®)-mapping such for each (o,8) € Ng > Ng there exists
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a constant ca,B >0 with

2L 01 < G, (P (x ml (x1) (2.6)

for all x,E € A%, Then ve say that L(.,.) lies in Si'% (and

the meapping L(.,.) is called a.symbol lying in sg:';‘). We

remark that Sﬁ’m is the Hbrmander class sgegms' of

; e’k—s
symbols. For the basic calculus of pseudo-differential operators
(2.5) with symbols in Sg’: we refer to [2, pp.1-19]. We recall
phat L(x,D) 'maps 8. into itself when L(.,.) belonds to
sg:;' (Lemma 1 of [21). ‘

Suppose that L is a linear operator from S into S. We - say
that the formal transpose of L exists if one can find a. linear
operator L’:8 - 8§ such that

(L) (w) = @o(L’w) for all ¢,y € S. (2.7)
The operator L’ is the formal transpose of L. In the case when
L(.,.) 1lies in Sg:g, the formal transpose L’(x,D) of L(x,D)
exists and the symbol L’(.,.) of L’(x,D) is of the form

et = 2 ZHen i @@nn oo -6 + sy, (2.8)

z
lof <N
M-N, m-N ’
where Sy(.,.) € 807 07" (ef. [2], Theorem 1, p. 4). Here the
® .4

weight functions ¢ and ¢¥ are defined by &"(x,E) = &(x,-L)
and ¢”(x,E) = #(x,-E).

2.3. Let L(.) be a C°(R")-mapping such that for each § € N
there exist constants CB >0 and vg € R with

m‘éL(tn < Cgkﬂn(t) for all E ¢ A" (2.9)

Then the (translation invariant) pseudo-differential operator
L(D) defined by

(L)) (x) = (2m)7P jnnL(E)(F«p)(:)ei“-x’dt (2.10)

maps S into S. This follows from the fact that one has
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L(.)Fp € 8 (2.11)
and from the Fourier inversion formula. In addition, one has

F(L(D)¢)}(E) = L(E}(Fe)(E), for E € R, (2.12)
From the Parseval identity and from Fubini Theorem one sees that
the formal transpose L’(D) of L(D) exists and L’ (D) is
given by

(L (Dye)(E) = (207 [ L-ty(For(pret (F-ag. (2.13)
One sees easily that every +transletion invariant symbol
L(x,E) = L(E) which belongs to Sg’: satisfies the estimate
(2.9).

3. On coercivity of a translation invariant operator

Denote by A a subclass of open sets in R® such that

A = {GcR®: for any 1 € N there exists Xy ¢ R so that
the open ball B(x;,1) < G}.

For example, the open cone in R® belongs to A. Specifically,
the whole space R? is an element of A.

Let k and k~ be in K*. Suppose that L(.) 1lies in C*(R™)
such that (2.9) holds. Then L(D} meps S into S and so we
are able to consider the validity of the followind estimate:

Re(L(D)e, %)y > cluwuivﬁx; Colhel . (3.1

for all ¢ € CE(G), where C1 >0 and C2 » 0. In fact, we
establish the characterization

Theorem 3.1: Suppose that G belondgs to A " and that L(.)
obeys the estimate (2.9). Then the inequality (3.1) holds if and
only if

Re L(E) + C, » Ck'(E) for all E € R, (3.2)

Proof: A. At first we show that (3.1) implies (3.2). Choose
© € C7 such that ©&(x) =1 for
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x € B(Q,I/Z):= {x € R%: x| € 1/2} and that supp © < B(0,1).

Fix € ¢ R?. For any 1 ¢ N we define

0,(x) := 1™ %((x-x)/net®BX (3

/

.3)

Then one sees that 91 € Cz(G) (since supp 61 < B(xl,l) c G).

Furthermore, one obtains (by (2.12))

(FO, ) (n) = 177/2 fnn9<<x-X1>/1)ei(E““’x’dx

i(E-n, ly+xy)
= 17/2 fﬂne(y)e T gy 3.
: i(E-n,%;)
= 1%2 (Fo)(1(E-n))e .
and ‘> ;
F(L(D)&;) (n) = L(n)(FO;)(n)
: o (3.
i(E-n,xy)
= 10/21,(n) (FO) (1(E-n))e L
for any . n € BR®. Thus we have
weyif = 2m™ [ 171 (Fo) (1(E-n))1 AP (madn (3
= @™ {1 Fo) (1 A (- (r/1)ar,
2 _ -n { 2,12~
HopIZ o = (2m) jnnt(Fe)(w)l (%K) (E-(t/1))dT, (3.
and

Re(L(D)8,,0;), = Re[(2m)™® [hnF(L(D)el)(n)TF5;TTﬁjk2(n)dn]

Re[(2m) 0 fpnb(E-(F/1K2 (E-(/1)) 1F0) (1)1 2.

Since k € K* is continuous, one has | (F9)(T)Ik(E-(T/1))

1 (FO)(T)Ik(E). Furthermore, one has (by (2.1))
H(FO) (7)1 k2 (B~ (/1))
< 22!y + 1St ey (en? (3

< 2252y (1 + 111218 (roy (1) 12

24

Rel(2m) ™™ [ p1°L() | (FO) (1(E-n)) | 2P (nydn] (3.

4)

5)

6)

7)

8)
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for all 1 €N, T ¢R™ Hence in virtue of the Lebesgue
Dominated Converdence Theorem we get the converdence

1o, 12 — k2(51ﬂ9"§0 (3.10)

(note that k, = 1). Similarly one sees that
2 2 ™ 2
neyh — KO Een . (3.11)
1 vk k,

In view of the estimates (2.9) and (2.1) we have

ILce - PrEE - Priirey (2

/2

< cc2!s e - B k@ s 8 ey (1712

Isl+lug/2) Isi+lu,/21

< cc2 | (FO) (1) 12

o .
Isl+lu /21
< CCOZ

lu_ /21
(1+181%) ey (et 12)

I8l +lug/21

k, IEIkE)(1+1T1%) IFeY(£)12,  (3.12)
0o

for all 1 € N, T € R™.
Since L(.) and k are continuous the integrand
L(E - Dx%(E - D1FO)(1)12 is covering to L(E)XZ(E)I(FO)(T)12

for each T ¢ R". Hence the Lebesgue Dominated Convergence
Theorem implies that

Re(L(D)0;,0,), —> Re[L(E)KE(EIONZ ]
° (3.13)
= (Re LENKZEIIONT .
(o]

Substituting 61 in the estimate (3.1) and letting 1 — o« 6 we
obtain ) '

(Re L(ENKE(E)IONE
o (3.14)
>'Clk2(£)k~(!)“9uﬁo - czk2<z)neu§°.
and then one has
Re L(E) + Cp > C,K (E),

that is, the estimate (3.2) holds.
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B. Conversely, suppose that (3.2) holds. Then we obtain for all
@ € 8

Re L(E) (Fe) (E)TFRITETKZ(E) + Cpl (Fe) (E)12K2(E)

(3.15)
> €yl (Fo) ()1 20 208D
and then one has
20y | | Re[F(L(D)¢) (£)TFeI(ETK? (8) 1dE ,
'y . (3.18)
> Gyllel? o - Cotten,

which yields the estimate (3.1). This finishes the proof. -

Remark 3.2: A. In the case when k™ () = o with |E} — =, one
sees that (by Theorem 3.1) the inequality (3.1) is vqlid if and
only if there exist constants E > O and R » O such that

Re L(E) » E K (E) for I|E! > R. (3.17)

B. As oné sees from the proof of Theorem 3.1 (Part B), the
inequality (3.2) implies the strongly Kk -coercivity on any open
set G < R". Thus, specifically one gets that L(D) is strongdly
k~-coercive on an open set, which belongs to A, if and only if
L(D) is strongly k -coercive on R".

C. In the case when G = R® one gets the characterization of
Theorem 3.1 more easily: One finds that (3.1) heolds if and only
if
2 2

IﬁnRe LOEYK®(E) | (Fo) (E) | “dE x

> ¢ [ n B @1 (R (8)1 20k - C, ]nnk2<z)|(Fw)(£)|2dz
for ¢ € S, end so (3.1) is valid if énd only if

fan(Be LB - cu™®) - cp?EriviZaerae > 0 T (3.18)

¢

for any w € S (here one must note that since F:S — S is an
isomorphism, for any ¢ €S we find one w € S so that

.Fe =+"). The validity of the inequelity (3.18) is clearly

equivalent to (3.2), and so the characterization of the
Theorem 3.1 is proved.
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4. Sufficient criteria for strongly coercivity

4.1, In the sequel we denote “‘"k = "‘“o and
o
(.,.)k = (.,.)o, that is, “‘“o is the Lz-norm and (..,.)o is

the Lz-ecalar product We recall from [2] the followind two
theorems.

Theorem 4.1: Suppose that L(.,.) € Sg'2
constant C > O such that

Then there exists a

HL(x,D)ell, < Clioll, for all « € S. (4.1)
Theorem 4.2: Suppose that L(.,.) € SQ p such that

L(x,E) » O for all x,E ¢ R™. (4.2)
Then there exists a symt;ol 1(.,.) € sg:;'““l such that

Re((L(x,D) + 1(x,D))¢,¢), » O for all ¢ € 8. (4.3)

The proof of Theorem 4.1 is given in [2, p.12] and the proof of
the Theorem 4.2 is given in {2, p. 19].

Let L(.,.) be in Sg 3 Then it is clear that the mappiné
LRe("') defined by LRe(x.E) = Re L(x,E) 1is in Sg:?. We show

Lemma 4.3: Suppose that L(.,.) € Sg:; such that
Re L(x,E) » O for all  x,E € R, (4.4)
Then there exists a symbol a(.,;) € Sg:;'m—l such that
Re((L(x,D)} +'a(x.D))¢,¢)o » 0 for all ¢ € S. (4.5)

Proof: Due to Theorem 4.2 one finds a symbol 1(.,.) € Sg:;’m—l

sgch that

Re((Lp (x,D) + 1(x,D))¢,9), » O for all ¢ € S. (4.6)

Furthermore, we obtain
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Re(L(x, D)9, @), = 3((L(x,D)9,9), + (LG DY%,@),)

. (4.7)
= %(L(x,D)«g + E’Zx,ﬁf«uw)o for ¢ € S, :

wvhere L’(x,D) is the formal transpose of L(x,D). The formal
transpose L’(x,D) is a pseudo-differential operator with

symbol L’(.,.) € SM;,'” - (ef. Section 2.2). In addition, by

(2.8) one finds a symbol b(.,.) € Sg,';’m"l such that
L’ (x,E) = L(x,-E) + b(x,-E) for x,E ¢ A", (4.8)

Thus one has

(L(x,D)¢ + L"(x,D}®) (x)

=™ (L0 B (Fo) ()1 (E:X) T ORI (e (6 ) ya
= (2™ [ (LeaE) + DTRED (Re) (et (B X0ar (4.9)

2(Lpe(x.DYe)(x) + (B(x.D)9)(x),

where B(.,.) ¢ Sg:;’m—l such that B(x,E) = B(xE). (In (4.9)

we used the relation (Fp)(E) = (Fe)(-E)). Hence we get from
(4.6),(4.7), and (4.9)

Re((L(x,D) + L(x,D) ~ } B(x,D))e, %),
. (4.10)
= Re((Lp,(x,D) + 1(x,D))¢.,9), > O

and then (4.5) holds with a(.,.) = 1(.,.) - § B(.,.). This
finishes the proof. m

4.2. Suppose that L(.) € g’;‘ is a translation. invariant
symbol, that is, L({.) € C*(R"). obeys the estimate

IDRLE) < ot Bl i, )™ 8) for x.E ¢ R (4.11)

In addition, we assume that L(.) is real-valued and fhat one
finds a constant ¥ > O such that i '

L) > v, 0)e®(x,8)  for x,E CR™. (4.12)

Then for 'each s € R the mapping LS(.)  defined by
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L3(E) = (L(E))S lies in 8498 (of. (2, p. 31). We denote (as
above) by L%(D) the pseudo-differential operator (2.5)
corresponding the symbol L9(.). Especially we write

Lio) = Lpy. - ‘

Lemma 4.4: Suppose that P(.) € Sg’: such that
P(E) > O for all E ¢ R". (4.13)

Furthermo:e, suppose that there exists a symbol q(.) € Sg—é’m_l'
such that with some ¥ > O

a(®) » v 1 (x, 83" 1(x,E) for all x,E € R® (4.14)
and that
= 0 with (Bl > «. (4.15)

Then for each 1(.,.) € sg‘;-m'l, e >0 ,and N€EN there
exists a constant C > O so that '

HAGL D)o, @) ) < eliwlZg + Cllel? g for ecs (4.16)

Proof: For the first instance we remark that usind the property
(i) of weight functions ¢ and ¢ one sees that JF  belongs
to K*. ’
‘Let 1(.,.) be in S§ L™ and let e >0, and NN be ar-

bitrary numbers. The composite operator q’llz(D)gl(x.D)oq-l/z(D)
is a pseudo-differential operator with the symbol a(.,.), which

lies in Sg’: (cf. [2, pp. 3-4]1), Hence in virtue of

Theorem 4.1 one finds a constant C’ > O so that
Ha(x,Dell , < C’llell,, for all ¢ € S. ’ (4.17)
Thus one has

t1{(1x.D1ea 2 (D) 1o, a2 (DY) o1

H{a 2mye 1 Drea 20 100) o} (4.18)

I(a(x, D)o, @) ) < C’lleli, for ¢ ¢ 8.
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Let R be a positive number such that

B <e for 181> R

Since al/2(D)o € S when ¢ € S, we get from (4.18)

L D)o, @)l < C*lal/2(Dyen?

cr(2m ™ [ e (Re)ce)1 Za

< C’ (2™ [ eP(E) I (Fo) (E) 128 (4.19)
IEI5R

+ € (2™ sup(a(DKGED) [ 1 (Fe) (B)k_y ()28
IEI<R IEI<R

< C’(Zn)-neﬂwﬂdﬁ'+ c’(2m)™™ suP(Q(E)kﬂ(!))H¢ﬂk
-N
IE|<R
vhich implies the estimate (4.16). =

4.3. In this section we establish a sufficient criterion for the
validity of the following estimate

Re(L(x,D)e;9)y > Cillel? 5 - ColielZ, ¢ ¢ 5. (4.20)
Theorem 4.5: Suppose that L(.,.) € SQ & P(.) € 2::, M,m € R,
and k(.) € SQ »® M’ m’ ¢ R such that with some ¥ > O

Re L(x,E) » ¥P(E) for all x,E ¢ A%, (4.21)

P(E} > O for E € RD, ' (4.22)
and that

k) > v (B (%, E) for x.E ¢ RV, (4.23)

Furthermore, suppose that one cen find a symbol .q(.) € Sg é »m-1

such that with ¥y > 0
M-1 m-1 n
a(g) > ¢ (x,8)¢ (x,€), for x,E €W (4.24)

and that
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B — 0 with 1Bl —> «. : (4.25)

Then there exist constants C; > O and C, > O such that
estimate (4.20) holds.

Proof: One sees that Kk belongs to K*. At first we show that
there exists a constant C > 0 such that

Re ((k(D}oL(x,D)ok™1(D))e, @),
(4.26)
> (BuenZp - ciet?  for € 8.

The symbol of the composite operator L(x,D)ok“l(D) is
L(.. )k }(.), which lies in S§ ¥ P Furthermore the symbol
A(.,.) of the composite operator A(x,D):= K(DYoL(x, D)ok~ 1(D)
lies in S§'% and A(.,.) is of the form

A(x.E) = K(E)L(x, )X 1(E) + L(xE) = L(x.E) + L(x,E), (4.27)

it

where 1(.,.) belonds to Sg-}’m—l.

Let T(x,E):= L(x,€) - ¥yP(£). Then T(.,.) € Sg:m and by (4.21)
one has

Re T(x,E) » O for all x,E ¢ R". (4.28)
Due to Lemma 4.3 there exists a(.,.) € Sg:é’m—l s? that

Re(T(x,D}) + a(x.D)¢,¢)o 2 0 for all ¢ € S. (4.29)
Thus one has

Re(L(x,D)¢, @), 2 ¥(P(D)e,¢), - Re(a(x, D¢, %),

(4.30)
= flleldp - Re (a(x,D)e,¢),, for ¢ € 5.
)
In virtue of (4.28) and (4.30) we obtain
Re(A(x,D)¢,¢), = Re(L(x,D)¢,#), + Re(l(x.D)¢,%¢),
(4.31)

> ¥lloliZp + Re((1(x,D) - a(x,D))e,9) .
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! )

Due to Lemma 4.4 we find a constant C > O so that

v

IRe(1(x,D) - a(x,D)v, %} |

(4.32)
< (§JuenZs + cion2, for all @ c s.
Thus the inequality (4.28) follows from (4.31).
Since k(D) € S when ¢ € 8, we obtain by (4.26)
Re(L(x,D)e, @)y = Re(‘(k(D)oL(X.D)okq(D))(k(D)v)./lg(D)qa)o
> (B)mmreny - cieden? (4.33)

= (B wenf 5~ clion, )
which completes the proof. =

4.4. Let © and e be numbers such that 0 < § < e € 1. Denote
by S: g+ ™ € R, the Hbrmander class of symbols, that is,

L(.,.) € 85 g if and only if for esach .(x,B) € NJ x N  there
exists a constant C, p > O with

,D;Dgux_!n <c, g1+ 1g12y(m-elBl+8lal)/2
. (4.34)
for all x,E € R™. : . ;

One sees that the function &(x,§) = (1 + 1g12)e/2 and

#(x,8) = (1 + 'E'Z)—S/z form a pair of weight functions (in the
sense of {2]). Furthermore, one has

(1 + 1%y (melBiislal)/z . gm/e)—ll ( grg—lal x5y (4.35)
: m _ _ gm/e,0
and then Se,S = S”,‘ .

'Corollgrz 4.6: Let L(.,.) be in S’; g’ 0€g8 <<Ces€1l such
that with some constants ¥ > 0, R» O and t € Jm~(e-S), m]

the estimate '
Re L(x,8) > v(1 + 1612 for a11 18I > R (4.36)

holds. Tbe'n for any s € R there exist constants €y >0
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Cz 2 0 so that

Re(L(x,D)e, @)y > Cl"""isﬂt/zf czuwuﬁs‘ for ¢ € 8. (4.37)

Proof: Suppose that m » O. Let C’° be a coﬁstaﬁt-such that
C'i= (¥ + Cy (1 + R%)™2 Then one sees that

Re(L(x, &) + C’) » v(1 + IEI1Z)¥2 for all x,E ¢ A",

Choose P(E):= (1 + |g|2)t/2_ a(E):= (1 + |g|2,(m—e+5)/2 and
k(E):= k (E). We have

iface)t < Cu(1 + (g12)(mesSifi/2
< gye1 4 B2 moesS=elB/Z o g gu/e ~1mIBl iy £yl (x p)

and then a(.) € 83$™7l. In addition, we, obtain
P(.y €8} o8t o=8f%0%c g/80° x(.)cs],c55/9° and

L(.,.) + C* € 82 o = §8/€:©  (note that m > 0). Finally, we
find that

a®) = ¢/ 1x, 0y 1 (x, 0)
and that
QEI/P(E) = (1 + (EI%)(mt46-e)/2 _, 5 yith (€] — «.

Hence Theorem 4.5 gives the estimate (4.37).

In the case when m < O, then operator k. (D}oL(x,D)ok (D)

lies in Sg’g, and so the estimate (4.37) is easily seen.’ ‘'
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E. Danieljan

An estimator for the variance in the central limit theorem for
dependent random variables

O. Introduction

The central limit theorem is a powerful tool for dealiné with a
larde number of problems in statistics. Imagine we want to test
a hypothesis on the expectation. Then the classical central.
limit theorem can be directly applied for constructing an asym-
ptotic test. If the variance is unknown then it is /substituted

by an estimator in the test procedure. The central limit theorem
holds not 'only for sums of independent random variables. For
instance, if XO,XI,:.. is a stationary process with the property
that the dependence between Xi and Xj is small for 1i - 3t

N-1
larg@e then with u = EX, the distributions of n-1/2 2 (X-u)
= i=o
convergde to a normal distribution with mean zero and variance
62 = V(Xo) + §§lcov(x°,x1). In applications of this result the

covariances and consequently 62 are unknown. In the present
paper an estimator for 6 is established and it is shown that
under some mixingd and moment conditions the estimator is con-
sistent and under additional assumptions asymptotically normally
distributed. The results are applied for constructind a sequence
of tests for testind the hypothesis u = Ho versus [T Hoe
Further applications concern the sidn test for dependent random
variables and a test for the hypothesis cov(XO,Xk) =0,
k.= 1,255 50 versus cov(Xo,Xk) > O, k=1,2; 7:m, and

kElcov(xo,xk)‘> 0.
1. Mixing conditions and moments of sums

Mixingd conditions are often used for proving consistency and
limit theorems for estimates of parameters if the random variab-
les in the sample are not independent. There are several con-
cepts of mixing where each of them has certain advantages in
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special cases. For a discussion and a survey of mixing concepts
we refer to Bradley {2] and Withers (9, 10]. We will employ the
coefficients of strong mixing and uniformly strong mixing. More
precisely, let Q, £, P) be a probability space and Ql, qz
sub~-6-algebras of §.

a(¥,9) = sup  |P(AB) - P(A)P(B)]
qul;quZ
and

(9.9 = sub IP(BIA) - P(B)|
ACQPBCQZ;P(A))O

are called. the coefficients of strond mixing and uniformly
strond mixing, respectively. The following relations between the
covariance cov(X;,X;) of the random variables X,, X, and the
mixing coefficients. are well-known (see Ibragimov, Linnik [4],
Billindsley [1]1). If the real random variablef x is qi—measu—
rable and ax | € c; with real numbers ci; i= 1 2, then

!cbv(xl.xz)l < 401020(Q1.02). ) (1.1)

1t Xi is not bounded but the moment of order 2 + & is finite
then

1Gov(Xy, Xy) < Dley,05,5) (x(y, 9,15/ (2%5), : (1.2)
where & > 0, EIX;1%*® <oy, and

Dicy,ep,6) = 4 + 3(ol/ (2B LI48)/(248) | (148)/(248) ,1/(245),

A similar 1qequa11ty holds for the coefficient ¢ of unlformly

strong mixing. 1f X; s Q; -measurable,  EiX; l o,

1/p1 + l/pé =1, Py > 1,1 =1,2, then
i/p Py 1/p Py 1/p
loov(X . Xp) 1 € 2(e(@,9,0) " LEIX D U MEIX Y2 (1.3)

The distinction between (1.2) and (1.3) is that in (1.3) only
moments of second order (p1=p2=2) are needed for estimating thq
covariance vwhereas moments of higher order are necessary for
eatimating the covariance in terms of a(ql,qz This fact is
due to the inequality o < ¢, which says that the concept of
uniformly strong mixing is stronger than that of strong mixing.

- Given' a finite or infinite sequence U= (U Ul"“) of real
random variables, we denote by 6(U " Ub). 0< a< b, the
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- smallest sub-6-aldebra of § with respect to which all U
a< i< b, are measurable. Put for k =0,1,...

i

i

‘Pu(k)

sup a(S(Ua,...,Ub), 6(U°,...,Ud)),
sup ¢(6(U,,...,0), G(Uc""’ud))’

where the supremum is taken over all 0K a< b€ c<d with
le-dl » k. Immediately from this definition we obtain

oy(0) » oe;’(l) P oy ' (1.4)
@(0) > oy(1) > ... . (1.5)

1
1

1

We now summarize estimates of the moments of sums of possibly
dependent random variables. Such bounds have been obtained by
Longecker, Serflipg [61, Yokoyama [11], Yoshihara [12, 13] end
Utev [8]. For the proof of the statements which will be estab-
lished in the next lemma we refer to Utev [8].

Given a sequence of random variables U = (UO,UI,.H.) we set
= {
for v» 2,620

aley, v,5) = 4v(v—1)v!3"'2k°z° @SB (1) (141) (V/2)71, (1. 6)

=0

bloyg, v, 5) =~12v(v—1)vzav‘2k°z° ag (8 (ky (ee1) (/DL (1)
=0

Here we used the convention 0° = 0. Hence b(au,v,O) < iff
the process U 1is m-dependent, 1i.e., there exists a natural m
so that qU(k) =0 for every k > m. ‘

We set
M,,5(U) = sup (BIU;|V*EYV/OVI) (1.8)
? 1 ot v
Lemma 1: If EUi =0 for i =0,1,2,... and © » O then for
every r=12,...,n=0,1,2,...
n-1 2r r
E(iZ U < n a{®y, 2r,5)My,. (U}, (1.9)
=0 » j
n-1 2r r
s n"blay, 2r, . ‘ .
' E(iEo U < ) blayy, 2 S)MZr,S(U) (1.10)

If Y is a random variable with‘finite second moment, then
V(Y) denotes its varience.

For proving asymptotic nofmality of estimators we need a central

limit theorem for dependent random variables forming a double
4
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array. In dependence what concepts are utilized to express the
weak dependence in the double array there are different kinds of
assumptions. We employ the results of Withers [9]. But in con-
trediction to the approach there we use the more restrictive
concept of o-mixing for simplicity. :

Consider a series of random ﬁrocesses w = {ﬂh N> 1} where’

= {U; y, 1€ j< . Set og(k) = max k),
L B IS gk Set eml) = RO
a+b 2 nN.
Fnla.b) = 2 (U5 - BUgn)» 67 = VOZ U500,

cN(k) = suplcov(Ul’N,Um,N)l, where the supremum is takeh over

,

{l,m : {1-m| » k, 1,k <€ nN}, and put C) ={N ﬁgx }oN(k).
1 k<n,

The following lemma is a special case of Theorem 2.1 in Withers
{91.

Lemma 2: Suppose that for some ¥ » O

suﬁ E[W'N(a,b)]4 = 0(b2+f) as b —» o, (1.11)
a, : '
oy(k) = o(k7¥). (1.12)
If
lim 6% = « (1.13)
N—>c0
and -
Z (i) < e (1.14)
i=o ;
. oy
then the distribution of the normalized sum Bl Z (U - EUj N)

converdes weakly to the standard normal d1str1but1on

2. Consistency and asymptotic normality of estimators

Let xo,xl,.,. ‘be a stat1onary process with finite fourth
moments. Set u = Exi; WN = —172 Z (X -4} and assume that

N-1
_Z (¢x(i))1/2 < w. Then (see B1111ngsley [1])4the series
Z E(X, u)(X ~u} 1is absolutely convergent, and it holds

* 3 = b = 2
éier(wN) = V(X)) + 2k§1 E(Xo-u)(xk—u) = 6°. (2.1)
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If lim V(WN) = 62 > O then the distribution of WN converdes

weakly to & normal distribution with mean zero and variance 62.
The statisties Wy eppeer in several statisticel tests. For
example, imadine we want to test the hypothesis Hotu =0 ver-
sus HA:u +# 0. In general the covariances cov(xo,xk) are " un-
known. Consequently, for constructing en asymptotik test based
on the sequence WN one needs a consistent estimation of 62.

Let ([x] denote the inteder part of the real number x. Given a
sequence kN' 0 < kN < N, of naturals we set my = [N/kN],

J(1l) = {lkN,...,(1+1)kN—1}. The stationarity of the -process

X X¢0... yields that the random variables z X.,
i ‘ ieJ(y 1t

1= 0,..A,mN—1, are identically distributed. Furthermore the

. 1 X i . 2
variance of Y = z (X;<u) is approximately 6
) LE 717255yt

for kN large. Therefore we estimate 62 by Sﬁ where

/

2 1 ™ty 2
= z ( ( = (X. - ) (2.2)
W = my %, KW/Z gy b H
and
kNmN~1

%y = L X;.
N Eﬁmﬂ i§o 1

A simple calculation shows that

2 _1 "N, 2 /

Sy = ﬁ§ 150 Y - Ry . (2.3}%
Given any sequence xo,xlz...,xN_l of random variables with
finite moments of fourth order and constant expectation u = EXi
for i =1,...,N-1, we set R(i,Jj) = cov(X;,X;) and !
K(i,j,k, 1) = E(Xi*u)(Xj—u)(xk—u)(xl~u)~ . 4
Put

2 2_1 W,
si‘N = V(Yi,N)’ 65 = Eﬁ 150 61,N‘ /

Then ESS =.65. We now deal with the variance of Sg.

Proposition 1: If xo,xl,...,xN_1 is a sequence of random vari-
ables with finite moments of fourth order, constant expectation
«, and S§ is defined by (2.2) then
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i my-1
E(sf - 6HH 2 < @K HE 4 f® oy - 6] 0D

< EEwH2 4

Y Z (K(i, 3,1 3)-R(E DR, 39172
kymy 1,120 4, 33{1), 17, 57 €J(17)

Proof: By relation (2.3) and Minkowski’s inequality we get
mN-l 2
&8} - 6D 2 < B2 4w 1§0<Y§,N - 62 H12

ot

The squaré of the second term equals to

nN—l
1 2 2
=4 El.:oE‘Y%,N - 6§ (. y - 61 )
mN—I
_1 2 .2
"% 121._0 B} y¥3o,n - 61,860, 8)
2 %, =1 ey
As EY K(i,3,1%,3%)
1N Eﬁ i, 5, e, 17, 3°€d(1")
and
2 1 . 2 1 e
6 R(i, §), 63, = z R(1’,3’)
LN " Ky 3 5esn) VLN TRy 50 5eday

the statement is proved.

Now we consider special processes which have the property that
the term on the right hand side in the inequality of Proposi-
tion 1 tends to zero as N — w.
Suppose XO,XI,... is a stationary Gaussian process with mean
v and covariance function
R(J) = E(X;-~w)(Xj,5w), 320,
which is a function only of Jj in view of the stationarity of
the process. Put R(-j) = R(j),‘j =0,1,... For Gaussian pro-
cesses the fourth moments can be reduced to the second mo-
,ments. It holds (see Shiryayev (7, p.3121)
K(il»iz,i3,i4) = E(Xi —u)(Xi ~u) (X5 —é)(xi —u)
‘ k 2 2 % (2.4)
= R(il—iz)ﬂ(i3—i4) + R(il—ia)R(iZ—i4) + R(iz—i3)R(il—i4).

40



For any stationary process xo,xl,... the variance of

WN =i%o 5%72(Xi—p) may be expressed by the covariance function
' N-1 k
V(B = VX)) + Zkgl(l - RIR(K). (2.5)

If the series kis(k) is converdent then by Kronecker’s Lemma

V(W,) tends to 62 = V(X ) + 2 3 R(k) as N —> w.
N ° k=1

Theorem 1: Let xo,xl,... be a stationary Gaussian process with
covariance function R. Assume

2 IRION < o - (2.6)
K=1 ; .
If S% is defined by (2.2) and ky > w, my—>w 85 N >

then

s 2 2,2
lim E - 6%)¢ = 0.
N-—>w ( SN
kNmN-l
Proof: At first we note that XN = L T X
- kymy i%0 1

is normally distributed with mean u and variance

V(R = g v ) < 2 BRI g2 O
W " Ty Pyl © Remy 12, a
As  E(Xy-w)* = 3(V(%))2  the first term in the inequality of

Proposition 1 tends to zero as N —» «. For dealing with the
second term we use relation (2.4)

my-1 : ,
<5 .2 : (K(i, §,i’,3’) - R(i, DR, 3N
kgmg 1,T'=0 i, JeJTI), 17, 37 €(1%)

\

mN~1
25 I < :
kymg 1,1°=0 i, 3€J(1),1°, 3 €J(1%)

R(i-i")R(J-3’)M)

my-1
2 N

. 2502
-7 .2 R(i-i’))
kNmN 1, 1’=0  1€J(1},1’¢J(1’%)
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.

<% = (mg-IeD( T (g - IslR(s + rig)H?
g oK irl<my. o<|sl<ky

2 2
< Eﬁ z ( Z IR(s + rig) )%,
o<!r|<mN o<ls|<kN

Given ¢ > O we find N, so that 255N |B(| < & because

of assumption (2.6). As sl < kN we find ry, 0 so that
Is + rkNI ? No for every r with Il > T, and every
0 <€ |s]| < kN‘ Using this facts we continue tho estimate
, : 4r +1  w
20z oz IRes+mpnic2o2F IR D2 + 4e
=0

2
™ o<|r|<mN o(lsl(kﬂ ™

Taking N —> o the flrst term vanishes. As € > O was arbitrary

we det élm E(SN - SN) 0. In order to complete the proof we

have only to show that élm 6§ 52. Note that in view of the
—>o0 . N

stationarity of the process xl...;

ky-1

2 &2 i . 2
6° = R(O) + 23 (1 - +)R(i) = 653,
i,N 7 o,N $55 T N
Hence
, . ky-1 .
165 - 6°1 < 23 1-|R(i)I + 2 3 IR(i)I.
N iT1 Ky i =k

) 1-—N

The converdence to zero of the second term follows directly from
assumption (2.6), whereas the same statement for the first term
follows from (2.6) and Kronecker’s Lemma. =

We now turn to the general situation and use mixing concepts for
proving consistency of the estimator SN' In dependence what
kind of mixing coefficient is applied we need different moment
conditions. '
Let X = (X, X;,...) be‘a stationary process and
8) EX < c < and k§ @}/ ) (1) < w

=0

or
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B) there exists § » O so that EIX 1%'® <o and

3 oS/ (8 (1) (k41) < =,
=o P

Suppose condition A) is fulfilled. Then by inequality (1.3) and
the stationarity of X = (Xo,Xl,.l.)

leov(X,, X )| < 203/ 2(k)EXZ
< 20} 400 (k+1)EXZ,

If B) is satisfied then by (1.2) with e = EIX;I2*®
< (EIX ) (BB (5

leov(X,, X )| € D(e, e, 8/ §+2) (k)
< Dle; e, 8)e/ (48 (k) (k41).

Consequently both in case A) and B)

k.Z.llcorv(xo,}(k)l < (2.7)
so that
2 _ > .
6 = V(xo) + igloov(xo,xk) (2.8)

is well-defined.

Theorem 2: Let X = (XO,XI,...) be a stationary process, 2
and 62 defined by (2.2) and (2.8), respectively. If at least
one of the conditions A) or B) is fulfilled then there exist
constants ey » 0, i=1,2,3, so that

(E(sE - 62)2)1/2 < oy /iy + ey /kygmy + cg/(mpd /2,

Proof: At first we suppose condition A} to be fulfilled. We
introduce a sequence of processes X(l) by

R T R E$)

'

and apply (1.9) to X3 with r =2 and 6 = 0. Hence we
obtain
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.
\

e 2.
E (Ki-un? < K2y, (2.9)
GGy N1 .

with a constant ¥1- Consequently

Y4 = -1/2 4
E 1L,N = E(ky ic§ (X;-4))" < ¥y
and
2 2 2 _ 4 4
E(Yl,N % sl,N) = EYI,N - 61,N < ¥y (2.10)

(1)

Set
i _ =2 2 _ g2
U= {YZO’N 65,8 Y1, N - 61N}

" Then ¢y < g and (1.9) with r =1 and § = 0 yield with a

suitable constant ¥1

my-1 N :
Bl 3 (v2,-62 n2<c (2.11)
my 1Zo LN T OLNT S my -
Furthermore by (1.98) again -
kNmN-l
E(K)® = kghmg? B¢ Z (Xt | (2.12)

< v kyZmg?

with a constant ¥g- Inserting (2.11) and (2.12) into the first
inequality of Proposition 1 we get

(EsE - 62 < op/iymy + cg/(mp 12 . (2.13)
with suitable constants cg and cg. The stationarity of ‘the

. _ N~
process xo,xl.... provides 6%,N = GE'N = V(kNl/2 izo xi).
‘Hence

ky-1
62 = 62 -1/2 T X;) :
N o,N = V(kN iso i !

-1

. V(X)) + 22 (1 - f-)eov(X,, X (2.14)
1=o Rﬁ

and by (2.8) \
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k-1
N ‘
16§ - 6%1 < 22 I{;‘ V(X ep/2(1) + 21§ku V(X dex 21

e 1/2 =
< 20t/ B 120 < B E e/ Ainaan.
= =0

This inequality and the estimate (2.13) yield the statement if
condition A) is fulfilled. The proof under condition B) is
completely analogous. m:

Now we study the asymptotic distribution of the estimator 2.
At first we suppose that the underlying process X = (XO,XI,...)
is a Gaussian one. R(k) denotes the covariasnce function. Let
kg my J(1), ¥; v be defined as in the beginning of this
chapter. We set

1,1y = cow(¥? o, ¥2, .

N
As in the proof of Theorem 1 one ‘obtains from (2.4)

f(1,1°) = 2(,% R(i - i*))2. (2.15)
ien( Ty .
- We set r
EN-I ‘\
82=- 1m i 3 RaQ,1% (2.186)

N> ™ 1,1’=0
if the limit on the right hand side exists.

Theorem 3: Let X = (xo,xl,...) be a stationary Gaussian
process with

o 1-¢€
2 oy 2K)I(k+1) < : , (2.17)
k=o
for some L O. Suppose that 1lim my = w and
New,

5 1/2 &
1i /Ry = O. (2.18)
& m  my N :

If the limit in (2.16) exists and 22 5> 0 then the distribution

of mﬁ/z(sﬁ - 62) converges weakly to a normal distribution
“ with mean zero and variance 32 as N = o.
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Proof: We set 'Ul,N = Y%,N - G%,N = Y%,N - EY%)N and apply
Lemma 2 to the processes Uk = {UI,N’ 0<€ 1« mN}.' Put ¥ = 0.
The definition of oy and oy provides oy < ay. Hence (2.17)
implies (1.12). Condition (1.13) follows from (2.16), mN ~> o
as N = « and 32 > O which was assumed. In order to show
(1.11) and (1l.14) we investidate Yl,N‘ The random variable
Yl,N is normally distributed with mean zero and varience

' , k-t

VO N = V) = V) + 2 2 (- ﬁi’m(j).

Hence
kN—l
V(Yl N) €23 [R(NHI. (2.19)
s j=o

- - 4 _ 4
Choose © =2, C = EXO~— EXj. Then by ogy < oty and (1.2)

o0 . o 1/2 . « .
Z IRHI <« Z oty (J)D(e,c, 2) (2.20)
J=o =0

oo 1/2—60

Z oy (3)D(e,e,2) = E.

J=o .
The constant E is finite in accordance with (2.17). As Yl N
is normally distributed with mean zero we have

2k _ (2k)! 2k
Ry = éEE)T(V(Yl»N” :
Let r be an inteder. Then by (2.19), (2.20), end 6% N < 2E

E(ULN)ZL“ < Ep. < o (2.21)

-

vhere the constant E2r does not depend on 1 and N.
For estimating cov(Ul N Ul' N) and cN(k) we choose ean

integer r so that (2r - 2)/2r > 1 - ¢

and put § = 2r - 2.
Then by (1.2)

2]

: 1-¢
on(k) € D(Ey,,Ey ., 2r - 2)ay (k)

which shows that (1.14) is satisfied. For proving (1.11) we set
r =2 in (1.10) and choose § as an even natural so thet

S/(2r + 8) > 1 - &, Put U= (Ua+1,N’ T Ua+b,N)f then by

inequality (2.21) M4,S(U) < E2r+8 < .. Assumption (2.17) yields
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b(qU,4,S) < =. Hence by (1.10)
E(Hy(a, b))% < (b - &)%s )

with & 'suitable constant #. Consequently all assumptions in
Lemma 2 are fulfilled. This means that the distribution of

12 N 2
i T F,y - 65,0

Zy

converges weakly to a normal distribution with mean zero and
variance 32. Relation (2.3) and 6% N 62 N imply

ng/2(sE - 6% =2y + m}/262 \ - 8% - w22 (222

In order to estimate the second term we choose ean § > O so
that &/(2+6) > 1 - LI Then by inequality (1.2)

R < o§/(2*®) (1) D(e,c,5)

where ¢ = EIX012+S. Hence
1/2, -2 2 vz N
| m, (6 - 6% € m 2z R(1)
N “6o,N TR

ky-1 '
N

< 22/ Die, o) 3 1§ EHN 1y — o0
=0

as N — » in view of assumptibn (2.18).

For estimating the third term in (2.22) we note that XN - u is
normally distributed with mean zero and variance’

V() = ERew)? < o) 2 % pay
Nt R wike | AN 1=
MOV
mgkg mNEE

in accordance with (2.20). Consequently
R 1/2 2 _
lim E (Xg—u)}© =0
Hu By Ry
and
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1

my/2(s2 - 62y = 7y + %,

where ZN is asymptotically normally distributed with mean zero
and variance gz and ZN tends stochastically to zero as
N — «. This completes the proof. =

Remark: Conditions for Gaussian processes to be o-mixing have
been obtained by Kolmogorov and Rosanov [5]. Under mild condi-
tions to the spectral density qne can show that every second
order stationary process is a moving average process with
possibly infinite many summands. If the process under consi-
deration is a Gaussian one, +then this process X = (xo,xl,...)
is a linear process, 1i.e., Xk is a moving avefage of indepen-
dent  identically distributed random variables. The mixing co-
efficients of such processes have been estimated in Withers [81.

We now consider the case of m-dependent Gaussian processes,
i.e., we suppose that °X(k) =0 for every k > m. In this case
R(i-i’) =0 if {i-i’| > m. Hence by the definition of ® in
_(2.15) it holds R(1,1’) = 0 for every (1,1’) + (0,0), (0,1),
(1,0) if N is sufficiently large. Furthermere in the sum

. j:;E::::: R(i-i’) at least m? terms are nonzero.
 ieJ(0),1’€d(1)

Hence both ®(0,1) end %(1,0) converde to zeroc as N — .
Consequently
. kN—l
lim R(0) = 2(lim & 3 R(i-i’)H2
N> N->e KN i,9°=0

gz

2(R(0) + 21:_3':1 R(1))2 = 264
vhere 62 = Lim V(LS X.) = R(O) + 2.3 R(1)

ere = lim = + .

S Nrw YR xSo K 1510
.Thus we have proved
Proposition 2: Let X = (X,,X;,...) be a stationary m-dependent
Gaussian process and kys my be defined as in Theorem 3. If
m .

62 = R(O) + 2Z R(1) >0 then the distribution of
[(pﬁ/z)/(zl/zsz)](sﬁ - 62) converges to a standard normal

distribution as N —» w.

It is an interesting and a surprising fact that a similar state-

{
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ment holds for arbitrary m-dependent processes provided some
moment conditions are fulfilled.

Theorem 4: Let X = (XO,XI,...) be a stationary m-dependent
process with Exg < w. Let kN, my be defined as in Theorem 3.

m
If 62 = RO) + 2% R(1) >0  then the distribution of

[(m§/2)7(21/262)](sg - 62) tends weakly to a standard normal
distribution. ’ |

Proof: Similar as in the proof of the last theorem we obtain
that the m-dependence of X implies the 1-dependence of
Uo,N’ s UmN—l,N for sufficiently large N. Hence by (1.9)
with a suitable constant ¥

E(Hy(2,b))% < (b - 2)%%
which implies (1.11). The relations (1.12) and (1.14) follow

from the l-dependence of UO,N’ P UmN—l,N‘ To complete the
proof we have to deal with the variance of Yg,N + a + YﬁN—l.N‘
The 1-dependence yields
mN—l
V(%ﬁ Z ¥8 0 = v 0+ zeov(YE L YR )

for sufficiently larde N. We have

2 2
cov(Yo’N, YI,N)

E(X; ) (Xg ) (X0 (X ) - 65 g

‘\JH

kG 1,17€J(07, 3, 7€ (1)

There are at least n? combinations of indices 1i,i’,J,J’ in
the above sum so that (xi—u)(xi,—g) and (xj-u)(xj,—u) are
not independent. Taking N — = we det '

' éim cov(Yg’N, Y%,N) = 0.

—>0

Hence

; 1/262 _ 62 3y = 1 2
lim V -6 = lim V(Y
gim Vimy'"(8y - G, n)) = lim V(Y y)

The central limit theorem for m~dependent processes (Billindsley

[11) implies that the distribution of Yo N converges to a nor-
mal distribution with mean zero and variance
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62 = R(0) +zz R(1). Inequality (1.9) end EXS <« imply

sup EY8 < o. Hence both the sequence Y N and ' Yg N are

uniformly intedrable. This means
’ Lim EYZ | = 62

and

. gl
Lim EYg’N = 36%.

Consequently
; 2 4
lim V(Y y =267 >0
- o,N

and condition (1.3) is fulfilled. The rest of the vproof is
similar to those of Theorem 3. = \

3. Applications

Let X = (X,.X,...) be a stationary process with Exg < «. Set
@ = EXO. For a given real number u, we want to test the
hypothesis Ho:p =g versus HA:p * B, Let & denote the
distribution function of the standard normal distribution. For
0 <a < 1 let =z be the o-quantil of &, i.e. &(z)) = a. Let
kN’ mN,,SN be defined as in the beginning of the preoedinz
chapter. For the above testing problem we introduce a sequence

®y of tests by N .

1 if ‘ _——T72 4

o= { =

o} else.

(xi_“o) , > 21_.1/2;

Let E“ denote the symbol for expectation if ¢ is the expecta-
tion of Xo.

Proposition 3: Let X = (X Xl,...) be a stationary process
vhich satisfies either the cond1t1ons in Theorem 1 or Theorem 2.
If 62> 0 then

lim E wN

N—>c
and

lim E PN = 1 if * .
el 'N [ “ o
/,
50



Proof: Suppose u = EX In any case 62 = V(XD) + 2 Z R(k) is
well—deflned Under the conditions of Theorem 1

~- u-1/2
Ty = N Z (X;-u)
N j=o 1

is normally distributed and V(TN) converges to 62 as
N = . Under the condition of Theorem 2 we obtain from the
limgt theorems for stationary and mixing processes in Ibragimov
and Linnik [4] that Ty 1is asymptotically normally distributed
with mean zero and variance 62 again. Furthermore in both
cases 55/62 _tends stochastically to 1 as N — «». The rest
is clear. L]

Let us now be given two stochastic processes xo,xl,...- and
Y Yl,... In order to compare the one dimensional distributions
we test the symmetry of the distribution of xi - Yi‘ We apply
the sign test and set

1 if X; <Y;,

-1 if X; 2 ¥;.
Suppose £ = (eo,el...) is a stationary process and denote by

R, its covarience function. Set 62 = V(e,) +k§1 R (k) if the

series converges. Put u = Eco. Then the null hypothesis reads
Hozu = 0 and the alternative is given by HA;u + 0. Set
mN—l
1 2 1 2
Y = z €., Sy=>— Z Y
LN 7172 55yt NTmy g5 LN
We introduce a sequence of tests by
i 1 N-1
1 if | §;§T77 i§o el > 29 /2,

‘PN:(
o} else.

Proposition 4: Suppose the pfocess e = (50'51"") is statio-
nary and fulfills

S o8/ (48 () (k+1) < w, © » O.
k=1 ¢

If 62 >0 then

51



lim E oy = o, | '
N—>o N
Nl‘lm Ewgy =1 if w # O,

3000

For provxng of Prop051t10n 4 one has only to apply Proposition 3
to the stat1onary and bounded process ¢ = (eo,el,...).

We apply Theorem 4 - for testing the hypothesis JJhat the co-
variances in a stochastic process are zero. To come to
consistent tests we denote by %% the class of all stochastic
processes which are stationary and have finite moments of second
order and the covariance function R(k) " is non-negative. Denote
by .I; the class of all processes from X' for which R(k) =0
for every k > O. Then the null hypoth651s is given by 1 and
the alternative is the set X \I For constructing a su1table
test we need a consistent estlmator for V(X,). Set

2 _ 3 Nl 2
¥ = p NG FEED LN
T Tymy 35, i~ R
Our test of covariance zero is based ¢on the comparison of Sﬁ
and §N Set
1/2
- ™ 2 2
TN—WZ((SNAN)—I)
and introduce a sequence of tests by
1 if Ty > LI
‘PN=
0 else.
Proposition 5: Let X = (xo,xl,...) be a stationary m-depen-

dent process with EXO < w and 62 = V(X)) + 2 3 R(1) > O.
Then 1=1

lim B¢y = o if X € X}, ! ‘

N—>w
lim Bey =1 if XX/
- Proof: We will show that - ‘
n/2 88 - vixn -

tends stochastically to zero as N — . Indeed,
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kymy-1 '
2 1 2 2
= X.-u)® - ( «
Nomey o2 B T
Hence by Minkovsyi’s inequality
(EEE - v B2 ¢ (B H 172
\ — .
1 " 2 2,172,
, ;& EEEE(E( i§o (X3 -1)° = V(X;)))%)

Applying (1.9) to the'fifst and second term we obtain with
suitable constants Bl’ 92

(B(sy - VN2 < ‘T)“zmw + Bgag B2k /% = 0
ENTN .

as N —» ». Furthermore
1/2 5 m%/2 5
Ty = ( - V(X)) + (VX)) - ).
N VZgg SN 0 ngﬁ 0 gN‘

Hence

a2 o
Ty = 8% - V(X)) + %,
N ﬂgusn o N

vhere TN converdes stochastically to zero as N — .

Now we suppose X € x;. Then V(Xo) = 62 and gﬁ converges

stochastically to 62 as N —> ». Hence by Theorem 4 .the
distribution of Ty tends to the gtﬁndard normal distribution.
This yields the first statement. For proving the second one we
note that for X ¢ ¥"\x} it holds 62 > V(X,) so that by the
consistency of the estimator S§ {see Theorem 2) the sequence

"‘5/2 2
( - V(X))
v N TV

tends stochastically to infinity as N —> « which completes the

proof. =
Remark: For the proof of Proposition 4 we only used Theorem 4
under the null-hypothesis. Using the statement on the alterna-

tive one can calculate asymptotically the necessary size of the
sample in order to have a definite power of the test.
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Formeln fir die Momente der Lebensdauer zirkuldrer
konsekutiver k-aus-n-Systeme

\. ‘
Herrn Prof. Dr. G. Burosch zum 50. Geburtstag gewidmet

1. EinfUhrung

Der Begriff des konsekutiven k-aus-n-Systems wurde von Chiangd
und Niu (1] in die Zuverl#ssigkeitstheorie eingefutirt.

Ein konsekutives k-aus-n-System besteht aus n stochastisch
unabhsng%gen Komponenten Cl. CZ‘ BN Cn’ die sich in einem der
Zustdnde "funktionsfdhig” oder “ausdefallen" befinden. Das
System f#llt aus, wenn k oder mehr aufeinanderfoldende Kompo-

nenten defekt sind, k < n.

Es werden 1lineare und zirkuldre konsekutive k-aus-n- Systeme
unterschieden je 'nachdem, ob die Komponenten in einer Linie
(Ci+1 ist unmittelbarer Nachfolger von Ci; i=1, 2, ..., n-1)
oder im Kreis (Ci+1 ist unmittelbarer Nachfolder von Ci;
i=1, 2, ..., n-1; und C1 ist unmittelbarer Nachfolder von
Cn) angeordnet sind. In beiden Fillen enth#lt das Modell flr
k =1 bzw. k = n das Serien- bzw. das Parallelsystem.

Durch ein konsekutives k-aus-n— System kann die zuverlissig-
keitslogische Struktur einer ganzen Reihe realer technischer
Systeme modelliert werden. Die wichtigsten Anwendungsfille stam-~
men aus der Fdrdertechnik und der Nachrichtentechnik. Beispiels-
weise ist ein Nachrichtenlibertragundssystem mit n Relais-
stationen in einer Linie oder in einem Kreis ein lineares oder
zirkuldres konsekutives k-aus-n-System. Ist n#mlich die Reich-
weite einer jeden Station ein Vielfaches der (anndhernd glei-
chen) Distanz zwischen benachbarten Stationen, so k#nnen Nach-
richten (lbermittelt werden, solange weniger als

k=L Reichweite eider Station

DIsTan="SWINCHSH BeuCHDRECRTBationen
aufeinanderfolgdende Stationen ausfallen. Sind irdendwo aber k
aufeinanderfolgdende Stationen defekp, so ist die Informations-
Ubertragung unterbrochen. Als weitere Anwendundsbeispiele seien
BandstraBen in Gurtbandfdrderern, Pipelinesysteme und StraBen-
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beleuchtungsanlagen genannt [2].

In der vorliegenden Arbeit werden Formeln fiir die Berechnung der
Momente der Lebensdauer zirkuldrer konsekutiver k-aus-n - Systeme
mit identischen Komponenten hergeleitet. Die Ausfallrate der
Systemkomponenten sei eine positive reelle Konstante A, d.h.,
die Lebensdauer der Komponenten sei nach q(t) =1 - e~kt,
t 2 0, exponentialverteilt. Fir den linearen Fall haben Kossow
qnd Preus in [3] auf der Basis des Booleschen Zuverlissig-
keitsmodells geschlossene Formeln filr die Momente der Systemle-
bensdauer ermittelt. Bollinder und Salvia [4] hindeden haben
mit Hilfe des Markovschen Modells eine Rekursionsformel filir die
Berechnung der Momente der Lebensdauer linearer konsekutiver
k-aus-n - Systeme gefunden. Fiir den zirkuldren Fall soll hier
ebenfalls dieser Zugang gewshlt wetrden.

2. Beispiel. Die mittlere Lebensdauer eines zirkuliren konseku-
tiven 2-aus-3-Systems

Zu einem zirkuldren konsekutiven Z2-aus-3-System, dessen Kompo-
nenten eine nach q(t) =1 - e'kt, t 2 0, verteilte Lebensdauer
besitzen, gehtrt der Zustandsiibergandsgraph in Abb. 1. Jedem
Systemzustand ist eine 3-stellige Bindrzahl X XgXg mit

1, falls Ci funktionsfahig ist,

17 Vo, falls C; defekt ist, i=1, 2, 3,

zugeordnet. Alle nichtverschwindenden Ubergangsraten sind glezch
der Ausfallrate ‘A der Systemkomponﬂnten

Abb, 1 Zustandsﬂbergangsgraph eines zirkuldren konsekutiven
2-aus-3-Systems
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Das System einschlieBlich seines Ausfallverhaltens 138t sich auf
Grund der konstanten Ubergandsraten durch einen homogenen
Markovschen Proze8 X(t), t » O, mit stetidger Zeit beschreiben.
Ein solcher homogener Markovscher Prozef mit stetiger Zeit ist
durch die Angabe der Zustandsmende, der Anfangswahrscheinlich-
keitsverteilung und der Ubergangswahrscheinlichkeiten eindeutig
bestimmt ([5], S. 531).

Im obigen Beispiel besteht die Zustandsmenge aus Zl' ZZ’ e
Z7, wobei M= {Zl’ ZZ, Z3. Z4} die Menge der Arbeitszustinde
und M = {Zg, Zg, I} die Menge der Ausfallzustinde ist. Zum
Zeitpunkt t = O befindet sich das System mit der Wahrscheinlich-
keit 1 im Zustand Z,. Die Wahrscheinlichkeit des direkten Uber-
dands von Zi nach Zj im Zeitintervall (t’, t’+ t) betridgt
Qij(t) = pijFij(t). Dabei ist Pij die entsprechende Ubergangs-
wahrscheinlichkeit der eindebetteten Markovschen Kette und
Fij(t) die Verteilung der Verweilzeit Ti' im Zustand Zi,
falls dieser in den Zustand Zj ilbergeht. Filr das Beispiel
ergibt sich g

P12 = P13 = Pyq = 1/3 und

Pyg = Ppg = Pgg = Pgg = Pgg = Pyy = 1/2 sowie

Fyp(t) = Fyg(t) = Fiu(t) = 1 - e Y,

Fag(t) = Fpp(t) = Fap(t) = Fag(t) = Fag(t) = Fyp(t) = 1 - e 2A%,
t » O. Alle anderen Uberdandswahrscheinlichkeiten sind gleich
null.

Die Verteilung der Lebensdauer T des zirkuldren konsekutiven
2-2us-3 - Systems ergibt sich nach dem Satz von der totalen Wahr-
scheinlichkeit zu
Pr{T < t} = § Py < t}, (1)

(2,,Z2; ,Z: )

1 1977y
Z. € Ma

2

BT PLLLLL TS TR TR N

1

wobei ilber alle gerichteten Wede durch den Zustandsiibergangs-—
graphen von Z, bis in einen Ausfallzustand zu summieren ist.
Beim zmirkulsdren konsekutiven 2-aus-3-System gibt es genau sechs
solche gerichteten Wede, von.denen jeder die Linde 2 (2 Zu-
standsiibergéinge) hat. Sei E{X} der Erwartungswert einer Zu-
fallsgriBe X. Dann folgt fiir den Erwartungdswert der System-
lebensdauer aus (1)
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+ T (2)

E{T} =(Z 5 : y Pl’ilpil’iZE{Tl’il 11'12}
2 cn 2
s €
ia

(24,2; ,2; )
2 & 2
s €
12

Py ; P ; (B{T, ; } + E{T: . })
1,11 11,12 1,11 iysig

- 11 1 1, _ 51
=635 Gx*tax? =8 -

3. Formeln filr die Momente der Systemlebensdauer

Auch im alldemeinen Fall sind die Zusténde Zi des Markovschen
Prozesses X(t) Kombinationen der Zusténde der Systemkomponen-
ten (im Beispiel als ﬂin&rzdhlen kodiert). Die Mende M der
Arbeitszustéinde des zirkuldren konsekutiven k-aus-n - Systems
besteht aus den Zustdnden, die keinen Block aus k oder mehr
aufeinanderfolgenden ausgefallenen Komponenten besitzen. Die
Menge M der Ausfallzustiinde wird von allen Zustdnden mit genau
einem Block aus k oder mehr aufeinanderfoldenden ausgefallenen
Komponenten debildet. Dieser Block umfaBt aber hSchstens 2k-1
Komponenten (vgl. dazu den Beweis des nachfoldenden Satzes).

M v M ist der Zustandsraum des Markovschen Prozesses. Der Pro-
zeB beginnt bei t = O mit Wahrscheinlichkeit 1 im Zustand
Zl (das ist wieder der Zustand-'mit n funktionsfihigen System-—

komponenten). Zi sei ein beliebider Zustand aus M v M. Die im

Zustand Zi ausgefallenen Komponenten seien Cil, Ciz, P
Ci . Dann gilt X(t) = Zi denau dann, wenn die Lebensdauer
n-m;
i
C kleiner oder dleich t

der Komponenten Ci R Ci s oeees Gy
1 2 n-m;

und die Lebepsdauer der librigen Komponentgn driBer als t ist.

Fiar Zi € M sind die Ubergangswahrscheinlichkeiten der einge-

betteten Markovschen Kette Pix = 1/mi und die Verteilungen

-m: At
der bedingten Verweilzeiten F; ,(t) =1 - e 1, t >0, falls

Zk aus Zi durch den Ausfall einer weiteren Komponente hervor-
geht, Zk € My M. Die anderen Wahrscheinlichkeiten sind wieder

gleich null.

In Analogie zu den Betrachtungen im Abschnitt 2 kdnnen die
Momente der Lebensdauer T eines zirkuldren konsekutiven -
k~aus-n-Systems nach
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E{TS} = Py : Ps + ... DPs . (3)
1,11 iy, 1, i, 901y

EUTy 5 4 AT )51,

. R R L y s
s=1,2, 3, ..., t1- 12 11"y

berechnet werden. Summiert wird f{iber alle gerichteten Wede
(Zl,Zil,Z .,4: ) von Z1 bis in einen Ausfallzustand. Die

is?” i

2 x
Ubergandswahrscheinlichkeiten betragen Py il = i/n sowie
P;. . " = 1/(n-3), und die Verweilzeiten sind nach

B R — Y
Fi s (8) =1 - ypd F, . (b)) =1 - e (DAL 4 5 o
1,11 13,1‘]-+1 .

verteilt; j =1, 2, 3, ..., x-1. ¢ k.o sei die Anzahl aller

derichteten Wege der Lénge x, die fﬁ 'Zustandsubergangsgraphen
eines zirkuldren konsekutiven k~-aus-n Systems von 21 bis in
einen Ausfallzustand filhren. Fir den Erwartungswert foldt dann
aus (3) sowie

E{Tl, il} = 1/(nk), E{Ti

J 1= /(M=)
R 23 |
und
E{Ty ; +T. .+ ...+ T, .} = E{T, ; } + E{T. } o+ oL
Liyg® g -1 3x Ty 1012
E(T y= 1%
+ . - = —_—
1x-121x L 5o n-d
die Beziehung
-1 3 °x. k.n x1 4
BT = 1 G s D (D L) 55 (4)

Es sind lediglich noch die Zahlen Cy k.n 24 bestimmen.

Satz: Sei gk(0,0) =1 und gk(N,J), N >0 und N>»J>» 0,
die Anzahl aller N-stelligen Bin#rzshlen, die genau J Nullen
und keine k aufeinanderfolgenden Nullen haben. Fir ein zirkuls-
res konsekutives k-aus-n-System betrigt die Anzahl cx,k,n al-

ler gerichteten Wege der Linge x von Z; bis in einen Aus-—
fallzustand

min(2k-1, x)
Z

Ceuln = (x-1in (2k-1)g (n-1-2, x-1) (5)

fir k € x € n-2,
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(n-2)!n(2k+1-n), falls n < 2k,

%n-1,k,n (6)

0 sonst -
und

n!, falls n = Kk,

®hk,n = { N
0] sonst.

Beweis: Filr jeden der drei F#lle erfolgt der Beweis in awei
‘Schritten. Zunschst wird die Anzahl aller Ausfallzustsdnde

'Zi € M mit dgenau x ausgefallenen Komponenten berechnet und

X ;
dann fiir jeden derartiden Zustand Zi zuriickverfolgt, wieviele

" von Zl ausgehende Wege in ihn einmiinden. .

1) k€ x € n-2.

. Da ein gleichzeitiger Ausfall von Komponenten im Modell ausge~
schlossen ist, hat jeder Ausfallzustand Z; denau eien Block

. X .
aus k oder mehr aufeinanderfolgenden ausdefallenen Komponen-
ten. Dieser Block, der aus genau 1 Komponenten, k < 1 € x,
bestehen migde, goll mit B(Zi ) bezeichnet werden (vgl.
Abb. 2) x

[ ENZQX) N\
-D—0—0— —O—D
Co - Cap Gy °  Gayy T
Abb. 2 Ausfallzusﬁand Z; mit Block B(Z; )} (1 bedeutet

pd X
"Komponente ist funktionsfshig"”, O bedeutet "Komponente
ist ausgefallen”)

Da vor dem x-ten Zustandsiibergang das System noch funktionsfdhig
war (Zi " € M), gilt 1 < 2k-1. Im linearen Teilsystem aus
x-

n-1-2 Komponenten, das nach Entfernen von B(Zi ) mitsamt den

i . x
beiden angrenzenden funktionsfdhigen Komponenten {ibrigbleibt,
kommen genau x-1 ausgefallene Komponenten vor, darunter aber
hdchstens . k-1 aufeinanderfolgende. Deshalb gibt es genau

ngy(n-1-2, x-1) Ausfallzustinde Z; mit einem Block aus 1
x

]
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aufeinanderfoldenden ausgefallenen Kompdneﬁten. Der x-te Ausfall

muB in B(Zi )} stattgefunden haben, andernfalls wdre bereits
i x

Zi ein Ausfallzustand. Aus dem gleichen Grund kommen die

x-1
Komponenten auf den jeweils 1-k Randpositionen an den beiden

Enden von B(Zi ) fir den x-ten Ausfall nicht in Frage, dafiir
i -
aber die 1-2(1-k) = 2k-1 Komponenten in der Mitte von B(Zi ).
X

Die ersten x-1 Ausfidlle k¥énnen dann in beliebiger Reihenfolge
stattgefunden haben. Mithin gibt es (2k-1)(x—1)!n¢k(n—1—2, x-1)
. Wege der Lénge x von Z1 in einen Ausfallzustand mit einem
Block aus genau 1 aufeinanderfolgenden ausgefallenen Komponen-
ten. Die Anzahl der Wede der Linge x von Z1 bis in einen
Ausfallzustand betridgt somit

min(2k~-1, x)

S k,n = (-Din T F T(2k-1)gy(n-1-2, x-1).

2) x = n-1.

In diesem Fall hat der Block B(Zi )} denau x Komponenten
x

Wegen Zi 1 € M folgt als Bedingung filr die Bldcklinge wieder

x-
x € 2k-1, d.h. n € 2k. Ist die Bedingung erfiillt, so gibt es n

Ausfallzustinde Zi und analog zu 1)
x

(n-2)!n(2k+1-n) , falls n < 2k,

°n-1,k,n = {
sonst .

Wege der Lange n-1 von 21 bis in einen Ausfallzustand.

3) x = n.

In Zi sind alle n Komponenten ausgefallen. Nur falls n = k

X
ist, besitzt das System einen derartigen Ausfallzustand, andern-

falls wdre bereits Zi ' ein Ausfallzustand. Dann ergibt sich
x-

" n!, falls n = k, !
e = {

n,k.n 0 .sonst. -

Die Zahlen Ek(N,J) k#énnen nach Bollinger [6]1 mit Hilfe ver-
allgemeinerter .Pascalscher Dreiecke rekursiv berechnet werden.
Als geschlossene Formel wurde
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LIZKT _ 1(N-1k) (N-J+1

2, o Y
g (8, 3) = { fur 0 & J < N - [N/k],
0 fur N - [N/k] < J< N

ermittelt [2].
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Raimond StrauB

On the triangulation of certain plane domains

1. Introduction

Numerical methods for solving two-dimensional systems of PDE’s
require in many cases a decomposition of the domain in triang-
les (cf. for instance [1 - 5]). There are various algorithms for
the construction ‘of triangulations and grid refinement, cf.
[6, 71 . In the present paper we consider the triangulation of
a special class of domains Q which are called Braess domains
due ta their special meaning for the multigrid algorithm presen-
ted by Braess [8]. The properties of those domains are expli-
citly wused by the algorithm to be described in Section 3
Namely, we assume that
m

aQ =USs

j=1 9

with each Sj being a straight finite line satisfying

a.x + bjy =e; aj,bj € {0,1,-1} , c;

j j j 1ntege?.

The initial point Aj of Sj is the endpoint of sj—l (with
index mod m); this condition defines the vertices ﬁj.
J=1,...,m, uniquely.

Now, our aim is to construct a decomposition of f in congruent

triangles with edges of length 1, 1 and 2.
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i

Usually FEM-codes require for the definition of the domain Q
the coordinates of the vertices Aj as data. However, for our
special purpose we may assume that there are given the equiva-

lent, but more convenient data
(Kltll) , 1 = \].,...,k,

with
Ki = (x5,¥;) € @, xp,¥y, integer,

Kl * Kl, for 1 « 17,

k. 2
Y =a02  and \

o} for Kl €Q,

%y =
! anti-clockwise boundary point-counter for Kl € aQ,

vhere Q is considered as an open set.

The enumeration of the boundary points starts at an arbitrary
boundary point and encloses all inteder boundary points. We
denote the number of all inteder boundary points by r, k is
the number of grid points and n the number of triengles in the
decomposition.

The main problem is now the nonconvexity of the domain Q. We do

not assume that Kll' Klz, K13 € & would imply
°°nV{K11' Klz, K13} < @i. Thus we need a test to decide

whether a given triangle with eddelengths 1,1, . /2 is contained
in @ or not. In $ec. 2 we derive a criterion which is proper
for a very economic testing procedure. This in turn is the basis
for a decomposition algorithm,  which is presented in Sec. 3
together with some efamples demonstrating the power of the
proposed criterion. The‘derivation of a 3-D analog of the test

from Sec. Z'concludes the paper.
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2. The criterion

Let us start with some simple but fundamental observations. As
before Q will be an open Braess domain.

Remark 1: A straight line with unit length and integer ver-
tices is either entirely contained in i or entirely contained
in B2\ Q.

Remark 2: A straight line with length +Z and inteder ver-

tices is i

- either entirely contained in @& or

- entirely contained in R2 \Q or

- it is the union of exactly two parts of length % V2, one of
them 1lying entirely in €1, the remaining lying entirely in
RZva.

Remark 1 and 2 imply in a straightforward way

Remark 3: A unit triangle, i.e. a triangle with integer ver-

tices and edgelengths 1, 1, 2 , is

- eithér entirely contained in Q or

- entirely contained in RZ \Q or

- it is the union of exactly two congruent A triandles with
eddelengths %Jf} %ﬁi 1, one of them 1lying entirely in
Hz \ Q and the other lying entirely in &.

Remark 3 suggests using two testing points of the form
3

= Z w, K i=123, « =12,

izt ™4

e.d. with
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near the right angle,

Lo

or % else

and hence reducing the problem to that of deciding whether a
given poin£ belongs to §i or not. This question, in tﬁrn. can
be solved by calculating the index of 3Q with respect to the
given point (cf. [121). However, the drawback of this method is
its cost. For each of the triangles to be tested two times an
index must be calculated - which requires O(r) ' operations.
This motivates the following considerations which allow to avoid

the use of testing points. %

Lemma 1: Consider the unit triangle A = A K11K12K13. If two of

the. zl_’s vanish, then the triangle is contained in {.
i : :

Proof: Assume A ¢ 3, then accordind to Remark 3 two cases are
possible. In the first case A < RZ \ Q and hence all its ver-
tices belong to 3Q. In the second one a subtriengle of A is
contained in R \ Q which has two common vertices with A.
Thus if the assumption A ¢ f1 is true, then at least two ver-
tices of A belong to 3Q and hence at most one of the ali's

| may vanish. -
'However. the conversg is not true, i.e. there may be triangles

contained in €1 with one or none vanishing ali. We study such

situations in the following three lemmas.
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Lemma Z: Let 811 =0 and |K11 Kl | = ‘Kl Kl f =1,
Then A = A K, K; Ky < &
1,157,

Proof: We consider again the two under A ¢ 2 possible cases.
In each of them there exists a subtriangle of A (in the first
case A itéelf') with Ki as a vertex, which is contained in
R2 \ Q. But this implies 111 * 0 - in contradiction to the

assumption. -

Lemma 3: Let Ky K | = (Ki Kyl =1 and M = 3K, + K
Lomma By Ny 1y Mg 21, * 2,
If Kllﬂcm.then Ad ).

It Ky W4 30, then either A=0 or Ac RZ \ Q.

Proof: It sufficiés to observe that the third case of Remark 3

occurs iff Kll M < an. n

Lemma 4: Under the assumption of Lemma 3 we have Kll Mc'an
iff 3 14 with K14 = 2M - Kll A 114 + 0O A

% - x = 21 (mod r).
I, "4

Proof: a) Sufficiency. Kll and K14 are neighbouring boundary
points, hence Kll K14 < 9Q, the more Kll M c aQ.
b) Necessity. We have lKll M = %ﬁ‘ Therefore Kll M c aQ

implies that Kll M is contained in a straight line belonging

to 3N with integer vertices and succesive numeration. ]

Now we are ready to formulate the main resilt.
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Theorem 1: Let IK11 K12|‘= 1K _KI;| =1 -and 'KT;—KT;' = V2.
The triangle A = A KllKl Kl is entirely contained in i iff
cme of the following- cond1t1ons holds :

(i) at least two of the ,uli, i =1,2,3, vanish;
(ii) L3 vanishes;
1 B
(iii) “11 * 0 {3 14 with K14 = K12 + Kls ~ Kll w14 + 0

- = 21 (mod r)}
314 “11

1 Kl yl],
= =0 sgn(xy , =7 , 29y Y det|[ 1 x y =11]
113 1" "1p* "14 1, "1

Proof: Due to the Ilemmas it remaines to show that a triangle,
;hieh neither possesses two inner vertices, nor possesses K,

as an inner vertex, nor is cut up into two halfes by aQ, 1lies
in é exactly if there is an -innern vertex or if the vertices
(lying now all on 3Q) form a positively oriented triangle with
respect to the enumeration of the boundary. For the girst case
it suffices _to observe that the existence of An inpe} vertex
implies the existence of a non-empty common part of A and Q -
vhich excludes the possibility of S_c Bz'\ Q. The second case

is clear due to the anti-clockwise orientation of aQ. ]

3. The decomposition algorithm

Consider the following simple algorithm in step 1 of which we
mean by "interesting":

- max |1; - ljl < B,

- the edgelengths are 1,1,V2,

- each new denerated triple has no inner points in common with

the sum of the earlier triangle;.

Here B is a éuitable constant - depending on the numeration of
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gridpoints - which is easyly obtainable.

~Algorithm: 1 generate all interesting triples of numbers of
}vertices 11, 12, 13,
2 eliminate -all +triangles which are not entirely

- contained in 1 by using Theorem 1.

The cost of testing for intereqting triangles may be reduced by
préscribing the direction of hypotenuses, allowing exceptions
only near dQ . )
Step 2 of that aldorithm is based on Theorem 1 from Sec. 2. Note

that only if the case (iii) occurs the test will be rather
expensive, in the worst case the position of two boundary points
with given numbers %7 21 (mod r} have to be checked for their
position ( = K12 + K13 - K11 ?), the sign of a permutation and a
determinant of order 3 x 3 are to be calculated. '

Now, let us pass to some examples. - ,

A KjKqK, is cut into 2 ‘parts. Ky and
K4 are neighbouring boundary points.
The A is eliminated by (iii), first
condition.

A KKKy, is accepted because it' corres-
ponds to the first cese of Remark 3,
A A KgKgK,, corresponds to the second case

and is hence eliminated by (iii), se-

cond condition.

Here A K,KgK; is eliminated by (iii),
second condition, A KK,K5 by (iii),
first condition, while A KKK, is

’

accepted.
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Our main interest was in the following exemple. Here Q is an
© idealization of the Greifswald Bay containing 486 drid points
and 869 triangles (cf {10]). The aldorithm generated 287526
triples satisfying max 11 - ljl € B = 25, rejecting 286648
cendidates as not interesting in step 1 . From the remaining 878
were 764 accepted after testing (i),

28 accepted after testing (ii),

70 accepted after testing (iii), first conditiom,

8 rejected and 7 accepted after testind (iii), second

conditon.

Hence, even if an index test would have been applied only in
"doubtful?' -cases, i.e. if Lemma 1 and Lemma 2 do not give a

decision, then 2%88 times a routine for index calculation would

have been called.

44
/
7

\

Triangulaéion of the Greifswald Bay
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4. Generalization to the 3-D case

Assume that the domain Q < HS is bounded by a surface composed

of pieces satisfying

‘ czx = ba a=1,...,m ) (%)
with
1 O o} 1 1 O 1
e (9 (D (6 (B 6D @] men

Then the 3-D analog of the problem from Sec. 2 is that of
deciding whether a unit tetrahedron with edgelengths 1,1,1, /2,
VZ, JE-and\integer vertices is contained in Q.

A tetrahedron of that type may be cut by a surface satisfying
(*¥) in 6 different ways so that the discussion becomes a 1little

more cumbersome. Possible cutting planes have unit normals from

+1 +1 :
H6) %) %09 56

Decompositon of unit tetrahedron by plene with normal vector

(1,1,-1 T,
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A reinspection of Sec. 2 suggests that Lemma 1 and Lemha 2
should be easy to modify for the présent case. However, the
remainder of that section uses essentially the enumeration of
the boundary, i.e. an explicitely diven homeomorphism of 3Q
with R/, 4 . or sl. an analog of that would be an homeomor-
phism with ’Sz in the spacial case. Unfortunately, it is rather
;unrealistid to assume such homeomorphism to be given or to be
easy to calculgte in cases of practical interest. Thus we are
g€oingd to make weaker assumpiions here, expecting in turn weaker
results, i.e. at the outcome we shall have more expensive
‘testing procedures. So we assume here that 3Q is connected and
thet an orientation of adQ is €iven by Assigning to each . tri-
angle A Kl Kl Kl & an outer normal nyo1..1 of unit
length. 123 brens

Now we are going to prove two lemmas. This time we start with a
3-D counterpart of Lemma 2

Lemns 2°: Let IRy Kj | =1, IRy K = V2

i*j € {2,3,4} end K11 be an inner point of Q .

Then conv{K; , i =1,..,,4} is contained in Q.
i

Proof: We observe that three of the faces of conv{Kli} are
triangles of the type considered in Lemma-2 . Under the present
‘assumptions the former ones are satisfied for these triangles,
hence hone of them may be cut by the boundary aQ, neither can

not. the tetrahedron conv{Kl.}. n
i

Bemark 4: A direct proof can by carried out analogously as in
Lemma 2 considering the six possibilities of cutting up the

tetrahedrons. Kll is always a vertex of each of the pieces.

Now it ig easy to verify
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Lemma 1’: If no more than one of the points Kli is a bounda-

ry point, then conv{K; } < .
i

Proof: If again Kll is the distinguished vertex as in

Lemma 2°’, then two cases are to be considered:

(&) K11 is an inper point - then Lemma 2’ yields the thesis,

(b) K1‘ is not an inner point - then Kl ,l(1 ,Kl 'are inner
1 2 "3 "4

points and hence the asssumptions of Lemma 1 are fulfilled
for the faces with edgelengths 1,1, +2. Thus none of them
is . cut by the surface, consequently, the same is true for

thé tetrahedron. -

In order to complete the discussion we néed now a criterion
deciding whether a unit tetrshedron with two or more boundary
points among the verticeé is cut by the surface or not, and
another one decidi&g whether a tetrahedron lies inside or out-
side if the previous answer is no. For a better understanding
imagine that we are considering e.d. the_elasticity problem for

RUBIC’s cube twisted by E per layer.

The first question may be solved introducing the six posgible

cutting triengles (with vertices from {K; , i=1,.,.,4
i
Ky +Ky -Ky., i'* j=2,3,4, K, +K; +K;, -2K; }) and
By Ty Ty 1p 7 Mg T Ty Ty
checking, whether one of them belongs to the surface or not. We

omit the details.

If the tetrahedron is not cut, and one of the Kl. is an inner
i
poiﬁt, than adain conv{Kl_} c 3. The remaining case is that of
i
all Kl. being boundary points. Now we are lacking the. analog

1 ()
of the enumeration used in Theorem 1. Instead, we use the
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assumed to be given outer normal. We have the obvious

Theorem 2: Let conv{Kl_} be a tetrahedron which is not cut by
i

the surface Q. Let A Ky Ki K be part of Q. Then
11 12 13

conv{Kl_} is an inner tetrahedron iff
i

(n , K K7y >o0.
15,1515 71, 714

In the remaining case we are forced to use rather a generaliza-
tion of the testing point approach mentioned in

Sec. 2. Namely we use then

Theorem 3: Let conv{Kl.} be a tetrahedron which is not cut by
i

the surfece 3Q, then it belongs to { iff

- ff 52 = T L7 doty) = 4n ' LR
an
ith 1 3k d £ A Ky KK
wi X = an n, = Ny, s » or y € > » Iz
1,25, y 14,15, 15 11504

Proof: The theorem is a direct consequence of the theorem on
spacial angles, cf. [9, 11]. L]

Remark 5: For the criterion of a tetrahedron to be cut or not as
well as for Theorems 2 and 3 it is essential to have an array of
all boundary triangles together with the correspondingd outer
unit normals. To obtain those data we may use piecewise the
modified plane decomposition procedure for each part of 3Q.
Doing +this it is easy to incorporate the rule -that

Kl K- < Ky Ky / 1]:eY K x Ky KN
1 1l L4 Ip ™ "1y,
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‘However, the 3—Drease is essentially more complicated than ‘the_
plane case since we are forced to avoid using glonI informa-
tions on the orientation. Fortunately,’ Theoreﬁ 3 must be used
only in the casé of very slender domains or domains with thin
holes. Hence one may expect that the numerical approximetion of
(¥%) does not affect the overall costs of the decomposition
algorithm to much. '

Note +that Theorems 2 and 3 are true for arbitrary tetrahedrons.
In general a domain of the considered typg cannot be decomposed
using Jjust unit tétrahedrons. Consequently, a 3-D-decomposition
algorithm needs further tests. However, in most cases one can
avoid wusing Theorem 3, especially, if furiher properties of Q

are used. So we have in many applications
- - 2D
Q=4{-h(x,y) <2<0, (x,y) € Q7 }

with a piecewise linear h. This makes a layer-by-layer decompo-

sition possible which reduces the necessity of testing.
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Rostock. Math. Kollogq. 37, 77 - 78 (1989) 03G20
" 08A40
Dietlinde Lau

Funktionenalgebren Uber endlichen Mengen

Autorreferat der Dissertation B

Sei €, = {0,1,...,k-1}, k> 2, Pa die Menge aller n-stelligen
Funktionen f", die des n-fache kartesische Produkt E: in E, ab~
bilden, und P, = () P, Zusammen mit den Operationen

k= 51 K
- Umnumerieren und Identifizieren von Vvariablen,
- Hinzufigen von fiktiven variablen und
- Einsetzen von Funktionen in Funktionen
(ausdrickbar durch gewisse elementare Operationen {, T, A,V , )
bildet P, eine Algebra, die Algebra der Funktionen der k-werti-
gen Logik.
Die Menge aller mittels £, T, A, V, « aus Funktionen einer Men-
ge A& P in endlich vielen Schritten konstruierbaren Funktio-

nen sei mit [A] bezeichnet. Ist A = [A], so heiBt A abgeschlos-
sene Menge bzw. Teilklasse von P . Die Menge aller Teilklassen

von P, bildet zusammen mit der mengantheoretischen Inklusion ei-
nen Verbaﬁd, der hier mit Vv bezeichnet werden soll.

Im Rahmen der Untersuchung von Funktionenalgebren erweist sich
bei der Lésung einer Reihe von Problemen (u, a. dem Vgllstén-

digkeitsproblem) bzw,, bei der Klassifikation von universalen
Algebren (Ek,F),FG Py oder Varietdten solcher Algebren eine

genaue Kenntnis von Vk als sehr nitzlich, Fir k = 2 ist vy (be-

stehend aus abzéhlbar vielen Elementen) seit den Arbeiten von
E. L. Post bekannt, : .
Fir k 2 3 gibt es dagegen kontinuum-viele Teilklassen von Pl

wie man durch das Auffinden von abgeschlossenen Mengen mit un-
endlichen Basen in Pk fir k @ 3 beweisen konnte, womit eine

vollstandige Beschreibung von Vi fast unméglich erscheint.
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Trotzdem kann man versuchen (in Blickrichtung auf gewisse An-
wendungen), durch Beschrankung auf abzéhlbare oder strukturell
durchschaubare Bereiche von V,, sich eine gewisse Vdrstellung
von Vv, zu verschaffen, Die vorliegende Arbeit versucht, anknip-
fend an die Untersuchungen einer Reihe von Mathematikern (u. a,
I. G. Rosenberg, A, I, Mal'cev, I. A, Mal'cev, J, Demetrovics,
A. Szendrei, V. V, Gorlov), einige Beitrage dazu zu liefern.
Sie beginnt mit einem neuen kirzeren Beweis fir .die bekannten
Resultate von E, L, Post dber V,, Daran anknipfend wird der
Verband der Teilklassen von

Pe.o i= Egi{f“ ep | f': ERoE,}

untersucht, Insbesondere wird fir jedes AEV, geklart, ob die
Menge H(A) := {BIB =[B] € Py, pAPFr B = A}

(pr B := {geleﬂfneB: Vg_eEg: f(a) = g(_a_)}) endlich, abzdhl-

bar unendlich ist oder die Méchtigkeit des Kontinuums besitzt,
Weiterhin wérden Eigenschaften einer Klasse autodualer Funktio-
nen ermittelt, ein Kriterium fir den Nachweis der Abzéhlbarkeit
gewisser Teilverbénde fir VvV, vorgestellt, sémtliche Klassen
quasilinearer Funktionen von P; bestimmt, gezeigt, daB es ge-
nau 1434 Teilklassen von [Pé] gibt, Klassen linearer Funktionen
von P, untersucht (u, a. werden neue Beweise fir Resultate uber
lineare Funktionen in Primzahllogiken vorgestellt, alle Feil-
klassen linearer Funktionen in P, charakterisiert und die maxi-
malen Klassen der Klasse L der linearen Funktionen von Pk be-
stimmt) sowie submaximale Klassen von P (dabei alle 158 far

k = 3) angegeben,

Abschliefend werden Kongruenzen und Automorphismen auf Funktio-
nenalgebren studiert,
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Rostock. Math. Kollog. 37 79 - 80 (1989) 05C65

Labahn, Roger 94C15

Informationsfliisse auf Hypergraphen

Autorreferat der Dissertation A

We deal with combinatorial (extremal)} problems of transmitting
information: Let a set of n points and two subsets X and Y
be ¢given. Provided that every point of X knows one unit of
information at the beginning which is not known to all of the
other points, we arrange a stepwise exchange of information such
that each point of Y knows all the information at the end.
Every step (round) consists of some parallel conference calls
each including exactly k points (k> 2, fixed). During a call
"all the participants completely exchange all the information
they learned before. Every point can take part in at most one
call per step. Moreover, let the information exchange be minimal
with respect to the above defined (X,Y)-completeness, i.e. if
any of the calls is deleted there is a point in Y which does
not londer learn all the information.

Let the number of calls and steps be denoted by L and T, resp.
Our main results are:

(1) L > fllllz__;—l-‘] + f-litz.f—k]
n/k - (2-2/k)n  if n > N,

L < {
2(n-k)+1 if n < N, where N & (2+/2)k.

T 1 1,1 1
(?) L-k* > gl XI1YIflog 1YY - =1 —@) | XLIYI,
where m:= lYI/(krlogk'Y'1_1)
and |Xi{ € Y| .without loss of denerality.

The results of the first part are based on the new-defined
reduced minimal order, 1i.e. a modification of the well--known
minimal order of the calls. Its investigation and the extension
to posets of a special kind, which are not necessarily related
to reduced minimal orders of information exchanges, are a cen-
tral topic of this part.
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A new method, which analyses the connection between the +trans-
mission of one unit of Information and the entire process,
vields the results of the second part. Using this tool we get
more precise results on the mutual dependence of L and T in
the cases when T is minimal (T=flogkp1 for (Xt = (Yl = n).
For k = 2 and even n, we prove that there is an information
exchange minimizing both L and T iff n <€ 8.

We use several examples and constructions to discuss whether the
given bounds can be achieved or not.

Remark: Recently; together with D.J.Kleitman we were able to
-
prove

tn/ki% + 2(n-kin/k]) + (k-1)% < max L < 2(n/k)2.

These results improve the above méntioned bounds (1).
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Hinweiese fOr Autoren

Menuskripte (in deutscher, ggf. auch in rueeiechar oder engli-
scher Sprache) bitten wir, an die Schriftleitung zu schicken.

Bie—gesamte—Arbeit iet linksblindig zu schreiben. Eine Ausnehme
hiervon bilden hervorzuhebende Formeln und des Literaturver-
zeichnis, Der Kop er Arbeit eo olgende Form haben: Rostock.
ath, Kolloq./—teerzeile/—Vorname—Neme/—teerzeile/ Titel der
Arbeit/ 1 Zeilenumechaltung/ Unterstreichung/ Leerzeile., Der
Text der Arbeit iet eineinhalbzeilig (= 3 Zeilenumscheltungen)
zu schreiben mit mexImel 63 Anschlligen je Zeile und naxinag 37
Zeilen je Seite., Zwischuntberechriftsn sind wie folgt einzuord-
nen: 6 Zeilenumechaltungen/ Zwischenlberechrift/ Unterstrei-
chung ( ungen, Hervor-
hebungen sind durch Unterstreichen und Sperren méglich., AnkGn-
digungen wie Setz, Definition, Bemerkung, Beweis u, a. sind zu
unterstreichen und mit eirem Doppelpunkt ebzuechlieBen. Vor und
nach S3tzen, Definitionen u. 4, ist ein Zeilenabstand von 5 Um-
echeltungen zu lessen. FuBnoten sind mdglichst zu vermeiden,
Sollte doch davon Gebrauch gemacht werden, eo sind sia durch
eine hochgestellte Ziffer im Text zu kennzeichnen und innerhelb
dee oben angegebenen Satzepiegele unten auf dar gleichen Seite
anzugeben, Formeln und Bezeichnungen sollen mdglichet amit der
SchreibmeechIne zu schreiben sein. Hervorzuhebende Formeln eind
n einzuricken umd mit 6 Umschaltungen zuam Gbri-
gen Text zu schreiben, Formelzdhler sollen am rechten Rand ete-
hen, Der Platz fir AbbiTdungen let beim Schreiben auszusparen:
die Abbildungen selbet sind In der dem asuegeeparten Platz ent-
eprechanden Grd8e—gesondert—mnach TGL-Vorechrift auf Tranepa-
rentpepier beizufiigen. Dar zugehdrige Begleittext ist im Manu-
ekrigt mitzuechreiban, Sein Abstand nach unten betrdgt S5 Um-
echeltungen, Literaturzitate im Text sind durch laufende Num-
mern in Schrigetrichen (vgl. /8/, /9/ und /10/) zu kennzeich-
nen und am SchluB der Arbeit unter der ZwiechenGberechrift Li-~
teratur zueammenzuetellen, -
BeTeplele: (ZeitechriftenabklGrzungen nach Meth,. Reviews)
ariski, 0., end Samuel, P,: Commutative Algebra,
Priceton 1958
/9/ Steinitz, E.: Algebraische Theorie der Kérper. J. Reine
Angew, Math, 137, 167 - 309 (1920)
/10/ Gnedenko, B, W, : Ober die Arbeiten von C. F. GauB zur
Wehrecheinlichkeiterachnung. In: Reichard, H. (Ed.):
C. F. GeuB, Gedenkband anldBlich dee 100, Todeetagas,
S. 193 - 204, Leipzig 1967

Die Angeben sollen in Originalepreche erfolgen: bei kyrilli-
echen Buchstaben soll die bibliothekerische Transkription
(Duden) verwendet werden,

Am Ende der Arbeit atahen folgende Angeben zum Autor und zur
Arbeit: eingegengen: Datum/ Leerzeile/ Anschrift dee Verfassers:y/
Titel Inzfzgzgﬁ'aiF”Vornalon Neme/ Institution/ Struktureinheit/
StraBe Hauenummer/ Land Postleitzahl Ort,

Der Autor wird gebeten, eine Korrektur des Durchechlege vom

Of feetmanuekript zu leeen und dabei die mathematiechen Syabole
einzutregen, Ferner sollte er 1 - 2 Kleseifiziarungenummern
(enteprachend der “1980 Mathematics Subject Cleesification” der
Math, Reviews) zur inhaltlichen Einordnung seiner Arbeit angeben,
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