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7. Fischland-Kolloquium Diskrete Mathematik und Anwendungen 
vom 11. 9. bis 17. 9. 1988 in Wustrow/Fischland 

- Überblick - 

Das Kolloquium wurde gemeinsam von der Wilhelm-Pieck-Universität 
Rostock und der Ingenieurhochschule für Seefahrt Warnemünde/ 
Wustrow durchgeführt. An ihm nahmen 100 Teilnehmer aus 16 Län¬ 
dern teil. Es wurden 20 Plenarvorträge und in 3 Parallelsektio¬ 
nen 52 Kurzvorträge gehalten. Zusätzlich gab es eine Problemsit¬ 
zung und von J.-M. Laborde (Grenoble) zwei Vorführungen zur 
Computergraphik. — 

Tagungsschwerpunkte waren 

Graphentheorie 
Extremal- und Anzahlprobleme 
Zufallsobjekte 
Designs 

algorithmische Fragen 

Kompliziertheitsfragen in der Kombinatorik 
Kombinatorische Geometrie 
Anwendungen der Kombinatorik 
Verbindungen der Kombinatorik zu anderen 
mathematischen Gebieten 
Algebra 

18 Vorträge 
14 Vorträge 
9 Vorträge 
3 Vorträge 
6 Vorträge 
2 Vorträge 
1 Vortrag 
8 Vorträge 

6 Vorträge 
5 Vorträge 

Folgende Hauptvorträge wurden gehalten: 

ERDöS, P.: Extremal problems in combinatorics, number theory and 
geometry '■ 

FUREDI, Z.: The maximum number of edges in a minimal graph of 
diameter 2 

SEIDEL, J. J.: Designs 

BODENDIEK, R.: On certain properties of graphs 
KÖRTE, B. Antimatroid and convexity 
AIGNER, M.: Complexity of graph properties 
PULLEYBLANK, W.R.: Weighted girth and cycle polyhedra 
SYSLO, M.: On independent covers in planar graphs 
ANDREEV, A.E.: On self correcting circuits 
ALEKSEEV, V.B. : On the number ' of- functions in some maximal 

closed classes of many valued logic 
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GRONAU, H.-D.: On two conjectures of Demetrovics, FUredi and 
Katona on the existence of partitions 

RAZBOROV, A.A.: Lower bounds by matrix methods in complexity 
theory 

SAPOSHENKO, A.A.: The asymptotic number of monotone functions on 
partially ordered sets 

GRIMMET, G. : Periodic graphs with random structure. 
How many infinite components exist ? 

KARONSKI, M.: Phase transition in a random graph 
DYER, M.: Randomised algorithms for volumes of convex sets 
TÜRÄN-SÖS, V.: Combinatorial discrepancy theory 
VOIGT, B,: Topological Ramsey Theory 
BUROSCH, G.; DEMETROVICS, J.; KATONA, G.O.H.: The poset of 

closures 
TOFT, B.: The graph colour theorem of Hajos 

In einem der weiteren Hefte wird ein Verzeichnis der Sektions¬ 
vorträge publiziert werden. 

Insgesamt fand die Tagung ein sehr erfreuliches internationales- 
und nationales Interesse. Das drückt sich auch in dem Wunsch 
nach Publikation der Vorträge im Rostocker Mathematischen 
Kolloquium aus. Da uns Arbeiten von mehr als 30 Kollegen zur 
Veröffentlichung vorliegen, mußten wir die ursprüngliche Planung 
auf drei Hefte vergrößern. Ich freue mich sehr, diese Veröffent¬ 
lichungen mit einem Beitrag des Ehrengastes des Kolloquiums, 
Herrn Prof. Paul Erdös, eröffnen zu können. 

Die Organisatoren der Tagung möchten auch an dieser Stelle 
insbesondere der Leitung der Ingenieurhochschule für Seefahrt 
für die vielseitige Unterstützung danken. Diese Unterstützung 
und das Interesse der Teilnehmer ermutigen uns, die nächste 
Tagung zum gleichen Thema für September 1992 vorzusehen. 

Prof. Dr. habil. G. Burosch 
Vorsitzender des Organisati^nskomitees 
und 
Direktor der Sektion Mathematik der 
Wilhelm-Pieck-Universität Rostock 



Rostock. Math.• Kolloq. 38, 6 - 14 (1989) 

Pal.\1 Erdös 

05A99 
11B75 
05C35 

Problems and results on extremal problems in number theory, 
geometry, and combinatorics 

During my long life I wrote many, papers about ·solved and 
unsolved problems. I will start with number theory•, 

1. Perhaps my first serious qonjecture which goss back to 1931
or 32 states as follows: 

Let 1 < a
1 

< a
2 

< ... < ¾' be a sequence of integers. Assume 

that all the sum� 

� e -a-, 
i=l 1. 1. 

e i .= 0 ·or 1,

, are distinct. Is it then true that there is an absolute constant 
c for which 

I immediately proved by a simple counting argument that 

¾ > exp log2 (n + l�� + c) 

(1) 

and in 1954 using the second moment method Leo Moser and I 
proved that 

¾ > exp log2 (n �• 2Y�
2 

+ c) 

which is the current record. Conway and Guy proved that for 
large n ¾ < 2°-2 is possible and it has been conjectured 

that ¾ < '2n-3 is. not possible.

I offer 6001Dollars for a proof or 4isproof of (1). 
Our proof with L. Moser is appeared in [1]. 
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2. A few days ago SArköay and I asked the following question: 

Let < a-2 < . • ■ < a^ be such that the set of 2n - 
integers 

n 
Z c, e* = 0 or 1, £• not all 0, 
i=l 111 1 

does not contain an arithmetic progression of three terms. Is it 
then true that 

min a^ = 3n_1 ? (2) 

The conjecture (2) is perhaps too optimistic, but we are con¬ 
vinced that 

an > 3n_c holds but we can only prove a^ > 3nn-c. A paper of 
ours on this and related problems will appear soon. 

3. Let < ag < . . . < a^. < n be a sequence of integers. 
Assumme that ai f a^+a^, i < u, i < v, i.e. that no a divides 
the sum of two larger a's. Is it then true that 

max t = [^-] + 1 ? 

S&rköay and I conjectured this 20 years ago And it is annoying 
that we could not settle this problem (see [2]). 

4. Now to a really serious problem which has important conse¬ 
quences. Let W(n) be the smallest integer for which if we 
divide the integers < W(n) into two classes at least one class 
contains an arithmetic progression of n terms. Van der Waerden 
in his classical paper proved that W(n) exists but he has only 
a very poor upper bound for W(n), his bound increased as fast 
as the Ackermann function, only very recently She1ah obtained a 
primitive recursive upper bound for W(n). This was certainly a 
sensational triumph but Shelah's bound is probably still too 
high. It would fee very nice to prove 

W(n)1/n —* « 

but we do not even know W(n)/(2n) —* <». 

More than 50 years ago TurAn and I'asked: 

Let r^(n) be the smallest integer for which if 
a^ < ag <...< a^./< n, t = rk(n) then the a’s contain an 
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arithmetic progression of к terms. r^(n) < g implies 

W(k) < n, i.e. Van der Waerden’s theorem. Me conjectured 

rk(n)/n —» 0. (3) 

I offered 1000 dollars for a proof or disproof of (3) and in 

1972 Szemerfedi proved (3). His proof is a master-piece of combi¬ 

natorial reasoning and his method (i.e. his regularity Lemma) 

can be used in many other problems. A few years later Fürsten¬ 

berg proved (3) by methods of ergodic theory. His methods will 

no doubt be used in many other parts of combinatorial number 

theory. 

Here is my 3000 dollar conjecture: 

Let • 2 1/a^ = n, is it then true that the a's contain arbitra¬ 

rily long arithmetic progressions ? If it is true this would 

imply that there are arbitrarily long arithmetic progressions 

among the primes. 

Probably there are arbitrarily long arithmetic progressions 

among consecutive primes but this question is completely unat- 

tackable at present and can certainly not be approached by 

combinatorial methods (see [3‘, 4]). 

How I discuss some problems in geometry. 

Let . . . , Xjj be n distinct points in the plane, Denote 

by d(x^,Xj) the distance between x^ and Xj. Let 

min d(x^.Xj) = d, max d(x^,Xj) = D. 

D is the diameter of x^, ... , xn- Denote by A(x1,...,xn) 

the number of distinct distances determined by the points 

xl’ --- > xn» and by R(x%,...,xft) the number of times the same 

distance can occur. In other words, R(Xj,...,xn> is the lar¬ 

gest integer t for wich d(x^,Xj) takes the same value. 

1. In 1946 I conjectured 

min A(x1,...,xn> > ct nA/Iogn (4) 

and 

max R(x^, . ., 
l + c9/loglogr4 

< n z 1 (5) 

8 



In {4) and (5) the minimum and the maximum is taken over all 
possible choices of x^, ... , xn, respectively. 
The lattice points show that (4) and (5) if true are best 
possible. 

I offer 500 dollars for a proof or disproof of each of the 
conjectures (4) or (5). I am afraid, there are easier ways of 
earning 1000 dollars than deciding these conjectures. Partial 
results have been proved by L. Moser, Beck and Spencer, 
Szemerädi and Trotter, Fan Chang, Graham and others. I believe 
the current record is n4/^5 in (4) and n5^4 in (5). See also 
[5-8]. 

2. Denote by F(n) the maximum number of times the diameter D 
can occur. It is easy to see that F(n) = n. I believe this was 
first observed by Erika Pannwits. Trivially the minimum distance 
can occur fewer than 3n times. Denote this number by f(n). 
Harborth determined f(n) exactly. 
Pach and I conjectured 

f(n) FCn) < n2. (6) 

(6) if true is best possible, the regular polygon of odd number 
of vertices shows this. Me proved 

f(n) + F(n) < 3n - оѵй 

but did not determine the exact value of max f(n)+F(n), the 
method of Harborth with some care will perhaps give this. 
Reutter posed the problem of determination of f(n) in Elemente 
der Mathematik about 1964 and stated the formula for f(n). 
Harborth proved it also in Elemente der Mathematik. 

3. Let Xj, ... , X be a convex n-gon. Denote by h(n) the 
maximum number of times the same distance can occur. In 1958 
Leo Moser and I conjectured that h(n) < cn holds for some 
absolute constant c. This conjecture is still open and I offer 
100 dollars forr a proof or disproof. 

Moser and I observed that h(n) > gn and last year Peter Hajnhl 
proved h(n) > |n which was improved by Edelsbrunner to 
h(n) > 2n - 7 which is as far as I know the current record. 
Füredi very recently proved h{n) < cn logn, which is the best 

upper bound. 
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Perhaps the following stronger result holds: There is an r 
(perhaps r = 4) so that there is an which has no r other 
vertices equidistant from it. I once conjectured this with 
r = 3, but this was disproved by Denser. By the way Pach 
believes that our conjecture with Moser is wrong and h(n)/n 
can tend to infinity very slowly like the inverse Ackermann 
function, but both FUredi and I believe h(n) < cn. FUredis 
paper will appear soon in J. Combin. Theory Ser. A. 

4. Assume that 

dUi.Xj) > 1, Ki<j<n, and |d(Xj,,Xj) - d(xk,Xj)| > 1. (7) 

In other words if two distances differ, they differ by at least 
one. I conjecture that if (7) holds then 

D(xp....Хд) > cn (8) 

and perhaps for n > nQ 

DtXj, . . . ,x^) = n - 1. (9) 

In other words (7) implies that for n > nQ the diameter is 
minimal if the points are on a line. If (4) holds then (7) 
implies 

D(xl' . - ..Хд) > . 

KanoId proved in 1981 that (7) implies D(x1,...,xn> > cn3/4. 

I posed D(x^, ....x^) > cn3//3 in Elemente der Mathematik 1981, 
Kanolds proof appeared soon afterwards. Makai has some new 
inequalities for small values of n. 

5. Finally a simple problem which has perhaps been neglected. 

Let xi» • ■ • • xn be n points no four on a line. It is еайу 
to see that one can find a subsequence x- -, . . . , x , к > cVn, 

11 xk 
no three of them are on a line. The proof is quite simple. Is it 
true that к > oVn can be improved ? I can not even prove that 
к > en does not hold for every Xj, ... , x^. Perhaps I over¬ 
look a trivial point. FUredi just tells me that Rödl and Phelps 
proved in a different context that к > Vhlogn . In fact they 
proved the following beautiful theorem. 

10 



Let I S| = n, Aj c S, IA - I = 3, I А, л A, | < 1, then there is a 
1 1 ___ ll г2 

subset Sj c S, ISjl > Vnlogn, and 8^ contains none of the 

A^s. ) 

How finally I discuss some extremal problems in combinatorics■ 

1. In my old paper with Ко and Rado many problems were stated. 

All but one of them has been solved. Here is the one which is 

still open: 

Let IS| = 4n, denote by f(n) the largest integer for which 

there is a family A^ ■= S, lA^I = 2n, 1 < i < f(n) for which 

IA^ л AjI > 2. He conjectured that 

f(n> = C(2n) - (2Э2]/ 2' (И) 

(10) if true is best possible. To see this consider all subsets 

of size 2n of the integers 1 < x < 4n which contain at least 

n + 1 integers not exceeding 2n. 

More general conjectures have been stated by Peter Frankl and 

Cooper. Many papers have appeared on the Erdös-Ko-Rado theorem, 

here I only refer to three of them [9 - 11]. 

2. Let H be a graph, T(n;H) the Turän number of H is the 

largest integer for which there is a G(n;T(n;H)) (in other 

words a graph of n vertices and T(n;H) edges) which does not 

contain H as a subgraph. Tur&n determined T(n;H) if H is a 

complete graph. The exact value of T(n;H) is known only for 

very few graphs. Rfenyi, V. T.-S6s and I proved that 

T(n;C4) = + o(l))n3/2, (11) 

but the exact value of T(n;C4) is known only if 

n = p2 + p + 1 where p is a power of a prime. FUredi proved 

T(p2 + p + 1,C4) = gp3 + p2 + 

I published many papers on extremal graph theory, here I jubt 

state a theorem and two conjectures of Simonovits and myself. 

Let H be the edges of a cube, H is a regular bipartite graph 

of 8 vertices and 12 edges. He proved 
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T(n;H) < cn8/5 

probably 

T(n;H) > cn8/5, 

but we could not even prove that T{n;H) / n3^2 —-» <». 

We conjectured that if H is a bipartite graph which has degree 

3 then 

T(n;H) < cn3/2. (12) 

On the other hand if all vertices of H have degree > 3 then 

T(n;H) > n3/2 + e. (13) 

Both, (12) and (13), are rather doubtful. In fact let H have 
the vertices x ; y^,yg,y3,y4; Zj, z2, z3,z4,Zg,Zg. x is joined 
to у^,У2<Уз»У4, each z is joined to two y's distinct z?s 
to distinct pairs. We could not prove 

T(n;H) < cn3/2. 

I recommend to the interested reader the excellent book of 
Bolobas [12] and the very nice paper of Simonovits [13]. 

To end the paper I would like to state one of our oldest 
problems. In 1931 E. Klein (Mrs. Szekeres) observed that from 
any 5 points in the plane, no three of which are on a line, 
one can always find four which form the vertices of a convex 
quadrilateral. Then she asked: 

Let f(n) be the smallest integer for which if f(n) points 
are in the plane (no three on a line) one can always select n 
of them which form a convex n-gon. It is not clear at all that 
f(n) exists. Szekeres and I proved 

2n_2+ 1 < f(n) < (2пІг)■ 

Szekeres conjectured f(n) = 2n-2+ 1. This was proved by Turfifl 
and E. Makai for n = 5. It is not known yet whether from 17 
points one can always find a convex hexagon. 

About 10 years ago I asked: 
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Let F(n) be the smallest integer for which if F(n) points 
are given in the plane (no three on a line) can one always find 
n of them which form a convex n-gon whose interior contains 
none of the other points. F(4) = 5 is trivial and Harborth 
proved F{5) = 10. Harborth conjectured that for n > 7 F(n) 
does not exist and this was indeed shown by Horton. It is not 
known yet if F(6) exists. 

Finally many decades ago Richard Guy and I observed that if 
h(n) is the largest integer for which every set of n points 
(no three on a line) contains at least h(n) convex quadrilate¬ 
rals, then 

lim = c 
n~**> n 

exists. The value of this limit is not known yet, perhaps 
c = 1/69 ? The exact determination of h(n) will perhaps be 
difficult. See [14], where my papers with Szekeres [15,16] are 
reprinted. 
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Ioan Tomesou 

05C70 
94C15 

. Deoomposition theorems for the number of perfect matohings in 

In this paper it is shown that series-parallel hexagonal graphs 
oan be decomposed into nonbranched strings of hexagons for which 
an effeqtive algorithm (the Gordon-Davison algorithm) gives 
easily the number of perfect matchings. 
Thus the number of perfect matchings is calculated.as the sum 
of these numbers for the comPonent subgraphs. 
In chemistry this produces th� number of Kekulb structures for 
so-called· "half essentially disconnected coronoid hydro
carbons [1]" in a systematic way. 

1. Definitions and notations

.In this paper we shall consider only undirected graphs comPrised 
of 6-cycles. Let there be a total q.f n' such cycles which we 
shall denote as c1,c2,., .. ,Cn. 
A string hexagonal graph (SHG) composed from n 6-cycles is 
defined by imposing upon c1, ... ,Cn the following conditions to 
reflect the underJying chemistry: 

(i) Every Ci and Ci+l shall have a oommon edge, denoted 
as Ei, for all l<;i<;n-1. 

(ii) The edges Ei and 
�j 

shall have no common vertex for
any 1,;; i < j<;n-,-1. 

By .representing the 6-cycles as regular hexagons in the plane 
·such a graph is illustrated as in Fig. 1.

Fig. 1 
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In organic Chemistry such graphs correspond to cata-condensed 
benzenoid polycyclic hydrocarbons (each vertex represents a 
carbon atom or CH group, and no carbon atom is common to more 
than two 6-cycles). 
In other words, a SHG is composed from an open chain of hexa¬ 
gons such that every two adjacent hexagons have exactly one 
common edge and the lines joining the centers of pairs of 
neighbouring hexagons compose a path P 
We shall consider that all hexagonal graphs in this paper 
(string, parallel, . series-parallel) are composed from regular, 
pairwise congruent hexagons lying in the same plane. 
For SGHs G the Gordon-Davison algorithm [2] operates effi¬ 
ciently for determining by recursion the number M(G) of per¬ 
fect matchings. , 

For example, by adding every time the two numbers inscribed into 
some hexagons which depend upon the direction of annelation, we 
arrive at the last hexagon of the graph represented in Fig. 1 by 
obtaining.number M(G) = 597. 

2. A decomposition theorem for parallel hexagonal graphs 

We shall describe a method for computing the number M(G) of 
perfect matchings of hexagonal graph based on graph decomposi¬ 
tion whenever G can be decomposed into string hexagonal graphs 
whose number of perfect matchings can be calculated via the 
Gordon-Davison or other algorithms. 
By using chemical terminology three pairwise adjacent hexagons 
are called a perinaphthyl group (PG) (Fig. 2a) or b)). 

a) Fig. 2 b) 

'The graphs which can be decomposed into simpler ones are 
obtained from SHGs and some copies of the perinaphthyl group 
and may be defined recursively as follows: 
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Every parallel hexagonal graph 
(i) a string hexagonal graph or 
(ii) it is composed from two 

PGs (upper and lower), two 
PHGs 1ц and Lg and two 
SHGs Lg and L4 as in 
Fig. 3; Lg or L^ or both 
may be empty. 

is annelated to the 
upper and lower PGs 
'through edges e or f, Lg 
through g or h, and Lg 
and L4 through i or j, 
respectively (see Fig. 2). 

(PHG) is either 

Fig. 3 

If L is a PHG then the complexity of L, denoted by c(L), 
is defined. recursively as follows: 

c(L) - 1, if L is a SHG; 
c(L) = c(Lj) + c(Lg), otherwise, if L verifies condition 

(ii) in the definition of a PHG. 

The chemical analog of a perfect matching is constituted by the 
double bonds in а Кекиіё structure. Therefore every edge that 
belongs to a perfect matching M of a graph G will be called 
double; the remaining edges of G are simple relatively to M 
and correspond to single bonds in the Кекиіё structure. 
The following property is useful for proving the main result in 
this paper. 
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Proposition 1: Let M be a perfect matching of a PHG 
represented in Fig. 3. If edges a or b of the lower PG 
(Fig. 2a)) are double then edges c and d of the same group 
are both simple relatively to M. 

Proof: Suppose that the property does not hold, i.e., a or b 
are double, and c and d are double too. 
Since a . and c have a common extremity it follows that a 
and c cannot be double simultaneously. If a, b and d are 
double it follows that vertex x cannot be incident to any 
double edge which contradicts the assumption that M is a 
perfect matching. 
It remains to consider the cases: 

i) a,d are double and b,c simple; ii) b,c are double and 
a,d simple; iii) b,d are double and a,c simple; iv) a is 
simple and b, c,d are double. 

Case iv) leads also to a contradiction since x cannot be 
incident to any double edge and cases i), ii) or iii) lead 
easily to the property that both к and 1 are simple. 
If L4 is empty this is not possible since in this case i,j 
cannot be both double. Suppose now that is not empty and 
k,1 are both simple. Since L^ is annelated to the lower PG 
through i or j one can prove by induction on the number of 
hexagons in I.4 that double edges in each hexagon in are 
as in Fig. 4. 

Fig. 4 
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Here arrows indicate the order and position of the annelation of 
each hexagon to the preceding and succeeding ones, by starting 
from the lower hexagon of the PG in Fig. 2a), where k,1 are 
both simple edges. If the first hexagon of is annelated 
through edge i we obtain cases 10-12; otherwise the annela¬ 
tion is through j and cases 16-18 of Fig. 4 occur. 
Suppose that double edges are as in Fig. 4 for any sequence of 
r hexagons in and consider the (r+l)-st hexagon Hr+^ in 

L4. If for example Hr+1 is annelated as in case 13 of 

Fig. 4, double edges in Hr are deduced from cases 18, 13 and 
8, respectively, by the induction hypothesis. It follows that 
double edges in Hr+1 in all possible cases are as in case 13 
from Fig. 4. 
The proof is similar for the the remaining 17 cases of Fig. 4. 
Since in all cases represented in Fig. 4 the edge corresponding 
to the arrow going out of the hexagon contains a vertex which is 
not the extremity of a double edge, it follows that in the last 
hexagon of L4 there exists a vertex which cannot be incident 
to any double edge, contradicting the definition of a perfect 
matching. ■ 

Proposition 2: If edges c and d of the lower PG (Fig. 2a)) 
are both simple, then the perfect matching of PHG L. in 
Fig. 3 is uniquely determined and edges c and d of the upper 
PG (Fig. 2b)) are simple too. 

Proof: By induction on the complexity с(Ц). 
If c(Lj) - 1 then is a SHG. In this case one deduces by 
a reasoning similar to that from Proposition 1 that double edges 
occur in hexagons of Lj in exactly the same way as indicated 
in Fig. 4 (cases 1-18) since c and d are both simple, for 
any annelation of the first hexagon in Lj through edges 
e or f. 
It remains to consider three cases when the last hexagon in 
is annelated through f and other three for e in the upper 
PG (Fig. 2b)). In cases of annelations through f, by taking 
into account cases 18, 13 and 8 for the last hexagon in 
one obtains that d,f, о are simple and e is double. The 
remaining three cases are settled by a similar argument. It 
follows also that possesses a unique perfect matching. 
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Let now c(L,) > 2 and suppose that the property is verified 
for any PHG having a complexity of at most e (1.^) - 1. 
It follows that is composed from two PGs A and B, two 
SHGs Lg and Lg, and two PHGs Lg and I,y such that 

max(c(Lg), c(Ly)) < c(L^). 

Because in the lower PG edges c and d are simple it 
follows that in Lg double edges satisfy the cases described in 

Fig. 4. 
Hence if the annelation is through edge j of the lower PG A 
one obtains three cases, and in all this cases edges a,b,c,d 
of A are simple. A similar situation occurs whenever the 
annelation of the last hexagon in Lg is through edge i of A. 
Since Lg and Ly have a complexity less than c(L^) it 
follows by the induction hypothesis that Lg and Ly have a 
unique perfect matching and the edges a,b,c,d of the upper PG 
В are simple. 
One deduces that the edges p,q,r of В (see Fig. 2b)) are 
double and that, in the SHG Lg, double edges follow again the 
patterns in Fig. 4. By an argument similar to that in the case 
c(Lx) = 1 one obtains that Lg has a unique perfect matching 
and the edges c,d in the upper PG are simple. ■ 

Theorem 1: If G is the PHG depicted in Fig. 3 that is decom¬ 
posed into PHGs G^ and Gg as in Fig. 5, then 

M(G) = M(GX) + M(Gg). 

Proof: If edges a or b in the lower PG are double it 
follows by Proposition 1 that c and d are both simple. By 
Proposition 2 one obtains that Lj has a unique perfect mat¬ 
ching and edges c and d in the upper PG are both simple. 
Hence in this case the number of perfect matchings of G 
equals the difference between M(Gg) and the number of perfect 
matchings of Gg such that both a and b are simple edfjes. 
But every perfect matching of Gg contains at least one edge 
among a and b as double edge. To show this suppose that a 
and b are simple. It follows that m,к,1 are double and by 
exhausting all available hexagons in L^ one finds the patterns 
depicted in Fig. 6. 
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By the same argument as in the proof of Proposition 1 one 
obtains that the last hexagon of L^ contains a vertex which is 
not incident to any double edge. 
Hence if a or b are double, the number of perfect matchings 
of G is equal to M(Gg). Otherwise a and b in the perfect 
matchings of G are both simple, Lg has a unique perfect 
matching and edges a and b in the upper PG are simple, 
hence in this case the number of perfect matchings of G is 
equal to MfGj). The proof is complete. ■ 

Note that the case when L^ and Lg are SHGs and Lg and 
L4 are empty was earlier obtained by Handic, Handerson and 
Stout [3]. 
By applying several times the theorem every PHG G can be 
decomposed into SHGs Gj,...,Gr such that 

M(G) = I M(G,) 
i=l 1 

and every M(G^) may be computed by the Gordon-Davison 
algorithm. 

3. An extension to series-parallel hexagonal graphs 

By analogy to series-parallel electrical networks one may define 
by recursion series-parallel hexagonal graphs (SPHG) as follows: 

Every SPHG consists either in 

i) a SHG or it is composed from 
ii) two SPHGs L^ and Lg joined in parallel as in 

' Fig. 3, or 
iii) two SPHGs Lg and 'L? joined in series through Lg 

as in Fig. 7. 

Lg, L^ and Lg are SHGs and they may be empty. In Fig. 7 the 
thick lines symbolize a SPHG which may contain any number of 
hexägons; we depict only the upwards-pointing perinaph’thyl sub¬ 
graph of Lg and only the downwards-pointing perinaphthyl sub¬ 
graph of Ly. The annelation for Fig. 3 holds in the same way as 
for PHGs; for Fig. 7, Lg is annelated to both the upper and 
the lower PGs through edges i or j (see Fig. 2). 
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If L, and Ln are decomposed into 
SHGs: 
T X I й T r 
“1 » ^ 1 » • • ■ » 

T 1 T 2 T S 
Xig , Ug ) • ч ug ) 

respectively (including two hexa¬ 
gons from each lower and upper 
PGs), then the decomposition of 
SPHG in Fig. 3 contains r+s SHGs 
obtained by concatenating Lg to 

via L^, ' * * > L^» Lg, * ’ * * 

respectively. Similarly, .the decom¬ 
position of SPHG in Fig. 7 has 
r-s SHGs by concatenating every 

Lg, ..., Lg to every Ly, .... Ly 

via Lg if Lg, .... Lg and 

Ly, ..., Ly, respectively, are the 
decompositions of Lg and Ly 
into SHGs. These rules may be 
applied recursively for every SPHG 
for obtaining a unique decom¬ 
position into SHGs. 

The following theorem may be proved in the same 
Theorem 1. 

Fig. 7 

way as 

Theorem 2: Let G be a SPHG which is uniquely decomposed into 
SHGs GjyGg, . . . ,Gp. The following relation holds: 

M(G) = Z M(G,>. 
i=l 1 

Of course, the recognising of a SPHG and then the decomposi¬ 
tion of such a graph into simpler subgraphs is not a trivial 
problem [4]. 
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Characterizing a graph with restricted subgraphs, a survey 

introduction 

Let H and G be graphs. H is called a spanning subgraph of 
G if H is a subgraph of G and V(H) = V(G). 
We may thus consider H to have been obtained from 
deletion of a subset A of edges: H = G - A, 91 C A c 
This survey and [27) touch a couple of facets of the 
interesting question: 

How does the size of A influence the nature of H? 

We shall consider three cases (i) - (iii). 

G by 
E(G). 
following 

(i) H is a spanning tree of G. H = G - A has been obtained
from a connected' graph G by deletion,of an edge set A
of maximum cardinality subject to the demand that G - A
remains connected. It is well known that
IAI = IE(G)t - IV(G)I + 1.

(ii) H is a spanning unicyclic subgraph of G. H � G - A has
been obtained from G, a connected graph which contains a
circuit, by deletion of an edge set of maxillllolm cardinality
subject to the demand that G - A is connected and
contains a circuit, lt is well known that
IAI = IE(G)I - IV(G)I.

(iii) H is an edge deleted subgraph of .G. H = G - A has been
obtained from G by deletion_of just one edge. We may or
may not demand further properties of H like connec
tivity.

Trees and unicyclic graphs, some similar properties 

A tree is a connected graph with no circuit . .  An unicyclic graph 
is a connected graph which contains exactly one circuit. 
Trees have been studied thoroughly, especially in the role of 
spanning trees. 
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An unicyclic graph has many properties analogous to those of a 
tree. In [3] seven equivalent statements characterizing a tree 
are listed together with seven similar statements characterizing 
an unicyclic graph. 

Center for a tree and for an unicyclic graph 

The center of a graph is the set of vertices with minimum eccen¬ 
tricity. The eccentricity of a vertex v in 6 is defined by 
e(v) = max{d(v,x)| x C V(Q)}. 
For any graph, the center is contained in one block ([153). For 
a tree this implies that the center consists of either one 
vertex or two vertices, which are adjacent. Similarly for an 
unicyclic graph the center is either one or both end vertices of 
a bridge or it is a subset of the circuit. Some properties of 
the center of an unicyclic graph are given in [21, 22]. 

Degree sequence for a tree and for an unicyclic graph 

A sequence of non-negative numbers d^, ... ,dn is called gra¬ 
phical if there exists a graph whose degree sequence is 
d|, ... , dn. 

Graphical sequences are characterized in [6, 9, 10, 18], For 
trees the following theorem holds. 

Theorem 1: Let ddg, ... ,dn be a sequence of non-negative 
numbers. There exists a tree ' with degree sequence 
dj.dg, ... ,dn if and only if dj + dg + ... + dR = 2n - 2. 

For unicyclic graphs one can prove an analogous theorem. 

Theorem 2: Let d^, ... ,dn be a sequence of non-negative num¬ 
bers. There exists an unicyclic graph with degree sequence 
dj, ... ,d^ if and only if d% + ... + dn = 2n. 

Interpolation for a tree and for an unicyclic graph 

A number of interpolation theorems which hold for trees can be 
carried over to unicyclic graphs. The problem of interpolation 
can be formulated as below. 

Let 9 be a specified family of graphs and let i; 9 -*■ N, be 
an integer valued function which to each G in 9 assigns an 
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integer i(G). We say that i interpolates over <3 if for any 
number к between the minimum and the maximum values assumed 
by i on 9, there exists a graph G in <3 such that 
i(G> = k. 

Let <3 denote the family of all spanning trees for some given 
graph and let i denote the number of end vertices of a tree. 
In [4] it is asked if i interpolates over <3. The following 
theorem states that the answer is yes. 

Theorem 3 (f 201): Let TQ and T be spanning trees of a graph 
G, with TQ having exactly m end vertices and T having 
exactly n end vertices, where m < n. Then for any integer k, 
where m < к < n, there exists a spanning tree T' of G ha¬ 
ving exactly к end vertices. 

For unicyclic graphs we can similarly prove the following 
theorem. 

Theorem 4: Let UQ and U be spanning unicyclic graphs of a 
graph G, with UQ having exactly m end vertices and U 
having exactly n end vertices, where m < n. Then for any 
integer k, where m < к < n, there exists a spanning unicyclic 
graph 0’ of G having exactly к end vertices. 

Diameter also interpolates over spanning trees and spanning 
unicyclic graphs, respectively, for a 2-connected graph as 
stated in Theorems 5 and 6 below. 

Theorem 5 (fill): Let G be a 2-connected graph. Let TQ, T be 
spanning trees for G with diameters m and n, respectively. 
For any number k, satisfying m < к < n, there exists a span¬ 
ning tree T’ of G which has diameter k. 

Theorem 6: Let G be a 2-connected graph and let C be a cir¬ 
cuit in G. Let U0, 0 be spanning unicyclic subgraphs of G 
both of which contain - C and have diameters m and n, respec¬ 
tively. For any integer k, satisfying m < к < n, there exists 
a spanning unicyclic subgraph 0’ of G which has diameter k. 

Theorems 3-6 can be specialised in various ways. For Theorem 3 
this is demonstrated by Theorem 3' below. 
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Theorem 3' (Г 191): If a graph G with cycle rank e contains 
both spanning trees T and T’ with m and n end vertices, 
respectively, m < n, then G contains at least 2e spanning 
trees for every integer k, m < к < n, with к end vertices. 

Further references to interpolation are [1, 12, 13, 14]. 

Graphs with one isomorphism class of spanning subgraphs 

Problem 8, p. 50 in [29] asks for a characterization of those 
connected graphs for which any two spanning trees are isomor¬ 
phic. In [30] the problem is attributed to J. Sedlacek and a 
solution is given. Various proofs of the following theorem can 
be found in [30, 7, 8, 9, 10, 24]. 

Theorem 7: Let G be a connected graph. Any two spanning trees 
of G are isomorphic if and only if G is a tree or G is an 
unicyclic graph G = C(T1,T2, ... , T%), к > 3, with T^ 6 Ti+p 

2> *..,vt)j 

(Ti+1 

Ti If C = (Vp V, 

of G - E(C) which contain 

correctly <ті>ѵі) 
root isomorphic, i.e. 
onto T^+1 which maps 
of Tj+j. We also say that T^ is attached to 
1 < i 4 k. Addition of indices is done modulo k. 

then 
Vp "l 4 i 4 к. Тх ш Ti+1, 

, vi+l>, means that the two graphs 
there exists an isomorphism from T. 
the root of Tp onto v4j.,, the root 

is that connected component 
1 4 i 4 к. Ti й T^+1, or more 

are 

we have that T^ Ti+2* 
For unicyclic graphs 
lowing result. 

1 4 i 4 k, implies T^ a T, 

C at V. 

so for odd 
, 1 4 i < k. 

we have similarly to Theorem 7 the fol- 

Theorem 8 ([231): Let G be a connected graph. Any two spanning 
unicyclic subgraphs of G are isomorphic if and only if G is 
unicyclic or G is a Kg 3(A,B). 

^2,з^А’В) denotes a graph G constructed in the following way: 

Let (Apa^), (Ag,ag) be two trees root isomorphic to A and 

let (Bpb^), (Bg.bg), (Bg.bg) be three trees root isomorphic 

to B. G is obtained from the disjoint union of Ap Ag, Bp Bg 
and Bg by adding the edges (apbj) for 1 4 i 4 2, 
1 4 j < 3, (Fig. 1 without orientations). 
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In the other extreme we can derive from results in [5] the 
following theorem which chracterizes a graph G for which ail 
edge deleted subgraphs are pairwise isomorphic. 

Theorem 9 (f51): Let G be a connected graph. All edge deleted 
subgraphs of G are pairwise isomorphic if and only if (i) - * 
(iii) below hold. 

(i) G contains exactly one non trivial block H. 

(i.i) H is edge transitive under the automorphism group of H. 

(iii) If H contains two vertices such that their attached 
G-trees are of distinct root isomorphism types then 
(a),(b),(c) below hold. 

(a) H is bipartite. ^ 

(b) All G-trees attached to vertices in the same partition 
class of H are pairwise root isomorphic. 

(c) For any two edges (x^,y^), (Xg,y%) in H = (X,Y>, 
where x^, Xg belong to the same partition class X, 
the automorphism of H which exists by (ii) can be 
chosen such that x^ is mapped onto Xg and y^ 
onto yg. 

By the G-tree attached to H at the vertex h we understand 
that connected component of G - E(H) which contains h. This 
component is a rooted tree (T^.h). 

Oriented graphs with one isomorphism class of spanning subgraphs 

For oriented graphs, analogues to Theorems 7 and 8 are stated 
in Theorems 10 and 11 below. 

Theorem 10 ([241): Let G be a connected oriented graph. Any 
two spanning trees of G are ^»-isomorphic if and only if G 
is . a tree or G is a unicyclic graph which satisfies the 
following: 

/ 

G = C(T^,Tg, ... ,Tk), к > 3, with TA ^» Ti+2 for 
i = 1,2, ... , к and the orientation of C is 

(a) monotone if к is odd, 

29 



(b) alternate if к is even and there exists an i, 
1 < i < k, such that It t* Ti+1, 

(c) either monotone or alternate if к is even and 
^» Ti + 1 for i = 1,2.k. 

It —» Ti+2 means that there exists a root isomorphism from 

(Ti.Vi) onto (Ti+2’vi+g) which preserves orientation of ed¬ 
ges. A circuit C = (VpVg, ... , v^) is said to have monotone 

orientation if its edges are oriented (v^,^+j), 

i = 1,2, ... , к. C is said to have an alternate orientation if 

(vi’vi+l> or <vi’vi+l> implies <vi+1,vi+2) or <vi+1,vi+g), 

respectively. 
Analogously to Theorem 10 we have the following Theorem 11 for 
connected oriented graphs with exactly one ^»-isomorphism class 
of spanning unicyclic subgraphs. 

Theorem 11 (12511: Let G be a connected oriented graph. G has 
exactly one ^»-isomorphism class of spanning unicyclic sub¬ 

graphs if and only if G is unicyclic or G is a Kg 3(A,S) 

or G is a Kg 3(Ä, В). 

A Kg 3(Ä,S) is a Kg 3(A,B) with all 

1 < i < 2, 1 < j < 3, and a Kg 3(КГБ) 

edges oriented (a^, bj), 1 < i < 2, 1 < 

edges oriented (а^,В^), 

is a K2 3<A,B) with all 

3 < 3, (Fig. 1). 

K%3(A,B) KW(A.B) 
Fig. 1 
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Graphs with two isomorphism classes of spanning subgraphs 

A graph with exactly two isomorphism classes of spanning trees 
is characterised- by Theorem 12 below. 

Theorem 12 (Г16.1711: Let G be a connected graph. G has 
exactly two isomorphism classes of spanning trees if and only if 
G satisfies one of (i) - (iii) below. 

(i) G = C(A,B,B, ... ,A,B,B, ... , А, В, B), A i B, 

{ i i ) G = C( А, В, С, B, ... , А, В, C,B.A,B,C,B>, A i C. 

(iii) G belongs to one of the eight families of graphs in 
Fig. 2. 

For unicyclic graphs we analogously have 

Theorem 13 t fZ61): Let G be a connected graph. G has exactly 
two isomorphism classes of spanning unicyclic subgraphs if and 
only if G belongs to one of the families Fj - F^ shown in 
Fig. 3. 

Going to the extreme of deleting only one edge from G we have 
Theorems 14 and 15 below. 

Theorem 14 (Г21): Let G be any graph. G has exactly two iso¬ 
morphism classes of one edge deleted subgraphs if and only if G 
has exactly two edge orbits. 

Theorem 15 and Fig. 4 below describe the structure of a 
connected graph where we consider edge deleted subgraphs only for 
all those edges which are not bridges (cycle edge deleted sub¬ 

graphs) . 
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Fig. 3 

Theorem 15 t f 281 >: A graph G is connected and its cycle edge 
deleted subgraph partition into exactly two isomorphism classes 
if and only if (1) or (2) below hold. 

(1) G contains exactly one block В and 
(a) В has exactly two edge orbits under Aut(B), 
(b) G can be obtained by class true attachment of trees 

to B. 

(2) G contains at least two blocks and there exist 
(a) a number к, к > 1, 
(b) a rooted block (B,b) whose edge deleted subgraphs 

partition into two root isomorphism classes, 
(c) an end vertex transitive tree T satisfying 

к + |V(T)| > 3, 

such that G can be obtained by attaching к copies of 
(B,b) to each end vertex of T followed by class true 
attachment of trees to the resulting graph. 
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A tree T is said to be end vertex transitive if all end 
vertices of T belong to the same vertex orbit under Aut(T). 

Class true attachment of trees to a graph G means that we 
attach a rooted tree (x(v),v) to each v € V(G) such that 
(c(u),u) & (x(v),v) holds for all u,v in the same vertex 
orbit of G under Aut(G). 

\ 
Example of construction of a graph G' described in Theorem 15. 

G is obtained from G' by attach¬ 
ing a copy of one rooted tree to 
U|, Ug, a copy of another rooted 
tree to b]y bg, bg, b4 and a copy 
of a third rooted tree to 

cl’c2' ■ • • ,c36‘ 
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Oriented graphs with two isomorphism classes of spanning 
subgraphs 

Analogously to Theorems 12 and 13 we have two Theorems 16 and 
17 below. 

Theorem 16 (Г251): An oriented graph has exactly two 
isomorphism classes of spanning trees if and only if 3* belongs 
to one of the families Fj, ... ,F5 of Fig. 5. 

» > A l A I 

*1 I A I A I A 
* 

C has even length and is monotone, A i B. 

_l_S_I—i—I—S—I—4—M—*■ 

F9 --—----------■-*—■——~ 
‘ aeiAiciAiciAic 

C is composed of periodic repetitions of one of the fol¬ 
lowing sequences: 

Either all edges <a,b), a C V(A), b C V(B>, are oriented <a7t) 

OR they are all oriented (аГБ). 
Fig. 5 

/ 

34 



Theorem 17 (Г251): An oriented graph ?f* has exactly two -»■- 

isomorphism classes of spanning unicyclic subgraphs if and only 
if S*’ belongs to one of the families of oriented graphs 
described in Fig. 6 below. 

(i) Either all non-bridges (a,b), 
a G A, b С B, are oriented towards 
a or they are all oriented away 
from a, and 
(ii) either all non-bridges (a,c), 
a G A, c G C, are oriented towards 
a or they are all oriented away 
f rom a. 

В С В 

в с в 

(i) Either all non-bridges (a, b)', 
a C A, b G B, are oriented towards 
a or they are all oriented away 
from a, and, 
(ii) either all non bridges (b,c), 
b G В, c G C, are oriented towards 
b or they are all oriented away 
from b. 

(i) В <k C and 
(ii) either all non bridges of 6 
are oriented towards a or they 
are all oriented away from a. 

{ i) A i C and 
(ii) either all non bridges of G 
are oriented towards b or they 
are all oriented away from b. 

Fig. 6 

5 
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Rainer·Bodendiek; Klaus Wagner 

On Embeddings of Graphs 

1. Background and1definitions.

05C10 
05C15 

The central cono�rn of .topological graph theory 1s the placement 
of graphs on surfaces. Ordinarily, sych s.urfaces are closed or 
pseudosurface�. For instance, the n-colour theorem. of the orien
table surface SP (p C N) or the nonörientable surface Nk
(k c N) or Kuratowski's theorem for the sphere • or König's

problem "Is there ··a Kuratowski type, theot'e111 for SP , for every
p C N ?", whose solution .is given by R.' Bodendiek and K. Wagner 
and. will be published in Math. Naohr., are very famous theorems 
in the graph theory and belong to the topolo«ical «raph th$ory. 
In. order to.be able to investiiate the four-colour theorem ·of 
the sphere and_König's problem the two authors of this pap�r 
introduced the notion of·a spindle-surface. Graphically, we can 
say that a spindle-surface y(G) arises from a loop or from a 
connected multi-graph of order > 2 without endedges by blowing 
up its edges to so-called spindles, 

The central conc.e·rn of this, paper is the development· of an 
embedding theory of.spindle-surface� and the determination of 
special spindle-surfaces Yn characterized by the s8llle proper
ties .as the sphere s

0
; and the chromatic number · X-(Yn> = 5. In

spite of the.proof of the 'four-colour theor1;m1 given by Appel and 
Haken we ask tt:ie qu_estion wpether it is possibl'e that the chro
matic number X(S

0
) could have the value 5. 

In order to be able to develop or to genera.l¾ze the notions 
"embedding of a graph in a spindle-surface" or "the singular 
genus of a graph" ·or "the singular genus of a. spindle-surface"· 
we want to formalize lhe notion of a drawing of a graph without 
crossings in a surface y, As all graphs in this paper are 
finite and undirected-, we can define·the notions "y-graph" and 
"embeddin« of a graph in a surface y" in ,the following ,way: 
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Definition 1: Let у be an arbitrary orientable or nonorientab- 

le surface. 

1) A graph G = (V,E) is said to be a у-graph if the following 
conditions are satisfied: 

(i) Each vertex v of G is a point of y. 

(ii) Each edge e of G is a Jordan curve (= homeomorphic 

image of the unit interval) in y. 

(iii) For every two different edges of G the corresponding 

Jordan curves have no crossings in y. That means: For 

every two edges e,e' of G holds: 

The intersection e ^ e' is empty or consists of the 

common endpoint of e and e’. 
' у 

2) A graph G = (V,E) is said to be embeddable in у if there 

exist a у-graph G' = (V',E’> and an isomorphism <f>: G—»G'. 

If G is embeddable in у and <p is the isomorphism <p: 

G -*• G’, where G' is a у-graph, we often say: "<p is an embed¬ 

ding of G in у" or ”G’ is a representation of G in у". 

If a graph G = (V,E) is embeddable in у, then there exist 

infinitely many embeddings of G in у because we obtain a new 

embedding of G in у by applying any homeomorphism <p: у —» y. 
Therefore it will be useful to define whether or when two embed¬ 

dings of a graph G = (V,E) in у are equivalent or^ equal in a 
certain sense. 

To simplify these investigations we restrict ourselves to con¬ 

nected graphs G = (V,E). If a connected graph G = (V,E) is 

embedded in у and if <p: G —* G’ is the corresponding embed¬ 

ding of G in y, then the complement of G’ in у is a 

family of "regions" (or "faces", or "countries"). In case of 

У = SQ - sphere we know that each of these regions are homeomor¬ 
phic to an open disk. In case of a more complicated surfacs y, 

the regions need not to be homeomorphic to an open disk. In 

Figure 1 we illustrate an embedding of K3 3 = {1,3,5} * {2,4,6} 

in Klein bottle Ng, where the shaded face is а Möbius band and 
not homeomorphic to an open or closed disk. 

Figure 1 
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In Figure 2 we depict two embeddings <p^,<fg of Kj 3 = 
{1,3,5} * {2,4,6} in the tours Sj with three faces, each. The 
embedding 'fg in is characterized by the property that 
each of the three faces is a an open hexagon and that each 
closed face (this is the union of the face" and its boundary 
circuit) is homeomorhic to a closed disk. 

VK3,35 - S1 
Figure 2 

We call <pg(Kg 3) a normal 2-cell embedding of Kg g in 3^ 
or shorter a normal embedding of Kg g in 3^. The embedding 
^1(K3 g) is characterised by having a face whose boundary 
circuit has four repeated vertices (these are the vertices 
1, 2, 5 and 6 in Figure 3) such that the closure of this face 
is not homeomorphic to a closed 

Figure 3 

disk. This means that (Kg g) 
is not a normal embedding in 
3^. In spite of this fact the 
open face is obviously homeo¬ 
morphic to an open disk. 
Therefore, the embedding 
4>l(Kg g) in Sj is called a 

2-cell embedding. 

Observing these denotations we 
can see that the embedding 
Ф(Кд д) in Klein bottle Ng 
of Figure 1 is not a 2-cell 
embedding of Kg g in Ng 
because the face shaded is a 
Möbius band and not homeo¬ 
morphic to an open disk. 

/ 

We’ll now give precise-definitions of the notions just intro 

duced above. 

41 



Definition 2: Let Y be an arbitrary orientable or nonorientable 

surface. Given that G = (V,E) is embeddable in Y and that 

ф(G) is an embedding of G in y with Ф: G —» G^, where 

is a Y-graph. 

1) A region (or face or country) of <p(G) in т is said to be 

a 2-cell if it is homeomorphic to the open (unit) disk. 

2) If each region of the embedding <p(G) in y is a 2-cell, 

then the embedding 4>(G) in y is said to be a 2-cell 

embedding. 

3) If every closure of every region of the embedding <p(G) is 

homeomorphic to the closed (unit) disk, the embedding is said 

to be a normal 2-cell embedding of G in y. 

4) A normal 2-cell embedding v(G) in y is called triangular 

or quadrilateral if and only if the boundary of every region 

of Gj is a triangle or a quadrilaterial. 

It is well-known that every embedding of the comlete graph 

of order 6. in the projective plane Nj is triangular 

(Figure 4). It is obvious and reasonable to say that the two 

embeddings ф^(Кд g) and Ф2(Кд g) in are different from 

each other. Analogously. it is also clear that the embedding 

Ф' (Kg g) in Klein bottle N2 

of Figure 5 is topologically 

different from the embedding 

ф(Кд g) / in N2 of Figure 1, 

for' ф'(Кд д) is obviously a 

2-cell embedding in Ng while 

Ф(Kg g) has a face that is 

not homeomorphic to an open 

(unit) disk and ib not a 2- 

cell embedding. 

These examples and the fact 

mentioned above that if we 

have an embedding of 

G = (V,E) in a surface y 

and if S: у —*■ Y is a homeo- 

morphism, then it is clear 

that we get a new embedding 

Ф'(G) ih у by applying S 

with <?’ = Б(ф), show that it, 
is necessary to give a precise 

definition when or whether two 
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embeddings <г,ч>’ of a graph G = (V,E) in a surface y are 
topologically equivalent or topologically different. 

Definition 3: Let G = (V,E) be a graph embeddable in a surface 
Y. Furthermore, let <f^(G) . and <pg(G) be two embeddings of G 
in Y with : G —» G^ and <fg: G Gg, where G^,Gg are 
two Y-graphs. Then v^(G) and <Cg(G) are said to be topologi¬ 
cally equivalent . if there exists a horoeomorphism <p: Y Y 
such that the two following conditions are satisfied: 

» 
1) V- —> Gg is an isomorphism. 

2) For every face F of G^ holds: B<F) is the boundary of F 
in G, if and only if <f(B(F)>. is the boundary of <p(F) in 
Gg. 

In [21 K. Wagner und R. Bodendiek proved that the number of 
topologically different embeddings of the complete graph Kg in 
Sj is six (Figure 6) and that there are exactly two topologi¬ 
cally different embeddings of Kg g in already depicted in 
Figure 2. 

Figure 6 

Figure 7 showb a qudrilateral embedding of the complete bipar- 
tite graph Kg 4 = {2,4,6} * {1,3,5,7} in the projective plane 
obtained from the embedding <p(Kg g) in given in [3] and 

represented in Figure 8. 
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Figure 7 Figure 8 

Since K. Wagner and R. Bodendiek have proved in [3] that the 
embedding of Kg g in N^ is unique; i.e., that every embed¬ 
ding of Kg g in is topologically equivalent to ф(Кд д) 
it is obvious that every embedding of Kg ^ in the projective 
plane is quadrilateral with six quadrilaterals. 

To study the embeddings of graphs G in arbitrary surfaces у 
it is useful to in-troduce the notions of "genus 
of y" and "genus of G". 

Definition 4: 1) If a surface у is equal to an orientable 
surface Sp (p € N), then its orientable genus is defined to be 
the number p of handles and is denoted by 6(Sp) = p. 
2) If y. is equal to a nonorientable surface (k C IN) then 
its nonorientable genus is defined to be the number k of 
crosscaps (Möbius bands) and is denoted by &(N^) = k. 
3) The orientable genus 6(G) of a graph G - (V,E) is the 
minimum orientable genus 6(Sp) (p C !N0) among all orientable 
surfaces Sp in which G can be embedded; i.e., 6(G) = 
min{ 6(Sp)l G can be embedded in Sp (p C N0) }. 
4) The nonorientable genus S(G) of д graph G is equal to the 
minimum nonorientable genus B(N^) (k € IN) among all nonorien¬ 
table surfaces in which G can be embedded. In other 
words, we define; S(G) = min{ §(Nt)| G can be embedded in 
(kC N) }. 

For example, if G is planar, then we write 6(G) ~ 8(G) = 0. 
If 6(G) = p > 0 then G has an embedding in Sp but not in f>p 
for p' < p. On the other hand, G has an embedding in 5m for 
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m > p. As mentioned above, the two Kuratowski graphs Kg g and 

Kg have both orientable genus 6(Kg g) = 6(Kg) and nonorient- 

able genus S(Kgg)=S(Kg)=l. 

As the complete graph Kg of order 6 has a triangular embed¬ 

ding in the projective plane the nonorientab1e genus is S 
(Kg) = 1. As the complete graph K? of order 7 has a triangu¬ 

lar embedding in the torus Sj, we obtain 6(Kg) = 6(K?) = 1. The 

nonorientable genus S(K^) equals 3 because K? is embedd¬ 

able in Ng but not in Klein bottle Ng. 

If we want to investigate, the question whether there is a Kura 

towski type theorem for an arbitrary orientable or nonorientable 

surface Y it is very often useful to know whether arid when a 

graph G = (V,E) has a 2-cell embedding in f. Due to [8], we 

obtain the answer in 

Theorem 1: a) If a connected graph G = (V,E) has the orientable 

genus 6(G) = p C then every embedding of G in Sp is a 

2-cell embedding. 

b) If a connected graph O'- (V,E) has the nonorientable genus 

S(Gj = к C N then every embedding of G in Nk is a 2-cell 

embedding. 

As we cannot carry out the whole proof, we refer to [8]. 

The ipost important corollary of Theorem 1 is the Euler type 

theorem. It is: 

Theorem 2: a) If a connected graph G - (V,E) of orientable 

genus 6(G) - p C N has an embedding <f>(G) in Sp with aQ 

vertices, edges and oig regions in Sp then the alterna¬ 

ting sum «0 - «1 i eg satisfies the following equation 

(i) a0 ■ a, * eg - 2 - 2p, 

where the number 2 - 2p is called the Euler characteristic of 

Б and is denoted by C(Sri) - 2 - 2p. 
P P \ 

b) If a connected graph G - (V,E) of nonorientable genus 

8(G) - к f N has an embedding <p(G) in Nk with «0 ver¬ 

tices, .üj edges and eg regions in Nk then the alternating 

sum c*o - iKj + satisfies the following equation 

(ii) o<0 - + oig ~ 2 - k, 

where the number 2 - к is called the Eukbr characteristic of 

the nonorientable surface Nk and is denoted by C(Nk) - 2 - k. 
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The proof of this Theorem 2 follows directly from the proof of 
the Euler formula in case of the sphere and Theorem 1. 

2. Spindle-surfaces 

Now we return to our central concern. Therefore, we consider the 
set M = { Yl Y is an orientable or a nonorientable surface } 
and define a partial ordering relation < on M in the 
following way: 

Let Yj,Y2 be arbitrary surfaces of M. Then we define: . 

V1 r2 ^in words> 
lies below Yg with re¬ 
spect to the embeddabili- 
ty of graphs] if and only 
if either Y% = Yg or 
for every graph G=(V,E) 
embeddable in Yj fol¬ 
lows that G is embedd¬ 
able in Yg, too. 

It is clear that the 
relation < is reflexive, 
antisymmetric and transi¬ 
tive, and therefore a 
partial ordering on M. 
Figure 9 shows the Hasse 
diagram of < on M. If 
we complete Figure 9 by 
filling in the correspon¬ 
ding Euler characteristic 
C(y) and the chromatic 
number X(y>, we recog¬ 
nise that the Euler cha¬ 
racteristic C(Y) satis¬ 
fies the estimate 
C(y) < 2 for every sur¬ 
face • y € M and that 
there exists a gap bet¬ 
ween the chromatic number 
X(S0) = 4 and X(S%) = 3 
and X(Sg) = 4 and 
X(N^) = 6, respectively. 
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These two facts gave us the motivation to introduce the . notion 
of a spindle-surface and to look for new properties of graphs 
which lead to a discussion of the question whether it could be 
possible that the chromatic number of the sphere X{CQ) might 
have the value 5. 

In order to introduce the concept of the embedding of a graph in 
a spindle-surface r(G) of a graph G it is very helpful to 
use the notion of a graph G(G^,...,Gm) of graphs G^, 
Gg,...,GK (m e M). 

Definition 5: Let G = (V,E) be a multigraph (that means that 
G allows multiple edges) of order |V| >2 with m = |E| > 1 

edges ѳі«е2*''"вш' 
Furthermore, let G^ = *vl'El>* Gg = (Vg.Eg), sm = <vrn'Em> 
be connected, planar, mutually disjoint graphs of order 
IV4I > 2. 
Then we define: The graph obtained from G by replacing each 
edge e^ = {ѵ^ѵр, i = 1,2, ...,m, whose endpoints are v^ and 
v! with graph Gjy where two arbitrary vertices v^ and v! 
of G^ are to be identified with v^,v< such that v^ = v^ 
and v^ = vi is said to be the graph of the graphs 
G^.Gg, ...,Gm and is denoted by G(G^, Gg, • • ■ , Gm). If 
GtGpGg, . . . ,Gm) is a graph of the graphs Gj, Gg, ..., Gm> then 
G is called the exterior graph of G(GGg,...,Gm), while the 
graphs Gj, Gg, ..., GM are called the interior graphs of 
GCGj.Gg,...>Gm). 

Figure 10 shows the so-called Bananagraph Bg = Bg(Kg-e, Kg-e, 
Kg-e), where the exterior graph Bg consists of a triple edge 
with the two vertices v^,Vg. 

It is often useful to know with respect to many applications 
that every • multi-graph G = (V,E) of order IVI > 2 and 
m - IE| > 1 can be represented as G - G(Kg,Kg,..., Kg). 

Definition 6: Let G - (V,E) be either a loop with V - {v> 
and E{{v,v}} or a connected multi-graph of order IVI > 2 and 
m - IE| > 2 without endedges (i;e., G does not contain ver¬ 
tices of degree 1). The subset of IR3 obtained from G by 
blowing up each ~ {v^,ѵД) (и - 1,2,...,m) of G to a 
spindle *(e ) with its peaks ѵц and ѵД is a singular 
surface f(G), where the vertices of G are the so-called 
singular points of v(G). V(G) is said to be a so-called 
spindle-surface of G with |Vi-many singular points. 
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For example, the spindie-surface = *(G) arising from the 
loop G by blowing it up is characterised by the property that 
f1 is the only (singular) spindle-surface with exactly one 
singular point. It is obvious to see that is homeomorphic 
to the singular surface arising from a sphere S by identi- 
fying two different points of the sphere. According to [8] 
is a pseudo-surface. 
It is obvious that there is a third possibility of defining 
for it is clear that is homeomorhic to the singular surface 
arising from a torus by contracting a meridian of to a 
single point. 

Like the projective plane Nj, the torus or Klein bottle 
N2 the spindle-surface у^ has a plane model depicted in 
Figure 11. It is a digori with two sides and the singular point 
s, where two points of the two sides are to be identified if 
they are lying on the same perpendicular to the line ss 
(Figure 11). Graphically, we can say that f. consists of 
exactly one spindle with one singular point s. The spindle- 
surface which consists of exactly two different spindles is 
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X у 

X У 

Figure 11 

denoted by Yg. It arises from 
a double edge by blowing up 
each of the two edges 
joining the two vertices 
S]y Sg. It is easy to see that 
Yg. is homeomorphic to the 
singular surface obtained from 
the torus Sj by contracting 
two disjoint meridians of 
to a single point, each. Fi¬ 
gure 12 illustrates a plane 
model of Yg. 

The spindle-surface Yn = Y(Cn>. obtained from a cycle Cn of 
length n > 3 with Cn = (Sj,Sg,...,sn), is homeomorphic to the 
singular surface arising from a torus by contracting n 
mutually disjoint meridians of Sj to a single point, each. 

Now we shall give a precise definition of the notion "a graph 
G’ is embeddable in y(G)" where G is a graph satisfying the 
condition of Definition 6. 

Definition 7: Let G = (V,E) be either a loop with V = {v} 
and E = {{v,v}} or a connected multi-graph of order |V| > 2 
and m = IE| > 2 without endedges. Furthermore, let y(G) be 
the spindle-surface of G. 
a) A graph G’ = (V’,E’> is said to be a y(G)-graph if the 
following conditions are satisfied: 

(i) Each vertex v of G' is a point of y(G). 
(ii) Each edge of G‘ is a Jordan curve that does not pass 

through a singular point of y(G). This means: If an edge 
of G’ meets a singular point s of y(G) then s is 

necessarily a vertex of G'. 
(iii) For every two different edges of G' the corresponding 

Jordan curves do not have any crossings in y(G). 

b) A graph G’ = (V’,E'> is embeddable in y(G) if and only if 
there exist a у(G)-graph G" = <V",E") and an isomorphism 

V- G’ G". 

c) If G' is embeddable in y(G) and v. is the isomorphism 
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Ф: G’ -» G", where G" is a v(G)-graph, we often say: "ф is 

an embedding of G' in r(G)" or "G" is'a representation of 

G' in y(G)". ' 

Using the concept of a graph of graphs introduced in Defini¬ 

tion 5 it is very easy to prove an embedding criterion for 

spindle-surfaces y(G). 

Theorem 3: Let G - (V,E) be either a loop with V = {v} and 

E - {{v,v}) or a connected multi-graph of order IVI > 2 and 

m = IE| >2 without endedges. Let y{G) denote the spindle- 

surface of G. Then it holds: 

A graph G’ = (V’,E’) is embeddable in the spindle-surface 

y(G) if and only if there exists a graph GtG^.Gg, . . . , G ) of 

planar, connected, mutually disjoint graphs G^ = (V,,Ej), 
G2 ^ (V2.E2), ..., Gm = {Vm,Em> of order »V±| > 2 

(i = 1,2,...,m) such that G’ is a subgraph of G(Gj,Gg, 

Gg, . ., G^) with G ’ c G(Gj,GgS • . , Gffi). 

Proof: The proof is very easy because it is quite clear that 

every graph of graphs G(G^,Gg,...,G^) satisfying the hypothe¬ 

sis of Theorem 3 is embeddable in f(G> and that each subgraptt 

of G(Gj,Gg,••.,Gtt) is obviously embeddable in *{G), too. ■ 

Remark: In order to decide whether an arbitrary graph 

G’ = (V’,E’) is embeddable in r(G)‘ we only need to explore 

the existence of a graph G(Gj,Gg, . . . ,GOT), where Gj, Gg, ...» 

G satisfy the conditions of Theorem 3, such that 

G' c (G^,Gg.GM). 

Now we want to generalise the concepts of Euler characteristic, 

genus of a surface and genus of a graph introduced above. 

In order to compute the Euler characteristic C(ir(G)) of a 

spindle-surface *(G) we must refer to the alternating sum 

- a I + <*2 of the number of vertices, edges, and regions of a 

graph G’ - (V’,E’> embedded in y(G) with the property that 

there does not exist a proper connected subgraph GQ = (VQ,EQ) 

* G of G = (V,E) of order |VJ > 2 and mQ = |EQI > 2 

without endedges such that G’ is even embeddable in the 

spindle-surface y(GQ). 

In order to simplify the following investigations we can assume 
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without loss of generality that <3’ is equal to a graph 

G(GVGZ.Gm) of graphs satisfying the assumption mentioned 
above. 

Let G be a graph such that y(G) is a spindle-surface of G. 

Furthermore, let G(G^, Gg,■• -»Gm) be a ?raPh of graphs with the 

property that there is not a proper connected subgraph G = 

(Vo'Eo> * G ot G with }V0I > 2 and |EQ| > 2 without end- 

edges such that G(G]yGg,....G^) is embeddable in the spindle- 

surface y{G0). Let <f(G(Gj,Gg, . . . ,Gro)) be an embedding of 

G(Gj,Gg, . . . ,Gm) in y(G) with vertices, edges, and 

«2 regions. Finally let oe£x), o^15 be the numbers of 

vertices, edges, regions of G(G^, Gg,....Gffl) on the spindle 

Tf(e^) (i = 1,2, . . .,m). Instead of the embedding of 

GfGj,Gg,...,Gm) in y(G) we consider the embedding of a part 

of G{Gj,Gg,...,Gm) in each spindle y(e^) for i = 1,2,...,m. 

Observing that the alternating sum + is equal 

to 2 for each spindle y(e^) for i = 1,2,...,m, we obtain 

for the Euler characteristic C(y(G)>: 

C(y(G)> = O(0 - aj + ag = Z («ßi) - + agX4 - 

V i=1 
I (6{G,v,) -1)= 21E| - 21E| + IVI = |V|. 
j=l J 

This means: The Euler characteristic C(y(G)) of the spindle- 

surface y(G) equals the number of singular points of y(G) 

and is positive. In other words: For every n C N there is a 

spindle-surface y(G) whose Euler characteristic C ( у (G)) is 

equal to n C N. This proves the following theorem. 

Theorem 4: Let .G(Gj,Gg, . . . ,Gffl) be a graph of connected, planar 

graphs Gj = (Vj.Ej), Gg = (Vg.Eg), ..., G^ = <Vm,Em) of order 

|Vil > 2, where the exterior graph G = (V,E) is either a loop 

or a connected multi-graph of order |V| >2 and m = |E| > 2 

without endedges, such that there does not exist a connected 

subgraph G0 - (VQ, EQ) t G of G of order |VQ| > 2 and 

|Eq| > 2 without endedges with the property that the graph 

G(Gj,Gg, . . . ,Gffl) is embeddable in the spindle-surface у(GfJ) or 

in iI Then it holds the Euler formula for every embedding of 

G(Gj,Gg,...,Gm) in y(G): 

Ы 

- C(у(G)) - IV|. 



Now we are able to define the notions of a singular genus of a 
spindle-surface у and a singular genus of a graph. 

Definition 8: (1) The number of the singular points of a 
spindle-surface у is said to be the singular genus of у and 
is denoted by 6s(y). 
(2) If G is a connected nonplanar graph then the singular 
genus 6g(G) o^ G is the minimum singular genus among all 
spindle-surfaces in which G can be embedded. 
(3) All connected planar graphs G„ and only these got the 
singular genus 63(G) = 0. 

Now it is useful to consider some examples. The bananagraph Bg 
introduced in Figure 10 has the singular genus 63(Bg) < 2 be¬ 
cause Bg is embeddable in the spindle-surface y(G) where G 
is , a triple edge of order 2 and has two singular points. It 
remains to show that 6s(Bg) - 2. 
In order to show this equality we use the 

Proposition 1: For every graph G - (V,E) it holds: If G is 
not embeddable in the torus then G is not embeddable in 
the spindle-surface y^. 

Its proof immediately follows from the fact that у. arises 
from the torus by contracting a meridian of to a 
single point. 

Observing Proposition 1 it only remains to show that Bg is not 
embeddable in the torus S^. In [2] K.Wagner and R. Bodendiek 
proved that there exist six.and only six topologically nonequi¬ 
valent embeddings of Kg in given in Figure 6. Each of 
these six embeddings shows that Bg cannot be drawn in 
without crossings. This proves the equality 63(Bg) = 2. 

The nonplanar graph Hg of Figure 13 is embeddable in Уд, for 
it can be represented as the graph Сд(К5~е, Kg. Kg-e) of 
graphs Kg-e, Kg, and Kg-e where Cg is a cycle of length 3. 
Figure 14 illustrates one embedding of Hg in Уд. Since Hg 
is embeddable in Уд we obtain the estimate (Hg) < 3 for 
the singular genus of Hg. 
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Figure 13 

Figure 15 represents embeddings of Hg in and yg such 
that the singular genus of Hg is 6s(Hg) = 1. 

This example leads to the following proposition. 

Proposition 2:1) For every m, n C N with m > n and for every 
graph G - (V, E) it holds: If G is embeddable in ym then G 

is also embeddable in yn- 
2) For every n C N. and for every graph G = (V,E) it holds: 
If G is embeddable in yfi then G is also embeddable in the 

torus 5j. 
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The proof of this proposition is an immediate consequence of the 
definition of rn and- the relationship between Yn and Sj. 

Since Kg and Kg 3 are embeddable in Y^ they have the 
singular genus 6g(Kg) = (Kg g) = 1. 

Now it is useful and reasonable to define the chromatic number 
of the spindle-surface Yn (n C IN). The chromatic number X(Yn> 
is defined to be the minimum number of colours needed to colour 
any map corresponding to a 2-cell embedding of a graph into Yn- 
Equivalently it is defined to be the maximum of the set of 
chromatic numbers of graphs that can be embedded in Yn- This 
equivalence is realised through the duality construction. To 
compute the chromatic number X(Y^) (n C IN) we consider the two 
cases n C {1,2} ahd n £ N - {1,2}. 

Theorem 5: The two spindle-surfaces Y^ and Yg have the chro¬ 
matic number X(y1) = ,5 and X(Yg) = 5. 

Proof: Ad Yj: As Kg is embeddable in Yj we obtain X(y^) > 5. 
It remains to show X(y^) < 5. Let G = (V,E) be a graph em¬ 
beddable in Y]y If G is even planar then we can apply the 
five-colour theorem for the sphere SQ such that X(G) < 5. 
Thus it remains to consider the case that G is nonplanar and 
has got the singular genus 6g(G) = 1. Without loss of generali¬ 
ty we can assume G s Kg. Then G satisfies the Euler formula 
«0 - uj I a2 - 1 when G has <*0 = |V| vertices, aj = |E| 
edges, and ag regions. It is easy to see that the estimate 
«1 < 3«0 - 3 holds. Since Yj araises from the sphere SQ by 
identifying two different points we can prove that X(G) < 5. 
This proof is only a slight modification of the proof of the 
five-colour theorem for the sphere given in [7]. This completes 
the proof. 
Ad Yg: As for every graph G = (V,E) holds that if G is 
embeddable in Yg then G is also embeddable in y^, the 
following estimate X(Yg> < 5 is true. , 
Since the Kg is embeddable in Yg we obtain X(Yg) > 5 such 
that X(Yg> - 5. ■ 
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Applying this Theorem 5 we state: 

Theorem 6: For every spindle-surface yn (n > 3) the chromatic 

number X(y^) is equal to 5. 

Proof: Let G = (V, E) be an arbitrary graph embeddable in у 
<n > 3). According to Proposition 2, G is embeddable in y^ 

such that Х(Уд) <5. To show the existence of the estimate 

Х(.УП) >5 we consider the graphs Hn = Cn (Kg-e, Kg-e, . . . , Kg-e, 

Kg) of the n graphs Kg-e, Kg-e, .... Kg-e, Kg where Cn is 

a cycle of length n. Figure 14 depicts an embedding of Hg in 

Уд. Colouring the two graphs Kg-e we need four colours. There¬ 

fore, we need a fifth colour such that s^ and Sg have diffe¬ 

rent colours. This proves X(Hg) = 5. Analogously it follows 

that X(Hn) = 5. Therefore it holds X(yn) =-5. ■ 

Now we shall return to the partial ordering relation < defined 

on the set M and its Hasse diagram of Figure 9. It is obvious 

that < is a partial ordering relation on M’ = U{ ynl n C W }. 

Figure 16 shows its Hasse diagram. Putting in the chromatic 

number and the Euler characteristic we find Out that for every 

integer n C Z there is an element у CM' with C(y) = n. 

As up to this time there does not exist a mathematician who has 

tested the whole proof of the four-colour theorem by Appel and 

Haken, we are allowed to philosophise on the truth of the four- 

colour theorem. Looking a£ Figure 16 we recognise the following 

proposition: 1 • 

The greater n gets the more similar the spindle surface yn 

and the sphere SC) become with respect to the embedding of 

graphs. Therefore, one could perhaps believe that X(yn) = 5 

for n -> m implies X(S^) = 5. 

In the following we want to look for properties characterizing 

and the spindle-surface у (n > 3). This means: We are 

seeking for properties which are only satisfied by SQ and у 
(n > 3) and not by the orientable and nonorientable surfaces. 

Before we give some interesting properties of S(j and y 

(n > 3) we■ point out that the diagram of Figure 16 would be 

essentially more symmetric in case of X(S ) = 5. 

In order to be able to give a precise definition of the first" 

property we define the notion of an unsaturated graph. 
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\ 

Figure 16 

Definition 9: Let у be an arbitrary element of M'. 
Furthermore, let G = <V,E) be a у-graph. Then we define: 

П.) G is said to be unsaturated in a vertex v С V if there 
exist a vertex v' С V - {v} and a Jordan curve {v,v'} in у 
such that v and v' are not adjacent arid the graph 
G’ - <V',E') = G ^ {v,v’} is a у-graph with V’ ~ V and 
E’ = E V {v, v’ }. 
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This means formally: G is unsaturated in a vertex v С V 

V 
v’CV-{v} 
not adjacent Jordan 

V 
{v,v’} 
curve in 

G w {v, V* } is a 
f-graph with the 
vertex set V and 
the edge set 
E {v, v' } ]. 

(2) G is saturated in a vertex v С V 

Л 
V, V 

v’ CV-{v} 
not adjacent Jordan 

{V.v'} 
curve in V 

[ G u {v, v'} is not 
a Y-graph with the 
vertex set V and 
the edge set 
E {v, v’ } ] . 

(3) G is saturated 

A 
vCV 

G is saturated in v 3. 

Figure 17 



For example, let the cube C - (V,E) be the SQ-graph with the 
vertex set V - {v^, Vg, . . ., Vg}, depicted in Figure 17. It is 
quite clear that C is not saturated. If we add the Jordan 
curves {v^,v3J, {vpVg} and {v1,vg}, we obtain the SQ-graph 
G’ = С V. {{Vj, Vg}, {VpVg}, {v^.vg}} (Figure 17) unsaturated in 
several vertices. Saturating Vg,vg,vg one after 
finally get the saturated SQ-graph (Figure 
change the sequence of saturating the vertices of C we can 
obtain the SQ-graph Cg depicted in Figure 19. It is obvious 
that Cj and Cg are not isomorphic. 

the other, 
18). If 

we 
we 

Figure 18 Figure 19 

Otherwise it is obvious that Cj and Cg are triangular S - 
graphs. It is well-known that Cj and Cg are so-called maxi¬ 
mal SQ-graphs. The exact definition of a maximal SQ-graph is: 

Definition 10: A SQ-graph G = (V,E) is said to be maximal if 
for every Jordan curve e = {v, v'} C #g(V) - E the graph G v, e 
is not a SQ-graph, i.e., if we cannot add any Jordan curve 
e = {v,v'} C Pg(V) - E to G without crossings. 

According to [7] it is well-known that every maximal S^-graph 
is either a for n = 1,2,3 or a triangular SQ-graph of 
order >4. ' ' 

Now the question rises whether every graph Gs obtained from a 
-graph G by saturating all vertices of G is a maximal SQ- 

graph. The following theorem gives an answer to this question. 
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Theorem 7: Let G = (V,E) be an arbitrary SQ-graph. Then it 
holds: The graph Gg .obtained from G by saturating all ver¬ 
tices of G is either a triangular SQ-graph or a K^ for 
n = 1,2,3. This means, that Gg is a maximal SQ-graph. 

Proof: If G = (V,E) is a SQ-graph of order < 3 then the 
complete graphs K^ or Kg or Kg are the only SQ-graphs 
obtained from G by saturating all vertices of G. 
Now let G = (V,E) be any SQ-graph of order |V| > 4. If G is 
saturated then it follows from Definition 9 that the graph 
obtained from G by adding a further edge is not a SQ-graph. 
This means in other words that G is a maximal SQ-graph. Hence 
G is a triangular SQ-graph. If G is unsaturated then there is 
at least one vertex v С V that is unsaturated. Let Gv be the 
S@-graph arising from G by saturating the vertex v. If Gv 
is saturated then we can repeat the proof given for G above. 
Hence Gv is a triangular SQ-graph. If Gy is unsaturated, Gy 
contains at least one unsaturated vertex v' + v. Repeating the 
same arguments given above we get the result that the graph Gy 
obtained" from Gy by saturating the vertex v' either is a 
triangular SQ-graph or contains a vertex v^ that is unsatu¬ 
rated. Since G is finite this method of successive saturating 
must end and leads to a saturated triangular Sc~graph in any 
case. That completes the proof. m 

With regard to the following investigations it is very useful to 
express Theorem 7 in another form. 

Theorem 8: Let G = (V,E) be an arbitrary SQ-graph. Then it 
holds; The graph Gg obtained from G by saturating all ver¬ 
tices of G is topologically unique in the sense that there 
does not exist a SQ-graph G' isomorphic to Gg such that G' 
is unsaturated. 

The proof is omitted because Theorem 8 follows from Theorem 7. 

Now we want to show that the assertion of Theorem 8 is not true 
in case of Yj or Yg or an arbitrary orientable or nonorient- 
able surface. In order to verify this we consider a certain y~ 
graph G - (V,E) - where y denotes an arbitrary orientable or 
nonorientable surface or y^ or Y% - and construct the y~ 
graph Gg by saturating all vertices of G. Gg is saturated in 
Y. Then we can find another Y-graph G’ which is isomorphic to 
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Gg and not topologically equivalent because it is unsaturated: 
Let G = (V,E) be the у-graph whose vertex set 

V = {v1,v2,v3,v4,v5} and edge set E = {{vi'v2}’{v2'v3*' 

{ѵ3,Ѵ4>, {v2i v4>, {V4,v5>, {Vi^Vg}} (Figure 20). Saturating G we 

get the saturated у-graph Gg - Kg - {v2,Vg}. Since we know that 
the complete graph Kg is embeddable in у there must exist 
another у-graph G' = (V’.E’) which is isomorphic to Gg but 
which is not topologically equivalent to Gg and which is 
neccessarily unsaturated. 

Graphically, we can say that the у-graph G = (V,E> of the 
last example can be saturated twice in у while G = (V,E> as 
a SQ-graph can be saturated only once. 

G' as -graph G1 as tfl-graph 

Figure 21 depicts 
T = yr y2. Sj, N2 or N,. 

the 

1- 

у-graph G’ in case of 
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Remark: This proves that the sphere SQ is really characterized 
by Theorem 7 or 8, for one cannot replace SQ in Theorem 7 
or 8 by у where у is equal to y% or y% or an arbitrary 
orientable or nonorientable surface. 

As the complete graph Kg is not embeddable in yfi for n > 3 
it is obvious to ask whether the spindle-surface yR (n > 3) 
satisfies Theorem 7 or 8. 

In order to give.an answer to this question we consider the 
following example: Let G = {V,E) be the kraph arising from the 
complete graph K4 with the vertex set {1,2,s,s^} by inser¬ 
ting a new vertex v on the edge {s, s^}. Furthermore, let Gj 
and Gg two Уд-graphs depicted in Figure 22. It is easy to see 
that G^ is saturated while Gg is unsaturated. This means 
that Theorem 7 or 8 does not hold for Уд. 

Figure 22 

In the same way we can prove that Theorem 7 of 8 does not hold 
for yn (n > 4). We construct the counterexample for yn by 
starting with the complete graph K4 with the vertex set 
{1,2,s,sx} and inserting n-2 new vertices Vj,Vg,■••,vn_2 on 
the edge {s,s^}. In analogy to Figure 22 it is possible to 
determine the two y^-graphs and Gg where G^ is satu¬ 

rated and Gg is unsaturated. 
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Since any Y^-graph (n > 3) is either embeddable in the sphere 
SQ or not embeddable in SQ and since the two counterexamp¬ 
les and Gg in Figure 22 are embeddable in. SQ and are 
2-connected it might be possible that there is a chance that yn 
(n > 4) satisfies Theorem 7 or 8 if we restrict ourselves to 3- 
connected planar graphs. In order to give a short and elegant 
proposition we define at first: 

Definition 11: Let Y be an arbitrary orientable or nonörient- 
able surface or a spindle-surface. A Y-graph G = (V,E) is said 
to be maximal in Y if for each edge e € Pg(V) - E the graph 
G„e is not а Y-graph and there does not exist a Y-graph 
G' - (V.',E’) isomorphic to G such that the complementary edge 
set V) - E’ of G' contains an element e’ with the pro¬ 
perty that the graph G1 ^ e' is a Y-graph. 

Using the concept "maximal in Y" we can give the following 
interesting theorem. 

Theorem 9: Let G = (V,E) be an arbitrary Yn~graph (n > 3) 
that is either 3-connected and planar or nonplanar. Then it 
holds: The Y^-graph Gs obtained from G by saturating all 
vertices of G is maximal in Yn- 

Proof: At first we consider Yg. Let G = (V,E) be a graph that 
is either 3-conhected and planar or nonplanar. If G is a 
planar and 3-connected Yg-graph then G lies in exactly one 
spindle of Yg such that the graph Gg obtained from G by 
saturating all vertices of G is maximal in Yg. If G is a 
nonplanar Yg-graph then it is necessary that G lies in all 
spindles of Yg and that the three singular points of Yg 
belong to the vertex set V of G. Let G’ = <V’,E’) be the 
subgraph of G spanned by all vertices of G, lying in the 
spindle Y({S]y Sg}) with the singular points s^ a^d Sg. Then 
it is clear that the graph Gg obtained from G' by saturating 
all vertices of G is a triangular graph on the spindle 
Y({Qj.Sg}) or equals the complete graph Kg of order 2. This 
means that Gg is maximal on the spindle Y({Sj,*Sg>). 
Since we can carry out the same proof for the other two spindles 
of Yg it follows that the Yg-graph Gg obtained from G by 
saturating all vertices of G is maximal in Yg If Yn (n > 4) 
replaces Yg it is proved that the assertion of Theorem 9 is 
true for Yn (n > 4). ■ v 
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Summarizing, we find out that the sphere SQ and the spindle- 
surfaces Y3, *4,... have got the so-called maximality property 
while y4, Yg, the orientable surface Sp (p € M), and the non- 
orientable surface Nk (k C W) do not satisfy this maximality 
property. 

In order to find a second property that only holds for SQ and 
Y3, Y4, ..., we need the two notions of a Husimi tree and a map. 
According to [5] and [6] a connected graph G -- (V,E) is said 
to be a Husimi tree if each edge e e E lies on at most one 
cycle of G. 

The concept "map" is defined in the following way: 

Let G = (V, E) be a Y-graph where Y is a spindle-surface or 
an orientable or a nonorientable surface. If Y-G denotes the 
complement of G relative to y then the ordered pair (G,Y-G) 
is said to be a map in Y if each component of Y-G is 
homeomorphic to an open disk; i.e., if each component of Y-G 
is a homeomorhic image of an open disk or if each component of 
Y-G is a 2-cell. 

1 

Before we express the so-called map property of SQ we point 
out that it is frequently useful to distinguish between the 
boundary and the boundary graph of a component of the complement 
Y-G. The boundary graph of a component C of Y-G is said to 
be a subgraph of G whereas it is possible to find edges and 
vertices of G at least twice on the boundary of C. To illu¬ 
strate the difference between the boundary and the boundary 
graph of a component C of y-G we consider the N4-graph 
G - K4. - e with the vertex set {1,2,3,4} and e - {3,4} de¬ 
picted in Figure 23. The complement N4-G consists of two 
components with the property that one is a triangle and the 
other has got the boundary given in Figure 23 and the whole 
graph G - K4 - e as boundary graph. In the same way we can 
determine a S4 graph G such that its complement has a compo¬ 
nent whose boundary graph differs from its boundary. 
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Figure 24 shows the -graph G = (V,E) = K4 with the vertex 
set {1,2,3,4} whose complement S^-K^ consists of exactly two 
components. While one of these two components is a quadrilate¬ 
ral, the other has the boundary graph which differs from 
its boundary depicted in Figure 24. 

4 ? 1 3 
Figure 24 

Furthermore, Figure 25 shows that there are a Y,-graph 
Gj = K4 - '{3,4} and a Ng-graph Gg = whose complements 
have got a component with the property that its boundary graph 
is either - {3,4} or K^. 

In both cases the boundary differs from the corresponding boun¬ 
dary. It is remarkable and important with regard to the next 
theorem that the Y-graphs of the Figures 23} 24, 25 are satis¬ 
fying the Euler formula. / 

In the same way it is possible to construct a Y-graph ' G where 
Y equals S (p > 2) or а <k > 3) with the property that 
the complement y-G has got a component whose boundary graph is 
not a Husimi tree and that G satisfies the Euler formula. 

Therefore, the following theorem has been proved. 
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Theorem 10: (1) Л 
G=(V,E) connected 

[ (G, So-О is a map 

bQ-graph 

A 
component C 
of S0~G 

(the boundary graph G(C) of 
C is a Husimi tree) j. 

(2) Let Y be an arbitrary orientable surface Sp (p C W) or 

nonorientable surface (k f. IN) or Yj- Then it holds: 

V 
G = ( V, E) ' <G’»"G1 

connected y-graph 

is a map 

V 
component C 
of y~G 

(the boundary graph G(C) of C 
is not a Husimi tree) ]. 

In order to show that the spdndle surfaces y^ (n > 3) satisfy 

the so-called map property of Theorem 10 we have to restrict 

ourselves to Y^-graphs G which can be thought as a graph of 

graphs with G = cn(SpGg,...,GQ) in such a manner that G 

satisfies the Euler formula. Then »it follows immediately 

Theorem 11: 

G-( V, Ё) connected 
Yn-graph (n > 3) 

(G,y-G) is a map 

component C 
of 

(the boundary graph G(C) of 
C is a Husimi tree) ]. 

Summarising, we want to say that we succeed in finding a class 

of spindle-surfaces у (n > 3) satisfying two characterising 

theorems which only hold for the sphere SQ and Yn (n > 3). 

Observing that Yn becomes more similar to SG for growing n 

it is worth to investigate the question whether there exist 

further properties of graphs characterizing SQ and Yn 

(n 5» 3). 
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Johan Jacob Seidel 

Blockpläne und ihre Verallgemeinerungen 

Nir geben eine Obersicht von den Verallgeme.inerungen, fUr die 
der Begriff des ordentlichen Blockplans Anlaß gegeben hat. 

1. t-(v.k,�)-Blockplan

Die. Menge der k-Teilmengen einer endlichen Menge 
V= {X1, ... , ¾l 

wird betrachtet als eine �iskrete Sphäre: 

Ein t-(v,k,�)-Blockplan ist eine Teilmenge X von Sk mit der
Eigenschaft 

1 1 TiT· � f(x) = v"" � · f(x), V _f c Polt(5k)
xcX (k)xCSk 

(d.h. fUr alle Polynome vom GJad � t in v Variablen, be
schränkt auf 5k). 

2. t-(v.K.A)-Blockplan. K = {k1�2..._,____,____,y

Jetzt geht es um eine Teilmenge Y von 
mit dem Gewicht w, so daß 

fUr alle f c Polt(SK) (der Stärke t) oder fUr alle 
f c Ho111t(SK) (vom Index t) gilt. 

,Beispiele: 4-(22,{6,7},1) aus 4-(23,7,1); 
2-(v, {v-k;k-+ 1}, k--A� a�s symmet,rischen 2-(v, k, A). 

67 



3. Sphärischer t-Blockplan 

Eine endliche Teilmenge X der Einheitssphäre S im Euklidi¬ 

schen Raum IR“ ist ein sphärischer t-Blockplan, wenn 

туг Z f(x) = f f(x)d6(x), Vf ( Pol+(S) 
|Ä| xCX 'S ъ 

gilt. 

Beispiele: (d,|X|,t) = (2,5,4), (3,12,5), (8,240,7), 

(24, 2-(2|),U). ' 

Diese Definition wird einfacher bei Benutzung von harmonischen 

Polynomen. Es sei Harm^OR^) der Raum der homogenen harmoni¬ 

schen Polynome h(u) vom Grad k, d.h., h(x) genügt der Glei¬ 

chung von Laplace, z.B. für festes y: 

(x,y)2 - (x, x) (y, y)/d; (x,y)3 - 3(x,y)(x,x)(y,y)/(d+2). 

Eine endliche Teilmenge X von S ist ein sphärischer t-Block- 

plan, wenn 

Z^h(x) =0, V h e Harmk(Bd), к = 1,...,t, 

gilt. 

4. Kubatur-Formel der Stärke t für S 

Z w f(x) = ( Z w„) f f(x)d6(x), V f C Polt(S), 
xCX x xcX x -’S ъ 

mit endlicher Teilmenge X von S und dem Gewicht w: X —» IR+. 

5. Euklidischer Blockplan 

Im Euklidischen Raum Rd, mit Polarkoordinaten у = rx, x £ S, 

definieren wir für eine Menge Y mit dem Gewicht w: 

Yr := { yCY: (y,y) = r }, 

R := { r = (y,y): yCY }, |R| =: p, 

RS := U rS, Y = U Y , m(r) = Gewicht(rS). 
rCR r£R r 
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Ein endliches (Y, w) ist ein Euklidischer Blockplan, wenn 

2 w f(y) = Z m(r) f f(rx)d6(x) = f f(y)dp(y), 
yCY y rCR JS 'RS 

mit m(r)d6(x) = du(rx), für alle f e Pol^(RS) (der Stärke t) 

oder für alle f e Hom^(RS) (vom Index t) gilt. 

Beispiel: Ein Euklidischer Blockplan vom Index 2 ist ein eutek¬ 

tischer Stern, d.h, die Projektion einer orthonormalen Basis des 

ffin auf den IRd. Es gelten Fisher-Ungleichungen, wie z.B. 

|Y| > (dd-ie) fUr Index 2e> 

I Y| > (dd-te) + (dä-D für Stärke 2e und p = 1, 

IY| > (d^e) für Stärke 2e und p > £(e+l). 

6, Maß der Stärke t 

Ein Maß auf IRd hat die Stärke t, wenn 

j fdg = j fdg о ф, V f e Polt(RS), V P C G 

(G = orthogonale Gruppe des Rd), oder auch wenn 

I fdg = j fdf mit I = J g о $d$, 

f л Z^dg(y) = u* f x^d6(x) mit = f d llyll^dE(y) 
' Иа ъ -'S •'IR 

gilt. 

7, Gitter der Stärke t 

FUr die Punkte eines Gitters Y im sind zwar die Yr 

endlich, aber R ist unendlich. Wir beschränken uns auf Git- 

ter, die unimodular, ganz, gerade und homogen sind, d.h. also 

mit den Eigenschaften 

det(basis) = 1, stets gilt . (y, z) C Z sowie R ■= 22 

und mit konstanten Gewichten auf jedem Yr. 

Das Kriterium für Gitter der Stärke t lautet: 
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Z w(r)h(Y > =0, h(Y ) := Z h(y), 
rCR r r yCYr 

für alle h С Нагну (R^), für j = 1, ... ,t. 

Trivialerweise ist das Kriterium erfüllt, wenn alle Yr sphä¬ 
rische Blockpläne der Stärke t sind. Das ist der Fall, wenn Y 
Extremalgitter ist, d.h., wenn 

min (y,y) = + 2 = 2S + 2 

mit d = 24(6+1) -8e, e C {3,2,1} 

gilt. ! , 
Dann ist jedes Yr ein sphärischer Blockplan der Stärke 
t = 4e - 1. 

Beispiele: Eg-Gitter mit d = 8, 6=0, e =2, t=7; 
Leech-Gitter mit d = 24, 6 = 1, e = 3, t = 11. 
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Rostock. Math. Kolloq. 38, 71 - 75 {1989) 

Heiko Harborth; Martin Harborth 

Straight ahead cycles in drawings ·of complete graphs 

05C10 
05C45 

Dedicated to Professor Dr. Gustav Buroscti'·on the occasion of bis 
fiftieth birthday 

�ince 1736, graphs with Euler cycles have been studied. Today 
the necessary and sufficient condition for the existence. of an 
Euler cycle is well known that all vertex degrees have to be 
even. There remain many open problems in the context of Eulerian 
graphs {see.[1]). However, the following simple problem seems 
not to have been considered so far. 
If an Euler cycle is drawn in the plane it is in a certain sense 
natural to pass through the vertices always ·straight ahead, that 
means, through every vertex that,way is chosen which leaves to 
right and to left the same number of edges. Following this 
strategy, in a drawing D{G) of an Eulerian graph · G the edge 
set of D{G) is partitioned into distinct cycles. Which parti
tions are possible ? - Here a drawing D{G) means a mapping of 
the verti-ces of G into different points {also calledl ver
tices) of the plane, and a mapping· of corresponding edges into 
Jordan curves such that two curves ( also cal.led edges) ha.ve at· 
most one po:lnt in common, either a crossing or an enäpoint 
{vertex) {see [2)). Two drawings, are isomQrphic if there is a 
one-to:·one correspondence which' preserves the incidences of 
vertices, crossings, curves, and regions. 
As an example, Figure 1 shows all nonisomorphic drtiwings D{K5)
of the complete graph K5. There are Eulerian straight. _ahead
cycles in the first three drawings D{K5), cycles c,f length 3
and 7 in th� fourth D{K5>, and thr�e cycles of length 3, 3,
and 4 in the last D{K

fi
). 

1 
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In general the complete graph = Kgs + i an Eulerian graph.' 
However, to characterise the different partitions into straight 
ahead cycles by checking all nonisomorphic drawings ^(^2s+l^ 
seems hopeless, since the numbers of drawings are unknown for 
n>7 (there are 121 drawings D(Kg), see [2]). - In the following 
some partial results are given for the complete graphs 

%n " K2s+1* s>1' 
1. Consider that drawing, where the vertices of = ^2s+l are 
the vertices of a convex n-gon, and all edges are drawn inside 
the n-gon. It is easily checked that there are 

cycles of length 2n, if n = 1 (mod 4), and 

cycles of length 2n together with one cycle of 

length n, if n = 3 (mod 4). 

2. It is a main problem to ask for drawings ^(^2s+l^ which 
determine straight ahead Euler tours, that is, all edges belong 
to one and the same straight ahead cycle. 

Theorem: For any = K2s+i a drawing D(K^) exists which 
induces an Eulerian straight ahead cycle. 

Proof: The drawing in Figure 2 gives the proof. 
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The vertices 1 to n-1 are vertices of a regular (n-1)-gon- with 

all diagonals inside the (n-l)-gon. Vertex n lies outside, and 

its edges counter-clockwise are incident to the vertices 2^ of 

the (n-l)-gon in the following sequence: 

n s 1 (mod 4): 

Zj - 1, > 3g = 3l-pl- I = n+3-i for 4 < i 4 

si = i-1 for +3 < i < 

3i = n+l-i for < i < n-1, 

n = 3 (mod 4): 

Zj = 1, 3g - 3g - 3j = n+3-i for 4 < i < 

z^ = i-1 for 5^3 +3 < i < 3-^-1, з^ = n+l-i for 3n+? < i < n-1. 

The edges from 3g and Зд to n start inside the (n-l)-gon 

and leave it between vertices 1 and n-1. The edges from ver¬ 

tices 5+1 + i to n for 1 < i < sg—1 — 5+1^ and from vertices 

5gA - i to n for 1 < i < 5+1 _ 3g-l start inside the 

(n-l)-gon and leave it between vertices 5^1 - i and p^l -i-1, 

respectively, between 5+1 +i-l and 5+1 + i (see Figure 2). 

All remaining vertices of the (n-1)-gon are connected to n 

without intersections and outside the (n-l)-gon. 

The edge set of the regular (n-1)-gon is partitioned into the 

main diagonals from i to i + pip (mod n-1), and into 

((n-1)/2) rectangles. 

Now a straight ahead path from n to the main diagonal from Zg 

to Zg is forced to use this diagonal and all rectangles deter¬ 

mined by its endpoints before coming back to n. Any straight 

ahead path from n to the main diagonals determined by vertices 

+i for 1 < i < Sg-1- 5+1 has to use this diagonal, all 

rectangles with sides (5^1 +i, 5+1 -i+j) for О < j < 2І-1, 

and then the edge back to n. Similarly, the main diagonals 

determined by vertices 5+1 for 1 < i < p!p -Sg-1, the 

rectangles with sides (^g- -i, 5+1 -i + j) for 1 < j < 2i-'l 

together with n . determine a straight ahead cyclic path. The 

path from n to (1, 5+1) comes directly back to n. 



Finally, it can be checked that the straight ahead strategy 
leads from vertex n in sequence to the following points, each 
of one different main diagonal, and then back to n from the 
opposite point: 

n 5 1 (mod 4): 

1, +(-l)i_1i for 1< i ТГ’ 

ф +(-l)(a-l)/4+i-l(S^l ■BZA j-i \ 

n = 3 (mod 4): 

1, ^1, ^+(-1)41-^) 

п+(_1)(п+П/4+і(П+1 +i_l} 

for 1 < i < 

for 1 < i < 

The proof is complete. ■ 

3. By the above theorem, longest straight ahead cycles exist in 
drawings D(Kn) = D( Kgs+:j) • What is about many short straight 
ahead cycles ? 
If a convex (n-l)-gon with all diagonals inside is connected by 
edges without crossings to a vertex n outside the (n-l)-gon, 

then this drawing D(K^) = ®^2s+l^ determines s straight 
ahead triangles and (|) straight ahead four cycles. 
This suggests the question for drawings with triangles only. 
Since Steiner triple systems do exist only for n = 1 or 3 
(mod 6), triangular straight ahead drawings can exist at mdst 
for these values of n. Figure 3 shows such a drawing D(K^). It 
remains still open whether triangular straight ahead drawings 
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Hlnwelee fOr Autoren 

Henuekrlpte (ln deutecher, ggf. euch ln rueeiecher oder engli
echer spreche) bitten wir, en die Schriftleitung zu echicken. 
Die geeeete Arbeit iet llnkebOndlg zu echrelben. Eine Aueneh■e 
hiervon bilden hervorzuhebende Foreeln und dee Lltereturver
zelchnle. Der Kopf der Arbeit eoll folgende Fon1 heben: Roetock. 
Rith. Kolloq./ Leerzeile/ Vorn••• Name/ Leerzeile/ Titel der 
Arbeit/ i Zeilenu■echeltung/ Unteretreichung/ Leerzelle. Der. 
Text der Arbeit iet elneinhelbzeilig (• 3 Zeilenu■scheltungen) zu schreiben ■it ■axi■el 63 Änechl3gen je Zeile und ■axl■el 37 
Zeilen je Seite. ZwiBchenOberechriften elnd wie folgt einzuord
nen: 6 Zeilenu■echeltungen/ zwlBchenGberBchrlft/ UnterBtrei
chung (ohne Zellenu■scheltung)/ 5 Zellenu■echaltungen. Hervor
hebungen elnd durch Unterstreichen und Sperren ■öglich. AnkOn
digungen wie Setz, Oetinltion, Be■erkun�, Beweie u. •• slnd zu
unterstreichen und ■lt eine■ Doppelpunk ebzuechließen. Vor und 
nach Sitzen, Definitionen u. 1. iet ein Zeilenabetand von 5 u■-
echeltungen zu leBBen. Fußnoten Bind ■öglichBt. zu ven1eiden. 
Sollte doch davon Gebrauch ge■echt werden, so sind eie durch 
eine hochgeBtellte Ziffer 1■ Text zu kennzeichnen und innerhalb 
deB oben angegebenen SetzspiegelB unten auf der gleichen Seite 
anzugeben. For■eln und Bezeichnungen sollen ■öglichet ■lt der 
Schreib■eechine zu Bchrelben sein. Hervorzuhebende For■eln Bind 
drei Leerzeichen einzurücken u■d ■it 6 U■Bcheltungen zu■ übri
gen Text zu echreiben. For■elzlhler Bollen a■ rechten Rand ete
hen. Der Platz für Abbildungen lat bel■ Schreiben euezueperen; 
die Abbildungen eelbst sind in der de■ euegespsrten Platz ent
sprechenden Größe gesondert nach TGL-Vorschrift auf TranBpa
rentpapier beizufOgan. Dar zugehörige Begleittext ist i■ Manu
skript ■itzuschreiben. Sein Abstand nach unten betrlgt 5 U■-
schaltungan. Uteraturziteta 1■ Text sind durch laufende Nu■-
■ern in Schrlgstrlchen ·(vgl. /8/, /9/ und /10/) zu kennzeich
nen und •• Schluß der Arbeit unter der ZwlschenOberachrl ft !:!:.
teretur zuse■■enzuetellen. 
Dileplela: (ZeitachriftenabkOrzungen nach Heth,. Reviews)
787 Zerlakl, o., end Se■uel, P.: Co■■utetlve Algebra.

Prlceton 195B 
/9/ Steinitz, E. : AlgebraiBche Theorie der Körper. ::J. Reine 

Angew. Hath, 137, 167 - 309 (1920) 
/10/ Gnedenko, B, w.: Coir die Arbeiten von c. F. Geuß zur 

Wehrschelnllchkeiterechnung. In: Reicherd, H. (Ed.): 
c. F, Gauß, Gedenkband anllßlich des 100. ·Todestage•.
S. 193 - 204, Leipzig 1967

Die Angaben soll an in Origlnelepreche. erfolgen; bei kyr-illi
schen Buchstaben soll die bibliothekarlsche Tranlikription 
(Duden) verwendet werden. A■ Ende der Arbeit etehen folgende Angeben zu■ Autor und zur 
Arbeit: eingeganuen: Datu■/ Leerzeile/ Anechrift des Verfasser•:/
Titel lnitlelen er Vorne■en Ne■e/ inetitution/ Struktureinhalt/ 
Straße Heuenu■■er/ Land Postleitzahl Ort, 
Der Autor wird gebeten, eine Korrektur des ourchschlege vo■ 
OffBet■enuekript zu leeen und dabei die ■athe■atiechen Sy■bole 
einzutragen. Ferner Bollte er 1 - 2 Klessifizierungsnu■■ern 
Centeprechend der •19eo Hathe■etice Subject Claesification• der 
Heth. Reviewe) zur inhaltlichen Einordnung seiner Arbeit angeben·. 
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