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HARRY POPPE

Applications of the Bartsch-Poppe duality approach

1 Introduction

In the papers [1], [2], [3] by R.Bartsch and H.Poppe a general duality system was defined
and studied:
(X,Y, X4 X% J.— X9

Here X,Y are spaces, X9 is the first dual space of X with respect to Y, X% denotes the
second dual space of X w.r.t. Y and J is the canonical map as is known, from classical

examples.

The map J we define by the evaluation map w: let X, Y be nonempty sets,
w: X xY* =Y, V(z,h)€ X xY¥:w(z,h):=h(z).
Hence we find:
Vee X :Jr=w(r-), w-):YX =Y : VheY* w, )(h) =wh)=nh(z).
In short we call it the B/P duality approach.

In the papers [1], [2], [3] this general duality approach was applied to well known examples

of representation theorems.
Let for instance X be a unital commutative Banachalgebra, or let X be a Boolean ring.

We used suitable spaces Y and defined then the dual spaces X¢ and X% and proved the

Gelfand and the Stone representation theorem respectively using the general B/P duality

approach.
We also obtained new results. For example, [2], theorem 5.4 shows the embedding of a
vector lattice X into X% in [3|, theorem 4.5 one finds the representation of an unital,

noncommutative C*-algebra.

What is the aim of this paper?
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1. We want to improve the definitions of the first dual space X% and the second dual
space X% of a given space, X as were defined in [1]. For this purpose we will repeat

in short the very basic definitions and some results of the B/P duality approach.
2. We apply the B/P duality approach to get new, well arranged proofs of

(a) the representation of a nonunital commutative C*-algebra (Gelfand-Naimark the-

orem)

(b) the embedding theorem of Kadison.

2 The duality approach
2.1 Abstract definition

Let X,Y be sets or spaces. Y~ means of course the set of all functions from X to Y.

Now we will define an abstract scheme of duality.

Definition 2.1 1. Let be ACYX, A#0.
We call A to be the first dual space of X with respect to Y.
2. We use here the definition of the map J. Let B C YA, B #0; let further be: J : X —
Y4, hence as we know:

Vee X :Jr=wx, ),w): A=Y :Vhe A:w(z, )(h) =w(x,h) = h(zx).

If J(X)C B,i.e. Ve e X :w(x, ) € B then we call B to be the second (abstract) dual
space of X w.r.t. Y.

Remarks 2.2 (a) If we in definition 2.1 only consider sets X, Y we cannot formulate nice
properties or prove useful theorems concerning the abstract dual spaces A, B. But of
course this is possible for spaces X, Y, where we can use the special properties of these

spaces to give A, B concrete forms.

(b) We will consider spaces with algebraic, order, and topological structures, where topolo-
gies can be derived from metrics, norms or inner products. We also use measurable

spaces.
We put emphasis on spaces with algebraic and topological structures.
2.2 Concrete definition of the first and of the second dual space

2.2.1 The first dual space X% of a space X with respect to a space Y At first

glance we can say:
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X consists of homomorphism from X to Y. But this can only work if we state an assumption.
Basic Assumption 2.3 X and Y belong to the same class of spaces.
We consider three simple examples:
(a) X and Y are vector spaces over R If necessary we add: dimX = dimY".
Then X and Y are in the same class of spaces.

(b) Let be X and Y C*-algebras over C; X and Y are commutative. If X has no unit

element and Y has an unit then X and Y do not belong to the same class of spaces.

(c¢) Let X, Y be lattices. Then of course X and Y fullfill (2.3).
In case (a) the first dual space is well known. Let
Y =R, X%={h: X — R|his linear }.
If X is a topological vector space, then we get:
X?={h: X — R|h is linear and h is continuous}.

Here we consider a continuous map as a topological homomorphism. In case (b) we cannot
set Y = C since the C*-algebra C has an unit and, hence Y = C contradicts assumption

(2.3). We will later come back to this example.
In case (c¢) we at once can write:
X% ={h:X = Y|his a lattice-homomorphism}.
Let X,Y be spaces with algebraic or order operations. By the basic assumption (2.3) we
find for each operation in X a corresponding operation in Y.
By A(X,Y) we denote the set of all such pairs of operation in X and Y respectively.
We assume @) # A(X,Y) and A(X,Y) is a finite set.
Definition 2.4 (a) H(X,Y) = {h : X — Y|h is a homomorphism for each pair of
operations from A(X,Y)}

(b) If both spaces X,Y have also a topology then we consider H(X,Y) N C(X,Y), where
C(X,Y) is the space of all continuous functions from X to Y. X¢ = H(X,Y) or
X4=H(X,Y)NC(X,Y) and we also find:

XCHX,)Y) or X*CH(X,Y)NC(X,Y).

If this is possible and useful we provide X¢ with a topology n, T, < n where 7, denotes
the pointwise topology.
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We call X? to be the first dual space of X with respect to Y. To define the pointwise
topology 7, for X we must have a topology for Y. As we soon will see, in some cases we

indeed will use 7,. Hence we come to:

Basic Assumption 2.5 Y always has a topology. If for Y no topology is given we will
define: Y is provided with

the discrete topology, if X has no topology
the trivial topology, if X has a topology

If we want that all h € H(X,Y) are continuous too and X has no topology we provide
X also with the discrete topology. The elements of X¢ are functions or maps. Using the
operations in Y and in X we want to define corresponding operations in X? too. In most
cases we define these operations pointwise. For instance let be in X and in Y an addition is
defined:

X=(X,4), Y=(Y.4).

If now hl, hg € Xdi
]’Ll + h2 Ve e X : (hl + hg)(l’) = hl(l‘) + hg(l’) eyY.
If for example we have X =Y than we can hq, hy also compose: hy o hs.

Definition 2.6 If X,Y are spaces and we have defined X¢ then for X¢ there exists two

possibilities:
1. X and X? belong to the same class of spaces

2. X and X? do not belong to the same class of spaces.

Now let us consider some examples to clear up the situation.

Examples 2.7 1. Let X be a normed vector space over R and let be Y = R.
X% ={h:X — R|h is linear and his continuous} .

With pointwise defined vector operations and the sup-norm (on bounded sets) X¢ is a

normed vector space over R too. Hence X and X? belong to the same class of spaces.

2. Let X = (X,||-|) a R-normed space again, Y = R and X¢ = {h : X — R| A is linear

and continuous and ||h|| = 1}. But here X is no vector space:

we assume that X is a vector space, hence
heX=2he X,

but [|2h]| = 2||h|| = 2 # 1, a contradiction.

Thus X and X“ do not belong to the same class of spaces.
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3. Let X be a vector lattice (a Riesz space), R with natural order also is a vector lattice.
It is known that X? = {h : X — R| h is linear and order bounded} is a vector lattice

too, showing that X and X? belong to the same class of spaces.

4. In the paper [2], definition 5.1 we find for a vector lattice
X :X%={h:X — R|his a linear lattice homomorphism} .

the following example 5.3 shows that (in general) X¢ is no vector lattice.
Hence X and X? do not belong to the same class of spaces.

Remarks 2.8 (a) If X and X¢ belong to the same class of spaces we can define the
second dual space by: X% := (X?)4. But otherwise we must find a suitable definition
of X%,

(b) As special cases of definition (2.4) we get:

X and Y respectively have only:

(b.a) topologies
(b.b) algebraic operations

(b.c) lattice operations

Case (b.a) was treated in our paper [2], concerning (b.b) in [1], 5. Some examples and

applications, [1], page 290 we considered two communicative rings X, Y with units.

(c) Let (X, A, u) be a measure space, where X is a set, A is a o-algebra of subsets of X

and p : A — [0, 400] is a measure.

Let pe R, 1 <p<oo,let f: X — RU{—00,00} be measurable. Then the LP-norm of f is

given by
_ AN
1f1l (/}(Ifl)

f X — Ris called p-integrable or a LP-function if f is measureable and || f||, < oco.
LP(u) ={f: X — R| f is A-measurable and || f||, < co}.

LP(p) = (LP(), || - ||p) is & normed space, even a Banach space. Hence
(LP(u))* = {h : LP(u) — R | h is linear and continuous}.

NowletbepE]Randl<p<ooandletqbedeﬁnedby%+%:1.

There exists a isomorphic and isometric map from L9(u) onto (LP(1u))<.
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This result has the advantage that we can much better work with L4(u) than with (LP(u))<.
This situation we find by many dual spaces X?, especially if the space X is a normed space.
This procedure, where the dual space will be replaced by a better space we also will apply to
the two following examples in this paper, where we will use the B/P duality approach. But

here the starting spaces X are not only normed spaces.

Precise definitions and proofs of the above statements about L?(11)-spaces one finds in modern

books on measure and integration theory, for instance in [7].

Now we come back to 2.6. Following [!], definition 4.1, page 282 we define:

Definition 2.9 We say that X? has the defect D, D, if X and X% do not belong to the

same class of spaces; not the defect D, non D, otherwise.

Now we can define the second dual space.

2.2.2 The second dual space X% with respect to a space Y.

Definition 2.10 Let X,Y be spaces in the sense of 2.2, (b). X,Y fulfill basic assump-
tion 2.3. According to basis assumption 2.5 X% has a topology n with 7, < 0, since T, is
defined.

Part 1
(X4, n)* ) if non D

(C((X7. 7). (Y.0)). ) if D

de

where C(+, ) means the space of continuous maps.

Here we also assume:

Tp S .

X4 s called the second dual space of X w.1.t. Y, 0,1, 1.

By [1], lemma 4.1, page 283 and corollary 4.1, page 284 we know that J(X) C X% holds.
Basic Assumption 2.11 X and X% are in the same class of spaces.

Part 2
X4 as defined in part 1, if (2.11) holds

J(X) otherwise

de —

Remark 2.12 The operations in X% we define pointwise using the operations in X% and

in Y. See also [!], page 283.
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3 The Gelfand-Naimark theorem for nonunital commutative

C*-algebras

At first we will repeat some well-known definitions and results:
Let X be a commutative nonunital C*-algebra.

Then X; = X x C is a commutative C*-algebra with unit, if we provide X; with the defined

algebraic operations and the C*-norm for X;.
The unit for X; is then (0,1) € X x C.

The map: x — (z,0) from X to X is a *-isomorphic, isometric homomorphism onto X x {0}
with [[(z, 0)[| = {|=[].

Thus we can identify X with X x {0} C X; and by this way X can be considered as a
subspace of X;.

x — (z,0) is also an uniform bijective map implying that X x {0} is complete since X is
complete hence X x {0} is a closed subspace of Xi; this set is even a maximal ideal in X;.

We state:
Proposition 3.1 Xx{0} = {(z,0)|z € X} is a nonunital C*-subalgebra of X; = X xC.

3.1 The first dual spaces of X, X; and the second dual space of X

According to definition 2.4 we can define:

X?={h:X — C|his a *homomorphism and A is continuous}
={h: X — C|his a *~homomorphism} ,
X?={g: X; — C|g is *homomorphismus} .

If 0 is the zero-homomorphism, by definition 3.2 of [1], page 281, 0 € X<, but by lemma 4.2
of [1], page 288, 0 ¢ X{, hence X?\{0} is the new dual space.

For X, we know the second dual space
X = (C((X\{0},7,),C),71)

where 7, is the pontwise topology and 7., = 7, is the uniform topology generated by the
sup-norm, [1], [3], and the Gelfand-Naimark theorem for unital algebras. We can use the
sup-norm here because ((X{\{0}),7,) is compact and Hausdorff and thus X% consists of
bounded functions:

X = (G((X\{0},7,).C), ) -
Remark 3.2 Concerning the Gelfand-Naimark theorem for unital C*-algebras look at [¥]

and relevant books and papers.
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3.2 Preliminaries

At first we show a result, which is important for our purposes: the dual spaces (X9, 7,) and
(X{\{0}, 7,) are homeomorphic. Moreover we consider a simple criterion that a continuous

function already belongs to the space of continuous functions vanishing at infinity.

And we need the Stone-Weierstrass theorem for the case that the basic space is not compact

but only locally compact.

It is nearby that there exists a connection between the first dual space X of X and the first
dual space X¢ of the unital extension, X; = X x C, of X.

Indeed:
V(h, (z,0)) € X% Xy : h:h(z,a) = h(z) + o

By the following proposition we show that holds:
Vhe X4 heX?.
This proposition is well known (see for instance [1]). We will not prove the proposition.
Proposition 3.3 1. 2(0,1) =1
2. h is uniquely determined by h
3. h is a x-homomorphism and thus h is continuous

4. h is an extension of h

5. If 0 € X% is the zero-element then 0 is not, the zero-element of

X4 V(z,0) € X, :0(z,0) =0(x)+a=0+a=a.
6. If g € X\{0} then g|(X x {0}) € X1
Now we can define the map
G:X?— XN{0}:Yhe X?:G(h) =h.
By proposition 3.3 we know that h € X%\ {0}

Theorem 3.4  (a) The map G is bijective
(b) G is neither linear nor multiplicative
(c) G: (X% 71,)— (X{I\{0},7,) is continuous
(d) G (X 7) = (X{\{0},7) is open
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Proof. (a) G is injective:
V(hhhg) GXdXXd, hl#hg

and we assume

G(h1> = G(hg), hq 7é ho = ElZL’() € X: hl(l'o) 7é hg(l‘g), El = ilg
}Nh(wo, O) = ilg(:Uo, O) = h1<l’0) +0= hQ(LE(]) +0
= hl(.To) = hg(.ﬁlﬁo) ,

a contradiction.
G is surjective too:
v f e XI\{0}, f#0,
(a.a) f=0: we know:
0 € X¢ and hence G(0) =0 = f;
(a.b) f#0, by 3.3, 6.:

FIX x {0} € XLG(f|IX x {0})
= (fIX x{0}) : V(z,a) € Xy : (f|X x {0})(z, )
= (fIX x{0})(x) + a= f(z,0) + a = f(z,0) + la
= f(2,0) + af(0,1) = f(2,0) + f(0,0) = f(z, ).

Thus G is bijective

(b) Let be f,g € X% and f+g€ X9 f#0,g#0;

—_~—

G(f+g)=f+g;

let be (z,a) € Xy, a # 0,

(f+9)(x,a) = (f+9)(x) +a=f(x)+g(x) +a
# f(z,0) + §(z,a) = (f(z) +a) + (9(z) + a) .

Analogously one shows that G is not multiplicative too.

(c) Let (h;) be a net from X%, h e X% and h; 3 h,

V(z,a) € X1; hi(z) = h(z) = hi(z) + a — h(z) + « in C;= hi(z,a) = h(z,a),

hence G(h;) 2 G(h).
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(d) Let be H C X% be 7,-open, we will show that G(H) is 7,-open in
XN{0}:VfeGH)3he H: f=h=G(h);
now let be (f;) a net from G(H), f; 3 f;
fi=hihi€ H ¥x € X : fi(x,0) = fi(x,0),
hence h;(z,0) — h(z,0) = h;i(z) — h(z), hence h; 5 h; but then there exists 4,
Vi>i,:hi€e H=VYi>1i,: fi=G(h;) € G(H).

Thus G(H) is T,-open in X{\{0}.
Corollary 3.5 The map G is a topological map from (X2, 1,) onto ((XH\{0}),7,).

Remark 3.6 The two dual spaces (X9, 7,) and (X{\{0}, 7,) respectively are topologically
equivalent, but (in general) not algebraically. We see here once more that in our duality
approach the essential space is the second dual space X% of X and not the first dual space
X4 of X. Of course X¢ is necessary to construct X%, but in some sense X¢ is not so

important.
When does a continuous function already vanish at infinity?
It is not hard to find an answer to this question.

Let X be a locally compact, non-compact Hausdorff space, and let aX = X U{oc}, 0o ¢ X,
be the one-point — compactificativen of X. If f € C(X,K), we define:

foo i aX - K
Fola) = flx), zeX
0, T =00.

By the definition of a continuous function vanishing at infinity and by the definitions of the

topology for a X we see at once:
Proposition 3.7 (a) f € Co(X,K) & fo is continuous in x = 0o <

(b) For each net (x;) from aX, Vi : z; # oo, x; — o0 in aX = f(z;) = 0 in K.

A Stone-Weierstrass theorem

Theorem 3.8 Let X be a locally compact noncompact Hausdorff space. Suppose A is

a closed, selfadjoint subalgebra of Co(X,C). If A separates the points of X and for every
x € X there exists f € A with f(x) # 0 then A = Cy(X,C).
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The homorphic image units
Theorem 3.9 Let X,Y be rings and h: X =Y a ring-homomorphism
(a) If h is surjective and e is a (multiplicative) unit in X then h(e) is an unit in Y.

(b) Let h be bijective and let e, be a unit in Y.
Then h™(e,) is a unit in X.

We do not prove this proposition.

3.3 The second dual space of X

X is our starting space: X is a nonunital C*-algebra. As in the case of an unital Banachal-
gebra or an unital C*-algebra here also X% has by Definition 2.9 the defect D and hence by
definition 2.10 we get:

X = (C((X%7),C),p)

where the topology u still must be determined. And we have the canonical map
J: X — X%

The constant function
1: Vhe X?:1(h) =1
is a multiplicative unit in X% . But this means that X and X% do not belong to the same

class of spaces. Hence according to definition 2.10 we must look at J(X) C X% and show

that X and J(X) belong to the same class of spaces.

X, is an unital C*-algebra and hence (X{\{0},7,) is compact and Hausdorff yielding by
corollary 3.5 that (X%, 7,) is compact and Hausdorff too. This implies that hold

X = (C((X%,7),C), )
But now we can choose p = 7, ,,,: the uniform topology generated by the sup-norm.
Proposition 3.10

J(X) € (Co((X%, 7). ), M)
and J: X — J(X)

1s an isomorphy and an isometry.

Proof.

J o Xy — de, Ji(z, ) =w((z,a),-).
Jio X1 = (G((XN{0}, 1), ©), Ty ) = X7
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is a bijective, isomorphic and isometric map. X x {0} is a C*-subalgebra of Xj.
(J1l(X x{0})) (@, ) = Ji(2,0) = w((2,0),-) = J(x,0) € J(X).

Hence J maps X isomorphically and isometrically to J(X) = J(X x {0}).

We consider 0 € X% 0 is either a 7,-isolated point or a 7,-accumulation point (clusterpoint)
of (X4, 1,).

If 0 is isolated then (X%\{0},7,) is still a compact Hausdorff space implying that
de - (Cb((Xd\{0}7 TP)? C)? TH'”sup) .

Since 1 € X% X and X% do not belong to the same class of spaces. Hence 0 € X? must

be a 7, accumulation point.

3.4 Proof of the Gelfand-Naimark theorem

Theorem 3.11 1. X7 has enough elements

2. (XN\{0},7,) is a Hausdorff, locally compact, noncompact topological space and
(X\{0}) U {0} is the onepoint-compactification of (X\{0},7,)

3. T+ X = (G((XN\{0},7), Co7p,) and J(X) = (Co((XN{0},7), C), 7))
4. J is an isomorphic and isometric map from X onto Co(X\{0},7,),C)
5. X and J(X) = Co((XN\{0},7,),C) belong to the same class of spaces.

Proof. 1. Xjis a commutative, unital C*-algebra, hence we know that X\{0} has enough

elements. But by the theorem 3.4 we get for the cardinal numbers:

X = X\ {0}

2. 0 € X4 is a 7p-accumulation point and hence it is well-known that 2. holds, since

(X4 7,) is compact and Hausdorff.

3. At first we show that

J(X) € Go((X\{0},7,),C) :
J(X) = {w(xa )|£L' € X}a
w(x,): X = C: YVhe X?: w(x,-)(h) =w(z, h) = h(z).
We consider w(x,-) for some x € X; the zerohomomorphism fromX? is the point at

infinity of (X?\{0},7,). Let (h;) be an arbitrary net from X?\{0} and h; 3 0, then

hi(x) — 0(x) =0 € C = w(zy,-)(h;) = 0
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showing by proposition 3.7 that
w(z, ) = Jr € Go((X\{0},7,),C)

holds.

If we can show that the assumptions of the Stone-Weierstrass theorem 3.8 are fullfilled
for J(X) then

J(X) = (Col(X\{0},7,),C), Ty ) -
Now, by proposition 3.10 J is an isometry from X into Co((X%\{0},7,),C) and thus
J(X) is closed in
(Co((X™N{0},7), ©), Ty
Corollary 3.7 of [3] shows that J(X) is selfadjoined too. J is injective and hence by
[1], proposition 4.5, page 290, J(X) separates the points of X4\{0}; now finally:
Yhe XN{0}=h#0=3rc X: h(z)#A0€C;
then  # 0 holds too; now, w(z, ) € J(X) and w(x,-)(h) = h(x) # 0. Thus the
assumptions of the Stone-Weierstrass theorem are fulfilled.

4. This follows from 3. and from proposition 3.10.

5. X and (Co((X\{0},7,),C), 7|, ) are commutative, nonunital C*-algebras and hence

both spaces belong to the same class of spaces.
Corollary 3.12 Equivalent are:
(1) X has the unit e
(2) 0 € X% is an isolated point of (X9, 1))

(3) (X9, 1,) is compact (and Hausdorff)

Proof. (1) = (2): this assertion follows from [!], lemma 4.3, page 389

(2) = (3): Since 0 is an isolated point then (X?\{0})U{0} cannot be the one-point compact-
ification of (X?\{0},7,) and thus (X%\{0}, 7,) is compact implying that (X%, 7,) is compact.

(3) = (1): We have
X = (Co((X, 1), C), T )
because (X% 7,) is compact and Hausdorff.

Hence the constant function 1 is unit in X% implying by proposition 3.10 that e := J~1(1)

1s unit in X.
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4 The embedding theorem of Kadison
4.1 The spaces X, and S(X)

Let X be an unital C*-algebra. By X, we denote the set of all selfadjoined elements of X
and by S(X) we mean the set of states of X.

Xsqo € X is areal vector space and (X, || -||) is real Banach subspace of X. The unit e € X
belongs to X, : e* = e. For instance:

reX=>reX=x're X,

but z*x € X, too: (z*x)* = z*z™ = z*x.

If X is commutative then of course X, is closed under multiplication.

4.2 The first and the second dual space of X,

According to our duality theory we define now the first dual space of X,,.
e is the multiplicative unit in X and e € X,,. Hence we define:
Definition 4.1 (X,,)?={h: X., — R|h is linear, continuous and h(e) = 1}

Remark 4.2 1. (X,q)? is not identical with the the Banachspace — dual

X!, ={h: X, = R|h is linear and continuous} .

2. For (X,,)? does not hold:
hi,hy € (Xsa) = hi + ha € (Xy0)%: if hy + hy € (Xsa)? then (hy + hy)(e) =1,
but otherwise:
(h1 + h2)(e) = hyi(e) + ha(e) =2,
a contradiction.

Hence (X,,)? is no vectorspace.

From remark 4.2, 2. we get: (X,,)? has the defect D according to 2.9. Hence by 2.10 the
second dual space of X, reads:
Remark 4.3

(Xea)™ = (C((Xaa) ", 7). (R, 7). 1)

where are: 7). the Euclidian topology and p a topology for the space of continuous functions.

1 still must be specified.
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Remark 4.4 We don’t know the properties of ((X,)?, 7,), especially we don’t know wether
or not, ((X2),7,) is compact Hausdorff or not. But in exchange we find a Hausdorff and

compact space as the next proposition will show.

Proposition 4.5 The topological spaces (X, 7,) and (S(X),T,) are homeomorphic.

sa’

For the proof we need a result, which we provide by the following proposition.

For the C*-algebra C we easily can prove the characterization of the convergence of a sequence
(20), VR €N:2z,€C,z€C: letbe Vn e N: z, =z, +iy,, z=2x+1iy.

Then holds:
Zn > 2, > xand y, > Y.

Somewhat more difficult to prove is the corresponding characterization in an arbitrary C*-

algebra.

Proposition 4.6 Let X an unital Cx-algebra, X,, denotes the set of all selfadjoint
elements of X. Let (x,) be a sequence in X, x € X. Convergence means norm-convergence.
We write:

Tp=ap,+1b,, x=a+1ib; VYn: a,,b, € Xy, a,b € X,,.

Then holds: Equivalent are:
(1) z, —»

(2) ap, — a and b, — b
Proof. (2) — (1):
|zn — ]| = [[(an — a) + (b, — )|

S Han - a” + |Z|||bn - b”
= llan — all + [|bn — b]| = 0,

hence ||z, — z|| — 0 too.
(1) = (2):
‘v’n: anp — a, bn_bEXsa;
but then
(an — a)?, (b, —b)* € Xy, and (a, — a)?, (b, — b)2
are positive.

Now, for instance

(bp — b)? < (an — a)* + (b, — b)?,
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since

[(an — a)® + (b, — b)*] = (b — b)* = (an, —a)* > 0.
But
0 < (by = )* < (an — @)* + (b = b)* = [[(bn — b)°[] < [[(an — @) + (b — b)°|] .
Otherwise: z,, —z = (a, — a) + i(b, — b) yielding

2 — 2> = [|[(an — @) + i(by = b)]"[(an — @) +i(by = D)]|
= [|[(an — a) —i(by — b)][(an — a) +i(b, — D)]||
= [l(an — a)? + (bp — b)*||

Hence we get:
10 = B)?I| < llan — 21?5

b, — b € X, and hence b,, — b is normal Vn, which gives us:
10 = b)*1| = 1I(bn — bII*;
thus
160 = bII* < llzn — 2]|* = [Ibw — b]] < ||z — || and [lz, — 2] = 0 = ||b, — ]| = 0.

By this way we show
|an, —a|| =0
too.
Thus (1) = (2) is proved too.
Proof of proposition 4.5

We define a map :
0 :8(X) = (Xea)®: Yhe S(X): ¢(h) = h| X
Lemma 4.7 ¢ is an injective and surjective map from S(X) to (X))

Proof of the lemma.

At first we show:
e(S(X)) C (Xsa)d : YVhe S(X):
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1. p(h) = h| Xy, is linear:
Vi, 19 € Xgo; Vo, a0 € R = aqxy + anxs € Xy,
but this linear combination is also an element of X, hence
h(onzy + aos) = arh(xy) + agh(xs)
yielding:
(h] Xsa) (121 + axs) = a1 (h| X)) (1) + o(h| Xsa) (22)

2. h continuous = p(h) = h|X,, is continuous
3. he S(X) = h(e) =1,
€€ Xsa: 1 =h(e) = (h|Xsa)(e) = o(h)(e) = (h|X)(e) =1.
By 1, 2 and 3 we get:
h|Xsa S (Xsa)d7
hence ¢(S(X)) C (Xs0)?
4.  is injective:
Vf, g€ S(X): let be
(,O(f) = f|Xsa = g|Xsa = cp(g)
We want to show: Vo € X : f(x) = g(x), hence f = g:
(a) € Xoa: f(2) = (f1Xsa)(2) = (9] Xsa)(x) = g(2)
(b) z € X\ Xy : x =21 +ixe, 11,22 € Xy f, g are linear on X:
f(@) = f(z1) +if (22), g(z) = g(z1) +ig(z2),
but:
T1, Ty € Xso = f(21) = g(21), f(22) = g(2)
showing f(x) = g(x) and hence, finally f = g.

5. We show that ¢ is surjective too.

Vh € (X,q)% we define the function h:

Vee X : x=x+ 1%, T1,T2 € Tgy;

h:X —C: hz)=h(x) +ih(zs)

Lemma 4.8 he S(X) and o(h) = h| X, = h
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(a) h is linear.
We know that A is linear.
Ve,y € X, Vo, € C:

We can write:

T = T +1T2, Y=y + 1Yo
a = oy + tag, B =B+ ifs

Now we can compute azx + Sy in X:

ar + By = (a1 +iag) (1 +ixe) + (81 + i62) (y1 + iy2)
= 121 + 1ex) + 10T — o + Biyr + iP2yr + 151y2 — Baya
= oT1 — %2 + Bry1 — Baye +i(exy + arws + oy + Piye) -

Then follows:

hox + By) = hlonzy — asxs + Bryy — Poya) + ih(anxy + ons + Boyr + B1ys)
= a1h(z1) — agh(xs) + B1h(y1) — B2h(y)
+iagh(xy) + i h(z2) + iBah(y1) + iB1h(y2)
= (aq +iag)h(z1) + (icg + i ag)h(xg) + ...
= (o1 + 1) h(z1) + i + i) h(z2) + . ..
= (g +iag)(h(z1) + ih(x) + .
= ah(x)+ ... ;

hence h is linear:
h(ax + By) = ah(z) + Bh(y),

h is continuous on X: let be (z,) a sequence from X, z € X and ||z, — z|| — 0 for
n — —+o0; let further be:

Vi oz, =2l +ird, v =1 +ivy

we want to show:

h(x,) — h(z) :

by proposition 4.5 we get: x, — r < z} — x; and 72 — 5 yielding:

h(xn) = h(z)) +ih(22) — h(xy) +ih(xy) = h(x),

since h is continuous on (X, || - ||)-
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(c) iL|X3a =h: VreX,: v=x+1i-0, hence:
(M Xe)(x +17-0) =h(z+1i-0) = h(z) +ih(0) = h(z),
since 0 € X, and h is linear yields: h(0) =0

(d) h(e) =1: e € Xy = h(e) = (h|X,a)(e) = h(e) = 1 by (c).

By a well-known theorem of the C*-algebra-theory follows by (a), (b) and (d) that &
is positive, yielding by another theorem:

1]l = he)

and hence we have ||A]| = 1 too.

Thus we have shown:
he S(X)and o(h) =h.

Hence indeed we got: ¢ : S(X) — (X,,)? is injective and surjective.
Lemma 4.9 ¢: (S(X),7,) = (Xw@)? 1) is continuous.

Proof. Let be (h;) a net from S(X), h € S(X) and h; 5 h; we want to show that o(h;) =
©(h) holds: Vz € Xg,, then x € X too and thus h;(x) — h(z) in R. Now,

p(hi)(x) = (hi| Xsa)(x) = (7] Xsa)(2)

since x € X,,. Hence
.

p(hi) = o(h) in (Xa)!
Finally we must still show:

Lemma 4.10 ¢: (S(X),7,) — (X)) 1) is open:

Proof. Let G C S(X) be 7,-open, we show: ¢(G) is 7,-open in (X,)% let be h € ¢(G) and
(hi) a net from (X,,)? such that hy, =3 h.

¢ is bijective, hence there exists g € G,
Vi g € S(X):0(9) =h = 9| X, Yk : 0(gk) = gr| Xsa = i -

Now we want to show:
G B gin S (X):

(a) Vo € Xs @ g(z) = (9| Xsa)(@) = @(9)(x) = h(x); VE : gr(x) = hg(x). Hence
hi(z) — h(x) meaning that holds:

gr(x) = gon X, .



22

(b) Vo € X\ X : ® =21 +ixe, x1, 22 € Xg; by (a) we get:

gr(x1) = hy(x1) — h(x1) = g(21),
ge(w2) = hp(x2) — h(x : 2) = g(72)
= gr(r1) + igr(z2) = g(x1) + ig(22) .

Now g € S(X) and Vk : g, € S(X) showing that these functions are linear:

r =1 +irs = g(v) = g(x1) + ig(w2),
=g

Yk gi(z) = gr(my) + igr(as)

But then follows:

gx(z) — g(x) on X\ X, and thus from (a), (b) we get:
g(r) = g(x), Ve € X, gp B g.

Since g € G and G is Tp-open there exists k,:

Vk >k, : gr € G showing that holds:
vk 2 ko : Qp(gk) = hk € @(G)7

hence ¢(G) is T-open in (X,,)%.
Final proof of proposition 4.5. By lemma 4.7, 4.8, 4.9 and 4.10

¢ (S(X), 1) — ((Xsa)dva)
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is bijective, continuous and open yielding that ¢ is a topological map onto (X,,)¢ and thus

(S(X),7,) and ((X4)? 7,) are homeomorphic.

Corollary 4.11 The first dual space of X, is a Hausdorff and compact topological space

w. 1. t. the pointwise topology T,.

Proof. We know that the state space (S(X),7,) is a compact and Hausdorff space.

We come now back to the second dual space 4.3 of X,:

(Xsa>dd = (C<((Xsa)d’ Tp)u (Ra TH)>, /~L)
- (Cb(((XSa)d> Tp)v (Rv TH))a ,u)
= (C’b((S(X)7Tp>’ (R’TH))?VJ) )

where Cy(+, ) of course means the space of bounded and continuous real functions.

Then for u we can choose the sup-norm and hence the uniform topology.

We state now:
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1. (Xsa, | - ]]) (and S(X),]| - ||) and (R, |- |) both are real Banach spaces.

X,q and R both have a multiplicative unit. Hence both spaces belong to the same class

of spaces.

2. (Xsa, || - 1]) and ((Xs0)®, | - |lsup) are real Banach spaces; both have a multiplicative

unit. X, (Xsa)dd belong to the same class of spaces.

We still need a lemma.

Lemma 4.12
Vo € Xy ||2|| € o(2).
Proof. 1. 0 € X, but 07! does not exist and hence ||0]| = 0 € o(0).

2. v € X5pand x #0; z € X, = o(x) C R and z is normal and thus:
r(z) =s=sup{|z[]A € Rand A € o(z)} = |z| .

lz|| > 0 = 3 sequence (A\,) : Vn: A, € (o(x), ||z||) such that A\, — s.

o(z) is Hausdorff and compact and thus o(x) is sequentially compact and Hausdorff
too since (X, || -||) is a metric space. Thus we find a subsequence (\,,) of (\,) and
A€ao(x), A>0: A\, — A, but also \,,, = s = ||z, implying A = ||z|| € o(z).

4.3 Proof of the Kadison embedding theorem

Theorem 4.13 Let X be an unital C*-algebra. Then holds:

L (Xl D) = (X)) = (Co(Xaa)?, 1), (R 7). 7)) i amisometric

and isomorphic map onto (X,,)%

2. J(X.,) separates the points of (Xsq)?
3. J(Xs) is a closed subspace of (Xq)™

Proof. By corollary 4.1 of [1], p. 284 we get: J(X,,) C (X)%™. Now

(X)) C X!, ={h: X,, — R] his linear and & is continuous}
vh e X{, 39 € S(X) : ¢(g) = glXea = h;

hence

1]l = llg1 Xsall = sup{|g(@)||2 € 24, and
]l < 1} < sup{|g(@)|| z € X and ||lzf| < 1} = [lg]| =1
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and thus ||h]| < 1.

But then we can apply proposition 4.3, p. 287 of [1|. At first we get:
Vo € Xt |(@)[lsup < []] -

Moreover we have:

Ve € Xg, x # 0, by lemma 4.12 we know: either ||z|| € o(x) or —||z|| € o(z). Let us
consider —||z||: there exists h € S(X) : h(z) = —||z]; but z € X,u = h(z) = h|X.(2)
showing that h|X,, € X§, and h|X.(z) = — ||, implying |1 X (@) = [=[|2[|] = [|lz[| and
hence ||z|| < |h|Xsa|. Of course this last result we get also if ||z|| € o(x). This implies by

the above mentioned proposition that holds ||z| < ||J(z)||sup- Hence we have:
Vo € Xt [[J(@)]lsup = NIl

yielding that J : X, — J(X,,) is an isometric map.

Now J is then an injective map onto J(Xs,) and thus the homomorphy theorem 4.4, p. 284
of [1] shows that J is an isomorphic map for real Banach spaces too, meaning that point 1.
of our theorem is proved, but only for J : Xy, — J(Xq).

Proposition 4.3 of [1] shows also 2.. J(X,,) separates the points of (X,,)%.

Since J is an isometric map J is an uniform isomorphy too, yielding that J(Xj,) is a complete
subspace of (X

Y- ) since X, is complete.

Thus we proved 3.:
J(X,q) is a closed subspace of (X,,)%.

Concluding we find:
e € Xyo = wle, ) € (Xe)™, but: Vh € (X.): wle,-)(h) =hle) =1,

showing that the constant function w(e,-) = 1 belongs to J(X,).
But this result together with assertions 2., 3. shows that J(X,,) = (X,.)% by the theorem

of Stone-Weierstrass.

Now our proof is complete.

Concluding remarks We consider our basic assumptions 2.3, 2.5 and 2.11:
(1) X and Y belong to the same class of spaces
(2) Y always has a topology

(3) X and X9 are in the same class of spaces
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As we have shown in our text the general procedure runs as follows:

We start with the space X and want to define the second dual space of X and to embedd X
into X% using the canonical map J. To do so we must choose a suitable space Y such that
(1) is fulfilled. Then we can define the first dual space X< of X with respect to Y, where (2)
holds. According to the properties of X¢ we are able to define the second dual space X of
X w.r.t. Y such that (3) is fulfilled and J : X — X9 embedds X into or onto X%,
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LAURE CARDOULIS

An inverse Problem for a parabolic System in an
unbounded Guide

ABSTRACT. In this article we consider a two-by-two parabolic system defined on an un-
bounded guide with coefficients depending both on the space variable and on the time vari-
able. The main aim of this paper is to obtain a stability result for the coefficients depending
on the space variable. Using Carleman inequalities adapted for the guide, we obtain Holder
estimates of these coefficients in any finite portion of the guide with boundary measurements,

given two sets of initial conditions.

KEY WORDS. inverse problems, Carleman inequalities, heat operator, system, unbounded
guide

1 Introduction

Let w be a bounded connex domain in R™~!, n > 2 with C? boundary. Denote Q = R x w
and Q@ = Q x (0,7), ¥ =90 x (0,T). We consider the following problem

Ou = Au + apru + Bosw + g1 in Q,
Ow = Aw + Ypzu + 0pw + go in Q)
u(.,0) = ay, w(.,0) =ayin €,

u=as, W=a4in X,

(1.1)

where «, 3,7, are bounded coefficients defined on €2 such that
a,B,7,0 € Mi(Mo) = {f € L=(), || fll =) < Mo} for some My > 0,
and ¢1, 2, ¢3, 4 are bounded coeflicients defined on [0, 7] such that for ¢ =1,--- /4

¢; € A?(Mo) = {f € Cl([(),T])a f(%) # 0 and ||f||01([0,T}) < Mo}-

The main problem is to estimate the coefficients («, 3,7, d) from boundary observations of

(u, w).
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We will consider two sets of Cauchy and Dirichlet conditions A and B and denote

G = (g17g2)7 A= <a17a27a37a4)7 B = <b17b27b37b4>7 pP= (04757%57 ¢17¢27¢37¢4)7

ﬁl = (627 57 %7 g? ¢17 ¢27 ¢37 ¢4)7 p~2 = (Oé, ga %7 ga 9517 ¢27 ¢37 ¢4)7 P~3 = (OK, 67 5/7 87 ¢17 ¢27 ¢37 (;54)
(1.2)
Let two positive reals [, L be such that [ < L. Denote

Qp=(-L,L) xwand = (—1,]) xw

The first result of this paper gives a Holder stability result (3.4) for the coefficients «, 3,7, d
and is the following (see Theorem 3.1)

o — 07”%2(91) + 18 - 5”%2(91) + v - 7”%2(91) + 6 — 5”%2(91)

1

SK(/ ( > (10,(0F (wa — @))* + 10, (0F (wa — @a))I) do dt

0,T) p—o

1

/ Z F(ug — Up))|* +0,(0f (wp — wp))|*) do dt))

Lx(0,7) =g

where K is a positive constant, x € (0,1), 7. is a part of the boundary (see (2.2)), and
assuming that the hypothesis (3.3) is satisfied. We consider in the above result Vi = (u4,w4)
(resp. Vi = (U4, W4)) a solution of (1.1) associated with the coefficients (p, G, A) (resp.
(p1, G, A)) and Vg = (up,wp) (resp. Vi = (Up, Wg)) a solution of (1.1) associated with the
coefficients (p, G, B) (resp. (p1,G, B)) where A is a set of Cauchy and Dirichlet conditions
and B is a suitable change of initial and boundary conditions. The above result is an
improvement of results obtained in 5] with different and less restrictive hypotheses but with
two choices of Cauchy and Dirichlet conditions A and B. In abbreviated form we will call
A and B the two sets of initial conditions. It is an improvement because on one hand the
hypotheses, though quite differents, are easier to satisfy than in [5] and on the other hand
there are no observation terms of the solutions (u,w) at a fixed time on the right-hand side
of the estimate, such as ||(ua — @4)(., 2)||H2 () (see [5]). The idea of choosing two different
sets of initial conditions can be found in [2] for a hyperbolic equation in a bounded domain
(see also |0] for a hyperbolic system).

A consequence of the above result is given in Theorem 3.2 where the measurements are given

for only one component (for example u) and is the following (see (3.6))
lov = @ll720y) + 18 = Bllz2iny + 17 = W72y + 116 = 0l 720

<K (”UA - @A\|§{2([0,T1,H2(me)) + |lua — ﬁA”%{l([O,T},H‘l(w’OQL))
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+lup — ﬂBH%ﬂ([O,T},H?(w’ﬁQL)) + [lup — aB”%ﬂ([O,T},H‘l(w’ﬂQL))

1

+/YLX(07T) ;Ha ( (UA - UA))‘ + |8 ( (uB — u3))|2) do dt))

where K > 0, K € (0,1) and ' is a neighborhood of v, &' being a subdomain of € such
that v, C Ow’, and assuming that &« = @ and 8 = § in w’. We can relax the hypothesis that
the coefficients o and 3 are supposed known in w’ when these coefficients are in H*(£2) and
we obtain a similar result with the L2-norms replaced by the H?-norms for the coefficients
a and [ on the left-hand side of the above estimate and additional terms such as |[(ua —
). %)H%{‘l(m) on the right-hand side of this estimate (see (3.7)).

The third result gives a Holder result (3.10) for the coefficients ¢4, 3,7, 0 (assuming also
that ¢; € C*([0,T])) and is the following (see Theorem 3.3)

ZH@ = oD z20my + 18 = BllZay + 117 = gy + 18 = 81|72,

1
- T _ T
<K (Z(H@’“(m =) ) + 108 (s = @8)(, 5)l0,)
k=0

- T - T _ T
+107 (wa = @a) (5 S)z20,) + 107 (us = @) (5 F)2(,) + [ (wa = @A) (s )z

s =) iy + (0~ B 10,00k e~ ) do
YL x(0,T) r_qo

2

+/YL><(0T) %Qa ( ( Uup _UB))| + |8 (a (wB _wB))|2) do dt))

where K is still a positive constant, x € (0, 1), and gzgl belongs to a set of admissible coeffi-
cients (namely As(Ms), see (3.8)). In the above case we denote Vi = (ua,wy4) (vesp. Vi =
(wa,wa)) a solution of (1.1) associated with (p, G, A) (resp. (p2, G, A)) and Vg = (up, wp)
(resp. Vg = (@i, Wp)) a solution of (1.1) associated with (p, G, B) (resp. (p2,G,B)). So
this third result gives a determination of one coefficient depending on the time variable. Be
careful that the meanings of f/A and VB are not the same in Theorems 3.1 and 3.2 on one
hand and Theorem 3.3 on the other hand.
Finally the fourth theorem gives a Holder result (3.11) for the following reaction-diffusion
system
Ou = Au+ apru+ foow + 01 - Vu+ 0y - Vw +¢g; in Q,
Ow = Aw + ypsu + 0w + O3 - Vu+ 04 - Vw + g2 in Q,
u(.,0) = a1, w(.,0) =ayin €,

u=as, W=a,in X,

(1.3)
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where all the coefficients «, 8,7, 9, @1, @2, 3, G4, O1, O2, O3, O4 are bounded. We present here
a result for the four coefficients 3,7, d,©; (and assuming that ©; has the form ©; = V&).

So denote now

O =(01,-+,04), ©=(0,0,,06386,). (1.4)

We get the following result

18 = BliZz(0y) + Iy = FZ20y + 18 = 0172, + 191 = Orll w2y

. T . T
K (n(uA =) )Wy + s = 8)C 5 s

/ Z 10,(0F (wa — @a))|* + 10, (0f (wa — 0a))|?) do dt

Lx(0,T) p—g

—I—/LX(OT) ;ﬂa L (OF (ug — 1p))|* + |0,(0F (wg — wg))|*) do dt))

where K is a positive constant, x € (0,1). This time we denote V4 = (ua,wa) (resp.
Vi = (U, W,)) a solution of (1.3) associated with (p, G, A, ©) (resp. (g3, G, A,O)) and
Vs = (ug,wg) (resp. Vg = (g, Wg)) a solution of (1.3) associated with (p, G, B,©) (resp.
(63, G, B,©)).

Note that all our results imply uniqueness results. Up to our knowledge, there are few results
concerning the simultaneous identification of more than one coefficient in each equation (see
for examples [1, 2, 5, 6, 9, 10]) and note that in these papers the coefficients only depend
on the space variable. Also notice that there are very few results where the measurements
are given with only one component. Here the first and fourth theorems (Theorems 3.1 and
3.4) extend some results obtained in [5, Theorem 3.2] but with hypotheses (see (3.2) and
(3.3)) less restrictive than in [5]. The second result (Theorem 3.2) gives a result for four
coefficients depending on the space variable and with measurements of only one component.
The third theorem (Theorem 3.3) also gives a result for four coefficients but one of each
depending on the time variable. Furthermore, usually the papers investigate the case of
bounded domains and give results with observations on a subdomain of the domain (see for
example [1, 2, 10]). Here we present results with observations on a part of the boundary
(see Theorems 3.1, 3.3, 3.4). Besides, because of our unbounded domain and our choice
of weight functions (2.3), we will use cut-off functions in time and in the direction z; (see
for example [12] where cut-off functions are removed but in a bounded domain). Finally,
usually the results have observations terms with data of the solution at a fixed time (such
as ||(ua — aa)(., %)H%IQ(QL), see for example |5, 7, &]). We have been able to remove them
in Theorems 3.1, 3.2i) thanks to the properties of the weight functions. So the theorems

presented here give stability results for four coefficients for a system defined on an unbounded
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domain, with boundary measurements in Theorems 3.1, 3.3 and 3.4, measurements for only
one component in Theorem 3.2, with a time variable coefficient in Theorem 3.3. These
results extend previous results for one equation [7, 8] or for a system [5| defined on an
unbounded guide. Last we recall that the method of Carleman estimates used for solving
inverse problems has been initiated by [3].

This Paper is organized as folows: in Section 2, we recall the weight functions adapted for
our unbounded domain and the Carleman estimate (2.6) as well as the crucial inequality

(2.4) for our Holder estimates. Then in Section 3 we state and prove our results.

2 Carleman estimate

Denote Qr = Qp x (0,T) = (—=L,L) x w x (0,T), x = (1, ,x,) € R", 2/ = (29, , 1)
and define the operator

Apu = dyu — Au.

Let [ > 0, following [7] we are going to carry out special weight functions allowing us to
avoid observations on the cross section of the wave guide in our inverse problem. For this
we consider some positive real L > [ and we choose ¢ = (a;,a’) € R™\  such that if

d(z) = |2/ — d')? — 22 for & € Qy, then
d>0inQy, |Vdl>0inQy. (2.1)
Moreover we define
I'p={x€dQ,<z—a,v(x) >>0} and v, =1 N . (2.2)

Here < .,. > denotes the usual scalar product in R™ and v(z) is the outwards unit normal
vector to 02y, at x. Notice that ~; does not contain any cross section of the guide. From
[14]-]15] we consider weight functions as follows: for ¢ € (0,T), if My > supy,(t—T/2)? =
(T/2)?,

2
Yz, t) = d(z) — (t — g) + M, and ¢(z,t) = M@0, (2.3)

The constant A > 0 will be set in Proposition 2.2 and is usually used as a large parameter
in Carleman inequalities. Since we will not use it, we will consider A fixed in the article. We

recall from [7] and [3] the following result.

Proposition 2.1 There exist T >0, L > 1, a € R"\ Qp and € > 0 such that (2.1) holds

and, setting

Ope = (Qr % ((0,2) U(T — 26, T))) U (=L, —L + 2€) U (L — 2¢, L)) x w x (0, T)),
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we have
d1 < do < dg (24)

where
do =1inf ¢ (-, 0), dy = sup ¢, dy =sup¢(-,0) and@zz.
Q Op.c a 2

From now on and from simplicity we denote 6 = % throughout the paper. These two above
estimates (2.4) will be fruitful in Section 3 to solve our inverse problem. In the sequel C' will
be a generic positive constant. When needed, we will specify its dependency with respect
to the different parameters. We will use the following notations: Let o = (aq, -+ ,a,) be a
multi-index with o; € NU{0}. We set 0% = 07" --- 99", |a| = a4 + - - - + o, and define

H*(Qr) ={u e L*(Q), 000" u € L*(Qr), |a| + 200,41 < 2}

endowed with its norm

lullizig,y = D> 10508 ullaq,)-

lal+20m 41 <2

We recall now a global Carleman-type estimate proved in |7, Proposition 4.2] or in |8, Propo-
sition 3|, based on a classical Carleman estimate (see Yamamoto |11, Theorem 7.3]). The key
difference with the classical Carleman inequality in |14, Theorem 7.3] is to remove, on the
cross-sections of €17, the boundary condition and the observation. For that we need cut-off
functions in time. On the other hand, to manage our infinite wave guide we also need to con-
sider cut-off functions in space but only in the infinite direction x;. These cut-off functions
will induce additive terms coming from the commutator between the evolution operator and
these cut-off functions. Let x,n be C* cut-off functions such that x, Vx, Ax € A;(My),
0<x<1,0<n<l1,

x(x)=0ifx € ((—o0,—L+€) U (L —€,+00)) X w),
x(x)=1ifx e (—L+2¢ L —2¢) X w,
n(t) =0ift € (0,e) U (T — e, T), n(t) = 1if t € x(2¢,T — 2e). (2.5)
with e defined in Proposition 2.1.
Proposition 2.2 |7, Proposition 4.2| There exist a value of A > 0 and positive constants
so and C = C(\, sg) such that

I(u)z/ (S%)(|atu|2+|m|2)+s¢ |vu|2+s3¢3|u|2) e*0dx dt
Qr

< Clle* Agull T2,y + Cs e |ull 3z, + Cs/ on |0,u|?e**?do dL, (2.6)
L XU,

for all s > sy and all u € H>*Y(Qr) satisfying u(.,0) = u(.,T) = 0 in Qp, u = 0 on
(02N QL) x (0,T). We denote d,u = v - Vu and recall that Agu = Oyu — Au.
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Since the method of Carleman estimates requires several time differentiations, we assume
in the following that u,w (solution of (1.1) or (1.3)) belong to H = H?([0,T], H*(Q)) N
W2<(Q x (0,7)) for Theorems 3.1, H = H3([0,T], H*(Q)) N W4 (Q x (0,T)) for Theorem
3.2, H = H3([0,T], H*(2)) N W3>°(Q x (0,T)) for Theorem 3.3, H = H*([0,T], H3(Q2)) N
W3><(Q x (0,T)) for Theorem 3.4, satisfying the a-priori bound

|ulls < My and |Jwl||y < M; for given My > 0.

From now on, we use the notation f(6) = f(.,0) for any function f defined on Q.

3 Inverse problem
3.1 Preliminary lemmas

From |11, Lemma 4.2], we derive the following result, also used in [7] or [5, Lemma 3.1].

Lemma 3.1 There exist positive constants s, and C such that

/ 9O (f(9))? dr < Cs / e f2 da dt +§ (0, f)* du dt
Qr L QL

for all s > sy and f € H'(0,T; L*(Q1)).
For the sake of completeness, we recall its proof.

Proof. Consider 7 defined by (2.5) and any w € H(0,7;L*(Q2r)). Since n(f) = 1 and
n(0) = 0, we have

/ (x9)2dx—/((6) (2,6)) dx—/QL/at Bw(z, £)[2)dt dz

_2/ /Q w(z, ) (x, t)dz dt+2/ /Q Dom®)|w(z, 1) [2dz dt.

As 0 <7 <1, using Young’s inequality, it comes that for any s > 0,

/ w(x,0)? dr < CS/ lw|*dx dt + ¢ |Oyw|*dx dt. (3.1)
Qr L S JQr

Then we can conclude replacing w by €*¢ f in (3.1). O
The following lemma will be only used for Theorem 3.4. It is a classical lemma for a

first order partial differential operator but which necessites a strong positivity condition

(3.2). This condition is nevertheless weaker than the one used in [8] or [5] (which was
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IVd-Va(0)| > R > 0 in Q). So we follow an idea developed in |13 for Lamé system in

bounded domains, also used for example in ] or in [5]. The lemma below will be used in
the proof of Theorem 3.4 with (vy,--- ,v4) = (0p(0), 4a(0), w4(0), Gp(A)). Recall that d is
defined by (2.1).

Lemma 3.2 Assume that the following assumption
[0y Vd - Vg — 03Vd - Vog| > R in Qp, for some R > 0 (3.2)

holds. Consider the first order partial differential operator Pf = v1V f - Vuy — v3V f - Vuy.
Then there ezist positive constants s; > 0 and C > 0 such that for all s > ),

82/ 62s¢(0)f2 dr < O/ 623¢(9)|Pf’2 d.T,
QL QL
for all f € H}(Qy).

Proof. The proof follows [3] or [5]. Let f € H}(Q). Denote w = e f and Qu =
es?O) P(e=59O) ). So we get Qu = Pw — sA¢(0)w(Pd). Therefore we have

/Q Quf? dz > $2A2 /Q (OO (PA dr =21 [ o) (Puju(Pd) de.

/ 1Qu|? dz > s°)\? / (6(0))*w*(Pd)? dz — sX | ¢(0)(Pw?)(Pd) dx.
Qr Qp 1955

Thus integrating by parts

/Q 1Qu|? dz > s2\? /Q (0(0))*w?(Pd)? dx + sA / WV - (¢(0)(Pd)(v1Vvy — v3Vuy)) da.

Qr

And we can conclude for s sufficiently large. m

3.2 Statements of results

3.2.1 First result Consider V4 = (ua,w4) (resp. Vy = (Ua,wa)) a strong solution of
(1.1) associated with (p, G, A) defined by (1.2) (resp. (p1,G, A)) where A is a set of initial
and boundary conditions. Consider also Vi = (up,wp) (resp. Vg = (iip,Wp)) a strong
solution of (1.1) associated with (p, G, B) (resp. (p1,G, B)) and where B is another set of
initial and boundary conditions. Assume that all the coefficients «, 5,7, 9, &, B, 7, 5, belong
to A1(My) and all the coefficients ¢; to Ay(My) (for i =1,--- ,4).

Our main result is the following
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Theorem 3.1 Letl > 0. Let T >0, L > 1 and a € R™\ Q satisfying the conditions of

Proposition 2.1. Assume that
[ia(-, 0)wp(-,0) —up(-,0)wa(-,0)] > R in Qp for some R > 0. (3.3)

Then there ezists a sufficiently small number 19 > 0 such that if T € (0,7),

1

S [ 0 = )P 0000 — )

k=0
+|8,,((?f(u3 — ’&B))|2 + |81,(8f(w3 — TI)B))P)dO' dt S T

then the following Hdélder stability estimate holds
llae = @[3z + 118 = BllZ20 + 17 = AllZ20 + 16 = 0l 720y < K7 for all 7 € (0,70). (3.4)

Here, K > 0 and k € (0,1) are two constants depending on R, L, I, My, My, My, T and a.

3.2.2 Second result As a consequence of Theorem 3.1, we can give a stability result
with measurements of only one component. Theorem 3.2i) gives an estimate of the four
coefficients a, 3,7, € L*(Q2) when o = & and 8 = Bin a neighborhood w’ of the boundary
of interest 7;. That means that these two coefficients o and 3 are supposed known in w’.
We relax this last hypothesis in Theorem 3.2ii) where an estimate of these four coefficients
is given for o, 3 € H*(Q). Consider Vi = (ua,wa) (resp. Vi = (iia,4)) a strong solution
of (1.1) associated with (p,G, A) defined by (1.2) (resp. (p1,G,A)). Consider also Vp =
(up,wg) (resp. Vg = (iig,wp)) a strong solution of (1.1) associated with (p, G, B) (resp.
(p1,G, B)). Assume that all the coefficients o, B,7,6,a,5,7,8, belong to A1(Mp) and all
the coefficients ¢; to Ao(My) (for ¢ = 1,---,4). For Theorem 3.2ii) we also suppose that
0, 8,6, 5 € N(Mo) = {f € H(Q), |f Il < Mo} and ¢: € C2([0,T)).

Theorem 3.2 Letl > 0. Let T >0, L > 1 and a € R™\ Q satisfying the conditions of
Proposition 2.1. Let w' be a neighborhood of vyr, w' C Qpic such that v, C 0w, Ow' being
C?. Assume that the hypothesis(3.3) holds and that we also have

|Béa| > R >0 in Qy. (3.5)

i) We suppose that « = & and = B in W'

Then there exists a sufficiently small number o > 0 such that if T € (0,7),
Jua — @allfzgomy, a2y + 10a = @allin o m1wnoy)

"‘HUB - ﬂBH%{Q([O,TLHQ(w’ﬂQL)) + ||UB - ﬂB|’12LI1([0,T},H4(w'mQL))
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+/ 0TZ|6 A_UA))|2+|8( ( B_“B))|2) do dt <t

then the following Hélder stability estimate holds
loe = @720y + 18 = Bl + 17 = iz + 16 = 0l 72y < K7 for all 7 € (0, 7).
(3.6)

ii) We suppose that o, B,é, 5 € H(S).
Then there ezists a sufficiently small number 19 > 0 such that if T € (0,79),

[(ua —ta)(, 9)“%{4(%) + [[(up —@B)(, 8)”?{4(9,;) + flua — aA||12LI3([O,T},H2(w’ﬂQL))

+lua - aAH%T?([O,T],H‘l(w’mQL)) + [lup — &’BH?ﬂ([O,T],H?(w’mQL)) + [lup — aBH?ﬂ([O,T],H‘*(w’mQL))

+/ Z 10,(0F (upg — @a)) >+ |0,(0F (up — 1up))|*) do dt < T
YL X OT
then the following Hoélder stability estimate holds

o= a1 = Blldmqay) + 1y = 130 + 18 = Bl122(0y < K7 for all 7 € (0,m).
(3.7)

Here, K > 0 and k € (0,1) are two constants depending on R, L, I, My, My, My, T,
90l (c1 () and a.

3.2.3 Third result Now we present a result for the four coefficients (¢1, 3,7,d). We
consider here V = (u4,wa) (resp. Vi = (fia,104)) a strong solution of (1.1) associated
with (p, G, A) defined by (1.2) (resp. (2, G, A)). Consider also Vi = (up,wg) (resp. Vg =
(up,wp)) a strong solution of (1.1) associated with (p, G, B) (resp. (ps2,G, B)). Assume
that all the coefficients a,ﬂ,’y,d,@,’y,g, belong to A;(My) and all the coefficients ¢;, b1 to
Ao (My) (for i =1,--- ,4). Let the set of admissible coefficients

As(Mz) = {f € C*([0, 7)), |07 (f — ¢1)(t)| < M3|(f — ¢1) ()| for all € [0,T]}  (3.8)

with M3 a positive constant.

Our result is the following.

Theorem 3.3 Letl>0. Let T >0, L > [ and a € R™\ Q satisfying the conditions of
Proposition 2.1. We suppose that ¢; € As(Ms). Assume that Assumption (3.3) holds and
that

la| > R >0 in Q. (3.9)
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Then there exists a sufficiently small number o > 0 such that if T € (0, 7),
1
D 108 (wa = @a) (0|2, + 10F (up — @5) (- 0) Fr2(a,)) + 107 (wa — @) (- )72,
k=0

+H07 (up — 5) (-, 0)l[120,) + | (wa = Wa) (. O)li2(0,) + (w5 = 05) (- )20y
2

+/ (OT)Z(’a( (UA_UA))|2+’6( (wA—"LZ)A))|2) do dté’r’

then the following Hdélder stability estimate holds

2
Hﬁ‘ﬁ“%%ﬂl)"‘||’Y—’~V||%2(Ql)"‘H(S—‘SH%?(QZ)"‘Z ‘|a§<¢1_¢1)|’%2(0,T) < K7 for all 7 € (0,7).

i=0
(3.10)
Here, K >0 and k € (0,1) are two constants depending on R, L, I, My, My, My, M3, T, a

Remark 1 e Notice that the hypothesis q§~1~€ A3(Ms3) is satisfied when = C?([0,T])
is such that ¢1(6) # ¢1(f) and SuPtel[z’nge‘fizl(;)Tl)(t)‘ < Ms;. Moreover note also that if ¢; €
C2([0,T7) is such that ¢1(0) # ¢1(6), then if we denote fi = ¢y — ¢y, we have fy(8) # 0.
Therefore t — |1 3 (0)| is bounded on [0, 7] so there exists a positive constant C such that
for all t € [0,T7], |f1(t)] < Co|f1(#)|. Similarly there exists a positive constant C; such that
10:f1(t)| < C1|f1(6)| and there exists a positive constant Cy such that |02 f1(¢)| < Col f1(6)].
Note also that if ¢; € Ag(Ms) and ¢1(6) = ¢1(8), then 9?(¢y — ¢1) = 0 in [0, T]. Therefore
1 has the form ¢, (t) = ¢1(t) + k(t — 0) with k any real.

e Moreover if the function ¢; is more regular, for example if ¢; € C?([0,T]) with p > 2, then

Theorem 3.3 is still valid with a more generalized admissible set of coefficients Aj(M3) =
{f € CP([0,T)),|107(f — &) ()| < Ms|(f — ¢1)(0)| for all t € [0,T]}. But in this case, be-
cause of our method, the observations terms at the fixed time 6 on the right-hand side of
the estimate (3.10) would demand more regularity.

e On the contrary, we can relax some of the observations terms on u (u4 and @,4) at 6 on the
right-hand side of (3.10) and only have ||(u—u)(-,6)]? ir2(a,) Put for a more restrictive admis-
sible set of coefficients A4 (M) = {f € C*([0,T]), |0:(f — 1) ()| < Ms|(f—¢1)(9)] for all i =
0,1,2 and t € [0,T]}.

3.2.4 Fourth result Finally, we consider the system (1.3). Consider V4 = (u4,wa)
(resp. Vi = (@ia,4)) a strong solution of (1.3) associated with (p, G, A, ©) defined by
(1.2) and (1.4) (resp. (g3, G, A,©)). Consider also Vg = (up,wg) (resp. Vz = (ig,up))
a strong solution of (1.3) associated with (p, G, B,0) (resp. (ps, G, B,0)). Assume that
all the coefficients «, 3,7, 6, 3,7, 0, belong to A1 (Mp) and all the coefficients ¢; to As(My)
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(for i = 1,---,4). Moreover we suppose that ©;,0; belong to (A;(My))" N (L*(Q))" (for
i=1,---,4) and there exist functions &, &1 such that

@1 == V&, 61 = Vé in €.

Theorem 3.4 Letl>0. Let T >0, L > [ and a € R™\ Q satisfying the conditions of
Proposition 2.1. Assume that Assumptions (3.2) and (3.3) are satisfied with (vy,--- ,v4) =
(wWp(+,0), tal-,0), wa(-,0),up(-,0)).

If & = & and ©1 = ©1 on 0Q N OQy, then there exists a sufficiently small number 19 > 0
such that if T € (0,7),

1

Z/ © T)(|au<af(u,4 - ’ELA))|2 + |ay(af(w14 — 'LZJA))|2 + |8V(af(u3 _ @B))|2

k=0
+0,(0f (wp — w))[*)do dt + || (ua = @A) (-, 0) 530 + 1(up = @5) (- O)Fp,) < 7

then the following Hoélder stability estimate holds
18 — BH%Q(QZ) + v - ﬁ”%%nl) + 16 — SHZLQ(QZ) +1181 = Ol (2@ < K7 (3.11)

for all T € (0, 7).
Here, K >0 and k € (0,1) are two constants depending on R, L, I, My, My, My, T and a.

3.3 Proofs of theorems

3.3.1 Proof of Theorem 3.1 Let Vy = (u4,w4) (vesp. Vy = (T4, W4)) be a solution of
(1.1) associated with (p, G, A) (resp. (1, G, A)) and Vi = (up,wp) (resp. Vi = (Up, Wp))
be a solution of (1.1) associated with (p, G, B) (resp. (p1,G, B)). We decompose the proof
in several steps.

e First step:

Denote V = (u,w) = Vy, V = (@, %) = V, and

U=u—ta, W=w—-w, a=a—a.b=8-8, c=v—7, d=6—0. (3.12)
Then (U, W) satisfy the following system

8tU =AU + a¢1U + /8¢2W + CL(bl’l] + b(ﬁg?j) in Q,
W = AW + ~vsU + 664W + cogii + dbyib in Q, (3.13)
U=W=0on X.

Define
Yo = nxU, 20 =nxW, y1 = dyo, 21 = Oz (3.14)
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We deduce that (y;, z;) for i = 0,1 satisfy the following systems

Oyo = Ay + agryo + Bo2zo + anx Pt + byxgew + Ry in Qp,
Ovzg = Azo + Yo3yo + 0dazo + cnxPst + dnxdaw + Ry in Qp, (3.15)
Yo = 2o = 0 on 8QL X (O,T)

with

Ri = —(Ax)nU — 20V x - VU + x0mU, Ry = —(Ax)nW —2nVx - VW + xOmW.

We have
Oy1 = Ayr + agryr + Boez + Ry in @,
Orz1 = Az +v¢3y1 + 0¢a2z1 + Ry in Qp, (3.16)
Y1 =21 = 0 on 8QL X (O,T),

with

R3 = ax0y(né1) + bx0y(ng2w) + 0: Ry + ayo0sp1 + BzoOpdo,
Ry = cx0y(ngsti) + dx 0y (ndsw) + Oy Ry + vYo 0y d3 + 0200, P4

e Second step: we estimate S (I(y:) + I(2)) by the Carleman inequalities (2.6).
Note that all the terms in Agy; or Agz; with derivatives of x or n will be bounded above
by Ce?% with C' a positive constant (see Proposition 2.1 for the definitions of d; and ds).
Moreover all the terms such as | oL e*¢y? dx dt on the right-and side of the estimates (2.6)
will be absorbed by I(y;) for s sufficiently large. So we have for s sufficiently large,

1

> (I(y) + I(z)) < C/ e?(a® + b2 + 2 + d?)\? drx dt + Ose®h

1=0 L

1
—l—Cs/ e (10wl + 10,2]%) do dt.
L x(0,T)

=0

Since €25¢ < 25900) < 2592 we get

1
Z([(yl) +1(z)) < C/ ¥ (a® + b2 + A 4 d*)x? dx dt + Os*e® ™ 4 Ose® 2 Fy(vyy) (3.17)
=0 L
with Fo(v2) = [, o) 2ico(103il* + ’3u2i|?) do dt.
e Third step: now we estimate [, ¢***?|9;f(0)]* dz and [, e*?D|Af(9)]* dx for f = yo
or f=2zpandi=0,1. By Lemma 3.1, we have (since ¢ > 1 and é > é)

C C
/Q 2s9(0 |y0( )|2 dor < CS/Q e2s%y 2 dx dt + . g e*5%y 2 dx dt < —([(yo) + 1(y1)),

C
/ 9 |0,0(0)|* dx < CS/ e* %yt dx dt + — e*?0|? dx dt < CI(yy),
Qp L QL
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C
/ 2500 |Ay (0 )|2 dr < Cs/ 62‘9‘¢’|Ay0|2 dz dt+—/ 625¢|Ay1|2 dx dt < 032(I(y0)+l(y1)).
Qr, QL S Jor

Notice that the three above inequalities are satisfied replacing (o, y1,vy2) by (20, 21, 22).
Therefore

/Q O (lyo(O) + 100 (0)1” + | Ay (0)* + |20(0) | + [3ez0(0)* + |Az0(6) ) da

< Cs? Z(I(yz‘) + 1(z:)).

So using (3.17) we deduce that

/Q 2O (lyo(0) + 10 (0)* + | Ao (0)* + |20(0)[* + 10,20 (0)[* + | Az (0)[*) da

< Cs® / e*%(a? + 0% + & + d*)x? do dt + Os’e* ™ + Cs®e® ™2 [y (7). (3.18)
L
At last in this step, denote
R = (Ry, Ro, R3, Ry). (3.19)

o Fourth step: here we estimate [, > (a® + b + ¢ + &°)x* du.

We choose now the two sets of conditions A and B and consider V4, V4, Vi and Vg. From
now on, each function f defined in the precedent steps is denoted either f4 or fp when it
is related either by the conditions A or B. Denote now Fya(y.) = Fo(vr) associated with
(Va,Va), and Fyg(y) = Fo(7.) associated with (Vz, V) (see (3.17) in the second step):

FOA 7L Z ‘alzyzA| + ’a ZzA| ) do dt FOB(’YL)

’YLX(OT) 1=0

/ Z 10,yiB|* + |0,2i5|?) do dt.
’}/LX OT

Let R4 be defined by (3.19) for (Va,Va) (resp. Rg for (V,Vz)). Multiplying the first
equation of (3.15) written for yo4 by wp and the first equation of (3.15) written for yop by

w4 and subtracting, we eliminate the term in b and we get
anx1(tiaWp — ipwa) = W(Iyos — Ayoa — ad1yoa — Bdazoa — Ria)
—WA(Oyor — Ayon — ad1yon — BPazop — Rip). (3.20)

By hypothesis (3.3), applying (3.20) for ¢ = 6, since n = 1 in a neighborhood of § we get

/ D a’\?($1(0))* da < C/ e (|aty0A( )+ 005 (0)]” + | Ayoa(0)]* + |Ayos(6)[?
Qr

Qr
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+1y0a(0)]* + 204 (0))* + |yor(0)]” + |ZOB(9)|2) dz + Ce*™.

But ¢; € Ay(My) . So from (3.18) applied for yoa, YoB, 204, 205 We obtain

/ 90 a2\ da < 032/ e*(a? +02 - +d?) x? dr dt+-CsPe* M +-Cs®e* 2 [y () (3.21)
Qrp Qr

with Fi(vr) = Foa(ve) + Fop(yr). Similarly we can replace a by b on the left-hand side of
(3.21), still using (3.15) for yoa and yop. Indeed

—bnxp2(tatp — upWa) = Up(OWos — AYoa — adp1yoa — Bp2204 — Ria)

—Ua(Oos — Ayop — adp1yop — BPazop — Rip).

So we have

/ >0 (a2 +p*)x? da < 032/ ¥ (a? + 0+ A+ d?)x? da dt +CsPe® M +Os®e® 2 Fy ().
Q QL
’ (3.22)

We do the same to obtain ¢ and d using this time (3.15) for z04 and zop and the hypothesis
(3.3). Therefore

/ 00 (2 4 d?)x? da < 032/ ¥ (a® + b+ A+ d?)x? d dt+Cs’e* M +Os* e 2 Fy ().
Qr,

’ (3.23)
Adding (3.22) and (3.23), we have

/ 62545(0)(@2 + b0+ dP)yE dr dt <
Qr,

032/ e*?(a? + U2 + ¢ + d?)x? dx dt + Cs°e® N 4 CsPe® 2 [y (7).
L

Now we proceed as in |2, 11, 12] in order to prove that s* fQL e29(a? + b2 + 2 + d?)x? dx dt
can be absorbed by the left-hand side of the above estimate for s sufficiently large (s > ss).
Indeed

T
52 / > (a® + b+ +d*)x? dv dt = / e2?0) (a4 0%+ c* + d2)x2(/ s2e20=2) qt) dg.
L Qr, 0

But ¢ — ¢(0) = —e)‘(‘Z+M1)(1 — e =%} and there exists a positive constant C' such that
2
b — ¢(0) < —C(1 — e X=0%) Therefore fOT s2e23(0=900)) gt < fOT §2e725C=e700) g -

formly in x. Moreover by the Lebesgue convergence theorem, we have

T
_ = A(t—0)2
/826 25C(1—e ) dt — 0 as s — oo.
0
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Thus for s sufficiently large, we get

/ 90 (0% 1 0% + 2 + d®)x? do < Cs”e®M 4 O3 2 F (7).
Qr,

Since e < ¢259(%) in O, and y = 1 in , we deduce that
62SdO(H(%_ON‘H%?(QZ)4’ Hﬁ—BH%?(QZﬁ’ H’V—’NYH%%QZ)"‘ H(S_SH%Q(Ql)) < O (P2 Fy(yp) +5°e>™)
which can be rewritten

lae=é 20+ 18— Bl 20 + =172 + 18—l F2(0y) < Cs* (€270 Fy () 452 =0)),

(3.24)
As d; —dy < 0 and dy — dy > 0, we can optimize the above inequality with respect to s (see
for example [5, 7, 8]). Indeed, note that if Fi(y,) = 0, since (3.24) holds for any s > s,
and di — do < 0 we get (3.4). Now if Fy(vz) # 0 is sufficiently small (Fy(y,) < 9=9), we

2—dp

optimize (3.24) with respect to s. Indeed denote
f(S) — eZS(dQ*dQ)Fl(fVL) + eQS(dlfdo) and g(s) — eQS(dQ*do)Fl(,yL> + S2e2s(d1*d0).

We have f(s) ~ g(s) at infinity. Moreover the function f has a minimum in

1 do — dy

2(dy — dy) ln((dz — dD)Fl(fyL)) and f(s3) = K'Fy ()"

S3 —

—dg
with k = 30 31 and K" = (Zo Zl)d =4 + ( )d2 % . Finally the minimum s; is sufficiently
do—d

large (s3 > s9) if the following condition Fl('yL) < 719, with 7y = @) B @ is satisfied.

So we conclude for Theorem 3.1.

3.3.2 Proof of Theorem 3.2 We keep the notations of the proof of Theorem 3.1. In
this theorem, we want to remove all the observation terms on w obtained in Theorem 3.1
and express them in terms of u. So we look at the terms [ 2910, 2| do dt for i = 0, 1
appearing in step 2 of Theorem 3.1. Recall that z; = 0 outside €;_, and v, C dw'.

As in |4, Lemma 2| we choose gy € C?(w’,R") such that go = v on the C*-boundary dw’

where v is the normal vector to dw’. We have by integration by parts for any integer ¢ = 0, 1,

/ €Nz gy - Vz do dt = —/ V(e**%gy-Vz) -V do dt
(0,7) (0,7)

+/ e*%qy - Vz 0,2 do dt.
Ow’x(0,T)

So
/ e*?Az; go- Vz de dt = —/ V(e 259, - Vz) - Vz; dx dt
(0.T) W' x(0,T)
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+/ e*? 10, 2|* do dt.
dw' % (0,T)

and we get

/ e*?10,%|* do dt < C’S/ (Va2 + |Azl?) do dt. (3.25)
v %(0,T) (w'NQL) % (0,T)

From the first equation in (3.15) we have

Boazo = Oyo — Ayo — adr1yo — anxp1t — byx o — Ry in Q. (3.26)

By the same way, from (3.16) we have

Bpaz1 = Owy1 — Ayr — apryr — R in Q. (3-27)

i) First assume that a = b = 0 in w’. From hypothesis (3.5), (3.25)-(3.27) we get

1 1

Z/ 10, 2]|? do dt < CSZ/ (Vo> + |V (Ay) | + Vi + |y
i—0 Y Lx(0,T) i=0 7 (W'NQL)x(0,T)

+AGyi* + [A(AY) |2 + |Ay:?) dx dt + Cse* ™.
So

1
/ e**910, > do dt < Cse®M 1 Ose® 2@, (W)

i—0 YL x(0,T)

with Go(w') = ||310H12Hl(o,T,H4(w/mQL)) + H?JO||%12(0,T,H2(me))‘

Therefore (3.17) is still valid with sFy(vz) replaced by s?Gy(yr) = s* X (0.T)

S |0uyil? do dt 4 s2°Go(w'). Thus we follow the proof of Theorem 3.1 substituting Fy(7;,)

by G1(7). The rest of the proof (steps 3 and 4) remains unchanged.

ii) Here we suppose that «,3,&, 5 € H2(Q). We will need to differentiate yo and z, twice
with respect to ¢ (in order to get (3.35)) and we have

Oya = Ays + adrys + Booze + 01 Rs + a0ip1yr + BOrpe21 in @y,
Orzg = Azg + YP3y2 + 0paza + Ot Ry + vOrp3y1 + 00:paz1 in Q, (3.28)
Yo = 29 = 0 on 8QL X (O,T)

Therefore
Bpaze = Oya — Ays — aprys — OiRs — adip1y1 — BOrdaz1 in Q. (3.29)

Notice that we can take Y7, fny(o,T)<|aV(af(uA —@4))|2+ 10, (0F(wa —104))|? + 0, (0F (up —

ag))]* +10,(0F(wp — wg))|*)do dt as observation terms in (3.4). So we apply (3.25) for
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i=0,1,2.
From (3.25)-(3.29) we get

2 2

> / (| Dy 4+ (D) P+ Vil + i
(w'NQL)x(0,T)

1=0
+ |ADi|* + | A(Ay)|* + |Ay;l?
+ (@ + 0°)X° + [V(ax)]* + [V(Ox) > + [A(ax)|* + |A(bX)]?) dz dt + Cse® .

/ %10, 2| do dt < Cs
L %(0,T)

1=0

So
2 ~
Z/ e*?|0, 2> do dt < Cse**2Gy(w') + Cse™
i=0 L X(0,T)
+CS/ e*?((a® + 0°)x* + [V (ax)|* + [V(0x) [* + [A(ax) | + [ADBX)[?) de dt
L
with GO(W/) = ||90||%12(0,T,H4(me)) + ”y0||§{3(0,T,H2(w’ﬁQL))'

Thus the estimate (3.17) becomes

2
D (I(yi) + I(2)) < CsPe™ M + Cs*e™ Gy (1)

=0
+Cs2/ e*((a* + 02+ +d) X2+ |V (ax) )2+ |Alax) 2+ |V (0x) >+ |A(by)|?) dz dt (3.30)

with Gy () = f'ny(O,T) S22 |0uyil? do dt + Go(w').
As in the third step of Theorem 3.1 when we get (3.18), by Lemma 3.1 we have

Z/Q 2500 (1 (8) 2 + V(O + [Aui(B) + 5O + [Va(O) + [Az(B)?) da

2

< Cs? Z(I(yz) + 1(2:))-

1=0

So from (3.30)

Z/Q O |y ) + [V (O) + [Ag(O) + [=(0) + [V=O)P + Az (O)) de

< 034/ (@ + B + @ + P + V(e + |A@)]? + V)2 + |Aby)P) de dt

+COs%e®h L Cste® 20 (). (3.31)
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Now we estimate [, 290)((a?-+02+¢-+d2)x2+[ (ax) P+ A(ax) P4V (bx) P+ A Gy ) da
as in the fourth step of Theorem 3.1. We consider two sets of initial conditions A and B and
the corresponding solutions Vy, Vi, Vi, Vi of (1.1). As in (3.20)-(3.23) we get

/ (@ + b+ P+ d*)xP de < C / 220 (10,504(0)* + |01y (0) + | Ayoa(0) |
QL QL

+|Ayos(0)* + |yoa(0)* + Yo (0)* + [0:204(0)|* + |8:205(6)” + | Az (6)]?
+HA2p(0)]* + [204(0)° + |208(0)[*) dz + Ce*™.

So from (3.31) we obtain

/ 290 (a2 4 12 + 2 + d®)X? do < O + Cs'e® Gy ()
Qr,

st / (@ 4+ )+ V(@) P+ A @)+ V) P+ ABY) ) de di (3.32)

with G(71) = Gia() + Gip(r).
We apply the same ideas for V(ay), V(bx), A(ax), A(by).

For any integer 1 < i < n, taking the space derivative with respect to x; in (3.20), we obtain
O, (ax)NP1(UaWp — UpWa) + anx P10y, (Uap — Upta)

= 0y, (WB(Ooa — Ayoa — ad1yoa — Bo2zoa — Ria))
—0p, (WaA(OyoB — AYo — 1Yo — Bd2208 — Rip) - (3.33)
Therefore by hypothesis (3.3) we deduce that

/ >V (ay)|? dx < C/ 20 (ax)? dx 4 Ce*h
QL QL

+/ O (V0o (0)]* + [VAY0a(0)]* + [Vyoa(0) + [Vz04(0)
Qr

+|Vowos(0)]* + [VAyos(0)” + [Vyor(0)]* + [Vzos(0)?) da.
From (3.31)-(3.32) we get

/ 628¢(9)W(@X)\2 dr < CsPe®™ +CS4€2SdQGZ(7L)+C€2Sd2(HyOA(6)”%I3(QL)+HyoB(9>H%{3(QL)>
Qr

+C’s4/ 623¢((a2+b2+c2+d2)x2+|V(ax)\2+|A(ax)|2+|V(bx)|2+]A(bx)|2) dx dt. (3.34)

L

Taking again the space derivative with respect to z; in (3.33) we obtain

/ e Alax)? de < Cs°e* M 4+ Cs*e® 2 Go (1) +Ce™ 2 (||yoa(0) | s n) + 1905 (0) | 54(0y))
Qr
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+084/ (@ +b"+c* +d*)x* + |V (ax) P +A(ax) [ + [V (0x)|* +A(0x)[*) dz dt. (3.35)
QL
Similarly for b, so from (3.32),(3.34),(3.35) we have
/ O ((a* + b7+ ¢ + d®)x* + [V(ax)]” + [A(ax) | + [V (0P + [A(bX)[?) da
Qr

< Cs”e®M 4 Cs'e®2Ga(vr) + Ce®®(|lyoa(0) | may) + Y05 (0) || Hagar))

+C’s4/ eQSd’((a2 + 02+ A+ A+ V(ax))? + | Alax) > + V(b)) |? + |A(bX)]?) dz dt.

L

As in the proof of Theorem 3.1 (see the fourth step) we can absorb the last term of the above

estimate by the left-hand side so we deduce that for s sufficiently large
/ 0 ((a® + 0% + &+ ) + [V(ax)]” + [Alax)[* + [V (0x)]* + [A(bx)?) da
Qr,

S 085628d1 + 084625d2 Gg (’YL)

with Gs(vr) = Ga2(vz) +[10a(0) || 2y +Yo5(0) || m4(0,) and we conclude as for Theorem 3.1.

3.3.3 Proof of Theorem 3.3 Let Vi = (ua,w4) (vesp. Va = (W4, W4)) be a solution of
(1.1) associated with (p, G, A) (resp. (p2, G, A)) and Vi = (up,wp) (resp. Vi = (Up, Wp))
be a solution of (1.1) associated with (p, G, B) (resp. (p2, G, B)). As for Theorems 3.1 and
3.2 we decompose the proof in several steps.
e First step: We keep the notations of (3.12)

V=(uw) =Vy, V=_>1,0)=Va, U=u—10, W=w—1w,b=3-05, c=vy—4, d=—0.
and now define
Ji=¢1— 1.
We still define (see (3.14)) (for i = 0,1, 2)
Yo =nxU, 20 =nxW, yi = diyo, 2 = O;z0.
The systems (3.13), (3.15), (3.16) become

@U =AU + Oé¢1U + ﬁngW + Oéfl’l] + b¢2ﬁ) in Q,
8tW =AW + ’}/¢3U + 5¢4W + C¢3’L~L + d¢47jj in Q,
U=W=0in X,

and (y;, z;) for i = 0, 1 satisfy the following systems

0o = Ayo + a1y + BP2z0 + afinxt + bdonxw + 51 in Q,
Oz = Azy + YP3Yo + d0Pazo + chpsnxt + dpsmxw + Sy in Q, (3.36)
Yo = 20 = 0 on 89[1 X (O,T)
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with

S1 =Ry = —(Ax)nU —2nVx - VU + x0nU, Sy = Ry = —(Ax)nW —2nVx - VW + xOnW.

We have
Oh = Ayr + adrys + Boezr + 53 in @y,
Orz1 = Az + y3y1 + 0paz1 + Sy in Q,
y1 =21 =0o0n 0 x (0,T),

with

S3 = 0y (afinxt + bpanxw) + 0,S1 + ayoOypr + Bz00, 02,
Sy = Ry = 0y (chanxt + dpanxw) + 9,82 + YYo0i¢p3 + 02009
We also have
Ory2 = Aya + ad1ya + Bpaze + 04S3 + adipryr + BOdaz1 in Qr,
Orza = Azg + YP3y2 + 0Qu2a + O3Sy + Y0y 03y1 + 001paz1 in Q,
Yo = Zo = 0 on 8QL X <O,T)
e In the second step we estimate 3~ (I(y;) + I(2)) as in Theorem 3.1 and we get

2 2

> T(y)+1(z) <C / W+ P+ P drdt+C | () (01f)7) du dt

i=0 L QL i=0
+Cs3e® M 4 Cse® 2 [y () (3.37)

with Fy(vy) = fw
(3.17)).
Now following the proof of Theorem 3.1 we look at (3.18) in this context. First note that

X (0.T) S22 (100il? + 10,2i]?) do dt (nearly same definition as before since

because of the fourth step of this proof, we can no longer use the estimates of the Laplacian
terms in (3.18) and contrary to Theorems 3.1, 3.2, 3.4, we have to take care of the powers
of s on the right-hand sides of our estimates. In fact we could only look at the estimate of
fQL e2%(9)0,2(0)|> dz but because of the remarks given just after the proof of this theorem,
we will keep more terms. So we will not estimate [, ¢***@|9,2(6)[* dx as in Theorems 3.1,
3.2, 3.4 (see the third step of Theorem 3.1) and for that, we need to differentiate twice yo

and zo with respect to t. Thus
2s¢(0) 2 2s¢ 2 ¢ 2s¢ 2 C
e |0:20(0)|" dz < C's |21 |° dx dt + — e\ z|” < < (I(21) + I(22)).
Qp L S JQL S
So we have (coming from Lemma 3.1 as in (3.18)) and by (3.37)

2

/Q >0 (yo(O) + 100 ()] + [20(0)[> + 9r20(6)) dar < S—CQZU(@M +1(z))

1=0
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. ¢ : C .
< ?/L 62S¢(b2—|—02—|—d2)x2 dx dt+8—2/ 625¢> 2(2(81]01) )dl‘ dt+03625d1+§628d2F0<7L)'

L 1=0

Since ¢ < ¢(0) we get

C
/ 2D (|yo(0)]* + 100 (O)* + |20(0)* + [Dr20 () ) dar < = [ ®PO W7 4 & + d®)x* d
Qr

S Qr

2

C C ~
+§/ 23¢>( (Z(alf1> ) dr dt+08€28d1 + g€23d2F0(,yL>. (338)

=0

e Third step: here we estimate fQ e2?0\2(b? + ¢ + d?) dr as in Theorem 3.1 with two
different sets of conditions A and B. We recall that each function f precendently defined is
denoted either f4 or fp when it is related either by the conditions A or B.

For the coefficient b we can write from the first equation of (3.36)

—b77X¢2(ﬁAU~JB - {LB@A) = aB(&t?/OA — Ayoa — ap1Yoa — Boazoa — aflUXﬂA - SlA)

—Ua(Oos — Ao — ad1yop — BP2z0 — afinxtip — Sip).

Note that the terms in f; disappear in the above equality. For the coefficients ¢ and d we
use the second equation of (3.36) and proceed as in Theorem 3.1. Indeed, for example for c,

we have
enxPs(lUap — UpWa) = Wp(Ozoa — Azoa — YP3Yoa — 0Pazoa — S24)

—wa(Orzop — Azop — YP3Yon — 0Pazop — S2B).
Therefore by hypothesis (3.3) and (3.38) we obtain for s sufficiently large

2

/ PHOR £ 2 4 ) dr < SC / 200 2SO 1)) do dt + Cse* + Ce? Fy ()
Qr L =0

(3.39)
with F5(0) = Foa(v.) + Fos(ve) + 18904 (0) |20, + 18908 (0) |l z2(r) + 18204 (0) [ 22(02r) +
1A205(0)] L2(0,)-
o Fourth step: we estimate now [, 2O\ 2(3°2 (9 f1)?) da dt. Here again we use the two
different sets of coefficients A and B. From (3.36) for yo4 and yop, we get

anx fi(tawp — UpWa) = Wp(Oyoa — AYoa — ad1yoa — Bpazoa — S14)
—WA(Oyos — AYos — aP1Yos — Bo2zos — S1B)- (3.40)

Applying (3.40) for ¢t = 0, by hypotheses (3.3) and (3.9), using again (3.38) we obtain

2

/Q L O\ (f1(0))? da < S% /Q L O\ (3 (0 f1)?) da dt

1=0
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C
+§ / 0O (2 4 & + d*)\? da 4 Cse® D + Ce® 2 Fy(6). (3.41)
Qr

Deriving now (3.40) with respect to ¢, we have
(Oufr)am(tigp — tpa) + fLO:(amx(tiahp — Upa)) =
O (Wp(0yoa — Ayoa — ad1Yoa — BPazoa — S14) —Wa(Oryos — AYos — ad1yos — BP2208 — S1B))

and evaluating this last equation at ¢ = 6, still by hypotheses (3.3) and (3.9), we get

/Q 260120, 1,(0))2 dz < C [ 9O\ (f,(0))? d

Qr

1
+0 [0 Y (012000 + Dz O)) + O ) (3.42)
Qr i=0

with
2
Z 10F Yo (0) |17 Q1) + 110 yor (0 )||2L2(QL))
k=0

1
+Z (10F Agoa @)1z () + 108 Ayor(0)[172(0,))-
k=0

From (3.38), (3.41) and (3.42) we have

2

| e + @) dn < G [ (S @01 do d

Qr i=0
C
+S—2/ 0O (1?2 4 2 4+ d*)x? dx + Cse® + Ce® 2 Fy(0) (3.43)
Qr,

Moreover by Taylor’s formula, we have

2

f1(t) = f1(0) + 0. f1(0)(t — 0) + 07 f1(co) (t= and 0, f1(t) = 0, f1(0) + 07 f1(cy)(t — 0)

with ¢p, ¢ € [0, T]. Therefore, since by € A3(Ms) the admissible set of coefficients, we get

2

Y (0L0) < CUAO) + (2:.1(0))),

=0
so from (3.43) we deduce that for s sufficiently large
/ 250 2(2(871) ) dx dt < %/ 2O (1?2 + 2 4+ d*)x? dx + Cse* ™ + Ce** 2 Fy(6).

L i=0 ST Jag

(3.44)
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e Fifth and last step: now addding (3.39) and (3.44) we obtain

2
/ 0O (2 4 & 4+ d*)\? da +/ 628¢(9)X2(Z(a§f1)2) dx dt < Cse® 4 Ce* 2 F,(6).
o ‘

L =0

So

2

/ 20O (2 4 2 4 d%) dx + / O (N (0] f1)?) du dt < Cse®™ ™ + Ce® Fy(0)
Ql QlX(O,T) i=0

and we conclude as for Theorem 3.1 by optimizing the above inequality with respect to s.

Remark 2 e If the admissible set of coefficients is A5(M;) (thus less restrictive than
A3(Ms3)), then we would have to derive p — 1 times (3.40) with respect to ¢ and that would
demand more regularity for the observation terms on w.

e On the contrary if the admissible set of coefficients is Az(M3), so more restrictive than
As(Ms) (or if ¢ € C2([0,T7) is such that ¢,(6) # ¢1(6) and S“pte‘[Z;jge'ff;?il(;ﬁ”(“' < M; for
i = 0,1,2), then we can drop (3.42) and (3.43) in the above proof. Therefore the result

remains valid without F3(f) and so Fy(f) = F5(#). Thus the observations terms on u are

only [[(wa =) (-, )72 (o, and [[(us — i) (- )32, -

3.3.4 Proof of Theorem 3.4 Here again we follow the method described before. Let
Va = (ua,wa) (resp. V4 = (iia,4)) be a strong solution of (1.3) associated with (p, G, A, ©)
defined by (1.2) and (1.4) (resp. (g3, G, A,©)). Consider also Vi = (up,wg) (resp. Vg =
(ig,Wp)) a strong solution of (1.3) associated with (p, G, B,©) (resp. (g3, G, B, ©)).

e As before, in a first step we define

V=(uw=Vy, V=(t,0)=Va, U=u—0, W=w—-w,b=8-0, c=vy—73, d=056—0
and also
H =0, -6, =Vhwith h =& —&.
Recall that for : =0, 1,
Yo =nxU, zo = nxW, y1 = 0iyo, 21 = Oi2o.
Then

8ty0 = Ayo + agblyo + BQSQZ[) + @1 . Vyo + @2 . VZO + b’l]ngglIJ + ’I]V(Xh) -Vu+ Tl in QL,
Orz0 = Azg + YP3yo + 0¢az0 + O3 - Vo + Oy - V2o + cnx st + dnx¢sw + T in Qp,
Yo =20 = 0 on 99, x (0,7)

(3.45)
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with
T = (Om)xU — (Ax)nU = 2Vx - V(nU) = nUO1 - Vx — WO, - Vx —nhVau - Vy
Ty = (Om)xW — (Ax)nW = 2Vx - V(gW) —nUO3 - Vx — nWO, - V.

And
[ Oyr = Ay + agys + Béazs + Oy - Vi + Oy - Vay + byx (o) + 1V (xh) - Vi + T
in Qr,
(9t21 = AZl + 7¢3y1 + (5¢421 + @3 . Vy1 -+ @4 . V21 + cnx@t(qﬁgﬁ) + dnxat(@w) + T4
n QL7
\yl :zleonaﬂLx(O,T)
with

T3 = ozyo@tgzﬁl + 6208t¢2 + 81577((7)(@252121 + V<Xh) . Vﬂ) + (9,5T1,
Ty = YyoOrps + 02004 + aﬂ](@@:ﬂﬂ + dX¢4lD) + 0/Ts.

Thus we obtain
1

Z(I@Z) +1(z)) <C [ (1 + A+ d)xP+|V(xh)|)?) do dt + CsPe*h
i=0 QL

1

+OSZ/ e**(10,yi|* + |0,2:]%) do dt.
i=0 L %x(0,T)
We deduce that (see the third step of Theorem 3.1)

Z/Q 62“’(9)(\%(9)|2+|Vyi(9)!2+\zi(9)|2+\V2z(9)|2)dfv+/ O (| Ayo () P+ Az (0)[?) de

Qr

< Cs* Z([(?/z) + 1(2))

< Csz/ X (0 + &+ d*)X* 4 |[V(xh)|?) do dt + Os’e® M + Cs*e® 2 Fy(y)  (3.46)
L

with Fy(vyr) defined by (3.17).

e In a second step we consider the solutions of (1.3) associated with two different sets of
initial conditions A and B and we recall that each function f precendently defined is denoted
either f4 or fg when it is related either by the conditions A or B. As in the fourth step of
Theorem 3.1 we have a similar estimate to (3.23) for the coefficients ¢ and d. Indeed, writing
(3.45) for zp4 and zpp, by the hypothesis (3.3) and from (3.46) we have

/ 9O (2 + d?)x? dx <
Qr

6’32/ X + 4+ )X+ |[V(xh)|?) do dt + Os’e® ™ + Cs*e® 2 Fy () (3.47)

L
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with Fi(7y.) defined by (3.21). Now we eliminate b in (3.45) in order to estimate the coefficient
h and we evaluate at t = 6. We use here the partial differential operator P defined in Lemma
3.2.

P(xh) = wg(0)V(xh) - Via(l) — wa(0)V(xh) - Vip(0)

P(xh) = wp(0)[0iyoa(0) — Ayoa(t) — ap1yoa(t) — Bpazoa(0)
— 01 - Vyoa(0) — Oz - Vzoa(0) — T14(0)]

—wA(0)[0woB(8) — Ayop(0) —ap1yo(8) — Boaz0p(0) —O1-Vyop(0) —O2-Vzop(0) —T15(0)].
(3.48)

From Lemma 3.2 we have

/ 290 (9, (hy))? de < C | %O P(0,,(xh)) da.
QL QL

So taking the space derivative with respect to z; (for i = 1,--- ,n) in (3.48), from (3.46) we
get that

52/ e\ (xh)|? do < C’/ 0|V (xh)|? do+
o v

L

Csz/ 20+ A+ BP0+ [V (h)|?) de di
L
+ C€2Sd2(”y0A<9>H?‘IS(QL) + HZ/OB(H)”?T{%QL)) 4+ OsPe?h o 033@25d2F1(’)/L)

and for s sufficiently large,

32/ 20|V (xh)|? dx < 082/ X P((0* + & + d*)x* + |V (xh)|?) do dt
Qr,

L

+COs%e®h 1 Cs3e®® [(0) (3.49)

with F5(0) = Fi(v2) + 1904 (0) 153,y + 1908(0) |35, )- Now we look at the coefficient b. We
also use (3.45) for yoa and yop

—bnxp2(Uawp — UupWa) = Up(Oyoa — AYoa — aP1Yoa — Lpazoa — O1 - Vyoa — O2 - Vzoa

—nV(Xh) Vg — TIA) - @A(atyOB — Ayop — ap1yop — Bd2zo — O1 - Vs
—@2 : VZOB - HV(Xh) : VﬁB — TlB)' (350)

Therefore, evaluating (3.50) at ¢ = 0, still using hypothesis (3.3), from (3.46) we get

/ 625¢(9)b2x2 dr < C/ 625¢(0)|V(Xh)|2 dx
Qp, 2
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+C’32/ X (0 + & + d*)X* 4 |[V(xh)|?) do dt + OsPe® ™ + Cs®e®™ 2 F (7). (3.51)
QL

Thus from (3.49)-(3.51) we obtain

/ >0 (bx)? dx < Cs? / (0 + & + d)x* + [V(xh)|?) dz dt
Qr

L
+Cs%e M Cs3e®® 5 (0). (3.52)

Finally adding (3.47), (3.49), (3.52), as in the proof of Theorem 3.1 we can neglect
s? [o, €2 ((V* + ¢+ d?)x* + [V(xh)[?) dv dt by the left-hand side so we get

/ 62345(0)((()2 + 2 + d2)X2 + ‘V(Xh)|2> < Cs5e2sd1 + 08362Sd2F5<9)
Qr,

and we conclude as in Theorem 3.1.
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