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1 Introduction

1.1 Research frame

Rotating machines of all sizes are indispensable in industrial applications. These
machines consist mainly of two groups of parts: the rotating elements or rotor
consisting of the bearings, the shaft and the rotor blades or disk, and the static
supporting structure called in this case the stator. These machines are conceived
to function impeccably at their designed operation points and for long durations.
In order to achieve this, several design tasks must be performed including the
analysis of dynamic behaviour under different operational conditions. Analyzing
the dynamic behavior focuses on the rotating structure due to its distinguishing
aspects and their ensuing effects. In particular, the out-of-balance (or unbal-
ance) forces and moments, that are present in a spinning rotor due to imminent
manufacturing flaws, are the leading cause of unwanted vibrations. These vibra-
tions can result in undesirable events such as causing the rotor blades to bump
into the stator. Excessive vibrations can lead to bearings wear and eventually de-
vice malfunctions and failure. Rotordynamics analysis aims at inspecting and
predicting these events for ultimate design optimisation.

The material and mechanical properties of the shaft and rotor disk are signifi-
cantly relevant in the study of rotordynamics. The type of the used bearings is
also decisive in the observed dynamic behavior. Among the several bearings that
are being employed in rotating machines, magnetic bearings come with a great
advantage of supporting the rotor without contact to the stator during opera-
tion and thus ensuring lower losses due to friction. Despite the high cost, opting
for magnetic bearings is on the rise. They are being used in centrifugal com-
pressors and pumps with most concrete applications seen in third-generation
ventricular-assist devices (VADs).

Since investigating the dynamic behaviour of these pumps is an imperative de-
sign task, numerical simulations come handy to compensate for costly and time-
consuming experimental setups especially as the size of the pump decreases. On
one hand, many finite-element method or beam theory-based softwares (most
knowingly Dyrobes, Comsol Multiphysics, AxStream Rotordynamics) offer pack-
ages and modules or are entirely dedicated to the modelling of rotordynamics.
Often, these softwares solve implemented rotordyanmics equations based on
the specifications and parameters of the investigated rotor model. On the other
hand, other softwares provide alternative concepts such as modeling dynamic
systems using Bond-graphs. This approach have proven to be a powerful tool to
model and solve multidisciplinary systems and problems. Bond-graphs provide
a unique way of modelling structure dynamics through a graphical representa-
tion based on reducing a complex system into its equivalent lumped-element
model. The rotordyanmics related equations are implemented and interpreted
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through the Bond-Graph equations, and the physics of the system must be cap-
tured through distinct and suitable elements of the Bond-Graph. This modeling
approach is more compelling and requires also a broad understanding of rotor-
dynamics.

1.2 Research approach and aim

The research presented in this thesis aims at providing a Bond Graph model of
a rotor using 20-sim (Controllab Products B.V.). The parameters needed to char-
acterize the rotor are obtained from the actual model'. At this first stage of anal-
ysis, the pump is dry running. This allows to determine the dynamic behavior
by excluding the hydrodynamic forces acting on the rotor blades and the flow
induced vibrations. In the core of the assignment, comes the modeling of the
gyroscopic effects, which is characteristic in rotordynamics, as well as incorpo-
rating the imbalances and thus the unbalance forces and moments. While there
are no direct guidelines or instructions provided into Bond-graph modeling of
complex rotordynamics, the modeling process is based on literature recommen-
dations primarily from Karnopp et al.[2] and work progress in the field presented
by Pedersen[12]. Yamamoto et al.[10] and Friswell et al.[9] were among the prin-
ciple references to the theory of rotordynamics in this work.

The outcome obtained will then be compared to the provided empirical results
in order to assess the correctness and constraints of the Bond Graph modeling.
Based on the complexity of the subject and on the selected modeling approach,
the following questions, that are tackled along the work, arise:

e Can a magnetically levitated rotor be modeled by means of Bond Graphs?

¢ Based on comparison with the provided empirical results, to which extent
is this modeling of rotordynamics efficient and reliable?

e [s it possible to establish a fundamental Bond Graph scheme for the mod-
eling of dynamics of rotating machines?

IThe rotor analyzed is a component of a magnetically levitated miniature prototype pump.
Since it serves as a prototype of a product that is still in development phase, no further or detailed
information about it can be disclosed. Nevertheless, this should not affect the understanding of
this work in any way:.



2 Theoretical framework

2.1 Fundamentals of Bond Graph

In Physics and by definition, the power P (in SI units it is measured in watts
(joules per second) or specifically [Kg-m?-s3]) is a scalar quantity and accounts
for the rate at which work is done or the amount of energy that is transferred or
converted over time[1]. It can be noticed that in each field the power is a prod-
uct of two characteristic variables. The Bond-graph method relies on that and
produces a uniform definition of the power using two generalized variables:

¢ ¢(1): the effort
e f(1): the flow

In Bond graph, the Power is defined as P(¢) = e(f) - f () in any field. This is sum-
marized in the following Table 2.1:

Field Power P(t) Effort e(7) Flow f (1)
Electric U-i U: Voltage i: electrical current
mechanical:
translation F-v F: force v: linear velocity
rotation M- -w M: moment w: angular velocity
Hydraulic p-V p: pressure V: Volume flow rate
Thermodynamics T-S T: Temperature S: Entropy
Chemistry - chemical potential Molar flow
Magnetic - Magneto-motive force flux rate

Table 2.1: Power definitions for different fields and in bond graph.

The Bond graph consists of graphical elements that depict a process or subsys-
tems linked together by lines representing power bonds. By convention, a power
bond indicates the direction of power flow and is symbolized using a half arrow
such as "—". While a full arrow "—" represents rather a transfer of information
in form of a signal.

% P=e.f

Figure 2.1: Acausal notation of effort and flow for a power bond.
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The additional elements that constitute the system in a bond graph depend on
the junctions that join these elements and on whether the power:

 flows in or out of the system.
* is generated, dissipated or stored.

¢ is transformed in another form of energy.

Basic elements and junctions
Basic 1-port elements

Dissipating element

This element is denoted with "R" as the first letter in the electrical component
the resistor that dissipates energy into heat. The constitutive equation for this el-
ement is e = R- f, which can also be established through the resistor component
in an electrical system U = R-i = e = R- f, or a mechanical system with a damper
with damping coefficientd=Ras F=d-v=e=R- f.

(@ | (b)

Figure 2.2: R-element: (a) examples and (b) bondgraph acausal representation.

Energy-storing elements

These elements stock the accumulated amount of Power P(t) received over a
time ¢, this is by definition the stored energy E(t) = [* P(Hdt = ["e(t)- f(1)dt.
To distinguish between the different energy storing elements, two generalized
variables are additionally considered:

* The generalized momentum p(¢) = |, tf) e(t)dt+ py

* The generalized displacement (1) = |, tg fydt+ qo.

Where pg and ¢y are the initial momentum and initial displacement. This leads
to determine the constitutive equations of the compliance-element "C" and the
inertia-element "I".

For a compliance-element the constitutive equations for the generalized vari-

ables are e(f) = % . q(t) = q([) =C-e(t)and f(t) =C- dfl(tt) .

C represents the stiffness parameter for a spring element or the capacitance of
an electrical capacitor.
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F=e

f “‘[ K = C
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1
¢ i
X

‘ "~ (a) (b)

Figure 2.3: C-element: (a) examples and (b) bondgraph acausal representation.

As for an inertia-element, I is the moment of inertia of an object or its constant

mass. The generalized momentum p(t) is also defined as p(¢) = [e(r)dt = I-f(1),
. d df(r)
_ p _ap _
gives f (1) = pI and thus e(f) = i I- T

Figure 2.4: I-element: (a) examples and (b) Bond-graph acausal representation.

Source elements

The source elements are divided into source of flow S and source of effort S,.
Unlike the R-, C- and I-elements that receive energy and the power bond is di-
rected towards them, source elements deliver energy into the system (for exam-
ple a force acting on a mass or an electric generator as a source of effort, and a
constant current source and volume flow rate as sources of flow) and thus the
power bonds are directed outwards. The characteristics of these elements can be
summarized in Table 2.2.

. Defining
Flement Bond-graph representation general variables
SE-S .
Source of effort ﬁ e(1) given
f(t) arbitrary
SFRE -
source of flow f f@) given
e(t) arbitrary

Table 2.2: characteristics of the source elements.

Basic 2-port elements

Transformer element
The power bond flows into the transformer-element (TF-element) and is trans-
formed in an ideal process and flows out into the next power bond. Examples of
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transformers are electrical transformers or simple gear trains. The constitutive
equations are:
e1(1) - f1(1) = ex(1) - fo(1) where
ei(f)=m-ex(t) and fo(t)=m- fi(1)

The constant m is a transformation factor also known as the modulus of the
transformer that links the incoming flow to the out-coming flow and the incom-
ing effort to the out-coming effort.

(2.1)

€, \TF YA
fy f;

Figure 2.5: Bond-graph acausal representation of a 2-port transformer.

Gyrator element

Through a Gyrator-element the incoming effort and flow are respectively con-
nected to the out-coming flow and effort using a gyrator ratio r. For instance, a
DC-motor that converts electrical energy into mechanical energy can be mod-
eled using a GY-element. the constitutive equations are:

e1()- fi(2) = ex(1) - fo(1) where

(2.2)
ei(t)=r-fo(t) and ext)=r-fi(1)

ST GY. YA
fy f,

Figure 2.6: Bond-graph acausal representation of a 2-port Gyrator.

Modulated elements

When using the modulator forms of the basic 1-port and 2-port elements, the
parameters as well as the ratios or modulus are no longer considered to be con-
stants but depend on several factors and input information that are time depen-
dent and calculated along the progress of the simulation.

Element Basic designation | Modular form
Resistor R MR
Compliance C MC
Transformer TF MTF
Gyrator GY MGY
Source of effort SE MSE
Source of flow SF MSF

Table 2.3: Basic 1- and 2-port elements and their modular counterparts.
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Basic 3-port junctions

When describing a system in Bond graph that is composed of several elements,
itis required to couple these elements through coherent networks that correlate
the power bonds at a node or an intersection. The elementary form of an inter-
section associates 3 power bonds and is called a junction.

These junctions do not store or dissipate energy and the following relation ap-
plies:

61'f1+82'f2+€3'f:3:0 (2.3)

Which indicates that two types of a 3-bond junction arise: the effort at the node
are equal and the flows sum up to zero which is the case of a flow-junction (0-
junction), or that the flows at the node are equal and the efforts add up to zero,
this is the effort-junctions (1-junction).

o) [t o) [t
e1\0 VAN ST 1 VAN
fy f> fy f5

el(t)=e2(t)=e3(t) F1(t)=F2(t)=F3(t)

f1(t)+f2(t)+f3(t)=0 el(t)+e2(t)+e3(t)=0

Figure 2.7: 3-port 0- and 1-junctions: acausal bondgraph representation and
constitutive equations.

Causality in the power bond

Causality as a notion is the relation between cause and effect dictated in logical
sequences. In bond graph modeled system, each element implements a single
equation or a set of equations. In order to make use of this modeling approach
and coherence, independent system parameters or variables and other system
variables that are determined through the system properties must be related.
Such information provided by causality is very important in Bond graph and has
the following properties[3]:

* The power flow between two points or subsystems is displayed using a half
arrow "—" as mentioned at the beginning.

* The power flow in the direction of the half arrow is positive.

e The direction of the half arrow indicates only the direction of the effort and
flow product: the power.

* Flow and effort have always opposite directions.

* The element can only manipulate one of the generalized variables and re-
ceives the other as an information.
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* A vertical causality-stroke is added in order to define the direction of the
effort.

These properties are coarsely summarized in Figure 2.8

: a system | : a system |
| |

[} }
: e :_>: i} ° o :
subsystem (a A subsystem (b)| ! subsystem (a) subsystem !
: y (a) y (b) | : — |
| f L f !

Figure 2.8: Effort-flow causality.

The source of effort and source of flow elements have always the same pre-defined
causality display as presented in Table 2.2. For the rest of the basic 1-port ele-
ments, it can be opted to two possibilities to define the causality as an integral
causality and a differential causality mainly for the energy-storing elements. The
R-element dissipates energy thus it does not have a preference and have two even
ways to present causality. By denoting ¢r = R, <P;?1 =1/R and so on for C and I,
the general causal relations are summarized in the next table:

Element Bond-graph causal representations | General causal relations

' —>R e() = pr(f (1)
Resistor —NR () =¢5 (e(r)
' —>C e=¢p(J' f(dD)
Capacitor —NC ?C— (pf(;&
= dt
H I echlm
Inert dt
nertia — N1 f=¢7 ([ e(tdr)
HESTRR dfy=mj
1 2 e1=meyand f, = mfy
Transformer e, NTF e, N eo=e/mand f; = fo,/m
f]_ f2
e €
= GY=>
. t fl f2 elzrﬁandQZZTfl
yrator el\IGY eZ\: fi=e/rand f,=e;/m
f]_ f2

Table 2.4: Causal forms of 1- and 2-port elements.

A simple example is shortly presented below, Bond Graphs will be used to model
a dynamic system that has both a rotational and a translation degree of freedom.
The example is illustrated in Figure 2.9. The rigid body has a mass m and a
moment of inertia J and is assumed to move only vertically along x and rotate
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around the center of the body ¢ with an angular velocity ¢. A vertical froce F(t)
acts vertically upward at the center. At each end, the body has a spring-damper
support with stiffness and damping coefficients c¢; and d, at point A, and stiffness
and damping coefficients ¢, and d» at point B. The effect of gravity is omitted.

VwaII =0

X
o
C F(t) C ?_' F(t) E,

A x T

o u= 4vp(t)

= ( .

e *t B IVA(t) Sk (?—'f(b"\;?:—

— O a— % e *
L, mJ L, A A

Figure 2.9: Example: the structure and its free-body diagram.

AtpointA: Fio=ci-x1+d1- %1
AtpointB: Fg=cy- X2+ dy - X»

With x; and x, being the vertical displacement at points A and B.
The forces and moment forces at equilibrium:

1:F(t)+ F4+Fg=0
2y FB-Lz—FA-leo

In the inertia-elements, the linear and angular velocities at the body center can

be determined:
_p@)

‘" m
. L)
J
Where p(f) and L(#) are the linear and angular momenta of the body. Each is
directly obtained by using the property p(1) = [ ‘e()dt.
In the rigid body, the velocity of any point with distance r from the center c that
has the velocity v, is v, = vc + ¢ x r. Applying this yields the velocities at point A
and B:
X1 =va=Vc—¢@-L)
Xp=Vp=Vc+¢-Lo
This is established, in the Bond-graph model, by using a 0-junction joining the
linear velocity at the center to the angular velocity, that was obtained from the
inertia-element representing the moment of inertia, through transformer-elements
(TF) with moduli —L;cos(¢(t)) and Lacos(¢p(t)). The Bond Graph modeling is
summarized and displayed in Figure 2.10.
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x1(£)= Sva(t)dt

e

Xc(t)=fvc(t)dt

efforts equilibrium
ﬁz( )=es(t)

M

=eg(t)

flow equilibrium
f5(t)=f11(t)=f12(t)
e5(t)=Fp(t)=cox,(t)+df(t)

X
el(t) F(t) \ \ \
J J \ \ J
\ \
X 1 \ \ \ X2
V—A/ €6 x / \ e v.B
€14 — 5 —2 4—5 e11
Cc F 11 f 10 1171 F 0 11
c1 1T 6 f3 2L£ 2 T c. 2‘\
(4] \
f13 €13 ~ ‘,—| ‘l|
o ,/' m & |fs - R !
R // ‘ "l
! aramet ers
d1 7 e ohi e 5 {Jlng coefficient d, !
1 / 10 —2 L equa |
TF ¥ f 11} F TF | enn(t)=F,'(t)=df(t) v
1
parameters 10 = o [ parameters
mass m O | stlffrgess C
equations equations
Ilqnear momentum p(t)=mv=fe,s(t)dt i \ dlS?Iacement X,(t) )jf(t)dt
velocity fis(t)= vc(tg’ p(t)/m “,’ J [ e | €51 (1) =F," (1) =X (t
parameters - v
moment of inertia J parameters
equatlons X L(t)=1=fe,c(t) dt Vcéllgltaabr}ce Ly
angular momentum e
angular velocity f¢(t)=0(t)= L(é} eaqnugau:ar displacement @(t)
moment force e Lcos(@(t))Fg(t
flow fg(t)= chos&p ))M 200S(#(t))Fe(
angular displacement @(t)=[¢(t)dt

Figure 2.10: Commented Bond-graph model of the provided example
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2.2 Magnetic bearings in rotors

Bearings are the supporting and guiding elements of the rotor and they connect
it to the stationary parts of the pump. Magnetic bearings can suspend a rotor
without contact to the stator using magnetic forces which reduces the losses due
to friction. While they come with high-costs, their applications have more ad-
vantages such as operating under high rotational speed, increased tolerance to
corrosive agents and low maintenance.

There are two types of magnetic bearings for usage in rotors:

* Passive magnetic bearings (PMB) rely mostly on permanent magnets that
levitate a body using attracting or repuslive froces. These permanent mag-
nets have constant stiffness and damping properties.

* Active magnetic bearings (AMB) are electromagnets with an implemented
feedback control-loop that allows to adjust the bearings characteristics such
as damping and stiffness and thus precisely control the rotor position.

When using a set of magnetic bearings, the fundamental stability limitations de-
scribed by Earnshaw’s theorem (1842) should be satisfied[10], it states "A collec-
tion of point charges cannot be maintained in a stable stationary equilibrium
configuration solely by the electrostatic interaction of the charges". This means
that it is impossible to levitate a rigid body without contact in a static magnetic
field produced solely by permanent magnets. Thus, a fully magnetically levitated
rotor will require at least one degree of freedom to be actively controlled[4].
Magnetic bearings contribute to the dynamic unabalance in the rotor by causing
unbalanced magnetic pull (UMP). UMP appears in electrical machines during
operation when the magnetic field linking the rotor and stator is not perfectly
symmetric[9]. It manifests by a deviation in the concentricity between the rotor
and stator. This unbalance results from the whirling motion or bounce and tilt
modes of the rotor relative to the stator. UMP arises also due to a misalignment
of the radial bearings facing each other, which contributes to an asymmetric dis-
tribution of the magneto-motive forces producing thus a net magnetic force be-
tween the rotor and the stator.

powensupply

power amplifier

permanent
magnet
electromagnet tr 1
—x i |
b i
controller - - - ]
Ze— 1R ]
. permanent

displacement sensor | magnet

Figure 2.11: Magnetic levitation using 2 PMB and an axial AMB.

Magnetic bearings have a non-linear dynamic behavior that can manifest, for in-
stance, through the non-linearity of the magnetic force to the displacement and
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coil current, hysteresis of the ferromagnetic core material and delayed actuator
responses[5]. In modeling, this non-linearity is usually neglected and the mag-
netic and electromagnetic forces are linearized about the operating points by be-
ing modeled as linear function of the electrical current and the rotor-stator-gap.
This linearization is summarized here below based on reference[5].

electromagnet
i

output: i(x(t)) é ﬁ :

) N

Im

X
z

X |—VW‘—H

*Lth
a

closed-control [} ?1 \ im0 s
loop : - - - -
7y B
X3 S

input: position x(t) displacement
sensor

(a) Magnetic levitation. (b) Artificial stiffness and damping analogy.

Figure 2.12: Magnetic force linearization

—
3

spring-damper force —

; electric
current

magnetic
force

L - = —

R e s e

i
]0 m
position at‘equilibrium current at operating point

Figure 2.13: Magnetic force linearization at an operating point([5] modified).

The force behavior at an operating point (constant current) is:
fli =iy =ks-xand f|, _ . =k;-i (2.4)

With x = —x;+ xp and i = i, — iy, the open loop equationis f(x,i) = ks-x+k; - i,
and:
fx,)=f=-k-x—d-x=mX (2.5)

Applying the same procedure for the closed-loop control, the output electrical
current i as a function of the input position x(z) is:

—(k+ky)-x+d-x

i(x)= o (2.6)

By substituting into equation 2.5 and arranging, the free equation of motion for
the artificial mass-spring-damper modeling of magnetic bearings is obtained:

mi—f(x,i)=mi+dx+kx=0 2.7
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2.3 Dynamics of a rigid rotor

Modeling rotor dynamics has been an ongoing task where several models were
presented. Namely, the Rankine rotor model (1869) presented as a 2 DoF spring-
mass system that can execute a lateral motion and thus represent the whirling
orbits. Foppl model (1895) introduced an undamped rotor model as single disk
mounted on a circular shaft supported by bearings at each end. Jeffcott (1919)
reproduced the Foppl model by adding the damping effects. These last two mod-
els, despite the simplifications they underwent, feature real phenomena such as
the gyroscopic effect, destabilizing effects from imbalances or impacts, and ro-
tor behaviors at critical speeds. These features along many others such as cross-
coupled forces make the vibration analysis of rotating machines distinct and in-
tricate. For instance, destabilizing effects occur mainly due to imbalances in the
rotor that cannot be avoided. They are responsible for the manifestation of un-
predictable whirling motions that can be detrimental to the machine. Modeling
these imbalances is crucial in order to predict the operating behaviors of the ro-
tor and thus anticipate any form of failure.

When a rigid rotor that is spinning with an angular speed Q is subjected to an
impact, it executes a conical or parallel planar motion around its rotation axis.
This planar motion of the rotor is called a whirling motion and has a whirling
rate or speed w. The whirling motion are mainly categorized, according to their
precession direction, into forward whirls and backward whirls: a whirl that has
the same direction as the shaft rotation is called a forward whirl (FW) and a pre-
cession in the opposite direction is called a backward whirl (BW). The FW and
BW are affected by the tumbling and tilt motion of the rotor along the conserva-
tion of angular momentum due to the gyroscopic effects.

The frequencies of the free whirling motions are called natural whirling frequen-
cies or Eigen-frequencies, and the related mode shapes are called natural whirling
modes or Eigen-vectors. They are determined in an Eigenvalue problem where
the whirling frequencies are obtained from the characteristic frequency equa-
tion and the Eigen-vectors are indefinite and require a certain procedure to be
determined. Plotting the Eigenfrequencies versus the rotational speed of the ro-
tor delivers the natural frequency diagram or the Campbell-diagram also called a
whirl speed map. This helps determine the critical speeds w. and thus promote
predicting resonance in the system as illustrated in Figure 2.15. The rotor is said
to be in resonance when it vibrates at its whirling natural frequencies or criti-
cal speeds. This is particularly problematic since any unbalance force can cause
the rotor to have a large vibration response that, eventually, might lead to device
failure.

When the spinning rotor is subjected to unbalance forces and moments due to
an offset of the center of gravity G from the geometrical center, or tilted princi-
ple axes of inertia from its axis of rotation, it undergoes a forced whirling mo-
tion. The forced whirling is a dynamic unbalance response called the "operat-
ing deflection shape" (ODS). In a rotating machine, two types of forced whirling
can be observed. The most common type is the synchronous-whirling where
the speed of the whirl w is equal to the shaft speed Q, and a non-synchronous
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whirl where the whirl speed and shaft speed are not equal, this type of whirling
is destructive since it can cause massive undesired vibrations. Synchronous and
non-synchronous whirls can be represented in Figure 2.14, by assuming that the
mass imbalance leads the rotor whirl by an angle y.

o ®
S .6 -
ANIRD

y=constant—y=0, ®=Q v#0, 0*Q, w+y=Q

Figure 2.14: Synchronous whirl(left), non-synchronous whirl(right).

As for the unbalance response, there are three types of vibrations that occur in a
rotor, torsional vibrations, axial vibrations and lateral vibrations. Torsional vibra-
tions can be regarded as an oscillatory twisting of the shaft[11]. Unlike the axial
and lateral vibrations, torsional ones are rarely coupled to the vibrations of the
stator and supporting structure and their natural frequencies are independent
from the rotational speed|[9]. Axial vibrations are not a concern in this study case
since the rotor is supported with axial AMB and thus, an active axial control en-
sures that these vibrations remain in a tolerable range. Subsequently and due to
all the unbalances that the rotor experiences, lateral vibrations can become un-
stable, especially in resonance sites. The natural-frequencies of lateral vibrations
are strongly influenced by the rotational speed and the properties of the sup-
porting bearings. This last type of vibrations is the focus point of the unbalance
response in this study.

rotor %,
spi % %,
(rpm) =<3 C‘(}. ©
A AN O,)
/ FW 4 \
1 \

/ ________ ! + |
""""" \ whirling/érbit

A Y
_______ / C O‘Lbé
————————— T %
w0“~~~\/ /@ \\Q}?Q
YW, "~ ' \
//C ~< 1
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R ‘\whlrllng'orblt

Q(rpm) 77

Figure 2.15: Campbell-diagram presenting a single whirl mode.
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Figure 2.16: Mass unbalance response of an asymmetric Jeffcott rotor
(qualitatively reproduced from[17] with modifications).

In order to analytically determine the whirling modes and frequencies, the equa-
tions of motion must be examined and solved in a definite coordinate system.
The Eigenvalue problem arises through the process of solving for the non-trivial
solution. The equations of motion can be derived using either Newton’s second
law, Lagrange’s equations or through Newton-Euler equations. The equations of
motions can be developed in two ways by describing the system either in a rotat-
ing coordinate system or in a static one.

In a rotating reference of frame, also called a body-fixed frame, the center of grav-
ity has a fixed position and the apparent forces such as the centrifugal, Coriolis
and Euler forces that arise due to the system being non-inertial must be taken
into account. Using a body-fixed frame is advantageous when dealing with an
asymmetric rotor. An asymmetric rotor presents transverse stiffness that differ
from a section to another along the rotor’s length. When defined directly in an
inertial frame, this leads to equations of motion with coefficients that vary sinu-
soidally, this results in a system that is parametrically excited[9]. However, the
body-fixed frame changes orientation and position as it rotates and thus cannot
give actual information about the whirling orbits and the displacements of the
center or at the bearings. Hence, the need to convert the system back in a defi-
nite inertial frame of reference, also denoted as the static coordinate system.
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2.3.1 The gyroscopic effects

The gyroscopic effect is a crucial phenomenon in the dynamics of rotating ma-
chines. For a uniform axis-symmetric rotor spinning about the z-axis with a con-
stant angular velocity Q the angular momentum of the rotor about Oz is 1.,
where I,, is the moment of inertia about the longitudinal axis. If the disk rotates
about Oy with an angular velocity 6 over a period of time &¢, the angle of rota-
tion 6 is @ = 05t. This will lead to a vector change in the direction of the angular
momentum [,,Q along Ox. The magnitude of the angular momentum is M, ¢
which gives:

M,=1 956
x — 1zz 5t 2.8)
do . '
:MX:IZZQE:IZZQB,asét—m

Similarly, if the rotor rotates about Ox with an angular velocity ¢ over a small
period of time &1, the angle of rotation ¢ is ¢ = ¢d¢. This results in changing
the direction of the angular momentum along the negative direction of Oy[9] as
presented in Figure 2.17, which can be expressed as:

o
_My = IZZQ_(/)
de . '
= My =10~ = -z, as 61—~ 0

Generally, while the rotor spins around the z-axis, it also rotates simultaneously
about x- and y-axes. The instantaneous angular velocities around these axes
produce the torques Iyyé and I,¢. For an axis-symmetric rotor I, = Iy =14
The resultant moments M, and M), acting on the rotor becomes:

Igp+1,,Q0 =M, (2.10a)
1,0 - 1,,Q¢p = M, (2.10b)

Where I,,Q60 and -1 .2Q¢p are the gyroscopic moments.

A

Figure 2.17: The gyroscopic effect.
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2.3.2 Rotor unbalances

In rotors, unbalance is inevitable due to many causes such as manufacturing er-
rors, structure deformations and wear. It occurs when the principle axis of inertia
deviates from the axis of rotation and manifests in two main forms. One type of
error produces a static unbalance, in this case the principle axis of inertia is dis-
placed parallel to the axis of rotation and the center of gravity G of the rotor has
an eccentricity e from the axis of rotation as illustrated in Figure 2.18. The sec-
ond type of error produces a couple unbalance when the principle axis of inertia
is tilted with a tilt angle 7 (otherwise called a skew angle or swash) and intersects
the axis of rotation at the center of gravity. It can be noticed that the static eccen-
tricity can be represented by a single lumped mass whose eccentricity produces a
centrifugal force proportional to the square of the rotational speed. On the other
hand, the couple unbalance can be represented by two lumped masses acting
as the center of gravity of the right and left halves of the rotor whose centrifugal
forces work in opposite directions and thus resulting in a moment force propor-
tional to the square of the rotational speed[10].

stator stator

Figure 2.18: Representation of static eccentricity and tilt as lumped parameters.

The general form of unbalance occurring in a rotor is the dynamic unbalance.
This type of unbalance is a combination of the static and couple unbalance and
other forms of unbalances that might occur during operation. These unbalances
are the main source of vibrations that occur in a rotor.

stator

Figure 2.19: Representation of dynamic unbalance.



3 Numerical methods: modeling
approach using Bond-Graphs

Several procedures and modeling schemes can be applied and carried out in or-
der to reach a performing rotor model. A particular distinction between the mod-
els is whether to consider the motion solely in an inertial-frame or to also include
the rotating frame and thus, the need to incorporate a frame transformation.

3.1 The rotor model

Based on the investigated rotor properties, several assumptions can be estab-
lished:

» The rotor is rigid, the supporting bearings stiffness are very soft compared
to the shaft stiffness and the shaft does not bend.

» Thelateral bearings supports are isotropic: the horizontal and vertical stiff-
ness coefficients are identical at each of the bearings and are denoted as the
radial stiffness.

* The rotor is asymmetric which means that the distances between the rotor
center and each of the bearings are not equal, and that the transverse stift-
ness and damping coefficients vary on each section along the length of the
rotor.

* The effective mass m of the rotor represents the total mass.

e It is assumed that the whirling motions are only synchronous. This allows
to consider that the whirling speed is equal to the spin speed of the rotor
w = Q. w and Q can be used interchangeably to denote the spin speed of
the rotor without ambiguity. Any other whirling frequency that might be
mentioned will be denoted in reference to its mode to avoid confusion.

Another assumption that is rather questionable is whether to consider the rotor
to be axis-symmetric, in this case the moments of inertia about the transversal
axes are estimated to be equal. These assumptions allow to define and simplify
the case in order to numerically model it. The rotor model can be reduced to the
mass-spring-damper representation displayed in Figure 3.1.
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Figure 3.1: 6 DoF mass-spring-damper model of the rigid rotor.

The rotor will be modeled using mostly 3D power bonds. This allows to depict all
the degree of freedom of the system in each bond.

velocities at the front-bearing

/ v,elocities at the center of the rotor

/ / ,Velocities at the back-bearing
4

4
/7

K /
1 T 1

Figure 3.2: Bond-Graph layout of 1-elements representing the velocities at the
rotor center and the bearings.

Using a PowerMux "|", the velocities at the bearings, as presented in Figure 3.2,
can be split into translational and angular velocities as shown in Figure 3.3.

velocities at the center of the rotor

translational velocities at the back-bearing / translational velocities at the back-bearing
. / -
~\‘ 1 ‘ll ] 1 k”’
e 7 — T~
angular velocities at the back-bearing angular velocities at the back-bearing

Figure 3.3: Bond-Graph layout of 1-elements representing the velocities at the
center and the bearings using a PowerMux.
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3.1.1 Modeling the rotor bearings

At first, the motion at the bearings can be modeled. The motion at the center of
the rotor is modeled in the next sections. vy and w are respectively the linear and
angular velocity of rotor center defined as UST = [X y 2] and ol = (w, Wy W] =
[¢6 Q.

Since the rotor is a rigid body, the angular velocities w{ = [wy1 wy1 W] and
sz = [wx2 Wy w;2] at the front and back-bearings are assumed to be equal to
the angular velocities at the center of the rotor.

The linear motion of the bearings can be defined in terms of their positions with
respect to the center.

Motion of the front-bearing: Motion of the back-bearing:
x1=x-Li¢ Xo =X+ Lo
n=y+L0 (3.1 y2=y—Ly0 (3.2)
21 =2 22 =2

The linear velocities at the bearings are thus:

At the front-bearing: At the back-bearing:
561:56—[119. 562:_)'/+L29.
h=y+Li (3.3) J2=J—Latp (3.4)
Z21=2 Zp=2

This allows to describe the velocities in matrix form:

(%] [1 0 0 0 —-L; O] x]
7 01 00L 0 o0ffy
Z| 001 0 o0 offz
wal 1000 1 0 Of |wy 3-5)
wy1 000 0 1 Of]fow
(w1 000 0 0 1]|w;
and: ] ] o
X 1 00 0 L, 0][x
V2 01 0 —-L, 0 Of]|y
zZ| (001 0o o0 offz
Wy2 000 0 1 0f]owy
lw2] (000 0 0 1] |o;

The transformation matrices for both bearings are defined respectively as m, and
m,. They can be applied as the modulus of the transformation elements (TF) that
link each bearing to the center.
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fi () =mf(t) F(t)=m,f(t)

1 NG C Ry 1
] *_ITF _ITFx ~——
11— 4_; -— . E_' ———1
Fi(t) f(t) f(t) fa(t)

Figure 3.4: Bond Graph layout of the velocities at the bearings.

Additionally, two types of magnetic eccentricities can be observed at the mag-
netic bearings. An initial lateral offset es with reference to the origin of the center-
line of the stator that exists due to the UMP in the static magnetic field. A second
eccentricity er can be observed during operation. This eccentricity appears due
to an occurring magnetic restoring force that acts in the direction of reducing the

rotor eccentricity or offset[7]. They are qualitatively shown in Figure 3.5, and are
defined as:

es, lerlcos(Qt)
es= |es, and egr = ||erlsin(Qr) (3.7)
0 0

Figure 3.5: Qualitative representation of unsymmetrical flux distribution
causing eccentricity eg (grey) at 0 (rpm), and eccentricity er (red)
during operation due to magnetic restoring force (r(z) is the
instantaneous position of the bearing’s center).

These eccentricities can be added directly into the stiffness element (MC) at each
of the bearings where the stiffness matrix is defined for the translational DoF as:

kradial kx
K= |kragial| = ky (3.8)
kaxial kz

This can be represented for both bearings
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Stiffness matrix K
initial lateral eccentricity eg
- radial eccentricity during operation ex
MC instanteneous position = [v(t) dt
toring f t)= K*(eg+ t)dt)-
e(t)lH\T restoring force e(t) (es+([Jv(t)dt)-eRr)

\

1v(t)

Figure 3.6: Stiffness element at the bearings.

Since no data were given about the damping coefficients, and since these coef-
ficients are harder to measure and to predict in models, directly applying vis-
cous damping coefficients is not practical. It is more reasonable to rather use the
stiffness-proportional damping D whose proportionality coefficient u is set as a
random parameter that can be adjusted along the modeling by means of trial and
error. The stiffness proportional coefficient damping matrix:

D = uK (3.9)

MC
1 K
u/ Proportionality coefficient p

R“~~~Stiffness-proportional Damping matrix D=pK
Damping force e(t)=Dv(t)

Figure 3.7: R-element at the bearings.

As for the rotational motion at the bearings, the stiffness elements are only at-
tributed the angular stiffness KtTl. = [kg kg 0]. The rotational motion of the bear-
ings do not have a proper damping since this damping is assumed to be related
to the gyroscopic effect that will be modeled later on.

A two-port 0-junction can be added for more legibility. The bearings can thus be

modeled as outlined in Figure 3.8.
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Figure 3.8: Bond Graph modelling of the bearings motion.
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3.1.2 Rotor models in the inertial-frame

At first, the rotor and its dynamics are modeled through simple approaches in an
inertial reference of frame.

Rotor unbalances

Modeling unbalances in a rotor is one of the most important tasks. The layout of
the lateral deflection can be viewed in Figure 3.9. S is the geometrical center that
lies on the rotational axis. Generally and during operation, S(x, y) is deflected in
the xy—plane, this radial deflection of S defines the ODS.

/A

G(Xs,Ye)

0« »X

Figure 3.9: Lateral deflection - general layout.

Considering the displacement of the rotor center of gravity G(Xg, Y;) along the
x- and y-axis. The static eccentricity is defined as e = |SG|. The rotor has a con-
stant rotational speed Q. The instantaneous angle between SG and the x-axis is
defined as Qt. As for X and Y their time derivatives can be defined as:

Xg=x+ecos(Q2t)
= XG =x—eQsin(Qr)
= X = i—eQ%cos(Q)
. (3.10)
and Yg =y +esin(Qt)
=Yg =x+eQcos(Qr)
= Yo =7 -eQ%sin(Q1)
Moreover, when the couple unbalance is considered, the principle axis of inertia
of the rotor is tilted from the axis of rotation with a skew angle 7. Besides, at a

constant rotational speed Q, the rotor axis swings with the angles ¢» and 6 around
the x- and y-axes. Therefore, the angular positions ¢, and 6, of the rotor are:

¢x =¢p—T1cos(Q2t)
= ¢y =P +1Qsin(Q1) (3.11)
= ¢y = p+1Q%cos(Q1)
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And
0y =0+1sin(Qr)

=0, =0+1Qcos(Q1) (3.12)
= 9y =0 - Tstil’l(Qt)

The equations of motion

The simplest method to derive the equations of motion is by applying Newton’s
second law. From the free-body diagram presented in Figure 3.10, the resultant
forces and moments acting on the rotor due to the bearings are:

mi = fx=—(fx1+ fx2)
mj = fy=—(fy1 + fy2)
mz=fz;= fz2— fa1
140+ 1,290, = Ly fyo — L1 fin
146y = 1::Q0x = Ly f1 — Lo fr2
I2207, =7,

(3.13)

Figure 3.10: Free-body layout of the rigid rotor model on flexible bearings.

For a rigid rotor with isotropic support bearings, the radial stiffness coefficients
denoted by k and radial damping coefficients d, as well as, the axial stiffness and
damping coefficients, are respectively at the front-bearing kx1, Ky1, kz1, dx1, dy1
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and d, and at the back-bearing ky2, Ky2, k22, dx2, dy2 and d.,. This yields:

fr = kx1(x—L10) + dy, (X — L10)
fe2 = kxa(x + L20) + dig, (i + L20)
=k (y+Lid) +dy, (3 + L1 )
fr2=kyo(y = Lap) + dy, (y — Lop)
fa=kaz+daz
fee=kpz+daz

(3.14)

The translational, coupling and tilt damping and stiffness coefficients have con-
secutively the indices T, C and R.

In x-direction:
Kyt =Kx1 + Ky

Kyic=—-L1-Ky1+ Lz Ky
Kyp=L7 Ke +L5- Ky

de = dxl + dx2 (3.19)
dyc=-L1-dx+Ly-dx
dup=L%-dy+15-dy
And in y-direction:
Kyr =Ky + K2
Kyc=—L1-Ky1+Lp-Kyp
Kyr=L5-Ky1 +15-Ky2 5.16

dyr =dy +dy

dyc=-Ly-dy+Ly-dy

dyr=L%-dy +L5-dy
For an axis-symmetric rotor with a constant rotational speed Q2 and where the
axial displacement is negligible in comparison to that in the lateral plane, a sim-
plification can be made to reduce the EOM to 4 DoF that deal with the lateral

motion of the rotor. The equations of motion in terms of the displacement of the
center of gravity G and the rotor angular position:

mXG = fx = _(fxl +fx2)
m¥g = fy==(fy1+ fy2)
Id(./;x + IZZQQy = Lgfyz - Llfyl

Idey - IZZQ(Z)X = Llfxl - LfoZ

(3.17)

Utilizing Equations 3.14 to substitute the resultant forces due to the bearings, one
obtains: . )
mXg+dirx+decO+kyrx+Kyc0=0

Ly + 1,2Q0, — dyc i + dyrp — kycy + kyrep = 0
Idéy - IZZQ(Z)X + dch'C+ deé + ]Cxcx+ ]CxRQ =0

(3.18)
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By substituting equations 3.10-3.12 into 3.18:

mi+ dyrx + dyc + kyrx + Kec0 = meQ?cos(Qr) (3.19a)

mj +dyry— dycp + Kyry — Kycp = meQ?sin(Qr) (3.19b)

1P+ 1,90 — dycj + dyr — kycy + kyrp = (Izz — I))TQ%cos(Qr)  (3.19¢)
120 — 1, Q¢+ dyck + dygh + kxcx + kyrf = Iy — 122)1Q%sin(Qf)  (3.19d)

These are the equations of motion due to the out-of-balance forces and mo-
ments.

Implementing the equations of motion into Bond-graph modeling

Next comes applying the rational of Bond-graph and the EOM into the model-
ing. First, the inertia-elements (I) of the rotor can be established. The consti-
tutive equation of the I-elements can be used to determine the velocity in each
direction as explained in Figure 3.11.

Mass of the rotor m

x-direction el@:.. N momentum px(t)=fe1(t)dt
' vx(®)=px(t)/m

velocities at the center of the rotor, y-direction €2

: vy(t)=py(t)/m
I
I

|

|

|

|

|

:

(v '
> )| momentum py(t)=Jez(t)dt |
|

|

I

| I
|

|

I

e(t) z-direction €3(0), I momentum pz(t)=fe3(t)dt
1 eq(t) = 718 va(O=pz()/m
? rotation around x-axis 4—> | I moment of inertia Ixx

angular momentum Lx(t)=/e4(t)dt
Wx(t)=Lx(t)/Ixx

rotation around y-axis ESQ’ | | moment of inertia Iyy
' ¥ angular momentum Ly(t)=fes(t)dt
wy(t)=Ly(t)/Iyy
tation around z-axis 86&

| I moment of inertia Izz
1 ¥ angular momentum Lz(t)=feg(t)dt
wz(t)=Lz(t)/Izz

Figure 3.11: Inertia elements of the rotor.

In a second step, the gyroscopic effects are added. The term I,,Q is a cross-
coupled damping coefficient since it appears in the damping terms or matrix,
however it acts like stiffness[11]. Since this effect does not dissipate energy, it
does not need to be modeled using an R-element. A modulated gyrator (MGY) is
a better choice. There are two ways to add the gyroscopic effect in Bond graph.
The first one, is evidently by coupling equations 3.19c and 3.19d.
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0.
rotation around x-axis M /ﬁ |: L
input information: (I)/ x Gyroscopic moment e(t)=Mg(8)=1,,Q6
*
~~ MGY MGY-
putin

v
Gyroscopic moment e(t)EMG(¢)=-IZZQ¢ \ //:'
//1

rotation around y-axis

formation: ©
I: 1,

'

S

Figure 3.12: Modeling the gyrator effect.

The second method is as stated in Karnopp et al.[2] using the gyrator ring con-
structions where the modular gyrator elements (MGY) represent the cross-coupled
product terms with time-varying moduli.

I: IXX

/\\ A0

rotation around x-axis 1

Gyroscopic moment e(t)=Mg(0)=1,,Q20 T_l/
MGY «—Jz_wz : IzQ

Gyroscopic moment e(t)EMG(¢)=—IZZQ¢lL

rotation around y-axis 1

e‘l/ &I : Iyy

Figure 3.13: Modeling the gyrator effect using a gyrator-ring structure.

Later on, the equations of motion 3.19 can be formulated as the sum of all forces
acting on the rotor to be zero. Let this be shown for the translation and rotation
about the x-axis:

mx + dejC + dxcé + kxTx + Kxce +£—meQZCOS(Qt)1 =0

e1() er;('t) e’f?t)
Idd; + IZZQH. - dycy + dyR(l) - ]Cycy + kyR¢+ (—(Uzz— Id)TQZCOS(Qt)) =0
—_— —— -— s\ ~— d
ACENAG! e (1) ey (1)

Through this formulation, 1-junctions can be set to describe each line of the
equations of motion. For instance, for the translation and rotation about the
X-axis.
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Out-of-balance forces

lL e (t)
] —

L ed e (e, (6)=0
F(t)=F, () =F,"(t)=V,

e;"(t)

Resultant forces and moments el—(t)>
acting on the rotor due to the bearings

| | Inertia element

Out-of-balance moments

Resultant forces and moments e“—(t)- , ﬂ»
acting on the rotor due to the bearings

{ | Inertia element

SOl T e tresDtes (Mo (1)=0
Gyroscopic moment  f,(t)=Ff,'(t)=f,"(t)=Ff,""(t)=¢

Figure 3.14: Explicit application of the EOM into Bond-graph model.

These 1-junctions can be further applied to the translation in- and the rotation
about the y-direction by modeling the out-of-balance forces and moments in
modular source of efforts (MSe), the final Bond Graph layout of the rotor center
can be confined in a sub-model for more clarity, and connected to the 1-junction
representing the velocity at the rotor center through (port 1).

MSe

N = \

port1
MSe

PowerDem

Figure 3.15: Bond-Graph of model (A): submodel of the rotor center displaying
the unbalance forces and moments (see Figures A.1 and A.2).

Mukherjee et al.[8] provides a model of a spinning shaft depicting the mass ec-
centricity and its angular orientation by using a 0-junction. For that, the veloci-
ties of the mass eccentricity are directly considered in the lateral plane. The po-
sition of the center of gravity is determined with reference to the geometrical
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center S. Equations 3.10 can be re-written as:

Xg =ecos(Qt)
= Xg = —eQsin(Qt)
¢=° (3.20)
and Yg =esin(Qt)
= Yo = eQcos(Qt)

modulus m;=-e.sin(wzt
Xeg=m,w,
e1(t)=m1e3(9

‘,
modulus m,=-e.cos(wzt)
Ye=m,w,

e,(t)=mae,(t)

Figure 3.16: Adding the mass imbalance through the scalar 0-element in
Bond-graph.

Due to the gyroscopic couples, applying the same approach for the angular dis-
placement can be tricky. In this case, the same procedure applied earlier can be

employed here once again.

TF—0 —— il
Sf|—/1)<
TF—0— I

vall

N

1k————MSe

port1

MGY<+—Jz_wz

Jﬁ? MSe

Figure 3.17: Bond-Graph of model (B): submodel of the rotor center displaying
the unbalance forces and moments (see Figures A.1 and A.3).

Another point that should be considered is the existence of tilt. Accordingly, the
inertia of the rotor center needs to be altered. For simplicity, the tilt can be as-
sumed to initially exist in the yz-plane. The unbalanced inertia tensor can thus
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be represented as a rotated state of the ideal inertia tensor.

IZRXIORJ{
[1 0 0 I., O 0 1 0 0
=10 cos(t) -sin(t) 0 I, 0 0 cos(t) sin(r)
|0 sin(r) cos(T) 0 0 I,,]10 =-sin(t) cos(t) 3.21)
[ 1, 0 0
=0 I,,c05%(7) 3Ly — 1.2 sin(27)
[ 0 1y - I2)sin(27) I.;c05*(1)

Where R is the elementary rotation matrix around the x-axis. The tilted y- and
z-axes of the rotor acquire respectively the moments of inertia / J,J,cosz(r) and
I,,c0s?(T).

A model variation (C) is obtained by further tuning the model to acquire a Newton-
Euler equations form, where the mass of the rotor and its moments of inertia are
split into two separate inertia-elements. For simplification and since the rotor
investigated is a rigid one, the rotational displacement of the bearings can be
omitted and the tilt stiffness is added at the rotor center. In the inertial-frame,
the Newton’s second law of motion is applied at the geometrical center of the
rotor:

F,=mX
Fy=mj (3.22)
F,=mz

Which provides a trimmed mass matrix as:

(3.23)

The unbalanced inertia tensor I is applied as obtained in equation 3.21.

Lix 0 0
I=|0 I,yc05*(1) 1Ly — 17 sin(27)
0 1Uy,-I.2)sin27) I,,c0s%(1)

The inertia-elements can be replaced by the IC-field in order to add the centrifu-
gal forces through the unbalance forces, the gyroscopic effects and the unbalance
moments, as well as to avoid increasing the number of bonds which proved to
cause conflicts at the 1-elements. The gyroscopic and unbalance moments add
up as follows:

(I — I)TQ%cos(Q1) I,w,0
(Ig— 1. )1Q2sin(Qr) | — |- I 0,¢p (3.24)
0 0

The transformer-elements (TF) relating the bearings to the rotor center in this
case have the modulus m; = —[rg1] and m» = —[rg2] where [rg;] and [rg»] are
the skew-symmetric matrix of respectively the front- and back-bearings position
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relative to the rotor center in the inertial-frame. At the 0-elements, the relations
provided in equations 3.3 and 3.4 hold. The modeling is visible and explained in
Figure 3.18.

tangular stiffness matrix K 'rt_|l_ted inertia matrix I

i (ka1+ka2) 0 0 E i Ixx 0 0
iKeiie= 0 (Kyratkyra) Of I={ 0 I,cos%(a) 0.5(I,,-1,,)sin(2a)
| 0 0 of | ! 0 0.5(1,,-I,;)sin(2a) I,,cos*(a)

' |
1 b
| '

iangular restoring force: Ky J® dt'\*

unbalance moments of forces

0 -I,w, 0 ||w,
ﬁ\ ) Gyroscopic moment Mg= |I,,w, O 0 ||w,
0 0 0l|w,
[ |« Torque

v
[oy &y w,]"

m;=-[rg;] TF TF my=-[rg,]
,ﬂ[*:i’:i]T ﬂ\
front-bearing | Q 11 Q I back-bearing
VB1=Vs~ [rB1]U~) ~V52=Vs‘[r52]w'

I me(w,)?cos(w,t)

unbalance forces |me(w,)2sin(w,t)

J' 0
<,

HH

Figure 3.18: Bond-Graph layout of the model (C) (see Figure A.4).
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3.1.3 Rotor modeling by including the rotating frame of
reference

It can be noticed that using Newton’s second law to generate the equations of
motion is practical for simple rotors. However, using the energy method this
time is advantageous in order to not only establish the equations of motion in
the general form but also to generate a form that is favorable for application in
Bond-Graphs.

While the general Lagrange’s equations allows to describe the rotor without an
explicit determination of the forces acting on it, it should be further extended
to take into consideration that the rotor undergoes finite rotations. Therefore,
transforming the general Lagrange’s equations into the quasi-Lagrange’s equa-
tions is more optimal in order to include the fictitious forces that occur in the
rotating reference of frame.

First, a mathematical manipulation using a skew of a vector is shortly presented.
with [a] is the skew of a vector a’ = [a, ay agl:

0 _az ay
lal =] a; 0 —ay

The following properties apply: [a]’ = —[a] and a x b = [a]lb = [b]Ta = —[b]a,
where b = [b, by b,]. A skew of a matrix allows to manipulate the matrix to
avoid size conflicts in multiplications.

A detailed transformation into the quasi-Lagrange’s equations is presented in
references[14] and [13], and in a more simplified form in[15]. For convenience,
the transformation is briefly here presented based on the mentioned references.
The general Lagrange’s equations have the standard form:

d oL 0L dV _ 3.5

a:'9q aq ag " (3.25)
Where ¢ is the general coordinates, Q represents the generalized forces and the
scalar Lagrangian function is L = T -V, T is the kinetic energy and V is the po-
tential energy. By separating into the rotational and translational parts, the base-
body rotation is:

4oL _oL_, (3.26)
diop op P '
And the base-body translation, with r being the inertial position vector:
d oL OL 0 (3.27)
dtov or '

Where Qg and Q; are the generalized forces in respectively the body-base rota-
tion and translation. With R being the rotation matrix that will be presented in
details in a coming step, the conversion into the quasi-coordinates is performed
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through the following transformation:

1([R 0 T
I_E( 0 C, r mE” (3.28)
A quasi-coordinate change of variables is thus:
10" (1 [r]
T=2 " mE (3.29)

The transformation matrix' C ; is the direction cosine matrix that relates the body-
fixed components of the linear velocity vector v’ T=1x y' Z'] to the inertial ones

T=[x ¥ Zl. ?, f, kandT ], K are the unity vectors in respectively the body-fixed
frame and inertial-frame. The scalar products are thus I-i = [1]-|1|cos(I- i) =
cos(I-1) and so on for the rest of the terms.

1 [1-i 1-7 T-k|[x
y=\17 70 TRy
] |K-i K] Kk|L2
'003(7-7) cos(T f) cos(f-%) x (3.30)
=|cos(J-1) cos(- f) cosJ-%) | |7
_cos(ff-i") cos(K-7) cosK-B)| |2
Vo= C v

=y

This transformation does not need to be explicitly determined since the veloci-
ties in the body-fixed frame are determined directly from the constitutive equa-
tions of the I-element.
The rotational quasi-Lagrange equation of motion is obtained by transforming
Equation 3.26 by considering that T in Equation 3.28 to be only a function of the
angular velocity:
d oT
dt ow'

The translational quasi-Lagrange equation of motion is obtained by transform-
ing Equation 3.27 by considering T in Equation 3.28 to be only a function of the
linear velocity:

. 0T 0T 1
[w]@'i‘[v]ﬁzf_{ Qp (3.31)

d oT oT oT
diow T 5 =G @&

Using the properties of skew matrices allows to rewrite Equations 3.31 and 3.32
in their final quasi-Lagrange form as:

(3.32)

dor ., 9T . oT_ R0
dr 0w’ ow T o p (3.33)
dor , oT oT .

a9 % _c
dtdv’+w ow' or 1t Qr

IThe direction cosine matrix is used only to derive the quasi-Lagrange equations, it must not
be confused with the use of the rotation matrix to convert both the linear and angular velocities
between the inertial-frame and the body-fixed frame as stated in Karnopp et al.[2]
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the static imbalance is presented here in a general form, for a rigid body whose
center of gravity G is displaced from its geometrical center S and rotating around
its center with a velocity w. The velocity v of the center of gravity is:

VG=UVs+wWXTg (3.34)

Where vy is the velocity of the body center.

pImII

0 > X

Figure 3.19: General plane motion of a rigid body.

Determining the momenta due to the shifted center of gravity is practical and
necessary for their application in Bond Graph. The linear momentum p is thus:

P=f p(vs+wxrg)dV
1%

=m(vs+wxrg) (3.35)
=muvg
Where p is the density of the body. The angular momentum L:
L= f prg x vgdV
14
(3.36)

:f prg x (Vs+wxrg)dV
v

=lw+rgx mvg

Where the first right-hand term is the spin or the rotation about the spin axis, and
the second right-hand term is the angular momentum about G.
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Using equation 3.34, the kinetic energy can be written as:

1
T= Ef p(vs +w x rG)T(vs+wx rqg)dVv
1%

1 1
= 5 Mus: Vs + vg(w x mrg) + Elew 3.37)

T

1 9 1
= zmvs + vs(w x mrg) +§w w

Let the linear velocity be denoted as v = v; and r = rg. By considering the char-
acteristics of a skew matrix mentioned earlier:

1 2 1 7
T:Emv +v(wxmr)+§a) lw

1 1
= 5mz;2+ v(—[r]mw)+szlw (3.38)
L 5 L 7
=-—mv°+v(lwlmr)+-w" lw
2 2
And
T
a—:mv+[w]mr:mv+wxmr:mv—m[r]w (3.39a)
v
oT
6—:v(—m[r])+1w:—m(vxr)+1w:m[r]v+1a) (3.39b)
w
oT
— =v[wlm (3.390)
or

Substituting and arranging equations 3.39 in the quasi-coordinates Lagrange’s
equations 3.33, this gives:

doT oT oT

%%“"X ov Or

= %(mv—m[r]w) +wx(mv—mlrlw)+—-viwlm

=mv—m[rlo+wx (mv)+wx (—m[rjw) —viwlm

(3.40)
=mv-—ml[rlo—m[vlw+wx (mw xr)—viwlm
=mv—mirlo—-m[v]w+w x mlw]r—viwlm
=mv-—mlrlo—-m[vlw - m[lw]rlw - viwlm
=m0 - [rlo-[vlw—[lw]rlw - viw])

And:

ia—T+ xa—T+ xa—T

drow 0 T G
= %(m[r]v+1w) +w x (mlrlv+1w) + v x (mv—mlrlw)
=m[rlv+Io+wx mrlv+owxlw+vx mv+vx (—m[rlw) (3.41)
=m[rlv+Iwo+wxmrxv—[lo]lJo—-m[v]v+vx (—mr x w)
=m[rlv+1w+w x (=m[v]r) - lolo - m[vlv+ v x m((w]r)
=m[r]v+1w+ m([vlrlw - [lwlw — m[v]v — m[[w]r]v



3 Numerical methods: modeling approach using Bond-Graphs 37

Assembling the equations into matrix form:

v
W

mE —mlr]
m(r] I

-mlw] -m[v] — m[lw]r]
-mllw]r]—=mlv]  m[[v]r] - [lw]

v

" :Hﬂ (3.42)

Miy+Cv=f (3.43)

Is the general matrix form of the equations of motion, with f/ = [f; f>] being
the corresponding generalized forces. This form of the equations of motion can
be directly applied in an IC-element in Bond Graph. Karnoppl2] emphasizes
that using the IC-field is more practical in order to avoid several ramifications
and algebraic loops in the Bond graph model and thus better depicts the con-
servation of energy in the system. To achieve that, the Lagrange’s equations,
which are essentially obtained by applying the calculus of variations for Hamil-
ton’s principle[16], need to be further written in the momentum form. The lin-
ear and angular momenta can be defined as p = 0T/0v and L = 0T /0w, when
applied in the quasi-Lagrange’s equations 3.33, the constitutive law for the IC-
element that couples the velocities and generalized momenta can be stated:

p=Mv+a, a=0for aconstant velocity source

3.44
v=M'p@ndw=M"'L) (544

The inertia of the rotor using an IC-element can now be established. The mass
matrix M and the coefficients matrix of apparent forces C as in equation 3.43 are
stated here more comprehensively:

m 0 0 0 mr; —mry]
0 m 0 —mr, 0 mry
M= 0 0 m mry —mry 0 (3.45)
- 0 _mrz mry Ixx Ixy Ixz
mry 0 —mry Iy Iy Iy,
[—mTy  MTy 0 Iox Izy Iz |
And:
0 mw, -mw, 0 C -B
—mw’, 0 mo, -C 0 A
me', —mw', 0 B -A 0
= 4
€ 0 C -B 0 -F E (3.46)
-C 0 —-A F 0 -D
B —-A 0 -E D 0|

with A= mi' + m(w)r, - w}ry)
B=mj' + m,r,—wr,)
C=mZ + myry—w),ry)
D=m@y'r,—2'r)) = Iz + Ixya);, + I,0))
E=m(Z'ry—x'r;) — Iz’ + Iyyw’y + I 07)

F=m(i'ry =31 = Ly + Lyw), + [;;0)
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Furthermore, the transformation to the inertial-frame is needed in order to de-
tect the position of the rotor center. This transformation is achieved as follows.
Let 3 be a set of the three Euler angles 8 = [¢ O y]” that describe the orientation
of the rotating frame with reference to the inertial frame. o’ = [0/, w’y w17 is the
vector of the angular velocity in the body-fixed frame. R(f) is the rotation matrix
as such, that the angular velocity vector o’ can be expressed as a function of the

Euler angles and their rate of change 8 = [¢ 0 /] T:

o' =R(B)P (3.47)

This transformation allows to determine the angular velocities in the body-fixed
frame with respect to the inertial frame of reference?. It is also indispensable in
order to achieve the conversion of linear velocities and forces between the iner-
tial frame and the rotating frame. In order to achieve this mapping, intrinsic el-
ementary rotations are applied in a definite sequence with the assumption that,
initially, the axes of the body-fixed frame lay aligned with the axes of the iner-
tial frame. Additionally, two intermediate coordinate systems (O — x; y;21) and
(O—x2)22,) are defined. Secondly, assuming that the order of rotations occurs as
follow:

e arotation with an angle 9 around y-axis transforming the coordinate sys-
tem from (O —xyz) to (O —x1y121),

e arotation with an angle ¢ about the x; -axis transforms the coordinate sys-
tem from (O — x1 )1 21) to (O — x2)22),

e and a rotation with the angle 1 around the z;-axis transforms the coordi-
nate system from (O — x2)22,) to (O—x'y'Z’).

These transformations are summarized in Figure 3.20. Moreover, the rate of change
of the Euler angles 9, ¢, and 1 are respectively the instantaneous angular veloc-
ities about y-axis, x;-axis and z;-axis. In order to express the angular velocities
Y, 0}, and o in terms of the rate of change of the Euler angles the following
process should be applied:

* 0 transforms its direction from being along y-axis to y,-axis and then to
! .
y'-axis,

* ¢ transforms its direction from being along x; -axis to x’-axis

 and the last rotation is the spinning around the z’-axis with the angular
velocity 1, which, in the case of a constant rotor rotational speed Q around
Z'-axis, can be simplified to 1/ = w, = Q.

2Itis important to note that the rate of change of Euler angles are not the same as the angular
velocities in the inertial-frame. Some references define them however interchangeably. This is
only correct for the case of infinitesimal Euler angles, which is assumed to be the case in this
work. In both cases, due to the assumption that the rotor spins at a constant angular speed Q, it
is permitted to always consider { = w), = w, = Q.
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Figure 3.20: Elementary rotations and Euler angles.

Explained here briefly, is an elementary rotation of a rotating coordinate system
with a constant angular velocity Q around a fixed axis z. As seen in Figure 3.21,
the displacement in the inertial frame in terms of the displacement in the rotat-
ing frame:

x=x'cos(Qr) -y sin(Qr)

y =x'sin(Qt) + y' cos(Q1) (3.48)

z=1

The transformation from the inertial frame to the body-fixed frame can thus be
obtained in matrix form:

x cos(Qr)  sin(Qrn 0] [x
Y| =|-sin(Qf) cos(Qt) 0] |y (3.49)
z' 0 0 1] |z

Ya

y
y'sin‘EQt ‘/,—"// _\cél X
E; XIfx'cos(s‘zt) =
< Qt g;
o) >x

Figure 3.21: Relating the rotating frame and the inertial frame.



3 Numerical methods: modeling approach using Bond-Graphs 40
The sequence of transformations can be written in the following matrix form:
w', cos(y) sin(y) 0] [1 0 0 0]
a);, = |-sin(w) cos(w) 0| |0 cos(p) sin(p)| O
w 0 0 1] [0 —sin(¢p) cos(p)] [0
“ _ ¢ v : (3.50)
cos(y) sin(y) 0] [¢ 0
+ [=sin(y) cos(y) O |0[+]0
0 o 1flo] |v]
The transformation of the body-fixed angular velocities in matrix form:
w', cos(y) sin(y)cos(p) 0] [¢
a);, = [=sin(y) cos(t//.)cos(q)) 0 19 3.51)
w, 0 —sin(p) 1] |y )
0 = R(B) p

The Euler angles can now be determined. First, the rate of change of Euler angles
must be determined as functions of the angular velocities «’ in the body-fixed
frame:

p=RE)
1 cos(y)cos(yp) —sin(y)cos(y) 0
= — sin(y) cos(y) 0 o'
det(R(f)) sin(p)sin(p) cosy)sin(p) cos(p)(cos®(y) + sin®(y))
¢ cqs(w) —sin(y) 0 [,
=>|0|=] ez B 3.52)
4 sin(y)tan(p) cosw)tan(p) 1| Lo
which gives:
¢ = cos(W)w' — sin(y)w),
- sin(y) , cos(y) ,
0= cos) + cosi@) (3.53)

W = w} +siny) tan(@) o' + cosy) tan(p)w),

This leads to directly determining the Euler angles in Bond Graph by integrating
their rate of change over time:

o=\ @dt
t .

9= 9dt (3.54)
t

y=[ vydt

Consequently, the elementary rotations can be established. However, the ele-
mentary rotations presented in equation 3.50 cannot be directly applied. These
rotations account for a precession around the z-axis, followed by a nutation around
the x;-axis and then the proper rotation or spin of the rotor about the z’-axis.
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Nevertheless, the Euler angles can be used as Cardan-angles in order to form the
elementary rotations. In this case, pitch around x;-axis, yaw around y-axis and
the roll around z’-axis. This is the sequence applied in order to determine the
body-fixed angular velocities and it can be explained through equation 3.50 as
follow:

1 0 0 0
0 cos(p) sin(p)]| |D (3.55)
0 —sin(p) cos(p)] |0
This transforms 9 direction from being along y = y;-axis to y,-axis.
cos(w) sin(y) 0] [1 0 0 0
=sin(y) cos(y) 0] |0 cos(p) sin(p)]| |D (3.56)
0 0 1] |0 —sin(p) cos(p)| |0
This transforms it further to y3 = y'-axis, which gives the direction of w),.
cos(y) sin(y) O] [¢
—sin(y) cos(y) 0] |0 (3.57)
0 0 110

This transforms the direction of ¢ from x; = x,-axis to x3 = x’-axis, which gives
".. The spin of the rotor is finally accounted for by [0 0 v/] 7.
The elementary rotations are thus:

[1 0 0

Rpitech (@) = |0 cos(gp)  sin(e)
|0 —sin(p) cos(p)]
[ cos(p) 0 sin(p)]
Raw@®=| 0 1 0 (3.58)
| —sin(p) 0 cos(p)]
[ cos(y) sin(y) O

Rion(y) = |—sin(y) cos(y) 0
0 0 1

There are two measures that can be performed or tested in order to check whether
the Euler angles are appropriate for this defined case:

* First, by deriving the rotational kinetic energy of the rotor, under the as-
sumption that the Euler angles are infinitesimal and thus correspond to
the rotor angular velocities in the inertial-frame. The kinetic energy T, due
to the inclination of the rotor in this case is:

1
T,= ML w7 + I’} + Igw'?) (3.59)

By substituting equation 3.51 into equation 3.59, the kinetic energy due to
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the rotational motion becomes:
_l 22 A2 s 200N oA 2 A2 2
T, = 2m(Izz(uJ +0°sin“(¢p) —2y0sin(Pp)) + I;(p°+0°cos“(¢))) (3.60)

Since these inclinations are presumed to be small enough, thus sin(¢) = ¢,
sin®(¢p) = 0 and cos(¢) = 1, and by applying v = Q:

T, = %m(IZZ(QZ —2Q0¢) + 1;(p* + 62)) (3.61)

Yields the proper rotational kinetic energy 7> of this rotor configuration.

* Secondly, by running the simulation and plotting the rate of change of Eu-
ler angles over time, qualitatively they should have a similar course as in
Figure 3.22.

-0

Figure 3.22: Qualitative plot of the Euler-angles rates.

e Thirdly, the formula of the Euler angle applied in Bond-graphs should be
suitable for the iterative calculation, which means no denominator in Equa-
tion 3.53 should be zero at any iteration.

Due to the infinitesimal Euler angles ¢ and 9 and at a constant spin speed, the
rotation matrix can be defined interchangeably as such:

R =R(B) = Rpitch (¢) Ryaw () Rron () (3.62)

As dictated by Karnopp[2], the transformation can then be applied to the linear
and angular velocities as well as the forces and torques:

!

v=Rv

w=Rao'

Y RTE (3.63)
7=R"z

In the Bond Graph model, these transformations are instituted by using a mod-
ulated transformer (MTF). Eventually, the centripetal forces —m x w, x (w, x 1¢),
caused by the acceleration of the rotor center of gravity due to the radial forces
at the bearings[18], are added in a simplified form through a modular source of
effort element (MSe) such as, the output effort is:
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-m-wile-cos(w, 1) e-sin(w,1) 000 0]7.
This element is connected directly to the scalar 1-element representing the ve-

locities of the rotor center.

This entire modeling procedure is summarized in Figure 3.23.

The rate of Euler angles:
¢ =cos(y)w’ —sin(y)w’,

8 =sin(y)cos(p)w’,+cos(y)cos(P)w’y

P =0’ +sin(p)tan(@)w’+cos(w)tan(P)w'y
The Euler angles as output:
e=[¢ dt

6=/6 dt

y=Jy dt

front-bearing

IC -—--- »|velocities f(t)=M"1p(t)

Mass matrix M
momenta of the rotor p(t)=e1(t) dt

Forces coefficient matrix C

t)=Cf(t
e ) &,(t)=Cf(t)
i
| e,(t)=Cv(t)
W w'y,0' | :
1 [X,¥", 2, 0'%,0'Y,0'2]"
| —
! -
i e ?1 Defining the elementary rotation matrices
' o 2| Rotation matrix:
! R=Ritcn(P)Ryaw(B)Ron(W)
:I’MTF" Applying the transformations:
_ vs=Rv
DO o RuE
I F'=RF
I N F\ T'=RT
s
ATF ~11t TF+ back-bearing
Torque MSe

centripetal forces

Figure 3.23: Model (D): Bond-Graph layout of the inertia element of the rotor
center with regard of the transformation from the body-fixed frame
to the inertial-frame (see Figure A.5).
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Model variations

By observing how the quasi-Lagrange’s equations are derived and then applied to
obtain the EOM 3.42, a debate arises. It is argumented whether the frame trans-
formation is required for the rotational DoE Thus, considering a model variation
of (D) denoted (E), where the only difference is that the frame transformation
is exclusively used on the translational velocities and forces. Nonetheless, the
Bond-graph layout of (E) remains unchanged from that of model (D) as can be
seen in Figure A.5,

It is even further argued that a frame transformation might even be unneces-
sary, and that the 1-element defining the rotor center velocities should be directly
connected to the IC-element determined in model (D), but by defining a rotat-
ing static unbalance, precisely rg =[e-cos(Qt) e-sin(Qt) 0]. This variation is
designated as model (F) where the MTF-element representing the frame trans-
formation is completely removed.

This last variation present a conflict with the common knowledge of modeling
a rotor in an inertial-frame of reference. Accordingly, another possibility of cus-
tomizing the model (D) still stands. This is achieved by eliminating the fictitious
or apparent forces when omitting any reference to the body-fixed frame. The
mass matrix remain unchanged while the forces coefficient matrix C is reduced
in this case to include only the centrifugal and gyroscopic forces:

0 —m|[w]r]

=~ o miwirl- o (369

Besides, the static eccentricity is now subjected to rotation, hence again rg =

[e-cos(Q1) e-sin(Qr) 0]. This variation is denoted as model (G). Despite the
differences in the IC-elements, it has a similar Bond-graph layout to model (F) as
presented in FigureA.6.

In table 3.1 is a brief comparison of the main distinctions between model (D) and
its variations.

includes (or not)
Model apparent forces frame transformation
Euler | Coriolis | centrifugal | translational velocities | angular velocities
forces | forces forces and forces and moments
(D) X X X X X
(E) X X X X
(F X X X
(®)] X X

Table 3.1: Brief comparison of model (D) and its variations
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Test models

First, the Bond-graph example of a Stadola-Green rotor presented by Pedersen[12]
is directly tested to this study case. The used general equations of motion were
applied in the body-fixed frame and are stated here for convenience:

mE —mlr]
mlr] I

vi_ [f 1
w I
This form of EOM was then utilized in the IC-element in model (D). As a matter
of fact, this reference was basic to the modeling methodology of model (D).

0 -mv] - m[lw]r]

rl-mlv]  mivlr] - o]

+ [—m[[w] rl (3.65)

v
w

Also, the Eulerian-junction structure as presented by Karnopp et al.[2] can, theo-
retically, be directly applied to test the model response at 0 (rpm). By considering
the deviation of the center of gravity as presented for a general plane motion of
a rigid body, and the obtained expression of the momenta, the net forces and
torques acting on the body are:

0
F= a—’; +twxp
3.66
oL (3.66)
T=—+wxL
ot
Fy=mi+mwyz—mw.y
Fy=mj+mw;x—mwyz (3.67)
F=mZ+mwyy—mwyx
Ty = Lixwx + 0yl 0, —w Iy,
Ty = Iyyd)y+szxxwx_waZsz (3.68)
T, =0+ Wi lyywy — Wy Iy
F 11 I:m My————A1 ——— 1 1
mw'z——»MGY MGY «—mo'y I,,0'z—»MGY MGY «—I,,w'y
Fy 1 MGY 1 Fz M 1 MGY 1 M,
@ I:m mLx I:m (b) 1: 1, I L'x 1:1,

Figure 3.24: Bond-Graph model representing the gyrator ring constructions: (a)
translation, (b) rotational Dof.

Additionally, for the purpose of comparison to the EOM derived from the quasi-
Lagrange’s equations, the Euler equations as presented can be exploited to reach
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the equations of motion in matrix form in a similar manner to equations 3.42.
p=mv+wxrg)

=>F 0p+w
= — X
o1 p

=mvg+owxmv+wxrg) (3.69)

=mv—[rlmw+ow x (mv - [rqglmw)

=mv-[rlmw+ [w]lmv - mllw]lrglw

L=Iw+rgxmv

L
=>T=—+wxL
ot (3.70)

=low+[rglmv+owxlw+wxrgxmv
=lw+ [rglmv - [lwlw + [[wlrglmv
Assembling the equations into matrix form:
1)
W

mE —mlr]
mlr] I

v
w

_[h
I

As can be seen, this leads again to the general matrix form of the equations of
motion, however different, and can yet be tested again in the IC-element of the
built model (D).

(3.71)

[M[w] —-mllw]r]
mllw]r] —[w]

Throughout this section, several models were presented to describe the dynam-
ics of a rotor by means of Bond-graphs. The focus points were implementing
the unbalance forces and moments, as well as the gyroscopic effects. In the fol-
lowing, the models are evaluated and investigated by testing and comparing the
outcome to the provided experimental results.
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Study case parameters

The collected geometrical data and parameters needed for the modeling are sum-
marized in the table below.

The CAD model of the rotor shows an axial deviation Zg; of the center of gravity
G from the origin of an initially defined coordinate system along the z-axis such
as G(0,0,—4.4355234 - 1072) mm. According to this the ideal inertia tensor I, can
be defined in two different manners. First, in reference to the center of gravity:

I, 0 O
=10 Ly 0
00 IZZ_7 (3.72)
5.433619-10 0 0
= 0 5.4336191-1077 0 (kg-m?)
0 0 6.5495134-1077
Secondly, in reference to the defined coordinate system:
5.4338246-1077 0 0
I, = 0 5.4338248-1077 0 kg-m?)  (3.73)
0 0 6.5495134-1077
Description Data
Effective mass m of the rotor 0.010453015kg
. static eccentricity | 46.73 um
Mass imbalances tilt angle 0.0344 rad
Front-bearing
Distance to the rotor center L 12.45564477 mm
Radial stiffness K q4ia1 = ky1 = K 990N/m
Axial stiffness K, xiq1 = k21 1980N/m
Tilt stifftness K;;;; = kg1 —0.53Nm/rad
Magnetic eccentricities
Initial lateral deflection eg x—d}rect}on ¢sx = —4pm
y-direction esy = 7um
Radial deflection during operation eg 66 um
Back-bearing
Distance to the rotor center L, 1.944355234 mm
Radial stiffness K qqia1 = ky2 = Ki2 1210N/m
Axial stiffness K xjq1 = k22 2420N/m
Tilt stifftness K;;;; = kro —0.17Nm/rad
Magnetic eccentricities
Initial lateral deflection eg x—d}rect}on €sx = S0pm
y-direction esy = 3um
Radial deflection during operation eg 13 um

Table 3.2: Modeling parameters and data.
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4.1 Natural free-frequencies and speed map

4.1.1 Natural frequencies obtained from the models

At first, the natural frequencies were determined. For that purpose, a numerical
impact test was run by using an impulse signal-generator or by adding an unbal-
ance or an initial force at time f; and recording the system response.

The models behaved similarly at 0 (rpm) and delivered almost identical response.
After determining the numerical values, a Fast-Fourier transformation (FFT) was
applied to the system response. A Fast-Fourier transformation is an efficient al-
gorithm to calculate discrete- (DFT) and inverse discrete-Fourier transformation
(iDFT). It allows to convert the signal or system response from time domain to
frequency domain. Afterwards, the percentual relative error ¢, was then calcu-
lated for each value as e, = |1 - %| -100%.

By means of error and trial, the radial stiffness at the front-bearing had to be ad-
justed to a lower value ky; = Ky; = 790N/m in order to reach fairly comparable
natural-frequencies to the ones determined experimentally. This reduction was
considered acceptable for the modeling. The results obtained are summarized in
table 4.1. Although the response amplitudes were not examined, they are graph-
ically presented in the amplitude-frequency plots along the Campbell-diagrams
in Figures A.7-A.12.

Front radial stiffness (N/m) ky1 = Kx1 =990 \ ky1 = Kyx1 =790
Natural-frequencies (rpm) | Empirical Numerical
wo,1 2690 2652 2584.482
relative error €, (%) - 1.413 3.9226
wo,2 4844 5454 4846.938
relative error €, (%) - 12.593 0.06065

Table 4.1: Natural frequencies obtained from the models.

4.1.2 Natural frequencies speed-map: Campbell-diagrams

Principally, the natural-frequencies speed maps (Campbell-diagram) were estab-
lished for each model. This was achieved by applying a Fast-Fourier transforma-
tion (FFT) to the model response over an array of rotational speed Q2 ranging from
0 (rpm) to 5000 (rpm) with an increment of 100 (rpm), and for a measurement du-
ration of 10 seconds each. These responses were obtained by implementing the
static eccentricity to generate an unbalance force as an exciting source instead
of using an impulse-signal. The experimentally determined Campbell-diagram
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in the thin yellow plots overlap with the numerical ones that appear in the back-
ground with the color purple. This was accomplished, in such manner, with the
intention to have a direct and more explicit graphical comparison or validation
as exhibited in the following figures.

The Campbell-diagrams of the models (A) and (B) are identical as can be seen in
Figures 4.1a and 4.1b. In fact, model (A) and (B) behave identically overall and
accordingly, the results of their simulations will be presented combined.
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(a) Model (A). (b) Model (B).

Figure 4.1: Campbell-diagrams obtained from model (A) and (B).

Model (C) delivered the following Campbell-diagram:
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Figure 4.2: Campbell-diagram obtained from Model (C).
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As for model (D), it can be noticed in Figure 4.3a that the FW of the first mode
has an elevated frequency response starting at around 2500 (rpm) in comparison
to the experimental plot. Several variations were tested in order to try identi-
fying what might be contributing to this rise in the Forward-Whirling frequen-
cies, essentially by alternating the expressions of the gyroscopic effect. This was
achieved , for instance, by opting for the ideal inertia tensor or using a reduced
gyroscopic matrix, or even by trying a combination of both. The obtained Campb-
ell-diagram is viewed in Figure 4.3b.
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(a) Model (D). (b) Testing model (D) using an ideal inertia
tensor.

Figure 4.3: Campbell-diagrams of model (D) and test case.

As for the Campbell-diagram obtained from the model variation (E):
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Figure 4.4: Campbell-diagram obtained from model (E).
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Finally, the Campbell-diagrams that were obtained through models(F) and (G)
are neatly identical and are displayed here below.
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Figure 4.5: Campbell-diagram obtained from Model (F) (similarly from model
(G)).

Eventually, two modeling approaches that depend on using the derived frame
transformation were tested based on the literature. Starting by deriving and ap-
plying the equations of motion exactly as provided in the work of Pedersen (2009)
in the first trial. Then, the gyrator ring-construction as specified by Karnopp et
al.[2] was directly employed in a second test model.
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Figure 4.6: Campbell-diagram obtained from the test models.
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These approaches yield Campbell-diagrams that are quite similar to each other,
but nevertheless, with obvious and large deviation from the anticipated outcome
as can be observed in Figure 4.6.

Unfortunately, applying the modeling approaches provided by Pedersen[12] and
Karnopp et al.[2] resulted in rather a discouraging outcome. Nevertheless, the
first reference[12] was further investigated to comprehend the limitations that
causes such off results. By re-deriving the quasi-Lagrange’s equations of motion,
the term —%—Z in the quasi-Lagrange’s equations should not be disregarded as it
contributes to the Coriolis forces in the rotating body. This accentuates the im-
portance of considering all the apparent forces acting in the rotating frame of ref-
erence. Based on this disclosure, opting to a similar approach as demonstrated
in section 3.1.3 resulted in model (D). Still, and as observed in Figure 4.3a, the
course of the forward-whirl of the first mode starts to increase abruptly at ap-
proximately 2500 (rpm). This suggests one of the following explanations:

e First, that one or the combination of these apparent forces, and due to their
dependency on the rotational velocity, contribute energy to the forward-
whirl of the first mode which causes its frequency ascent or deviation.

e Secondly, that bond-graph treats the frame-transformation other than ex-
pected. Actually, itis noticed that when applying the frame- transformation,
the angular velocities around the x- and y-axes display a constant offset
from zero at the start of the simulations. The angular velocities ¢ and
oscillate then around this offset value.

Based on this perception, a model variation (E) is tested where the frame-transfor-
mation was applied only to the linear velocities and forces. A validated Campbell-
diagram was then obtained as shown in Figure 4.4. At this stage and in a model
variation (F), the frame-transformation was completely omitted. However, in
such cases, the fictitious forces should be disregarded in the modeling. For this
reason, a model (G) with a reduced forces-coefficient matrix, where only the gy-
roscopic and centrifugal forces were considered, was tested. These two models
resulted also in validated and identical Campbell-diagrams as displayed in Figure
4.5. Approved natural-frequency diagrams were likewise accomplished through
models (A) and (B) as presented in Figures 4.1a and 4.1b.

Another information that need to be mentioned, is that the sign of the term con-
tributing to the gyroscopic matrix had to be inverted from a minus sign to a plus
sign in model (D) and its variations, otherwise the model would not have func-
tioned.

The critical speeds can then be read directly from the Campbell-diagrams at the
intersections between D : Q) = w and the precessional frequencies of the FW
and BW. These critical speeds were defined approximately at w.) = 1945.5 (rpm),
we2 =3941.5 (rpm) and w3 = 4456.5 (rpm).

When determining the Campbell-diagram, a simple form of the correct layout
of the models is sufficient. After all, it is only the natural free-frequencies that
needs to be obtained by performing an impact test. However, this is obviously
not the case when examining the unbalance responses of the rotor models. Here,
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all the unbalances present in the rotor should be implemented in addition to
the adjusted damping coefficients provided in table 4.2, as well as the apparent
forces or the centripetal forces depending on the used frame of references.

4.2 Orbit response

The simulations were set to run for 60 seconds and then compared to a run of 5
minutes, the resultant displacements converge fairly comparable in both cases.
Thus opting for the first case, the orbits for the last revolution were generated at
different speeds 1100, 2100, 3100, 4100 and 5100 (rpm). These speeds were cho-
sen mainly below and above each of the critical speeds. The rotation is counter-
clockwise. The displacement orbits obtained from the models at the rotor center
were plotted and are shown in the following figures.
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Figure 4.7: Model (A), (B): Displacement orbits at the rotor center.
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Figure 4.8: Model (C): Displacement orbits at the rotor center.
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Figure 4.9: Model (D): Displacement orbits at the rotor center.
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Figure 4.11: Model (F): Displacement orbits at the rotor center.
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Figure 4.12: Model (G): Displacement orbits at the rotor center.

Initially, it can be noticed that the orbits are elliptical which emphasizes the asym-
metry of the rotor. Moreover, when the rotor traverses a critical speed it should
show a rise in amplitude and a shift in phase[11]. While the phase shift was not
examined, the amplitude increase is mostly observed in the numerical models
that exhibit resonance as presented in Figure 4.13. For instance, model (A) (si-
multaneously (B)) shows resonance at approximately 1900 and 3700 (rpm). Con-
sequently, a rise in the orbital displacement when crossing from 1100 to 2100
(rpm), and from 3100 to 4100 (rpm) can be recognized. This can also be detected
for the models (F) and (G) that show resonance respectively at around 2000 and
4200, and at 3000 (rpm). Model (C) exhibits however one orbit amplification
when crossing over 2000 (rpm). Model (E) and (D) show rather monotonically
increasing lines, thus in turn, their orbit plots appear to only increase in ampli-
tude with the rotational speed as seen in Figures 4.9 and 4.10.
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Figure 4.13: Maximum displacements obtained from the numerical models at
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4.3 Unbalance response

In the following the unbalance response of the seven models were investigated by
examining the mean and maximum displacements at two positions. Experimen-
tally, the maximal displacements at two defined edges in the rotor were provided
in addition to the mean displacement measurements along the x- and y-axes
and their corresponding standard deviations. The front edge lies at the coordi-
nate zy = —13.956 mm displaced at 13.912 mm from the rotor center, and the
back edge at z;, = —1.046 mm displaced at 1.00124 mm from the rotor center.
The velocities and displacements at any position in the rotor can be detected in
Bond-Graphs by joining a 1-element to the center through a TF-element with
modulus the position of that edge relative to the center as shown in Figure 4.14.
The values acquired from the numerical simulations were converging after 10
seconds. Thus, the mean and maximal displacements were determined directly
using Matlab by omitting the initial phase of the displacements!'. The simula-
tions were recognized to run stable using the backward differentiation formula
(BDF) as an integration method with a time step of 107 seconds and an output
each 107° seconds.

velocity at an edge/position in the rotor

———————————————————————————— - »

Vx1 1
vyl 0
Vz1 0
wx1 0
0
0

Wy

______________________________

front-bearing=—11 ~~=back-bearing
Torque
Figure 4.14: Locating a position in the Bond-graph model
The dimensionless proportionality damping coefficients at both bearings were

adjusted through trial and error. The values that yield the most fitting outcome
are presented in the table 4.2.

Model (A),(B) | (©) (D) (E) ® | ©
Damping coefficientp | 02 [2-107* [ 107 [ 5-107* [ 107* | 1073

Table 4.2: Fitted proportionality damping coefficients for each model.

Figures 4.15-4.18 show the mean displacement obtained from the models plot-
ted against the experimentally determined ones along the x- and y-axes over the
rotational speed at both the front- and back-edge. The vertical error bars account
for the standard deviations determined from the experimental measurements.

IThe values provided in tables A.1-A.6 were rounded to six decimal places
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Figure 4.17: Mean displacement at the back-edge along the x-axis
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Figure 4.18: Mean displacement at the back-edge along the y-axis

In the following, the maximum displacements of the lateral motion obtained
from each model were plotted against their experimental counterparts over the
rotational speed. The vertical black dashed lines represent the critical speeds.
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The numerical natural-free frequencies are as stated in table 4.1 wg,; = 2584.482
(rpm) and wq » = 4846.938 (rpm) and added through the vertical red dashed lines.
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Figure 4.19: Maximum displacements at the front-edge
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Figure 4.20: Maximum displacements at the back-edge
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By observing the plots of the mean displacements, models (A), (B), (D) present
the most satisfactory results in general. Apart from the obvious offset viewed at
the front-edge along the x-axis, model (C) shows also a tendency to fit the ex-
perimental results. Similarly for model (E) that shows only a decreasing mean
displacement at the front-edge along the y-axis. Besides, it can be noticed that
model (F) delivers results that are rather divergent. The averaged displacement
decreases with an increase in the spin velocity of the rotor along the x-axis while
increasing along the y-axis at the front- and at the back-edge but by remaining in
the range of the standard deviations for the latter. The mean displacements ob-
tained from model (G) show a deviation from the experimental results along the
x-axis in the front- and back-edge while delivering adequate results at the y-axis
for both edges.

Most importantly, the maximum displacements or amplitudes of the responses
were investigated in order to determine resonance sites and the modeled rotor
behavior at the critical speeds. When it comes to the maximum displacements at
the front-edge, relatively adequate results were obtained from model (A), (C) and
(F), with (F) yielding the best fitting results to the experimental ones as can be
observed from Figure 4.19. As for the maximum displacements at the back-edge
presented in Figure 4.20, model (A), (C) and (F) delivered bearable results where
an amplitude rise can be marked at two sites for each. Here, the course of the
maximum displacement from model (F) tends to have a similar development to
the experiment despite the non-matching amplitudes.

The most detectable aspect from the numerically obtained amplitude-frequency
plots is the lack of amplitude rise and resonance sites in comparison to the ex-
perimentally provided ones.

Through the resultant unbalance responses that were determined from the mod-
els, it is evident that several deficiencies must be pinpointed. These limitations
might explain in turn the inconsistency and disagreement between the numeri-
cal and experimental results. First of all, the magnetic bearings of the rotor were
modeled as having linear dynamic behavior, this disproves the non-linear prop-
erties they manifest in reality. This linearization is to some degree responsible for
the distinct outcome of the unbalance response[5]. Besides, the role of axial con-
trol ensured by the active magnetic bearings was not implemented and therefore
not inquired to verify if it might largely influence the obtained results.

Moreover, since no information about the damping effects of the bearings were
given, stiffness-proportional damping coefficients were used to describe the da-
mping behavior of the bearings. The proportionality coefficients for each model
were determined through error and trial, they were adjusted along the simula-
tions in order to reach a relatively adequate response of the system over the ro-
tational speed and were assumed to be equal for both bearings. However and
as examined through the amplitude-frequency plots in Figures 4.19 and 4.20, a
damping coefficient value that produces an acceptable response at one of the
edges results simultaneously in an improper response at the other edge. More-
over, some controversial observations were noticed through these attempts to
tune the damping coefficients for each numerical model, such as, an occasion-
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ally slight reduction in their values causes rather a large damping effect where
the resonance is no longer observed. Whereas increasing the damping coeffi-
cients beyond a certain threshold causes substantial response instability. Alto-
gether, varying the damping coefficients of the numerical models had little to no
effect on the averaged displacements. Undoubtedly, these reports underline the
necessity to perform a parametric study concerning the damping features of the
bearing.

It is important to note that due to the existence of the tilt, the inertia tensor takes
the unbalanced form, this cancels the assumption of the axis-symmetric rotor.
This asymmetry of the rotor models is accentuated by the obtained elliptical
shapes of the orbits responses[11]. This makes it troublesome to determine at
which critical speeds does the resonance occur for the numerical models. The
reason for that is, a backward whirling is unlikely to produce a critical speed[11],
this premise is even reinforced in the case of an axial-symmetric rotor[18]. By
acknowledging that and by noticing that the unbalance responses of the mod-
els show less resonance sites than expected, a detailed look into the experimen-
tally determined maximum displacements might provide a better insight. On
one side, three critical speeds can be extracted from the Campbell-diagram and
its validated numerical counterparts. On the other side, the experimentally pro-
vided maximum displacements do not exhibit resonance or amplitude rise at all
of the critical speeds. At the front-edge and on first sight, five resonance sites
can be identified where the first and fourth ones occur consecutively at the first
and third critical speeds. At the back-edge, the main resonance sites cannot be
exactly enumerated, a first one occurs at the natural-free frequency of the first
mode. Meanwhile, several adjacent resonance sites that cannot be graphically,
explicitly characterized encompass the second and third critical speeds as well
as the second natural-free frequency. This numerical-experimental discrepancy
indicates again the need to resort to a better damping assessment method for the
numerical models.

Furthermore, in an asymmetric spinning rotor with mass imbalance, non-conser-
vative, circulatory and destabilizing effects occur due to the unbalance forces
and moments and due to the gyroscopic couples. These effects are generally
described through skew-symmetric matrices. In the case of an applied perturba-
tion, the mass, stiffness and damping matrices acquire additional skew-symmetric
components that are consequential[18] especially in the stiffness matrix. The
skew-symmetric components in the mass matrix were included through the co-
efficients of the Euler forces in the Bond-graph model (D) and its variations,
where an IC-element was implemented. However, all the restoring forces were
considered to be conservative and were solely added through the stiffness ma-
trix, in other words through the constant stiffness parameters of the bearings.
However, even when the rotor is operating at dry, cross-coupled stiffness effects
occur, even though these effects are most accentuated when a rotating liquid is
flowing through the impeller.

Finally, the internal damping that normally occurs in an operating rotor is com-
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plicated and intricate to add to the models. In a rigid rotor, this internal damping
is caused mainly due to friction along with structure and manufacturing restric-
tions. It is also time- and speed-dependent and thus often referred to as hys-
terectic damping and is considered to be a form of imbalance. When this internal
damping reaches or exceeds the bearings’ damping, it causes unstable response
and might be responsible for the high-response amplitudes in some of the res-
onance points. Add to that, the rotor models were simulated at a constant rota-
tional velocity. Thus, neglecting the initial operational phase that might trigger
subsequent instabilities during operation.

Eventually, there is some criticism that should be addressed at the experimen-
tal parameters and results provided by a second party. To begin with, there was
no proper description of the given parameters. Besides, a full assessment of the
experimental results is missing. Apart from the standard deviation of the mean
displacements in the x- and y-directions, no further interpretation of the exper-
imental measurements was provided. A good communication of the experimen-
tal setups and parameters as well as an adequate results evaluation would had
definitely helped investing more time on the modeling part and the evaluation of
the numerical results, and less time on deciphering the data.



5 Conclusion and outlook

This thesis task focused on developing Bond-graph models that depict the char-
acteristic phenomena observed in the dynamics of a dry-operating rotor by mea-
ns of Bond-graph modeling implemented in the software 20-sim. The models
presented were mostly based on applying either Newtonian mechanics, Newton-
Euler equations or the energy method through Lagrangian dynamics. Besides,
this work can be considered, partly, as a comparative study. Some of the mod-
els or exploited procedures were the result of applying modeling recommenda-
tions or existing methods from the literature. These models were expected to de-
liver ideal exemplaries or endorse setting a clear methodology for rotordynam-
ics modeling in Bond-graphs. However and by comparing to the experimental
results, the initial outcome obtained from these test models demonstrated the
need to, not only to further improve them, but also to review and inspect the
methods by which they were established.

Modeling the rotor in operation at dry should be extensively investigated and
optimized. This task is actually crucial. The reason for that is the added com-
plexity due to the hydrodynamic forces and the cross-coupled effects that have
to be considered, when the pump is running at its operation points. In this sense,
the rational of Bond-graph enables handling and adding the gyroscopic effects,
as well as the unbalance forces and moments due to the existing mass imbalance
and tilt. These are characteristic aspects in rotordynamics. Actually, Bond-graph,
as a modeling approach, displayed a considerable flexibility and efficiency that
can be witnesses throughout this study and other more sophisticated, published
works.

Moreover, one of the main distinction between the models is opting solely to
modeling in the inertial frame or implementing a frame transformation from the
inertial-frame to the body-fixed frame. The latter investigates whether includ-
ing the apparent forces occurring in a rotating coordinate system is more mean-
ingful to the modeling of phenomena in rotating structures. Generally, model-
ing in the inertial-frame seemed to deliver validated natural frequency diagrams.
Through the obtained unbalance responses, this study demonstrated that resort-
ing to modeling in the inertial-frame, by applying the EOM determined through
Newton’s second law as is the case in model (A), or as in model (C) by using
the full form of the unbalanced inertia tensor, yielded quite adequate results.
Whereas, when modeling the motion in the rotating frame of reference, it is im-
perative to include not only the unbalance forces and moments but also all the
apparent forces such as the Euler-, Coriolis and centrifugal forces. In this case,
discarding the frame transformation and adding the centripetal forces seems so
far to be the most promising approach as was the case of the presented model
variation (F). While this arrangement requires a supplementary examination, it
seemed as if Bond-graph treated the rotation matrix in a certain manner as a co-
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efficient instead of a transformation matrix.

Nevertheless, it is very clear through this work and the limitations thereof, that
several refinements must be performed. The lack of important data such as the
damping properties of the magnetic bearings justify the potential to further test
and enhance the models. Despite selecting a stiffness-proportional damping,
and having the damping coefficients determined and adjusted through error and
trial for seven models, a parametric study could not be carried out due to time
constraints. Unless accurate damping and stiffness coefficients of the bearings
are provided, an exhaustive parametric analysis that focuses on the damping be-
havior of the bearings should be performed. Such an analysis would be decisive
especially when dealing with a type of supporting bearings that are identified to
exert non-linear dynamic behaviors. So while modeling rotordynamics can be
accomplished using Bond-graph, and since not all the modeling options were
exploited due to the case specifications, it is still not conclusive to judge this ap-
proach’s capability of precisely modeling magnetic levitation in rotors.

To the knowledge of the author, there is still no comprehensive research con-
cluded aiming at a complete validation of a bond-graph rotor model. Out of the
seven models that were presented along this work, three of them, which are mod-
els (A), (C) and (F), can be built upon and constitute a basis for further studies
investigating rigid rotors with different types of supporting bearings. The param-
eters need then to be updated to fit the study cases. It is emphasized here, once
again, that the experimental setups and results should be adequately described
and evaluated.
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XVIII

n (rpm) Experimental A, B C D E F G

100 -0.000006 -0.000043 0.000044 -0.000044 -0.000043 0.000149 0.000148
300 -0.000016 -0.000043 0.000043 -0.000043 -0.000043 0.000148 0.000149
500 -0.000029 -0.000044 0.000043 -0.000043 -0.000044 0.000146 0.000148
700 0.000001 -0.000043 0.000043 -0.000043 -0.000043 0.000144 0.000147
900 -0.000039 -0.000043 0.000043 -0.000043 -0.000043 0.000141 0.000146
1100 -0.000001 -0.000043 0.000043 -0.000043 -0.000043 0.000138 0.000145
1300 -0.000010 -0.000043 0.000043 -0.000043 -0.000043 0.000133 0.000144
1500 -0.000035 -0.000043 0.000043 -0.000043 -0.000043 0.000128 0.000142
1700 -0.000007 -0.000044 0.000043 -0.000043 -0.000043 0.000123 0.000141
1900 -0.000012 -0.000043 0.000043 -0.000043 -0.000043 0.000116 0.000139
2100 -0.000013 -0.000043 0.000043 -0.000043 -0.000043 0.000109 0.000137
2300 -0.000017 -0.000043 0.000043 -0.000043 -0.000043 0.000101 0.000135
2500 -0.000030 -0.000044 0.000043 -0.000043 -0.000043 0.000093 0.000133
2700 -0.000011 -0.000043 0.000043 -0.000043 -0.000043 0.000083 0.000131
2900 -0.000004 -0.000044 0.000043 -0.000043 -0.000043 0.000073 0.000129
3100 -0.000040 -0.000044 0.000043 -0.000043 -0.000043 0.000063 0.000127
3300 -0.000016 -0.000043 0.000043 -0.000043 -0.000043 0.000051 0.000124
3500 -0.000026 -0.000043 0.000043 -0.000043 -0.000043 0.000039 0.000122
3700 -0.000035 -0.000043 0.000043 -0.000043 -0.000043 0.000026 0.000120
3900 -0.000049 -0.000043 0.000043 -0.000043 -0.000043 0.000013 0.000117
4100 -0.000028 -0.000043 0.000043 -0.000043 -0.000043 -0.000002 0.000115
4300 0.000021 -0.000043 0.000043 -0.000043 -0.000043 -0.000017 0.000113
4500 -0.000007 -0.000043 0.000043 -0.000043 -0.000043 -0.000033 0.000110
4700 -0.000015 -0.000043 0.000043 -0.000043 -0.000043 -0.000054 0.000108
4900 -0.000033 -0.000043 0.000043 -0.000043 -0.000043 -0.000068 0.000106
5100 -0.000059 -0.000044 0.000043 -0.000043 -0.000043 -0.000084 0.000103
5300 -0.000004 -0.000043 0.000043 -0.000043 -0.000043 -0.000103 0.000101
5500 -0.000047 -0.000044 0.000043 -0.000043 -0.000043 -0.000122 0.000099
5700 -0.000047 -0.000043 0.000043 -0.000043 -0.000043 -0.000142 0.000097
5900 -0.000016 -0.000044 0.000043 -0.000043 -0.000043 -0.000162 0.000095

Table A.1: Mean displacements (m) at the front-edge along x-axis



n (rpm) Experimental A, B C D E F G

100 -0.000020 -0.000043 -0.000010 0.000010 0.000010 -0.000004 -0.000002
300 -0.000015 -0.000043 -0.000010 0.000010 0.000009 -0.000003 -0.000007
500 -0.000025 -0.000044 -0.000010 0.000010 0.000007 -0.000001 -0.000004
700 -0.000012 -0.000043 -0.000010 0.000010 0.000006 0.000003 -0.000004
900 -0.000002 -0.000043 -0.000010 0.000010 0.000003 0.000007 -0.000004
1100 -0.000002 -0.000043 -0.000010 0.000010 -0.000000 0.000013 -0.000004
1300 -0.000016 -0.000043 -0.000010 0.000010 -0.000004 0.000019 -0.000004
1500 -0.000020 -0.000043 -0.000010 0.000010 -0.000009 0.000027 -0.000004
1700 -0.000019 -0.000044 -0.000010 0.000010 -0.000014 0.000036 -0.000004
1900 -0.000003 -0.000043 -0.000010 0.000010 -0.000020 0.000046 -0.000004
2100 -0.000025 -0.000043 -0.000010 0.000010 -0.000027 0.000057 -0.000004
2300 -0.000016 -0.000043 -0.000010 0.000010 -0.000035 0.000070 -0.000003
2500 -0.000019 -0.000044 -0.000010 0.000010 -0.000043 0.000083 -0.000003
2700 -0.000022 -0.000043 -0.000010 0.000010 -0.000051 0.000098 -0.000003
2900 -0.000021 -0.000044 -0.000010 0.000010 -0.000061 0.000114 -0.000003
3100 0.000002 -0.000044 -0.000010 0.000010 -0.000071 0.000130 -0.000003
3300 -0.000018 -0.000043 -0.000010 0.000010 -0.000082 0.000148 -0.000002
3500 -0.000054 -0.000043 -0.000010 0.000010 -0.000093 0.000167 -0.000002
3700 -0.000041 -0.000043 -0.000010 0.000010 -0.000105 0.000187 -0.000002
3900 -0.000045 -0.000043 -0.000010 0.000010 -0.000118 0.000209 -0.000002
4100 -0.000032 -0.000043 -0.000010 0.000010 -0.000131 0.000231 -0.000002
4300 0.000008 -0.000043 -0.000010 0.000010 -0.000145 0.000255 -0.000002
4500 0.000021 -0.000043 -0.000010 0.000010 -0.000160 0.000279 -0.000001
4700 0.000023 -0.000043 -0.000010 0.000010 -0.000176 0.000304 -0.000001
4900 0.000026 -0.000043 -0.000010 0.000010 -0.000192 0.000331 -0.000001
5100 0.000035 -0.000044 -0.000010 0.000010 -0.000209 0.000360 -0.000001
5300 0.000024 -0.000043 -0.000010 0.000010 -0.000226 0.000389 -0.000001
5500 -0.000011 -0.000044 -0.000010 0.000010 -0.000244 0.000419 -0.000001
5700 -0.000006 -0.000043 -0.000010 0.000010 -0.000263 0.000451 -0.000000
5900 -0.000037 -0.000044 -0.000010 0.000010 -0.000283 0.000483 -0.000000

Table A.2: Mean displacements (m) at the front-edge along y-axis



n (rpm) Experimental A, B C D E F G

100 0.000085 0.000044 0.000045 0.000060 0.000060 0.000060 0.000148
300 0.000085 0.000044 0.000045 0.000060 0.000060 0.000059 0.000149
500 0.000086 0.000044 0.000045 0.000060 0.000060 0.000059 0.000148
700 0.000087 0.000044 0.000045 0.000060 0.000060 0.000058 0.000147
900 0.000085 0.000044 0.000045 0.000060 0.000060 0.000056 0.000146
1100 0.000086 0.000044 0.000045 0.000060 0.000060 0.000055 0.000145
1300 0.000085 0.000044 0.000045 0.000060 0.000060 0.000053 0.000144
1500 0.000085 0.000044 0.000045 0.000060 0.000060 0.000050 0.000142
1700 0.000084 0.000044 0.000045 0.000060 0.000060 0.000047 0.000141
1900 0.000083 0.000044 0.000045 0.000060 0.000060 0.000044 0.000139
2100 0.000087 0.000044 0.000045 0.000060 0.000060 0.000041 0.000137
2300 0.000089 0.000044 0.000045 0.000060 0.000060 0.000037 0.000135
2500 0.000075 0.000044 0.000045 0.000060 0.000060 0.000033 0.000133
2700 0.000088 0.000044 0.000045 0.000060 0.000060 0.000028 0.000131
2900 0.000086 0.000044 0.000045 0.000060 0.000060 0.000024 0.000129
3100 0.000083 0.000044 0.000045 0.000060 0.000060 0.000018 0.000127
3300 0.000076 0.000044 0.000045 0.000060 0.000060 0.000013 0.000124
3500 0.000081 0.000044 0.000046 0.000060 0.000060 0.000007 0.000122
3700 0.000080 0.000044 0.000045 0.000060 0.000060 0.000001 0.000120
3900 0.000074 0.000044 0.000045 0.000060 0.000060 -0.000006 0.000117
4100 0.000066 0.000044 0.000045 0.000060 0.000060 -0.000013 0.000115
4300 0.000077 0.000044 0.000045 0.000060 0.000060 -0.000020 0.000113
4500 0.000062 0.000044 0.000045 0.000060 0.000060 -0.000028 0.000110
4700 0.000072 0.000044 0.000045 0.000060 0.000060 -0.000037 0.000108
4900 0.000071 0.000044 0.000045 0.000060 0.000060 -0.000044 0.000106
5100 0.000063 0.000044 0.000045 0.000060 0.000060 -0.000052 0.000103
5300 0.000083 0.000044 0.000045 0.000060 0.000060 -0.000061 0.000101
5500 0.000085 0.000044 0.000045 0.000060 0.000060 -0.000070 0.000099
5700 0.000096 0.000044 0.000045 0.000060 0.000060 -0.000080 0.000097
5900 0.000088 0.000044 0.000045 0.000060 0.000060 -0.000090 0.000095

Table A.3: Mean displacements (m) at the back-edge along x-axis



n (rpm) Experimental A, B C D E F G

100 -0.000043 0.000003 0.000003 0.000002 0.000002 0.000002 0.000004
300 -0.000043 0.000003 0.000003 0.000002 0.000003 0.000003 0.000003
500 -0.000044 0.000003 0.000003 0.000002 0.000003 0.000003 0.000003
700 -0.000045 0.000003 0.000003 0.000002 0.000004 0.000004 0.000003
900 -0.000044 0.000003 0.000003 0.000002 0.000005 0.000005 0.000003
1100 -0.000045 0.000003 0.000003 0.000002 0.000007 0.000007 0.000003
1300 -0.000045 0.000003 0.000003 0.000002 0.000008 0.000008 0.000003
1500 -0.000044 0.000003 0.000003 0.000002 0.000010 0.000010 0.000003
1700 -0.000045 0.000003 0.000003 0.000002 0.000013 0.000013 0.000003
1900 -0.000044 0.000003 0.000003 0.000002 0.000015 0.000015 0.000003
2100 -0.000044 0.000003 0.000003 0.000002 0.000018 0.000018 0.000003
2300 -0.000045 0.000003 0.000003 0.000002 0.000022 0.000022 0.000004
2500 -0.000029 0.000003 0.000003 0.000002 0.000025 0.000025 0.000004
2700 -0.000043 0.000003 0.000003 0.000002 0.000029 0.000029 0.000004
2900 -0.000038 0.000003 0.000003 0.000002 0.000033 0.000033 0.000004
3100 -0.000028 0.000003 0.000003 0.000002 0.000037 0.000037 0.000004
3300 -0.000035 0.000003 0.000003 0.000002 0.000042 0.000042 0.000004
3500 -0.000027 0.000003 0.000003 0.000002 0.000047 0.000047 0.000004
3700 -0.000022 0.000003 0.000003 0.000002 0.000052 0.000052 0.000004
3900 0.000008 0.000003 0.000003 0.000002 0.000058 0.000058 0.000004
4100 0.000021 0.000003 0.000003 0.000002 0.000064 0.000064 0.000004
4300 0.000021 0.000003 0.000003 0.000002 0.000070 0.000070 0.000004
4500 0.000051 0.000003 0.000003 0.000002 0.000076 0.000076 0.000004
4700 0.000036 0.000003 0.000003 0.000002 0.000083 0.000082 0.000004
4900 0.000040 0.000003 0.000003 0.000002 0.000090 0.000090 0.000004
5100 0.000046 0.000003 0.000003 0.000002 0.000097 0.000097 0.000004
5300 -0.000035 0.000003 0.000003 0.000002 0.000105 0.000105 0.000004
5500 -0.000027 0.000003 0.000003 0.000002 0.000112 0.000112 0.000004
5700 -0.000029 0.000004 0.000003 0.000002 0.000121 0.000121 0.000004
5900 -0.000043 0.000003 0.000003 0.000002 0.000129 0.000129 0.000004

Table A.4: Mean displacements (m) at the back-edge along y-axis



XXII

n (rpm) Experimental A, B C D E F G

100 0.000111 0.000148 0.000149 0.000243 0.000149 0.000232 0.000526
300 0.000113 0.000149 0.000150 0.000232 0.000149 0.000232 0.000529
500 0.000119 0.000149 0.000153 0.000235 0.000149 0.000231 0.000535
700 0.000094 0.000151 0.000158 0.000252 0.000150 0.000231 0.000543
900 0.000112 0.000153 0.000165 0.000251 0.000151 0.000230 0.000556
1100 0.000089 0.000158 0.000176 0.000257 0.000152 0.000230 0.000573
1300 0.000090 0.000168 0.000194 0.000241 0.000154 0.000231 0.000594
1500 0.000105 0.000188 0.000229 0.000233 0.000156 0.000234 0.000622
1700 0.000098 0.000245 0.000328 0.000241 0.000159 0.000241 0.000657
1900 0.000505 0.000504 0.000514 0.000255 0.000163 0.000258 0.000701
2100 0.000126 0.000271 0.000097 0.000264 0.000167 0.000304 0.000756
2300 0.000581 0.000209 0.000083 0.000268 0.000171 0.000533 0.000823
2500 0.000478 0.000185 0.000116 0.000268 0.000174 0.000305 0.000899
2700 0.000106 0.000173 0.000143 0.000264 0.000174 0.000161 0.000973
2900 0.000152 0.000164 0.000168 0.000266 0.000170 0.000143 0.001022
3100 0.000282 0.000156 0.000196 0.000267 0.000165 0.000170 0.001017
3300 0.000261 0.000150 0.000231 0.000286 0.000182 0.000193 0.000952
3500 0.000245 0.000144 0.000277 0.000362 0.000223 0.000217 0.000855
3700 0.000245 0.000139 0.000345 0.000384 0.000264 0.000242 0.000755
3900 0.000240 0.000158 0.000453 0.000384 0.000297 0.000270 0.000665
4100 0.000238 0.000193 0.000651 0.000416 0.000455 0.000302 0.000591
4300 0.000318 0.000255 0.001023 0.000446 0.000351 0.000343 0.000531
4500 0.000519 0.000293 0.001202 0.000474 0.000377 0.000404 0.000483
4700 0.000446 0.000262 0.000821 0.000501 0.000403 0.000503 0.000443
4900 0.000471 0.000232 0.000568 0.000527 0.000429 0.000427 0.000411
5100 0.000567 0.000214 0.000435 0.000551 0.000455 0.000399 0.000384
5300 0.000535 0.000202 0.000356 0.000572 0.000483 0.000417 0.000361
5500 0.000482 0.000193 0.000304 0.000593 0.000512 0.000453 0.000342
5700 0.000433 0.000187 0.000269 0.000612 0.000541 0.000493 0.000326
5900 0.000355 0.000182 0.000242 0.000629 0.000572 0.000534 0.000311

Table A.5: Maximum displacements (m) at front-edge



XXIII

Experimental A, B C D E F G
100  0.000132 0.000063 0.000063 0.000063 0.000063 0.000063 0.000128
300 0.000133 0.000063 0.000063 0.000066 0.000064 0.000063 0.000129
500 0.000135 0.000063 0.000063 0.000076 0.000065 0.000062 0.000131
700  0.000157 0.000062 0.000063 0.000091 0.000066 0.000062 0.000134
900  0.000124 0.000062 0.000062 0.000113 0.000068 0.000061 0.000138
1100 0.000130 0.000061 0.000061 0.000123 0.000071 0.000059 0.000144
1300 0.000125 0.000062 0.000058 0.000125 0.000074 0.000058 0.000151
1500 0.000121 0.000065 0.000052 0.000124 0.000078 0.000055 0.000161
1700 0.000134 0.000079 0.000077 0.000124 0.000083 0.000053 0.000173
1900 0.000135 0.000153 0.000241 0.000123 0.000089 0.000050 0.000188
2100 0.000193 0.000093 0.000145 0.000124 0.000096 0.000060 0.000208
2300 0.000278 0.000077 0.000129 0.000127 0.000104 0.000138 0.000232
2500 0.000409 0.000076 0.000128 0.000130 0.000114 0.000152 0.000260
2700 0.000260 0.000082 0.000133 0.000135 0.000126 0.000111 0.000289
2900 0.000279 0.000096 0.000142 0.000140 0.000140 0.000106 0.000312
3100 0.000374 0.000122 0.000156 0.000147 0.000156 0.000110 0.000320
3300 0.000389 0.000176 0.000175 0.000153 0.000172 0.000121 0.000309
3500 0.000406 0.000305 0.000204 0.000160 0.000183 0.000138 0.000285
3700 0.000416 0.000412 0.000248 0.000168 0.000188 0.000162 0.000258
3900 0.000454 0.000298 0.000320 0.000176 0.000192 0.000198 0.000233
4100 0.000475 0.000256 0.000453 0.000185 0.000209 0.000253 0.000212
4300 0.000460 0.000259 0.000707 0.000194 0.000205 0.000352 0.000194
4500 0.000476 0.000247 0.000834 0.000204 0.000214 0.000573 0.000179
4700 0.000485 0.000203 0.000579 0.000214 0.000226 0.001139 0.000167
4900 0.000474 0.000172 0.000409 0.000225 0.000239 0.000803 0.000156
5100 0.000444 0.000154 0.000319 0.000235 0.000254 0.000502 0.000148
5300 0.000425 0.000142 0.000266 0.000247 0.000269 0.000394 0.000140
5500 0.000393 0.000134 0.000232 0.000258 0.000286 0.000344 0.000134
5700 0.000410 0.000128 0.000208 0.000270 0.000304 0.000320 0.000128
5900 0.000357 0.000123 0.000190 0.000283 0.000323 0.000309 0.000123

Table A.6: Maximum displacements (m) at the back-edge
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The Bond-graph (20-sim) rotor models as well as the relevant results data are also
provided digitally.

Structure of the digitally provided data

VADmodel_A.emx
VADmodel_B.emx
VADmodel_C.emx
VADmodel_D.emx
VADmodel E.emx
VADmodel_Eemx

VADmodel_G.emx

BackEdge_max_amplitudes.xlsx
BackEdge_mean_x.xlsx
BackEdge mean_y.xlsx
FrontEdge max_amplitudes.xlsx
FrontEdge_mean_x.xlsx
FrontEdge_mean_y.xlsx

Raw data files.
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