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Rostock. Math. Kolloa. 39, 5 ~ 12 (1990) 05415
08440
Valeri B. Alekseev

On the number of functions in some maximal closed classes of
partial k-valued logic

WNe investigate the number of functions that depend on n fixed
variables in some closed classes of partial k-valued logic. The
asymptotic for the algorithm of this number when n —> o is
established for maximal closed classes of functions preserving
binary relations.

A function f(xl,‘..,xn) is said to be a function of partial k-
valued logic iff the values of all its variables are taken from
the set Ek = {0,1,...,k-1} and the value of the function
itself 1is taken from the set Ek « {*}. The set of all such
functions is denoted by P;. The superposition

g(xl,,..xn) = f(hl(xl""'xn)’ ¥ & Wi hm(xl,...,xn))

in P; is as usual with the following additional rule: if
hi(a;,....a)) = ¥ for some i then g(a;,...,a,) = *.

In studying the completeness theory of partial k--valued 1logic
maximal closed eclasses  (Lthose that are not contained in any
other closed class except P;:) are of great importance. The set
of all maximal closed classes in P; is described in [1,2]. All
But one of them are classes of functions preserving some rela-
tion on Ek' By R(al,...,am) (or ﬂR(al,...,am)) we denote
that the string (al,...,am) of elements from Ek satisfies
(does not satisfy) the relation R on Ek' For an m-ary rela-
tion R on E and for any natural number n we define the
relation RP on the set of all strings of 1length n with
elements Cfrow Ek as follows:

R"(3%,...,8") e=> ¥ i R(al,...,a®) (1)
where a- = (af,...,ag).
A function f(xl,..‘xn) € Pi is said to preserve the m-ary
relation R on E. iff for any m strings al,. . .,a" of

length n the following implication holds:

B(aL, ., e (3 3 (£(aY) = %))« R(E(AL), ..., £(2™))1.(2)
)



We denote by U*(R) the set of all functions from Pi preser-—
ving a relation R. If @ = UY(R), then by Q™) we denote the
set of all functions from Q that depend on n fixed variables
Kys oo "o . )

if Q@ = U (R} and R 1is an unary relation on Ek and R(a)
is true for exactly p elements from Ek then

n n__n

1R = (pr1)P (ke)K P,
If Q = U*(R) and R is an m-ary relation, where m» 2, then
the problem of finding a formula for IQ(n)I is very hard.

First we prove the following common proposition.

Theorem 1: If Q = ( ) where R 1is an arbitrary relation on
Ek then log IQ n) x kP when n — o.

) 41
Proof: Obviously 1Q(®] ¢ (+1)X so 1logyl@'™)) < KPlogy(k+1).
Consider all functions f(xl,...,xn) such that f(al,...,an)

is equal to a; or * for any string (al,...,an) From (1)
and (2) we have that any such function belongs to U (R). So
1™ 5 2K and logyla™ | » K. Hence logyl@™ x K. m

Consider now in more detail maximal closed classes v*(R)  in
P; where R is a binary relation on Ek” Any binary relation
R on Ek can be represented by a directed graph GR with the
set Ek of vertices and the following set of arcs:
X = {(al,az)l R(al,az)}. If a binary relation R is symmetrie,
then it 1is convenient to replace any pair of opposite arcs by
one undirected edde and to con51der the graph GR as undirec-
ted It is known [1,2] that u* (R) is a maximal closed class in
Pk iff one of the following properties holds:

a) GR is a nonempty directed bipartite greph (it means that all
arcs go from A to B where Ao B = Ek’ AA~AB=¢);

b) Gp is a directed graph with loops for all vertices which has

at least one arc not being a loop and which has no cycles
except loops;

¢) Gp 1is an undirected graph with loops for all vertices which
has at least one edde not being a loop end which has at least
one pair of vertices which are not connected by an edde;

d) GR is a nonempty undirected bipartite graph.



We prove that the following theorems hold.

Theorem 2: Let Q= U*(R) vhere GR satisfies a). Then
102,1Q™)| ~ kPlogy(k+1) when n —> w.

Theorem 3: Let Q= U*(R) where GR satisfies b). Then

losle(n)l ~ kP when n — .

Theorem 4: Let Q = U*(R) where GR satisfies ¢), and let d
be the size of a maximum clique (complete subgraph) in GR Then
l1og,1Q"}| ~ KPlogy(d+l) when n — w.

Theorem 5: Let Q= U*(R) where GR satisfies d). Then the
following holds:

i) if the bipartite draph GR is a perfect matching (i.e.,
the set of its eddes covers each vertex exactly once) then

n
190y = (3ks1) (1/20KT
ii) if GR has no perfect matching as a subgraph then
102,19} ~ KPlog, (k+1);
iii) if GR has a perfect matching as a subgraph and has at
least one additional edde then construct a new ¢graph G by
adding a vertex * to GR and connecting it by an edge with
all other vertices of GR' Let d = max {|A]l-|B|} where the

maximum is taken over all pairs AC Ek v {¥}, B<¢c Ek v {¥}
such that any pair of vertices a € A, b € B is adjacent in G.

Then log, 1™ ~ (k/2)"logyd.

Proof of Theorem 2: Let all arcs go from A to B where
AvB-= Ek’ AAB-=¢g. Let a = (al,...,an), b= (bl,...,b ) and
R™(a,b). Then according to (1) V i R(a;,b;), i.e., (a;,b;) is

an arc of GR‘ It means that a ¢ Al where An =
{(ey,...,e )l ¥V i (c;€A)} and b € B” where B" = {(dy,...,d )|
Vi (diEB)}. Consider all functions f(xl,...,xn) such that

f(a) = x for all a ¢ A" and for all & ¢ B%. It is easy to

see that all such functions satisfy (2). So

n n n
108,111 > logy( (k1) TTAIT-IBIT, o y0og, (ke1)



because |A] < k, |B} < k. The upper bound is obvious. ™
Theorem 3 is a particular case of the following theoren.

Theorem 6: If @ = U¥(R) where Gp is a directed graph with
loops for all vertices which has at least one arc that is not a
loop and has no pair of opposite arcs then 1og2|Q(n)l ~ kR
when N — .

Proof: Let R(a,b) and a % b. Consider the following subrela-
tion Ry of the relation R: vV x Rl(x,x), Rl(a,b) and
ﬂRl(x.y) in the other cases. Then R1 is a relation of a
prartial order. Hence R? also is a relation of a partial order
on the set Ei of all strings of length n, and it can be
proved that Eﬁ can be devided into chains (linearly ordered
sets) Ll’LZ""’Lr in such a way that r < Ck"/vn where C
is a constant that does not depend on n (see, for example,
Lemma 15, Theorem 3 and eq. (1) in [3]). It is easy to see that

the size 1i of Li satisfies the inequality 1i < n+l.

Let a,B,c lie on a chain L; and Rj(a,b), R}(B,2) hold and
P,q € Ek’ P # Q. Because Rl is a subrelation of R then R?
is a subrelation of R®. Thus R™a&,b) and R%(B,8). So if
£ ¢ U(R) then it can not be f(a) =p, f£(B) =qa, £(3) =P
because then it would be R(p,q) and R(q,p) but in GR there
are not opposite arcs. Hence if £ € U*(R) then all the same
values of f on the chain Li stand in succession (if we do
not. consider *). So for defining a function f € U*(R) on a
chain L; it is enough to indicate all strings a such that
f(a) = ¥ and for each p ¢ Ek to indicate the first string a
on L; (if it exists) such that f(a) = p. Thus

r 1. n n
1l ¢ 2 1a+0k < 2K (nag)CK /0
i=

and 10321Q(n)l S k® when n — w.

Bgcause all functions with the only values * end O belong to
U7 (R) for R from Theorem 6 we have logle(“)l » k", So
102,12 ~ K when n —> . =

Proof of Theorem 4: Let AcE, Al =d and let A be a
clique in Gp. It means that R(a;,a;) for any a; € A and
a; ¢ A. Consider all functions that take on only values from

A {#}. Al of them satisfy (2) and so belong to UX(R). So

8



n
1og, 1™ | > log,(d+1)X = KPlog,(d+1). (3)

Let a,b ¢ Ek, a+ b and R(a,b). Without loss of generality
suppose that a =0, b=1. Let D= (Fl""'Fk—l) vhere
F1 v F2 (VIR Fk—l = {1,...,n} and Fi ~ Fj = ¢ for i#* 3
(F; =¢ is allowed). Let H(D) = {(a;,...,a )1 (i € Fy =
(a; = 0. a; = 1)) ~ ((i ¢ Fj ~J322) = a; = N}

It is easy to see thet R™(a,b) for any two strings a,b from
the same H(D). So if f(xl,...,xn) € U*(R) then all its values
on H(D) (except %) have to form a complete subdraph in GR'
Hence

1™ < n = 1a + p!EO
D A

vhere the product is taken over all (k-1)? ordered strings D
and the sum is teken over all cliques in GR' Because Al € d
then

n
1™y < n [ + HHEMYIcy = (g + 1)K glk-1)

where C is the number of cliques in Gp. Thus logylQ(™)f

k%log,(d+1). According to (3) we have log,IQ(®)| ~ XPlog,(d+1).
2 2 2
»

Proof of Theorem 5, case i): Let GR have only edges (ai,bi).
i =1,...,k/2. In this case all k" strings from Ej fall into

pairs (a,b) such thet R™(a,b) if and only if a,b belong to
the same pair. A function f(xl,...,xn) € U*(R) can be defined
on any pair by 3k+1 ways ((a;,b;), (b, a;), (a3, %), (¥, 8;),
(bi,*),(*.bi),(*,*)) independently of other pairs.

n
so 1)) = (3ks+1)(1/2)kT ®
For any binary relation R on Ek = {0,1,...,k-1} we can
consider +the bipartite directed graph HR with the set of
vertices V v W where V = {vo. Vys o eees vk—l} and W= {wo.
Wys -..s W 1} and with the set of arcs {(v;.w;)| R(i,Jj)}. Let

Gp be an undirected bipartite draph with parts of vertices A
and B. Then the sets V and W in HR are divided into parts
V=A"0B, W=A".B" such that A’, A" correspond to A
and B’,B" correspond to B and all arcs in “R do from A’

9



to B" or from B’ to A". If HR has a directed perfect mat-
ching +then this matching consists of two parts: one over A’
and B" and another over B’ and A". Any of these two parts
produces a perfect undirected matching in GR' Thus case ii).of
Theorem 5 is a corollary of the following theorem.

Theorem 7: Let Q= U*(R) where R is any binary relation.
Then one of the following propositions must hold:

logy1@(™| ~ KPlog,(k+1) or in Hp there is a directed perfect
matching.

Proof: Let 8 be any constant such that 172 < g <1 and
T = nB. Let ni(E) indicate how wany times i occurs in the
string a (0 < i< k-1). Consider the following subset of
Ep:N = {8 = (ay,...,8)1 Vi ((0/k)~T < n;(8) < (n/k)+v)}. It is

known that N ~ k™ when n —> « (see, for example, [3], p. 12).
Suppose first that there exists a number ng such that for any
n > n, there is no pair 2,6 ¢ N for which R™(a,b). Then
consider all functions f(xl,...xn) from P; such that

f(a) = % for all a ¢ N. It is easy to see that for n 2 n,
all such functions satisfy (2) and so all of them belong to
U*(R). So in  this  case 1My 5 (ke1y!N end
log, 1@} > INllogy(k+1) for n > n,. Because IN| ~ k" we

have 10d2|9(n)1 P4 knlogz(k+1) when n —> » and therefore
102,1Q™)1 ~ KPlog,(k+1).

Now consider the opposite case. It means that there exists an
infinite sequence ny,Ng, ... with n; >« such that for any
n; the fgllowing holds: there exist two strings a,b ¢ N for
which R 2(a,b). Consider any n = ny and some a,b € N for
vhich R%™(a,b). Let E(vi,wj) be equal to the number of indices
s such that (ag,by) = (1,3). Note that if there is no arc
(vi’wj) in HR then -R(i,Jj) and then g(vi’wj) = 0 because

R®(a,b). Because a,b € N we have
n _ n .
F-T< j% vy, w) S g + T for all i € Ep and

n _ n 5
E-T€< i%E g(vi,w;) S g + 7 for all J € Eg.

k

10



Add to HR two new vertices v and w and arcs (v,vi),
(w;,w) for all i € E,. Set

g(v,v;) = s(vi,wj), g(wj.w) = g(vi.wj).

Z .
JCEk 1cEk

Then g€ is a (stationary) flow from v to w ([5)). Define
the capacity of ares in the following way: e(v, vi) =1,
c(wj,w) =1 for all 1,J € E, c(vi,wj) = 4o for all arcs

(vi,wj) of HR' Set h = g/(ﬁ + 1t} for all arcs. Then h is
a (stationary) flow from v to w satisfyind the capacity re-
strictions h < c.

The wvalue of this flow is t » (k(ﬁ = T))/(E + 1). The last

value tends to k when n — «, because T = nB and B < 1.
Since such flow can be constructed for any ny and n; > w
the maximum value of a flow in the constructed network is not
less than k. But a flow of value greater than k can not go
out of v. So the maximum flow in this network is of value k
and because all capacities are integers there exists an integer
flow of value k in this network ([5}). This flow must consist
of k flows along the k paths from v to w of length 3
vhich have no common points except v and w. The second arcs

of these paths produce a directed perfect matching in HR‘ »

Concerning part 1iii) of Theorem 5 the lower bound is rather
simple but the proof of the upper bound is very complicated and
will be published elsewhere. This proof uses an idea analogous
to one used in [3,4] for obtaining the asymptotic for the loga-
rithm of the number of functions on n variables in some maxi-
mal closed classes in the set of all completely defined func-
tions of k-valued logic Pk.
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Generalized hypercubes and graph embedding with dilation

The main notion investigated here is that of a graph embeddind.
The graphs considered are finite, undirected, without leops and
multiple edges. As usual, V(G) is the vertex set and E(G) the
edde set of the dgraph G, dG(x,y) denotes the distance of the
vertices x,y and A(G) the maximum degree of vertices in G.
Define as usual the d-th power Hd of the graph H by

v(ud)

V(H),

E(Hd)

{(u,v)} u *+ v, dy(u,v) < d}.

Let G, H be graphs. A 1-1 mapping f of V(G) into V(H) we
call an embedding of G into H. Its expansion is the ratio
IV(H)|1/1V(G)|. The dilation of f is defined by

dil(f) = dg(£(u), £(v)).

max

(u, v)EE(G)
Both are well-known .quantitative characteristics of draph embed-
dings.

Consider an embedding f of G into H such that dil(f) = 1.
It maps adjacent vertices of G into adjacent vertices of H,
such that there is a subdraph H1 of H isomorphic to G. If
such an embedding f exists we write G < H. If there isd an

embedding of G into H with dilation € d we write G < H.
Clearly,

d d
Gc H e Gc H.

The study of embeddings and their characteristics has practiocal
motivation in computer science. They can be viewed as high level
descriptions of efficient methods to simulate an aldorithm de-
signed for one type of architecture on a different network
structure and/or techniques to distribute data/progrem variableg
to achieve optimum use of all available processors. Then the

13



expansion estimates the economy of an embedding and the dilation
measures the delay in the data flow.

We shall be concerned wéth the special case of the host graph

being & hypercube Q . G = Q, trivially implies n » log,lV(G).
Given G, Qflosle(G)l] is called its optimal hypercube and

eroQZIV(G)|1+1 its next-to-optimal hypercube. An embedding of
G into its optimal hypercube has expansion less than 2.
Consider the followindg definition:

Let S« {1,...,n}. By Qn(S) we denote the graph with

v(Q,),
{(u,v)| dQn(u.v) € S}.

V(Q,(8))

E(Q,(5))

Qn(S) so defined is a special case of Lovasz’s cube-like
graphs, cf. [2].

Qn({l,...,d}) is the power Qg. Several further special cases
of Qn(S) have already be studied; e.g., Q2k—1({1’2k_1}) is
the helfcube %sz (cf. [11]) which arises from QZk by
identifying each vertex with its opposite and QZk({l,Zk}) is
the extended odd graph Ek+1 (ef. [11,13]). Qn(S) is not
connected for S = {n} and for S not containing odd numbers;
otherwise it is connected.

Qn(S) is regular of dedree zics[?)‘ Comparing graphs Qn(S) of

the same dedree, one gets the following facts on isomorphisms.

Assertion 1: Assume M < {1,...,15J} and put S; = {2ki k € M},
S, = {2kl k € M, 2k € n-1} v {2k-1} k € M}; assume 5, * {n}.
Then Qn(Sl) consists of two couponents, each of which is
isomorphic to Qn—l(SZ)‘

Assertion 2: Let n be odd, assume M, 545 52 as in Asser-
tion 1. Put 83 = 51 v {n}. Then Qn(Sa) is isomorphic to the
cartesian product szQn_l(Sz).

Assertion 3: Let n be even, 8, ¢ {1,...,n}, 8y = {kl k € 3y,

k even} v {n-k| k ¢ Sy, k odd}. Then Q. (S,) and Q,(8;) are
isomorphic.

14



It seems interesting to study some well-known graph-theoretical
characteristics of the graphs Qn(S). Obviously, if S contains
only odd numbers it is bipartite, hence the chromatic number
x(Qn({l,n})) is 2 for n odd; it wes proved in [13] that it
is 4 for n even. From results in [1] there follow values for
the clique number « of Qg:

Corollary 4:

m
w(Qﬁm) kgo(ﬁ) for 2m < n,
w(ng+1)

zkgo(“il) for 2m+l < n.
Using basic notions of coding theory ([{10]), it can be seen that
any (n,k)-code is an independent set in Qg for any d < k. 1If
the code is llnear the classes of the factor group represent a
partltlon of V(Qn) into independent sets and hence a colouring
of Qn Using this, one may get

Corollary 5:
x(@2) = 2™ for n = 2"k, k€ {1,2,3,4},
2(@%) = 2® for n = 2%k k€ {0,1,2,3}.
(See also [9]).

From what we know, we are able to give the table for x(Qg)
(Figure 1). Here the symbol 2 denotes a value we do not know.

d\n 1 2 3 4 5 6 7 8 g 10 11 12 13 14 15 16
1 1 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
2 4 4 8 8 8 8 ? ? ? ? 16 16 16 186 2
3 8 816 16 16 16 ? ? ? ? 32 32 32 32
4 16 16 32 64 64 ? ? ? ? ? ? ? ?
5 32 32 64 128 128 ? ? ? ? ? ? ?
6 64 64 128 256 512 ? ? ? ? ? ?

Figure 1

Turn now to the problem of embedding trees into hypercubes.
Various results support the following conjecture from [4]):

Conjecture 1: Any balanced tree T with A(T) € 3 and 2n
vertices can be embedded into Qn with dilation 1.

15



Here balanced means the considering of T as a bipartite graph,
both parts have an equal number of vertices. The condition
A(T) € 3 is essential; in [6]) for any n » 4 a balanced tree
of 2t vertices is constructed with A(T) = 4 (and only one
vertex of degree 4) such that T ¢ Q.

The assertion of Conjecture 1 has been proved for some classes
of trees [4, 7, 5]. It has also been verified for n < 4 [8].
Trees T with A(T) € 3 are often called binary trees, with
the allusion to a directed tree with indegree 1 and outde-
gree € 2. Let us reformulate Conjecture 1 in an equivalent form:

Conjecture 1’: If both parts of the bipartition of a binary tree
T have < 2! vertices then T < Q-

In [14] two related conjectures are stated:

Conjecture 2: Any binary tree can be embedded into its next-to-
optimal hypercube with dilation 1.

Conjecture 3: Any binary tree can be embedded into its optimal
hypercube with dilation 2.

To show that Conjecture 2 is weaker then Conjecture 1, given a
binary tree, take two copies of it, find a vertex with degree
€ 2 and join it by a new edge with its counterpart in the other
copy; the obtained tree is balanced and Conjecture 1’ may be
applied.

Also Conjecture 3 is weaker than Conjecture 1. We can however
state a stronder version of Conjecture 3 and prove that it is
still weaker than Conjecture 1.

Conjecture 4: Any tree T with A(T) € b can be embedded into
its optimal hypercube with dilation 2.

Lemma: Let G and H be two graphs, G connected. Assume there
is an embedding f of G into H with dil(f) € k such that
dﬂ(f(u),f(v)) is eveﬁ for every (u,v) € E(G).

Then H\:Qn+1-=)G:Qn.

Proof: Let ¢ be an embedding of H into Qn+1 (with dila-
tion 1). Let p be the projection of Qn+1 onto Qn which
omits one fixed coordinate. Now consider the mapping
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h = pogof: V(G} — V(Qn). From the condition of even distances
it follows that h is 1-1, i.e., it is an embedding.
it is easy to see that dil(h) <€ k. ™

To show that the Conjecture 4 follows from Conjecture 1, take
the tree G, choose any vertex for its root and orient G from
the root. Construct from G the binary tree H by adding new
("black”) to the old (“"white") vertices according to the scheme

M=K /AN
ANEA

—_—

Figure 2

The number of the black vertices is smaller than that of the
vhite ones, so apply Conjecture 1° to H. Now use the Lemma for
k = 2.

Using the Lemma and the result ([6]) that the complete binary
tree can be embedded into its next-to-optimal hypercube one can
prove

Corgllary 7: Any complete sz—ary tree can be embedded into its
optimal hypercube with dilation 2m.

From the Lemma and the result ([5]) that any deneralized one-
legded ceterpillar (a binary tree with all the vertices of
degree 3 lying on the same path) with legs of even length can be
embedded into its optimal hypercube with dilation 1 it follows

Corollary 8: Any generalized one-legged caterpillar can be em-
bedded into its optimal hypercube with dilation 2.

A(T) € 5 in Conjecture 4 is essential. This follows from the
existence, for any n» 5, n # 6 of a tree T with A(T ) =6,
IV(T, )l = 27 such that T, ¢ Qn These trees are constructed in
the following way.
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First the cese n odd. Consider the trees Sn for np 5,
arising from 85 on KFigure 3 by rooting at each end vertex of
55 a complete 4-ary tree of (n-5)/2 levels.

, S RERE,
RATRAS

Figure 3 Figure 4

S, has 2" + $(2°75 - 1) vertices and the distance of its
vertices from the center ¢ is at most (n-1)}/2. Construct now

Tn by removing from Sn g(zn's - 1) end vertices (and the
corresponding edges) so that Tn has 20 vertices. In 2
opposite vertices have distance (n+1)/2; hence no embedding f
of dilation 1 can map any vertex of Tn into the vertex of Qn
opposite to the vertex f£(c). Notice that Tn has only two
(ad jacent) vertices of degdree 6.

For n even, consider the trees Sn given as double complete
S-ary trees of (n-2)/2 levels (Figure 4 shows SS)' Sn has
now %(Sn/z - 1) vertices which is more than 27 for n » B.
Construct Tn’ for n » 8, by removing end vertices from Sn so
that Tn has 27 vertices. A slightly refined argument shows
that again no embedding of dilation 1 can map any vertex of T

into a certain vertex of Qn'

n

Let us conclude with three problems:

Problem 1: The values known so far for x(Qn(S)) are all powers
of 2. Is this so in gdeneral ?

Problem 2: In particular, we know only that 13 < x(Q%) < 16. Is
it equal to 16 ?
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Problem 3: It is well known that the complete binary tree can be
embedded into its optimal hypercube with dilation 2. From
Corollary 7 this also holds for the complete 4-ary tree. Does it
hold for the complete 3-ary tree ? (This would be a consequence
of Conjecture 4.)
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Hans Jurden Prdmel; Bernd Voigt

Ramsey theory for the Cantor space

1. Introduction

There exist many roads to Ramsey Theory and there certainly
exist several ways to recapitulate its essence. For our present
purposes it is most fitting to say that Ramsey Theory deals
with structural generalizations of the ordinary pigeonhole prin-
ciple. We examine Ramsey’s Theorem from this point of view. Let
us partition the set [g] of two-element subsets of

w = {0,1,2,...} into two parts, say, [g] = A v B. The ordinary

pigeonhole principle tells us that one of the sets A or B
must be infinite. But Ramsey’s Theorem tells us that there must
exist an infinite set X € w such that all of its two-element
subsets either belong to A or to B, i.e., [X] c A or
[é] c B. The later statement exhibits the improvement and the
additional comprehension one may gain from Ramsey type theorems
most clearly. Not just infinitely many two-element sets but all
two-element subsets of an infinite set X belong to either A
or B.

In this paper we present some principles and ideas of a branch
of Ramsey Theory which is known as Topological Ramsey Theory.
As the guiding lines merely evolved during the last few years we
are not giving an historical account but rather discuss results
which are concerned with the particular structure 2% of infi-
nite O-1l-sequences.

Via characteristic functions 2% 1is interpreted as the. power

set of . From a topological point of view the space 2@ is
Cantor’s Discontinuum.

2. Intervals in 2%
We tacitly interpret elements X = (X(0),X(1),...) € 2% as
subsets of . Thus the elementary set theoretic operations like

union, intersection and difference as well as the relation “c”
are well defined.
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2.1. Consider the following question: Is it true that for every
partition 2% = A+ B there exist sets X< Y in 29 such
that YA\X is infinite and such that the interval
[X,Y] = {¥* ¢ 2°| X< Y¥c Y} belongs to either A or B ?

2.2. The first answer to this question, wusing the exiom of
choice, is simply “"no”. Observe that for every choice of X
and Y such that Y\X is an infinite set the interval [X,Y]
is a nonempty perfect subset of 2%, i.e., [X,Y] is a nonempty
closed set without isolated vertices. Hereby 2% bears the
Tychonoff product topolody inherited from the discrete space
2 = {0,1}. For & € {0,1}" 1let T(g) = {X € 29} g(i) = X(i) for
all i < n} be the Tychonoff cone ¢denerated by g. The set of
all Tychonoff cones forms a basis for the topology on 2%. It is
a complete separable metric space, i.e., a Polish space, where
the Baire metric is defined by d(X,Y) = 1/(k+1) if
X(i) = ¥Y(i) for all i < k but X(k) # Y(k). A Bernstein set
Z € 22 is any set with the property that every nonempty perfect
subset P intersects ' Z as well as the complement 2“\Z.

Bernstein [1], cf., also Kuratowski [5, p. 5141, showed <that
Bernstein sets exist. However, the construction of such Bern-
stein sets involves the axiom of choice. This can be seen, e.g.,
from the fact that Bernstein sets are not Lebesgue measurable,
nor do they have the property of Baire (cf., Oxtoby [12]),
todether with the result of Shelah [18] that the consistency of
ZF implies the consistency of ZF plus the axiom of dependent
choices plus the assertion "every set in 2% has the property
of Baire".

2.3. The second answer to the question eaddressed above is
"yes". The guiding idea 1is to exclude partitions which are
defined nonconstructively, that is, by means of the axiom of
choice. Moran end Strauss [9] investigated Baire partitions,

resp., measurable partitions of 2%,

2.4. To appreciate the constructive approach of Moran end
Strauss we introduce the following notation:

Notation: Let[2]one($) consists of all words (mappings)
F: o — {0,1} o {Lil i< w} such that for each j < there
exists exactly one i<<w with F(i) = A .. For sets

X = (X(0),X(1),...) € 2 eand parameter words F ¢ [2],, (%)
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the insertion of X into F, viz., F-X, is defined by
F(i) if F(i) € {0,1},

F-x)(1) =
{ X(3) if F(i) = A

i

Notice that for every F € {21 _ _(®) the set F-2% is of the

one'w

form F-2Y = [F-(0),F-(I)], where (0) =(0,0,...) and

(I) = (1,1,...). Conversely, every interval [X,¥Y] with Y\X

an infinite set may be represented by such a parameter word
@)

Fe (zlone(w

2.5. Recall that a set M c 2 is meager if it belonds to the
complement of a countable intersection of dense open sets Dn’
ie., Mc 2\, D . Aset B& 2° is a Baire set if it can be

written as a symmetric difference of an open set 0 and &
meader set M, i.e., B = (0O\M) v (M\O}.

Using a typical Baire category construction (viz., a procedure
which 1is commonly wused to prove the Baire category theorem)
Moran and Strauss showed that meager sets in 2¥ are Ramsey
null:

Lemma: Let 0 c 2° Dbe a nonempty open sét and let M < 29 be
meager. Then there exists an F € [2]°ne($) such that
F-2% < 0\M.

Proof: Let D < 2° be dense open sets such that M < 2°\ N D
new

As 0 1is a nonempty open set there exists a fo € {0,1}<w such
that the Tychonoff cone T(f } is contained in 0. By induction
let fk € ({0,1} v {Lo,.. kk 1}) @ be such that

T(f,-g) € 0 ~ N D,
k i<k 1

for every g € {0,1}k and such that Ifil(ki)l =1 for every
i < k. The insertion fk € 1is defined as before.

Let (g8,8)g¢q be an enumeration of {0, 1}k+1, thus q = 2k+1. By

induction on 1 € q there exist h° h1 1 € {0, 1} such
that
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for all E < 1. Here ® denotes the concatenation of sequences.
Notice that for 1 = O the assertion holds vacuously. We show
how to construct h;. Consider the Tychonoff cone

= T(((f, @ kk)-gl) ®h,® ... ®h_;).
As Dk is a dense open set the intersection T A Dk still

contains a Tychonoff cone. Thus there exists a hl € {0,1}<w
such that

T(((fy, ® Ap)-2y) ® h,® ... ®@h)) < 0 A ﬂ?knf
Finally, fk+1 = fk ® A 8 ho ® ... ® hq—l gsatisfies

T(fy,1-8) € 0~ 0Dy for every &« {0, 1341,

Define F € [21,,.(0) as the limit of the fy, i.e.,

F(i) = fi(i). This is a proper definition as fk is an initial
segment of f .. By construction then F-X ¢ O\M for every
X € 29, Consider X1[kl, the restriction of X to {0,...,k-1}.
Then fk-x1[k] is an initial segment of F-X. Thus

F-X ¢ T(fk-x1[k]) €0 ~ NDi.
i<k
Hence F-X €0 A N Dk < O\M. 8
k<w

Corollary: For every partition 2 = u An into Baire sets An
n<w

there exists an F ¢ [2] @y  and there exists some n < @

© one ®
such that F.2% < An‘

Proof: Every A,  may be written as A, = (0 \Mn) v (Mn\O ),
where On is open and Mn is meager. As certainly 2%  itself
is not meager there exists n < w such that 0 is nonempty.

By the Lemma there exists an interval F ¢ [2]one 3 such that

F-29 ¢ O.\M < A ]

2.6. Knowing the duality between the concept of category and
measure one is tempted to ask about partitions inte measurable
sets. By a measure u on 2° we understand the completion of
the product measure coming from any discrete distribution p on
{0, 1}. Thus wT(f(O),...,f(n-1})) = n u(f(1)) for any

£ ¢ {0,1}". By Caratheodory’s Theorem th1s extends uniquely to a
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measure which is defined on Borel sets and, finally, we add all
subsets of sets of measure zero and consider the such generated
6-algebra of measurable sets.

Moran and Strauss [9] investidated the particular case where o
is the uniform distribution. Here we present a slight modifica-
tion of the original ardument which works in the general set-
ting. The crucial lemma is:

Lemma: Let cec 2¥ be a set of positive measure. Then there
exists a finite sequence & = (g(0),...,(&(n-1)) € {0,1}*® and
there exists a closed set D © 29, again of positive measure,
such that g ® {0,1}  Dc C, where " ® " still refers to the
concatenation of sequences.

Proof: Without 1loss of denerality we can assume that [o] is
closed (otherwise there exists C’ c C, c’ closed and
#(C’) > u(C)/2). Let & > O be such that ¢- zzﬁ(x)‘

x<

Let we 2¥ be an open set such that cew and
w(W) < u(C)-(1+e). W can be written as an union of Tychonoff
cones. As C is compact there exist finitely many Tychonoff
cones T(gi),‘i =0,...,m~1, such that C < iL(JmT(gi). As we may

assume that T(gi) ~ T(gj) =g for i+ and thus
w( U T(gi)) = Z u(T(gi)) < u(C)-(1+e), there exists i < m
i<m i i<m

such that u(T(gi)) < uw(C A T(gi))-(1+e).

Let C’ € 2 be such that C - T(gi) =d; ® C’., Then C’ is
measurable and w(C’) = (“(C“T(gi)))/(“(T(ga))) > 1/(1+e) > 1-e.
Thus there exists a closed set Dc 2 with

WD) > 1 -6 Tu0n) 15 0 such that {0,1} @ Dc C’.

Altogether we obtaln Dc 2% with u(D) >0 and & = g; such
that ¢ ® {0,1} ® D = C, as desired. ]

Corollary 1: For every set C ¢ 2% of positive measure there
: w W

exists an F ¢ [2]one(w) such that F-2¥ < C. [ ]

So this Corollary actually says that sets of measure zero are

Ramsey null. Observe that the dual statement is obtained by

replacing the term "positive measure” by “Baire, but not

meager” .
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Corollary 2: For every partition 2% = u An into measurable
n<w
sets there exists an F € [2]One($) and there exists a positive

integer n < © such that F-2% ¢ An. ]

2.7. In the previous section we considered partitions of 2%
with countably meny equivalence classes. Next we are much more
generous. We would like to know what are typical patterns with
respect to unbounded partitions. Basically there exist two
approaches.

2.8. Recall that we still should avoid partitions which are
defined using the existence of Bernstein sets in one way or the
other. One possibility to rule this out is to consider Baire
mappinds into metric spaces, resp., measurable mappinds into
separable metric spaces.

Let Y be a metric space. A mapping A: 2 > Y is a Baire
mapping, resp., a measurable mapping if A—l(O) is a Baire set,
resp., a measurable set for every open set 0 < Y. Baire map-
pings into metric separable spaces, resp., measurable mappings
into metric spaces are very close to continuous meppings. This
is made precise by the following well-known result:

Theorem: Let A: 2¥ —= Y be a baire mapping, resp., a measurab-
le mapping, where Y is a metric space, resp., a separable
metric space. Then there exists a meager set M, resp., for
every e >0 there exists a measurable set M of measure
u(M) < € such that A12°\M is a continuous mapping.

We sketch proofs for the case that Y 1is separable. For the
deneral case compare Euweryk, Frankiewicz and Kulpa [4] or Lef-
mann and Voigt [8].

Proof: Let A: 2°> Y be a Baire marping. Let (0,) be a

n<w
basis of Y. Such-an enumeration exists as Y is a separable
metric space. As A is a Baire mapping each of the preimages
A_l(on) = 29 is a Baire set, so it may be written as

-1 -
A (Dn) = Bn\Mn - Mn\Bn for an open set Bn c 2 and a meager

set M, < 2% Let M= g M . We claim that A12"\M is continu-
n<e
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ous. Let U Dn < Y be an open set in Y. Then (A12w\M)_1( U On)
nel ncl

= (U (B \B_))\M = U B \M, so this is an open set in
écl( o\ v Mo\ nel @
2°\M. Next 1let A 2% - ¥ be a measurable mepping. Let
O <
preimeges AT}(0) = 2° is measureble. Let B, < 2° be open
sets such that u(Bn\A_l(On)) < €22 Let M= U Bn\A'l(On).
n<w

Then u(M) < e. We claim that AT2\M is continuous. As
(A]Z”\M)_l(on)\M = Bn\H is an open set in 2\M the claim

be a basis of Y. As A is measurable each of the

follows. ]

Corollary: Let A: 2% —> Y be a Baire mapping, resp., a measu-
rable mapping, where Y 1is a metric space, resp., a separable
metric space. Then there exists an interval F € (2]one($) such
that A1F-2% is a continuous mapping.

Proof: Combine Theorem 2.8. with Lemma 2.5. and Corollary 2.6.1.
resp. =

2.9. In view of the foredoing Corollary it suffices to restrict
attention to continuous meppings A: 2% — Y, where Y is a
metric space. The following Lemme is from Lefwan and Voigt [8].

Lemma: Let A;: 2” > ¥, i ¢ {0,1}, where Y is a metric space,
be two continuous mappings. Then there exists a F € [2]one($)
such that either AO(F-Zw) ~ Al(F-Zm) =@, i.e., the two map-
Pings have disjoint imeges on F.2%, or such that
A(F-X) = A((F-X) for all X ¢ 2%, i.e., the two meppings agree

on F-29,

Proof: Assume that there exist some X e 2% with
AO(X) + Al(X). As AO(X) and Al(X) are distinct elements of a
metric space they may be separated by disjoint open sets.

Hence, as AD and Al are continuous, there exists a positive

integer n such that
{8,(Y) Y € 2 and Y(i) = X(i) for all i<n}
A A Y ¢ 2 and  Y(i) = X(i) for all i<n} = ¢.

27

4%



Then any F € [2] . .(2) such that F(i) = X(i) for all i<n

has the property that AO(F-ZG) ~ Al(F-Zw) = @, [

We may use this Lemma to give a short proof of the canonizing
theorem for continuous mappings A: 2% -» Y, where Y is a
metric space. Originally the result is dus to some unpublished
work of Silver’s from about 1960. The proof given by Prbmel,
Simpson and Voigt [17] adapts ideas from recursion theoretic
investigations of Lachlan [8] and is not straightforward.

Theorem: For every continuous mapping A: 2% — Y, where Y is

a metric space, there exists an interval F € [2]one($) such

that AIF-2? either is a constant or a one-to-one mapping.

Proof: By induction, using the Lemma, one constructs an
F ¢ [2) such that for every n < ® and every g ¢ 20
either

on e

(i) {A(F-(g8(0)8X))| X € 29} ~ {A(F-(g8(1)8X)}| X € 2}

1l
-

or
(1i) A(F-(g ® (0) ® X)) = A(F-(¢ ® (1) ® X)) for all X ¢ 2%

2<w

If there exist some ¢ € such that property (i) holds for

all sequences in g @ 2°° then for G =g ® (Agskys. o) the
restriction AlF-G-2% is a one-to-one mapping. Otherwise there
exists an infinite ascending chain of g’s which all have
property (ii). In other words, there exists a G’ € {0,1}* and
there exists a strictly ascending sequence (n. )1<w such that
each G’][n ] has property (ii).

Conszder G € [2)°ne ' which is defined by

G(n ) = Ay and

G(k) = G’(k) othervise.

A simple transitivity argument shows that if for some h and
h® (0) @ h property (ii) holds, where h,h’ ¢ 2<m, then pro-
perty (1ii) also holds with respect to he (1)  h’. This
argument actually implies that for every X ¢ 2% and every
i < v also the restriction (G-X)1[ni] has property (ii).

Let X and X’ be elements of 2¥., By induction on n it fol-
lows that
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A(F-G(X(0),...,X(n-1)) & Y) = A(F-G(X’(0),..., X’ (n-1)) ® Y)
for all Y € 2“. Hence, by continuity, A(F-G-X) = A(F-G-X’). ]

Corollary: For every Baire mapping 4: 2° — Y, resp., measurab-
ie rapping A: 2® —-> Y, where Y is a metric space, resp., a
separable metric space, there exists an interval F ¢ [Zlone(:)
such that AlF-2% either is a constant or a one-to-one mapping.

Proof: Combine Theorem 2.9. and Corollary 2.8. n

Remark: It 1is not clear to what extent the requirement that Y
should be separable (if A: 2 — Y is a measurable mappind)
may be replaced by weaker conditions or, probably, dismissed at
all.

2.10. So far we considered partitions (equivalence relations) on
2 which can be represented by Baire mappings (resp., measurab-
le mappings) into metric spaces. Under these conditions, there
always exists an interval such that the partition restricted to
that interval either is an one-block equivalence relation or the
identity. Thig property is called selectivity. One may wonder
whether such a conclusion is still valid for more general parti-
tions. A partition (equivalence relation) = on 2% may be
viewed as given by a set of pairs (X, Y) € 292% such that
X=Y. Thus = is a subset of 29%2”. Let us call = a Baire
partition if =c 292Y is a Baire set with respect to the
product topology. The following example shows thet Theorem 2.8
does not extend to Baire partitions in general.

Let X=Y if and only if the symmeltric difference
(X\Y) v (Y\X) is finite. This even is a Borel partition, i.e.,
the corresponding set  {(X.Y) € 292%} (X\Y) « (Y\X) finite}
is a Borel set. But for no interval F ¢ {2]_ _(¥) is the

ons'w
restriction to F-2” an one-block partition nor the identity.

This suddests two questions: 1. What are typical (i.e., heredi-
tary) patterns of Baire partitions on 2 with Tespect to
intervals ?

Even for Borel partitions the situation has not been investi-
gated.

2. What are appropriate substructures of 2 which still admit
a selectivity result ?

The later question is treated in the next section.
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3. Sublattices in 2%

In this section we discuss sublattices of 2. A subset L c 2¢
is a sublattice if it is closed under the operations union and
intersection. L is a 2¥-sublettice if, additionally, it is
jsomorphic to 29,

3.1. Let [2)(3) consist of all words (mappingds) F: - {0,1}
v {A1 1 < e} such that A—l(kj) + ¢ for - every i < w. The
insertion F-X is defined as in 2.4.

For F € [21(3) the set F-2° is a 2®-sublattice end, conver-
sely, every 2®_sublattice may be represented in this way. To
obtain a rigid representation we require that the first occuren-
ces of the parameters Li in F are ordered ascendingly, i.e.,
min F_l(ki) < min F“l(kj) for all i < j < w. But this is just a
technical remark.

3.2. Analogously we define parameter words to represent Zk—
sublattices. By a 2%-lattice we understand the 1lattice of

subsets of a k-element set.

Let [2](?) consist of all words (meppings) €: o = {0,1}
hgohqs--oshy 1} such that @ 1(X;) + ¢ for every j < k and

such that min g }(X;) < min g"l(kj) for all i < j < k (the
later requirement assures rigid representations). For
F ¢ [2)()) end g € [2)(2) the insertion (composition)

F-g € [2](?) again is defined as in 2.4., analogously we have
g-(ag, ..., 1) € 2° for (ay...,a ;) € {0,13K

For g € [21(Y) the set g-10,13% < 22 is a 2X-sublattice
and, conversely, every 2 -sublattice may be represented in this
way. Notice that [2](%) = 2%

3.3. Now we may consider the following question, which is a
straightforward extension of 2.1.: Is it true that for every
partition [2](?)'= Av B there exists an F ¢ [2](8) such
that F-[Z](ﬁ) belongs to either A or B ?

3.4. As in 2.2., the first answer to this question is "no".
Observe that [2](%) is an open subset of the space ({0,1} «
{LO,...,kk_l})w, where the later space bears the Tychonoff pro-
duct topolody inherited from the discrete space {0,1} o
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gs.-sAy_q}. For F € [21(Y) the set F-[21(}) is a count-
able union of perfect sets and thus we may again use Bernstein
sets to construct counter-examples.

3.5. Generalizing a previous result of Carlson and Simpson [3]
it has been shown in Prtmel and Voigt [14] that Baire sets in
[2](?) are Ramsey. In particular, meader sets are Ramsey null:

Theorem: For every partition [2](%) = Ao v ... U Ar—l into
Baire sets there exists J < r and there exists an F ¢ [2](3)
such that F-[Z](ﬁ) [ Aj. For every meager set M c [Zl(z)

there exists an F ¢ [2](3) such that M A F-(ﬁ) = @

We do not prove this result here. Notice that for k = O the
Moran-Strauss results 2.5. apply.

3.6. It has been conjectured that the dual result of 3.5. for
measurable partitions is also valid. However, this is not the
case, as shown by the result of Prtmel and Voigt [16]. The
following Lemma says that for k>0 there exist sets
N < [2](%) of Lebesgue measure zero which are completely Ramsey:

Lemma: Let k>0 and let v be the complete measure on
[2](%) which is generated from equal distribution on {0,1} +
{5 -sAy_ ). Then there exists a set N« [2](?) of measure
zero such that for every F ¢ [2](3) there exists some

G € [21(Y) with F-G-[21(}) < N

Proof: For Jj <o let Nj = {f¢ [2](R)| there exists an m < ©
such that f(m) = A, ; but f(m+i) # Lk—l for all Oo<ism+J }.
Then Nj is an open set of measure u(Nj) < c~((2+k—1)/(2+k))3,

where c >0 does not depend on J. Hence N = NN is a

; J
J<w
measurable set with u(N) = O which has the desired properties.

Recall from 2.6. that the situation is slightly different for
k = O.
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Corollary: Let k > O. There exists a partition [2](?) =AuvB

into measurable sets such that for every F ¢ [2](3) there
exist g,h € [2](}) with F.-g ¢ A end F-h € B.

Proof: Let N be as in the Lemma and let Z < [2)(%) be a
Bernstein set. Then A =N .Z and B = [2](}))\A have the
desired properties. Notice that A 1is measurable, although the
Bernstein set 7 is -not, as N has measure zero. ]

3.7. In a sense, the counter-example of 3.8, reflects inherent
properties of the structure of sublattices. If ascending sublat-
tices are considered, a positive result may be obtained (Prbmel
and Voigt [16]). Mycielski {10, 11] and Blass [2] offer a some-
what different approach, partitioning k-element subsets and
asking for monochromatic perfect sets. Mycielski shows that
meader sets as well as sets of measure zero are Ramsey null.
Lefmann [7] investigates the canonical partition behaviour.

3.8. Now we come back to a question mentioned in 2.10. We consi-
der Baire partitions = on 2%. The following result has been
conjectured in Prdmel, Simpson and Voigt [17], where also the
particular case of restricted Baire partitions has been treated.

Theorem: For every Baire partition = on 2% there exists an
F € [2](3) such that either F-X = F-Y for all X,Y ¢ 2% or
F-X £ F-Y for all X+ Y in 29

Proof: Observe that the mapping §: [2](%) > 29500 ?0® where
S(f) = (£-(0,0),f-(1,1).£f-(0,1),f-(1,0)), 1is a continuous open
mapping. Hence the mapping A: [2](3) - {0,1,2} which is de-
fined by

o if £-(0,0) = £.(1,1),
Ay = {1 if £.(0,0) % £-(1,1) and £-(0,1)
2 if £-(0,0) %

= £-(1,0),
f-(1,1) and £-(0,1) % £-(1,0),

is a Baire mapping, i.e., A"l(i) is a Baire set for i = 0,1,2.
By Theorem 3.5. we may assume that A is a constant mapping.
If A 1is constent in either O or 2 we are done. So it
remains to show that A cannot be constant in 1.

Consider any 24—sub1attice, say, {0,1}4 ® (0). Then
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(0,0,0,1) ® (D) = (0,0,1,0) ® (O0) = (1,1,0,1) & (0), as
(0,0,0,1) end (0,0,1,0), resp., (0,0,1,0) and (1,1,0,1) are
the (0, 1) and (1,0) wvertices of a 22—sub1attice. But
(0,0,0,1) and (1,1,0,1) are the (0,0) and (1,1) vertices
of a 2“~-sublattice, contradicting that A is a constant in
color 1. -

3.8. We do not know whether Theorem 3.8. admits a dualization.
In spite of the nedative result 3.6. we have the following:

Conjecture: For every mneasurable partition = on 2@ there
exists an F € [21(9) such that either F-X = F-Y for all
X.Y € 22 or such that F-X % F-Y for all X% Y in 29

3.10. With respect to Baire partitions canonical patterns may be
determined for all finite lattices. Using an approach similar to
the one in 3.8. the results of Prémel and Voigt [13] carry over.

4. Concluding Remarks

Definitions 3.1. and 3.2. may be extended straightforwardly to
defining parameter words over finite sets A (here we considered

= {0,1}). This is related to the concept of Graham-Rothschild
parameter words (cf. Prodmel and Voigt [15]). With the only
exception of Theorem 2.9. (cf. Lefman and Voigt [8]) all results
may be extended to general finite sets A. However, in Theorem
3.8. a few additional hereditary patterns occur.
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Triple convexities for graphs

1. Introduction

This paper surveys a line of research in metric graph theory
that has proven to be quite successful with respect to results
and theory as well as applications. There are many interconnec-
tions with algebra, deometry and abstract convexity theory. The
applications concern location problems (finding vertices simul-
taneously close to a family of vertices), dynamic search in
graphs (meant for optimal self-adjusting algorithms for informa-
tion retrieval), and models for measuring dissimilarities (like
in mediaeval manuscripts).

An abstract convexity on a set V is a family if subsets & of
V, with &, V € £ such that § 1is closed under taking arbitra-
ry intersections and taking unions of chains (subfamilies 1li-
nearly ordered by inclusion). The sets in § are the convex
sets, and the convex closure of a subset S of v is the
intersection of all convex sets containing S. A triple
convexity 1is a convexity with conditions on the convex closures
of the pairs of any triple u,v,w of elements of V.

In abstract convexity theory the main line of research is the
study of parameters like the Helly, Carathéodory and Radon num-
bers. In a way, a convexity can also be seen as measuring ’near-
ness’ and ’betweennes’, and precisely this feature 1is what
interests us here.

Several convexities can be defined on a graph. Below we will
encounter two of these, viz. the geodesic convexity and the A-
convexity. For a survey of convexities on graphs, see [19]. A
subdraph H of a graph G 1is geodesically convex, for short
convex, if with any two vertices u,v of H all (u,v)-gdeo-
desics (i.e. shortest (u,v)-paths) are contained in H. This
convexity will feature in five different but closely related
triple convexities, each giving an interesting class of graphs.
In all these graphs the triple convexity makes it possible, for
any triple of vertices, to find vertices that are ’simultaneous-
ly closest’ to all vertices of the triple. From this starting-
point a rich structure theory has been developed, interconnec-
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tions with algebraic and geometric systems have been estab-
lished, and necessary results have been derived for the applica-
tions mentioned above.

The theory of the ’median-like’ triple convexities, which we
describe in sections 3 to 6, is sandwiched

between two applications: location theory in section 2 and
dynsmic searching in graphs in section 7.

For all definitions, results, prcofs and applications we have
included the necessary references. Some more are given to indi-
cate the scope of the literature, but the list of references is
far from exhaustive. For more relevant references one is re-
ferred to those given below.

2. A location problem

Let G Dbe a graph where facilities are placed at a number of
vertices. Somewhere at a vertex we want to locate a service
station from which the facilities have to be served. Servind a
facility at a vertex v from a station at vertex u entails a
cost of d(u,v), where d(u,v) is the distance in G between
u and v. If more facilities are placed at the same vertex,
then the cost of serving them is a multiple of the distance. Now
the problem is where to locate the service station to minimize
the costs of serving all facilities on the graph.

Otherwise formulated this location problem reads as follows.

Let G = (V,E) be a graph with distance function d. Let
F = (vl,...,vp) be a multiset of vertices from V. A medisn
vertex of the set F is a vertex x that minimizes

P
D(x,F) = Z d(x,v;).
i=1

Any median vertex of F is a solution for the above 1location
problem. The set MF consisting of all median vertices of F
is the median-set of F. When F is Jjust the vertex-set V of
G, then Mv is precisely the median-set of G in the usual
sense, cf. [31]). Not much can be said about median-sets in arbi-
trary graphs. So even less can he said about median-sets of ar-
bitrary multisets of vertices. There are two trivial cases. The
median-set of a single vertex consists, of course, of the vertex
itself. The median-set of a pair u and v of vertices is
precisely the interval I(u,v) between u and v defined by

I(u,v) = {w}] w lies on a shortest (u,v)-path}.
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The interval function I of a graph is an indispensable notion

in metric graph theory, see [25] for an extensive study.

Clearly, if the intersection M =N I(v;,v;) of all intervals
1<

between pairs of vertices in F = (V1'---'Vp) is non-empty,
then M is the median-set of F.

In trees median-sets are always paths, where a single vertex is
considered to be a path of length O, cf. [34]. This result is a
consequence of the theory discussed in the next section. There
we consider graphs in which every triple has a unique median
vertex. Trees have this property. It is proven in [5]} that in
such graphs every odd-numbered multiset has a unique median
vertex, which can be found in ean efficient way, and every even-
numbered multiset has en interval as median-set. Note that in a
tree an interval is always a path.

We will call a subset U of the vertex-set V of a graph G
convex if the subgraph induced by U is convex in G.

3. Median graphs

In this section we consider a class of graphs on which our
location problem has a nice solution: the median graphs. These
were introduced independently by several authors, see [1, 27,
23, 21].

A connected grarh G is a median graph if, for every triple
u,v,w of vertices, there exists a unique vertex x, called the
median of u,v,w, .such that x 1lies simultaneously on geodesics
Joining u and v, v aend w, and u and w. Figure 1 gives
the characteristic disgramm. The vertex x is the median vertex
of the ¢triple u,v,w in the sense of the previous ‘section.
Trees and hypercubes are notable examples of median graphs.

v

Q. o"

Figure 1
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It is easily seen that median graphs are bipartite. It turns out
that these graphs are precisely the connected graphs in which
every triple of vertices admits a unique median vertex in the
sense of the previous section.

Median graphs possess a rich structure theory. They have many
nice characterizations and some interesting applications, and
they can be interpreted as algebraic systems in several ways.
The structural aspect is the focus of this section. In the next
sections, when considering generalizations of median graphs, we
will come across some other aspects.

In describing the structure of median graphs we follow [23], see
also [25] for an extensive study.

Choose an arbitrary edde uv joining u and v in a median
graph G. We view G from the edde uv, see Figure 2 for an

example.

Uy

Figure 2

Let Vv, be the set of vertices nearer to u than to v, and let
VV be the set of vertices nearer to v than to u. Then these
two sets partition the vertex-set of G. The edges between Vu
and V., form a matching A,y containing the edge uv. Let U

consists of the ends of Auv in V and Uv of those in V.

u

u v’
see Figure 2. It turns out that, if we choose any edde xy of
Auv with x in Uu and y in Uv’ then we obtain the same
sets of vertices and the same matching, 1i.e. Ux = Uu’ Vx = Vv,

Uy = Uv' Vy = Vv. and Axy = Auv‘ So we can define an equivalen-
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ce relation » on the edges by uv » xy if Auv = Axy‘ This
equivalence relation yields a partition of the eddes in such
matchings: the canonical edde-colouring of the medien graph.

Another essential feature is that the sets Uu and Uv (and
hence also Vu and Vv) are convex sets in G.

Finally, the matching Auv produces a natural bijection along
its edges, which +turns out to be an isomorphism between the
convex subgraphs of G induced by Uu and Uv‘ This allows us
to contract the eddes of Auv’ by which we obtain a smaller
median graph G’, see Figure 3. Another way of stating this fact
is that the subgraph induced by U, v U, is the Cartesian
product of K2 and the subgraph induced by Uu'

[

AN

v
w
Wj “// =
Figure 3

Contracting the other colour classes successively, we arrive at
the one-vertex graph Kl'

We can reverse this procedure: let the median graph G’ be
covered by two convex sets Wl and Wz with non-empty inter-
section U such that there are no edges between Nl\Wz and
W2\W1, see Figure 3. Now we ’pull’ these two sets apart, concur-
rently doubling the set U and joining corresponding vertices
by an édge. Thus we get from G’ in Figure 3 the graph G in
Figure 2. Loosely speaking, +the main theorem of [23] reads as
follows.

Theorem A: Any (finite) median greph can be obtained from the
one-vertex graph by repeated "expansions along convex sets”.
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Note that we can obtain all trees from Kl by this expansion
procedure, where the two covering sets W1 and WZ always have
only one vertex in common. To get the hypercubes from K1 both
sets Wl and "2 are to contain all vertices in each step.
With this theorem in hand we can derive many results by induc-
tion on the number of vertices or the number of colour classes
in the canonical edge colouring. We list some consequences.

Corollary Al: A connected graph G is a median draph 1if and
only if, for every edde uv, the associated sets Uu and Uv
are convex.

Corollary A2: A connected graph G is a median graph if eand
only if G is an induced subgraph of a hypercube @ such that
with any triple of vertices of G their median in Q@ is also
in G.

Corollary A3: Glueing together two median graphs along a common
convex subgraph produces a median graph.

Corollary A4: Any median graph can be obtained from a collection
of hypercubes by successively glueing these together along sub-
hypercubes.

Corollary Ab: The Cartesiean product of two median grahs is again
a median grarh.

As can be seen from Corollaries A2 and A4, hypercubes play an
important role in median graph theory. They are precisely the
regular median graphs, see [24]. Any edde-preserving mep f of
a median graph into itself fixes some hypercube Q i.e.
f(Q) = Q, cf. [12). Finaelly, a graph is a median graph if and
only if it is a retract of a hypercube, see [2]. Loosely spea-
king, & retract G of a graph H is an isometric (i.e. distan-
ce-preserving) subdraph of H such that there is an edge-
preserving mapping of H onto G of which the restriction to
G 1is the identity mapping.

There are several algdebraic structures related to median graphs.
For instance, in a median graph G = (V,E) one can associate
with each +triple of vertices its median. Thus one obtains a
ternary algebra on V, for which several sets of axioms have
been given, cf. [30, 1, 27, 25]. Another way to view G as an
algebraic structure is as follows: choose an arbitrary vertex a
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of G and order V with <a’ vhere

u <a v if and only if wu € I(a,v).

Loosely speaking, this poset is the lower part of a distributive
lattice: a meet-semilattice such that with any triple u,v, v,
for which the joins u ¢ v, u.+.w and v . w exist, the join
U+ v v w also exists, see [30, 1, 25]. Especially this last
interpretation of median graphs is useful. Often one can derive
results on wedian graphs (or median semilattices) by using a mix
of graph-theoretic and order-theoretic arguments, by which
proofs are shortened considerably.

We close this section with another interesting application of
median graphs (a third one will be discussed in the last sec-
tion). When one wants to construct a denealogical tree for the
copying of medieaval manuscripts, one ’measures’ the dissimila-
rities between the texts. In [14] Buneman develops a method to
recover a tree from measures of dissimilarities satisfying cer-
tain compatibilities. So one gets a genealogical tree for the
copying of manuscripts. But in history it occurred quite often
that a new menuscript was produced using two different older,
and possibly partial, manuscripts. Thus one needs a model having
cycles. Barthelemy has shown in {13] that median graphs provide
‘optimal’ models in this case. The main result of [13] genera-
lizes a result on the relation between medien graphs and Helly
hypergraphs in [26].

4. Modular graphs

What happens when we drop the requirement of unicity of the
median of a triple in the previous section? The graphs we det
are called modular greaphs: conected graphs such that, for each
triple of vertices u,v,w the intersection I(u,v) A I(v,W) A
I(w,u} is non-empty.

In this case almost (?) all is lost of the structure theory and
the equivalence with algebraic systems we had for median graphs.
So far not much work has been done on modular graphs. They play
a role in the study of Condorcet vertices: a vertex in a draph
such that there is no vertex closer to a strict majority of
’users’ lornated at vertices; see [3], which also contains more
references on this topic.

Here we consider only one aspect. First note that again it is
easily seen that modular graphs are bipartite. In the defining
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condition above we required that, for each triple, the intersec-
tion of the three intervals is non-empty. This turns out to be
superfluous.

Theorem B: A connected graph G is modular if and only if G
is triangle-free and, for each triple of vertices u,v,w with

1 € d(v,w) € 2, and d(u,v) = k = d(u,w)

there exists a common neighbour x of v and w with
d(u,x) = k-1.

The ’only if’ part follows by definition.

For the ’if’ part, note that, because G is triangle-free, we
won’t find vertices u,v,w with v and w ad jacent and
d(u,v) = d(u,w). Hence the characteristic diadram for modular
graphs is that in Figure 4.

~ v w v w
! __—
L
Jr e fj é
u© .0
@ (b) Figure 4

We can read Figure 4 as follows. In (a), going from v to w
and seen from u, we see an edde going upwards followed by a
downward edge. Then we can ’flipflop’ this to a downward edge
followed by an upward edge as in (b)}. Now to prove the ’if’
part, we take three vertices u,v,w and choose a geodesic
between v and w. We go along this geodesic from v to w.
Seen from u the edges go upwards or downwards. By flipflop-
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ping, we can transform this geodesic into one consisting of a
sequence of downward edges followed by a sequence of upward
eddes. The bottom vertex x in this last deodesic, nearest to
u, is a vertex in I(u,v) ~ I(v,w) ~ I(w,u).

If we require unicity of the vertex x in Theorem B, then we
obtain one of the characterizations of median graphs in [25].

5. Pseudo-median and pseudo-modular graphs

Modular ¢graphs deneralize median graprhs, but they are still
bipartite. What can we do in the non-bipartite case? Then neces-
sarily there are triples for which the intersection of the three
associated intervals is empty. The first possible deviation from

bipartiteness is the case where there exists a triangle "in
between” the vertices u,v,w, as in Figure 5.

Yo.. ov

6

u Figure 5

Here x,y 1lie on a (u,v)-gdeodesic, y and 2z 1lie on a (v,w)-
geodesic, and z,x lie on a (w,u)-geodesic. Such a triandle is
called a pseudo-median of u,v,w. Then a connected graph G is
a pseudo-medien graph if every triple of vertices has a unique
median or a unique pseudo-median, see [9]. Figures 1 and 5
are the characteristic diagrams for these graphs.

It +turns out that these graphs also possess a rich structure
theory. What is lost in comparison with the median graphs is
that the class of pseudo-median graphs is not closed under
Cartesian multiplication, although the Cartesian product of a
median graph and a pseudo-median graph is still a pseudo-median
graph. Moreover, there is no reasonable algebraic interpretation
available, but on the other hand we have a geometric one:
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pseudo-median graphs are join spaces; for the relevant defini-
tions and proofs see [10].

As for the structure of pseudo-median graphs, they can be built
up from a specific collection of graphs by glueing these to-
gether successively, see [9]. The building stones are hyper-
cubes, wheels, complete draphs minus some matching, and snakes
(maximal outerplanar graphs such that each face has an edge in
common with the outer face - that is, a snake of triangles), and
moreover the Cartesian product of a hypercube with any of +thesse
graphs. We have to be careful along what kind of subgraphs we
glue them together: just convex is not enough. The subgraph has
to be A-convex, 1i.e. convex and such that, vwhenever the
subdraph contains an edde of a triangle, +then it contains the
vwhole triangle, see [9]. Note that, whenever a A-convex subgdraph
contains an edge of a wheel, +then it contains the whole wheel.
The same holds for a snake, and for a complete graph minus a
matching (except for the 4-cycle). Hence we may glue together
such grarhs only along a vertex.

Again this structural characterization yields the possibility of
using 1induction on the number of vertices. Quite a number of
results for median graphs thus have an analog for pseudo-median
draphs. Just to mention some: the regular pseudo-median graphs
are the Cartesian products of a hypercube and a hyperoctahedron
(i.e. complete graphs minus a perfect matcéhing), end any edge-
preserving map of a pseudo-median graph into itself fixes such a
regular subdraph. Also similar results hold for the location
problem on pseudo-median graphs. The reader is referred to [8].
As in the case of modular graphs we can drop unicity of medians
and pseudo-medians, and the graphs we gdet are, of course, called
pseudo-modular-graphs, see [7]. These draprhs turn out to be a
common generalization of several classes of grarhs that et first
sight seem to be quite different: the median graphs, the pseudo-
median graphs, the chordal bipartite graphs (sensu [20]), the 3-
sun-free chordal graphs (sensu [15]), the absolute retracts of
rveflexive graphs (cf. [28, 291), and the distance-hereditary
graphs (sensu [22], see also [68]). For the hereditary case,
vhere each isometric subdraph is also pseudo-modular, nice cha-
racterizations involving forbidden isometrie subgraphs are avai-
lable, see [7].

The flipflop technique we had in the modular case is also avai-
‘lable here. Besides Figure 4, there are two other flipflops
possible. If we go from v to w seen from u, then we can
flipflop a ’horizontal’ edge followed by a downward edde into a
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downward edge followed by a horizontal edge. Here a horizontal
edge has both its ends at the same distance from u. Further-
more, two consecuiive horizontal edges can be replacéd by a
downward edde aond an upward edge. Thus we can transform any
deodesic from v to w into one that is involved in a pseudo-
median triangle, =ee [7].

6. Quasi-medien graphs

Dropping bipartiteness, as we did in the last section to
generalize median grarhs, does not necessarily lead to graphs
without algebraic interpretation. In [25] the quasi-median
graphs were introduced. They were independently introduced in
{21]. The characteristic diadram is given in Figure 6.

‘o.. o"

ué) Figure 6
The +triple Xx,¥,z is a guasi-median for u,v,w if x and y
lie on a (u,v)-geodesic, ¥ and =z lie on a (v,w)-geodesic, and
z and X lie on a (w,u)-geodesic, and moreover

d(x,y) = d(y,z) = d(=z,x),

and d(x,y) 1is minimal under these conditions.

Then a quasi-median graph is a graph in which any triple of
vertices has a unique quasi-median, end which satisfies two
extra conditions, viz. K4 minus an edde does not occur, and any
isometric 6-cycle has the 3-cube as convex closure (i.e. the
smallest convex subgraph containing the 6-cycle). These two
extra conditions are necessary to obtain a class of graphs that
neatly generalizes median graphs.
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The vertex x in the quasi-median x,y,2z of the triple u,v,w
is the unique vertex at lardest distance from u and lying
simultaneously on a (u,v)-geodesic and a (u,w)-geodesic. A
similar property holds for y and z.

Hypercubes play a special role with respect to median graphs.
For quasi-median graphs this role is reserved for the Hamming
graphs, i.e. the Cartesian products of complete graphs. For
example, quasi-median g€raphs are isometric “quasi-median
preserving” subgraphs of Hamming graprhs, see [25], they are the
retracts of Hamming graphs, see [32, 17], and the regular ones
are precisely the Hamming graphs, see [25]. Any quasi-median
greph can be obtained from a collection of Hamming graphs by
successively glueing them together along sub-Hamming graphs, see
£21). This is also a corollary of the structural characteriza-
tion in [25]. A new proof of this result is given in [11].

u VV

Figure 7
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The structure of quasi-median grephs is quite similar to that of
median graphs, see [25]. Of course we have to allow some modifi-
cations. Instead of choosing just an edge, we have to choose a
maximal clique containing the edgde. Now we partition the vertex-
set into parts consisting of vertices nearer to some vertex of
the clique than to all other vertices of the clique. For any two
parts we have the same type of structure as in the median case:
there 1is a matching between the two parts that induces a graph
isomorphism between +the subgraprhs connected by the matching.
These subgraphs are now A-convex. So in a sense we have a “mat-
ching of cliques’ between all the parts, and the subdraph in-
duced by these cliques is a Cartesian product of a complete
graph (of the size of the clique) and a A-convex subgraph in-
duced by the ends of the matching cliques in one part, see
Figure 7.

Again we have a contradiction procedure and, conversely, an
expansion procedure, vwhich we will not decribe explicitly but

will be clear from Figures 7 and 8.

e

Figure 8
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For several other characterizations involving the interval func-
tion see [25]. Here we mention just one other fact, which can

be deduced from the properties described above: +the convex
closure as well as the A-convex closure of the quasi-median
X,¥,2 of a triple of vertices is the Cartesian product of k
copies of KS’ where k = d(x,¥y).

One cen associate a ternary algebra with a quasi-median graph in
the following way: 1let X,y,z be the quasi-median of u,v,w,
then we assign x to (u,v,w), and y to (v,w,u), and =z to
(w,u,v). In [25, 21, 18, 11] several equivalent axiom systems
for quasi-median grarhs are given. One can recover the quasi-
median graph from these algdebraic systems.

Quasi-median graphs generally are not bipartite, so they cennot
be the Hasse diagram of some poset. But it seems reasonable that
there exists a partial order and an equivalence relation on the
vertices that are interconnected and constitute an analog for
the median semi-lattices in section 3. So far this is an open
problem.

7. Dynamic search in graphs

In [16, 17] Chung, Graham and Saks have developed an interesting
theory for dynamic searching in graphs. Apparently the authors
were not aware of the fact that quasi-median graphs had already
been studied in [21, 25], cf. {33]. Here we give two results
involving median and quasi-median graphs.

Applications of the theory are with respect to optimal self-
ad justing search algorithms, but for the sake of simplicity we
restrict ourselves to an imaginary application.

We have a graph G = (V,E), where an information is located at
the vertices. GSomewhere on a vertex u a librarian has his
desk. When he receives a quest for a piece of information
located at v, for short a quest for v, then obtaining this
information costs him d(u,v). Moving his desk to a vertex \
costs him d{u,w). So if all quests are for the same vertex v,
then to minimize his costs the librarian better moves his desk
to v. In general the librarian gets an arbitrary succession of
quests. If he waits until he has k quests, +then it may be
sensible to move his desk to a new vertex ’closer’ to the k
quests vertices, before actually retrieving the information at
the quested vertices. Now the question is whether the librarian
has an optimal stratedy for moving his desk if, at any time, he
has foreknowledge of the next k quests. This, of course,
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depends on the structure of the graph.

In (18] it is shown that, if the librarien at any time has
foreknowledge of the next 2 quests, then the draphs on which he
has an optimal strategy for moving his desk are precisely the
mecdian grephs. In [17] this result is generalized to foreknow-
ledge of k quests at any time. Then the optimal graphs are
precisely the quasi-median graphs.

Median graphs and quasi-median graphs were introduced indepen-
dently by several authors without any spplication in mind. A
rich structure was developed and related algebraic systeus were
studied. Now it turns out that these graphs, and relate& €raphs
such as the pseudo-median graphs, have interesting applications.
Thus this line of research in metric graph theory has proven to
be successful, and there are still many interesting problems
left.
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Rostock. Math. Kolloq. 38, %3 - 64 (1990) 06A10
Gustav Burosch; Ulrike Franke; Susanne R8hl

Uber Ordnungen von Bindrworten

1. In dieser Arbeit definieren wir endliche Ordnunden auf Bin#r-
worten mit Hilfe der Teilwortrelation. Bisher ist eine recht
geringe Anzahl Standardordnungen bekannt und gut untersucht
({1]). Wir sehen in den hier behandelten Ordnungden ein weiteres
potentielles Belspicl. Wir behandeln eine induktive Konstruktion
des Hasse-Graphen dieser Ordnungen, die sehr an das Vorgehen
beim n-dimensicnalen Einheitswilrfel erinnert. Andererseits sind
die betrachteten Ordnungen: Wesentlich kompliziertsr. Wir bewei-
sen die Unimodalit#t der Niveauzahlen und zeigen, daB es fur
unsere Ordnungen Pn' n # 2, genau zwei Automorphismen gibt.

In (2] und [3) wurden bis auf geringflgide Unterschiede die
gleichen Ordnungen betrachtet und Schiélbarkeitseidenschaften
nachdewiesen.

2. Sei A das Alphabet {0,1}. Ein Bindrwort & der Linge
lal = n ist eine Folge ajay...a,, a; € A. Das Leerwort ist
zugelassen und wird mit e bezeichpet. Es hat die Lénge O.

Wir setzen O =1, I=o0, und fUr a := aja,...a, heibBt
a = 5152“'En das duale Wort zu a. Das Wort a heift normal
([2]), falls a; #+ a;,y, i =1,...,n-1, ist. Ist a normal und
a; =0 oder a; = 1, so heiBt a O-normal bzw. 1-normal.

Mbgen u, und v, stets das 1- bzw. O-normale Wort der Linge
n bezeichnen, n »? 1.

Fiir gedebene Worte a und b heiBt a ein Teilwort von b,
falls b = ajas...a, und a = ailaiz...ait, 1<il<iz<"'<it < n,

ist. In diesem Fall schreiben wir a< b oder b » a. Ist
dleichzeitig a< b und a # b, so schreiben wir g ¢ b. Mdden
Pn und Qn die Ordnungen aller Teilworte des l-normalen baw.

O-normalen Wortes der Lsnde n bezeichnen. Offenbar sind Pn
und isomorph. Die Beschriénkund auf normale Worte ist da-
durch motiviert, daf8 man fUr Jjedes Wort a die Ordnung sHmt-
licher Teilworte von a ordnungsisomorph in die Ordnung PZn‘

n := lal, einbetten kann.

Wie blich veranschaulichen wir endliche Ordnungden durch ihre
Hasse-Diagramme und schreiben a ¢ b, falls a < b ist und es
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kein Wort ¢ mit a < ¢ < b gibt. Dann heiBt a ein Vorgsangden

‘von b, b ein Nachfolder von a, und a und b werden als
benachbart bezeichnet. V(a) und N(a) seien die Mengen aller
Vorgédnger bzw. Nachfolder von a. Die Worte v, und e sind
Eins bzw. Null in Pn’ und durch r(a) := |al ist eine
Rengfunktion gegeben. In Pn bildet die Menge der Elemente vom
Reng k » O das k-te Niveau Ny (P ), wund [N (P, )| heist die
k-te Whitney-Zahl von Pn. Analog ist Nk(Qn) definiert. Wir
vereinbaren die Bezeichnungen

tn,k S INk(P I und t iz Zﬁ ofn,k = anl. Fiir ein Element a

aus Pn usge dP (a), dP (a) und dP (a) die Anzahl der

Nachbarn, die Anzahl der Nachfolger baw. dle Anzahl der Vordin-
ger von a in p, bedeuten. H#ufig lassen wir den Index P
weg. Die Zahl dP (a) heiBt der Grad von a in Pn‘

n

n

Zur rekursiven Beschreibung von Pn vereinbaren wir, daB die

Ordnungen Pn & und P .1 aus Pn entstehen, indem Jedes
Element a8y, .. a, durch Oala2 ey bzw. 1a1a2...an ersetzt
wird. Natiirlich sind Pn, Pn 5 und Pn 1 untereinander
isomorrh. Analog seien Qn o und Qn ;] aus Qn gewonnen. Fur
die  Elemente x aus Pn,i und Qn,i’ i=0,1, gilt
r(x) = |x| - 1.

Seien Hn und H’ die Hasse-Grarhen von Pn baw. Qn und Hn o’

n
Hn,l’ Hﬁ’o, Hﬁ,l diejenigen von Pn,o’ Pn,l’ Qn baw. Qn 1 In

den Abbildungen 1 - 4 ist jeweils die Bildung von Pn aus

Pn—z,o’ Qn—l,l sowie e veranschaulicht, wobei die Elemente
durch ein Kdstchen, einen Kreis baw. ein Dreieck dardestellt
wurden.

10
//
P /
| =L
1 \
Ae \ /
A4
e
n =1 n = 2
Abb. 1 Abb. 2



Abb. 4

Die Folge X, Xqs-..3X, Von reellen Zahlen heiBt unimodal (vgl.
{11), falls es einen Index q gibt, so daB

Xo € X3 € ... € Xgq-1 < Xq ® Xg+1 ? o0 P X1 P X,

gilt. Die Folge heiBt logarithmisch konkav, falls
X2 > x, X k=1 n-1 (1)
k 7 *k-1%¥k+1’ poe By

gilt. Bekenntlich folgt aus der logarithmischen Konkavitat die
Unimodalitat (vgl. [1]).
Wir beweisen foldende Aussagen:

Satz 1: Die Folge {t, x} der Niveauzahlen der Ordnung P, ist
logarithmnisch konkav.

Satz 2: Die Ordnung Pn, n » 2, hat neben der identischen Abbil-
dung genau einen Automorrhismus f. Er ist durch f(Ou, o) = W, 4
charakterisiert.

Die Sdtze 1 und 2 werden in den Abschnitten 4. und 6. bewiesen.
In den Abschnitten 3. und 5. werden Hilfsaussagen bereitge-
stellt.



3. Die folgenden Aussaden sind leicht einzusehen (vgl. Abbildun-
den 1-4).

Lemma 1: Fir n » 2 ¢gilt

NP = Np 4(Q 4 ) v N 1 (Py 5 o)y 1€ Kk<n-l, (2)
N (Qp) = N y(Pp g o) v N 1(Q 54}, 1€k n-1, (3)
No(P) = fu}, N (Q) = {v,}. (4)
N (P) = N (Q) = e. (5)

Lemma 2: Es gilt

a) Jedes Element Ob ¢ Nk(Pn), 1 € k € n-1, hat als Nachbarn in

Nk+1(Pn) neben seinen Nachbarn in Nk(Pn-Z,o) noch genau

das Element 10b. Jedes Element 1b ¢ Ny ("), 1 € k € n-1,
hat als Nachbarn in Nk+1(Pn) seine Nachborn in Nk(Qnml,l)
und dariiber hinaus fiir 1b ¢ Pn_z noch gensu das  Element
Ol und fur i1b ¢ P, , kein weiteres Blement als Nach-
feolger.

b) Jedes Element Oxb € Ny (P), 2< k< n-1, x = 0,1, hat als
Nachbarn in Nk—l(Pn) neben seinen Nachbarn in Nk~2(Pn—2,o)
fir x =1 noch genau das Elemecnt 1b und fir x = O kein
weiteres Element als Vorginder. Jedes ixb € Nk(Pn).
2 € k€ n-1, hat als Nachbarn in Nk—l(Pn) neben seinen
Nachbarn in Nk—Z(Qn~1,1) filr %X = O noch genau das Element
Ob und flir x = 1 kein weiteres Element als Vorganger.

c) Die Aussagen a) und b) bleiben richtig, falls in ihnen durch-
gangid P,Q,0,1 durch Q,P,1 bzw. 0O ersetzt werden.

(Die Aussagen a) und b) decken sich.)

Die Lemmata 1 und 2 sind leicht zu beweisen. Wir verzichten hier
auf die Darstellung der Beweise.

Aus Lemma 1 ergibt sich sofort die nichste Aussade:

Lemma 3: Es gilt

tn,o =1 fir n» O, (6)
tn,n =1 fir n > O, (7)
tn,k = tn—z,k—l + tn—l,k-l fir n» 2, 1€ k € n-1. (8)
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4. Beweis von Satz 1: Wir vereinbaren t =0 fir q <0
oder q > n und beweisen zundchst durch Induktion iiber nyl
die folgenden Ungleichungen:

U L N k=0,...,n, (9)
*a-1,k-1" ¥n,k-1 % o,k Pn-1,k-20 KE0.m Ll
tatk-1" Pnk 2 tak-1” talxw X =0s...m, (1)
Yn-1,k-1" ®n,k-1 % Pn,k-2" Tn-p e K F0.om 12

Fir n = 1,2 und beliebides k sind diese vier Ungleichungen
richtig. Sei nun n » 2. Die Ungleichung

2 Ed
a1,k ® Tosl,k-1" Tarl, kel (87)

folgt unter Beachtung von (8) aus (9), (10) wund (12). Die
Ungleichung

®n,k-1" Tne1,k-1 2 Pner, k" Tn,k-2 (10%)
ist wegen (8) gleichwertig zu

Ynok-17 "n-1,k-2 2 Tn-1,k-17 tn,k-2
und diese ist wegen (11) mit k-1 statt k erfiillt.
Die Ungleichung

tn,k-1" Tnst,k 2 Pnel, k-1 o,k (11°)

ergibt sich wie folgt: Zun#dchst zeigt man unter Beachtung von
(8), daB sich

Pae1,k-1" Tn-1,k-1 € Pu-1,k-2° Ynsl,k 133)
aus (11) mit k-1 statt k ergibt. Multipliziert man (13) mit
tn X und (10) mit tn+1 x> S° erhdlt man

tne1,k-1" Pn-1,%-1" ¥n,k € Ta-1,k-27 Pnit,x0 Pnk
€ tho1,k-1" Yn,k-1" Vel ke
Daraus schliefit men filr t_ _4 . 4 *+ O auf (11’).
n-~1,k-1
Nun ist &, ; ) y = O genau denn, wenn k€ O oder k » n+l
ist. In diesen beiden F#llen ist (11’) aber gewiB richtig.
SchlieBlich bleibt
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thn k-1" Pn+l, k-1 ? Pnsl,k-27 Pnk (127

zu zeiden. VYon den beiden Ungleichungen

Th+1,k-2" Pnk-1 € Tn, k-2 Pne1, k-1
Tnk-2" tnx € tyk-1" Tnx1

ergibt sich die erste aus (11’) mit k-1 statt k, die zweite
folgt aus (9) fiir k-1 an Stelle von k. Aus beiden zusammen
resultiert fiir tn,k-l + 0 tatsidchlich (12°).

Nun ist tn,k—l = O gleichbedeutend mit k € O oder k » n+2.
In diesen Fallen ist (12°) auch richtig.

Damit ist der Induktionsbeweis fiir (9)-(12) abgeschlossen.
Aus dem Vergleich von (1)} und (9) schlieBt man auf die loga-
rithmische Konkavitat der Folge {tn k}. [ ]

5. In diesem Abschnitt formulieren wir einige Aussagen, die im
Beweis von Satz 2 verwendet werden.

Lemma 4: Sei n » 1. Die Elemente u, € Pn und v, € Qn haben
in Pn baw. Qn genau n VYorgangder.

Beweis: Aus (7) und (8) folgt sofort t, . ; = n. =

Lemma 5: Sei n» 2 und O < k € n-2. Fiir jedes Element a von

Nk(Pn) ist
ap (a) > 2. (14)
n

Beweis: Die Aussage ist richtig fiir n = 2. Sei ihre Richtigkeit
fiur alle n’ € n~1 und alle k’ mit O < k’ € n’-2 vorausge-
setzt, und sei a ¢ Nk(Pn)' Fir k = n-2 ist a Vorgianger
gewisser Worte b, ¢ aus Nn~1(Pn)' und nach Lemma 4 ist
b # ¢, also (14) erfiilllt. Fir k € n-3 gilt a € Nk—l(Pn—Z,o)
oder a2 € Ny 4(9, 3 4}, und (14) ist nach Induktionsvoraus-

setzund richtig. a
Aus Lemma 2 folgt, daf in H, Jedes Element aus Hy o o und
Hn—l,l htchstens zwei Nachbarn in Hn—l 1 bzw. Hn-2,o hat.

5 ; B . "
Diesen Fakt verwenden wir mehrfach beim Beweis der n#chsten
Aussagden.
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Lemma 6: Fir n » 3 ¢gilt
a) dp (Ou, o) =dp (4, ) =n,
n

n
b} dp (w, o) = 2n-2,
n
c)VacP, a#+ U, = dP (a) < 2n-2,
n
d} Vae N 4(P) a# (Ou ) w_y =—>dp (8) <n.
n

Beweis: Die Aussage a) erdibt sich aus Lemma 2 b) und Lemma 4.
Das Wort 1 hat in P3 den Grad dP3(1) =4 = 2.3-2, und die-

ser Maximalgrad wird in P3 von keinem anderen Wort angenommen.
Sei n»> 4 und die Richtigkeit der Aussagen b) und c¢) fiir
n’ € n-1 andenommen. Dann hat jedes Element aus Pn—2 & oder

aus -1,1 in Pn htchstens den Grad 2(n-2)}-2+2 = 2n - 4
bzw. 2(n-1)-2+2 = 2n - 2. In Pn—l gibt es genau ein Element
vom Maximaldrad 2n - 4, das Wort u,_g3. Also hat in Qn~1 genau
das Wort Yo-3 und in Qn—l,l genau das Wort (lgn_a) =Y, o

den Maximalgrad 2n - 4. Zusammen mit Lemma 2 liefert das die
Aussagen b) und c).

Die Aussade d) ist fir n = 3 richtig. Fir n » 4 gilt fur
jedes a € Nn—l(Pn) A Qn—l,l mit a # (IUQn_S) = (1ly, 3} und

a % (lgn_z) = (lxn_z) =W, nach Induktionsvoraussetzung
dQn—l 1(g) < n-2, und da jedes a € Q) 4 4 in P, _, , hochstens
einen Vorgénger und keinen Nachfolger hat, ist dP (a)

n

€ (n-2)+1 = n-1. SchlieBlich hat (11v, o) nach Lemma 2 in

Pn—Z,o
dP (112n~3) < n-2, und insgesamt ist die Aussage d) bewiesen. ®m
n

weder einen Vorganger noch einen Nachfolger. Damit ist

Lemma 7: Sei n » 5. Es gilt:
YV x € P (3 y € V(y, 1), ¥ € (0¥, _3) v, o ¥, oh

Yy = (0x) & x ¢ v(}t_ln__z): x ¢ {En_3x Xn_3})-

Beweis: Die folgenden Aussagen (15) und (16) sind leicht
nachpriifbar, und aus ihnen ergibt sich die Behauptung:
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Y € V¥, 1) ¥ € {(0v, 3}, Uy a0 ¥, nls

= Fs5,t»2 0 3cc {0,1} g = {goow), mit z = (gs}.
s+t = n-5, ¢ ist vom letzten Buchstaben von 2z
verschieden, und es ist (15)

Uy fir ¢ =0,

‘-

X € v(!n__z)) x € {Bn_3, l’.n_s}

& Fs§,t» 03Jcc {0,1} x = (gsccg), s+t = n-5,
fir s > 0 ist c¢ vom letzten Buchstaben von u,
verschieden, und es gilt (16)

.=

Lemma 8: Sei n » 4. Es gilt:

V¢ fir ¢ 1;

Yy fir c = O,

vy far c = 1. -

x’ € V(gn_l < Pn, x’ # U, 2 x * Yy-g = b4 hat in V(gn)\
{¥,-1:Y4-1} genau einen Nachfolger x", und die Abbildung
h: x’ — x" bildet  V(w, 4M\My, 0.¥, o} injektiv in V(g N\
{En-l’ Y.n_l} ab.

Beweis: Fir x’ ¢ Viu, ) € Py, x* € {u, v, 5} verwende man

die Darstellung (16) mit n-1 an Stelie von n-2. Jeder Nach-
folder x" von x’ entsteht durch Hinzufilgen eines Buchstaben

d zu x’. Da fur x" ¢ Viu Ny, _4,v, 1} wiederum eine zu (16)

Yp
enaloge Darstellung x" = (ug,cew,,) gilt, darf d weder vor
noch 2zwischen die Buchstaben von x’ gesetzt werden, muB also
als letzter Buchstabe von x" hinter x’ angefiigt, werden.
Jedes solche X" 1ist auch tatsichlich in  V(u \{u,_;.¥, i}
Demit ist bei gegebenem x’° ein Nachfolger x” eindeutig
bestimmt und h offenbar injektiv. a

Lemma 8: Sei n > 3, 1< k € n-2. Es gilt:
VX ENJ(PDVy NP x+ y = Nx) + N(p).

Beweis: Die Aussage ist richtig fir n = 3. Sei n » 4 und die
Aussage fir n-1 als richtig vorausdesetzt. Falls x, y aus
Pn_z’o sind, so haben sie nach Lemma 2 verschiedzne Nachfolder
in Qn—i,l' Sind x, y aus Qn-l,l’ so haben sie nach Induk-
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tionsvoraussetzung verschiedene Nachfclgermengen in Qn—l 1 und
damit gilt auch N(x) # N{y). ®ir x £ Pn—z,o und y € Qn—l,l

hat x nach Lemma 2 h8chstens einen und y nach Lemma 5 min-
destens zwei Nachfolger in Qn—l,l‘ =

6. Beweis von Satz 2: Sei f eine isomorphe Abbildung von Pn
auf sich. Dann ist f rangtreu und daher f(Nk(Pn)) = Nk(Pn)‘
k =0,1,...,n. AuBerdem missen flir f(x) = y die Elemente x
und y die gleiche Anzahl von Vordlingern und die gleighe Anzahl
von Nachfolgern haben. Da nach Lemwa 6 d) in N, _4(P,) nur die
Elemente v, 4 und u, _; den Maximalgred n iu dieser Schicht
besitzen, ¢gibt es nur die Mdglichkeiten f(!n~i) = Vooq und
f(!n_l) = Mg Wir werden zeigen, daf8 der Automorphismus f
durch T(¥y-q? bergits eindeutig bestimmt ist.

Jedenfalls gilt f(ﬂnwz) * W, » nach Lemma 6 b,e).

Wir verwendenr Induktion Uber n. Fir n = 2,3,4 gibt es genau
die beiden behaupteten Autoworphismen. Sei n » ¥ -‘und die
Behauptung fiir alle n’ < n eols richtid angenommer.

Fall 1: f(!n,li = Yy

Dann ist f(u, ¢} = m, . Ferner geht bei f die Menge
N, o(P,) ~ Pn—z,o in sich Uber. denn ihre Elemente sind auBer
dem Fixpunkt Y o die einzigen Vordinder des Fixpunktes Vv, 4
Dann geht jede Menge N (P.} ~ Pa-2, 0 k = n-3, n4,...,1, bei

f in sich iber, da jedes ihrer Elemente nach Lemma 4 in
Ney1(Pp) ~ F -2,0 mindestens zwei Nachfolger besitat, wihrend

jedes Element aus Nk(Pn) ~ Qn-l 1 in Nk+1(Pn) ~ Pn—2,o héch-

stens einen Nachfolder hat. Folglich erzeugt f auf
Ph-2,0 € P, baw. Q1,1 < P, einen Isomorphismus f;  bsw.
f,. Dabei ist f1 einer der beiden nach Induktiomsannehme auf
P._5 o mbglichen Isomorphismen, und genau fir £,(00u, _4) =

(00w, _,) ist f; die identische Abbildung. Fir £,(00u, 4) *
(00u, _4) muB f£,(00u, ,) = (Ou,_3) sein. Letzterss ist unmdg-
lich, da u 1 bei f Fixpunkt ist und den Nachbarn Vv, o,

aber nicht den Nachbarn (00u,_,) hat. Folglich ist f, die
identische Abbildung.

Aus der Kenntnis von £, folgt fz(“k(Pn) ~ Qn—l,})=
Nk(Pn) ~ Qn-l.l’ k = 1,2,...,n. Nach Induktionsvoraussetzung ist

f, dgenau dann nicht die identische Abbildung, falls
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f2(5n~1) = (lgn_z) ist. Letzteres ist wunmdglich, da nach
Lemma 2 zwar U,_1 aber nicht (lgn_z) einen Vorgdnger in
Pn—z,o hat und f(Pn—Z,o) = Pn—z,o

Also ist auch f2 und damit f die identische Abbildung.

ist.

Fall 2: f(v, 1) = u, 4. (17)
Dann ist f(gn_l) = ¥pot- Da u, o, ein Fixpunkt ist, erzeugt f

auf Pn <P einen Isomorphismus f’. Fur £’ gibt es nur

die Mbglichkeiten f’(gn_s) € {!nn3’9n~3}’ und £’ ist nach

Induktionsvoraussetzung durch f’(gn_s) eindeutig festgeledt.
In Jjedem Fall ist Yoo ein Fixpunkt von £, denn .2 ist
ein solcher, und Y, o sowie Y9 sind die einzigen demeinsa-
men Vorgénger von g uwd v, 4.

Fall 2.1: f’(!n_a) = ¥y .3- (18)
Aus der Darstellung (16) ergibt sich leicht

Nu,_g) = V(u, ). (19)
Analog gilt
N(v,_3) = V(¥, 4). (20)

Aus (17) bis (20) ergibt sich
Viu,_ ) = £(V(y, 1)) = £(N(¥,_3)) = N(¥, 3) = Vv, 4}

Das ist fir n » 4 ein Widerspruch, da V(xn_l) A V(gn_l)
= {u, 0.¥, o} und IVQu, 431 = 1V(y, _{)1 = 0-13 3 ist.

Folglich kann Fall 2.1 nicht eintreten.

Fall 2.2: f’(yn_a) =y, 3 (21)
Wir wollen zundchst zeigen, daB f auf V(gn~1) eindeutig
bestimmt 1ist. Wir wissen bereits, daB ¥n-9 und LI B

Fixpunkte sind. Nach Lemma 2 und Lemma 7 liefert die Zuordnung
g
Yy € v(!rl_l)\{ﬂn_2>xn_2; (o!n_3)} —3 X € V(an)\{_u_n_aaxn_a}
eine Bijektion, bei der jedes Element y auf einen Vorginger
x <y abgebildet wird., Ferner ist weden (21) nach Induktions--

voraussetzung f’ eindeutig bestimmt und daher insbesondere fir
jedes  Element x von Viu, o0\, _5,v, 3} das  Element

x’ := f(x) = £'(x) in dieser Menge eindeutig festgelegt. Nach
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Lemma 8 (mit n-2 statt n-1) hat x> in V(gn_l)\ {En—Z’Xn—z}

einen eindeutig bestimmten Nachfolger h(x’) =: x", und h ist
eine Bijektion. Folglich ist f(y) = Xx". Durch Abzshlen erhidlt

man

V(u, Ny, o, oY v &-h(V(y, I\{u, _o.¥, o,(0v, 3}}}) = {z},
und wegden f(V(xn_l)) = V(gn_l) ist f(Oxn_s) = z. Daher ist f
euf V(yn_l) eindeutig bestimmt. (Siehe hierzu auch die unten
folgende Anmerkung. )

Wir wollen nun zeigen, daB f auf Nn~1(Pn) eindeutigd bestimmt
ist.

Sei Y := Nn_l(Pn)\{Xn_l.gn_l,(lgn_z)}: Nach Lemma 2 liefert die
Vorgdngerbildung eine injektive Abbildung k : Y — k(Y),

k(Y) = Vv, )\, 5,¥, o} Fur Jedes y’ =k(y), ¥y €Y ist

f(y’) € V(gn_l)\{gn_z,xn_z} eindeutig festgelegt und hat nach
Lemma 8 genau einen Nachfolger y" € V(u,)\u, ;,¥, ;}, wobei

die Abbildung £f(y’) —dy " injektiv ist. Of fenbar B
f(y) = y" sein. Die Abbildung k-f-3 stimmt auf ihrem
Definitionsbereich mit f Uberein und bildet Y in N, (P, )\

{Bn—l’!n-l} ab, wobei genau ein Element g ¢ Nn—l(Pn)\

{Bn—l’!n—l} nicht Bild ist. Dann muB f(lgn_z) =g sein,

und f 1ist auf Nn—l(Pn) eindeutig bestimmt.

Nun erkennt men leicht schrittweise fir k = n-2,n-3,...,1, daB
f auf Nk(Pn) und damit auf ganz Pn eindeutig bestimmt ist.
Sei dazu f auf Nk+1(Pn) bereits als eindeutig erkannt und
X € Nk(pn)' Dann muB N(f(x)) = £(N(x})) sein, und durch
f(N(x)) ist f(x) nach Lemma 9 als Abbildung f: P, — P
bestimmt. Es gibt also hdchstens zwei Automorphismen auf Pn.

Es bleibt zu zeiden, daB es auBer dem identischen Automorphismus
tatsdchlich noch einen weiteren Automorphismus gibt. Dazu ver-

einbaren wir die Bezeichnung (ajmg...ay) = (agay j...8581)
und setzen filr ein beliebiges Wort a € Pn
g_l fir ungerades n,
f(a):= (__ (22)
Q:T fiir gerades n.

HWeden g£é+1 T Ugq,p und géé = EEA = up, ist durch (22) eine
Bijektion f : P_ -> Fn gegeben. Sie ist offenbar ein Ordnungs-

n
isomorrhismus. =
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Anuerkung: Diesen Teil des Beweises ki¢nnte man durch foldende
Uberlegung abkiirzen: Sei 1 derjenide Isomorphismus von Pn_1
auf Qn—l’ der Jjedes Wort auf das duale Wort abbildet, und sei
fy der durch fo(u, o) — ¥,-g nach Induktionsvoraussetzung
eindeutig bestimute Isomorphismus von P Dann muB mit
£ = len—l gelten: 1.f" = f2‘

n-1-
Daher ist sogar f" als 1—1-f2 eindeutig bestimmbt.

8. Wir kennen filir die Ordnung P eine Reihe weiterer Struktur-
eigenschaften, aber auf die foldenden Fragen wissen wir bisher
keine Antwort.

Problem 1:

Man bestimme 1N (P

Man erkennt unschwer, daB ING(P 3L = 2K far k= 0,1, ...,151
ist. Natirlich ist IN 1 (P} = n.

Problem 2:

Men bestimme k wit [N (P.)) » ING(P 2, 1 =20,1,...,n.
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Generating sets for Crowans and Fences D

1. Introduction

First we introduce some terminology. Let A be a nonempty
finite set. An n-ary operation over A is a function from A®
to A. Pn(A) denotes the set of all n-ary operations over A
and we put P(A) = Un>oPn(A). A set of vperations C < P(A) is
a clone over A if it contains the projections and 1is closed
under arbitrary superpositions (cf. Jablonskii [10], Pd&schel,
KaluZnin [13], Szendrei [16]). The set of all clones over A is
denoted by L(A). L(A) is a partially ordered set with respect
to inclusion. It is not difficult to see that L(A) is in fact
a complete lattice. For a subset H < P(A) let [H] denote the
smallest clpne containing H. This is the clone generated by H.
A clone C is finitely denerated if C = [H] for some finite
subset H of C. The dual atoms of L(A) are the maximal
clones over A.

A nonempty subset e € A" is an n-ary relation over A. An
operation f € Pp(A) preserves e or e is an invariant
relation of f if e is a subalgebra of the algebra <A, £:1.
For a relation e over A we define

Pol(e) = {f € P(A); f preserves e}.

It is easy to see that Pol(e) 1is a clone.

In this paper we study clones of the form Pol(e) where ¢ is
a partial ordering on the finite set P. As the ordering will
always be clear from the context, we shall write Pol(P) in-
stead of Pol(e). Pol(P) is the set of all order preserving
operations over P. We shall also use the terms monotone opera-
tion or isotone operation as well. It is known that Pol(P) is
a maximal clone if and only if P has elements O and 1 such
that O € x < 1 holds for every x C P.

1) Research partially supported by Hungarian National Foundation
for Scientific Research, Grant 1066.
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The Slupecki relation iy over A with card(A) = k is
defined as

Ny = {(al,az,...,ak) € Ak; card({aj,ap,...,8,}) < k}.

SA = Pol(nA) is the Slupecki clone over A. An operation
f: AR —> A is essentially unary if there exists an integer i,
1< i< n, end a function £’ € Pl(A) such that for every
a = (al,az,...,an) € AP we have f(a) = f’(ai). It is known
(cf. Poschel, Kalu?nin [13]) that SA consists of all non-
surjective operations and all essentially unary operations over
A. Moreover, SA is a maximal clone.

An operation f: A® — A is a near unanimity function if n > 2
and the following identities are valid for all a,b € A

f(b,a,a,...,a) = f(a,b,a,...,a) = ... = f(a,a,a,...,b) = a.

A result of Baker and Pixley [1] implies that a clone containing
a near unanimity function is finitely generated. Let B be a
nonempty subset of A. A function m: A — B 1is called a B-
mejority operation over A if

n(a,a,b) = m(a,b,a) = m(b,a,a) = a holds for every a,b € B.

In the special case B = A, m is simply called a majority opera-
tion. Majority operations are the simplest and perhaps the most
important examples of near unanimity functions. Here we shall
use the following slight variant of the interpolation technique
introduced by Baker and Pixley [1, Corollary 5.1, esp.], see
also Szendrei [16, Corollary 1.26] and Demetrovics, Hannak,
Ronyai (4, Section 2] for an application in the context of
monotone maximal clones.

Lemma 1.1: Let C be a clone over the finite set A and let B
be & nonempty subset of A. Let CB denote the subclone con-
sisting of the operations f € C such that Im(f) < B. Suppose
that there exists a B-majority operation m € CB’ Then CB is
finitely dgenerated. Suppose further that we have a set Hes C
such that for every g ¢ CB and X,y € dom(g) there exists an
f ¢ [H] such that g(x) = f(x) and g(y) = f(y).

Then [H v {m}] =2 CB‘
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In fact, Baker and Pixley formulated this method for arbitrary
near unanimity functions.

Lau [11] showed that every monotone maximal clone over a base
set having at most 7 elements is finitely #generated. In a
previous paper by Demetroviecs, Hannak, Ronyai [3,4.5] the dene-
rating properties of maximal clones of the form Pol(P) were
studied, where P 1is a partial order. A sufficient condition
for the existence of a near unanimity operation m € Pol(P) was
given. This result allowed us to prove that Pol(P) is finitely
generated for a larde class of posets. Rosenberd [{15] studied
the existence of near unenimity functions for arbitrary partial-
ly ordered sets. Rosenberg and Firedi {8] addressed the exi-
stence of monotone majority operations. They obtained a beauti-
ful existence theorem for tree-like orders. Tardos [17] provided
the first example of a monotone maximal clone vwhich 1is not
finitely generated. It is not known whether this clone has a
basis (i.e., a minimal denerating set). Our aim here is to
extend these investigations to some other important partially
ordered sets.

For a positive inteder n Fn denotes the ordered set
(Figure 1) defined on the set {0,1,...,n} with the following
inequalities:

0<1, 152, 2<3, ..., n-1 <n, if n is odd
or
0<1, 12, 2<3, ..., no1 >»n, if n is even.
1 3 n 1 A !
\
\ | I
\ , \ .
\ \ \
\ \ X
o 2 n-1 © - =2 "
Figure 1
o=l
=2 8 S
n q + 1 r% 1

Let Gn denote the dual of Fn‘ An ordered set isomorphic to
either Fn or Gn is a fence.
The image of O is the starting point and the image of n is

the endpoint of the fence. The length of a fence is defined by

l(Fn) = l(Gn) = n.
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For an integer n > O let ﬁﬁn denote the partisl order
(Figure 2) on the set {0,1,....2n-i} dsafined by the following
inequalities:

0<1, 1>2, 2<3, ..., 2n-2 < 2n-1, 2n-1 > O.

1 3 2n-1

o 2 an -2 Figure 2

An ordered set isomorphic to HZn for an integer n is a
crown.

Crowns and fences arise frequently in the theory of finite
ordered sets. Crowns play an important role in studies of symme-
tries of ordered sets (G. Birkhoff {2]., Frucht {7]) and of the
fixed point problem (Rival {14)). Ferices arise in the study of
connectivity of ordered sets, Hashimoto [8]. Both structures are
considered by Duffus and Rival {6] in their theory of order
varieties. Algebraic properties of both structures are consi-
dered in Rosenberg [15] and Rosenberdg, Firedi (8].

In this paper we study the clones of all order preserving
operations of crowns and fences. By presenting explicit
generating sets, we show that these clones are finitely
denerated. Fences admit a uniquely determined order preserving
majority operation. This enables us to exhibit a finite genera-
ting set for Pol(F) where F is a fence. In Section 3 we
prove first that every crown H, Pol{H) is contained in the
Slupecki clone SH (here H denotes also the ground set of the
ordered set H). From this result we deduce two important known
results on crowns. Next using our knowledde on fences, we show
that Pol(H) is finitely denerated. As in the case of fences, we
show that the binary order preserving operations denerate the
clone.

Here we give the main statements only. The details will appear
elsevhere.
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2. Fences

Following Nevermann and Rival {12}, for elements x,y in an
ordered set P, the updistance Dpix,y) from x to ¥y is the
least positive inteder n (if it exists) such that there exists
an order preserving map from Fn to P wvhichmaps O to x
and n to y. The down distence dp(x,¥) from x to y is
defined dually (using Gn instead of Fn).

The following statement will be used as the first step in
interpolation arguments.

Lemma 2.31: Lot F.G be fences, x,y ¢ F* and g: F" = G be a
monotone wap. Then  there exists an integer 4, 1 € 1 < n, and
a monotomne map f: F > G such that g(x} = £{x;) and
a(y) = f{y;).

Now we construct some useful binsry order preserving maps. For
integers i,3  let waw(i, ) (min(i, j)) dencte the maximal
(minimal) element of the sst {i,J} with respect to the’ usual
ordering of inteders. Let Mﬁ and dually w, denocte the
restriction of meax {min, resp.)} to the set {(0,1,...,n}. The
following sthtement is straightforward. The easy proof is left
to the reader.

Lemma 2.2: Mn’mn < Pol(Fn} and M.n.mn C Pol(Gn), {.e., they are

order preserving opersations over Fn as well as over G,.

Theorem 2.3: Let F be a fence. Then there exists exactly one
order preserving majority function m: F® — F. Moreover, m
can be obtained as a superposition of binary order preserving
operations.

Remark: The existence and uniqgueness of m was obtained by
Rosenberg and Filredi {8]. The last statement seems to be new.

The main result of this section can be stated as follows.

Theorem 2.4: Let F be a fence. Then the clone C = Pol(F) is
finitely generated. In fact, Pol(F) = [C,].
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3. Crowns

Here we investigate the clones of the form Pol(F) where F is
a crown. OQur approach is based on Theorem 3.3, which states that
the surjective order preserving operations on F are essential-
1y unary We need the following

Lemma 3.1: Let i be an arbitrary element of +the crown
H= HZn' Then

(a) There exists exactly one Jj ¢ B such that
max{Dy (i, ), dy(i, )} =n + 1.
For these elements i,j ¢ H we have
min{DH(i,j), dg(i, 43} = n.
Moreover, for any element j + k ¢ H we have DH(i,k) <n+1
and dy(i, k) < n + 1.

(b} For every proper subset K = H there exists an i €H
such that DH(i,k) <n + 1, and dﬂ(i,k) <n + 1 holds
for every k € K.

The following well-known lemma gives a convenient way to
construct invariant relations for clones of the form Pol(Q),
where Q@ is a partially ordered set. For a proof we refer to
Pbschel, Kalu¥nin [13].

Lemma 3.2: Let P,Q be posets and Cislg,.-.siy € P. Then
{(f(cl),f(oz),...,f(ck)); f: P >~ Q 1is a monotone map}

is an invariant relation of every element of Pol(Q).
Now we can prove the following

Theorem 3.3: Let F be a crown. Then Pol(F) < SF’ where bF
is the Slupecki clone on the set F.

Theorem 3.3 can be interpreted as a strengthening of two
important results on crowns. The first of these says that we
cannot apply directly the interpolation technique of Baker and
Pixley to crowns.
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Corolllary 3.4 (Rosenberd [15, Proposition 3.10]): Crowns admit
no order preserving near unanimity functions.

The next result was obtained by Duffus and Rival (6,
Theorem 6.7]. A collection (Pi; i € I) 1is a representation of
the poset P if every P. is a retract of P and P is a
retract of nicIPi‘ P is irreducible if for every representation

(Pi; i€ I) of P there exists an 1 € I such that P is a
retract of Pi' We notice that the irreducibility is an "order
preserving” analogue of the notion of subdirect irreducibility
from universal algebra.

Corollary 3.5: Every crown is irreducible.

Now we return to the clones of the form POl(HZn)' We have seen,
that a function f ¢ Pol(Hzn) is either essentially unary, or
Im(f) is a proper subset of Hn‘ We shall look more closely at
the latter case.

Leumnma 3.6: Let f ¢ Pol(Hzn) and suppose that Im(f) is a
proper subset of Hn‘ Then there exists a fence F < H2n such
that Im(f) € F and the length of F is at most n. Every such
fence is a retract of H2n and any two points x,y € HZn are
contained in a proper retract.

Next we prove an equivalent of Lemma 2.1 for crowns.

Lemma 3.7: Let H be a crown x,y € H? and g&: H® - H be a
monotone map. Then there exists an integer i, 1 < i € n, and a
monotone  map f: H—> H such that g(x) = f(xy) and
gly) = fy;).

Our aim is to show that the binary order preserving operations
constitute a generating set of Pol(H). Theorem 3.3 says that
it suffices to give generators for the non-surjective opera-
tions. Let F be a maximal proper retract of H2n and
o HZn - F is the corresponding order preserving retraction.
By Lemma 3.6, F is a fence of length n.
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Let m € Pol(F) be the unique isotone majority operation. We
define the ternary operation gt HZn -» F as

mF(xl’XZ’xS) = m(r(xl),r(xz),r(xa)) for every (xl,xz,xa) € Hgn.
Clearly oy € Pol(Hzn) and o is ean F-majority operation.
Also, using the fact that m € [Pol(F)Z] we obtain that

mp € [Pol(Hzn)ZJ. We can prove the following

Theorem 3.8: The clone C = P°1(H2n) is generated by the set of
functions C2'
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Dragos M. Cvetkovic

Some results on graph angles

0. Introduction

Characterizing a draph up to an isomorphism by the graph spec-
trum 1is possible only in trivial or exceptional cases. To find
all graphs having the given spectrum is a difficult task and
generally we do not know any better procedure than to construct
all graphs with the required number of vertices and edges, to
calculate spectra of all these graphs and to select those we
need.

Adding to the eigenvalues some invariants of the corresponding
eigdenspaces we come to a better position if we want to tell
something about the graph structure. In particular, some atten-
tion has been paid to the so-called graph angles.

Let G be a graph on n vertices. Let His Hos «..s Hp
(u1>p2>...>pm) be the distinct eigenvalues of (the adjacency
matrix A of) G with the corresponding eigenspaces
Sl, Sz,..., Sm' Let €1, €, ..., € be an orthonormal basis of
Hn. The quantities 255 = cosﬂij (i =1,2,...,m; J =1,2,...,n),
where ﬂi- is the angle between Si and e:, are called
angdles of G. The matrix O = "“ij"m,n is called the andle

matrix of G. We assume that columns of O are ordered lexico-
graphically so that ® 1is a graph invariant. The rows of o
are associated with the eigdenvalues and are called eigenvalue
angle sequences while the columns of O are associated with
the vertices and are called vertex angle sequences.

Let P(A) = det(AI - A) be the characteristic polynomial of G

and let Pi(k), i=1,2,...,n, be the characteristic polynomials
of vertex deleted subgraphs G-i of G. We have (c.f. {6])
2
(!1.]-

& m
PY(A) = P(A) X

i=1

(i =1,2,...,n). (1)
: L—pi

Let Ni be the number of closed walks of length k starting
and terminating at vertex i. For the generating function
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By (t) = 2 Nitk we have
k=0
Hi(t) = P;(1/t)/tP(1/%). (2)

Some early references concerning graprh angles are given in
expository papers ({4, 6]. For a general discussion on graph
angles see also [9]. Recent papers in which graph angles are
used are [7, 5, 8, 2, 18].

Angles helped in studying the lardest eigenvalue of unicyclic
graphs [7]. [5] will be cited latter concerning construction of
trees. Angles appear also in the graph reconstruction (from
vertex deleted subgraphs) [8]. The chande in the largest eiden-
value when adding a pendant edge has been studied through
angdles and perturbations in {2, 16].

Graph angles have been used in [1] to prove that isomorphism
testing for graph with bounded multiplicities of eigenvalues has
a polynomial complexity.

A result from [10] can be reformulated as follows. Let b be
the number of non-zero entries in the i-th column of the angle
matrix. Then the eccentricity of vertex i is bounded from
above by b-1.

1. Trees

It was shown in [5] that for trees angles, added to the eigenva-
lues, “almost"” suffice for the graph structure reconstruction.
Although we have nonisomorphic trees with the same eidenvalues
and angles, even although this happens “"almost"” always, we are
still in the position easily to construct all trees with given
eigenvalues and angles. Treating the vertices from leaves to-
wards the centre we can "calculate” the remaining neighbour of
each particular vertex by the use of a reconstruction lemma
given below.

Figure 1
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Suppose there is a bridde i-Jj in the graph G (see Figure 1).
Suppose further that we completely know the structure of the
subgraph R including the fact that the bridde starts at
vertex i. Now the problem is how to cross the bridge, i.e. to
identify vertex Jj. We have ([5]) the following

Reconstruction lemma: Given the subdraph R and the vertex i
(see Figure 1), the vertex Jj 1is among those vertices k for
which

PR(L)
PLA) = ————— (PRQAIP{(A) = Pp_j (AIP(A)). (3)
(Pp_; (A1)

We can now strengthen the result from [5] on constructing trees
with given eigenvalues and angles. We suppose that instead of
eigenvalues and angles we are given only the characteristic
polynomials Pi(k), (i =1,2,...,n) of vertex deleted subgraphs
G-i of a graph G. We shall show that we still can construct
all trees G.

n
Since P(A)y = Z Pi(k) we can readily calculate the characte-
i=1

n -
ristic polynomial P(A) = Z akkn k except for the constant
term a. k=o

If we determine a, anyhow, we can calculate eigenvalues and
angles of G eand proceed with the construction of G in the
sane way as in [5].

The problem of a unique reconstruction of the characteristic
polynomial P(A) of a graph G from the collection of charac-
teristic polynomials Pi(k) (i =1,2,...,n) of vertex deleted
subgraphs G-i of G has been treated in [14]. If we know an
eigenvalue of G the constant term an is uniquely determined.
In particular any multiple root of any of the polynomials Pi(k)
would cause (by interlacing theorem) the existence of the same
eigenvalue in the spectrum of G. It was shown in {14] that for
many trees a, is uniquely reconstructable. The only trees for
which this reconstruction is perhaps not unique are trees having
an l1-factor.

For our purposes it is sufficient to note ([14]) that in the
last case for any tree satisfying the requirement we have

a, = (-1)?/2. We can show that if 8, 1is not unique then the
other graphs are bipartite disconnected graphs, at least one
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component being a tree; further all components have an even
number of vertices, zero is not an eidenvalue and all components
have simple eigdenvalues.

It is clear now how to construct all trees G having the given
collection of characteristic polynomials Pi(x} (i =1,2,...,n)
of vertex deleted subgraphs. We try to reconstruct P(A) and to
establish that the draph considered is a tree and proceed with
the construction as in (5]. In the case discussed above we
suppose that G is a tree, determine P(A) and again gerform
the tree construction. If there is no tree G, this will be
manifested during the construction of G.

Let us denote the described aldorithm for constructing trees as
Algorithm T.

There is a well known result by P.S. Kelly [15] saying that a
tree 1is wuniquely reconstructable from the collection of its
vertex deleted subgraphs. The above considerations show that we
‘almost’ can weaken the hypothesis of the Kelly theorem by
replacing vertex deleted subdrarhs by their characteristic
polynomials. The reconstruction is now not unique but we do have
a good procedure to determine all trees satisfying the require-
ments given. Hence, we can formulate the following theorem.

Theorem 1: Let the characteristic polynomials Pi(k)

(i =1,2,...,n) of vertex deleted subgraphs G-i of a graph G
be given. Using Algorithm T we can construct all trees G or
establish that they do not exist.

2. Tree-like cubic graphs

It wes noted in [5] that the Reconstruction lemma cen be also
applied to unicyclic graphs. More generally, we can reconstruct
in a similar way all graphs consisting of a central part, for
which we know that it is characterised by eigenvalues (and
angles), and trees attached to the central part.

We shall show further possibilities of the application of the
Reconstruction lemma and develop other reconstruction tools
based on angles.

From eigenvalues and the angle sequence of a particular vertex
we can calculate the number Nk of closed walks of any lendth
k startind and terminating at vertex i ({51).
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Figure 2



Nz is the degree of i and Na is twice the number t; of
triangles passing through 1i. Further, ti is equal to the
number of eddes in the subgraph induced by the neighbours of i.
Numbers Nk (k = 4,5,...) contain some information on the fur-
ther neighbourhood of vertex 1i but generally it is impossible
to conclude very much about the actual 4draph structure. In
regular graphs of degree r we have

a; = (N} - rPy2, (4)
where a; is the number of quadrangles paessing through i.
However, the number of pentagons passing through i is not
uniquely determined in this way even in regular case. On the
other hand, the number of shortest circuits passing through i
can be calculated in regular case. We omit details.

After having considered trees we turn to cubic draphs.

Because of low degree in cubic graphs the neighbourhocd of a
vertex can be described fairly well. The subgraph induced by the
three neighbours of a vertex is uniquely determined by t;.
Using q; eand N% we can say something about the second neigh-
bours of vertex i and in some cases even more. Figure 2 dis-
plays the possibilities.

The ordered pair (ti.qi) is called the type of vertex i. As
Figure 2 illustrates, the type of a vertex sometimes uniquely
determines the types of its neighbourhood or essentially limits
possible types of neighbours. We shall restrict ourselves to a
special class of cubic graphs.

A connected cubic graph is called tree-like if it consists of
blocks displayed on Figure 3.

o0—o0

c) Figure 3
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Blocks of the type a) on Figure 3 are called terminal blocks
while +those of type b) or c) are internal blocks. Vertices x
and ¥y (see Figure 3) in a terminal block are called terminal
vertices. Blocks of type a) and b) are called non-trivial while
those of type c¢) are trivial. Substituting non-trivial blocks
by trivial ones in a tree-like cubic graph results in a tree
called skeleton tree. If the skeleton tree of a tree-like cubic
graph is a path, the graph is called a path-like cubic graph.

Theorem 2: A path-like cubic graph is characterized up to an
isomorphism by eigenvalues and angles.

Proof: Given eidenvalues and angles of a graph we can first
establish whether or not it is a cubic connected graph. If yes,
we can, for any vertex X, determine the numbers Nk
(k =1,2,...,) of closed walks of length Kk starting and termi-
nating at x. We can recognize a terminal vertex by NS = 4. Now
we can gdradually reconstruct the whole gdraph starting from
terminal vertex (see Figure 4).

k k+1

MBIREEE

l k”’
Figure 4

Suppose we have established the graph structure between vertices
X and 1i,1i’. Note that the vertices 1,1 are at distance 1
from x. The value of N21+2 tells us whether i+l and i’+1

are identic or distinct. In the first case N21+2 is by 2

dreater than in the second one. Both values can easily be deter-
mined since all closed walks of length 2i+2 with exception of
only a few pass through the subgraph already reconstructed.
Looking at N21+3 we can conclude in a similar way whether i+l

end i’+1 are adjacent or not.
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If i+l and 1i’+1 were identic we would have a situation like
with vertices Jj, Jj’, j+l1, also in Figure 4. Vertex Jj+1 1is an
end vertex of a block and we consider vertices j+1, j42, j+3,
Jj’+3. Looking at N2j+7 we can decide whether j+3 and j’+3

are adjacent or not. Finally, we coume to vertices k+1, Kk’+1
which are not adjacent while only two vertices x’,y’ remain.
Their adjacencies must be as given in Figure 4 and the whole
graph is reconstructed. Hence, we can uniquely construct a path-
like cubic graph with given eigenvalues and angles or establish
that it does not exist. This completes the proof. ]

Note that we have used in the proof only the angle sequence of
the vertex x end that we have not identified graph vertices in
the sense which angle sequence belongs to which vertex.

Now we combine Theorem 1 and 2 in order to study tree-like cubic
graphs. First we need some more definitions.

Consider a tree-like cubic graph G. Vertices in which three
blocks meet are called centres. A maximal connected subgraph of
G not containing any centre as a cut point is called a branch.
Branches of ‘G contain one or two centres. Branches with one
centre are called terminal while those with two centres
internal branches. A terminal branch contains a terminal block
(including two terminal vertices).and a centre which is called
the end of the branch. In internal branches ends are the two
centres of G belonging to the branch. A branch consisting of a
single edge is called trivial. Noh-trivial branches contain
non-trivial blocks.

A limb of a tree-like cubic graph is recursively defined:

i) a terminal branch is a limb,

ii) two limbs meeting at a point form a limb;

iii) limbs are obtained by a finite number of applications of

i), ii).

Using the procedure from the proof of Theorem 2 we can recon-
struct all terminal branches. Now we have the problem of identi-
fying ends of these branches i.e. to determine the angle sequen-—
ces of endpoints.
Suppose that the vertex i 1is the end of the last non-trivial
block in the branch and J is the end of the brench. Since the
edge i~-j is a bridge of G, if we know the angle sequence of
i we can calculate the angle sequence of Jj by the Reconstruc-—
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tion lemma.

We can restrict the set of possible candidates for vertex i.
First, we know the type of vertex i (type (1,0) on Figure 1).
Second, the polynomial Pi(L) should contain as a factor the
characteristic polynomial of the part of the branch containing
vertices reconstructed before vertex 1i. Third, again applying
the Reconstruction lemma, thus calculating Pj(k), there must be
at least one vertex to which Pj(L) is associated.

If there is no vertex satisfyind these three requirements, the
graph is not tree-like. If there is more than one such vertex we
have to examine all possibilities in further reconstruction.
Hence, 1in general case, for each terminal branch we have a set
of candidates for the endpoint of the branch.

If the graph is tree-like we must have two terminal branches
with the common end-point. This end-point is a centre. By the
Reconstruction lemma we find the third neighbour of it. The type
of this neighbour determines whether it is the end of a nontri-
vial block or another centre.

1. In the first case a non-trivial branch has just started and
we can reconstruct it like in Theorem 2 using andle sequence of
the centre considered. Thus we are further reconstructing a limb
of G consisting of the two terminal branches, the branch that
we just consider and perhaps further branches.

2. In the second case we check whether some other branches have
their ends at the new centre. If yes, we can continue the con-
struction like in 1., while in the opposite case we leave it and
consider other branches (or limbs).

Gradually we can reconstruct the whole graph. Then we check
whether it has the given eigenvalues and angles.

Let wus denote the algorithm described as Algorithm C. We can
formulate the following theorem.

Theorem 3: Let eigenvalues and angles of a graph G be given.
Using Algdorithm C we can construct all tree-like cubic graphs
with given eidenvalues and angles or establish that they do not
exist.
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3. Some computational results and implications

Tryind to learn how eigenvalues and angles describe graphs other
than trees we did some computations.

Many pairs of cospectral graphs are distinguishable by angles.
This applies, for example, +o the unigue cospectral pairs of
graphs on 5 vertices, of connected graphs on 8 vertices, of
trees on 8 vertices, and to all 3 cospectral pairs of cubic
graphs on (up to) 14 vertices. Further, we have treated connec-
ted graphs on 7 vertices (29 cospectral pairs and 1 triplet),
trees up to 11 vertices (besides a pair on 8 vertices there are
5 pairs on 9 vertices, 4 pairs on 10 vertices and 27 pairs and 1
triplet on 11 vertices), unicyclit graphs up to 9 vertices (5
pairs on 8 vertices and 10 pairs and 3 triplets on § vertices)
and bicyclic graphs on 8 vertices (11 cospectral pairs) without
finding cospectral graphs with the same angles. We treated also
a remarkable set of 10 cospectral draphs on 9 vertices with 16
eddes found by C. Godsil and B. McKay [11]. They all have mutu-
ally different angles. The same holds for their complements
which also are cospectral.

There are two pairs of cospectral regular graphs of degree 4 on
10 vertices ({111, one pair is displayed on Figure 5).

Figure 5

Their complements form two pairs of cospectral regular graphs of
degree 5. No pairs of cospectral regular graphs on less than 10
vertices exist. Graphs from these pairs have the same angles. No
examples of cospectral graphs with the same angles on less than
10 vertices are known. Graphs from these pairs are switching
equivalent (with respect to black vertices in Figure 5) and this
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is why they have the same angles. Generally, regular switching
equivalent graphs of the same degree are cospectral and have the
same angles ([4)). In addition, in strongly regular graphs all
vertices have the same vertex andle sequences which are deter-
mined by eigenvalues. Hence, in strongly regular graphs angles
do not carry any additional information on graph structure.

Because of the 1low degree cubic graphs cannot be switching
equivalent. Therefore it seems to be reasonable to look to what
extent the structure of cubic graphs is reflected in eigenvalues
and angles.

First, it is not true that all cubic graphs are determined up to
an isomorphism by eigenvalues and angles.

In {3) two non-isomorphic cospectral cubic graphs on 20 vertices
are given. They have the eigenvalues 3, 2, 1, -1, -2, -3 with
multiplicities 1, 4, 5, 5, 4, 1, respectively. One of these
graphs is the Desargues graph and the other has been constructed
in [3]. Computations show that both graphs have the same angles.

The Desargues graph is transitive while its cospectral mate has
12 vertices of eccentricity 5 and 8 vertices of eccentricity 4.
However both are walk regular. (A graph is called walk regular
if the generating function (2) is independent of the vertex 1i).
It bhas been shown in [13] that a graprh is walk regular if and
only 1if all vertices have the same angle sequences (c.f. [9]).
Now, inspired by the above example and having in mind the fact,
that the sum of the cquares of angles with a given eigenvalue is
equal to the dimension of the eigenspace, we can formulate the
following theorem.

Theorem 4: Let G be a walk regular grarh. Then the angles of
G can be calculated frou eigenvalues of G.

Corollary: Cospectral walk regular graphs have the same angles.

“~The existence of cospectral gubic graphs with the same angles
does not mean to much having in view the fact that in [3] these
graphs have been constructed from the eigenvalues only. However,
further investigations are necessary to conclude to what extent
cubic graphs are characterized by eigdenvalues and angles.

In order to see how cospectral graphs with the same angles can
be distinguished we analyse graphs from Figure 5.

Vertices 1labelled by the same number in the two graphs have
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equal angle sequences. With respect to angle sequences there are
three types of vertices: angle type o: 1,2,3,4, angle type 8:
5,6,7,8, and angle type ¥: 9,10 (we omit numerical values).

As a contrast to cubic graphs, because of the higher dedree the
subgraph induced by neighbours of a particular vertex is not
uniquely determined by eigenvalués and angles. For example, this
subgraph in GI is isomorphic to K1.3 for o type vertices,
to 2K2 for B type vertices and again to 2K2 for ¥ type
vertices while in Gz it is isomorphic to P4, P3 v Kl’ and
2K, for «, B, ¥ type vertices respectively. e

In addition, all o types vertice (in both G1 and Gz) hgve
neighbour types a, B8, B8, ¥ while all B type vertices have
neighbour types o, o, B8, ¥. However, neighbour types of ver-
tices 9 and 10 sare o, =, o, « and B, B, B, B in Gl while
both vertices have the same neighbour types o, «, 8, B in Gz.

Hence, these graphs can be distinguished by angle types of
neighbours of vertices (in particular, of vertices 9 and 10).

Let G be a graph on n vertices. Let A be an eigenvalue of

G of multiplicity k. Let vectors (xil’ Xjos -0 xin)
(i =1,2,...5k) form an orthonormal basis of the eigenspace
belonging to A. Let j be a vertex of G of degree d and
let jl,jz,...,jd be its neighbours. Then
d
Ao = (i=1,2,...,Kk). (8)

Z X
1J s=1 g

Summing the squares of both sides of (5) we get

222 - $42 42 5 8
ot = o’ Kew Xzw 5
J o os=1 s i=1 s,t=1 *dg 19t
s<t &
where Dys Qs .., o, is the eigenvalue angle sequence belon-
ging to A.

Clearly, the double sum does not depend on the choice of tﬁe
basis of the eigenspace and it is an invariant of the vertex J.
Let us denote it by Bj.

We have

4
2 _,2.2 _ (8)
sglajs = A o 2Bj.

Note that vertices 9 and 10 have different values Bg and Byg
for graphs Gl and G2 in Figure 5.
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Now we change the notation introducing another subscript. Let

% 5 be the angle corresponding to the eigenvalue By and to
the vertex J having neighbours as above. The quantities Bij
defined by
z wl. = ulel. - 2B.. (i=1,2 m) (7)
Sy idg i%i3 ij pcap, o w0
can be put into the matrix % = ||B. .|l The vertices of G

ij"m,n"
can be ordered lexicographically first by andle sequences and
second, by columns of %. In this case % 1is also a graph inva-
riant.

The graphs in Figure 5 show that % is an invariant generally
independent of eigenvalues and angles. These graphs can uniquely
be reconstructed from the spectrum, angles and the matrix %.

In walk regular graphs the matrix % does not help much since

its entries Bij can be calculated from eigenvalues and angles.
If the degree is r and a3 = &y (i = 1,2,...,n), (7 is
reduced to
B.. = (u2 - r)a2/2, (j =1,2 n) (8)
i3 i i/2, ,2,...,0).

It can easily be shown that the sum

k -
ZlBla 3 (k = 1,2,...)
is equal to the number of walks of length k between different
neighbours of vertex J.

An efficient reconstruction of cubic grarhs from the spectrum
and matrices O and % seems to be quite possible.

In addition to tools from Section 2, quantities Bij would help

very much in determining the neighbours of a particular vertex.
It seems reasonable to implement an artificial intelligence
computer program (an expert system) which would construct all
cubic draphs having a given spectrum and matrices O and .
The reconstruction consists of many simple steps of a limited
number of types. It would be difficult for a human being to take
care of all little details appearing in due course while the
coumputer, provided by a sufficiently intelligent program, could
cope with these difficulties. After some experiments, perhaps a
general theorem could be stated and proved.
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Dietmar Cieslik

Knotengrade kiirzester Bdume in endlich-dimensionalen
Banachraumen

Ad bezeichne den d-dimensionalen affinen Raum. In ihm seien die
Punkte mit den Ortsvektoren bez. des Ursprungs o des Ad
identifiziert.

B < Ad heiBt Eichkdrper (des Ad), sofern B eine kompakte,
konvexe und bez. o 2zentralsymmetrische Menge ist. Dann defi-
niert lixll := inf {t! x/t € B} eine Norm des Ay und es gilt
B=1{xc¢ Adl lixli € 1}.

Md(B) bezeichne den Ad mit dem Eichk¥rper B und der davon
abgeleiteten Norm. Er stellt einen d-dimensionalen Banachraum
dar, der i. allg. als Banach-Minkowski-Raum bezeichnet wird. In
ihm ist die Strecke xy = {tx+(1l-t)y} O< t € 1} stets eine
Kiirzeste.

Sei N eine endliche Menge in Md(B). Dann heiBt ein in den
Md(B) eingebetteter Baum T = (V,E) Steiner-Minimal-Tree
(SMT), falls V2 N und 1(T)} := zvv,cEHV~V’“ = min gilt.

Fiir eine gegebene natiirliche Zahl k heiBt er k-SMT, falls
V2 N, card V<€ card N + k und 1(T) = min gilt. Fiur k =0
erhdlt man in einem’ O-SMT das sogenannte Minimalgeriist fiilr N.
Es bezeichne degq(v) den Grad einés Knotens v in einem Baum.

Bemerkung 1: Fiir jede endliche Menge N in Md(B) existiert
ein SMT bazw. k-SMT T = (V,E) fiur N, wobei gilt:

a) degqp(v) 2 1 fur alle v aus V,
b) degT(v) 2 3 fiur alle v aus V-N,

c) card (V-N) € k fidlr k-SMT und
card (V-N) € card N - 2 fidlr SMT.

Obere Schranken fiir Knotengrade kiirzester Bsume findet man nun
wie folgt:

{Bl,..A,Bl} heiBt Newton-Familie fiir den Eichk®rper B des
Ad’ falls
Bi =B + x5 fir gewisses x; € Ad, A= e, T,
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int By ~ int Bj =¢g fur i,i=1,...,1 und i #* j,
Bi ~ B+ g fiir i 5@
int Bi A~ int B = ¢ fur i 1,...,1 gilt.
Dannn  heiBt

zd(B) = Max {1} {Bl""’Bl} Newton-Fawilie fiir B & Ad}

Newton-Zahl fir B in Ad.
Vermbge der Homogenitsdt der Norm und ihrer Dreilecksungleichung
beweist man leicht (vgl. [3]1):

Lemma: Sel B Eichkdrpeer des Ad' Dann gilt

zd(ﬁ} = Max {card W W= bd B, Hlw-w’lf 2 1 fir w,w' aus W und
w* w'l}.

Damit kann nun bewiesen werden:

Satz 1: Bei N eine endliche Menge in Md(B) und T = (V,E)

ein  BM7T oder k-3MT fiir N. Dann gilt degT(v) < zd(B) fiir
alle v aus V.

Beweis: Seien v ein Knoten in T und Vi vy seine Nach-
barn. Da Normen translationsinvarisnt sind, kann v = o ange-
nomeen werden., Wire filr 1,3 € {i,...,1} Hvg-vsll < HV—VjH, s0
k&nnte man den Baum T durch Entfernung der Kante yv; und
Hinzunahme von ¥5¥5 im Widerspruch zur Minimalitsdt von T
verkiirzen. Somit definieren wir folgende Bedingung, die fiir die

Minimalitdt notwendig ist:

{Vl" .,vl} heiBt zulsssig bez. v = o, sofern

v; ¢ B(Vj) 1= {xehyl wavjn < ijﬂ} fiir 1+ J gilt.
Definieren wir W3 durch Wi T O¥; o~ {xt Hixlt = m} filr
i=1,...,1, mit m = Min {uvjui jJ=1,...,1}. Dann ist auch
{wl,...,wl} bez. o] zuldssig. Dies kann man wie folgt
einsehen:
Sel Vi = tiwi mit ti » 1. Dann gilt
(i) B(wy) = B(v;) fur i =1,....,7%,
denn  filr x  aus B(wi) folgt Hx~viu = Hx~tiwin =
ety Bowill < dcwg b+ (5=l < B5lwgll = vy it
(ii) Ist HviM = ”Vj" und {vi,v.} zulsssig bez. 0, so ist

dies auch {wi

denn die Noruwgleichheit zieht tj = tj =: t nach sich, wonit
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weiter geschlossen werden kann: Wire w. € B(wi), s0 ware auch
tﬂvi~vju < t"ViH, also Hvi»vjﬂ < Hviﬂ im Widerspruch zur Zu-
lassigkeit von {Vi’vj}'

Indem wir (i) und (ii) €eeignet nutzen, kann man bei v’ mit
v’ il = Max {ﬂvjﬂ! = Liivisl} beginnend sukzessiv dis wi’s
wie oben andedeben bilden. Dabei bleibt in jedem Schritt die
Zulsssigkeit erhalten.

Aufgrund der Homogenit#t der Norm und (ii) geniigt es nun,
Min {HVjH! i =1,...,1} = 1 anzunehmen, d.h., wir betrachten
zulasside Mengen auf dem Rend bd B des Eichkdrpers. Die maxi-
male Machtigkeit solcher Mengen ist eine obere Schranke fiir
degT(v).

Der Beweis ist nun durch die Anwendung des Lemmas beendet. =

Satz 2: Fir eine gegebene natirliche Zahl k ist die Aussage
von Satz 1 fir k-SMT nicht zu verbessern.

Beweis: Sei zunichst k = O.

Nach obigem Lemma existiert eine Mengc N, = {Vl""’vz} < bd B
mit uvi~vju »1 fiir 1,3 - 1,...,2, 1+ J und 3 = zd(B)- Es
ist leicht zu sehen, daB fiir N = NO v {0} der Baum

T = (N {ov;l i =1,...,2}) ein O-SMT ist. In ihm gilt

degp(o} = z5(B).
Sei nun k > 0.
Auf einer Geraden durch o seien Punkie RyTO,Xgy Xy in
diegser Reihenfolge mit ”xi"xi+1" =4 1= Livwsnlsl) 1oka}i—
siert. Nun definieren wir, ausgehend von obiger Menge N, eine
endlich? Menge N wie folgt:

N Tig (No+xi) v {xl,.~.,x1}.
Offenbar gilt dann card N = (z+1)-1. Es ist leicht zu sechen,
daB ein  O-8MT  fiir N existiert, in dem die 1  Knoten
Xqo.a Xy den Grasl z24(B} haben. Ist nun 1 pur hinreichend
gro®, d.h. also ca.d N hinreichend grof, o kann nicht bei all
diesen Knoten ein Grad F einer als uy(B)  auftreten. -

Bemerkung 2: Aus dem ersten Teil des lebzaten Beweises erhidlt man

eine weitere Charakterisierung der Newton-Zahlen:
gd(B} = Max Max Max degp(v).
N=M, (B} T=(V,E} vey
endliche Menge O OMT fur N
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Bemerkung 3: Sei B ein Eichkdrper des Ajy. Dann gilt:

a) zd(B) < 3d ~ 1 (Hadwiger [4], die Schranke wird bei Paral-
lelepipeden angenommen);

b) zd(B) > d2 + d (Grinbaum [3], die Schranke wird bei Vektor-
k3rpern von Simplexen angenommen);

c) zd(B) < 2(2d - 1), sofern B streng konvex ist (Minkowski
[11).

d) Die Newton-Zshlen in euklidischen R3umen sind nur fiir dic
Dimensionen d = 1,2,3,8 und 24 genau bekannt (sie haben
die Werte 2,6,12,240 und 196560). Fiir d € 23 existieren
gute Abschdtzungen (Seidel [5]1, Odlycko, Sloane, [6]).

Durch die bisher andefithrten Sztze und Bemerkungen ist die
Bestimmung oberer Grenzen fiir Knotengrade von k-SMT im wesent-
lichen abgeschlossen. Fur SMT sieht dies etwas anders aus.

Bemerkung 4: Die naheliegende Vermutung, daB in SMT die maxi-
malen Knotendrade stets echt kleiner sind als in den k-SMT, ist
i. allg. nicht richtig, wie man in der Ebene erkennt, deren
Eichkdrper ein affin-regulsres Sechseck ist. (Man vgl. hierzu
[21.)

Vermutung: Fur Jjeden Knoten v eines SMT einer endlichen
Menge in einem d-dimensionalen Banach-Minkowski-Raum gilt

degp(vy < 2(2% - 1).

Die Schranke wird genau in den RBumen angenommen, in denen der
Eichkérper B sich wie folgt darstellen 1#Bt:

B =conv (I v -I) wit I = {(tl,...,td)l 0 < t; < 1,
i=1,...,d}.

Diese Vermutung ist filr 4 = 1 4Lrivialerweise richtig und fiir
d =2 in [2] bewiesen.

Bemerkung 5: In Banach-Minkowski-Ebenen sind die maximalen
Knotengrade in Abhdngigkeit vom Eichkdrper B wie folgt
angebbar:

8 fiir Parallelogramm B,
max. Knotengrad in einem k-SMT < {
6 sonst,
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6 fir affin-reduldre

max. Knotengrad in einem B8SMT < ( Sechsecke,

5 sonst.

(Man vgl. hierzu Satz 1 und [3] bzw. [21.)
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Hinweise fOr Autoren

Menuekripte (1n deutscher, ggf. euch in rueeiecher oder engli-
scher Spreche) bitten wir, en die Schriftleitung zu schicken,

Die geeemte Arbeit iet linkebdndig zu schreiben. Eine Auenshme
hiervon bilden hervorzuhebende Formeln und dee Litereturver-
zeichnie, Der Kop er Arbeit eo olgende Form heben: Rostock.

Hath. Kolloq./ Leerzeile/ Vorneme Neme/ Leerzeile/ Titel der
Arbeit/ 1 Zeilenumecheltung/ Unterstreichung/ Leerzeile. Der
Text der Arbeit iet eineinhelbzeilig (= 3 Zeilenu-ocholtun?on)
zu schreiben mit mexImel G3 Anechli3gen je Zeile und meximel 37
Zeilen je Seite. ZwiechenOberechriften eind wie folgt einzuord-
nen: 6 Zeilenumecheltungen wiechentberechrift/ Unterstrei-
chung (ohne Zeilenumscheltung)/ 5 Zeilenumecheltungen, Hervor-
hebungen eind durch Unterstreichen und Sperren mdglich. AnkOn-
digungen wie Setz, Definition, Bemerkung, Beweis u. a. eind zu
unterstreichen und mit einem Doppelpunkt ebzuschlieBen. Vor und
nech S&tzen, Definitionen u, 4. iet ein Zeilenebstend von 5 Um-
echeltungen zu leesen., FuBnoten eind mdglichet zu vermeiden,
Sollte doch devon Gehrauch gemecht werden, eo eind eie durch
eine hochgeetellte Ziffer im Text zu kennzeichnen und innerhelb
dee oben engegebenen Setzspiegele unten euf der gleichen Seite
enzugeben. Formeln und Bezeichnungen sollen mdglichet mit der
Schreibmeechine zu schreiben eein., Hervorzuhebende Formeln eind
drei Leerzeichen einzuricken umd mit 6 Umecheltungen zum Gbri-
gen Text zu schreiben, Formelzdhler sollen em rechten Rend ete-
hen. Der Pletz far Abbildungen 1et beim Schreiben euezueperen:
die Abbildungen “lEEEZEIEHEIE_E?F'aii"ouogeoperten Pletz ent-
eprechenden Gr88e gesondert nech TGL-Vorechrift euf Trenepe-
rentpepier beizufOgen, Der zugehdrige Begleittext iet im Menu-
ekript mitzuechreiben, Sein Abstend nech unten betrdgt 5 Um-
echeltungen, Litereturzitete im Text eind durch leufende Num-
mern in Schrégetrichen (vgl. /8/, /9/ und /10/) zu kennzeich-
nen und mam SchluB der Arbeit unter der ZwiechenOberechrift Li-
teretur zysemmenzustellen,

= Splele: (Zeitechriftenebklirzungen nech Meth., Reviews)

erieki, 0., end Semuel, P.: Commutetive Algebre.

Priceton 1958

/9/ Steinitz, E.: Algebreieche Theorie der Kdrper, J. Reine
Angew. Meth. 137, 167 - 309 (1920)

/10/ Gnedenko, B, W.: Ober die Arbeiten von C. F., GeuB zur
Wehrecheinlichkeiterechnung, In: Reicherd, H., (Ed.):
C. F. GeuB, Gedenkbend enldBlich dee 100. Todeetegee.
S. 193 - 204, Leipzig 1967

Die Angeben sollen in Originelepreche erfolgen; bei kyrilli-
schen Buchsteben eoll die bibliothekerieche Trenskription
(Ouden) verwendet werden,

Am Ende der Arbeit stshen folgende Angeben zum Autor und zur
Arbeit: gingegen en: Detum/ Leerzeile/ Anschrift dee Verfessersy
Titel mmﬂﬁrﬂrumm Neme/ Institution/ Struktureinheit/
StreBe Heuenummer/ Lend Postleitzehl Ort.

Der Autor wird gebeten, eine Korrektur dee Durchschlegs vom

Of feetmenuekript zu lesen und debei die methemstischen Syabole
éinZutregen, Ferner sollte er 1 - 2 Kleeeifiziorun?snunlorn
{enteprechend der =1980 Mathemetics Subject Clessification” der
Math, Reviews) zur inheltlichen Einordnung seiner Arbeit engeben,
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